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ABSTRACT OF THE DISSERTATION

Gradient Estimates for the Conductivity Problems and
the Systems of Elasticity

by Biao Yin

Dissertation Director: YanYan Li

We investigate the high stress concentration in stiff fiber-reinforced composites. By the
anti-plane shear model, this problem can be transferred into the conductivity problems
with multiple inclusions. Here we consider the extreme cases, i.e. the perfect and
insulated conductivity problems. We obtain the optimal blow-up rates of the gradient
in the perfect conductivity problems and an upper bound of the gradient in the insulated
conductivity problems. We also study the related problems in elliptic systems including

systems of elasticity and obtain some partial results.
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Chapter 1

Introduction

In this thesis, we study elliptic partial differential equations arising from the study of
composite materials, particularly, the stiff fiber-reinforced composites. We are inter-
ested in the stress intensity inside the composites since it provides important informa-
tion for the damage analysis of the fiber composites. Different mathematical models
are developed to deal with these problems. Here we introduce two different models
and derive the corresponding partial differential equations which we will study in the
following sections.

The first and the simplest model that we consider in the study of composite ma-
terials is the anti-plane shear model. Generally It asserts that the strain is achieved
when the displacements in the material are zero in the plane of interest, but nonzero
in the direction perpendicular to the plane. In the equilibrium case, the anti-plane dis-
placement satisfies the partial differential equation for the conductivity problems. In
the following we give a brief introduction of the conductivity problems and the extreme
cases that we studied.

Let © be a domain in R” with C>® boundary, n > 2,0 < a < 1. Let {D;} (1 <i <

m) be m strictly convex open subsets in Q with C*% boundaries, m > 2, satisfying

the principal curvature of 9D; > ko,

€ij 1= diSt(Di,Dj) > 0, (Z % j) (1.1)

1
dist(D;, 092) > 1o, diam() < p_
0

where kg,r9 > 0 are universal constants independent of €;;. We also assume that the
C?® norms of 9D; are bounded by some universal constant independent of gij. This

implies diam(D;) > 7 for some universal constant 5 > 0 independent of &;;.



We state more precisely what it means by saying that the boundary of a domain,
say €, is C%® for 0 < o < 1: In a neighborhood of every point of 9, 9 is the graph
of some C% function of n — 1 variables. We define the C*“ norm of 9€, denoted by
09| c2.a, as the smallest positive number 1 such that in the 2a—neighborhood of every
point of 012, identified as 0 after a possible translation and rotation of the coordinates
so that x,, = 0 is the tangent to 9 at 0, 9 is given by the graph of a C*% function,
denoted as f, which is defined as |2/| < a, the a—neighborhood of 0 in the tangent
plane. Moreover, ||f|lc2.a(jz|<a) < 1

Denote

Q= O\U™, D;.

Given ¢ € Ch*(99), the conductivity problem can be modelled by the following equa-

tion:
div(ag(z)Vug) =0 in Q,
(1.2)
U = @ on 012,
where k = (k1,..., k) and
k; € (0, OO) in D;,
ag(x) = (1.3)

1 in €.

It is well known that there exists a unique solution uy € H'(Q) of the above equation,

which is also the minimizer of I} on H‘}; (Q), where

Hé(Q) ={ue H(Q) | u= ¢ on 0Q}, I [v] == ;/ ar|Vv|?.
)

In the context of composite materials, the domain §2 here would represent the cross-
section of a fiber-reinforced composite, D; (0 < i < m) would represent the cross-
sections of the fibers, Q would represent the matrix surrounding the fibers, and the
shear modulus of the fibers D; would be k; and that of the matrix Q would be 1.
Equation (3.1) is then obtained by using a standard model of anti-plane shear, and
the solution uj represents the out of plane elastic displacement. The most important
quantities from an engineering point of view are the stresses, in this case represented

by Vug.



It is well known that the solution uy satisfies ||uk||¢2.o(p,) < oo. In fact, if 9D; (0 <
i < m) are C"™%, we have ||ug|/cm.a(p,) < 0o. Such results do not require D; to be
convex and hold for general elliptic systems with piecewise smooth coefficients; see e.g.
theorem 9.1 in [18] and proposition 1.6 in [17]. For a fixed 0 < k < oo, the C"%(D;)-
norm of the solution might tend to infinity as €;; — 0. Babuska, Anderson, Smith
and Levin [4] were interested in linear elliptic systems of elasticity arising from the
study of composite material. They observed numerically that, for solution u to certain
homogeneous isotropic linear systems of elasticity, || Vu|| e~ is bounded independently of
the distance ¢;; between D; and D;. Bonnetier and Vogelius [8] proved this in dimension
n = 2 for the solution uy of (3.1) in the limit case when two unit balls are touching at
a point. This result was extended by Li and Vogelius in [18] to general second order
elliptic equations with piecewise smooth coefficients, where stronger C''% estimates
were established. The C1P estimates were further extended by Li and Nirenberg in
[17] to general second order elliptic systems including systems of elasticity. For higher
derivative estimates, e.g. an e-independent L*°-estimate of second derivatives of wy
in D, we draw attention of readers to the open problem on page 894 of [17]. In
[18] and [17], the ellipticity constants are assumed to be away from 0 and oco. If
we allow ellipticity constants to deteriorate, i.e. k = oo or kK = 0, the situation is
different. In these two extreme cases of the conductivity problems, the electric field,
which is represented by the gradient of the solutions, may blow up as the inclusions
approach to each other, the blow-up rates of the electric field have been studied in
[2, 3, 6, 19, 24, 25, 26].

In particular, when there are only two strictly convex inclusions, and let € be the
distance between the two inclusions, it was proved by Ammari, Kang and Lim in [3]
and Ammari, Kang, H. Lee, J. Lee and Lim in [2] that, when D; and Dj are balls of
comparable radii embedded in Q = R?, the blow-up rate of the gradient of the solution

to the perfect and the insulated conductivity problem is e /2

as € goes to zero; with
the lower bound given in [3] and the upper bound given in [2]. Yun in [24] generalized
the above mentioned result in [3] by establishing the same lower bound, e=1/2, for two

strictly convex subdomains in R2. Note that [3] and [2] contain also results for k < co.



In [6], we give both lower and upper bounds to blow-up rate of the gradient for the
solution to the perfect conductivity problem in a bounded matrix, where two strictly
convex subdomains are embedded. Our methods apply to dimension n > 3 as well. One
might reasonably suspect that the blow-up rate in dimension n > 3 should be smaller
than that in dimension n = 2. However we prove the opposite: As e goes to zero, the
blow-up rate is e /2, (¢|Ing|)~! and e~ ! for n = 2, 3 and n > 4, respectively. We also
give a criteria, in terms of a linear functional of the boundary data ¢, for the situation
where the rate of blow-up is realized. Later in [7], we generate the results in [6] for the
perfect conductivity problems in the presence of multiple closely spaced inclusions in
a bounded domain in R™ (n > 2). We also establish an upper bound on the gradients
for the insulated conductivity problems. More reecntly, Lim and Yun in [19] obtained
further estimates with explicit dependence of the blow-up rates on the size of some
inclusions for the perfect conductivity problem (see also [2] for results of this type).

Next, we consider the linearized elastic model in the study of composite materi-
als. Linear elasticity is widely used in structural analysis and engineering design of
composite materials, for details see [16, 22] and the references therein. In this model,
the displacement at each point inside the material is a three dimensional vector which
satisfies a system of partial differential equations.

Let Q be a domain in R", ¢ € H'(R), then the system of linear elasticity is as

follows.

0

ax(Ahk‘auj) =0 in Q,
h

Y Oz, (1.4)
U= . on 0f),

Where the coefficients A?jk € L>°(Q) satisfy the following condition

hk _ Akh ik
Aij = Aji = Aﬁzj, (15)
Kinin < Al nimnik < Kamintin.

It is well known that this system has a unique weak solution u = (ug,u2, ..., u,) €
Ht (Q).

The stress tensor O'Zh and the strain tensor e;? are defined by the following equations

1
& =

_,(% Quy,
J 2 aTk &T]‘

+—) th = A?jke? (1.6)



The conormal derivative is defined as follows

ou ou;

— = (AN, 1.

v ( ij aﬁﬂk) h ( 7)
where N = (N1, Na,---, N,) is the outer normal unit vector on 0f2

In the classical theory of linear elasticity for a homogeneous isotropic body, the

coefficients are given by the following formula
AlF = Xoinbjn + 1(0ij6nk + ik0n;)

where A is the first Lamé’s parameter and p is the shear modulus, with 2u > k1 and
2u + nA < Ko to satisfy the ellipticity in (1.5).

Let Dy and Dy be two subdomains of €2, denote
Q:=Q\D;UD,

Suppose the Lamé pairs in D1 U Dy and Q are (X, @) and (A, 1) respectively, namely,

the system coefficients are

AlF = (Axg + AXD1uD,)0indjk + (WX e + FiXDyuD,) (8ij0hk + Sik0h))

Denote

Ly v = pAu+ A+ p)V(V - u).

Then system (1.4) can be written as the following

( ~

Lyu=0 in €
Egﬂu:o in Dy UDsy
uly = ul- on 0D1 UdDo, (1.8)
ou ou
$|+ = %L on 0D UdDo,
(U= on Of).

where the subscript + indicates the limit from outside and inside the domain, respec-
tively.
By the above equation (1.7), the conormal derivative is

gZI+ =XV -u)N + pu(Vu+ Vul)N, gz‘_ =XV - u)N + i(Vu+ Vu' )N



It has been proved in [17] that when 0 < A A < o0oand 0 < 1, b < 00, the stress
and strain are bounded independent of the distance € between the two inclusions D1
and Ds. Actually among others the C'1® estimate is established in [17] independent of
¢ for general elliptic systems. But when the shear modulus 7 = oo or g =0 in D; and
Do, the stress and strain may blow up as these two inclusions approach to each other.
Based on the ideas we use for the conductivity problems, We are expecting to find the
blow-up rates of the stress and strain for systems of linear elasticity as well.

We mainly focus on the systems of linear elasticity with extreme shear moduli in
the fibers of the composite materials. As the first step, stimulating from [1], we derive
the gradient estimates for the systems of linear elasticity with special boundary values
on the closely spaced inclusions. Our methods are mainly L? estimates for elliptic
systems. But we haven’t achieved much for the systems of linear elasticity, as we will
see in Chapter 4, the main problem still remains open.

This thesis is organized as follows. In Chapter 2, we study the perfect conductivity
problems with two inclusions. In Chapter 3, we extend our results into multiple inclu-
sions and we also study the insulated conductivity problems. In Chapter 4, we consider

the elliptic systems and obtain some partial results.



Chapter 2

The perfect conductivity problems with two inclusions

In this chapter, we consider the perfect conductivity problems with only two inclusions.

The results are from our paper [6].

2.1 Mathematical set-up and the main results

Let © be a bounded open set in R” with C*“ boundary, n > 2, 0 < o < 1, Dy and
Dy be two bounded strictly convex open subsets in Q with C?® boundaries satisfying
the conditions in (1.1). Given ¢ € C?(99), the perfect conductivity problem can be

described as follows:

( ~

Au=0 mn £,
uly = ul- on 0Dy U 0Dy,
Vu=0 in Dy U Do, (2.1)
ou
o~ i =1,2),
/(9Di 8V’+ (Z )
U= on 0N.
where
Ju — lim u(x + tv) — u(:ﬁ)
ovly =0t t

Here and throughout this paper v is the outward unit normal to the domain and the
subscript + indicates the limit from outside and inside the domain, respectively.

The existence and uniqueness of solutions to equation (2.1) are well known, see the
Appendix. Moreover, the solution u € H!(Q) is the weak limit of the solutions u to
equations (3.1) as k — +o0. It can be also described as the unique function which has

the ¢ least energy” in appropriate functional space, defined as Io[u] = min,e4 Io[v],



where
1
L] = / Vol2, ve A,
2 Je
A:={ve Hé(Q)‘VU =0in D1 UD,}.

The readers can refer to the Appendix for the proofs of the above statements.

Denote -
% for n=2,
1
pn(E) = for n =3, (2.2)
el lne|
1
- for n > 4.
€

Then we have the following gradient estimates for the perfect conductivity problem

Theorem 2.1.1. Let ,D1,Ds C R", ¢ be defined as in (1.1), ¢ € C%(9S). Let
u € HY(Q) N 01(6) be the solution to equation (2.1). For e sufficiently small, there
is a positive constant C which depends only on n, ko, 7o, ||0Q|c2e, [|0D1]c2.a and

|0D2]| 2.0, but independent of € such that
”quLoo(g) < Cpnle) (2.3)

Remark 2.1.1. We draw attention of readers to the independent work of Yun [25]
where he has also established the upper bound, ¢~ /2, in R2. The methods are very
different. Results in this paper and those in [24] and [25] do not really need Dy and
Dy to be strictly convex, the strict convexity is only needed for the portions in a fixed
neighborhood (the size of the neighborhood is indepedent of €) of a pair of points on 0D

and 0Dy which realize minimal distance €.

To prove Theorem 2.1.1, we first decompose the solution u of equation (2.1) as

follows:

u = Chv1 + Cavg + v3 (2.4)

where C; := C;(¢) (i = 1,2) be the boundary value of v on dD; (i = 1,2) respectively,

and v; € C?(Q) (i = 1,2,3) satisfies

Avy =0 n ﬁ,
(2.5)
vi=1 on 0Dy, v1 =0 on dDy U0,



Avg =0 n ﬁ,

(2.6)
vo =1 on 0Dy, vy =0 on 9Dy U 0,
Avg =0 mn ﬁ,

(2.7)

v3=0 on dD1U0Ds, wv3=¢ on 0N.

[ Qv [ O [ Ou [ Ou
QE[SO] T /aD1 81/ o0 81/ /(9D2 8y o0 aI/’ (28)

Define

then Q. : C%(952) — R is a linear functional.

Theorem 2.1.2. With the same conditions in Theorem 2.1.1, let u € HY(Q)NC(Q) be
the solution to equation (2.1). For e sufficiently small, there exists a positive constant
C which depends on n, Ko, 7o, |02 c2.e, [|0D1]|c2.a, [[0D2]c20 and |[¢llc2oq), but is

independent of € such that

IVl oy 2 2L (2.9

Remark 2.1.2. If ¢ = 0, then the solution to equation (2.1) is u = 0. Theorem

2.1.1 and Theorem 2.1.2 are obvious in this case. So we only need to prove them for

[ellc2a) = 1, by considering /|||l c2(aq)-

Remark 2.1.3. It is interesting to know when |Q:[¢]| > % for some positive constant
C independent of €. Roughly speaking Q:[p] — Q*[¢] as ¢ — 0, and this amounts to
Q*[¢] # 0. For details, see Section 2.

Remark 2.1.4. As we mentioned in Remark 3.1.1, the strictly convexity assumption of
the two inclusions is not necessary. Indeed, our methods can also apply to more general
case with arbitrary shape of the inclusions.

For instance, in dimension n = 2, by a translation and rotation of the axis, without
loss of generality we may denote the curve D1 N B(0,7) as x = f(y) — § and the curve
0D2NB(0,r) asx = g(y)+5 wherer € R is a fived positive number which is independent
of € and f(0) = g(0) =0, ¢'(0) — f'(0) = 0. Assume further that g(y) — f(y) > 0 for
(z,y) € B(0,7)\ (0,0), which is equivalent to say

9(y) — f(y) = aoy®™ + o(|y[*"), (2.10)
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for some ag > 0,k > 1 € Z.

