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ABSTRACT OF THE DISSERTATION

On the Questions of Local and Global Well-Posedness for
the Hyperbolic PDEs Occurring in Some Relativistic

Theories of Gravity and Electromagnetism

by Jared R. Speck
Dissertation Directors: Michael K.-H. Kiessling and A. Shadi
Tahvildar-Zadeh

The two hyperbolic systems of PDEs we consider in this work are the source-free
Maxwell-Born-Infeld (MBI) field equations and the Euler-Nordstrém system for gravi-
tationally self-interacting fluids. The former system plays a central role in Kiessling’s
recently proposed self-consistent model of classical electrodynamics with point charges,
a model that does not suffer from the infinities found in the classical Maxwell-Maxwell
model with point charges. The latter system is a scalar gravity caricature of the in-
credibly more complex Euler-Einstein system. The primary original contributions of

the thesis can be summarized as follows:

e We give a sharp non-local criterion for the formation of singularities in plane-
symmetric solutions to the source-free MBI field equations. We also use a domain
of dependence argument to show that 3-d initial data agreeing with certain plane-
symmetric data on a large enough ball lead to solutions that form singularities
in finite time. This work is an extension of a theorem of Brenier, who studied

singularity formation in periodic plane-symmetric solutions.
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e We prove well-posedness for the Euler-Nordstrom system with a cosmological
constant (EN,) for initial data that are an H”Y perturbation (not necessarily
small) of a uniform, quiet fluid, for N > 3. The method of proof relies on the
framework of energy currents that has been recently developed by Christodoulou.
We turn to this method out of necessity: two common frameworks for showing
well-posedness in HY, namely symmetric hyperbolicity and strict hyperbolicity,
do not apply to the EN, system, while Christodoulou’s techniques apply to all
hyperbolic systems derivable from a Lagrangian, of which the EN, system is an

example.

e We insert the speed of light ¢ as a parameter into the EN, system (and designate
the family of systems EN¢) in order to study the non-relativistic limit ¢ — oo.
Taking the formal limit in the equations gives the Euler-Poisson system with
a cosmological constant (EP,). Using energy currents, we prove that for fixed
initial data, as ¢ — oo, the solutions to the EN¢ system converge uniformly on a

spacetime slab [0, 7] x R3 to the solution of the EP, system.
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0.1 Introduction

The point of departure for this work is a nonlinear model of electromagnetism devel-
oped by Born and Infeld in the early 1930’s (consult e.g. [5]) and which is now known
as the Born-Infeld (BI) model. Different scientific communities have expressed renewed
interest in the BI model for a variety of reasons, the most pertinent of which to the au-
thor’s interests being that the theory features point charges with finite classical energy.
This property distinguishes BI theory from many accepted “effective theories” of point
charges and fields that suffer from divergence problems, including classical Maxwell-
Maxwell* theory with point charge sources and quantum electrodynamics. This topic
is explored in detail in the work [28], in which Kiessling proposes a self-consistent
model of classical electrodynamics with point charges that does not suffer from diver-
gence problems or require regularization/renormalization. Kiessling’s model couples the
Maxwell-Born-Infeld® (MBI) field equations to his newly-proposed relativistic guiding
law for point charges whose guiding field satisfies a Hamilton-Jacobi PDE; the guid-
ing law is truly a necessary addition to the theory, for the classical Lorentz force is
ill-defined at the location of point charges, despite the finiteness of the electrostatic
energy of point charges.

Because of the newness of Kiessling’s theory, and because of the inherent complexity
of nonlinear systems, many basic mathematical questions in his model are open. In fact,
important questions concerning the source-free MBI field equations remain unanswered;
i.e., even without a coupling of it to Kiessling’s guiding law for point charges. The
source-free MBI system is the subject matter of Chapter 1, which begins with a review
of the structure of relativistic theories of source-free electromagnetism derivable from a
Lagrangian. In particular, I discuss the classical Maxwell-Maxwell (MM) field equations
and the MBI field equations. I then describe some special solutions to the source-free

MBI system.

#Section 1.1 contains a discussion of our use of the terminology “Maxwell-Maxwell” and “Maxwell-
Born-Infeld.”

PWe refer to the field equations in the Born-Infeld model as the “MBI field equations” or “MBI
system,” while the term “BI model” is used to refer to the Born-Infeld model in its entirety.



The second topic I discuss in Chapter 1 is the formation of singularities in solutions
to the source-free MBI field equations with smooth initial data. The physically rele-
vant question is whether or not generic smooth initial data having finite energy launch
solutions to the MBI system that form singularities in finite time. Some progress was
made by Chae and Huh, who in [11] showed global existence for small initial data® by
adapting a paper of Lindblad [35] that uses the null condition of Klainerman [31], [32]
and Christodoulou [13]. The question of generic blowup for large data is not settled at
this point. However, for periodic solutions with planar symmetry, Brenier [7] provides
a sharp condition under which singularities form in finite time. These singularities are
not shock waves: infinities already occur in the field variables themselves, rather than
only in their gradients. I extend Brenier’s criterion to the case of non-periodic plane-
symmetric solutions in Theorem 1.3.1. Serre and Neves [41] have also contributed to
the analysis of the MBI system by proving some general blowup results that hold for
2 x 2 totally linearly degenerate systems of conservation laws, of which a subsystem of
the Augmented-Maxwell-Born-Infeld system is an example as discussed in Chapter 1.

Since therefore the evolution of solutions to the MBI system with planar symme-
try is by now well-understood, it might seem that the next logical class of solutions
to investigate is the class of spherically symmetric solutions. However, the curl of any
radially-directed vectorfield vanishes, and a simple consequence of this fact is that there
are no non-trivial spherical wave solutions to the source-free MBI system. Therefore,
to make further progress on the question of blowup, one must confront either axially-
symmetric solutions or the full 3-dimensional problem; both of these classes of solutions
are significantly more complicated than solutions with planar symmetry. However, hy-
perbolic systems on spacetime manifolds exist that do feature spherically symmetric
wave solutions, including models of so-called scalar gravity. Among the various possi-
bilities, one of the putatively simplest such systems is formed by coupling Nordstrém’s
theory of gravity [43] to the relativistic Euler equations to form the Euler-Nordstrém

(EN) system. We regard the analysis of solutions to the EN system as a primer for

°Chae and Huh considered initial data f in the class C5° and showed that if € is small enough, then
the solution to the source-free MBI field equations with initial data €f has a global solution. No explicit
estimates of smallness constants were provided in this paper.



studying the question of blowup in the MBI field equations.

Before attempting a proof of blowup for spherically symmetric data for the EN sys-
tem, it is natural to first study its Cauchy problem. Because the EN system is not
symmetric hyperbolic or strictly hyperbolic, classes of systems for which the Cauchy
problem is well-understood, alternate techniques are required to make progress on the
analysis of its Cauchy problem. Fortunately, such techniques have recently been de-
veloped by Christodoulou [15], [16]. It turns out that these techniques are both rich
in structure and versatile, so that the remainder of this thesis is dedicated to applying
them to the EN system.

I now give a brief description of Nordstréom’s theory before outlining the remaining
chapters of the thesis. In 1913, the Finnish physicist Gunnar Nordstrom published a pa-
per [43] in which he formulated one of the earliest consistent relativistic field theories of
gravity. This theory was the result of an extensive correspondence between Nordstrom
and Einstein. Interested readers may consult [44] for a detailed historical account of
their exchanges. The historical significance of [43] is as follows. First of all, it contains
for the first time an equation relating a purely geometric quantity, the Ricci scalar, to
a purely physical quantity, the trace of the energy momentum tensor. Secondly, soon
after its publication, Einstein and Fokker noted that the Lagrangian for the motion of
test particles in Nordstrom’s theory is the geodesic Lagrangian for a curved Lorentzian
manifold with a conformally flat metric [22]. Two years later, Einstein published [20]
“The Foundation of the General Theory of Relativity,” the first systematic exposition
of his theory of General Relativity, considered by many to be our gold standard theory
of gravitation.

In view of these remarks, we may consider the EN system as a relativistic primer
for studying the Euler-Einstein (EE) system, which is the coupling of Einstein’s field
equations to the relativistic Euler equations, and which is formidably complicated.
This point of view is explored in [50] in which Shapiro and Teukolsky discuss numerical
simulations of the EN system in the spherically symmetric case; they expect that the
numerical schemes developed in their paper can be adapted to allow for the calculation

of accurate wave forms in the EE model. Therefore, in addition to providing a starting



point for studying 3-d blowup in the MBI field equations, the EN system also provides
insight that might be useful for studying the EE system.

I begin Chapter 2 by describing the coupling of Nordstrém’s theory to the relativistic
Euler equations. The resulting theory of curved spacetime is shown to be mathemat-
ically equivalent to a theory in Minkowski spacetime that features conservation laws
derivable from an energy momentum tensor. Additionally, I introduce a cosmologi-
cal constant k2 into the system (and designate the system EN,) in order to study
perturbations of a quiet uniform fluid, for without a cosmological constant, the only
constant solutions are bound by the physically undesirable constraint? p = 3p, where
the positive constants p and p denote the energy density and pressure respectively of
the unperturbed, quiet, uniform fluid. Without the cosmological constant, this con-
straint places severe restrictions on the admissible equations of state. The situation is
analogous to Kinstein’s addition of the cosmological constant to General Relativity in
order to obtain non-trivial static universes [21].

After placing the EN, system in context in a hierarchy of existing models of self-
gravitating fluids, I discuss the well-posedness of its Cauchy problem. I provide a
detailed discussion of the geometry of the EN, system and apply the techniques recently
developed by Christodoulou in [15] and [16] to generate energy currents. The energy
currents provide L? estimates that are analogous to the estimates available in the theory
of symmetric hyperbolic PDEs, a class of systems for which local existence is well-
known. I provide a complete proof of local existence for perturbations of a quiet uniform
fluid belonging to the Sobolev space HY for the EN,, system using the method of energy
currents, where N > 3 is an integer. I then adapt some work by Kato to show that the
solution depends continuously on the data, which completes the proof of well-posedness.

In Chapter 3, I introduce the speed of light ¢ as a parameter into the EN, system;

I denote the resulting system of equations by EN¢. Taking a limit ¢ — oo in the EN¢

dConstant solutions to the EN, system also must satisfy a constraint, but the point is that with
the addition of K > 0, p can be chosen freely, and the constraint can be viewed as a restriction on
the background potential ® that can be satisfied by arbitrary equations of state. A similar difficulty
arises in the Euler-Poisson system with a cosmological constant, but unlike in the EN, system, ® is
un-physical in the sense that only VW appears in the equations for the evolution of the fluid. A more
thorough discussion of this topic in the context of the EP, system can be found in [30].



system, one formally obtains the Euler-Poisson system with the cosmological constant
k% (EP,). The EN¢ system is hyperbolic for all finite positive ¢, while the EP, system is
not. Therefore, ¢ — oo is a singular limit. Nevertheless, Christodoulou’s techniques can
be used to generate energy currents, even in the EP, case, that produce useful Sobolev
estimates. I use these estimates to prove a theorem showing that for N > 4 and initial
data in H, solutions to the EN¢ system converge in HV~! to solutions of the EP,
system as the speed of light ¢ tends to infinity, thus vindicating the EN¢ system as a
genuine relativistic generalization of the EP, system. A similar analysis is performed
for the Euler-Einstein system in [45]. Therefore, we expect that in certain limiting
situations, solutions to the EP, EN, and EE systems should share some qualitative and

quantitative features.



Chapter 1

The Maxwell-Born-Infeld Electromagnetic Field

Equations

In this chapter, we discuss the 3-d source-free Maxwell-Born-Infeld (MBI) electromag-
netic field equations. After describing the structure of a relativistic electromagnetic
theory, we discuss a few results concerning special solutions to the MBI system, most

notably a blowup criterion for solutions with planar symmetry.

1.0.1 Notation

The electromagnetic theories discussed in this chapter take place in Minkoswki space-

time M. Although we have included the parameter Born-Infeld parameter 3 in the

MBI model, we work in units where the speed of light is unity. Furthermore, we work

in a fixed Lorentz coordinate system, and for this preferred time-space splitting, we
)

identify ¢t = 2° with time and s = (2!, 22, 23) with space and use the notation (1.0.1.1)

to denote the components of x relative to this fixed coordinate system:
z = (20,21, 22 23). (1.0.1.1)

The Minkwoski metric g has components g,, = diag(—1,1,1,1) in this coordinate

system.

1.1 Relativistic Lagrangians and the Field Equations

In this section we discuss the structure of the class of electromagnetic field theories in
M that are derivable from a relativistic Lagrangian. Let us begin by recalling that

a relativistic Lagrangian for source-free electrodynamics in M can be written as a



function £ of the two invariants of the Faraday tensor, |B|? — |E|? and E - B, where
E : M — R3 is the electric field and B : M — R? is the magnetic induction®.

Varying the action

/ L(E,B)d*x (1.1.0.2)
M

with respect to E and B subject to the constraints®

0B+ VxXE=0 (1.1.0.3)
V-B=0 (1.1.0.4)

gives the equations
D=V xH (1.1.0.5)
V-D =0, (1.1.0.6)

where

DY gé(E,B) (1.1.0.7)
H Y —%(E, B). (1.1.0.8)

D: M — R?and H: M — R? are the electric displacement and magnetic field
respectively®.

Our reason for the use of the names “Maxwell-Maxwell” and “Maxwell-Born-Infeld”
for the two systems discussed below, as opposed to “Maxwell” and “Born-Infeld,” is
that equations (1.1.0.3) - (1.1.0.6) are already featured in Maxwell’s work, while the two
systems (1.1.0.3) - (1.1.0.8) are distinguished by their constitutive relations (1.1.0.7),
(1.1.0.8) which derive from their Lagrangians (1.2.0.12) and (1.3.1.1) respectively.

The Hamiltonian density H(D, B) is given by taking the Legendre transformation

of £ with respect to E :

H(D,B) = sup (E-D — L(E,B)). (1.1.0.9)
E

*Recall that E and B are (up to — signs) components of the antisymmetric Faraday tensor F°? and
are thus subject to the associated transformation laws under coordinate changes.

PEquivalently, one may express the Lagrangian in terms of the 4-vector potential A” and perform
unconstrained variations on A".

“Many authors refer to B as “the magnetic field.”



We may recover E and H from H through the relations

OH

E=-o(D.B), (1.1.0.10)
OH

H= = (D.B). (1.1.0.11)

1.2 Maxwell-Maxwell (MM) Electromagnetic Field Equations

As is well-known, the source-free Lagrangian density in classical MM electromagnetic

field theory is given by

£ME?EWtJBP. (1.2.0.12)

In this case, (1.1.0.7) and (1.1.0.8) give
D=E (1.2.0.13)
H=B. (1.2.0.14)

Taking into account (1.1.0.3), (1.1.0.4), (1.1.0.5), and (1.1.0.6), the Maxwell-Maxwell

system comprises the evolution equations

oB=-VxD (1.2.0.15)
oD =V xB (1.2.0.16)
supplemented by the constraints
V-B=0 (1.2.0.17)
V-D =0, (1.2.0.18)

which are propagated in time if satisfied by initial data.

It is easy to verify that “right-travelling” plane-symmetric fields of the form
D= f(:Ul — t)e2 + g(l‘l — t)83 (1.2.0.19)
B=—g(z1 —t)ea + f(z1 —t)es (1.2.0.20)
where e; denotes the i*? standard basis vector in R? and f, ¢ are differentiable functions,

are solutions to the MM system. Furthermore, D-B = 0 and |D| = |B| hold for solutions

belonging to this family. We will make use of these facts in Section 1.3.2.



1.3 Maxwell-Born-Infeld (MBI) Electromagnetic Field Equations

1.3.1 Introduction to the MBI Field Equations

The Born-Infeld model was proposed by Born and Infeld in the 1930’s (consult e.g.
[5]), with [4] a precursor by Born, in an effort to eliminate the singularities present in
classical Maxwellian electrodynamics with point charges. In [4], Born calculates the
electromagnetic field created by a single stationary point charge and shows i) that the
associated field energy is finite. If one also imposes the additional conditions ii) that
the field equations are covariant under the Poincaré group, iii) that the field equations
reduce to the Maxwell-Maxwell field equations in the weak field limit, iv) that the
field equations are covariant under a Weyl (gauge) group, and (v) that solutions to
the field equations are not birefringent?, then as discussed in [28], one arrives at the
unique one parameter family of models proposed by Born and Infeld. The uniqueness of
the MBI family under these assumptions has enticed Kiessling to incorporate the MBI
field equations into his proposed fundamental model for point charge electrodynamics
[28], [29]. In this section, we discuss the source-free field equations and add to the
body of known special solutions, and then elaborate upon some recent work by Brenier
concerning the formation of singularities in the case of solutions with planar symmetry.

The Born-Infeld Lagrangian density is given by

Li(E,B) 614 _ 54(1 _BY(EP - BP) - 85E-B)})?, (1.3.1.1)

where [ is a parameter in the theory.
Equation (1.1.0.9) and omitted calculations give that the Born-Infeld Hamiltonian
density is

1/2

Hpr(D,B) = (14 44(B* + D) + 8°|P|*) "~ — 1, (1.3.1.2)

where

def

PYDxB. (1.3.1.3)

4By this, we mean that in the “local rest frame” in which E and B are parallel, all of the characteristic
speeds coincide in magnitude. More information on this topic can be found in [2] and [3].
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Some omitted calculations using (1.1.0.10) and (1.1.0.11) give that

D+ 3B x P
=___ " - " - 1.3.14
hpr(D,B) .

D-3'DxP
H-—o P OXT 1.3.1.5
hpr(D,B) ( )

where

hpr  Hpr+1 = (1+64(B]* + D) + 55 [P[2) /2. (1.3.1.6)

By (1.1.0.3), (1.1.0.4), (1.1.0.5),(1.1.0.6), (1.3.1.4), and (1.3.1.5), the Maxwell-Born-

Infeld system therefore comprises the evolution equations

D+ 3B xP
B—_ okl 1.3.1.
% vx(immuB)) (1.3.1.7)

D-3'DxP
D= - 1.3.1.
O VX<MMDB)> (1.3.1.8)

supplemented by the constraints

V-B=0 (1.3.1.9)
V-D=0, (1.3.1.10)

which are propagated in time® if satisfied by initial data.

1.3.2 On MM Solutions that are Also MBI Solutions

Consider a solution (E,B) = (D,H) to the MM system that also has the properties
|E| = |B| = |D| = |H| and E-B = D - H = 0. For such solutions, a simple algebraic

calculation gives that

D+3‘BxP
= "~ —-D 1.3.2.1
hpr(D,B) ( )
D-3'DxP
= - ~° _B. 1.3.2.2
hpr(D,B) ( )

It follows that (1.3.1.7) and (1.3.1.8) are satisfied by (D, B), so that (E,B) = (D, H)

is also a solution the MBI system. It has long since been observed by Schrodinger [48]

°ie., 0(V-B) = -V -V(xXE) =0, and similarly for V- D.
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that monochromatic plane waves of the form
E = Eexp(wt — kjz?) (1.3.2.3)
B = Bexp(wt — kjz?), (1.3.2.4)

where E, B, and (k1, k2, k3) are mutually perpendicular unit vectors, have the above

properties, and therefore also solve the MBI system’

. Furthermore, Kiessling notes
that this result can be extended to include the case of a linearly polarized plane wave of
arbitrary pulse shape (not necessarily monochromatic) in [28]. It has apparently gone
unobserved in the literature that in fact any member of the family (1.2.0.19), (1.2.0.20),

which includes pulses of arbitrary shape and polarization, is also a solution to the MBI

system®.

1.3.3 Criteria for Blowup of Solutions with Planar Symmetry

In this section, we extend Brenier’s results [7] on the blowup of solutions to the MBI
system featuring planar symmetry, that is, solutions D and B depending only on t
and x7. Of course, the globally-existing plane waves of the form discussed in Section
1.3.2 fail to meet the blowup criteria. This section is heavily influenced by Brenier’s
paper, to which I refer the reader for a more through discussion. Let us begin with
the following lemma®, which lists the continuity equations for the energy momentum

tensor! associated to the £p; Lagrangian:

Lemma 1.3.1. Differentiable solutions to the source-free MBI system satisfy the con-

servation laws

Othpr + kak =0 (1.3.3.1)
P.P;, — BB, — D.D; 1
) k kL7j kg kg ) .
3tP] +0 ( It ) = 8J (TBI) (1 =1,2,3). (1.3.3.2)

fSchrodinger in fact showed that these monochromatic plane waves are solutions to any field equa-
tions derivable from a relativistic Lagrangian, provided that they reduce to the MM field equations in
the weak field limit.

It is also true “left-travelling” plane-symmetric solutions can be constructed using functions of the
form f(xz1 +t), g(z1 +t) and adjusting the minus signs. However, arbitrary superpositions of both left
and right-moving plane-symmetric fields are not in general solutions to the MBI field equations.

"Here, 8% = Oy, and the repeated index k is summed from 1 to 3.

"We do not give an expression for the energy momentum tensor here.
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Based on Lemma 1.3.1, Brenier’s idea is to study the Augmented Maxwell-Born-
Infeld (AMBI) system, in which the quantities hp; and P are not constrained by the
relations (1.3.1.3) and (1.3.1.6), but are instead treated as independent quantities. The
6 x 6 MBI system can be recovered from the 10 x 10 AMBI system by restricting the
initial data to the “Born-Infeld” manifold, which is the submanifold of R'© on which
the relations (1.3.1.3) and (1.3.1.6) hold. This augmentation lends many advantages to
a study of the Cauchy problem. For example, calculations of the characteristic speeds
are relatively easy in the AMBI system. Furthermore, Brenier shows that the AMBI
system admits a smooth, strictly convex “entropy” function! of the state-space variables
that is featured in an additional conservation law, which implies that the AMBI system
is symmetrizable and hyperbolic [18]. The simplification of greatest relevance to our
work here is that for solutions to the AMBI system with planar symmetry, there is a
remarkable decoupling of the system (1.3.3.1), (1.3.3.2), from the remaining unknowns.
The resulting system, which happens to be 2 x 2 because of the symmetry assumptions,
is simple enough that one can understand its evolution through calculations involving
the linear wave equation.

We now discuss the derivation of this decoupling and its consequences. By the SO(3)
covariance of the equations, it is sufficient to consider solutions that are functions of ¢
and z1, so that 0, = 93 = 0. By (1.3.1.7), (1.3.1.9), (1.3.1.8), and (1.3.1.10), we have
that

OBy = 01B1 = 0:D1 = 01D =0, (1.3.3.3)

so B1 and D; are constants. Exactly following Brenier, we define for later use the

constant

Z = (1+ B? + D})V/2. (1.3.3.4)

IThe terminology “entropy” is used in this context because in some applications (although not in
our work here!l) the strictly convex function is, in the words of Dafermos [15], “intimately connected to
the Second Law of thermodynamics.”
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From these facts, the decoupling of the system (1.3.3.1), (1.3.3.2) is immediate:

Oh + 0P, =0 (1.3.3.5)
1 (P)? =2
8P + 0, (7h - 0), (1.3.3.6)

where h is the unconstrained variable in the AMBI system replacing hgy and P; is also

unconstrained® The remaining equations in the AMBI system are given by

0Dy + 0y <B3 + DQJ}? - D1P2> -0 (1.3.3.7)
oDz + (91<_B2 ks D351 — D1P3> =0 (1.3.3.8)
0i By + 81<_D3 ha Bzfl — BlP?) =0 (1.3.3.9)
0,Bs + 0y (D2 T B?’];l - BlP?‘) —0 (1.3.3.10)
0Py + 0y <P1P2 - Dl}?Q - BlBQ) —0 (1.3.3.11)
0, Ps + 0y <P1P3 - Dlﬁ” - BlB?‘) —0. (1.3.3.12)

If h and P; are known functions, the system (1.3.3.7) - (1.3.3.12) is linear symmetric
hyperbolic in (Ds, D3, B2, Bs, P2, P3). Consequently, if' 1/h, Py € C}¥([0,00) x R) for a
large enough N, then (1.3.3.7) - (1.3.3.12) is globally well-posed in the Sobolev space
HY(R) through the energy principle for linear symmetric hyperbolic systems [36]. The
question of global existence for plane-symmetric solutions to the MBI system is there-
fore reduced to studying the 2 x 2 system (1.3.3.5), (1.3.3.6), the solutions of which
are characterized by the following theorem, which is an extension of Brenier’s blowup

criterion for periodic solutions with planar symmetry:

Theorem 1.3.1. Let h(xy), Pi(z1) denote C' initial data for the system (1.3.3.5)
(1.3.3.6) constructed from C' plane-symmetric initial data D,B for the MBI system.

Then h(z1), Py(z1) launch a globally bounded C' solution (h, Py) if and only if there

kTo avoid adding to the list of symbols, we do not introduce an additional symbol to denote the
unconstrained variable P;. Instead, we allow context to determine if P; is unconstrained or if it is
determined through D and B by (1.3.1.3).

ISection 2.2 of Chapter 2 explains the notation we use for function spaces.
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exists a constant u such that

sup |Py(z1) — ph(z1)| < Z. (1.3.3.13)
r1ER

Theorem 1.3.1 is of particular interest because of the fact that the MBI, AMBI, and
2 x 2 systems are totally linearly degenerate. Before proving the theorem, we will discuss
the definition of and a conjecture surrounding totally linearly degenerate systems. In
order to define “totally linearly degenerate,” we begin by writing the system (1.3.3.5)

(1.3.3.6) using standard matrix notation, in which V< (h, P1) is the solution array:

AN (VYo V 4+ AL (V)oV =0, (1.3.3.14)
(1.3.3.15)
where
10 0 1
AYV) = ., AYV) = . (1.3.3.16)
0 1 (22— (P1)?*)/h? 2P /h.

The characteristic subset™ of T3 M for this 2 x 2 system is the set of (£, &1) satisfying
the following equation: det(§A%(V) + &A1 (V)) = 0, where

505;131 n f%(Ple; z?) _ [§0+§1(P1; Z)] [§0+§1(P1;Z)}.

(1.3.3.17)

det = €2 + 2

The characteristic speeds are found by setting |{1| = 1 and solving for & in (1.3.3.17).

Labelling the two speeds™ as A_ and A\, we have that

P -7
A =1 - (1.3.3.18)
P +Z
P e (1.3.3.19)
h
We now compute the right eigenvectors V_, V associated to A_, A,
1 1
V_ = , Vi = , (1.3.3.20)
A At

"The term ‘“characteristic subset” is defined and discussed in detail in Chapter 2.

"In the “local rest frame” in which E and B are parallel, it follows that P = 0, and the characteristic
speeds coincide in magnitude; this implies the “no birefringence” of the 2 x 2 system property mentioned
in [2].
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and calculate that

L —A_ . Ay
VvA_ =h~ , VvAiyr=h" . (1.3.3.21)
1 1
It therefore follows that
V_ -VyA_=0=V, -Vyi,, (1.3.3.22)

so that A_ (¢, z1) is constant along the integral curves of the vectorfield V_, and similarly
for Ay. The system (1.3.3.5), (1.3.3.6) is said to be totally linearly degenerate precisely
because property (1.3.3.22) holds. It was conjectured in Chapter 3 of [36] that such
systems should not form shock waves for smooth initial data and suggested that it
might be reasonable to expect global solutions for smooth initial data. Nevertheless,
Theorem 1.3.1 shows that L* singularities can form in finite time, even if the data
are smooth. This observation has been made independently in [41], in which Neves
and Serre discuss the ill-posedness of the Caucy problem for totally linearly degenerate

systems of conservation laws. We now return to the proof of Theorem 1.3.1.

Proof. We abbreviate z = x1 throughout the proof. Since h(x) > 1 for data in the BI

manifold, the formula

X(s)
s —/ h(y)dy (1.3.3.23)
0

implicitly defines a C! diffeomorphism s — X (s) from R to R. By (1.3.3.23), we have

that
WX (s)) = 5('1(5)' (1.3.3.24)
We also define
: Pi(X(s))
U(s) = ———= 1.3.3.25
(s) h(X(s) ( )

and solve the linear wave equation

—02X (t,s) + Z202X(t,s) =0 (1.3.3.26)
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with initial conditions X (t = 0, s) = X (s),9,X (t = 0,s) = U(s), applying d’Alembert’s
formula to obtain
1 - R s+2t
X(t,s)==[X(s+2t)+ X(s— Zt)| + —= U(s)ds', (1.3.3.27)
2 27 Jo_mt

DX (t,5) = 5 [X'(s + 20) + X'(s — 70 + 212[ (s+28) — U(s— 28)].  (1.3.3.28)

Simple calculations show that if condition 95X (¢, s) > 0 holds, then the formulas

def 1

M X (0 8) * 5 (1.3.3.29)

Pi(t, X(t,s)) & h(t, X(t,5))0: X (t, s (1.3.3.30)

implicitly define a solution to (1.3.3.5), (1.3.3.6) existing at the spacetime point
(t, X (t,s)). With this fact and formulas (1.3.3.24) and (1.3.3.25) in mind, we observe
that X (¢,-) is a C! diffeomorphism from R to R (i.e. 95X (¢,s) > 0 for all s € R) for

all t if and only if

Pl(oX(oSl)) +2 > Pl(oX(oS2)) —Z for all s1,s9 € R. (1.3.3.31)
h(X(s1)) h(X (s2
We therefore define

p- & sup M (1.3.3.32)

seR h(X(s))

of . . P1(X A

py E inf % (1.3.3.33)

s€R  h(X(s))

and consider separately the following 3 cases:
1. py >p
2.0 py < p-.
3. py = p—.

Case 1 is equivalent to the existence of a u € R such that (1.3.3.13) holds. In this case,
1/|0sX(t,s)| is uniformly bounded on R x R, so by formulas (1.3.3.29) and (1.3.3.30),
there is a global solution h(t, x), Pi(t,x) to (1.3.3.5), (1.3.3.6) that is uniformly bounded
on R x R.
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In case 2, there exist numbers s1, so with
Ulsy) + ZX'(s1) = U(sy) — ZX'(s2), (1.3.3.34)

and h(t,x) necessarily blows up in L* at the spacetime point
(t,z) = ((51 — $2)/2Z, X ((51 — $2)/2Z, (s1 + s2)/2)). Consequently, the lifespan® of the

solution is

inf{m ‘ s1,82 € R and Pl(oarl) +2 = Pl(gm) — Z}, (1.3.3.35)
22 h(z1) h(z2)

de

where z; & X (s;), for i = 1,2.
Remark 1.3.1. It is a simple exercise to algebraically verify that case (2) never occurs

for the global plane wave solutions defined by (1.2.0.19), (1.2.0.20).

In case 3, we may only conclude that there is a pair of sequences {r,}, {sn} such

that

lim [U(ry) + ZX'(ry)] — [U(sn) — ZX'(s0)] = 0. (1.3.3.36)

n—oo

We therefore have that

nh_>ngO h(tn, ) = 00, (1.3.3.37)
where
(tns ) = (70 — $0)/22, X ((rn — $0)/2Z, (70 + $2)/2)), (1.3.3.38)

so there is no global L* bound for the solution, which may or may not exist globally.
Case 3 can be further broken down into subcases depending on whether or not the
sup or inf in (1.3.3.32), (1.3.3.33) is achieved; we leave these details to the interested

reader. O

As a partial extension of Theorem 1.3.1, we state the following 3-d blowup result

and sketch its proof:

°By lifespan, we mean the smaller of the two numbers sup{¢ | h(t,-), Pi(¢, ) exist globally in space}
and sup{t | h(—t,-), Pi(—t,-) exist globally in space}.
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Corollary 1.3.2. There exist finite energy solutions to the 3-d source-free MBI field

equations with smooth initial data that form singularities in finite time.

Proof. A computation gives that the characteristic speeds in the 3-d MBI model are
bounded in magnitude by 1P. Therefore, two solutions agreeing on a ball of radius R at
t = 0 must agree on a ball of radius R —t at later times ¢. We may now define smooth,
compactly supported initial data for the 3-d MBI system that agrees on a ball of radius
R with a plane-symmetric solution that blows up at the origin at time t* via theorem
1.3.1. By the above argument, if R is large enough, then the 3-d solution generated by

these data must also blowup at the origin at time ¢*. O

In order for Corollary 1.3.2 to be physically relevant, one must extend it to show
blowup for a neighborhood of generic initial data; the blowup-producing data that
agree with plane-symmetric data on a ball may be degenerate cases that are unstable
under perturbations. This is a difficult open problem that we have in mind for future

investigation.

