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ABSTRACT OF THE DISSERTATION

Topics in High-dimensional Inference

by Wenhua Jiang

Dissertation Director: Professor Cun-Hui Zhang

This thesis concerns three connected problems in high-dimensional inference:
compound estimation of normal means, nonparametric regression and penaliza-
tion method for variable selection.

In the first part of the thesis, we propose a general maximum likelihood empir-
ical Bayes (GMLEB) method for the compound estimation of normal means. We
prove that under mild moment conditions on the unknown means, the GMLEB
enjoys the adaptive ration optimality and adaptive minimaxity. Simulation exper-
iments demonstrate that the GMLEB outperforms the James-Stein and several
state-of-the-art threshold estimators in a wide range of settings.

In the second part, we explore the GMLEB wavelet method for nonparamet-
ric regression. We show that the estimator is adaptive minimax in all Besov
balls. Simulation experiments on the standard test functions demonstrate that
the GMLEB outperforms several threshold estimators with moderate and large
samples. Applications to high-throughput screening (HTS) data are used to show
the excellent performance of the approach.

In the third part, we develop a generalized penalized linear unbiased selection

(GPLUS) algorithm to compute the solution paths of concave-penalized negative

i



log-likelihood for generalized linear model. We implement the smoothly clipped
absolute deviation (SCAD) and minimax concave (MC) penalties in our simu-
lation study to demonstrate the feasibility of the proposed algorithm and their

superior selection accuracy compared with the ¢, penalty.
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Chapter 1

Introduction

This thesis concerns three connected problems in high-dimensional inference:
compound estimation of normal means, nonparametric regression and penaliza-
tion method for variable selection.

The first problem, known as the compound estimation of normal means, has
been considered as the canonical model or motivating example in the develop-
ments of empirical Bayes, admissibility, adaptive nonparametric regression, vari-
able selection, multiple testing and many other areas in statistics. Let X, be
independent observations with X; ~ N(0;,1), i =1,...,n, where @ = (04,...,0,)
is an unknown deterministic signal vector. Our problem is to estimate 6 un-
der the compound loss L,(8,0) = n' 32" (6; — 6;)2. There are three main
approaches in the compound estimation of normal means: the general empirical
Bayes (EB) [59, 62], the James-Stein estimator [44, 64], and the threshold method
[1, 5, 22, 23, 47]. Among the three approaches, the later two work well when the
empirical distribution of the unknown means is approximately normal or very
sparse, respectively. The general EB is greedier since it assumes essentially no
knowledge about the unknown means but still aims to attain the performance of
the oracle separable estimator based on the knowledge of the empirical distribu-
tion of the unknowns. Thus, the heart of the question is whether the gain by
aiming at the smaller general EB benchmark risk is large enough to offset the
additional cost of the nonparametric estimation.

We propose a general maximum likelihood EB (GMLEB) in which we first
estimate the empirical distribution of the unknown means by the generalized

maximum likelihood estimator (MLE) [49] and then plug the estimator into the



oracle general EB rule. Our results affirm that by aiming at the minimum risk of
all separable estimators, the greedier general EB approach realizes significant risk
reduction over linear and threshold methods for a wide range of unknown signal
vectors for moderate and large samples, and this is especially so for the GMLEB.
We prove that the risk of the GMLEB estimator is within an infinitesimal fraction
of the ideal Bayes risk when this risk of greater order than (logn)°/n depending
on the magnitude of the weak ¢, norm of the unknown means, 0 < p < co. Such
adaptive ratio optimality is obtained through an oracle inequality which provides a
uniform upper bound of the regret using the GMLEB estimator. Moreover, we use
this oracle inequality to prove the adaptive minimaxity of the GMLEB estimator
over a broad collection of ¢, balls. We demonstrate the superb risk performance of
the GMLEB for moderate samples through simulation experiments, and provide
an EM algorithm for the computation of the GMLEB.

The second problem is nonparametric regression which is a typical example
where the compound estimation of normal means can be directly applied. We
have N = 27/ noisy samples Y; of a function f, Y; = f(t;) +e;, i = 1,...,N
where ¢; = i/N and e; are independent N(0,0?) random variables. Our goal is
to recover the unknown function f. In detail, we measure the performance of an
estimate f in term of squared loss at the sample points by the risk R(f, f) =
NTE|f = fI? = N7 L, B(F(8) — f(8)*

We propose the GMLEB wavelet method to the nonparametric regression
problem. Our method proceeds by taking the discrete wavelet transform of the
data Y; , processing the resulting coefficients to remove noise by the GMLEB
method, and then transforming back to obtain the estimate. We provide an ora-
cle inequality, that is, an upper bound for the estimation regret for the adaptation
to the ideal risk. Moreover, we show that the worst behavior of our estimation
method when the function f is constrained to lie in a Besov space simultaneously
attains the best possible minimax risk over a wide range of Besov spaces. This
adaptive minimaxity implies the adaptation to spatial inhomogeneity of the un-

known function. We conduct an extensive Monte Carlo simulation study of the



performance of our estimator using four standard test functions. It turns out
that for moderate and large samples, our procedure outperforms other threshold
estimators and improves over a general EB method based on Fourier smoothing
kernel [74].

The third problem concerns penalization methods for variable selection. In the
wavelet thresholding approach to the standard nonparametric regression model,
the discrete wavelet transform (DWT) proceeds by y = N~Y2WY where W,
called the finite wavelet transformation matrix, is a real N by N orthonormal
matrix and y is the vector of the discrete wavelet coefficients. The distribution
of y is N(B, eI y) with unknown B where €2 = 02/N. The wavelet thresholding
amounts to estimate 3 based on observations Y using the linear model Y =
NY2WTB + oz where z ~ N(0,Iy). This is a special case in variable selection
since the design is orthogonal. General variable selection is more complicated and
challenging since there are dependencies among variables.

In linear regression, a number of concave penalized least squares methods
have been shown to possess selection consistency and oracle efficiency properties
under much weaker conditions than the ¢; penalized methods do [34, 79, 85].
However, minimization of a concave penalized general loss function is still a com-
putationally challenging problem. A penalized linear unbiased selection (PLUS)
algorithm was recently proposed for the computation of a solution path of local
minimizers of concave penalized least squares [78]. The main idea of the PLUS
is to compute possibly multiple local minimizers at individual penalty levels by
continuously tracing the minimizers at different penalty levels. We develop a
generalized PLUS (GPLUS) algorithm to compute the solution paths of concave-
penalized negative log-likelihood. We use end-to-end short linear segments to
approximate the nonlinear paths of generalized linear models. We implement the
smoothly clipped absolute deviation (SCAD) [34] and minimax concave (MC) [78§]
penalties in our simulation study to demonstrate the feasibility of the proposed

algorithm and their superior selection accuracy compared with the ¢; penalty.



Chapter 2

General Empirical Bayes Estimation of Normal
Means

2.1 Introduction

This chapter concerns the estimation of a vector with iid normal errors under the

average squared loss. Let X; be independent statistics with

under a probability measure P, g, where 8 = (6,...,0,) is an known signal

vector. Our problem is to estimate @ under the compound loss

n

. 1 ~ 1 .
L.(0.0)= 16— 0)P = -3, 0.’ (22
i=1
for any given estimator 0= (51, . ,gn) Throughout this chapter, the unknown

means 6; are assumed to be deterministic as in the standard compound decision
theory [59]. To avoid confusion, the Greek € is used only with boldface as a
deterministic mean vector @ in R™ or with subscripts as elements of 6.

The problem, known as the compound estimation of normal means, has been
considered as the canonical model or motivating example in the developments of
empirical Bayes, admissibility, adaptive nonparametric regression, variable selec-
tion, multiple testing and many other areas in statistics. It also carries significant
practical relevance in statistical applications since the observed data are often
understood, represented or summarized as the sum of a signal vector and the
white noise.

There are three main approaches in the compound estimation of normal



means. The first one is the general empirical Bayes (EB) [59, 62], which as-
sumes essentially no knowledge about the unknown means but still aims to attain
the performance of the oracle separable estimator based on the knowledge of
the empirical distribution of the unknowns. Here a separable estimator is one
that uses a fixed deterministic function of the i-th observation to estimate the
i-th mean. This greedy approach, also called nonparametric EB [54], was pro-
posed the earliest among the three, but it is also the least understood, in spite
of [60, 61, 62, 74, 75, 76]. Efron [28] attributed this situation to the lack of ap-
plications with many unknowns before the information era and pointed out that
“current scientific trends favor a greatly increased role for empirical Bayes meth-
ods” due to the prevalence of large, high-dimensional data and the rapid rise of
computing power. The methodological and theoretical challenge, which we focus
on in this chapter, is to find the “best” general EB estimators and sort out the
type and size of problems suitable for them.

The second approach, conceived with the celebrated Stein’s proof of the inad-
missibility of the optimal unbiased estimator and the introduction of the James-
Stein estimator [44, 64], is best understood through its parametric or linear EB
interpretations [30, 31, 54]. The James-Stein estimator is minimax over the en-
tire space of the unknown mean vector and well approximates the optimal linear
separable estimator based on the oracular knowledge of the first two empirical
moments of the unknown means. Thus, it achieves the general EB optimality
when the empirical distribution of the unknown means are approximately normal.
However, the James-Stein estimator does not perform well by design compared
with the general EB when the minimum risk of linear separable estimators is far
different from that of all separable estimators [74]. Still, what is the cost of be-
ing greedy with the general EB when the empirical distribution of the unknown
means is indeed approximately normal?

The third approach focuses on unknown mean vectors which are sparse in the
sense of having many (near) zeros. Such sparse vectors can be treated as members

of small ¢, balls with p < 2. Examples include the estimation of functions with



unknown discontinuity or inhomogeneous smoothness across different parts of a
domain in nonparametric regression [22]. For sparse means, the James-Stein or
the linear estimators could perform much worse than threshold estimators [21].
Many threshold methods have been proposed and proved to possess (near) opti-
mality properties for sparse signals, including the universal [22], SURE [23], FDR
[1], the generalized C, [5] and the parametric EB posterior median (EBThresh)
[47]. These estimators can be viewed as approximations of the optimal candidate
in certain families of separable threshold estimators, so that they do not perform
well by design compared with the general EB when the minimum risk of separa-
ble threshold estimators is far different from that of all separable estimators [76].
Again, what is the cost of being greedy with the general EB when the unknown
means are indeed very sparse?

Since general EB methods have to spend more “degrees of freedom” for non-
parametric estimation of its oracle rule, compared with linear and threshold meth-
ods, the heart of the question is whether the gain by aiming at the smaller general
EB benchmark risk is large enough to offset the additional cost of the nonpara-
metric estimation.

We propose a general maximum likelihood EB (GMLEB) in which we first es-
timate the empirical distribution of the unknown means by the generalized maxi-
mum likelihood estimator (MLE) [49] and then plug the estimator into the oracle
general EB rule. In other words, we treat the unknown means as iid variables with
a completely unknown common “prior” distribution (for the purpose of deriving
the GMLEB, whether the unknowns are actually deterministic or random), esti-
mate the nominal prior with the generalized MLE, and then use the Bayes rule
for the estimated prior. The basic idea was discussed in the last paragraph of [59]
as a general way of deriving solutions to compound decision problems, although
the notion of MLE was vague at that time without a parametric model and not
much has been done since then about using the generalized MLE to estimate the

nominal prior in compound estimation.



Our results affirm that by aiming at the minimum risk of all separable esti-
mators, the greedier general EB approach realizes significant risk reduction over
linear and threshold methods for a wide range of unknown signal vectors for mod-
erate and large samples, and this is especially so for the GMLEB. We prove that
the risk of the GMLEB estimator is within an infinitesimal fraction of the general
EB benchmark when the risk is of the order n=!(logn)® or greater depending on
the magnitude of the weak ¢, norm of the unknown means, 0 < p < oco. Such
adaptive ratio optimality is obtained through a general oracle inequality which
also implies the adaptive minimaxity of the GMLEB over a broad collection of
regular and weak ¢, balls. This adaptive minimaxity result unifies and improves
upon the adaptive minimaxity of threshold estimators for sparse means [1, 23, 47|
and the Fourier general EB estimators for moderately sparse and dense means
[74]. We demonstrate the superb risk performance of the GMLEB for moder-
ate samples through simulation experiments, and describe algorithms to show its
computational feasibility.

This chapter is organized as follows. In Section 2.2, we introduce the general
EB method. In Section 2.3, we introduce the GMLEB method and its compu-
tation. In Section 2.4, we provide upper bounds for the regret of a regularized
Bayes rule using a predetermined and possibly misspecified prior and prove an
oracle inequality for the GMLEB, compared with the general EB benchmark risk.
The consequences of this oracle inequality, including statements of our adaptive
ratio optimality and adaptive minimaxity results in full strength, are also dis-
cussed in Section 2.4. In Section 2.5, we introduce a regularized Fourier general
EB (RF-GEB) estimator and provide an oracle inequality for it. In Section 2.6,
we present some simulation results. Section 2.7 contains some discussions. Math-
ematical proofs of theorems. propositions and lemmas are given either right after

their statements or in Section 2.8.



2.2 The Empirical Bayes Method

Throughout the chapter, boldface letters denote vectors and matrices, for ex-
ample, X = (Xl, X)), olx) = e */2/\/2r denotes the standard normal
den81ty, \/W denotes the inverse of y = ¢(x) for positive x
and y, * Vy = max(z,y), ¢ Ay = min(z,y), r; = = V 0 and a, =< b, means
0 < an/by + bp/a, = O(1). In a number of instances, log(x) should be viewed
as log(x V e). Univariate functions are applied to vectors per component. Thus,
an estimator of @ is separable if it is of the form 6 = HX) = (t(Xy),...,t(Xy))
with a predetermined Borel function ¢(-). In the vector notation, it is convenient
to state (2.1) as X ~ N(6,I,) with I, being the identity matrix in R™.

The compound estimation of a vector of deterministic normal means is closely
related to the Bayes estimation of a single random mean. In this Bayes problem,

we estimate a univariate random parameter £ based on a univariate Y such that
Y|E~N(E 1), £~G, under Pg. (2.3)

The prior distribution G = G,, which naturally matches the unknown means

{6;,i < n} in (2.1) is the empirical distribution

o) = G ou) = %Z 146, < u}. (2.4)

Here and in the sequel, subscripts ,, g indicate dependence of distribution or prob-
ability upon n and the unknown deterministic vector 6.

The fundamental theorem of compound decisions [59] in the context of the
U5 loss asserts that the compound risk of a separable rule 0 = t(X) under the
probability P, ¢ in the multivariate model (2.1) is identical to the MSE of the

same rule & = ¢(Y) under the prior (2.4) in the univariate model (2.3):
EooLa(t(X),0) = B, (1(Y) — €)% 2.5)

For any true or nominal priors (G, denote the Bayes rule as

Jup(Y —u)G(du)
oY G(du)’

tr, = argmin Eg(t(Y) — £)? =
¢



and the minimum Bayes risk as
R'(G) = Ea(to(Y) =€), (2.7)

where the minimum is taken over all Borel functions. It follows from (2.5) that
among all separable rules, the compound risk is minimized by the Bayes rule with

prior (2.4), resulting in the general EB benchmark
R*(Gr) = EnoLn(ty, (X),0) = I{l(l)ll E,oL,(t(X),0). (2.8)

The general EB approach seeks procedures which approximate the Bayes rule
tg,, (X) or approximately achieve the risk benchmark R*(G,,) in (2.8).

Given a class of functions &, the aim of the restricted EB is to attain
Ry(G,) = inf E, gL, (t(X),0) = inf Eg, (t(Y) — £)? (2.9)
tey tey

approximately. This provides EB interpretations for all the adaptive methods dis-
cussed in the introduction, with & being the classes of all linear functions for the
James-Stein estimator, all soft threshold functions for the SURE [23], and all hard
threshold functions for the generalized C, [5] or the FDR [1]. For the EBThresh
[47], 2 is the class of all posterior median functions ¢(y) = median({|Y = y)
under the probability Py in (2.3) for priors of the form

G(u) =wol (0 <u)+ (1 —wy)Go(u/T), (2.10)

where wg and 7 are free and G is given.
Compared with linear and threshold methods, the general EB approach is
greedier since it aims at the smaller benchmark risk: R*(G,) < Rg(G,,) for all

2. This could backfire when the regret
Tno(tn) = EnoLn(t,(X),0) — R*(G,) (2.11)

of using an estimator #,(-) of the general EB oracle rule ¢ (-) is greater than
the difference Ry (G,) — R*(G,) in benchmark, but our simulation and oracle
inequalities prove that r,g(t,) = o(1)R*(G,) uniformly for a wide range of the

unknown vector @ and moderate/large samples.
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Zhang [74] proposed a general EB method based on a Fourier infinite order
smoothing kernel. The Fourier general EB estimator is asymptotically minimax
over the entire parameter space and approximately reaches the general EB bench-
mark (2.8) uniformly for dense and moderately sparse signals, provided that the
oracle Bayes risk is of the order n="/2(logn)%? or greater [74]. Hybrid general
EB estimators have been developed [76] to combine the features and optimality
properties of the Fourier general EB and threshold estimators. Still, the perfor-
mance of general EB methods is sometimes perceived as uncertain in moderate
samples [47]. Indeed, the Fourier general EB requires selection of certain tuning
parameters and its proven theoretical properties are not completely satisfying.

This motivates our investigation.

2.3 The General Maximum Likelihood Empirical Bayes
Method

2.3.1 The GMLEB method

The GMLEB method replaces the unknown prior G, of the oracle rule t; by its
generalized MLE [49]

G, = G(;X) = argmax [ [ fo(Xy), (2.12)

Ged iy

where ¢ is the family of all distribution function and fg is the density

fola) = / o — u)G(du) (2.13)

of the normal location mixture by distribution G.

The estimator (2.12) is called the generalized MLE since the likelihood is
used only as a vehicle to generate the estimator. The G here is used only as a
nominal prior. In our adaptive ratio and minimax optimality theorems and oracle
inequality, the GMLEB is evaluated under the measures P, g in (2.1) where the

unknowns 6; are assumed to be deterministic parameters.
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Since (2.12) is typically solved by iterative algorithms, we allow approximate
solutions to be used. For definiteness and notation simplicity, the generalized
MLE in the sequel is any solution of

G, €9, HfGn ) > qn suprG (2.14)

Ge9

with g, = (ev/27/n?) A 1, although the theoretical results in this chapter all hold
verbatim for less stringent (2.14) with 0 < log(1/g,) < cy(logn) for any fixed
constant ¢g. Formally, the GMLEB estimator is defined as

~

where t7, is the Bayes rule in (3.16) and @n is any approximate generalized MLE
(2.14) for the nominal prior (2.4). Clearly, the GMLEB estimator (2.15) is com-
pletely nonparametric and does not require any restriction, regularization, band-
width selection or other forms of tuning.

The GMLERB is location equivariant in the sense that

tén(';X—‘rC@) (X + Ce) = tG ( X)(X> +ce (216)
for all real ¢, where e = (1,...,1) € R™. This is due to the location equivariance

of the generalized MLE: Gy (z; X + ce) = Gu(z — ¢; X). Compared with the
Fourier general EB estimators [74, 76|, the GMLEB (2.15) is more appealing
since the function t*@n (x) of x enjoys all analytical properties of Bayes rules:
monotonicity, infinite differentiability and more. However, the GMLEB is much

harder to analyze than the Fourier general EB.

2.3.2 Computation of the GMLEB

It follows from the Carathéodory’s theorem [17] that there exists a discrete solu-
tion of (2.12) with no more than n + 1 support points. A discrete approximate

generalized MLE @n with m support points can be written as

Gn= W0y, >0, Y @;=1, (2.17)
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where 4, is the probability distribution giving its entire mass to u. Given (2.17),

the GMLEB estimator can be easily computed as

~ T owip( X — us)W;
eizt*@ (Xi)zzg;g il J)AJ,
" Zj:l P(Xi — uy)w;

since t§(z) is the conditional expectation as in (3.16).

(2.18)

Since the generalized MLE @n is completely nonparametric, the support points
{u;j,7 < m} and weights {w;,j < m} in (2.17) are selected or computed solely
to maximize the likelihood in (2.12). There are quite a few possible algorithms
for solving (2.14), but all depend on iterative approximations. Due to the mono-
tonicity of ¢(t) in 2, the generalized MLE (2.12) puts all its mass in the interval
Iy = [minj<i<, X;, maxi<;<, X;]. Given fine grid {u;} in I;, the EM-algorithm

20, 71]
n (k—1)
k) 1 Z w; (X — uy)

m  ~(k—1
Pl Ny wé )SD(Xi — Ug)

optimizes the weights {w;}. In Subsection 2.7.2, we provide a conservative sta-

(2.19)

tistical criterion on {u;} and an EM-stopping rule to guarantee (2.14).
We took a simple approach in our simulation experiments. Given {X;, 1 <
i <n} and with Xy = 0, we chose the grid points {u;} as a set of multipliers of

€ = maxo<i<j<n | X; — X;|/999 with u; = u;_1 + € and the range

—joe =u; —e < min X; <wuy, Uy =(m—jo)e < max X; < u,, +¢€
0<i<n 0<i<n

with an integer jo € [1,m]. This ensures u;, = 0 as a grid point and 999 <
m < 1000. We ran 100 EM-iterations (2.19) in our simulations. We have tried
to optimize both the support points {u;} and weights {w;} in the EM-algorithm,
but gained limited improvements.

The GMLEB estimator (2.18) depends slightly on the initialization of the EM-
algorithm due to the non-uniqueness of the GMLEB estimator and the fixed num-
ber of EM-iterations in our implementation. Since the generalized MLE (2.12)
is unique only up to the values of {fz (X;),i < n}, different EM-initializations

lead to different versions of G,,, which then result in different values of t% (X5)
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in (2.18). This non-uniqueness persists even when we run infinitely many EM-
iterations. Nevertheless, our theoretical results hold for all versions of the GM-
LEB.

We consider two options in our simulation experiments. The first option
initializes the weights with the uniform distribution w; = 1/m. The second
option takes into consideration of the possible sparsity of the signal by putting a

good starting mass at u;, = 0:

Wj, = Wo, wj:m_la J # Jo- (2.20)

We estimate the proportion of zeros within the n means by a Fourier method,
1 < 2
B0 = 2> k), Uzh) = [ ho(e)e cos(tyi,
n
j=1

as in [66, 67], where 1y is a density function with support [—1,1] and h, =
{k(logn)}~'/? is the bandwidth, x < 1. In our simulation experiments, the
uniform [—1, 1] density is used as ¢y and x = 1/2. To distinguish the two options
of initializing the EM-algorithm, we reserve the name GMLEB for the uniform
initialization and call (sparse-) S-GMLEB the estimator with the initialization

(2.20) when we report simulation results.

2.4 Theoretical Properties of the GMLEB

2.4.1 A regularized Bayes estimator with a misspecified
prior
In this subsection, we consider a fixed probability FPg, under which

Y[g~N(E 1), &~ Go (2.21)

Recall [9, 60] that for the estimation of a normal mean, the Bayes rule (3.16) and

its risk (2.7) can be expressed in terms of the mixture density fg(x) as

to(z) =2+ }Nggg, R (G)=1- / <ch—§>2fc, (2.22)
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in the model (2.3), where fg(z) = [ ¢(z — u)G(du) is as in (2.13).

Suppose the true prior GGy is unknown but a deterministic approximation of it,
say G, is available. The Bayes formula (2.22) could still be used, but we may want
to avoid dividing by a near-zero quantity. This leads to the following regularized

Bayes estimator:

o B)
tolwip) = o+ 7 E5 (2.23)

For p = 0, t§(x;0) = t§&(z) is the Bayes estimator for the prior G. For p = oo,
te(r;00) = x gives the MLE of ¢ which requires no knowledge of the prior.
The following proposition, describes some analytical properties of the regularized

Bayes estimator.

Proposition 2.1. Let z(y) = /—log(2my?), y > 0, be the inverse function of
y = @(x). Then, the value of the regularized Bayes estimator t5(x;p) in (2.23)

is always between those of the Bayes estimator ti(x) in (3.16) and the MLE

te(z;00) = . Moreover, for all real x

* f/ X T . —
[ — (w5 )| = 259 < L(p), if 0< p < (2me)2, -

0 < (9/0w)t(x;p) < L(p),  if 0 < p < (2me?) 7V,

Remark 2.1. In [7}], a slightly different inequality

Je(@)\? falz) 72 e2)1/2
<fG($)> fa(x)Vp < L%(p), 0<p<(2me”)7, (2.25)

was used to deriwe oracle inequalities for Fourier general EB estimators. The

extension to the derivative of ti(x;p) here is needed for the application of the

Gaussian isoperimetric inequality in Proposition 2.4.

The next theorem provides oracle inequalities which bound the regret of using

(2.23) due to the lack of the knowledge of the true Gy. Let

it = ([ -grp)” (2.26)

denote the Hellinger distance. The upper bounds asserts that the regret is no
greater than square of the Hellinger distance between the mixture densities fg

and fg, up to certain logarithmic factors.
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Theorem 2.1. Suppose (2.21) holds under Pg,. Let t§(x;p) be the regularized
Bayes rule in (2.23) with 0 < p < (2me?)~Y2. Let fg be as in (2.13).

