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ABSTRACT OF THE DISSERTATION

Scenario Decomposition of Risk-Averse Stochastic

Optimization Problems

by Ricardo A. Collado Soto

Dissertation Director: Dr. Andrzej Ruszczynski

In the last decade the theory of coherent risk measures established itself as an alter-
native to expected utility models of risk averse preferences in stochastic optimization.
Recently, increased attention is paid to dynamic measures of risk, which allow for
risk-averse evaluation of streams of future costs or rewards. When used in stochastic
optimization models, dynamic risk measures lead to a new class of problems, which
are significantly more complex than their risk-neutral counterparts. Decomposition,
an established and efficient approach to risk-neutral multistage stochastic optimization
problems, cannot be directly applied to risk-averse models. With dynamic risk mea-
sures, the main feature facilitating decomposition, the integral form of the objective
function, is absent. Our main objective is to overcome this difficulty by exploiting spe-
cific structure of dynamic risk measures, and to develop new decomposition methods
that extend the ideas of earlier approaches to risk-neutral problems.

In this work we develop generalizations of scenario decomposition methods, in the
spirit of J.M. Mulvey and A. Ruszczynski, A new scenario decomposition method for

large-scale stochastic optimization, Operations Research 43, 1995. The key to success
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is the use of dual properties of dynamic measures of risk to construct a family of risk-
neutral approximations of the problem. First, we define and analyze a two-stage risk-
averse stochastic optimization problem. Next, we develop methods to solve efficiently
this problem. Later, we formally define a multistage risk-averse stochastic optimization
problem and we discuss its properties. We also develop efficient methods to solve the
multistage problem and apply these to an inventory planning and assembly problem.

Finally, we analyze and compare the results of our computational experiments.
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Chapter 1

Introduction

The traditional approach of optimizing the expectation operator in stochastic programs
successfully introduces uncertainty of events in stochastic models but might fail to
convey the element of risk that certain modeling problems face. A clear example is
given by the problem of maximizing the return rate of a portfolio. The optimal solution
obtained by optimizing the portfolio’s return expectation will suggest to concentrate
the investments in the assets with the highest expected return rate. This is not a
reasonable solution because it fails to recognize the possibility of loosing money due to
changes in the market that might not benefit that sole asset with highest expectation.
Of course, a way to avoid this would be to diversify the investment taking somehow
into account the risk involved in holding a position versus the random changes of the
market.

During the last decade researchers have developed the coherent risk measures as an
alternative to the expectation operator in the traditional stochastic programs. These
operators are consistent with a systematized theory of risk as presented in [4, 5] and
by substituting the expectation operator give rise to risk-averse programs. Coherent
risk measures have a rich axiomatic theory including duality and differentiability, thus
allowing the development of efficient methods for the solution of risk-averse programs,
see for example [3, 11, 23]. In [38, 39, 37, 41] we can find a comprehensive treatment
of the coherent risk measures and risk-averse optimization including the development
of multi-stage risk-averse programs (see, e.g., [36] for a general development of multi
staged stochastic problems).

Simply speaking, a measure of risk is a function p : X — R which assigns to each

random variable X, from a set X of possible positions, a value that corresponds to



the assessment of the risk involved by holding said position. These scalar measures of
risk allow the risk manager to order and compare different positions according to their
corresponding risk value. The usefulness of a particular risk measure is dependent on
its properties and how closely it models the perception of risk at the different positions
for the particular application at hand.

Until 20 years ago most of the risk-related research was performed on a case-by-case
basis where for particular applications different notions of risk measures were developed
with varying range of success. In the pre-Markowitz era, financial risk was considered
as a correcting factor of expected return and risk-adjusted returns were defined on an
ad-hoc basis. Later, Markowitz proposed to measure the risk associated to the return
of each investment by means of the deviation from the mean of the return distribution,
the variance, and covariance between all pairs of investments, see [43].

More recently the Value at Risk (VaR) measure has been increasingly used to mea-
sure and manage the market risk. The importance of VaR cannot be overestimated.
Reports and surveys from 1995 state that the measure was widely used by both finan-
cial and non-financial corporations in the U.S., see [19]. The VaR measure has such
wide acceptance that regulators in both U.S and the European Union allow VaR models
to be used provided they comply with restrictions, see [19]. Despite the fact that the
VaR has proven to be a popular measure of risk it has its detractors who point out
its lack of subadditivity and convexity as serious mathematical deficiencies that lead
to undesirable properties of the models based on the measure. See [4, 20, 21] to get a
in-depth view of the deficiencies of the VaR measure.

At the end of the 90’s Artzner, Delbaen, Eber, and Heath studied the “capital re-
quirements to regulate the risk assumed by market participants, traders, and insurance
underwriters, as well as to allocate existing capital”, see [4], and identified a handful of
desirable properties that a risk measure for such applications should have. Needless to
say that subadditivity and convexity are among these desirable properties. From this
list of properties P. Artzner et al. developed the concept of a coherent measure of risk.
In the last decade the theory of coherent risk measures established itself as an alterna-

tive to expected utility models of risk averse preferences in stochastic optimization. The



theory was further developed in numerous publications (see, e.g., [12, 13, 44, 34, 38] and
the references therein). This development has established the coherent risk measures
as an unified framework providing the grounds for a solid theoretical foundation on the
notion of risk aversion on which optimization models can be based on.

The notion of risk-averseness conveyed by the theory of risk measures is general
enough to model every risk-averse decision maker. The idea is to allow the decision
maker to pick a risk measure that suits his priorities the most and optimize his actions
by minimizing the risk assessed by the measure. One of the most attractive aspects of
the theory is its potential for applicability. By developing models based on the theory
of coherent risk measures one is in fact considering not one but a large family of models
each one based on a different coherent risk measure which could potentially be used
in different applications. The choice of which coherent risk measure will be used for a
particular application should be based on additional considerations on the requirements
of the application in question.

Recently, increased attention is paid to dynamic measures of risk, which allow for
risk-averse evaluation of streams of future costs or rewards (see, e.g., [2, 10, 14, 25, 27,
34, 37, 40]). When used in stochastic optimization models, dynamic risk measures lead
to a new class of problems, which are significantly more complex than their risk-neutral
counterparts (see [38, 37, 39, 41]). The progression from risk-neutral models to risk-
averse dynamic models follows a natural path. The coherent risk measures allow the
evaluation and comparison of risk of uncertain outcomes and adding these measures to
static risk-neutral stochastic programs gives rise to risk-averse optimization problems.
From the coherent risk measures we develop the conditional risk-measures which in turn
evolve into dynamic risk-measures. These measures paired with dynamic stochastic
optimization models give rise to risk-averse dynamic models. Although natural, this
progression is by no means trivial, requiring a full decade of research and development
to reach to the state where risk-averse models are postulated and applied to relevant
applications, see [23, 22, 11, 41, 3, 1]. Still there are major hurdles to overcome in the
quest of developing a general theory of risk-averse optimization.

Decomposition, an established and efficient approach to risk-neutral multistage



stochastic optimization problems, see [8, 16, 26, 33] and the references therein, can-
not be directly applied to risk-averse models. With dynamic risk measures, the main
feature facilitating decomposition, the integral form of the objective function, is ab-
sent. Our main objective is to overcome this difficulty by exploiting specific structure
of dynamic risk measures, and to develop new decomposition methods that extend the
ideas of earlier approaches to risk-neutral problems. This research was initiated by N.
Miller and A. Ruszczynski in [22], where they developed risk-averse counterparts of the
primal (Benders-type) decomposition methods.

In this work we develop generalizations of scenario decomposition methods, in the
spirit of [24]. The key to success is the use of dual properties of dynamic measures of risk
to construct a family of risk-neutral approximations of the problem. In Chapter 2 we
introduce the coherent and conditional measures of risk and its main properties; see the
appendix for a brief overview of the necessary mathematical background. In Chapter
3 we introduce a general two-stage risk-averse stochastic optimization problem and in
Chapter 4 we show a more particular version with mean upper semideviation. Chapter
5 develops the dual cutting plane method, which is our base decomposition method. In
the development of efficient master algorithms we modify the bundle method, to better
exploit the specifics of the problem at hand. The resulting algorithm, which we call the
partial bundle method, is discussed in Chapter 6.

Chapter 7 develops the general multistage risk-averse stochastic optimization prob-
lem and methods. Since this is the main chapter of our work, it warrants an overview
of its contents. In sections 7.1 and 7.2 we formally define a multistage risk-averse
stochastic optimization problem and we discuss its properties. Section 7.3 discusses
nonanticipativity constraints. In section 7.4 we advance the duality theory of dynamic
measures of risk, by identifying the properties that are essential for our decomposition
approach. In section 7.5 we present the main idea of our new decomposition meth-
ods. In section 7.6 we analyze properties of the master (coordination) problem of the

method.



Finally, Chapter 8 is devoted to the application of two versions of our methods,
with several coordination algorithms, to an inventory planning and assembly problem.
In this chapter we also show numerical results from our implementations and compare

the results obtained.



Chapter 2

Coherent Measures of Risk

In this chapter we introduce and develop the basic theory of coherent measures of risk.

We follow closely the development from [34, 38, 39, 41].

2.1 Coherent Measures of Risk

Let (2, F, P) be a probability space with a sigma algebra F and probability measure
P. In this work we will restrict ourselves to the spaces of uncertain outcomes Z :=
L,(2, F, P), where p € [1,+00). Each element Z := Z(w) of Z is viewed as an uncertain
outcome on (€2, F) and is by definition a random variable with finite p-th order moment
with respect to the reference probability measure P.

A risk measure is a proper class function p : Z — R. By this we mean that p is
constant on the classes of functions which differ only on sets of P-measure zero, i.e.
p(Z) = p(Z") if P{w: Z(w) # Z'(w)} = 0. The function p is proper in the sense that

p(Z) > —oo for all Z € Z and its domain

dom(p) :={Z € Z: p(Z) < +o0}

is nonempty. We say that the probability space (€2, F, P) is the probability space
associated with the risk measure p.

For Z,7' € Z we denote by Z < Z' the pointwise partial order, meaning Z(w) <
Z'(w) for a.e. w € Q. We also assume that the smaller the realizations of Z, the better;
for example, Z may represent a random cost.

A coherent risk measure is a risk measure p : Z — R satisfying the following axioms:

(A1) Convezity: p(tZ+ (1 —t)Z") < tp(Z) + (1 —t)p(Z"), for all Z,Z' € Z and all



t€10,1];
(A2) Monotonicity: If Z,7' € Z and Z <X Z', then p(Z) < p(Z');
(A3) Translation equivariance: If a € R and Z € Z, then p(Z + a) = p(Z) + «;

(A4) Positive homogeneity: If t > 0 and Z € Z, then p(tZ) = tp(2).

These axioms were conceived by Artzner et al. [4] in the context of risky capital markets
and it is under these circumstances that we can better understand the above definition.
Suppose that our perception of risk is an amount of a security capital that we would set
aside from our investments to protect us from the fluctuations of the market. Examining
axioms (A1) - (A4) under this context makes the definition of coherent risk measures
clear.

Axioms (A1) and (A4) imply subadditivity, which can be stated as “a merger does
not create extra risk” [4], a natural requirement. Axiom (A2) states that investing more
capital under any possible market scenario increases the investor’s perception of risk.
Similarly, Axiom (A3) says that investing an extra a units under any possible market
scenario increases the investor’s perception of risk by that same amount a. Finally,
axiom (A4) states that a change of currency in the capital investments does not change
the investor’s perception of risk under the new currency.

All the measures of risk considered in this work will have a finite associated proba-
bility space (Q, F, P). That is, Q has a finite number of elements and F = 2%, i.e. the
power set sigma algebra. In this case we will let Z := £1(£2, F, P), which is just the set
of all functions f : Q — R. For this reason we will identify the set Z with RY, where
N is the number of elements of €.

Leveraging on the conjugate duality theory reviewed in the appendix and the def-
inition of coherent risk measures we arrive to the representation theorem of coherent

risk measures:

Theorem 1. Suppose that (2, F, P) is a finite probability space as described above with
Q] = N, P = (p1,...,py) and Z := L1(Q,F,P) =RN. Ifp: Z — R is a lower

semicontinuous coherent risk measure then p is subdifferentiable and for every random



variable Z = (z1,...,2N) € Z:

= max Zis 2.1
mex Zuzp“ (2.1)

where

dp(0) € {C eRY

N

i=1

Proof. First we should point out that the spaces in question are the spaces Z =
Li(w, F,P) = RY and Z* = L(Q,F,P) = RV, For Z € Z and ( € Z* their
scalar product is defined as

i=1
Clearly, all the results presented in the appendix hold even if we replace the conventional
scalar product by the product defined in (2.2).
Since p is convex, lower semicontinuous, and proper, Theorem 19 implies that p =

p**. More specifically, for all Z € Z,

p(Z) = sup L, Z) — ()} (2.3)
pERN

We first show that dom(p*) C R¥Y. Suppose there is i € dom(p*) which is not
an element of the cone ]Rf . Then it can be strictly separated from Rf . There exists

W e RN and e > 0 such that:
(W, p)y < (W,zi) — e forall peRY.

It follows that W is in the polar of Rf and so, W < 0. Setting p = 0 we get that
(W,fi) > € > 0. Consider an arbitrary point Z € RY and points Y = Z + tW, for

t > 0. As'Y < Z, the monotonicity axiom (A2) implies that p(Y) < p(Z). From the



definition (8.18) of the conjugate dual we deduce that

p*(p) = sup {1, Z) — p(Z2)} = sup {(@, Z + W) — p(Z +tW)}

ZERN ZeRN
> sup {(7,Z) — p(2)} + tEmW) > p"(7) + te.
ZERN

Therefore, we conclude that p*(f7) = oo, a contradiction. Consequently, dom(p*) C RY.