PThis computation is performed, for example, by Bialynicki-Birula [2] in a Lorentz frame in which
E and B are parallel.
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Chapter 2

The Euler-Nordstrom System with Cosmological Constant

This chapter is devoted to the application of Christodoulou’s method of energy currents
to the Cauchy problem for the Euler-Nordstrom (EN) system. Although most of the
technical estimates involve energy currents, we use a separate argument inspired by

Kato’s work to complete the proof of continuous dependence on initial conditions.

2.1 Introduction

It is well-known that for symmetric hyperbolic systems of PDEs, an energy principle
is available that implies well-posedness (local existence, uniqueness, and continuous
dependence on initial data) for initial data belonging to an appropriate Sobolev space.
Consult [17], [18], [23], [36], or [49] for the definition of a symmetric hyperbolic system
and a detailed proof of local existence in this case. A full proof of well-posedness
is difficult to locate in the literature, but Kato [27] supplies one using a very general
setup that applies to symmetric hyperbolic systems in a Banach space. Additionally, for
strictly hyperbolic (not necessarily symmetric) systems, well-posedness follows from the
availability of a generalization of the energy principle for symmetric hyperbolic systems.
For strictly hyperbolic systems, there are a variety of methods due to Petrovskii, Leray,
Garding, and Calderén for generating energy estimates; consult [17] or [34] for details
on these methods.

We consider here the Cauchy problem for the Lorentz covariant Euler-Nordstréom
(EN) system, which is a scalar caricature of the general covariant Euler-Einstein system
describing a gravitationally self-interacting fluid. The EN system is a quasilinear hyper-
bolic system of PDEs that is not manifestly symmetric hyperbolic. Moreover, because

of the repeated factors in the expression for Q(z;-) in equation (2.5.1.7) below, it is not
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strictly hyperbolic. Therefore, well-posedness for the EN system does not follow from
either of these two well-known frameworks.

Fortunately, alternate techniques recently developed by Christodoulou [15], which
are applied to the study of relativistic fluids in Minkowski spacetime in particular in
[16], offer a viable approach to studying the Cauchy problem for the EN system. The
central advantage afforded by Christodolou’s techniques, which provide energy currents
for equations derivable from a Lagrangian, is that they bypass the physically artificial
requirement of symmetry in the equations: even though the EN system is not manifestly
symmetric, its energy currents allow for precisely the same energy estimates to be made
as in the theory of symmetric hyperbolic systems. Once one has these estimates, the
proof of well-posedness for the EN system mirrors the well known proof for symmetric
hyperbolic systems. Our main goal is to use the method of energy currents to prove the
following theorem (stated loosely here), which is divided into parts and stated rigorously

in Section 2.7:

Theorem (Well-Posedness). Let N > 3 be an integer. Assume that the initial data
\Y% for the EN system are an HY perturbation of a constant background solution V.
Then these data launch a unique solution V possessing the reqularity property V.—V &
Co([0,T), HN) n CY([0,T], HN~1). Furthermore, the map from the initial perturbation

V —V to V=V is a continuous map from an open subset of HY into co(jo, 7], HV).

While Christodoulou’s methods are not the only techniques available for proving
the well-posedness of the EN system, they are powerful and natural in the sense that
they exploit the inherent geometry of the equations and apply to all physical equations
of state®. In contrast, one may sometimes proceed by a change of state-space variables
that renders the system symmetric hyperbolic. For example, Makino applies the sym-
metrizing technique to the Euler-Poisson equations in [37]. In fact, the EN system is
symmetrizable under some equations of state if we assume isentropic conditions. This

follows from the fact that the left-hand sides of (2.4.1.19) - (2.4.1.20) have the symbolic

“We list the hypotheses that a “physical” equation of state must satisfy in Section 2.3.3.
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formP of the relativistic Euler equations, which, under barotropic equations of state (in
which the pressure is a function of the energy density alone), are symmetrized in [38]
and [39]. Further discussion of symmetrization appearing in the literature can be found
in sections 2.3.1 and 2.3.2.¢ Yet the symmetrizing method is not without disadvantages:
one must solve a formally over-determined system of equations to find the symmetrizing
variablesd, and the resulting state-space variables, if they exist, may place un-physical
and /or mathematically unappealing restrictions on the function spaces with which one
would like to work. However, it should be noted that for certain equations of state,
Makino’s symmetrization allows one to prove local existence for a restricted class of
compactly supported data, while the techniques applied here cannot yet handle such
data due to singularities in the energy current (2.5.5.1) when the proper energy density

p of the fluid vanishes.

2.2 Notation

We introduce here some notation that is used throughout this article, some of which
is non-standard. We assume that the reader is familiar with standard notation for the
LP spaces and the Sobolev spaces H*. Unless otherwise stated, the symbols LP and H*

refer to LP(R3) and H¥(R?) respectively.

2.2.1 Notation and Assumptions Regarding Spacetime

In the Euler-Poisson system with cosmological constant introduced below, we use t € R
to denote the time variable and s € R? to denote the space variable. In the Euler-
Einstein and EN systems (which we also equip with a cosmological constant below), we

assume that spacetime is a 4-dimensional, time-orientable Lorentzian manifold M and

"By “symbolic form,” we mean that the form of the left-hand sides of (2.4.1.19) - (2.4.1.20) is the
same as that of the relativistic Euler equations as presented in [16]. However our symbols P and R
represent the quantities defined in (2.4.1.5) and (2.4.1.6), whereas in the relativistic Euler equations,
these symbols would represent the pressure and energy density respectively.

“The references given are far from exhaustive; we merely wish to provide the reader with some
examples of the application of well-known techniques.

4Consult Chapter 3 of [18] for a discussion of symmetrization.
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use the notation
= (2% 21, 22 23) (2.2.1.1)

to denote spacetime points. For the EN system with cosmological constant, we assume
the existence of a global system of rectangular coordinates (an inertial frame), and for
this preferred time-space splitting, we identify ¢ = 2° with time and s = (2!, 2%, 23)

with space and use the notation (2.2.1.1) to denote the components of x relative to this

fixed coordinate system.

2.2.2 Notation Regarding Differential Operators

For v = 0,1, 2,3, we use the notation 0, to denote differentiation with the respect to
x¥, where x" is defined in (2.2.1.1). We sometimes write J; in place of Jp.

If F is a scalar or finite-dimensional array-valued function on R'*3, then DF denotes
the array consisting of all first-order spacetime partial derivatives (including the partial
derivative with respect to time) of every component of F, while V(@ F denotes the array
of consisting of all a’* order spatial partial derivatives of every component of F'; this

should not be confused with V, which represents covariant differentiation.

2.2.3 Index Conventions

We adopt Einstein’s convention that repeated Latin indices are summed from 1 to 3,
while repeated Greek indices are summed from 0 to 3. Indices are raised and lowered
using a relevant spacetime metric, which in our discussion below is either the Einstein

metric g, or the Minkowski metric g,,,, depending on context.

2.2.4 Notation Regarding Norms and Function Spaces

If F' is a scalar-valued or finite-dimensional array-valued quantity, we denote its Eu-
clidean norm by |F|; we explain one exception to this rule just beneath equation

(2.2.4.6). If such an F is a function on a subset A of R? and 1 < p < oo, then we
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use the notation

1/p
T ( /A \F(s)\pd?’s) (l<p<oo) (2241)

def .

| F'|| ooy = inf{b € R | u{s € A | |F(s)| = b} = 0}, (2.2.4.2)

where u denotes Lebesgue measure, to denote the usual LP norm of F' on the set A.
If V is a constant array, we use the notation

def

HFHL%(A) = HF_V”LP(A)a (2.2.4.3)

and we denote the set of all Lebesgue measurable functions F' such that || F|| 12 (a) < 00
by L%, (A). Unless we indicate otherwise, we assume that A = R? when the set A is not
explicitly written.

If F is a map from [0, 7] into the normed function space X, we use the notation

def

I Flllx7 = sup [F()]x. (2.2.4.4)
te[0,T]

We also use the notation C*([0,T], X) to denote the set of k-times continuously differ-
entiable maps from (0,7) into X that, together with their derivatives up to order k,
extend continuously to [0, 7.

If A C R? (d frequently equals 3 or 10 in this article) and A is open, then Cf (A)
denotes the set k—times continuously differentiable functions (either scalar or array-
valued, depending on context) on A with bounded derivatives up to order k that extend

continuously to the closure of A. The norm of a function F' € Cf (A) is defined by

|Flia = Y sup|daF(z)], (2.2.4.5)
1<k *4

where 0z represents differentiation with respect to the arguments z of F' (which may

be spacetime variables or state-space variables, depending on the context).
If F(s) is a function on a subset A of R3, and N’ is any integer, we use the notation

def 2 1/2
1Pl (Y0 102F ()30 (2:2.4.6)
la|<N’

to denote the usual HY' norm of F on the set A. In (2.2.4.6), in keeping with the PDE
convention, we are breaking with the convention that |@| is the Euclidean norm, instead

defining |@| = a! + a? + o® if @ = (o', a2, 0?).
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Analogous to definition (2.2.4.3), we use the notation
1l 2 1F =Vl (2.2.47)
and we denote the set of all Lebesgue measurable functions F' such that || F'|| () <9
by HY'(A).

In the case A = R?, we sometimes consider non-integer values of N, in which case
we define || F|| ;~+ in the standard way using the Fourier transform of F.

If F(t,s) is a function on R'*3, we write HF(t)HHN/(A) to denote the HN' norm of
the function F(¢,-) on the set A with ¢ held fixed, and similarly with the HY' norm
replaced by the Hg/ norm, the LP norm, or the L% norm.

We use the symbol S to denote the Schwartz functions on R?, the set of all C*®
functions that together with all of their derivatives vanish at infinity faster than any

power of |s|.

2.2.5 Notation Regarding Operators

If X and Y are normed function spaces, then £(X,Y") denotes the set of bounded linear

maps from X to Y. If Y € L(X,Y), we denote the operator norm of U by

HUHX,Y o sup M

2.2.5.1
Sl (225.1)

def def

When X =Y, we use the notation £(X) = L(X, X) and |U||x = [|U]|x,x-
If 1(t, ') is an operator-valued map from the triangle Ap = {0 < < ¢ < T} into

L(X), then we adopt the notation

def

U lllx.0,= sup (U )] x- (2.2.5.2)

(ttYelr
2.2.6 Notation Regarding Tempered Distributions

If F and G are tempered distributions (that is, continuous linear functionals on §), we
denote the Fourier transform of F' by ﬁ, and the inverse Fourier transform of F' by F".

We use the notation

[F, G d:ef/FV@. (2.2.6.1)
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Here, if FV and G are functions, the right-hand side is the usual integral over R3. If FV
is a distribution and G € S, then the right-hand side is defined to be the action of the

distribution FV on @, which agrees with the integral definition in the former case.

2.2.7 Notation Regarding Constants

We use the symbol C' to denote a generic constant in the estimates below which is free
to vary from line to line. If the constant depends on quantities such as real numbers N’,
subsets A of R?, functions F' of the state-space variables, etc., that are peripheral to
the argument at hand, we sometimes indicate this dependence by writing C(N', A, F),
etc. We frequently omit the dependence of C' on functions of the state-space variables
below in order to conserve space, but we explicitly show the dependence when it is
(in our judgment) illuminating. Occasionally, we shall use additional symbols such as
Co,, L, K, etc., to denote constants that play a distinguished role in the discussion

below.

2.3 Models in Context

The EN system is an intermediate model in between the Galilean covariant Euler-
Poisson (EP) and the general covariant Euler-Einstein (EE) systems for self-gravitating
classical fluids. Although it is the most fundamental of these models for self-gravitating
Eulerian fluids, the EE system presents numerous technical difficulties that make a de-
tailed analysis of the system’s evolution, through either numerical or analytical meth-
ods, extremely difficult. In addition to the usual difficulties involved in studying quasi-
linear systems of PDEs, the EE system does not exhibit spherically-symmetric solutions
featuring the propagation of gravitational waves.® Consequently, in order to study wave
phenomena in the EE model, one must work with systems involving at least two space-
like independent variables and one timelike independent variable. Further complicating
matters is that there is no known law of local conservation of gravitational field energy

in General Relativity. Our main motivations for studying the EN system are to bridge

¢This result is known as Birkhoff’s Theorem.
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the gap between the EP and the EE systems and to provide a special relativistic primer
for studying the EE system.

Since it is based on Nordstrém’s theory of gravity, it should be stressed that the
EN system is physically wrong. However, since both the EN and the EE systems are
relativistic generalizations of the EP system, we expect, at least in some limiting cases,
that there are some qualitative similarities between solutions to the three systems. A
rigorous result along these lines is stated and proved as Theorem 3.9.2. Furthermore,
n [50], Shapiro and Teukolsky discuss numerical simulations of the EN system in the
spherically symmetric case; they expect that the numerical schemes developed in their
paper can be adapted to allow for the calculation of accurate wave forms in the EE
model.

Before discussing the EN system in detail, we briefly recall the EP and EE systems,
endowing both with a cosmological constant® denoted by x2. We also briefly discuss some
local existence proofs for these systems in the case k = 0, emphasizing their dependence
on the symmetric hyperbolic setup or the method of Leray (strict) hyperbolicity.

We introduce a positive cosmological constant out of mathematical necessity: the
EN system generally fails® to have non-zero constant solutions without it." We empha-
size the presence of the cosmological constant x2? in the models by referring to them as
the EP,, EE,, and EN, systems; note that EP=EP, and similarly for the other two

models.

fWe deviate from Einstein’s notation; he denoted the cosmological constant by A.

&We provide some elaborating remarks on the existence of constant solutions in the EN, system in
Section 0.1.

" This is similar to the reasoning that led Einstein to introduce the cosmological constant into General
Relativity; he sought a static universe, and General Relativity without a cosmological constant features
only Minkowski space as a static solution (see [21]).



27

2.3.1 The Euler-Poisson System with Cosmological Constant (EP,)

In units with Newton’s universal gravitational constant equal to 1, the equations gov-

erning the dynamics in this case are

om 4+ v =0 (2.3.1.1)
dip + O(pv®) =0 (2.3.1.2)
o (8tvj + vk(?kvj) FOpEp0 =0  (j=1,2,3), (2.3.1.3)
where
AD — k2D = 47p (2.3.1.4)
and
p=P(p,n). (2.3.1.5)

The unknowns in (2.3.1.1) - (2.3.1.4) are the cosmological Newtonian gravitational
scalar potential ®(¢,s), and the state-space variables' mass density p(t,s), velocity
v(t,s) = (vi,vo,v3), pressure p(t,s), and entropy density 7(t,s).) The equation that
specifies p as a function P of p and n is known as the equation of state. This system of
equations is discussed in [30], in which, under an isothermal equation of state (p = c2p,
where the constant ¢s; denotes the speed of sound), Kiessling derives the Jeans dis-
persion relation that arises from linearizing (2.3.1.2) - (2.3.1.4) about a static state in
which the background mass density p is non-zero, followed by taking the limit x — 0.X

In [37], Makino studies the Cauchy problem for the EPy system with compactly
supported initial data belonging to an appropriate Sobolev space. He considers isen-

tropic conditions (n = constant)! and an adiabatic equation of state (p = Ap?, where

In the EP, system, ® is not a state-space variable because it is uniquely determined by p under
the assumption of appropriate decay conditions on ® and p at infinity.

IWe are influenced by Boltzmann’s notation in denoting the entropy density by 7.

XEntropy is not a relevant concept for the topics discussed Kiessling’s paper, so equation (2.3.1.1)
is not included in the system of equations he studies.

'Equation (2.3.1.1) is therefore not included in Makino’s paper either.



28

A is a positive constant) under the mathematical assumption 1 < v < 3. After finding
symmetrizing variables™, he proves local existence.
2.3.2 The Euler-Einstein System with Cosmological Constant (EE,)

We work in units with Newton’s universal gravitational constant and the speed of light
both equal to 1. Given T, the energy-momentum tensor of the contemplated matter
model, the gravitational spacetime with cosmological constant is determined by the

Einstein field equations,
Gu + K29 = 81T (0< p,v < 3), (2.3.2.1)

where G is the Einstein tensor of the spacetime metric g. As a consequence of (2.3.2.1),

T has to satisfy the admissibility condition
vV, " =0 (0 <v <3), (2.3.2.2)

where the V denotes the covariant derivative induced by the spacetime metric g. Equa-

tion (2.3.2.2) follows from the twice contracted Bianchi identity, which implies that
V,.G" =0, (2.3.2.3)
together with
Vg =0 0< X\ p,v<3), (2.3.2.4)

which follows from the fact that V is the Levi-Civita connection on spacetime.
For a perfect fluid model, the components of the energy-momentum tensor of matter

read”
™™ < (p+ p)uru” + pg"”. (2.3.2.5)

Here the scalar p > 0 is the proper energy density, the scalar p > 0 is the pressure, and

the vector u is the four-velocity, a future-directed timelike vectorfield which is subject

"Vanishing mass densities typically produce singularities in the expression for the energy, but
Makino’s choice of symmetrizing variables allows him to handle a class of compactly supported data.

"Consult [1] for a discussion on the form of the energy-momentum tensor for a perfect fluid.
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to the normalization condition
guutu” = —1. (2.3.2.6)

When g is given and T is defined by (2.3.2.5), equations (2.3.2.2) are 4 of the 5 Euler

equations for a general-relativistic perfect fluid, the 5th Euler equation being given by
Vu(nut) =0, (2.3.2.7)

where n > 0 is the proper number density. Equation (2.3.2.7) is a consequence of the
variational formulation of fluid mechanics as described in [15]. We also introduce the
thermodynamic variable n > 0, the entropy density.

In general, when both g and T are unknowns, (2.3.2.1), its consequence (2.3.2.2),
together with (2.3.2.5), (2.3.2.6), and (2.3.2.7) form the EE,, system® for u, p, p, g and 7,
up to closure, for instance by an equation of state relating p, p, and 7. In the special case
of barotropic fluids, the equation of state is a relationship between p and p alone, and
the system is closed without considering (2.3.2.7). Local existence for barotropic perfect
fluids has been discussed by several authors under various additional assumptions on
the equation of state and initial data. For example, in [12], Choquet-Bruhat showed
that the EEqy system with barotropic perfect fluid sources forms a well-posed Leray-
hyperbolic system, and in [47], Rendall adapted Makino’s symmetrization (as discussed
in section 2.3.1) of the EP( system to handle a subclass of compactly supported initial
data for the EEq system under an adiabatic equation of state with v > 1. Similar results
are also proved in [6], in which Brauer and Karp write the equations as a symmetric

hyperbolic system in harmonic coordinates.

2.3.3 The Euler-Nordstrom System with Cosmological Constant (EN,,)

We base our discussion here on Calogero’s derivation of the Vlasov-Nordstrém system

[8].P Consult sections 2.2.1 and 2.2.3 for some remarks on our assumptions concerning

°Interested readers may also consult the first few pages of [14] for a short introduction to general-
relativistic fluids.

PEach of the three Eulerian fluid models mentioned above has a kinetic theory counterpart. Collec-
tively known as the Vlasov models, these diffeo-integral systems describe a particle density function f
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spacetime and our use of index notation. As in the EE, model, we work in units with
the speed of light and Newton’s universal gravitational constant both equal to 1.

Like the EE,; system, the EN, system subsumes equations (2.3.2.2), (2.3.2.5),
(2.3.2.6), and (2.3.2.7), where p > 0,p > 0,n > 0,7 > 0, and u are defined as in the
EE, system. In contrast to the EE, model, we do not assume Einstein’s field equations
(2.3.2.1); instead we turn to Nordstrém’s theory of gravity. We postulate that in our

global rectangular coordinate system, the conformally flat metric is given by<
Gpv = e2¢g,uzn (2.3.3.1)

where ¢ is the Nordstrém scalar potential, and g = diag(—1,1,1,1) are the components
of the Minkowski metric in the rectangular coordinate system. Following Nordstrom’s
lead [43], we also introduce the auxiliary energy-momentum tensor 7,,, with compo-

nents

THY L Sopry (2.3.3.2)

aux

and postulate that ¢ is a solution to

O¢ — k2¢ = —gu Tt = —e*(3p—p). (2.3.3.3)

aux

def

Note that O¢ = —92¢ + A¢ is the wave operator on flat spacetime applied to ¢. The
virtue of the postulate (2.3.3.3) is that it provides us with continuity equations for an
energy-momentum tensor in Minkowski space which we label © and discuss below; see

equations (2.4.1.8) and (2.4.1.9).

on physical space X momentum space that evolves due to gravitational self-interaction. In particular,
the ENg system is the Eulerian counterpart of the previously studied Vlasov-Nordstréom (VN) system
(which does not feature a cosmological constant). See e.g., [8] or [9].

9Nordstrom’s theory of gravity [43] belongs to the class of theories known as scalar metric theories
of gravity. For theories in this class, gravitational forces are mediated by a scalar field (or “potential”)
¢ that affects the spacetime metric. Furthermore, it is assumed that the effect of ¢ is to modify the
otherwise flat metric by a scaling factor that depends on ¢. Therefore, the physical metric in such a
theory is given by g = x?(¢)guv, where g is the Minkowski metric. A metric of this form is said to be
conformally flat. Strictly speaking, the scalar theory of gravity we study in this paper is not identical
to the one published by Nordstrém in [43]. In his paper, Nordstrém makes the choice x(¢) = ¢, while
in our paper, we make the choice x(¢) = e®, a theory that appears as a homework exercise in the
well-known text “Gravitation” by Misner, Thorne, and Wheeler [40]. See [8] or [19] concerning the
significance of the choice x(¢) = e?, which has the property of scale invariance of the gravitational
interaction. Also consult [46] for a discussion of scalar theories of gravity, including the two mentioned
here.
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As in the EP, and EE, models, we may close the EN, system by supplying an
equation of state. The basic postulates we adopt for a physical equation of state are as

follows (see e.g. [24]):
1. p > 0is a function of n > 0 and n > 0.
2. p > 0 is defined by

—p, (2.3.3.4)

where the notation | indicates partial differentiation with - held constant.

3. A perfect fluid satisfies

0
>0,a—p
n mn

)
>0, 8—2 >0 with “ =" iff 5 = 0, (2.3.3.5)

@
on

n n

As a consequence, we have that o, the speed of sound in the fluid, is always real:

2 der Op

_ 9p/onl,,
= 30l = dp7aml " (2.3.3.6)

n a Ip/Only '

4. We also demand that the speed of sound is less than the speed of light:

0<o<1. (2.3.3.7)

Remark 2.3.1. By (3.1.1.11), we can solve for ¢ and p as functions of p and 7 :

o=38(n,p) (2.3.3.8)

p=R(n,p). (2.3.3.9)

As a typical example, we mention a polytropic equation of state, that is, an equation

of state of the form (see e.g., [24])

Alm)

7 2.3.3.10
v — 1” ) ( )

p=n+

where 1 < v < 2, and A is a positive, increasing function of 7. In this case p = An?,

op/ Gp]n is increasing in p, and the speed of sound ¢ is bounded from above by /v — 1.
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Remark 2.3.2. We note here a curious discrepancy that arises when, for the polytropic
equation of state under the isentropic condition n = 1y, we consider the Newtonian

limit, that is, the limit as the speed of light ¢ goes to co. In dimensional units, (2.3.3.10)

becomes p = moc2n+%(q)n7, and p = A.(n)n”, where my is the mass per fluid element,

and A.(n) is a positive, increasing function of 7 indexed by the parameter c. The speed

2 df 2 0p| _ ye2 Ac(mo)n) !
Il, = Pmot/r—DAclmo)nT T

of sound squared is given by o Assuming that
lime— 00 Ac(n0) o Aso(mo) exists, we may consider the Newtonian limit ¢ — oo of o2
and p, obtaining o2 = ’ymaleo (no)n"~! and p = A (10)n”, Newtonian formulas that
make mathematical sense and have physical interpretations for 1 < v < oo. In the
Newtonian case, v = 1 corresponds to isothermal conditions, while v — oo yields the
rigid body dynamics. However, for finite values of ¢, not all values of the parameter ~y
make mathematical or physical sense: there is a mathematical singularity in the formula
for p at v = 1. This is physically reasonable since isothermal conditions require the
instantaneous transfer of heat energy. Thus, for finite ¢, the polytropic equations of state
do not allow for the case corresponding to the instantaneous transfer of heat energy over
finite distances, a feature which we find desirable in a relativistic model. Additionally,
we have that lim, .., 02 = ¢?(y — 1), so that for v > 2, there is a y—dependent critical
threshold for the number density above which the speed of sound exceeds the speed of
light. Since larger values of v correspond to “increasing rigidity” of the fluid, and the
concept of rigidity violates the spirit of the framework of relativity, we are not surprised
to discover that large values of v may lead to superluminal sound speeds. However, we
find ourselves at the moment unable to attach a physical interpretation to the fact that

the mathematical borderline case is v = 2.

We summarize this section by stating that equations (2.3.2.2), (2.3.2.5), (2.3.2.6),
and (2.3.2.7), (3.1.1.1), (2.3.3.2), (2.3.3.3), (2.3.3.4), and (2.3.3.9) constitute the EN,,

system.
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2.4 Reformulation of the EN, System, the Linearized EN, System,

and the Equations of Variation

Because it is mathematically advantageous, in this section we reformulate the EN,
system as a fixed-background theory in flat Minkowski space. This is a mathematical
reformulation only; the “physical” metric in the EN, system is g from (3.1.1.1) rather
than the Minkowski metric g. We also discuss the linearization of the EN, system
and the related equations of variation, systems that are central to the well-posedness

arguments.

2.4.1 Reformulating the EN, System

For the remainder of this chapter, indices are raised and lowered with the Minkowski
metric, so for example, 9 = g’”\ﬁugb. To begin, we use the form of the metric (3.1.1.1)
to compute that in our fixed rectangular coordinate system (see Section 2.2.1), the

continuity equation (2.3.2.2) for the energy-momentum tensor (2.3.2.5) is given by

0=V, T" =8, T" +6T" 0,0 — e ?go5TP0" ¢

= 0, T" +6T" 0y — e goasT?P0"¢  (v=0,1,2,3),  (2.4.1.1)

aux

where TH” is given by (2.3.3.2). For this calculation we made use of the explicit form

aux

of the Christoffel symbols in our rectangular coordinate system:
%, = 650,60 + 050,06 — gwg™’ 0p0. (2.4.1.2)

Under the postulate (2.3.3.3) for ¢, (3.1.2.1) can be rewritten as

aux

1 1
0= eV, T = 9, (T + 0"¢d" ¢ — 59" 0%¢0a¢ — ig“”/-ﬁquQ). (2.4.1.3)

Equation (2.4.1.3) now illustrates the divergence-free energy-momentum tensor © men-
tioned in Section 2.3.3. Its components ©* consist of the terms from (2.4.1.3) that are
inside the parentheses; we are thus afforded with local conservation laws in Minkowski

space.
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To simplify the notation, we make the change of field variables (recalling equation

(2.3.3.9) for the definition of the function R)

UY < efu” (v=0,1,2,3) (2.4.1.4)
RE e*p = PR (p, n) (2.4.1.5)
Py (2.4.1.6)

throughout the EN, system, noting that U is subject to the constraint
U° = (14 U*U) Y2 (2.4.1.7)
Following the above substitutions, © has components
" & (R + P)U!UY + Pg" + 0"$d" ¢ — %g“”@o‘(b@aqﬁ - %gﬂm%{ (2.4.1.8)
and (2.4.1.3) becomes
0,0" =0 (r=0,1,2,3). (2.4.1.9)

We perform the same changes of variables in the equation (2.3.2.7) and expand the
covariation differentiation in terms of coordinate derivatives and the Christoffel symbols

(2.4.1.2), arriving at the equation
9, (n63¢U“> —0. (2.4.1.10)

For our purposes below, we take as our equations the projections of (2.4.1.9) onto
the orthogonal complement of U and in the direction of U. In this formulation, the form
of the EN, system is that of the ordinary relativistic Euler equations (as presented in
[16]) with inhomogeneous terms involving D¢, supplemented by the linear Klein-Gordon
equation (2.3.3.3) for ¢. Thus, we introduce II, the projection onto the orthogonal

complement of U, given by
I S UrUY 4 g, (2.4.1.11)

Considering first the projection of (2.4.1.9) in the direction of U, we remark that

one may use (2.3.3.4) and (2.4.1.10) to conclude that for C! solutions, U,9,0"" = 0 is
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equivalent to
U"0,m =0, (2.4.1.12)

which implies that the entropy density 7 is constant along the integral curves of U.
The projection of (2.4.1.9) onto the orthogonal complement of U gives 4 equations,

only 3 of which are independent:
(R+ P)U*),UY + TI"9,P = —(0¢ — k*o)1" 0,0 (v=0,1,2,3). (2.4.1.13)

By (2.3.3.9), (2.4.1.5) and (2.4.1.6), we may solve for R as a function R of P,n, and

R =%9R(n,P,¢) = **R(n, e 4P). (2.4.1.14)

We also introduce the nameless quantity @ and make use of (2.3.3.4), (2.3.3.6),

(2.3.3.8), (2.3.3.9), (2.4.1.5), and (2.4.1.6) to express it as a function Q of P,n, and ¢ :

87P
on

_op OR

_ o O g2 2.4.1.1
OR|,, "o e 8% (p,n(p+p) ( 5)

n,9
= 82(n, e **P,)[R(n, P, ¢) + P].

Q=9(P,n,¢) En

n,¢

Then we use the chain rule together with (2.4.1.10), (2.4.1.12), and (2.4.1.15) to

derive
U*0,P + Q0,U" = (4P — 3Q)U*0,.¢, (2.4.1.16)

which we may use in place of (2.4.1.10).
Deleting the redundant equation from (3.1.2.21), using (2.4.1.7) to derive the rela-
tion

0
U =70

oNU*, (2.4.1.17)

and rewriting the linear Klein-Gordon equation for ¢ as an equivalent first order system,

the working form of the EN,; system that we adopt is
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Utdum =0 (2.4.1.18)

Ut9,P + Q%&)U’“ + QOpU* = (4P — 3Q)UMp, (2.4.1.19)
(R+ P)U*9, U +TIM9,P = (3P — R)TMy,  (j =1,2,3) (2.4.1.20)
—dotho + dipj = K2¢ + R — 3P (2.4.1.21)

Qo — o =0 (j=1,2,3) (2.4.1.22)

o9 = tho. (2.4.1.23)

Here, U% R, and @ are expressed in terms of the unknowns through the relations

U’ = (1+U*U;)'/? (2.4.1.24)
Q=12 P 9¢) (2.4.1.25)
R =R(n, P, ¢), (2.4.1.26)

where the function £ is defined in (2.4.1.15), and the function fR is defined in (2.4.1.14).

In our rewriting of the linear Klein-Gordon as a first order system, we treat 1, o 0,0

as separate unknowns for v = 0,1, 2, 3. To simplify notation, we collect the unknowns

V together into an array’ given by
V E (0, U, U, U, 6,0, 41, 2, ) (2.4.1.27)
and we refer to the first five components of V as

WY (n, P, U, U, U). (2.4.1.28)

2.4.2 Linearization and the Equations of Variation (EOV)

The standard techniques for proving well-posedness require the linearization of the EN,
system around a known background solution, which we refer to as a “BGS.” Each BGS

V : M — R0 we consider is of the form V = (7, ]5, e ,'(:527 1’/;3) The resulting system is

"Although every array appearing in this work is a ¢ X 1 column vector, we write them as if they
were row vectors to save space.
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known as the equations of variation (EOV). Thus, given such a V and inhomogeneous

terms f,g,---,I®, we define the EOV by

Urd,n = f (2.4.2.1)
U",P + égf)aofjk +QoUF =g (2.4.2.2)
(R+ P)U*9,U7 +T1%9,P =hV)  (j=1,2,3) (2.4.2.3)
8o + By = 1O (2.4.2.4)
Ay — O =19 (j=1,2,3) (2.4.2.5)
Ao =1, (2.4.2.6)
where
U Y 1+ UFU,)Y? (2.4.2.7)
™ = JrUY + g (2.4.2.8)
Q= 27, P, 9) (2.4.2.9)
RER®G, P, o). (2.4.2.10)

Here, the function £ is defined in (2.4.1.15), and the function R is defined in (2.4.1.14).
The unknowns are the components of Ve (n, P, - ,&2, &3), and we label the first

five components of V by W & (n, P,U', U?,U3).

