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ABSTRACT OF THE DISSERTATION

Singular harmonic maps

into hyperbolic spaces

and applications to general relativity

by Luc L. Nguyen

Dissertation Director: YanYan Li

Harmonic maps with singular boundary behavior from a Euclidean domain into hyper-
bolic spaces arise naturally in the study of axially symmetric and stationary spacetimes
in general relativity. In particular, the study of multi-black-hole configurations and the
force between co-axially rotating black holes requires, as a first step, an analysis on the
boundary regularity of the “next order term” of those harmonic maps. We carry out
this analysis by considering those harmonic maps as solutions to some homogeneous
divergence systems of partial differential equations with singular coefficients. We then
apply our result to study the regularity of axially symmetric and stationary electrovac
spacetimes, which extends previous works by Weinstein [22], [23] and by Li and Tian

[10], [11], [12]. This dissertation is based on a preprint of the author [16].
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Chapter 1

Introduction

A spacetime in general relativity is a 4-manifold M equipped with a Lorentzian metric

g which satisfies the Einstein field equations,
1
Rab - 5 Rgab = 2Tab~

Here R,, and R denote respectively the Ricci and scalar curvature of M, and Ty is
the energy-momentum tensor which represents matter. It is of interest to study the
regularity of spacetimes in equilibrium consisting of more than one body. In [1], Bach
and Weyl showed that any axially symmetric and static vacuum spacetime outside
two bodies possesses a conical singularity along the axis connecting the bodies. Later,
Bunting and Massood-ul-Alam [3] cleverly used the positive mass theorem of Schoen
and Yau to show that there does not exist any regular static “multiple-body vacuum
spacetimes”. For non-static spacetimes, much less is known. Regardless of regularity,
Weinstein [22],]23],[27] used the harmonic map reduction, known as the Ernst-Geroch
reduction, to construct a family of multi-black-hole axially symmetric and stationary
vacuum/electrovac solutions, of which a regular one must be a member. In the vacuum
case, Li and Tian [11], [12] and Weinstein [22], [23], [24] independently proved some reg-
ularity results for the reduced harmonic maps and then used them to show that within
the solutions constructed by Weinstein, there is a continuum of irregular solutions. In
this paper we bridge the methods used by Li and Tian and by Weinstein to extend the
above regularity results to the axisymmetric stationary electrovac case.

To describe the reduction used by Weinstein, we first introduce the notion of singular
harmonic maps (see [25]). Let I' be a subset of the z-axis in R obtained by removing
some bounded line segments. Let h be the Newtonian potential created by a charge

distribution of strictly positive density along I". Note that h is a harmonic function on



R3\ T and h ‘behaves like’ some negative multiple of log p near an interior point of T’
where p is the distance to the z-axis. Let H be either the real or the complex hyperbolic

plane. For Hg, we use the standard half-plane model {(X,Y") : X > 0} with the metric
ds® = X7 2(dX? 4+ dY?).
For H¢, we model it by R* = {(u,v, x,%)} with the metric
ds? = du® + e (dv — o dx + x dip)* + 2 (dx* + dy?).

(See Appendix A for a derivation of this line element from the standard disk model
of Hc.) Then given a geodesic ¢ in H, ¢ o h is a harmonic map from R3 \ ' into H.
Moreover, as  — I', ( o h(x) approaches the ideal point ((4+00) € JH. Recall that a

map ® : Q C R? — H is harmonic if it satisfies in local coordinates the equations
A®* + T4, (2)DP” - DO =0
where ng are the Christoffel symbols of H.

Definition 1.1 Let T be a subset of the z-axis in R3 obtained by removing n bounded
line segments. To each componentI'; of I', 1 < j < n+1, we associate an ideal point p;
€ 0H. Pick any normalized geodesic (j so that (j(+00) = p;. Let h be the Newtonian
potential created by a line charge distribution of strictly positive density on I'. We say
that a map ® : R3\ T — H is a singular harmonic map controlled by the distribution
h and the ideal points p; if ® is harmonic and near each component I'; the hyperbolic
distance between ® and (joh is bounded. Sometimes, we simply say that ® is a singular

harmonic map controlled by h.

The Ernst-Geroch reduction formulation states that every axially symmetric, sta-
tionary exterior solution of the Einstein vacuum equation can be conveniently put in

the form (see [22] or [8], for example)
p? 1
ds* = e dt* + X (dp — pdt)* + e e (dp* + dz?)

where p is the distance to the z-axis, ¢ is the cylindrical angle around the z-axis, and X,

p and p are functions on R?\ I which are determined by the following four conditions.



(i) X, p and p are independent of the angle variable ¢.

(ii) X is the first component of some axially symmetric singular harmonic map (X,Y")
from R3\T into the real hyperbolic plane Hg which is controlled by the Newtonian
potential created by a uniform line charge distribution A of unit density and some

ideal points on OH. In particular, (X,Y") satisfies the harmonic map equations

DX|? — |DY?
AX = | |X| I~ (1.1)
2DX - DY
(iii) p satisfies
dp=—LV.dp+ L v,d (1.3)
P = X2 z ap X2 p @Z. ’
(iv) p satisfies
dp= o5 (X2 = X2+ Y2 =YD dp+ s (X, Xo 4 Y, Vo) doe (14)

Notice that the harmonic map equations (1.1) and (1.2) give the integrability conditions
needed to integrate (1.3) and (1.4).

Using this reduction and a variational approach, Weinstein proved the existence
of a family of (possibly singular) spacetimes which can be interpreted as equilibrium
configurations of asymptotically flat co-axially rotating vacuum black holes ([22], [23]).
Moreover, he showed that this family is uniquely parametrized by 3n — 1 parameters (n
is the number of black holes) which are interpreted as the masses and angular momenta
of the black holes, and the distances between them. This result implies in particular
Robinson’s theorem on the uniqueness of the Kerr solutions [18], [19].

After a first look at the reduction, one might have the impression that given any
solution to the singular harmonic map equations (with a right rate of singularity, of
course), one could easily cook up a solution to the Einstein vacuum equations. This is
in fact not the case, which was probably first observed by Bach and Weyl. As one tries
to construct a spacetime out of a singular harmonic map, one might possibly introduce

a conical singularity along I'. A necessary and sufficient condition for regularity is

1ir%(,u —log X +logp) = 0 along T (1.5)
p—?



Bach and Weyl showed in [1] that this limit is nonzero in the static setting, i.e. ¥ =
0. Their method does not seem welcoming of the general setting since it relies on the
explicit form of the solution. Even though there has been some progress in getting the
explicit form of solutions for multiple-body spacetimes, e.g. the famous double Kerr
solutions of Kramer and Neugebauer [9], the dependence of the validity or invalidity of
(1.5) on the parameters seems still unclear in general.

Concerning the equation (1.5) itself, some regularity structure across the symmetry
axis I' of the harmonic map (X, Y) is required in order to make sense of the limit on the
left hand side. Note that because of the singularity of h, (X,Y’) necessarily approaches
OHg near I". Therefore, the equations (1.1)-(1.2) are not satisfied across I', and so
one cannot apply directly well-known results on the regularity of harmonic maps into
negatively curved targets to obtain the required regularity for X and Y near I'. This
regularity issue was settled independently by Weinstein and by Li and Tian. Weinstein
showed that, about any interior point of I'; any singular harmonic maps corresponding
to the spacetimes he constructed in [22] and [23] can be “decomposed” into an explicit
singular part and a C'*°-regular part. Independently, using a different approach, Li
and Tian [11], [12] proved a weaker version: C% regularity for the regular part, which
suffices to justify the limit on the left hand side of (1.5). On the other hand, their result
remains valid even if the harmonic map (X,Y) is not axisymmetric or the singular
control A is the potential of a uniform charge distribution of arbitrary positive density
along I'. To describe their results more precisely, we define the following weighted

spaces.

Definition 1.2 Let Q be a domain in R™ and ¥ a subset of Q). Let w be a positive
measurable function in Q. We denote by LP(Q2,w) (1 < p < c0) the space of p-integrable
functions with respect to the measure w(x) dx, equipped with its standard Banach space

structure, i.e. with the norm

1/p
9l r (@) = {/Q Iglpwda:} )

The spaces Wé’p(ﬂ, w) and WO{’EP(Q, w) are respectively the completions of C2°(Q\X)



and C°(Q\ X) with respect to the norm

1/p
oo = { [ [la?+ 1Dgpo] s}

When p = 2, we also write H&(Q,w) and H&E(Q,w) for Wé’z(Q,w) and W&’%(Q,w).
Note that these two spaces are Hilbert spaces. Also, if w is bounded from below by a

strictly positive number, they are naturally embedded into the familiar Sobolev spaces

HY(Q) and H}(Q), respectively.
Li and Tian [11], [12] and Weinstein [22], [23] proved the following.

Theorem A (Y.Y. Li - G. Tian; G. Weinstein) Let I' be the z-azis in R® with
some line segments removed and p the distance function to the z-axis. Let h be the
potential of a uniform line charge distribution of density v > 0 along T'. If (X,Y) is
a singular harmonic maps from R3 \ T into Hyg controlled by h and some ideal points
on OHg with log X +h € HY(R3), Y € HY(R3,e2")), then log X + h and Y are C*
across the interior of ' for any integer k and a € (0,1) with k + o < 47 and C* in
R3\T. Also, near any compact subset of the interior of any component of I', Y has the
asymptotic expansion

Y — C+O(pk+a)

where C' is a constant (see [11],[12]).
Moreover, if (X,Y) is axially symmetric about the z-axis and v = 1, (log X +h,Y)

is everywhere C™° except possibly at the endpoints of T' (see [22],[23]).

Remark 1.1 In the above theorem, we can allow k + o = 4v. See Corollary 3.1 and
Remark 3.2.

After settling the regularity of the reduced harmonic maps, Li and Tian [11], [12],
[10] and Weinstein [24] went forward to study if there is a conical singularity in an
axially symmetric stationary vacuum spacetime. As mentioned above, such conical
singularity exists if and only if equation (1.5) is violated. Using Theorem A, the two
works showed that the limit on the left hand side of equation (1.5) exists and depends

continuously on the masses, angular momenta and distances between two bodies. More



importantly, they proved that there are several continuous sets of parameters which give
rise to spacetimes violating (1.5). Unfortunately, their results do not reveal whether
there is any set of parameter that realizes (1.5) except those corresponding to the Kerr
spacetimes, i.e. one-body spacetimes.

