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ABSTRACT OF THE DISSERTATION

Refinements of Selberg’s Sieve

by Sara Elizabeth Blight

Dissertation Director: Henryk Iwaniec

This thesis focuses on refinements of Selberg’s sieve as well as new applications of
the sieve. Sieve methods are addressed in four ways. First, we look at lower bound
sieves. We will construct new lower bound sieves that give us non-trivial lower bounds
for our sums. The lower bound sieves we construct will give better results than those
previously known.

Second, we create an upper bound sieve and use it to bound the number of primes
to improve Selberg’s version of the Brun-Titchmarsh Theorem. We improve a constant
in the bound of the number of primes in an arbitrary interval of fixed length.

Third, we construct an upper bound sieve to improve the large sieve inequality in
special cases. Sieve methods allow us to improve this well-known bound of exponential
sums.

Finally, we include some notes on the use of successive approximations to give a
choice of an upper bound sieve that minimizes the main term and the remainder term

simultaneously.
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Chapter 1

Introduction

In sifting theory, a quantity we are interested in is how many of the numbers n < x
have no prime factors p less than a parameter z. If we take P(z) to be the product of
all primes p < z, then this means that we want to count how many numbers n < x are

such that (n, P(z)) = 1. In summation form, this is
S(w,2)= > L (1.1)

n<x

(n,P(z))=1

Although this is an interesting problem by itself, we would like to look at an even more

general problem. Instead of looking at the sum (1.1), we look at the weighted sum

below.

SAz,2)= Y an (1.2)

n<z

(n,P(2))=1

where A = (ay) is a sequence of non-negative real numbers. Now we would like to
estimate this sum. We would like to remove the condition (n,P(z)) = 1 from the

summation. One way we can do this is by using the Mobiiis function. We recall that

1 ifm=1,
S d) = (13)

dlm 0 otherwise.

Therefore,

S(A, x,z) :Zan Z u(d)

n<z d|(n,P(z))

Y Y )
n<z din
d|P(2)
Unfortunately, the Mobiiis function does not have nice asymptotics, so this is not the

best approach for estimations. Therefore, we look at more general functions. If we



want an upper bound for S(A,z,z), we take a sequence of real numbers AT = (A7)

such that
=1 ifm=1,

pIRY
d
djm >0 ifm#1.
Then
S(A,z,z) < Zan Z )\+.
n<z dn

d|P(z)
We note that the two conditions we imposed on )\;r are equivalent to the conditions
that A\] = 1 and Zd|m )\:{ > 0 for all m. If these conditions are satisfied and /\j{ =0
for d > D, then AT = (\}) is called an upper bound sieve of level D. With a clever
choice of )\;r, we will be able to construct good upper bounds for S(A,z, z).

Now we would like to construct a lower bound for S(A, x, z). Trivially, we know that
the sum is non-negative because each a,, > 0. We would like to be able to construct
non-trivial lower bounds as well. If we want a lower bound, we take a sequence of real
numbers A~ = () such that

e

=1 ifm=1,

Then

SArz) =Y Y Ay
n<lx dln
d|P(2)
We note that the two conditions we imposed on A, are equivalent to the conditions that
A =1and Zd|m A; <0 for all m # 1. If these conditions are satisfied and A\; = 0 for
d> D, then A~ = (X)) is called a lower bound sieve of level D.

For now, we let

= an Y A (1.4)

n<z din
d|lP(2)

where A = ()\g) is a general sieve of level D, either an upper bound sieve or a lower
bound sieve. Changing the order of summation, we have

Z M D an= > MAg(x

d|P(z n<z d|P(z)
n=0(d)



where

Aa() = D an. (1.5)

n<zx
n=0(d)

In order to treat the summation, we shall assume some asymptotics of the partial sums
Aq(z). We write
Ag(z) = g(d)X +7(A,d)

where g(d)X is the expected main term and r(.A, d) is an error term which we think of
as being small. In the main term,
X =~ Z an
n<z

so g(d) is the density of the masses a, attached to n = 0(mod d). If we think of
divisibility by distinct primes as independent events, we are led to assume that g(d) is
a multiplicative function with 0 < g(p) < 1 if p|P(z) and g(p) = 0 otherwise. Given
these asymptotics of Ag4(z), we have

S(A) =X gldra+ D> Aar(Ad)
)

d|P(z d|P(z)
— XV(D, )+ R(A, D)

where V(D,2)= Y g(d)As, R(A,D) = > Ar(A,d).
d| P(2) d| P(z)

In this thesis, we will address sieve methods in four ways. First, we will look at lower
bound sieves. A fundamental problem in sieve theory is the sifting limit problem. We
wish to construct lower bound sieves that give non-trivial lower bounds for our sums.
Given a particular asymptotic for our density function g(d), the problem is to find a
lower bound sieve that gives a non-trivial lower bound. Details of the problem are
described in chapter (2). Selberg established the asymptotic result for this problem.
He also predicted a value for the sifting limit in general. This is still an open problem.
In this thesis, we construct a lower bound sieve that gives better results than those
previously known in many cases.

Second, we will create an upper bound sieve and use it to bound the number of

primes to improve Atle Selberg’s version of the Brun-Titchmarsh Theorem. We will



improve a constant in the bound of the number of primes in an arbitrary interval of
fixed length.

Third, we will construct an upper bound sieve to improve the large sieve inequality
in special cases. Sieve methods will allow us to improve this well-known bound of
exponential sums.

Finally, we make some notes on the use of successive approximations to give an
upper bound sieve that simultaneously minimizes the main term and remainder term.

We provide useful lemmas to solve systems of equations prevalent in sieve theory.



Chapter 2

Sifting Limit

2.1 Introduction

From chapter (1), we know that if A = ()\y) is a lower bound sieve of level D, then

S(Axz,z)= Y. an>XV(D,z)+ R(A D)

n<x
(n,P(z))=1

where

VD.2)= Y g(d)ha

d|P(z)

and

R(A,D) = Y Aar(Ad).
)

d|P(z

Since a,, > 0 for all n, we know trivially that S(A,z,z) > 0. We would like to find
a choice of A that gives a nontrivial lower bound. To do this, we first make a couple

definitions.

Definition 2.1.1. Let g(p) be a multiplicative function supported on square free num-
bers with 0 < g(p) < 1 for p|P(2) and g(p) = 0 for pt P(z) and k > 0 is a number
which satisfies

Zg(p) logp = klogz + O(1). (2.1)

p<w

Further assume for any w > 2 with w < z that

[T a-so < (22)

w<p<z

Then k is called the sifting dimension.



To control the size of g(p), we assume
> 9(p)*logp < o.
p

In this chapter, we will be examining a quantity 3, known as the sifting limit for
a sifting dimension x. A precise definition of sifting limit is very complicated. For
such a definition, the reader is referred to Selberg’s Lectures on Sieves [4, Section 14].
Loosely speaking, for a sifting dimension s and a lower bound sieve A of level D, by
the sifting limit 8, o we mean the minimum of log D/log z for which V (D, z) > 0 for
log D/logz > fB..a and V (D, z) <0 for log D/log z < 5, A. By the sifting limit (3, for
a sifting dimension s, we mean the greatest lower bound of the 3, n over all possible
lower bound sieves A of level D. For ease of notation, in this thesis we denote (3, r by
0Bx when the sieve A is understood.

Selberg proposed that the sifting limit is 2x. He was able to prove this result asymp-
totically as k approached infinity. For 1/2 < k < 1, Iwaniec and Rosser constructed
a sieve with 0, < 2k. However, at this time, a lower bound sieve with a sieving limit
of 2« has not been found for k > 1. The sifting limit problem is to find lower bound
sieves that give 8, < 2k for each k > 1.

There are many types of lower bound sieves, each with its own advantages and
disadvantages. We will mention a few of these sieves and the corresponding sifting
limits. Then we will give an improvement on Selberg’s lower bound sieve, which will

provide significant improvement of the sifting limit for x > 3.

2.2 Various Lower Bound Sieves

There are many choices of lower bound sieves that provide good sifting limits. Here we

will focus on the beta-sieve, the Diamond-Halberstam sieve, and the Selberg sieve.

2.2.1 Beta Sieve

The beta sieve was created by Iwaniec and Rosser. The sieve works very well when the

sifting dimension is small. We let 5, denote the sifting limit for sifting dimension k.



Using formulas (B.9), (11.42), and (11.57) of [2], we established the following numerical

values of (.

K B
0.5 | 1.0000000000

0.55 | 1.0340771100
0.6 | 1.1042161305
0.65 | 1.1922077070
0.7 | 1.2912892849
0.75 | 1.3981115251
0.8 | 1.5107489225
0.85 | 1.6279798714
0.9 | 1.7489723058
0.95 | 1.8731283112

1 2.0000000000
1.05 | 2.1292406269
1.1 | 2.2605745188
1.15 | 2.3937776845
1.2 | 2.5286648100
1.25 | 2.6650802364
1.3 | 2.8028915201
1.35 | 2.9419847168
1.4 | 3.0822608556
1.45 | 3.2236332483
1.5 | 3.3660254038

2 ] 4.8339865967

Asymptotically, the beta sieve gives

B ~ ck

where ¢ = 3.591 ... is the number which solves the equation (¢/e)¢ = e. We also note

that 8, < 2 if £ <k < 1.



2.2.2 Diamond-Halberstam Sieve

The Diamond-Halberstam sieve works well for slightly larger sifting dimension. We

have the following values of sifting limits [1, p.227].

K B
1.0 | 2.000000
1.5 | 3.115821
2.0 | 4.266450
2.5 | 5.444068
3.0 | 6.640859
3.5 | 7.851463
4.0 | 9.072248

4.5 | 10.300628
5.0 | 11.534709
5.5 | 12.773074
6.0 | 14.014644
6.5 | 15.258588
7.0 | 16.504285
7.5 | 17.751146
8.0 | 18.998853
8.5 | 20.247056
9.0 | 21.495510
9.5 | 22.744013
10.0 | 23.992408

The Diamond-Halberstam sieve is an infinite iteration of the Ankeny-Onishi sieve[l].

Therefore, it is believed that the sifting limit

B ~ ck

as k — 00, where ¢ = 2.445. . ..



2.2.3 Selberg Sieve

Finally, we turn to the Selberg sieve. The Selberg sieve does not give good sifting limits

when the sifting dimension is very small. However, asymptotically,

Bk ~ 2K

which is better than any other sieve. By making different choices and better estimates,
we have been able to modify the Selberg sieve to give good sifting limits for small .
These sifting limits are smaller than the sifting limits of the other sieves for k > 3. In
this section, we explain Selberg’s approach. In the next section, we will explain the
modifications.