Under this assumption, in R?, let u € H(Q) N CY(Q) be the solution to equation
(2.1). For e sufficiently small, there exist positive constants C' and C' where C' depends
on n, ag, 1o, ||0Q|c2.e, |0D1]|c2.« and ||0Dsl|c2.o, C" depends on the same as C and

also [|¢pllc2(a0), but both are independent of € such that

‘Q6[90”6—1/2k
Cl

< IVl po gy < Cllollozome . (2.11)

(2K) ‘

where k is the smallest integer such that ag := (g — f) > 0 and Q:[p] is defined

by (2.8).

The proof is essentially the same except for the computation of fg |Voi |2 which

y=0

should be e~ F1/2% instead of e~/ (see Section 1.2).

Theorem 2.1.1—2.1.2 can be extended to equations with more general coefficients as

follows: Let n, Q, D1, Dy, € and ¢ be same as in Theorem 2.1.1, and let

As(z) := (af (z)) € C*(Q)
be n x n symmetric matrix functions in Q satisfying for some constants 0 < A < A < oo,
MNeP < af ()65 < AP, Vo € Q, Ve R,
and a (z) € C2(Q\w).
We consider )
Oz; (agj(x) 8xiu) =0 in €,
uly =ul- on 0Dy U 0Dy,

Vu=20 in D1 U Do, (2.12)

/ a;j(a:)(?gciuyj‘Jr =0 (i=1,2),
oD;

U= on 0N2.

where repeated indices denote as usual summations.

Here is an extension of Theorem 2.1.1:
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Theorem 2.1.3. With the above assumptions, let u € H*(Q)NC* (5) be the solution to
equation (2.12). For e sufficient small, there is a positive constant C' which depends only
on n, Ko, 7o, [|0Q||c2.a, ||0D1||c2.a, ||0D2||c2.a, A, A and ||A2H , but independent

of € such that estimate (2.3) holds.

Similar to the decomposition formula (2.4), we decompose the solution u of equation
(2.12) as follows:
u=C1Vi+CoVa+ Vs (2.13)
where C; := C’i( ) (i =1,2) be the boundary value of w on 0D; (i = 1,2) respectively,
and V; € C2(Q) (i = 1,2, 3) satisfies

Oz, (aéj(x) 8%.‘/1) =0 n Q,
(2.14)
Vi=1 ondDy, Vi =0 on dDyUOIN,

(2.15)
Vo=1 ondDsy, Vo =0 on 0Dy UO0S,
{ Oz; (a;j(:x) Omng> =0 in €,

(2.16)
V3=0 on 0Dy UdDy, V3= on 0.

Define

@MF/ £M@%w/aﬂw%%w
0D o0

[ @ anvey | @) oV,
0Do o0

then Q. : C%(952) — R is a linear functional.

(2.17)

Theorem 2.1.4. With the same conditions in Theorem 2.1.3, let u € H'(Q) N 01(6)
be the solution to equation (2.12). For e sufficiently small and Q:[p] defined by (2.17),
there is a positive constant C which depends only on n, ko, ro, ||0D1]c2.a, |0D2]|c2.a,

A, A and HA2|| , but independent of € such that estimate (2.9) holds.

2.2 Proof of Theorem 2.1.1 and 2.1.2

As in the above section, we write u = Cv; + Cave + v3 as in (2.4). To prove our main

theorems, we first estimate HV’LLHLOO(Q) in terms of |C1 —Cs|, and then estimate |C —Cs|.
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In this section we use, unless otherwise stated, C to denote various positive constants
whose values may change from line to line and which depend only on n, kg, ro, |09 c2.,

18D |20 and [|0Ds]|c2.e.

Proposition 2.2.1. Under the hypotheses of Theorem 2.1.1, let u be the solution of
equation (2.1). There exists a positive constants C, such that, for sufficiently small
e >0,

1 C
101 =G 2 Vil ey S = 1 CL=Ca | + Cllgllenomy. (218)

To prove this proposition, we first estimate the gradients of vy, vs and v3. With-
out loss of generality, we may assume throughout the proof of the proposition that

lelle2a0) = 1; see Remark 2.1.2.

Lemma 2.2.1. Let vi,ve be defined by equations (2.5) and (2.6), then for n > 2, we

have

C 6111 (9’02
VULl oo (@) T IV 02l @) < =5 Il lEe(o0) + 15 7l o0) < C-
Proof: By the maximum principle, ||v1]], (@ <1, and since v; achieves constants
on each connected component of EKNZ, and each connected component of 0% is C%“ then

the gradient estimates for harmonic functions implies that

CHUlHLoo o C

IVillie) = Fgamy,0m5) ~ =

Similarly, we can prove |[Vuvsl| L@ < C /e. The second inequality follows from the

boundary estimates for harmonic functions. O

Before estimating |Vvs|, we first prove:

Lemma 2.2.2. Let p € C%(Q) be the solution to:

Ap=0 in €,
(2.19)
p=0 on dD1UIDy, p=1 on 0N.

Then HVpHLOC(Q) <C.
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Proof: Let p;i(i = 1,2) € C*(Q\D;) N C*(Q\D;) be the solution to:
pi =0 on dD;, p;=1 on ON.

Again by the maximum principle and the strong maximum principle, we obtain 0 <
p1 < 1in Q\D;. Since Dy C Q\D1, we have p; > 0 = p on dDs. And since p; = p on
0Dy and 052, therefore p; > p on Q. Now because pr=p=0o0ondD; and p; > p >0
on ©, so

Vol @) < IVp1llee@p,) < C.

Similarly,
Vol opy) < IVp2lleeap,) < C.

By the boundary estimate of harmonic functions, we know that ||Vp||pe@0) < C.

Since Ap =0 in Q, Oz, p is also harmonic, by the maximum principle,

IVl [ (@) < max (||VPHL<>O(3D1), Vol Lo (0D,) ||VP||Loo(aQ)> <C.

Now, we estimate |Vuvs|:

Lemma 2.2.3. Let vs be defined by equation (2.7), for n > 2, we have
”VU;J,HLOO(Q) < C.

Proof: Since v3 = —p =p=0o0n 9D;(i = 1,2), and —p < v3 = ¢ < p on 0N, we
have, by the maximum principle,

—p<uv3<p inf
It follows, for ¢ = 1,2, that

Vs ap,) < IVollpeon,) < C-

By the boundary estimate,

Vs oo a0y < C
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By the harmonicity of d,,v3 and the maximum principle,

IV03]| ey < C-

Remark 2.2.1. Without assuming | ¢[lc2p0) = 1, we have

Vsl Lo (apyuaDs) < Cllelle a0,

where C has the dependence specified at the beginning of this section, except that it does

not depend on [|0Q||c2.a. This is easy to see from the proof of Lemma 2.2.3.
The above lemma yields the main result of [1].

Corollary 2.2.1. ([1]) Let By and By be two spheres with radius R and centered at
(£R+£5,0,---,0), respectively. Let H be a harmonic function in R3. Define u to be

the solution to
Au =0 in R3\ By U By,

u=20 on 0B1 U 0By,
u(z) — H(z) = O(Jz|™")  as |z| — 4o0.

Then there is a constant C independent of € such that
IV(u = H)| poo (rs\B108;) < C-

Proof: By the maximum principle and interior estimates of harmonic functions,
the C? norm of u Byr(0) 18 bounded by a constant independent of . Apply Lemma

2.2.3 with Q = Bar(0) and ¢ = u|pg, (), we immediately obtain the above corollary. ]
With the above lemmas, we give the

Proof of Proposition 2.2.1: dist(0Dy,0D2) = €, by the mean value theorem, 3 £ € O

such that
|C1 — Cs

> >
190l @) = V()] 2 2
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By the decomposition formula (2.4),
Vu = C1Vv1 + CaVuy + Vg = (C — C2)Vur + CoV(v1 + va) + Vos.
Hence,
[Vl ey < €1 — CllI V1 gy + oIV 01 +2) @y + [ V5l )
By Lemma 2.2.2, since v;1 +v9 =1 —p in (~2, we have
1901 +e2)ll i@y = IV = Pl ooy = V0l ey < C-

Using the fact we showed in the Appendix, |lul|g1(q) < C, so [C1| +[C| < C.

Therefore using also Lemma 2.2.1 we obtain,
C
HVuHLOO(Q) < - |C1—Cy |+ C.

This proof is now completed. O

Later we will give an estimate of |C; — Cy|, which, together with Proposition 2.2.1,
yields the lower and upper bounds of ||Vul|, . @) for strictly convex subdomains Dy

and DQ.

2.2.1 Estimate of |C} — (|

Back to the decomposition formula (2.4), denote

81}j
op; Ov

81)3

i, 7 =1,2 b; = —
(27] ) ): i oD, o

aij = (i=1,2). (2.20)
We first give some basic lemmas:
Lemma 2.2.4. Let a;; and b; be defined as in (2.20), then they satisfy the following:

1. a0 =a91 >0, a11 <0, as <0,

2. —C<aj+an <-4, —C<apn+a< -3,
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3.1l <C, b < C.
By the fourth line of equation (2.1), C; and Cj satisfy

a1101 + CL12C2 + bl = 0,
(2.21)

a21C1 4+ a29Cy + by = 0.

By solving the above linear system, using a12 = ag1 and ajjass — ajsas; > 0 which

follows from Lemma 2.2.4, we obtain

—b b —b b
Oy = 1a22 + 2a127 Cy = 2011 + 1a12, (2.22)

2 2
11022 — Gy 11022 — G7q

and therefore,

by — ab
M, where a = au a1 > 0. (2.23)
la11 — aaia| a + aiz

|C1 — Co| =

Based on this formula, we will give the estimates for |a;; — aaq2| and |by — abs|, then

the estimate for |C7 — Cs| follows immediately.

Proof of Lemma 2.2.4: (1) By the maximum principle and the strong maximum prin-

ciple,

O0<vi <1 in Q.

By the Hopf Lemma, we know that

Ovy

81)1 81}1
v ‘apl

EL?DQ >0, E‘ag <0.

<0,

Similarly,

Ovoy Ovy O0vy
aulon, >0 ) len, <0 5

| 0g < 0.
Thus a1 < 0, aj2 > 0, ag; > 0 and age < 0.
Also, since v; and vy are the solutions of equations (2.5) and equations (2.6), re-

spectively, we have

OZ/AU1~’U2—/A1)2-211:—/ 81)1'1_'_/ %.1
: ? o0, O o, OV (2.24)

= —a21 + a12,
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i.e. a1 = a12.

(2) We will prove the first inequality, the second one stands with the same reason.

By the harmonicity of v in SN),

ov ov
a11+a21:—/Av1+ -1 71<0.
e a0 Ov a0 Ov
By Lemma 2.2.1,
ov
ai + ag1 = —1>_c
o0 aV

On the other hand, since 0 < v; < 1 in Qand vy =1 on 0D1, by the boundary gradient
estimates of a harmonic function, 3 B(z, 27) C Q, such that v; > 1/2 in B(Z,F), where
7 is independent of . Let p € C2(Q\Dy U B(Z,7)) U C*(9Q U Dy U B(Z, 7)) be the
solution of the following equation:

Ap=0 in Q\Dy U B(z,7),

p=1/2 on 0B(zZ,7) p=0 on 0Dy U .
By the maximum principle and the strong maximum principle, 0 < p < 1/2 in

O\D2 U B(z,7). A contradiction argument based on the Hopf Lemma yields,

On the other hand, since p < v; on the boundary of Q\ Dy U Dy U B(Z, 7), we obtain, via

the maximum principle, 0 < p < vy in Q\ Dy U Do U B(Z, 7). It follows, using p = v; =0

on 0f2, that
vy _ Op
2 I )
9 = 2 on 0f)
Thus,
g vam— [ O [ O 1
1 2 aﬂé?y_ 8Q6V_ C

(3) Clearly,

OZ/AU1'U3—/A03'U1= avl(p_i_/ %1: %90+b1
[£) () aQaV oD, ov a0 ov

Thus,
|51’=‘/ %'SOIS/ Ou1 <C.
a0 Ov 20

v |~
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Thus, we finished the proof. O

2.2.2 Estimate of |a;; — aaqs|

By a translation and rotation of the axis, we may assume without loss of generality

that Dy, Dy are two strictly convex subdomains in 2 C R™ which satisfy the following:
(—e/2, 0/) € 0Dy, (6/2,0/) € 0D3, e = dist(0D1,0D9) = dist(D1, D2). (2.25)

Near the origin, we can find a ball B(0,r) such that the portion of 9D; (i = 1,2)
in B(0,r) is strictly convex, where r > 0 is independent of e. Then 9D N B(0,r) and
0Dy N B(0,7) can be represented by the graph of z1 = f(2) —¢/2 and z1 = g(2') +¢/2
respectively, where ' = (z2,--- ,2,). Thus f(0') = ¢g(0") = 0, Vf(0') = Vg(0') =0,
and —CI < (D?f(0')) < =41, 51 < (D%*g(0)) < CI.

With these notations, we first estimate a;; for i =1, 2.
Lemma 2.2.5. Let a;; be defined by (2.20), then
1 < < C
s < —
C\/g — (A — \/57

Proof: It suffices to prove it for a;1. By the harmonicity of v, we have

0
OZ/Avl-Ulz—/‘VU1’2—/ m:—/’VU1|2—(Z11,
e e oD, Ov e
a11:—/ ’V’U1|2.
e

Now we construct a function (here in R? we let x = 21, y = 22)

form=2,i=1,2.

i.e.

[

z —Q(Z/) — 3
g(y) — fly) +¢

w(z,y) = — (2.26)

on O, :=QnN {(z,y)| lyl <r}. It is clear that w(,y) is linear in x for fixed y and

W |poynop.= 15 W |B(o)nap,= 0,
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so we have

9(y)+5 9W)+3
/ |0, (x, y)|2dx < / |0pv1 (2, y)|*d,
fy)—5 fw)-3

i.e.
g(y)+35

v (T 2,
9(y) — fly) +e S/f(y)_; |0z v1 (2, )|

Integrating on y we get

/ " / R (e Pdady > [ L g
v1(Z,y)|"dx yZ/ Y
0o Jiw- ! o 9y)—fly) +e

5
1 /”2 1 1
= — dy = .
Clo v?+e Cy/e

(2.27)

Thus

T ) Py =
—ai Z/ / Lv1(x,y)| dxdy > .
o Jiw-s Cve

On the other hand, we can find ¢ € C?(Q) such that

Y=00n 0,3, ¥ =10ndD\(O,/1), ¢ =0o0n0dD\(O,,),
Yp=00n 0%, and |[[V¢|re@) <C.
We can also find p € C?(€2) such that
0<p<1, p=1 on@r/g, p=0o0n Q\O, and |Vp| < C.

