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ABSTRACT OF THE DISSERTATION

Numerical Study of Pressure-Driven Nitrogen Flow in

Long Microchannels for Application to Electronic Cooling

by Zhanyu Sun

Dissertation Director: Prof. Yogesh Jaluria

Two-dimensional models have been developed to investigate pressure-driven laminar

nitrogen slip flow in long rectangular microchannels with characteristic lengths ranging

from 1.2µm to 50µm and length-to-height ratios up to 2500. The large length-to-

height ratio is taken to measure pressure work and viscous dissipation. Rarefaction is

incorporated by modifying the boundary conditions at fluid-solid interfaces. To resolve

the intense numerical effort required by the large computational domain and the quasi-

steady nature of the problem, a parallel SIMPLER-based solver is developed. The

influences of variable properties, rarefaction and source terms in energy equation are

investigated particularly for the cases with uniform wall heat flux boundary condition

and are found to be far from negligible. The thermal and hydraulic characteristics under

isothermal and uniform heat flux wall boundary conditions are extensively examined

and discussed for pure convection cases. It is shown that the energy taken up by pressure

work is dominant over the energy generation by viscous dissipation. Rarefaction is

found to influence Nusselt number in two ways: rarefaction reduces Nusselt number

through the heat transfer between the wall and bulk fluid, while promotes Nusselt

number by affecting the source terms in energy equation. For microchannels of larger

dimensions, it is found that rarefaction effects are still significant. The conjugate heat
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transfer associated with microchannel slip flows is also studied. It is found that axial

conduction gives a great impact on the thermal field for substrates with finite thickness.

Finally, unsteady convection is studied for a larger-dimension microchannel, where the

characteristic response time is found to be greatly influenced by the energy taken up

by pressure work.
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Chapter 1

Introduction

1.1 Background

The thermal management of electronic systems has been studied for many years. To

ensure the integrated circuit (IC) to work under designed temperature range, some

appropriate cooling solutions must be employed. Inefficient heat removal may result in

the vibration of electronic components as well as the accompanying noise, and finally

lead to the failure of electronic systems. The factors that could affect the failure rate of

electronic systems include the peak temperature, the spatial and temporal temperature

gradient, etc. There are three levels in the electronic packaging hierarchy: chip level,

board level and cabinet level. For chip level, the conduction from the chips to the

package surface is dominant and thus the interest lies on the reduction of thermal

resistance in between. The board level primarily deals with the arrangement of chips,

where convection is the main mode of heat removal. Finally, cabinet level is mainly on

the arrangement of boards. A good summary of the available cooling methods can be

found in Wang’s PhD thesis [1].

In the past few decades, Moore’s Law has been proved to be an accurate prediction

of improvements in semiconductor processes. With each process generation, manufac-

turers are able to pack more transistors into the same area and produce chips of greater

and greater complexity. Chip speeds have increased to giga-hertz clock rates and entire

systems have been reduced to a few highly integrated chips. The cost of the increased

speed and integration is a dramatic increase in total heat and in heat density generated

by millions of transistors packed into a very small space. In most chips, much of the

heat is produced in a very small section of the die, resulting in concentration of heat

into very small hot spots. Cooling these hot spots and removing total heat from the
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Figure 1.1: A typical schematic of a microchannel array mounted upon a CPU.

system present tremendous challenges to the system designer. Microchannels, which are

fine channels etched into a silicon wafer and have approximately the width of a human

hair, are built with a very high aspect ratio to increase their total surface area. As

the fluid flows through the microchannels, their large surface area enables them to cool

the hot spots with the heat flux as high as 1000 watts per square centimeter for liquid

cooling, as shown by Tuckerman and Pease [3]. Fig. 1.1 shows a typical schematic of a

microchannel array mounted upon a CPU.

1.2 Microscale Fluid Flows

As the rapid development of manufacturing technology, the creation of extremely small

devices, such as the MEMS (microelectromechanical systems), becomes possible. De-

spite the thriving application of these small devices, the thermal and fluid phenomena

involved have not been fully understood by the people working on the design and op-

timization. As the characteristic dimension shrinks, the fluid flows cannot always be

accurately predicted by the Navier-Stokes equations with no-slip boundary condition

at a fluid-solid interface. Many questions have been raised when experimental results

found in microdevices could not be explained through traditional flow modeling. Due to

the disparity in the intermolecular distance, the microscale gas and liquid flows behave

in completely different manner and thus have to be studied separately.
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1.2.1 Gas Flows

The continuum model leads to very accurate predictions, when the local properties

such as density and velocity can be defined as averages over elements large enough

compared to the molecular dimension of the fluid but small enough compared to the

characteristic dimension of the phenomena. Another requirement for the validity of

the continuum model is that the flow is not far from thermodynamic equilibrium. For

gases, when the mean free path of gas molecules is much smaller than the characteristic

flow dimension, the continuum model stands valid. As this condition is violated, the

equilibrium conditions will no longer exist, and the linear relation between the stress and

the rate of strain as well as the no-slip wall boundary condition will be invalid. Similar

invalidity happens to the linear relation between the heat flux and the temperature

gradient as well as the continuous temperature wall boundary condition. In his review

paper, Gad-el-Hak [4] summarized the difference between the gas flows at different

scales. Basically, the degree of the deviation of the gas flow from the continuum theory

is identified by the Knudsen number, Kn = λ/H, where λ is the mean free path of gas

molecules given by λ = µ
√

π/
√

2ρ2RT and H is the characteristic flow dimension. In

the formula to calculate the mean free path, µ, ρ, R and T denote dynamic viscosity,

density, specific gas constant and temperature, respectively. The classification of gas

flows with Knudsen number is presented in Table 1.1. Specifically, for microscale slip

flows, the continuum model is modified by the discontinuous tangential velocity and

temperature boundary conditions at the gas-solid interface. The two modifications on

the boundary conditions are based on the molecular kinetic theory for dilute gases and

developed by Maxwell [5] and Smoluchowski [6], respectively.

1.2.2 Liquid Flows

Microscale fluid mechanics for liquid flows is more complicated in comparison with the

gaseous cases. From the continuum point of view, liquids and gases are both fluids

obeying the same momentum transport equations. When the characteristic dimension

decreases, rarefaction effects become significant for gas flows. However, for microscale
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Table 1.1: Classification of gas flows with Knudsen number.

Flow Type Kn Range Mathematical Model
Characteristic
Dimension

Continum
Flow

< 0.001

Navier-Stokes equa-
tion with continuous
velocity and tempera-
ture distribution, i.e.
no discontinuity exists
at gas-solid interfaces.

> 200µm

Slip flow 0.001− 0.1

Navier-Stokes equa-
tion with discontin-
uous velocity and
temperature boundary
conditions at gas-solid
interfaces.

0.5µm−200µm

Transition
flow

0.1− 3

Boltzmann equation;
Statistical methods;
Burnett equation
with slip boundary
conditions at gas-solid
interfaces.

0.01µm− 2µm

Free
Molecular
flow

> 3

Direct-simulation
Monte Carlo (DSMC);
Particulate method of
Boltzmann equation

< 0.06µm
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liquid flows, the molecules are much more closely packed at normal pressures and tem-

peratures, and the attractive or cohesive potential between liquid molecules as well as

between liquid and solid ones plays a dominant role if the characteristic length of the

flow is sufficiently small. Accordingly, liquids do not have a well advanced molecular-

based theory. The concept of mean free path is of much less use for liquids and the

conditions under which a liquid flow fails to be in quasi-equilibrium state are not well

defined. Therefore, in the cases when the traditional continuum model fails to pro-

vide accurate predictions or postdictions, the expensive molecular dynamics simulation

seems to be the only reliable tool available to rationally characterize the microscale liq-

uid flows. Unfortunately, such simulations are not yet feasible for realistic flow extent

or number of molecules. This is why the microfluid mechanics for liquids is much less

developed than that for gases.

1.3 Gaseous Forced Convective Cooling in a Horizontal Microchannel

As mentioned above, microchannels are normally used together with heat sinks and

fins, which could greatly reduce the energy dissipation rate per unit area and hence

make gas cooling feasible. This dissertation will limit to gaseous slip flows and mainly

study pressure-driven forced convection in a horizontal rectangular microchannel. Rect-

angular or trapezoidal microchannels are widely used in electronic packages and many

MEMS devices. Other geometries, such as the circular and triangular microducts, are

not very popular mainly because of their fabrication complexity. For cooling purpose,

turbulent flows are obviously more preferable than laminar flows. However, almost all

the microchannel gas flows found in practice are within laminar regime. This is pri-

marily due to the demanding pumping power caused by the small duct dimension. Due

to its low thermal conductivity, low density and low specific heat, compared to liquid

cooling, gas cooling is generally thought to be less effective. As a result, when great

heat removal is required, gas cooling may cause a number of problems. In spite of its

disadvantages, laminar gas cooling, most commonly air cooling, is still widely employed

in industry because of its easy availability, low cost, design simplicity, etc. This is why

air cooling is so popular in our daily electronic systems, such as the desktop/laptop
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PCs, TVs, game players and so on. In comparison with air cooling, nitrogen cooling

owns the edge due to the absence of oxygen, which may lead to oxidization of the duct

walls. In addition, air is composed of about 80% nitrogen and 20% other gases. There-

fore, nitrogen is of great interest and will be studied in this dissertation. For most

pressure-driven gas flows in a horizontal microchannel, the buoyancy is negligible. For

example, for a microchannel of 1.5mm long and 3µm high, if the inlet and the outlet

pressures are fixed at 2× 105Pa and 1× 105Pa, respectively, the ratio of axial pressure

gradient over gravitational force, dp/dx
ρg , will be in the order of 107 : 1. Here dp/dx is

the streamwise pressure gradient, ρ denotes fluid density, and g represents the gravi-

tational acceleration. Another more commonly used indicator for the buoyancy force,

the Grashof number, Gr = gβ∆TH3

ν2 , will be at most in the order of 10−6. Here β and

ν denote the thermal expansion coefficient and kinematic viscosity, respectively; H and

∆T are the spacing and the temperature difference between the two plates.

For the pressure-driven gaseous convection in a microchannel, pressure drops down

the duct to overcome friction at the gas-solid interfaces. Therefore, if the gas is heated

or kept at constant temperature, gas density will decrease along the channel and thus

the gas must be treated as compressible. The density drop and the conservation of mass

require the flow to accelerate down the uniform duct. The gas acceleration in turn af-

fects the pressure gradient, resulting in a nonlinear pressure profile along the channel.

Accompanying the change of density, if the gas is heated or kept at constant temper-

ature, the Knudsen number will increase along the microchannel. Hence, when the

outlet pressure is very low or the gas is greatly heated, the flow close to the outlet may

go beyond the slip flow regime and become transitional flow. One of the big differences

between macro- and microchannels is the length-to-height ratio. For macrochannels,

the length-to-height ratio is normally well below 100; for microchannels, this ratio could

be as large as a few thousand. The large length-to-height ratio could make pressure

work and viscous dissipation significant for microchannel flows. Another obvious differ-

ence between macro- and microchannel flows is the boundary conditions at the walls.

As presented in Table 1.1, for slip flows, due to rarefaction, the continuum model is

modified with the discontinuous wall boundary conditions, including the velocity slip,
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the thermal creep and the temperature jump. Because of these new mechanisms, a lot

of deviations from the continuum theory are experimentally observed in microchannel

gas flows [7, 8, 9, 10, 11]. In these experimental studies, the Poiseuille number (Po)

and Nussult number (Nu) were measured to demonstrate the deviation of the fluid

and thermal fields from the conventional continum theory, respectively. Many analytic

studies [12, 13, 14, 15, 16, 17, 18, 19] can be found in the literature to explain these

experimental findings. Analytic studies, however, are restricted by some strong as-

sumptions, including the fully-developed flow field, negligible compressibility, constant

property and so on. Numerical studies, on the other hand, do not have such limitations

and thus are capable of reproducing experimental results. For example, Chen et al. [2]

reproduced the experimental result of Pong et al [9] and found good agreement. Based

on the author’s literature review, the published numerical works are either purely on

the fluid field or restricted to short microchannels with length-to-height ratios below

50. No comprehensive numerical studies have been reported on the forced convection

in gaseous microchannel slip flows. Due to the small microchannel height and the fabri-

cation requirement, the ratio of the substrate thickness over the microchannel height is

no longer negligible as for most macrochannels. Therefore, conjugate heat transfer is of

great interest. For conjugate cases, a number of issues need to be carefully examined,

including the role of the axial conduction in the substrates, the influence of the sub-

strate thickness over channel height ratio and the substrate material properties. Also

the microscale unsteady flow is still the topic that has not been systematically studied

and therefore will be investigated in this dissertation.

1.4 Objectives

This dissertation concentrates on the microchannel gaseous slip flows. As pointed out in

section 1.3, comprehensive numerical investigations on the long microchannel gaseous

pressure-driven convection have not been done. The impacts of rarefaction, variable

properties and source terms in the energy equations (pressure work and viscous dissi-

pation), have not been weighted yet. These physical modeling issues will be addressed

in Chapter 2, where the numerical modeling issues are also studied. In Chapter 3 and
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Chapter 4, the characteristics of the nitrogen flows in long microchannels with isother-

mal and constant heat flux wall boundary conditions are investigated, respectively.

Chapter 5 focuses on the characteristics of the nitrogen flows in larger-dimension mi-

crochannels with constant heat flux wall boundary condition. Microscale conjugate heat

transfer is investigated in Chapter 6. Finally, some unsteady convections are studied in

Chapter 7.
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Chapter 2

Modeling Aspects of Two Dimensional Steady-State

Pressure-Driven Nitrogen Flow in Long Microchannels

2.1 Introduction

Since the early 1990s, several researchers have conducted studies on the thermal and

hydraulic characteristics of microchannel gaseous slip flow. The discrepancy between

micro- and macro-channel flows was reported by several groups of experimentalists

[7, 8, 9, 10, 11]. In these studies, the Poiseuille number (Po) and Nussult number (Nu)

were measured to describe the flow and convective heat transfer, respectively. Both

Choi et al. [7] and Pfahler et al. [8] found a reduced Po for the fully developed laminar

nitrogen flow in a microduct with a characteristic length less than 10µm, compared to

the theoretical continuum values. Choi et al. [7] also studied the heat transfer in the

turbulent regime and found a higher Nu than that predicted by the continuum theory.

Pong et al. [9] reported a nonlinear streamwise pressure distribution of nitrogen flow

in a microchannel with the characteristic height of 1.2µm. In addition to the similar

findings shown in [7, 8, 9], Harley et al. [10] used the slip boundary condition to model

their experiment. Yu et al. [11] extended the investigation by Choi et al. [7]. Except

for the lower Po, they agreed with Choi et al. [7] on the higher Nu, compared to the

value predicted by the traditional correlation.

Analytical solutions of the fully-developed slip-flow heat transfer in microtubes were

given by Sparrow et al. [12] in as early as 1962. However, due to the ease of fabricating

rectangular microchannels, a large number of analytical and numerical investigations on

the slip-flow heat transfer within rectangular microchannels were presented in the recent

years to explain the experimental deviation from the continuum theory. Arkilic et al.

[13] studied the pressure-driven helium flow in a long microchannel both analytically
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and experimentally. It was found that, by taking the velocity slip and compressibility

effects into account, the 2D Navier-Stokes equations could fairly accurately predict the

mass-flow rate. Instead of using the velocity slip and temperature jump to model the

laminar microscale fully-developed flow, Li et al. [14] proposed the ’wall-adjacent layer’,

where the change of gas thermal conductivity results in significant influence on the

heat transfer and is able to make accurate qualitative predictions. The laminar, fully-

developed, slip-flow forced convection in rectangular microchannels, with isothermal

and isoflux wall boundary conditions, were investigated analytically by Yu and Ameel

[15, 16]. The authors discussed the effects of velocity slip and temperature jump on

Nu, and showed that, compared to the no-slip flow condition, the heat transfer could

be either reduced or enhanced. Tunc and Bayazitoglu [17] conducted an analytical

study on the convection heat transfer in a rectangular microchannel, where the flow

is assumed to be fully-developed both thermally and hydrodynamically. In a recent

paper, Chen carried out an analytical study on the developing temperature field in

laminar forced convection in a microchannel with isothermal wall boundary condition,

where viscous dissipation was considered in addition to rarefaction, while the flow field

was still assumed to be full-developed as in the previous studies [14, 15, 16, 17]. Jeong

and Jeong [19] extended chen’s [18] work by including the axial conduction into their

analysis.

The analytical studies really improved our understanding of the hydraulic and ther-

mal phenomena in microchannel gas flows. However, the limitation of the analytical

approach makes it impossible to reproduce some experiments, especially in the cases

with the developing flow field, and thus makes it important to use the numerical meth-

ods. Beskok et al. [20] presented their numerical simulations, where rarefaction, com-

pressibility, viscous dissipation as well as thermal creep effects were considered. They

discussed the competing effects of compressibility and rarefaction on the nonlinear pres-

sure distribution of the internal gas flow within long microchannels, which interpreted

the findings of Pong et al. [9]. Guo and Wu [21] numerically studied the compressibility

effect on the gas flow and heat transfer in a microtube, where rarefaction effects were

not included. They concluded that fully-developed pressure-driven gas flow does not
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arise due to the compressibility. It was also shown by Guo and Wu [21] that, because of

the large dependence of thermal field on fluid field, for microchannel gas flows with non-

negligible Mach number, the fully-developed thermal field does not arise. To reproduce

the experimental results by Pong et al. [9], Chen et al. [2] conducted 2D numerical

simulations, where the rectangular microchannel flow was modeled as compressible with

rarefaction and viscous dissipation. Good agreement was achieved. Similar to Chen et

al. [2], Roy et al. [22] also reproduced the experiments by Pong et al. [9] using 2D

simulations, and their results were in good agreement with those by Chen et al. [2]. In

a recent publication, Raju and Roy [23] further extended their study to the supersonic

microchannel flows and compared their results with the published direct-simulation

Monte Carlo results.

