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ABSTRACT OF THE DISSERTATION

The multiplihedra in Lagrangian Floer theory

by Sikimeti Luisa Mau

Dissertation Director: Chris Woodward

We apply the quilted Floer theory of Wehrheim and Woodward to families of quilted
surfaces parametrized by the Stasheff multiplihedra. Our approach is modeled on the
construction of the Fukaya category, which applies Floer theory to families of pointed
Riemann surfaces parametrized by the associahedra. First, we show that the multipli-
hedra are realized as a moduli space of quilted disks. Using the quilted disks we define
the moduli space of pseudoholomorphic quilted disks, which under suitable transver-
sality assumptions are smooth manifolds. Then we prove a gluing theorem relating
“broken” tuples of pseudoholomorphic quilted disks with boundaries of one-parameter

familes of pseudoholomorphic quilted disks.
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Chapter 1

Introduction

Lagrangian Floer homology was introduced by Floer in [2]. In essence it is a recipe for
associating a homology group H F'(Lg, L1) to a pair of Lagrangian submanifolds Lg, L;
in a symplectic manifold. The chain groups are generated by points of intersection, and
the Floer differential counts pseudoholomorphic strips connecting points of intersection.
The Lagrangian submanifolds of M and associated Floer chain groups have the structure

of an A, category, whose main feature is a sequence of products,
/Ln : CF(Ln_l,Ln) X...Q CF(Lo, Ll) — CF(L(), Ln)

for n > 1, that satisfy a sequence of quadratic relations called the A, associativity
relations. The products p™ are defined by counting pseudoholomorphic n 4 1-gons;
the Floer differential d is essentially x'. The main impediment to Lagrangian Floer
homology is that the Floer differential can fail to satisfy 9> = 0. Fukaya, Oh, Ohta and
Ono [4] have shown that the obstruction can be encoded in a more general A, structure,
in which there is a notion of a u°. The A, category encodes more information than
the Floer homology groups alone, and it is called the Fukaya category of the symplectic
manifold M.

As with any topological invariants, it is useful to know how they behave with re-
spect to various notions of morphism at the level of the manifolds. Wehrheim and
Woodward defined a symplectic category in [19], whose objects are symplectic mani-
folds and morphisms are sequences of Lagrangian correspondences. They developed a
quilted version of Floer homology in which Lagrangian correspondences play a visible
and canonical role, and established some functoriality properties of Floer homology
with respect to Lagrangian correspondences. This thesis fits into a larger program of

studying how their constructions extend to the chain level. One goal of the program



is to show that Lagrangian correspondences induce A, functors between Fukaya cat-
egories. The axioms for an A, functor include a sequence of composition maps that
satisfy a collection of quadratic relations called Ao, functor relations. The results of
this thesis are motivated by a proposed functor between Fukaya categories, associated
to a Lagrangian correspondence between two manifolds. Its construction is based on
counting pseudoholomorphic “quilted disks” with markings, and these are the objects
studied in this thesis.

A quilted disk is simply a disk with an extra piece of data — an inner circle. Each
d > 1 has an associated moduli space of quilted disks with d + 1 markings, which we
call R%!: the elements of R%! are equivalence classes of tuples (D,C, 2p,...,2q) where
D is the unit disk, C' is a circle contained in D and tangent to zg € 0D, and z, ..., zq
is a configuration of d + 1 distinct points on 0D, in counterclockwise cyclic order. This
moduli space has a compactification R by semi-stable, nodal marked quilted disks,

and the first part of the thesis is devoted to proving:

Theorem. R*' is homeomorhic to a compact, (d—1)-dimensional polytope, the Stasheff

multiplihedron Jg.

This is analogous to the fact that moduli space of marked disks, which are the

domains behind p” in the Fukaya category, realize the associahedra.

Figure 1.1: The compactified moduli space ﬁg’l, or multiplihedron Js.



Following [19, Section 4.2], a quilted surface with striplike ends determines an ellip-
tic boundary value problem once its boundary components are labeled with Lagrangian
submanifolds, seams labeled by Lagrangian correspondences, and striplike ends labeled
with generalized intersection points. Given such labeling data, a pseudoholomorphic
quilted disk is a pair (r,u) where r € R%! parametrizes a quilted Riemann surface
serving as the domain of a pseudoholomorphic quilt u with boundary values in the
specified Lagrangians, and limits along the striplike ends given by the specified gener-
alized intersections. Such pairs can be viewed as the intersection of a certain section
of a Banach bundle with the zero section. Assuming transversality of this intersection,
the moduli space of pseudoholomorphic quilted disks is a smooth manifold, which we
call Mg1(zg,2y,...,24). Here zy,...,z, are the generalized intersection points pre-
scribed for the striplike ends; the Lagrangian boundary conditions are suppressed from
the notation. The underlying analysis is largely an extension of the analysis for pseu-
doholomorphic strips. It boils down to the Fredholm properties of certain linearized
operators associated to a pseudoholomorphic quilted surface. When considering pseu-
doholomorphic quilted disks, the domains are not a fixed quilted surface, however their
parameter space R%! is finite dimensional, and the effect of variations in the domain is
to add a compact perturbation to the linearized operator corresponding to a fixed sur-
face. The resulting linearized operators are still Fredholm, so the analytical techniques
remain essentially unchanged.

The second part of this thesis is devoted to proving Theorem 6.1.1, which is a
gluing theorem for certain “broken” pseudoholomorphic quilted disks; it is analogous
to a gluing theorem for pseudoholomorphic “broken” marked disks which is behind
the Fukaya category. Since the boundary strata of R%! also contain copies of moduli
spaces of marked disks (a.k.a. associahedra), which we write as R¢, the gluing statement
also references moduli spaces of generalized pseudoholomorphic marked disks, written
Me(zg, ..., z,), which are pairs (r,u) with » € R® parametrizing a quilted surface
which is the domain for a quilted pseudoholomorphic map w. For the sake of giving
the flavor of the gluing statement, we state the theorem precisely here without having

properly defined all terms in it. We warn that the meaning of reqular used to describe



a pair (r,u) is not a topological meaning, but an analytical meaning which has to do
with a certain linearized operator being surjective. The superscripts © and ! for the
moduli spaces denote their 0-dimensional and 1-dimensional components respectively,

and Z(L, L") denotes a set of generalized intersection points.

Theorem. Let vy € Z(Ly ap, Ly ap) and fori=1,...,d let z; € T(L,_4,L;). Given

either:

1. a regular pair

(Tlvﬂl) S Md—e—i—l,l(l()aﬂ' .. 7£i—17y7 £i+e+1a o 7£d)0

(T27ﬂ2) S M@(Q? §i7£i+17 e 7Ei+e)0
where2<e<d,1<i<d—e, andy € I(Li_l,LHe);
2. or a regular (k + 1)-tuple

(T07@0) € Mk(@7y17-~-7yk)0

(ru) € Maay,z,.. . zq)°
(r2aﬂ2) € Mdg,l(g27£d1+17 e a&dl-i,-dQ)O

0
(Tk,uy) € Mdk,l(ykv%1+...+d(k,1)+17 e 7£d1+...+dk,1+dk)

where di + ... +dy = d, d; > 1 for each i, and y, € I(Ld1+4..+d(i_l>de1+...+di)

(interpreting doy as 0);
3. or a reqular pair

(Tv Q) € Md,l@oa oLy 1Y, Lty ’Qd)o

where 1 <i <d, andy € T(L; 1, L;);
4. or a regular pair

voc Ml@oﬁl/)o

(Ta @) € Md,l(ga Lyye-- 7§d)0



where y € (Lo ap, Ly aB),
there is an associated continuous gluing map
g+ (Ro,00) — Ma (g, ..., zg)"

defined for some Ry >> 0, such that g(R) Gromov converges to the given pair/tuple as
R — o0o. Moreover, for sufficiently small e > 0, the gluing map surjects onto Gromov

neighborhoods U, of the given broken pairs/tuples.

1.1 Organization of the chapters

The next chapters are organized as follows. Chapter 2 sketches the background material
that provides the larger context for this thesis, including Lagrangian Floer homology,
the Fukaya category, and quilted Floer theory. It also outlines the construction of an
Ao functor that motivates this research. Chapter 3 is a self-contained treatment of the
associahedra and multiplihedra, from the point of view of moduli spaces of marked disks
and their compactifications. The relationship between marked disks, the associahedra,
and metric trees is well-established, but we present it in a way which generalizes to the
quilted disks that are relevant to the functor construction. Chapter 3 defines quilts,
following [19], and covers the construction of certain families of quilts that are used in
the construction of the functor. Chapter 4 develops an analytical setting for doing Floer
theory over the multiplihedra, which is completely analogous to the setting for Floer
theory over the associahedra that is used to construct the Fukaya category. Chapter
5 then covers the gluing theorem, and presents the calculations and estimates that are

needed for it.

1.2 What isn’t covered

There are a number of issues that remain to be dealt with for the proposed A, functor.

1. Orientations and gradings. The objects of the complete Fukaya category
are really Lagrangian branes. These are Lagrangian submanifolds equipped with

some additional information. The additional information allows one to define two



things: first, a way of orienting the moduli spaces used in the constructions, and
second, a way of grading the Floer chain groups and defining the degrees of the
composition maps. Orientations are important if one wants to be able to use
coefficients from a field other than Zs. So to prove that the proposed Ao functor
satisfies the A, functor relations for more general coefficient fields, one needs
information on orientations for the moduli spaces of pseudoholomorphic quilts

used to define it, and how the orientations behave with respect to gluing maps.

. Strips of varying width All strips considered in this thesis have width 1. In par-
ticular, all pseudoholomorphic quilted strips that we consider can be “folded” and
thought of as ordinary pseudoholomorphic strips in a bigger, product manifold.
In particular, results in the literature for ordinary pseudoholomorphic strips can
be applied directly to these strips without needing any modification. Eventually,
as in [19], one wants to allow varying widths and to study what happens as certain
widths approach 0, which should correspond to taking geometric composition of

Lagrangian correspondences.

. Functors for generalized Lagrangian correspondences, composing func-
tors, and natural transformations In order to fit in with the symplectic cat-
egory picture of [19], there should also be an A, functor associated to general
sequences of Lagrangian correspondences between a pair of manifolds. This should
fit in with composing the A, functors associated to the individual Lagrangian
correspondences in the sequence. Studying these requires studying moduli spaces
of disks with multiple inner circles. Another issue is to define natural transfor-

mations between these A, functors.



Chapter 2

Background

2.1 Outline of chapter

In this chapter we give an abbreviated treatment of Lagrangian Floer theory, which
is the wider context for the material in this thesis. In Section 2.3 we sketch the con-
struction of Lagrangian Floer homology, following the work of Floer [2] and Oh [12].
In Section 2.4 we give a simplified sketch of the construction of the Fukaya category,
following Seidel’s book [14]. In Section 2.5 we introduce the generalized construction
of Floer homology using quilted surfaces that was developed by Wehrheim and Wood-
ward [19]. Section 2.6 then describes the motivation behind the material in this thesis,
in terms of A, functors between Fukaya categories, together with a summary of the

results of the thesis.

2.2 Symplectic preliminaries

Let (M,w) be a symplectic manifold. This means the following: M is a smooth mani-

fold, of even dimension 2n, and w is a 2-form on M with the properties
1. dw = 0, in which case we say w is closed,
2. w" is a volume form, in which case we say that w is non-degenerate.

Since M is a symplectic manifold, its tangent bundle TM — M is a symplectic
vector bundle. This is almost the same as being a complex vector bundle, and there is
a cohomology class ¢;(TM) € H%(M;Z) called the first Chern class (see, for example,
[9, p.74)).



Definition We say that (M,w) is monotone if there is a constant 7 > 0 such that

[w] =711 (TM).

A symplectomorphism between two symplectic manifolds (Mj,w;) and (Ma,ws) is a
diffeomorphism ¢ : My — My that preserves the symplectic form, i.e., ¢*ws = wy. The
condition that w; and wy are non-degenerate forces dim M; = dim M.

A submanifold L C M is called a Lagrangian submanifold if dim L = %dimM =n,

and w|= 0.

Example Let ¢ : (M,w) — (M’,w') be a symplectomorphism. Consider the product
manifold M := M x M’ equipped with the symplectic form w := —prjw; + prjws, where

pr; denotes projection onto M;,i = 1,2. Then the graph of ¢,

gr(¢) := {(z,¢(x))| z € M1}

is a Lagrangian submanifold of (M, w), since for a pair (1, ¢.n), (1", 6«1") € Tz 6(2))2t (@),

—wi(n,n') + w2 (pen, 1) = —wi(n,n') + ¢*wa(n,n’)

= 0.

Let ¥ be a Riemann surface with boundary, (M,w) a symplectic manifold and L ¢ M

a Lagrangian submanifold. A map
u: X — M, u‘aECL

determines a symplectic vector bundle 2 — 3 whose fibers are E, = T;,(,)M for z € %,
and a subbundle F' C E ‘ oy, over the boundary 0% whose fibers are F, = T,,)L for
z € 0%. For such a bundle pair (E, F') there is a well-defined boundary Maslov index,
w(E,F) € Z (see [10, Appendix C].). This index is induced from the Maslov index for
Lagrangian subspaces in (R?", wq), where wy = i dx; A dy; is the standard symplectic
structure. The boundary Maslov index extends ’Zczla cohomology class I € H*(M, L;7Z),

determining a homomorphism [ : mo(M, L) — Z. We write X1, for the positive generator

of the image of the homomorphism [, and call it the minimal Maslov number of L.



Definition If (M,w) is monotone, we say that a Lagrangian submanifold L C M is

monotone if for all u € mo(M, L),
2A(u) = 71(u),

where A(u) = [w*w is the symplectic action.

2.3 Lagrangian Floer homology

By the work of Floer [2] and Oh [12], to a pair of Lagrangian submanifolds Ly and
L; we can associate a homology HF(Lg, L1) with Zy coefficients, under the following

hypotheses:

A1 M is compact and monotone, with monotonicity constant 7 > 0.
A2 Ly and L; are monotone, with minimal Maslov numbers at least 3.
A3 The image of either m(Lg) or m1(L1) is torsion in 71 (M).

To define the homology H F'(Lg, L) under assumptions A1, A2 and A3 we need a

few more auxiliary ingredients.

Definition A Hamiltonian perturbation for the pair Lg, L1 is a choice of Hamiltonian
H; € C*([0,1] x M) such that if ¢, is the flow of the associated Hamiltonian vector

field Xp,, the submanifold ¢;(Lg) intersects Lq transversally.

For dimension reasons, if ¢1(Lg) and L; intersect transversally, they must intersect
at isolated points in M. Since M is compact there can only be finitely many such
points. There is a one-to-one correspondence between the set of points ¢1(Lg) N L; and

the set of paths
I(Lo, L1) :=={x : [0,1] —» M|i — Xp,(z) = 0,2(0) € Lo, (1) € L1}

which we call the set of perturbed intersections of Lo and Ly .

We are now able to define the Floer chain complex:

CF(Lo, L) = &5 Zalp). (2.1)

pGI(Lo,Ll)
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The boundary operator 0 : CF(Lg, L1) — CF(Lo, Ly) is defined using Floer trajec-

tories, which are types of pseudoholomorphic curves.

Definition An almost-complex structure on M is an endomorphism J : TM — TM
such that J? = —Id. We say that J is compatible with w if g;(-,-) := w(:, J-) defines a

Riemannian metric on M.

We denote the set of almost-complex structures on M by J, and the subset of w-
compatible almost complex structures by J, C J.

Fix a t-dependent, w-compatible almost complex structure J; € C*°([0, 1], J.,), and
write Z = R x [0, 1] C C for the infinite strip with variables (s,t). Floer’s equation for

amap u:Z — M is

O+ Jy(Ou — Xpg,) = 0
wt SO = Xm) (2.2)

u(s,0) C Lo, wu(s,1) C L.

Remark In the absence of the Hamiltonian perturbation term, Floer’s equation re-
duces to the pseudoholomorphic map equation for the strip Z with boundary in the

given Lagrangians,

Osu + J1Ou =0
(2.3)

u(s,0) C Lo, wu(s,1) C L.

Definition The energy of a solution of (2.2) is the quantity

E(u) = /]85u|?,t ds dt,
Z

where |[dsul3, = w(Osu, Ji0su).

If F(u) < oo, a solution u(s,t) converges to limits 2% (¢) = lims_, 1o u(s,t) that satisfy
Opx®(t) — Xpg, (x5 (t)) = 0. Therefore, & € T(Lg, L1).

Let Mv(x_, x%; Lo, L1; J¢, Hy) be the set of finite energy solutions to Floer’s equation,
with asymptotic limits 2 as s — 4oo. There is a natural R action on the maps
in ./K/lv(x*,x*;Lo,Ll; Hy, J;) by translation in the s-variable, since the equations are

independent of s.
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Definition The moduli space of finite energy, Ji-holomorphic strips, with boundaries
in Lo, L1 and asymptotic limits = € Z(Lg, L1) is the quotient
M(z~, 2% Lo, Ly; Hy, J;) := M(z ™, 2*; Lo, Ly; Hy, J;) /R. (2.4)

Elements of this moduli space are called trajectories.

Theorem 2.3.1 (Floer, Oh). Under the assumptions A1, A2 and A3, there is a Baire

second category subset Jreg C C™([0,1], Jo) such that for every Ji € Treq,

1. for every pair x—,xt € Z(Lo, L1), the moduli space M(z~,x"; Hy, J;) is a smooth

finite dimensional manifold,

2. the zero dimensional component M(z~,x%; Hy, J;)? € M(z~,2%; Hy, J;) is com-

pact,

3. the one-dimensional component M(z~,x"; Hy, J;)* has a compactification as man-

ifold with boundary such that

OM(z™,a Hy, Jy)t = Mz, y; Hy, J)° x M(y, x5 Hy, Jy)°.

Remark The assumptions A1, A2 and A3 really come into play in proving the sec-
ond and third statements of the theorem. Statements about compactness are based
on Gromov compactness, which says that every sequence of trajectories with uniformly
bounded energy contains a subsequence that converges to a tuple of pseudoholomor-
phic curves comprising “broken” trajectories and a finite number of pseudoholomorphic
spheres and pseudoholomorphic disks which have “bubbled off”. The monotonicity as-
sumptions force the energy to be directly related to the index, which in turn is directly
related to the dimensions of the moduli spaces. Any pseudoholomorphic spheres and
disks must capture some minimal quantum of energy, and the assumption on the mini-
mal Maslov number gives the minimal possible effect that the captured energy can have
on lowering the index. If one is only considering the 0-dimensional and 1-dimensional
components of the moduli spaces, the dimension cannot be lowered beyond zero, so the

possibility of getting sphere and disk bubbles in the limits can be ruled out.
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Definition For a pair of Lagrangian submanifolds Lo, L1, a pair (Hy,J;) such that

Jt € Treg is called a Floer datum for Lo and L;.

Based on Theorem 2.3.1, define the Floer differential :

8:0F(L0,L1) — CF(Lo,Ll)

(@) = D #M,y) )

y€1(Lo,L1)
where # M (z, )" counts the number (mod 2) of Floer trajectories in the zero-dimensional
components. To show that 0 o d = 0: by definition
000(x)) = > Ny,
y€Z(Lo,L1)

where

Ny = Z #M(z,2)° x M(z,9)°  mod 2.

ZGI(LQ,Ll)

It follows from part (c¢) of the theorem that this is precisely the count of the boundary
points of the compactification of M(x,y)!, which as a 1-manifold with corners must
have an even number of boundary points, so the count (mod 2) is 0.

Therefore the homology of (CF (Lo, L1),0) is well-defined,
HF (Lo, L) := ker 9/im0. (2.5)

Although the Floer chain group and boundary operator depend on the choices of

(J¢, Hy), the homology obtained in the end is independent of the choices:

Theorem 2.3.2 (Floer, Oh). For any two choices of Floer data (Hy, J;) and (H},J])

for Ly and L1, there is a canonical isomorphism of Floer homology groups,

Oy gt HF (Lo, Ly; Hy, J;) — HF (Lo, Ly; HY, J)).

2.4 A, categories and the Fukaya category

The main reference for this section is Seidel’s book [14]. Let K be a field, from which

all coeflicients will be taken. In our applications we will generally use Zs.
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Definition A non-unital A category A consists of a set of objects Ob A, a graded

vector space Hom 4(Xy, X1) for any pair of objects, and composition maps for d > 1,
pd : Homg(Xg_1, Xg) ® ... @ Homa(Xo, X1) — Homu(Xo, Xg)[2 —d].  (2.6)
These composition maps should satisfy the A, associativity relations,
Z(—l)*ud_e+1(ad, ey Qiget1s B (Qigey ooy Aig1), Qiy -« - ya1) = 0, (2.7)
esi

where * = |a1| + ... + |a;| — ¢. The summation is over all subsets that are of the form

[i+1,...,i+€] C[l,...,n] of size 1 <e<n.

Remark It is helpful to think of the terms in (2.7) as being indexed by rooted trees
with d leaves, and two vertices, as in Figure 2.1. The upper vertex represents applying
1€ to the inputs indexed i+1, ..., i+e, and the lower vertex represents applying pu¢—¢+1

to the output of pu and the remaining d — e inputs.

Figure 2.1: Tree indexing a term in the A, associativity relations.

The Fukaya category is a construction in symplectic topology that produces non-unital
A, categories. It concerns underlying structure at the chain level of the homology
groups defined in the previous section. In the following sketch of the construction of
the Fukaya category, the issues of orientation and grading will not be addressed. The
A structure that we describe is therefore that of an ungraded non-unital A, category

with coefficients in Zs:
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Definition An ungraded, non-unital, A category A with coefficients in Zy consists
of a set of objects, Ob A, a vector space Hom 4(Xo, X1) for any pair of objects, and

composition maps for d > 1,
pd : Homg (X 1, Xg) ® ... ® Homa(Xo, X1) — Hom(Xo, Xg). (2.8)

These composition maps should satisfy the A, associativity relations,

Zﬂd_eﬂ(ad, o Qigeq 1, S (Giges - - Qig1), Gy ooy a1) = 0, (2.9)
et
where the summation is over all subsets [i +1,...,i4+¢€] C[1,...,n] of size 1 <e <n.

Let (M,w) be a compact, monotone symplectic manifold. Following [14], the pre-

" is defined for a certain class of

liminary version of the Fukaya category, Fuk(M )P
Lagrangian submanifolds of M. Recalling the assumptions A1, A2 and A3 of the

previous section, we update A3 to
A3* The image of 71 (L) is torsion in my(M).

This ensures that in a set of Lagrangian submanifolds satisfying A1, A2 and A3*, any
pair of Lagrangian submanifolds in that set (we do not necessarily assume them to be

distinct) will automatically satisfy A1, A2 and A3.

Definition The preliminary Fukaya category Fuk(M)P" is an ungraded Ao, category
whose objects are the Lagrangian submanifolds of M satisfying A2, A3*, and for any
pair of objects L, L', Hom(L, L") := CF(L, L’). Higher composition maps u" for n > 1

are defined by

,unC'F(Ln_l,Ln)@@CF(Lo,Ll) — CF(L(),L”),

). @) — S #M@p1 ) (@)

q€Z(Lo,Ln)
where for each ¢ € Z(Lg, Ly), the number #M(q,p1,...,pn)° is the count (mod 2)
of elements in the zero-dimensional component of a moduli space of inhomogeneous

pseudoholomorphic n + 1-gons, M(q,p1,...,pn).
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22

20

Figure 2.2: A holomorphic triangle used in the definition of u?.

When n = 1, the pseudoholomorphic 2-gons are the trajectories defined in (2.4), whose
domain is always the strip Z = R x i[0,1]. For n > 2, the domains of the pseudoholo-
morphic n + 1-gons are themselves part of the data. The domains are parametrized by
a moduli space of of n + 1-pointed disks, R", which is a smooth manifold of dimension
d — 2 (see Chapter 2). The space R™ has a Deligne-Mumford type compactification
by nodal pointed disks, R", which is homeomorphic to the n-th Stasheff polytope, or
associahedron . The one dimensional component M,,(q,p1, . ..,pn)" has a Gromov-type

compactification by broken pairs, which combined with a gluing argument shows that

1
the compactification M, (¢, p1,...,pn) is a one-manifold with corners, with boundary
OM, ( Ve | M Y, Di 0 (2.10
n q7p17"‘7pn) = U dfe+1(Q7p17"'7p27y7pl+e+17"'7pn) ( . )
XMe(Y, Dists- - Dite)’-

The union is over all i, e and all y € Z(L;, Liy.). To see that the compositions u" satisfy

the Ao associativity relations: the sum in (2.9) can be expressed as

> Nla)

q€Z(Lo,Ly)

where each coefficient N, is

Z(#Mdfe+l(qap17 s Dis Yy, PDitetls - 7pn)0)(#M€<y7pi+17 o 7p’i+e)0> (211)

where the sum is over i,e and y € Z(L;, Li+e). By (2.10) this is the total number of

1
boundary points of the compact 1-manifold with corners M, (q,p1,...,pn) , which is

an even number and hence (in Zz) 0.
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2.5 Quilted Lagrangian Floer homology

In [19] Wehrheim and Woodward developed a generalized version of Lagrangian Floer
theory, that allowed them to prove functoriality of Lagrangian Floer homology with
respect to Lagrangian correspondences. A Lagrangian correspondence is a notion of
morphism between symplectic manifolds, which includes symplectomorphisms but isn’t

as restrictive.

Definition A Lagrangian correspondence between (M7, w1 ) and (Ma,ws) is a Lagrangian
submanifold L of the product manifold (M; x My, @), where @ = —prjw; + priws. We
will often write M, x M3 to denote this product symplectic manifold, where the negative

sign in M| represents the negative sign in —prjws.

Example Let ¢ : (M,wy) — (N,wy) be a symplectomorphism, so ¢p*wy = wps. Then
the graph of ¢,
gro == {(z,¢(z))| = € M}

is a Lagrangian correspondence between M and N, since it is a Lagrangian submanifold

of M x N with respect to the symplectic form —pr;wpr + prywn.

Definition A generalized Lagrangian submanifold L of a symplectic manifold M is a

sequence of Lagrangian correspondences starting from a point and ending in M,

L= {pt 2% a2 g, 128

ey,
Example A Lagrangian submanifold of M is also a generalized Lagrangian submani-
fold,

ptLM.

One would like to extend Floer homology to pairs of generalized Lagrangian submani-

folds of M,

L_ Ly —ry1 L_1p
pt Zn M P M, Y

I~
I

Lg s L
K = ptZ v, 25 o 28 ML
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Two such sequences can be concatenated at M to get a cyclic sequence from a point to

a point,

o L_ L
ot 2 M M v B v, e (2.12)

Consider the product symplectic manifold
M = M7 x . x M7, x M x My x ...x MJ®) (2.13)
where M,Z(k) = My if k is even, M, if k is odd. The symplectic form is
w=(=1)"prt w,+ ... — prijwi + prowg — priwi + ... + (—1)°priws

The concatenated sequence (2.12) determines a pair of Lagrangian submanifolds of M,

by taking products over two alternating subsequences,

Lo = Ly XLoypy1,—r42XLpi3pyax... (2.14)

L1 = L—r,—r—i—l X L—T+2,—T+3 X oo, (215)

Example If r =2 and s = 1, suppose we have

L_o L 21 L_1p0
pt — M_o — M_1 — M,

[y
I

L
K = pt 2% v 220

Then M = M_5 x M~, x M x M; , and

LO = L_2 X L_170 X Ll

L1 = L_27_1><L071.

Provided that M, Lo and L; satisfy A1, A2 and A3, we can now appeal to the

“classical” construction of Section 2.3, and define
HF(L,K) := HF(L,L'). (2.16)

However, an alternative approach developed in [19] has the advantages of keeping the

product structure clear.



18

Definition A Hamiltonian perturbation H; € C*°(]0, 1] x M) for the Lagrangian sub-

manifolds L, L’ in M is said to be of split type if
H =((-1)'H™",...,—H Y H —H' ... (-1)°H®),
where H7 € C*°([0,1], M;) for each j.
The perturbed intersections are the set
Z(Lo,L1) ={y : [0,1] = M|y = Xu(y), y(0) € Lo,y(1) € L1 }.

Since the perturbation is of split type, these are tuples (y—_r,...,Y—1,Y0,¥Y1s---,Ys)
where each y; : [0,1] — M; is a solution of j; = Xp,(y;). (The Hamiltonian vector
field Xp; defined on Mj in terms of wj, is the same as the Hamiltonian vector field X_ H,
on M, whose symplectic form is —w;.) The condition that y(0) € Lo, y(1) € L1 says
that

(y—T(O)7 SRR y—l(o)ayO(O)a y1(0)7 s 7y8(0)) € L.,xXx L—T+1,—T+2 X

(y—T(1)7"'7y—1(1)7y0(1)7y1(1)7'"7y5(1)) € L—T‘,—T-‘rl X L—T+2,—T+3 X

(2.17)

By [19, Proposition 3.4.3], Hamiltonian perturbations of split type are enough to achieve

transverse intersection of the time one flow of Lg with Lq.

Now we identify a tuple y = (y—r,...,y—1,Y0,Y1,---,Ys) € Z(Lg,L1) with a tuple
L = (x—'r—l = pt,l'_r, sy L1, L0, L1y e ooy Lsy Lsh1l = pt)

where for k= —r,...,—1,0,1,...,s,

oty = 4 T Kodd (2.18)

yr(t), k even

Then the boundary condition (3.1) can be reformulated as
(a:i(l), xi+1(0)) S Li,i+1 forali=—-—r—1,...,—1,0,1,...,s. (2.19)
Definition The set of generalized intersections of L and K is

I(L,K) = {z = (pt,x—r,..., @1, 20,%1,...,Ts,pt)|(2.18), (2.19)}. (2.20)
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The generalized Floer chain group, using Z, coeflicients, is

CP(LK):= @ Zz)

z€I(L,K)
To define the boundary operator, we set up a definition of generalized trajectories. We

say that an almost complex structure J on M is of split type if
J=0(-D)"d_p,...,d1,doy J1, oy (—1)% )

where each J, € Coo([0,1],J,,) is a t-dependent almost complex structure on Mj,

compatible with wy.
Definition A quilted Floer trajectory between z%, x~ € Z(L, K) is a tuple
U= Uy y U, UQ, ULy -y Us)
of maps u; : R x [0,1] — M; such that
Lo limg o goo(ui(s, 1), uit1(s, ) = (%i,xiﬂ)
2. each u; is a pseudoholomorphic map into M;,

3. (ui(s,1),uiy1(s,0)) € Lj;qq for all s € R.

The energy of a quilted trajectory w is a sum of the energies on individual strips,
Z/|35u1|2(]Z ds dt
iz
= Y E(w).
i

E(u)

Let //\/lv(f“, 2~) denote the moduli space of quilted trajectories between z, 2™, with
finite energy. There is an R action by translation in the s direction, since the equations
are invariant under translation and the seam conditions transfer the action from strip

to strip. Then

Mz, 27) = M(z",z7)/R

is the moduli space of quilted trajectories.
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L_o 4 K 10

Figure 2.3: Domain of a quilted trajectory.