Let w = pw + (1 — p)ib, then w =1 = v; on dD1;w = 0 = vy on ID9; w =0 = v; on
0Q and w = w on O, s2- Then by the properties of ¢, p and the harmonicity of v1, we

have

/|w1|2g/\vu;|2g/ \Vw|* + C. (2.28)
e (5) QHOT/Q

A calculation gives

0,0 =

We will show g, P |o,w|? < C.
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Indeed,
r/2 rg(y)+5
/ / |0,W(z, y)|2dxdy
fy)—5
+£ ! 2 _ EN2( o/ gl 2
<9 / / 2( 9'(y) 2+(g(y) z+5)7(g'(y) 4f(y)) >dxdy
-z \(9(y) = fly) +e) (9(y) — f(y) +e)
! 2 r/2 (1 o 2
:2/ 9'y) dy+2/ (9'(y) = f'(W) dy
o 9 —[fly)+e o 9 —fly)+e
r/2 y2 r/2 y2
=C dy+C ——d
/0 P2re ! /0 2rel
<C.
(2.29)
Then by (2.28) and (2.29)
\all\ —/ |V’Ul|2 / ‘V@F—FC
r/2
r/2
<c/ / * Dy (w, y)|2dady + C
W)-3 (2.30)
C/ dy+C = C/T/2 L dy +C
= + Y+
0 g(y)—f(y)+ ’ e
<L
= \/g‘
The proof is completed. O
Similarly, we have
Lemma 2.2.6. Let aj; be defined by (2.20),
%|ln8| < —a;; < Cllne|, forn=3, i=1,2.
Proof: We consider
_ / xr — ( ) - %
w(xy,x) = — (2.31)
L) = = Fa) +

on O, /9 1= QN {(z1,2')| |2/| < 5}. Use the same proof in Lemma 2.2.5, we have

/2 rg(x’)+5
/ / \8 W .’El, )|2dl'1d$/ S C.
z')—%

Therefore, it suffices to verify that

/ 100, (21, 27) ~ | Inel.
QﬂOr/Q



Indeed,
1

r/2 ¢
(9xwx,:z:’2:/ d:v':/ ———dt ~ |In¢|.
/Qmor/g | ' ( ' )| |z’ |<r/2 g(l‘/) - f(l‘/) +¢€ 0 Ct2 4 ¢ | |

This completes the proof.

Lemma 2.2.7. Let a;; be defined by (2.20),

1

ag—aiiSC formn>4, i=1,2.

Proof: We only need
1 r/2 tnf2

Gmwx,x'QZ/ dx' = —dt ~C.
/Or/2| 1 ( ! )‘ lz'|<r/2 g(x’)—f(a:’)—i—g 0 Ct2+¢

The proof is completed.

Lemma 2.2.8. Let o be defined by (2.23), we have

1

21

g

Proof: By the definition of a and using the second statement in Lemma 2.2.4, we

are done.

To summarize, we have

Proposition 2.2.2. Let a;; and o be defined by (2.20) and (2.23), we have

1. %ﬁélall—aalﬂé% Jforn =2,
2. &llne| < |a1y — aarp| < Cllne|  for n =3,

3. %g la11 — aaie| < C for n>4.
Proof: Since a11 <0, aj2 > 0, a1 + a12 < 0 and a > 0, we have

la11] < lan — aai] < (1 + a)la].

0

Combining the results of Lemma 2.2.5, Lemma 2.2.6, Lemma 2.2.7 and Lemma 2.2.8,

the proof is completed.

O
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2.2.3 Estimate of |b; — abs|

Proposition 2.2.3. Let by, by, a and Q:[p] be defined by (2.20), (2.23) and (2.8), we

have

| Qe[|
C

< [b1 — abs| < Cllellc2a0)-
Proof: Combining the third result in Lemma 2.2.4 and Lemma 2.2.8, we have
b1 — abs| < [b1] + |af[bo] < Cllollc2(a0y-

On the other hand, by the definition and the harmonicity of v; and v9 and using Lemma

2.2.4, we obtain

|b1(ag2 + ai2) — ba(a11 + a12)|
lage + a2

‘ / Jvs Ovy / 0vs / 31}1 z—:‘P”
- C oD, o0 O Jop, OV Joq Ov '

This completes the proof. O

|b1 — Oéb2| =

Now we are ready to prove our two main theorems:

Proof of Theorem 2.1.1-2.1.2: By Proposition 2.2.1 and (2.23), then using Propo-

sition 2.2.2, 2.2.3, we are done. O

2.3 Estimate of |Q.[y]|

In order to identify situations when ||Vul||z~ behaves exactly as the upper bound es-
tablished in Theorem 2.1.1, we estimate in this section |Q:[¢]|. To emphasize the
dependence on ¢, we denote D1, Do by Di., Dy, denote ¢ by ., and denote v, va,
vs defined by equation (2.5), (2.6), (2.7) as vie, v2e, v3.. In this section we assume,
in addition to the hypotheses in Theorem 2.1.1, that along a sequence ¢ — 0 (we still

denote it as €), Dic — D}, Dye — D3 in C*“ norm, ¢, — ¢* in C1¥(992). We use
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notation Q* = O\D7 U D3, and assume, without loss of generality, that D} N.D3 = {0}.

We will show that as e — 0, v;. converges, in appropriate sense, to v; which satisfies

Av] =0 in QF,

(2.32)
vi =1 on ODI\{0}, v =0 on 9QUID;\{0},
Avy =0 in QF,

(2.33)
vy; =1 on OD3\{0}, ©v3=0 on 9QUID\{0},
Avy; =0 in QF,

(2.34)

v =0 on ODTUID;5,  v;=¢" on 0.

First we prove

Lemma 2.3.1. There exist unique v* € L(Q*) N C’O(§\ o) n C2Q*), i=1,2,3,
which solve equations (2.32), (2.33) and (2.34) respectively. Moreover, v} € Cl(§\
{0}).

Proof: The existence of solutions to the above equations can easily be obtained by
Perron’s method, see theorem 2.12 and lemma 2.13 in [12]. For reader’s convenience,
we give below a simple proof of the uniqueness. We only need to prove that 0 is the

only solution in L>(Q*) N Co(ﬁ\ {0}) N C2(Q*) to the following equation:

Aw=0 inQ,
N (2.35)
w=0 on 0N"\{0}.
Indeed, V € > 0, we have

5n72HwHLoo(9*)

lw(z)] < ez " A"\ B:)(0).
By the maximum principle,
" 2wl oo g- ~
o) £ — T Ve e QB0)

Thus w = 0 in Q*. The additional regularity vi € Cl (@\ {0}) follows from standard

elliptic estimates and the regularity of the dD; and 0f). O
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Lemma 2.3.2. Fori=1,2,3,

vie — vF in C2(Q), as e—0, (2.36)
A o
Qie Vi s =0, i=1,2, (2.37)
o0 ov 00 ov
0 v
/ Use —>/ U3, as € —0. (2.38)
oD;. Ov op: OV

Proof: By the maximum principle, {||vic||ze } is bounded by a constant independent
of €. By the uniqueness part of Lemma 2.3.1, we obtain (2.36) using standard elliptic
estimates. By Lemma 2.2.3, {||Vvsc||z} is bounded by some constant independent of
g, 50 ||[Vui|| e < co. Estimate (2.37) and (2.38) follow from standard elliptic estimates.

The proof is completed. O

Similar to Qc[¢:], we define

o3 ovs ov3 o
Q* * ::/ 3 2 _/ 3 1’ 2.39
[90 ] 8Di‘ 81/ o0 81/ GD; 81/ o0 8V ( )

then Q* : C%(092) — R is a linear functional. Let Q:[¢] and Q*[¢*] be defined by

equation (2.8), (2.39), then, by the above lemmas,

Qclpe] — Q¥ [¥"], as € — 0.

Corollary 2.3.1. If p* € C%(9Q) satisfies Q*[p*] # 0, then |Qc[p:]| > &, for some

positive constant C which is independent of €.

In the following we give some examples to show that, in general, the rates of the

lower bounds established in Theorem 2.1.2 are optimal.

Let Q C R™, n > 2, be a bounded open set with C*® boundary, 0 < o < 1, which
is symmetric with respect to xi-variable, i.e., (z1,2') € Q if and only if (—z1,2') € Q,
where ' = (x9,-++ ,xy).

Let Dj be a strictly convex bounded open set in {(z1,2') € R"|z; < 0} with
C%® boundary, 0 < a < 1, satisfying 0 € 9D} and Dj C Q. Set Dj = {(z1,2') €

RY|(—a1,a') € D},
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Let ¢ € C?(002)\{0} satisfy

Godd(T1,2') = %[cp(m, a') — o(—z1,2')] <0 (or > 0), (2.40)

on ()" = {(z1,2') € 9Q|z1 > 0}.

For £ > 0 sufficiently small, let
€ *
Dy, = {(ml,x') € Q}(:L’l + §,x') € Dl},

Dy = {(z1,2") € Q}(ml - g,x') € D3},

Pe = P-

Proposition 2.3.1. Under the above assumptions, we have |Q:[¢]| > &, for some

positive constant C independent of €. Consequently,

1
HVU&HLN(Q) > Tﬁ fOT n= 2,
1
HvuaHLoo(g) > m for n =3, (2.41)
1
HVUEHL"O(Q) > a fOT n > 4,

where ug is the solution to equation (2.1).

The above proposition can be easily obtained by the following lemma which gives a
necessary and sufficient condition instead of condition (2.40) on ¢ for the lower bounds
(2.41) to hold.

Let

()oaal1,2") = 3 [0 (1, 2) — 5 (—a,2)], (2.42)

we have

Lemma 2.3.3. Under the same hypotheses in Proposition 2.3.1 except for the condi-
tion (2.40), let Q:lp] and (v3)oqa(x) be defined by equation (2.8) and (2.42), then the

following statements are equivalent:

” ' 1
1. For some positive constant C independent of €, we have |Q:[p]| > &,

o(v¥),
2. Jopy 2t # 0.
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Proof: By symmetry, the strong maximum principle and the Hopf Lemma, we can

easily obtain

* *
oy ov;

a0 ov o0 ov

. ovy ovs / ovs
Qlel _/39 ov (/8D* v oD; 81/)

By G Ry
0! oDy

Q ov ov D} ov

:_2/ 31}1/ v3 odd
00 opy Ov

Hence, Q*[¢] # 0 if and only if faDg v3 odd -£ (). Then by Corollary 2.3.1, we com-

Then

plete the proof. O

Proof of Proposition 2.3.1: Note that (v})eqq(0,2") = 0 by symmetry, and (v})oqq is
harmonic with (v})odd = Podd < 0 (or > 0) but not identically 0 on (92)". Now by using
the strong maximum principle and the Hopf Lemma, it is clear that [ aD; v3 odd £ (),

Hence, by Lemma 2.3.3 and Theorem 2.1.2, we are done. O

Remark 2.3.1. If p = > | biz; with b; € R and by # 0, then by Proposition 2.3.1
we have |Qc[g]| > &. Therefore, by Theorem 2.1.1 and 2.1.2, the blow-up rates of

1/2

||VuHLOC(9) are €12 in in dimension n = 2, (¢|Ing|)~! in dimension n = 3 and !

in dimension n > 4.

Now instead of in a bounded set €2, we consider in R":

/

Au. =0 in R™\ D1 U Da,
Uelp = ug|— on 0Dy U 0Dy,
Vu: =0 in Die U Dy, (2.43)

=0 (i=1,2),

/ Ou,
OD;e 81/ +
limsup || |u.(x) — H(x)| < oo,
|z|—o0

where H(x) is a given entire harmonic function in R™.
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we have the following result regarding the lower bound for |Vu,|:

Proposition 2.3.2. With the same assumptions on Dy, and Doc as in Proposition
2.3.1, and let H(x) be an entire harmonic function in R™ satisfying Hyqq(x1,2") =
3[H(21,2) — H(—21,2")] <0 (or>0) on R? := {(z1,2') € R"|21 > 0}, then for some

positive constant C' independent of €, we have

1
Vel oo\ Drz0D52) 2 NG for n=2,
1
IVtte|| oo g\ BrzoD57) = Ce[ne] for n=3, (2.44)
1
||Vus||Loo(Rn\m) > o for n >4,

where u. is the solution to equation (2.43).

Proof: Step 1. First, we show that there exists a positive constant C independent

of &, such that for any small € > 0,
2" Hue(z) — H(z)| < C, V 2 € R"\ D1 U Do.. (2.45)

(i) For any bounded open set U C R™ with C! boundary OU satisfying 0UND1. U Dy, =

(), we have, in view of the first and the fourth lines in (2.43),

)
te :/ Au. = 0. (2.46)
ou OV Ju\Di.UDs:

(ii) We show that there exists a positive constant M independent of e, such that

||’U,g — HHL‘X’(R”\M) < M, V small € > 0.

We only need to prove

2
[te = H|| oo ge\ Do) < Z(I%axH — %in H). (2.47)
i=1 i€ i€

Since Vue, = 0 in D1. U Do, u. is constant on each D, denoted as C;(¢). We know

that
‘ l|im (ue(x) — H(x)) =0, (2.48)

and
Ci(e) —maxH <wu. — H < Cij(e) —min H, on D;., i=1,2. (2.49)

Dz’s Dis
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If (2.47) did not hold, say,

2

sup(ue — H) > Z(IgaXH —min H),
R i=1 D;e Die

then, because of (2.48) and (2.49), there would exist 0 < a < sup(ur — H) such that
Rn
U:={zeR"| (us— H)(x) > a} # 0 satisfies OU N D1c U Do = ). We may assume,

by the Sard theorem, that a is a regular value of u. — H, and therefore OU is C'. By
O(us — H)

< 0 on OU, and therefore
ov

/ Ou: = H) _
oU 81/

the Hopf lemma,

On the other hand, using (2.46) and the harmonicity of H in U, we have

O(us — H) OH /
— = — = — AH = 0.
/8U ov ou OV U

A contradiction.

(iii) Consider we(z) := ue(z) — H(z). Fix a constant Ry > 0, independent of ¢, such
that D} U D3 C Bg,/2(0), and let
— 1 < Y > 1
We(y) = ——w.(—= ), 0<ly < —.
E(y) ’y‘n_g € ‘y|2 ‘y’ RO
Then w; is harmonic in By, g, \{0}. By the last line of (2.43), there exists a positive

constant C'(e) such that

N 1
lwe(y)| < Cle)lyl, 0< |yl < i
0

Therefore, Aw. = 0 in By /g, and we(0) = 0. By (ii), we have |[we| < C, on 0B, g, for
some positive constant C independent of ¢. Hence, [we| < C, |Vwe| < C in Byjapy),
then

N 1
< _—
lwe(y)| < Clyl, |yl < Ry

Therefore, also using (ii), (2.45) holds.

Step 2. For R > Ry, let Q = Bpg(0). Let p. := uc|opq, then by Corollary 2.3.1 and
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Theorem 2.1.2 it is enough to show, for some R, that Q*[¢*] # 0, where ¢* is defined

at the beginning of this section. By symmetry, we have

B ovy v ovs
Qkp]_/gg (91/(/3DT v /aD; 3V>'

Without loss of generality, we may assume Hy4q(x) > 0 on R’. Recall that v3 is

the solution of (2.34) with boundary data ¢*. In the following we use notation (v3)p
to denote the the solution of (2.34) with boundary data h. Since Q*[¢*] is linear on
©* and by symmetry Q*[Heyen) = H[@}en]) = 0, where Hepen () := H(x) — Hpgq(z) =
5[H(21,2") + H(—x1,2')] and similar for ¢}, we may assume H(z) = Hygq(x).

Now consider w(z) = H(z)—(v%) g (2). Then w(x) is harmonic in Q* which is defined
at the beginning of this section. By symmetry, w(—x1,2') = —w(x1,2’), w(x) = H(x)
on 0D} UOD; and w(z) = 0 on 0. Therefore,

9 Haw—/ w(:v)Aw(:L‘)—i—/ Vw|2:/ Vwl > 0.
aD* 81/ * e o

On the other hand, (v5)y = 0 on dDj, (v5)g > 0 on (9Q)T and, by the oddness of

(v3)m, (v3)g = 0on {(z1,2) | z1 = 0}. Thus, by the maximum principle and the strong

o0(v3)m 50
14

maximum principle, (v3)g > 0 in Q* and in turn, using the Hopf lemma,

on 0D3. Hence, using the harmonicity of H,

oD3; D3 ov - oD 61/ - oD} ov aD3 ov
1
VH|? > —
o=
Therefore,

/ Ow3)mw o 1
3D§ 8V - C’

for positive constant C' independent of R.
For s. := ¢. — H on 0f), by step 1, there exists a constant C' > 0 which is in-
dependent of ¢ and R, such that |[sc||f@0) < CR'™™. By Remark 2.2.1, we have

IV (v3)s | L aD: L0DE) < C||3*||Loo(an), thus,

‘ /BD*

for some positive constant C' independent of € and R.

