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Chapter 1

Introduction

In order to price and hedge financial derivatives, stochastic process models of the dy-
namics of the underlying stocks have been introduced. The Black-Scholes model is
based on the assumption that the stock price process follows a geometric Brownian
motion with constant drift and volatility. It is well known that this model is too simple
to capture the risk-neutral dynamics of many price processes. Dupire [10] significantly
improved the Black-Scholes model by replacing the constant volatility parameter by a
deterministic function of time and the stock price process. By construction, the asset
price process given by Dupire’s local volatility model has the same one-dimensional
marginal distributions as the market price process. Therefore, European-style vanilla
options whose values are determined by the marginal distributions can be priced cor-
rectly. In practice, the local volatility model is widely used to price not only vanilla
options, but also complex options with path dependent payoffs, even though such op-
tions cannot be priced correctly by Dupire’s model.

Dupire’s model is a practical implementation of a famous result of Gyongy [15].
Given an Ito process, Gyongy proved the existence of a Markov process with the same
one-dimensional marginal distributions as the given It6 process. The coeflicients defined
in Gyongy’s process are given by Dupire’s local volatility model.

In [8] Brunick generalized Gyongy’s result under a weaker assumption so that the
prices of path dependent options can be determined exactly. For example, consider a
barrier option whose value depends on the joint distribution of the stock price and its
running maximum; Brunick’s result shows that there exists a two-dimensional Markov
process with the same joint distributions. It gives a model process which is perfectly

calibrated against market data, but simpler than the market process.



Bentata and Cont [3], [4] extended Gyongy’s theorem to semimartingales with
jumps. They showed that the flow of marginal distributions of a discontinuous semi-
martingale could be matched by the marginal distributions of a Markov process. The
Markov process was constructed as a solution to a martingale problem. However, their
proof of the main theorem is incomplete. Using this result, they derived a partial
integro-differential equation for call options. This is a generalization of Dupire’s local
volatility formula. We will discuss the details in Section 2.2.3.

Motivated by these results, we present a partial differential equation based proof to
the mimicking theorem of semimartingales in this thesis.

The thesis is organized as follows:

In chapter 2, we review some stochastic process models and mimicking theorems.
The first section is dedicated to volatility models: the Black-Scholes model, stochastic
volatility models, including Heston model and SABR model, Dupire’s local volatility
model, and some jump models, including Merton’s jump diffusion model and Bates’
model. In the second section we introduce the theorems of Gyongy, Brunick, and
Bentata and Cont.

In chapter 3, we give a new proofs of Gyongy’s theorem. The proof is based on
a uniqueness result of a parabolic equation. We first derive the partial differential
equation satisfied by the marginal distributions of an It6 process. Then we construct a
Markov process and show that the marginal distributions of this Markov process satisfy
the same partial differential equation. By the uniqueness result in [14], we conclude
that the Markov process has the same marginal distributions as the 1t6 process.

In chapter 4, we extend the partial differential equation proof of Gyongy’s theorem
for Itd6 process to the case of semimartingale processes. We first derive the forward
equation satisfied by the probability density functions of a semimartingale and show
it is obeyed by the probability density functions of the mimicking process. This for-
ward equation is a partial integro-differential equation (PIDE). By analogy with the
construction of fundamental solutions to a partial differential equation, we construct
fundamental solutions of the PIDE using the parametrix method [14]. Through our

construction, we discover the conditions which ensure this equation has fundamental



solutions. These conditions guarantee the existence of the transition probability density
function for the semimartingales. Then we derive and apply energy estimates to prove
uniqueness of the fundamental solution.

Pseudo-differential operators should be natural tools to study our partial integro-
differential equation. In chapter 5, we recall the relevant theory of pseudo-differential
operators, discuss their relationship with the martingale problem and indicate areas of
further research.

In the last chapter, we apply Brunick’s result and derive a local volatility formula
for single barrier options. The exotic options market is most developed in the foreign
exchange market. This formula allows us to price exotic options in the FX market. And
these prices are consistent with the market prices of single barrier options we observe

in the market.

More ideas for further research

1. In Gyongy’s theorem, the drift and covariance processes are bounded, and the
covariance process satisfies the uniformly elliptic condition. However, the covari-
ance process in the Heston model is a CIR process which is neither bounded nor

bounded away from zero. So we plan to remove these constraints.

2. We plan to give a numerical illustration of Cont-Bentata’s result using Monte

Carlo simulation.

3. We also plan to give a numerical illustration of Brunick’s result by computation of
up-and-out call prices for S(0) € [0, Syqe) using original and mimicking processes,

where mimicking processes are geometric Brownian motion or Heston process.



Chapter 2

Background

In this chapter, we review some models and theorems. The first section is dedicated to
volatility models: the Black-Scholes model, stochastic volatility models, Dupire’s local
volatility model, and some jump models. In the second section we introduce Gyongy’s

theorem, Brunick’s theorem, and Bentata and Cont’s result.

2.1 Volatility models

2.1.1 The Black-Scholes model

The Black-Scholes model [5] shows how to price options on a stock. An European call
option gives the right to its owner to buy at time 7" one unit of the stock at the price K,
where T is called date of maturity and a positive number K is called strike or exercise
price. The well known Black-Scholes formula gives the price of such an option as a
function of the stock price Sy, the strike price K, the maturity 7', the short rate of
interest r, and the volatility of the stock o. Only this last parameter is not directly
observable but it can be estimated from historical data. Call options are now actively
traded. The work of Black and Scholes on how to price call options seems irrelevant
as the prices are already known. However, this is not the case. First, there exist more
complex options, often called exotic options, a simple example that we will consider
later is a barrier option. These are not actively traded and therefore need to be priced.
More importantly the work of Black and Scholes shows that ”it is possible to create
a hedged position, consisting of a long position in the stock and a short position in
[calls on the same stock]|, whose value will not depend on the price of the stock”. In

other words, they provide a method to hedge risk of a portfolio in the future. The



replicating portfolios have to be rebalanced continuously in a precise way. The Black-
Scholes pricing is widely used in practice, because it is easy to calculate and provides
an explicit formula of all the variables.

However, prices obtained from the Black-Scholes formula are often differernt from
the market prices. In the model, the underlying asset is assumed to follow a geometric

Brownian motion with constant volatility . That is,
dS; = pSdt + o SdW (),

where W (t) is a Brownian motion. Given the market price of a call or put option, the
implied volatility is the unique volatility parameter to be put into the Black-Scholes
formula to give the same price as the market price. At a given maturity, options with
different strikes have different implied volatilities. When plotted against strikes, implied
volatilities exhibit a smile or a skew effect. Although volatility is not constant, results
from the Black-Scholes model are helpful in practice. The language of implied volatility
is a useful alternative to market prices. It gives a metric by which option prices can be

compared across different strikes, maturities, underlying, and observation times.

2.1.2 Stochastic volatility models

Stochastic volatility models are useful because they explain in a self-consistent way
why options with different strikes and expirations have different Black-Scholes implied
volatility. Under the assumption that the volatility of the underlying price is a stochastic
process rather than a constant, they have more realistic dynamics for the underlying.

Suppose that the underlying price S and its variance V satisfy the following SDEs,

dSt = utStdt + vV ‘/tStdWh
dV}/ = a(Sta V:‘A t)dt + 77/8(57&7 V;fv t) \% V;‘/dWQa
< dWy,dWs >= pdt,
where p; is the instantaneous drift of S, 7 is the volatility of the volatility process and

p is the correlation between random stock price returns and changes in V¢, Wy, W are

Brownian motions.



The stochastic process followed by the stock price is equivalent to the one assumed
in the Black-Scholes model. As n approaches 0, the stochastic volatility model becomes
a time-dependent volatility version of the Black-Scholes model. The stochastic process
followed by the variance can be very general. In the Black-Scholes model, there is
only one source of randomness, the stock price, which can be hedged by stocks. In the
stochastic volatility model, random changes in volatility also need to be hedged in order
to construct a risk free portfolio.

The most popular and commonly used stochastic volatility models are the Heston
model and the SABR model.

In the Heston model [16], the volatility follows a square root process, namely a CIR
process

dVy = 0(w — Vi) dt + n\/VidWs, (2.1)

where w is the mean long-term volatility, 6 is the speed at which the volatility reverts
to its long-term mean and 7 is the volatility of the volatility process.
the SABR model (stochastic alpha, beta, rho)[22] describes a single forward F' under

stochastic volatility V;:

dF; = V,F{ dWh,

dVy = aVy dWs,

The initial values Fjy and V; are the current forward price and volatility, whereas Wi and
Wy are two correlated Brownian motions with correlation coefficient p. The constant
parameters 3, « are such that 0 < 5 < 1,a > 0.

Once a particular stochastic volatility model is chosen, it must be calibrated against
existing market data. Calibration is the process of identifying the set of model param-
eters which most likely give the observed data. For instance, in the Heston model, the
set of model parameters {w,#,n, p} can be estimated from historic underlying prices.
Once the calibration has been performed, re-calibration of the model is needed over

time.



2.1.3 Dupire’s local volatility model

Given the computational complexity of stochastic volatility models and the difficulty
in calibrating parameters to the market prices of vanilla options, people want to find a
simpler way to price exotic options consistently. Since before Breeden and Litzenberger
[7], it was well understood that the risk-neutral probability density function could be
derived from the market prices of European options. Dupire [10] and Derman and
Kani [9] show that under risk neutral measure, there exist a unique diffusion process
consistent with these distributions.

In Dupire ’s local volatility model, the constant volatility is replaced by a determin-
istic function of time and the stock price process, which is known as the local volatility

function. The underlying price S; is assumed to follow a stochastic differential equation
dSt = TSt dt + O'(t, St)St dW(t),

where r is the instantaneous risk free rate and W (¢) is a Brownian motion.
The diffusion coefficients o(t, S;) are consistent with the market prices for all option
prices on a given underlying. Dupire’s formula shows
oC oC
W + TKW

172 82C
2K OK?

(K, T;Sy) =

By construction, European style vanilla options whose values are determined by the
marginal distributions can be priced correctly. In practice, this model is used to de-
termine prices of exotic options which are consistent with observed prices of vanilla
options.

In [11], Dupire showed that the local variance is a conditional expectation of instan-

taneous variance. Assume the stochastic process for stock prices is
dSt = utStdt + \/O'tStdW(t),

he derived that
o*(K.T; So) = Elo|Sr = K],

that is, local variance is the expectation of the instantaneous variance conditional on

the final stock price Sp being equal to the strike price K. This equation implies that



Dupire’s local volatility model is in fact a practical implementation of Gyéngy’s theorem

which we will introduce in the next section.