This chapter concentrates on the modeling aspects of the microchannel gas flow.

The organization is as follows: in section 2.2, the mathematical model is described;

section 2.3 addresses on some relevant numerical modeling issues with code validation;

in section 2.4, the physical modeling issues are investigated; finally, a brief summary is

given in section 2.5.

2.2 Mathematical Model

For rectangular microchannels found in practice, the aspect ratio, W/H, is normally

very high. In such cases, 2D model can very well predict the mass flow rate [24] and

hence is used in this study. In accordance with the coordinate system shown in Fig. 2.1,

the 2D governing equations for the compressible gas flows in a rectangular microchannel

is given below.

Continuity:
∂ρ

∂t
+

∂ρu

∂x
+

∂ρv

∂y
= 0 (2.1)

Momentum:

∂ρu

∂t
+

∂ρuu

∂x
+

∂ρvu

∂y
=

[
∂

∂x

(
µ

∂u

∂x

)
+

∂

∂y

(
µ

∂u

∂y

)]
− ∂P

∂x

+
[

∂

∂x

(
µ

∂u

∂x

)
+

∂

∂y

(
µ

∂v

∂x

)]
− 2

3
∂

∂x

[
µ

(
∂u

∂x
+

∂v

∂y

)] (2.2)
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Figure 2.1: The 2D schematic of a rectangular microchannel and the coordinates.

∂ρv

∂t
+

∂ρuv

∂x
+

∂ρvv

∂y
=

[
∂

∂x

(
µ

∂v

∂x

)
+

∂

∂y

(
µ

∂v

∂y

)]
− ∂P

∂y

+
[

∂

∂x

(
µ

∂u

∂y

)
+

∂

∂y

(
µ

∂v

∂y

)]
− 2

3
∂

∂y

[
µ

(
∂u

∂x
+

∂v

∂y

)] (2.3)

Energy:

cp

[
∂ρT

∂t
+

∂ρuT

∂x
+

∂ρvT

∂y

]
=

[
∂

∂x

(
k
∂T

∂x

)
+

∂

∂y

(
k
∂T

∂y

)]
+ βT

[
∂P

∂t
+ u

∂P

∂x
+ v

∂P

∂y

]

+µ

{
2

[(
∂u

∂x

)2

+
(

∂v

∂y

)2
]

+
(

∂u

∂y
+

∂v

∂x

)2

− 2
3

(
∂u

∂x
+

∂v

∂y

)2
}

(2.4)

The working gas, specifically nitrogen in this dissertation, is treated as an ideal gas,

for which the state equation is P = ρRT and the thermal expansion coefficient β = 1/T

. In the variable-property model, the state equation is used to calculate density. Other

transport properties of nitrogen are determined using the power law correlations given

by Fotiadis et al. [25]. Therefore, the formulas for the variable properties are

ρ = ρ0(T0/T )(P/P0) (2.5)

k = k0(T/T0)0.77 (2.6)

µ = µ0(T/T0)0.68 (2.7)

cp = cp,0(T/T0)0.078 (2.8)

At the inlet, the pressure is fixed at Pin and the flow is assumed to be fully developed

at constant temperature T0. At the outlet, the pressure is fixed at 1×105Pa. Therefore,

the mathematical form of the boundary conditions at the inlet and outlet turns out to
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be:

At x = 0,
∂u

∂x
= 0, v = 0, T = T0, P = Pin (2.9)

At x = L,

P = Pout = 1× 105Pa (2.10)

The outlet velocity and temperature are obtained by the extrapolation along the

same y coordinate. The wall boundary conditions will vary with different cases. Due to

rarefaction, discontinuous boundary conditions are applied at the wall. For the uniform

wall heat flux cases, the wall boundary conditions are:

At y = 0 and y = H,

u =
2− σv

σv
λ

(
∂u

∂n

)

w

+
3
4

µ

ρT

(
∂T

∂x

)

w

, v = 0,

q = qw

(2.11)

while for the isothermal walls, the wall boundary conditions are:

At y = 0 and y = H,

u =
2− σv

σv
λ

(
∂u

∂n

)

w

+
3
4

µ

ρT

(
∂T

∂x

)

w

, v = 0,

Tg − Tw =
2− σT

σT

(
2γ

1 + γ

)
λ

Pr

(
∂T

∂n

)

w

(2.12)

The coefficients σv and σT , which depend on the gas properties and surface quali-

ties, represent the fractions of the gas molecule’s tangential momentum and energy loss

through the interactions with the solid wall, respectively. For example, it is straight-

forward that σv = 0 and σv = 1 correspond to the cases of the specular and diffuse

reflections, respectively. For most engineering cases, the surfaces are so rough that the

conditions are very close to diffuse reflection, i.e., σv ≈ 1. Similar argument can be

made on σT . Therefore, to simulate the engineering condition, the values of σv and σT

are both set to unity.
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2.3 Numerical Modeling Issues

2.3.1 Serial Numerical Procedure

The governing equations given in section 2.2 are strongly coupled. Therefore, the

continuity, momentum and energy equations have to be solved simultaneously. The

finite volume method (FVM), with an approach similar to the SIMPLER algorithm,

is employed to solve the governing equations. The diffusion terms are discretized by

the central difference scheme, and the forward difference discretization is applied to

the time derivative terms. Using the method of Thakur and Shyy [26], the second

order upwind scheme (SOU) for a uniform grid system is derived. All coefficients of the

first order upwind scheme (FOU), given by Patankar [27], are still applicable in SOU,

except that an additional term is combined into the source term. Since the SOU needs

two neighbor nodes in the upwind direction, the FOU is used for the nodes adjacent

to the boundaries. The alternating direction implicit (ADI) method is employed to

solve the momentum and the energy equation. In each sweeping direction, the resulting

linear algebraic system is solved using the Tridiagonal Matrix Algorithm (TDMA). The

pressure equation and the pressure correction equation are solved using the Successive

Over Relaxation method (SOR).

2.3.2 Parallel Scheme

Because of the intense computation required by the large computational domain and

the quasi-steady thermal field associated with the gas flow in long micro-channels, the

above serial codes must be paralleled. Similar to the parallel scheme described by Baltas

and Spalding [28], the domain decomposition method (DDM) is employed. Compared

to other alternatives, the DDM has several advantages. First, the DDM can greatly

lower down the single-CPU computational time. Generally, the more CPUs, the shorter

the single-CPU computational time is. Secondly, the original serial algorithm is still

usable in each subdomain. Thirdly, the communications between the subdomains are

not very frequent. For the long microchannels to be studied, the length-to-height ratio

L : H is in the order of 103 : 1 . Therefore, the computational domain is decomposed
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Figure 2.2: Schematic of the joint of the two adjacent subdomains, where the shadow
areas are the HALO (overlapping) regions, the arrows between the two subdomains
denotes intersubdomain communication, the circles and arrows within the subdomains
represent the main node and the velocities, respectively.

in the streamwise direction only. The cells in the global domain are evenly distributed

to the subdomains streamwisely. For the communications between the subdomains,

at the internal ends of each subdomain, a number of HALO cells (overlapping cells)

are attached. The minimum number of HALO cells required is problem dependent.

In general, as verified by our numerical experiments, more HALO cells lead to better

numerical stability and faster convergence. Fig. 2.2 is the schematic of the joint of two

adjacent subdomains for 2D conditions with two HALO cells.

With the MPI (Message Passing Interface), the processes under use are named from

ZERO to NP-1, where NP is the number of processes involved. Process ZERO acts as

a server to distribute input to and collect output from the subdomains. The remaining

NP-1 processes, process 1 to process NP-1, undertake the computations of subdomains

#1 to NP-1, respectively. Fig. 2.3 shows the schematic of the architecture of the

processes and the communication between process ZERO (P0) and other processes (P1

to PNP−1). This kind of communication is named Level 1 communication (double

arrows in Fig. 2.3). Level 1 communication occurs at the beginning and the end of

the job and has constant message length. The Level 2 communication is that between

adjacent subdomains as described in Fig. 2.4. After each time step, the HALO regions
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Figure 2.3: The schematic of the Level 1 communication of the parallel scheme.

Figure 2.4: The schematic of the two stages of the Level 2 communication of the parallel
scheme.

are updated by the adjacent subdomains’ overlapping internal cells, as depicted in

Fig. 2.2. There are two stages in the HALO region update process. At the first

stage, all the odd-numbered processes first send fresh boundary data to their even-

numbered neighbors, which only receive at this moment. Then at the second stage,

the odd- and even-numbered processes switch their roles. This parallel communication

scheme and the constant message length, guarantee that the time cost of each Level

2 communication is almost a constant and independent of the number of processes

involved in the computation.
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2.3.3 Implemental Issues

During the implementation of this parallel scheme, the only concern lies on the artificial

break points required by the DDM. It is clear that the application of DDM will block

the communication between the subdomains and thus reduce the convergence speed

or even make the convergence impossible. This is why HALO regions are always used

together with the DDM. In our parallel solver, the information is exchanged between

the subdomains through the HALO regions after each time step. Numerically, it is not

allowed to infinitely increase the number of the HALO cells because the communication

between the subdomains is very expensive. From our preliminary study, we found that

twelve HALO cells are generally good enough for convergence purpose. The use of more

than twelve HALO cells has negligible impact on the convergence speed.

Apart from the convergence speed, the singularity that is introduced by the artificial

cuts of the computational domain is another big problem. Based on our numerical

experiments, the increase of the HALO region size cannot remove the singularity at

the cuts at all. In addition, the boundary condition imposed on the cuts almost has

no connection with the singularity. The only possible way to remove the singularity is

to feed the outputs from the parallel solver to the serial solver. Therefore, the serial

and the parallel solvers must be used together. In fact, the singularities at the cuts

are very well confined within a very small region around the cuts. Without these

localized singularities, the output from the parallel solver is essentially a very good

initial condition towards the steady state solution. For example, our preliminary test

case did show that if we feed the output obtained by running the parallel solver for

thirty thousand time steps to the serial solver, the serial solver only takes no more than

two hundred time steps to reach the desired convergence criteria. On the other hand,

for the same case, to get the same convergence solely by the serial solver, it takes more

than twenty thousand time steps.

To get the steady state solution, the time marching procedure is employed. For the
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parallel solver, the convergence criteria are of the form,

ε = max





if ξn 6= 0 |ξn+1−ξn|
|ξn|

if ξn = 0 |ξn+1|



 (2.13)

where ξ applies to the variable u, T as well as the variables in the HALO regions and

the superscripts denote the time step. For the serial solver, the convergence criteria

only apply to u and T . In summary, the parallel solver must be used together with the

serial solver to eliminate the singularity caused by the domain decomposition. That is,

first the parallel solver is used and runs until some convergence criteria is reached, then

the output from the parallel solver are input to the serial solver, which then runs until ε

falls below a very small value. Due to the singularity mentioned above, the convergence

criteria for the parallel run are usually much lower than those for the following serial

run.

2.3.4 Code Validation

The serial version of the SIMPLER-based codes has been employed to study the macrochan-

nel cooling problems by Wang [1]. The reproduction of part of Fig. 4.10 in Wang’s

thesis is shown in Fig. 2.5. To further validate the codes, which are paralleled now

and include the microscale effects (the discontinuous wall boundary conditions, viscous

dissipation, pressure work, etc.), the experimental results by Pong et al. [9] are repro-

duced. Besides the experimental results by Pong et al. [9], our numerical results are

also benchmarked with the numerical results by Chen et al. [2]. The parameters of the

microchannel, which was one of the two used in the experiment of Pong et al. [9], are

listed in Table 2.1 under Channel #1. In these validating runs, the temperature of the

isothermal wall is equal to the inlet temperature at 314K. After the grid dependence

experiment, we got similar results as those by Chen et al. [2], i.e., a 6000×23 grid

should be used for this simulation. The convergence criteria for the final serial run are

set to be ε < 1 × 10−8 for u and T . Fig. 2.6 presents the comparison of the pressure

distribution of the current numerical study with those of Pong et al.’s [9] experimental

investigation and Chen et al.’s [2] numerical investigation. In Fig. 2.6, it is found that

our results agreed with Chen et al.’s [2] results very well with the difference below 0.1%,
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Figure 2.5: Reproduction of part of Fig. 4.10 of Wang’s [1] Ph.D dissertation.

and the degree of agreement with the experimental data are comparable to that with

Chen et al.’s [2] results. Fig. 2.7 shows the normalized centerline u-velocity of the

current numerical study versus that of Chen et al.’s [2] numerical investigation. Again,

the agreement is very good and the difference is within 0.1%. Fig. 2.8 and Fig. 2.9

present the normalized u- and v-velocity of the current numerical study versus that

of Chen et al.’s [2] numerical investigation, respectively. The comparison is made at

three streamwise locations (upstream, midstream and downstream). It is clear that

u-velocity agrees very well at all three streamwise locations. However, v-velocity shows

good agreement only at the downstream. This is probably because of the different

convergence criteria employed by Chen et al. [2]. With an analysis of the continuity

equation based on the magnitudes shown in Fig. 2.8 and Fig. 2.9, we can find that the

fluctuation of u-velocity within merely 0.001% will cause a fluctuation of v-velocity up

to the order of 10% or more. Therefore, v-velocity is very sensitive to the change of

u-velocity and may change a lot even under a very minor difference between different

numerical procedures.
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Figure 2.6: Pressure distribution of the current numerical study versus those of Pong
et al.’s experimental investigation and Chen et al.’s [2] numerical investigation. PR
denotes the pressure ratio PR = Pin/Pout.
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et al.’s [2] numerical investigation.
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Figure 2.8: The u-velocity of the current numerical study versus that of Chen et al.’s
[2] numerical investigation at three streamwise locations.
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Table 2.1: Parameters of microchannel nitrogen flows.

Parameter Channel#1 Channel#2

Length L 3000µm 1500µm

Height H 1.2µm 3µm

Pressure Ratio PR = Pin/Pout 1.34, 1.68, 2.02, 2.361, 2.701 1.5, 2.0, 2.5, 3.0, 3.5

Inlet Temperature T0 314K 300K

Density of Nitrogen at Inlet
temperature and 1× 105Pa ρ0

1.0783 kg/m3 1.1233 kg/m3

Outlet Pressure Pout 1× 105Pa 1× 105Pa

Inlet Dynamic Viscosity µ0 1.843 ×10−5 N · s/m2 1.782×10−5 N · s/m2

Inlet Thermal Conductivity k0 2.68 ×10−2 W/(K·m) 2.59×10−2 W/(K·m)

Inlet Sound Speed a0 361.21m/s 353.07m/s

Inlet Specific Heat cp 1041 J/(kg·K) 1041 J/(kg·K)

Specific Gas Constant R 296.8 J/(kg·K) 296.8 J/(kg·K)

Specific Heat Ratio γ 1.4 1.4
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Figure 2.9: The v-velocity of the current numerical study versus that of Chen et al.’s
[2] numerical investigation at three streamwise locations.

2.4 Physical Modeling Issues

2.4.1 Variable Properties

During the physical modeling, the first main concern is on the variable properties. As

is well known, gas properties vary with temperature. For example, when temperature

rises from 300K to 350K, the dynamic viscosity of nitrogen increases by 12%. The

question is: Compared to variable property model, will constant property model make

a big difference? Liu et al. [29] and Mahulikar et al. [30] conducted independent

studies on the variable property effects for incompressible microchannel flows. Both

groups found the distorted velocity and thermal field due to the viscosity and thermal

conductivity changes. Also for the incompressible flows, Tso and Mahulikar [31, 32, 33]

tried to use the variable property effects to interpret the unexplained experimental

findings of Wang and Peng’s [34] as well as Peng and Peterson’s [35, 36]. On the other

hand, for the microchannel compressible gas flows, the variable property effects are not

investigated much. For the cases with the isothermal walls as well as the fixed inlet
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and outlet pressures, the mass flow rate will decrease with the wall temperature due

to the increased viscosity. If the thermal entrance length is sufficiently short compared

to the whole channel length, constant property model using the gas properties at wall

temperature should be a very good approximation. For the cases with uniform heat

flux (H2) wall boundary condition, the magnitude of variable property effects is not

that easy to tell and thus will be investigated below.

The effects of variable properties for different outlet/inlet bulk temperature ratios

are measured for the Channel #2 (Table 2.1), where the inlet/outlet pressure ratio is

fixed at 2.0. The grid size is set to 2300×29 (X × Y ) based on the grid dependence

test results in Table 2.2 for the case with q̄w = qwH
T0k0

= 2× 10−4. The same channel and

inlet/outlet pressure ratio will be used for all cases involved in section 2.4 on the physical

modeling issues. For all cases involved in section 2.4, the convergence criteria for the

final serial run is ε < 1× 10−12 . First, a case with small outlet/inlet bulk temperature

ratio is studied through Fig. 2.10 (a)-(d), which compare the results between variable

property model and constant property model under the same uniform wall heat flux

boundary condition q̄w = 5 × 10−5. The outlet/inlet bulk temperature ratio for the

case in Fig. 2.10 is around 1.08 as shown in Fig. 2.10 (c). The constant property

model uses the properties at the inlet temperature. Fig. 2.10 (a)-(d) shows that the

difference between the results of constant property model and variable property model

is within 3%. The difference on mass flow rate, which is not shown in Fig. 2.10, is also

within 3%. Therefore, the effect of variable property is negligible for small outlet/inlet

bulk temperature ratio cases. A case with large outlet/inlet bulk temperature ratio is

studied through Fig. 2.11 (a)-(d), which compare the results between variable property

model and constant property model under the same uniform wall heat flux boundary

condition q̄w = 2 × 10−4. The outlet/inlet bulk temperature ratio for the case in Fig.