Remark 2.4.1. We place parentheses around the superscripts of the inhomogeneous

terms A9 and [(¥) in order to emphasize that we are merely labelling them, and that

in general, they do not transform covariantly under changes of coordinates.

The EOV play multiple roles in this article. Except when discussing the space of
variations V as an abstract vector-space isomorphic to R, we use the symbol V to
represent a quantity that solves the EOV. The quantity represented by V, the BGS
\N/', and the inhomogeneous terms will vary from application to application, but we will
always be clear about their definitions in the relevant sections.

In the case that we are discussing the linearization of the EN, system around a

BGS V (a situation which we took as our motivation for introducing the EOV), the
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inhomogeneous terms take the form

fF=3V)=o0 (2.4.2.11)
g=6(V)Y 4P —3Q)U ", (2.4.2.12)
h) = 9O (V) & (3P — R)TI™4p,  (j=1,2,3) (2.4.2.13)
10 = O (v) & 251 R— 3P (2.4.2.14)
V) =g(V)Eo  (j=1,2,3) (2.4.2.15)
1) = W (V) &4, (2.4.2.16)

where §,, -+, £4 are functions of V.

It is quite important that the coordinate derivatives of solutions to (2.4.2.1) -
(2.4.2.6) also satisfy (2.4.2.1) - (2.4.2.6) with different inhomogeneous terms. This
may be seen by differentiating the equations and relegating all but the principal terms
to the right-hand side. Similarly, the difference of two solutions to (2.4.2.1) - (2.4.2.6)
also satisfies (2.4.2.1) - (2.4.2.6). Thus, the “” is a suggestive placeholder that will

frequently represent “derivative” or “difference” depending on the application.

Notation. In reference to the inhomogeneous terms on the right-hand side of (2.4.2.11)

- (2.4.2.16), we often use matrix notation including but not limited to

b= (f,g,hM h¥ 1) (2.4.2.17)

1= (1@ 1M ) 36) @)y, (2.4.2.18)

When it is convenient, we will use different matrix notation to refer to the inhomoge-
neous terms, but we always use the notation f,g,--- ,I* to refer to the inhomogeneous
terms in scalar form; our use of notation for the inhomogeneous terms will always be

made clear in the relevant sections.

Terminology. If V is a solution to the system (2.4.2.1) - (2.4.2.6), we say that V is a
solution to the EOV defined by the BGS V with inhomogeneous terms (b, 1).

When the EOV describe the linearization of the EN, system around a given BGS
\7, in which case the inhomogeneous terms are given by (2.4.2.11) - (2.4.2.16), we say

that V is a solution to the linearization of the EN, system around V.
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Remark 2.4.2. Solutions V to the EN, system (2.4.1.18) - (2.4.1.23) are also solutions
to the EOV defined by the BGS V with inhomogeneous terms given by the right-hand
side of (2.4.1.18) - (2.4.1.23).

Notation. We will often find it advantageous to abbreviate the “upper half” of the
various systems® in this work using matrix notation. For example, we sometimes write
(2.4.2.1) - (2.4.2.3) as

AM(V)9,W =b (2.4.2.19)

where each A“(\~7) is a 5 x 5 matrix with entries that are functions of the BGS V, while

b is defined by (2.4.2.17). For instance,

U o 0 0 0
0o U QUYU° QU?/U° QU3/U°
AV)=|o0 T (B+ PO 0 0 , (2.4.2.20)
0 1102 0 (R+ P)U° 0
0 I 0 0 (R+ P)U"

and similarly for the Ak(\~7), for k=1,2,3.

Remark 2.4.3. As is suggested by the above notation, we find it useful to view the
matrices A, for p = 0,1, 2,3, as functions of the state-space variables, writing “A#(-)”
to emphasize this point of view. We state for emphasis that the functions A*(-) remain
fixed throughout this chapter.

Remark 2.4.4. A calculation gives that det (AO(V)) = —Q(R+ P)2(U")3, and in the

Cauchy problem studied below, this formula will ensure that A° is invertible.

2.5 The Geometry of the EN, System

In this section, we discuss the geometry of the characteristics of the EN, system and

relate the geometry to the speeds of propagation.

*We reserve the use of matrix notation for the “upper half” for two reasons. The first is that the
“lower half” involves constant coefficient differential operators, so when differentiating the “lower half”
equations, we don’t have to worry about commutator terms, which are easily expressed using matrix
notation as in (2.7.2.21), arising from differential operators acting on the coefficients. The second reason
is that in Chapter 3, we study the “lower-half” in its original form as an inhomogeneous Klein-Gordon
equation, but we will still use matrix notation for the “upper-half.”
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2.5.1 The Symbol and the Characteristic Subset of 7 M

The symbol o¢ of the equations of variation at a given covector § € T, M, the cotangent
space of M at x, is a linear-algebraic operator (multiplication by a matrix) on the space
of variations V. This operator is obtained by making the replacements d\U — & \U
on the left-hand side of the system (2.4.2.1) - (2.4.2.6). Here, U stands for any of the
unknowns. The characteristic subset of the cotangent space at x is defined to be the set
of all covectors § € Ty M such that o¢ has a nontrivial null space. Thus, £ lies in the

characteristic subset of 7y M iff the following algebraic system has non-zero solutions

V c R0

U, = 0 (2.5.1.1)

- . U . ~ .
U ¢, P+ Qﬁ—’;&)U’f +Q&UR =0 (2.5.1.2)
(R+ P)UHE, U7 +TIME,P =0  (j=1,2,3) (2.5.1.3)
£ =0 (2.5.1.4)
Sty — o =0 (j=1,2,3) (2.5.1.5)
06 = 0. (2.5.1.6)

The determinant of the linear operator o¢ at x, known as the characteristic form of

the EOV and denoted by Q(zx;¢), is given by
def 3 (7 3 T—1\uv , af
Qw:€)  (¢0)* (T76)) (1™ g6 tats (2.5.1.7)
where h~! is the reciprocal acoustical metric defined by

(i by & i — G20 = g — (572 — 1) TR0, (25.1.8)

5 X s(e4P, ), (2.5.1.9)

and the function § is defined by (2.3.3.8). The characteristic subset of T is therefore

equal to the level set

(€ € ' M|Q(x; €) = 0} (2.5.1.10)
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Consequently, £ is an element of the characteristic subset of T M iff one of the following

four conditions holds.

§U" =0 (2.5.1.11)
(A1) 6u6, =0 (2.5.1.12)
9" & =0 (2.5.1.13)

o =0. (2.5.1.14)

Condition (2.5.1.11) defines a plane P;,ﬁ in T M, while conditions (2.5.1.12) and
(2.5.1.13) define cones O3 s(ound) a0 CF 0> Tespectively, in T M. Condition (2.5.1.14)
also defines a plane P; in T; M, and its presence is a consequence of our choice of 9;¢
as a state-space variable in our rewriting of the linear Klein-Gordon equation as a first
order system. We refer to (2.5.1.11) - (2.5.1.14) as the four sheets of the characteristic
subset of Ty M. Figure 2.1 illustrates the characteristic subset of 7y M. In the illustra-

tion, we masquerade as if the domain of solutions to the EOV is R'*2, with the vertical

direction representing positive values of &.

Figure 2.1: The Characteristic Subset of T M

2.5.2 Characteristic Surfaces and the Characteristic Subset of T, M

A ! surface S C M given as a level set of a function ¢ is said to be a characteristic
surface if at each point x € S, the covector & with components &, = 0, forv =0, 1,2, 3,
is an element of the characteristic subset of Ty M. It is well-known (consult e.g. [17])

that jump discontinuities in weak solutions can occur across characteristic surfaces, and
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that characteristic surfaces play a role in determining a domain of influence of a region
of spacetime.

There is an alternative characterization of characteristic surfaces in terms of the
duals of the sheets P, Py, C;, and C; ;. The notion of duality we refer to is as
follows (consult e.g. [17]): To each covector £ in the characteristic subset of 7 M there
corresponds the null space of £, which we denote by N¢. This 3-dimensional plane is
a subset of T, M, the tangent space of M at z, and is described in coordinates as
N¢ “{XeT 2 M|E,XH = 0}. We define the dual to a sheet of the characteristic subset
of Ty M to be the envelope in T, M generated by the N¢ as & varies over the sheet.
The characteristic subset of the tangent space at x is defined to be the union of the
duals to the sheets (2.5.1.11) - (2.5.1.14). A calculation of the envelopes gives that
the respective duals to (2.5.1.11), (2.5.1.12), (2.5.1.13), and (2.5.1.14) are the sets of

X € Ty M such that in our fixed rectangular coordinate system (see Section (2.2.1)),

X = AU for some \ € R (2.5.2.1)
huw XXV =0 (2.5.2.2)
G X'XY =0 (2.5.2.3)
X = X(1,0,0,0) for some A € R, (2.5.2.4)
where
Irg def ~ONTT T7
Py ™ g + (1= 52)0,0, (2.5.2.5)

is the acoustical metric, a non-degenerate quadratic form on the tangent space at x. The
dual to P;ﬁ’ given by (2.5.2.1), is the linear span of (7, and the dual to the plane Py,
given by (2.5.2.4), is the linear span of (1,0,0,0). The dual to Cj ,, given by (2.5.2.2)
and labeled as Cy s, is the sound cone in T; M, while the dual to C} ;, given by (2.5.2.3)
and labeled as €, is the light cone in T, M. We refer to these subsets of T, M as the
four sheets of the characteristic subset of the T, M (noting that the degenerate cases

(2.5.2.1) and (2.5.2.4) are lines rather than “sheets”). See Figure (2.2) for the picture
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in R'72, where the vertical direction represents positive values of X.

span (1,0,0,0) span U

Figure 2.2: The Characteristic Subset of T, M

It follows from the above description that for each £ belonging to a fixed sheet
of the characteristic subset of Ty M, N¢ is tangent to the corresponding sheet of the
characteristic subset of T, M. Therefore, we may equivalently define a characteristic
surface as a surface S such that the tangent plane at each of its points x is tangent to

any of the four sheets of the characteristic subset of T, M.

Remark 2.5.1. Note that C; s lies inside Uy, but C}; lies inside Cj .

2.5.3 Inner Characteristic Core, Strict Hyperbolicity, Spacelike Sur-

faces

The inner characteristic core of the cotangent space at x, denoted Z7, is the subset of
T; M lying strictly inside the innermost sheet C; ;. Z3 comprises two components, and
we refer to the component such that each covector £ belonging to it has £ > 0 as the

positive component, denoted by T :
it = £ € TIMIE,EM < 0 and & > 0}. (2.5.3.1)

A covector & € T M is said to be hyperbolic for Q at x iff for any covector v not
parallel to &, Q(z; A( +v) = 0 has real roots in A, where Q is given in (2.5.1.7). The set
of hyperbolic covectors at x is equal to Z7; see Figure 2.1. A covector ¢ € Ty M is said to
be strictly hyperbolic for Q at x iff for any covector v not parallel to &, Q(z; A +v) =0

has distinct® real roots in A. As mentioned in Section 2.1, the EOV (and hence the EN,

“For PDEs derivable from a Lagrangian, the notion of hyperbolicity, characteristic subsets, etc., has
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system) are (is) not strictly hyperbolic because of the repeated factors in the expression
(2.5.1.7) for Q(z;-).

A surface S C M is said to be spacelike (with respect to the light cone C7 ) if at
each x € 5, there is a covector ¢ belonging to Z; such that the tangent plane to S at x
is equal to N¢. Based on the discussion above, it follows that S is spacelike at z iff the

tangent plane to S at z is the null space of a covector £ that is hyperbolic for Q at x.

2.5.4 Speeds of Propagation

It is well-known that for first order symmetric hyperbolic systems, the speeds of propa-
gation are locally governed by the characteristic subsets. For example, in the case that
the characteristic subset of Ty M at each z includes an innermost sheet, the domain
of influence of a spacetime point 2’ is contained in the interior of the forward conoid
traced out by the set of all curves emanating from 2’ and remaining tangent to the
sheets of the characteristic subsets of the T, M that are dual to the innermost sheets
of the characteristic subsets of the T M as the curve parameter varies; consult [34] for
a detailed discussion of this fact.

We will later illustrate the occurrence of similar phenomena in the EN, system.
In this case, the innermost sheet at z is 7, the dual of which is €y, the light cone
in T, M. Therefore, the forward conoid emanating from a spacetime point z’ is the
forward light cone in M with vertex at /. Thus, one would expect that the fastest
speed of propagation in the EN, system is the speed of light. This claim is given
rigorous meaning below in the uniqueness argument (see section 2.7.5) which shows, for
example, that a solution that is constant in the Euclidean sphere of radius r centered
at the point s € R? at ¢t = 0 remains constant in the Euclidean sphere of radius r — ¢
centered at s at time ¢ > 0; see Remark 2.7.9.

We contrast this to the case of the ordinary relativistic Euler equations, in which
there is no Klein-Gordon equation governing the propagation of gravitational waves at

the speed of light, and the set C7; ; does not belong to the characteristic subset of T; M.

been generalized by Christodoulou [15] in a manner that allows one to handle characteristic forms that
possess multiple roots.



45

The inner sheet at x in this case is C*

s> the dual of which is Cy 5, the sound cone in

T, M, and the methods applied below can be used to show that the fastest local speed
of propagation is dictated by the sound cones Cy 5. This case is studied in detail in [15]
and [16].

2.5.5 Energy Currents

The role of energy currents in the well-posedness proof is to replace the energy principle
available for symmetric hyperbolic systems. After providing the definition of an energy
current, we illustrate its two key properties, namely that it has the positivity property

(2.5.5.2) below, and that its divergence is lower order in the variation V.

The Definition of an Energy Current

Given a variation V : M — R and a BGS V : M — R0 as defined in Section 2.4.2,
we define the energy current to be the vectorfield J with components J°, JJ, j = 1,2, 3,

in the global rectangular coordinate system given by

o . (ﬁkUk)2}

o N P
JOE TR 4 PP 27 P (R PYOO U0, — (2:5.5.1)
0 o (U°)?

+ = [(8)% + (1) + (¥1)* + (vh2)® + (¥3)?],

1
2
(UU*)?

S o7 2 U U
JIE P + —<P* 4+ 209P + (R + P)UY [UkUk - =
Q (UO)Q

] — Yov;.
Notation. In an effort to avoid cluttering the notation, we sometimes suppress the direct

dependence of J on V and V and instead emphasize the indirect dependence of J on

(t,s) through V and V by writing “J(t,s).”

Terminology. We say that J is the energy current for the variation V with coefficients

defined by the BGS V.

Remark 2.5.2. The theory of hyperbolic PDEs derivable from a Lagrangian, and in
particular the derivation of energy currents, is developed by Christodoulou in [15].
For readers interested in studying Christodoulou’s techniques, we remark that the La-

grangian for (2.4.1.18) - (2.4.1.20) (the first 5 scalar equations of the EN,; system) is
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expressed in the original variables as pet®. The energy current (2.5.5.1) is the sum of
an energy current for the linear Klein-Gordon equation (which supplies the terms in-
volving (¢)? and (1,)?) and an energy current used by Christodoulou in [16] to study

the relativistic Euler equations without gravitational interaction.

The Positive Definiteness of §Mj“ for P >0 and EeIrt

Given an energy current as defined by (2.5.5.1) and a covector £ € T M, the quantity
£uj » may be viewed as a quadratic form in the variations V with coefficients defined
by the BGS V. We emphasize this quadratic dependence on the variations by writing
{Mj“(V, V) One of the two key features of the energy current is that P > 0and Eelrt

together imply that the form fMJ‘“(V, V) is positive definite" in V :
EJHV, V) >0if €€ {C€THM) | € <0and (o >0} and V#0.  (2.5.5.2)
This fact will allow us to use the form &,J*(V,V) to estimate the L? norms of the

variations, provided that we estimate the BGS V.

Remark 2.5.3. Although later in this article we make use of the fact that V is a solution
to the EOV, the inequality in (2.5.5.2) does not rely on this fact; it is an algebraic

statement about fuj H(V,V) viewed as a quadratic form on R,

Remark 2.5.4. Note that according to the expression given in (2.5.5.1), the coefficients
of the quadratic form @LJ'“(V, V) depend smoothly on the BGS V.

The Divergence of the Energy Current

If the variations V are solutions of the EOV (2.4.2.1) - (2.4.2.6) then we can compute
9, J* and use the equations (2.4.2.1) - (2.4.2.6) for substitution to eliminate the terms

containing the derivatives of V :

"A direct verification of this fact can be done, for example, by calculating the eigenvalues of the
matrix of the quadratic form &,J"(-,-). The eigenvalues depend on £ and are positive whenever P > 0
and & € 7%
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. - Un\ . U\ -y
w__ 1,2 2 k k
A J" = (8,U")7* + 0, (é ) P? + 20, ((70) Utp

O - -
5 oy kg, ORUST o vy (U Ui\ i
+ 9, (R + P)UM |U*D, oy 20,U*(R + P) = 8, =)
: . TRDT.O* . . .
+2f7f+2%9+2Ukh<k> —2%— Yol + ™ 4 G,

(2.5.5.3)

That the right-hand side of (2.5.5.3) does not contain any derivatives of the variations

is the second key property announced at the beginning of Section 2.5.5.

Remark 2.5.5. Given a spatial derivative multi-index & and an energy current J as
defined in (2.5.5.1) such that the variation V is a solution of (2.4.2.1) - (2.4.2.6) with
inhomogeneous terms (b,1), where b and 1 are defined by (2.4.2.17) and (2.4.2.18)
respectively, we define the higher-order energy current ja to be the energy current for
the variation 95V with coefficients defined by the same BGS V. The variations 0zV
are solutions of (2.4.2.1) - (2.4.2.6) with inhomogeneous terms (bg, dz1), where by is
defined in terms of b below through (2.7.2.20). Consequently, the expression for 0, J g is
given by taking the formula (2.5.5.3) for 9, J# and making the replacements V — 05V
and (b,1) — (bg, 0zl).

2.6 Assumptions on the Initial Data

We now describe a class of initial data to which the energy methods for showing well-

posedness can be applied. The Cauchy surface we consider is {(¢,s) € M | t = 0}.

2.6.1 An H" Perturbation of a Quiet Fluid

The initial data for the EN, system are denoted by V = V(s) & (7, P,U*,--- ,4)3),
where 1;3- o qu for j = 1,2,3. We assume that the initial data V for the EN,, system
are constructed from initial data (1, , @', - - ,1/013) in the original state-space variables
(n,p,ut, -+ ,¥3) according to the substitutions (2.4.1.4), (2.4.1.5), and (2.4.1.6). Ad-

ditionally, we assume that outside of the unit ball centered at the origin in the Cauchy
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surface"

V=V P,0,0,0,¢0,0,0,0), (2.6.1.1)
where ¢ is the unique solution to
K26 + ' (R(7, p) — 3p) = 0, (2.6.1.2)

7 and p are positive constants denoting the initial entropy and pressure of the fluid
outside of the unit ball, P o 64‘515, and the function R is defined in (2.3.3.9). An initial
state of this form is a perturbation of an infinitely extended quiet fluid, such that
the perturbation is initially contained in the unit ball. Here we need the cosmological
constant k2 > 0 in order to ensure that the EN, system has non-zero constant solutions
of the form V.

Because the standard energy methods require that the initial data belong to a

Sobolev space of high enough order, we assume that

= Dllay + @ mx + 16 = dll e + ol gy < oo, (2.6.1.3)

10—~ +
where N € N satisfies
N > 3. (2.6.1.4)

Note that (2.6.1.3) implies that ||1ZJJHHN < oo (j = 1,2,3). By Proposition B.0.2 and

Remark B.0.3, it follows from (2.6.1.3) that
||\°f|yH1Vy < 0. (2.6.1.5)
2.6.2 The Admissible Subset of State-Space and the Uniform Positive
Definiteness of J°
The Definition of the Admissible Subset of State-Space

In order to avoid studying the free boundary problem and in order to avoid singularities

in the energy current, we assume that the initial pressure, energy density, and speed

YThis assumption is not necessary. It is sufficient to consider initial data V that differ from V by a
perturbation belonging to HY, such that that V(Rd) is contained in a compact subset of O, where N
is given by (2.6.1.4) and O is defined in Section 2.6.2. We make this assumption because it is useful for
illustrating the speeds of propagation as discussed in Section 2.5.4, and because we plan to make use
of this setup in future work.
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of sound are uniformly bounded from below by a positive constant. According to our
assumptions (3.1.1.11) on the equation of state, it is sufficient to consider initial data
for the EN, system such that \OI(R?’) is contained in a compact subset of the following

open subset O of the state-space R0, the admissible subset of state-space:

O={VecR¥y>0,P>0}. (2.6.2.1)

Thus, we assume that V € O; and \of(R3) C O1, where 07 is a precompact, open,
convex setV with O; € @. We then fix a precompact, open, convex subset® Oy where
01 € Oy € O; our goal is to show the existence of a solution that remains in Oy for

short times.

The Uniform Positive Definiteness of .J°

Most of the technical exposition below is devoted to obtaining control over ||V (¢)||
where V is a solution to the EOV defined by a BGS V. Instead of trying to estimate
V()| g~ directly, it is advantageous to estimate |JO(t) .1, where J is an energy
current for V with coefficients defined by the BGS {7, since the divergence of J is lower
order in V. ||JO(t)|| .1 can be used to estimate \|V(t)||%2 from above and below provided
that J° is uniformly positive definite independent of the BGS V. More precisely, we
claim that there exists Cp, with 0 < Cp, < 1 such that for any variation V and any

BGS V contained in Oy, we have

. o 1 .
Co,|VI? < JOUV,V) < ——|V[% (2.6.2.2)
Co,

To prove (2.6.2.2), recall that J is defined by (2.5.5.1) and note that (1,0,0,0) € Z;
by (2.5.5.2). The uniform continuity of ./ (which we momentarily view as a function
of (V,V)) on the compact set Oy x {|V| = 1} implies that there exists Cp, with
0 < Cp, < 1 such that (2.6.2.2) holds whenever V(t,s) € Oy and |V| = 1. Since the
inequalities in (2.6.2.2) are invariant under any rescaling of V, it follows that we may

remove the restriction |V| = 1.

Y¥In practice, O1 can be chosen to be a large, open cube.

*We demand convexity because Proposition B.0.4 requires this hypothesis.
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2.7 The Well-Posedness Theorems

In this section, we state and prove the two main theorems of the chapter. We have
separated the proof of well-posedness into two theorems since the techniques used in
proving each are different. Statements of the technical estimates involving the Sobolev-
Moser calculus have been placed in the Appendix so as to not interrupt the flow of the

main argument.

Theorem 2.7.1. (Local Ezistence and Uniqueness) Let V(s) be initial data for the
EN,. system (2.4.1.18) - (2.4.1.23) that are subject to the conditions described in Section
2.6. Then there exists T > 0 such that (2.4.1.18) - (2.4.1.23) has a unique classical
solution V (t,s) on [0,T] x R? of the form V = (n, P,U', U2 U3, ¢, 00, 01, Dap, D3)
with V(0,s) = V(s). The solution satisfies V([0,T] x R3) C Oy. Furthermore, V €
CO([0,T], HY) n C'([0,T], HY "), and ¢ € C°([0,T], Hg“) nCY([0. 1], H)
002([0,T],Hé-)v_1).

Remark 2.7.1. In the proof, we often refer to the solution from Theorem 2.7.1 as Vg

for clarity.

Corollary 2.7.1. The interval of existence [0, T supplied by the Theorem 2.7.1 depends
only on the set Oy from Section 2.6, H(O)\D7||Hg+1, and the constant A chosen in (2.7.2.7)
and (2.7.2.8) below. Here, OV denotes the mollified initial data as described in Section
2.7.2. Furthermore, the set O, the mollified initial data (0)\07, and constant A can be
chosen to be independent of all initial data varying in a small HN neighborhood of V.
Therefore, if we define By(\of) o {\Nf € H{—,V | H\~f — V||~ <y}, then there exist § > 0
and T' > 0 (depending on V) such that any initial data \~/' belonging to Bg(\o/') launch

a unique solution V that exists on the common time interval [0,T"] and that has the

property V([0,T"] x R?) C O,.

Proof. The corollary follows from the proof of Theorem 2.7.1. See in particular Remark

2.7.3 and Remark 2.7.4 below. O

Corollary 2.7.2. The norms ||| V |||y~ 7 and ||| OV |||gv-1 17 of the solution from
V7 k)

Theorem 2.7.1 depend only Oo, H(O){IHHJ_VJrl, and A. Furthermore, there exists a K > 0
A\
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such that any initial data \Y, belonging to the set Bg(\o/') defined in Corollary 2.7.1 launch

a unique solution V that satisfies the uniform bound
19 iz 015 agos,00< (N, O, OV v ). (2.7.0.3)

Proof. The estimates for ||| V H’H{}’T and ||| V \||H‘1>7T, follow from Corollary 2.7.1,
Proposition 2.7.3, and the fact that the sequence of iterates {(™V(¢)} constructed
below converges strongly in L% and weakly in H‘]—/V to V(t); consult [36] for the missing
details. We then use the EN, equations to solve for the time derivatives together with
Proposition B.0.2 and Remark B.0.3 to obtain the estimates for

11 05V || g1 7 and [[| 9V [[] v v - O

Theorem 2.7.2. (Continuous Dependence on Initial Data.) Let V(s) be ini-
tial data for the EN, system (2.4.1.18) - (2.4.1.23) that are subject to the conditions
described in Section 2.6, and let V be the solution existing on the time interval [0,T]
furnished by Theorem 2.7.1. Let Bs(V) be as in Corollary 2.7.1. Let {V™} C Bs be a
sequence of initial data with limyy,—.so |[V™ — V| g~ = 0, and let V™ denote the solution
to (2.4.1.18) - (2.4.1.23) launched by V™. Then for all large m, the solutions V'™ exist
on [0,T], and limy, . ||| V™" =V ||| gy 7= 0.

Remark 2.7.2. Tt is unknown to the author whether or not the continuity statement from
Theorem 2.7.2 can be strengthened to one of Lipschitz continuity or Hélder continuity.
However, using Burger’s equation d,u+ud,u = 0, Kato [27] provides a counter-example
in which the map from the initial data up € H*(R) to the solution w(t) is not Holder
continuous with any positive exponent in the H® norm; such a counterexample is ex-
plicitly constructed for a > 2. On the other hand, inequality (2.7.5.37) below shows
that for the EN, system, the map from the initial data to the solution is a Lipschitz

map from H{—,V into C([O,T],Hgfl).

2.7.1 A Discussion of the Structure of the Proof of the Theorems

We prove local existence by following a standard method described in detail in Majda’s

book [36]: we construct a sequence of iterates { ™)V (¢, )} that converges to the solution
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Voi(t,s). To construct the iterates, we first define a sequence of C*® initial data {(™V}
such that ™V € O, and limp, oo ||| ™V =V ||| yv= 0. The advantage of smoothing
the data is that all of the iterates are C'°°, thus allowing us to work with classical deriva-
tives during the approximation process. Then beginning with (V'V(t,s) o (0)\7(5),
we inductively define (m+1)V(t,s) as the unique solution to the linearization of the
EN,, system around (™ V(,s) with initial data ™DV (0,s) = MTDV(s). As a con-
sequence of the theory of linear PDEsY (consult [17]), each iterate ™V is known
to possess a classical solution on a slab [0,T},] x R3, on which it satisfies, for every
real number N', ™V ¢ C°([0,7T, m],H\]—/V/). Additionally, we require of each T,, that
(m)V([O, Tm] x R?) C Oy, which ensures that the sequence of proper energy densities is
bounded from below by a uniform constant and therefore precludes singularities in the
energy currents we use during the linearization process.

In order for the limiting function V, to be defined on a slab, it is obviously neces-
sary that we show that the sequence of time values {T},,} can be bounded from below by
a positive constant 7. To this end, we examine the EOV satisfied by MV — OV and
its partial derivatives, and we control the growth in T} of ||| ™V — OV ||| HN T, Uni-
formly in m using energy currents. According to the above paragraph and the Sobolev
imbedding result H2(R%) ¢ CY(R3), it follows that if ||| ™V — 0w [l g~ 1, is small
enough, uniformly in m, then T, may be selected as a uniform lower bound on the T,.
Our detailed proof of the control of the terms ||| ™V — @V |||~ 1, is given in Propo-
sition 2.7.3 below and uses the Sobolev-Moser calculus inequalities, which are refined
versions of the fact that for N’ > %, HN'(R3) is a Banach algebra. Their purpose is to
control the L? norms of terms of a product form, based on known Sobolev regularity of
each factor in the product. We state and prove the relevant Sobolev-Moser estimates
in the Appendix.

The next step in the proof is to show that {(™V(t)} converges in L%,(Rg) to a

limiting function Vg, (t) for ¢ € [0,T], with an appropriate choice of T satisfying 0 <

YThe exposition on linear theory in [17] makes use of the symmetric hyperbolic setup to obtain
energy estimates for the linear systems. We may obtain similar energy estimates for the linearized EN,
equations by using energy currents of the form (2.5.5.1); the proof of Proposition 2.7.3 below illustrates
the relevant techniques.
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T < T.. This is achieved by showing that >0, ||| ™DV () =™V (¢) ||| p20< 00 if T
is small enough. We show the convergence of the sum by studying the EOV satisfied by
the differences (" +1)V —(MV of successive iterates and their partial derivatives. Again,
we control ||| MtV () — MV (¢) |||r2,7 using energy currents and the Sobolev-Moser
calculus, and by making use of the established bound on ||| ™V — OV ||| HN T, -

After establishing the existence of the limiting function V., we show that it is
a classical solution to the EN, system (2.4.1.18) - (2.4.1.23). The key idea stems
from Lemma B.0.6, a standard Sobolev interpolation result that allows us to conclude
without much additional effort that ™V — V; in C°([0, T, HY '(R?)), for every real
number N’ such that N’ < N. By Sobolev imbedding, H>/>*¢(R%) c C}(R3), and thus
(MV — V in C°([0,T],C}). Combining this fact with Lemma 2.7.8, a simple result
from advanced calculus, we are able to pass to the limit in the linearized EN,, equations
to conclude that V; is a classical solution.

To finish the existence aspect of the proof, we show the additional regularity result
Vo € CO[0,T], HY) N CH([0,T], HJ™"). We first show that
Ve —V € Cuwear([0,T], HV), a function space that we define in Section 2.7.5, and
then use the Hilbert space structure of of HY together with a collection of norms on
HN(R3)'0 defined through energy currents to conclude the additional regularity stated
in Theorem 2.7.1.

In Section 2.7.5 we show uniqueness and continuous dependence on initial data in
the HY' norm for N’ < N. The methods used in this argument are similar to the
methods used to prove Proposition 2.7.3, so we provide fewer details. We consider
the EOV satisfied by the difference of two solutions V and V to the EN, system.
For N’ < N, we use an appropriately defined energy current to bound the growth of
V-V g~ p by a constant times exponential growth in 7' The constant depends
on the initial data and is shown converge to 0 as ||V (0) — V(0) | z&r — 0, thus implying
uniqueness and HY' continuous dependence on the initial data. Our proof of Theorem
2.7.1 is complete at the end of this section.

Our proof of Theorem 2.7.2 requires some machinery from the theory of evolution

equations in a Banach space. The basic method is due to Kato [27], and most of the
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technical results we use in this section are merely quoted from his papers. We find
it worthwhile to prove Theorem 2.7.2 because aside from Kato’s work, we have had
difficulty locating this result in the literature.

2.7.2 Preliminary Estimates on the Iterates

As described in Section 2.7.1, we produce a sequence of iterates {(™V (t,s)} that con-
verges to the solution Vi (t,s).

Smoothing the Initial Data

We begin by smoothing the initial data, which we assume are of the form described in
Section 2.6, so that we can work with classical derivatives. Let x(s) be a Friedrich’s
mollifier; i.e. x € C°(R?), supp(x) C {s| [s| <1},x >0, and [ x d®s = 1. For € > 0,
we set ye(s) & e ?x(2) and define XV € C(R3) by

Y V(s) d:ef/ Ye(s — sV (s') d’s. (2.7.2.1)
R3

The following properties of such a mollification are well-known:

lim ||x.V = V|[gy =0 (2.7.2.2)
e—0t

Heo >0AC(V)>0}50<e<en=|[xeV=V|g <e-CV)|V]g. (27.2.3)

We will choose below an € that is at least as small as the one in (2.7.2.3). Once chosen,

for a given m € N, we define

def

em = 27 "¢ (2.7.2.4)
(my &y v, (2.7.2.5)
(MW <y, W, (2.7.2.6)

where W denotes the first 5 components of V.
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By Sobolev imbedding, by the assumptions on the initial data \O/', and by the mol-
lification properties above, 3{A > 0 A ¢y > 0} (at least as small as the ¢ in (2.7.2.3))

such that

[V=OV|yv <A=Ved,, (2.7.2.7)

. . A
1MV — OV v < Co,7 holds for m > 0, (2.7.2.8)

where Cp, is defined in (2.6.2.2).