Later, in an attempt to shed more insight into the problem, Weinstein started
analyzing a generalization of the problem for Einstein-Maxwell equations ([25], [26],

[27]). It should be noted that there exists regular axially symmetric stationary charged

spacetimes which have more than one black hole: the Papapetrou-Majumdar solutions
[17], [13], [7]. However, these have degenerate event horizons. It is not known if there
are any regular charged spacetimes having non-degenerate event horizons and more
than one body.

Similar to the case of vacuum, by the Ernst-Geroch formulation, one can write the

metric of any axially symmetric stationary charged spacetime in the form (see [27], [8])
ds* = —p? U dt* + e 2% (dyp — pdt)* + e*24(dp? + d2?)

where p is again the distance to the z-axis, ¢ is the cylindrical angle around the z-axis

and u, p and p are determined by
(i) u, p and p are independent of the angle variable ¢;

(ii) w is the first component of some axially symmetric singular harmonic map (u, v, x, ¥)

from R3 \ I into the complex hyperbolic plane Hg, i.e. it satisfies

Au —2¢e*|Dv — 1 Dx + x Dy|? — 2*(|Dx|? + |Dy|?) = 0, (1.6)
div [e"(Dv — ¢ Dx + x Dy)] =0, (1.7)

div (e*“Dy) — 2e* Dy - (Dv — 4 Dx + x D1) = 0, (1.8)

div (e2“ D) + 2¢*“Dep - (Dv — 4 Dx + x D1p) = 0; (1.9)

moreover, it is singular near I' and the singular rate is controlled by the Newtonian
potential creaated by a uniform line charge distribution % of density % and some

ideal points on OHc;



(iii) p satisfies
dp=—pe™(v. — X + x¥:)dp + pe'™(v, — ¥ x, + X Up) d2; (1.10)

(iv) and p satisfies

= pl(02 = 1) + (0, = 0+ X = (02 = Vs +x0)?)
+ (G — X2+ —2)]dp
+ 2p[up v, + jlu(vp — U Xp + X ) (V2 — PV Xz + X2)
+ € (Xp Xz + 1 ¥2)]dz. (1.11)

Again, the harmonic map equations (1.6)-(1.9) are the integrability conditions for (1.10)
and (1.11). Moreover, in the absence of charge, i.e. x = ¢ = 0, the system (1.6)-(1.9)
reduces to the system (1.1)-(1.2) via the transformation X = e 2% and Y = 2v.

The existence problem for the asymptotically flat case was settled by Weinstein him-
self. Physically speaking, this solution represents (possibly singular) asymptotically flat
co-axially rotating electro-vacuum, or charged, black holes in gravitational equilibrium.
Moreover, he also showed that this family of solutions is parametrized by 4n — 1 pa-
rameters, n being the number of black holes, which can be interpreted as the masses,
angular momenta and charges of the black holes, and the distances between them. Es-
pecially, when n = 1, he recovered the uniqueness of the Kerr-Newman solutions which
was proved independently by Mazur and Bunting ([14], [15], [2]).

Here we would like to address the regularity of the harmonic maps obtained by
performing the Ernst-Geroch reduction to the solutions constructed by Weinstein. In

this work, we prove:

Theorem B Let I' be the z-azis in R? with some bounded line segments removed and
let p be the distance function to the z-axis. Let h be the potential of a uniform charged
distribution of density v > 0. If (u,v, x,) is a singular harmonic map from R3\T into
the complex hyperbolic plane Hg controlled by % and some ideal points on OHc and if

u—% c H'(R?), v € HY(R?,e?"), and x, ¢ € H'(R3,e"), then u — %, vy, e Che



across the interior of I' for any k + a < 2v. In addition, near any compact subset of

the interior of any component of I', v, x and v admit the asymptotic expansion

v=Cy — Cyx + Crtp + O(p?+2e),
x = Cz + O(pFT),

p==Co+ O(pk+a)7

where Cy, Cy and C3 are constants.
Moreover, if (u,v, x, ) is azially symmetric about T’ and v = 1, u—h, v, x, ¢ are

everywhere C*° except possibly at the endpoints of I

Remark 1.2 By letting u = —% log X, v = %Y, and x = 1 = 0 in Theorem B, we

recover Theorem A.

Remark 1.3 The conclusions of Theorem B can be extended to singular harmonic
maps with values in any real, complex or quaternionic hyperbolic spaces, i.e. symmetric

spaces of rank one. See Remark 2.1.
As an immediate consequence of Theorem B, we also prove:

Theorem C The metric components of the co-azially rotating, stationary, multiple-
black-hole, charged spacetimes constructed by Weinstein in [27] are C*° outside the

event horizons.

Again, we emphasize that this theorem does not rule out the possibility of having
conical singularity along the symmetry axis. For the metric to be regular across the
axis, one needs

lin%(u + 2u +logp) =0 along I'. (1.12)
p—

In view of Theorem B, one can verify easily that the limit on the left hand side exists.
It is then possible to carry out an analysis similar to that in [11], [12] and [24] to
prove nonexistence of regular spacetimes corresponding to certain class of parameters.

However, we will not pursue this direction in the present work.



The rest of this dissertation is organized as follows. In Chapter 2, we carry out
some preliminary analysis on the harmonic map equations (1.6)-(1.9) which allows us
to consider it as a special case of a broader class of singular quasilinear elliptic systems.
In Chapter 3 we consider the case when the model problem is a single linear equation.
In Chapter 4, we return to the study of the model problem in the general setting. The
proofs of Theorems B and C are carried out in Chapter 5. Finally, for completeness, we
include in Appendix A a quick review on hyperbolic spaces and in appendix B a brief
study the weighted Sobolev and Lebesgue spaces Wé’p(ﬂ,w) and LP(Q,w) defined in

Definition 1.2.
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Chapter 2

The model PDE problem

In R3, let T be the z-axis with some line segments removed. Let h be the Newtonian
potential created by a uniform line charge distribution of density v > 0 along I'. We
would like to understand the regularity of a singular harmonic map (u,v,x, ) from

R3\ T into H¢ controlled by h. Recall that (u, v, x,1) satisfies (1.6)-(1.9),

Au —2¢" |Dv = Dx + x D¥[* — (| Dx|* + Dy [*) = 0,

div [e**(Dv — 1 Dx + x Dy)] =0,

div (e?*Dy) — 2™ Dx - (Dv — ¢ Dx + x D) = 0,

div (e*“Dv)) + 2¢™Dvp - (Dv — ¢ Dx + x D1p) = 0.
Since H¢ has negative sectional curvature, standard harmonic map theory implies that
(u,v, x,%) is smooth away from the singularity set I". Thus we only need to study its
behavior near I'. Also, as we are only interested in the interior of I, it suffices to restrict
our attention to a subset Q of R? such that ¥ = QN T has only one component whose
endpoints lie on 0€2. Also, we only need to pick one controlling ideal point p € OHg.

Using an isometry of Hg, we can assume without loss of generality that p is the 400

point sitting on the u-axis of H¢. We pick the geodesic going to p to be
t— ((t) = (t,0,0,0) € Hc.

As noted earlier, ((%) is a singular harmonic map from Q \  into He. Also, as 4 and

p control (u,v, x,), we must have
dp.. ((%h,0,0,0), (u,v,x,zﬁ)) < C < ooin Q.
After some calculation, this turns out to be equivalent to

h
ju— 5\ + e o] + " (Ix] + [¢]) < C < o0 in Q.
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We have shown:

Lemma 2.1 Let Q be a subset of R? and ¥ be a curve in Q. Let h be the Newtonian
potential created by a uniform line charge distribution of density v > 0 along X. Then
(u,v,x,%) is a singular harmonic map from Q \ ¥ into the complex hyperbolic plane
He controlled by % and the ideal point (+00, vy, x0,%0) € OHc if and only if it satisfies

the harmonic map equations (1.6)-(1.9) and satisfies the estimate
h .
‘u— 5] + e v — vy — o x + xo¥| + € (|x — xo| + [ — to]) < C < o0 in Q. (2.1)

This a priori estimate shows that the harmonic map equations (1.6)-(1.9) is a sin-
gular semilinear elliptic system. As h ‘behaves like’ —2vlog p near ¥, the singularity
types are negative powers of the distance function to a line.

Next, we observe that our target manifold is H¢, a symmetric space. By Noether’s
theorem, the harmonic map equations (1.6)-(1.9) induce several conservation laws, each
for an isometry of Hc. In fact, there are even enough symmetries to turn (1.6)-(1.9)

into divergence form:
div {Du —2¢My D + (2™ v1p — €2 x) Dy — (2™ v x + e @/J)D@/J_ =0, (2.2)

div [e**(Dv — o Dx + x D)

: -0, (2.3)

div | = 26§ Du+ (2 + 26|y ) Dy — 2™ x y Dy| =0, (2.4)

div [264“ X Dv — 2¢* y 4 Dy + (2 + 2% x|))Dy| =0.  (2.5)

(In the vacuum case, this divergence structure is more apparent (cf. [21], Chapter 7).)
Write u! = u—h/2, u? = v, u® = x, u* = 1), and note that h is harmonic, the above

system can be rewritten in the form
div (cap(z,u) Du’) =0, 1<a<4

where ¢, is a 4 x 4 matrix of coefficients given by

1 =2y 2etpyh — ey —2ety x + €2t
e4u _e4uw €4uX

_2€4u¢ €2u+264u‘w‘2 _2€4uxw

o o O

264ux _264uxw 62u+264u|x|2
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The drawback of this way of writing the harmonic map equations is that the coefficients
o might not satisfy the Legendre-Hadamard condition. Indeed, for § = (£ L= g, & =
1753 = 0754 = O) € R47

cagfafﬁ =a? — 2eMva + .