2.11 is around 1.4 as depicted by Fig. 2.11 (c). As in the small outlet/inlet bulk

temperature ratio case, the constant property model uses the properties at the inlet

temperature. Fig. 2.11 (a) shows that constant property model can very well predict

the local Nusselt number along the microchannel. The maximum difference on the local

Nusselt number between the two models is below 3%. Fig. 2.11 (b) shows that constant
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Table 2.2: Grid dependence test results for Channel #2. (a)Centerline temperature;
(b)Centerline streamwise velocity.

(a) Tcenter/T0

Grid x = 300µm x = 600µm x = 900µm x = 1200µm

750×11 1.08162834 1.16287437 1.24344603 1.32257181
1100×15 1.08338110 1.16609956 1.24776242 1.32738766
1500×19 1.08388886 1.16693878 1.24868975 1.32802466
2300×29 1.08396035 1.16682244 1.24803444 1.32630770
3000×37 1.08389450 1.16660243 1.24753322 1.32532099

(b) ucenter/a0 × 100

Grid x = 300µm x = 600µm x = 900µm x = 1200µm

750×11 0.84529697 0.98539234 1.17433592 1.45808546
1100×15 0.83699282 0.97603252 1.16338625 1.44486089
1500×19 0.83425868 0.97282813 1.15942272 1.43967512
2300×29 0.83286107 0.97091163 1.15661000 1.43527115
3000×37 0.83265412 0.97053341 1.15592931 1.43401807

property model underestimates the bulk temperature rise along the channel by up to

10%. Fig. 2.11 (c) presents the shear stress at the wall. It is found that constant

property model overestimates the wall shear in the region close to the inlet, while gives

underestimation near the outlet. To identify the overall influence of the wall shear,

the mass flow rates predicted by the two models are compared. It is found that the

constant property model overestimates the mass flow rate by 14%. The volume flow rate

along the microchannel is shown in Fig. 2.11 (d), from which it is found that constant

property model gives higher volume flow rate. In conclusion, for large outlet/inlet

bulk temperature ratios, constant property model will not make much difference on the

Nusselt number, however, could cause more than 10% deviation on other characteristic

quantities.

2.4.2 Source Terms in Energy Equation

Since the length-to-height ratios of most macrochannels are very small compared to

those of most microchannels, pressure work and viscous dissipation are normally ig-

nored in the modeling of macrochannel gas flows. For microchannel gas flows, viscous

dissipation has been shown to be nonnegligible [18, 19]. Compressibility effects have

also been explored by some groups [20, 21], but more on fluid field rather than thermal
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Figure 2.10: Comparison of variable property model with constant property model for a
case with H2 type wall boundary condition q̄w = 5×10−5. (a) Nusslet number; (b) Bulk
temperature; (c) Wall shear stress; (d) Volume flow rate. The solid lines denote the
results from variable property model, while the dash lines denote those from constant
property model.
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Figure 2.11: Comparison of variable property model with constant property model for a
case with H2 type wall boundary condition q̄w = 2×10−4. (a) Nusslet number; (b) Bulk
temperature; (c) Wall shear stress; (d) Volume flow rate. The solid lines denote the
results from variable property model, while the dash lines denote those from constant
property model.
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field. In their paper on size effect, Guo and Li [37] gave a brief but very insightful

discussion on the source terms in energy equation. In fact, for the compressible flows in

our real life, the energy loss due to thermal expansion is a very prominent effect, which

is, for example, the working mechanism of many engines. For the cases with isothermal

wall boundary condition and short entrance length, although pressure work and viscous

dissipation will determine the amount of energy that needs to be either removed from

or fed to the flow, the bulk temperature will remain almost constant for the majority

part of the channel length and hence the source terms will not make sensible impact

on fluid field. In contrast, for the cases with uniform heat flux (H2) wall boundary

conditions, even if constant property model is used, because of the source terms, the

bulk temperature profile along the channel is still possible to be pulled away from linear

distribution. Therefore, in next paragraph, the source terms in energy equation will be

carefully examined for the H2 type wall boundary condition.

Similar to the approach employed in the investigation of variable property effects,

the low and high heat flux cases are studied separately. First, for a low heat flux case

with q̄w = 5 × 10−5, four different models are investigated. The first model includes

both pressure work (PW) and viscous dissipation (VD); the second one includes PW

only; the third one includes VD only; and the fourth one includes neither PW nor VD.

Since the source terms in energy equation will directly influence thermal field only, bulk

temperature (Fig. 2.12) is the only parameter used to compare the four models. From

Fig. 2.12, it is found that either VD or PW, if solely considered, is very important and

could cause very large error if missed in modeling. On the other hand, their combined

effects are relatively small, where the error on bulk temperature rise is about 10%. For

a large heat flux case with q̄w = 2 × 10−4, the same four models as those employed

in low heat flux case are used to investigate the effect of the energy equation source

terms. As shown in Fig. 2.13, similar to the findings in Fig. 2.12, the sole neglect

of either VD or PW could cause huge error, while the error caused by the neglect of

both is relatively small - only about 5% error on bulk temperature rise. Therefore, the

combined influence of PW and VD is more significant for small heat flux cases.
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Figure 2.12: Comparison of bulk temperature profiles for four cases with the same H2
type wall boundary condition q̄w = 5× 10−5, but modeled in four different ways: PW
& VD - including both pressure work (PW) and viscous dissipation (VD); VD only -
including VD only; PW only - including PW only; None - including neither.
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Figure 2.13: Comparison of bulk temperature profiles for four cases with the same H2
type wall boundary condition q̄w = 2× 10−4, but modeled in four different ways: PW
& VD - including both pressure work (PW) and viscous dissipation (VD); VD only -
including VD only; PW only - including PW only; None - including neither.
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2.4.3 Is the Traditional Continuum Model Good Enough for Microchan-

nel Gaseous Slip Flows?

Apart from variable properties and the source terms in energy equation, based on my

literature review, rarefaction has been very well considered by almost every numerical

or analytical study on microchannel gas flows. Velocity slip and temperature jump wall

boundary conditions are thought to be capable of interpreting the difference between

micro- and macroscale gas flows. Therefore, to model microchannel gas flows, rarefac-

tion, the source terms in energy equation and variable properties should all be included.

Then the author comes up with another question: How much will be the deviation, if

microchannel gas flows are modeled in the same way as for most macrochannel gas

flows? First, for microchannel gas flows with isothermal wall boundary condition, ap-

parently the traditional continuum model will underestimate mass flow rate and thus

fail to describe the fluid field accurately. To answer the same question for microchannel

gas flows under constant heat flux (H2) boundary condition, again the low and high

heat flux cases are studied separately. First, for a low heat flux case with q̄w = 5×10−5,

two models are compared: Model A (the model proposed for microchannel gas flows)

incorporates variable properties, rarefaction and the source terms in energy equation;

Model B (the traditional continuum model for most macrochannel gas flows) uses con-

stant properties at inlet temperature, and excludes rarefaction as well as the source

terms in energy equation. Fig. 2.14 (a) shows the comparison on the Nusselt number.

It is found that Model B gives a constant Nusselt number around 4.27, while under

Model A, the Nusselt number decreases along the channel. From Fig. 2.14 (b), it is

found that Model B overestimates the bulk temperature rise up to more than 20%. Fig.

2.14 (c) shows that the difference on local wall shear stress along the channel between

Model A and Model B is merely up to 3%. The difference on mass flow rate between

the two models that is not shown here is within 7%. Fig. 2.14 (d) shows that volume

flow rate is underestimated by up to 6% under Model B. Therefore, for this low heat

flux case, the difference between the two models on fluid field is below 10%, while that

on thermal field could be beyond 20%. Fig. 2.15 (a)-(d) compare Model A with Model
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B for a large heat flux case with q̄w = 2×10−4. Fig. 2.15 (a) shows very similar findings

to those shown in Fig. 2.14 (a). So for both low and high heat flux cases, there ex-

ists a qualitative difference between the Nusselt numbers predicted by the two models.

Fig. 2.15 (b) shows that Model B overestimates bulk temperature rise by up to 5%.

Fig. 2.15 (c) compares the local wall shear stress, where it is found that the difference

between the two Models is within 6%. The difference on mass flow rate between the

two models that is not shown here is within 1%. It is found in Fig. 2.15 (d) that the

difference on local volume flow rate between the two models is within 3%. Therefore,

for this large heat flux case, the difference between the two models is smaller compared

to the above small heat flux case except for the Nusselt number. Based on the results

in Fig. 2.14 and Fig. 2.15, it can be concluded that, for microchannel gas flows, the

traditional continuum model (Model B) can lead to both qualitative and quantitative

differences compared to the model proposed for microchannel gas flows (Model A).

2.5 Summary

In this chapter, some modeling issues are investigated for microchannel gas flows. Nu-

merically, to resolve the intense computation required by the large computational do-

main and quasi-steady nature of the problems, a parallel SIMPLER-based solver is used

together with the serial version. Some implemental issues related to the parallel solver

is discussed and solved. Physically, the influence of variable properties and the source

terms in energy equation are measured. It is found that variable property model needs

to be used for large outlet/inlet bulk temperature ratio cases, while for low outlet/inlet

bulk temperature ratio cases, the influence of variable properties is negligible. For the

source terms in energy equation, either pressure work or viscous dissipation, if solely

neglected, could cause huge error. However, if pressure work and viscous dissipation

are both neglected, the resulted error is relatively small. Finally, the traditional contin-

uum model (using constant properties at inlet temperature, neglecting pressure work

and viscous dissipation as well as rarefaction) is compared with the proposed model

for microchannel gas flows (using variable properties, including both pressure work and
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Figure 2.14: Comparison of the two cases with the same H2 type wall boundary con-
dition q̄w = 5 × 10−5, but using two different models: Model A (solid lines) incorpo-
rates variable properties, rarefaction and the source terms in energy equation; Model B
(dashed lines) uses constant properties at inlet temperature, and excludes rarefaction as
well as the source terms in energy equation. (a) Nusslet number; (b) Bulk temperature;
(c) Wall shear stress; (d) Volume flow rate.
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Figure 2.15: Comparison of the two cases with the same H2 type wall boundary con-
dition q̄w = 2 × 10−4, but using two different models: Model A (solid lines) incorpo-
rates variable properties, rarefaction and the source terms in energy equation; Model B
(dashed lines) uses constant properties at inlet temperature, and excludes rarefaction as
well as the source terms in energy equation. (a) Nusslet number; (b) Bulk temperature;
(c) Wall shear stress; (d) Volume flow rate.
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viscous dissipation as well as rarefaction). It is concluded that, the traditional contin-

uum model can lead to both qualitative and quantitative differences compared to the

model proposed for microchannel gas flows.
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Chapter 3

Two Dimensional Steady-State Pressure-Driven Nitrogen

Flow in Long Microchannels Under Isothermal Wall

Boundary Condition

3.1 Introduction

In the early 1990s, several groups of experimentalists reported the discrepancy between

microchannel flows and the continuum theory [7, 8, 9, 10]. To understand microscale

gaseous convection, many analytical and numerical studies are conducted. Arkilic et

al. [13] studied pressure-driven helium flow in a long microchannel both analytically

and experimentally. It was found that by taking velocity slip and compressibility into

account, 2D Navier-Stokes equations could fairly accurately predict mass flow rate.

Instead of using velocity slip and temperature jump to model the laminar microscale

fully developed flow, Li et al. [14] proposed the ’wall-adjacent layer’, where the change

of gas thermal conductivity results in significant influence on heat transfer and is able

to make accurate qualitative predictions. The laminar fully developed slip-flow forced

convection in rectangular microchannels with isothermal wall boundary condition was

investigated analytically by Yu and Ameel [15]. They discussed the effects of velocity

slip and temperature jump on Nusselt number and showed that, compared to no-slip

flow condition, heat transfer could be either reduced or enhanced. In a recent paper,

Chen [18] carried out an analytical study on the developing thermal field in laminar

forced convection in a microchannel with isothermal wall boundary condition, where

viscous dissipation was considered in addition to rarefaction, while fluid field was still

assumed to be full-developed. Jeong and Jeong [19] extended Chen’s [18] work by

including axial conduction into their analysis. To solve the developing fluid field, many

numerical studies have been completed. Beskok et al. [20] presented their numerical
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simulations, where rarefaction, compressibility, viscous dissipation as well as thermal

creep were considered. They discussed the competing effects of compressibility and

rarefaction on the nonlinear pressure distribution of the gas flow in long microchannels,

which interpreted the findings of Pong et al. [9]. Guo and Wu [21] numerically studied

compressibility effects on gas flow and heat transfer in a microtube, where rarefaction

were not considered. They concluded that fully developed pressure-driven gas flow does

not exist due to compressibility. It was also shown by Guo and Wu [21] that, because

of the large dependence of thermal field on fluid field, for microchannel gas flows with

non-negligible Mach number, fully developed thermal field does not arise. To reproduce

the experimental results by Pong et al. [9], Chen et al. [2] conducted 2D numerical

simulations, where the flow was modeled as compressible with rarefaction and viscous

dissipation. Raju and Roy [23] studied supersonic microchannel flows and compared

their results with published direct-simulation Monte Carlo results.

Based on my literature review, to my best knowledge, most published numerical

studies on microchannel gas flows are 2D jobs and use constant gas properties. So far,

no comprehensive numerical studies have been completed on the developing fluid and

thermal fields of pressure-driven gas flow in long microchannels with length-to-height

ratio in the order of 103 : 1. The study on flow in long microchannels is motivated by

the fact that, very short microchannels are rarely used in practice. As an extension

of Chapter 2, this chapter concentrates on isothermal wall boundary condition. The

organization is as follows: section 3.2 briefs the numerical model; section 3.3 presents

the numerical results and the discussion; finally, conclusions are given in section 3.4.

3.2 Numerical Model Description

The readers can refer to Chapter 2 for mathematical model and numerical procedure.

In this chapter, nitrogen gas flows with isothermal wall boundary conditions are in-

vestigated. Variable properties, rarefaction effects (velocity slip, thermal creep and

temperature jump), compressibility and viscous dissipation are all included. The em-

ployed computational method is based on the SIMPLER algorithm and has both a

serial and a parallel version. The parallel solver is built with the domain decomposition
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method (DDM). As we did before, the parallel solver is first employed and runs until

some convergence criteria are reached. Then to eliminate the singularity caused by

the DDM, the results from the parallel solver are fed to the serial solver, which then

runs until the desired convergence is achieved. To get the steady state solution, time

marching method is used. The convergence criteria for the parallel solver are of the

form

ε = max





if ξn 6= 0 |ξn+1−ξn|
|ξn|

if ξn = 0 |ξn+1|



 (3.1)

where ξ applies to streamwise velocity u, temperature T as well as the variables in the

overlapping regions of the subdomains and the superscripts denote the time step. The

convergence criteria for the serial solver take the same form as for the parallel solver,

while ξ only applies to streamwise velocity u and temperature T . The computation for

all the cases involved in this chapter stopped running when ε falls below 1 × 10−8 for

the final serial run. In this chapter, the channel to be studied is the Channel #1, which

is given in Fig. 2.1 and Table 2.1 in Chapter 2. The grid size remains the same as that

employed in Chapter 2 for Channel #1, i.e., 6000×23 (X×Y).

3.3 Results and Comments

In this section, the results of the 2D simulations of microchannel pressure-driven ni-

trogen flow with isothermal wall boundary condition are presented and analyzed. The

Channel #1 described by Fig. 2.1 and Table 2.1 in Chapter 2 is employed. The in-

let temperature, Tw, is fixed at 314K. In section 3.3.1, the effects of different wall

temperatures are studied through four cases, in which the wall temperature over inlet

temperature ratio, Tw/T0, is set to 1.2, 1.4, 1.6, and 1.8, respectively. For these four

cases, the inlet/outlet pressure ratio, PR = Pout/Pin, is fixed at 2.701, and the outlet

pressure is fixed at 1× 105Pa. The rarefaction effects are also studied in section 3.3.1.

Then in section 3.3.2, the influence of the inlet/outlet pressure ratio is investigated,

where the inlet/outlet pressure ratio is tuned from 1.340 to 2.701 and the Tw is fixed

at 1.2. Finally, some comments are made in section 3.3.3.
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Figure 3.1: Centerline temperature profile in thermal entrance region for the cases with
different Tw/T0’s at 1.2, 1.4, 1.6, and 1.8, respectively.

3.3.1 Wall Temperature

Fig. 3.1 gives the streamwise centerline temperature profile for the cases with different

Tw’s, where only the entrance region is shown. It is found that the entrance length

required for the development of thermal field is merely up to a few channel heights. In

the thermally developed region, the temperature profile on a cross section that is not

shown here is found to be almost flat with the centerline temperature slightly lower

than the wall temperature. Therefore, after the short thermal entrance region, the

microchannel nitrogen flow with isothermal wall boundary condition becomes almost a

pure fluid field problem.

Fig. 3.2 shows local Nusselt number (Nu) along the channel in the thermal entrance

region, where

Nu =
qwH

k(Tw − Tbulk)
(3.2)
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From Fig. 3.2, it is found that, in thermal entrance region, Nu first drops to somewhere

between 3.0 and 4.0, then drops again to somewhere below unity. The first drop of Nu

is due to the development of thermal field. Before the second drop of the Nu, wall

heat flux is dominant over energy generation or loss (the combined effect of viscous

dissipation and pressure work) within the flow. After thermal field is developed, pressure

work (PW) and viscous dissipation (VD) turn out to be the main mechanism and thus

combine to play the major role on Nu. So the second drop of Nu basically characterizes

the switch of the dominance on Nu from wall heat flux to energy generation or loss

within the flow. The decrease of Nu before the second drop as Tw can be explained by

the adverse influence of rarefaction on Nu in engineering conditions as shown by Yu and

Ameel [15] as well as Jeong and Jeong [19]. That is, velocity slip promotes mass and

hence energy transport at wall, while temperature jump increases thermal resistance

at wall. For nitrogen, it has been shown [15, 19]that, temperature jump is dominant

over velocity slip in the competition on Nu and hence larger Kn leads to lower Nu.

