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ABSTRACT OF THE DISSERTATION

Numerical Modeling of Hollow Optical Fiber Drawing

Process

by Jing Yang

Dissertation Director: Professor Yogesh Jaluria

The hollow optical fiber drawing process has been numerically investigated. Axisym-

metric, laminar and conjugated flows of gas in the central cavity, glass and aiding purge

gas, were simulated in the model. A numerical scheme was proposed to correct the in-

ner and outer surfaces of the hollow fiber. The optically thick approximation, as well

as the zonal model, was applied to calculate the radiative transport within glass. The

validation of the model was carried out. It is shown that the results from the model

are consistent with the physical trends and agree well with the results in the literature.

The effects of variable properties of air and buoyancy were investigated and results

indicated that these effects are neglectable for simulating the draw process. The effects

of physical parameters, such as the temperature distribution on the furnace wall, the

drawing speed, the preform feeding speed, geometry of the preform and material prop-

erties, on the thermal transport, the neck-down profiles, the final collapse ratio and

draw tension have been studied. Then, an appropriate objective function, comprised

of the maximum velocity lag, E’ and NBOHCs defect concentrations and draw tension,

has been proposed to describe the quality of the hollow fiber. The feasible domain for

hollow optical fiber drawing process was identified for optimal design. A multi-variable

and non-constrained optimal design problem in hollow optical fiber drawing process

ii



has been solved by the univariate search and curve fitting method. Finally, collapse

of Microstructured Polymer Optical Fibers (MPOFs) during the drawing process was

investigated by a porous media model. Results provided the effects of parameters on

the final porosity of MPOFs. This model has been validated by comparing with the

results for solid-core and hollow fibers drawing processes.
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Chapter 1

Introduction

1.1 History and background

An optical fiber is a glass or plastic fiber which is designed to propagate light along its

length by confining as much light as possible within the wave guide. In the 1840s, the

light-guiding principle was proposed. In the 1950s, optical fibers were largely developed

for medical applications. In 1966, Kao and Hockham [33] of the British company Stan-

dard Telephones and Cables first speculated that the optical fiber could be a practical

medium for tele-communication if the attenuation could be reduced to below 20 dB/km.

In 1970, a fiber with a low-loss (below 20 dB/km) attenuation was first manufactured

from a preform produced by Outside Vapor Phase Oxidation (OVPO) by researchers

Kapron et al in Corning Glass Works, now Corning Inc [47]. Then the advent of modern

age of optical fibers began. Currently, fibers with loss less than 0.5 dB/km for certain

wavelengths have been widely manufactured. Today, optical fibers have a widely range

of applications in medicine, military and industry. The applications of optical fibers

are telecommunications, sensors, high power delivery, thermal imaging and so on.

A variety of materials are used to develop optical fibers. Based on the material,

optical fibers can be divided into three categories: glass, crystalline, and plastic. Optical

fibers were first made from silica glass. Then around 1975, some other glasses, such

as fluorozirconate, fluoroaluminate, and chalcogenide glasses, were used to fabricate

optical fibers. The optical fibers made from these glasses were designed to transmit

radiation with wavelengths greater than 2 µm [24]. So they are called glass infrared

optical fibers. The melting or softening temperature of these glasses is much lower than

that of silica (about 1900 K). For example, the melting temperature of heavy metal

fluoride glass is only 538 K [49]. And most of glass infrared optical fibers have higher
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loss compared to silica glass optical fibers except fluoride glass fibers. Fluoride glass

fibers have losses as low as a few dB/km. Crystalline material is also used to fabricate

infrared optical fibers. There are two types of crystalline fibers: single-crystal (SC) and

polycrystalline (PC) fiber [2, 46, 58]. Most non-oxide crystalline materials can transmit

longer wavelength radiation than IR glasses. Therefore, these fibers are mainly used in

military surveillance satellite application. Plastics can also be used to fabricate optical

fibers. This kind of optical fiber is called Plastic Optical Fiber (POF). Conventional

POFs are made from polymethyl methacrylate (PMMA) [27]. POFs typically have

much higher attenuation than glass fibers, but they are relatively inexpensive. So they

can be used for short-distance data transmission.

The most common structure of optical fibers is the clad-core structure. In this

structure, the light-guiding central portion (called “core”) is surrounded by a dielectric

layer (called “cladding”) which has a slightly lower refractive index than that of the

core. Figure 1.1(a) schematically shows the clad-core structure. Clad-core optical fibers

can be classified into two general categories, i.e. single-mode and multimode. The dif-

ference between single-mode and multi-mode fibers is that the single-mode fiber allows

only one mode of light to propagate while the multi-mode fiber allows hundreds of

modes of light to propagate simultaneously. Multi-mode fibers have larger core diame-

ters (usually greater than 10 µm). In multimode fiber, components of light transmitted

by different modes exhibit different group velocities. This results in multimode disper-

sion. Clad-core optical fibers are also classified into step-index fibers and graded-index

fibers based on the refractive index in the core. The profile of the refractive index in

the core is uniform in step-index fibers and gradual in graded-index fibers. Besides

the clad-core structure, there is another structure called hollow waveguide. Hollow

waveguides have many advantages over conventional solid-core fibers. These include

high laser power thresholds, low insertion loss, no end reflection, ruggedness, and small

beam divergence. Due to the presence of air core, hollow waveguides can be used to

provide infrared laser beam and high-power delivery. Applications of hollow waveguides

are medical applications, sensor technology, diagnostics and CO2 and Er: YAG laser

delivery, besides traditional telecommunications.
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A new class of optical fibers, called photonic crystal fibers (PCF) or microstructured

optical fibers (MOF), has been of considerable interest in recent years [14, 43]. MOFs

can be divided into solid-core MOFs and hollow-core MOFs. Figure 1.1(b) schemati-

cally shows the structure of the solid-core MOFs. The effect of the periodic structure

around the core in solid-core MOFs is the same as that of the cladding in the clad-core

optical fibers. In solid-core MOFS, light is confined within the core by diffraction from

a periodic structure. Compared to conventional optical fibers, MOFs have many advan-

tages. For example, solid-core MOFs can be designed to get a much higher refractive

index difference between core and cladding. Hollow-core MOFs can be used to carry

gas due to the hollow core. And MOFs can carry higher power or light in different

wavelength range for which material may not be available. Now MOFs are applied

in fiber-optic communications, fiber lasers, nonlinear devices, high-power transmission,

highly sensitive gas sensors, and other areas.

Polymers, especially PMMA, are also introduced to fabricate MOFs. This kind of

MOFs is called microstructured polymer optical fibers (MPOFs). Figure 1.2 shows

structures of different kinds of MPOFs which are single-mode, graded-index, twin-core

and hollow-core MPOFs [17]. MPOFs have many advantages over MOFs and POFs.

First, the collapse of holes occurring during the drawing process strongly depends on

the surface tension. So the collapse of holes in MPOFs can be greatly reduced due

to the small surface tension [64]. Second, much lower glass transition temperature

and the tailorability of polymers offer more flexibilities in the fabrication methods [17].

And low cost to fabricate MPOFs is another advantage. MPOFs have a wide range

of applications, such as high-bandwidth transmission (local-area-networks and fibre-to-

the-premises), imaging, sensing and high birefringence. MPOFs made from polymers

with high glass transition temperatures can be used for high temperature applications

(for example in the automotive industry) [17].
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1.2 Manufacturing of hollow optical fiber drawing

1.2.1 Preform

The manufacturing of an optical fiber typically starts with the fabrication of preform.

Here a brief introduction to fabrication of preform is presented. There are variety of

methods that can be used to fabricate the perform. For conventional solid core glass

preform three common approaches are: Modified Chemical Vapor Deposition (MCVD),

Outer Vapor Deposition (OVD), and Vapor-Phase Axial Deposition (VAD) [29, 44].

MCVD was first introduced at Bell Laboratory in the early 1970s. The schematic

diagram of the MCVD is shown in Figure 1.3. A mixed vapor of SiCl4, GeCl4 and

fluorinated hydrocarbons along with oxygen flows through a rotating hollow silica tube.

This hollow silica tube horizontally placed is heated up by an external oxyhydrogen

flame. The oxidizing reaction occurs in the tube and then produced a thin layer of

glass soot deposited inside the tube. Then, the sintered glass layer are heated to the

softening point and finally collapsed into a solid preform rod. The refractive index can

be controlled layer by layer in the radial direction. MCVD is the most widely used

preform fabrication process now.

OVD, which is more complicated than MCVD, was developed at Corning Glass

Works in the early 1970s. The schematic diagram of the OVD is shown in Figure

1.4. The glass particles produced by oxidizing reaction are deposited on the surface of

a rotating target rod. The core material is deposited first, followed by the cladding.

Then, the target rod is removed from the center of the porous preform. Finally, the

preform is consolidated into a solid preform rod in a furnace.

VAD was proposed in Japan in 1977. Figure 1.5 shows the basic principle for the

VAD process. The methods of deposition and consolidation in the VAD process are the

same as in the OVD process. But in the VAD process, the preform can be continuously

fabricated in the axial direction because the deposition and consolidation steps are

arranged in a single line. However, it is more difficult for VAD to control the refractive

index of the preform in the radial direction.

The preforms of microstructured optical fibers have a lot holes. For silica fibers, the



7

stacking technique is the most popular and convenient way to fabricate the preform.

Capillaries and rods are stacked by hand to form the desired geometry on a macroscopic

scale. The hole structure is mostly restricted to hexagonal or square close-packed struc-

tures due to the stacking technique [34]. For polymers, many fabrication techniques,

such as drilling, extrusion and molding, can be used. So it is easy to obtain different

geometry on a macroscopic scale for polymers. This is also an advantage of polymers

over glass in MOFs fabrication. After the preform fabrication, the fiber can be drawn

from the preform in the drawing process.

1.2.2 Fiber drawing process

The manufacture process of typical optical fibers is schematically showed in Figure 1.6

[53]. The continuous fiber manufacture process consists of drawing, cooling, coating

and curing processes. First, the preform (typically a few centimeters in diameter) is fed

into the drawing furnace by a feed mechanism. Then the preform is heated up to the

softening temperature, which is about 1900 K for silica, mostly through radiation heat

transfer from the furnace surface. By pulling the softened material, the preform can be

drawn down at a chosen draw speed to obtain a fiber (typically 125 µm in diameter).

Two common drawing furnaces, namely graphite furnace and zirconia furnace [44], are

employed for silica preform drawing. In the drawing furnace, the region where the

perform narrows down sharply is called the neck-down region. The shape of the neck-

down region is a combined effect of drawing conditions such as the preform feeding speed

(the speed of preform), the drawing speed (the exit speed of fiber), the temperature

distribution on the furnace wall, etc. The geometry of the final fiber (inner and outer

diameters) depends on the shape of the neck-down region.

Leaving the drawing furnace, the fiber is monitored to adjust its diameter and then

cooled in the cooling section. Usually forced cooling in an inert gas is applied to cool the

fiber. The fiber must be cooled to a certain allowable temperature level for a successful

coating process. Then the fiber is coated in the coating cup, which is located below the

drawing furnace and the cooling section. The purpose of coating is to protect the fiber

surface from external damage and to preserve the original fiber strength. The coating
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applicators are classified as open-cup and pressurized. Then the coating is generally

cured in a curing oven. After the coating and curing processes, fiber is wrapped up in

a winding drum.

 

Tube Rotation 

Reactant Gas Exhaust 

Oxy-hydrogen burner 

Sintered Glass 

Soot Deposit 

Burner Motion 

Silica Tube 

Figure 1.3: Schematic diagram of the MCVD process



9

 

Rotation 

Oxy-hydrogen burner 

Soot Deposition 

Burner Motion 

Soot Preform 

Mixed Vapor 

Target rod 

Soot Deposition 

Sintering 

Furnace Furnace 

Soot Preform 

Figure 1.4: Schematic diagram of the OVD process



10

 

 

 

Rotation 

Oxy-hydrogen burner 

Pulling 

Porous Preform 

Preform 

Mixed Vapor 

Furnace Furnace 

Figure 1.5: Schematic diagram of the VAD process



11

 

 

Drawing Pulley 

Winding Drum 

Feed Mechanism 

Drawing Furnace 

Fiber Diameter Monitor 

Accelerated Cooling Section 

Coating Cup 

Coating Concentricity Monitor 

Curing Furnace 

Coating Diameter Monitor 

Preform Feeding Velocity 0V  

Figure 1.6: Schematic diagram of a fiber drawing tower



12

1.3 Previous work

A brief overview is presented here. A study on the optical fiber drawing process has

been of considerable interest since the late 1960’s. After the mid 1970s, a number of

researchers investigated the thermal transport in the neck-down region of the solid-core

silica glass optical fiber drawing process. Many numerical and theoretical models and

experiments were carried out to investigate the radiative and convective heat trans-

port in the furnace, neck-down profile generation, high draw-down ratio, optimization,

instability and so on. The radiation was computed using the optically thick approxi-

mation in most of the models. Compared to the work done on solid-core fiber drawing,

very few investigations have been carried out on hollow optical fiber drawing. Recently,

with the development of MPOFs the study in the MPOFs drawing process is important

and required. More detailed reviews of related investigations will be provided later in

appropriate chapter.

1.4 Present work

1.4.1 Motivation

Drawing hollow optical fibers in the furnace is a very complicated process, which in-

volves a combination of conduction, natural and forced convection, and radiation trans-

port. The geometry of the final fiber plays an important role in the optical character-

istics and performance of the fiber. For instance, the wall thickness of the fiber is

designed to get low signal loss over a target wavelength region. The geometry of the

final fiber is determined by the two neck-down profiles, which strongly depend on the

fiber drawing conditions such as the speed of feeding preform, the drawing speed, the

temperature distribution of furnace and the draw tension. The presence of a large air

core is necessary in hollow fibers for high-power laser delivery. So it is desirable to

avoid the air core from closing completely during the process, which may occur under

certain drawing conditions. Recently, with the development of MPOFs, the study on

the drawing process has attracted more attention.
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1.4.2 Objective

The objective of the present study is to carry out an analytical and numerical study

to model the drawing process for hollow optical fibers. Then the model can used to

predict the geometry and quality of the final fiber and investigate the effects of drawing

conditions on the draw tension and the collapse of the central cavity. Then feasible

domain for hollow optical fiber drawing process is identified. In the feasible domain,

the drawing process can be optimized to get high quality hollow optical fibers at high

production rates.

1.4.3 Overview of the dissertation

The present work on the hollow optical fiber drawing process is divided into five distinct

chapters. In chapter 2, the general mathematical model is proposed to simulate the

drawing process. Axisymmetric flow of gas in the central cavity, as well as the flows of

glass and aiding purge gas, is considered. Two neck-down profiles, which represent the

inner and outer surfaces of the hollow fiber, are generated by using an iterative numerical

scheme. The optically thick assumption is used to model the radiative heat transfer

in the model. The effects of variation in different parameters are investigated. The

geometry of the final hollow fiber is predicted and feasible combinations of parameters

for successful hollow fiber drawing are obtained. The validation of the model is carried

out by comparing the predictions with the results for solid-core fiber drawing and with

available experimental and numerical results for hollow fibers. It is shown that the

results from the model are consistent with the physical trends and agree well with the

results in the literature.

In Chapter 3, the zonal method, which is more accurate than optically thick method,

is applied to calculate the radiative transport within the glass. The effects of variable

properties for air and buoyancy are investigated and results indicate that these can be

neglected in most cases for simulating the draw process. The validation of the model

is carried out by comparing the results with those obtained by using optically thick

method as well as those for a solid-core fiber. The effects of the drawing parameters,
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such as the temperature of the furnace, the preform feeding speed and the drawing

speed, on the thermal transport in the furnace, the neck-down profiles, the collapse

ratio and the draw tension are studied. It is found that the geometry and qualities of

the final hollow optical fiber are highly dependent on the drawing parameters, especially

the drawing temperature and the preform feeding speed.