Remark 2.7.3. Tt is a standard result that if € > 0 and N’ is any real number, then
XV € H{,—V/ (R3?). We will make use of this remark below, for in the local existence
proof, we will need to differentiate the equations (2.7.2.14) - (2.7.2.19) N times and
utilize Sobolev estimates; since several terms from these undifferentiated equations

already contain one derivative of the smoothed initial data, our estimates will involve
[OV]

Remark 2.7.4. If we are considering initial data \7 in a small enough H” neighborhood
N of the initial data \O/', we can use a fized smoothed function OV in place of each (O){Lf
in Proposition 2.7.3 below, and choose A to be uniform over the neighborhood. For
what then enters into the proof of local existence for the initial data \N/' are the quantities
H(O)\O/'HHgH and H(m){} — OV||y~, and the latter quantity is easily controlled by the

inequality
[V = OV < [V = Vo + [V = Vg + |V = OV, (27:29)

once we fix an appropriately chosen smoothed function OV and a corresponding A
satisfying (2.7.2.7), we may independently adjust the mollification of each V in NV so
that the right-hand side of (2.7.2.9) is < Cp,A/2 for m > 0. This remark is relevant

for Corollary 2.7.1 above.

Defining the Iterates

Consider the iteration scheme described in Section 2.7.1, and recall that it starts with

the seed OV (t,s) £ (OV(s). Linear existence theory implies that each iterate (m+*1)V
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is a well-defined, smooth function with ||("+tDV(t) — OV| v < 0o for 0 < t < T,
Here, by (2.7.2.7), [0,T},] is any time interval for which ||| (WV — OV g~ 1, < A
holds. The components of the iterates are denoted by (my = ((m)s, mp ... (m)wg) ,
and we use the notation (MW = ((m)s, (m)p (Mgt (m)gr2 (m) U3) to refer to the first

five components of ™V,

The Uniform Time Estimate

As discussed in Section 2.7.1, we show the existence of a fixed T, > 0 such that
|| MV —Ov [|g~ 7, < A for m € N, thus ensuring that each iterate is defined for a
uniform amount of time and remains inside of Q5. We state a slightly stronger version

of this result as a proposition:

Proposition 2.7.3. Let A be defined by (2.7.2.7). Then there exists T, > 0 and L > 0

such that each of the iterates "™V (t,s) satisfies

|| (v — Oy ey < A (2.7.2.10a)

[ 3 (V) ||| gv—1.1. < L. (2.7.2.10b)

Proof. We proceed by induction, noting that OV (t,s) = ©V(s) satisfies (3.8.2.1a)
and (3.8.2.1b) with any 7% > 0 and any positive number L. We thus assume that
(MV satisfies (3.8.2.1a) and (3.8.2.1b) without first specifying the values of T} or L.
At the end of the proof, we will show that we can choose such a T, and an L, both
independent of m, such that energy estimates imply the inductive step. To obtain
the estimates stated in the proposition, it is convenient to work not with the iterates
themselves, but with the difference between the iterate and the smoothed initial value.
Thus, referring to the notation defined in (2.7.2.5) and (2.7.2.6) , for each m € N we
define

V(t,s) € Dy s) — Ov(s) (2.7.2.11)
W(t,s) & MW (t,s) — OW(s) (2.7.2.12)

V& my, (2.7.2.13)
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We have used the notation V and V suggestively: it follows from the definition of
the iterates, definition (2.7.2.11), and definition (2.7.2.13) that V is a solution to the
EOV (2.4.2.1) - (2.4.2.6) defined by the BGS V with initial data V(0,s) = (m+tDV(s) —
OV (s). Our notation (2.7.2.11) - (2.7.2.13) is therefore consistent with our notation
for the EOV introduced in Section 2.4.2. Recalling also the notation (2.4.2.17) and
(2.4.2.18) introduced in Section 2.4.2, the inhomogeneous terms in the EOV satisfied

by V are given by (b,1) = (f,g,--- 1), where

f=-U%0[ ) (2.7.2.14)
g=-U"8,[OP] — Qo[OU* + (4P —3Q)U 4, (2.7.2.15)

W = —(F+ PYTFO[O0) — 90 [OF] + BP - BT, (= 1,2,3)

(2.7.2.16)
19 = k2 + R — 3P — 9F[(Vq)y] (2.7.2.17)
19 = 37 [Odg]  (j=1,2,3) (2.7.2.18)
14 = 4. (2.7.2.19)

As explained in Section 2.4.2, for each spatial derivative multi-index & with 0 <
|| < N, we may differentiate the EOV with inhomogeneous terms (b, 1) to which V is
a solution, obtaining that 95V is also a solution to the EOV defined by the same BGS

V with inhomogeneous terms (bg, dz1). The inhomogeneous terms bg are given by
bas = A% ((A%)7'b) + kg, (2.7.2.20)
where
ks A0 [(A%) L ARG (95W) — 05 ((AO)*lAkakv'v)} (2.7.2.21)

for 0 < |a| < N.
As discussed in Section 2.6.2, we will use energy currents to control ||| V ||| HNT -
We state here as a lemma the key differential inequality that allows us to proceed with

our desired estimates.
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Lemma 2.7.4. Supposer >T > 0. For0 <t <T, let ¥y, ={z € M|:c0 =t,zFz, <
r — t} denote the Euclidean sphere of radius v — t centered at (¢,0,0,0) in the flat
hypersurface {z° = t}, and let My, = {x € M|0 < 2° < t, 2%z, = r — 20} denote the
mantle of the past directed, truncated light cone with lower base X, and upper base
Ytst (see Figure 2.3). Let V be a solution to the EOV (2.4.2.1) - (2.4.2.6) defined by
the BGS V, and assume that V([0,T] x R3) C Oy. Let J be an energy current for the

. 1/2
variation V defined by the BGS V, and define E(t;) df ( S JO(t,s) d®s ) . Then
Str—t

26 (t: 1) / 0,7t (2.7.2.22)
St r—t

Proof. By the Divergence Theorem, we have

2 tr) & /jo(t,s)d3s: /jO(O,s)d3s (2.7.2.23)

Dt r—t ZO,T
. t/:t .
- /(ﬁ(x),J(x))EdH(x) - / ( / A J*(t',s) d3s) dt’.
My =0 Etl,r_t/
Et r—t

E077‘
Figure 2.3: The Surfaces of Integration in Lemma 2.7.4

Here, n(z) is the Euclidean outer normal at x € M;, to the mantle of truncated
cone, (n(z),J(x)) g denotes the Buclidean inner product of 7i(x) and J(z) as vectors
in R*, and H is the Hausdorff measure on the mantle of the cone. For each normal
vector (), let ;(;)§ denote the covector belonging to T; M such that j;,;)§(X) =

a(@)§u X" = (2(x), X) g holds for every X € T M. By the positivity condition (2.5.5.2),
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covectors & belonging to Z, satisfy §Mj“(V,V) > 0 for all non-zero variations V.
Since for each z € My,, the covector ;)€ belongs to the boundary of T}, which
is the positive component of the cone C’;’l, continuity in the variable £ implies that
(W), J(2)) = a@&I*(V,V) = 0 holds for z € M,,. Furthermore, if t; < t,
then M, , C M,,. From these facts it follows that — [ (i(z),J(2))pdH(z) is a
decreasing function of ¢ on [0,7]. Lemma 2.7.4 now folloj\v;[:from differentiating each
side of (2.7.2.23) with respect to ¢ and accounting for this decreasing term. Figure 2.3

illustrates the setup in R'*2, where the vertical direction represents positive values of

t. O

Returning to the proof of the proposition and recalling that we are using definitions
(2.7.2.11) and (2.7.2.13) to define V and V, we let Jz denote the energy current for the
variation 95V defined by the BGS V. For notational convenience, we allow @ to take
on the value 0, in which case jﬁ is defined to be the energy current in the variation V

defined by the BGS V.

As in Lemma 2.7.4, we define for any T, > 0 and r > T} the following functions of

ton [0,7y] :
. 1/2
Ealt;T) d:ef( / Jg(t,s)d3s) 2 (2.7.2.24)
Sitr—t
1
E(t;r; N) d:ef( 3 eg(t;r))“’. (2.7.2.25)
0<|d|<N

Then with Cp, defined in (2.6.2.2), we have

. 1
Co, &t N) < [V Ens,, ) < QS(t;r;N). (2.7.2.26)
2

Additionally, by Lemma 2.7.4, we have the following inequality for 0 <t < T :

d .
i N)Le(tr N) < " 3. 7.2,
2€ (17 N) £ (7 V) < O<Z|:<N 3, (Ja(t,s)) ds (2.7.2.27)

SISV S,

The technically cumbersome aspect of the proof of Proposition 2.7.3 is bounding

the right-hand side of (2.7.2.27) by a constant times &(¢;7; N) + 2(¢; 7; N), which then
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allows us to use Gronwall’s inequality to exponentially bound from above the growth
of E(t;r; N) in t. We prove some of the technical points in lemmas 2.7.6 and 2.7.7
below, so as to not disrupt the main argument. The keys to proofs of lemmas 2.7.6 and
2.7.7 are Sobolev-Moser calculus inequalities, special versions of which are stated in
the Appendix. In the following argument, C = C(N, Oa, H(O)\OIHHVNH ,A,L). By Lemma
2.7.6, we have that

3 / 0 (J4(0.9)) s < O [V W s, + VO v, o) (27229

o<lal<N gy

<C- [0521/28@;7“;]\0 + 052182(@7";]\7)],

where in the second inequality we have used (2.7.2.26). Combining (2.7.2.27) with

(2.7.2.28), and applying Gronwall’s lemma, we have for 0 <t < T,,
E(t;r;N) < [E(0;75N) + C - (2Cp,) " /?1] - [exp(C - (2Cp,) 1), (27.2.29)
and consequently by (2.7.2.26),
IV v, o < Co, IVl gy (s, + Ct] - [exp(Ct)]. (2.7.2.30)

Letting r — oo, taking the sup over ¢ € [0, 7], and using (2.7.2.8), we have

IV llzv 7 < CoHIVO) | gy + CT.] - exp(CT.) (2.7.2.31)

< [A/2 + C(N7 @27 ||(0)‘07||H{V+17A7 L)T*] ’ exp(C(N, @2’ ||(0)‘0/—HH],V+1’ Aa L)T*)
A% \%
To make a viable choice of L,
we first assume that right-hand side of (2.7.2.31) is <A, (2.7.2.32)

which implies the inductive step (3.8.2.1a) for TV, Using assumption (2.7.2.32) as
a hypothesis, Lemma 2.7.7 implies that there exists L(V, Oa, \|(0)</\\Hy+1,A) > 0 such
A\

that

1 8 (" IV) ||| w1 1, < L. (2.7.2.33)
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For this fixed choice of L, we can implicitly solve for a T, > 0 such that the right-hand
side of inequality (2.7.2.31) is in fact < A, thus justifying the assumption (2.7.2.32) and
the conclusion (2.7.2.33), thereby closing the induction argument.

O

Remark 2.7.5. Based on the above reasoning, we can remove the dependence of the

constant C on L; i.e., for T < T}, (2.7.2.31) becomes
NV [z~ p < [A/2+ CT] - exp(CT), (2.7.2.34)

with C' = CO(N, Oy, | OV|| ,x+1, A).
\%

For later use, we now prove an important corollary to the proof of Proposition 2.7.3.

Corollary 2.7.5. For every m € N, (MV ¢ Cco([0, Ty], H‘]?V),
ie. limgg, ||| V() — IV () |||gny= 0 for to € (0,T%), and similarly for the

one-sided limits at to =0 and tg =T.

(m+1)V is time translation invariant

Proof. Since the linearized EN, system satisfied by
and reversible in time, it is sufficient to prove the HN right continuity of (m+tDV(t).
We will give the proof only at tg = 0, since the same argument applies for all ¢y €
[0, 7). To achieve the desired result, we need only to redefine V(t,s) = (MtDV (¢, s) —
(m+DV(s), W(t,s) & (mtDW(t,s) — (MPDW(s), so that V(¢ = 0) = 0, and repeat

the proof of Proposition 2.7.3, making a few minor changes. We obtain the following

bound, analogous to (2.7.2.34), for T' € [0, T}] :

| V |||z~ < TC - exp (CT), (2.7.2.35)

where C = C(N, Os, H(m){/'HszH,A). The proof of Corollary 2.7.5 now easily follows.
\%
O

We now state and prove the two technical lemmas quoted in the proof of Proposition

2.7.3.
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Lemma 2.7.6. Assume the hypotheses and notation of Proposition 2.7.3. In addition,

assume that |0,V (t)||yv-1 < L. Then

105 D) 1115, < O, O[OV v, A L) (IV @l + V) )
(2.7.2.36)

Proof. We use here the notation (2.7.2.11) and (2.7.2.13) from Proposition 2.7.3. Recall
that 97V is a solution to the EOV defined by the BGS V with inhomogeneous terms

(bg, 0z1), and that Jz is the energy current for 05V defined by the BGS V. Furthermore,
IV —=OV]| gy <A (2.7.2.37)

holds by the induction assumption from the proposition.

By (2.5.5.3) and Remark 2.5.5, the expression for (%Jg consists of terms that
are either precisely linear or precisely quadratic in the components of the variation
9z V. The coefficients of the quadratic variation terms are smooth functions with
arguments V and DV. FExamining the particular form of these coefficients and us-
ing the fact that V([O,T] x R3) C Oy, we see that their L norm is bounded by
C(0,)||DV | 1. By assumption, [V — OV||zn < A and [|9;V(#)||z~-1 < L. There-
fore, by Sobolev imbedding, ||[DV ||z~ < C(N, H(O)‘Q/HHVN,A, L). These facts imply that
the Ll(Zw_t) norm of the terms involving the quadratic variations is bounded from
above by C(N, Oy, | OV | . A, D)0V 225, . -

The coefficients of the linear variation terms are linear combinations of products of
the components of the components of (bg, J51), where bg is defined in (2.7.2.20), with
smooth functions, the arguments of which are the components of V. Since V ([0, T] x
R3) C Oy, the smooth functions of V are bounded in L by C/(O;). Therefore, by the
Cauchy-Schwarz integral inequality for L?, the L*(X¢,_;) norm of the terms depending
linearly on the variations is bounded from above by C(Os)||(bg, 9z1)|| 1.2 HadVHLQ(Et,,«_t)-

To complete the proof of (2.7.2.36), it remains to show that for 0 < |@] < N, we have
I(bg; dal) |2 < C(N, Oy, ||(0){7||Hg+171\)(1 + [Wllgw). (2.7.2.38)

The proof of (2.7.2.38) will follow easily from the propositions given in the Appendix.
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Concerning ourselves with the ||bg||;2 estimate first, we claim that the term
A9z ((A%)~'b) from (2.7.2.20) satisfies
140 ((A%) "' b) |2 < C(N, O, | OV || a1, A). (2.7.2.39)
\%
We repeat for clarity that b = (f,g,h',h% h3), where the scalar-valued quantities
frg,-++ ,h3 are defined in (2.7.2.14) - (2.7.2.16). Since |[A°(V)||z~ < C(Oy), to prove
(2.7.2.39), it suffices to control the L? norm of 9z ((A°)~'b). Using Proposition B.0.2

in the Appendix (see also Remark B.0.3), with (A)~! playing the role of F in the

proposition, and b playing the role of G, we have that
1(A%) bl e < CON, O, [ OV s, M)l (2.7.2.40)
Furthermore, Proposition B.0.2 implies that
[bllgx < CN, Os, | OV| s, A). (2.7.2.41)
Combining (2.7.2.40) with (2.7.2.41) proves (2.7.2.39).
We next claim that the kg from (2.7.2.21) satisfy

kallr: < C(N, O, H(O)‘O’HHgH,A)HWHHM (2.7.2.42)

Again, since || A%(V)||r= < C(O3), to prove (2.7.2.42), it suffices to control the L? norm
of (A% 1Ak, (05sW) — 04 ((AO)_lAkﬁkW) . By Proposition B.0.5 (see also Remark
B.0.5), with (A°%)~!'A¥ playing the role of F' in the proposition, and 9, W playing the
role of GG, we have that

1(A%) L AR 9, (0 W) — 05 ((A°) L AR, W) || 2 (2.7.2.43)

< C(N, Oy, | OV | i, ) [VIW | v,
v
from which (2.7.2.42) readily follows.
To finish the proof of (2.7.2.38), we will show that

||a&l(z)HL2 < C(Nv @27 ||(0)\D/||H{V+17A) (Z =0,1,2,3, 4) (2724‘4)
A%

For {1,116 defined in (2.7.2.18), the claim is trivial. To estimate the component

1), defined in (2.7.2.17), we first rewrite

19 = k2(¢ — @) + (R— R) — 3(P — P) — 9"[D4)y], (2.7.2.45)
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where P & 64(13]3 and R ¥ 64953(6_4‘5]3, 1), the function R is defined in (2.4.1.5), and p
and 77 are constants defined in Section 2.6. In equation (2.7.2.45), we have made use of

(2.6.1.2), which is the assumption that x?¢ + R — 3P = 0. Since
1536 = )l + 3P = Pl + 10Ol < CI OV | vea, A), - (27.2.46)
we only need to show that
102(R — R)||;2 < C(N, Oy, \|<0>\°/\|Hg+1,A). (2.7.2.47)

This follows immediately from definition (2.4.2.10), Proposition B.0.4, and Remark

B.0.3. We omit the argument for [, defined in (2.7.2.19), since it is similar to the

argument for {9, and in fact simpler. This completes the proof of (2.7.2.44).
Inequality (2.7.2.38) now follows from combining (2.7.2.39), (2.7.2.42), and (2.7.2.44);

this completes the proof of (2.7.2.36). O

Lemma 2.7.7. Assume the hypotheses and notation of Proposition 2.7.3. Also assume
the induction hypothesis ||| MV — OV g~ 7. < A from Proposition 2.7.3. Assume

further that ||| MtV — OV g~ 7. < A Then
1] 2:("" IV [l g1, < LN, O, H(O)‘O’HHgHaA)- (2.7.2.48)
Proof. By Remark 2.4.4, we may solve for d;((mTDW) :
A (M OW) = (A2((™V)) T (b — AR (V) ((MHDW)), (2.7.2.49)

where the function b denotes the inhomogeneous terms from the linearized EN, equa-

tions satisfied by " TDW: ie., b=2(V), where
B() = (3('), 05('),6(1)(-),5(2)(-),5(3)(-)) (2.7.2.50)

is an array-valued function, the scalar-valued functions §,®,---,$H®) are defined in
(2.4.2.11) - (2.4.2.13), and the A*(-) are defined in (3.3.0.16). See Remark 2.4.3 con-
cerning our use of function notation here.

Using the hypotheses of the lemma, we apply Proposition B.0.2 (see also Remark
B.0.3) to the right-hand side of (2.7.2.49), concluding that

H| at((m)w) |HHN*1,T*§ L(Na @27 H(O)\O[HH{V+17A) (27251)
A%
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Likewise, an argument similar to the one used to prove (2.7.2.44) gives that

[118:(™ @, o, Mo, Ty, i) [[| v, < LN, O, [ OV | gavia, A).

(2.7.2.52)

Combining (2.7.2.51) and (2.7.2.52) proves (2.7.2.48). O

2.7.3 The L? Convergence of the Iterates

We now show that the sequence of iterates {(m)V} converges in L% to function V.

We accomplish this by making an appropriate choice of T" > 0 such that

IV = V| < 00 (2.7.3.1)
m=1

This finiteness of this sum shows that for 0 < ¢ < T, the sequence of L? functions
{(mMV(t) — V} is Cauchy and therefore converges in L? to a function Vy,(t) — V. We
will use energy estimates to show the existence of a T' > 0, an o with 0 < a < 1, and a

sequence of non-negative reals 3, with Y °_; B < oo such that for m > 2,

™DV = OV |2 < o | OV~ DV |+ i, (2.7.3.2)

from which the convergence of the series (2.7.3.1) follows.
To begin the proof of (2.7.3.2), we examine the system satisfied by the difference of

two successive iterates; for m > 2, the following system of equations is satisfied:

A (V) g, (MFDW — (MW) = bl + b2 (2.7.3.3)
—0yo + Fep; = £O((MV) — O (=) (2.7.3.4)

oty — Do = £ (V) — g ((m=Dv) (= 1,2.3)
(2.7.3.5)

Bop = £@ ((MV) — £@ ((r=Dy7), (2.7.3.6)
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where

bl = [A*(DV) — A4((MV)]9, (W) (2.7.3.7)

b2 = B(MV) - B((mVv), (2.7.3.8)

B () is the array-valued function defined in (2.7.2.50), the scalar-valued functions
2O eM ... M are defined in (2.4.2.14) - (2.4.2.16), and the A¥(-) are defined in
(3.3.0.16); see Remark 2.4.3 concerning our use of function notation here.

By inspection, we see that the difference of two successive iterates satisfies the
equations of variation. Thus, consistent with our notation introduced in Section 2.4.2,

we suggestively define
v & (mt )y _ (m)y/, (2.7.3.9)

Using definition (2.7.3.9) and referring to equations (2.7.3.3) - (2.7.3.6), we have that
V is a solution to the EOV defined by the BGS ™V with inhomogeneous terms

(bl + b2, £(MV) — £(m=DV)), where
£(:) dof (2(0)(.)72(1)(.)73(2)(.)72(3)<.)’£(4)(.)) (2.7.3.10)

is an array-valued function.

By combining the uniform bound on the H" norms of the iterates obtained in Propo-
sition 2.7.3, Sobolev imbedding (applied to the 0, ((m)W) term in b1), and Taylor’s the-
orem, we obtain the following bound on the inhomogeneous terms for (¢,s) € [0, 7] x R3
(we suppress the dependence of the running constant C' on N, O, (0)\07, and A to avoid

notational clutter):
‘ (bl + b2, 2(MV) - 2((m*1>V)>‘ <C- ‘WV — m=Dy|, (2.7.3.11)

If we now define J to be the energy current for the variation V defined by the BGS
(m)V | then by applying the uniform bound on the HY norms of the iterates obtained
in Proposition 2.7.3, Sobolev imbedding, and (2.7.3.11) to the formula (2.5.5.3) for the

divergence of J, we have, for (¢,s) € [0, T*] x R3, the pointwise bound

]aujﬂ‘ <C. (\VP VMV - Wl)vy) , (2.7.3.12)
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and the following consequence of (2.7.3.12):
10, @10 < C - (V@I + V@1V - " IVER) . (27.313)

Taking into account the initial condition V(0,s) = ™+tDV(s) — (MV(s), where
(MV(s) is defined in (2.7.2.5), but otherwise omitting the details, we may argue as in

the proof in Proposition 2.7.3 to conclude that for 0 < T < T,

IV gz £ Cexp (€T) (T | ™V = DV [|lag + [V = DV ).
(2.7.3.14)

We then select T' € (0,T,] so that
o = C(N, O, | OV 1, Nexp (C(N, Os, H(O)\ofHHgH,A)T) T<1, (2.7.3.15)

noting that this choice of T and « are independent of m.

def

If we also define B, & T ta - |(m*DV — (MV||,», then (2.7.2.3), (2.7.2.4), and

(2.7.2.6) imply that
> Bm < 0. (2.7.3.16)
m=1

Recalling definition (2.7.3.9) and combining (2.7.3.14), (2.7.3.15), and (2.7.3.16)

proves (2.7.3.2), which shows that the series (2.7.3.1) converges.

Remark 2.7.6. Equation (2.7.3.7) illustrates why we cannot replace the L? convergence

in (2.7.3.1) with HV convergence; the bl term already involves one derivative of "™W,

so its HY norm can only be controlled in terms of ||(™W|| yN+1, which may be un-
W

bounded.

2.7.4 V., is a Classical Solution

Now that the iterates have been shown to converge, we will show that the limiting
function is a classical solution to the EN, system. The basic idea is that by using
Sobolev estimates, the limiting function V4, from Section 2.7.3 will be shown to inherit
a certain degree of regularity from the iterates. Following this, we will show that the

convergence is strong enough that we are able to take the pointwise limit of each term



68

in the linearized EN, equations satisfied by the iterates, thus implying that V is a
classical solution. We will use the following elementary result from calculus, which we

state here without proof.

Lemma 2.7.8. Let I C R be an interval, and let ™F : I — R be a sequence of C1,
real-valued functions. Assume that there are two functions F,G such that "™F — F

pointwise and "™ F' — G uniformly. Then F is differentiable and F' = G.

Proof that V,, is a Classical Solution

First observe that (2.7.3.1) implies
lim ||| ™V — Ve [||p2.0=0. (2.7.4.1)
m—oo
By Proposition 2.7.3 and Lemma (B.0.6), we have that for j,k € Nand 0 < N' < N,

4 . 1—N'/N . N'/N
IOV = OV ||y < COV) | OV = OV (|55 OV = OV |

(2.7.4.2)

<O ) | OV =By T

Thus, if 0 < N’ < N and t € [0, 7], the sequence {("™V(¢)} is uniformly (in t) Cauchy

in the HVN/ norm. Therefore, by the completeness of HV ', we have

lim ||| ™V = Vo ||| g5 7= 0. (2.7.4.3)

m—00

Combining (2.7.4.3) with Corollary 2.7.5 and using an § argument, we have for 0 <

N’ <N,
Vo € CO([0, 7], HY". (2.7.4.4)
By choosing % < N’ < N and appealing to Sobolev imbedding, we have
MV — Vg in C°([0,T],C}). (2.7.4.5)

Applying (2.7.4.5) and Lemma (2.7.8) (replacing the ’ from Lemma (2.7.8) with the
partial derivative operator 0;) to the sequence of iterates MV, and using the facts

(2.7.2.2), (2.7.2.4), and (2.7.2.6) concerning the sequence of initial values ™V, we
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take the limit as m — oo in the EOV satisfied by the (m)V and conclude that Vo =
(n, P,UY, U2, U3, $,0, 1, 12,3) is a classical solution to the EN, system (2.4.1.18) -
(2.4.1.23) with the desired initial data V.

We furthermore claim that that the solution is of the form
Vo = (0, U, U U?, ¢, 000, 016, 0269, 330), (2.7.4.6)

implying that ¢ has continuous derivatives up to 2nd order. To see this, we first
observe that equation (2.4.1.23) and statement (2.7.4.5) imply that for j = 1,2,3, we
have 9;00¢ € C°([0,T] x R?), thus allowing us to interchange the derivatives 9y and 9;.

Coupling this fact with equation (2.4.1.22), it follows that on [0,7] x R3

Bo(j —0;0) =0 (j=1,2,3). (2.7.4.7)

Since our assumptions on the initial data imply that ;(0,s) — 9;(¢(0,s)) = 0, we

conclude that on [0,7] x R?

¥j(t,s) = 0j9(t,s). (2.7.4.8)

Combining equation (2.4.1.27) with (2.7.4.8) proves (2.7.4.6).

2.7.5 Further Results on the Regularity of V
Showing that V() — V € C°([0,T], HN)

We have not yet shown the full statement of Theorem 2.7.1, in part because the regu-
larity result given in (2.7.4.4) is valid only for N’ < N. Since the EN, system is time

reversible and invariant under time translations, to show that
V.u(t) =V e (o, 1], HY), (2.7.5.1)

it is sufficient to show the H™ right continuity of V, — V at t = 0. Observe that
(2.7.5.1) is equivalent to V, € CO([O,T],H\]—/V(R3)) and also to V() — OV ¢
C°([0,T), HN (R3)). Our proof of (2.7.5.1) will be accomplished in three stages. The

first is to show that

Ve — Ve L2([0,T], HY). (2.7.5.2)



70

In our proof of (2.7.5.2), we make use of the following classical result concerning the

duality of HY" and H~'.
Lemma 2.7.9. Let N' € R. Then HV' and H~N' are dual through the pairing [-,-].

To initiate the proof of (2.7.5.2), let G € S. Then by Proposition (2.7.3) and Lemma

2.7.9, we have for t € [0, 7] :

[Vsar(t) = OV, G| < [V (1) = OV, G| + |[Vaalt) = ™V (2),6]] (2.7.5.3)
< OV (t) = OVl v |Gl -~ + C(N = D[ Vaa(t) = V@) -1 |Gl pr-v-

< C(N, 0, OV s, M) |Gl - + CN = D[Va(t) = V) - |Gl v
Taking the limsup,,_,., of both sides of (2.7.5.3) and using (2.7.4.3), we have
HVSOl(t) - (0)\77 G” < C(N7 @27 H(O)\OIHHI,VJFUA)HGHH*N (2754)
A%

Therefore, by the density of S in HN, [V () — @V, ] extends to a continuous linear

functional on H~V. By Lemma 2.7.9, V(t) — OV € HY(R3) and
Vot (t) = OV yn < C(N, Oy, ||<0>\°f\|HVNH,A), (2.7.5.5)

from which (2.7.5.2) follows.

The second stage of the proof of (2.7.5.1) is the proof of the claim
Val(t) = V € Cuear([0,T), HY), (2.7.5.6)

which means that for every G € HN(R?), [V4o(t) — V,G] is a continuous function of
t on [0,7]. To prove (2.7.5.6), first fix G € H~™(R?), and let {G}} C S be a sequence
of Schwartz functions such that Gy — G in H~". Then, by Lemma 2.7.9, (3.8.2.1a),

and (2.7.5.5), we have

[Vear(t) = "™V (1), G| < [[Vaar(t) = ™V (1), G = Gil| + [[Vaarlt) = "™V (1), Gi|
(2.7.5.7)
< CVsa(t) = "™V O) | gy |G = Grllg-n + CVsar(t) = "™V () | v | Grll gr-v-1)

< C(N, 0, H(O){’HHgH’A)HG = Gillg—n + ClIVaa(t) = VO | g | Grll v
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By taking k large enough, we can make the first term on the righthand side of (2.7.5.7)
arbitrarily small. For a fixed k, (2.7.4.3) implies that the second term on the right-hand
side of (2.7.5.7) can be made arbitrarily small, independent of all ¢ € [0,T1], by taking

m large enough. We thus conclude that
(MY (t) = V,G] — [Veu(t) = V,G] (2.7.5.8)
uniformly for ¢ € [0, 7] as m — oo. In particular, for each ¢ € [0,T], we have
MV, (t) = V = Vg (t) — V weakly in HY as m — oo, (2.7.5.9)
a result which we will quote later. Now, by Lemma 2.7.9, we have
[V (1) = "V (t0), GI| < CN)TIV () = "V (to) | g |Gl -~ (2.7.5.10)
Combining Corollary 2.7.5 with (2.7.5.10), we conclude that for m € N,
[(MV () — V,G] is a continuous function of . (2.7.5.11)

By (2.7.5.8) and (2.7.5.11), [V (t) — V,G], viewed as a function of ¢, is the uniform

limit of continuous functions. Therefore,
[Veoi(t) — V,G] is a continuous function of t, (2.7.5.12)

which proves the claim (2.7.5.6).
The third stage in the proof of (2.7.5.1) relies on the following result from functional

analysis.

Lemma 2.7.10. If 3 is a Hilbert space with norm || - ||5¢, and {w;} C H is a sequence

of vectors that converges weakly to w € H, then

[[wllg¢ < limsup [|w;]|3¢ (2.7.5.13)
j—o0
and furthermore,
lim [Jw —wj|3¢ =0 <= limsup |wj||5 < [Jw] 4. (2.7.5.14)
j—00 .

J—00
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Remark 2.7.7. Suppose H is equipped with two equivalent norms, || - [|3¢ and || - ||5,

!/

defined through inner products (-,-) and (-,-)" respectively. Then the notion of weak
convergence wy,, — w is independent of the inner product; i.e., limy, oo (W, v) = (W, v)
holds for all v € H <= limy—oco(Wm,v)" = (w,v)" holds for all v € H. This is true
because the equivalence of the two norms, together with the Cauchy-Schwarz inequality,

imply that (-,v) is a linear functional bounded in the norm || - %, while (-, v)" is a linear

functional bounded in the norm || - ||g¢.

