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ABSTRACT OF THE DISSERTATION

Asymptotic Perturbation Formulas for the Effect of
Scattering by Small Objects: an Analysis over a Broad

Band of Frequencies

By DEREK HANSEN

Dissertation Director: Michael S. Vogelius

This thesis is a study of the asymptotic perturbation formulas that result from elec-
tromagnetic (or acoustic) wave scattering by small, penetrable objects. The ultimate
purpose of these formulas is to aid in solving the inverse problem of reconstructing
small inhomogeneities embedded within an otherwise known background medium. For
simplicity, we consider the time-harmonic, transverse magnetic setting, in which case
the scalar electric field satisfies a two-dimensional Helmholtz equation.

We first derive, in the case of fixed frequency, a rigorous asymptotic formula for
the boundary field perturbation caused by small inhomogeneities of arbitrary shape
within a bounded domain. We then derive formal asymptotic formulas in the case
where frequency is allowed to grow as the size of a single, smooth inhomogeneity tends
to zero. For high frequencies, we use the technique of geometric optics to derive an
integral formula for the scattered field, which we then simplify by a stationary phase
analysis. The resulting asymptotic formula is ripe with geometric information to aid in
solving the inverse problem. In a step toward a rigorous proof of this high frequency
asymptotic formula, we prove an estimate of a Sobolev norm of the scattered field in

the case of a penetrable, though conducting, circular scatterer.
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Chapter 1

Introduction

1.1 Synopsis

The ultimate purpose of this thesis is to provide tools for solving a particular inverse
problem—that of detecting and reconstructing electromagnetic inhomogeneities of low
volume-fraction within a bounded medium. For simplicity, we consider the time har-
monic, transverse magnetic setting, in which case the scalar electric field satisfies a
two-dimensional Helmholtz equation. To solve the inverse problem of determining the
location, size and electromagnetic profile of the inhomogeneities, one may prescribe Neu-
mann boundary data—that is, apply a tangential magnetic field to the boundary—and
then measure the resulting Dirichlet data. This resulting boundary data is a pertur-
bation of what it would be were the medium flawless. The key to reconstructing the
inhomogeneities is to study this perturbation.

Recent years have seen the development of noniterative reconstruction algorithms
based on asymptotic formulas for these boundary perturbations (for a survey, see
[AKO04b]). An example of such an asymptotic formula follows: Suppose a finite number
of diametrically small inhomogeneities z; + pD; lie within a domain Q. Here D; is
fixed, smooth domain, and the parameter p is small. Suppose that, at a given time
harmonic frequency w, the permeability and complex permittivity! are, respectively,
the constants pp and €p in the background medium and the constants p; and €; in

the j" inhomogeneity. Then, with ug representing the background field and u, the

!The complex permittivity € = & + 12, where ¢ is the permittivity and o is the conductivity.



perturbed field,

1 1.
0 = w0)(9) + /8 0,8 (2.9) 1y~ u0)(z) do
11 .
= Zj:P2\Dj|{ - (uj - %)Vx‘l’ (25,) - (M(2)Vuo(;)) (1.1)

(e - e@@%zﬁy)m(zﬁ} T o(?)

as p — 0, uniformly in y € 9. Here ®“ is the free-space Green’s function for the
background Helmholtz operator and the polarization tensors® M (zj) are independent
of the prescribed boundary data [VV00]. A similar asymptotic expansion holds for the
related scattering problem, wherein = R? and a prescribed wave u' is incident upon

the small inhomogeneities z; + pD;. In this case,

_ zpm{ ~ (5= o) V) (ME)VEG) (1)
j J

T ey — )8z, y)u%zj)} To(?)

as p — 0 for y bounded away from the inhomogeneities. This scattering problem
distills the essence of the conditions that give rise to formula (1.1) and is generally
more amenable to study.

The aforementioned reconstruction algorithms are based on a model where frequency
w remains fixed as the inhomogeneity shrinks, and thus are meant to be applied in

1

situations where p < w™". But at the higher frequencies, say in the regimes where

Lor p>> w™!, the interaction between the incident field and the inhomogeneity

pR W
is greater. This stronger interaction transmits a stronger, and therefore more detectable,
signal to the boundary. The plots in Figure 1.1 demonstrate that for higher frequencies
the leading term of the asymptotic expansion in p of the field perturbation would be

on the order of v/p, which is much larger than the order p? that results when frequency

is fixed. This suggests that a new analysis of high frequency asymptotics should lead

2The Pélya-Szégo polarization tensor was first defined in [SS49]. See also [PS51].
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Figure 1.1: Plots of [[u®||12(9B(0,2),d6) @s & function of w, where u* is the scattered field when a
plane wave of frequency w is incident upon a penetrable disk of radius p centered at the origin.
Each group of three plots corresponds to a radius of the disk. From top to bottom: p = 0.01,
p = 0.004, p = 0.001. For each group, the solid graph corresponds to the value €; = 3+1¢ within
the disk, the dotted graph to €; = 2 + 2¢ and the dashed graph to €; = 1 4 3i. In all cases,
u1:2andeo:u0:1.

to new detection algorithms that are more robust.
In Chapter 3 we derive the following high frequency approximation formula in the

case of a plane wave propagating in the direction n and incident upon a finite collection

of smooth, convex scatterers z; + pD; that are well separated:

B sin(0;/2) — (/<52 — 1+ sin?(6,/2)
i)~ 3 (Y2, fsino, /22— v — J
—\ V2 KL sin(6;/2) + /252 — 1+ sin?(9;/2)

(1.3)
oipov/eopo (n—(07"—2;) /165" 2;1)-(y=2;) giwv/eofio ly—2;]
>< b

K (b4 VY =zl

for y bounded away from the scatterers, where 0 < 6; < 27 is the counterclockwise
angle of rotation between n and y — z;, K(-) > 0 is the curvature, and b%" is the unique
point on the boundary dD; with outward normal pointing in the opposite direction of
n—(y—z;)/|y — z;|. While not a rigorous asymptotic formula, numerical computations
show this formula to be a close approximation in the backscattered region, which, in the
case of a single convex scatterer, is the semi-infinite region bounded by the illuminated
portion of the boundary of the scatterer and by the semi-infinite rays that follow the
normal vectors at the two points on the boundary that are grazed by the incidence wave

(in other words, the points on the boundary where the normal is perpendicular to the



direction of propagation of the incident wave). We derive this approximation in the case
of one convex scatterer by way of the technique of geometric optics [FK55]: formally
expand the amplitude and phase parts of the appropriate ansatz (Aeiwd’) in powers of

I so that the highest order terms of the incident, transmitted and scattered fields

(wp)™
satisfy a certain transmission problem. The solution of this transmission problem is
inserted into the Green’s representation formula for the scattered field, and we arrive
at the above approximation formula after performing a stationary phase analysis.

In the case of fixed frequency, the known asymptotic formula for the scattered field
would be just as in (1.1), except with the left-hand side replaced by u*(y) and wug
replaced by the incident plane wave u’. This formula lacks detailed geometric infor-
mation about the inhomogeneities—each polarization tensor holds information about
only the average curvature of the boundary of the corresponding inhomogeneity—and
therefore has limited use for shape reconstruction. This is not surprising given that it
arises in cases where the diameter of each scatterer is small relative to the wavelength
of the incident wave, and given that the polarization tensor is completely determined
by its action upon just two (any two) non-parallel incident waves. More detailed shape
information does appears in higher order terms of this fixed frequency expansion (de-
scribed in [AKO04b]), but reconstruction algorithms that depend on these terms risk
being overwhelmed by noise.

The high frequency formula (1.3), on the other hand, contains local information
about the curvature of the boundary. With multiple testing from several incident
directions, this formula may serve as the basis for new methods of shape reconstruction.
If one only seeks the location and size of the inhomogeneities, the formula (1.3) may
also prove to be, in many cases, more useful than (1.1) since it is a stronger signal by
a factor of p~3/2 and is thus less prone to corruption by noise.

In Chapter 4 we rigorously estimate the size of the scattered field at high frequencies
in the case of a shrinking, penetrable disk. The L?-based bounds we find are consistent
with the formula (1.3) in that they are of the order \/p. Though we prove such estimates
only in the case of circular scatterers, we expect our method, based on wave equation

factoring within the scatterer, could be modified to apply to general convex domains.



Such bounds will likely serve as a step toward a proof that formula (1.3), or a slight
modification of it, is indeed the highest order term of a true asymptotic expansion.
But before we get to this high frequency analysis, we will first prove in Chapter 2 a
general asymptotic perturbation formula in the case of fixed frequency and a bounded
domain—general in that it applies to any sequence of inhomogeneities Z, with Lebesgue
measure tending to zero. This formula is analogous to a similar formula for the conduc-
tivity problem (cf. [CV03a, CV03b, CV04]), and, like that formula, has applications to
size estimation of the inhomogeneous set in cases where this set is small in volume but

highly irregular in shape or not small in diameter.

1.2 Background

Let €, 1 and o denote respectively the electric permittivity, magnetic permeability and
electric conductivity with a given medium, represented as a region in R>. Maxwell’s

equations take the form

Vx X E = —MatH

vaH:€atg+L77

where & is the electric field, H is the magnetic field and 7 is the electric current, which is
the sum of the free current, Jy = &, and any prescribed current source [Gri98, Jac99].

The time-harmonic form of the Maxwell system is

V x E=iwuH
(1.4)

VxH=(—iwe+0)E+J.

If E and H solve this system, then

g(IE, t) = Re {E(:C)e_iwt} and H(;I," t) = Re {H(l.)e—iwt}
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Figure 1.2: TM symmetry

are solutions to the time-dependent Maxwell’s equations, with
J =Jr+Re {J(x)eiiwt} .

Now suppose the region is a cylinder of the form Q x R, where Q C R? is a simply
connected domain (possibly all of R?). If u, €, o, E, H and J are independent of the
variable x3 corresponding to the axis of the cylinder, the time-harmonic Maxwell system
may be decomposed into independent systems: one satisfied by E* = (0,0, F53) and
H* = (Hy, H2,0) with the current source term J* = (0,0, J3), and the other satisfied
by E** = (Ej, E2,0) and H** = (0,0, H3) with the current source term J** = (J1, Js,0).
A system of the first type is called transverse magnetic, as the magnetic field is always
transverse to the axis of the cylinder (see Figure 1.2). A system of the second type is
transverse electric. We will restrict our attention to transverse magnetic systems, and
so we necessarily assume the prescribed current travels only in the direction parallel to

the axis of the cylinder: J = (0,0, J).3 By straightforward calculations one can show

3In many models the current source is taken to be a wire, or a collection of wires, carrying electrical
current (alternating at frequency w) parallel to the axis of the cylinder.



the scalar electric field E := F5 satisfies the Helmholtz equation
1 9 .
% EVE +w el = —iwdJ, (1.5)

where € = ¢+ is the complex permittivity. If 2 is a bounded domain, we may specify
a unique solution to (1.5) by imposing boundary conditions as long as the homogeneous
form of (1.5) admits only the trivial solution to the corresponding problem with zero
boundary data. Prescribing the Dirichlet data El|gq is equivalent to prescribing the
data E* x v to the boundary of the cylinder, which is typically how Dirichlet data
are assigned to a bounded domain in R3 in the case of the full Maxwell’s equations.
Prescribing the Neumann data d, F is equivalent to prescribing the tangential magnetic

field to the boundary of the cylinder, as

ipwwH* 7= (VXE") - 1=VE .

THE SCATTERING PROBLEM. Consider now the case where Q = R?, J = 0 and ¢, u
and o are constant except within a bounded scatterer. For simplicity, we assume the
background conductivity, i.e., the conductivity outside the scatterer, is zero. Let e and
o denote the constant background coefficients. The prescribed boundary condition is
replaced with a prescribed incident wave £'(z,t) = Re {E'(z)e"*'}, which is usually
taken to be a plane wave Ef(z) = £E*(z) = £e™“VE0Ho 21 here the polarization vector
¢ € S? is parallel to the axis of the cylindrical inhomogeneity and the propagation
direction 1 € S? is perpendicular to £. To limit the number of solutions to one, we

require that the solution field satisfy Sommerfeld’s outgoing radiation condition
(O — iw/Eomo)(E — EY) = o(r_1/2) as r = |z| — oo.

1.2.1 The inverse problem

Suppose there is a (cylindrical) inhomogeneity within the medium, which manifests as

a discontinuity in at least one of the three parameters ¢, i and 0. We are interested in



the inverse problem of determining information about this inhomogeneity—for instance,
its size, shape, location, or EM parameters—based on measurements at the boundary.
It has been shown in the case of a bounded domain in R?® with J = 0 that, at any
fixed frequency w that is not a resonant frequency, full knowledge of the mapping
A, : E x v — H X v uniquely determines €, y and ¢ within the domain, assuming
these functions are sufficiently smooth [OPS93]. In the transverse magnetic setting, A,
is equivalent to the Dirichlet-to-Neumann map A, : HY/2(0Q) — H~'/2(dQ), which
maps Flpq — 00,FE|sq. For this two dimensional problem, it can be shown that full
knowledge of A, at two distinct frequencies is sufficient to determine the coefficients pu,
¢ and w, provided they are sufficiently smooth [GC96, VV00]. Such a result extends
what has previously been shown in the context of the related conductivity problem,

i.e.,

V- (eVU)=0 1in Q,
U=f ondQ (1.6)
(or cd,U =g on 89),

where U represents the voltage potential within the bounded, simply connected domain
Q of conductivity profile o, and f € HY/2(9Q) (or g € H;1/2(GQ) = {uec H/2(0Q) :
Joqwdo = 0}) is prescribed. The inverse problem of determining the interior conduc-
tivity profile o from boundary measurements has attracted significant attention since it
was posed by Calderdn in 1980 [Cal80]. Presently, it is known in two dimensions that
full knowledge of the Dirichlet-to-Neumann map A : H/2(dQ) — H~'/2(dQ), which
maps the boundary voltage U|gq to the boundary current 00, U|sq, uniquely determines
the isotropic conductivity o € L°(Q2) within the domain, so long as ¢™! < o < ¢ for
some ¢ > 0 [AP06, Nac96, BU97]. In higher dimensions, such a result is known to hold
if o is sufficiently regular, for instance, if o is assumed piecewise analytic [KV84, KV85],
or if o is assumed to belong to (Jy~1 /9 C1(Q) [Bro96, SUST] (see also [Isa88] for such
a uniqueness result in certain cases when o is assumed piecewise C?).

In the case of the scattering problem, the inverse problem is to determine the coeffi-

cients €, p and o from the measurements of E away from the inhomogeneity that result



from a number of prescribed incident waves. Typically, the measured data is modeled
as the scattering amplitude (also called the far field pattern) ES : S! — C, which is

the unique function satisfying

- = @ o)} sl

Vel

uniformly in all directions & = x/|z|. In the way of general results on the solvability
of this inverse problem, it is known that, at a fixed frequency w, the discontinuities in
the coefficient u, € and o are completely determined by knowledge of the functions E3
that result from every incident plane wave e‘“VE0H0 T that is, by the mapping 7 — E35,
[SU93].* There are other such results (see [CK98, Ch. 10] for a discussion), but we
will not dwell on these, as our objective is to find tools that will aid in the practical
problem of reconstructing the inhomogeneity.

Many algorithms for solving inverse problems for the Helmholtz equation have been
developed; see, for example, [CK98] and the references therein. But these algorithms
typically are designed to reconstruct all of the unseen interior of the object, and are
thus not well suited for the distinct problem of detecting small inhomogeneities within

an otherwise known body.

1.2.2 Asymptotic perturbation formulas: diametrically small inclu-

sions

A class of methods for solving this special inverse problem, based on asymptotic for-
mulas akin to (1.1), began with the work of Friedman and Vogelius in 1989 [FV89]. In
[FV89], the authors derived an asymptotic formula of the boundary voltage perturba-
tion due to the presence of diametrically small inhomogeneities of extreme conductivity
(perfectly conducting or perfectly insulating) within a finite body for which the positive
conductivity profile, in the absence of the inhomogeneities, is known. Later, Cedio-

Fengya, Moskow and Vogelius [CFMV98] extended this result to diametrically small

4Stronger results are known for the three dimensional acoustic scattering problem. See [CK98, Ch.
10].
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inhomogeneities of finite conductivity, and they proposed an algorithm for detecting
the locations and sizes of the inhomogeneities based on the method of least squares.
A version of the expansion in [CFMV98] is as follows: suppose the bounded domain
2 C R", n = 2 or 3, has background conductivity o9 > 0 and conductivity o; > 0
within the inhomogeneity z; + pD;, j = 1,2,...,m. suppose ug is the background
voltage potential and u, is the perturbed potential that has the same Neumann data

as ug and is normalized so that [y, u, = [5, uo. Then for y € 99,

(up_UO)(y)
1.7
- ZP"!DH(UO(ZJ‘) = 0(2)) ValN (25, y) - (Mj(2)Vuo(2;)) +o(p"), o

where N is a Neumann function satisfying

V- (JOVJCN(:c,y)) = —0y(x) forxz €

1
000y, N(x,y) = ~o9] for x € 0

for all y € €2, and where the polarization tensors M; are independent of the Neumann
data.

Analogous expansions for the Helmholtz problem, such as the formula (1.1), were
then obtained [VV00] and subsequently generalized to the full, three dimensional, time
harmonic Maxwell’s system [AVV01].> In the case of a single diametrically small inho-
mogeneity, the full asymptotic perturbation expansion (all higher integral orders of p)
for the conductivity problem [AKO03] and the expansion for the related elasticity problem
[AKNTO02] were later obtained using layer potential techniques based on those developed
in [KS96]. These techniques are easily adapted to obtain a full asymptotic expansion
for the boundary perturbation in the context of the Helmholtz problem [AKO4a]. It
should be noted, however, that these techniques require the parameters—e and u for

the Helmholtz problem, o for the conductivity problem—to be piecewise constant, and

°In [VV00] and [AVV01] the EM parameters were assumed to be constant in the background medium
and within each inhomogeneity. But this assumption was made for simplicity—the results therein could
be generalized to smooth parameters.
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require that o = 0 for the Helmholtz problem.

1.2.3 Reconstruction of diametrically small inclusions using asymp-

totic formulas

We will now illustrate the utility of asymptotic perturbation formulas such as (1.1) in
solving the inverse problem of detecting and reconstructing diametrically small elec-
tromagnetic inhomogeneities from boundary measurements. Methods similar to those
discussed below for fixed frequency testing, but based instead on formula (1.3), will
undoubtedly prove to be useful for high frequency testing.

In addition to (1.1), we also have the expansion

/a L 1B, 0,0) - (0,E,)v} do

Q Ho
=S D - (o = ) Veles) - (M) VEo() 1)

which holds for any v € H'(Q) that solves the background Helmholtz equation,

V- <1VU) +w?ev =0
Ho

[AMVO03] (cf. Corollary 2.22). Suppose the background parameters g, €9 and oy are
constant and also that the parameters p;, €; and o; within the 4t inhomogeneity
zj+pDj, j =1,2,...,m, are constant. To determine the unknown values p;, £;, o,
and the entries of the M(z;) (which hold some information about the shape of the

inhomogeneities), one may choose Ejy and v of the forms
Ey(z) = eFore and v(x) = ekorB - where ko = wy/Zop0.

Evaluating the boundary integral from (1.8) for several appropriately chosen values of

o, € €2, and disregarding the o(p?) term, results in equations that may be solved
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simultaneously for the desired unknown values. For this process to be ultimately suc-
cessful, one must have additional a priori knowledge about the inhomogeneities, such
as their sizes pz\Dj], or the knowledge that they all have the same rescaled polarization
tensor, or the values of some of the EM parameters. This method is described in detail
for the conductivity problem and for the full time harmonic Maxwell’s equations in

[AMV03].

THE FOURIER METHOD. We now describe a method (based on ideas in [Cal80] for the
conductivity problem) for locating the positions of the small inhomogeneities, i.e., the
points z;. For any ¢ € R?, one may choose Fy(z) = e/€M* and v(z) = /&M=,
where 7 is a unit vector perpendicular to ¢ and v € C is such that w?ugeq = |£]* + +2.
The last condition ensures that Ey and v both solve the background Helmholtz equation.
Disregarding the o(p?) term in (1.8) then, the function & — [, (8, E,v — E,0,v) da
becomes a linear combination of the Fourier transforms F(9%d,;)(§), |a| < 2. Thus, to
locate the positions z;, one may perform a numerical Fourier inversion of the measured
data as a function £ and see where the graph of this inversion “spikes” (cf. [AMVO03],
[Vol01], [Vol03] and [AK04b, §13.2.1]).

One disadvantage of this approach is that the imaginary part of + will cause the
test field Fy to grow (or decay) exponentially—FEg(z) = e**p(x), where o € R? and
p is a plane wave—and therefore may yield measurements that are overwhelmed with
noise. A second disadvantage is the large number of measurements required to reach
adequate resolution when performing the numerical Fourier inversion. Fortunately, the

following algorithm does not suffer from these disadvantages.

THE MUSIC ALGORITHM. The MUSIC (MUltiple Slgnal Classification) algorithm,
which was originally developed for signal processing [Sch86], is based on the fact that
the range of a self-adjoint operator is orthogonal to the kernel. If the operator is slightly
perturbed, the original kernel is slightly perturbed and becomes the noise subspace
corresponding to negligibly small eigenvalues. The orthogonal complement of this noise

subspace is the so-called essential range of the perturbed operator. To test whether
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a given vector g is in the essential range, one may calculate ||Pg|~!, where P is the
projection onto the noise subspace, and see whether the value is large.

The essence of this method has been adapted to the inverse problem of determining
the locations of point scatterers within an infinite, homogeneous medium [Dev99], and
the problem of determining the support of a scatterer within an otherwise homoge-
neous medium [Kir02] (see [Che01] for a lucid description of the MUSIC algorithm and
its relevance to imaging). In the context of the conductivity problem, Briihl, Hanke,
and Vogelius [BHV03] developed a MUSIC-like algorithm for determining the location
of small inhomogeneities based on the asymptotic expansion (1.7). Using similar tech-
niques, Ammari, lakovleva and Lesselier [AIL05] developed and successfully numerically
tested a MUSIC algorithm based on the asymptotic expansion (1.8) to determine the
locations of small electric inhomogeneities. We will outline an algorithm essentially the
same as that presented in [AIL05] and [Iak04].

Assume the background medium is nonconducting (o9 = 0) with &9 and o constant.

Assume also that each €;, ¢1; and o are constant, j = 1,2,...,m, with each

1 # po  and € # go.

In formula (1.8), if we take Eg(x) = e*0%7 and v(x) = e *0%¢ with 5 and & unit

vectors in R?, we get

Poenw) = [ {E 0 0r) - @B ) o,
o0

(= a measurement of the boundary perturbation)

m

= ka(Z) Z [ — al(fTMl 77) + bl] 6ik0(n*£)'zl + O(pg)
=1

where a; = —|Dl\(i - ”—10) and by = |Dy|(€; — €0)/eopo- (Note that Ey is a pure plane

wave that does not grow exponentially, unlike in the Fourier method.) Given n distinct



14

directions of incidence, n',n?,...,n", we define the matrix A € C™*" by
A =Yy - (Myrp) + by etolr+m)=,

=1

so that
Po(—n' .1 ,w) = p*kiAij + O(p°).

Because each M; is symmetric, A is also symmetric, and therefore the matrix A:= AA
is positive semidefinite. The maximum possible rank of A is 3m, which can be seen by

representing A as

A=VDVT,
where VT is the 3m x n matrix
[T 17 [ 9] [ o] 1
" eikon'-z1 N eikon®-z1 77 eikon™z1
i 1 | i 1 | i 1 |
[ 1] [ 9] [ 0]
N 6ik0771~Z2 N 6ik0772~22 n etkon™ 22
1 1 1
VT — L~ L~ L~
1 2 n
eik0n1~zm n eikonQ-zm n eikgn"-zm
1 1 1
and D is the 3m x 3m block diagonal matrix
a1M1 0 GQMQ 0 amMm 0

D = diag , yeees
0 n 0 b 0 bm
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For z € Q and w € R3, let g¥ € C™ denote the vector

1 2 n
1l e
ezk(m z W - ezk(m z ’

1 1 1

As each of the m matrices diag (aij, bj) is invertible, it follows that D is invertible.
Therefore, if n > 3m and V achieves the maximal rank 3m then Ran(.A) = Ran(V),

which would imply that g2’ € Ran(A) for every w € €3, j = 1,2,...,m. Moreover, it

can be shown [AIL05, Kir02] that given a sequence of directions {7’ 221 dense in St,
there exists an N > 3m such that if n > N then for any z € Q and nonzero w € R?,

g¥ defined by (1.9) satisfies
gy € Ran(A) <<= ze{z,2,...,2m}. (1.10)

Assume we have a sufficient number of directions {n*,7?,...,7"} so that (1.10) holds.

Since A is Hermitian, Ran(A)_L Ker(A), and therefore
9¥ € Ran(A) <= Projger(a) 95 = (I — Projran(ay )9 = 0. (1.11)

Because A is positive semidefinite, it is diagonalizable with nonnegative eigenvalues

A1 > Ay > --- > ), and corresponding orthonormal eigenvectors v',v?, ..., v"

. If we
let k£ denote the smallest index such that Ag11 = Ag42 = --- = A, = 0, then for any

vector g € C™,

Consider now the matrix

Bz’j = Pp(_niv 77j>w)7

which is determined by measured data. B is a perturbation of p2k§A satisfying B =
p?k3A + O(p?). Likewise, B:= BB* = p*k$ A+ O(p°). We may numerically calculate

the eigenvalues of B—which are necessarily real since B is Hermitian—and arrange
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them in decreasing order: A,1 > A,2 > -+ > A, ,, with corresponding orthonormal

eigenvectors v},, U%, ..., vy By standard perturbation theory [Kat76],

Ao = PkgA; + O(p°).

We may therefore determine the index k by seeing where the decreasing sequence of

k+1

eigenvalues A, ; drops sharply to a tail of negligible values. v; k42

Vg 7, ..., vy span what
is known as the noise subspace. We define Pgr to be the projection onto the orthogonal

complement of the noise subspace,
k . .
Pr(g) = ([vi]*g)v] for g€ €,
j=1

and we define
Phoise :=1 — Pg.
By using standard results of perturbation theory [Kat76], it can be shown that
Pr = p*k Projpana) +0(p°). (1.12)

Choose any nonzero w € R? and plot z — ||(I — Pg)g%¥|~!. Assuming the number n
of test directions is sufficiently large, by a combination of (1.11) and (1.12), one should
expect sharp spikes in the graph at the locations of the inhomogeneities.5

Using similar methods, it is possible to also determine the EM parameters and cer-
tain geometric features of the inhomogeneities, in addition to their locations [AILP07].
(In [BHVO03], the authors outline a procedure to recover geometric information about

the inhomogeneities from the polarization tensor in formula (1.7).)

5We should note that the N? boundary measurements required for this algorithm to succeed is far
less than the number of measurements that would be needed to achieve a satisfactory resolution when
performing the numerical Fourier inversion of the Fourier method.



17

1.2.4 General asymptotic formulas

In the context of the conductivity problem, formula (1.7) applies to diametrically small
inhomogeneities that are well separated and away from the boundary.” If an inhomo-
geneity of low volume fraction within a two dimensional conducting body has a high
aspect ratio such that its width is small but is length is not particularly small relative to
the larger body—a crack, for example—then formula (1.7) ceases to be a useful. If the
4" inhomogeneity is represented by a tubular neighborhood of width p about the curve

74, then the appropriate asymptotic expansion of the boundary voltage perturbation is

(uy —uo)(y) = > p / (0] — 00)(2)VaN(2,y) - (M;(2)Vuo(2)) dos + 0(p)  (1.13)
j Vi

for all y € 012, where the tensor M; is a symmetric and positive definite do-a.e. on
v; [BMVO01, BFV03]. The similarities between formulas (1.7) and (1.13) suggest that
they are special cases of a general asymptotic expansion. In fact, such a generalization
was achieved in [CV03a], where the following was shown: suppose the inhomogeneous
set is represented as any sequence of measurable sets 7, that are well contained in
(i.e., they do not approach the boundary) and satisfy |Z,| — 0 as p — 0. Let oy denote
the positive background conductivity and let o1 denote that of the inhomogeneous set.
Then there exists a subsequence Z,,, a probability measure « supported on m, and
a polarization tensor M € L?(£2,da) that is symmetric and positive definite da-a.e.,
such that if the voltage functions u, and ug result from the same prescribed Neumann

data and are normalized so that [y, u, = [5q o, then

(up—u0)(y) = |7, /Q (01— 00)(2)VaN (2,9) - (M(2)Vug(2)) das + 0(|Z,, ) (1.14)

for all y € 9€2. This formula, along with Hashin-Shtrikman bounds of the polarization

tensor, can be used to estimate from boundary measurements alone the volume of a very

"The o(p?) term from formula (1.7) depends on the distance between pairs of inhomogeneities and
the distance from the inhomogeneities to the boundary. There are known expansions that address the
case of small inclusions that are closely spaced [AAKO05] and the case of inclusions that are close to the
boundary [AKKLO05].
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general class of small inhomogeneities [CV03a, CV03b, CV04, CV06]. In Chapter 2 we
will derive an analogous asymptotic formula for the Helmholtz problem, in other words,
in the case of nonzero frequency. We will achieve this by following the same idea of
proof for the zero frequency case in [CV03a]. This proof requires certain L? perturbation
estimates, which we will derive for the Helmholtz problem by borrowing techniques from
[VV00]. We will also show the polarization tensor arising from discontinuities in the
permeability satisfies bounds similar to those in [CV03b]. Thus it should be possible to
effectively estimate the volume of small electromagnetic inhomogeneities within a body

from boundary measurements, even if the background material is nonconducting.

