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ABSTRACT OF THE DISSERTATION

Sequential Analysis of Clustered Survival Data by
Marginal Methods

by Bo Hou

Dissertation Director: Professor Zhiliang Ying

Clustered survival data are a type of multivariate survival data with naturally formed
clusters so that event times within a cluster are parallel to each other and correlated.
Lee, Wei and Amato (1992) introduced a semiparametric model for the analysis of
clustered survival data that assumes event times follow a proportional hazards model.

Sequential analysis of clustered survival data arises in clinical studies in which pa-
tients are followed over time and interim analyses are performed. This thesis studies
the sequential analysis of clustered survival data with staggered patient entry by adapt-
ing Lee, Wei and Amato’s approach. It is shown that the two-parameter score process
converges to a Gaussian random field irrespective of the correlation within clusters and
staggered patient entry. The regression parameter estimator obtained at each time
point has the desired properties including consistency and asymptotic normality. A
consistent estimator of the baseline cumulative hazard function is also given. More im-
portantly, we propose a novel optimal weighting strategy. We show that the resulting
score process not only produces a more efficient estimator, but also has the impor-
tant property of (asymptotically) independent increments. The latter can be used in
conjunction with the well-known error-spending functions to construct proper bound-

aries in group sequential testing. Finally a sample size calculation formula is given for
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designing clinical trials with clustered survival time as the endpoint.
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Chapter 1

Introduction

The clustered survival data represent such a type of multivariate survival data that
there are naturally formed clusters and, within each cluster, multi-parallel event times
are observed. The event times within each cluster may be correlated due to the nature

of clusters.

1.1 Examples of clustered survival data

A typical example of clustered survival data is as follows. In a clinical trial experiment, a
medicine to help healing of wounds caused by type II diabetic mellitus is compared with
a standard wound care medicine. Instead of following one major wound per subject,
the trial tracks all eligible wounds of every subject until their healing or the end of the
study. The main focus of the trial is to compare the effect of the new medicine with
that of the standard wound care medicine on the healing time of wounds. Furthermore,
identifying factors that highly influence the healing of wounds is another major interest.
In this example each subject forms a cluster. There may be two or more event times
within each cluster if the subject has experienced more than one wound at the beginning
of the study or during the study. These event times are parallel to each other instead
of having natural time order between them. Another characteristic of the trial is that
every subject receives only one randomly assigned treatment for all his wounds, it is
not intended to compare the treatment effects within each cluster.

More examples of clustered survival data can be found in literature. In [25], Lee,
Wei and Amato presented an example of a diabetic retinopathy study, in which, patient
visual loss was studied. Patients took either oral sorbinil, or placebo, and, the time

from the admission of medicine to visual loss was observed for each patient, one for



each eye. Here again each patient forms a cluster.

More generally, survival data from clinical trials with subjects recruited from multi-
ple study centers can also be viewed as clustered survival data, with each center being
a cluster. Group life insurance of employees sharing a common environment at their
workplace, survival studies about married couples can all be viewed as clustered survival

data.

1.2 Modeling of clustered survival data

As a type of common and important data, clustered survival data have been studied by
many researchers. A major difficulty in analyzing clustered survival data is the modeling
of the within cluster dependency. Two major methodologies regarding modeling of
clustered survival data exist. One is based on the introduction of a frailty to each
cluster, known as frailty model or mixed effects model. Another method is marginal
modeling approach which models the marginal distribution of each event time.

The frailty model specifies the within cluster dependency directly by assuming that
event times within each cluster share a common, cluster-specific risk. It is further
assumed that this common risk is the only factor governing the dependency: given
this risk, the event times in a cluster are independent. This common risk is called the
frailty of this cluster. Although we assume that frailties exist, they are at most times
unobservable. So it is usually assumed that frailties are i.i.d random variables, and are
independent of their corresponding covariates. Let & represent the frailty for cluster i.
Then given ¢;, for a proportional hazards model, the hazard function \;;(t|¢;) for the

7th event time in cluster ¢ is assumed to be:

Aij (t] &) = &do(t) exp(B'Z;), t >0, (1.1)

where A\(t) is an unspecified baseline hazard function. In the setting of frailty model,
the random effects are assumed to have a known distribution. Vaupel et al. [39]
studied the frailty model for univariate case and gave the model the name. Clayton

[5] and Oakes [29] studied the bivariate model for frailty having gamma distribution.



Clayton and Cuzick [4] generalized the above result to include covariates. Hougaard [18],
Hougaard [19] and Oakes [30] studied the bivariate case with frailty stable distributed.
Crowder [6] studied the PVF model. Whitmore and Lee [40] suggested the multivariate
model with inverse Gaussian frailty and exponential conditional distributions. Lu and
Bhattacharyya [23] presented several stable-Weibull model extensions.

The marginal proportional hazards model for survival data was introduced by Wei,
Lin and Weissfeld [41] in 1989 for multivariate survival data that are naturally ordered.
In 1992 Lee, Wei and Amato [25] introduced the marginal model to the clustered survival
data that all events are of the same type. This model was further applied by Spiekerman
and Lin [37] in 1998 to clustered survival data that include different types of event times
as well as multi-observations of each type. The marginal modeling method models the
marginal distribution of the survival times by assuming that the marginal distributions
of the survival times follow proportional hazards model. That is, given Z;; = z;;, the

marginal method assumes that the hazard function of Tj; is of the form
Nij(t | zij) = No(t)e” =,

where \g(t) is an unspecified baseline hazard function. In this modeling, no specification
is done on the dependence structure of T;; within clusters. The partial likelihood is
computed by assuming that all {7};} are independent, and the regression parameter
estimator is the maximum partial likelihood estimator. So the regression parameter
estimator is obtained as if all {T};} are independent. The dependence between {7;;}
is dealt with by adjusting the covariance matrix of the maximum partial likelihood
estimator to include the correlation. It has been shown that thus obtained regression
parameter estimator and the estimator of the covariance of the regression parameter
vector are all consistent estimator of the corresponding parameter.

The major difference between the marginal proportional hazard model and the
frailty model is that the additional term of frailty is included to the hazard function in
the frailty model. The frailty term describes the cluster effect, and changes the para-
meter estimation procedure and the interpretation of the results. In a frailty model, the

regression parameters represent the effects of covariate difference between two members



of the same cluster, while in the marginal proportional hazard model, they represent

effects of covariate difference between two members in the whole population.

1.3 Group sequential analysis for clustered survival data

One common feature for controlled clinical trials, at least for Phase III clinical trials,
is to monitor the data periodically. That is, data up to some intermediate time points
are analyzed. The major method to accomplish these interim analyses is the method
of group sequential analysis.

A group sequential test is basically a sequence of repeated significance tests. It
requires the knowledge of the joint distribution of the test statistics so that the critical
values of the tests can be determined and the overall type I error can be well controlled.
According to these requirements there are various ways to decide the test boundaries
and the type I error allowed at each separate analysis.

Pocock (1977) [32] and O’Brian and Fleming (1979) [31] have made major impacts
on this field. These two papers introduce group sequential two-sided tests that are
easy to implement and can be applied to many response distributions. Pocock’s test
suggested to use a constant critical value for all analyses. O’Brian and Fleming proposed
a test in which the critical values decrease as the study proceeds.

In 1982, Slud and Wei [36] introduced a method which, theoretically, can be applied
to all situations that the joint distribution of the sequence of test statistics is known.
Assume that the interim analyses are to be performed at time points t1 < to < -+ < tg
and the pre-specified significance levels are a1, -+ ,ax satisfying Zfil o; = a. Let
Wiy, -+, Wi, be the test statistics with known joint distribution, then Slud and Wei

suggested that at time ¢;, the boundary point d; is determined as follows:
P(Wy| = di) = (1.2)

P(|Wt1‘ S d17 |Wt2| Z d2) = Q2

P (’Wﬁ’ S d17 ‘Wt2| S d27"‘7 |WtK,1’ S dK—17 ‘WtK| S dK) = oK.

Due to the minimum requirement, the Slud and Wei’s method has been applied widely



in practice. But, on the other hand, when the joint distribution is complicated the
method is very computing-intensive.

Slud and Wei’s method requires that the maximum number of analyses and the
significance levels at all separate analyses are fixed in advance. However in many
studies, especially in survival studies, the increments of information are usually unequal
and unpredictable, so we may prefer to adjust the number of analyses or the Type I
error spent at analyses according to the actual accrual of information. Lan and DeMets
[22] introduced the error-spending method which allows the flexibility of choosing the
number of analyses and significance levels. Assume that a clinical trial is conducted on
[0,t]. Let f(t) be a pre-specified non-decreasing function which satisfies that f(0) =0
and f(t) = a. This f(t) specifies the cumulative Type I error spent at time t. Suppose
that the first interim analysis is done at ¢; € [0, ], then the Type I error spent at ¢; is
f(t1). The second analysis at to will spend Type I error f(t2) — f(¢1) and so on. Once
the significance levels are determined, the boundaries of analyses are calculated by Slud
and Wei’s method.

In this thesis, we will study clustered survival data with covariates and staggered
patient entry. Researches on survival data with covariates and staggered patient entry
have been done by Tsiatis [38], Sellke and Siegmund [35] and Billias, Gu and Ying [2].
Tsiatis in 1981 studied the distributional properties of the score function U (3, t) derived
from a Cox partial likelihood function under the null hypothesis 8 = 0. He proved that
n=1/ 2U(0,t) converges to a limiting Gaussian process with independent increments.
Hence the joint distribution of standardized n=1/2U(0,t) at different time points is the
same as the distribution of a sequence of normalized partial sums of independent and
identically distributed standard normal random variables. Therefore standard results
for repeated significance testing of a Brownian motion can be used. Sellke and Siegmund
[35] suggested a transformation of time scale. Under the new time scale, they showed
that the score process converges weakly to a time scaled Brownian motion. Billias, Gu
and Ying [2] studied the distribution properties of the two-parameter score function
U(B,t,s) with ¢ representing calender time and s survival time. Their results can be

applied to obtain distributional approximation to various testing statistics, under both



the null an alternative hypotheses.

