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A large number of industrial processes involve the transport, mixing and storage 

of particulate systems. While prevalent in industry, particulate processes are commonly 

plagued by problems due to the complex rheology of these systems. In this work, the 

behavior of granular materials in a bladed mixer, an industrially relevant geometry, was 

investigated using computational and experimental techniques. Experimental flows were 

characterized via Particle Image Velocimetry and image analysis. Discrete element 

simulations were carried out to examine the effect of a wide range of system parameters.  

Particulate flows in bladed mixers were found to be periodic with complex flow 

patterns developing throughout the particle bed. Cohesionless flows were initially 

studied. For monodisperse flows, two distinct flow regimes were observed: a quasi-static 

regime where blade speed provides the time scale for momentum transfer and an 

intermediate regime where stresses scale linearly with blade speed. Particle and wall 

roughness were found to significantly affect bladed mixer flows. Systems with higher 

roughness are characterized by enhanced particle motion and mixing. Simple scaling 

relationships were observed for monodisperse flows in the quasi-static regime. Particle 

velocities and diffusivities were found to scale linearly with mixer size and blade speed, 

while stresses scaled linearly with particle bed weight. In polydisperse flows, size 
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segregation was found to occur due to sieving. However, it was found that the extent of 

segregation can be reduced by introducing intermediate particle sizes in between the 

smallest and largest particles.  

Finally, wet particle flows were examined. At low moisture contents, enhanced 

particle velocities and mixing kinetics were observed in comparison to dry flows. 

However, at higher moisture contents, particle velocities and mixing rates were observed 

to decrease. Wet particle flows were characterized by the formation of particle 

agglomerates. Agglomerate formation led to an increase in particle bed roughness which 

significantly influenced macroscopic and microscopic flow properties. 

These findings contribute to the understanding of granular behavior in complex 

systems. Improved understanding of granular flows will enable the development of first-

principles based models which can assist in the design and scale-up of bladed mixer 

operations and the identification of critical processes parameters. 
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Chapter 1. Introduction 

1.1. Motivation 

Particulate processing operations are commonly encountered in a wide variety of 

industries. It has been estimated that roughly 60% of all manufactured products required 

some sort of particle processing [1]. Examples of unit operations involving granular 

materials include fluidized catalytic reactions (bulk chemical industry) [2], compression 

of drugs into tablets (pharmaceutical industry) [3], freeze drying (food industry) [4], 

mixing and blending (cosmetic industry) [5] and concrete production (construction 

industry) [6]. Despite granular systems being so pervasive in industry, processes 

involving these types of materials are often poorly understood compared to their fluid 

processing counterparts [7]. This reality stems in part from the fact that we lack a set of 

constitutive equations derived from first-principles that describe granular flows under a 

specified initial state and boundary conditions. The lack of fundamental understanding of 

granular systems leads to broad assumptions during process design, poor identification of 

critical process parameters and scale-up complications which are not easily explained [8]. 

It has been reported that close to 94% of solids processing plants experience some kind of 

major processing problem [9]. Traditionally, heuristic rules-of-thumb have been used to 

limit these problems, but these have not reliably prevented complications such as non-

uniform flow, jamming and segregation from occurring during scale-up or 

commissioning. A more desirable approach is the ability to quantitatively predict flow 

behavior from fundamental principles, material properties and small-scale laboratory 

tests, and then to engineer processes accordingly. 
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Attempts to describe granular systems via continuum-like approaches have had 

limited success since, unlike molecular fluids, granular systems are discrete in nature and 

inhomogeneities at the microscopic/particle level have a profound impact at the 

macroscopic scale [10]. These characteristics make the continuum assumption in classical 

mechanical models questionable for granular systems. Additionally, granular flows 

exhibit a tremendous range of behavior ranging from solid-like quasi-static flows to rapid 

fluid-like ones [11]. The ability to capture the breath and depth of granular behavior with 

a single set of fundamental equations is therefore challenging. 

The relevance of granular materials, coupled with the need for the development of 

a rigorous theoretical framework, has motivated the study of particulate systems by many 

researchers. Following the approach from the early days of fluid flow research, several 

scientists have strived to understand the behavior of model granular systems 

(monodisperse, cohesionless smooth spheres) [12-17] in simple geometries such as shear 

flows [18-21], Couette cells [22-26], chute flows [27-30] and rotating drums [31-33]. 

These studies have provided rich information on the transient and dynamical behavior of 

granular materials since they contain one or more of the key elements of industrial flows 

such as shear, physical boundaries and a body force or gravity. While these efforts have 

elucidated some of the underlying physics involved in the transport and mixing of 

granular materials, the connection between the behavior observed in these simple systems 

and the behavior expected in the more complex, industrial systems remains elusive. The 

rigorous study of granular flows in industrially relevant geometries has received far less 

attention in the literature. 
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The need for understanding the behavior of complex particulate systems is of 

critical importance to the pharmaceutical industry, where close to 80% of pharmaceutical 

products are formulated as tablets, pills or capsules [34]. Pharmaceutical processes 

require a high level of process control, quality monitoring and reproducibility to ensure 

the efficacy of the drug and the safety of the patients. However, pharmaceutical processes 

often involve complex equipment configurations and multi-component particulate 

systems making the design, commissioning and control of these processes difficult. 

Problems are frequently encountered, some even during the latter stages of development, 

culminating in the manufacturing of an out-of-specification product. These issues could 

lead to the recall of product from the market and could potentially delay the 

administration of life-saving drugs to patients.  

Many industrial processes involving granular materials employ the use of mixers 

with mechanical agitators that provide shear, induce flow and encourage mixing. The 

appeal of these mixers comes from their ability to handle a wide variety of solids ranging 

from free flowing to cohesive powders and even pastes [5]. Mixer characteristics such as 

shape, size and agitator configuration determine the flow patterns, degree of mixing and 

the shear profile achieved in such devices [35, 36]. Currently it is difficult - if not 

impossible - to predict granular behavior in mechanically agitated beds.  

The cylindrical mixer geometry mechanically agitated by an impeller is one of the 

most commonly used mixer configurations in industry. While in many cases agitated 

mixers are used to homogenize a blend of solid particles, they also serve to enhance heat 

and mass transfer (e.g., agitated dryers). Similar equipment is also used in high-shear 

granulation processes and in tablet press operations to encourage flow in the feed-frame 
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assemblies. While simple in form, the mechanisms by which particle motion is generated 

in cylindrical mixers are still poorly understood. Problems, such as segregation, particle 

attrition and agglomeration [37-39], are known to occur in this geometry but the role of 

operating parameters and particle properties on flow behavior remains unclear. The work 

presented here was performed in an effort to develop a fundamental understanding of 

how granular flow, segregation and agglomeration occur in bladed mixers through the 

use of numerical simulations and experimental techniques. We seek to answer some of 

the questions that still remain regarding the operation and design of these devices such as 

“how do microscopic/particle properties affect bulk behavior?” and “what are the most 

important parameters for scale-up?”  

1.2. Granular Flow Regimes 

The rheological behavior of granular materials is significantly different from that 

of molecular fluids. While the dynamics of fluid systems are often adequately described 

by continuum treatments such as the Navier-Stokes equations, an equivalent set of 

equations for granular systems is not readily available. The relationship between stress 

and strain rates is not well established due to the diverse behavior exhibited by granular 

materials. A granular material may behave as an elastic solid or as a liquid depending on 

the localized concentration and stress. When a granular material behaves as an elastic 

solid, it is able to support large loads such as building foundations by distributing the load 

across frictional contacts within the particle bed [40]. In contrast, natural disasters such as 

avalanches and landslides occur when particles within a granular assembly move freely 

and independently from each other leading to a liquid like-behavior.  
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In general, the amount of stress generated in granular assemblies is mostly 

associated with the particle interactions and the influence of the interstitial fluid on stress 

generation is often negligible [41]. Stress in granular assemblies is generated by three 

different mechanisms [41]: 

i) momentum transport due to the collisions of particles in a flowing layer. 

ii) momentum transport due to the apparent random velocities of particles 

flowing across moving layers.  

iii) momentum transport due to the forces generated by sustained contacts. 

The first mode of stress generation is analogous to the molecular momentum 

transport in liquids [41] while the second mode is similar to the molecular momentum 

transport in turbulent gases (i.e. analogous to the Reynolds stress [42]). The third mode 

does not resemble any of the modes found in molecular fluids and it’s responsible for 

some of the elastic solid behavior observed in granular materials. The relative importance 

of each mechanism on the total stress generated during flow will depend on the 

behavioral regime. 

Three distinct behavioral regimes are known to exits in granular flows: the slowly 

deforming or quasi-static regime, the rapid flow regime and the intermediate regime. The 

regime in which granular flows occur will depend on the system’s concentration, 

compression state and applied shear [19]. The boundaries at which flow regime transition 

occurs are still not well defined. Traditionally, shear rate has been used to define the 

limits where regime transition occurs. Tardos et al. [43] proposed a flow regime map 

based on the dimensionless shear rate, , where  is the shear rate,  

is the particle’s diameter and g is the acceleration due to gravity. The proposed flow 

2/1* ]/[ gd p
OO γγ = Oγ pd
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regime map is presented in Figure 1.1. Granular systems at high concentrations and low 

shear rates tend to behave in the quasi-static regime where particles experience sustained 

contacts with their neighbors and momentum transfer is governed by the forces generated 

from the particle-particle contacts [19]. In this regime, the frictional particle contacts give 

rise to a yield stress which must be overcome in order to induce flow [41]. As the 

granular material begins to flow, the sustained contacts generate stresses which are 

independent of the rate of deformation. Additionally, when particles flow past a solid 

surface in the quasi-static regime, the drag force experienced by the particles is not steady 

but fluctuates in time due to the frictional nature of the particle-solid surface interactions. 

This behavior is known as stick-slip and it can lead to velocity fluctuations on the same 

order of magnitude as the bulk velocity [44].  

Some gravity-driven flows, such as flow from a hopper [42], as well as some 

industrial mixing processes at low shear rates [45] and most geological flows [44] occur 

in the quasi-static regime. Continuum-like models for quasi-static flows have been 

developed in the past by considering stress at equilibrium conditions and incorporating a 

yield condition and a flow rule [41, 46]. The yield condition describes the normal and 

shear stresses at the failure point and the flow rule correlates the rate of deformation 

during flow to the failure point stresses. Use of these models requires a large number of 

experiments to determine the region of yield stresses in the principal stress space for a 

desired material [47]. In addition, solving these models for industrially relevant 

geometries can prove to be difficult and they can only provide average values for the 

stress distribution within the particle bed. This limits the usefulness of these constitutive 

relations as practical tools for quantitative prediction of granular behavior.  
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Systems at low concentrations and high shear rates tend to fall in the rapid flow 

regime. This regime is characterized by short lived binary collisions of particles which 

can be approximated as instantaneous. These instantaneous collisions give rise to local 

fluctuations in the stress, strain rate and solids fraction [48]. Momentum transfer in this 

regime is therefore controlled by inter-particle collisions and the apparent random 

velocities of particles moving across flowing layers. The shear stress in the rapid flow 

regime scales with the square of the shear rate. The first dependency comes from the fact 

that shear rate controls the amount of momentum exchange during each particle-particle 

collision. The second dependency comes from the rate of inter-particle collisions which is 

also controlled by the shear rate [11].  

Fluidized beds generally operate in the rapid flow regime [49] as well as 

pneumatic conveying processes in industry and some geological flows such as avalanches 

[50]. Continuum models derived from classical hydrodynamics such as the kinetic theory 

of dense gases provide a suitable description of granular flows in this regime [14, 17, 51]. 

These models use equations for the conservation of kinetic energy, momentum and mass. 

From this viewpoint, the concept of a “granular temperature” arises. The granular 

temperature is analogous to the definition of the thermodynamic temperature for fluids 

and represents the amount of kinetic energy due to the difference in velocity for 

individual particles relative to an ensemble average. Since the particle-particle contacts in 

granular systems are inelastic, the granular temperature of an ensemble of particles is not 

maintained and without an external source of energy the particles can reach an ‘absolute 

zero’ state [52]. The rapid flow description of granular systems is only suitable for a 

limited range of conditions and concentrations.  
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In between the quasi-static and the rapid flow regimes lies an intermediate regime 

where momentum transfer is controlled by both inter-particle collisions and sustained 

particle-particle contacts. The transition between the quasi-static regime and the 

intermediate regime is not well defined. Research efforts in granular flows have 

traditionally concentrated on the quasi-static and rapid flow regimes with the 

intermediate regime receiving far less attention. In the intermediate regime, shear stress 

tends to scale linearly with shear rate, a behavior similar to that of fluids. More 

specifically, the behavior of granular materials in this regime resembles that of visco-

plastic fluids such as Bingham fluids [53]. A yield stress needs to be overcome in order to 

induce flow (due to the frictional inter-particle contacts) and, once flow has been 

achieved, the shear rate is linearly proportional to the strain rate times a proportionality 

constant (i.e., an apparent viscosity). The Bingham model has been employed by various 

researchers to describe the rheology in the intermediate regime [53, 54] where the yield 

stress and apparent viscosity values are obtained from experimental measurements or 

from soil mechanics theories. The limitation of these visco-plastic models comes from 

the fact that the yield stress and apparent viscosity are functions of system size and 

particle properties.  

In recent years, other continuum models have been developed for the intermediate 

flow regime which relate stress and strain rates to fluctuating values [43, 55]. These 

fluctuations are considered to be spatial and temporal in nature. At low values of theses 

fluctuations, the system behaves similarly to a quasi-static system while at large 

fluctuations the behavior approximates that of the rapid flow regime. These continuum 
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models fail to capture some of the inhomogeneties that are known to exist in high 

concentration systems such as shear bands and force chains. 

1.3. Segregation 

Particulate de-mixing or segregation is a phenomenon known to occur in several 

granular flow processes which does not posses a molecular fluid analog. Under the 

presence of shear, granular materials will self-organize into segregated regions where 

particles with similar size, shape, density or surface characteristics assemble [56]. This 

makes the mixing of particulate systems with different components challenging. 

Everyday examples of granular materials experiencing segregation are found in the rising 

of larger grains to the top of a muesli mixture, and in finding the larger rocks at the 

bottom of the mountain and the smaller ones near the top after a landslide or avalanche.  

Segregation is a complex process which is still not well understood. Some of the 

complexity surrounding segregation can be observed in Figure 1.2. Depending on 

operating conditions and scale of operation, a previously homogeneous mixture in a 

rotating drum can segregate into bands of large or small particles in the axial [57, 58] or 

in the radial [59] directions with complex patterns being formed. Currently, no general 

way exists to prevent the occurrence of segregation or to predict the final segregation 

state in cases where it does occur. Industrial processes are significantly affected by 

segregation, contributing greatly to the meager 60% operating efficiency of most solids 

processes [60]. Complications due to segregation arise in several industrial scenarios such 

as bin blending, tumbler mixers, pneumatic conveying and hopper discharge [9]. In the 

pharmaceutical industry, segregation often threatens the drug content uniformity of 

tablets and could lead to the production of an out-of-specification product.   
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Early efforts in segregation research focused on the identification of mechanisms 

leading to segregation and thus far approximately 13 different mechanisms have been 

proposed [61]. However, many of these mechanisms rarely occur in industrial scenarios 

and many are special cases of other mechanism [62]. Tang and Puri [62] classified the 

different segregation patterns reported in the literature into 4 main mechanisms (Figure 

1.3): 

i) Trajectory segregation - occurs when large and small particles have 

different velocity profiles due to inertial effects during flow. This type of 

segregation occurs in gravity driven flows such as flows in vertical pipes [63]. 

ii) Sieving segregation - occurs when smaller particles fall through the gaps 

that form between larger particles during flow as a result of localized shearing. 

Known to occur in vertically vibrated systems [64-66], rotating drums [67] and 

agitated devices [68]. 

iii) Fluidization segregation - caused by differences in drag/weight ratios 

between smaller/lighter particles and larger/heavier particles. This mechanism 

causes the smaller/lighter particles to remain near the top surface during filling of 

silos or during the operation of fluidized beds [49, 69]. 

iv) Agglomeration segregation - arises when smaller particles form 

agglomerates under the presence of cohesion forces triggering segregation due to 

differences in agglomerate mobility (i.e. larger agglomerates with greater 

mobility). This type of segregation could occur in drying processes and in 

handling of fine, cohesive powders. 
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Identification of the dominant segregation mechanisms has enabled the 

development of processing strategies that minimize the tendency for segregation to occur. 

Reducing the emptying time of units lowers the probability of segregation. Avoiding unit 

operations where particles roll pass each other (i.e. inclined chutes) reduces the potential 

for trajectory segregation to occur [9]. Reducing the drop height in between unit 

operations or avoiding long transfer lines is recommended. Narrowing the width of the 

particle size distribution has been proven effective in mitigating sieving segregation [62]. 

Modification of equipment configurations could also limit the occurrence of segregation. 

In rotating drums, changing the shape of the rotating drum from circular to non-circular 

induces chaotic advection leading to higher mixing rates and a lower degree of 

segregation [70]. Adding baffles in low shear mixers along the axis of rotation reduces 

segregation [71]. The baffles induce periodic mixing in the flowing layer by inverting the 

orientation of the granular material. These strategies address only a small number of the 

potential causes for segregation and, in some cases, are impractical or difficult to 

implement.  

Most researchers agree that the main factor leading to segregation is particle size 

differences [72, 73]. Binary mixtures represent the simplest case of a granular material in 

which segregation due to particle size differences occurs. This realization has motivated 

the investigation of segregation for binary mixtures in fundamental geometries which 

could be viewed as simplified versions of complex equipment configurations. Binary 

mixture segregation has been studied in Couette flows via the kinetic theory approach 

[23] and with the use of particle dynamic simulations [74]. These studies found that 

granular energy is not equally distributed between the small and large particles and that 
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species segregation is a result of three competing forces: thermal diffusion, ordinary 

diffusion and pressure diffusion. Additionally, the formation of particle clusters in 

Couette flows was found to induce segregation. The segregation of binary mixtures in 

vertically vibrated systems has been extensively studied in the literature [64, 65, 75, 76]. 

These studies demonstrated that the frequency and amplitude of the vibrations determine 

whether the small or the large particles are present in the top segregated layer. Wall 

friction has been shown to give rise to convection cells in vibrated systems which, at 

lower large particle concentrations lead to segregation, but promote mixing at higher 

large particle concentrations.    

The effect of particle size ratio in binary system has also been studied. In general, 

higher particle size ratios increase the amount of segregation observed. In systems where 

segregation by sieving occurs, the rise velocity of the large particles increases with an 

increase in size ratio as the probability of the smaller particles filling the voids in between 

the large particles increases [73]. For situations where trajectory segregation is the main 

mechanism, an increase in size ratio increases the differences in velocity profiles between 

the large and small particles due to inertial effects. This has been observed 

experimentally in flows through vertical pipes [63]. In fluidized systems, an increase in 

size ratio increases the difference in the drag/weight ratio between the large and small 

particles [69]. 

Segregation in polydisperse mixtures has not been as extensively studied as the 

binary mixture cases due to the added complexity that arises from the presence of 

multiple particles species. Rosato et al. [66] studied the segregation behavior of a three 

component system in a vertically vibrated cylinder. The authors noticed that during the 
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initial shaking cycles, 3 different regions developed in the vibrated bed: a top region 

composed of mostly large particles, a well mixed center region and a lower region 

composed of mostly small particles. As the system continued to be vibrated, a completely 

segregated bed was obtained. The authors also showed that the sorting order between the 

particle species is affected by changes in the size ratio. Dahl and Hrenya [49, 77] studied 

size segregation of granular materials with continuous size distributions in a simple shear 

system and a fluidized bed using the discrete element method. Gaussian and lognormal 

particle size distributions were studied in both systems. In the simple shear system, they 

found that species segregation occurs due to the presence of a granular temperature 

gradient, with larger particles accumulating in the low temperature areas for all the size 

distributions studied. In the fluidized bed case, large particles accumulated towards the 

bottom plate and the walls of the system for both the Gaussian and lognormal 

distributions. However, axial segregation was higher for the lognormal case than for the 

Gaussian distribution. The localized particle size distribution was found to be of the same 

form as the overall size distribution for both the simple shear and the fluidized bed case. 

1.4. Cohesive Granular Flows 

The presence of inter-particle adhesion forces is often encountered in many real 

granular systems. These forces give rise to different phenomenological behaviors in 

cohesive granular materials from what is observed in non-cohesive systems. For example, 

the tensile strength of static piles increases in the presence of cohesion [78]. This 

characteristic enables the creation of sand castles from wet sand since a stable shape 

cannot be created with dry sand [79]. The angle of repose of a granular pile is usually 

increased by cohesion [80]. Cohesive forces can increase dilation of granular materials 
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during flow and can induce hysteresis [81, 82]. The apparent friction between particles 

increases even with a small amount of cohesion in the system [83]. This complex 

behavior makes the prediction and control of cohesive granular flows difficult. The 

presence of cohesion in industrial scenarios leads to operational problems which are not 

easily solved or prevented. Cohesion can often lead to problems such as bridging, 

channeling, discontinuous mass flows, material accumulation on equipment walls and 

broadening of particle size distributions [9, 84]. The majority of research in granular 

flows has focused on non-cohesive systems. Studies involving the flow of cohesive 

granular materials are not as commonly encountered in the literature. The need for 

fundamental studies dealing with the transport and storage of cohesive granular materials 

is therefore substantial.  

The bulk cohesion of a granular material is controlled by intrinsic material 

properties (surface energies, elastic moduli, etc.), particle properties (size, size 

distribution, morphology, etc.) and moisture content in the system [85]. In general, three 

types of forces contribute to the amount of cohesion present in a system: van der Waals 

forces, electrostatic forces and capillary forces. The van der Waals forces occur at the 

molecular level and are proportional to the separation distance between particles times a 

proportionality constant called the Hamaker constant. The value of the Hamaker constant 

depends on material properties such as chemical composition and surface roughness [86]. 

The van der Waals binding energy is usually small compare to the kinetic energy during 

flow for particles with a radius above 20 µm [80]. Therefore, in most granular flow 

scenarios, van der Waal forces tend to weakly influence the behavior of the system. For 

fine powders, the effect of van der Waal forces becomes important during flow.  
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Electrification of particles could occur during flow due to repeated collisions 

between particles with different material surface properties [87]. This process is called 

triboelectrification and it often leads to the development of electrostatic adhesive forces 

between particles. The development of these forces during flow could cause 

complications such as electric discharges which increase the risk of dust explosions [88].  

While electrostatic effects are of particular importance due to the associated hazards, the 

magnitude of electrostatic forces between particles has been shown to be one order of 

magnitude smaller than van der Waals forces for particles above the micro size range 

[86].   

The presence of moisture in a granular system gives rise to cohesion due to 

capillary forces. When particles are in contact in wet systems, a meniscus is formed 

between the contacting surfaces as capillary action attracts the liquid on the nearby 

surfaces [85]. This leads to the formation of a liquid bridge which creates an attractive 

force due to surface tension and the hydrostatic pressure inside the bridge [89]. Capillary 

forces can have a significant effect on the behavior of granular materials. For example, 

the magnitude of capillary forces doubles that of gravity for particles with a diameter 

above 100 µm [80]. Particles in a wet system can exist in a number of different states 

depending on the moisture content of the system. These states are  the pendular state (low 

moisture content), the funicular state (intermediate moisture content), and the capillary 

state (high moisture contents) (see Figure 1.4) [90]. The resulting behavior in wet 

systems is dictated by the amount of liquid present in the system and the distribution of 

the liquid via capillary bridge networks [80].  The presence of moisture also leads to the 
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development of viscous forces between particles. However, at low moisture contents, the 

effect of these forces is secondary to the effect of the capillary forces [91]. 

The importance of the cohesion forces relative to gravitational and shearing forces 

can be determined by a set of dimensionless numbers. The granular Bond number is the 

ratio of the cohesive force to the gravitational force. For slowly shearing systems, the 

effect of cohesion becomes important when the granular Bond number is above one. For 

systems experiencing high shear, the collision number determines the relative importance 

of cohesive forces. The collision number is given by the ratio of the maximum cohesive 

force to the collisional force due to Bagnold [92]. Cohesion forces dominate the flow of 

granular material for collision numbers above one.  

For systems containing particles of different sizes or surface characteristics, 

cohesion forces can act to enhance mixing or to promote segregation [93]. Recently, 

researchers have developed phase diagrams to assist in the determination of the final state 

of a multi-component granular mixture under the presence of shear and cohesion [92, 93]. 

These diagrams are developed by taking into account the values of the granular Bond 

number and collisional number for each combination of particle type interactions. When 

the magnitude of the adhesion forces between dissimilar particle types is greater than the 

magnitude of the forces due to gravity and shearing, segregation is mitigated. However, if 

the cohesion forces between similar particle types are higher, segregation is enhanced by 

the presence of cohesion in the system [94]. 

1.5. High Shear Mixers 

Granular flow research in high shear mixers has received increased attention in 

recent years due to the industrial relevance of such devices. Most high shear mixers can 
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be classified into two categorizes based on the axis of rotation: horizontal mixers and 

vertical mixers. Horizontal cylindrical mixer studies have been performed by Malhotra et 

al. [95-97], Laurent et al. [98, 99], Jones et al. [100] and Bridgwater et al. [101]. The 

studies by Malhotra et al. [95-97] focused on 2-dimensional geometries and provide 

information on mixing kinetics and heat transfer coefficients for agitated dryers. The ratio 

of the blade height to bed height was found to have a significant impact on particle 

mixing while heat transfer mechanisms were affected by the shape and cohesiveness of 

the particles. A 3-dimensional picture of flows in horizontal mixers emerged with the use 

of positron emission particle tracking (PEPT). Radioactive tracers are inserted within the 

particle bed and gamma ray detectors record the position of these particles as they follow 

the movement of the bulk flow in the system. Laurent et al. [98, 99] found that particulate 

flows in this geometry are periodic in nature and that axial dispersion coefficients linearly 

increase with blade speed. Jones et al. [100] observed slower mixing as the fill level was 

increased and blade speed was decreased. These researchers also found that axial 

transport was lower for cohesive materials compared to that of the dry materials. 

Bridgwater et al. [101] observed the development of three-dimensional recirculation 

zones in a ploughshare (horizontal) mixer above a critical impeller speed.  

Early experimental studies in vertical mixers by Bagster and Bridgwater [102, 

103] focused on the power and torque requirement on 2-dimensional flows to determine 

strain rates at the failure point. The side wall was found to have a considerable effect on 

the resulting strain field. These studies also found the existence of particle recirculation 

patterns that move with the blade. Knight et al. [104] studied the effect of impeller speed 

and configuration on the impeller torque in a 3-dimensional vertical mixer. They found 
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that the dimensionless torque on a disc impeller was independent of impeller speed while 

torque for a flat blade impeller varied linearly with speed. Impeller angle and height also 

had a significant effect on the measured torque. The PEPT technique was used by Stewart 

et al. [105] to study flow over two flat blades in a vertical mixer. This study found that 

particles move radially forming recirculation zones and the size of some of these zones 

varied significantly with fill level. Additionally the velocity profiles inside the mixer 

were found to vary linearly with the rotational speed of the blade. A more complex blade 

configuration consisting of four blades pitched at a 45˚ angle was studied by Conway et 

al. [106] and Lekhal et al. [107] utilizing Particle Image Velocimetry (PIV). This 

technique records particle positions at the free surface and near transparent walls which 

allows for the characterization of the flow fields and the determination of particle 

trajectories. The study by Conway et al. [106] found that particle movement within the 

mixer was periodic and that its frequency depended on the speed of the blade rotation, a 

behavior similar to what was found in horizontal mixers. Striation patterns that developed 

through stretching and folding were observed for low-shear operations which were 

consistent with chaotic granular mixing. This behavior was not present during high-shear 

operations. Lekhal et al. [107] examined the effect of moisture on granular flows in a 

bladed mixer. Two flow regimes were identified at different levels of bed moisture. At 

low moisture contents, granular flow was dominated by the motion of individual grains, 

while at high moisture contents the flow is controlled by the motion of small 

agglomerates that formed due to cohesive forces.  

Granular flow, mixing and segregation in vertical bladed mixers has also been 

studied via numerical simulations. Numerical simulation techniques have the potential of 
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bridging the knowledge gap, since they allow for the study of parameters that are difficult 

to measure or vary experimentally. The discrete element method (DEM) has been widely 

used in recent years to examine granular flow in a variety of systems ranging from simple 

shear flows to more complex, industrially relevant geometries. Stewart et al. [108] and 

Zhou et al. [109, 110] performed numerical studies using DEM for bladed mixers with 

two flat blades. Stewart et al. [108] demonstrated the ability of the DEM technique to 

accurately capture glass bead flows in a bladed mixer. The studies by Zhou et al. [109, 

110] focused on the effect of particle friction, size distribution and particle density on the 

flow and segregation patterns that developed inside bladed mixers. The particles’ 

frictional characteristics were found to affect velocity profiles and mixing kinetics, while 

particle size and particle density affected segregation patterns. Sinnott et al. [36] 

performed 3-dimensional DEM simulations and investigated the effect of different blade 

configurations on granular mixing. Two configurations were studied: a flat rectangular 

blade and a horizontal bottom disc. The authors found that the degree of mixing was 

affected by the blade configuration. More recently Sato et al. [111] showed that agitator 

torque increases with rotational speed in a vertical bladed mixer and that particle kinetic 

energy can be related to the measured torque.  

While previous work has provided insight into the granular behavior in bladed 

mixers, these studies have been limited to the effect of a small set of process parameters 

and particle properties on the measured variables. These studies have not clearly 

correlated operating parameters and particle properties to macroscopic properties. 

Additionally, little is currently known about the stress evolution in bladed mixers and the 

parameters that affect it. High-shear granulation processes depend on stresses developed 
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via agitation to achieve controlled agglomeration and attrition of granules.  In contrast, 

agitated drying processes in the pharmaceutical industry are generally designed to 

minimize the effect of attrition and agglomerate formation due to shearing. Uncontrolled 

shearing could lead to broad particle size distributions, formation of fines or large 

agglomerates and even loss of crystallinity. The numerical studies performed for bladed 

mixer thus far have focused on relatively simple blade configurations. More industrially 

relevant blade configurations remain to be examined and it is uncertain, whether the 

results obtained with the simplified geometries can be extended to the more complex 

industrial cases.  

For bladed mixers, the majority of past studies have focused on dry granular 

materials. The case of granular flow in bladed mixers in the presence of cohesion has 

received less attention despite the fact that cohesion is present in many industrial 

scenarios where bladed mixers are used (i.e. wet granulation, agitated drying). Most of 

the research on wet granular flows has been perform for prototypical geometries such as 

chute flows, Couette cells, or rotating drum. These studies mostly focused on developing 

mathematical models to predict the inter-particle forces that arise due to the presences of 

moisture. The modeling of wet particle interactions has not been extended to the more 

complex case of granular flow in bladed mixers. 

1.6. Wet Granulation 

Wet granulation is a process by which a blend of fine powders is mixed with a 

liquid binder to form larger agglomerates or granules. This technique is widely used in 

industry as it allows for better control of product bulk density, particulate flowability, 

blend compactibility and drug content uniformity [112], the latter being a crucial quality 
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attribute of pharmaceutical tablets. Wet granulation processes are usually performed in 

one of two equipment configurations: a fluidized bed or a high shear mixer [112]. Litster 

[113] has identified three key classes of rate processes which control the density and size 

distribution of the granules formed: wetting and nucleation, growth and consolidation, 

and attrition and breakage (see Figure 1.5).  These rate processes occur in both the 

fluidized bed and the high shear mixer configurations and are influenced by the mixing 

and shearing profiles achieved in the granulator. Wetting and nucleation is controlled by 

the distribution of liquid binder throughout the powder bed, where the best conditions for 

nucleation arise when each drop of liquid forms a nucleus of a granule. Growth and 

consolidation are controlled by the deformation and compaction of granules under shear 

[114].  Attrition and breakage is controlled by the amount of shear stress transferred to 

the particle bed due to interactions with the equipment walls and with other particles.  

 Most wet granulation research in high shear mixers has focused on the prediction 

and control of granule properties from equipment variables or operating conditions. 

Traditionally, scale-up rules based on impeller speed kinematics have been used to 

control granulation processes at different scales. Rahmanian et al. [115] studied the effect 

of impeller speed on granule properties at different scales. The authors used 3 different 

scaling rules to compare results across granulator scales: the constant tip speed rule, the 

constant Froude number rule and the constant shear stress rule. They found that the 

constant tip speed and the constant shear stress rules produce granules with similar 

properties across scales ranging from 1 to 250 liter. This was not observed with the 

constant Froude number rule.  
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One of the most commonly used techniques for wet granulation control is to 

monitor agitator torque or power consumption. In previous years several researchers have 

related torque or power consumption measurements to granule properties such as granule 

strength, size distribution and compressibility achieved in laboratory scale high shear 

granulators [116-118]. More recently Sirois and Gordon [119] found that by using a 

normalized impeller work parameter to determine granulation end-point, one could 

control bulk density, average particle size and the cohesion index across scales ranging 

from 5 to 125 liters. The normalized impeller work end-point was found to be 

independent of impeller speed, geometry or granulator size. Sato et al. [120] showed that 

granule strength increases linearly with agitator power per unit volume regardless of 

vessel scale, and that granule mass and mean diameter can be correlated to agitator 

power.  

Less attention has been given to the characterization of velocity profiles, flow 

patterns and stress distribution in high shear granulators. Litster et al. [121] measured 

powder velocity at the free surface at different impeller speeds. The authors identified 

two different flow regimes in this study: a bumping flow regime where the material 

rotates slowly and the surface of the particle bed deforms by forming a “bump” as the 

blades pass, and a roping flow regime where the material rotates faster and mixes in the 

vertical direction. In the bumping regime, surface velocities increase linearly with 

impeller speed while in the roping regime surface velocities appear independent of 

impeller speed. Watano et al. [122] measured stress above the blades of a high shear 

granulator with the use of a strain gauge. Their measurements showed that shear stress 

increases linearly with impeller speed and that shear stress is highest by the granulator’s 
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wall. Tardos et al. [123] used calibrated particles with a well-defined yield strength to 

indirectly measure stresses within mixer granulators at 3 different scales. The researches 

found that shear stress is most sensitive to the amount of liquid binder present in the 

system with higher shear stresses achieved as the amount of cohesion in the system 

increased. From the measured stress data, the authors suggested a scaling rule for 

achieving “equal shear stress” across granulator scales in which the tip speed of the 

impeller is scaled by the impeller diameter to the 0.8 power. 

Efforts to model wet granulation processes have mostly focused on the used of 

population balance methods to predict granule particle size distributions [124-126]. In 

this methodology, the particle size distribution is divided into discrete size range 

intervals. The rate of change of the amount of particles in each size range is determined 

from probability functions representing the nucleation, coalescence and breakage 

processes. The population balance models tend to be complex and several assumptions 

are needed to facilitate the numerical solution of the equations [112]. The challenge in the 

population balance is the determination of the kernels associated with each rate process 

from the fundamental mechanisms of granule formation, growth and breakage. Currently, 

the dynamics of these mechanisms are not well understood [124] making the verification 

of the simplifying assumptions difficult. This limits the usefulness of population balance 

methods in the design and scale-up of wet granulation processes. Recently, researchers 

have resorted to the use of the discrete element method (DEM) for the determination of 

population balance kernels [127, 128]. However, in these studies only a small portion of 

the particulate flow within the granulator was simulated and the effect of cohesion on 

particle velocities was ignored. A complete 3-dimensional analysis of particle 
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agglomeration and attrition under the presence of shear and cohesion, which is needed to 

construct reliable population balance models, is still lacking. 

1.7. Agitated Drying 

The bladed mixer configuration is also found in agitated drying processes used in 

industry. Agitated drying is a contact drying process in which a wet particle bed is dried 

under heat and vacuum in the presence of shear. Heat is usually introduced into the 

system by jacketed cylinder walls, and in some cases by a heated impeller. Currently, 

little is known about the parameters affecting heat and mass transfer in agitated dryers. 

This makes the design, scale-up and control of drying operations difficult. Agitated 

drying processes are plagued by complications such as agglomerate formation, particle 

attrition and over-drying. Most of the work done on agitated contact drying has focused 

on the use of empirical models to predict drying [129, 130]. Heat transfer is modeled as a 

penetration process where a drying front of particles moves into the wet particle bed and 

heat conduction occurs. Mixing is accounted for in these models by empirical 

correlations which relate the system’s Froude number to the contact time between dry 

and wet particles. The mixing parameters in these models are assumed to be constants. 