1.2.5 Acoustic waves

It should be noted that the Helmholtz equation is more commonly used to model

acoustic waves. If

w2
V- (QVU)—F@u:O

in R? or R?, then p(z,t) := Re{u(z)e ™"} represents a pressure wave® of frequency w in
a medium of equilibrium density ¢ and sound speed ¢ [Che90, KFCS82]. As in the case
of time harmonic electromagnetic waves, absorbtion, due to, say, viscosity or thermal
conduction, can be modeled by ascribing a positive imaginary part to ¢=2 [Jon86, §6.5],
[KFCS82, Ch. 7]. In the electromagnetic setting, this imaginary part has a simple
inverse relationship with frequency (Im(€) = o/w) that holds for all frequencies. In the
acoustic setting, however, though the rate of attenuation of acoustic waves does even-
tually decreases as frequency increases, the relationship of this absorption parameter
to frequency cannot simply be expected to obey the same simple inverse relationship.
Moreover, different acoustic absorption mechanisms give rise to different behaviors with
changing frequency (see [KFCS82, Ch. 7] for a discussion of this). Therefore, much of

our high frequency analysis of scattering by penetrable but absorbing objects may not

81n fact, p is a perturbation. If py denotes the equilibrium pressure, then the pressure function in
the presence of the wave is po + p.
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apply to an acoustic setting without appropriate modifications. That being said, the
case of a perfectly conducting scatterer embedded within a nonconducting background
medium does coincide with that of a perfectly sound-soft scatterer embedded within a
nonabsorbent medium: in both cases, the total field must vanish on the surface of the
scatterer, thus giving rise to exterior Dirichlet problems for the scattered fields that are

identical in form.

1.2.6 Nondimensionalization

Throughout this thesis, all quantities are assumed to be dimensionless. In other words,
we assume that the following procedure has been performed. Suppose | J p 1, C I, where
Z cC Q). Translate the coordinates, if necessary, so that 0 € Z. We first normalize Ejy

and E,, which may be achieved, for example, by taking

Bo(w) = Eo(x) / th Jz | Eo(v) |y,

Byp(@) = Eyla) [t Jz 1 Eov)|dy.
We then perform the rescaling
up(x) = Ey(dx),

where d is the “size” of the set Z in whichever units of length have been chosen. For

instance, we could take
d:=sup{|z|:x €Z} or d:=diam(7).

u, then satisfies

, )
Ve (= V) + (5 +i%2) 2%, =0 in @,
Hp w
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where ()
plaxr) . /
ey = | 0
v Ho(dz) in '\ 7
10(0)
( 51(dx) . ,
Eplz) = 0(0) "
eo(dz) . ., =
20 (0) in Q"\ 7
012
" al(d:c)d{'gg((o))} inZ,
Ip\T) = 1/2
oo(dz)d [52((8))} in Q'\ 7/
@ = wdy/ 110(0)€0(0),
and

/1

o =10,
1

7, =11,

The quantities fi, £, G,, @, u, and the argument of u, are dimensionless. 7' = éI
represents, in a sense, a set of unit size. If €2 is a bounded domain, Z should be taken
to be a set sufficiently large so that the rescaled set ' has dimensionless size on the

order of 1.
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Chapter 2

General asymptotic formulas in the case of fixed frequency

2.1 The problem

We consider a cylindrical object with transverse magnetic symmetry, the cross-section
of which is represented by the bounded, open and connected domain  C R2. This
domain contains a small inhomogeneous set denoted Z,. This set is nearly arbitrary
in shape, the only restrictions being that it must be measurable and that it must be
compactly contained in the interior of 2. 0 < p < 1 is a parameter we introduce for our
asymptotic analysis: we assume {Z,} is a family of measurable sets such that |Z,] — 0
as p— 0. U »Lp is assumed to be bounded away from the boundary 052, and therefore
one may construct a smooth domain Z depending only on p 7, and dist (U p Z,, 89)

such that
U,Z, cCZ cc i

The boundary 92 is assumed to be smooth—or at least sufficiently regular for our
purposes’ (CY! regularity will suffice). The electromagnetic profile of the object is
given by

p1 inZ, g1 inZ, o1 inZ,

Kp = ) Ep = ’ Op = )
po in Q\Z, go in Q\Z, oo in Q\Z,

"We will require regularity of the boundary 8 sufficient for certain elliptic estimates and sufficient
to properly pose, and prove the unique existence of solutions to, the problems (2.1a) and (2.1b).
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where p > 0 is the magnetic permeability, € > 0 the electric permittivity and ¢ > 0
the conductivity. The background EM parameters g and o belong to C°(€2),? while
o belongs to C%1(Q2). The EM parameters of the inhomogeneity, p1, €1 and oy, all
belong to C°(Z). Let € denote the maximum of the suprema of pg, €9, 00, 11, €1 and

o1. The ellipticity constant

is assumed to be strictly positive. We consider the time harmonic situation and denote
the frequency by w > 0. € = € + 72 will denote the complex permittivity, and we let
k = wy/€ and k = w\/u€e, where the square root is the principle square root, so that
the real and imaginary parts of x and k are nonnegative.

Let I'p C 02 be a finite union of open, connected subsets of 9 and let I'y = GQ\E.
Given a source current J = %F in Q, an electric field f on I'p and a (tangentially
directed) magnetic field ﬁg on Iy, the resulting electric fields ug and u,—in the

absence and presence of the inhomogeneity, respectively—satisfy

;

1
A\ (*Vuo) + n%uo =F inQ
Ho

Uy = f on FD (213.)
1
—0yug =g only
\ Ho
and .
V- (—Vup) + ﬁiup =F inQ
Hp
up = f on FD (21b)
1
—dyup, =g only.
\ Hp

Remark 2.1. The subsequent analysis of these problems does allow w = 0, in which
case we take kg = 0 and k1 = 0. This situation can be physically (re)interpreted as
a model for the conductivity problem, where i would represent conductivity, u, the

voltage potential, f a boundary potential, g an applied current and F' the divergence

?In fact, we need only assume that g¢ and oo in L*°(Q) are continuous on Z.
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of a source current.

2.1.1 Spaces for F, f and g

To properly pose these problems, we restrict the given functions to appropriate spaces.

With
(@) = {v € H(Q) : vlr,, =0},
the restrictions are:
F e (HH(Q), f e HY*(Tp) and g€ (H(Tw)), (2.2)

where V'’ denotes the antidual of the Hilbert space V, and

H%Q(I‘N) ={v e L*(Ty) : 3w € H}H () such that w|r, = v}

={v € L*(Ty) : the trivial extension to 99 belongs to H1/2(8Q)},
with
||f||HéO/2(FN) :=inf {||w||H1(Q) s w € HH(Q) and wpy, = f}

(see, for instance, [BC84], [DL88] or [LM72]). Observe that H}(Q) = H}(2) when
Ip =00, H5(Q) = HY(Q) when I'p = @, and

(Hy 2 (09) = (H'?(00)) = HV2(09).

2.1.2 Variational formulation

To state problems (2.1a) and (2.1b) variationally, we define the following sesquilinear

form:
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Definition 2.2. For u,v € H5(Q) and 0 < p < 1 let

1
H,(u, v :/ —Vu- V7 — k2uv)dz.
p( ) Q<Mp P )

We will also use the notation H,(u,v) in cases where the integral is defined but u and

v are not necessarily in H3(12).

Suppose F, f and g lie within the appropriate spaces (2.2). Let fe HY?(09) be

an extension of f with

HfHHW(aQ) < Coarp 1 | gr1/2(rp)-

Let h € H'(Q) satisfy
h|8Q = fa
h|Z = O)

1Bl 10y < ClFll iz oa)-

(Naturally, we take h = 0 if I'p = @.) Problem (2.1b), for 0 < p < 1, reduces to the

following

Problem 2.3. Given F € (HL(Q)), f € HY2(Tp) and g € (Hy)*(Tw))', find @, €
H} () such that

—Hp(tp,v) = (HID(Q))’<F7U>H%)(Q) +Ho(h,v) — (Hééz(FN))/<g7/U|FN>HS(<2(FN)

= @y (F )y forallve Hp(Q). (2.3)

We then interpret u, = 1, + h as a solution to (2.1b). To see why this is a proper

formulation of (2.1b), suppose we have F' € L*(Q) and f € H3?(I'p). We may then
1

choose h € H, (€2), where

H. () = {u € HY(Q): V- (;LVu) € L2(Q)}
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with

HUH%I;/)(Q) = [[ullfp ) + IV - (G V)ll7zq)

(see [BC84], [LMT72] or [Lio61]). Consequently, any solution u, of Problem 2.3 will

belong to the space

Hp,,, () = H, (Q) N Hp(Q).

The bounded trace operator

is well defined and may be used in a generalized form of Green’s formula: for v € H ﬁp (Q)

and v € H}(9Q),

1 1
V- (—Vu)vde=—- | —Vu-Vodr + Lou,
/Q <up ) anp (Héé2(rzv>>'<“° UU>H362<FN>

[BC84]. It follows that

/Q[V.(:pV(&p%—h))—i—/ﬁz(ﬂp—i—h)]vdw—/Qdex
— 1

1 1
- <Héé2(rN>>'<“P Oh, vlon

0, = 9.1l ) ( )
fip = 9Vl B2 Ho2e0) \ o H1/2(06)

for all v € H}(Q). If we also assume g € L*(I'v), u, = @, + h would satisfy

1
V. <17Vup) +u,=F in L*(Q),
p
u,=f in HY?(Tp),
i&,up =g in L2(FN).
p
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Remark 2.4. Note that F € (H},(Q)) as defined in (2.3) satisfies

IFll oy < C (HFH(HlD(Q))/ + 1l 2y + ||9||(Héé2(FN))/) ;

where C' depends on €, w and dist(99,7).3

Throughout this chapter, we assume w and the EM parameters g, €9, 09, f41, €1 and
o1 remain fixed as p — 0. The resulting asymptotic formulas will thus model physical

situations where w|Z,| < 1.

2.2 Well-posedness of the problem

Consider the case where I'p = 92, the EM parameters are all constant with ug, p1, €o
and ;1 strictly positive, and the inhomogeneity is represented by a finite collection of
smooth, diametrically shrinking domains, 7, = [J;(z; + pD;). We know from [VVOO]
that, so long as k‘% is not an eigenvalue for the operator —A with Dirichlet boundary
conditions in €2, the problem (2.1b) is well-posed for p sufficiently small. We will follow
essentially the same argument to prove as much in the case of nonconstant coefficients,

mixed boundary conditions and inhomogeneous sets of arbitrary shape.

Definition 2.5. For 0 < p < 1 we define the operator

!/

L,: HH(Q) — (Hp())

(Hllj(Q))/<£p(u)> ‘>H]5(Q) = —Hp(u,-).

Definition 2.6. Given p,, €,, 0, and I'p, we call w an eigenfrequency if there are

nontrivial solutions to the homogeneous form of (2.1b) (i.e., when F, f and g are zero).

As one would expect, we have the following

Lemma 2.7. Let u,, €y, 0, and I'p be given. The following are equivalent:

3Recall that € is the maximum of the suprema of the functions po, o, 0o, p1, €1 and ;.
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(a) w is not an eigenfrequency.
(b) L, is invertible.

(c) Given any F € (HH(Q))', f € HY?(Tp) and g € (H(%Q(FN))’, (2.1b) is uniquely

solvable.

Proof. We will show (¢) = (a) = (b) = (¢). (¢) = (a) is immediate. Assume (a).
Then the only solution of £L,u = 0 is w = 0. From this, the injectivity of £,, a standard
argument using the Lax-Milgram theorem and the Fredholm alternative can be used to

show L, is invertible: Let

H)(u,v) :Hp(u,v)—i-’y/ﬂuvd:c, p>0.

For ~ > 0 satisfying

v > || Re(k2) | o< ()

H), is bounded and coercive on H}(€2). Consequently, by the Lax-Milgram theorem,

the operator
L} Hp(Q) — (Hp(Q))
defined by
(HID(Q))/<£Z(U)’ U>H113(Q) = —Hz(u, v) forallve H};(Q) (2.4)

is a continuous isomorphism of H}(€2) onto (H1(Q))'. Let

I:HL(Q) — (HH(Q)) (2.5)



28

be the natural injection

(Hb(Q))’<I(u)7U>H1D(Q) Z/qudx.

Since

CcC
—

I =151: HH(Q) L*(Q) — (HH()),

I is compact, and so
(L))~ - Hp(Q) — Hp(9)
is compact as well. Since £, is injective,
(L)' Ly =1+~(L))7 '

is also injective (here 1 is the identity operator on HL(Q2)). Therefore, by the Fredholm
alternative, (£)~'L, must be a continuous automorphism of H},(2). Consequently,
L, is invertible. Hence (a) = ().

Now assume (b) and suppose that, for some given F', f and g, u, = 4, + hy and

v, = Up + ho both solve problem 2.3. Then
—H (i, — 0p,v) = Ho(h1 — ha,v) = Hp(h1 — he,v) for all v € HE (),

where the last equality follows from the fact that hqi|z = ha|z = 0. Therefore, by the
assumption that £, is invertible and the fact that hy — hg € H})(Q), Uy, —Vp = h1 — ha.

Thus u, = v,, which concludes the proof that (b) = (c). O
We are now ready to state

Theorem 1. If w > 0 is not an eigenfrequency relative to uo, €o, oo and I'p (in other
words, if Lo is invertible) then there exists a pg > 0 such that, given any F € (H}(Q)),
feHYX(I'p) and g € (HééZ(FN))/, problem (2.1b) has a unique solution in H(Q) for
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0 < p < pg. Furthermore,

oy < C (IFNayeny + 1 vz + 9l oz ) - (26)

where C' depends on w, the ellipticity constant ¥, the suprema of the EM parameter
functions (€), dist(Z,00?), Q, I'p, and HﬁalHf/((H]B(Q))'va(Q))’ but is independent of p,
F, fandg.

Remark 2.8. The assumption that the EM parameter functions g, og, p1, €1 and o1
are continuous, and the assumption that pg is Lipschitz continuous, are not necessary
for Theorem 1 to hold. All that is required of these functions is that they belong to L*°.
The continuity of these parameters will be needed later for the asymptotic expansion

that is the main result of this chapter (Theorem 3).

Before we prove this theorem, we must establish some preliminary results. With £

as defined at (2.4), we have the following

Property 2.9. Let

3 = max (| Re(d) =y | Re(e) |1} + 1. (2.7
Then
1L 2y, mr @y < C (2.8)
1
63 Ly < Coi=max{ 5.1} (2.9

where C1 depends only on w and the L™ norms of the EM parameter functions.

Proof. (2.8) is obvious, and (2.9) immediately follows from the fact that

min{d, l}HuH?{b(Q) < Re{H)(u,u)}. O
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Recall that
(L))~ Hp(Q) — Hp(Q)

is compact, where I : H5(Q) — (H}(£2)) is the natural injection (2.5). This compact-
ness of the (£})~!1 is uniform in p in a sense we shall now make precise.

Definition 2.10. A sequence of compact operators T,, on a Banach space V is collec-

tively compact if

UTu({vev: vl <1})
n
is precompact in V.
Lemma 2.11. Given a sequence of parameters p, with p, — 0, the operators ([Z;’n)*ll

are collectively compact and converge pointwise to (,Cg)_ll.

Proof. Our proof is essentially the same as that found in [VV00]. We first prove (£},) 7"
converges pointwise to (£])~!, which implies the pointwise convergence of (£},)11 to

(£3)"'I. To do this, we will prove £,, — Lo pointwise. From this the pointwise

convergence of (£},)7! to (£])~! will follow: for given any G € (H}(f2)),

L) (L)7'G — L(L)'G =G,
and therefore

1063076 = (£3)7C 1y @y < 1€ IE — £3,023) Gl iy
< C||G ~ £3, (L) Cll 1 (cyy

_>07

where C' = C3 from Property 2.9. To prove £,, — Lo pointwise, observe that for any
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u,v € Hp (),

@)y {(Lon = 50)“7”>H}7<9>‘ =

1 1
/ {( - >V’UJ-V1}+(I€%I€(Q))UU} dz
Ton Mo H1

< Cllullmz, ) vl ay o)-

This means

(Lo = Lo)ullmy )y < Cllullmz,,) — 0,

which is the desired result.

As for the collective compactness of the (£),) ' : Suppose {u;} is a sequence
in H}(Q) satisfying ||uj||H]1J(Q) < 1. We will show that any sequence of the form
(ﬁ'ynj )"!Iu; (here n; is an arbitrary sequence of indices, not necessarily a subsequence
of n) has a strongly convergent subsequence.

First note that in the possible case where the sequence n; is bounded, and thus
ranges over a finite set, the result is an immediate consequence of the fact that a finite
union of compact sets is itself compact. So we assume n; — co.

By passing to a subsequence if necessary, we may assume by the compactness of I
that Ju; converges strongly to some G € (H},(2))". We therefore have

1023, )™ Tuj = (£8) ™' Gl o)

< 10E3,, )™ g — (€], ) Gllag e + €], )76 — (£3) Gl

< ClMuj = Gl )y + H(ﬁznj)flG - (Eg)flG”ng(Q),

with C' independent of j. The proof is finished since (Eznj)_l converges pointwise to

(Lo~ O

To prove Theorem 1, we will need the following lemma concerning collectively com-
pact operators. For a proof, see Theorem 1.6, Corollary 1.8 and Theorem 1.11 in

[Ans71].



32

Lemma 2.12. Assume the collectively compact sequence of operators {T,} on the Ba-

nach space V- converges pointwise to the (necessarily compact) operator T'. Then
(T = T) Tl vy — 0. (2.10)

Furthermore,
(a) 1 =T is invertible
if and only if

(b) there exists an N such that for n > N, 1 — T, is invertible and the norms ||(1 —

Tn) 2y are bounded uniformly.
If (a) and (b) hold,

_1 pointwise
_—

(1-1Tp) 1-17)"" (2.11)

and

L+ 11 =T) Mo I Tall£v)
(1 =T) " 20n (Th — T) Tl 2(v)

0 =T e < 7 (2.12)

Proof of Theorem 1. Let F € (HL(Q))', f € HY/?(Tp) and g € (H&éQ(FN))/. Assume
Ly is invertible. With v > 0 as in (2.7), £} and the £} for p > 0 are isomorphisms of
HE(Q) onto (H}()) satisfying the uniform bounds of Property 2.9. Since Lo = £J++1

and L are both invertible,
L+(Ly)~ 1

is a continuous automorphism of H}(€2).
Let p, — 0. With T'= —y(L£})"'I and T,, = —y(£},) I, we apply Lemmas 2.11

and 2.12 to conclude there exists an /N such that

L+~(L£) )7
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is invertible for all n > N.
Now, if the there did not exist a py as asserted in the statement of the theorem,
there would necessarily exist a sequence p,, — 0 and a sequence F,, € (H,(Q))" such

that for each n the equation
(L), +yDu=F,

either would have no solution or would have non-unique solutions in H5(Q2). Either
way, the operators 1++(L£},) "I would each be non-invertible, which would contradict
the conclusion of the previous paragraph.

As for the bound (2.6), first note that, by (2.10), pp can be chosen so that

1
T, —-TT,| < ———— forall 0 <
||( p ) p” = QH(I_T)_IH or a < P = po,

where T = —y(L}) 711 and T, = —y(£}) 1. For these p,

L5 =11+ (L) D)™

<@+ DHHIED

< Cof(1+ ’Y(L’Z)flf.)*l” (by Property 2.9)
1+ (1 —=T)" T, )
<C < £ by Lemma 2.12
\ T -0 @, - DT ( )

<205(1+ Col|(1—=T)71)) (by Property 2.9)
= 2C5(1 + G L5 £3)

<2051+ CiCa|| L5 1) (by Property 2.9).

Now, if u,, is a solution to (2.1b) then u, = @, +h for some @, € H}(2) and h € H' ()
as in Problem 2.3. Since @, = (£,)"'F, where F € (H},(2)) is as defined in Problem
2.3,

liagllrrs oy < 115 11 s -
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The bound (2.6) now follows from Remark 2.4 concerning the bound on F, and also
from the fact that h must satisfy ||hl|z1(q) < C||f|lry, with C' depending only on I'p,
08 and dist(Z, 092). O

In the case where g, €9 and o are constant, the bound on ||£; ]| in terms of [rod]

translates into a bound in terms of the distance between k3 and the spectrum of —A
on ) with homogeneous mixed boundary data. We define the operator £ : H}5(Q) —
(Hp())" by

_ = 1
(HJB(Q))’w(u)’ U>H15(Q) = /QVqu dz for all v e Hp(Q2),
and note that the problem of finding u € HL () solving
Lu = (F,-)p2@) given F € L*(Q)
is properly interpreted as the problem of finding u such that

—Au=F 1in
u=0 onlIp

O,u=0 only.

Assume for the moment I'p # @. Using a standard Poincaré-type inequality, we may
take (u,v) — [, VuVodz to be the inner-product for H},(€2). Consequently, the Riesz
theorem implies that £ is invertible. Let 1/, \, 0, n =1,2..., denote the decreasing
sequence of eigenvalues of £~'I with corresponding eigenfunctions ¢,,, normalized so

that || ¢n | 2(q) = 1. For any G € (HLH(Q))',

ﬁou = g
— (=L + k2Du = poG

= > (k§ = An)lnbn = po(G,v) for all v € HH(Q),
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where

ﬁn:/ugbndw.
Q

For the appropriate choice of v (that is, for the appropriate choice of 6,,, where we take

1ollGll ey @y lull @) = Hol(G, v)

= Z ‘k(z) - AnHanF

2

> mink—
= n I,

L) il
k2
:(min 0

32 1]} huly o

Thus,

Ho

k2

126" Lz arpy o) € ——T— 1“

An

min
n
In the case where I'p = &, ker £ = {constants}, and the quotient map
L:Hy(Q) — (HY(Q))

is invertible. Let 1/XA, N\, 0, n = 1,2,..., be the sequence of eigenvalues of L',N_lI,
with corresponding eigenfunctions ¢, normalized by ||¢n|r2(q) = 1. With ¢ :=1/|0],
{$n}S%, is then an orthonormal basis of H({2). The above argument (for the case

I'p # @) can be easily modified to yield

pollGll e @y llull g @) = Hol{G, v)]
= |k3|[0]* + > kg — Anl[tn]®

n>1
51l (gl + 3 Pl
An

> min{|k§] , min
n>1

n>1

. M k:2
— min {\kﬁ] , min )\*0 - 1’} ull31 (-
= n
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Thus we have

Corollary 2.13. Suppose the functions ug, €9 and og are constants, and that kg =
w?o(g0+iog/w) & {\n} = the spectrum of —A on Q with homogeneous mized boundary
data. With pg as in the statement of Theorem 1, for 0 < p < pg, given any F €

(HL(Q)), f € HY?(Tp) and g € (HééQ(I‘N))/, the solution u, to (2.1b) satisfies

lpllmy ey < € (1F iy @y + 1o + ol gy ) (219)

where C' depends on w, 9, €, dist(Z,09), Q, I'p, and on

i
)\——1 when I'p # @

n

min
n

and

ki
)\——1 when I'p = @.

min{lkg\,in;%
n

n

Remark 2.14. The goal of this chapter, the asymptotic expansion of Theorem 3,
is similar to, and motivated by, a prior result for the conductivity problem with a
boundary condition of strictly Neumann type [CV03a]. That problem corresponds
to the eigenfrequency w = 0 for problems (2.1a) and (2.1b) when I'p = @, with %
reinterpreted as the conductivity profile and u as the voltage potential (cf. Remark
2.1). In this case, problems (2.1a) and (2.1b) each require an additional normalization
condition in order to be well-posed:

v <M10Vu0) —F inQ

1
—0dyug =g on 0N (2.14a)
Ko

/ uod0:0
\ [2}9]
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and )
Ve(-Vu) =F ing
Hp
1
—0yup, =g on IS (2.14b)
Hp

/ u,do = 0.
\ o0

We must also require that F € (H'(Q)) and g € H~/2(9Q) satisfy

/Fda:/ gdo (2.15)
Q o0N

(ie., (F,1]q) = (g,1|sq)). To see that (2.14b) is well-posed for all p, consider the

operator
Lpi=Lolmoy - Hy(Q) — 4 (2.16)
where
H{(Q) ={ue H(Q): [5qudo =0}
and

U={Fe HQ) :(F,1)=0}.

(Note: F € (HL(R)) and g € H~'/2(0Q) satisfy condition (2.15) if and only if F as
defined in (2.3) lies in Y1.) Taking

((u,v)):—/QVu~Vvda:+ (/8Quda> (/mvdo)

as the inner-product for H'(S), which is possible thanks to a simple Poincaré-type
inequality, H!(Q)) is the orthogonal complement of the space of constants in H'(2),
and the mapping F +— F|y1q) is a linear isometry of £l onto (HL(Q)). We identify i
and (HL(SY)), and then, noting that H, is bounded and coercive on H}(Q), we apply

the Lax-Milgram theorem to conclude Zp is invertible.



2.3 Convergence of the perturbed field to the background field

The following lemma was proved in [CV03a]:

38

Lemma 2.15. Suppose F € (H'(Q)) and g € H~Y2(0Q) with [, Fdz = Joq9do.

Let Vy denote the solution to

(v-(ivvo):F in Q

Ho

1

—o,Vo=g ondf)
Ho

Vodo =0,
o0

and let V), denote the solution to the perturbed problem

Then

va - %”H}D(Q) < C|Ip\1/2”V0HcOJ(Ip)

\

1
Vo (—VV,)=F nQ
Hp
1
—0,V,=g on 0N
Hp

V,do = 0.
o0

(2.17)

(2.18)

(2.19)

for some C independent of p. If we also assume pg € COH(Q) then for any & > 0,

IV = Vollrz(ay < CslZo* 1 Vollcoaz,)-

(2.20)

We will prove a similar result for the Helmholtz problem. Our proof of the analogue

of (2.19), namely (2.21), is essentially the same as that used to prove an energy estimate

in [VV00]. Our proof of the analogue of (2.20), namely (2.22), is an adaptation of the

proof of (2.20) found in [CV03a].

Before stating and proving these estimates of the strength of convergence of u, to

ug, we present the following lemma, which is of central importance. The proof is a

simple exercise.
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Lemma 2.16. Let F € (H})(Q)),, fe HY*(Tp) and g € (H(%Q(FN)),. If Uy satisfies

;

V- (:(JVUO) YR =F inQ

Uy=f onlp

1
—0o,Up=g only
Ho

and U, satisfies the perturbed problem (that is, the problem in the presence of the inho-

mogeneity, with po replaced by pi,) then for any ¢ € Hh(Q),

11 _ _
Ho(U, — Up, ¢) = / —(— - —)VUP Védz +/ (k2 — K2)U, b da
Z, K1 Mo Z,
and
1 1 — 2 N7 T
M, (U, — Uy, ) = _<7 - —)VUO Védr+ [ (k2 — Kk3)Upd da.
Z, K1 Mo 7,

We now state the main result of this section.

Theorem 2. Suppose w is not an eigenfrequency relative to uo, €9, oo and I'p (in
other words, suppose Ly is invertible). Let pg > 0 be as in Theorem 1 and suppose

1

F e (HLH(Q), f € HY>(Tp) and g € (H062(FN)),. For p < po, if ug and u, are the

solutions to problems (2.1a) and (2.1b) respectively, then
1wy = woll 11 () < CIZo|"?||uoll oz, (2.21)

where C depends on w, the ellipticity constant ¥, the suprema of the EM profile functions
(€), dist(Z,00), Q, I'p and H‘CEIHX((H},(Q))',H})(Q)) but is independent of p, F', f and

g. Moreover, for any § > 0 and p < po,
—0
Ity — woll 2@y < 1o uollcoa - (2.22)

where C' depends on w, ¥, €, ||uollcon(g), dist(Z,00), Q, Ip, 1L and § but is

independent of p, F', f and g.
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Proof. By Lemma 2.16, if v € H}(2) then

Ho(up — uo,v) = /

1 1
[— (— - —)Vuo Vo + (k3 = k3)ugv| dz
Zp

M1 Mo

< CIL,| " luolconz, 0] 12 -
In other words,
Ly(up —ug) =G
with
1G9y < CITM [l corz,)-
By Theorem 1, for p < po,
lup = woll iy @) = 1(£5) " Clla ) < CIGl a1, 0y

with C as in the statement of that theorem. This completes the proof of (2.21). To

prove (2.22), let w € H}

loc

() N H},(9) solve

1
V- (—Vw) + Kjw =ug —u, in Q
Ho

w=20 on I'p

1
—d,w =20 on I'y.
Ko

Since Z CC 2, we may choose a smooth domain 2’ depending only on Q and dist(Z, 992)

such that Z cc Q' cc Q. Using Lemma 2.16, we find that for any 1 < p,q < oo
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satisfying 1% + % =1,

1
/ lup — uo|* dz = / —Vw - V(u, — ug) de — / raw(u, — ug) da
Q Q Ho Q

1 1
= ——Vu-deﬂc+/ K3 — Kg)upw da
/Ip (,u1 Mo> o Ip( 1 0)up

< C(||vup||Lq(Ip) ”VU’HLP(Q/) + WQHUPHLl(Ip)Hw”LC’o(Q’))

< C(IVupllpa,) + @ luplliz)) lwll g2, (2.23)

where C' depends on Q' and €. (We note that the above use of Sobolev’s embedding
theorem requires that the ambient space be two dimensional, as we would like to choose
p arbitrarily large.) By elliptic estimates,

w2y < C(llwllreg) + llup — wollL2o)

<C

<C(||£—1 I(u, — -

< o I (up = wo)ll(my )y + llup — vollr2(q)
C

(12511 + 1) 1wy = woll 20 (2.24)

for some C' depending on dist(Q',09), ¥, €, HMOHCOJ@), w and p. With the freedom
to choose p < oo arbitrarily large, we make the appropriate choice so that 1 —§ = 1/g¢,

hence

IVupllpacz,y < IV(up —wo)llLacz,) + [IVuollLaz,)

1 _
< o2V (wp — wo) | L2z, + |Zol" 2 Vtto | Low 2, - (2.25)
Similarly, but more easily, we have

lupllzr(z,) < llup — wollprz,) + lluollrr(z,)

< Tl llwp — woll 2z, + 1ol ol o= z,)- (2.26)
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Combining (2.23), (2.24), (2.25) and (2.26), and then using (2.21), yields

1_ —
lup = wollzz0) < C(1Zl3llup = ollsz,) + Tl lluollcora, )

< C‘Ip|176HUOHCOvl(Ip)- O

Corollary 2.17. In addition to the hypotheses of Theorem 2, assume F|qg € LP())

for some p > 2 and some open set Q' with T CC Q' CC Q. Let

ICE £ = 1E ey + 1 gy + 1 e @p) + 19l gz gy

Then for p < po, if up and u, are the solutions to problems (2.1a) and (2.1b) respec-

tively,
lup — wollars @y < CIZI?I(F, £,9)]l (2.27)

where C depends on w, 9, €, dist(Z,0), dist(Q,09) Q, Tp and ||Ly?]| but is inde-

pendent of p, F, f and g. Moreover, given any § > 0,
lup = woll 220y < CIZ,|'°I(F, £, 9)|I, (2.28)

with C depending on w, ¥, €, HMOHCO’l(ﬁ)’ dist(Z,0Q), dist(Q,09) Q, Tp and ||Ly*

and § but is independent of p, F', f and g.