2.1.4 Volatility models with jumps

Diffusion based volatility models cannot explain why the implied volatility skew is so
steep for very short expirations and why short-dated term structure of skew is incon-
sistent with any model. Therefore, jumps are necessary to be modeled. Examples of
such models are Merton’s jump diffusion model [21] and Bates’ jump-diffusion stochas-
tic volatility model [2]. In these models, the dynamics of the underlying is easy to
understand and describe, since the distribution of jump sizes is known. They are easy

to simulate using Monte Carlo method.

Merton’s jump diffusion model

Assume the stock price follow the SDE
dS =~Sdt + o SdW + (J — 1)Sdg,

where ¢ is a Poisson process, dg = 1 with probability Adt, and dg = 0 with probability
1 — Adt. The jump size is lognormally distributed with mean log-jump p and standard

deviation §. We can rewrite the SDE as
dS = pSdt + o SAW + (e*% —1)8dg,

with Z ~ N(0,1). This allows us to get the probability density of S;

(w—yt—Fkp)?
2(c02t+kd2)

27 (0%t + ko?)

kexp —

e
) =3 =

k=0
Prices of European options in this model can be obtained as a series where each term

involves a Black-Scholes formula.

Bates’ model

Bates introduced the jump-diffusion stochastic volatility model by adding proportional

log-normal jumps to the Heston stochastic volatility model. The model has the following



form

dSt = utStdt + vV V;StdW1 + th

dV; = O(w — V;)dt + n\/VedWa,

dW (t)! and dW} are Brownian motions with correlation p, and J; is a compound
Poisson process with intensity A and log-normal distribution of jump sizes such that if
k is its jump size then In(1 + k) ~ N(In(1 + k) — 562,62). The no-arbitrage condition
fixes the drift of the risk neutral process, under the risk-neutral probability & = r — \k.

Applying 1t6’s lemma, we obtain the equation for the log-price X (t) = In Sy,
| .
dX(t) = (r — Ak — SVi)dt + V/VidW () 4 dJy,

where dJ; is a compound Poisson process with intensity A and normal distribution of
jump sizes.

Bates” model can also be viewed as a generalization of the Merton’s jump diffusion
model allowing for stochastic volatility. Although the no arbitrage condition fixes the
drift of the price process, the risk-neutral measure is not unique, because other pa-
rameters of the model, for example, intensity of jumps and parameters of jump size

distribution, can be changed.

2.2 Mimicking theorems

We want to construct simple processes which mimic certain features of the behavior of
more complicated processes.

Since the European option prices are uniquely determined by the marginal distri-
butions of the underlying price processes. In this section, we review some theorems in

which the marginal distributions of a general process are matched by a Markov process.

2.2.1 Gyongy’s theorem

Dupire derived the local volatility formula using the forward equation. In an earlier
work of Gyongy [15], he developed a result that is considered as a rigorous proof of the

existence of the local volatility model. He proved the following result.
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Theorem 2.1. (Gyongy [15, Theorem 4.6]) Let W be an r-dimensional Brownian

motion, and

dX (t) = pedt + ordW (1)

be a d-dimensional Ité process where u is a bounded d-dimensional adapted process, and

T

o is a bounded d x r-dimensional adapted process such that oo* is uniformly positive

definite. There exist deterministic measurable function fi and & such that

a(t, X(t)) = E[w|X()] a.s. for eacht,

66T (t,X(t)) = FElow]|X(t)] a.s. for eacht,
and there exists a weak solution to the stochastic differential equation:
dX; = [i(t, X;)dt + 6(t, X;)dW (t)

such that L (X)) = ZL(X(t)) for all t € Ry, where £ denotes the law of a random

variable and W(t) denotes another Brownian motion, possibly on another space.

The assumptions on the drift and covariance processes in Gyoéngy’s theorem seem
too restrictive for many applications. For example, Atlan [1] computed the conditional
expectations for the Heston model using properties of the Bessel process and then used
Gyongy’s theorem to ensure the existence of a diffusion with the same marginal distri-
butions. However, the covariance process in the Heston model is a CIR process (2.1)
which is neither bounded nor bounded away from zero, so the conditions of Gyongy’s
theorem are not satisfied in this application.

Gyongy’s theorem is only valid for continuous It6 processes. It is important to

extend the result to processes with jumps.

2.2.2 Brunick’s theorem

In practice, the local volatility model is also used to price complex options with path
dependent payoffs. However, the price cannot be uniquely determined by the marginal
distributions of the asset price process. For example, the price of a barrier option would

require knowledge of the joint probability distribution of the asset price process and its
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running maximum. Brunick [8] generalized Gyongy’s result under a weaker assumption

so that the prices of path dependent options could be determined exactly.

Definition 2.1. (/8, Definition 2.1])
Let Y : Ry x C(Ry,R?) — R™ be a predictable process. We say that the path-functional

Y is a measurably updatable statistic if there exrists a measurable function
¢:RxR" xRy x C(Ry,RY) = R”

such that Y (t + u,z) = é(t, Y (t,2);u, A(t,x)) for all z € C(Ry,RY), where the map
ARy x O(Ry,RP) — O(R,,R?) is defined by A(t,z)(u) = z(t,u) — z(t).

A measurably updatable statistic is a functional whose path-dependence can be
summed up by a single vector in RY. Y!(t,z) = x(t) is an updatable statistic, as
Yt +u,2) = Y(t,2) + A(t,2)(u). Let 2*(t) = sup,<; x(u), we see that Y?2(t,2) =

[z(t), z*(t)] € R? is an updatable statistic as we can write

Y2t 4 u,x) = [2(t) + A(t, z)(u), max{z*(t), i%p } x(t) + A(t, x)(v) }].

Theorem 2.2. ([8, Theorem 2.11])

Let W be an r-dimensional Brownian motion, and
dX (t) = pdt + oy dW (t)

be a d-dimensional Ito process where p is a left-continuous d-dimensional adapted pro-

cess, and o is a left-continuous d X r-dimensional adapted process with
t
E[/ \s| + |os0 L ds|ds] < oo for all t.
0

Also suppose thatY : Ry xC(Ry,R?) — R" is a measurably updatable statistic such that
the maps v — Y (t,x) are continuous for each fized t. Then there exist deterministic

measurable function i and & such that

at,Y(t, X)) = Elw|Y(t,X)] a.s. for Lebesgue-a.e. t,

66T (t,Y(t, X))

Eloiol|Y (t,X)] a.s. for Lebesgue-a.e. t,
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and there exists a weak solution to the SDE:
dX; = j(t, Y (t, X))dt + 6(t, Y (t, X))dW (t)

such that Z(Y (t,X)) = Z(Y(t,X)) for all t € Ry, where £ denotes the law of a

random variable and W(t) denotes another Brownian motion.

Brunick’s theorem is more general than Gyongy’s. First, the requirements on pu
and o are weaker than the boundedness and uniform ellipticity in Gyogy’s theorem.
Secondly, this theorem implies the existence of a weak solution which preserves the

one-dimensional marginal distribution of path-dependent functionals.

Corollary 2.1. (/8, Corallary 2.16]) Let W be an r-dimensional Brownian motion,
and

dX (t) = pdt + o dW (t)

be a d-dimensional Ité process where i is a left-continuous d-dimensional adapted pro-

cess, and o is a left-continuous d X r-dimensional adapted process with
t
E[/ 15| + |osol ds|ds] < oo for all t.
0
Then there exist deterministic measurable function fi and & such that

a(t, X (t)) = Elw|X ()] a.s. for Lebesgue-a.e. t,

66T (t,X(t)) = Elowol|X(t)] a.s. for Lebesgue-a.e. t,
and there exists a weak solution to the SDE:
dX; = j(t, Xp)dt + & (t, Xy)dW ()

such that L(X;) = L(X(t))) for all t € Ry, where £ denotes the law of a random

variable and W(t) denotes another Brownian motion.

This lemma relaxes the requirements on the coefficients of the It6 process in Gyongy’s

theorem.
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2.2.3 Bentata and Cont’s theorems

Bentata and Cont [3], [4] extended Gyongy’s theorem to a discontinuous semimartin-
gale. They showed that the flow of marginal distributions of a semimartingale X could
be matched by the marginal distributions of a Markov process Y whose infinitesimal
generator is expresses in terms of the local characteristics of X. They gave a construc-
tion of the Markov process Y as the solution to a martingale problem for an integral-
differential operator. They applied these results to derive a partial integro-differential
equation for call options in a general semimartingale model. This generalizes Dupire’s
local volatility formula.

Consider a semimartingale given by the decomposition

t t t N t
X(t) = Xo+ / BXds+ / o XdW (s) + / / yMx (dsdy) + / / yMx (dsdy),
0 0 0 Jlyl<t 0 Jllyl>1

where W is a R%valued Brownian motion, Mx is a positive, integer valued random
measure on [0,00) X R™ with compensator py , ]\A/.fx = Mx — ux is the compensated
measure, ,BtX and O’tX are adapted processes in R™ and M,,»4(R).

Define, for t > 0, z € R?

a’ (t,z) = Bloj* (07)"|X(t-) = 2]
b(x,t) = E[B(t)|X(1-) = 2]

mY(tayvz) = E[mX(tay)|X(t_) = Z]'

Let My be an integer valued random measure on [0,7] x R? with compensator
my (t,y, Y (t—))dydt, My = My — m, the associated compensated random measure,
oV 1 [0,00) x R? = Mgy, (R) is a measurable function such that o¥ (¢, 2)(o¥ (¢, 2))T =

a¥ (t, z).

Theorem 2.3. ([3, Theorem 1])

If the function B, a¥ and my are continuous in (t,z) on [0,T] x R%, the stochastic
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differential equation

= t YS S S tO'YS S S t M, S
Y(t) =Xo + /0 BY (5, Y (s))ds + /O Y (s,Y ())dW (s) + /O /”yglyMyw dy)

t
+ / / y My (dsdy),
0 Jlyl>1

admits a weak solution (Y (t)):ejo,r) whose marginal distributions mimic those of X :
Y(t) = X(t) in distribution for any t € [0,T].