1.4 Lee, Wei and Amato’s model

Our thesis is based on Lee, Wei and Amato [25] model for clustered survival data and is
abbreviated as LWA model throughout this thesis. To be specific, suppose there are n
clusters with k; event times in cluster ¢. Let T;; be the jth event time of the ith cluster
associated with the p x 1 covariate vector Z;; and the noncensoring indicator d;;. The
LWA model is then as follows. Given Z;; = z;;, the marginal hazard function of Tj; is
of the form
Nij(t | zi5) = No(t)e” =,

where \o(t) is an unspecified baseline hazard function.

This model gives only the marginal distribution of each T;;. To make inference for
B by Cox’s partial likelihood, Lee, Wei and Amato ignored the correlation between
T;; by adopting the working assumption that 7T;; are independent. Under the working
assumption, the Cox’s partial likelihood

/ dij
HH( o )eXP{ﬂZij} ) (1.3)

i=1j=1 €R(i,7) €xp {ﬂIZlm}

can be calculated. Here R(7,j) is the risk set for jth member in cluster i. The score

function
OlogL
U - 2o (1.4
has the representation
n k; 00
) =33 [ (2 - 260)aM(5.0 (15)
i=1 j=1"0
with
My (8.1) = / u) exp (8'Zi;)du

This score process U(f) is no longer a martingale due to the staggered patient entry
and correlation between survival times within clusters. The usual martingale method

can not be applied here. Lee, Wei and Amato showed that, at the true regression



parameters vector (o, n~/2U(3) is asymptotically equivalent to n='/20U(3,) with
n k;

O =303 [ (2 n(50. 00 5o ), (1.6)

=1 j=1

Here (3, t) is the the limit of Z(y,t) as the sample size tends to infinity. Let

Z / Zis — 1(B,£))dMi; (5, 1)

Since u(3,t) is a deterministic function, the replacement of Z(3,t) by u(3,t) en-
ables U1(f3), - ,Uy(B) are independent. More regularity conditions guarantee that
Ui(Bo), -+ ,Un(Bp) are independent and identically distributed. By multivariate cen-
tral limit theorem, n~"/ 2U(fp) is normal distributed with the limit variance-covariance

matrix

%(Bo) —T}LH;OEZE Z/ Zij — 1(Bo, t))dMy;(Bo, 1)) %2, (1.7)

Let /3 be the solution to the equation U (6) = 0. Although (3 is calculated under the
assumption that T;; are independent, Lee, Wei and Amato has showed that under reg-

ularity conditions, B is asymptotically normally distributed and a consistent estimator

of ﬁo.

From the consistency of B, Lee, Wei and Amato proposed the following consistent
estimator of E(ﬁo) :

Bon 30 / (B ) axty (3. o) | " (Zin — (B, )T (B, 9))

i=1 j,k

Yij(s) ZZN’J

1 /85 - z
M55, = N /zzlzm@()expﬂ'zm

The limiting covariance matrix W (8y) of § is calculated by the so-called sandwiched

matrix

W(Bo) = lim nVar(B) = A7'S(B)(A™H)T, (1.8)

n—oo

where

2 *
A= im0 G
and (* is between (3 and fo.



1.5 Thesis outline

This thesis studies issues related with sequential analysis of clustered survival data,
based on the marginal proportional hazards model proposed by Lee, Wei and Amato
[25]. Based on the working assumption that all survival times are independent and
assume that they obey the marginal proportional hazards model, we obtain the score
process U(f3,t,s) for 0 < s <t < 7 with ¢ representing calender time, s survival time
and 7 a boundary of ¢ to satisfy stability conditions. An estimate of the regression
coefficient vector in the marginal model can be obtained from the following estimating
equation

Up,t,t)=0

for any fixed ¢ € [0,7]. The score process U(f,t,s) is no longer a martingale with
respect to survival time s due to the staggered patient entry and correlations between
survival times within clusters. More sophisticated method is needed in order to obtain
the asymptotic distribution of the score process and its limiting covariance matrix
function.

In Chapter 2, we investigate the asymptotic distribution properties of the score
process U(f,t,s). We will show that under regularity conditions, U((,t,s) converges
to a Gaussian random field with mean vector 0, continuous sample paths and explicit
covariance function. With the asymptotic distribution of the score process known we
show in section 3 that, for every fixed ¢, the solution to the estimating equation is a
consistent estimator of the true regression vector. In section 4, we propose a consistent
estimate of the cumulative hazard function Ag(¢).

Chapter 3 investigates group sequential analysis of clustered survival data. In section
1 we show that, using Slud and Wei’s method, group sequential analysis can be done
based on sequence of standardized estimator Bt calculated on chosen analysis time
points. In section 2, we introduce a partition method which produces estimators of
regression parameters that are more efficient than LWA estimators. The main idea
behind the approach is to break the score function into small blocks by chopping the

real line into pieces. The covariance matrix for these blocks can be estimated using



a method similar to that of Wei et al. [41]. Then they are summed up reweighting
by the product of their second derivative and covariance matrix to form a new score.
We will show that this new score has the nice property of independent increments in
its limit. So this score process can be regarded as a time rescaled Brownian motion
, for which standard group sequential procedures are readily applicable. In section 4,
extensive simulations are done on the independent increments property, on the accuracy
of the estimators produced by partition method and the power of the sequential analysis
method using the new estimators.

In chapter 4, we derive a sample size formula for clinical trials designed with clus-
tered survival data. Discussions on the formula are given. Simulation results on the

type I error and power using sample size calculated from the formula are also presented.
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Chapter 2

Asymptotic distribution theory related to marginal

proportional hazards model

In this chapter, we study the asymptotic distribution properties related to the marginal
proportional hazards model. We will show in section 2 that under certain regularity
conditions, the partial likelihood score U(f,t, s) converges to a Gaussian random field.
The asymptotic distribution of the maximum partial likelihood estimator B is derived
in section 3. We also derive the asymptotic normality of the estimator of the baseline

cumulative hazard function.

2.1 Introduction

Consider clustered event time data with n clusters. For cluster ¢, suppose there are k;
subjects, i = 1,--- ,n. For the jth subject in the ith cluster, let ;; be the study entry
time, T;; be the survival after entry, C;; be the time elapsed from entry to censoring,
and Z;; be the p x 1 vector of covariates. We shall assume throughout this thesis that
{Z;;} are time independent.

For validity of the proposed methods, we make the following assumptions. We
assume that {R;;} are i.i.d. random variables defined on a finite interval [0,7], 0 <7 <
oo and Z;; are bounded by a nonrandom constant, say B. Within cluster i, {T;;, j =
1,---, k;} may be correlated. We assume independence between clusters, i.e., for i # j,
T}y is independent of T}, for all k = 1,...,k; and m = 1,..,k;. On entry times, R;;
are assumed to be independent of Z;; and Cj;. Survival times Tj; are independent of
censoring times Cj; conditional on covariates Z;; and R;;. k;, the number of subjects
in cluster ¢, « = 1,--- ,n are assumed to be constant with bound K. Throughout the

sequel, we shall assume, without loss of generality, that R;; For simplicity, we require



11

i1 /’{:Z2 exist.

that K7 = lim,_o £ Zz L ki and Ko = lim,, .o 1 Z

Let t represent the calender time. At time t, T;; is not only censored by Cj;, but
also by (t — R;j)", as the failure has not occurred if T;; > t — R;;. Let X;;(t) =
min{7T;;, Ci;, (t — R;;)*}, then X;;(¢) is the event time we observe at time t. Define the
failure indicator variable d;;(t) as 0;;(t) = 1 if X;;(t) = Ti; and 6;;(t) = 0 otherwise.
Let Rij(t) ={({,m):1<l<nm=1,--- Kk, X;n(t) > X;;(t)}.

Two stochastic processes need to be defined. For x <t, let Ny;(t,x) = I(X;;(t) <
x,0;5(t) = 1) and Yjj(t,x) = I(X;;(t) > x). Njj(t,x) = 1 means that the subject has
experienced his failure before ¢ and the survival is no greater than z. Yj;(t,z) =1
represents that observed at time ¢, the subject has stayed in trial at least x units of
time. Notice that here we concern only information accumulated until time t. Any
information occurred after time t will be analyzed at later periods. So we always have
Xij(t,x) <t.

In this thesis, we assume that the marginal hazard function for each event time has
a proportional hazards form, (see Lee, Wei and Amato [25]), that is, given the covariate

vector Z;; = z;; the hazard function for subject j in cluster i is,

Nij(t|zi5) = Xo(t) exp (B'zi5), t > 0. (2.1)

Here A\o(t) is an unspecified baseline hazard function and § = (54, ..., ﬁp)T is the re-
gression parameter vector.

Model (2.1) does not specify the joint distribution of {T;;}. Employing the working

assumption proposed by Lee, et al. [25] that all Tj; are independent, the Cox partial

likelihood function at calender time ¢ takes form:

B exp (8'Z;;)
L(p,t) = HH[Z( ex}j(ﬁ’Zl )

i=1j=1 lm)GR

_ ﬁ ﬁ H eXp (5,21']')

3
i=1j=1s<t [2?21 > om=1Yim(t; ) exp (8’ Zim)

855 (t)

AN;j (t,s)

(2.2)

Taking into consideration of both survival time s and calender time ¢, define a

two-parameter score process

U(B,t,s) ZZ/ Zij — Z(B.t,u)) Nij(t, du), (2.3)

=1 j=1



where
Z(B,t,u) = S SR Vi (t, u) exp(6 Zlm)Zlm
i Zm 1 Y (t, w) exp(B' Zi,)
Then
OlogL(3,t)
(/87t t) T

It is the score function at time ¢. In fact, if we generalize (2.2) to

L.t -1 xp (92)

i=1j=1u<s [Zl 12 }/lm(t u) exXp (ﬂ/Zlm)

ANZ']' (t,u)

Then
_ OlogL(B,t,s)

U(B.t.5) = =000

Simple calculation shows that (2.3) can be written as

U(B,t,5) = ZZ/ Zij — Z(B,t, ) Mig(B,,du),

i=1 j=1

where

My(B.t,5) = Nyt s) — /0 " o) Yt w) exp(8' Ziy)

12

(2.4)

Due to the staggered patient entry and the intra-cluster correlation, (2.4) is no longer a

martingale. So the usual martingale method cannot be used here. In the next section,

we will show that with intra-cluster dependence and staggered patient entry,

U(B,t,s)

still converges in distribution to a Gaussian random field with mean vector 0 and

continuous sample pathes.

