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This thesis extends results on spectral functions of invariant differential operators on
multiplicity free spaces to the setting of skew multiplicity free spaces, which are rep-
resentations of a reductive group whose exterior algebra decomposes into a direct sum
of pairwise nonisomorphic irreducibles. We prove in the general skew multiplicity free
case that the spectral functions satisfy a vanishing property and a transposition for-
mula which are formally identical to those satisfied by their multiplicity free analogues.
We investigate two special cases, the GL, C modules S?C" and /\2 C"™, for which the
spectral functions of invariant operators form a family of supersymmetric functions
which can be identified with the factorial Schur ¢ functions. From this equivalence
we deduce several properties of each family, giving the spectral functions a combinato-
rial interpretation and the factorial Schur @) functions a new representation theoretic

one.
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Chapter 1

Introduction and Overview

Let G be a connected reductive group. A G-module W is said to be multiplicity free
(MF) if no two irreducible submodules of its symmetric algebra S*W are isomorphic. A
G-module V is said to be skew multiplicity free (SMF) if no two irreducible submodules
of its exterior algebra A\ V' are isomorphic. The primary objects of interest in this study
are G-invariant polynomial coefficient differential operators on V' where V is an SMF
space, and our viewpoint will be that any such invariant operator can be viewed as a
complex valued function on the set of highest weights of A V' as a G-module. The goal
is to demonstrate certain general properties of these functions, and to give complete
characterizations of them in two special cases.

To justify this viewpoint, let V' denote any SMF G-module, and A the set of highest
weights occurring in /\ V. Then we can write the decomposition of A V into irreducible

G-submodules as

1) AV=EMm,

AEA

Denoting the polynomial coefficient differential operators on V' by PD(V'), we consider

the natural G-module isomorphisms
(12) PD(V)=Cliff(Va V)= AVe AV A(Vaer)

Least familiar among these isomorphisms is ClLiff(V & V™) /\V ® /\V* see [FH,

Lemma 20.9] for a proof and discussion. We have



(1.3) PD(V)= A\Ve AV =P M e M;
A

Taking G-invariants gives

(1.4) PD(V)¢ = @(M,\ ® M:)©
A p

But by Schur’s Lemma,

(15)  PD(V)Y = P (M M5)°¢

A
Thus for each A € A there is a 1-dimensional space (M) ® M ;)G of G-invariant polyno-
mial coefficient differential operators, hence, up to scalars, a unique invariant operator
D, associated with each A € A. Moreover, these operators {Dy, A € A} form a basis
for PD(V)%. The analogous objects in the MF case are, after a suitable normalization,
the famous Capelli operators, so that our {Dy, A\ € A} may reasonably be termed the

skew Capelli operators.

Now each such Dy maps AV to itself in a G equivariant way, so that by another ap-
plication of Schur’s lemma, any nonzero image of the restriction of D) to a particular
M,, must lie entirely in M), and its action on M, must simply be multiplication by a
scalar ¢)(u). In this sense we may interpret D) as a complex-valued function cy(-) on

A, referred to henceforth as the spectral function of Dy.

The properties of spectral functions in the symmetric case, i.e. for invariant differential
operators on MF spaces, have been well investigated by Knop, Sahi, Okounkov, Ol-
shanskii, Benson and Ratcliff, and others. The development of this subject in the skew
symmetric case, i.e. that of SMF spaces, follows that of the symmetric case closely.
Among the properties which have SMF analogues are the existence of ”transposition

formulas”, in the following sense.



The action of G on V induces an action of the universal enveloping algebra U(g) as
differential operators on A V', and thus of its center 3(g) as invariant differential oper-
ators on V. There is an antiautomorphism of $i(g), which we call ”transposition” by
analogy to the work of Knop [K1], whose induced effect on differential operators is to

reverse the order of multiplication;
(1.6) z—x, 0+ —0, xd > Oz, Ox > z0

Thus for each of our invariant operators D) as described above, there exists a trans-
posed operator DY, hence there also exist the corresponding spectral functions ¢y and
ct)\, respectively. Chapter 2 derives the following transposition formula, which expresses

the value of ctA at a given highest weight as a linear combination of values of several c,:

dx
17 d=ak-vw)= 3 DN Pa ()

<Al g
where wq is the longest element of the Weyl group of G, x is the sum of the weights
of V, and d,, is the superdimension of the irreducible submodule M,,, whose elements
have homogeneous degree |v| as tensors. This is a general result on skew multiplicity

free spaces which is completely analogous to a corresponding result proved by Knop in

the multiplicity free case [K1].

Another property of spectral functions of invariant operators on MF spaces, investigated
by several authors beginning with Sahi [S2] and proven in full generality by Knop [K1],
is the vanishing condition, cy(p) = 0 if || < |A|, 1 # A and ¢)(A\) # 0. This condition,
together with simple conditions on symmetry and degree, suffice to determine uniquely
a polynomial (with p-shifted arguments) which interpolates ¢y at all {ux € A}. Most
remarkably, the spectral functions vanish at many more points than those indicated
in the vanishing condition, and indeed satisfy the extra vanishing condition that for
all \,u € A, cx(p) = 0if A € p, in settings in which A and g may be interpreted as

partitions. Other examples of families of functions satisfying the vanishing and extra



vanishing conditions, or suitable analogues thereof, are the shifted MacDonald functions
introduced by Okounkov [02], and even certain non symmetric polynomials introduced

by Knop [K5].

Chapter 2 demonstrates that spectral functions of invariant operators on SMF spaces
satisfy the same basic vanishing property, c\(u) = 05, for all |u| < |A[. Since AV
has only finitely many highest weights for each SMF space V, the interesting cases to
investigate are those in which infinite families occur. Howe [H] has classified irreducible
SMF spaces for simple groups (possibly augmented by C*), and apart from the defining
representations of the classical groups, the only infinite classes of such spaces are the

GL,, modules S?C",n > 2 and /\2 C* n > 2.
Chapter 3 investigates the spectral functions of invariant operators on S2C" and /\2 (o
for n > 2, and proves a characterization theorem analogous to that of Knop in the

multiplicity free case:

For each highest weight A of A V' there exists a polynomial p) on SpancA which satis-

fies the following properties.

CT1a. py(pu+ p) = ex(p) for every p € A,,.

CT1b. p\(p+ p) = 0 whenever |u| < |\| unless p = A, and py(A+ p) = 1.

CT2. p, € Clp1,ps,ps, ...], where p1,ps, .. are the odd degree power sum polynomials.
CT3. p) has degree %

Furthermore, py is uniquely determined by CT1b, CT2, and CT3. Moreover, c) satis-

fies the extra vanishing condition that ¢y () = 0 if A € p.



A symmetric polynomial p(z1, 22, .., 2,) is said to be supersymmetric if for any integers
1<i<j<n, p(#1, Zim1sty Zig1s ooy Zj—15 —t, Zj41, .., 2n) does not depend on t. Pra-
gacz (cf. [P]) shows that the odd degree power sum polynomials p1, ps, ... generate the
algebra of supersymmetric functions. Henceforth we will use the term supersymmetric
with this interpretation in mind; we call p supersymmetric if p € Clp1, ps, ps, ...]. Con-
dition CT2 of the characterization theorem just stated can thus be reformulated; p) is
supersymmetric.

The factorial Schur @-functions Q3 are a family of symmetric functions defined by Ok-
ounkov and investigated by Ivanov in [I1] and[I2]. Like the classical Schur Q-functions
of which they are analogues, the ()} are supersymmetric and indexed by strict par-
titions. After replacing each )} by a suitably rescaled polynomial function gy, the
family {gy : A a strict partition} are characterized by the same vanishing, supersymme-
try, and degree conditions as our spectral polynomials, except that strict partitions are
the defining set of evaluation points instead of highest weights of A V. The argument
in chapter 3 associates to each highest weight A a unique strict partition ), constructs
an automorphism ¢ of the algebra of supersymmetric functions such that ¢(py) = gj,

and concludes that cy(n) = g5 (j2) for all highest weights A and p of A V.

By virtue of this correspondence between the two families of supersymmetric functions,
the spectral functions inherit several important properties of the factorial Schur @ func-
tions, as well as the combinatorial interpretation of Q;’;()\) as a term in a simple for-
mula which counts shifted skew tableaux of shape A/u. Conversely, the factorial Schur
Q) functions acquire a new representation theoretic interpretation as spectral functions

of invariant operators, and satisfy a suitable reformulation of the transposition formula.

Chapter 4 employs the Weyl Dimension Formula together with the peculiar combina-
torics of the highest weights occurring in AV, V = S2C" or /\2 C", to obtain explicit
dimension formulas for irreducible submodules of AV in terms of the top-row Frobe-
nius coordinates of their highest weights. For each such irreducible M), dimM) can

be expressed explicitly as a polynomial in n. This makes possible the derivation of an



explicit formula for the leading coefficients of the spectral functions, the factorial Schur

Q-functions, and the classical Schur Q-functions.

Chapter 5 presents computational examples. Among these are explicitly written op-
erators D), spectral functions, factorial Schur @Q-functions, tables of values of these

functions, and dimension polynomials.

Chapter 6 sets out several topics for further research which arise from, or are natural

extensions of, the current project.



Chapter 2

The Transposition Formula for General Skew Multiplicity
Free Spaces

In the following discussion, multiplications are understood to be skew multiplications,
i.e. multiplication inside an exterior algebra. Other notational conventions are as fol-
lows.

G denotes a connected reductive group. V denotes any skew multiplicity free G-module.
PD(V) denotes the algebra of polynomial coefficient differential operators on V, and
PD(V)C the algebra of G-invariant such operators.

For a specific V' understood from context, A denotes the set of highest weights of AV
as a G-module, and the elements of A are denoted by lower case Greek letters A, u, v, ...
For A € A, M) denotes the irreducible G-module of highest weight .

dy = (—1)MdimMy, denotes the superdimension of Mj.

Sections 2.1 and 2.2 are largely inspired by Benson and Ratcliff’s treatment of the sub-
ject in the symmetric case in [BR, 43-57], and closely mimic much of the pattern of

their argument.

2.1 Skew Capelli Polynomials and Operators

Assume that V' has finite dimension n. To define a pairing AV* @ AV — C, let {z;}
be a basis of V and {Zz;} a basis of V*, such that < z;, z; >= §;; and < z;,Z; >= —d;;.

We define 9; and 5@ by ai(Zj) =<z, 2 >= 51']‘, and 51'(2]') =< z,2z; >= *61‘]'.

The G-module isomorphisms PD(V') = /\(V eV = /\ Ve /\ V* permit us to adopt



the useful viewpoint that the canonical invariant operator D) considered in the intro-
duction can be regarded as a polynomial Py in skew symmetric variables, which can in
turn be viewed as a tensor. We may move freely between these interpretations.

Beginning with the tensor viewpoint, we consider the basis-independent element
ldAl
211) Y weveMaM)®c(AVve \v)©

i=1

where {v; } is any basis for M and {v} is its dual basis, in the sense that < v}, v; >= §;;

and < v;,vj >= —0;j. We can define the canonical skew invariant
3 |dx|
(212) Pi=> v,
i=1

and the normalized invariant

1 -
(2.1.3) Py = —P.
dy

By the natural isomorphism

214) AVe AV = AVev)

we may regard P, as a skew-polynomial in the variables 21, ..., zp, 21, ..., Zn, recalling

that zq,...,2, € V and Zz1,..., 2, € V* . With this interpretation we write
) dx
(2.1.5)  Py(2,2) = > vi(2)v}(2)

7

and refer to Py(z,Z) as the skew Capelli polynomial determined by A.

Finally, consider the isomorphism of G-modules

(2.1.6) =: A(VaVv") —PDV)



defined by

(2.1.7)  w(z) ==z, m(zi) =0;, i =1,2,...,n

We define the skew Capelli operator determined by A by

(21.8) Dy =m(P\(z,%2))

and write Dy = Py(z,d).

We define a G-invariant form < -, - > on A(V @ V*) by

(2.1.9) < p,q>=p(9,0)(q(2, 2))|.=z=0

The form has the properties

(2.1.10) < €z;,- >=<&,0i(-) >
<&z, >=<E,0i(1) >
<1,1>=1

<1, >=0 if £ is not a constant.
In the first two statements in (2.1.10) the right side has strictly lower degree than the
left, so that the four given statements show that such an inner product on A(V @ V*)

is unique.

Note also that this form is supersymmetric in the sense that

(2.1.11) < &n>= (Dl <p >

Computation of the inner product on concrete elements of A(V @& V*) entails replacing
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the variables of the first argument by suitable differentiation operators.

Examples:
1) < 2129,2122 >=< 21,82(2122) >=<2z1,0>=0

2) < z129,2122 >=< 21,52(2122) >=< z1, —5152(22) >=< 21,21 >= —1

Indeed, we can write the following formula for the inner product on straightened mono-

mials:
(2.1.12) < 298, 2% > = §u0.(—1) (2 )+(E)

n n

where 2% = H 2, with each a; = 0 or 1; similarly z = H Zf", etc. Thus if £ and 7 are
i=1 i=1

monomials then < &7 >= 0 unless £ equals, up to sign, a permutation of the factors

of n.

2.1.1. Proposition. If My C AV and M;; C A V*, then the pairing < -, - > restricted
to M) x M, is zero unless A = p, in which case it is non-degenerate.