These correlations fail to account for the complex motion of particles in agitated devices.  

Recent work in agitated dryers has explored the effect of drying conditions on 

particle attrition and agglomeration. Lekhal et al. [37, 39] studied the effect of drying at 

different conditions on the morphology of KCl (cubic particles) and L-threonine (needle-

like particles). The authors found that attrition and agglomeration occur to a significant 

extent only after a critical moisture level was achieved. Attrition of particles was the 

prevalent mechanism affecting particle size changes at low drying temperatures and high 
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shear rates for both the KCl and L-threonine systems. In contrast, at high drying 

temperatures and low shear rates, agglomeration dominated over particle attrition. 

Particle shape and aspect ratio was shown to be affected by the amount of shearing 

during drying, with a higher degree of particle attrition occurring for the needle-like 

particles vs. the cubic particles. Lee and Lee [38, 131] performed a force balance for the 

material in front of a pan dryer blade to develop an expression for the force experienced 

by the particles. Utilizing the developed expression, they were able to show that the force 

on the particles in front of the blade decreases with an increase in the pitch angle of the 

blades.        

1.8. Outstanding Issues and Path Forward 

Many questions still remain regarding the behavior of granular materials in 

mechanically agitated devices. Most of the previous work done on bladed mixers has 

focused on specific unit operations (i.e. blending, wet granulation or agitated drying) and 

on the parameters affecting the performance of these processes. The majority of these 

studies have not thoroughly investigated the underlying physics of particulate flows in 

bladed mixers limiting the usefulness of the findings.  

Few studies are found in the literature which attempt to explain the observed 

behavior via mechanistic arguments. Previous studies have been limited to a small set of 

process variables and have not clearly correlated operating parameters and particle 

properties to macroscopic properties. Little is currently known about the evolution of 

stress in bladed mixers and the parameters that affect the stress. Relatively simple blade 

configurations have mostly been studied. More industrially relevant blade configurations 

remain to be examined.  
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Industrial bladed mixer operations often involve the use of components with 

particle size distributions and with a certain amount of moisture. Most of the fundamental 

segregation studies in bladed mixers have been performed using binary mixtures of small 

and large particles. The effect of increasing polydispersity on segregation has not been 

explored. It is unclear whether the binary mixture results can be extended to the more 

complicated case of pseudo-continuous particle size distributions. The effect of moisture 

content on granular flow in bladed mixers has not been extensively studied. The most 

prominent effect of moisture is an increase in interparticle cohesiveness, which directly 

impacts the bulk flowability of the granular material.  

The work presented here addresses some of the questions that still remain 

regarding the behavior of particulate systems in bladed mixers. Chapter 2 introduces the 

experimental and numerical methods used to examine flows in the bladed mixer 

geometry. Characterization of monodisperse flows via numerical simulations is presented 

in Chapter 3. Chapter 4 highlights the effect of mixer properties and mixer scale on 

granular behavior. Accompanying experiments are described in Chapter 5 which validate 

the applicability of the numerical simulations and reveal the effect of shear rate on flow 

regime transitions. Polydisperse systems are examined numerically and experimentally in 

Chapter 6. Experimental and numerical examination of wet particulate flows is included 

in Chapter 7. Conclusions are presented in Chapter 8 along with recommendations for 

future work.  
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1.9. Figures for Chapter 1 
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Figure 1.1 Tentative schematic of particulate flow regimes a) Slow, frictional flows, 
b) Rapid flows, and c) Intermediate flows. From Tardos et al. [43]. 
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Figure 1.2 Segregation patterns in a rotating drum. a) Effect of rotation rate on radial 
banding. From Hill et al. [59]. b) Effect of particle size, cylinder diameter and rotation 
rate on axial  banding. From Alexander et al. [57].  

 

 

Figure 1.3 The four main proposed mechanism for segregation. From Tang et al. 
[62]. 
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Figure 1.4 The different states of wet granular flows. From Papadakis et al. [90]. 

 

 

Figure 1.5 Rate processes in wet granulation. From Litster [113]. 
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Chapter 2. Numerical and Experimental Methods 

2.1. Numerical Simulations  

While experimental studies can provide insight into the behavior of granular 

materials during flow, these studies are often limited by the capabilities of current 

analytical techniques. Experimental measurements are usually restricted to off-line 

analysis of samples removed from the particle bed or to on-line measurements of a small 

number of variables at specific locations. In contrast, the use of numerical simulation 

techniques can reveal a greater level of detail of how granular flows develop in complex 

equipment configurations. The discrete element method (DEM) is one of the most widely 

used numerical tools in the study of granular flows [86]. This technique provides insight 

into the system’s dynamics and transient behavior and allows for the study of parameters 

that are difficult to measure or vary experimentally. For example, DEM simulations can 

generate information on localized flow, contact networks and stress profiles; information 

that with current experimental techniques is difficult if not impossible to obtain. In the 

following sections, we discuss the DEM models used in this work along with the 

theoretical considerations associated with these models. Methods for determining 

important macroscopic quantities from the discrete simulation data are also described. 

2.1.1. Theoretical Basis 

The macroscopic flow of particulate systems is governed by the particle 

interactions that occur at the microscopic level. As such, DEM describes the behavior of 

a particulate system by considering the inter-particle contacts. In general, DEM models 

are classified into two categories: hard-sphere models and soft-sphere models [132]. In 
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hard-sphere particle simulations (also referred to as event-driven simulations), particle 

collisions are assume to be binary and instantaneous. These assumptions are generally 

valid for low concentration systems in which the collision time is orders of magnitude 

lower than the mean free flight time between collisions (i.e. granular gases) [133]. In this 

type of simulation, the time to the next binary collision is calculated and used to update 

the positions and velocities for all the particles in the system. Post-collision velocities are 

calculated from the coefficient of restitution, a material quantity which relates the amount 

of kinetic energy dissipation that occurs during a collision to the particle velocities. The 

effect of surface roughness is usually accounted for by imposing a coefficient of 

tangential restitution which limits the angular velocity of the particles after contact [134]. 

The limitation of the hard-sphere models comes from the assumption of instantaneous 

particle collisions, which makes this type of approach inappropriate for simulating 

systems experiencing enduring contacts (i.e. quasi-static flows and intermediate regime 

flows).    

Soft-sphere models, on the other hand, are appropriate when particle contacts are 

sustained. In these types of simulations (also referred to as time-stepping simulations), 

Newton’s equations of motion are numerically integrated with time for each particle 

starting from an initial system configuration. If the time-step for integration is sufficiently 

small, it can be assumed that the state of a particle is only affected by contact with its 

neighbors and boundaries, as well as body forces [86]. Thus, at any given time-step, the 

soft-sphere models consider only pair-wise interactions of neighboring particles. Figure 

2.1 depicts the microscopic particle-particle (Figure 2.1a) and particle-boundary (Figure 

2.2b) contacts. 
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The motion of each particle is described by 

gmFF
dt
dvm i

T
ij

j

N
ij

i
i ++= ∑ )(   (2-1) 

rij
T

ij
j

i
i

i FR
dt

dI τω
+×=∑ )(    (2-2) 

where mi, Ri, Ii, vi and ωi are the mass, radius, moment of inertia, linear velocity and 

angular velocity of particle i, and g is the acceleration due to gravity. Solution of 

equations 2-1 and 2-2 requires explicit expressions of the forces experienced by particles 

during contact as a result of the particles undergoing deformation. These forces are 

generally decomposed into normal ( ) and tangential ( ) components. Continuum 

approaches such as contact mechanics or the Finite Element Method could be used to 

estimate the value of the contact forces. However, these approaches would be very 

computationally expensive [133]. To achieve computational efficiency, several simplified 

models have been developed for spherical particles which relate the magnitude of these 

forces to the amount of deformation that occurs during contact. The extent of deformation 

in the normal direction is characterized by the overlap or normal displacement (

N
ijF T

ijF

nδ ) of 

two spherical particles [135]:   
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where ri and rj  represent the position vectors for particles i and j respectively.  

In general, 3 types of mechanisms can govern the deformation of particles during 

contact: elasticity, viscoelasticity, and plastic deformation [132]. Elastic collisions occur 

when the contact displacement is reversible and no kinetic energy is lost as a result of 
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particles colliding. However, loss of kinetic energy usually occurs in realistic materials 

[52]. In viscoelastic contacts, the deformation incurred during a collision is reversible but 

the amount of displacement is dependent on the displacement rate. For plastic collisions, 

the deformation of particles is permanent and the amount of displacement is independent 

of the displacement rate. The latter two mechanisms lead to the dissipation of energy 

during contact. Therefore, most soft-sphere DEM models consider either a viscoelastic or 

a plastic mechanism in the formulation of contact force expressions. 

For viscoelastic DEM models, the force expressions include two terms: a 

repulsion (or elastic) term and a dissipation (or viscous) term. The simplest viscoelastic 

force model is the linear spring-dashpot model which assumes a linear relationship 

between the elastic force and the displacement and a linear dependence of the viscous 

dissipation on the displacement rate [136]. The repulsion term is calculated assuming a 

Hooke-type relation between the stiffness of the particles and the displacement. The 

dissipation term is calculated by multiplying the displacement rate by a damping constant 

[137]. The linear spring-dashpot model yields an analytical solution for the collision time 

[135] making it computationally efficient. However, this model is not based on contact 

mechanics and it leads to a constant coefficient of restitution and a constant collision 

time. Experimental data has shown that both the coefficient of restitution and the 

collision duration are functions of the pre-collision velocity [132, 135].  

The limitations of the linear viscoelastic models can be overcome by using non-

linear models based on Hertz contact theory. In these models, the elastic force is obtained 

from the stiffness of the particles multiplied by the displacement to the 2
3  power. The 

stiffness coefficient is obtained from the physical properties of the material such as the 
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Young’s modulus and the Poisson ratio [138]. This facilitates the implementation of these 

force models as stiffness values can be obtained from material properties which are 

readily available in the literature for a variety of materials. In general, these models lead 

to coefficient of restitutions and collision durations which are collision velocity 

dependent. However, most of these models do not allow for the analytical solutions of 

their differential equations and must be solved numerically making them more 

computationally expensive than the linear models.  

DEM models which allow for the plastic deformation of particles during contact 

are often referred to as hysteretic models. In these models, the contact forces are set to 

zero when the final amount of particle deformation is reached. At this point, the particles 

are no longer in contact. An ideal plastic behavior can be easily implemented in a DEM 

algorithm by using different stiffness values for the loading and unloading phases of 

particle contact (i.e. approach and retraction). Linear and non-linear hysteretic models are 

found in the literature, but the linear models provide an analytic solution for determining 

the final amount of particle deformation during contact [133] making them more 

computationally efficient. When the loading and unloading stiffness coefficients are 

assumed to be constant, these models yield a constant coefficient of restitution but a 

velocity-dependent collision time. The challenge in using the plastic models is the 

determination of the loading and unloading stiffness from physical material properties. 

Often, the value of the stiffness coefficients is set so that a particular value of the 

coefficient of restitution is achieved during contact.  
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2.1.2. Contact Force Model 

The contact model used in this work is based on the work of Tsuji et al. [131], 

which provides a non-linear force based on Hertzian contact theory. The normal contact 

force is given by 
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where  is the normal stiffness coefficient, and nk~ nγ
~  is the normal damping coefficient. 

The normal stiffness coefficient is obtained from  
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with E being the particle’s Young’s modulus and σ  the particle’s Poisson ratio. *R is 

defined as the effective radius of the contacting particles and is obtained by 
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The normal damping coefficient is given by 
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where e is the coefficient of restitution. This model assumes a constant coefficient of 

restitution and results in a velocity-dependent collision time. While experimental data 

suggest an impact-velocity dependent coefficient of restitution, this model has been 

shown to produce DEM results in good agreement with experimental data [131, 139-141] 

and comparable with other commonly used contact models [133, 142]. 

The tangential force is calculated from  
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where  is the tangential stiffness coefficient, ttk~  δ  is the tangential displacement and t γ~  

is the tangential damping coefficient. The tangential stiffness coefficient is based on the 

work from Mindlin [143] and is given by  
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where G  is the particle’s Shear modulus. The tangential displacement is calculated by  
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where  is the relative tangential velocity of the colliding particles and is defined as  t
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In equation 2-11, s is the tangential decomposition of the unit vector connecting the 

centers of the particles. The tangential force is limited by the Coulomb condition, 

N
s

T FF μ< . When the tangential force obtained from equation 2-8 exceeds the 

Coulomb limit, the tangential displacement is set to t
T

t kF ~/=δ  in order to account for 

slip during a contact. It is interesting to note that as a consequence of setting tδ  equal to 

, t
T kF ~/ tδ  is always less than . The effect of rolling friction is included in the 

term

t
N kF ~/

ωμτ r RF N
r−= . In this work, the tangential damping coefficient is assumed to be 

the same as the normal damping coefficient. 
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2.1.3. Cohesive Force Model 

The effect of moisture content in granular flows can be investigated via DEM 

simulations by including an extra term in the equation of linear motion [144]: 
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where  is the cohesive force experienced by particle i due to the formation of a liquid 

bridge between it and particle j. For the case of low moisture contents (also known as the 

pendular regime), it can be assumed that discrete liquid bridges form only when particles 

come into contact. This assumption makes the inclusion of a capillary force into a DEM 

algorithm straight forward. The existence of liquid bridges in the pendular regime 

depends on the amount of liquid in the system, the surface characteristics of the particles 

and on the pore size distribution [145, 146]. The transition between the pendular regime 

and the funicular regime is not well defined. Several authors have reported a transition 

from the pendular to the funicular regime for liquid-to-solid volume ratios ranging from 

4% to 17% [145-149].  

C
ijF

A schematic representation of a liquid bridge in the pendular regime is shown in 

Figure 2.2. The capillary force resulting from the surface tension and the pressure 

difference inside the liquid bridge can be expressed as [144] 

βπθββπγ 22 sin)sin(sin2 PRFc Δ++=   (2-13) 

where β is the half filling angle, θ is the contact angle, γ is the surface tension and ΔP is 

the pressure difference across the air-fluid interface. In order to solve equation 2-13, an 

expression relating the hydrostatic pressure within the liquid bridge to its geometry is 

needed. The Laplace-Young equation provides this relationship by assuming that the 
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mean curvature of the meniscus is constant and proportional to ΔP. Several analytical and 

numerical solutions of the Laplace-Young equation are available in the literature [86, 

150] but many of these solutions tend to be complex and not easily implemented in 

discrete simulations. However, explicit force expressions derived from approximate 

solutions of equation 2-13 and the Laplace-Young equation [89, 144] can be included in 

DEM algorithms without compromising computational efficiency. The cohesion force 

model proposed by Mikami et al. [144] was used in this work. This model is based on 

regression expressions obtained from numerical solutions of these two equations. From 

this model, the cohesion force is given by 
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where cF
)

 is the normalized capillary force ( γπRFF cc 2/=
)

), V
)

is the dimensionless 

liquid bridge volume 3( / RVV =
)

), h 
)

is the dimensionless separation distance between 

the surface of the particles ( R/hh =
)

); and A, B and C are constants. The Mikami model 

has been shown to yield capillary forces in good agreement with experimental data and 

with other numerical solutions of the Laplace-Young equation [89, 151]. 

When pendular bridges are stretched, the thickness of the liquid layer decreases   

leading to the formation of Rayleigh instabilities within the liquid bridge [152]. These 

instabilities eventually cause the rupture of the liquid bridge at large separation distances. 
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The distance at which a pendular bridge breaks is determined by using the expression 

proposed by Lian et al. [150] 

34.0)99.062.0( Vhc
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The presence of moisture also leads to the development of viscous forces between 

particles. The capillary number relates the magnitude of the viscous force to the capillary 

forces in a liquid bridge, and is calculated by 

γ
ηUCa =          (2-19) 

where η is the dynamic viscosity of the liquid and U is the characteristic velocity. For a 

water wet granular material flowing at a velocity of 0.2 m/sec (a typical velocity in a 

bladed mixer), the value of the capillary number is Ca < 0.01. This indicates that the 

effect of the viscous forces is negligible compared to the effect of the capillary forces. 

The effect of dynamic viscous forces will not be considered in this work. 

The following assumptions were made in the implementation of the liquid bridge 

model into the DEM algorithm: 

1. The total amount of liquid in the system is perfectly mixed throughout the 

entire particle bed such that each liquid bridge has the same volume of liquid. 

2. No condensation or evaporation of the liquid occurs. 

3. A pendular liquid bridge is formed at the point of contact when two particles 

come in contact. 

4. A pendular liquid bridge is formed at the point of contact when a particle 

comes in contact with the walls. 

5. Liquid bridges move tangentially slipping over the surface of the particles and 

the walls (i.e. the capillary force acts only in the normal direction).  

 



40 

2.1.4. Mixer Geometry and Input Parameters 

A schematic of the mixer geometry used in this work is presented in Figure 2.3. In 

our coordinate system, the origin is located at the center of the cylinder’s bottom plate. 

Table 2.1 shows the mixer dimensions that were used for the base case simulations. The 

effect of increasing mixer size is discussed in Chapter 4. The amount of particles in the 

base case simulations was set such that the top of the particle bed covered the top of the 

blades. The effect of increasing particle bed height beyond the top of the blades is 

discussed in Chapter 4. In the base case simulations, the particles were assumed to be 

monodisperse and cohesionless. The effect of polydispersity is discussed in Chapter 6 

while the effect of cohesion is discussed in Chapter 7. Particles are created in the 

computational space and allowed to settle under gravity while the blades remain 

stationary. Blade movement is started once particle deposition has been completed. 

Measurements are taken after the system has reached steady state. The system is 

considered to be at steady state when the total kinetic energy of the system reaches a 

constant value, indicating that the amount of energy lost due to inelastic collisions is the 

same as the amount of energy gained from the movement of the blade. Under the 

conditions of our simulations, steady state is reached within 2 sec of blade movement. 

The input parameters for the base case simulations are listed in Table 2.2 and are, 

in general, those of glass. The value of Young’s modulus was decreased to reduce 

computational time. Parametric sensitivity studies showed that reducing the value of 

Young’s modulus had a negligible effect on flow patterns, velocity profiles and inter-

particle shear stresses. These observations are consistent with the literature [108-110, 

153, 154]. The parametric studies also showed that the amount of viscous dissipation in 
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the normal and tangential directions had a negligible effect on the results obtained in our 

bladed mixer. The maximum normal overlap observed in the simulations was 4%, and the 

average overlap was < 1%. The physical properties listed in Table 2.2 were used for the 

particles, the blades and cylinder walls in the base case simulations. The effect of varying 

the cylinder wall parameters is discussed in Chapter 4. 

2.1.5. Macroscopic Flow Properties 

Important macroscopic quantities can be calculated from the discrete particle data 

by implementation of temporal and spatial averaging procedures. In this section we 

describe the various averaging procedures used in the determination of macroscopic 

variables.  

The granular temperature is one of the macroscopic quantities of interest as it 

provides a measurement for the degree of random movement of the particles in the 

system. The granular temperature is defined as [107] 

''

2
1 uuT =       (2-20) 

were u’ is the fluctuation velocity. The mean velocity for a group of particles within a 

control area at a specific time is subtracted from the velocity of each particle yielding the 

fluctuation velocity.  denotes the temporal averaging of the quantity u’u’ (the square 

of the fluctuation velocity of each particle). Temporal averaging is done once the particle 

system is at steady state.  

The local void fraction within the particle bed is calculated using the method of 

overlapping spheres. Spherical control volumes are created throughout the computational 

domain and the number of particles which overlap with each spherical control volume is 
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determined. The local void fraction is calculated by subtracting the overlapping volume 

of each particle from the control volume size 
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where  is the radius of the spherical control volume,  is the radius of particle k, a is 

the distance between the center of the particle and the center of the control volume and 

 is the size of the control volume. 

CR kR
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We gauge particle motion at the microscopic level by calculating particle 

diffusivities which describe the mass flux rate due to the particles’ “random walk”. The 

diffusive tensor calculation was taken from Campbell [155] and is given by 

txxxxD jjiiij ΔΔ−ΔΔ−Δ= 2)((    (2-22) 

where  represents the particle displacement in the i direction relative to the particle’s 

initial position, 

ixΔ

ixΔ is the mean particle displacement and  is the corresponding 

diffusion coefficient in the i direction due to a gradient in the j direction. Particle 

diffusivities were computed with a 

ijD

tΔ of ¼ of a revolution and were averaged over all the 

particles within the computational domain. The convective and diffusive contributions to 

particle motion are compared by calculating the Peclet number 

ij

i
ij D

RU
Pe =       (2-23) 

where  is the average particle speed in the i direction, R is the mixer radius and  is 

the corresponding diffusion coefficient. 

iU ijD
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The degree of mixing obtained within the particle system is determined by 

dividing the computational domain in half across the horizontal plane and coloring 

particles on the left side differently from the particles on the right. We then perform 

statistical analysis on particle concentration for a specific color particle. At a particular 

time step, we compute the relative standard deviation (RSD) of particle concentration for 

the entire system. The RSD is obtained from the following formula: 

conc

conc

M
RSD

σ
=       (2-24) 

where concσ  is the standard deviation of the particle concentration over all the samples 

taken, and is the overall mean particle concentration. The RSD value obtained can 

be highly sensitive to sample size and sample number. The sample grid size for the RSD 

calculation was determined by varying the sample number and size until the RSD value 

obtained was independent of sampling grid (~ 5 particle diameters). A perfectly mixed 

system would yield an RSD value of zero while a fully segregated system would yield an 

RSD value of 1. 

concM

For polydisperse systems, a metric capable of characterizing mixing in systems 

composed of multiple particle sizes is required for a fair comparison across systems. The 

mixing metric, M  [156], is used to calculate degree of mixing for polydisperse systems 

and is given by 

mixS
SM =      (2-25) 
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where  represents the degree of mixing of all particle species at a specific time step and 

 is the degree of mixing for a well mixed system. The computational domain is 

divided into  cells and the value of  is obtained from  

S

mixS

k S

∑ ∑=
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k
i

k
ik xxnS )ln(     (2-26) 

where  is the total particle number fraction in cell k and  is the number fraction of 

species i in cell k .  is calculated by assuming that the number concentration of a 

species in each cell is equal to the system concentration for that species. The size of the 

sampling cell was determined by varying this parameter until the value of M obtained 

was independent of cell size (~ 5 particle diameters). This metric considers the variation 

in concentration of each particle size in the system. A perfectly mixed system would 

yield M = 1 while a fully segregated system would yield M = 0. 
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ix

mixS

Stresses within the particle bed were calculated following the procedure outlined 

by Campbell [19]. Collisional stresses are obtained from 

ji
c

ij kF
V
d

=τ      (2-27) 

where d is the diameter of the particle, Vc is the size of the control volume, Fi is the total 

contact force and kj is the unit vector pointing along the line connecting the centers of the 

colliding particles. As before,  represents the temporal averaging within the control 

volume. Stresses in granular systems are known to be scale-dependent [157]. As such, the 

calculated stress values are affected by the size of the control volume. The size of the 

control volume used here was determined by varying this parameter until the stress 

values obtained were independent of control volume size (~ 5 particle diameters). In this 
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work, only the contribution of collisional stresses is considered as kinetic stresses were 

found to be 3 orders of magnitude smaller.  

The collisional stress tensor was calculated in a 3-dimensional cylindrical 

coordinate system. Our analysis showed that a symmetric stress tensor is obtained 

following this procedure (i.e. θθ ττ rr = ). We focused our attention on the average normal 

stress and the shear stress component in the plane of the blade rotation, rθτ . From the 

normal stresses, the pressure inside the particle bed is given by 

( )yyrrP τττθθ ++=
3
1     (2-28) 

where θθτ , rrτ  and yyτ are the normal stresses in the tangential, radial and vertical 

direction, respectively. 

2.2. Experimental Method 

The lack of information on flow kinematics in bladed mixers can lead to problems 

during process design, operation and scale-up. Particle velocities affect the rates of 

mixing, heat and mass transfer and, in the case of wet granulation, the rates of 

agglomerate formation. In addition, the role of particle surface characteristics on process 

performance is still not well understood. While numerical simulations can yield vast 

amounts of information on granular flows, few bladed mixer numerical studies are found 

in the literature where the results obtained from these simulations are compared and 

validated against those obtained experimentally. Stewart et al. [108] compared the 

particle velocities from DEM simulations in a two-flat-blade mixer to those obtained via 

PEPT for glass beads. A detailed comparison between DEM simulations and 

experimentally measured particle velocities in more complex blade configurations is still 
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lacking. In the following sections, the experimental techniques used to examine particle 

flows in bladed mixers are described. Experimental procedures for roughening of glass 

bead surfaces via coating are also detailed. These procedures enable the investigation of 

surface roughness effects on resulting granular flows in bladed mixers. 

2.2.1. Experimental Set-up 

The experimental bladed mixer geometry is similar to the geomtery used in the 

simulations and is also illustrated by Figure 2.3. The dimensions for the laboratory mixer 

are shown in Table 2.3. The laboratory unit consisted of a glass cylindrical vessel agitated 

by an impeller with a glass shaft and 4 Teflon® blades pitched at a 45° angle. The 

granular material used in this work was Dragonite® glass beads (Jaygo Incorporated, 

Union, NJ) with diameters of 2, 3 and 4 mm (± 0.3 mm). Three types of 2 mm beads 

were used: clear beads, surface-colored red beads and surface-colored blue beads. The 

red and blue beads were used for the PIV experiments while the red and clear beads were 

used for mixing experiments and wet particle experiments. The 3 mm beads used were 

surface-colored black while the 4 mm beads were white colored. Shear cell analysis and 

SEM inspection of the glass bead surfaces showed that the surface coloring of the beads 

did not significantly affect the surface roughness of the particles or the flow behavior of 

the particles under the conditions of our work.  

For the PIV experiments, the granular material was loaded into the laboratory 

mixer to an initial bed height of ~27 mm. This bed height was sufficient to cover the top 

tip of the blades. The impeller was driven by a motor with a speed controller with an 

accuracy of ± 0.1 RPM under load. Once the material was loaded into the mixer, the 

impeller was rotated counterclockwise which leads to a blade pitch that has an obtuse 
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angle relative to the movement of the particles [106]. This blade orientation is most 

common in particle processing operations. The flow was allowed to stabilize before 

measurements were taken and flow stabilization was usually achieved within 2 sec of 

impeller rotation. 

2.2.2. Particle Image Velocimetry 

The PIV technique allows for the tracking of particles in a granular bed from 

high-speed CCD images. PIV has been successfully applied to the study of granular flows 

in some prototypical geometries, such as chute flows [27] and rotating drums [32]. In PIV 

consecutive images of the flow field are taken over a known time interval. The 

displacement of particles between the two images is calculated using a cross-correlation 

algorithm. The images are divided into rectangular regions called interrogation cells. A 

cross-correlation function relates the light intensity within an interrogation cell at a 

specific coordinates with the light intensity for other interrogation cells in the subsequent 

image. From this analysis, the displacement of a group of particles present in each 

interrogation cell is calculated to give an average particle displacement vector.  

The discrete cross-correlation function is given by  

∑ ∑
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where f(k,l) is the function that describes the light intensity within the interrogation cell 

with pixel coordinates (k,l) recorded at time t, and g(k+m,l+n) is the light intensity 

function for a pixel at coordinates (k+m,l+n)  taken at time  t+Δt [158]. The position of 

the highest correlation peak in the correlation plane corresponds to the average particle 

displacement in the interrogation cell. The time required for the cross-correlation 
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calculation to be performed can be reduced by use of the Fast Fourier Transform (FFT). 

This is done by performing a complex conjugate multiplication of each corresponding 

pair of Fourier coefficients instead of performing a sum over all the elements present in 

the sampled region. The set of coefficients are then transformed from the frequency 

domain to the image domain to obtain the cross-correlation function [107, 158]. In this 

work the movement of each particle is tracked to avoid particle identification errors 

which could occur when a small number of "seeding" particles are used [159]. Particle 

tracking is done by shining a halogen light onto the bed and creating a glare spot on each 

particle. The glare spot acts as the tracer for each particle and facilitates the correct 

identification of particles in between frames. This allows for the tracking of each particle 

in the surface and minimizes identification errors.  

The PIV technique yields both instantaneous and mean velocity vector fields for 

2-D flows structures at the bed top free surface and through the transparent sidewalls. 

The PIV experimental set-up is illustrated in Figure 2.4. A high speed camera (Redlake 

MotionScope Model PCI 1000S) is placed directly above one quadrant of the flow in the 

bladed mixer and is used to record images of the free-surface at 250 frames per second. 

The top surface image spans the entire radius of the container. After the measurements on 

the top surface are taken, the camera is then placed on the side of the mixer to obtain 

velocity fields near the cylinder walls. Sequential images are analyzed using cross-

correlation and a 3x3 interrogation cell smoothing. The cross-correlation analysis is 

performed using the commercially available software FlowManager v4.71® from Dantec 

Measurement Technology. Mean velocity fields are obtained by averaging over a 

minimum of 512 frames. 
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2.2.3. Particle Surface Roughening via Surface Coating 

In order to study the effect of particle surface roughness on flow kinematics, 

procedures for the surface modification of the 2 mm glass beads were developed. In these 

procedures a rotating drum is used to coat the surface of beads with silica sand or with 

magnesium stearate (MgSt). Silica sand and MgSt were chosen as coating materials due 

to the increased asperity and irregular shape of their primary particles. The silica sand 

particles used were angular in shape with a mean particle diameter of 300 µm, while the 

MgSt was composed of irregular plates with a 15 µm mean diameter. The rotating drum 

used as the coater was made out of glass with an outer diameter of 20.5 cm and a height 

of 8 cm. The rotating drum contained 4 Teflon® baffles equally spaced along the side 

wall of the drum. The baffles were 3 cm deep and 7 cm in height.  

For the coating with silica sand, 200 to 400 grams of 2 mm glass beads were 

placed inside the rotating drum. The top surface of the beads was then sprayed with 5 to 

10 grams of spray glue dissolved in organic solvents (Super 77 Multipurpose Adhesive 

glue from 3M). Silica sand was then added to the rotating drum (100 to 200 grams) and 

the pressure was reduced to below 200 mbar via vacuum. The drum was then rotated at 

30 RPM while still under vacuum for 15 min to dry the beads. Some bead and sand 

agglomerates were formed during this coating procedure. In order to separate the evenly 

coated beads from the agglomerates, the mixture was sieved through No. 8 and No. 12 

sieves. The large agglomerates were captured in the No. 8 sieve and disposed of. The 

evenly coated beads were captured in the No. 12 sieve. This afforded silica sand coated 

beads with a diameter ranging from 2.4 mm to 1.7 mm. To coat the glass beads with 

MgSt, we relied on the adhesive interaction between MgSt and the surface of the glass 
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beads. The MgSt used in particle coating was obtained from Mallinckrodt Chemicals 

(CAS No. 557-04-0). 200 to 400 grams of glass beads were added to the rotating drum 

followed by 50 to 100 grams of MgSt. The drum was rotated at 30 RPM under 

atmospheric pressure for 15 min. Some small MgSt agglomerates were created during the 

coating procedure. The resulting mixture was sieved through a No. 8 and No. 12 sieves in 

order to separate the coated beads from the MgSt agglomerates. The resulting MgSt 

coated beads had a particle diameter ranging from 2.4 mm to 1.7 mm. 
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2.3. Figures for Chapter 2 
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Figure 2.1 Schematic representations of microscopic contacts and the quantities 
considered by soft-sphere particle simulations. a) particle-particle contacts b) particle-
boundary contacts. 
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Figure 2.2 Capillary force model. a) schematic representations of a liquid bridge 
between two particles and b) dynamics of liquid bridge formation. From Mikami et al. 
[144]. 
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Figure 2.3 Mixer Schematic and coordinate system. 
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Figure 2.4 Laboratory PIV set-up. 
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2.4. Tables for Chapter 2 

Dimension Value (mm) 
D0 315 
D1 32.5 
D2 152.5 
H0 115 
H1 45 
H2 10 

 
Table 2.1. Mixer dimensions for base case simulations. 

 
Variable Symbol Value 

Rolling Friction Coefficient µr 0.005 
Sliding Friction Coefficient µs 0.1-0.5 

Particle density ρ 2.2 g/ml 
Young’s modulus E 2.6x106 Pa 

Coefficient of restitution e 0.6 
Particle Diameter (d) d 2-10 mm 
Number of Particles N 5000-200000 

Poisson’s ratio σ 0.25 
Time step  < 1x10-5  sec 

 
Table 2.2. Input parameters for base case simulations. 

 
Dimension Value (mm) 

D0 100 
D1 12.5 
D2 45 
H0 70 
H1 25 
H2 2 

 
Table 2.3. Laboratory mixer dimensions. 
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Chapter 3. Numerical Characterization of Monodisperse, Cohesionless Flows 

In order to understand the behavior of complex granular flows in bladed mixers, 

such as polydisperse flows and wet flows, the behavior of monodisperse, cohesionless 

systems must first be explored. Understanding the effect of operating parameters and 

particle properties on macroscopic properties like density, pressure, stress and granular 

temperature is necessary for the effective operation, scale-up and design of bladed 

mixers. This knowledge is also necessary for the development of continuum models that 

would accurately describe the flow of granular materials in bladed mixers. In this chapter, 

we use DEM to provide a 3-dimensional picture of granular behavior in bladed mixers 

including flow patterns, mixing kinetics, bulk density, granular temperature and pressure 

and shear-stress profiles. We examine the effect of blade orientation, sliding friction and 

shear rates on the temporal and spatial averages of these parameters as well as fluctuating 

values. We compare our results to previously reported experimental and computational 

results. The findings presented are relevant to the operation and optimization of industrial 

processes as they provide insight on parameters that may affect mixing, segregation, heat 

transfer, particle attrition and particle agglomeration. The simulation results present in 

this chapter were obtained with a fill level just covering the top of the blades and blade 

speed of 10 and 20 RPM. 

3.1. Effect of Blade Orientation 

We begin by characterizing the flow of granular material for different blade 

orientations. For the blade configuration shown in Figure 2.3, the granular material can 

be sheared at two different blade pitches. By rotating the blades counter-clockwise, the 

blade pitch relative to the movement of particles has an obtuse angle. This blade 
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orientation is most common in particulate processing equipment. Rotating the blade 

clockwise produces an acute blade pitch. While less common, this blade orientation is 

used in industrial processing during unloading operations or smoothing of beds in filter 

dryers. In the results presented, a counter-clockwise rotation is denoted by a positive 

tangential velocity; a clockwise rotation is denoted by a negative tangential velocity. We 

compare the flow structures and highlight the differences obtained for each configuration. 

The blade speed for both blade orientations was set to 20 RPM. The results listed in the 

following sections were obtained using 5 mm particles with sliding friction coefficients 

(µs) of 0.3, a typical value for glass beads. 

3.1.1. Velocity Profiles 

Instantaneous velocity profiles at radial position r = 0.09 m and height h = 0.06 m 

are shown in Figure 3.1 for the obtuse and acute blade pitches. A cubic control volume 

with a size of 6 particle diameters was created at these coordinates. This position was 

chosen as the control volume would be located halfway between the impeller shaft and 

the cylinder wall and would include particles above and within the span of the blades. 

The velocity components were calculated by averaging over the control volume at a 

particular time-step. The velocity profiles in Figure 3.1 show a periodic behavior for both 

the obtuse and acute blade pitches. A Fast Fourier Transform (FFT) analysis of the 

tangential velocity component (Vt) revealed that the main frequency of this fluctuation is 

1.3 Hz which corresponds to the rotation frequency of the blades. This analysis was 

carried out using the Fast Fourier Transform algorithm in MATLAB. The same main 

frequency was obtained when this analysis was extended to the radial (Vr) and vertical 

velocities (Vy). This periodic behavior was observed experimentally by Lekhal et al. [37] 
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for velocity surface measurements. Here we are able to track velocity fluctuations 

throughout the particle bed. The power spectrum obtained from this analysis is shown in 

Figure 3.1d for the obtuse blade pitch and Figure 3.1h for the acute blade pitch. The 

intensity of the main peak for the obtuse blade pitch is higher than that of the acute blade 

pitch indicating a higher fluctuation amplitude.  

The tangential velocity for both blade configurations is one order of magnitude 

higher than the radial and vertical velocities. Particle movement in this system is 

therefore dominated by the angular movement of the blade. Radial and vertical velocity 

values fluctuate around zero, while the tangential velocity does not. This indicates that 

the position of the particles relative to the blade determines if particles rise or fall or if 

they flow towards the cylinder wall or towards the impeller shaft. The amplitude of the 

radial and vertical fluctuations is higher for the obtuse blade pitch than for the acute blade 

pitch.  