As shown later in Fig. 3.4, Kn increases as Tw at a given streamwise position, which

results in the decrease of Nu as Tw before the second drop of Nu. In Fig. 3.3, to study

rarefaction effects, Kn is set to zero for the four cases in Fig. 3.2. It is found that

without rarefaction, Nu still drops twice in entrance region: first drops to a constant

around 4.10, then drops again to another constant around minus 0.68. The mechanism

for the two drops is the same as that for the cases with rarefaction. The coincidence

on the two constants (4.10 and minus 0.68) for the cases with different Tw’s is due to

the removal of rarefaction.

Fig. 3.5 shows Nu after its second drop. For the cases with Kn = 0, after its second

drop, Nu remains constant at minus 0.68. For the cases with nonzero Kn, Nu increases

after its second drop till the outlet of the channel and increases as Tw. To understand

the behavior of Nu after its second drop, the ratio of PW over VD is plotted in Fig.

3.6, where only the cases with nonzero Kn’s are visible. It is found that the magnitude

of PW/VD ratio increases as Tw and along the channel. For the cases with Kn = 0,

PW/VD ratio that is not shown here is found to be constant at minus unity. As pointed

out above and based on Fig. 3.6, after the second drop of Nu, the energy loss within
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Figure 3.2: Local Nusselt number in thermal entrance region for the cases with different
wall temperatures and Kn > 0.
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Figure 3.4: Knudsen number for the cases with different wall temperatures.

the flow is dominant on Nu. Rarefaction, which is characterized by Kn, decreases VD

close to the wall and increases the velocity near centerline due to the reduced friction

at wall. If the increased velocity as rarefaction near centerline is combined with the

almost unchanged pressure distribution (Fig. 3.7), PW near centerline will increase as

rarefaction. According to Fig. 3.4, Kn increases as Tw, which directly results in the

increase of PW/VD ratio magnitude as Tw in Fig. 3.6. Therefore, higher Tw’s lead to

higher Nu’s as shown in Fig. 3.5. Similarly, the trend of Nu along the channel can be

explained by the fact that the magnitude of PW/VD ratio increases along the channel as

shown in Fig. 3.6. For the cases with Kn=0, based on the fact that PW/VD is constant

at minus unity, VD and PW cancel out, which makes the constant Nu possible. The

negative Nu’s for the cases without rarefaction is primarily caused by the VD close to

the wall. Apart from Nu, the magnitude of PW/VD ratio (> 1) can also interpret the

temperature profile at a cross section: the lower centerline temperature is caused by

the energy loss near the centerline and the energy generation near the channel wall.

Fig. 3.8(a) compares u-velocity profiles of the two cases with different Tw’s at three

streamwise locations. It is found that u-velocity decreases as Tw, and this trend is
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true for all four Tw’s studied. Fig. 3.8(b) compares v-velocity profiles at the same

streamwise locations. Contrary to the trend found in Fig. 3.8(a), v-velocity increases

as Tw goes up, and this trend is true for all four Tw’s studied. Fig. 3.8(a) and (b)

clearly demonstrate the fact that fluid field is not at all fully developed even for very

long microchannels. The wall conditions are summarized in Fig. 3.9 and 3.10. Fig.

3.9(a) shows that wall shear stress increases as Tw and along the channel. It is clear

that viscosity keeps constant along the channel, so (du/dy)wall must increase along the

channel as shown in Fig. 3.9(b). Fig. 3.9(b) also shows that (du/dy)wall decreases

as Tw. Therefore, the increase of wall shear stress along the channel results from the

competition between (du/dy)wall and viscosity, which increases as Tw. Knudsen number

and slip velocity are shown in Fig. 3.4 and Fig. 3.10, respectively. The increasing trend

of Kn and slip along the channel clearly shows that larger Kn and slip may not lead

to smaller wall shear stress. Centerline velocity and local centerline Reynolds number,

Recenter =
ρcenterucenterH

µcenter
(3.3)

are shown in Fig. 3.11(a) and (b), respectively. The variation of centerline u-velocity

agrees with the results by Chen et al. [2]. That is, centerline u-velocity increases

as the flow goes downstream for a fixed Tw. It is also shown by Fig. 3.11(a) that

centerline velocity decreases as Tw at a fixed streamwise location because of the change

of viscosity with Tw. Recenter, on the other hand, decreases as the flow goes downstream

for a fixed Tw and increases as Tw at a fixed streamwise location. The opposite trend

of Recenter along the channel compared to ucenter is caused by the variation of gas

properties. At a fixed Tw, density decreases as pressure decreases along the channel

and hence reduces Recenter even with increased ucenter. At a fixed streamwise location,

with almost unchanged pressure distribution (Fig. 3.7), density decreases as Tw and

dynamic viscosity increases as Tw, both of which cause reduced Recenter along with

reduced ucenter. Finally, volume and mass flow rates are presented in Fig. 3.12. Fig.

3.12(a) shows that, similar to the ucenter, volume flow rate decreases as Tw. Fig. 3.12(b)

shows that, under the same inlet and outlet pressures, mass flow rate decreases with Tw.

Fig. 3.12(b) also presents the mass flow rates of the corresponding cases with Kn = 0.
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As expected, slip boundary condition results in higher mass flow rate.

3.3.2 Inlet/Outlet Pressure Ratio

In this section, five cases with different inlet/outlet pressure ratios (PR) ranging from

1.340 to 2.701 but the same Tw/T0 = 1.2 are compared. Fig. 3.13 shows Nu in thermal

entrance region. Similar to the findings in Fig. 3.2, Nu experiences two drops. Here

in Fig.3.13, before its first drop, Nu increases as PR, which can be interpreted by

Kn showed in Fig. 3.14 using the same theory as that used to explain Fig. 3.13.

That is, higher PR leads to lower Kn, which results in higher Nu when the wall

heat flux dominates on Nu. Nu after its second drop is shown in Fig. 3.15. It

is found that Nu increases along the channel and decreases as PR. Similar to the

explanation of Fig. 3.5, the behavior of Nu can be explained by energy loss within the

flow. Using Fig. 3.16, PW/VD is larger for low PR cases and thus leads to higher

Nu. Fig. 3.17 shows centerline pressure profile along the channel. It is found that

the nonlinearity of centerline pressure profile increases as PR. Knudsen number is

shown in Fig. 3.14; Fig. 3.18 and Fig. 3.19 present wall shear stress and slip velocity,

respectively; Fig. 3.20 shows centerline u-velocity. Slip velocity, wall shear stress and

centerline u-velocity increase as PR and along the channel, while Kn increases along

the channel but decreases with PR. Volume and mass flow rates are shown in Fig.

3.21(a) and (b), respectively, where the increase as PR is very obvious.

3.3.3 Comments

Nusselt number (Nu) under isothermal wall boundary condition has been studied by

several groups [15, 18, 19]. In the work by Yu and Ameel [15], the flow is assumed

to be fully developed, and pressure work (PW) as well as viscous dissipation (VD)

are neglected. Yu and Ameel showed that for engineering applications where air is

the working gas and wall surface is rough, rarefaction leads to lower Nu compared to

continuum model. Their key idea lies on the competition between temperature jump

and velocity slip on Nu, the combined effect of which could make Nu either increase or

decrease depending on the working gas as well as the wall surface properties. In Chen’s
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Figure 3.8: Comparison of velocity profiles at three different streamwise locations be-
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Figure 3.9: Wall shear stress for the cases with different wall temperatures. (a) Wall
shear stress; (b) U-velocity gradient in y-direction.
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Figure 3.10: Slip velocity for the cases with different wall temperatures.

work [18], VD is considered. Chen [18] showed that VD leads to higher Nu. Instead of

the two drops of Nu found in Fig. 3.2, when only VD is considered, Chen [18] showed

that Nu first drops to some constant and then increases to another constant. This

discrepancy is due to the absence of PW in Chen’s model [18]. Jeong and Jeong’s study

[19] agreed with Chen’s work [18] on the role of VD on Nu. As found in Fig. 3.5 and

3.6, when wall heat flux loses its dominance on local Nu, local Nu becomes a function

of PW/VD, which is per se a function of Kn as demonstrated by Fig. 3.6 and Fig.

3.9(b). As shown in Fig. 3.8(a) and (b), v-velocity is negligible compared to u-velocity.

Also the cross-section pressure gradient is small compared to the streamwise pressure

gradient. So most of PW is done near centerline of the channel. On the other hand,

VD mainly occurs near the wall. When rarefaction becomes larger, slip velocity leads

to the decrease of VD near the wall. Since the inlet and outlet pressures are fixed and

pressure gradient is mainly controlled by compressibility, pressure distribution is not

changed much. At the same time, rarefaction results in higher velocity near centerline

and thus makes PW increase. Therefore, as depicted by Fig. 3.6 and Fig. 3.4, the

magnitude of PW/VD increases as Kn. The increasing dominance of PW over VD
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Figure 3.11: Centerline flow conditions for the cases with different wall temperatures.
(a) U-velocity; (b) Reynolds number.
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Figure 3.12: Flow rates for the cases with different wall temperatures. (a) Volume flow
rate; (b) Mass flow rate.



54

x/H

N
u

1

1

2

2

3

3

4

4

5

5

6

6

7

7

8

8

9

9

10

10

0 0

0.5 0.5

1 1

1.5 1.5

2 2

2.5 2.5

3 3

3.5 3.5

4 4

Pin/Pout=1.340
Pin/Pout=1.680
Pin/Pout=2.020
Pin/Pout=2.361
Pin/Pout=2.701

Figure 3.13: Local Nusselt number in thermal entrance region for the cases with different
inlet/outlet pressure ratios.



55

x/H

K
n

0

0

500

500

1000

1000

1500

1500

2000

2000

2500

2500

0.02 0.02

0.04 0.04

0.06 0.06

0.08 0.08

0.1 0.1

Pin/Pout=1.340
Pin/Pout=1.680
Pin/Pout=2.020
Pin/Pout=2.361
Pin/Pout=2.701

Figure 3.14: Knudsen number for the cases with different inlet/outlet pressure ratios.

then leads to the increase of Nu along the channel. In previous studies on gaseous slip

flows with isothermal wall boundary condition, the impact of rarefaction on near-wall

mass transport and thermal resistance is investigated very well, while the influence of

rarefaction on PW and VD did not draw sufficient attention. Also it is found that for

perfect gas, if there is no rarefaction, PW and VD cancel out. To my best knowledge,

there is no proof available for this cancelation, which is thus to be further verified in

the study on the cases with uniform wall heat flux boundary condition.

3.4 Conclusions

Based on the results presented in section 3.3, for pressure-driven microchannel nitrogen

slip flow with isothermal wall boundary condition, some conclusions are made below:

• For long microchannels with very large length-to-height ratios, thermal entrance

length is very small. Therefore, on the majority part of the channel, microchannel

nitrogen slip flow under isothermal wall boundary condition is almost a pure fluid

field problem.
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Figure 3.18: Wall shear stress for the cases with different inlet/outlet pressure ratios.
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Figure 3.19: Slip velocity for the cases with different inlet/outlet pressure ratios.
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Figure 3.20: Centerline U-velocity for the cases with different inlet/outlet pressure
ratios.

• Rarefaction influences Nusselt number in different ways along the channel. Nusselt

number drops twice in thermal entrance region. During the first drop, thermal

field is developing and wall heat flux is dominant over the energy loss within gas

flows on Nusselt number. So the increased thermal resistance due to temperature

jump plays the main role on Nusselt number before the second drop. Therefore,

before the second drop, rarefaction leads to lower Nusselt number. After the

second drop, thermal field is developed and the energy loss within gas flows,

which is a function of Knudsen number, becomes dominant on Nusselt number.

Specifically, Nusselt number increases as the magnitude of pressure work over

viscous dissipation ratio, which increases as Knudsen number. Therefore, after

the second drop, rarefaction leads to larger Nusselt number.

• Pressure work to viscous dissipation ratio is a function of the degree of rarefac-

tion. Rarefaction reduces viscous dissipation near the wall as well as increases

pressure work near centerline, and thus makes pressure work dominant over vis-

cous dissipation for perfect gases.
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Figure 3.21: Flow rates for the cases with different inlet/outlet pressure ratios. (a)
Volume flow rate; (b) Mass flow rate.



62

• There is no fully developed fluid field; for different wall temperatures with inlet

and outlet pressures fixed, the difference on pressure distribution is negligible;

both volume and mass flow rates decrease with wall temperature and increase as

inlet/outlet pressure difference.
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Chapter 4

Two Dimensional Steady-State Pressure-Driven Nitrogen

Flow in Long Microchannels Under Uniform Heat Flux

Wall Boundary Condition

4.1 Introduction

Analytical solutions of fully-developed slip-flow heat transfer with uniform heat flux

wall boundary condition in microtubes were given by Sparrow et al. [12] in as early as

1962. With slip boundary conditions, Sparrow et al. [12] found that fully-developed

Nusselt number decreased with Knudsen number. Instead of using slip boundary con-

ditions to model laminar microscale fully developed flow, in their analytical study, Li

et al. [14] proposed the ’wall-adjacent layer’, where the change of gas thermal con-

ductivity results in significant influence on heat transfer and is able to make accurate

qualitative predictions. Laminar fully-developed slip-flow forced convection in rectan-

gular microchannels with isoflux wall boundary condition was investigated analytically

by Yu and Ameel [16]. They discussed the effects of velocity slip and temperature

jump on Nusselt number and showed that, compared to no-slip flow condition, heat

transfer could be either reduced or enhanced. Tunc and Bayazitoglu [17] conducted

an analytical study on convective heat transfer in a rectangular microchannel, where

the flow is assumed to be thermally and hydrodynamically fully-developed. In their

paper, the variation of Nu with Kn as well as the channel aspect ratio are presented

and discussed. As one of the very recent attempts, Jeong and Jeong [19] analytically

studied microchannel hydrodynamically developed gas flow with uniform heat flux wall

boundary condition, where rarefaction, streamwise conduction and viscous dissipation

are all included.

The analytical studies mentioned above revealed the physics of microchannel gas
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flow in a very neat and indicative manner. However, due to the limitations of ana-

lytical methods, the physical pictures presented in [12, 14, 16, 17, 19] are under some

strong assumptions, including fully developed fluid field, constant gas properties, neg-

ligible compressibility and so on. Unfortunately, for pressure-driven gas flows, such

assumptions are rarely valid. For example, it has been shown numerically by Guo and

Wu [21] and in Chapter 3 that hydrodynamically fully developed pressure-driven mi-

crochannel gas flows do not arise due to compressibility. Therefore, a lot of researchers

employ experimental and/or numerical methods to study microchannel pressure-driven

gas flows. In the early 1990s, several groups of experimentalists reported the discrep-

ancy between microchannel slip flows and continuum theory [7, 8, 9, 10]. It is these

early experimental findings that motivated many people to study microchannel gaseous

slip flows. Arkilic et al. [13] studied pressure-driven helium flow in a long microchannel

both analytically and experimentally. It was found that by taking velocity slip and

compressibility into account, 2D Navier-Stokes equation could fairly accurately predict

mass flow rate. Beskok et al. [20] presented their numerical simulations, where rar-

efaction, compressibility, viscous dissipation as well as thermal creep were considered.

They discussed the competing effects of compressibility and rarefaction on the non-

linear pressure distribution of gas flows within long microchannels, which interpreted

the experimental findings by Pong et al. [9]. Guo and Wu [21] numerically studied

the compressibility effect on gas flow and heat transfer in a microtube, where rarefac-

tion was not considered. They concluded that fully developed pressure-driven gas flow

does not exist due to compressibility. It was also shown by Guo and Wu [21] that,

because of the large dependence of thermal field on flow field, for microchannel gas

flows with non-negligible Mach number, fully developed thermal field does not arise.

To reproduce the experimental results by Pong et al. [9], Chen et al. [18] conducted

2D numerical simulations, where slip flows in rectangular microchannels were mod-

eled as compressible with rarefaction and viscous dissipation. Recently, Raju and Roy

[23] numerically studied supersonic microchannel flows and compared their results with

published direct-simulation Monte Carlo results. As an extension of Chapter 2 and

Chapter 3, this chapter concentrates on uniform wall heat flux boundary condition for
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a long microchannel with 500:1 length-to-height ratio. The organization is as follows:

section 4.2 briefs the numerical model; section 4.3 presents the numerical results with

discussions; finally, conclusions are given in section 4.4.

4.2 Numerical Model Description

The readers can refer to Chapter 2 for mathematical model and numerical procedure.

In this chapter, nitrogen gas flows with uniform heat flux wall boundary condition are

investigated. Variable properties, rarefaction (velocity slip, thermal creep and temper-

ature jump), compressibility and viscous dissipation are all included. The employed

computational method is based on the SIMPLER algorithm and has both a serial and

a parallel version. The parallel solver is built with the domain decomposition method

(DDM). As we did before, parallel solver is first employed and runs until some conver-

gence criteria are reached. Then to eliminate the singularity caused by the DDM, the

results from parallel solver are fed to serial solver, which then runs until the desired

convergence is achieved. To get steady state solution, time marching method is used.

The convergence criteria for parallel solver are of the form

ε = max





if ξn 6= 0 |ξn+1−ξn|
|ξn|

if ξn = 0 |ξn+1|



 (4.1)

where ξ applies to streamwise velocity u, temperature T as well as the variables in the

overlapping regions of the subdomains and the superscripts denote the time step. The

convergence criteria for serial solver take the same form as for parallel solver, while

ξ only applies to streamwise velocity u and temperature T . The computation for all

cases involved in this chapter stopped when ε falls below 1× 10−12 for the final serial

run. In this chapter, the channel to be studied is the Channel #2 given in Fig. 2.1 and

Table 2.1 in Chapter 2. Using the grid dependence test results presented in Table 2.2

of Chapter 2, the grid size 2300×29 (X×Y) is selected.
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4.3 Results and Comments

All the cases involved in this chapter are on the Channel #2 that is described by Fig.