Proof. This follows from the G-invariance of the bilinear form < -, - >.

The following computation is central to the overall argument:
2.1.2. Proposition. < 15)\, 15# >=d\0x,

Proof: Let {v;} and {w;} be bases for the irreducible submodules M) and M,,, respec-
tively, and let {v;} and {w}} be the corresponding dual bases. In keeping with our con-
ventions this means precisely that < v}, v; >= §;5, < Vi, U] >= —0;5, < W, w; >= 04,

and < w,-,w; >= —0;;

(2.1.13) < Py, P, >=< P\(2,%), Pu(2,%) >
= P(9,0)(Pu(2,2))
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= Z vi(0)v; (9)w; (2)wj (2)

Since v; € My, w; € My, Proposition 2.1.1 implies that v} (0)w;(z) =< v}, w; >= 0x,-
Thus if X # p we have < Py, 15# >=0.

If A = p, so that the {v;} and {w;} are bases of the same space, we may assume by the
basis independence of Py that v; = w; for each 7. Thus we may replace v}(9)w;(z) by

dxpu0ij, and obtain

d
(2.1.14) < Py, P, >=4), gvi(é)vf(f)
|| i
=0 Y (-
since deg v; :i])\]
= (=) dr[ox,
= dyby, -

The argument in the next section will require the following lemma.
Let Q =2121+ ... + 220
. QF
2.1.3. Lemma. Z P\, = o
I\=k
Proof: The left side is the sum of all skew Capelli polynomials of specified degree, which

together form a basis of @ M. Recalling (2.1.5) we can express each skew Capelli

A=k
polynomial in a basis independent way by
|dxl
(2.1.15)  Py=> wi(2)vf(2)
i=1

Consider the monomial basis of @ M), namely {z% : |a| = k}, where a = (o, ..., o)
I\=k
a1

is a multiindex of Os and 1s, and 2% = 2] o

--zom . By the basis independence of the

sum of skew Capelli polynomials of a given degree, we have that
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(21.16) > Py= ) (=)

[Al=F laf=k

(2*)*, the element of A V* dual to 2?, is determined by formula (2.1.12), which implies

that

(21.17) < z%,2% >= (~1)(3)
It follows that

(2.1.18) (%) = (~1)(3)ze

so that

1<i1<...<ip<n
Qk

— Il
k!

2.1.4. Corollary. Z Py = 9.
AEA
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2.2 The Transposition Operator

Let A := 0,01 +... + 0,0,. Recall from the beginning of this chapter that by definition,

ai(Zj) =<z, 2; >= 5ij and 6¢(§j) =< 2,25 >= _5z‘j‘

Define an operator T : A(V & V*) — A(V & V*) by

(2.2.1)  (TP)(z,2) = (e®P)(z,—2) = e®(P(z,—2)).

Define an operator M by

(2.2.2) (MP)(z,2) = P(z,—2).

Then

2.2.1.Proposition. T =Moe 2 =¢®oM=T"".

Proof. Observe first that

1<i1<i2<...<t,<n

In the expansion of the product A¥ = (9,0; + ... + 0,,0,)¥, the only terms which do not
contain repeated factors and consequently vanish are those of the form 5i18i1...5ik6ik.
Furthermore, since there are k! reorderings of each k-tuple of indices {i1,...,i;}, we

have k! copies of each term of the form éilail...éik 0;, in the expansion of Ak,

It suffices to test the equality of M o e ® and e® o M on elements of the form

212122%29...25%5-

On the one hand,
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k k
(2.2.4) (—1)’“% o M (2121227225 %s) =(—1)k%

_ kts 5 5 s =
=(-1) g 05,04, ...0i, 05, (2121 22%2... 25 Zs)
1<i1<i9<...<ip <n
—(_1)s 3. 4. 5 .5,
=(-1) E Zj1%j1%52%g2 R js— 1 Ris—k
1<51 <2< <js—k<n

((—1)%(21212272...25%5))

The second factor of (—1)*, which cancels the first, arises because each 9;(z;) = —1.

On the other hand,

AE
(2:25) Mo —r(z1212072 -+ 2s%s) = M((-1)* > 2121 2j2Zja -+ Zjs 1 Zjoi)
) 1<i1<g2<...<Js—k<n
=(-1)° Z Zj1 21752 %42+ Fhs—k Fhs—k 0
1<j1<ge<...<js—k<n
2.2.2. Corollary. T(Py) = (—1)Me2(Py).
Proof: Immediate from the definition and the fact that deg; Py = |A|. O

2.2.3. Lemma. {T(P)):\ € A} is a vector space basis for A\(V @ V*)C.

Proof: T(Py) € A(V @& V*) is G-invariant and A is a G-invariant operator. Moreover,

(2.2.6) T(Py) = (-1D)PP, + R,

where Py € A(V @ V*)|y, |z and R, is of strictly lower degree, due to the action of eA.
As the {P\} form a basis for A(V @ V*)%, so do the {T(Py)}. O

Remark: This differs slightly from argument given in the symmetric case, in which
a K-invariant form is used and the statement of the lemma pertains to K-invariants.

This difference has no effect on the overall argument.
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A
] are defined for
v

2.2.4. Definition. The generalized skew binomial coefficients |:

A\veAby T(Py) = (-1)M> [ A P,.

veEA v

Analogously to the symmetric case, the proof of Lemma 2.2.3 gives the following corol-

lary

A A
2.2.5. Corollary. { ] =1, { ] = 0 when |A| < |v| but X # v.
A v

Thus

(227) T(P)= > (-pM A

[vI<|Al

= (-)MPy 3 ()N

v w[<IA|

A
P,.
v

2.2.6. Proposition. » (—1)l* { A] {”] = (=1)Ms,,.

HEA

Proof: T? = 1 implies that

(28) P=TTP) =N | 1(e)
On the other hand,
A
(2.2.9) T(PA)(I)’\Z[ P,
% 2
ENDY { 4 ] LY { " 1)
1% I v v
— () S (e { 4 } " )
v w 1% 1%




The proposition follows from the linear independence of the {T'(Py) : A € A}.

2.2.7. Proposition. For A € A and k € N,

k A
(2210) 2 p, = > P,
==k | ¥

and

(2.2.11) (—1)kA—k (Py= > 4 T(P)

k!
==k | ¥
Proof: We have
iy | A e (
(2212) )N | VR =T(Ry) = (—1)NeA(py) =
v

For a given k,

AF A
(22.13) < Py= > P,

WI=Al=k | ¥

Equating homogeneous components of degree 2(|A| —

To prove 2.2.11, apply the operator T" to both sides of (2.2.10):

(2.2.14) e OM% PA_lzljl i T(P,)
=|A|-k
(ka2
()PP, =
( 1)“"“%?( DT (Py) =

16

k) on both sides yields (2.2.10).
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2.2.8. Lemma. (@ and A are adjoint.

Proof: We compute

(2.2.15) < 2jzi§,m >=< z;§, (_1)deg 56j77 >=<¢, 5j8j77 > .
Thus
(2.2.16) < Q& n>=<&Q,n>=<& An>. O

Benson and Ratcliff ([BR, p.54]) cite an unpublished Pieri formula proved by Yan,

whose skew analogue is the following:

k. A
2.2.9. Theorem. Forv e Ak eN, %Py = Z Py.
Al=lv[+k |V

Proof. The theorem states that

k A
(2.2.17) Q—d,,Pl,: Z dy P

!

& A=lvl+k [ V
We have

K < 2P, P>
(2.2.18) %Pyz Yy T IATp

< PP >
A=l +k AriA

since the Py of degree |v| + k form a basis for invariants of degree |v| + k

Ak
(2219) = Y  d\<Dh, P> P
I\|=[v|+k '
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by adjointness of @ and A (Lemma 2.2.8) and the fact that dy =< Py, Py > (Proposi-

tion 2.1.2) , so that < Py, P\ >= %. Thus we have

A
(2220) = Y  d\<PB,) P, > P,
A=|v|+k Iz v

A
= Z dy < P,,P, > Py
=lv|+k | ¥

by the orthogonality of Py and P, for A # v, and Proposition 2.2.7.

dy | A
(2.221) = > T Py.
[Al=lv|+k v

Thus

k A
(2.2.22) Q—d,,P,,: > dy P

|

w A=lvl+k |V

k _ A -
ie. %P,, = Z P, O

‘ A=lvl+k |V

. A
2.2.10. Corollary. For v € A, P, = Z Py.
AEAN | V¥

Recall from Chapter 1 that by Schur’s Lemma and the skew multiplicity freeness of V/,

the G-invariant operator D, = P,(z,d) acts as a scalar on each irreducible M.

2.2.11. Definition. Let ¢, denote the spectral function of the canonical invariant

operator P,(z,d) € (M, @ M}*)C.

Thus for v, A € A, ¢,(\) € C denotes the eigenvalue of D, on M).

A
2.2.12. Proposition. For all \,v € A, ¢,(\) =

v
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Proof: Note that P,(z,0)Py(z,%) = ¢, (\)Px(2, 2) since Py(z,%) € My ® M.

We have
(2.2.23)  P,(2,0)e? = P,(z,7)e?
which holds in the skew case as in the symmetric.

On the one hand,

(2.2.24)  P,(2,2)e? = P,(2, %) Z%
k

??“@

k
since Q¥ is homogeneous of even degree, so that QF Py

A -

(2225) => Y Py\(2, %)

ko A=lv|+k | V
by Theorem 2.2.9.
= > Py(2,2).
Alzlv] |V

On the other hand, using Lemma 2.1.3 we find that

Qk
(2.2.26) €9 = %: o
=22 B2
k |\=Fk

=> Pi(z2)
A

Thus

= P\Q* for each k.
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Having written P,(z,d)e? in two ways we find that

A i
(2.2.28) > Pr(2,2) =Y c(MP(2,2).
A A

14

. A
For each A, equating coefficients of Py(z, z) gives =cy(A). O

14

Proposition 2.2.12 and Corollary 2.2.5 imply that the spectral functions satisfy the fol-

lowing vanishing condition:

2.2.13. Corollary. For any \,v € A, ¢,(A) =0 if |\| < |v| but A # v; ¢, (v) = 1.
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2.3 The Transposition Formula

Let the transposition map 7 be the antiautomorphism on skew differential operators

defined for each i = 1, ..., dim V by

(2.3.1) T(Zl) = Zj, T(&Z) = —8i.

It then follows that 7(z;0;) = (—1)%9(2:)de9(9)(_9,)z; = 8;2;, and similarly 7(9;z;) =

Ziai .

2.3.1. Proposition. The action of T = e® o M = M o e ® on skew polynomials
corresponds to that of 7 on skew differential operators in the sense that the following

diagram commutes for any P(z,z) € A(V & V*):

P(z,z) —™ P(z0)
! !
T(P(z,2)) — 7(P(z,0))

Proof. We observe that the following diagrams commute:

2z — 20

(2.3.4) ! !
—2z24+41 — —20+1=0z

since z0 + 0z = 1. To justify that in fact e o M(22) = —zZ + 1, we compute
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(2.35) €990 M(22) = ¢99(—22)

= —2Z + 00(—2%)
=—22+0(-2)
=—z2Z+1

For the induction step, assume that the result holds for polynomials

P(z,z) = P(z1, .., 2n—1, 21, ---, Zn—1). We must show that it holds for P(z, 2)Q(zn, Zn)-
It suffices to check this for Q(zy, Z,) = 2zn, Zn, O 2,Z,. Write

(236) A,_1 = 5181 + ...+ 571,18”,1.

Then

(23.7) A=A,=A,1+0,0,

and in particular

(2.3.8) 2 = eln-1edntn

Note that A,_; and 9,,0,, commute, since both expressions have even degree, and there-

An-1 and €9 commute as well.

fore e

For Q(z, %) = 2,, observe that €% o M (z,) = z,. We have

(2.3.9)  Br1ePm0n o M(P(z,2)2,) = 271 (P(z, — %)) (2,))
= (A1 (P(2,-2)))zn

Thus
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P(z,%)zy —  P(z,0)zy
(2.3.10) ! !
(eAr=1(P(z,—2))zn — 7(P(2,0))2n

where e27-1(P(z,—%)) — 7(P(z,d)) by induction.

For Q(z,%) = z,, we have e o M(z,) = —%,, hence

(2.3.11)  e2r1eP% o M(P(2,2)(2,)) = €2 (P(z,—2)))(—Zn)

Thus we have a commutative diagram

P(z,2)z, — P(z,0)(0y)
! !
At (P(z,=2))(=20) — 7(P(2,0))(~8n)

For Q(z,2) = z,Zy, we have

(2.3.12) €% o M(2,%,) = P9 (—2,%,)
= — 232y + 0nOn(—2n2n)
= —2pZn + Op(—2n)

= —2p2Zp +1

since d,(2,) = —1, hence

(2.3.13)  e2n1ePm0n o M(P(2,2)2n70) = €271 (P(2, —2))(—2nZn + 1)

Thus we have a commutative diagram

P(z,2)zn%n — P(2,0)(2n,0n)
! ! 0
A1 (P(z,=2))(=2nZn +1) — 7(P(2,0)) (=220, + 1) = 7(P(2,0))(0nzn)
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Let V be an SMF G-space of dimension n, let y denote the sum of all weights of V,

and let wy denote the longest element of the Weyl group of G. Consider the map
(23.14) A'VeA"'V- A"V
and observe that the module M, C A" V.