The translation equivariance axiom (A3) implies that for all a € R:

p (¢) = sup {{(,Z) —p(Z)} = sup {((,Z +al) —p(Z +al)}

ZeRN ZeRN
= sup {(¢.2) = p(2)} +a((¢,1) = 1) = p"(¢) + a((C, 1) — 1),

where 1 is the vector with all entries equal to one. This means that p*({) < oo only if
(¢, 1) = 1. In other words, the domain of the conjugate function is included in the set

of probability vectors

]P::{CGRN

N
Zcipi=1,<>0}.

i=1

The positive homogeneity axiom (A4) implies that for every ¢t > 0 and every u €

dom(p*) we have

p*(p) = sup {{u, Z) — p(Z)} = sup {{u,1Z) — p(t2)}

ZeRN ZeRN
= sup {t(u, 2) — tp(2)} = to" (n).
ZeRN

This implies that p*(u) = 0. Consequently, p* is the indicator function of certain set

A C P. Formula (2.3) simplifies to

p(Z) = sup(u, Z), (2.4)
HEA

where (-,-) is as defined in (2.2). It is not difficult to see that the set A is closed and

convex. Therefore Lemma 21 implies that A = dp(0). By combining this with (2.4) we
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obtain representation (2.1), as we wanted. O

We see from theorem 1 that if p is a coherent risk measure then dp(0) is a set of
probability density functions. Consequently, for any p € dp(0) we can view Zf\i 1 iDiZi
as the expectation E,[Z] taken with respect to the probability measure pudP, defined

by the density u. For this reason representation (2.1) can be written as

Z)= max E,|Z]|.
p(2)= max E,(2]

[43

Thus, evaluating a coherent risk measure amounts to select the “worst” expected value
out of a set of given possible density functions, namely dp(0). This is one of the main
results in the theory of coherent risk measures and it will allow us to bridge the gap
between the classical scenario decomposition methods and the coherent risk measures.

The following is the more general version of Theorem (1) for a general probability

space (2, see [41, ch. 6] for details and proof.

Theorem 2. Let (0, F, P) be a sample space with sigma algebra F and probability
measure P. Let p € [1,4+00), q € (1,400] be such that 1/p+1/q = 1 and let Z :=
L,(Q,F,P), Z* := L,(Q, F, P) be a conjugate pair of spaces. Let p: Z — R be a lower
semicontinuous coherent risk measure and p* : Z* — R be its conjugate dual. Then p

1s subdifferentiable and for every random variable Z € Z:

p(Z) = ug{lﬁﬁ))/ﬁp(w)Z(w)dP(w), VZeZ (2.5)

where

dp(0) C {c e RY

[ cwrare) =16z 0}
Q
2.2 Examples

In this section we will introduce several important examples of coherent risk measures
which are relevant to this work. We closely follow the examples provided in [41, Ch.

6).
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2.2.1 Conditional Value-at-Risk

Value-at-Risk

Let Hz(z) = Pr(Z < z) be the cdf of the random variable Z and « € (0,1). Recall
that the left-side a-quantile of Hy is defined as

H,Ya) :=inf{t : Hz(t) > a},

and the right-side a-quantile as sup{t : Hz(t) < a}. If Z represents losses, the (left-side)
quantile H,'(1 — a) is also called Value-at-Risk and denoted VaR,(Z). Its meaning is
the following: losses larger than VaRy(Z) occur with probability not exceeding «. Note
that

VaRo(Z +7) = VaR(Z) + 1, VT € R

The weighted mean deviation from a quantile is defined as follows:
4alZ] :=E [max {(1 — a)(H, o) — Z), a(Z — Hgl(a))}] . (2.6)

The functional g,[Z] is well-defined and finite-valued for all Z € £;(Q, F, P). It can be

easily shown that

@lZ) = min {p(t) == E[max{(1 - a)(t - 2), a(Z — )]} (2.7)

Indeed, the right and left side derivatives of the function ¢(-) are

o (1) = (1—a)Pr[Z <t] — aPr[Z > ],

¢ (t)=(1—-a)Pr[Z < t] — aPr[Z > t].

At the optimal ¢ the right derivative is nonnegative and the left derivative nonpositive,
and thus

Pr[Z <t] <a <Pr[Z <t

This means that every a-quantile is a minimizer in (2.7).
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The risk functional g4[-] can be used in mean-risk models, both in the case of mini-
mization

gél)r(lE[Zm] + cqi-alZa], (2.8)

and in the case of maximization

glea)?E[Zﬂc] - CQa[Zm]' (2'9)

We use 1 — « in the minimization problem and « in the maximization problem, because

in practical applications we are interested in these quantities for small «.

Conditional Value-at-Risk

The mean-deviation from quantile model is closely related to the concept of Conditional
Value at Risk. Suppose that Z represents losses and we want to satisfy the chance
constraint:

VaR,[Z;] < 0. (2.10)

We have that! Pr(Z, > 0) = E [1(9,)(Zz)], and hence constraint (2.10) can also be

written as the expected value constraint:
E [1(0,00)(Z2)] < . (2.11)

The source of difficulties with chance constraints is that the step function 1o )(-) is not
convex and, even worse, it is discontinuous at zero. As a result, chance constraints are
often nonconvex, even if the function z — Z, is convex almost surely. One possibility
is to approach such problems by constructing a convex approximation of the expected
value on the left of (2.11).

Let ¢/ : R — R be a nonnegative valued, nondecreasing, convex function such that

P(2) > 1(g,00)(2) for all z € R. By noting that 1(g)(t2) = 1(g,00)(2) for any ¢ > 0 and

'Recall that 10,00)(2) = 0if 2 <0, and 1(g,00)(2z) =1 if 2 > 0.
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z € R, we have that ¥(tz) > 1(0,)(2) and hence the following inequality holds

%EEE WJ(tZ:p)] > E [1(0,00)(2:10)] .

Consequently, the constraint

it E [0(tZ,)] < a (2.12)

is a conservative approximation of the chance constraint (2.10) in the sense that the
feasible set defined by (2.12) is contained in the feasible set defined by (2.10).

Of course, the smaller the function ¢(-) is the better this approximation will be.
From this point of view the best choice of #(-) is to take piecewise linear function
P(z) := [1 4+ yz]+ for some v > 0. Since constraint (2.12) is invariant with respect
to scale change of ¥(vz) to 1(z), we have that ¥(z) := [1 + 2]+ gives the best choice
of such a function. For this choice of function (-), we have that constraint (2.12) is
equivalent to

inf {tE[t ™" + Z]4 — a} <
inf {tB[t"" + Z]; —a} <0,

or equivalently

inf {a 'E[Z +t7 1], —¢t Ll <o.
pffaT BZ+ 7]~} 0

Now replacing ¢ with —t~! we get the form:

i Rz - <0. .
gg {t+a'E[Z-t]+} <0 (2.13)
The quantity
CVaRq(Z) := inf {t+a 'E[Z —t]4} (2.14)
€

is called the Conditional Value-at-Risk of Z (at level o). Note that CVaR,(Z) is well
defined and finite valued for every Z € £1(Q2, F, P).

The function o(t) :=t + a 'E[Z — t]; is convex. Its derivative at ¢ is equal to 1 +
a~ 11— Hz(t)] provided that the cdf Hz(-) is continuous at t. If H(-) is discontinuous
at t, then the respective right and left side derivatives of ¢(-) are given by the same

formula with Hz(t) understood as the corresponding right and left side limits. Therefore
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the minimum of ¢(¢), over ¢t € R, is attained on the interval [t*,¢**], where t* := inf{z :
Hz(z) > 1—a} and t* := sup{z : Hz(z) < 1 — a} are the respective left and right
side quantiles. Recall that the left-side quantile t* = VaR,(Z).

Since the minimum of ¢(t) is attained at t* = VaR,(Z), we have that CVaR,(Z) is
bigger than VaR,(Z) by the amount of a 'E[Z —t*]; (of course, E[Z —t*], is positive,
unless P[Z = t*] > «a, in which case it is zero). Therefore

inf {t + o 'E[Z — t]4 } <0 implies that ¢* <0,
teR

and hence constraint (2.13) is equivalent to CVaR,(Z) < 0. It is easy to see that for
any a € R,

CVaRy(Z + a) = CVaR,(Z2) + a.

Therefore, the constraint

CVaR,[Z,] <0 (2.15)

is equivalent to the constraint (2.13) and gives a conservative approximation of the
chance constraint (2.10).
The function p(Z) := CVaR,(Z), defined on a space of random variables, is convex,

i.e., if Z and Z' are two random variables and t € [0, 1], then
p(tZ + (1= 1)Z') < tp(Z) + (1 — )p( 7).

This follows from that the function t + o 'E[Z — #] is convex jointly in ¢ and Z. Also
p(+) is monotone, i.e., if Z and Z’ are two random variables such that with probability
one Z > Z', then p(Z) > p(Z'). It follows that if G(-,§) is convex for a.e. £ € E, then
the function p[G(-,&)] is also convex. Indeed, by convexity of G(-,&) and monotonicity

of p(-), we have for any t € [0,1] that

plG(tZ + (1 -1)Z"),8)] < pltG(Z,£) + (1 —t)G(Z',§)],
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and hence by convexity of p(-) that
plG(tZ + (1 =1)Z"),&)] < tp[G(Z, )] + (1 - t)p[G(Z,€)],

Consequently, (2.15) is a convex conservative approximation of the chance constraint
(2.10). Moreover, from the considered point of view, (2.15) is the best convex conser-
vative approximation of the chance constraint (2.10).

We can now relate the concept of Conditional Value at Risk to mean deviations
from quantiles. See equation (2.6) for the definition of g,[Z] and [41, page 259] for the

proof of the next theorem.

Theorem 3. Let Z € L£1(Q2, F,P) and H(z) be its cdf. Then the following identities
hold true
1 /! 1
CVaRy(Z) = — VaR,_s(Z)dp = E[Z] + qu_a[Z]. (2.16)

@ J1—a

Moreover, if H(z) is continuous at z = VaR,(Z), then

400
CVaRo(Z) = — 2dH(2) = B (2|2 > VaRa(Z)]. (2.17)
& JVaR,(Z)

The last equation in (2.17) explains the origin of the term “Conditional Value at
Risk.” Also motivated by the first equation in (2.16), in some publications CVaR is
called the Average Value-at-Risk. It follows from the development in this section that

the function p(Z) := CVaR,(Z) is a coherent measure of risk for every o € (0,1).

2.2.2 Mean-Upper-Semideviation of Order p

Let Z := L,(Q, F, P) and for ¢ > 0 consider

where [a]} := (max{0,a})P. For any ¢ > 0 this function satisfies conditions (A1), (A3)

and (A4), and it can be shown (see [41, p. 277]) that the representation from Theorem
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2 holds with the set dp(0) given by

9p(0) = {¢" € 2"|{' =1+~ E[(], [¢llg < e ¢ = 0}, (2.18)

where %—l—% =land Z* := L,(Q, F, P) is the dual space associated to Z. See [29, 30, 41]
for more details. Since |[E[¢]| < E|¢| < ||¢||q for any ¢ € L£4(£2, F, P), we have that every
element of dp(0) is nonnegative and has its expected value equal to 1. It can be shown
that the monotonicity condition (A2) holds, if and only if ¢ € [0,1]. That is, p is a
coherent risk measure if ¢ € [0, 1].

Since p is convex continuous, it is subdifferentiable. It can be shown that its subd-

ifferential, dp(Z), is formed by vectors ¢’ = 1 + ¢ — E[(] such that
¢ € argmax {(C,Y) |[[Cllg < ¢, ¢ = 0}, (2.19)

where Y := Z — E[Z]. Suppose that p € (1,4+00). Then the set of maximizers on the
right hand side of (2.19) is not changed if Y is replaced by Y., where Y, (-) := [Y(+)]+.
Consequently, if Z(w) is not constant for a.e. w € €2, and hence Y, # 0, then dp(Z) is

a singleton and

Vo(Z) =1+cly, —cE[¢Gy ],

where (3 is the contact point of Y (note that the contact point of Y} is nonnegative
since Y} > 0).

Suppose now that p = 1 and hence ¢ = +o00. Then the set on the right hand side
of (2.19) is formed by ((+) such that: ((w) =cif Y(w) > 0, {((w) =0, if Y(w) < 0, and
((w) €10, if Y(w) = 0. It follows that dp(Z) is a singleton iff Z(w) # E[Z] for a.e.
w € , in which case

((w)=14c(1-Pr(Z >E[Z]), it Z(w) > E[Z],

Vp(Z)=1<C(: (2.20)
Cw)=1—cPr(Z > E[2)), if Z(w) < E[Z].
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2.3 Coherent Conditional Risk Measures

This section is an overview of the theory of conditional risk measures developed by
Ruszczyriski and Shapiro in [37]. The intention is to develop the risk-measures support
for models suitable for risk-averse sequential decision making. For an in-depth view at
these topics see [37, 41].

The main issue here is our knowledge at the time when risk is evaluated. In the
classical setting of multistage stochastic optimization, the main tool used to formulate
the corresponding dynamic programming equations is the concept of conditional ex-
pectation. Given two sigma algebras F; C Fa of subsets of ), with F; representing
our knowledge when the expectation is evaluated, and F» representing all events under
consideration, the conditional expectation can be defined as a mapping from a space
of Fo-measurable functions into a space of Fi-measurable functions. Of course, the
conditional expectation mapping is linear. The basic idea of this approach is to extend
the concept of conditional expectation to an appropriate class of convex mappings.

In order to construct dynamic models of risk we need to extend the concept of
risk functions. Similarly to the representation of coherent risk measures we use the
framework of £, spaces, p € [1,400). Let (Q,F, P) be a probability space with sigma
algebra F and probability measure P. Consider a filtration 71 C Fo = F. As before,
we consider spaces Z; := L, = (Q, F¢, P) of Fi-measurable random outcomes, ¢ = 1, 2.