2.1 and Table 2.1 in Chapter 2, and using nitrogen as the working gas. In section 4.3.1,

the results of the cases with different wall heat fluxes are presented and analyzed. Then

in section 4.3.2, rarefaction is turned off by setting Knudsen number to zero, and the

results are compared with those in section 4.3.1. Section 4.3.3 focuses on the influence

of inlet/outlet pressure ratio. Finally, some comments are given in section 4.3.4.

4.3.1 Wall Heat Flux

For the five cases involved in this section, the pressure ratio, PR = Pout/Pin, is fixed at

2.0, while the dimensionless wall heat flux q̄w = qwH
T0k0

ranges from 5×10−5 to 2.5×10−4.

Fig. 4.1 shows a typical velocity profile of the case with q̄w = 5×10−5, where Fig. 4.1(a)

and (b) shows u- and v-velocity profiles at three streamwise locations, respectively. Fig.

4.2 shows the temperature profile at x/H = 400. From Fig. 4.1(a) and (b), we found

that, compared to u-velocity, v-velocity is negligible. Based on Fig. 4.2, temperature

gradient on a single cross-section of the microchannel is very small, i.e., centerline

temperature can very well represent bulk temperature.

Centerline pressure profile is shown in Fig. 4.3, from which it is found that the

tilting from linear profile becomes greater as wall heat flux increases. This increased

departure from linearity for centerline pressure profile as wall heat flux goes up, is

mainly caused by the increased thermal expansion accompanying temperature rise. In

Fig. 4.4, it is found that bulk temperature increases along the channel, however, its

profile is nonlinear and lower than linear profile.

Flow conditions along the centerline of microchannel are described in Fig. 4.5. From

centerline streamwise velocity in Fig. 4.5(a), the acceleration due to compressibility is

obvious. Fig. 4.5(b) shows centerline Reynolds number, from which we can find that

flows are within laminar regime and Reynolds number decreases along the microchannel.

In addition, from Fig. 4.5(b), it is clear that with the same PR, Reynolds number

decreases as wall heat flux. The decrease of Reynolds number with wall heat flux can
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Figure 4.1: Velocity profile at the channel cross-sections of the case with q̄w = 5× 10−5

and PR = Pout/Pin = 2.0. (a) U-velocity profile at three streamwise locations; (b)
V-velocity profile at three streamwise locations.
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Figure 4.2: Temperature profile at the channel cross-section x/H = 400 of the case
with q̄w = 5× 10−5 and PR = Pout/Pin = 2.0.

be explained by the reduced density and centerline velocity, as well as the increased

viscosity.

Fig. 4.6 and Fig. 4.7 describe the flow condition close to channel wall. Fig. 4.6(a)

shows that Kn increases along the microchannel and as wall heat flux. The increase

of Kn along the channel is due to the drop of pressure and gas density as well as

the increase of viscosity caused by the rise of temperature. The increase of Kn with

wall heat flux can be explained by the lower density and larger viscosity due to higher

temperature. Slip velocity is shown in Fig. 4.6(b). For all five cases with different

wall heat fluxes, slip velocity increases along the microchannel, which is consistent with

the trend of Kn shown in Fig. 4.6(a). However, slip velocity does not always increase

as wall heat flux. There is a turnaround point around x/H = 200, before which slip

velocity decreases as wall heat flux while increases as wall heat flux thereafter. This

is because velocity slip is a function of not only Kn but also velocity gradient at the

wall. As an interpretation of Fig. 4.6(b), Fig. 4.7(b) clearly shows that, closer to inlet,

the difference on velocity gradient at the wall between the lower and higher heat flux
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Figure 4.5: Centerline flow condition for the cases with PR = Pout/Pin = 2.0 and q̄w

(qw,norm in figure) ranging from 5 × 10−5 to 2.5 × 10−4. (a) U-velocity; (b) Reynolds
number.
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cases is greater than the difference in far downstream region. Fig. 4.7(a) tells us that

although both Kn and velocity slip increase along the channel, wall shear stress always

increases along the channel. To understand this fact, first from Fig. 4.7(b), we find

that velocity gradient at the wall increases along the channel. In addition, viscosity

also increases along the wall due to the rise of gas temperature. Fig. 4.7(a) also shows

a turnaround point around x/H = 250, before which wall shear stress decreases as

wall heat flux while increases as wall heat flux thereafter. Similar to velocity slip, the

behavior of wall shear stress can be explained by Fig. 4.7(b) together with the increase

of viscosity as wall heat flux.

So far we have got the pictures at a single cross-section, along the centerline, and

along the channel wall. We understand most of them but the nonlinear bulk tempera-

ture profile along the channel. There are two source terms in energy equation: pressure

work and viscous dissipation, which could cause the tilting of bulk temperature profile.

Another factor could be the rise of specific heat due to the increase of temperature.

For the largest heat flux case (q̄w = 2.5 × 10−4), the change of specific heat along the

channel is within 4%. Our analysis shows that the variation of specific heat is far from

enough to cause the big tilting of bulk temperature profile. That is, pressure work and

viscous dissipation are the main cause of the nonlinear behavior of bulk temperature.

To demonstrate this point, the ratio of pressure work over viscous dissipation, PW/VD,

along the microchannel is plotted in Fig. 4.8. It is clear that the magnitude of pressure

work is more than that of viscous dissipation. This draining of energy from the flow

leads to the nonlinear bulk temperature profile. From Fig. 4.8, it is found that the

magnitude of PW/VD increases as wall heat flux and increases along the microchannel.

Besides outlet temperature, mass flow rate is another main concern. Fig. 4.9(a) and

(b) plotted volume and the mass flow rates, respectively. Fig. 4.9(a) is very consistent

with Fig. 4.5(a). Fig. 4.9(b) tells us that mass flow rate decreases as wall heat flux,

which means in Fig. 4.7(a), the overall shear is greater for higher wall heat flux cases.

From Fig. 4.9(b), it is obvious that the higher outlet temperatures achieved by higher

wall heat flux cases are not only due to feeding more energy, but also because of the
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Figure 4.6: Knudsen number and slip velocity for the cases with PR = Pout/Pin = 2.0
and q̄w (qw,norm in figure) ranging from 5× 10−5 to 2.5× 10−4. (a) Knudsen number;
(b) Slip velocity.
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Figure 4.7: Wall shear stress for the cases with PR = Pout/Pin = 2.0 and q̄w (qw,norm in
figure) ranging from 5× 10−5 to 2.5× 10−4. (a) Wall shear stress; (b) Velocity gradient
at the wall.
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reduced mass transport ability. The Nusselt number,

Nu =
qwH

k(Tw − Tbulk)
(4.2)

is plotted in Fig. 4.9, which shows that Nu decreases along the channel for all five cases.

Additionally, the Nu’s of higher wall heat flux cases are higher than those of lower wall

heat flux cases. During the calculation of Nu, wall temperature, Tw, is calculated by

the temperature jump boundary condition,

Tg − Tw =
2− σT

σT

(
2γ

1 + γ

)
λ

Pr

(
∂T

∂n

)

w

(4.3)

where the thermal accommodation coefficient σT = 1, i.e., rough wall surface.

4.3.2 Rarefaction Effects

In this section, for the five cases studied in section 4.3.1, rarefaction is turned off by

setting Knudsen number to zero, and the results without rarefaction are compared with

those with rarefaction. When rarefaction is excluded from the model, the first antic-

ipated change is the lower volume (Fig. 4.9 (a)) and mass flow rates (Fig. 4.9 (b)).

Compared to the strongly nonlinear bulk temperature profile of the cases with rarefac-

tion, Fig. 4.4 shows that the bulk temperature profiles for the corresponding cases

without rarefaction are almost linear. In Chapter 3, pressure work (PW) over viscous

dissipation (VD) ratio, PW/VD, has been shown to be minus unity when rarefaction

is turned off. The same phenomena are observed here. To understand it, first, from

energy equation, the pressure source term has a coefficient βT , which is unity under

the perfect gas assumption. The coefficient βT is much less than unity for most liquid,

which can explain why viscous dissipation is dominant over pressure work in most liq-

uid flows. Secondly, in current model, the unique violation against continuum theory

is the discontinuous boundary conditions at wall, which is characterized by Knudsen

number. Once Kn is set to zero, the model will comply with continuum theory. For

the cases studied in section 4.3.1, Kn is nonzero and increases along the channel, in

the meanwhile PW/VD departs from the minus unity further and further along the

channel. The results in Chapter 3 show the same trend. Definitely, some connection
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Figure 4.9: The influence of rarefaction on flow rates for the cases with PR =
Pout/Pin = 2.0 and q̄w (qw,norm in figure) ranging from 5 × 10−5 to 2.5 × 10−4. (a)
Volume flow rate; (b) Mass flow rate.
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exists between the magnitude of PW/VD and Kn. Rarefaction reduces viscous dissi-

pation close to the wall and increases pressure work near the centerline, which finally

leads to the increase of the magnitude of PW/VD. For perfect gases, this connection

can be summarized as: the magnitude of PW/VD increases with Kn and is equal to

unity when Kn is zero. To further verify this trend, a test case is done, where the inlet

Knudsen number, Kn0, is manually set to one half of the actual value for the case with

q̄w = 1.5 × 10−4. Fig. 4.8 shows that the resulting PW/VD curve falls between the

minus unity line and the curve with the actual value of Kn0. Apart from the linear

bulk temperature profile, Fig. 4.4 also shows that, if rarefaction is neglected, outlet

temperature will be overestimated, which can be explained by the change of PW/VD

and the reduced mass flow rate.

As for Nu, according to Fig. 4.10, the influence of rarefaction on Nu is inconsistent

along the channel. There is a turnaround point close to outlet. Before this turnaround

point, rarefaction results in lower Nu, while leads to larger Nu thereafter. Fig. 4.10

shows that this turnaround point moves closer to outlet as wall heat flux increases. In

general, for the wall heat fluxes tried in this chapter, rarefaction gives lower overall Nu.

To understand the findings in Fig. 4.10, two mechanisms must be considered. First,

rarefaction influences Nu through wall heat flux. That is, there is a competition between

velocity slip and temperature jump on Nu. Velocity slip promotes mass and hence

energy transport at the wall, while temperature jump increases thermal resistance at

the wall. For the case with nitrogen and rough wall surface, temperature jump is always

dominant over velocity slip in this competition. Therefore, in the first mechanism,

rarefaction leads to lower Nu. The second mechanism by which rarefaction influences

Nu is through the source terms in energy equation. Specifically, velocity slip reduces

VD near the wall while promotes PW near the centerline. It has been learned from

the discussion in Chapter 3 that, the magnitude of PW/VD increases as rarefaction

and Nu increases as the magnitude of PW/VD. Therefore, in the second mechanism,

rarefaction results in larger Nu. For the case with uniform wall heat flux boundary

condition, these two mechanisms concurrently exist along the channel. Therefore, the

inconsistency of the influence of rarefaction on Nu found in Fig. 4.10 is the combined
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effects of these two mechanisms. Specifically, before the turnaround point, the first

mechanism is dominant, while the second mechanism becomes dominant thereafter.

4.3.3 Inlet/Outlet Pressure Ratio

To improve convective heat transfer, the most intuitive way is to increase Reynolds

number, specifically inlet/outlet pressure ratio (PR = Pin/Pout) for pressure driven

flows with outlet pressure fixed. Fig. 4.11, Fig. 4.12, and Fig. 4.13 compare the results

of five cases with the same wall heat flux q̄w = 1×10−4 but different inlet/outlet pressure

ratios ranging from 1.5 to 3.5. Fig. 4.11 shows that bulk temperature increases along

the channel except for the case with PR = 3.5, which is shown separately in a small

window within the same figure. Fig. 4.12 shows that the magnitude of pressure work

over viscous dissipation ratio decreases with inlet/outlet pressure ratio. This seems to

be unable to result in the trend found in Fig. 4.11, where for larger pressure ratios,

bulk temperature profile departs more from linear distribution. The only reasonable

explanation for the bulk temperature profile of the case with PR = 3.5 is, the magni-

tudes of viscous dissipation and pressure work increase with PR. Fig. 4.13(a) shows

that Nusselt number decreases as inlet/outlet pressure ratio. Based on the definition

of Nusselt number, it is clear that qwH is the same for all cases in Fig. 4.13(a) and

thermal conductivity k rises with temperature, which will lead to the increase of Nus-

selt number as inlet/outlet pressure ratio. To produce the trend shown in Fig. 4.13(a),

temperature difference Tw−Tbulk must increases as inlet/outlet pressure ratio, as shown

in Fig. 4.13(b). From Fig. 4.13(b), one may find that Tw − Tbulk increases along the

channel for all cases except the case with PR = 1.5, as shown separately in a small

window within the same figure. Finally, Fig. 4.14 shows the mass flow rate, where the

expected increase with PR is obvious. In summary, the increase of PR can significantly

promote mass transport and hence benefit microchannel cooling, as depicted by Fig.

4.14 and Fig. 4.11, respectively.
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Figure 4.11: The influence of inlet/outlet pressure ratio on the bulk temperature.
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Figure 4.12: The influence of inlet/outlet pressure ratio on the ratio of pressure work
over viscous dissipation.

4.3.4 Comments

Based on the results obtained, for pressure driven nitrogen slip flows, the draining

of energy due to compressibility acceleration improves the cooling effect. This effect is

normally ignored in the analytical studies [12, 14, 16, 17, 19]. In most analytical studies

[12, 16, 17, 19], the influence of rarefaction on convective heat transfer is summarized

as the competition between velocity slip and temperature jump, and has been showed

to reduce the convective efficiency for most engineering gas media. Here the authors

showed that this is probably not true in practice (Fig. 4.10). In fact, for strongly

coupled factors, one can never isolate some factors and analyze their effects separately.

For example, as shown in Fig. 4.8 and Fig. 4.9(b), not only can rarefaction alter mass

and hence energy transport as well as the thermal resistance close to the wall, but also

the source terms in energy equation, and thus make the influence of rarefaction on Nu

inconsistent along the microchannel (Fig. 4.10). It has been demonstrated in section

4.3.3 that, the larger the inlet/outlet pressure ratio, the better the cooling effect is. Due

to the easily expected increase of mass flow rate, this is not surprising at all. However,
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Figure 4.13: The influence of inlet/outlet pressure ratio on (a) Nusselt number; (b) The
difference between wall and bulk temperature;
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as inlet/outlet pressure ratio increases, some unusual phenomena, such as the decrease

of bulk temperature close to outlet (Fig. 4.11), may happen.

4.4 Conclusions

Based on the results and analysis in section 4.3, several conclusions are made below for

microchannel pressure-driven gas flows under uniform heat flux wall boundary condi-

tion:

• Both bulk temperature profile and centerline pressure profile along the microchan-

nel are nonlinear. The former is mainly caused by the combined effects of pressure

work and viscous dissipation, while the latter is due to compressibility.

• The ratio of pressure work over viscous dissipation, PW/VD, is a function of

Knudsen number. Under the perfect gas assumption, the magnitude of PW/VD

increases with Knudsen number and is equal to unity when Knudsen number is

zero.
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• The influence of rarefaction on Nusselt number is inconsistent along the mi-

crochannel. Rarefaction reduces Nusselt number near inlet, while promotes Nus-

selt number near outlet.

• The increase of inlet/outlet pressure ratio can significantly promote mass trans-

port and hence benefit microchannel cooling.
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Chapter 5

Two Dimensional Steady-State Pressure-Driven Nitrogen

Flow in Larger-Dimension Microchannels Under Uniform

Heat Flux Wall Boundary Condition

5.1 Introduction

This chapter is a continuation of Chapter 4. As detailed in section 4.1, microscale fluid

and thermal phenomena have been studied by a lot of groups with a variety of tools.

Besides the microchannels with characteristic dimensions below 10 microns, such as the

channels studied in Chapter 2-4, microchannels with characteristic dimensions between

10 and 100 microns are also widely used in industry. Compared to smaller-dimension

microchannels, for microchannels of larger dimension, the most expectable change is the

reduced rarefaction. An important question to answer is whether continuum model is

capable of giving good enough prediction on thermal and fluid fields for microchannels of

larger dimension. One of the most important design parameters is inlet/outlet pressure

difference. It is clear that as the channel size decreases, inlet/outlet pressure difference

increases dramatically to achieve comparable Reynolds numbers. The variation of in-

let/outlet pressure difference versus channel size needs to be found either numerically

or experimentally. In this chapter, two microchannels (Table 5.1) with characteristic

dimensions of 20µm and 50µm, respectively, will be studied. The schematic of the

two microchannels listed in Table 5.1 is the same as that in Fig. 2.1. Nitrogen is still

the working gas. The organization of this chapter is as follows: section 5.2 briefs the

numerical model; section 5.3 and 5.4 present the numerical results with discussions for

the two larger-dimension microchannels, respectively; finally, conclusions are given in

section 5.5.
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Table 5.1: Parameters of larger-dimension microchannel nitrogen flows.

Parameter Channel#3 Channel#4

Length L 2000µm 2000µm

Height H 20µm 50µm

Pressure Ratio PR = Pin/Pout 1.01, 1.02, 1.03 1.001, 1.002, 1.003

Inlet Temperature T0 300K 300K

Density of Nitrogen at Inlet
Temperature and 1× 105Pa ρ0

1.1233 kg/m3 1.1233 kg/m3

Outlet Pressure Pout 1× 105Pa 1× 105Pa

Inlet Dynamic Viscosity µ0 1.782 ×10−5 N · s/m2 1.782×10−5 N · s/m2

Inlet Thermal Conductivity k0 2.59 ×10−2 W/(K·m) 2.59×10−2 W/(K·m)

Inlet Sound Speed a0 353.07m/s 353.07m/s

Inlet Specific Heat cp 1041 J/(kg·K) 1041 J/(kg·K)

Specific Gas Constant R 296.8 J/(kg·K) 296.8 J/(kg·K)

Specific Heat Ratio γ 1.4 1.4
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5.2 Numerical Model Description

The readers can refer to Chapter 2 for mathematical model and numerical procedure.