Proof. By interior elliptic estimates [GT01, Theorem 9.11],

luollwzezy < C(lluoll ey + 1 FllLery)

for some open set 7’ chosen to satisfy Z cCc Z' cC €. C depends on €, ||,u0||00,1(§), w

and dist(Z,0€). Since p > 2 = the dimension of the ambient space,

[uollcor(z,) < Caistz,zr) lwollwzr - O

Remark 2.18. Theorem 2 and Corollary 2.17 continue to hold when the dimension n
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|1—5

of the ambient space is greater than two. However, the factor |Z, must be replaced

with |Ip|%+%_5, and p must be greater than n.

2.4 Derivation of the asymptotic formula

Before proceeding, we state a stronger form of Lemma 2.16.
Lemma 2.19. Let F € (H5(Q))', f € HY2(Tp) and g € (Hy)*(Tw)) .

(i) Suppose w is not an eigenfrequency relative to ug, €9, o9 and I'p. If Uy is the

unique solution to

,

v (MIOVUO) YR =F inQ

Uy=f onlp

1
—o,Uy=g onlyn
Ho

and U,, 0 < p < po, is the unique solution to the perturbed problem (that is, the

problem with po and k3 replaced by p, and /@%) then for any ¢ € H'(Q),

1 _
Ho(U, — Uo,czs)—/ L o,U, - U0)3 do
Ip M0
1 1 _ _
=/ —-(—-—)VU -V¢d:r+/ k2 — k2)U,¢ dz
/Ip (M Mo) p Ip(l 0) P
and
1 _
Hy(U, — Un, ¢)— / Lo, — U0 do
Ip Mo
11 _ _
= —(——=—\)VU-V dx+/ k2 — k2)Up dz,
/L, (m M0> 0 Ve zp(l 0)log

where

« 1 - ” 1
/FD R W= U0)adr = o (et Uo = U06)
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(ii) If Wy satisfies

(V-(;VW()):F in Q

Wo=f onlp

1
—o,Wy =g onln
Ho

and W,, p > 0, satisfies the perturbed problem then for any ¢ € H'(Q),

1 _ 1 _
L oow, - wo) -V da — / Lo, - w)s do
Q Mo p M0

:/Ip_(:l—:o)va-wdx

and

1 — 1 —
—V(W, —Wy) V¢ de — / — 0, (W, —Wy)¢ do
1 1

=/Ip—(le . %>VW0-V5dx.

Of course, (ii) is just a special case of (i).

Proof. These formulas clearly hold in the purely Neumann and purely Dirichlet cases,
hence we assume the boundary data is of strictly mixed type. We prove only the second

formula asserted in (i), as all other cases are similar. Observe that for v € H5(Q),

1 1
{_( — =)Vl Vo + (i} = i)Ugv | d

Hp(Up ~t, U) B / M1 Ko

I,

= @) (G0 @)
as in the proof of Theorem 2. This means U, — Uy is the solution to

1
Ve (- VU, - ) + KU, ~ To) =G in ©

Hp
U,-Uy=0 onlp

1
—0,(U,—Up) =0 only,

Hp

with G supported in Z. As a result, U, — Uy € H;O(Q \ Z), so that the trace M—loﬁ,j(Up —
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Up) € H-Y2(09) is well-defined.
Choose open sets ' and Q' with Z cC T/ cC @ CcC Q. Any ¢ € H(Q) can

be decomposed as ¢ = ¢1 + ¢ with ¢1| = 0, ¢2|o\or = 0 and both ¢; € H(Q).

Therefore,

Hp(Up — Uy, (Z)) = H—1/2(3Q)<iav(Up - U0)7 ¢|8Q>H1/2(89)+Hp(Up — U, ¢2)

1 _
= / —0,(U, = Uo)¢ do + g1 () (G 92) 1 ()
Ip MO

1 — 1 1 _
:/ —0,(U, — Uy)¢ da+/ —(———)VUO-VgZ) dx
Ip Mo z, M1 Mo

-I-/ (k1 — kD Upp dz. O
7,

P

Part of the significance of Lemma 2.19 is that is provides a way to equate boundary
measurements with integrals concentrated solely on the inhomogeneities. For instance,
if € H'(Q) solves the background Helmholtz equation then, after integrating by parts,

the first identity of Lemma 2.19(i) becomes

Jat o)~ (oo

1 1 — -
= [ (- )V, Vo [ (- U (229
Z, H1 o Mo I,

The left side of this equality represents a sort of measurement of the disturbance caused
by the presence of the inhomogeneity. Hidden within this measurement is information
about the inhomogeneity—its size, shape, etc. To extract this information, we ma-
nipulate the right-hand side to bring it to a simplified, asymptotic form. But before
proceeding with this manipulation, we will discuss another useful class of choices for
the test function ¢, namely Green’s functions. Suppose G is a Green’s function for the

background operator:

1
Voo (--VaGloy)) + K3G(y) = =8, in Q.
Ho
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Let ug and u, solve (2.1). Because u, — uqg satisfies

( 1 o
% (*V(up - uo)> +K3(up —up) =0 in Q\Z
Ho

up,—ug=0 onlp

1
—0y(up —up) =0 on Iy,
Ho

u, — ug is continuous on (©2\Z) UTp ULy, but not necessarily at the points where the

boundary condition changes type. Consequently, for y € (Q\ 7),

(=) + | 0, Gy~ o) do = Mo, — w0 GT)). (230

For many choices of G, this formula may be extended to y € 02, in which case the
left-hand side represents a measurable perturbation in the boundary field caused by the

presence of the inhomogeneity. By an application* of Lemma 2.19(i), for y € (2 \ Z),

(= w)) = [ -0,y = )G} do + [ -0, Gy = w) do

I'p MO Ko
1 1
[ (=) Ve Y6+ [ = Gl (2:31)
z, M1 Mo Zp

2.4.1 Examples of Green’s functions

I. Suppose w is not an eigenfrequency with respect to ug, €9, o9 and a boundary
condition of strictly Neumann type. For y € (2 we define the Neumann function
N(-,y) to be the solution to

1 .
V(%VNum)+%wa=—% in Q

i8,,/\/'(-, y) =0 on 99,
Ho

4Since G(-,y) ¢ H'(Q), Lemma 2.19(i) cannot be applied directly. However, the result follows from
a straightforward limiting approximation argument.
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which extends to y € 99 as

1

i(9,,/\/(',y) =4, on ON.
Ho

Suppose w is also not an eigenfrequency with respect to g, €9, og and I'p, so that
(2.1a) and (2.1b) have unique solutions uy and u, for p > 0 sufficiently small.

With G = N, (2.30) holds for all y € (2\ Z) UTp UTy, and so we have

(4, — o) () — / L0,y — u)N (- ) do

Irp Mo
= / —(i — i)Vup VN (-,y)dz +/ (k] — KQ)upN (-, y) dz.  (2.32)
Z, M1 Mo I,
II. Suppose w is not an eigenfrequency with respect to ug, €9, op and a boundary
condition of strictly Dirichlet type. For y € ), we define the Dirichlet function D
to be the solution to

1
V. (—VD(',y)) 4 K2D(y) = —6, inQ
Ho

D(-,y)=0 on 0.
In the case of a Dirichlet problem (I'p = 0€2), for all y € (2 \ Z),

1 1
(= 2 ) V- VDo + [ (6 = D) o
M1 Ho Zp

(up — o)) = [

Zp

If 09 is sufficiently smooth then for y € 99,

9y (up — uo)(y)
= / —(i - i)Vup - V0, D(-,y) dz + / (k3 — /ﬁ%)upﬁny(',y) dx.
Z, 251 Ho Z,

(2.33)

ITI. If the background EM parameters g, g and oy are constant, let dko denote the
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free-space Green’s function for the Helmholtz operator A+ k3 satisfying Sommer-

feld’s outgoing radiation condition.® Then
T (1
¥ (a,y) = 7H' (hole — ),

where Hél) is the 0'" order Hankel function of the first kind [CK98, Néd01]. For
y € Qand ¢ € C®(Q),

/V(;S-Vq)ko(-,y)dx—/k:g(;S(j[)kO(.’y)dw
Q (9]
60+ [ 0,8M(@,)6(w) do..
o0

Assuming 05 is sufficiently smooth (C1® for example), the well-known limiting

formula for double-layer potentials [CK83] implies that for y € 0,

/w‘w’m(-,y)dx—/kﬁm’m(-,y)dx
Q Q

— 1 ko
=50+ [ 2.9 .

Suppose k% is not an eigenvalue of —A on  with mixed boundary conditions.
Fix y € 09 such that y is a point of continuity of u, — u9. Choose a sequence
¢n € C°°(Q) with ¢, — (u, —ug) in H'(2) and ¢, — (u,—up) uniformly in some

neighborhood B(y, €) N0 of 4.5 If 9 is at least C1*-regular, the above formula

SRecall Sommerfeld’s outgoing radiation condition: dyu — ikou = o(r~/?) as r = |z| — co.

5This can be done since (u, —ug) € C°(B N (2 \ T)) for every open set B away from 9T'p.
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continues to hold in the limit.” Then by Lemma 2.19(i), for y € I'p U Ty,

1
3= w0)) = [ Oy~ w)@ () do+ [ 0,08 9)(up — uo) do
I'p Iy
1 1 k 2 _ 2 k
= [ —(5 =) Vu,- VO y)de+ | (6 = md)u,@ (- y) da ).
Z, K1 Mo Z,
(2.34)
2.4.2 The asymptotic formula
Assume g and u, solve (2.1a) and (2.1b), and let
1 1 — 22y —
R(up,s0):= [ — (— - —)Vup -Vsoda+ | (KT — Ky)upsode . (2.35)
z, Hi Mo Z,
11 12

We have seen that for certain functions sy, namely the Green’s functions of the previous
section, R(u,, so) is equal to a boundary measurement. We now state our main

Goal: To find the asymptotic expansion of the right-hand side of (2.35) for any sy €
H'(Q), or for any sq sufficiently regular, such as so = G(-,y), y € Q\ Z, where G is a

Green’s function.

Tackling I» is easy:

I, = / (k3 — k2 upsg dz —l—/ (k7 — K3)(up — up)Fp da . (2.36)
T, Zp

7

Ro

"This is because H'/?(8Q) — LP(d) continuously for all p < co when |8,, & (z,y)| = O(jz—y|* ")
as T — y.

8 Again, this application of Lemma 2.19(i) requires a limiting approximation argument because
Bh () ¢ H'(Q).
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As for Iy:

Vu, | dz

(INT
\Y%
7, M1 Ho (VU(2))

0
1 1 (i) _
— —(— — =) (Vv - Vu,)0;50 dz, 2.37
/Ip <M1 /~LO>( 0 p) 0 ( )
where
U(()i) =x;+C;

with C; any constant. We choose

so that

/ v(()i)da =0.
o0
(@)

Now consider the problem of finding the perturbation v, satisfying

(v. (:pw,(ﬁ) - ai<:0) in 0

U(i) =z;,+C; onlIp

D

1 ‘ 1 (2.38)
— l,vl()’) = on I'y

Hp Ko

(and fopvf'do =0 if Ty = 00).

Such a v,gi) exists uniquely for all 0 < p < 1. (When I'p = @, this follows from

Remark 2.14. Otherwise, it follows from the standard argument using the Lax-Milgram
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theorem.) Moreover, by Theorem 2 (Lemma 2.15 when I'y = 092),

o6 = 6"l ) < CHEIM (2.39)
and
va(j) - v(()i)HLQ(Q) < 06|Ip‘1_6 (2.40)

for all § > 0, where C' and C§ are independent of p. The next step toward our goal will

be to show that

1 1 i _
/ —<— - —) (Vv(()) - Vu,)0;50 dx
Ip

M1 Mo

1 1 )
= —(—= = =) (Vo . vu 0;50 dz + o(|Z,]).
[~ ) (7087 V)i o+ o7,

To achieve this, we will use the following

Lemma 2.20. Suppose w is not an eigenfrequency with respect to pg, €9, oo and I'p. Let
F e (H})(Q))/, fe HY(Ip) and g € (Hol({Q(FN))/ be given. Let ug be the solution to
(2.1a) and u, the solution to (2.1b) guaranteed for p > 0 sufficiently small by Theorem
1. Let Fy € (H%)(Q)),, f1 € HY>(I'p) and g1 € (Héé2(FN))/ be giwen (with [ Fydo =
Joq91do if Ty = 0RQ). Let vy € H}(Q) denote the solution to

(v. (:OWO) —F inQ

vo=/1 onlp

1
—Odvg=g1 only
o

(and Jpqvodo =0 if Ty = asz),

and let v, denote the solution of the perturbed problem (that is, the problem with pg
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replaced by p,). Then for any ¢ € C%1(Q),

J G R e B e (LR

M1 Mo I, M1 Ho

+ R1 4+ Ry + R3 + Ry,

where
R = /Q :p(V(vp — ) V(b) (up — o),
1 1
Ry = /I (E - %) (Voo - Vo) (u, — up),
Ry = — /Q Mlp(V(up — up) V¢) (v, — o),
1 1
Ry = _/I I - %> (VUO ng)) (vp = vo),
Rs = /I (KT — Kg)uo (v, — ),
Ro= | w2, = ) (v, = w)e
Proof.

by Lemma 2.19(ii) with W, = v, and Wy = vg. Similarly, but with the roles of v, — v
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and u, — ug switched, we apply Lemma 2.19(i) with U, = u, and Uy = ug to find

/ i(V(Up —vg) - V(u, — u0)) 9
Q Hp
— [ Yy~ o) - V(v — v0)6) + s
Q Mp
:/ _(i_i)(wo.v(vp_vo))¢+Rg+R4+R5+Re. O
T H1 Ho

We apply this lemma to (2.37) with v, = v,()i), vy = v(()i) and ¢ € C%(Q) satisfying

¢ = 055y in Z. Doing this, of course, requires that we assume
solz € CHH(T), (2.41)

with 97 sufficiently regular for W1*-extension. Then, using (2.36) and (2.35), it follows
that with R as defined by (2.35),
R(up, s0) = / —<i - i)(Vv/(,i) - Vug)0;5g de —|—/ (K3 — K3)upso dx
Z, M1 Mo Z,
+ Ro+ RY + RY + RY + RY + RY + RY

1 1
= / _<7 — —)V%- (M,Vug) dz + / (K% - H(Q))lm% dz
Z, M1 Ho I,

+ Ry + R + RY + RY + R + R{) + R,

where the R?*?-valued function M, is defined by

Observe that |Z,|"'1z, is bounded in L'(2), and therefore bounded in (C°(2))" as
p — 0. By the Banach-Alaoglu theorem, the ]Ip|_1]11p lie within a weak-+* compact
subset of (C°(Q))’. Since C°(9) is a separable space, weak-* compact subsets of its
dual are sequentially weak-* compact. Thus, by the Riesz representation theorem, there

exists a positive regular Borel measure o and a subsequence p,, — 0 such that

1Z,,) g, de 22 dain (COQ)) .
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As a consequence of this weak convergence, fQ da =1, and « is therefore a probability
measure. A simple argument (as in [CV03a]) using (2.19) shows

[1Z,] " 1,008 HLl(Q)

is bounded as p — 0, hence there exists a regular Borel measure M,; such that, after

passing to a further subsequence,

|Ip 1ﬂ1’ﬂn 8]‘1)/()2 dx m dMij in (Co(ﬁ))/

]

Another simple argument (as in [CV03a]), again using (2.19), shows the linear functional

on C%(Q) defined by
¢ — / ¢ dM;
Q

can be extended to a bounded linear functional on L?(£2,da). Consequently, there

exists a matrix M with entries M;; € L*(Q,d«) such that
dMi]’ == Mi]’ da.

By taking any 1) € C11(Q) satisfying Yl = so\fg, we have

1 1
(8,,upn — &,uo) 50 do
Ho Ho

Ho(up, — uo, s0) —/

I'p

= R(uges0) = |

Ly

11
=1, (/ —(— - —)VST)' (MVup) da + / (k2 — K2)uesg da)
Q 1o Mo Q
+Ro+ RY + R 4+ RY + RY + Rs + R,

11
- <7 - 7)Vup - Vg dz + / (k7 — K)upso dz
H1 Ko I

9We do this because we do not want to restrict our choices for s to only functions that are C** ().
Such a restriction would disqualify so = G(,y), where G is any Green’s function for the background
Helmoltz equation and y € Q\ 7.
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with

Ro= [ (s = i8) . — o) do.
A = [ L)~ ) ¥0) ., — )
(i — i) (VU(Z) V(0; So))( — up) du,

i 1 W g '
B =~ [ L (S~ 9@ 05 ) s

Ko
) 1 1 7 (2)
Ry = / (= ) (Vo0 V(@150) (of)) — o)
Ro= [ (% o)~ of)s5 da,
Zp
Re = /QH/J(“/J - UO)(U/(JZ) - U(l))w dz,
1 1 .
Fr = /I () V0 (T

n]/ —_—— Vso (MVup) dey,

Rg = / (KT — Kg)uoSo do — |Z,,| / (K — Kg)uoso dav.
1, Q

Pn

Both R7 and Ry are clearly o(|Z,,|) as p, — 0. Using Hélder’s inequality followed by
the H! and L? estimates (2.39) and (2.40) of the error v,(j,? - ’U(()i) and the H! and L?
estimates of u, — uop from Theorem 2, we see that the remainder terms Ry through Rg

are each bounded in absolute value by

3_
ClZ,,|2 6H¢Hclvl(§)”Uoucﬂ’l(f)'

If F|o € LP(Q) for some Z CC Q' CC 2 and some p > 2, we may appeal to Corollary

2.17 to replace the above bound with

3_
ClZp, |2~ Wl o1 @ I(F. £ 9)-

If so|7 € C1(T), ¢ may be chosen so that

1Yl ey < Caistier,00) llsolzll o1z
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This brings us to the main theorem of this chapter.

Theorem 3. Assume w > 0 is not an eigenfrequency with respect to ug, €9, oo and
I'p, (that is, suppose there are no nontrivial solutions to the homogeneous form of
(2.1a)) and let pg > 0 be as in Theorem 1. Given any sequence p, < po satisfying
pn — 0, there exists a subsequence—which we continue to denote by p, —a regular Borel
probability measure o on £ supported in I, and a polarization tensor M with real-valued

entries My; € L*(Q,da) such that the following holds: for any given f € HY?(Tp),

1

g€ (Hoég(FN))/ and F € (HL(2)) satisfying F|o € LP(QY) for some T CC Q' CC

and some p > 2, and for any given function s defined on 2 with so|l7 € CHY(T), we

have
1 1 — 2 2y, —
R(up, s0):= [ — (— — —)Vup -Vsgda + [ (K] — Kg)upso de
I, ‘M1 HO 7,
1 | P 22\ —
=1|Z,,| A _(E - %)Vso - (MVup) da + Q(Fol — K{)upSo dav

+0(|Z,,]), (2.42)

where ug and wu, are the solutions to (2.1a) and (2.1b) respectively. The remainder

term satisfies
3_
0(Z,..)| < [ Bal + 1 Bs| + CIZ,., 5 lsolzllns (. £, 9)1l-

where

ICF, £,9)1) = 1P Loy + 1 F Ny ey + 1AL ss2m) + 190 gz oy

and C depends on w, the ellipticity constant 9, the suprema of the EM parameters (ug,
1, €0, €1, 00 and o), dist(Z,09), dist(Q,0Q), Q, Tp and ||Lyt||. The subsequence
Z,, and the measure o are independent of F', f and g (as well as w, €g, €1, 0¢ and o1).
M depends on the subsequence I, and on pg and p1, but is independent of F', f and g

(as well as w, €, €1, 09 and o1). M is symmetric and positive definite da-a.e. in the
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set {po # 1}, where it satisfies the bounds

nﬂn{l,gl}mzhggTﬂlffgnmx{l,ﬁl}ﬁ2| for all € € R2. (2.43)
10 Ho

Proof. All that remains to be shown is the symmetry and positive definiteness of M
with the stated bounds. The proofs in [CV03a] for the conductivity problem carry
over to the present context with essentially no change. We include these proofs for
completeness only.

To see that M is symmetric, observe that by Lemma 2.20 with vy = v((]i), vy = vl()i),

Uy = U(()j) and u, = v,(,j),
LY (vl ) _/ LY (v )
/Ip (Ml M0> (Vg - Vo) de = I, (Ml M0> (Vo) - Vug”)dda + o(|Z,|)
for all ¢ € C*1(Q).19 Thus
L DV Mjip do = lim — R R ORR )
Sy
1 11 . .
=i Bl (OIR V)
lim Z, ] - (,ul MO) (van Vg, )gf)dx

:AQi_;ﬂ@mm

We now show that M is positive definite with the bounds (2.43). Recall from the proof
of Lemma 2.20 that, with ug, u,, vo and v, as in the statement of that lemma, for any

¢ € C¥H(Q),

/Q i(V(vp — ) - V(up — uo))d) dx

= / — i — i) (VUO . V(up - uo))qb dx — R1 - RQ, (244)

9Tn the event that Ty = 9, this choice of uy solves (2.1a) (with the appropriate F' and g) at the
eigenfrequency w = 0, and therefore doesn’t meet the stated requirement for Lemma 2.20 to apply.
However, the proof of Lemma 2.20 is still valid in this case. To see that the remainder terms continue
to be o(|Z,|), simply appeal to Lemma 2.15 instead of Theorem 2 to estimate the error u, — ug.
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where

v, — o) - Vo) (up — ug),

\\

,u
(Ml . —0 (Voo - Vo) (u, — up).

As we have already noted, Ry and Ry are both o(Z,). With

1

- — z; do
1092 Jaa

and vf,i) as defined in (2.38), we take vy = v(()j), v, = v,()j), ug = v((]l), Uy = vg) in (2.44)

and get

/ —(= = =) Vel Voldg da = / 1 V(e = o) () - i) |6 do
7, Q
_ / (i — i)vvéi) -Vv(()j)qb dz + o(Z,)
Zp

(2.45)

for any fixed 4,5 € {1,2}. Fix any & = (&1, &) € R2, multiply both sides of this equation

by &1&2 and then sum over the indices. We may write the resulting equation as

/I —(:1 — /110) [Mp)ij&i€j¢ dx = /Q :/)W(Vp — Vo)’ da (2.46)
—/ (:1 - %)Ww 6 dz + o(T,),

where
va = flvgl) + 521}[(72) and Vb == flvél) + 521)(()2)

(recall that [M,];; := 8jv,(,) Vv(]) Vv,()i).) Note that [VVp| = £. Along the subsequence
Z,,, we divide both sides of (2.46) by |Z,,| and get, in the limit,

|~ = )ermeodaz [ ~(o- - lePoda (2.47)
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for all ¢ € C%1(Q2) such that ¢ > 0.

Claim: For any nonnegative ¢ € C%1(Q),

1 2 1 12 2
— VY, = Vo)Pode < | (= —) VW20 de + o(T,). (2.48)
Q Hp Z, K1 Ho

Assuming this were true, from (2.46) it would then follow that for any nonnegative

¢ € CON(Q),

| ~( =) lsggiodo< [ == o) 2ePo do+o(z,).

This in turn implies that for any nonnegative ¢ € C%1(Q),

/Q—(:1 - :O)sTM&b da < /Q—(:1 - :0)5;|5|2¢> o

The above inequality combined with (2.47) would yield that

(e (- B (4 by

da-a.e. in the set {po # p1}, which would imply Property 2.43. To complete the proof,

then, we must verify (2.48). To this end, observe that by (2.45),

11 1
[ (=) Wi de = [ VY, = V)0 da
7, M1 Mo Q Hp

1 1
[ (= )19Vl da - o(z,)
I, ‘M1 Ho

and therefore

1 1 1
/QNp|V(Vp —W))*¢ da = /I _(E - %)vvo -V(V, — Vo)¢ dz + o(Z,)

1
1 1\2 2
< [/ m(——-—) |vvo\2¢dx]
7, M1 Ho

) :
X[AMJW%—%W¢M]+ME)
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(2.48) now follows from an application of the inequality ab < (a?+b%)/2 for a,b > 0. O

Remark 2.21. The polarization tensor M is local; that is, it can be shown to be
independent of the type of boundary conditions and to depend only on pg|qar, 1o
and the subsequence I, , where € is any smooth set satisfying |JZ, CC @' CC Q.

This was done in [CV03b] for the conductivity problem. The idea of the proof is
as follows: recall that vgi) is defined on ) to be the perturbation of v[()i) =x; + C;

satisfying (2.38). Define wf,i) on ) as a perturbation of v(()i) |qr with the same Neumann

data. Using elliptic estimates and the L? estimate from Theorem 2, one can show that

HV(U,()i) — wg))HLQ(Q,) < C\Ip|1_5. Consequently, for any sequence p, — 0, (@vf,? —

0;w)) 2, 0 in (CO(SY)).
Since M does not depend on the type of boundary conditions of the problem (2.38)

defining vg), we now know that it is identical to the polarization tensor derived in

[CV03a] for the conductivity problem with a Neumann condition, except with the role
of o, replaced by 1/p,,.
A consequence of this local dependence of M is the following: suppose L, = U;n:1 Ig

such that there exist mutually disjoint sets Q) CC Q with each UpIg CC Q. Let

weak-%
—

pn — 0 be a subsequence for which |Ip\_1da: da and, for some probability

weak-*
—_

measures o supported in Q;-, \Ig\_ldx dad. (At least one such subsequence

must exist.) Suppose also that

Izl _ 1T

Izl 32 1T

—c; asp—0

for some c; > 0, so that

“ ‘Zi)‘ 1 weak-* da’
> (L) L e
— \ 2|5l ) 17|

Jj=1

and therefore
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Then if M7 € L*(Q,da’) is the polarization tensor determined by tplyi and supported
P
in Q;,
m . .
Mdo =Y M do’.
j=1
From (2.29), (2.32), (2.33) and (2.34) we get the following corollaries.

Corollary 2.22. If sg € H'(Q) solves the background Helmholtz equation,
1 2
V.| —Vsg | + Kpso =0,
Ho

and solz € CYY(T), then

oo ) - G
o0 Mo Ko

1 1
=1Z,,| [/ﬂ _(E - %)V%- (MVuy) da + /Q (/@% - ff%)ug%da +o(|Z,,1)-

Corollary 2.23. For ally € (Q\Z)UTpUTy (but not necessarily at the points on OS2
where the boundary condition changes type),

(1 — 10) () — / L0, (4 — u)N (-, ) do

Ip Mo

= 2.l (/Q —(:1 - ;O)vmf\/(-,y) - (MVug) da

+ /Q(m? — kg)uoN (-, y) da) +o(|Z,,]).

Corollary 2.24. In the case of a purely Dirichlet problem, if 002 is sufficiently smooth
then for all y € 02,

00ty ~ 1)) = Tl [ = (- = L) (%20, D) - (MTua)da

+ [ - R)uo(@,2C.0) da) T ollZ, ).

Corollary 2.25. When the background coefficients are constant, we have for all y €
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I'p Uly,

L (4, — o)) - / L0, (4 — ) () do

Ip M0
1
+/ —8Vz<1>k°(-,y)(up — ug) do
Iy HO
11
=1z —(— — =)V, ®% (-, y) - (MVug) d
Tl ([ (o = )W) (4T 0)

[ 0 = b (p) da) + (1T, ),

Remark 2.26. In Corollaries 2.23, 2.24 and 2.25, by continuity we see that for any set
I'cc (Q\j) Ul'p UTy,
lo(1Zp,. Dl oo (r) /1 Zp, | — O

for any fixed f € HY/?(Tp), g € (HééQ(FN))I and F € (H}(Q)) satisfying F|r € LP(Z).

In particular, if I'p = 092 or I'y = 0N2, we may take I' = 0.

Remark 2.27. Recalling Remark 2.18, it is clear that Theorem 1 and its corollaries
continue to hold when the dimension n of the ambient space is greater than two. How-
ever, p must be greater than n, and the factor |Ip|%_5 (from the bound on the remainder

term) must be replaced with \Ipll“'%_‘s.

2.4.3 Particular cases

If 7, = ", (= + pD;), where each Dj is a smooth, simply connected domain, the
measure o = ﬁ Yoy |Dil6z, (cf. Remark 2.21). In this case, we may calculate M

by the formula

Mij(z) = | Dyl ! / viw, do = | Dy / Byw; dy,
oD, D,
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where w; is the solution to

Aw; =0 in D; and R?\ Dy,
wj = wj+ on 0Dy,

1 -
-0, wj = aiwj on 0Dy,
o

lwj(z) —x;| = 0 as || — oc.

(This was proved in [CFMV98]. See also Section 3.2.3 of Chapter 3 for a justification.)
If Each D; = B(0,1) = the unit disk centered at the origin, the above formula can be

-1
used to show M = 2(1 + %) 12%2 (cf. Remarks 3.1 and 3.4 of Chapter 3).

Another notable case is that when Z, is a thin inhomogeneity, or a collection of thin
inhomogeneities. Given a smooth nonintersecting curve  of finite length compactly
contained in Q, let Z, = [—p/2, p/2] x [0,length ] in the local coordinate system de-
termined by the normal v and tangent 7 directions of +. In this case it can be shown
that da = mda% where do, is the arc-length measure on v [BFV03, CV03al.

Furthermore, it can be shown that for € ~,

1 0
M (zx) in the basis determined by 7(x) and v(x) = -
0 pi(x
pio ()

Note that the bounds (2.43) are achieved with £ = 7(z) and & = v(x).