The construction of the Fukaya category also extends to generalized Lagrangian
submanifolds. Define an ungraded A, category Fuk™ MP", the generalized preliminary
Fukaya category, as follows. The objects of Fuk” MP" are generalized Lagrangian sub-
manifolds of M, and Hom(L, K) = CF(L,K). For n > 2 the higher compositions
are defined with pseudoholomorphic quilted n-gons, M(z,,,...,z;,y). The domains of
quilted n-gons are quilted surfaces corresponding to n + 1 pointed disks, with addi-
tional strips attached to the boundary components. These quilted domains and their
construction are described in more detail in Chapter 3. The important point is that
these domains are still parametrized by the same moduli space as the ordinary Fukaya
category; the quilted domains differ from the unquilted domains by some strips attached
at the boundary, and when the widths of the attached strips are fixed the moduli space
parametrizing the domains is unchanged. In particular, in generic conditions the mod-
uli spaces are smooth finite dimensional manifolds, their zero dimensional components
are compact, and their one dimensional components can be compactified, with a gluing

argument showing that the composition maps

u": CF(L, ,,L,) % ... x CF(Ly,L,) — CF(Ly,Ly,)

((Zn), .- (z1) — > #Mzy, oz y)oly)

y€I(Lo,Ly,)

n—1s

satisfy the Ao associativity relations (2.7).
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2.6 Motivation: A, functors for Lagrangian correspondences

Definition A non-unital As functor between non-unital A, categories A and B con-

sists of a map ® : ObA — ObB on objects, together with a sequence of maps ®¢,d > 1,
®? : Homy(Xo, X1) ® ... ® Homy(Xq_1, Xq) — Hompg(®(Xp), ®(Xy))[1 — d],
where the ®? fit together with the ui‘, ,u% to satisfy the Ay functor relations:
S (1) Qag, .- Gisjt, (@i Gig1) Gy 01) = (2.21)

1]

> (@ (ag, - aazi,)s -, @ (i, @),

i1 +...0r=d
where x = |a1| + ...+ |a;| — i. An ungraded non-unital A, functor between ungraded
non-unital A, categories is the same definition but with all references to gradings

omitted.

Remark It is helpful to think of the terms in the sums in (2.21) as being indexed by
certain types of bicolored rooted trees. Bicolored trees have a distinguished subset of
colored vertices which separate the tree into two levels. In Figure 2.4 the colored vertices
are those with the larger circles, and represent applying the functor to those inputs.
The bicolored tree on the left represents a term on the left hand summation of (2.21)
— the vertex above the colored vertex represents applying the composition map ,ui‘ in
A. The bicolored tree on the right indexes a term in the sum on the right hand side of
(2.21) — the vertex below the colored vertices represents applying the composition map

pp in B.

The motivation behind this thesis is the goal of associating to a Lagrangian corre-

spondence, Lap C M, x Mp, an A functor
®4p : Fuk? (M) — Fuk™ (Mp).
At the level of objects, ® 4p concatenates L 4p to generalized Lagrangian submanifolds

of M4 to give generalized Lagrangian submanifolds of Mg, i.e.,

Ly —rt1 L1, L_ Ly i1 L_1p0

=7 Ma) (s 225 M, Pt g BAR gy
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Figure 2.4: The two types of bicolored trees indexing the terms in the A, functor
relations.

We will write L 45 for the generalized Lagrangian submanifold of Mp that is obtained
from L by concatenating L 4p.

For d > 1, the higher compositions are to be defined by

®F, :CF(Ly_1,Lg) X ... x CF(Ly, L) — CF(®p,,(Ly), @1, (Lg))

LaB
(gda"'agl) = Z #Md,l(gdv”aglay)o @)

Y€L(Loy apsLa, an)

where z; € Z(L; 1, L;) fori=1,...,d,y € Z(Lo ap, Ly ap), and Maq(zq, ..., 21, y)" is
the zero-dimensional component of a moduli space of pseudoholomorhic marked quilted
disks, converging at the marked points to generalized intersections z,,...,z;,y (see
Figure 2.5).

The quilted surfaces used in the construction of ®¢ are parametrized by a moduli
space of (d + 1)-marked disks with an interior circle, which we denote by R%!. We
will show in Chapter 3 that R%! has a compactification, ﬁd’l, by semistable nodal
quilted disks with (d 4+ 1) markings. The main result of Chapter 3 is that R s
homeomorphic to a bounded convex polytope of dimension d—1, the d-th multiplihedron.
The multiplihedra are a family of Stasheff polytopes which were originally invented as
CW complexes parametrizing A., maps between A, spaces. Chapter 4 constructs
families of quilted surfaces with striplike ends that are parametrized by associahedra
and multiplihedra.

Chapter 5 then sets up the analytic framework for doing Floer theory with surfaces

parametrized by the associahedra and the multiplihedra. Let Ly, ..., L; be generalized
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Figure 2.5: Marked quilted disks behind the moduli spaces My 1(zy, 23, 25, 21, y) which
are used to define % 5.

Lagrangian submanifolds of M 4. Given a Lagrangian correspondence L4p between
My and Mp, write Ly 45 for the generalized Lagrangian submanifold of Mp that is
obtained from L by concatenating L 4p; similarly write L; 4p for the concatenation of

Lap to Ly. A (d+ 1)-tuple of generalized intersections
(Zq,- - 2o) € L(Lg—1,Lg) X ... X T(Lg, Ly)
determines a moduli space Mg(zy, ..., z;), while a (d 4+ 1)-tuple
(@g,- > 21,y) € T(Lg1,Lg) X ..., xL(Lo, Ly) X Z(Lo aps La,ap)

determines a moduli space Mg 1(zg,...,21,y). The main result of Chapter 6 is the

gluing theorem in Theorem 6.1.1, which is needed to prove that the proposed ®4p is

an A functor, satisfying the relations (2.21).
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Chapter 3

Moduli of disks and Stasheff polytopes

3.1 Outline of chapter

The material in this chapter has already appeared in the preprint [8], and covers two
moduli spaces and their compactifications: a moduli space of marked disks, which is
behind the construction of the Fukaya category, and a moduli space of marked quilted
disks, which is behind the construction of a proposed A, functor. From the point of
view of Floer theory, the purpose of this chapter is to establish that these compactified
moduli spaces are homeomorphic to compact polytopes, and to get explicit descriptions
of charts near the boundaries of these polytopes.

In the first half of this chapter, we prove that the compactified moduli spaces of
marked disks are realizations of the Stasheff associahedra. The proof that we give is
a slight modification of the proof in [5], which exploits an equivalence with a moduli
space of metric trees. We also use the theory of toric varieties and moment maps to
draw a direct connection between these moduli spaces and the convex hull realizations
of the associahedra of Loday in [7].

The methods of the first half of the chapter generalize to the moduli space of marked
quilted disks, which is the content of the second half of the chapter. We prove that
the compactified moduli spaces of marked quilted disks are realizations of the Stasheff
multiplihedra, exploiting an equivalence with a moduli space of bicolored metric trees. It
was an open question until quite recently whether the multiplihedra could be realized as
polytopes. This was answered by Forcey in [3], who produced a convex hull realization
of the multiplihedra using a modification of the algorithm in [7]. We draw a direct
connection between the moduli spaces of quilted disks and the convex hull realizations

of [3] using the theory of toric varieties and moment maps.
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3.2 The associahedron.

Let d > 2 be an integer. The d-th associahedron K is a CW-complex of dimension d—2

whose vertices correspond to the possible ways of parenthesizing d variables x1, ..., x4.
(z1(z273))24 r1((z273)74)
((z122)m3)24 x1(x2(x324))
(z132)(w324)

Figure 3.1: Vertices of K4

Each facet of K is the image of an embedding
Gie  Kix Ke = Kq, i+e=d+1 (3.1)

corresponding to the expression x1 ... 2;—1(%; ... Tite)Titetr1 - - - Tg-

The associahedra are defined by induction as follows. Let K3 be the closed unit
interval. Let d > 3 and suppose that we have constructed the associahedra K; for
i < d—1, together with the inclusions K; x K, — K, corresponding to the facets of
K. Stasheff [17] defines

Lq=J(Ki x K)/ ~

where the union is over the facets of K4, and the equivalence relation ~ is defined by

identifying the components in the image of the map
Ki, x Ki, % Kis - (Ki1+i2 x Kis) X (Kh X Ki2+i3)'

Define K, to be the cone on Lg. The faces of K, also correspond to rooted trees with
d + 1-branches and at least three edges meeting each vertex.

Alternatively the vertices correspond to triangulations of a regular d 4+ 1-gon. The
edges of K correspond to changes of one bracketing, that is, changes of the tree by the

move shown in Figure (3.3). The number of edges meeting any vertex is the number
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1 X2 xr3 L4
223
Nxors3)
(z1(w2w3)) 24

Figure 3.2: Tree corresponding to (x1(xax3))xy

< =

Figure 3.3: Move corresponding to an edge of the associahedron

d — 2 of internal edges in the corresponding tree.

3.3 Moduli of semistable nodal disks

By disk we will always mean the unit disk in the complex plane,
D:={z€C|lz|]<1}cC

We will write 0D for its boundary.

Definition Let d > 0. A disk with (d + 1) markings is a tuple (D, zg,...,zq) where
D is the unit disk, and zg, ..., zg are distinct points in 0D, in counterclockwise order.
Two marked disks (D, 2g, ..., zq) and (D", wo, ..., wq) are isomorphic if there is a holo-
morphic isomorphism ¢ : D — D’ such that ¢(z;) = w; for i = 0,...,d. The moduli
space of (d + 1)-marked disks, RY, is the space of isomorphism classes of disks with

(d + 1)-markings.
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The holomorphic isomorphisms of the unit disk consist of those fractional linear trans-
formations which map the disk to itself. Since there is a unique fractional linear trans-
formation that maps three given distinct points on 0D to any other three distinct points
on 0D, the dimension of R% is d — 2.

R% can be identified with a component of the real locus of the moduli space My 441
of Riemann spheres with d + 1 marked points. When n > 3 the space My, is not
compact, but has a Deligne-Mumford/Grothendieck-Knudsen compactification M, by
stable Riemann surfaces of genus zero with n marked points. This compactification is
described in detail in [10, Appendix D], in an approach that uses cross-ratios. We follow
this approach and describe the compactification of R by nodal disks with markings,

R

Definition A nodal disk is a tuple (V, E, (Dqa)acv, (2a8)ars) of the following data:

1. a finite set V', whose elements will be called vertices, and a set of edges E C V xV

such that the pair (V, F) is a tree,
2. a disk D,, for each vertex e € V,

3. a nodal point z,3 € 0D, for each edge (o, ) € E.

The boundary of a nodal disk inherits an orientation from the orientations of the disk
components with pairs of nodal points identified, 2,3 ~ 2z34. A set of d+ 1 markings for
a nodal disk (V, E, (Dq)acv, (2a8)arg) is a set {zo, ..., zq4} of points on the boundary

of the nodal disk in counterclockwise order, distinct from the nodal points.

Definition A nodal disk with d + 1 markings is semistable if each disk component

contains at least three nodal points or markings.

The combinatorial type of a nodal disk with d 4+ 1 markings is obtained from the tree
(V, E) by adding semiinfinite edges associated to the markings. The resulting graph T
has a distinguished vertex defined by the component containing the zeroth marking 2.
We call the semiinfinite edge labeled by zg the root, and the other semiinfinite edges

labeled by z1, ..., z4 the leaves. Thus the combinatorial type of a nodal disk with d+ 1
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Figure 3.4: A nodal disk with 5 components.
markings is a rooted tree. If the marked nodal disk is semistable, then the valency of
each vertex of T' is at least 3; in this case we will say that T is stable.

Two nodal disks with d + 1 markings are isomorphic if they have the same combi-
natorial type and there is a tuple (¢q)acy of holomorphic isomorphisms between cor-
responding disk components that preserve the nodal points and markings. Let R(T)
denote the set of isomorphism classes of semistable nodal marked disks of combinatorial
type T, and

Ra=JR(T)
T

where T ranges over all stable rooted trees with d leaves. There is a canonical partial
order on the combinatorial types, and we write 77 < T to mean that 7" is obtained

from T by contracting a subset of internal edges of T.

3.3.1 Topology via cross-ratios
This section is based on [10, Appendix D].

Definition The cross-ratio of four distinct points wi, we, ws, wy € C is

(w2 — ws)(wg — w)
(w1 — w2)(ws — wa)

pa(wi, wo, w3, wy) =
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21 Z0
21 *0
27
z2
z2
V4
3 - 2
26
z4 %5 26
Z4
Z5

Figure 3.5: A marked disk in R”, and a marked nodal disk in ﬁi with their combina-
torial types drawn below.

and represents the image of wy under the fractional linear transformation that sends

wy to 0, wy to 1, and w3 to oo.

p4 is invariant under the action of SL(2,C) on C by fractional linear transformations.
By identifying P' — C U {oo} and using invariance we obtain an extension of p4 to P!,

that is, a map
pa: {(wr,wa, w3, wy) € (P!, i #j = w; #w;} — C— {0}
p4 naturally extends to the geometric invariant theory quotient

(PYHY?)SL(2,C) = {(wy, w2, ws,ws), no more than two points equal}/SL(2,C)
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by setting
0 if wy =ws3or wy =wy
pa(wi, wa, w3, ws) = ¢ 1 if wy =ws or wy = wy (3.2)
oo if w; =wgor wyz=wy

and defines an isomorphism
ps: (PHY*)SL(2,C) — P

Definition Let C be a circle in the Riemann sphere CU{oo}. We will say that distinct
points z1, 29, ..., 2z, on C are in cyclic order if they fall in that order on C'. In particular,
the compactified line R U {oco} is a circle in the Riemann sphere, and distinct points
Z1,-..,2n in R are in cyclic order if there is some cyclic permutation of them such that

they are in strictly ascending or strictly descending order.

Let R4 C R?* denote the subset of distinct points (w1, ws, ws, ws) € R* in cyclic order.
The restriction of py to RY takes values in (—oo, 0) and is invariant under the action of

SL(2,R) by fractional linear transformations. Hence it descends to a map
(R4)+/SL(27 R) - (_007 0)

Let D denote the unit disk, and identify D\{—1} with the half plane H by z — 1/(z+1).

Using invariance one constructs an extension
pa: (0D)L/SL(2,R) = R? — (—00,0)

where (0D)% is the set of distinct points on dD in counterclockwise cyclic order,

20, 21, 22, 23. p4 admits an extension to ﬁS via (3.2) and so defines a homeomorphism
=3
ps: R — [—00,0].
For any distinct indices 4, j, k, [ the cross-ratio p;jz; is the function
pijkl . Rd —>]R, [wo,...,wd] +—>p4(wi,wj,wk,wl).

Fix four distinct indices 0 <17 < j < k <1 < d. We extend p;ji to ﬁd as follows: for a

combinatorial type T', let T'(ijkl) be the subtree whose ending edges are the semiinfinite
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k

Figure 3.6: Cross-ratios by combinatorial type: for the first type, p;jri(p) = —oo, for
the second type p;jii(p) € (—00,0), and for the third type p;jr(p) = 0.

edges i, j, k, . The subtree T'(ijkl) is one of the three types shown in Figure 3.6. In the

first resp. third case, we define

pijkl(p) = —oo  tesp. 0.

In the second case, let w;, w;, wy,w; be the points on the component where the four

branches meet and define
pijk(p) = p(W;, Wy, Wy, W;).

The collection of functions p;;x; restricted to indices 0 < i < j < k <1 < d defines a
map of sets
0d R [—o0, 0]
where N = d+l
4

The combinatorial type T of a point p € R" can be read off from pa(p) as follows.
Note that if T is a tree, then removing any finite edge e of 1" separates 1', and in
particular the set Edge™(T) of semiinfinite edges, into two components. The tree
can be reconstructed from the set of such partitions of Edge®™ (7). If some cross-ratio
pijkl(p) is oo (resp. 0), the semiinfinite edges 4, j, k,l can be separated into pairs 4, j
and k, !l (resp. i,l and j, k) by removing an edge (Figure 3.6). Thus the combinatorial
structure of p is determined by which cross-ratios are 0 or —oo. The positions of the
marked points on each component with at least 4 markings or singularities can be re-
constructed from the cross-ratios. Hence pg is injective and so the pull-back pg of the

topology on the target defines on R the structure of a compact Hausdorff topological

space. The moduli space R is shown in Figure 3.7.
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Figure 3.7: R Drawing all nodal disks with zg at the top makes the vertical axis of
symmetry clear.

Remark The map p;j; : R L R [—00,0] is a special case of a type of forgetful
morphism considered by Knudsen. More generally, for any subset I C {0,...,n} of
size k we have a continuous map R R obtained by forgetting the positions of the
markings z;, ¢ ¢ I and collapsing the unstable components. By definition the topology

on R” is the one for which all forgetful morphisms are continuous, and R~ [—00, 0].

3.3.2 Properties of the cross-ratio coordinates

The p;ji satisfy the following properties (see [10, Appendix DJ), which all follow from

elementary facts about cross-ratios. (Invariance): For all p € ﬁd, and for all ¢ €

SL(2,R), pijri(¢(p)) = pijki(p)-

(Symmetry): pji = pijik = 1 — piji, and pi; = 225

Pijri—1"
oo, ifi=jork=I,
(Normalization): pjju = 1, ifi=korj=I,
0, ifi=lorj==k.

(Recursion): As long as the set {1, 00, p;jii, pijkm} contains three distinct numbers,
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then
Piskm — 1
Pikim = — 22— (3.3)
Pijkm — Pijkl
for any five pairwise distinct integers i,7,k,l,m € {0,1,...,d}. There is an equivalent

version of this formula that will sometimes be more convenient to use; and that is that
as long as the set {0, 00, pmijk, Pmiji} contains three distinct numbers, then

-
1= pjim = ik (3.4)

mijl
3.3.3 Charts using cross-ratios.

The cross-ratios can be used to construct explicit coordinate charts which give R the
structure of a (d — 2) dimensional manifold-with-corners. A chart around a point in

p € R% is defined based on the combinatorial type T of p. If |E| is the number of

d=2-|B|  ( 18]

interior edges of T, the chart is a homeomorphism between (—o0, 0) —00, 0]

and the open subset

R(T) = U R(T")

i.e., all points in R? whose combinatorial type is obtained from T by contracting a
subset of interior edges.
The charts using cross-ratios are based on the analogous charts in [10, Appendix

D] for My,,,. We include their proof for the sake of completeness. For a combinatorial

type T, a chart consists of

1. n, — 3 cross-ratios for each vertex v € V that represents a disk component with

n, special points (i.e., marked points or nodal points).
2. a cross-ratio p;j; = 0 for each internal edge e € E, where 4, j,k and [ are such

that p;;r; = 0 for any combinatorial type modeled on that edge.

This gives a total of

> (nw—3)+|E| = d+1+2/E|-3|V|+|E]
veV
= d+1+3(E|-|V])

= d-2
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coordinates, since the number of edges in a tree is one less than the number of vertices.

Theorem 3.3.1 (Theorem D.5.1 in [10]). Let p € R". Suppose p has combinatorial
type T, and that d — 2 cross-ratios have been chosen as prescribed by (a), (b) above.

Then, in the open set R(T), all cross-ratio coordinates are smooth functions of those

in the chart. Hence R° is a smooth manifold-with-corners of real dimension d — 2.

Proof. Fix a combinatorial type T with d+ 1 leaves. To show that the d — 2 coordinates
described above form a chart in a neighborhood of p, we proceed by induction on the
number of edges |E| of the combinatorial type 7'

If |E| = 0, T is the corolla with one vertex, a root and d+ 1 leaves, corresponding to
the equivalence classes of the unit disk D with d 4+ 1 distinct marked points zg, ..., 24

on 0D. The d — 2 cross-ratios

{001237 L0124 - - - 7P012d}

form a chart, since an explicit formula for all other cross-ratios is

_ (po12j — poi2x)(poi2r — po12i)
Pijkl =
(po12i — po12;)(por2k — poi2t)

with well-defined limits

oo, ifi=jork=I,
Pijkl =14 1, ifi=Fkorj=I,
0, ifi=lorj=k.

So assume that the statement holds for all trees with strictly less than |E| edges,
and consider a combinatorial type T with |F| edges. Fix an edge e joining vertices a
and #. Removing the edge e splits T" into two subtrees, one containing o and the other
containing (. For each of these trees, put a semiinfinite edge where e was. Let T4 be
the tree containing «, and Tp the one containing 3. Relabeling indices if necessary
we can assume that T4 has marked points 0,...,m + 1, and Tp has marked points
m,...,d. Let pg be the set of cross-ratios with indices in {0,...,m,m+ 1}, and let pp
be the set of cross-ratios with indices in {m, m+1,...,d}. By the inductive hypothesis,

all cross-ratios in p4 are smooth functions of the cross-ratios in a chart for T4, and all
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cross-ratios in pp are smooth functions of the cross-ratios in a chart for Tp. Fix the
cross-ratio pomm+1,4 = 00 to represent the edge e. Note that po.mm+1,4 = oo for all
combinatorial types containing the edge e. We need to show that the chart for T}, the
chart for T'g, and pg . m+1,4 together form a chart for T". It suffices to show that all
cross-ratios with some indices less than or equal to m and other indices greater than or
equal to m + 1 are smooth functions of cross-ratios in pa, pp, and pgm m+1,qd- There

are really only two cases to prove, namely
1. pijr where 4,5 <m and k,l > m + 1, and
2. pijr where 4,5,k <m and | > m+1,

since the only other case, i < m and j,k,I > m + 1, is dual to the latter. Since
Pm+1,i51 = 0, applying Recursion formula (3.3),

P+l — 1
M
Pm+1,i,9,0 — Pm41,i,5,k

pi’j’k’l =

shows that it is enough to show that pp,41,; and py11, % are smooth functions of
the chart coordinates. Note that if & < m, then py,11; ;% € pa, so is a smooth function
of the chart coordinates. Therefore we only need to show that for I > m + 1, the
cross-ratio P41, is a smooth function of the chart coordinates. But we also have
that ppm+1,0: = 0, so that the Recursion formula (3.3) holds,

Pmm+1,1,5 — 1

Pm+1,i,5 = .
Pm,m+1,0,5 = Pm,m+1,1,i

So it is enough to prove that for all i« < m and all [ > m + 1, the cross-ratio pp, 41,1,
is a smooth function of the chart coordinates.
To show this, first note that py, m+1,40 = 0 so again by (3.3),

Pm,m~+1,d,l — 1

Pm~+1,d,0,l =
Pm,m~+1,d,l — Pm,m+1,d,0

and since py, m+1,d1 € pp for I > m+1 we conclude that p,,11 4,0, is a smooth function
of the chart coordinates.
Next, pgm,i,0 =1 so by the variation (3.4) of the Recursion formula,

_ Pdm,l,0
1 —promitg= —"—""—
Pd,m,l,m+1

= Pdm,1,0 = Pdmlm+1(1 = PL0m+1,d)
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showing that pg .10 is a smooth function of the chart coordinates.

Again using pgm10 =1 and (3.4),

P0,d,m,l
1- Pmlym+1,0 = —
P0,d,m,m+1
£0,d,;m,l
=  Pmlm+10=1——"""
£0,d,m,m+1
Next, pm m+1,00 = 1 so by (3.4)
1— o o Pm,m+1,0,
b 7l7m -
Pm,m+1,0,i
m—+1,0,1
—  posim=1- Pmm+1,00
Pm,m+1,0,i
Finally, pp.1im+1 = 1 implies, by (3.4) again,
Pm,lim+1
1= pimsrom = ——""—
Pm,1,i,0

= Pmlimtl = Pmli0(1 — Pim+1,0,m)

proving that py, ;i m+1 is a smooth function of the chart coordinates.

O]

Remark The charts corresponding to maximal combinatorial types — that is, the bi-
nary trees — suffice to cover the whole moduli space, since all combinatorial types can
be obtained from the maximal ones by contracting an edge. From now on we will think
of each chart as being from a maximal tree. We can also assume that all cross-ratios
in the chart are of the form p;;rg or po;jk, since all edges in a binary tree can be given
coordinates of that form. In other words, we can assume that all chart coordinates
have been chosen relative to the root of the tree, where the root corresponds to the

distinguished marked point z.

3.3.4 Charts using simple ratios.

We now describe an equivalent topology on R¢ using coordinate charts based on ra-

tios that we will call “simple ratios”. The main advantage of simple ratios is that the
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relations between them are of a much simpler form than the relations between the cross-
. . . . —d . .
ratios. By choosing parametrizations such that zg = oo, elements of R~ are identified

with configurations of d distinct points in R,
— 0 <2 <2<, < zZg <00,

modulo translation and scaling. Set X; = z;4+1 — z;. The coordinates Xi,..., X1
are invariant under translations, and scale simultaneously, so are effectively projective
coordinates (X :...: X4_1). The compactification depends on the values of ratios of

the form X;/X;, which we call “simple ratios”.

20

zZ1

Z5 z21 22 Z3 24 25
.

z3 - .

24 Xl Xz X3 X4

Figure 3.8: Projective coordinates (X7 : Xa : X3 : X4) for a marked disk in R°.

Let T be a maximal tree representing a combinatorial type in R, Bach pair of
adjacent leaves in T, ¢ and ¢ + 1 say, determines a unique vertex which we label v;.
Each edge in T' is determined by a pair of vertices, say v; and v;. If v; is closer to the

root of the tree than vj, we give the edge the coordinate X;/X;.

Example Figure 3.9 shows the two charts for a combinatorial type in R,

3.3.5 Equivalence of charts.

Each cross-ratio in a chart is a smooth function of the simple ratios, and is zero if and
only if the corresponding simple ratio for that edge is zero. The vice-versa is also true,
and the proof is much the same. By symmetry it suffices to consider the edge pictured
in Figure 3.10, where an edge joins vertices v, and v,, and v, is above v, and the

cross-ratio allocated to the edge is p;jro. Parametrizing so that zp = oo we can write
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Figure 3.9: Two equivalent charts, one using cross-ratios and the other using simple
ratios, for a combinatorial type in R’

2 — 2k
Pijko = ————
Zj—Zi

_Xj—l—Xj_,_l—l-...—i-Xs—l-...—i-Xk,l
Xi+Xi+1+...+XT+...+Xj_1

X (Xj/XS+Xj+1/XS+...+1+...+Xk1/Xs>
X, Xi/ X+ +14+. .+ X;4/X, '

The ratios appearing in the big bracket are in general products of chart ratios cor-
responding to edges below v, and vs. The bracketed rational function is smooth for
all positive non-zero ratios and continuous as ratios in the chart go to 0. Moreover
pijko = 0 if and only if X /X, = 0.

Thus the cross-ratio charts define the same topology on R? as the simple ratio

charts.

3.4 Metric ribbon trees

In this section we introduce the space of metric ribbon trees, attempting to remain as
consistent as possible with the notation of Fukaya and Oh in [5], and Nadler and Zaslow

in [11].
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D vy,

‘ Vs

¢ r r+1 57 s s+1 k

Figure 3.10: Comparing a cross-ratio with a simple ratio.

Definition A based metric ribbon tree is a quadruple (7,1, eg, \) of the following data:

1. T is a finite tree, with d 4+ 1 semi-infinite exterior edges labeled ey, ..., eq4, and

no vertex of valency 1 or 2. We denote by Fj,+(T') the set of interior edges of T

which are all of finite length, and denote by V;,.(T") the set of vertices of T'.

.i:T < D C R?is an embedding of T in the closed unit disk such that the limit

of the image of each the semi-infinite exterior edge e; is a point in 9D.

. eg is a distinguished exterior edge of T', the root. The other exterior edges,
e1,...,eq are called the leaves. The labeling eg, e1, ..., ey is consistent with their

counterclockwise order on 0D that comes from the embedding .

. A By (T) — Ry is an edge length map, that assigns a non-negative real number

to each interior edge.

Two based metric ribbon trees are equivalent if there is an isotopy of the closed disk

which identifies all the data.

We use the same notation as in [5]: for a fixed integer d > 2 and a fixed root e, let

Gr(T) be the set of all maps A : E;n(T') — Ry, and define

Grqg = U Gr(T)
T
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where 7' runs over all rooted trees with d + 1 leaves, and no vertices of valency 1 or 2.
We now define a topology on Gry. Assume that {\,},cn is a sequence in Gr(T'), such
that for each e € Fy, (T) the sequence A, (e) converges to Ax(e) € [0,00). We define

the limit of this sequence to be the quadruple (77,7, e(, A’) where

1. T is the tree obtained from T by contracting all edges with A (e) = 0. Thus, T”

is the image of a surjective morphism of planar rooted trees, p: T — T".

2. i’ is the embedding obtained from the embedding ¢ by contracting the collapsed

edges.
3. eg is the end-vertex in T” corresponding to the end vertex of the same label in T

4. For each edge e € E;(T"), we have that p~1(e) € Eyy(T), so we define N(e) =
Ao (P! (e))-

Write 7" < T if T' is obtained from T by contracting a subset of its interior edges.
With this notation, the closure of Gr(T") in Gry is
dGr(T) = | ar(T).
T'<T
With respect to this topology, Grg is Hausdorff and closed.

We introduce some relevant terminology about trees here: a geodesic between two
vertices v,v" in a metric tree T is the (unique) path joining them of shortest total
length; the total length of the geodesic is called the distance from v to v'. Moreover,
the geodesic path is independent of the lengths assigned to the edges, and depends only
on the combinatorics of the tree.

The following theorem is due to Stasheff ([17], [16]), and another proof was given

by Fukaya and Oh [5]. The following proof is a modification of that in [5].

Theorem 3.4.1. Gry is homeomorphic to R¥2.

Proof. We show this by constructing a homeomorphism © : Grq — R?, and the result

follows from the fact that R% is homeomorphic to R%2.
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For each combinatorial type 7', and i = 1,...,d — 1, let v; be the (unique) vertex of

T at which the geodesic from e; to eg first intersects the geodesic from e; 11 to eg.

Or:Gr(T) — R4

ANeGr(T) — (X1:...:X4.1) € RPT? where
X, = e—dist(vi,eo) )
Vo
(T, A)
A2
A1
Az
0 V2 U3 Uy (7
Or(A)
zZp — OO
e~ M 1 e e A3 A2
PY ' ® ® ®
z1 =0 29 zZ3 Z4 <5

Figure 3.11: Identifying a metric ribbon tree in Grs with a marked disk in R.

The map Or is a well-defined, continuous function of A. It is injective since there
is always a pair e;,e;41 such that the vertex v; is adjacent to the root eg, so that
X; = zi+1 — z = 1 throughout the image of Gr(T'). So if [©7(\)] = [O7(N)], we must
have z;(A) = z;(\') for all . But then one can show inductively on the lengths of paths

from the root eg, that A(e) = N(e) for all edges e in such a path, hence A = X.
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We also note that
On (Gr(Th)) NOn,(Gr(Ty) = |J ©r(Gr(1)).
T<T,T»

To see that © : Gry — R? is surjective, we show that given any collection of d
distinct points 21 < z9 < ... < zg, if we fix the parametrization so that z; = 0 and
max(zj41 — 2z;) = 1, then (z1,...,24) is in the image of some ©7(Gr(T")). To recon-
struct the combinatorial type 7', we start by partitioning the set z1, ..., z4 into disjoint
subsets of consecutive points, I,..., I} say, by placing a partition between z;1; and
z if ziy1 — z; = 1. Now form a tree with root eg, and k leaves éy,..., €, indexed by
the subsets I1,...,I;. For every subset I; with at least 2 distinct points in it, we fix
a dilation factor of €% so that max(z;11 — z;) = 1 for i € I;. This in turn determines
a partition of the set I;, which determines leaves beneath €;, and we set A(€;) = ;.
Proceeding inductively in this way, one reconstructs the tree 7' and the edge lengths

A € Gr(T) such that Op(A) = (z1,...,24).