(i) There exists a universal constant My such that

[Be{t5(vip) — &~ RG] (2.27)

< MomaX{UOgP’B/Za\10g(d(fa,fGo))|1/2}d(fG,fGo)
fao\2 (fa,)* /2
H{f =)
where R*(Go) = Eq {t§,(Y) — &}* is the minimum Bayes risk in (2.7).

(1) If f|u|>x0 Go(du) < M|logp|>ed and 2(xo + 1)p < Ms|log p|?€2 for a certain
co > d(fa, fa,) and finite positive constants {xo, My, Ms}, then

Ego{te(Y;p) — €} — R*(G)
< 2(Mp + M, + M) max (ylogp\3,ylogeo|>eg, (2.28)

where My is universal constant.

Remark 2.2. For G = Gy (2.27) becomes an identity, so that the square of the
first term on the right-hand side of (2.27) represents an upper bound for the regret
of using a misspecified G in the reqularized Bayes estimator (2.23) instead of the
true Gq for the same regqularization level p. Under the additional tail probability
condition on Gy and for sufficiently small p, (2.28) provides an upper bound for
the regret of not knowing Gy, compared with the Bayes estimator (2.22) with the
true G = GY.

Remark 2.3. Since the second term on the right-hand side of (2.27) is increasing
in p and the first is logarithmic in 1/p, we are allowed to take p > 0 of much
smaller order than d(fq, fa,) in (2.27), for example, under moment conditions
on Gy. Still, the cubic power of the logarithmic factors in (2.27) and (2.28) is

crude.

The following lemma plays a crucial role in the proof of Theorem 2.1.



16

Lemma 2.1. Let d(f,g) be as in (2.26) and L(y) = \/—log(2my?). Then,

(f& = f&,)?
JaVp+fa,Vp

for p < 1/v/2m, where a* = maX{ZQ(,O) + 1, |log d*(fa, fao)l}-

< 282d*(fa, fa,) max(L8(p), 2a%) (2.29)

Proof of Theorem 2.1. Let

lolh = { [ #narar}”

be the Ly(h(x)dr) norm for h > 0. Since t,, is the Bayes rule, by (2.23)

[Eao{t&(Y;p) — €} — Eg,{te, (V) — €172
- ||f,G/(fG \ ,0) - f,GO/fGO“fGO
< 1(fa,p) + 11 = fao/P)+feo/ Taoll tay (2.30)

where 7(fa, p) = [l f/(fa vV p) = fo,/ (fae V )l 55,
Let Wy = 1/(fg\/p+fG0\/p). For Gl =G or Gl :Go,

/( fGJjé\l/ ——2fw.) foy < /( fG]:é\l/p!fa—fGOw*)QfGO

< () / (fo — fao ) fes

due to |f&,|/(fe, V p) < L(p) by (2.24). Since (Vfo + /fa,)*w. < 2 and
Wi fa, <1, we find

r(fap) < 201(f6 — fo)willze, +2L0)I(fo — fao)wil e,

< 20(f6 = fo)lhw, +2L(p)V2d( fa, fan)-

Thus, (2.27) follows from (2.29) and (2.30).

To prove (2.28) we use Lemma 6.1 in [76]:
J60 )2
=) [
/fG0 (fG'o) co
/ Goldu) + 2zopmax{L*(p), 2} + 2p\/ L2(p) + 2
|u|>zo

< (M + My)|log p|*e2,

IN

due to |log p| > L2(p) > 2. This and (2.27) imply (2.28). O
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2.4.2 An oracle inequality for the GMLEB

In this subsection, we provide an oracle inequality which bounds the regret (2.11)
of using the GMLEB ¢, in (2.15) against the oracle Bayes rule t; in (3.16).We
provide the main elements leading to the oracle inequality before presenting the
oracle inequality and an outline of its proof.

It follows from the fundamental theorem of compound decisions (2.5) that
for separable estimators 0= t(X), the compound risk is identical to the MSE of
E = t(Y) for the estimation of a single real random parameter 27 under Py in (2.3),
so that Theorem 2.1 provides an upper bound for the regret of the regularized
Bayes rule t,(X; p) in terms of the Hellinger distance d( fg, fg, ) and p > 0. There
is a large deviation upper bound for the Hellinger distance d( fa, fe,) in [80].
We will show that the GMLEB estimator t*én(X ) is identical to its regularized
version tén(X; pn) for certain |log p,| =< logn when the generalized MLE (2.12)
or its approximation (2.14) are used. Still, t*@n(X : Pn) 18 not separable, since the
generalized MLE @n is based on the same data X. A natural approach of deriving
oracle inequalities is then to combine Theorem 2.1 with a maximal inequality.
This requires in addition an entropy bound for the class of regularized Bayes
rules ¢, (z; p) with given p > 0 and an exponential inequality for the difference
between the loss and risk for each regularized Bayes rule. In the rest of this
subsection, we provide these crucial components of our theoretical investigation.

(a) A large deviation inequality for the convergence of an approximate general-
ized MLE. Under the iid assumption of the EB model (2.48), Ghosal and van der
Vaart [39] obtained an exponential inequality for the Hellinger loss of the general-
ized MLE of a normal mixture density in terms of the L., norm of #;. This result
can be improved upon using their newer entropy calculation in [40]. The results
in [39, 40] are unified and further improved upon in the iid case and extended to
deterministic @ = (64, ...,0,) in weak ¢, balls for all 0 < p < oo in [80]. This
latest result, stated below as Theorem 2.2, will be used here in conjunction of

Theorem 2.1 to prove oracle inequalities for the GMLEB.



18

The p-th weak moment of a distribution G is

py (G) = {Supxp /|u>x G(du)}l/p (2.31)

>0

with p2 (G) = inf{x: f|u|>x G(du) = 0}. Define convergence rates

1
e(n,G,p) = max [\/2logn,{n1/p lognu;j’(G)}P/(er?P)%/M

n

= max [1/ 21(;Lgn’ {\/10g n@}p/(zﬁp)] logn (2.32)
with €(n, G, 00) = {(2logn) V (vIog npi (G))}/2/(log n) /.

Theorem 2.2. Let X ~ N(0,1,) under P, ¢ with a deterministic @ € R". Let
fo and G, be as in (2.13) and (2.4), respectively. Let G,, be certain approximate
generalized MLE satisfying (2.14). Then, there exists a universal constant x., such

that for all x > x, and logn > 2/p,

2, 2
xne;

ng{d(fén, fa,) > xen} < exp ( — ) <e ™ logn, (2.33)

2logn

where €, = €(n, Gy, p) is as in (2.32) and d(f, g) is the Hellinger distance (2.26).

In particular, for any sequences of constants M, — oo and fized positive o and c,

(

n~P/(242) (Jog n)(2+3p)/ (4+4p) if py(Gn) = O(1) with a fized p,
€n =< n~?(log n)3/4{M%/2 V (logn)Y*}, if Gu([—M,, M,]) =1 and p = oo,

n~Y2(logn)"/(2(2ra)+3/4 if [el"G,(du) = O(1) and p < logn.

\

Remark 2.4. Under the condition G([—M,, M,]) = 1 and the iid assumption
(2.48) with G depending on n, the large deviation bound in [39] provides the
convergence rate e, < n~/%(logn)2{ M,V (logn)'/?}, and the entropy calculation
in [40] leads to the convergence rate e, < n~'/?(logn)y/M,. These rates are slower
than the rate in Theorem 2.2 when M,,/\/logn — .

Remark 2.5. The proof of Theorem 2.2 is identical for the generalized MLE
(2.12) and its approzimation (2.14). The constant x, is universal for q, =
(eV2m/n?) A1 in (2.14) and depends on sup, |log q,|/logn in general.
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(b) Representation of the GMLEB estimator as a reqularized one at data
points. The connection between the GMLEB estimator (2.15) and the regularized
Bayes rule (2.23) in Theorem 2.1 is provided by

te (X) =tz (X5pn),  pn=qn/(env2m), (2.34)
where g, is as in (2.14). This is consequence of the following proposition.

Proposition 2.2. Let f(z|u) be a given family of densities and {X;,i < n} be
gwen data. Let @n be an approximate generalized MLE of a mizing distribution

satisfying

f[ / F(Xi|w) G (du) > qnsgpﬁ / F(Xi|u) G (du)
i1 i1
for certain 0 < q, < 1. Then, for allj =1,...,n
X)) = [ 160G ) 2 2 sup ()
In particular, (2.34) holds for f(xlu) = p(x — u).

Proof of Proposition 2.2. Let j be fixed and u; = arg max,, f(X;|u). Define
@nj = (1- e)@n + €d,; with € = 1/n, where ¢, is the unit mass at u. Since
Flalu) 2 0, fo, (X)) 2 (1 )f, (X0) and fo (X)) > ef(Xjlu;), so that

qinUf@n(Xi) = Hf@n,j (X:) = (1 =" ef (Xluy) [ ] fo, (X

i#j
Thus, fg (X;) > gu(1 — €)" ef(Xj|u;) with € = 1/n, after the cancelation of
fuwna(X;) for @ # j. The conclusion follows from (1 —1/n)""! > 1/e. O

(c) An entropy bound for regularized Bayes rules. We now provide an entropy
bound for collection of regularized Bayes rule. For any family .7 of functions

and semidistance dy, the e-covering number is
N(e, #,dy) = inf{ . C UN Ball(hy, e, do)} (2.35)

with Ball(h,e,do) = {f: do(f,h) < €}. For each fixed p > 0 define the complete

collection of the regularized Bayes rules t§(z; p) in (2.23) as

7, = {tg(.;p): Ge g}, (2.36)
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where ¢ is the family of all distribution functions. The following proposition pro-

vides an entropy bound for (2.36) under the seminorm ||hl[oo.ar = SUp|;<ps [A()]-

Proposition 2.3. Let L(y) = \/—log(2my?) be the inverse of y = o(z) as in
Proposition 2.1. Then, for all0 < n < p < (2me)~'/2,

log N (1", Zp, || - lloo.ns)

< {4(622(17) +1)(2M/L(y) +3) + 2}| log 7], (2.37)

where n* = (1/p){3L(n) +2}.

(d) An exponential inequality for the loss of reqularized Bayes rules. The
last element of our proof is an exponential inequality for the difference between
the loss and risk of regularized Bayes rules t(X;p). For each separable rule
t(z), the squared loss ||t(X) — 0] is a sum of independent variables. However, a
direct application of the empirical process theory to the loss would yield an oracle
inequality of the n~'/2 order, which is inadequate for the sharper convergence rates
in this chapter. Thus, we use the following isoperimetric inequality for the square

root of the loss.

Proposition 2.4. Suppose X ~ N(0,1,) under P,gq. Let te(x;p) be the regu-
larized Bayes rule as in (2.23), with a deterministic distribution G and 0 < p <
(2me®) V2. Let L(p) = \/—log(27p?). Then, for all z > 0,

2

* * ZE
Pn,@{“tG(X;p) —0|| > Enpllts(X;p) — 0| + x} < exp < — 254(/))).

Proof of Proposition 2.4. Let h(x) = ||t&(x; p) — 0||. It follows from Propo-
sition 2.1 that

() = h(y)]

IN

te (s p) — te(ys p)||

<l —yllsup [(9/0x)t5(x; p)| < LP(p)llz — yl|.

Thus, h(x)/L*(p) has the unit Lipschitz norm. The conclusion follows from the
Gaussian isoperimetric inequality [6]. See Page 439 of [70]. O
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Our oracle inequality for the GMLEB, stated in Theorem 2.3 below, is a key
result from a mathematical point of view. It builds upon Theorem 2.1 and 2.2 and
Proposition 2.2, 2.3 and 2.4 (the regularized Bayes rules with misspecified prior,
generalized MLE of normal mixtures, representation of the GMLEB, entropy
bounds and Gaussian concentration inequality) and leads to the adaptive ratio

optimality and minimaxity.

Theorem 2.3. Let X ~ N(0,1,) under P, ¢ with a deterministic @ € R™ as
in (2.1). Let Ly(-,-) be the average squared loss in (2.2) and 0 < p < oco. Let
t*@n(X> be the GMLEB estimator (2.15) with an approximate generalized MLE
@n satisfying (2.14). Then, there exists a universal constant My such that for all
logn > 2/p,

Fao(ts (X)) = \/EuoLa(ty, (X).6) = VR (G.)

< Myen(logn)®/?, (2.38)

where R*(Gy,) is the minimum risk of all separable estimators as in (2.8) with
Gn =G asin (2.4), and € = €(n, Gy, p) is as in (2.32). In particular, for any

sequences of constants M, — oo and fized positive o and c,

(

n~P/(42p) (Jog 1) (2+3p)/(4+4p) if py(Gn) = O(1) with a fived p,

€n X 71_1/2(10gn)?’/‘l{Mi/2 V (logn)Y*}, if Go([—M,, M,]) =1 and p = oo,

n‘l/Q(log n)l/(2(2/\o¢))+3/47 if f elculagn(du) = O(1) and p < logn.

\

Remark 2.6. In the proof of Theorem 2.3, applications of Theorems 2.1 and 2.2
resulted in the leading term for the upper bound in (2.38), while the contributions

of other parts of the proof are of smaller order.

The consequences of Theorem 2.3 upon the adaptive ratio optimality and min-
imaxity of the GMLEB are discussed in the next two sections. Here is an outline
of its proof. The large deviation inequality in Theorem 2.2 and the representation

of the GMLEB in (2.34) imply that

£ (X5p0) = O Lay + Cins pu= —2—,  (2.39)
" ev2mn

ty (X) — 6| <
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where A, = {d(fz , fa,) < z%€,} and (1, = ||t*@n(X;pn)—9||ng with 2* = z, V1.
By (2.22) and Proposition 2.1, |t5(Xi;pn) — 6;] < L(pn) + |N(0,1)], so that
Theorem 2.2 provides an upper bound for E,¢(?,. By the entropy bound in
Proposition 2.3, there exists a finite collection of distributions {H;,j < N} of

manageable size N such that

Gon = {15, (X5 2) = O, — max 5, (X:p) = O]} (2.40)

is small and d(fyu;, fa,) < x%€, for all j < N. Since the regularized Bayes rules
¢y, (X pn) are separable and the collection {H;, j < N} is of manageable size,

the large deviation inequality in Proposition 2.4 implies that

Con = max {15, (X ) = O]l = Enolltiy, (X3 pu) — 01} (2.41)
J<N +

is small. Since d(fxu,, fa,) < v°€,, Theorem 2.1 implies that

Cin = max \/En,gnt;,j (X pn) — 0|2 — /nR*(Gy) (2.42)

J<N
is no greater than O(z*¢,)(log p,)*/?, where R*(G,,) is the general EB benchmark

risk in (2.8). Finally, upper bounds for individual pieces En’gcjzn are put together

via

VEno

2.4.3 Adaptive ratio optimality

t (X) = 0]° < VR (Gy) + En9<z \gjn|)2. (2.43)

We discuss here the adaptive ratio optimality of the GMLEB as consequences of
the oracle inequality in Theorem 2.3.

The adaptive ratio optimality holds for an estimator 0: X — R" if its risk is
uniformly within a fraction of the general EB benchmark

E, (0,0
sup n,e( ) )

—2 T L <14 0(1 2.44
ocor R*(Gno) ~ o(1) ( )

in certain classes O C R™ of the unknown vector 8, where L, (-, -) is the average

squared loss (2.2), G, = G, is the empirical distribution of the unknowns in
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(2.4) and R*(G,,) is the general EB benchmark risk (2.8) achieved by the oracle
Bayes rule t§, (X).

Theorem 2.4. Let X ~ N(0,1,) under P, ¢ with a deterministic @ € R". Let

t5 () be the GMLEB estimator (2.15) with an approximate solution G, satisfying

(2.14). Let G, = Gpg and R*(G) be as in (2.4) and (2.7). Then,

Enoln(ts (X),0)  Enpellts (X)—0|
Gn E— G 5 <1+o(1) (2.45)
R*(G,) min; E, ¢||t(X) — 0|

for the compound loss (2.2), provided that for certain constants b,

nR*(G,) ~
N
(vIogn V max;<, |0; — b,|)(logn)?/2
In particular, if max;<, |0; — b,| = O(y/logn) and nR*(G,,)/(logn)®> — oo, then
(2.45) holds.

For any sequences of constants M,, — oo, Theorem 2.4 provides the adaptive

ratio optimality (2.44) of the GMLEB in the classes
o: {9 € R™: R*(Gh) > Myn~(logn)¥?(y/logn v Houm)}.

This is a consequence of an oracle inequality for the GMLEB th = t% in Theorem

2.3, which uniformly bound from the above

Fao(Bn) = \/ EnoLa(f.(X),0) — VE(G.) (2.46)

in term of the weak £, norm of 8. The quantity (2.46) can be viewed as the regret
for the minimization of the squared root of the MSE, instead of (2.11). Clearly,

Tn,g(%\n)/R*(Gn) ( IH Tng /\/R* < 0

In the EB literature, the asymptotic optimality of 5 is defined as
Gn 25 G = E,oL,(8,0) — R*(G,) — 0 (2.47)
for deterministic vectors @ € R™ [59, 74]. In the EB model

(Kagl) Hd7 K’gl ~ N(gv 1)7 52 ~ Ga under PG7 (248>
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with data {Y;}, the EB asymptotic optimality is defined as
lim Fg Y (& —&)*/n=R'(G). (2.49)
i=1

We call (2.44) adaptive ratio optimality since it is much stronger than both notions
of asymptotic optimality in its uniformity in @ € O} and its focus on the harder
standard of the relative error, due to R*(G,) < E, ¢L,(X,0) = 1. The difference
among these optimality properties is significant for moderate samples in view of
some very small R*(G,,) ~ Oracle/1000 in Table 2.1.

Theorem 2.4 is location invariant, since the GMLEB is location equivalent by
(2.16) and R*(G),,) is location invariant by (2.8). Thus, if 6; = b,, for most i < n,
the GMLEB performs equally well whether b, = 0 or not. Moreover, if 6, € B V1
for a finite set B C R, the GMLEB adaptively shrinks towards the points in B
[38]. This is evident in Table 2.1 for #{i: 6; = 7} € {50,500} with B = {0,7}. In
fact, if #{x: z € B,} = O(1) and ming, 5,4yep, |t — y| — oo, then G,(B,) =1
implies R*(G,) — 0. Threshold methods certainly do not possess these location
invariance and multiple shrinkage properties.

We state a more general version of Theorem 2.4. Theorem 2.3 immediately
implies the adaptive ratio optimality (2.44) of the GMLEB in the classes O} =
©* (M,,) for any sequences of constants M,, — oo, where

0% (M) = {0 € R": R*(Gno) > M(logn)® inf ¢(n,Gne, p)} (2.50)

p>2/logn

with G, 9 = G,, as in (2.4) and €(n, G, p) as in (2.32). This formally stated in the

theorem below.

Theorem 2.5. Let X ~ N(0,1,) under P, ¢ with a deterministic @ € R™. Let
tén(-) be the GMLEB estimator (2.15) with the approximate MLE G, in (2.14).
Let R*(G,,9) be the general EB benchmark in (2.8) with the distribution G,, = G, ¢
in (2.4). Then for the classes ©F (M) in (2.50),

lim sup {BuoLa(ty (X),6) /R (Gro)} < 1. 551
(n,M)ﬂ(ooﬁoowe@;I()M) oLn(t5, (X0, 6)/R' (Gno) (2.51)
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Remark 2.7. Since the minimum of e(n,G,9,p) is taken in (2.50) over p >
2/logn for each @, the adaptive ratio optimality (2.51) allows smaller R*(G,, o)
than simply using e(n,Gpg,00) does as in Theorem 2.4. Thus, Theorem 2.5

implies Theorem 2.4.

2.4.4 Adaptive minimaxity

Another main consequence of the oracle inequality in Theorem 2.3 is the adaptive
minimaxity of the GMLEB for a broad range of sequences 8 € R".

Minimaxity is commonly used to measure the performance of statistical pro-
cedures. For © € R", the minimax risk for the average squared loss (2.2) is

Hy,,(©) = inf sup EnygLn(a, 0), (2.52)
6 0co

where the infimum is taken over all Borel mappings 0: X — R". An estimator is
minimax in a specific class © of unknown mean vectors if it attains %, (0), but
this does not guarantee satisfactory performance since the minimax estimator is
typically uniquely tuned to the specific set ©. For small ©, the minimax estimator
has high risk outside ©. For large ©, the minimax estimator is too conservative
by focusing on the worst case scenario within ©. Adaptive minimaxity overcomes
this difficulty by requiring

SUPgeo,, EmgLn(/é, 0)
P (On)

— 1 (2.53)

uniformly for a wide range of sequences {©,, C R",n > 1} of parameter classes.

Define (regular or strong) ¢, balls as
Opcn = {0 =(01,....0,): 0 Yl < €7 (2.54)
i=1

The quantity C' in (2.54), called length-normalized or standardized radius of the
¢, ball, is denoted as 7 in [1, 21, 47], where adaptive minimaxity in ¢, balls with
C =C, — 0and p < 2is used to measure the performance of estimators for sparse

6. The following theorem establishes the adaptive minimaxity of the GMLEB in
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¢, balls with radii C' = (), in intervals diverging to (0,00). This covers sparse

and dense @ simultaneously.

Theorem 2.6. Let X ~ N(0,1,) under P, ¢ with a deterministic @ € R". Let
0 = tg (X)) be the GMLEB in (2.15) with an approzimate solution G,, satisfying
(2.14). Let Ly(-,-) be the average squared loss (2.2) and %,(©) be the minimax
risk (2.52). Then, as n — oo, the adaptive minimazity (3.34) holds in £, balls
(2.54) with ©,, = ©, ¢, n, provided that

RV on
where k1(p) = 1/2 +4/p +3/p* for p < 2, k1(2) = 13/4, r1(p) = 5/2 forp > 2,
and ko(p) =9/2+4/p.

Ch
— 00, —(logn)=® -0, (2.55)
n

Theorem 2.6 is a consequence of the oracle inequality (2.38) and the minimax
theory in [21]. An outline of this argument is given in this subsection. An
alternative statement of the conclusion of Theorem 2.6 is

' SUPgeo, ., £n,6Ln (t% (X), 9)
lim sup -

=1
(n,M)—(00,20) C' €%, (M) %n(@p,an)

where €,,,(M) = [Mn=Y®2)(logn)1® n/{M(logn)*2®}]. The powers ;(p)
and ry(p) of the logarithmic factors in (2.55) and in the definition of 6, (M) are
crude.

Adaptive and approximate minimax estimators of the normal means in /¢,
balls have been considered in [1, 5, 21, 23, 47, 74, 76]. Donoho and Johnstone
[23] proved that as (n, C,) — (00, 0+), with nC?/(logn)P/? — oo for p < 2,

Kn(Opcnn) = (14+0(1))min max FE,eL,(t(X),0), (2.56)

t€7 0€0,.cpin

where & is the collection of all (soft and hard) threshold rules. Therefore, adaptive
minimaxity (3.34) in small ¢, balls ©,, = ©, ¢, , can be achieved by threshold
rules with suitable data-driven threshold levels. This has been done using the
FDR [1] for (logn)’/n < C? < n™" with p < 2 and any x > 0. Zhang [76] proved
that (3.34) holds for the Fourier general EB estimator of [74] in ©,, = ©,,¢, , for
Cry/n/(logn)+Pr2/2 o0,
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A number of estimators have been proven to possess the adaptive rate mini-
maxity in the sense of attaining within a bounded factor of the minimax risk.
In ¢, balls ©,¢, n, the EBThresh is adaptive rate minimax for p < 2 and
nC? > (logn)? [47], while the generalized C), is adaptive rate minimax for p < 2
and 1 < O(1)nC? [5]. It follows from [76] that a hybrid between the Fourier
general EB and universal soft threshold estimators is also adaptive rate minimax
in O, ¢, for 1 <O(1)nC?.

The adaptive minimaxity as provided in Theorem 2.6 unifies the adaptive
minimaxity of different types estimators in different ranges of the radii C,, of
the ¢, balls with the exception of the two very extreme ends, due to the crude
power r1(p) of the logarithmic factor for small C, and the requirement of an
upper bound for large C,. The hybrid Fourier general EB estimator achieves
the adaptive rate minimaxity in a wider range of ¢, balls than what we prove
here for the GMLEB. However, as we have seen in Table 2.1, the finite sample
performance of the GMLEB is much stronger. It seems that the less stringent and
commonly considered adaptive rate minimaxity leaves too much room to provide
adequate indication of finite sample performance.