With straightforward calculations, we see that if AT is an upper bound sieve of level
Dy and A~ is a lower bound sieve of level Ds, then A = ATA™ is a lower bound sieve
of level D1 D>, defined by

> Ad—<z Aj{)(Z Ag).
dn djn djn
d|P(2) d|P(2) d|P(2)
Applying this lower bound sieve, we have

SAn) = 3 anzzan<z )\d>:Zan<Z )\d><2 AZ{).

n<z n<x dln n<zx dln dln
(n,P(z))=1 d|P(z) d|P(z) d|P(z)

For A™, Selberg chose Ay =1, A, = —1 for p < z and A\; = 0 otherwise, so that

A~ is a lower bound sieve of level z. Then,
PRI Sb!
din pln
d|P(z) plP(2)

This is a crude lower bound sieve. However, with a good choice of AT, the overall choice
of A = A=A is still good. For AT, Selberg chose his A? sieve, which is the convolution
of A with itself, At = AA with A = {pg}. That is he chose A} such that

S = (o)

dlm dlm
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where {pg4} is another sequence of real numbers with p; = 1 and pg = 0ford > /D /z =
Y. Then A* is an upper bound sieve of level D/z and A = A~A™ is a lower bound
sieve of level D. He kept the choice of pg open. Applying these choices, we see

S(A,z,2) :Zan(l— 3 1)(2 Pd>2

n<w pln d|n
plP(2) d|P(z)

= XV(D, z) + R(A, D)

where

V(sz) = Z g(d))‘zh R(A’ D) = Z )\de(A),

d|P(z) d|P(z)

in the notation of chapter 1.

We note that with the above definitions,

_ )t + +
VEEDVEDY ()\d +>\d/p>.
pld
Rewriting )\;r in terms of pg and noting that d is squarefree, and manipulating the
result, we see that
M o= > paPi— >, PdiPdy
[dy,d2]=d [p,d1,d2]=d

Then

V(D,Z) = Zzg([dladz])pd1pd2 - ZZZQ([pa d17d2])pd1pd27

dy  do P di do

where p, dy,dy run independently over divisors of P(z), p prime.

In order to look at the first sum, we first define the multiplicative function hA(d) by

_g(p)
Mp) = 1= 9(p)’

We note that since 0 < g(p) < 1 for p|P(z), we have h(p) > 0 for all p|P(z) and h(d) > 0

for all d|P(z). Since g(p) = 0 for p{ P(2), h(p) =0 for pt P(z). Then we have
2
) IVCHAIIIIES UL (D DR TO B
dl d2 d mEO(mod d)

In order to treat the second sum, we need to make some more definitions. We define

gp(d) = g([p,d])/g(p) and hy(d) as h,(d) = oo if p|d and hy(d) = h(d) otherwise.
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Finally, we define
2
=~ (X atmn)
d m=0(mod d)
By expanding the square and simplifying, we find

G, — zzpmmw'

9(p)

mi mso
Therefore,

2
=S an @ (X sl
p d

m=0(mod d)

= Z melmeQ([]% m17m2])’

mi1 Mmo
which is the second sum in our expression for V (D, z).

Rewriting g, and h), in terms of g and h, we find that

a6 = 3 2D (T gt X atmon)

pd|P(z) m=0(mod d) m=0(mod pd)
m|P(2) m|P(2)
Finally,
1 2
VD) = Y h(d)( Z g<m>pm)
d|P(z) =0(mo
P
p 1 ?
-y > (< m)pm+m > g(m)pm> :
d|P(z) pd|P(z) p m=0(mod pd)
m|P(z)

Since the sum

> 9m)pm

m=0(mod d)
m|P(z)

is prevalent, we make a change of variables to simplify the expression. Selberg chose

d
b= gmon. 22
h(d
m|P(z)
m=0(mod d)

Making this substitution, we find

=D hdyi— Y g(p)h(d)(yd—ypd> . (2.3)

d|P(z) pd|P(2)
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We note that the original variables p; can be found in terms of the new variables y4 by
Mobiiis inversion. For the normalization, we note that p; = 1 means that
1= )" h(d)ya.
d|P(2)

Also, the support of pg being d <Y is equivalent to the support of y4 being d < Y.

This is the point where two different paths may be taken. The first path is ideal for
large sifting dimension because it illumines the asymptotics Selberg was able to achieve.
However, in order to clearly see the asymptotics, some estimates are made which worsen
the result for small sifting dimension. The second path is more computationally heavy,
but yet gives better results for small sifting dimension. The work of this thesis expands
upon the second path to give even more precise results for small sifting dimension. We

will explore these paths in the following sections.

2.3 Selberg’s Choice

In section (2.2.3), we gave the set-up of Selberg’s sifting limit argument. We now

continue with an explanation of his work. Since h(p) > g(p), equation (2.3) gives

V(D,2)> Y h(dys— > h(pd)(ya — ypa)*. (2.4)
d|P(2) pd|P(2)

Rewriting this, we find

V(D,2) = Y h(dyi— Y h(pd)(ya— ypa)®

d|P(z) pd|P(z)

= > hd)vi— > Wap —va)®
d|P(z) pld

= Y h(d){ys —1(d)}
d|P(z)

where

W(d) = (vayp — va)*.
pld
Selberg then chose

min{l,lOgY/d} if1<d<Y
log 2 , where J = > h(d).

0 otherwise d|P(z)
d<y

yg=J "



We recall that YV =

x/z < d < xz. In this range,

(d) = (Yajp —ya)* < J~ QZGZ?:)

pld

g2 logd

- logp
2 Z
log 2z logz

13

vV D/z. We note that with this choice of y4, I[(d) = 0 except for

(2.5)

By making these crude estimates, we lose some of our precision. The precision will not

matter for the main term of the asymptotic result, but it does effect the result for small

sifting dimension. We have

S oy -Ud)}r = -T2 Y h<d)logd.

log 2z
d|P(z) d|P(z)
Y/2<d<Yz Y/z2<d<Y
Also,
> Mot} =% 3
d|P(z d|P(z
d<Y/z d<Y/z
Therefore,
JV(D.z) =72 ) h(d){ys — Ud)}
d|P(z)
logd
- Y - Y
d|P(z) d|P(z)
d<Y/z Y/2<d<Yz
1
D IRIUR IRl
d|P(z) d|P(z)
d<y/z d>Y/z
logYz
P OXCENDINIUES i S
0g 2
d|P(z d|P(z) d|P(z)
Y/2<d<Yz Y/2<d<Yz
log Y 22
= > h(d) - » > h(d).
gz
d|P(z) d|P(z)
Y/2<d<Yz

Definition 2.3.1. We define V(z) by

We define

(2.6)

(2.7)
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Then

log Y 22
log 2z

J2V(D, z) > V(z)™! I(Y/z,2)

S0
log Y 22
log =

J2V(D,2)V(z) >1

I(Y/z,2)V(2).

From Opera de Cribro by Friedlander and Iwaniec [2, p.111], we have

2ek

I(X,2)V(z) < e (t)m

if t = 2log X/logz > 2x. We note that s = log D/log z = 2(log Y/ log z)+1. Therefore,
logY/logz = (s —1)/2. Letting X = Y/z, we have t = s — 3. Therefore, if s > 2x + 3,

Yek >(s3)/2

I(Y/2,2)V(z) <e " (s —3

Hence,

(s-3)/2
J2V(D, )V (z) > 1 213 < 2cK ) .

2ef \s—3
Thus, V(D, z) > 0, if

s+ 3 [ 2ek (s=3)/2
<1
2ef <s - 3>

assuming s > 2k + 3. This occurs when s > 2k + 2/2k log k + log k + 9. This provides

an upper bound for the sifting limit in the case of sifting dimension k.

2.4 Choice for Small Sifting Dimension

In the previous section, we made some estimates to give a clear asymptotic. We now
use better bounds to achieve good sifting limits for small sifting dimension. In equation

(2.3) we choose our variables y4 as follows.

1
J1F<°gd> fl1<d<yY
Y = log Y’ (2.8)

0 otherwise

where F' is a general continuous, piecewise smooth function which will be picked to

optimize results for each sifting dimension. We define o = logz/logY = 2/(s — 1).
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We note that Selberg’s choice of y4 from the previous section corresponds to:

1 if0<t<1-a,
F(t) = (2.9)
-t fl-a<t<l.

Now, we have

JV(D,z) = Y h(d)F? (lljgg;l,)

d|P(2)
d<y
log d log pd 2
Z hd) 2 o ){F <10gY> F<logY>] '
d|P(z plP(2)

We now treat the sum over primes in the second line. We assume that F' is a continuous
piecewise smooth function with (F(0) — F(u))? < u for 0 < u < 1. We now apply
Lemma (2.8.3) with

log p logd logd logp 2
) = |F - F
<logY) [ (logY) <logY +10gY
Therefore, we have
log d log pd\ 12
F - F
2 g(p)[ <logY> <logY>]

_ ﬂ/oa (F(v) — F(v+ u))Qd;u +0 <IO§)§)§Z>

where o« = log z/logY and v = logd/logY. We apply Lemma (2.8.4) with

du

B(v) = F*(v) — /0 " (F(v) — Flut 0?2

For the contribution from the error term of O(log log 2/ log z), we note that }_ ; p(,) h(d) =
V(2)~!. Then we have

V() J2V(D, ) = / F(v)2d§(v/a)

—n/ / Fu+v)) %“df(v/a)

L0 <C_1log logz>

log 2z

where ¢! = ¢7*"T'(k + 1), v is Euler’s constant, f is given by (2.16) and

Viz)= T @+re)™!

plP(2)
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Then we have
1
V() 2V(D,2) = / F(v)2df(v/0)

’ 1 et du
i [ [ @) = Pl u)dite/a)
0 Jo

o (et loglog =z
logz /)~

Then
1
OV (2)J?V(D,z) = /0 F2(0)f (v/er)dv

1 «
—n/o ; (F(v)—F(u+v))2%f’(v/a)dudv

log 1
+0 (V(2) ta 8 ng) .
log 2z

Applying the condition that F'(v) = 0 for v > 1, we have
1
AV (2)JPV(D,2) = / F2(v)f (v/a)dv
0

1 1—v

o[ [ @ - Fla 02 o a)dude
11—« «

o [ [ ) = Pt o)L (o) dude

1
—/<;/1 1 (F(v))Qaf'(v/a)dudv
+0 <V(z)1aloilg?§z>

Definition 2.4.1. For a« =2/(s — 1), we define
1
Tr(s) = /0 F2(v)f (v/a)dv

1 1-v

—K /1_a/[) (F(v) — F(u+ v))zéf’(v/a)dudv
l-a ra

—/-;/0 /0 (F(v) - F(u+v))2%f’(v/a)dudv

- A 21y v/a)dudv

<[ [ F@PTw/a)dud.