A coherent conditional risk measure is a function p : Zo — Z satisfying the following

axioms:

(A1") Convezity: p(aZ + (1 —a)Z') 2 ap(Z)+ (1 —a)p(Z'), for all Z,Z" € Z5 and all

a € [0,1];
(A2") Monotonicity: If Z,Z' € Z9 and Z < Z', then p(Z) < p(Z');

(A3') Predictable Translation Equivariance: If V € Zy and Z € Z,, then p(V + Z) =
V+p(2);

(A4") Positive Homogeneity: If v > 0 and Z € 25, then p(vZ) = vp(Z).
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As before, we assume that the smaller the realizations of Z, the better and that 2 and
all sigma-algebras are finite.
An example of coherent conditional risk measure is the conditional mean—upper

semideviation model defined by
pu(Z) = EZIF) + w E |(Z - B[Z|F) |, (2.21)

with an Fi-measurable k; € [0,1]. See [41, p. 277] for the details showing that the mean
upper semideviation is a coherent conditional risk measure, and for other examples of
conditional risk measures.

Consider a conditional risk measure p : Z9 — 2. With a set A € Fi, such that

P(A) # 0, we associate the function
pa(Z) =E[p(Z) | 4], Z € 2o, (2.22)

where E[Y | 4] := ﬁ J4 Y dP denotes the conditional expectation of random variable
Y € Z; given event A € F;. Conditions (A1')-(A4’) imply that the corresponding
conditions (A1)-(A4) hold for p4, and hence p4 is a coherent risk measure defined on
the space Zy = L,(€, F2, P). Moreover, for any B € F; we have by (A3) and (A4)

that
pA(Z +alp):=E[p(Z) + alp | A] = pa(Z) + aP(B|A), Yae€R. (2.23)

Since p4 is a coherent risk measure, by Theorem (2) it can be represented in the

form

pa(2) = s | C@)Z()aP@) (2:24)

(eB(A)
for some set B(A) of probability density functions. Let us make the following observa-

tion:
Lemma 4. Fach density ¢ € B(A) is supported on the set A.

Proof. For any B € F; such that P(BN A) = 0 and any « € R, we have by (2.23)



19

that pa(Z + allp) = pa(Z). On the other hand, if there exists ¢ € B(A) such that

[ ¢dP > 0 then it follows from (2.24) that p4(Z+alp) tends to +00 as @ — +o00. [

Just as we obtained the representation theorem of coherent risk measures, we show
that a conditional coherent risk measure can be represented as a maximum of a family
of conditional expectations. We restrict ourselves to the situation where the subalgebra
F1 has a countable number of elementary events. That is, there is a countable partition
{4, }ien of the sample space © which generates Fi, i.e, UjenA; = €2, the sets A;, i € N
are disjoint and form the family of elementary events of sigma algebra Fj. Since Fi is a
subalgebra of F5, we have that A; € F5,7 € N. We also have that a function Z :  — R
is Fi-measurable iff it is constant on every set A;,7 € N.

Consider a conditional coherent risk measure p : Z5 — Z;. Let
N:={i e N| P(4;) #0}

and pa,,? € N, be the corresponding coherent risk measure defined in (2.22). By (2.24)
with every pa,,i € M, is associated set B(A;) of probability density functions, supported

on the set A; such that

pa,(Z) = sup /C(w)Z(w)dP(w). (2.25)
CeEB(A;) JQ

Now let v = (v;);en be a probability distribution on (2, ), assigning probability v;
to the event A;,7 € N. Assume that v is such that v(A;) = 0 iff P(4;) =0 (i.e. P is
absolutely continuous with respect to v on (€2, F1)); otherwise the probability measure

v is arbitrary. Define the following family of probability measures on (2, F2):

¢= {ﬂzzvmi

€N

Note that since ) ;. v; = 1, every i € € is a probability measure. For fi € €, with
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respective densities (; € B(A;) and du; = (;dP, and Z € Z, we have that

Ey; Z | A1) = ZEM 1Z | F]. (2.27)
1EN

Moreover, since (; is supported on A;,

Z¢dP if A;
B, (7| Ry ) = | 0760 e (2.28)

0 otherwise.

By the max-representations (2.25) it follows that for Z € Z; and w € A4;,

supE; [Z | Fi] (w) = sup / ZGdP = pa,(Z). (2.29)
ped GEB(A;) JA;

Also since [p(Z)](-) is Fi-measurable, and hence is constant on every set A;, we have

that [p(Z)](w) = pa,(Z) for every w € A;,i € M. We obtain the following result.

Theorem 5. Let Z; := L,(, F;, P),i = 1,2, with F1 C Fa, and let p : Z9 — 2
be a conditional coherent risk measure. Suppose that Fi has an countable number of
elementary events and let v = (v;);en be a probability distribution on (2, F1), assigning
probability v; to the event A;,i € N. Assume that v is such that v(A;) = 0 iff P(A;) =0
(i.e. P is absolutely continuous with respect to v on (2, F1)); otherwise the probability

measure v is arbitrary. Then

p(Z) =suwp By [Z | Fi], VZ € F, (2.30)
pee

where € is a family of probability measures on (Q, Fa), specified in (2.26), corresponding

to a probability distribution v on (Q, F1).
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Chapter 3

Scenario Decomposition of Two-Stage Risk-Averse

Problems

3.1 A Two-Stage Risk-Averse Problem

This chapter will be devoted to the study of a two-stage risk-averse problem of the form
: T
min py (c x+ Q(m,f)) , (3.1)

where p; is a coherent risk measure, X C R” is compact and polyhedral, and Q(z,¢)

is the optimal value of the second stage problem

min p [¢"y] .
3.2

st. Te+Wy=h, y>0,

where po is a conditional coherent risk measure. Here £ := (q,h, T, W) is the data of
the second stage problem. We view some or all elements of the vector £ as well as
the vector ¢ as random. The p; operator at the first stage problem (3.1) is taken with
respect to the probability distribution of ¢z 4 Q(z, &).

We assume that the set
Xnd.— e X|Q(x,€) <oo wp. 1}

is nonempty. For each z € X, py(z) is well defined. If for some 2 and ¢ the second
stage problem (3.2) is infeasible, then by definition Q(x, &) = 400. It could also happen
that the second stage problem is unbounded from below and hence Q(z,§) = —oc.

This is somewhat pathological situation, meaning that for some value of the first stage
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decision vector and a realization of the random data, the value of the second stage
problem can be improved indefinitely. Models exhibiting such properties should be
avoided.

We will assume that the distribution of ¢ has finite support. That is, £ has a
finite number of realizations (called scenarios) & = (qk, hi, Tk, Wx) with respective
probabilities pg. From now on we will assume that £ has exactly N scenarios. In this
case we will let Z := L£1(Q, F, P) which we will just identify with the space R,

The representation theorem of coherent risk measures, Theorem (1), allows us to

rewrite problem (3.1)-(3.2) in the form

N
mip max Zﬂzpz {c z+ min pola; yi
. (3.3)
st. Tix+Wywyi=hsy, t=1,...,N
y; >0,i=1,...,N.
Fori=1,...,N, let ¢; € R™ and ps; be coherent risk measures. From now on, we
will focus on the following slight generalization of problem (3.3):
N
mip mox Zuzpz [C z+ min po [a;' i)
(3.4)
v, >0, ¢t=1,...,N.
3.2 The Dual
In this section we will obtain a dual formulation of problem (3.4).
Consider the following problem:
N
min max C; Tj + mln
(@1... ,xN)GXN u€8p1(0 Z HiPi |: ) P2i [qZ yz]
(3.5)

s.t. Tix, + Wiy = hy;

y; >0, z;€ X, i=1,...,N
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with the extra nonanticipativity constraints

N

fEi:Zkak,i:L---,N- (3.6)
k=1

The nonanticipativity constraints (3.6) play a double role in the development of our
theory and methods. First, they ensure that the first-stage decision variables of (3.5) do
not depend on the second-stage realization of the random data and thus making problem
(3.5)—(3.6) equivalent to our main problem (3.4). Second, these extra constraints will
help us obtain a dual formulation of (3.4) through their appearance in the Lagrangian
of (3.5)-(3.6). We aim to do this next.

Let X =R"N and £ = {z = (x1,...,2y) |21 = ... = x5 }. Equip the space X with

the scalar product

N
(z,y) = szxjyz (3.7)
i=1

and define the linear operator P : X — X as

N N
Pr = (Zpiﬂﬁi,---vzpixi> .
i=1 i=1
The nonanticipativity constraints (3.6) can be compactly written as
x = Pz.

It can be verified that P is the orthogonal projection operator of X, equipped with the
scalar product (3.7), onto its subspace L.

For every # € RY and i € {1,..., N} define

F(z,wi) & ¢/ x4+ inf poilg) y]
yeR™
s.t. Tz + Wiy = hy (3.8)

y > 0.

The convexity property (A1) of the coherent risk measure py; implies that F(-,w;) is a
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convex function. Also the assumptions made on the second stage problem Q(x, ) imply
that F'(X,w;) C R. Therefore the compactness of X implies that F'(-,w;) is continuous
relative to X (see [28, Thm. 10.4]).

By assigning Lagrange multipliers Ay € R,k = 1,..., N, to the nonanticipativity
constraints (3.6), we obtain that the Lagrangian of problem (3.5)—(3.6) is given by:

N
L(z,\) = max ZM@P@ Ti, W +Zp] (ﬁj—zptiﬂt),
t=1

,uedpl(o)

where z = (z1,...,7y) € XV and AT = (A],...,\}). Note that since P is an
orthogonal projection, I — P is also an orthogonal projection (onto the space orthogonal

to £), and hence

N
ij/\jT ( ZPt%) =M\ =Pz) =(I - P)Az).

Therefore the above Lagrangian can be written in the following equivalent form

u€8p1

N T
L(x,\) max Z,uzpl (x4, w;i) -I—Zp] ()\j - Zpt/\t) xj.
t=1

Observe that shifting the multipliers A\;,j = 1,..., N, by a constant vector does not
change the value of the Lagrangian, because the expression \; — thil PeA¢ is invariant

to such shifts. Therefore, with no loss of generality we can assume that

N
Y piA; =0
=1

or equivalently, that PA = 0. Under the condition PA = 0, the Lagrangian can be

written simply as

N
L(z,\) = max Zp, [Mz (a:z,wl)—i—)\ i .

Putting everything together we obtain the following dual formulation of problem
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(3.5)(3.6):

N
max min max i F (g, w; +/\-Tac-] 3.9
/\eR"‘NxeXNueﬁpl(O);pz [,Uz (wi,wi) + A @i (3.9)

N
s.t. ij)\j =0.
j=1

Note that X is polyhedral, dp1(0) is convex and compact, and pu; F(x;,w;) + A/ 2; is
convex in z and linear in u. Therefore we can interchange the innermost max by the
min in (3.9) (see [42, Thm. 3.1]) and obtain the following equivalent formulation for

the dual of (3.5)—(3.6):

N

cmin | F (i, w0i) + A ] 3.10

)\gﬁgf{N szglen)lf [Mz (i, wi) + Aj @ (3.10)
p€dp1(0) =

N
s.t. ij)\j =0.
Jj=1

We will require that our problem satisfies the Slater’s constraint qualification con-
dition and in this way guaranteeing that the duality gap will be zero. We should first
point out that the convexity of the functions F'(-,w;) imply that the primal objective

function

N
max ipi F(z,w;
ueapl(O);'ulpl ( z)

is convex too. Due to this fact and the continuity of F(-,w;) relative to X, prob-

lem (3.5)—(3.6) satisfies the Slater’s constraint qualification condition if there is z =

(x1,...,zy) € int XV such that

N
xi:Zpkazk, i=1,...,N.
k=1

In this case the duality gap is zero (see [35, Thm. 4.7]) and so, the optimal value of the
primal problem (3.5)—(3.6) is the same as the optimal value of the dual problem (3.10).
Suppose that once we are in scenario 4, there are exactly IN; possible sub-scenarios

that could occur each with probability m;;,7 = 1,..., N; and its own vector g;;. Clearly
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mij > 0 and Z;V:ZI m;j = 1. The representation theorem of coherent risk measures shows

that

: = 5 3.11
paila; v 555233((0) Z i35, (3.11)

where

N;
0p2i(0) C Q6 € RN | > " §ymi; = 1,6 >0
Jj=1

From (3.8), (3.10), and (3.11) we obtain that the dual of the main problem is equivalent

to

N;
max min ; c T; + min max 5 e + /\Tx 3.12
AR pe XN sz 125 i szeRm 5€8p21(0) ij qumyz i ( )
p€dp1(0) =1
st. Tixi+Wyy;=h;, i=1,...,N
y; >0, i=1,...,N
N
ij)\j =0.
j=1
This, in turn, is equivalent to
RTINS U0 LR ST TR LD

pEP1(0) yeR™ N
st. Tixi+Wyyy=hy, i=1,...,N

y; >0, i=1,...,N
N

> pii =0,

j=1

where 9p2(0) := 9p21(0) X -+ X Apan(0), y = (y1,...,yn), and 6 = (d1,...,0n). As

before (see [42, Thm. 3.1]), we can interchange the innermost max and min and obtain



the following equivalent formulation

N N;

: T T T
max  min § Di | HiC; Ti + i E 0ijTijd;jYi + A; Ti
AeR™ N

zeXN

1€0p1(0) yeRm N =1 j=1
d€0p2(0)
st. Ty +Wiy; =hy, i=1,...,N
Yi 2 07 =1, . aN
N
>_pih =0
j=1
Let
4
111011
i1
S = i 10 i € [0p(0)), | € dp2i(0), i=1,...
: din;
TNNyMNONNy

27

(3.14)

where [9p1(0)]" is the projection of dp;(0) on the ith axis. Note that S is a convex and

compact set. Then (3.14) is equivalent to:

N N;
. T T T
max - min E Di | i€y Ti + § Tij Qi Yi T Ai T
=
€S

st. Ty +Wyyi=hy, i=1,...,N

N;
Zaij:,ui, ’izl,...,N
j=1

Let RV (= RM x ...

(3.15)

x RN~ For every scenario i = 1,..., N define the function
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xi : RPN xRN x RY — R such that

N;

xi(A i1, 0) Emin e x4 Z aiquy + )\ (3.16)
€,y i1
]_

st. Tix+ Wy = h; (3.17)

reX, yeR™ y>0.

Then the dual of our main problem is given by:
N
v (A 3.18
max ;pz){z( s> 0) (3.18)
N
s.t. ij/\j =0
j=1

N;
E 045 = Hi, iZl,...,N
j=1

AeR™, e dpi(0), o €S.