Instead of the general EB approach, adaptive minimax estimation in small
¢, balls can be achieved by threshold methods, provided that the radius is not
too small. However, since (2.56) does not hold for fixed p > 0 and C' € (0, 00),
threshold estimators are not asymptotically minimax with ©,, = ©, ¢, in (3.34)
for fixed (p,C). Consequently, adaptive minimax estimations in small, fixed and
large ¢, balls are often treated separately in the literature. We now explain the
general EB approach for adaptive minimax estimation which provides a unified
treatment for ¢, balls of different ranges of radii. This provides an outline for the
proof of Theorem 2.6.

We first discuss the relationship between the minimax estimation of a deter-
ministic vector 0 in ¢, balls and the minimax estimation of a single random mean

under an unknown “prior” in L, balls. For positive p and C, the L, balls of
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distribution functions are defined as

%Cz{cz/mmﬂmogcﬂ.

Since ¥, ¢ is a convex class of distributions, the minimax theorem provides

_ : o 2 _ *
(@) =min max Eg(H(Y) —£)° = max R(G) <1 (2.57)

for the estimation of a single real random parameter £ in the model (2.3), where
R*(G) is the minimum Bayes risk in (2.7). Thus, since G,, = Ghg € 9, for
0 € ©,cn, the fundamental theorem of compound decisions (2.5) implies that

(2.57) dominates the compound minimax risk (2.52) in ¢, balls:

Rn(Opcn) < inf sup E,eL,(t(X),0) < Z(9Y,c) < 1. (2.58)

Hx) 9O, o
Donoho and Johnstone [21] proved that as C?"* — 0+

gﬂgp,C)
C’pA2{2 10g(1/0p)}(1—p/2)+

and that for either p > 2 with C,, > 0 or p < 2 with nC?/(logn)?/? — oo,

—1yﬁo (2.59)

'%n(@pc n)
g o (2.60)

In the general EB approach, the aim is to find an estimator ¢, of t% with

n

small regret (2.11) or (2.46). If the approximation to tz, in risk is sufficiently
accurate and uniformly within a small fraction of Z(%, ¢, ) for 6 € O, ¢, ,, the
maximum risk of the general EB estimator in O, ¢, , would be within the same
small fraction of Z (%, ¢, ), since the risk of tz, isbounded by R (Gno) < Z(Y,c,)
for 8 € ©, ¢, . Thus, (2.60) plays a crucial role in general EB.

It follows from (2.46), (2.57) and (2.54) that

sup \/En,gLn(tAn(X),B) < sup Tno(tn) + 1/ Z(9,0). (2.61)

0€9, 0. 0cOp,0n

Thus, by (2.59) and (2.60), the adaptive minimaxity (3.34) of 8 = £,(X) in l,

balls ©,, = ©, ¢, » is a consequence of an oracle inequality of the form

sup  Tno(tn) = o()\/Jpc. (2.62)

eeepycn«n
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with J, o = min{1, CP"2{1V (2log(1/CP))}1=P/2+}. In our proof, (2.59) and the
upper bound Z (%, ) < 1 provide infc Z(%, )/ Jp.c > 0. Although J, o provides
the order of Z (%, ) for each p via (2.59), explicit expressions of the minimax
risk %,(0,,c.) for general fixed (p,C,n) or the minimax risk Z (%, ) for fixed
(p, C') with p # 2 are still open problems.

We have stated our results for regular ¢, balls in Theorem 2.6. In the rest of

the subsection, we consider weak ¢, balls

p

pCin = {9 € R™: 1) (Gnp) < O}, (2.63)

where (), ¢ is the empirical distribution of the components of 8 and the function

py (G) is the weak moment in (2.31). Alternatively,
bon = {0 € R max 102 3" 111 = 16} /n < €7},
<i< =

Theorem 2.7. Let X ~ N(0,1,) under P, ¢ with a deterministic @ € R". Let
L,(-,-) be the average squared loss (2.2) and %,(©) be the minimaz risk (2.52).
Then, for all approximate solutions G, satisfying (2.14), the GMLERB 0= t*én(X)
is adaptive minimaz (3.34) in the weak €, balls ©, = Oy . in (2.63), provided
that the radii C,, are within the range (2.55).

Here is our argument. The weak L, balls that matches (2.63) is
e ={G Gy <cl.

Let JUo(A) = — [;7 (2 AXN?)d{1 A (C/t)P}, which is approximately the Bayes risk
of the soft threshold estimator for the stochastically largest Pareto Prior in ¥, .

Let A\pc = /1 V {2log(1/C?"2)}. Johnstone [46] proved that

XZ,(OF
lim ( p,Cn,n) _

n—00 %(gplf’on )

(2.64)

for p > 2 with C, — C+ > 0 and for p < 2 with nC?/(logn)'*%? — oo, and
that Z2(9),)/ e, (Mpc,) — 1 as CB"* — 0. Abramovich et al. [1] proved
Pn(O% . )] e, (Apc,) — 1 for p <2 and (logn)®/n < CF < n™ for all k > 0.
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The combination of their results implies (2.64) for p < 2 and C? > (logn)®/n.
Therefore, (2.64) holds under (2.55) due to pri(p) = p/2 +4 + 3/p > 5 for
p < 2. Asin Section (2.60), the adaptive minimaxity in weak £, balls ©) , is a

consequence of

sup  Tno(tn) = o()\/Jpc. (2.65)

0O 0

as in (2.62), due to J, ¢, X Z(9pc,) < Z(Y,)0,)-

2.5 The Fourier General Empirical Bayes Method

2.5.1 The RF-GEB method

Zhang [74] proposed a general EB method based on a Fourier infinite-order
smoothing kernel. It is directly derived from (2.23) using the kernel method

0 =1,(X), tw(z) =2+ _Sal@) Fulz) = % Z K(X;—z,a,) (2.66)

fa(z) V pn7
where f, is a kernel estimator of fg, in (2.13) based on X, ..., X, using the

Fourier kernel

K(e.a) = ZL /a it gy _ sin(ax)/(rx) if x # 0, (267)

i a/m if v =0.

—a

We call the estimator (2.66) F-GEB since we use a special Fourier kernel. The

estimator (2.66) approximates the oracle regularized Bayes estimator of the form
f&, (@)

where fg(z) is the normal location mixture density by distribution G as in (2.13).

0=t (X;pn), to (vipn) =1+ (2.68)

The oracle regularized Bayes estimator (2.68) has the risk

EnoLn(te, (X pn),0) =1 — J(pn, Ga),

1o.6)= [ {;28 } {2 - fﬁﬁ p} {faf&()x& p} fe(@ydz.  (269)
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A reason for using the Fourier kernel (2.67) is the extreme thin tail of f¢, (t) =

[ e fg, (x)dx, bounded by e~*/2 in absolute value, and

EfP(z) — f3)(x)

1 - \k _—ixt . eiXit 1 NNk _—ixt px
= 5 (—it)e E"’egl —dt — — [ (=it)*e” g, (Ddt
1 .
= 5 ' (—it)Fe ™" f& (t)dt,
t|>an

where h®) = (9/0x)*h for any function h if the derivative exists. Zhang [74]
proved that the F-GEB (2.66) approximates the risk 1 — J(p,, G,) at the rate of
(logn)®2/(p,n) uniformly in 6.

Definition 2.1. Let X be the finite set {x1,...,x,} with simple order x1 < x5 <
... < . A real valued function h on X is isotonic, if x;,x; € X and x; < x;
imply h(x;) < h(z;). Let g be a given function on X. An isotonic function g is
an isotonic regression of g with respect to vy < x9 < ... < x, if it minimizes the
sum

> (9(x) = h@))®

zeX
in the class of all isotonic functions h on X.
Since the oracle Bayes estimator t7, in (3.16) is monotone increasing, we

consider the regularized Fourier general empirical Bayes (RF-GEB) estimator

0=1,(X), tn(zx)= argt?inz (H(X) — (X)), (2.70)

where 1,,(-) is the F-GEB as in (2.66). The RF-GEB is the isotonic regression
function of the F-GEB with respect to X, X, ..., X,,.

2.5.2 An oracle inequality for the RF-GEB

Theorem 2.8 below asserts that the RF-GEB (2.70) approximates the truncated
Bayes estimator in risk at the rate of (logn)*2/(p,n). In the numerical exper-
iments in Section 2.6, we can see that the RF-GEB has smaller risk than the

F-GEB while we can only prove they have same convergence rate here.
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Theorem 2.8. Let 0; = tn(X;) be the RF-GEB estimator given by (2.70). Choose
a, > 0 and p, > 0 such that \/2logn < a, = O(y/logn) and a,/(p,/n) = o(1)

asn — o0o. Then

_ 1 3/2
Eoln(f(X),8) < 1 — J(pn, Go) + 0(1) 108 (2.71)
PnTY
If we denote the original sequence as ay,as,...,a,, the following “pairwise

average” procedure will result in the isotonic regression of {a,} in limit [3].

1. Set j =1. Let aj; «—a;, 1 =1,...,n.
2. Set 1 =1 and Aj41,1 < Qj1-

3. If Aji1,4 > Qji+1, update Qi1 = Q41541 < (aj+17i + aj,i+1)/2. If Ajt1,4 <

Ajit1, update Q15 < Qjt1 and Aj4+1,i41 < Gjitl-

4. Update i « i+1, repeat step 3 and stop when ¢ = n. We get a new sequence

@j+1,15 Aj4+1,25 - - -5 Aj+1,n-
5. Update j < j + 1, repeat step 2-4 again and again.

6. Denote the limit of the sequence ay;,...,a;;,... as a;, ¢ = 1,...,n. Then

the limit sequence ay, as, .. ., a, is the isotonic regression of ay, as, ..., a,.

Some tedious mathematical exercise shows the following two lemmas:

Lemma 2.2. Let a; < as, by > by, then

max {

Lemma 2.3. Let a; > ag, by > by, then

by + by
2

b+

ay — a2

)

} < max{|a; — b1|,|az — b}

a1 + as b1+bg

2 2

< max{|a; — b1|,|az — by}

Define the /,, distance between two finite sequences {a;} and {b;}, 1 <i<n

as

d({a;},{b;}) = max{|a; — b;|,1 <i < n}.
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Lemma 2.2 and 2.3 imply that, after each “pairwise average” step, the /., distance
between two finite sequences will not increase. Since the isotonic regression is
the limit of “pairwise average” procedure, after the isotonic regression, the /.,
distance between two sequences will not increase. This is formally stated in the

next lemma.

Lemma 2.4. If {a,} and {b,} are isotonic regressions of {a,} and {b,}, respec-
tively, then

d({@n},{bn}) < d({an}, {ba}).

Proof of Theorem 2.8. We expand the risk of ¢, as follows,
= Z Eno( —6,)”

- 22 Bl —tG,L<X>>2+%zEn,eaaxXo—W

i Z Enof — 6, (X0) (16, (Xi) — 0))
+5 ZEH,G(MXI») — £ (X)) (5, (Xi) — 05). (272)

Let g be a real valued function and h be an increasing function, by property
of the isotonic regression,
- 2 - 2
Z (9(Xi) = h(X)))" < Z (9(Xi) — h(X3))". (2.73)
i=1 i=1
where g is the isotonic regression of g with respect to X. Since t, (z) = = +

fé, (x)/ fa, () is a non-decreasing function, this and (2.73) imply

n

S (X)) — 5, (X)) < Z D -t (X)) (2.74)

i=1
where t,, and ,, are the RF-GEB and F-GEB estimators as in (2.70). Thus, by
(2.72) and (2.74),

+% Z Epo(ta(Xi) — tAn(Xi)) (e, (Xi) — 6:). (2.75)
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Zhang [74] proved that when /2logn < a, = O(y/logn) and a,/(p./n) =

o(1) as n — oo,

(logn)*/?

2.76
e (2.76)

1 & .
- > Euo(ta(X:) = 0,)° < 1= J(pa, G) + O(1)
=1

In order to bound the cross term on the right hand side of (2.75), we need to
use decoupleing technique in [74]. Let (Y, \,) be a random vector independent

of (X;,6;), 1 <1i <n, such that
Yol ~ NAy, 1), Ay~ Gy

Let X1,...,X] be random variables such that condition on 6y,...,6,,\,, they
are independent of Xi,...,X,,Y, and distributed according to X/ ~ N(6;,1).

Define for 1 <i < n,

~

tn,[i]@) =+ J?;L,[i](ﬁ)/max(ﬁz,[z'](ﬁ), Pn)s (2.77)

where J?n,m is the estimate of fg, in (2.13) based on Xy, ..., X; 1, X/, Xiv1, ..., Xy,

~ 1
fn,[i](l') = —{K(X{ —x,a,) + Z K(X; — x,an)}. (2.78)
n 1<1<n,li
Let fn’m (x) be the isotonic regression of tAn,[l-] (x) with respect to Xy,...,X,. Now

we can bound the cross term in (2.75) as follows
! Z B(T(X0) — Tu(X0) (15, (X) — 6))
p
_ % i Epo(ta(Xi) — tai (X)) (t, (X:) — 6;)
+L Z B (o (X2) — B (X0)) (85, (X0) — 62)

+% Z Epo(Tna (X0) — 1.(X0)) (2, (X0) — 6:). (2.79)
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The second term on the right hand side of (2.79) actually vanishes.
1 - -~ N *
- Z Eno(tni(X:) — o (X0)) (86, (X3) — 6;)
i=1

_ % D Eno(Tn(X]) = 1a(XD) (5, (X0) = 6)

— BoaTa(Y) — Tu¥)) (s, (V) — )
= 0. (2.80)

By Schwarz inequality and the fact that £, ¢ (tgn (X;)— Qi)Q < 1, for the third
term on the right hand side of (2.79),

‘ ZEne t(X))(tG( i) —0i)
< - Z En9 n,fi] (X —t, (Xi))QEme(t*G’n (Xi) — 91‘)2

N nN_ 7 / 2
S E;Enﬂ(tn(Xz) tn,[z](Xl)) .

Lemma 3 in [74] states that under the conditions of Theorem 2.8,

R 1/2 az/z
{ ZEM i (X)) } gou)pnn.
Hence we have
3/2
‘ ZEM —1,(X) (te (X3) — 6;)| <01 )pn (2.81)

We need to work a little bit harder on the first term on the right hand side of
(2.79) as it involves the discrepancy between two isotonic sequences. From (2.67),
K'(z) = (awcos(az) — sin(ax))/(r2?). If z > o', |K'(z)] < (2a2)/(72?) <
2a% /7. Using Taylor expansion, it is easy to see |K'(z)| = (1 + o(1))a*z/(37),
hence if z < a7, |K'(z)| < (1 + o(1))a?/(37). So we see that K'(x) < O(1)a?

Thus we have

(2.82)

3 |§L.,

Fota) = Frgao)| = 2| K/(X; — ) KX~ )] < 0(1)



Since fu(2) V pn > pn and fr(x) V pu > pa, by (2.82),
faw)  fap@) .

By (2.83) and Lemma 2.4, we have

£ (Xs) = T (X0)| < O(1)

So that by (2.84) and Schwarz inequality,

< O(1)-n_,

Thus, the first term on the right hand side of (2.79) is bounded by

CL2

S BuolfalX0) - Fugy(X0) (15, (X0) - )| < O() -2

PnT

Adding (2.76), 2.80, 2.81 and 2.85 together, we have

Y I 3/2
S B (i) — )" < 1 J(p. ) + O() E
=1

Pnt

This completes the proof since L, (£,(X),0) = Y1, (f.(X;) — Gi)z/n.

2.6 Some Simulation Results

2.6.1 Highlight of main results

<o),
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(2.83)

(2.84)

(2.85)

Johnstone and Silverman [47] reported results of an extensive simulation study of

18 threshold estimators, including eight options of their EBThresh, the SURE and
adaptive SURE [23], the FDR [1] at three levels, three block threshold methods
[13, 14] and the soft and hard threshold at the universal threshold level 1/2log n.
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Table 2.1: Average total squared errors || — @]|? for n = 1000 unknown means
in various binary models where 6; is either 0 or p with the number of nonzero
0; = p being 5, 50 or 500. The “Best” stands for the best simulation results in
Table 1 of Johnstone and Silverman. Each entry is based on 100 replications

# nonzero 5 50 500
L 3 4 5 7 3 4 5 7 3 4 5 7
James-Stein | 45 76 113 199|314 448 560 715| 820 892 929 964

EBThresh | 36 31 17 9 |213 160 102 72 | 858 876 788 661

SURE 42 62 72 74 | 417 609 211 211| 832 837 838 838
FDR (.01) | 44 50 24 6 [392 302 128 56 |2561 1334 667 527
FDR (.1) |41 34 19 14 [279 173 113 101|1154 749 654 646

GMLEB 39 32 21 11 |161 112 58 15 |461 291 133 20
S-GMLEB | 33 26 16 6 (154 106 53 10 | 457 288 130 17

F-GEB 105 98 92 88 | 233 197 151 118 530 371 232 135
RF-GEB | 72 64 58 56 |203 154 102 77 | 504 339 188 89
HF-GEB | 36 31 17 9 [204 154 102 77 | 504 339 188 89

“Best” 34 32 17 5 | 201 156 95 52 | 829 730 609 505
Oracle 27 21 11 1 | 147 100 47 3 | 447 279 123 9

In their simulations, the overall best performer is the EBThresh using the poste-
rior median for the prior (2.10) with the double exponential dGo(u)/du = e~I* /2
and the MLE of (wg, 7).

In Table 2.1, we display our simulation results under exactly the same setting
as in [47] for nine estimators: the James-Stein, the EBThresh [47] using the double
exponential dGy in (2.10) and the MLE of (wg, 7), the SURE [23], the FDR [1] at
levels g = 0.01 and q = 0.1, the GMLEB (2.15) with the uniform initialization, the
S-GMLEB with the initialization (2.20), the F-GEB and HF-GEB as the Fourier
general EB [74] and a hybrid [76] of its monotone version with the EBThresh.
In each column, boldface entries denote the top three performers other than the
hybrid estimator. We also display as “Best” the best of the simulation results in
[47] over the 18 threshold estimators and as Oracle the average simulated risk of
the oracle Bayes rule ¢, in (2.8).

These simulation results can be summarized as follows. The average ¢y loss
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of the S-GMLEB happens to be the smallest among the nine estimators, with
the S-GMLEB and GMLEB clearly outperforming all other methods by large
margins for dense and moderately sparse signals. For very sparse signals, the S-
GMLEB, the EBThresh, the GMLEB and the FDR estimators yield comparable
results, and they all outperform the Fourier general EB and James-Stein estima-
tors. Compared with the oracle, the regrets of the S-GMLEB and GMLEB are
nearly fixed constants. Since the oracle prior (2.4) has a point mass at 0 in all
the models used to generate data in this simulation experiment, the S-GMLEB
yields slightly better results than the GMLEB as expected. The hybrid estimator
correctly switches to the EBThresh for very sparse signals. These simulations and
more presented in this subsection demonstrate the computational affordability of
the proposed GMLEB. The most surprising aspect of the results in Table 2.1 is
the strong performance of the both versions of the GMLEB for the most sparse
signals with 0.5% of 6; being nonzero, since the GMLEB is not specially designed

to recover such signals (and threshold estimators are).

2.6.2 More simulation results

In addition to the simulation results reported in Table 2.1, we conducted more
experiments to explore a larger sample size, sparse unknown means without ex-
act zero, and iid unknown means from normal priors. The results for the nine
statistical procedures and the oracle rule 7, (X) for the general EB are reported
in Tables 2.2-2.4, in the same format as Table 2.1. Each entry is based on an
average of 100 replications. In each column, boldface entries indicate top three
performers other than the hybrid estimator or the oracle.

In Table 2.2 we report simulation results for n = 4000. Compared with Table
2.1, F-GEB replaces EBThresh as a distant third top performer in the moderately
sparse case of #{i: 0; = u} = 200, and almost the same sets of estimators prevail
as top performers in other columns. Since the collections of (,, are identical in

Tables 2.1 and 2.2, the average squared loss ||@ — 8||2/n should decrease in n to
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Table 2.2: Average total squared errors || — @]|? for n = 4000 unknown means
in various binary models where 6; is either 0 or p with the number of nonzero
0; = p being 5, 50 or 500

# nonzero 5 50 500
I 3 4 5 7 3 4 5 7 3 4 5 7
James-Stein | 174 298 446 788|1245 1783 2228 2846| 3274 3556 3704 3842
EBThresh |140 120 68 185| 877 617 398 285 | 3426 3494 3135 2633
SURE 173 270 330 349|1729 824 826 826 | 3309 3329 3329 3329
FDR (.01) | 175 203 106 24 |1567 1221 509 227 [10236 5370 2613 2095
FDR (.1) |160 135 76 54 [1118 686 440 396 | 4634 2974 2605 2576
GMLEB [136 115 71 31 | 627 428 208 41 |1818 1130 504 61
S-GMLEB (112 92 49 10|598 404 186 22 |1801 1118 494 52
F-GEB 237 220 180 163| 724 546 349 218 | 1922 1250 643 250
RF-GEB | 187 164 127 113|686 496 278 149 |1881 1202 585 174
HF-GEB | 140 120 68 185| 686 496 278 149 | 1881 1202 585 174
Oracle 106 8 43 3 | 590 395 178 12 | 1778 1098 475 33

Table 2.3: Average of ||§ —0]]*: n=1000, 0; = p; + unif[—0.2,0.2], p; € {0, u},
#{j: pj = p} =5, 50 or 500

# nonzero 5 50 500
n 3 4 5 7 3 4 5 7 3 4 5 7
James-Stein | 57 87 123 206 | 318 449 558 711| 819 889 925 959
EBThresh | 48 43 29 22 (226 170 115 86 | 859 875 789 665
SURE 55 74 84 86 | 428 623 219 219| 832 837 837 837
FDR (.01) | 56 60 37 19 397 319 141 70 [2560 1357 668 533
FDR (.1) | 52 48 32 27 | 289 189 127 114|1164 756 662 653
GMLEB |48 42 31 22 |171 123 68 25 |466 300 144 32
S-GMLEB | 43 38 28 19 |165 119 65 23 |463 297 142 30
F-GEB 113 107 100 97 | 242 206 157 125| 532 377 238 142
RF-GEB | 81 74 67 65 (213 167 111 85 | 509 348 195 98
HF-GEB | 48 43 29 22 (213 167 111 85 | 509 348 195 98
Oracle 39 34 23 14 160 114 60 16 | 455 290 135 23
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Table 2.4: Average of ||@ — 0]|% n = 1000, iid 6; ~ N(u, 0?)

o? 0.1 2 40
U 3 4 5 7 3 4 5 7 3 4 5 7
James-Stein| 93 92 93 93 [671 672 671 673|981 981 981 980

EBThresh [1089 1069 1047 1025 |1023 1043 1040 1025|994 996 997 1002

SURE 1014 1486 3666 13530| 995 1004 1041 3311|993 995 996 1000
FDR (.01) [3989 2073 1181 1005 |2790 2233 1614 1066|1675 1614 1551 1433
FDR (.1) |1556 1105 1011 1004 {1479 1259 1106 1010|1186 1173 1157 1120

GMLEB | 95 95 96 96 |679 681 681 6831011 1012 1013 1010
S-GMLEB | 98 98 98 103 681 683 682 685 |1011 1012 1013 1010

F-GEB 171 169 171 175 | 745 747 744 750 |1131 1120 1139 1125
RF-GEB | 142 141 142 142 | 727 730 726 731 |1083 1081 1086 1083
HF-GEB | 142 141 142 142 | 727 730 726 731 |1083 1081 1086 1083

Oracle 91 91 91 91 |670 672 671 673|981 981 981 980

indicate convergence to the oracle risks for each estimator in each model, but this
is not the case in entries in italics.

In Table 2.3, we report simulation results for sparse mean vectors without
exact zero. It turns out that adding uniform [0.2,0.2] perturbations to 6; does
not change the results much, compared with Table 2.1.

In Table 2.4, we report simulation results for iid 6; ~ N(u,0?). This is
the parametric model in which the (oracle) Bayes estimators are linear. Indeed,
the James-Stein estimator is the top performer throughout all the columns and
tracks the oracle risk extremely well, while the GMLEB is not so far behind. It
is interesting that for o2 = 40, the EBThresh and SURE outperform GMLEB as
they approximate the naive 6 = X with diminishing threshold levels. Another
interesting phenomenon is the disappearance of the advantage of the S-GMLEB

over the GMLEB, as the unknowns are no longer sparse.
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estimation function

observed data

Figure 2.1: Plot of estimation functions of the Bayes estimator, GMLEB, S-
GMLEB and F-GEB based on one set of data (1000 means, 5 nonzero means
with g = 7). The solid, dashed and dotted curves are the estimation function of
the Bayes estimator, the GMLEB and S-GMLEB respectively. The fluctuating
curve represents the F-GEB. The upper tickmarks on the data axis present the

data observed.

2.6.3 Additional simulations

The images of the Bayes estimator, GMLEB, S-GMLEB and F-GEB are shown
in Figure 2.1. From Figure 2.1, we can see that around zero, the S-GMLEB is
closer to the Bayes estimator than the GMLEB. The curve of the F-GEB is quite
erratic, i.e., it is very data-dependent.