With this definition, we have

Proposition 2.4.2. Let F' be a continuous piecewise smooth function with (F(0) —
F(u))? < u for all0 <u <1 and F(v) =0 forv>1. Assume Tr(s) as defined above

is positive. Then there is some zy such that if z > zy, then V (D, z) is also positive.



17

Proof. As z — o0, the error term above approaches zero and the main term is positive

as stated. O

2.4.1 Choice of F(t)

We have V (D, z) positive if Tr(s) is positive. Now we wish to examine different choices
for the function F. We would like to find the minimum of s such that Tr(s) is positive
for some function F. To do so, we will look at various families of functions. We
recall that the requirement on F' is that it is continuous, piecewise smooth and satisfies
(F(0) — F(u))? < u for all 0 < u < 1. For a particular function F, we let £, (F)
be the minimum s such that Tr(s) is positive in the case of sifting dimension x. For
ease of notation we will denote (.(F) by (. where F' is understood. We note that
F(t) = (1 —1t)™+ c for any m > 1/2 and constant c satisfies the conditions on F.

With the choice of F'(t) =1 — t, we have
0B5 < 10.76

B4 < 8.7499
O35 < 7.81.

With the choice of F(t) = (1 — )% we have
B3 < 6.6125.

All of these sifting limits are smaller than the sifting limits given by the Diamond-
Halberstam sieve. We note that all computations were done using Maple math software.

We would also like to compare this result to the sieve given in section (2.3). To find
asymptotics of the sifting limit, Selberg chose y4 corresponding to the choice of F(t)
given in (2.9). The sifting limit using F'(t) = 1 — ¢ is much better than this choice of

Selberg. For example for k = 3, the function F'(t) =1 — ¢ gives us
B3 < 6.75

while Selberg’s choice gives us

B3 < 7.24.
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Although this choice of Selberg is not the best choice for small sifting dimension, his
choice does give us some insight into the problem. He chose a piecewise defined function
for F' with a break at ¢t = 1 — a. We note that this is a natural choice due to the limits
of integration in the definition of Tr(s). We now follow this example, but keep the

definition of F' very general to allow us more freedom. We define

o Fi(t) fo<t<l—a 210
F(t) = Fi(l-a) ' 2.10

where F} (t) and Fy(t) are continuous, piecewise monotonic functions such that (£7(0) —
Fi(w))? < w and (F»(0) — Fy(w))? < w for 0 < w < 1. Then F(t) is a continuous
piecewise monotonic function that satisfies (F(0) — F(w))? < w for 0 < w < 1. We
also note that the simple case of a single function F' follows when F; = F5. Using this

definition of F'(t), we find that Tr(s) is:

-
Tr(s) = /0 Fi(v)?*f (v/a)dv

—a)2 [l
—i—M /1 Fy(v)?*f (v/a)dv

—a)? ? «a
B ?;8 — 032 /1_ /1_ (F2(v))*~f (v/a)dudv
—a2 [l 1—v
_Hlf;;g — a)Q /1_ /0 (Fa(v) — Fo(u + v))2ff/(v/o¢)du
1

This does give us more improvements. For x = 3, we chose Fy(t) = (1 — )% and

Fy(t) = (1 — t)*5". With this choice, we have:
B3 < 6.576.
With the choice of F(t) = (1 —)°7, we had

B3 < 6.6125.
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Another choice of F' suggested by Selberg [5, p.482] is F((t) = 1 —t 4 ¢ where ¢ is a

constant dependent on k.
With ¢ = 0.1, we have
B3 < 6.5206.

With ¢ = 0.07, we have
B4 < 8.53.

By using the piecewise defined F with Fy(t) = (1—1)%86 and Fy(t) = (1—-1)°9840.1
we achieve

B3 < 6.51998.

which is an improvement over Selberg’s method presented in section (2.3).

2.5 Further Generality

In the previous section, we considered the sieve A=A+ where AT was Selberg’s A? sieve
and A™ = (\;) was given by A\{ =1, A\J = —1 for p < z, and A\ = 0 otherwise. Now,
we would like to consider a more general lower bound sieve A=. We let A~ = (A})

supported on ¢ < z and we let AT = A% = (pg)? be Selberg’s A? sieve in terms of pg

with support d < \/D/z =Y.

Proposition 2.5.1. With A = A=A? = ()\g), we have

2
VD)= Y odra= Y sl Y hd) (ZMc)ycd) (2.11)

d<D q<z 2 |
AP () P2 ) A '
where
p(d)
=—= - 2.12
v =1 > glmp (2.12)
m=0(mod d)



Proof. We first write Ay in terms of )\; and py.

mntgy - E(E)(E )

d|P(2) n<x
q\P(Z) d|P(z)
=D DN Dt Y i
n<z qln di|n da|n

alP(z)  di|P(z)  d2|P(z)

=D ST SRV SR
d1 SY dQSY qu nEO(mod [q7d1,d2})
diP(z)  d2|P(z)  qlP(2)

Therefore,

d<vD
d|P(z)

= Pdy Z Pds Z )\q—g([dlvd2aQ])
d1 <Y d2<Y q<z

di|P(z)  d2|P(z)  q|P(2)

= e X 3 w0

q<z di1<Y do<Y
q|P(2) di|P(z) da2|P(z)

Now we turn to the right-hand side of equation (2.11). We only need to show that

Y b Y parg <d1’d2’ > C;/ h(d <ZM(C)ycd>2.

d1 <Y do<Y clg
di|P(z) dz|P(z) d|P(2)

Applying the definition of y.q (2.12), we find

> a<y h(d) (Zc|q M(C)ycd>2 = > h(ld)<z|:h(10) > g(m)Pm>2

d|P(z) d<Yy c m=0(mod cd)
1 1)\?2
=Y (X s ¥ )
d<y m=0(mod d) c|(g,m)
=2 h<1d>< glmem o 1m>>>2
d<y m=0(mod d) I\

20
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Now we expand the square.

3 @ (Zu@ycd)Q

= clq

d|P(z)

_ Z Z g(m)pm((lm)) Z g(n)pn((ln))
d<y mEO(mOd d) g\9 n=0(mod d) g\\q,
d|P(z) m|P(z) n|P(z)
= > rm oy, pu )g Z
m<Y n<yY q7 g q,n dlom
m|P(z)  n|P(2)

g(m)g(n)
=2 2 g el

m|P(z)  n|P(2)

=Y oy, pn9<

m<Y n<Y
m|P(z)  n|P(2)

<)
Therefore,

2
VD = Y g@h= X a3 ) ucea)

d</D q<z <y clg
dP(z) q|P(z) d|P(z)
O
2.5.1 Choice of A~
We now consider specific choices for A™. Previously, we chose Ay = 1, A\; = —1if
p|P(z) and A\, = 0 otherwise. We can instead make the following choice:
Lemma 2.5.2. Let \y = 1, X\, = —1 for p|P(2), Apip, = 1 for p2 < p1 < 213,

Apipaps = —1 for p3 < pa < p1 < 213, and Ny = 0 otherwise, where p1pops|P(z). Then

Ag = {\a} is a lower bound sieve of level z.

Proof. We first note that Ay = 1. Also, the sieve is of level z because \y = 0 for d > z.

We have

DoM< ) A

dln d|n*
d|P(z) d|P(z)
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where n* is the (squarefree) part of n with all prime divisors < z!/3 since the rest

contributes a non-positive amount. Let n* = py - -- pp,. Then

Srer- (1) (3) - (5) (" ) =

The last equality follows from the identities
m\ (m—1 n m—1 and m\ (m-—1 " m—1
3) -\ 3 2 ) 2) T 2 1)

We let Y = /D/z. Then according to Proposition (2.5.1) and Lemma (2.5.2), we

O]

have

V(D,z) = > h(d)y;

d<y
d|P(z)
— > 9p) D W) (Ya — Ypa)®
p1<z d<y
p1|P(z) d|P(z)
2
+ Y glp)gpe) Y h(d) (yd ~ Ypid = Ypad T ymmd)
<Z1/3 d<y
p;f;il\ﬁ(z) d|P(z)

Yd — Ypipapsd

- > ge)g2)gs) Y h(d) | —ypa — Ypsd — Upsd

p3<pa<p1<z'/3 d<y
p1p2p3|P(2) d|P(z) FYpipad T Ypipsd T Ypapsd

The above is a logical choice of lower bound sieve. However, Selberg presented another

choice of lower bound sieve that will give more flexibility and in fact better results.

Lemma 2.5.3. Let T be a positive integer. Let Ay = 1, A, = —1 for p|P(z), Apip, =
(4T — 2)/T(T 4 1) for pa < p1 < 23, Ny pops = —6/T(T + 1) for p3 < py < p1 < 2'/3
and A\g = 0 otherwise, where p1paps|P(z). Then Ag = {\q} is a lower bound sieve of

level z.

Proof. We first note that Ay = 1. Also, the sieve is of level z because Ay = 0 for d > z.

We have

Z)\dé Z)\d

dn dn*
d|P(z) d|P(z)
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where n* is the (squarefree) part of n with all prime divisors < z!/3 since the rest

contributes a non-positive amount. Let n* = py - pm.

g0 ()75 0) e )

d|P(z)
_ (m =0T -m)(T - (m—1))
- T(T +1) =0

since T' is an integer and m > 1. We do note that if 7" is not an integer, this condition

does not hold. O

With this choice of A~ for some integer T', we have

V(D,z)
= > M)y
d<Y
d|P(z)
=Y gp) D h(d)(ya— Ypa)?
p1<z d<Y
p1|P(z) d|P(z)
4T — 2 )
trran o 09w 3 M)W tpa — Ypud + )
pa<p1 <21/3 d<y
p1p2|P(z) d|P(z)
2
6 Yd = Yp1papsd T Ypipad
“rrrn 2 9e09eees) 3o M) | s = s — vy
p3<pa<pr<z1/3 d<Yy
p1p2p3|P(2) d|P(2) +tYpipsd T Ypapsd

2.5.2 Lower Bound Sieve with Three Primes

In this section, we present the sifting limit arguments for the lower bound sieve A =
A~A? where A~ is given by \; = 1, A\, = —1 for p|P(2), A\pyp, = (4T —2)/T(T + 1)
for py < p1 < 2'/3 and Apypops = —6/T(T 4 1) for p3 < pa < p1 < 23, and A\g = 0
otherwise, where p1pop3|P(z). We again make the following choice of yj.