If M) C /\1 V' then there exists M, C /\"_i V' such that multiplication is a perfect pair-
ing, My ® M, — M,. Then necessarily M,, = M, ® MJ. Since M; has highest weight
—wpA it follows that the set of highest weights of A V' is invariant under A — x — woA.

We can now formulate the following
2.3.2. Proposition. cpt(A) = cp(x — woA).

Proof. The argument closely follows Knop’s approach in the symmetric case ([K1, sec-
tion 2] where the corresponding assertion is that cpt(z) = e¢p(—=2)).

Let V' be any finite dimensional SMF G-space, where G has Lie algebra g. Let 3(g)
denote the center of the universal enveloping algebra 4(g). The action of G on V' in-

duces a homomorphism W : 4(g) — PD(V), whose restriction to 3(g) maps to PD(V)C.
Let e; be a basis for V' consisting of weight vectors such that each e; has weight

Xi- Let the operator 0; be defined by 0;(ej) = d;;. Write the usual decomposition

g=nT@®h@n". For n € b we have () = >_ xi(n)e;0;. After transposing we have

(2.3.15)  W'(n sz )0ie; = ZXZ V(1 —eid;) = x(n) — ¥(n).

If n € n* then ¥(n) = >izj @ijei0;. Since e; and 0; anticommute when ¢ # j, we have



25

Ut(n) = —W(n). Since y is a character of g we can define an antiautomorphism 7 on

U(g) by 7(n) = —m + x for all n € g, and thus we have shown that
(2.3.16) W) = W(r(€£)) for all £ € U(g).
Let £ € 3(g) and D = ¥(¢). By the Poincare Birkhoff Witt theorem we can write

€ =& + & where & € h and & € n~U(h)nT. Regarding & as a function on h* which

takes the value &y(v) at v € bh*,

(23.17)  7(&o(v)) = &o(—v + X)-
Now observe that 7(£) = 7(§o)+7(£1), where 7(&o) € H(h) and, since 7 is an antiautomorphism,
7(&) € nti(h)n~. We consider the action upon a lowest weight vector u of My, which

has weight wg\, where wy denotes the longest element in the Weyl group of GG. Since

n~ annihilates a lowest weight vector, ¥(7(&1))u = 0, hence

(2.3.18)  D'u=W(7(é))u = 7(&)(wod)u = &o(—wo + x)u.

Thus we have

(2.3.19)  cpt(A) = &o(x —woN) for any highest weight .

Since A is the highest weight of M), we can write

(2.3.20)  cp(N) = &(N).

Since x — wpA is again a weight, we may replace A by x — wgA to obtain

(2.3.21)  ep(x — wor) = &o(x — woA) = cpe (). O
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This result holds when D is any G-invariant differential operator arising from the center
of 4(g). On the assumption that D), for A € A, arises in this way, we obtain at last

the desired transposition formula:

d
2.3.3. Theorem. c)(x — wov) = Z (—1)"\‘d—)‘cu()\)cy(u) for each \,v € A.
i<l !
) X — woV NI A v
Equivalently, = Z (=) ‘d—
A <A Pluel Lk

Proof: By Definition 2.2.4 we write in terms of unnormalized invariants that

(2.3.22) T(Pr(z,2) =Y (-)M A P.(2,%)
HEA o)

In terms of normalized invariants this is written

(2.3.23) M:Z(_l)w A Pulz2)

dy =~ L

By Proposition 2.2.12 we have

(2.3.24) %j’z)) — Z(_l)mcu(/\) PNEZ; z)

HEA

hence

. d -
(2325)  T(Pa(z2) = Y ()N 2eu(N) Bz, 2)

HEA
Now we apply the map 7 (see (2.1.6) above) which associates to each polynomial the
corresponding differential operator by mapping z — z, zZ — 9. Recalling that by Propo-
sition 2.3.1, the action of T' corresponds under this map to the transposition operator

T, we have
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HEA

or equivalently,

d
(2.3.27) Di = Z(—l)"\|d—AcM(A)Du
HEA s

When each side of this equation acts on an irreducible M,,, we replace the operator on

each side by its spectral function:

2328 40) = ()M a0
nEA

By Proposition 2.3.2 this is

2329) (= o) = (=) P00 m

Theorem 2.3.3 implies an additional symmetry which the spectral functions satisfy:

(=1)Pex(x — wov)
dy

2.3.4. Corollary. The expression is symmetric in A and v. [

2.3.5. Corollary. For each A € A, ¢\(x) = (=1)dy = dimM,.

Proof: By evaluating the transposition formula, Theorem 2.3.3, at u =0,

2330 o) = = wo0) = 3 (DG (el0)
[l <|A|

The vanishing property, Corollary 2.2.13, implies that ¢,(0) = 0 unless p = (0), so we

have

(2.3.31)  ex(x) = (—1)° 520y (M) (0).
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Since (0) is the highest weight of the trivial representation, Dy = 1, so that c(g)(v) = 1

for all v € A, and moreover, d) = 1. Thus (2.3.31) becomes cx(x) = |da|. O
2.3.6. Corollary. For each nontrivial A € A, Z ISL w(A) = 0.
lLI<IA|

Proof: By evaluating the transposition formula at y,
A
(2.3.32)  axlx—wo(x) = > (1) 7 cnNeu()

d
ex(0) = Z (- )'Ald_cu( )y
<Al g
by Corollary 2.3.5. Since A # 0 by assumption, ¢y(0) = 0 by the vanishing property

(Corollary 2.2.13), so we have

(2.3.33) 0= Y (=1)ld\Je, (V) =ldx] D (1),

[I<IAl [ <IA]

0= Y (=nle,(n).

[l <IA|

Remark: Theorem 2.3.3 and its corollaries are analogous to results obtained by Knop

in the general multiplicity free case [cf. K1].
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Chapter 3

Spectral functions for S2C" and A\*C"

In this chapter we restrict our investigation to the two special cases in which G =
GL,(C) and V is the skew multiplicity free space S2C" or A2C™, n > 2. We let A,
denote the set of highest weights actually occurring in AV as a G-module; the sub-
script may be omitted when the dependence on n is irrelevant. We will regard these
weights concretely as partitions of length at most n, i.e. weakly decreasing n-tuples A
consisting of £(\) positive integers followed by n — ¢(\) 0s. It is primarily A V whose
highest weights are of interest, rather than V', though we continue to denote by x the
sum of all weights of V itself. We also continue to denote by c) the spectral function
for the action of the skew Capelli operator Dy on V', so that D) acts on the irreducible
module M), as multiplication by the scalar ¢y ().
n

Pr = Z zlk denotes the degree k power sum polynomial in n commuting variables, and
C[pl,;)? D5, ...] the algebra of supersymmetric polynomials in n variables on V', where

n 1s understood from context.

3.1 Combinatorics of highest weights

There are two useful characterizations of A,, when V = S?C". Consider the standard
basis e1, ..., e, of C", so that {e;ej,1 <1i < j < n} is a basis for S2C". Following Howe’s
approach in [H, section 4.4], put e;; = e;e; and write these basis vectors in a triangular

array
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€11 €12 €13 €14 €15 €ln
€22 €23 €24 €25 €2n
€33 €34 €35 €3n
(3. 1. 1)
€44 €45 €4n
Enn

Now consider subsets of basis vectors with the property that if a given basis element

is in the subset, then so are all basis elements above it and /or to the left of it in the array.

€11 €192 €13 €lrs €1ry €1r
€929 €23 ... €213 e €21y
(3.1.2)
€33 €3r3

Howe shows that a highest weight vector of / V' is obtained by taking the wedge product
of all elements of such a subset, and that a highest weight vector for every irreducible
submodule can be obtained in this way. Next consider the Young diagram of a highest
weight A defined by such a subset of the triangular array, and observe that the ith row

of the array

(3.1.3) €ii €ii+l €ii+2 - €ipi—1 €ip

contributes to the Young diagram of A\ what Howe defines as an (;+1, r;) hook, namely
the Young diagram of (r; + 1,17~1). Note that we must have ; < n. Thus the Young
diagram of A is formed by nesting k& such (r + 1,7) hooks, for a finite number k of
different values of r; this property characterizes the elements of A,, which consists of

all weights formed by nesting (r + 1,7) hooks such that r < n.

3.1.1. Proposition. The set A, of highest weights occurring in A S?C" consists pre-

cisely of all weights formed by nesting (r + 1,7) hooks such that r < n.
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3.1.2. Corollary. A, embeds in A, by
A= (A1, A2, ey M), 077EN) 5 (A1, Aoy oy Mgy, 076V FL) for each A € Ay,

For example, when n = 3, the subsets of the triangular array which give rise to highest
weight vectors are {}, {e11},{e11,e12}, {e11, €12, 22}, {e11, €12, €13}, {e11, e12, €13, €22},
{e11, €12, €13, €22}, {€11, €12, €13, €22, €23}, and {e11, €12, €13, €22, €23, €33 }. The correspond-
ing highest weights are (0, 0,0), (2,0,0), (3,1,0), (3,3,0), (4,1,1), (4,3,1), (4,4,2), and
(4,4,4). Among the Young diagrams of these weights, that of (2,0, 0) consists of a single
(2,1) hook, that of (3,1,0) consists of a single (3,2) hook, and that of (4,1, 1) consists
of a single (4, 3) hook, while the other nontrivial diagrams consist of nestings of two or

three of these.

An equivalent characterization, due to Knop, is based on the form of the Frobenius co-
ordinates of elements of A,. If A is any partition (A, A2, ..., A), then its dual partition
X = (N}, Ab, ..., \}) is the partition whose Young diagram is obtained from that of A by

interchanging its rows with its columns. A is said to have Frobenius coordinates

o] Q2 ... Of

B B2 o B
where a; = \j —¢ and 8; = N, — 4,4 = 1,2, .., k, and k is the largest index such that

)

Ai —1 > 0. This description of a partition A can be viewed as a decomposition of A into

nested hooks of shapes (a3 + 1,1%1), (a4 1,172), ..., (a1 + k, 1%%).

In private conversation, Knop reformulated Howe’s characterization of A,, by observ-
ing that weights which satisfy Howe’s nested hook property are precisely those whose

Frobenius coordinates are of the form

aq a9 af

(3.1.4)
041—1 Ozg—l ak—l
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where ) . «; < n. Since Frobenius coordinates of this form are determined by their top
row alone, whose entries are by definition positive and strictly decreasing, the partitions
in A, correspond bijectively to strict partitions of integers < n. The correspondence is
indeed bijective, since any strict partition of an integer < n can be placed into the top

row of Frobenius coordinates of the indicated form and thereby determine a highest

weight of A\ S2C".

For each A € A, denote the associated strict partition X. Observe that each ); equals

half the number of boxes in the corresponding (\; — i + 1, A; — i) hook. It follows that

(3.1.5) |\ =2|A.

For example, when A = (4, 3,1), whose Young diagram is composed of a (4, 3) hook and

a (2,1) hook, we have A = (3,1), so that indeed |(4,3,1)|= 8 = 2/(3,1)|.

In the case \ A”C", the same reasoning using the basis {e; Aej, 1 <i < j < n} shows
that the highest weights are those whose Young diagrams are nested (7,7 4+ 1) hooks

and whose Frobenius coordinates are therefore of the form

ar—1 as—1 ... ap—1
(3.1.6) !

o1 g Qg
Thus a bijection holds between highest weights of A /\2 C™ and strict partitions of inte-
gers < n, by associating to each highest weight its bottom row Frobenius coordinates.
Moreover, the characterization by nested hooks shows that A is a highest weight of
A S2C™ if and only if its dual X is a highest weight of A A?C™, so that A and X cor-
respond to the same strict partition X. This fact will ultimately have the consequence,
which is surprising a priori, that our two special cases /\ S2C™ and A /\2 C"™ have es-

sentially the same spectral theory.
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This bijective correspondence between highest weights and strict partitions can be re-

alized in another way, which will be crucial to the subsequent discussion. Let

(3.1.7) p:<”—'1 n—3 —n+1>

5 g 5

the half sum of the positive roots, as it were the "true” p, and, as in chapter 2, denote

by x the sum of all weights of V. Throughout this chapter we will use

(31.8) p=p—

When V = S2C",x = (n+ 1,n+ 1,...,n + 1), so that p = (~1,-2,-3,...,—n) and

when V = A*C",x=(n—1,n—1,..,n — 1), so that p = (0, =1, -2, ... —n + 1).

Consider any weakly decreasing m-tuple of integers (a1, ..., a,,) with at least a; > 0, and
let r be the largest index such that a, > 0. Then let (aq, ..., a;, )+ denote (a1, ag, ..., a,),

i.e. the r-tuple obtained by discarding all 0 or negative entries of (ay, ..., ).

3.1.3. Lemma. Highest weights u € A,, correspond bijectively to strict partitions of
integers < n, under the map p — (u+ p)+.

Proof: If V.= S2C", then the coordinates of (u + p)y = (1 — 1,2 — 2, ..., g — k)
are by definition the top-row Frobenius coordinates of u. Similarly, if V' = /\2 C™, and
w has top-row Frobenius coordinates (p1 — 1, 2 — 2, ..., ux — k), then its bottom-row

Frobenius coordinates are (1, p2 — 1, .., — k+ 1) = (u + p)+. O
3.1.4. Lemma. Let V = S2C" and p = (—1,-2,-3,...,—n). For any u € A, the
unordered set of integers {|u1 + p1l, |p2 + p2l, -y |k + PE|s -y |ttn + pn|} is precisely the

set {1,2,...,n}.