In light of Lemma 2.7.10, we now define norms on H*V(R?)!° that are equivalent to
the usual one. Given a BGS V as defined in Section 2.4.2, we define the norm

1
IVl 57 = ( > /Jg(t, s) d3s) 2 (2.7.5.15)

0<[a]<N s

where J; is the energy current for the variation 5V defined by the BGS V. If

V(t) (R3) C Oy, then as a simple consequence of (2.6.2.2), we have that the norm in
(2.7.5.15) is equivalent to the usual norm on H™V(R3)!. Here, the notation H" (R?)1°
is used to emphasize that V is a R%-valued function on M. This norm arises from an
inner product on H¥ (R3)10 obtained from treating the Jg as a sesquilinear form in two
variations (V,Y) rather than a quadratic form in V in the obvious manner.

By (2.7.5.6), Remark 2.7.7, and Lemma 2.7.10, applied to the equivalent norms
|- |z~ and [ - || ;7x 7, in order to prove (2.7.5.1), we only need to show that
limsup,_g | Veor (1) = OVl yn 3 < [V = OV| 5. By Remark 2.5.4, definition
(2.7.5.15), and (2.7.4.5), demonstrating this inequality is equivalent to showing

m?jélp IVaor(t) = OV gn vy < IV = OV g - (2.7.5.16)
We prove (2.7.5.16) with the help of a modification to the proof of Proposition 2.7.3.
Making use of definition (2.7.5.15), we take the limit r — oo in (2.7.2.29) and arrive the
following bound (in which we write C = C(N, Os, H(O)f/'HHgH,A) for notational ease),

valid for ¢t € [0, 7] :

1DV () — (O)VHHN,(T")V(t) < (H(m+1)\°f _ (O)V||HN7<W)\°/ + Ct) - exp(Ct).
(2.7.5.17)
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By (2.7.2.2), (2.7.2.4), (2.7.2.6), (2.7.4.5), definition (2.7.5.15), and Remark 2.5.4, we

have
limsup (| ™IV — OV, y g + Ct) - exp(Ct) (2.7.5.18)

= (V- (O)VHHN,V +Ct) - exp(Ct).

Using (2.7.5.9) and Remark 2.7.7, we apply Lemma 2.7.10 to the norm || - ||z~ v, @),

obtaining
Vo (t) = OV gn v, < limsup |"TIV(E) = OV vy . (2.7.5.19)
By Remark 2.5.4, definition (2.7.5.15) and (2.7.4.5), we also have that

limsup [V (E) = OVgr v, @) = lmsup [|"TIV(E) = OV g iy

m—0o0 m—00

(2.7.5.20)

Combining (2.7.5.19), (2.7.5.20), (2.7.5.17), and (2.7.5.18) (in this order), we obtain
IVaar(t) = OVl gn v, < (||\”f — OV |y + Ct) cexp (C1) . (2.7.5.21)
Taking limsup,_,, of both sides of (2.7.5.21) proves (2.7.5.16), which concludes the
proof of (2.7.5.1).
The Banach Space Differentiability of V()
We first show that
Ve € CO[0,T], HN1(RY)). (2.7.5.22)

To prove, (2.7.5.22) we first solve for 9; W, where W, denotes the first 5 components

of Vg, using the equations (2.4.1.18) - (2.4.1.20). We have that
-1
OyW o = (AO(VSOZ)) [b(vsol) - Ak (Vsol)ak (Wsol) ) (2'7'5'23)

where b(V,) denotes the right-hand side of (2.4.1.18) - (2.4.1.20) viewed as a function
of V. From (2.7.5.23), (2.7.4.4), and Corollary B.0.3 in the Appendix, it immediately
follows that ;W € CO([0,T], HV~1). Applying similar reasoning to

(¢, 0L, D1, D29, D3¢0), we conclude (2.7.5.22).
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To finish the proof of the local existence aspect of the theorem, we must justify the

claims

Vo € CH[0,T), HY ™), (2.7.5.24)

¢ € C*([0,T), Hgfl). (2.7.5.25)

By statement (2.7.5.24), we mean that hmH Vol t+h,1 Vaal(t) — O Vso1(t)|| py—1 = 0 holds

for every t € (0,7T), and similarly for h — 0" and h — T~ at t = 0 and t =
respectively; the analogous meaning is ascribed to statement (2.7.5.25). We give the

proof of right differentiability of V,, at ¢ = 0. For h small and positive, we have

H Vol (h) ; V01 (0)

8t‘[sol ( ‘

H / at sol 8tVsol(0) dt/
HN-1

HN-1

(2.7.5.26)

1 h
< /O 100V 5ot (') = BV 501 (0) || pyvs it < s 104V ot (t') = 0V st (0) | yyov-s -

The equal sign above is justified since Vg, is a classical solution, while the first in-
equality is a theorem from the theory of integration of Banach space valued functions
of ¢ (see [52] for a discussion of integration in Banach spaces). Now we use (2.7.5.22)
to conclude that the right-hand side of (2.7.5.26) goes to 0 as h — 07; this proves the
claim (2.7.5.24). Note that since (2.7.4.6) shows that 0;¢ is one of the components of

Vo, (2.7.5.24) implies that
Oed(t + h) — 0po(t)
h

lim
h—0

— 6t2¢>(t)H = 0. (2.7.5.27)
HN-1(R3)

This justifies the claim (2.7.5.25).

Uniqueness and HV~!'—Continuous Dependence on Initial Data.

Let V denote initial data that launch a solution V of the EN, system as furnished by
the existence aspect of Theorem 2.7.1. Let 8, Bs(V),T”, and K (N, Oy, ||(0){/||Hg+1,5)
be as in corollaries 2.7.1 and 2.7.2. Assume that the initial data \7 belong to Bs, and
let V be a solution of the EN,; system with initial data {/' existing on the interval [0, T"]

guaranteed by Corollary 2.7.1. We now define

VEV_vV. (2.7.5.28)
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It follows from definition (2.7.5.28) that V is a solution to the EOV (2.4.2.1) - (2.4.2.6)

defined by the BGS V with inhomogeneous terms given by

f=U"—=U"un (2.7.5.29)
g = (UF = UM, P + [QU,/U° — QU, /U)o U* (2.7.5.30)

+(Q — Q)RU" + (4P — 3Q)U 4, — (4P — 3Q)UM1p,

h9) = [(R+ P)U* — (R + P)U*]9,U7 + (II" — T1"7)9, P (2.7.5.31)

+ (3P — R)II™ ), — (3P — R)II*4), (2.7.5.32)
19 = k2(¢ — ¢) + (R — 3P) — (R — 3P). (2.7.5.33)
V=0 (j=1,2,3) (2.7.5.34)
19 = 4y — oo, (2.7.5.35)

and we denote them using the abbreviated notation b and 1 defined in (2.4.2.17) and
(2.4.2.18).
By combining propositions B.0.2, Remark (B.0.3), and B.0.4 of the Appendix, (not-

ing the particular manner in which the inhomogeneous terms depend on the difference

of V and V) we have that
1 (1) l13-1.7 CON, K, O, MY IV [l 7 (2.7.5.36)

Without providing details, we reason as in our proof of Proposition 2.7.3, using (2.7.5.36)

in place of (2.7.2.41) and (2.7.2.44) to arrive at the following bound:

1V Wl 0 < CoHIVO) - - exp (€T, (2.7.5.37)

where V(0) £ \~/' ~V.

Inequality (2.7.5.37) is the analog of the first inequality in (2.7.2.31), but the “V (0)+
CT,” term from (2.7.2.31) has been replaced with “V(0)” in (2.7.5.37). This change
occurs because unlike the estimate (2.7.2.38) used in obtaining (2.7.2.31), the estimate

(2.7.5.36), which is essential for obtaining (2.7.5.37), involves a linear bound in

1V Wl 70
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We now observe that (2.7.5.37) implies both the uniqueness statement in Theorem
2.7.1 and the Lipschitz- HV~!—continuous dependence on initial conditions mentioned

in Remark 2.7.2.

Remark 2.7.8. We cannot obtain an estimate analogous to (2.7.5.37) by using the H{—,V
norm in place of the H{,—V_l norm; the inhomogeneous terms (2.7.5.29) - (2.7.5.35)
already contain 1 derivative of V, and therefore cannot be bounded in the HY norm.
However, for N’ < N, we can obtain an estimate for the H{,—V/ norm by combining
Proposition B.0.6, (2.7.5.37) and the uniform bound provide by the constant K. The

inequality we obtain is

. . 1-N’'/N
IV iy 20 < CIVO) [0 ™ - exp (CT7). (2.75.38)

where the constant C' in (2.7.5.38) depends on N’, Oy and K.

In particular, by fixing N’ > 5/2, we obtain through Sobolev imbedding that
11V =V llgg = 0as [V =V|zy—0 (2.7.5.39)

a result which we will quote below.

Remark 2.7.9. The estimate (2.7.5.37) is a limiting version of the “conical” estimate
N @5, < Co VO (s ) - exp (CT) (275.40)

where we are using notation defined in Lemma 2.7.4. A proof of (2.7.5.40) can be con-
structed using arguments similar to the ones used in our proof of (2.7.2.30). Inequality
(2.7.5.40) shows that two solutions that agree on ¥y, also agree on X;,_;. By trans-
lating the cone from Lemma 2.7.4 so that its lower base is centered at the spacetime
point z, we may produce a translated version of the inequality. Thus, we observe that
a domain of dependence for x is given by the solid backward light cone with vertex at
x; i.e., the past (relative to z) behavior of a solution to the EOV outside of this cone
does not influence behavior of the solution at x. Similarly, a domain of influence of x
is the solid forward light cone with vertex at x; the behavior of a solution at « does not
influence the future (relative to x) behavior of the solution outside of this cone. In [15],
Christodoulou gives an advanced discussion of these and related topics for hyperbolic

PDEs derivable from a Lagrangian.
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This completes our proof of Theorem 2.7.1.

2.7.6 Proof of Theorem 2.7.2.
The Setup

Let {Vm} be the sequence of initial data from the hypotheses of Theorem 2.7.2 converg-
ing in H\]—/V to V. By corollaries 2.7.1 and 2.7.2, for all large m, the initial data V™ and
V launch unique solutions V™ and V respectively to (2.4.1.18) - (2.4.1.23) that exist on
a common interval [0, '] and that have the property V ([0, T'] x R3), V™([0, T'] x R3) C
Os. Furthermore, for all large m, with K = K (N, O, H(O)VHHgﬂ,é), we have the uni-

form (in m) bounds
WV a2 100V A= o 1TV gy 2 IOV ([gn-r g < Ko (2.7.6.1)
In this section, we will show that for all large m, V™ exists on [0, 7] and
lim ||| V™ =V |||y~ 7= 0, (2.7.6.2)
m—oc0

where [0, 7] is the interval of existence for V.

The proof we give here is inspired by a similar proof given by Kato in [27]. We
use results and terminology from the theory of abstract evolution equations in Banach
spaces, an approach that streamlines the argument. We also freely use results from
the theory of integration in Banach spaces; a detailed discussion of this theory may be
found in [52]. We begin by rewriting the linearization of the EN, system around V™
and V as abstract evolution equations in the Banach space H” (R?)1. In this form, the

linearized systems are written as

OHZ + AV)Z = £(V), (2.7.6.3)

Z + A(V™)Z = £(V™), (2.7.6.4)

where f(-) is a smooth function on O. Here, the symbol Z stands for all 10 components
of a solution to a linearized system, and the operator A(-) is a first order spatial dif-
ferential operator with coefficients that depend smoothly on its arguments. We state

for clarity that the first 5 components of the inhomogeneous terms £f(V™) are given by
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(AO(Vm))_1 STV, &(V™), ... 9B (vm))Transpose where the matrix-valued func-
tion A°(-) is defined in (2.4.2.20) and the scalar-valued functions §, &, - - - 93 are defined

in (2.4.2.11) - (2.4.2.13).

We will make use of the differential operator
S L (1— A2, (2.7.6.5)

which is an isomorphism between HY and L?;i.e.,S € L(HN,L?) and S™t € L(L2, HY).

Technical Estimates
For certain function spaces X, there exist evolution operators
Ut,t), Ut,t): X - X (2.7.6.6)

defined on A {0 < ¢/ <t < T’} that map solutions (belonging to the space X) of
the corresponding homogeneous version of the linearized systems (2.7.6.3) and (2.7.6.4)
at time t' to solutions at time ¢. The relevant spaces in our discussion are X = L? and
X = HY. In the following three lemmas, we describe the properties of the operators
U(t, ") and U™(t,t'). Complete proofs are given in [25], [26], and [27]; rather than
repeating them, we instead attempt to provide insight as to how one may prove them

using the methods described in this paper.

Lemma 2.7.11. U(-,-) and U™(-,-) (for m > 0) are strongly-continuous maps from

Aqr into L(L2) N L(HN). Furthermore, there exists C(K) > 0 such that ||| U 22,8,

AU M2, pg s WU My g T v 4, < CUK).

Remark 2.7.10. Lemma 2.7.11 is essentially a consequence of the fact that the uniform
bound (2.7.6.1) for V and V™ allows for uniform Sobolev estimates to be made on L?

(or HY) norm of L? (or HV) solutions to the linearized equations.

Remark 2.7.11. By Theorem 2.7.1, Corollary B.0.3, Remark B.0.3, and (2.6.1.2), the
right-hand side (2.7.6.3) is an element of C°([0,7"], HY). Given initial data Z € H\—,N, it
follows from Lemma 2.7.11 and standard linear theory (via Duhamel’s principle) that
there exists a unique solution Z € C°([0, T"], H{—/V) to (2.7.6.3) with initial data Z. An

analogous result holds for solutions to (2.7.6.4).
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Lemma 2.7.12. U™(t,t') converges to U(t,t') strongly in L(L?) as m — oco. Further-

more, the strong convergence is uniform on Aqp:.

Remark 2.7.12. By smoothing the initial data, a solution Z € C°([0,T], L?) to &;Z +
A(V)Z = 0 can be realized as the limit (in the norm ||| - [||z2 ) of a sequence {Z™} C
C°([0,T), HY). Therefore, to prove Lemma 2.7.12, one only needs to check that given

initial data Z € HY | we have that
lim || (W"(-,0) = U(- 0)) Z ||| 2 7= 0. (2.7.6.7)
m—0o0

Based on Lemma 2.7.11 and (2.7.5.38), which shows that for N < N we have V" — V

in C°([0,1"], H\—,N/), (2.7.6.7) easily follows from the method of energy currents.

Lemma 2.7.13. There exist operator valued functions B,B™ : [0,T'] — L(L?) such

that
SA(V(1)S™t = A(V(t)) + B(t), (2.7.6.8)
SA(V™(#)S™H = A(V™(t)) + B™(t). (2.7.6.9)
For for all t' with 0 <t <T', B and B™ satisfy the estimates

I B™ =B [[|lp2p < C(E) [[| V™ =V [[|g (2.7.6.10)

and ||| B||z21 (Il B™ l|p2,0 < C(K). (2.7.6.11)

Lemma 2.7.14. Let Z denote initial data in H\—,N, and let Z € CO([O,T’],Hi,—V) denote

the unique solution to (2.7.6.3) with initial data 7 furnished by Remark 2.7.11. Then

S(Z — V) satisfies the Duhamel formula
S(Z(t) = V) = U(t, 0)S(Z — V) — /O UL OBESEW) - Vydl (27.6.12)
+ /Otl/{(t,t’)Sf(V(t’)) dt'. (2.7.6.13)
An analogous result holds for the linearization of the EN, system around V™.

Proof. We apply S to each side of the equation satisfied by Z — V and use Lemma

2.7.13 to arrive at the equation

H[S(Z - V)] + A(V)S(Z - V) =-B(V)S(Z - V) +SE(V). (2.7.6.14)
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Thus, S(Z — V) is a solution to the same linear equation that Z solves, except the
inhomogeneous terms for S(Z — V) are given by the right-hand side of (2.7.6.14) and
the initial data are given by S(Z — V). Equation (2.7.6.12) now follows from Duhamel’s
principle. O

Proof

We will now demonstrate (2.7.6.2) by providing a proof of the equivalent statement
lim |[|[S(V™ —= V) ||[127= 0. (2.7.6.15)
Lemma 2.7.14 gives the following equality, valid for 0 <¢ < T":

S(V™(t) — V(1)) = U™(t,0)S(V™ — V) + (U™(t,0) — U(t,0))S(V — V) (2.7.6.16)

t
+ [ UET)BE)S(V(EH) — V) dt' — / U™t B™()S(V™(t') — V) dt’
0 0
t t
4 / UM (£ £)SE(V™ () df! — / Ut #)SE(V () dt.
0 0
By Lemma 2.7.11, we have that
U™t 0)S(V™ = V) ||| < C(S, K) ||| V™ =V ||| 7 - (2.7.6.17)
We now rewrite the second line of (2.7.6.16) as
t
/ Uty —U™t,t)BE)S(V(EH) —V)dt (2.7.6.18)
0
t
+/ U™ (t,t') (Bt') —B™(t')) S(V(t') = V) dt'
0
t
+/ U™t t)B™(t')S (V(t') — v™(t)) dt'.
0
By (2.7.6.1), Lemma 2.7.11 and Lemma 2.7.13, for 0 < ¢t < T, < T", the L? norms
of the second term and third addends in (2.7.6.18) are each bounded from above by
CS, KT A V™ =V l[gx 1 -
We similarly split the third line of (2.7.6.16) into two terms and use (2.7.6.1), Lemma

2.7.11, Lemma 2.7.13, Proposition B.0.4, and Remark B.0.4 to bound the L? norm of

one of them from above by C(S, K)T. ||| V" =V |||y~ 1. -
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Combining these estimates with (2.7.6.17), we take the L? norm of each side of

(2.7.6.16) followed by the sup over ¢ € [0,7Ty] to arrive at the inequality
I1S(V™" = V) [llr2, < CS, K)|[V™ = Vg + C(S, K)o [[| V™ =V [[[ v 1,

(2.7.6.19)

T*
+ / sup [|(U(t,t") = U™ (8, ) BE)S(V (') = V)| 2 at’
0 t€[0,1y]

T*
+ / sup Ut ¢) — U™ (4, E)SEV(E)) 2 .
0 te[0,T.]

We now choose T, small enough so that

1 m
CER)TAV™ =V llay < 5 WISV™ = V) [l 2, (2.7.6.20)

from which it follows that

1S (V™ = V) [l|2 7. <2C(S,K)[V™ = V] gn (2.7.6.21)

T
+ 2/ sup || (U™(t, ") = U, 1)) BE')S(V(H') — V)| 2 dt’
0 t€[0,Ty]

T
+2 / sup || U™ (8, 1) — Ut ¢)) SECV(E)) 12 de’
0 tel0,T.]

By (2.7.6.1), Lemma 2.7.11, Lemma 2.7.13, and Proposition B.0.2, the integrands
in (2.7.6.21) are uniformly bounded on [0,7}]. Furthermore, by Lemma 2.7.12, the
integrands (viewed functions of ') converge to 0 pointwise as m — oo. Therefore, by
the dominated convergence theorem, the two integrals in (2.7.6.21) converges to 0 as
m — co. Since we also have by hypothesis that lim,, .o |[ V™ — V||~ = 0, we conclude

that
lim [|[S(V™ = V) |||f21,=0. (2.7.6.22)
m—00

To extend this argument to the interval [0,27,], let ¢ > 0 and choose mg large

€

enough so that m > mg implies that ||| V™ — V |||y~ 7, < NS

. Starting from time

T, we may argue as above to show that

1
limsup sup [|S(V" =V)| g~y < -e (2.7.6.23)
m—oo te[T,,2T.] 2
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Thus, we can choose m1 > mq such that |[| S(V™ — V) [||p2 97, < € when m > m;.
Continuing in this manner, we may inductively extend this argument to the interval
[0,7"]. We state for emphasis that the size of Ty required to satisfy the inequality
(2.7.6.20) depends only on C(S, K). Consequently, the length of the time interval of
extension T, may be chosen to be the same at each step in the induction.

We now show that this argument can be extended to the entire interval [0,7] on

which V exists. Define

def

Trae = sup{T’ | V and the V" exist on the interval (2.7.6.24)

[0,T7] for all large m and lim ||| V™ =V |||~ 7= 0}.

We will show that the assumption T},.,, < T leads to a contradiction.

By Theorem 2.7.1 and Corollary 2.7.1, for each t € [0, T], there exist an H" neigh-
borhood Bs, (V(t)) of V(t) with positive radius §; and a A; > 0 such that initial data
belonging to By, (V(t)) launch a unique solution that exists on the interval [¢,t + A
(the term “initial” here refers to the time ¢). By continuity, V([0,7]) is a compact
subset of H{,—V . Therefore, there exist § > 0 and A > 0 such that initial data belonging
to Bs(V(t)) launch a unique solution that exists on the interval [¢, ¢+ A]; we emphasize
that 6 and A are independent of ¢ belonging to [0, 7.

The contradiction is now easily obtained. According to the above paragraph, initial
data belonging to Bs(V(Tjnaz — 3A)) launch a solution that exists on the interval

[Tonaz — %A, Traz + %A] Furthermore, for all large m, V™(Tjhaz — +A) is contained

2
in Bs(V(Taz — 34)). Therefore, for all large m, V™ can be extended to a solution
that exists on [0, Tree + 3A]. We can argue as before to show that limy, .o ||| V™ —

V |lg~ 1 1,= 0. This contradicts the definition of 7},,4, and completes the proof
stmax 2

of Theorem 2.7.2.
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Chapter 3

The Non-relativistic Limit of the Euler Nordstrom

System with Cosmological Constant

In this chapter, we study the Newtonian limit of the family of Euler-Nordstrom systems
indexed by the parameters x and ¢ (EN¢), where 2 is the cosmological constant?® and ¢
is the speed of light. The limit ¢ — oo is singular since the EN¢ system is hyperbolic for
all finite ¢, while the limiting system is not hyperbolic. Using Christodoulou’s techniques
[15] to generate energy currents, we develop Sobolev estimates and use them to prove

the following theorem:

Theorem 3.0.3. As the speed of light ¢ tends to infinity, solutions to the ENY, system

converge uniformly on a spacetime slab to solutions of the EP, system.

This theorem is stated and proved rigorously as Theorem 3.9.2. There is a great
deal of overlap of this material with that of Chapter 2; for the sake of continuity of the

discussion, some of the material has been repeated.

3.0.7 A List of Important Notational Remarks for Chapter 3

e In general, we use the notation for function spaces, differential operators, etc.,

described in Section 2.2 of Chapter 2.

0

e We use the convention z° = ¢, rather than the usual convention xz° = ct, in our

global coordinate system.

e The components of the symbols V, W, W, etc., have changed from Chapter 2

because of a change of variables involving the Newtonian velocity v.

#The parameter k > 0 is fixed throughout this chapter.
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e N now denotes an integer that is greater than or equal to 4.

e O denotes an open, convex set contained in the admissible subset of truncated

state-space, which is a subset of R,

3.1 The Origin of the EN¢ System

In this section, we describe the origin of the EN¢ system, which was introduced in
Section 2.3.3 in dimensionless units. Our discussion here is quite similar, the differences
being that that we insert both the speed of light ¢ and Newton’s universal gravitational
constant G into the system and perform a Newtonian change variables, which brings the
system into the form (3.2.1.1) - (3.2.1.4). A similar analysis for the Vlasov-Nordstrém

system is carried out in [10].

3.1.1 Deriving the Equations with ¢ as a Parameter

We assume the existence of a global rectangular (inertial) coordinate system on the
spacetime manifold M. The components of the Minkowski metric and its inverse in this
coordinate system are given by g,, = diag(—c?,1,1,1) and g = diag(—c72,1,1,1)
respectively. We adopt Nordstrom’s postulate, namely that the spacetime metric is

related to the Minkowski metric by a conformal scaling factor:

Guv = €*2 g, (3.1.1.1)

In (3.1.1.1), ¢ is the Nordstrom scalar potential, a dimensionless quantity.
We assume that a perfect fluid exists in M, the energy momentum tensor of which

has components T#” that read

T = c 2 (p+ p)utu” + pg"” = ¢ *(p + p)utu” + e >Ppgh”, (3.1.1.2)

where p is the proper energy density of the fluid, p is the pressure, and u is the four-

velocity, which is subject to the normalization constraint

guutu’ = g utu’ = —c. (3.1.1.3)
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The Euler equations for a perfect fluid are

VT =0  (v=0,1,2,3) (3.1.1.4)

Vu(nut) =0, (3.1.1.5)

where n is the proper number density and V denotes the covariant derivative induced
by the spacetime metric g.
Nordstrom’s theory [43] provides the following evolution equation for ¢ : we define

an auxiliary momentum tensor

T‘uy d:ef 66¢Ty1/ — 07266¢(p + p)u/—LuV + e4¢pg'ul/7 (3116)

aux

and postulate that ¢ is a solution to

O¢ — k2p = —dme 1 Ge*otr, T = —47T674GQMVT'[W = 4rcGe?(p — 3p).  (3.1.1.7)

aux

Note that
O = g™ 0,0,0 = —c 207 + Ao (3.1.1.8)

is the wave operator on flat spacetime applied to ¢. The virtue of the postulate equa-
tion (3.1.1.7) is that it provides us with continuity equations (3.1.2.7) for an energy
momentum tensor © in Minkowski space.

We close the system by supplying an equation of state, which may depend on c. A

physical equation of state for a perfect fluid state satisfies the following criteria:

1. p>0is a function of n >0 and n > 0:

p = p(n,n). (3.1.1.9)
2. p > 0 is defined by
0
p=nPl _, (3.1.1.10)
on .

where the notation | indicates partial differentiation with - held constant.
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3. A perfect fluid satisfies

@
on

o
>0,8—p
n n

Ip
>0,%

>0 with “=" iff p = 0. (3.1.1.11)

n n

As a consequence, we have that o, the speed of sound in the fluid, is always real

forn > 0:

0
o2 def 2 op

Op/on|
e L] 1.1.12
9p c >0 (3 )

n ~ 9p/onl, .

4. We also demand that the speed of sound is less than the speed of light:

0<o<e (3.1.1.13)

By (3.1.1.11), we can solve for 02 and ¢ 2p as c—indexed functions 82 and R, respec-

tively of n and p :

0% & 82(n, p) (3.1.1.14)

2p = Re(n, p). (3.1.1.15)

Remark 3.1.1. Note that ¢~2p has the dimensions of mass density. As we will see in

Section 3.4, lim.—,o0 Re(n, p) will be identified with the Newtonian mass density.

Remark 3.1.2. We will make use of the following identity implied by equation (3.1.1.12):

OR
—(n, =8.%(n,p). 3.1.1.16
o (17, ) i (1, p) ( )

We summarize by stating that the equations (3.1.1.1) - (3.1.1.5), (3.1.1.7), (3.1.1.10),

and (3.1.1.15) constitute the EN¢ system.

3.1.2 A Reformulation of the EN{ System in Newtonian Variables

Following the discussion in Section 2.4, we will reformulate the EN¢ system as a fixed
background theory in flat Minkowski space. We then introduce a Newtonian change of
state-space variables and show that equations (3.2.1.1) - (3.2.1.4) are obtained.

To begin, we use the form of the metric (3.1.1.1) to compute that in our inertial

coordinate system, the continuity equation (3.1.1.4) for the energy momentum tensor
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(3.1.1.2) is given by :

0=V, T" = 9,T" + 6T" 0 — gagT*’9" ¢

= 0, T" + 6T 9y — e %gogT?00"¢ (v =0,1,2,3), (3.1.2.1)

aux

where TH” is given by (3.1.1.6). For this calculation we made use of the explicit form

aux

of the Christoffel symbols in inertial coordinate system:
Fﬁu = 538u¢ + 53811¢ - g;wgaﬁamﬁ- (3.1.2.2)

Using the postulate equation (3.1.1.7) for ¢, (3.1.2.1) can be rewritten as

A
0= %V, T = 9, [T“ g (0960°6 — “”8aqﬁ8aq§ - g“”52¢2)} (3.1.2.3)
Recall that the coordinate derivative operators are raised and lowered with the
Minkowski metric g, so N = g’”\aucb. Let us denote the terms from (3.1.2.3) that
are inside the square brackets as ©#". Since the divergence of © vanishes, we are pro-
vided with local conservation laws in Minkowski space, and we regard © as an energy-

momentum tensor. We also introduce the following state-space variables that play a

mathematical role in the sequel:
R. & ¢72pe’? = R, (n, p) (3.1.2.4)
P & pet?, (3.1.2.5)
Following this change of variables, the components of © read

o & [R. + ¢ 2P]e*utu” + Pgh” (3.1.2.6)
c! 2,2
WAy ,uz/ fe’ o uv
(09607 — Lg 009000 — g R6?),
and we replace (3.1.1.4) with
0,0" =0 (r=0,1,2,3). (3.1.2.7)

We also expand the covariation differentiation from (3.1.1.5) in terms of coordinate

derivatives and the Christoffel symbols (3.1.2.2), arriving at the equation

O (neut) = 0. (3.1.2.8)
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Our goal is to obtain the system in EN¢ in the form (3.2.1.1) - (3.2.1.4) below. To
this end, we project (3.1.2.7) onto the orthogonal complement of v and in the direction of
u. Thus, we introduce the following rank 3 tensor II, which has the following components

in our inertial coordinate system:

def

IIM = c2e2yty” + ghv. (3.1.2.9)
II is the projection onto the orthogonal complement of u :
"utgy, =0  (v=0,1,2,3). (3.1.2.10)
We now introduce the following Newtonian change of state-space variables”

o
v & % (j=1,2,3) (3.1.2.11)
d = 2o, (3.1.2.12)

where v = (v!,v2, v3) is the Newtonian velocity and ® is the Klein-Gordon-Newtonian

potential. Relation (3.1.2.11) can be inverted to give

u® = e %, (3.1.2.13)

uw = e Oy, (3.1.2.14)

where

def Cc

Remark 3.1.3. We provide here a few comments on the Newtonian change of variables.
Equation (3.1.2.11) provides the relationship between the Newtonian velocity and the
four-velocity: If 2 (t) is a curve in M parameterized by 2° = t and 7 denotes the proper
time parameter, then v/ = 9,27 = (97/0t) - v/ = u? Ju°.

Dimensional analysis correctly identifies the relationship (3.1.2.12) between the
Nordstrom potential ¢ and Klein-Gordon-Newtonian potential ®, and it justifies the
identification of Ry from (3.2.2.1) - (3.2.2.4) with lim.—o Rc(n,p) in (3.1.1.15) (as-

suming that this limit exists). Furthermore, these changes of variables can be justified

> As mentioned in Remark 3.1.1, equation (3.1.2.4) also represents a Newtonian change of variables.
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through a formal expansion ¢ = ¢g) + c_2d>(1) + -+, Ro = R + C_QR(l) + .- in
equations (3.2.1.1) - (3.2.1.4). Equating the coefficients of powers of ¢~2 on each side
of the equations implies the formal identification® ¢(g) = 0, (A — n2)q§(1) = 4rGRp).
It follows that c?¢ ~ b1y ~ ®. A similar analysis for the Vlasov-Nordstrom system

carried out in [10] .

Upon making the substitutions (3.1.2.11) - (3.1.2.12) and lowering an index with g,

the components of II in our inertial coordinate system read (for 1 < j, k < 3):

5 = —c242|v|? (3.1.2.16)
19 = 2207 (3.1.2.17)
I & —~2¢7 (3.1.2.18)
I, < ¢ 22000, + 8. (3.1.2.19)

Furthermore, we will also make use of the relation
Mye = ¢ 23" (A=0,1,2,3). (3.1.2.20)

Considering first the projection of (3.1.2.7) in the direction of u, we remark that
one may use (3.1.1.5) and (3.1.1.10) to conclude that for C! solutions, u, 9,0 = 0 is
equivalent to the adiabatic condition (3.2.1.1).

We now project (3.1.2.7) onto the orthogonal complement of u, which, with the aid
of (3.1.1.7), gives the three equations Hi@u@“" =0,j=1,2,3:

i9. QM — [ ~2p] (bt b Jov ) S 2
0 =I1,0,0" =1l [Rc + ¢ *P| (e®u") 9, (e®u”) + (IO qb)R(DqS— k*¢) (3.1.2.21)
=TI} [R. + ¢ 2P] (e®u) 0, (e?u”) + (10" @) (R. — 3¢ 2P).
After making the substitutions (3.1.2.12), (3.1.2.13), (3.1.2.14), and (3.1.2.15), and

using relation (3.1.2.20), it follows that for C' solutions, (3.1.2.21) is equivalent to

(3.2.1.3).