2.2 The asymptotic distribution of the score process

Throughout this thesis, we use the following notation. Let 3y denote the true value of

the regression parameter vector in model (2.1). For a vector a, denote a®°

a, a®?

For any vector y, |y| will denote the Euclidean norm |y| = (37, y2)1/2.

Let

T = sup{t: hmmf—ZZP{ Rij + T;5) N (Rij + Cij) >t > Ry;} > 0.

=1 j=1

=1,a% =

= aa”. For a vector y or matrix Y let ||y|| = max; |(y);| and ||Y]| = max; ; |(Y)4].
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Defined this way, 7 is the largest calendar time at which there is a positive proportion
of clusters which have at least one member that is under observation. We will restrict

the calender time ¢ to be within the interval [0, 7].

For any 0 < ¢t < 7, especially when ¢ is large, it is possible that >_" | Zf’:l Yi;(t,s) =
0 for some s < t. This means that observed at time ¢, no subject’s observed survival
is longer than s. By the definition of 7, this does not mean that all subjects have
failed before time ¢. It simply represents the situation that many subjects enter the
study late, so their failures are not observed yet. When » ", 251:1 Yi;(t,s) = 0, no
information on survival is provided by {Y;;(t, s)}. It also causes difficulty in theoretical

investigation. These thoughts lead us to the following definition:

Let d > 0 is a fixed small number. Define if s > ¢, Yj;(t,s) = Yj;(t,t). Then define

k'
1 o~
s* = sup{s : liminf — E E EY;;(t,s*) > d, for all t € [0, 7]}. (2.5)
n—oo n
i=1 j=1

Such s* is a survival time that at least a d proportion of subjects stay in trial longer
than it. When d is very small, most of the data will satisfy (2.5). So from now on, we

will restrict our study on D* = {(t,s) : s < t,s < s*,t < 7.}

We begin with the following regularity conditions:
(2.1) Ao(t) is bounded on [0, 7].

(2.2) Let

n k;

S\3t,s) =n"" Z Z Yi;(t,s) exp (ﬁ’Zij)Zf?d, d=0,1,2.

i=1 j=1

Then for all (t,s) € D* and 3 € B, there exits s(9(8,t,s) such that

s(d)(ﬁ,t, s) = lim ES,(Ld)(ﬁ,t, s),

n—oo

and

sup  [[S9(8,t,5) — sD(B,1,5)]| - 0, a.s, d=0.1,2.
(t,s)eD*,eB
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(2.3) Let
H,((t1,51), (t2,52)) =

*ZE Z/ Zij — Z(Bo, tr,w))dM;;j(Bo, t1, u) 2/ Zij = Z(Bo, t2,u))dM;;(Bo, t2,u))'].

Then H,((t1,s1), (t2, s2)) converges uniformly on D* as n — oo.

(2.4) Let
t
T(8,1) = / o(,t,2)s9 (8, 1, 2) ho()da, (2.6)
0
where
_sPetr)  (sW(Bt ) ’
v(B,t,x) = SO (5.1.2) - (s(o)(ﬁ,t,x) ) (2.7)

Then I'(fo, t) is positive definite on [0, 7].

Remark 2.2.1 From (2.5), for (t,s) € D*, there is a N > 0 such that when n > N,
fZZEYUts ZZEYZ]tS > d/2.
i=1 j=1 i=1 j=1
Since 3 is bounded on B, and Z;; are bounded, so there is a constant c; such that
exp (8'Z;;) > c1 for all B € B. So
dcy

ES7(10)</67t73)277 (t,S)ED*, ﬂGB,
So
(0) dey .
S (,B,t,S) Z 7, (t, 8) eD y ,8 € B. (28)

That is, s (B,t,s) is bounded away from 0 on B x D*.

Remark 2.2.2 Ford=0,1,2
S<‘”<ﬂ,t z)

= LSS ezt (77

lel

= —ZZE ZE%exp (8 Zij) E(Yij(t, )| Zij))
=1 j=1
n ki
= P((t — R11)+ > .ill‘)l ZZE(ZSd exp (ﬁ/Z”)P(TlJ > x, Cz'j > .ZL“ZZ]))

n- :
=1 j=1
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So

s@(B.t,2)
n k;
.1 -
= P((t=Rn)" > ) lim ~ DY E(Z5 exp (8'Zy) P(Ty > w,Cij > x| Zij)).
i=1 j=1
Therefore s\D(6,t, ), d = 0,1,2 depend on t through the common factor P((t—Ryy)*T >
x). Hence
s (8,1, 2)

B2 = G 1)

and v(fB,t,x) in (2.7) are in fact not dependent on the calender time t. So from now

on, we write p(B,t,x) and v(B,t,x) as p(B,x) and v(B,x).

Because of the intra-cluster correlation and staggered patient entry, there is not a
common filtration with which all {M;;(8o,t,s),i=1,---,n,j=1,---, k;} are martin-
gales. But for every fixed ¢t > 0 and (4,7), M;;(fo,t,s), as a function of s, is still a
martingale related to a filtration specific to (i, j). This property can be seen from the

following representation

M’L] (/87 t7 S) = /() I{SA(t—Rij)+ACiqu} dMZ(‘]y (57 'LL), (29)

where
Mz‘oj(ﬁ, u) = I(1,,<u) _/o L1, >0) exp (6'Zij) Mo () dax.

If By is the the true regression parameter vector, then Ml% (Bo, t) is a martingale with
respect to F(ij); = 0(Zij, Cij, Rij, Ii1,;<t), L(1;;51))s 0 <t < oo. The indicator function
Lian(t—Ri;)+ACi;>u) 18 Flij) predictable. So M;;(fBo,t,s) is a martingale with respect
to F(ij)s- This "local” martingale property makes subsequent computation and proof

much easier.

Our following effort will be devoted to show that the score process U((y,t,s) con-
verges weakly to a Gaussian random field on D*. To this end, we first show that
U(Po,t,s) is asymptotically equivalent to U (Bo,t,s) which is obtained by replacing
Z(B,t,x) by u(B,t,z). This replacement eliminates the complexity caused by Z(3,t, )

because every term in U (8,t,s) is a function of only one member. It is then easier to
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prove the weak convergence of U (8,t,s). The weak convergence to a Gaussian random

field of U(fo, t, s) comes then from the asymptotic equivalence of it to U(f,t, s).
Lemma 2.2.1 Let

((t1a81)7<t2?82))
Z zg BO, ))dMZ] ﬁﬂvtla Z/ 7,] ﬁ()v ))dMij(/B07t2au))/]-

lel

3\*—‘ mz

Then Hy,((t1,s1), (t2, s2)) converges uniformly on D* to limy, .o Hy((t1,51), (t2,52)).
Proof. Notice that

Hy((t1,51), (t2,52)) — Hu((t1, 51), (t2, 82))

n k; s1
= 1ZE[(Z/ (Zij — Z(Bos t1,u))dM;;(Bo, t1,u)) @
= =0
B sy )
(3 [ o) = 2 o) b (12, 0) +
=1

O [ 0, ) = 2G50, 11, 00)aM G t1,0) &

j=1"9
Z / Zij — 2o t2,u))AMi; (o, 12, ).

We would like to prove that H,((t1,s1), (t2,s2)) — Hp((t1,51), (t2, s2)) converges uni-
formly to 0 on D*.

To this end, it is sufficient to show that
Dy((t1,81), (t2,82)) = *ZE Z/ Zij — Z(Bo, t1,u))dM;;(Bo, tr,u)) @

Z/ 1(Bo, w) — Z(Bo, t2, u))dM;;(Bo, t2, u)]

converges uniformly to 0 on D*. The convergence of the other part can be proved

similarly.
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From Cauchy Inequality,

| Dn, ((t1,51) (t2, 52))

< ZE Z / Zij = Z(Bo,t1, u))AMi; (o, t1, u))’]
ZE Z/ 1(Bo, u) — Z(Bo, t2, 1)) dM;;(Bo, t2, u))?]
< Zk ZE |25 = 200,10t 50, 00,00)°)

Zk ZE / (Bo,u) = Z(Bo, ta, u))AMi; (Bo, t2, u))?.

Since {Z;;}, Ao(z) are all bounded, so it can be shown that there is a constant C' > 0

such that
S1 B
|E(/ (Zij — Z(Bo, t1, w))dMij(Bo, t1,u))*| < C,  for all (t1,51) € D*.
0
From Remark 2.2.1, there is a constant ¢ such that when n is large enough,
(0)(ﬁo,t, s) > ¢ for all (¢,s) € D*.
From this fact and Condition (2.2), for any € > 0, there is a N, when n > N,

sup HZ(ﬁO,t,S) - M(ﬁo,t,S)” <e.
(t,s)eD*

So when n > N,

Do ((t1, 1), (t2, 52)) 7
K20e - &
ZZ EN” tQ,SQ / )\0 E}/U tg, )exp (ﬁ(l)Z”)dCL‘)

=1 j=1

So there is a constant C; such that

K2016

[Da((t1, 1), (2, 82))* < —

Thus
| Dy, ((t1,51), (t2,82))] — 0 uniformly on D*.

This completes the proof.
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Theorem 2.2.1 Under conditions (2.1) and (2.2), for every fized (t,s) € D*,
limnHmP(ﬁU(ﬁo,t,s) # ﬁf](ﬁo,t, s)) =0.

Proof. It comes directly from the proof of Lemma 2.2.1.

Theorem 2.2.2 Assume that Conditions (2.1), (2.2) and (2.3) are satisfied. Then
{n=1Y2U (B, t,s), (t,s) € D*} converges weakly to a Gaussian random field & that have

mean vector 0, continuous sample paths and covariance function

E((tl, 81), (tz, 82)) = lim Hn((tl, 81), (tg, 82)). (2.10)

n—00
Proof. We use Theorem 10.6 of Pollard [32] to show the weak convergence. Without
loss of generality, we assume that p = 1.

Let d be the usual Euclidean metric on D*. Then (D*,d) is a metric space.

Let
fnz t S _n_l/QZ/ ij — ﬁOa ))Mij(ﬁmta dS)

Then fn1(t,s), fn2(t,s), ..., fan(t,s) are independent. We will show that f,;(, s) satisfy

the five conditions of Theorem 10.6 of Pollard.
Rewrite fp;(t,s) as

fni(t, s)
k;
71/2 Z,]NU t S (607 zy) ’L](t S) +

=1
s

/OS Zijho (@) (Bo, ©)Yij (t, @) exp (5o Zij)dw / o(z) (o, 2)Yij(t, x) exp (5 Zi; ) da).