In the statement of the lemma it is understood that if ¢(u) < n then p; = 0 for each
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2,0), p+p=(1,-2,-3,-4,..)
3,1), pu+p=(2, -3,-4,...)
3,3, put+p=1(2,1,-3,-4,..)
), pt+p=(3,-1,-2,-4,...)
= (4,3,1), p4p=(3,1,-2,-4,...)
,2), (3 —4,...)
(3,2,1,-4,..)

more extensive list is given in Chapter 5, Section 3.

p+p=

7

4,4,4), p+p=

Proof: We prove the result by induction on the number of nested (r+1,r) hooks making
up the Young diagram of p.

If the diagram of u consists of one hook (p1,p1 — 1), then u+p =

(1 —1,1—2,1=3,.1— (1 — 1), —(u1 —14+1), —(u1 — 1+ 2), — (1 — 1 +3),...) =
(i — 1,1, =22 — i, —pn, —p1 — 1, g — 2..0).

The first uy — 1 coordinates are, in absolute value, a cyclic permutation of the integers
1,2,...,u1 — 1. The subsequent coordinates are, in absolute value, pq, u1 + 1, ... Thus

the result holds for p consisting of one hook.

Now suppose that the result holds for weights whose diagrams are composed of k
nested (r; + 1,7;) hooks. Consider a weight p composed of k + 1 nested hooks. De-
note by i the partition formed by the first k of these hooks, and write v = i + p =
(V1,12 oy Vyy—1, —ft1, —pt1 — 1, ...), so that by induction the integers |v1], [va|, ..., [Vu, -1
form a permutation of 1,2, ..., u1 — 1. We now consider u+ p, whose first k& coordinates

are identical to those of v = i + p.

The coordinates first differ at the k + 1st position, where we add pri1 — k. They also

differ from the k + 2nd to the pur11 — k — 1st coordinates, to each of which we add 1;
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after this point p + p agrees with & + p in all subsequent entries. We can write the
entries in which they do differ as
(Vkg1 + o1 — ks vero + Lvggs + 1,0, vy k-1 + 1). It suffices to show that these

integers, in absolute value, are a permutation of (Vgy1,Vkt2, s Vyypy—k—1)-

Note the simple but crucial fact that since the hooks are nested, fix11 = figto = ... =
Bypyi—k—1, 1.6, the length of the k + 1st nested hook must be less than that of any

previous hook. Thus vg11 =2+ 1=..=vy g1+ pr1 — k— 2.
We can be even more specific, and assert that v = —1. After nesting k& hooks, the
k + 1st row has k boxes. The kth hook cannot be a (2,1) hook, i.e. just a row with 2

boxes, or else we could not nest the k + 1st hook. So after nesting k hooks, there are

exactly k boxes in the k + 1st row, and vg41 = —1.

Our task of showing that in absolute value,

(319) (Vk+1 + pg1 — kv + Lvgyes + 1, Vi1 —k—1 + 1)

is a permutation of

(3.1.10) (VkJrl,VkJrg,...,Vuk+1,k,1),

now reduces to showing that in absolute value,

(3.1.11) (=14 pgy1 —k,-1—-1+1,-1-2+1,., -1 — 1 +k+2+1) =
(:u’k+1 — k- 17 _17 _27 ooy THE41 T k+ 2)

is a permutation of

(31.12) (=1, =1 =1, =1 — pppr + k+2) = (=1, -2, =3..., — i1 + k + 1).

These do differ by a (cyclic) permutation, and the result follows. O
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3.1.5. Lemma. Let V = /\2 C"and p=(0,—1,-2,...,—n+1).
For any p € A,, the unordered set of integers {|u1 + pil,|p2 + p2ls -y |t + pnl} is

precisely the set {0,1,2,...,n — 1}.

Proof: The induction on the number of nested (r—1, r) hooks making up the Young dia-

gram of y is virtually identical to the proof of Lemma 3.1.4, but uses p = (0, —1, =2, ..., —n+
1) instead of (—1,—2, -3, ..., —n). O
Examples

In each of our two examples of skew multiplicity free spaces V, the number of high-
est weights A of AV with |A\| = 2d equals the number of strict partitions of d. By a
celebrated result of Euler, the number of strict partitions of d equals the number of
partitions of d into odd parts. Now monomials of degree d in the odd degree power
sums p1, ps, Ps, ... correspond bijectively to partitions of d into odd parts. For example,
the partitions of 6 into odd parts are (1%), (13,3), (1,5), and (32), and the corresponding
monomials are p{, p$ps, p1ps, and p3. Since monomials of degree < d form a basis for

the space of supersymmetric polynomials of degree < d, we have proven the following:

3.1.6. Proposition: For any integers n > d > 0, the number of highest weights
A € A, with |[A| < 2d equals the dimension of the space of supersymmetric polynomials

of degree < d. OJ
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3.2 Factorial Schur () functions

Okounkov defines [I1, 12] the factorial Schur @ functions, a family of supersymmetric
functions which, like the classical Schur ) functions of which they are an analogue, are

indexed by strict partitions.

k
Let [z | k] = H(z —i+4+1), k=0,1,2,.... For any strict partition A and n > ¢()), let
i=1
£(N) PRI
_ Y )
(3.2.1)  Fa(21,.2) = H[zl DY F—
i=1 i<E(N)i<j<n

Then the factorial Schur @) polynomial indexed by A is defined by

2Z(>\)
3.2.1. Definition. Q; Z F)\ w(l)a'-'a w(n ))
wES
From this definition it is clear that @} has degree |A|. Ivanov demonstrates [I2] that Q3
is supersymmetric and vanishes at all strict partitions p such that || < |A], but not at
A itself. Moreover, Q% satisfies the extra vanishing condition that Q3 (x) = 0 if A and

p are strict partitions such that A ¢ p. Furthermore, for each n > ¢(\) we can express

@} as a polynomial in n variables, but the values taken by )} are independent of n.

Ivanov shows that Q3 (\) = H(\), where

(3.2.2) HAt'H Ai +A

1<j Z

H()) is indeed defined, since A is assumed to be a strict partition. We will consider a

rescaled version of the factorial Schur ) functions, defined by

1 *
(323) o= m@%

so that ¢gy(A\) = 1. Thus ¢ has the same properties of supersymmetry, degree, and
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independence of n as (J}. The basic vanishing property it satisfies can be expressed as
(3.2.4)  qx(p) = 0y, for all strict partitions p such that |u] < |A|.

Let V = S2C" and p = (—1,-2,...,—n). Let p; denote the degree k power sum poly-
nomial in n variables, i.e. py = > 1 | 2.

We define an automorphism ¢ of Clp1, ps, ps, ..., ps] in n variables, where s is the largest

odd number < n, by
(3.25)  ¢(pk) = 2px + pr(p) for each k =25 +1,j=0,1,2,..., 51
Recall that to each X\ € A, there is associated a unique strict partition .

3.2.2. Lemma. pi(\+p) = 2pr(\) + pr(p) for every k =25 + 1,7 = 0,1,2,... and
AEA,.

Proof. By Corollary 3.1.5, the coordinates of A+ p are in absolute value a permutation
of {1,2,...,n}; the positive terms are precisely the top row Frobenius coordinates of A,

and are equal to the coordinates Ai, ..., ;\g(;\) of \. Thus

(32.6)  pe(A+p) = AT+ .+ X5 — >4t
1<j<n, j#X

=20\ + .+ Ay — 1P —2F — = nf

(N
= 2pk(A) + pr(p) O

3.2.3. Proposition. For any p € C[p1, p3,ps, ..., ps] in n variables, p(A+ p) = é(p)(\)

for every A € A,,.

Proof: We can write p as a polynomial in the odd degree power sums of degree < n,

say p = f(p1,p3,...ps). Then



39

(32.7)  o(p) = f(2p1 + p1(p),2p3 + p3(p); -, 2ps + ps(p))

The proposition now follows directly from Lemma 3.2.2. ]

3.2.4. Lemma.: If p € Clpy,ps,...,ps|]<q vanishes at all strict partitions A such that

|\| < d then p = 0 identically.

Proof. The rescaled factorial Schur @ functions {g; : || < d} form a basis of

Clp1, p3, ps, ..., Ps]<d, since the vanishing property (3.2.4) which they satisfy guarantees
linear independence, and we conclude from Proposition 3.1.6 that they span. It follows
that p has a unique expansion p = aoq;, + a1¢, + ... + arqu,, where fig, ..., fi, are all
the strict partitions of size < d, in order of weakly increasing size. But the vanishing
property (3.2.4) implies that only gz, = ¢y does not vanish at (0), hence ag = 0.
Likewise, by induction, each a; = 0, ¢ = 1,..., k, and in fact no such supersymmetric

polynomial p of degree > 0 exists. O

3.2.5. Lemma.: For any integers n > d > 0, if p € C[p1,ps,...,ps]<a satisfies

p(A+ p) = 0 on the set {\ € A, : |A| < 2d}, then p = 0 identically.

Proof. Suppose that there exists such a supersymmetric polynomial p of degree d > 0.
Then by Proposition 3.2.3, ¢(p) vanishes at all strict partitions A such that |\| < d.

Since ¢ is an automorphism, the result now follows from Lemma 3.2.4. O
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3.3 Characterization Theorem

Let V = S2C", p = (—1,—2,...,—n). The goal of this section is to prove the following
Characterization Theorem:

A
3.3.1. Theorem. For each A € A,,,n > % there exists a polynomial py which satis-

fies the following properties.
CT1a. py(u+ p) = ex(p) for every p € Ay,.
CT1b. p)(p+ p) = 0 whenever |u| < |A| unless p = A, and py(A+ p) = 1.

CT2. p) is supersymmetric.

CT3. p) has degree %

Furthermore, py is uniquely determined by CT1b, CT2, and CTS3.

Preliminary remark 1: Implicitly, p) depends on n, although it will be shown in
Section 3.4 that this dependence is much weaker than it appears to be. Indeed, it will
be shown that for all n large enough, the values of py on p-shifted arguments are inde-
pendent of n. On the one hand, since G acts on A S?C" for each n, we can consider a
fixed value of n and study all the functions p). On the other hand we can fix a A and
study the functions py as n increases, in particular for all n > % The statements of

the Characterization Theorem should be understood in the latter sense, with A fixed

and for all n > %

Preliminary remark 2: Our strategy is to prove the theorem for a certain class of
invariant differential operators, namely those which arise from the center of the univer-

sal enveloping algebra of G. A combinatorial argument then shows that in fact all the
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G-invariant operators on V belong to this class.

Proof. The action of G on V gives rise to an action of its Lie algebra g on V as endo-

morphisms

(33.1) g— End(V)

hence of $(g) on V as differential operators

(3.3.2)  1i(g) — PD(V)

and thus, passing to G-invariants, of the center 3(g) of the universal enveloping algebra

on V as invariant differential operators

(3.3.3)  U:3(g) —» PD(V)®

A priori it is not clear whether ¥ is surjective, but as indicated in the second prelimi-
nary remark to this proof, our strategy is to establish CT1, CT2, and CT3 for the class
of operators which do arise from 3(g), and leave it to the concluding part of the proof

to show that in fact every invariant operator on V arises in this way.

Consider the following diagram, which will be crucial to the proof of each step of the

Characterization Theorem.

3(9) E C[p17p27p3?"']

(3.34) v !

PD(V)¢ —  Maps(A,,C)
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The map 3(g) < C[p1, p2, p3, ...] is the canonical isomorphism of symmetric polynomials
with 3(g).

The map PD(V) — Maps(Ay,C) is the association of a spectral function cp to each
invariant operator D on V.

The left vertical map W has just been explained. The right vertical map, whose stated
properties we wish to verify, assigns to each symmetric polynomial p a function ¢ such

that c(p) = p(n + p) for each p € Ay,.

Proof of CT1la: Any symmetric polynomial p can be viewed as an element £ € 3(g)
and then identified with its image D € PD(V)%. By the Harish Chandra isomorphism,
D acts on M,, C AV by the scalar cp(u) = p(p + p), which proves that the diagram

(3.3.4) is commutative and establishes CT1a for operators arising from 3(g).

Proof of CT1b:
CT1b follows directly from CT1a and Corollary 2.2.13, which establishes the vanishing

property for the general case of spectral functions of invariant operators on SMF spaces.

Proof of CT2:

We wish to show that our commutative diagram (3.3.4) can in fact be written

3(g) — Clp1,p3,p5, -]

PD(V)¢ —  Maps(A,,C)

i.e. that the symmetric polynomials, generated by the power sum polynomials, can be
replaced by the supersymmetric polynomials, which are generated by the odd degree

power sums.

Lemmas 3.1.4 and 3.1.5 have the following immediate consequence:
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3.3.2. Corollary. For each even degree power sum polynomial poj, there is a constant

Ny such that for every u € Ay, por(u+ p) = Nk, where p=(—1,-2,-3,...—n). O

Corollary 3.3.2 shows that to each even degree power sum is associated a spectral func-
tion which is merely a constant function, or equivalently, that psor — Vi is in the kernel
of the map which assigns spectral functions to symmetric polynomials. It follows that
each spectral function has a supersymmetric preimage under this map. This proves

CT2, that for each A € A, p) can be chosen to be supersymmetric.