In the proof of this theorem, Bentata and Cont showed that, for any C? function f

with compact support
T
Ef(X(t)] =f(Xo) +/0 E[Vf(X(t-)) - 87 (t, X (¢-))]dt
LT 2 Y
+ 2/0 E[tr[V2f(X(t—))a" (t, X (t—))]]dt
T
[0 B e=) + ) - 1)
= Ly<yy V(X (E-)))my (¢, dy, X (t—))]dt.
And it is easy to see that for the mimicking Y (¢), we also have
T
Elf(Y(#)] =f(Xo0) + /0 E[Vf(Y(t-))- 8" (t,Y (t-)))dt
LT 2 Y
+ 2/0 E[tr[V2f(Y (t—))a" (t,Y (t—))]]dt
T
[ B+ - =)
— 1y <y VY (E=)))my (¢, dy, Y (t—))]dt.

In order to show that X (¢) and Y (¢) have the same marginal distributions, they asserted

that

for any f € C2. However, they did not provide the proof of this statement in [3].
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In [3], Y is constructed as the solution ((Y'(t));e[o,77, @x,) of the martingale problem

for an integro—diﬁerential operator

ali(t,x)> 92f

3,j=1

+/Rd[f(t r+y) — Zl{||yH<1}yz of (t x)my (t,y, z)dy.
For any f € E C dom(L),
M = F(Y (1) - f(z) /0 LF(X (u))du

is a ), martingale.

The uniqueness if Y (¢) is guaranteed by the following theorem.
Theorem 2.4. ([27]) If either

(i) for anyt € [0,T], x,z € R, 2TaXz > 0,

(ii) for any B >0, ¢ >0, m(t,y,w) > \ylf“*’
then Y is the unique Markov process with infinitesimal generator L.

Bentata and Cont also derived a Dupire type formula for an asset price S whose

dynamics under the pricing measure is a stochastic volatility model with random jumps,

T
dSr = S / r(t)Se_dt + / Sy_6,dW (t) / / Sy ( M (dtdy),
0

where r(t) is the discount rate, d; the spot volatility process and M is a compensated

random measure with compensator
p(w; didy) = m(w; t,y)dtdy.

Theorem 2.5. ([4, Propostion 3])
Assume r(t) and & are locally bounded process and that for any T > 0, there exists a
constant 0 < cp < 0o such that fOT fy>1 e#m(t,y)dy < er, [(AAy?)mx(;t,y)dy < cr.
Define

o(t, 2) = \ B3I = 2],

v(t,y,z) = E[m(t,y)|Si— = z|.
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The value Ci(T, K) at time t of a call option with expiry T > t and strike K > 0 is
given by

Cy(T, K) = E[max(St — K,0)|F].
Then the call option price (T, K) — Cy(T,K) as a function of maturity and strike, is

a solution (in the sense of distributions) of the partial integro differential equation on

[t,00) x (0,00),
9C _Ko(T,K)9*C _ oC
ar ~ 2 0K? ' OK
—i—/oo dyn(T,y K)ey{C(T Ke™)-C(T,K)+K(1—- e_y)@}
e ) ) ) ) 8K

with initial condition C(t,K) = (S; — K)* for any K > 0.

This partial integro-differential equation generalizes the Dupire formula derived in
[10] for continuous process to the case of semimartingales with jumps. It implies that,
any arbitrage free option price across strike and maturity may be parameterized by a
local volatility function o(t,.S) and a local Levy measure m(t, S, z).

They also gave some examples of stochastic models, including marked point pro-
cesses and time changed Levy processes.

In my thesis, we consider the same mimicking theorem of semimartingales as Bentata
and Cont did. However, my approach is totally different. In [3], Bentata and Cont
concluded that E[f(X (t))] = E[f(Y (t))] for any C? function f, therefore, X () and Y (t)
have the same marginal distributions. In my proof, I show that px(z,t) and py(z,t),
the probability density functions of X (¢) and Y (¢), satisfies the same partial integro-
differential equation. And then I prove that this equation has a unique fundamental
solution under some assumptions for the diffusion and variance coeflicients.

In [25], Ming Shi extended Gydgy’s theorem to pure jump processes and applied his
results to multi-name credit modeling. He also talked about the mimicking theorem
of semimartingales in Section 3.4 which was a joint work with me. We started with
the function f(z) = e~ for z,& € R". E[f(X(t))] is the Fourier transform of the
marginal distribution function px(z,t). We then used this fact to derive the forward

equation satisfied by px(z,t).
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In my thesis, I generalize this result by choosing f as any C? function with compact

support.
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Chapter 3

A Proof of Gyongy’s Theorem

Gyogy proved his theorem by extending a result of Krylov [20]. We summarize his main
ideas of proof here. Consider the Green measure of an It6 process X (¢) with killing

rate y(t), which is defined by
+oo +
p() = [ [ L e e,
0

for every Borel set A C R", where 14 denotes the indicator function of the set A, ~
is a non-negative t-adapted stochastic process. Denote the mimicking process by Y (),
Gyongy showed that the Green measure of (¢, X (t)) is identical the the Green measure
of (t,Y(t)). Let v(t) = 1, then we have

E o e Uf(t, X (t)dt| = E o e Lf(t, Y (t))dt
0 0

At

for every bounded non-negative Borel measurable function f. Taking f(¢,x) = e"g(x)

with arbitrary non-negative constant A and functions g € Cy(R"™), we get

+o0 +oo
| e Bl = [ e Bl (0)an,
0 0

this gives us

Hence it follows that the distribution of X (¢) and Y (¢) are same for every t. However,
the proof that X (¢) and Y (¢) have the same Green measure is quite long and technical.

We present an intuitive proof of Gyongy’s theorem. The proof is based on the
uniqueness of solutions to a parabolic equation. Assume X (¢) has probability den-
sity functions px (z,t). We first derive the partial differential equation satisfied by the

marginal distributions of an Itd process. Then we construct a Markov process and show
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that the marginal distributions of this Markov process satisfy the same partial differ-
ential equation. By uniqueness of solutions to a parabolic equation [14], we conclude

that the Markov process has the same marginal distributions as the It6 process.

3.1 Uniqueness of a solution to a partial differential equation

In this section, we give a proof of Gyéngy’s theorem using uniqueness of solutions to a

partial differential equation. We shall use the following definition and theorems.

Definition 3.1. (Fundamental solutions of a parabolic equation)[14, Sections 1.1 &

1.6] Suppose a;j, b; and ¢ are R-valued functions on Q2. A fundamental solution of

- 0*u = ou ou
Lu := ;aij(:p’t)@xiaxj + Zbi(x,t)a + c(z, t)u — 5 0 (3.1)

Zi

in Q@ = D x [Ty, T1] is a R-valued function T'(x,t;y,7) defined for all (z,t) € U,
(y,7) € U, t > T, which satisfies the following conditions:

(i) for fized (y,T) € Q, it satisfies (3.1), as a function of (x,t), € D, T <t <T;

(i3) for every continuous R-valued function f(x) in D such that [1{, Section 1.6, Equa-
tion (6.1)],

F(@)] < const. exp(hlaf?),

if v € D, for some positive constant h. Then

lim [ T(x,t;y,7)f(y)dy = f(z).

t—T1 D
The integrals in Definition 3.1 exist only if 4h(t — 7) < A, where X\ = )¢ is defined
as in [14, Section 1.2, Equation (2.2)] and the proof of Lemma 4.2 in this thesis. If

Ao

h< ————7
ATy — Tp)

then the integrals in Definition 3.1 exist for all Ty < 7 <t < Ty [14, Section 1.6].

Definition 3.2. [1/] A function f(x,t) is said to be Hélder continuous with exponent
a if
[f (@, t) = f(wo,t0)] < C(lz — aol® + [t — to|*/?)

for any (z,t), (zo,to) € [To, T1] x R™ some constant C' > 0.
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Theorem 3.1. [14, Theorem 1.15]

Assume that L is parabolic and the coefficients of L

Qs 8az~j 82aij ‘ ab,-
" al‘k ’ 8xkaxl’ v 8xk

,C

are bounded, continuous R-valued functions on R™ x [Ty, T1]; they satisfy a uniform
Holder condition with exponent o in x € R™. a;; satisfies the ellipticity condition.

Then a fundamental solution I'* of L*u = 0 exists and
D, ty,7) =T (y, 752, 1),

where L* is the formal adjoint of L,

n

* - 62 8 8u

=1

Theorem 3.2. ([13, Theorem 3.4]) The fundamental solution of (3.1) is unique.

Proof. Suppose that I'(x, t;y,7), I'(x, t;y,7) are two fundamental solutions for Lu = 0.

Applying [14, Theorem 1.15], we see that

D(z, t;y,7) =T"(y, 5 2,t) = T'(x, t;y,7)

for any (z,t), (y,7) € [To, T1] x R, t > 7.

And so I'(z,t;y,7) = I'(x, t;y, 7) as desired. O
Now we can proceed to give another proof of Gyéngy’s theorem.

Theorem 3.3. Let W be an r-dimensional Brownian motion on a probability space
(Q, Z#,P), and
dX (t) = pedt + o dW ()

be an R™-valued Ité process, pu is a bounded R™-valued adapted process, and o is a
bounded R™*?-valued adapted process such that oo™ is uniformly positive definite. Then

there exist deterministic measurable function a(t,x) and b(t,x) such that

b(t,x) = E[u|X(t) =z] as. fort>0,

a(t,z)a’ (t,z) Elowol|X(t) = ] a.s. fort,
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and
Oayj H? a;j Ob;
i 8xk 81‘k8.1‘1 8iL‘k

are bounded and Holder continuous with exponent o, 0 < o < 1. Assume X(t) has
probability density functions px (x,t). Then there exists a weak solution to the stochastic

differential equation:
dY (t) = b(t, Y (t))dt + a(t, Y (t))dW (t)

such that Z(Y(t)) = ZL(X(t)) for all t > 0, where £ denotes the law of a ran-
dom variable and W(t) denotes another Brownian motion, on another probability space
(Q, F,P).

Proof. For any function f € C3(R™), Itd formula shows

F(Xr) - /Za F(X0)dX (1)

1 9 -
) Zl/o mf(Xt)d[X XNy
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Using iterated conditional expectation and conditioning on X; gives

Bl =) + [ [Z—f X0) Bl X,

/ Z [axla% t)EKO'(t)gT(t))ij|Xt]]dt:|

n 9 1 n 82
_f( ) /0 [Z_Zl 87:1’:11? Xt (Xt,t)—FQijZ_l ?f(Xt)aij(Xt,t) dt.