While the main flow of the particles in this system is in the tangential or angular 

direction, complex flow structures are observed. As the blades rotate, the granular bed 

deforms by forming heaps where the blades are present and valleys between blades 

passes. Figure 3.2 depicts time-averaged velocity fields for particles above the blades in 

the horizontal plane. Averaging was performed considering only the time-steps for which 

the blades were present at the position shown in Figure 3.2. Figures 3.2a and 3.2c show 

the horizontal plane velocity field for the obtuse and acute blade pitch respectively. The 

color of the vector represents the value of the vertical velocity. The velocity fields for the 

obtuse and acute cases are very similar with the main difference being the direction of 

flow. As expected, the magnitude of the velocity increases for particles close to the wall. 
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Additionally the velocity is higher for particles near the front of the leading blade than for 

particles behind the adjacent blade. For the vertical velocity, the magnitude is highest by 

the wall while particles near the shaft have a small vertical velocity component. This 

trend is observed for both blade orientations. The radial velocity fields are presented in 

Figure 3.2b for the obtuse blade pitch and 3.2d for the acute blade pitch. Particle radial 

movement is limited for the acute blade pitch, while higher radial velocities are observed 

for the obtuse blade pitch. Similar to the vertical velocity, the magnitude of the radial 

velocity is highest by the cylinder wall and smallest near the shaft. 

The radial and vertical velocity trends shown in Figures 3.1 and 3.2 suggest the 

existence of 3-dimensional recirculation patterns. These patterns are observed in the 

velocity fields obtained in the vertical plane (Figure 3.3). Figures 3.3a through 3.3c show 

the time-averaged radial and vertical velocity fields for the obtuse blade pitch at 3 

different positions. The magnitude of the tangential velocity is represented by the color of 

the vectors. For the obtuse blade pitch, the tangential velocity points out of the plane of 

the graph. In front of the blade (Figure 3.3a), a recirculation pattern develops analogous 

to the vortexing observed for liquid systems in cylindrical tanks agitated by pitch-blade 

turbines [160]. Experimental surface flow measurements suggested the existence of a 3D 

recirculation zone [106]. Our computational results confirm the existence of this zone and 

describe where and how the recirculation develops. A less prominent recirculation pattern 

was reported by Zhou et al. [110] for two flat blades. In particular the velocity for the 

particles near the bottom plate and the shaft was significantly smaller than what is 

observed in our system. In our system the recirculation is much stronger as due to the 

pitch of the blade, the particles by the wall flow upwards forming a heap. The particles on 
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the top of the heap move radially inwards which forces the particles by the shaft to flow 

downwards and radially outwards, leading to the pronounced recirculation. The existence 

of such recirculation patterns becomes important during process design and scale-up, as 

such patterns could lead to enhanced mixing in monodisperse systems and potentially in 

polydisperse systems as well. Unlike liquid systems, this recirculation pattern is only 

present near the front of the blade. In between the blades, the particles on top of the 

blades now flow radially outwards (Figure 3.3b) while particles by the bottom plate and 

shaft move mainly in the tangential direction. Particles by the wall flow upward with a 

small radial velocity component. As the blade passes, particles on the top of the heap fall 

behind the blade (Figure 3.3c). Particles within the blade height flow downward as they 

fall from the front of the heap similar to forward flowing avalanches. 

The acute blade pitch velocity profiles are shown in Figures 3.3d through 3.3f. In 

this case, the tangential velocity points into the plane of the graph and the magnitude is 

represented by the vector color. No recirculation pattern arises in front of the blade 

(Figure 3.3d) contrary to what is observed for the obtuse blade pitch. Particles by the 

cylinder wall flow downwards due to the blade’s pitch. Particle on top of the blade flow 

radially inwards. A “dead zone” can be noticed near the shaft and bottom plate, as these 

particles have a small tangential velocity component and almost no vertical or radial 

movement. This “dead zone” is present in between the blades (Figure 3.3e) and behind 

the blade (Figure 3.3f). The presence of this “dead zone” has a significant effect on the 

mixing performance for the acute blade pitch, as will be demonstrated in Section 3.1.3. 

Particles by the wall follow the same behavior in between the blades and behind the blade 

as in the obtuse blade pitch case (Figures 3.3e and 3.3f). 
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3.1.2. Density and Granular Temperature Profiles 

The bulk density of a system and the granular temperature profile are important 

macroscopic properties of a granular assembly. Knowledge of how these profiles develop 

in dynamic systems could assist in the development of continuum-like models analogous 

to classical fluid mechanics. Bulk density measurements provide insight into the system’s 

compression and dilation states and can help determine other macroscopic properties 

such as pressure. Granular temperature profiles could be used to gauge the diffusive 

behavior of particles [161] and the tendency of the system to segregate as temperature 

gradients have been shown to produce segregation [23]. 

Periodic bulk density waves are seen within the mixer (Figure 3.4). As in the 

velocity case, the main density fluctuation frequency is that of the blades’ rotation. This 

behavior indicates that the granular material compresses as the blade passes and dilates in 

between the blades. It is worth noting that qualitative differences in particle packing as a 

function of blade position were observed experimentally by Stewart et al. [105]. The 

DEM simulations allow us to quantify the frequency and magnitude of the density waves. 

Density profiles for the obtuse blade pitch as a function of mixer height and number of 

revolutions are shown in Figure 3.4a at r = 0.09 m. The average density and the 

amplitude of the fluctuations are a function of the mixer height. The power spectrums 

corresponding to these density profiles are shown in Figure 3.4b. The main peak height in 

the power spectrums shows that the amplitude of the fluctuations remains constant within 

the region that spans the height of the blades. In this region, the bulk density fluctuates 

between a maximum value of 1300 kg/m3 and a minimum value of 1000 kg/m3. This 

maximum value is close to the randomly close-packed density (~1400 kg/m3 in this case). 
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Above the blades, the mean value and amplitude of these fluctuations change 

significantly. At h = 0.055 m, the density fluctuates between 1300 and 800 kg/m3. The 

highest fluctuation amplitude occurs at h = 0.065 m, were density values range from 1200 

to 300 kg/m3. This region coincides with the top of the heaps. The granular material 

begins to compress at the leading edge of the heap and dilates as the particles fall in the 

wake of the blades. The magnitude of the density minima in this region suggests that the 

particle concentration in the wake of the blade is small. We may think of particles in this 

region as being fluidized for the period required for the wake of the blade to pass. The 

smallest density values are observed at the heap’s summit (h = 0.075 m) since particle 

concentration here is at its lowest. The amplitude of these fluctuations is similar to that at 

h = 0.055 m. 

A similar trend in density fluctuations is observed in the acute blade pitch case. 

However, differences in the average bulk densities were found. For the obtuse blade 

pitch, the total average bulk density was measured at ~ 900 kg/m3 while for the acute 

blade pitch the total average bulk density was found to be ~ 1100 kg/m3. The difference 

in bulk density can be explained by the blade configuration in each case. In the obtuse 

blade pitch configuration, the blade movement acts against gravity lifting the granular 

material up and causing dilation. On the other hand, the acute blade pitch acts in the same 

direction as gravity compressing the granular material as it gets pushed down. It should 

be noted that bed dilation relative to initial conditions (~ 1200 kg/m3 initial density) also 

occurs for the acute blade pitch but to a lower extent than for the obtuse blade pitch. The 

difference in bulk density affects the stress profile within the granular bed, as will be 

shown in Section 3.3. 
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The time-averaged granular temperature profiles are shown in Figure 3.5. Figures 

3.5a and 3.5c show contour plots of the granular temperature in the horizontal plane for 

the obtuse and acute blade pitch respectively. Vertical plane profiles are shown in Figures 

3.5b and 3.5d. Granular temperature maximums are observed near the cylinder wall 

(Figure 3.5a) and above the top tip of the blades (Figure 3.5b). These high temperature 

regions correspond to the areas where the particle velocity is the highest (as shown in 

Figures 3.2 & 3.3). Additionally, frictional interactions between the particles and the 

cylinder wall leads to an increase in granular temperature. The resulting velocity of wall-

colliding particles differs from that of the bulk flow due to wall friction. This behavior is 

also observed in granular flows down inclined chutes, where the granular temperature is 

highest by the rough chute wall [28]. Lower temperature regions exist near the impeller 

shaft and within the span of the blades. These colder regions represent areas of uniform 

particle flow and low velocity fluctuations. Similar granular temperature trends in the 

horizontal plane were observed experimentally by Lekhal et al. [107] via surface velocity 

measurements. The granular temperature for the acute blade pitch is much lower than for 

the obtuse blade pitch (Figures 3.5c and 3.5d). This is consistent with the velocity 

fluctuation results presented in Section 3.1.1. The acute blade orientation leads to more 

uniform flows where the bulk of the particles follow the angular motion of the blade. For 

this case, granular temperature is mostly generated by the frictional interactions with the 

cylinder wall and the bottom plate. 

3.1.3. Mixing Kinetics – Obtuse vs. Acute Pitch 

The difference in granular behavior observed between the obtuse and acute blade 

configurations lead to differences in mixing performance. We evaluate the degree of 
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mixing obtained for each blade orientation by coloring particles on the left side of the 

horizontal plane differently from the particles on the right side prior to blade movement. 

The particles have identical properties except their color. We then follow the mixing 

pattern as blade motion begins.  

Figure 3.6 shows snapshots of the top horizontal plane view for the obtuse blade 

pitch (Figure 3.6a) and for the acute blade pitch (Figure 3.6b) at different numbers of 

revolutions. Well-mixed zones in both cases are first observed by the cylinder wall, the 

area of highest granular temperature. Thus, the frictional characteristics of the wall 

facilitate mixing by increasing the fluctuation velocities. In contrast, areas of uniform 

flow and lower granular temperature remain unmixed for longer periods of time. 

Enhanced mixing is obtained for the obtuse blade pitch when compared to the acute blade 

pitch. This mixing difference is observed as early as after 1 revolution. After 4 

revolutions, the obtuse blade pitch system is well mixed and mixing is down to the 

particle-particle level, while unmixed regions still remain in the acute blade pitch system. 

The velocity profiles showed that for acute blade pitch flows, “dead zones” appear and 

the 3-D recirculation found for the obtuse blade pitch is not present. Convective mixing is 

reduced by agitating with an acute blade pitch. Additionally, the acute blade pitch leads 

to a lower granular temperature within the particle bed. This decrease in granular 

temperature is associated with a decrease in particle diffusivity. Diffusive mixing is 

therefore hindered by acute blade pitch flows. The difference in mixing performance is 

confirmed with the calculation of the system’s RSD (Figure 3.7). After 5 revolutions, the 

RSD for the obtuse blade pitch is 0.45 while for the acute blade pitch is 0.51, indicating 
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that a higher number of un-mixed regions exist in the acute blade pitch case. The 

difference in mixing performance is still present after 10 revolutions. 

3.2. Effect of Microscopic Friction 

Previous work done on bladed mixers with two flat blades showed that particle 

friction is an important parameter [108, 110]. In this section we look at the effect of 

sliding friction on velocity fields, density and granular temperature profiles and mixing 

kinetics. To reduce computational time, the results listed in this section were obtained 

using 10 mm particles. We find that similar flow patterns and trends are obtained for the 

10 mm particle vs. the 5 mm particles. Unless stated otherwise, the simulations outlined 

in this section were carried out for an obtuse blade pitch and a rotational speed of 10 

RPM. 

From the system’s frictional properties, the sliding friction coefficient (µs) was 

found to significantly affect velocity trends while the rolling friction coefficient (µr) had a 

negligible effect. Velocity fields at the front of the blade in the vertical plane are 

presented in Figure 3.8 for 3 different values of µs. Heap formation occurs for µs = 0.5 

and µs = 0.3 (Figures 3.8a and 3.8b respectively) leading to the formation of the 3-

dimensional recirculation zone. At these frictional conditions, stable contact force chains 

develop between particles [19], which cause the particle bed to deform by forming heaps 

where the blades are present. A force chain is a network of interparticle contacts in which 

force is transmitted along the contact path. Little difference is observed between the 

velocity fields shown in Figures 3.8a and 3.8b.  Particles rise by the wall and fall by the 

impeller shaft. When µs is set to 0.1 (Figure 3.8c) a different behavior is observed. Due to 

the low friction, stable contact force chains do not form, particles slide past each other 
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more often and no heap is formed. This in turn leads to low radial and vertical velocity 

values and the recirculation zone cannot develop. Particles move as a block solely in the 

tangential direction. A similar behavior was observed at low sliding friction coefficients 

for a flat two-blade impeller configuration [110]. However, experimental verification of 

the low friction results is still needed. 

Bulk density differences were also observed. The vertical and radial movement of 

the particles for µs = 0.5 and µs = 0.3 allows the granular bed to dilate as the blade moves, 

leading to a total average bulk density value of ~ 900 kg/m3. In contrast, little bed dilation 

is observed for the case of µs = 0.1. The average bulk density in this case was measured at 

~ 1200 kg/m3. Density fluctuations similar to the ones shown in Figure 3.4 were observed 

for all values of µs. However, the mean and amplitude for the µs = 0.1 case are not 

dependent on mixer height. The density in this case fluctuates between 1300 kg/m3 and 

1000 kg/m3. 

Fluctuation velocities are also affected by the value of µs. Figure 3.9 shows the 

time-averaged granular temperature profiles as a function of radial position for the three 

values of µs. Increasing the value of µs leads to an increase in the granular temperature of 

the system. Granular temperature gradients are observed for µs = 0.5 and µs = 0.3. 

However, a colder and uniform granular temperature profile is obtained for the µs = 0.1 

case. As a result, periodic velocity fluctuations are seen for µs = 0.5 and µs = 0.3 but not 

for µs = 0.1 (not shown). Increasing the sliding friction coefficient leads to an increase in 

velocity fluctuations at frequencies higher than the rotation frequency of the blades. This 

behavior is analogous to the effect observed for wet systems in the experiments of Lekhal 

et al. [107] where higher velocity fluctuations were observed with increased moisture 
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levels. These higher frequency fluctuations are associated with surface avalanching. The 

Fourier transform peak height for these fluctuations is significantly smaller than the main 

peak height indicating that, while present, avalanching is not a dominant effect in this 

system. 

The effect of sliding friction on the mixing kinetics can be seen in Figure 3.10. 

Relative standard deviation trends as a function of revolution number are shown in Figure 

3.10a. Figure 3.10b shows some top view snapshots for each µs value. As expected, 

increasing the friction coefficient leads to enhanced mixing. Almost no mixing occurs at 

µs = 0.1. After 5 revolutions the RSD values are 0.45 for µs = 0.5 and 0.6 for µs = 0.3 

while the value for µs = 0.1 remains at 0.9. This poor mixing performance is explained by 

the absence of the 3-dimensional recirculation zone at µs = 0.1. The presence of this 

vortex promotes convective mixing. However, in addition to convective mixing, diffusive 

mixing appears to play an important role in this system. While little difference is 

observed between the recirculation patterns for µs = 0.5 (Figure 9a) and µs = 0.3 (Figure 

9b), the RSD trends show a difference in mixing kinetics. The enhanced mixing 

performance observed at the higher µs value is explained by the higher granular 

temperature. These higher fluctuation velocities are associated with an increase in particle 

diffusivity. Thus, higher friction coefficients promote diffusive mixing. While convective 

mixing is the dominant mechanism in this system, diffusive mixing becomes important 

when the homogenization process is down to the particle-particle level. However, the 

relative contribution of the diffusive and convective mixing components changes with 

particle/system size. The effect of system size on the observed mixing kinetics will be 

discussed in Chapter 4. 
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3.3. Shear and Normal Stress Profiles 

In this section, we discuss the normal and shear stress profiles that develop inside 

bladed mixers. Figure 3.11 shows stress profiles at r = 0.09 m as a function of mixer 

height and number of revolutions for the obtuse blade pitch simulations at 20 RPM. The 

pressure profile is shown in Figure 3.11a and the rθτ  profile is shown in Figure 3.11c. 

These profiles document a periodic behavior similar to that of the velocity and density 

profiles. As demonstrated before, the main fluctuation frequency is equal to that of the 

blade rotation. The pressure profile implies that the material compresses when the blades 

are present and dilates in between blade passes. The mean and amplitude of the pressure 

fluctuations are a strong function of mixer height, as shown by the power spectrum 

(Figure 3.11b). Higher pressures are observed near the bottom plate and the pressure 

decreases monotonically with increased height, since the particles at the bottom sustain 

the weight of the particles at the top. This is similar to the behavior observed in silos 

[162, 163] for static systems. Higher fluctuation amplitudes are also observed near the 

bottom plate. In contrast to the density profiles, the pressure fluctuation amplitude 

reaches a minimum above the blade height, since these particles sustain lower weights 

than the bottom particles. The rθτ  

rθ

fluctuations (Figure 3.11c) result from the formation of 

internal force chains when the material compresses near the blades and the subsequent 

breakage of these force chains as the material dilates in between blade passes. The value 

of the shear stress component τ  is roughly one order of magnitude lower than that of 

the normal stress or pressure. The mean and amplitude of the rθτ  fluctuations change 

little within the span of the blades, while these values decrease above the blade (Figure 

3.11d). This indicates that most of the material shearing occurs within the span of the 
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blade. Similar periodic behavior was observed for the remaining stress tensor components 

(not shown). However, the values for yθτ  and ryτ  fluctuate around zero, while the values 

for rθτ do not. 

The blade orientation affects the magnitude of the shear stress and pressure inside 

the mixer (Figure 3.12). Time-averaged pressure profiles are shown in Figure 3.12a as a 

function of radial position for both the obtuse and acute blade pitch orientations. Higher 

pressures are observed for the acute blade pitch. Pressure values vary little in the radial 

direction. The increase in pressure is explained by the increased bulk density observed for 

acute blade pitch (see Section 3.1.2). The acute blade pitch orientation compresses the 

granular bed by pushing it down as the blades rotate leading to higher pressures. On the 

other hand, dilation occurs for the obtuse blade orientation which reduces the pressure 

inside the particle bed. The effect of blade orientation is less pronounced for the shear 

stress rθτ  (Figure 3.12b). The values of rθτ  are highest near the cylinder wall and close 

to zero near the impeller shaft. This is due to the increased tangential movement observed 

near the wall and the increased strength of the force chains due to wall friction. The ratio 

of the shear stress to the normal stress is known as the bulk friction coefficient and is 

used to describe stresses at yield conditions in soil mechanics. This ratio is related to the 

internal angle of friction and is commonly assumed to be a constant material property 

when the material is at the critical state [41]. The critical state of a granular material is 

characterized by a constant bulk density. Figure 3.12c shows the time averaged value of 

the θθθ ττ /r  ratio. This ratio is far from constant with maximum values near the cylinder 

wall. Non-constant bulk friction coefficient values were also observed in computer 

simulations of 2-dimensional hopper discharge [164]. The non-constant bulk friction 
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coefficient is most likely due to the changes in bulk density that occur within the particle 

bed as the blades rotate. These results suggest that the continuum models based on 

plasticity theory and soil mechanics may not provide an adequate description of granular 

flows in bladed mixers. The increase in bulk friction coefficient is a result of increased 

shear stresses near the cylinder wall. It should be noted that the highest value of the bulk 

friction coefficient is less than the particle-particle friction coefficient (0.3 for these 

simulations). This indicates that the particle bed yields at lower stresses than what is 

predicted by Coulomb’s law. Identical friction coefficients are obtained from the rrr ττθ /  

ratio. The magnitude of rryr ττ /  and yyy ττθ / is about 25% of the θθθ ττ /r  magnitude. 

Despite the complex dynamics observed in the bladed mixer, we find that we can 

approximate the temporal averaged pressure as a function of mixer height with the simple 

hydrostatic pressure relationship  

( )bedHbulk gP h −= ρ      (3-1) 

where bulkρ  is the total average bulk density of the granular bed, g is the acceleration due 

to gravity, h is the vertical position and  is the total height of the particle bed. The 

parenthesis term in equation 3-1 is needed to account for the bottom plate being located 

at h = 0.0 m. Figure 3.13 shows the fit between the pressure values obtained from the 

DEM simulations and the hydrostatic pressure curves for the obtuse and acute blade pitch 

cases. The bulk density values obtained from linear fitting of the hydrostatic pressure 

equation were 780 kg/m3 for the obtuse blade pitch case and 1300 kg/m3 for the acute 

blade pitch case. These values are close to the averaged densities calculated from the 

DEM simulations (~900 kg/m3 for the obtuse case and ~ 1100 kg/m3 for the acute case). 

This demonstrates that if the average bulk density during flow is known, the averaged 

bedH
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normal stress in this dynamic system can be approximated by hydrostatics. This linear 

dependence of normal stresses with height has also been observed in fluidized systems 

[26, 43]. The effect of particle/system size on the observed pressure profiles will be 

discussed in Chapter 4.  

Many of the stress trends observed in the bladed mixer are consistent with the 

behavior of slowly deforming, quasi-static systems. In quasi-static systems, momentum 

transfer is governed by the frictional contacts between particles. As such, the particle-

particle friction coefficient has a significantly effect on the developed shear stresses. 

Figure 3.14a shows the effect of inter-particle friction on averaged values of rθτ in the 

bladed mixer. Increasing the friction coefficient leads to an increase in shear stress. The 

θθθ ττ /r  ratio also increases with increased particle-particle friction (Figure 3.14b). The 

pressure profiles were found to be less sensitive to the particle’s frictional characteristics. 

The strength and stability of the force chains that develop inside the mixer increase at 

higher friction coefficient. This result implies that the main source of stress in the bladed 

mixer is the formation of these force chains. On the other hand, shear stress profiles were 

found to be independent of shear rate (Figure 3.14c). From this we can conclude that 

increasing the shear rate in the bladed mixer leads to an increase in the shear stress 

fluctuation frequencies but has little effect on the mean and amplitude of these 

fluctuations. Momentum transfer is therefore governed by inter-particle contacts and for 

our simulations the bladed mixer operates in the quasi-static regime. Knowledge of the 

flow regime in which a process takes places could assist during process design and scale-

up as it provides a fundamental basis for granular flow behavior and could assist in 

identification of critical process parameters. 

 



71 

3.4. Conclusions from Numerical Monodisperse, Cohesionless Flows 

The discrete element method was used to characterize the flow of cohensionless, 

monodisperse spheres in a bladed mixer. The simulation results presented here are 

consistent with published experimental data and comparable to results obtained from 

previous numerical studies in similar systems. Instantaneous, averaged and fluctuating 

velocity fields show that the particle movement is governed by the angular motion of the 

blades. The granular bed deforms by forming heaps where the blades are present and 

valleys between blades passes. The presence of these heaps leads to the formation of a 3-

dimensional recirculation zone in front of the blade, where particles flow upwards by the 

wall and downwards by the impeller shaft. This 3-D recirculation promotes radial and 

vertical mixing. When the blade orientation is changed from an obtuse blade pitch to an 

acute blade pitch, the recirculation zone is not present. As a result, the particles move 

mainly in the tangential direction with little radial and vertical mixing. Acute blade pitch 

flows were shown to lower the granular temperature within the particle bed. This 

decrease in granular temperature is associated with a decrease in particle diffusivity. 

Diffusive mixing is therefore hindered by acute blade flows.  

Density fluctuations exits within the granular bed with a frequency equal to the 

rotation frequency of the blades. This behavior indicates that the granular material 

compresses as the blade passes and dilates in between the blades. The system’s frictional 

characteristics were shown to strongly influence the flow structure and mixing kinetics 

observed within the mixer. At low friction coefficients the 3-D recirculation in front of 

the blade is not present, reducing the convective mixing. Higher friction coefficients lead 

to an increase in diffusive mixing. Collisional stresses showed a periodic behavior similar 
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to the density trends. Normal stresses were found to be an order of magnitude larger than 

shear stresses. The average pressure was found to vary with mixer height with maximum 

values near the bottom plate and could be approximated by the simple hydrostatic 

pressure. A higher bulk density was observed for the acute blade pitch which led to an 

increase in pressure for this blade orientation.  

A strong dependence between the magnitude of the shear stresses and the friction 

coefficient of the particles was found. Shear stress increases with higher particle-particle 

friction. Shear stresses were found to be independent of shear rate. These stress tensor 

characteristics indicate that for our simulations the granular flow in this bladed mixer 

occurs in the quasi-static regime. Momentum transfer in this system is therefore governed 

by inter-particle contacts. This observation implies that quasi-static theories could 

provide a first-principles approach to bladed mixer design, scale-up and operation for 

cohensionless systems. This chapter described the behavior of an idealized granular 

system (cohesionless, monodisperse glass spheres in the millimeter size range) in a 

bladed mixer. While simple in nature, it complements our understanding of granular 

flows in an industrially relevant geometry and represents an initial step towards 

understanding the granular behavior of more complex systems. 
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3.5. Figures for Chapter 3 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.1. Velocity profiles at r = 0.09 m, h = 0.06 m. Obtuse blade pitch: a) 
tangential, b) radial, c) vertical velocity and d) tangential velocity power spectrum. Acute 
blade pitch: e) tangential, f) radial, g) vertical velocity and h) tangential velocity power 
spectrum. 
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Figure 3.2. Time-averaged velocity fields on horizontal plane: Obtuse blade pitch: a) 
tangential velocity and b) radial velocity. Acute blade pitch: c) tangential velocity and d) 
radial velocity. 
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Figure 3.3. Time-averaged radial and vertical velocity fields in the vertical plane. 
Obtuse blade pitch: a) front of blade, b) in-between blades and c) behind the blade. Acute 
blade pitch: d) front of blade, e) in-between blades and f) behind the blade. 
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Figure 3.4.  Density fluctuations at r = 0.09 m for the obtuse blade pitch. a) density 
profile as a function of revolution and height, b) density fluctuation power spectrum as a 
function of height. 
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Figure 3.5. Time-averaged granular temperature profiles. Obtuse blade pitch: a) 
horizontal plane and b) vertical plane. Acute blade pitch: c) horizontal plane and d) 
vertical plane. 
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Figure 3.6. Top view of mixing for left-right segregated system at 20 RPM. a) obtuse 
blade pitch and b) acute blade pitch. 
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Figure 3.7. Effect of blade orientation on degree of mixing at 20 RPM. 
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Figure 3.8. Time-averaged velocity fields in-front of blade. Obtuse blade pitch: a) µs = 
0.5, b) µs = 0.3 and c) µs = 0.1. 
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Figure 3.9. Time-averaged granular temperature profiles for different µs. Solid line 
with solid dots shows the granular temperature for µs = 0.5, dash line with squares µs = 
0.3 and dotted line with circles µs = 0.1. 
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Figure 3.10. Effect of particle friction on mixing kinetics. a) relative standard 
deviation for red particle concentration and b) top view snapshot of mixing patterns for 
different friction coefficients. 
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Figure 3.11.  Pressure and shear stress fluctuations at r = 0.09 m for obtuse blade 
pitch flow at 20 RPM. a) pressure profiles, b) pressure power spectrum, c) shear 
stress rθτ profile and d) rθτ power spectrum. Particle diameter = 5 mm. 
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Figure 3.12.  Comparison of time-averaged stresses for obtuse vs. acute blade pitch. 
a) Pressure, b) shear stress rθτ  and c) bulk friction coefficient θθθ ττ /r . Particle diameter = 
5 mm. 
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Figure 3.13. Time-averaged pressure as a function of height vs. hydrostatic pressure 
curves.  Particle diameter = 5 mm. 
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Figure 3.14. Effect of µs and shear rate on τθr.  Particle diameter = 10 mm. 
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Chapter 4. Effect of Mixer Properties, Fill Level and Mixer Scale 
 

Mixer properties, mixer scale and fill level play an important role in the behavior 

of granular materials in bladed mixers. Often during the early stages of process 

development and design, laboratory or pilot plant experiments are carried out with 

different equipment configurations, at smaller scales or at different fill levels than what 

will ultimately be used at the manufacturing scale. The uncertainty surrounding the 

effects of mixer properties on granular flows opens up the door for complications to 

occur during scale-up. Thus, understanding the role of mixer parameters and operating 

conditions in agitated devices is critical for designing and engineering reliable processes. 

In this chapter, we examine the effect of these parameters on the flow of monodisperse, 

cohesionless particles with the use of DEM. The simulation results are first compared to 

the experimental data of Stewart et al. [105] obtained with two flat blades. The effect of 

fill level, particle-wall friction and blade position along the axis is then discussed for a 

base case system at the laboratory scale. The effect of mixer scale is then presented 

followed by some scaling relationships and general guidelines. Simulation results 

discussed in this chapter were obtained using blade speeds of 10 RPM (Section 4.1-4.3) 

and 20 RPM (Section 4.4). The particle size for all the simulations was 10 mm. 

4.1. Comparison with Experimental Data from Stewart et al. [105] 

In this chapter, we describe the fill level inside the mixer by taking the ratio of the 

particle bed height prior to blade movement (H) to the mixer diameter (D). H is measured 

from the bottom plate of the mixer. The mixer dimensions used here are listed in Table 

2.1. For these mixer dimensions and the geometry presented in Figure 2.3, H/D = 0.17 

represents an initial particle bed height covering just the top of the blades. We begin by 

 



86 

comparing the particle velocities obtained from our simulations with the experimental 

results of Stewart et al.[105] obtained using glass beads and positron emission particle 

tracking (PEPT) in a mixer with two flat blades. Figure 4.1 shows the velocity frequency 

distributions for the normalized tangential, radial and vertical velocity components from 

the simulation with H/D = 0.17 vs. the PEPT experimental results at H/D = 0.12. The 

velocities presented in Figure 4.1 have been normalized by the blades’ tip speed. The 

tangential velocities shown are relative to the angular movement of the blades, i.e. 

. As can be seen from Figure 4.1 the shape of the frequency 

distributions obtained from the simulation (Figures 4.1a-c) is very similar to those 

observed experimentally by Stewart et al. (Figures 4.1d-f). The tangential velocities in 

both cases have a left-skewed distribution with most particles having velocities lower 

than the tip speed of the blades (V* < 0) and a few particle possessing velocities above it 

(V* > 0). The radial velocities show a normal distribution centered at zero (Figures 4.1b 

and 4.1e) while the vertical velocities have right-skewed distributions (Figures 4.1c and 

4.1f). For both the simulation case and the experimental case most particles possess radial 

and vertical velocities which are much lower than the tangential velocities. Some 

differences are observed between the simulation results and those obtained 

experimentally. The tails of the radial and vertical velocity distributions are longer than 

those obtained by Stewart et al. In our simulations we used four blades pitched at an 

angle and this blade configuration promotes vertical and radial mixing (see Chapter 3) vs. 

the two flat blades used by Stewart et al. Despite these differences, the general trends are 

remarkably similar. 

tiptiptt VVVV /)(* −=
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4.2. Effect of Fill Level 

A salient feature of granular flows in bladed mixers at fill levels just covering the 

span of the blades is the formation of heaps where the blades are present and valleys in 

between blade passes. The formation of these heaps leads to the development of a 3-

dimensional recirculation zone in front of the blades which promotes radial and vertical 

mixing. The development of this recirculation zone leads to enhanced mixing kinetics as 

demonstrated in Chapter 3.  This flow structure occurs near the front of the blades and is 

not present for the particles in between the blades and behind the blades. In this chapter 

we gauge the effect of the studied parameters on the convective particle motion by 

examining the flow structures that develop in front of the blades since the development of 

the recirculation zone is a key flow feature.  

We find that, while present at all the fill levels studied, the size and intensity of 

the recirculation zone in front of the blades is dependent on mixer fill level. Velocity 

fields in front of the blade and granular temperature contour plots are presented in Figure 

4.2 for different fill levels. The recirculation pattern that forms in front of the blades is 

most prominent for H/D = 0.17 (Figure 4.2a). Due to the pitch of the blades, particle rise 

by the wall forming a heap. The particles on the top of the heap then move radially 

inwards forcing the particles by the shaft to flow downwards and radially outwards, 

leading to the recirculation. The size of the recirculation zone decreases for H/D > 0.17 

(Figures 4.2b and 4.2c) as heap formation does not occur at these fill levels and the free 

surface of the particle bed undergoes almost no deformation. Reduction in the size of 

recirculation zones as fill level is increased has also been observed experimentally in a 

mixer with two flat blades [105]. However, the velocity profiles within the span of the 
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blades are very similar for H/D = 0.32 and H/D = 0.46. At H/D > 0.17, a mixing dead 

zone develops for the particles near the impeller shaft and above the blades. Almost no 

radial and vertical movement occurs in this zone and particles move mostly in the 

tangential direction. The size of the mixing dead zone increases with increased fill level. 

Granular temperature is highest for H/D = 0.17 with temperature maximums occurring at 

the top tip of the blades. Granular temperature profiles within the span of the blades are 

similar for H/D = 0.32 and H/D = 0.46. The mixing dead zone observed for H/D > 0.17 

coincides with regions of low granular temperature. 

Figure 4.3 shows time-averaged bulk density profiles as a function of bed height 

for different fill levels. Lower density values are observed for H/D = 0.17, i.e., the case 

with the highest granular temperature. At this fill level, bed dilation occurs when the 

blades rotate due to the development of heaps. Averaged density values increase for H/D 

> 0.17, since the weight of the particles above the blades hinders heap formation and bed 

dilation. However, bulk density values within the span of the blade change little between 

the H/D > 0.17 cases. This is similar to the behavior observed for the velocity and 

granular temperature profiles. Thus, for high fill levels, the portion of the particle bed 

within the blades’ span dilates to a particular density value during flow and this value is 

independent of fill level. For fill levels significantly higher than the height of the blades 

(H/D > 0.32), the region above the blades undergoes almost no dilation and density 

values are close to the averaged bulk density prior to blade movement (~1200 kg/m3). 

While bed dilation within the span of the blades is independent of fill level at H/D > 0.17, 

the amount of energy needed to induce flow does depend on fill level. Figure 4.4 shows 

the average impeller torque as a function of H/D. Impeller torque increases linearly with 
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fill level as the average pressure within the span of the blades increases linearly with 

particle bed height. A similar behavior has been observed experimentally for impeller 

power measurements taken with glass beads at H/D < 2.5 [165]. Since impeller torque is 

independent of rotation rate in the quasi-static regime, our results suggest that a power 

per unit volume scaling relationship exists in bladed mixers. Therefore, the energy 

needed to induce flow at high fill levels could be predicted from torque measurements at 

lower fill levels. 

We gauge particle motion at the microscopic level by calculating particle 

diffusivities which describe the mass flux rate due to the particles’ “random walk”. The 

convective and diffusive contributions to particle motion are compared by calculating the 

Peclet number. Table 4.1 lists diffusivity coefficients and Peclet numbers for the particles 

within the span of the blades at different H/D ratios. Particles diffusivities are the highest 

for H/D = 0.17 as granular temperature and bed dilation are highest for this case. θθD   

rrD  ues decrease for H/D > 0.17, but these values change little between the H/D = 

0.32 and the H/D = 0.46 cases. The weight of the particles above the blades which leads 

to lower granular temperatures and lower degree of bed dilation hinders particle 

diffusivity in the radial and tangential direction. However, the  value within the span 

of the blades appears to be independent of fill level. This behavior is explained by the 

pitch of the blades. When the energy needed to overcome the weight of the particle bed is 

supplied to the impeller, the 45˚ angle of the blades pushes material up as the blades 

rotate.  As the particles rise following the convective flow, the frictional interactions add 

a random component to the particles’ motion and diffusion occurs. Thus, the  

diffusion coefficient changes little with an increase in H/D for particles within the span of 

and
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the blades. The Peclet numbers obtained for all the fill levels studied are significantly 

higher than unity indicating that convection is the dominating mechanism for particle 

transfer. The diffusive process is most significant in the vertical direction as values 

are lower than  and  . Peclet numbers in the tangential and radial direction are 

the lowest for the H/D = 0.17 case. This indicates that the diffusive process contributing 

to particle motion is highest for fill levels just covering the height of the blades. 