Proof of CT3:

In light of the supersymmetry result CT2, we can indeed write

3(9) — (C[plvp37p57"']

PD(V)Y —  Maps(Ay,C)

Consider fixed d < % < n. Another consequence of the Harish Chandra isomorphism
is that if £ € 3(g) has degree d then the spectral function cp of its associated invariant
operator D = ¥(§) is interpolated (in the p-shifted sense) by a polynomial of degree
d. What is not clear a priori is whether D also has degree exactly d; conceivably some
cancellation in the highest degree term of D could cause it to have degree less than
d. Also unclear a priori is whether 3(g) maps surjectively onto PD(V)&. The proof
will address both of these issues. At this stage the degree conditions implied by the
Harish Chandra isomorphism and the fact that 3(g), PD(V)%, and Cpy, p3, ps, ...| are
all filtered by degree, allow us to restrict our diagram to elements of degree at most d.

Thus we have a commutative diagram
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3(g)<d A C[p17p37p57“'7ps]§d

PD(V)E, — Maps(A,, C)

where s is the largest odd integer such that s < d. We wish to show that there is a

bijection between PD(V)gd and C[p1,p3, ps, ...|<q. First we argue that

(C[plap37p57 "‘7p8]Sd
(3.3.8) |

Maps(A,, C)

is injective for all n > d. Note first that since s < n, the odd degree power sums
P1, D3, ---, Ps are algebraically independent. Furthermore, it follows directly from Lemma
3.2.5 that Clp1,ps,ps, ..., ps|]<a maps injectively into Maps(Ay,C) if A, contains all
highest weights v with |v| < 2d. This is the case for all n > d, by Proposition 3.1.1, so

that indeed

(C[plap37p57 "'7ps]§d
(3.3.9) !

Maps(An, C)

is injective for all n > d.

It follows that the composite map

S(Q)Sd — C[p17p3)p57"')p5]§d
(3.3.10) !

PD(V)gd

is also injective. Now to prove CT3 it suffices to show that this map is also surjective,
i.e. that this map preserves degree, or more specifically that the map on the associated

filtered algebras preserves degree. This is done by proving that for each d, the dimension
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of the subspace of degree d modulo degree d — 1 invariant differential operators equals

the dimension of the subspace of degree d modulo degree d—1 supersymmetric functions.

dim(PD(V)gd/PD(V)gdil) equals the number of highest weights p with Izﬂ = d, which
equals the number of strict partitions of d. On the other hand,

dim(C[p1, p3, ps, ---]<a/C[p1, p3, p5, ...]<d—1) equals the number of monomials of degree
d in the odd degree power sums; such monomials correspond bijectively to partitions of
d into odd parts. We appeal again to Euler’s result that the number of strict partitions
of d equals the number of partitions of d into odd parts, for all positive integers d.
It follows that our injective map PD(V)gd — Clp1,p3,ps5,...]<q is in fact a bijection,
which proves CT3 for those invariant operators on V' arising from 3(g). But these are

in fact all the invariant operators on V, since the surjectivity of the composite map

s(g)gd — C[p17p37p57“'7ps]§d

(3.3.11) !
PD(V)E,
shows that
B(Q)Sd
(3.3.12) !
PD(V)E,

is itself surjective. This completes the proof of CT3.

The spectral polynomials, as a collection of functions, are in fact characterized by the

supersymmetry, degree, and vanishing properties:

The spectral polynomials {p,, |¢| < |A|} form a basis of the space of supersymmetric

A

polynomials of degree < o the vanishing property guarantees linear independence,

and indexing of polynomials by highest weights guarantees spanning. Now suppose
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that there exists a supersymmetric polynomial 7y satisfying the same degree and van-
ishing properties as py. Then we can write r) uniquely as a linear combination of the
Pus || < |A|. Determining the coordinates of ) with respect to this basis is equivalent
to solving a matrix system in which both the rows and columns of the matrix (which
is square) are indexed by {u € Ay, |p| < |A|} in order of increasing |u|, and whose
(p,v)-entry is p,(v + p). Since the p, themselves satisfy the vanishing condition, the
matrix is unit triangular, hence invertible, so that the system has a unique solution. It

follows that r\ = p, identically.
This completes the proof of the Characterization Theorem. O

Remark 1: The uniqueness argument at the end of the proof of the Characterization
Theorem is essentially that of Sahi in one of the earliest papers on the subject of spec-

tral functions and the vanishing property [S2, p.573].

Remark 2: The same uniqueness argument shows that the rescaled factorial Schur
@ function gj considered in section 3.2 is uniquely determined by the properties of
supersymmetry, having degree |\|, and satisfying the vanishing condition g () =6 A

for all |fz] < |

We could prove an identical result for the special case V = /\2 C", but there is an even
stronger observation to be made. Recall that 4 is a highest weight of A S?C™ if and
only if its dual 4 is a highest weight of A /\2 C", at any rate for all n > % Comparing
Lemmas 3.1.4 and 3.1.5 shows that the value of py(u + (—1,—2,...,n)) in n variables
equals the value of py (4 (0, —1,—2,...,n)) in n+1 variables, for any &k but in particular
for odd k. Thus if we write py = fa(p1,ps, ...) in n variables, then py = fi(p1,ps,...) in
n+1 variables. In other words the corresponding spectral polynomials py and pys for our
two different special cases of skew multiplicity free spaces are identical as expressions in
the odd degree power sums, if the number of variables is 1 greater for py,. This is one of

the significant surprises of this entire investigation, that the two special cases have the
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same spectral theory. It had appeared at the beginning of this project that we would
obtain two families of supersymmetric polynomials, each obtained by specializing the
value of a parameter, by analogy with the Jack polynomials; this turned out not to be

the case.
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3.4 Equivalence with factorial Schur () functions, and consequences

Recall from section 3.1 that to each highest weight A € A there is associated a unique
strict partition \; the coordinates of A are precisely the top-row Frobenius coordinates

of \, or equivalently, the positive terms of A + p. Moreover, |A| = 2|A|.

Recall from (3.2.5) above the automorphism ¢ of the algebra of supersymmetric poly-

nomials in n variables, for any n, defined by its action on odd degree power sums:
(3.4.1)  o(pr) = 2pk + pi(p) for each k =25+ 1,57 =0,1,2, ...

This automorphism carries each spectral polynomial in n variables to its corresponding

rescaled factorial Schur @ function:
3.4.1. Proposition. ¢(py) = g5 for each X € A,,.

Proof: Since p) is supersymmetric, it can be written as a polynomial in the odd degree

power sums, say

(342) P = f)\(plvp?n"'?ps(/\))u

A A A A
where s(\) = 7| if % is odd and s(\) = % —1if % is even. Now

(3.4.3)  o(pa) = fr(2p1 + p1(p), 2p3 + p3(p), -, 2Ps(n) + Ps() (P))

by definition of ¢. Since px = fa(p1,ps, .-, Ps(r)) Vanishes at every highest weight p
with |u| < |A| except for A itself, where it takes the value 1, Proposition 3.2.3 implies
that fa(2p1 + p1(p),2p3 + p3(p); s 2Ds(n) + Ps(r)(p)) vanishes at every strict partition

fi with | 2| < |A| except for A itself, where it takes the value 1. Moreover, since py has
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degree % = |A] by the Characterization Theorem, so does ¢(py). Thus ¢(py) satis-

fies the supersymmetry, vanishing, and degree conditions which uniquely determine the

rescaled factorial Schur @ function g5, hence ¢(py) = g5. O

3.4.2. Corollary. py(u+ p) = g;(f1) for each A,y € A,,. Equivalently, cx(u) = g5 (ft)

for each A\, u € A,,.

3.4.3. Corollary. The values of ¢y are independent of n for all n > max(%, %)

3.4.4. Corollary. c) satisfies the extra vanishing property, i.e. for all A\,u €

Ap,ex(p) =0if A Z p.

3.4.5. Corollary. The expression fx(2p1 + p1(p),2p3 + p3(p); - 2Ps + Ps(x)(p)) con-

sidered in statement (3.4.3) in the proof of Proposition 3.4.1, is independent of n.

In addition to the properties indicated in Corollaries 3.3.5 and 3.3.6 which the spectral
functions inherit from the g5, they also acquire a combinatorial interpretation. Ivanov
proves [I2 p.4200] that if hy /i denotes the number of shifted skew tableaux of shape
M fi, where hs=0if i ¢ A, then

A

In a certain sense this combinatorial interpretation explains the extra vanishing prop-

erty. It also implies a positivity, rationality, and non-vanishing result:

3.4.7. Corollary. cy(p) is a strictly positive rational number for all A\, u € A,, such

that A C p.



50

Remark: The shifted Schur functions studied by Okounkov and Olshanskii in [OO1],
which up to rescaling are the spectral functions for the multiplicity free space C™* @ C",
play the same role in the corresponding formula for the number of skew tableaux of a

given shape.

Having considered several properties of the g5 inherited by the spectral functions cy, we
now study a major consequence for the g5 of the equivalence given by Corollary 3.3.4,

namely that the g5 satisfy a transposition formula.

Recall from Chapter 2 that transposition of differential operators induces an involution
of C[p1, ps, ps, ...]. For each odd degree power sum py, denote its image under transpo-
sition by pz.

3.4.8. Lemma. pi(z) = —py(z) if k is odd.

Proof. The formula cpt(v) = ep(x — wov) asserted in Proposition 2.3.2 holds for all
invariant differential operators which arise from 3(g), and the proof of the Characteri-
zation Theorem shows that this accounts for all the invariant operators on S2C™. Thus

for odd values of k we study the effect of transposition on the power sum symmetric

polynomial pj as follows:

(3.4.5)  pl(v+p) = prlx — wov + p)

Let z = v + p, so that

(3.4.6)  ph(2) = pe(x —wo(z — p) + p)

= pr(x — woz + wop + p)
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Recall that

_ 1
(34.7) p=p—35x
Since wop = —p and wgx = X, we have
_ 1 _ 1
(34.8) xF+woptp=x+p—gx—p—5x=0

Thus (3.4.6) becomes

(3.4.9)  pp(2) = pr(—woz)
= pr(—2) since pj, is symmetric

= —pi(2) since pg has odd degree. [

To produce a version of the transposition formula satisfied by the ¢y, we must calculate
the effect of transposition on each odd degree power sum before and after twisting by

¢. Consider the following diagram
P b 2pp+pr(p)
—

(3.4.10) ! |7

—pr — —2pr — pr(p)

where the left vertical arrow represents transposition before twisting by ¢, and the right

vertical arrow represents the map, denoted 7, which is transposition after twisting by
o.
Thus

(3.4.11)  27(pk) + pr(p) = —2px — pr(p),
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hence

(3.4.12)  7(p) = —pr — pr(p)

We can now write a somewhat explicit version of the transposition formula for the
rescaled factorial Schur @ polynomials. Since g5 is supersymmetric, it can be written

as a polynomial in the odd degree power sums,

(3413) 5 :gj\(p17p3ap577p5(5\))

Certainly the ¢; satisfy the transposition formula in the sense that

BN

(34.14)  7(g5)(P1,p3: D5, -, Pys) = Y, (=D =ga(Ngp

e "

lal<IAl
which can instead be written
3.4.9. Proposition.

« d>\ -
95(=p1 = p1(p), =13 = 13(p) =5 = P5(0): - —Ps) ~ Py () = D (FDM =gz (Vg
o

| <IA|

Since this formula holds at all strict partitions, which form a Zariski dense subset of

C™, the formula in fact holds on all of C™.

For example, when \ = (4,3,1), so that A = (3,1), we have

1 1 1 1

3.4.15 = —pi — —pip3 — —=P5 + —
( ) as 36P1 3PP — Pt oPs

To obtain the transpose of q(3 1) in 4 variables, we replace p1 by —p1 +1+2+3+4 =

—p1 + 10 and p3 by —p3 + 1+ 8 + 27 + 64 = —p3 + 100:
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1 1 37 5 7 85 5 250

P — —=p1ps — =P34+ =ps + —pi — ——p1 + 175

41 —
(3.416)  7laen) = 3571~ 35 3671 T 36 6 3

Proposition 3.4.9 asserts that its left hand side, given in (3.4.16), should equal its right
hand side:

d
(3.417) > (—1)4%%(3, 1)gp
<4 a

Although the next chapter will derive dimension formulas, we can already compute

d(4,3,1) and each d;, using Corollary 2.3.5, so (3.4.17) becomes

(3.4.18) 1—1561(0) (3, 1)q(0) — %%)(3’ gy + %QQ)(& D)qea) — %%2,1)(37 D)q2,1)
g3, Dags) + 1oodn( D
Chapter 5 section 3 exhibits the g5, explicitly up to degree 6:
q0) =1, q)(3,1) =
qa) = p1, q)(3,1) =4
q2) = 5P7 — 3P1, 42)(3,1) =6
do2,1) = 1P — 75P3 q2,1)(3,1) =2
q(3) = 5P} + 15P3 — 507 + 301, 4(3)(3,1) =2
A3.1) = 36P1 — 35P3P1 — 15P5 + 1503, 43 1)(3.1) =1
Thus we have
175 175 1 1 175 1 1
(3.4.19) I7;752—11—?? 451 +— I 6(21 - 5pll) 501 2 5Pl 31— 579
70 ( pl 1”03~ 2P1+ ~D1) + 3621 —%psm—ﬁ 1—2193

After simplifying, this equals (3.4.16), as required.
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Chapter 4

Dimension formulas

We continue to restrict our investigation to the SMF spaces S2C" and A\?C".
Let A be a highest weight of AV, and My C AV a submodule of highest weight A.