ZL‘ial‘j

Denoting

n 1 n 82f
Zbl (z,1) 6% ZZ a;j(z,t) oz’
we have
T
EUf(Xn) = f@) + | E[47x@)]dr (32)
0
If X (¢) has probability density functions px(z,t) , we can rewrite (3.2) as
T
f@px(e Do = @)+ [ [ Af@px (e s (33
R 0 Rn

Taking derivatives of (3.3) with respect to T', we get

;T J(@)px (2, T)de = / ) (Af<x>)px<x,T>dm
-/, ( (@.1)
% Z:: a::i (0, )) de
Integrating by parts on the right hand side gives
;; f(@)px(z,T)dx (3.4)
/ ( Zf b(z, T)px (2, T)) Z fla 8:;:Z azj(x,T)pX(g;,T)))dgg

1]1

2
:/nf (- Z o, @ Dpx(@ T)) Z axaaxj (a5 T)px (. 7)) ) d

where A* is the formal adjoint of A,

1~ 0
A'px(z,1) Z oz, b(z, hpx (2,1) + 5 > Fr.o0. (i (2 )px (2, 1)).
Gg=1 """
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Since (3.4) is true for any C2 function f, then px(z,t) is a weak solution of

Ipx

5 = A*px(z,t).

Consider the process Y (t) defined as the solution to
dY (t) = b(t, Y (t))dt + a(t, Y (£))dW (t).

1t6 formula gives

n n 2
Elf(vr)] = / [Z W)+ 2 3 L Va0 at
i=1 =1 J

Let py (z,t) denotes the probability density functions of Y;, we have

F(@)py (2, T)d / / Af(2)py (z, £)ddt. (3.5)
R n
Then we take derivatives with respect to T" and integrate by parts, we obtain
0 x
f( oy (2, T)de = | f(x)(Apy (2, T))da.
or R™

Therefore, py (x,t) is a solution to

Ipy
— = A" t

5 py (2, 1),
in the weak sense, with initial condition p(z,0) = d(z), where §(z) is the Dirac delta

function.

We now consider an initial value problem

ou .
Fri A*u(z,t) (3.6)
u(z,0) = 6(x).

Since px(z,t), py(x,t) are solutions of (3.6), it is enough to show that (3.6) has a
unique fundamental solution.
In [14, Section 1.4], a fundamental solution of

ou

Lu:=A"w — —
u U= 5

is constructed by the parametrix method. By Theorem 3.2, we obtain the uniqueness

of the fundamental solution. O
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Chapter 4

Forward Equation for a Semimartingale

In this chapter, we develop the main theorem of this dissertation. We first introduce the
definition of semimartingales and define the Markovian projection of semimartingales.
Then we derive the generator of a semimartingale and the backward equation. When the
semimartingale has a probability density function, we show that this function satisfies
the forward equation, the adjoint of the backward equation. Next we construct a
fundamental solution of the forward equation, through our construction, discover the
conditions which ensure that this equation has fundamental solutions. These conditions
guarantee the existence of the probability density functions for the semimartingale.
Finally, we show that the fundamental solution of the forward equation is unique.
Our existence and uniqueness result implies that the mimicking process has the same

marginal distributions as the original semimartingale.

4.1 Semimartingales and Markovian projection

In this section, we give the definition of a semimartingale and define its Markovian

projection.

Definition 4.1. (Semimartingale, [24, Definition 1V.15.1])

A process X is a semimartingale on (2, F, (F(t))t>0,P) if it can be written in the form:
X(t) = Xo+ My + Ay, (4.1)

where M is a local martingale null at 0 with cadlag paths and A is an adapted process
with paths of finite variation, and the filtration is right-continuous.
An R"™-valued process X = (X',..., X™) is a semimartingale if each of its compo-

nents X' is a semimartingale.
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We emphasize that the decomposition (4.1) need not be unique. Semimartingales
are good integrators, forming the largest class of processes with respect to which the
1t6 integral can be defined. The class of semimartingales is quite large, including, for

example, all Itd6 processes and Lévy processes.

Proposition 4.1. (Ité decomposition for semimartingales, [4, Equation (2)])
On a filtered probability space (2, F, (Ft)i>0,P), a semimartingale can be given by the

decomposition

0 —i—/otﬁ(s)ds—i-/ s)dW (s / /y”<1 (dsdy) / /y>1 (dsdy),

(4.2)
where W is a R%-valued Brownian motion, M is a positive, integer valued random
measure on [0,00) X R™ with compensator yu M=M - W 18 the compensated measure,

w has a density m(t,w,y)dy, B(t) and o(t) are adapted processes valued in R™ and
M xa(R).

Proposition 4.2. (It formula for semimartingales, [23, Theorem 71])

Let (X (t))t>0 be a semimartingale. For any twice continuously differentiable function

f:R" - R™,

n T 9 i '
) =1 xo) =32 [ (e Z / e T X)X X

+ Y [ )+ AX(1) — Zamz SNAX ()

0<t<T

We want to construct a stochastic differential equation whose solution mimics the
marginal distributions of a semimartingale. We call the mimicking process a Markovian
projection of a semimartingale.

Gyongy [15] showed that there exists a Markovian projection of an Itd process.
Brunick [8] generalized Gyongy’s result under a weaker assumption, and proved that
there exists a Markovian projection of a two-dimensional process. Bentata and Cont [3],
[4] gave the existence of the Markovian projection of a semimartingale. The Markovian
projection is constructed as a solution to a martingale problem.

Here we present a partial differential equation based proof of mimicing theorem.

Consider a semimartingale X (¢) with decomposition (4.2) and further require
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(A1) o(t)o(t)* satisfies the uniformly ellipticity condition for any 0 <¢ < T.

That is, there is a constant A > 0 such that

n
> (et)ot))iitis = MEP,
ij=1
for all £ € R™ and any 0 < t < T. Ellipticity thus means that the symmetric

matrix o(t)o(t)* € R™*™ is positive definite, with smallest eigenvalue greater than

or equal to A > 0.
(A2) For any T > 0, A(t) and o(t) are bounded functions of ¢ € [0, T7.

Suppose the process X (t) start at X (t9) = zo, and the density function of X (¢) is

px (to, xo;t,-), we denote the density by px(to, zo;t, x) and abbreviate by px (¢, x)

Theorem 4.1. (Markovian projection of a semimartingale)

Let X (t) be a semimartingale starting with X (to) = xo, and X (t) has a decomposition

X(t) = X(to)+ | B(s)ds+ / o(s)dW (s)+ / /n H 1yz\7(dsdy)+ / /n H 1yM(dsdy),
to 0 to JylI< to J|lyl|>

t

where B(t), o(t) satisfy (A1) and (A2). Assume X (t) has probability density functions
px(t,z).
Define
a(,1) == Elo(t)o (1) X(t-) = ]
b(x,t) := E[B(t)| X (t—) = «]
n(t,A,x) := E[m(t, A, )| X (t—) = 2],
forallt >0, z € R, and any Borel set A C R™. Let N be a positive, integer-valued

random measure on [0,00) X R™ with compensator n, where n has a density v(t,w, x)dx,

and N = N — v is the associated compensated random measure.

We assume that
(i) a, b, and A — n(t, A, x) are continuous in (t,x) on [0,00) X R",
(it) there is a constant K, such that [ m(t,-, dy) < K < o0 a.s.

(iii) there is no jump exactly at t for any fixed t with probability 1.
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(iv) v has a compact support.

Define a process Y (t)

t

Y(t) = X(to) + /t b(s,Y (s))ds +/

to to
t
+// yN (dsdy)
to Jlyl[>1

where Wy is an R™-valued Brownian motion. Then Y (t) is a Markovian projection of

o~ t ~
s YN+ [ N sdy)
to Y |yll<

the semimartingale X (t), Y (t) and X (t) have the same marginal distributions for any

0<t<T.

4.2 Forward equation

Suppose X (t) is a semimartingale with generator A, Y'(t) is the process defined in
Theorem 4.1 with generator A. We want to show that the density px (to, xo;t,z) of

X (t) and py (to, zo; t,y) are solutions to the forward equation defined by A.

Definition 4.2. The generator A, t > 0 of a (time-inhomogeneous) process (Y ())¢>o

is defined by

Ay () o= tim 2T O] = (@) z € Rty >0,

t—to t

where E* is the expectation with respect to the probability law for Y (t) starting at

Y(to) = x. The set of functions f : R™ — R such that the limit exists at (tg,z) is

denoted by ‘@At (w), while 95 is the set of functions for which the limit exists for all
0

z € R"” and ty > 0.

We assume A has the property that 2 1 € Co(R"™, R) is dense, where Co(R", R) is
the set of continuous functions from R™ to R which vanish at infinity.

If Y(¢) also obeys the conditions

(i) Y (¢) is time-homogeneous;

(ii) (A, 2,) satisfies the positive maximum principle;

A~

(iii) R(\ — A) is dense in Coo(R™, R) for some A > 0;
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then by [18, Theorem 4.5.3], A is a generator of a Feller semigroup and Y (t) is a
time-homogeneous Feller process.

The Courrege theorem [18, Theorem 4.5.21] shows that if A : C(R", R) — C(R", R)
is a linear operator satisfying the positive maximum principle. Then there exist func-

tions a,b,c: R" — R and a kernel p such that for u € C§°(R", R)

(@) + Z bj(z) 8;;;3:) + c(x)u(z)
j=1 J

8$
k=1 TROTL

+ [ {uwly) = x(y — z)u(z) -
2

851(;@X(y — o)y — ;) X pl, dy),

j=1
where x € Coo(R", R) with 0 < x <1 and x|p,(0) = 1.

The Courrege theorem gives us an example of the structure of A. Conversely, when
A has the structure described in the Courrege theorem, then A is the generator of a

time-homogeneous Feller process.

Proposition 4.3. Let X be a semimartingale with decomposition (4.2) and satisfy the
assumptions in Theorem 4.1. If f € C3(R"), that is f is a C? function with compact

support on R", then f € 9 and the generator of Y (t) is

Atf Zb xt + Za” x,t) 895,:;

+/n (Fl+y) - —1||y||<12yz u(t,y, x)dy.

Proof. Since X is a semimartingale, with X (t—) = x, the It6 formula gives

Xr)— f(a)
T
- [ Vi) a Z / e Tl X,

0<s<T i—1 9T
T —_—
= VIi(X(s—))- |B(s)ds+o(s)dW(s)+ / yM (dsdy) + / yM(dsdy)]
t lyll<1 llyll>1
nooT g2
#33 [ gm Xle D x
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Simplifying, we obtain

Xr) ~ f(a)
/ V(X 5(sds+/TVsz— )) - o(s)dW (s)
= En:af;%ﬂ (5ol + [ [ v VX ) sy

//y”>1y V£ (X (s—)) M (dsdy)
T / / (X (5=) + ) = (X (57) =y - V(X (5-)) M (dsdy).