It is readily seen that when e?“v > 1, the right hand side changes sign as a varies in R.
Nevertheless, when the a priori estimate (2.1) holds, the Legendre-Hadamard condition
can be recovered (for a different but equivalent set of coefficients). To this end we

rewrite (2.2)-(2.5) in the form
div (aap(z, u) DuP) = 0, 1<a<4

where a,g is a 4 x 4 matrix of coefficients given by

| 1 —2e*y  2ettyeh — ey —2etu x 4 2 ]
0 2let —2let) 2ty
0 —2letp e 4 2|2 —2lety )

I 0 2lety  —2letx ) le?" 4 21|y |?

and [ is some constant to be determined shortly. Then, for £ € R?,

ap(m,u) €267 = €12 + 21e™ |2 — €% + X&' + 12 (1€ + |€*?)

— [2e*0(€% — €3 + x€h) — 2 YE® + P xeNe!

In view of (2.1), we can always pick [ sufficiently large and positive A, A such that

MET? + eI + e (1€°1 + 1€1)] < aap(a,u) € €7

< A[E + M IE 2 + e (1€7 + [¢")%)] for any € € RY.
We are thus led to study the following problem:

Problem 2.1 Let Q be a domain in R™ and ¥ be a (n — k)-submanifold of Q, k > 2.

Consider the system

div (aap(z, u) Du’) =0 in Q\ %, 1<a<m, (2.6)
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where aqg @ (2\ X) x R™ — R are given smooth functions and u : @ — R™ is the
unknown.

Let d = dx; denote the distance function to X. Assume that there exist constants
k(1), k(2), ..., k(m) > 0 such that for any given R > 0, there exist A = A(R) > 0 and
A = A(R) such that

A d(z) MO < agg(,u) €260 < AN d(z) TR g0 (2.7)
a=1 a=1

forany x € Q\ X, € € R™ and u € R™ satisfying d(z) ¥ |u®| < R, 1 < a < m.

Assume that u solves (2.6) in some appropriate sense. Determine how regular w is!

Remark 2.1 Analogous to the case of harmonic maps into the complex hyperbolic
plane, reqularity for harmonic maps with prescribed singularity into any real, compler,
or quaternionic hyperbolic space in the sense described in [25] can always be recast as
a part of Problem 1. Consequently, the result in Theorem B extends parallelly to those

cases.

We now describe what we mean by a solution to (2.6). The singularity of the
coefficients a, and the aforementioned existence result established by Weinstein makes
it reasonable to assume that u® € Hé(Q, d_gk(o‘)). In addition, in a compactly supported
open subset of Q \ ¥, a,p behaves nicely and so (2.6) should hold in the usual weak

sense, i.e.

/ aap(r,u) Du* DEP dx =0, €€ CX(Q\ X, R™).
Q

This suggests the following definition.

Definition 2.1 A measurable function u: Q@ — R™ with u® € HL(Q,d ) is said

to be a weak solution of (2.6) if
/ aap(z, u) Du® DE° dx = 0
Q

for any £ € H&E(Q, d—2k(a)),
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Chapter 3

The case of a single linear equation

In this chapter, we consider a special case of Problem 1 where the unknown is a scalar
map and the coefficient is independent of the unknown. Recall that €2 is an open subset
of R™ and ¥ is a (n— k)-dimensional submanifold of Q2 with & > 2. Let d be the distance

function to ¥ and w be a weight that satisfies

Ad(z)™7" <w(z) < Ad(x)™7,

for some v > 0, 0 < A < A < oo. We are interested in the regularity of weak solutions
of
div (w(z)Du) =0in Q\ . (3.1)

Recall that by weak solution we mean a function u € H&(Q,d™7) such that
/ w(z) DuDEdr =0 for any € € H&E(Q, d—7).
Q

This problem has been studied extensively in the literature. When v < k — 2, w
belongs to the Muckenhoupt class As and the result of Fabes, Kenig and Serapioni
[4] implies that u is Holder continuous across ¥. Unfortunately, in our application to
the problem from general relativity, w might get too singular in a way that it is not
even integrable across X, and so their work does not apply directly. Moreover, for
other purposes, we are also interested in whether w vanishes along 3 and how fast it
decays there. A result in this direction was given by Li and Tian in [11] when ¥ has
codimension 2. We generalize their work to the case where ¥ is a general submanifold

of any codimension k£ > 2 and sharpen the decay estimate to its optimal form.

Theorem 3.1 Assume that w € C*(Q\ X) and

AT <w<AdT7
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for some v >0 and 0 < A < A < co. Moreover, assume that |D(d” w)| = o(d™!) in a
neighborhood of %.

Then any u € Hy(2,w) which solves
div (w Du) =0
in Q\ X is locally Holder continuous in Q0 and enjoys
supd”~ O~ u| < Ol 2 ul| 2

for any w compactly supported in Q. The constant C depends only on A, A\ and the

modulus of continuity of d|D(d¥ w)|.

Remark 3.1 7To see that the decay estimate is optimal, consider the case where Y is
an n — k hyperplane and w = d 7.

Wheny > k—2, (3.1) has a special solution u = d"~*+2 which belongs to HL(Q,d™7).
This solution vanishes along ¥ and exhibits Holder continuity along 3.

When v < k—2, the above special solution does not belong to Hé(Q, d=7). Moreover,
constant functions are solutions which are in Hé(Q, d=7) and, of course, they need not
vanish along . Nevertheless, as mentioned above, w is in the Muckenhoupt class As

and so u is Holder continuous across 3.
Before proving Theorem 3.1, let us give an application which improves Theorem A.

Corollary 3.1 Under the hypotheses of Theorem A, (log X + h,Y) is of class C*
where k is the biggest integer smaller than 4v and o = 4v — k. Moreover, near any

compact subset of the interior of any component of I', Y admits the expansion
Y =C+0(p")
for some constant C'.

Proof. Focus our attention to a small neighborhood 2 of an interior point of I'; we can
assume that Y € H(Q,d™%) and Y|y = 0 where ¥ = ' N Q (see Lemma 2.1). This

implies that Y € H(Q,d~17),
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Rewrite (1.2) as
div(X2DY) =0

and apply Theorem 3.1, we get the required decay for Y and then its C* regularity.

To get the regularity for X, we rewrite (1.1) as

|DY|?
A(log X +h) = — X2
and apply a simple estimate for the Poisson equation. O

Remark 3.2 To see that the C** regularity in Corollary 3.1 is optimal, consider for

example the case where I is the whole z-azis, h = —2vlogp, v > 0 and
P>

P +1
4y
p

pt+ 1

X =

)

This example also shows that the C*< reqularity in Theorem B is almost optimal as a
harmonic map into the real hyperbolic plane is a special harmonic map into the complex

hyperbolic plane.

We will prove Theorem 3.1 through a sequence of lemmas. Also, to avoid technical-
ity, we will assume that ¥ is a (n — k)-hyperplane and w = d~7. In fact, if w = d"w is
not constant, the proofs below require minor changes.

Also, we will frequently use the following inequality (see Appendix B) without ex-

plicitly mentioning,
[aipan<c [P+ a7 DsP)d
w Q
for any f € HL(Q,d™7) and w compactly supported in .

Lemma 3.1 Theorem 3.1 holds for 0 < v < 2(k —2).

Proof. For 0 < v < k — 2, the assertion is a consequence of the aforementioned result
of Fabes et al. [4]. Assume that k —2 < v < 2(k —2). Set v = d7**2y and @ =

d=2k=2)+7 Then v € H'(Q,w) and satisfies in Q \ ¥ the equation

div (w Dv) = 0.
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Since v < 2(k — 2), @ belongs to the Muckenhoupt class As and the above equation
is satisfied across €2. Again, the result of Fabes et al. in [4] applies showing that v is

locally bounded in 2 and for any w compactly supported in €2,

sup o] < O [[d2 0] p2() < C'[ld” 20| 2.

Lemma 3.2 Assume that v > 2(k — 2) and u is as in Theorem 3.1. Then u satisfies
_a _1
supd™ 2 |u| < C'||d™2ul|r2(q)
w
for any w compactly supported in Q.

Proof. Write v = d~ 2u. Then v € H'(Q) N L%(Q,d"2) and satisfies in Q \ ¥ the
equation

Av —cv =
where

1
ﬁ-

C =

o[>

y
(3 —k+2)

Note that c is positive. We therefore can apply De Giorgi or Moser techniques to show

that v is locally bounded and

sup [v] < C'[|v]| 20
The lemma is proved. U
Lemma 3.3 Assume thatu € H*(Q)NC?(Q) solves the following inhomogeneous equa-

tion in Q\ X
div (w(z)Du) = f, (3.2)

where f is smooth away from ¥ and |f| < Cd=7"2H in a neighborhood of > for some
0 < p < A=k+2. Assume in addition that u vanishes along 3. Then for any A < u,

d=*u is locally bounded and for any w compactly supported in €,

supdMu| < C sup |ul.
w Q
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Proof. Fix some w compactly supported in . Fix some 0 < h < 1. Assume for the

moment that d=“wu is bounded. We will show that if ¢4+ h < p then
supd ¢ |u| < C supd ¢ |ul.

This obviously implies our result.

Fix 2y € Q. Consider the function
0(x) = dT(x) + d°(x) |z — 0|2
We compute

DO = (c+ h)d" L Dd+ cd ™t — x0)? Dd + 2d° (z — x0),
div(d™7 D) = (c+ h)(c+h —~ + k —2)d-Teth=2
+elc—y4+k—2)d 2 |z — x)?
+2(2¢—)d " Dd - (x — x0) + 2nd 7T,
Since h < 1, this implies that
div(d™Y D) < Cle+h)(c+h—~y+k—2)d T2 < _C|f|.

in some neighborhood U of ¥.. Take another neighborhood V of ¥ such that V C U.
Set 6 = dist (V,0U) > 0. For zp € V with |z — x| > 0, we have

Jul < [|d ul| poo (0yd® < [|d ul| Loy 6726
Also, 6 vanishes on . Hence, by the maximum principle,
lu| < HdiCUHLoo(U) 5720 in Bs(xo).
In particular, for 2 = xo, we have |u(zo)| < ||[d™ul| oo () 62 dth(zg). Since xg is

arbitrary, this proves the lemma. O

Lemma 3.4 Let v € H'(Q) N L?(Q,d2) solve the following equation in Q\ X:

Dd 1
Av—p7~Dv—qﬁv:0 (3.3)

where p and q are two real numbers satisfying
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°®q=>0,
o (p—k+2)2+4q9—p* >0,

o andp—k+2 < 2% or (k{q;)g — 4q(l;€:k2+2) +p? —4q < 0.