J‘1F<10gd> if1<d<y
Yo = logY (2.13)

0 otherwise

where Y = \/D/z.
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To make notation easier, we introduce some new variables. We let v = logd/logY,

u =logp1/logY, w = logpy/logY and x = logps/logY. With this notation, we see

that
J2V = > h(d
d<y
d|P(z)
—Z 9(p1) Zh — F(u+v))°
p1<Z d<Y
4T — 2 F(v) 4+ F(u+ w + v) 2
+T(T+1) Z pl p2 Zh < —F(u+v) — F(w+v)

p2<p1<z1/3 d<y

F(v) — F(u+v)
—F(w+v) — F(z +v)

6 F(u+ w + v)

T+ 1) Z 9(p1)9(p2)9(ps) Z :F(UIHU)

P3<P2<p1§2’1/3 d<y +F(w+ x4 v)
—F(u+w+z+ )

We now apply the same arguments as in section (2.4) to this expression in order
to analyze the sums. We employ the notation that o = logz/logY. We also let
B = a/3 = log 21/3/log Y, so that £ < w < v < (@ in the second and third sums.

Finally, we note that d <Y means v < 1. Therefore,

gV(z)JQV(D 2)

/ F)* (v/a)dv

—n/ / Flu+ v))Qf/(v/a)dudv

2 AT — 2 F(v) + F(u+w +v) 2](/ v dﬁdﬁdv
T+1 —F(u+v) = F(w + v) a) u w
2
F(v) — Flu4+w+ x4+ v)
—/4;3 6 /']-/ﬁ/ﬁ//6 —F(u+v)+ F(u+w+v) f’ E dldﬂdjdv
T(T+1)Jo Jo Jo Ju —F(w+v) + Flu++v) a) u w x
—F(z+v)+ F(w+z+v)
log1
O<a og ogz>.
c logz

We again define Tr(s) to be the right-hand side of the above expression without the

error term. Then we have V(D,z) > 0 for large enough z if s is chosen such that
TF(S) > 0.

We now turn to the analysis of Tr(s).
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2.5.3 Analysis of Tr(s)

This section describes the computation of Tr(s). The computations are tedious and
long, so we only include highlights of the computations. The results from these com-
putations can be found in the next section.
The first step in computing Tr(s) is to apply the condition that F'(v) = 0 for v > 1.
We make the following definitions:
B ={0<v<1,0<u<a}
By ={(w,v) € B:u+v<1}

By ={(u,v) € B:u+v>1}

C ={0<v<1,0<w<Bw<u< B}

C; ={(w,w,v)eC:u+v+w<1}

Cy ={(u,w,v)eC:u+v+w>lu+v<1}
C3 ={(u,w,v)€eC:u+v>1lw+v<1}

Cy ={(v,w,v)eC:w+v>1}

D ={0<v<1,0<z<Br<w<Bw<u<f}

Dy ={(u,w,z,v) €D :x+v>1}

Dy ={(u,w,z,v)eD:z+v<1l,w+v>1}

Ds ={(u,w,z,v)eD:w+v<lu+v>lx+w+v>1}
Dy ={(u,w,z,v) eD:z+w+v<l,ut+v>1xz+w<u}
Ds ={(u,w,z,v) e D:u+v<lz+w+v>1lx+w>u}
Ds ={(u,w,z,v)eD:u+v<l,z+wt+v<l,z+u+v>1}
D; ={(u,w,z,v) eD:z+u+v<l,w+u+v>1}

Dg ={(v,w,z,v)eD:w+u+v<lz+w+u+v>1}

Dy ={(u,w,z,v) €D :z4+w+u+v <1}

Then we have

, AT —2 , 6

iy R S |
T+ ¢ " D

T, Ty — kT,
7(s) +Ta—rTp+k T(T+1)
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where

Ty =/Bl (F(U)F(u+v))2f/<2>dudv

U
g V) du
+/BQF(U) f(a)udv

F(utv)— (w+v)+F(u+w+v))f’ <U> djdﬂdv
(11 o) u w
du d
+/ )—F (utv)— (w—i—v)) f()uwd
Cs (6% u w
du d
+/ F(’Lquv) f <>uwd
Cs o u w
RO
Cy u w
1 = [ Fepr(t) o,
D1 « u w
+/ (F(v)—F(x+v))2f/(v>dudwd$dv
Do o u w T
dudw d
+/ (F(U)*F($+U)7F(w+v))2f/ ('U>U’UJ£Bd’U
D3 « u w x
+/ (F(”)—F(m"'v)—F(w+v)+F(m+w+u))2f'<>du’dwd$dv
D4 a)lu w x
du dw d
+/ (F(U)—F(x-i-v)—F(w—i—v)—F(u-t,-v))Zf/<U)uwxdv
Ds a) u w z
du dw dx
+ (F(v)*F(erv)fF(w+v)fF(u+v)+F(x+w+v))f il Bshetathiadpy
Ds a) u w x

2

+ F(v) — F(z 4+ v) — F(w 4 v) — F(u + v) f, E djdﬂdjdv

D +F(z+w+v)+ F(zr+u+v) o u w x

7

2

i F(v) — F(z +v) — F(w +v) — F(u +v) f e djdﬂdﬁd

Ds +F(x+w+v)+ Flzx+u+v)+ F(w+u—+v) o u w x

2

+ F(w)— F(z4+v)— Fw+v) — Flu+v)+ F(z +w+ v) f/ B dﬁdﬂdﬁdv

Dg +F(z+u+v)+ Flw+u+v)— Flz+w+u+v) le% u w x ’

Now we can simply use the definition of F(¢) on the interval 0 < ¢t < 1 instead of a

piecewise definition. The next step is to write the sets B;, C; and D; as unions of sets

such that the variables are in intervals. For example,

Bi={l-a<v<1,0fw<l—v}U{0<v<1—0a,0<w<a}l.
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We do not include the decomposition of each set here, since the decompositions are
quite complicated. For example, Dg decomposes into 22 such sets.

Ideally, once we have the decompositions we would like to be able to input Tr(s)
into a math software program to compute its value and leave the choice of F(t) open.
Unfortunately, the integrals over the C; and D; are too difficult for typical math software
to handle. Hence, we now make a general choice of F'(f) = 1 —t+c where c is a constant
to be chosen later. With this choice of F', we can now simplify some of the integrals by
hand using changes of variables and by changing the order of integration. The math
software does not use these techniques. We simplify the integrals as much as necessary
in order for the software to be able to process the rest. In some cases, we estimate some
of the integrals in order to make computation time feasible. In two cases, we use the
estimate that —In (1 —u) < (41n2 — 2)u? + u for u € [0,1/2].

We note that our choice of F'(t) = 1 — ¢ + ¢ simplifies some of our computations
quite a bit. For example, over C1, F(v) — F(u+v) — F(w+v)+ F(u+w+wv) = 0. Over
Dy, F(v)—F(z+v)— F(w+v)+ F(z+w+v) = 0. Finally, over Dy, F(v) — F(z+v)—
Flw+v)—F(u+v)+Fz+w+v)+ F(z+u+v)+ Flw+u+v)— Fle+w+u+v) =0.

Applying our definition of F(t), we have

1
Ta :/0 (l—i-c—v)zf’(Z)dv
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+/ (2—|—2c—2U—m—w—u)2f'<v>dwa£1de
Ds

(07

—I—/ (l+c—v-— u)2f’<v>dumdxdv
Dg

u w T

a/j u w T

N / xf/<v>dudwdm
D- a) u w
U)dudwd:r
Quawar

—1—/DS(1+c—v—u—w—m)2f’<a

Once we have the integrals in a simple enough form, we use Maple software to numeri-
cally integrate the functions with error less than 10719, The results of these computa-

tions are in the next section.

2.6 New Sifting Limit Results

Let Ay = A2A~ where A = {pg} and A~ = {)\;}. We define \, by \; = 1, \, = —1
for p|P(2), Apyps = (AT — 2)/T(T + 1) for pa < p1 < 23, Xy 1pops = —6/T(T + 1) for
p3 < p2 < p1 < 21/3 and Ag = 0 otherwise, where T is an integer to be determined later

and p1paps|P(2).
In the notation of the previous sections, with the choice of F(t) =1 —1t+ ¢, we have
the following results:

For k = 2, with ¢ = 0.2214971799 and T' = 16, we have
B2 < 4.45.
For k = 2.5 with ¢ = 0.17 and T = 19, we have
Bo.5 < 5.455.
For k = 3 with ¢ = 0.13 and T' = 24 we have

By < 6.458.
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For kK =4 with ¢ = 0.11 and T = 31 we have
By < 8.47.

The sieve of Diamond and Halberstam gives a smaller sifting limit for k = 2 and
k = 2.5. However, our sifting limit is very close to that of Diamond and Halberstam for
k = 2.5. In addition, the sifting limits for k = 3,4 are much smaller than those given

by the Diamond-Halberstam sieve.

2.7 Analysis of Choice of Sieve

There are many choices for a lower bound sieve. In the previous sections, we have made
the choice of Ay = A~A?, a convolution of a lower bound sieve and Selberg’s A% upper
bound sieve. Our original choice of A~ was Ay = 1, A, = —1 for p|P(z) and Ay = 0
otherwise. This is a pretty weak lower bound sieve and yet our results have been very
good. This is due to the power of Selberg’s A? sieve.

For example, with this choice of A~ and A = {pg} we have

S(Az,2) = an (1 -y 1) ( > pd>2. (2.14)

n<w pln dln
plP(z) d|P(2)

We would like S(A,z,z) to be a good estimate for the number of n < x such that
(n, P(z)) = 1. If n does not have any prime factors less than z, then a,, is counted with
weight 1. If n has one prime factor less than z then it is counted with weight zero.
The sieve comes into play when n has more than one prime factor less than z. In such
a case, the lower bound sieve A~ gives a negative weight to a,. However, when n is
highly composite, the upper bound sieve A? gives a weight close to zero. Therefore, the
overall weight for a,, is negative but small. Therefore, the crudeness of the lower bound
sieve A~ is counterbalanced by the power of the upper bound sieve A2.

When we changed our A~ to also address n with up to three prime factors, we saw
an improvement in the sieve. However, the improvement was relatively small, so it is
likely that further improvements to A~ will not have a noticeable effect on the sifting
limit results. The tradeoff between better results and computational difficulty seems to

make a A~ addressing five prime factors inadvisable.
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It is possible that a better choice of A~ that still address three prime factors could
be used. So far, we have used the choice of A~ with \y =1, A\, = —1 for p|P(2), A\p,p, =
(4T — 2)/T(T + 1) for p2 < p1 < 23, Xy 1paps = —6/T(T + 1) for p3 < pa < py < 2'/3
and A\g = 0, where T is an integer and p;paps|P(2).

This choice of A~ makes computations feasible. However, it does not address the
case when n has two or three prime factors with one of the factors p > z1/3. This
accounts for a small portion of n, so we do not lose much. We can take this case into
account though by choosing A~ with A\; = 1, A\, = —1 for p|P(2), A\pp, = f1(T) for
P2 < p1 < z such that p%pl < zand Ay pops = —fo(T') for ps < pp < p1 < z with
p3p1 < 2z, where p1pops|P(2) and f1(T), f2(T) are some functions that make A~ a lower

bound sieve of level z.