By Lemma A.1 of Bilias, Gu and Ying [2] which indicates that a finite sum of measurable
functions that have common envelop is still manageable, we need to show that for every
(4,7), each term within the sum parentheses is manageable. Since Z;; = =2; + — Z;; and
w(Bo,x) = u(Bo,x)™ — u(Bo, ), by Lemma A.1 of Bilias, Gu and Ying [2] again, we

may assume that Z;;, i=1,--- ,n,j=1,--- , k; and pu(fo,x) is nonnegative.

For each fixed (Z,]), ZijNij (t, S) = min {sz (T; <Ci,Tij <(t— Rz])+)’ ZijI(TijSCij)I(TijSS)}'
The term Z;;1 (T;;<Cij Ti; <(t—Ry;)+) 18 @ nondecreasing function of ¢, so it has pseudodi-

mension at most 1, whereas Z;;I(1;.<c,.)I(1;;<s) 18 @ nondecreasing function of s, so it
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has pseudodimension at most 1. From Lemma 5.1 of Pollard, Z;; N;;(t, s) has pseudodi-

mension at most 10. So it is Euclidean, and hence is manageable.
We can prove the manageability of (8o, Tij)Nsj(t, s) similarly.

Notice that

/ Xo(2) ZiYij(t, x) exp (By Zij)dx

0

(tfRij)J"/\Tij ACij
/ Xo(@) exp (80 Zij) Zijda}.

sAT;NClj

— min{/ Xo(z) exp (ByZi;) Zizda,
0 0

The term [;"75"%9 \o(z) exp (8)Zij) Zigdar and [T NN\ (2) exp (8 Ziy) Zijdee

are a nondecreasing function of s and t respectively. So both have pseudodimension at

most 1. Therefore [ Ao()Z;Yi;(t, x) exp (8)Zij)dx is manageable.

By the same decomposition we can prove that [ Ao(x)u(Bo, x)Yi; (¢, x) exp (6 Zi; ) da

is manageable.

To verify (ii), notice that E fp;(t,s) =0, (t,s) € D*. Furthermore,

E[(Z fni(t, 81))(2 fni(ta, s2))]

= ZZ/ 2] /807 ))sz] /807t17 ZZ/ z] /807 ))dMij(/807t27u))]

i=1 j=1 =1 j=1

= Z/ Zij — w(Bo,w))dM;;(Bo, 1, w) Z/ Zij — u(Bo, w))dM;(Bo, t2,u))].

From Condition (2.3), lim, oo E[(D iy fri(t1, 1)) (O iy fri(te, s2))] exists for every

(81,151), (Sg,tg) € D*.

Let F,; = KZB*/\/n for some positive constant B*. Then F,; is the an envelop of
{fni} which satisfy (iii) and (iv) of Theorem 10.6 of Pollard.

To prove that condition (v) of Theorem 10.6 of Pollard is satisfied, define, for any

(tl,sl) € D* and (tQ,SQ) S D*,

1/2
pn((t1,51), (t2, 52)) <ZE\fm (t1,51) fm(t2,82)\2> .
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Then
pzz((tla 51)7 (t27 52))
= Z Ef2(t1,s1) + ZEfﬁi(tg, S9) — 22:Efm-(tl7 51) fri(t2, 52)
i=1 i=1 i=1
= Hp((t1,s1), (t1,51)) + Hp((t2, 52), (t2,52)) — %Hn((t17 s1), (t2,52)).

From Condition (2.3), p2((t1, 51), (t2, s2)) converges uniformly on D*. So p,((t1,51), (t2,52))

converges.

Suppose {(tm, sm)} and {(um,vm)} are two deterministic sequences such that
p((tm, Sm), (Um, V) — 0. Then for any small € > 0, there is a N7 > 0, such that when

n > Ny,

p((tn, Sn), (Un,vn)) < €. (2.11)

On the other hand, since p, converges uniformly to p, for the same e, there is a Ny > 0,

such that when n > No,

|pn((t1, 51)7 (t27 52)) - p((tlv 51)7 (t27 52)| <, (2'12)

for all (t1,s1) € D* and (t2, s2) € D*. Therefore, let N = max(Ny, N2). When n > N,
from (2.11) and (2.12),

Pr((tns 8n)s (Un, V) < |pn((tn, $n)s (Un, Un) = p((tns 8n)s (Un, V) [Hp((tn, Sn), (Un, vn) < ete = 2e.

So pn((tn, sn), (un,vy) — 0. This proves that the Condition (v) of Theorem 10.6 of

Pollard is true.

Corollary 2.2.1 Under Condition (2.1) and (2.2), U(Bo,t,s) converges in distribution
to a Gausstan random field with continuous sample paths, mean vector 0 and covariance

function (2.10).

2.3 Convergence of the regression parameter estimator

Let By be the true regression parameter vector. Let Bt be a solution to the equation

UB,t,t) =0, t € [0,7]. (2.13)
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We will show that under some regularity conditions, ﬁt is consistent and asymptotically

normal.

Theorem 2.3.1 Suppose that Conditions (2.1) and (2.2) are satisfied. Then there is

a solution (3, to equation (2.13) such that B, converges to By in probability.
Proof. Let
1
Xn(B,t) = —(log(L(B,1)) — log(L(fo,1)))

©) S
- |:ZZ/ /8 ﬁ[) i —lo {SS’(O ((ﬁﬁo,tt 5)) }]dNij(t,S)

=1 j=1
Let
t (0)
An(B0) =7 [ 168 = B S ..0) = ol S5 R SO ., u)JAo<u>du] .
Then
X”(ﬁv ) (/87 )
_ -1 S ©) (/Bat ’LL) -
= n ;;/ (B—Bo) Zi log{ O (o1, )}]dMZ](ﬂo,t,u)]
- s (8,t,u)
= n 1 ;;/ ,3 ﬂO ij — lo {((J)(ﬁ(),lf,zt)}]dMij(ﬁ07t’u)] +
s [tog 2 by g ST g 1.0
_i:l j=1 0 S(O)(ﬁo,t,U) S(O)(ﬁ(]’t?u) ! ’
= I+1I

Since (3 — o) Zi; is predictable with F;j), for any 0 < u < 7, and log {%}

is a deterministic function, we have that

16 5072 togt S5 O a1,

(Bo, t,u)

is a martingale. So

O@,tu) o
E;;/ 6 BO ¥ —lo g{ (,307 ’ )}]sz](/@07t> ) 0.
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It is similar to the proof of Theorem 2.2.2 that we can show the sequence { f;(t)} which

is defined as

EZ/ (5~ o) 2 — tog 1 (gf“waM%mw

is independent and manageable with some constant envelop C'. So from Theorem 8.3

of Pollard, we have that

= 30 / (5~ o) Ziy — log{ S5 o (ﬂ’t’“) HdMis (6o, t,0)]| — 0, as.

n(tsGD* ( )
=1 j=1

For 8 € B, from Condition (2.2) and Remark 2.2.1, we have

,tu SO (B, t,u
sup log{%} — log{#} — 0, a.s.
BEB,(t,s)eD* (ﬂ t ) S (505 tv ’LL)
From the boundedness of A\y(x), we can show that
=t |§j§j/'ww S gt S O i 1)
N 0<t<r,8€B == ) S(O)(ﬁo,t, u) ig\M0,5 by
— 0, a.s.

Therefore we have showed that X,,(3,t) converges almost surely to the same limit
of A, (0,t) for all 5 € B. By Condition (2.2), A,(8,t) converges to

B, t,u)

— 5(0) u w)au.
O (Fo.t. )} (Bo, t,u)]Ao(u)d

t
A%ﬂzAKﬂﬁm%W%mw log{ g

It is easy to see that A((,t) is a concave function of 8 with a unique maximum at
B = By and X,,(53,t) is a concave function of § with a unique maximum B:. So from

Lemma 8.3.1 of Fleming and Harrington [12], ﬁt — [ in probability as n — oo.

Theorem 2.3.2 Let X(t,t) represent the limiting variance of ﬁU(ﬂo, t,t). Then under
Conditions (2.1) and (2.2),

V(B — Bo) % N(0,W,), t € [0,7]

where

— (o, ) "S(6 T (B0, ). (2.14)
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Proof. From the Taylor series expansion of U (ﬂ}, t,t) around [y it yields that

10U(B,1)

o5 o svVn(Bi — Bo), (2.15)

1
%U(ﬁ()) tu t)

where 8* is on line segment between 3, and By. Theorem 2.2.2 implies that ﬁU(ﬁo, t,t)
is asymptotically normal with covariance matrix (¢, ). Since (3, is consistent, 5% — By
in probability as n — oo.

By definition of U(f,t,1),

oUu ﬁ t,t) n 5(1)(57757 )
;7;1/ (S(O {5(0)(6,@;}@2 dNim (B, t, ).
Let
To(3,1) = — 3U(§ét )

Similar to the proof in Lemma 2.2.1, we can show that

5(2)(/8*7t7$) B {S(l)(/@*,t,l}) }@2 o 8(2)<ﬁ(),t,{l?) _{ (/807t .’E)}®2
(0)(ﬂ*7t7$) (O)(ﬁ*,t,fﬂ) 8(0)(607757'%') (ﬂ()at l’)

sup — 0, a.s..

0<z<t

So Z(p*,t) has the same limit with
t (52 (1
1 S (50,t,$) o S (ﬁo,t,fﬂ) ®2 -
An(t) =n E_:Z/O (s(o)(ﬁo,t,l') {8(0)<ﬂ0,t,[13)} ) sz](t;S).