We add the last two terms in the preceding equation and get

Xr) — f(z)

f(
T T
:/t Vf(X(s—))-B(s)ds —i—/t V(X (s=))-o(s)dW(s)
1 (T 02 T N
+ Q/t ”221 Dx:0x; F(X(s=)) (o ()T (s))isds + /t /y”Sl y - V(X (s—))M(dsdy)
T
+/t /n(f(X(S—) +y) = f(X(5=)) = Ly <1y - V(X (s=))) M (dsdy).

Let E* denote E|[-| X (t—) = z], when taking expectations involving X or E[-|Y (t—) = z]

when taking expectations involving Y. Taking expectations on both sides, we obtain

E*[f(X7)]

T T n 2
—f(x) + B [ / Vf(X(s—))ﬁ(s)ds} i [ / 3 afaxjfms>><a<s>aT<s>>z-jds}
¢ togg=1"""

T
+ E® Ut /n(f(X(s—) +y) = F(X(s=)) = Lyyi<ay - V(X (s=)))mls, y)dsdy} .
We apply Fubini theorem and find that
E*[f(Xr
/ B[V £(X (5-)) - A(s)lds

2
. / ZE”"[ O (X (5—) (o) ()58 | ds

= Oxj0xy,

T
[ B (0 m) 5 9) = FX (=) = Tigpcan - VAKX (=)l )ldsd
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Using iterated expectations conditioned on X (s—), we see that

E*[f(Xr
/ B[V (X (5-)) - E°[B(s)| X (s—)]ds

2
+§/t > & [ax?amjf(X(s—))EI[(U(S)UT(S))v:j!X(s—)] ds

k=1
T
+ [ B[ (XG4 9) - X (5)
— Ly<1y - V(X (s—)))m(s, y)dy| X (s—)]]ds.
Simplifying gives
E*[f(XT)]
T
+/ E*[V(X(5—)) - b(X(s—), 5)|ds

/ Z (9331(9% s—))aij(X(s—),s)|ds

v E“[/n(f(X( ) ) - P (52) ~ Lyypeay - VA (s—))w(s, . X (s-))dylds.

Therefore,
E*[f(X7)] (4.3)
=f(@) + EI[/tT (ibi(x(s_)’s)ggi +1 Zn: c‘hj;a:j%(x(s_)’s)aizj
+/n (F(X(s=)+y) - F(X 1uyu<1zyz Jv(s,y, X(s-))dy) ds|.
Similarly, suppose the process Y (T) starts with Y (t—) = z, then
E"[f(Y7)]
=f +Ez[/ <Zb gi ; Zn: 8£;jaij(y(s_)7s)aii£j

+/n (f(Y(s—)+y) = f(Y(s—)) — 1||y||<12yz i (s,4,Y(s ))dy>d3}-



Then, by Definition 4.2, we get

0% f
Zb (z,s 8.%1—’_ Za”xs 390sz

1,j=1

+/n(f(w+y) 1uy||<1Zyz (s, y, x)dy,

and
B = 5+ B[ [ Auprisyas]
And also, by equation (4.3), we have
BN = 1)+ B[ [ s (Xt )]

Since Y (t) = Y (t—) with probability one, we have

L B (D) () = ]
T\t T—t

= (Aef)(2),
and similarly for X (),

o B X)X () =a]
T\t T—t

since X (t) = X (t—) with probability one.
Now we can derive the forward equation.

Proposition 4.4. (Forward equation)

Let X be a semimartingale with decomposition (4.2) on R™ with generator

2 f
Atf Zb :ct + Za”xtaxlxj
7]7
+/ (flx+y) — 1||yH<1Zyz Jv(t,y, z)dy,
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(4.4)

(4.5)

(4.6)

for f € C3(R™), and assume that the probability measure of X (t) has a density px (z,t),

i.e.

E[f(X(t)] = | [f(x)px(x,t)dz, feds.
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Then px(x,t) satisfies the forward equation
A p=— on R" x (0, 00),

where At* 1s the formal adjoint of Ay and is given by

n
A t)g t)g
YEEDY Cf,m] iz, Z o (il

7‘77

+ /n(g(z —y. Oty z —y) —g(x)v(t,y, z)

= Ljy<1 Zyz QV (t,y,x)))dy.
Proof. For f € CZ(R™), we have
PLACXE)] = F(X () + B[ [ A (X (s=)as]

Since px (z,t) is the probability density function of X (¢), we can rewrite this equation

as

f(@)px(z,t)de = f(X(to)) + / A f (2)p(z, s)dzds.
R” to

Rn
Taking derivatives with respect to ¢t of both sides of the preceding equation, we get

0
ot

- / (Atf< )px ( t)de

f( )px(fll, t)d:l)

2

/nzb LIRSS aij<x,t>%px<x,t>

1,j=1 i

+ (f(z+y) - 1||y||<12yz v(t,y, )dypx (v, t)dw.

Integrating by parts on the right hand side, we get

Q

f(ar)px(a?,t)dx
b(, )px (2, 1)) Zf 8% (o (@ ))da

e 173 b
+// (f(”“’“Ly) 1uy||<1zyz ) (t,y, 2)px (z, t)dydz.
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Consider the last integral in the preceding equation. For the first term, we need to

shift z by —y, and for the last term, we integrate by parts once,
/n/n <f(:E—|—y) — L)< Zyz z) (t,y,z)px (z,t)dydz
/n/n vty — y)ple — y,t) — F@)w(ty.a)px (e,
1IIyH<1 Zyz i v(t,y,x)px(z,t))dy)dx.
Thus,

Q—ﬂf@»ﬂawm

1 & 0?
9 t i\ 9
/ ( (z,t)px (z,t)) + 2”5 : 92:0 j(ag(:v tpx (x t))) dz

+/}ww%x—me—%w—uw%xmﬂaw

+1||yu<1zyz (v(t,y, 2)px (z,1))dy)dz
= | F@) (A px)(z,t)da.
RTL
We obtain

[ t@gpxode = [ (Af) @pxtatde= [ 1) (4px) (@0

n

which we can write it in terms of the L? inner product,

(7, 2%) = (Aufpx) = (A

where At* is the formal adjoint of A, and px(z,t) is a solution of

apX Ak
=A t
ot t px(,t)
in the weak sense as in [12, Section 7.2]. O

Similarly, p(y,t), the density function of the process Y (t) also satisfies the equation

0 .
% =A; py(y,t)
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4.3 Construction of fundamental solutions

In this section, we will consider the fundamental solutions of the forward equation
defined by the generator A.

The construction of fundamental solutions of parabolic differential equations is de-
scribed by Friedman in [14, Sections 1.2 & 1.4] in the case of bounded domains U € R"
and extended to unbounded domains U C R" (including R™) in [14, Section 1.6]. We
follow his approach and construct fundamental solutions of the forward equation we
derived in the previous section, noting that the forward equation is a partial integro-
differential equation. Construction of fundamental solutions of integro-differential op-
erators of this kind have also been described by Garroni and Menaldi [?, Theorem
4.3.6] for bounded domains in R™ and extended to the case of unbounded domains (in
particular, R™) by [?, §4.3.3].

Define L* by the expression

0 A
L*:=——-A; .
at
we simply this expression before we proceed:

n n

Lrp(a,t) =pu(z, ) + Y _(bi(w, O)p(@,t)a; — 5 Y (aij (@, )p(2, 1)) oz,

i=1 ij=1

- /np(x - y,t)l/(t,y,(ﬂ - y) —p(m,t)u(t,y,m)

| =

+ Ly >yt y, 2)p(a,t))a,dy.
=1

This leads to

n

. 1
L*p(z,t) =ps(z,t) — 5 Z aij (2, t) e, (T, 1)
ij=1

+ Z(bz(:Q t) - % Z Qij ($, t)rj )pri (xa t) + Z(bz(xa t)m - % Z Qi (ZB> t)l’il’j )p(l’, t)
i=1 j=1 i=1 j=1

— /n plx —y, t)v(t,y,z —y)dy + p(z, t)/ v(t,y,x)dy

n

n n
—p(ﬂf,t)/R 1Hy||§1 Zyzl/(tayal‘)xzdﬂ _pzz(mat)/R 1||y||§12y17/(t’ y,l’)dy

i=1
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Denote
A 1
Aij(z,t) 1=§az‘j(5€,t)7
1 n n
Bi(x,t) :==b;(z,t) — B Zaij(w,t)xj /R Lyj<t Zyw(t,yw)dy,
j=1 " i=1
n 1 n
C(z,t) := Z(bi(a:, e = 5 Z i (2, )z,
i=1 J=1
n
+ / vty ) = Ljyi<t > yiv(t, y, @)a,dy.
" i=1
Then,

n n
i,j=1 =1

+ C(z,t)p(z,t) — / p(z, t)v(t,zr — z, 2)dz,

n

Consider the equation
L*p =0, (4.7)

where the coefficients A;;, B;j, C' and n are defined on Ur = U x [0,T]. The domain
U C R™ can be unbounded and includes the important case U = R”. Throughout this

section we assume:
(A3) L* is parabolic in U.

e coeflicients o are continuous functions in and, 1n addition, for a
(A4) Th ffici f L* i f i in U and, in additi for all
(x,t), (zo,t0) € U, there exist constants 0 < M, 0 < a < 1 such that
| Agj(x,t) — Agj(x — 0,t0)| < M (|2 — mo|® + |t — to]*/?),
|BZ'(CL',75) — Bl(l' — 0, to)’ S M|$ — $0|a,
|C($,t) - C(.’L‘ - 0, to)’ < M|SC - xo’a.
(A5) v(t,y,z) is compactly supported, namely, there exists a constant M; such that
v(t,y,xz) = 01if |z| > M; or |y| > M;.