The optimal design of the hollow optical fiber drawing process is the topic of chap-

ter 4. A multi-variable and non-constrained optimal design problem in hollow optical

silica fiber drawing process is presented. The feasible domain of hollow optical fiber

drawing is identified to give the range of the drawing parameters for optimal design.

An appropriate objective function, comprised of the maximum velocity lag, defect con-

centration and draw tension, is proposed to describe the quality of the hollow fiber.

The results are curve fitted and the univariate search is applied to obtain the optimal

drawing temperature and the preform feeding speed.

Then the previous model is modified to simulate MPOF drawing process in chapter

5. MPOF is considered as a porous media. Effects of the microstructure in MPOF

drawing process are described by the effective properties of porous media. The model

is also applied to simulate the solid-core fiber and annular hollow fiber drawing processes

for validation. The effects of parameters on porosity, which indicates the collapse of

MPOF during the drawing process, are studied in detail. It is found that the final

porosity of MPOF strongly depends on the geometry of the preform (such as the number

of holes and the initial porosity), material properties (such as surface tension) and

drawing parameters (such as the drawing speed, the preform feeding speeds and the

temperature distribution on the furnace wall).

Major results and conclusions are summarized in the last chapter. Future work is

also presented.
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Chapter 2

Mathematical Modeling

2.1 Introduction

The drawing process of optical fibers has been introduced in the previous Chapter. The

study of the optical fiber drawing process has been of considerable interest. Paek and

Runk [48] first presented a physical model for the neck-down profile and temperature

distribution based on the one-dimensional assumption and the balance of surface forces.

Myers [45] developed a one-dimensional model for unsteady glass flow. Lee and Jaluria

[35, 36, 37, 38], Roy Choudhury and Jaluria [53, 54, 55, 56, 57], Yin and Jaluria [68,

69, 70, 71], Cheng and Jaluria [9, 10, 11, 12] developed more comprehensive models to

investigate the complete thermal transport and the neck-down profile of optical fiber

drawing process with high draw-down ratio. Recently Chen and Jaluria [5, 6] developed

a model to study the effect of core-cladding structure in the drawing process.

However few investigations on hollow fiber drawing have been made compared with

the work on the solid-sore fiber drawing process. Sarboh, Milinkovic et al [59] developed

a one-dimensional mathematical model for the drawing process of glass capillary tubes

by studying three basic zones - the heating zone, the drawing zone and the cooling zone

- separately. Fitt, Furusawa et al [18, 19] proposed a theoretical framework to simulate

the fabrication of small-scale hollow glass capillaries and validated their model with

experiments. Their model was only applied to predict the neck-down profiles under

isothermal conditions and low preform to fiber draw-down ratio. A numerical study on

collapse prediction during hollow optical fiber drawing was made by Chakravarthy and

Chiu [4].

In this chapter, a numerical model is developed to investigate the drawing process of

hollow optical fibers. The model can simulate the complex thermal transport processes
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for high-speed drawing and show the effects of variation of different parameters. The

validation of the model is carried out by comparing the predictions with the results

for solid-core fiber drawing and with available experimental and numerical results on

hollow fibers. It is found that the results from this model are consistent with the

physical trends and agree well with the results in the literature.

2.2 Mathematical model
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Figure 2.1: Schematic diagram of the hollow optical fiber drawing process
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The geometry and coordinate system for the neck-down region in the furnace are

shown in Figure 2.1. The flow in the furnace is separated into the three regions of the

central cavity, the glass layer and the external gas region by two neck-down profiles

r = R1 and r = R2. The typical outer diameter of the preform 2R20 is about 5.0 cm

and the typical outer diameter of the final fiber is about 125 µm. Thus, the preform

diameter is reduced by about 2 orders of magnitude during the drawing process. A

conjugate problem, involving the gas flow in the central cavity, the flow of glass, and

the forced convection flow of aiding purge external gas, is considered. The transport

in these three regions is coupled through the boundary conditions at two free surfaces.

Conduction, convection, and radiation heat transfer mechanisms are involved in the

model.

2.2.1 Governing equations

Laminar flow is assumed due to the high viscosity of glass and the low velocities of the

gas flow. The flows of glass, internal and external gases in cylindrical furnace are all

taken as incompressible and axisymmetric. Then, the full governing equations for gas

and glass are written as [3]:

Continuity equation:

∂v

∂z
+

1

r

∂(ru)

∂r
= 0 (2.1)

z-momentum equation:

ρ
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(2.2)

r-momentum equation:

ρ

(

∂u

∂t
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∂u
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(2.3)

Energy equation:

ρC

(

∂T

∂t
+ u

∂T

∂r
+ v

∂T

∂z

)

=
1

r

∂

∂r

(

rK
∂T

∂r

)

+
∂

∂z

(

K
∂T

∂z

)

+ Φ + Sr (2.4)

where Φ is the viscous dissipation term and Sr is the radiation source term. Φ is kept
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only for the glass flow due to the high viscosity of glass.

Φ = µ

(

2

[

(

∂u
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The Boussinesq approximation [22] is used for the buoyancy effects.

Since the flows in three regions are all taken as axisymmetric, a vorticity stream-

function approach is advantageous to use for solving this problem [30]. The stream

function and vorticity are defined as,

u = −
1

r

∂ψ

∂z
(2.6)

v =
1

r

∂ψ

∂r
(2.7)

ω =
∂u

∂z
−
∂v

∂r
(2.8)

Then the governing equations for the stream function and vorticity are obtained as,
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where Sµ is the source term due to the variable viscosity and is given as,
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To include radiation heat transfer in the furnace, the optically thick method is

applied to model the radiative transport within glass here. A more accurate method,

the zonal method, is used in the next chapter. In the optically thick method, the effect

of radiation within glass is considered as thermal diffusion. So the radiation source

term Sr in Equation (2.4) equals to zero. The resulting radiative conductivity can be

obtained from Equation (2.12), given below:

K = Kc(T ) +Kr(T ),

Kr =
16n2σT 3

3a
(2.12)
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In the optically thick method, surface heat flux due to radiation must be taken into

account. In hollow fiber drawing, the radiative heat flux at the outer neck-down profile

can be determined by considering the enclosure outside the glass, which is comprised

of the furnace wall, the outer neck-down profile and two end-gaps. The radiative heat

flux at the inner neck-down profile can be calculated by considering the enclosure inside

the glass, which is comprised of the inner neck-down profile and two end-gaps. This

method is very simple. However, a medium is considered to be optically thick when

its optical thickness is greater than 5 [61]. In the lower neck-down region, because the

thickness of the fiber is very small (around 30 µm), the optical thickness is less than 5.

So, the optically thick assumption is not applicable in the lower neck-down region. The

optically thick method is not very accurate, especially in the lower neck-down region.

2.2.2 Boundary conditions

The boundary conditions are schematic shown in Figure 2.2 and specified as given

below:

At the top of the preform (z = 0, R10 ≤ r ≤ R20 ):

u = 0, v = V0, T = T0

At the fiber exit (z = L,R1(L) ≤ r ≤ R2(L) ), axial diffusion is neglected, i.e.,

∂2u

∂z2
= 0,

∂2v

∂z2
= 0,

∂2T

∂z2
= 0

Along the furnace wall (r = RF , 0 ≤ z ≤ L ):

u = v = 0, T = Tw(z)

Along the axis ( r = 0, 0 ≤ z ≤ L) due to symmetry:

u = 0,
∂v

∂r
= 0,

∂T

∂r
= 0

At the top of external purge gas ( z = 0, R20 ≤ r ≤ RF ):

u = 0, v = Va, T = T0
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Figure 2.2: Boundary conditions in the model

At the exit of external purge gas (z = L,R2(L) ≤ r ≤ RF ):

∂2u

∂z2
= 0,

∂2v

∂z2
= 0,

∂2T

∂z2
= 0

Along the interfaces (r = R1(z) and r = R2(z)), the stream-function values are set

equal to constant values and a force balance and continuity of velocity, temperature

and heat flux are applied. The relations for velocity are obtained from the balance of

tangential stresses, which can be written as:

µ
∂v

∂n

∣

∣

∣

∣

1
= µa

∂v
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∣

∣

∣

∣

1(c)
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∣
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The surface tension effects are essentially neglected because the surface tension between

glass and gas (air) is very small [39, 53]. At the interfaces, the normal velocity is zero.

Therefore,

u = v · tan(θ) = v
dR

dz

The continuity of heat flux can be expressed as:

−K
∂T

∂n

∣

∣

∣

∣

1
= −Ka

∂T

∂n

∣

∣

∣

∣

1(c)
+ qflux

−K
∂T

∂n

∣

∣

∣

∣

2
= −Ka

∂T

∂n

∣

∣

∣

∣

2(a)
+ qflux

At the top of the inner central cavity (z = 0, 0 ≤ r ≤ R10 ):

∂2u

∂z2
= 0,

∂2v

∂z2
= 0,











∂2T
∂z2 = 0 when v < 0

T = T0 when v ≥ 0

At the bottom of the inner central cavity (z = L, 0 ≤ r ≤ R1(L) ):

u = 0, v = Vf ,
∂2T

∂z2
= 0

where Vf is the drawing speed, i.e., the velocity of the fiber at the exit. Since the

diameter of the central cavity at the bottom is very small (about 50 µm) and the fiber

moves very fast (about 10 m/s) at the exit, the assumption that gas at the exit of the

central cavity will move at the same speed as the adjacent fiber velocity due to the

viscous drag is reasonable and is applied. The stream-function value at the interface

r = R1 is set equal to zero as a reference value of the stream function.

2.2.3 Coordinate transformation

Three regions (the central cavity, the glass layer and the external gas regions) are

transformed to regular cylindrical regions first. The transformed coordinate systems

for the three regions are given below [5, 8],

In the central cavity:

η =
r

R1(z)
, β =

z

L
(2.13)
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In the glass layer:

η =
r −R1(z)

R2(z) −R1(z)
, β =

z

L
(2.14)

In the external gas region:

η =
RF − r

RF −R2(z)
, β =

z

L
(2.15)

The equations and boundary conditions are all transformed to the new coordinates, as

discussed in detail by Chen and Jaluria [5]. The equations in terms of non-dimensional

variables under the transformed coordinates are shown in Appendix A.

2.3 Correction of the neck-down profiles

The neck-down profiles at steady state are influenced by the drawing conditions. The

major difference between the drawing process of the hollow fiber and the solid-core fiber

is that it is necessary to determine and control one additional profile, the neck-down

profile of the central cavity. Here a correction scheme for the neck-down profiles in

hollow fiber drawing is proposed. The two neck-down profiles of the hollow fiber are

determined based on the balance of the surface forces and mass conservation. Since

the variation of pressure in the radial direction is quite small, which is proved by the

analyses of Fitt et al [18], radially lumped pressure is employed in the correction scheme.

A one dimensional lumped axial velocity assumption is reasonable for the correction

scheme as noted by earlier studies on the velocity distribution. As given by Paek and

Runk [48], the expression for axial velocity can be written as follow:

Vz = V0 + C1

∫ z

0

dz

µ
(

R2
2 −R2

1

) −
ρg

3

∫ z

0

1

µ
(

R2
2 −R2

1

)

(∫ z

0

(

R2
2 −R2

1

)

dz

)

dz

−
4

3

∫ z

0





∫ z
0

(

ξ2R
′

2R2H2 − ξ1R
′

1R1H1

)

dz

µ
(

R2
2 −R2

1

)



dz (2.16)

where

C1 =
(Vf − V0) + ρg

3

∫ L
0

∫ z

0
(R2

2
−R2

1)dz

µ(R2

2
−R2

1)
dz + 4

3

∫ L
0

∫ z

0

(

ξ2R
′

2
R2H2−ξ1R

′

1
R1H1

)

dz

µ(R2

2
−R2

1)
dz

∫ L
0

1
µ(R2

2
−R2

1)
dz

H =
1

2

1
R

(

1 +
(

dR
dz

)2
)

− d2R
dz2

(

1 +
(

dR
dz

)2
)1.5 (2.17)
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Here, H is the mean curvature of the surface. Once the axial velocity is determined, a

relationship between the two neck-down profiles is obtained from the mass conservation

equation, as:

R2(z)
2 −R1(z)

2 =

(

R2
20 −R2

10

)

V0

Vz
(2.18)

It is necessary to get one more equation to determine the two neck-down profiles. The

normal force balance equations at the two profiles are expressed as follows:

p(z) − pc = 2µ
∂un

∂n

∣

∣

∣

∣

1
− 2µa

∂un

∂n

∣

∣

∣

∣

c

− 2ξ1H1 (2.19)

p(z) − pa = 2µ
∂un

∂n

∣

∣

∣

∣

2
− 2µa

∂un

∂n

∣

∣

∣

∣

a

+ 2ξ2H2 (2.20)

where ∂un

∂n
can be written as:

∂un

∂n
=

∂u
∂r

− dR
dz

(

∂v
∂r

+ ∂u
∂z

)

+ ∂v
∂z

(

dR
dz

)2
+ v dR

dz
d2R
dz2

1 +
(

dR
dz

)2 (2.21)

By eliminating pressure p(z) and ignoring the contributions of the normal stresses

caused by gas shear, which are very small compared with other terms in the equations

due to very small gas viscosity, we obtain the follow equation,

2µ
∂un

∂n

∣

∣

∣

∣

2
− 2µ

∂un

∂n

∣

∣

∣

∣

1
= −2(ξ1H1 + ξ2H2) − (pa − pc) (2.22)

Also, due to radially lumping of the axial velocity, v = v(z). The velocity component

in the r direction, u(r, z), can be determined from the continuity equation, as

u = −
1

2

dv

dz
r +

c(z)

r
(2.23)

where c(z) is a function of z. The expression for u at the interface r = R1 can be

obtained from the boundary condition:

u|r=R1
= v

dR1

dz
(2.24)

Then plugging the expression for the velocity components into equation (2.21), we end

up with:

∂un

∂n

∣

∣

∣

∣

1
= −v

1

R1

dR1

dz
−
dv

dz
(2.25)
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At the interface r = R2, we also get:

∂un

∂n

∣

∣

∣

∣

2
= −v

1

R2

dR2

dz
−
dv

dz
(2.26)

Now the equation (2.22) can be reduced to:

R1(z)

R2(z)
=
R10

R20
exp

(∫ z

0

1

2µv
(−2(ξ1H1 + ξ2H2) + ∆p)dz

)

(2.27)

Where ∆p = pa−pc Thus, the inner and outer profiles can be determined from equations

(2.18) and (2.27).

2.4 Numerical scheme

A finite difference method is applied to solve the problem. The non-uniform grid scheme

developed by Lee [37] is applied for the present study. The optimal grid numbers are de-

termined when the mesh-independent results are obtained. The optimal grid size for the

transport equations is obtained as 369×41 (in axial and radial directions, respectively)

for the central cavity, 369× 21 for the fiber region and 369× 61 for the external gas re-

gion. The stream function, vorticity and energy equations are solved by using the false

transient scheme. These equations are discretized using second-order central differenc-

ing and are solved using an alternating direction implicit (ADI) approach by alternating

traverses in the z and r directions, respectively. Successive Under-Relaxation (SUR) is

applied because the equations are highly non-linear and coupled due to the tempera-

ture dependent viscosity of glass. In order to save computational time, the neck-down

profiles are corrected before the steady state is reached. This strategy was proposed

by Roy Choudhury [54]. And Roy Choudhury has demonstrated that 1500-2000 steps

are adequate for the purpose of neck-down profile correction within a reasonable num-

ber of corrective iterations. Therefore, the above false transient iterative procedure is

carried out for about 1500 steps for any given neck-down profiles. Then the neck-down

profiles are modified by the numerical corrective procedure. For further details on the

numerical scheme, see Roy Choudhury and Jaluria [53].