2.4.4 Estimating the size of the inclusion

Techniques for using boundary voltage measurements to estimate the size of a small
conducting inhomogeneity within a bounded, conducting background medium were
provided in [CV03b] and [CV04]. These techniques, based on the analogue of Theorem
3 for the conductivity problem, do not directly apply when the background material
is nonconducting. In such a situation, we may apply Theorem 3 to see how to use
electromagnetic boundary measurements to estimate the size of the inhomogeneity.
Suppose wo, 1, €0, €1, o1 and og are all constant. Take any ¢ € R? and apply

appropriate boundary data to produce the background field ug = e”0%¢. Let sq =
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e*0v¢ By Corollary 2.22,

1 1
Pe= [ {un (o) - (Lo, Jsa} ao
¢ 15)9) P Ko 0 Ko P 0
1 1
=1|Z,,]| [/Q _<E — %)V%~ (MVup)da + /Q (k3 — K§)uoSo dor + 0(1)]
1 1
=1p,] [— (= = =) Ikol? /Q ¢ Mee?mt)e do

M1 Mo
+ (k3 — K§) / e~ 2Imko)z€ gy 4 0(1)] :
Q

If Im(ko) = 0 (i.e., if 09 = 0 or w = 0), the above simplifies as

1 1
Pe = 1|Z,,] [ - <E - 'uo)k:g/gﬁTME da + (k7 — K§) + 0(1)]. (2.49)

Consider the case where Im(ko) = 0 and po = p1. (2.49) then becomes

Pe = |Z,,] [(FL% — fi%) + 0(1)]

= ]Ipn][w2(€1 — &g) + iwoy + o(1)].
Taking real and imaginary parts gives

Re{P¢} = [Z,, |[w’(e1 — €0) + o(1)],

Im{Pe} = [Z,, |[wor + o(1)].

In the event that at least one of €; and oy are known, the equation corresponding
to the known quantity provides a simple and efficient tool for estimating the size of
the arbitrarily shaped small inhomogeneity from the boundary measurement P¢. This
approximation of |Z,, | can then be used to solve for the unknown parameter ¢ or oy,
if one of these is unknown.

If op =0 and o1 > 0,

Im{Pe} = |Z,,|[wor + o(1)]
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holds even if u; # po. Again, assuming o; is known, this equation can be used to
estimate the size of the inhomogeneity from P.

The situation is more complicated when o9 = o1 = 0 and pg # p1. Fortunately,
the ideas of [CV03b] carry over with minor changes. The significance of the positive

definiteness bounds (2.43) will now become clear. By applying that inequality to (2.49),

we find
11 Re{P:} 1 1ym
(= - Z)R2E12 < & (e —eg)+o(1) < —(— — = )VELR21€12. (2.50
(m M0> kel < Zp,| (1= o) Foll) < (m uo)uo olel”. (2:50)

Assume || = 1. If Re{P¢} > 0, the above inequality yields the lower bound

R
— {Pe} <|Z,.|. (2.51a)
—(E - m) 2 4 w2(eg — o) + o(1)
If Re{P¢} < 0, we instead get the lower bound
— Re{Pe} <|Z,.]. (2.51b)
—(m ~ %>k§ +w(er — g0) + o(1)

As for upper bounds, we have: if

1 1
(- L)t —e) > 0
M1 Mo

(and therefore, by (2.50), Re{P¢} > 0, assuming the o(1) term is sufficiently small)

then
Re{P¢}
Zou] € — v 2’5 . (2.51c)

_<I — m)ko + w?(e1 —eg) +0o(1)
If

1 1

—(— — —)Ekg +w?(e1 —€9) <0
M1 Mo/ Ho

(and therefore, by (2.50), Re{P¢} < 0, assuming the o(1) term is sufficiently small)
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then

Re{P¢}

—<i — i)%ké + w?(e1 —ep) +o(1)

Zp,| < (2.51d)

The bounds (2.51a-d) can be used to estimate the size of the inhomogeneity in the case
where 0y = 01 = 0 and pug # p1. These are analogous to similar single measurement
estimates in [CV03b]. In [CV03b] and [CV04] it was shown that, in the context of the
conductivity problem, better estimates can be made from multiple measurements using

bounds on the trace of M.

Property 2.28. Suppose g and p1 are C°°. With M as in Theorem 3,

4
g < trace(M) §1+ﬂ,
L+ o

4

T < trace(M 1) < 14+ 0
1+% M1

da-a.e. in the set {uo # p1}-

The proof of this property found in [CV06] (cf. [CV03b, CV04]) is based on a
variational approach in the spirit of the work of Hashin and Shtrikman [HS63]. To

illustrate the utility of the these bounds, we observe that by (2.49),

1 1
Pe, + Pe :In[_ —_ - — k2/traceM da + 2(k? — K2) + o(1
o Pea =Tl = (= )R | race(M) davt2(sF — i) + o(1)

(e1 = (1,0) and ey = (0,1)), which can be used in conjunction with Property (2.28) to

estimate |Z,,| in the same manner as in the single measurement case.
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Chapter 3

The Scattering Problem

3.1 Introduction

In this chapter we consider the two-dimensional scattering problem, arising from a
three-dimensional problem with transverse-magnetic symmetry, wherein a given time-
harmonic wave traveling in a background medium is incident upon a diametrically small,
penetrable obstacle. The background medium is isotropic and nonconducting, and it is
assumed to occupy all of the space exterior to the inhomogeneity. The inhomogeneity is
also isotropic, though possibly conducting. We normalize the background permeability
and permittivity to be 1 and denote the (dimensionless) permeability, permittivity and
conductivity within the inhomogeneity by the constants u, € and o, respectively. To
simplify our notation, we let ¢ = e = pu(e +142). Also, we let p, denote the piecewise
constant function that equals the permeability throughout R? when the inhomogeneity
is present, and we do likewise for €,, o, and g,.

The inhomogeneity (or, more precisely, the two-dimensional cross section of the
inhomogeneity) is represented by Z, = pD, where D C R? is a smooth, simply connected

domain with 0 € D. The prescribed incident wave u' satisfies
(A+whHu' =0 in R2
We will usually take u® to be a plane wave propagating in the direction 7:
iwzn

u'(z) =e ,

where € R?, |n| = 1. The resulting scalar electric field u, is the unique solution to
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the problem consisting of the equation

1
V- (—Vup) + w2@up =0 (3.1a)
Hp Hp

and Sommerfeld’s outgoing radiation condition,
(8, — iw)(u, —u') = O(r~3/?) asr — oco. (3.1b)
We define the transmitted and scattered fields uff and ug by

u® + uy in R2\ pD,
Up =
tr

up, in pD.

Since D is smooth, we may rewrite (3.1) as the problem of finding (u’",u5) satisfying

Auy, + wQuI‘Z =0 inR?\ pD,

(3.2a)
Auf,’" + QWQUZT =0 1in pD,
with the transmission conditions
ul" = up + u’ on pdD,
1 ' (3.2b)
ﬁ&,uff = Oy(uy, +u") on pdD,
along with the radiation condition
(O —iw)us, = O(r—*/?%) asr — occ. (3.2¢)

We remark that the radiation condition can be replaced with the weaker condition

(Or — iw)uy, = 0(7’71/2),
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or even

/ |(8T - iw)uZ}Q do — 0,
OB(0,r)

but any solution will automatically satisfy the stronger form, thanks to the Green’s
representation formula (3.27) (see [Wil56] or [CK98]). The unique existence of a solution
u, to this problem can be proved by replacing the radiation condition with the boundary

condition
Oruy, = AR(uZ’aBR) on OBg, (3.3)

for some R sufficiently large so that pD CC Bg, where A : H'/2(0Bg) — H~'/2(dBpg)
is the Dirichlet-to-Neumann operator, which assigns to a given function f € H/ 2(0Bg)

the normal derivative of the solution of the exterior problem

(A+whHu=0 in R?\ Bg,
u=f on 0BRg,

(O —iw)u = O(r=3/%) as r — oo,

which may easily be solved using the method of separation of variables. This equivalent
formulation of the problem, where the radiation condition (3.1b) is replaced with (3.3),
may then be solved variationally. This method applies just as well when the inhomo-
geneity 7, is assumed only to be bounded and measurable. The scattered field uj, will

belong to the space

Vu —
5 € LZ(R2 \Ip)7

H .= =
v1i+r

{ur A e @)

(0 — iw)u € L*(R? \Ip)},

and the transmitted field u'" will belong to H1(Z,). Details can be found in [Néd01] for
the exterior Dirichlet and Neumann problems—that is, for the case when Z,, is perfectly

conducting (sound-soft) and for the case when Z,, is sound-hard. The ideas found there
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can be easily modified to accommodate penetrable scatterers.

Alternatively, in the case of a smooth scatterer and constant permeability, existence
and uniqueness can be proved using layer potential techniques, with the solution being
a convergent Born series (also called a Neumann series) [Roa92]. As such, this method
of proof spells out an iterative procedure for numerically computing the solution.?

Our goal in the chapter will be to derive approximation formulas for the scattered
field as p — 0. In the case of a nonconducting inhomogeneity and fixed frequency, such
an approximation has been derived rigorously as the leading order term of an asymptotic
expansion [AIMO03]. But here we will allow the frequency to vary as a function of p, and
we will derive formal asymptotic approximations for three separate regimes: pw — 0,
pw — Ao (finite and nonzero), and pw — oo.

To illustrate the effect of changes in frequency, we consider the case of a plane
wave incident upon a disk of radius p centered at the origin. Let ||u§|33(072)HiQ(T) =
% fozﬂ ‘u2\63(072)|2d0, where 0B(0,2) is the circle of radius 2 centered at the origin.
In Figures 3.1 and 3.2 we show plots of Hu;|33(072)HL2(T) as a function of w for various
values of p, i, € and o/w (o is assumed to grow at a rate proportional to w, which means

the scatterer is well absorbing). The asymptotic behavior as p — 0 for a fixed small w

0.06

Ll AN s L S s L L L L S e S s e S S S T TS T T = 0.043

0.027

0.0135

0 100 250 1000 2000 3000
Figure 3.1: Plots of the Hu;|33(0,2)||L2(T) as a function of w. Of these nine plots, the cluster
of three at the top correspond to the scattering disk of radius p = 0.01, the middle cluster to
p = 0.004 and the bottom cluster to p = 0.001. The dotted graphs correspond to the values
e =2 and o/w = 2, the solid graphs to ¢ = 3 and o/w = 1 and the dashed graphs to e = 1 and
o/w=3. In all cases 1 = 2. The three values of p~! are labeled on the w-axis.

!See also [CK98, Ch. 8] for a proof based on the principle of unique continuation.
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1.132e-003

0.003,

0.002f

0.001f

1.811e-004

s 0 2 30 40 50 1.132e-005 , ' :

0 5 10 15 20 25
Figure 3.2: The left frame is a close-up view of the plots from Figure 3.1 for w small. The
right frame shows only those plots corresponding to the values € = 2 and o /w = 2, which were
dotted in the left frame. On the vertical axis are the values of Hu;| 8B(0,2 when w = 5 for
p = 0.01, 0.004 and 0.001 (from top to bottom).

)HL?(T)

can be seen in Figure 3.2: at w = 5, p‘2}|u2]33(072)HL2(T) is nearly constant (=~ 11.32)
for the three values p = 0.01, p = 0.004 and p = 0.001. That Husz(O,?)HL?(T) ~ p?is
consistent with the asymptotic expansion we derived in Chapter 1 and with the rigorous
expansion in [AIMO03]. If w is allowed to vary as a function of p, Figure 3.1 suggests
that this asymptotic behavior as p — 0 is valid so long as w < p~', but there is a
change when w ~ p~!. The plots suggest that if w grows as p — 0 in such a way that
1

w~p~torw>p!then Huz,<93(072)HL2(11‘) ~ /p. For instance, note that

0.0135 0.027 0.043

~ ~ =0.43.
4/0.001 1v/0.004 +v0.01

Figure 3.3 shows what happens when the scatterer has zero conductivity. The oscilla-
tions in the plots are due to resonance effects caused by the transmitted field, which,
in the absence of conductivity, does not rapidly attenuate within the scatterer. It is
not surprising then that the task of finding an asymptotic expression for the scattered
field when w > p~! in the case of a nonconducting scatterer is more difficult than
in the case where o/w > ¢ > 0. We will avoid this complication by only considering
well absorbing scatterers. However, we note that the regularity of the oscillations in
Figure 3.3 suggests that testing over a broad band of high frequencies followed by an

appropriate averaging may yield stable data that will aid in solving the inverse problem



Figure 3.3: Plots of the ||u$|ap(o.2)||,-

0.08

0.06

0.04

0.02

0
0

1000

2000 3000

(T)

4000 5000

as a function of w in the case of a nonconducting
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Figure 3.4: Plots of the Hu;|33(0’2
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as a function of w in the case of a perfectly conducting

scatterer. The highest graph corresponds to the disk of radius p = 0.01, the middle to p = 0.004
and the bottom graph to p = 0.001. The right frame is a close-up view of for 1 < w < 50.

even when the inhomogeneity has low, or zero, conductivity.

Figure 3.4 is just as in Figures 3.1 and 3.2 except now the scatterer is perfectly

conducting. That is, uj, solves the problem?

The asymptotic behavior as p — 0 for high frequencies w > p~

Aug, + qow*u

p

5 — )

in R\ pD,
on pdD, (3.4)

(Or — iy/qow)u, = o(r™'?) asr — .

1 is the same as in the

case of a moderately well absorbing scatterer (Figure 3.1): HUZ’aB(O,Q) HLQ(T) ~ /p- But

2The total electric field vanishes within the perfect conductor, hence the boundary condition Up =
u, +u' =0 on dD.
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for low frequencies the magnitude shrinks on the order of |log p|~!:
0.176 x |log 0.01| &~ 0.149 x |log 0.004| ~ 0.122 x | log 0.001].

3.2 Low to moderate frequency

By low frequency we of course mean low relative frequency: w may tend to oo, but it

1

must do so at a slow pace relative to p~*. Moderate frequency refers to the situation

where w grows in such a way that 1/C < wp < C' for some C' > 0.

3.2.1 The case of a disk

Suppose the scatterer is the unit disk D = B(0,1). In this case, the method of sepa-
ration of variables gives us an exact solution to problem (3.2). From the expression of
this solution it is not difficult to prove a rigorous expansion in wp of the scattered field.

For now, we may assume u’ is of a more general form than simply that of a plane

wave. Since (A + w?)u® = 0 in all of R?, u’ must have the form

u'(z) = Z an T (wr)e™? (3.5)

where J,, the Bessel function of the first kind of order n. We assume that {a,}>>_

satisfies

o0

Han}lie = D lanl* (1 +Inl)** < 0o (3.6)

n=—oo
for some « € IR. Since

His
2

| Jn(t)] < et forallne?, zeC

In|!

(cf. [Wat44, §2.1]), the condition (3.6) guarantees that the sum (3.5) converges to a

C> function.® We should note that this condition easily allows for u’ to be a plane

3Here we use the identity z.J}(2) = nJ,(2) — 2Jnt1(2) to show that when the terms of the sum (3.5)
are all differentiated to any order of r and 6 (all terms to the same order), the resulting sum converges
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wave: if 7 = (cos fp,sinfy) then

e — Z Jn(wr)ein(6—90+7r/2)’

n=-—00
so that |a,| =1 for each n. This follows from the fact that

— 1

(eiwx-n)n(r) — 27 / eiwrcos(&—eo)e—ina 46
TJT

_ 6in(ﬂ/290)1/eiw(rsin9n9) d6
2w T

— ein(7r/276?0)Jn(wr)7

the last equality being a well known integral representation of J,.

Theorem 4. Let uy, be the scattered field that results when a given wave u’ is incident
on the scatterer pD, as in (3.2), where D = B(0,1). Assume u® is such that (3.5) and
(3.6) hold. As p — 0, assume \:=wp — 0 and assume w stays bounded away from zero.
We allow the possibility that o varies as a function of p as p — 0, with the restriction
that o /w be bounded. Let rg > 0. Then for x € R?\ B(0,r0),

uy(z) = p*w?|B(0,1){(c + io/w) — 1}®“(z,0)u*(0)

+ p2|B(0, 1)]{1 - ;}V@‘”(aﬁ, 0) - (MVu'(0)) + O(N), (3.7)

-1
where the polarization tensor M = 2 (1 + i) 12%2 and the remainder O(\3) is uniform
in x4

If the scatterer is perfectly conducting, that is, if u;, solves problem (3.4),

—u'(0)
1+ Z[log(A/2) +7]

ud(x) =

s +0(\2), (3.8)

uniformly in (r, ) restricted to compact sets. Of course, one need only verify this convergence of
derivatives to order two—smoothness will then follow from elliptic regularity.

1% (x,y) = %Hél)(wp: —y|), where Hél) is the 0"" order Hankel function of the first kind, is the
free-space Green’s function for the background Helmholtz operator A + w? satisfying Sommerfeld’s
outgoing radiation condition.
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with the remainder O(\?) uniform in x for |x| =1 > ro.

Remark 3.1. Formula (3.7) for the scattering problem is consistent with the remarks
of section 2.4.3 of Chapter 2 concerning the problem in a bounded domain. To see this,
suppose u, solves the problem (3.1), except with the background constants 1o and €
not necessarily equal to 1. With notation as in Chapter 2, observe that for any domain

Q such that B(0,79) CC £,

Ho (uy — g, 30 (z,)) = /jowp —up)() + /8 ) /jowp ~ o) (), B (2, ) do,

for any x € '\ B(0,r0) (here u’ = ug and u}, = u, — ug). But at the same time,

Ho (up — ug, PFo(, -))

‘)
- /B(o ’) {_(:1 N AZ)W”(‘U) VR(2,y) + (k1 - 'ﬂg)up(y)@ko(x,y)} dy

1
+ / 781/(”,0 - UO)(y)(I)kO (LE, y) daya
o Ho

and consequently,

i(up —up)(x) :/ {as above}dy
Ho B(0,p)

" /aQ Mlo {00y = w0) (1)@ (2, 9) ~ (1, — w0) (4)Dy, @ (,y) } doy,.

Suppose 2 = B(0, R). Since uj, = u,—ug and ko (z, ) both satisfy Sommerfeld’s outgo-
ing radiation condition, the above integral over O is on the order of |0 R=3/%log(R),
or R~Y2log R, and therefore vanishes as R — oo. In section 2.4.3 we remarked that

when when Z, = B(0, p), the measure da guaranteed by Theorem 3 is simply the Dirac

-1
measure dg, and the polarization tensor M = 2(1 + %) I°%2. As a result,

up(z) = p*w?|B(0, D{(e1 +io1/w) — 50}<I>k° (z,0)u’(0)
+ p*|B(0, 1)|{:0 - ;}Vcbko (x,0) - (MVu'(0)) + o(p?)

as p — 0 with w fixed. The significance of Theorem 4 is that the same asymptotic
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formula is shown to hold even when w is allowed to grow at any rate slower than p~'.

Proof of Theorem 4. We first consider the case of a penetrable scatterer. To begin, we

write®

Uy, = Z o Hy (wr)e™?, Z Brdn(/qwr)e™?, (3.9)

n=—oo n=—oo
where H,, denotes the Hankel function Hr(Ll) :=J, 4+ 1Y,,. Using the transmission con-
ditions, we find a system of two equations for each pair («a,,3,), which we solve to

get
VGV — T (3N 6510
" HL () dn(VAN) — aE T (VAN Ha (V) ‘
VISELE S s

w In(y/qN\) In(A J,
=ap (3.11)
H (M AN ’
/\Hn()\g - fAiJn(fA) Ha(3)

H, (0 Ju(X) = Ty () Ha()
() n(IN) = VT (/AN Ha()
a2 (57 1 ) (3.12)
N L () (VN — kT (AN Ha(V) )

ﬁn:an

the last equality because of the well known identity: Wronsk(J,,(2),Ya(2)) = 2. To
write the expression (3.11) for oy, we must assume that J,(\) and J,(,/g\) are both
nonzero for all n. We therefore assume that A, and /g, if ¢ is real®, are less than the

smallest positive zero of Jy. This will suffice since z, < z,41 for all n > 0, where z,

denotes the smallest positive zero of J,.

Note: That the denominator in (3.10) and (3.12) remains nonzero for all A\ and q is an
immediate consequence of the fact that the transmission problem (3.2) is well posed.
However, it also has a simple, direct proof: Suppose the expression in the denominator

of (3.10) is zero for some n, A\ and q. Since the zeros of J,, away from the origin are all

°In other words, @n = apHy(wr) and (ZZT')” = BnJn(/qur).

5We need not worry if ¢ is not real since J,, has only real zeros [Wat44, 15.25].
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simple, either J,(\/q\) # 0 or J},(y/g)\) # 0. If J,(\/q\) # 0, let

o(r,0) = T Cany (VA forr <A,
H,(r)e™m? for r > A.
If J)(\/g)) # 0, let
H;, (M)

T 770 =1y inf
v(r,0) = iJr’l(\/@A) Jn(\/aT)e for r <\,

H,(r)e™m? for r > A.
In either case, v is the solution to
1 q*
V- (—Vv) +=—v=0 (3.13)
1
with the radiation condition
0y —i)v = O(r=3/2).

Here ¢* = q and p* = p for r < X\, and ¢* = p* =1 for r > \. Multiply (3.13) by v,

then integrate by parts, and then use the radiation condition to get

1
lim {/ {— *\Vv]2+q*\v2}dx+i/ ]v|2da] =0,
R—oo | /B, I OBp

which implies that limg_, f 0B8R |v|?do = 0 since Im ¢* > 0. However, using the well

known asymptotic formula for the Hankel function,

[ 2 .
Hn(R) _ ﬁez(R—nw/Q—w/él) +O(R_3/2),

we calculate

lim lv>do = 4,
R—o0 9Br
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a contradiction. Therefore, it must be the case that for allm € 7 and A > 0,

HL() TN — ﬂiJﬂﬁA)Hn(A) £0.

Since any n'™ order Bessel function, or the derivative of such a function, satisfies
F_, = (-1)"F,, it follows that a_,/a_, = ay/a, (and similarly for 3,). Using the

identity zF) (z) = nFy,(z) — 2F,+1(2), we find

Int1 (A Int1(/N)
(- 4 9900 - IS
Ho1(A Tn1(/aN) :
(= e et - SR | B

(3.14)

Ap = —0Qnp

In order to prove the asymptotic expansion (3.7) of uy, we must first study the asymp-
totics of the ratios of Bessel functions that appear in (3.14).
First we consider the case of n > 1. In the following steps we assume t € C with

0 < |t| < T for some finite T. The formula

)" o= (CD7(5)
Ja(t) = <2> ZW (3.15)

j=0

implies that, given any § > 0, there exists some 0 < tg < 1, independent of n, such that

for [t| < to, Jo(t) = & (%)" (1 +tR]), with |R]]| < %e'tw‘* < 4. The formula

2
- 2(en ) (3 2 1 (1)
SR ) e () e

implies that, given any d > 0, there exists some 0 < tg < 1, independent of n, such that
for 0 < [t| < to, Ha(t) = = (2)" (1 4 RH), with [RF| < 8|L|° < 6. Here ¢ =1

s

when n =1 and {( = 2 when n > 1. These two asymptotic formulas yield asymptotic
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expressions for the ratios of Bessel functions in (3.14):

Jng1(t) (n-il—l)! (%)nﬂ (1 +1Ry44)
WO T R )
t
= m{1+t«4n}, (3.17)

where, given any 6 > 0, |A,| < 6 for all 0 < |t| < tg, some 0 < ¢y < 1 independent of n.

Hya(t) =2 (2" (1+RE,)

™

1
m0) =B (1 Ry

™

= 2148, (3.18)

where, given any § > 0, |B,| < 6 for all 0 < |t| < tp, some 0 < ty < 1 independent of n.

Here (=1ifn=1and (=2ifn > 1.

Ta(t) o (5)" (L+1tR;)
Hall) SR ()" (14 RY)
. 2n
- (;) (1+16¢,), (3.19)

where, given any § > 0, |C,| < § for all 0 < [t| < g, some 0 < ¢y < 1 independent of n.

Using (3.17), (3.18) and (3.19) we get, for n > 1,

(2= Dn+ 2 {(1- >+A[ ) = vadu (v} o

T RS 204 ABU) — g L1+ AVaAL(van)] | B
-\ 1 /A" 1
= ap <1+g> n,(2> {1+>\<R}L}Hn()\) (3.20a)
_ 1 . 2n
—a, (1 " ’f) n!(n”i ol (2) {14 XR2Y, (3.20b)
m

where, given any & > 0, |RL|,|R2| < 6 for all A < )\g, some 0 < \g < 1 depending

on gsup := p(e + isup{o/w}) and p but independent of n. We use the formula (3.20b)
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when n = 1 to see that

o Hy(wr)e® + a_1H_i(wr)e™®

= H; (wr)(ozlew - a,le_w)

LN /0?2 By
Hy(wr) <1 n E) im <2> (ar€? —a_1e7 )+ O(N?). (3.21)

Here we used the assumption that w is bounded away from zero to ensure that Hy(wr)

can be absorbed into the O(A3) term. The assumption that r > ro > 0 ensures O(A3)

remains uniform in z. Now, observe that

u’(x) —

(aleia — a_le_w)Jl (wr) + Ry

5 [al(ﬂﬁl +ize) —a—q(r1 — zxg)]

+ (1‘1 + i$2)R2(T2) + (fL'l - i$2)R3(r2) +Ri.

gradient vanishes at x = 0

As a result,

Vu'(0) = %[al(lﬂ') —a-1(1, -],

and so

Vu'(0) - & = %[alew — a_le_ie].

Noting also that

V¥ (z,0) = wiHl(wr)a%,

we may rewrite (3.21) as

o Hy(wr)e? + a_1H_j(wr)e™®

= 1B, Dl{1 - ;}V@“’(m,O) (MY(0) +ON),  (3.22)

-1
where the polarization tensor M = 2(1 + i) 12%2,

For the n = 0 term, we use the above asymptotic expressions for J,,(t) and H,(t)
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when n = 1, as well as those corresponding to the n = 0 case,
Jo(t) =14+ O0(t?)

and
0
Ho(t) = — log(t/2) + O(1),
to get

N CYRRVIRUNCVILY)

o o —u Jo(N) T p Jo(VaN) or
oHo(wr) = —ag o ‘{ﬁ §15H0(/\) Jo(A\)Ho(wr)
1- 92 +0(\?)
[ iO Moz ) (14 O(\?))Ho(wr)
= N|B(0,1)[{(c + io/w) — 1}®“(z,0)u" (0) + O(X?), (3.23)

where O(A3) is uniform in z for |z| > 79. From (3.22) and (3.23) we get

up = p?w?|B(0, D{(e +io/w) — 1}0%(x ,0)u’(0)

2 - Wiy ui
+p\B(o,1)|{1 M}V@( ,0) - (MVu!(0))

To complete the proof, it remains to be shown that Z\n\22 anHy(wr)e™ = O()\3)

uniformly in = as ¢ — 0. To this end, observe that

in _i LT A 2n
gga"H”(””e i %2:2@ <1+M> (- 1)! (2)
1 n n
* i i O™ “>] Hy(wr)e™™
1) A 4 Can A 2n—4
V2 (3) T (3) ol

n[>2

where 0 > 0 is a sufficiently small so that § < wrg for all w (such a § exists since w is

assumed bounded away from zero). In forming the inequality, we used the fact that,
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for n > 1, t — V/t|H,(t)| is a decreasing function of positive ¢ [Wat44, 13.74]. Finally,

since ||[{an}||ne < oo (for some real a) and

o)< co-1| (3) + (?)2]7

it follows that >, ~o anH, (wr)e™ = O(M\*), and the proof of (3.7) is complete.

ol
Plr=p

In the case of a perfectly conducting disk, since u u’ |T:p,

Note that, as would be expected, this is the limit of (3.10) as Im ¢ = po/w — oo. Using

(3.19) we can show

Z o Hy (wr)e™ = O(\2),

n|>1

uniformly in x for |z| > rg. Then since Jo(A\) = 1+ O(\?) and
0
Ho(\) =1+ ?Z [log(2/2) + 7] + O(X*log A),

we conclude

2
1+ Z[log(\/2) + ] +OX),

up(x) =
where O(\?) is bounded uniformly in z. O

Remark 3.2. The above proof implies the following bound in the case of a penetrable
scatterer: there exists a Ao > 0 depending only on gsu, = pu(€ + isup{o/w}) such that

foranya e R, veR, p>0,r9>pandw >c>0 withwp < g, we have

5]y Loy < ClHan}] e (wP)? [ Ho(wro)] (3.24)

for some C' > 0, depending on p, €, sup{o/w}, o, v and ¢, but independent of {a,},

"This follows from the fact that H, = J, + Y, and from the expansions (3.15) and (3.16).
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p, o and w. If the permeability is constant in all of R?, i.e., if 1 = 1, then the above
bound holds uniformly in w > 0. That is, we need not require that w be bounded away

from zero.® This is because (3.20a) becomes: for n > 1,

1 A\ "1 1
wman——— (2} LR
On = O 1) <2> A AR

Therefore, for all A > 0 sufficiently small,

], oy = 27 3 (L4 [0)2 | P Hi(wro) [
H, (wro)

— 2rfag P Ho(wro)|? + 27 3 (<1 ) lan Hn (V)P S

In|>1

)
)

S C)\4|a0\2]H0(wr0)\2

s Jan (1 + [n])? (XY o |2
44»%;<n%m$1m22 1+ AR}

H, (wro)
Hy(wp)

< C)\4H{an}Hl21a <|Ho(wro)|2 + )\2%>,

< OX[{an}||jal Holwro) %,

where we have used the fact that }1 + )\CRH is bounded uniformly in n and A (for A
sufficiently small), and the fact that, when |n| > 1, |Hy(wro)|*/|Hn(wp)[* < p/ro since
t + t|H,(t)|? is a decreasing function of positive t. We have also used the fact that
1
222 < min {(wm)Q, —}
To wro

< C|Ho(wro)?, for0< A< 1, p <.