2.8 Appendix

In this appendix, we give some useful general lemmas for sifting limit calculations.
These lemmas are referenced in the previous chapter. Throughout this appendix, we

let k > 0 and let g(p) be a multiplicative function with the three following properties.

1. > <, 9(p)logp = rlogz + 6(x) where d(z) is bounded for z > 2.

2. TTugpe: M +19(p)]) < (fgg;) if 2> w>2.
3. 32,9(p)*logp < oo.

We note that these three conditions are satisfied by the multiplicative function g(d)
that gives the density of the masses a, attached to n = 0 mod d in sifting theory.

The three conditions are also satisfied by the multiplicative function h(d) defined by

h(p) = g(p)/(1 —g(p)).

Lemma 2.8.1. We have

1
Zg(p) =kloglogx +b+ O <>
= log

where b is a constant given in the proof.
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Proof. We first write >, g(p)logp = L(z) = klog z + R(z) with R(z) < 1. We then

have

x 1 x
:/1/ dlogu+/ dR(u)
90— logu 90— logu

logz 1y, T R(u)
=K +Rulogu$_+/ ———=du
/Iog2 U ( ) |2 2- u(logu)2
R(z)

= rloglogz — kloglog 2 +
log

< Rw . [*_Rw
*/2 u(log w2 ™ / a(logu)?”

where the 1 term appears because R(2) = —log2/2. We note that the third term

+1

R(z)/logx < 1/logx. Additionally, the final term is O(1/logz). Therefore,

Zg(p) = rloglogz + b+ O(1/log z)

p<z
where
> R(u)
b=1-— rloglog?2 —_—
K log log —|—/2 w(log u)? U
O
We now give a general theorem from Opera de Cribro [2, Theorem A.7]
Theorem 2.8.2.
> g(d) = W(2) {cf(log Y/log z) + O((log V') 1)} (2.15)
d|P(2)
d<Y
where | is the solution to the differential difference equation:
f(t) = ¢~ ifo<t<l,
Q (2.16)

tf'(t) = w(ft) —§(t - 1)) ift >1,
W(z) =[]+,

p<z

and

c=e ""I'(k+1)"L

With the above theorem, we can prove the following general lemma:
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Lemma 2.8.3. Let ®(w) be a continuous piecewise smooth function with ®(w) = O(w).

Let a« =logz/logY. Then

log p /O‘ dw loglog z
o = d(w)— .
Zg(p) <logY> " 0 (w) w +O< log z

p<z

Proof.

z log w log w
= P dlogl d P d
/1 (log > og log w w+/ (logY) R(w)
where R(w) < 1/log2w. By partial summation,
# 1
S :/ ) < ng)dloglogwdw
1 logY
log w log w
O R(w .
o0 (o (555) o [ moe (557 )
We note that since ®(u) < u, we have ®'(logw/logY) < 1/(wlogY)
1 o d
= / ®(w)—dw+ O ((logY)_1 +/ w)
0 w 1 wlog2w
:/ B(w 1 Lo <loglogz> ‘
0 w log =

‘We need one more final lemma:

Lemma 2.8.4. Let ®(v) be a continuous, piecewise smooth function for 0 < v <1 with

®(v) = ®(0) + O(v). Then

Y
_ _ log w log w
cWi(z)! 2 9(d)® (2ed ——/ <I>< >df< >
(2) Zldg;(gl)f (d) <1Ogy> 1 log ¥ log 2

_1loglogY
17
+0 <c log Y >

where ¢, W(z), and { are as in Theorem (2.8.2).
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Proof. Define ®(v) = ®(v) — ®(0). Then ®;(v) = O(v). Suppose that the result is
true for ®1(v). Then

d|P(z)
1<d<Y
= (0 gld)+ > g(d)®@i(v)
d|P(z) d|P(z)
1<d<Y 1<d<Y

Then

log Y Yo (] !
s =avor (S0 oy are [ o (50 (152)

loglogY
+0 (W(z)logy >

Y 1 Y 1 1
:cw(z)/l c1>(0)df<l‘z)ggf) —|—CW(Z)/1 P, <1Z§$) df<1(;ggf>

loglogY
+0 (W(z)logY >

Y log w log w loglogY
= P d .
CW(Z)/I 1<10gY) f(10g2>+0<w(2) log Y >

We have now reduced the question to ®(v) with ®(v) = O(v).

S = ) gd)® <1l§gg§i)

d|P(z)
1<d<Y
Y
log w
= o d d
/1 <1ogY> 2 9d
d|P(2)
d<w

B Y log w log w
a CW(Z)/I ? <logY> i <10gz>

+0 <W(z) lfg(;)y +W(z) /1 ' 10g12w ‘dfb ngi) D .




We note that ®(v) = O(v) and ®(v) piecewise smooth gives ®'(v) < 1, so
Y
log w log w
= o d
° CW(Z)/l <logY> f <10g2>
L0 W(2) N W(z) /Y dw
logY logY J; wlog2w

— W () /01 ®(v)df (2) +O <W(z)loi{:§y) .

34
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Chapter 3

Brun-Titchmarsh Theorem

3.1 Introduction

A historic problem in analytic number theory is to bound the number of primes in
an interval of a fixed length. We define m(z) to be the number of primes p < x. If
we wish to bound the number of primes in an interval of length y, we want to bound

m(x+y)—7(x). We want to find some function F'(y) that is independent of : such that
m(z +y) —m(x) < Fy)

for all z, when y is sufficiently large. A theorem with a bound of this type is called
a Brun-Titchmarsh Theorem named for Viggo Brun and Edward Charles Titchmarsh.
Brun first established a bound of this type in 1915 with

ay
F(y) = log ¥

with a constant ¢; > 2.
Then Titschmarsh established a bound for primes in arithmetic progressions. We
define 7(z;a, k) to be the number of primes p < z such that p is congruent to a modulo

k. Then we want a function G(y, k) independent of = and a such that
m(z +y;a, k) = m(x;0, k) < Gy, k)

for y sufficiently large. Titchmarsh proved this for

C2y

C:k) = Sy o8 (/8)

with a constant co > 2, where ¢ is Euler’s totient function.
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Various improvements of these bounds have been made over the years. Our focus is
on Selberg’s improvement using sieve methods. In section 22 of his Lectures on Sieves
[4], Selberg established the following two bounds:

2y

2y

m(x+y;a, k) —m(x;a, k) < .
o0 (tow /1) + 23

Following Selberg’s notes, we are able to modify his constructions and create a computer

program to establish the improved bounds:

2y
m@ty) =) < o si6s
2
m(x +y;a,k) — w(z;a,k) < Y .
o(k) (log (y/k) + 2.8168)

These bounds will be proven using sieve methods in the next section.

3.2 Improvement of Brun-Titchmarsh Theorem

3.2.1 Preliminaries

In order to establish the bounds we desire, we first introduce a function 6, following

Selberg’s work.

Definition 3.2.1. For q prime, we define Q to be the product of all primes p < q.
Then we define

0, = max
a,r

1
J(-5)- X 1)
p<q p a<n<a+z
(n,Q)=1

We note that the maximum exists by periodicity. We also note that Hpg ¢ 1-p )=
?(Q)/Q-
In his Lectures on Sieves [4, Section 22|, Selberg proved the following Lemma re-

garding 0,:

Lemma 3.2.2 (Selberg). With 0, as defined in (3.2.1), we have that 6, grows faster

than any power of q. Also 01 =1, 03 =1, 03 =4/3, 65 = 28/15 and 67 = 106/35.
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We can extend this result further by computing values of 6, for larger g. Selberg
computed the above values, and with a simple computer program we compute the

following values.

Lemma 3.2.3 (B.). With 0, as defined in (3.2.1), we have that 6, = 1, 0 = 1,
05 = 4/3, 05 = 28/15, 07 = 106/35, 011 = 388/77, 613 = 7102/1001, 617 ~ 10.87759
and 6019 > 16.96824.

Proof. To determine 6, we may assume 0 < a < @ and 0 < z < @ due to the
periodicity mod (). Therefore, 0, can always be found by inspecting a finite number of
cases. In this way, we are able to compute the values in the lemma.

For the proof of the growth of 8,, we refer the reader to section 22 of Selberg’s
Lectures on Sieves [4, Lemma].

Selberg then established the following technical lemmas:

Lemma 3.2.4 (Selberg). Let o(p) denote the sum of the divisors of p. Let ¢(p) be
Euler’s function and once again let QQ be the product of all primes p < q. Then for

z > 1, we write:

ol o(p) z
(p,Q)=1
_ 20y L (1)
22 - U(pz)<zlu’ (p)d)(p) <1 P )
(p.Q)=1
_ 2y L (1@’
= ¥ wogs(1-72)
(r,Q)=1

Then

=511 (1—]13> +O<ze\/@>,

p<q
1 oo s
Sy = H (1 - p) {logz +~+ k1 +£'(q) — 1} +O<e_ logz>
P<q

s =11 (1—;> {10gz+’7+/£1+/€/(q) — ‘;} +O<e—@>,

p<q
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Here v is Euler’s constant, while

lo lo +1
o=y (er g(p+1)
p—1 p

() :Zlog(zj;l—l)'

For a proof of this lemma, the reader is again referred to Section 22 of Selberg’s
Lectures on Sieves [4]. In the next section, we will use these preliminaries to prove the

Brun-Titchmarsh Theorem.

3.2.2 Brun-Titchmarsh Theorem

We now wish to apply the preliminaries established in the previous section to another
problem. Consider the interval I, = [b,b + x]. We exclude one residue class for each
prime less than z. We then look for an upper bound of the number of integers left. We
choose z just large enough to get the smallest possible upper bound that the method
allows. Without loss of generality, we can assume that the residue class is always
represented by zero. Then we look at the case where we are excluding all n which are
divisible by p for p < z. We assume that we have already excluded the n that are
divisible by p < ¢q. We then apply a A? sieve with P, the product of all primes p with
g+1<p<zand A = (pg). We also recall that ¢(Q) is the product of all primes p < q.
Using Lemma (3.2.2), we find

> 1

b<n<b+zx
(n,P)=1

2
Z dd pdlpd2+0 <Z\pd!> (3.1)
1>

We now introduce new variables y, according to the equation

d=0(modp)
which implies
Y Pd
Z WZ) = /J(d)g-
p=0(modd)
The first term of (3.1) in terms of these new variables is then

dy,d
qb(QQ):c Z (dlld;)pdlp = Z

d1,da (p,Q)= 1
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In addition, we have the bound

TEDS 2y

(p,Q)=1

From the normalization of p; = 1, we have the side condition:

Yo _
(p%):Zl ) 1. (3.2)

We lose nothing by assuming that the y, > 0, so we may write the upper bound as

< 3 ([T )
doous (3.3)
oy < ) %)2

(p,Q)=1

and we drop the condition (3.2).
We now wish to choose y, > 0 to minimize the expression (3.3) with z chosen as
large as possible. We recall that P is the product of all primes p with ¢ +1 < p < z.