“Upon expansion, the formal equation satisfied by ¢() is (A — k%)¢) = 0, and from vanishing
boundary conditions at infinity, we conclude that ¢ ) = 0.
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We also introduce the nameless quantity ). and make use of (3.1.1.10), (3.1.1.12),

(3.1.1.14), (3.1.1.15), (3.1.2.4), and (3.1.2.5) to express it in the following form:

. oP op OR
IR L L ) (31.2.29)
T lne n,¢ Tl
where
Qe(n,p, @) 2 821, p)e (R0, p) + ¢ 2p] = 82(n, p)[Re + ¢ 2P].  (3.1.2.23)

Then we use the chain rule together with (3.1.1.5), (3.2.1.1), and (3.1.2.22) to derive
e?u 0, P 4 Qc0,(ePu) = (4P — 3Q.)e®uld,¢, (3.1.2.24)

which we may use in place of (3.1.1.5). Upon making the substitutions (3.1.2.4),
(3.1.2.5), (3.1.2.12), (3.1.2.13), and (3.1.2.14), and using the relation (3.1.2.20), it fol-

lows that for C'! solutions, (3.1.2.24) is equivalent to (3.2.1.2).

3.2 The Formal Limit ¢ — oo of the EN{ System

For convenience, in this section we list the final form of the EN¢ system as derived in
sections 3.1 and 3.1.2. We also take the formal limit ¢ — oo to arrive at the EP,, system

and introduce the equations of variation (EOV,).

3.2.1 A Recap of the EN{ System

The EN, system is given by

4+ v o =0 (3.2.1.1)

P+ v*0 P + Qcﬁkvk + 6_2%2620 (vkﬁtvk + vkvaﬁkv“) (3.2.1.2)
= (4P — 3Q.)[c 20, ® + ¢ 20" 0, D]

'ycz(Rc + C_2P) [atvj + ko0t + 0_2702(1)%(1&@“ + Ujvkvaﬁkva)] + 0;P (3.2.1.3)
+ ¢ 292 (10, P + vI0* 9, P) = (3¢ 2P — R,) (0;® + 20 e 20 P + c_2vk8k<1>])

— ¢ 20 + AD — k2P = 47G(R, — 3¢2P), (3.2.1.4)
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where j =1, 2, 3,

def &

Yo(v) & ERaE (3.2.1.5)
Re = /<R, (n, p) (3:2.1.6)
Qe = Qc(n,p, ) = 82(n, p)e" ' [Re(n, p) + ¢ p] (3.2.1.7)
p et €4q>/c2p7 (3.2.1.8)

8¢(n,p) is the speed of sound, ¢ denotes the speed of light, and the functions R, and
8. derive from a c—indexed equation of state as discussed in Section 3.1. Note also the
relationship between R, and 8. given by (3.1.1.16). The variables n,p,v = (v!,v?%,v?),
and ® denote the entropy density, pressure, (Newtonian) velocity, and Klein-Gordon-

Newtonian potential respectively. Section 3.4 contains a detailed discussion of the

c-dependence of the EN¢ System.

3.2.2 The EP, System as a Formal Limit

Taking the formal limit ¢ — oo in the EN¢ system gives the Euler-Poisson system with

a cosmological constant:

o+ vkon =0 (3.2.2.1)
p + V*0p + Quodt* =0 (3.2.2.2)
tRoo + O (Roov™) =0 (3.2.2.2")
Reo (0pvj + 08 0p07) + 0jp = —Roc0;®@  (j = 1,2,3) (3.2.2.3)
A® — 1?® = 47G Ry, (3.2.2.4)
where
Roo & Reo(n,p), (3.2.2.5)
Qoo = Qoo (n,p) = 82,(1,p) - Roo (1, p), (3.2.2.6)

Reo(n, p) and 82, (n, p) are the limits as ¢ — oo of R.(n, p) and 82(n, p) respectively (see
(3.4.3.1), (3.4.3.2), and (3.4.3.3)), and the quantity R is the mass density. Note that

in Section 2.3.1, we used the symbol p instead of Ry to denote the mass density in the
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EP, system, whereas throughout Chapter 3, p denotes the proper energy density in the

EN¢ system. Equation (3.1.1.16) and (3.4.3.3) imply that R (1,p)/0p = $2(n,p),

so by the chain rule, it follows that equations (3.2.2.2) and (3.2.2.2’) are equivalent.
The solution to (3.2.2.4) is given by

e—hls—s|

|s — |

d(t,s) = Poo — G » ( ) [Reo(n(t,8),p(t,8")) — Reo(7,D)] d°S,  (3.2.2.7)

where the constants ®..,7, and p, which are the values of ®, 1, and p respectively in

a constant background state, are discussed in Section 3.6. The boundary conditions

leading to this solution are that ®(¢,-) — ®o vanishes at oo, and we view ®(¢,s) as a

(not necessarily small) perturbation of the constant potential ®..

Remark 3.2.1. Consider the kernel K(s) = e *Isl/|s| appearing in (3.2.2.7). An easy
computation gives that K(s), VIWK(s) € L'(R3). Therefore, a basic result from har-
monic analysis (Young’s inequality) implies that the map f — K * f, where * denotes
convolution, is a map from H’(R3) to H/*1(R3). From this fact and Remark B.0.4, it

follows that ®(t,-) € HgH(R?’) whenever n(t,-), p(t,-) € HY (R?), HY (R?) respectively.

3.3 The Equations of Variation (EOV,)

As in Section 2.4.2, the EOV, are formed by linearizing the EN¢ system (EP,, system
in the case ¢ = o0) around a BGS V of the form V = (7, Pl ®y, %3) Given such

a V and inhomogeneous terms f, g, -- ,l we define the EOV, by

o + "0 = f (3.3.0.8)

WP + TP + Quipt* + ¢ HF2Qe (000" + TFT,0,0%) = g (3.3.0.9)

F2(Re + ¢ 2P)[0y07 + TF 007 + ¢ (0 0040 + 20RO 07) ] (3.3.0.10)
+0;P + 2 (W8, P 4+ T0* 8, P) = hD)

—c 2020+ AP — D=1,  (3.3.0.11)

where 7. & ¢/(2— 022, R, & 64&’/62320(77, p), etc. The unknowns are the components

of W (i, P, o', 0%,4%) and .
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Remark 3.3.1. We place parentheses around the superscripts of the inhomogeneous
terms A1) in order to emphasize that we are merely labelling them, and that in general,

they do not transform covariantly under changes of coordinates.

We find it useful to analyze both the dependent variable p and the dependent vari-
able P when discussing solutions to the above system, and we will make use of all four

of the following arrays:

W E (n, ot 0% o) (3.3.0.12)
V E (n, Po', 0?03, 0,8,0,0, 8,8, 05P) (3.3.0.13)
W E (,p, 0!, 0%, 0°) (3.3.0.14)
VE (n,p, 0", 02,0, 0,8, 01D, 0P, 83P), (3.3.0.15)

def

42/, We also use notation such as V = (7, P, ,835), where P &

where P = e
1%/ 0215, etc. Note that this notation disagrees with that of Chapter 2, in which the
arrays V and W contained the components of the U7 rather than the Newtonian velocity
v. We may sometimes abuse terminology and refer to V= (1,p, 0%, - ,52, 53) as the
BGS. When ¢ = oo, we may also refer to W = (17,p,0%,02,0%) as the BGS, since the
left-hand sides of (3.3.0.8) - (3.3.0.11) do not depend on ® in this case. Additionally,

%y def

we may refer to the unknowns as W = (1, p, 0%, 0%, 03) when ¢ = oo.

As in Chapter 2, we sometimes write (3.2.1.1) - (3.2.1.3) as
APO,W = b, (3.3.0.16)

where each A is a 5 X 5 matrix with entries that are functions of W, ®, while b =
(f,g,---,h3) is the 5-component column array on the right-hand side of (3.2.1.1) -
(3.2.1.3).

Remark 3.3.2. For conceptual clarity, we will always view A" as a function of W, ®
and write “C.A”(W, ®),” as opposed to writing “CA”(W, 3).”

It is instructive to see the form of the .A”, v = 0,1,2, 3, for we will later concern
ourselves with their large-c asymptotic behavior. Abbreviating o) R+ c 2P,

B((i)) L1 + ¢292(v9)? we have
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AW, D)

)

AW, D)

oA (W)

etc.

c_27302 C

2203 e

—2

—2

0 0 0
Q' QR
’yga(C) 672"}’2}&(0)’01’02 C 2’721(1(0)111’1)3
By
Yiagv?o! e A iag v’
Ao
721&(0)1)37)1 0_2721(1(0)1)31)2 ’}%20;;)
A
10 0 0 0
01 0 0 0
00 Rw 0 0 [,
00 0 Re O
00 0 0 R
0 0 0
QB ¢ 22Qu? Qe
Veapv'  Rag ) ag ')
ﬂ((cl)) 22?2 228
Tea W) Alage' g’
T e
Yeae ) Alagv' Yea'
c Q,ngg ‘072731}31)2 5((?))
vt 0 0 0 0
0 v Qe O 0
0 1 Revt! 0 0o |
0 0 0 Rev! 0
0 0 0 Roov?
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3.4 On the c—Dependence of the EN¢ System

3.4.1 Inequalities that Hold for All Large c

Let us begin by defining notation that will be heavily used throughout this chapter.

Notation. If A. is a quantity that depends on the parameter ¢ and X is any quantity,

then we write A, < X if A. < X holds for all large c.

~

In addition to appearing directly as the term ¢~2, the constant ¢ appears in the EN¢
system (3.2.1.1) - (3.2.1.4) through 4 terms: P = ¢**/<p ~. = ¢/(2 — |v[))Y/2, R, =
e/ Ro(n,p), and Q. = 82(n, p)e*®/€’[Re(n,p) + ¢ 2p]. Because we want to recover
the EP, system in the large c limit, the first obvious requirement we have is that the
function R.(n,p) has a limit Ry (n,p) as ¢ — oo. For mathematical reasons, we will
demand convergence in the norm |- |y41 1 at a rate of order ¢™2, where £ is a compact
subset of state-space that depends on the initial data. Although a construction of &
from the initial data is rigorously carried out in Section 3.6.2, let us now provide a
preliminary description: for given initial data, we will provide a compact set & and
a time interval [0,7] so that for all large ¢, solutions V. = (n,p, v, -+ ,03®) to the
EN¢ system launched by the initial data exist on [0,7] x R? and satisfy V.([0,7] x
R3) C & Intuitively, the aforementioned 4 terms should converge to p, 1, Rso, and Qoo
respectively on &'. In this section, we make this intuition rigorous and specify what we

mean by “converge.”

3.4.2 Functions with c—Independent Properties

The main technical difficulty in this chapter is ensuring that the Sobolev estimates
provided by the propositions appearing in Appendix B can be made independently
of all large c. We introduce here some machinery that will allow us to easily discuss
uniform-in-c estimates. Following this, we use this machinery to prove some preliminary

lemmas that will be used in the proofs of Theorem 3.8.2 and Theorem 3.9.2.

Definition 3.4.1. Let j > 2, and let ¢1,¢2,--- , g, be such that ¢; € Hgi(R?’), where

the ¢; are constants and the spaces H gi are defined in Section 2.2 of Chapter 2. Assume
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that the image set {(qi(s),qa(s), - ,qn(s)) | s € R®} is contained in the compact,
convex set © and that (1, G2, ,Gn) € D. We define R (c™*;D;q1,--- ,qn) to be the
ring consisting of all expressions of the form F.(q1,--- ,qn), where F, is a c—indexed

family of functions of class C’Z on ® satisfying
|Feljm S 0 (D). (3.4.2.1)

We emphasize that the constant C(®) is allowed to depend on the family Fi. and the
domain ©, but within a given family and on a fixed domain, C'(®) must be independent

of all large c.

Remark 3.4.1. Although the ¢; and §; must satisfy the above criteria, we emphasize
that the q; and G may depend on the parameter c, even though we do not explicitly
indicate this dependence. In our applications below, the g; will be quantities related to
solutions of the EN¢ system, and the ¢; will typically be equal to the components of
either (3.6.1.2), (3.6.1.10), or (3.6.1.11).

Remark 3.4.2. We repeatedly use the fact that R/ (c™*;D;qq, - - - ,qn) 1s a ring without

explicitly mentioning it; i.e., it is closed under products.

Remark 3.4.3. If F, € Rj(c_k;'D;ql, -+ ,qpn) and for all large ¢, F, doesn’t vanish on
D, then 1/F, € R (¢ % D;q1,- -+, qn)-

Definition 3.4.2. For j > 2, let Z9(¢™*;®;q1,--- , ¢n) denote the sub-ring contained

in R7(D;q1,- - ,qn) consisting of all such expressions F.(q1,--- ,qy) such that

I )l < O, laillys = lanllyy ) (3422)

holds for all (q1,--- ,qn) satisfying the hypotheses in Definition 3.4.1. The constant
C (D) is allowed to depend on F. and ®, but it can only depend on the ¢i,- -, ¢,

through their Hgi norms.

Notation. If F, € T/ (c*k; Diq1, - ,qn), then we sometimes write

Fuq, - qn) =9 (5501, qn) (3.4.2.3)
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Remark 3.4.4. We employ the following abuse of notation: in writing “F.(q1,--- ,qn) €
RI(c™*:D;q1, -+ ,qn),” we assume in addition to the decay on F, given in (3.4.2.1)
that the functions g; satisfy the above hypotheses; i.e., we assume that © is compact
and convex, that there are constants ¢; such that ¢; € Hgi (R3), that the image set
{(ql(s),qg(s), e ,qn(s)) | s € R3} is contained in ®, and that (G, @, - ,qn) € ®. We
employ a similar abuse of notation in writing “F.(q1,- - ,qn) € T2 (% D5 q1,- -, qn).”
Remark 3.4.5. In the notation R(---),J(---), and O(---), we often omit the argument
®. In this case, it is understood that there is an implied set ® that is to be inferred
from context; frequently © is to be inferred from L estimates on the g; that follow
from Sobolev imbedding. We omit the argument ¢~* when k& = 0. Furthermore, we have
chosen to omit dependence on the constants §; since their definitions will be clear from

context. We will occasionally omit additional arguments when the context is clear.

Lemma 3.4.1. If j > 2 and F.(q1, -+ ,qn) € RI(c % D5q1,--- ,qn), then

Fo(qr, - an) = Fol@r, -+ @) € (e D5q1, ).
Proof. Lemma 3.4.1 follows immediately from (B.0.2.17). O

Remark 3.4.6. Lemma 3.4.1 shows that if F.(q1, - ,qn) = 0, then
F. € T c™*®;q1, -+ ,qn). In particular, if § = 0, then any polynomial (of strictly

positive degree) in ¢ is an element of Z7(q).

Lemma 3.4.2. Suppose that j > 2, F, € Rj(c_kl;ﬁ;ql, “er L qn), and
GC € Ij(ciké; Qa qi,- - aQTL) Then (Fc : Gc) (qlv e 7qn) € Ij(ci(kl+k2);©; g1, 7Qn)

Proof. Lemma 3.4.2 follows immediately from (B.0.2.11). O

Remark 3.4.7. Lemma 3.4.2 shows in particular that for & > 0, Z9(¢c™*;D;q1,- -+ , qn)
is an ideal in R7 (D;q1,- - , qn)-

Remark 3.4.8. If k > 0 and there is a fixed function F, € R/ (D;q1,--- ,¢,) such that
F.—Fx € RI(c%D;q1,+ -+ ,qn), then it follows that |F.|; o < [Fsoljo + 1, so that the
family F, is uniformly bounded in the norm |-|; o for all large c. A similar remark using

the || -|| 7 norm applies if Foo € Z7(D;q1,- -+ ,qn) and F,. — Fy, € Ij(c_k;Q;ql, Ce qn)-
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Remark 3.4.9. As we change settings, it is sometimes useful to shift the point of view
as to what are the arguments of a family F¢(---). For example, consider the expression
F. = ¢720,®, where ® is a solution variable in the EN¢ system depending on ¢ through
the initial data V, and through the ¢ dependence of the system itself. If it is known
that ¢~!||0;®|| s is uniformly bounded by L for all large ¢, then we may write F,. €
T3(c Y e719,®) since || c720,®|| s < ¢ L. If it also turns out that ||0;®|| s is uniformly
bounded for all large ¢, then we may write F. € Z3(c=2;0;®) or F. € Z3(c 1;¢719,@) N
3(c72;0,®).

Remark 3.4.10. We are not always optimal in our estimates. For example, if ® € R
contains the origin in its interior, we may on occasion write F. € R*(D;®) even if the

stronger claim F, € RY(D;c2®) is true.

Lemma 3.4.3. Suppose that j > 3, k1 + ko = ko, and that

Fulqi, - ,qn) € RI(cF:D15q1,-- ,qn). Assume further that for 1 < i < n,q €
([0, T, Héz) nC([o, 17, Hg;l) and that for all large c,

c k2 (8,5(]1, e ,thn)([O,T] x R3) C Dy. Then on [0,T],

O (Fc(ql, e ,qn)) e N Dy xDo5q1, -, gy F20iq1, - -+, ¢F204q,), or equiva-

lently, 0 (Fc(ql, e ,qn)) =07 e D1 X Dasqr, -+, gy ¢ P2, - ¢ F200g).
Proof. Lemma 3.4.3 follows from the chain rule and Remark B.0.3. 0

Corollary 3.4.4. Let 0, be a first-order spatial differential operator. Suppose that
§ >3, ki+ky = ko, and that F.(q1, -+ ,qn) € RI(c7*:D1;q1, -+, qn). Assume that for
all large ¢, ¢c*2 (anl, e ,ann)([O,T] x R3) C Dqy. Then on [0,T],

8a<Fc(q1,--~ ,qn)) €T MM D1 X Dosqr, -+, gy ¢ M28uqu, -, ¢7*200g), or equiv-

alently’ aa (Fc(QL e aqn)) — Oj_l(c_kl; @1 X 925 q1,° " ,qn, C_kQaaQL e 7C_k2aa(In)-

Proof. Corollary 3.4.4 also follows from the chain rule and Remark B.0.3. O

3.4.3 Application to the EN¢ System

We will now apply these lemmas to the EN¢ system. We begin by restating the hy-

potheses on the equation of state using our new notation:
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Hypotheses on the c—Depedence of the Equation of State.

Re(1,9), Roo(n,p) € RNTH(K ,n,p) (3.4.3.1)

Re(,p) — Reo(n,p) € RN (% & n,p), (3.4.3.2)

where the set & was introduced at beginning of the section. As a simple consequence

of (3.1.1.16), (3.4.3.1), and (3.4.3.2), we have that

82(n,p) — 8%, (n,p) € RN (™% &, n,p). (3.4.3.3)

We also assume that R (1,p) and 82, (n,p) are “physical” as defined in Section 3.1.2;

i.e., we assume in particular that whenever n,p > 0, we have 0 < Ro(n,p) and 0 <
82(1,p)-

Remark 3.4.11. Hypothesis (3.4.3.2) can be weakened; we do not pursue this matter

here since we are not striving for optimal results.

Lemma 3.4.5.

72 -1e RN eH /R, v) (3.4.3.4)

2 _ 1 e RV (2 & 0) RV (¢ Le @) (3.4.3.5)

R.— Roo = e4q)/c2iRc(77,p) — Reo(n,p) € RN T2, 8, W, @) (3.4.3.6)
Qc(n,p,®) — Qoo (,p) € RN (7% 8, W, D) (3.4.3.7)

W -We V(2 /P o) (3.4.3.8)

W — W € TV Y (c72, P, O}, P, ®, 0, D) (3.4.3.9)

NIV Y™ P oy P c ™' ®, 10 ®).

Proof. (3.4.3.4), and (3.4.3.5) are easy Taylor estimates. (3.4.3.6) follows from (3.4.3.1),
(3.4.3.2), and (3.4.3.5). (3.4.3.7) then follows from follows from (3.1.2.23), (3.4.3.3), and
(3.4.3.6). Since P = ¢**/<’p, (3.4.3.8) follows from (3.4.3.5), Lemma 3.4.2, and that
the fact that W and W differ only in that the second component of W is p, while
the second component of W is P. (3.4.3.9) then follows from (3.4.3.8) and Corollary
3.4.4. O
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Lemma 3.4.6. Let AY(W,®), v =0,1,2,3, denote the matrices introduced in Section

8.8. Then
AW, D), LAY (W) € RN (R;W) (3.4.3.10)
AW, D) — LAY (W) € RN (c7H /W, ®) (3.4.3.11)
(AW, @) " — (A (W) e RN (¢ 2 /W, 8). (3.4.3.12)

Proof. (3.4.3.10) follows from Hypothesis 3.4.3.1. (3.4.3.11) follows from Hypothesis
3.4.3.1, Hypothesis 3.4.3.2, and Lemma 3.4.5. (3.4.3.12) then follows from (3.4.3.11),

the adjoint formula for the inverse of a matrix, and Remark 3.4.3. O

Lemma 3.4.7. Let
Boo(W, VD) € (o, 0, ~Roo (17, P)O1 B, —Roo (1, p) D2, —ﬂzmm,p)ag@)) denote the right-
hand side of (3.2.2.1), (3.2.2.2), (3.2.2.3), and let B.(W, @, D®) denote the right-hand

side (3.2.1.1) - (3.2.1.3). Then

B.(W,®, DP) = B (W, VD) + F,, (3.4.3.13)

where
F. e V(% W, 0, D) NIV (¢, W, e 1@, v Wd, ¢ 19,d). (3.4.3.14)
Proof. Lemma 3.4.7 follows from Lemma 3.4.2 and Lemma 3.4.5. 0

Example 3.4.1. As an enlightening example, we revisit the polytropic equation of state
from Remark 2.3.2 of Chapter 2, which has a non-relativistic limit if we assume that
Aey Ao € RVFTL(R': 1), that Ay > 0 on &, and that A, — Ay € RV (c72; &;n). Some

omitted calculations show that Hypotheses 3.4.3.1 and 3.4.3.2 then hold, and that

PL/7eA®/c?(1-1/7) P

R. = A/¢R (n,p) = 10 + 3.4.3.15

(1, p) T 20 1) ( )

Qe = Qc(n,p, @) =P (3.4.3.16)
/v

mop

Roo = Roo(n,p) = (3.4.3.17)

AL ()

o = Qoo(n,p) = VP (3.4.3.18)
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3.5 Energy Currents

The role of energy currents is to replace the energy principle available for symmetric
hyperbolic systems. Their two key properties are that for a fixed ¢, they are positive
definite in the variations? when contracted against certain covectors, and that their
divergence is lower order in the variations. In this section we define the energy currents,
which exist even in the case ¢ = 0o, and demonstrate their key properties. In Section

3.6.2, we will see that the positivity property is uniform for all large c.

3.5.1 The Definition of the Re-scaled Energy Current (]

Given a variation W : M — R® and a BGS® V : M — R0 as defined in Section
3.3, we define the energy current to be the vectorfield (6)3 with components (0)30, (C)g]j,

7 =1,2,3, in the global rectangular coordinate system given by

0 qet .o P2 99 ety ~2,S  —o [ 99~ .
08 E 0+ =+ 2T 0F) P+ 5 (R + ¢ 2P) [ + @) (35.1.1)
(&
o | | .
0f L+ %PQ +2 [ + | P

C

+32(Re + ¢ 2P)W [@ko’f + c—%f(ak@k)ﬂ :
Note that energy currents can be defined when ¢ = co. In this case, we have

0 def .9 ]52 =~ .k
() =107+ o + Roo U0 (3.5.1.2)

oo

«q s ~] j 2] ]
(o0)d L 4 5152 + 207p + Roc¥ iy, 0".

00

The energy current (3.5.1.1) is very closely related to the energy current J in
(2.5.5.1), where the following changes have been made. First, in the expression (3.5.1.1),
we have dropped the terms from (2.5.5.1) corresponding to the variations of the po-
tential ® and its derivatives, for we will bound these terms in a Sobolev norm using

a separate argument. Second, the expression for (C)g is constructed using the velocity

dThe energy currents (w)j do not control the variations ® or D®; these terms are controlled through
a separate argument.

°Recall that we also refer to V (and also W when ¢ = oo) as the BGS.
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state-space variable v (3.1.2.11) and variations v, as opposed to the four-velocity com-
ponents U7 and four-velocity variations U7 that appear in expression for .J. Finally, we
remind the reader that the formula for (C)HV is provided in the coordinate system with

0

29 = t, whereas in the formula for J, the implicit coordinate system is z°

= ct, even
though ¢ was set equal to unity in Chapter 2.

Remark 3.5.1. Viewed as a quadratic form, (00)30 is manifestly positive definite in the
variations W if p > 0, for our fundamental assumptions on the equation of state give
that p> 0 = R > 0. Furthermore, as a consequence of (3.4.3.1) and (3.4.3.2), for

a fixed BGS \~7, the map ¢ — (C);j is continuous at ¢ = oo.

3.5.2 The Positive Definiteness of §H(C)3u for £ € T3+

As in Section 2.5.5, for ¢ belonging to a certain subset of T*M, the quadratic form!
£M(C)3M(W,W) is positive definite in W if P > 0. Since the energy current (C)j from
(3.5.1.1) does not contain terms involving the variations of the potential P,

{M(C)HH(W,W) is positive definite in 7, P,v for & belonging to Z3*T, the interior of
the positive component of the sound cone at x, which is larger than the light cones.

Expressed in coordinates, this statement reads
Eu(ed (W, W) > 0if W >0, P>0, and £ € I3, (3.5.2.1)

where 5+ & {¢ e T*(M) | (h"1)*(u¢, < 0 and ¢ > 0}, and h~! is the reciprocal

acoustical metric? with components that read

W =~ = 32[8.2(7.p) — ¢ 7] (3.5.2.2)
PV = p0 = —F2[87%(7,p) — ¢ 2| (3.5.2.3)
Wk = ik — 328727, p) — o (3.5.2.4)

in the global rectangular coordinate system; recall that the function 8. is defined in

3.1.1.14. A proof of (3.5.2.1) can be given using the same methods as in our suggested

fWe write “@L(C)QM(W, W)” to emphasize the point of view that gu(c)j“ is a quadratic form in W,

€Recall that the energy currents J defined in Chapter 2 were positive definite only on the light cone,
since they also contained terms corresponding to the variations of ¢ and its derivatives.

"The reciprocal acoustical metric was introduced using dimensionless variables in Section 2.5.1 of
Chapter 2.
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proof of (2.5.5.2). This fact allows us to use the form {M(C)H'“(W,W) to estimate the
L? norms of the variations W, provided that we that we estimate the BGS V. We
separately derive estimates for Sobolev norms of the terms ® and 9,® in the EOV,

using the lemmas in Appendix A.

Remark 3.5.2. For all large ¢, the covector with coordinates (1,0,0,0) is an element of

Z5**. Therefore, (C)SO(W, W) is positive definite for all large c.

3.5.3 The Divergence of the Re-scaled Energy Current

As in Section 2.5.5, if the variations W are solutions of the EOV,, (3.3.0.8) - (3.3.0.10)
then we can compute OM(C)HM and use the equations (3.3.0.8) - (3.3.0.10) for substitution

to eliminate the terms' containing the derivatives of W :

oo ()0 ()]

+ 267352 P [* 0, + 655055 + M0, + 2672 T (7,05 + P T,0,57) |

+ {2 (R + 2P)] + 0 [72 (Re + ¢ 72P) o] [ + 232 (56")?]

+2¢7 272 [ﬁc + i} [00%07 0,0; + e 0707 0;00 + ¢ 22 (T0*)? (0,007 + D17 0,0
+20f + 259 +20;hY).

(3.5.3.1)

Remark 3.5.3. Equation 3.5.3.1 also holds in the case ¢ = 0o, where Y .

3.6 Assumptions on the Initial Data

In this section we describe a class of initial data for which our energy methods allow us
to rigorously take the limit ¢ — oo in the EN¢ system. The Cauchy surface we consider

is {(t,s) e M | t =0}.

IShowing this via a calculation is quite arduous. The lower-order divergence property is a generic
feature of energy currents constructed in the manner described in [15].
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3.6.1 An H" Perturbation of a Quiet Fluid

Initial data for the EP, system are denoted by

{700(5) d:Cf (7077]1731710}27 10)37 éoo: \ijO) \ijly \i’Qa ‘il?)), (3611)

def

where Uy (s) & 9,8(0,s) and \ilj = 8j<i>oo(s). We assume that Vo is an HY perturbation
of the constant state Voo, where

def

Voo = (17,5,0,0,0,95,0,0,0,0), (3.6.1.2)
7, p are positive constants, and the constant ®, is the unique solution to
k2o + 4TG R (7, 7) = 0. (3.6.1.3)

The constraint (3.6.1.3) must be satisfied in order for equation (3.2.2.4) to be satisfied

by Voo. By HY perturbation, we mean that
[Wecllpy < oo, (3.6.1.4)

where we use the notation Woo and Wy to refer to the first 5 components of \0700 and

Vo respectively. We note here that a further positivity restriction on the initial data is

introduced in Section (3.6.2). Throughout this chapter, N is a fixed integer satisfying
N > 4. (3.6.1.5)

Remark 3.6.1. We require N > 4 so that Corollary B.0.3 and Remark B.0.3 can be
applied to conclude that 971 € C°([0,T], HN=2(R?)), where [ is defined in (3.8.2.12);
this is a necessary hypothesis for Proposition A.0.5, which we use in our proof of

Theorem 3.8.2.

Although we refer to &)OO and \i',,, v =0,1,2,3, as “data,” in the EP, system,
these 5 quantities are determined by 7, p, o', 92, 93 through the equations (3.2.2.2”) and
(3.2.2.4) together with vanishing conditions at infinity on Doy — Doy and Uy :

Ado — KA (Dog — Pog) = 471G [Roo (11, P) — Roo (77, )] (3.6.1.6)
ATy — k20 = —47GOReo (1, )] 1m0 = —4TG I (Roo (77, P)BF), (3.6.1.7)

where the integral kernel from (3.2.2.7) can be used to compute oy — Doy and ¥y. We

will nevertheless refer to the array \0700 as the “data” for the EP, system.
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Remark 3.6.2. Remark 3.2.1 implies that o € HY 1.

We now construct data for the EN¢ system from Voo Depending on which set of

state-space variables we are working with, we denote the data for the EN¢ system by

\070 dZCf ('F’aﬁa 16}1,’132,10}3,&)0,&/0,&’1,&/2,&’3) (3618)
or \ch dZEf (ﬁa 64(i)C/02]37 10}17 627 70)37 (i)u \i107 \ilh \i127 \il3)7 (3619)

where unlike in the EP, case, <i>c, \ilo, \ill, \ilg, and \ilg are data in the sense that the
system is under-determined if they are not prescribed. We choose the data
ﬁ,ﬁ,él,ﬁQ,ﬁ?’,\i/o,\ill,\i/g,\ifg for the EN{, system to be the same as the data for the
EP,, system, but for technical reasons described below and indicated in (3.6.1.12) and
(3.6.1.14), our requirement that there exists a constant background state typically con-
strains the datum @, so that it differs from @ by a small constant that vanishes as
¢ — 0.

As in the EP,; system, we assume that \070 is an HV perturbation of the constant
state of the form (depending on which collection of state-space variables we are working

with)

V. < (7,p,0,0,0,®.,0,0,0,0) (3.6.1.10)

«r def

or V. = (7, P, 0,0,0,®.,0,0,0,0) (3.6.1.11)
where 77 and j are the same constants appearing in Vo, ®. is the unique solution to
K2, + AT Gets P [Ro (77, p) — 3¢ 2p] =0, (3.6.1.12)

and P, & ¢4 °%5 The constraint (3.6.1.12) must be satisfied in order for equation
(3.2.1.4) to be satisfied by p, 7, and ®.. Although the background potential @, for the
EN¢ system is not in general equal to the background potential @, for the EP, system,

it follows from the hypotheses (3.4.3.1) and (3.4.3.2) on the c-dependence of R, that

lim @, = ®n. (3.6.1.13)

We now define the initial datum &, appearing in the arrays (3.6.1.8) and (3.6.1.9)
by

def 3

. L by — Doy + D, (3.6.1.14)
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which ensures that the deviation of ®. from the background potential ®, matches the
deviation of @ from the background potential ®,. We denote the first 5 components

of \070, \Ofc, V., and V. by V\?C, VOVC, W,, and W, respectively.

Remark 3.6.3. We could weaken the hypotheses by allowing the initial data for the
EN¢ system to deviate from the data for the EP, system by an HY perturbation that
decays to 0 rapidly enough as ¢ — oo. For simplicity, we will not pursue this line of

thought here.