Then v € LiS () and for any w compactly supported in Q,
sup [v| < C'|v]2(q)-
w
The constant C' depends continuously on p and q.

Remark 3.3 The classical De Giorgi - Nash - Moser estimate does not apply here as

d=t ¢ L1t and d=2 ¢ LY"2%¢ for any € > 0.

Proof. We can assume that €) is the unit ball By. We will show that v is bounded in

By /3. The idea is to adapt De Giorgi’s proof exploiting the fact that ¢ is negative.

Let A(k,p) = {x € B, : u(x) > k} and

Ok, p) = /A(k ) lu — k|? dz.
P

Let n be a standard cut-off function supported in B,. Observe that we can take

n%(u — k)T as a test function for (3.3). This yields
2 2 2 2 2 2 o Dd +
n°|Dul® dx < {en” |Dul” + Ce |u — k|7 |Dn|* —pn® — Du (u — k)
A(k,p) A(k,p) d
1
—q772ﬁ lu — k|*}da. (3.4)
On the other hand, by integrating by parts, we see that

Dd 1 Dd
:t/ nzDu(u—k)erx—i/ > = D(ju — k|*) dz
Alkp)  d 2 Jakp  d

1 D D
::F/ [nQdiv(—d)Jr277Dn—d] lu — k|? dz
2 J Ak,p) d d
k—2 1
§—:|:+6’/ = |ju—k[*dx
( 2 ) A(k,p) & | |

—O-C'er/ lu — k|* | Dn|? da.
A(k,p)
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Substituting the above estimate into (3.4), we arrive at

Dd
[ aiputde< [ (e [DuP 4 Clu kP Do - (p =07 O Dula =)

(k — 2)b

1
/ 2 2
o u—

—(q—
where b is any real number. If we requires that b < %, this implies

/ 0 |Duf? dx < / {an? | Duf? + C lu— k2 |Dy|?}dz
A(k,p) (k.p)

where

(p—b)?

4g— 22— ¢

Our hypotheses on p and g are exactly to allow us to find some b < % so that a < 1.

We have therefore shown that

/ o2 | Dul? dz < c/ lu— k|2 | D2 da. (3.5)
A(k,p) A(k,p)

Using this estimate, we can run through De Giorgi’s proof for local boundedness and
obtain

sup u < C [[u™ || 12(p,)-
By /2

The lemma follows. O
Proof of Theorem 3.1. The case 0 < v < 2(k — 2) is taken care by Lemma 3.1. We
hence assume that v > 2(k — 2).

By Lemma 3.2, d 2uis locally bounded. Thus, by elliptic theory, u is continuous
in Q and vanishes along 3. Lemma 3.3 hence shows that d~*u is locally bounded for
any A < v — k + 2. By elliptic theory, we infer that d=**!|Du/ is locally bounded for
the same \’s.

Take a sequence \,, < 7 — k + 2 converging to v — k + 2. Set v,, = d" .
Since A, < v — k + 2, the above estimates on the sizes of v and Du show that v, €

HY(Q) N L2(Q,d~?). Moreover, in Q \ X, v, satisfies

Dd 1
Avm_me‘Dvm_Qmﬁvm:O
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where p,, = v — 2\, and ¢, = A (y —k+2— \,) > 0. An application of Lemma 3.4

shows that, for any w compactly supported in €2,
sup ] = sup o] < Con(@) [0ml20) = Conw) 47l 120
More importantly, as A\, — 7 — k + 2, the constant C), does not blow up as
(P —k+2)% +4gm —ph — (Y —k+2)? — (v —2k+4)> >0

and

2
pm—k+2—£—>—'y+k—2<0.

As a consequence, if w CC W' CC Q,
supd TR < C Hd*7+k*2uHL2(w/) < C supd 7TRT2Eey|
w UJ/
2 2
< Csupd 2ul < Cld 2ul[2(q).
w/

In any case, the theorem is ascertained. O
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Chapter 4

Holder regularity

We next switch our attention back to the system (2.6), i.e.
div (aap(z, u) DuP) = 0, 1<a<m.
Recall that u® € HL(Q,d 2#®)) is a weak solution of (2.6) if
/Qaaﬁ(x, u) Du® DEP dx = 0, V£ e H&’E(Q, d=2k@)y,

Throughout the chapter, the coefficients a3 are assumed to satisfy the ellipticity con-

dition (2.7), i.e. for any R > 0, there exists A = A(R) > 0 and A = A(R) < oo such

that
AD () HONE < aag(au) €767 <A Y d(w) 2O
a=1 a=1
for any € Q\ ¥ and u € R™ verifying d(z) " *®u® < R. Here k(1), k(2), ..., k(m)

are non-negative numbers. Let 7 be the smallest integer such that k(7) > 0. (If there
is no such index, set 7 = m + 1.)

In general, without any additional assumption on the coefficients a,g or the un-
knowns u®, one does not expect u® to be regular, or even Hélder continuous, across .
For example, when the coefficients a,p satisfies the classical ellipticity, i.e. k(o) = 0,
it is well-known that wu satisfies (2.6) in € in the weak sense and so is regular at any

point € ¥ at which

1
lim inf / |Du|? dz = 0.
5—0 02 Bs(z)
(See [5], Chapter 4, for example.) If agﬁ do not depend on u and are smooth across X,
this set is empty and so w is regular in 2. Nonetheless, if afjﬁ is allowed to depend on
u, the points where regularity fails might constitute a non-vacuous subset of 3 (see [5],

Chapter 2).
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We show that the above phenomenon also persists for the problem we are consider-

ing. For any Bjs(z) C 2, we define

1 m
Es(2) = == / > d(z)" | Du(2) ] d. (4.1)
B5(‘Z) a=1
Also, define
bog(x, 1) = d(z) KOO (2 d(z)*Dar), e\ T,aeR™.

By (2.7), the functions blajﬂ(x, @) remain bounded as long as {a®}7" ; stays bounded.

Theorem 4.1 Let Q be a domain in R™ and let ¥ be a (n — k)-submanifold of Q, k >
2. Assume that aag are smooth functions on (Q\ ) x R™ which satisfy the ellipticity
condition (2.7) with k(«) being either zero or bigger than k — 2. Let T be the smallest

index so that k(1) > k —2. (If all k(o) vanish, we set T = m+1.) Assume that
bas(, at,..., a1, 0) = 0 unless a = . (4.2)

Let u® € HL(Q,d= () be a weak solution of (2.6).
If u® € L=®(,d "), then there exists g > 0 such that if Es(xo) < go for some

0 < 0 < dist (zg,00)/4, then
E,(z) < Co*, x € Bsja(wo),0 < d/4,

for some A = A(k(a), [[u”[| oo (0, q-4(a1)) > 0 and C' = C(k(e), [|u*|| poo (g, q-4())) = 0. In
particular, u is Hélder continuous in Bs/4(zo) and for a > 7, d=F)=2 |y is bounded

in Bs4(20).

Remark 4.1 The requirement that k(1) > k — 2 is probably merely technical. It would
be interesting to remowve this extra hypothesis. However, in doing so, one must be careful
with the assumption that d~*®u® is bounded. For, in case of a single linear equation,
if k(o) < k — 2, there are examples that u® may not vanish along ¥ as fast as dk(@)

(see Remark 3.1).

In the context of harmonic maps, an e-regularity result is usually established using

some monotonicity formula. For example, this is the case in the work of Li and Tian
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[11]. It seems that their proof does not apply in our context. However, as demonstrated
in Chapter 2, our harmonic map problem has an equivalent homogeneous divergence
form. This special structure makes it apparent to obtain a Caccioppoli inequality which
we will state shortly. When restricted to the vacuum case in [11], this Caccioppoli
inequality implies the monotonicity formula therein.

Observe that, as long as we stay away from X, (2.6) is an elliptic system for u with
bounded smooth coefficients, so classical elliptic theory tells us that a Caccioppoli in-
equality holds there. However, as we move towards X, the coefficients of these equations
behave badly signifying some possible deterioration in the structure of the Caccioppoli

inequality. This is indeed true as stated in the following result.

Proposition 4.1 (Caccioppoli inequality) Letu® € H(Q,d2k@))NL°(Q, d*()
be a weak solution of (2.6). Let x¢ be a point in  and &y the distance from xq to OS2.
There exists C = C(A, \) > 0 such that for § < d9/2 and b € R™ whose last m — 1+ 1

components vanish when Bag(xo) N X # 0,

/ > a7 Du P dz < % / > a7 [ — b dz,
Bs 2(z0) 0 Bs(zo)

a=1 a=1

Proof. Fix e > 0 and 0 < dy. Let n: R™ — R be a cut-off function satisfying n(z) = 0
if |z — 20| > 0 and n(2) = 1if |z — 29| < §/2, and |Dn| < 46~ 1.

Observe that our constraints on b imply that u® — b* € H%(Q, d_zk(o‘)). Thus, by
Corollary B.1 in Appendix B, we can take & = n?(u — b) as a test function for (2.6).
Using this special choice of ¢ and recalling (2.7) yields

/ n? Z d=2H) | Dy ? dz < C/ naqps Du® DuP dz
Q Q

a=1

= —C’/ Naes DuP D (u® —b%) dz
Q
< C/Q Z |:n2 d*Qk(a) ’Dua|2 + ’DT]’Q d72k(a) ‘Ua o ba‘2:| dz.
a=1
This implies the inequality in question. O

We next study the limiting system when doing a blow-up analysis and then prove
that smallness in energy density implies regularity. We first recall a well known result

(see [5], Chapter 4).
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Lemma 4.1 Let aixjﬂ(h) be a sequence of measurable functions satisfying
2 i 2
Alp|* < agﬂ(h)(x,v)pf‘p? < Alpl*, (z,v,p) € X x R™ x R™

for some 0 < A < A < co and converging in L*(B1(0)) to afjﬁ verifying the same ellip-
ticity bound. Let f(,) be a sequence in L*(B1(0);R™) converging weakly in L*(B1(0))
to f. Let ugy be a sequence in Hy, (B1(0);R™) N L*(B1(0)) such that

0 i U o
Bt Gas) g7 ) = Fo

in the weak sense in B1(0).