We follow Selberg’s approach and choose

)

yp: z
0 if o(p) > 2.

if o(p) < z,

Then the upper bound (3.3) becomes

)
g (D)

where ) ;,>", and ), are defined in Lemma (3.2.4). We then use the product ex-

Y

pansions given in the same lemma and write z = e*/z, where u will be chosen later,

independent of x. After some manipulation, we obtain the upper bound

2z

9 .
log & +2y + 251 + 20/(q) = 1 +2u— —Le> + O (e;mgx>

The optimal choice of u is given by
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With this choice of u, we have the upper bound

2z

5 .
logx + 27 + 2r1 + 2(q) — 2 + log o= + 0<€_é logw>
q

We can now choose ¢ so that

2
2k’ (q) + log o
q

is maximized. We know there is an optimal choice because by the Lemma (3.2.2), this
expression tends to negative infinity as ¢ grows without bound. By maximizing this

expression, we maximize the constant denominator term
, 2
flq) =2y + 2K + 2K'(q) — 2 —Hoge—.
q

We approximate k1 by restricting its defining sum to the primes less than 300. We

note that k; is a sum of positive terms, so we have

1 1 1
R ( qu _log(p+ >) > 0.368582.
p<300 \P ~ p

We now calculate the values of f(q) for ¢ < 19. We have the following values:

q f(q)
1 | 0.584743117

2 1.683355406
2.319869574
2.700101125

N ot w

2.810290556
11 2.75298288
13 | 2.816814684
17 | 2.729530369
19 | < 2.600232097

We see that the maximum of f(gq) occurs for ¢ = 13. In Selberg’s lectures, he chose
q = 7 because that was the highest value he calculated. By calculating larger values of

6, we were able to find a larger value of f(q).
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We find that
[ 2x 1001
= 2u = —_— = —_— .
z ety 01 355 11: <z
Thus if we exclude one residue class from I, for each prime p < \/x, there remain

at most
2z
log z + 2.8168

numbers if x > xg for some zg. We know simply that such an z( exists. Finding the

value xg is a much more difficult problem without much benefit.

Theorem 3.2.5. We have

2y

@t y) = w (@) < o sies

(3.4)

fory > xy and all x > 0. Similarly for (a,k) = 1, if 7(x;a, k) denotes the number of

primes p < x which are congruent to a modulo k, we have

2y

m( +ysa,k) — m(z;a,k) < (k) (log (y/k) + 2.8168)’

fory/k > xg.

Proof. Equation (3.4) follows easily. For equation (3.5), we note that sifting the section
of the arithmetic progression that lies in an interval of length y is equivalent to sifting an
interval of length y/k. We also note that the sifting range for the arithmetic progression

does not include the primes dividing k. O

Therefore, we have an improvement of Selberg’s version of the Brun-Titchmarsh

theorem.
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Chapter 4

Large Sieve Inequality

4.1 Introduction

Large sieve inequalities are a very general problem in analytic number theory. The
topic was first introduced to address the problem of least quadratic non-residues by
Linnik. The problem has changed shape quite a bit since then. In general, we consider
a finite set X of “harmonics” that will solve some interesting equation. For each element
x € X, we associate a sequence (z(n)). In a way, these are “Fourier coefficients.” The
large sieve problem then is to find a constant C' = C(X', N) > 0 such that the following

“large sieve inequality” holds:

D

TeEX

2
< C(X,N)llal3 (4.1)

Z anz(n)

n<N
for any complex numbers a,,, where ||a|2 is the L2 norm of (a,). That is, ||al|3 = >_ |a.|?.
There are two main forms of the large sieve inequality, the additive and the multi-
plicative. In the additive large sieve inequality, the harmonics are additive characters
of Z with x(n) = e(an) for some a € R, where e(x) = €2™*. We will use the notation
e(x) throughout this chapter. In the multiplicative large sieve inequality, we take the
harmonics to be Dirichlet characters. We only address the additive case here.

For the additive large sieve inequality, we are interested in estimating the trigono-

metric polynomials
S(a) =) ane(an) (4.2)
n

where the support of a,, is M <n < M + N for some M. For y € R, we define [|y|| to

be the distance to the nearest integer. If there is some § > 0 so that

|y —asl| >0, if r # s
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then the .. are well-spaced. In this case, the number of distinct «,. is less than or equal
to 14+ 07!, We say that {a,} is a set of d-spaced points. Selberg, Montgomery and

Vaughn proved the following theorem independently.

Theorem 4.1.1. For any set of §-spaced points o, € R/Z and any complex numbers

an with M <n < M + N, where 0 < § < % and N > 1 an integer, we have

zr: ‘ > ane(orn)

2
< (5—1 +N - 1) |al3. (4.3)
M<n<M+N

We now look at a special case of the large sieve inequality. We take «. to be rationals
a/q with 1 < ¢ < Q and (a,q) = 1. Then a, are spaced by § = Q~2. Hence we have

the following:

Theorem 4.1.2. For any complex numbers a, with 1 <n < N, where N is a positive

integer, we have

> ane<aqn> ’2 <(Q*+ N —1)||al3 (4.4)

1<n<N

> X

q<Q a(mod q)

where

lal3 =" laaf”

1<n<N
The notation * denotes the restriction to (a,q) = 1 throughout.
For general a,, (4.4) gives the best possible bound. However, we can improve the
bound in special cases. We are interested when the a,, are sparsely supported and @ is
much smaller than N. To make this improvement, we apply the techniques of Selberg’s

sieve, which is new in this context.
4.1.1 Improvement of Large Sieve

By utilizing Selberg’s sieve, we will prove the following:

Theorem 4.1.3. We let {\;} be any finite sequence of real numbers such that |Ag| < 1
foralld, Ay =1 and

Z)\d >0, for alln > 1.
din
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We define
D={d:\i#0}, D=maxD +1,

and

Q={¢<Q:(q,d) =1 for all d € D}.

Finally, we assume 3 < Q < N/D?. Then, for any compler numbers a, € C with

1<n<N, we have

> 3

q€Q a(mod q)

<D@.N) Y w(z M)

n<N

()N

din

where

_2NZ—+2Q gz%

d<D d<D

We now look at a special case:

Corollary 4.1.4. Let {a,} be a sequence of complex numbers supported on n whose

smallest prime factor is larger than some z. We define
Q. ={q < Q: smallest prime factor of q is > z}.

We let

D=1+]]»

p<z

Then if 3 < Q* < N/D?, we have

2
> (X m (aqn>’SD(Q,N)Z\an\Q,Vane(C.

q€Qz a(mod ¢q) 'n<N n<N

with
AN\ /2
D(Q,N) =2aN +2Q <:§V> with a = a(z),
a(2) = 1/2, a(3) = 1/3, a(5) = 4/15, a(7) = 8/35, a(11) = 16/77.

In general,

az)=T[a-»".

p<z



Proof. We choose \; = p(d) whenever the largest prime factor of d is < p,. Then

> i),

d<D

We note that if n does not have any prime factors < p,, then

d da=M=1

dln

Applying this choice of A\g to the theorem gives the corollary.

4.2 Proof of Theorem

In order to prove Theorem (4.1.3), we use the following lemma.

45

Lemma 4.2.1. Given a set Q bounded by Q, consider the following three statements:

1. For all a,, € C,

> 3

q€Q a(mod q)

<D(Q,N) > ]an|2<z )\d>.

n<N djn

o) @)

dln

2. For all b, € C,

> X

q€Q a(mod q)

ZbX( >’<DQ, )Y bl
n<N n<N

where the operator X (n,a/q) is defined by

()22 ()

3. For all ¢(a,q) € C,

PIPBLY

n<N d|n

D c(a,q>e(“j)]2SD@,N)ucu%

q€Q a(mod q)

where

lei3=>" Y

q€Q a(mod q)

Then statement (1) follows from (2) and (2) is equivalent to (3).
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Proof. Statement (1) follows from statement (2) by letting

By duality, (2) is equivalent to (3). O

Now we wish to prove (3) in order to prove Theorem (4.1.3).

To continue our analysis, we introduce a continuous function g : R — R such that
g(x) > 1 for || < N and g(z) > 0 for all z.

We will later pick this function to optimize the results. Let g(y) be the Fourier transform

of g, so that
9(y) = /R g(x)e *mVdz.

We have

2

sy da,q)(my:(a;)

n<N 'q€Q a(mod q) dln
2
s un(En)|s 2 dene(F)]
nez d|n g€Q a(mod q)

The diagonal terms of this sum will be the main contribution, so we treat the diagonal
and off-diagonal terms separately. We let A be the contribution of the diagonal terms
and B be the contribution of the off-diagonal terms.

3PP W@Wqﬁ

2

n<N 'q€Q a(mod q) dn

=S (T u) Y Y
n€z din q€Q a(mod q)

o (Xn) ¥ q><q>((—))
nez dn ﬁ7ﬁ£ q1 q2

=A+B.
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4.2.1 Preliminary Analysis

We now analyze the diagonal and off-diagonal terms. We first treat the diagonal terms.

=Y g(n) (ZM)Z S lela ) = (13 Y g(n) (Zxd)

neZ d|n q€Q a(mod q) neL dln
Ad
= el3 Y ha 3 alam) = [el3 Y 237 ( )
d<D meEZ d<D heZ

by Poisson summation. We then have

A =350 3 A +22Ad2 (5t

d<D d<D

We cannot analyze the diagonal contribution further until g is chosen. It will be chosen

later to optimize the result. Next, we treat the off-diagonal terms.

8 = To(2n) 3 conartenare (G- 3)1)
- g a0}z, ) 3 o) (; a)e( (- 2)n)
- g lor)elam, ) 3 Adn%gwm)e((;f -2 an
- 3 cntmw D Tala- (6 -3)

also by Poisson summation.

We note that g(x) is of manageable size when x # 0. Unfortunately, g(0) is a rather
large term that should be avoided. We have a g(0) contribution in the diagonal terms,
which is expected as part of the main term. However, we do not wish to have g(0) in

the off-diagonal contribution. Therefore, we wish to avoid the situation where

h_<a1—a2>:0,forsomeh€Z.
d \q1 ¢

a a —
<1_ 2>d: <G1Q2 a2(h>dEZ.
@ 92 41492

Thus, we have a problem when (q1q2,d) is large. We have that @ is much larger than

That is, when

D > d, but small values of g1, ¢2 can cause problems. For example, this technique is

not useful for @ ={¢:1<q < Q}.
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We let
D={d: )\ #0},and D = maxD + 1.

Finally, we let
Q=1{q:(q,d)=1for all d € D}.