Then the following dimension formulas hold:

4.1.1. Proposition. If V = S?C" and A € A, has top-row Frobenius coordinates

a1, qo, ..., a, then
2 k
. 1 — Q5 n—+ o n
amdt = [ (52) ]
1<i<j<k &j i=1 (o7} 67}

4.1.2. Proposition. If V = A?C" and A € A,, has top-row Frobenius coordinates

a1, qo, ..., qF, then

k
1 ai —a;\ 2 n+o;—1 n—1
dimM, = — | | <¥> | |
k . ,
2 1<i<j<k @i+ i=1 ;i Q;

Proof of Proposition 4.1.1: As we have seen previously, if V = S2C™, \ has top-row

Frobenius coordinates ay, ag, ..., ag, and we use p = (—1,—2, ..., —n) then

(4.1.1) Ap= (a1, a0, .y, —1, =2, ., —ap+1, —ap, —ap—1, ..., —a1+1, —ay, —a; —
1,...,—n).

The proof is an induction on k. When k =1,

(4.1.2) A+p=(a1,-1,-2,....,—a1 +1,—ay,—a; — 1,...,—n).
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By the Weyl Dimension Formula,

[Ti<icj<n(Ni +pi = Aj — pj)

(4.1.3)  |dy| =
H1§i<j§n(pi - pj)

The denominator is simply (n — 1)!(n — 2)!..312!1!. The numerator equals

414) JJa=xi—p) [ Citri—X—p)
j=2 2<i<j<n

_(aa+nlar+1)(n—1)(n—2)L.312!1!
- a1 + o1 (n—al)!(al—l)!

Combining these gives

(n+ar]lar+1)
al(n —aq)!

1
(415)  |da| =3

1 (n+a)!
4.1.6 ==
( ) 20[1!0&1!(71—(11)!
(4.1.7) :l(n—kal)! n!
o 2 ailn! agl(n—ap)!
1 /ag\? n+aq n
(418) =1 <_>
2\ a1 a1

Now let A denote a weight whose Young diagram is composed of £ nested hooks, and
which has top-row Frobenius coordinates ap, oo, ..., ;. Assume by induction that the

result holds for the weight © whose top-row Frobenius coordinates are aq, s, ..., p_1.

By the Weyl Dimension Formula,

n+oaog | ap+1) T10 (0 — o)
[T (o + i) TT5 (s + an) (g, — D)l — ag,)!

k—1 (
(41.9)  ldal = lda| ] (i — )
=1
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since in passing from p + p to A + p the only change in the entries is the replacement
of —ay, by ai, the consequences of which are indicated by this equation.

Simplifying gives

k—1 2
’d)\’ o — Qg (n+aklak+1)
4.1.10 —_ =
( ) |d,, H a; +ax ) 2ak(ar — 1)I(n— ag)!

k—
_}1—[1 a; — o\ (n+ag | ap+1)
2 o\t o ag!(n — ay)!
_llﬁ o —ar\® (n+ag)
2 o\ + o aglag!(n — ag)!
B lkfl o — o\ (n—+ o) n!
2 o\t ag ag!n!  agl(n — ay)!
_1k_1 o — Qg 2 ﬁ n + o n
2 oy + o

i=1 Qe O

which completes the induction.

Proof of Proposition 4.1.2: For V = /\2 C" use p=(0,—1,-2,...,—n + 1), so that
A+ p = (ozl,ozz,...,ozk,O,—l,—Q,...,—ak + 1,—&k,—ak —1,...,—a1 + 1,—2)41, -] —
1,...,—n+1)

The same argument holds, with n replaced by n — 1.

It follows directly from the dimension formulas in Propositions 4.1.1 and 4.1.2 that
for each A, the dimension |d)| is a polynomial in n. We may reasonably denote this

polynomial |dy|(n), and investigate its properties.

4.1.3. Corollary. If V = S?C" and A € A has top-row Frobenius coordinates
a1, g, ..., g, then the dimension polynomial |dy|(n) has degree |A| and leading coeffi-
cient

1 H Q; — Q5 2 H 1 2
2k a; + o !

1<i<j<k
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Proof: 1t follows directly from the dimension formula in Proposition 4.1.1 that the de-
gree of |dy|(n) equals twice the sum of the Frobenius coordinates, which is precisely
|A]. The stated leading coefficient follows immediately from the dimension formula as

well. O

d
4.1.4. Lemma. If y, A € A and p C A, then d—’\ is a polynomial in n of degree |A| — |pu|.
w
Proof: Since p; < A; holds for corresponding partition numbers of p and A, we also have

[ < \; for corresponding partition numbers of the associated strict partitions i and
A, which are precisely the top row Frobenius coordinates of 1 and), respectively. By

the dimension formula in Proposition 4.1.2, d,, depends on n only through the expression

n+ fi; n

203 i

k
4111 ]
=1

Since each fi; < \;, every factor in this product of binomial coefficients is also a factor

in the corresponding product in the expression for dy, so (4.1.11) in its entirety cancels

d d
out in the expression for % Thus %, which is a priori only a rational function, is
1 1Cp
in fact a polynomial in n of degree 2|\| — 2|a| = |A| — |p/. O
A

Since py is supersymmetric of degree 5 it can be written as a polynomial in the odd
degree power sums. Although this expression in the odd degree power sums has several
monomials of total degree %, it is useful to refer to the pl%‘ term as the leading term
of py, and its coeflicient as the leading coefficient of py. With this convention we can

state the following:
4.1.5. Proposition. The leading coefficient of p) equals the leading coefficient of |d|.

Proof: The transposition formula asserts that

ex(x —wov) = |u%/\(—1))‘|3—2c#()\)cu(u)
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Consider fixed values of A and v but regard n as an indeterminate. By the extra vanish-
ing property (Corollary 3.4.4), the only nonvanishing terms on the right side are those
for which 4 C A\. By Lemma 4.1.4, each of these nonvanishing terms is a polynomial
in n of degree |A| — |u|, so that the entire right side is a polynomial in n. Thus it is
solely the = (0) term in the summation which contributes the leading term of the
polynomial, and this leading term is identical to that of |dy| since the p = (0) term
simply equals dy. The right side is therefore a polynomial in n of degree |A| whose

leading coefficient is expressed explicitly in Corollary 4.1.3.

The left side of the transposition formula also depends on n, through the value of
x = (m+1,n+1,...,n+ 1), which has n coordinates. Now p;(x — wor) has degree
2 in n,ps(x — wov) has degree 4 in n, ..., pr(x — wov) has degree k + 1 in n, so that
P (x — wov) has degree (k4 1)" in n. Thus when the left side is written first as a
polynomial in odd degree power sums and then evaluated at xy — wgv, only the leading
term p‘l)‘l/2 contributes a term of degree |\| in n.

For example, in degree 6, the highest degree terms in p) are alp?,agp:{’pg,agpg, and

a4p1ps, where the a; are constants. Evaluating at xy — wgv, and denoting lower order

terms by l.o.t., yields the following:

a1p8(x — wov) = a1(n?)% + Lo.t. = a1n'? + Lo.t.
asp3ps(x — wov) = az(n?)3(n?) + lo.t. = agn'® + lLo.t.
azp3(x — wov) = az(n*)? +Lo.t. = azn® + Lo.t.

asp1ps(x — wov) = ag(n?)(n%) + Lo.t. = ayn® + lo.t.

Thus the leading coefficient on the left side is precisely the leading coefficient of py.

This equals the leading coefficient of the right side, which is the same as that of |dy|. O

4.1.6. Corollary. If A € A has top-row Frobenius coordinates aq, ..., oy, then the

rescaled Schur @-polynomial g5 has leading coefficient
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2 LX)

2
IX—(3) o] 1
2 H <O¢i+a'> H(ad)

1<i<j<t(}) J t=1

Proof: By (3.4.1) and Proposition 3.4.1, the leading coefficient of g5 equals 21l times

the leading coefficient of py. The result now follows from Proposition 4.1.5.
Ivanov’s preliminary discussion of the factorial Schur @-functions shows that each Q§
has the same highest degree terms as the corresponding classical Schur @-function Q5.

Recalling (3.2.2) and (3.2.3) we have

4.1.7. Corollary. Q§ and @5 both have leading coefficient

P

i L
H(})

LR |

1<i<j<e(y) Aj iz A

>/<
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Chapter 5

Computed examples

5.1 Skew Capelli operators

We give C3 the standard basis {eq,eq,e3}, and S2C3 the basis {ejeq, e1ea, e1e3, e2e2,
eges, eses t, abbreviated by {e11, e11, €12, €13, €22, €23, €33 }; these multiplications are sym-
metric products, though all subsequent multiplications in this subject will be exterior

products. We define 0;; by 0;j(ers) = dirdjs.

/\3 S2C3 splits into two irreducible G Lz-submodules, M3 3), and M4 1). These have
highest weight vectors ejjejaess and ejjeisers, respectively; all multiplications are to

be understood in the skew sense.

For each of these two irreducible submodules we find a basis and dual basis for each
weight space, multiply corresponding basis and dual basis vectors, and sum. In this

way we compute the invariant operators

D(33) = —e11€12€22011012022 — e11€13e33011013053 — eaze3€33022003033 —
se11€20€33011020033 — Se12€13€93012013003 — 3e11€12€23011012023 — 3e11€13€22011913020 —
se11e12e33011012033 — Fe11e13€23011013023 — 3e11€22€23011022003 — Se12€13€22012013020 —
se11€23€33011023033 — Se12€13e33012013033 — §€12€92€33012022033 — S€13€22€23013022003 —
2e12e03e33012023033 — 3€13€22€33013022033

and
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Dy11) = —e11€12€13011012013 — €12€22€23012022023 — e13€23€33013023033 —
(4,1,

1 1 2
611622633811822633 - 561261362361281382 - 561161262381181282 - 3611613622811813822 -

2

3

2 1 2 1

se11€12€33011012033 — ge11€13€23011013023 — 5€11€22€23011022023 — 3€12€13€22012013022 —
2
3
1
3

1 2 1
e11€23€33011023033 — 3€12€13€33012013033 — 5€12€22€33012022033 — 5€13€22€23013022003 —

2
e12€23€33012023053 — 3e13e22€33013022053
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5.2 Spectral polynomials

The spectral polynomials for the operators exhibited in the previous section are

3 1
—(21—|—22+23)+§

1 1
— (14 22+ 23)° +§(21—|—22+23)2+ 1

1
P(3,3) = —%(zi” +25+23) + 144

and

BB Attt (et ) (et 2s)
P11 = 36 R1 T kg T 23 7 21T 22T 23 3 21T 22T 23 6 21T 22T 23 5
One can check the correctness of these results as follows.

The highest weights occurring in A S2C? are (0,0,0), (2,0,0), (3,1,0), (3,3,0), (4,1,1),
(4,3,1), (4,4,2), and (4,4,4). Note that these correspond to strict partitions (0), (1),
(2), (2,1), (3), (3,1), (3,2), and (3,2,1), respectively. Setting p = (—1,—2,—3) and
evaluating p(33) at A + p for each of these highest weights A yields
0-1,0-2,0-3 -1,-2,-3)=0
pwwz—LO—zo 3
V46!
3-1,3-2,0-3)=pg

3)( )=
( ) =
3(B3-1,1-2,0-3) =
3( ) = 1L—$ 1
( ) =

p(33)4—1,1—2,1—3 p(33)3, 1,-2)=0

This verifies that p(3 3)(21, 22, 23) satisfies the vanishing condition. Since the polynomial
P(3,3)(21, 22, 23) is supersymmetric of degree 3, it is a linear combination of 23+ 25+
23, (21 + 22+ 23)3, (21 + 22+ 23)2, 21 + 22 + 23 and 1. Interpolating the 5 values required
by the vanishing condition thus determines the coefficients of the polynomial uniquely.
Additional values are as follows:

P34 —1,3-2,1-3)=pp3(3,1,-2) =2

PE3) (4 —1,4-2,2-3) =pi33(3,2,-1) =5

D3y (4 — 1,4 — 2,4 — 3) = p(3.3(3,2,1) = 10



63

One obtains the same results by applying the operator D(33) as written above, to the

corresponding highest weight vectors (h.w.v.). These are

A highest weight vector

1

€11

€11€12

€11€12€13
€11€12€13€22

€11€12€13€22€23

)
)
)
3,3,0) | errersenn
)
)
)
)

€11€12€13€22€23€33

The eigenvalues of D33y on each of these highest weight vectors would appear to be
utterly tedious to compute by direct application of the explicitly written operator to
the vector. On the contrary, each term are;dr of D3 3), where I denotes an index set
and ay a constant, contributes —ay to the eigenvalue of D(33) on the highest weight
vector ey iff I C J. The minus sign is important, and is the result of working in a skew
setting; observe that ejie12e90011012022 applied to ejjejsesy yields —ejjejsess rather
than ej1ejoe99, which explains the minus signs appearing in the expressions for D(373)
and D41y above. It is thus not difficult to compute these eigenvalues, which agree

with the values of p(33) as written above.