Let A; be the set of pairs (x, y) satisfying the system of constraints (3.17), by assumption
A; # 0. The compactness of X implies that A; is compact. From this we conclude that
xi(\, p,0) € R, for every (A, p,0) € R*N x RV x RY and Xi 18 proper, concave, and

Lipschitz continuous (see [28, Thm. 10.4]).

3.3 The Subgradient of the Dual Function

Define the sets
AE {A S

N
> pidi = 0} , (3.19)

i=1

N;
A& (,u,a)ef)pl(())xé‘ Zai]‘:ui,i:L...,N ,
j=1
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and the function 9;(-,-) : <R”'N x RN x RN> x A; — R by

N;

0 (A, 0), (2,9)] & i) 2+ owjay + N . (3.20)
j=1

The above definition implies that for every (A, u, o) € R*N x RN x RN

Xi()‘nuv U) = min 191 [()‘7#70-)7 (xvy)] . (321)
(z,y)EA;
Let
N
=1

Then, we can rewrite our main dual problem (3.18) as

A 3.23
s O X\, i, 0), (3.23)

where A € X and (u,0) € A.

The main purpose of this section is to calculate the subdifferential of x, which is
key in the development of methods to solve efficiently problem (3.23). Remember that
for each ¢ € 1,..., N, the function x;(-,-) is concave, continuous, and takes only real

values. Therefore we can apply the Moreau-Rockafellar theorem and obtain
N
i=1

Because of this we will focus on the subdifferentials of the y;’s. Definition (3.20) allows

us to see that the following proposition holds.

Proposition 6. The function 9; [, (x,y)] is concave for every (z,y) € A;. Also, the

function 9; [(\, u, o), -] is lower semicontinuous for every (A, u, o) € R¥N x RN x RN,

Let 09; [(Xo, to, 00), (x,y)] be the subdifferential of 0v; |-, (z,y)] at the point

(Mo, o, 00) and let @Q; be the N; x m matrix with rows q;g Then

. ——T
6191, [()‘07;“07 UO)a (.’I), y)]T - (x;ra €;|' ' C;rxa sz ) ) (325)
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where 2 := (0,...,0,27,0,...,0) € R™" such that the x is in the ith position
and each 0 is a vector of R", and Qin = (0, 50, (Qay)T,0,. .., 0) € RY such that
the (Q;y)" is in the ith position and a 0 in position ¢ is a vector of R, For every

(A p1,0) € RPN x RN x RN define

N;
Ai(\ 1y 0) & arg min S pic] z+ Y oigly + N @
(m,y)GAi j=1

The set A;(\, u, o) is the set of optimal solutions to the right hand side of (3.21). Then,

since the function x; is a minimum function (see (3.21) and [35, Thm. 2.87]), we get

xi(Xo, o, 00) T = conv U 0V; [(Mo, 1o, 00), (z,y)] " (3.26)
(z,y)€Ai(XNosp0,00)

_ {(@T?ej : ciT%QTyT) ’ (x,y) € Ai()\OaMOyUO)} :

Using (3.24) and (3.26), we obtain

Ix (Ao po, 00) " = ipi {(@T?@? ‘ Cz’T»’UaQT?JU ‘ (z,y) € Ai(>\07/1«07‘70)} - (3.27)
i=1

Usually we need to find a subgradient of x at a given point (Ao, o, 0¢). From (3.27)

we can derive a simple procedure to accomplish this:

Step 1. For every ¢ = 1,..., N, solve the linear program

N;

min (uo); cz-Tx + Z(Uo)ij qiE Y+ ()\O)ZTQU
(z,y)€A; =1

and call the obtained optimal solution (x;,y;). Note that

(zi,yi) € Ai( Mo, 1o, 00), for every i =1,..., N.

. T
Step 2. Compute a := Zi]ilpi ((mz)j, el el (i), Qi(vi); )

Then (3.27) implies that o € 9x (Ao, po, 00), as we wanted. Notice that the obtained

subgradient « has the following structure:
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(3.28)
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Chapter 4

The Two-Stage Risk-Averse Problem With Mean Upper

Semideviation

4.1 Specifying the Coherent Risk Measures

It is possible to obtain different formulations of the dual problem when we restrict to
consider specific risk measures in formulation (3.4). In this section we will consider
problem (3.4) where p; and po; are all mean upper semideviations of the first order.
Let p1(Z) = E[Z] + a1 E[Z — E[Z]], and p2;(Z) := E[Z] + b; E[Z — E[Z]],, where
i=1,...,N and ay,b; € [0,1].

Equation (2.18) shows that the subdifferential at 0 of p; is

N
9p1(0) = {11 1) pi&i+¢ ‘ = (&), and 0< ¢ < al} : (4.1)
=1

where 1 is the vector with all entries equal to 1. Applying the representation theorem

of the coherent risk measures (Theorem 1), we obtain that

N;
T T
(aTy) = 8y, 4.2
p2i(q; y) 655122?%0); iTij Y (4.2)
where, by (2.18),
N;
Op2i(0) =L -1 my&+€ €= (&) and 0< & <bi . (4.3)

Jj=1
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Substituting (4.3) into (4.2) gives

in(Qz = max Zﬂw%gy"i_zgkﬂ'zk qZky waqz] . (44)

&eOb]N

Since 7, > 0 and ¢ € [0, b;])"V7, the maximum on the right hand side of (4.4) is given

by £* such that
. N;
o i gy = 0 miay = 0
é.k = )
0 otherwise

N;. Therefore, we can obtain pa; (g, y) by solving the following linear program

k=1,...
minimize Z qugy + Z dy, (4.5)
=1 k=1
subject to: di > 0,
dy, > by [qfky —Elg y]} :
forall k=1,..., ;.
N;

where E[g, y] := P 17Tuqzjy

For every scenario i = 1,..., N, define the function ¢; : R*Y x RY — R such that

eilA 1) 2 min [ F(w,w) + N a)

zeX

,An). Then by (3.10), the dual of our problem is given by:

where A = (Aq,. ..
N
max i i (A, 4.6
max Z;p wi(A 1) (4.6)
p€dp1(0) '
N
s.t. ij)\j =0
j=1

Using the definition of F(z,w;) and the characterization of p2;(q, y) obtained in (4.5),
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we get,
N; N;
eihp) = minpi | cfa+ > myagy+ ) de| + N (4.7)
j=1 k=1
subject to: (4.8)

dp > cxmin |5y — Elg'vl|, k=1,...,N;
Tix+ Wiy = h;

zeX, y>0, d>0.

Note that the compactness of X implies that ¢; : R*Y x RY — R is a proper concave
function and therefore ¢; is Lipschitz continuous (see [28, Thm. 10.4]). Formulation
(4.6)—(4.8) is practical for the application of cutting plane methods.

For every ¢ = 1,..., N, let B; be the set of triples (z,y, d) satisfying the system of
inequalities (4.8). The set B; is closed but not bounded. Nevertheless, our assumption
of the second stage problem Q(z,&) having always a real optimal solution guarantees
that we could assume (by adding extra constraints) that B; is bounded. So, from now
on we will assume that B; is closed and bounded.

Define the function (-, -) : (RN x RY) x B; — R by

N; N;
j=1 k=1

The above definition implies that for every (A, u) € R*N x RV

Let

N
QD()‘HU’) < sz (PZ()UM) (411)
=1
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Then, we can rewrite the dual problem (4.6) as

A 1) 4.12
()EAX D1 (0) eh k) (4.12)

By definition ¢(-,-) is proper, concave, and continuous, so applying the Moreau-

Rockafellar theorem we obtain:

N
De(\, 1) = pidei(X, ). (4.13)
=1

By definition (4.9) we can easily see that the following proposition holds.

Proposition 7. The function ¢; [+, (z,y,d)] is concave for every (x,y,d) € B;. Also,

the function ¥; [(\, 1), -] is upper semicontinuous for every (\,p) € R™N x RV,

For every (z,y,d) let
N; N;
$i(x,y,d) = ¢l o+ Y migqhy+ Y di
j=1 k=1

and let 9v; [(Ao, po), (z,y,d)] be the subdifferential of 0v; |-, (z,y,d)] at the point
()\0,”0). Then
i (M. o), (@,9, )" = (] €] - du(w,y,0)) (4.14)

recall that 2] = (0,...,0, x7,0,...,0) € R*¥ has the z is in the ith position and each

0 is a vector of R"™. Also, for every (X, ) € R*N x RV define

(z,y,d)EB;

Clearly the set B;(A, u) is the set of optimal solutions to the right hand side of (4.10).

Then, as before,

dpi(No, o) " = {(@T,ej : ¢z‘(9€,y,d)> ‘ (z,9,d) € Bi(Ao,uo)}, (4.15)
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and
N
dp(No, o) =Y _pi {(@T&T : ¢i($7y,d)> ‘ (z,y,d) € Bz’(AO,Mo)} : (4.16)
i=1
Just as before, (4.16) give us a simple procedure to obtain a subgradient of ¢ at

(Ao, o)

Step 1. For every ¢ = 1,..., N, solve the linear program

i i ¢ilx,y,d A ZT
(I,i?j)%gf“(’) ¢i(z,y,d) + (Mo); x

and call the obtained optimal solution (z;, y;, d;). Note that (z;,y;, d;) € B;i(Xo, o),

for everyi=1,...,N.
Step 2. Compute o := Zfilpi ((@)ZT, eZ-T . d)i(a:i,yi,di)).

Then (4.16) implies that o € 9p(No, o), as we wanted. Notice that the obtained

subdifferential « is very simple:

b1

X
a=| PV . (4.17)

p1o(x1,y1,d1)

pN O(zN, YN, dN)
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Chapter 5

The Dual Cutting Plane Method

We will apply the cutting plane method to the main dual problem:

A, 1), 5.1
B o POH) (5:1)

where

N
e\ 1) = pipi(A ), (5.2)
=1

and for every i =1,..., N and (A, u) € A x 9p1(0),

N; N;
. T T T
@i(Ap) = minp; | cfa+ DTy + > k| +A (5.3)
j=1 k=1
subject to:

di > exmir |qy — Elg ]|, k=1,...,N;
Tix + Wiy = hy

reX, y>0, d>0.

As we stated before the functions ¢; : R*™ xRN — R are proper, concave and Lipschitz
continuous. The set A x 9p;(0) is closed but might not be bounded. In order to be
assured of finding a solution with the cutting plane method we should add, if necessary,
linear constraints to A in such a way that A x 9p;(0) is compact. The set A x dp1(0)
should be large enough so that it contains an optimal solution to problem (5.1). From

now on we will assume that A x 9p1(0) is a compact set.
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All the properties mentioned in the previous paragraph are the theoretical require-
ments that guarantee the convergence to an optimal solution of the cutting plane

method when applied to problem (5.1) (see [35] p. 357). The idea behind the cut-

ting plane method is to use the subgradient inequality,

oA, 1) < @(Xos o) + (g5 (A, 1) = (Nos o))

which holds true for every (A, 1) € R™™ x RY and each subgradient g € dyp(\g, o), for
constructing upper approximations of ¢(-) (remember that ¢(-) is concave). At each
step the method refines the approximation to ¢(-) and selects point which is the “best
so far” approximation to an optimal solution of (5.1).

The method starts at a given point (AL, u') € A x 9p1(0), calculates g' € dp(AL, ut),

and constructs a linear approximation of ¢(-):

e () 2 o\ ) + (gt () — (A b))

In a general iteration k, having already generated points (AL, ul),..., (\F, i), values
of the function (X', ub), ..., (¥, u¥), and corresponding subgradients g', ..., g*, the

method construct an upper approximation of the function ¢(-)

(A ) = min, [N, 1) + (g7, (A, 1) — (N, 1)) (5.4)

Then it solves the master problem:

.. k
maximize A1), 5.9
(Au)EAXOp1(0) o (1) (5:5)

and add its solution (A¥*1 uF*1) to the set of points. After evaluating (A1, pF+1)

and gt € 9o\, F+1) it increases k by one, and continue the calculations. If

(p()\k+1,llj,k+1) — (’Ok(Ak‘—i-l“uk—H)’

k+1)

then the method stops; at this moment the point @(A\+1, 4 is optimal ([35, sec.
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7.2)).

The master problem (5.5) is equivalent to the following constrained optimization

problem:

maximize z
subject to z < (N, 1) + (g7, (A, ) = (M, 1)), j=1,... .k, (5.6)

(A, 1) € A x 0p1(0),

whose solution [(AF*1, /#1) 2F+1] is the next approximation to the solution of (5.1)
and an upper bound for ¢(-) on A xdp1(0). This new formulation of the master problem
has the advantage that, after passing to iteration k 4 1, just one constraint is added
to this problem, and re-optimization by a dual method is an attractive option. This is
particularly useful since the set A x Jp1(0) is polyhedral and problem (5.6) is a linear
program, for which efficient linear programming techniques can be employed.

Now we will show an explicit reformulation of (5.6). At each iteration k, solve for
every i = 1,..., N the problem (4.7)-(4.8) with (), ) := (\¥, u¥). Denote correspond-
ingly by Bf and (ﬂvf,yf,df) the obtained optimal value and optimal solution. Then

(N, %) = 2N p; BF and by equation (4.17) we obtain that

b1 m’f

k
PN TN

b1 ¢($]1€7 ylfa dlf)

€ dp(\*, ub).

This, the definition of A (see 3.19), and the characterization of Jp1(0) (see (4.1)) gives

the following reformulation of the master problem:



40

maximize z

subject to:
p1 ] p1 o], yl, d))
PN Ty PN ¢y, Yy, diy)
(5.7)
forall j =1,... k,
N
> pidi =0,
=1
N
1=1
0<¢<ag,t=1,...,N,
where p = (p1,...,un). This formulation is concise and practical for implementations

of the method.
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Chapter 6

The Partial Bundle Method

The dual cutting plane method took advantage of all the particular calculations that
we developed for problem (3.4), its dual, and their restatements. There are, however,
some more possible routes of optimization that we have not explored yet. First, we
could apply a more sophisticated “cutting plane type” methods such at the bundle
method to the dual problem (5.1). Second, we could exploit the geometrical properties
of the feasible region of the problem to simplify the required calculations on the selected
method. This is exactly what we set to do in the following sections. The new method
exploits the features in the domain of the objective function to reduce the number
of variables that will be involved in the quadratic master problem. We call this new
method the partial bundle method.