We note in particular that
Q1 = {q: ¢ prime, ¢ > D} C Q,
so the bound for @ will also work for 9;.

Lemma 4.2.2. We have

dx = d<alq2_a2q1> ¢ 7 for all q1,q2 € Q, “u # a2
4192 q1 a2

Proof. We assume for contradiction that dx € Z. Let r = (q1,¢2), ¢ = qi/r, and

¢ = q2/r. Then (¢}, ¢5) = 1. Then

d (a1qy — asq’
dx_(lqa,wl)ez.
r q145

Consider p|gj. Then plasg] but p { ai1¢s because (a1,¢)) = 1 = (q},45). Thus, p {
(a1¢5 — a2q)) and hence p|d. This implies that ¢}|d. Likewise, ¢5|d. Since (¢}, ¢5) =1,

this shows that ¢; = ¢5 =1 and so r = ¢1 = ¢2. Then

dm:d(‘“ _“2> A
q1

This would imply that ¢i|(a; — a2), but 0 < |a; — az] < q1, so this is impossible.

Therefore, dx ¢ Z. O

Thus, if we define ||dz|| to be the distance of dx to the closest integer, we have
|ldz|| # 0 for all d,x with Ay # 0. Furthermore, due to the spacing of rationals,
|dz|| > 1/Q? for all d, z.

Now we return to the contribution of the off-diagonal terms. We have

3 ?Z@\(Z —:1:)‘ =) ?(5(”?') +§:§(W>>"

d<D ' hez d<D k40

This is the most analysis of B we can do until we choose a function g.
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4.2.2 Choice of g

We have several constraints while choosing our function g. On the one hand, we would

like g(0) to be as small as possible so that A is small. However, we also need the sum
(kA ||dz]|

2 i\~

k40

to converge, so we need g(y) < O(1/y?). Finally, we need g(x) > 1 for |z| < N and

g(z) > 0 for all z. A family of such functions is given by:

1 ] < N

ge(z) =93 ‘]'fr'+(k+1) N§|x|§N<1+i>

where k is a parameter that will be chosen later. Then we have

N(2++ y=0,

k
W [cos (27TNy) —cos(2nrNy (1 + }g))] otherwise.

We then note that gi(y) is majorized by fi(y) where f} is given by

N<2 + ,1€> y =0,
fk(y) = L

otherwise.

gk(y) =

N(my)?
4.2.3 Conclusion

With a choice of our function g, we can now continue our analysis of the diagonal and

off-diagonal terms. For the diagonal terms, we have

A =350 +22Adzgk(z>

d<D d<D
) /\d |l 2 >
el g N (242 ) S M 5 z
d<D d<D h

1 A k
— (A2 : d
= |lcll3 N<2+ k) Tty D Aald
d<D
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We now examine the contribution of the off-diagonal terms.

SEDNACE)

dt%];i;z (deH) i; <k+\d$H)>‘
< 3 1l (1) +;f (z+udx\>>
:%Bf(fk(”dx") Nz; z+||d:cH )

To continue our analysis, we note that 0 < ||dz|| < 1/2. Splitting the summation over

[, we find that
2 if 1 >1,

I+ dol)® = § 174 ifl=-1,
(1+1)2 ifl<-2.
Therefore,

[e.e]

2
2 Tl +||da:\| 72 —ZP d

1£0

2

Applying this estimate to our sum, we have

Asx—~ (h | Ad] | dz|| 7d%k

2d LS IR s %) 27
Z dzgk<d x>‘—z d fe 7 ) TN
d<D ° heZ d<D

Finally,

Y ¥ oalX ¥ (6 ('dx')ﬂjjj).

1€Q2 a1(mod ¢1) x#£0d<D
We know that ||dz|| # 0 for all d such that Ay # 0. In addition, we know that the a/q

are 6-spaced where § = Q2. Therefore, so are the ||dz||. Applying these facts, we see

<> > leana) |22 [Aa] Z( (deH> 7:§2>

q1€Q a1 (mod q1) d<D x#0
] M| [7RQ22 &
<> eana)P QY] % [ ka(sz)]
q1€Q a1 (mod q1) d<D

e Q| kQ!
— el 3 Inda( Toe- + 537

d<D



Simplifying the expression slightly, we find
2 d
A+ 5 < Jel(n(2+ )Z 2 S ).
d<D d<D
In addition, since [A\g| < 1 for all d,
> |nald < D
d<D

Thus, if we assume that Q> < N/D?, then

k 2
A+B§||c\|§(N< )de ?)
d<D

Finally, we choose k as the geometric mean of N " \y/d and Q?/3. Then
1/2

N Ad
A+B<|e3(2N+2Q | = Y = .
+o<lap(av 2o (T30 2) )

d<D

Therefore, by Lemma (4.2.1), we have Theorem (4.1.3).

o1
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Chapter 5

Notes on Successive Approximations

This chapter consists of notes on the use of successive approximations to refine Selberg’s
upper bound sieve. We also provide some useful lemmas for solving systems of equations

which are prevalent in sieve theory.

5.1 Introduction
Let A= (an), an, >0, A = (A\g), d < D. Assume

> Xa >0, forall mand Ay = 1.
dln

Let pg € R such that

<Zpd)2 => M

dn dn

with p; = 1. Then we have

=Y papdy

[dy,do]=d

We now wish to look at the sum

We estimate this sum by
2
S(A) < SHA) =D an <Z pd> .
n d|n
We would like to find variables pg that give the minimum of S*(A). In general, this
problem is impossible. However, we can find a choice of pgy which give a good ap-

proximation to the minimum of S*(A). Following the notation of Chapter (1), we
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write

STA) =X > gldAg+ Y Ar(Ad)
d|P(z) d|P(2)

— XV(D, z) + R(A, D).

In order to approximate S(A), Selberg chose the variables p; to minimize the main term
V(D, z). His choice of pg also resulted in a remainder term that was under control. He

chose

d)h(d
g(d)J
1<VD/d(d,})=1
where h(d) is the multiplicative function defined by h(p) = g(p)/(1 — g(p)) and

We then have

where

R(A,D) = Z Aar(A, d).

d|p
With this choice of pg, we have |pg| < 1 so the remainder term is under control.
However, we would like to find a choice of p; that minimizes the remainder term at
the same time. To do this, we will use the method of successive approximations. We
will start by choosing our p; to be the same as Selberg’s choice. Then we will perturb
this choice slightly in order to also minimize the remainder term. This process could be
continued indefinitely. However, since Selberg’s choice of p; already gives such a good
result, we will only execute this process once. In the following sections, we will describe

this process.

5.1.1 Property of S*

We note that ST is a quadratic form in variables pg for d # 1. We know that S+ must

obtain a minimum because trivially ST > 0, so we want to find the (pg) at which the
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minimum is attained. That is, where

9 ot Z0for k1.
dpy,
For k # 1,
0
— S5t =2 n =0. 5.2
- Py (S ) (5.2
n=0(mod k) dln

We now note a special property of S;Ll that is the minimum of S given by the optimal

in’

choice of pg.

Proposition 5.1.1. Let pg be chosen to minimize
2
ST(A) = Z an(Zpd> .
n|P(z) dln
Then
Spin = D nY_Pd
n|P(z) dln
Proof. If pg give the minimum of S (A), then we have
> (o) =0
n=0(mod k) din

for all k|P(z), k # 1. Then

st = % an(zpd)2

n|P(z) dln

- 5 (2w (Em)

n|P(z) diln da2|n

= Z Pd, Z anZPdg

d1|P(2) g(IP(Z)d) da|n
n=0(mod d;

0 ifd#1
= Zﬂdl

di|P(2) Don|P(z) On Do Pdy 1 d1 =1

=Y and pa

n|P(z) dln

since p; = 1. This concludes the proof. O

Now we return to finding the minimum p;. We define

Al = Z Anp.

n=0(mod )
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Then the condition for the derivatives (5.2) is equivalent to:

ZpdA[d,k] = —Ak for all k& 75 1.
d#1

Let ST be the minimum of ST(A). Then we would like to find pg such that

man

> piAan = kS
dp
d<vD
In order to solve this system of equations, we will need some lemmas, which we present

in the following section.

5.2 Preliminaries

The following lemmas are true for all systems of equations where g(d) is a multiplicative

function with g(d) = 0 for d > v/D and h(d) is the multiplicative function defined by

h(p) = g(p)/(1 - g(p)).

Lemma 5.2.1. Consider the system of equations:

JUifk=1
pag([d, k]) =
d<+/D

where k|P, k < VD and

J= Y h(d).

d|P
d<vD

The solution to this system of equations is given by

m=0(mod d)
m|P
m<vD



Proof. Let pg be given by the formula in the lemma. Then

S ar po(@ ) =5 3 w5 )

d<vD d|P g(d) m=0(mod d)
d<vD m|P
m<vD
o1 - 9([d, k])
= 7%; h( )%u(d) o)
m<vD
1 k
- 7% h(m)cqzmﬂ(dM(w’k))-
m<vD

Write d = d]_d2 with d1|k2 and (dg, k‘) = 1. Then

zd.mmd)g(@’;)) -y ¥ u(dl)u(d2)g<:l>

di|(m,k) d2|lm
(d2,k)=1

= > u(d1)9<;1> > ulds)

di|(m,k) (ddQILq)n
2, =1

= > u(dl)g(j) > ulde)

dy|(myk) Y7 dalmy (mok)

-y u(dl)g(z>{ bl

di|(m.k) 0 otherwise

Therefore, for m { k, 3 _y,,, p(d)g(k/(d, k)) = 0 and for m|k,

Sanlda( ) = 3 ntans( )

56
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Returning to the original sum, we have

1 k
Z o mliti) =5 3 h(m)%u(dw(( )
m<+vD
1 ()
= ~g(k) g% h(m) )
m<vD
= Z0tk) Y wlm)
VD
.
_ 7 if k=1,
0 ifk#£L

O]

Lemma 5.2.2. Let l|P and | < VD. Consider the system of equations in variables
@,
ty):

> tif’g([d,kn{ bkt
i 0 ifk#L
d|P

The solution to this system of equations is given by:

g(d)g(l =0(mod [d,l])
m|P
m<vD
Proof. Let tfil) be given as in the Lemma.
w(l w(d
Soeyptalld k) =20 S W80k X hom)
d|P 9 d<vD 9 m=0(mod [d,])
d|P m\\P5
m<
_ ) k
=i 3 wm Sui( g )
m=0(mod 1) dlm
m|P
m<vD

We recall from the proof of Lemma (5.2.1) that

kN o m)
Zu(d)g( - k)) — o)

dlm
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for m|k and is zero otherwise. Then

0 _ #(D m -
Ed%\\z/ﬂﬁtd AR = ) m=0(mod ) " )%H(d)g((d’ k)>
m|P
m<vD
=), 2 M)
mlk
Y 10] m
_g(k)g(l m=0 modl)'u( )
mlk
0 .
—g(k)g(l)u(l)nk/lﬂ( )
B 1 ifk=1,
o kAL