In this chapter, nitrogen slip flow with uniform heat flux wall boundary condition is

investigated. Variable properties, rarefaction (velocity slip, thermal creep and temper-

ature jump), compressibility and viscous dissipation are all included. The employed

computational method is based on the SIMPLER algorithm and has both a serial and

a parallel version. The parallel solver is built with the domain decomposition method

(DDM). As we did before, parallel solver is first employed and runs until some conver-

gence criteria are reached. Then to eliminate the singularity caused by the DDM, the

results from parallel solver are fed to serial solver, which then runs until the desired

convergence is achieved. To get steady state solution, time marching method is used.

The convergence criteria for parallel solver are of the form

ε = max





if ξn 6= 0 |ξn+1−ξn|
|ξn|

if ξn = 0 |ξn+1|



 (5.1)

where ξ applies to streamwise velocity u, temperature T as well as the variables in

the overlapping regions of adjacent subdomains and the superscripts denote the time

step. The convergence criteria for serial solver take the same form as for parallel solver,

while ξ only applies to streamwise velocity u and temperature T . For Channel #3, a

500×29 (X×Y) grid is employed. Parallel scheme is employed for Channel #3. The

computation for all the cases associated with Channel #3 stopped when ε falls below

1× 10−12 for the final serial run. For Channel #4, a 200×29 (X×Y) grid is employed.

Serial solver is employed for Channel #4. The computation for all the cases associated

with Channel #4 stopped when ε falls below 1× 10−12.

5.3 Channel #3 with Characteristic Dimension of 20 µm

All the cases involved in this section are on Channel #3 that is described by Fig. 2.1

and Table 5.1, and using nitrogen as the working gas. The channel height H is 20 µm.

In section 5.3.1, the results of the cases with different wall heat fluxes are presented and

analyzed. Then in section 5.3.2, rarefaction is turned off by setting Knudsen number
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to zero, and the results are compared with those in section 5.3.1. Section 5.3.3 focuses

on the influence of inlet/outlet pressure ratio.

5.3.1 Wall Heat Flux

For the three cases involved in this section, the inlet/outlet pressure ratio, PR =

Pout/Pin, is fixed at 1.03, while the dimensionless wall heat flux q̄w = qwH
T0k0

ranges

from 1 × 10−3 to 3 × 10−3. Fig. 5.1 shows a typical velocity profile of the case with

q̄w = 1 × 10−3, where Fig. 5.1(a) and (b) present u- and v-velocity profiles at three

streamwise locations, respectively. From Fig. 5.1(a) and (b), we found that, compared

to u-velocity, v-velocity is negligible. Fig. 5.2 shows the temperature profile at x/H =

50.

Centerline pressure profile is shown in Fig. 5.3, from which it is found that the

tilting from linear profile becomes greater as wall heat flux increases. This increased

departure from linearity for centerline pressure profile as wall heat flux goes up, is

mainly caused by the increased thermal expansion accompanying temperature rise. In

Fig. 5.4, it is found that bulk temperature increases along the channel, however, its

profile is nonlinear and lower than linear profile.

Flow conditions along the microchannel centerline are described in Fig. 5.5. From

the centerline velocity in Fig. 5.5(a), the acceleration due to compressibility is obvious.

Fig. 5.5(b) shows centerline Reynolds number, from which we can find that flows

are within laminar regime and Reynolds number decreases along the microchannel.

In addition, from Fig. 5.5(b), it is clear that with the same PR, Reynolds number

decreases as wall heat flux. The decrease of Reynolds number with wall heat flux can

be explained by the reduced density and centerline velocity, as well as the increased

viscosity.

Fig. 5.6 and Fig. 5.7 describe the flow conditions close to the channel wall. Fig.

5.6(a) shows that Kn increases along the microchannel and as wall heat flux. The

increase of Kn along the channel is due to the drop of pressure and gas density as well

as the increase of viscosity caused by temperature rise. The increase of Kn with the

wall heat flux can be explained by the lower density and higher viscosity due to higher
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Figure 5.1: Velocity profile at the channel cross-sections of the case with q̄w = 1× 10−3

and PR = Pout/Pin = 1.03. (a) U-velocity profile at three streamwise locations; (b)
V-velocity profile at three streamwise locations.
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temperature. Slip velocity is shown in Fig. 5.6(b). For all three cases with different

wall heat fluxes, slip velocity increases along the microchannel, which is consistent with

the trend of Kn shown in Fig. 5.6(a). However, slip velocity does not always increase

as wall heat flux. There is a turnaround point around x/H = 30, before which slip

velocity decreases as wall heat flux while increases as wall heat flux thereafter. This

is because velocity slip is a function of not only Kn but also the velocity gradient at

the wall. As an interpretation of Fig. 5.6(b), Fig. 5.7(b) clearly shows that, closer to

inlet, the difference on the velocity gradient at the wall between lower and higher heat

flux cases is greater than the difference in far downstream region. Fig. 5.7(a) tells us

that although both Kn and velocity slip increase along the channel, wall shear stress

always increases along the channel. To understand this fact, first from Fig. 5.7(b),

we find that the velocity gradient at the wall increases along the channel. In addition,

viscosity also increases along the channel due to temperature rise. Fig. 5.7(a) also

shows a turnaround point around x/H = 50, before which wall shear stress decreases

as wall heat flux while increases as wall heat flux thereafter. Similar to velocity slip, the
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Figure 5.5: Centerline flow conditions for the cases with PR = Pout/Pin = 1.03 and
q̄w (qw,norm in figure) ranging from 1× 10−3 to 3× 10−3. (a) U-velocity; (b) Reynolds
number.



94

behavior of wall shear stress can be explained by Fig. 5.7(b) together with the increase

of viscosity as wall heat flux. The ratio of pressure work over viscous dissipation,

PW/VD, along the microchannel is plotted in Fig. 5.8. Using the knowledge learned

from Chapter 3-4, Fig. 5.8 is able to interpret the nonlinear bulk temperature profile

shown in Fig. 5.4.

Besides outlet temperature, mass flow rate is another main concern. Fig. 5.9(a) and

(b) plot volume and mass flow rates, respectively. Fig. 5.9(a) is very consistent with

Fig. 5.5(a). Fig. 5.9(b) tells us that mass flow rate decreases as wall heat flux, which

means in Fig. 5.7(a), the overall shear is greater for higher wall heat flux cases. From

Fig. 5.9(b), it is obvious that the higher outlet temperature achieved in higher wall heat

flux cases is not only due to feeding more energy, but also the reduced mass transport

ability. The Nusselt number, which is defined by equation 4.2, is plotted in Fig. 5.9,

which shows that Nu decreases along the channel for all three cases. Additionally, the

Nu’s in higher wall heat flux cases are larger than those in lower wall heat flux cases.

5.3.2 Rarefaction Effects

In this section, for the three cases studied in section 5.3.1, rarefaction is turned off

by setting Knudsen number to zero, and the results without rarefaction are compared

with those with rarefaction. When rarefaction is excluded from the model, the first

anticipated change is the lower volume (Fig. 5.9 (a)) and mass flow rates (Fig. 5.9

(b)). Compared to the nonlinear bulk temperature profile of the cases with rarefaction,

Fig. 5.4 shows that the bulk temperature profiles for the corresponding cases without

rarefaction are almost linear. As for Nu, according to Fig. 5.10, rarefaction leads

to lower Nu’s for all three cases. Based on the knowledge learned from Chapter 3

and Chapter 4, to understand the findings in Fig. 5.10, two mechanisms must be

considered. First, rarefaction influences Nu through wall heat flux. That is, there is a

competition between velocity slip and temperature jump on Nu. Velocity slip promotes

mass and hence energy transport at the wall, while temperature jump increases thermal

resistance at the wall. For the case with nitrogen and rough wall surface, temperature

jump is always dominant over velocity slip in this competition. Therefore, in the first
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Figure 5.6: Knudsen number and slip velocity for the cases with PR = Pout/Pin = 1.03
and q̄w (qw,norm in figure) ranging from 1× 10−3 to 3× 10−3. (a) Knudsen number; (b)
Slip velocity.
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Figure 5.7: Wall shear stress for the cases with PR = Pout/Pin = 1.03 and q̄w (qw,norm
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at wall.
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mechanism, rarefaction leads to lower Nu. The second mechanism by which rarefaction

influences Nu is through the source terms in energy equation. Specifically, velocity slip

reduces VD near the wall while promotes PW near the centerline. It has been learned

from the discussion in Chapter 3 that, the magnitude of PW/VD increases as rarefaction

and Nu increases as the magnitude of PW/VD. Therefore, in the second mechanism,

rarefaction results in larger Nu. For the case with uniform wall heat flux boundary

condition, these two mechanisms concurrently exist along the channel. The findings in

Fig. 5.10 indicates that the first mechanism is dominant over the second mechanism

for the three cases involved.

5.3.3 Inlet/Outlet Pressure Ratio

Fig. 5.11-5.14 compare the results of the three cases with the same heat flux q̄w =

2 × 10−3 but different inlet/outlet pressure ratios ranging from 1.01 to 1.03. Fig.

5.11 shows that bulk temperature decreases with inlet/outlet pressure ratio. Fig. 5.12

shows that the magnitude of pressure work over viscous dissipation ratio decreases with



98

x/H

V
ol

um
e

F
lo

w
R

at
e

(m
3
/s

)

0

0

20

20

40

40

60

60

80

80

100

100

2E-05 2E-05

3E-05 3E-05

4E-05 4E-05

5E-05 5E-05

6E-05 6E-05

7E-05 7E-05

8E-05 8E-05

qw,norm =1.0E-3, Kn>0
qw,norm =2.0E-3, Kn>0
qw,norm =3.0E-3, Kn>0
qw,norm =1.0E-3, Kn=0
qw,norm =2.0E-3, Kn=0
qw,norm =3.0E-3, Kn=0

(a)

qw,norm

M
as

s
F

lo
w

R
at

e
(k

g/
s)

0

0

0.001

0.001

0.002

0.002

0.003

0.003

0.004

0.004

2E-05 2E-05

3E-05 3E-05

4E-05 4E-05

5E-05 5E-05

6E-05 6E-05

7E-05 7E-05

Kn>0
Kn=0

(b)

Figure 5.9: The influence of rarefaction on flow rates for the cases with PR =
Pout/Pin = 1.03 and q̄w (qw,norm in figure) ranging from 1 × 10−3 to 3 × 10−3. (a)
Volume flow rate; (b) Mass flow rate.
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inlet/outlet pressure ratio. Fig. 5.13 shows that local Nusselt number decreases with

inlet/outlet pressure ratio due to the increased temperature difference between the wall

and bulk fluid, which is caused by the increased mass flow rate as shown in Fig. 5.14.

5.4 Channel #4 with the Characteristic Dimension of 50 µm

All the cases involved in this section are on Channel #4 that is described by Fig. 2.1

and Table 5.1, and using nitrogen as the working gas. The channel height H is 50 µm.

In section 5.4.1, the results of the cases with different wall heat fluxes are presented and

analyzed. Then in section 5.4.2, rarefaction is turned off by setting Knudsen number

to zero, and the results are compared with those in section 5.4.1. Section 5.4.3 focuses

on the influence of inlet/outlet pressure ratio.

5.4.1 Wall Heat Flux

For the three cases involved in this section, the inlet/outlet pressure ratio, PR =

PoutPin, is fixed at 1.001, while the dimensionless wall heat flux q̄w = qwH
T0k0

ranges
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from 3 × 10−3 to 9 × 10−3. Fig. 5.1 shows a typical velocity profile of the case with

q̄w = 3 × 10−3, where Fig. 5.15(a) and (b) shows u- and v-velocity profiles at three

streamwise locations, respectively. From Fig. 5.15(a) and (b), we found that, compared

to u-velocity, v-velocity is negligible. Fig. 5.16 shows the temperature profile at x/H =

20.

Centerline pressure profile is shown in Fig. 5.17, from which it is found that the

tilting from linear profile becomes greater as wall heat flux increases. This increased

departure from linearity for centerline pressure profile as wall heat flux goes up, is

mainly caused by the increased thermal expansion accompanying temperature rise. In

Fig. 5.18, it is found that bulk temperature increases along the channel, however, its

profile is nonlinear and lower than linear profile.

Flow conditions along microchannel centerline are described in Fig. 5.19. From the

centerline velocity in Fig. 5.19(a), the acceleration due to compressibility is obvious.

Fig. 5.19(b) shows centerline Reynolds number, from which we can find that flows

are within laminar regime and Reynolds number decreases along the microchannel.

In addition, from Fig. 5.19(b), it is clear that with the same PR, Reynolds number

decreases as wall heat flux. The decrease of Reynolds number with wall heat flux can

be explained by the reduced density and centerline velocity, as well as the increased

viscosity.

Fig. 5.20 and Fig. 5.21 describe the flow conditions close to the channel wall. Fig.

5.20(a) shows that Kn increases along the microchannel and as wall heat flux. The

increase of Kn along the channel is due to the drop of pressure and gas density as

well as the increase of viscosity caused by temperature rise. The increase of Kn with

wall heat flux can be explained by the lower density and higher viscosity due to higher

temperature. Slip velocity is shown in Fig. 5.20(b). For all three cases with different

wall heat fluxes, slip velocity increases along the microchannel, which is consistent with

the trend of Kn shown in Fig. 5.20(a). The slip velocity also increase as wall heat

flux. Fig. 5.21(b) shows that, closer to inlet, the difference on the velocity gradient

at the wall between the lower and higher heat flux cases is greater than the difference

in far downstream region. Fig. 5.21(a) tells us that although both Kn and velocity
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Figure 5.15: Velocity profile at the channel cross-sections of the case with q̄w = 3×10−3

and PR = Pout/Pin = 1.001. (a) U-velocity profile at three streamwise locations; (b)
V-velocity profile at three streamwise locations.
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with q̄w = 3× 10−3 and PR = Pout/Pin = 1.001.
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and q̄w (qw,norm in figure) ranging from 3× 10−3 to 9× 10−3.
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Figure 5.19: Centerline flow conditions for the cases with PR = Pout/Pin = 1.001 and
q̄w (qw,norm in figure) ranging from 3× 10−3 to 9× 10−3. (a) U-velocity; (b) Reynolds
number.
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slip increase along the channel, wall shear stress always increases along the channel.

To understand this fact, first from Fig. 5.21(b), we find that velocity gradient at wall

increases along the channel. In addition, viscosity also increases along the wall due to

temperature rise. Fig. 5.21(a) shows a turnaround point around x/H = 20, before

which wall shear stress decreases as wall heat flux while increases as wall heat flux

thereafter. This behavior can be explained by Fig. 5.21(b) together with the increase

of viscosity as wall heat flux. The ratio of pressure work over viscous dissipation,

PW/VD, along the microchannel is plotted in Fig. 5.22. Using the knowledge learned

from Chapter 3-4, Fig. 5.22 is able to interpret the nonlinear bulk temperature profile

shown in Fig. 5.18.

Besides outlet temperature, mass flow rate is another main concern. Fig. 5.23(a)

and (b) plot volume and the mass flow rates, respectively. Fig. 5.23(a) is very consistent

with Fig. 5.19(a). Fig. 5.23(b) tells us that mass flow rate decreases as wall heat flux,

which means in Fig. 5.21(a), the overall shear is greater for higher wall heat flux cases.

From Fig. 5.23(b), it is obvious that the higher outlet temperature achieved in higher

wall heat flux cases is not only due to feeding more energy, but also the reduced mass

transport ability. The Nusselt number, which is defined by equation 4.2, is plotted in

Fig. 5.23, which shows that Nu decreases along the channel for all three cases. Fig.

5.23 shows that the Nu’s in higher wall heat flux cases are higher than those in lower

wall heat flux cases before a turnaround point around x/H=15, while lower thereafter.

This turnaround behavior is very different from what are found in Fig. 4.10 and Fig.

5.10, where local Nu increases as wall heat flux along the channel.

5.4.2 Rarefaction Effects

In this section, for the three cases studied in section 5.4.1, rarefaction is turned off

by setting Knudsen number to zero, and the results without rarefaction are compared

with those with rarefaction. When rarefaction is excluded from the model, the first

anticipated change is the lower volume (Fig. 5.23 (a)) and mass flow rates (Fig. 5.23

(b)). Compared to the nonlinear bulk temperature profile of the cases with rarefaction,

Fig. 5.18 shows that the bulk temperature profiles for the corresponding cases without
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Figure 5.20: Knudsen number and slip velocity for the cases with PR = Pout/Pin =
1.001 and q̄w (qw,norm in figure) ranging from 3×10−3 to 9×10−3. (a) Knudsen number;
(b) Slip velocity.
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Figure 5.21: Wall shear stress for the cases with PR = Pout/Pin = 1.001 and q̄w (qw,norm

in figure) ranging from 3×10−3 to 9×10−3. (a) Wall shear stress; (b) Velocity gradient
at wall.
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Figure 5.22: Local pressure work over viscous dissipation ratio for the cases with PR =
Pout/Pin = 1.001 and q̄w (qw,norm in figure) ranging from 3× 10−3 to 9× 10−3.

rarefaction are almost linear. It is also found from Fig. 5.18 that the influence of

rarefaction is more significant for higher wall heat flux cases. Generally, rarefaction

results in lower bulk temperature because of the promoted mass transport and the

energy taken up by pressure work. As for Nu, according to Fig. 5.24, the influences

of rarefaction are different for the cases with different wall heat fluxes. For the highest

wall heat flux, i.e., q̄w = 9× 10−3, the influence of rarefaction is inconsistent along the

channel. There is a turnaround point around x/H = 16. Before this turnaround point,

rarefaction result in higher Nu, while leads to lower Nu thereafter. For lower wall heat

fluxes, i.e., q̄w = 3 × 10−3 and q̄w = 6 × 10−3, rarefaction constantly lead to lower

Nu. As discussed in section 4.3.2, there are two mechanisms for rarefaction to either

promote or reduce Nu. Whether rarefaction leads to higher or lower Nu essentially

depends on the relative strength of these two mechanisms.
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Figure 5.23: The influence of rarefaction on flow rates for the cases with PR =
Pout/Pin = 1.001 and q̄w (qw,norm in figure) ranging from 3 × 10−3 to 9 × 10−3. (a)
Volume flow rate; (b) Mass flow rate.
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Figure 5.25: The influence of inlet/outlet pressure ratio on bulk temperature.