In the profile correction procedure, the axial velocity distribution is calculated from

equation (2.16) when the preform feeding speed and the drawing speed are given. Then
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equations (2.18) and (2.27) are used to get the inner and outer diameters of the final

hollow fiber. However in most practical cases, the outer diameter of the final hollow

fiber and the drawing speed are given, not the preform feeding speed. In solid-core

fiber drawing, the preform feeding speed can be calculated by the mass conservation,

provided the diameter of the fiber and the drawing speed are given. But in hollow fiber

drawing, the preform feeding speed can not be calculated by the mass conservation

due to the unknown inner diameter of the final hollow fiber. The preform feeding

speed must be adjusted to make the outer diameter of the final fiber reach the target

value, typically 125 µm. The numerical corrective procedure for an unknown preform

feeding speed is shown in Figure 2.3. First a guessed preform feeding speed is used

to obtain the temporary axial velocity distribution and radius ratio between inner and

outer neck-down profiles. Then the preform feeding speed is modified by using the

temporary final inner diameter and the neck-down profiles for this corrective step are

calculated. The convergence criterion was varied, along with the grid, to ensure the

results are independent of values chosen. The convergence criterion were obtained as

10−4 for the stream function, vorticity and temperature and the neck-down profiles. It

typically takes about 10∼15 neck-down profiles iterative steps to achieve the converged

neck-down profiles.
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Figure 2.3: Numerical procedure for hollow optical fiber drawing process
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2.5 Results

2.5.1 Validation

In order to check the validity of the method, comparisons were made with the theoretical

predictions from Fitt et al [18]. The inner and outer diameters of the preform are

the same as mentioned in the paper. The furnace length is chosen to be 30 cm and

the temperature profile along the furnace is assumed to be parabolic, the maximum

temperature of which is referred to as the furnace temperature. It is clear from Figure

2.4 that the results from the present model match the results from Fitt et al very well.

It is physically expected that faster drawing speeds, higher furnace temperature and

lower preform feeding speeds all result in small final inner and outer diameters of the

final hollow fiber. The experiments from Fitt et al show that the collapse of the central

cavity occurs and the radius ratio of the final hollow fiber increases with an increase in

the preform feeding speed or a decrease in the furnace temperature. All these trends

are consistent with the trends for collapse ratio, as discussed previously.

The comparisons between the results from the present model and results from solid-

core fiber are also carried out. The neck-down profiles for the hollow fiber for different

preform radius ratios and the profile for the solid-core fiber by using the optically thick

method are shown in Figure 2.5. The thicker black line is the neck-down profile for

solid-core fiber. The preform outer diameters of hollow fibers and solid-core fiber are

all equal to 5 cm. All the other drawing parameters are the same. It is seen from Figure

2.5 that the outer neck-down profile moves closer to the profile of solid-core fiber when

the preform radius ratio decreases. This trend is reasonable because the solid-core fiber

can be regarded as the limiting case of the hollow fiber with the zero preform radius

ratio.
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Figure 2.4: Prediction of the geometry of the final hollow fiber and the results from
Fitt et al (2001)
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Figure 2.5: Neck-down profiles for different perform radius ratios and for a solid-core
fiber
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Table 2.1: Drawing parameters for a typical case

Furnace Furnace Preform Preform
Diameter Length Inner Diameter Outer Diameter

7 cm 30 cm 2.5 cm 5 cm

outer diameter Drawing Inlet Velocity
of fiber Speed of the purge gas

125 µm 10 m/s 0.1 m/s

2.5.2 Parametric study

The combined conduction, convection and radiation heat transport problem in hollow

fiber drawing is studied first. The properties of the gas, taken as Nitrogen at 300 K,

are assumed to be constant. The glass properties taken from Fleming [20] are shown

in Appendix B. Unless otherwise mentioned, the drawing conditions are given in Table

2.1. The furnace temperature is assumed to be a parabolic profile with the maximum

in the middle and minimum at the two ends. The maximum furnace temperature is

2500 K and minimum is 2000 K. Pressurization of the gas in the core is neglected. The

temperature of the preform T0 is 300 K.

The results in terms of streamlines and isotherms for a typical case are shown in

Figure 2.6. The thicker black lines in Figure 2.6 present the two neck-down profiles.

The values of the isotherms are the non-dimensional temperature, with the softening

temperature of silica glass 1900 K as the characteristic temperature. It is clear that

the flow and temperature distributions in the fiber and in the external gas in hollow

fiber drawing are similar to those in solid-core fiber drawing [53]. In the central cavity,

the gas enters from the top boundary near the axis. One part of the gas quickly flows

outward at the top boundary due to buoyancy effects. The other part flows down and

leaves at the bottom boundary due to the fiber viscous drag. The magnitude of the

velocity of the natural convection flow is so small that thermal diffusion dominates in

the central cavity.

Surface heat fluxes due to radiation along the two neck-down surfaces are shown

in Figure 2.7 The surface heat flux due to radiation along the inner surface is almost

zero compared with that along the outer surface. So the contribution of the surface
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heat flux along the inner surface to the temperature distribution in the glass can be

neglected in the optically thick method.

In order to investigate the bouyancy effect in the central cavity, a comparison of two

cases with different Grashof number is carried out. The smaller Grashof number can be

obtained by increasing the kinematic viscosity of gas. The streamlines and isotherms for

a case with a smaller Grashof number are shown in Figure 2.8. The Grashof number for

this case is two order of magnitude smaller than that for the typical case which shown

in Figure 2.6. It is seen from Figure 2.8 that the effect of thermal buoyancy is so small

that the flow in the central cavity is mainly caused by the viscous drag. There is no

gas leaving at the top boundary. By comparing Figure 2.6 and 2.8, the temperature

distribution almost does not change because conduction is still the dominant mode of

heat transfer.

Then the effects of the inlet velocity of the purge gas on the flow and the temperature

field are studied. Figure 2.9 shows the streamlines and isotherms for different inlet

velocities of the purge gas. An opposing flow arises near the flow exit when the velocity

is low. The gas adjacent to the fiber surface moves very fast due to the large drawing

speed, which leads to this reverse flow. As the velocity increases, this reverse flow is

swept away. This reverse flow causes the different temperature field of purge gas at

the exit shown in isotherms for this case. Unlike the flow field at low inlet velocity of

purge gas, circulation arises outside the neck-down region due to the high inlet velocity

of purge gas. These phenomena are the same as that seen in the results for solid-core

fiber drawing.

In order to study the effects of gases properties, Helium has been considered here

since it has a much larger thermal conductivity than Nitrogen. Figure 2.10 shows

the streamlines and isotherms for Helium. The thermal field of purge gas is quite

different from that shown in Figure 2.6 for Nitrogen. Helium heats up more quickly to

a higher temperature level due to its higher thermal conductivity. This explains why

the isotherms for Helium at the external gas region are much flatter than those for

Nitrogen.



32

0.2 0.4 0.6 0.8 1

1  

0.8

0.6

0.4

0.2

0   

z/L 

r/RF 

 

0.2 0.4 0.6 0.8 1

1  

0.8

0.6

0.4

0.2

0   
0.2

0.4

0.6 0.
6

0.8

0.8

1

1

1

1

1

1
1.

2

1.2

1.2

1.
2

0.20.4
0.6

0.8

11

1.2

0.2
0.4

0.6
0.8

11

1.2

z/L 

r/RF 

 

Figure 2.6: Streamlines and isotherms in the furnace for a typical case with a parabolic
furnace temperature distribution (maximum: 2500 K, minimum: 2000 K) at a drawing
speed of 10m/s
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Figure 2.8: Streamlines and isotherms for a case with smaller Gr number
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Figure 2.9: Streamlines and isotherms for different external flow velocity
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Figure 2.10: Streamlines and isotherms for Helium
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2.5.3 Collapse ratio

Several physical and drawing process parameters are varied to study their effects on

the geometry of the final hollow fiber. The starting neck-down profiles are taken as the

results for the solid-core double-layer fiber. The profile correction scheme is applied to

get the final converged neck-down profiles. The default preform radius ratio is equal to

0.5. The preform feeding speed and the drawing speed are fixed and the outer diameter

of the final hollow fiber is decided by the model. The base preform feeding speed and

the drawing speed are taken as 3.75 mm/min and 10 m/s, respectively. The furnace

temperature profile is assumed to be parabolic. The base maximum and minimum

furnace temperatures are 2500 K and 2000 K, respectively. The maximum temperature

is referred to as the furnace temperature and the difference between the maximum and

minimum temperatures is fixed at 500 K.

The effects of the preform feeding speed, the drawing speed and the drawing tem-

perature on the collapse of the central cavity are studied. A collapse ratio C is defined

to describe the collapse process, as:

C(z) = 1 −
R1(z)/R2(z)

R10/R20
(2.28)

Thus, C = 0 when the radius ratio of the final fiber equals the initial radius ratio, and

C = 1 when the central cavity is closed.

The drawing speed is varied from 1 m/s to 20 m/s and the preform feeding speed is in

the range of 0.75 mm/min to 7.5 mm/min. The variations of the collapse ratio with the

axial length, obtained from this model, for different preform feeding and drawing speeds

and for different furnace temperatures are shown in Figure 2.11(a) and (b). It is seen in

Figure 2.11(a) that the collapse ratio increases along with the axial length and increases

with a decrease in the drawing speed or a decrease in the preform feeding speed. The

effect of the preform feeding speed on the collapse ratio is much larger than that of the

drawing speed. Figure 2.11(b) shows that the collapse ratio increases at larger furnace

temperature. All these trends are similar to the results from Chakravarthy and Chiu

[4]. The effects of drawing conditions on the collapse ratio are also studied further by

the zonal method, which will be discussed in the next chapter.
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2.5.4 Draw tension

The draw tension plays a very important role in the characteristics, quality and geom-

etry of the final hollow fiber and can be practicably controlled during drawing process.

The draw tension applied at the end of fiber is balanced with several forces. These

forces are the viscous, surface tension, gravity, inertia and shear forces. The last one is

exerted by the internal and external gas. Since the gas viscosity is small, compared with

the viscosity of glass, the shear force due to internal and external gas can be ignored.

As given by Manfre [41], the draw tension FT for hollow fiber drawing can be expressed

as:

FT = Fµ + Fξ + FI − Fg

= 3πµ
(

R2
2 −R2

1

) ∂v

∂z
+ 2π

(

ξR2
2H2 + ξR2

1H1

)

+πρ

∫ L

z

(

R2
2 −R2

1

)

v
∂v

∂z
dz − πρg

∫ L

z

(

R2
2 −R2

1

)

dz (2.29)

Where Fµ is the force due to glass viscous stress, Fξ is the force due to surface tension of

the two neck-down profiles, FI is the force due to inertia, Fg is the force due to gravity.

The draw tension and all the components calculated for a typical case are shown in

Figure 2.12. All the forces in hollow fiber drawing have the same trends as in solid-core

fiber. The overall draw tension is nearly constant along the axial direction and the

contributions of the viscous force and gravity force dominate to determine the draw

tension.

Figure 2.13 shows the effects of the drawing speed and the furnace temperature on

the draw tension. Here, the outer diameter of the final hollow fiber is fixed as 125 µm.

The preform feeding speed is decided by the model. The draw tension increases with

an increase in the drawing speed at a given furnace temperature. The reason is that

a faster drawing gives rise to greater viscous force. Draw tension decreases with an

increase in furnace temperature for the same drawing speed due to reduced viscosity.

Also the cross-sectional areas are smaller at higher furnace temperature. Therefore,

higher furnace temperature or lower drawing speeds result in low draw tension. The

draw tension is also investigated by the zonal method, which will be discussed in the

next chapter.
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2.5.5 Feasible domain

Combinations of parameters for feasible fiber drawing are identified for hollow fiber

drawing by using the optically thick method. The outer diameter of the final hollow fiber

is fixed to be 125 µm. The hollow fiber cannot be drawn at any arbitrary combination

of critical drawing parameters. The furnace temperature and the drawing speed are

investigated here since these are the most commonly varied parameters in practical

systems. The air core may close at high furnace temperature or low drawing speeds.

Also, the drawing process may fail at low furnace temperature or high drawing speeds

because the drawing stress is higher than the glass breaking stress. Therefore, two

limits exist for the drawing speed at the same furnace temperature. The glass breaking

stress is about 100 Mpa, given by the empirical formula of Scholze [60]. Figure 2.14

shows the feasible domain for the drawing speed in the range of 1 m/s to 20 m/s and

the furnace temperature in the range of 2400 K to 2700 K. The domain between two

dash lines shown in Figure 2.14 is the feasible domain, in which the drawing process

is possible. The slope of the upper dashed line is positive because the draw tension

is small at higher furnace temperature and lower speeds. And the slope of the lower

dashed line is also positive because it is easy for the central core to close at higher

furnace temperature and lower drawing speeds.
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Figure 2.11: The variation of collapse ratio along the axial length for different (a)
Drawing speeds and preform feeding speeds (b) Highest furnace temperatures
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Figure 2.12: The variation of different force components and draw tension along the
axis for a typical case
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Figure 2.13: The variations of draw tension with the drawing speed for different furnace
temperatures
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Figure 2.14: Feasible domain for a hollow fiber drawing with a parabolic furnace temper-
ature distribution in terms of the drawing speed and the maximum furnace temperature
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2.6 Summary

A numerical model has been presented for hollow glass fiber drawing with the generation

of the two neck-down profiles. Equations (2.18) and (2.27) can be used to determine

the inner and outer neck-down profiles. The optically thick method is applied in this

chapter. The model can simulate the complex transport process of hollow fiber draw-

ing, which involves a combination of conduction, natural and forced convection and

radiation transport. The final fiber geometry is highly dependent on the drawing pa-

rameters. The collapse ratio and the draw tension are simply studied in this chapter.

The collapse ratio of the final hollow fiber increases when the drawing speed or the

preform feeding speed decreases or the furnace temperature increases. A faster drawing

speed or preform feeding speed or lower furnace temperature can avoid the collapse of

the central cavity. Draw tension, a crucial factor in the fiber quality, is nearly con-

stant along the axial direction. Higher furnace temperature or lower drawing speeds

can reduce the draw tension. The results from the model are validated by comparing

with existing experimental and numerical results for hollow and solid fibers. It turns

out that the results are in agreement with those in the literature. Finally, the feasible

domain for hollow optical fiber drawing process is identified to guide the hollow fiber

manufacture.
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Chapter 3

Simulation of Hollow Optical Fiber Drawing with the

Zonal Method for Radiation Transport

3.1 Introduction

The main mode of heat transfer in the drawing furnace is radiation. Glass is consid-

ered to be a participating media. To calculate the radiative transport in the glass, the

optically thick approximation (also called Rosseland approximation) is used in many

analytical and numerical models. Homsy and Walker [28] investigated the heat trans-

fer in the neck-down region of a laser drawn optical fiber by using the optically thick

approximation. Paek and Runk [48] proposed a one-dimensional numerical model with

optically thick approximation to study the thermal transport in solid-core fiber drawing

process. Lee, Roy Choudhury and Jaluria [35, 53] developed a two-dimensional numer-

ical model to simulate the optical fiber drawing process. The optically thick method is

also used for radiation in their model. In the model presented in the previous chapter,

the optically thick method is applied to simulate the radiation in the hollow optical

fiber drawing process. However, this approximation is valid only at the upper neck-

down region where the glass media is thick. When the preform gets thinner or the

preform is hollow, this approximation is not valid. A more accurate method is needed

for the radiative transport. The P1 method was used by Kaminski [32] to compute the

radiation transfer in the upper neck-down region. A two-band model for absorption co-

efficient of silica glass was first proposed by Myers [45]. Yin and Jaluria [69] presented

the zonal method to investigate the optical fiber drawing process. Results show that

the zonal method is more accurate in the lower neck-down region than the optically

thick method. Recently, Chen and Jaluria [7, 8] used the zonal method to analyze the

drawing process of a two-layer, cladding-core, optical fiber. Wei et al [63] investigated
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the spectral radiative transfer and the transient temperature field in a semitransparent

glass rod by using the discrete ordinates method.