The reason why GEB-RML can improve over GEB-ML can be seen from
Figure 2.2. GEB-RML estimates the prior G, (#) better than GEB-ML: GEB-
RML puts more weights on 0 while GEB-ML puts lots of weights around 0.

2.7 Discussion

In this section, we discuss general EB with kernel estimates of the oracle Bayes

rule, sure computation of an approximate generalized MLE and a number of
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Figure 2.2: Scatter plot of weights of G,,(6) of the GMLEB (left) and S-GMLEB
(right) based on one set of data (1000 means, 5 nonzero means with u = 7).

additional issues.

2.7.1 Kernel methods

As discussed in Section 2.5, general EB estimators of the mean vector 8 can be
directly derived from the formula (2.22) using the kernel method (2.66). This
was done in [74] with the Fourier kernel K(x,a) = sin(az)/(7mx) and v/2logn <
a, = y/logn. The main rationale for using the Fourier kernel is the near optimal
convergence rate of f, — fa, = O(y/(logn)/n) and f; — f&, = O((logn)/y/n),
uniformly in 6. However, since the relationship between fr’l(x) and fn(:r) is not
as trackable as in the case of generalized MLE fg , a much higher regularization
level p, < /(logn)/n in (2.66) were used [74, 76] to justify the theoretical results.
This could be an explanation for the poor performance of the Fourier general EB
estimator for very sparse @ in our simulations. From this point of view, the
GMLEB is much more appealing since its estimating function retains all analytic
properties of the Bayes rule. Consequently, the GMLEB requires no regularization
for the adaptive ratio optimality and adaptive minimaxity in our theorems.
Brown and Greenshtein [11] have studied (2.66) with the normal kernel K (z) =

¢(x) and possibly different bandwidth 1/a,,, and have proved the adaptive ratio
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optimality (2.44) of their estimator when |0/ and R*(G, ¢) have certain dif-
ferent polynomial orders. The estimating function 7, (z) with the normal kernel,
compared with the Fourier kernel, behaves more like the regularized Bayes rule
(2.23) analytically with the positivity of f,(z) and more trackable relationship
between ﬁ(x) and ﬁ(x) Still, without some basic properties of the Bayes rule
in Proposition 2.1 and Theorem 2.1, it is unclear if the kernel methods of the
form (2.66) would possess as strong theoretical properties as in Theorems 2.3,
2.4, 2.5, 2.6 and 2.7 or perform as well as the GMLEB for moderate samples in

simulations.

2.7.2 Sure computation of an approximate generalized MLE

We present a conservative data-driven criterion to guarantee (2.14) with the EM-
algorithm. This provides a definitive way of computing the map from {X;} to G,
n (2.14) and then to the GMLEB via (2.18).

Set Uy = minlgign Xl‘, U = MaAX1<i<n XZ‘, and
€= (U —w)/(m—1), u;=u_1+e (2.86)

Proposition 2.5. Suppose €*{(u,, — u1)?/4+ 1/8} < 1/n with a sufficient large
m in (2.86). Let @(-0) >0V < mwith Y7, @J(.O) = 1. Suppose that the
EM-algorithm (2.19) is stopped at or beyond an iteration k > 0 with

o, o (07 /2) < ow (). 28

where g, = (ev/2w/n2) A1. Then, (2.14) holds for Gy, = w(k)éuj.
(k)

Heuristically, smaller m provides larger min; w;"” and faster convergence of

the EM algorithm, so that the “best choice” of m is

m—2 < (U — )/ (U — u1)2/4+1/8} <m — 1.

For max; | X;| < v/logn, this ensures the first condition of Proposition 2.5 with

~1/2_ Proposition 2.5 is proved via the smooth-

m = (logn)y/n and € < (nlogn)
ness of the normal density and Cover’s upper bound [18, 71] for the maximum

likelihood in finite mixture models.
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2.7.3 Additional remarks

A crucial element for the theoretical results for the GMLEB is the oracle in-
equality for the regularized Bayes estimator with misspecified prior, as stated in
Theorem 2.1. However, we do not believe that mathematical induction is sharp
in the argument with higher and higher order of differentiation in the proof of
Lemma 2.1. Consequently, the power x; in Theorem 2.6 and 2.7 is larger than its
counterpart more directly established for threshold estimators [1, 47]. Still, the
GMLEB performs as well as any threshold estimators in our simulations for the
most sparse mean vectors. As expected, the gain of the GMLEB is huge against
the James-Stein estimator for sparse means and against threshold estimators for
dense means.

It is interesting to observe in Table 2.1-2.3 that the simulated /5 risk for the
GMLEB sometimes dips well below the benchmark > 7" 67 A1 = #{i: 0; # 0}
for the oracle hard threshold rule 8; = X,I {]6;| < 1} [36], while the simulated /(5
risk for threshold estimators is always above that benchmark.

An important consequence of our results is the adaptive minimaxity and other
optimality properties of the GMLEB approach to nonparametric regression un-
der suitable smoothness conditions. For example, applications of the GMLEB
estimator to the observed wavelet coefficients at individual resolution levels yield
adaptive exact minimaxity in all Besov spaces as in [76].

The adaptive minimaxity (3.34) in Theorems 2.6 and 2.7 is uniform in the
radii C' for fixed shape p. A minimax theory for (weak) ¢, balls uniform in
(p, C) can be developed by careful combination and improvement of the proofs in
[21, 46, 76]. Since the oracle inequality (2.38) is uniform in p, uniform adaptive
minimaxity in both p and C is in principle attainable for the GMLEB. The
theoretical results in this chapter are all stated for deterministic @ = (64, ...,60,).
By either mild modifications of the proofs here or conditioning on the unknowns,
analogues versions of our theorems can be established for the estimation of iid

means {} in the EB model (2.48). Other possible directions of extension of
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the results in this chapter are the cases of X; ~ N(6;,02) via scale change, with

iy Yn

known o2 or an independent consistent estimate of 02, and X; ~ N(6;,0?) with

2

known o7 .

2.8 Proof

Here we prove Proposition 2.1, Lemma 2.1, Proposition 2.3, Theorem 2.3, 2.6
and 2.7 and then Proposition 2.5. We need one more lemma for the proof of
Proposition 2.1. Throughout this subsection, |[z]| denotes the greatest integer

lower bound of z, and [z] denotes the smallest integer upper bound of x.

Lemma 2.5. Let fo(x) be as in (2.13) and L(y) as in Proposition 2.1. Then,

(jﬁig;)? < fiéz; +1 < L (fo(x)) = log (W) (2.88)

Proof of Lemma 2.5. Since Y|§ ~ N(§,1) and € ~ G under Py, by (2.22)

fa(z) vy = @ CVVIY = o
falw) ~ ol m YW=l ey T = el =Y =l

This gives the first inequality of (2.88). The second inequality of (2.88) follows

from Jensen’s inequality: for h(z) = e%/2,

1
1
W24 1) < Bln(e— vy = o] = ——1
(i 1) = Boln(e—yP)y =] = =
This completes the proof. a
Proof of Proposition 2.1. Since fg(z) = [ p(z — u)G(du) > 0, the value of

2.23) is always between t(z) and . By Lemma 2.5
( Y G y

fa(r)
fe(z) Vv

for p < (2me)~Y/2, since Z(y) is decreasing in y? and y2Z2(y) is increasing in

(fc( )) < Lip)

|te (s p) — x| <

y* < 1/(2me). Similarly, the second line of (2.24) follows from Lemma 2.5 and

Ot (wip) | L+ TE@)/ fol@) = e@)/ fel@)P, i fo(a) > .

or L+ f4(@)/p. if fo(r) <
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Note that Z(fc;(a:)) < Z(p) for fo(x) > p, and for fo(z) < p < (2me?)~1/2,

0<1- 100 <y JE) oy SO () - 1) < 2240
due to the monotonicity of y{L2(y) — 1} in 0 < y < (2me®) /2. O

Proof of Lemma 2.1. Let D = d/dx. We first prove that for all integers & > 0

and a > 2k — 1,

k 9 4a?* 4a? =t
D — dr < d e 2.
/{ (Ji = foo)Yodr € S (fo fon) + = (2.59)
Let h*(u) = [ e™*h(z)dx for all integrable h. Since |f&(u)] < ¢*(u) = e=*/2, it

follows from the Plancherel identity that

[0 o = g = o [wiip) - g5, (0P

a2k

* * 4 —U
< b |fG(U)_fGO( )| du + — e du

27 lu|>a
2%k 2 4
= a |fa — faol dx+%0k7

where ¢, = [ u?e~du. Since (k — 1/2) < a?/2, integrating by parts yields

u>a
G = 27 e 4 {(k—1/2)/a*}a’cr

2—1a2k—16—a2(1 + 1/2 NS 1/2k,‘—1) + 9~ kasz()

IN

_ _n2
S a2]€ lea

2

due to ¢ < a™? ue " du = e~ /(2a). Since fo(x) < 1/v/2m,

u>a

/|fG—fGo\ dx < H\/E—i_\/f_co

The combination of the above inequalities yields (2.89).

Define w, = 1/(fa V p+ fa, V p) and Ay = ([{D*(fe — fa,)}Pw.)'/2. Inte-
grating by parts, we find

2(fer fou) < \/i—dz(fcyfco)

— [0 e = fo)HD e = fown + (DH(Jo — fan) (Dw.)}.
Since |(Dw,)(z)| < 2L(p)w,(z) by Proposition 2.1, Cauchy-Schwarz gives

A2 < A1 Dyt + 2L(0) A1 Ay
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Let kg be a nonnegative integer satisfying kg < ZZ(,O)/Q < ko + 1. Define k* =
min{k: Agyy < /{:OQZ(p)Ak}. For k < k*, we have A2 < (1 + 1/ko)Ap_1A41, SO
that for k* < ko,

— <14+ —)—=<[14— < ekog2L <elL .
A0—<+ko>A1—<+kz0) A = cko2Lip) < el(p)
Since ( Cl;/2 + féé2)2w* < 2, we have A2 < 2d*(fa, fa,)- Thus, for k* < ko,
Ay < eI (p)V2d(fa, fay)- (2.90)

For ]{70 < k*, Al/AO < (1 + 1/ko)kAk+1/Ak for all k& < ko, so that

A, ko 1/(ko+1)
k
Ay < Ll_[(){(l—i-l/ko) Ak+1/Ak}:|
1/(ko+1)
— 1+ 1/k0)k0/2{Ak0+1/A0} . (2.91)

To bound Ay, by (2.89), we pick the constant a > 0 with the a? in (2.29), so
that a® > 2(ko + 1/2) and e~ < d*(fq, fa,). Since w, < 1/(2p), an application
of (2.89) with this a gives

My £ 5o [{D*"(e — fa)P
< 2a2(k0+1) d2 1 . 2
< W (fGafGo)( +a vy /7T)

Since A < 2d*(fa, fa,), inserting the above inequality into (2.91) yields

A < (1+1/k0)kO/QA’SO/(koJFI)AI/(koH)

ko+1
i 1+ \/2/m\ 1/(2ko+2)
< (14 1/ko)™*V2d(fe, fcm)%pﬁ)
< Ved(fa, fa,)aV2(2mp?) "V ko), (2.92)

Since |log(2mp?)| = L2(p) < 2ko + 2, (2.29) follows from (2.90) and (2.92). O

Proof of Proposition 2.3. We provide a dense version of the proof since it is
similar to the entropy calculation in [39, 40, 80].
It follows from (2.23), (2.24) and Lemma 2.5 that

fia) = fy)| + 22 foto) - puto)]. 293)

* * 1
te (s p) —tH(:B;p)‘ < p
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so that we need to control the norm of both fs and ff..

Let a = L(n), j* = [2M/a + 2] and k* = |6a*|. Define semiclosed intervals
=(-M+(-2a,(-M+(-Da)A(M+a), j=1,....5"

to form a partition of (—M — a, M + a]. It follows from the Carathéodory’s theo-
rem [17] that for each distribution function G there exists a discrete distribution
function G, with support [—M —a, M +a| and no more than m = (2k*+2)j*+1
support points such that
/ uFG(du) = / uFG(du), k=0,1,... 2k +1, j=1,...,7°.  (2.94)
I; I
Since the Taylor expansion of e~#*/2 has alternating signs, for ¢2 /2 <k*+2

k*

eSS (2R (/)R
0 < Rem(t) = (-1 {(1 Z e }S(k*+1)! —.

Thus, since k* + 1 > 6a?, for x € I; N [—M, M], the Stirling formula yields

1) = fio, ()]

< | /( g 7 WP G0 - G ()}

+‘ /1.1UI.U1 1(x —u)Rem(z — u){G(du) — Gm(du)}‘

4a{(2a)?/2}F +1 4a(e/3)k 1
< < _— 2.95
= I?%thp(t) + /_271_(]{:4< + 1)' > an 27T(k* + 1)1/2 ( )
due to a > 1. Similarly, for |z| < M,
k41
fol@) — fon ()| <+ LY (2.96)

2m(k* +1)1/2
Furthermore, since (¢/3)% < e7'/2 and k* + 1 > 6a® > 6, we have (e/3)" ! <

e~/ = \/27n, so that by (2.93), (2.95) and (2.96),

te0) = 1, (50)|

oo,M
4(16_a2/2 . €—a2/2
< g ant =) o L) (n+ =)
P " 27/ 602 P L)1 21/ 6a?

IN

pfln(zi(n) + 5/@). (2.97)
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Let & ~ Gy, & = nsgn(€)||¢]/n] and G,y ~ &,. Since [€ —&,| <n,

f,G’m - fém,n S 05777

o0

Hme — famn

<Cin, (

where C* = sup, |¢'(z)| = (2em)"Y/? and C = sup, |¢"(z)| = v/2/7me~3/2. This
and (2.93) imply

to,(:0) =t (3) | < 71 C3 + CTL(p) ) (2.98)

Moreover, G, , has at most m support points.

Let &™ be the set of all vectors w = (wy,...,w,,) satisfying w; > 0 and
>y wi = 1. Let ™" be an n-net of N(n, 2™, || - ||1) elements in F™:

inf
wm,nemeJ]

w—w™|; <n VweP™

Let {u;,j =1,...,m} be the support of G,,, and w™" be a vector in Z™" with
>y |G ({ug}) — wi™"| <. Set Gy = D270, wj"0,,. Then,

| fema = 15 <,

< Cym, (

e =16,

e 0o

where C§ = ¢(0) = 1/+/27. This and (2.93) imply

%mmm—%mmmksg&ﬁ+%ﬂm} (2.99)

The support of G,,, and ém,n is Q, v ={0,£n,£2n,.. .} N [-M —a, M +a.
Summing (2.97), (2.98) and (2.99) together, we find

otin) —ty, o)
< (/p) {2+ Ci + CiYLim) + 5/V12m + C5 + G |

< (n/p){2.65i(n) + 1.24} <.

Counting the number of ways to realize {u;} and w™", we find

Q
N7 - ) < (2 v, 2 1 ) (2.100)

with m = (26" +2)5° + 1, [Quur| = 1+2[(M +a)/n], a = L(n), j* = [2M/a+2]
and k* = |6a?].
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Since &™ is in the ¢, unit-sphere of R™, N(n, 2™, | - ||1) is no greater than
the maximum number of disjoint Ball(v;,n/2,|| - ||1) with centers v; in the unit
sphere. Since all these balls are inside the (1 4 1/2) ¢;-ball, volume comparison
yields N(n, 2™, | - ||1) < (2/n + 1)™. With another application of the Stirling
formula, this and (2.100) yield

N Tps ||+ M oonr)
< (2/n+ 1" ™ /m!
{(L+2/n)(1+2(M + a)/m)}™{(m + 1)"/2e7m "1/ 2r} !

< {(n+2)(n+2(M +a))e/(m + 1)}y *me{2r(m + 1)} /2. (2.101)

IA

Since m — 1 > 12a*(2M/a + 2) = 24a(M +a) and a > 1 > 1/2 > n,
m+2)(n+2(M+a))e<8{1/2+2(M +a)} <m+ 1.

Hence, (2.104) is bounded by n=2™ with m < 2(6a* + 1)(2M/a + 3) + 1. O

Proof of Theorem 2.3. Throughout the proof, we use M, to denote a universal
constant which may take different values from one appearance to another. For
simplicity, we take g, = (ev/27/n?)Al in (2.14) so that (2.34) holds with p,, = n™3.

Let ¢, and x, be as in Theorem 2.2 and L(p) = +/—log(27p?) be as in
Proposition 2.1 and 2.4. With p, = n=3, set

I SR _ 2ne

Let z* = max(z,, 1) and {tj; (;pn),J < N} ba a (2n")-net of
T W{té: d(fa, fa,) < x%en} (2.103)

under the || - ||oo,»7 Seminorm as in proposition 2.3, with distributions H; satisfying
d(fu;, fa,) < 7*¢y and N = N(0*, 7, || - [loo,nr). It is a (27%)-net due to the
additional requirement on H;. Since M > 4y/logn and n = 1/n* by (2.32) and
(2.102), Proposition 2.3 and (2.102) give

log N < My(logn)3?M/2 < Myné>. (2.104)
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We divide the ¢, distance of the error into 5 parts:

(X pn 0” < TLR* +ZC]n7

where (j, are as in (2.39), (2.40), (2.41) and (2.42). As we have mentioned in the
outline, the problem is to bound E, ¢(;, in view of (2.43).

Let A, and (j, be as in (2.39). Since z* = 1V z, > 1 and ne? > 2(logn)? by
(2.32), Theorem 2.2 gives P, o{A%} < exp ( — (z*)?ne?/(2logn)) < 1/n. Thus,
since L2(p,) = — log(27/n) with p, = n=3, Proposition 2.1 gives

2 . 2
Enol, = Eup) {(t*@(Xi; pn) — Xi) + (Xi — 91)} Lag
=1

< 2nL*(pa) Pao{ A5} +2En0 Y (Xi—0,)%La;

=1

< Mylogn + 2n/ min (P{|N(0,1)| > z},1/n)da?
0
Since P{N(0,1) > 2} < e */2 and I min(ne=*"/2,1)d22/2 = 1 + logn,
E,e6(l, < Mylogn < Myne?. (2.105)

Consider ¢3,. Since ty, (5 pp) form a (2n*)-net of (2.103) under || - [|o,ar and
|tz (2; p) — x| < L(p) by Proposition 2.1, it follows from (2.40) that

2 * . 2
Con < 521151”“ (X5 pn) — tHj(X’p”)“ La,

< () #{is [Xi] < MY+ {2L(pn) 400 | X3 > M}

By (2.32), (ne}/logn)P*' > n{\/log np(G,)}?, so that by (2.31) and (2.102),

2 2

d < p < n n__ n_ .
/“>M/2 Gnlile) = ( M2 ) - (M(logn)3/2> logn  logn (2.106)

Thus, since * = n{3L(n™*) + 2} and M > 4y/Togn by (2.102) and (2.32),

EnoC2, < n(20")?+4L2(n %) E,e#{i: |Xi| > M}
1
< Mo(logn)n<—2 +/ Gn(du) + P{|N(0,1)| > 2\/10gn}>
n |u|>M /2

2

1 ne; 2
My (logn)( + log 1 + E)

IN
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Since ne? > 2(logn)? by (2.32), we find
En(3, < Myne:. (2.107)

Now, consider (2 . Since L%(p,) < My logn, it follows from (2.41), Proposition
2.4 and (2.104) that

ETL,GC??TL - / Pn,@{C?m > x}dl’z
0

< /OOO min {1, N exp ( — 952/(254(%))}(1352
— 204(p)(1 +log V)

< My(logn)’ne2. (2.108)

For (3, it suffices to apply Theorem 2.1 (ii) with Gy = G,,, G = Hj, p = p,, =

n=3, xg = M/2 and ¢y = x*¢, > d(fg,, fc,), since

(i < nmax {Ecn{t*gj (Y;pn) — €)% — R*(Gn)} (2.109)

by (2.42) and (2.5). It follows from (2.106) that the M; in Theorem 2.1 (ii) is no

greater than

Jiuz 12 Gn(du) < €2 /logn
[log puP@er)? = Blogn)ie =

0-

Since M = 2ne2/(logn)3/? by (2.102) and ne? > 2(logn)? by (2.32), the M> in

Theorem 2.1 (ii) is no greater than

2(M/2+ 1)p, - 2(ne? /(logn)®? +1)/n® o Viogn+1 _ M
logpn et = (lognPd = nd(logm)t = 0

with p, = n~3. Thus, by Theorem 2.1 (ii) and (2.109)
Cin < Mon|(log pn) /36, = Mone; (log ). (2.110)
Adding (2.105), (2.107), (2.108) and (2.109) together, we have

4
2
Eno( 3 1Gnl) < Moné(logn)®.
j=1

Since L, (6,0) = || — 6]|2/n, this and (2.43) complete the proof. O
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Proof of Theorem 2.6. As we have mentioned, by (2.59), (2.60) and (2.61),
the adaptive minimaxity (3.34) with ©,, = 0, ¢, ,, follows from (2.62). By (2.31)
and (2.54), p1;)(Gne) < C for 8 € ©,¢,, so that by (2.32) and Theorem 2.3,

SUPgeo, o, ?n’g(?n) < €,cn(logn)®? with
€ ¢y = Max [2 log n, {nC?(log n)p/Q}l/(Hp)] (logn)/n. (2.111)
Thus, it suffices to verify that for sequences C,, satisfying (2.55),
e o, n(logn)?/Jy, e, — 0, (2.112)

where J, ¢ = min{1, CP"2{1V (21og(1/CP))}1=/2+} as in (2.62).
We consider three cases. For C?'? > =12 ] ~ > e /2 and

2(logn)®

e ¢ n(logn)® = max [ ,{C,(log n)9/2+4/”/n}p/(1+p)} =o(1),

since ka(p) = 9/2 +4/p in (2.55).
For p < 2 and CP < 72, J, o = CP{2logn(1/CP)}'P/2 so that by (2.112),

61277071771 (log n)S/Jp,Cn
2(logn)® (log n)*+e/(2+2p) ]
nCE{2log(1/CH)}1=p/2" (nCE)/(+P){210g(1/Ch)V1-P/2]"

= max [
—-1/2

Since the case CP > n~1/% is trivial, it suffices to consider the case C? < n

where

6%,Cnm (log n)3 [(log n)4+p/2 (log n)3+p/2+p/(2+2p)
————————— X max

Jpco - nCt (nCh)p/(1+p)

Since 4+ p/2 < pri(p) =4+3/p+p/2 = (1+1/p){3+p/2+p/(2+2p)}, (2.55)
still implies (2.112).

Finally, for p > 2 and C2? < e~ Y2 J, o = C2, so that

Gounllogn)® [2<logn>5 {Cn(logn)g/“‘*/p}p/(lntp)}
_— X , .

Joc - nC? nC20F17P)

Since nCp /P = n'/27 P (nC2)Y2P we need (logn)®/(nC2) — 0 for p > 2 and

(logn)'3/2/(nC?) — 0 for p = 2. Again (2.55) implies (2.112). O
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Proof of Theorem 2.7. Since the oracle inequality (2.38) is based on the weak
¢, norm, the proof of Theorem 2.6 also provides (2.65). O

Proof of Proposition 2.5. Let G be the exact generalized MLE as in (2.12).
Since ¢(z) is decreasing in |z|, we have @;([ul, Up]) = 1. Let I; = (uj_1,u;] and
I7 = [uj_1,uj) for j > 2 and I = I7 = {u1}. Let Hy,; be sub-distributions with
support {u;_1,u;} N I; such that

H,j(I3) = G5(1)), / uHmJ(du):/ uGi(du), 1<j<m.  (2.113)
Ir I

Let 7 > 1 and z € [ug,uy] be fixed. Set z; = = — (u; + uj_1)/2 and ¢t =

u— (uj +uj_1)/2 for u € I7. Since |2;t| < (um — u1)e/2 <n~12 <1,
—(1— e /2)emt < et (14 a5t) < x?t%‘”jt—tzﬂ, (2.114)

where the second inequality follows from e~**/2(1 —z;t) < e~**. Since @(z —u) =
o(z; —t) = p(x;) exp(a;t — t2/2), (2.113) and (2.114) yield

[ eto=wGin) - [ ot - wH ()

Ij I
< [ sittele —Giian) + [ (€7~ 1ole — )

< =0 (6/2° [ pla = w)Gildn) + € =1) [ pla = w)H ()

Let H,, = > 7" Hp,j. Summing the above inequality over j, we find e By (x) >
(1 —n)fa (x) with n = €*(un, —u1)?/4 < 1/n — €/8. Thus,

H me ne2/8(1 . n)n Z e—n(e2/8+77) Z e—l' (2115)
=1 G* ‘
Let 4, be the set of all distributions with support {uy,...,u,} and G, =
Do W k)éuj The upper bound in [18, 71] and (2.87) provide

(i

w n 1
max (W) S —_—.
Hejfm Py J<m w; €qn

This and (2.115) imply [T, fa;( i) < ;' [T fa, (X0). O
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Chapter 3

General Maximum Likelihood Empirical Bayes
Wavelet Method and Exactly Adaptive
Minimax Estimation

3.1 Introduction

Consider the nonparametric regression model

where t; = i/N, and ¢; are iid N(0,?). We wish to recover the unknown function
f based on the sample Y = (V;,i = 1,..., N). For example, how do we recover a
piecewise polynomial with unknown number and locations of discontinuities? In
general, we would like to consider the estimation of a regression function f with
unknown discontinuities or inhomogeneous smoothness across different parts of a
domain. Through a discrete wavelet transform (DWT) the nonparametric regres-
sion problem can be turned into a problem of estimating the wavelet coefficients
at individual resolution levels. The estimation at a single resolution level can be
treated by considering a more fundamental problem, that is, compound estima-
tion of a vector of normal means. From many points of view, the normal mean
problem occupies the heart of statistical estimation theory. It has been considered
as the canonical model or motivating example in the developments of adaptive
nonparametric regression, empirical Bayes, admissibility, variable selection, mul-
tiple testing and many other areas in statistics.