Now since M;;(B,t,x) is a martingale for each (7,7) and

5(2) (603 2 l’) - 8(1)(5(% t, $)
(O)(ﬁ07t7gj) S(O)(ﬂOatvx)

}®2

is a deterministic function,

t (2) , T, 1) ) L,
/0<8 (Bo m)_{i (Bo x)}®2>dMij(,80)tax)

5(0)(ﬂo,t,$) (0)(ﬂ0)t51")

is also a martingale. Therefore

t "(Bort,w) 5V (B0t @) (o Gt
E/O ( (ﬁOat Q?) 8(0 (50’1;’1,)} ) sz](t, )

¢ J(Bost.x) sV (Bo,t,2) | gn e
) ( O (G tia) O ta) ) Molt)Y (1) exp (B Zi;)at
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So,
E;J 1/ (Sioi gﬁii —{jgﬁggﬁg}@?) dNy;(t, x)
- /0 t (235@2;3 - {jﬁéiﬁggig }@2) Xo(@) E (:L égn(t z) exp (ﬁgzﬁ)) dz
/ot (zi; Eggiz N {z:tl; Egﬁii; }®2> Xo() ES© (By, t, ) da
Therefore,

ts@(Bo,t,x) sW(Bo,t, ) (0) =
Edn(fo. ) ~ /0 (8(0)(ﬁo,t,x) - {5(0)(ﬂ07t, $)}®2 e = E 1)

From Condition (2.4), I'(fo, t) is positive definite on [0,7]. So for fixed ¢ € [0, 7],
when n is large enough, A, (5, t) is positive definite. Since Bt is a consistent estimator

of By, we conclude that when n is large enough, Z,(8*,t) is positive definite. Hence,

V(B — Bo) = znw*,t)—ljﬁvwo,t,t). (2.16)

The asymptotic distribution of \/n(3;—3y) comes then from the asymptotic distribution

of ﬁU(ﬂo, t,t). This completes the proof.
The following theorem gives another form of the covariance of B¢ which will be useful

in the next chapter.

Theorem 2.3.3 The covariance matriz of Bt can be rewritten as

W(t) =T(Bo,t)"" +T(Bo,t) " H*(t)T'(Bo,t)~", (2.17)
where
_,}LHQOZZE/ 1(Bo, ))dMij(ﬂo,ﬂﬁ)/ (Zik —u(Bo, ))dMi(Bo, x)).
n i=1 j#k 0

Proof. The sum

% ZE(Z/O (Zij — n(Bo, x))dMi; (o, x)) ™2
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can be decomposed as the sum of

n k;

20D B[ (2~ (o)) (B )
== o
and
fZZE / Zij — u(Bo, ))AM;; (o, 7) ® / (Zit — (Bo, 2))AMip (o, ).
i=1 j#k 0
But
ZZE/ i — 1(Bo, 2))dM;(Bo, ) *?
=1 j=1
_ B / ) (B0, %) — 2o, ) © 5D (Bo, ) + (B0, )25 (B, 2)]d
So
(¢, t)
= Jim B | (5% (B0, ) = 2(fo,2) © SO (Bo, ) + a(fo, ) S (Bo, )] +

t
gggo;ZZE / Zij — 1o, x))dM;;(Bo, ) @ / (Zir, — (o, x))dMig(Bo, )
i=1 j#k 0

= T(Bo,t) + H"(t).
This completes the proof.
2.4 The estimation of the baseline cumulative hazard function

s) = /OS Ao(x)dz

be the baseline cumulative hazard function. For fixed time ¢ € [0, 7], we define the

Let

Breslow’s estimator of Ag(s) as

i=1 j=1

s n k; -1
Ao(t, s) = /0 {ZZYij(t,u)eXp(@Zij)} dN(t,u), (2.18)

where
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Theorem 2.4.1 Assume that condition (2.1) - (2.4) hold. Then /n(Ao(t,s) — Ao(s))

converges weakly to a Gaussian random field & with mean zero.

Proof. Without loss of generality, we assume that p = 1. Notice that

Aot s) :/ dM(t, u) OByt u) o(u)
0 n.S(0) ﬂt,t u S /60>t U

So

A ﬁt,t u)
\/ﬁ(Ao(t, s) — Ao(s \f/ + \/>/ ( ﬁo,t W) 1) Ao(u)du.

From the Taylor series expansion of S (Bt, t,u) at = [y, we have

SO By, t,u) = SO By, t,u) + SD(B*, t,u) (B — o),

where 3* is on the line segment between ﬂ} and Fy. So

SO)( ﬁt,tu) ﬁ*tu
f/( 0 (G, t,u) ) o(t)du = Vi — fo S oty 0L

From Condition (2.2) and the consistency of 3, we have

(1)(ﬁ*,t,U) 8(1)(6Oat7u)
(0)(60at7u) S(O)(ﬁovtau)’

From Theorem 2.3.2, /n(f3;— (o) converges in distribution to a normal random variable.

S O ﬁtat u) d s 5(1)(ﬁ0at7u)
o ] (g 1) oo [ e Bt

So

where & ~ N(0,W;).

As for the first term, from Condition (2.2), we can show that
1/5 dM (t,u)
\/ﬁ 0 S(O) (Bta ta U)

1 dM (t,u)
\/ﬁ 0 S(O)(/807t7u)’

which is a sum of independent zero-mean random variables. It can be shown similarly

is asymptotically equivalent to

that the process is tight. Combining this with the classical multivariate central limit

theorem gives the desired weak convergence.
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Chapter 3

Group sequential analysis of clustered survival data

3.1 Group Sequential analysis based on LWA estimator

Let 0 < t; <ty < ... <ty = 7 be the predetermined analysis time points. We assume

that the type I errors, a1, ae,--- , ay, spent at interim analyses which satisfy

N
E o =
i=1

are also determined in advance. Let Bk, k=1,...,N, be the LWA estimate of the pa-
rameter vector 3 = (31,---,3,) of model (2.1) at successive analyses. From Theorem

2.3.2,
V(B — o) % N(0,Wy), t € [0,7]

where

Wi = T'(Bo, tr) ' S(te, tr)(Bo, te) "

Since each Bk is a linear combination of the score function U(f, t,t) which is asymptot-
ically a Gaussian random field, it is not hard to postulate that ﬁl, cee BN follow the

multivariate normal distribution.

Theorem 3.1.1 Under model (2.1), the vectors \/ﬁ(ﬁl —0Bo), -+ ,/ﬁ(ﬁN — Bo) follow

the multivariate normal distribution given by

V(B — Bo) ~ N(0, Wy),
limy, o0 Cov(v/n(Bry, — Bo)s vV/1(Bry — Bo)) = (3.1)
L (Bosthy) '8 ((ty s thy ), (Bhgs tea )T (Bos i) ™1, k1 < ko
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Proof. From expression

V(B — Bo) = ”_lf(ﬁ’f,%);ﬁU(ﬁatkl,tkl),

\/’E(B]W - /80) = n_lz(ﬂgvth)\/lﬁU(ﬂvtkga t/cz)a

where (3] is between ﬁA;ﬁ and fp, and (5 is between B;Q and [y, it follows that

lim Cov(v/n(Br, — Bo)s Vii(Brs — o))

n—oo
= lim n 'Z(B%, ty,) lim Cov(n Y2U(Bo, tiy, ti,)s " 2U (Bos thys thy)) lim n ™ Z(35, tr,)
n—oo n—oo n—aoo

= F(B? 0,2k, )_12((tk’1 ) tk1)a (tkz ) th)F(,Bo, tk2)_1'

Assume that the null hypothesis we wish to test is Hy : ¢' 3 =~ for a given p x 1

vector ¢ and scalar constant 7. Let

A~

& = V(e Bk =) (3:2)
be the test statistic for the kth interim analysis. Then under null hypothesis,

& = vne" (B — B).
So from Theorem 3.1.1, (51, e ,é ~) are asymptotically jointly normal distributed with

the covariance matrix
lim cov(ék, &)
= <Tlim cou((G — o), (B — fo))e
= " [T(Bo, tr) " S((tks t), (1, )T (Bo, t) " e, k<L (3.3)
Hence Slud & Wei’s method [36] can be adopted here to calculate the boundaries of

the successive tests. At time t;, 1 <[ < N, the boundary d; can be determined by the

following equations:

,

P(|&1] > di) = o,
P& < di,|&] > do) = aa,

L P(|£1‘ < dla |£2‘ < d2, ceny |§N’ > dN) = apy.
There are no explicit expressions for values do, .., dy. We need numerical calculation to

compute these values.
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3.2 Group sequential analysis based on partition method

As before we assume that a clinical trial has been planned with n clusters and k1, ..., k,
members. Let

O<t1i <<ty <tn=T

be some time points of the whole study interval [0,7]. For 1 < k < N, denote the

partition of time interval [0, ¢]
O=tg <t < - <tp_1 <ty (3.5)

as IIy.
For a particular partition IIg, break the score function U (/3 tx, tx) into k pieces:
1
U, (8)
U(B) = : ; (3.6)
k
U (8)

where

n k; 4 B
U’gl)(ﬁ) = ZZ/ (ZZ] — Z(ﬁ,tk,s)) dMij(tk,S)y l=1,--- k.

i=1 j=1"t-1

The limiting covariance matrix of ﬁUk(ﬁ) is

=@ - =)
Ye(B) = : : ,
(k1) (kk)
() S0 )
where
w .1 l I w
200) = Jim - BUO@UN )T = (o).
and
o"(B) =
AL t - ty -
Jim 23S E /t (Zias = Zo(3, o 2))AMn11, ) /t (Zivw — Zer (B thr ) dM i (11, ).
=1 u,v - -1

Here Z;;5 and Zs(8, tg, u) are the sth components of Z;; and Z (3, tj, u) respectively.
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Let Bk be the LWA estimator of the true parameter 3y using data until time ¢

Then we can take an estimate of X, as

i;(fl) XA:I(Clk)
S = : : , (3.7)
(k1) & (kk)
Ek Zk pk X pk
where
(1 ~ (Ul
;g : - <J£s’)>’
and
” ) 17} R ty _ R R
Z / ws - ﬁk‘atk’) ))de(tk,lL')/ (Zivs’ - Zs'(ﬁk,tml‘))de(tk,fU)-
i=1 up Yt-1 ty_q
Here
Mz‘j (tk, 1’) = Nij (tk, .%') — / Yij (tk, 1‘) exp (B;gZZ‘j)j\()(l')dx,
0
with
Z Z tlm exp ﬁk zg))ild]v(tkv «73)
=1 j=1
Let
o o (B)
- 10U )
\I/ g g . .
7 (k)
Up ( S
where

" (B, tg,u) (S8, tr, u))®2
AN;i(trou), 1 =1, ... k.
;] 170 ( 'Botww) (S8t w))? (b )

Similar to the proof of Theorem 2.3.2, it can be shown that

O Br) — o (Bo),  aus.,

where

t (2) 1) ®2
U] _ S (ﬁ,tk,.’ﬂ) ( (,B,tk,.%'))
Vel = /t <s<o>(ﬁ,tk,x) INCCIEAT ) ) N
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Let

U (B) = 5 : (3.9)

then Wy, (0;) is a consistent estimator of Uy (8p).