However, Peclet numbers change little between H/D = 0.32 and H/D = 0.46 since bulk 

velocity profiles and particle diffusivities change little between these cases. These results 

are in agreement with the velocity and bulk density trends and demonstrate that flow 

kinematics within the span of the blades change little at high fill levels. The diffusion 

coefficients observed at H/D > 0.17 for the particles above the blades were 1-2 orders of 

magnitude lower than the values listed in Table 4.1. 

yyPe

θθPe rrPe

The results presented thus far show that for H/D > 0.17, two different regions 

develop in the particle bed, each with different flow characteristics. The first region 

consists of the particles present within the span of the blades. In this region, dilation 

occurs and particles can move in the radial and vertical direction due to convective and 

diffusive motions. The second region consists of the particles above the blades. Here, 

particles move slowly as a block in the tangential direction and almost no dilation or 

diffusive movement occurs. These differences in behavior affect the particle mixing 

patterns obtained in each region. In order to evaluate the degree of mixing obtained for 

each case studied, particles are colored according to their position prior to blade 

movement. The cylindrical mixer is sliced in half axially and particles on the left side are 

colored red while particles on the right side are colored yellow. The particles have 
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identical properties except their color. We then follow the mixing pattern as blade motion 

begins. Figure 4.5 shows some snapshots for the top horizontal view illustrating the 

mixing patterns obtained at different H/D ratios when the particles on the left and right 

sides of the impeller are colored differently prior to blade movement. Figure 4.5a shows 

snapshots of the mixing patterns obtained at the free surface of the particle bed. Enhanced 

mixing is obtained for the case of H/D = 0.17 compared to the H/D = 0.32 case.  Little 

mixing is observed at the free surface for the H/D = 0.46 case. After 4.5 revolutions, the 

H/D = 0.17 system is well mixed and mixing is down to the particle-particle level, while 

unmixed regions still remain for the H/D = 0.32 and H/D = 0.46.  However, enhanced 

mixing is observed for particles just above the span of the blades at high fill levels 

(Figure 4.5b). Mixing patterns in this region are similar for H/D = 0.32 and H/D = 0.46. 

This behavior is consistent with particle velocity and diffusivity analysis. Well-mixed 

zones are first observed by the cylinder wall, the area of highest granular temperature. 

Thus, the frictional characteristics of the wall facilitate mixing within the span of the 

blades by increasing the fluctuation velocities. The mixing kinetics of particles by the 

blades remain the highest for the case of H/D = 0.17 due to the higher particle 

diffusivities in the tangential and radial direction. 

In addition to influencing flow kinematics, fill level affects the stresses that 

develop inside the mixer during flow. Figure 4.6 shows time averaged pressure profiles 

as a function of height at different H/D ratios. We find that for H/D = 0.17 and H/D = 

0.32, the temporal averaged pressure inside the mixer can be approximated by the simple 

hydrostatic pressure relationship, ( )bedbulk HhgP −= ρ .  In this formula bulkρ  is the 

overall time-averaged bulk density of the granular bed (determined from Figure 4.3), g is 
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the acceleration due to gravity, h is the vertical position and  is the total height of the 

particle bed. However, when the H/D ratio is above 0.46, two distinct regions develop in 

the pressure profile. The first region consists of a hydrostatic regime where the pressure 

is proportional to the height of the bed. The second region consists of a saturated regime 

where pressure is independent of bed height. The development of a saturated region in 

static systems is predicted by the classical Janssen equation [162]. However, in our 

system the height at which the saturated regime begins is the same for H/D = 0.46 and 

H/D = 0.75 and coincides with the height of the 3-D recirculation zone present in front of 

the blade. This is different from what the Janssen equation predicts. In static systems, the 

saturated regime begins at a height where the hydrostatic pressure is equal to a critical 

pressure value. At this height, normal stresses are transferred to the cylinder walls via 

stable contact chains and the walls begin to support the weight of the particle bed. The 

critical pressure value is a function of the particle-wall angle of internal friction and the 

cylinder’s diameter [166, 167]. Thus, in static systems, the span of the saturated regime 

increases with total bed height. However, in our bladed mixer, the span of the saturated 

regime does not change when the total bed height is increased and it is independent of 

pressure. This suggests that the cylinder walls in the bladed mixers we have examined do 

not bear the load of the particle bed weight. 

bedH

The saturated pressure regime observed for H/D > 0.46 develops as a result of two 

contributing factors; the decrease in bed dilation and the 45˚ angle of the blades.  Since 

the expansion of the particle bed during flow is limited by the weight of the particles 

above the blades, the load associated with the weight of the particles within the span of 

the blade is transferred to the impeller. The pitched angle of the blades allows the 
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impeller to support the weight of these particles leading to the almost constant pressure 

region. The linear relationship obtained between impeller torque and fill level (Figure 

4.4) confirms that the particle bed weight is being carried by the impeller and not the 

cylinder walls. If the weight of the particle bed were supported by the cylinder wall at 

high H/D, the torque experienced by the impeller for the H/D = 0.46 case would the same 

as for the H/D = 0.75 case. The increase in impeller torque indicates that this is not case. 

Additionally, the Janssen equation predicts that much higher bed heights are needed for 

the saturated regime to be encountered for the frictional properties of our system. This 

behavior, while analogous to the Janssen effect in that a constant pressure is observed, is 

a result of the blade configuration and not the transfer of normal stress to the walls via 

stable contact chains. 

Figure 4.7 shows the time-averaged shear stress to pressure ratio P
rθτ , also 

known as the bulk friction coefficient, for the particles within the span of the blade at 

different fill levels. As can be seen from Figure 4.7, the bulk friction coefficient is higher 

for the particle closes to the wall. As the averaged pressure remains constant in the radial 

direction [45], the increase in bulk friction is due to an increase in shear stress. Increased 

shear stress near the mixer walls has been observed experimentally by Watano et al. 

[122] in a high shear mixer. Figure 4.7 also shows that the P
rθτ  ratio decreases as H/D 

increases. The bulk friction is the highest for case where a hydrostatic pressure 

relationship is obtained within the span of the blades (H/D = 0.32). Bulk friction 

decreases for the cases where the pressure within the span of the blades is independent of 

height. The amount of momentum transferred in the shearing direction relative to the 

compression state of the system decreases when the impeller supports the weight of the 
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particle bed. However, the decrease in the P
rθτ  ratio is ~ 22% between the values 

obtained for H/D = 0.32 and H/D = 0.75. This is a relatively small decrease when we 

consider that the average pressure increases by a factor of 3 between these two cases. 

Figure 4.8 shows the temporal pressure and shear stress profiles that develop 

during flow at a radial position of r = 0.09 m. The pressure profile obtained for the H/D = 

0.75 case is presented in Figure 4.8a as a function of height and number of revolutions. 

Periodic pressure fluctuations develop within the span of the blades with a main 

fluctuation frequency equal to the blade rotation. These pressure fluctuations exist in the 

saturated pressure regime region. Thus, the mean and amplitude of the pressure 

fluctuations are constant in this region. No fluctuations are observed for the region above 

the span of the blades. This is slightly different from the behavior observed for the bladed 

mixer flows for H/D = 0.17, where the pressure fluctuations are present throughout the 

span of the particle bed [45]. In Figure 4.8b, we compare the normalized pressure 

fluctuations obtained within the span of the blades at different H/D ratios at a radial 

position of r = 0.09 m. The normalized pressure is obtained by dividing the instantaneous 

pressure by the temporal averaged pressure at this position, P . Figure 4.8b shows that 

the pressure fluctuates between 0.5 P  and 1.5 P  regardless of fill level. This suggests 

that the resulting pressure fluctuations within the span of the blades can be scaled 

according to fill level. If the average pressure is known, then the pressure fluctuations can 

be predicted. As shown in Figure 4.6, the average pressure can be determined from 

hydrostatics for low fill levels. For high fill levels, the average pressure within the span 

of the blades can be approximated by the hydrostatic pressure right above the blades. 
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Figure 4.8c shows the rθτ  fluctuations as a function of height and number of 

revolutions for H/D = 0.75. The shear stress profile shows a periodic behavior similar to 

the one observed for pressure. The mean and amplitude of the rθτ  fluctuations are 

relatively constant within the span of the blades. While rθτ  fluctuations are observed 

above the span of the blades, the mean and amplitude of these fluctuations decrease 

towards the top of the particle bed.  Figure 4.8d present the normalized rθτ  fluctuations at 

different H/D ratios. Although the normalized rθτ  profiles show some scatter which was 

not observed in the pressure profiles, the maximum and minimum fluctuation values are 

similar for all the H/D ratios. rθτ  fluctuates between a minimum value of zero and a 

maximum value of ~ 3 rθτ . Since pressure profiles can be approximated by hydrostatics, 

our results suggest that if the value of the bulk friction coefficient inside the particle bed 

is known, then the rθτ  profiles could also be approximated from hydrostatics. Similar to 

pressure, the resulting rθτ  fluctuations can be scaled according to fill level. The trends 

reported in this section are applicable to monodisperse, cohesionless spheres in the quasi-

static regime. A more comprehensive study is needed exploring the effect of 

polydispersity, particle shape and inter-particle cohesion on the results presented here.  

4.3. Effect of Particle-Wall Friction 

As mentioned earlier, the development of a 3-dimensional recirculation zone in 

front of the blades is a key flow feature in bladed mixers. As such, developing an 

understanding of the parameters leading to the formation of this flow pattern is critical for 

the design and operation of bladed mixers. In this section, the total height of the particle 
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bed just covers the span of the blades (i.e., a fill level of H/D = 0.17). The influence of 

the particle-boundary frictional characteristics when they differ from those of the 

particle-particle interaction was examined. We find that the development of the 3D 

recirculation pattern is strongly dependent on the particle-cylinder wall sliding friction 

coefficient. Figure 4.9 shows the time-averaged velocity fields in front of the blade in the 

vertical plane for different combinations of particle-particle sliding friction ( ) and 

particle-cylinder wall sliding friction ( ). Heap and vortex formation occurs when 

wall friction is high (0.5) as can be seen from Figures 4.9a and 4.9b. Particles rise by the 

wall forming a heap as the impeller is moved. The formation of these heaps leads to the 

development of the recirculation zone. Lowering particle friction from 0.5 to 0.1 for high 

wall friction had a small effect on the velocity profile in front of the blade (Figure 4.9b). 

However, at high particle friction (0.5) and low wall friction (0.1) no heap or vortex 

formation occurs (Figure 4.9c). The absence of the heap leads to low radial and vertical 

velocities and the recirculation zone cannot develop. Particles move as a block solely in 

the tangential direction. Changing the particle-blade sliding friction coefficient had a 

negligible effect on the resulting velocity profiles. 
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We postulated in Chapter 3 that the formation of these heaps is due to the 

development of contact force chains when the granular bed is compressed in front of the 

blade. A force chain is a network of interparticle contacts in which force is transmitted 

along the contact path. The formation of stable contact chains has been demonstrated to 

be a function of wall friction in dynamic systems such as discharging silos [163]. At low 

particle-wall friction, stable contact force chains do not form, particles slide past the wall 

as they get pushed by the blade and cannot rise, and thus the heap and the recirculation 
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zone can not develop. Slippage of the particles near the wall is decreased as wall friction 

is increased. For high wall friction values, we find that a particle layer 2 particle 

diameters in length forms at the wall which has an average velocity of 50 to 60% of the 

blades’ tip speed. The reduced particle velocities are due to the stick-slip motion that 

occurs by the wall. This stick-slip behavior allows the formation of stable contact chains 

that lead to heap formation and consequently the 3D recirculation. However, at low wall 

friction values, the particles in contact with the wall flow at a velocity equal to the blade 

tip speed. A significant amount of friction at the cylinder wall appears to be necessary in 

bladed mixers to induce radial and axial flow. 

Table 4.2 shows the particle diffusivity in the tangential direction ( ), the 

radial direction ( ) and the vertical direction ( ) at different values of wall friction 

and particle friction. Particle diffusivities are highest for the case of high wall friction and 

high particle friction. We have shown in Chapter 3 that frictional contacts in bladed 

mixers lead to an increase in fluctuating kinetic energy which is indicative of an increase 

in the random motion of the particles. When frictional collisions occur, the resulting 

particle velocities differ from that of the bulk flow. This effect increases with higher 

friction coefficients leading to higher particle diffusivities. When particle friction is 

decreased from 0.5 to 0.1 at high wall friction, diffusivity values decrease to about 40% 

of the observed values at = 0.5. However, when wall friction is decreased to 0.1 at 

high particle friction, particle diffusivities drop by 2-3 orders of magnitude. These results 

show that the frictional cylinder walls act as the main source of fluctuating kinetic energy 

in the bladed mixer. Similar trends were observed for the cross diagonal terms of the 

diffusive stress tensor. 
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Table 4.2 also shows values for the Peclet number in the tangential, radial and 

vertical direction. The lowest Peclet numbers are obtained for the case of high wall 

friction and high particle friction. The diffusional contribution to particle transport is the 

highest for the most frictional system. Peclet numbers increase for the case of high wall 

friction and low particle friction. As can be seen from Figure 4.9b, the convective flow 

profile remains relatively unaffected by the decrease in particle friction while particle 

diffusivities are reduced. At high wall friction and low particle friction, the diffusive 

process all but shuts down. For this case, particles essentially move along the tangential 

direction in streamlines which the particles do not cross nor diffuse in and out of.  

The effect of the convective and diffusive processes on mixing kinetics can be 

quantified by computing the relative standard deviation (RSD) of the red particle 

concentration for the entire system. As mentioned in Section 4.2, prior to blade 

movement the mixer is split in half along the axis of the impeller and the particles on the 

left side are colored yellow while the particles on the right are colored red. RSD curves 

for the different wall and particle friction cases are shown in Figure 4.10. Enhanced 

mixing is observed for high values of wall friction. No mixing occurs at  = 0.5 and 

 = 0.1. After roughly 3 revolutions the RSD curves for the high wall friction cases 

begin to level off indicating that the mixing process is down to the particle level. On the 

other hand, RSD values remain at 0.9 for the low wall friction case. This behavior is 

explained by the absence of the 3-dimensional recirculation zone at these frictional 

conditions. The presence of this vortex promotes convective mixing. However, in 

addition to convective mixing, diffusive mixing appears to play an important role in this 

system. While little difference is observed in the velocity patterns for the two cases of 
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high wall friction (Figure 4.9a and Figure 4.9b), the RSD trends show a difference in 

mixing performance. The enhanced mixing kinetics observed for the higher particle 

friction case are explained by the higher particle diffusivities which promote diffusive 

mixing. While convective mixing is the dominant process in this system, diffusive mixing 

becomes important when the homogenization process is down to the particle-particle 

level. 

Time-averaged values for the rθτ  shear stress are shown in Figure 4.11 for the 

cases of high wall friction. As can be seen from Figure 4.11a, rθτ  is the highest for the 

most frictional system (  =  = 0.5). Decreasing  to 0.1 reduces wp
s
−μ pp

s
−μ p−p

sμ rθτ  by 

roughly 50%. The values of rθτ  are highest near the cylinder wall in both cases and close 

to zero near the impeller shaft (Figure 4.11a). Increased shearing by the wall is a by-

product of the stable force chains that form due to wall friction. rθτ  values for the case of 

high  (0.5) and low  (0.1) lie in between the two curves shown in Figure 4.11a. 

Shear stresses are strong functions of friction, since granular flows in bladed mixer occur 

in the quasi-static regime at low rotational speeds like the one used here. While 

momentum transfer is affected by the frictional characteristics of the cylinder wall, shear 

stresses inside the particle bed are most sensitive to changes in . Figure 4.11b shows 

the time averaged bulk friction coefficient, 
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P
rθτ . We can see that the P

rθτ  ratio is a 

function of radial position and the system’s frictional characteristics. This ratio is highest 

for the case of high wall friction and particle friction since pressure profiles are 

unaffected by changes in particle friction. The values obtained for P
rθτ  are much lower 
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than the maximum sliding friction coefficient in the system (0.5). Bulk friction 

coefficients lower than the microscopic sliding friction coefficient have also been 

observed in quasi-static shear flows [19]. This implies that while momentum transfer is 

affected by friction at the microscopic level, the conditions at which the granular bed 

deforms are different from what is predicted by Coulomb’s law for the particle-particle 

and particle-wall interactions. 

4.4. Effect of Blade Position  

In some industrial bladed mixer processes, such as in filter dryers, it is common to 

change the position of the blade when processing at high fill levels to enhance mixing 

and heat transfer. We now look at the effect of changing the position of the blades along 

the vertical axis at a fill level of H/D = 0.75. Simulations were performed for 3 different 

gap heights between the bottom of the blades and the bottom plate: a 10 mm gap (bottom 

blade position), a 110 mm gap (middle blade position) and 180 mm gap (top blade 

position). The apparent fill levels relative to the bottom of the blades are H/D = 0.22 for 

the top blade position, H/D = 0.44 for the middle and H/D = 0.75 for the bottom. Figures 

4.12a through 4.12c show the velocity fields and granular temperature profiles obtained 

in front of the blade at the different blade position. For the top blade position, a strong 

recirculation zone develops where the blades are present (Figure 4.12a). Vertical and 

radial velocities are high and free surface of the bed deforms by forming heaps. High 

granular temperatures are achieved in this area. This behavior is analogous to what was 

obtained for the H/D = 0.17 case at the bottom blade position. However, the granular 

temperature obtained within the span of the blades is higher for the top blade position 

when compared to the H/D = 0.17 case. When the blades are in the top position, the 

 



101 

particles just below the blades act as a rough bottom plate. In Section 4.3 we 

demonstrated that increasing wall friction leads to a higher fluctuating kinetic energy of 

the particles. We hypothesize that this “rough surface”, which is not present when the 

blades are in the bottom position, causes the increase in granular temperature. The region 

below the blades in Figure 4.12a is characterized by almost no particle movement and 

granular temperatures close to zero. 

The size of the recirculation zone decreases when the blades are in the middle 

position (Figure 4.12b). The weight of the particle above the blades hinders heap 

formation decreasing the intensity of the recirculation zone. Granular temperature within 

the span of the blades is lower than for the top blade position case since the load from the 

particles on the top reduces bed dilation. These characteristics parallel the behavior 

observed for the H/D > 0.17 cases at the bottom blade position. The only difference 

between the H/D > 0.17 cases and the middle blade position case is the higher granular 

temperature within the span of the blade obtained in the latter. This is due to the “rough 

surface” formed by the particles just below the blade at the middle position. As in the 

top-blade-position case, the particles beneath the blades remain stationary as the blades 

rotate. When the blades are positioned at the bottom, the size of the recirculation zone 

decreases even further along with the granular temperature (Figure 4.12c). However, the 

granular temperature within the span of the blades in this case is the same as in the other 

H/D > 0.17 cases with the blades on the bottom. This confirms that the increase in 

granular temperature observed for the top and middle blade positions was due to the 

“rough surface” formed by the particles below the blades.  
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Figures 4.12d through 4.12f show side view snapshots after 5 revolutions 

demonstrating mixing patterns achieved for the different blade positions. Two zones 

developed in all the cases studied, a well-mixed zone and an unmixed region. For the top 

blade position, a well mixed region exists within the span of the blades which coincides 

with the region where the recirculation zone develops (Figure 4.12d). No mixing 

occurred below the blades. The majority of the particle bed remains unmixed when the 

blades are located at the top. When the blades are positioned in the middle, the size of the 

well-mixed zone increases as it includes the particles located within the span of the 

blades, as well as those above the blades (Figure 4.12e). No mixing occurs in the region 

below the blades. With this blade configuration, a little less than 50% of the particle bed 

remains unmixed. For the bottom blade position case (Figure 4.12f), the height of the 

well mixed zone is ~ 100 mm. No particle mixing occurs above this height, which 

represents roughly 50% of the particle bed. Based on these results, an efficient strategy to 

improve mixing in bladed mixers at high fill levels is to alternate between the bottom and 

the middle blade positions during processing. By doing this, the portions of the particle 

bed where particle velocities are low at these two blade positions get agitated and 

subsequently mixed. Placing the blades towards the top of the particle bed is very 

inefficient in terms of mixing, since a large portion of the particle bed remains unmixed. 

The time-averaged pressure and shear stress profiles are presented in Figure 4.13 

for the different blade positions for a fill level of H/D = 0.75. As was seen earlier, for the 

bottom blade position, the pressure within the span of the blades is independent of height, 

while a hydrostatic region exists above the blade (Figure 4.13a). A similar behavior is 

observed for the middle blade position. The pressure above and below the span of the 
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blades follows a hydrostatic relationship while it is height independent where the blades 

are present (Figure 4.13b). This is not a surprising behavior, since the height of the 

particle bed above the blades is equivalent to an H/D = 0.44 case for a bottom blade 

position. The linear pressure profile observed below the span of the blades supports the 

conclusion that the weight of the particle bed in the saturated regime is supported by the 

impeller and not the cylinder wall. Two hydrostatic regions develop for the top blade 

position; one region below the blades with an average bulk density of ~ 1000 kg/m3 and a 

second within the span of the blades with a bulk density of ~ 800 kg/m3 (Figure 4.13c).  

The rθτ  profile for the bottom blade position case is shown in Figure 4.13d. Shear 

stress is highest in the region spanning the blades. rθτ  is also fairly constant in this 

region. Above the blades shear stress is reduced and two regions can be distinguished, 

one region with a constant shear stress and another with a more or less linear relationship. 

The constant shear stress region develops as stresses get transferred via contact chains 

from the region within the blades. The linear region begins at the height where the 

contact chains end. The shear stress in this region follows the pressure trend. For the 

middle blade position, rθτ  increases linearly within the span of the blades and reaches a 

maximum at the top of the blades (Figure 4.13e). Below the blades, a fairly constant rθτ  

region develops due to the transfer of stress via contact chains that originate within the 

span of the blades. Above the span of the blades, rθτ  decreases in a similar way to what is 

obtained for the bottom blade position in this region. The lowest values of rθτ  are 

achieved with the top blade configuration (Figure 4.13f). Here, shear stress is constant 

within the span of the blades and decreases linearly above the blades. Below the blades, a 

constant shear stress region develops as observed for the middle blade position. A third 
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region arises towards the bottom plate. In this region, the shear stress exhibits large 

fluctuations with points of zero shear stress observed. The contact chains that originate 

within the span of the blades are not long enough to reach the region near the bottom 

plate. The randomness of the shear stress in this region is consistent with the stress 

profiles found in static piles, where stresses follow a random path depending on where 

particle contacts occur [166]. 

4.5. Effect of D/d Ratio  

The ratio of mixer diameter to particle diameter (D/d) has been shown to be an 

important parameter in other granular processes, and it is one of the parameters that 

changes during scale-up. In this section, we study the effect of varying mixer diameter, 

while keeping a constant particle diameter. We compare the granular behavior observed 

in bladed mixers at D/d ratios of 31.5, 63.0 and 94.5. For the parameters used in this 

work, the range of D/d ratios studied includes mixer sizes ranging from 10 L to 300 L. 

The mixer dimensions for the D/d = 31.5 case are the ones listed in Table 2.1. The 

dimensions of the D/d = 63.0 system are a 2x linear scale-up of the values shown in Table 

2.1. The D/d = 94.5 dimensions are 3 times the Table 2.1 values. The only dimension that 

is kept constant for all mixer sizes is H2, the gap between the bottom plate and the bottom 

of the blades. The rotational speed of the blades was set at 20 RPM for all the mixer 

sizes. The fill level was set to H/D = 0.17 for all the D/d cases studied. In order to 

compare the results obtained at the different system sizes and to allow for plotting in the 

same axis, we normalized all particle velocities relative to the tip speed of the blades, 

Vtip. Particle positions are normalized by the total bed height (H) in the vertical direction 

and by the mixer radius (R) in the radial direction. 
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Normalized instantaneous velocity profiles at radial position r/R = 0.57 and height 

y/H = 0.6 are shown in Figure 4.14 for the different D/d ratios. A cubic control volume 

with dimensions of 6d x 6d x 6d was created at these coordinates. The velocity 

components were calculated by averaging over the control volume at a particular time-

step. Since the control volume size was kept constant for all D/d ratios, the velocity 

values shown in Figure 4.14 were obtained by averaging over the same number of 

particles. Tangential velocity fluctuations are observed for all the D/d ratios (Figures 

4.14a, 4.14d and 4.14g). These fluctuations develop since the particles in front of the 

blade have a higher tangential velocity than the particles behind the blades. The main 

frequency of the fluctuations is equal to the rotation frequency of the blades for each D/d 

case. While the fluctuation period is the same for all the D/d ratios, a difference is 

observed in the amplitude of the fluctuations. The amplitude of the tangential velocity 

fluctuation is the lowest for the D/d = 31.5 case, while higher amplitudes are obtained for 

the D/d = 63.0 and D/d = 94.5 cases.  Little difference is seen between the tangential 

velocity curve for D/d = 63.0 and that for D/d = 94.5. The higher fluctuation amplitudes 

suggest that particle movement in the tangential direction is less uniform for D/d > 31.5.  

Radial and vertical velocity profiles are shown in Figures 4.14b through 4.14i for 

each of the D/d cases. Both the radial and vertical velocity components fluctuate around 

zero and are much lower than the corresponding tangential velocity for all the D/d ratios. 

Periodic fluctuations of higher amplitudes are obtained at D/d = 63.0 and D/d = 94.5 for 

the radial (Figures 4.14e & 4.14h) and the vertical (Figures 15f and 15i) velocities. As 

with the tangential velocity, the curves obtained at D/d = 63.0 are very similar to the ones 

obtained at D/d = 94.5. The radial and vertical velocities at D/d = 31.5 show less of a 
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periodic behavior and the fluctuation amplitude is much lower compared to the higher 

D/d ratios. The differences in radial and vertical velocities observed at D/d = 31.5 can be 

explained by the height of the heaps that develop in front of the blades. While heaps form 

at every D/d value, the total height of the heaps increases at the higher D/d ratios. The 

higher heap heights lead to an increase in the potential energy of the particles. This 

potential energy is then transferred into kinetic energy in the vertical and radial directions 

as particles flow in and out of the heaps at the larger D/d ratios. 

Figure 4.15 depicts time-averaged radial and vertical velocity fields for the 

particles in front of the blades in the vertical plane at the different D/d values. The 

magnitude of the tangential velocity is represented by the color of the vectors. The flow 

pattern obtained in front of the blade is independent of the D/d ratio as the recirculation 

zone is present in all the D/d values studied. However, the recirculation zone is most 

prominent for D/d = 63.0 and D/d = 94.5 (Figures 4.15a and 4.15b). Lower radial and 

vertical velocities are observed near the bottom plate, cylinder walls and at the top of the 

heap for the D/d = 31.5 case (Figure 4.15c). The lower velocities near the boundaries are 

due to the effect of wall friction, which is stronger at the low D/d ratio. Boundary friction 

effects have been previously shown to be scale-dependent on dense granular flows [168]. 

The lower velocities at the top of the heap are a result of the reduced potential energy at 

D/d = 31.5, as previously explained. These results suggest that, if the system size is big 

enough so that the effects of wall friction are minimized, the convective particle motion 

is independent of system size and can be scaled by the rotational speed of the blades. 

Particle diffusion has been previously shown to be dependent on system geometry 

and size in dense granular flows [169]. Table 4.3 presents the normalized diffusion 
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coefficients in the tangential, radial and vertical direction obtained for the different D/d 

ratios. Particle diffusivities were normalized by the tip speed of the blades and the mixer 

diameter, i.e. 
tipDV

DD θθ
θθ =* .  Lower normalized particle diffusivities are obtained for 

the D/d = 31.5 in the tangential, radial and vertical direction, while higher values were 

observed at D/d = 63.0 and D/d = 94.5. The normalized diffusion coefficients values 

change little for D/d > 31.5, similar to the behavior observed for the convective particle 

motion. Therefore, above a certain system size (D/d ≥ 63.0 in our case), particle 

diffusivity scales linearly with mixer diameter and blade speed. Peclet numbers for the 

different D/d ratios are also shown in Table 4.3. All the Peclet numbers obtained are 

much higher than unity indicating that convection is the main mechanism for particle 

motion regardless of system size. While convection dominates the transport process, the 

diffusive contributions increase for the D/d = 63.0 and D/d = 94.5 cases as Peclet 

numbers decrease roughly by ½ from those observed at D/d = 31.5. The increase in 

particle diffusivity can be explained by the increase in velocity fluctuations observed at 

the higher D/d values. 

Figure 4.16 shows the effect of system size on mixing. As a result of the enhanced 

convective and diffusive particle transport, faster mixing kinetics are observed for the 

D/d > 31.5 cases. The degree of mixing is very similar in all 3 system sizes during the 

early stages of the mixing process. However, the RSD curve for the D/d = 31.5 case 

(Figure 4.16a) begins to level off after 4 revolutions, while the RSD values for the other 

cases continue to decrease. As can be seen from the top view snapshots shown in Figure 

4.16b, the mixing process after 5 revolutions is down to the particle level for D/d = 63.0 

and D/d = 94.5 while regions of unmixed particles still remain at D/d = 31.5. Little 
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differences is observed between the mixing kinetics obtained at D/d = 63.0 and D/d = 

94.5. Since a constant blade rotational speed was used for all mixer sizes, the tip speed of 

the blades increases with D/d in our simulations. However, when the tip speed for the D/d 

= 63.0 case was set to that of the D/d = 31.5 and D/d = 94.0 cases, no difference in 

mixing was observed. These results imply that in the quasi-static regime, above a certain 

system size, the rotational speed of the blades provides the time scale for which the 

mixing process takes place. Further work is needed to investigate the effect of blade 

rotational speed on mixing kinetics when flow regime transition occurs. 

Bed dilation is also affect by the D/d ratio. Figure 4.17 shows the time-averaged 

solids fraction 
pρ

ρ , where ρ  is the bed bulk density during flow, and pρ  is the density 

of the particles. The average solids fraction for the D/d = 31.5 case is roughly 40%, while 

at D/d > 31.5 a solids fraction of about 50% is observed. We hypothesize that the increase 

in bed dilation observed at the lower D/d ratio is a result of the frictional contact chains 

that develop by the cylinder wall. As the blades rotate, the contact chains force material 

to move upwards by the cylinder wall causing bed dilation. The maximum stable length 

of these contact chains is characterized by a certain number of particle diameters. The 

maximum number of particle diameters in a stable contact chain is a function of the 

system’s frictional characteristics, but is independent of mixer size.  As a result, the 

length of stable contact chains relative to the mixer diameter is larger at D/d = 31.5 

causing the higher bed dilation. 

We now look at the effect of system size on the stress profiles that develop inside 

the bladed mixer. We find that the time-averaged stresses increase as D/d is increased 

with the highest values obtained for the D/d = 94.5 case. The main reason for the increase 
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in stresses is the increase in total weight of the particle bed at the higher D/d ratios (as the 

H/D ratio was kept constant in these simulations).  Thus, we find that the normal and 

shear stress values obtained at each D/d ratio can be scaled by the quantity gHpρ . e 

4.18 shows the scaled pressure (

 Figur

gHPP pρ=* ) and shear stress ( gHprr ρττ θθ =* ) 

p s the bulk friction coefficient for the different D/d values. The pressure 

profiles obtained for all the D/d cases increase linearly with bed height (Figure 4.18a). 

The scaled pressure profile remains unchanged at D/d = 63.0 and D/d = 94.5, while a 

lower scaled pressure is obtained for the D/d = 31.5 case. The lower pressure is as a result 

of the increased bed dilation at this D/d ratio. It is interesting to note that the value of the 

scaled pressure at the bottom plate coincides with the average solids fraction at each D/d 

value. A similar behavior is observed for the scaled shear stress, *
rθτ  (Figure 4.18b). 

While it is reasonable to expect that pressure would scale with the system’s mass, we find 

that shear stress also scales with this quantity. Identical scaled shear stress values are 

obtained at the higher D/d ratios while the D/d = 31.5 case is characterized by a lower 

scaled shear stress. This suggests that a larger amount of momentum is being transferred 

to the particle bed as a result of blade movement at the higher system sizes. The bulk 

friction coefficients obtained show the same trend (Figure 4.18c) with higher values at 

D/d > 31.5. Note that even at the high D/d ratios, the resulting bulk friction coefficient is 

lower than the value of the microscopic sliding friction coefficient (µs = 0.5 in these 

simulations). 

rofiles as well a

Our analysis suggest that, while different flow kinematics and stress profiles were 

obtained at the lower D/d ratio, scaling relationships exists for systems with D/d ≥ 63.0. 

In particular, our results suggest that there is a critical D/d system size, and that simple 
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scaling relationships exist above this critical system size. Above the critical D/d system 

size, the following scaling relationships were observed. Mean velocity profiles as well as 

velocity fluctuation amplitudes scale linearly with the blades’ tip speed. Flow patterns are 

found to be independent of system size. Particle diffusivities scale linearly with system 

size and the blades’ tip speed. Mixing kinetics are invariant of system size with the 

rotational speed dictating the mixing time scale. Bed dilation remains a constant as the 

system size is increased. The resulting pressure and shear stress profiles scale linearly 

with the total weight of the particle bed. While further work is needed to verify that the 

obtained scaling relationships are still applicable at higher D/d ratios, the results 

presented here suggest that granular flows in bladed mixer could be scaled according to 

system size and operating conditions. The scaling relationships shown here are applicable 

to monodisperse, cohesionless spheres in the quasi-static regime. The effect of granular 

regime transition on mixing and stress generation is presented in Chapter 4. 

4.6. Conclusions from Effect of Mixer Properties, Fill Level and Mixer Scale 

The discrete element method was used to analyze the effect of mixer properties 

and fill level on the observed granular behavior in bladed mixers. Fill level was 

demonstrated to influence granular flows in the bladed mixer. Higher convective and 

diffusive mixing was observed at the lower fill levels with the best mixing performance 

obtained when the height of the particle bed just covers the top of the blades. While the 

mixing kinetics of the entire system were affected by fill level, it was found that bed 

dilation, and convective and diffusive mixing within the span of the blades remains 

invariant of fill level above a certain fill level (H/D > 0.32 in our simulations). Impeller 

torque was found to increase linearly with fill level. Time averaged pressure profiles were 
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found to vary linearly with height at low fill levels and are approximated by a simple 

hydrostatic relationship. However, at high fill levels, two regimes are obtained in the 

pressure profile. A hydrostatic region exists above the blades where pressure increases 

linearly with height, while a saturated region was obtained within the span of the blades 

where pressure is independent of blade height. The development of the saturated region 

was attributed to the 45˚ angle of the blades which causes the impeller to support the 

weight of the particles within the span of the blades. The saturated region is characterized 

by pressure and shear stress fluctuations with frequencies equal to the rotational speed of 

the blades. The amplitude of these fluctuations relative to the mean was found to be 

independent of fill level. 

The frictional characteristics of the cylinder walls were shown to significantly 

affect flow patterns, particle diffusivities, mixing kinetics and shear stresses inside the 

mixer. At low particle-wall friction coefficients, secondary flow structures found in front 

of the blades at high frictional conditions do not develop, thus reducing convective 

mixing. High particle-wall friction leads to an increase in particle diffusivity and 

diffusive mixing. Shear stresses inside the particle bed decrease with a decrease in 

cylinder wall friction. Blade position in the vertical direction was shown to affect flow 

patterns and granular temperature and shear stresses within the particle bed.  

The effect of scaling up the mixer while keeping constant the particle diameter 

and the fill level was also studied. The system scale was quantified by taking the ratio of 

the mixer diameter to the particle diameter, D/d. Lower convective and diffusive mixing 

was observed for the lowest D/d ratio studied (D/d = 31.5), while enhanced mixing 

kinetics were obtained for the larger systems (D/d = 63.0 & 94.5). Bed dilation was 
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highest for the D/d = 31.5 system, while a higher solids fraction was observed as mixer 

size was scaled-up. Normal and shear stress profiles were found to increase with mixer 

size. While different results were obtained at D/d = 31.5, the resulting granular behavior 

at D/d ≥ 63.0 was found to scale according to system size. The difference in behavior 

observed at D/d = 31.5 was attributed to the effect of wall friction which is most 

prominent for smaller systems. Above a critical system size, the effect of wall friction is 

minimized and granular behavior could be predicted based on simple scaling 

relationships. Particle velocities and diffusivities vary linearly with the tip speed of the 

blades. The time averaged solids fraction remains a constant. Additionally, the rotational 

speed of the blades provides the time scale in which the mixing process occurs. Normal 

and shear stresses were found to scale linearly with the total mass of the system and could 

be scaled by the quantity gHpρ . 

Despite the complex behavior observed in bladed mixers, our results suggest that 

granular flows in these types of mixers can be scaled according to system size when the 

size of the mixer relative to the particle size is large enough to overcome wall effects. 

The simple scaling relationships obtained from our analysis are summarized in Figure 

4.19 for quasi-static flows with a middle blade position. This configuration was chosen as 

it captures the important flow features at the different fill levels. Many questions remain 

unanswered regarding the effect of the parameters studied here in more complex granular 

systems such as polydisperse mixtures, non-spherical particle beds and cohesive systems. 