3.6.2 The Set R
The Construction of £

In order to avoid studying the free boundary problem and in order to avoid singularities
in the energy current (3.5.1.1), we assume that the initial pressure, energy density, and
speed of sound are uniformly bounded from below by a positive constant. According to
our assumptions (3.1.1.11) on the equation of state and definition (3.1.2.23), to achieve
this uniform bound, it is sufficient to make the following further assumption on the
initial data: 1/0\700 (R?) is contained in a compact subset of the following open subset O

of the state-space R?, the admissible subset of truncated state-space:

O={WecRn>07p>0}. (3.6.2.1)

Therefore, we assume that WOO(R3) C 01 and W, € Oy, where Oy is a convex
precompact open set! with O; € O. By slightly enlarging O; if necessary, property
(3.6.1.13) allows us to assume that for all large ¢, W.(R?) € O; and W, € Oy; also
note that for all c, W, = W,.. We then fix a convexk precompact open subset Oy with
01 € 0y €O0.

We now address the variables (CID, o, 81<I),32Q>,83<I>). If equalities are achieved in
the inequalities (3.8.2.1b) and (3.8.2.1d) below by solution variables
(@,8,5@,81@,82@,83@), then definition (3.6.1.14) and Sobolev imbedding imply that

JIn practice, Oy can be chosen to be a cube.

kProposition B.0.4 requires the convexity of Os.
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there is a cube of the form [—a, a]® such that for all large ¢ including ¢ = oo,
(®,0,9,0:®,0.9P,059)([0,T] x R®) C [—a,a]’. Furthermore, the inequalities (3.8.2.1b)
and (3.8.2.1d) are constructed in a manner such that for all large ¢ including ¢ = oo,

(‘i)c, ‘i’07 \ijly ‘i’27 \1’3) (R3) S [—a,a]5. We now define
AE 0y x [—a,a]’ (3.6.2.2)

and note that K is convex, and that furthermore, for all large ¢ including ¢ = oo,
V.(R3) € Int(R) and V. € Int(&). Our goal is to show that the solution V. to (3.2.1.1)
- (3.2.1.4) launched by the initial data V, exists on a time interval [0, 7] that is inde-

pendent of (all large) ¢ and remains in K.

Remark 3.6.4. By slightly enlarging Oy, it easily follows from definitions (3.3.0.13)
and (3.3.0.15) that there is a compact, convex set & C RU9 such that for all large
¢, Ve R = YV e & Additionally, we choose & so that V.(R®) € Int(&) and

V. € Int(8).

The Uniform-in-c Positive Definiteness of (C)g'o on K

As described in Section 2.6.2, we will use the quantity H(c)go(t) || 21 to control ||[W(t) (8
where (C)a' is an energy current for the variation W with coefficients defined by a BGS
V. Since we seek estimates that are uniform in ¢, it is important that (0)30 is uniformly
positive definite independent of both the BGS V and all large c. Let us now formulate

this precisely as a lemma.

Lemma 3.6.1. Let (C)g be the energy current for the variation W defined by the BGS
V as defined in Section 3.5.1. Assume that \~7(t,s) € R. Then there exists a constant

Cg with 0 < Cg < 1 such that
CAlW|? < (3" (W, W) < C W2 (3.6.2.3)
holds for all large ¢ including ¢ = oo.

Proof. The proof we give involves a slight modification of our proof of (2.6.2.2). It is
sufficient prove inequality (3.6.2.3) when [W| = 1 since it is invariant under any re-

scaling of W. Let 'V be the array related to the array V as in (3.3.0.13) and (3.3.0.15),
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and let & be the compact set defined in Remark 3.6.4. Recall that (00)3 is defined in
(3.5.1.2) and that (00)3'0 is manifestly positive definite in the variations' W if p > 0. If
we view (00)30 as a function of (W, W), then by uniform continuity, there is a constant
0 < C(&) < 1 such that C(&)|W|? < (00)30 < C(&)~YW|? holds on the compact
set {{W]| = 1} x &. Furthermore, if we also view (C)SO as a function of (W, V), then
by Lemma 3.4.5 and (3.5.1.1), we have that ' = (s)d + Fo - [W[, where F, €
RN(C_Q;.Q/;"}). (3.6.2.3) now easily follows: Cg can be any positive number that is
strictly smaller than C'(8&). Note that it may be considered a slight abuse of notation

that we label the constant “C's” rather than “Cg.” O

3.7 Smoothing the Initial Data

As in Section 2.7.2, we smooth the first 5 components VO\?OO of the data \0700 defined in

(3.6.1.1) with the mollifier x., defining XWoo € C™ by

XWoo(s) & / Xe(s — 8" ) Woo(s') d%'. (3.7.0.4)
R3

This is necessary because we will need to estimate the HY norms of the right-hand
sides of (3.8.2.6) - (3.8.2.8) below. Without smoothing, this would in general lead to
infinite expressions. Note that we do not smooth the data ® or \ilo.

The following property of such a mollification is well known:
lim+||X€Woo — Wy = 0. (3.7.0.5)
e—0
We will choose below an ¢y > 0. Once chosen, we define the smoothed data XSOVO\?OO by

(0)py def ((0)ﬁ7 ©), (0){,) o Woo, (3.7.0.6)

OV, & (O e/ O 05, (3.7.0.7)

where ®, is defined in (3.6.1.14). By Sobolev imbedding, the assumptions on the initial
data W, which are the first 5 components of the data V, defined in (3.6.1.9), (3.4.3.5),

'To be consistent the notation used in formula (3.5.1.2), we “should” use the symbol W to denote
the variations appearing as arguments in (w)g, However, for the purposes of this proof, there is no harm
in identifying W = W since these placeholder variables merely represent the arguments of (00)3 when
viewed as a quadratic form.
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Lemma 3.4.2, and the mollification properties above, 3{A; > 0 A ¢y > 0} (at least as

small as the ¢y in (??)) such that

for all large ¢, |[W — OW,|gx <Al = W € Oy (3.7.0.8)
Ay

OW, - W, g~ < Cay (3.7.0.9)

where O and £ are defined in Section 3.6.2, and Cg is from (3.6.2.3).

Remark 3.7.1. As in Remark 2.7.3, it is an important fact that H(O)\o[cHH1}7+1 and
Ve
OV || are uniformly bounded for all large ¢. Also see Remark 3.6.2 for a relevant

comment.

3.8 Uniform-in-Time Local Existence for EN¢

In this section we prove the first important theorem of this chapter, namely that there
is a uniform time interval [0, T'] on which solutions to the EN¢ system having the initial

data V. exist, as long as c is large enough.

3.8.1 Local Existence and Uniqueness for EN¢ Revisited

Let us recall the following local existence result provided by Theorem 2.7.1, in which it

is not yet shown that T can be chosen independently of all large c.

Theorem (Local Existence for EN¢). Let V.(s) be initial data for the ENC system
(3.2.1.1) - (3.2.1.4) that are subject to the conditions described in Section 3.6. Then
for all large (finite) c, there exists T, > 0 such that (3.2.1.1) - (3.2.1.4) has a unique
classical solution V(t,s) on [0,T.] x R of the form

V = (n, P,v, 02,03, ®,0,®,0,®, 0o, 03®) with V(0,s) = \Ofc(s). The solution satisfies
V([0,T.] x R®) C &, where the set & is defined in Section 3.6.2. Furthermore,

V e CO[0, 7], HY )NCH([0,Te], HG 1) NC2([0, T), HY %) and @ € CO([0, Te], Hy )N
CH[0,T], Hy ) N C*([0, T.), Hy 1) N C3([0, T.], Hy ~2).

Remark 3.8.1. Although it is not explicitly stated in Theorem 2.7.1, the fact that V

is twice differentiable as a map from [0, T,] to H(—[V ~2 follows from our assumption that
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N > 4. Also, by Corollary B.0.3, we have that p € C°([0, T¢], HY ) nC ([0, o), HY ~1)n

CQ([O,TC], Hé\[72), since p= Pe_4¢’/c2‘
Remark 3.8.2. The case ¢ = oo is discussed separately in Theorem 3.9.1.

Remark 3.8.3. Strictly speaking, Theorem 2.7.1 was proved using the relativistic state-
space variables U”. However, the form of the Newtonian change of variables made in
sections 3.1 and 3.1.2 and Corollary B.0.3 allow us to conclude Sobolev regularity in

one set of variables if the same regularity is known in the other set of variables.

Corollary 3.8.1. Assume that 5/2 < N' < N and that V(t,s) is a solution to the
EN¢ system having the regularity property V. € LOO([O,T],H%V )N CO([O,T],H\—,N/) N
CY([0,T), HY™Y). Then

V e C([0, T, Hy) ). (3.8.1.1)

Proof. We apply Theorem 3.8.1 to conclude that there exists ¢ > 0 and a solution

V e CU[T — ¢, 7], H{—,Vc) NCY[T — ¢, T), Hg;l) with V(T) = V(T). Furthermore, the
uniqueness argument in Section 2.7.5 can be easily modified to show that solutions to
the EN¢ system are unique in the class CO([T —e¢, T}, Hg;)ﬂC’l([O, 1], ch_l) Therefore

V =V on their common slab of spacetime existence. O

3.8.2 The Uniform-in-Time Local Existence Theorem
We now state and prove the uniform time of existence theorem.

Theorem (Uniform-in-Time Existence). Let V(s) be initial data for the ENC sys-
tem that is subject to the conditions described in Section 3.6, and let OW, denote the
smoothing of the first 5 components of V., as described in Section 3.7. Let & be the sub-
set of R0 constructed from V., as described in Section 3.6.2. Then there exists cy > 0
and T > 0, with T not depending on c, such that for ¢ > co, \O/'c launches a unique
classical solution 'V to (3.2.1.1) - (3.2.1.4) that exists on the slab

[0, 7] xR3 and that has the properties V(0,s) = V(s), V([0,T] xR3) C &. The solution
is of the form V = (n, P,v', v v3, ® 0,®,01¢,02®,03®) and has the reqularity prop-
erty Ve C°[0,T], H (R*)) N CY([0,T], Hy ' (R?)), and ® € C°((0,T], Hy ™ (R?)) N
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Cl([O,T],Hg (R3)) N 02([O,T],Hg_1(R3)). Furthermore, with p = Pe=4%/* there

exist constants A1, Ao, Ly, Lo, L3, Ly > 0 such that

IIW = OW, [[[gn 7S Ay (3.8.2.1a)

1| @ — De ||| 7S Ag (3.8.2.1b)

I OW [||gv-1 pS L (3.8.2.1c)

| 0@ ||| v 7S Lo (3.8.2.1d)

11020 W20 111 0 gv-—205 Ls (3.8.2.1¢)
) 07 ||| v 7S La. (3.8.2.1f)

Our proof has a lot in common with our proof of Proposition 2.7.3. For the sake
of appearances, we suppress the dependence of the running constants on N and £ in
our proof. We indicate dependence on the initial data H(O)WcHH‘J}yvtl, ||<i>c||HgC+1, and
|[Wo|l g~ by writing C(id). By Remark 3.7.1, any constant C(id) can be chosen to be
independent of all large c. In our proof of Theorem 3.8.2, we also use an additional key

ingredient, namely a continuation principle for Sobolev norm-bounded solutions:

Proposition 3.8.2. Let V.(s) be initial data for the ENC system (3.2.1.1) - (3.2.1.4)
that are subject to the conditions described in Section 3.6, and let T > 0. Let V be the
unique classical solution launched by V(s), and assume that V € CO([O,T),HgC) N
Cl([O,T),Hggl). Assume that there are constants My, My > 0 and a compact set |

such that the following three estimates hold for any T' € [0,T) :
1[IV |HH{7\’C,T/§ My
2. 11 0V ||lgx—1 < Mo
3. V([0,T"] x R3) C &.

Then

Ve 0,1, Hg ) N C ([0, 7], HG ") and V([0,T] x R?) C & (3.8.2.2)
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Proof. We will first show that there exists a V* € H{—/V (R3) such that
lim [|[V(T,) — V*|gn-1=0 (3.8.2.3)

holds for any sequence {7} of time values converging to 7" from below.

If {T},} is such a sequence, then hypothesis 2 implies that ||V (T}) — V(T})| grv-1 <
My|T; — Ty|. By the completeness of HV=1 there exists a V* € HN~! such that
(3.8.2.3) holds, and it is easy to check that V* does not depend on the sequence {7}, }.
By hypothesis 1, we also have that {V(T,,)} converges weakly in H{—,VC to V* and that
”V*HHVN < Mj. We now fix a number N’ with 5/2 < N’ < N. By Proposition B.0.6,
we have that lim, . [|V(T,) — V*| yar = 0. Consequently, if we define V(T') &y,
it follows that V € L([0,T], Hy ) n C°([0, 7], H') N C([0,T], HZ~"). The claim

(3.8.2.2) now follows from Corollary 3.8.1 and continuity. O

Outline of the Structure of the Proof of Theorem 3.8.2

The inequalities (3.8.2.1a) - (3.8.2.1f) are derived from a variety of a-priori energy
estimates for the solution. As we will see, the difficulty is that each of the 6 estimates
in (3.8.2.1a) - (3.8.2.1f) depends on one or more of the others, and so one must carefully
arrange the order of the argument so that it is, heuristically speaking, of the form “Term
1 is bounded on [0,7] = Term 2 is bounded on [0,T] --- = Term n is bounded on
[0,T7] = Term 11is small on [0,T] as long as T is small = Term 2 is small on [0, T
as long as T is small --- == Term n is small on [0,T] as long as T is small. This is
carried out in detail in (3.8.2.19) - (3.8.2.25) below, but to preserve the continuity of
the argument, we have placed all of the technical lemmas in a separate section. Once
we have chosen T small enough to imply such a chain of a-priori estimates, we apply
Proposition 3.8.2, which shows that a-priori smallness bounds on Sobolev norms of the
solution allow one to continue it and therefore preclude the possibility of blowup on
[0,7]. In the opinion of the author, the most interesting of the a-priori estimates is
(3.8.2.25), in which ||0;®|| g~ is shown to be small based in part on the hypothesis that

¢ 1|0;®|| g~ is small (and c can be large!); this estimate is essential to the argument.
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Proof of Theorem 3.8.2

We begin our proof of Theorem 3.8.2 by introducing some notation. Let V denote the
local in time solution to the EN¢ system (3.2.1.1) - (3.2.1.4) launched by the initial
data V, as furnished by Theorem 3.8.1. With W denoting the first 5 components of

V, we suggestively define
Wi(t,s) & W(t,s) — OW,(s) (3.8.2.4)
d L P — P, (3.8.2.5)
where @, is defined in (3.6.1.14) and (OW (s) is defined in (3.7.0.7).

It follows from the fact that W is a solution to (3.2.1.1) - (3.2.1.3) that W is a
solution to the EOV, (3.3.0.8) - (3.3.0.10) defined by the BGS V with initial data
W (0,s) = W,(s) — OW,(s). The inhomogeneous terms in the EOV, satisfied by W
are given by b = (f,g,--- ,h®), where for j = 1,2,3

f=—0ka,[On) (3.8.2.6)
g = (4P — 3Q0)[0:(c2®) + v* ), (c72)] — 1P [e1P/< . O] (3.8.2.7)
— QO[] = PRQev vad (0]
W) = (3¢72P — R.) (9;® + 7. 207 [9y(c2®) + v Oy (c2®))) (3.8.2.8)
— 2 (Re 4 ¢ 2P) (v* 03[ O07] + 232070k 0,0, [(D97))
— 0[P/ O] — ¢ 2520T kg, e/ O,

In order to show that the hypotheses of Proposition 3.8.2 are satisfied, we will need

to estimate d5W in L2. Therefore, we will study the equation that 95 W satisfies: for

0 < |@| < N, we differentiate the EOV,. defined by the BGS V with inhomogeneous

terms b to which W is a solution, obtaining that 0z W satisfies™
AW, 8)9,(0sW) = bg, (3.8.2.9)
where

bd’ d:ef cAoa& ((C‘AO)*lb) + kO_Z (38210)

"Recall the convention stated in Remark 3.3.2.
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and
kg & A [(A”) T AR (05 W) — 0 ((A%) T AR W) (3:8.2.11)

Thus, dzW is a solution the EOV, defined by the same BGS V with inhomogeneous

terms bg. Furthermore, ® is a solution to the EOV, (3.3.0.11), where
1Y (k2 — A, + 47G(R. — 3¢72P). (3.8.2.12)

We will return to these facts in Section 3.8.3 where we will use them in the proofs of
some technical lemmas.

As an intermediate step, we will prove the following weaker version of (3.8.2.1d):
¢ 0@ Il 1S Lo (3.8.2.1d")

We now define the constants A, Ag, L}, and Ly. We will then use a variety of energy
estimates to define L1, Ly, and L3 in terms of these four constants and to show that
(3.8.2.1a) - (3.8.2.1f) are satisfied if T' is small enough. A; has been already defined in
(3.7.0.8). To motivate our definitions of Lj, Ly, and Ag, see inequalities (A.0.2.4) and
(A.0.2.6) of Lemma A.0.2 and inequality (A.0.2.20) of Corollary A.0.3, and let Cp(k)
denote the constant that appears throughout the lemma and its corollary. By Lemma

3.8.8, we have that

Co(w) (¢ [ Wol v + 11(0) | 1) < Ci(id, ) (3.8.2.13)

Co () (ll10) || zrn—1 + (A = &2)Tg — 8L (0)|| -2 < Co(id, k). (3.8.2.14)

Note also the trivial (and not optimal) estimate ¢=2Cq(x)||Wo |l gv < 2Co(k). We thus

define
Ay = 2C)(k) (3.8.2.15)
Ly <20 (id, k) (3.8.2.16)
Ly <20, (id, k). (3.8.2.17)

Let T7"** be the maximal time for which the solution V. exists, remains in &, and



115

satisfies the estimates (3.8.2.1a), (3.8.2.1b), (3.8.2.1d’), and (3.8.2.1f); i.e.,

T 2 sup {TIV € CO(0.7), B (B%) 1 C'([0. 7). HY ' (B)),
V([0,T] x R?) C &, and (3.8.2.1a), (3.8.2.1b), (3.8.2.1d’), and (3.8.2.1f) hold}.
(3.8.2.18)

Lemmas 3.8.16, 3.8.4, 3.8.9, 3.8.13, 3.8.11, and inequality (3.8.3.33) of Lemma 3.8.12

supply the following estimates which are valid for 0 < 7 < T7"* :

H‘ W |HHN,7-§ [A1/2 + C(Al,AQ, Ll, LIQ)T] . exp(C(Al,AQ,Ll,Lé)T) (38219)
I W || v S Li(As, Az, L) (3.8.2.20)
1100P =2, 1 920 Wl x2S Ls(As, Aa, L, Ly, La) (3.8.2.21)

|H (I) |H?—]N+177-§ (A2)2/4 + 7 C(A17A2)L15L/2) + 7-2 . C(A17A27L17Ll27L3yL4)

(3.8.2.22)
I 0:® ||| v 7S La/2 4+ 7C (A1, Ag, Ly, L) (3.8.2.23)
7 ||| gv-1 7S La/2+ 7 C(A1, Mg, Ly, Ly, Lg, Ly). (3.8.2.24)

We apply the following sequence of reasoning to interpret the above inequalities: first
Ly in (3.8.2.20) is determined through the known constants Aj, As, and L'Q. Then L3
in (3.8.2.21) is determined through the known constants Ay, Ag, L1, L, and Ly. Then
the remaining constants C(---) in (3.8.2.19) - (3.8.2.24) are all determined through
A1, Ao, Ly, LYy, Ls, Ly.

We now choose T so that when 0 < 7 < T, it algebraically follows that the right-
hand sides of (3.8.2.19), (3.8.2.22), (3.8.2.23), and (3.8.2.24) are strictly less than
A1, (Ag)?, L, and Ly respectively. Note that T may be chosen independently of (all
large) c.

Following this, inequality (3.8.3.32) of Lemma 3.8.12 gives the bound

’H 0y P ’HHN,’T < LQ(Zd, Al,AQ,Ll,LIQ)/Q + TC(Al,AQ,Ll,LIQ,Lg,L4>. (38225)

~

By shrinking 7' if necessary, we may assume that when 0 < 7 < T it algebraically
follows that the right-hand side of (3.8.2.25) is strictly less than Ly. We now show that

17 < T is impossible.
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Assume that T."** < T. Then by Proposition 3.8.2, we have

V. € C°([0, Tma=], H{,—Vc)ﬂCl([O, Tmer], H{—,VZI), and by continuity, inequalities (3.8.2.19)
- (3.8.2.25) hold for 7 = T!"**. Since the right-hand sides of (3.8.2.19), (3.8.2.20),
(3.8.2.22) - (3.8.2.24), and (3.8.2.25) are strictly less than Ay, (Ag)?, Lb, Lg, and Lo
respectively when 7 = T Sobolev imbedding implies that V.([0, 7] x R3) is
contained in the interior"of K. Consequently, we may apply Theorem 3.8.1, taking
T as the initial time and V.(7"*") as initial data, to produce an € > 0 such that
Ve € OO0, 27 4 HY ) 0 O (0. 7% + ] YY) and | W[l e o5 A
1 1B gnee s S (A2)% ¢ 11| [l s S L and

|| 029 ||| N1 mazy S La. This contradicts the definition of 77"** and completes

the proof of Theorem 3.8.2.

3.8.3 Proofs of the Technical Lemmas

We now state and prove the technical lemmas quoted in the proof of Theorem 3.8.2.
We will require some auxiliary lemmas along the way. Throughout this section, we
assume the hypotheses and notation used in our proof of Theorem 3.8.2; i.e., V denotes
the solution, W denotes its first 5 components, W and &, are defined in (3.8.2.4) and
(3.8.2.5) respectively, [ is defined in (3.8.2.12), and so forth.

We also assume that 7 € [0, 7/"%"). By the definition of 7/"%* and the set & defined

in Remark 3.6.4, we have the following bounds:

W= OW, [[|gr, S M (3.8.3.1)
1@ — e |llzra1,S As (3.8.3.2)
¢ 8@ [l v - S Lo (3.8.3.3)

U 920 (|| - La. (3.8.3.4)
V([0,7] xR?) C & (3.8.3.5)
V([0,7] x R?) C &' (3.8.3.6)

"Recall that in Section 2.6.2, & was defined through Sobolev embedding based on the hypotheses
that HWHHN = Al, H(I)”HNJrl = AQ, and ||8fq>||HN = LQ.
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We make use of the bounds (3.8.3.1) - (3.8.3.6) in our arguments below without always
explicitly mentioning that we are doing so.

Remark 3.8.4. By Sobolev imbedding, (3.8.3.3) and (3.8.3.4) imply L*° bounds on
¢ 19,®. and ¢ 10?® respectively. As stated in Remark 3.4.5, we will make use of this
implied L> bound and the L> bounds (3.8.3.5), (3.8.3.6) on W, VOW W, VW, &,

and D® without explicitly mentioning them.

Lemma 3.8.3.
(47G) 1 = Roo(n,p) — R (11, ) + F, (3.8.3.7)
(ArG) 7 oyl = 01 (Roo(n, p)) + Ge (3.8.3.8)
(4rG) 107l = 07 (Reo (0, p)) + He, (3.8.3.9)
where
F.eN(c%n,p,®)nIN(c g, p,c @) (3.8.3.10)
G. e IV Y% m,p, ¢ 1@, 0ym, Oip, c—la@) (3.8.3.11)

NIV Y Y, p, L@, 0im, Oyp, ¢ 10,P)
H.e IN_2(C_1; n,p, ¢t ®, 0, Opp, ¢ L0, ®, 021, OFp, LI D). (3.8.3.12)
Proof. 1t follows from the discussion in Section 3.6 that
(4nG)~ M = [64‘1)/62910(77,;0) — 64&)0/629%(77,;5)] + 3¢ 2 (64@/52]5 — e@/czp) (3.8.3.13)
+ Roo (71, 0) = Rea (17, D).

Therefore, (3.8.3.7) follows from Lemma 3.4.1, Lemma 3.4.2, and Lemma 3.4.5. (3.8.3.8)
and (3.8.3.9) then follow from Remark 3.8.1 and Lemma 3.4.3. O

Lemma 3.8.4.

def

| W ||| -1, S C(A1, Mg, L) = Ly(Ay, Az, L). (3.8.3.14)

Proof. By using the EN¢ equations (3.2.1.1) - (3.2.1.3) to solve for ;W and applying
Lemma 3.4.2, (3.4.3.8), (3.4.3.9), Lemma 3.4.6, and Lemma 3.4.7, we have that

W = (LAY W, 0)) ' [ AR (W, D)9 W + B (W, B, DD)] (3.8.3.15)

— (oA (W) [ AP (W)W + B, (W, VDD)] + F,,
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where
F, eV ' (2 W,VOIW, 8, D0) NIV (¢ W, VIW, 1, ¢ "' D®). (3.8.3.16)

Lemma 3.8.4 now follows from Proposition B.0.2, the bounds (3.8.3.1) - (3.8.3.3)
and the definition of ZV=1(¢™; W, VIOW, ¢~1®, ¢~ D®), which implies that
Il e [[[v-1,S e C(Ar, A, L), ]

Corollary 3.8.5.
IW = (A" (W) " [~ AP (W)W + B (W, VD) + G, (3.8.3.17)
where
Ge e TV N2 W, VIW, &, D) NIV e b W, VDWW, ¢ 1®, ¢ D®). (3.8.3.18)

Proof. Observe that 0;p = 0;P+ (6@/02 —1)0;,P—40;® /c*P, and that O, P is the second
component on the left-hand side of (3.8.3.15). The relation (3.8.3.17) now follows from
(3.8.3.15), Lemma 3.4.2, (3.4.3.5), (3.4.3.9), and the fact that W and ‘W differ only in

that the second component of W is P, while the second component of W is p. O

Corollary 3.8.6.
[ OW ||| -1+ S C(A1, Ay, LY). (3.8.3.19)

Proof. Using the expression (3.8.3.17), the proof of (3.8.3.19) easily follows from the

proof of Lemma 3.8.4. O

Corollary 3.8.7. The following relation for the solution is valid on [0, T"**) :
Op + V"D + Qoo (0, p)Opv® = F., (3.8.3.20)
where
F, eIV Y2 W, VOW, &, DO) NIV 1, W, VOW, ¢ 1®, ¢ ' D®). (3.8.3.21)

Proof. Corollary 3.8.7 immediately follows from the fact that 0;p is the second entry of
0¢W in the expression (3.8.3.17). O
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Lemma 3.8.8. There exists a constant C(id) > 0 such that

120)[| v S ¢ 2C(id) (3.8.3.22)

(A = &2)Wg — 9,L(0) || grrv—1 < ¢ 2C(id). (3.8.3.23)

Proof. The estimate (3.8.3.22) follows from inequality (3.8.3.7) at ¢t = 0.
To obtain the estimate (3.8.3.23), first recall that according to the assumption

(3.6.1.7) and the chain rule, we have that

(4nG) "V (K? — A) Ty = Ok (Roo (77, )0") (3.8.3.24)

ORoo /o or ok o
= Tn(n,p)vk&m +

ORoo 10 o\ ok o . oovn e
= (1, D)8 04 + Roc (1, 5) 048"

p
Furthermore, by (3.8.3.8), the chain rule, (3.2.1.1), (3.2.2.6), (3.8.3.20), and (3.1.1.16)
in the case ¢ = co, we have that

ORoo o v okn o OReo o oiopn o
(47 G)~19,1(0) = — Tn(n,p)vkakn - Tp( ,P)O*Op (3.8.3.25)

— Roo (1, p) 0" + ON (725 4d).

The estimate (3.8.3.23) now follows from (3.8.3.24) and (3.8.3.25).

Lemma 3.8.9.

H| 615277 |HHN*2,T7 H| 8152]9 |HHN*2,T S C(AlaAQale /27L4) Ci:EfL3(A17A2>L17L,27L4)‘
(3.8.3.26)
Proof. To obtain the bound for 9?p, first isolate 9;p in the expression (3.8.3.20), then

differentiate with respect to ¢ and apply Lemma 3.4.3 to conclude that
0fp = =0 [vFOkp + Qoo (0, p)OV*] + G, (3.8.3.27)

where G. € TN "2(¢c™ 1, W, VOW, ;W , VDO, W, c 1@, ¢ 1D, ¢ 19?®). We now use
(3.8.3.1) - (3.8.3.4), the previously established bound (3.8.3.14) on ||| W |[||g~-1 ,,
the previously established bound (3.8.3.19) on ||| %W [||g~-1 ,, and the definition of
IN=2(--+) to conclude the estimate (3.8.3.26) for ||| 97p ||| gn—2 , -

The estimate for 927 is similar, and in fact much simpler: use equation (3.2.1.1) to

solve for dyn, then differentiate with respect to ¢ and reason as above. O
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Lemma 3.8.10.

[ |~ - < C(id, A, Az) (3.8.3.28)
110 |[lv-1 2 < C(A1, Ag, Lo, I) (3.8.3.29)
| 021 ||| w2 S C(A1, A, Ly, Ly, L3, Ly). (3.8.3.30)

Proof. Recall that a convenient expression for [ is given in (3.8.3.13). Lemma 3.8.10

follows from (3.8.3.1) - (3.8.3.4), Lemma 3.8.3, Lemma 3.8.4, and Lemma 3.8.9. O
Lemma 3.8.11.

|| 0@ (|| gv - S Lh/2 4+ 7C (A1, Ag, Ly, L). (3.8.3.31)

~

Proof. (3.8.3.31) follows from definition (3.8.2.16), Lemma 3.8.8, inequality (3.8.3.29)
of Lemma 3.8.10, and inequality (A.0.2.4) of Lemma A.0.2. O

Lemma 3.8.12.

|H 0;® |||HN,T < C(id,Al,AQ,Ll,L,Q) + TC(Al,AQ,Ll,L,Q,Lg,Iq) (38332)

~

def

= La(id, A1, Ao, L1, L) /2 4+ 7C(A1, A9, Ly, L, L3, Ly)
) 7@ ||| gn—1 » S C(id) + TC (A1, Ag, Ly, L, L3, Ly) (3.8.3.33)

Y Lu(id) /2 + 7C (A1, Ao, Ly, Ly, Ls, Ly).

Proof. The estimate (3.8.3.32) follows from Lemma 3.8.8, inequalities (3.8.3.29) and
(3.8.3.30) of Lemma 3.8.10, and inequality (A.0.2.25) of Proposition A.0.5. The esti-
mate (3.8.3.33) follows from definition (3.8.2.17), Lemma 3.8.8, inequality (3.8.3.30) of
Lemma 3.8.10, and inequality (A.0.2.6) of Lemma A.0.2. O

Remark 3.8.5. Inequality (3.8.3.32) is interesting in that it bounds ||| 0;® |||y~ . from
above by a quantity that depends on ||| ¢'0;® |||y~ , —hence the appearance of L

on the right-hand side of (3.8.3.32).
Lemma 3.8.13.

. As)?
10 B S P20 r (A A L 1) 4 72 €A Ao L. L L L),

(3.8.3.34)
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Proof. Inequality (3.8.3.34) follows from definition (3.8.2.15), (3.8.3.28), (3.8.3.32), and
inequality (A.0.2.20) of Corollary A.0.3. O

Lemma 3.8.14. Let (6)3 be the energy current (3.5.1.1) for the variation W defined
by the BGS 'V, and let b = (f,g, ,h(3)), where f,g,--- ,h®) are the inhomogeneous
terms from the EOV, satisfied by W that also appear in the expression (3.5.3.1) for the

divergence of (c)éj. Then on [0,T.*"),
1003l S C(B1, A, Ly, L) - (W22 + [Wl|ga bl 2] (3.8.3.35)

Proof. Lemma 3.8.14 follows from the expression (3.5.3.1), Hypotheses (3.4.3.1) and
(3.4.3.2), Lemma 3.4.5, Remark 3.4.8, the bounds (3.8.3.1) - (3.8.3.3), the bound

(3.8.3.14), Sobolev imbedding, and the Cauchy-Schwarz inequality for integrals. O

We also state here the following corollary that will be used in the proof of Theorem
3.9.2. We do not give a proof, since it is similar to the proof of Lemma 3.8.14, and in

fact, simpler: ¢ does not enter into the estimates.