The methods developed in this section follow the literature and act upon convex
functions. Despite this, our main goal is to apply these methods on problem (5.1) which
is concave. This should not present any problem since most of the “convex” results could

be easily translated into “concave” and later we will do so without explicitly stating it.

6.1 Partial Proximal Point Method

The methods and ideas appearing in this section are a slight variation of the ones
introduced by D. Bertsekas and P. Tseng in [7]. The reader is referred to [7] for an
in-depth exposition of proximal-point methods.

6.1.1 Partial Moreau-Yoshida Regularization

Consider a convex function f : R” x R™ — R that is proper, and lower semicontinuous.
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For a fixed number ¢ > 0, we define the function f, : R" x R™ — R by

. 4
folvw) 2 min Ay~ w4 ()} (6.)

The function f, is called the partial Moreau-Yosida regularization of f. Since f(z,y)
is convex and lower semicontinuous the function

F(y) 2 inf f(,y)
z€R

is also convex and lower semicontinuous.

Unfortunately the properties of f do not imply that F' is a proper function. For
example the function f(z,y) = z satisfies all the properties stated above but F(y) =
inf,cpm 2 is not proper. A proper function f : R™ x R™ — R is z-bounded if for every
bounded Y C R™ the set X := {(z,y) € R" x Y | f(x,y) € R} is bounded. Notice that
if f is xz-bounded then the corresponding function F' is proper. From now on we will
assume that f is x-bounded.

Let ?Q : R™ — R be defined by

Ty(w) 2 min { Ty — vl + Fy)} (6.2)

Then 79 is the Moreau-Yoshida regularization of F' and it is well known (see [35,
Lemma 7.10]) that f, is a real-valued, convex and continuously differentiable function
with Vf,(w) = o (w — ye(w)), where y,(w) is the solution of (6.2). It is not difficult
to see that from the properties of f it follows that f,(v,w) = fg(w) for all (v,w) €
R™ x R™. Therefore we can conclude the following about the partial Moreau-Yoshida

regularization of xz-bounded functions:

Theorem 8. For every o > 0, the function f, is real-valued, convex and continuously
differentiable with V fo(v,w) = [0, 0 (w — yo(w))], where (x,(v),yo(w)) is any solution
of (6.1).
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6.1.2 The Partial Proximal Point Method

Let us consider the convex optimization problem

(xrgi)rel%{rgixz]lgm f(z,y), (6.3)

in which f : R® x R™ — R is convex, proper, lower semicontinuous and z-bounded.
Using the partial Moreau-Yoshida regularization of f, we construct the following iter-
ative process. At iteration k, given the current approximation (v¥,w") to the solution
of (6.3), we find a point (2%, y*) = (z,(v¥), y,(w")), which is a solution of the problem

C . 0 k2
e Sy — 4 L Y). 6.4

The next approximation is defined according to the formula:

<vk+1,wk+1) = (xg(vk),yg(wk)> , k=1,2,... (6.5)

The iterative method (6.5) is called the partial proximal point method, see [7]. Although
we will not directly apply this method, it is of theoretical importance and a natural
progression in the development of the partial bundle method in the following section.
Let us recall that it follows from Theorem 8 that if f is z-bounded then problem
(6.4) has a solution. Thus the partial proximal point method is well defined. Since
fo(vF,wk) < f(v*, w*) by construction, we have f(vF+l whtl) < f(o* wh), k=1,2...

Actually, the progress made at each iteration can be estimated:

Lemma 9. Assume that there exists (Z,7) € R™ x R™ such that f(z,7) < f(v,w).
Then if § = w,
folv,w) < fv,w) = (f(v,w) — f(2,9)),

else

folv,w) < flo.w) — oll§ — w]®o (f (v,w) = f (”3”7)) ,

ellg — w|?
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where

0 if T <0,

p(r) =4 72 ifo<rt<1,

—1+27 ift>1.

We conclude that in any case fo(v,w) < f(v,w).

Proof. Consider the segment containing points

(z,y) = (v,w) +1((Z,9) = (v,w)),

where 0 < ¢ < 1. Restricting the minimization in (6.4) to these (z,y)’s provides an
upper bound for the optimal value:
. -~ QtZ - 2
Folv.w) < min | £((1—8) (0.0) + 3. 5) + 25— w]

~ 0<t<1

) (6.6)
< flocw)+ g, [1@9) - S0 + 7~ wl?].

In the last estimate we also used the convexity of f.
If § = w then (6.6) implies that f,(v,w) < f(v,w)—(f(v,w) — f(Z,y)). Else, § # w
and the value of ¢ that minimizes (6.6) is equal to

7?: min <17 f(vaw) B f(‘%ag)> .
ollg — wl?

Our assertion follows now from a straightforward calculation. O

At the solution (z,(w), yo(w)) of problem (6.4), Lemma 9 shows that
f(zo(w), yo(w)) < fo(v,w) < f(v,w). Therefore problem (6.4) will always find a better
point if exists. Consequently, (x,y) = (v, w) is the minimizer in (6.4) if and only if (v, w)
is a minimizer of f.

We say that a sequence {(:ck,yk)} C R™ x R™ approximates an optimal solution
(z*,y*) of (6.3) if limg oo f(2¥,9*) = f(2z*,9*). In fact, the partial proximal point

method must approximate an optimal solution, if an optimal solution exists.
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Theorem 10. Assume that problem (6.3) has an optimal solution. Then the following
holds.

1. The sequence {(Uk,wk)} generated by the partial proximal point method approxi-

mates and optimal solution of (6.3).

2. The sequence {wk} converges to a point y such that there is an optimal solution

of (6.83) of the form (Z,7).

Proof. Let (z*,y*) € R™ x R™ be an optimal solution. We have the identity
[+ — )2 = [lwk — y*]? + 2 <wk+1 — wF Wkt — y*> = k2, (6.7)
Theorem (8) implies that:
[O, 0 <wk - wk‘*'l)} € of (VL whtl). (6.8)
By the definition of the subgradient,
Fla*,y*) > FoF Wby + Q<wk+1 — wh, k- y*> ' (6.9)
Using this inequality in (6.7) (and skipping the last term) we obtain
R e e R B S| IR (ST

Several conclusions follow from this estimate. First, summing up (6.10) from k£ =1 to
00, we get

> (Fhwt) = faty) < St -y,

k=2
so f(v*,wk) — f(z*,y*) as k — co. Therefore the sequence {(v*,w")} approximates
and optimal solution of (6.3).
Second, the sequence {wk} is bounded and so it has accumulation points. Simi-
larly, the z-boundedness of f implies that {vk} also has accumulation points. Conse-

quently the lower semicontinuity of f implies that for every accumulation point (Z,7)
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of {(v*,w")} we have f(Z,7) = f(z*,y*). We choose one such (Z,7), substitute it for

(z*,y*) in (6.10), and conclude that the sequence {wk} is convergent to 7. O

6.2 The Partial Bundle Method

6.2.1 The Method

We consider the problem

minimize f(x,y), 6.11
inimize f(.1) (6.11)

in which the set A C R™ x R™ is closed convex and the function f : R™ x R™ — R
is convex, proper, and lower semicontinuous. We assume that the set A is z-bounded
in the sense that for every bounded subset Y C R the intersection AN (R™ x Y) is

bounded.

We define the following reqularized master problem:

P k|2 k
minimize = ||y — w + z,Y), 6.12
inimiz Sy = wr "+ fH () (6.12)

)

where the model f* is defined by:

FHay) & max [f(2),7) + (¢, (09) = (7)) (6.13)
with ¢/ € 9f(27,97), j € Jr. The set Jy is a subset of {1,...,k} determined by a

procedure for selecting cuts. At this moment we may think of J; as being equal to

1,....k}.

In the proximal term (o/2)|ly — w*||?,

where o > 0, the center (v¥,w") is updated

k+1 k:—i-l)
)

depending on the relations between the value of f(x at the master’s solution,

Y
(k1 y*+1) and its prediction provided be the current model, f*(z*+1, y*+1). If these
values are equal or close, we set (v wktl) .= (xF+1 y*+1) (descent step); otherwise
(vF L Wkt = (V¥ wF) (null step). In any case, the collection of cuts is updated, and

the iteration continues.

The regularized master problem can be equivalently written as a problem with a
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quadratic objective function and linear constraints:

minimize z + g“y —w”|?
subject to z > f(xjayj) + <g]7 (x’y) - (xjvyj)>? J € Jk, (614)
(z,y) € A.

If the set A is a convex polyhedron, the master problem can be readily solved by
specialized techniques, enjoying the finite termination property.

Let us observe that problem (6.14) satisfies Slater’s constraint qualification condi-
tion. Indeed, for every (zg,ys) € A we can choose zg so large that all constraints are
satisfied as strict inequalities. Therefore the optimal solution of the master problem
satisfies the necessary and sufficient conditions of optimality with Lagrange multipliers
(see [35, Thm. 3.34]). We denote by )\? € Ji, the Lagrange multipliers associated with
the constraints of problem (6.14).

The detailed partial bundle method is stated below. The parameter v € (0,1) is a
fixed constant used to compare the observed improvement in the objective value to the

predicted improvement.

Step 0 Set k:=1, Jy:=0, and 2! := —o0.

Step 1 Calculate f(z*,4*) and g* € af(zF,y%). If f(z* y*) > 2* then set J; :=

Jr—1 U {k}; otherwise set Jy := Jix_1.

Step 2 If k=1 orif

F®y®) < (L= fF bl 4y @R ),

then set (v¥, w¥) := (2%, y¥); otherwise Step 2 is a null step and we set (v*, w*) :=

(Uk:—l’wk—l).

Step 3 Solve the master problem (6.14). Denote by (zF*1, y5*1) and 2**! its solution

and set fF(zk+l yF 1) .= ZhHL,



48

Step 4 If fF(a*+1, y**1) = f(v*,w*) then stop (the point (v¥,w*) is an optimal

solution); otherwise continue.

Step 5 If Step 2 was a null step then go to Step 6. Else (Step 2 was a descent step)
remove from the set of cuts Ji_1 some (or all) cuts whose Lagrange multipliers

)\f at the solution of (6.14) are 0.

Step 6 Increase k by one, and go to Step 1.

6.2.2 Convergence

First we prove that if the algorithm gets stuck at a (v, w)-center then it will approximate

an optimal solution.

Lemma 11. Let f* be an optimal solution to (6.11) and suppose that the sequence,
{(:Bk,yk)}, obtained by the partial bundle method consists of only null steps from iter-
ation t on. Then

lim fA 2, y%) = f* = lim f(a",45).
k—oo k—oo

Proof. For any € > 0, let
Ke:= {k :k>tand fkil(:vk,yk) +e< f(l’kayk)}

and let ki, ko € e with t < k1 < ko.

Since we only have null steps we get that for every k > t, (v*,w*) = (2!,4") and
the cutting plane generated at k£ will remain on the master problem from %k on. This
implies that the sequence { f k_l(:nk, yk)} is non-decreasing from ¢ + 1 on. Also, since
the cutting plane generated at (z*!,y*1) will remain in the master problem at iteration

ko — 1, we get:
by + (g @Myt — @gh)) < R b ).

On the other hand, e < f(x*2,y*2) — fr2=1(xk2 ¢*2) which combined with the last
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inequality yields
€ < @Myt = fab ) + (g @) - @)

Since all the steps made are null, the points y*, with k > ¢, are contained in a bounded
neighborhood of w* = y*. This and the z-boundedness of f guarantee us that B :=
Conv {(xj, y) ‘ j€ lCe} is bounded. The function f is subdifferentiable in B, so there
exists a constant C' such that f(z1,y1) — f(x2,92) < C|(x1,11) — (x2,92)], for all
21,79 € B. Subgradients on bounded sets are bounded, and thus we can choose C
large enough so that [|g7|| < C, for all j € K. It follows from the last displayed

inequality that
€< 2C'H(xk1,yk1) — (xk2,yk2)|] for all ki, ke € KCc, k1 # ko.

As the set B is compact, there can exist only finitely many points in K, C B having
distance at least €/(2C) from each other. Thus the last inequality implies that the set

K is finite for each € > 0. This means that
Jim. f(zF) = Yk = o0. (6.15)
By construction the sequences { f*=1(z¥)} and {f(2*)} satisfy the relation
@Ry < f* < f(ab), for every k € N.

Therefore the eventual monotonicity of { f*~!(z*)} and (6.15) imply that

lim fA 2, y%) = f* = lim f(a*,4%).
k—o0 k—o0

Next we prove another intermediate step towards convergence.

Lemma 12. Assume that problem (6.11) has an optimal solution and suppose that the
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sequence {(xk,yk)} obtained by the partial bundle method has infinitely many descent

steps. Then the following holds.
1. The sequence {(v*,w*)} approvimates an optimal solution of (6.11).

2. The sequence {wk} converges to a point y such that there is an optimal solution

of (6.11) of the form (Z, 7).

Proof. Let us denote by K the set of iterations at which descent steps occur. If
(vF L Wkt = (2F+1 yFF1) is the optimal solution of the master problem (6.12), we

have the necessary condition of optimality
4%
0€d bl!y —w|? + f’c(m,y)} + Na(z,y) at (z,y) = " 0.