O]

Remark The map © is really an identification of each cone Gr(T') with a corresponding
cone in R%2, such that the identifications of cones along their boundaries in R4~2 are
the same as the identifications along their boundaries in Gry, and the union of all
the cones in R%72 is all of R42. To see this explicitly, fix the parametrization of
configurations in R? so that, for example, zqg — zg—1 = 1 and R? is spanned by the

coordinates Xi,..., X4y o where X; = z;411 — 2z; and all X;’s are positive. The images

d—2

$o°> where the cones are centered at (1,1,...,1)

of the cones Gr(T') are also cones in R
and their union is R%:2. The map (z,y) — (logz,logy) identifies R%;? with R%~2, and
>0 >0

maps cones to cones.

Example Consider the map © : Gry — R*. Fix the parametrization of R* so that

z9 — z1 = 1, the map O is a subdivision of ]R2>0 into five cells, see Figure 3.12.

Each cell Gr(T') has a compactification by allowing the edge lengths to be infinite.

This induces a compactification Grg of Gry. The map © : Grqg — R? extends to a map
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(1, 1)

Figure 3.12: The images of the cones of Gry in R%;. The map (z,y) — (logz,logy)
identifies them with cones in R? whose union is all of R2.

©:Grqg — ﬁd by taking limits in appropriate charts:

Theorem 3.4.2. © : Grg — R is a homeomorphism.

Proof. Tt follows from the observation that if A is the edge-length in Gr(T') assigned
to an edge e, then in the chart R(T) C R the ratio X;/X; representing that same
edge e has value e=*. Thus the image of a compactified cell Gr(T) under the map ©
corresponds to the part of the chart R(7T") for which the ratios in the chart take values

in [0,1]. The boundary of Gry, in which some edge lengths are infinite, maps to the

boundary of R4, in which the corresponding ratios are zero.

3.5 Toric varieties and moment polytopes.

We now show that R* can be identified with the non-negative part of an embedded toric

variety in CP*~!, where k(d) = C4_; is the (d — 1)-st Catalan number , which counts
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the number of binary planar rooted trees with d leaves. Each such tree determines a
monomial in the d — 1 variables X1, X, ..., X4_1. The weight vector of the monomial
is read directly from the combinatorics of the tree, according to the algorithm given by
Loday [7]. An immediate consequence of the theory of toric varieties (see for example
[15], [6]) is that R is homeomorphic to the moment polytope of the toric variety, which
is the convex hull of the weight vectors.

A point in R¢ can be identified with a configuration of d distinct, ordered points on
R, 21 < 29 < ... < zg, modulo translations and scaling. We get translational invariance

by considering the variables
Xi=2—21,Xo=23—29,...,Xi = 2i41 — Ziy--, Xd—1 = 2d — Zd—1,
and the X;’s are unique up to scalar multiplication, so are really projective coordinates,
X=(X1:Xo:...: Xg_1).

To every binary, planar, rooted tree T, we associate a weight vector Np € Z4~1,
using Loday’s recipe. Each pair of adjacent leaves in T, labelled i and i 4+ 1 say,
determines a unique vertex, which we label v;, in T'. Let a; be the number of leaves on
the left side of v;, and let b; be the number of leaves on the right side of v;. Then the
weight vector is

Np = (aiby,...,a;b;,...,a4-1bq—1),

and the corresponding monomial is
d—1
NT O G/b'
XNr = T X%
i=1

Example For the tree pictured in Figure 3.13, the weight vector is (1,8, 3,1, 2), so the

corresponding monomial is X 1X28X §X4X 52

Label the planar, binary rooted trees 11, ..., T,. We define a projective toric variety

V c CP* 1 by
(X100 Xgoy) — (XNmo o XN

The entries in the weight vectors always sum to d(d — 1)/2, so the monomials all have

the same degree and the map is well-defined on the homogeneous coordinates.
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U2

U3

U1

1 2 3 4 5 6

Figure 3.13: The labels on the leaves of a binary tree induce a labeling on the vertices.

Definition We say that two binary trees T and T differ by a flop if there is one interior
edge e of T and one interior edge ¢’ of T” such that if e is contracted in T, and €’ is

contracted in 7”7, the resulting trees are the same (see Figure 3.14).

Lemma 3.5.1. Suppose that two mazimal trees T and T' differ by a single flop across
an edge e of T'. Let R denote the simple ratio labeling the edge e in the chart determined

by T. Then
XNT/

— m
xNr —

for some integer m > 0. In general, for two trees T and T,

XNT/

P — mi1 pma My

XNr = RITR?...R;
for some ratios R;,,...,R;. in the ratio chart associated to T and positive integers
mi,...,Myp.

Proof. First let us consider the case of a single flop. Without loss of generality consider
the situation in Figure 3.14. Say T is on the left, and 7" is on the right, and the affected

edges are in bold. The weight vectors N7 and Ny are the same in all entries except
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Figure 3.14: Two trees differ by a single flop if a single interior edge can be contracted
in each of them to produce the same tree.

entries ¢ and j, where
(N7)i = asb;,

(N7); = ajbj = (a; + b;)b;

(NT’)i = az(bz—l-b]),

(N7v)j = bib;.
Therefore,
XN ) b
XNz X?ibiXJ(ai+bi)bj
X
X

Xi a;b;
a <Xj)

and observe that X;/X; is the ratio labeling that edge of T'.

The vertices are partially ordered by their positions in the tree; the effect of a flop

on the partial ordering is a single change, (v; < v;) — (v; < v;), in between a pair
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of vertices which are adjacent in the partial order. In general, every maximal tree is
obtained from a fized tree T' by a sequence of independent flops — by independent we
just mean that each flop involves a different pair of vertices.

To prove the general case we can do induction on the number of independent flops
needed to get from a fixed maximal tree T, to any other maximal tree 7. We have
already proved the base case, so consider a tree T’ obtained after a sequence of k + 1
flops. Write T for a tree which is k independent flops away from 7" and one flop away
from T”. Suppose that the the final flop between T and T’ is described by the change
(vi < vj) — (vj < v;) for a pair of adjacent vertices v; and v;. By the inductive

hypothesis and the base step,

XN XN XNz
XNr  ~ XNz XNz
X " mi pm m
for some positive integers my, ..., m, and m, and some ratios R;,,..., R;,. in the chart

for T'. Since none of the previous flops involved the pair v; and v;, the partial order
in the original tree 7" must have also had v; < v;, although they were possibly not
adjacent in T'. In any case, the ratio X;/X; is a product of ratios for the edges in the

path from v; to v;. This completes the inductive step.

O]

Theorem 3.5.2. R is homeomorphic to the non-negative part of the projective toric

vartety V.

Proof. We show that each chart R(T;) is identified with the non-negative part of the

affine slice V' N A;, where

Ai:(flzgg:...:\l/:...:gk).

ith
We prove it for the the first affine piece. V' N A; consists of all points

XN, XN,

(L aNm o

)
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where the ratios are allowed to be 0. Lemma 3.5.1 says that for any edge in 77, with
ratio say X;/Xj, there is an entry (X;/X;)™ in the slot belonging to the tree obtained
by a flop of that edge. Note that for any positive integer m, the map r — r™ is a
homeomorphism for r € [0, 00), which is the domain of the ratios in the chart R(77).
The other entries are higher products of ratios in R(77) so depend smoothly on the

chart R(T1). Therefore R(T}) is homeomorphic to the non-negative part of V N A;.

O]

Corollary 3.5.3. ﬁd is homeomorphic to a polytope in R*™1 which is the convex hull
of the weight vectors. In particular it is homeomorphic to the Stasheff associahedron

Ky

Proof. The non-negative part of a projective toric variety constructed with weight vec-
tors is homeomorphic, via the moment map, to the convex hull of the weight vectors
(see, for example, [6], [15]), which is Loday’s convex hull realization of the associahe-

dron.

3.6 The multiplihedron.

Stasheff also introduced a family of CW-complexes called the multiplihedra, which play
the same role for A,, maps as the associahedra play in the recognition principle for loop
or A spaces. The d-th multiplihedron J; is a complex of dimension d—1 whose vertices
correspond to ways of bracketing d variables x1, ..., x4 and applying an operation, say
f. The multiplihedron J3 is the hexagon shown in Figure 3.15.

The facets of J; are of two types. First, there are the images of the inclusions
J; X...XJinKj—n]d
for partitions 41 + ... +¢; = d, and secondly the images of the inclusions

Jig—et1 X Ke — Jy
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f((z122)73) f(x1(2223))

f(z1zo) f(3) f(x1) f(waws3)

(f(x1)f(22)) f(23) f(@)(f(z2) f(23))

Figure 3.15: Vertices of Js

for 2 < e < d. One constructs the multiplihedron inductively starting from setting Jo

and K3 equal to closed intervals.

Each vertex corresponds to a rooted tree with two types of vertices, the first a
trivalent vertex corresponding to a bracketing of two variables and the second a bivalent
vertex corresponding to an application of f.

Dualizing the rooted tree gives a triangulation of the d 4+ 1-gon together with a
partition of the two-cells into two types, dependening on whether they occur before or
after a bivalent vertex in a path from the root.

The edges of Jg are of two types:
1. A change in bracketing
v i1 (i) o (Tim1T)Tig
(a flop of the type shown in Figure 3.3) or vice-versa

2. A move of the form

o S@iwi) o (@) f(Tig) -
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(f(x1) f(z223)) f(24)

Figure 3.16: Tree for (f(x1)f(x2z3))f(24)

x1

T2

i3

f(z1z2) f(23)

Figure 3.17: Triangulation corresponding to f(z1x2)f(x3)

or vice versa, which corresponds to moving one of the bivalent vertices past a

trivalent vertex, after which it becomes a pair of bivalent vertices, or vice-versa:

Figure 3.18: Splitting of bivalent vertices

3.7 Moduli spaces of quilted disks

In this section, a quilted disk refers to the unit disk D C C together with a circle C' C D

(the seam of the quilt) tangent to a unique point in the boundary. Thus C divides

the interior of D into two components. Given quilted disks (Dy,Cy) and (D1,Cq), a



51

morphism from (Dg, Cp) to (D1, C1) is a holomorphic isomorphism Dy — D; mapping
Cy to Cf.

Any quilted disk is isomorphic to the pair (D,C) where D is the unit disk in the
complex plane and C the circle of radius 1/2 passing through 1 and 0. Let H C C
denote the upper half plane. Consider the map D\ {1} — H given by z +— —i/(z — 1).
The image of the circle C' is the horizontal line L through i. Thus the automorphism

group of (H, L) is the group T'C SL(2, R) of translations by real numbers.

D H

Figure 3.19: Quilted disk as a quilted half-plane

Definition Let d > 1. A quilted disk with d + 1 markings is a tuple (D, C; zo, ..., zq)
where D is the unit disk, 2o, ..., zq € 0D are distinct marked points in counterclockwise

order, and C' C D is a circle such that C' N 9D = {z}.

In other words, C' is an inner circle tangent to zg, of radius between 0 and 1. A morphism
(Do, Co; 20, -+, 24) — (D1,Cr;wp,...,wg) is a holomorphic isomorphism Dy — D;
mapping Cp to €1 and z; to w; for j = 0,...,d. Let R%! be the set of isomorphism
classes of d 4 1-marked quilted disks. We compactify R%! as follows. A nodal (d + 1)-
quilted disk S is a collection of quilted and unquilted marked disks, identified at pairs
of points on the boundary. The combinatorial type of S is a graph I' with two types
of vertices, depending on whether the corresponding disk component is quilted or not.

We require that
1. The combinatorial type of S is a tree.

2. Each unquilted disk component contains at least 3 singular or marked points.
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3. Each quilted disk component is attached to only unquilted components;

4. The unique non-self-crossing path from the semi-infinite edge marked zy to the

semi-infinite edge z; crosses exactly one quilted vertex, for each j =1,...,d.
A nodal quilted disk is called semistable if
1. Each quilted disk component contains at least 2 singular or marked points;
2. Each unquilted disk component contains at least 3 singular or marked points.

Thus the automorphism group of any disk component is trivial, and from this one may
derive that the automorphism group of any semistable d 4+ 1-marked nodal quilted disk

is also trivial.

Remark The appearance of the two kinds of disks can be explained by the following
bubbling considerations. Suppose that (Dq, Ca; 20,a5 - - - Zd,a) 1S & sequence in R4 For

any sequence of rescalings ¢, : D, — D, consider the following set of real numbers:
dist(za,i; 2a,j), dist(za,i, Ca), dist(Co, 0Dy ).

We say that a subset of {24, Cqo} of size at least 3 is on the same scale if after some
sequence of re-scalings, the distances approach finite, non-zero values. An admissible
sequence of rescalings is one for which some subset of size at least 3 is on the same
scale. Two admissible sequences of rescalings are equivalent if the numbers above have
the same limits. Each admissible sequence of rescalings defines a partition of the {24}

according to which points have zero distance limit after the rescaling . That is, we say

Za)i NSDQ zav.j
if
dist(¢a(2a,i), Ya(2a,j)) — 0, a — oo.

Each admissible sequence of rescalings gives rise to a bubble in the limit, of three kinds:
FEither C, — 0D, in the limit, in which case we say that the resulting bubble has no

interior circle (the circle is now at radius 1), or C,, approaches a circle of radius in (0, 1),
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in which case we say that the bubble has interior circle, or the radius approaches zero,
in which case we say that the bubble has no interior circle. Thus the limiting sequence

is a bubble tree, whose bubbles are of the two types discussed above.

Let R%" denote the set of isomorphism classes of semistable d 4+ 1-marked nodal

quilted disks.

Example R is a hexagon, see Figure 3.20.

®
<

TP
bk

3.7.1 Topology via cross-ratios

We introduce a topology on ﬁd’l via cross-ratios, as in the previous section for the
moduli space of semistable nodal marked disks. Let D denote the unit disk, C a circle
in D passing through a unique point zg and z1, 29 € D points in D such that zg, 21, 22
are distinct. Let w be a point in C' not equal to zg. Writing Im(z) for the imaginary

part of a complex number z, we define

p31(D,C, 21, 29) = Im(p(20, 21, 22, w))
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p3,1 is independent of the choice of w and invariant under the group of automorphisms

of the disk and so defines a map
P31 - R?)’l — (0, OO)

We extend p3 to R by setting p31(S) = 0 if S is the 3-marked quilted nodal disk
with three components, and p31(S) = oo if S is the 3-marked nodal disk with two

components. Thus p3 1 extends to a bijection

—=3,1

P31 - R - [0, OO]

More generally, given d > 3 and a pair 4, j of distinct, non-zero vertices, let I';; denote
the minimal connected subtree of I" containing the semininfinite edges corresponding to
2i, %j, z0. There are three possibilities for I';;, depending on whether the quilted vertex
appears closer or further away than the trivalent vertex from zg, or equals the trivalent

vertex.

Figure 3.21: Tree types for J3

If the first, resp. third case define p;;(S) = 0 resp co. In the second case let
(D, C) denote the disk component corresponding to the trivalent vertex, w;, w; € 0D

the points corresponding to the semiinfinite edges labelled z;, z;, and define
pij(S) = p31(D, C,wi, wy).
In addition, for any four distinct indices i, j, k, [ we have the cross-ratio
Pijki R - 10, 00]

defined in the previous section, obtained by treating the quilted disk component as an

ordinary component. Consider the map

Pd1 - ﬁd’l N R(d+1)d(d—1)(d—2)/4!+d(d—1)/2
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obtained from all the cross-ratios. Given an element S € ﬁd’l, the combinatorial type
of S can be obtained from examining which cross-ratios are 0 or co. First, ignoring
types of vertices the tree I' can be obtained from the cross-ratios p;jx;. The cross-ratios
pij determine whether the trivalent vertex of the tree I';; is on the same side of the
quilted vertices as zg or not. In addition, the isomorphism class of each disk component
of S'is determined by the cross-ratios p;ji; and p;; with values in (0,00). Thus the map
pd,1 is injective and we define the topology on R by pulling back the topology on the

. . .. . —=d1l
codomain. Since the codomain is Hausdorff and compact, so is R .

Remark As before, the maps ﬁd’l — ﬁ4, ﬁd’l SR are special cases of forgetful
morphisms constructed as follows. For any subset I C {0,...,n} of size k we have a
forgetful morphism

d,1 —k
7'_>R

R
obtained by forgetting the position of the circle and collapsing all unstable components.
The map

=, T

deserves special mention. Its fiber over an element S € ﬁd consists of a union of point
and intervals whose number is the maximal length of a path from zg to z;,7 # 0 in the
combinatorial type of S (resp. minus one). Shown in Figure 3.22 is a fiber consisting
of three points and two open intervals.

Similarly, for any subset J C {1,...,n} of size [ we have a forgetful morphism

d,1 1,1

R7"—R
obtained by forgetting the positions of zj,j ¢ J and collapsing all unstable disk com-
ponents. By definition, the topology on R is the minimal topology such that all
forgetful morphisms are continuous and the topology on RO > [0, o0, R~ [—00, 0]

is induced by the cross-ratio.

3.7.2 Properties of the cross-ratio coordinates.

The properties of the coordinates p;;x; are listed in Section 3.3.2, and remain the same.

For the coordinates p; j there are similar properties, whose proofs (which we omit) are
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Figure 3.22: A fiber in R & R The projection forgets the inner circle and then
collapses any unstable components to a point.

very minor modifications of the proofs for p;jx:
(Invariance): For all p € ﬁd’l, and for all ¢ € SL(2,R), p;j(¢(p)) = pii(p)-

(Symmetry): p; j = —pji.

oo, ifi# jand L = oo,
(Normalization): Pij =
0, ifi#jand L =R.
(Recursion):
pij = Dbl (3:5)
pj7k

Finally, the two types of coordinate are related by

(Relations):
pin = (3.6)
—Pijko
pl?]
b Ty 3.7
P L = pijko (3.7)

To prove (3.6), pick a component of the nodal disk on which z;, z; and zy are distinct.

Picking some ¢ € C, without loss of generality we may set z; = 0,2; = 1,29 = 00, 2, =
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pijor and ¢ = pijoc. Then we have,

(2 — 20)(€ — 7))
(zj — 2k) (20 — Q)
—(pijoc — 1)

L — pijor
(pijoc — 1)

pijok — 1
pijo¢ — 1

—Pijk0

Piko¢ =

Equating imaginary parts yields (3.6). The proof of (3.7) is almost identical.

3.7.3 Charts using cross-ratios

As in the case of the moduli space of nodal disks, one can use the cross-ratios to define
local charts on the space of quilted disks, ﬁd’l. However, ﬁd’l is not a manifold-with-
corners. We say that a point S € ﬁd’l is a singularity if ﬁd’l is not combinatorially a

manifold with corners near S.

Example The first singular point occurs for d = 4. The vertex labeled by the expres-

sion (f(z1)f(z2))(f(z3)f(z4)) is adjacent to the expressions
f(xrwa)(f(23) f (24)),  (f (1) f(22)) f(w374)

f(@)(f(x2)(f(23) f (24))), ((f(21)f(22))f(23)) [ (2a)

and hence there are four edges coming out of the corresponding vertex. On the other
hand, the dimension of R*! is 3, see Figure 3.23. Thus RY! cannot be a manifold with

corners (and therefore, not a simplicial polytope.)

. . . =d1l . .
Let I'y; be a combinatorial type in R". A cross-ratio chart associated to I'g;

consists of

1. n — 3 cross-ratios for each disk component in I'y; that has n special features,
where a special feature is either a marked point, a nodal point, or an inner circle

of radius 0 < r < 1;
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Figure 3.23: ﬁ“, or “Chinese lantern”. The singular point on the boundary, which
has 4 edges coming out of it, corresponds to the nodal quilted disk at right.

2. a coordinate pgpeq = 0 for each finite edge in I' that is incident at each end to a

trivalent vertex;

3. a coordinate p,; = 0 for each finite edge in I' that is incident to a bivalent colored
vertex from above, and a coordinate 1/p,;, = 0 for each finite edge in I' that is

incident to a bivalent colored vertex from below,

4. k—1 relations among these coordinates, where k is the number of colored vertices

inTI.

Rather than computing formulas for the (k — 1) relations between the cross-ratios
in our chart, we will return to them in the next section after introducing an equivalent

. —d,1 . . .
collection of charts on R ’1, in which the relations are simpler.

Proposition 3.7.1. Let p € R Suppose that p has combinatorial type I'q1 with k
colored vertices, and suppose that a set of chart coordinates has been chosen following
(a), (b) and (c) above. Then, in a neighborhood of p, all cross-ratios p; j ., and p;; are

smooth functions of those in the chart.
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Proof. First we prove that all cross-ratios of the form p;;x; are smooth functions of those
in the chart associated to I'y;. Denote by I'y the combinatorial type in R* obtained
from I'g; by forgetting colored vertices. Taking all cross-ratios of the form p;;r; in the
chart associated to I'y1 almost gives a chart for I'y in the sense of Section 3.3.3. The
only coordinates that might be missing for the chart are those corresponding to edges
that have a bivalent colored vertex on them. For each bivalent vertex, we can assume
that the lower edge has coordinate p; ; = oo and the upper edge is either p; = 0 or

pri = 0. Assuming the first case, relation (3.6) holds and

Pij k0= — )
Pj.k
expressing p; jxo0 as a smooth function of the chart coordinates, and p; ;1o is a valid
chart coordinate for the underlying edge in I'y. The other case is very similar, by

relation (3.6),

T Phyi
Phi,j,0 = )
pi?]

expresses pp i o0 as a smooth function of the chart coordinates, and pj; ;o is a valid
chart coordinate for the underlying edge in I'y. Hence we get a valid chart for I';. Now
by Theorem 3.3.1 all cross-ratios of the form pgpcq are smooth functions of the chart
coordinates.

Finally, relations (3.6) and (3.7) can be used to obtain all cross-ratios of the form

Pa,p from the cross-ratios of the form p; ; in the chart, and the appropriate p;jro’s. [

3.7.4 Charts using simple ratios.

As in Section 3.3.4 we describe an equivalent topology on R™! using coordinate charts
based on “simple ratios”. Choosing parametrizations such that zg = oo, the elements
of R™! can be identified with configurations of n distinct points —oo < 21 < 23 <
v < zp <00 in R C C, together with a horizontal line L in the upper half plane of
C, modulo transformations of the form z +— az + b for a,b € R such that a > 0, i.e.
dilation and translation. For such configurations define coordinates (X7, Xo,..., X,,,Y)

by X; = zi+1 — z;, and Y = dist(L,R). A transformation z — az + b for a,b € R sends

(Xl,Xg, e ,anl, Y) = (aXl,an, e ,CLanl,aY),
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so they are really projective coordinates, (X7 : X2 :...: X5 1:Y).

Z1

23 . .
24 X1 X2 X3 X4

Figure 3.24: Projective coordinates (X; : X5 : X3 : X4 : Y) for a marked quilted disk
in R

We construct new charts as follows. Each maximal bicolored tree has two types
of edges: those that connect a pair of vertices v; and v; in the underlying graph, and
those that connect a vertex v; with either a colored vertex below it, or a colored vertex
above it. For an edge of the first type: if the vertex v; is below the vertex v;, then
the associated ratio is X;/X;. For an edge of the second type: if the vertex v; is
immediately below the colored vertex, then the associated ratio is Y/ Xj; if the vertex
v; is immediately above the colored vertex, the associated ratio is X;/Y. Write R(T")
for the subset of R%! that is covered by a ratio chart corresponding to a maximal

bicolored tree T'.

Figure 3.25: A cross-ratio chart and a simple-ratio chart for the same maximal bicolored
tree.
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3.7.5 Equivalence of charts

We show that each cross-ratio in the chart is a smooth function of the simple ratios, and
is zero if and only if the corresponding simple ratio is zero. To show the other direction
— that the simple ratios are smooth functions of the cross-ratios — is an argument that
is similarly straightforward so we will not include it. We note again that if vertex v; is
below vertex v; in the tree, then the ratio X;/X; is a product of the ratios representing
the edges joining the vertex v; to vj. Hence the proof for a cross-ratio p;jro or poijk
follows from the proof given already in the case of ordinary trees. The only case that
isn’t already covered is that of a cross-ratio p;; in the chart. Parametrizing so that
zgp = oo and writing Y for the height of the line with respect to this parametrization,
consider an edge such as the one pictured in 3.26, where the cross-ratio assigned to it

in the cross-ratio chart is p; j, while the simple ratio assigned to it is Y/ X,. Then we

Figure 3.26: Comparing a cross-ratio p; ; with a ratio Y/X,.

can write

Pij =
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where the ratios appearing in the big bracket are products of chart ratios corresponding
to edges below v,.. The bracketed rational function is smooth and invertible for all
positive non-zero ratios and it is continuous as ratios in the chart go to 0. Moreover
pij = 0 if and only if Y/X, = 0. The other case, of a colored vertex above a regular
vertex, is very similar so we omit it.

So the charts of simple ratios define the same topology on R as the charts of

cross-ratios.

3.8 Bicolored metric ribbon trees.

Definition A bicolored metric ribbon tree is a quintuple (T4, e, Veor, A). T is a tree
with semi-infinite exterior edges labeled eg,eq,...,eq, with ey distinguished as the
“root” of the tree, while eq,...,eq are called the “leaves”. The map ¢ : T — D is
an embedding of T into the unit disk such that the images of the exterior edges have a
limit point on the boundary of D, with the limit points of eg, ..., eq cyclically ordered
following the counter clockwise orientation of 0D. V., C V(T) is a collection of colored
vertices, and \ : Ey,(T) — R4 is a map of edge lengths, subject to some conditions.
Recall from Section 3.4 that the geodesic between two vertices v, v’ in a metric tree T is
the (unique) path joining them of shortest total length; the total length of the geodesic

is called the distance from v to v’. The conditions on the data are:

1. In a geodesic from a leaf e; € {ey,...,eq} to the root ep, exactly one vertex in the

path is a colored vertex.
2. If a vertex v € V(T is bivalent, then v € V.

3. The edge length map A is such that all colored vertices are the same distance from

the root.
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Example For the tree in Figure 3.27, an edge length map is subject to the relations

M+tX+A3 = M+ + N\
= A1+ A+ A5
= A+ X

= A7

Figure 3.27: A bicolored ribbon tree. The relations on Aq,..., s imply that A3 = Ay =
A5, A3+ Ao = Ag, and g + A1 = A7,

For each tuple (T, V,,) satisfying conditions 1 and 2, we denote by Gr (T, V,y) the
set of all maps A satisfying condition 3, and then write
Gria= | Gr(T, Vo).
(T Veor)
We define a topology on Gr (T, V) as follows. Assume that a sequence {\, },en of
edge length maps converges for each interior edge e to a non-negative real number. In
other words, A, (e) — Ax(€) € [0,00) for every e € Fj(T). Then, just as before, we

define the limit to be the data (77,4, V! ~N) given by

» Veol?
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1. T’ is the tree obtained from T by collapsing edges e for which A\, (e) = 0. this

defines a surjective morphism of bicolored based ribbon trees, p: T'— T".
2. 7 is the embedding obtained from 7 by contracting along collapsed edges.

3. V/ p(‘/col)

col —

4. N(e) = Aoo(p~1(e)), since every edge e € E,(T") is the image of a unique edge
in Eint (T)

Proposition 3.8.1. Gr(T,V,y) is a polyhedral cone in R™, where n = |Eint| — | Veor| +1.

Proof. There is an R action on Gr(T, V), given by (§-\)(e) := dA(e), so it is clearly
a cone. The dimension follows from the fact that there are |E;,| variables and |V —1
relations. The polyhedral structure can be seen by writing |V,,;| — 1 variables as linear
combinations of n independent variables. Then the condition that all A(e) > 0 means

that Gr(T) is an intersection of half-spaces. O

Example In the example of Figure 3.27, |Ej| = 8, and |V, = 5. We can choose

independent variables to be A1, A2, A3, A\g, and express the remaining variables as

A = A3
As = Ag
Ae = Ao+ A3

A7 = A1+ A2+ As.

Thus the space of admissible edge lengths is parametrized by points in the polyhedral
cone that is the intersection of R} (for the independent variables being non-negative)

with the half-spaces Ay > 0,5 > 0, A\¢ > 0 and A7 > 0.

Theorem 3.8.2. Gry 1 is homeomorphic to REL hence to RF1.

Proof. We define a homeomorphism © : Gry 1 — RF1L.
Suppose first that the combinatorial type T has a single, bivalent, colored vertex.

This is the case if and only if the colored vertex is adjacent to the root on one side, and
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a vertex of valency at least 3 on the other; call this vertex V. Fori=1,...,k—1 let v;
be the unique vertex where the geodesic from e; to V first intersects the geodesic from
e;+1 to V. Set

20 =00,21 = 0,241 — 2z, = e~ dist(vi,V)

If A > 0 is the edge length of the edge between the colored vertex and V', we set the
horizontal line to be J(z) = e¢*. For any other combinatorial type, set

—dist(v;,V
20 =00,21 = 0,241 — 2, =€ (vi ),

and the horizontal line to be

Im(z) _ e—dist(le,V)7

which is independent of v.,; € V., because they are the same distance from the root.

The continuity of © is clear, and injectivity and surjectivity follow as before. O

Remark As before one can think of © as identifying the polyhedral cones in Grg
with cones in R?~! in such a way that the boundaries match up as they should, and

the union over the cones is R4~1.

Example Consider the case d = 3, where we have fixed the parametrization of the
elements of R%! so that the height of the line L is 1. Let & = 25 — 2z and y = 23 — 2.
The image of © : Grz 1 — R>! subdivides R2>0 into 6 regions, see Figure 3.29, each of

which corresponds to a cone in R? via the homeomorphism (x,%) ~ (log x,logy).

There is a natural compactification of Gry; by allowing edges to have length oo.

The map © extends to the compactifications by taking limits in appropriate charts:

Proposition 3.8.3. © : Gry; — R isa homeomorphism.

Proof. Tt follows from the observation that if A is the length of an edge in Gr(T), then
e~ is the value of the ratio corresponding to that edge. Thus the image of a cone Gr(T)
is contained in the image of the ratio chart R(T'), and is identified directly with the
subset of R(T") for which all ratios in the chart are restricted to lie in the interval (0, 1].
This identification passes to the limits as A approaches co and the corresponding ratio

approaches 0. This shows that © is a homeomorphism between ﬁd’l and @d,l- ]
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Vo

A1
Ao
)\1 = )\3 + )\4
A= A5
U1 o)
©
20 = OO
L
e~ M
e~ A A2 1 e~ M= pAs—As
PY 7 ® ® ®
z1=0 29 23 24 25

Figure 3.28: Identifying a bicolored metric ribbon tree in Grs 1 with a marked quilted
disk in R>!.