Corollary 3.8.15. Let V be an HY solution to the EP, system (3.2.2.1) - (3.2.2.4)
existing on the interval [0, T], and let W be a solution to the EOV (3.3.0.8) - (3.3.0.10)
defined by the BGS W with inhomogeneous terms b = (f,g,--- ,h3). Let (00)3 be the
energy current (3.5.1.2) for the variation W defined by the BGS W. Then on [0,T],

10(00)d" 1t S CUNW gy s 111 OW Il 7) - [IIWI1Z2 + Wl g2 [l 2 |
(3.8.3.36)

Lemma 3.8.16.
H’ W H’HNJS, [A1/2 + C(Al, Ao, L1, le)T] . exp(C(Al, Ao, L1, LIQ)T) (38337)

Proof. Our proof of Lemma, 3.8.16 follows from a Gronwall estimate in the HV norm of
the variation W defined in (3.8.2.4). Rather than directly estimating the H"Y norm of
W, we instead estimate the L' norm of (0)327 where (C)S& is the energy current for the
variation 95z W defined by the BGS V. This is favorable because of property (3.5.2.1)

and because by (3.5.3.1), the divergence of (6)3 is lower order in W. We follow the
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method of proof of Proposition 2.7.3; the only difficulty is checking that our estimates
are independent of all large ¢. We will show that for 0 < |@| < N and ¢ € [0, T7"*"), we

have
Iballz2 S Clid, Ay, Ay, L) (1 + [W] ), (3.8.3.38)

where bg is defined in (3.8.2.10). Let us assume (3.8.3.38) for the moment; we will
provide a proof at the end of the proof of the lemma.
We now let (C)H& denote the energy current (3.5.1.1) for the variation 9zW defined

def

by the BGS V, and abbreviating Jz = (C)H& to ease the notation, we define £(t) > 0 by

ZUEDY /RB 30(t,s) ds. (3.8.3.39)

|la|<N

By (3.6.2.3) and the Cauchy-Schwarz inequality for sums, we have that
Cal W5y S E%(t) S Ot W[5 (3.8.3.40)

Then by definition (3.8.3.39), Lemma 3.8.14, (3.8.3.38), (3.8.3.40), we have

d . . .
2608 = 3 [ 0,0 S (A Aa i, 1) (105 WIE: + |02 W i bl 2)
R

dt
<N
(3.8.3.41)

5 C(,Ld’ AlaAQ,leLIQ) : (HWH?{N + HWHHN) S C(idvAlaA%Ll’L,Q) : (82 + 8)

~

We now apply Gronwall’s inequality to (3.8.3.41), concluding that
(with C = C(id, Ay, Ag, Ly, L))

E(t) S [€(0) + C - t] - exp(Ct). (3.8.3.42)
Using (3.8.3.40) again, it follows from (3.8.3.42) that

WO~ S (CRHIW O]y +Ct) - exp(CH). (3.8.3.43)

Recalling that W(0) = W, — (OW, and taking into account inequality (3.7.0.9), the

estimate (3.8.3.37) now follows.
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It remains to show (3.8.3.38). Our proof is based on the Sobolev-Moser lemmas
stated in Appendix B and the c—independent estimates of Section 3.4. We first claim
that the term A9z ((-A%)~'b) from (3.8.2.10) satisfies

1A% ((«AY) ~MD) |2 < C(&;id, A1, Ao, L)), (3.8.3.44)

where all of the estimates we derive in this section are valid on [0,77"**). Because
Lemma 3.4.6 and (3.8.3.5) together imply that ||A°(W, ®)||~ < C(R), it suffices to
control the L? norm of 8&((C.A0)_1b). Then using Lemma 3.4.6, (3.8.3.5), Proposition
B.0.2, and Remark B.0.3 with (CAO)*1 playing the role of F in the proposition, and b

playing the role of GG, we have that
1(A%) "Dl gy < C(K5 A1, A2)|[b| g (3.8.3.45)
To estimate ||b||~, we first split b into two terms:
b =B.(W,®,D®) + 3.(id, W, D), (3.8.3.46)

where B, is defined in Lemma 3.4.7 and the 5-component array J. contains the terms
from (3.8.2.6) - (3.8.2.8) involving the smoothed initial data. By Lemma 3.4.2, Lemma
3.4.5, and (3.8.3.5), we have that

J. € IV (R;id, W, @), (3.8.3.47)
and from 3.8.3.47, (3.8.3.1), and (3.8.3.2), it follows that
|Tc(id, W, ®@)|| g~ S C(R;id, A, Aa). (3.8.3.48)
By Lemma 3.4.7, Proposition B.0.2, and (3.8.3.1) - (3.8.3.3), we have that

|B(W, &, D®)|| g < [|Boo(W, VI®)|| yn + C(&; Ay, Ao, L) < C(R; A1, g, L).
(3.8.3.49)

Combining (3.8.3.46), (3.8.3.48) and (3.8.3.49), we have that

Now (3.8.3.45) and (3.8.3.50) together imply (3.8.3.44).
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We next claim that the kg terms (3.8.2.11) satisfy
ka2 < C(&id, Ar, As) [W | g (3.8.3.51)

Since [|A°(W, ®)||z~ < C(K), to prove (3.8.3.51), it suffices to control the L? norm
of (AY) 1 AR (95W) — g ((CAO)—chkakW) . By Lemma 3.4.6, (3.8.3.1), (3.8.3.2),
(3.8.3.5), Proposition B.0.5, and Remark B.0.5, with (.A%)~!.A* playing the role of F

in the proposition, and 9, W playing the role of GG, we have that

|| (CAO)*chké)k(c’)&W) — 8&((C.AO)7IC.AI€8]€W) ||L2 5 C(ﬁ, id, Al, Ag) ”v(l)WHHNfl,
(3.8.3.52)

from which (3.8.3.51) readily follows. This concludes the proof of Lemma 3.8.16. [

A Corollary: EN¢, is Well-Approximated by EP, for Large c

Corollary 3.8.17. For all large ¢, the solutions V = (W, ®, D®) from Theorem 3.8.2

satisfy
APW)AW = B (W, VD) + €1, (3.8.3.53)
A(® — B,) — 2D — D) = 471G [Reo (1, D) — Roo (17, )] + €2, (3.8.3.54)

where
] €1e ||| gv-1.0 S ¢ 2C(&; A1, Ag, Lo) (3.8.3.55)
] €2 ||| gv-17 S ¢ 'C(& A, Ag, Ly), (3.8.3.56)

and T is from Theorem 3.8.2.

Remark 3.8.6. Note that the corollary is stated in terms of the state-space array V,

and not in terms of V.

Proof. The estimate (3.8.3.55) follows from Corollary 3.8.5 and the bounds (3.8.2.1a),
(3.8.2.1b), and (3.8.2.1d). The estimate (3.8.3.56) follows from the fact that

A(® — &) — k2(® — D) = ¢ 202® + I, where [ is defined in (3.8.3.13), together with
(3.8.3.7), (3.8.2.1a), (3.8.2.1b), and (3.8.2.1f). O
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3.9 The Non-relativistic Limit of the EN¢ System

In this section, we state and prove our main theorem on the non-relativistic limit of the
EN¢ system. Readers who are interested in further examples of the analysis of singular

limits in partial differential equations may consult [10], [33], or [45].

3.9.1 Local Existence for EP,

Before stating our main theorem, we briefly discuss local existence for the EP,; system.

Theorem (Local Existence for EP,;). Let Voo denote initial data for the EP,; system
(3.2.2.1) - (3.2.2.4) that are subject to the conditions described in Section 3.6. Then there
exists a T > 0 such that (3.2.2.1) - (3.2.2.4) has a unique classical solution V(t,s) on
[0, 7] xR? of the form Voo = (Moo, Py + 5 3P0 ) With Vo (0,8) = Voo (s). The solution
satisfies Voo ([0, T] x R3) C &', where the compact set & is defined in Section 3.6.2.
Furthermore, Vo € CO([O,T],H%[OO) N Cl([O,T},Hgozl) and & € CO([O,T],H(%]OII) N
CH[0,T], HY )nC*([0,T],Hy *).

Proof. Theorem 3.9.1 can be proved by adapting the method of energy currents: energy
currents (00)3 can be used to control | We () \|H%, while || ®oo(t) HHg;Cl can be controlled
using an easy estimate on the operator A — k2. Such methods are applied in the proof
of the non-relativistic limit theorem below, so we don’t provide a proof here. See also

[37]. O

3.9.2 Statement and Proof of the Main Theorem

Theorem (Non-relativistic Limit). Let Vo, denote initial data for the EP, sys-
tem (3.2.2.1) - (3.2.2.4) that are subject to the conditions described in Section 3.6.
Let V.. denote the corresponding initial data for the ENC system (3.2.1.1) - (3.2.1.4)
constructed from \0700 as described in Section 3.6. Let 'V aef (noo,poo,véo, s 03P o)
(VC = (Nes Pey VL, -+ ,83@8)) denote the solution to the EP,; (EN%) system launched by
Voo as furnished by Theorem 3.9.1 (Theorem 3.8.2). By Theorem 3.9.1 and Theorem

3.8.2, we may assume that for all large ¢, Voo and V. exist on a common spacetime
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slab [0, T] x R3, where T is the minimum of the two times from the conclusions of the
theorems. Let Woo and W, denote the first 5 components of Vo and V. respectively.

Then there exists a constant C' > 0 such that

| Woo =W ||lgn-1p St C (3.9.2.1)
I (Poo — Poc) — (Pc — @) [|lgnp St C (3.9.2.2)
lim |®o, — P = 0. (3.9.2.3)

C—00

Remark 3.9.1. (3.9.2.1), (3.9.2.2), (3.9.2.3), and Sobolev imbedding imply that W, —

W, uniformly and ®, — ®., uniformly on [0,7] x R? as ¢ — oc.

Proof. Throughout the proof, we refer to the constants Ay, As, etc., from the conclusion
of Theorem 3.8.2. We also refer to the set £ defined in Section 3.6.2. To ease the

notation, we drop the subscripts ¢ from the solution V. and its first 5 components W,

def def

setting V = V., W = W,, etc. We then define

WEW, -W (3.9.2.4)

DL (D — Bog) — (D — Be) = (Poo — Poo) — (B — D). (3.9.2.5)

Our proof of Theorem 3.9.2 is similar to our proof of Lemma 3.8.16; we first use energy
currents obtain a Gronwall estimate for the HN=! norm of the variation W defined in
(3.9.2.4).

From definitions (3.9.2.4) and (3.9.2.5), it follows that W, & are solutions to the
following EOV, defined by the BGS W :

AP W)3,W = b (3.9.2.6)

(A - kDD =1, (3.9.2.7)
where

b = %oo(wom V(1)(1)00) - ‘BOO(W, v(l)q)) + [OO‘AM(W) - OO‘AH(WOO)}GNW - Qilca
(3.9.2.8)

| =4nG [iRoo(noo,poo) — fRoo(n,p)] — ¢2, (3.9.2.9)
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B, is defined in Lemma 3.4.7, and €1., €2, are defined in Corollary 3.8.17. The initial

condition satisfied by 'W is
W(0) = 0. (3.9.2.10)
Differentiating equation (3.9.2.6) with 0z, have that
oAt (Weo)d, (0:W) = by, (3.9.2.11)
where (suppressing the dependence of A" on W)
ba = 00 A% ((A%) b)) + kg (3.9.2.12)
and
ki = oA [(00A%) T AR (05W) — 95 ((00A”) "L c AR B W)]. (3.9.2.13)
We will show that for 0 < |@| < N —1 and ¢ € [0, 7], we have that
Ibaillz2 S C(& Av, Az, Ly, Loy Il Woo [y 1) Wl w1 + ¢ C(K5 Ar, A, Lo, La).

(3.9.2.14)

Let us assume (3.9.2.14) for the moment and proceed as in Lemma 3.8.16: we let
(00)3& denote the energy current (3.5.1.2) for 9z W defined by the BGS W, and define
E(t) > 0 by

HOEEDY / 30(t,s) ds, (3.9.2.15)
jaj<N-1" R
where we have dropped the subscript (c0) on J to ease the notation. By (3.6.2.3) and

the Cauchy-Schwarz inequality for sums, we have that

Rl Wl v-s < E2(0) < O [WIn s (3.9.2.16)

~

Then by definition (3.9.2.15), Corollary 3.8.15, and (3.9.2.16), and with
C = C(ﬁ, ||| WOO |ngoo7T7 ||| 8tWOO |HHN—17T,Al,AQ,L17L2,L4), we have
d

sees 3 [ diassor 5 (104 + 10291 abal.e)
3 <N-1 jd<N-1

(3.9.2.17)

SCAW|ns + ¢ 1CW| g1 S C -2+ cTLCE.
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Taking into account (3.9.2.10), which implies that £(0) = 0, we apply Gronwall’s in-

equality to (3.9.2.17), concluding that for ¢ € [0,7],
E(t) SO -t exp(Ch). (3.9.2.18)
From (3.9.2.16) and (3.9.2.18), it follows that
W ||gv—175 ¢71C - T - exp(CT). (3.9.2.19)

We now return to the proof of (3.9.2.14). To prove (3.9.2.14), we show only that
the following bound holds for ¢ € [0, 7] :

HbHHN—l g C(ﬁ, A1, Ao, L17L2>HWHHN*1 + c’lC(R; A1, Ao, Lo, L4). (3.9.2.20)

The remaining details, which we leave up to the reader, then follow as in the proof of

Lemma 3.8.16. By Proposition B.0.4, we have that

1Roc (1100 Poc) = Roo (11 D) || -1 S CR)W] g1, (3.9.2.21)

and combining (3.8.3.56), (3.9.2.7), (3.9.2.9), (3.9.2.21), and Lemma A.0.4, it follows

that
1Bl v < llgv-1 < CR) - | W] gn-1 + ¢ LC(A1, Ay, Ly). (3.9.2.22)
Similarly, taking into account (3.9.2.22), we have that

1B 00 (Moo s Poos VW @oc) = Boo (1, p, VD) | v S C(R) - (W[ w1 + VD@ v-1)
(3.9.2.23)
S CR) - | W] gn-1 + ¢ 1C(A1, Ay, Ly).

Finally, by applying Corollary 3.4.4 to (3.4.3.8), by (3.4.3.9), by the bounds (3.8.2.1a)
- (3.8.2.1d), and by Proposition B.0.4, we have that

[ [ooAH (W) = 0 A" (Woo) |8, W gv-1 S C(8 A1, Ao, Li, Lo) [W| v 1. (3.9.2.24)

Inequality (3.9.2.20) now follows from (3.8.3.55), (3.9.2.8), (3.9.2.23), and (3.9.2.24).
The estimate (3.9.2.2) then follows from (3.9.2.19) and (3.9.2.22), while (3.9.2.3) is

merely a restatement of (3.6.1.13). O
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Appendix A

Inhomogeneous Linear Klein-Gordon Estimates

In this section, we collect together some standard energy estimates for the linear Klein-
Gordon equation with an inhomogeneous term. We provide proofs for convenience.
The most important issue here is making sure that the factors of ¢ have been put in

correctly!

Lemma A.0.1. Let | € C°([0,T], HY(R?)) and Wo(s) € HY(R?), where N € N. Then

there is a unique solution <i>(t, s): R x R? — R to the equation
202 L 25
0P+ AP — kP =1 (A.0.2.1)

with, initial data ®(0,s) = 0, 8,®(0,s) = Uy(s). The solution has the property
¢ € C°([0, 7], HNTH(R?) N CY ([0, T], HY (R?)).

Proof. This is a standard result; consult [51] for a proof. O]

Lemma A.0.2. Assume the hypotheses of Lemma A.0.1. Assume further that that
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ol € CU([0,T], HN=YR3)) and 071 € C°([0,T], HN2(R®)). Then there exists a con-

stant Co(k) > 0 such that

1@ ([l < Co(w) (¢ 1ol + T I []]av ) (A.0.2.2)
11 2 |||z < Colk) (1ol g + AT ([ [ v r ) (A.0.2.3)
112 [[]s7v 7= Co(r) (1ol g + €ll1O) | ggv - + ¢TI O (|| sgv-1 .7 (A.0.2.4)

1107 ([ 51 < Co(m) (ellWoll g + 1O | g1 + ST (] Opl w17 ) (A0.2.5)

11 02 (Il sz~ 7 (A.0.2.6)
< Co() - (EUO) | rv-1 + ell(A = )P0 = B1O) || g2 + €T ||| 071 ||| ar—21 )

11 82 (Il v 27 (A.0.2.7)

< Co(R) - (O 1 + (A — )0 — BO) v + T (1| 7 llyx 7).

(A.0.2.8)

Proof. Because V& is a solution to the Klein-Gordon equation —c 20} (V(k)<i>) +

A(V(k)i) — K2 (V(k)@) = V), we will use standard energy estimates for the linear

Klein-Gordon equation to estimate ||| ® [|lgn+1 7 - Thus, for 0 < k < N, we define

E(t) > 0 by
B2 ) = VW02 + [VEVDIE, + | IVPaB@ R (A029)

We now multiply each side the equation satisfied by V)@ by —V(*) 9, integrate over

R3, and use Hélder’s inequality to arrive at the following chain of inequalities:

Eilt )iEk(ﬂ = %% (Ee(1) = /R (= vWad) - (v¥1) ds (A.0.2.10)

< VW0 (1) 12 VL) 2,

where ( — V(k)(‘)t(i)) . (V(’“)l) denotes the array-valued quantity formed by taking the
component by component product of the two arrays —V*@,& and V*).

If we now define E(t) > 0 by

(ZE,% )—f#n@ O x + VOB + 20 (0)]3w, (A02.11)

it follows from ( 2.10) and the Cauchy-Schwarz inequality for sums that

iE(t) = 1i(ﬂﬁ(t)) < 10| v 1) e < cE@UE)] (A.0.2.12)

E(t
()dt 2dt
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and so
d
@E(t) < c||l(t)|| g~- (A.0.2.13)
Integrating (A.0.2.13) over time, we have the following inequality, valid for ¢ € [0, 7] :
Et) < EQ©)+ct || U|g~ - (A.0.2.14)

From the definition of E(t) and the initial condition ® = 0, we have that

@ (t) | gy < C(k)E(2) (A.0.2.15)
10;®(t)|| g < cE(t) (A.0.2.16)
E(0) = ¢ Y| - (A.0.2.17)

Combining (A.0.2.14), (A.0.2.15), (A.0.2.16), and (A.0.2.17), and taking the sup
over t € [0,T] proves (A.0.2.2) and (A.0.2.3).

To prove (A.0.2.4) - (A.0.2.7), we differentiate the Klein-Gordon equation with
respect to t (twice to prove (A.0.2.6) and (A.0.2.7)) and argue as above, taking into

account the initial conditions

D2d(0) = —c%1(0) (A.0.2.18)
E(0) = 2[(A — K)o — 0:1(0)]. (A.0.2.19)
O

Corollary A.0.3. Assume the hypotheses of Lemma A.0.2. Then
1@ 112 Colr) - (2 b0lZn + T 1] 60 Wl - 11 g ). (A0.2.20)

Proof. Inequality (A.0.2.12) gives that 3% (E2(t)) < [|0;® gn|/I(t)]| g~ Taking into

account (A.0.2.17), the proof of (A.0.2.20) easily follows. O

Lemma A.0.4. Let N € N, and J € HN=Y(R?). Suppose that ® € HNT(R3) and that
Ad — 2D =3J. Then

1 513y < CON R v sy (A.0.2.21)
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Proof. For use in this argument, we define the Fourier transform through its action on
integrable functions F' by F (€) o ng, F(s)e=?™s ds. The following chain of inequalities

uses standard results from Fourier analysis, including Plancherel’s theorem:

|82 < ClI(1+ |2me ) @13 < C(H)/ (5 + 2rE PO d% (A02:22)

R3

= C(R)II(K* = A)P|F2@s) = CR) 17 2ms),

and this proves (A.0.2.21) in the case N = 1. To estimate L? norms of the k' order
derivatives of @ for k > 1, we differentiate the equation k times to arrive at the equation

A(V(k)é) — K2 (V(k)fb) = V97, and argue as above to conclude that
IVOG(2, < C(r)||[VEI|2,. (A.0.2.23)

Now we add the estimate (A.0.2.22) to the estimates (A.0.2.23) for 1 <k < N —1 to
conclude (A.0.2.21). O

Remark A.0.2. The hypothesis @ € HN*'(R3) does not follow from the remaining

assumptions. For example, consider g(x) = e*. Then g — #g € L*(R), but g € H2(R).

Proposition A.0.5. Assume the hypotheses of Lemma A.0.1. Assume further that that
1 € C%0,T], HN(R3)), 9,0 € C°([0,T), HN~YR?)), and 9}l € C°([0,T], HN2(R?)).

Then
1| @ || ga+rp < C(N, K) (A.0.2.24)
(M oll gy + 1O x4 1T -0 + T 1] 0 [l v, )
and
1| 8@ [[| g~ 7 < C(N, ) (A.0.2.25)

(et )1+ 1(A = 5%)Wo — 0l (0) | g2+ (1] Oul w20 +T 1] 07 | ggv—2 7 )
Proof. Define J< [ + ¢ 292% and observe that & is a solution to

AP — k2D =7. (A.0.2.26)
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By inequality (A.0.2.5) of Lemma A.0.2 and Lemma A.0.4, we have that

1@ lllgve p< CN. &) [[| 1+ 2070 ||| grr 1 (A.0.2.27)

< C(N, ) (¢ M %ol an + 1O 14 11 s+ T U 06l Il ),

which proves (A.0.2.24).
Because 9,® satisfies the equation —c_zﬁfi) + A(@té) — K2 (8t<i>) = O¢l, we may use
a similar argument to prove (A.0.2.25); we leave the simple modification, which makes

use of (A.0.2.7), up to the reader. O



134

Appendix B

Sobolev-Moser Calculus

In this Appendix, we use notation that is as consistent as possible with our use of
notation in the body of the paper. With the exception of Proposition B.0.6, which is a
standard Sobolev interpolation inequality that we don’t prove, the proofs we give are
based on the following version of the Gagliardo-Nirenberg inequality [42], together with

repeated use of Holder’s inequality and/or Sobolev imbedding:

Lemma B.0.1. If k,i € N with 0 < i < k, and V is a scalar-valued or array-valued
function on RY with V € L®(RY) and ”v(k)VHLQ(Rd) < 00, then

IVOV o < CHRIVILLIVOVIE. (B.0-2.1)

Proposition B.0.2. Let Oy C R™ be an open set, and let j,d € N with 7 > %. Let
V :R? — R™ be an element of HI(R?), and assume that V(R?) C O,. Let F € Cg(@g)
be a q X q matriz-valued function and let G € Hj(Rd) be a ¢ x q (1% q,qx%x 1) matriz-
valued (array-valued) function. Then the ¢ xq (1xq,qx1) matriz-valued (array-valued)
function (F o V)G is an element of H?(RY) and

I(F o V)Gl sty < CGL D) F L0, (1 + IV I ) 1G] - (B.02.2)

Proof. We will assume for simplicity that n = ¢ = 1 and since the general argument
requires more burdensome notation but is similar. Let k be an integer with 0 < k < j,
and let @ be a spatial derivative multi-index with |&@| = k. By the definition of || - || s,

it is sufficient to show that

95 (F o V)G) € L*(RY) (B.0.2.3)
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for all such k£ and &. For notational simplicity, we do not distinguish between partial
differentiation with respect to Cartesian coordinates, instead indicating each derivative
by the symbol |9|. We thus write |0| in place of d5. By the product and Faa di Bruno

(chain) rules,

a+b
OF (FoV)G) = > ( )a| (FoV)-10°G (B.0.2.4)
a+b=k
and
OI*(FoV) =Y Clmy,-- ,ma)(F™+tma) o V(|0 V)™ mizor  (B:0:2.5)
i=1
where the sum in (B.0.2.5) is taken over all non-negative integers mj, ma, - -+ ,mg such
that 7, im; = a, (“;“b) is the binomial coefficient,
Clmy, - ,ma) = al/(my---ma!(1)™ - (a!l)™=), and F®) denotes the p'" derivative

of F.
We first consider (B.0.2.5) in the case a = k, where k > 1. We claim that

K :
[Lima (101 V)™ o
and Lemma B.0.1 for m; # 0,

Vi k )
/ H (|0)FV)2mi dx < H [/ (|0]"V)2k/7 dx} = [T orvi3s, (B.0.2.6)
=1

m;—2im; [k im; k 242 7 my
Huvu? Ak ofev <><||V||L*Zl )(mar’fvuiz),

which proves the claim.

€ L?(R%). To see this, define v; £ % Then by Holder’s inequality

Since F' € Cgég), it now easily follows from (B.0.2.5) and (B.0.2.6) that |9|*(FoV) €
L?*(R%) and

O (F o V)llz2 < C(GIOF/OV |x_y,0,(1 + IVIED D1V 12)- (B.0.2.7)

We also note that from the assumption V(R%) C Oy, (B.0.2.5), and Sobolev imbed-

ding, it follows that
[(FoV)|L= < |F|; o, (B.0.2.8)

We now show that each term in the summation in (B.0.2.4) is an element of L?(R?),
and we argue by considering separately the cases 1 < k and k£ = 0. By Hoélder’s inequal-

ity, Lemma B.0.1, (B.0.2.8), (B.0.2.7), and Sobolev imbedding (in this order), we have
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for1<k<j:

101“(F o V) - [01°G| 2 < [[|0]*(F o V)| p2x/a 10 G| 210 (B.0.2.9)
. 1—a/k a/k 1-b/k b/k
< CHIF o VI 101 (F o VY1255 NG 1101P G 1Y

< CIFN;0, IV s + VNG e -
For the case kK = 0, we have
[(F o V)Gl < [|[FoV|relGllrz < [Fl;0,lGl - (B.0.2.10)

Statement (B.0.2.3) follows from (B.0.2.9) and (B.0.2.10). This demonstrates (B.0.2.2)

and completes the proof of Proposition B.0.2. O

Corollary B.0.3. Assume the hypotheses of Proposition B.0.2 with the following
changes: V,G € C°([0,T], HI(R?%)). Then the q x q (1 x q,q x 1) matriz-valued (array-
valued) function (F o V)G is an element of CO([0,T], HI(R%)).

Proof. We do not give details here, since the proof may be obtained without much

additional work by modifying the proof of Proposition B.0.2. O

Remark B.0.3. We often make use of a slight modification of Proposition B.0.2 in
which the assumption V € H’(R?) is replaced with the assumption V & H%,(]Rd),
where V € R” is a constant array. Under this modified assumption, the conclusion of

Proposition B.0.2 may be modified as follows:
I(F o V)Gl|1s < U d)|Fj0,(1+ VI )G s (B.0.2.11)
A%

A similar modification can be made to Corollary B.0.3.

To prove (B.0.2.11), simply define ﬁ(Y) & F(V +7Y) and apply the proposition
using Fin place of F' and using Y 'V — V in place of V. A similar modification can

be made to Corollary B.0.3.

Proposition B.0.4. Let Oy C R™ be an open, convex set, and let j,d € N with j > g.

Let F' € C’g(@g) be a scalar or array-valued function. Let V.,V : R R", and
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assume that V,V € HI(RY). Assume further that that V(R?), V(RY) C Oy. Then
FoV —FoV e Hi(RY) and

|FoV = FoVi < CU.d|Flj 0, VIl [VIlm) - [V = Vi (B.0.2.12)

Proof. The proof given here is a modification of the proof of Proposition B.0.2; we adopt
the same notation as we did in this proposition. Let k£ be an integer with 0 < k < j,
and let @ be a spatial derivative multi-index with |&| = k. By the definition of || - ||z,

it is sufficient to show that
5 - 2 < CU | Flj41.0, His wi) IV = Vg 0.2.
105 (F oV =FoV) 2 < CUIF| 0, VI, Vi) - IV = Vi (B.0213)

for all such k£ and &. We consider the quantity Oz (F oV-—-Fo \N/') , which can be
written in the form

N Clmi,ma,---  ma) (X0X1 Xy — XoXp - Xp) (B.0.2.14)

using the expression (B.0.2.5). Here, we have broken up the each product in (B.0.2.5)
into its linear factors, so that p = m;+ma+---m,. Furthermore, our convention is that
X, denotes the factor F(mitm2+-+ma) oV and X, denotes the factor F(mitmz++ma)q
V. Therefore, the generic case is to consider is X, = F(mitmat+ma) o V, X, =
Flmitmatotme) oV X, = |9V, X; = [0V, , X, = [0}"V, X, = |[9}irV. We
now make use of the algebraic identity

p p p

P p—1
[1x -] Xi=Xo—Xo) [ X + Xo(Xys = X)) [ X+ + (Hﬂ) (Xp — Xp).
=0

i=0 i=0 i=1 i=2

(B.0.2.15)
We will establish the inequality (B.0.2.13) by showing that each of the p + 1 products
of p+1 linear factors on the right-hand side of (B.0.2.15) is bounded from above in the
L? norm by the right-hand side of (B.0.2.13).

We consider as a special case the expression (X —)20) [17_, X;. By Taylor’s theorem
(this is where we use the hypothesis that Oz is convex) and Sobolev imbedding, || Xy —
Xollze < 1F|j41.0,IV — V| 15 The L? norm of the remaining factors [[?_, X; can be
bounded from above by C(j, ||V||zi) using the same reasoning as in (B.0.2.6) together

with Sobolev imbedding. This establishes inequality (B.0.2.13) in this case.
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We now discuss terms of the form (H;lo )Z'Z> (X1 — )?mﬂ) (]_[f:m+2 XZ') . It suf-
fices to consider the illuminating case XoX1 (X2 —XQ) [1%_5 X since the remaining cases
are similar. Because Xo is bounded in L> by [Fy p,, it is sufficient to bound the L?
norm of X; (Xy — )?2) Hf:g X; from above by the right-hand side of (B.0.2.13). This
may be done using similar reasoning to that which we used in (B.0.2.6) (except that we
now apply a version of Holder’s inequality to the linear factors rather than monomial
factors) together with Sobolev imbedding; we leave the simple modification up to the
reader. We remark that the |V — V||z; term from the righthand side of (B.0.2.13) is
derived from the (X3 — X5) factor. O

Remark B.0.4. As in Remark B.0.3, we may replace the hypotheses V,\~/ € Hj(Rd)
from Proposition (B.0.4) with the hypotheses V,V € H%(]Rd), where V is a constant

array, in which case the conclusion of the proposition is:
I(F o V) = (F oV ls < CGds IFly10 IVl gs s IVl g )+ IV = Vil (B.0.216)
Furthermore, a careful analysis of the special case V=V gives the bound

IF oV = F oVl < CGIF],0,0+ [VIZ) Vi), (B.0.2.17)

J
v
in which we require less regularity of F' than we do in the general case. We leave these

details to the reader.

Proposition B.0.5. Assume the hypotheses of Proposition B.0.2 with the following

two changes:
1. Assume j > %—i— 1.
2. Assume that G € HI71(R?).

Let k € N with 1 < k < j, and let & be a spatial derivative multi-index with |&| = k.

Then

105 (F o V)G) — (F o V)9:G| 2 (B.0.2.18)

< O )OF/OV;_1,0,(IV s + (VI3 Gl i1
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Proof. We use here the same notation as we did in the proof of Proposition B.0.2. The

quantity on the left-hand side of (B.0.2.18) that we must estimate in the L? norm is the

same as the expression on the right-hand side of (B.0.2.4), except the term (FoV)|9|*G

corresponding to a = 0,b = k is not present. We define ¢’ = a—1 and ¥’ = k—1 so that

a +b=Fk <j—1, and we mirror the steps in (B.0.2.9) to obtain for 1 <k’ <j—1:
101" (JI(F o V)) - |0 . (B.0.2.19)
< COIIBIEF o VY NIl (o VI e o el

< CGIOF/OV ;1 0,(IV Il + IV 15 IGl 1.
For the case k' = 0, we have

IIO1(F o V) - Gl < I101(F o V) 1= Gl 2 < [0F/0V; 1.0,V 11 |Gl s+
(B.0.2.20)
Inequality (B.0.2.18) now follows easily from (B.0.2.19) and (B.0.2.20). O
Remark B.0.5. As in Remark B.0.3, we may replace the assumption V € Hj(]Rd) in

Proposition B.0.5 with the assumption V € H%(]Rd), where V is a constant array, in

which case we obtain

105 (F o V)G) — (F o V)9:C| 12 (B.0.2.21)

< CUDIOF/OV]; 1,0,V s + V2 NG 51
v

Proposition B.0.6. Let N', N € R be such that 0 < N' < N, and assume
F € HY(R?). Then

1-N'/N N'/N
1F | e < CN', )| F )N N RIS (B.0.2.22)
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