One can also check the stated results for D41 1) and p(4,1,1), whose values are

Pa11y(0—1,0-2,0 -3 —1,-2,-3)=0

Py (2—1,0-2,0-3
Pu1y(3—1,1-2,0-3

p(471’ 4 — 1 — 2, 1-— 3

4-1,3-2,1-3

1
1
P11y (3—1,3-2,0-3
1) (
D(4,1,1) (
1) (4

~— ~— ~— ~— ~— ~— ~—
73
—~
H =~
< - - = -
=
—
— — — —~ — —~ /‘\
[\)
—
|
w
~—

Pasny(4—1,4—2,2 -3
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P4 —1,4—-2,4-3) =pu11)(3,2,1) =10

Making direct use of the supersymmetry, degree, and vanishing conditions we can also
compute

poy(21,22,23) = 1

P2)(21, 22, 23) = Sz + 20+ 23) +3

P(3,1)(21, 22, 23) = %(Zl + 22+ 23) + 5(21 + 22+ 23) + 3

Now consider the case n = 4:

Po)(21, 22, 23, 22) = 1

p@) (21,22, 23, 24) = 3p1 + 5

Py (21, 22, 23, 24) = §p7 + §p1 + 10

P33) (21, 22, 23, 24) = TgPS — 3503 + PI + Bp1 + 2

Pl (21, 22,25, 24) = 70} + g5ps + 33pf + o1+

Paa)(21: 72,23, 74) = 576P1 — TaPap1 T 5ssP} — 5ePs TSP F KDL

P11,y (21, 22, 23, 24) = TiszPT + THP3P1 + 25Ph + 36D3 + 9507 + 1501 + 2

Observe that the expression for py as a polynomial in the odd degree power sums does
indeed depend on n, except for the terms of highest degree.
For n =5:

p(O)(zla 22, %35 24, Z5) =1

_ 1 15
p(Q)(217227Z3724725) - §pl + 5
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p(3,1) (zla 22,235 %4, 25) 8p1 + 2p1 + 195

_ 1.3 1 5.2, 75 275
P(3,3)(21, 22, 23, 24, 25) = 1P] — 3603 T 16P1 T+ 1gP1 +

_ 1,3, 1 1,2 , 139 55
Pa,1)(21, 22, 23, 24, 25) = =5 P] + 56P3 + 5PT + 5y P1 + 5

1 .4 1 3.3 1 15,2 475 2475
P(a,3,1)(21, 22, 23, 24, 25) = 7gPT — TraP3P1 + 53P1 — igP3 + §P1 + 1+

_ 1 4 1 1,3, 1 67 2 81 1485
P(5,1,1,1) (21, 22, 23, 24, 25) = 11531 + T P31 + 5307 + 16P3 + 193PT + 33P1 + o5

_ 1 5 1 2 1 7 4 199
P(4,4,2) (2’1, 22,23, 24, 55) = Ta400P1 — 1240P3P1 + 0o P5 + 14a0P1— 360p3p1 + 360p1 1440P3 +

Ep% + 575p + 441

337 .3 201, 2
P5,3,1,1) (21, 22, 23, 24, 25) = 6400191 400p5 + 1280p1 + 80p3p1 + 1920P1 + 120p3 + 1sP1 t

2025 5103
256 P 1+ 256

_ 1 .5 1 2 1 1 .4 1 1.3
P6,1,1,1,1) (21, 22, 23, 24, 25) = 5ggpP1 + TaoP3P1 T 1o00P5 t Ti52P1 T 11aP3PL — 6Pl —

1 5,2 189 189
288P3 — T92P1 T 6a0P1 T 138

_ 1 .6 1 .3 1 1 .9 7.5
P44 (21, 22,23, 24, 25, 26) = Tg3es00P1 — 518a0P1P3 T 700P1P5 — TaeeoP3 T 7600l —

1421 5831, 2 |, 54047 62769
5760p1p3 + 2400p5 + 7680p1 1920p1p3 + 288p1 576073 1 2560P1 T 3820 P1 T 2560

1 3 1 2 1 .5 5 2 1
P(5,4,2,1) (Zla 22, 23, 24, 25, 26) 82944p1 T0368P1P3 + 515aP3 + 765P1 — Ti5aP1P3 — 388P5 T+

533 2255 472012 | 217511
9216p1 1152p1p3 + 1728p1 3456p3 + 3072 P1 T T1021

_ 1 6 1 3 1 1 2 1 5
P, 371’171)(21,22,23,24,25,26) = T129600P1 + 12960P1P3 — 3600P1P5 — gas0P3 + T600P1 +

7 .02 1 161 4 |, 371 563 3 , 1229 23872 1323 24451
1240P1P3 — 3600P5 T 8eaoP1 1 1320P1P3 + 2160P1 T 132003 + G0 P1 T 61 P1 t 320
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_ 1 .6 1 .3 1 1.2 1 .5
P7,1.1,1,1,1) (21, 225 23, 24, 25, 26) = To3es00P1 T 25020P1P3 + 7a00P1P5 + 35090P3 + msao Pl T

1 .9 1 19 .4 19 19 .3 19 199 .2 | 199 6153
1240P1P3 T T200P5 — G9120P1 — 5640P1P3 — 3830P1 — Taa0P3 T a60sP1 T 334P1 T 3560
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5.3 Factorial Schur ) polynomials

For V = S2C", the correspondence between highest weights A of A V and strict parti-
tions A is illustrated in the following table. Here p = (—1,—2,—3...) so that the positive
terms in A + p are precisely the top row Frobenius coordinates of A, which in turn are

the partition numbers of the corresponding strict partition A



A At p A
(0) (—1,-2,-3,...) (0)
(2) (1,-2,-3,..) (1)
(31) (2,-1,-3,—4...) (2)
(33) (2,1, -3, —4...) (21)
(411) (3, — —4,-5...) (3)
(431) (3,1,-2,—4,-5...) (31)
(5111) (4, — ~3,-5,-6...) (4)
(442) (3,1,-2,-4,-5...) (32)
(5311) (4,1,-2,-3,-5,—6...) (41)
(61111) (5,— —3,—4,-6,-7...) (5)
(444) (3,2,1,—4,-5...) (321)
(5421) (4,2,—1,-3,-5,—6...) (42)
(63111) (5,1,-2,—3,—4,—6,-7...) (51)
(711111) | (6, — —3,—4,-5,—7,-8...) (6)
(5441) (4,2,1,-3,-5,—6...) (421)
(5522) (4,3, —5,—6...) (43)
(64211) (5,2,—1,-3,—4,—6,-7...) (52)
(731111) | (6,1, -2, -3, —4, —5,—7,—8...) (61)
(8111111) | (7, — —3,—4,-5,-6,-8,-9...) (7)
(5542) (4,3,1,-2, -5, —6...) (431)
(64411) (5,2,1, -3, -4, —6,-7...) (521)
(65221) (5, —2,-4,-6,-7...) (53)
(742111) | (6, —3,—4,-5,—7,-8...) (62)
(8311111) | (7,1,-2,—3,—4, -5, —6,—8,—9...) (71)
(91111111) | (8, — —3,—4,-5,—6,—7,-9,—10...) | (8)
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When viewed as partitions, the highest weights of A /\2 C™ are precisely the duals

of those of /A S2C", in the sense that their Young diagrams differ by interchanging

rows and columns (i.e.

by reflection across the diagonal).

Equivalently, the

bottom row Frobenius coordinates of a highest weight of A /\2 C"™ are precisely
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the top row Frobenius coordinates of the corresponding highest weight of A S2C".
The correspondence between highest weights A of A /\2 C" and strict partitions
is illustrated in the following table. Here p = (0, —1,—2,...) so that the positive

terms in A + p are precisely the bottom row Frobenius coordinates of \.

A

Ap

-2,-3,-4,-5,-6,-7,-9, —

(0) (0, =3,..) (0)
(11) (1,0,-2,-3...) (1)
(211) (2,0,—1,-3,—4...) (2)
(222) (2,1,0,-3,—4...) (21)
(3111) (3, —4,-5...) (3)
(3221) (3,1,0,—2, —4,—5...) (31)
(41111) (4, ~2,-3,-5,—6...) (4)
(3322) (3,2,0,—1,—4,—5...) (32)
(42211) (4,1,0,—2, -3, —5,—6...) (41)
(511111) (5, —2,-3,—4,—6,-7...) (5)
(3333) (3,2,1,0,—4,—5...) (321)
(43221) (4,2,0,—1,-3,—5,—6...) (42)
(522111) (5,1,0, -2, —3,—4,—6,—7...) (51)
(6111111) | (6, —3,—4,—-5,—7,-8...) (6)
(43331) (4,2,1,0,—3, -5, —6...) (421)
(44222) (4,3,0,—1, -2, —5,—6...) (43)
(532211) (5,2,0,—1,—3,—4,—6,—7...) (52)
(6221111) | (6,1,0,—2,—3,—4,—5,—7,—8...) (61)
(71111111) | (7, —2,-3,—4,—5,—6,—8,-9...) (7)
(44332) (4,3,1,0,—2, -5, —6...) (431)
(533311) (5,2,1,0, -3, —4, —6, —7...) (521)
(542221) (5,3,0,—1, -2, —4,—6,—7...) (53)
(6322111) | (6,2,0,—1,—3,—4, -5, —7,—8...) (62)
(72211111) | (7,1,0,—2,—3,—4, -5, —6, —8,—9...) (71)
( (8, (

811111111)

10...)
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The following are examples of the g5, the rescaled factorial Schur ()-polynomials;
cf. section 3.2. Observe that the coefficient of each leading term of g5 of total

degree k equals 2¥ times the corresponding leading term of the spectral polynomial

2%
o) =1
qa) = P1

qi2) = %pf - %pl

qi2,1) = %gp:f - %8]93

qs) = 5P3 + 1503 — 3D1 + 5;

31) = 3671 — 36P3P1 — 1504 + 1503

Gy = 75P1 + 35P3P1 — §DF — 1503 + 507 — 301

A32) = 7501 — TeP308 + 30505 — 1asP1 T 1eP3P1 + 1asPt — TagD3

1) = 35575 — 56505 — 5501 + 36P3P1 + 15503 — 13503

U5) = 508 + TsgPsP + Gogls — 36P1 — 15PsP1 + 3505 + 75Ds — 130T+ E;
qi3,2,1) = ﬁp(f - 32—14029310:1)’ - ﬁpg + ﬁpspl

_ 1 6 1 3 1 2 1 5 1 2 1 1.4 1 5 3 5
4(4,2) = T206P1 ~ 528 P3P1 T 12963 — 112 P11+ 75 P3P1 — T4aP5 + 75 P1 — 73 P3D1 — 133 P1 T 13303
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—_1 .6 1 3_ 1 2 1 1.5, 1 T4 T _ 5,315
4(5,1) = 3005P1 7 510P3P1 ~ T630P3 ~ 900P5P1 — 96P1 T 90P5 T 108 P1 — TosP3P1 — 5aP1 t 5aP3

1 1 1 1 17 . 4
qe6) = —16§00P? + leopzap‘;’ + 64—180293, + TgooPsP1 — ﬁP? - ﬁp?)P% — 50P5 + 433P1 +

17 5.3 _ 5 137,21
516P3P1 — 53P1 — 15P3 + 36001 — gDt
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5.4 Values of spectral functions

The highest weights of A S*C? are (0), (2), (31), (33), (411), (431), (442), and
(444). In the following table of values, the (4, \) entry equals ¢, ()), where each

row corresponds to a different A, and each column to a different p.

cu(A) 1t

(0) (2) (31) (33) (411) (431) (442) (444)

)| 1 0o 0 0 0 0 0
@1 1 0o o 0 0 0 0

Gyl 1 2 1 0o 0 0 0 0

A (33 1 3 3 1 0 0 0 0
41yl 1 3 3 0 1 0 0 0

31)| 1 4 6 2 2 1 0 0

442)| 1 5 10 5 5 5 1 0

444)| 1 6 15 10 10 15 6 1

Displayed next is the matrix {(—1)¢,(A)}, which is the matrix of the operator
T (cf. Definition 2.2.4 and Proposition 2.2.12). Observe that it is indeed self-

inverting, as required.

| 10 o0 0 0 0 060 ]
-1 -1 0 0 0 0 00
12 1 0 0 0 00
-1 -3 -3 -1 0 0 00
-1 -3 -3 0 -1 0 00
1 4 6 2 2 1 00
1 -5 10 =5 =5 =5 -1 O
1 6 15 10 10 15 6 1



73

An expanded table of values of ¢,(\), but indicating strict partitions rather than
their corresponding highest weights, is as follows; observe that both the extra

vanishing (Corollary 3.4.4) and non-vanishing (Corollary 3.4.7) properties hold.
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Corollary 2.3.5, which asserts that c,(x) = |d,|, is illustrated for n=2, 3, 4, and

9:
0) 1) (2 21 ) B1) (4 (32) (1) (5 (321) (42) (51) (6)
2)) ' 1 3 3 1 0 0 O 0O 0 0 O 0 0 0
(321) 1 6 15 10 10 15 0 6 0 0 1 0 0 0
(4321) 1 10 45 50 70 175 35 126 126 0 35 175 0 0
(54321) 1 15 105 175 280 1050 315 1176 1701 126 490 3675 840 0
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5.5 Transposition

The following are examples of the the pairing A — xy — wgA discussed in Section
2.3.