In this present work, the zonal method is applied to model the radiative transport

in the hollow optical fiber drawing process. The results obtained by using the zonal

method and the optically thick method are compared. The effects of buoyancy and

variable properties for air on the simulation of silica hollow fiber drawing process are

also investigated. Finally, the effects of drawing parameters on collapse ratio and draw

tension are studied.

3.2 Analysis

3.2.1 Radiation heat transfer model

The zonal method is applied to model the radiative transport within glass. The as-

sumptions made in the zonal method are the following:

(1) The furnace is considered to be a gray and diffuse surface, with an emissivity

0.75 [23]. The inner and outer surfaces of hollow fiber are modeled as diffuse spectral

surfaces.

(2) Glass is assumed to be a semi-transparent and non-scattering participating

medium with banded absorption coefficients. Myers’ two-band model [45] is applied,

which is expressed as:

a = 4.0cm−1, for 3.0µm ≤ λ < 4.8µm

a = 150.0cm−1, for 4.8µm ≤ λ < 8.0µm (3.1)

Due to the lack of optical properties of the glass, constant refractive index and hemi-

spherical total transmissivities and reflectivities are applied in the model. The re-

fractive index is assumed constant 1.42 [35]. The hemispherical total transmissivities

and reflectivities are ρ1,c = ρ2,o = 0.08, τ1,c = τ2,o = 0.92, ρ1,g = ρ2,g = 0.54 and

τ1,g = τ2,g = 0.46 [62].

(3) Top and bottom openings of purge gas and central cavity are approximated

as black surfaces at ambient temperature. Top and bottom ends of hollow fiber are
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Figure 3.1: Schematic diagram for the zonal method

assumed to be black surfaces for simplification.

The discretization scheme used for the zonal method is similar to that of Yin [69].

The radiative source term can be obtained by considering three enclosures in the furnace

shown in Figure 3.1. One is the outer purge gas enclosure composed of the furnace

surface, the outer neck-down profile of hollow fiber and the top and bottom openings of

purge gas. The other is the glass layer enclosure composed of the inner and outer neck-

down profiles and the top and bottom ends of hollow fiber. The last one is the central

cavity enclosure which consists of inner neck-down profile and top and bottom openings
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of the central cavity. Superscript o, g and c denote these three enclosures, respectively,

in the radiative energy equations. Superscript 1 denotes the interface between hollow

fiber and the central cavity and the interface between hollow fiber and the purge gas

is denoted with superscript 2. The subscript l denotes the lth absorbing band. The

radiative energy equations in the form of radiosity and irradiation for each absorption

band are given below.

The irradiation equations for the surface zones on the central cavity and the outer

purge gas enclosures are expressed as:

G<c, o>
i, l =

N<c, o>
∑

j=1

Fi−jJ
<c, o>
j, l (3.2)

where N<c, o> is the total number of surface zones. Fi−j is the view factor between

two discretized surface zones on the central cavity enclosure or the outer purge gas

enclosure. The radiosity equation for zones at furnace surface and top and bottom

openings of the central cavity and the purge gas is expressed as:

Ji, l = ǫiσT
4
i fi, l + (1 − ǫi)Gi, l (3.3)

The radiosity equations for the zones at surface 1 and 2 on the central cavity and the

outer purge gas enclosures are

J1, c
i, l = ρ1, cG1, c

i, l + τ1, gG1, g
i, l (3.4)

J2, o
i, l = ρ2, oG2, o

i, l + τ2, gG2, g
i, l (3.5)

The irradiation equation for surface zones on the glass enclosure is:

Gg
i, l =

1

Ai





N
g
s

∑

j=1

SjSiJ
g
j, l +

N
g
g

∑

j=1

GjSin
2σT 4

j fj, l



 (3.6)

where Ng
s and Ng

g denotes the total number of the surface zones and volume zones in the

glass enclosure respectively. SjSi is the direct exchange area between two discretized

surface zones and GjSi is the direct exchange area between a discretized volume zone

and a discretized surface zone. The radiosity equations for the zones at surface 1 and

2 in the glass enclosure are given as:

J1, g
i, l = ρ1, gG1, g

i, l + τ1, cG1, c
i, l (3.7)
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J2, g
i, l = ρ2, gG2, g

i, l + τ2, oG2, o
i, l (3.8)

The radiosity equations for the zones at the top and bottom ends of hollow fiber are:

Jg
i, l = ǫiσT

4
i fi, l + (1 − ǫi)G

g
i, l (3.9)

The irradiation and radiosity equations are solved by using Gauss-Seidel iteration

with a convergence criteria of 10−5 . Then the radiative source term can be obtained.

Srk =
1

Vk

M
∑

l=1





N
g
s

∑

i=1

SiGk

(

Ji, l − n2σT 4
k fk, l

)

+

N
g
g

∑

j=1(j 6=k)

GjGkn
2σ
(

T 4
j fj, l − T 4

k fk, l

)





(3.10)

where GjGk denotes the direct exchange area between two discretized volume zone.

In order to save computational time, a 30× 5 coarse grid developed by Yin [68, 69]

is used for radiation. But this coarse grid size is verified to be fine enough to produce

grid-independent results. The calculations of SiSj , SiGj and GiGj are described in

Appendix C. The radiative source terms obtained from the coarse grid are interpolated

into the finer grid by using a bi-linear interpolation algorithm. A parallel programming

with the message-passing interface (MPI) is developed for the computation of the direct

exchange areas. For the further details, see Chen and Jaluria [5, 7].

3.2.2 Numerical scheme

The grid and numerical scheme used in this chapter is the same as described in the last

chapter. For any given neck-down profiles, the iterative procedure for the governing

equations is carried out for about 2000 steps to save computational time. In this chapter,

the preform feeding speed and the drawing speed are given. The outer diameter of the

final fiber is determined by the numerical corrective procedure.

The drawing conditions for a typical drawing process are shown in Table 3.1. The

glass properties taken from Fleming [20], which are shown in Appendix B, are func-

tions of the temperature. The properties of the gas air are assumed to be constant at

room temperature. The furnace temperature profile with cooling at two ends is shown

in Figure 3.2. Pressurization of the gas in the core and the effects of buoyancy are

neglected. The zonal method is applied to simulate the radiation heat transport in the
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Table 3.1: Drawing parameters for a typical case in this chapter

Furnace Furnace Preform Preform
Diameter Length Inner Diameter Outer Diameter

7 cm 30 cm 2.5 cm 5 cm

Feeding Drawing Inlet Velocity
Speed Speed of the purge gas

3.75mm/min 10 m/s 0.1 m/s

furnace. The profile correction scheme is applied to get the final converged neck-down

profiles. The results in terms of streamlines and isotherms for this case are shown in

Figure 3.3. The thicker black lines in Figure 3.3 present the two neck-down profiles.

The values of the isotherms are the non-dimensional temperature with the softening

temperature of silica glass 1900 K as the characteristic temperature. It is clear that

the flow and temperature distributions in hollow fiber drawing are similar to those in

solid-core fiber drawing. In the central cavity, air flows down and leaves at the bottom

boundary due to the fiber viscous drag and the temperature distribution is determined

by thermal diffusion.
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Figure 3.2: Furnace temperature profile
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3.3 Results and discussions

3.3.1 The effect of buoyancy and variable properties for air

The effects of temperature dependent properties of gas and buoyancy are investigated.

The furnace temperature profile is assumed to be parabolic with a maximum value of

2500 K in the middle and a minimum 2000 K at both ends. Silica optical fiber is drawn

over a large temperature range where the properties of air change substantially. In

order to investigate the effects of variable properties and buoyancy, cases with constant

properties, variable properties and buoyancy term included are compared. The variable

properties for air can be computed using the state equation of an ideal gas and power

law correlations [21], respectively, which are expressed as follows:

ρ

ρref
=
Tref

T
(3.11)

C

Cref
=

(

T

Tref

)0.104

(3.12)

µ

µref
=

(

T

Tref

)0.65

(3.13)

K

Kref
=

(

T

Tref

)0.79

(3.14)

where Tref = 300 K.

The Boussinesq approximations are used for the buoyancy effects. Figures 3.4 and

3.5 shows the contours of the streamline function and temperature for the case without

and with the buoyancy effects, respectively. It is clear that streamlines in the central

cavity in Figures 3.5 are quite different from those in Figures 3.4. In Figure 3.4, at the

top boundary all the gas is driven down by the moving fiber due to the fiber viscous

force. In Figure 3.5, only one part of gas is driven down by the moving fiber. The

other part of gas flows up due to the buoyancy effects. However, the thermal field

in the central cavity in Figure 3.5 is almost similar to that without buoyancy effects

being included. Conduction is still the dominating heat transfer method compared

with free convection in the central cavity. In the purge gas region, the contours of the
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streamline function and temperature are almost the same for the case with and without

the buoyancy effects.

The geometry and the quality of the hollow optical fiber depend on the neck-down

profiles and the temperature distribution along the fiber. Hence, in order to investigate

the effect of variable properties for gas and buoyancy, it is important to compare the

two neck-down profiles and the temperature distributions along the fiber. Figure 3.6

and Figure 3.7 show the temperature distributions along the outside preform and neck

down profiles for these three cases. The results from these three cases are very close.

It is seen that the effects of variable properties for gas and buoyancy can be neglected

when the hollow optical fiber drawing process is simulated to predict the geometry and

quality of hollow optical fiber.

3.3.2 Validation

Comparison between the zonal method and the optically thick method is carried out.

Unless otherwise mentioned, drawing parameters are the same as the typical case. The

furnace temperature profile is assumed to be parabolic with a maximum value of 2500 K

in the middle and a minimum 2000 K at both ends. The temperature distribution and

heat flux along the outer surface obtained from these two methods are shown in Figure

3.8 and 3.9. The optically thick method assumes that all the radiation is absorbed at

the surface and then reradiated as a diffusion process due to absorption over a very

short optical distance [61]. So there is no radiation that is transmitted directly through

the medium. But the zonal method allows it. This explains why the temperature at

the outer surface obtained from the optically thick method is higher than that from

the zonal method. The heat flux along the outer surface from the zonal method is

higher than that from the optically thick method. This is due to the lower temperature

distribution along the outer surface from the zonal method. The neck-down profiles

obtained from these two methods, shown in Figure 3.10, are similar, but there are

significant differences. The neck-down region of the profiles obtained from the optically

thick method begins earlier than that from the zonal method, since the temperature at

the outer surface computed from the optically thick method is slightly higher than that
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from the zonal method, as seen in Figure 3.8. The zonal method is more accurate than

the optically thick method, particularly in hollow fiber drawing because of the air core.

3.3.3 Thermal transport in the drawing furnace

The temperature distributions along the neck-down profiles are investigated. Figure

3.11 shows the temperature distributions along the furnace wall and the two neck-down

profiles for a typical case. In the lower neck-down region the temperature is almost

constant along the axis and there is essentially no temperature difference between the

two neck-down profiles. This indicates that there is negligible temperature difference in

either axial or radial direction in the lower neck-down region. In the upper neck-down

region, the difference of temperature along these two neck-down profiles is relatively

large. The temperature along the inner neck-down profile is lower than the temperature

along the outer neck-down profile due to the thermal inertia. These temperature trends

in the hollow optical fiber drawing process are the same as that in the solid-core fiber

drawing process [53]. The maximum temperature difference in the radial direction is

161 K. It is noticed that the temperature difference mostly exists at the heating up

region where the temperature of fiber is below the softening temperature.
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Drawing temperature

The temperature distribution on the furnace wall is a very important parameter in the

drawing process. In order to investigate the effect of the shape of drawing temperature

profiles, three different drawing temperature profiles shown in Figure 3.12 are compared

here. The areas under these three profiles, which expressed as below, are equal.

A =

∫ L

0
Tw(z)dz (3.15)

TP-I is the uniform distributed profile with the value of 2333.33 K. TP-II is the parabolic

distributed profile with maximum 2450 K in the middle and minimum 2100 K in the

two ends. TP-III is also the parabolic distributed profiles with maximum 2500 K in the

middle and minimum 2000 K in the two ends. The differences between maximum and

minimum temperatures of the drawing temperature for these three different profiles are

0 K, 350 K and 500 K, respectively. Figure 3.13 shows the temperature distributions

along the surface of the preform/fiber. It is obvious that the preform is heated up to the

softening point faster under the uniform distributed furnace temperature (TP-I). This

is due to the higher temperature near the top entrance for TP-I. The final temperature

of the fiber for TP-III is highest in these three different temperature profiles because

the maximum temperature of TP-III is highest. So TP-III is most efficient to heat up

the fiber in the drawing process.

Then three drawing temperature profiles with the same shape but different max-

imum values are compared. These three profiles, shown in Figure 3.14, have 500 K

temperature difference between maximum and minimum. The temperature distribu-

tions along the surface of the preform/fiber for these three drawing temperature are

shown in Figure 3.15. It is seen that the temperature of the fiber dramatically increases

with an increase in the drawing temperature. This is expected since higher drawing

temperature leads to higher heat flux. Therefore, both the shape and magnitude of the

drawing temperature play an important role in the drawing process.
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Preform feeding speed and drawing speed

The effect of the preform feeding speed on the temperature distribution along the surface

of the preform/fiber is shown in Figure 3.16. The temperature of the preform/fiber

increases with a decrease in the preform feeding speed. This is because the time spent

by the preform/fiber in the furnace increases when the preform feeding speed decreases.

Figure 3.17 shows the effect of the drawing speed on the temperature distribution along

the surface of the preform/fiber. The temperature distributions along the surface of

the preform/fiber are almost the same for different drawing speed. So the temperature

distribution along the outer surface is quite insensitive to the drawing speed.

Radius ratio of preform

The effect of the geometry of the preform, indicated by the radius ratio of the preform,

is studied. The radius ratio of the preform is also called the initial radius ratio. Figure

3.18 shows the temperature distributions along the surface of the preform/fiber for

different values of the initial radius ratio. It is obvious that the temperature of the

preform/fiber slightly increases with an increase in the initial radius ratio. This is

because the preform with a higher radius ratio has a smaller thermal inertia due to the

less mass.
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Figure 3.12: Three different temperature profiles on the furnace wall
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Figure 3.13: Temperature distributions along the outer surface of the fiber for different
drawing temperature profiles
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Figure 3.14: Three different drawing temperature distributions with the same shape
but different magnitudes
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Figure 3.15: Temperature distributions along the outer surface of the fiber for different
drawing temperatures
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Figure 3.16: Temperature distributions along the outer surface of the fiber for different
preform feeding speeds
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Figure 3.17: Temperature distributions along the outer surface of the fiber for different
drawing speeds
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Figure 3.18: Temperature distributions along the outer surface of the fiber for different
initial radius ratios

3.3.4 Neck-down profiles in hollow optical fiber drawing

Drawing temperature

The neck-down profiles strongly depend on the temperature of the preform/fiber in the

furnace. The effect of the drawing temperature on the neck-down profiles is studied

first. The neck-down profiles for TP-I, TP-II and TPIII are shown in Figure 3.19. The

start point of necking occurs more upstream for TP-I. This is because the temperature

of the fiber reaches the softening point faster for TP-I as shown before.