Hence

_ [O, Q(wk+l _ wk)] c afk(karl?warl) 4 NA(Uk+17wk+l)_

Let (2*,9*) be an optimal solution of (6.11). By the subgradient inequality for f* we

get (for some h € N (vF*+! wh+1)) the estimate

FE@*, g > Rt whtt) - <[O,g (wk+1 _ wk)} (@t ) — (Uk+1’wk+1)>
— <h, (x*,y") — (vk+1,wk+1)> (6.16)

> R Rt - Q<wk+1 — kgt — wk+1> '

Suppose a descent step from (v*, w¥) to (v¥*1,w**1) occurs, so the test of Step 2 is

satisfied (for k + 1):
FEEL M) < (1= ) f(0F, wF) + R W),
After elementary manipulations we can rewrite it as

PR bty > fphtl gty - 17V Fok, wk) — f(vk+1,wk+1)] ' (6.17)

Combining the last inequality with (6.16) and using the relation f(z*,y*) > f*(z*, y*)
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we obtain

F@hy) = FEE )+ [ ) = o]

-0 <wk+1 — P,y — wk+1> .
This can be substituted into the identity:
[+ — )2 = lwk — y*||? + 2 <wk+1 — Wkt y*> ot — k)2,
After skipping the last term we get

4%
[ =y )P < et =y = 2[££t y)]

+ 2(17;7) [f(vk,wk) - f(UkJrl,wkH)} for all k€ K.

(6.18)

The series > ro [f(v*, wF) — f(v*T1 wh )] is convergent, because {f(v*,w*)} is non-
increasing and bounded from below by f(z*,y*). Therefore we obtain from (6.18) that

k+1 _ *|| is uniformly bounded, and so {w*} must have accumula-

the distance ||w
tion points. This and the z-boundedness of f imply that the sequence {v*,w*} has
accumulation points.

Summing up (6.18) for k € K we get

1-— .
Z (f(vk+l7wk+1) - f(x*7y*>> < g”wl - y*HZ + 77 f(1)17w1) — lim f(vkawk) 3
2 Y k—o00
kel
so f(vF T whtl) — f(2*,y*), k € K. Consequently, at every accumulation point (Z,§)
of {(v*,w*)} one has f(%,7) = f(z*,y*). Since (&,7) is optimal, we can substitute it

for (z*,y*) in (6.18). Skipping the negative term we get

2(1

N _ -7)
W —g|* < [l — g1 + e FOF W) — M Wkt |

It is true not only for k € I but for all k, because at k & K we have a trivial equality
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here. Summing these inequalities from k =1 to k = ¢ > [ we get

2(1

Iwﬁl—ﬂFSWﬁ—ﬂF+q;wﬂdwﬂ—fwﬁﬁw”B-

Since § is an accumulation point, for € > 0 we can find [ such that |Jw' — || < e. Also,
if 1 is large enough, f(v!,w!) — f(v?+1, wit) < € for all ¢ > I, because {f(v*, w*)} is
convergent. Then ||w?t! —§||? < €2 +2¢(1—7) /(7o) for all ¢ > [, so the sequence {w"}

is convergent to g. O
Now we are ready to prove convergence of the partial bundle method.

Theorem 13. Assume that problem (6.11) has an optimal solution, f*, and let
{(ack,yk)} be the sequence obtained by the partial bundle method. Then
liminf f (2%, y%) = f*.
k—o0
Proof. If there are only finitely many descent steps then Lemma 11 gives the de-
sired result. Thus we assume that the number of descent steps is infinite and by
Lemma 12, limy o f(vF,w*) = f*. Clearly, the sequence {f(v*,w*)} is an infinite

subsequence of {f(2*,y*)}. Then, since f(z*,y*) > f* for every k, we obtain that

liminfy, o f(2*,4%) = f*. O
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Chapter 7

Scenario Decomposition of Multistage Risk-Averse
Problems and Methods

7.1 A Multistage Risk-Averse Problem

Let (2, F, P) be a probability space with a sigma algebra F and probability measure
P. Consider a filtration {0,Q} = F; € F» C --- C Fr = F. A random vector
x = (x1,...,o7), where each z; has values in R™, ¢t = 1,...,T, is called a policy. If
each x; is Fy-measurable, t = 1,...,7T, a policy z is called implementable. A policy x

is called feasible, if it satisfies the following conditions:

Ajxq = by,
Bsxq + Asxo = bo,
Bsxo + Aszxs = bs,
(7.1)
Brxr—1 + Arxr = bp,
r1 € X, T9 € Xa, r3 € X3, zr € X7.
In these equations, for every ¢t = 1,...,T, the matrices A; of dimensions m; X ng,

the matrices B; of dimensions m; X n;_1, and the vectors b; of dimensions m; are JF;-
measurable data. FEach set X; is a random convex and closed polyhedron which is
measurable with respect to F; (in the sense of measurability of multifunctions; see [6]).

Suppose ¢, t = 1,...,T, is an adapted sequence of random cost vectors, that is,

each ¢; is Fi-measurable. A policy x results in a cost sequence

Zt: <Ct,$t>, tzl,,T (72)
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Our intention is to formulate and analyze a risk-averse multistage stochastic program-
ming problem, to minimize a dynamic measure of risk, o(Z1, ..., Zr), over all imple-
mentable and feasible policies z. In order to define the functional o(:), we recall some
basic concepts of the theory of dynamic measures of risk. We follow the development
given in [38, 37, 39, 41].

Consider vector spaces Z; of Fi-measurable random outcomes. As Fj is trivial,
Z; = R. Suppose we observe a random sequence Zy, t = 1,...,T, adapted to the
filtration {F:}. Its risk can be evaluated by using the following dynamic coherent

measure of risk

oa1(Z1, Z2,..., 21) = Z1 + ;1 (Zz +p2(Z3 + -+ pr—1(Z7) . ))a (7.3)

where each p; : Z;11 — 2Z; is a coherent conditional measure of risk. The structure
(7.3) was postulated in [37] and derived in [31] from abstract principles of monotonicity
and time consistency of dynamic risk measures.

Our problem is to minimize (7.3) with each Z; given by (7.2), over all implementable
and feasible policies x. In order to complete the problem formulation, we need to be
more specific about the vector spaces Z;, the vector spaces of random vectors in which
the components x; of the policy live, as well as integrability conditions on the problem
data A, By, by and ¢, so that Z; € Z; for allt = 1,...,T. In this work, we assume that
all sigma-algebras are finite and all vector spaces are finite-dimensional. We discuss it

in the next section.

7.2 Scenario Trees and Recursive Risk Evaluation

In the finite distribution case, possible realizations of data form a scenario tree. It has
nodes organized in levels which correspond to stages 1,...,7. At level t = 1 we have
only one root node v = 1. Nodes at levels t = 2,...,T correspond to elementary events
in F;. Each node v at level t = 2,...,T is connected to a unique node a(v) at level
t — 1, called the ancestor node, which corresponds to the elementary event in F;_; that

contains the event associated with v. Thus, every node v at levels t = 1,..., T — 1 is
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connected to a set C'(v) of nodes at level ¢t + 1, called children nodes, which correspond
to elementary events in F;1 included in the event corresponding to v. We denote by
; the set of all nodes at stage t = 1,...,7. We have the relations Q;; = Uyeq,C (V)
and C(v) = {n € Q41 : v = a(n)}. The sets C(v) are disjoint, i.e., C(v)NCH') =0
if v # V. A scenario is a path s from the root to a node at the last stage T. By
construction, there is one-to-one correspondence between the scenarios and the set
Qp = Q. Let S(v) be the set of scenarios passing through node v. These sets satisfy

the recursive relation:

Sv)={v}, veQr,
Swy= |J S, ve, t=T-1..1
neC(v)
As the nodes of the tree correspond to events defining nested partitions of €2, the

measure P can be specified by conditional probabilities:
Py =Pnlv], ve, nell), t=1,...,T -1

Every node v at level t has a history: the path (v1,...,1_1,v) from the root to v.
The probability of the node v is thus the product of the corresponding conditional

probabilities

Pv = PvivaProvs * " Pri_qv- (7.4)

In particular, when ¢t = T', formula (7.4) describes the probability of a scenario v € Q.

For every node v € €);, an Fi-measurable random variable Z has identical values on
all scenarios s € S(v). It can, therefore, be equivalently represented as a function of a
node at level €, which we write Z%.

Consider a conditional measure of risk p;(-). Its value is Fi-measurable, and thus
we can consider its representation as a function of a node at level ¢. It follows from [37,
Thm. 3.2] that for every F;-measurable nonnegative function I' a stronger version of
(A4) holds:

Lpi(Zi1) = pt(LZi11).
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Let v € ), and let 1, be the characteristic function of the event v. Setting I' =1, in

the last equation, for all Z; 1, Wyy1 € 2411 we obtain

Lopt(1,Ze1 + (1 = 1,)Wigr) = pe(1,Zs1) = Vupe(1,Z441).

In the last equation we multiplied both sides by 1,. We see that W;,1 plays no role
here. The value of ps(Z;+1) at elementary events associated with node v depends only

on the values of Zgﬁrl at nodes n € C(v). We denote the vector of these values by

Zta(f ), and we write the conditional risk measure equivalently as py (Zgr(f )).

Let us define the random variables

Vi= Pt(Zt—H + pi41(Zep2 + -+ pr—1(Zr) )>7 t=1,...,T. (7.5)

They are Fi-measurable, and thus we only need to consider their values V;” associated
with scenarios s € S(v). It follows that the value of the measure of risk (7.3) can be

written on the scenario tree in a recursive manner:

o17(Zv, Za, ..., Zr) = Z1 + VI, (7.6)

VY=g (Z2EW +vSY), veq, t=1,....T (7.7)

7.3 Nonanticipativity Constraints

A standard approach to multistage stochastic programming is based on scenario de-
composition. With every scenario s in the tree, we associate a sequence of decision

vectors

Such a collection of sequences forms a policy which is not necessarily implementable,
unless it satisfies a certain linear equation, called the nonanticipativity constraint. It

requires that the process x be adapted to the filtration {F;}. Abstractly, we can write

J?t:E[l‘tu:t], tzl,...,T—l. (78)
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For the scenario model, the nonanticipativity constraint can be written as a system of
linear equations at the nodes of the tree. For every node v at level t =1,...,T — 1 the

values z§ should be identical for all s € S(v). Direct specification of (7.8) yields

Do
¥ = E[|S(v)] = M, seSW), veQ, t=1,..,T—1.
ZwES(V) Dw

(7.9)

Other constraints of problem (1)-(2)-(3) decompose by scenario:
reX=X"x- xx¥ (7.10)

where for each s € 2 we have

Xo={zeX{x - xXj:Bjaj_ | +Ajz; =b], t=1,...,T}. (7.11)

In (7.11) the symbols A, B}, b7, and X} denote realizations of problem data at stage
t in scenario s, and the term Bjz; ;| is omitted for ¢ = 1.
In risk-neutral multistage stochastic programming, we can write the corresponding

optimization problem:

min Zp Z ¢, Ty)

s€Q  t=1 (7.12)
s.t. (7.9) and (7.11).

Then, Lagrange multipliers A; are associated with the nonanticipativity constraints

(7.9), and the following Lagrangian function is constructed:

T
N=3"p Y (e, a) +ZZ > PN 2l — E[|Sw)]). (7.13)

seN t=1 t=1 veQ seS(v)

The problem

min L(x, \)
reX

decomposes into scenario subproblems, one for each s € 2. We shall not go into these
details here; the reader can find them in [41, Sec. 3.2.4]. The dual problem is to

find the optimal values of Lagrange multipliers associated with (7.9). It can be solved
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by nonsmooth optimization methods or by augmented Lagrangian methods. As the
constraints (7.9) are redundant, we can restrict the multipliers to the subspace defined
by the equations

E[M|F) =0, t=1,...,T—1. (7.14)

In the scenario tree case, these conditions translate into

YA =0 ve@, t=1,...,T-1 (7.15)
seS(v)
Again, the reader is referred to [41, Ch. 3] for the details.

The difficulty with the scenario decomposition in the risk-averse setting is the def-
inition and nonlinear character of the dynamic risk measure (7.3). If a policy x is not
implementable, the sequence {Z;} is not adapted to the filtration {F;} and formula (7.3)
makes no sense, because of the definition of p; as a function acting on F;41-measurable
random variables. We cannot just substitute the dynamic risk measure for the objective

function in (7.12).

7.4 Transition Multikernels and Their Compositions

We first recall the dual representation of conditional measures of risk. Let P(C') denote
the set of probability distributions on a set of nodes C' C ;. By theorems (2 ) and
(5), for every t = 1,...,T — 1 and every node v € {); there exists a convex closed set

Ai(v) € P(C(v)) such that

P (200 = max (7). (7.16)

In fact, A(v) = dpy (0).

We shall call a set mapping K : Q; = P(Q11) a transition multikernel. TWe call it
convez, if for all v € O the set K(v) is convex. We call it closed, if for all v € O the
set K(v) is closed. The transition multikernels A; associated with the conditional risk

measures p(-) are convex and closed, as subdifferentials of convex functions pf(-) at 0,
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v € ;. They also satisfy the conditions
Ai(v) C P(C(v)), VYveQ. (7.17)

For ¢t = 1 there is only one node v = 1 € 4, and thus A; is simply a set probability
distributions on Q9. If a kernel p; is a selection of Ay, that is, u(v) € Ai(v) for all
v € Qy, we shall simply write py € A;. The value of u(v) at an node n € C'(v) will be
written as u(v,n).

Compositions of transition multikernels are germane for our analysis. Let us start
from a composition of a measure ¢; € P(€);) with a kernel p; € A;. It is a measure on

Q41 given by the following relations:

(1t 0 qt)(n) = qe(a(n))pe(a(n),n), n € Quya; (7.18)

recall that a(n) is the ancestor of n. If we have a set of probability distributions
Q; C P(€%) and a transition multikernel A; satisfying (7.17), we can define their

composition A; o Q; as the following set of probability distributions on €2;1:

AroQr={moq:qe Qe A} (7.19)

Lemma 14. Suppose Q is a convex and compact set of probability measures on ; and
a transition multikernel A satisfies (7.17) and is conver and compact. Then the set

Qi1 = A 0 Qq is convex and compact.

Proof. To prove convexity, let g, 1(n) = gf (a(n))uf (n), with uf € Ay, ¢f € Qi k= 1,2,

and consider their convex combination,

Qi1 = ol + (1 —a)gty, ac(0,1).