If ugy converges weakly in L*(B1(0); R™) to u then u € H} (B1(0); R™) and

e for any p < 1, ugy) converges strongly to u in L%(B,(0); R™) and Duy converges

weakly to Du in L?(B,(0); R™),

e and more importantly, u satisfies in the weak sense in B1(0) the system

5 (s gg7) =

Lemma 4.2 Let u® € HL(Q,d 2*@)) N L°(Q,d %) be a weak solution to (2.6). Let

By = B, (m(n)) be a sequence of balls in Q such that the ratios d(;(g;)) are all less

than some fized k. Let X(p,) be the image of ¥ under the map = — (x — z(,))/d(n) and
dny the distance function to X,y. Assume that Xy, stabilizes to some Xy, i.e. dp)
converges uniformly away from X, to d, the distance function to X,.

Set ey = Es, (x(h))1/2. Define

1 —a
ufny(2) = —— 5 W (@) + o 2) —afyl,  x € Bi(0),
£(h) On)
where

o _ the average of u® over By if k(a) = 0,
(h) —

0 otherwise.
If ey — 0, there exists ug € H;(a)qjo(Bl/Q(O)) such that, up to extracting a subse-

quence,

® ufy,, converges weakly in H'(By5(0)) and strongly in L*(B;/2(0)) to ug,
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° d(;’;(a) “?h) converges strongly to d;k(a) u? in LQ(BI/Q(O)) and d(h];(a) Duf‘h) con-

k(o)

verges weakly to d, "’ Dug in L2(Bl/2(0)).

Moreover, u, satisfies

div (d*—[k’(a)—i-k(ﬁ)] Dass Duﬂ) -0

in the weak sense in By/(0) \ Xx, where bags are constant and satisfy

” Z d;2k(a) |pa‘2 < d;[k(a)Jrk(ﬁ)] ba,@* pa pﬁ < vy Z d;Qk(a) |pa|2’

a=1 a=1
and the ratio va /vy does not depend on the sequence of balls Bs,, (z(ny). Additionally,

bapg« can be written in the form
bogs = bag(a:*,ﬁi, .. ,ﬁ:fl,())
for some accumulation point x, of the sequence Z(h)-

Proof. Let’s assume for the moment that the above convergences have been established.

d_k(a) a d;k(‘l) uf

Passing to a subsequence, we can assume that x; — x, ®)  Uh) a.e.
Also, as
_ C
5(h2)k(a)|a?h)’2 < (;n/ A=y dz < C,
(h) /B

(a)

we can assume that 563 a?h) — a?. It follows that

~a —k(a —k(a k(a)  « —a ~ o —k(a
@z + Syr) = do @ (2) 800 e 0 ufiy (@) + afhy) — 2 du(w) ™ ace,

Therefore, if we define

—[k(a)+k
Aapn) (T) = (5(h[) (e)+h(B) Ao (a:(h) + oy, ulz () + 5(h)m))

= d&f;da)Jrk(B)] bag (l‘(h) + 5(h)$, ﬂ(ﬂ?(h) + 5(h)x)>.
then

o) (1) = d(2) THEOTHO] g (:c o d*(x)_k(a)> ae.

By the Lebesgue dominated convergence theorem, this can be regarded as convergence

in L} (B1(0)\ =.). An application of Lemma 4.1 yields the second half of the Lemma.
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It remains to check the convergences. We have
/ f: d22M) Dy 12 dp = 1/ f: A2 | Dy dr =1.  (4.3)
i) = " . Sy €ty /By ot
Here we have used the assumption that Ej, () = E%h). In particular, this implies
that the L? norm of Dugy,, over Bi1(0) is uniformly bounded for @ < 7. The standard
Poincaré inequality then implies that the H' norm of ugyy over By (0) is also uniformly
bounded for a < 7. For a > 7, we use Corollary B.1 in Appendix B to show that the
L? norm and so the H norm of uy,) over By /4(0) is uniformly bounded. One can then
modify the proof of Proposition B.2 in Appendix B to get the required convergences.

The details work out in exactly the same manner and hence are omitted. O

Lemma 4.3 Let u® € HL(Q,d M) nL>(Q,d %) be a weak solution to (2.6). Let

By = B5<h) (x(h)) be a sequence of balls in  such that the ratios d(;(;';)) are all at least

some fixed K.
Set ey = Es, (:zr:(h))l/2 and define

1 —o
“‘(xh) (z) = W[UQ("E(}L) + 0(n) T) — U(hﬂa x € B1(0),

where a?h) is the average of u® over Béh) = Bm;(h>/2(:c(h)).

If ey — 0O, there exists u. € HI(B,{/Q(O)) such that, up to extracting a subsequence,
u(p) converges weakly in Hl(B,{/Q(O)) and strongly in LQ(BH/2(O)) to ux. Moreover, u,
satisfies

div (aags () Duﬁ) =0
in the weak sense in B1(0) \ Xy, where aqg« are smooth and satisfy
m m
vi Y % < aapep®p” <> I
a=1 a=1

and the ratio va/v1 does not depend on the sequence of balls B(5<h)(x(h)) and does not

exceed C k—2maxk(a)

Proof. The proof of this lemma is similar to but easier than that of Lemma 4.2 and is

omitted. O
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Having a Caccioppoli inequality at hand and some understanding of the limiting
system, we are ready to go forward with our proof of Theorem 4.1, i.e. smallness
in density Fs(x) implies regularity. Recall we require here that any limiting system

decouples into m independent equations by asking (4.2), namely
bag(x,al, ., 4771 0) = 0 unless a = 5.

Lemma 4.4 Let u® € HL(Q,d"2@)) 0 L2(Q,d7*) be a weak solution to (2.6).
Assume in addition that (4.2) holds and all the k() are either zero or bigger than
k — 2. Let xg be a point in Q and 6y = dist (xg, Q). There exists g and Ny such that
for any x € Bs,j2(wo) and § € (0,80/4) satisfying Es(x) < €f there holds Ex,s(x) <

Bs(z)/2.

Proof. Arguing indirectly, we assume that the conclusion fails. Fix some Ay and  for
the moment. They will be determined by a set of constraints which will be formulated
in the sequel. We can find sequences £(,y — 0, z(n) € By, /2(20), and oy € (0,60/4)
such that Es, (z)) = 5(2}1) but Exg s, (z(n)) > E%h)/Q. In addition, we can assume that
one of the following two cases occurs: All the ratios % are less than x or all are
not.

Case 1: 80)  ; for all h.

(h)
Define d ), u?h), dy, Xy, ug and by, as in Lemma 4.2.

In the ball By /5(0), ug satisfies
div (d~2¥(®) Du®) = 0.
Hence, by Theorem 3.1,
uf(z) —uZ(0) < Clz|  a<r

and

[u(z)| < Cd(z)?M@=k+2 4> 1

for some C' independent of the balls By, (z(n))-
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Therefore, by the Caccioppoli inequality,

Exg 50 (T(n)) C / k(o)
< _ 4™ — ) — gy ) w2 (0)
el £ty (A00m)"™ JBosys (i) { Z "
+ Z d—2k(a) |uo‘|2}d2
C " —2k(a) 2
<& uthy — w2 + 3 do 2 gy 2z
€ o B0t St
< = / \d Rla) o - g M@ )uf\2dz
B2y (0) Z =
+£ {Z|2+Zd2k 2k+4}
)\n BQ)\()(O)

| A

B2y (0)

+ Cl )\(2) + 02 (K, + 2)\0)2142(7')—2164-4.

Hence if

1
C1AS + C (5 + 200072 < o,

(4.4)
we infer that 3(27}” < Exgo) (z(ny) < % for h large enough, a contradiction.
Case 2: ) > i for all h.
Let u?h), ug and aqg« as in Lemma 4.3.
In B, 2(0), u. satisfies
div (aags (x)Duﬁ) =0

where the aqg. are smooth and satisfy
m m
vi Y PP < aagep®p’ < Y Ip*P
a=1 a=1
with vo /1) < C k=2m2xk(@)  Also, the L? norm of u, in B,;/2(0) is universally bounded.

Therefore
3 u (@) —ul(0)] < Cr~ "5 |z, @ € Bya(0)

for some A > 0. Like case 1, the constant C' is independent of the balls B, (z (1))
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We again invoke the Caccioppoli inequality and obtain

Exo s ()

2
()
< 2071/ Zd_ ) Jua — ufyy — egny (@)™ ug (0) dz
8(h)(>‘05(h)) Buos(h)(ff(h))a 1
R R SR
BQ}\O
<= / Z\u f|2dz+n+#v\n 2|2 dz
Bax, (0 K 0  Bax,(0)
<7 / Zlu —ugPdz + C3n™" AN
B2)\0(0

Similar to case 1, if we can choose A\g and k such that

C3r™ AN < (4.5)

1
8 Y
this will lead us to an absurdity.

To complete the proof, we need to furnish (4.4) and (4.5). This is always doable by

first picking A small enough such that Ay < and (8C3 )\2)n+A < (160 )% —2Xo,

T
and then picking ~ in between the last two figures. Here B = 2k(7) —2k+4 > 0. O
Proof of Theorem 4.1. Let u® € HL(Q,d 2H)) N L>°(9, d"*®)) be a weak solution
of (2.6). Let g9 be as in Lemma 4.4. Assume that Ejs(z¢) < go for some 0 < § <
dist (zg, 002) /4.

It follows from Lemma 4.4 and standard iteration techniques (cf. [6]) that there
exists positive constants C' and A depending only on k(«) and the L>(€2, d~*(®)-norm

of u® such that

E,(x) =

e / Zd_% |Du®|? dz < C o, T € Bs/o(z0),0 < /4.