Nonparametric regression is typically studied under smoothness conditions on
the known regression function f. Such smoothness conditions have interpretation

as sparsity of wavelet coefficients in the sense of having many (near) zeros. Sparse
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vectors of wavelet coefficients can be treated as members of Besov balls with a
small sparsity index p > 0. For sparse means, the linear estimators, e.g., the
James-Stein estimator, do not achieve the optimal rates of minimax risk [21, 24].
Many wavelet threshold methods have been proposed and proved to be highly
adaptive. These threshold methods include the universal threshold estimator
[22], and adaptive procedures SURE [23], FDR [1], and parametric EB posterior
median (EBThresh) [47, 48]. Block threshold methods have also been considered,
e.g., by Cai [12] and Cai and Zhou [15].

Adaptive threshold estimators can be viewed as approximations of an optimal
candidate in certain families of separable threshold functions. Instead of restrict-
ing the approximation in a particular function family, general empirical Bayes
(EB), a greedier approach proposed earlier by Robbins [59, 60], aims to attain
the oracle performance of the optimal rule within the class of all separable esti-
mation functions. Here a separable estimator is one that uses fixed deterministic
function to estimate all wavelet coefficients within individual resolution levels.
Thus, the general EB is greedier in the sense of aiming at the smaller benchmark
risk than adaptive threshold methods. This naturally raises the question that
whether the gain by aiming at the smaller general EB benchmark is large enough
to offset the additional cost of having to pick from a nonparametric family of
estimation functions.

Jiang and Zhang [45] proposed a general maximum likelihood EB (GMLEB)
method for compound estimation of normal means. They treat the unknown
means as iid variables with a completely unknown common “prior” distribution,
estimate this nominal prior with the generalized MLE [49], and then use the
Bayes rule for the estimated prior. The results there affirm that by aiming at
the minimum risk of all separable estimators, the greedier general EB approach
realizes significant risk reduction over state-of-the-art threshold methods for the
unknown signal vectors of different degrees of sparsity with moderate and large

samples.
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In this chapter we develop the GMLEB wavelet method in nonparametric re-
gression. We transform the problem in the function domain into to the sequence
domain of estimating the wavelet coefficients by DW'T, and then apply the GM-
LEB estimator to observed wavelet coefficients in individual resolution levels.
Both the numerical performance and asymptotic properties of the GMLEB are
studied. We provide an oracle inequality, that is, an upper bound for the esti-
mation regret. Moreover, it is shown that the GMLEB simultaneously achieves
the exactly adaptive minimaxity over all Besov balls, without prior knowledge
of the smoothness index of the underlying function. As mentioned earlier, adap-
tive minimaxity implies the adaptation to spatial inhomogeneity of the unknown
function. We conduct an extensive Monte Carlo simulation study of the perfor-
mance of our estimator with four standard test functions and two signal-to-noise
levels. It turns out that our procedure has superior finite sample performance in
comparison to the other leading wavelet threshold estimators and a Fourier EB
estimator [74, 76]. Applications to the high-throughput screening (HTS) data are
used to explore the practical performance of the approach.

This chapter is organized as follows. In Section 3.2, we present the wavelet
transform approach and the Besov constraints over unknown functions. We re-
view the GMLEB estimator and implement it in nonparametric regression models
in Section 3.3. We state the main theoretical properties of the GMLEB wavelet es-
timators in Section 3.4. We investigate the practical performance of the proposed
method by simulation in Section 3.5. A real data set is considered in Section 3.6.

Section 3.7 contains the mathematical proofs of the main theorems.

3.2 Problem Formulation

We introduce some notations used throughout this chapter. Suppose the sample
size is N = 27%1 for some integer J > 0. Let fy = (f(t;),i = 1,...,N) and
}N = (f(tz),z = 1,...,N) denote the vectors of true and estimated functions

respectively. Let ||&[|> = YN, 22 be the £, norm. We measure the performance
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of f n under the mean squared error (MSE)
~ ~ N ~
R(Fy, fn) = NTE|fy = Full = NTED (F(t) = f(®))* (3:2)
i=1

for any given estimator ? ~- Although the notation f suggests a function of a real
variable ¢, in this chapter we work only with the sample points ;.

Most of wavelet-based approaches to the nonparametric regression estimation
of fy proceed by taking the DWT of the data Y;, processing the noisy wavelet co-
efficients to estimate the true discrete wavelet coefficients, and then transforming
back to obtain the estimate } - The underlying notion behind wavelet method
is that the unknown function has an economical wavelet expression, that is, the
large coefficients occur mostly around the spatial inhomogeneities of the unknown
function [26]. Hence, the regression function f can be well approximated by esti-

mating a small proportion of relatively large wavelet coefficients.

3.2.1 Wavelet transform

For any f € Lo(R), wavelet transform is based on translations and dilations of
two basis functions called the scaling function ¢ and the mother wavelet . It

can be written as

270 co 27
f(t) = Z Biok®jon (1) + Z Z Birbik(t), (3.3)
k=1 Jj=jo k=1

where j indicates the resolution level associated with frequency and £ indicates
the location. The wavelet coefficients are given by Bjk = [ f()p;x(t)dt and Bj), =
[ f(@)x(t)dt. In (3.3), Bjok are the coefficients at the coarsest level representing
the gross structure of the function f, and 3;; are the wavelet coefficients which
representing finer structures of the function f as the resolution level j increases.

An orthonormal wavelet basis has an associated exact orthogonal DW'T. Sup-

pose N =271 a DWT of Y yields empirical wavelet coefficients vector y via

y = N"Y2Wy (3.4)
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where W, called the finite wavelet transformation matrix, is a real N x N or-
thonormal matrix. Write y = (Yjo1,- - Ujo2ios Yjols - - > Yjo2ios - - YT1s - - s Yy27)-
Here y;, are the observed gross structure terms at the lowest resolution level,
and the coefficients y;, (j = jo,...,J,k = 1,...,27) are observed fine structure
wavelet terms.

The DWT (3.4) transforms the problem in the function domain into a prob-
lem of estimating the wavelet coefficients in the sequence domain. Let By =

N=Y2W ¢, be the DWT of unknown f, and denote

ﬂN - (ﬁjoh s 76j02j075j017 s 7ﬁjo2j07 cee 76J17 cee 7ﬁ]2j)'

Here 3, is approximately the true wavelet coefficient [ f(t)y;x(t)dt of f. In the

wavelet domain, we observe the noisy wavelet coefficients y;, up to level J
y]k:ﬁjk"i_zjko-N? j:j07"'7j7 k:17"'72j7 (35)

where z;; are independent standard normal random variables and oy = o/v/N.
We wish to estimate 3, with small squared error loss HB N— B ~I?- Applying the
inverse DWT, we obtain the estimate of f at the sample points. That is, f, is
estimated by } N =NV ZWTB ~- The estimate of the whole function f is given
by

270 ~ J 2 R
P =" Bidion®) + DD Bitbji(t). (3.6)
=1 j=do k=1

By the Parseval identity, we have N~ fx — £xll2 = |18y — Bul>

Nonparametric regression model (3.1) is closely related to the white noise

model in which we observe a stochastic process
t
Y(t) = / Flu)du+ W (1), 0<t<l, (3.7)
0

where f € L?[0,1] is unknown and W(-) is a standard Brownian motion. The
noise level between the two models matches with €2 = ¢2/N. In the white noise
model, a wavelet coefficients sequence yj, = [, dY (t) ~ N(Bj, €?) of infinite
length is observed while in nonparametric regression, coefficients are observed

only up to level J.
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3.2.2 The Besov constraints over the unknown function

Following the classical way to study the adaptivity of wavelet smoothing methods,
we shall study the worst behavior when the wavelet coefficients are constrained to
lie in a particular Besov ball, corresponding to Besov function space membership
of the function itself. We shall show that the GMLEB method automatically
achieves the exact minimax risks simultaneously in all Besov balls. Especially,
this exactly adaptive minimax in Besov balls with small parameter p > 0 allows
the spatial adaptation to unknown discontinuities or inhomogeneous smoothness
in f.

Besov balls with different parameters allow varying degrees of smoothness in
the functions which they contain since wavelet coefficients can measure global
smoothness. Roughly speaking, the Besov ball B}, contains functions having «
bounded derivatives in L” norm. Full details of Besov balls are given, for example,

in [69]. The Besov norm of the wavelet coefficients of a function f is

- i(a+1/2—1 e p\ 1 M
I8z, = { 3 (2 (1)) | (3
Jj=jo k=1

Note that the Besov function norm of index («, p, q) of a function f is equivalent

to the sequence norm (3.8) of the wavelet coefficients of the function. See [53].

The Besov ball is

By, (€)= {8 18I, < C}. (3.9)

Since the sequence f, is of primary interest, we place the Besov restric-
tion on the discrete wavelet coefficients By = N~Y?W§fy. The constraint
By € By ,(C) depends on both the function f and N. Our asymptotic min-
imaxity theorem should be thought of as a “triangular array” result for fu,
rather than a limiting result for f. With the notation By € By (C), we au-
tomatically treat 8;; = 0 when j > J since By has only N = 277! coor-

. o . 00 27 -~
dinates. Let Z(Bj,(C)) = infzsupgeps ) E 2250 2pm1 (Bin — Bik)* be the
minimax risk of estimating f over the Besov ball Bf (C). Donoho and John-

stone [24] show that Z(B2,(C)) < N=*/(«F1/2 Moreover, by Hélder inequality,
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SUPge gy (C) D sy 2k B < N—2(e+1/2=1/p) * Thus, condition a + 1/2 — 1/p >
a/(2a + 1), that is,

202 1 1

> —_
2+1 p 2

(3.10)

allows the term for j > J negligible with respect to the minimax risk, which is

necessary for the discussion of the minimax risk rate with only /N samples.

3.2.3 Adaptation to inhomogeneous smoothness of the un-

known regression function

The idea of adaptive nonparametric regression aims at recovering regression func-
tions with unknown spatial inhomogeneities. Such adaptation to inhomogeneous
smoothness is achieved through adaptation to minimax risks in Besov balls with
different smoothness and sparse indices. In this subsection, we formally quantify
the notion of adaptation to inhomogeneous smoothness.

Let Z#4m(C) be the collection of all piecewise polynomials f of degree d in
[0, 1], with at most m pieces and || f]lc < C. Let ¥ be a mother wavelet with
[ (t)dt = 0 and 1 (t) = 0 outside an interval Iy of length |Io|. For f € Fy,n(C),
the wavelet coefficients 35 = [ f(£)v(t)dt = 2072 [ f()(27t — k)dt = 0 if Py
does not contain any discontinuous point and |3;x| < 279/2C [ |1 (t)|dt otherwise.
Thus, |8y ll, < 277/2m'/PC My where My = (|Io| + 1)/ [[o(t)|dt. By (3.8),
18ll5, < oo if @ < 1/p for ¢ < oo. Combining o < 1/p with (3.10) leads
to a < 1/p < 2a*/(2a + 1) + 1/2. This example enlighten us to express the

adaptation to inhomogeneous smoothness in definition below.

Definition 3.1. For nonparametric regression model (3.1), an estimator ?N 5
adaptive to inhomogeneous smoothness of the unknown regression function f if
the exactly adaptive minimaxity

sup RN (Fy, fi) = (1+0(1))inf sup RN)(Fy, fy) (3.11)

fNEB fv FnEB
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holds in all Besov balls By (C') satisfying

<1< 202 +1
a — —
p 2a+1 2

(3.12)

where R™ (F 5, £x) is as in (3.2).

3.3 The GMLEB Wavelet Method

As mentioned in Section 3.2.1, through DW'T the nonparametric regression prob-
lem can be turned into a problem of estimating the wavelet coefficients at indi-
vidual resolution levels. The function estimation procedure as well as the analysis
become clear once the problem of estimating the wavelet coefficients at a given
resolution level is well understood. The estimation at a single resolution level
can be treated by considering a more fundamental problem, that is, compound
estimation of a vector of normal means.

The general maximum likelihood empirical Bayes (GMLEB) method for the
compound estimation of normal means is considered in detail by [45]. There,
they showed that the GMLEB outperforms the James-Stein and several state-of-
the-art threshold estimators in a wide range of settings. In this section, we shall
briefly review the basic method presented there and describe how to construct the
GMLEB wavelet estimator. We divide the section into 2 subsections to describe

(1) the general EB and the GMLEB method and (2) the GMLEB wavelet method.

3.3.1 Empirical Bayes and the GMLEB method

Suppose that X = (Xj,...,X,,) are observations satisfying

where z; are independent standard normal random variables. Compound estima-
tion of normal means concerns the estimation of the vector 8 = (64, ..., 0,) under
the compound squared loss L, (6,0) = n*(|6 — 0]|> = n=- 3", (6; — 6,)2 for any

estimation rule 8 = (@\1, . ,é\n) The estimator @ X — R is separable if @ is a
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fixed deterministic function only of X;. The compound estimation of a vector of
deterministic normal means is closely related to the Bayes estimation of a single

random mean. In the Bayes estimation problem,
YA~ N(AL), A~G, (3.14)

and we estimate the parameter A based on the univariate observation Y. The
prior distribution G = G, here which naturally matches the unknown means 0 is
the empirical distribution G, (u) = G, e(u) =n=t> " 1(6; < u).

In the context of the squared loss, the fundamental theorem of compound
estimation [59] asserts that the compound risk of a separable rule 0 = t(X) in
the multivariate model (3.13) is identical to the mean squared error of the same
rule A = t(Y") under the prior of empirical distribution G,, in the univariate model

(3.14):
EoL,(1(X),0) = /EA(t(Y) — A\)2dG,(\). (3.15)

For any true or nominal prior GG, the optimal Bayes rule is

15(Y) = argmin / EA(H(Y) — A\)2dG()) = G“ﬁg__;;g%) —Y + %%3.16)

where ¢ is the standard normal density, fe(y) = [ ¢(y — u)G(du) is the density

of the normal location mixture by distribution G, and f((y) = dfe(y)/dy. The
minimum Bayes risk is R*(G) = [ E\(t5(Y) = A)?dG(\) = 1— [(fL/ fa)? fedy. 1t
follows from (3.15) that among all separable rule, the compound risk is minimized
by the Bayes rule ¢, in (3.16) with prior G = G, resulting in the general EB
benchmark R*(G,). The general EB approach seeks procedures which approxi-
mate the Bayes rule t¢, or approximately achieve the risk benchmark R*(G,,).
As a natural approach, we consider using the estimation rule ¢(-) = tg () with
a suitable estimate G, of G, based on X. The GMLEB method [45] replaces the
unknown nominal prior G, of the oracle rule ¢y, by its generalized MLE [49]

G, = arg maXH fa(X5) (3.17)
Ges
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where ¢ is the family of all distributions and

folz) = / (& — u)G(du) (3.18)

is the normal mixture with respect to G. Formally, the GMLEB estimator is
defined as
/

@:t’én(Xi):Xi—i—%, i=1,...,n, (3.19)
where tf, is the Bayes rule in (3.16), G, is the generalized MLE (3.17) and fg(x)
is as in (3.18).

The estimator (3.17) is called the generalized MLE since the likelihood is used
only as a vehicle to generate the estimator. Here G = (,, is a nominal prior in that
the unknown 6; are assumed to be deterministic parameters instead of random

samples from the nominal prior G,,. Thus, the mixture density fq, is used for

the purpose of deriving the GMLEB instead of being the marginal density of X;.

3.3.2 The GMLEB wavelet method

With the general EB approach for compound estimation of normal means de-
scribed in Section 3.3.1, wavelet regression at a single resolution level is the case
of estimating a vector of normal means, but with unknown common variance.
For j > jo, denote By = (Bjx, k = 1,...,27) and y;; = (yjn, k = 1,...,27) s0
that By = (B[jobﬁ[jo}’ s Buy) and Y = (Yol Ypjols - - - Ypp)- As in model (3.5),
we consider the estimation of Bj; under the compound squared loss based on
independent observations y;. Let (01, z1) = (B, yjx)/on be the standardized
parameters and observations with unit variance and Gpj)(u) = nj_l ZZ; I8, <

u) be the empirical distribution of 8; = B;/on. Based on Section 3.3.1, the
GMLEB estimator of 8y is Bm = (@k, k=1,...,27) with the coordinates

Bjk = Bjk(ym) = aNt"(i;[j] (Yyjr/on) = athm (k). (3.20)
where @[ﬂ = arg maXgcy Hijzl fa(x;ji) is the generalized MLE of G as in (3.17),

and t7, is the estimate of #¢; .

(4]
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In (3.16) we may need to avoid dividing by a near zero quantity, which will
result in dramatic change in ratio. This notion leads to the following regularized

Bayes estimator

N /.
tolwip) = o+ 7 E5 (3.21)

For p = 0, t§(x;0) = t&(x) is the Bayes estimator for the prior G. For p = oo,
te(z;00) = x gives the classical MLE which requires no knowledge of the prior.
Let n; = 27. As stated in Proposition 2 of [45], the connection between the

GMLEB estimator (3.19) and the regularized Bayes rule (3.21) is provided by

t%’[]] (x]k) = t*@y[]] (xjk7 /Onj)7 pnj - qn]/(enj V 27]')’ qTLj = (e\/2ﬂ'/n5> A 1’ (322)

when the approximated generalized MLE CAJU] satisfies that

H f@m (Zjk) 2 G, SUD H falz), Gy €Y, (3.23)
k=1 Ge9 kel

where ¢ is the family of all distribution functions and z;; = y;,/on. Thus, when
condition (3.23) holds, the regularized GMLEB (3.21) is identical to the GMLEB
(3.20). The purpose to represent the GMLEB estimator as a regularized one is to
facilitate the theoretical investigation so that an oracle inequality which provides
a uniform upper bound of the regret is derived, see [45].

In view of (3.20) and (3.21), we construct a GMLEB wavelet estimator in the

multi-resolution analysis problem (3.5) for j > jo.

By = Blyy) = {Bu}. B =onty (ysn/owipa,). (3.24)

i)
where 5 (+; p) is as in (3.21), and py,; is as in (3.22). For unknown oy, estimator
of on can be constructed from the median absolute deviations (MAD) of the
observations at the highest resolution level, that is,

median(|ysx|: 1 < k < 27)
median(|N(0,1)|)

We estimate the coefficients 3j; for j > jo level by level by the estimate in

(3.24). The coefficients Bjok are estimated by their observed values ;. So

-~ ~

IBN - (gjolv cee agjOQjOa/@jolv e aﬁjOQjOa s 7ﬁ]17 cee 7ﬁJ2J)' (326>
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To obtain the estimates fAN(tZ-) of the function values f(¢;), apply the inverse
DWT, fy = VNWTB,.

3.4 The Oracle Inequality and Its Consequences

In this section we state the concepts of uniform ideal adaptivity and exactly adap-
tive minimaxity. Also, we shall derive these properties of the GMLEB wavelet

method.

3.4.1 An oracle inequality

Consider the estimation of unknown wavelet coefficients 3, based on observed

wavelet coefficients y following that y; ~ N(Bjk,0*/N), 7 = jo,...,J, k =

1,...,27 with 0% = 0%/N. For a level-by-level estimator B ~, denote
- ~ 2
M(By By) = E,a[,- ‘% — Byl (3.27)
M (By.By) = Z R™ w1 B (3.28)

Jj=jo

so that RV (Bm,,@[j]) and R (,@N,,BN) are the /5 risk for the j-th resolution
level and the total levels, respectively. An oracle expert with the knowledge of
£, could use the ideal separable rule ontf, (yjr/on) in (3.20) for B, to achieve

the ideal risk

RMI(By) = Bmir; R By, By) = mm in Egy, [|owt(yy/on) = B[t3:29)
11€2°
J N J
ROO(By) = ) min RO(By, ) = ) RO(By), (3.30)
j=io PIIE7" j=do

where 27 is the collection of all separable estimates of the form /ﬁ\]k = t;(yjr)-
Although aNt’&m (yjx/on) are not statistics, the ideal risk (3.30) provides a bench-
mark for each level in our problem. Theorem 3.1 provides a crucial oracle inequal-
ity in the derivation of our main results. It allow us to bound the maximum regret

of our estimator in all Besov balls.
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Theorem 3.1. Let BN be the GMLEB estimator (3.26) with approzimate gen-
eralized MLEs ém satisfying (3.23) for all jo < j < J. Let R(N)(BN,ﬁN) be the
total {5 risk as in (3.28) and RN*)(By) be the ideal risk in (3.30). Let BS (C)
be the Besov ball as in (3.9). Denote n; = 27, j; = max(inf{j: logn; > 2/p}, jo),
and & as an arbitrary positive constant. Under condition (3.10), there ezists a

universal constant M such that

sup {R(N)(BMIBN) - R(N’*)(,BN)} (3.31)
BnEBR (C)
Ji—1 1 J Cnf(a+1/2)
< MUQ/N{ n-logn-+<1—|——) n;r (n,]—)}
j:;) j j & ]:Zjl iTp | T o /N

+M&)Nfa/(a+l/2)cl/(a+l/2) )

where r,(n, D) = (logn)®/n + (log n)4+P/(2+2p)(D/n)p/(1+p)_

3.4.2 Uniform ideal adaptation

For any class B, the minimax risk for the total squared loss (3.28) is

Z™N)(B) = inf sup R™ By, By). (3.32)
By BNEB

We call BN uniformly adaptive to the ideal risk R™*)(8By) as in (3.30), with re-
spect to a collection &, if for all B € £, supg, cp {R(N) (BN, BN)—R(N’*)(ﬁN)} =
0(1)%2"™)(B) where Z)(B) is the minimax risk in (3.32). In other words, uni-
form ideal adaptation demands that, for all B € £ and in the minimax sense,
the regret (V) (BN, By) = R (BN, By) — RY¥)(By) to be uniformly of smaller
order than the minimax rates in B. The following theorem states that the GM-
LEB wavelet estimator (3.26) possesses the uniform ideal adaptivity property
with respect to all Besov balls as in (3.9).

Theorem 3.2. Let BN be the GMLEB estimator (3.26) with approzimate gen-
eralized MLFEs @[j] satisfying (3.23) for all jo < j < J. Let R(N)(BN,BN) be the
total squared risk as in (3.28) and R™N*)(By) be the ideal risk in (3.30). Under
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(3.10),

sup  { RV By, By) = R (By) | = o(1)Z N (Bg,(C).  (3.33)

BNEBg 4(C)
3.4.3 Adaptive minimaxity

A main consequence of the uniform ideal adaptivity is the exactly adaptive min-
imaxity over all Besov balls. Minimaxity is commonly used to measure the per-
formance of statistical procedures. An estimator is minimax in a specific class
B of unknown mean vectors if it attains 2™)(B), but this does not guarantee
satisfactory performance since the minimax estimator is typically uniquely tuned
to the specific set B. For small B, the minimax estimator has high risk outside
B. For large B, the minimax estimator is too conservative by focusing on the
worst case scenario within B. Adaptive minimaxity overcomes this difficulty by
requiring supg ep RM(By,By) = (14 0(1))2™)(B) simultancously for all B in
certain class 4. The adaptive minimaxity in Besov balls with small index p > 0
is used to measure the performance of estimators for spatially inhomogeneous
function f. The following theorem establishes the exactly adaptive minimaxity

of the GMLEB wavelet estimator (3.26).

Theorem 3.3. Let BN be the GMLEB estimator (3.26) with approzimate gen-
eralized MLEs @[j] satisfying (3.23) for all jo < j < J. Let R(N)(BN,BN) be the
total Cy risk as in (3.28) and RWN*)(By) be the ideal risk in (3.30). Under the
constraint (3.10), the adaptive minimazity
sp BBy, By) = (1+0(1)) 2 (B2,(C)) (3.34)
BrnEB4(0)

holds for all Besov balls.

We translate the exactly adaptive minimaxity (3.34) to the function space.