The requirement that \y be sufficiently small is likely an artifact of the method that
is not actually necessary for the bound to hold. We conjecture that, given a Ay > 0,

there exists a C' depending on p, gsup and Ao but independent of p, w and {a,} such

8Though we still must require o/w be bounded, which means o must approach zero as w — 0.
Without such a condition, the frequency dependent conductivity = could approach infinity. But the

Ew
asymptotic size of the scattered field in the case of a perfect conductor is of a larger order (cf. Remark

3.3).
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that for any ro > p,

[y ey < O Mo
for all A = wp > Ao (in the next chapter we will prove a weaker form of this). If this
were the case, we would then know that the bound (3.24), when v < 0 and o < —1/2,
holds for any Ao > 0, with C depending on \y. The proof of this is immediate when we
assume w is bounded away from zero. When u = 1 and and w is allowed to approach
zero, the straightforward proof relies on the fact that t ~— /t|Hy(t)| is a decreasing

function of positive t.

Remark 3.3. For a perfectly conducting scatterer, we have the following bound: there
exists a A\g > 0 such that for any a € R,v € R, p >0, 179 > p and w > 0 with wp < Ag,

we have

| Ho(wro)|

I+ [og(wp) (3.25)

lp e ey < ClHan} e

for some C > 0, depending on « and v but independent of {ay}, p, ro and w. This is

because

HUZM:mHZu(T 2 Z 1+ |n))?Y | |*| Hy (wro) |2

n=-—00
o | Hn(wro)|?

=27 Z 1+ |n| 2U|an| |J (wp)| ‘H (wp)|2

n=—oo

Ho(wr
< Clagl2Jo(wp) P Holero)l

oo +Co 22 (Ll lann(op) P

[n|>1

Here we have used the fact that 0 < t — t|H,(t)|? is decreasing for integers n # 0. To
estimate the n = 0 term, observe that given any Ao > 0, there exists a constant C),

such that for 0 < A < g,

1JoM)I* <0y 1
[Ho(N)]2 = 72 (1 + |log A[)2

For the n # 0 terms, observe that there exists a 0 < tg < 1 independent of n such that
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for all |t| < to, | Jn(t)| < 224;(3)". Therefore, there exists a A, and a Cq, such that for

0 <A< Ages

Y (Lt [n)*|anJn(wp)? < Copll{an}lfe-

In|>1

To finish the proof, observe that

p _ wp _ |Ho(wro)?

ro  wro ~ |Ho(wp)|?

since 0 < t + t|Hp(t)|? is increasing, and observe that there exists a constant C' such

that for 0 < wp <1,

| Ho(wro)* _ |Ho(wro)]?
|Ho(wp)> =~ (14 |log(wp)|)*

This establishes (3.25). In the next chapter we will prove that, given any Ao > 0, there

exists a constant C' = C(\g), independent of w > 0 and p > 0, such that for any ro > p,

o] ey < OV M forcip > Do

(Theorem 7 of Chapter 4). From this it is not hard to see that when v < 0 and

a < —1/2, (3.25) holds for any A9 > 0, with C' depending on Ag.

3.2.2 The case of a general simply connected domain

Assume D is a bounded, smooth domain. Let A = pw and define @y (x) :=w,(pz). The

subscript A is warranted because u) is the solution to the transmission problem

( _
Ay + N2y =0 in R?\ D,

Ay + g 2y =0 in D,
(3.26a)
uy, = uj\r on 0D,

~0, @iy = 0, @y on dD,
1
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along with the radiation condition

(8, — N3] = O(r~3/?)  asr — oo, (3.26D)
where
@l + a5 in R\ D,
Uy =
alr in D,
with
s .
uy\(z) = u'(pz) = Z anJn(Ar)e™?

For simplicity, we assume the incident wave is a plane wave in the direction 7, so that

~ 1

s (z) = e,

Let ®*(x,y) denote the free-space Green’s function for the Helmholtz operator A + \?

satisfying the outgoing radiation condition:

(Am + )\Q)q)A(:[),y) = _53;(3”)»

(% —i\) @Mz, y) = O(|z|7%/?) as |z — oo for fixed y.
One can easily verify that
O (a,y) = 7HD (2 = y)),

where H( is the Hankel function of the first kind. Owing to the radiation condition,

we have the representation formula

B0 = [ {000,000 - 0508 @) o, 2 RAD, (320
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or, equivalently,

ay(x) = &3\(:@ + /BD {ﬂ,\(y)&,yq)’\(x, y) — 8;12)\(];)(1))\(1‘,1/)} doy, z¢€ R?\ D.

We use the transmission condition for the normal derivative and then perform an inte-
gration by parts to get
{in)A® @,y) ~ Ad (1)@, ) | dy

1 - . A
+ (1 - ;> oD 0, ux(y) 2" (z, y) doy,

in(w) = () + [

which simplifies as

iiA(y) @Mz, y) dy

+ (1—;) [ 8, @)@ ) doy. (329)

() = T (2) + X2(g — 1) /D

A simple calculation verifies that this formula is in fact valid in the entire plane. Let

i (y) @z, y) dy

1 . A
+ (1 — ﬁ) /8D ux(y)0y, @ (2, y) doy,.

Ux) = i (x) + \(q - 1>; /D

Using (3.28) and the jump property of the double layer potential, we find

%aA in D,
@y in R*\ D, (3.29)

(1 + %)&)\ on 0D.

N[
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3.2.3 Low frequency: A — 0

The main result of this section will be a formal asymptotic approximation of the scat-

tered field: for p and A = wp small?,

S ~ 1 w %
() ~ p2|Dy(1 - ;)vycp (2,0) - [MVu'(0)]

+ pPw? (5 n z% - 1) |D|®“ (x,0)u*(0). (3.30)

Such a formula could be rigorously justified using the technique of [AIM03]. We present
a formal derivation here to unify the technique for the low frequency regime with those
of the moderate and high frequency regimes, which will be discussed in subsequent

sections. We begin by expressing

ag\:ei)\nw:1+i)\n_x_)\2(n.$)2+...7 (3.31)
v (1
ONw,y) = JHG (M —y))
iy

1 1
= ——1log \ - — — 4+ —1log?2 i) .32
2 0g A+ [(4 27 + 27 8 >+ 0($’y)] (3.32)

ey 2
+27T|x yl“Alog A + O(\7)

and

1
O, @ (,y) = By, Po(,9) + —{(y = 2) - vy }A? log A+ O(X?). (3.33)

The remainder is O(A\?) uniformly in 2 and y when restricted to bounded sets. y denotes

Euler’s constant and

1
Do (z,y) = —glog |z —y|

9Note that is includes the possibility that w — co as p — 0, so long as p < w™ .
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is the (radial) fundamental solution of Laplace’s equation:

Ay Po(z,y) = —0y(2).

Formally expand

ﬂir _ ,aér + i)\ﬂ? _ )\2@]3" + e (3.34)
@ :ﬂ8+i/\ai‘>’_)\2ﬂ§+... 7 (3.35)

and define the coefficients #; for the total field in the obvious way, u; := ﬂ;- +4j in R2\D
and ::ﬁ;f in D. Then insert these expansions into (3.26a) and collect coefficients.

Assuming

. 1
<5 (1.e., o< w—pz), (3.36)

Atig =0 in D and R?\ D,
Uy = 718“ on 0D,
1. - + (3.37)
*a,/ ﬁo = 8,/ ’110 on 8D,
7
{ |tg(x) — 1| = 0 as |z| — oo.

The asymptotic condition follows by substituting the expansions (3.31), (3.32), (3.33)
and the formal expansion of 4y into (3.29) and then collecting coefficients. In fact, the
resulting integral equation'® for @ implies all of (3.37)—the transmission condition for
the flux follows from the fact that the normal derivative of the double layer potential

does not “jump” [CK83|. @y = 1 uniquely solves (3.37) since the zero function is the

'""The integral equation is @ (z) = 1 + (1 — i) Jop 0y to(y)®o(z,y) doy,.
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unique solution to

Aw =0 in D and R*\ D,

w”- =w" ondD,
1 - + (3.38)
—0,w=0,w ondD,
I

|lw(z)] — 0 as |z| — oc.

Uniqueness follows from the fact that w, being harmonic at oo, satisfies |0,w(z)| =

O(|z|7?) as |z| — oo [Fol95, Prop. 2.75]: for then

/ {0,w(y)Po(z,y) — w(y)dy, Po(z,y)} doy — 0 as R — o
0B(0,R) )

for any € R? \ D, and consequently,

wia) == [ {8 wl)®ola.) — 0@, )} do,
= —ule) = [ {8 w()@(e.5) ~ w(n)0, Bofe.)} do,

= —w(x).

1 is the unique solution to the transmission problem

Aw =0 in D and R*\ D,

wo = w on 0D,
- X (3.39)
—0,w=0,w ondD,
1

lw(x)—z-n| -0 as |z| — co.

Uniqueness is a consequence of the the fact that (3.38) has only the trivial solution.

The existence of a solution can be easily demonstrated:

w(z) = (Spe)(z) +1n - x,
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with ¢ € L2(0D): {u € L*(0D) faD udo = 0} satisfying the integral equation

1 1 1 1
5(1 + ;)qb(y) + (1 — ﬁ) - #(2)0,, Po(y, z)do, = (; — 1)77 -y (3.40)
(Here Sp¢ is the single layer potential: (Sp¢)(z) = [, ¢(2)®o(y, z) do..) The Fred-

holm alternative guarantees the unique existence of such a ¢ since a nonzero solution to
the homogeneous form of (3.40) would provide a nonzero!! solution to (3.38), namely
w = Spo.

Equivalently, @; = w - 7, where w :=(w1, w2) with w; denoting the unique solution

to the transmission problem

Aw; =0 in D and R*\ D,
wj = wj+ on 0D,
- . (3.41)
-0, w; = 0, wj on 0D,
1
|lwj(z) —z;] = 0 as || — oc.
Assuming x € R? \ D (therefore bounded away from zero) and y € 9D,
L ’E _ ’
ANz /p,y) = 4H (A y )
*Ho N(wle| +0)
= d“(z,0) + O(N), (3.42)

where 6 = —AZ -y + O(pA/|z|), and

A x—py (1)
— vy Hy(wl|x — py
4\x—py| y 1 ( ‘ |)

i\ (1)
- 1 ,{1 +pﬁ + 06/ le) (@ = py) - vy B (w]] + ).

By, @z /p,y) =

" Nonzero since ¢ = 9, (Spp) — aj (Sp9).



With the aid of the identity

we see that

HY (wl| +6) = H (wlz]) + 5 (H) (wlz]) + 62 (HM) (wl]z] + )

5
-(1- m)ﬂf”(wmn +6u) (wla)) + 62 (HM) (W]z] + &)

for some ¢’ between zero and §. Since

(1Y () = (5 - 1) a0 ) -

1
22 H(g )(Z)’

(HD)(w|z] + ) = O(1) as A — 0. Thus
A
Y (wla] +0) = (1+ = -y ) HD (wlal) = Ad - yH (wla]) + O(2),

and so

A ~ P
00,0 /py) = T {H (@l vy = 2 HV lely v,

p . N .
20 B e}y = A e} (3 0)(@ ) |+ O)

= pV,®*(2,0) - v, — N2®“(2,0)(2 - y) (& - 1)
1
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1 A
+ o = S H D @laly vy + 2 H @l)e -y} + 0. (3.43)

|z ]

We now insert (3.42), (3.43) and

@x(y) < 1+idw(y) -n+ O(X\?) 12
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into the integral representation formula (3.29) for uj, which we restate here:

ub(z) = @ (x/p) = \o(q — 1>i /D (1) @2/ p, ) dy

+(1- ;) /aD i (1)00, 8 (2/p, ) doy.

Noting that the integral over D of the expression from (3.43) within the curly braces

is zero, we find

s - 1 w 1 w

uw(x) = \(q — 1) ID|#(2,0) - )\2<1 - ;)|D|<I> (z,0)
1 7 w

+2(1- ;) /BD(VU (0) - w(y)) (Vy(2,0) - ) doy, } + O(X?)

- p%ﬂ(% - 1) |D|3(z,0)
n p2(1 - ;)vy@wu, 0) - ([/D Dw dyrvui(o)> HOON),

or

() = |pD|{w2{(s +iofw) — 110 (2, 0)u’ (0)

1 .
+ (1 - ;)vy@w(g:, 0) - (MVu’(O))} L O\, (3.44a)
where the polarization tensor M has entries

M;; = \D|_1/ viwjdo = |D|_1/ Oy, w;j dy. (3.44b)
oD D

In the case of fixed frequency and zero conductivity, this is the same asymptotic formula
as that found in [AIMO03] (see also [VVO00] for essentially the same formula in the case of
a bounded domain and fixed frequency). Formula (3.44) serves as a good approximation
only as long as the scatterer is not too highly conducting, as noted in (3.36). For very
highly absorbing scatterers, we expect the intensity of the scattered field to decrease on

1

the order of (log p)~" since this is the case when the scatterer is perfectly conducting.

12We use the symbol < instead of ~ to indicate that the asymptotic expansion is merely formal.
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Remark 3.4. When D = B(0,1), formula (3.44) does reduce to the form we had

rigorously verified in Theorem 4. For in this case, a simple calculation shows that'3

2 .
Hix in B(0,1),

ﬁﬁ +xz inR2\ B(0,1).
-1
Consequently, M = 2(1 + i) I2%2,

3.2.4 Comparison with an approximation formula of Jones

The method used by Jones [Jon79, Jon86] to derive a similar approximation formula
in the case of three dimensional acoustic scattering from a penetrable obstacle is as

follows: assume u) solves

(

Ay + N2y, =0 in R\ D,
Adiy + g 2y =0 in D,
(3.45a)
uy, = uj\r on 0D,
1 -
—0, @iy = 0, iy on dD,
1
along with the radiation condition
(0, —iN)T| = O(r™2) asr — oc. (3.45b)
Substitute
ei)\|a:—y| 6i)\(7”—5:~y)
P = = O(\r~2
(z,9) prpr— T +O(\r™%) asr — oo
into the approximation formula (3.28) to get
ei)\r L 1 _ A
i (o) ~ | [/\Q(q . 1)/ iy (y)e Y dy + (1 - 7> 8, ix(y)e ™Y do | |
mr D K7 JoD

13This was observed in [CFMV98] in the context of the conductivity problem.
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which should be valid for large r. An application of Green’s theorem yields the far field

pattern

@ (z) ~ S [)\2(q - 1) /D iy (y)e Y dy

1 L
- i/\<1 - —)ﬁ: : / Vi (y)e ™V dy|.  (3.46)
K D
Formally expand
Uy = g + iXiy — N2ag + -+,
and note also that
as = T =14 ixg-x—N2(n-x)> 4
and

DNz, y) = Oo(x,y) + % +0(\?) (3.47)

as A — 0, where ®g(z,y) = ﬁ]:p —y|~! is the free-space Green’s function for Laplace’s

equation:
Ay ®o(z,y) = =6y (7).

Inserting these expansions into (3.28) and equating coefficients gives

_ 1 -
to(z) =1+ (1 — ;) - 0, to(y)Po(x,y) doy,

@) =n-o+ (1= 2) | {0/ inm@(e.0) + 30 o)} doy.

Jones notes that these formulas necessitate that 4y = 1 and @ = w - 77, where w =

(w1, w9, ws) is defined just as it was in the two dimensional case. Inserting @) =
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1+ iAw - 7 into the far field pattern (3.46) yields the far field approximation formula

s () zﬁﬁ{(i - 1>|D| + (1— ;)x ([/[)Dwdy]Tn>}.

This is essentially the formula derived in [Jon79, Jon86], though Jones expresses it in
terms of the content matrix C:= fD Dtdy, where w = x + (1 - i)t, instead of the
polarization tensor M. There it is asserted that this formula is applicable in the regime
of Rayleigh scattering, where Adiam(D) <« 1. To make this precise, we assume that
@3 is a rescaling just as before, i.e. A = pw and 1y (x) :=u,(px), so that the formula

becomes

upla) = i (w/p) ~ % (= 1) DI2(,0)

+ o (1- i)qu)“(x, 0) - ([/D Dw dy]TVui(0)>,

() ~ pD{o.)Q(Z - 1) T (z,0) + (1 - i)VyCD“’(x,O) - (MVui(0)) }
with

M;; = IDI_I/Dayiwj dy.

The method used to derive this approximation suggests it is valid as long as A < 1
and r/p > 1. However, the requirement that r/p > 1 is unnecessary, as it was
unnecessary for the analogue in two dimensions, namely (3.44). In other words, the
method used to derive (3.44) applies just as well in three dimension (or better, since

PNz, y) == Mo /|2 — y| is then analytic in ).

3.2.5 Moderate frequency: A — )\

Now we examine the case where, as p — 0, w grows so that A = pw — Ag for some

0 < Ao < oo. Assuming # € R?\ D ( and therefore bounded away from zero) and
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y € oD,
A IO YNER
ONa/p,y) = JHy (A‘p y)
Z‘ A
= Y (wlz] = Ai -y + O(p))
=~ \/ﬁ ;ei(w\x|—)\oj.y+ﬂ/4)
8mNo| | ’
and
00, @ (2/p,y) = REZPY gD e — py)
4 |z — pyl

X [ A0 i(wla|—rody—m/4)
T vpEhy 87T|x|€ ’

where we have used the well known asymptotic formula for the Hankel function of large

HO(2) ~ | 2 i(z—nm/2-m/2)
Tz

Noting that u) is continuous in A, we arrive at the approximation

argument:

0@ = [ {500, w/o.0) - 0,500 w/p.9) | do,

A i(w|x|—m A ~$ 4 ~8 —iAoZ-
~\/p _20 i(wl| /4)/ {x-VyU,\O(y)—)\f),,uAO(y)}e 20%Y dor,. (3.48)
oD 0

87| x|

This asymptotic behavior, where the size of the scattered field is on the order of \/p

l'as p — 0, is consistent with Figure 3.1, as the height

when w is on the order of p~
of the peaks of the plots decreases at roughly the rate \/p, for p = 0.01, 0.004 and
0.001. Recall that the formula (3.44) for the scattered field has a magnitude on the
order of p? as p — 0 for fixed w. If we take into account w when estimating the size
of formula (3.44), we find that it is an estimate of order w®?p?, since ®“(x,0) is of

order 1/y/w and V,®“(z,0) is of order yw. If we let w = p™*, 0 < a < 1, (3.44) is

therefore of order p2_%°‘, which transitions smoothly between p? and /P as a goes from
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0 to 1. Thus we have consistency between our low frequency and moderate frequency

approximations—at least in terms of their magnitudes.

3.3 High frequency: A —

Here we must distinguish among different possible rates of growth of w relative to p~!

as p — 0. Listed in increasing orders of frequency, these distinct regimes are

pw — 00 but pPw — 0,
2 3
pw—o00 but p’w—0,

pPw— o0 but plw—0,

and so on. We will derive an approximation that is applicable in lowest regime, but
our method can be easily modified for any higher order. One could derive a high
frequency approximation formula by letting Ag tend to oo in (3.48) and performing
a stationary phase analysis on the boundary integral. Such an approach does in fact
yield a good approximation in the regime where pw — oo but p?w — 0. However,
to better understand this limitation and to better understand how to derive accurate
approximations for higher frequencies, we take a different approach. Our approach will
be to first find approximations of 4y and d,u) on dD using the technique of geometric

optics [Lun64, BW02, FK55], and to then approximate the limit as A\ — oo of

w@ = [ {5000, 9 @/p) = 05300 w/p.9)} de,

by using the method of stationary phase. Our analysis will not account for internal
reflections of the transmitted field, and will thus only apply to well absorbing scatterers.
Furthermore, to avoid trapping effects we will consider only convex scatterers. A similar
approach to ours appears in [Bru03] (see also [BGMRO04, BGRO05]), but there the goal
is a fast reconstruction algorithm, not a representation formula. Future work may
integrate our approach with the scheme for dealing with multiple scattering effects

presented in [BGRO5] to construct a high frequency representation formula that is valid
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for scatterers that are neither convex nor well conducting.

3.3.1 The case of a half-space

Before we begin our formal asymptotic analysis, we will examine the special case of a
plane wave incident upon a half-space composed of a homogenous, isotropic material
distinct from the background medium. This example will serve as a guide in the coming
analysis.

Let D = ]R%r and suppose 73 > 0, so that u’ is incident upon the interface x5 = 0

from the lower half plane. We assume u? is a reflected plane wave of the form
w’ (.%') _ Aseiwx-ns

with n°* = (n1,—n2), and also that for some possibly complex “direction” vector &

satisfying € - € =1,

utr(x) _ Atreiw\/ax-f.

At the interface 9 = 0 we have the transmission conditions

Atreiw\/&xlfl _ (1 +A3)eiwx1n17

lz'cu\/65’214”ew‘ﬁ””l51 = dwna(l — As)ei“’“"l.
7
In order for these equations to hold, it is necessary that

Re/qRe& —Im/qImé& =,

Re/qIm¢& +Im/qRe& =0,
which in turn imply

AT =1+ A5,

. S (3.49)
;\/Zlsz =n2(l — A%).
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We therefore find £ = mﬁ/\ql- For & = +4/1 - & = j:%\/q —n%, we choose the

sign so that the intensity of the transmitted field,

‘utr(x)’ _ ’Atr‘e—wlm(\/ﬁgg)azg _ ’Atr‘eq:wxg Irn\/q—nf7

will decay, rather than grow exponentially, as it proceeds farther into the medium when
o > 0; that is, we choose & = ﬁ\/q —n?. Solving (3.49) leads to the solution [Jon86,
§6.5]

() = ASe (3.50a)

’U,tr((E) — Atrefwxg Im\/qfn%eiw(xﬂnJra:Q Re\/qfnf)’ (350b)

where

As — P = Na— i
=2 viI 1 (3.50¢)
w2+ q—n

2
AT K (3.50d)

et g -t

The exponential attenuation of the intensity of the electric field within D when o > 0

is the well known skin effect. The rate of this attenuation is

pe we e

win /g =17 =w 5 \/(1—”%>2+(0)2—<1—”%>. (3.51)

Now suppose that ¢ > 0 and € > 0 are fixed with with respect to changing w, but
that the nonnegative value of o varies as a function of w. As w — oo, we consider the

following three possibilities: 0 < w, ¢ = O(w) and 0 > w.'* If & < w then the rate of

“The © notation denotes asymptotic equivalence of order: f = 0(g) if f = O(g) and g = O(f).
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this exponential attenuation of |7i,| depends on the angle of incidence:

=
~
o™

. 7]2 . 7’]2
1f0<<wandu—1a<1W1th&/(l—1716)<<1,

NS
]

wlm/q —n} ~ \/7

2
; Mo~
if o < wand ulsNL

&‘

w/JHe #—?5—1 if<7<<u)and7'1>1vv1th0/(21E )<<1.

Thus, for incident directions sufficiently close to normal (and, if pue > 1, for all possible

incident directions n € St with 7y > 0), if o = o(w) as w — oo then
wIm /g —n? =O6(s) asw — oo. (3.52a)
If o = O(w) as w — oo then from (3.51) we see that for all incident directions,
wlm/qg—n? =0(w) asw — oo. (3.52b)

Likewise, if 0 > w as w — oo then for all incident directions,

wlm /g —n} = O(wy/o/w) asw — oco. (3.52¢)

3.3.2 Geometric optics approximation

We assume that as p — 0, € > 0 and g > 0 are fixed, w grows so that A = wp — oo,
and o > 0 is allowed to vary as a function of p. If we represent the rescaled scattered

fields as

ﬂi = |ﬂ)\|ems7
it would be reasonable to expect that |u3(x)| = O(1) and ¥*(z) = O(X) as X — oo for
each fixed z. We therefore make the simplifying assumption that 95 = A\¢*® + o, with

#* independent of A and ¥ = O(1). Let A® = |€L,\|e“§ to get the high frequency ansatz
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that is the basis of the geometric optics technique:
@3 (x) = A%(x)er?" (@), (3.53)

where ¢° is independent of A and where A° may be approximated by a formal expansion

in powers of (i\)~!:

As A5
AS = AS 4 2L 22,
ot T e T

This formal series is the well-known Luneburg-Kline expansion [BSU87, Lun64, Kli51].
Within the conducting inhomogeneity, the field is subject to the skin effect. Hence, in
light of (3.52), it is reasonable to suppose the transmitted field will decay in such a way

that

’ult)r ($) | ~e @ dist(x,pl) 7

where I is the illuminated portion of 9D and

O(0) if o K w,
a =1 Ow) if 0 = O(w),

O(wyo/w) ifo>w

as A — 00. Rescaled, this becomes

’ﬁg\r (:E) | — 675[ dist(x,I7) 7

where

©(po) if o K w,
a(-) =a(/p) =1 O\ if 0 = O(w),
@(AM) if o> w.
In order, then, to ensure |@} ()| decays with sufficiently rapidity to avoid the compli-

cations strong backscattering would bring, we should (minimally) assume that o grows



sufficiently fast so that, as p — 0 and A = wp — oo,

po — Q.

To simplify matters, we assume a stronger condition is met:

as p— 0 and A = wp — o0, o grows so that o/w > C > 0.

Then, if we represent the rescaled transmitted field as

~tr o ~tr) 9t
Uy = |Uy ‘6 y

we suppose, in light of (3.50), that 9" = M3 + dist(z,dD)fs], where 3

Bo = O(max {\/ o/w, 1}) A reasonable ansatz for ﬁf{ is then

al () = A" (a:)ei)‘d’tr(x) ,

where ¢ =

103

(3.54)

(3.55)

= 0(1),

(3.56)

O(max {\/ o/w, 1}), Im ¢ >0, and A" depends on ) in such a way that

it can reasonably be approximated by a formal expansion in powers of (i\)~!:

Atr Atr
tr _ ptr 1 2
AT = Ay + B 2 +--

We recall that the field u) satisfies

AT + ¢ \*a =0 in D,

A5 + Na5 =0 in R*\ D,

along with the transmission conditions

al = ah + a3 on OD,

1 .
~0,ul = 0,(as +a}) on dD,

(3.57a)

(3.57b)

(3.57¢)
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and the radiation condition
(8, —iN)a3| = O(r~/%) asr — . (3.57d)
Noting that
A(Ae??) = {-N2AV¢ - V¢ +iN2VA - Vo + AA¢) + AA}e?,

the expressions (3.53) and (3.56) are inserted into (3.57a), whereupon A* and A" are

formally expanded in powers of (i\)~! and ¢’ is expressed as

Vo well +0(1) ifo>w,
i+ o(1) if o0 = O(w).

¢t7“ —

Collecting the coefficients of leading order, i.e. coefficients of A\? for the scattered field

and of A\?0/w (or just A?) for the transmitted field, yields the Eikonal equations

V¢*-V¢* =1 inR*\D, (3.58a)
Vol -Voll =q in D. (3.58b)

As a consequence of (3.57b), it is not hard to see that
Al =14+ A5 on oD (3.59)
and
o (x) = ¢*(x) =x-n on ID. (3.60)
From (3.57c) we get

1
SAVOL8E =n-v+ Aj0,9" on D, (3.61)
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which combined with (3.59) gives

1 tr
i W‘V—;au 0

Aj=1—7"— onaD. (3.62)
iau 6 _8V¢s

The Eikonal equations (3.58a) and (3.58b), together with the boundary conditions
(3.60), imply

0,08 =+/q—(n-7)2 on dD

and

0,¢° =+\/1—(n-7)>==4n-v on dD.

These equations each translate into separate possibilities, though only one is the
proper choice that best approximates the actual solution. We will first consider 0, ¢?,

for which their are four possible continuous expressions:
oo’ =n-v, 0¢p°=-n-v, 0,¢°=In-v| or 9,0°=—|n-v|.

One way to identify the proper choice is by a principle of limiting absorption. Suppose
the background medium is a conductor such that og/w = § > 0. Then there are two

possible choices,

0,0° =16+ (n-v)? (3.63)

or 0y9® = —\/i0 + (n-v)2. (3.64)

Of these, only (3.63) has a positive imaginary part. Since Im ¢*|sp = 0, this choice
corresponds to a situation where Im ¢*(z) > 0 for 2 € R?\ D near dD. Consequently,
the ansatz (3.53) would decay exponentially as A — oo near 0D in accordance with
the skin effect. A negative exponent of 9,¢° would imply exponential growth, which

is physically unreasonable. We therefore choose (3.63) and then let the absorption
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parameter ¢ tend to zero, leaving
0yd° = 1n-v|. (3.65)

This choice is further justified by the law of reflection. For zop € 9D, A > 1 and

|z — 20| < A1, the ansatz for @5 satisfies

A (2)e™? () A () ()99 (o) (w=wo)]

which is to say that near any point xg on 0D, @3 behaves like a plane wave propagating
in the direction V¢*(zp). The choice (3.65) ensures that this direction of propagation

obeys the law of reflection in the illuminated region (Figure 3.5). The same is true of

Ui

Figure 3.5: The characteristic rays when D is a disk and 7 is directed upward, so that the
bottom half of the circle is illuminated. The characteristic ray originating at the point o € 9D
points in the direction V¢*(xg) = (n-7)7 + |n - v|v.

the choice 9,¢° = —n - v, but this choice is unsatisfactory in the shadow. To see this,
note that in the case of a well absorbing (conducting) scatterer, the intensity of the

total field @y should be small in the shadow. In fact, it would be zero were it not for

the small contribution from creeping waves—a contribution that only decreases as A

grows. Therefore, for A large and z near dD in the shadow, @5(z) ~ —a}(x), which
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means u} behaves like a plane wave propagating in the direction 7.
To make the proper choice for 9, 4§, we again make the only choice consistent with

the skin effect. If we suppose Img = § > 0, then only the choice

Ody = —/q—(n-7)2 on 0D (3.66)

has a negative imaginary part. Since Im ¢|sp = 0, this choice corresponds to a situation
where Im ¢f"(z) > 0 for z € D near dD. The ansatz (3.56) for @} therefore obeys the
expected exponential decay as A\ — oo. Since this argument applies for § arbitrarily
small, we continue to choose (3.66) when the scatterer is nonconducting. Alternatively,
this choice can be justified by noting that it is the only choice consistent with Snell’s
law of refraction.