We define the fundamental solutions of a forward equation follows, by analogy with the
standard definition in [14, Section 1.1] of a fundamental solution for a parabolic partial

differential equation.
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Definition 4.3. (Fundamental solutions of a forward equation)

A fundamental solution of a forward equation L*p =0 in Ur is a function p(x,t;y,T)
defined for all (z,t),(y,7) € Ur, t > 7, which satisfies the following conditions:

(i) For fized (y,7) € Ur, it satisfies, as a function of (x,t), x € U, 7 < t < T, the
equation L*p = 0;

(ii) For every continuous function f in U obeying the growth condition in Definition

3.1, if x € U then

t—T1

lim Up(f’f,t; y,7)f(y)dy = f(z).
For a It6 process, the operator L* is
n n
ij=1 i=1

for a semimartingale, the operator L* is

L*p =Dt — Z Aij(xvt)pxixj + ZBi(xat)pxi + C($,t)p - / p(z,t)l/(t, L=z, z)dz

n

ij=1 i=1

We adapt the parametrix method in [14, Section 1.2] for the construction of funda-
mental solutions of linear second-order parabolic PDEs to the construction of funda-
mental solutions of our linear second-order parabolic PIDE; see also [?, Chapter V] and
[?, Section IV.11]. Existence of fundamental solutions for parabolic PIDEs of the kind
examined in this thesis is also proved in [?], using related methods. The construction of
fundamental solutions for our parabolic PIDE closely mirrors that of parabolic PDEs
due to the assumption on the density defining the integral term.

First we introduce the function G(x,t;y, ), for t > T,

1 -1 =\
G(z,t;y,7) = Cly,7) t—m3s Pla—1) g::lA Ny, ) (@i —yi) (w5 — w5) | 5
where
Cly,7) = 5z [det(A7 (y, )],

(2v/m)"

and AY(z,t) is the inverse matrix to 4;;(z,t). The function G is called the parametriz.
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For each fixed (y,7), the function G(z,t;y, ) satisfies the following equation with

“constant coefficients”,

Lop(l' t) :==p — Z Az] Y, T px,xj =0,
i,j=1

and also satisfies the following proposition.

Proposition 4.5. ([14, Section 1.2 Theorem 1])
Let f be a continuous function in Ur obeying the growth condition in Definition 3.1.

Then

Tet,r) = [ Glatiyr)fl. )y
U
is continuous function in (x,t,7), x €U, 0< 7 < T and

lim J(z,t,7) = f(x,t),

t—T1
uniformly with respect to (z,t), € S, 0 <t < T, where S is any closed subset of U.
From now on, we use p to denote the fundamental solutions of the forward equation,
because p is traditional for transitional probability density function. It follows from
Proposition 4.5 that property (ii) in Definition 4.3 of the fundamental solution is also
satisfied for G = p.
In order to construct a fundamental solution for L*p = 0, we view L as a first

approximation to L* and we view G as the principal part of the fundamental solution

G. We then try to find p in the form
p(z,ty,7) = Gz, ty, 7 / / G(z,t;n,0)0(n, 03y, 7)dndo,
where ® is to be determined by the condition that p satisfies the equation ,

0= L*p(x,t;y,7)
t
=L"'G(z, t;y,7) + L*/ / G(z,t;m,0)®(n, 03y, 7)dndo.
T U

We first consider the term L*G(z,t;y, 7). For fixed (y,7), LiG(x,t;y,7) = 0, and
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SO
L*G(x, tyy,7) = L'G(x, t;y,7) — LoG(x, 3y, 7) (4.8)
=G — Y Ay(2,1)Ga; + Y Bi(w,)Ga, + C(, )G (4.9)
i,j=1 i=1

- G(t,zyy,T)v(t,x — z,2)dz — Gy + E Aij(y, )Gy, (4.10)
Rn b
i,7=1

== ) (Aij(@,t) = Aij(y,7))Gae, + Y _ Bi(, )G, + C(2,8)G

ij=1 i=1

(4.11)

—/ G(t,zyy, T)v(t,x — 2, 2)dz. (4.12)
U

We need the following lemma to calculate

t
L*/ /G(l’,t;m0)‘1’(7770;y77)d77d0-
T JU

Lemma 4.1. ([14, Section 1.8 Lemma 1 ])
Let f be a continuous function in U obeying the growth condition in Definition 3.1 and

locally Hélder continuous in x € U, uniformly with respect to t, and

Vi) = /O /U Gla, t:n,0) (1, 0)dndo.

Then
Vi(z,t) / / G(z,t;n,0)f(n,0)dndo,
8 V(x,t) / ———G(z,t;n,0)f(n,o)dndo,
0z;0x; 833281:] IRAGREE A
9wt = /ZA O G tin, o) s o)dnd
at x 5 ] l‘] ”77 a 6 x? ?7770- ”770— 77 g.

If ® is such that Lemma 4.1 applies to f(z,t) := ®(z,t;y,7), then

t
Vir,t) = / / G(a, t:0,0)B(n, o3y, 7)dndo.
T U
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Consequently,

L'V(z,t) =V, = > Ay, )Vaa, + > Bi(z, )Va, + C(z,t)V
i,j=1 i=1

—/ V(t,z2)v(t,z — z,2)dz
O(z, iy, T / /ZAU ,0) 5 6 55 G@, ty,7)0(n, 03y, 7)dndo

/ / Z Aij(2, )Gy, +ZB 2, t)Gy, + C(z,t)Gdndo

,j=1

—/ //G(x,t;ma)‘b(mU;y,T)V(t,x—z,Z)dndOdZ-
T UJU

Therefore,
L'V (2,t) = B(a, by, 7 / / [zn: Ayj(@,t) — Ayy(n,0) G, (4.13)
ij=1
+ Z Bi(z,t)Gy, + C(x,t)Gdndo (4.14)
—/ G(x,t;n,0)®(n, oy, T)v(t,x — z,z)dz}dnda (4.15)
= O(x,t;y, 7 / / L*G(x,t;n,0)®(n, o3y, 7)dndo. (4.16)

Combining (4.8) and (4.13) together, we get
0= L*p(z,t;y,7)

= L*G(z,t;y,7) + L™V (x,t)

= L'G(z,t;y,7) + (z, t;y, T / /L* (x,t;m,0)®(n, 03y, T)dndo.

Therefore,

—®(z, iy, 7) = L"G(z, t;y, 7 / / L*G(z,t;n,0)®(n, 05y, 7)dndo.  (4.17)
Thus, for each fixed (y,7), the function ®(x,t;y,7) is a solution of a Volterra integral
equation with singular kernel L*G(x,t;y, 7).

Before we proceed to prove the existence of the fundamental solution, we give two
useful lemmas. Lemma 4.2 is modeled after [14, Inequality (4.3), Section 1.4], but we

need to evaluate an extra term, namely the integral term

/ G(t,z;y, T)v(t,x — 2z,2)dz
U
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in the PIDE.

Lemma 4.2. Let the notation be as above. Then,

const 1
(=) o — g2

IL*G(z, ty,7)| < (4.18)

where i, o are constants, 1 — 5 < pu < 1.

Proof. From the definition of L*, we have

n

L*Ga,ty,m) =— Y (Aij(a,t) — Aij(y,7)Gae, + 3 Bila, 1) Gy, + C(2,1)G
ij=1 i=1

—/ G(t,z;y, T)v(t,x — z,2)dz,
U

where
Gz, tyy,7) = Cly,7) T —17)" exp 4(t__1 ) ”ZI A9 (y, ) (@i — yi) (x5 — ) | »
and
Cly,7) = 5z [det(A (y, 7).

2vm)"
Here (A%) is the inverse matrix of (A;;) and satisfies the ellipticity condition, that is,

there exists a constant A > 0 such that

> A (@i —yi) @y —yp) = Az -yl
ig=1

For fixed (y,7),if 0 < v < %, then

G(z,t;y,7) < &Stﬂex [—M] (4.19)
(t—7)5 At —)
const 1 |z —y|" =2 Mz — y|?
Tty - )i [_4@7)]
const 1

Sy Ty

The last inequality is true because

e ] () e G

is bounded as a function of (z,t;y,7) in Up x Up\Dp, where Dy = {(z,t;t,7) €

UrxUr:xz=y,t=7}aslongas 0 <v <3 forany n > 1.
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Let p:=v+(1—-%),then1 -5 <p<1,

const 1

: <
Gz, t;y,7) < (t— T)“_(l_%) |z — y|n+2—2u—0¢’

const 1
L OEE T

since is bounded as 1 — /2 > 0.

1
(t—’r)_(l_%>

We assume that C(x,t) is bounded as a function of (z,t) € Ur, thus

const 1

. 4.2
(t — T)H |g; — y|n+2—2u—a ( 0)

C(z,t)G(z, t;y,7) <

Similarly, we can apply this trick to G, and G, and get

0 const|z — Aax —y|?
axiG($>t5 y,7) < (t_L_)g_,_glj’ X [—M] )
const 1
S e g
82 G(:U,t;y,T) < w [M] )
al'ial‘j (t — 7-) 512 4(t — 7’)
const 1

= (e — g

By assumption (A4), B(x,t) is bounded and |A;;(x,t) — A;j(y, 7)| < const|z — y|*, we

get
0 const 1
B v ; < 4.21
(0,0) g Ol i, 7) < o (4.21)
2
(Aij(, 1) — Aij(y, 7)) Gl try,m) <~ ! (4.22)

0z;0x; (t — 7)Mo — y|rt2—2n—a’

Now we consider the integral

/ Gz, t;y, T)v(t,x — z,2)dz.
U

Because v is compactly supported as a function of (z,z) € R™ x R", for |z — y| < 2M;

we have

/ Gz, t;y, T)v(t,x — z,2)dz < const/ G(z,t;y,T)dz
U U

1 Az —y]?
< const/ ﬁexp[—M]dz
v(t—1)3 At—1)

< const,



where the last estimate follows because the function

Mw—yT
4t —T)

1

T -

is integrable.

When |x — y| > 2M7, by changing the variables x — z and z, we get

/ Gz, ty, Tv(t,x — z,2)dz = —/ Gz — z,tyy, T)v(t, z,x — z)dz.
U U
Since v is bounded function with compact support, we have
My
/ Gz, ty, Tv(t,x — z,2)dz < const/ G(x — z,t;y,7)dz.
U — M,
By equation (4.19), we get
My My )\ a2
G(z — z,t;y,7)dz < const/ = exp[— v —y =2 ld=
—M (t—r71)2 4t —)

Because |z — y| > 2M; and |z| < My, so

1 1
o~y =2l 2z —yl =z 2 fo -yl = My 2 o —yl = Slo —yl = Jlz —yl,
2 _ 1 2
—lz—y—=2" < Zlz -yl
4
thus
M 1 Aoz — v — 2[2 A T —yl?
/ 7 exp[— = Z’ z < / 7 exp[— ] Jdz.
_Ml(t—T)E 4(t—T t—7-§ 4(t—7)
Using the same trick applied in equation (4.19), we get
1 3l =yl 3l =yl
——exp[—=—"—] < const — exp[—
(t—7)2 | 4(t—7')} (t—71)2 [ 4(t—7)]
Therefore,
/ Gz, ty, T)v(t,x — z,2)dz
U
also satisfies the inequality
const 1
/UG(Z, iy, Tv(t,x — z,2)dz < (= )i o — gz’

Adding inequalities (4.20), (4.21), (4.22), (4.23) together, we obtain

const 1

* .
|L G(mvtvva” S (t o 7_)# |$ _ y|n+2—2,u—a’

when 1 — 5 <pu<1.