The following theorem is immediate since N~V Fy — Full> = By — Bull? =

. P
200% [N + 35, 181 — By 1.
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Theorem 3.4. Let }N = \/NWTBN be the estimates of fy based on ,B’N as in
(3.26). Under the constraint (3.10),

sup  RY(fy, fy) =1 +o(1)inf sup RM(fy, fy),  (3.35)
FNEBg(C) Fn FnEBGL(C)

where R(N)(}N, )= N‘lEH}N — full? is asin (5.2). Thus, by Definition 3.1,
the GMLEB wavelet estimator (3.26) is adaptive to inhomogeneous smoothness

of the unknown function.

3.5 Some Simulation Results

A simulation study is carried out for the nonparametric regression models which
are standard in the consideration of wavelet methods. We compare the numerical
performance of the GMLEB with that of SURE [23], FDR [1], and EBThresh
[47]. SURE is a soft threshold procedure which selects the threshold level at
each resolution level by minimizing Stein’s unbiased risk estimate. EBThresh
is a threshold method based on the posterior median for Gaussian errors with
respect to a prior as the mixture of the point mass at zero and a given symmetric
distribution. For further details see the original paper.

Four standard test functions, representing different degrees of spatial variabil-
ity, and various signal-to-noise ratios (SNR) are used for comparison. Sample
sizes of N = 2048 and N = 4096 and SNR of 3 and 7 are considered. The SNR
is the ratio of the standard deviation of the function values to the standard devi-
ation of the noise. Johnstone and Silverman [48] reported results of an extensive
simulation study of fourteen estimators. In Table 1, we display our simulation
results under the same settings as in [48]. Fifteen estimators of various wavelet
methods are compared: the James-Stein, the EBThresh using the Laplace pos-
terior median and mean, Cauchy posterior median, the SURE applied to the 4
and 6 highest levels of coefficients, the soft threshold at the universal threshold
level v/2logn, the FDR at levels ¢ = 0.01, 0.05, 0.1 and 0.4, the GMLEB with
the uniform initialization, the S-GMLEB with the initialization as in (2.20), the
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Table 3.1: Average total squared errors 52| fx — f x||? for N = 2048 points for
various models and methods. Each entry is based on 100 replications. In each
replication, the signal f(t;) is generated by repeating the original signal function
with length 512 four times.

High noise (SNR = 3) Low noise (SNR =7)
method bumps blocks doppler heavisine|bumps blocks doppler heavisine
James-Stein 1166 766 644 142 1453 1280 1101 320

Laplace (median)| 749 616 424 146 753 709 555 250
Cauchy (median)| 752 676 425 159 719 657 539 270
Laplace (mean) 685 576 387 143 691 640 506 238

SURE (4 levels) | 970 832 927 185 841 762 828 368
SURE 975 912 514 151 971 955 822 417
Universal soft 3039 1884 1080 266 4554 3065 1917 582
FDR (¢ =0.01) | 1053 889 486 222 906 859 695 335
FDR (q = 0.05) 899 758 466 192 808 783 605 290
FDR (¢ =0.1) 867 726 472 184 807 768 599 282
FDR (¢ =0.4) 979 810 998 222 1008 939 779 349

GMLEB 651 569 371 150 642 591 464 243
S-GMLEB 648 560 365 144 640 586 461 235
F-GEB 865 772 560 366 857 795 660 443
HF-GEB 744 646 429 149 746 690 558 265

F-GEB and HF-GEB as the Fourier general EB [74] and a hybrid of its monotone
version with the EBThresh. Except the SURE applied to the 4 highest resolution
levels, all the other methods are applied to the 6 highest resolution levels. When
different approaches are used in the wavelet context, the methods are applied
separately at each level. In Table 3.1, for each model and noise level, 100 replica-
tions are generated. In each replication, the function is generated by repeating 4
times of 512 equally spaced points t;. The same standard normal noise variables
are simulated for each of the models and noise levels in every replication. The
error reported here are 3*2”} ~ — Fnll? where in each realization, the estimated
noise variance o is the median absolute deviations of the wavelet coefficients at
the highest resolution level. In each column, boldface entries denote the top three

estimators other than the hybrid estimator.
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Table 3.2: Average total squared errors 52| fx — fx||? for N = 4096 points for
various models and methods. Each entry is based on 100 replications. In each
replication, the signal f(t;) is generated by repeating the original signal function
with length 1024 four times.

High noise (SNR = 3) Low noise (SNR =7)
method bumps blocks doppler heavisine|bumps blocks doppler heavisine
James-Stein 1845 1176 862 199 2668 2252 1518 460

Laplace (median)| 1118 856 558 193 1273 1083 754 306
Cauchy (median)| 1118 896 572 206 1225 1022 738 307
Laplace (mean) | 1027 791 511 187 1149 966 695 290

SURE (4 levels) | 1279 1036 778 325 1402 1497 898 502
SURE 1269 1011 709 220 1399 1486 851 430
Universal soft 4186 2361 1264 220 6268 3987 2344 536
FDR (¢ =0.01) | 1462 1118 650 220 1500 1295 892 359
FDR (¢ =0.05) | 1270 996 626 215 1373 1186 818 335
FDR (¢ =0.1) 1235 969 633 216 1374 1177 822 335
FDR (¢ = 0.4) 1491 1148 804 292 1750 1473 1086 441

GMLEB 1033 791 500 213 1115 927 666 306
S-GMLEB 1018 776 483 197 1104 916 653 291
F-GEB 1309 1058 776 496 1405 1192 954 580
HF-GEB 1127 867 572 199 1244 1064 770 327

These simulation results can be summarized as follows. The average /5 loss
of the S-GMLEB happens to be the smallest among the fifteen estimators. The
S-GMLEB and GMLEB clearly outperform all other methods by large margin
except for heavisine. For high noise signals with SNR = 3, the EBThresh with
Laplace mean, the S-GMLEB and GMLEB estimators yield comparable results,
and they all outperform the Fourier general EB and James-Stein estimators. For
the HeaviSine signal, the EBThresh with Laplace mean yields very strong results
as competitive as the S-GMLEB. Since the oracle prior (2.20) has a point mass
at 0 in all the models used to generate data in this simulation experiment, the
S-GMLERB yields slightly better results than the GMLEB as expected.

In Table 3.2 we report simulation results for n = 4096. In each replication,

the function is generated by repeating 4 times of 1024 equally spaced points
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t;. Compared with Table 3.1, the EBThresh with Laplace median replaces the
James-Stein as a third top performer for heavisine function with SNR = 3. The
simulations presented here demonstrate the computational feasibility of the pro-
posed GMLEB wavelet method. The strong performance of the both versions of
the GMLEB is impressive, since the GMLEB is not specially designed to recover

spatial inhomogeneous signals as threshold estimators are.

3.6 Illustrative Data Example

3.6.1 The HTS data

High-throughput screening (HTS) is a large-scale manufacturing process that
screens hundreds of thousands to millions of compounds in order to identify po-
tentially leading candidates rapidly and accurately. In HTS, the input is samples
to be measured and “reagents” (possibly including membranes, whole cells, or
other biological entities as well as chemicals) with which to measure them, and
the output is numbers. We show two examples of the HTS data in Figure 3.1.
Since the scanning machine measures the difference of certain disease-indicating
index, the data points with large negative values indicate the potential leading
candidate.

As with any manufacturing process, the output varies. Some of the variability
in the results is due to systematic variation in the measurement process. In the
bottom panel in Figure 3.1, there is a piece of data located at the down side of the
sequence. This may caused by the failure of some experiment devices. This piece
of data cannot be considered as the further candidates instead of other scattered
outliers, although they are with large absolute negative values. Meanwhile, in
Figure 3.1, we can see some baseline curve pattern in each sequence caused by
position effect. The baseline pattern will change from sequence to sequence. Our

objective is to remove the downside piece of data and the baseline curves.
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Figure 3.1: Two examples of the HTS data. Each panel corresponds to a par-
ticular location among all the plates. Top: a “good” example; bottom: a “bad”
example.

3.6.2 Analysis of the HTS data

By the preceding description, for each sequence, we model the data as

where Y, represents the observed data, the function ¢ represents the baseline
curve and, if necessary, the downside piece of data as shown in the bottom panel
of Figure 3.1, u; represents the true value of the disease-indicating index, and z;
are independent standard normal variables. The data points with large absolute
negative value of u; are strong candidates. Our objective is to estimate g so that
further analysis could be based on the residuals X; = Y; — g(t;).

The GMLEB smoothing technique proceeds as follows. Suppose that y =
N-Y2WY are the discrete wavelet coefficients of the original sequence Y. The

coefficients y;;, follow the model
Yik = Bk + ijU/\/N, (3.37)

where zj;, are independent standard normal random variables. We obtain the
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Figure 3.2: The analysis on the bottom sequence in Figure 3.1 by the GMLEB
smoothing procedure (3.38), jo = 3 and j* = 5. Top: the original sequence; mid-
dle: the separated baseline pattern and downside piece g; bottom: the residuals
by subtracting g from the original signal.

estimation g based on the coefficients

~

(gjoly e agjOQjOaﬁjolv sy Mjp2905 - - - 76j*17 e aﬁj*2j*707 .. ,O) (338)

where Bjk are the estimations by implementing the GMLEB procedure (3.20) level
by level for jo < j < j*. Figure 3.2 shows the results by applying the smoothing
procedure to the bottom sequence in Figure 3.1. In this example we use the
Daubechies’ d4 wavelet basis, with N = 512, jo = 3 and j* = 5.

In Figure 3.2, strong edge effect at the two ends of downside piece of data can
be observed. The edge effect means that instead of mimicking the jump points,
the bad part is connected with other pieces of sequence in both ends. The reason
of the edge effect is that in procedure (3.38), we “kill” all the coefficients in the
resolution levels higher than j*. Thus, we not only remove the random error, but

also throw away the true coefficient. Since the coefficients at high levels capture
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the local feature of a function, ignoring them will result in the loss of the “local
information”. Since the outliers and the jump points are local features, both of
them disappear. Indeed, our purpose is to retain the jump points in g and exclude

the outliers.

3.6.3 Removing the edge effect

In this subsection we discuss how to remove the edge effect. Our strategy is to
expand the data sequence with respect to some wavelet basis, plot the coefficients
at several high resolution levels. There will be large coefficients around the outliers
and the discontinuous points. If these two types of large coefficients are different,
and moreover, it is possible to design algorithm to classify these two types, then
it is promising to remove the edge effect.

To investigate the feasibility of our plan, we first plot some high resolution
coefficients. We still work on the bottom sequence in Figure 3.1. In Figure 3.3, we
plot coefficients of the five highest resolution levels. As we can see, in the top three
levels, large coefficients appear around both outliers and discontinuous points.
However, in lower levels, large coefficients only appear around the discontinuous
points gradually.

We propose an algorithm below.
1. Set the candidate set C' as empty, C' = &.
2. Compute the discrete wavelet coefficients by (3.4).

3. For the J-th resolution level, denote K = {k: |ysx| > 0,2(a1/2)} where
o7 = MAD(y;) and z is the right Gaussian quantile. We denote the

member of set K as kq,...,k, where ky < --- < k,,.

4. Set i =1.

5. 1f (i) [y
some ky, [k;]/8 < k5 < [kit1]/8 such that |y; 34
update C' «— C U {2k;,2k; + 1, ...,2k;11}. Otherwise keep C.

< 05z(ag/2) for kI = k;+1,... ki1 — 1 and (ii) there exists

> 07_32(az/2), then
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Figure 3.3: The wavelet coefficients of five highest resolution levels of the bottom
sequence in Figure 3.1 using the Daubechies’ d4 wavelet basis.

6. Update i «— ¢ + 1 and repeat step 5 until i = m.
7. We obtain the estimation g based on the coefficients

Bir, ifjo<j<jtorj>j andkeC;,
(3.39)

0, if j > j*and k ¢ C},

where Bjk are the estimations by implementing the GMLEB procedure
(3.20) level by level. and C; = [C/2777] where J is the highest resolu-

tion level.

There are three tuning parameters in the algorithm. Parameters a; and as

select large wavelet coefficients by setting a threshold level. Parameter as filters
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Figure 3.4: Applying the smoothing algorithm to the bottom sequence in Figure
3.1 to remove the edge effect. Top: the original sequence; middle: the separated
baseline pattern and downside piece g computed by the proposed smoothing al-
gorithm; bottom: the residuals by subtracting g from the original signal. The
parameters are a; = 0.1, as = 0.3, ag = 0.05, jo = 3 and j* = 5.

some selected large coefficients by requiring that each coefficient between two
neighboring large coefficients to be under certain threshold level.

To explore how the proposed smoothing algorithm works, we conduct some
analysis on the bottom sequence in Figure 3.1. The result in Figure 3.4 is very
encouraging. With the choices of a; = 0.1, aps = 0.3 and a3z = 0.05, the edge
effects are successfully removed, compared with the results in Figure 3.2. By
removing the edge effect, we avoid introducing new outliers which are caused by
the continuous edge.

The algorithm can be generalized to remove multiple edge effects directly. We
provide such an example in Figure 3.5. We add artificial errors with different

lengths to the same sequence. The algorithm works well since it removes all six
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Figure 3.5: Applying the smoothing algorithm to remove the multiple edge effects.
Top: the original sequence; middle: the separated baseline pattern and downside
piece g computed by the proposed smoothing algorithm; bottom: the residuals by
subtracting g from the original signal. The parameters are a; = 0.002, ap = 0.05,
ag = 0.05, jo =3 and j* = 5.

edges simultaneously. Our parameters are a; = 0.002, as = 0.05, az = 0.05,

Jo =3 and j* = 5.

3.7 Proof

We shall use M to denote a universal constant which may take different values

from one appearance to another, that is, M = O(1) uniformly.

Proof of Theorem 3.1. For convenience, we denote A; = R™) (Bm, Bii) —
R(N’*)(BM) as the regret of 8 at the j-th level. Let YA~ N(A\ 1) and A ~ G be

the univariate model as in (3.14). The minimum Bayes risk is

R(G) =it [ Est(Y) = X260 = [ Ealt(Y) = 22460
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where tf; is the oracle separable rule in (3.16). By Theorem 5 of [45], for j > j; =

max(inf{j: logn; > 2/p}, jo), there exists a universal constant M such that

~ 2\ /2 1/2
{”flEﬁm |Biox =By /on| } ~{B@} " < MG, (10gn,), (3.40)
where Gpj(u) = n;' >0 I(Bjx/on < u) is the empirical distribution of the
standardized vector B(;/on, and
_ 1/p w p/(2+2p) logn;
Cn; = max § \/2logng, {n;""y/log n;u, (Gy)} — (3.41)
j
with 2 (G) = {sup,~q 2" f|u|>x G(du)}'/? as the p-th weak moment of a distribu-
tion G. By the definition of the weak moment and the Besov norm (3.8),

1 <~ |5
1y (Glip) < (n—jz O

ON

1/
) "< on YD) gy, (3.42)

J

From (3.41), it is easy to see

2(logn;)? W (G )\ /(1)
4-72” S (O;gln]) + (10gnj)1+p/(2+2p)<lup i[ﬂ]))p P . (343)
J J

By (3.40) and the inequality 2ab < a? + b*, for any positive constant &,

S = A B — By |~ ()

J=n J=n
< ok d {Mg‘n](logn )3/2}{2 /R*(G[j])+MCn (logn])?’/Q}
J=i1
< a?vi J{M<1+€ )(logng)c + &R (Gm)}. (3.44)

With (3.42), (3.44) and the upper bound (3.43), we have the following bound

: )° s (G 5
ZA = MUJQV<1+§%>Z”ﬂ'{%+(lognj)4+2+zp<“1>§1jb])) +}

J=n J=n

+oxéo Z n;R*(G;))

J=j1

O (@+1/2) )

< Moy <1+€O)Zn]rp(nj,]—

ON
=

+o%& Z n;R*(Gy)), (3.45)

J=ij
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where 7,(n, D) = (logn)®/n + (logn)*+?/Z+2) (D /n)p/(14P),
We need to bound the rate of the second term in (3.45). This is done as
follows. From (3.8), [IByll;, < C if and only if for each j > jo, [|Bll, =

(n; ' 320l 1BxlP) P < Cj where Cj satisfy (3 Clw?)Y < C with w; = 277(H1/2),

%(N)(B;q(C)) = inf sup R(N)(BNuﬁN)

ﬁN ﬁNEBg,q(C)

= inf  sup sup ZR (B By)

By > Cq q)l/q<C 1B17111p<C; i=jo

J
> sup Zinf sup R(N)(B[j],ﬁ[j]). (3.46)
(X Cfw)Va<C j—j, B 1By ln<C;

Moreover, by the minimax theory,

inf sup RW (,B[j],ﬁm) =o0% sup an*(G[j])(l—i—o(l))}. (3.47)
B 18 11»<C; 181 p<C;

By (3.46) and (3.47), there exists some generic constant M so that

sup an (G) = o3 sup sup Zn] (Gry)
,BNequ(C) =70 (X Cfwi)Ma<C 1By)llp<Cs ;=5
< MAEZN( By (C)). (3.48)

By the definition of minimax risk,

Z(BS,(C)) = inf sup EZZ Biv — Bx)?

B BeBg,(C) p ]Ok 1

< mf sup EZ Z ﬁjk — Bik)? sup

B BEBR(C) 550 k=1 ,GEBD‘q(C Py
< ,%’(N)(Bg’( sup ZZ
]>J k
So that we have
R(Bg,(C))— sup > N B (B2, (C)) < (B2, (C)).  (3.49)

BEBR(C) 55T &

By (3.10) of [76], Z(B3,(C)) = N—/(et/2AC1/(¥1/2) = Moreover, by Holder
inequality, we have supgepa (¢ > s 2k B X N—2(e+1/2=1/p) - When o?/(a +
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1/2) > 1/p — 1/2, the second term in the left hand side of (3.49) is negligible.

Thus we have the minimax risk rate
AN (B2 (C)) < N~/ /2 g1/ leck1/2), (3.50)

Actually we have shown stronger result that ZN) (B

C)) = (1+0(1))%(By;,(C))
uniformly for all Besov balls. Combining (3.45), (3.48) and (3.50) together, we

pq(

have

sup ZA

PneBgq C)J =
Cn; (a+1/2)
< MO'N<1+ )anrp(nj, > )
J=J1 N
—|—M§0N_a/ a+1/2)01/(a+1/2)' (351>

Denote (zk, 0jx) = (Yjk, Bjr)/on as the standardization with the unit variance.

Then,

Jji—1 -1 N 2
DA < o) Bpy ||By/on - 5[3‘}/‘7NH
J=jo J=jo
i (@) z
5 D 70 | P — — 0y, (3.52)
Njg]% G || 1] fG[J]( o) v Pn; 4]
where fG = [p(z— u)G[J](du) and py, is asin (3.22). Let L(p) = — log(2mp?).

By (3.22), and the fact that for any G, |f4(z)|/(fa(z) V p) < L(p) when 0 < p <
(2me)~1/2 [45], there exists an constant M such that

Jji—1 fé ’ (;}U[ﬂ) 2 Ji—1 Ji—1
> Eg ||z + . — 0| <> 2m;(1+ L (pn,)) < MY nylogn(.53)
— fe, (@) V pn,
J=Jo [4] Jj=jo J=Jo
In view of (3.52) and (3.53),
Jji—1 j1i—1
ZAj S MU%VZTLJ‘ lognj. (354)
J=jo J=Jo

We arrive the oracle inequality (3.31) by combining (3.51) and (3.54) together.
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Proof of Theorem 3.2. By (3.50) in the proof of Theorem 3.1, we only need
to show that the left hand side of (3.33) is of smaller order than N ~¢/(a+1/2)G1/(a+1/2),
Let ¢ be a constant such that 0 < § < p/[(a 4+ 1/2)(1 + p)] and v = (a +

3/2)p/(1 4 p) — 1. We set the critical index j; as

j1=max([y(p/(L+p) = 1/(a +1/2) + 0)log,y(C/on)] + 1, 5o),  (3.55)

where | x| stands for the largest integer no larger than x. As that in the proof
of Theorem 3.1, we denote A; = R (B[j}’f@[j]) — RN (By;)) as the regret at the
j-th level. We first show that the when cut off at the resolution level j; — 1, the
sum of regret is of smaller than N—/(e+1/2)C1/(a+1/2) By (3.54) and (3.55), there

exists a constant M such that

Jji—1 J1—1
2
E A; < Moy g n;logn,
J=jo J=jo

< Mo (j, 4+ 1)27 og 27

o C \ 7o/ (14p) =1/ (a+1/2)+6)

< M‘712v]1(]1+1><0—> -
N

Since 0 < § < p/[(av + 1/2)(1 + p)], simple algebraic computation gives that
v p/(1+p)—1/(a+1/2)+ 6 <1/(a+1/2). Thus

Jji—1
ZAj < O(1>N—a/(a+1/2)Ol/(a+1/2)' (356)
J=Jo

From the (3.42) and the proof of Theorem 3.1, there exists a sequence of

constants £y such that

4 4 1\ (logn;)®
Z A; < Moy, Z n; (1 + —) {—J + (log nj)4+p/(2+2p)

— — N n;
J=j1 J=i1 S J

(an—(a+3/2)/UN)p/(1+p)} 4 Méy N~/ @H1/2) o1 /(at1/2)

J

1 .7 C \p/(+p)
= Mo% Z <1 + €—N> {(log n;)° + (log ny) /200 7(;) }
J=n

+M§NN—Q/(Q+1/2)Cl/(a+1/2)' (357>

In view of the choice of y and j; in (3.55), when j > ji,

C P/ O\ lat1/2)-5
) ( )p pg( ) . (3.58)

ON ON
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Combining (3.57) and (3.58) leads to that

ON

J
1 O\ 1/ (a+1/2)—5
Z A; < Moy, Z (1 + §—N> {(log n;)° + (logn;)+e/+2p) <—) }
‘ =

_i_Mé-NNfa/(aJrl/Z)Cl/(a+1/2)

< Ma]?VJ<1 + g%) {(log N)5 + (log N)4+p/(2+2p) (%>1/(a+1/2)5}

M N @12 1/ (a1/2). (3.59)

We pick &y satisfying &y — 0 and EyN%? — oo, Then, under the calibration

2 _ 2
ON = ONs

Méy — 0, (1 n i) (Q)_é —.0.

En/ \on
Thus, from (3.59), the order of sum of regret at the resolution levels from j; to J
is also smaller than N —/(e+1/2)C1/(e+1/2) " \We arrive the uniform ideal adaptation

(3.33). O

Proof of Theorem 3.3. By (3.33) in Theorem 3.2, under condition (3.10),

sup RV By By) < olAV(BI(C) + s RYIBy). (360
BnEBg 4(C) BNEBg 4(C)

where R (By, By) and RN (8,) are as in (3.28) and (3.30) respectively.
By (3.11) of [76], for all Besov balls By (C),

sip RN9(By) < (14 o(1)Z(B2,(C)). (3.61)
BnEBg ,(C)

In the proof of Theorem 3.1, we have shown that

under (3.10). This fact with (3.61) demonstrate that

ap RYI(B,) < (14 o(1) 2N (B, (). (3.62)
BnEBg 4(C)

The exactly adaptive minimaxity (3.34) follows from (3.60) and (3.62). O
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Chapter 4

A Penalized Linear Unbiased Selection
Algorithm for Generalized Linear Model

4.1 Introduction

By discovering important relevant variables, variable selection can improve upon
the prediction accuracy and interpretability of a statistical model. Classical vari-
able selection procedures such as AIC, BIC, and C), essentially impose a penalty
on loss based on the number of selected variables. Using such model selection cri-
terion, we need to evaluate each candidate model and pick up the best one. This is
computationally infeasible with even moderately high-dimensional data. Hence,
regularization techniques are used to fulfill continuous selection. The LASSO [68]
method minimizes the square loss function with the ¢; penalty on the parameters
in a linear regression model. Due to the singularity of the /; penalty at the origin,
the LASSO has variable selection feature of shrinking some coefficients exactly
to zero [25]. Under the same paradigm, the penalized negative log-likelihood ap-
proach with the ¢, penalty is used to select variables in generalized linear models
[50]. Fan and Li [34] advocated that a good penalty should result in an estimator
with unbiasedness, sparsity and continuity. They formulated the smoothly clipped
absolute deviation (SCAD) penalty which provides certain oracle properties. The
SCAD enjoys the oracle property in term of selection accuracy and estimation
efficiency when the regularization parameter is appropriately chosen. However,
the computation of the SCAD is challenging because of its concavity over (0, 00).

Recently, motivated by alleviating the degree of concavity of the SCAD, Zhang
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[78] proposed the minimax concave (MC) penalty. The MC minimizes the max-
imum concavity among all penalties satisfying an unbiasedness condition. Both
the SCAD and MC are spline quadratic functions which are singular at the origin
and concave over (0, 00).