We assume that X () is positive definite. Since Bk is a consistent estimator of g,
f]k(ﬁk) is a consistent estimator of X (5p). So when n is large enough, Ek(ﬁk)*l exits.

Define the estimating equation

E(B) = Wi(Br) " Sk(Br) " U(B) = 0. (3.10)

This equation is formed by cutting the score function U (3, tk, t) into k pieces and
then combining them with standardizing coefficients. We will show in the following
that there exists a solution G to (3.10) which is asymptotically normal distributed. It
will be further shown that estimators generated from (3.10) are better estimators in

the sense that they are more efficient than the corresponding LWA estimator.

Theorem 3.2.1 Under the Conditions (2.1) and (2.2), for every 1 < k < N, there

exists a solution to equation (3.10), Bk, such that

V(B — o) % N(0,Wy), (3.11)

where
-1

Wy = (\Pk(ﬂo)TEk(ﬂo)*lwk(ﬂo)) . (3.12)

Proof. Similar to the proof of Theorem 2.2.1, we can show that
t
L0 - L33 / 23y — (B i ) dMig (11, 0) + 0(1). (313)
vn \f =1 =1/t
Note that for every fixed 1, ftz ) 1(Bo, tr, w)) dM;;(tr, w) has finite variance,
so the first term in (3.13) is a sum of independent random variables with finite variances.

By the multivariate central limit theorem, we have

Un(Bo) % N(0,%y,).

Bl
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Since W(fk) and 34(3) are respectively consistent estimates for Wx(3) and

Yx(Bo), we have

\}ﬁ‘i’k(ﬁk)Tik(Bk)_lUk(ﬁo) L N0, Wr(B0) "=k (Bo) " k(o)) (3.14)

In addition, for 1 < k < N we have

‘i’k(ﬁ) = —:Laa(g; — Wr(By), in probability.

In fact, the above convergence holds uniformly over {#* : ||5* — Bo|| < €.} for any

€, — 0. Then

B(0) B (—;88%’“

) — W, S 1, in probability. (3.15)
f=p*

Since Yy, X are assumed to be nondegenrate, we have \IfkTlel\I/k > 0. It is standard
to show that there exists a solution to the equation in any small and fixed neighborhood

of the true parameter 3y, we denote it by Bk By Taylor expansion we have,

Ln\mm)rf:k(ﬂ“k)flu(ﬁ) (B TSR (Be) (‘iaang H*> Vi (B — )
= U3 (B) TSk (Be) Nk (8%) v (Bk - 50) ; (3.16)

for some (3* lies between By and (). Therefore from (3.16), (3.14) and (3.15) we have
> d . _
V(B = Bo) = N(O, (T 210y ).
The proof is completed.

Theorem 3.2.2 Let Qy be the asymptotic variance-covariance matriz of the LWA es-
timator Bk Then

Wi < Qr

for all1 < k < N, where A < B for two matrices means A — B is non-positive definite.

Proof. Let

J = ( Ly DIoxp ~ DLyxp >pok'
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Then
U(Bos tk,tk) = JUk(Bo) and T'(Bo,tk,tx) = J¥k(Bo)- (3.17)

So

lim % Cou(U(fo, 1, 14)) = Tim ~EJU(50) U (o) T = TS ()T

n—oo n

Hence
Qr = F(ﬁoa%tk)_lnﬁ_{lgo %COU(U(ﬁOatk;tk))r(ﬁOatk)_l
= T(Bo, th, tr) " TSk(Bo) T (D (Bosti) ™) T
So

Q' =T (Bos tis tr) " (JE(Bo) T )T (Bos tes te) = C(Bo) T T T (TSk(Bo) T 1) "L Tk (Bo).
The right hand side of above equality can be rewritten as
Wi, (B0) " Su(B0) 28k (B0) 2T T (JZk(B0)T ") LTSk (B0) % S Bo) " Wk (o)

But
Sk(B0)2J T (JSk(Bo) ) TSk(Bo)?

is a projection matrix. Hence
Qi < Wi(fo) " Bu(Bo) M Wk(S0) = W

So

This completes the proof.

For every fixed 1 < k < N, define

Ui(B) = Ur(Be) "Sr(Br) " Uk(B).- (3.18)
Here Bk is the estimator based on LWA model with data accumulated till time ¢y,.

Many group sequential methods, including Pocock’s method, O’Brien and Fleming’s

method and Slud and Wei’s method, require that the score process to be approximately
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a Brownian Motion, i.e., Gaussian process with independent increments. The next
result shows that such an independent increments property holds to the rescaled score
process when the method of partitioning is applied and when there are simultaneous

entry times.

Theorem 3.2.3 Let By be the true regression parameter vector. Assuming that R;; =
0 for all 1 < j < ki, 1 < i@ < n. Then asymptotically, ﬁﬁl(ﬂo), ﬁ(ﬁg(ﬂo) -
U1(6o)), - - 7ﬁ(UN(ﬂo) — Un—1(Bo)) are independent, i.e.,

Jim_ con(—=(0, (o) = U (). =

Proof. Let Uy(fy) = 0. We will show that for any 1 < ky < ky < N, ﬁ(ﬁ/ﬂ (Bo) —
Ukl,l(ﬁo)) is independent of %(Ukz(ﬁo) — Ukrl(ﬁo)).

(Uk, (Bo) — Uky—1(B0))) = 0.

When R;; =0, 1 <j <k 1<i<n,Yjt s)and N;j(t,s) become

Yij(t,s) = I(Ti; > 5,Cy5 > s)I(t > s),

Nij(t,s) = I(Ti; < s, T;; < Cij) (T35 < ).
So for t, < tk,, it is true that U,ﬁ’l) (Bo) = U,i? (Bo) for all 1 <[ < ky. Therefore, let

J = ( Ipo Ipo ce Ipo >p><pk1 .

Then
Uk, (Bo) = JUk,(Bo) and W, (Bo) = JW,(Bo)- (3.19)

So

%COU(UM (B0) Uk, (B0)') = W, (B) 23, (B)Uky (B0) Uk, (B0) Ei) (), (6)

A ~

= U} (B)2},1(8) T Uy (80) Uk, (B0) 5, (B) Ty ().
Hence

T —cou (T, (50) 0k (o) ) = W, (o) i (50) TS, (80) 5, (80) Wi (50)
= 0], (50) S5 (50) T Wi, ()

=}, (Bo)S5, (B0) Uk, (Bo)-
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Consequently,
nangO cov(\/lﬁ(ﬁk1 (Bo) — Ug,—1(Bo)) \}ﬁ(ﬁkz (Bo) = Uk,—1(50)))
= Hm %[Cov(ﬁkl (Bo) Uk, (B0)) — cov(Up, (Bo), Uy—1(Bo)) —

cov(Uk,~1(60), Uk, (50)) + cov(U, ~1(B0), Ur,1(50))]
-1 -1 -1 -1
= Wi Wi =W Wi
= 0.
This completes the proof.
Remark 3.2.1 In Phase III clinical trials, it is seldom the case that patients enter a
study at the same time. It would be desirable that the above result be extended to the

more general stagger entry case. Our simulation results in the next section do show this

independent increments property when the study entry time is uniformly distributed.

Sequential analysis can be done based on the standardized estimator 5k and Slud
& Wei’s method [36]) which according to Theorem 3.2.2, improves the efficiency of the

test.
Theorem 3.2.4 For1 < ki <ky <N,

lim Cov(v/n(Br, — Bo), Vr(Bry — Bo)) = Wiy, (3.20)
where Wy, is given by (3.12).

Proof. It can be verified that for every 1 < k < N,

VB~ o) = Wie—=U(fo) + 0p(1). (3.21)

3

So

lim Cov(v/n(Biy — Bo), V(Br, — o)) = Wi lim %Cov@kl (B0), Uk, (80)) W,

n—oo

= Wi, W' W, = W,.
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Corollary 3.2.1 The vectors /n(B1 — ), -+, v/n(Bx — Bo) follow asymptotically the

multivariate normal joint distribution with
Jim Cov(v/n(Br — Bo), Vn(Bi — Bo)) = Wik, (3.22)

where Wy, is given by (3.12).

3.3 Simulation

We evaluate the proposed sequential method by extensive simulations. Parameter esti-
mates and their accuracy, type I error and power are assessed by empirical studies and
are compared with existing methods. Results show that the proposed sequential method
based on partition gain efficiency in parameter estimating and hypothesis testing.

In our simulation, we consider the case that there are two members in each cluster
(i.e., k; = 2) and the two marginal survival times follow the same model, i.e., the two
survival times share the same covarites and the covariates have the same effects on
the marginal distributions. The shared covariate within cluster is taken to be a binary
variable. Let {(Tj1,T;2),i = 1,--- ,n} be n paired failure times. They are generated
from the bivariate Frank copula family [13], that is, for each fixed i, (T}1,T;2) has the

joint distribution function

=

Fy(t1,t2) = (Fl(ltl)p + FQ(th)p - 1) . p>0. (3.23)

We denote the common covariate of T;; and T by z;. let A\; = eP% . Then Tj; and Tjo

marginally have exponential distributions

Ty ~ Fi(t)) =1 —e it

Tip ~ Fy(ty) =1 — e Ntz

The tuning parameter p governs the dependence of the two survival times. The larger
p is, the more dependent the two variables are. In the simulation studies, we take two
values of it, p = 1 and p = 5, to represent a situation with small correlation and a large
correlation between the two survival times within one cluster. Figure 3.1 demonstrates

the role of p in characterizing the dependence of the two marginal variables.
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Figure 3.1: Correlation coefficient of T1 and To
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To apply our method, we partition the interval (0, c0) into two intervals (0, ;] and
(t1,t2] with t1 = 1,t9 = 8. Failure times greater than 8 are rare. The censoring variables
are generated from uniform distribution U(0, t3). The members in the same cluster have
the same entry time R which follows an uniform distributed U(0, 2).