3.9 Toric varieties and moment polytopes.

We show that ﬁd’l can be identified with the non-negative part of an embedded toric
variety in CP¥, where k is the number of maximal bicolored trees with d leaves. Each
such tree determines a monomial in the d variables X7, Xo,...,X4-1,Y. The weight
vector of the monomial is read directly from the combinatorics of the tree, based on
the algorithm of Forcey in [3] for a convex hull realization of the d-th multiplihedron.
An immediate consequence is that Md,;l is homeomorphic to the moment polytope of
the toric variety. Since the moment polytope is the convex hull of the weight vectors,
this is a multiplihedron.

Recall from Section 3.7.4 that a point in R%!' can be identified with a projective
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Figure 3.29: The image of the cones of G731 in the moduli space R**.

coordinate
X=(X1:Xo:...: X41:Y),
by choosing a parametrization such that zy = oo, and setting X; = 2z;41 — 2; and Y to
be the height of the line. To every maximal bicolored tree we associate a weight vector
N7 € Z4, following the algorithm of [3].
Each pair of adjacent leaves in T', labelled i and i + 1 say, determines a unique

vertex, which we label v;, in T. Let a; be the number of leaves on the left side of v;,

and let b; be the number of leaves on the right side of v;. Let

0 if v; is below the level of the colored vertices, and

1 if v; is above the colored vertices.

The weight vector is
N7 = (a1bi(1+61), ..., aibi(1+8), ..., ag—1bg—1(1 + dq—1) Z(Sal )

Example For the tree in Figure 3.30, the weight vector is (2,16,6,1,4, —14), so the

corresponding monomial is X2 X316 X$ X, X3y 14,
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0
V2
U3
1 U5
V4
1 2 3 4 5 6

Figure 3.30: A maximal bicolored tree, whose weight vector is (2, 16,6, 1,4, —14).

Label the maximal bicolored trees T1,...,T;. We define a projective toric variety

V C CP*~! as the closure of the image of
(X100 Xgo1) o (XN7 . X N7, (3.8)

The entries in the weight vectors always sum to d(d — 1)/2, so the monomials all have

the same degree and the map is well-defined on the homogeneous coordinates.

Definition For a maximal bicolored tree T', we can define a flop of an interior edge e
as in Definition 3.5, as long as the edge e is incident to a pair of trivalent vertices. We
define a fusion move through an interior vertex v; to be the move by which two colored
vertices immediately below v; become a single colored vertex immediately above v;; the
vice-versa we will call a splitting move. We will say that two maximal bicolored trees

T and T’ differ by a basic move if they differ by a flop, fusion, or splitting move.

The important point is that any maximal bicolored tree can be obtained from any

other such tree by a sequence of basic moves.
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fusion
%
—
v, splitting v;
inT inT’

Figure 3.31: The other basic moves in a bicolored tree: fusion and splitting.

Lemma 3.9.1. Suppose that two mazximal bicolored trees T and T' differ by a single
basic move involving an edge e € E(T). Let R denote the simple ratio labeling the edge
e in the chart determined by T'. Then

XNT/

Np =R

for some integer m > 0. In general, for two trees T and T,

XNT’ _ le Rmz R™r
Np T My i Tl
for some ratios R;,, ..., R;. in the ratio chart associated to T, and positive integers

My ..., My.

Proof. Any maximal bicolored tree can be obtained from another by a sequence of basic
moves. The first type, the flop, was dealt with in Lemma 3.5.1, and since the proof is
practically the same we omit it here. For the other types of basic move, consider the
situation in Figure 3.31, in which a colored vertex is below v; in T', and above v; in T".

The weight vectors of T' and T” are identical in all entries except for the i-th entry,
which corresponds to the exponent of X;, and the n + 1-th entry, which corresponds to

the exponent of Y:
(N7)i = 2a;b;,
(N7 = asb;,

(N7 )nt1 = (N7)ny1r = —(0) — (—aibi)
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Therefore
N a;b;y —0
XN _ X, 7Y
N X 2aibiy —a;b;
(A
Yaibi
- Xflibi

1

Y a;b;
- (%)

where Y/X; is the ratio labeling the two edges below v; of T'. The general case follows

by induction on the number of basic moves.

O]

Theorem 3.9.2. R™" is homeomorphic to the non-negative part of the projective toric

variety V.

Proof. The proof proceeds just like the proof of Theorem 3.5.2. We show that each

chart R(T;) is identified with the non-negative part of the affine slice V N A;, where

Ai:(flzﬁg:...:\lf_/:...:ﬁk).

ith
We prove it for the the first affine piece. V' N Ay consists of all points

XNT2 XNTk
. XNTl Cee et XNTI

(1 )

where the ratios are allowed to be 0. Lemma 3.5.1 says that for any edge in T}, say
with ratio R, there is an entry R™ in the slot belonging to the tree obtained by a flop
of that edge. For any positive integer m, the map r — r" is a homeomorphism for
r € [0,00), which is the domain of the ratios in the chart R(77). The other entries are
higher products of ratios in R(77) so depend smoothly on the chart R(7}). Therefore

R(T1) is homeomorphic to the non-negative part of V N A;. O

Theorem 3.9.3. R™" is homeomorphic to the convex hull of the weight vectors in RY.

Thus it is a (d — 1)-dimensional polytope, homeomorphic to the Stasheff multiplihedron
Jq.

Proof. The non-negative part of a projective toric variety constructed with weight vec-

tors is homeomorphic, via the moment map, to the convex hull of the weight vectors
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(see, for example, [6], [15]). The proof that it is homeomorphic to the Stasheff multipli-
hedron K is by induction on d: the one-dimensional spaces ﬁQ’l,ﬁs, Jo and K3 are all
compact and connected, and so homeomorphic. It suffices, therefore, to show that ﬁd’l

is the cone on its boundary. This is true since it is homeomorphic to a polytope. [
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Chapter 4

Quilts

4.1 Outline of chapter

There are two goals of this chapter. First, to set up the definition of pseudoholomorphic
maps for general Riemann surfaces with striplike ends, and their quilted generalizations.
Second, to construct families of quilted surfaces that are parametrized by the associa-
hedra and multiplihedra, which will be used as domains for the Floer theory of Chapter
5.

4.2 Surfaces with striplike ends

Let S be a compact Riemann surface with boundary 05 = Ué?:lSl. Suppose that
the boundary is equipped with a collection of distinct marked points (1,...,(, € 0S.
A striplike end for a marked point ( € 95 is a proper holomorphic embedding ¢ :
[0,00) x [0,1] — S such that

1. . 1(05) = [0,00) x {0} U [0,00) x {1}

2. limg_o €¢(8,t) = ¢, where the convergence is uniform in ¢ € [0, 1].

We always assume that the images of striplike ends for distinct marked points are
disjoint in S.
4.3 Quilted surfaces

Definition (Wehrheim-Woodward) A quilted surface S with strip-like ends consists

of the following data:
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1. A collection S = (Sk)k=1,..m of Riemann surfaces with boundary, equipped with

strip-like ends. Let £(Sk) denote the set of boundary components of Sk.

2. A collection X of pairwise disjoint 2-element subsets
m
o C | J{k} x £(Sp),
k=1
and for each 0 = {(ks,es), (k.,€.), a real-analytic identification of the corre-

o)~ o

sponding boundary components

Go Ikg,eg I Ikg,e

We call each pair 0 € ¥ a seam of S. The identification map along a seam
should be compatible with the strip-like ends: meaning that if a pair of striplike
ends attached to each side of a seam are holomorphically identified with the half-
infinite strips [0,1] x [0,00) and [1,2] x [0,00) such that the pair of boundary
components in the seam mapping to 1 x [0,00), then the seam identification is

the identity map on 1 x [0, c0).

4.4 Pseudoholomorphic quilts

Let S = (Sk)1,...,m be a quilted surface with strip-like ends, and for each component S,
let jx be its complex structure. For each Sy fix a target symplectic manifold (Mg, wy).

Write M = (My)1,... m for the collection of target manifolds.

Definition A Lagrangian boundary condition for (S, M) is a set L of Lagrangian sub-
manifolds as labels of each boundary component and seam of S: every boundary com-
ponent of S that is a boundary component of Sy, is labeled by a Lagrangian submanifold
of My, and every seam identifying a boundary component of S with a boundary com-

ponent of Sy is labeled by a Lagrangian correspondence L, 1y C M~ X M.

Write Iy ;,i = 1,...,k; for the boundary components of Sy that are not seams, and
Ly,; C Mj, for their Lagrangian labels. For each seam o = {(k,, es), (kl,,€,)} € X, write
Lo C My X My for its Lagrangian label.

For each of the symplectic manifolds (M, wy) € M, let
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1. Hy = C*°(Mjy,R) be the space of Hamiltonian functions on Mj;
2. Ji. be the space of all wi-compatible almost complex structures on M.

A perturbation datum is a pair of tuples (K,J) = (K, Ji)k=1,..m where Kj €
O (Sk, Hy) and J, € C®°(Sk, Ji). Each Kj is a 1-form on S, taking values in Hy.
Thus K}, determines a 1-form Y;, = Q(Sy, C®(TMy)) taking values in the space of
Hamiltonian vector fields on My — for each £ € TSk, Yi(§) is the Hamiltonian vector
field associated to the Hamiltonian K (&).

Let u = (uk)k=1,...m be a tuple of maps uy, : S, — M.
Definition The inhomogeneous pseudoholomorphic quilt equation for w is

dug(z) + Ji(z,u) o dug(2) o ji, = Yi(z,u) + Jx(2,u) o Yi(z,u) o ji

uk‘fk,i - Lk,i7 Uk, X Uk (Io % o, I) C L,

o

forall k =1,...,m and seams ¢ € X.

4.5 Quilted strips

Figure 4.1: A quilted strip.

Let Z =R x 1[0, 1] C C denote the infinite strip with coordinates s + it. Denote its

standard complex structure by j.

Definition A quilted strip is a tuple of strips, Z = (Z)1,....m, together with a tuple of
holomorphic isomorphisms ¢y, : Z — R X i[k — 1, k] such that R x {0} — R x {k — 1}

and R x {1} — R x {k}. The seam maps are defined by the identity maps along the
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overlaps R x i{k} = ¢r(Zk) N ¢r+1(Zk+41), for k=1,...,m — 1. A quilted strip Z with

k > 1 components has k — 1 seams and 2 boundary components.

Each strip has a one-dimensional family of automorphisms, corresponding to trans-
lation in the s variable. The seam conditions make an automorphism of a single strip
extend to a simultaneous automorphism of all strips, so a quilted strip also has a one-

dimensional family of automorphisms.

4.6 Quilted surfaces parametrized by the associahedron

Y

Figure 4.2: A quilted surface parametrized by a disk with markings, with striplike ends
shaded.

Let d > 2. Asin Chapter 3, we denote the d-th associahedron by R, The goal of this
section is to construct, for each d, a smooth fiber bundle S* — R of quilted surfaces
with striplike ends. We want these bundles to be consistent with gluing operations
near the boundaries 8ﬁd, in the following sense. Recall that the Deligne-Mumford

compactification of R? is the union
R" = |JRrR",
T

where T ranges over all stable trees with d leaves, and R’ denotes all stable nodal
marked disks of combinatorial type T'. The boundary, 8§d, is the union over all combi-

natorial types T with at least one interior edge. For small gluing parameters, we want
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a combinatorial type T with interior edges to determine a gluing operation

r)/T . X S‘U‘_l X (O’ €)|E1nf(T)‘ - Sd
veV(T)

defined as follows. Each edge e € E;,(T) is incident to two vertices, v~ and vt, where
we write v~ for the vertex closer to the root. The edge e represents a striplike end
e_(s,t) of 8" I=1 and a striplike end e, (s,t) of S'I=1. Given a gluing parameter
d € (0,1), with corresponding gluing length R = R(J) := —logd, we truncate each of
these striplike ends at s = R and identify e_(R,1 —t) ~ ey (R, ).

As a first step we construct a smooth fiber bundle S — R?, where

e Each fiber 8%, r € R? is a Riemann surface with boundary holomorphically iso-

morphic to the closed disk D with d + 1 distinct boundary points removed.
e Each surface S? is equipped with d + 1 striplike ends.

We will construct the surfaces first with striplike ends, and then fix the complex
structure on each surface such that the complex structure varies smoothly over R¢, and

coincides with the standard complex structure for the strip on the striplike ends.

Constructing the surfaces

We exploit the inductive nature of R We proceed by induction on d > 2; at each
step we will define the bundle over the boundary in terms of the lower strata, cover a
neighborhood of the boundary using the gluing construction on the striplike ends, and
finally interpolate over the interior.

Basis step: Fix a surface with three boundary components and three striplike ends
for §2, as pictured in Figure 4.3.

Inductive step: Let d > 2. Assume that for 2 < e < d the bundles §¢ — R¢ have
been constructed. Use the gluing construction to define the bundle S* R over an
open neighborhood of HR". Observe that all surfaces already defined are diffeomorphic
by orientation preserving diffeomorphisms that identify striplike ends. The space of
such diffeomorphic 2-manifolds with boundary with fixed striplike ends is contractible,

therefore the bundle 8% — R% extends over R
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Figure 4.3: The basic surface S? with striplike ends shaded.

Fixing the complex structures

Now that we have the surfaces, we fix the complex structure on each surface, again
working by induction.

Basis step: For the surface S?, fix the complex structure on each of the striplike ends
to be the standard complex structure for the strip. Since the boundary is smooth there
is a tubular neighborhood of each boundary component diffeomorphic to a standard
strip [0,d) x R and for sufficiently small § these tubular neighborhoods do not intersect
for different boundary components. Moreover we assume that on the striplike ends
these tubular neighborhoods are just ordinary strips. We take the complex structure
to be the standard complex structure for the strip on those tubular neighborhoods;
this ensures that the boundary is real-analytic. Finally, we can smoothly extend the
complex structure over the remainder of the interior of S? since the space of complex
structures is contractible.

Inductive step: Assume that for 2 < e < d the complex structures on the fibers of
the bundle S° — R* have been determined. Use the gluing construction to determine
the complex structure on the fibers over a neighborhood of the boundary. It remains to
check that the complex structure can be smoothly extended over the bundle S* — R?, in
such a way that the boundary is real-analytic and the complex structure is the standard
complex structure for the strip. We observe again that all surfaces are diffeomorphic
by smoothly varying diffeomorphisms that preserve the striplike ends. So if we fix one

of these surfaces as a base surface, call it S, we need to check that there is a smoothly
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varying family of tubular neighborhoods of the boundary and smoothly varying family
of complex structures over the rest of the surface that coincide with the standard
complex structure on the tubular neighborhood. But this is possible since the space
of tubular neighborhoods of boundary components is contractible, and the space of
complex structures is too. Since in dimension 2 all complex structures are integrable,

so this construction produces a fiber bundle of Riemann surfaces with striplike ends.

Attaching strips

We obtain more general quilted surfaces parametrized by the associahedron by attaching
strips to boundary components of the Riemann surfaces in the families defined for d > 2.
By construction we have tubular neighborhoods of the boundary components which are
holomorphically isomorphic to R x %[0, §), where R x {0} is identified with the boundary,
and 4 is sufficiently small. We get a quilted surface by attaching a strip to the boundary
component via the identification of the tubular neighborhood with the strip Rx[1, 144),

and attaching the standard strip R x [0, 1] along the common seam, R X i.

Figure 4.4: Attaching strips to boundary components.
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20

z3

Figure 4.5: A quilted surface with striplike ends parametrized by a quilted marked disk.

4.7 Quilted surfaces parametrized by the multiplihedron

Let d > 1. As in Section 3.7, we denote the d-th multiplihedron by R, Our first goal

is to construct a fiber bundle S — R%! where

e Each fiber S}i 1 is a contractible 2-manifold with d+1 boundary components, with

an embedded 1-manifold (the seam).

e Each surface Sg g equipped with d + 1 striplike ends, d of which are a single

strip, and one of which is a quilted strip with three components.

We want these bundles to be consistent with gluing operations near the boundaries
aﬁd’l, in the following sense. Recall that the Deligne-Mumford-type compactification
of R%! is

r

where T' ranges over all stable bicolored trees with d leaves, and R denotes all nodal
semi-stable quilted disks of combinatorial type I'. The boundary, OR™" is the union
over all combinatorial types I' with at least one interior edge. Recall from Section 3.8
that the gluing lengths, hence the gluing parameters, are required to satisfy a collection
of gluing relations. In the framework of gluing lengths, the relations define a cone
G C (0, 00)EintMI We call a tuple of gluing lengths admissible if it is in G.

The colored vertices V., C V(I') divide the vertex set V(I') into three disjoint sets;

we write V4 (resp. Vg) for the vertices which are closer (resp. further) from the root
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than the vertices in V,,. From the previous section, fix two fiber bundles of surfaces

parametrized by the associahedra:
1. 8% — R?, where the fibers are Riemann surfaces;

2. Sf‘ — R?, where the fibers are quilted surfaces, corresponding to the Riemann

surfaces in S¢ with one strip attached to each boundary component.
We want a combinatorial type I with interior edges to determine a gluing operation

71 _ _
X S‘X‘ x SPI=1 o ghl=bly g, gd
vEV veVp vEV 01

defined as follows. Each edge e € E;,(I") is incident to two vertices, v_ and v4 where
v_ is the vertex closer to the root, and determines an identification of two striplike
ends. Then, given a gluing length for e, we can truncate striplike ends and identify
along cuts as before.

To achieve this property we will again construct the surfaces first with their striplike

ends, and then fix the complex structure on each surface.

Constructing the quilted surfaces

We exploit the inductive nature of ﬁd’l. We proceed by induction on d > 1, at each
step defining the bundle over the boundary in terms of the lower strata, extending over
a neighborhood of the boundary using the gluing construction on the striplike ends,
and finally interpolating over the interior.

Basis step: Fix a surface with two boundary components, an embedded 1-manifold

and three striplike ends as in Figure 4.6.

)

Figure 4.6: The basic surface Sb! with striplike ends shaded.
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Inductive step: Let d > 1. Assume that for 1 < e < d the bundles S*! have been
constructed, and so have the bundles §¢ — R, 89 — R over the associahedra as
in the previous section. Then the gluing construction allows us to define the bundle
SY R over an open neighborhood of OR". Observe that all surfaces defined so far
are diffeomorphic to each other via orientation preserving diffeomorphisms that map
the surface to surface and seam to seam, and are the identity map on the striplike
ends. The space of such diffeomorphic 2-manifolds with boundary and seam with fixed
striplike ends is contractible, therefore the bundle S%! — R%! can be extended over

the remainder of the interior of R%1.

Fixing the complex structures

Now that we have the quilted surfaces, we fix the complex structure on each of their
components, again working by induction.

Basis step: For the quilted surface Sb!, we first fix the complex structures on each
strip component of the striplike ends to be the standard complex structure for the strip.
Next, we choose a tubular neighborhood of each boundary component diffeomorphic to
a standard strip R x [0, ), and such that on the striplike ends it is exactly that strip.
We also choose a tubular neighborhood of the seam that is diffeomorphic to R x (-4, d)
and is of exactly the form on the parts of the seam that are on the striplike end. We
choose § small enough that all these tubular neighborhoods are disjoint. We fix the
complex structure on each of the tubular neighborhoods to be the standard complex
structure on those strips; note that these are consistent with the standard complex
structure on the striplike ends because we chose the tubular neighborhoods to coincide
with standard strips of width d on the striplike ends. This ensures that the boundary
is real-analytic and the seam is a real-analytic submanifold. Finally, we can smoothly
extend the complex structure over the remainder of the interiors of the components of
St since the space of complex structures is contractible.

Inductive step: Assume that for 1 < e < d the complex structures on the fibers of
the bundle §¢ — R¢ have been fixed. By assumption the complex structures on the

fibers of the bundles §¢ — R, and &4 — R constructed over the associahedra have
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been fixed. Since the complex structures are fixed over the striplike ends, the gluing
construction determines the complex structures on the surfaces fibered over a neighbor-
hood of the boundary R%!. So one needs to check that the complex structures extend
smoothly over the rest of the bundle S»! — R®%!, in such a way that the striplike ends
are always equipped with the standard complex structure, the boundary components
are always real-analytic, the seam is always a real-analytic embedding. Observe that all
surfaces in the bundle are diffeomorphic by smoothly varying diffeomorphisms that pre-
serve the seam and the striplike ends. If we fix one of these surfaces with seam as a base
surface, S, with embedded 1-submanifold C, we need to check that there is a smoothly
varying family of tubular neighborhoods of the boundary and the seam, and a smoothly
varying family of complex structures over the rest of the surface that on the tubular
neighborhoods is the standard complex structure. But all this is possible because the
space of tubular neighborhoods of boundary components and seam is contractible, and
so is the space of complex structures. Moreover in dimension 2 all complex structures
are integrable, so this construction produces a fiber bundle S»! — R%1 of quilted

surfaces with striplike ends, in the sense of Section 4.3.

Attaching strips

We obtain more general quilted surfaces parametrized by the multiplihedron by attach-
ing strips to the external boundary components in the families defined for d > 1. By
construction we have tubular neighborhoods of these boundary components which are
holomorphically isomorphic to R x [0, ), where R x ¢{0} is identified with the bound-
ary, and ¢ is sufficiently small. We get a quilted surface by attaching a strip to the
boundary component via the identification of the tubular neighborhood with the strip

R x [1,1+9), and attaching the standard strip R x ¢[0, 1] along the common seam, R X i.
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Chapter 5

Floer theory for families of quilted surfaces

5.1 Outline of chapter

The goal of this chapter is to describe the analytical framework for quilted Floer theory
for the families of quilted surfaces that were explicitly constructed in the preceding
chapter. The chapter is modeled on [14, Section 9], which describes the Floer theory

for families behind the construction of the Fukaya category.

5.2 Inhomogeneous pseudo-holomorphic maps

Floer and perturbation data

To each striplike end of S, with Lagrangian boundary conditions given by L, we as-
sign a Floer datum, which is a regular pair (H,J) = ((Hk)k=1,...m> (Jr)k=1,....m) of a
Hamiltonian perturbation and an almost complex structure of split type.

Fix a collection of generalized Lagrangian submanifolds L, ..., L, of a symplectic
manifold M4. Given a Lagrangian correspondence Lap between M4 and Mp, the

compositions

L(),AB = Lo oLap

Lyap:=LgoLap

are generalized Lagrangian submanifolds of Mp.
Assign each pair (L;, L;1,) a Floer datum (H,,J;), and assign (Lo ap,Lgap) 2
Floer datum (H 45,J45). Then fix a perturbation datum (X, J) which is compatible

with the striplike ends and the Floer data along the striplike ends.
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Fix a quilted surface S, ,ro € R%1 which is labeled by the Lagrangians Lg,..., L,
and the Lagrangian correspondence Lap. In a neighborhood U of rg all of the quilted
surfaces are diffeormorphic, giving rise to a family of diffeomorphisms parametrized by

points in U,
V:UxS§,,— S’U
U(r,-): Sy — Sy
which are “constant on the strip-like ends”, meaning that
U(r,ec(ro,s,t)) = (7, 5, 1).

Each quilted surface S, is equipped with complex structures j. which can be pulled

T

back by ¥, to give a family of complex structures on S, parametrized by r:

J(r) = Wi )

Consistent perturbation data

We assume that a universal choice of perturbation data has been made, and that the
universal choice is consistent, which means, in the language of [14, Section 9], that the

following two conditions hold:

e There is a subset U C R where the gluing parameters are sufficiently small, such
that the perturbation data obtained from gluing and the perturbation data in the

family agree on the thin parts of the surfaces S,,r € U.

e Let (K, J) be the first perturbation datum on S (i.e., obtained by gluing), and
(K,J) its extension to the partial compactification S. Then the other datum
(obtained by pullback from S%1) also extends smoothly to S and the extension
agrees with (K,.J) over the subset {0}24""(T) x RT ¢ R where all the gluing

parameters are zero.

The K in the perturbation datum is a smooth family of 1-forms on the fibers S,
which take values in the space of Hamiltonian functions on M. Thus, a choice of K
gives rise to a 1-form Y on each fiber S,., that takes values in the space of Hamiltonian

vector fields on M.



85

Bundles
Once we fix a collection of intersection points
(Qovip s 726[) € I(LO,ABvéd,AB) X I(Lle) X... X I(Ldflﬂéd)

we can define a fiber bundle

B

s| —U

U

whose fiber over r is C*°(S,, M;{L}), the space of smooth maps from S, to M, sat-
isfying the required boundary conditions on the seams of the quilt that involve the

Lagrangians labeling the seams. There is another fiber bundle

€s

— B,
o sl

whose fiber &, ,) = QOLT(S  w*TM) of (0,1) forms on S, taking values in the pullback

bundle w*T'M, and the (0,1) part is with respect to J(r,u) and j(r).

Definition The inhomogeneous pseudo-holomorphic map equation for (r,u) € B is

du(z) + J(r,u, z) o du(z) 0 j(r) = Y(r,u,z) + J(r,u,z) o Y(r,u, 2) o j(r) (5.1)
u(C) C L¢ for all seams C with label Lc. .

The compatibility of the perturbation datum with the Floer data along the striplike
ends means that the above equation reduces to Floer’s equation along the striplike ends.
In particular, solutions with finite energy converge exponentially along the striplike ends
to elements of

I(Loaps Laap) x T(Lo, Ly) x ... X Z(Lg_1, Lg)-

Definition Given a fixed set of intersection points (yo,gl, ..., xg), the moduli space of
pseudoholomorphic quilted disks /Vld,1(y07§1, ..., x4) is the set of finite energy solutions
(r,u) to (5.1) which converge along the strip-like ends labeled (p, . . ., {4 to the respective

intersections (y, 2y, .., Zq).

Since equation (5.1) can be written as (du — Y)%! = 0, we will also abbreviate it as
(0—v)(r,u) = 0, where 9(r,u) := (du)®' and v(r,u) := (Y (r,u))*!, with the 0,1 taken
with respect to J(r,u, 2) and j(r). The operator d — v defines a section B — £ and

solutions of (5.1) correspond to its intersection with the zero-section of £.
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5.3 Local trivializations

We now define local trivializations of the bundle £ S‘U — B S‘U in a small neighborhood
of a point (rp,uy) € B. This requires identifying fibers that are close to each other.

We will use local exponential maps with respect to Riemannian metrics on the
manifolds to get the trivialization. In order for the exponential maps to preserve the
Lagrangian boundary conditions, we need metrics that make the Lagrangian submani-
folds in the boundary conditions totally geodesic.

The main ingredient in the construction of such metrics is Frauenfelder’s lemma,
which we quote here from [10, Lemma 4.3.3]. We say that a Lagrangian submanifold
L is totally real with respect to an almost-complex structure J on M if at every p € L,
T,LNJT,L = 0. In particular, if J is an almost-complex structure that is compatible
with w, and L is a Lagrangian submanifold of M, then L is totally real for J. This
follows from the fact that if £,n € T},L, then using the metric g; induced by w and J,

95(& Jn) = w(&, J*n) = —w(&,m) = 0 as L is Lagrangian.

Lemma 5.3.1 (Frauenfelder). Let (M, J) be an almost complex manifold and L C M
be a totally real submanifold with 2dim L = dim M. Then there exists a Riemannian

metric g = (-,-) on M such that

(i) (J(p)v, J(p)w) = (v,w) forpe M and v,w € TyM,

(it) J(p)T,L is the orthogonal complement of T,,L for everyp € L,
(i1i) L is totally geodesic with respect to g.

The statement of (iii) is that L is totally geodesic with respect to the Levi-Civita
connection V of g. However we will also need the associated Hermitian connection 6,
defined by

VoX =V, X — %J(VUJ)X, (5.2)

so we need to know that L is totally geodesic with respect to V.

Lemma 5.3.2. Let (M, J) be an almost complex manifold, L a Lagrangian submanifold

of M, and g a metric satisfying (i)-(iii) of Lemma 5.8.1. Let V be the Levi-Civita
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connection of g, and V the complex linear connection (5.2). Then L is totally geodesic

with respect to V.

Proof. We show that L is totally geodesic with respect to v by showing that for every
p € L, and every X,Y € T}, L, %XY € T, L. By definition,

- 1
VxY = VxY - J(VxJ)Y.

where V is the Levi-Civita connection of g. By assumption, L is totally geodesic with
respect to V, therefore VxY € T, L for all p € L and all X,Y € T,L. So it is enough
to show that J(VxJ)Y € T,L. Since the orthogonal complement of T},L is JT,L, it
reduces to showing that for all X,Y,Z € T,L, J(VxJ)Y L JZ.

9(J(Vx )Y, JZ) = g(VxJ)Y,Z)
= d(g(JY,2))(X) —g(JVxY,Z) — g(JY,VxZ)
= 0

since all three terms in the penultimate line are zero. Hence, L is totally geodesic with

respect to V. 0

Let S — R be shorthand for either S¢ — R% or S»! — R%!_ the fiber bundles
of quilted surfaces defined in section 4.3. Let M = (Mj);—1,... be a collection of target
manifolds for the quilted surfaces in S, and let L be a collection of Lagrangian boundary
conditions for the boundary components and the seams.

A point in S is a pair (r,z), where r € R and z € S,. Let us denote the set
of Riemannian metrics on M; by R(Mj;), and for a given almost-complex structure
J on M; we write R(M;,J) for the set of Riemannian metrics on M; for which J is
skew-adjoint.

There is a fiber bundle RM — S, with fibers RM,..y = R(M,J(r,z)) where
J is the almost-complex structure on M from the fixed choice of perturbation data.
More explicitly, the quilt bundle S — R consists of a finite set of bundles S; — R of
Riemann surfaces with boundary, where j = 1,..., k, together with seam identifications.
For each j there is a bundle R(M;,J;) — S; of Riemannian metrics for which the

almost-complex structure J; is skew-adjoint.
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Definition A compatible metric g for the pair (M, J) is a section g : S — RM, that
is, a tuple of sections g; : S; — R(Mj, J;), where for each r € R,z € S;(r), g;(r, 2) is
a Riemannian metric on M; that is J(r, z)-invariant. We say that g is consistent with
the Lagrangian boundary conditions L, the striplike ends, and the boundary strata of

R, if it has the following properties.

1. For every true boundary component I C S; of S, with Lagrangian label L C Mj,

gj|; makes L totally geodesic.

2. For every seam o = ((k,I.), (K, I/)) € ¥, with identification ¢y : I e — Ijs e,

on

and Lagrangian label Ly j» C M, x My, the product metric g X gi/|, %o Ly

M,~ x M}, makes Ly ;s totally geodesic.

3. On the striplike ends the metrics are independent of the parameter space R, and

are constant in the s direction.

4. Near the boundary of R? (resp. R%!), the metric is obtained from the metrics on

the components making up the boundary strata, by gluing along striplike ends.

Lemma 5.3.3. Consistent compatible metrics exist.

Proof. The proof uses the recursive nature of the bundle § — R to define the metrics
by induction. We break it up into three steps.

Step 1: Consistent compatible metrics exist for quilted strips.