Implementation of concave penalization methodologies demands an efficient
algorithm to compute the selector at different penalty levels, or even better, a
path of solutions encompassing a suitable range of penalty levels. This is crucial
since the “best” penalty level is typically data driven. The computation of the
LASSO paths is relatively friendly since the ¢; penalty is convex. In the linear
regression case, efficient algorithms have been developed for the exact computa-
tion of the LASSO path [55, 56, 29]. The computation of the concave penalty
path is much more difficult since the penalized loss might be non-convex. Inspired
by algorithms for the LASSO, Zhang [78] proposed the penalized linear unbiased
selection (PLUS) algorithm to compute the solution paths of possibly non-convex
penalized least squares. The PLUS algorithm assumes that the penalty func-
tion is a quadratic spline in [0, 00) so that the LASSO, SCAD and MC methods
are included. The PLUS continuously tracks a path in certain main branch of
solution graph of possibly multiple local minimizers. It computes multiple local
minimizers at an individual penalty level by continuously tracing a path of critical
values of the penalized loss at different penalty levels. This special computational
strategy of the PLUS enables it to efficiently generate a solution path of concave
penalized least squares.

In contrast to the great advance achieved in linear model, computation of
penalized selection and estimation in the generalized linear model is consider-
ably less developed. In this area, several algorithms for approximating a (lo-
cal) minimizer at an individual pre-selected penalty level have been developed.
This type of algorithms includes the local quadratic approximation (LQA) [34],
the minorize-maximize (MM) algorithm [43] and the local linear approximation
(LLA) [86] for the SCAD method, and the CLG algorithm [37] for large scale
(1-penalized logistic model. Park and Hastie [57] and Zhao and Yu [84] proposed
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path approximation algorithms for the minimization of the ¢;-penalized negative
log-likelihood. However, as far as we are aware, a path approximation algorithm
for the concave-penalized negative log-likelihood does not exist.

In this chapter we propose the generalized PLUS (GPLUS) algorithm to com-
pute the paths of concave-penalized generalized linear model. The GPLUS retains
the same mechanism of the PLUS to find the multiple local minimizers and the
same assumption that the penalty is a concave quadratic spline function. Being
different with linear model, the paths of generalized linear model are not piece-
wise linear. Our strategy is approximating the nonlinear paths with end-to-end
short linear segments. The length of each segment controls the overall accuracy of
the path. The new algorithm works in a stagewise fashion: in each iteration, the
paths traverse along the current direction with a small step. We prove that under
suitable regularity conditions, the computed paths converge to the true paths over
a certain range of penalty levels. In the simulation study, we put emphasis on
applying the GPLUS algorithm to the penalized logistic regression model because
of its importance in data classification and prediction. Interestingly, depending
on whether the minimization problem is convex and whether the solution paths
are piecewise linear, the computational strategies of path following algorithms are
different. We shall discuss the relationship among several existing algorithms in
this chapter.

The remaining part of this chapter is organized as follows. In Section 4.3, we
discuss concave-penalized negative log-likelihood approach for variable selection.
In Section 4.3 we present the GPLUS algorithm to compute the concave penal-
ization method and discuss its relationship with other existing path following
algorithms. We show numerical examples with both simulated and real data in
Section 4.4. Section 4.5 is a discussion and quick summary. The mathematical

proof is contained in Section 4.6.



87

4.2 The Concave Penalization Method

We first introduce some notations which are used throughout this chapter. Con-
sider a dataset Z = {(x;,y;)!,} containing n identically and independently dis-
tributed observations, where y; are response variables and x; € R? are predictors.
The n by p design matrix is X = (x1,...,x,)T = (x',...,2?) where o’ is the
J-th variable.

In generalized linear model, y; depends on x; through a linear combina-
tion @] B3 where 8 = (51,...,03,)". The regression coefficient 3; = 0 means
the j-th variable do not influence the response. Model selection aims to lo-
cate those variables @’ with nonzero ;. Given x; and y;, the log-likelihood
is 4;(8,¢) = L:(xF B, y;,¢) where ¢ is a dispersion parameter. In logistic regres-
sion, no dispersion parameter ¢ exists. In linear regression, the estimation of ¢
has no influence on the estimation of 3. Therefore, the penalized negative log-
likelihood approach does not penalize ¢, and the log-likelihood can be written as

l;(B) = ¢;(B, ¢). The regularized estimates are given by
B0 = argmin {u(8) + 3 p(15 ) | (@)
j=1

where (8) = —1 3" | (;(B) is the negative log-likelihood and p(; A) is a penalty
function indexed by regularization parameter A > 0.

The LASSO method uses the ¢; penalty p(t;A) = At with ¢ > 0. The ¢,
penalty is the only member generating continuous and sparse estimation among
l, (a > 0) family of penalties, but it will result in estimation bias. Some recent
research on the LASSO consistency show that, due to the bias, strong conditions
are required for selection consistency under the ¢; penalty in the linear regression
model [51, 83, 81].

In the earlier studies on the effect of the bias of more general penalized estima-

tors on estimation efficiency, Fan and Li [34] suggested using a penalty function

which keeps a constant beyond certain level so that the bias of sufficiently large
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coefficient is nearly removed. They carefully formulated the SCAD penalty
p(t; \) = /\/t min {1, w}dx, v > 2, (4.2)
0 (v—=1)
as a variable selector to realize their advocation and showed that the SCAD
performs as well as the oracle procedure in terms of selecting the correct subset
model and estimating the true nonzero coefficients.

The SCAD penalty (4.2) satisfies the constraints
p(t; A) =0 for t >A,  p(0+;A) = A, (4.3)

where p(t;\) = (9/0t)p(t; N). However, these constraints will result in concave
penalties, or equivalently non-convex penalized negative log-likelihood. Zhang
[78] pointed out that the degree of concavity of the penalized negative log-
likelihood considerably influences the computational complexity of path. There,

Zhang further proposed the MC

p(t:N) = A/Ot (1 - f—)\>+dx, (4.4)

as the minimizer of the maximum concavity

Rl A) =sup { = 5N |, A(BN) = (9/0%)p(t: M), (4.5)

>0

among all penalty functions satisfying the constraints (4.3). The penalty function
has selection features if p(0+;\) > 0. The second part of (4.3) standardizes the
index A so that it has the interpretation as the threshold for 3; for standardized
designs with ||#7]|>/n = 1. Fan and Li [34] pointed out that the first part of
(4.3) allows nearly unbiased estimation for 3; with large absolute values. Thus,
(4.3) is called the unbiased selection conditions [79]. Being the minimizer of the
maximum concavity among all penalty functions satisfying the unbiased selection
conditions, the MC method retains the convexity of the penalized negative log-
likelihood in (4.1) to the greatest extent under constraints (4.3). Conversely,
given the maximum concavity &(p;A), the MC provides the smallest YA which

is the left end of unbiased selection region (yA,00). The maximum concavity
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LASSO
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Figure 4.1: The penalty functions for the LASSO (solid), SCAD (dotted) and
MC (dashed) with v = 2.5. Left: the penalties p(t); right: their derivatives p(t).

k(p;A) = 1/(y — 1) and 1/v for the SCAD and MC, respectively. Hence, the
tuning parameter v in the SCAD and MC regulates the computational complexity
of the solution paths via controlling the maximum concavity x(p; A).

Theoretical investigation shows that the concave-penalized least squares meth-
ods possess selection consistency and oracle efficiency properties under much
weaker conditions than the ¢; penalized methods do. Such desirable proper-
ties are expected to extend to the generalized linear models including the logistic
regression. However, due to the singularity and concavity of the penalty func-
tion, minimization of concave-penalized negative log-likelihood is still commonly
viewed as a computationally challenging problem. Computational difficulties of
(4.1) such as multiple local minimizers will arise.

Mathematically, the ¢;, the SCAD and the minimax concave penalties de-
scribed above are all special cases of more general penalties of the form p(t; \) =
Np(t/N), where p(t) is an increasing quadratic spline in [0, 00). Such p(t) have

piecewise linear, continuous and nonnegative derivative p(t) for ¢ > 0.

plEsN) = Nolt/N), p0) = Tol) = D (w—w)I (G St < b)) (46)

with knots 0 = t; <ty < --- < t,,, = y satisfying u; — vit; 11 = U1 — Vig1tivy, i =
L...,m. Weset uy =1, uy, = vy, = 0 and ¢,,,7 = 00 so that condition (4.3)

holds. The penalty class (4.6) includes the ¢; penalty as a special member with
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m =1 and p(t) = 1, the MC with m = 2 and p(¢) = (1 — t/v), and the SCAD
penalty with m = 3 and p(t) = min(1, (v — )4 /(v — 1)). Figure 4.1 shows these

three penalties with their derivatives for v = 2.5.

4.3 The GPLUS Algorithm

In this section, we describe the GPLUS algorithm in detail. The GPLUS is
designed to approximate the solution paths of optimization problem (4.1) where
the penalty function p(#; A\) is a quadratic spline as in (4.6). Throughout the
section we refrain from specifying the concrete form of ¢(3) since the derivations
apply equally to any ¢(3) with continuous first two derivatives with respect to 3.
We divide this section into 3 subsections to cover the Karush-Kuhn-Tucker type
condition, the GPLUS algorithm, and the comparison of several existing path

following algorithm.

4.3.1 The Karush-Kuhn-Tucker type condition and the
PLUS algorithm

With penalty of the form (4.6), the Karush-Kuhn-Tucker type condition of opti-
mization problem (4.1) is

D (BN) + Asen(5;(N) p(18;(MI/A) = 0, if 5;(N) #0,

[5(BO)] < A, if 5;(A) = 0.

(4.7)

where 1,/) € RP is the gradient vector of ¥. In order to solve the minimization
problem (4.1), essentially we need to trace the solutions of (4.7) as A varies.

Under the scale transformation 7 = 1/X and b(7) = B(\)/\, (4.7) becomes to
be

45 (b(7)/7) + sgn(b; (7)) p[b;(T)]) = 0, if b;(r) #0,

Tl (b(r) /)] < 1, it b;(r) = 0.

(4.8)
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Condition (4.8) is an equivalent version of (4.7), while constant 1 in the inequality
constraint will provide convenience in the derivation of algorithm. Therefore, in

the remainder of this article, we work with (4.8) instead of (4.7).

Define
| | R if0<i<m+1,
u(i) = up, v(E) = v, i) = (4.9)
_t|i|+17 if —m <i< 07
where the w;,v; and ¢; are as in (4.6). Let § € {—m,...,m}? be a p-indicator
such that

t(n;) <bj(r) <tln;+1), j=1....p (4.10)

In other words, m represents the penalty intervals of b(7).
When t(n;) < bj(r) < t(n; + 1), by (4.6), we have sgn(b;(7))p(|b;(7)[) =
sgn(n;)u(n;) — b;(T)v(n;). We rewrite (4.8) in more explicit form: define

S(n) = all y® b satisfying

[5(b(r)/7) + sguny)ulny) — by()o(n;) = 0, if n; £ 0,

—1 < 7;(b(1)/7) < 1, if n; =0, (411)
t(n;) < bj(1) < t(n; + 1), if n; #0,

bj(T) = 07 if n; = 0.

\

(4.8) holds iff (4.11) holds for certain n. For each n, since (4.11) has p equations
and p pairs of parallel inequalities, S(n) are p-dimensional blocks living in R?.
Due to the continuity of p(t) = (d/dt)p(t) in t by (4.6) and that of t; in both
y and b, the solutions of (4.11) are identical in the intersection of any pair of
S(m) with adjacent n. Moreover, the p-dimensional interiors of different S(mn)
are disjoint in view of the constraints on b of (4.11). Thus, the union of all
the p-dimensional blocks S(n) forms a continuous p-dimensional surface S =
U{S(n): ne{-m,... ,m}p} in R?. Given data y, the solution set of (4.8) is
the intersection of this p-surface S and the p-subspace {y @ b: b € RP}.
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Let P, be the projection matrix Ppb = (b;: n; # 0)7, the first equation of

(4.11) could be written in matrix notation

TPy (8(b(7)/7)) + Py(sgn(n)u(n) — b(r)v(n)) = 0, (4.12)

where the multiplication in the second parentheses is componentwise. Let U e

RP*P be the Hessian matrix of ¢ and denote

Q(b(r), 1) = Pn\i’(b<7’>/7')PZ; — diag(v(nj), n; # 0), (4.13)
w(b(r),7) = Pn(q}(b(T)/T)b(T)/T — s(b(T)/T)) (4.14)

Taking differentiation of (4.12) with respect to 7, we get the differentiation form
of the KKT equation

Q(b(7),7) Pys(b(r),7) =w(b(r),7), n;,=0=s;=0. (4.15)

where s(b(7),7) = (d/d7)b(7) is the local “slope” of b(T).

To get insights into the GPLUS algorithm described in next subsection, we
give a quick review of the PLUS algorithm for the linear regression model where
P(B) = ||ly — XB?/(2n) is taken to be the squared loss. It is easy to show
that Q(b(1),7) = P,,(XTX/n)PZ — diag(v(n;), n; # 0) and w(b(r),7) =
P, (X"y/n). This implies that the slope s(b(7),7) is constant in each block ,
because when 1 does not change, P, Q(b(7),7) and w(b(7), ) will not change
either. Hence it indicates that the solution paths b(7) are piecewise linear in 7.
The piecewise linearity will greatly facilitate the computation of entire trajecto-
ries: as long as we find all the turning points, all values in between are obtained
by linear interpolation. In linear regression model, almost everywhere in X and
7, the solution set of (4.8) is composed of a main branch and separate loops. The
main branch is piecewise linear, begins with b = 0, and ends with least squares
solution satisfying X7 (y — Xb(r*"))/7*)) = 0. The PLUS algorithm traces the
main branch of the solution paths by computing one line segment between two

turning points in each step.
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4.3.2 The GPLUS algorithm

In generalized linear models, the paths are not piecewise linear. Our strategy
is discretely approximating the nonlinear paths by many end-to-end short line
segments.

The GPLUS procedure works roughly as follows. We start with b©® = 0,
and find the largest possible value 7 = 7(9 at which all b; are zero. In the k-th
iteration, with one endpoint 8%~V we compute a second endpoint of the k-th
piece of segment. We firstly find the index ®) which indicates the block where
the k-th piece of segment lives. Starting from b("j_l)7 the paths proceed in a
direction s®) with the step size A® until b, s® is decided by all the equation
constraints in (4.8). The step size A% is designed up to be a pre-determined
constant A and to make sure that each piece of segment is wholly contained in
one block. In other words, we “cut” the path exactly at the block boundary when

it is going to enter into a new block. The main updating rules are
70— 01 AR p®) D) () _ 1)y (k)

where ¢%) = 41 characterizes whether the paths go back or forth with respect
to 7 in each iteration. In the GPLUS algorithm, the value of 7 may not be
monotone increasing. When ¢®) = —1, 7 will decrease so that the multiple local
minimizers are obtained (same 7, different b). Once we obtain all the turning
points (b(k), 7)), the paths are given by linear interpolation

T(k) — T kil)

— 1l
= T - k—1 T T k

We summarize the GPLUS algorithm in the following syllabus and explain in

details next.
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Initialization: Compute n©, 7 and b®. Set k = 1.

Iterations:
1. Compute the block index n®*)
2. Compute the proceeding direction vector sk,
3. Compute the direction indicator £ =1 or -1.
4. Compute the step length A®)

5. Compute 7 and b . Increase k by one, k «— k + 1.

Output: n®*), b T(k Jk=0,1,... k",

e Initialization

We initialize the GPLUS algorithm with
n®@ =0, 7 =1/max|{”|, 5 =0, (4.17)
J

where ¢§0) = 1;(b)|p=0. In view of the inequalities in the KKT condition (4.8),
the initial segment is b(7) = 0 for all 0 < 7 < 7(O. We note that A = 1/7) is
the smallest value of A that makes all b; zero, j =1,...,p.
e Iterations

In the k-th iteration, we compute n®), s ¢®) AWK (k) and b%*) in sequence
based on p*=1 7*-1 and b*~V . As mentioned in the syllabus above, each
iteration is divided into 5 steps.

Step 1: compute ). Denote g'b(kfl) = p(b* Y /7(*-1) and AN
U(b*Y /7(--1)) a5 the gradient and Hessian of ¢(8) at 8 = b* Y /7= Let

ctn=ctNuct = |b(k_1)| € {t1,. .-t} with 1~ £ 0}

U{j: FEDGED] > 1 with ):o}.

be the set of critical indices j of which b; hits the boundary of the inequalities in

(4.11) at 7 = 71, Based on n*~Y and C**~Y we compute next index vector
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n®) according to the following rule,

(60 g o6,
V41 it j e oY and gD S o,
77]('k) = 9 nj(.k_l) -1, ifje CYC_]‘) and f(k’l)sg-k_l) <0, (4.18)
1, if j € Cék U and T(k_l)w(kfl) < -1,
-1 it j € 0V and 7DD > 1,

Step 2: compute s*. Let Q) and w® be as defined in (4.13) and (4.14)

but depend only on b%*~Y, 7*=1 and n®) . More explicitly,

o (k-1

QY = PP, — diag(v(n™), 0" #0), (4.19)

w® = P (BT /) Yy (4.20)

where P, is the projection matrix such that P,z = (2;: n](-k) # 0)T. The

direction vector s is determined by the equation

QWP ws® =w® ¥ =0= s =0 (4.21)

J

where Q) and w®) are defined in (4.19) and (4.20). The progress direction s*)
can be view as compromise among the currently active covariates.

Step 3: compute %), Given n® and s, we pick the direction indicator
") =1 or -1 which make s indeed carry the k-th segment of the paths from
S(m*Y) to S(n®). Formally, the definition of £*) is ¢*) = sgn(7*) — 7(-=1)),
It decides whether the paths go ahead (¢®) = 1) or back (¢®) = —1) in current

k)

iteration. Since 7®) is unknown at this moment, we utilize n*) and s® to

characterize it.
If C*=Y is empty, that is, n* 1) = n®)_ then the (k—1)-th and k-th segments
are in the same block. £¢®) is given by
—€0,if sgn(s™) sgn(s*Y) € {~1,0}7,

W = (4.22)

k=1 otherwise.
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In another word, when n*~Y = () _if at least one pair of s*) and s*~1 have
same sign, the PLUS paths will keep the same direction as previous step. Other-
wise the paths will turn around.

If O~V is non-empty, it amounts to verify the following set of conditions

k k— k . k— k
€0 () — D)0 > o if Y £y 20,

(4.23)
EOEIL D) 20, i £ g — 0

Step 4: compute A®., Let A% = |7(!) — 7(:=1)| be the length of the k-th
segment of the paths measured in 7. If we fix the step length to be some constant
A in each iteration, it will happen that two endpoints of certain segment are
located in different blocks. In such cases, b; may directly change from positive
value to negative without staying at zero, or vice verse. To avoid such jumps, we

cut the path exactly on the boundary when the crossing is going to happen. The

allowed maximum step size Ag-k) of the j-th coordinate is

.
€911 + 1)~ D)0, i 7 2 0 and €95 >0,
k f—
Ag. ) — f(’“){t(n](k)) _ bg.k 1)}/s§.k)7 if n§k) £ 0 and g(k)sgk) <0, (4.24)
\

Finally, A® is given by
A® = min{A, AP 1 <5 <p} (4.25)
Step 5: compute 7 and b™®.
20 1) g AB) ) kD) () D)) (4.26)

Remark 4.1. Since the end-to-end line segments computed are not the exact solu-
tions to (4.8), it may happen that when b;kfl) re-hit the knott = 0, ‘T(k_l)ib](-kil“ >
1 and ]T(k)¢§k)| > 1. Consequently, according to the rule (4.18), we have T](k_l) +

J
(k

0, n; ) =0 and n](kﬂ

) # 0. Thus, the j-th variable is excluded from and in-
cluded into the model alternatively during the consecutive iterations. To prevent

the selection from such oscillation, once we observe that

k—1 k—1 —1) j(k—1
Y0, Y =0, [y s (4.27)
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we shall exclude the j-th variable from the model until the value of |T¢j| 18 strictly

smaller than 1 and then goes beyond 1 again.

Remark 4.2. The GPLUS algorithm works based on the notion that in each
block, tiny amount of departure from the true paths at very beginning stage will
not cause dramatic error when the approximation proceeds. This stability property
results from the continuity conditions on ¢ and p. The parameter A controls how
close the algorithm approximates the path. A smaller step size leads to a closer

approrimation.

Remark 4.3. In the GPLUS algorithm, we trace the gradients to select new vari-
ables and use Hessian matriz to find the proceeding directions of selected variables
simultaneously. As is in (4.21), we only need to compute the inverse sub-Hessian
matrix of selected variables. Hence the computation of matriz inverse is efficient

m sparse model.

Theorem 4.1. Let b(r) be the solution of (4.8) and b(7) be the computed paths
as in (4.16). We use the notation b € n to denote the condition (4.10), that is,
b lives in the block indexed by n. Assume that b(T) is second differentiable with
respect to 7. For the block indexed by m, if the following conditions hold:

(i) Let ko be the smallest integer such that {B(T(ko)), b(ro))} € n, the initial
error |[b(r*0)) — b(r*))|| = 0 as A — 0.

(ii) For the block m, there exists constants & and My such that when ||b —
b(7)|| < 9, the Lipschitz condition ||s(b,7) — s(b(7),7)|| < M||b — b(7)|| holds
where s(-,7) is as in (4.15) and {b,b(T)} € n.

(iii) There exists a constant My such that supy, . p(ryen |Ls(b(1),7)|| < Ms.

(iv) There exists a constant M such that SUpa-o D (;. 5(rt))en) AUTD < M.
Then, when {b(r®), b(r®))} € i, |[b(®) — b(z®))|| — 0 as A — 0.

4.3.3 Discussion of path following algorithms

From a unified point of view, all the paths algorithms aim at the same task: trac-

ing the solution paths of a set of the KKT equations (4.8). However, depending
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on whether the optimization problem is convex and whether the solution paths
are piecewise linear, the computational strategies are pretty different.

As mentioned earlier, the computation of the LASSO paths is relatively friendly
since the /;-penalized least squares is convex and the LASSO paths are piecewise
linear. Efficient algorithms that give the entire Lasso paths have been established,
namely, the homotopy method [55, 56] and similarly the LARS algorithm [29].
The LARS provides a nice geometrical interpretation of these methods: in the
(1-penalized least squares problem, the selected variables share the same absolute
correlation with current fitting residuals y — X B Thus, in each step, the LARS
proceeds equiangularly between the selected variables (variables with nonzero es-
timated coefficient), that is, along the “least angle direction”, until next variable
enters or one of selected variables is removed.

The PLUS algorithm essentially generalizes the LARS to compute the concave-
penalized least squares. Since there are multiple phases of concave penalty, the
paths are much more complex but still piecewise linear. The GPLUS algorithm
applies the computational strategy of the PLUS to the generalized linear model
in a pretty direct manner. However, because of the nonlinearity of the generalized
linear model path, the procedures are more deliberate.

Motivated by the LARS, Park and Hastie [57] introduced an efficient path
following algorithm for ¢;-penalized generalized linear model. Their algorithm
computes the entire nonlinear solution paths by using the predictor-corrector
method of convex optimization. In each iteration, with certain carefully chosen A
at which the set of non-zero coefficients changes, the corrector step finds accurate
minimizer (4.1) of the convex objective function based on a good starting estima-
tor provided by the predictor step. Their method uses end-to-end linear segments
of moderate size to approximate the nonlinear paths and yields exact order of the
variable selection. However, Park and Hastie’s predictor-corrector method is not
suitable for concave penalty since the corrector step is difficult to implement in
the non-convex minimization problem. That explains why we proceed with tiny

steps in the GPLUS algorithm.



99

We summarize the relationship between the aforementioned algorithms in the

following chart.

LARS concave penalty PLUS
GLMJ/ lGLM
Park and Hastie's GPLUS

concave penalty

All four algorithms can be viewed as moderately greedy forward stepwise pro-
cedures whose progress direction is determined by compromise among the cur-
rently selected variables. Hence in each iteration, we update all coordinates simul-
taneously. Zhao and Yu [84] proposed the BLASSO algorithm which update only
one coordinate each time. Therefore their method avoids the matrix inversion.
The BLASSO is designed to approximate the paths of any ¢;-penalized convex
loss function by accommodating the backward steps into the forward stagewise
fitting. The backward step in the BLASSO can remove the selected irrelevant

variables.

4.4 Numerical Experiments

4.4.1 Linear regression

In this experiment, we compare the selection accuracy of the LASSO, SCAD and

MC methods in linear model

p
y= Zﬁjwj + €, (4.28)

j=1
where y = (y1,...,yn)" is the response vector, ' = (x1j,...,2,;)T € R, j =
1,...,p, are p predictors, 8 = (fi,...,0,)T are regression coefficients, and & =
(1,...,en)" are noises. Hereafter throughout this paper, we denote A° = {j: 3; #

0} as the set of variables contribute to the model, A= {j: B\] # 0} as the set of
selected variables, and d° = |A°| = #{j: §; # 0} is the size of A°.
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Our design is randomly generated as described below to guarantee a fair
amount of correlation among the covariates. We generate an n x p random design
X with each observation x; following an AR(1) model. In detail, we generate the
observations one by one independently. For the i-th observation, the first covari-
ate z;; is sampled from the standard normal distribution. For j = 2,... p, the
Jj-th feature is generated according to the AR(1) model x;; = px; j_1 + e;; where
e;; are independent N(0,£?) random variables. We set p? 4+ 2 = 1 so that each
variable has unit variance, i.e., Var(z;;) = 1,7 = 1,...,p. Finally we normalize
X so that each column has mean zero and ¢, norm /n. In this experiment, our
dimension setting is (n,p) = (300, 200).