Further work is needed to verify whether the trends reported here are applicable to these 

systems. 

 

 



113 

4.7. Figures for Chapter 4 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4.1. Normalized velocity frequency distributions obtained from simulations 
vs. experimental results from Stewart et al. [105]. a)–c) Simulation frequency 
distributions for the normalized tangential, radial and vertical velocity components, d)-f) 
PEPT experimental frequency distributions for the normalized tangential, radial and 
vertical velocity components. The tangential velocity values shown here are relative to 
the tip speed of the blades. 
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Figure 4.2. Velocity field in front of blade and granular temperature. a) H/D = 0.17, 
b) H/D = 0.32 and c) H/D = 0.46. 
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Figure 4.3. Effect of H/D on bulk density.  
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Figure 4.4. Effect of H/D on impeller torque.  
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Figure 4.5. Effect of H/D on mixing. a) Snapshot of particles at the free surface and b) 
Snapshots of particles above the span of the blades. 
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Figure 4.6. Time averaged pressure for particles within the mixer vs. height. 
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Figure 4.7. Time averaged bulk friction for particles within span of blade vs. height.  
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Figure 4.8. Pressure and shear stress fluctuations at r = 0.09 m. a) Pressure 
fluctuations as a function of height and number of revolutions for H/D = 0.75, b) 
Normalized pressure fluctuations for particles within span of blade, c) rθτ  fluctuations as 
a function of height and number of revolutions for H/D = 0.75 and d) Normalized rθτ  
fluctuation for particles within span of blade. 
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Figure 4.9. Effect of particle-wall and particle-particle friction on velocity field in 
front of the blades. a) , b) and c) 
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Figure 4.10. Effect of particle-wall and particle-particle friction on mixing. Relative 
standard deviation of red particle concentrations vs. number of revolutions.  
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Figure 4.11. Effect of particle-wall and particle-particle friction on the time 

averaged shear stress and bulk friction coefficient. a)  rθτ  and b) P
rθτ .   
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Figure 4.12. Effect of blade position on velocity fields, granular temperature and 
mixing patterns at H/D = 0.75. a)-c) Velocity fields in front of blade and granular 
temperature for different blade positions, d)-f) Side view snapshot of mixing after 5 
revolutions. 
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Figure 4.13. Time averaged pressure and shear stress profiles for different blade 
positions for H/D = 0.75. a)-c) pressure profiles as a function mixer height, d)-f) rθτ  
profiles as a function of mixer height. The position of the blades is given by the dashed 
lines in each graph. 
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Figure 4.14. Velocity profiles at r/R = 0.57, y/H = 0.60.  a)-c) for D/d = 31.5, d)-f) for 
D/d = 63.0 and g)-i) for D/d = 94.5.  
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Figure 4.15. Velocity field in front of blade for different D/d.  a) D/d = 94.5, b) D/d = 
63.0 and c) D/d = 31.5. 
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Figure 4.16. Effect of D/d on mixing. a) relative standard deviation of the red particle 
concentration vs. number of revolutions and b) top view snapshots of mixing patterns for 
different D/d ratios. 
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Figure 4.17. The effect of D/d on solids fraction. a) solids fraction vs. r/R and b) solids 
fraction vs. y/H. 
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Figure 4.18. Scaled pressure, shear stress and bulk friction for different D/d ratios. 
a) Time averaged pressure vs. y/H, b) Time averaged  vs r/R and c) Time averaged *

rθτ

P
rθτ  vs. r/R. 
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Figure 4.19. Scale-up of quasi-static flows in a bladed mixer with blades positioned 
below the surface of the particle bed.  
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4.8. Tables for Chapter 4 

H/D Dθθ  
(m2/sec) 

Drr  
(m2/sec) 

Dyy  
(m2/sec) Peθθ  Perr  Peyy  

0.17 4.0 x 10-5 1.9 x 10-5 5.4 x 10-5 360 110 46 

0.32 1.3. x 10-5 7.2 x 10-6 5.6 x 10-5 1070 253 48 

0.46 1.3 x 10-5 7.1 x 10-6 4.4 x 10-5 1090 260 48 

 
Table 4.1. Effect of H/D on particle diffusivity and Peclet number for particles 
within the span of the blades.  Particle diffusivities were computed with a  of ¼ of a 
revolution. 

tΔ

 
 

µp-p µp-w Dθθ  
(m2/sec) 

Drr  
(m2/sec) 

Dyy  
(m2/sec) Peθθ  Perr  Peyy  

0.5 0.5 4.0 x 10-5 1.9 x 10-5 5.4 x 10-5 360 110 46 

0.1 0.5 1.7 x 10-5 7. 5 x 10-6 1.7 x 10-5 900 217 117 

0.5 0.1 4.6 x 10-8 1.9 x 10-8 2.3 x 10-8 >300000 >10000 >5000 

 
Table 4.2. Effect of particle-wall and particle-particle friction on particle diffusivity 
and Peclet numbers. Particle diffusivities were computed with a tΔ  of ¼ of a revolution 
and were averaged over all the particles in the computational domain. 

 
 

D/d Dθθ* Drr * Dyy* Peθθ  Perr  Peyy  

31.5 8.5 x 10-4 3.3 x 10-4 9.0 x 10-4 720 152 70 

63.0 1.3 x 10-3 4.8 x 10-4 2.2 x 10-3 490 76 25 

94.5 1.5 x 10-3 5.9 x 10-4 2.4 x 10-3 400 56 23 

 
Table 4.3. Effect of D/d on normalized particle diffusivity and Peclet number.  
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Chapter 5. Experimental Validation of DEM Results and Flow Regime 
Transitions for Monodisperse, Cohesionless Flows 

 
In this chapter, a detailed comparison between DEM simulation results and 

experimental results is presented for near-monodisperse, cohesionless flows. The PIV 

technique was used to measure surface flow kinematics for the laboratory unit and these 

results are compared to the surface velocities obtained from the DEM simulations. 

Mixing kinetics and patterns are also compared. The effect of particle surface roughness 

and cylinder wall roughness is demonstrated experimentally and computationally. The 

effect of blade speed and particle surface roughness on flow regime transition is then 

discussed.  

The experimental and computational results discussed in this chapter were 

obtained for fill levels just covering the top of the blades. In order to enable a one-to-one 

comparison between the experimental and numerical results, DEM simulations discussed 

in section 5.1 were carried out using the same mixer dimensions and the same number of 

particles as in the laboratory experiments. In order to reduce computational effort, the 

DEM results for the rest of this chapter (sections 5.2 to 5.4) were obtained for the mixer 

dimensions in Table 2.1 together with 10 mm particles. Experimental results listed in 

sections 5.1 to 5.3 were obtained for a blade speed of 50 RPM. Simulation results listed 

in section 5.1 were obtained at 50 RPM while the results in sections 5.2 and 5.3 were 

obtained at 25 RPM. The effect of blade speed is discussed in section 5.4.  

5.1. DEM Results vs. Experimental Results 

In this section, we compare the particle velocities and mixing kinetics from the 

DEM simulations to those obtained experimentally. The DEM simulations discussed in 
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this section were performed with 2 mm particles and with the laboratory mixer 

dimensions (see Table 2.3). We showed in Chapter 3 that, for bladed mixer DEM 

simulations at low rotational speeds, the sliding friction coefficient (µs) is the input 

parameter that most significantly affects resulting velocities. Additionally, Stewart et al. 

[108] showed that good agreement can be reached between the simulation and 

experimental results by tuning the value of µs used in the simulations. We find that in our 

system, a µs of 0.5 provides the best fit with the experimental data. This value is within 

previously reported ranges for µs values of glass beads [170, 171] and within the range 

demonstrated by Stewart et al. [108]. 

Figure 5.1 shows instantaneous velocity profiles obtained at 50 RPM for the PIV 

experiments and the DEM simulations. Here, the velocities have been normalized by the 

tip speed of the blades, . For both the experiments and the simulations a 10 mm x 10 

mm square control area was created at the top free surface at r/R = 0.5 and at the cylinder 

wall at y/H = 0.5. The instantaneous velocity components were calculated by averaging 

over the control area at a particular time.  For the DEM simulation, only the velocities of 

the particles located 0.75 particle diameters away from each surface were included in the 

calculation. In general, good agreement is obtained between the experimental 

instantaneous velocities and the simulation velocities.  

tipV

The tangential velocities at the top surface for the experiment (Figure 5.1a) and 

the simulation (Figure 5.1f) show a periodic behavior which has also been observed for 

bladed mixer flows of art sand [107] and calcium carbonate [172]. As the blades are 

rotated, the velocity of the particles in front of the blades increases from the interactions 

with the blades. The velocity of the particles in between the blades is lower, since the 
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influence of the blades is not as strong in this region. A Fast Fourier Transform (FFT) 

analysis of the tangential velocity ( ) showed that the main frequency of these 

fluctuations is that of the blade rotation (~3.2 Hz). The power spectrums obtained from 

this analysis are shown in Figure 5.1b (experimental) and 5.1g (DEM simulation). The 

intensity of the main peak is very similar for the DEM simulation compared to the 

experiment. The DEM simulation predicts reasonably well the maximum and minimum 

tangential velocity values at the top free surface. The radial velocity ( ) profiles are 

shown in Figure 5.1c (experimental) and 5.1h (DEM simulation). Periodic fluctuations 

with a characteristic frequency equal to that of the blade rotation are obtained for both the 

experimental and simulation profiles. The radial velocity profiles fluctuate around zero 

indicating the existence of 3-dimensional recirculation zones within the particle bed. This 

is consistent with the simulation results presented in Chapters 3 and 4 in which 

recirculation patterns were shown to be present in front of the blades for counter-

clockwise blade rotations (obtuse configuration). 

tV

rV

The instantaneous tangential and vertical velocities at the cylinder wall are shown 

in Figures 5.1d and 5.1e for the experiment and in Figures 5.1i and 5.1j for the 

simulation. The periodicity in the tangential velocity ( ) observed at the top free surface 

is less prominent near the cylinder walls. Additionally, tangential particle velocities near 

the wall are 50% of the tip speed of the blades. This is due to the frictional nature of the 

particle-wall interaction which lowers particle velocities and gives rise to slip-stick 

behavior. The simulated tangential velocities by the cylinder wall show almost no 

periodic behavior associated with the blade passes. This suggests that the frictional 

conditions by the cylinder wall are different between the experiment and the simulation. 

tV
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The vertical velocity profiles ( ) by the cylinder wall show a periodic behavior for both 

the experiment and simulation. As in the case of the  profile, the vertical velocity 

fluctuates around zero further confirming the existence of the previously reported 

recirculation patterns. 

yV

2
tipV

rV

Time average velocity profiles and granular temperature trends are shown in 

Figure 5.2. Here the granular temperature values have been averaged in the azimuthal 

direction and normalized by . The average velocity field near the top free surface in 

the simulation (Figure 5.2c) is very similar to that of the experiment (Figure 5.2a), with 

particle velocities increasing near the cylinder wall. Granular temperature maximums are 

obtained at the top surface near the cylinder wall in both the experiment and the 

simulation. The increase in temperature is due to the higher particle velocities near the 

wall and to wall friction, which shears the material close to the wall and induces a degree 

of randomness to the velocities of the particles after hitting the wall. The region of high 

temperature near the wall is larger for the simulation than for the experiments. 

Additionally, lower average velocities and higher granular temperatures are obtained by 

the cylinder wall for the simulation (Figure 5.2d) when compared to the experiment 

(Figure 5.2b). 

The differences observed between the experimental velocity fields and those 

obtained from the DEM simulations could be caused by a number of factors such as 

differences in particle properties, wall friction and slight polydispersity (present in the 

glass beads used, but not accounted for in the simulations). Despite the small 

discrepancies, the general trends obtained for both the experiments and the simulation are 

similar. The DEM simulations accurately capture the periodicity in the flow, the 
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magnitude of the velocity components relative to the tip speed of the blades and the 

granular temperature gradients that exist within the particle bed. Since particle 

diffusivities are directly proportional to the granular temperature [155], we can conclude 

that the DEM simulations are also able to capture the qualitative diffusive behavior of 

particulate flows in bladed mixers. 

In addition to accurately simulating particle velocities, the DEM simulations can 

also reproduce the mixing kinetics observed in the experiments. Figure 5.3 shows 

snapshots for the mixing of a bed initially loaded with particles of different colors to the 

left and to the right of the impeller. Figure 5.3a shows the experimental mixing profile 

while Figure 5.3b shows the simulation results. The simulation mixing profiles match 

reasonable well with the experimental results. In both cases, well-mixed zones start to 

appear near the cylinder wall as this is the area with highest bulk velocities and highest 

granular temperature. After 5 revolutions, the particle bed is well mixed in the simulation 

as well as in the experiment. 

5.2. Effect of Particle Surface Roughness 

The coating procedures outlined in section 2.2.3 were used to produce particles 

with different surface roughness. Figure 5.4 shows SEM pictures of the different particle 

types used in this study. The SEM pictures show that the glass beads (Figure 5.4a) have 

the smoothest surface at the 500 µm and the 50 µm scales. The MgSt coated beads 

(Figure 5.4b) have some surface irregularities at the 50 µm scale due to the shape of the 

MgSt particles. The sand coated beads (Figure 5.4c) posses the roughest surface with 

irregularities at the 500 µm scale. In order to quantify the degree of roughness of the 

particles, shear cell analysis was performed with a FT4 rheometer from Freeman 
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Technologies (Welland, Malvern UK). Shear cell analysis can be used to estimate the 

internal angle of friction of a material at the critical state [173]. While this analysis yields 

a value for a macroscopic friction coefficient (µ), this value is not the same as the 

microscopic sliding friction coefficient used as an input parameter in DEM simulations. 

This has been documented in various DEM studies of shear cells [174-176]. However, 

Baran et al. [177] and Theuerkauf et al. [178] have shown that the macroscopic friction 

coefficient obtained from shear cell analysis increases when the microscopic sliding 

friction coefficient of the particles is increased. Therefore, shear cell analysis provides an 

indirect measurement of microscopic friction. Table 5.1 list the macroscopic friction 

coefficient (µ) obtained from the shear cell analysis along with a standard deviation for 

each value. These friction coefficients were obtained following the procedure outlined by 

Freeman Technologies. The shear cell test was repeated 4 times for each particle type. 

The sand coated beads have the highest macroscopic friction, followed by the MgSt 

coated beads and the glass beads. The mass of the individual particles was also measured 

and these are listed in Table 5.1. The mass measurements were repeated 3 times for each 

particle type and a mean mass and standard deviation is reported. The mass of the coated 

particles is comparable to the mass of the glass beads. This shows that the main effect of 

the coating procedure was the modification of surface roughness. 

The effect of surface roughness on instantaneous velocity profiles is shown in 

Figure 5.5. The tangential and radial velocities shown here were obtained on the top free 

surface at r/R = 0.5 while the vertical velocity was obtained by the cylinder wall at y/H = 

0.5. Periodic velocity fluctuations are obtained for all particle types. However, as particle 

surface roughness is increased, the amplitude of the velocity fluctuations increases for all 
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3 velocity components. This suggests that, at higher frictional conditions, the flow inside 

bladed mixers becomes less uniform. In the tangential direction, the most notable effect 

of increasing surface roughness is the decrease of the minimum tangential velocity in 

between the blade passes (see Figures 5.5a, d and g). This implies that in between blade 

passes, the amount of energy dissipation in the tangential direction is larger for rougher 

particles. 

It is also interesting to examine the effect of surface roughness on the deformation 

of the particle bed. As the granular material is sheared inside the mixer, the particle bed 

deforms by forming heaps where the blades are present and valleys in between the blade 

passes [110]. These heaps form due to the development of contact force chains which 

anchor themselves by the cylinder wall and cause the material to dilate where the blades 

are present. Figure 5.6 shows side view snapshots of the heaps that develop for each 

particle type. In all cases the material were poured into the laboratory mixer to achieve an 

initial bed height of ~ 27 mm. The height of the heaps in front of the blades increases 

with increased particle surface roughness. The heap height for glass beads is ~ 30 mm 

(Figure 5.6a). It increases to ~ 35 mm for the MgSt-coated beads (Figure 5.6b) and to ~ 

40 mm for the sand-coated beads (Figure 5.6c). It has been shown that more frictional 

particles leads to an increased stability of the contact force chains [19] which could 

explain the development of higher heaps. As higher heaps are formed, the potential 

energy of the particles on top of the heaps increases. We hypothesize that this potential 

energy is then transferred into kinetic energy in the vertical and radial directions as 

particles flow in and out of the heaps leading to the increase in the radial and vertical 

velocities observed for the rougher particles (Figure 5.5). 
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Figure 5.7 shows the time average velocity profiles and granular temperature 

trends for the different particle types near the top free surface. Some differences are 

observed on the velocity fields of the sand coated particles (Figure 5.7c) when compared 

to the glass beads velocities (Figure 5.7a) and MgSt-coated beads (Figure 5.7b). The 

velocities of the sand-coated particles near the wall are lower than those of the MgSt-

coated beads or the glass beads. This is due to the pronounced surface roughness of the 

particles, which increases the resistance to flow from interactions with the wall and from 

particle interlocking. Granular temperature profiles are also affected by the surface 

roughness of the particles. As can be seen from Figure 5.7, increasing particle surface 

roughness leads to an increase in granular temperature within the particle bed. This is 

consistent with the computational results present in Chapter 3. When two particles are in 

contact, surface friction will impart a degree of randomness in the resulting velocities of 

the particles acting as a source of fluctuating kinetic energy. This effect is more 

pronounced in particles with rougher surfaces leading to the increase in granular 

temperature. 

The experimental results suggest that surface roughness significantly affects 

convective and diffusive particle motion in the bladed mixer. However, PIV is limited to 

the measurement of surface velocities. In order obtained a complete 3-dimensional 

picture, we explore the effect of surface roughness on resulting velocities within the 

particle bed via DEM simulations. Figure 5.8 shows time-averaged radial and vertical 

velocity fields for the particles located in front of the blades. Averaging was performed 

considering only the time-steps for which the blades were present at the position shown 

in Figure 5.8. The magnitude of the tangential velocity is represented by the color of the 
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vectors. The resulting velocities for a particle sμ  value of 0.3 are shown on Figure 5.8a, 

while Figure 5.8b shows the velocities for a sμ  value of 0.5. In both cases, a recirculation 

zone develops in front of the blades as particles rise by the wall and fall near the impeller 

shaft. However, the magnitude of the radial and vertical velocities is higher for the more 

frictional case (µs = 0.5). This is consistent with the results shown in Figure 5.5. Figure 

5.8b shows that the increase in radial and vertical velocities occurs throughout the 

majority of the particle bed, though is most prominent near the top surface and by the 

cylinder walls. 

In order to gauge particle motion at the microscopic level, we calculated particle 

diffusivities and Peclet numbers. Here, we normalize particle diffusivities by the tip 

speed of the blades and the mixer diameter, i.e. 
tip

ij
ij DV

DD =* . Table 5.2 lists the 

normalized particle diffusivities obtained for the different sμ  values. The values shown 

in Table 5.2 were obtained by averaging over all the particles in the computational 

domain with a  of ¼ revolution. The diffusivity in the tangential ( ), radial ( ) 

and vertical ( ) directions for the µs = 0.5 case are nearly twice the value of the 

diffusivities obtained for the µs = 0.3 case. This is consistent with the granular 

temperature trends obtained from the PIV experiments (Figure 5.7). Table 5.2 also lists 

Peclet number values at the different frictional conditions. In both cases, the Peclet 

numbers obtained are much higher than unity, indicating that convection is the 

dominating mechanism for particle transfer. However, Peclet numbers decrease for the µs 

= 0.5 case. This result suggests that, in addition to increasing particle diffusivities, a high 

surface roughness increases the contribution of the diffusive mechanism relative to the 
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convective mechanism for particle motion. The differences in convective and diffusive 

particle motion at higher particle surface roughness lead to enhanced mixing kinetics 

when compared to systems with smoother particles [110]. 

5.3. Effect of Cylinder Wall Roughness 

In addition to particle surface roughness, we showed in Chapter 4 that cylinder 

wall roughness has a significant effect on flow behavior. In order to test the effect of wall 

roughness experimentally, the glass wall of the laboratory mixer was lined with sand 

paper (180 grit) and PIV measurements were then taken at the top free surface for beds of 

glass beads. The presence of the sand paper prevented the measurements of particle 

velocities at the cylinder wall. Instantaneous velocity fluctuations at r/R =0.5 are shown 

in Figure 5.9 for the smooth (glass) wall mixer and the rough (sand paper lined) wall 

mixer. Similar to the effect of particle surface roughness, increasing wall roughness leads 

to an increase in the amplitude of the tangential and radial velocity fluctuations. This is 

attributed to the development of stronger contact force chains at higher wall roughness, 

which enable the transfer of energy from the moving blades to the particle bed. The 

strength of contact force chains has been demonstrated to be a function of wall friction in 

dynamic systems, such as discharging silos [163]. It is interesting to note that the 

influence of the rough wall on particle velocities is observed as far away from the wall as 

r/R = 0.5. This is probably due to the relatively small scale of the laboratory mixer and it 

is likely that the effect of wall roughness may not be as pronounced in larger units. 

However, the fact that this effect occurs at the laboratory scale could become important 

as bladed mixer processes are scaled from the laboratory/pilot plant scale to the 

manufacturing scale. 
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Average velocity fields and granular temperature are shown in Figure 5.10 for the 

smooth (Figure 5.10a) and rough wall (Figure 5.10b) experimental systems. Higher 

average velocities are observed at the top free surface for the rough wall system. This is 

consistent with the higher fluctuation amplitudes showed in Figure 5.9. Granular 

temperature profiles are also affected by wall roughness with higher temperature 

observed near the cylinder wall for the rough wall case. When particles collide with the 

wall, the resulting particle velocities differ from that of the bulk flow due to the frictional 

nature of the particle-wall interaction. This effect increases for the system with the 

rougher wall as this type of surface leads to slip-stick motion for the particles near the 

wall. The increase in granular temperature from wall roughness suggest that the frictional 

cylinder wall acts as an important source of fluctuating kinetic energy in the bladed mixer 

at the laboratory scale. However, this effect might be less pronounced in larger scale 

mixers. Further work is needed to explore the effect of wall roughness on granular 

temperature profiles at larger scales. 

Figure 5.11 shows radial and vertical velocity fields obtained from DEM 

simulations for different particle-wall friction coefficients ( ) for the particles located 

in front of the blades. When the value of  is increased from 0.3 (Figure 5.11a) to 0.5 

(Figure 5.11b), the intensity of the recirculation zone increase due to higher radial and 

vertical velocities. This is consistent with the PIV results and with the computational 

results presented in Chapter 4. Figure 5.11 shows that the increase in velocities occurs not 

only at the top free surface but throughout the particle bed.  
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Table 5.3 lists values of normalized particle diffusivities and Peclet numbers 

obtained from DEM simulations at the different wall frictional conditions. Increasing the 
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value of  to 0.5 almost doubles the normalized particle diffusivities when compared 

to the  case. This is also consistent with the experimental granular temperature 

trends and it suggests that rough walls increase particle diffusivities not just for the 

particles located near the top free surface but throughout the bladed mixer bed. Increasing 

wall roughness also decreases Peclet number values, most significantly in the tangential 

direction but also in the radial and vertical directions.  While these results indicate that at 

higher wall roughness, convection is still the dominating mechanism, they also suggest 

that increasing wall roughness increases the diffusive contribution to particle motion. The 

higher velocities and particle diffusivities obtained at higher wall roughness lead to 

enhanced mixing kinetics when compared to systems with smoother walls. 
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5.4. Effect of Blade Speed 

Bladed mixer processes operate at a wide range of blade rotational speed. As 

such, it is important to understand the effect of blade speed on resulting particle 

velocities. Instantaneous velocity profiles at different rotational speeds are shown in 

Figure 5.12 for our experimental system. Two main effects are observed when blade 

speed is increased from 25 RPM to 200 RPM. The first is the loss of periodicity in all 3 

velocity components. While strong periodicity is observed for the 25 RPM and the 50 

RPM profiles, the fluctuation period at 100 RPM is less defined and at 200 RPM is 

almost completely lost. The loss of periodicity suggests that as blade speed is increased, 

particulate flows in bladed mixers become less correlated. A similar behavior was 

reported by Conway et al. [106] for art-sand flows in a four-bladed mixer. The second 

effect of increasing blade speed is to decrease the amplitude of the velocity fluctuations. 

As blade speed is increased, the height of the heap that forms in front of the blades also 
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increases, which suggest that dilation of the particle bed has occurred. The heap height 

was measured at ~ 27 mm for 25 RPM, at ~ 30 mm for 50 RPM and at ~ 38 mm for 100 

RPM. As heap height increases, the distance between the top of the blades and the 

particles near the surface of the bed becomes large enough that the influence of the blades 

on surface velocities is reduced. The decrease in vertical velocity fluctuations is 

attributed to the dilation of the particle bed which leads to a flatter vertical velocity 

profile. 

When the normalized average speed ( ) of the particles near the top free 

surface is plotted against the rotational speed of blades, two distinct flow regimes are 

observed (Figure 5.13). At lower rotational speeds (below ~ 50 RPM), the quasi-static 

regime is obtained where the value of  U  is independent of RPM. This implies 

that the resulting particle speeds near the top free surface increase linearly proportional to 

the tip speed of the blades in the quasi-static regime. The behavior in this region is 

similar to the bumping flow reported by Litster et al. [121]. The PIV results suggest that 

in the quasi-static regime, the blade rotational speed provides the time scale for 

momentum transfer within the particle bed. As blade speed is increased (above 50 RPM), 

the intermediate regime is reached where the value  at the surface reaches a constant 

value (independent of ); thus the normalized quantity, , decreases as  is 

increased (see Figure 5.13). This is similar to the roping flow reported also by Litster et 

al. [121]. It is interesting to note that the transition from the quasi-static to intermediate 

flow regime reported in the study mentioned above occurred at rotational speeds above 

200 RPM for dry lactose flows in a granulator with a diameter of 0.4 m. Here, we 

observed a transition from the quasi-static to intermediate regime at ~ 50 RPM for glass 
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bead flows in a mixer with a diameter of 0.1 m. This implies that the conditions leading 

to flow regime transition are dependent on system size and particle properties (i.e., free 

flowing grains vs. cohesive powders). 

Dimensionless average velocity fields and granular temperature profiles obtained 

from the experiments at the different rotational speed near the top free surface are shown 

in Figure 5.14. The normalized velocity fields are very similar for the 25 RPM and 50 

RPM cases (Figures 5.14a and b). Above 50 RPM, the normalized velocities decrease 

with increased blade speed due to a change in flow regime. A different effect is observed 

on the granular temperature profiles. In general, normalized granular temperature values 

decrease with blade speed, even for the cases in the quasi-static regime (25 and 50 RPM). 

We showed in sections 5.2 and 5.3 that resulting granular temperature profiles in our 

bladed mixer are dependent on the frictional contacts between the particles and between 

the particles and the wall. The increased dilation of the particle bed that occurs at higher 

RPM decreases the number of frictional contacts at the surface of the mixer, causing a 

drop in the normalized granular temperature. In addition, as the bed dilates the distance 

between the top of the blades and the particles near the surface increases leading to a 

reduced influence of the blades on the surface fluctuation velocities. It should be noted 

that the unscaled value of granular temperature does increase with blade speed. However, 

the increase in the fluctuating velocity (u’) is small when compared to the increase in 

. tipV

DEM simulations were also carried out at different blade rotational speed to 

analyze the velocity profiles that develop within the particle bed. Figure 5.15 shows time 

average radial and vertical velocity profiles that develop in front of the blades at different 
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rotational speeds. At 3 RPM (Figure 5.15a) and 20 RPM (Figure 5.15b), the normalized 

velocity profiles are very similar indicating that at these rotational speed, resulting 

velocities are linearly proportional to . This is consistent with the quasi-static regime 

identified in Figure 5.13. The DEM results show that particle velocities throughout the 

entire bed are proportional to . A different behavior is observed for the velocities 

obtained at 55 RPM (Figure 5.15c) and at 120 RPM (Figure 5.15d). For these two cases, 

significant dilation of the particle bed occurs, resulting in the flow transition from the 

quasi-static regime to the intermediate regime. Analysis of the average particle 

coordination number within the mixer confirms that dilation of the bed does occur as 

blade speed is increased. The average coordination number at 20 RPM fluctuated 

between 5 and 6 versus an average coordination number between 3 and 2 for 120 RPM. 

Similar to the results obtained via PIV, the normalized particle velocities at the top free 

surface decrease with an increase in blade speed. However, the DEM results show that 

while normalized tangential velocities decrease with the rotational speed, the normalized 

radial and vertical velocities actually increase. This effect is particularly strong for the 

particles within the span of the blades (y/H < 0.5). Figure 5.15c and 5.15d show that the 

velocities for the particles above the blade (and near the free surface) are much lower 

than the particles within the span of the blades. The DEM simulations indicate that while 

normalized surface velocities decrease in the intermediate regime, the normalized radial 

and vertical velocities within the particle bed increase. 

tipV

tipV

Table 5.4 lists normalized particle diffusivities and Peclet numbers obtained from 

the DEM simulations at the different blade speeds. At low RPM (3 & 20 RPM), 

normalized particle diffusivities change little with blade speed and are significantly 
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higher than the values obtained at higher RPM. These results are consistent with the 

granular temperature trends obtained from PIV measurements. Peclet numbers at 3 & 20 

RPM are also lower indicating that the contribution of diffusive mechanism at lower 

rotational speeds is larger. At 55 and 120 RPM, normalized diffusivities decrease and 

Peclet numbers increase due to the dilation of the particle bed. While the strength of bulk 

convection increases with blade speed in the intermediate regime, particle diffusion 

decreases in this regime. 

The differences in convective and diffusive particle motion observed lead to 

differences in mixing performance. We evaluate the degree of mixing obtained for each 

blade speed by coloring particles on the left side of the blade impeller differently from 

the particles on the right side prior to blade movement in our DEM simulations. The 

particles have identical properties except their color. We then we perform statistical 

analysis on particle concentration for a specific color particle. At a particular time step, 

we compute the relative standard deviation (RSD) of particle concentration within the 

mixer. RSD values as a function of number of revolutions are shown in Figure 5.16 for 

the different blade speeds for the DEM simulations. The RSD curves for the 3 RPM and 

20 RPM cases lay on-top of each other. These results imply that in the bumping regime, 

the blade rotational speed provides the time scale for the mixing process. This is 

consistent with the proportionality observed between the average particle velocities and 

. As normalized radial and vertical particle velocities increase in the roping regime, 

increasing blade speed in this regime leads to enhanced mixing kinetics as shown in 

Figure 5.16 by the RSD curves for the 55 RPM and the 120 RPM cases. It should be 

noted that Conway et al. [106] observed enhanced mixing at 3 RPM vs. the mixing 

tipV
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observed at 30 RPM for art sand particles. The authors characterized the degree of 

mixing by calculating interface stretching via image analysis of top free surface 

snapshots. The differences in the mixing behavior observed by Conway et al. and the 

trend reported here could be due to the differences in particle properties (i.e., particle 

shape, size and degree of polydispersity). This suggests that the effect of regime 

transition on mixing is dependent on material properties. 

We now look at the effect of blade speed on the average shear stresses that 

develop inside the particle bed at different values of microscopic friction. Average rθτ  

values for the particles located within span of blades are plotted on Figure 5.17a vs. the 

dimensionless shear rate, *γ . Here, the dimensionless shear rate is calculate from the 

expression proposed by Tardos et al. [43], , where 2/1)/(* gdoγγ = oγ  is the shear rate, 

d is the particle diameter and g is the acceleration due to gravity. oγ  is assumed to be 

equal to the blade rotational speed in rad/s. Figure 5.17a shows the existence of two 

distinct regimes, similar to what is obtained from the flow kinematics data. At low values 

of *γ  (below 0.1), the quasi-static regime is obtained where the average value of rθτ  is 

not a function of *γ  but is significantly affected by microscopic friction.  

The rate independence of rθτ  can be explain by considering the dominant 

mechanism for momentum transfer in the quasi-static regime. In this regime, momentum 

transfer is governed by the generation of contact force chains that arise from sustained 

particle contacts. At low blade rotational speeds (i.e. low *γ  values), the average number 

of contact force chains inside the particle bed does not change as blade speed is 

increased. This is confirmed by the calculating the average coordination number for the 

particles in the quasi-static regime which is a constant value of ~ 5.5. Contact chains are 
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created and destroyed as the blades are rotated, but the average number of contact chains 

stays the same leading to a constant value of rθτ . This behavior further indicates that in 

the quasi-static regime, the blade speed provid  the time scale for the mixing process. 

Figure 5.17a also shows that in the quasi-static regime, shear stresses are only a function 

of the amount of friction in the system (for a given particle size). As explained before, the 

stability and strength of contact force chains increases with friction in the quasi-static 

regime leading to the higher values of rθ

es

τ .  

For *γ  > 0.1 (blade speeds >  R50 P he intermediate regime is encountered 

where 

M), t

rθτ  increases linearly with *γ , a behavior similar to that of liquids. The value of 

*γ  at which the transition from the quasi-static to the intermediate regime occurs is 

sistent with the regime map proposed by Tardos et al. [43]. This regime transition 

occurs when the dilation of the particle bed increases and number of sustained particle 

contacts becomes a function of blade speed. In the intermediate regime a second 

mechanism for momentum transfer arises; momentum transport due to the apparent 

random velocities of particles flowing across moving layers. We also find that the 

behavior of the intermediate regime in our bladed mixer resembles that of visco-plastic 

fluids such as Bingham fluids, where shear stress is related to shear rate by 

o

con

κγττθ += yr   (5-1) 

 is the yield stress and κ the appar vis si our bladed mixer, a yield ent co ty. In where yτ

stress needs to be overcome in order to induce flow (due to the frictional inter-particle 

contacts). Once flow has been achieved, the shear rate is linearly proportional to the shear 

rate times a proportionality constant (i.e., an apparent viscosity). Similar behavior has 
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been observed for chute flows [53] and mechanically agitated beds [54] in the 

intermediate regime. From a least-square fitting of the data presented on Figure 5.17a for 

*γ  > 0.1, yield stresses and apparent viscosities can be calculated. These values are 

d in Table 5.5 along with the R2 statistic. In general, the R2 values are high indicating 

a good fit of the data with the Bingham model. The lines in Figure 5.17a show the least 

square fitting of the model. Yield stress and apparent viscosity increase as microscopic 

friction is increased. This relationship has also been observed for Taylor-Couette flows in 

the intermediate regime [179]. Increasing microscopic friction increases the resistance to 

flow as one would expect. The apparent viscosities are also high compare to that of 

Newtonian fluids, a behavior analogous to Bingham fluids. Our results suggest that 

constitutive equations based on visco-plastic models can accurately describe the behavior 

of cohesionless granular flows in bladed mixers. It also shows that the visco-plastic 

parameters are strong functions of particle properties. These values are also expected to 

be dependent on the amount of cohesion and polydispersity present in the system along 

with system size. 

Figure 5.17

liste

*γb shows blade torque as a function of  for different microscopic 

ionfrict  values. Similar trends are obtained between the a age rθver τ  values and blade 

torque values. At low shear rates, blade torque is independent of blade speed. Above a 

critical value ( *γ  > 0.1), blade torque increases linearly with blade speed. The lines in 

Figure 5.17b show the linear fit. The minimum torque required to induce flow increases 

with increased microscopic friction as well as the slope of the fitted line in the 

intermediate regime, a behavior similar to the one observed for rθτ . These results suggest 
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that blade torque can be used to estimate the average shear stress within the span of the 

blades in bladed mixers and that torque can used to detect flow regime transition.    

 Finally, we look at the effect of surface roughness on the amount of power drawn 

by the blade motor experimentally. The amount of power drawn by the blades during 

agitation is proportional to the blade torque times the blade rotation speed. In order to 

remove the effect of blade rotational speed, we compute an adjusted blade power 

parameter by subtracting the power drawn by the blade motor when the cylinder is empty 

from the power drawn by the motor under load (i.e. when the granular material is agitated 

in the cylinder). Here, we assume that the power efficiency of the blade motor does not 

change significantly when the motor is under load (a reasonable assumption for a small 

motor, like the one used here). Adjusted power measurements for the different types of 

beads are shown in Figure 5.18 as a function of *γ . The behavior observed in Figure 

5.18 is very similar to the behavior obtained from the simulations. Here again we see the 

development of two distinct flow regimes, a quasi-static regime and an intermediate 

regime. Flow regime transition occurs for  *γ  > 0.11 (blade rotational speeds above 50 

RPM), which is consistent with the particle velocity data shown in Figure 5.13. The lines 

shown in Figure 5.18 show the linear fit of blade power in the intermediate regime. The 

minimum power needed to induce flow increase with particle surface roughness along 

with the slope of the lines in the intermediate regime. These results are consistent with 

the DEM simulation results. 