The neck-down profiles for different drawing temperature profiles, which have the

same shape, are compared in Figure 3.20. It is clear that the neck-down profiles have

significant changes for different drawing temperatures. The start point of necking occurs

further upstream for higher drawing temperatures. This also can be explained by the

higher temperatures in the preform/fiber for higher drawing temperatures.
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Preform feeding speed and drawing speed

The effects of the preform feeding speed and the drawing speed on the neck-down profiles

are shown in Figure 3.21 and 3.22, respectively. The neck-down profiles are very close

for different drawing speeds. But the preform feeding speed is still a dominating factor

in the neck-down profiles. It is seen that the necking starts earlier at lower preform

feeding speed. These phenomena are due to the effects of the preform feeding speed and

the drawing speed on the temperature of the preform/fiber in the furnace. As shown

before, the temperatures of the preform/fiber are almost the same for different drawing

speeds, but increase with a decrease in the preform feeding speed. Higher temperatures

of the preform/fiber can lead to earlier start point of necking.

Radius ratio of preform

Figure 3.23 shows the neck-down profiles for different initial radius ratios. The necking

of the outer neck-down profile starts further downstream for smaller initial radius ratio.

This trend is in agreement with that obtained earlier from optically thick method. The

reason is that the temperature of the preform/fiber in the furnace decreases with a

decrease in the initial radius ratio. In conclusion, the neck-down profiles are strongly

dependent on the temperature history of the preform/fiber.

3.3.5 Collapse in hollow optical fiber drawing

Effect of the pressure difference between the purge gas and the central cavity

Equation (2.27) indicates that the collapse ratio depends on the pressure difference

between the purge gas and the central cavity (∆p = pa − pc). Here the effect of

the pressure difference on the collapse ratio is investigated first. The variations of the

collapse ratio along the axis with different pressure differences are shown in Figure 3.24.

The black thicker line represents the case without pressure difference. It is seen that

the collapse ratio of the final fiber decreases with a decrease in the pressure difference.

This is because higher pressure in the central cavity has the effects to prevent collapse

of the central cavity. This was also demonstrated by Fitt [19]. It is shown from Figure



69

3.24 that when ∆p = pa − pc = −50Pa, the collapse ratio can be negative during the

drawing process. This indicates that high negative pressure difference may cause the

central cavity to enlarge during the drawing process. This is called “explosion” in the

drawing process.

It is also seen in Figure 3.24 that the line with ∆p = 1Pa is very close to the line

without pressure difference (∆p = 0Pa). This indicates that the effect of the pressure

difference on the collapse ratio is neglectable when the magnitude of the pressure dif-

ference is less than one. The magnitude of the pressure difference between the purge

gas and the central cavity for a typical case can be estimated as,

pa − pc ≈ ◦(ρU2
a ) = 0.01Pa (3.16)

This order is so small that its effect on the collapse ratio can be neglected. So the

assumption of neglecting pressurization of the gas in the core used before is reasonable.

Surface tension

It has been known that surface tension can lead to the collapse of the central cavity

[19]. By plugging the equation (2.27) into equation (2.28), the collapse ratio can be

expressed as:

C(z) = 1 −
R1(z)/R2(z)

R10/R20
= 1 − exp

(∫ z

0

−1

µv
(ξ1H1 + ξ2H2)dz

)

(3.17)

where the effect of pressure difference between the purge gas and the central cavity

is neglected. The surface tension coefficient plays an important role in the collapse

ratio. Equation (3.17) indicates that the collapse ratio equals zero, which means there

is no collapse, when the surface tension coefficient equals zero. Figure 3.25 shows the

variation of collapse ratio with surface tension coefficient. The collapse ratio increases

almost linearly with an increase in the surface tension coefficient. A lower surface

tension coefficient can reduce the distortion and collapse of the central cavity. This can

also explain why the polymer PMMA (surface tension: 0.032 N/m) has an advantage

over silica (surface tension: 0.3 N/m) in the preservation of the shape due to the

relatively low surface tension.
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Table 3.2: Collapse ratio for different drawing temperature profiles
Drawing temperature profiles TP-I TP-II TP-III

Collapse Ratio 0.03 0.08 0.12

Drawing parameters

Several drawing parameters are varied to study their effects on the geometry of the

final hollow fiber.

The effects of different temperature distributions at the furnace wall on the collapse

ratio of the final fiber are investigated. Three different drawing temperature profiles

TP-I, TP-II and TP-III shown in Figure 3.12 are compared. Table 3.2 gives the final

collapse ratio for TP-I, TP-II and TP-III. There exist significant differences. The

collapse ratio for TP-III is three times that for TP-I. Therefore, the collapse ratio is

strongly dependent on the temperature profile on the furnace wall. A more uniform

temperature distribution on the furnace wall can decrease the final collapse ratio.

The effects of other drawing conditions on the collapse ratio is also investigated.

The temperature distribution on the furnace wall is assumed to be a parabolic profile,

with the maximum in the middle and minimum at the two ends. The difference between

maximum and minimum temperatures is fixed at 500 K. The maximum temperature

of the parabolic distribution is referred to as the drawing temperature. The default

drawing temperature is 2500 K. The other parameters are the same as the typical

case. Figure 3.26 shows the variation of the collapse ratio of the final hollow fiber with

the drawing temperature for difference drawing speeds. It is seen that the collapse

ratio increases with an increase in the drawing temperature and with a decrease in the

drawing speed. The collapse ratio increases 5 times at a drawing speed of 10 m/s when

the drawing temperature increases from 2500 K to 2700 K, but decreases only about

2% at a drawing temperature of 2500 K when the draw speed goes up from 10 m/s to

20 m/s. Therefore, the drawing temperature affects the collapse ratio very significantly

while the influence of the drawing speed is quite small.

The effect of the feed speed on the collapse ratio are shown in Figure 3.27. The

collapse ratio increases about 40% when the preform feeding speed decreases from 4.5
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mm/min to 3.0 mm/min. So the collapse ratio is also sensitive to the preform feeding

speed.

These changes in the collapse ratio can be explained by considering the time spent

by the preform/fiber in the drawing furnace. The total time of preform/fiber in the

furnace, which depends on the preform feeding speed and the drawing speed, is the

sum of the time to heat the preform up and the time for the preform/fiber to deform.

At the same preform feeding and drawing speeds, the total time of preform/fiber in

the furnace is almost constant. The time to heat the preform is shorter at higher

furnace temperatures, which implies that the time for collapse increases. Therefore,

the collapse ratio increases at a higher furnace temperature. When the drawing speed

or the preform feeding speed decreases, the total time of preform/fiber in the furnace

will increase. The collapse ratio increases since the time to heat the preform is nearly

the same for different drawing speeds or preform feeding speeds at the same drawing

temperature. Since the drawing speed is much greater than the preform feeding speed,

the collapse time is more sensitive to the preform feeding speed than the drawing speed.

So the collapse ratio is more sensitive to the preform feeding speed than the drawing

speed.

The effect of the preform radius ratio on the collapse ratio is also investigated.

Figure 3.28 shows the variation of the collapse ratio with the initial radius ratio. The

collapse ratio changes very slightly with the initial radius ratio, indicating that the

initial radius ratio is not an important factor in the final collapse ratio.

These results suggest that increasing the drawing speed or the preform feeding speed

or decreasing the furnace temperature can avoid the central cavity from collapsing.

Since the geometry of the final hollow fiber depends on the collapse ratio, the drawing

temperature and the preform feeding speed, which are the dominating factors in the

collapse of central cavity, can be used to control the geometry of the final hollow fiber.

3.3.6 Draw tension

Draw tension is crucial to fiber quality and process feasibility. Higher draw tension can

lead to viscous rupture of the fiber. So the effects of the drawing parameters, i.e., the
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drawing temperature, the preform feeding speed, the drawing speed and initial radius

ratio, on the draw tension are investigated. Figure 3.29 shows the variation of the draw

tension with the drawing temperature for different drawing speeds. The variation of

the draw tension with the preform feeding speed is shown in Figure 3.30. It is clear

that the draw tension increases with a decrease in the drawing temperature and an

increase in the drawing speed and the preform feeding speed. These phenomena can

be explained by the temperature of the fiber in the drawing furnace. Higher drawing

furnace temperature, lower drawing speed or lower preform feeding speed can cause

higher temperature of the fiber. Higher temperature of the fiber decreases the viscous

force dramatically because glass viscosity decreases exponentially with an increase of

temperature, as indicated by Equation (B.10) in Appendix B.

The effects of the drawing parameters on the draw tension are considered to obtain

the sensitivity of the draw tension to these parameters. The draw tension increases

about 20 times for 10 m/s drawing speed when the drawing temperature decreases

less than 10% from 2750 K to 2500 K. A 50% increase of the drawing speed from 10

m/s to 15 m/s increases the draw tension by only about 15% at the 2500 K drawing

temperature. A 50% increase of the preform feeding speed, from 3.0 mm/min to 4.5

mm/min, increases the draw tension by 60% at the 2500 K drawing temperature. So the

drawing temperature is the most dominating factor in determining the draw tension.

The draw tension is more sensitive to the preform feeding speed than the drawing speed.

The sensitivities of the draw tension to the drawing temperature, the drawing speed

and the preform feeding speed are the same as those of the collapse ratio.

The draw tensions with different preform radius ratio are shown in Figure 3.31. It

is seen that the draw tension increase about 2 times when the preform radius ratio de-

creases from 0.6 to 0.3. This phenomenon is attributed to the variation of viscosity and

the cross-sectional area of the fiber. It is known that the temperature of preform/fiber

in the drawing furnace increases with an increase in the initial radius ratio. Higher

temperature of the fiber will decrease the viscous force, which is dominating to the

draw tension, due to the reduced viscosity. In addition, higher preform radius ratio

means the smaller cross-sectional areas of the fiber. The smaller cross-sectional area
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of the fiber leads to lower draw tension. Therefore, the preform radius ratio is another

important factor in the draw tension, besides the drawing temperature and the preform

feeding speed.

3.4 Summary

A numerical model, with the generation of the two neck-down profiles, has been pre-

sented for the hollow optical fiber drawing process in this chapter. The effects of variable

properties of air and of buoyancy are investigated first. The results show that these

effects can be neglected in the model. The radiative transport within glass is solved by

the zonal method, which is more accurate than the optically thick method in hollow

optical fiber drawing. A comparison between the zonal method and the optically thick

method is carried out for validation.

The thermal transport and the neck-down profiles in hollow optical fiber drawing

process are investigated. The neck-down profiles are strongly dependent on the tem-

perature distribution along the preform/fiber in the furnace. Then the geometry and

quality of the final hollow fiber, namely the collapse ratio and the draw tension, are

studied in detail. The collapse ratio of the final hollow fiber increases when the draw-

ing speed or the preform feeding speed decreases or the furnace temperature increases.

So a faster drawing speed or preform feeding speed or lower furnace temperature can

avoid the collapse of the central cavity. In addition, collapse of the central cavity can

be effectively controlled by changing the pressure difference between the purge gas and

the central cavity. The draw tension is dependent on the drawing parameters and the

preform geometry. The numerical results show that a higher drawing speed, higher

preform feeding speed, lower furnace temperature, or lower preform radius ratio can

increase the draw tension. Through the study of sensitivity of drawing parameters, the

drawing temperature and the preform feeding speed are found to be the most important

factors in determining the geometry of the final hollow fiber and the draw tension. The

preform radius ratio also plays an important role in the draw tension.

The model presented here can also be applied to simulate the drawing process
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of hollow optical fibers made by other materials, such as polymers like polymethyl

methacrylate (PMMA).



75

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

z/L

r/
R

TP I
TP II
TP III 

Figure 3.19: Neck-down profiles for different drawing temperature profiles
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Figure 3.20: Neck-down profiles for different drawing temperatures
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Figure 3.21: Neck-down profiles for different preform feeding speeds
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Figure 3.22: Neck-down profiles for different drawing speeds
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Figure 3.23: Neck-down profiles for different initial radius ratios
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the core



79

0 0.1 0.2 0.3 0.4 0.5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

Surface tension (N/m)

C
ol

la
ps

e 
R

at
io

Figure 3.25: Variation of the collapse ratio with the surface tension
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Figure 3.27: Variation of the collapse ratio with the preform feeding speed
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Figure 3.28: Variation of the collapse ratio with the initial preform radius ratio
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Figure 3.29: Variation of the draw tension with the drawing temperature for different
drawing speeds
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Figure 3.30: Variation of the draw tension with the preform feeding speed
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Figure 3.31: Variation of the draw tension with the preform radius ratio
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Chapter 4

Optimization in Hollow Optical Fiber Drawing Process

4.1 Introduction

Hollow optical fibers have a wide range of application, from sensor technology to med-

ical applications. A high quality hollow optical fiber is desirable to get lower signal

loss. Hollow optical fibers are fabricated by drawing a hollow preform to the fiber di-

ameter in a conventional fiber-drawing tower. The quality of the final hollow fiber can

be characterized by many factors such as draw tension, radial non-uniformity in tem-

perature and velocity, and concentration of drawing-induced defects. Small values of

these factors are desirable from fiber quality considerations. All these factors strongly

depend on the drawing conditions such as the furnace temperature, the drawing speed

and the preform feeding speed. Therefore, optimizing the hollow fiber drawing system

can significantly improve the quality of hollow optical fiber.

There are a number of studies on solid-core fiber drawing process. Among them

only few are applied to the optimal design of the fiber drawing system. For instance,

Cheng and Jaluria [12] developed an optimization algorithm. Compared with solid-core

fiber drawing, very few researchers have presented the simulation of the hollow optical

fiber drawing process [4, 18, 19, 59]. And no efforts on optimization of hollow optical

fiber drawing process are available in the literature. However, optimization in hollow

optical fiber drawing is strongly needed due to the interest in high quality fibers at

high draw speeds. Compared to experimental work, numerical techniques are obviously

more convenient and practical approach to optimization.

This chapter presents the optimal design of hollow optical fiber drawing process,

considering the feasible domain. The numerical model of the hollow optical fiber draw-

ing process, presented in the previous chapter, is used for optimal design. As shown
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in the previous study, on the one hand hollow fiber may collapse completely in high

furnace temperature or at low drawing speed. On the other hand, lower furnace tem-

perature or high drawing speed may cause failure in the drawing process due to viscous

rupture. Hence, the feasible domain for hollow fiber drawing, in which a successful fiber

drawing is obtained, must be identified before the drawing system is optimized to get

high quality hollow fibers. Among the drawing parameters, the furnace temperature

and the preform feeding speed significantly affect the drawing process and can be easily

and practicably controlled. So the drawing temperature and the preform feeding speed

are chosen for investigation and optimized for hollow optical fiber drawing process. The

effects on draw tension, maximum temperature and velocity lag and drawing-induced

defect centers are investigated. Based on these results, an appropriate objective func-

tion for optimization is formulated and a multi-variable and non-constrained optimal

design problem is presented. Finally, a simple optimization procedure is carried out to

solve the problem.

4.2 Feasible domain for hollow optical fiber drawing

A typical drawing furnace with fixed dimensions is used here. The furnace diameter is

7 cm and its length is taken as 30 cm. The inner and outer diameters of the preform

are taken as 2.5 cm and 5 cm, respectively. Unless otherwise mentioned, the velocity

of the purge gas at the inlet is taken as 0.1 m/s. Pressurization of the gas in the core

is neglected. The furnace temperature is assumed to be a parabolic profile, with the

maximum in the middle and minimum at the two ends. The maximum temperature is

referred to as the drawing temperature. The difference between maximum and minimum

temperatures is fixed at 500 K. The temperature of the preform (T0) is taken as 300

K. The fiber drawing speed and the preform feeding speed are taken as 10 m/s and

3.75mm/min, respectively.