’3 (o0 < CR,
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Therefore, for large enough R,

O(v3) e / O(v3)m / O(vz)ss _ 1
= + >~ 40
/aD; ov op; OV op; OV c7

It is also clear that |, 50 8 I < 0, Thus,

ovt
[¢*] /aQ /W au - #0.

This proof is completed. O

Remark 2.3.2. In R?, when D1, and Do, are identical balls of radius 1, the estimate

(2.44) was established in [2] under a weaker assumption 0y, H(0) # 0.

2.4 Proof of Theorem 2.1.3 and 2.1.4

In the introduction, similar to the harmonic case, we still decompose u = C1 V7 +Cy Vo +

V3 as in (2.13).

Proposition 2.2.1 holds since Lemma 2.2.1—-2.2.3 hold for Vi, Vs, V3 defined by (2.14)—(2.16)

and p € C2(Q) which is the solution to:

Oz, (aéj(as) 8rip) =0 in Q,
p=0 ondDiUIDy, p=1 on ON.

The proofs are essentially the same.

Now we start to estimate |C; — C3|. By the decomposition formula (2.13), instead

of (2.20), we denote

Aim = / aéj(x) al'ivm Vj (l7m = 1’2)’
8D, (2.50)

bl:/ af (x) 0, Vs vy (1=1,2).
oD,

Then Lemma 2.2.4 and (2.21)—(2.23) still hold for a;,,, and b; defined above.
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In fact, to prove Lemma 2.2.4 with general coeflicients, we only need to change %

0 0} (2) Oy, v, change Ax in Oy, (a5 (x) Oy, ) and change 1, vs, v in Vi, Va, Vs,
respectively, in the original proof of Lemma 2.2.4. For instance, (2.24) is changed to
0= / Oz (aéj(x) 82?1‘/1) Vo — / On; (aéj(x) 8361‘/2) Vi
($) ()
—— [ @@ avivis [ @@ oy (2.51)
0Do 0Dq

= —a21 + ai2.

Therefore, to estimate |Cy — Cs, it is equivalent to estimating |a11 —aai2| and |by — abs|.

For |a11 — aajz|, Lemma 2.2.5—2.2.7 still hold for a;(I = 1,2) defined by (2.50).

The proof is quite similar and the only thing which needs to be shown is the following:
0= /9 O, (agj(@ agcivl) W
- _/ a¥ (x) 9y, V10, V1 — / a (x) 8, Vi vj - 1
) 0D,
- /9 a8 (z) 0y, V18, Vi — a1,

i.e.
ay = —/Qagj(:z:) 02, V10, V1.

Then by the uniform ellipticity of aéj () and the harmonicity of v,

anl 22 [P =2 [ Val,
e e
and
lat1| < / agj(x) Oz, w0y, w < A/ |Vw|? < A/ |Vw|? + C,
e : e no, /2

where w is defined in the proof of Lemma 2.2.5 with the same boundary data of V; and

w is defined by (2.26) and (2.31).

Thus, Lemma 2.2.5—2.2.7 follow by the same computations. Then Lemma 2.2.8 and

Proposition 2.2.2 hold with the same proofs.
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For |b;y — abs|, Proposition 2.2.3 also holds for b;(I = 1,2) defined by (2.50) and

Q:[p] defined by (2.17). The proof is the same after changing % to agj (x) O, * vj.

Combining the above propositions, we obtain our theorems.

2.5 Appendix

Some elementary results for the conductivity problem

Assume that in R”, Q and w are bounded open sets with C%® boundaries, 0 < a < 1,
satisfying

w= ws C Q,

s

s=1

where {w;} are connected components of w. Clearly, m < oo and ws is open for all
1 < s <w. Given p € C%(09Q), the conductivity problem we consider is the following
transmission problem with Dirichlet boundary condition:

0r,{ | (ka (2) = 0 (2))xoo + aF (@) Dy } =0 in 2 (2.52)

U = @ on 012,

where £k =1,2,3,---, and ¥, is the characteristic function of w.

The n x n matrixes A1 (z) := (af(z)) in w, Az(z) := (a5 (z)) in Q\w are symmetric

and 3 a constant A > A > 0 such that
NEP? < af (2)€:85 < AP (Vo ew), NP < af (2)&& < AJE]* (Vo € Q\w)

for all € € R and a¥ () € C2(@), af (z) € C2(Q\w).

Equation (2.52) can be rewritten in the following form to emphasize the transmission
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condition on Ow:

O, <a§j(ac) ariuk) =0 n w,

0, <a§f(x) axz.uk) =0 in O\,

Ukl + = ug|—, on Ow, (2.53)
aéj(a:)ﬁxiukyj‘+ = kaij(m)ﬁxiukuj}_ on Ow,

Ug = ¢ on 0N2.

\

Here and throughout this paper v is the outward unit normal and the subscript £+

indicates the limit from outside and inside the domain, respectively.

We list the following results which are well known and omit the proofs.

Theorem 2.5.1. If u, € HY() is a solution of equation (2.52), then up € C*(Q\w) N
CY(@) and satisfies equation (2.53).

If up € CY(Q\w) N CH@) is a solution of equation (2.53), then u, € HY(Q) and
satisfies equation (2.52).

Theorem 2.5.2. There exists at most one solution ux € H(Q) to equation (2.52).

The existence of the solution can be obtained by using the variational method. For

every k, we define the energy functional

Rl =g [ @b @t [ af@on0n (2.54)
w AN\w

where v belongs to the set
Hé(ﬂ) ={ve HY(Q)|v=y on dQ}.
Theorem 2.5.3. For every k, there exists a minimizer u, € H () satisfying
I = in Ii[v].
k] = i) Y

Moreover, up, € HY(Q) is a solution of equation (2.52).
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Comparing equation (2.53), when k = +o0, the perfectly conducting problem turns

out to be:
Oz; (aéj (x) &Uiu) =0 in Q\w,

u|l4 = u|- on Ow,
Vu=0 in w, (2.55)

/ aéj(x)amiuuj‘+ =0 (s=12,---,m),
Ows

U= on O0S.

We also have similar results:

Theorem 2.5.4. If u € HY(Q) satisfies equation (2.55) except for the fourth line, then
u € CHQ\w) N CHw).

Proof: By the third line of equation (2.55), we have u = const on each component
of w, so u = const on each component of dw. Thus u = const on each component of
I(N\W).

Since u € H(Q) satisfies 0, (agj(x) 8ziuk) =0 in Q\w, ulpg = ¢ € C*(99) and
u = const on each component of J(Q2\w), by the elliptic regularity theory, we have

u € CHQ\w) N CHw). O

Theorem 2.5.5. There exists at most one solution u € HY(Q) N C1(Q\w) N CH(©) of

equation (2.55).

Proof: 1t is equivalent to showing that if ¢ = 0, equation (2.55) only has the solution

u = 0. Integrating by parts in the first line of equation (2.55), we have

0=— /Q\w Oz, (a”(az) 8@“1@) 7

= / a;j(x)amiuaxju - / u - agj(x)awiuuj‘_ —i—/ u - agj(ac)(?miuuj‘Jr
i\ o9 Ow
> /\/ |Vu|? —/ © - aéj(x)ﬁmiuvﬂ_ + C’S/ aéj(x)axiuuj‘Jr
0O\w 80 Bws

= )\/ |Vul?.
0O\w

Thus Vu = 0 in Q\w. And since u = ¢ = 0 on 012, we have u = 0 in Q\w. Since

u|l4 = u|- on Qw and u = C on w, we get w =0 on w. Hence u =0 in Q, i.e. u =0 is
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the only solution of (2.55) when ¢ = 0. O

Define the energy functional
1 g
Iov] == / as) ()0, 00y, v, (2.56)
2 Q\w '
where v belongs to the set
A:={ve H:,(Q)‘Vv =0inw}.
Theorem 2.5.6. There exists a minimizer u € A satisfying

Io[u] = min Io[v].
[u] = min Ioo[v]

Moreover, u € H () N CY(Q\w) N C1 () is a solution of equation (2.55).
Proof: By the lower-semi continuity of I, and the weakly closed property of A,

it is easy to see that the minimizer u € A exists and satisfies 0y, (aéj (m)@xlu) =0in

O\w. The only thing which needs to be shown is the fourth line in equation (2.55), i.e.

/ a;j(x)amiuyj|+ =0, s=1,2,---,m.
Ows

In fact, since u is a minimizer, for any ¢ € CZ°(Q2) satisfying ¢ = 1 on ws and ¢ = 0 on
we(t #£ s), let
i(t) == Io[u+tp] (t€R),

we have
7(0) =& —/ 0 (2)0s ury, = 0

Therefore
0=-— / Or, (a5 (@) Doy )6 = / a3 (2)0r,ua; + / ¢ a5 ()0, uv;]
Q\w Q\w Ows

:/ a;j(x)aziuuj|+,
Ows

forall s=1,2,---,m. O

Finally, we give the relationship between u; and wu.
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Theorem 2.5.7. Let uy, and u in H'(2) be the solutions of equations (2.53) and (2.55),
respectively. Then

up —u in HY(Q), ask — +oo,

and

lim I =1
Jm Tefu) = Lol

where Iy, and I are defined as (2.54) and (2.56).

Proof: Step 1. By the uniqueness of the solution to equation (2.55), we only need
to show that there exists a weak limit u of a subsequence of {uy} in H'(Q) and u is

the solution of equation (2.55).

(1) To show that after passing to a subsequence, uy weakly converges in H'(£2) to some
u.

Let n € HS},(Q) be fixed and satisfy 7 = 0 on @, then since wy is the minimizer of I
in Hé(Q), we have

1

A A
SIVurlzgy < Telur] < Ix[n) = / a3 (), < 5 InllEn ).
2 2 O\w

ie.
IVl 2y < Inllgi) = M,
where M is independent of k.
Since uy, = ¢ on 9 and supy, ||lug|| g1 (q) < 00, we have up — u in H(€).
(2) To show that u is a solution of equation (2.55).

In fact, we only need to prove the following three conditions:

0, (agj (z) amiu) =0 i O\G, (2.57)
Vu=20 m w, (2.58)
/8 (IZQJ(ZE)a%uijl_"_ = 07 s = 17 2) te 7m- (259)

(i) For every k, since uj, € H'(Q) is the solution of equation (2.52), then

vV ¢ € C°(12), we have

k/ azij(fﬁ)amiuk%j +/ agj(x)aziukqﬁxj =0.

\w
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Thus, ¥ ¢ € C(\@) C C=(9),

0 :/ agj(x)axzukqsag — aéj(x)axiustja
0O\w O\@

since up — u in HL(Q) C H'(Q).
Therefore,
[ @i, =0, voecx@a),
0w
ie. (2.57).
(ii) Let n € Hé (Q) be fixed and satisfy 7 = 0 on @, then since uy is the minimizer of I,

in H}D(Q), we have

kA 1 A
7||Vuk”%z(w) < Tilug] < Ixln] = / a3 (2)0z 00,1 < 5”77”%”(9)’
O\
which implies
IVurllZey — 0, as k— oo.

By (1), since up — u in H'(Q), then ux — u in H'(w). Therefore, by the lower-semi

continuity, we get

0< )\/ |Vu|2 S/aij(a:)ﬁxiuaxjug/aij(m)({)xiukaxjuk

w

< A\|Vuk||%2(w) — 0, as k — oo.
Hence, [ |Vul*>=0 = Vu =0 in w, which is just (2.58).
(iii) By (i) and (ii), u satisfies (2.57) and is either constant or ¢ on each component
of (Q\w). Thus, u € C?(Q\w). For each s = 1,2,--- ,m, we construct a function

0 € C%(Q\w), such that ¢ =1 on dws, 0 = 0 on dwy(t # s), and o = 0 on 1.

By Green’s Identity, we have the following:

0—— /Q O (@) 2n)e

0 ()05, uxds; 0 — /8 0 a (), upv;|_ + /a 0+ a3 (2)dsurvj|
Q

w

Il
S~

0w

I
S~ 5~

0¥ (2)0, 0z, 0+ k / 07 () O, urvs |
\& Ows
\@ a;j(x)amiukaﬂfj (&
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Similarly,

Ws

0=— / Oa, (a;ﬂ'(a;) axiu>gz / ay ()8, udy; 0 + / a3 ()0, uvj| , .
ON\w N\w d

Since ux — u in H(), it follows

0= / aéj(x)axiukaxjg — aéj (7)0z,;u0z; 0.
0\@ 0O\@

Thus,
/ agj(x)axiuuj}Jr =0,
Ows

for any s = 1,2,--- ,m. Therefore, we finish the proof of the first part.

Step 2. Since uy is a minimizer of I and Vu = 0 in w, for any k € N,
I [ug] < Ix[u] = Iolul.

Then limsupy,_, o Ix[ur] < Iso[ul.

On the other hand, by Theorem 2.5.7, since u is the weak limit of {uy} in H'(f),

we obtain

Iolu) = /Qagj(:v)axiuﬁzju < lim inf/ﬂaéj(:v)awiukamjuk < légilgof Iy [ug].

k—+o00

Therefore,

lim 1, = Iolul.
i fug] = Ll
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Chapter 3

The perfect and insulated conductivity problems with

multiple inclusions

In this chapter, we investigate the two extreme cases of the conductivity problems,
i.e. the perfect and insulated conductivity problems, in the general sense that multiple

inclusions with extreme conductivity are imbedded in the surrounding matrix.

3.1 Mathematical set-up and the main results

let Q be a domain in R™ with C?“ boundary, n > 2, 0 < a < 1. Let {D;} (1 <i < m)
be m strictly convex open subsets in  with C?“ boundaries, m > 2, satisfying (1.1)

Given ¢ € C1¥(9Q), the conductivity problem can be modelled by the following

equation:
div(ag(x)Vug) =0 in €,
(3.1)
Up = @ on 012,
where k = (ki,...,kp) and
k; € (0, OO) in D;,
ag(x) = (3.2)

1 in €.

The existence and uniqueness of solutions to the above equation is well known. More-
over, we have [lug|| 1) < Cll¢llcra(aq) for some constant C' independent of k. There-
fore, by passing to a subsequence, we have up — us in H'(Q) as k — oo, where

Uoo € H () is the solution to the following perfect conductivity problem, for details,



see e.g. the Appendix of [6],

p

Au=0
uly = ul-
Vu=0
[
(')Dial/-i-
U=
where
ou
owly " ¢
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in D; (1=1,2,...,m), (3.3)
(1=1,2,...,m),
on 09,

lim u(x +tv) — u(a;)
—0t t

Here and throughout this paper v is the outward unit normal to the domain and the

subscript + indicates the limit from outside and inside the domain, respectively.

Since the high stress concentration only occurs in the narrow regions between the fibers,

we only need to focus on those narrow regions.

For i # j, denote

dist(azgj,

and

0

€T

]

wl) = dist(D;, Dj) = ei; > 0, ai; € 0Dy, x; € OD;,

1. ,
= 5(33;] + ;).