Define q; = aqi + (1 — a)q?. By the convexity of Q;, we have ¢; € @4, and thus the set

A o {q} is included in Qy1. To show that ¢+1 € Qu+1, it is sufficient to prove that
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gi+1 € Ay o {q:}. This amounts to verifying for all n € ;1 the following relation:

aq; (a(n)); (n) + (1 = a)g (a(n)ui (1) € g(a(n))Ar(a(n)). (7.20)

Let n € Quy1 and v = a(n). Observe that ¢} (v) > 0 and ¢?(v) > 0. If ¢(v) = 0, we
must have ¢} (v) = ¢?(v) = 0 and (7.20) is trivial. It remains to consider the case of

qt(v) > 0. Define

By the definition of ¢;, S(v) € [0,1]. The left hand side of (7.20) can be written as

follows

agi(W)pi(n) + (1 — )@ (v)pi(n) = a@) (B@)ui () + (1 — BE))ui(n)).

Due to the convexity of Ay, the right hand side is an element of A; o {¢;}, which proves
(7.20).

The compactness of ;41 follows from the compactness of (), and Ay. O
We can now prove a useful dual representation of a dynamic measure of risk.

Theorem 15. Suppose a dynamic risk measure o(-) is given by (7.3) with conditional

risk measures py(-) satisfying conditions (A1)—(A4). Then for every adapted sequence

Z1, ..., Z7 we have the relation
Q(Zla"'va): max <QT7ZI+Z2+"'+ZT>7 (721)
ar€QT
where
Qr=Ar_10...Ay0 Ay (7.22)

1s a convex and closed set of probability measures on ).

Proof. Recursive composition of transition multikernels pu; yields a sequence of sets of
measures:

Qt—l-l:AtoQt, tzl,...,T—l, (723)
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with @1 = {1}. Each @ is a set of probability measures on ;. Lemma 14 implies that
they are all convex and compact.

The multikernel representation (7.16) allows us to rewrite the definition of a dynamic

risk measure (7.3) as follows:

o(Z1,....2Zr) = Z + max <<M1,Z§22> + max ((pa o i, Z23) + ...

-+ 4+ max 10020 1, L ) 7.24
/JT—le-AT—1<HT1 2 0 p T> ) ( )

All the maximum operations can be put at the beginning, and we obtain:

o(Z1,. Zr) = Zit max (Cons 282) + (uz o, 282 + ...
t t
t=1,..T—1

"‘+<HT71O"’OM20M17ZT>)‘ (725)

Let ¢t = pe—10---opsouy, t =2,...,T. Each of them is an element of the corresponding

set ;. Consider the product

(. 2) = Y a2 (v).

Ve

Suppose u; € Ay and v € ;. Then p(v) is a probability distribution on C'(v). Since

. Q
Zy is Fy-measurable, Z, "'

has identical values on the nodes n € C(v). Therefore,
Q
2" (v) = (), Z,*).

Recalling the definition (7.18), we conclude that

(- 2) = (o . Z?H1> = <qt+17ZtQt+l>.
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Applying this relation recursively to all terms of (7.25), we obtain the identity

pe€A:
t=1,...,T—1 (7.26)
= nax <QT,Z1 + Zs +"'+ZT>7
qr€QT
as postulated. ]

7.5 Duality and Decomposition

An advantage of formula (7.21) is that its right hand side remains well-defined also
for sequences {Z;}, which are not adapted to the filtration {#;}. This allows for the
development of the corresponding duality theory and decomposition.

Consider the extended problem formulation corresponding to to the risk-neutral
formulation (7.12). The nonanticipativity constraints (7.9) can be compactly written
as a system of linear equations x = Ilz, where II is the projection on the implementable

subspace:

H($1, ce ,CL‘T) = (Exl,E[x2|f2], ce ,E[$T71|]:T,1], J/‘T).

Employing the dual representation of the dynamic measure of risk g(-), we obtain the

following problem:

min max 5(c®, x® 7.27

i ma 307 0) (r.2m
seq)

s.t. x — Iz = 0, (7.28)

¥ e X® se. (7.29)

We write (¢®, z%) for the sum Zthl (cf,xf). By Theorem 15, this problem is equivalent

to the problem of minimizing (7.3), subject to (7.2) and (7.1).
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We now develop duality relations for problem (7.27)—(7.29), extending to the risk-
averse case the approach outlined in [41, Sec. 3.2.4]. After associating Lagrange mul-
tipliers A with the nonanticipativity constraints (7.28), we obtain the following La-
grangian function:

L(xz,\) = max » (¢°(c®,z°) + p*(\°,2° — II°x)).

c
q€QT o

It is sufficient to consider A such that ITA = 0, because any shift of A by by a vector in

the range of II does not affect the last term. More specifically, we require that

Y PN =0 ve@, t=1,...,T-1 (7.30)
seS(v)

Under this condition, the Lagrangian simplifies:

L(z,\) = max Y (¢°(c%,z%) +p°(\°,x%)). (7.31)

S
q QTsGQ

The dual function is defined as follows:
Lp(A) = inf L(z, A),
and the dual problem is to find

e inf 3 (00,0 +2° 0% (7.32)
The function under the “max — inf — max” operations is bilinear in z and ¢, the set Qp
is convex and compact, and the set X is convex. Therefore, we can interchange the
inner “inf” and “max” operations, see. [42, Thm. 3.1], to write the dual problem as
follows:

inf S/.85 .8 SINS. 5 . 7.33
S |2 250 400 ()

It is convenient to replace the measure g with its density d with respect to p. Clearly,
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0 lives in a convex compact set
A= {5 e R (p°6°) € QT}. (7.34)

The dual problem takes on the form:

: f S 65 S S AS S . .
max max [;gxglp (6°(c®, %) + ,x>)] (7.35)

The problem in brackets has the same structure as in the risk-neutral case, but with

scenario costs re-scaled by 6°.

Theorem 16. If Problem (7.27)-(7.29) has an optimal solution then the dual problem

(7.35) has an optimal solution, and the optimal values of both problems coincide.

The theorem follows from the duality theory in convex programming (see, e.g., [35,
Thms. 4.7 and 4.8]). No constraint qualification is needed, because the constraints
(7.28) are linear and the sets X®, s € Q, are convex closed polyhedra.

Observe that the inner problem (in brackets) in (7.35) decomposes into individual

scenario subproblems

min (6°¢® + A% 2%), se . (7.36)
rSeXs

These subproblems can be readily solved by specialized techniques, exploiting the struc-
ture of the deterministic version of the dynamic problem in question.
Our approach can be interpreted as a construction of a family of risk-neutral ap-

proximations of the problem, one for each € A.

7.6 Master Problem

Let us denote by ¥*(\*,0%) the optimal value of problem (7.36). The main difficulty is

to solve the dual problem:

SWS S S . .
gi%%%gp (A*,6°) (7.37)
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As each ¥#(-, -) is concave and piecewise-linear, problem (7.37) is a convex programming
problem.

The optimal value of the scenario subproblem (7.36) is a composition of the linear
map (A%,0%) — 0%¢® + A\° with the support function of the set Xs. Using rules of

subdifferential calculus we obtain
oUs(N°,6%) = {(2°,(c®, %)) : 2° is a solution of (7.36)} . (7.38)
As the objective of (7.37),

D(),8) = p*w*()\*,6°),

sSEN

is a sum of terms that have no variables in common, we get
OD(X,8) = WAL, 6Y) x -+« x QWU (A2 519, (7.39)

Therefore, to calculate a subgradient at a point (A, ) we need to solve subproblems
(7.36) and apply formula (7.39). In principle, problem (7.37) can be solved by any
nonsmooth optimization method. One simple possibility would be the cutting plane
method (see, e.g., [15, 35]); another choice is the bundle method (see [15, 18, 17, 35]).

The essence of the bundle method is the application of regularization with respect
to the decision variables, which are in our case A and ¢, similarly to the proximal point
method. This allows to localize the iterations and makes the bundle method more
reliable for problems of higher dimension, where the cutting plane method becomes
very slow.

Here, the specificity of problem (7.37) is that regularization is mainly needed for the
nonanticipativity multipliers A. The densities § are restricted to live in a compact set A;
in the extreme case of the risk-neutral problem we simply have A = {(1,1,...,1)}. We
therefore propose a partial bundle method, which employs regularization with respect
to the variables A only. Exactly as the bundle method, it collects for every scenario s

optimal solutions 2%/ of the scenario subproblems and corresponding solutions (A%, §%/)
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of the master problem at iterations j € J;. The set Js may be the set of all previous
iterations, or its subset determined by the cut selection rules of the bundle method.
The method also has the regularization center A\, which is updated depending on the
success of the current iteration, and uses a regularization coefficient r» > 0.

The master problem of the partial bundle method has the following form

s o f s __ s 2>
max > p (vs 51X =X
s€Q)

st vy < (8965 + 2 2 ) (2%, (¢, 2)) L (N, 8%) — (A, 6%))

seN, je s, (7.40)

T\ = 0,

o€ A.

After its solution, the regularization center A, the regularization coefficient r, and the
sets of cuts are updated in exactly the same way as in the bundle method (see [17, 35]).
Convergence analysis of the partial bundle method were presented in Chapter 6 for
the basic problem of minimizing a convex function of two decision vectors, without the
complications of dealing with the sum of functions, over s € €). Our master problem
(7.40) uses disaggregated subgradients, as in [9, 32]: each v, is an upper bound on the

corresponding function ¥*(\%, §%).
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Chapter 8

Numerical Illustration

8.1 The Model

Our aim is to illustrate the scenario decomposition approach and the methods discussed
in previous sections on the following inventory and assembly problem. A product line
consists of several different models. Each model has its own list of parts, but different
models may have some parts in common. At the first stage, we decide how many
units of each part will be bought. After the purchase is complete, the actual demand
for the different models is revealed. Then we decide how many units of each model
will be produced, while keeping within the constraints defined by the numbers of parts
available.

There is a penalty for each unit of unsatisfied demand and there is a “storage cost”
associated to each unit that is produced over the demand. The storage cost involves
product depreciation and is a random variable which will become known only after
the second stage decisions have been made. It is assumed that all the products will
eventually be sold and the storage cost is paid only once.

Let z; be the number of parts of type ¢ that will be purchased and let u; be the
number of units of model j that will be produced. Let M be the integer nonnegative
matrix that describes the parts needed to assemble each different model, i.e. Mu is
the vector of parts necessary to assemble the vector of models u. Random demand for
product j is denoted by D; and random unit storage cost is denoted by H;. Other
problem parameters, which are deterministic, are: r; - selling price of product j, ¢; -

cost of part ¢, [; - penalty for uncovered demand of product j.
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Our goal is to minimize the negative of the profit, which is composed of three parts:

Zy = E CiZi,
i
Ly = — g rjuj, and
J

Zs = [l;(Dj —uy)y + Hj(u; — D;)4].
J

Since the components Zy and Z3 are random, and our decisions v depend on the de-
mand vector observed, we express the production problem as a three stage risk-averse
optimization problem. In fact, there are no third stage decisions: only random cost
evaluation. At stages 1 and 2 we use the conditional mean—semideviation risk mea-
sures of the first order of the form (2.21) with coefficients k1 € [0,1] and ko € [0, 1],
respectively.

Assume that there are N possible demand realizations each occurring with corre-
sponding probability ps. Moreover, suppose that each demand realization s there are
N, possible storage cost realizations each occurring with probability ps,, n =1,..., N;.

For given decisions u® at node s, the cost equals:
23+ Zs = —(r,u?) + (Lw®) + (H,0%),

where w® and v* are the under and over production due to decision y® at node s. In this
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case a straightforward linear programming formulation of the problem is the following:

Z,U, W,V
P;0,CyY

Ns Ns
s.t. ps = Zpsncsn + K2 Zpsn78n7
n=1 n=1

N N
min (¢, z) + Zpsps + K1 Zpsas
s=1 s=1

o® > p° — Z pep®, o >0,
keQs

¢ =—=(ru’) + (I, w®) + (H™,v°),

N (8.1)
Y= =Y pact, AT >0,
k=1
Mu® —2z<0, u®>0,
w® > D% —u®, w®>0,
vP>u® - D% 0¥ >0,
foralls=1,...,Nandn=1,..., N,.
In the problem above, D*® := (Dj,..., D;)) is the sth realization of product demands,

and H;" is the storage cost of product ¢ under demand realization s and storage realiza-
tion 1. The variable p® represents the value of the conditional risk measure pa(Za + Z3)
at node s, and the value of the risk measure p;(-) is calculated directly in the objective
function. The variables ( represent cost realizations in the corresponding scenarios.
The variables ¢ and ~ represent the upper semideviations of the costs at stage 1 and
2, respectively.

The size of the linear programming representation of the production problem shows
the importance of developing efficient methods to solve multi stage risk-averse problems.
We applied to our problem the cutting plane, the classical bundle, and the partial bun-
dle method. Whenever possible, we compared the results obtained by these methods
with the result of solving the linear programming problem (8.1) directly by a simplex
algorithm. For the scenario decomposition methods, we considered two versions. One

was the full three-stage version, which is most general and applies also to problems
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involving decisions at the last stage and general non-polyhedral measures of risk. An-
other version was a model with a truncated two-stage tree, in which the problems at
the second stage are risk-averse problems themselves. This was possible due to the
polyhedral structure of the mean—semideviation risk measure and to the absence of

third stage decisions.

8.2 The Partial Bundle Method

To obtain explicitly the master problem of the partial bundle method for our application
we need to calculate the set A appearing in (7.40). The structure of the subdifferential

was already given in (4.1) and in this particular case it takes the following form:

N
dp1(0) = {H—HZPSTS—FT 7= (1), and 0 < 7, gm} (8.2)
s=1
and
N
0p5(0) =< 1—-1 Zpsnbsn +05 0= (Lsn)nNgl and 0 < v5y < K2 p, (8.3)
n=1

where 1 is the vector with all entries equal to 1. Let dp2(0) := 9p(0) x --- x 9p (0)
and ™ = (psp)seqimec(s)- Then Q2 = Az o Ay = 9p2(0) 0 9p1(0) and A = {6 :
(ps(;s)i\’:l € Qg}. Thanks to the structure of the subdifferentials (8.2) and (8.3) the set

A is polyhedral, and so, A = {(5;)821 No=1...N } such that
N N,
55; = DPsy [1 - Zpk‘Tk +Ts — Zpskfsk + €sp
k=1 k=1

OSTjSK;l, iZl,...,N,

N

0< ey < ke (1—me+n>, i=1,...,N, j=1,...,N,.
k=1
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The master problem of the partial bundle method for our application is:

N
S r s S 2)
—ZIAF =X
DI CEE T

s.b. 05 < (675 + X, 2% + (2, (%, 2%)) , (A%, 8%) — (N7, 6%)),

I\ = 0,
N Ny N
0° = (Psn [1 - me +7Ts — Zpskfsk + €sp ) ; (8.4)
k=1 k=1 n=1
0 S Ts S K1,
N
0§63n§/€2<1_zpk7—k+7—5>) 77:17"')N8)
k=1

foralljeJs, s=1,...,N.