Our analysis showed that two different flow regimes occur in bladed mixer and 

that the resulting flow kinematics and stress profiles change significantly between the two 

regimes. The changes in particle velocities lead to differences in mixing kinetics. 
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However, comparison of our results to previously reported data suggests that the 

conditions leading to flow regime transitions are scale and material property dependent. 

Care should be taken during the scale-up and design of bladed mixer processes to avoid 

operating at different flow regimes. 

5.5. Conclusions from Experimental Validation and Effect of Blade Speed 

Experimental and computational methods were used to study the kinematics of 

particulate flows in bladed mixers. The ability of DEM simulations to accurately capture 

experimental behavior was demonstrated. Particle velocities and granular temperature 

profiles obtained from the simulations are in good agreement with those obtained 

experimentally using the PIV technique. The simulation mixing kinetics were also in 

agreement with the mixing kinetics observed experimentally. The small discrepancies 

observed between the simulation results and the experimental results could be due to 

differences in particle properties, wall friction and the slight polydispersity present in the 

glass beads used (but not accounted for in the simulations). Further work is needed to 

develop methods for measuring particle and boundary properties that could be used as 

input parameters for DEM simulations. 

PIV and DEM results showed that particle surface roughness and cylinder wall 

roughness significantly influence flow kinematics in bladed mixers. Increasing particle 

roughness leads to an increase in the velocity fluctuation amplitudes, bed dilation and 

granular temperature. DEM simulations showed that the contribution of the diffusive 

mechanism in the momentum transport process increases with particle roughness. Similar 

results were obtained when cylinder wall friction was increased. However, the influence 
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of wall roughness is expected to be scale dependent. Further work is needed to explore 

the effect of surface roughness at larger scales. 

The effect of blade speed on resulting particle velocities and mixing kinetics was 

also studied. Two distinct flow regimes were observed as blade speed was increased. 

Below 50 RPM, the particle flow inside the mixer occurred in the quasi-static regime. 

This regime is characterized by particle velocities and diffusivities which are linearly 

proportional to the tip speed of the blades. Because of this relationship, the rotational 

speed of the blades provides the time scale for momentum transfer and for the mixing 

process in the bumping regime. Above 50 RPM, the intermediate regime was observed. 

This regime is characterized by radial and vertical velocities which increase with blade 

speed but are no longer proportional to the tip speed of the blades. Dilation of the particle 

bed occurs in the intermediate regime which leads to a decrease in particle diffusivities 

when compared to the tip speed of the blades. The increase in radial and vertical 

velocities within the particle bed leads to enhanced mixing kinetics in the intermediate 

regime. The conditions leading to regime transition appear to be dependent on system 

scale and the properties of the granular material based on the data previously reported in 

the literature.  

The effect of blade speed on average shear stress was also shown. In the quasi-

static regime, average shear stress is independent of blade speed but increases with 

microscopic friction. In the intermediate regime, the relationship between average shear 

stress and shear rate was demonstrated to be similar to that of visco-plastic or Bingham 

fluids. A yield stress needs to be overcome in order to induce flow and further shearing of 

the material increases the average stress linearly. Yield stress and apparent viscosities 
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were shown to be a function of microscopic friction in bladed mixers. Similar trends were 

observed for blade torque measurements from the simulations and blade torque power 

from the experiments. 

The results shown here elucidate some of the mechanisms leading to particle 

motion and mixing kinetics in bladed mixers. Specifically, they highlight the sensitivity 

of resulting flow kinematics on particle properties, mixer properties and operating 

conditions. Further work is needed to explore the effect of particle size distribution, 

particle shape and inter-particle cohesion on the trends reported here. 
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5.6. Figures for Chapter 5 
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Figure 5.1. Velocity fluctuations near free top surface at r/R = 0.5 and by the 
cylinder walls at y/H = 0.5. Experimental results: a) top free surface tangential velocity, 
b) tangential velocity  power spectrum, c) top free surface radial velocity, d) cylinder wall 
tangential velocity and e) cylinder wall vertical velocity. Simulation results: f) top free 
surface tangential velocity, g) tangential velocity  power spectrum,  h) top free surface 
radial velocity, i) cylinder wall tangential velocity and j) cylinder wall vertical velocity. 
Results obtained for a blade speed of 50 RPM. 
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Figure 5.2. Time average velocity profile and granular temperature. a) experimental 
results at the top surface, b) experimental results at the cylinder wall, c) simulation results 
at the top surface and d) simulation results at the cylinder wall. Granular temperature 
shown here has been averaged in the azimuthal direction and normalized by . Results 
obtained for a blade speed of 50 RPM. 
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Figure 5.3. Mixing performance for left-right segregated bed. a) experimental results 
and, b) simulation results. Results obtained for a blade speed of 50 RPM. 
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Figure 5.4. SEM pictures of particle surfaces. a) blue glass bead, b) MgSt coated bead 
and c) sand coated bead. 
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Figure 5.5. Effect of surface roughness on tangential, radial and vertical velocity 
fluctuations. a)-c) glass beads, d)-f) MgSt coated beads and g)-i) sand coated beads. The 
tangential and radial velocities were obtained on the top free surface at r/R = 0.5. The 
vertical velocity was obtained by the cylinder wall at y/H = 0.5. Results obtained for a 
blade speed of 50 RPM. 
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Figure 5.6. Effect of surface roughness on heap height. a) glass beads, b)MgSt coated 
beads and c) sand coated beads. The solid line shows the position of the blade. Results 
obtained for a blade speed of 50 RPM. 
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Figure 5.7. Effect of surface roughness on average velocity fields and granular 
temperature.  a) glass beads, b) MgSt coated beads and c) sand coated beads 
respectively. Granular temperature shown here has been averaged in the azimuthal 
direction and normalized by . Results obtained for a blade speed of 50 RPM. 2
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Figure 5.8. Simulation velocity field in front of the blades for different particle 
friction parameters. a) µs = 0.3 and b) µs = 0.5. In this figure the top tip of the blades is 
located at y/H = 0.5. Results obtained for a blade speed of 20 RPM. 
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Figure 5.9. Effect of cylinder wall roughness on tangential and radial velocity 
fluctuations near free top surface at r/R = 0.5. a) Smooth wall tangential velocity, b) 
smooth wall radial velocity, c) rough wall tangential velocity and d) rough wall radial 
velocity. Results obtained for a blade speed of 50 RPM. 
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Figure 5.10. Effect of cylinder wall roughness on average velocity field and granular 
temperature near free top surface. a) smooth wall and b) rough wall. Granular 
temperature shown here has been averaged in the azimuthal direction and normalized by 

. Results obtained for a blade speed of 50 RPM. 2
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Figure 5.11. Simulation velocity field in front of the blades for different wall friction 
parameters. a)  and b) . In this figure the top 
tip of the blades is located at y/H = 0.5. Results obtained for a blade speed of 20 RPM. 
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Figure 5.12. Effect of blade speed on tangential, radial and vertical velocity 
fluctuations. a) tangential velocity fluctuations, b) radial velocity fluctuations and c) 
vertical velocity fluctuations. The tangential and radial velocities were obtained on the 
top free surface at r/R = 0.5. The vertical velocity was obtained by the cylinder wall at 
y/H = 0.5. 
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Figure 5.13. Effect of blade speed on average speed near the top surface.  
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Figure 5.14. Effect of blade speed on time average velocity field and granular 
temperature. a) 25 RPM, b) 50 RPM, c) 100 RPM and d) 200 RPM. Granular 
temperature shown here has been averaged in the azimuthal direction and normalized by 
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Figure 5.15. Simulation velocity field for different blade speeds. a) 3 RPM, b) 20 
RPM, c) 55 RPM, and d) 120 RPM. In this figure the top tip of the blades is located at 
y/H = 0.5. 
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Figure 5.16. Effect of blade speed on mixing kinetics from simulations. 
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Figure 5.17. Effect of blade speed on average shear stress and blade torque from 
simulations. a) average rθτ  for particle located within span of blades vs. *γ  and b) 
average impeller torque vs. *γ . 
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Figure 5.18. Effect of blade speed on adjusted blade power draw from experiments. 
The adjusted impeller power is obtained by subtracting the power draw at a specific RPM 
for the empty cylinder from the power draw for the impeller for the charged cylinder. 
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5.7. Tables for Chapter 5 

Material Mean µ  Standard 
deviation 

Mean 
mass (mg)

Standard 
deviation (mg) 

Glass beads 0.32 0.009 13.4 0.63 
MgSt coated beads 0.38 0.008 13.8 0.68 
Sand coated beads 0.55 0.013 15.6 0.42 

 
Table 5.1. Experimentally determined particle properties. Macroscopic friction 
values were obtained via shear cell analysis. 

 

µs Dθθ* Drr * Dyy* Peθθ  Perr  Peyy  

0.3 7.3 x 10-4 3.3 x 10-4 9.6 x 10-4 842 191 69 

0.5 1.6 x 10-3 7.5 x 10-4 2.1 x 10-3 360 110 46 

 
Table 5.2. Effect of particle friction on normalized particle diffusivity and Peclet 
number from simulations.   

 

µp-p µp-w Dθθ* Drr * Dyy* Peθθ  Perr  Peyy  

0.5 0.3 2.3 x 10-5 1.0 x 10-5 3.3 x 10-5 617 164 56 

0.5 0.5 4.0 x 10-5 1.9 x 10-5 5.4 x 10-5 360 110 46 

 
Table 5.3. Effect of wall friction on normalized particle diffusivity and Peclet 
number from simulations.   
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RPM Dθθ* Drr * Dyy* Peθθ  Perr  Peyy  

3 6.7 x 10-4 3.1 x 10-4 9.1 x 10-4 910 210 78 

20 8.5 x 10-4 3.3 x 10-4 9.0 x 10-4 719 151 69 

55 2.0 x 10-4 8.5 x 10-5 4.8 x 10-4 3550 587 207 

120 1.1 x 10-4 7.0 x 10-5 2.1 x 10-4 4726 671 330 

 
Table 5.4. Effect of blade speed on normalized particle diffusivities and Peclet 
number from simulations.  Particle diffusivities were computed with a  of ¼ of a 
revolution.  

tΔ

 

µs Yield Stress (Pa) Viscosity (Pa s) R2 

0.1 9.7 1.1 0.996 
0.3 14.5 2.6 0.995 
0.5 19.7 3.3 0.996 

 
Table 5.5. Effect of microscopic friction on apparent visco-plastic parameters from 
simulations. These values were obtained by fitting a visco-plastic model to the data 
plotted on Figure 5.17a for *γ  > 0.1. 
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Chapter 6. Polydisperse, Cohesionless Flows 
 

Industrial bladed mixer operations often involve components with different 

particle sizes or with size distributions. Few studies are found in the literature which 

investigate the effect of particle size differences on flow and segregation in bladed 

mixers. Thus far, the segregation studies performed in bladed mixers have focused on the 

behavior of binary mixtures of small and large particles [106, 109]. In this chapter, the 

effect of increasing polydispersity on flow and segregation in bladed mixers is discussed. 

Experiments and DEM simulations were performed to investigate the flow, segregation 

patterns, mixing kinetics and stresses that develop in granular beds containing multiple 

particle sizes. A detailed comparison between the experimental results and the DEM 

results is included for a base case consisting of a binary mixture. DEM simulations were 

used to study the effect of increasing the amount of intermediate particle sizes in the 

system while keeping the small to large particle size ratio the same. 

The experimental and computational results discussed in this chapter were 

obtained for fill levels just covering the top of the blades. The total mass of the particle 

bed was divided equally among the number of species in the mixture in both the 

experiments and the simulations (i.e. equal mass fractions for each component). Since 

densities of the particle species were the same, the equal mass fractions correspond to 

equal volume fractions. DEM simulations discussed in section 6.1 were carried out using 

the same mixer dimensions (Table 2.3) and the same number of particles as in the 

laboratory experiments to enable a one-to-one comparison. The DEM results for the rest 

of this chapter (sections 6.2 to 6.3) were obtained for the base case mixer dimensions 

(Table 2.1) in order to facilitate the comparison of the polydisperse results with the 
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monodisperse results discussed in previous chapters. Experimental results were obtained 

for a blade speed of 25 RPM. Simulation results listed in section 6.1 were obtained at 25 

RPM while the results in sections 6.2 and 6.3 were obtained at 10 RPM.  

6.1. Binary mixtures - DEM Results vs. Experimental Results 

In this section, the behavior of a binary mixture with equal mass fractions of 2 

mm and 4 mm particles in the laboratory bladed mixer unit (Table 2.3 dimensions) is 

discussed. Previous bladed mixer studies performed with monodisperse particles 

highlighted several flow features which are known to cause size segregation in other 

granular systems such as granular temperature gradients, heap formation [45] and the 

occurrence of  avalanches at several frequencies [106]. Figure 6.1 shows the segregation 

patterns observed at the top surface and by the sidewalls for the experiments and 

simulations. Starting from an initial, well mixed state, the particle bed begins to segregate 

as the blades are set to rotate. The small particles accumulate near the impeller shaft and 

the cylinder’s bottom plate while the large particles accumulate near the top free surface 

and by the cylinder walls. This segregation pattern is consistent with the patterns 

observed by Conway et al. [106] and Zhou et al. [109] for conditions similar to the ones 

used here. In general, good qualitative agreement is obtained between the experimental 

segregation patterns and those obtained from the DEM simulations. These patterns 

indicate that sieving is the dominant segregation mechanism in this system. In sieving 

segregation, the smaller particles fall through the gaps that are formed between larger 

particles during flow as a result of localized shearing [62]. In effect, the shearing action 

of the blades which is intended to promote mixing causes the segregation of the particle 

bed. 
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The rate of segregation in this system is fast, with some signs of segregation 

appearing after 1 revolution and with a fully segregated statistical steady state obtained 

after just 5 revolutions. It is interesting to note that for monodisperse systems, a well 

mixed state is reach after 5 revolutions for similar system conditions (see Chapter 3). 

Further shearing of the particle bed does not result in mixing as can be observed from the 

snapshots taken at 10 revolutions. As the small particles percolate through the bed, they 

form close-packed structures near the bottom plate and in front of the blades. These 

packed structures reduce the probability of large particles finding a void of sufficient size 

that would allow them to penetrate to the bottom of the bed. Thus, the large particles 

remain near the top surface. After segregation occurs, the blades pick up some of the 

small particles located at the bottom moving them towards the top. However, these 

particles flow past the blades and fall to the bottom behind the blades leading to no 

significant change in their vertical position in between blade passes. 

Normalized large particle concentration profiles at the sidewalls and top surface 

for the experiments and the simulations are displayed in Figure 6.2 at different 

revolutions. The local large particle concentration,  has been normalized by elC arg

elC arg , the average large particle concentration in the whole system: 

elelel CCC argargarg /* = . Side view concentrations are shown in Figures 6.2a-6.2c and 

top surface concentrations in Figures 6.2d-6.2f. After 1 revolution, a gradient in the 

 profile emerges along the vertical direction (Figure 6.2a) and the radial direction 

(Figure 6.2d). The large particle concentration at the top is more uniform after 1 

revolution (Figure 6.2d) when compared to the side view concentration profile (Figure 

6.2a). It should be noted that the y-axis scales in Figures 6.2a and 6.2d are different. 

elC arg*
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Larger  gradients along the radial direction are obtained after 10 revolutions 

(Figures 6.2f). Additionally, the extent of segregation is most significant along the 

vertical direction with local concentration values ~ 8 times the total average 

concentration near the top of the particle bed for the fully segregated state (Figures 6.2b 

and 6.2c). This behavior is expected for systems in which sieving segregation occurs. 

Some differences are obtained between the experimental profiles and the simulation 

profiles. The large particle concentration near the middle of the bed in Figure 6.2b is 

higher for the simulation than for the experiment causing the concentrations at the top to 

be slightly lower. Additionally, the extent of radial segregation after 10 revolutions is 

higher in the simulation. However, the simulation results show the same general trends as 

the experimental results. 

elC arg*

Average surface velocity profiles and granular temperature trends are shown in 

Figure 6.3 for the experiments and the simulations. Experimental velocity measurements 

were obtained using PIV. For the DEM simulation, only the velocities of the particles 

located 0.75 particle diameters away from each surface were included in the calculation. 

The size of the control area used for the calculation of granular temperature was 5 mm x 

5 mm. Here, granular temperature values are normalized by  and have been averaged 

in the azimuthal direction. The average velocity field near the top free surface in the 

experiment (Figure 6.3a) is qualitatively very similar to that of the simulation (Figure 

6.3c), with particle velocities increasing near the cylinder wall. Side view particle 

velocities near the wall are roughly 50% of the tip speed of the blades (Figures 6.3b and 

6.3d). This is due to the frictional nature of the particle-wall interaction which lowers 

particle velocities and gives rise to slip-stick behavior. 

2
tipV
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Granular temperature maximums are obtained near the cylinder wall and at the 

top surface in both the experiment and the simulation. High temperatures by the cylinder 

wall and the top free surface have also been observed for monodisperse bladed mixer 

flows (see Chapter 3). The high temperature by the wall is due to wall friction, which 

shears the material close to the wall and induces a degree of randomness to the velocities 

of the particles after hitting the wall. Granular temperature gradients lead to increases in 

the thermal diffusion and pressure diffusion forces, two of the main driving forces for 

segregation [23]. For densely packed systems, kinetic theory predicts that large particles 

will accumulate near high temperature regions and that small particles will migrate 

towards lower temperature regions [180]. Our results are consistent with the kinetic 

theory predictions and further indicate the occurrence of sieving segregation. A stronger 

temperature gradient is obtained in the DEM simulations near the top surface and by the 

side walls when compared to the experiment. This increase might explain some of the 

differences observed in the large particle concentration profiles. 

The differences observed between the experiments and the DEM simulations 

could be caused by a number of factors such as differences in particle properties, wall 

friction and slight polydispersity (present in each glass bead type used, but not accounted 

for in the simulations). Despite the small discrepancies, the general trends obtained for 

both the experiments and the simulation are similar. The DEM simulations qualitatively 

capture the segregation patterns obtained experimentally, the magnitude of the particle 

velocity relative to the tip speed of the blades and the granular temperature gradients that 

exist within the particle bed. 
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6.2. Effect of Increasing Polydispersity 

Most granular materials are characterized by a higher degree of polydispersity 

than that of a binary mixture. Understanding the effect of increased polydispersity on 

flow and segregation is necessary for the design and scale-up of reliable bladed mixer 

processes. Figure 6.4 compares the experimental segregation profiles at the sidewalls 

observed for a binary system to those obtained for a ternary system. The ternary system 

consists of 2 mm, 3 mm and 4 mm beads at equal mass fractions. The degree of 

polydispersity in the system has been increased by adding an intermediate particle size 

while keeping the large (4 mm) and small (2 mm) particles the same as in the binary 

system. The total mass of the ternary system is equal to the total mass of the binary 

system. While segregation occurs in both the binary and ternary mixtures, Figure 6.4 

shows that the extent of segregation is lower for the ternary system. The presence of the 

intermediate particle size reduces the large particle concentrations towards the top of the 

particle bed. During the early stages of shearing the effect is not as pronounced (Figures 

6.4c and 6.4d). However, after 10 revolutions, the normalized concentration of large near 

the top is reduced by ~25%. Introduction of intermediate particle sizes has been shown to 

reduce segregation in vibrated beds [66, 181] and fluidized beds [182]. The experimental 

results suggest that this trend also occurs in bladed mixers and that segregation can be 

reduced by increasing the degree of polydispersity. 

Experiments with additional number of intermediate particles sizes are difficult to 

implement as glass beads are only available in a limited number of sizes. However, DEM 

simulations can easily include the effect of multiple particle sizes. Simulations were 

performed for 4 different systems: binary, ternary, a 5 particle size system and an 11 
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particle size system. The last system can be viewed as possessing a pseudo-continuous 

particle size distribution. The mixer dimensions listed in Table 2.1 were used for the 

simulations discussed in the remainder of the paper. The largest and smallest particle 

sizes were 10 mm and 5 mm. The ratio of the mixer diameter to the particle diameter for 

the small and large in the simulations is similar to the experimental ratio. In each case the 

total mass charged to the cylinder was divided equally among the number of species in 

the mixture i.e. equal mass fractions of each component. In addition, the sizes of the 

intermediate particles were evenly spaced between 5 mm and 10 mm. The binary system 

consists of 5 mm and 10 mm particles. The ternary system consists of equal masses of 5, 

7.5 and 10 mm particles. The 5 particle system consists of equal masses of 5, 6.25, 7.5, 

8.75 and 10 mm particles. The 11 particle size system consists of equal masses of 5, 5.5, 

6, 6.5, 7, 7.5, 8, 8.5, 9, 9.5 and 10 mm particles. 

Initial and final snapshots for the 4 different systems are shown in Figure 6.5. The 

final snapshots were taken after 5 revolutions, as the degree of mixing analysis (discussed 

later in this section) showed that the mixing (or de-mixing) curves level off within 5 

revolutions. Here the particles have been colored according to their size. For the binary 

system, the top surface of the particle bed consists of mostly large particles, with a 

limited amount of small particles located where the blades are present. Similar to what 

was observed in the experiments; these particles flow past the bed and acquire no net 

vertical movement in-between blade passes. However, as polydispersity is increased, 

larger amounts of small and intermediate particles are observed at the top surface of the 

bed. Table 6.1 lists the normalized large particle concentrations at the top surface and 

cylinder wall. For the values listed in Table 6.1, only the particles located 1 large particle 
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diameter away for each surface were included in the calculation. The  top surface 

values were averaged along the radial direction while the  cylinder wall values 

were averaged along the height of the bed. It should be noted that 

elC arg*

elC arg*

elC arg , the average 

particle concentration in the whole bed, changes as the degree of polydispersity changes. 

However, by normalizing the concentration of large particles by elC arg , we can 

compare the relative amounts of segregation. Increasing the number of particle sizes to 11 

decreases the large particle concentration by ~35% from the binary case value. The final 

side view snapshot for the binary system shows the formation of two distinct particle 

layers. As intermediate sizes are added to the system, the formation of segregated particle 

layers is reduced. Normalized large particle concentrations are reduced by ~30% by 

going from a binary system to an 11 particle size system. While segregation still occurs in 

all the systems studied, the extent of segregation is reduced by increasing the degree of 

polydispersity. 

The mitigation of segregation with increased polydispersity can be explained by 

close examination of particle kinematics and packing densities. For monodisperse 

systems, a 3 dimensional recirculation zone develops in front of the blades which 

promotes vertical and radial mixing [45]. As the intensity of the recirculation zone 

increases, monodisperse mixing kinetics increase. Figure 6.6 shows normalized mass flux 

fields that developed in front of the blades for each of the systems studied. Mass fluxes 

have been normalized by the density of the particles and the tip speed of the blades, 

, and have been averaged in time. In Figure 6.6, the impeller shaft is 

located on the right hand side of the graphs and the cylinder wall on the left hand side. 
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The lengths of the vectors in Figure 6.6 have been capped to an upper limit of 0.01 in 

order to examine the motion of the particles within the center of the bed (the area of 

lowest particle movement in monodisperse systems). The magnitude (uncapped) of the 

vector is represented by the color of the vectors. For all cases, mass flux values are 

highest by the wall and lowest by the impeller shaft, similar to what is observed in 

monodisperse systems. In the binary system, very little particle movement is observed 

near the center of the bed (Figure 6.6a). This region is characterized by a large 

concentration of small particles. Additionally, the particles located by the walls have very 

little radial movement, indicating that these particles flow past the blades and cannot 

penetrate the center of the particle bed. As the amount of polydispersity is increased 

(Figures 6.6b-6.6d), the movement of the particles near the center of bed increases. 

Particles flow down by the impeller shaft and then move radially outward towards the 

cylinder wall. Particles near the wall are able to flow radially towards the center of the 

bed. Figure 6.6 shows that increasing polydispersity promotes particle convection within 

the bladed mixer leading to an increase on the intensity of the recirculation zone. 

In addition to affecting convective particle motion, the degree of polydispersity 

also affects diffusive particle motion. The diffusivities values discussed in this chapter 

have been normalized by the tip speed of the blades ( ) and the particle diameter (d). 

Table 6.2 lists normalized particle diffusivities and Peclet numbers for all the particles 

present in the different cases. Increasing the degree of polydispersity leads to an increase 

in particle diffusivities which suggest that diffusive mixing is enhanced by the presence 

of intermediate particle sizes. Particle diffusivities increase by ~ 50% for the 11 particle 

sizes system vs. the values obtained for the binary system. In all cases, the Peclet 

tipV
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numbers obtained are much higher than unity, indicating that convection is the 

dominating mechanism for particle transfer. This is consistent with the behavior observed 

in monodisperse systems [183]. However, Peclet numbers decrease with increasing 

polydispersity indicating an increase on the contribution of the diffusive mechanism 

relative to the convective mechanism. 

Table 6.3 and Table 6.4 list particle diffusivities and Peclet numbers for the 5 and 

10 mm particles respectively. Diffusivities increase for both types of particles and Peclet 

numbers decrease as the number of particle sizes is increased. These results indicate that 

both the 5 mm and 10 mm particles experience increased diffusive motion as the number 

of intermediate particle sizes is increased, and that the results listed in Table 6.2 are not 

an artifact of the change in the particle size distribution. For all the cases studied, 

normalized diffusivities are higher for the 5 mm particles when compared to the 10 mm 

particles. However, Peclet numbers are lower for the 10 mm particles. While the 5 mm 

particles have larger diffusivities relative to their size, particle diffusion plays a more 

important role in the transport of the 10 mm particles. 

As more intermediate particle sizes are introduced into the system, particle flow 

kinematics is improved. This increase in convective and diffusive motion promotes a 

mixing mechanism which reduces the effect of segregation via the sieving mechanism. 

Sieving forces drive the small particles to accumulate near the cylinder bottom plate and 

by the impeller shaft. For a binary system, the small particles become trapped as these 

areas are characterized by low particle movement. Particle movement near the bottom 

plate and the impeller shaft increases as the degree of polydispersity is increased. The 
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presence of intermediate particle sizes enhances particle transport for the all species 

present in the bed allowing the small (and large) particles to mix as the blades are rotated. 

The changes in particle motion are accompanied by changes in the packing 

structure of the particle bed. Figure 6.7 displays time averaged void fraction profiles in 

front of the blades as a function of normalized radial position (r/R). Void fractions were 

calculated by creating spherical control volumes in front of the leading edge of the 

blades. The volume of the particles inside the control sphere plus the overlap volume of 

particles near the edges are subtracted from the volume of the control sphere to give the 

local void fraction. These values are then averaged in time and along the radial direction. 

The diameter of the spherical control volumes was 27 mm. As the polydispersity is 

increased, void fraction in front of the blade increases. It has long been demonstrated that 

the packing of spheres is a function of particle size distribution [184, 185]. Our previous 

computational work on monodisperse spheres showed that the highest particle densities 

are obtained in front of the blades [45]. Here, we see that addition of intermediate particle 

sizes (without increasing the maximum size ratio) leads to a less dense packing in front of 

the blade. The void fraction increases by ~ 6% for the 11 particle size system from the 

binary case value. Decreases in packing density with the addition of intermediate particle 

sizes have been reported in the literature for static packing of spheres [186-188]. These 

studies showed that for spherical particle mixtures with a 2:1 large to small size ratio, 

addition of an intermediate particle size at equal volume can increase void fraction by up 

to 2%. In the bladed mixer case, addition of intermediate particle sizes decreases void 

fraction during flow. For flow to occur in dense granular systems, the particle bed needs 

to expand or dilate as steric hindrances must be overcome to achieve particle motion 
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[189]. A higher degree of dilation in the bladed mixer allows the particles to move more 

freely throughout the particle bed, with a corresponding increase in convective and 

diffusive particle motion. 

Figure 6.8 shows probability frequency distribution for the void fraction within 

the bladed mixer for the binary and 11 particle sizes beds. Frequency distributions were 

calculated by creating spherical control volumes throughout the particle bed and 

calculating the void fraction in each control volume over a period of 1 revolution. The 

diameter of the spherical control volumes was 27 mm. Figure 6.8 shows a shift to the 

right of the graph for the 11 particle size distribution when compared to the binary 

frequency distribution. This indicates that a larger portion of the particle bed is 

characterized by higher void fractions. Larger voids increase the probability of a large 

particle finding an accommodating void, allowing it to penetrate deeper into the particle 

bed thus reducing the effect of sieving segregation. 

We have demonstrated that mixing mechanisms become more prominent in 

bladed mixers as the degree of polydispersity is increased from that of a binary system. 

The final extent of segregation depends on the competition between the mixing and 

segregation mechanisms. As discussed by Metzger et al. [181], in order for particles to 

segregate, different sized particles must move at different velocities in the system which 

leads to a segregation flux [190]. If all particles always moved at the same velocity, 

segregation would not occur. If a particle is surrounded by other particles of very 

different sizes then one would expect a higher segregation flux than if a particle is 

surrounded by other particles that are close to its own size. However, if we only have 
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segregation (and no mixing) then given enough time the system would evolve to a 

completely segregated state, which is not what is observed in this work. 

To characterize the extent of mixing (or de-mixing) across the different cases, we 

perform statistical analysis on the particle concentrations throughout the entire particle 

bed. For polydisperse systems, a metric capable of characterizing mixing in systems 

composed of multiple particle sizes is required for a fair comparison across systems. The 

mixing metric, M  [156], is used to calculate degree of mixing for polydisperse systems. 

This metric considers the variation in concentration of each particle size in the system. A 

perfectly mixed system would yield M = 1 while a fully segregated system would yield M 

= 0.   

Figure 6.9 shows the extent of mixing as a function of number of revolutions for 

the 4 cases studied. Plotted along with the mixing profiles are the initial slopes of the 

curves. The slopes represent the rate of segregation (or de-mixing) during the transient 

period before the systems reach their final statistical steady state. As the number of 

intermediate particle sizes is increased, the system becomes less segregated, or better 

mixed. The rate of segregation during the transient period is also significantly reduced. 

The binary system segregates 5 times faster than the 11 particle size system. This analysis 

shows that the concentrations of all particles species (not just the large ones) within the 

mixer become more uniform as polydispersity is increased. Therefore, the importance of 

the mixing mechanism relative to the segregation mechanism increases as polydispersity 

is increased. 
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6.3. Normal and Shear Stress Profiles 

In this section, we discuss the effect of polydispersity on the normal and shear 

stress profiles that develop inside the mixer. We focused our attention on the average 

normal stress and the shear stress component in the plane of the blade rotation, rθτ . 

Normal and shear stress values obtained for each simulation were normalized by the 

quantity gHpρ , where gρ  is the particle density and H is the maximum height of the 

particle bed.  

Figure 6.10 shows the normalized pressure ( gHPP pρ=* ) and shear stress 

( gHprr ρττ θθ =* ) profiles at r/R = 0.5 as a function of mixer height and number of 

revolutions for the binary case once the system has reached a statistical steady state. 

Figures 6.10a-b show the total values of  and  .  Figures 6.10c-d show the portion 

of the  and   values which are generated by the 5 mm particles while Figures 6.10e-

f show the portion generated by the 10 mm ones. When a contact involved both a 5 mm 

and 10 mm particle, the stress generated was divided so that 50% of the stress generated 

was added to the 5 mm stress values and the remaining 50% to the 10 mm stress values. 

All the profiles shown in Figure 6.10 display a periodic behavior with the main 

fluctuation frequency equal to that of the blade rotation. The pressure profiles show that 

the particle bed is compressed in front of the blades and dilates in between blade passes. 

The mean and amplitude of the pressure fluctuations are a strong function of mixer height 

while the shear stress fluctuations are invariant of height within the span of the blades 

(y/H < 0.5). This behavior is analogous to what was observed in monodisperse systems 

[45]. Figure 6.10c shows that the 5 mm particles generate a larger amount of pressure 

*P *
rθτ

*P *
rθτ
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than the 10 mm particles (Figure 6.10e). As the small particles accumulate near the 

bottom plate due to sieving segregation, these particles sustain the weight of the particles 

above leading to the more pronounced pressure fluctuations. These results suggest that 

smaller particles would experience higher compression forces within bladed mixers for 

systems in which sieving segregation occurs. The pressure fluctuations generated by the 

10 mm particles are ~ 50% that of the 5 mm particles. A similar trend is observed for  

profiles; the 5 mm particles (Figure 6.10d) generate higher shearing forces than the 10 

mm particles (Figure 6.10 f).  Smaller particles therefore experience higher shearing 

forces within bladed mixers due to the occurrence of segregation. Similar periodic 

behavior was observed for the remaining stress tensor components (not shown). 

However, the values for 

*
rθτ

yθτ  and ryτ  fluctuate around zero. Differences in stresses 

between particle species would result in different rates of agglomeration and breakage for 

bladed mixer operations such as wet granulation or agitated drying. In addition to 

affecting quality of mixing, sieving segregation would also affect the ability to control the 

particle size distribution through breakage and agglomeration. 

Figure 6.11 shows time averaged  and  for all the different cases studied. 

The  profiles are displayed in Figure 6.11a as a function of normalized height. 

Normalized pressure increases linearly towards the bottom of the mixer for all the cases 

studied. The solid line in Figure 6.11a represents the hydrostatic pressure line for an 

average solids fraction of 0.55. This shows that, despite the complex dynamics observed 

in polydisperse systems, at low fill levels the average pressure inside the bladed mixer 

can be approximated by hydrostatics. This is consistent with the behavior observed in 

monodisperse systems [45]. Figure 6.11a also shows that the pressure for the 11 particle 

*P *
rθτ

*P
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size system is slightly lower than for the other systems. This is attributed to the higher 

void fraction observed in the 11 particle size case. While differences in void fraction 

were observed for the other polydisperse systems, these differences do not appear to 

affect the time averaged pressures or stress. 

The  profiles are displayed in Figure 6.11b as a function of normalized radial 

position. Average stress values for all the cases studied are one order of magnitude lower 

that the pressure values, a behavior consistent with that of monodisperse systems. This 

trend suggests that the polydisperse flows occur in the quasi-static or slowly deforming 

regime for the range of operating conditions studied here. Shear stress is highest by the 

cylinder wall and close to zero near the impeller shaft. This is due to the increased 

tangential movement of the particles near the wall and due to wall friction. The  

values for the 11 particle size system are smaller than the  values for the other 

systems. As shear stress values scale with the total pressure in the quasi-static regime 

[183], the lower   values are due to the increased dilation observed in the 11 particle 

size system. 

*
rθτ

*
rθτ

*
rθτ

*
rθτ

The effect of particle size distribution on the partial pressure and shear stress 

generated by the 5 mm and 10 mm particles is shown in Figure 6.12. The values shown in 

Figure 6.12 were calculated by taking the total average pressure and stress generated by 

each particle type and dividing them by the average pressure in the bed (  and  

 respectively).  Figure 6.12a shows   values for the 5 mm and 10 mm 

particles as a function of number of particle species in the mixer. The partial pressure of 

both particle species decreases as the number of particle species is increased. Stresses in 

totalPP /

total
r P/θτ

totalPP /
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bladed mixers at the conditions studied here are generated by sustained particle contacts, 

and the number of contacts for each particle species is reduced as more intermediate 

particle sizes are introduced (i.e. equal mass systems). However, this decrease does not 

follow a linear relationship and values appear to level off for the 11 particle size system. 

The 5 mm particles generate a higher amount of pressure than the 10 mm particles for all 

the examined cases. This is due to the accumulation of small particles towards the bottom 

plate and the increased number of 5 mm particle contacts. However, as the number of 

intermediate particle sizes is increased, the differences in partial pressure between the 5 

mm and the 10 mm particles decrease. According to Zhou et al. [109], differences in the 

forces (i.e. stresses) experienced by each particle size lead to a driving force that leads to 

segregation as different forces result in different velocity profiles. Figure 6.12a shows 

that the magnitude of this driving force is reduced as intermediate particle sizes are added 

to the system. Similar trends are observed for the values of   (Figure 6.12b). 