Combining (3.65), (3.66) and (3.62) results in the following

Approximation Assertion: Suppose D is bounded and convex and that as p — 0

€ and p are fivred and w — oo such that \:=pw — oo. For A > 1 we have the

approximations
u3|op = [U3]geo = Agei)\n'w (3.67a)
and
D3 |op = [0yi3]geo 1= iA|n) - V| A§eT, (3.67b)
with

s — vt ya—(n-m)? (3.67)
S N PR CREE

Figure 3.7 shows numerical examples in the case of a plane wave incident upon a
disk (Figure 3.6).
Remark 3.5. We expect these to be good approximations only in the regime of mod-

erate to high (frequency dependent) conductivity, i.e. for o /w bounded away from zero.
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0=m/2

0=—-m/2

n

Figure 3.6: The orientation of the problem in our numerical computations. The plane wave
€™ i incident upon the scatterer pD, where D = B(0,1) and n = ((1))
Since the boundary of the scatterer is not flat, a transmitted wave that does not attenu-
ate rapidly will transmit a sufficiently strong signal through the scatterer for which the
contributions following rays from different points of incidence will significantly interfere
with one another. Furthermore, there will be multiple internal reflections of the trans-
mitted waves, as well as refractions that will reemerge to augment the scattered field.
Hence the transmitted field cannot be expected to behave as it would in the case of a
half-plane (3.50). The ansatz (3.56) was motivated by (3.50) and therefore cannot be
trusted when o /w < 1. This deficiency of our approach for poorly conducting scatters
is evident in Figure 3.7.

Also note that the error is greatest near the two points where the incident rays graze
the scatterer (only one is shown in the figure). This is not surprising as the diffraction

effects missed by the geometric optics method are greatest near these points.
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(d) p=2,e=2and o/w=10°% so that ¢ =4+ 2 x 10°%.

Figure 3.7: Plots on the right half of the boundary of the scatterer pD = B(0, p) running
counterclockwise from —7/2 to the highest point at 7/2. The orientation is as in Figure 3.6.
The left half of the boundary has been omitted because of the obvious symmetry. The left
frames show the graphs of Re @ (solid) and Re[d}]geo (dotted). The right frames show the
error |3 — [U5]geo|- In all cases, p = 107% and w = 10°, so that A = pw = 100 and p?w = 1/100.
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3.3.3 The case of a perfectly conducting scatterer

In the case of a perfectly conducting scatterer, the above analysis simplifies. The

scattered field satisfies

ATS + N2a5 =0 in R?\ D, (3.68a)

@5 = —u4 on D, (3.68b)
along with the radiation condition
(8, —iN 3| = O(r~/?) asr — oco. (3.68¢)
Here we find easily that Aj = —1 on 9D, and therefore (3.67) becomes

~S

ﬂ’A|8D = [u)\]geo 1= —! M (369&)

and

0yi3|op ~ [00i]geo := —iA|n - v[e7. (3.69Db)

This is the well known physical optics approximation [Jon86, Néd01]. In Figure 3.8 we
compare the physical optics approximation of the total field, [0,1)]ge0 = [OLU3]geo +

d,u$, with the actual total field, 9, |ap.

3.3.4 Green’s formula and stationary phase

Once we have (3.67), the most obvious way to approximate the scattered field away from
the boundary is to construct ¢* and Aj. The approximation u3 ~ A* e’ is known as
the geometric optics field. Finding ¢° is simple since it satisfies the Eikonal equation
(3.58a). Using the method of characteristics we find the solution: given z € R?\ D

uniquely represented as x = xg + tV¢*(x9) for some ¢t > 0 and zy € dD,

¢*(x) =t + ¢° (o).
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Figure 3.8: Plots on the boundary of the perfectly conducting scatterer pD = B(0, p), oriented
as in Figure 3.6 (with the convention that 0 is defined modulo 27). The graph of Re(d,@z|ap) is
solid and the graph of the physical optics approximation, Re[d,ii)]geo, is dotted. Here p = 1074
and w = 105, so that A = pw = 100 and p?w = 1/100.

Once ¢° is known we find A by solving the transport equation
VA5 - Vo + AJA* =0 in R?\ D,

which follows by collecting the coefficients of ¢\ in the Hemholtz equation satisfied
by (ZA;“Z(i)\)_")ei)“z’s. This transport equation can be solved by integrating along

characteristic paths. The characteristic ODE is

where z(t) = A{(x(¢)). The solution is

A3 (2) = Af(wo)e2 Jo 29" (@o+sVe* (w0) ds

where A§(xo) is given by (3.62). We therefore have the approximation

@} (z) ~ Af(wo)e ™ Jo Ad* (z0+5V* (20)) ds ,irg*
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This approach can be useful when approximating the solution to the direct scattering
problem. However, since our ultimate goal is a tool for solving the inverse problem, we
will instead employ a method that will lead to a simpler representation formula for the
scattered field. In a sentence, our approach will be to substitute the approximations

(3.67) of u3|spp and 0,43 |sp into the Green’s representation

6@ = [ {80)0,9a/p) - 050/} ds,  @70)

and then perform a stationary phase analysis of this integral. The technique of sub-
stituting approximations of @3 |sp and 0,43 |sp into the Green’s representation is often
used in the context of the physical optics approximation and in aperture calculations.

The physical optics approximation [Jon86, Néd01] applies in the case of perfectly
conducting (or sound-soft) scatterers. By treating the scattering at each point of inci-
dence on the illuminated portion of the boundary as though the scatterer were a half
space with boundary determined by the tangent line to the actual scatterer at that
point, and by assuming the total field in the shadow portion of the boundary vanishes,
we take dyiix|lop = 20,u’ (that is, 9,43|op = Oyu') on the illuminated side of the
boundary and 9,tx|sp = 0 (or 9,45|op = —9d,u") in the shadow.!® The physical optics

approximation then yields

us(z) ~ =2 A dyiis (y) 2N/ p, y) doy,
I

where I is the illuminated portion of the boundary.'%
When applied in the context of a light source on one side of an opaque screen with an
aperture, this method is often referred to as Kirchoff’s approximation [Jon86, BW02].

In this case, 0D is replaced by S~ U A, where S~ is the dark side of the screen and A

5This is the same approximation as (3.69b).

YSHere we used the fact that Jon a4 (y)0v, M (z/p,y) doy, = Jon 9,44 (y)®* (z/p,y) doy, for x exterior
to D.
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is the aperture, so that the total field u satisfies

d, u(y)®* (z,y) — u(y)dy, ®*(z,y) ; doy,
S-uUA

u(x) in the non-illuminated side of screen,

0 in the illuminated side,

where the normal vector v is directed into the non-illuminated side of the screen (Figure

3.9). By taking ula = u'l4, dyula = dyu'l4 and ulg = 0, uls = 0, we arrive at

S

Figure 3.9: The infinite screen S with aperture A. S~ is the dark (non-illuminated) side of
screen.

Kirchoff’s approximation

uw)~ [ {00 )8 ) 0,8 (w.0) | o, (3:71)

for x in the non-illuminated side of the screen. For high frequencies, this integral can
be approximated using the technique of stationary phase [BW02]. We will apply this

technique in the similar but distinct context of scattering by a finite penetrable object.
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As p — 0, the functions ®*(z/p,y) and 8,,P*(z/p,y) satisfy [Wat44]

tpa = 02 )
= (sm[7 ~ ) ety o5 -v/] )

8Vq))\x s —-—7.V Hl )\‘E_ )
Y (/py) 4’%_y‘ Y l( o y)

e Y vy (&u’% - yD_l/Qei(/\I%—yl—ﬂM)
rro(PZ =47}

uniformly in y € 9D and = bounded away from pD.!" Before inserting these approxi-
mations of ®*(x/p,y) and 8,,y<1>)‘(:1:/ p,y), along with the geometric optics approxima-
tions (3.67), into (3.70), we first refine the asymptotics to derive forms that are more

amenable to the coming stationary phase analysis. We expand

)\)% —y‘ = wl| {1 —p% +p? [M] +p° [@-y\yP — (i.y)g] +0(P4)}

B 2P P
2 (2-y)? o ulul? — (3 u)3
= wl|z| —wpi -y + wp lyl” = (@) +wt |E ylyl* — (@ -y)
2|| 2|z |2
+O(wp?),

and note that at this point it is necessary to distinguish among the many possible high
frequency regimes. The above will suffice in the regime where wp® — oo but wp* — 0,
but in higher order regimes, more terms must be included. We will restrict our attention
to the lowest regime, where wp — oo but wp? — 0, with the understanding that our
method could be easily modified to accommodate the higher order regimes. Hence we

will only need that

Xz
A); - y‘ = wlz| —wp -y + Owp?),

1"Specifically, we must assume x is in the complement of a domain Z independent of p satisfying
pD CC .
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which yields the asymptotic formulas

1 o
(I)A T , — el(M;_yH'ﬂ—/Zl) 1 + O + (.U_l
@lp) = e (1+0(p+ )
_ L e e @lel=AE ) (1 4 O(p + w™ + wp?)) (3.72)
Vw /8| P g '
1 (M Z —y—
By, ®Nx/p,y) = i - vy——ee N YT (1 L O(p !
—ir/4 .
= pyw i - Vyeie‘(“’mf)‘x'y)(l +O0(p+w™t +wp?)). (3.73)

/87| z]

The amplitude of the approximation (3.72) will have small absolute error in all high
frequency regimes. The amplitude of (3.73) will have small absolute error so long as
wp* — 0, but the relative error will be small regardless of the relative growth of w and
p~ L. The phase, however, is sensitive to this relative rate of growth.

On substituting (3.72) and (3.73) along with the geometric optics approximations
(3.67) into (3.70) we obtain

up () ~ p\/(;e_”/zlei T vy A ()M=Y g,
\/ 87|z oD
i ., ewll R
_ 2 pin/4 cu L AS ()M n=2)y q
e n-v y)e o
\/E 87T’.73| . ’ y’ O( ) )
wlz|
—iT € - s IA(N—2)-
= py/we /4 (Z vy + |n-1y|) Al (y)e A=)y 4g,, (3.74)

\/8m|z| Jop

with A§ given by (3.67c). If wp? is not small, say, for instance, wp® — oo but wp? — 0,

we would replace the phase A\(n — %) - y with

ly|? — (& -y)? N s [2-ylyl? — (& -y)?
2|x| 2|z|?

AW—@%y+wf[

We will now perform a stationary phase analysis on the integral in the formula (3.74).

We begin with

Lemma 3.6. Let D be a bounded, smooth, strictly convex domain. Let x be a nonzero
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vector and let ) be a unit vector such that & # n. The function

Y= y(x,y)i=(n—2)-y, ye€ab,

has two stationary points: y1 and yo satisfying

Uy (z,71) =;gg)%wn(x,y> and (2, y2) Z;gg%%(w,y)- (3.75)

y1 and yo are also the unique points on 0D satisfying

n—2a
Uy, = — nd Uy, =
Y1 ’7)—95| a Y2

Proof. The stationary points of y +— 4, (z,y) are the points where 0r ¥y (z,y) = (n —
z) - 7y = 0. These are precisely the points y where v, = £(n — 2)/|n — &|. That there
are exactly two such points follows from the strict convexity of D. Since there are only

two stationary points, they must be the stationary points characterized by (3.75). [

We now evaluate the density of the oscillatory integral in (3.74) at the stationary

points.

Lemma 3.7. Let D, n, x, 1y, y1 and y2 be as in Lemma 3.6 and let A§ be given by
(3.62). Let ¥ represent the angle of counterclockwise rotation from n to &, 0 < ¥ < 2.

Then

psin(9/2) — v/q — 1+ sin?(9/2)
psin(9/2) ++/q — 1 +sin?(9/2)

=

vy |-y ) A (y1) = 2sin(9/2)

and

=

Vyy + [0 - vy, 1) Ap(y2) = 0.
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Proof. By Lemma 3.6,

= 2sin(1/2)

and

Since |n - vy, | =1 - vy, =sin(¥/2) and |1 - vy,| = n - vy,, we easily calculate

vy = (0 Ty)?

Af =
olen) U|77'Vy1|+ \/q—(U'Ty1)2
_ psin(9/2) — v/q — 1 +sin?(9/2)
psin(9/2) + /g — 1+ sin®(9/2)
and
A () = — H Vo 0 (1 7)?

il - Vy2| +Va— (n - Tyz)Q
=—1. O
The core of our stationary phase analysis relies on the following

Lemma 3.8. Let D, n, x, vy, y1 and y2 be as in Lemma 3.6 and let 9 be as in Lemma

3.7. Let K(x) denote the nonnegative curvature of 0D at x € 0D, and suppose that
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K(y1) and K (y2) are both nonzero. For any piecewise C function a(-) on 0D,

i /4
Xy (a) gy — VT ¢ Xy (1)
a(y)e e a
/aD i T VAsin72) \ VE () )
+ e i/ eMn@v2) g (o) | + o(ATH?)
K (y2)
as A — 00.

Proof. If T' is connected segment of 9D along which |0r, 1y (x,y)| > ¢ > 0 then a

straightforward argument using an integration by parts yields

/F a(y)eMn @D dg, — O,

It follows that

fupmertin ([ Joem o
oD Iis Pas

where I'; 5 and I'y 5 are arbitrarily small 0D-neighborhoods of y; and s, respectively.
We take
Is =0DN{y : Yy(z,y) < ¢y(z,y1) + 6}

for some 6 > 0. Let s denote the signed arclength of I'y 5 beginning at y; and proceeding

counterclockwise for s > 0 and clockwise for s < 0. Then

/r a(y)e™n ) do, = /H a(y)e™n@) do, + / a(y)en@Y) do,
1,6 1.6

~~

11 12

where

Is=TisN{y(s) €T15:5 >0},

Is=T1sN{y(s) €T15:5 <0}
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Because

y(s) = y(0) + 5/ (0) + 55 (0) + ()

1
= Y1+ STy, — 552K(y1)uy1 + O(Sg)a
it follows from Lemma 3.6 that

Pn(x,y(s)) = (n—2) - y(s) = Pnlz, 1) + In — i“lK(yl)%SQ +0(s%)

= Yy(x,y1) + Sin(19/2)K(y1)52 + 0(33).

In the integral I; we change to the variable t = 1y, (x, y(s)) — ¢y (z,y1) to get

-1

1
/ a(y)eMn @D dg, = eNnlz ) / ae |2 g
Fié 0 dS
Mo (2,1 ’ A 1
— M) [ G(1)e! 1 dt
‘ /0 A R s T O
where a(t) = a(y(s(t))). Since
t
5= —= vi + O(1),
Vsin(0/DK (51)
the above integral becomes
) Iy (z,y1) § ]
[ atwenen o, — a0 (1+ 0(VE) L
s 2Vsin(0/2)K (31 Jo Vi
7')‘1/) (zvyl) g .
i a3 o),

T 2Vsin(9/2)K (1) Jo Vi

A standard asymptotic result [Olv97, Chapter 3, Theorem 13.1] for integrals of this

form is

J ¢ At T
/0 d(t)e”\t% = Xe”“d(O) +o(A"Y?) as A — oo,
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Therefore

ﬁ ei(/\w”] (ﬁ’yl )+7T/4)

aly)eMn(@y) 4 — a o(\"1/2y.
L ot e day = ) + o)

By symmetry, I has this same asymptotic formula, and thus

ﬁ ei(Aw”] (I,y1)+7r/4)

a(y)e?n@y) g, = Y2 a o(A"1/2),
/F W oy = Y eesaln) 4 00 7)

Finally, for I'; s we take

F2,6 =0DnN {y : ¢7](x7y) > wn(xva) - 5}

and proceed as we did for y; to find

@) —/4)

= — a 0 —1/2y,
VAo R () ) o) .

/ a(y)e? @) dg,
Tas

Using (3.74), Lemma 3.6 and Lemma 3.8, we find the approximation

el N o/
ul(z) ~ py/we ™/ A¥n(@y1)
)= V/8la[ VAV/sin(0/2) /K (y1)
psin(¥/2) — \/q — 1 + sin®(9/2)
psin(9/2) + /g — 1+ sin?(0/2)

X 2sin(¥/2) (3.76)

for x € R?\ D, which is the main result of this section.

Approximation Assertion: In problem (3.2), assume D is a bounded, smooth, strictly
convex domain such that the nonnegative curvature function K on 0D is strictly pos-
itive. Also assume that as p — 0, € and p are fired, w — oo in such a way that
Ai=pw — 00, and ¢ — o0 in such a way that o/w is bounded away from zero. Given
any v € R%2\ D, let ¥ denote the angle measured counterclockwise from n to x, with

0 <9 < 2m, and let y1 be the arg-min'® of 1y (z,-), where Yy(z,y) = (n —2) -y. An

8the arg-min of ¢, (x,-) the solution y1 to ¥, (z,y1) = m(ig% Uy (z,y).
ye
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approzimation to the scattered field at x bounded away from pD satisfying & # n is

ewllzl+pn—2)m] wsin(¥/2) — \/q — 1+ sin?(9/2)
= sin(v/2 .
VP 2|z|K (y1) v/ ),usin(ﬁ/2) +v/q—1+5in?(9/2)

(3.77)

If D is perfectly conducting,

eiwllz|+p(n—=2)-1]

uy(7) 22 [up]geo(T) 1= /p CE V/sin(¥/2). (3.78)

The formula (3.78) follows either as a limit of (3.77) as Imgq — oo or by recalling
(3.69). Figure 3.10 provide numerical examples of this approximation. For comparison,
we include a graph (Figure 3.11) of the actual scattered field in the case corresponding
to Figure 3.10(b). The spike in the intensity of the scattered field within the narrow
shade region is missed by our geometric optics approach. We also provide an example
in the case of a perfectly conducting disk (Figure 3.12).

Figure 3.14 shows the graphs of the real part of the approximation (3.77) of the
scattered field on the circle » = 2 in the case when the scatterer is an ellipse of aspect

ratio 1:2 oriented as in Figure 3.13.

Remark 3.9. The formula (3.77) may also be derived from the formula (3.48) for
moderate frequencies by letting A\g tend to co and appealing to the method of stationary
phase. The disadvantage of such an approach, as compared to our approach based on
geometric optics, is that it sheds no light on why it fails for frequencies w of order

greater than or equal to p~2.

3.3.5 The three dimensional problem

The procedure we followed to arrive at the approximation formula (3.77) as A = pw —
oo but p?w — 0 applies just as well to the scattering problem in three dimensions. In

this case, the radiating free space Green’s function ®*(z,y) = ﬁei’\‘x*y‘/\x —y|. We
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(b) p=10"2 and w = 10° so that wp = 1000 and wp® = 10.
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(c) p=10"" and w = 10° so that wp = 100 and wp® = 1072

Figure 3.10: Plots on the right half of the circle » = 2. Here a plane wave is incident upon a
disk as in Figure 3.6. The plots run counterclockwise from 6 = —7/2 to the highest point at
07 /2, where 6 is as in Figure 3.6 (which differs from the angle ¥ defined in the approximation
formula (3.77); the angle ¥ from (3.77) runs on the horizontal axis from 7 to 27). The left
half of the circle has been omitted because of the obvious symmetry. The left frames show the
graph of Re[u}]geo- The right frames show the error |uj — [ug]geo|- In each case, e = 2, p = 2
and o/w = 2. Only in the third example is wp? small, and so it is not surprising that the error
is larger in the first two.
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Figure 3.11: Rew} (top) and Imw$ (bottom) at r = 2 when & = 2, u = 2, p = 1072 and
w = 105, so that pw = 1000. The lowest point corresponds to the angle § = 37/2. The shadow
portion of r = 2 is in a small neighborhood of § = /2. 0 is as in Figure 3.6 (modulo 27), which

differs from the angle ¥ in the approximation formula (3.78).
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Figure 3.12: The graphs of Imuj and Im[u}]geo (the latter in boldface) on the circle r = 2 in
the case of a plane wave incident upon a perfectly conducting disk D = B(0, p), as in Figure 3.6.
On the horizontal axis is the angle 6 from Figure 3.6 (which differs from the angle ¥ defined
in the approximation formula (3.77)). Here p = 10% and w = 10%, so that pw = 100 and
pPw = 1072 [u3]geo 18 & good approximation of uy, on the circle r = 2 except in a narrow arc

P
around the shadow cast by the scatterer (centered at 6 = 7/2).
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3r/2

Figure 3.13: Diagram of ellipse orientation and incident directions.

x 10 x 10

2
0 pif2 pi 3pi2  2pi O pil2 pi 3pi2  2pi 0 pil2 pi 3pi2  2pi

Figure 3.14: The real part of [u;]ge, at 7 = 2 in the case of an elliptical scatterer as in Figure
3.13. The left frame corresponds to the incident direction 77, the middle frame to 7, and the
right frame to n3. In each case, e =2, u =2, 0/w =2, w = 10% and p = 10~% so that wp = 100
and wp? = 1072, One can see that the intensity of the approximate field shrinks to zero at the
point z in the shadow satisfying & = 7, which is a defect of this method.
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therefore find the following analogues to (3.72) and (3.73):

1 ei)‘|%—y|

i =—
(wlo) = 32 2]

~ L P il -2iy)

4 ]a:\ ’

8VyCI’A(JL’//Ly)fvfp | e wlzl=AE9),

Then, inserting these approximations, along with the approximations [43]geo and 0,45 |ap
from (3.67) (which remain unchanged in three dimensions) into the Green’s represen-

tation formula (3.70) yields the approximation

ezw|m|

/(?D (:% vy + - Vy\)AS(y)ei/\("_i)'y doy.

— 2w
0 |z|

As A — oo, the integral becomes concentrated near the arg-min y; of ¥(y) = (n—2) - y.
(The other stationary point, i.e., the arg-max of 1), does not contribute to the highest
order term of the asymptotic expansion of the integral since the integrand at that point

is zero, just as in the two dimensional case). Write the integral as

f(y)ei/\w(y) doy,
oD

fly) = (& - vy + |n-vy|)A§(y). Rotate the coordinates so that v, = (0,0, 1), and let
0D near y; be the graph of the function g, with g(£§1) = y1. Then, since n — & points

in the same direction as vy, , ¥(y) = (n — 2)g(§), and therefore

to highest order z a:
Fy)evw) dg, (OISO e e)) N9 | /[T () + 1 de,

aD Ne,

where N¢, is a neighborhood of §;. We now use the method of stationary phase for
functions of two variables: if &, is an isolated stationary point of the function h : R? —

R, then

. 2 — _
/]V F(g)el)\h(f) dg — 7 (5+1)0‘/4 iAR( 50 60 ‘det D2h)(§ )‘ 1/2 + O(A 1)
3

0
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as A — oo, where § = sgn (det(D?1h)(&)) and o = sgn (87h(&)) (second partial

derivative in a coordinate direction) [Coo82]. We therefore find

F(&,0(€))er=D9E) /[T g()2 + 1 d¢

N§1

— @ei/\(n—i’)m Fly1)

1
)\ )7

1
. o\~
n — &/ K(y) o

where K (-) is the Gaussian curvature function on 9€2. This leads us to the approxima-

tion formulal®

1wl AP vy 4 () =T vy, P
2 |zl VK1) pln-vyl+ Valy) — 1+ n- vy, ]2

Noting that 1 - vy, = =% - v, we may also write this formula as

1elel =D u g vy — \/q(yr) = 1T+ [ vy,

2 |zl VE(y1) /“%'Vyl“‘\/Q(yl)_l"“i"’/yl‘j

ul(e) = p

(3.79)

As in the two dimension case, this formula applies only when there is ample absorption

within the strictly convex scatterer.

Remark 3.10. Majda and Taylor [MT77] derived a similar approximation formula for
the scattering amplitude®® (or, more precisely, a convolution of the scattering amplitude
by a smoothing kernel, which they call the filtered scattering amplitude). Their result
applies in the context of the following three dimensional scattering problem: given
iwn-x

u'(z) = ™" with n € R? satisfying |n| = 1, determine (u'",u*) such that

Au'™ 4 W q(z)u’" =0 inQ,

Au® +w?u® =0 inR3\Q,

9Here we have used the fact that & - vy, + |- vy, | = |7 — |.

20For an exterior scattered field u® satisfying (A+w?)u® = 0, the scattering amplitude uo., also called
the far field pattern, is defined on T for two dimensional problems as the unique function satisfying

u’(z) = eff; [uoo(#) +O(r™")], and on S? for three dimensional problems as the unique function such

iwr

that u’(z) = elr [uoo (&) +O(r™1)].
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with the transmission conditions

uf = uf 4 on 01,

du'™ = o,u’ + d,u’ on 9,
and the radiation condition
(0 —iw)u® =o(r 1) asw — oo,

where §) is a smooth, bounded, convex domain in R? and the refractive index ¢ > 1 is
a smooth function on Q). They proved that the filtered scattering amplitude a(&,n,w)

admits, for & # 7, the asymptotic expansion

LDy, 6= \/aly) =1+ v, 3

4m vV K(y1) vy, -2+ \/q(yl) -1+ ‘Vyl - ]2

a(Z,n,w) =— +0w™h (3.80)

as w — 0o, where y; is the arg-min of y — y - (n — &) on 9 and K (-) is the Gaussian
curvature function on 9Q.2! This result is achieved by performing a microlocal analysis
of a Fourier integral operator associated with the scattering amplitude, which includes
a stationary phase analysis similar to ours. Such a method may perhaps be used to
prove that the approximation (3.77) is in fact the leading order term of an asymptotic

expansion of the scattered field as wp — 00, wp® — 0.

3.3.6 An alternate approach for high frequencies

In the previous sections we: 1) found the geometric optics approximations (3.67) of
a3 lop and 0,U5|ap, 2) substituted these approximations into Green’s formula for the
scattered field, and then 3) performed a stationary phase analysis on this integral. It
would be natural to ask what would happen if we, in a sense, were to reverse the order

of 2) and 3). That is, if we were to perform a stationary phase analysis to calculate the

21This formula was presented as

Ay, -z R T Valy) — 1+ vy, - &2
2 n =i /K(y) vy &+ /aly) =1+ vy, -3

in [MT77], but note that 2(v,, - &) = |n — &| since vy, = —(n — &)/|n — £|.

a(z,n,w) =
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distributional limit of (3.67a) and (3.67b) and then insert the resulting sum of delta
functions into the Green’s representation formula for the scattered field.

By choosing & = —n and then replacing A with A/2, we get

, NG in/4
/ a(y)ezkyw doy, = T ¢ eMyl-na(yT)
oD VA K(y7)
i 67“-/4 IAY5 M ( *) + ()\—1/2)
7*6 alys (]
K(y3)
as A — 00, where yj is the arg-min of y -1 on 0D and y3 is the arg-max (1, » = —nand

vys =1). At the points yi and ys3,

m—=/q
Ai(yT) = and Aj(y3) = —1.
0(111) RN o(yz)

Therefore, the distributional limits as A — oo of (3.67a) and (3.67b) are

~5 H f 6i7r/4 z)\ e_iﬂ/él 1AYS-
[uA]geo - \/><,U, T \/» \/Tl vI n5y1 Ty;)e Y2 néy; y (381)

~ . = \/’ 67,7r/4 A e—i7r/4 .
0,15 V2T P RN — A W 3.82
[0y} ]geo — T ( 1 \/Tl v3 Kw3) v3 ( )

We then insert (3.81) and (3.82) into Green’s formula (3.70) and find

27 | — /g e/t Ay A A
s eI ( 0, 0N x/p,yi) — AN x/p, v
us(x) ~ \/7 u+f\/71 ( (2 /pyr) = iAD N (z/p yl))
efiﬂ/4 .
+ M8, 0N/, y3) — IADN 2/, y3) ) |-
o : )

y (3.72) and (3.73),

By, @M/ p,y) — iXDNx/p, y)

e—iﬂ'/4

=V e

pi(wl|=Ad-y) [j; vy + 1] (1 +O(p+ w4 pr)),
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and so we have the approximation

iw|z| — iA(n—2)-y7 iA(n—2)-y7
up () =~ vpe K \/a(l —COSﬁ)% +i(1 —|—cos19)% . (3.83)
2| \1n+ V4 K(y7) K(y3)

This approximation is far worse than (3.77), as demonstrated in Figure 3.15. The inad-

i
A t‘i‘f

0 pi/2 pi 3pi/2 2pi

0.006

N Wl v~ “

0.004

0.002

Figure 3.15: The real parts of ug|,—2 (in boldface) and the alternate approximation formula
(3.83) in the case of a plane wave incident upon a disk as in Figure 3.6. In this example, u = 2,
e=20/w=2,p=10"* and w = 10%, so that wp = 100 and wp? = 1072,

equacy of this alternate method stems from the fact that, unlike the prior method, the
oscillations in the Green’s function and the oscillations in the Cauchy data ([u]geol

and [8,,uf,]geo‘ ) are not treated simultaneously. We have presented this alternative

oD

method to illustrate the importance of this simultaneous treatment of the oscillations.
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3.3.7 Multiple scatterers

If there are multiple scatterers z; + pD;, j = 1,2,...,m, then (3.77) can be replaced

with the sum

i sin(d;/2) — \/Qj —1+5in®(9;/2)
7\ V2 i sin(d;/2) + \/QJ' — 1+ sin®(9;/2)

eiﬂw(n_(bj’n_zj)”bf’n_zj|)'(33_Zj) oiwle—2]
JEGE) Vie=zl ]

for  bounded away from the scatterers, where 0 < ¥; < 27 is the counterclockwise

Z ig/sm 9;/2)
(3.84)

X

angle of rotation between n and = — z;, K(-) > 0 is the curvature, and b}”’n is the
unique point on the boundary 0D; with outward normal pointing in the direction of
(x — zj) —n. This formula should be valid as long as the scatterers are well separated
(i.e., the minimum distance between pairs of scatterers is on the order of 1) and the
observation point x is sufficiently far outside a convex set containing all the scatterers.
This is because the disturbance transmitted from any one scatterer to another will be of
the order /p/d, where d is the distance between the scatterers. The disturbance will be
transmitted, from the second scatter, back to the observation point will an amplitude
on the order of p. Adding together all other higher order multiply scattered signals
should amount to, at most, a total signal of order p + p3/2 + p> + p°/2 + ... = O(p).
This by no means rigorous argument. After all, the number of n*” order signals grows
exponentially in n. Nonetheless, we are confident in the validity of (3.84).

We note that formula (3.84) may not be accurate if one scatterer lies in the shadow

of another. Testing from multiple directions will remedy this.