In the case V = S?C", the sum Y of all weights satisfies y = (n+1,n+1,...,n+1).
In four variables y = (5, 5,5,5), and the pairing A — x — wgA is illustrated in the

following table.

A WA X — WoA
(0,0,0,0) (0,0,0,0) (5,5,5,5)
(2,0,0,0) (0,0,0,2) (5,5,5,3)
(3,1,0,0) (0,0,1,3) (5,5,4,2)
(3,3,0,0) (0,0,3,3) (5,5,2,2)
(4,1,1,0) (0,1,1,4) (5,4,4,1)
(4,3,1,0) (0,1,3,4) (5,4,2,1)
(4,4,2,0) (0,2,4,4) (5,3,1,1)
(4,4,4,0) (0,4,4,4) (5,1,1,1)
(5,1,1,1) (1,1,1,5) (4,4,4,0)
(5,3,1,1) (1,1,3,5) (4,4,2,0)
(5,4,2,1) (1,2,4,5) (4,3,1,0)
(5,4,4,1) (1,4,4,5) (4,1,1,0)
(5,5,2,2) (2,2,5,5) (3,3,0,0)
(5,5,4,2) (2,4,5,5) (3,1,0,0)
(5,5,5,3) (3,5,5,5) (2,0,0,0)
(5,5,5,5) (5,5,5,5) (0,0,0,0)




A WA X — WoA
(0,0,0,0) (0,0,0,0) (3,3,3,3)
(1,1,0,0) (0,0,1,1) (3,3,2,2)
(2,1,1,0) (0,1,1,2) (3,2,2,1)
(2,2,2,0) (0,2,2,2) (3,1,1,1)
(3,1,1,1) (1,1,1,3) (2,2,2,0)
(3,2,2,1) (1,2,2,3) (2,1,1,0)
(3,3,2,2) (2,2,3,3) (1,1,0,0)
(3,3,3,3) (3,3,3,3) (0,0,0,0)

For n = 5 we have
A WoA X — WA
(0,0,0,0,0) (0,0,0,0,0) (4,4,4,4,4)
(1,1,0,0,0) (0,0,0,1,1) (4,4,4,3,3)
(2,1,1,0,0) (0,0,1,1,2) (4,4,3,3,2)
(2,2,2,0,0) (0,0,2,2,2) (4,4,2,2,2)
(3,1,1,1,0) (0,1,1,1,3) (4,3,3,3,1)
(3,2,2,1,0) (0,1,2,2,3) (4,3,2,2,1)
(3,3,2,2,0) 0,2,2,3,3) (4,2,2,1,1)
(3,3,3,3,0) (0,3,3,3,3) (4,1,1,1,1)
(4,1,1,1,1) (1,1,1,1,4) (3,3,3,3,0)
(4,2,2,1,1) (1,1,2,2,4) (3,3,2,2,0)
(4,3,2,2,1) (1,2,2,3,4) (3,2,2,1,0)
(4,3,3,3,1) (1,3,3,3,4) (3,1,1,1,0)
(4,4,2,2,2) (2,2,2,4,4) (2,2,2,0,0)
(4,4,3,3,2) (2,3,3,4,4) (2,1,1,0,0)
(4,4,4,3,3) (3,3,4,4,4) (1,1,0,0,0)
(4,4,4,4,4) (4,4,4,4,4) (0,0,0,0,0)
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5.6 Dimension Polynomials

This section presents examples of the dimension polynomials discussed in Chapter
4. Observe that for each highest weight A, the leading coefficient of |d,| equals
the coefficient of the highest power of p; in the spectral polynomial p).

We first consider dimensions of submodules of A S?*C™:

|dioyl(n) =1

d)|(n) = 40 + 3n

|dz,1)|(n) = n4 + in?’ — %nQ - in

|d3,3)|(n) = 144” + 1 n5 + 1:114 - ﬁng - %Tﬂ

|d,1,1)](n) = &0’ + 24n5 —2nt — Zn® + o’ + in

|dias,)l(n) = 5n° + 1n ﬁnﬁ — 1’ - 576” + 36” + 48"

|dis, 1,1, |(n) = 537" + 55577 — 5_;(5”6 - m" + 1152" + 288 — 5n’ —gn
|d(47472)|(n) = 14}100 P+ 58 2880 n? — @n7 1600” + 3% 320 °+ o 288 B ﬁns B @n
|d31,)](n) = 64100 10+1280 610”8_671)717_%” +1280n5+ﬁ"4_%n3_%n2
|d1,1,1,0)](n) = 28800 n'? + 5760 - ﬁng - 172” + 9600 o+ 1920 - %ioﬁl
288n + 50” + 1

|d@aa.0|(n) = Wlazoon12 + 1721800"11 + 207—1360”10 - ﬁng - :’)4;200"8 + 572500”7 +
20;260 n° + 3 — 2551);00 nt— Mloong

_ 12 1m_ 7 .10_ 5 .9 419 6 _
|d(5,42,1)|(n) = 82944” +13824n 82944 16081 27648” +1536” + 52012

85 5 161

e~ sorsg 384” + 288

|d63.1,1,1)](n) = 1291600 2+ 21600” — 5’ — 43200” + 7200” + 2;)830 °—
13% ° 322(1)071 + 75” + 5n?

lder1,000,0 () = Tos0m " + s’ — wme™ |~ sme” T 3435%100n8 + 53250”7 -
209360"" ~ 31607 T 2500007 T amoo™ — 7N — 137
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Chapter 6

Topics for future research

I. Howe’s classification of skew multiplicity free spaces is limited to irreducible
modules for simple reductive groups. The next step in this area is to classify
irreducible SMF spaces for not necessarily simple reductive groups, with the hope
that such a classification will yield additional infinite classes of SMF spaces. Each
such infinite class presents the problem of characterizing spectral functions for in-
variant differential operators, and with it the possibility that these functions are,
up to a change of variables, some already known and interesting family of sym-
metric functions. It would also be interesting to classify SMF modules of finite

groups, especially those occurring in infinite families.

II. Understanding skew multiplicity freeness in its own right, and not necessarily
in connection with symmetric polynomials and invariant operators, is an inter-
esting challenge. Ideally it would be possible to find a geometric characterization
of this property, which is not currently known. This would be a significant step
toward completing the analogy with multiplicity free spaces, for which there is
such a characterization; V' is multiplicity free if and only if a Borel subgroup of

G has a dense orbit, cf. [K4 Theorem 3.1].

III. Ivanov proves a branching rule for the factorial Schur @-functions. The
equivalence which we have shown between these functions and spectral functions
associated with SMF spaces has made it possible to derive properties of one set

of functions from the other, in either direction. The next task is to reformulate
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the branching rule in terms of the spectral functions, and to draw specifically

representation theoretic conclusions.

IV.The argument of Chapter 2 proves the vanishing condition for spectral func-
tions in the general SMF case; it remains to be investigated whether an extra
vanishing property holds. Furthermore, the transposition formula which holds in
the general SMF case requires that the operator D, arise from the center of the
universal enveloping algebra of GG; whether this holds for all invariant operators
on SMF spaces is unknown, and certainly does not hold in general for invariant

operators on MF spaces.

V. Our study of the spectral functions in the special cases S>C" and /\2 C"™ made
use of particular choices of p. Following the approach of Knop and Sahi, it may
be useful to regard p as a parameter, and investigate the effects of changing its

value, i.e. regarding functions p, , as a deformation of the family p,.

VI. At the beginning of this research project it seemed plausible, though difficult
to work out, that the explicitly written differential operator D, could be inter-
preted combinatorially in the following sense. D, is a sum of terms of the form
are;0r. When applied to an element (in particular a highest weight vector) of
M, are;0; contributes +a; or 0 to the value of ¢y(u), where the contribution is
+ay iff I C J where J is the index set determined by the highest weight vector
of weight u, and the value of &+ depends only on the residue mod 4 of % The
difficulty lies in the values of a;. Are the values of a;, after some appropriate
scaling, the solution to a counting problem related to the Young diagrams of A
and p, and not just through the formula for shifted skew tableaux? This seemed

to be the case during the initial work on this project, but it is now quite unclear.
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VII. In the special cases considered in Chapter 3, the extra vanishing and non-
vanishing properties were proved for spectral functions by means of the equiva-
lence with the factorial Schur @) functions. A direct proof would be desirable, in

particular one which makes use of the explicit form of the operator D,.

VIII. Difference operators are used in two ways in the symmetric case, both in
Knop’s proof of the transposition formula and in the Knop-Sahi realization of
spectral polynomials as eigenfunctions of such operators. If only to complete the
analogy with the symmetric case, or to determine if the cases are not entirely
analogous, it would be interesting to construct the appropriate difference opera-

tors for the skew case.

IX. One result which holds in the symmetric case whose skew symmetric analogue
has yet to be investigated is what Knop [K1] calls the interpolation formula. The
analogue, if it exists, would express an arbitrary supersymmetric polynomial as

a linear combination of spectral polynomials.



82

References

[BR] Benson, C. and Ratcliff, G. On Multiplicity Free Actions in Representations of
Real and P-adic Groups (Tan Eng-Chye and Zhu Chen-Bo, eds.) Singapore Univer-
sity Press, Singapore, 2004.

[FH] Fulton, W. and Harris, J. Representation Theory: A First Course , Graduate
Texts in Mathematics 129, Springer-Verlag, New York, 1991.

[GW] Goodman R. and Wallach, N. Representations and Invariants of the Classical
Groups, Encyclopedia of Mathematics and its Applications, Cambridge University
Press, New York, 1998.

[H] Howe, R. Perspectives on Invariant Theory. Israel Mathematics Conference Pro-
ceedings, Vol. 8, Bar Ilan University, Ramat Gan 1995.

[I1] Ivanov, V.N. Combinatorial Formula for Factorial Schur Q-Functions. Journal of
Mathematical Sciences 107(5): 4195-4211; Dec 2001.

[I2] Ivanov, V.N. Dimensions of Skew Shifted Young Diagrams and Projective Charac-
ters of the Infinite Symmetric Group. Journal of Mathematical Sciences 96, no. 5
(1999), 3517-3530.

[K1] Knop, F. Combinatorics and Invariant Differential Operators on Multiplicity Free
Spaces. Journal of Algebra 260 (2003), 194-229.

[K2] Knop, F. Construction of Commuting Difference Operators for Multiplicity Free
Spaces, Sel. Math., New Series 6 (2000), 443-470.

[K3] Knop, F. Semisymmetric Polynomials and the Invariant Theory of Matriz Vector
Pairs, Representation Theory 5 (2001), 224-266.

[K4] Knop, F. Some Remarks on Multiplicity Free Spaces, in Proc. NATO Adv. Study
Inst. on Representation Theory and Algebraic Geometry (A. Broer, G. Sabidussi
eds.), NATO ASI Series C 514, Kluwer Acad. Publ., Dordrecht, 1998, 301-317.

[K5] Knop, F. Symmetric and non-Symmetric Quantum Capelli Polynomials. Com-
mentarii Mathematici Helvetici 72 (1997), 84-100.

[KS1] Knop, F. and Sahi, S. A Recursion and a Combinatorial Formula for Jack Poly-
nomials. Inventiones Math. 128 (1997), 9-22.

[KS2] Knop, F. and Sahi, S. Difference Equations and Polynomials Defined by their
Zeros. International Mathematics Research Notices(1996), no. 10, 473-486.

[M] MacDonald, I.G. Symmetric Functions and Hall Polynomials. 2nd Edition, Oxford
University Press, New York, 1995.



83

[O1] Okounkov, A. Quantum Immanents and Higher Capelli Identities. Transformation
Groups 1 (1996).

[02] Okounkov, A. (Shifted) MacDonald Polynomials: q-Integral Representation and
Combinatorial formulas. Compositio Math. 112 (1998), no.2, 147-182.

[O01] Okounkov, A. and Olshanskii, G. Shifted Schur Functions. St. Petersburg Math-
ematical Journal 9 (1998), 239-300.

[002] Okounkov, A. and Olshanskii, G. Shifted Schur Functions II. American Mathe-
matical Society Translations, Series 2 (1998), 245-271.

[P] Pragacz, P., ” Algebro-geometric applications of Schur S- and Q-polynomials,” Lec-
ture Notes in Mathematics, 1478, 130-191 (1991).

[S1] Sahi, S. Interpolation, Integrality, and a Generalization of MacDonald’s Polyno-
mials. International Mathematics Research Notices(1996), no. 10, 457-471.

[S2] Sahi, S. The Spectrum of Certain Invariant Differential Operators Associated to
Hermitian Symmetric Spaces in Lie Theory and Geometry: In Honor of Bertram
Kostant, J.L. Brylinski et al. eds., Progress in Mathematics 123, Birkhauser, Boston
1994, 569-576.



84

Vita

Michael Weingart

2007 Ph. D. in Mathematics, Rutgers University
1999 M.A. in Mathematics, Columbia University
1992 B.A. in Classics and Philosophy, Yale University
2007 Teaching assistant, Rutgers University

2005-2006 Instructor, Rutgers University
2004-2005 NSF GK12 Teaching Fellow, Rutgers University
1999-2004 Teaching assistant, Department of Mathematics, Rutgers University

1992-1999 Commodities option trader and analyst, NYAM Options Trading N.V.,
New York