It is easy to see that there exists some positive constant § < i which depends only on

ko, ro and {||0D;||c2.}, but is independent of {e;;} such that

if e5; < 20, B(al),

Denote

pn(€)

26) only intersects with D; and Dj. (3.4)
(1
— for n=2,
Ve
1
el lne| for m=3, (3:5)
1
- for n > 4.
£

Then we have the following gradient estimates for the perfect conductivity problem
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Theorem 3.1.1. Let Q,{D;} C R", {¢;;} be defined as in (1.1), n > 2, ¢ € L>(0Q),
§ be the universal constant satisfying (3.4). Suppose us, € H'(Q) is the solution to

equation (8.3), then for any ;5 < 0, we have

Voo ”LOO(QHB(:U?].,J)) < Cpn(gij) HSDHLOO(aQ)

where C' is a constant depending only on n, m, Ko, ro, {||0D;||c2.«}, but independent

Of Eij-

Note that if £;; > ¢, by boundary estimates of harmonic functions, we immediately

get HVUOOHLOO(QOB(mQ. 5 < Cll¢llLe(an)- Then by Theorem 3.1.1 and standard bound-
13’

ary Schauder estimates, see e.g. Theorem 8.33 in [12], we have the global gradient

estimates of us, in €.

Corollary 3.1.1. Let Q,{D;} C R", {g;;} be defined as in (1.1), € := Igﬁin&U >0, and
i

€ CH(0Q), 0 < a <1, let us € H(Q) be the solution to equation (3.3). Then

HVUOOHLoo(Q) < Cpn(E)H‘P”Clva(aQ)-

where C' is a constant depending only on n, m, ko, 7o, ||0Q|c2e, {|0Dilc2.a}, but

independent of €.

Remark 3.1.1. Theorem 3.1.1 and Corollary 3.1.1 do not really need D; and D; to
be strictly convex, the strict convexity is only needed in a fixed neighborhood (the size
of the neighborhood is independent of €) of a pair of points on dD; and 0D; which
realize minimal distance €. In fact, our proofs of Theorem 3.1.1 and Corollary 3.1.1
also apply, with minor modification, to more general situations where two closely spaced
inclusions, D; and Dj, are not necessarily conver near points on the boundaries where

minimal distance € s realized; see discussions after the proof of Theorem 3.1.1 in Section

2.

Next, we study the insulated conductivity problem. Similar to the perfect conduc-
tivity problem, the solution to the insulated conductivity problem can also be treated
as the weak limit of uy in H 1((2) as k approaches to 0. Here we consider the insulated

conductivity problem with anisotropic conductivity.
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Let Q,D; C R", g5 be defined as in (1.1), ¢ € CH¥(09), suppose A(z) = (a”(z))
is a symmetric matrix function in Q, where a(z) € C’O‘(E) and and for constants
A>A>0,

¥l oy < A a¥(@)&i€; > NEP (V€ € R™, Ve € Q).

Then the anisotropic insulated conductivity problem can be described by the following

equation,
9;(adju) = 0 in Q,
aijajuyi =0 on dD;(i =1,2,...,m), (3.6)
U= on 0f).

The existence and uniqueness of solutions to equation (3.6) are elementary, see the
Appendix.

As we mentioned before, the blow-up only occurs in the narrow regions between
two closely spaced inclusions. Therefore, we only derive gradient estimates for the
solution to (3.6) in those regions. Without loss of generality, we consider the insulated

conductivity problem in the narrow region between D and Dy. Assume
e = dist(Dy, D2)
After a possible translation and rotation, we may assume
(—¢/2,0") € 0D, (¢/2,0") € ODs.

Here and throughout this paper by writing = (x1,2"), we mean 2’ is the last n — 1

coordinates of z.

We denote the narrow region between D and Dy and its boundary on dD; and

0D as follows
O(r):=Qn{ze R™||2'| <r}

I} = 0D, N{z € R"||2'| <1} (3.7)
I'_:=0D;N{x e R"||2'| <r}

where r is some universal constant depending only on {||0D;||c2.a }.
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Under the above notations, we consider the following problem,

8,~(aij8ju) =0 in O(?‘)7
3 (3.8)
a'’ Ojuv; =0 onT', UT_.
Then we have:
Theorem 3.1.2. If ug € HY(O(r)) is a weak solution of (3.8), then
Cluo|| oo (o (r
|Vug(z)| < M, for any x € (’)(f) (3.9)
Ve + |2)? 2

where C is a constant depending only on n, v, A, X and ||0D;||c2.« (i = 1,2), but

independent of €.

Remark 3.1.2. [t is possible that ||ug||pec(o(r)) s infinity, in that case, the above
theorem is automatically true. Theorem 8.1.2 also remains true for the general second

order elliptic systems, its proof is essentially the same as for the equations.

As an application of Theorem 3.1.2, we have the global gradient estimates for the
insulated conductivity problem
Corollary 3.1.2. Let Q,{D;} C R", {g;;} be defined as in (1.1), € := H;éinfij > 0, and
i#]

0 € CL(00), let ug € H(Q) be the weak solution to equation (5.6), then

c
Vol oo gy < EH‘P”CLa(aQ)- (3.10)

where C is a constant depending only on n, m, ko, ro, |02 c2a, {||0D;l|c2.«}, but

independent of €.

Note that through this paper we often use C' to denote different constants, but all
these constants are independent of €, in this sense, we will not distinguish them.

The paper is organized as follows. In Section 2 we consider the perfect conductiv-
ity problem and prove Theorem 3.1.1. In Section 3 we show Theorem 3.1.2 for the
insulated case. Finally in the Appendix we present some elementary results for the

insulated conductivity problem.
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3.2 The perfect conductivity problem with multiple inclusions

In this section, we consider the perfect conductivity problem (3.3). Note that from
equation (3.3), we know that u = C; on D;, 1 <1i < m, where {C;} are some unknown
constants. In order to prove Theorem 3.1.1, we first estimate |C;—Cj| for 1 < i # j <m,

which later will allow us to control the gradient of u in the narrow region between D;

and Dj.

3.2.1 A Matrix Result

To estimate |C; — C}|, the following proposition plays a crucial role.
Let m be a positive integer, P = (p;;) an m x m real symmetric matrix satisfying,
(A1). pij = pji <0 (i # j);
m
(A2). ry < p; = sz‘j <y,
j=1
where r1 and ro are some positive constants.

Then we have

Proposition 3.2.1. Given an integer m > 1, let P = (p;j) be an m x m real symmetric

matrixz satisfying (A1) and (A2). for B € R™, let o be the solution of
Pa = 8, (3.11)

then
r2 A

o; — ol <m(m—1 ,
‘ 1 J| ( )Tl |pz]|+741

(3.12)
where |3| = max|3;|.

Remark 3.2.1. An m x m matriz P satisfying |pii| > Y |pij| is called a diagonally
J7#i
dominant matriz. Such a matriz is nonsingular, see [13]. (Al) and (A2) implies that

the matriz P is diagonally dominant, therefore (3.11) has a unique solution.

Before proving the above theorem we introduce the following lemmas.
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Denote

Z(l) = {all I x [ diagonal matrices whose diagonal entries are 1 or —1},
Zc(l) = {I € Z(1)|T has even numbers of —1 in its diagonal},

Zo(l) = {I € Z(1)|I has odd numbers of —1 in its diagonal}.

Then we have

Lemma 3.2.1. Given a positive integer [, suppose I, I.(l), Z,(l) are defined as above,

then for any x € R and any I x | matriz A,

> det (w +TA) =27 (2! + det A)
TeZ.(1)

Z det (21 +TA) = 217zl — det A)
TeZo(l)
Proof: We prove it by induction. The above identities can be easily checked for
I = 1. Suppose that the above identities stand for [ = k — 1, we will prove them for
I = k. Observe that if x = 0 then the above identities are true, to prove they are true
for any z, it suffices to show that the derivatives with respect to = in both sides of the

identities coincide. Since for any I € Z(k),

(det (zI + TA)) Zdet (2] + T, A;)
=1

where A; and I; are the submatrices obtained by eliminating the ith row and the ith
column of A and I respectively.
Notice that if T runs through all the elements of Z.(k), I; will achieve all the elements

of Z(k — 1) for any i € {1,2,...,k}, so we have

> (det (xI +TA))

TeIe(k)
= Z Y det(@I+TA)+ Y det(xl +14)
=1 TeT.(k-1) I€Z,(k—1)
k
= Z 2’7C 2(2F 1 4 det 4;) + 2872 (2L — det 4; i) (By induction)
i=1
k2= tgh=t = 9k=1(gk 4 det A).
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Therefore, we have proved the first identity. The second one follows from the first one
by changing the sign of one row of A.

As a consequence of Lemma 3.2.1, we have

Corollary 3.2.1. Let A be an | x | matriz, if det (I + IA) >0 for any I € Z(1), then
|det A] < 1.

Lemma 3.2.2. Given integers m > 1> 1, let Q = (g;5) be an m x | real matriz which
satisfies, for j =1,2,...,1,

g5 > Y il (3.13)
1#]
Let A be the set of all | x | submatrices of the above matriz Q and S1 € A the matrix

obtained from the first s rows of Q. then we have
det S; = max |det S|.
SeA

Proof: For any S € A, by rearranging the order of its rows we do not change
|det S|. Thus we can treat S as a matrix obtained by replacing some rows of S; by
some other rows of ), note that S and S; could have no rows in common, which means
S is obtained by replacing all the rows of S by some other rows of Q.

Given any I € Z(l), we claim:

det (S +1S) >0

Proof of the claim: There are two cases between S7 and S:

Case 1. S7 and S have no rows in common. Then by (3.13), we know that S; + 1. is
diagonally dominant, therefore det (S; + I.S) > 0.

Case 2. 57 and S have some common rows, denote the order of these rows by 1 <i; <
s <ig < 1,1 < s <. If row ig, of 1S is opposite to row ig, of S for some 1 < sy < s,
then row iz, of Sy + IS is 0, therefore det (S; + IS) = 0. Otherwise row i; of IS is the
same as that of S and Sy for any 1 <t < s, then we take out the common factors 2 in

these rows when we compute the det (57 + 1.9), thus we have
det (Sy + 15) = 2° det (S; + 1),

where S is the matrix obtained by replacing row i; of S by 0 for any 1 <t < s. We

know that S; + 19 is diagonally dominant according to (3.13), then det (S + 18 ) >0,
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therefore, det (S + IS) > 0.

Since det S7 > 0 and
det (Sy +IS) = det (I +1SS; ") det S
we have, by the claim, that for any I € Z(l),
det (I +15SS71) >0

By Corollary 3.2.1, we have
|det (SS71)] <1

therefore

det S; > | det 5.

Now we are ready to prove Proposition 3.2.1.

Proof of Proposition 3.2.1: For m = 1 the inequality is automatically true. For

m = 2, we have, by Cramer’s rule,

B1 p12 pi1 B P

B2 pa2 P21 B2 B2 D2
a1 — Qg = — =

P11 P12 P11 P12 P11 D12

P21 P22 P21 D22 P21 D22

Since r; < p; < ro by Condition (A2),

B1 D
= P12 — Pap1 < 2ra|f]
B2 D2

On the other hand, by Condition (Al) and (A2)

P11 D12 D1 P12 B B _
= = P1p22 — P2p12 = P1p22 > r1(r1 + |pi2l)
P21 P22 D2 P22
Therefore, Proposition 3.2.1 for m = 2 follows from the above.

For m > 3, we only estimate |a; — | since the other estimates can be obtained by

switching columns of P.
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Since « satisfies (3.11), by Cramer’s rule, we have:

Bi pi2 - Dim pii B - Pim
B2 D22 - Dom p21 B2 - pom
ﬂm Pm2 ° Pmm Pm1 Bm - Pmm
] — Qg = —
P11 P12 - Plm P11 P12 -+ Pim
P21 P22 - P2m P21 P22 - P2m
Pm1 Pm2 “°° Pmm Pm1 Pm2 - Pmm
1 puutp2 P13z o Pim
B2 pa+p2 p3 0 Pom
B3  ps1+ps2 P33 0 Pam
IBm Pml+DPm2 Pm3 *°° DPmm
p11 P12 - DPim
P21 P22 0 D2m
Pm1 Pm2 - DPmm

By adding the last (m—2) columns of the matrix in the numerator to its second column,

we have
B1 P1 P13 - Dis
B D2 P23 - D2
B3 D3 P33 - DP3s
Bm DPm Pm3 * DPmm det ﬁ
a1 — 9 = = .
! 2 det P
b1 P12 - DPim
P21 P22 DP2m
Pm1 Pm2 *°° DPmm

Next we estimate the determinants of the above two matrices separately.
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Expanding det P with respect to the first column, we have
m
det P = Z pjlpjl
j=1
where Pj; is the cofactor of pj.
Applying Lemma 3.2.2 to the m x (m — 1) matrix obtained by eliminating the first
column of P, we know that, among the cofactors Pj1, P11 > 0 has the largest absolute

value. Since pj1 = p1; <0 (j # 1) and p11 > 0 by condition (A1) and (A2), we have

det P> pjPiy = pi1 P

j=1
For the same reason, we have
P22 - Pam m P33z - DP3m
Pu=| t ot =D py)
j=2
Pm2 - DPmm Pm3 - DPmm

Combining the above two inequalities and using condition (A1) and (A2), we have

P33 - D3m b33 -+ P3m

m
det P> p1 Y py
j=2

1(D2 — p21)

I
]

Pm3 - Pmm Pm3 - Pmm
(3.14)

P33 - P3m

> r1(|p12| + 1)

Pm3 - Pmm

By Laplace expansion, see e.g. page 130 of [23], we can expand det P with respect

to the first two columns of P, namely,
~ Biy Piy | ~
det P = Z P¢1i212, (3.15)
11,12 ﬁiz Dis
where 1 < 41 < 4o < m and 15;”-212 is the cofactor of the 2nd-order minor in row iy, io

and column 1,2 of P.
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Applying Lemma 3.2.2 to the m x (m — 2) matrix obtained by eliminating the first 2

columns of ﬁ, we know that, among all those cofactors,

P33 D3m

Pm3 - Pmm

has the largest absolute value. Since 0 < p; < ry by condition (A2),

Bi P
wo b < 27"2’/8‘7
/67,'2 ﬁig
then by (3.15), we have
P33 "t DP3m
|det P| <m(m—)ralB| = . i | (3.16)
Pm3 - Pmm
By (3.14) and (3.16), we have
lag — ag| = | det P m(m —1 re_ 18 :
| det P| 71 [p12] + 11
3.2.2 Proof of Theorem 3.1.1
We decompose uo, into m + 1 parts:
m
Uso = Vo + Z Civ;, (3.17)

i=1

where v; € Hl(ﬁ) (1=0,1,2,...,m) are determined by the following equations:

for i = 0,
Avg =0 mn S~2,
Vo = 0 on 8D1, 8D2, e 8Dm, (318)
v = on 0N).
fori=1,2,...,m,
Av; =0 n S~2,
v =1 on 0D,
(3.19)
v; =0 on 0D;, for j # 1,
v; =0 on Of).
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Since us satisfies the integral conditions in equation (3.3), using the decomposition
formula (3.17), we know that the vector (C1,Cy, ..., C),) satisfies the following system

of linear equations

ailr a2 v Qi Ch b1
a1 a2 - A2y Co bo
= | (3.20)
Aml Am2 *°° Qmm Cm bm
where
o . .
= (i i=1,2,...,m), 3.21
w= [, G G m) (321)
bim— [ 20 o192 m) (3.22)
il N =1,2,...,m). )

Similar to the two inclusions case in [6], we first investigate the properties of v; (i =
0,1,---,m), the matrix A and the vector b in equation (3.20). Here we state several

lemmas, for their proofs, readers may refer to Lemma 2.1, Lemma 2.3, and Lemma 2.4

in [6].