Table 3.1 lists the parameter estimates, their empirical standard deviations (in
parentheses) and their estimates based on asymptotic variances. For this table, when
p = 1 for the Frank’s copula, the correlation coefficient of the two survival times within
each cluster is small (between 0.128 and 0.191, on average); for p = 5, the correlation
coefficient is larger (between 0.516 and 0.551 on average). From this table, the partial
likelihood estimates of the regression coefficient at both stage 1 and stage 2 are con-
sistent, though the estimates at the first stage have much larger variance or standard
deviation due to the smaller number of samples used in the first stage. In addition,
the empirical variances are greater than the variance estimates based on large sample
property. Our proposed partitioning method provides consistent parameter estimates

at stage 2. The empirical variances are slightly larger than the ones based on marginal
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approach. This is because the sample size, n = 100, is not large enough. But our as-
ymptotic variance estimates are smaller than those for the marginal method, indicating

an efficiency gain by applying the partitioning method.

Table 3.1: Parameter estimates and their standard deviations

Stage 1 Stage 2: Marginal approach Stage 2: Partitioning method

B B ** o1 " B2 o9 ™ B2 o2 *

-0.6  -0.600 (0.434) 0.415 -0.609 (0.177) 0.170 -0.619 (0.179) 0.166

-0.4  -0.421 (0.412) 0.392 -0.397 (0.169) 0.165 -0.402 (0.171) 0.162

-0.2 -0.220 (0.395) 0.378 -0.208 (0.165) 0.163 -0.211 (0.168) 0.159

p=1 0.0 0.001 (0.376) 0.362 0.012 (0.162) 0.161 0.013 (0.167) 0.158
0.2  0.196 (0.372)  0.350 0.202 (0.158) 0.161 0.207 (0.162) 0.157

0.4  0.405 (0.353) 0.338 0.408 (0.161) 0.161 0.418 (0.167) 0.158

0.6  0.620 (0.349) 0.332 0.606 (0.162) 0.163 0.619 (0.167) 0.160

-0.6 -0.622 (0.521) 0.490 -0.616 (0.202) 0.199 -0.626 (0.205) 0.192

-0.4  -0.439 (0.492) 0.465 -0.411 (0.206) 0.194 -0.418 (0.210) 0.187

-0.2 -0.197 (0.471) 0.447 -0.203 (0.189) 0.191 -0.209 (0.193) 0.184

p=>5 0.0 -0.014 (0.455) 0.429 -0.008 (0.195) 0.188 -0.007 (0.200) 0.181
0.2 0.196 (0.372) 0.350 0.202 (0.158) 0.161 0.207 (0.162) 0.157

0.4 0.404 (0.409) 0.405 0.415 (0.195) 0.188 0.425 (0.201) 0.181

0.6 0.617 (0.392) 0.392 0.607 (0.191) 0.191 0.621 (0.194) 0.183

* 6 and g4 are estimated asymptotic standard deviations.
** Standard deviations are in parentheses.
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We have showed in section 3 of this chapter the independence increment property
for the scaled scores with simultaneous entry times. Simulation results show that this
property hold with staggered entry times. Figure A.1 shows that the scores are pretty
close to a normal distribution, and therefore the parameter estimates are asymptotically
normal. Figure A.2 illustrates scatter plot of Us versus Uy, a linear trend relationship
of them can be spotted implying the independent increment property is roughly true.
This can also be seen from Figure A.3 in which there is no linear relationship between
Ul and Ug — Ul. In fact, for this figure, the correlation coefficient of Ul and Ug — Ul is
shown to be 0.018. As another example, we present A.4 - A.6 corresponding figures for
p = b, consistency, asymptotic normality and independent increment can be seen to be
true from these figures.

As a tool to verify the independent increment property of the scaled score process,
for two stage partition, we have checked the type I error by using Pocock’s boundaries
and O’Brien and Fleming boundaries. We have used data generated from sample size
n = 100, n = 200 and n = 400 population. It can be seen from Table 3.2 the results for
n = 200 and n = 400 populations are quite close to intended type I error. This reflects

that Uy and Us exhibits the property of scores when data are normal and independent.

Table 3.2: Empirical type I error of the proposed sequential test when the critical values
are determined by Pocock’s method and O’Brien-Fleming’s method

significance level («)

n  Methods 0.01  0.05 0.1
100 Pocock 0.016 0.082 0.130
O’Brien-Fleming 0.017 0.070 0.116
200 Pocock 0.011 0.056 0.115
O’Brien-Fleming 0.015 0.055 0.121
400 Pocock 0.010 0.055 0.107

O’Brien-Fleming 0.011 0.057 0.098

At the two stages, a normal z-test is applied. For testing Hy : 8 = §p, the Wald-type

test statistics are

B — Bo

Ok

T, = k=12,
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where f3;, is the estimate of cox regression coefficient by the partitioning method and &y
is the estimated standard deviation of (3, at stage k. The overall type I error is taken
to be a = 0.05 and the significance levels are a; and as = @ — a1. In our simulation,
a; = 0.02, as = 0.03, but other spending function of the overall significance level is
also investigated. Critical values, Cy, and C,,, of the sequential test are determined by
the joint normal distribution of (77, 7%), utilizing the independent increment property

of Uy and Ug by noting the relationship of T} with Uk:

Namely, we assess value of C, by Monte Carlo method. We first generate a batch of
independent normal variates Zy; from N(0,d%),k = 1,2 and set Un = Zn,Uis = Ziy +
Zip and let Ty = Uﬂ/&l and Ty = 012/(}2, then C,, is obtained as the (1 —ay) x 100%
quantile of Tj.

Power of the proposed partitioning method are assessed for small (p = 1) and
large (p = 5) within-cluster correlation. The sequential procedure are as described
below. The null hypothesis is Hy : § = 0.2. For overall significance level o = 0.05
and significance levels, a; = 0.02 and as = 0.03, at the two stages, the critical values
are obtained by 10 million Monte Carlo computations under the null. For p = 1,
Co, = 2.326, Cy, = 2.137; for p =5, Cy, = 2.326, Cy, = 2.142. Figures A.7 and A.8
are the power of the sequential test based on our partitioning method and the marginal
method. It can be seen that there is power gain by applying the partitioning method.
The power gain is small for small sample size. We also conducted simulation for larger
sample sizes. For n = 200, the power gain is more evident, especially so when the two

survival times are more dependent.
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Chapter 4

Sample size calculation for clustered survival data

4.1 Introduction

Sample size calculation is a crucial step in the design of a clinical trial. Its appropriate
estimation ensures that the study has enough power to detect a significant treatment
effect. In this chapter we will study how to estimate sample size for clinical trials

designed with clustered event data.

4.2 Formula for sample size calculation

In this chapter, we are dealing with clustered survival data that associated with each
T;;, there is only one covariate Z;;. We assume that Z;; are identically distributed
with mean m and variance 0. We assume that the censoring variables {C;;} are also
identically distributed. We use Yj;(z), N;j(x) and M;;(8,x) to represent respectively
Yii(t,x), Nij(t,x) and M;;(B,t,z) at t = co. Let U(B) represent U(f,t,t) at t = oc.

Let 3 be the true regression coefficient for the only co-variate in the model. The
null hypothesis is:

Hy:6=0.

Under this hypothesis, the marginal proportional hazards model becomes
Nij(t) =Xo(t), i=1,..,n, j=1,., k.

So all T;; have same marginal distribution.
Let () be X(3,t,s) at t = s = co. The test statistic we use for the null hypothesis
is 3 which is the solution of U(3) = 0. It has been shown by Spiekerman and Lin [37]

that £ is asymptotically normal and a consistent estimator of 3. It can be shown that
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the asymptotic variance of /n(8 — ) is

W = 1 li Ly E . dM; 4.1
)= g dm D Z/ AAM(B)2 (D)
where

r(g) = /0 " 0(8, 2)ho(2)s) (2)da. (4.2)

We see from (4.1) that W (3) changes when 3 is different. So here we don’t have the

situation of a constant variance.

Let a be the significance level of the test for the null hypothesis. The two-sided
level « test of Hy: f =0 against Hy : 8 # 0 is:

Vv ||
p(B) =4 VWO

otherwise  accept Hy,

> zq2  Teject Hy

here z,/, is the upper a/2 profile of the standard normal distribution. Let [(4(51)

denote the power of ¢ at any Hy : 8 = 31, then

v |6]

5¢(ﬂ1) = Pﬁl( W(O)fza/Z)
_ \F(ﬁ ﬁl) >, W(0) \fﬁl
/7 = “a/2 W(ﬂl) /—ﬁ1
Vi (B=p) _ WO)  Vnp
Pﬁl( < a2 )
VW (B1) W(B) W(B)
o w(0) fﬁl w(o) fﬁ1
=1 (I)(Za/g —Z /2

W(B) VW 51 “ W(p) W [31

If £1 > 0, neglect the term ®(—z, /o VI{/V(%?) — ﬁ(@l)), then
1

Bo(Br) = 1= ®(zay Vvif((ﬁol)) - \/%)'

Let 8* be the power we would like to attain at the alternative hypothesis. Then in

order to have

Bs(Br) = B, (4.3)
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we must have

o wo vEs o
a/2 W(Bl) \/W > 1-8*,

thus
o W(0) + z1_g=/W
\/523/2 (0) ﬁfl 8=\ (/81)‘ (4.4)
Similarly if 57 < 0, we will have
W (0 _gr /W
S > a2y ( )4_-21 8/ (51)_ (4.5)

b

Letting n be the minimum positive integer that satisfy (4.4) or (4.5), we get that the
no. of clusters required for an experiment with a clustered event data to satisfy the

power requirement is:

~ (Zay2VW(0) + 21— v/ W(/31))2.

- 7 (4.6)

In practice, 81 usually represents the minimum treatment effect that is of clinical mean-

ing. Using the average cluster size K; we get the total sample size

N = nkK;. (4.7)

4.3 Estimation of W(0) and W (/)

In formula (4.4), o, 3; and * are pre-determined and known. So the major task in
estimating a sample size is to estimate W (0) and W (3;) as accurately as possible.