We evaluate selection performance for low correlation p = 0.25 and high cor-
relation p = 0.75 in Table 4.1 and 4.2, respectively. In each table, there are
three measurements: CS = [ {121\ = A°} is the indicator of correct selection,
TM = |A\A°| + |A°\A] is the total miss as the sum of false discovery and
missing discovery, and k is the number of steps. All the results reported are
based on 100 replications. In each replication, A°, B and € are randomly sam-
pled. The response vector y is generated from model (4.28) where §; = +3*
for j € A° (; = 0 for j ¢ A° and € ~ N(0,1I,). The parameters here are
(B*,7v) = (0.7,3.7) where v is the regularization parameter as in (4.2) and (4.4).
The value v = 3.7 is suggested by Fan and Li (2001). We present the results at
four penalty levels: A = 6\/W, a=1,...,4, where 62 is the mean squared
error with n — p degrees of freedom in full rank design. Bold face entries indicate
P{A = A°} ~ CS > 0.5.

As can be seen from Table 4.1, it is clear that the variable selection accuracy of
the SCAD and MC dominate the LASSO. The superiority is overwhelming when
d’ = 20 and 40. Especially, when d° = 40, the LASSO only correctly identify the
true variables at most once among 100 replications with four different penalty
levels, while the MC still shows strong selection accuracy with A = Em
and G1/4(logp)/n. In fact, the simulation and theoretical results in [78] show
that the universal penalty level A = 8\/W is nearly the optimal choice
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Table 4.1: Performance of the LASSO, SCAD and MC methods in linear regres-
sion based on 100 replications: n = 300, p = 200, g* = 0.7, v = 3.7. Each
observation is generated from an AR(1) model z;; = px; ;_1 + e;; with low corre-
lation p = 0.25, e;; ~ N(0,¢?), and p* +e* =1

d° =10 d° =20 d° =40

\/G LASSO SCAD MC |[LASSO SCAD MC |LASSO SCAD MC
CS| 0.00 0.03 0.03] 0.00 009 0.09] 000 013 0.13
(logp)/n |TM| 589 3.66 3.49| 845 292 2.85| 13.08 219 214
—0.1329 | k| 17 35 24| 30 65 44| 55 132 86
CS| 028 0.75 0.75] 0.07 0.83 0.84] 0.0 0.85 0.90
2(logp)/n|TM| 126 030 030] 2.63 021 0.19| 7.77 016 0.11
=0.1879 | k| 12 27 17| 24 53 32| 49 112 66
CS| 0.80 0.97 1.00| 046 0.84 0.97| 0.01 0.13 0.83
4(logp)/n|TM| 0.20 0.03 0.00| 0.83 0.19 0.03| 532 244 0.18
=0.2658 | k | 11 21 11| 22 40 21 | 46 77 44
CS| 0.93 0.93 1.00| 0.53 0.51 0.80| 0.00 0.00 0.06
V/8(ogp)/n|TM| 0.07 0.07 0.00| 0.65 066 025 6.81 6.85 4.46
=0.3759 | k | 11 14 11| 21 27 21 | 41 51 39

Table 4.2: The comparison of selections where each observation of the design

matrix X is generated from an AR(1) model with high correlation p = 0.75.

Other settings are the same as those in Table 4.1

d° =10 d° =20 d° =40

Ao LASSO SCAD MC |[LASSO SCAD MC |LASSO SCAD MC
CS| 0.00 0.20 0.20] 0.00 0.25 0.25| 0.00 0.09 0.17

(logp)/n |TM| 936 1.90 1.76| 14.71 1.49 1.46| 24.11 4.00 3.52
k

=0.1329 21 42 28 36 124 84 66 1544 884
S| 0.01 0.67 0.73| 0.00 0.20 0.31] 0.00 0.00 0.00

2(logp)/n|TM| 513 0.54 0.45| 10.99 2.06 1.84| 23.36 12.06 11.17
=0.1879 | %k 16 32 20| 30 82 55| 58 895 466

CS| 0.05 043 0.60] 0.00 0.00 0.07] 0.00 0.00 0.00
4(logp)/n|TM| 3.23 1.09 0.84| 9.06 4.98 3.64| 23.67 20.44 18.69
=0.2658 | k 13 23 13 26 57 32| 49 494 254

CS| 011 0.13 0.32] 0.00 0.00 0.00/ 0.00 0.00 0.00
V8(logp)/n|TM| 2.45 221 1.34| 8.60 8.10 6.14| 25.20 25.58 24.00
=0.3759 | k 12 15 11 22 37 24| 39 203 112




102

Table 4.3: Performance of the LASSO, SCAD and MC methods in linear regres-
sion based on 100 replications: n = 300, p = 200, 8* = 1/2, v = 3.7. The design
matrix X is generated by greedy sequential group sampling from a larger pool
random matrix

d° =10 d° =20 d° =140

A/ LASSO SCAD MCP|LASSO SCAD MCP|LASSO SCAD MCP
CS| 000 005 004] 000 005 007] 000 0.06 0.13
(logp)/n |[TM| 560 3.77 3.63| 803 3.39 3.22| 11.17 2.65 2.28
=0.1329 | k| 17 30 20 | 29 56 35| 53 114 67
CS| 042 068 079] 0.09 038 0.72] 0.00 0.09 0.52
2(logp)/n|TM| 1.03 037 0.25| 2.64 098 0.33| 673 3.76 0.78
=0.1879 | k| 12 21 11 | 24 40 22 | 47 78 44
CS| 087 087 0.95| 031 035 0.64] 000 0.01 0.09
4(logp)/n|TM| 013 0.3 0.05| 123 1.10 048] 6.49 6.66 4.27
=0.2658 | k | 11 14 11| 21 27 21| 42 52 40
CS| 040 040 045] 0.03 0.03 0.05| 0.00 0.00 0.00
8(logp)/n|TM| 1.11 111 1.06| 4.72 473 4.83| 13.32 13.43 14.01
—03759 | k| 10 10 10 | 17 17 16 | 31 32 29

for variable selection in linear model with € ~ N(0,0%I,) and the normalization
||| /n = 1. Moreover, the computational complexity of the MC is competitive
with the LASSO as demonstrated by the average number of steps k.

In Table 4.2, we report the selection performances when each observation of
the design matrix X is generated from an AR(1) model with high correlation
p = 0.75. Other settings are the same as those in Table 4.1. As expected, with
higher correlations among the variables, the computation of the SCAD and MC is
more costly. Dramatic rise in the number of computation steps is observed when
d° = 40. Again, the average C'S and TM over 100 replications demonstrates
the superior performance of the concave methods in our simulation experiments.
Especially, when d° = 20 and 40, the LASSO fails to identify the true variables
correctly in each replication, while the other two demonstrate considerable accu-
racy with proper penalty amount.

We present another set of simulation results in Table 4.3. In this simulation,
we first generate a n x p* pool random matrix X?' with each cell iid standard nor-

mal random variable. We normalize X? so that each column has mean zero and
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5 norm y/n. The design matrix X = (@1, ...,x,) is generated by greedy sequen-
tial group sampling from X?. In this experiment, (n,p*,p) = (300, 1000, 200).
Each sampling group consists of 20 most correlated vectors from the remaining
columns of X', For the m-th group, we sample from the remaining 1020 — 20m
columns one member xsy,,—19 and 19 more to maximize the absolute correla-
tion |T}xa0m-10]/n, j = 20m —18,...,20m, m = 1,...,10. The design X is
fixed throughout this experiment, the maximum absolute correlation between the
columns is 0.2299. The selection results in Table 4.3 are similar to Table 4.1, it is
clear that the variable selection accuracy of the MC is better than the other two
methods. The superiority is overwhelming when d° = 20 and 40. When d° = 40,
the LASSO fails to identify the correct set in every replication, while the MC still

shows strong selection accuracy with A = o+/2(logp)/n.

4.4.2 Logistic regression

In this example, we assess the performance of the GPLUS algorithm for logistic
regression model. In logistic regression model, we have a set of n independent
pairs x;, y;, where x; € RP is a p-vector of predictors for the i-th observation.

Given x;, y; € {0,1} is the i-th binary response with probability of success

T
pi = Ply; = 1la:) = %. (4.20)

The loss function ¢(3) is taken to be the negative log-likelihood

n

1 O 1
5B =~ Y toalB) = S (val (1 +exp(alB) . (430)
Let X = (x1,...,x,)T = (x!,..., xP) be design matrix of size nxp. The gradient

and Hessian matrix are ¢(3) = —X”(y — p)/n and ¥(8) = X" W X /n where
p=(p1,...,pn)’ and W is an n x n diagonal matrix of weights with i-th element
pi(1 —pi).

Each observation x; is drawn independently from a multivariate normal dis-

tribution with zero mean and correlation p/~* between j-th and k-th entries
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with p = 0.5. The number of covariate predictors is p = 100. We generate a
training design X with n = 200 observations. Again, X is normalized so that
each column has mean zero and /3 norm /n. Throughout this experiment, X is
fixed . All the results reported are based on 100 replications. In each replication,
as the procedures in Experiment 1, A° and 3 are sampled with 8; = £3* for
j € A% B; =0 for j ¢ A°. Then the response y is generated according to (4.29).
Besides reporting the correct selection C'S and total miss TM, we compute the

Kullback-Leibler divergence between the true distribution P and its estimation

~

P

?

KL(P,?) = Py= 1)log% + P(y =0) log%
~  exp(x?B) I+ exp(ccTB)

- 2"(8-B) (4.31)

Tt exp(@TB)  ° 1+ exp(z’B)
We use a Monte Carlo simulation to compute the Kullback-Leibler divergence
(4.31).

We provide two sets of diagrams in Figure 4.2-4.5 with d° = 5 and d° = 10 re-
spectively. Other parameters are * = 1.25, v = 16 or 32 and step size A = 0.005.
We plot the C'S, TM and KL as functions of A based on 100 replications. As can
be seen from Figure 4.2-4.5, the SCAD and MC make considerable improvement
over the LASSO in the sense of better selection accuracy, smaller total miss and
Kullback-Leibler divergence. In fact, among the interval of A\ plotted, the SCAD
and MC overwhelmingly dominate the LASSO. Moreover, the performances of
the MC are always a little bit better than those of the SCAD.

In Figure 4.6, we plot the solution for one replication with parameters n = 200,
p = 100, d° = 5, §* = 1.25, v = 16 and A = 0.005. The solutions plotted are
build up in 4000 steps. Middle (the SCAD) and right (the MC) panels are nearly
indistinguishable from each other. All the three methods select five true variables
in the early stage. In the first 4000 steps, the LASSO selects more noisy variables
than the other two methods. An interesting phenomenon exhibited in Figure 4.6

is that, for the SCAD and MC paths, there exists an interval of A during which
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109

LASSO SCAD mc

0.5
I

0.0

-0.5
I

-1.0
L

T T T T T T T T T T T T T T T 1 T T T T T T T 1
004 006 008 010 012 014 016 0.18 004 006 008 010 012 014 016 018 004 006 008 010 012 014 016 018

A A A

Figure 4.6: The solution paths of the LASSO, SCAD and MC with one replication
for n = 200, p = 100, d° = 5, 3" = 1.25, v = 16 and A = 0.005. The estimates
B; are plotted against the penalty level A. The colored solid curves correspond to
the covariates with 3; # 0. The dashed curves correspond to the covariates which
do not influence the response with 3; = 0. The solutions plotted are build up in
4000 steps. The SCAD and the MC paths are almost indistinguishable with each
other, while the LASSO paths are different from the SCAD and MC.

the estimated values of coefficients of true variables roughly “keep” after several
noisy variables are incorporated, while the LASSO paths keep increasing.

An explanation for setting v = 16 is as follows: in logistic regression, the
variance p;(1 — p;) is no more than 1/4. Therefore, the eigenvalues of X' W X /n
are approximately 4 more times smaller than those of X X /n. To roughly keep
the convexity as in the linear model, the value of v in logistic model should be

more than 4 times of 3.7, the typical value of v suggested for linear model.

4.4.3 S&P 500 Index data

The S&P 500 (Standard & Poor’s 500) is a market-value-weighted index of 500
stocks that are traded on the New York Stock Exchange (NYSE), American Stock
Exchange (AMEX), and the NASDAQ National Market System. Companies se-
lected for the S&P 500 Index (SPX) are representative of important industries

within the U.S. economy and many also are the leaders of their industries. The
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SPX is the summation of the weighted stocks prices,

I(s) = Z w; X (s), (4.32)

where I(s) is the SPX at time s, X7(s) is the price of the j-th stock at time s, and
w; are the weights which make each company’s influence on the SPX performance
directly proportional to their market values. In evaluations and performance
charts of stocks and mutual funds, the SPX is regarded as one important baseline
for comparison. For example, a performance chart of a mutual fund will show the
SPX along with their financial product. Many ETF’s (exchange-traded funds)
attempt to replicate the performance of the SPX. However, it would cost too
much effort and capital to hold all S&P stocks to replicate the SPX. Thus, one
way to mimic the SPX is to hold a subset of all stocks and figure out their weights
simultaneously.

In this experiment, we select a subset of all S&P stocks and figure out a linear
combination of them to estimate the future index. We collect close index and close
prices of S&P stocks from July 26, 2007 to July 25, 2008. We use a moving window
method to compare the one-step replication performances of the LASSO, SCAD
and MC. In detail, denote Z(s) = (I(s), X?(s),j=1,...,p), s=1,...,n as the
raw close-of-day data of the s-th trading day. Let (Z(s),s = sg,...,So+m—1) be
the raw data of m consecutive days. We fit penalized linear models to estimate the
regression coefficients w(d) = (w;(d), j = 1,...,p) where d denotes the number of
nonzero w;. Thus, a subset of d stocks is selected. We next compute the one-step

replication error e,,(so + m, d) on next data Z(so +m),

em(so+m,d) = |I(sg+m) — Z{&j(d)Xj(so +m)|.

J=1

In Table 4.4, we report the average replication errors é,(d) = > 0" em(so +
m,d)/(n—m) with n = 253, m = 200 and d = 5k, k = 2,...,13. From Table 4.4,
it can be seen that with almost all d < 65, the average error of either the SCAD or

MC improves over the LASSO. An interesting phenomenon is that when the sizes
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Table 4.4: One-step replication performances of the LASSO, SCAD and MC with
the moving window method. Average replication errors é,,(d) = Y 0 "7 e (so +
m,d)/(n —m) with the window size m = 200 and stocks subset of sizes d = 5k,

k=2,...,13 are reported.

d 10 15 20 25 30 35
LASSO 16.08 14.40 13.44 11.41 8.74 5.90
SCAD 16.08 14.40 13.44 11.41 8.74 5.90

MC 16.06 14.42 13.07 10.75 7.73 4.79

d 40 45 50 55 60 65
LASSO 4.77 3.91 3.51 3.28 2.96 2.77
SCAD 4.77 3.91 3.52 3.38 3.18 2.92

MC 4.08 3.73 3.48 3.04 2.99 2.68

of the stock subsets are small, the replication results of the LASSO and SCAD
are same. This is not surprising since the penalty functions p(t) of the LASSO
and SCAD are identical when 0 <t <1 (see Figure 4.1).

4.4.4 South African heart disease data

As another real data example, we consider the South African heart disease data as
used in [42]. In this dataset, there are p = 9 variables and n = 462 observations.
The response is a binary variable which indicates the presence (y = 1) or absence
(y = 0) of myocardial infarction.

Figure 4.7 shows the approximated paths of the three methods. The ¢; norm
of the coefficients forms the z-axis and the fitted coefficients B are plotted against
the /1 norm. The data are processed so that each feature has mean zero and /5
norm /n. In each panel, the solutions are computed in 30000 steps (with the
step size A = 0.01 and v = 16). The SCAD paths and MC paths are almost
identical.

In the second part of this experiment, we add 100 noisy variables x’,j =
10,...,109 to the original 9 variables x!,... 2" so that the design is X =

(z!,..., x'9).

To generate the noisy variables X™ = (2'° ... 2'%), we first
generate an n X p* pool random matrix X? with each cell iid standard nor-

mal random variable. In this experiment, (n,p*) = (462,500). Still, X is
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Figure 4.7: The solutions paths of the various penalized logistic regression models
for the South African heart disease data. The fitted coefficients are plotted against
the /1 norm. Still, the SCAD and MC paths are almost identical.

standardized so that each column has mean zero and ¢, norm /n. The noisy
variables X™ is then generated by greedy sequential group sampling from X7
Each sampling group consists of 10 most correlated vectors from the remaining
columns of X For the m-th group, we sample from the remaining 510 — 10m

10m=9 and 9 more to maximize the absolute correlation

columns one member as
|2 T2l /n, j =10m —8,...,10m,m =1,...,10.

We apply logistic regression model with the ¢;, the SCAD and MC methods
to the heart disease data with noisy variables and exhibit their model selection
properties in Table 4.5. Our parameter here is again (v, A) = (16,0.01). When
the selection is only among the original variables, the three methods select all 9
variables in 25000 steps. With the presence of noisy variables, all three procedures
select variables 2, 3, 5 and 9 in the very beginning stage without the influence of
the noises. The LASSO selects variable 1 somewhat later and variables 4, 7 and 8
after lots of noisy variables, while the SCAD and MC select variable 7 somewhat
later and variables 1, 4 and 8 much later. These observations may imply that
variables 2, 3, 5 and 9 are important variables to explain their joint effect on the
prevalence of myocardial infarction. This selection properties are the same as the

result of stepwise logistic regression fit summarized in Table 4.3 in [42].
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Table 4.5: The selection order for the original 9 variables. The “w.n.” indicates
the selection with noises: 100 simulated noisy variables are added to the original
9 variables

Variables 1 2 3 4 5 6 7 8 9
LASSO 3 4 8 2 5 7 9 1
LASSO (w.n.) 21 3 4 90 2 6 42 60 1
SCAD 7 3 4 9 2 5 6 8 1
SCAD (w.n.) 46 3 4 88 2 5 27 49 1
MC 7 3 4 9 2 5 6 8 1

MC (w.n.) 45 3 4 87 2 5 26 48 1

Table 4.6: The selection order for the original 9 variables. The “w.n.” indicates
the selection with noises: 100 simulated noisy variables are added to the original
9 variables. Artificial responses y; are generated from bernoulli distributions with
probabilities P(y; = 1]a;) = exp(x] B8)/(1 + exp(x] B3)) where §; = MFF j =
1,...,9and 3, = 0,5 = 10,...,109

Variables 1 2 3 4 5 6 7 8 9
LASSO 5 4 3 9 2 6 7 8 1
LASSO (w.n.) 5 4 3 75 2 7 17 1
SCAD 6 7 3 9 2 4 5 8 1
SCAD (w.n.) 12 16 3 42 2 4 9 1
MC 6 7 3 9 2 4 5 8 1

MC (w.n.) 11 15 3 42 2 4 8 1

In the third part of this experiment, we generate artificial responses y; from
bernoulli variables whose probabilities of success are P(y; = 1|a;) = exp(x?3)/(1+
exp(az?é)) where Bj = BJMLE,j =1,...,9 and EJ =0,7 =10,...,109. The de-

sign matrix X = (z!,..., x'%)

is the same as that used in the second part of this
experiment. We run the same six procedures as listed in Table 4.6 to the artificial
data. We set (v, A) = (16,0.01). In the first 25000 steps, with the artificial data
and the presence of noisy variables, all the three procedures dismiss variable 8.
The LASSO select variables 1, 2, 3, 5 and 9 in the very beginning stage without
the influence of the noises, while the SCAD and MC achieve so for variables 3, 5,
6 and 9. The LASSO selects variable 7 somewhat later and variables 4 very late,
while the SCAD and MC select variable 1 and 2 somewhat later and variables 4

very late.
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4.5 Discussion

In this chapter, we present the GPLUS algorithm to compute the solution paths
of the concave-penalized negative log-likelihood. Generally speaking, the GPLUS
algorithm may be applied to any situation where the objective function ¥ (3),
whether is likelihood or not, has continuous first two derivatives.

As pointed by [86], the ¢; and concave penalties represent the two main
streams of penalization method for variable selection in the recent literature.
The ¢, penalty results in convex minimization problem thus it is computational
more friendly, while the concave method is asymptotically unbiased and enjoys
the oracle properties. Applying the GPLUS algorithm to these penalty-based
variable selection methods, the MC and SCAD generate much better variable
selection accuracy than the LASSO in sparse linear models. In sparse binary
logistic regression models, concave penalization approach still shows considerable
improvement over the ¢; method. The surprising aspect is that in section 4.4.1,
with proper choice of parameters of controlling the convexity of penalized least
squares, the MC shows great improvement over the SCAD. In logistic regression,
such improvement is much less prominent because of the loss of convexity.

We note that the “one-at-a-time” condition |C’£k)| = 1 holds almost every-
where. That means the boundary crossing never involves more than a single
index j with nj(.k) # 0. Since one-at-a-time condition, perhaps with some jitter
of A, holds to all practical situations, we do not consider the many-at-a-time
problems in the GPLUS procedure. Instead, even if the one-at-a-time condition
does not hold, we admit that the crossings happen for all the critical indices in
c®.

The simulation and theoretical results in [78] show that the universal penalty
level A = 3\/W is nearly the optimal choice for variable selection in
linear model (4.28) with N(0,0?) errors. When p < n, the mean residual squares
|y —a||?/{n—rank(X)} provides a good estimator of o where w is the projection

of y to the linear span of the design vectors {x?,j < p}. Similarly, in logistic
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regression, the optimal penalty level is

3= (S mt - ) " eogn)/n (1.33)

where p; is the probability of success in (4.29). In our investigation, estimating
A* based on the MLE of 8 does not work well since MLE of logistic regression
typically generates poor estimation even with moderately large p. We have also
tried to carry out estimation of 3 and variable selection simultaneously but gained
limited improvements in selection accuracy. We believe that a good estimation
of A\* should based on the direct estimation of the first factor on the right hand
side of (4.33) instead of 3. With proper choice of penalty level and some general
regularity conditions, we expect that the asymptotic error bounds for variable
selection can be established. In this chapter we focus on the algorithm without

the discussion of theories.

4.6 Proof

Proof of Theorem 1. To state the proof, we will use some more explicit nota-
tion. Denote /I;(T(j)) = b and S(B(T(j)), 7@) = sU) where b is the j-th turning
point computed by the GPLUS algorithm as in Section 3.2. For simplicity, denote
pi = [b(r9) = b(z)]].

By Taylor expansion and the GPLUS algorithm

b(rkotDy = p(rko)) 4 (plkorD) _ ko)) g (7 (ko)) 7 (ko))

1/d
(= - (ko+1) _ (ko))2
+5 (5=8(b(r), 7)oz ) (784D — 7002, (4:34)
B(T(ko+1)) _ B(T(ko)) + (rlotD) _ T(ko))s(g(T(ko)% (ko). (4.35)

where 7 = 7k0) 4 g(7ho+1) — 7(k0)) with some 0 < 6 < 1. We choose A small

enough such that pg, < 9 and (pg, + Mo M3A) exp(M;M;3) < §. Comparing (4.34)
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with (4.35) and utilizing the conditions (ii), (iii) and (iv), we have

Pho+1 < Pro T+ A(k0+1)||8(/5(7(k0+1))7T(k0+1)) _ S(b(T(kO))7T(kO))|| + MZ(A(ko—H))Q
< (14 ARTYAL) pr 4+ My(Alo+D)2
< (pro + My(APFD)2) exp (M AlReHD)
< (pry + MaM3A) exp(M; Ms) < 6. (436)

Generally, when p; < ¢ for j = ko +1,...,k — 1, by induction we have

pr < Mp(AM) 4 pp i (14+ AW MY)

< My(AW)? 4+ My(A¥ DY (1 + APM,) + ppo(1+ APV ) (1 4+ AW M)
< My(A®Y2 4 My(AFDY2 (1 A® M)

_|_M2(A(k—2)>2<1 +A(k—1)M1)(1 +A(k)M1>

k k
4 My(ARoFD)2 H (1 4+ ADM) + pr, H (1+ ADM)
Jj=ko+2 j=ko+1
k A i
< (o + My Y (A9 exp(M; Y AW)
Jj=ko+1 j=ko+1

< (pry + MaM3A) exp(M,M;) <0,

Hence, we have proved that in the block 1, when A is small enough, the
fact that all the previous estimated turning points E(T(j)),j =ko,...,k—1 are
located in the 0-“tube” around the true paths b(7)) will result in the next turning
point B(T(k)) living in the é-tube around b(7*)). Thus, our induction can move
on. Notice that (pg, + MaM3A)exp(M;M;3) — 0 as A — 0, which implies that

pr — 0 as A — 0. This completes the proof. a
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