3.3.8 Future directions: the inverse problem

The (approximate) representation formula (3.77) for the scattered field is ripe with
information that should be useful in solving the inverse problem of determining char-

acteristics of the inhomogeneity (size, shape, etc.); for instance, the factors /p and

1/ K (y1)-
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In the context of the three dimensional scattering problem of Remark 3.10, Ma-
jda and Taylor [MT77] showed, using the asymptotic formula (3.80), that knowledge
of the high frequency asymptotics of the filtered differential scattering cross section,
la(2,n,w)|?, over a sufficient sample of values?? of # and 7, determines the unique con-
vex shape of the scatterer €2, and the index of refraction ¢(-) ’Q, assuming, for the latter,
that ¢ > 1. (See [Maj76a], [Maj77] and, for a brief overview, [Maj76b]). At the heart

of this proof is the observation that, given a function of the form

g(t,a,ﬁ)=a<t_ f+t

———— ), fort,a,B >0,
t—l—\/ﬁ+t2>

if t; and t9 are distinct positive numbers, the values g(t1, «, 3) and g(t2, @, #) uniquely
determine « and . If one can first show that (3.77) is indeed a genuine asymptotic
expansion, then this sort of approach would surely be useful in proving an analogous
theoretical result in the context of the problem of a two dimensional conducting scat-

terer.

228pecifically, the high frequency asymptotics must be known for all (&,7) € Vi N Va2, where Vi and
V> are complementary subsets of determinacy. A subset of determinacy V' is a finite union of open
subsets of S x §?\ {& = 5} such that the function (£,7) — 2=% maps V onto S*.

In—2a|
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Chapter 4

Rigorous norm estimates of the scattered field

In the previous chapter we derived a formal approximation of the scattered field when
p — 0 and w — oo in such a way that A\ = wp — oo based on a geometric optics
approach. This first step toward proving a rigorous asymptotic estimate is to show
that the scattered field is bounded in some Sobolev space as p — 0, for then we would
know that a subsequence converges weakly to what would surely be the asymptotic
limit (cf. Chapter 2). This task turns out to surprisingly difficult. In this chapter we
will prove such bounds in the case where the scatterer is a disk. First we will use a

method based on separation of variables to establish a bound on

. 1/2

<1y |2
”uf)|7’:r0”H"(T) = Z ‘(uz‘r:ro)n‘ (14—77,2)20

n=—0oo

of order ,/p that depends on the incident field u®. (The order o here has no relation to
conductivity.) The circular geometry of the scatterer is inherent to such a method, so
there is little hope that it will generalize to arbitrary convex scatterers. Fortunately,
there is another method, one based on wave equation factorization and pseudodiffer-
ential operators, that is very likely to generalize. We present this alternate method in

the latter part of this chapter.

4.1 A bound via separation of variables

Let pug > 0, g > 0, and o9 > 0 denote, respectively, the magnetic permeability, the
electric permittivity and the conductivity of the background medium, and let pu > 0,

e > 0 and o > 0 denote those of the inhomogeneity pD, D = B(0,1). Let ¢ = pe =
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(e +io/w) and qp = po€o = po(eo + iop/wp). For simplicity, we write
q=a-+ib,

where a,b > 0. Recall the transmission problem: Given an incident wave u' satisfying
(A+qow?)u® = 0 in R?, the transmitted and scattered fields, uif and ug, are the unique

solutions to
Al + quug =0 (r<p),

(4.1a)
Auy, + qowQUZ =0 (r>p),
satisfying the transmission conditions
1 tr 1 s 7
;87"11'9 ‘r:p o % (arul)’r:p + Oru ‘r:p) ’ (41b)
. B .
uﬂr r=p UZ‘r:p + uZ‘T:p’
as well as Sommerfeld’s outgoing radiation condition,
Oruy, — in/qowu,, = Or=3?) asr — o0 (4.1¢c)

(here we have not normalized gy to be 1, as we did in Chapter 3).

Note: If we let v = %, the transmission condition for the normal derivative becomes

yaruff‘tp = (67"“/5?‘7«:;) + &«ui‘mp) .

For the problem (4.1) to be properly posed, we need only require a given q, qo, 7, w, p,
and a given incident wave u® satisfying (A + gow?)u’ = 0.
We suppose the incident wave has the form
o0

u'(r) = Z andn(v/qowr)e™?, (4.2)

n=—oo
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where {a,}52 _ satisfies

—00

Han}fe = lan*(1+ [n])* < o0 (4.3)

n=—oo

for some s € R (cf. (3.5) and (3.6) from Chapter 3). Recall from the proof of Theorem
4 of Chapter 3 that

o0

uf,:n_z:ooaan(wr) e n—zooﬂn o (V/qwr)e?, (4.4)
where
o VNI TN = VI TN T (/TN ",
VAL (TN I 3 JIN) — 1/ N Ha 00
=i (G ) 40
with A = wp.

4.1.1 Incident waves with finitely many Fourier coefficients

We will first study the case of where the incident wave u’ has only finitely many coeffi-
cients. To estimate the size of the scattered field uj, we must estimate the coefficients

an and B,. To do this, we appeal to the asymptotic properties of Bessel functions.

Lemma 4.1. Let c = a+ 103, with 3 > 0. Then for any integer n > 0, as 0 < t — 00,

e,@t i(l—a)t
H! (t)J(ct) = e (1+0@™),
eﬁtei(l—a)t
J! (ct)H,(t) = —iTﬁ(l +0(t™).

Furthermore, for each n € Z there exists a constant Cy, . > 0 such that for all t > 0,

At
[ (0) ()] < Cre
ebt

Ta(et) (O] < Cae
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Proof. We will use the Identity

Fp(2) = 5 [Fa1(2) = Faga(2)]

DN |

which holds for both J, and H,, and the asymptotic formula

Hy(z) = | G2 (140 as 2] - o0

Tz

[Wat44, §7.21]. We will also use the formula

[2
_ & i(z—nw/2—7/4) -1
Jn(2) = a1 —e (1 +O0(z ))
2
+ 214/ — e~ izmnm/2=n/4) (1 + O(z_1)> as |z| — oo,
Tz

which is valid in the annular sector {|argz| < =, |z| > ¢ > 0} (any ¢ > 0) with
c1 = co = 1/2. In the annular sector {0 < argz < 2m, |z| > ¢ > 0}, the formula, with
the branch of /- changed appropriately, is valid with ¢; = —1/2, ¢a = 1/2 [Wat44,

§7.22].1 Because of this, and because of the continuity of .J,, at zero, we obtain the

inequality
a(2)] < Oy | el (4.7)
=T 72| '
for all z € C.
We have
H),(t)Jn(ct) = = [Hn-1(t) — Hps1(t)] Jn(ct)

N — DN

[2 . ,
i(t—nm/2—m/4) | jim/2 -1
e [e (1 +O(t ))
_ein/? (1 + O(tl))} Jn(ct)

=iy 22 (1 0 (et

7t

!This discontinuity of the constants is known as Stokes’ phenomenon.
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Since f =Imt > 0, the asymptotic formula for J,, implies

1 2 :
_ = —i(ct—nm/2—m/4) -1
Jn(ct) 5\ g€ (1 +O(t )) as [t| — oo.
Therefore,
/ _ b i(i—o -1
H (1) nlet) = e (1+06™),

which is the first asymptotic identity. The proof of the second is similar. To prove the

first inequality, we use (4.7):

IO Inlet)] = | Las () = Joa ()] (et

<O 2] 2 elme
wt V wet

bt
(&
- Cn707 .

The proof of the second inequality is similar. O
We may now estimate the size of o, and 3, in terms of A = wp.

Lemma 4.2. Suppose v > 0, g9 > 0 and q = a + ib with a,b > 0, and let a,, and
Bn be defined as (4.5) and (4.6). Given any fixred n € Z, there exists a constant

D,, = Dy,(q,qo,7), independent of X > 0 and a,,, such that
lan| < Dylay)].

Furthermore, given any fired n € Z and Ao > 0, there exists a constant F, depending

on q, qo, v and Ao but independent of X and ay, such that for all X > Ag,
|Bn] < Enlag|e” ™ V4,

Proof. Using Lemma 4.1 with ¢ = ,/q/,/qo0 and t = | /qo\, we find that the denominator
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from (4.5) and (4.6),

Vo H,, (/a0 ) Tn (VG =7v/a T3 (VAN Hn (v/qoA)

_ VDOV A V) i(y/@—Re a)A -1
= (/! e e (1+0(™)

as A — oo. We also find, for the numerator from (4.5),

A(Im \/q)
WaTH (/N Tn (VTN = V@0 T4 (BN In (VAN € Oy ——

for all A > 0. Combining these, and appealing to the continuity of «, with respect to

A, we get, for all A > ¢ (any fixed ¢ > 0),

lan| = |a

W (VAN Tn (Vo) = Va0 In (V30N Jn (V3N ’
"V HL(@oN) Tn(GN) — 7/ Ty (VaN) Hu(y/@oM)

< Dlay|,

with D = D(n, q,, c). But from the proof of Theorem 4 of Chapter 3 (adapted slightly

to accommodate gy # 1), we see easily that
|| < Cq,qo,w)‘2|an|

for all n € 7Z and all A > 0 sufficiently small. It is therefore clear that D may be chosen
independently of ¢, and the desired estimate of || follows. The desired estimate of

|Bn| follows by a similar argument. O

Remark 4.3. The requirement that Im g be positive turns out to be unnecessary. We
will defer the proof of this until Remark 4.6.
We are now ready to present a bound on the scattered field in the special case of an

incident wave with finitely many Fourier coefficients.

Theorem 5. Suppose v >0, qo > 0 and ¢ = a +ib with a > 0, b > 0. Let the incident
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wave be of the form

u'(z) = Z andn(v/qowr)e? (4.8)

n|<N

for some fixed N > 0 and any coefficients a, € C, —N < n < N. Let (ultor,uf))
solve the transmission problem (4.1). Given any \g > 0, there exists a constant Cy =
C(N,v,4,q0,Xo), independent of p >0, w >0 and {a,}, such that for any ro > p,
s 1
let3 oy < O (mas fanl) == Jor wp > 2o,

In|< wrQ
(cf. Remark 3.2 of Chapter 3 for the L? estimate when wp is near zero.)

Proof. Using the bound on «,, from Lemma 4.2 (which holds even when b = 0; cf.

Remark 4.6), we get

],y I 2emy =27 D lowl? Ha(y/aowro)
In|<N

<C a 2 ax |H. 2,
< N|g|1§>]§{lan| }‘g‘l;]@\ n(v/qowro)|

The estimate follows from the fact that 0 < t ~— t|H,(t)|? is decreasing for integers

n # 0, and the fact that ¢t|Ho(t)|? < 2/m for t > 0 [Wat44, 13.74]. O

The optimality of the estimate is illustrated by Figure 4.1.

Remark 4.4. This estimate will not hold in general for incident waves with infinite
Fourier series, as seen in Figure 3.1 of Chapter 3. However, this estimate does imply

that

VP

Huz|7":7‘0HL2(T) < On|{an}| = forwp= Ao >1,

Vo

and this sort of bound is consistent with Figure 3.1 of Chapter 3, and with the formal
asymptotics performed later in that chapter. We conjecture that such a bound holds

for general {ay }nez € 1°°, with Cn replaced by a constant independent of n.
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in

Figure 4.1: Plots of \/w||u5|o5(0,p) HLQ(T)

(the truncated series of the plane wave e!“*" when 7 = (?)), for N = 10, 25 and 50. In all cases,
qg=242i,qo=1and y:=pg/p=1/2. Of these nine plots, the three that are solid correspond
to the scattering disk of radius p = 0.01, the three plots that are dotted to p = 0.004 and the
three that are dashed to p = 0.001. Each plot first reaches its asymptotic limit when w is on
the order of N/p; that is, when A ~ N.

as a function of w when u®(r,6) = 2nj<n Inlwr)e

4.1.2 General incident waves

In order to estimate the size of u; when u’ has infinitely many Fourier coefficients, we

must find bounds on |a,,| that are uniform in n. To this end, we have

Lemma 4.5. Suppose v >0, qo >0 and g = a +ib with a > 0, b > 0. There exists a

constant C > 0, depending on q but independent of v, qo, n, w and p, such that

Va0 Hy, (/a0 A) Tu(v/aA) = 1/a T (VAN Hi (Vao M) |

> ovbaP S vt @

for alln € Z and XA > 0. Furthermore, if we assume b > 0 then given any Ag > 0, there
exists a constant C, depending on q, v and Mg but independent of qo, n, w and p, such

that

[an] < Clan] (VI+ 0]+ (V@M ) [Ha(ya@N)| ™, (4.10)
1Bal < Clanly/T+ Tl n(vaN)| ™, (4.11)



for allm € 7 and A = wp > Ag.
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Proof. Let W = W(v,qo,¢q,n,A) denote the (Wronskian-like) expression we wish to

bound in modulus from below:

W= Vo HL (VBN T (VIN) — /2T (/2N Ha (20N,

By a well known identity for the Wronskian of J,, and Y;, [O1v97, Ch. 7, §5.2],

1 { V@, (VaN Ha(VaoN) } = Vi Wronsk(Ju(v/@oA). Ya (v N)
2
S

Using Green’s formula, and the fact that (A + ¢\?)v, = 0, where

vp(r,0) = Jn(\/a)\r)eme,

we get

VAT SINT D) = 5 Oty
1
27 Jop
1 , 1 .
= %HV%HLQ(B) + 27T)\/BAU”Un dz

_ 1 2 gA 2
= ﬁllvvnlly(g) - gHUnHm(B)-

(Orvp )y, do

Then, since

W, (v/g\) Hy, (Vo)

= VaoH., (vaoN) Hu(vaoN) | Ju(VaN) | = 1/@Ja(vaN) Jn (V) | Ha(vao M) |,

we obtain

i { WL (VI HA(VaN) } = 5 [T + 22 ol @V . (412)
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But since we may estimate

1 { WL (VI (Vo) | < ‘WHn(\/qT])\)Jn(\/&)\)‘

AW H(aoN) [ + (N

IN

it follows that

4bry
W > ?H%H%%B)-

Note: We could just as well have estimated

b W VIV IV | < T WP Haly @V + 5 (N[

By (4.12), this implies the bound

W[ > 2 |ntvaN| (4.13)

T Ho(yaoM)|

which holds whether b is zero or positive. We will remark on the significance of this

after the proof of Lemma 4.5 is complete (Remark 4.6).

Our task now is to show that
1+ |n|
2 2
lonllz2(m) = CmUMx@W , (4.14)
for some positive ¢ independent of v, qg, n, w and p. Since
1Al 225y = [a[A?|vnllL2(5),

by elliptic regularity estimates we get

a2y < € (Alalllvallzzm) + lonlmovz(om) )

< C (Wlonllzas) + 0+ 1)1 n(vaN)])
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The logarithmic convexity of Sobolev norms? therefore gives us

lonll 3.3y < Cllvallg2(s) llvnllL2(s)

< € (Wlonllzeg) + (1 + 121 In(VaN ) loallz2gs)

By the continuity of the trace operator from H'(B) to H/?(0B),

(1 + [0 Ja(vaN)? < CllvallF 2 om
< Cllonllin s
<c ()‘QHUHHLQ(B) + 1+ !n!)3/2|Jn(\/51)\)|) lonllz2(m)

1
<O+ (1)) onllZ2gs) + 51+ [DIn(VEN

From this easily follows (4.14), and thus (4.9). Now assume b > 0. It follows from the

formula (4.6) for 3, and the bound (4.9) that

21+X+1|n 1
1Bal < lan] = I

W e RVANY
< C|an‘\/r|n||<]n(\/a)‘)|_l7

for all m € Z and all A = wp > Ay > 0, where C depends on ¢, v and Ag but is
independent of ¢p, n, w and p. Hence (4.11) holds, and (4.10) now follows from the

formula

tn = (Budn(s/2N) — aan<\/q*oA>>W. (4.15)

Remark 4.6. Using (4.13) and the formula (4.6) for (3,,, we get the estimate

H, A
1Bl < Jag] Enly/B]

[Ja(v/aN)| -

’If ¢ € H*(Q) is fixed, the function s — log (||¢||z=(q)) is convex for s € (—o0, s0).



143

This combined with (4.15) yields the estimate
|an| < 2lan],

which holds for all n € 7, w > 0, p > 0 and ¢ = a + ib with a > 0 and b > 0. This
improves Lemma 4.2 and completes the proof of Theorem 5. However, these estimates

are not useful when the incident wave has infinitely many Fourier coefficients.

Though the estimate of a,, in Lemma 4.5 is, for fixed n, weaker than that of Lemma
4.2 (when A > 1), it is better suited as a tool for estimating the size of u; when the

incident wave has infinitely many Fourier coefficients.

Theorem 6. Suppose v > 0, qo > 0 and ¢ = a + ib with a > 0, b > 0 (note the

requirement that Im q be strictly positive). Let the incident wave be of the form

[e.9]

u'(z) = Z andn(v/qowr)e™? (4.16)

n=—oo

S

5) solve the transmission problem (4.1). Given

for some coefficients a,, € C. Let (uff,u
any Ao > 0, there exists a constant C = C(v,q,qo, Xo), independent of p > 0, w > 0

and {an}, such that for any ro > p and any s € R,

Il = O b orp2 2.

(cf. Remark 3.2 of Chapter 3 for the corresponding estimate when A = wp is near zero.)

3Here the s € R has, of course, no relation to the superscript ‘s’ in u,, which stands for “scattered.”
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Proof. Using Lemma the bound (4.10) from Lemma 4.5, we obtain

o
), sy =27 D0 lom[2(1 + [n])?* | aowro)

n=—0oo

1 | Ha(y/q0wro) |
< (O— 2 N 201 2s+1 172n\V 40% 70/
<Cofanf +C 3 (JanP(1+ )

= CAv
a2 nl)2s w 2|Hn(@wro)|2
#0 32 (Jonf0 0P g

1 2 P 2 p 2
< Crm|a0| + 070||{an}”hs+1/2 + C%H{an}nhs

P
< C%H{an}\liswz

Here, as in the proof of Theorem 5, we have used the fact that 0 < t — t|Ho(t)|?
increases to the limit 2/7 and the fact that 0 < ¢ — t|H,(t)|? is decreasing for integers
n # 0. We also used the bound |J(y/go))|? < 1, which is a simple consequence of the

well known fact? that 3 [.J,(t)|? = 1 for all real ¢. O

Corollary 4.7. With the same assumptions as in Theorem 6, we have that, given any
Ao > 0, there exists a constant C = C(7,q,qo0,\o), independent of p > 0, w > 0 and

{an}, such that for any ro > p,

WmmmMWUSCjZM%Hmm for wp > Ao,

Furthermore, given any s < —1 and any Ao > 0, there exists a constant Cs, depending
on v, q, qo, Mo and s, but independent of p > 0, w > 0 and {a,}, such that for any
To > P,

[5],y ey < Co Mol for > o

Proof. The first estimate is simply Theorem 6 with s = 0. The second estimate follows

from the fact that |[{an}||;-1/2-5 < Cs|[{an}||i for all § > 0. O

4This is simply Parseval’s equality applied to a plane wave on the unit circle.
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As stated earlier, we expect the stronger estimate

Wmmﬂmmgcj%M%MM (4.17)

to hold. Though we do not have a proof of this, we do have a stronger estimate than
that of Theorem 6, which we will prove in the next section using methods likely to
generalize to arbitrary smooth, convex scatterers (Theorem 8).

In the case of a perfectly conducting (sound-soft) circular scatterer, we can easily

prove the estimate (4.17).

Theorem 7. Let the incident wave be of the form
. e .
u'(z) = Z andn(v/qowr)e™?

n=—oo

for some coefficients an, € C. Let uj, solve the problem

Auy, + qow2u; =0 (r>p),
p=—u (r=p),

(Or — iv/qow)u, = o(r™'?) asr — .

Given any Ao > 0, there ezists a constant C = C(qo, o), independent of w > 0 and

p > 0, such that for any ro > p,

RS

H“Z‘r:mHm(T) <C :;H{an}uloo Jor wp = Ao.

ﬂ

(cf. Remark 3.3 of Chapter 3 for the corresponding estimate when wp is near zero.)

Proof. Since

’LL:;("”, 0) = - Z aan(@wp)meiRG

n=—oo
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it follows that

o0 H, wro)|?
gl ey = > lanFlanq*owp)l?M

< Conao ool + Cnro 3 laal I (Vawo). - (418)
In|>1

n=—0oo

For the n # 0 terms, we used the fact that 0 < ¢ ~— ¢|H,,(t)|? is decreasing for integers
n # 0. For the n = 0 term, we used the fact that 0 < t — t|Hp(t)|? increases to the

limit 2/7, and therefore

Ho(Vaowro)* _2 1 |Jo(Vaowp)l?

|
2 —
VOO H i) = 7 s [Ho(yawo)P

Since the continuous function 0 < ¢ + |Jo(t)|*/|Ho(t)|? is bounded as t — 0 and as

t — 00, it is bounded on (0, 00). We therefore have

Ho(mwro>|2<c 1 __C »

|
Ji wp)| o’
’ 0(\/% p)| ‘HO(\/(TOWP)P - \/qT]WTO - @AO To

The theorem now follows from (4.18) and the identity > |J,(t)|* =1, t € R. O

4.2 A bound via pseudodifferential operators

In this section, we explore an alternative route to L?-based bounds on the scattered
field in the asymptotic regime wherein A = wp > 1. A brief outline of this alternative
route follows: We find a factorization % = (ar — 15) (éb — D) of the rescaled Helmoltz
operator .2 := A + ¢)\? that well approximates .. The solution to the transmission
problem that results when & is replaced by .4 inside B = B(0, 1) (or, more precisely,
inside the annulus C = {z : 1/2 < r < 1}) is then equivalent to an exterior problem
with a sort of impedance boundary condition, involving a nonlocal operator on JB.
This means the transmitted signal is, in a sense, replaced by an impedance condition.
The approximate solution satisfying this exterior problem is then shown to satisfy the
desired L?-based bounds. Finally, we quantify the degree to which the solution to the

exterior problem approximates the actual scattered field, and thus prove that the actual



solution also satisfies the desired L2-based estimates.
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We will discuss how these methods may be extended to arbitrary smooth domains

of the form pD at the end of this section.

In order to work in a fixed domain, we introduce the rescaled variable R = r/p, and

let U'(R) = u'(pR), U (R) = ull(pR) and U*(R) = u}(pR). U" and U* are therefore

the unique solutions to

AU + g U =0 (R< 1),

AU® + AU =0 (R>1),
satisfying the transmission conditions

(8RUS }Rzl + 8RUi

1 1
;aRU” o | pe1) -

’R:l = 1

Utr‘R:l = US‘R:l + Ui‘R:l )

as well as the radiation condition
ORU® — i\/@o\U® = O(R™3/?) as R — co.

4.2.1 Factorization of Hemholtz operator in the unit disk

Denote by .Z the Helmholtz operator written in polar coordinates:

L = A+ g\
1

2 9% +¢q\* on (0,1) x T.

1
=045+ =0
R+R R‘|‘

(4.19a)

(4.19b)

(4.19¢)

(4.20)

In this section we find two pseudodifferential operators (cf. [Fol95], [Tay81] or [CP82])

on the Torus T = (0, 27)pe,, denoted D, and ﬁq, such that the Helmholtz operator .

can be factorized as

% = (0r + Dyg) (9r — Dy) + R,
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where the operator R2 is of order 0. To be precise, D, and ﬁq will each be functions
of R that assign, to each R, a pseudodifferential operator on T. To say that RS is of

order 0 means the symbol® o of Rg will satisfy
10" 00 (R, n, A, 0) || oo (1) < Crn (1 + |n|) ™™

for all nonnegative integral m. We will also need the symbol of Rg to be well controlled
in its dependence on .6 Our first step toward this goal will be to find an operator Dé

such that
& = (0r+ D}) (0r — D}) + Ry,

with Ré an operator of order 1. Then using the expression of the symbol of Ré, we will

find two operators Dg and 132 such that
% = (on+ D} + BY) (0 — D}~ Df) +
Denote by C the annulus
C={(R,0) : 1)2<R<1,0€T}.

In the two variables R and 0, we say that o is the symbol of the operator & if

1 > > * in (60— 7, —
Ou(R,0) = i > /_OO /_OO/TU(R,H,f,n)e (0=9) i (H=9)4,( S, 9) A dS d¢

n=—oo

(4.21)

®0 is the symbol of the operator & if, and only if, Ou(9) = 377 0(6,n)dne™ for all u sufficiently
smooth. Here, 1, = i fT u(@)eﬂ'”ede_

8Since the gA\? term in the Helmholtz operator .Z comes from the second derivative with respect
to time in the wave operator, the problem of finding a factorization of £ with the (zeroth order)
error well controlled in its dependence on A could be thought of as the equivalent problem of finding a
factorization of the wave operator with error of order zero.
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for all smooth and rapidly decaying” u defined on (—oo,00) x T. Now, any smooth u
defined on C can be extended to a smooth and rapidly decaying function on (—o0, 00) X

T. For such u, we have

1 > > * in (60— i, —
Zu(R,0) = (s 3 /OO /OO/TOZR,Q (e (6-9) it (R S>) (S, 9) dv dS de.

n=—oo

Therefore, the symbol 0 of £ in Cis: for A\>1,ne€Z, Re[1/2,1] and £ € R,

og(n,R,EN) = € — ]Ti +g)\ + %.
Define the symbol
dg(n, R, \) = ;‘; — g2,
where /- is the principal square root:
Vz=1/]z[eA®/2 5 < Argz <.

Accordingly, Re dé > 0. We then have the following factorization of o¢:
_ (s 1Y (: 1 i§
Oy = (zf —|—dq) (z§ — dq) + ik
Denote by D; the operator whose symbol is dcll and by Ré the operator of order 1 defined
by

Ry =% —(0r+ D,)(0r — D})

—~ ¢ — (0% - DyD} ~ [0r, D}] ).

"0 u(S,¥) must decay faster than |S|~* as |S| — oo for all orders m and I.
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The symbol of Ré is then

i€ d oy
O-R}IZE_‘_@dq
_ig
TR OB

Now we seek two operators D2 = Op(dg) and 139 = Op (52) such that

R) =% — <6R+D;+bvg) (8R—D;—Dg)

is of order 0, with its symbol 7’2 independent of & and well controlled in its dependence

onn, R and A > 1. A simple computation leads to
0 1 1( 0 0 0 0 0 70 0
Ry =R, - <_Dq(D8 +Dy) + (D§ = Dy)Or — [0r, Dy] — Dqu> ’
and therefore

~ ~ d ~
0 _ 1 0 - 0 0 0
ry = oy — (= dyldy + d}) +i€(d) — ) — df — dfdj).

Naturally, we define d2 and Jg by the following system:

d) —d) =1/R,
&+ d) = }23?(531)2'
Solving, we find
% = s
q

1/1 n?
=5\ B T @2 )
2 \R " R3(d})
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We now define the symbols d, and &; by

dg = dj + dy,

h-di+

or, more precisely, for n € Z, R € [1/2,1] and A > 1,

[ n? 1
dq(n, R, )\) = ﬁ - QA2 + 2_Rn2q_q7 (422&)

R2)\2
[ 2 1 n?
~ n -5
R2)\2

We set D, = Op (d,) and IN?q = Op((ilvq). Since d4 and c;lvq are independent of &, for each

fixed R these operators act on functions defined on the torus T. Let us define % by
%o = (0r + Dy) (Or — Dy), (4.23)
so that

d ~
OCy_g = @dg + dgdg
g (4 qR2XNY) | g\ (n® — qR?)\?/2)
- 2(n2 _ qR2)\2)2 2(n2 _ qR2)\2)2
n? q
g (3

R (,\g12%2 - q)g‘

As a result, since b # 0, there exists® a C' depending only on b/a such that for all
Re[1/2,1] and A > 1,

oy_g| <C. (4.24)

Therefore, we have

8Take C = max;>o ‘4(1 +ib/a)(t + %)/(t -1+ ib/a))2|.
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Lemma 4.8. There exists C' depending only on b/a such that for all v € L?(C),

1(Z = Zo)vlirzc) < Cllvlirz(c)-

Remark 4.9. o0y does completely factorize (without remainder) as

oy = <i§+ %(1 +/T+4(n? — qRW)))

X <i£— %(— 1+ /1 + 4(n2 —qR2/\2))>.

However, this factorization will not meet our needs. For if £y is defined to be the

operator
£ = (GR —{—f)) (03 — D),

where D has symbol

1
O~ = —

5=5p (1+v/1+4(n2 — ¢R2)2))

and D has symbol

1
op = ﬁ(— 1+ /1 +4(n? — qR2)2)),

then (4.24), and therefore Lemma 4.8, will no longer hold.

4.2.2 Properties of d, and CZ;

In this section we present some essential properties of d, and CZ]. The first is a simple

consequence of the definition (4.22a) of d, and the fact that Im ¢ # 0.

Property 4.10. Upper bound for |dg|.
There exists a constant C > 0 depending on q (= a + ib with a,b > 0) such that for all

Re[1/2,1], n € Z and X > 1 we have
|dg] < C (In|+A). (4.25)

(We also have that ‘Jq‘ < C(|n|+ A), but we will not need this bound.)
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Property 4.11. Lower bounds for Red, and Re (,jq.
There exist constants C > 0 and \g > 1, both depending only on q (= a + ib with

a,b>0), such that for all R € [1/2,1], n € Z and X\ > Ao we have

Re{d, (n, B, \)} > C' (A +|n]), (4.26)

Re {d, (n,R,\) } > C (A +nl|). (4.27)

Proof. We will prove only (4.26), the proof of (4.27) being similar. Let s = SO

n2
R2)\2»
that (4.22a) becomes

1 g
dq—A\/S—Q‘i‘ﬁs_q.

Write this as

1 1 q A
dy=M=vs—q+ — AsTq.
“ (2 s q+2R)\s—q>+2 54

A

1

To complete the proof we will demonstrate that Re A > CX and Re B > C|n|. Observe

that

Revs—q>Reyv/—q>0

for all s > 0. Observe also that, since Imq # 0, by simply choosing Ag sufficiently

large the term ﬁﬁ can be bounded uniformly in s > 0, R € [1/2,1] and A > \¢ by

an arbitrarily small bound. It follows that there exists a C' > 0 and a Ag > 1, both
depending only on ¢, such that

ReA > CA.