Proof of Step 1: Take the strips to be Z; =R x [j —1,j] for j =1,...,k. For each Z;
write (Mj,w;) for the target symplectic manifold, J;(t),t € [0,1] for the t-dependent
almost-complex structure. Write L1, Lj, and Lj;_; ; for j = 1,...,k for the Lagrangian
boundary conditions.

By assumption, L; is a Lagrangian submanifold of M; which is totally real with
respect to Ji(0), Ly is a Lagrangian submanifold of M} which is totally real with
respect to Ji(1), and for £ = 2,...,k, the Lagrangian correspondences Lj_1 are
totally real submanifolds of M, , x M}, with respect to the almost complex structure

Jrk—1(1) x J(0). By Lemma 5.3.1, for each of these Lagrangian submanifolds there
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exists a metric making them totally geodesic; let us call these metrics g1, gr and gj—1,;
forj=1,...,k.

We illustrate how to get a consistent and compatible tuple (g;) j=1,...k by explaining
how to construct gi; constructing the other g;’s uses identical lines of reasoning. On
M, we have two metrics g1 and prjgi 2, where pry : M| x My — M is the projection
map. The space of Riemannian metrics on M is contractible so we can fix a smooth
path g1 : [0,1] — R(M;) such that ¢1(0) = g1 and g1(1) = g1,2. We can even make it a
smooth path of J(t)-invariant metrics by replacing g1(t) — $(g1(t) + J(¢)Tg1(t)J (¢));
note that this does not alter the metrics at t = 0 and t = 1, since they are already J;(0)
and Ji(1) invariant, respectively.

Step 2: Consistent compatible metrics exist for the bundles S — R and
S? — R2

Proof of Step 2: First we fix, by step 1, a choice of compatible metric on each striplike
end, which depends on the almost complex structures in the Floer datum. Second,
we extend the choice of metric smoothly over the boundary components, as follows.
Note that the complement of the striplike ends on a boundary component [ is compact.
On that compact subset, the complex structures J(z,r) in the perturbation datum
vary smoothly over z € I and r € R, interpolating between the complex structures at
each striplike end. It is an important point that for a fixed Lagrangian submanifold,
the metrics of Lemma 5.3.1 can be chosen to depend smoothly on the almost-complex
structure J, and for each almost complex structure J the set of metrics satisfying (i)-
(iii) is convex. Using these facts we can choose metrics g(r, z) satisfying (i) - (iii) that
are parametrized by z € I and r € R, and interpolate between the metrics already
chosen at each striplike end. Once the metrics are chosen for each boundary and seam
component, use the convexity of Riemannian metrics to extend the choice of metrics
smoothly over the interiors of the surfaces. Any smooth family of Riemannian metrics
g(r,z),r € R,z € S, can be smoothly converted into a family of J(r,z)-invariant
Riemannian metrics, by replacing g(r, z) with 3(g(r,z) + J(r,2)"g(r,2).J(r, 2)). Note
that this map is the identity map on metrics that are already J(r,z) invariant; in

particular, this map is the identity map on the metrics chosen for the boundary and
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seam components, which are invariant by (i).

Step 3: Consistent compatible metrics exist for all S%! — R%! for d > 1, and for
all S — R for d > 2.

Proof of Step 3: This is an inductive argument on d, with the base case covered by
Step 2. Having constructed families of metrics for R? or R%! for d < k, the gluing
operation determines compatible metrics in a neighborhood of the boundary of RF*+1
or RFtLL To extend over the rest of the interior of R¥+1 or R¥+t11 again use the fact
that the metrics required to make the Lagrangians totally geodesic depend smoothly on
the choice of almost complex structure J, and in the absence of the geodesic condition
the space of Riemannian metrics is convex. One can therefore choose smooth extensions
that aren’t necessarily J(r, z) invariant but smoothly interpolate between the metrics
chosen on the boundary, then use the map g(r,z) — 3(g(r,z) + J(r,2)Tg(r, 2)J (1, 2))
to make each metric J(r, z)-invariant. As noted earlier this map does not affect the

metrics chosen on the boundary, which are already J(r, z)-invariant by (i). O

Let V be the Levi-Civita connection associated to the metric g. V has to be un-
derstood componentwise, on the different manifolds that constitute M. Let V be the
associated Hermitian connection, as defined in (5.2).

Let M be one of the symplectic manifolds in the collection M, and x € M, € € T, M.
We write

D (8) : TeM — T, §)M

XP, (

to denote parallel transport along the geodesic exp,(A§), A € [0, 1], with respect to the
Hermitian connection V on M. By Lemma 5.3.2, the Lagrangians in the boundary
conditions are totally geodesic with respect to the Hermitian connections \Y belonging
to the metrics parametrized by boundary components and seams of the quilted surfaces.

Since ﬁd’l is a d — 1 dimensional convex polytope, we can fix any metric on it and
use it to define a local exponential map exp,, : T,U — U in a neighborhood U of ry.
Write § := &, for the quilted surface corresponding to the parameter ry. Then all

maps u : S — M which are sufficiently close to u, can be expressed as u = eXPy, (§) for
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some £ € Q0(S, ubTM). Define a map

u(E) : U (S wTM) — Q%L (S(r), exp, ()" TM)

Bz) = Py (E(2))8(2)

where <IJZ (x

)(ﬁ(z)) is the map from T,y M to Toyp (e(2))M given by parallel transport

u(z)
along the geodesic T — exp,(,)(7§(2)) with respect to the Hermitian connection V.
We emphasize here that the Hermitian connection v depends on r € R,z € S, and

u(z) € M.

Now define another map

@T(p):Qg’Tl(ST,Q*TM) — %

Sexpr(p) (S,

exp,.

(p) u TM)
by defining its inverse to be the projection

<I>T(p)_1 - Q%1 (S

Sexpr () €xp,.

o WTM) — QS u"TM)

B) = 5 (B) + T u,2) 0 B(2) 0 (1)),

(Note that (3, by assumption, is a (0,1)-form with respect to J(exp,(p),u,z) and

j(exp,(p)), i-e. it satisfies the identity 8(z) = 3 (B(2) + J(r, u, ) o B(2) o j(exp,(p))).)
We observe that ®,(¢)"! commutes with ®,(p)~" — for if ) € LP(Seq, (), Q% @y
exp,,(§)*T M), then

5O 70) 0 = 0,07 (G0 + Sremu©) o vo i)
(@u(©) ™ + @u (&)™ (I (1 expy (€)) 09 0. j(r)))
(Pu(&) 0+ J(r,u) 0 @u(€) ' 0 (1))
r(p) T P (€) .

K N =N =

Composing ®,(§) and ®,(p) gives the local trivialization
Os,ru(p,€) = Pr(p) 0 Pu(€) : QWS wTM) — Q% (Sexp, () exPy (§) TM),

and hence the connection that we will use. We denote this connection by V.
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Let U C B, and consider a section ¢ : U — E‘U. For (r,u) € U and (p,§) € T(,,)U,

let us abbreviate ry := exp,.(Ap), ux := exp, (A{). Then,

Vipet(ru) = x| @sra(Ao, A (ry, )

A:0<I>u(/\£)_1<1>r(/\p)_1¢(mUA)

B AZO(I)U()@?% (W(ra,un) + J(r,un) o h(ra,ur) o j(r))

2 S[=5[=

>

Vet + 56+ T(r,u) o Vet + 0,0] 0 (7))
e+ J(r,u) 0 Vet 0 j(r) )

(Opt) + J (1) 0 Dypip 05 (1)) (5:3)

NN~ Q,
/N N
= <

+
|

where V is the Hermitian connection on M. Note that for each (r,u) € U, ¥(r,u) is a

(0, 1)-form with respect to J(r,u) and j(r), i.e. satisfies the identity

(W (ryu) + J(r,u) 0 p(r,u) 0 j(r)

Yru) =5

Hence
~ ~ 1 .
Ve = V3 (blr,u) + () 0 w(r,u) o (1))
1/~ ~ .
= 3 (w + Ve(Jot) 0.7(7"))
1/ = .
= 5 (Vs”[/) +Jo Ve o](r))
Putting this into equation 5.3 gives an explicit expression for V,

Tyl u) = Vb + 3 (B + T (r,w) 0 0 (1)) (54)

5.4 The operator Fs, .

Let (p,€) € Tp)B = TR x Q%S,, uw*TM) and define

‘7:(7“7@) (p’ §) = q)S,r,g(,O, é)_l (a - E) (eXpr P expg §)

Introduce the notation

f(r,g) (p> §) = (I)S,r,g(p7 §)_15(€Xpr P exp£§)

73(7‘,@) (pv Q = (I)S,r,y(p7 é)_lﬂ(expr P expgé)
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so that we can write

f(r,g)(p7§) = f(r,g)(pa§) - ,P(r,g) (p7§) (5'5)

(P stands for “perturbation”). Denote the corresponding linearized operators by

Dsy. = dF,4(0,0)
Dsyy = dFy.(0,0)
Psyy = dPyu(0,0)

which are related by

Dsyu = Dsru — Psru

5.5 The linearized operator Ds, ,,.

We will again use the notation u, := exp, (A) and 7y := exp,.(Ap), to calculate explicit

formulas for the linearized operators defined in the previous section.

Ds . (p, é) = d]-}&(0,0)(p,Q
= Va0(ry,uy) — V(r/h“/\))‘xzo
= 6,\(7(7“7 uy) — v(r, u/\))‘A:O

% [0A(D(ra, u) — v(ra,w)|

+J(r,u) 0 Ox(O(rx, u) — v(ry, u))‘)\zo o j(r)} .

+

Define
D€)== Va@(r,un) —v(ru))|\_,
DW(p) = %[OA(E(U,u)—V(m,u))’A:O

—I—J(T‘, u) © a)x(g(r)\vu) - V(Thu))’)\:o Oj(T‘)] :

With this notation we can write Dg ., (p,§) = D &) + p (p). We similarly define

D€)== Vad(r,un)|,_,
D) = 5 [5Dlra, )]y + T(r,u) o 053(rs, w)] g 0 3(r)]
P& = Valru)|,_,
B®(p) = 2 [wlra )],y + J(rw) 0 Bw(raw)],_g 0 ()]

2



and with this notation we have the identities

Dsru(p,€) = DJ)(€)+ DM (p), and

Ps,u(p, &) = P(€)+P™
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In the following computations, projection onto the (0,1) component is always un-

derstood to be with respect to J(r,u) and j(r).

DY) = Forw)|_

1 .
= Vi(dm\ + J(r,uy) o duy o](r))’)\zo

1 —~ ~
= i(Vdu,\ + J(r,uy) o Vduy Oj(T))‘)\:o

1 )
= §(Vdu,\ + J(r,uy) o Vduy OJ(T))’)\:O

4

= S(VE+ () 0 VE 0 j(r)) — 2 () (Ve ) )0y (1,10

= [VEP - ST @(Ved) )

1
— —(J(ryun)VaJ (ryux)duy + J(r,uy) o J(r,ux)VaJ(r,uy) o duy)

where V is the Levi-Civita connection on M, d;(u) = (du — J o du o j(r)).

DI (p) = (o) Bl uw)

d = 1
= )

A=0

A=0

d_ 0,1
- [d)\a(”’ v) ’AO]

= [(j}\; (du+ J(rx,u) oduoj(ry)) ‘/\0] "

1
= 5[@,Jo duo j(r) + J o du o 9,5]"".

%)\I/(T, u)\)’

Vag (¥ lrw) + I u) 0 V() o 50|,

%(6,\Y(r,u,\)‘ +J(T,u)o%,\Y(r, uA)‘ o j(r))

SOV )|+ w0 VY ()| 0 ()

(Jo VAJ(r,u,\)‘ oY +JoJo V,\J(r,u)\))

_ 1
4
[Vey ol —

1
5[J o VeJ oYL

°0j(r))

A=0
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u d —
PM(p) = 2 (p) 'w(ra,w) o

d 1 '

[ﬁQ(Y(Tmu) + J(ra) o Y(ra,u) o j(r))
1

= [pY]" 50T 0Y 0 j+ T oY 08",

0,1
A:O]

5.6 Banach spaces and norms.

We need the map Fs.,,, to be between Banach spaces, so we need to define the Sobolev

completions

QS w'TM) — WYP(S,,u*TM)

QNS w'TM) — LP(S,, A" @ ;u*TM).

Let S be a surface, with volume form dvolg. For u : S — R, the norms on W1P(S)

and LP(S) are defined by
1/p

T P— /|uyp+ydu|p dvols (5.6)

1/p

S
|lullrr = /|u]p dvolg (5.7)
S

To define corresponding norms for sections ¢ € Q°(S,, u*T M), we need to fix a metric
and a connection. On the bundle u*T'M — S, for each z € S there is an almost-complex
structure J(z) which is compatible with the symplectic form w, so defines a metric g
on T'M,

€(2)] = wu2)(§(2), J(2)€(2)) == 92(£(2),£(2))

and a corresponding Levi-Civita connection V. Define
1/p

[ —— / €7 + |VEP? dvolg
S

1/p

||§”LP(S,u*TM) = /|£‘p dVOlS
S
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Remark (C.f. [10, Remark 3.5.1.]) If £ € WHP(S,,u*T M), then the scalar function
|€(2)| € WEP(S). This is because

WEE e = dvVg (€6 e
1
R —
NGO ET
1

= WQQZ(V&QJNVQ)(&O)

Since J(z) is independent of s along the striplike ends, |Vg| can be uniformly bounded

(&,€)

by a constant ¢. So pointwise,

1
VP +el <

W@Wﬁ“ﬂ + cl¢?).

In the limit as € — 0,
€]l < V€ + (c/2)[].

Hence

ldlEN rsry < V€Il r(susrany + (€/2)€ll Lo (susTar)
< Néllwresurrany + (/2 €llwrr(sueran
= (I + (e/2)Ellwrr(su=Tr)-
Therefore we can write:
(NeNwrosr)” = (HEllzrsm)” + (€N Lrsry))”

IN

(IEllwro(suran)” + (1 + c/2Ellwresuran)”

= 1+ @ +¢/2P) (I€lwrrsuran)”

hence
Ellwroesr) < (1+ 1+ ¢/2P) P llwro(suran)

where ¢ depends only on the choice of perturbation datum.
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5.7 Gromov convergence

Definition Consider a sequence {(rp,u,)}o; C Ma1(zg, ..., 24).
1. For 2 < e < d—1, we say that the sequence Gromov converges to the broken pair

(7“1721) € Md—e—f-l,l(io»lp e Ly Yy Loty ,Lj)

(TZaQQ) € Me(g» L1 agi—&-e)

if
o 1, — T1#0ro in the topology of R%! near the boundary point ri#ory €
aRdJ’
i E(Qn) - E(ﬁl) + E(QQ)a
e u, converges uniformly on compact subsets of S, to u;, and converges uni-
formly on compact subsets of S,, to u,.
2. For 1 <s1,...,8; < d—1such that s;+...4+ s, = d, we say the sequence Gromov

converges to the broken tuple

(r0>ﬂ0) € Mk(£0ay1,---,yk)

(T17y1) € Msl,l(glygla"'7£sl)

(ro,uy) € M1 (Yo Zay 4155 Ty 1s,)
(Tiy ) € M1 (Uk> Ta—spt15- > Za)
if

o 1y — roFto(ri,..., 1) € AR in the topology of R near the boundary,

o E(un) — E(ug) + E(uy) + ... + E(uy,),

e u, converges uniformly on compact subsets of S, to u;, for j =0,... k.

3. Fori € {1,...,d}, we say that the sequence Gromouv converges to the broken pair
(ru) & Mai(@o, Ly, s Zimg, Yo Tigs - Z4)

v o€ Ml(yagz)
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if
o r, — 1 in R%! where r is in the interior of R%!,
d E(Qn) - E(@) =+ E(Q),

e u, converges uniformly on compact subsets of S, to u, and there is a sequence
Tn, € R (shift parameters) such that if (s,¢) denote coordinates on the strip
R x [0,1], and €; : R>o % [0,1] — S, is the i-th striplike end of S, then the
sequence of shifted maps u,(€;(s + 7, t)) converges uniformly on compact

subsets of R x [0, 1] to a fixed parametrization of the Floer trajectory v.

4. We say that the sequence Gromov converges to the broken pair

(T> u) € Md,l(ga Lyy--- 7£d)

v € Ml@o, y)

if
o r, — rin R%!', where r is in the interior of R%!,

e E(u,) — E(u) + E(v),

e u, converges uniformly on compact subsets of S, to u, and there is a sequence
Tn, € R (shift parameters) such that if (s,¢) denote coordinates on the strip
R x [0,1], and €y : R>g x [0,1] — S, is the 0-th striplike end of S,, then the
sequence of shifted maps w,,(eo(s + 7,,t)) converges uniformly on compact

subsets of R x [0, 1] to a fixed parametrization of the Floer trajectory v.

The latter two cases are also described as a Floer trajectory breaking off.

5.8 Gromov neighborhoods

We now define what we call Gromov neighborhoods of a broken quilt of Type 1, 2 or
3. For € > 0, we will define a subset U, C B%!. Under these definitions, a sequence
(rv,u,) € Mgi(zg,...,xy) will Gromov converge to a broken quilt if, and only if, given

e > 0 there is a vy such that (r,,u,) € U for all v > vy.
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Type 1

Let (r1,u,) and (r2,us) be a broken pair,

(7’17@1) S Mdfe+1,1(£07ﬂ' .. 7%717% £i+e+17 o 7%)0

(7“2,@2) € Me(g7 £i7£i+1? e 7&1‘4—@)0'
A small neighborhood of the point 1 #qrs € OR%! is of the form
UgUl X U2 X [0,6)

where U; ¢ RA—¢tll ig a neighborhood of r, and Us C R€ is a neighborhood of rs,
and the interval [0, €) represents the gluing parameter. Recall that a gluing parameter
d corresponds to a gluing length R(6) = —log(9).

Fix a metric on U; € R4 ¢tLl and a metric on Uy C R€, and define a metric

topology on U = U; x Uy x [0,¢€) by

disty (ri#sra, ri#srh) = sup{disty, (r1,71), disty, (r2,5), 6 — &'}

By the construction of the surface bundles (Sections 4.6 and 4.7, Chapter 4), we can
suppose that the neighborhood U is sufficiently small that the corresponding neigh-
borhoods U; ¢ Ré—e¢t11l and Uy C R are also small enough that all surfaces in the
bundles over them are diffeomorphic to each other by diffeomorphisms preserving the
striplike ends. Write S, 4,7, = Sfl U Sf2 / ~, where Sfi represents the truncation of S,

along the prescribed striplike end at s = R(J), and ~ is the identification of the two

truncated surfaces along the cuts.

Definition Let ¢ > 0 be given. Define a Gromov neighborhood U, C B%! of the pair

(ri,uy), (re,uq) as follows: (r,u) € Ue if
o 1 =r1#sr2 € U with disty (r1#s72, r1i#or2) < €,
e |E(u1)+ E(ug) — E(u)| <k,

o distps(u(2),uy(2)) < ¢ for all z € S

17
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o distar(u(z),us(z)) < eforall z € sz.

(The metrics on the target manifolds M are those induced by their symplectic
forms w and the choice of compatible almost complex structures J = J(z).)
Type 2
Let (ro,ug),- - -, (Tk, uy,) be a broken tuple of the form
(T()aﬂ()) € Mk(§07y17~~ayk)

(7'17@1) € Msl,l(y17£17"'7£51)

(7“27@2) € M82,1(y27§51+17 e ?£51+52)

(Tkaﬂk) € Msk,l(%’ Ld—sp+1s"++ 7§d)'
A small neighborhood of the point 71#qrs € OR%! is of the form
UgU() X U1 X Uk X [0,6)

where Uy € R¥ is a neighborhood of 9, U; C R*>! is a neighborhood of r; for i =
1,...,k, and the interval [0,€) represents the gluing parameter. Fixing a metric on

Uy, . .., U; determines a metric topology on U = U; x Uy x [0,¢€) by

disty (ro#ts(r1, - - -, 1i), roFe (71, - -, 7)) += sup{disty, (ro, 70), - - - , disty, (1%, 7%,), [0—8"|}.

Taking the neighborhood U to be sufficiently small we can assume that all surfaces
parametrized by Uy, ..., Uy are diffeomorphic via diffeomorphisms that are constant on
the striplike ends. Write Sy, #5(r1, ..., 7)) = S, USS U...US? / ~, where each S, is the
truncation of the surface S,, along the prescribed striplike end at s = R(d) = — log(9),

and ~ is the identifications of the surfaces along the truncated ends.

Definition Let € > 0 be given. Define a Gromov neighborhood U, C B%! of the tuple

(ro,ug)s - -+, (ri,uy) as follows: (r,u) € U, if

o r =r10#s{T1,..., 7k} € U with disty (r, ro#o{r1,...,7%}) <,
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o [E(up) + E(uy) +...+ E(y,) — E(u)| <e,

o distpr(u(2),u;(2)) <eforal z€82,i=0,...,k.

Type 3

Let (ro,uy) € Ma1(zg,...,2; 1,¥,2i11,--.,24) be a pseudoholomorphic quilted disk,
and let v € le (y,z;) be a quilted Floer trajectory. We fix a parametrization of the
Floer trajectory v : Rx[0,1] — M. As in previous sections we write ¢; : [0, 00) X [0,1] —

S, for the i-th striplike end, and Z; for the image of this striplike end in S,.

Definition Let e > 0 be given, and define R(e) = — log(¢). Define a Gromov neighbor-

hood U, C B%! of the pair (19, ug),v as follows: (r,u) € U, if
o distgai(r,ro) < €,
o [E(u) + E(v) — E(u)] <,
o for z € Sf)(e), distar(u(z), ug(2)) <e,

e there exists some 7 > 2R(e) such that distas(u(ei(s + 7,t),v(s,t)) < € for (s,t) €

[ R(e), R(e)] < [0,1].
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Chapter 6

Gluing

6.1 Outline of chapter

Definition We say that a parametrized pseudoholomorphic quilt (r,u) is regular if
the linearized operator Dg ., is surjective. Similarly we say that a generalized Floer

trajectory v is regular if the associated linearized operator D, is surjective.

The goal of this chapter is to prove the following gluing theorem.

Theorem 6.1.1. Let xy € Z(Lg ap,Lgap) and fori =1,...,d let x; € T(L;_4, L;).

Given either:

1. a regular pair

(7’17@1) € Mdfe+1,1(§oaﬂ- oL 1Yy Lot 7%1)0

(T27ﬂ2) € Me(gvﬁivgi—&-lv"' 7£z‘+e)0
where2 <e<d,1<i<d—e, andycI(L; 1,L;.);

2. or a regular (k + 1)-tuple

(ro,ug) € My(z0, 4,5+, y,)°

(Tlaﬂl) € Mdl,l(y17£]_7"'7£dl)0
0
(7“27Q2) € Mdz,l(g27£d1+17 cee ’£d1+d2)
0
(rp,ug) € Mdk,l(yka Ldy+..Adg_1)+1s - 7ld1+.“+dk,1+dk)

where dy + ... +dy = d, d; > 1 for each i, and y, € I(Ld1+...+d(i_1>de1+...+di)

(interpreting dy as 0);
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3. or a reqular pair

(Taﬂ) S Md,l(iﬂv"'7£i—1ay7£i+17"‘7£d)0

where 1 < i <d, andy € T(L; 1, L;);
4. or a regular pair

v o€ Mi(zgy)

(r,u) € Magi(y,zq,... 7gd)o
where y € (Lo ap: La ap);
there is an associated continuous gluing map
g: (Rp,00) — Mg1(zg, - .. ,gd)l

defined for some Ry >> 0, such that g(R) Gromouv converges to the given pair/tuple as
R — o0. Moreover, for sufficiently small € > 0, the gluing map surjects onto Gromov

neighborhoods U, of the given broken pairs/tuples.

The gluing map is an application of the Implicit Function Theorem, and the strategy
of proof is standard. To be able to apply the implicit function theorem, the main steps

are the following;:

1: For gluing lengths R > 0, define a pre-glued curve, (rr,ugr).
2: Compute that [|(0 — v)(rg,ur)|lop < e(R) where e(R) — 0 as R — oo.

3: Show that Ds .,y is surjective, and construct a right inverse Qg by first con-

structing an approximate right inverse, Tr, with the same image.
4: Show there is a uniform bound ||Qr|| < C for sufficiently large R.
5: Show that for each R, the function Fs,, ., satisfies a quadratic estimate

1dF s rpur (P €) = Dsrpurll < c(lpl + [Elwre) (6.1)

with the constant ¢ independent of R.
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These steps are the content of Sections 6.2 through 6.6 respectively. In Section 6.7
these ingredients are used to define, with the help of an implicit function theorem, a
gluing map associated to each regular tuple, and we show that the image of the gluing
map is contained in the one-dimensional component of the relevant moduli space of
quilted disks, Mg 1(z,. .. ,z4)'. In Section 6.8 we show that the gluing map is surjec-
tive, in the sense that if a pseudoholomorphic quilted disk (r,u) € Mg 1(zy,. .. s xg)t s
in a sufficiently small Gromov neighborhood of the broken tuple, then it is in the image

of the gluing map associated to that tuple.

6.2 Pregluing

There are three types of pre-gluing to consider - two types arise from the two types of
facet of codimension one in the boundary of R (corresponding to whether the inner
circle has bubbled through or not), and the other type arises from a Floer trajectory

breaking off.

SR

Figure 6.1: Three cases of gluing — the last two cases both correspond to a Floer
trajectory bubbling off.

Definition Given a gluing parameter § > 0, define R(J) := —log(d) to be the gluing
length corresponding to 6. So R(J) — oo as & — 0.
Type 1

Assume that we have a regular pair

(ri,uy) € Maa(Zoy oy Ty 15 Y Tiggs s ...gdl)o, where i € {1,...,d},

(TQ’QQ) € Mdz(gaéla"-aédz)o'
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The surface parametrized by r; is a quilted disk, and the surface parametrized by ro is
a marked, unquilted disk. A marked point labeled (~ on 7 is identified with a marked
point ¢ on rg, identifying the pair 7 #rs with a nodal quilted disk. Along the strip-like

ends labelled by ¢*, u; and u, converge exponentially to Y-

Figure 6.2: Case 1 of pregluing

The quilted surface rr := r1#pgro:

Truncate the surface S,, along the striplike end labeled by (~ at s = R, and truncate
the surface S, along the striplike end labeled by (™ at s = R, then identify the two
truncated surfaces along s = R. Explicitly, one identifies e+ (R,t) ~ e~ (R, 1 —t); see

Figure 6.2.
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Let z = (s,t) denote the variables on the striplike end of S,,, where s € [0, 00) and
t €[0,1]. For s >> 0, we know that u,(s,t) is very close to y(t) € Z(L,L’).

For such s we can locally model u, (s, t) on a local trivialization around neighborhood
of 0 in Tg(t)M , using exponential maps coming from a family of metrics on M.

As in Section 5.3, fix a tuple of t-dependent metrics (gx(t)))ke—r,. s parametrized

by t € [0,1], such that:

1. For each k and for each ¢, gi(t) is a metric on My, and gx(t)(Ji(t)n, Jp(t)§) =

gr(t)(n,§) for all n,& € T,My,,p € M;.

2. For each k, gi(1) X gr+1(0) determines a metric on My, x M1 and is such that

9k(1) X gr+1(0) Ty, (1) xypr (0) L k1 — L get1-

3. L_, is totally geodesic with respect to g_,(0), Ls is totally geodesic with respect
to gs(1), and for k = —r,...,s—1, the Lagrangian correspondence Ly, ;1 is totally

geodesic with respect to gx(1) X gx+1(0).

For very large s >> 0, define &1(s,t) € Ty, M by

expy (o (€1(5,1)) = s (s, 1)

where exp is the tuple of exponential maps, expy, : [0, 1] x Ty )My — My, each of which
comes from the Levi-Civita connection on M}, associated to the metric gx(¢). Similarly,

we can define §3(s,t) € Ty M, for very large s, by

expy 1) (€25, 1)) = (5, 1).

Now let §: R — [0,1] be a smooth cut-off function such that §(s) = 1,s < —1, and
B(s) =0,s > 0 (see Figure 6.3).
We introduce a pair of intermediate approximate pseudoholomorphic quilted sur-

ult

w;') for ¢ = 1,2 which are defined as follows.

faces (r;,

uy(z), 2z €8, \ecx(s > R/2)
uf'(2) = $ exp,(B(s — R/2)&(s,1)), R/2—1<s< R/
y(t), s> R/2.
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—1 0 S

Figure 6.3: Cutoff function used to define uf and uf.

Then the pre-glued map u1#ru2 : Sy #pr, — M is defined by

_ u{%(z)’ z € ST1 \EC—((Ra OO) X [0’ 1])
ur# ruz(z) =
ug('z)v AS STz \ 6{*((R? OO) X [07 1])7

see Figure 6.4.
Type 2
Assume that we have a collection

(T‘(),U()) S Mk(@()uyla"’ 7yk_)0

0
(Tlvul) S Mdl,l(g17§17§27"'7§d1)
0
(T27 u2) € MdQ,l(ggvgdl—i-lvgdl—i-Qv s 7§d1+d2)
0
(Th,ur) € Mdk,l(ﬂka§d1+d2+...+dk,1+1v§d1+d2+...+dk,1+2a ey Zdy ot dyy g +dy)
of regular pseudoholomorphic quilted surfaces (r1,u;), ..., (T, u;) together with a reg-

ular pseudoholomorphic quilted surface (rg,uy). We label the striplike ends of S,, with
C(O), C(l), .. ,C(k), where the map u : S, — M converges to Y, along the striplike end
labeled by ¢ @ for i =1,...,k, and converges to z, along the striplike end labeled by
¢O. Fori=1,...,k, each quilted surface Sy, has a distinguished strip-like end along

which the map u; : S, — M converges to Y, and we label this striplike end by 77(0)

f .

The quilted surface rg := ro#g{ry,...,r:}:

Truncate the surface S, along each of the striplike ends labeled ¢ W @D oat s =

R, and truncate the surfaces S, ...,S,, along their respective striplike ends labeled



exp, (hés) Zﬁ -
y(?)
R
y(t)
exp, (5262) Zéz 3

Figure 6.4: Gluing u; and u9 along the neck.
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7750) ey 77,(;)) at s = R, then identify truncations labeled by pairs ¢(*), 771(0) along s = R;

)

see Figure 6.5.

Figure 6.5: Pregluing in Case 2.

The approximate pseudoholomorphic map

Let z = (s,t) denote variables for the striplike ends. We know that for s >> 0, the
map ug(€qci (s,?)) lands in a normal neighborhood of y (¢). For such s we can define

expy (1) (§i(5:1)) = ug(ecn (5:1))-
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Similarly, for i = 1,..., k and sufficiently large s we can define fi(o)(s, t) €T, ;M by

expy ()€ (5,1)) = wile 0 (s, 1)

We introduce a collection of intermediate approximate pseudoholomorphic quilted sur-
faces (ro,ygi), (r1,ul?), ..., (rk,gkR) which are defined as follows. The map QOR 2 Spy = M

is defined piecewise by
k
ug(z), 2 € 8y \ 'Ul €ci(s>R/2-1)

ufi(z) = exp, (0 (B(s — R/2)Ei(s,1)), 2= e (s,1),5 € [R/2— 1, R/2)

y-(t)7 z = 64(1‘)(5,25), s> R/2

=1

For i =1,...,k the intermediate maps QZR : Sy, — M are defined by

w;(2), 2€8, \ e o(s > R/2-1)
Qﬁ(z) = expgi(t)(ﬂ(s - R/Q)gi(sat))a &= Enzﬁo)(svt)a s € [R/2 -1, R/2]
y, (1), z= engo)(s,t),s > R/2.