The 5 mm particles generate a higher amount of stress than the 10 mm particles. The 

difference in  between the particle types decrease as the number of particle 

species is increased, although this effect is not as pronounced as for the pressure values. 

total
r P/θτ

total
r P/θτ

In addition to affecting average stress values, increasing polydispersity leads to 

changes in the distribution of forces throughout the particle bed. In quasi-static flows, the 

main mechanism for momentum transfer comes from the formation of contact force 

chains [19]. A force chain is a network of interparticle contacts in which force is 

transmitted along the contact path. Figure 6.13 shows instantaneous normal contact force 

networks in the horizontal plane for the binary and 11 particle size systems. Here, each 

line represents the contact vector connecting the center of the particles and the thickness 
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of the line represents the magnitude of the normal force associated with that contact. 

Higher forces are represented by thicker lines and vice versa. 

The normal contact force network obtained for the binary system is shown in 

Figure 6.13a along with the distribution of the particles in Figure 6.13b. Two different 

regions are observed in Figure 6.13a. The region near the blade (where the small particles 

accumulate) is characterized by many short contacts chains each carrying a lower amount 

of load. In contrast, the region behind the blade (where the large particles accumulate) is 

characterized by fewer, longer contacts, but each of these contacts carries a higher 

amount of load. This disparity in force distribution prevents the transfer of energy from 

the blades deep into the particle bed. It has been shown that in static granular systems, 

contact chains posses a characteristic length of a few particle diameters [191]. As the 

small particles cannot form long contact chains, momentum transfer into the center of the 

bed is hindered. A different force distribution is observed for the 11 particle size system. 

In general, there is a smaller number of contacts for the 11 particle size case. However, 

the two distinct regions observed in the binary case are no longer present leading to a 

more uniform force distribution. As small, intermediate and large particles are present in 

front of the blades; longer contact chains that carry higher amounts of loads can develop. 

These contacts chains enable the transfer of energy from the blades into the center of the 

particle bed. 

To demonstrate that the length and amount of force carried by contact chains is a 

function of particle size in bladed mixers, we show normal contact forces networks in 

Figure 6.14 for monodisperse beds of 5 mm and 10 mm particles. The 5 mm contact 

network (Figure 6.14a) is comprised of a larger number of interparticle contacts, but each 
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contact carries a relatively small amount of load. The average length of contact chains in 

the 5 mm system is also smaller. In contrast, the 10 mm force network (Figure 6.14b) is 

characterized by a smaller number of contacts but each contact carries a higher amount of 

load. These high load contacts lead to the formation of longer contact chains which 

penetrate deeper into the particle bed. Comparing the monodisperse networks to the 

binary case network, one can see that the region in front of the blade is very similar to the 

contact force structure for the 5 mm monodisperse case, while the region behind the 

blade resembles that of the 10 mm monodisperse case. The addition of intermediate 

particle sizes enables the formation of longer contact chains which carry a higher amount 

of load since the number of small particle contacts is reduced while the number of 

intermediate and large particle contacts is increased. 

6.4. Conclusions for Polydisperse Flows 

Experimental and computational methods were used to study the flow and 

segregation of polydisperse systems in bladed mixers. The ability of DEM simulations to 

accurately capture experimental behavior for polydisperse systems was demonstrated. 

Segregation patterns, particle velocities and granular temperature profiles obtained from 

the simulations are in good qualitative agreement with those obtained experimentally. For 

a binary system with a size ration of 2:1, segregation by size occurs as the blades are 

rotated due to a sieving mechanism. Small particles accumulate near the bottom plate of 

the mixer while large particles accumulate near the top free surface and the cylinder 

walls. Segregation in the binary system is fast, with a fully segregated system observed 

after just 5 revolutions. 
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DEM simulation results showed that the extent of segregation is reduced as the 

degree of polydispersity is increased while the maximum size ratio is kept constant (2:1). 

Introducing additional intermediate particle sizes in between the smallest and the largest 

particles leads to increases in the convective and diffusive motion of the particles in the 

system. This increase in convective and diffusive motion promotes a mixing mechanism 

which reduces the extent of segregation via the sieving mechanism. The enhancement of 

flow kinematics is accompanied by differences in packing structure within the particle 

bed. As the degree of polydispersity is increased, higher void fractions develop in front of 

the blades which allow the particles to move more freely. Higher void fractions also 

increase the probability of larger particles finding accommodating voids in the particle 

bed reduced the extent of sieving of the small particles. 

Normal and shear stress profiles are also affected by the degree of polydispersity 

within the mixer. While total stress values show similar trends to what is observed in 

monodisperse systems, lower stresses were observed for the system with the highest 

degree of polydispersity (11 particle sizes). Differences in the amount of stress generated 

by each particle species were also observed. In general, the small particles generate a 

higher amount of stress than the large ones as they accumulate near the bottom plate, the 

region of highest pressure within the mixer. However, the differences in stress are 

reduced as the number of particle species in the system is increased leading to a reduction 

in the segregation driving force. Finally, it was shown that the addition of intermediate 

particle sizes leads to the development of larger and longer force contact chains which 

enable the transfer of energy from the blades into the center of the particle bed. 
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The results presented here show that the behavior of polydisperse systems can be 

different from what is observed in binary systems. Most realistic granular materials are 

characterized by some degree of polydispersity. The findings from this study are relevant 

to the operation and optimization of industrial bladed mixer processes as they provide 

insight into the role of polydispersity on flow and segregation. They suggest that 

reduction of segregation rates can be achieved by tailoring the particle size distribution of 

the system. Many questions still remain regarding the effect of particle size distributions 

on flow and segregation in bladed mixers. Additional work is needed to investigate how 

changing the width of the particle size distribution affects flow kinematics and the effect 

of cohesion on polydisperse flows. 
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6.5. Figures for Chapter 6 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6.1. Particle segregation for binary system – experiment vs. simulation. 
Experiment: a) side view snapshots and b) top view snapshots. Simulation: c) side view 
snapshots and d) top view snapshots. 
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Figure 6.2. Normalized large particle concentration for binary system – experiment 
vs. smulation. Side view: a)  at 1 revolution, b)  at 5 revolutions and c)  

at 10 revolutions. Top view: d)  at 1 revolution, e)  at 5 revolutions and f) 

at 10 revolutions. 
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Figure 6.3.  Time average velocity profile and granular temperature – binary 
system. a) experimental results at the top surface, b) experimental results at the cylinder 
wall, c) simulation results at the top surface and d) simulation results at the cylinder wall. 
Granular temperature shown here has been averaged in the azimuthal direction and 
normalized by . 2
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Figure 6.4. Particle segregation for binary and ternary systems. a) binary side view 
snapshots, b) ternary side view snapshots, c)  for side view at 1 revolution, d)  

for side view at 5 revolutions and e)  for side view at 10 revolutions. 
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Figure 6.5. Effect of polydispersity on particle segregation. a) binary, b) ternary, c) 5 
particle sizes and d) 11 particle sizes. 
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Figure 6.6. Normalized mass flux in front of blades. a) binary, b) ternary, c) 5 particle 
sizes and d) 11 particle sizes. 
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Figure 6.7. Effect of particle size distribution on void fraction in front of the blades. 
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Figure 6.8. Void fraction frequency distribution - binary vs. 11 particle sizes. 
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Figure 6.9. Effect of particle size distribution on degree of segregation and 
segregation flux. 
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Figure 6.10. Normalized pressure and shear stress fluctuations at r/R = 0.5 - binary 
system. a) total fluctuations, b) total  fluctuations, c) fluctuations from 5 mm 

particles, d)  fluctuations from 5 mm particles, e) P fluctuations from 10 mm 

particles and f)  fluctuations from 10 mm particles. 
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Figure 6.11. Effect of particle size distribution on normalized pressure and shear 
stress. a) Time average  vs. normalized height and b) Time average  vs. 
normalized radial position. 
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Figure 6.12. Effect of particle size distribution on partial pressure and shear stress 
for 5 and 10 mm particles. a)  vs. number of particle species and b)  
vs. number of particle species. 
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Figure 6.13. Effect of particle size distribution on normal contact force network 
near top of the blades. Binary: a) contact force network and b) particle distribution. 11 
sizes: c) contact force network and d) particle distribution. 
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Figure 6.14. Normal contact force network near top of the blades - monodisperse 
systems. a) 5 mm monodisperse and b) 10 mm monodisperse.  
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6.6. Tables for Chapter 6 

Case C*large 
(top surface) 

C*large 
 (cylinder wall ) 

Binary 4.0 2.2 

Ternary 3.6 1.9 

5 Sizes 3.3 1.7 

11 Sizes 2.6 1.5 

 
Table 6.1. Effect of polydispersity on final large particle concentration near the top 
surface and by the cylinder wall. 

 

Case Dθθ* Drr * Dyy* Peθθ  Perr  Peyy  

Binary 6.6 x 10-2 3.4 x 10-2 1.3 x 10-1 257 73 25 

Ternary 6.9 x 10-2 3.6 x 10-2 1.5 x 10-1 224   71 24 

5 Sizes 7.1 x 10-2 3.7 x 10-2 1.6 x 10-1 215 66 23 

11 Sizes 1.0 x 10-1 5.1 x 10-2 2.1 x 10-1 147 51 16 

 
 
Table 6.2. Effect of particle size distribution on normalized particle diffusivities and 
Peclet number for all species.  Particle diffusivities were computed with a  of ¼ of a 
revolution.  

tΔ
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Case Dθθ* Drr * Dyy* Peθθ  Perr  Peyy  

Binary 6.2 x 10-2 3.2 x 10-2 1.4 x 10-1 280 81 26 

Ternary 6.3 x 10-2 3.4 x 10-2 1.5 x 10-1 248 78 24 

5 Sizes 6.7 x 10-2 3.6 x 10-2 1.6 x 10-1 234 74 24 

11 Sizes 8.8 x 10-2 4.6 x 10-2 1.8 x 10-1 182 60 20 

 
Table 6.3. Effect of particle size distribution on normalized particle diffusivities and 
Peclet number for 5 mm particles.  Particle diffusivities were computed with a tΔ  of ¼ 
of a revolution.  

 

Case Dθθ* Drr * Dyy* Peθθ  Perr  Peyy  

Binary 3.6 x 10-2 1.8 x 10-2 6.6 x 10-2 241 70 28 

Ternary 4.2 x 10-2 2.2 x 10-2 7.5 x 10-2 186 58 24 

5 Sizes 4.2 x 10-2 2.3 x 10-2 7.6 x 10-2 187 59 24 

11 Sizes 6.8 x 10-2 3.2 x 10-2 8.0 x 10-2 118 43 23 

 
Table 6.4. Effect of particle size distribution on normalized particle diffusivities and 
Peclet number for 10 mm particles.  Particle diffusivities were computed with a tΔ  of 
¼ of a revolution.  
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Chapter 7. Flow and Agglomeration of Wet, Monodisperse Particles  
 

The work presented thus far has focused on the behavior of cohesionless particles 

in bladed mixers. However, several industrial bladed mixer processes are carried out with 

some amount of moisture present in the system (i.e. wet granulation and agitated drying). 

The presence of moisture in a particle bed leads to an increase in interparticle 

cohesiveness, which directly impacts the bulk flowability of the granular materials. In 

this chapter we discuss the effect of moisture content on the flow of non-porous 

monodisperse particles in the bladed mixer geometry. We focus on the effect of moisture 

for systems in the pendular state (i.e. low moisture contents). Moisture contents ranging 

from 1.0 v/v% to 4.5 v/v% were examined experimentally and computationally. This 

range was chosen to ensure that the liquid bridges exist in the pendular regime [192, 

193]. The wet system results are compared to the results obtained for dry systems. The 

effect of moisture content and microscopic friction on macroscopic quantities like flow 

patterns, mixing kinetics, bulk density, stress and particle diffusivities is discussed. We 

compare our results to previously reported experimental and computational results. The 

effect of moisture content on particle agglomeration is then discussed. 

The experimental and computational results shown in this chapter were obtained 

using the laboratory mixer dimensions (Table 2.3) along with the 2 mm glass beads. The 

fill level in the experiments and the simulations was enough to cover the top of the 

blades. All the results discussed in this chapter were obtained using a blade speed of 25 

RPM. This blade speed yields bladed mixer flows in the quasi-static regime for dry 

systems (as shown in Chapter 5). 
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7.1. DEM Results vs. Experimental Results 

In this section, we compare the particle velocity profiles obtained from the DEM 

simulations to those obtained experimentally. DEM simulations discussed here were 

carried out using the same mixer dimensions (Table 2.3) and the same number of 

particles (2 mm particles) as in the laboratory experiments. The particle input parameters 

for the simulations were the same as the ones used in Chapter 5, which were 

demonstrated to afford results in good agreement with the experiments for dry systems. 

The input parameters used for the capillary liquid bridge model are listed in Table 7.1. 

The liquid properties are those of water. A contact angle of 0 ° was used as this simulates 

the formation of liquid bridges in hydrophylic materials [194] . The amount of liquid in 

the system is characterized by the liquid volume fraction, liqφ , which is defined as the 

ratio of total volume of liquid in the system to the total volume of the particles. A Bond 

number of 5 was used for all the wet particle simulations.    

The PIV technique was used to measure surface particle velocities in the 

laboratory unit. Experimental velocities were measured only near the top free surface. We 

were not  able to obtain side view velocity measurements due to particles sticking to the 

cylinder wall in the presence of moisture. For the wet particle experiments, the particles 

were first loaded into the mixer. The blades were then set to rotate and water was added 

from the top at different locations with the use of a small spraying device. The wet 

particle bed was allowed to mix for 5 minutes prior to taking the PIV measurements. This 

water addition procedure was found to yield reproducible results in the laboratory and is 

consistent with the procedure used by Lekhal et al. [107].  
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Figure 7.1 shows instantaneous tangential velocity profiles obtained for the PIV 

experiments and the DEM simulations at different moisture contents. Here, the tangential 

velocities have been normalized by the tip speed of the blades, . For both the 

experiments and the simulations, a 10 mm x 10 mm square control area was created at the 

top free surface at r/R = 0.5. The instantaneous velocity components were calculated by 

averaging over the control area at a particular time. For the DEM simulation, only the 

velocities of the particles located 0.75 particle diameters away from the top surface were 

included in the calculation. In general, good qualitative agreement is obtained between 

the experimental instantaneous velocities and the simulation velocities. For the dry 

velocity profiles (Figures 7.1a for the experiment and 7.1d and for the simulation), 

periodic velocity fluctuations are observed with a main frequency equal to that of the 

blade rotation. Normalized tangential velocity values fluctuate between 0.75 and 0.1 for 

both the experiment and the simulation.  

tipV

Addition of water changes the tangential velocity profiles significantly. Figures 

7.1b (experiment) and 7.1e (simulation) show the tangential velocities obtained for liqφ  = 

0.024. The presence of water leads to an increase in the amplitude of the velocity 

fluctuations. Maximum tangential velocity values are close to the tip speed of the blades 

for both the experiment and the simulation. Negative tangential velocities are also 

observed. Similar results were observed by Lekhal et al. [107] for the flow of wet art sand 

in a four-bladed mixer at similar moisture contents. The increase in velocity fluctuations 

suggest that particle movement in the tangential direction is therefore less uniform for the 

liqφ  = 0.024 system compared to the dry system. In the wet systems, particle 
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agglomeration occurs due to the presence of cohesive forces. The formation of these 

agglomerates leads to a less correlated flow field in wet systems.  

Further addition of water leads to a different effect in the tangential velocity. 

Figures 7.1c (experiment) and 7.1f (simulation) show the tangential velocities obtained at 

liqφ  = 0.045. At this moisture content, the periodicity displayed is less than what’s 

observed in the dry and liqφ  = 0.024 profiles. The amplitude of the velocity fluctuation is 

also significantly reduced. A similar behavior was observed by Lekhal et al. [107] at high 

moisture contents. Inspection of the video footage obtained from the PIV experiment and 

the DEM simulation showed that the reduction in velocity fluctuations is due to the 

agglomeration of a large portion of the particle bed in front of the blades. These 

agglomerated particles follow the movement of the blades leading to a more uniform 

tangential velocity profile inside the mixer.  

While the wet particle DEM simulations are able to capture the qualitative 

behavior observed in the experiments, some differences are observed. In particular, the 

amount of periodicity and the amplitude of the velocity fluctuations in the experimental 

results (Figures 7.1b and 7.1c) are higher than what is observed in the simulation results 

(Figures 7.1e and 7.1f). The differences are more pronounced for the liqφ  = 0.045 

simulation. These differences could be caused by a number of factors such as differences 

in particle properties, wall friction and slight polydispersity (present in the glass beads 

used, but not accounted for in the simulations). Additionally, in the simulations the water 

present in the system is assumed to uniformly coat the particles and to be perfectly mixed 

within the particle bed leading to a constant liquid volume in all the capillary bridges. 

Visual inspection of the particle bed during the experiments suggest that, while a good 
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distribution of the water within the mixer is achieved, water is not perfectly dispersed in 

the mixer. In particular, water accumulates toward the bottom plate of the cylinder and 

this effect is more pronounced at the higher moisture contents. This is due to the effect of 

gravity which causes some of the water to drain out of the liquid bridges due to the low 

viscosity of water. Donahue et al. [195] demonstrated the reduction of volume in a liquid 

bridge due to gravity for two 1 inch steel spheres wetted with oil. In this work, additional 

experiments were conducted for particles wetted with water/glycerin mixtures at different 

viscosities (but equivalent liquid contents and surface tension). These experiments 

showed that the amount of liquid that accumulated towards the bottom was reduced as 

viscosity was increased. The velocity fluctuations obtained for the higher viscosity 

experiments resemble those obtained for the liqφ  = 0.045 water simulation.  

Figure 7.2 shows the experimental and simulation instantaneous radial velocity 

profiles obtained at different moisture contents. The radial velocity profiles show similar 

trends to the tangential velocity profiles. For the dry cases (Figure 7.2a for the experiment 

and 7.2d for the simulation) radial velocities oscillate between positive and negative 

values with a frequency equal to that of the blade rotation. These fluctuations arise from 

the development of secondary flow structures within the mixer as demonstrated in 

Chapter 3. The amplitude of these fluctuations increases for the cases with liqφ  = 0.024 

(Figure 7.2b for the experiment and 7.2e for the simulation). A similar trend was 

observed by Lekhal et al. [107] at low moisture contents. These results suggest that the 

intensity of the secondary flow structures increases at low moisture contents. However, 

Figures 7.2c (experiment) and 7.2f (simulation) show that for liqφ  = 0.045, the amplitude 

of the radial velocity fluctuations decreases.  While addition of a small amount of water 
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promotes the formation of stronger secondary flow patterns, too much water could hinder 

the formation of such flow features. The liqφ  = 0.045 simulation over-predicts the 

reduction in radial velocity fluctuations when compared to the experimental results. This 

is most likely due to the accumulation of water towards the bottom of the cylinder during 

the experiments at higher moisture contents which is not accounted for in the simulations. 

For dry systems with fill levels just covering the height of the blades, the granular 

bed deforms by forming heaps where the blades are present and valleys in between blade 

passes. The formation of these heaps is a key feature for dry flows in the quasi-static 

regime. The effect of moisture on the deformation of the particle bed near the top free 

surface is shown in Figure 7.3. Experimental snapshots are displayed in Figures 7.3a 

(dry) and 7.3c ( liqφ  = 0.045). Simulation snapshots are presented in Figures 7.3b (dry) 

and 7.3d ( liqφ  = 0.045). The dashed lines show the position of the blade. The particles in 

the simulation snapshots are colored according to their potential energy. For the dry 

cases, a smooth surface is obtained as the particles rise in front of the blade to form a 

heap. The free surface of the bed remains relatively flat on each side of the heap. 

However, at liqφ  = 0.045, a rough surface develops due to the formation of particle 

agglomerates. A large portion of the particle bed forms agglomerates in front of the 

blades in the presence of moisture leading to the formation of larger voids on both sides 

of the heap. This effect is observed in both the experiment and the simulation. 

Additionally, the presence of moisture causes the particles closest to the side wall to stick 

to the cylinder walls as the blades rotate. The DEM simulation is able to capture this 

behavior well. Due to the high surface tension of water, the cohesive force between the 
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particles and the wall is higher (about 5 times higher) than the weight of the particles 

causing them to stick to the walls. 

Normalized average velocity profiles and granular temperature trends are shown 

in Figure 7.4 for the PIV experiments and DEM simulations at different moisture 

contents. The average velocity field near the top free surface for the dry simulation 

(Figure 7.4d) is similar to the dry experimental field (Figure 7.4a), with particle velocities 

increasing near the cylinder wall. Granular temperature maximums are observed near the 

cylinder wall for both the experiment and the simulations. For the liqφ  = 0.024 cases, 

average velocities near the top surface decrease. This effect is more pronounced in the 

experimental profile (Figure 7.4b) when compared to the simulation profile (Figure 7.4e). 

The average velocity of the particles near the cylinder wall is significantly reduced in 

both the experiment and the simulation due to particles sticking by the wall. Granular 

temperatures near the top surface increase for the liqφ  = 0.024 cases indicating that the 

motion of the particles is less correlated. Increases in granular temperature at small 

moisture contents were also observed by Radl et al. [196] from numerical simulations of 

wet bladed mixer flows with 3 mm particles. At lower moisture content, small 

agglomerates form due to cohesive forces. Small agglomerates can be considered as 

“rough” particles which increase the frictional conditions in the particle bed and induce a 

higher degree of randomness in the particle velocities. A different behavior is observed 

for the liqφ  = 0.045 cases (Figures 7.4c and 7.4f). Here average particle velocities 

increase (compared to the liqφ  = 0.024 cases) and are close to the tip speed of the blades. 

Granular temperature decreases at this moisture content as the formation of larger 

agglomerates prevents individual particles from flowing independently from each other. 
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Decreases in granular temperatures at higher moistures contents were also observed 

experimentally by Lekhal et al. [107]. The liqφ  = 0.045 simulation over-predicts the 

reduction in granular temperature near the top surface when compared to the experiment.  

Despite the discrepancies observed, the general trends obtained for both the 

experiments and the simulation are similar. The DEM simulations accurately capture the 

effect of moisture at different levels on the instantaneous and average particle velocities, 

on the deformation of the particle bed and on the granular temperature gradients that exist 

within the bladed mixer. The remainder of this chapter focuses on the examination of 

moisture content effects via DEM simulations. 

7.2. Effect of Moisture Content 

Particle surface velocities are significantly affected by the moisture content in the 

particle bed. The DEM simulations show that particle motion throughout the entire bed 

(and not just near the free surface) is affected by the amount of moisture in the system. 

Average radial and vertical velocity fields in front of the blades are displayed in Figure 

7.5 for different moisture contents. The color of the vectors in Figure 7.5 represents the 

value of the tangential velocity component. A secondary flow structure consisting of a 

recirculation zone forms in front of the blades for all the different moisture contents 

studied. Particles rise by the wall forming a heap and flow downwards near the impeller 

shaft. The particles near the top of the heap flow radially towards the impeller while the 

particles near the bottom plate flow towards the cylinder wall. The intensity of the 

recirculation zone changes with moisture content. For liqφ  = 0.01 (Figure 7.5b) and liqφ  = 

0.024 (Figure 7.5c), the intensity of the recirculation zone increases when compared to 

the dry velocity field (Figure 7.5a) as radial and vertical velocities in these systems are 
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higher. This is consistent with the PIV results presented in section 7.1. The increase in the 

intensity of the recirculation zone leads to enhanced vertical and radial mixing. The small 

agglomerates that form at lower moisture contents increase the frictional conditions 

within the bed. Similar to the effect of microscopic friction in cohesionless systems, 

addition of water at low moisture contents promotes convective particle motion. At high 

moisture contents ( liqφ  = 0.045), radial and vertical velocities decrease as can be seen in 

Figure 7.5d when compared to the dry and the lower moisture content systems. Here, the 

radial and vertical movement of the particles is limited by the formation of large 

agglomerates in front of the blades. This is also consistent with the velocity surface 

measurements. At this moisture content, convective particle movement is hindered by the 

presence of water.   

Particle diffusive movement is also affected by moisture content. Normalized 

particle diffusivities and Peclet numbers are listed in Table 7.2 at different moisture 

contents. Here, we normalized particle diffusivities by the tip speed of the blades and the 

mixer diameter, i.e. 
tip

ij
ij DV

DD =* . The values shown in Table 7.2 were obtained by 

averaging over all the particles in the computational domain with a  of ¼ revolution. 

The presence of water at low levels (

tΔ

liqφ  = 0.01 and liqφ  = 0.024) leads to an increase in 

particle diffusivities when compared to the dry case diffusivities. This is consistent with 

the granular temperature results presented in Figure 7.4. The particle diffusivities in the 

tangential direction ( ) increase by ~ 30% while the diffusivities in the radial direction 

( ) increase by ~ 45%. Diffusivities in the vertical direction increase the most, with the 

low moisture content  values increasing by ~ 100% relative to the dry values. As 
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*
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moisture is added to the system, the spherical particles agglomerate to form clusters with 

non-spherical shapes and rough surfaces. Similar to the effect of microscopic friction 

observed in dry systems (see Chapters 3-5), the rough surfaces of these agglomerates 

impart a degree of randomness in the particles’ motion. The pronounced increase in  

values is due to an increase in the total height of the heaps that form in front of the 

blades. Increases in heap height for bladed mixer flows of wet particles have been 

observed experimentally by Lekhal et al. [107] and computationally by Radl et al. [196]. 

The higher heap heights lead to an increase in the potential energy of the particles. This 

potential energy is then transferred into kinetic energy in the vertical direction as particles 

flow in and out of the heaps leading to the increase in particle diffusivities. A small 

increase in particle diffusivities is observed for the 

*
yyD

liqφ  = 0.024 case when compared to 

the liqφ  = 0.01 case.  

At higher moisture contents ( liqφ  = 0.045), a different behavior is observed. The 

 and  values decrease and are lower than the dry simulation values. The  

value decreases compared to the low moisture content cases (

*
θθD *

rrD *
yyD

liqφ  = 0.01 and liqφ  = 

0.024); but this value is higher than for the dry simulation due to the increased heap 

height at liqφ  = 0.045. These trends are consistent with the granular temperature trends 

observed in Figure 7.4. These results show that, while a small amount of water promotes 

diffusive mixing in bladed mixers, high moisture contents hinders the particles’ diffusive 

motion.  

Peclet numbers are also listed in Table 7.2. In all the cases studied, the Peclet 

numbers obtained are much higher than unity, indicating that convection is the 
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dominating mechanism for particle transfer. However, Peclet numbers decrease for the  

liqφ  = 0.01 and liqφ  = 0.024 cases when compared to the dry cases. This result suggests 

that a small amount of water in the system increases the contribution of the diffusive 

mechanism relative to the convective mechanism for particle motion. The smallest Peclet 

numbers for the low moisture content simulations are achieved in the vertical direction. 

At liqφ  = 0.045, the Peclet numbers in the tangential and radial direction increase when 

compared to the other cases. However, the vertical direction Peclet number is similar to 

the values obtained at the lower moisture contents. These results demonstrate that the 

diffusive behavior of particles in wet systems is complex and highly sensitive to the 

amount of moisture present. But, in general, high moisture contents reduce the 

contribution of the diffusive mechanism to particle motion.  

The effect of moisture content on bed porosity is shown in Figure 7.6. Average 

void fractions at different moisture contents are plotted in Figure 7.6a as a function of 

r/R. As the moisture content in the system is increased, the void fraction within the 

particle bed also increases. The increase of bed porosity with moisture content was also 

observed in the static packing of wet spheres by Yang et al. [192]. As agglomerates form 

in wet systems, the irregular shape and rough surfaces of the agglomerates prevent the 

formation of dense packed zones within the mixer increasing the overall porosity of the 

particle bed. The void fraction for the liqφ  = 0.045 case increases by 13% when compared 

to the dry case. This is a significant change in void fraction for granular systems, where 

density changes of a couple of percents have been shown to cause significant differences 

in behavior [179].  It should be noted that the average void fraction profile obtained for 

the liqφ  = 0.01 case was similar to the liqφ  = 0.024 profile. While differences in bed 
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porosity may be expected between these two cases, the method for determining void 

fraction used here was not able to detect these differences.  

The addition of water increases not only the mean void fraction within the particle 

bed but also the probability of larger gaps occurring in between particles. Figure 7.6b 

shows the void fraction probability frequency distributions within the bladed mixer at 

different moisture levels. Frequency distributions were calculated by creating spherical 

control volumes throughout the particle bed and calculating the void fraction in each 

control volume over a period of 1 revolution. The diameter of the spherical control 

volumes was 13 mm. For the dry system, two peaks are observed in the probability 

frequency distribution, one at ε = 0.45 and the other at ε = 0.6. The peak at ε = 0.45 

represents the particles located in front of the blade, which get compressed into a denser 

state as the blades rotate. The peak at ε = 0.60 represents the particles located in the wake 

of the blades which are in a dilated state. Figure 7.6b shows a shift to the right of the 

graph for the wet frequency distributions when compared to the dry frequency 

distribution. This indicates that a larger portion of the particle bed is characterized by 

higher void fractions. The frequency distribution for the liqφ  = 0.045 case shows a third 

peak at ε ~ 0.75. This peak represents the agglomerated particles located above the 

blades. These agglomerates posses a higher void fraction as they experience lower 

shearing forces above the blades.  

The differences in convective and diffusive particle motion as moisture content is 

increased lead to differences in mixing kinetics. Degree of mixing at the different 

moisture contents was evaluated by coloring particles on the left side of the blade 

impeller differently from the particles on the right side prior to blade movement. A 
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statistical analysis of particle concentration for a specific color particle is then performed. 

At a particular time step, the relative standard deviation (RSD) of the particle 

concentration within the mixer is computed. RSD values as a function of number of 

revolutions are shown in Figure 7.7a for the different cases studied. Better mixing is 

observed for the lower moisture content cases ( liqφ  = 0.01 and liqφ  = 0.024) when 

compared to the dry, base case simulation. At these moisture contents, the formation of 

small agglomerate increases convective and diffusive particle motion leading to enhanced 

mixing. This effect is analogous to the enhancement observed in mixing kinetics for 

cohesive flows in rotating drums at low Bond numbers (i.e. lower amount of cohesion) 

[94, 197]. The RSD curves for the liqφ  = 0.01 and liqφ  = 0.024 cases lie on top of each 

other indicating that similar mixing kinetics are obtained for these systems. Mixing in 

these systems is fast with RSD values leveling off after ~ 5 revolutions. A decrease in 

mixing performance is observed for the liqφ  = 0.045 case. For this case, larger 

agglomerates form which are less mobile than the smaller agglomerates and hinder 

convective and diffusive particle motion. The formation of these larger agglomerates 

leads to a decrease in the degree of mixing. This effect is analogous to the decrease in 

mixing kinetics observed in rotating drums at high Bond numbers (i.e. higher amount of 

cohesion) [94, 197]. 

Figure 7.7b shows the localized RSD values for the different cases as a function 

of r/R after 10 revolutions. Close to the wall (r/R > 0.8), the RSD values are the lowest 

with similar values obtained for all the different cases. This is due to the shearing action 

of the blades and the cylinder wall which leads to faster mixing in this region. Away from 

the wall however, RSD values increase and differences in the local RSD values are 
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observed between the different cases. The low moisture content cases are characterized 

by a higher degree of mixing than the dry and high moisture content cases. RSD values 

are the highest for the liqφ  = 0.045 case. This analysis shows the main effect of moisture 

content on mixing is to alter localized mixing rates for the particles located far away from 

the walls. It is interesting to note that Radl et al. [196] did not observed significant 

differences in the overall mixing rates of dry systems vs. wet systems at liqφ  = 0.007 and 

Bond numbers of 2. The authors did observe differences in the localized mixing rates. 

Here we show that systems with a higher degree of cohesion (higher Bond numbers and 

higher moisture contents) mix at different rates, both locally and globally, when 

compared to dry systems.  

7.3. Effect of Microscopic Friction 

In Chapter 3 we showed that microscopic friction significantly influences the flow 

behavior of dry, monodisperse particles in the quasi-static regime. In this section, we 

discuss the effect of microscopic friction on wet systems at high moisture contents. All 

the simulation results discussed in this section were obtained for liqφ  = 0.045. Here, we 

vary the amount of microscopic friction by changing the value of the sliding friction 

coefficient (µs) for both the particle-particle and particle-wall interactions. Velocity fields 

in the front of the blades are presented in Figure 7.8 for 3 different values of µs. Heap 

formation occurs for µs = 0.3 and µs = 0.5 (Figures 7.8b and 7.8c respectively) leading to 

increased vertical and radial velocities. However, for the µs = 0.1 (Figure 7.8a), particles 

slide past each other as the blades are rotated and no heap is formed. This in turn leads to 

low radial and vertical velocity values at these frictional conditions. This is similar to the 
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behavior observed in dry systems. For dry systems, we have demonstrated that the 

increase in friction leads to the formation of stable contact force chains which enable the 

transfer of energy from the blades into the particle bed. The results presented in Figure 

7.8 suggest that the formation of stable contact force chains is important in achieving 

secondary flow structures, even for wet systems.   

Differences in the porosity of the particle bed are also observed at different µs 

values. Figure 7.9 shows average void fractions vs. r/R for the three cases studied. 

Increasing µs leads to an increase in the void fraction of the particle bed, a behavior 

similar to that of dry systems. The formation of stronger contact force chains at high µs 

values enables the dilation of the particle bed as the blades are rotated. The average void 

fraction at µs = 0.5 is 10 % higher than at µs = 0.1. A small difference in void fraction is 

observed between the µs = 0.5 and the µs = 0.3 cases. The increase in bed dilation allows 

the particles to move more freely and enables the formation of secondary flow structures 

by increasing the radial and vertical particle velocities.  

Microscopic friction also affects particle diffusive motion at liqφ  = 0.045. Table 

7.3 list particle diffusivities and Peclet numbers obtain for the different µs values. As µs is 

increased particle diffusivities increase and Peclet numbers decrease. This shows that 

increasing microscopic friction at liqφ  = 0.045 increases the random motion of the 

particles and leads to a less correlated velocity field within the mixer. A similar trend is 

obtained for dry systems.     

The effect of microscopic friction on mixing kinetics can be seen in Figure 7.10. 

Top view snapshots are presented at different revolutions for each µs value. As expected, 

increasing microscopic friction leads to enhanced mixing kinetics. Very little mixing 
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occurs at µs = 0.1. This poor mixing performance is explained by the absence of the 

secondary flow structure at µs = 0.1. Mixing improves for the µs = 0.3 with the best 

mixing obtained at µs = 0.5. This behavior is similar to the behavior observed in dry 

systems. However, it should be noted that for dry systems at µs = 0.1, the particle bed 

moves as a solid mass with particles moving in streamlines along the tangential direction. 

In these systems, no mixing occurs. At liqφ  = 0.045, a small amount of mixing is 

observed by the cylinder walls for µs = 0.1. The particles that stick to the cylinder walls at 

this moisture content act as a “rough” wall which allows a small amount of mixing to 

occur in this region. These results suggest that the effect of friction may not be as 

pronounced at moisture contents above liqφ  = 0.045. Further work is needed to explore 

the effect of friction at higher moisture contents. 

7.4. Pressure and Shear Stress Profiles 

In this section, we discuss the normal and shear stress profiles that develop inside 

bladed mixers for systems at different moisture contents. Pressure and shear stress values 

shown here have been normalized by the quantity gHpρ . Figure 7.11a shows the 

normalized pressure ( gHPP pρ=* ) values as a function of y/H at different moisture 

contents. For all the cases studied, normalized pressure increases linearly towards the 

bottom of the mixer since the particles at the bottom sustain the weight of the particles at 

the top. Similar to what is observed in dry systems, at low fill levels, the pressure profile 

in wet systems can be approximated by hydrostatics. Figure 7.11a also shows that for the 

liqφ  = 0.045, the normalized pressure is lower towards the bottom of the mixer and higher 

towards the top. This is due to the increase in bed porosity at this moisture content. The 
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pressure profile for the liqφ  = 0.024 is very similar to the dry pressure profile. Although 

differences in bed porosity were observed at liqφ  = 0.024, the method used to calculate 

stresses is not able to detected differences in the pressure profile at this moisture content 

vs. the dry case.  