Now observe that

igg{Re V1 —q/s} > 0,
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which implies that

ReB:g';’{Re\/l—q/s (for [ #0)
> Cln|
for some C' > 0 depending only on gq. O

Upper bound for Im(d,)

We denote by d and v the following functions:

Vi >0, v(t)=+1-qt?

Vn € Z*, ¥t >0, d(n,t)=|n|v(t) — (1 - 1/v%(t) /2.

Property 4.12. Upper bound for Imd,.
There ezist constants C > 0 and Ao > 1 depending only on q (= a + ib with a,b > 0)

such that for allm € 7 and A > Ag,
Im{d,(n, R, )\)HRZI < —CAmin(1, A/|n|).

(When n =0, we take min(1,\/|n|) =1.)

Proof. The case n = 0 is immediate, so we assume n # 0. Define for ¢t > 0 and n € Z*

the functions

so that
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Since Im(1 — ¢t?) < 0 for all t > 0, we may write
v(t) = pe?, —m/2<60<0,
so that

T {d(n, )} = |n|psin(0) — S2C0)

. 2p2
- Slzge) (In|p® — cos(0)) .

To prove Im{d,(n,1,\)} = Im{d(n,\/|n|)} <0, it suffices to prove there exists a A\g > 1

such that for every integer n # 0 and all A > A,
In|p® > 2.
Since
v = (1—at?)” + b2,

there exists a to > 0 depending only on ¢ such that for all ¢ > ¢, |v(t)|* > 2. Moreover,

a simple calculation shows that
Vi >0, |v(t)]>

Therefore, if [n| > 2[(a® + b2)/ab]3 then Im{d(n,A/|n|)} < 0 for all A. Otherwise, we

simply choose A\g such that
Ao > to2[(a® + %) /ab]’.

We now have that Im{d,(n,1,\)} < 0 for n # 0, A > Xg. To finish the proof we let
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t = \/|n| and observe that for A > X,

1 sin(6) [nlp?
—Im{d(n t)} < N2 9
%Im v(t).
Since
Im v(t \/\/ 1 —at?)? + b2t4 — (1 — at?),

the continuous and strictly negative function

F(t) = max{1, l/t}%lm(y(t)), 0<t< oo,

satisfies
f(t) — const(q) <0 ast— 0,
f(t) — const(q) < 0 as t — oo,
and therefore has a strictly negative supremum on [0, 00). O

4.2.3 The factorized problem: approximation of U

In this section we suppose we know U (or an approximation of U"") on B, which we

denote by g, and we study the solution U of the following Cauchy problem:

OrU — Dy(RYU =0 in (1/2,1] x T,
(4.28)

UR 0)‘1%:1 =g.

In Fourier space this becomes

d ~ .
ﬁU —d,U, =0 in (1/2,1),

~

Unlg=y = 9n;
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for all n € 7, which implies
Uy = oo~ Jrda(s)ds, (4.29)

Lemma 4.13. Let g be in H/?(T). Then the solution U of (4.28) is in H'(C) and

the following estimates hold for a constant C' > 0 depending only on q:

1

¢ l9lmem < IUlme) < VMgl 172y (4.30)
and

*HgHH vaemy < VAU 2oy < Cllgll2ery (4.31)

Moreover, for all s,0c € R there exists two constants Cs s > 0 and ¢ > 0, which also

depend on q, such that

1Ulr=1/2ll oy < Csoe™Mgllaecm)- (4.32)

Proof. After we prove these second inequality of (4.30), the first inequality will follow as
a direct consequence of the continuity of the trace operator from H'(C) into H/?(dB).

To prove the second inequality of (4.30), first observe that by the expression (4.29),

1 1 1
/ ‘ﬁn|2RdR§/ |(7n‘2dR _ ‘/g\n‘2/ e—zf}}{Re{dq(s)}dst’
1/2 1/2 1/2
1 1 1

/ \nﬁn{QRng/ InU,|*dR :W?/ n2e=2[rRelda(s) dsqp.
1/2

1
/ IBR(A]nFRng/ |8RU\dR !gn\ / R)|%e ~2 [ Re{dq(s)} dsq .
1/2

9Here o € R has no relation to conductivity.
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By Properties 4.11 and 4.10, there exists a C' > 0 such that

1
/ 2 [A Re{dy(s)} sy g <
/2 = nl+ N

1
/ e ThRelda(s)} dsq R < | C[n
/2

1
/ dg(R)Pe 2 [xRelta} dsqR < € (n] + ).
1/2

We have therefore proved

/|U\RdR<|| N
_ Cn?
U, "RdR < n| 5
/1/2‘” fRaR < sl

1
/ 0rU,|*RAR < C(|In] + N 3],
1/2

hence (4.30).
We now prove (4.31). By the expression (4.29) and Properties 4.10 and 4.11, there

exist constants C1,Cy > 0, both depending only on ¢, such that

‘§n|6701(|n|+>\)(173) < ‘ﬁn‘ < {gn‘efcz(lnH)\)(l*R).
Consequently, there exists a C' > 0 depending only on ¢ such that for all A > 1 and
n € 7,

2

)

ngl Tu(R)’RAR < — 50

which implies

1 ‘/g\n|2 /1 - 2 ~ 12
= <A Un(R)|"RAR < C|gn|,

which in turn implies (4.31). As for (4.32), we observe that

-~ ~ =1 dg(s)d
Un|R=1/2:9n6’ Jiy2da(e)



159

By Property 4.11, there exists a ¢ > 0 such that

e~ f11/2 dq(s)ds| e—clInl+A)

Since, given any s,0 € IR, there exists a Cs, > 0 such that
|n|o—s€—c|n\ < Cs,o’

for all n € Z*, estimate (4.32) follows. O

A natural way to extend U into By /5 := B(0,1/2) is by defining it to be the solution

to the Dirichlet problem

AU+ ¢gXNU =0 in By,
(4.33)
U =U" on 0By 5.

Lemma 4.14. Let g € H'/2(T) and let U solve (4.28) with the extension (4.33). Then
for every s,0 € R, there exist constants Cy, > 0 and ¢ > 0, both depending on q but

independent of s, such that
U110 (5 ) < Coe™ Nl (4.34)
and
10RUl e 2l o my + 108U acr 2l o ey < Coe™ lgllgraery - (435)

Proof. (4.34) is a consequence of (4.32) and standard elliptic regularity estimates. As

for (4.35): the estimate

107U =12 oy < Coe™ Mgl oy
(T)

follows from the continuity of the trace operator from HU+1/2(Bl/2) to H?(0B; 9) for
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o > 1/2, and the estimate

H31J;U|R:1/2HHU o < Coe™ 191l s ()
(T)

follows by first observing that HEU = D,U" at R =1/2, then applying (4.32) and the

fact that |dy| < Cy(|n| + N). O

4.2.4 Approximation of U?

Let (V" V) be the approximation of (U, U®) that satisfies the following analogue of

problem (4.19):

AV 4+ AV =0 for (R,6) € (1,400) x T, (4.36a)

ORV" — D, V" =0 for (R,0) € (1/2,1) x T, (4.36b)

with the transmission conditions

1 1 ,
;aRVtr|R:1 = % (8RV8’R:1 + 8RU’|R:1) , (4.36¢)
VT gy =V et + U s (4.36d)
and the radiation condition
(Br — i@V = O(R™3/?). (4.36¢)

The fact that problem (4.36) has a unique solution can be seen, for instance, by first
expanding V* and V" as Fourier series then noting that the transmission conditions

uniquely determine YA/n“” for each n € Z. Combining the transmission conditions,

‘R:l

along with the impedance relation

ORV"| ey = DV | oy =0,

lp=
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yields the following boundary condition for V*:

ORV® oy —OrR U | 5, - (4.37)

Ho Ko i
_—=—=D,V*_  —=—=D,U"
}R—l 1 v |R=1 1 q

This brings us to

Remark 4.15. The transmission problem (4.36) may be equivalently formulated as

follows. Let V* be the unique solution to the following exterior problem with impedance

condition:
AVE 4+ A2V =0 for R > 1,
Ho s _ _ Ko i -
(aR ’ Dq)V - (aR ’ Dq)U for R =1, (4.38)
(Br — i@V = O(R™3/?) as R — oo.

Then, with this V*, let V" solve

ORV" — D, V" =0 for (R,0) € (1/2,1) x T,

Vtr‘R:l = VS‘R:l + Ui‘R:r

For convenience, we extend V' into By /2 by defining it to be the solution to the

Dirichlet problem
AV” + q)\2VtT =0 n B1/27

(V=™ = (WV™7* on 0By /3.
We will soon demonstrate that this approximation V* of U® satisfies the H~1/2 bound

we seek for U?%. But first we will need

Lemma 4.16. Let g be a given function in H° (T), 0 > —1/2. Let V* be the solution

of the following problem:

AV + A2V =0 for R > 1,

ORV?® — (po/pm)DgV*® =g for R =1,
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with the radiation condition
(Br — i@V = O(R™3/?).

Then there exists a constant C' = const(q, pu/po) > 0 and a Ao > 1 depending on q such

that for all X > Xg,

. 1 1
IV acsley < € (Flsllnocn + Sglsllnssacn ) -

Proof. The I** Fourier coefficient ‘A/ns of V* satisfies the following ordinary differential

equation:
Ld (pd oy e (o ™ Y0520 for1<R<oo (4.392)
drR \""dR'™ O maz) T ’ '
d s fo, 5~
V- 2=d,VS =7, at R=1, 4.39b
dR n u q'n gn a ( )

with the radiation condition as written in Fourier mode,
ARV — i/qoAV? = O(R3/?). (4.39¢)

We multiply (4.39a) by the conjugate of R‘A/,f and then integrate over R € [1,+00).
Then integrate by parts using the boundary condition (4.39b) and the radiation condi-

tion. After taking the imaginary part of the resulting equation, we obtain

Am(y/a) lim (R|V:[) - %Im(dqmzl)}?jmzlf =1 (GaV; ]y ) -

R—+o00

Therefore, since Im(/qo) > 0 and Im(dg|r=1) <0,

K/ o ~
/ [l

S e M
Vn ‘R:l) B Im(dq|R:1

By Property 4.12, there exists a constant C' and a A9 > 1, both depending on ¢, such
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that for all A > g,

and therefore

|n|2cr

R 2 |n|2a |n|2a+2 o
Vﬁg‘R=1‘ SCq,u/#o( 22 + 2\ nl”-

In the context of problem (4.36),
Ho i
Using the bound dy|p=1 < C (A + |n|) ( Lemma 4.10), we find
9l =) < C (MU r=1 Lo vy + 1T | R=1 o +2 (1)) + 10RU |R=t [l 1 (1), (4.40)

where C' depends only on ¢ and po/p. To express this bound in terms of {a,}, where

Zan \/7)\R m@
lEZ
we use the following
Lemma 4.17. For all ¢ > 0,
HUZ‘R 1HHU < Cooo N [{an} i<, (4.41a)
10RU 1=t 1oy < Cano A H{anHlie: (4.41b)

Proof. The second inequality is an easy consequence of the first inequality and the

identity

2J)(2) = ndn(2) — 2Jpy1(2).
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The first inequality will be a consequence of the identity

= (Jn1(2) + Jnga(2)). (4.42)

ndnp(z) = 5

By repeatedly applying (4.42), we find that for any positive integer m,
m |z " (m
[n]™[Jn(2)] < | In-mi2;(2)],
Jj=0 J
which implies

T (2) P < Conl 2™ [T (2)
j=0

which in turn implies!® (4.41a) for o = m.
The case of non-integral o > 0 follows by choosing any m > ¢ and using the

interpolation inequality

7 inl—o/m i|o/m
1T N ko ) < IO oy 10 Ny O

Remark 4.18. Note that this proof of Lemma 4.17 requires that o > 0. In section

4.2.7 we will find a bound in the case where o = —1/2 and U' is a plane wave.

Consequently, for o > 0,

g1l 7 (my < C( A7 {an e,

4,490,014/ 1h0)

and thus

IV actllnecry < G ( Slalliecn + slolluencn)) (1.43)

< C(q7qo,a,u/uo))‘aH{an}Hlm-

"Here we use the well known fact that 3~ |J,(¢)|? = 1 for all real ¢, which is simply Parseval’s equality
applied to a plane wave on the unit circle.
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We have therefore proved

Proposition 4.19. Let (V",V*) solve problem (4.36) with the incoming wave U’ sat-

isfying

Zan \/>)\R m@

leZ

for some sequence {a,} € [°°. Then for all o > 0, there exists a constant C' depending

only on q, qo, 0 and p/po, and a Ao depending only on q, such that for all A > X,
IV r=1llgro ) < CA[{an} 10
In particular, we have
Vo r=1llz2(r) < Cll{an}ie- (4.44)

4.2.5 The main estimate

Before proving our main theorem, we need the following

Lemma 4.20. Let ¢ = a + ib with a,b > 0. Suppose u € H'(B) satisfies
Au+ Nqu =0, in B.

Then there exists a constant C > 0 and a A9 > 1, both depending only on g, such that
for all X > X,

lulr=tll =12y < ON2lull2(m)

Proof. Let us denote by g the trace of u on the boundary R = 1. Let v be the solution

of the factorized problem:

Orv — Dy(R)uv =0 1in C,

v=g at R=1,



and in Bl/27

Av+Ngu=0 in By s,

v =vt at R=1/2.
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By applying (4.31) from Lemma 4.13 with U = v, the proof is finished if we can show

[0llL25) < CllullL2(s)

(4.45)

for X sufficiently large. Recall that £ denotes Helmholtz operator while % denotes its

factorization to order zero (4.23). Let w = u — v. w then satisfies

Aw+ Nquw=— (% - %)v inC,

Aw+ Nquw=0 in By,
with transmission conditions

w” =w" at R=1/2,

Opw™ = Opw™ 4+ Ogv™ — v at R =1/2,

and boundary condition
w=0 at R=1.

From this we calculate

/ (= |Vw]* + Nqlw|?) dz = / (Orv™ — Opvt)wdo
B 831/2

—/C[(.f—fo)v]wdx. (4.46)
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Using Lemma 4.14 with U = v and s = 0 = —1/2, we get
‘ / (Opv™ — Ogvt)wdo| < CC_C/\HU”H—l/?(aB)”w||H1/2(BB)
0By /2

< Cﬁe’c’\HvllL%C)||U’HH1(B)’

where the second inequality follows from estimate (4.31) from Lemma 4.13. Then since
&L — % : L*(C) — L?*(C) is bounded independently of A (Lemma 4.8), by taking the

imaginary part of (4.46) we find

C
lwlZem) < TQqHUHLQ(C)HwHHI(B)-

Appealing to (4.46) a second time therefore yields

lwll () < Cyllvllze(cy-

which, combined with the previous inequality, yields

C
lwllz2By < TqHU”m(cy

Since ||v[|z2p)y — llullz2(s) < llwllz2(p), (4.45) now follows by choosing A sufficiently

large. O

Corollary 4.21. Let ¢ = a+1ib with a,b > 0. Suppose f € L?(B) and u € H'(B) such
that

Au+ N2qu= f in B.

Then there exists a constant C > 0 and a Ay > 1, both depending only on q, such that
for all A > Ag,

1
lulactlln-irry < A (el + g5l )
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Proof. Let u® € H}(B) solve Zu’ = f. We write this equation in the Fourier mode:

- .0 2. 52/p2)y,0 _
dR<RdRun)+(>\q n/R)un fn for0< R <1,

—

wl, =0 atR=1.

Multiplying by Ru9, integrating over 0 < R < 1 and then taking imaginary parts, we
find

1/2

1 1/2 1
b\ (/ |u0n]2RdR> <</ |fn|2RdR> ,
0 0

and therefore,

1
[0 r2() < mz I flle2s)-

The corollary follows by applying Lemma 4.20 to u — u®. O

It remains to be shown that V? is sufficiently well approximated by U?®, so that
the Sobolev bound of Proposition 4.19 on V¢ applies to U® as well. This will be

accomplished in the following

Proposition 4.22. Let U’ be an incident wave of the form

U'(R,0) =) _ anJn (@oAR) €™,

nez

where {a,} € 1°. Let ¢ = a+ib with a,b > 0. Let (U",U®) be the solution of problem
(4.19) and let (V" V) be that of problem (4.36). Then there exists a constant C' > 0

depending on q and a Ay depending only on q such that for all X > Xq,
T 7=l 12wy = ClVO Rzt 27y
Proof. Denote by W* and W the following fields:

Ws — US o Vs, Wt’l’ — Ut')" o Vt'/"



They satisfy

AW' 4+ gN°W" =0 for (R,0) € (0,1/2) x T,
AW 4 gN2WT = — (L — L) VT for (R,0) € (1/2,1) x T,

AW + goA2W* =0 for (R,6) € (1,00) x T,

with the transmission conditions

OpW = 0pW + OpVI" — 05V at R=1/2,

(W) = (win)~ at R=1/2,

and . )
ZORWT = —9pW* at R=1,
I 1o

Wi =W at R=1,

and the radiation condition
(Br — i@V = O(R™3/?).
Claim: There exists C > 0 such that

NbIW 128y < CIV |10
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(4.47)

To prove this, note that because W' and W# solve the above transmission problem,

we have

_/ |thr|2+q)\2/ |Wtr‘2
B B

_ / (& — 2y T — [ oW do
C 0B

+ /T (8;3‘/“"‘1%:1/2 - af_fv”’R:l/Q) W p_y /5 d6,

(4.48)
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and for any R > 1,

—/ |VW5|2+qu2/ |W512=—/ O WWs do
A A 0A

= — O, WsWsdo + O,WWsdo

OBRr oB
= —i\/qT)/\/ [W*|?do + O(R™3/?)W* do
0BRr OBRr
LB o W do,
K JoB
(4.49)
where A = Br \ B . Taking the imaginary part of (4.48) yields
DAY [W 1225y = — Im {/ (& — c%)vtr]wtr} - Im{ o,Wirwir da}
C oB

2 -
+ Im {/o (aEVtT‘R:uz — 8’;‘/”\321/2) W\ g1/ d@} ’

and taking the imaginary part of (4.49) yields

tnfao}A? [ WP = = TG 2 o,
+ lLOIm{ aVWtrW” da} +O(1)R—>OO7
H B
which implies
Im { o, Whtrwir da} >0,
0B

since Im{qo} and Im{i,/qo} are positive. We therefore get

N s ) < \ iz - gy

+ ‘/T (aEVtT’Rzl/Q - a}_%VtT|R=1/2) W gy d9‘ :



Thus, for any s > 0,

NBIW T T2y < 1L = L)V |l 20 W | 22y

+vt7‘ - aévt?"

’R:l/Z |R:1/2‘

According to Lemma (4.8),
(£ = Z)V " (o) < Cy HvtTHB(C)’
and by Lemmas 4.14 and 4.13, there exists a Cy s > 0 such that

Moreover, according to Lemma 4.20,

+Vtr < C’qﬁe_c’\ Hvtr

‘R:I/Q B 8I:BVI:T‘R:1/2 HL?(C)

H>(T)

W ol 172y < VAW 5,

The Claim (4.47) follows by combining the last four inequalities.

Thus, for some constant C depending on ¢, we have

C

W 20y < 351

V7 l12(0)s
hence

U™ 228y < CIIVTllz2(c)
Now, by Lemma 4.20,

WIIU”!R -2 SN0 p2my »

and by Lemma 4.13,

IV L2s) V¥ l=t oy

<2

HS(’]I‘) HW”‘|R:1/2HH75

(T)”
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Putting the previous three inequalities together completes the proof. O

Recall estimate (4.44) (that is, Proposition 4.19 with ¢ = 0):

HVS‘R:1HL2(T) < CH{an}Hl"o

From this and Proposition 4.22 it follows that

10| r=1llzr-12(0m) < Cll{an}ie-

We are now in a position to state and prove the main theorem of this chapter. For
convenience, we will assume the background medium is non-conducting, i.e., that ¢qq is

real and positive.

Theorem 8. Let ¢ = a + b with a,b > 0, and let g9 > 0. Let (uff,uf)) solve problem

(4.1), with the incident wave u' of the form

Zan (Vqowr) €.

neZ

There exists a constant C' = const(q, qo, it/ 1o) > 0 and a A\g > 1 depending only on q

such that, for any p > 0 and w > 0 such that wp > Ao, and for any r > p,

7
wvscry < CLE el

H“Z‘aBT

Proof.

Hy,(\/qowr) 2
H—-1/2(T Z P‘\x| =p nﬁ\/*op)

n

&

/(1 +n)

olos, Iz

p
< qu; HUZHH*1/2(aBP)

p 2
= qu; ”USHH—l/Q(aB) I
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where the inequality follows from the fact that for n # 0,

2
<

'Hn(@wr)
Hn(\/%‘*’ﬂ)

p
7"’

and for n = 0,

Hy(y/qowr) ‘2
Ho(y/qowp)

2 P Vaowr ‘Ho(@wr)

" aowp | Ho(y/Gowp)
P 2/7

" /a0 | Ho(\/40)

’ 2

[

since the function 0 < ¢ — t|H,(t)|? is decreasing for integers n # 0 and increasing
for n = 0 (to the limit 2/m) [Wat44, 13.74], and since we are assuming A = wp > 1.
The theorem follows from Proposition 4.22 and Proposition 4.19 (see the remarks just

before the statement of this theorem). O

4.2.6 A refinement of the bound

Numerical evidence'!' suggests that, for a fixed ro > p,

lusllz208,,) < Cvp  as wp — oo,

and this is indeed the bound we found for Hu ) in Theorem 8. The nu-

lrero

plr=ro | H-1/2(T
merical evidence, however, suggests that the optimal bound on the H~/2 norm should
decrease as omega grows. In testing, this bound appears to be of the order such that

C log s 1 logA

as A = wp — 0
(see Figure 4.2), which is a stronger bound than that found in Theorem 8. While we
have not yet found the optimal bound, we do have the following

Theorem 9. Let ¢ = a + ib with a,b > 0. Let (uff,u;) solve problem (4.1), where the

See Figure 3.1 in Chapter 3.
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Figure 4.2: The left frame is a plot of ||uZ|T:2||H,1/2(T) as a function of w. The right frame
is a plot of s(w)HuZ\TZQHH_l/Q(T), where s(w) = /w/(logw)®™™. Here we have taken qo = 1,
q1 = 4+ 4i, y:=po/u = 2 and p = 0.004. Numerical evidence suggests that (logw)®8//w <
HUZ|TZ2HH*1/2(T) < (logw)? ™5 /\/w as w — oc.

incident wave u' is a plane wave,
u'(r,0) = eVawowrn -y e R? satisfying In| =1,

and where qy > 0. Then there exists a constant C' = const(q, qo, it/ 10) > 0 and a Ao > 1
depending only on q such that, for any p > 0 and w > 0 such that wp > Ao, and for

any r > p,

1/12
P a P
< Cw5/12 o C)\5/12‘

e

S
P’BBT H=1/2(T)

To prove this, we simply improve the bound on HVS\ Rle H-1/2(T) found in Propo-

sition 4.19, and use the estimate

HUS|R:1HH—1/2(’]I‘) = CHVS|R:1HH—1/2(T)

(Proposition 4.22), just as before. To improve the bound on HV“’]R:;lHH,l/Q found

(T)
in Proposition 4.19, recall that we have shown, using Lemma 4.16, that for o > —1/2,

. 1 |
IV actllnecry < G ( Slalliecn + slolluencn) )
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(inequality (4.43)), where

Mo i
Then since
91l tzo(ry < C (MU =1l o () + 10| 5=t | zro1(m)) + 1ORU | R=1 ]| 11 (1)
(inequality (4.40)), we have
s [ 1
IV rctlln-sary < Co (10 aeslg-vacny + 75 )

Here we used Lemma 4.17 and the fact that

!\F\‘

)\QHaRU |r=1llg-172(1) < U r=tll =172y

We therefore must find a bound on |]Ui|R:1||H71/2(T).

4.2.7 Estimating the incident wave via stationary phase

By rotating the coordinates, we may assume n = ((1)), so that
Uz(x) — ei\/qio/\Rsiné'

Now we use the method of stationary phase: as A — oo,

2
2 0 )
”UZ|R:1||§{—1(’]I‘) S C/ / ezmASlntdt de
0 0
orC [ O o
= \/q>0)\ / }e (A—7/4) + X[37r/2727r]€ (A—7/4) do
0

+O0(\3?).
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By interpolating between H ! and L? we therefore get
‘|Ui|R:1||H—1/2(T) < qu)\_l/4.

This is a rather rough estimate, but it can be improved by appealing directly to an
oscillatory integral expression of ||U¢|| H-1/2(T) 01 which to perform a stationary phase

analysis.

Proposition 4.23. Let (V,V*) solve problem (4.36) with the incoming wave U* sat-

1sfying

Ui (iL') _ ei\/(TO)\??'l’

with |n| = 1. Then there exists a constant C' depending only on q, qo, p/to and a Ao

depending only on q such that for all X > A,
IV et llg-1/2m) < CAT2.
Proof. Define the function F' on T by
F(o) = / (Ulazi(r) — T5) dr + T
0
so that

WU retlli-ary = 1]y

’ff equFAsins d5’2
= d¢ do
L

(see [Gri85] or [AdaT75]). For simplicity, assume go = 1 and let

0
1(t,0) —/ eAsins g,
t

From the Figure 4.3 representing T?, let A denote the the unshaded region, D; the

lightly shaded region, and Ds the darkly shaded region. For (¢,60) € A, it follows from
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Figure 4.3: T?, where the shaded region around the diagonal is {(t,0) € T? : |t — 0| < §}.

the method of stationary phase that

I,

|1(t,0) |2
=02 _)\

VA=

|t =0

(5)\

(details omitted; cf. Lemma 3.8 of Chapter 3, or Chapter 3 of [Olv97]).

For (t,0) € Dy with § <t <6+,

ei)\sins s=0 1 0o sin s
T — - iAsin s d
(t,9) 9 N P + i)\/t ¢ cosZs
so that
C 1 1
t,0 — (1 -—— ).
(. 6) )\<+COSG cost)
Therefore,
/9+5 |I(t,9)’2 4 < C ( 1 N 1 >/9+6
— — max — —
0+1/(5)) |t — 62 ~ A2 (tp)eD, \cos?t  cos?d 04+1/(5)) |t — 02
11
< CF 52 oA
C
< —
Ry

(4.50)

1
dt
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t=m/2

1 1
2N 53

Figure 4.5: Close-up on T.

Since I also satisfies
[1(t,0)] < |t -0,
it follows that

// t0|2
D, '™ _(5>\

For the region Dy, we need only consider the shaded triangle T" from Figure 4.4. That

is, for some constant C,

// I(t,0 |2 <C [1(t,0)
Dy [t—02 = T |t—0P"

Let T = TyUT,UTs as in Figure 4.5. Clearly,

// t9[2
n lt— '™ _6/\
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To unclutter our notation, let @ = 1/(63\) and b = 1/(62)). Using the method of

stationary phase, we get

/ 10 /ﬂ/2 / apdt
T ‘t_9’2 N )‘ 7r/2 aJm/2— 5‘t_9’2

<5 e <b t—(}2—5)> &
N % (b Hog(l_S))
o3 (3-3)
:C<51A <5i>2>
C
<5

Finally, using (4.50),

/ |I(t,0)]? < C/pr /ta I VN
 [E=02 7 A Jrasiatns2 5008215\75*9’2
O/‘ﬂ'/Q b /
— dédt
A2 Jrja—sta Jrja—s |1t—7f/2\2|1t—9|2
C w/2—b 1 b=t—a
_ 2/ . dt
A Jrpa—tva \ |t = 7/2[2(t = 0) |g—rj2_s

_C/W/H O
T sl m2P \a - (n/2-0)

IN

_C 1 log(t — (w/2 —¢)) 1
abY [a(ﬂ/z 0~ 5 S —n/2)
log(m/2 —)]™/*7
" 62 :|7r/25+a

a (a(51— a) 105g2a a 5(51— o log(gz_ a)>]

¢ (this holds if we assume 6° > log \/\?)

<
=~ Xab
< C6°.
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Since,

we let 6 = \~1/6 and conclude that

HUZ‘|R=1||H71/2(T) < CpQpA 12,

The proof of Theorem 9 is now complete.

4.2.8 Extensions and future work

Even though the proof of Theorem 8 (and Theorem 9) relied somewhat on separation
of variables, there is good reason to believe these methods can be modified to apply in
the case of a general convex scatterer (cf. the microlocal analysis performed in [LL93],
which relies on results found in [Laf92]). Once such bounds are established, they should
prove useful in the construction of asymptotic formulas (as p — 0) for the scattered
field that are valid over a broad band of high frequencies (see Chapter 2 for such a
construction when frequency is fixed.)

The impedance boundary condition satisfied by the approximate field V* (see Re-
mark 4.38) is also of independent interest, in that it may be a helpful tool in the search
for approximations to the scattered field that are better at high frequencies than that
found in Chapter 3. We compare that geometric optics-based approximation of Chap-
ter 3 with the approximation v, :=V?(-/p) in Figures 4.6 and 4.7. In Figure 4.6 it is

clear that the vy is the closer approximation. In Figure 4.7 we see this that this is still

S

true, though less pronounced, when Img is small. The approximation v;

is, however,
not very useful by itself: attempts to numerically compute the solution to the exterior

problem (4.38)12 will be computationally expensive, owing to the fact that the operator

12Here we are referring to the exterior problem when the scatterer is an arbitrary convex domain D
and the nonlocal operator D, on 0D is defined appropriately to account for the local geometry of the
boundary.
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(b) On the left: Re(uj) (bold) and Re ({u}geo) (dotted). On the right: |uj — {u)}eeo|. {u)}eeo is the
approximation of the scattered field uj, based on geometric optics (see formula (3.67a) from Chapter

3).

Figure 4.6: Plots on the right half of the scatterer r = p when the plane wave is incident at the
point corresponding to the angle —7 /2. Here we have taken ¢ = 2+2i,qo=1,y=1, p=10"1

and w = 106.

D, is nonlocal.'® Nevertheless, this impedance condition may potentially be used to

construct better approximation formulas. We cite relevant work developing on surface

radiation conditions (OSRC), notably [ABV01], [ABB99] and [ABO01], which improve

upon the prior work in [KTU87] and [Jon92].

13A discretization of D, by a finite element method results in a full matrix.
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Figure 4.7: As in Figure 4.6, but with ¢ = 2 4 i/50.
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