At every iteration j of the partial bundle method the obtained subgradient have the

following form

[(mzlj)j---,(pNzNj)TpMcl,zlj),---,pN<cN,zNj>, (plGly”)T---,(pNGNyNj)T} ,

where % := (2%7,y%7) is the optimal solution of subproblem (7.36) for scenario s
at iteration j with 2% corresponding to the first stage components of %/, and y*’
corresponding to the second and third stage components of x%. Also, ¢® is the cost
vector of the first stage scenario s, and G*® is the matrix of second stage scenario costs
corresponding to the first stage scenario s. In our example ¢® = ¢ and the rows of G*

are (gs,) = (T‘T,ZT, (HSW)T>, for every s=1,...,N,np=1,...,N;.

After a few algebraic simplifications we derive from (8.11) the individual scenario
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subproblems for each scenario s=1,..., N,

min a*(c%, z) + (6% ¢) + (A", 2)

2,,w,0,C
sit. ("= —(r,u) + (l,w) + (H*",v), n=1,...,Ng,
Mu—2<0, u>0, (8.5)
w> D% —u, w>0,

v>u—D° ©v>0,

where each y*/ component of 2%/ in (8.4) has been subdivided according to (8.1), i.e.,

x = (z,y) := (z,u,v,w). Similarly, a®, 3° are the corresponding z, y components of §°.

8.3 The Truncated Tree Method

In order to obtain the truncated two-stage tree method we need to find an efficient way
of evaluating the second stage upper semideviation risk measure. Applying (7.16), we
obtain for every s =1,..., N,

N,
S

GSy) = 5iDs , 8.6
p5(G*y) 5532}({0) nDsnGanY (8.6)

where 9p5(0) is obtained from (8.3). Substituting (8.3) into (8.6) gives

p3(Gy) = maXNprsngsnerZansn 9oy — Zpsggsgy : (8.7)

LG[O k2]
Therefore p5(G®y) can be obtained by solving the following linear program
N, N
min . > Py + Y dn
n=1 n=1

N

st. dy > Kopay |Gegy — > _PscOscy|» n=1,...,N,
=1

dy >0, n=1,...,N,.

The main idea of the truncated tree method is that instead of minimizing (7.3)
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subject to (7.1) and (7.2), we minimize

o5 =Zi+m (22), (8.9)
subject to (7.1) and (7.2), and
Zo = Zo+ pa (Z3). (8.10)

We consider the truncated problem as a two-stage problem and apply to it the same
dual analysis that we did before. At the end we obtain formulation (7.37) with a few
key differences. First, A and 0 refer to the random variables Z; and Z and have
no components directly relating to either Zy or Z3. More importantly, the individual
scenario subproblems should take into consideration the cost of the new random variable
Zy and thus (7.36) is replaced by

(zsr;lgi)réxs(éscs + 05,25 + 005 (gl v®), s=1,...,N, (8.11)

where 2° and y® are the decision variables corresponding to the first and second stage
scenarios. By substituting (8.8) and (8.11) into (7.37) we obtain the following problem

formulation for our application
N
max maprSWS(/\S,(FS), (8.12)
s=1

where W5 (A%, 0%) is the optimal value of the following problem

N N;
min 6% |(c®) "z + Zpsng;;;?/ + Zdn + (X)) Tz
n=1 n=1

z,y,d
Ns

s. t. dn > R2Psn g;;y_zpsﬁg;—(y , N= 1,..., N, (8'13)
=

Bz + Agy = b,

zeX, y>0, d>0.
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At every iteration j of the truncated tree partial bundle method, the subgradient has

the following form

|:(p1 Zl])T (R (PN ZN])Tpl (bs (lea ylja dl]) y+ -9y PN ¢S (ZN7j7 Z/N]7 dN]):| ) (814)

where for every s =1,..., N,
N, N,
¢s(2,9,d) = () 2+ ) pangdy + D dn,
n=1 n=1

and x% 1= (2%, y* d¥) is the optimal solution of subproblem (8.13) for scenario s at
iteration j.

By construction, we only consider the first scenarios for the decomposition in (8.12)
and so A = {6 : (ps(;s)i\’:l € (?;)1(0)}7 where 0p1(0) was shown in (8.2). Therefore
the master problem of partial bundle method for the truncated tree method has the

following form:

N
S r s S 2)
max Y —ZIAF =X
wxn P (”S 1 |

st vy < (0" + X7, 2Y) + (2, (¢, 7)), (X%, 0%) = (WY, 6V))

T\ =0,
N
8.15
53:?5 ll_zkak+Ts , ( )
k=1
0 < Ts < K1,

foralljeJs;, s=1,...,N.

After a few algebraic simplifications we derive from (8.11) the individual truncated tree
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scenario subproblems for each scenario s =1,..., N,

min 6%t 4+ (\°, 2)

z7u7w7v7€-

s.t. (7= —(r,u) + (l,w) + (H*,v),
t=(c"z)+ <(psk)gil’ ¢+ H2S>

S>’7—< Na_ > S, >0,
n_C (psk)k,1 ¢ n = (8.16)
Mu—2<0, u=>0,
w>D°—u, w>0,

v>u—D° ©>0,

forallp=1,..., Ng,

where each decision variable y*/ from (8.11) has been subdivided according to (8.1), i.e.

x = (z,9) = (z,u,v,w).

8.4 Numerical Comparisons

Following the development in previous sections, we coded the methods in AMPL and
compared the running time in seconds, number of iterations, and the average time in
seconds per iteration of each method. For the numerical experiments we used Mosek
linear and non-linear solvers with the AMPL interface. Our test machine has an Intel
Core i7-920 processor with 8MB of L3 cache and 2.66GHz speed coupled with 8GB
DDR3 SDRAM memory. The data sets for the experiments was randomly generated
using a random number generator tailored for this appliction.

Table 8.1 shows the comparison of all the methods on a problem with 10 parts and 5
products, for different numbers of first-stage and second-stage scenarios. The classical
cutting plane method was inefficient and failed to converge in a reasonable time on
most instances, while being outperformed by all the other methods when it converged.
For this reason we omitted it from Table 8.1. Clearly, small problems are best solved

directly by linear programming in formulation (8.1). The usefulness of decomposition
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Size LP Truncated Tree Partial Trunc. Tree General Bundle
N x Ny | Time | Time Iter. T/I Time Iter. T/I Time Iter. T/I
6x3 0 106 476  0.223 15 97 0.155 84 492  0.171
5x5 0 95 451  0.211 36 194  0.186 61 419  0.146
5% 6 0 75 388  0.193 13 86 0.151 48 270  0.178
6x6 0 134 574  0.233 133 441 0.302 109 521  0.209
10 x 10 0 313 435  0.720 287 419  0.685 309 501  0.617
50 x 50 5 1381 510 2.708 1652 485  3.406 3283 414 7.930
100 x 100 98 5570 660  8.439 1547 300 5.157 | 28316 579  48.91
200 x 200 | 5767 5975 240  24.89 4722 200 23.61 | 54336 291 186.7

300 x 300 - 19910 255  78.08 | 20622 255  80.87 - - -

Table 8.1: LP: Linear Programming formulation. Truncated Tree: Bundle Method
applied to the Truncated Tree formulation. Partial Trunc. Tree: Partial Bundle
Method applied to the Truncated Tree formulation. General Bundle: Bundle method
applied to the general multistage decomposition formulation. Tests were performed for
N first-stage scenarios, and N4 second-stage scenarios following each first-stage scenario.

is shown when we consider large problems. For example on the instance with 200 first-
stage scenarios, with each followed by 200 second-stage scenarios, the general bundle
and the partial truncated tree methods outperformed the linear programming formula-
tion. More important is the case with 300 first-stage scenarios, with 300 second-stage
scenarios after each of them, where the linear programming approach failed, but the
truncated tree and partial truncated tree methods were able to find a solution. In this
case the meager memory requirements of these methods allowed us to obtain a solution
even when the linear programming formulation was too large for our computer memory.
In general, we saw the partial truncated tree method outperforming the truncated tree
method but this improvement might be problem-specific.

Notice that the truncated tree method moves the calculation of the second stage
risk measure from the master problem to the subproblems resulting in a smaller master
problem but larger subproblems. This is the main difference between the truncated tree
and general bundle methods. In larger instances, the dimension of the master problem
affects the number of iterations necessary to find a solution, as well as time to solve
the master problem at each iteration. For these reason, the truncated tree method
with its simpler master problem outperforms the general bundle method on the largest

instances.
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8.5 Conclusions

We defined a multistage risk-averse stochastic problem with conditional risk measures.
Considerable work was devoted to develop the theoretical foundation of the risk-averse
problem and we used Lagrangian duality to formulate a dual representation of the
problem. Along the way we developed the tools necessary for the development of dual
cutting plane and bundle methods.

To test our techniques we considered a simple problem in manufacturing and trans-
portation with upper semideviations as risk measures and three stages. For this problem
we developed a specialized version of the bundle methods where the tree of decisions
was truncated into only two stages. We also implemented the cutting plane, general
bundle, truncated tree, and partial truncated tree methods for our application. Com-
parisons of the results allow us to reach conclusions of when these algorithms would be

better applied.
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Appendix: Mathematical Background

This appendix contains an overview of some mathematical facts needed for the devel-
opment of our theory and methods. The reader is referred to [35] for an in-depth look

at these important mathematical facts.

A.1 Conjugate Duality

Let R = RU {—o0,+cc} and f : R® — R be a function. Let & € R and s € R”. An

affine minorant of f is an affine function
lo(z) = (s,2) — a, (8.17)

such that [, (x) < f(x) for all z € R. We call s the slope of the affine minorant [,. Let

f :R™ = R be a function. The function f*: R™ — R defined by

f*(s) & sup {(s,z) — f(x)} (8.18)

z€R

is called the conjugate function of f. Clearly, a proper function f has an affine minorant

with slope s if and only if f*(s) < +oo.

Lemma 17. Suppose that f : R — R is proper and has an affine minorant. Then the

conjugate function f* is proper, convex, and lower semicontinuous.

Let f be a proper convex function. Then the domain of f, denoted by dom f,
is a convex set and f is subdifferentiable in the interior of its domain. By restricting
ourselves to the linear manifold of smallest dimension containing the domain of f we can
assume that the interior of dom f is nonempty. It follows that after the restriction there

is a point ¢y € dom f such that f is subdifferentiable at xg. So, there is sy € df(xg)
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such that for every x € R"

f(x) > f(zo) + (s0,2 — z0) ,

i.e. f has an affine minorant with slope sg. An application of Lemma 17 then gives

Theorem 18. If f : R®™ — R is convex and proper then its conjugate, f* : R™ — R, is

convex, proper, and lower semicontinuous.

The biconjugate function is the conjugate function of the conjugate function f*,

that is

[ () = sup {(s,2) = [*(s)}. (8.19)

The following result is known as the Fenchel-Moreau Theorem.

Theorem 19. Suppose that f : R® — R has at least one affine minorant. Then

epi f** = conv(epif).

In particular, if f is a proper, conver and lower semicontinuous function, then
f** — f
The relation between a proper convex function f and its dual f* can be used to

characterize the subgradients of both f and f*.

Theorem 20. Suppose that f : R™ — R is a proper convex function. Then the following

two statements are equivalent:
(1) s € 0f(x);
(ii) f(x)+ f*(s) = (s, z).
If, in addition, f is lower semicontinuous then both statements are equivalent to

(iii) © € Of*(s).
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A.2 Indicator and Support Functions

Let Z be a set in R™. The indicator and support functions of Z are defined by

0 ifxe”Z
dz(x) = , Vr e R”

+o00 otherwise

and

oz(s) =sup (s,x), Vs € R",
T€Z

respectively. Notice that

d7(s) = Sup {(s,2) = dz(2)} = sup (s,x) = 02(s),

and so o, = ¢3". Theorem 19 implies that
epioy = epidy = conv(epidz) = epideonv(z)-
It follows that if Z is closed and convex then the functions oz and 0z are mutually
conjugate, i.e. 0, =0z and 0, = 0z.
Lemma 21. Let Z C R™ be nonempty, closed and convex. Then oz is subdifferentiable

and Joz(0) = Z.

A.3 The Subdifferential of the Maximum Function

Consider the function
F(x) = sup f(z,y),
yeyY
where f : R™ x Y — R satisfies the following conditions:
(i) f(-,y) is convex for all y € Y;

(ii) f(x,-) is upper semicontinuous for all z in a certain neighborhood of a point xo;

(iii) The set Y C R™ is compact.
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The maximum function F is convex and by (ii) it is also proper and thus it is subdif-
ferentiable at the point zg.

Let Y (z) denote the set of y € Y at which f(z,y) = F(z). Clearly conditions
(i)-(iii) imply that the set Y (z) is nonempty and compact in a certain neighborhood of
xo. Let 0, f(x0,y) denote the subdifferential of the function f(-,y) at xo.

The following result gives an useful reformulation of the subdifferential of F' at xg.

Theorem 22. Assume conditions (i)-(iii). Then

OF (x¢) D conv U 0z f(z0,y)
yeY (20)
If, in addition, the function f(-,y) is continuous at xg for ally €'Y, then

OF (x¢) = conv U O f(z0,y) | - (8.20)
y€Y (z0)
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