O]

We can now use Lemma (5.2.2) to find the solution to a more general system of

equations:

Lemma 5.2.3. Consider the system of equations in variables pg given by

> pag([d, k]) = By,

d<vD
d|P

where Ey are general expressions depending on k where k|P and k < VD. Then the

solution to this system of equations is given by:

pd = Z tg)Ez
1<vD
I|P

where tfll) are given by the formula in Lemma (5.2.2)
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Proof. Let pg be given by the formula in the statement of the Lemma. Then

S ap pag(d k) = g(d k) Y tVE

d<vD d|P I<VD

d<vD P

=Y 5 Y Dd, k)
1<vD d|p
P d<vD

= > Eidy
1<vD
1P

by Lemma (5.2.2). Therefore,

> pag([d,k]) = Ey.
dP
d<v'D

5.3 Solution to System of Equations

We recall that we wish to solve the system of equations

Z paAian = 0k St
P
d<vD

where S, is the minimum of ST(A). We let
Ay =gm)X + 1y
where ¢ is a multiplicative function. Then, we want to solve the system of equations

S1Shim =X D g Dpay + > Parian-
dP dP
A<D d<vD
We use the method of successive approximations in order to determine the best choice
of pg. We start first with Selberg’s choice of pg. Since Selberg’s standard choice of
pq was made to minimize the main term, his choice corresponds to r,, = 0. We let

rm = 0 and ST = X/J (the main term corresponding to Selberg’s choice). We note

that ST = X/J is the definition of ST and is not equal to S*(A). We let pgo) be the



60

variables such that

St 1
>° (k) = 00 5 = b 5.
d|p

d<vD
Then from Lemma (5.2.1) of section (5.2) we find that

m=0(mod d)
m|P
m§\/5

which is Selberg’s choice of py. We would like to perturb this choice slightly in order
to find a better choice of pg; when the error term is close to the main term. Therefore,

we write

0
pa= 3+l

(0)

where pg is the optimal choice, which gives the minimum of S*(A), p,” is Selberg’s

choice and pf; is the difference, which we think of as small. We note that

mlnzi—i_z pd+zpd Td_‘_zpdrd

d|P(z) d|P(z d|P(z

We also note that

S ap PyAar = 0k1Sihin — Z P&O)Adk

d<vD d|P
d<vD
_ 5ot X 0)
= 0k15,im — 5k17 - Z Pg T(dk]
d|P
d<vD
X
= 011 (S:Zm — ,]) - Z pgo)r[d,k}
P
d<v'D
“ o

We then have

Z P <g([d7 k)X + T[d,k}) = Ck.

d|p
d<v'D
We want to solve the system of equations:
S;run 1 1 (0)
Z pag([d, k]) = b1 ( ' J> ~x Z (pg + Pa)Tian- (5.3)
d|p dp

d<v'D d<vD
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We let Ej be the right-hand side of (5.3) and we see from Lemma (5.2.3) of Section
(5.2) that

= Z tfil) E;

I<V/D
I|P
_ “Ej; Z ME?E, S hm)
AT m=0(mod [d,l])
1<VD mLPF
m<~D
wu(d) <S+ 1)
— min _ him
g( ) X J mEO%)d d) ( )
m|P
m<f
1 p(d) u l
m=0(mod d) l|m t|P
m|P t<\/>
m<vD
1 u(d) p(l)
XJ g(d) mo%n:od ) lzn; ) %; %:“ RUTE
m|P n<vD
m<vD

We note that the second term will be especially small since we think of both p/;, and 74

as small. Therefore, we ignore that term and define

1 (d) S:un_l
A =t (e-r) X
m=0(mod d)
m|P
m<vD
1 d (1)
X X M ST S ke S et
XJ g(d) (1)
m=0(mod d) l|m n|P tln
m|P n<vD
m<vD

This is our next approximation to the best choice of p;. We now define

pa=p + o (5.4)

We see then that

“ e >
— min h(m)
g(d) X m=0(mod d)
m|P
m<vD

1 p(d) > p(l)
h(m) > =22 > h(n) Y u()g(t)riy-
XJ g(d) m=0(mod d) llm g(l) n|P tln
m|P n<vD
m<vD




62

For this choice of pg, we have the following:

Proposition 5.3.1. Define

© @ _ Ad) S
= + = h(m
S TSP
m|P
m<vD
1 p(d) (1)
X J g(d) ) ZT > hlm) Y ug(try
m=0(mod d) llm n|P t|n
m|P n<vD
m<vD
Then for all k|P, k < /D, we have
Z PdA(d k)
P
d<vD
+ pu(t) 1 p(t)
= Spin | 001 + 5 Z Z o) T 7 > h(n)ZW’f{t,k]
n|P n|P tln g
n<vD n<vD
1 1(d) p(l)
- —=r h(m —= t)r
d<vD m|P n<vD
m<vD

To prove this statement, we will need some lemmas.

Lemma 5.3.2. For all nlk,

> h(m Z p(d ) = u(n)g(k).

m|P

m<vD
(m,k)=n

Proof.

D hlm) ) p(d) ) D Mm Zu

m|P dlm m|P
m<vD m<vD
(m,k)=n (m,k)=n

If djm and (m,k) = n, then (d,k) = (d,n). For each d, we write t = (d,n) and
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l=4d/(d,n) so d=tl. Then for m such that (m, k) = n, we have

3 1) Z I

l|m
(ln)

p(t)
_Z g(t) Z
t\n l|m/n

{ p(n)/h(n) if m=n,

0 otherwise.

Applying this to our sum, we find

> hlm ZM
ey
(m,k)=n

We use the above lemma to prove the following two lemmas.

Lemma 5.3.3. For all k|P, k < /D, we have

=y #d)g(ld, k)) ) S h(m).

d|P m=0(mod d)
d<v/D m|P
mﬁx/ﬁ

Proof. We have

Zud)g([,k) Yo hm)= > h(m)> p(d) )

d|P g(d) m=0(mod d) m|P dlm
d<vD m|P m<+vD
mgx/ﬁ
g(ld, k
=3 % wm @ — ot Y uo
nlk  m|P dlm g nlk
m<y'D
(m,k)=n

= Ok1-



Lemma 5.3.4. For all k|P, k < /D, we have
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(I, k]) pu(l 1(t)
u(d)? — T
% 9(d) mz%édd) % ZP |Z (t)
d<vD P n<v/D
_ ut)
= L X
n<\/7
Proof.
([d, k1) 0] p(t)
u(d)” hm) Y B ST ) Y Bty
; g(d) mo%n%dd) %;g(z 2“2 tZ;g(t) -
d<vD 72\\1} n<vD
B w(l Mr p(d)
o mzlp Z Zp ﬂzngu) 4 2 g1 )
m<vD n<\r
_ p(l p) p(d)
RIS DI e vy
m<vD n<vD
(m.k)=a
& ifm=u«o
— WY 3 s S S w3 S (§ )
alk m|\Pﬁ n|\Pﬁ tln () 0 otherwise
(TTZSk) n=
u p(t)
n<f
Z” D D> h( Z mZ
Ik n|P t|n Blk/1
n<\/>
MT 1 ifk=1
%; Z %;g(t) [t’l]{ 0 otherwise
n<f
= > Z“ it
n|P
n<|\/7

Now we return to the proof of Proposition (5.3.1).



Proof.

P
d<v'D
=S 3 M > hm)
d|P ) m=0(mod d)
d<+vD m|P
m<vD
S d
4 Zmin Z M( )r[d,k] Z h(m)
d|p g(d) m=0(mod d)
d<vD m|P
m<vD
1 (d)g([d, k]) w(l) p(t)
P, A MM 2 M2 gy
d|P m=0(mod d) llm tln
d<vD m|P n<\ﬁ
m<vD
1 1u(d) (1) p(t)
XJ Z g(d) "'[d k] Z Z g() Z )Z g(t)r[tvl]'
d|P m=0(mod d) llm n|P tln
d<vD m|P n<vD
mS\/ﬁ

Rearranging the order of summation and applying our lemmas, we see

Z PdA[d k]

d|P
d<v'D
=St <5k1+ Z h(n t)rtk>
t‘ g(t) Y
n<\/7
1 p(t)
_j %}; h(n)tzn:g(t)r[t’k]
n<f
,u (d) wu(l)
Z g@ a2 hm) T > k) ) p(g(tre
m=0(mod d) l\m n|P tin
dS\/ﬁ m|P n<v/D
m<vD

Definition 5.3.5. For this choice of pg = pg + p((jl), define
A= 3 oY)
n|P(z)
Let p™ be the optimal choice of pq so that

Z an mezn _ mln

n|P(z) dn

65
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Define

Ri(k) = Z (pa — P Alg,ry-
P
d<vD

We recall that
Z PgmA[d,k] =0pSt..

d|P
d<vD

so that

Z pdA[d,k - 5k15mzn + Rl(k)
d|P
d<vD

We think of the remainder term R;(k) as being very small. With these definitions,

from Proposition (5.3.1) we have

Proposition 5.3.6. For all k|P, k < v/D,

1 1 1
_ qQ+ el _ - o
where
wu(t)
Ak = ZP ]’L Z t T[t K]
ngf
and

d l
= Z gédir[d,k] Z h(m)llzm:ggl; % ZH T,

d|P m=0(mod d) tin
d<vD m|P n<vD
mS\/E

Corollary 5.3.7. For all k|P, k < /D, if

n<\/7
then
X 1B X
St = —— 4+ —Ri(k
min J JAk Ak 1( )
where

Bo= X A0 X ) A S b S ua(tr.
d|lp g m=0(mod d) llm g
d<vD m|P n<vD

m<vD
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Chapter 6

Conclusion

In conclusion, we have seen the refinement of Selberg’s choice of sieve in order to improve
the current results in the sifting limit problem. In addition, we have seen the use of
Selberg’s sieve to give an improvement of the Brun-Titchmarsh theorem as well as an

improvement of the large sieve inequality in special cases.

6.1 Further Research

There is still much work to be done on the sifting limit problem. With further inves-
tigation and improvements, our techniques will provide even better results. The work
is very general and provides quite a bit of flexibility. By altering parameters, we have
already seen great improvement. By optimizing these parameters, we hope to see even
greater improvement.

Most likely, future research will focus on the work with successive approximations.
In the course of my research, I have developed several tools that will be useful in this
problem. By minimizing the main term and remainder term simultaneously, I hope to
give an improvement on the upper bound in certain cases. This improvement would be
especially useful in the case when Selberg’s result gives a remainder term which is close
the main term. With this improvement, a refinement of the Brun-Titchmarsh theorem

and other results could be possible.
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