5.4.3 Inlet/Outlet Pressure Ratio

Fig. 5.25-5.28 compare the results of three cases with the same heat flux q̄w = 6×10−3

but different inlet/outlet pressure ratios ranging from 1.001 to 1.003. Fig. 5.25 shows

that bulk temperature decreases with inlet/outlet pressure ratio. Fig. 5.26 shows that

the magnitude of pressure work over viscous dissipation ratio decreases with inlet/outlet

pressure ratio. Fig. 5.27 shows that local Nusselt number decreases with inlet/outlet

pressure ratio due to the increased temperature difference between the wall and bulk

fluid, which is caused by the increased mass flow rate as shown in Fig. 5.28.

5.5 Conclusions

Based on the results and analysis in section 5.3 and section 5.4, several conclusions

are made below for the larger-dimension (10 − 100µm) microchannel pressure-driven

nitrogen slip flows under uniform heat flux wall boundary condition:

• The inlet/outlet pressure difference required to get similar Reynolds numbers as

those of the microchannels with characteristic dimensions below 10 µm drops
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dramatically: compared to the inlet/outlet pressure difference required by the

channel of 3µm high, for the microchannels of 20 and 50µm high, the required

pressure drops are about one and 0.1 percent, respectively.

• The hydraulic and thermal characteristics are very similar to those of the mi-

crochannels with a characteristic dimension of 3µm.

• Rarefaction is weaker compared to that of the microchannels with characteristic

dimensions below 10µm. However, rarefaction is still nonnegligible.
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Chapter 6

Two Dimensional Steady-State Conjugate Heat Transfer

for Pressure-Driven Nitrogen Flow in Long Microchannels

Under Uniform Heat Flux Wall Boundary Condition

6.1 Introduction

Due to the small height of rectangular microchannel and the fabrication requirement,

the ratio of substrate thickness over microchannel height is no longer negligible as in

most macrochannel cases. Axial conduction is a potential factor that could lead to the

discrepancy between existing experimental results [7] and continum theory. Therefore,

conjugate heat transfer is of great interest for microchannel flows. For conjugate heat

transfer, a number of issues need to be carefully examined, including the role of axial

conduction in substrates, the influence of substrate thickness over channel height ratio

and substrate material properties. Conjugate analysis for microchannel liquid flows

has been conducted by several groups [38, 39, 40, 41, 42]. On the other hand, based

on my literature review, very little has been done on the conjugate heat transfer for

microchannel gaseous slip flows. As an extension of Chapter 4, this chapter concentrates

on the conjugate heat transfer under uniform wall heat flux boundary condition for the

same long microchannel as that investigated in Chapter 4 with 500:1 length-to-height

ratio. Nitrogen is still the working gas. Four different kinds of substrate materials

are studied, including fused silica, pyroceram, silicon nitride and commercial bronze

(Table 6.1). The organization of this chapter is as follows: section 6.2 describes the

mathematical model and numerical procedure; section 6.3 presents the numerical results

with analysis; finally, conclusions are given in section 6.4.
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Table 6.1: Substrate material properties at 300K and the variable property models.

Material
Commercial
Bronze

Silicon
Nitride

Pyroceram Fused Silica

Density at 300K
(kg/m3), ρ0

8800 2400 2600 2220

Thermal Conduc-
tivity at 300K
(W/m ·K), k0

52 16 3.98 1.38

Thermal Capacity
at 300K
(J/kg ·K), Cp,0

420 691 808 745

Thermal Conduc-
tivity at Tempera-
ture T , k

k0 k0(T/T0)−0.49 k0(T/T0)−0.26 k0(T/T0)0.33

Thermal Capacity
at Temperature T ,
Cp

Cp,0(T/T0)0.38 Cp,0(T/T0)0.44 Cp,0(T/T0)0.35 Cp,0(T/T0)0.62
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6.2 Model Description and Numerical Procedure

Fig. 6.1 shows the computational domain of the current 2D conjugate heat transfer

problem, where the shaded areas are channel walls and the blank area is the channel.

The readers can refer to section 2.2 for governing equations as well as boundary con-

ditions used at the inlet and outlet for the gas flow within the channel. When solving

the fluid field, variable properties, rarefaction (velocity slip, thermal creep and temper-

ature jump), compressibility and viscous dissipation are all included. The substrates

are governed by energy equation,

cp

[
∂ρT

∂t
+

∂ρuT

∂x
+

∂ρvT

∂y

]
=

∂

∂x

(
k
∂T

∂x

)
+

∂

∂y

(
k
∂T

∂y

)
(6.1)

The boundary conditions in y-direction, i.e., at y = 0 and y = 2Hs + H are given

by q = qw. The temperatures at gas-solid interfaces are obtained by solving the two

equations

Tg − Tw =
2− σT

σT

(
2γ

1 + γ

)
λ

Pr

(
∂T

∂n

)

w

qg = qs

(6.2)

where the first equation is from the temperature jump at wall, and the second is re-

quired by the fact that no energy is stored at gas-solid interface. The two ends of the

substrates in streamwise direction are insulated, i.e., ∂T/∂x = 0. Variable property

model is applied to the solid domain, too. Four different substrate materials are stud-

ied, whose properties at 300K and the corresponding variable property models are listed

in Table 6.1. Different from gas, since the solid is almost incompressible, only thermal

conductivity and thermal capacity are treated as variable.

The readers can refer to section 2.3 for numerical procedure. Here solid phase is

treated as the extension of fluid phase but with zero velocity. The employed computa-

tional method is based on the SIMPLER algorithm and has both a serial and a parallel

version. The parallel solver is built with the domain decomposition method (DDM). As

we did before, parallel solver is first employed and runs until some convergence criteria

are reached. Then to eliminate the singularity caused by the DDM, the results from

parallel solver are fed to serial solver, which then runs until the desired convergence is
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Figure 6.1: The schematic of the 2D computational domain for the current conjugate
heat transfer problem, where the shaded areas are channel walls and the blank area is
the channel.

achieved. To get steady state solution, time marching method is used. The convergence

criteria for parallel solver are of the form

ε = max





if ξn 6= 0 |ξn+1−ξn|
|ξn|

if ξn = 0 |ξn+1|



 (6.3)

where ξ applies to streamwise velocity u, temperature T as well as the variables in the

overlapping regions of adjacent subdomains and the superscripts denote the time step.

The convergence criteria for serial solver take the same form as for parallel solver, while

ξ only applies to streamwise velocity u and temperature T . Time marching stops when

ε falls below 1× 10−8 for the final serial run. In this chapter, the channel to be studied

is Channel #2 described by Table 2.1. Using the grid dependence test results presented

in Table 6.2, the 1100× 46 (X × Y ) grid is selected for the case with Hs/H = 1.0. For

the cases with Hs/H 6= 1.0, the grid size in y-direction will be scaled proportionally.

6.3 Results and Discussion

This section presents the results and analysis of the conjugate heat transfer for Chan-

nel #2 (Table 2.1). Section 6.3.1 concentrates on thermal characteristics, where the

influence of substrate axial conduction is revealed. Section 6.3.2 shows the influence of

substrate thickness. Finally, section 6.3.3 studied the effects of variable properties of

substrate materials.
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Table 6.2: Grid dependence test results for a case using fused silica as substrate material
and with Hs/H = 1.0, Pin/Pout = 2.0 and q̄w = 2 × 10−4. (a)Centerline temperature;
(b)Centerline streamwise velocity.

(a) Tcenter/T0

Grid x = 300µm x = 600µm x = 900µm x = 1200µm

550×22 1.08753386 1.14376144 1.19000868 1.22207080
1100×46 1.08789430 1.14635700 1.19420753 1.22723114
2200×88 1.08701757 1.14570431 1.19358562 1.22642706

(b) (ucenter/a0)× 100

Grid x = 300µm x = 600µm x = 900µm x = 1200µm

550×22 0.94459918 1.08393455 1.26435517 1.52055352
1100×46 0.90380646 1.03867656 1.21313704 1.46018316
2200×88 0.89489648 1.02909980 1.20219017 1.44748167

6.3.1 Thermal Characteristics

Fig. 6.2 shows a typical temperature profile at the channel cross-section x/H = 250

of the case using fused silica as substrate material with q̄w = 1 × 10−4, Hs/H = 1.0

and PR = Pout/Pin = 2.0. In Fig. 6.2, the slope discontinuity at gas interfaces is very

apparent. Fig. 6.3 presents the bulk temperature profile along the microchannel for

the cases with Pin/Pout = 2.0, q̄w = 2 × 10−4 and Hs/H = 1.0. It is clear that, due

to the axial conduction within the substrates, bulk temperature profile becomes flatter

as the thermal conductivity of substrates increases. Fig. 6.4 compares the maximum

temperature of the cases with Pin/Pout = 2.0, q̄w ranging from 1×10−4 to 3×10−4 and

Hs/H = 1.0. From Fig. 6.4, the maximum temperature decreases with the thermal

conductivity of substrate material, which is in agreement with Fig. 6.3. The Nu,

which is defined by eqn 4.2, is plotted in Fig. 6.5 for the cases with q̄w = 2 × 10−4,

Hs/H = 1.0 and PR = Pout/Pin = 2.0. Fig. 6.5 shows that local Nu decreases as

the thermal conductivity of substrate material. This trend can be explained by the

lower heat flux from the substrate to the fluidwhich results from the stronger axial

conduction within substrates. It is also found in Fig. 6.5 that, local Nu does not

go monotonously along the channel for the case using commercial bronze as substrate

material. This fact can also be explained by the strong axial conduction in substrates,

which makes the temperature difference between substrates and bulk fluid smaller in
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Figure 6.2: Temperature profile at the channel cross-section x/H = 250 of the case
using fused silica as substrate material with q̄w = 1 × 10−4, Hs/H = 1.0 and PR =
Pout/Pin = 2.0.

outlet region. Fig. 6.6 (a)-(d) show the local Nu for the four different substrate

materials, respectively, where Pin/Pout = 2.0, q̄w ranging from 1×10−4 to 3×10−4 and

Hs/H = 1.0. It is found that Nu increases with wall heat flux for all four substrate

materials. Again, in Fig. 6.6, it is found that Nu does not go monotonously along

the channel for some high heat flux cases with high-thermal-conductivity substrate

materials. The bulk temperature profiles for the cases with Pin/Pout ranging from 1.5

to 2.5, q̄w = 2 × 10−4 and Hs/H = 1.0 are shown in Fig. 6.7. For all four substrate

materials, bulk temperature decreases as Pin/Pout, which can be readily interpreted with

the consideration of mass flow rate. Fig. 6.8 shows that the maximum temperature

decreases as Pin/Pout, which is in accordance with Fig. 6.7. Local Nu is shown to

decrease as Pin/Pout by Fig. 6.9. This is because mass flow rate increases as Pin/Pout,

which leads to larger temperature difference between substrates and bulk fluid. Fig. 6.9

clearly shows the non-monotonous feature of Nu along the channel for some high heat

flux cases with high-thermal-conductivity substrate materials, which can be explained

with the same theory used to explain the similar phenomena found in Fig. 6.5 and 6.6.
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Figure 6.3: Bulk temperature profiles for the cases with q̄w = 2 × 10−4, Hs/H = 1.0
and PR = Pout/Pin = 2.0.
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Figure 6.4: The maximum temperatures for the cases with Pin/Pout = 2.0, q̄w ranging
from 1× 10−4 to 3× 10−4 and Hs/H = 1.0.
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Figure 6.5: Local Nusselt number for the cases with q̄w = 2 × 10−4, Hs/H = 1.0 and
PR = Pout/Pin = 2.0.

6.3.2 The Substrate Thickness

As mentioned in section 6.1, the influence of substrate thickness is of great interest

for microchannel conjugate heat transfer. For Hs/H = 10.0, due to the strong axial

conduction in substrates, the results for silicon nitride and commercial bronze do not

meet the convergence criteria mentioned in section 6.2, i.e., ε < 1×10−8. For these two

cases, ε < 1×10−5 is used to identify convergence. Fig. 6.10 plots the bulk temperature

profiles along the microchannel for the cases with Pin/Pout = 2.0 and q̄w = 2×10−4 but

different Hs/H’s. Fig. 6.10 (a)-(d) show the influence of substrate thickness for the four

different substrate materials involved in this study, respectively. For all four substrate

materials, the bulk temperature profiles become flatter as substrate thickness increases.

Fig. 6.11 shows that the maximum temperature decreases as substrate thickness for all

four substrate materials, where all the maximum temperatures are normalized by that

of the case without substrates. Local Nusselt number is presented in Fig. 6.12 (a)-(d)

for the four substrate materials involved in this study. It is found that Nu decreases

as substrate thickness for all four substrate materials, which can be explained by the



124

x/H

N
u

0

0

100

100

200

200

300

300

400

400

500

500

0 0

1 1

2 2

3 3

4 4

qw,norm =1.0e-4
qw,norm =2.0e-4
qw,norm =3.0e-4

(a)

x/H
N

u

0

0

100

100

200

200

300

300

400

400

500

500

0 0

1 1

2 2

3 3

4 4

qw,norm =1.0e-4
qw,norm =2.0e-4
qw,norm =3.0e-4

(b)

x/H

N
u

0

0

100

100

200

200

300

300

400

400

500

500

0 0

1 1

2 2

3 3

4 4

qw,norm =1.0e-4
qw,norm =2.0e-4
qw,norm =3.0e-4

(c)

x/H

N
u

0

0

100

100

200

200

300

300

400

400

500

500

0 0

1 1

2 2

3 3

4 4

qw,norm =1.0e-4
qw,norm =2.0e-4
qw,norm =3.0e-4

(d)

Figure 6.6: Local Nusselt number for the cases with q̄w ranging from 1×10−4 to 3×10−4,
Hs/H = 1.0 and PR = Pout/Pin = 2.0. The substrate material is (a) Fused silica; (b)
Pyroceram; (c) Silicon Nitride; (d) Commercial Bronze.
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Figure 6.7: Bulk temperature profiles along the microchannel for the cases with Pin/Pout

ranging from 1.5 to 2.5, q̄w = 2× 10−4 and Hs/H = 1.0. The substrate material is (a)
Fused silica; (b) Pyroceram; (c) Silicon Nitride; (d) Commercial Bronze.
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Figure 6.8: The maximum temperatures for the cases with Pin/Pout ranging from 1.5
to 2.5, q̄w = 2× 10−4 and Hs/H = 1.0.

reduced heat flux from substrates to bulk fluid caused by the increased axial conduction

in substrates. From Fig. 6.12, the non-monotonous feature of Nu along the channel

exists not only in some cases with high-thermal-conductivity substrate materials but

also in some cases with high substrate thickness and low-thermal-conductivity substrate

materials. It is showed in Fig. 6.12 (d) that for the extreme case, where high substrate

thickness and high thermal conductivity exist at the same time, Nu increases along the

channel. Based on Fig. 6.10-6.12, the effects of substrate thickness is very similar to

those of substrate thermal conductivity, which can be readily understood with the con-

sideration of substrate axial thermal resistance. Therefore, the theory used to explain

Fig. 6.3-6.6 can also explain Fig. 6.10-6.12.

6.3.3 Variable Properties of Substrate Materials

Since we are only interested in steady state solution, for substrates, only thermal con-

ductivity can influence results. Based on Table 6.1, the variation of thermal conductivity

with temperature are different for different substrate materials: for commercial bronze,
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Figure 6.9: Local Nusselt number along the microchannel for the cases with Pin/Pout

ranging from 1.5 to 2.5, q̄w = 2× 10−4 and Hs/H = 1.0. The substrate material is (a)
Fused silica; (b) Pyroceram; (c) Silicon Nitride; (d) Commercial Bronze.
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Figure 6.10: Bulk temperature profiles along the microchannel for the cases with
Pin/Pout = 2.0 and q̄w = 2 × 10−4 but different Hs/H’s. The substrate material is
(a) Fused silica; (b) Pyroceram; (c) Silicon Nitride; (d) Commercial Bronze.
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Figure 6.11: The maximum temperatures for the cases with Pin/Pout = 2.0 and q̄w =
2× 10−4 but different Hs/H’s.

thermal conductivity is almost constant within our interested temperature range; for

silicon nitride and pyroceram, thermal conductivity decreases as temperature; for fused

silica, thermal conductivity increases as temperature. As shown in section 6.3.1, the

axial conduction within substrates could change bulk temperature profile and the max-

imum temperature dramatically. Fused silica and pyroceram, which represent opposite

trends of thermal conductivity with temperature, are selected to study the influence

of substrate variable properties. To measure the influence of variable properties, the

maximum temperatures are compared between variable and constant property models

in Fig. 6.13. Fig. 6.13 (a) shows the results for fused silica substrates with q̄w (qw,norm

in figure) ranging from 1 × 10−4 to 3 × 10−4, Hs/H = 1.0 and PR = Pout/Pin = 2.0.