Lemma 3.2.3. Let vg,v;(i = 1,...,m) be the solutions of equations (3.18) and (3.19)
respectively, then there exists a universal constant C' depending only on n, m, g, ko,

0D; and OS2, but independent of €;; such that,

8vi
oo < (C.
| By oo o) < C

C
[ UOHLoo(Q) <0, |[Vv HL ©) -

Lemma 3.2.4. For 1 <i, j <m, let aj; and b; be defined by (3.21) and (3.22), then

they satisfy the following:

1) ay; <0, aj;=a; >0 (i#7),
1
2) —C< Z aij <~ &>

1<j<m

3) |bi|l < Cllellree a0y

where C' > 0 is a universal constant depending only on n, rqg, 0), but independent of

Eij-
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Remark 3.2.2. From property (1) and (2) in Lemma 3.2.4, we know that A is diago-

nally dominant, therefore it is nonsingular.
Next, we derive some further estimates of a;;.

Lemma 3.2.5. Let a;; be defined as in (3.21), if ;5 < 1/2, then there exists a universal
constant C > 0, depending only on n, m, ro, Ko, {||0Di|lc2e} and |09 o2, but

independent of €5, such that for any 1 <i# 5 <m,
<aj; <

C 1 1 C
. /mine;; C /miney;’ CVE; Vi
J#i J#i
1

. . 1
—C]ln(r;l;?aij)] < ay < —6|ln(r;1;£1eij)\, gllneijl <a; < C|lnegy|,  forn =3,

< ay < forn =2,

1 1
—C<aii<—6, 6<aij<07 forn > 4.

Proof: Without loss of generality, we assume ¢ = 1,7 = 2. The proof of the
estimates for a;; and ago is the same as that in Lemma 2.5, Lemma 2.6, and Lemma
2.7 in [6]. Here we prove the estimate for aj2. In this following, we use C' to represent
the universal constants depending only on n, m, rg, ko, {||0D;||c2.«} and ||0€|c2.«, but
independent of {e;;}.

Notice that if €15 is larger than some universal constant, then the proof is trivial.
Therefore, we can assume 12 < §, where § < 1/4 is the universal constant satisfying
(3.4). By (3.4), we know that B(x,,d) only intersects with D; and Ds.

Denote
[ :=0D;NB(zY,,0) (i=1,2), T's:=0B(2Y,0)\ (D1 UD,)
Since B(zY,,26) does not intersect with D;(i > 3) or 9 by (3.4), then
dist(I's,Ujs0D;) > 9, dist(I's,00) > 0,
by the gradient estimates and boundary estimates, we have
Vvt peers) < C (3.23)

Next we show |[Vu1[ze@p,\r,) < C. Since the tangential derivatives of v1 on 9Ds is

0, we only need to consider its normal derivative.
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Let 91 € HY(Q\ (D1 U D2)) be the solution to the following equation

Av; =0, in Q\(Dl UDQ)
51 =1on 8D1

v1 =0 on 0D2 U 092

Then v1 —v; > 0 in 0 by the maximum principle. Since v1 — v; = 0 on dDs, by the

Hopf Lemma, we have

651 8’01
E > E > (0 on 8D2

But by boundary estimates of harmonic functions, we have

Vvt Lo (@p\10) < C (3.24)

By (3.24), we have

ovy ovy vy
o 5L L
8Dy ov Ty ov dD2\I'2 ov

8’1)1
= | S +0().
s 67/ ()

(3.25)

By the harmonicity of v; on B(z%, ) N Q and (3.23), we have

o= [ %, [ 9n 9

r 81/ Ty 81/ T3 8V

8’01 / 61;1
= o+ [ - +0().
r ('31/ Ty 81/ ( )

(3.26)

Meanwhile, by Green’s formula and (3.23), we have

0 0 0
—/ ]Vv1|2=/ v1v1+/ v1v1+/ 0 ok
B(a,,0)nQ I ov Iy ov I's ov

81)1 8’01
_ 2
I 8V +/1'*3 U1 81/ (3 7)
8’[)1

= =L 1
[ 5 o0

Therefore, by combining (3.25), (3.26) and (3.27), we have

ajz = / Vi | 4+ O(1).
B(29,,6)n€
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Similar to the energy estimates given in Lemma 1.5, Lemma 1.6, and Lemma 1.7 in [6],

we have
1 / , C
< Vo |* < —, for n =2
Cy/e12 B(a,,6)n& VE12
1
|1n612\</ Vo> < Cllnep|, forn=3
¢ B(a9,,6)n€
1
</ |V | < C, for n > 4.
C  JB@g,0ne
Therefore,
1

< app <

for n =2,

C
C\/e12 Ve

1
6]1n512| < ajz < Cllneyg|, forn =3,

1
E<a12<0, for n > 4.

g

Knowing enough properties of the system of linear equations (3.20) from Lemma

3.2.4 and Lemma 3.2.5 , we have

Proposition 3.2.2. Let u,, € HY(Q) be the weak solution to equation (5.3) and C;
the value of us on D;, then for any 1 < i # j < m with ;5 < 6, there exists a
universal constant C' > 0 depending only on n, m, ko, 1o, ||0Q|c2.e, {||0D;i||c2.«}, but

independent of {€;;} such that

1Ci = Cj| < C\Eijllell L= (an) for n=2,
|C; = Cy] < CmH‘PHLw(aa) for n =3, (3.28)
|Ci — Cj| < Cllellp=(a0) for n>4.

Proof: By Lemma 3.2.4, we know that the matrix — A satisfies condition (A1) and

(A2), then applying Proposition 3.2.1 on (3.20), we have, for any 1 <i # j < m,

C
1Ci = Cj] < —|lell L= (a0
aJU

where C is some constant depending on n, m, ko, ro, [|0Q|c2.a, {||0D;i|c2.«}, but
independent of {e;;}.

By Lemma 3.2.5, we immediately finish the proof. U
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Now we are ready to complete the proof of Theorem 3.1.1.
Proof of Theorem 8.1.1: 'We prove the estimates in dimension 2, the higher dimension
cases follow from the same idea. Without loss of generality, we assume €15 < ¢ and
prove the gradient estimates for us, in the narrow region between D; and Dy. For
simplicity, we assume |||z (a0) = 1.

By the decomposition formula (3.17), we have

Vs = (C1 — C2)Vur + Co(V(v1 +v2)) + Z C;Vv; + Vuy

i=3
By Lemma (3.2.3), we have
V01 e, < e 19200 @rpieg, ) < € (3.29)
12
where C' is some universal constant.
Next we show that, for i = 3,...,m,
vaiHLoo(QﬁB(x?Q,S)) <C, ||V(v1+ UQ)HLOO(QOB(Q;?Z,@) <C. (3.30)
Let v3 be the solution of the following equation,
Av3 =0 in Q\ Dy U Ds,
v3 =0 on 0D,
v3 =1 on 0Ds3,
\ v3 =10 on O0f2.

Then we have U5 > v5 on 952, by the maximum principle, v3 > vs in Q. Since 93 = v3 =0

on 0D1, by the Hopf lemma, we have

853 81)3
o o 0

But |[Vo3| < C on 9D N B(2Y,,68) by the boundary estimates of harmonic functions,

then we have

82}3
Vsl Lo (9D1nB(9,.5)) = HEHL‘X’(@DlﬂB(w?Q,&)) <C (3.31)
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Similarly, we have

82}3

Vsl Lo (9DonB(9,.5)) = HEHLOO(@DQHB(x(l’Q,é)) <C (3.32)

Furthermore, by gradient estimates and boundary estimates of harmonic functions,

we have

190l 500, 57080 < C- (3.33)

Since Vos is still harmonic function on B(x9y,d) N Q, by (3.31), (3.32) and (3.33) and

the maximum principle, we have

HVU3||L°°(QHB($?2»§)) <C

Similarly, we get, for ¢ = 3,...,m,

190l @rpeg, ) < C

Since v1 + v2 = 1 on both D1 and 0D5, similar to the proof in the above, we can
show that

IV (01 +v2)|| oo (@Bt .57 < C-

By Proposition 3.2.2, (3.29) and (3.30), we have

IVucoll o @npat, o < 1€ = Coll VUil @npas, o) + 1CoAIV L+ v2)ll e @rpag, 0)

+2_1GillIVOill i~ @npag, o + V00l @nmes, )
=3
1
<Cyepa—+C
€12
C
< .
VE12

As we mentioned in Remark 3.1.1, the strict convexity assumption of the two in-

clusions can be weakened. In fact, our proof of Theorem 3.1.1 applies, with minor
modification, to more general inclusions.
In R", n > 2, for two closely spaced inclusions D; and D; which are not necessarily

strictly convex, assume 0D;NB(0,r) and 0D;NB(0,r) can be represented by the graph
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of 21 = f(2') + % and 21 = —g(2’) — %, then f(0') = g(0') =0, V(g9 + f)(0') = 0.

Assume further that
Ml < g(af) + f(2f) < Xl V]| < /2, (3.34)

where \g > \{ > 0,1 € Z™T.
Under the above assumption, let uo, € H'(Q) be the solution to equation (3.3).

Then, for ;; sufficiently small, we have

|’VU00”L00(903(95%75)) < CH‘PHLOO(@Q)EZ';'T ifn—1<2I,
1 .
HvuooHLoo(QmB(z?j,d)) < CH‘P”LOO(@Q)W ifn—1=2I, (3.35)
1
Vool oo <C 0 (50)) — ifn—1>2l.
” U ”L (gmB(xgj75)) H‘PHL (69)6” if n >

ij
where C' is a constant depending on n, A1, A2, 70, ||0D;|c2.« and [|0D;|c2.a, but
independent of €;;.
For the proof, please refer to the corresponding discussion after the proof of Theorem

0.1-0.2 in [6].

3.3 The insulated conductivity problem

In this section, we consider the anisotropic insulated conductivity problem, which is
described by Equation (3.6). As we mentioned in the introduction, the gradient only
blows up when two inclusions are close to each other. In order to establish the gradient
estimates for this problem, we first consider the local version of the problem, namely
Equation (3.8).

To make the problem easier, we first consider the equation in a strip. In this case,
by using a ”flipping” technique, we manage to derive the gradient estimates in the strip.

Denote, for any integer [
Q= {z e R"|(21 —1)d < 21 < (2L + 1)5,]'| < 1},
I ={2€R"|z1 = (2l +1)d and |2'| <1},

I :={z€R"|z1 = (2l — 1) and [¢/| < 1},
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and

Q={z€R"||z| <1and || <1}.
We consider the following equation in Qq

0, (b9(2) 0w) =0 in Q,
(3.36)
b1;0:,w =0 on Féc.

where (b)) € C*(Qp)(0 < a < 1) is a symmetric matrix function in Qp, and there exist

constants As > A1 > 0 such that, for all £ € R™,
16 (2) | g () < A2 Aol€? < b9 (2)€i5 (V2 € Qo).
Then we have

Lemma 3.3.1. Suppose w € H'(Qg) N L>®(Qy) is a weak solution of (3.36), then there

exists a constant C' > 0 depending only on n, s, Ao, but independent of §, such that

IVl Lo (gy(1y) < CllwllLoe(gy),
where Qo(%) ={z¢€ R”Hzﬂ <0 and || < %}

Proof: For any integer [, We construct a new function w by “flipping” w evenly
in each Q;. w is defined by induction on [. We first define w = w in Qgy. Suppose w is
defined in Q4_y) for some [ > 1, we define w in Q; and Q_; in the following

w((4l —2)6 — 21,72") it z € Qy,
w(z) = (3.37)
w(—(4l —2)§ — z1,7") itze Q_y.
In this way, we can define w in Q by the above flipping process.
Similarly we define the elliptic coefficients by induction on [ in the following
Let b = b in Qp. Suppose b is defined in Qi(l_l) for [ > 1, then b on Q; and 9Q_,
is defined as follows,
fora=2,3,...,n,
— (4l — 2)6 — 2, 2) if z € Q;

b (2) = b (2) = N (3.38)
— D' ((41 +2)6 — 21,7) it ze O_y.
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for all other indices
. b (4l —2)6 — 21, 2) if z € Qy;
b (z) = N (3.39)
b (— (4l — 2)0 — 21, 2") if z€ Q.

Under the above definition of @ and b , we can easily check that, for any integer I,

0., (¥(2) 0.,) =0 in Q,
(3.40)
b1;0.,W = 0 on I'f,
Then for any test function ¢ € C§°(Q), we have
/ b (2) 0, W0, =Y / b (2) 0., W0,
Q TRAY
=0 (by the definition of weak solution)
Therefore w € H'(Q) satisfies
d.,(07(z) 0,w) =0 in Q. (3.41)

Following exactly from [17], we first introduce a new equation
0, (E”(z) d,u) =0 inQ
where
hmzte, 2—((21-1)3, 0') bij(z) z€ Q1 >0
BY(z) = { Bi(0) zeQ
limZth 2—((2014+1)3, Oz)gij(z) z€ Q1 <0;

then we define the norm

RSl

|Fllyer = sup r“(frgwm

0<r<1
Since b7 (2) € C*(Qy) , b (z) is piecewise C* continuous in Q, then we can immediately
check that

16 — BY ||y 1402 < C
where C' is some constant only depending on Ay. Using Proposition 4.1 in [17], we have

IV e 10y < CllwlL2(g) < Cllw]| Lo (o),
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therefore
IVl Lo gq(2y) < Cllwlizoe (o)

where C' > 0 depends on n, Ay, Ao, but is independent of §. O

Since Dq and Dy are strictly convex, we can write O(r), which is defined by (3.7),
as follows

O(r)={z eR"| —g(z') —e/2 <z < f(2') +¢/2, |2'| <1}
With the side boundary I'; and I'_ as
Iy ={z eR|z; = f(2) +¢/2,|2'| <r}, T_ ={z € R"|zy = —g(a') — /2, [2'| <r}
where f(2') and g(2') are strictly convex functions, moreover they satisfy
F(0) = g(0)) = 0, V() = V(o)) = 0.

Under the above notation, we prove Theorem 3.1.2:

Proof of Theorem 3.1.2:  Fix one point (0,z() € O(%) and let § = \/f(x() + g(z) + ¢,
since f(z') and g(z') are strictly convex, then there exists a universal constant C' de-

pending only on ||0D1]|c2.« and ||0Dz||¢2.« such that

1
5\/‘$6’2+5<5<C\/|$6‘2+5‘ (3.42)

We shift the origin to (0,z() and rescale the coordinates with 0, then the new

coordinates y = (y1,y’) can be written as follows

y1 = 1/0,

y = (2 —2)/6.

(3.43)

Let

v(y) = uo(dy1, v) + 0y'), @ (y) = a" (51, x + 0y).

Denote

~ g g ~
O(F) = {y € R"[ = 5 — glap +0y') <oy < 5 + flah+0y), [y <73
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With its side boundary
~ " € ~
Ly i={y € R"[oy1 = 5 + f(yo + 0y), v/ <7

~ g
L= {y €R"|oyr = —5 — 9o + ), I/ <7}

By (3.42), we can find some universal constant 77 depending only on 0D; and dD3, such

that O(7) is in the image of O(r) under the above transform. Thus we have
0, (@0, 0) =0 i O,

- B _ (3.44)
a" 0y, vv; =0 on I'yul._.

where the coefficients @ satisfy, for some universal constant C,
187 o ey < Clla?lloaomy) < CAL MIEP < a7 (y)&; (Vy € O(7), V& € R™M).

Next we can construct a map @ : O(F) — Qo, ®(y) = z with
oy1 + g(xp +0y') +¢/2
f@g+6y') + glap +0y) + ¢

/
1Y
z = —.

T

z1 =

(3.45)

It can be verified directly that this map is a diffeomorphism from 6(?) to Qp.