It follows from Morrey’s lemma that u is Hélder continuous in Bs /(o).
Moreover, if k(a)) > 0, the above estimate implies a rate of vanishing of u® near 3.

To see this, observe that if o < d(z)/2, then

/ |Du|? dz < C d(z)%(@) gn 2422, 1<a<m,
o ()
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which implies

osc u® < Cd(z)H o,
BO‘/Q(‘T)

(See Theorem 7.19 in [6], for example.) Since u® vanishes along ¥ when k(a) > 0, this

implies that d*(®~24® is bounded in Bj /4(w0). The proof is complete. O
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Chapter 5

Applications

We now turn to the proof of Theorem B and C. We first consider a special case of
Problem 1 in which the smallness assumption in Theorem 4.1 is fulfilled. The condition
we impose additionally on the system (2.6) is a common feature that harmonic map
problems into hyperbolic spaces share. This was first used by Li and Tian in [11] in the
case of real hyperbolic spaces. We doubt that this phenomenon has some connection

to the underlying geometry of the target manifolds, but we have very limited evidence.

Proposition 5.1 Suppose all the assumptions of Theorem 4.1 hold. Assume in addi-

tion that T = 2. If
ago = dgo and apg = —l(a) aggu®, 2< 3 <m, (5.1)

for some (1) = 0, I(2), ..., I(m) > 0, then the u® are Hélder continuous across X.

Moreover, for a > 1, |[u®| < C d¥* for some A > 0.

First observe that, due to (5.1), the first equation in the system (2.6) can be rewrit-

ten as

Aul = Z () agp Du® DuP. (5.2)

2<a,f<m

Note that the right hand side, which we will abbreviate as F'(x,u, Du), is always non-

negative by ellipticity.

Lemma 5.1 Let u® € HL(Q,d 2*®)) N L°(Q,d %)) be a weak solution to (2.6). Let
xo be a point in Q and oy = dist (xg,dN). Then there exists K such that if § < do/4

and x € Bs, 2(w0),

/ ‘1, _ Z’—n+2 Zd—Zk'(a) ‘Duoc‘Q dz < K,
BLS("’C) a=1
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and so

5ZE

= Snm 2/ Zd_% |Du®*dz < K.
Bs(x

Proof. Note that u! satisfies equation (5.2) in the sense of distributions throughout €.

For ¢ sufficiently small, let 7. : [0,00) — R be a cut-off function satisfying

0 ift<eort>2),
ns(t):
1 if 2e <t <4,

and |nL], 77| < Cin [6,28], and || < Ce~L, |n?] < Ce™2 in [g, 2¢].

Let R be a positive number such that |u!| < R. Let G(z) = |z — 2|7""2 and set
GE(2) = n-(|x — 2|)Gx(2). Inserting GE(2)(ul + R+ 1) as a test function into equation
(5.2) and note that F' is nonnegative, we get

/ GE(2) F(2,u, Du) dz g/ P20, Du) GE(2) (u! + R+ 1) d=

Bas(2) Bas(z)

= —/ Du' D[GE(2) (u* + R+ 1)]dz
Bas(x)

= —/ [G‘;(z)|Du1\2+(u1+R+l)Dul DG, | dz.
Bas(

Hence

/ Z d=2@) | Dy dz
Bs(m)\Bza(I)

<C Gz(2) [F(z,u, Du) + |Dut|?| dz
Bs(z)\B2e(z)

—C (u* + R+ 1) Du' DGE dz.
Bas(x)

=C (ul—i—R—}— 1)2A[n5(|x—z\)GI(z)} dz
Bas(x)

< e = aDlle = 27 4 e = 2o — 27 d

Bas ()

< K.

The conclusion then follows from Lebesgue’s monotone convergence theorem. O

Proposition 5.2 (Smallness of density) Let u® € HL(Q,d () N L>(Q,d*))

be a weak solution to (2.6). Let xo be a point in M and 6y = dist (z9,0M). Let K be
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the constant obtained in Lemma 5.1. For given ¢ > 0, § < do/4, and x € By 2(w0),

there exists o = (e, 0,x) between e 2K(=2)/2§ and § such that
E,(z) <e.
Proof. Fix £ > 0. For §' = e 2K(n=2)/5 e have
Bol2) 4, / —"+1/ Zd_zk |Du®? dz do
s O 5 o(2) 2

= (n+2)o’_”+2/ Zd_2k |Du®|* dz

)

5/

+(n—2 / "+2/ d=2k) | Du®2 dS(2) do
( . - Z | ©dS(2)

)

= (-n+2) —”+2/ Zd—% |Du®|? dz

5/
m
+(n—2) / o — 272 S a2 | Dy d
Bs(x)\Bs (z) a=1
Hence, by Lemma 5.1
S B,
(@ )d <2K(n—2).
& g
The assertion follows immediately from an argument by contradiction. O
Proof of Proposition 5.1. By Proposition 5.2,
liminf E,(z) =0 Vae
o—0
Theorem 4.1 then applies yielding the assertion. H

Finally, we consider Theorem B. Recall that u, v, x and ¢ satisfy (1.6)-(1.9), i.e

Au—2e"|Dv—1 Dx + x Dy|* — e**(|Dx[* + |Dy|?)
div [e*“(Dv — 1 Dx + x Dy)] =
div (e?“Dy) — 2™ Dy - (Dv — ¢ Dx 4+ x D) = 0,

div (e*“Dv)) + 2¢*™ Dy - (Dv — ¢ Dx + x D1p) = 0.
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We will use various equations derivable from (1.6)-(1.9). The first set gives the formulas

for the Laplacians of u, x and .

h
Alu—5) = Au= 2¢*| Dv — 1 Dx 4 x DY|? + *“(|Dx|* + |Dy|?),  (5.3)
Ax = —2Du - Dy + 2e*“D1 - (Dv — 1) Dy + x D), (5.4)
Atp = —2Du - Dip — 2e*“Dy - (Dv — 1 Dy + x Dv), (5.5)

The second makes way to apply Lemma 3.3.

div (" Dv) = €™ Du - ( Dx — x D) + €™ (¢ Ax — x Av), (5.6)
div (e?“Dy) = 2™ Dy - (Dv — 1 Dx + x D), (5.7)
div (e2“D1p) = —2e*“ Dy - (Dv — ) Dx + x D). (5.8)

The proof consists of two parts. In the first part, we prove the general case where
v is arbitrary. In the second part, we consider the physical case where v = 1 and
(u,v,x,) is axially symmetric around the z-axis.

For the first part, we apply Theorem 4.1 and Corollary 5.1 to obtain Hélder conti-
nuity. Unlike proving Corollary 3.1, we cannot apply Theorem 3.1 due to the coupling
of the unknowns. Instead, we repeatedly apply Lemma 3.3, a primitive of Theorem 3.1,
to (5.6)-(5.8) to get C** regularity.

For the second part, we follow the reversed Ernst-Geroch reduction scheme to prove
smoothness under axial symmetry. This was used by Weinstein in his work on the
vacuum case. His idea is the following. The system (1.1)-(1.2) was obtained by applying
the Ernst-Geroch formulation for axisymmetric stationary vacuum solutions, which was
done in the order of the axial Killing vector field being applied first and the stationary
Killing vector field second. This choice of order made it more convenient to establish
existence and uniqueness but regularity. If one applies the reduction scheme in the
reversed order, i.e. to the stationary Killing vector field first and then to the axial Killing
vector field, one obtains a harmonic map problem from R? into the real hyperbolic plane
in the usual sense. Similarly, if one applies the reversed Ernst-Geroch reduction scheme
to the Einstein-Maxwell equations, the system acquired is, though no longer a harmonic

map problem, still elliptic. To finish one needs to prove some initial regularity for the
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acquired system. In the vacuum case, this can be done much simpler by a clever use
of the De Giorgi-Nash-Moser regularity result for scalar elliptic equation (see [22]). It
seems unlikely that this technique applies in the electrovac case. It is precisely at this

point that we need to use the C* regularity obtained in the general case to go forward.

Proof of Theorem B. Note that since the complex hyperbolic plane is a manifold of
negative sectional curvature, (u, v, x, ) is C° in R3\ X. Thus we only need to consider
the regularity question around I'. Without loss of generality, we assume that the origin
is an interior point of I', h = —2vlog p and that the controlling ideal point on 0Hc is
(400,0,0,0) as in Chapter 2.

Step 1: C*@ regularity in the general case.

Let 4 = u — h. Then, as shown in Chapter 2, (u, v, x, 1) satisfies the hypotheses of
Theorem 4.1 and Proposition 5.1. Therefore, (u,v, x, ) is locally Holder continuous in
Q and there is some A > 0 so that

1
5n—2

[ [1pa 51Dl + 5 (D + D)) < 8

5

It follows that |Da| = O(p~ '), |Dv| = O(p~1+27+22) "and | Dx|+|Dy| = O(p~1+7F4).
Thus, by (5.3), |Au| = O(p~2+?}).

The above estimates show that |Dw||Dv — ¢ Dx + x Dy| = O(p~2+37+2). Thus,
if A < Z, an application of Lemma 3.3 to (5.7) shows that [x| = O(p?*?}). Similarly,
|| = O(p*?}). Applying basic gradient estimates for Poisson equations to (5.7) and
(5.8), we deduce that |Dx| + |Dy| = O(p~1+7+2}). Using equations (5.4) and (5.5)

we infer that |Ax| + |Ay| = O(p~277+2}). Hence the right hand side of (5.6) is at

—2-29+4)) 2740

most O(p . Lemma 3.3 applies again, but to (5.6), yielding |v| = O(p

Gradient estimates for Poisson equations then show that |Dv| = O(p~1+27+44),

27+2A)

Repeating the argument in the previous paragraph we see that [v| = O(p and

Ix| + [¢¥| = O(p?*) for any A < 7. The regularity result in the general case follows.
Step 2: Smoothness when (u, v, x, 1) is symmetric about I' and v = 1.
It suffices to show that (u, v, x,v) is C* in Bs(0) for some ¢ > 0 small enough.