Then the pre-glued map uo#r{u1, ..., ur} : Spospiry,...rpy — M is defined by

Qéz(z)v z2 €8\ L]] 6((%’)(5 > R)
woHFr{uL, ..., ur}(z) = i=1

Qﬁ('z>v z € STi \677(0)(3 > R)
Type 3

(A Floer trajectory breaks off.) Assume that we have a pair

(ri,u1) € Mqaa(zg,zy,...,24)°

v € M(gi,y)o

where (r1,u1) is a regular pseudoholomorphic quilted disk, and v is a regular Floer

trajectory. Assume without loss of generality that v : R x [0,1] — M is such that

lim o(s,t) = ()
lim v(s,t) = y(t),

and let ¢ label the striplike end of S, for which lim,_.o u;(e¢(s,t)) = z;(t). The Floer
trajectory v is defined only up to an R translation, but we can fix a parametrization of

v to work with.
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The quilted surface

In this case, rgr = r1.

The approximate pseudoholomorphic map

For s >> 0 we know that u(e¢(s,t)) and v(—s,t) are exponentially close to z;(t). For

such s, define £(s,t),n(—s,t) € T, (1M by the conditions that
expg, 1 (§(s,1)) = wi(ec(s, b)),
engi(t)(U(—Sat)) = y(_'S»t)'

Using the same cutoff function § as used in all previous cases, define an approximate
pseudoholomorphic quilted surface (r1,uff) and an approximate pseudoholomorphic

trajectory v as follows.

uy(2), 2€8, \ec(s > R/2-1)
uff(z) = { exp, ) (B(s — R/2)(s,1)), == ec(s,t),s € [R/2— 1, R/2]
| zi(D), z=¢€c(s,t),s > R/2.
v(s — 2R, 1), s>3R/2+1
v(s,t) = { expy,)(B(—s +3R/2n(s — 2R, 1)), s € [3R/2,3R/2+ 1]
z;(t), s < 3R/2.

\

Then the preglued curve ug is defined by

), zeSu\els = R)
up(z) =
vR(s,t), z€e(s>R).

6.3 Estimates for the preglued curves.

Proposition 6.3.1. For sufficiently large Ry > 0, there is a monotone decreasing

function € : [Ry, 00) — [0,00) such that

10 = v)(rr, ur)llop < e(R)

and €(R) — 0 as R — 0.

Proof. We estimate it for each of the three types of pregluing separately.
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Type 1

Let (j , K ) denote the approzimate perturbation datum on the preglued surface S, that
is inherited from the perturbation data (Ji, K1) and (J2, K2) for S, and S,, respectively
via the pregluing procedure. Let (J(rg), K(rr)) be the perturbation datum on S, that
comes from the universal choice of perturbation data over the family of quilted surfaces
parametrized by the multiplihedron. In general (J,K) and (J(rg), K(rg)) are not
the same, but the assumption of consistency implies that for large values of R, the
data agree on the “thin” part of S,,, while on the complement of the thin part, which
consists of two compact components coming from S,, and S,, (J(rg), K(rg)) converges
uniformly to (Jq, K7) or (Ja, K3) respectively as R — oo.

Given that

O(rm,un) — v(r,ur) = 3(Dun+J(ra) o Duro j(rr)

—%(Y(TR) +J(rr) o Y(rr) 0 j(rr))

we will estimate this on different parts of the preglued surface S, .

Consider a striplike end Z C S,,,. It corresponds to a striplike end on either S,
or S, that was not truncated in the pregluing step; let us denote this striplike end
by Z too, where Z C S, for i =1 or 2. Since j(rg, 2), J(rr,u(2), 2) and Y (rg, ) are

independent of R and are the same as the corresponding data on S,

(5—V)(TR,UR)Z = (8—V)(7"1,U1)Z
= 0

since we assumed that (0 — v)(r1,u1) = 0. This argument proves that (0 — v)(rgr, ur)
is zero on all of the striplike ends of the glued surface S, .
Next, for i = 1,2 let S; denote the complement of the striplike ends on S,,, and

let S; also denote its image in S, after pregluing. Note that S; is compact, and that
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u|, = u . Hence,
(& —v)(rg, ug) 6 = (0 —v) (TR, us) s
= %[Duz + J(rgr,u;)Du;j(rg)] s,
—%[Y(m,ui) + J(rr,u)Y (rr, uwi)j(rR)] s

Since we know that (0 —v)(r;, u;) = 0, and that j(rg), J(rg, u;) and Y (g, u;) converge
uniformly to j(r;), J(ri, ;) and Y (i, u;) on S;, it follows that for sufficiently large R
there is a monotone decreasing function €;(R) — 0 as R — oo such that the uniform

pointwise estimate

(0 = v)(rr,ur)(2)| < e1(R)
holds for all z € S;.
Finally, consider the neck of S, along which the pregluing took place. Let Z; and
Z3 denote the striplike ends of S,, and S,, that were truncated along s = R; and by
slight abuse of notation let Z; and Zs also denote the images of the truncations after
pregluing. By symmetry it is enough to consider what happens on Z;. There are three
regions to consider,
0<s<R/2-1
R/2-1<s<R/2

R/2 < s<R.

On the region 0 < s < R/2—1, (0 —v)(rgr,ur) = (0 — v)(r1,u1) = 0.
On the region R/2 < s < R, we have that ug(s,t) = xo(t), and so
Dl’o(t) + J(t,l’o(t)Dl?o(t)j — Xy, — J(t,ﬂj‘o(t))XHtj =0

because 0sxo(t) = 0 and Opzo(t) = Xp, together imply that Dxo(t) — X, = 0.
On the region R/2 —1 < s < R/2, since ui(s,t) converges exponentially to y(t) as
s — 00, we know that |£(s, t)| becomes exponentially small in s. Therefore, |3(s)&1(s, )]

is also exponentially small in s. Now, Dy(t) — Xg,(y(t)) = 0, so

| D expyr) (B(5)81(s, 1)) — X, (expy(r) (B(5)€1(s, 1))| < D expyr) (B(s)€1(s, 1)) — Dy(t)]

X, (y(1) — X, (expy ) (B(5)81 (s, 1))
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and since expy( 1 (B(s)&1(s, 1)) is exponentially close to y(?), there is a monotone de-

creasing function e2(R) — 0 as R — oo such that

D expy ) (B(s)81(s, 1)) — X, (expyr) (B(s)€1(s, 1))| < €a(R)

uniformly in ¢ for all s > R/2 — 1.
Using all these estimates, we have

1/p 1/p

/ |(0 — v)(rRr, ur)|? dvols, . < /\(8—V)(TR,UR)]7’ dvolg,
S

1/p

+ |(0 — v)(rRr,ug)[P dvolg,
g/

2

1 R/2 1/p
“\/
0 R/2—

< e (R)vol(S1)YP + e1(R)vol(S2)'/P + ex(R).

—v)(rr,ur)P ds dt

1

Here volg, is the volume of the compact subset S; C S,, with respect to a fixed volume

form on §,,.

Type 2

The estimate for Type 2 of the pregluing construction is very similar to that of Type 1.
Repeating the same arguments on the corresponding parts of S, leads to an estimate
1/p

1 Fsrman0.0)ops = / (@ - »)(rr, um)lP dvols,,

k
(0 — v)(rRr,ug)|P dvolg,

R/2 1/p

(0 —v)(rr,ur)|’ ds dt

1/p

IN

_|_
]
—
—
_\

A
o
=
<
S,
™
~
]
_l’_
™
Y
=3
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Type 3

This type of pregluing is slightly different from the previous two types. Let Z denote
the striplike end of S,, on which the pregluing takes place. The perturbation data is

fixed, so on the complement of Z we have that

(0 —v)(r1,ur) = (0 — v)(r1,u1) = 0.

Thus (0 — v)(r1,uR) is not supported away from Z.

For z = (s,t) such that s € [0, R/2 — 1],

(0 —v)(r1i,ur) = (0 —v)(ri,u1) =0

so (0 — v)(r1,ug) is not supported here either.

For z = (s,t) such that s € [R/2,3R/2],

(@ =v)(ri,ur) = (Fuy(t) — X, (y())™"

=0

since by assumption, y(t) is the Hamiltonian flow of H;.

For z = (s,t) such that s € [3R/2 + 1, 00),
(0 —v)(r1,ur) = Ov(s — 2R, t) — Xp,(v(s — 2R, t) = 0
as v is a Floer trajectory.
Therefore (0 —v)(r1,ur) is only supported on the part of Z where s € [R/2—1, R/2] or
s € [3R/2,3R/2+ 1]. On the first part, for sufficiently large R, |{(s,t)| is exponentially

small in R when s > R/2 — 1, and so for the same reasons as in the previous two

calculations we can find a monotone decreasing e2(R) — 0 as R — oo such that

| D expy ) (B(s — R/2)&(s, 1)) — Xp, (expy ) (B(s — R/2)(s,1))| < ea(R)
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uniformly in ¢, whenever s € [R/2 — 1, R/2|. Similarly, for sufficiently large R, |n(s —

2R, t)| is exponentially small and we can find an e3(R) as above such that
D expy ) (B(=s + 3R/2)n(s — 2R, 1)) — Xu, (B(—s + 3R/2)n(s — 2R, 1)| < e3(R)

uniformly in ¢, whenever s € [3R/2,3R/2 + 1].

Putting all these estimates together we get that

1/p
1Fsinan©Olopn = | [10-0)aun)p dvols,,
Sr
1 R/2 1/p
< / / Y(ugr)|P ds dt
0 R/2-1
1 3R/2+1 1/p
+ / / (@ — v)(un)l? ds dt
0 3R/2

< e(R)+e3(R).

6.4 Constructing a right inverse

We construct an approximate right inverse for the linearized operator of the preglued
surface and curve, then show that it is sufficiently close to being a right inverse that
an actual right inverse can be obtained from it via a convergent power series. We treat

the three types of pregluing separately.

Type 1

Let

(ri,u) € RO (Bs, u

(ravuz) € R%Hx (Bs,,)us
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be such that the linearized operators

DS,T1,u1 : TTleH_Ll x Wlm(STUUTTM) - Lp(vaAO’l Q. UTTM)

Ds.ryy : Try RETL X WIP(S,, usTM)  —  LP(S,,, A% @5 u3T M)

defined using perturbation data (Ji, K;) and (Jz2, K3) respectively, are surjective and
Fredholm, with index zero.

Our goal is to show that Dgr = Ds 4 nroui#rus, defined with perturbation da-
tum (J(rgr), K(rg)), is also Fredholm and surjective, with a right inverse Qr that is
uniformly bounded for sufficiently large R.

Recall the intermediate functions

ul: S, — M
z — u#pus(z) for z € ri,

y(t) for z € rit,

and

uQR:rg - M
z +— ui#pus(z) for z € ri,

y(t) for z e rf.

For large R, the functions uﬁ,z’ = 1,2 are WP-small perturbations of u;. Note that the
perturbation data (J(rg), K(rg)) are given by the Floer data along the neck of S, .
Denote by (J;(rr), Ki(rg)) the perturbation datum on S, given by the restriction of
(J(rr), K(rr)) to the truncation of S,,, extended trivially over the rest of the striplike
end of S;, by the given Floer data. The assumption of consistency implies that for large
R, the data (J;(rg), K;(rg)) is a compact perturbation of (J;, K;).

The properties of being Fredholm and surjective are stable under W'P-small and
compact perturbations, hence for sufficiently large R the pairs (r;, uf“) are regular with
respect to (J;(rr), Ki(rg)). Let Q; g denote a right inverse for the linearized operator
Ds,ri,uﬁ- We observe that Q; r is actually a left and right inverse, since by assumption

ker Dsy, ur has dimension 0, so D Syl 18 A0 isomorphism.
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We return to the linearized operator

wRTM) — LP(S,p,, A% @7 u TM)

TR?

Dp : T, RUFEL 5 wip(S

TR
and will now construct an approximate inverse
Tr : LP(Sypy A @7 ugTM) — T, RUT®RL 5 WIP(S,  wiTM).

Let ) € LP(S,,, A% @5 uiTM). Set
m(z) = nlz), zerf,
0, z€enr \r{z
and
m(z) = n(z), zery,

0, z€r2\r§

The abrupt cut-off does not matter because the norms involving n; and 7, are LP norms,

so involve no derivatives. We now have
m € LP(S,, A" @ (i)Y TM),
n € LP(S,,, A%t @ (ul)*TM).
Using @1,r and Q2 r we get

Qi.rm =: (11,&1) € T RO WHP(S,., | (ul)* T M)

Qarne =: (12,62) € T, RETLx WIP(S,,, (ud)*TM).

Our final step is to glue these into a single element of T,, RU 421 x WLr(S, ., upTM).

For large R, local gluing charts near the boundary of R4 %! give an isomorphism
T RATE! = T REFV @ T, RE @ TR

(the last component represents the gluing parameter). Using this isomorphism we get

a well-defined element

1
TI#RT2 1= (7—177_270) € 1—’7"1%,7?’Cl1—i_d27 :
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Now fix a smooth cut-off function 8 : R>o — [0, 1] such that 5(s) = 1 for s > 1 and
B(s) =0 for s <1/2 and 0 < 3 < 2. Let Bg(s) := B(s/R).
[ &(2) if 2 €8, \ 21
&i(s,t) + Br(s)&2(2R—s,1—1t) if z € Zy,s € [0, R]
Br(s)61(2R — 5,1 —t) + & (s,t) if z € Zy,s € [0, R]
&2(2) if 2 € S,, \ Zo.

§1#R &(2) ==

To simplify notation, define 51 g : S;;, — R by

1 ifZGSTl\Zl,

1 ifZEZl,SE[O,R],
Bi,r(2) =
BR(S)’ if z € Z275 € [O,R],

0 if z € ST2 \ 7y
and make a corresponding definition of 32 . With this notation, we can write {1 # ré2 =

ﬁl,Rfl + ,3271252. We define

Trn := (11#R72, S1#RE2)-

Now we need to check that for all n € (ESTR)u, for sufficiently large R,

1
D8 rpurTrN — nllop.r < §||77 0,p,R-

Now,

Ds nurTen —n = Dsypup(M#RrT, &1#RE) — 1
= Dpfimi#tr + D &#RrE — 0

R
By construction D'F and D! agree on the support of 7, which is Sry \ Z1. Similarly

R
ng agrees with DJ'F on the support of 7 which is S, \ Zs. Hence,

UR uf ug
DyEri#tRrTe = Dyl 11 + Dy T2

Since Dyt and D:;R agree on the support of 51 r&1, we may write
1

Diibrr&r = Dikfir&
= (Os1,r)E + B1RD, p&1,
Dyl Be rG2 = D% (B2,r)E2

= (0sP2,r)&2 + B2,rD 5 &2
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By construction, D} ; —I—DZZ'R@- = DziRQi’ RN = M, where Q; g is the inverse of DS,m,uZR'
k2 k2

So,

DS7TR7UR TRT] - T]

Dy Emi#RTe + Dy S1#E RS2 — 1)

uf? ull rR
Drl m + D?"2 T2 + DuR(/Bl,Rél + B2,R€2) -n

u{?‘ “5 T1 T2
Drl T+ Drg T + Du{zﬂl,Rgl + DU§BQ,R€2 -n

R R
Dyl 1+ DyZ 1o+ (0sB1R)€1 + ﬁl,RD%& + (0sP2,r)E1
+02,rD %€ — 1
2
Br,r(Dyl T+ Dzliz&) + Bo,r(Dy2m2 + D;zzfz)
+(0s51,r)é1 + (0sP2,R)E2 — 1

Br,rm + B2,rn2 + (0sP1,r)é1 + (0sP2,R)E2 — 1
m + 12 —n+ (0s01,r)é1 + (0sP2,r)E2

(0551 rR)E1 + (0sP2,R)E2

as the support of 7; is precisely where 3; g = 1, and 7y +n2 = 7. We can find a ¢ > 0

and an Ry > 0 such that operator norms ||Q; r| < ¢ for all R > Ry. Therefore

S0 we can estimate

I&illip.r < 1Qirnillr < clnillop,r

I1DsuporrTRN = nllopr = (9sB1,r)E1 + (9sP2,r)E2ll0p,R
< 2/R([[&1llop,r + 1§2]l0.p,R)
2c
< Elln 0.p.R

and 2¢/R < 1/2 for sufficiently large R.
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Type 2

The construction for Type 2 is essentially the same as for Type 1, and essentially the

same calculations go through. Assuming that

(Tﬂauﬂ) S Md(yoaylv"'vyk)o

(Tlaul) S Md,l(g]_)zl?"'agil)o

(Tk’v Uk) S Md,l(gk7£i1+...+ik_1+17 .. 7@51)0

are all regular, then for a gluing length R we form the preglued surface and map,

abbreviating
(rr,ur) = (ro#r(ri,...,7k), vo#r(u1, ..., ug)).

For i = 0,...,k, denote by (J;(rg), K;(rg)) the perturbation datum on S,, given by
the restriction of (J(rg), K(rg)) to the truncation of S,,, extended trivially over the
rest of the striplike end of S,, by the given Floer data. The assumption of consis-

tency implies that for large R, the data (J;(rgr), K;(rg)) is a compact perturbation of
R

(Ji, K;). Also, by construction the intermediate maps u;* are WP small perturbations
of u;. The properties of being Fredholm and surjective are stable under W!P-small and
compact perturbations, hence for sufficiently large R, (ro,u), ..., (rk, ul) are regular
with respect to (J;(rg), Ki(rr)). The linearized operators Dg.,, i are surjective with
zero dimensional kernel hence are isomorphisms, so let (); g be the inverse of D87Ti7qu.
For convenience, for each ¢ we will denote by S{f the truncation of S,, that appears in
the pre-glued surface S,,, denote by Zi,..., Zy the striplike ends of S,,,...,S,, that
are truncated in the pre-gluing process, and denote by Zi,...,Z, the corresponding
striplike ends of the surface S,,.

We construct an approximate right inverse T for the linearized operator Dg as

follows:
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Let ) € LP(S,,, A% @5 uiTM). Set

TR

n(z), zeS8k

m(z) =
0, else
n(z), zeSk,
m(z) =
0, else.
The abrupt cut-offs do not matter because the norms involving 7o, ..., n; are just L?

norms. We now have

no € LP(Sp, A" @y (ul)*TM),

e € LP(S,,A% @7 (uf)*TM)
and define

(7—0’&)) = QO,R(UO) € Tronk+1 X WLp(Srm (u{)%)*TM)

(Th, k) = Qrr(m) € T, RUWTHL 5 WEP(S,, | (ull)*TM).

The final step is to glue these k+1 things together to get a single element of TTRRd1+d2’1 X
Wl’p(SrR,u*RTM). For large R, rg is near the boundary of R%++ 1 where local
charts identify
TTRRd1+...+dk,1 o~ TTORkJrl @ Trle1+1,1 D... P TTdek+1,1 ® TRR,
the last component coming from the gluing parameter. With this identification set
To#R(TLy -y Tk) == (70, T1s -« -, Tk, 0).
Fix a smooth cutoff function 5 : R>¢ — [0, 1] such that §(s) =1 for s > 1 and f(s) =0
for s < 1/2, and 0 < 3 < 2. Let Br(s) := B(s/R). Define o g : Sy — [0,1] by the
condition that
1, z € Sf),
Bo,r(2) = Br(s), z€ Z,s€[0,R],i=1,...,k,

0, else,



and for each i € {1,...,k}, let

1, z € Sff,
Bir(z) = Br(s), z€ Z.C Sy, s€][0,R],
0, else.

Then write

k
So#r (€1, &) =Y Bink.
i=0

We define the approximate inverse by

TRT] = (T()#R(Tl,. .

The construction leads to the estimate

D877’R7URTR77 —-n = D:«L};TO#(Tla .

Tk), S0#R(ELy - -5 Ek)-

s T) + Do &t (s - -

k k
R .

= Y DT+ Y DiuBirti—n
i=0 i=0

k k k
R )
= > Diimi+ Y BirDIR&+ Y ()& — 1
i=0 i=0 ' =0

k

1=0

k
7,20 i
— Z Birmi —n+ Z(asﬁi,R)&
i=0 1=0
k
= > (0:Bir):.
i=0

Since (74, &) = Qi rn; there is a ¢ > 0 such that

€illop.r < 1Qi.rMill1.p.R < cllnillop,r,

for all ¢. Combine everything into a total estimate

||D8,u,rT77 - 77”0,P:R

<

IN

IN

IN

k
> I8/R &l
=0

k
10sB:,Rlle Y illop.
i=0

9 K
R ZCH??i
i=0

2c
llopn

0,p,R

|0,p,R

7§k)_77

€+ (0uBin)E — 1

123
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and for sufficiently large R, 2¢/R < 1/2.

Type 3

Assume that

(Tlaul) S Md,1(£07£17' . 'a&d)o

v € M(Qi,g)o

where (r1,u1) is a regular pseudoholomorphic quilted disk, and v is a regular Floer
trajectory. For large R, the intermediate maps (rl,uf') and vf* are WP-small per-
turbations of (r1,u;) and v respectively, and since being Fredholm and surjective are
properties that are stable under small perturbations, it follows that (ry,uft) and v’
are also regular for sufficiently large R. Let Q1 r be the inverse of Ds,rl,uf (which is
invertible), and let Q,r be a right inverse for D r respectively, whose image is the L?
orthogonal complement of the kernel of D r. Let ¥ denote the infinite strip R x [0, 1],
and label by Z the striplike end of S, on which the pregluing takes place. Construct

an approximate right inverse
Tg : LP(S,,, A% @7 whTM) — T, RAHY x WIP(S,  uhTM)
of Ds ry uy as follows. Let n € LP(S,,, A% ®; upTM). Set

771(2) = 77(2)7 ZESE,

0, else,

and 1, = 1 — . Then m € LP((S;, A% ®; (uf)*TM), and n, € LP(X,A% @,
(v®)*TM), and we set

Qirm = (m,&) € T, R x WHP(S,, (ul')* T M)

Qurw = & € WHP(X, (vB)*TM).

We need to glue & and & together to get an element of WP(S,,, (u1#gv)*TM). We

fix a smooth cut-off function 8 : R>o — [0, 1] such that 8(s) = 0 for s < 1/2 and
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B(s) =1for s > 1,and 0 < 3 < 2. Let Br(s) := B(s/R). Define By : S, — [0,1] by
Bir(z) = 1,z€8,\Z,
1 —Br(s—R/2),z = (s,t) € Z,
and
Bo.r(z) = 0,z€ 8, \Z,
Br(s), = = (s,1) € Z.

Putting

&1#RrE2 = P1,rRE1 + B2, rRE2

we define Trn := (11, &1#RE2). Now,

DS,Tl,uRTRn -n = DS,rl,uR(Tla gl#RSQ) -n
R
— Dgll 1 + D;lﬁﬁlﬁfl + DURﬁz,ng -7
R
= D7+ (0sBLr)é1 + 51,RD21§51 + (0sB2,r)E2 + B2, rRDyréa — 1

ult r1
= Pir(Drf 11+ Du{zfl) + B2,rDyr&2 — 1 + (0s51,R)E1 + (052,R)E2

= (0sP1,r)é1 + (0s2,R)E2,

and choosing a ¢ > 0, Ry > 0 such that the operator norms ||Q1 r|| < ¢, |[|Q,r|| < ¢ for

all R > Ry, we have an estimate

9
|DsrunTrn — nllopr < E(Hleo,p,R + l€2llop.R)

IA

9
E(CHm lo.p,r + clln2llop,r)

2¢c
= Ellnllo,p,R

so 2¢/R < 1/2 for sufficiently large R.

We obtain an actual right inverse Qr = Tr(DrTr)™! using a power series

(DrTr)™' = (Id+ (DpTr —1d))~"

[e.o]

= > (-1)"DrTr —1d)*,

k=0

which is convergent for large R because of the estimate |DrTr — Id|| < 1/2.
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6.5 Uniform bound on the right inverse

By construction, the image of Qr = Tr(DrTr) ™! is the same as the image of Tg. The
operator norm of (DrTg) ™! can be uniformly estimated, by the results of the previous
section. Thus it remains to find a uniform bound for ||Tr|| in order to get a uniform

bound Q]

Type 1
Ty is a composition of operations. The initial cut-offs define a map

Alxﬁgin(S

TR

WRTM) — LP(S,,, (uff)*TM) x LP(S,,, (u§)*TM)

where the norm on the product LP(S,,, (uf)*T M) x LP(S,,, (uf)*T M) is the sum of the
norms. So by construction, the operator norm ||A; x As|| = 1. The next step is the map
Q1,r X Q2,r whose domain is the product LP(S,,, (ul)*TM) x LP(S,,, (uf)*TM) and
range is the product T, R x WIP(S,,, (uf*)*TM) x T,,R x WIP(S,,, (uf)*TM). The

operator norm is estimated ||Q1 g X Q2,r|| < [|Q1,Rr||+[|Q2,r|| < 2¢ where c is a uniform

bound on the operator norms of Q1 r, Q2 r for large R. (Such a uniform bound c¢ exists
because for large R, Q1 r and Q2 r converge to @)1 and @2, the respective inverses of

Ds i u; and Ds yy 4,.) The final step in the construction of T uses an operator
B1 X Bo s WIP(S,,, (ul)*TM) x WP(S,,, (ul)*TM) — W'P(S, ., (ur)*TM)
defined using the cut-off functions 81 g and (2 g, which by construction satisfies

[(Br % B2)(&1: €2)ll1p,8 < [[€1ll1p,R + [[€2ll1p,R

where the right hand side is the norm of (&1, &2) on the product WP(S,. , (uft)*TM) x
WLP(S,,, (ul)*TM). Hence ||31 x (2]| = 1. Putting everything together we get that

ITR| < 2ec.

Type 2

By almost identical arguments as above we can conclude that ||Tgr| < (k + 1)c, where

¢ is a uniform bound for large R on the operator norms ||@Q; r||, for i = 0,1,..., k.
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Type 3

By almost identical arguments as above we can conclude that ||Tg|| < 2¢, where ¢ is a

uniform bound for large R on the operator norms ||Qqr|| and ||Qy r]|-

6.6 Quadratic estimate

The goal of this section is to establish a quadratic estimate,

1dFsru(p;€) = Dsrull < c(l|€llwrr + o))

where the norm on the left is the operator norm. The W norm on the right will
depend on a choice of volume form on S, and in the proof of the gluing theorem it
will be a different volume form for different values of the gluing parameter R. (N.B.
The definition of the operator Fs ;.. doesn’t depend in any way on the volume form on
S.) The one thing to ensure is that the constant ¢ in the estimate does not depend on
anything that might vary with the gluing parameter R.

We assume that we are working in a local trivialization of the fiber bundle S — R, in
a neighborhood U C R of r. We will write S := S,. Recall that in this neighborhood of
r, all the fibers &, are diffeomorphic to S, and so the varying almost complex structures

can be pulled back to S, as can the perturbation data.

Definition For a fixed volume form on S, define the constant

cp(dvolg) = sup m
0 fecee(s)nwies) |1 lwie

That such a constant exists follows from the embedding statements of Appendix A.
Moreover, it follows from Theorem A.0.8 that ¢, is uniformly bounded for all surfaces

in a given family S%! or S9.

Proposition 6.6.1 (c.f. Proposition 3.5.3 in [10]). Let p > 2 and fiz a quilted surface S
with strip-like ends, and let STkthin) denote the thick (resp. thin) part of a thick-thin

decomposition. Then, for every constant co > 0, there exists a constant ¢ > 0 such
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that the following holds for every volume form dvolg on S such that cy(dvolg) < ¢y and

vol(Sthick) < ¢cq. If u € WHP(S, M), £ € WEP(S,w*TM), r € R, and p € T,'R satisfy

[dullLr < co, (€]l < co, [p] < co, (6.2)

then
147 s.ru(p,€) = Dsrull < e([[€llwrr + |o])- (6.3)
Here || - || denotes the operator norm on the space of bounded linear operators from

T,R x WYP(S,u*TM) to LP(S, A" @ u*TM).

Proof. Given x € M, £ € T, M, r € R and p € T,’R, define linear maps

and a bilinear map

Since M and R are compact, there is a constant c¢; such that

[Er-(p)pl < alpl
B9 < al
(WL E ] < aléllElnl

forall z € M, r € R, and for all { € T, M with |£| < ¢y, and p € T, R with |p| < ¢g; the
last inequality is because the bilinear form is 0 when & = 0. W define another bilinear

map, for each z € S, by

\I/T,Z(p) : TR X (T;S)gzi) ®J(r) Tu(z)M - (T;S)g&leXpT p) ®J(expT p) Tu(z)M

d
(pn®&) = x|  Prlp+A0)n@E).
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We can also assume that for the same constant c¢; as above, we have

Vo2 (psp,m@ &) < alpllplln® £,

for all z € S, r € R, and all p € T,R such that |p| < ¢p; this inequality is possible
because when p = 0, the corresponding bilinear form is 0.
Observe that on the ”thin” parts of S, the complex structures j and J are indepen-

dent of r € R. Thus ®,(p + Ap) is the identity for all A, and

d 3 d
Y A:0<I>r(p+/\p)(77®§) = A:077(2@5
= 0,

that is, ¥, ,(p) = 0 on Sthin,

Now covariantly differentiate the identity

D5 (P + A5y €+ N)Fsru(p + A5, €+ NE) = Dy(exp,(p + Ap), expy, (€ + A\p))

with respect to A, at A = 0, using the connection V, to get

Va®s ra(p + A5, €+ A Fsru(p,€)|,_ + sl )dFsru(p O)(5,6)  (64)

= DS,eXPr P,€XD,, §(ET (p)ﬁa Ey (5)5)

For typesetting reasons we now abbreviate

F = Fsru(p: €) e = exp, (), 1p 1= exp,(p)

in order to calculate

Valsralp+ A5, E+M)F| = Valrlp+M5)0u(€ + ADF|

A=0

= S (VAP +NF|,

+ éu(ﬁ)%hzoé [8+(p + AD)F
+ J(rp,u) 0 Br(p+ Ap)F 0 j(r,)]

= O, (p)V, (&6 F) + éu(é)%[\l’r(p;ﬁ,F)
+J (rp,u) 0 Wi (p; s F) 0 j(r,)].
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Thus we can rewrite equation (6.4) as

(I)r(p)‘llu(§§ g, F) + (I)u(g)%[lpr(p; P, F) + J(Tpvu) © \I’r(p; P, F) oj(Tp)]

+ O (P, €)dFs ru(p. €) (5, €) = Dsrp e (Er(p)p, Ex(£)E).