Let

Then from the definition of weak solution, we know that w(z) satisfies the following

equation
9.. (b9 (2)0,.w(z)) = in Qp,
, (07(2)05,0() = 0 % (3.46)
b (2)0.,w(z) =0 on T uUTy.
where
ij i (ayz)(aij(y))(ayz)t
(7)) = = eia,2)]

Therefore, we have transferred the original problem into Equation (3.36).
In order to use Lemma 3.3.1, we have to check that b¥/(z) is strictly elliptic and
1599 | e @,) 18 bounded by some universal constant. First we show that there exists a

universal constant Ay such that

£1(b7(2))€ > Mot (vE R, Yz € Qp) (3.47)
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1

& With multiplicity n — 1 and 9,,21. By

Notice that the eigenvalues of (0yz) are

(3.42), we can prove that

1 52
- = = 4
c < |8y121] 8y1 21 f(l’6 5y/) g(l‘{) (Sy/) . <C (3 8)

where C' is some universal constant.
Based on (3.48),we have

(@ (y))

2
W@yz)tf > Aof¢]

g (b7 (2))€ = €"(9y2)

where Ay > 0 is some universal constant
The boundedness of [|b"]| o (@,) can be checked similarly.

Now applying Lemma 3.3.1, we have

IVl Lo (gq2y) < Cllwlizoe (o)

Tracing back to ug through the transforms, we have, for any point 2 € O(5),

Clluoll Lo 0@y - Clluoll Lo (0(r)

5 JPre

Vg ()] <

3.4 Appendix

Some elementary results for the insulated conductivity problem

Assume that in R?,  and w are bounded open sets with C*“ boundaries, 0 < o < 1,

satisfying, for some m < oo,

m
w:Uwch,
s=1

where {ws} are connected components of w. Clearly ws is open for all 1 < s < m.
Given ¢ € C%(92), the conductivity problem we consider is the following transmission

problem with Dirichlet boundary condition:

0r,{ | (ka (2) = 0 (2)) oo + aF (@) Dy } =0 im (3.49)

up = @ on 09,
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where 0 < k < 1, and x,, is the characteristic function of w.

The n x n matrixes A;(z) := (af (z)) inw, Ag(x) := (a3 (z)) in Q\@ are symmetric

and J a constant A > A > 0 such that
MNEP < af ()68 < AIEP (Ve ew), NP < af (0)&6& < Al (Vo € Q\w)

for all £ € R™ and aij(ac) € C?*(w), aéj(x) € C?(Q\w).

Equation (3.49) can be rewritten in the following form to emphasize the transmission

condition on Ow:

Oz; (aij(az) 8xiuk) =0 n w,

Oz, (aéj(x) &Tiuk) =0 in Q\w,

U |+ = ug|—, on Ow, (3.50)
aéj(ac)amiukuj‘Jr = k:aij(:r)axiukuj‘_ on Ow,

Ug = on 0f).

It is well known that equation (3.49) has a unique solution u; in H'(2), and the
solution uy is in C'(Q\w) N C1(@) and satisfies equation (3.50). On the other hand,
if up € CH(Q\w) N CY(@) is a solution of equation (3.50), then wu, € H'(Q) satisfies
equation (3.49).

For k € (0,1), consider the energy functional

k g 1 .
Ixv] : = 2/w 1 (2) 0,000 + 5 /Q\w a3 (2)0z,v0z,v, (3.51)
defined on
Hi,(Q) ={ve HY(Q)|v=y on dQ}.

It is well known that for k£ € (0, 1), the solution wuy of (3.49) is the minimizer of the
minimization problem:

Ik [uk] = Uer}_’llil(lﬂ) Ik [U]



64

For k = 0, the insulated conducting problem is:

Oz, (agj(:n) 6xiu0) =0 in Q\w,
agj(x)ainOVj‘+ =0 on Ow,
Up = ¢ on 09, (3.52)
Oz, (aij(x) 0331-110) =0 in w,
kuo\Jr:uo|_, on Ow.

Equation (3.52) has a unique solution ug € H'(Q), which can be solved in Q\ @ by
the first three lines in (3.52), and then, with ug|s., be solved in w using the fourth line
in (3.52). It is well known that ug € C1(Q2\ w) N C1(w).

Define the energy functional
1 g
Lofo] = 1 / 0 (2)05, 004, v, (3.53)
2 Jow
where v belongs to the set
Ag:={ve HI(Q\E)’ v = @ on 0N}.

It is well known that there is a unique vg € Ag which is the minimizer to the
minimization problem:

Iy[vo] = 52}4& Ip[v].

Moreover, vy = up a.e. in £\ @, where ug is the solution of (3.52).

Now, we give the relationship between u; and ug.

Theorem 3.4.1. For 0 < k < 1, let ug and ug in H'(Q) be the solutions of equations

(3.50) and (3.52), respectively. Then

up — ug in H'Y(Q), ask — 0, (3.54)
and, consequently,
l}:ir% Ik [uk] = I() [’u,()] (355)

Proof: We will first show that

sup |[Vugl|z2(q) < 0. (3.56)
0<k<1
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Since wuy, is the minimizer of I}, in Hé(Q) and vg := ug|o\w is the minimizer of Iy in

Ap, we have

Ak k[
?HVUICHLQ(OJ) + IO['UO] < 5 /w alj (q:)axzuk&,;]uk + Io[vg]

=3 / ay () O, up O ju + To[uglovg] = Ilux]

k ii
< Iplup) = 3 / alj(z:)axiu(ﬁxju[) + Ip[vo],

Vuo |l £2(w) + Lo[vol-
Thus

sup ||Vugl[ 2y < oo.
0<k<1

On the other hand,

A A
§HvukHL2(Q\w) < Tpfug] < Iilu] < §HVUOHL2(Q)-

Estimate (3.56) follows from the above.
Since ur = ¢ on 99, we derive from (3.56) that supgj; [|ukllgr) < co. Let

up — uy in Hi,(Q) along a subsequence of k — 0 (still denoted as k — 0).

We will show that ug is a solution of equation (3.52). Therefore, u§ = uo.

We only need to establish the following three properties:

0, (agj(m) &Ciug) =0 inO\@, (3.57)
Oz, (ailj(x) axiu8> =0 in w, (3.58)
uf € CHN\ w), aéj(ac)agciwﬁyj‘Jr =0 on Ow. (3.59)

(i) For k € (0,1), we see from equation (3.49) that
Oz, (agj(w) axiuk) =0, in Q\ @,
Oz, (aij(:n) &Tiuk) =0, in w.
Since uy, converges to u$ weakly in H(Q), (3.57) and (3.58) follow from the above.
(i) For any w € Ap, we extend it to w € HL(Q) (i.e. @ = w in @\ ©). By the

minimality of uy,

I (ug) < I (w).



Sending & to 0 leads to
Io(ugloyw) < To(w).

Thus u§ = up a.e. in Q\ w. (3.59) follows.

We have proved (3.54). Theorem 3.4.1 is established.
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Chapter 4

Gradient estimates for elliptic systems

In this chapter, we study the elliptic systems in a narrow domain bounded by two
quadratic hypersurfaces. By utilizing the well known L? estimates and W?? estimates,
we are able to establish the gradient estimates in this kind the special domains. Next,

we apply our estimates into the systems of linear elasticity .

4.1 Elliptic systems and main results

Before stating results we first describe more precisely the domain with which this paper

is concerned. For r < 1, we consider the domain
Q ={z eR"| —e—g(@) <z, <e+h(), 2| <r},
with top and bottom boundary denoted, respectively, as
't ={xec R”‘ r, =c+h(), |2/ <1},

and

Iy ={z e R oy = —e —g(z), || <r},

where g, h are C? convex functions and satisfy

%WlQ < g(a’),h(2') < wl2'?, and [V g(a')],|V h(z')] < k.
Now suppose u = (ug,--- ,un) € H'(Qq,RY) satisfies the following problem
0o (A ()5u;) = 0 in Q,
u=a onl{, u=Db only, (4.1)

u=¢ ond\(I'TUTT),
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where 0 < a, 3 < n, 0 < i,57 < N, the coefficients A%ﬁ(x) € C°(Q) satisfy the weak

ellipticity condition

AP < [ Ao <A [ VeP, forany v e By RY),
(951 191 951

a,b are constant vectors and the value of u is equal to the vector-valued function
© € H'(Q) on the lateral boundary of €.
Now we state our main results. When a = b, we can obtain the C* estimate of the

potential.

Theorem 4.1.1. When a = b, suppose u € H'(Q1,RY) satisfies (4.1), then for any

1/2
Jallorg, o) < 0( / \Vu\2>
1971

where C' depends on k,n, N,\, A, k, A, but does not depend on ¢.

positive integer k,

Remark 4.1.1. In fact, our proof yields a more explicit dependence. For any positive

integer k,

e 1/2
|VEu(z)| < Cet=F2pve = </ ]Vu|2> . for 0 < || < Ve,
Q1

and
5 1/2 1
|v’fu<z>|sc|z’|2-2k—"w'|( / |w|2> L orvE< IF <
951

where 1 is some constant less than 1, and C depends on n, N, \, A, but does not depend

on €.

When a # b, we can obtain the gradient estimates of u.

Theorem 4.1.2. When a # b, ifu € H(Qq,RY) satisfy (4.1) and Jo, IV ul? < cpn(e)

for some constant c, where p, is defined in (2.2), then we have

C

IV u(@) e, < =

where C' depends only on A\, A, k,n, N,a,b, ¢, A, but does not depend on ¢.
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4.2 Proof of Theorem 4.1.1

In this section, we intend to derive the C* estimates for the solutions of elliptic system
(4.1) when a = b. Without loss of generality, we suppose that a = b = 0 and
ffh |Vul? = 1. Before proving Theorem 4.1.1, we first show that the energy decays

exponentially.
Lemma 4.2.1. Suppose u € H'(Qq,RY) satisfies (4.1), then for any /e <t < 1,

[ v < C’(%)i. (4.2)

where C depends on N, A\, A, but does not depend on ¢.

Proof. For any 0 <t < s < 1, we introduce a cutoff function n € C°(;) satisfying
0<n<1,p=1in Q, n =0 in Q\Q, and |Vn| < % By multiplying the test
function un? on both sides of the equation in (4.1), and in virtue of the weak ellipticity

condition, we have the inequality

A / IV ulp? < / AP (nOu5) (Do) = —2 / 0 A% Ou;00 u;
Qs Qs

E]

A
g/ |Vu\2n2+c/ |V,
2 Ja. Qs

By Holder inequality, we have

/ ulde < 4(€—|—82)2/ |V ul?da.
Qs Q,

2 92 2 2 e+ 52\’ 2
Vuln*< C | «|Vpl*< C IV ul?,
S QS S_t S

where C' depends only on A, A. For simplicity of notation, in the following we denote

So that

F(t) = th |V u|? and take C' = 1, then we have the iterative formula,

Fi < (5F 32)2F<s>. (43)

s—1

For /e < t<s< 1 taketp=1¢<1/8 and t;41 = 1(1 — /1 —8t) if t; <1/8. It is
clear that {¢;} is an increasing sequence. Let k be the integer such that t; < 1/8 and
ti+1 > 1/8, then tg4q < 1/4. For 0 < <k,

2., \? 1
Flt) < (*) Fltinr) = SF(ti),
tiv1 — t 4



70

Iterating the above inequality k times, we have

1

Flto) < () Fltin) < (P < (),

4 4
Now we estimate how large k should be. From the iterating formula, for 0 < ¢ < k,

1
2t 2t 1— 2t

then
1 I ’i& 1
Qto 2tk+1 a i1 1-— Qti.

Since 0 < t; < 5 for1<z<k+1 and % <tk+1<4,wehave

1 1
— —3<k<— -3
o oSSy

Therefore, we obtain that

/ |vu‘2 k+1 < 0(4) 1
So the energy decays exponentially. O

Proof of Theorem 4.1.1. Step 1. Given a point (y',y,) € Q1 with |y/| = a < 1, by

rotation of coordinates, we can assume y' = (a,0,--- ,0,). Define
Q= {z ¢ Q| —e—g(@) <zp <e+h(2), 2" = (a,0,--,0)| < s}.

For 0 < t < s < 1, we choose another cutoff function ¢ € C°°(£2;) satisfying 0 < ¢ < 1,
(=1in (AZt, ¢=0in Q; \ QS, and |V(¢| < ;%. By the same way, multiplying the test
function u¢? on both sides of the equation in (4.1), by Cauchy inequality and Hoélder

inequality, we have

/|vu| ¢2<c/ 2|vg|2<c( 5+a > / IV 2.

denote F(t) = th |V u|?, then we have another iterative formula,

) < C(H(SHL)Q)QJE(S). (4.4)

s—1

Step 2. For 0 < a < v/ and 0 < s <t < 2y/¢ — a, we have

Fit)<C
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For the purpose of simplicity, we assume C = 1.
Let to =g, ti+1 —t;, = 28, then

F(t) < ~F(tinn).

W

By iteration and Lemma 4.2.1, we obtain

—~ ]_2\/511/\

Fle) = C(7) = (2f—a)<0( )25

TF(2vE) < C (2 v
Then by Poincare inequality and Lemma 4.2.1 | we have
/ u? < 052/ Vul* < Ce? ( )Sf %
. . 4

Now taking a point z with |2'| = a, we do the following scaling

ey =2 — 2,

EYn = Tp.
Let 4(y) = u(ey’ + 2/, eyn), then u(y) satisfies

0a (AT ()05 () =0 in Qu,

where Q1 :={y| —1—g(ey/ +2')/e <yn <1+ fley' +2')/e, |y'| < 1}., namely, Q is
the image of (Als under the above rescaling so that 1 is of size 1.
Using L? estimates on the new equation on @1 and Sobolev Imbedding Theorems, we

have

< Cgl—n/2(1)s¢g 2

IV¥al| (@) < Clillzz@u) < O Pllull 2n,) < 2

In particular, for z € Q; with 0 < [2/| < /e,

Vhu(z)] < Cel k5 (o)TveE %

Step 3. For /e < a < § and 0 < s <t < a, we have

F(t) < C( “2t>2ﬁ(s).

5 —
As we did in Step 2, we assume C = 1 for simplicity. Let tg = a? and t;,1 — t; = 2a?,

then we have the iterative formula
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Therefore, by iteration and (4.2), we have

F(a®) = F(to) < C(7)57 Fla) < C(3)% F(2a) < C(;)%,

| =

By Poincare inequality, we know that

J, e [ VaP < et a.
2

a2
Now taking a point z with |2/| = a, we do the following scaling
a2y/ =g — Z’,
a“Yp = Tn.

Let a(y) = u(a®y’ + 2, a%yy,), then u(y) satisfies
00 (AT ()05t (y)) =0, in  Qu,

where Q1 := {y| — & —g(a®y/ +2)/a® <y, < 5 + f(a®Y +2')/a®, |y/| < 1}.

Using L? estimates and Sobolev Imbedding Theorems, we have

R X Cle+a®) 1 s
V¥l (@, ) < Cllillzgn) < ———(5)5%-
/ a 2
In particular, for z € Q; o with /& < |2/] < 1,
Cle+ 2% 1,52 B
|Vku(2)‘ < W(ﬁ)glz‘ < C‘Z’|2 2k n(§)8|z .
Taking p = (%)1/8, the proof is completed. O

4.3 Proof of Theorem 4.1.2

Let Q,, F;t defined as in Section 4.1, we consider the gradient estimates for the case
a # b. Without loss of generality, we take a = (1,0,---,0) and b = (0,0,---,0). The

proof of Theorem 4.1.2 consists the following steps.