The hollow fiber cannot be drawn at any arbitrary combination of critical drawing

parameters, as shown in previous studies [67]. Figure 4.1 illustrates the feasible domain

in terms of the drawing temperature and the drawing speed. The drawing speed is in

the range of 1m/s to 20m/s. It shows that drawing process is possible only in the region
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between two dashed lines. The left boundary exists because the continuous drawing

process may fail due to the lack of material flow at low furnace temperature or high

drawing speeds, which is initially indicated by the divergence of the numerical correction

scheme for the profiles. Figure 4.2 shows the numerical procedure of an infeasible case

due to the lack of material flow. It is shown that the neck-down profiles become more

flat after 12 iterations. This phenomenon is the same as seen in the solid-core fiber

drawing process [11]. The right boundary exists only for hollow optical fiber because

high furnace temperature or low drawing speeds may cause the central air core collapse

completely. At the right side of this boundary line, the central air core is closed during

the drawing process. Therefore, there are two thresholds for the drawing temperature

at the same drawing speed. These two boundary lines are nearly vertical since the

effect of the drawing speed is relatively weak, which has been indicated by the earlier

parameter study.

4.3 Formulation of the objective function

4.3.1 Temperature and velocity lags

It is known that radial non-uniformity in temperature and velocity in the preform are

crucial to fiber quality because they can cause a redistribution of the material dopants

and impurities [25, 56, 71]. The relative radial temperature difference between the outer

surface and the inner surface, namely the temperature lag, is defined as:

Tlag(z) =
T (r = R2, z) − T (r = R1, z)

T (r = R2, z)
(4.1)

The temperature lag describes the thermal response in the glass. Similarly, the velocity

lag in hollow fiber drawing is expressed as:

Vlag(z) =
V (r = R2, z) − V (r = R1, z)

V (r = R2, z)
(4.2)

Lower temperature and velocity lags in the hollow optical fiber drawing process indi-

cate more uniformity in the radial direction. Therefore, small values of the maximum

temperature and velocity lags are desired to obtain high quality of the fiber.
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4.3.2 Drawing-induced defect centers

The drawing-induced defect centers, such as E’ and non-bridging oxygen hole centers

(NBOHCs), are crucial factors in determining the optical properties of fibers since they

can cause optical absorption. It was observed that the 630nm absorption is related to

the NBOHCs concentration in high-OH-content silica glass. In low-OH-content silica

glass, the 630nm absorption is related to the sum of the concentrations of NBOHCs, E’

defect centers and peroxy radicals [26]. Therefore, investigations of the drawing-induced

defect centers have been of interest in the drawing process. Generally, a low value of

the defect concentration is desired for a higher quality of the fiber. The formation

mechanism of these drawing-induced defect centers depend strongly on the drawing

conditions and the type of silica glass.

E’ defects in silica glass are generated from the breaking of the Si-O bond of a

potential precursor. The generation of E’ defect depends on the temperature history of

the fiber. The model given by Hanafusa et al [25] can be used to describe the generation

of E’ defects in the drawing process.

V
dnE′

dz
= np0v̄exp

(

−
Ep

kT

)

− nE′ v̄

[

exp

(

−
Ep

kT

)

+ exp

(

−
Ed

kT

)]

(4.3)

where nE′ is the concentration of E’ defects, and np0 is the concentration of the initial

precursors, Ep and Ed are corresponding activation energy, v̄ is the frequency factor,

k is the Boltzmann constant. The values of the constants are given by Hanafusa et

al [25]. In the later results, the concentrations of E’ defects are normalized by the E’

defect concentration at Tmelt in the equilibrium state, i.e. 5.8285 × 1012g−1.

The NBOHC defect is another important kind of defect centers in optical fiber. The

generation of NBOHCs is affected by the shear stress besides the temperature history

of the fiber. The equation to determine NBOHCs can be expressed as [26]:

dN

dt
= N0

(

σ

σ0

)b

exp

(

−
Ec

kT

)

(4.4)

where N0, σ0, b, Ec are constants, and the shear stress σ is defined by

σ(z) =
FT

A(z)
(4.5)
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where FT is the drawing Force and A is cross area of hollow fiber.

σ0 =
FT

A(z = 0)
(4.6)

Along the streamline, equation (4.4) can be written as:

V
dN

dz
= N0

(

σ

σ0

)b

exp

(

−
Ec

kT

)

(4.7)

Integrating equation along the streamline:

N(z) −N(0)

N0
=

∫ z

0

(

σ
σ0

)b
exp

(

−Ec

kT

)

V (z)
dz (4.8)

where the values of the constants are given by Ec = 3.8eV = 6.114 × 10−19J, b = 0.75.

The initial concentration of NBOHCs is taken as zero. Due to the lack of constant N0,

the normalized concentration of NBOHCs is defined as:

nNBOHCs =
N(z)

N0
(4.9)

Then the equation for the normalized concentration of NBOHCs is expressed as below:

nNBOHCs =

∫ z

0

(

σ
σ0

)b
exp

(

−Ec

kT

)

V (z)
dz (4.10)

Based on Equations (4.3) and (4.10), E’ and NBOHCs defect concentrations in the fiber

can be obtained during the drawing process.

The generation of the two kinds of drawing-induced defect centers (E’ and NBO-

HCs’) in hollow optical fiber drawing process is investigated. Figure 4.3(a) and (b)

show the variations of normalized E’ defect and NBOHCs defect concentrations along

the axis at different drawing temperatures. The E’ and NBOHCs defect concentrations

increase along the axis. This trend indicates that E’ and NBOHCs defects are gen-

erated during the drawing process. It is reasonable because E’ and NBOHCs defects

are drawing-process-induced defect centers. By comparing Figure 4.3(a) and (b), it is

seen that the concentration of E’ defect increases mainly in the upper neck-down region

where the temperature of the fiber increases. But the generation of NBOHCs defects

occurs in the whole neck-down region. This is because the generation of E’ defect is

only dependent on the temperature history of the fiber. In the lower neck-down region
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the temperature of the fiber reaches the equilibrium temperature. So the concentration

of E’ defects is also in the equilibrium state. For NBOHCs defects, the shear stress in

the fiber is another important factor besides the temperature history of the fiber. In

the lower neck-down region the shear stress increases dramatically due to the decrease

of the cross area of the fiber. This explains why the concentration of NBOHCs defects

increases in the whole neck-down region.

The concentrations of E’ and NBOHCs defects in the final fibers increase with an

increase in the drawing temperature. The reason is that higher drawing temperature

leads to higher temperature of the fiber during the drawing process. The generations

of E’ and NBOHCs defects are dependent on the temperature of the fiber. Equations

(4.3) and (4.10) indicate the defects generation terms increase with an increase in

the temperature. Therefore, the higher the temperature of the fiber, the higher the

concentrations of E’ and NBOHCs defects.

4.3.3 Effect of the drawing temperature on the quality of the fiber

The effect of the drawing temperature on the quality of the fiber is investigated. Figures

4.4 (a) and (b) show the variation of the maximum velocity and temperature lag at dif-

ferent drawing temperatures. It is seen that the maximum velocity lag is very sensitive

to the drawing temperature. But the maximum temperature lag increases only slightly

when the drawing temperature increases. These phenomena are similar to those seen in

the results for solid-core fiber drawing [12]. The maximum velocity lag has a minimum

at around 2550 K drawing temperature. And the levels are more than 0.6 at 2450 K

and 2750 K drawing temperature. It is high at lower drawing temperature because the

weak heat input at the glass surface results in a slow thermal response in hollow fiber

drawing. At higher drawing temperature, the temperature difference between inner and

outer surfaces increases due to the thermal inertia. Therefore the maximum velocity

lag is high at extreme high drawing temperature. The maximum temperature lag is not

sensitive to the drawing temperature because it strongly depends on the inlet thermal

boundary conditions which are not changed here.

Figures 4.4 (c) and (d) show the concentrations of E’ and NBOHCs defect in the final
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fiber. The concentration of E’ and NBOHCs defect increases by more than 6 times and

10 times in magnitude, respectively, when the drawing temperature goes up from 2450

K to 2750 K. The drawing temperature is a very important factor in generating defects.

Higher drawing temperatures enhance the formation of E’ and NBOHCs defects due

to easier bond-breaking of Si-O-Si at high temperatures. These results suggest that

minimizing the drawing temperature can dramatically decrease the E’ and NBOHCs

defects.

The draw tension is another important factor in the strength and quality of the

fiber since it strongly affects optical and mechanical properties of the fiber in terms of

index of refraction, residual stresses and transmission losses. A low value of the draw

tension is desirable from fiber quality considerations and a large value could result in

viscous rupture of the fiber [12]. Equation (2.29) is used to calculate the draw tension.

The variation of draw tension with the drawing temperature is shown in Figure 4.4(e).

The draw tension dramatically increases with a decrease in the drawing temperature.

The reason is that the viscous stress increases at lower drawing temperature due to

the exponential variation of the glass viscosity with the temperature. Therefore, high

drawing temperature is desired for considering the effect of draw tension on the quality

of the hollow fiber.

4.3.4 Effect of the preform feeding speed on the quality of the fiber

The effect of the preform feeding speed is shown in Figure 4.5. The preform feeding

speed varies from 3mm/min to 4.5mm/min. The drawing temperature is 2600 K. It is

seen that the preform feeding speed plays an important role in the E’ defect concentra-

tion and the draw tension, while the maximum velocity lag, the maximum temperature

lag and NBOHCs defect concentration are slightly changed with the preform feeding

speed. The draw tension increases with an increase in the preform feeding speed. This

phenomenon has been explained in the previous chapter. The E’ defect concentration

decreases with an increase in the preform feeding speed. It is because a shorter resi-

dence time of fiber inside the heating furnace will cause less frequent bond breaking of

Si-O.



90

4.3.5 Optimization

Univariate search method is used to solve the multivariable optimal design problem

considered here. In univariate search method, the multivariable problem is reduced

to a series of single-variable optimization problems and then the objective function is

optimized with respect to one variable at a time [31]. Optimization with respect to

the drawing temperature is carried out first. The results discussed before indicates

that draw tension, maximum temperature, velocity lag and drawing-induced defect

centers, which characterize the quality of the fibers, depend strongly on the drawing

temperature of the furnace. Lower drawing temperature decreases the drawing defects

concentration but increases the draw tension. The velocity lag is large either at higher

drawing temperature or lower drawing temperature. Therefore, an optimum drawing

furnace temperature for high quality fiber exists.

The optimization strongly depends on the formulation of the objective function.

However, the drawing conditions for hollow optical fiber drawing can be optimized

based on the proper formulation of the application. An objective function in terms of

fiber quality is proposed as given below:

U =

√

√

√

√

√

1

4





(

vlag

vlag

)2

+

(

nE′

nE′

)2

+

(

nNBOHCs

nNBOHCs

)2

+

(

FT

F T

)2


 (4.11)

Where four physical quantities, namely the maximum velocity lag, E’ and NBOHCs

defect concentrations and draw tension, contribute to the quality of the hollow optical

fiber. Each variable is normalized by the values at the drawing temperature of 2600

K, which means the objective function equals 1 at 2600 K drawing temperature. The

reference values for the maximum velocity lag, E’ and NBOHCs defect concentration

and draw tension are 0.35, 36.55, 0.01 and 17.3 g respectively. The maximum tempera-

ture lag is screened off from the objective function due to the sensitive analysis. At the

optimum drawing temperature the objective function reaches a minimum. The feasible

domain for hollow fiber drawing at the drawing speed of 10m/s gives the following range

for the drawing temperature:

2450 ≤ T ≤ 2750 (4.12)
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All the other drawing parameters except the drawing temperature are fixed at the values

mentioned before.

Curve fitting is chosen to solve this single variable and non-constrained optimum

problem. A small number of cases are needed for the curve fitting method because the

range of the drawing temperature is narrow for hollow optical fiber drawing. Figure

4.6 shows the objective function and the fitting curve. Here a polynomial function is

applied for the curve fitting. It is seen that the objective function decreases sharply

and then gradually increases when the drawing temperature increases from 2450 K to

2750 K. The minimum of objective function occurs at 2599.1K where first derivative of

the curve fitting function is equal to zero. So the optimum drawing temperature in the

first step is obtained as 2599.1K. The objective function behavior shows that the draw

tension dominates in hollow fiber quality at lower drawing temperature compared to

the effects of defects generation. But at higher drawing temperatures, defect generation

contributes more to the objective function than draw tension. These phenomena are

also observed in the solid-core fiber drawing process [12]. These can be explained by

the exponential variation of the draw tension with the drawing temperature.

The results discussed before also indicate that the optimum preform feeding speed

for high quality fiber exists. Lower preform feeding speed can decrease the draw tension.

But higher preform feeding speed is desired to achieve low defect concentration and low

velocity lag. Figure 4.7 shows the objective function and the fitting curve for optimizing

the preform feeding speed at a fixed drawing temperature 2599.1K. The variation of

the objective function is a nearly parabolic function with the preform feeding speed.

At lower preform feeding speed, the velocity lag and defect concentration dominate

in hollow fiber quality over the draw tension. At higher preform feeding speed, the

draw tension contributes more to the objective function. The optimum preform feeding

speed, calculated from the polynomial fitting curve, is 3.48mm/min. By comparing

Figure 4.6 and Figure 4.7, it is seen that the value of the objective function is more

sensitive to the drawing temperature than the preform feeding speed. The objective

function varies in the range of [1, 3.5] for the drawing temperature and in the range of

[1, 1.06] for the preform feeding speed. Therefore, the drawing temperature plays an
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important role in the optimal design in hollow optical fiber drawing process.

Besides the drawing temperature and the preform feeding speed, the same optimiza-

tion procedure with the same objective function can be carried out with respect to the

other drawing parameters, such as the temperature profile on the furnace wall, the heat

zone length and the diameter of the furnace.

4.4 Summary

The numerical model with the two neck-down profiles correction scheme is used for the

optimal design of the hollow optical fiber drawing process in this chapter. The feasible

domain for hollow optical fiber drawing process is presented in terms of the drawing

temperature and the drawing speed first. The complete collapse of the central cavity

and viscous rupture give the limits for the drawing temperature. The possibility of

optimum design, based on the drawing temperature and the preform feeding speed, is

investigated. The results show that the quality of the fiber, namely maximum velocity

lag, drawing-induced defect centers (E’ and NBOHCs) and draw tension, strongly de-

pend on the drawing temperature and the preform feeding speed. Either too high or

too low value of the drawing temperature or the preform feeding speed will cause low

quality of the fiber.

Then an optimal design of the drawing temperature and the preform feeding speed

for a typical drawing furnace is carried out. The objective function, comprised of the

maximum velocity lag, E’ and NBOHCs defect concentrations and draw tension, is

defined to characterize the fiber quality. The univariate search method is used to solve

the multivariable optimal design problem. The optimum drawing temperature and

preform feeding speed are obtained by using curve fitting.
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Figure 4.3: Variation of (a) normalized E’ defects concentration (b) normalized NBO-
HCs defects concentration along the axis at different drawing temperatures
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Figure 4.5: Variation of (a) maximum temperature lag, (b) maximum velocity lag (c)
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Chapter 5

Simulation of Microstructured Optical Fiber Drawing

Process

5.1 Introduction

Polymer optical fibers (POFs) have been of interest in recent years. POFs have many

advantages, like offering a high-bandwidth, being mechanically flexible and easy to

install in contrast to a glass optical fiber. However POFs have not yet been widely used

due to disadvantages of conventional POFs. For example, the fabrication of the large

mode-area graded-index POF is difficult due to the complex polymerization process.

The absorption losses in the material limit the choice of polymers to fabricate POFs

[16].

The invention of microstructured optical fiber (MOF) is an exciting and important

development in optical fibers [13, 16, 17]. Typically, MOFs contain a number of circular

air holes running parallel along the fiber. Due to these air holes, MOFs can employ a

pattern of microscopic air channels to achieve low signal loss, rather than from variations

in the refractive index of the fiber material. MOFs were fabricated from silica first.

Then, recently, polymers have been introduced to fabricate microstructured optical

fibres. Microstructured polymer optical fibers (MPOFs) have a number of advantages.