Therefore we have

AFs5,ru(p,€)(5:€) = Dsru(pi€) = — ®srulp, &) @r(p)Wu(&;E, F)
B0, &) B [0 (01 )
+ J(rp,u) o Wr(p; p, F) 0 ji(1p)]
+ (P, €) " D e (Er(p), Eo(€)€)

_DS,r,u(ﬁa é)

which simplifies to

dfsﬂ‘,u(pv 5)(ﬁ7 5) - DS,r,u(ﬁa 5) = - (Du(g)ilqlu(ga ga F)
A

1

- (br(p) 9

(U (p; p, F) + J(rp,u) o Wr(p; p, F) 0 ji(r)p)]
4

+ <I>S,T,u(Paf)_1DS,Tp,ug (ET(P)ﬁa E:Jc(f)g) - DS,T,u(ﬁvg)-
C

We now estimate A, B and C in turn.

-1

Estimating A: Pointwise, since ®,(£)™" is an isometry, we can write

1,(6) T L(GEF) = U (&6 F)
< cl¢l|é]|F).

A

Now

F o= fS,r,u(p7 6)

1
= <I>r(p)’1<1>u(€)’1§[(d% — Y (rp,ue)) + J(rp, ug) o (dug — Y (rp, ug) o j(rp)],
SO we can write

FI = 19,(0) ' @u(€) 5 [(du = Y (1, ug)) + Trp ) o (du = Y (1, ) 0, (r,)]

< Jdug = Y (rp, ug)

IN

|dug| + Y (15, ue)|-
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There is a constant ¢ depending only on ¢y and the choice of compatible almost-complex

structures in the perturbation datum (J, K), such that

|dexp, & < ca(|du| + |[VE])

whenever ||dul|rr < c¢g and |||z < ¢o. There is also a constant ¢z such that

Y (r,2)] < 3

for all » € R, x € M, and all metrics |- | on TM induced by the almost complex

structures in the perturbation datum (J, K'). Hence,

A

@0 (€)1 0y (&€ F)|e <

IN

IN

<

Estimating B: Pointwise,

41

|8+(p)™" 5

creall€l zee 1€ e ldull e + crcall€ oo €]l oo IV 2o
+ escr|léll oo 1€l Lo

creacoll€l| o [1€l| e + cocr||€] Lo | VE Lo
+erescollél| oo [1€]| o

creac|l€llwrallEllwre + cgereall€llwrplI€]lwe
“+eocresl|€ ]l 1€l

(creac) + cgerea + cocres) (Il + €l w) (1] + I€llwra).

(O (p; 0, F) + J(rp,u) o Welp; p, F) 0 j(rp)l] < |9, (p; p, F)|

so it suffices to estimate |, (p; p, F')|. Recall that F' = Fs, ,(p,&). We have

(o5 0, F)| =

IN A

IN

(W (p; p, F)
cilpllpl | F]
cilpllpl(due| + 1Y (rp, ue)l)

crea|pl|pl(Idul + [VE]) + e lpllpl]Y (rp, ue)l-

Recalling that W,(p) vanishes on S and that vol(S*°*) < ¢q, we get

N0, (p; 0, F)||zp <

IN

crcalpl|pllldull L» + crcalpl|plIVE] o
+erlplAIY (rp, ue) [ oo (vOL(SThieR))L/P
cocicz|p||p| + cociea|pl||€llwre + crescolpl|pl

(2coerez + eres) (ol + € lwn) (1] + 1€]lwn).
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Estimating C: Using the splitting Ds ;, v, = DS;’J ) + Dﬁz:g), write

CI)S,T,u(Pa ’f)_lDS,Tp,ug (ET,U(Pa f)(ﬁa é)) - DS,T,U@: 5)

— [Bs.rul(p, &) DYP EL(€)(€) — DD (E)]
C(a)

H®srulp, &) DM B (p)(5) — D ()]

~~

C(b)

and estimate C'(a) and C(b) separately.

To estimate C(a), write

s 100, &) DL EL(E)(E) — DIV(E) = @u(p) ' [@u(6) T DL EL(E)(E) — DY ()]
+ [®.(p) DI (€) — D ()]

= 0,(p) @) DR EL(&)(€) — DU (&)
— B, (p) [ ®u(&) T PIF EL(€)(€) — P (D)

+ [®.(p)"' DI (€) — DI ()]

— [®(p) P () — PO ()]

Therefore we have, pointwise,

(@5,0,u(p, €)' DZEL() (@) — DV (@E)] < |194(6) " DI Eu(€)(€) — DY (€)]
C(a) C(a) (@)
+ [0, P EL(€)(©E) — PU(E)]
C(a) (i)
+ [@,(p) DY (&) — DO (€|
C(a)(ii1)
+ @ (p) LRI (€) — PO,

-

C(a)(iv)

Estimating C'(a)(i): Since ®,(§) is pointwise an isometry, we can estimate

D2 EW(€)() — @,(6) DS ()]

instead. The calculation takes place on a fixed fiber S, , so there is no risk of ambiguity

if we now omit the superscript r, from the notation. Using formula (5.6) for ﬁug, we
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have the identity

Dif Eu(€)(§) — ®,(6) DY) (€) = [V(Eu(£)E) — @, (6)VE!
1

T@)[(V g, ) (e dug — B4 () (V) (u)du)

O |

where the (0, 1) is with respect to J(r,,u) and j(r,). The first of these terms can be

estimated pointwise by

IV(Bu(£)€) — @u()VE] < [(Bu(€) — Pu(€))E] + [V(Eu(€)E) — Eu(§)VE]
< aléllél+ IVEL(©)IIIE]
= cal€|[€] + es(|dullg] + |VE])IE].

A

Taking the LP norm of both sides, we get

IV(Eu(§)E) — 2u(E)VE|Ir < calléllzell€llze + eslldull Loll€ll Lo |1€]] oo
+5(|VE Lo [1€] oo
< (cocs + cies + cocs)|€llwra 1€l lwrn

< (coca + cjes + cocs) (ol + 1€ llwan) (171 + 1Ellw.)-

To estimate the other term, we have

(Ve (ue)due — @u(E)(Ved)(w)du

< (Vg e/ (ue)dug — (Vg ¢)e]) (ug) Pu(§)dul
H(V g, ()67 (ue) Pu(§)du — 24 (€) (V) (u)du|
< Vi, &) (ue)lldug — u(§)dul
H((V g, 008 (ue) Pu(€) — Pu(§)(Ve)(w))(du)
< VIl Bu(©)Eles(|dull€] + V€]
+er[€]1€]|dul
< es([Elldullé] + IE]IVE] + [€][€]|dul).
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Taking the LP norm of both sides gives

1V g, 66 ) (ug)dug — @ (§)(VeJ) (u)dul| e < cs([|€]| oo || dul| Lo || € oo
€N Lo IVEN Lo + 1|€ll oo [1€]| Lo l|dul )
< (2ches + cocs)[|€ w1 €l

< (2¢ges + cocs) (|l + [1€llwr) (7] + 1€llwn)-

Estimating C'(a)(ii): We can write

B %J[sz)@‘]y — @, (&)(Ve )Y M

The quantity vEx(g)(é)Y - ®, (£)V5Y is linear in &, and is zero when € = 0. Y depends
smoothly on 7 € R, and z € S; but R is compact, and Y is constant in the s direction
(direction of infinite length) of the striplike ends of S, so effectively the z-dependence

of Y is only over a compact set. Thus there is a constant cg > 0 such that

V@Y — Po(©VeY | < eléllé]

holds for all Y =Y (r, z), and all x € M, £ € T, M such that [£| < c.

For x € M, £, € T,M and n € Texp, ¢M, the quantity Vi o gJn — @x(ﬁ)(VgJ)n
is linear in 1 and é, and zero when £ = 0. J depends smoothly onr € R, and z € S; R
is a compact set, and J is constant in the s direction of the strip-like ends, so effectively
the z dependence of J is only over a compact set. Thus there is a constant cjg such

that

IV 6@ I — Pul) (Ve )nl < crolé]|€]In]

for all x € M, and & € T, M such that |[§| < ¢p. Putting the pointwise estimates

together gives

1P Bu(€)(€) = @u() Pu(E)lle < colléllzelléllze + crolléllz €]l oo 1Y 1|
< culélwinll€llwr
< eullpl + 1€lwir) (15 + 1€llwn).
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Estimating C'(a)(iii): We have
®,(p) LD (€) — D (&) = [DY (§)> — DY (€)
0,1
= [5(VE+ I w0 Vo ir,)]

(VE+ J(ru) o VE oj<r>>] |

1 0,1
)3T )+ (1) 0 (Ve (rp)du o i(ry)]

<
—~

=
)

+

r 1T 1T |
NI~ NI~ N~

1 0,1
IO (Te)) +T(r) 0 (Ve ) ()]

1 . 5 0,1
— [ 5tr) 0 V€0 j(r) = () 0 Vo ()

1 1 . 0,1
— §J(7’)§((V§~J)(T)du + J(r) o (VgJ)(r)du o](r))}

Trp) 5 (Ve (rg)du + T(ry) o (Ved)(ry)du o j(r,)

N |

and therefore a pointwise estimate
[@(p) DY (E) = D€)< caalpl[VE] + caslol Il dul.

Taking the LP norm of both sides gives

|@,(0) " DY (€) = DL ()] v crzlpllIVEl e + caslpllI€] s [l dull s

IN

cr2lplllEllwo + cerslollIE]lwro

IN

(e12 + cgers) (Il + Ellwr2) (18] + 1€ ]lwr)-

IN
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Estimating C'(a)(iv):

o, (p) P (€) — PO (E)

] 0,1
= |5 ((VEY)(rp) + (1) (VY ) (1) (m))]

(V) + J(r) o (VY )(r) o j<r>>} |
0,1
TS (TeDEY (1) + () o (TeD)ra) (¥ (1) j(rm]

+

r 1T 1T |
NI~ NI~ N~

0,1
T3 (TeDEIY (1) + () o (Vel) )Y (1) o j(r))}
= [T + T T )ir)
0,1

ST + () o (VEV)(r) o j(r))}
- [3IODFTD Y 00 + 0,0 (e )Y () 0 5(r7)

0,1
— SIS (TDIY () + () o (Ve ()Y (1) o j(r))}
We can find a constant c14 > 0 such that a pointwise estimate

1@, (p) " P (@) = POE)| < cualpll€]

holds for all € R and p € T,'R with |p| < ¢o. Hence

1@,(p) " P (E) = POl < cralpl|E]|

IN

AN

< cua(lpl + I€llwro) (6] + I€llwrs)-

Now it only remains to estimate C'(b). We can write

B 1u(pr ) DYV EL(0)(5) — D) = 0, [p(p) DIV EL(p)(5) — DM ()]

+ [0, DM (5) — DM (p)].

Thus, splitting the operator D into its components D and P, and recalling that
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®,,(€) is pointwise an isometry, we may estimate

®s.0u(p, &) DYV EL(0)(5) — DAY < |@0(p) D B (p)(5) — D ()]
C(b) C(b)(4)

Estimating C'(b)(i): We can estimate it pointwise by
@,(0) DI EL(p) () — D5l < (®,(p) "t — 1) DL B, (p) ()]
+DVE B, (0)(5) — DI g

There is a constant c5 such that the first term can be estimated pointwise by

(@,(p) " —1d) DB, (p) ()]

IN

c15|pl|dug]|p|

A

< cacislp|(|dul + [VE])|A|
and therefore
1(®,(p)" =T DY E (o) (3)|lr < cocas|pllldull o] + cacis ol [|VE] o] 5]

< 2coc2cas([pllpl + [1€llwrr|ol)

< 2coeaess(lp] + [1Ellwrr) (1] + €]l wrs)-

To estimate the other term, we use the explicit formula

(o) = ((07)(r) 0 duo () ~ () 0 (8,7)(r) o du

+J(r)oduo (0,7)(r) —duo (0,J)(r) o j(r))
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to directly compute that

4DV E(0)(7) = DI < (0, (p)p)) (1) © dug 0 j(r,) — (931) () o dug o j(r,)|
+ | p)(Op,(0)5)(rp) = J(r)(85)(7)||due]
+ (o) o dug © (O, (5)5) (1) — J (1) © dug o (957)(r)|
+  |dug|/(9E, (5)53) (rp) i (rp) — (95) (1) (r)]
< cgldug|[pl|pl
< ccie(|dul +[VE]) |pllAl-

Hence,

1D B, (0)(5) — D o

IN

1 5 1 -
102016||dUHLP!pHP! + 102016\\V€||LP\0H,0\

1 - ~
< geocacis(lpllpl + [I€llwrr 1)

< coczess(lpl + 1€ llwro) (18] + IEllwr0)-

This completes the estimate for C(b)(4).

Estimating C'(b)(i7): We can estimate it pointwise by

@, () PLOE(0)(5) - PMGl < 1(@0(0) 7 — 1) P (o) ()]

P

+PYOE, (0)(5) — P
The first term can be estimated pointwise by

(@(p) " = TP B (0)(5)] < crlol PV B (p) (7))
< crrlpl([(Dg, )Y ) (rp )|
1
51O, 1) (7 1) © Y (7 )|

+%’Y(Tp7 ug) © (9g,(p)53) (rp)|)-

By construction, Y, J and j do not depend on r € R along the striplike ends. Moreover
they are consistent with the strip-like ends, so in particular they do not depend on
r € R on the images of the finite rectangles that come from the gluing procedure.
Using the language of Seidel’s book, the striplike ends and the finite rectangles arising

from the gluing procedure constitute the ”thin” part of the ”thick-thin decomposition”
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of the surface; our observation is that Y, .J and j do not depend on r € R for z € Sthin,
Denote by S*™® < S the thin part of this decomposition, noting that is a compact

subset. Hence we can find constants a1, as and ag such that
¥ (r,2,2)| < ar, 18,5)(r, 2)| < aslpl, (9,7)(r,2)] < aslo)
forall r € R,z € M and z € S, yielding an estimate

1(®,(p) " 1) PYE(0)(D)le < crrea|pl|pl(vol(STm)) 1/

1 .
+5circiazapl|pl (vol(s™m)1/P

1 B .
+561017a1a2\/)\ |5l (vol(Sthim))L/P

cs|pl|pl

IN

< as(lpl + [l€llwr) (1] + 1€]lwrr)-
Treating the other term is very similar: using the fact that
PYOE, (0)(5) — P

is linear in p, and 0 when p = 0, and its support is only on S we get an estimate of

the form

IPLD B (0)(5) — PUplle < crolpll ] (vol(S™m) /P

< can(lpl + I€llwre) (5] + [I€llwn).
Estimating C'(b)(i7i): We have pointwise that

18,(6) "D () = DU (B)] < 51(03)(ue) 0 dug 0 j — Bu(€)(D5T)(u) o dug o j]

|

2
1

+§]J(u§) o dug 0 05j — Py(&) 0 J(u) o du o 93|

IN

%|(6,3J)(u§)||du§ — By (€)dul
%y(aﬁj)(ug) — (03J)(w)||dul

1 .
+5 ldug — @y (§)dul|95]

IN

ca1|p|(IVE] + [€]|dul)
+ca2pl|€|[dul

+eas([VE] + [€][dul)|pl-
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Taking LP norms gives

19.,() "' DM (5) = DM ()],

IN

ca1|p|(IVEllp + €l lldullp) + c221pll[€lloodull,

+ea3([IVEllp + [[€lloolldullp) 1]

IN

caa(lpl + [1€l.p) (7] + lI€]l1.5)-
Estimating C'(b)(iv): By definition of P* we have that

Bu(€) P () ~ Bl P (7) = (35 () — ulE)O5Y ()]
43 1(07)(ue) 0 Y () 0§ — 6u(€)(35)(u) 0 ¥ () o

+J(ug) o Y (ug) 0 955 — pu(€)J (u) 0 Y (u) 0 95511
This leads to pointwise estimates
12,62 () — B (OPM(B) < |(05Y)(ue) — Bul€)F;Y (u)]

+31@57) () 0 ¥ () — 6u(€)(35)(w) o ¥ (u)

1 .
51V (ug) — @ul€)Y (w)]51]
The first term can be estimated by

(05 ) (ug) — Pu(§)F5Y ()] < cas[E]|A]

for some co5 that depends only on the choice of perturbation datum (J, K'). Now since
D, (&) J (1) = J(ug)Py(§), we can write ®,,(£)(95J)(u) oY (u) = (05J)(ug) o Pu(§)Y (u),

so the second term can be estimated by
[(05)(ug) oY (ug) — ©u(§)(957)(u) o Y (u)]
= (95 (ug) o Y (ug) — (95J)(ug) © Pu(§)Y (u)]|
< 1(0pT) (ug) 1Y (ug) — Pu(E)Y (u)]

< c26/p| €]

where c96 again depends only on the choice of perturbation datum (J, K), that holds

for all € such that || < ¢p. Taking the L” norm leads to the estimate

1057) () Y (ug) — ®u(€)(0pT)(w) 0 Y () lp < c26(lpl + 1€ l11,p) (5] + 1€]l1).
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For the last term, there is a pointwise estimate

Y (ug) = @u()Y (W)[[055] < carlé]lp]

that holds for all £ such that |£]| < ¢y, where co7 depends only on the choice of pertur-
bation datum and the family of complex structures j(r),r € R.

Taking the LP norm leads to an estimate

(Y (ug) = @u(€)Y () (Dp)lp < cas(lpl + 1€ l11,p) (5] + [1E]l1.5)-

6.7 The gluing map

To define the gluing map, we use an infinite dimensional implicit function theorem,

quoted here from [10, Appendix A].

Theorem 6.7.1 (Theorem A.3.4 in [10]). Let X and Y be Banach spaces, U C X
an open subset of X, and f : U — Y a continuously differentiable map. Suppose that
for xy € U, D = df(xg) : X — Y is surjective, and has a bounded right inverse

Q:Y — X, and that 6 > 0,C > 0 are constants such that ||Q| < C, Bs(zo) C U, and
1

- <0 = |4 -D|| < —.

[ — ol < ldf (z) = DIl < 55

Suppose that v1 € X satisfies ||z1 — zo]| < %, and ||f(xz1)]| < %. Then there ezists a

unique T € X such that
f(z) =0, z—21 €im@Q, and ||z — z9| <.
Moreover, ||x — z1|| < 2C||f(z1)].

We apply it to our situation as follows. For each R, take a local trivialization of a

small neighborhood of the preglued curve (rg,upr). Identify

X = T, Rx WH(S,,, uzTM)
Y = LP(Sp, A @y, uhTM)
[= Fsrpur

xog = (0,0).
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For 6 <1/(2C¢), the estimate (6.1) says that whenever (|p| + ||£

1,p) < § then

1dFs rpur(p,€) = Dsrrurll < cllpl + IEllwir) < cd <1/(2C)

For sufficiently large R the constants C' and ¢ are independent of R, thus ¢ can also be

chosen to be independent of R. So now let z; := (0,0). Then

1Fs.r80r(0.0)llop = 10 =v)(rr, ur)llop

c €(R).

IN

For sufficiently large R,

178 rmun(0:0)llop < ce(R)
0

< —
- 4C

Thus the hypotheses of the Implicit Function Theorem are satisfied, so there exists a
unique (pg,&r) € Try, R x WIP(S,,, ukTM) such that

Fsrpur(PrsER) =0

(Pr:ER) € IMQR

Rl + ERlwre < 0.

Now Fsp.ur(pPr:Er) = 0 if and only if (exp,, pr,exp,, {r) € Ma1(zg,---,24). Thus

we can define a continuous gluing map
g:[Ro,00) — Maa(zg, ..., zq) (6.5)
R +— (exp,, PR, XDy, &R)
The implicit function theorem also tells us that

Rl + 1I€Rlwrr < 2C)Fs rpup(0,0)]lop < 2Ce(R) — 0

as R — oo. In particular, the glued curves g(R) converge to the preglued curves
(rr,up), hence as R — oo they Gromov converge to the same limiting broken tuple.
For a gluing length R >> 0, write (rgr,ur) for the corresponding preglued curve,

and (Tg,up) for the corresponding glued curve.
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In a local trivialization about the preglued curve (rg,ug), the implicit function
theorem implies that the moduli space of pseudoholomorphic quilts in a neighborhood
of (rg,up) is modeled on a complement of im Q. In particular, to show that the image
of the gluing map is contained in the 1-dimensional component of the moduli space of
pseudoholomorphic quilted disks, it’s enough to check that im Qg has codimension 1.
Since ker Dp is a complement to im@ g, an equivalent statement is that dim ker Dp = 1.
By construction, the right inverse Qg has the same image as the approximate right

inverse Tr. We will prove that:

Proposition 6.7.2. The images of the gluing maps are contained in the one-dimensional

component of the moduli space, Mg 1(z,. .. )t
by proving that:

Lemma 6.7.3. For each of the three types of gluing construction, with approximate
right inverse Tg,

codim im Tr = dim ker Dr = 1.

Proof. We prove Lemma 6.7.3 for each type of gluing construction in turn. Since the
constructions behave somewhat differently, the line of proof will be as follows: for Types
1 and 2, we will prove that codim im Tk = 1 by finding an explicit description of im T’g
and a one-dimensional complement. For Type 3, we will prove the existence of an
isomorphism ker D, = ker Ds r u,; then, since dim ker D, = 1, it will follow that

dim ker Ds vy uy, =1 too.

Type 1

Suppose that (p,&) € T, R x WHP(S, ., (ur)*TM). Let B1 + B12+ B2 = 1 be a
smooth partition of unity on S, such that the support of 3 is on the part of S, that
comes from the truncation of S;, on the neck at s = R, the support of 32 is on the part
of S, that comes from the truncation of S, on the neck at s = R, and the support of

B1,2 is on the subset of the neck of S, corresponding to R/2 < s < R in S,, as well as
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the corresponding piece from S,.,. For £ € W1P(S

TR

(ur)*T'M), it is clear that

/81§ € W17p(ST17(u{%)*TM>7
ﬁ2£ € WLP(STQa(ug)*TM)v

Brot € WH(S,, (uf)y TM)NW(S,,, (ul)*TM).

For p € TTRRd’l, we use local charts near the boundary to write p = pg, + p1 + p2,
where p1 € T, R,p2 € T, R and p; € R represents the component in the direction of

the gluing parameter. Thus

(0,€) = (pg;0) + (p1, 518) + (0, B128) + (p2, B26)

and the result follows if we can show that the final three terms on the right hand side
are all in imTr. The cases of (p1, £1€) and (p2, 52€) have identical proofs, so we prove
it for the first case.

Consider Ds yp up(p1,01€) € LP(Syp, (ur)*T'M). It is supported on the image of the
truncation S, \{s > R} and so it can be identified with image of D . ,z(p1, 1§). Note
that the operators Dgs ., preserve basepoints on the surface S,; so that the support of
¢ € WHP(S,,u*TM) on S, is the same as the support of Ds ;. (p, &) € LP(S,,u*TM).
Applying this fact we can conclude that the support of Ds v, (p1,51€) is precisely

the support of the cut-off function used in the construction of T, and therefore

TrDs rpup(p1; 1€) = @Q1Dg,, 4r(p1,518)

= (p1,01§)

where the last equality follows from the standing assumptions that Dg . R is surjective
and has trivial kernel, so that it is an isomorphism; as such its right-inverse Q) is a
left-inverse too. Hence, (p1, 31€) € imTR.

For the other piece, consider Ds y,, vy (0, 512€). The support of 1 2¢ is on the part
of the neck where all three of the operators Ds ;. up, D&Thﬁ and Ds’mu? coincide,

ie.,

Dsrpup(0,6128) = Dg, or(0,5128)

= DS,’/‘g,ugL (07 51,25)'
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By assumption both DS,m,uf‘ and Ds,rg,u§ are isomorphisms (being surjective with
trivial kernel). Writing n = Ds 1y (0, 51,2€), recall that in the construction of T, one
uses a cut-off function to write n = n;+n2, where the supports of n; and ns intersect only
at the truncation line s = R, and then the right inverse @)1 is used on n; and the right
inverse ()2 is used on 73. We know that Q11 = (0,¢) and Q2n = (0,£). The operator
Tg is defined by Trn = Q111 + Qom2. So it is enough to show that Q111 = Qam1. So
suppose for the sake of contradiction that Q1n; — Qan1 # 0. If so, applying D&Tl?u{a,

we could write

Dspyup(@Quim = Qam) = Dgpyor@Qim = Dgypy r Qi
= DS””I?“{%anl - D‘Syr27u§Q2nl
= Mm—-mnm

contradicting the assumption that ker Ds,n,uf‘ = 0. Hence, Trn = (0, £12£). In sum-

mary, we have:

L If (p,&) € T, RY x WHP(S,., (ug)*T M) is such that p = (0,p1,p2) € R x
T,, Rt x T,,R® = T,,, R4, then (p,€) € im Tk,

2. If (p,0) € T, ,RY x WHP(S,,,, (ug)*TM) is such that p = (p;,0,0) € R x
T,, Rt x T,,R® = T,,, R4, then (p,0) ¢ im Tk.

Since these elements span TrRRd’1 x WHP(S, .,

(ur)*T'M), it follows that

im Tg = {(p, €)|pg = 0}. (6.6)

Type 2

Suppose that (p, &) € T, R x WLP(S, ., (ur)*TM).
Let Bo+pB1+ ...+ Bk + Bo1 + ...+ Bor =1 be a smooth partition of unity on S,
such that for ¢ = 0, ..., k, the support of 3; is on the part of S, that comes from the

truncation of S,; on the neck at s = R, and the support of 3y ; is on the subset of the
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neck of S, corresponding to R/2 < s < R in S, as well as the corresponding piece

from S,,. Then for £ € WHP(S,,., (ug)*T M), it is clear that

505 € Wl’p(SToa (u(])%)*TM)’

ﬁlg € WLp(‘S?"U (UF)*TM),

Beé € WH(S,,, (uf)*TM),

ﬁ0,1§ € WLp(STm (UOR)*TM) N WLP(S’/‘U (U{%)*TM),

Bor€E € WIP(S,, (W) TM)NW'P(S,,, (uf)*TM).

Forp € TTRRd’l, we use local charts near the boundary to write p = po+p1+...+prp+pg,
where for ¢ = 0,...,k, p; € T;, R, and p,; € R represents the component of the tangent
vector in the direction of the gluing parameter. Then as in the previous case we can

write

(p7 g) = (pg; 0) + (p()?ﬂ()f) + (p17181§) +.o (pk718k§> + (07/60,16) + . (07/80,165)

and the result follows if all terms except the first on the right hand side of the above
expression are in im7g. The same argument as used for Type 1 proves that all terms on

the right except for (pg,0) are in the image of Tx, and the result follows. In summary:
1. If (p, &) € T, ,RI x WHP(S, ., (ug)*T M) is such that p, = 0, then (p, &) € im Tk,

2. If (p,0) € T, REL x WP(S

TR

(ug)*T'M) is such that p = pg, then (p,0) ¢ im Tg.

Since these elements span T,,RRd’l X Wl’p(STR,

(ur)*TM), it follows that

im Tg = {(p, €)|pg = 0}. (6.7)

Type 3

In this case we have glued (ri,u1) € Mgi(zg,...,y,...,24)" to a Floer trajectory
veM (y,z;)°. Since the complement of im T is ker Dg, our goal is to show that

the vector space ker Dp as the same dimension as ker D,, which by assumption is 1.
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From this it would follow that the image of the gluing map lies in a one dimensional

component of the moduli space.

To show that the finite dimensional vector spaces ker D, and ker Dpg have the

same dimension, it is enough to produce a pair of injective linear maps, ® : ker D, —

ker Dp and W : ker Dr — ker D,,. Write f for the pregluing map.

Claim 1: ® := (1 — QrDg)df" : ker D, — ker Dp is injective.

By hypothesis ker D, is one-dimensional, so we know that an explicit basis is {9sv}.

It suffices therefore to show that for sufficiently large R, there is a constant ¢ > 0 such

that

195v]l1,p < €ll(1 = QrDR)df*(950)|1,5-

We prove the estimate by proving two separate inequalities

ldf(0s0) 1 = cldsv]ig

IDRrAfE(Osv)opr < €(R)|0sv

Lp

(6.8)

(6.9)

(6.10)

where ¢; > 0 and ¢(R) — 0 as R — oo. Together these imply (6.8), since the uniform

bound on the right inverse

1QrEl1p < C|I€

|0,p

holds for R sufficiently large, and so

I(1 = QrDR)Af (Osv)|l1p = df(Osv)l

> c1]|0sv][1p — Ce(R)|| 0|1,

> ¢ Yo

1p

for some ¢ > 0 for sufficiently small ¢(R).

1p — |QrDRAf(95v)|1,

> c]|dsvll1p — ClIDrAf™(950) o,

(6.11)

To prove (6.9), we write vy(s,t) := v(s + A, t). With this notation, 8,\11,\’)\:0 = 0sv.

Thus,

d
dff(9sv)(s,t) = ﬁ/\ZOUA#Rula
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which by construction is supported only on the region s > 3R/2 on the striplike end.
The pre-gluing map on this region is
expy () (B(—s + (s — 2R, 1)), s € 3,38 4 1]
fR('U)\,Ul) :UA#RUI(S,t) — E() 2 > 5

vals — 2R, 1), s> 3841

and we need to take the derivative with respect to A\. On the region s > 3R/2 + 1 we

have that
dff(0,v)(s,t) = a va(s — 2R, 1)
’ dXIx=0 ’
= (0sv)(s — 2R, t).
Note that

ldf 5 (@sv) (s, )l = ldf (950 (5, ) 1 pufr/211,00)

= [(9sv)(s — 2R, 1)

1,p;[3R/2+1,00)

= ||a$v||1,p;[fR/2+1,oo)‘

Because of the exponential convergence of dsv, there is a ¢; > 0 such that for all
sufficiently large R,

1050111 ps— R/241,00) = €115V ||1,p
which proves (6.9).

To prove (6.10), observe first that by construction, Drdff*(dsv) is supported only on
the interval s € [3R/2,3R/2+1]. It follows that the L? norm of Drdf(0sv) is controlled
by the W norm of dff(dsv) on that interval. Introduce the abbreviated notation
Br(s) := B(—s+3R/2) and nr(s,t) :=n(s—2R,t). On the interval s € [3R/2,3R/2+1],

dffi(9,v)(s,t) = %’/\:0 expy (1) (BrIA(s — 2R, 1))
|, ey Brls)nnls + A1)

d
= dexpy) (53773)5 o (BrnR(s + A1)

= Brdexpyy (Brnr)(0sn)(s — 2R, 1).
The identity

expyy (s —2R+ A\ t) = wv(s—2R+A),
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implies that
dexpyy (n(s —2R,1))(0sn)(s — 2R, t) = Osv(s —2R).

The linear operator dexp,(n) : Ty,M — T, exp, nM s the identity for n = 0, so is in-
vertible for small n. In particular for sufficiently large R, the exponential convergence
of trajectories means that n(s — 2R,t) is uniformly small for s € [3R/2,3R/2 + 1].

Therefore on this interval, we can write
dfft(9,v)(s,t) = Br(s)dexpy ) (Brnr)[d expy ) (n(s — 2R, )] 'osv(s — 2R).
Thus there is a constant ¢y > 0 such that

ldf (95 (s, OllLpar/2sr2+y < c2(0sv(s — 2R, ) ||1 py3R/2,3R/241)

= 62“887)(37t)Hl,p;[—R/Z,—R/Q—&-l]

IN

e(R)[[05v(s, )1
where the last inequality and the term e(R) reflects the fact that the ratio

||3sv||1,p;[—R/2,—R/2+1}/||5sv||1,p

goes to 0 as R — oo. This proves (6.10), hence we have proved Claim 1.