Step 2(a): Construction of new functions.
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We first exploit the symmetry to construct new functions defined in a neighborhood
of the origin. Let Dy and dive denote the gradient and divergence operators in the
half plane {(p, z) € R?|p > 0}. Then, in terms of cylindrical coordinates, (1.6)-(1.9) are

equivalent to
divy (p Dau) — 2™ p|Dav — ¥ Dax + x Datp|* — €2 p(|Dax|? + | D2t %) = (5.9)
divy [e* p (Dav — 9 Dox + x Dotp)] =0, (5.10)
divy (€2% p Dyx) — 2¢** p Datp - (Dyv — v Dox + x Dotp) = 0, (5.11)

divy (€2 p Datp) + 2¢* p Doy - (Dov — 1p Dax + x Datp) = 0. (5.12)

Set w = (wp,ws) = Dav — 9 Dax + x Datp. Using (5.10)-(5.12), we define p, ¥ and ¥ by

dp = —2¢* pw, dp + 2 pw, dz, (5.13)
Ay = —(e* p. + pX,)dp + (€2 p1b, — px:)dz (5.14)
A = (e px. — pibp)dp — (€2 pxp + 1. )dz. (5.15)

Note that they are well-defined up to a constant. Also, by the C*< regularity result
from the general case, p, ¥ and 12 are locally bounded.

Set

- . 1 Ay _ _
w:(wp,wz)zi((e ™2 4 p)ps — dppus, —(e M p 1p2+p)pp+4ppup+2p>

1
=5 (21?2 Wy + pps —4ppus, 20° w, — pp, + dppu, + 2p)-

A straightforward calculation using (5.9), (5.13), (5.14) and (5.15) shows that

2(‘1)/?,2 - ‘:’z,p) = 4p(pz Wp — Pp Wz) —4p [(puz)z + (pup)p]
+ 20 (wp,2 — wap) + P[0 2)= + (07 ') p] — 4p(p= s + Py uy)
= —4e® pp(|Dax|* + |D2vo[?) + 4(e™ p* + p*) (W X2 — Xp ¥2)

= 4(p Xz — Xps)- (5.16)

Thus there exists ¥ such that

45 = @+ § % — Xhp)dp + (@: + & Ko — X0:)dz. (5.17)
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Like x and 1;, v is defined up to a constant but remains locally bounded.

Finally, define @ by

1 1 _ _
U= —5 log(e?" p? — e 24 p?) - 2 _ o2 g2 2y, (5.18)

Recall that & = u — h = u + ylog p. Since @ and p are locally bounded, @ is bounded

in Bgs(0) for 6 small enough.

Step 2(b): Equations governing (a, 0, X, 1[))

By construction, (i,,X,%) is smooth in Bs(0) \ T'. We claim that it satisfies the
following equations in Bs(0) \ I':

At —2e* Do — o) DY + ¥ DY|? + €2%(|Dx|? + |Dy|*) = 0, (5.19)

div [¢*" (D — ¢ DX + X D¥)] =0, (5.20)

div (e* DY) + 2¢*% De) - (Do — ¢ DX + ¥ D) = 0, (5.21)

div (e*® D)) — 2¢** Dx - (Do — ¢ DX + ¥ D) = 0. (5.22)

In cylindrical coordinates, these equations take the form

divy (p Dait) — 2€* p|@|% + €2 p(|Dax|? + | Datp|?) = 0, (5.23)
divy (e* p&) = 0, (5.24)
divy (€2% p Dyx) + 2¢* p Dotp - & = 0, (5.25)
divy (€2% p Daotp) — 2e*% p Doy - &0 = 0. (5.26)
Define
6_2up 6—2up
5 — == 2
P= o "2 = (5.27)
Then

dp = —2e*" p&, dp + 2¢* p@, dz, (5.28)

which shows that (@, 0, x, 1) satisfies (5.24).

By (5.14), (5.15) and (5.27),

dx = _(E%L P?Z)z - ﬁf(p)dp =+ (6212 ,07[};) + ﬁ)gz)dz' (5'29)
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This implies that
(¥ p + PXp)z = (€7 prhp — DX,

In view of (5.28), (5.26) follows. Similarly, (5.25) holds due to
dip = (" pXe + D Yp)dp — (¢ pXp — P=)dz. (530)

We next verify (5.23). In the interior of {p = 0}, p and © vanish, and @ = —u, so (5.23)
follows immediately from (5.9), (5.14) and (5.15). Thus, by continuity, it suffices to

consider the region where p # 0. We note that

—2u > —24

e™p e ™p
e—2u  g2ip? _ g2ip2’

p =
In view of (5.13), this implies that

1, i o I i o
w=§<(6 ™2+ p)ps — dp P, —(e M p 1p2+p)pp+4ppup+2p>,

and so, by (5.16) and (5.27),
AT =1 ~12 e~ . 4 2 2T oo e T
Wpz = wzp =4 ppl@|” = 2p[(ptiz). + (ptip)p] +2(e™ p” + D7) (¥p Xz — Xp 12)-

On the other hand, by (5.29) and (5.30)

Wp,z — Wzp = 2(Pp Xz — Xp ¥z)
= 26" pp(| Dax|* + [ Do) + 2(e*™ p* + 5°) (4 X = Xp 2).
The above relations imply that
4" pp o> — 2p [(p @) + (piip),] = 2¢°" p (| Dax|* + [ Dot ).
Since p is nonzero, (5.23) follows.
Step 2(c): Smoothness of (u, v, )2,1[1).

We will use the following lemma, which is easy to prove.

Lemma 5.2 Assume that f is a reqular function in By(0)\T and that |f| = O(p~1+®)

for some o € (0,1). If Nf be the Newtonian potential of f with respect to B1(0), i.e.

Nf(z) = / Bz — y)f(y) dy
B1(0)
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where ® is the fundamental solution of the Laplace equation, then N f is C1* in B1(0).

As a consequence, if u € L*(B1(0)) is a weak solution of
Au=f
in B1(0), then u is CH® in By(0).

We have shown that (5.19)-(5.22) hold in Bs(0) \ I'. Moreover, by the regularity
result for the general case, @, #, ¥ and ¢ belong to H'(Bs(0)) N C%*(B,(0)) for any a
€ (0,1). Hence, since I' is of codimension 2, they satisfy (5.19)-(5.22) in Bs(0) in the
weak sense.

On the other hand, using the regularity result for the general case, we can show

that @, 0, ¥ and ¢ are C%° in B;s(0) for any « € (0,1). Moreover,
| D3| + [DX| + | DY| = O(p* 7).

Applying Lemma 5.2 to (5.19), (5.21), (5.22) and then (5.20), we can show that a,
7, ¥ and ¢ are C®. This allows us to bootstrap in between (5.19)-(5.22) to obtain

smoothness for @, ¥, ¥ and ¢ in Bs(0).
Step 2(d): Smoothness of (u, v, x, ).

The smoothness of x and v follows from (5.29) and (5.30). By (5.28), p and so

e 2Up = e 2% j are smooth. That of e~2* and of @ follows from the identity

2 6—217, _ —2u 2u 2 —2u ~2

p =e =ep” —e D

Next, since p? p is smooth and p € C%®, p is smooth too. The smoothness of v follows

from (5.13). The proof of the theorem is complete. O

Proof of Theorem C. The theorem follows immediately from Theorem B and the

results in [27].
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Appendix A

Hyperbolic spaces

In this appendix, we present some relevant facts about the complex hyperbolic plane
He =2 U(1,2)/(U1) x U(2)).
In the disk model, the hyperbolic plane Hg¢ is modeled by the disk D = {{ =

(¢, ¢%) € C™: [¢|? < 1} with the metric element

5, GO\ s R |CdCP
ds® = / ¢’ d¢l = :
i e i S S e el e

The action of a matrix A = (a;;) € U(1,2) on D is given by

A¢= (am + a2C1 + az3C2 az1 +aza(l + a33€2)
a1 + a2 + a13¢2” a1 + a2 + a3/’

The isotropy group at the origin is U(1) x U(2).

The geodesics at 0 are precisely the R-lines through 0. All other geodesics can be
obtained from those by some motion in U(1,2). This implies that
1-¢-¢|

VIZICRY1— (62

We now derive the (u, v, x, 1) parametrization of H¢ from the disk model. See [25]

cosh dist(¢, ) =

for a geometric interpretation.

Define
11+ G
u = lo >
1—¢]
1
v = ilmwl,
x = Rewy



where

1-G

1+¢’
(2

N 14+ ¢

Note that
—2u — 11— |C‘2
1+ G)?

Hence, for a given (u,v, x, ), we can recover ¢ by

== Rew1 — |w2]2.

1—w1
Cl_ 1+w17

2w2
CQ_ 1+’UJ1,

and

wi = e 2% 4+ 2+ 9% 4 2iv,

w2 = X + i¢
By a direct calculation, we see that the line element in terms of (u,v, x, ) is

ds® = du® + e (dv — o dy + x d)? + €**(dx* + di?).
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Appendix B

The space WP (2, w)

We will study the space Wé’p (©,w) defined in the introduction. Most of the results

here are probably known to readers. However we show them for completeness.

Throughout this appendix, we will frequently make the following assumptions on

Q, ¥ and w.

(C1) X is a (n — k)-dimensional submanifold of R™ (possibly with or without a bound-

ary) and 2 is a bounded domain in R".

(C2) ¢ is a positive C? function in a punctured neighborhood of X such that p(x) —

0asx — 2.

(C3) w is a positive measurable function defined on ¥ such that w = w(y) in the

domain of ¢.
(C4) w is bounded on any compact subset of 2\ X.

(C5) w is bounded from below by a positive number on any compact subset of 0\ X.

Lemma B.1 Let 1 < p < co. Assume (C1)-(C3). Let o and (3 be functions on (0, c0)

which are locally bounded measurable functions on compact subsets of (0,00) and satisfy

Let A be an anti-derivative of a and define
t -p
(1) = PP AW = 1/(0-1)(g) { / B(s) w1/ (5) e A ds}
0

and W, (x) = w,(e(x)).
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(i) If Bw 1/ 0=De=A/=1) s locally integrable near 0, then there exists & > 0 such

that d(2¢, %) < § implies
Lirapyde<c [ pirwds £ eWiEw).
The constant C depends only on p.