42

(4.23)
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The following Lemma is based on [14, Lemma 2, Section 1.4] which only holds for

bounded domain. We extend it to the case of an unbounded domain.

Lemma 4.3. Suppose that U is a domain in R™, which could be R", 0 < a < n,

0<pB<n, and a+ B >n then for any x € U,z € U,x # z, we have

1
/ - zdy < const - |z — 2|78,
vl —yl*ly - 2|
|z — z| |z — z|
Proof. Let Uy ={y € Uls.t.ly — z| < 5 b Us={yeUlstly—=z| < 5 } and
Us = U\Ul U Us.
First, we estimate the integral on Uy:
1 2¢
dy < / dy
/U1 |z —yloly — 2| o e =2y — 2
|z—2|
20 =z
< wn_ld/ 1By
|z — 2% Jo
= const- |z — 2|78,
Similarly,
1
/ = Fdy < const - |z — 2" P,
vy |z —yl*ly — 2|
N timate I3 := |, ! dy. First ti
ow we estimate I3 := y. First we notice
Ul —yloly - 2°
1 < 1 n 1
[z —yloly — 27 T o —yletf oz —yletd
Thus
1 1
Is < d
A = A=l
oo
< 2wn1/ prl-a=B g,
2
Je—z]
= const-|x—z|" %P, for a+pB>n.
O
The following result closely follows the construction of ® in [14, Section 1.4] — see

the proofs of [14, Section 1.4, Theorems 7 & 8]; this is extended to unbounded domains

in [14, Section 1.6] — see the proofs of [14, Section 1.6, Theorems 10 & 11].
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Theorem 4.2. There exists a solution ® of equation (4.17) of the form

[e.e]

—(I)(Jj,t; y77-) = Z(L*G)k(‘r?ta Y, T)v (424)
k=1

where
(L*G), == L*G,
T
(L*G)pg1(x, t;y,7) :=/ /[L*G(m;n,a)](L*G)k(n,a;y,T)dnda-
T U

Proof. Using Lemma 4.2 and Lemma 4.3, we get !

T
KUQWM%M—/ LW@%meU®mmw%M0

T
< t// 1 1 1 1 dnd
cons g
= Sy =y e = (=) — g
T
1

1 1 1
< t d d
< cons /T o) (o= T)“ U/U |z — mn+2—2u—a ’,7 _ y‘n+2—2u—a U
1

<
< const (t )21 g — g 2a—a)’

when 210 > 1 and n+2(2 — 24— a) > 0. Since 1 — § < p < 1, the singularity of (LG2)

is weaker that that of LG. Similarly, we can proceed to evaluate (L*G)s,
(L*G)3(x, 5y, 7))

T
=/'Awwummwmvme%ﬂmw

< const [ 1! L, 1 1 )
= cons - (t — U)2u—1 (U — T)u g U |x _ mn+2(2—2u—a) ’77 _ y‘n+2—2p,—a n
1

< const (t — T)gu_z \x — y‘n+3(2—2u—o¢) )

when 3u > 2 and n+ 3(2 — 2u — a) > 0.

We know after finite steps, we arrive at some ko for which kgu < kg — 1, and

n+ko(2 —2p — o) < 0, thus
|(L*G)ky (z, t;y, 7)| < const.

From kg, we proceed to prove by induction on m, assume that

(C(t =y
L1+ (1—p)ym)’

(L G)mko (2, 89, 7)] < Co

1See Remark 4.1 for additional details for the case of unbounded domains U C R™.
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where Cy, C are constants and I'(¢) is the gamma function. For m = 0, this follows
from [(L*G)g, (2, t;y,7)| < const. Assuming now that it holds for some integer m > 0,

and using Lemma 4.2 we get

cm t
( Jm+1+ko (2, 15y, 7)| < cons OF((l—u)m+1)/T( o) Mo —T) -
Substituting p = =" into the preceding expression and using the formula
1 L(a)0(b)
1— a—1 bfld =
/0 L=p)*p"dp= ¢ (@)

we obtain

t 1
[ =0y =t /0 (t— 1) (m + )p (1 — p)Fdo

I =l +m(l —p)

=(t—7)""(m+1) L1+ (1 —p)(m+1))

Thus

(Ot =)'

(L*G) g1k (2, £, 7)| < C'or(1 T (- p)mt1)

and the induction holds for m + 1.

It follows that

M8

—O(z,t;y,7) = ) (L"Gi(z,t;y,7)

k=1

ko 00

(L*G)g(z, tyy, T +ZLGkO+mzty,)
=1 m=1
const 1
S = eyl
and the series converges. O

From Theorem 4.2, it follows that the series expansion (4.24) for ®(x,t;y,7) con-

verges and that integral term in (4.17) is equal to

0o LT
Z/ / L*G(z,t;m,0) - (L*G)k(n, o35y, 7)dndo.
=177 U

Therefore,

p(x,tiy,7) =Gz, t;y, T //Gx t;n,0)®(n, 0y, 7)dndo,
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satisfies (4.7), so property (i) in Definition 4.3 holds. By Proposition 4.5, property
(ii) also holds. Therefore p(z,t;y,7) is a fundamental solution of (4.7). Compare the
statements and proofs of [14, Section 1.4, Theorem 8] for bounded domains and [14,

Section 1.6, Theorem 10] for unbounded domains.

Remark 4.1. Friedman notes in [14, Section 1.6] that the construction of the fun-
damental solution, p(x,t;y,T), extends from the case of a bounded domain U &€ R"
to an unbounded domain U C R"™ and in particular U = R"™. We briefly summarize
one approach to the changes for unbounded domains here and refer the reader to stan-
dard references for further details [?, Chapter V] and [?, Section IV.11]. The estimate
in Lemma 4.2 is replaced [T, Chapter V, Equation (3.19)], [?, Chapter 4, Equation
(11.17)] by the better behaved
|L*G(x,ty,7)| < c(t — T)%(a_n_Q) exp (—CW) ,

where o € (0,1) is the Holder constant, as before, and C,c are positive constants;
Lemma 4.3 will not be used. This estimate is standard when no integral term appears
in the definition of L*, while the proof of Lemma 4.2 shows that the integral term in
L*G(x,t;y,7) also obeys this estimate; indeed, the proof of Lemma 4.2 yields

. n jz —y|?
Gz, t;y, T)v(t,x — z,2)dz < c(t —T7) 2 exp | —=C
U

t—T1

2
(a—n—2) exp <_C|x y| ) ’

=

<c(t—7) ;
-7

using 3(a —2) € (=1,—3) and 0 <t — 7 < T, and this bound replaces (4.23).

Next, the estimate appearing in the proof of Theorem 4.2 for the term (L*G)(z, t;y, T)
in the infinite series defining ®(x,t;y,7), obtained by the iterative method of solving
the Volterra integral equation (4.17), is replaced by [?, Chapter V, Equation (3.22)], [?,
Chapter 4, Equation (11.25)]

n(k—1) k 2
* . k(T 2 I (a/2) N\ —i(ka—n-2) - |$—y|
(L@ byl < (5) 7 Fram -0 exp (—CE—2- ).

for k> 1, where (L*G)y := L*G. These estimates for (L*G)i(x,t;y,T) ensure uniform

convergence of the series in the statement of Theorem 4.2 for t — 7 > 0 and yields the
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estimate

a2
|B(x,t;,7)| < c(t — 7) 2@ exp (_C!wyl> |

t—1T1

gust as in [, Chapter 4, Equation (11.26)].

4.4 Existence and uniqueness of weak solutions

In this section, we will show the existence and uniqueness of weak solutions of the
partial integral equation (4.7)
L'p=0.
Let U be an open subset of R", and set Ur = U x (0,7]. U can be unbounded in

R™ and the special case U = R" is of particular importance.

Let
Au = — Z (aij(z, t)ug,)z; + Z(bi(x,t)u)mi + ez, t)u + / u(z, t)v(t,x — 2, 2)dz,
ij=1 i1 U

where v(t,x,2) : [0,T] x U x U — R.
We will study the following parabolic equation with initial and boundary conditions
u+Au=f in U (4.25)
u=0 on 90U x[0,T]
u=¢g on Ux{t=0}

We assume that the coefficients of L satisfy the following conditions (A5):

n

> aij(x, )68 =0|¢)>  for all (,t) € Ur, £ € R" (4.26)
i,j=1

aij,bi,c ELOO(UT) (4.27)

v €L®(0,T; L*(U x U)) (4.28)

fel?(Ur) (4.29)

g €L*(U) (4.30)

Remark 4.2. n € L>(0,T; L*(U x U)) means

It )| 2y = / / V2t 2, 2)dd
UJU
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is bounded by a finite constant for a.e. t € [0,T].
To apply a theorem in [26, Section 3.2], we need the following lemma.

Lemma 4.4. Suppose a;j, b;, ¢ satisfy (A5). Then there exist positive constants A and

C depending only on the coefficients of L such that
(Lu, w) + Mull L2y = Cllull g o)
for a.e. t €10, T) and all u € HY(U).
Proof. Since a;; satisfies the elipticity condition (4.27), we have
’/Uaij(m,t)umiuxjda; > HHVuH%Q(U), (4.31)

for a.e. t € [0,T] and some positive constant 6.

Since b; € L*°(Ur), then for a.e t € [0,7T] the Cauchy inequality yields

|| wtt.oputt, ), @)] < Mol o

Then for any € > 0, there exists M, > 0 such that

v

/Ubi(tvﬂ?)u(taw)uwi(ﬂf) —M||ull 2y lull 2 0y (4.32)

v

— M [[ul 2y — ellullF wy: (4.33)
Because ¢ € L*°(Ur), then for a.e t € [0,T], there exists a constant M; such that
| / eu?(t,2)da| < MaJulaqp, (4.34)
U

Since

/ n?(t,x, z)dzdz
UxU
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is bounded by a finite number for a.e. ¢ € [0,7T], the Cauchy inequality gives

‘// vtz — 2 z)dxdz’ (4.35)
S(/Uu (ﬁU)dfﬁ);(/U(/Uu(z)l/(t,x—z,z)dz)zdx)é
S / 2(2)dz / 24,0 — 2, 2)de)d)’
Nl [ [ #0022 2)dads

<MollullZa )

for a.e t € [0,7] and some constant M.