Most of the disadvantages of conventional POF do not exist in MPOFs. Polymethyl

methacrylate (PMMA) is commonly used to fabricate MPOFs. The surface tension of

PMMA is an order of magnitude lower than that of silica, while the viscosity of PMMA

and silica are of similar magnitudes at their respective draw temperatures. So distortion

and collapse of holes due to surface tension effects can be minimized. MPOFs have a

range of applications, including telecommunications, optical sensing and automotive

industry [17].
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However, few studies on the drawing process of MPOFs have been made. Fitt et al

[18, 19] investigated the drawing process of an annular hollow fiber which has only one

central hole. Deflandre [15] investigated the effect of thermal field on the periodicity

and hole shape in the steady-state drawing process. Lyytikainen et al [40] numerically

and experimentally investigated the effect of air-structure on the heat transfer within an

MPOF preform. Xue et al [65] carried out a scaling analysis on the silica and polymer

MOFs drawing process and simulated the isothermal drawing process of an illustrative

five-hole structure MPOF. They also presented the experimental results for MPOFs

drawing process. Then the contributions of surface tension and viscous effects on the

collapse and shape changes of the holes in MPOFs were discussed by Xue et al in a

second paper [66]. Reeve et al [52] solved the full axisymmetric conjugate problem,

including natural convection, thermal radiation, and prediction of the free surface, to

investigate the drawing process of solid-core polymer (PMMA) optical fibers and predict

the draw force.

In this chapter, the model proposed in the previous work is modified to simulate the

drawing process of MPOFs. The properties of fiber are characterized by the porosity

of the cross-sectional area in MPOFs. Results from this model for zero porosity and

for one hole are compared with the results for solid-core and annular hollow fibers,

respectively, for validation. Results show that they are in good agreement. Then the

effects of various parameters, i.e. the geometry of the preform (such as the number of

holes and the initial porosity), material properties (such as surface tension) and drawing

parameters (such as the drawing speed, the preform feeding speed and the temperature

distribution on the furnace wall), on the porosity of the final MPOFs are investigated.
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Figure 5.1: Schematic diagram of the drawing process of an MPOF

5.2 Mathematical model

A mathematical model is presented to simulate the drawing process of MPOFs. Fig-

ure 5.1 illustrates the drawing process. In the drawing furnace, the air-structured

perform/fiber is considered to be a porous media described by porosity. A conjugate

problem involves the flow of air-structured fiber and the nature convection flow of air

in the furnace. The flows in the furnace are assumed to be laminar, axisymmetric and

incompressible. The full governing equations are given by Equation (2.1)-(2.4).

The properties of the porous media are characterized by porosity, which describes

the fraction of void in the cross-sectional area. The neck-down profile of MPOF is

denoted by R(z). The number and radius of circular air holes in MPOF are denoted



103

by N and R′(z). Then, the porosity is defined as:

φ =
Aair

Atotal
=
N ·R′(z)2

R(z)2
(5.1)

Therefore MPOF with φ = 0 represents Polymer Optical Fiber (POF). The effective

properties of the air-structured fiber are defined as:

µ = φµair + (1 − φ)µPMMA (5.2)

K = φKair + (1 − φ)KPMMA (5.3)

ρ = φρair + (1 − φ)ρPMMA (5.4)

C = φCair + (1 − φ)CPMMA (5.5)

The boundary conditions are specified as given below: At the top of the preform

(0 ≤ r ≤ R(0), z = 0):

u = 0, v = V0, T = T0

At the fiber exit (0 ≤ r ≤ R(L), z = L):

u = 0, v = Vf ,
∂2T

∂z2
= 0

Along the furnace wall (r = RF , 0 ≤ z ≤ L):

u = v = 0, T = Tw(z)

Along the symmetric axis (r = 0, 0 ≤ z ≤ L):

u = 0,
∂v

∂r
= 0,

∂T

∂r
= 0

At the top of external purge gas (R(0) < r < RF , z = 0):

u = v = 0, T = Tt

At the exit of external purge gas (RL < r < RF , z = L):

u = v = 0,
∂2T

∂z2
= 0

Along the interface (r = R(z)), the stream-function value is set equal to constant and

the normal velocity is taken as zero. Force and energy balance equations are applied.

µ
∂v

∂n

∣

∣

∣

∣

fiber

= µa
∂v

∂n

∣

∣

∣

∣

air
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u = v · tan(θ) = v
dR

dz

−K
∂T

∂n

∣

∣

∣

∣

fiber

= −Ka
∂T

∂n

∣

∣

∣

∣

air

+ qflux

The heat flux (qflux) is the surface heat flux due to radiation heat transfer, which

can be obtained by considering the enclosure consisted of the furnace, the fiber and top

and bottom irises. The furnace wall is assumed to be a gray and diffuse surface, with

a typical value of 0.75 for the emissivity [23]. The emissivity of the irises and PMMA

fiber is taken as 0.96 [50]. Only the radiation heat transfer on the surface of the fiber is

taken into account due to the lack of radiative properties of PMMA. The radiation heat

transfer within the fiber is neglected here [52]. The radiosity equation in the enclosure

is written as:

qi = ǫiσT
4
i + (1 − ǫi)

N
∑

j=1

Fi−jqj (5.6)

where Fi−j is the view factor for surface j as seen from surface i on the enclosure.

Fi−j =
1

Aj

(

∫

cosθicosθj

πS2
i−j

dAj

)

Ai (5.7)

Equation (5.6) is solved by using Gauss-Seidel iterative method with 10−5 convergence

criterion. The properties for air are considered as functions of temperature. The state

equation for an ideal gas and power law correlations are used to compute heat capacity,

viscosity and thermal conductivity, which are expressed in equations (3.11)-(3.14). The

reference temperature Tref is taken as 300 K. The thermal expansion coefficient of air

β is assumed to be constant 0.0023 [52]. The properties of PMMA used in our model

are shown in Table 5.1 [52, 64]. In order to prevent instabilities due to very large values

of the polymer viscosity, the maximum viscosity is held constant 2.3× 109N · s/m2 for

temperatures below 109◦C [38, 52].

In order to develop a numerical scheme to determine the neck-down profile of MPOF,

R(z), the assumptions that all the holes in the MPOFs have the same behavior and the

collapse ratio of every air hole in MPOFs is the same as that of the single annular hole

during the drawing process are made. Based on the definition of porosity, Equation

(5.1) can be expressed as:

R′(z) =

√

φ(z)

N
·R(z) (5.8)
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Table 5.1: Properties of PMMA
Properties PMMA Units

Density (ρ) 1195 kg/m3

Viscosity (µ) 1.506 × 105exp
[

2935
(

1
T
− 1

170◦C

)]

N · s/m2

Surface tension coefficient (ξ) 0.03 N/m

Heat capacity (C) 1465 J/kg ·K

Thermal conductivity (K) 0.193 W/m2K

Melting temperature (Tmelt) 423 K

The mass conservation equation can be expressed as:

R(z) =

√

vz(0)

vz(z)
·
1 − φ(0)

1 − φ(z)
·R(0) (5.9)

where the lumped axial velocity vz can be obtained from Equation (2.16). The collapse

ratio for the single annular air hole is applied for every air hole. Therefore,

φ(z) = φ(0) ×

(

exp

(

−

∫ z

0

ξH ′ + ξH

µv
dz

))2

(5.10)

where H is defined in Equation (2.17). Thus the neck-down profile and porosity can be

determined by Equations (5.9) and (5.10).

Typically, MPOF is drawn at a rate of 10 cm/s in a polymer fibre drawing tower.

The temperature on the furnace is approximately 175◦C. The outer diameter of MPOFs

is about 400 µm. A 369 × 21 grid is used in the fiber layer and a 369 × 61 grid is used

in the outer gas. The governing transport equations are solved by the same numerical

scheme as that described in the Chapter 3.

5.3 Results and discussion

5.3.1 Validation

Solid-core fiber

First, the results obtained from this porous media model with zero porosity are com-

pared with the numerical results for solid-core polymer optical fiber drawing process,

as done by Reeve et al [52], for validation. The furnace temperature profiles for cases

E1 and E2 are shown in Figure 5.2. Other drawing conditions for cases E1 and E2 are

the same as described by Reeve et al [52]. The surface tension is set equal to zero.
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Figures 5.3 and 5.4 show the streamlines and contour plots of temperature for cases

E1 and E2, respectively. It is clear that two circulations of nature convection flow of

air exist in the furnace. In the upper region of the furnace, the circulation is in the

counter clockwise direction because the temperature at the furnace wall is higher than

the temperature of the fiber. In the lower region of the furnace, the temperature of

the fiber is higher than the temperature at the furnace, which leads to a clockwise

circulation of nature convection. This bi-cellular flow pattern has been observed and

demonstrated by the experimental and analytical results shown by Reeve et al [51, 52].

The temperature contours are also similar to the numerical results.

Figures 5.5 and 5.6 show the temperature distributions along the center line cal-

culated by this model as well as by Reeve et al [52]. It is clear from Figures 5.5 and

5.6 that the results from the present model are very close to the results calculated by

Reeve et al [52].

Hollow fiber

The porous media model is also applied to simulate the drawing process of the optical

fiber with only one central air hole. The results are validated by comparing with the

results for hollow optical fiber drawing process, as presented in the previous chapters.

All the drawing conditions are chosen to be the same for these two models. Drawing

conditions for case E2 are used. The radius ratio of the preform is set as 0.5, which

means the porosity of the preform equals 0.25. The surface tension is magnified to be

0.1 N/m so that it is easy to compare the results of collapse. Figure 5.7 shows the

temperature distribution along the outer neck-down profile. The variations of porosity

along the axis are shown in Figure 5.8. The porosity decreases along the axis because

collapse of the central cavity occurs during the drawing process. It is seen in Figures

5.7 and 5.8 that the results from porous media model are very close to the results from

the model for the hollow optical fiber drawing process. The final porosities in the fiber

calculated from these two models are 0.215 and 0.217, respectively. Thus, the difference

is less than 1%.
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Figure 5.2: Temperature profiles at the furnace wall for cases E1 and E2
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Figure 5.5: Temperature distributions along the center line for case E1 calculated from
the present model and the results from Reeve et al (2004)
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Figure 5.6: Temperature distributions along the center line for case E2 calculated from
the present model and the results from Reeve et al (2004)
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Figure 5.7: Temperature distributions along the outer neck-down profile for the drawing
process of the fiber with one central hole
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Figure 5.8: Variation of porosity along the axis calculated from the present model and
the results for hollow fiber drawing process
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5.3.2 Porosity

The drawing furnace used by Reeve [52] is employed here. The furnace diameter is 6.4

cm and its length is 39 cm. The drawing conditions in case E2 is set as the default

conditions. The diameter of the preform is 2.54 cm. The preform feeding speed and

the drawing speed are 25 µm/s and 10 cm/s, respectively. Unless otherwise mentioned,

the surface tension of PMMA is 0.03 N/m. The porosity of the preform is 0.25. The

number of the air holes is 10.

The effects of porosity on the thermal transport during the drawing process are

investigated. The temperature distributions along the center line for different porosity

are compared in Figure 5.9. It is seen that the preform with higher porosity is heated

up faster and cooled down faster during the drawing process. These phenomena are in

agreement with the numerical results presented by Lyytikainen et al [40]. The MPOF

with higher porosity has a faster dynamic response than that with lower porosity due

to the less mass in the former case.

It has been known that the optical characteristics of MPOFs are strongly dependent

on the micro-structure. MPOFs are fabricated by drawing a macroscopical preform

down into a microscopical fiber in the drawing furnace. The microstructure patterns in

MPOFs come from the structure patterns in preforms. The suitable structure patterns

in the MPOFs are designed on a macroscopic scale. Maintaining the structure patterns

in the preform during the drawing process is desirable for the manufacture of MPOFs.

But it has been experimentally and numerically shown that collapse or deformation may

occur during the drawing process of MPOFs. Therefore, collapse and deformation are

needed to be minimized. The variation of the porosity of cross section area represents

the collapse and deformation of the air holes in this numerical model.

The porosity of the final fiber depends on the geometry of the preform, drawing

conditions and material properties. The effects of the geometry of the preform are

investigated first. Figure 5.10 shows the variation of the normalized porosity along the

axis for different initial porosity. The initial porosity is the porosity of the preform and

the normalized porosity is the ratio of porosity to the initial porosity. It is seen that the
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normalized porosity starts to decrease further upstream for higher initial porosity. The

reason is the preform with higher porosity is heated up faster in the upper neck-down

region. The normalized porosity of the final fiber increases with an increase in the

initial porosity. This is due to the preform/fiber with higher porosity is cooled down

faster in the lower neck-down region.

Three cases, with 2, 10, 50 and 100 holes, are compared to investigate the effect

of the number of holes on collapse of air holes. The initial porosities in these three

cases are equal to 0.25. All the other drawing conditions are the same as the default

values. Figure 5.11 shows the variation of the porosity along the axis for these three

cases. It is seen that the porosity of the MPOF with 100 holes decreases more from the

initial porosity. The relationship between the final porosity and the number of holes is

also shown in Figure 5.12. It is seen that the more holes MPOF has, the greater the

collapse. These results are dependent on the assumption of the collapse behavior of

centric and eccentric holes. Thus the results from this model can give insight to the

collapse during the drawing process of MPOFs.

The surface tension coefficient is another dominating factor in the collapse of air

holes, as shown in hollow annular optical fiber drawing process. Figure 5.12 shows the

results in terms of porosity φ of the final fiber as a function of the number N of air

holes for different surface tension coefficient ξ. The variation of the final porosity with

the surface tension for different drawing speeds is shown in Figure 5.13. It is found

that the collapse of MPOF increases with an increase in surface tension coefficient ξ.

There is no collapse if surface tension equals zero. So decreasing the surface tension

can minimize collapse or deformation of MPOFs during the drawing process.

The collapse of MPOFs is also dependent on the drawing conditions. Results for

different preform feeding speeds and different drawing speeds are compared in Figure

5.13 and Figure 5.14, respectively. It is seen that higher preform feeding speed or draw-

ing speed can decrease the collapse of MPOF. The collapse of MPOF is more sensitive

to the preform feeding speed than the drawing speed. The drawing temperature pro-

files for cases E1 and E2, shown in Figure 5.2, are compared to study the effect of the

drawing temperature. Figure 5.15 shows the variations of porosity along the axis for
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different drawing temperature. It is seen that the porosity decreases more dramatically

at higher drawing temperature. All these phenomena are the same as those observed

in hollow annular fiber drawing process, as discussed in chapter 3. The collapse time

can be used to explain these as well.

5.4 Summary

In this chapter, the drawing process of MPOFs is investigated. The effective properties

of porous media are applied to study the effects of micro-structure in MPOFs. In order

to simplify the problem in the model, the collapse ratio of every air hole is assumed to

be the same as that of the single annular hole during the drawing process. Based on this

assumption a numerical scheme to calculate the porosity and the neck-down profile in

the model is proposed. A validation of the model is carried out. The numerical results

for solid-core fiber and hollow annular fiber are used for comparison. The model gives

excellent agreement with the existing numerical results. Then the effects of the initial

porosity on the temperature distribution along the neck-down profile are obtained in

the model. These phenomena are in agreement with the numerical results presented

by Lyytikainen et al [40]. Finally, parameters, such as initial porosity, the number of

holes, the surface tension, the preform feeding speed, the drawing speed and furnace

temperature, are changed to study their effects on the collapse of MPOFs during the

drawing process. It is shown that the normalized porosity of the final fiber increases

with an increase in the initial porosity. For the same initial porosity, the collapse

increases with an increase in the number of holes. Lower surface tension, lower furnace

temperature, higher preform feeding speed, or higher drawing speed can decrease the

collapse of MPOFs. The collapse of MPOF is sensitive to the surface tension, the

furnace temperature distribution and the preform feeding speed.