(ii) If, in addition, « is positive and the level surfaces of ¢ are reqular hypersurfaces,

then there exists § > 0 such that d(Q°,X) < § implies

/Q]f|pwudx§C/Q|Df\pwdx f e We(Q,w),

for any p for which Bw=1/ P~V et A is locally integrable near 0. The constant C

depends only on p and p.
Proof. It suffices to consider non-negative f € C°(Q2\ X).

(i) Let By = {d(z,X) > t}. For ¢ sufficiently small, f vanishes outside of B;. Thus,

if Fis a C'! vector-valued function on \ X then
0= [ div(s? Fydo= [ (7div(F)+p s DF Fldo
Bt Bt

Hence, if div (F) is positive,

R PP
/ fPdiv(F)de < C | |Vf|P # dx. (B.1)
By By (div (F))r~1
Define
—p+1
Ft) {/ B(s) w10 (5) e~ A/ (-1 ds} <0,
so that

F'taF=(p—1)pw VoD |pp/e-1,
Hence, if r (x) = F(p(x))Dp(z) then

2 2/
——=F) > |Do|*(F'+ aF)
e )

div (F) = |Dg? (F' +
= (p—1)|Dy? fw™ V@~V |pp/(p=1)
> (p— 1) w /=1 |pp/(e=1) | D|p/(p=1)

= (p—1)w VD ple-h — (p — Dw_1/p-1)-
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Also, this implies

(i) then follows from (B.1).

We localize the proof of (i). Since « is positive, A is strictly increasing. Let ¢; be
an increasing sequence of positive real numbers such that 0 < A(t;j41) — A(t;) <
1. Let S; = {d(z,%) = t;} and A; = {tj41 < d(z,X) < t;}. Similar to (i), any
vector-valued function F which is differentiable in Aj such that div (F ) > 0 gives
rise to

— F p
—Dj—i-;/A fPdiv (F) deC/A IVfIP B g (B.2)
J

) (div (F))p—!

where
Dj :/ fp F‘deO'—/ fp F-Vj+1d0'.
Sj Sjt1
Here v; denotes the normal vector to S; in the direction of increasing distance.

For t; <t < tj11, define
—p+1
Fi(t) = A(t){ / B(s) w Y =D (5) e~ A/ @) g | KJ} <0,

where K is a constant to be specified later. Set E] () = Fj(¢(z)) Do(x). Again,
F(#) + a Fy(t) = (0 — DB w0 (0) [Fy ),

‘Fj|p < Cw.

which implies div ( j) > Cw~ /1) F p/(p=1) and —FiL <
(div (F5))P~1

On the other hand, recalling the definition of F; and the sequence {t;}, we have

—-p

-

-p
e, { /t Bl O (5) ¢ HADAWD g5 4 AD/- KJ}

’Fj’p/(pfl)( t) = e PAO/P-1) {/ B(s)w™ VP (5) e A/ (1) gg 4 K;j

<.

{ / Bs)w D) (5) (AD=-AE)/-1) gg 1 AD/@-D ¢

-p
— CePHAR) { B(s)w= /P (5) et AB) g + e(u+1/(p—1))A(t)Kj}
J

—-p
> CePrA) { B(s)w /P (5) erAW) ds+e(u+l/(p—1))A(tj)Kj} .
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Hence, by setting
t,
Ky = 0t/ A) [ () o)) ) s
0

we arrive at

w—l/(p—1)|Fj|p/(p—1) > Ci(t).
The above estimates allow us to rewrite (B.2) as
—Dj+01/ fPadr < 02/ |Df|?w da
A; A;

where C7 and C9 is independent of j. Summing over j and recall that f €

C*(2\ X), we get the assertion.

Remark B.1 (i) It happens in many cases that w = o(w,).

(ii) For o(x) = d(z,X), we can take a(t) = k/t and B(t) = 1. Here k is the codimen-

ston of . In that case,
t —p
Wy, (t) = PRH =/ (=1 () {/ w1 /P (g) gk ds} .
0
In particular, if w(z) = d(z, X)), we can take w(x) = d(x,X)77P.
(iii) The proof is actually valid if we only assume that f € Wé’p(ﬂ,w) and f =0 at

points on OS2 where the normal vector is not perpendicular to De.

Proposition B.1 Let 1 < p < oco. Assume (C1)-(C4). Let § and p be as in Lemma

B.1. Define
~ wy(z) ifd(z,X) <9,

w(z) =
1 otherwise.

(i) For any f € W&’g(ﬂ,w), f e LP(,w) and

/ PP de < c/ UfP & |DIP w) d.
Q Q
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(ii) For any f € Wé’p(Q,w), ferll (Qw) and

loc
/|frpwdx < C/[|f|p+|Dfpw] dz
w Q

for any w compactly supported in 2.

Proof. Part (i) follows immediately from Lemma B.1 and the classical Poincare in-
equality.

For part (ii), it suffices to consider w for which there is some r such that each
connected component of wN{d(z, %) < r} is bounded by the hypersurface {d(z, %) = r}
and two arbitrary hypersurfaces tangential to Dy. Also, we can assume that f €

C(Q\ ). We will show that

/ fPdde<C / 1F1P + | DA w) da (B.3)

Let 1 be a standard cut-off function which vanishes in {d(z, ¥) > r} and is identically
1 in {d(z,X) < r/2}. Split f = fi+ fo = fn+ f(1 —n). Then f; vanishes on
{z € dw|d(x,%) = r}. The remainder of Jw is tangential to Dy. Thus by the remark

following Lemma B.1,

/Ifllpwdxsc/m(fn)ypwdz

<C |f|pwdx—|—0/|Df]pwdx
(r/2<d(z,5)<r} w

SC(r)/\f\pdx+C/]Df\pwdx.

For fo, we compute

[ ippads= [ P wde <) [ 17Pda,
w {r/2<d(z,2)<r} w

The result follows from Minkowski inequality. U

Proposition B.2 Let 1 < p < co. Assume (C1)-(C5). Define w as in Proposition
B.1. Let w be a positive measurable weight in Q such that w = o(w) in a neighborhood
of ¥ and w is bounded on compact subsets of Q\ X. Then Wé’p(Q,w) 18 compactly

embedded into L7 (2, w).

loc
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Proof. Let f, be a bounded sequence in Wé’p () and w compactly supported in €.
By Proposition B.1 and our assumption on w, f,, € LP(Q,w). We will show that, up
to extracting a subsequence, f, converges in LP(w,w). Indeed, by (C5), we can assume
that f,, converges to f pointwise and in L} C(Q \ X). We claim that f,, converges to f

in LP(w,w). To this end it suffices to show that

lim/|fn|pﬂ)d:n:/|fpwd1:.

Fix a ¢ > 0. We observe that, |f,|P @ converges to |f|Pw in L*(w N {d(z,X) > t})

for any t, so
lim / |fn|pwda::/ |f|Pwdx.
=0 Jwn{d(z,X)>t} wn{d(z,X)>t}

On the other hand, by Proposition B.1,

/‘ | fulP @dz < sup ?“>/' | folP @ de
wn{d(z,3)<t} 0<s<t W(8) Jun{d(,s)<t}
w

<) s 2 (1P + DS Pulds <o

for ¢ sufficiently large. By Fatou’s lemma, this implies

/) P dds < e
wN{d(z,X)<t}

Combining the above estimates, we infer that

[ipade= [ (o

Letting ¢ — 0, the assertion follows. O

lim sup < 3e.

n—oo

Remark B.2 Using the inequality (B.3) instead of Proposition B.1, we can show that
Wzl’p(ﬂ,w) embeds compactly into LP(Q),w) whenever there is some r such that each
component of QN{d(z,X) < r} is a set bounded by {d(x,>) = r} and two hypersurfaces

tangential to Dep.

Proposition B.3 Let 1 < p < co. Assume (C1)-(C5) and that 2 intersects ¥. Define
w as in Proposition B.1. Let w be a positive measurable weight in € such that w =

o() in a neighborhood of ¥ and w is bounded on compact subsets of U\ X. Assume in
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addition that w is bounded from below. If w is nowhere locally integrable along X, then

for any w compactly supported in €2,

/|f|pwdx§0/ \DFPwda.
w Q

Proof. It suffices to show that

/\f\pwdng/\Df]pwd:v

for any w compactly supported in €2 such that, for some r, w N {d(z,%X) < r} is a set
bounded by {d(z, %) = r} and two hypersurfaces tangential to De.

Arguing indirectly, we assume that there exists f such that

1:/|fh|pwda:2h/|Df|pw.

Since w is bounded from, f;, is uniformly bounded in LP(w), and so in Wé’p (w,w) (as
h — 00). Hence, by Remark B.2, we can assume that there exists f € Wzl:’p (w,w) such

that fj converges weakly in Wé’p (w,w) and strongly in LP(w,w) to f. This results in

/|Df|de$§ﬁgI_l)LIgf/|th|pwdxzo,

which show that f is constant in w. But as |f|P @ is locally integrable in w (cf. Propo-
sition B.1) and w is nowhere locally integrable long ¥, f must vanish identically. This

contradicts

/]f\pwd:c:hlim/fh|pwdx:1.

The proof is complete. O

Finally, we restate the above results for the case w = d(x,%)™7.
Corollary B.1 (i) For f € W&’g(Q,d’V),
/|f]pd_7_p,d:r§ c/ DfPd da.
Q Q
(ii) For f € Wé’p(Q,d_W) and w compactly supported in 2,

/ fPd Pz < C / If1P + |DfP d) de.
w Q
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If, in addition, Q) intersects ¥ and v > k — 2, then

/|f|Pd7’ dx gc/ |DfPd™ da,
w Q

where 0 < v < v+ p. If Q and w are fized concentric balls and X is straight, the
constant C' depends only on p, v, 7' and the distance from the center to ¥.. The

bigger the distance, the bigger the constant.

(iii) The embedding Wé’p(Q, d77) — L} (Q, d=7") is compact for any 0 < v < v +p.
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