Fig. 6.13 (a) shows that constant property model slightly overestimate the maximum

temperatures. This is because of the increased axial conduction due to the increase of

thermal conductivity of fused silica with temperature. Fig. 6.13 (b) presents the results

for pyroceram substrates with q̄w ranging from 1× 10−4 to 3× 10−4, Hs/H = 1.0 and
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Figure 6.12: Nusselt number profiles along the microchannel for the cases with
Pin/Pout = 2.0 and q̄w = 2 × 10−4 but different Hs/H’s. The substrate material is
(a) Fused silica; (b) Pyroceram; (c) Silicon Nitride; (d) Commercial Bronze.
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Pout/Pin = 2.0. Fig. 6.13 (b) shows that constant property model slightly underes-

timate the maximum temperatures. This is because of the reduced axial conduction

caused by the decrease of thermal conductivity of pyroceram with temperature. In

general, for substrate materials, constant property model does not lead to significant

deviation compared to variable property model.

6.4 Conclusions

Based on the results and analysis in section 6.3, several conclusions are made below for

the conjugate heat transfer associated with microchannel pressure-driven nitrogen slip

flow under uniform heat flux wall boundary condition:

• Axial conduction is far from negligible for substrates of finite thickness. Ax-

ial conduction leads to flatter bulk temperature profile along the channel, lower

maximum temperature, and lower Nusselt number.

• The effects of substrate thickness on conjugate heat transfer is very similar to those

of substrate thermal conductivity. That is, in terms of axial thermal resistance,

the increase of substrate thickness has the same impact as that caused by the

increase of substrate thermal conductivity.

• For the substrate materials, constant property model does not lead to significant

deviation from variable property model.
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Figure 6.13: Comparison of the maximum temperatures between variable and constant
property models for the cases with q̄w (qw,norm in figure) ranging from 1 × 10−4 to
3× 10−4, Hs/H = 1.0 and PR = Pout/Pin = 2.0, where VP denotes variable property
model and CP denotes constant property model. (a) Fused silica; (b) Pyroceram.
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Chapter 7

Two Dimensional Unsteady Convection for

Pressure-Driven Nitrogen Flow in Long Microchannels

Under Uniform Heat Flux Wall Boundary Condition

7.1 Introduction

In Chapter 2-6, only steady state solution is obtained for thermal and fluid fields in

microchannel flows. Very few studies are reported in the literature on unsteady mi-

croflows, especially for slip gas flows. A good review on transient microchannel gas

flows can be found in the paper by Colin [43]. Norberg et al. [44] experimentally stud-

ied transient flows in microchannels with a mass spectrometric system, but for very

short transients (in the order of 10s) and in molecular regime. Bestman et al. [45]

considered the Rayleigh problem for slip flows. Arklic and Breuer [46] modeled an

unsteady microflow induced by oscillating plates, where the governing equations only

represented a balance between the unsteady and viscous forces. In this chapter, two

kinds of unsteady convections will be studied for pressure-driven nitrogen slip flows in

long microchannels under uniform heat flux wall boundary condition: the first kind

is due to a sudden change in wall heat flux, while the second one is caused by inlet

pressure jump. Channel #4 in Table 5.1 is chosen to study. The organization of this

chapter is as follows: section 7.2 briefs the numerical model; section 7.3 presents the

results with comments; finally, conclusions are given in section 7.4.

7.2 Numerical Model Description

The readers can refer to Chapter 2 for mathematical model and numerical procedure.

In this chapter, unsteady nitrogen slip flows with uniform heat flux wall boundary
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condition are investigated. Variable properties, rarefaction (velocity slip, thermal creep

and temperature jump), compressibility and viscous dissipation are all included. The

employed computational method is based on the SIMPLER algorithm and has both a

serial and a parallel version. Only the serial solver is used. The convergence criteria

used to check whether steady state has been attained are of the form

ε = max





if ξn 6= 0 |ξn+1−ξn|
|ξn|

if ξn = 0 |ξn+1|



 (7.1)

where ξ applies to streamwise velocity u as well as temperature T , and the superscripts

denote the time step. The convergence criteria for internal iterations, within a single

time step, take the same form, where ξ applies to streamwise velocity u, vertical velocity

v, pressure p and temperature T , and the superscripts denote the internal iteration step.

The internal iteration stops when ε falls below 1×10−5. In this chapter, the channel to

be studied is Channel #4 given in Fig. 2.1 and Table 5.1. The same grid size 201×29

(X×Y), as that used in chapter 5, is selected. The time step is chosen to be 10τ , where

τ = H/a0 = 1.416× 10−7sec is the nondimensionalized time unit. The application of a

smaller time step has no significant influence on the results. The initial conditions use

the steady state results obtained in Chapter 5.

7.3 Results and Discussion

All the cases involved in this study use nitrogen as the working gas. In section 7.3.1,

the results of the unsteady convection caused by the step change in wall heat flux are

presented and analyzed. Then in section 7.3.2, the results of the unsteady convection

due to the step change in inlet pressure are presented and analyzed. Finally, some

comments on the characteristic response time are given in section 7.3.3.

7.3.1 Wall Heat Flux Jump

Two working conditions are selected to study the transient features of the unsteady

convection due to the heat input jump at the wall. These two working conditions use

the same inlet pressure, Pin/Pout = 1.001, but different wall heat fluxes. One working
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condition uses q̄w = qwH
T0k0

= 3 × 10−4, while the other uses q̄w = 6 × 10−4. The steady

state conditions of one case are used as the conditions of the initial moment at which

wall heat flux jumps to the other working condition.

Fig. 7.1 presents the evolution of bulk temperature profile with time, where Fig.

7.1(a) is for the case with wall heat flux jumping from low to high (QLH) and Fig. 7.1(b)

is for that from high to low (QHL). In Fig. 7.1 and the following figures in section 7.3.1,

the evolution is merely plotted up to t = 8×104τ after which time the fluid and thermal

fields approach very slowly to steady state. Fig. 7.2 shows the evolution of centerline

velocity profile with time, where Fig. 7.2(a) is for case QLH and Fig. 7.2(b) is for

QHL. The evolution of centerline pressure profile with time is shown in Fig. 7.3, where

Fig. 7.3(a) is for case QLH and Fig. 7.3(b) is for QHL. From Fig. 7.1, it is found

that the response time of thermal field increases from upstream to downstream. This

is because the thermal filed of downstream region is not only affected by the heat flux

from channel wall but also influenced by upstream region mainly through convection.

However, this trend is not obvious in Fig. 7.2 and Fig. 7.3, both of which represent

fluid field. The evolution of local Nusselt number profile, which is defined by,

Nu =
qwH

k(Tw − Tbulk)
(7.2)

is plotted in Fig. 7.4, where Fig. 7.4(a) is for case QLH and Fig. 7.4(b) is for QHL. It

is found that for case QLH, Nu increases initially due to wall heat flux rise and then

decreases; while for case QHL, Nu first decreases due to wall heat flux drop and then

increases. In addition, from Fig. 7.4, as also shown in Fig. 5.24, the steady-state values

of Nu for the two working conditions do not differ much.

The thermal and fluid parameters at certain points are closely examined in Fig. 7.5-

7.7. Specifically, three points on channel centerline are studied, including x/H = 10, 20,

and 30. Based on Fig. 7.5-7.7, it is clear that thermal field responds faster in upstream

region than in downstream region, while fluid field does not have such apparent trend.

By comparing Fig. 7.5 (a) to (b), it is found that the thermal response time is slightly

shorter for case QHL.
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Figure 7.1: The evolution of bulk temperature profile with time for the unsteady con-
vection due to step change in wall heat flux. (a) Wall heat flux step-changes from low
to high; (b) Wall heat flux step-changes from high to low.
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Figure 7.2: The evolution of centerline velocity profile with time for the unsteady
convection due to step change in wall heat flux. (a) Wall heat flux step-changes from
low to high; (b) Wall heat flux step-changes from high to low.
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Figure 7.3: The evolution of centerline pressure profile with time for the unsteady
convection due to step change in wall heat flux. (a) Wall heat flux step-changes from
low to high; (b) Wall heat flux step-changes from high to low.
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Figure 7.4: The evolution of local Nusselt number profile with time for the unsteady
convection due to step change in wall heat flux. (a) Wall heat flux step-changes from
low to high; (b) Wall heat flux step-changes from high to low.



140

t (tau)

T
/T

0

0

0

20000

20000

40000

40000

60000

60000

80000

80000

1 1

1.1 1.1

1.2 1.2

1.3 1.3

1.4 1.4

1.5 1.5

x/H=10
x/H=20
x/H=30

(a)

t (tau)

T
/T

0

0

0

20000

20000

40000

40000

60000

60000

80000

80000

1 1

1.1 1.1

1.2 1.2

1.3 1.3

1.4 1.4

1.5 1.5

x/H=10
x/H=20
x/H=30

(b)

Figure 7.5: The evolution of temperature at some points on channel centerline with
time for the unsteady convection due to step change in wall heat flux. (a) Wall heat
flux step-changes from low to high; (b) Wall heat flux step-changes from high to low.
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Figure 7.6: The evolution of streamwise velocity at some points on channel centerline
with time for the unsteady convection due to step change in wall heat flux. (a) Wall
heat flux step-changes from low to high; (b) Wall heat flux step-changes from high to
low.
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Figure 7.7: The evolution of pressure at some points on channel centerline with time
for the unsteady convection due to step change in wall heat flux. (a) Wall heat flux
step-changes from low to high; (b) Wall heat flux step-changes from high to low.
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7.3.2 Inlet Pressure Jump

Two working conditions are selected to study the transient features of unsteady con-

vection caused by inlet pressure jump. These two working conditions use the same wall

heat flux, q̄w = qwH
T0k0

= 6 × 10−4, but different inlet pressures. One working condition

uses Pin/Pout = 1.001, while the other uses Pin/Pout = 1.002. The steady state condi-

tion of one working condition is used as the condition of the initial moment when inlet

pressure jumps to the other working condition.

Fig. 7.8 presents the evolution of bulk temperature profile with time, where Fig.

7.8(a) is for the case with inlet pressure jumping from low to high (PLH) and Fig.

7.8(b) is for that from high to low (PHL). In Fig. 7.8 and the following figures of

section 7.3.2, the evolution is merely plotted up to t = 4×104τ for case PLH and up to

t = 8×104τ for case PHL. This is because after these time beings the fluid and thermal

fields approaches very slowly to steady state. Fig. 7.9 shows the evolution of centerline

velocity profile with time, where Fig. 7.9(a) is for case PLH and Fig. 7.9(b) is for PHL.

The evolution of centerline pressure profile with time is shown in Fig. 7.10, where Fig.

7.10(a) is for case PLH and Fig. 7.10(b) is for PHL. From Fig. 7.8, similar to what

was seen in section 7.3.1, it is found that the response time of thermal field increases

from upstream to downstream. However, as found in section 7.3.1, this trend is not

obvious in Fig. 7.9 and Fig. 7.10, both of which represent fluid field. The evolution

of local Nusselt number profile with time is plotted in Fig. 7.11, where Fig. 7.11(a) is

for case PLH and Fig. 7.11(b) is for PHL. It is found that for case PLH, Nu decreases

initially due to the increase of temperature difference between the wall and bulk fluid,

which is caused by the increase of mass flow rate, and then increases; while for case

PHL, Nu first increases due to the decrease of temperature difference between the wall

and bulk fluid, which is caused by the decrease of mass flow rate, and then decreases.

In addition, from Fig. 7.11, also as shown in Fig. 5.27, the steady-state values of Nu

for the two working conditions do not differ much.

The thermal and fluid parameters at certain points are presented in Fig. 7.12-7.14.

Specifically, three points along channel centerline are studied, including x/H = 10, 20,
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and 30. Based on Fig. 7.12-7.14, it is clear that thermal field responds faster in upstream

region than in downstream region, while fluid field does not have such apparent trend.

By comparing Fig. 7.12 (a) to (b), it is found that the thermal response time is much

shorter for case PLH.

7.3.3 Comments on Thermal Response Time

It is not surprising that the thermal response of downstream region is slower than that

of upstream region under uniform wall heat input. What is worth noting is that the

response times for the two cases, QLH and QHL, differ significantly; the response time

for the two cases, PLH and PHL, are very different. Table 7.1 presents the charac-

teristic thermal response time for the point at x/H = 30 on channel centerline. The

characteristic thermal response time is measured by the formula:

Ttc − T2

T1 − T2
=

1
e

(7.3)

where T1 is the temperature of initial steady state, T2 is the temperature of final steady

state, and Ttc is temperature at the characteristic thermal response time tc. From

Table 7.1, it is clear that the characteristic thermal response time for case QHL is

shorter than that of case QLH by about 10%, and the characteristic thermal response

time for case PLH is much shorter than that of case PHL by more than 50%. If

one carefully consider these four cases, it will not be difficult to regroup them by

the rise or drop of flow temperature. Specifically, one group includes case QLH and

PHL, where flow temperature rises after the sudden change of wall heat flux and inlet

pressure, respectively; while the other group consists of case QHL and PLH, in which

flow temperature drops after the sudden jump of wall heat flux and inlet pressure,

respectively. The information from Fig. 5.22 and 5.26 tells us that pressure work

is dominant over viscous dissipation, which means the fluid motion takes up energy

from flow. It is then not hard to understand the difference on thermal response time

mentioned above. The underlying mechanism is that the fluid motion promotes the

drop of flow temperature and thus makes flow temperature rise more difficult than flow

temperature drop. This can also explain why the characteristic thermal response time
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Figure 7.8: The evolution of bulk temperature profile with time for the unsteady con-
vection due to step change in inlet pressure. (a) Inlet pressure step-changes from low
to high; (b) Inlet pressure step-changes from high to low.
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Figure 7.9: The evolution of centerline velocity profile with time for the unsteady
convection due to step change in inlet pressure. (a) Inlet pressure step-changes from
low to high; (b) Inlet pressure step-changes from high to low.
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Figure 7.10: The evolution of centerline pressure profile with time for the unsteady
convection due to step change in inlet pressure. (a) Inlet pressure step-changes from
low to high; (b) Inlet pressure step-changes from high to low.
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Figure 7.11: The evolution of local Nusselt number profile with time for the unsteady
convection due to step change in inlet pressure. (a) Inlet pressure step-changes from
low to high; (b) Inlet pressure step-changes from high to low.
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Figure 7.12: The evolution of temperature at some points on channel centerline with
time for the unsteady convection due to step change in inlet pressure. (a) Inlet pressure
step-changes from low to high; (b) Inlet pressure step-changes from high to low.
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Figure 7.13: The evolution of streamwise velocity at some points on channel centerline
with time for the unsteady convection due to step change in inlet pressure. (a) Inlet
pressure step-changes from low to high; (b) Inlet pressure step-changes from high to
low.
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Figure 7.14: The evolution of pressure at some points on channel centerline with time
for the unsteady convection due to step change in inlet pressure. (a) Inlet pressure
step-changes from low to high; (b) Inlet pressure step-changes from high to low.
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Table 7.1: Characteristic thermal response time for the point at x/H = 30 on mi-
crochannel centerline.

Case QLH QHL PLH PHL

Characteristic
Response Time
tc (τ)

16270 14480 7190 16370

for case PLH is much shorter than that for case PHL. The reason is, in case PLH, the

magnitude of the difference between pressure work and viscous dissipation increases a

lot as the doubling of inlet/outlet pressure difference.

7.4 Conclusions

Based on the results presented in section 7.3, some conclusions are made below for the

unsteady convection of pressure-driven nitrogen slip flow in long microchannels under

uniform heat flux wall boundary condition:

• The characteristic thermal response time required for the case with sudden wall

heat input drop could be 10% less than that needed for the case with sudden wall

heat input rise.

• The characteristic thermal response time required for the case with sudden inlet

pressure drop could be more than double of that needed for the case with sudden

inlet pressure rise.

• The difference on the characteristic thermal response time mentioned right above

is due to the energy taken up by pressure work.
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Chapter 8

Conclusions and Future Work

8.1 Conclusions

The hydraulic and thermal characteristics of microchannel nitrogen slip flows are stud-

ied comprehensively within this dissertation. First, numerical modeling issues are solved

by developing a parallel solver. For physical modeling issues, it is found that variable

properties and the sources terms in energy equation need to be incorporated into the

model with rarefaction. Two kinds of thermal wall boundary conditions, isothermal

and uniform heat flux, are studied for the long microchannels with length-to-height

ratios up to 2500:1. The source terms in energy equation are shown to greatly influ-

ence thermal and thus fluid fields. Specifically, the energy taken up by pressure work

is dominant over the energy generation by viscous dissipation. Rarefaction effects are

showed to be significant for both fluid and thermal fields. It is found that rarefaction

influences Nusselt number in two ways: rarefaction reduces Nusselt number through

the heat transfer between the wall and bulk fluid, while promotes Nusselt number by

affecting the source terms in energy equation. Microchannels of larger dimensions, i.e.,

with characteristic dimensions between 10 and 100µm, are also studied. It is found that

rarefaction is still far from negligible for these larger-dimension microchannels. Then

conjugate heat transfer is studied. It is found that axial conduction gives a great impact

for substrates of finite thickness. The effects of substrate thickness are found to be very

similar to those of substrate thermal conductivity. For substrate materials, the results

of constant property model are shown to be comparable to those of variable property

model. Finally, unsteady convection is studied. It is found that the characteristic ther-

mal response time required by the case with sudden wall heat input drop is less than

that needed by the case with sudden wall heat input rise; the characteristic response
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time required by the case with sudden inlet pressure drop is much more than that

needed by the case with sudden inlet pressure rise; the difference on the characteristic

response time is due to the energy taken up by pressure work.

8.2 Future Work

The three dimensional problems are not done in this dissertation although the computer

codes have already been developed. This is due to the demanding computational loads.

Therefore, in the future, if the CPU speed allows, the three dimensional problems,

including both steady state and transient problems, should be studied especially for

long microchannels. Microchanel liquid flows are very interesting and a lot of work

needs to be done when the characteristic dimension of the channel shrinks. Future

work could also point to the two phase flows. Nowadays microscale boiling is a hot

research area. People are trying to replace single-phase cooling with two-phase cooling,

which is definitely more efficient and more effective for intense heat removal.
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