In addition, it is needed to point out that this porous media model is basically an

axisymmetric model. The deformation and interaction of holes can not be predicted

and simulated in this model.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

The drawing process of hollow optical fiber drawing is investigated in this thesis. The

first part of the thesis presents the mathematical model and the numerical scheme with

the correction of the two neck-down profiles in hollow optical fiber drawing process.

The complex transport process of hollow optical fiber drawing involves conduction,

natural and forced convection and radiation transport. Optically thick model as well

as the zonal method is applied to simulate the radiation heat transfer within glass.

The results from the model are validated by comparing with existing experimental and

numerical results for hollow and solid fibers. It is found that the results are in agreement

with those in the literature. A comparison between the zonal method and the optically

thick method is carried out. The numerical results obtained from these two methods are

similar, but there are significant differences. Since the zonal method allows radiation

to transmit and be absorbed directly through the medium, the zonal method is more

accurate than the optically thick method in hollow optical fiber drawing. The effects of

variable properties of air and buoyancy are also investigated by the model. It is found

that these effects can be neglected in the hollow optical fiber drawing process.

The parameters, such as the temperature distribution on the furnace wall, the pre-

form feeding speed, the drawing speed and radius ratio of perform, are then varied to

study their effect on the thermal transport. The results indicate that the temperature

of preform/fiber in the furnace is strongly dependent on the temperature distribution

at the furnace wall. The effect of the drawing speed is minor compared to other pa-

rameters.

The geometry of the final hollow fiber, which depends on the neck-down profiles,
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plays an important role in the optical characteristics and performance of the fiber.

The effects of parameters, like drawing conditions, geometry of perform and material

properties, on the neck-down profiles are studied. The results show that the neck-down

profiles are strongly dependent on the temperature distribution of preform/fiber in the

furnace.

Following this study, the collapse ratio is defined to characterize the deformation

that occurs in the drawing process. A parametric study on collapse ratio is carried

out. The results indicate that collapse ratio can be controlled by changing the pressure

difference between the central cavity and the purge gas. Negative pressure difference

can prevent collapse of the central cavity. However, a high negative pressure difference

may cause the central cavity to enlarge during the drawing process, i.e., “explosion”

in the drawing process. The collapse ratio of the final hollow fiber also depends on

drawing conditions. It is found that collapse ratio increases with a decrease in the

drawing speed, decrease in the preform feeding speed, or with an increase in furnace

temperature. So a higher drawing speed, higher preform feeding speed, or lower furnace

temperature can avoid the collapse of the central cavity. The surface tension coefficient

is another important parameter to collapse of the central cavity. It is shown that there

is no collapse if the surface tension equals zero. The collapse ratio of the final hollow

fiber increases with an increase in surface tension coefficient. This is why PMMA, whose

surface tension coefficient is 0.032 N/m [64], has an advantaged over silica, whose surface

tension coefficient is 0.3 N/m, in shape-preservation during the drawing process. The

effect of the initial radius ratio of the preform on collapse ratio is also investigated. The

results show that the initial radius ratio is not an important factor in the final collapse

ratio.

Finally, the effects of the drawing parameters, such as the drawing temperature, the

preform feeding speed and the drawing speed, on the draw tension are studied. The

draw tension is a crucial factor in the fiber quality. The numerical results show that a

higher drawing speed, higher preform feeding speed, or lower furnace temperature can

increase the draw tension. And it is also found that the draw tension is very sensitive to

the drawing temperature and the preform feeding speed. The drawing speed is a minor
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parameter in determining the draw tension in hollow optical fiber drawing process. In

addition, the radius ratio of the preform, which indicates the geometry of the preform,

is changed to study its effect on the draw tension. The results show that the radius

ratio of the preform plays an important role in the draw tension. A smaller the preform

radius ratio leads to a higher draw tension.

The second part of the thesis provides an optimal design process in hollow optical

fiber drawing process. First, the feasible domain for hollow optical fiber drawing process

is presented in terms of the drawing temperature and the drawing speed. On the one

hand, hollow optical fiber may be closed in very high furnace temperature. On the other

hand, lower furnace temperature may cause failure in drawing process due to viscous

rupture. Therefore, the complete collapse of the central cavity and viscous rupture give

the limits for the drawing temperature at a given drawing speed.

Then, the possibility of optimum design, based on the drawing temperature and the

preform feeding speed, are demonstrated by studying the effects of the drawing temper-

ature and the preform feeding speed on the quality of the fiber, namely the maximum

velocity and temperature lags, drawing-induced defect centers (E’ and NBOHCs) and

draw tension. The results show that the quality of the final hollow fiber is strongly

dependent on the drawing temperature and the preform feeding speed. Either too high

or too low values in the drawing temperature or the preform feeding speed result in low

quality of the fiber.

Finally, an optimal design of the drawing temperature and the preform feeding

speed, for a typical drawing furnace, is carried out. The objective function, which is

comprised of four equally weighted design qualities, i.e. the maximum velocity lag,

E’ and NBOHCs defect concentrations and draw tension, is defined to characterize

the fiber quality. The maximum temperature lag is screened off from the objective

function due to the sensitive analysis. The univariate search method is used to solve

multivariable optimal design problem. The optimum drawing temperature and preform

feeding speed are obtained by using curve fitting. The optimum conditions are strongly

dependent on the formulation of the objective function. However, the present study

provides a general optimal design procedure for hollow optical fiber drawing process.
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The third part of the thesis studies the drawing process of MPOFs. A porous media

model is proposed to simulate the drawing process of MPOFs. The results obtained

from this numerical model are compared with the numerical results for the solid-core

POF done by Reeve et al [52] and numerical results for hollow POF calculated by the

previous model for validation. The predictions are in good agreement with these results.

In this porous media model, the porosity is used to denote the collapse of MPOFs

during the drawing process. The effects of parameters, like the initial porosity, the

number of the air holes along MPOF, the surface tension, the drawing speed and tem-

perature distribution on the furnace wall, on the final porosity are studied. MPOFs

with different initial porosity are compared. It is found that the preform with higher

porosity can be heated up and cooled down faster. This phenomenon is demonstrated

by the numerical results obtained by Lyytikainen et al [40]. Results from the present

study also show that an MPOF with more air holes is easy to collapse. Lower drawing

speed, high drawing temperature and high surface tension can cause greater collapse of

MPOFs.

6.2 Future work

The results obtained in the present study provide considerable insight into and practical

guidance to the drawing process of hollow optical fiber and MPOF. However, there are

still several aspects that need to be further investigated.

Hollow optical fibers made of silica and MPOFs made of PMMA are studied in the

present study. Further study can focus on fibers made of other material, like softer

glass and different polymers.

The optically thick model and the zonal method are applied to model the radia-

tion transport within the glass in the present study. Other models, such as P-1 and

discrete ordinates method, can be applied in the future work. The radiation transport

within PMMA is neglected in the present study. Provided accurate optical properties

of PMMA are obtained, further study can focus on the zonal method to simulate the

radiation transport within PMMA.
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The stability of hollow fiber drawing process is another important and attractive

topic, which is not studied in the present work. Further research on the stability would

be needed.

The porous media model presented in the present study can simulate the drawing

process of MPOFs. However, the porous media model is an axisymmetric model. The

deformation of the air holes and interaction between the air holes during the MPOFs

drawing process can not be investigated in this model. Further study can focus on

setting up a three dimensional numerical model to simulate the drawing process of

MPOFs.
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Appendix A

Governing Equations

The non-dimensional variables are defined as:
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20
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(A.1)

Then the transformed governing equations in terms of non-dimensional variables are

expressed as:
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In the glass layer:
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where Rr = R2 −R1; k8 = R1

Rr
. In the purge gas region:
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U =
R2

20R
′
aη

(k8 − η)R2
a

∂Ψ

∂η
−

R2
20

(k8 − η)RaL

∂Ψ

∂β
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V = −
R2

20

(k8 − η)R2
a

∂Ψ

∂η
(A.16)

where Ra = RF −R2; k8 = RF

Ra
.
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Appendix B

Glass Properties

In this study, variable properties of glass are taken from Fleming [20]. The thermal

conductivity is expressed as [35]:

For 310.78 ≤ T ≤ 1921.89K :

K (T ) = −1.6874325 × 10−11
(

9T
5 − 459.4

)3

+4.7386566 × 10−9
(

9T
5 − 459.4

)2

+4.3111737 × 10−4
(

9T
5 − 459.4

)

+ 1.3424434 (B.1)

For T < 310.78 :

K = K (310.78) (B.2)

For T > 1921.89 :

K = K (1921.89) (B.3)

The surface tension is given as For T < Tmelt :

ζ = 0.17315 (B.4)

For T ≥ Tmelt :

ζ = 3.375 × 10−5T + 0.1.902625 (B.5)

The specific heat of glass is formulated as For 310.78 ≤ T ≤ 1699.67K :

Cp (T ) = −1.9202379 × 10−11
(

9T
5 − 459.4

)4

+8.9608033 × 10−8
(

9T
5 − 459.4

)3

−2.00008399 × 10−4
(

9T
5 − 459.4

)2
(B.6)

+0.59235423
(

9T
5 − 459.4

)

+ 621.75046 (B.7)
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For T ≤ 310.78 :

Cp = Cp (310.78) (B.8)

For T ≥ 1699.67 :

Cp = Cp (1699.67) (B.9)

The kinematic viscosity of glass is given by an exponential relation [20, 45] as:

ν = 4545.45exp

(

32

(

Tmelt

T
− 1

))

(B.10)

The refractive index of glass is constant as 1.42.
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Appendix C

Direct Exchange Area

In the zonal method, the computation of the direct exchange areas is an important

part. The surface and the volume of the preform/fiber are divided into finite zones.

The formulations of direct exchange areas (surface-surface, surface-volume and volume-

volume), presented by Chen [7] and Yin [69], are described in this appendix.

C.1 Surface-Surface Direct Exchange Areas

The surface-surface direct exchange area is defined as

SiSj =

∫

Ai

∫

Aj

exp (−aλSij)
cosθicosθj

πS2
ij

dAidAj (C.1)

where

Sij =
√

R2
i +R2

j − 2RiRjcosφj + (zi − zj)
2 (C.2)

cosθi =
Ri −Rjcosφj + (zj − zi)R

′
i

Sij

√

1 +R′2
i

(C.3)

cosθj =
Rj −Ricosφj + (zi − zj)R

′
j

Sij

√

1 +R′2
j

(C.4)

dAi = 2πRi

√

1 +R′2
i dzi (C.5)

dAj = Rj

√

1 +R′2
j dzjdφj (C.6)

By substituting these equations into equation (C.1), SiSj can be written in a general

form, as:

SiSj = 2

∫ zimax

z
imin

∫ zjmax

z
jmin

∫ φjmax

φ
jmin

F (zi, zj , φj) dzidzjdφj (C.7)

where F (zi, zj , φj) is obtained after the substitution.

In order to save the computational cost, two surface elements i and j assume to be

invisible each other when the optical thickness between them is larger than 10. zmin
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Table C.1: Limiting values for cosφjmin and cosφjmax

cosθi ≥ 0 cosθi ≤ 0

cosθj ≥ 0 cosφjmin = min (Γ1, 1) cosφjmin = min (χi,Γ1, 1)

cosφjmax = max (χi, χj ,Γ2,−1) cosφjmax = max (χj ,Γ2,−1)

cosθj ≤ 0 cosφjmin = min (χj ,Γ1, 1) cosφjmin = min (χi, χj ,Γ1, 1)

cosφjmax = max (χi,Γ2,−1) cosφjmax = max (Γ2,−1)

and zmax represent the limits in axial direction, between which the optical thickness

is less than 10. Due to the blocking effect, only the part of the surface j can be

viewed from one point on the surface i. This yields the limits φjmin and φjmaxfor

azimuthal angle. The method given by Modest [42] is applied here to determine the

limits for azimuthal angle. Table C.1 gives the values for cosφjmin and cosφjmax. The

equations for χi, χj ,Γ1,Γ2 are expressed as:

χi =
ri
rj

+
zj − zi
rj

tanθi (C.8)

χj =
rj
ri

+
zi − zj
ri

tanθj (C.9)

Γ1 = max

[

R2
1(z) (zj − zi)

2 − r2i (zj − z)2 − r2j (z − zi)
2

2rirj (z − zi) (zj − z)

]

z∈(zi,zj)

(C.10)

Γ2 = min

[

R2
2(z) (zj − zi)

2 − r2i (zj − z)2 − r2j (z − zi)
2

2rirj (z − zi) (zj − z)

]

z∈(zi,zj)

(C.11)

where R1(z) and R2(z) are the inner and outer neck-down profiles of the holloe optical

fiber.

In order to use the Gaussian Quadrature, following transformations are introduced,

ξi =
2zi − zimin − zimax
zimax − zimin

(C.12)

ξj =
2zj − zjmin − zjmax

zjmax − zjmin
(C.13)

ϕi =
2φi − φimin − φimax

φimax − φimin
(C.14)

Then equation (C.7) is expressed as:

SiSj = 2

∫ 1

−1

∫ 1

−1

∫ 1

−1
H (ξi, ξj , ϕj) dξidξjdϕj (C.15)
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C.2 Surface-Volume Direct Exchange Areas

The surface-volume direct exchange area is defined as:

SiGj =

∫

Ai

∫

Vj

aλexp (−aλSij)
cosθi

πS2
ij

dAidVj (C.16)

where

Sij =
√

R2
i + r2j − 2Rirjcosφj + (zi − zj)

2 (C.17)

cosθi =
Ri − rjcosφj + (zj − zi)R

′
i

Sij

√

1 +R′2
i

(C.18)

dAi = 2πRi

√

1 +R′2
i dzi (C.19)

dVj = rjdzjdrjdφj (C.20)

A general form for equation (C.16) is:

SiGj = 2

∫ zimax

z
imin

∫ zjmax

z
jmin

∫ rjmax

r
jmin

∫ φjmax

φ
jmin

F (zi, zj , rj , φj) dzidzjdrjdφj (C.21)

where F (zi, zj , rj , φj) is obtained after the substitution.

rmin and rmax representing the limits in radial direction are taken from the geo-

metric limits for Vj . Other limits are determined by the same method as surface-surface

direct exchange areas. For rj , following transformation is introduced:

ηj =
2rj − rjmin − rjmax

rjmax − rjmin
(C.22)

Then equation (C.21) is expressed as:

SiGj = 2

∫ 1

−1

∫ 1

−1

∫ 1

−1

∫ 1

−1
H (ξi, ξj , ηj , ϕj) dξidξjdηjdϕj (C.23)

C.3 Volume-Volume Direct Exchange Areas

The volume-volume direct exchange area is defined as:

GiGj =

∫

Vi

∫

Vj

a2
λ

exp (−aλSij)

πS2
ij

dVidVj (C.24)

where

Sij =
√

r2i + r2j − 2rirjcosφj + (zi − zj)
2 (C.25)

dVi = 2πridzidri (C.26)

dVj = rjdzjdrjdφj (C.27)
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A general form for equation (C.24) is:

GiGj = 2

∫ zimax

z
imin

∫ rimax

r
imin

∫ zjmax

z
jmin

∫ rjmax

r
jmin

∫ φjmax

φ
jmin

F (zi, ri, zj , rj , φj) dzidzjdrjdφj

(C.28)

where F (zi, ri, zj , rj , φj) is obtained after the substitution.

For ri, following transformation is introduced:

ηi =
2ri − rimin − rimax
rimax − rimin

(C.29)

Then equation (C.28) is expressed as:

GiGj = 2

∫ 1

−1

∫ 1

−1

∫ 1

−1

∫ 1

−1

∫ 1

−1
H (ξi, ηi, ξj , ηj , ϕj) dξidξjdηjdϕj (C.30)
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