Let us assume that for a clinical trial with clustered survival data, some pilot studies
has been done. If these pilot studies don’t show any sign of treatment effect, then
this clinical trial will terminate and no further study will be planned. Therefore it is
reasonable to assume when we plan a new study, that pilot studies do show clinical
efficacy. That is, the data from pilot studies constitutes a population from g = 31 # 0.
By this reasoning, data from pilot studies can be used to estimate W (/) using the

following formula:

W(8) = 2ei=lhe= 2 J (4.8)
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with

i o W3 1) .
P(51) = >3 [ 5@6.) - M)Aou)dm (4.9)

Usually only when a pilot study shows a treatment effect then a clinical trial con-
tinues. So the data of a pilot study represent a data population away from the null
hypothesis. It is therefore reasonable to use a pilot study data to estimate W (3;). On
the other hand, irrespective of the true regression coefficient of the treatment effect,
data from a pilot study reflects the basic data structure, such as the correlatedness of

event times. Hence we use (4.8) to estimate W (0) by inserting 3 = 0.

4.4 Simulation

In our simulation, we consider again the clustered survival data generated from a Frank
copula family with n clusters and 2 members in every cluster. In each cluster the two
survival times share same covariate and same censoring variable. The covariate is taken
to be a binary variable with probability 0.5 to be one or 0.

Let {(Ti1,Ti2),i = 1,---,n} be n paired failure times. Then for each fixed i,
(Ti1,Ti2) has the joint distribution function

Fp(tl,tz) = <F1(11)p + Fgég)p — 1)P , p>0. (4.10)

If we denote the common covariate of T;; and T by z;, then T;; and T;2 have marginal

distributions

Ty ~ Fi(t) =1 — el

Tio ~ Fy(ty) =1 — e Ntz

where \; = e%%. The parameter p characterizes the dependence of the two survival
times. The larger p is, the stronger the correlation would be. In simulations, we take
two values of p, 1 and 5, to represent a situation with small correlation and a large
correlation between the two survival times within one cluster.

In the following simulation, we take the alternative regression parameter 3; to be

0.1, 0.3, 0.5, 0.7 and 0.9 respectively, the type I error to be 0.05 and 0.1, and the power
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intended to be 80%, 85% and 90%. At each iteration, we take number of clusters to
be n = 100 to emulate the real situation at which a pilot study usually does not have
a large sample size. For each fixed type I error, 51 and the intended power 3*, we run
150 iterations. The mean sample size obtained from 150 iterations is then presented in

the following two tables.

Table 4.1: Sample size with rho =1

B
Power 0.1 0.3 05 0.7 09

0.8 2009 225 82 43 28
a=0.05 08 2312 259 93 49 32
0.9 2714 298 109 58 38
0.8 1586 175 64 34 22
a=010 085 182 205 72 39 25
0.9 2200 242 89 47 30

Table 4.2: Sample size with rho =15

B1
Power 0.1 0.3 05 0.7 09

0.8 2739 302 108 56 35
a=0.00 085 3149 349 124 65 41
0.9 3688 405 145 77 48
0.8 2158 237 8 44 28
a=010 085 2533 278 100 52 33
0.9 2989 332 120 61 39

Tables A.1 and A.2 list the powers achieved by the sample sizes for §; = 0.1,0.5
and 0.9.

4.5 Discussion

When Z;; and Cj; are all identically distributed, so are Y;; exp (8'Z;;) and Y;; Z;; exp (8'Z;;).
So ford =0,1,2
S(d) (ﬁ, 1’) = KlEZ{lIYH(.%) exp (ﬁ/ZH).
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Therefore
,u(ﬁ, :L‘) _ EZHYH(.’L') exXp (/IBIZH)
EYH(.T) exXp (ﬁ ZH)

and

(EZ1 Y (z) exp (8'Z11))?
EY1i(z) exp (8 Z11)

I'(3,z) = K; /OOO(EZ?fYH(x) exp (8'Z11) — Yo(z)dz.

Let

(EZ11Y11(z) exp (ﬁlle))z
EYi1(z) exp (8'Z11)

P(B.o) = [ (B2 i) e (570) - Pho(w)de,

Then

P(ﬁ, .73) = Kll“l(ﬁ, JZ‘)

If we assume that forall 1 <j#k <k;,i=1,...n

B /0 " (Zis — (. x))dM; (5, ) /0 " (Zik — p(B.2))dMiy (B )
- B/ " (21 — (B, x))dMy (5, ) / " (Z1z — u(B.2))dMs(5, 7)),

_ KaTu(B, ) + (Ko — K0)E([y™ (211 — p(B,2))dM (B, 7) 5™ (Z12 — p(B, x))de(ﬁ’ﬂf)).

(K11 (B, 2))?

For B = 0, Z;; is independent of Y;;, so u(0,z) = m, v(0,z) = o and s(0(0,z) =
EYi1(x). Hence

I'(0) = K1I'1(0) = K102E/ EY11(z)\o(z)dz = K10 EN;(00) = K102P(T1; < C1y),
0
and
E/ (ZH — m)dMH(O, x)/ (Zlg — m)dMlg(O, x) = COU(ZH, Zlg)EMH(O, OO)M12(0, OO)
0 0

So

K10'2P(T11 < 011) + T(KQ — Kl)EMH(O, OO)MH(O, OO)

wo) = (K10%2P(Th1 < C11))?
_ 1 ’I"(KQ — Kl)EMH(O, OO)Mlg(0,00)
K102P(T11 < 011) (K102P(T11 < Cll))2 ’

where 0% = var(Z11) and r = cov(Z11, Z12).
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When k; =1 for all i = 1,..,n, (4.6) reduces to

( a2 3% )2
’I’Ll — \/Fl (0) 62\/F1(ﬂ1) . (411)
1

Here n; is the no of clusters required for experiments with one subject per cluster. In
order to have

ngnl?

we must have

Za/Z ZBx
Za2VW(0) + 2 /W (B1) < Jh0) + Nk

which will be satisfied when

1 1
W) < and W < . 4.12
(0) < I'1(0) (b) < I'1(61) (4.12)
To satisfy (4.12), we must have
CO’U(ZH, Zlg)E(MH(O, OO)M12(0, OO)) < K12 — K1 (4 13)

Fl(O) - KQ_K]_7
and

E([y°(Z11 — p(Br, x))dMyy (Br, x) [3°(Zia — p(Br, x))dMiz (61, 2)) _ K2 - K,
I'i(B1) T Ky—Ki
(4.14)

The right hand side of (4.13) and (4.14) are related with the relationship between
K7 and K, while the left hand side deals with the relationship between covariates, and
event times. The two sides are not intrinsically related. Depending on how large the
relatedness between covariates and event times is, either side of the inequalities may be
bigger than the other side.

Some special cases are:

1. All Z;;,i=1,..,n,j = 1, .., k; are independent.
In this case, the left hand of (4.13) and (4.14) are zero, and

1 1
O =Frne ™ Y= ErGy
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So
( Za/2 Z3x )2
VIi0)  VTi(B)’

K1} K

2. k; are constant, k; = K,i=1,..,n.
When the condition is true, Ky = K7 = K2, so the right hand sides of (4.13) and
(4.14) are 1. It is easy to show, under our assumptions, that the left hand sides of

(4.13) and (4.14) are less than 1. So in this case, we have

n <nj.

3. k; are not all equal.

In this case, K? < K». So the right hand sides of (4.13) and (4.14) are strictly less
than 1.

When Z;; = Z;; a.s., j =1,..,k;, that is, all members in the same cluster get the
same treatment, we have Cov(Z11Z12) = o?. If the treatment is the primary factor that

affects the failure of patients, then T;; ~ T;1, so
EM11(0)M12(0) = EMy1(0)* = P(Tiy < Cy),
and

[e.e] [e.e]
E(/ (Z11 — u(ﬁl,x))dMll(ﬁl,fE)/ (Z12 — p(Br,2))dMi2(B1, ) = T1(Br).
0 0
So the left hand sides of (4.13) and (4.14) are equal to 1. In this situation, we have
n = —2n >n
K12 1 1-

This is a strange result. From intuitive thinking, since within a cluster, every event
time is a representative of the others, we have a case equivalent to that of one event
time per subject. So the sample size required in this case should be no more than that
in one event time per subject case.

This phenomenon can be explained as this. Suppose {X;j,i =1,...,n,5 =1,...,k;}

is a sequence of random variables which satisfies that X;; = X;1, a.s, i =1,...,n, and
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X is independent of Xj; when ¢ # j. ki,...,k, is a sequence of constants. Each X;;

has mean p and variance o2.
Define
1 n ks
X = X,
! k1+k2+...+kn;; Y
_ 1 —
Xp=-) Xa.
=
Then

_ N ey I S
EXy=p, wvarX;= Ekl +2 iy )2n02,
itk

_ _ 0'2
EXo=pu, varXg=—.
n

From Jensen’s Inequality, when k; are not all equal,
(k1 + oo+ kp)? < n(k3 4+ k54 ...+ E2),

we get

2 2 2
— 1
varX, = Fithky+..+ k”az > Zo?

= varXs.
(k14 ... + kp)? n varaz

This is a situation that is unlikely to occur in reality, since usually treatment is not

the only factor that affect the failure of a subject.
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Appendix A

Tables and Figures

Table A.1: Power achieved by sample size with rho =1

b

0.1 0.1 0.1 0.5 0.5 0.5 0.9 0.9 0.9

o =0.05 Power intended 0.8 0.85 0.90 0.8 0.85 0.90 0.8 0.85 0.90
Power achieved 0.812 0.858 0.907 0.813 0.852 0.90 0.812 0.856 0.904

o =0.10 Power intended 0.8 0.85 0.90 0.8 0.85 0.90 0.8 0.85 0.90
Power achieved 0.797 0.869 0.905 0.792 0.834 0.906 0.793 0.854 0.897

Table A.2: Power achieved by sample size with rho =5

St

0.1 0.1 0.1 0.5 0.5 0.5 0.9 0.9 0.9

o =0.05 Power intended 0.8 0.85 0.9 0.8 0.85 0.90 0.8 0.85 0.90
Power achieved 0.797 0.857 0.897 0.795 0.835 0.898 0.792 0.874 0.91

a =0.10 Power intended 0.8 0.85 0.9 0.8 0.85 0.90 0.8 0.85 0.90
Power achieved 0.808 0.873 0.897 0.788 0.845 0.908 0.795 0.838 0.914
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Figure A.2: Scatter plot of Uy versus Uy (p=1)
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Figure A.4: Distributions of scores Uy and U (p=5)
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Figure A.7: Power by marginal method and by partition method (p=1)
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Figure A.8: Power by marginal method and by partition method (p =5)
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