Proof of Theorem 4.1.2: Step 1. we first construct

oo Ao te | M) ) (I tal) h(x'>>2 1
g(x') + h(z") + 2¢ 8AN (x) g(a') + h(z") + 2¢ ’
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for 2 < j < n,

i = A (@)@ + Iy(a)) (2xn - h(:v’)>2 B
R AL (x) 9(z') + h(z') + 2¢ )

where 1 <~ < n—1. g,(2'), hy(2") are denoted as the partial derivatives of g and h.
Denote

a=(at, - ,a"). (4.5)
It is clear that @ = (1,0,---,0) on I'J, @ = (0,---,0) on I'].

For 1 < a,f < n—1, by direct computation, we have

ou’ _ Ja _ (7 + g+ 5)(.9& + ha)
dre g+ h+2e (g+h+2€)?
AL (2)(gy + hy) ((an +9=1)(ga —ha) (220 +g—h)*(ga + ha)>
4A7 (z) (g + h + 2¢)? (g+h+2€)3
n (A;?)a(gv + hy) + A;?(QOW + hay) _ A?jw(gv + hv)(A?jn)a (21’71 +g9— h)g 1
8A(x) 8(A7)? g+ h+2e ’
ow 1 AL (@)(gy + hy) (220 + g — h)
Oxn,  g+h+2¢ 2470 (z) (g + h+2€)?
(AZ’V)”(Q'Y + hy) _ AZY(Q’Y + hy) (A7 )n (an +g-— h)g 1
BAL" () 8(AL")? g+h+2e ’
000y, (g+ h+2¢)? 247 (2) (g+ h+2¢)? (g4 h+2€)3
n ((AZV)a(gw + hy) + A?(Qav + hay) B AZ‘W(QW + h’Y)(AZ‘n)a) ((an +g-— h))
ZA%"(:U) 2(A?j”)2 (g + h + 2¢)?
((A%’Y)n(gv + hy) B AZ‘W(QV + h’Y)(AZ‘n)n>
4A7 () A(Azr)2
« <<2xn +9—=h)(ga—ha) (270 49— h)*(ga + ha>>
(g + h+ 2¢€)? (g+h+2¢€)?
22, +9—hyo (AZ ) nalgy + hy) + (A7)0 (Gary + hary)
( )1 x| )
g+h+2e 8AI ()
(A gy + 1) (AT + AT (g + 1) (AT
(A7)

(AP )algy + 1) + AT (gary + hay)) (A2 . 24 (gy + ho) (AT (AZP),
8(A%)? (A% ’

)
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0w A?@( g +h, )

oxr2 Al () \ (9 + h + 2¢)?
<(AZ'7)7L(97 + hy) B A?(Qv + hv)(A%n)n> ((2$n +g— h))
Ap(x) (A7m)? (g+ h+2¢)?
. (A?f’)nn(gv + hy) B 2(14%7)”(97 + hv)(A?jn)n + A?jw(gv + hv)(A%n)nn
SAZ-”(J:) 8(A?j”)2
(A7) g+ h+2e ’

We notice that in
AP 0optt? + 00 (AT )01,
the term

9o + ha
(g+ h+ 2€)?’

will be cancelled, while all the other terms can be controlled by

_C
€+ 2|2’

where C' depending only on A%ﬁ and k. By direct computation, we have

|Va|*dz < Cpp(e).
1971

Heuristically, u should be very close to the function «. In the following we give gradient
estimate of u by the estimate for their difference u — .

Step 2. Let w:= 4 — u, then w will satisfy the following equation
0o (AL (2)050’) = fi(x) in i,
w=0 on I'fUIT,
/ \Vw|?dz < Cpp(e),
951

where f;(z) = Ba(Af‘jﬁ@Bﬂj), and for any x € Qy,

¢
e+ |22

[f(2)] <

Given a point (y/,0) € Q1 with || =a < %, by rotation of coordinates, we can assume

vy = (a,0,---,0,). Define

Q, = {re| —e—g(@) <ap <e+h(a), |2/ —(a,0,---,0)| < s}.
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We first give energy estimates of w in dimension n = 2.
For 0 <t < s < 1/2, we pick the cutoff function n € C°°(£;) satisfying 0 < n < 1,

n=1in0,n=0in Ql\ﬁs, and |Vn| < % Since w = 0 on I'], and by Holder

x2 2
/ deZL‘:/ </ awd:ﬂg) dx
Qs 93 _5_9(-731) 8$2

< (25—|—g+h)2/Q 'V w|*dx

inequality, we have

< C’(€+(a+s)2)2/9 IV w|?dz.

s

Multiplying the equation by wn? and integrating by parts, we have

/|Vw!27]2+2/ wanVn:/ fuwn?.

By Cauchy inequality and the properties of 7, we immediately have

VwZSC/wQVUQ—i-/ fuwn?
/Qtr | [ wtva s [

e+ (a+ s5)? 2
< C<S_t) /95 ]Vw]Z—f—(s—t)Q/Qs 12

Defining F(t) = Jo, IV w|?, we have

~ e+ (a+s)2\?~ 9 9
F(t) < C(s—t) F(s)+(s—1) /st : (4.6)

For simplicity, we assume that C' =1 in the following.

Step 2.1. For /e < a < %, and 0 < s < t < a, by assuming the constant C' = 1

for simplicity, we can write the above formula as follows,

Ft) < ( o )2ﬁ<s>+<s—t>2 /9 2

s—t

Since |f(x)] < ﬁ, let to = 2a® and t;41 — t; = 2a?, then we have the iterative

formula

~

~ 1 1~
F(t;) < SF(tip1) + 4a* - g e+ (a+ tiz1)}tipr < ZF(ti-i-l) + 40a%t;, 1.

=

Claim: we can find a constant ¢ such that

~ 1/ ~
F(tl) — Ca2ti < Z <F(tl+1) _ CCLQtiJ’_l) )
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Indeed, we need only to find ¢ such that

C
(40 + Z)ti_ﬂ < cty,

that is,
40 1
(? + Z)ti+1 < t;.
Since tjy1 —t; = 2a? and to = 6a?, it follows that t; > 6a® for i = 1,2,---. Then

1
tig1 —t; = 2a2 < §ti'

Therefore, we can choose ¢ = 80.

Now using the above inequality recursively, we have

Therefore, we have

that is,

1.1 1
Vw2§C<2a +a4>, 4.7
S vl < o(E (4.7)
Step 2.2. For 0 < a < /g, 0 < s <t < /e, we have for simplicity,

2

~ £ ~
F(t) < F —t 2 2.
)< P -7 [ f
Let tg = 4e, tiy1 — t; = 2¢, then
~ 1~ 9 1
F(t;) < ZF(tiH) + 4e” - ) ~detiy.

By the same way as in Step 2.1, we have, for some constant c,

1 1

F(to) < C(7)VF(Ve) + eeto.

Therefore,

F(4e) < Cety = Ce>. (4.8)
Similarly, in dimension n = 3 we have, for /e < a < 1/2,

- 1
F(6a?) < C(i)%\ Ine| + cal, (4.9)
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for 0 < a < /e,
F(4e) < Cety = Ce>. (4.10)

In dimension n > 4, we have, for /e < a < 1/2,
-~ 1
F(6a?) < C(Z)% +Ca® < Ca?, (4.11)

for 0 < a < /e,

~

F(4e) < Cety = Ce". (4.12)

Step 3. We next derive the gradient estimates of w based on the above energy
estimates and the W1 estimates.
Step 3.1. We still discuss in dimension n = 2. For /¢ < a < 1/2, we do the
following change of variables
T —a= GQ?Jl,
T2 = a2y2,
Under this change of variables, §a2 is mapped into a domain of size 1, Denote this
domain as

h(a+ a*y1)

€ a+a21 €
Qr—{yeRQ\—aQ—g( f‘”<yz<a2+ s

< .
a2 ’yl‘ T‘}
For any (y1,y2) € Q1, define

- 1
w(Yy1,y2) = Ew(ﬂﬁl,@),

1
where B = (a* + (%)ﬁi)a, then by (4.7), we have

)

/ VP < 3—2/ vl < C.
Q1 0,2

Since w = 0 on the top and bottom boundary of @1, by Sobolev inequality, we
have [[w|[f1(g,) < C, then by Sobolev Imbedding Theorem, we have ||wl|rrq,) <

Cllwllgrg,y < C, for 1 < p < oo. On the other hand,

O <A?jﬂaﬁm (y)> = O (A;.ﬂaﬂaj (y)> , (4.13)
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Since the coefficients are in C?, so we can differentiate equation. Apply d; to (4.13), we

obtain
NEACEIS))
= ou (@A @) ) + 0 (Aa @) ),
and
571 = |( - @ag)on + a0 )

< C(IVw| + |Vau| + |Voul)

< C|Vw|+C,
where C' is independent €. We notice that
00 (AL Ogu’) = 0a(AS Dgu).

By the WP estimate for systems, we have

IVw|[r < [[Valr < ——-
e p

Then using WP estimates([10], Theorem 2.2 in Chapter 10) and L? estimates, we

have

C

1—
9

”val@HLp(%QRN) <

D =

So that
- C
HDszLp(%Q,RN) = 1"

N
™
e

By Sobolev Imbedding theorem, for p > 2, we have
C

1-1°
£ p

@ eresay < ClTlyan e <

1
2
where o =1 — 2/p. So that, for any (y1,y2) € %ﬁ,

1
NG

In particular, for any point (x1,z2) € Q1 with /e < |z1| =a < %, we have

C

1-1
e p

1
2
Vi) IVulened)l <

_ 1.1
IVw(yr,y2)| = a’ <a4 + (*)‘1’

1
C 1 1\21 C
IV w(zy, z2)] < —— (a4+ (Z)é ) — < —. (4.14)
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Step 3.2. For 0 < a < /e, similarly as the above, we do the following change of

variables

1 —a = &Yy,

T2 = €Y2,

and denote
a

Q= {yeR? \y2|<1+(ﬁ

+vey)? [n| < 1}
For any (y1,y2) € Q, define

~ 1

w(y1,y2) = gw(fﬁl,@)

then by (4.8), we have

1
/ \Va|? < 2/ Vuw|* < C.
€ €% JB.(a)

Since w = 0 on the top and below boundary of €2, by Sobolev inequality, ||117HH1(9) < C,
which implies by Sobolev Imbedding Theorem that ||7EHLP(9) < C’||1EHH1(9) < C, for

1 < p < co. We now have
O (Ag;ﬁaﬁwj(yl, y2)> =0, <A%ﬁ85uj(a + a2y, a2y2)> ,
Then Similarly as the above, by WP estimates and Sobolev imbedding argument as
above, we have, for p > 2,
1@l crez0) < €
where a =1 — %. Therefore for any (y1,y2) € %(2
[Vw(yy,y2)| = [Vw(zy,22)] < C
In particular, for any point (z1,x2) € Q1 with 0 < |z1| = a < /&, we have

|\Vw(zi,z2)] < C (4.15)

Step 3.3. In dimension n = 3, using the same argument as above, for (2/, x3) € Q,

we have

|Vw(2', z3)]

IN

1 1.1
C(l+a2(4)2a\/‘ln6|)
Cy/|Ing|, for e < |2'| <1/2,

IN
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|Vw(z',23)| < O, for 0 < |2]| < ve.

For n = 4, based on the energy estimates (4.11) (4.12) and the above argument, we
have

|Vw(2',2,)| < C, for 0 < |2/| < 1/2. (4.16)

Now we consider in all dimensions. Since

[Va(z)| <

)

o|Q

combining with all the above estimates, we have for any z € {1,

C

o < —.
[Vw(z)| L (Qu2) = 7

4.4 Some applications in the systems of linear elasticity

Let © be a bounded open set in R with C*% boundary, n > 2, 0 < o < 1, Dy and Dy
be two bounded strictly convex open subsets in €2 with smooth boundaries which are

apart and far away from 01, i.e.

Di,Dy C ), the principal curvature of D1, 9Dy > kg
1 (4.17)
e :=dist(D1, D2) >0, dist(D; U D2,09Q) > rp, diam(Q) < —,
To
where kg, 9 > 0 are universal constants independent of €.

In two dimensions, we can treat ) as the cross section of one composite material,
where D; and Dy are the cross sections of the fibers. If this composite material is
homogeneous and isotropic and suppose that the Lamé pair of the surrounding matrix
is (A, ) and the Lamé pair of the fibers D; and Dy is (X, ), then we know from the

introduction that the displacement u satisfies the system of equations (1.8).

Denote R be the linear space of rigid displacements of R", i.e. the set of all vector

valued functions = (91,72, ...,m,)7 such that n = a+ Ax, where a = (a1, az,...,a,)"

is a constant vector, A is a skew-symmetric n X n matrix, it is easy to see that R is a

linear space of dimension m :=n(n +1)/2.
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Here we consider the extreme case in which the shear modulus of the fibers g = co.
Given the boundary condition ¢ € H'(f2), then the displacement u = (uy, ug, - - - ,uy)

satisfies the following equation

Ly u= in Q

Vu+ Vul =0 in Dy UDsy

uly = ul- on 0D U Do, (4.18)
U= on 012,

/aDingZH: vn € R.

where Ly ,u = pAu+ (A + p)V(V - u).

Proposition 4.4.1. The solution of (4.18) exists and is unique.

Proof. We first prove the uniqueness of solutions to (4.18). in fact, if u is a solution of

(4.18) with ¢ = 0, then using u as a test function in €, we have,
/ AV - uf? + g|Vu +vuL2 =0
Q

Therefore, Vu + Vul =0, i.e. v € R in €, since u = 0 on 9, u = 0 in Q.
Next we prove the existence of the solution of (4.18). Actually its solution can be

viewed as the minimizer of the functional
Iu] == /Q/\|V 2+ g\Vu + VT2
in the Hilbert space
A:={v e H,(Q)|Vv+ Vo' =0 in D;UDs}.

Now we prove the existence of the minimizer. Let {u‘} be a minimizing sequence in
qup, then we have | Vu! + (vui)THLQ(Q) < C for some constant C' independent of i.

By Korn’s Inequality, see page 13-14 in [22] for example, we have,
AP 1 i iT)2 2
IVu'llze () < SIVE + V' o) + ¢l e = €

Therefore {u’} is bounded in H(Q), let u* — u in H'(Q). Then u € A since A is
H' weakly closed. Moreover, u is exactly the minimizer of I[u] since I[u] is a convex

function of the components of Vu. O
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From the second equation in (4.18), we know that v € R in D;(i = 1,2).
Given {e'} as a basis of R, let v’ be the solution of the following system

Lyu=0 in €,
u=¢ on 0Dq, (4.19)
u=20 on 0Dy U 0.

¥ be the solution of the following system

E}MMU =0 in Qa
u=e on 0Do, (4.20)
u=20 on 0D UOf.

1Y be the solution of the following system

Lyuu=0 in €,
u=20 on 0D U 0Dy (4.21)
U= on Of).

Then we can decompose the solution u of (4.18) as follows

m m
u = Zcivi —i—ZC’ﬁfi + 0
i=1 i=1

Denote

ij = 5, ¢ Qi = 5, ¢ B = 5, ¢ Bii = 7
oD, oV oD, oV 8Dy OV dDy OV

/ o, ~ / o,
J— —e', J— ~__ e
i oD, 8u i dDo 81/

Then by the last equation of (4.18), we have

and

i O O %

o = " (4.22)
Bij  Bij Cj Vi

To establish the gradient estimate for u, as we did on the perfect conductivity problems,

we first estimate |Vv?|. Next we try to estimate |C; —6’j|. As an application of Theorem

4.1.1 and Theorem 4.1.2, we have,
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Corollary 4.4.1. ||VUO||L00(9) < C, ||VviHLoo(9) < g (1t =1,2,...,m), where C is

some constant depending on n, \,i, ko, ro, but independent of €.

The difficulty here is to estimate |C; — Cj|, we conjecture that |C; — C;| < Cepn(e).
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