Now let 3 : R — [0, 1] be a smooth cut-off function such that 5(s) = 0 for s < —1/4
and B(s) =1for s > 1/4,and 0 < ﬁ < 3. Define a shifted and rescaled cut-off function
Br(s) := B((s — R)/R). Then g has the properties that Sr = 0 for s < 3R/4 and
fr=1fors>5R/4,and 0 < Br = 3/R < 3/R.

Claim 2: U := (1—Qu{2Du{%)(1—ﬁR)X(l—QvRDvR)ﬁR rker Dp — ker D r@ker D,r
is injective.

Let £ € ker Dp. Then & = (1 — Br)§ + BrE. On the support of (1 — Br)§, the

linearized operators Dy and Du{a coincide, so
D,r(1=pPr)§ = Dr(l—-Pr)E

= —Bré+ (1—Br)DRE
= —PBrt.
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Hence

1Dyr(1 = Br)Ellop < 3/RI[Elo,p-
Similarly on the support of Sr&, the linearized operators Dg and D, r coincide, so
D,rBrE = DrBrE

= Bré+ BrDRE

= BR§7

hence

1DyrBRE (0 < 3/RIIE

0,p-

Let ¢ and ¢ be uniform bounds for the right inverses Quf‘ and @, r respectively. Then

we have:

(1~ QuiDyn) (1~ i) x (1~ QueDyr)(€) = [(1 — BR)E + Qur (FrE). B — Qu (50

Combine the identity (1 — Br)¢ 4+ Br€ = £ with the estimates

|Qun(5r)
1Qur(5re)

1p = 3CI/R||‘5”0710

1p = 302/R||§”0,p

to get that for R sufficiently large, there is a constant ¢ > 0 such that

11 = QurDyr)(1 = Br) x (1 = QurDyr)(€)ll1p = cll€llop-

This proves Claim 2, completing the proof of Lemma 6.7.3. O

6.8 Surjectivity of the gluing map

The final step is to prove the surjectivity of the gluing maps near the broken tuples. We
begin by defining a neighborhood U, C B%! that is to be associated to a broken tuple
of each type and a sufficiently small € > 0. Our goal will be to show that for sufficiently
small € and sufficiently large R, the gluing map associated to the given tuple surjects
onto Mg 1(zg, 24, ..., gd)l N U.. We will prove surjectivity separately for the different

types of gluing constructions.
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Type 1

Proposition 6.8.1. Let (11,1)) € Ma—cq1,1(Zgs - Zi Yy Tiyer1s-- -5 2Zq) and (12, uy) €
Me(y, 2415, 2i4,) be regular, and let U. be a neighborhood as defined above. Given
§ > 0, there is an € > 0 such that the following holds. If (r,u) € U:NMa1(zg, ..., z4)",

then there is a pre-glued curve (rg,ug) and a (p,§) € T, ;R4 x QO(S,,, uTM) such

that exp,, p =1, exp, £ =u, |p| + [|€]l1,p <, and (p,§) € im Qr.

Proof. We will prove it by contradiction. Suppose there were a § > 0, and sequences
e — 0,0, <e¢ — 0, R, = —log(d,) — oo, and (r,,u,) € Md,l(go,...,gd)l, and
T1, — 71, T2, — 12 such that r, =71 ,#;5,72,,, with the following properties as v — oo:
E(uy,) — E(u1)+ E(uz), and writing (7, u®) for the preglued curve constructed with

gluing length R,

inf{ || + [I€]l1p| (rv, uy) = (exp,rs p, expyr, )} > 6. (6.12)

Our goal is to contradict 6.12.

Writing p = pgy+p1 + p2 where p, is the component of p in the direction of the gluing
parameter, it follows from the choice of gluing length R, that p, = 0. For sufficiently
small €,, the condition exp,r, p = r, determines p uniquely, so let us call it p,. The
convergence of 75, to r; for ¢ = 1,2 implies that |p,| — 0.

By assumption, u, — u; uniformly on compact subsets of S,, and w, — u, uni-
formly on compact subsets of S,,; moreover since the maps are pseudoholomorphic,
convergence on these compact subsets is uniform in all derivatives. The preglued maps
u™ have the same convergence properties, so for large v there is a unique section
§, € QO(S, ., (u)*TM) such that exp,r, §, = u,. So it is enough to show that
1€, [1p < & for sufficiently large v, contradicting (6.12). Equivalently, we will show
that the LP norms of £, Vs, and vté,, can be made arbitrarily small by taking v
sufficiently large.

It follows from the uniform convergence in all derivatives on compact subsets that
on such subsets of S,, US,,, the L? norms of éy,ngy and Vtéj all go to zero as

v — o0o. We can choose these compact subsets to be such that their complement is
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on the striplike ends and neck. Hence, without loss of generality, it suffices to prove
that the LP norms of §V, V5§V and Vtéj converge to zero along the striplike ends and
neck of the preglued surfaces. The exponential convergence of u, as well as up along
the striplike ends means that the LP norms of £, and its first derivatives can be made
arbitrarily small too; so the essential thing to prove is that the LP norm of g, along the
neck of the preglued surface can be made arbitrarily small with sufficiently large v.
The neck consists of two finite strips of length R, identified along an end to form a

single strip,
[-R,,R,] x [0,1] 2 [0, R,] x [0,1] U [0, R,] x [0,1]/ ~,

where ~ is the identification of (R,,1 — t) of the first strip with (R,,t) of the second,
for t € [0,1].

Let €9 > 0 be given. Fix R > 0 large enough that lim,_,, F(u,;[R, R,] x [0,1] U
[R,R,] x [0,1]/ ~) < eo. Without loss of generality we can assume that ¢y > 0 is small

enough that |0su,, | satisfies, by Proposition B.0.11,
D5, | < ce™

for all v and for all s € [R, R,], for some ¢, k > 0.
Since u,, satisfies Floer’s inhomogeneous pseudoholomorphic equation (2.2) on this

strip, this implies the inequality
2

|Oc,, (3, 8) — Xz, (w, (5, 1)) < ce™™ ™. (6.13)

Let ¢; be the flow of the Hamiltonian vector field Xp,, and consider the function

u, = ¢1-¢(u,(s,t)). Then
O, = (P1-4)+ (0w, — X, (w,))
and (6.13) leads to an estimate

dist(w, (s, 1) = u,(s,0))

IN

1

/ 0y dt
0

’567“25.

IN
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Since u,(s,1) € Ly and u,(s,0) € ¢1(Lo), this means that both are very close to an
intersection point p € ¢1(Lo)NLi. The assumption of transversality of their intersection

implies that there is a constant a > 0 such that

dist(u,(s,0),p) < a dist(uy(s,0),L1)

< a dist(uy(s,0),u,(s, 1))

IN
&
»

ace

Now for every other t,

dist(uy, (s, t),p) < dist(uy(s,t),u,(s,0)) + dist(u,(s,0),p)
< Ee_"%(t) tace s
< b e RS,

In terms of the original function u,, and writing ¢1_;x(t) = p, this estimate translates
back into an estimate

dist (uy (s, £), 2(t)) < be "%,
By construction, the preglued curves v/ satisfy a similar inequality, and so

dist(uy (s, 1), ul™(s,t)) < dist(uy(s,t), z(t)) + dist(z(t), u™ (s, t))

< O e,
This implies
(s, )] < C e

Taking the LP norm on a strip [R, R,] x [0, 1] gives

/ / 1€ P ds dt < C'/ e PVS ds
r Jo R

C/

an (efpan o eprQQRy)

)

and this can be made arbitrarily small by choosing R large enough. By symmetry the
same estimate holds for the strip [R, R,| x [0,1] on the other side of the neck. Thus,

the LP norm of £ on the neck can be made arbitrarily small as v — oco.
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Now we consider the LP norms of V£, and V£,. First note that since u, converges
uniformly in all its derivatives on compact subsets of S;, and &, to the limits u; and
ug, we see that on such compact subsets we have uniform estimates for |V£,| — 0 and
|V¢£| — 0. On the striplike ends of S, , the exponential convergence of u, and u™ to
the same limits mean that the LP norms here can be made arbitrarily small. Therefore
what we need to show is that the LP norms of V£, and V&, on the neck, which varies
in length with v, can be made arbitrarily small with large v.

Write exp : TM — M, and consider dexp : T(TM) — TM. At a fixed point

(p,€) € TM we can take a tangent vector ((,n),¢ € T,M,n € T, M, and write

dexp(,.e)(C,n) = D1expg, () + D2 exp,¢)(n)

where Dj exp,, ¢ corresponds to varying the basepoint p while keeping all else fixed, and
D, exp,, ¢ corresponds to fixing the basepoint p and varying the tangent vector . In
particular Djexp,, and Daexp, ) are the identity, so for small values of £ they are
invertible. So

Osuy, = Osexp,” &

= (D1exp)nn g,)05u’™ + (D2 exp)yrs g,y (Vso)

which implies

(Do exp)(_ulRu 7&)(68% — (D1 exp) yrv @)ﬁsuR”) = V&, (6.14)
Similarly,
(D2 exp)(_ulRU’gu)(@tuV — (Dl eXp)(uRV 7£y)8tUR") = V4&,. (615)

-1
(URV 761/)

uniformly bounded for all p € M,{ € T,M with |£| < §, so by Proposition B.0.11 we

First we analyze (6.14). The operators (D3 exp) and (D1 exp),r. ¢,) can be

get on each strip [R, R,] x [0, 1] on either side of the neck,

V& < cl|85uyl+02\8SuR”\

S Ae—HZS

for some constant A > 0, and therefore

Ry 1 A 2 2
V&P ds dt < (e PR _ gpi*Ry)
0 pK?

R
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which can be made arbitrarily small by choosing R large enough. The same estimate
holds by symmetry on the other side of the neck. From this we conclude that ||V, | L»
can be made arbitrarily small for large v.

Now we analyze (6.15). We can write

Oy, = Jt(uu)(asuV)+XHt(uV)

B’ = Jy(u)(Ou™) + X, (u") + B, (5,t)

where E,(s,t) is an error term that is supported only on the compact interval s €
[R,/2, R, /2 + 1] of each of the two strips making up the neck, with |E,(s,t)| <, — 0

as v — 00. Together with (6.15) this yields a pointwise estimate

Vi&o| = |(D2exp)n, o) (Ot — (D1exp) (. g,)0pu’™)]
< c[@tu,, — (D1 exp)(uRy’gu)atuR”]

IN

c1|0suy | + CQ’@SURV|
+es| X, (uy) — (D1 exp) urw g,y X, (u'™)]
+eq|Ey(s,t)|

< c5(|0sup| + [05u”™] + dist(uy, u™) + |Ey (s, 1)])-

From this, applying the estimates for |dsu,|, |0su™| and dist(u,, u™) and |E, (s, t)| we

R, 1 Ry 1
/ / Ve P ds dt < cg / / (195t |P + Bt P
R 0 R 0

+dist (u,, uf™)P + |E, (s, t) P) ds dt
R, Ry /2
< 67/ e”sds—i—/ ob ds
R R,/2-1
< 68(67'{2}3 . 67521%1,) +C7(55,

get

and it is clear that this can be made arbitrarily small by taking R large enough.

This provides a contradiction to (6.12). Hence, given ¢ > 0, there is an € > 0
such that whenever (r,u) € Mg1(zg,...,z4) NU, there is a gluing length R such that
T = exp,, p,u = exp, &, with |p| + [|{[[1, < §, and with pg; = 0. By (6.6), this implies
that (p,§) € im Q. O
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Surjectivity for Type 2

Proposition 6.8.2. Let (ro,ug), (r1,uy), .- ., (Tk, uy,) be reqular, and define U, as above.
Given § > 0, there is an € > 0 such that the following holds. If (r,u) € UcN
Mai(zg, ... x4)t, then there is a pre-glued curve (rr,up) and a (p,€) € T, R x

QS,, upTM) such that exp,, p=r, expy, & = u, |pl+[I€ll1p <9, and (p,§) € im Qr.

Proof. The proof is so similar to the proof for Type 1 that, rather than repeat all
the calculations, we will only outline the argument. As before we observe that for
sufficiently small € > 0, if distg(r,70#0{r1,...,7%}) < €, the local charts near the
boundary provide a unique way of writing r = 7o#s,{71,...,7,} with 0 < 4, < € and
with each 7; in an e-neighborhood of r;. So now suppose that there were a § > 0 and
sequences €, — 0, (1,,u,) € Mgi(z,... ,zg)t, and 0 < §, < €, R, = —logd, — oo
such that r, = 7o,#5, {F10,...,Tky}, and distar(u(2),4;(2)) < € on all compact

subsets of S, but

inf{|p| + [[€]l1,p|rv = expp, p,u, = exp,,, €} > 0. (6.16)

Then the convergence would be uniform in all derivatives on those compact subsets,
and we could choose the compact subsets to be large enough that their complements
comprise the striplike ends and the & necks of the glued surfaces Sy 4 (r1,..r} = Srp, -
However on these striplike ends and these necks, the energy of w, must approach 0,
and the same exponential decay arguments would imply that u, = XDy, &, for some
& € QS up TM) with [|€,]l1p — 0 as v — oo. Since [p,| — 0 also, we would
get a contradiction to (6.16). Hence given 6 > 0 we could find an € > 0 such that
(r,u) € Mai(zg,...,24)" N Ue could be written as r = exp,, p,u = exp,, § for some
preglued curve (rg,up), with |p| + [|€|l1p < 0. Moreover, this p is such that py = 0, so

it follows from (6.7) that (p,§) € im Qg. O

Surjectivity for Type 3

Proposition 6.8.3. Let (ro,uy) and v be reqular. Given § > 0, there is an € > 0 such
that the following holds. If (r,u) € Uc N\ Mg1(zg, ..., z4), then (r,u) is in the image

of the gluing map.
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Proof. We will prove this in a slightly different way from the previous cases. We will

argue that it suffices to prove the following:

Claim 1: Given Ry >> 0, and § > 0, there is an € > 0 such that the following
holds. If (r,u) € U:NMa1(zg,...,zq)", then there is an R > Ry, and a preglued curve

u,

(rr,ugp) and a (p,§) € TTRRd’1 X QO(STR,QETM) such that exp,, p =, expMRf =

and [p| + [|{|l1p < 9.

To see how Claim 1 implies Proposition 6.8.3, the argument is as follows. From Section
6.7 we know that the image of the gluing map is contained in the one dimensional
component of the moduli space of pseudoholomorphic quilted disks, Mg 1(zg, ..., zg)t
By the continuity of g, the image of [Ry,00) is a connected component of this one-
dimensional manifold. The implicit function theorem also tells us that in a local triv-
ialization about a preglued curve (rg,up), we get a local chart for Mg (zy,...,zq4)"
This chart contains g(R), so the piece of the manifold Mgy 1(zy, ...,z4)! covered by the
chart intersects the image of the gluing map. So we want to show that if R is sufficiently
big, and ¢ is sufficiently small, then the piece of the one-manifold determined by the
local chart about (rg,up) is contained in the image of the gluing map.

The preglued curves up are defined on the same domain S,,, but by construction
any two of them will differ by a translation in the s direction sufficiently far along the
striplike end Z;. The magnitude of the distance between these translations depends on
distances between points in v, and the size of the difference in gluing lengths. Since v is
non-constant we can chooose § > 0 small enough that for any Ry, there will eventually
be an R’ > R; such that the preglued curves up for R > R’ can not be written
Up = XDy, ¢ with ||€]|1,, < d. In particular, for R > R’ the preglued curves (g, up) are
not in a §-neighborhood of the local trivialization about (ro, ug, ), and similarly (ro, ug, )
is not in a d-neighborhood of the local trivialization about (9, up). So considering the
gluing map g : [Ro, 00) — Ma1(zg,...,z4), by making § > 0 smaller if necessary we
can assume that the hypotheses of the implicit function theorem are satisfied. Then we

can fix an Ry > Rp such that the respective d-neighborhoods of (ro,up, ) and (1o, ug,)
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are disjoint. If we suppose, as in Claim 1, that (r,u) € Mg(zg,...,z4)! is such that
T = exp,, p,u = exp,, & for some R > Ry, and |p| + [|{[l1p < 4, then (r,u) is in the
local chart around (ro,up). But since R > R; we see that g(Rp) is not in this chart,
and we can choose an Ry >> R large enough that g(R2) is also not in that chart, but
by the connectedness of the image of the gluing map this means that the whole chart

is contained in the image of the gluing map.

Proof of Claim 1 For the sake of contradiction suppose that the assertion were false.
Then there would be some § > 0, and sequences ¢, — 0, R, = —loge, — o0, 7, >

2R, — o0, and (ry,u,) € Mg1(zg,...,z4)! such that

distgr (ry,ro) < €y,

|E(ug) + E(v) - E(w,)| < e,

distar(u, (2), up(2)) < €, for all z € 87%”, and

dist(u, (s + 7, t), (8, 1)) <€ for all s € [-R,, R,

and yet for every v,

inf{|p| + (1€

1,p|'r1/ = €XDy, (p)’ﬂy = engR(g)} > 0. (617)

For large v, the condition exp,, p = r, uniquely determines p =: p,,, and the convergence
implies that |p,| — 0. So the quantity |p| becomes insignificant in (6.17). We will arrive
at a contradiction by showing that the norms ||{||1, in (6.17) must also go to 0 for large
v. The assumptions show that u, converges to u, uniformly on compact subsets of S,
and since both are pseudoholomorphic the convergence is uniform in all derivatives. On
the striplike end Z;, u, (s + 7n,t) converges uniformly on compact subsets of R x [0, 1]
to v(s,t); and since they are pseudoholomorphic curves the convergence is uniform
in all derivatives. Moreover, the preglued curves (rg,u, ) converge in the same way.
For each v the energy of u,, restricted to the subsets [R(e,), 7, — R(ey)] x [0,1] and
s > T, + R(ey) of the striplike end Z; goes to zero. Thus, the proof reduces to the
same calculations as done for Type 1. That is, the uniform estimates of convergence on

those compact subsets of S;,, combined with exponential decay estimates based on the
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vanishing energy of the strips in the complement of those compact subsets, show that for
sufficiently large v there is a unique section &, € Q°(S,,, w, ) for which exp, & = u,,

and ||&,]}1,, — 0, contradicting 6.17. O
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Appendix A

W17 embeddings.

Here we collect some relevant WP embedding statements, following Adams [1]. They
are needed to show that for each quilted surface S constructed in Chapter 4, there

exists a constant ¢, such that

[fllze(s) < (S fllwrrs)

and that for the families constructed in Chapter 4, there is a uniform bound ¢,(5) < ¢o.

Theorem A.0.4. Let S C R? be a compact Lipschitz domain. Let u € C°°(S). Then

there is a constant c, depending only on p, such that
sup [u(s, )] < cllullye.
Here the Wslt’g norm refers to the standard volume form ds A dt on R?.

For a general volume form dvolg, we have the following consequence of Theorem

A.0.4.

Corollary A.0.5. Let S C R? be a compact Lipschitz domain, and dvolg = f(s,t)dsAdt
a volume form on S. Let u € C*°(S). Then there is a constant ¢ = ¢(p) (in fact it is

the same constant as in Theorem A.0.4) such that

B < —F¢
Sgp ’U(S, )’ < WHUHWLP(S)

for all z € S, where || - |lw1.p(s) denotes the WP norm defined by the volume form

dvolg, as in (5.6), and foin = InSin f(s,t).

Proof. Since f(s,t)ds A dt is a volume form, f(s,t) > 0 for all (s,t) € S. Moreover, S

is compact so f achieves a minimum f,,;, > 0. Hence, using the constant ¢ of Theorem
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A.0.4,

sup fu(s, 1)] < cffullyrs

(s,t)eS
1/p
= ¢ //\u!p—i— |dulPds A dt
S

1/p
= ¢ //|u|p+|d P ’;d Adt

1/p
< ¢ //\u]p—i—]d " )d A dt

1/p

= f / |ulP 4 |dulP f(s,t)ds A dt

= (1157728 .
JmmH H e (S)
O

A similar result holds for unbounded domains R? whose geometry satisfies a cone

condition:

Definition A domain Q C R? satisfies the cone condition if there is a finite cone
C = C(r¢, 0.) such that each = € Q is the vertex of a finite cone C,, contained in  and

congruent to C'.

Theorem A.0.6. Let Q C R?. Suppose that Q satisfies the cone condition for some
finite cone C' = C(r¢,0.), and let p > 2. Then there is a constant ¢ = ¢(r¢,0.,p) > 0

such that for every f € C=(S)NWLP(Q), and every x € Q,

[f(@)] < el fllwe.
The theorem relies on the following Lemma.

Lemma A.0.7.

// |u(y) — u(x)|dvol, <//
Vol |xfy|

Cx TL ec Cz (7"0796
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where vol(C) = %907“? is the area of the cone, and dvoly is the standard volume form

on R2, with the subscript y to indicate integration with respect to y € Cy(re, 0.).
Proof. Without loss of generality we can chose polar coordinates on R? such that
Co(re,00) = {x+1e?|0<r <r., 0<0<6,.}.

Then we have, for any 0 < 0 < 0., and 0 < s < r,

lu(x + sew) —u(z)] = ]/;t(u(a: + tew)) dt |

= ]/jt(u(:chtew)) dt |
0
< / | Du(z + te')]| dt.

Integrating both sides with respect to 6 in the cone C gives

0Oc
/|u(x+sei0)—u(x)\d9 < //\Dux—l—tew | dt db

6=0 0=0t=
O D ti@
— //M(x:'e”tdtdg
t=0 =0
. D
(putting y = z + te’) = // |‘ uly ol
T —y
Cy(s,0¢)
| Du(y)
< vol,.
- // Ifc—yl Y
Cx"’cﬂc

Multiplying both sides by s and integrating over 0 < s < r. gives the inequality

[ 1wt = ([ o) J[ G o

Cz 7‘07 c Cz Tc, c

D
= // [ Du(y)| dvol,.
z(Tc,0¢) ’:E - y’

Dividing both sides by vol(C) = %907“2 gives

D
// x)|dvol, < — // | Duly voly.
Vol |z — y[
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Proof of Theorem. Fix x € Q); we now write C; for the cone. Then

1
lu(z)| = ol ) /|u )|dvol,
1
< 1 1
< =@ /yu o)ldvoly + — / lu(y)|dvol,
by Lemma < — /|Du C’ /]u )|dvol,
1/q
1
Holder’s inequality < / | Du(y)[Pdvol, / / P dvol,
r—y
Vol / |u(y)|Pdvoly, / / dvol,,
Cy
0. re 1/q
1
< gl | [ a0 [eae) vl @Yl
‘ 0 t=0
’1"27 1/q
— (i (H> T vol(C) ) s ey
where g =p/(p—1)=1+1/(p—1) < 2 since p > 2. O

Theorem A.0.8. Let S = S1U...US; be a surface defined by a union of open sets .S;,

such that each S; is one of the following types:
1. The closure of S; is diffeomorphic to a compact Lipschitz domain §z c R2.

2. The closure of S; is diffeomorphic to a domain S, C R? that satisfies the cone
condition, for some cone C; = (r;,0;), and the volume form on S restricted to S;

is the pull-back of the standard volume form on R?.

Then there is a constant c, depending on p, the cones in the cone condition, and the

volume form dvolg restricted to the S;’s of type (a), such that
Sup lul < cllullwras)

for all u € C=®(S) N WLr(S).



164

Proof. Let {p;} be a partition of unity subordinate to the cover S;U...US; of S. Then
u = zl: piu, and each p;u € C®(S;)NWLP(S;). By Corollary A.0.5 and Theorem A.0.6,
ther;:ils a constant ¢; which depends on p and, in the case of the subsets of type (a),
the volume form dvolg restricted to those components, such that

sup |piul = sup |piu| < cillpiullwro(s;) = allpiullwies) < cillullwies).-

7

Hence,
!
suplu| = sup| ) piu|
o S =
!
> b
S =

!
S sup o
i=1 S

!

> cillullwrngs)

i=1

!
= <Z Cz') [ulwe(s)
=1

= cllullwirs)-

IN

IN

IA
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Appendix B

Exponential decay

Results on exponential decay for Floer trajectories with small energy follow from two
things: a convexity estimate for the energy density of a trajectories in a sufficiently
small neighborhood of a generalized intersection point, and a mean-value inequality
that converts L? energy density estimates to pointwise estimates. The results we collect
here are based on the convexity estimates in [13], and mean-value inequality in [18].

Without loss of generality, we only need to consider solutions to
Osu + JyO0pu = 0, (Bl)
u(s,0) C Lo, u(s,1) C Ly,

where Ly and L; are transversely intersecting Lagrangians. This is because a solution

of the inhomogeneous equation,

Osu + Je(Opu — Xp,(u)) =0 (B.2)
u(s,0) C Lo, u(s,1) C Ly,
can be translated into a solution of type (B.1) by setting u(s,t) = ¢1-¢(u(s,t)), where

¢¢ is the time ¢ flow of the Hamiltonian vector field Xg,, and Jy = (gbl__lt)*Jt, which

satisfies
Dt + J; 04t = 0,
u(s,0) C ¢1(Lo),u(s, 1) C po(L1) = L,
and by assumption the Hamiltonian perturbation is such that ¢1(Lg) intersects Lj
transversely.

Consider a solution u : I x [0,1] — M of (B.1) where I = [-T,T],[T,00) or

(—o0, =T for some T' > 0. We assume that [ is fixed. The energy density of u on
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this strip is defined to be
e(s,t) 1= w(su(s, 1), Jidsu(s, ) = | Osu(s, )7, = l|Beuls, )13, (B.3)

By [18, Lemma A.1], the energy density satisfies inequalities

Ne < ae?
Oe 3/9
%‘H < b2,

where a > 0 and b > 0 depend only on the data M, w, J and Lagrangians Ly, L1. Then
by Theorem 1.3 of [18], we can choose 0 to be small enough that there is a mean-value
inequality
C
le(s, )| < — e(s,t)ds dt (B.4)
r D, (s,t)
where D,(s,t) C I x [0,1] is the partial disk of radius r > 0 centered at (s,t). Fix

r= %, so that each partial disk is at most the intersection of a disk with a half-plane.

(B.4) implies

le(s,t)] < C’/ e(s,t)ds dt
D, (s,t)

C'E(u)

IN

so if § > 0 is chosen to be small enough, we have a uniform bound
|1eul3, = 19sull3, < C'6, (B.5)

at least for points (s,t) where s is a distance at least 1/2 from the boundary of the
interval I. In particular, for a fixed value of s, the path ~, : [0,1] — M defined by

vs(t) := u(s, t) satisfies

A

1
distas (1:(0). (1)) < Ci /0 Fiellse dt

IN

1
Cr( / |Ovull3, i)
0

< Cy(C'8)Y2. (B.6)

Thus if § > 0 is small, each path v, lies entirely in a small neighborhood of an inter-

section point of Ly and L;. By the transversality of the intersection Ly N L1, and the
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compactness of M, intersection points are isolated in M so if ¢ is small enough, all
paths 7, are close to the same intersection point p € Lo N Ly for all s € I/, where by
I/ we mean either [T+ 1/2,T —1/2],[T +1/2,00) or (—oo, =T —1/2].
Define f : I — R by :
£6) =5 | Nowul, e (B.7)

It follows from [13] that given an intersection point p € LyN Ly, there is a neighborhood

U of p such that the the function f(s) satisfies a convexity estimate

f(s) = &2f(s) (B.8)

for some k > 0. Therefore, choose § small enough that all paths v, are contained in
such a neighborhood. Combining this convexity estimate with the mean value inequality

again, we can prove the following standard exponential decay results for strips.

Proposition B.0.9. Let u : [0,00) x [0,1] — M be a solution of (B.1), such that

E(u) < co. Then there exist constants k > 0 and A > 0 such that
|0su(s, t)] < A e ™. (B.9)

Proof. We can safely ignore a compact subset [0,7] x [0,1] of the strip, which can
be bounded by some fixed constant. So choosing sufficiently large 7' we can assume
without loss of generality assume that the strip is of the form [T, 00) x [0, 1], the energy
of w restricted to this strip is less than § for which the convexity estimate (B.8) holds.
Note that the fact that E(u) < oo implies that dsu — 0 as s — 00, so in particular

f(s) = ||68u”3t — 0 as s — oco. Then for s > T, we have that

f(s) = w2 f(s).

This convexity estimate on f(s) implies (explained, for instance, in [13]) an inequality

f(s) < ce™"* for some ¢ > 0, i.e.,

1
f(s) =/0 [0su(s,t)||3, dt < ce ™.



By the mean-value inequality (B.4) applied to disks of radius 1/2 we get

IN

105l ¢ 10sul3, ds dt
D1/2(Svt)
s+1/2

C f(s) ds
s—1/2

Cce—n(s—l/Q)

VAN

IN

= Ae™™
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O]

Proposition B.0.10. There is a § > 0 so that the following holds. For any solution

v:[=p,p] x[0,1] = M of (B.1) with E(v) < §, there is a k > 0 such that

E(w;[-p+T,p—T] x[0,1]) < e " E(v) (B.10)

forall1 <T < p/2.

Proof. Take § to small enough that E(v) < ¢ implies the a priori estimate (B.5) for all

—p+1<s<p-—1, as well as the convexity estimate (B.8). Let us write
E(T) == E(v;[-p+ T, p — T] x [0,1]).

Then in terms of f, we have
p—T
E(T) —/ f(s)ds

—p+T

is a monotone decreasing function of T'. Taking the derivative with respect to T,

ET) = —f(p—T)—= f(=p+T).
So
E"T) = f(p—T)—f(-p+T)
p—=T
:/ f(s)ds
—p+T
p—T
N2 s)ds
> o[ e
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Thus e " (E'(T) + kE(T)) is monotone increasing. An inequality E'(T) + «E(T) > 0
would imply that
e "I(E'(T) + kE(T)) > a > 0,

so that

E'(T)+rE(T) > eTa

— (e"TE(T)) > e*Ta

which would imply that E(T') grows exponentially, which is impossible since by con-

struction E(7T') decreases with 7. Hence
E'(T)+ kE(T) <0,
so e"I' E(T) is monotone decreasing, and

e"TE(T) < E(0) = E(v)

— E(T) < e *TE(v).
O

Applying the mean-value inequality we get the following corollary, which describes

the behavior of long pseudo-holomorphic strips with small energy.

Corollary B.0.11. There is a § > 0 so that the following holds. For any solution
v [=p,p] X [0,1] — M of (B.1) with E(v) < 6, there is a k > 0 and A > 0 which

depend only on M,w, Ji, Ly and Ly, such that
19sv]|3, < Ade "l (B.11)
forallse[—p+1,p—1].

Proof. This is just an application of the mean-value inequality to the previous lemma.



By (B.4) using r = 1/2 we have, for each s € [—-p+1/2,p —1/2],

105u(s, )13,

<

IN

IN

IN

4C |0sull3, ds dt
Dy /a(s:t)

s|—-1/2 1

40/ / |0sul|3, ds dt
|s|+1/2

ACE(s| — 1/2)

4C5e"2e=nlsl

AseHlsl,
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