Figure 7.11b shows normalized shear stress ( gHprr ρττ θθ =* ) profiles as a 

function of r/R at the different moisture contents. In all cases the values of  are highest 

near the cylinder wall and close to zero near the impeller shaft. This is due to the 

increased tangential movement observed near the wall and the increased strength of the 

force chains due to wall friction. At a low moisture content (

*
rθτ

liqφ  = 0.024),  values 

increased when compared to the dry values. This effect is more pronounced by the 

cylinder wall, where  values are ~50% higher than the dry case values. The formation 

of small agglomerates increases the roughness of the particle bed leading to an increase in 

shear stress. Increases in shear stress in wet systems have been previously observed 

experimentally by Pierrat et al. [78, 198] via shear cell analysis and Karmakar et al. [54] 

via use of a soil rheometer. The shear stress analysis indicates that the addition of water 

at low levels enables the transfer of energy from the blades into the particle bed. This 

explains the increase in particle velocities observed at low moisture contents.  A different 

behavior is observed at 

*
rθτ

*
θτ r

liqφ  = 0.045. In this case,  values by the walls are similar to the *
rθτ

liqφ  = 0.024 values. However, the  values decrease towards the center of the particle 

bed and are similar to the dry case values. The decrease in mixing rates towards the 

center of the particle bed at high moisture contents can also be explained in the context of 

the shear stress profiles. As larger agglomerates are formed at higher moisture contents, a 

*
rθτ
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larger amount of energy is needed to break the agglomerates and to promote mixing. 

Since a lower amount of energy is transferred from the blades to the particle bed in this 

region, the large agglomerates remain and mixing is decreased.  

In addition to affecting average stress values, moisture content affects the 

distribution of forces throughout the particle bed. Figure 7.12 shows instantaneous 

normal contact force networks in the horizontal plane for the dry case (Figure 7.12a) and 

the liqφ  = 0.045 case (Figure 7.12b). In Figure 7.12, each line represents the contact 

vector connecting the center of the particles and the thickness of the line represents the 

magnitude of the normal force associated with that contact. Higher forces are represented 

by thicker lines and vice versa. Here, only the particle contacts located near the top half 

of the particle bed are displayed, as shown by the side view drawing in Figure 7.12. The 

contact force network for the dry simulation is fairly homogeneous while the network for 

the liqφ  = 0.045 simulation is very heterogeneous. Stronger contact chains which extend 

further into the particle bed are observed for the wet case. A similar behavior was 

observed by Yang et al. [192] in the static packing of wet spheres. At high moisture 

contents, the magnitude of the capillary forces increases which causes the increase in 

normal forces and, consequently, the formation of large agglomerates. The white areas 

shown in Figure 7.12b represent areas of high bed porosity where no particles are present. 

Thus, the contact force network for the liqφ  = 0.045 simulation displays the roughness of 

the particle bed surface while the dry case network shows the smooth surface of the bed.  

The effect of microscopic friction in shear stress at liqφ  = 0.045 is shown on 

Figure 7.13.  values increase with µs close to the cylinder wall which explains the *
rθτ

increase in mixing kinetics at higher friction. This is consistent with the behavior 
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observed in dry systems in the quasi-static regime. Towards the center of the particle bed, 

shear stress values become insensitive to the µs value. This is not the case in dry systems. 

In dry systems, shear stress values increase throughout the entire particle bed as µs is 

increased. The presence of moisture reduces the effect of friction on shear stress 

development in the center of the particle bed. The shear stress profiles suggest that at 

very high moisture contents, shear stress values may be completely independent of the 

amount of microscopic friction in the system. Further work is needed to determine 

whether this is the case.  

7.5.  Effect of Moisture Content on Particle Agglomeration 

n the formation of 

agglom

In this section, we discuss the effect of moisture content o

erates in bladed mixers. A method was developed to evaluate the extent of 

agglomeration that occurs in the bladed mixer at different moisture contents. In this 

method, the contact time ( ct ) for each particle-particle contact is tracked during shearing. 

In the wet simulations, particles are considered to be in contact if the distance between 

the surfaces of the particles is less than the rupture distance of the liquid bridge ( Rhc

)
). 

Tracking of contact time is started after the system has reached steady state (~ 2-3 sec 

after the blades are set to rotate). From the dry simulation, a characteristic time-of-contact 

breakage is determined ( dry
breakt ). dry

breakt  represents the amount of time that it takes the 

shearing action of blades t eak all the particle-particle contacts that were present at a 

particular time step in the dry system. If a particle-particle contact in the wet simulation is 

characterized by ct > dry
breakt , then this contact is classified as an enduring wet contact and 

these particles are considered to be agglomerated. Groups of agglomerated particles are 

o br
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then determined from the list of enduring wet contacts. For the simulation conditions 

used here, dry
breakt  was determined to be one revolution. This is equal to 4 blade passes for 

the blade configuration shown in Figure 2.3.  

Figure 7.14 shows the weight percent of the particle bed which is agglomerated at 

different moisture contents based on the method described above. With this method, no 

agglomeration is obtained for the dry system (i.e. liqφ  = 0) as can be seen from Figure 

7.14. As moisture content is increased, the weight percent of the particle bed which is 

agglomerated increases. For liqφ  = 0.045, roughly 50% of the particle bed is 

agglomerated. This shows that a significant amount of agglomeration can occur in bladed 

mixers at high Bond numbers and modest moisture contents despite the significant 

amount of shearing provided by the blades. It should be noted that the values listed in 

Figure 7.14 do not change at steady state since, for the wet simulations, we assume a 

perfect liquid distribution within the mixer.  

The effect of moisture content on the size of the agglomerates at steady state is 

shown in Figure 7.15. As expected, increasing moisture content increases the size of 

agglomerates as a higher amount of energy is needed to break the liquid bridges that exist 

between particles. Average agglomerate size vs. r/R is shown in Figure 7.15a at the 

different moisture contents. Larger agglomerates are obtained close to the impeller shaft 

and agglomerate size decreases towards the cylinder wall. Figure 7.11b shows that 

stresses are higher near the cylinder wall leading to the formation of smaller 

agglomerates in this region. This is consistent with the agglomeration behavior observed 

in wet shear flows, where the extent of agglomeration is reduced when the amount of 

shearing is increased [199, 200]. Similar agglomerate sizes are observed near the cylinder 
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wall at the different moisture contents since similar *
rθτ  values are obtained in this 

region. The differences in agglomerate size along the radial direction explain the 

reduction in mixing rates for the liqφ  = 0.045 case. Close to the wall, the majority of the 

agglomerates formed are small (be een 2-4 particles in size). These small agglomerates 

increase the roughness of the particle bed leading to enhanced mixing in this region. 

Towards the center of the particle bed, agglomerates with an average size of ~ 35 

particles are formed. These large agglomerates hinder particle motion in the radial and 

vertical direction (as shown in Figure 7.5) leading to a decrease in mixing. 

 Average agglomerate size vs. y/H is shown in Figure 7.15b at

tw

 the different 

moistu

merates at steady state were also 

obtaine

re contents. Here again we see that increasing moisture content increases the 

average size of the agglomerates. Smaller agglomerates are observed near the cylinder’s 

bottom plate and agglomerate size increases towards the top of the particle bed. The 

formation of small agglomerates towards the bottom is due to the increased pressure in 

this region. As the particles near the bottom sustain the weight of the particles near the 

top, the agglomerates that form towards the bottom experience higher normal and shear 

stresses and therefore large agglomerates cannot form. 

Differences in the size distribution of the agglo

d. Figure 7.16 displays the agglomerate size distributions obtained at different 

locations within the particle bed with the different moisture contents. The lower limit of 

the abscissa for the graphs shown in Figure 7.16 is 2 since only the agglomerated 

particles are considered in this analysis. Figure 7.16 shows that the shape of the 

agglomerate size distribution is not constant throughout the particle bed. Near the 

impeller shaft (Figure 7.16a), right-skewed size distributions are obtained while towards 
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the center of the bed (Figure 7.16b) and near the cylinder walls (Figure 7.16c), lognormal 

distributions are obtained. The agglomerate size distribution near the impeller shaft shifts 

to the right and becomes broader as moisture content is increased. As can be seen from 

Figure 7.16a, agglomerates containing more than 150 particles are obtained for the liqφ  = 

0.045 case even though the average agglomerate size is ~35. The presence of these large 

agglomerates coupled with the lower shear stresses lead to reduced mixing in this region. 

For the remainder of the particle bed, lognormal agglomerate size distributions are 

obtained. The amount of agglomerates composed of two particles is reduced as moisture 

content is increased leading to broader distributions in the center of the particle bed and 

near the cylinder walls. For the liqφ  = 0.045 case, ~5 wt% of agglomerates contain 150 

particles or more in the center f the particle bed. The agglomerate particle size 

distributions are smallest near the cylinder wall. Here, the majority of the agglomerates 

are composed of two particles although agglomerates composed of > 20 particles are 

observed for the liq

 o

φ  = 0.045 case. 

Finally, w look at the effee ct of moisture content on agglomerate shape. Figure 

7.17a displays the average agglomerate aspect ratio as a function of r/R. Aspect ratio is 

defined as the ratio of the length of the major axis to the length of the minor axis. For 

agglomerates composed of multiple particles, the aspect ratio is calculated by 

determining the distance between each particle and the center of mass of the agglomerate. 

From these distances the length of the major and minor axis is determined. A lower 

aspect ratio represents a more symmetrical shape (as spheres have an aspect ratio of 1) 

while a larger aspect ratio represents a more elongated particle shape. As can be seen in 

Figure 7.17, the average aspect ratio of the agglomerates increases as moisture content is 
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increased. This means that agglomerates with more elongated, needle-like shapes are 

formed at higher moisture contents. Figure 7.17a also shows that the shape of the 

agglomerates is not constant throughout the particle bed. Aspect ratio is highest by the 

impeller shaft and decreases towards the cylinder walls since higher stresses in this 

region prevent the formation of longer agglomerates.  

In Figure 7.17b, the morphology of some agglomerates that form in the different 

regions

that while a more complex behavior is obtained 

in wet 

 of the particle bed is displayed. These agglomerates have a size and aspect ratio 

which is similar to the average values obtained at the different moisture contents. The 

size of the agglomerates increases as moisture content is increased which is consistent 

with the results presented in this section. Near the impeller shaft, elongated agglomerates 

are observed while shorter agglomerates are formed closer to the cylinder walls. The 

smaller agglomerates form as elongated agglomerates are broken along the major axis by 

the shearing action of the blades into shorter agglomerates. This is similar to the fracture 

of needle-like particles due to shearing.  

The results presented here show 

flows, many of the trends observed are consistent with the behavior observed in 

dry systems. At low moisture contents, the formation of small agglomerates increases the 

roughness of the particle bed. These “rough”, wet particle beds show a behavior similar 

to that of frictional, dry particle beds. At higher moisture contents however, the behavior 

differs. Larger agglomerates are formed reducing the mobility of the particles within the 

mixer and significantly affecting the distribution of stress within the particle bed.  
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7.6.  Conclusions for Wet, Monodisperse Flows 

Experimental and computational methods were used to study the behavior of wet 

particle flows in bladed mixers. The ability of DEM simulations to accurately capture 

experimental behavior was demonstrated. Particle velocities and granular temperature 

profiles obtained from the simulations are in good qualitative agreement with those 

obtained experimentally using the PIV technique. The discrepancies observed between 

the simulation results and the experimental results could be due to differences in particle 

properties, wall friction and the slight polydispersity present in the glass beads used (but 

not accounted for in the simulations). Additionally in the simulations the water is 

assumed to uniformly coat the particles and be perfectly mixed within the particle bed. 

Some of the discrepancies observed at higher moisture contents are the result of water 

accumulation near the bottom of the cylinder in the experiments due to the low viscosity 

of water. While this effect is not accounted for in the simulation, the general trends 

observed in the simulations are similar to the experimental trends. Further work is needed 

to study the effect of liquid viscosity on liquid dispersion in bladed mixers. 

DEM simulation results showed that addition of water at low moisture contents 

leads to an increase in the radial and vertical velocities of the particles located in front of 

the blades leading to a stronger recirculation pattern than what’s observed in the dry 

system. Particle diffusivities also increase at low moisture contents. The increase in 

convective and diffusive particle motion at low moisture contents leads to enhanced 

mixing kinetics when compared to the dry case. However, at higher moisture contents the 

behavior changes. In this case, the presence of water leads to lower radial and vertical 

particle velocities in front of the blades. Particle diffusivities also decrease. This decrease 
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in particle motion leads to lower mixing rates at high moisture contents. Bed porosity was 

shown to increase as moisture content is increased. Void fraction increases by 12% for 

the high moisture content simulation when compared to the dry simulation.  

Microscopic friction was shown to affect the behavior of particle flows at high 

moisture contents. Increasing microscopic friction leads to an increase in convective and 

diffusive particle motion. As a result, systems with a higher amount of microscopic 

friction experience enhanced mixing. This behavior is similar to that of dry systems as 

microscopic friction is increased. Bed porosity also increased as microscopic friction was 

increased.  

Pressure and shear stress profiles are significantly affected by moisture content. 

The average pressure inside the particle bed at different moisture contents was shown to 

be linear and approximated by hydrostatics. Shear stress was highest near the cylinder 

wall and lowest by the impeller shaft for all the cases studied. At low moisture contents, 

higher shear stresses were obtained compared to the dry systems. For high moisture 

contents, the stresses near the cylinder wall are high. However, shear stress decreases 

towards the center of the particle bed with values similar to those obtained for the dry 

case.  

The cohesive forces that develop in wet systems lead to the formation of particle 

clusters or agglomerates. A method for examining the extent of agglomeration in the wet 

particle simulations was developed. Our analysis showed that the portion of the particle 

bed which is agglomerated increases as moisture content is increased. At the highest 

moisture content examined, close to 50% of the particles in the system were 

agglomerated. Agglomerate size is highest near the impeller shaft and towards the top of 

 



229 

the particle bed, regions characterized by lower stresses. A strong dependence between 

the aspect ratio of the agglomerates and moisture content was found. Aspect ratio 

increases with moisture content indicating the formation of elongated, needle-like 

agglomerates.  

This chapter described the behavior of an idealized, wet granular system (non-

porous monodisperse spheres with a perfect liquid distribution) in a bladed mixer. While 

simple in nature, it represents an initial step towards understanding the behavior of wet 

granular systems as it pertains to flow, mixing and agglomeration. Further work is needed 

to examine the effect of mixer size and other operating parameters on the trends reported 

here. 
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7.7. Figures for Chapter 7 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Experiment Simulation 
a) 

b) 

c) 

d) 

e) 

f) 

Figure 7.1. Tangential velocity fluctuations near top free surface at r/R = 0.5. 
Experimental results: a) dry, b) liqφ  = 0.024 and c) liqφ  = 0.045. Simulation results: d) 
dry, e) liqφ  = 0.024 and f) liqφ  = 0.045. 
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Experiment Simulation

a) 

b) 

c) 

d) 

e) 

f) 

 

 

Figure 7.2. Radial velocity fluctuations near top free surface at r/R = 0.5. 
Experimental results: a) dry, b) liqφ  = 0.024 and c) liqφ  = 0.045. Simulation results: d) 
dry, e) liqφ  = 0.024 and f) liqφ  = 0.045. 
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Experiment Simulation 

Smooth 
surfaces 

a)

Smooth 
surfaces 

b)

Particles 
sticking to wall 

Rough 
surfaces 

Agglomerate 
c)

Rough
surfaces 

Agglomerate d)

Figure 7.3. Deformation of particle bed near top free surface. Dry: a) experiment and 
b) simulation. liqφ  = 0.045: c) experiment and d) simulation. The dash lines show the 
position of the blade. The particles in the simulation snapshots are colored according to 
their potential energy. 
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Figure 7.4. Time average velocity fields and granular temperature profiles. 
Experimental results: a) dry, b) liqφ  = 0.024 and c) liqφ  = 0.045. Simulation results: d) 
dry, e) liqφ  = 0.024 and f) liqφ  = 0.045.  
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Figure 7.5. Effect of moisture content on velocity fields in front of the blades. a)  dry, 
b) liqφ  = 0.01, c) liqφ  = 0.024 and d) liqφ  = 0.045. 

 



235 

 
  

a)

Pr
ob

ab
ili

ty
 D

en
si

ty
 b)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.6. Effect of moisture content on void fraction within particle bed. a) average 
void fraction vs. r/R and b) void fraction frequency distribution at steady state.  
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Figure 7.7. Effect of moisture content on mixing. a)  RSD vs. number of revolution and 
b) RSD vs. r/R after 10 revolutions. 
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Figure 7.8. Effect of microscopic friction on velocity fields in front of the blades for 
wet systems. a) sμ  = 0.1, b) sμ  = 0.3 and c) sμ  = 0.5. Results obtained for liqφ  = 0.045 
moisture content. 
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Figure 7.9. Effect of microscopic friction on average void fraction. Results obtained 
for liqφ  = 0.045 moisture content. 
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a) 

b) 

c) 

Figure 7.10. Effect of microscopic friction on mixing. a) sμ  = 0.1, b) sμ  = 0.3 and c) sμ  
= 0.5. Results obtained for liqφ  = 0.045 moisture content. 
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Figure 7.11. Effect of moisture content on normalized pressure and shear stress. a) 
time average  vs. normalized height and b) time average  vs. normalized radial 
position. 

*P *
rθτ
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a) b) 

 

Figure 7.12. Effect of moisture content on normal contact force network near top of 
the blades. a) dry and b) liqφ  = 0.045. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7.13. Effect of microscopic friction on normalized shear stress. Results 
obtained for liqφ  = 0.045 moisture content. 
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Figure 7.14. Weight percent of particle agglomeration vs. moisture content at steady 
state. 
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Figure 7.15. Effect of moisture content on average agglomerate size. a) agglomerate 
size vs. r/R and b) agglomerate size vs. y/H. 
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 a) 

b) 

c) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.16. Effect of moisture content on agglomerate particle size distribution. a) 
size distribution near impeller shaft, b) size distribution in the center and c) size 
distribution near cylinder wall. Note: The lower limit of the abscissa for these graphs is 2 
since only the agglomerated particles are considered in this analysis. 
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φliq = 0.024 
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Figure 7.17. Effect of moisture content on agglomerate shape. a) average agglomerate 
aspect ratio vs. r/R and b) agglomerate morphology at different moisture content. 
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7.8. Tables for Chapter 8 

Variable Symbol Value 
Liquid surface tension γ  0.073 N/m 

Contact angle θ  0 ° 

Liquid density liqρ  1.0 g/ml 

Liquid volume fraction liqφ  0 - 0.045 

Bond number Bo 5 

 
Table 7.1. Input parameters for capillary liquid bridge model. 

 

φliq Dθθ* Drr * Dyy* Peθθ  Perr  Peyy  

0 6.1 x 10-4 3.2 x 10-4 2.0 x 10-3 860 163 35 

0.01 8.1 x 10-4 4.7 x 10-4 5.2 x 10-3 535 131 19 

0.024 8.3 x 10-4 4.8 x 10-4 5.4 x 10-3 523 129 18 

0.045 3.5 x 10-4 2.3 x 10-4 3.6 x 10-3 1277 189 18 

 
Table 7.2. Effect of moisture content on normalized particle diffusivities and Peclet 
number. Particle diffusivities were computed with a tΔ  of ¼ of a revolution. 

 
 

μs Dθθ* Drr * Dyy* Peθθ  Perr  Peyy  

0.1 5.2 x 10-5 2.5 x 10-5 8.8 x 10-5 12334 650 183 

0.3 2.0 x 10-4 1.3 x 10-4 1.5 x 10-3 2490 250 29 

0.5 3.5 x 10-4 2.3 x 10-4 3.6 x 10-3 1277 189 18 

 
Table 7.3. Effect of microscopic friction on normalized particle diffusivities and 
Peclet number. Particle diffusivities were computed with a tΔ  of ¼ of a revolution. 
Results obtained for liqφ  = 0.045 moisture content.  
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Chapter 8. Conclusions and Future Work 
 

The behavior of particulate systems in an industrially relevant geometry was 

investigated using computational and experimental techniques. The geometry consisted 

of a vertical, cylindrical mixer mechanically agitated by an impeller with four blades 

pitched at a 45° angle. The effect of particle properties, mixer properties and operating 

conditions on the development of flow in bladed mixers was studied. In general, granular 

flows in bladed mixers were found to be periodic with complex flow patterns developing 

throughout the particle bed. Particles in bladed mixers were found to move mainly in the 

tangential direction. However, the formation of secondary flow structures was found to 

significantly affect mixing and segregation rates. It was observed that particle transport 

occurs mostly due to convection, although a diffusive mechanism becomes important as 

system scale and system roughness are increased. Additionally, we demonstrated that the 

behavior of granular materials in bladed mixer is in many ways analogous to the behavior 

of visco-plastic or Bingham fluids. The work presented here will contribute to the 

development of rigorous multi-scale models which can assist in the design and scale-up 

of bladed mixer operations and on the identification of critical processes parameters. An 

ultimate goal of research in this area is to enable better control of particle processing 

technologies by elucidating the underlying physics of particulate flows. 

Initially, the flow behavior of monodisperse, cohesionless particles at low blade 

rotational speeds was investigated via numerical simulations. The numerical tool used 

here was the discrete element method. Our simulation results were consistent with bladed 

mixer experimental and computational results found in the literature. Velocity, density 

and stress profiles within the mixer displayed a periodic behavior with a fluctuation 
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frequency equal to that of the blade rotation. Blade orientation was found to affect flow 

patterns and mixing kinetics. For an obtuse blade pitch orientation, a 3-dimensional 

recirculation zone develops in front of the blade due to formation of heaps where the 

blades are present. This flow pattern promotes vertical and radial mixing. No 

recirculation zone was observed when the blade orientation was changed to an acute 

blade pitch. The microscopic frictional characteristics of the system were shown to 

strongly influence the granular behavior within the mixer. At low friction coefficients the 

3-D recirculation in front of the obtuse blade is not present reducing convective mixing. 

Higher friction coefficients lead to an increase in granular temperature which is 

associated with an increase in diffusive mixing. Normal and shear stresses were found to 

vary with mixer height with maximum values near the bottom plate. Additionally, a 

strong dependence between the magnitude of the shear stresses and the friction 

coefficient of the particles was found. The stress tensor calculations indicate that the 

granular flow at low blade rotational speeds occurs in the quasi-static regime. At the 

same time, the averaged pressure was found to vary linearly with bed height and could be 

predicted by a simple hydrostatic approximation. 

The effect of mixer properties and fill level at low rotational speeds was then 

studied for monodisperse, cohesionless flows. For fill levels just covering the span of the 

blades, a 3-dimensional recirculation zone develops in front of the blades which promotes 

vertical and radial mixing. Increasing fill level reduces the size of the recirculation zone, 

decreases bed dilation and hinders particle diffusivities. However, above a critical fill 

level, the behavior of the particles within the span of the blade was found to be invariant 

of fill level. At low fill levels, the pressure within the particle bed varies linearly with bed 
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height and can be approximated by hydrostatics. At higher fill levels, a constant pressure 

region develops within the span of the blades due to the angled pitch of the blades. 

Cylinder wall friction was shown to significantly influence granular behavior in bladed 

mixers. At low wall friction, the 3-dimensional recirculation zone observed for high wall 

friction conditions does not develop. High wall friction leads to an increase in convective 

and diffusive particle mixing. Shear stresses were shown to be a function of wall friction. 

Blade position along the vertical axis was shown to influence flow patterns, granular 

temperature and stress. The effect of increasing the mixer diameter at a constant particle 

diameter was also studied. When the mixer diameter is larger than a critical size such that 

wall effects are minimized, the observed granular behavior follows simple scaling 

relations. Particle velocities and diffusivities scale linearly with mixer size and blade 

speed. Normal and shear stress profiles were found to scale linearly with the total weight 

of the particle bed.  

The kinematics of cohesionless flows was also studied experimentally using 

Particle Image Velocimetry. The DEM simulation results were then compared to the 

experimental data. The numerical simulations were able to reproduce the surface 

velocities, granular temperature profiles and mixing kinetics observed experimentally. 

Procedures for roughening of glass bead surfaces via coating were developed to study the 

effect of surface roughness and to test the computational findings regarding the effect of 

particle friction. Increasing particle surface roughness led to the development of less 

uniform flows inside the mixer and to increased dilation of the particle bed. Systems 

composed of rougher particles experienced increased radial and vertical velocities as well 

as higher particle diffusivities. The computational findings regarding the effect of 
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cylinder wall roughness were also verified via experiments. The laboratory mixer walls 

were lined with sand paper to create a “rough wall” and these results were compared to 

the smooth, glass wall behavior. Cylinder wall roughness was shown to significantly 

influence particle velocities in bladed mixers, a behavior consistent with the simulation 

results. Rough cylinder walls led to more pronounced particle velocity fluctuations near 

the top surface and to an increase in granular temperature. 

The effect of increasing blade speed was then studied via numerical simulations 

and experiments for cohesionless flows. Two distinct flow regimes were observed as 

blade speed was increased. At low rotational speed, the flow occurs in the quasi-static 

regime where particle surface velocities are linearly proportional to the tip speed of the 

blades. In this regime, the rotational speed of the blades provides the time scale for 

momentum transfer and for the mixing process. As expected, average shear stress was 

found to be independent of blade speed in the quasi-static regime, but shear stress 

increased with microscopic friction. At higher rotational speeds, the intermediate regime 

is encountered where particle surface velocities are no longer proportional to the tip 

speed of the blades. This regime is characterized by enhanced radial and vertical particle 

velocities as well as faster mixing kinetics. In the intermediate regime, the behavior of the 

particle bed was demonstrated to be similar to that of Bingham fluids. A yield stress 

needs to be overcome in order to induce flow and average stresses increase linearly with 

blade rotational speed. Yield stress and apparent viscosities were shown to be a function 

of microscopic friction in bladed mixers. 

Once the behavior of monodisperse, cohesionless flows was characterized, the 

behavior of more complex systems was studied. Experiments and DEM simulations were 
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performed to investigate the flow, segregation patterns, mixing kinetics and stresses that 

develop in cohesionless granular beds containing multiple particle sizes. For a binary 

system with a 2:1 size ratio, segregation by size occurs due to a sieving mechanism. 

Segregation in the binary system is fast, with a fully segregated system observed after 

just 5 revolutions. However, the numerical simulations showed that the extent of 

segregation in the bladed mixer can be reduced by introducing intermediate particle sizes 

in between the smallest and the largest particles. Addition of intermediate particle sizes 

increases convective and diffusive particle motion promoting a mixing mechanism which 

reduces segregation via the sieving mechanism. Void fraction within the bladed mixer 

increases as the degree of polydispersity is increased allowing the particles to move more 

freely throughout the particle bed. Higher void fractions also increase the ability of large 

particles to penetrate deeper into the particle bed. Normal and shear stresses are also 

affected by particle size distributions, with lower average values obtained for the system 

with the largest number of particle species. Differences in the amount of stress generated 

by each particle species were observed. However, the difference in stresses is reduced as 

the number of particle species in the system is increased. 

Finally, the behavior of wet, monodisperse particles in bladed mixers at low 

rotational speeds was investigated via experiments and simulations. The presence of 

water in the system leads to an increase in inter-particle cohesion. The effect of moisture 

content for wet systems in the pendular state was studied. Experimental and 

computational results showed that, at low moisture contents, convective and diffusive 

particle movement is enhanced leading to higher mixing rates when compared to a dry 

system. However, at higher moisture contents, convective and diffusive particle motion 
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decreases. This in turn leads to lower mixing rates at high moisture contents. Pressure and 

shear stress profiles were shown to be significantly affected by moisture content. In 

general, shear stress values increased as moisture content was increased.  

The formation of particle agglomerates in wet flows was also studied. A method 

for determining the extent of agglomeration in the DEM simulations was developed. This 

analysis showed that the portion of the particle bed which is agglomerated increases as 

moisture content is increased. The size of these agglomerates is highest near the impeller 

shaft and towards the top of the particle bed, which corresponds to regions characterized 

by lower stresses. Agglomerate aspect ratio increased with moisture content indicating 

the formation of elongated, needle-like agglomerates. 

Future work  

Most practical granular materials are composed of non-spherical particles. 

However, few studies are found in the literature that explore the behavior of non-

spherical particle assemblies. Particle shape can significantly affect the flowability of 

granular materials. For example, elongated, needle-like particles have been shown to 

produce hopper discharge flow rates 30% lower than spherical particles [201]. Non-

spherical particles tend to display a high resistance to rolling and are susceptible to 

particle interlocking. Particle shape also affects the yield strength of a granular assembly 

as a larger amount of energy is needed to shear non-spherical particles than spherical 

particles [202]. Various methods have been developed to incorporate the effect of particle 

shape into DEM simulations for different particle shapes such as ellipses, cylinders, 

superquadrics and hyperquadrics [202, 203]. These methods include new contact 

detection algorithms for non-spherical particles along with new explicit force 
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expressions. Particle shape can also be studied via DEM by creating composite, non-

spherical particles by “gluing” smaller spherical particles into clusters that act as 

individual, non-spherical particles [204]. This reduces computational requirements as it 

simplifies contact detection and enables the use of force models based on contact theory 

for spheres.  

Investigating the effect of particle shape on granular flow is of practical 

importance to industrial bladed mixer operations as these processes often involve non-

spherical particles. Art sand could be used in the laboratory to study the effect of angular 

shapes and these results could be compared to those obtained with glass beads of an 

equivalent diameter. Cylinders or L-threonine particles could be use to explore the effect 

of needle-like shapes. DEM simulations could be used in parallel with the experimental 

work to measure quantities not easily accessible via current experimental analytical 

techniques such as localized flow, diffusive particle motion and stress generation. Non-

spherical particle morphologies can be modeled by creation of composite particles of 

rigidly bonded spheres. Code modifications will be required to associate individual 

particles with particular composites, construct the composites, and follow the composites 

in time. Initial studies may focus on the behavior of fairly monodisperse, non-spherical 

particles. Further studies could focus on the effect of system scale.  

Two distinct flow regimes were observed in this work, a rate-independent, quasi-

static regime and a rate-dependent, intermediate regime. The DEM simulation results 

showed that impeller torque measurements could be used to determine the parameters 

leading to flow regime transition. Impeller torque measurements could also provide 

further insight into the rheology of granular materials. Experimental torque 
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measurements could be used to validate the simulation results and examine the effect of 

particle properties on granular rheology. The effects of system size, particle shape and 

size distribution, and fill level on visco-plastic parameters could also be investigated. 

The results presented here suggest that while segregation due to sieving occurs in 

bladed mixers, reduction of segregation rates can be achieve by tailoring the particle size 

distribution of the system. However, only systems with flat particle size distributions (i.e. 

equal volume fractions systems) and a maximum size ratio of 2:1 were studied. In 

industrial scenarios, it is common to find components with Gaussian, lognormal or even 

bimodal particle size distributions. The width of the particle size distribution in industrial 

systems can be larger than what was studied here. Particle size distributions of different 

shapes and width can be produced in the laboratory by mixing particles of different sizes 

or with the use of sieving trays. These mixtures can then be used to study the effect of 

these parameters on flow and segregation in bladed mixers. The current DEM code 

allows for the creation of particles with Gaussian and lognormal particle size distributions 

at specified widths. It may be interesting to look at the effect of particle size width on 

void fraction during shearing. While void fraction was observed to increase with 

polydispersity for systems with a 2:1 size ratio, higher size ratios might lead to a decrease 

in void fractions [188]. The effect of changing the width of the particle size distribution 

on bed dilation during flow is also worth investigating. 

In polydisperse systems, cohesion forces can act to enhance mixing or to promote 

segregation [93]. Methods have been developed to assist in the determination of the final 

state of a cohesive, multi-component granular mixture by examining the strength of the 

cohesive forces that develop between different particle sizes [92, 93]. The computational 
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and experimental techniques used in this work could also be used to study the effect of 

water content on the flow and segregation of polydisperse mixtures. Surface 

characteristics also become important for wet flows, as hydrophobic materials can 

segregate from hydrophilic materials in the presence of water during flow [93]. 

The work done on wet particle flows in bladed mixers focused on flows at low 

blade rotational speeds and at the laboratory scale. The effect of system size on the flow 

and agglomeration of wetted particles remains unclear. DEM simulations at different D/d 

ratios could elucidate some of the effects of system scale on wet particle flows. These 

results could then be compared with the behavior observed for dry, monodisperse 

particles. The role of blade speed on flow and agglomeration is not well understood. 

Future experimental and computational work on wet flows could focus on the effect of 

these parameters.  

Analysis of wet flows suggested that liquid distribution within the particle bed can 

be significantly affected by the liquid's viscosity. Differences in liquid distribution could 

in turn lead to localized differences in cohesive force magnitude. Additional cohesive 

forces could also arise due to lubrication effects for liquids with high viscosities [195]. 

Understanding the effect of liquid viscosity on liquid distribution and on the amount of 

cohesion in the system is important for bladed mixer processes such as wet granulation 

and agitated drying. Initial experimental work could investigate the effect of liquid 

viscosity using mixtures of water and glycerin. The viscosity of these mixtures can be 

tailored by using different water to glycerin ratios while keeping a surface tension similar 

to that of water. The current DEM code could be modified to include lubrication forces 
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and to account for localized differences in liquid distribution. A detailed investigation of 

the effect of liquid viscosity would be invaluable for predicting flow of wet particle beds. 
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Notations 
 

im  mass of particle i  

iR  radius of particle i  

iI   moment of inertial of particle i  

iv   velocity of particle i  
g acceleration due to gravity 

N
ijF  normal force resulting from the contact of particle i with particle j  
T

ijF  tangential force resulting from the contact of particle i with particle j 

ir   position vector for particle i  

nk~  normal stiffness coefficient  

tk~  tangential stiffness coefficient 
t
relv  relative tangential velocity of the colliding particles 

d particle diameter  
E Young’s modulus 
G Shear modulus 

*R  effective radius of the colliding particles 
e coefficient of restitution 
s  tangential decomposition of contact unit vector 

C
ijF  cohesive force experienced by particle i due to a liquid bridge with particle j  
PΔ  pressure difference across the air-fluid interface in wet systems 

V
)

 dimensionless liquid bridge volume 
h
)

 dimensionless separation distance between surface of particles 

ch
)

 critical rupture distance for liquid bridge 
Ca  Capillary number 
U  characteristic system velocity 
u’  fluctuation velocity 
T granular temperature 

CR  radius of spherical control volume 
a distance between center of particle and center of control volume  
Vc  control volume size 

ijD   diffusion coefficient in the i direction due to a gradient in the j direction 

ixΔ  particle displacement in the i direction 

ixΔ  mean particle displacement in the i direction 
Pe Peclet number 

iU  average particle speed 

concM  mean particle concentration 
M degree of mixing for polydisperse systems 
n total particle number fraction in cell k k  
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k
ix  number fraction of species i in cell k 

P 
ity 

ticle bed 
H ment 

R 

pressure  
Vt  tangential veloc
Vr  radial velocity 

 Vy  vertical velocity
beH total height of pard  

bed height prior to blade move
D diameter of mixer 

rmalized by the tip speed *V particle velocity no 
tipV  tip speed of blades 

radius of mixer 
P temporal average d pressure 

D/d ameter ratio 

cle concentration. 

mixer diameter to particle di
*
ijD  normalized diffusion coefficient 
*P  normalized pressure 
avU g  average particle speed 

adjP  adjusted blade power 

elC g* ar  normalized large parti

elC arg  local large particle concentration 

e  average large particle concentratlC arg ion 

 

mass flux 
 time 

age for dry system 
 

reek Letters 

fluxM mass flux 

fluxM&  normalized 

ct particle-particle contact 
d
brt ry

eak  characteristic time-of-contact break

 
G
 

 velocity of particle i iω  angular

rijτ  torque resulting from the contact of particle i with particle j 

nδ  normal displacement or overlap 
 tangential displacement tδ

nγ
~  normal damping coefficient 

tγ
~  tangential damping coefficient 
ρ  particle density 
σ  Poisson ratio 

 rolling friction coefficient rμ
 silding friction coefficient sμ
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β  half filling angle of a capillary liquid bridge 
θ  contact angle of a capillary liquid bridge 
γ  surface tension of liquid  
η  dynamic viscosity of liquid 
ε  void fraction 

 stress on i plane in the j direction ijτ
 total average bulk density bρ ulk

ijτ  ection stress on i plane in the j dir

ijτ  temporal averaged stress 
p  particle-particle sliding frip

s
−μ   ction 

tion wp
s
−μ  particle-cylinder wall sliding fric

concσ  standard deviation of particle concentration 
*
ijτ  normalized shear stress 
μ  internal friction coefficient from shear cell analysis 

*γ  dimensionless shear rate 
oγ  shear rate 

yτ  yield stress of particle bed 
κ  apparent viscosity 

liqρ  density of liquid in a capillary liquid bridge 

liqφ  volume fraction of liquid in wet systems  
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