By combining (4.31), (4.32), (4.34) and (4.35), we obtain

< Lu,u >z /{azj T, 1)U, U + by (t, w)u(t, 2)ug, () + cu®}dx

+ / / u(z)u(x)v(t,x — z, z)dzdz

vJu

> 0|Vl 22y — Mellull 2oy — ellell By = Millull 2y — MallullZ2 -

Setting € := 0/2, X\ := M. + M; + Mas, we obtain
< Lu,u > 2y +AMull 2wy = Cllull g o)

where C' := 6/2. This completes the proof. O

Let V be a separable Hilbert space with dual V’; then L2(0,T; V) is a Hilbert space
with dual L?(0,T;V’). Assume that for each ¢t € [0,T] we are given a continuous

bilinear form a(t;-,-) on V or, equivalently, an operator A(t) € L(V, V'),
At)u(v) = a(t;u,v), u,v eV, tel0,T],

such that for each pair w,v € V the function a(-;u,v) is in L>°(0,T;R). Assume H is
a Hilbert space identified with its dual and that the embedding V' — H is dense and
continuous;hence H C V' by restriction. Finally, let f € L2(0,T; V") and uo € H be
given.

Consider the abstract Cauchy problem

ue€ L*0,T;V): o + Au= fin L*(0,T; V"), u(0) = ug
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where the separable Hilbert spaces V < H < V', bounded and measurable operators

A(t): V= V' and f € L?(0,T;V'), ug € H are given as above.

Proposition 4.6. [26, Proposition 2.3]

Assume the operators are uniformly coercive: there is a ¢ > 0 such that
A(t)v(v) > c|jv]|¥,v € V,t € [0,T).
Then there exists a unique solution of the Cauchy problem, and it satisfies
el 02y < (/22207 + 0l):

This result can be extended. u € H if and only if v € H where v(t) = e Mu(t),
0 <t <T and u is a solution of the proceeding Cauchy problem exactly when v is the

corresponding solution of the problem
veH:u + (A() + M)v = e Mf(t),v(0) = ug.

Corollary 4.1. A sufficient condition for existence by Proposition (4.6) is that there

exist a A € R and ¢ > 0 such that
A()o(v) + Aoy > ellv]liv € Vit € 0, T).
Similarly, uniqueness is obtained from such an estimate, even with ¢ = 0.

Theorem 4.3. If the coefficients of A satisfy (A4) and (A5), then there exists a unique

weak solution of (4.25).

Proof. We choose H = L?(U), V. = H}(U) for U C R" or V = HY{(R") for U = R",

then V! = H~1(U). Lemma 4.4 implies

HU\|%2(U) + Mlull2@y = Cllull g -

We obtain the desired result by Proposition 4.6. O
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4.5 Uniqueness of fundamental solutions

Theorem 4.4. There erists a unique solution to (4.7).

Proof. Assume that there exist two fundamental solutions p(z,t) and p(x,t). Given
any initial condition g € C§°(U), suppose the following parabolic equation with initial
and boundary conditions
ur+Lu=f in Up,
u=0 on OU x[0,T],
u=g on Ux{t=0},
has two solutions which can be expressed in terms of fundamental solutions p(z,t) and
p(z,1)
u(wt) = [ plo = 2 09(2)dz
U
i(e.0) = [ o~ 2. 09(2)dz
U

According to Theorem 4.3, the functions u and @ are equal for a.e. ¢ € [0,7]. Thus

/ (p(z — z,t) — p(x — 2,t))g(2)dz =0 for a.e. (x,t) € Ur,
U
for every g € C3°(U). This implies

p(x,t) = p(x,t) for ae. (z,t) € Up.

The partial integro-equation,

L*p=p — Z Aij(xvt)pxmj + Z Bi(z, t)ps; + C(z, t)p — / plz, vtz — 2,2)dz = 0

n

ij=1 i=1
(4.36)
has a unique fundamental solution. Since the marginal density function px (z,t) of the
semimartingale X (¢) and the the marginal density function py (y,t) of the mimicking
process Y (t) both satisfy (4.36), the uniqueness of the fundamental solution of (4.36)

implies that X (¢) and Y (¢) have the same marginal distributions.
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This is an extension of Theorem 3.3 for the case of a semimartingale. It is also

justified in [25, Theorem 3.4.2].
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Chapter 5

Markov Processes and Pseudo-Differential Operators

When we have a partial integro-differential equation, it is natural to investigate it using
pseudo differential operators. However, in the forward equation we derive, the integral
term is [, p(2,t)v(t,x — 2, 2)dz which is not a standard convolution. So we cannot
apply the general theory of pseudo-differential operators.

In this chapter, we review operator semigroups, Feller processes and discuss how
research of pseudo differential operators arises in the martingale problem. To end this
chapter, we indicate an area of further study. We plan to investigate the generator A of
a semimartingale X (¢). We first want to show that A is a pseudo-differential operator
with a symbol a(t,z,£). In principle we could check that a(t,z,) satisfies certain
conditions in [6, Theorem 4.2] which should imply the existence of a Markov process
with generator A. We believe that this could lead to a new proof of the mimicking
theorems, but this appears to be a challenging problem and we leave it for future

research.

5.1 Operator semigroups and Feller processes

In this section, we give a brief introduction to operator semigroups and their gener-
ators from a probabilistic perspective. We outline the relationship between operator

semigroups and Feller processes.

Definition 5.1. (Operator semigroups [18] Definition 4.1.1)

Let (X,| - ||x) be a Banach space. Then a one parameter family of bounded linear
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operators (Ti)i>0 € L(X, X) is called an operator semigroup if

Tiys =T 0Ts, forall s,t>0, (5.1)
To=1.
We call (T¢)e>0 strongly continuous if
lim [[Tu — ul[x = 0,

for allu e X.

The semigroup (Ty)e>0 is called a contraction semigroup, if for all t > 0,
T3] <1

holds, that is, if each of the operators Ty is a contraction. As usual, ||T;|| denotes the

operator norm.

It is easy to see that (5.1) corresponds to the exponential Cauchy functional equation

g(s+1)=g(s)gt), ¢g(0)=1,

where g(-) is a nonnegative function from R to R. The solution to the exponential
Cauchy functional equation is the family of exponential functions g(t) = e®, a € R.
However, this family represents all possible solutions only if an additional assumption
of continuity is made. In fact, the assumption that ¢(¢) is continuous from the right in
the origin is already sufficient to make the functions g(t) = e* the only solutions. We
now introduce a similar assumption for the operator semigroup defined by (5.1). Now
we want to show that by analogy to the Cauchy equation, an operator semigroup can

be represented in the form T} = et for a suitable operator A.

Definition 5.2. (Generators of semigroups [18] Definition 4.1.11)
Let (T)e>0 be a strongly continuous semigroup of operators on a Banach space (X, || -

llx). The generator A of (T})i>0 is defined by

(Au)(z) = lim M

, 5.2
t—0+ t ( )

with domain

T _
D(A) = {u S X‘ lim M exists as strong lz'mz'ts.}.
t—0+ t
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While the infinitesimal generator A is defined as the right-hand derivative of T} at

0, the derivative of T} at any point can be calculated by

d o ((Tyn — Tyu)x
R

and we have the following lemma.

Lemma 5.1. (/18] Lemma 4.1.14) Let (T})i>0 be a strongly continuous semigroup of

operators on a Banach space (X, | - |x), and denote by A its generator with domain

D(A) C X, then
(i) For any u € X and t > 0, it follows that f(f Tsuds € D(A) and

t
Tiu—u= A/ Tsuds.
0

(ii) For u € D(A) and t > 0, we have Tyu € D(A), that is, D(A) is invariant under
T, and

d
@Ttu = AT,u = T; Au.

(11i) For uw € D(A) and t > 0, we get

t ¢
Tiu—u= / AT uds = / TsAuds.
0 0

The derivative %Ttu is well defined on the domain D(A) of A and in fact the equation
D, T;f = AT; f is Kolmogorov’s backward equation and D;T;f = T Af is Kolmogorov’s
forward equation.

From a stochastic point of view, operator semigroups start from the study of Markov

processes.

Definition 5.3. Given a Markov process X, we can define the corresponding family of

operators (Tsy) for 0 < s <t by
(Tsef)(w) = E[f(X ()X (s) = =], (5:3)

for each f € By(R™), z € R"™, where By(R") denotes the space of bounded Borel mea-

surable functions on R™.
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If a Markov process X (t) is time-homogeneous, we can write T;_; = T ;.

Theorem 5.1. Let X (t) be a time-homogeneous Markov process, then the transition

operators (T)¢>0 form a semigroup.

Proof. We want to show that Tiysf(z) = 13T, f(x) holds for any f € By(R™). We have
Tsf(x) = Tosf(x) = E°[f(X(s))] = g(x).

Then, because of the Markov property of X, we get

Ty(T,f(x)) = Tosg(x) = E*[g(X(1))] = B [EXO[f(X(s))]
= EY[E*[f(Xsp)]] = B*[f (Xoqt)] = Toge f ().
Hence, Tyyt = TsTy, (Tt)s>0 form a semigroup. O
Example 5.1. (The generator of a compound Poisson process)
Let (Xy),cn be a sequence of independent and identically-distributed random variables

with distribution function F(x) and let Ny be a Poisson process with intensity A. Denote

Sn=X1+4+ -+ X,,. The compound Poisson process Y is defined by

Y(t) = Sply,—n.

n>1

The transition operator Ty of Y is given by
T, = E*[f(Y ()],
where we assume that g € Cy(R). To simplify calculations, we define an operator L by
Li(@) = Bl +X0] = [ f(o+9)P(ay)
and note that

L"f(z) = E[f(zx+ X1+ + X»)] = E[f(z + Sp)].
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Now it holds that

(Tif) (@) = E°[f(Y ()] = Y Elf(x+ Sa)|P(Ny = n)

n>0
LA IO S)
n>0
_ Z =t (/\Tf) Lnf( )
n>0

= (MEDIf) (@),

and the transition semigroup can be written as e where A is given by

Af@) = ML= D) = A [ (Fla+9) ~ @) Flan)

Example 5.2. The generator of a Levy process)
Let (X (t))i>0 be a Levy process on R™ with characteristic triple (A, u,v). Then the
generator of X is defined for any u € Co(R)

n

(Au)(z) :% Z Ajh 81’ xk Z 830]

k=1

:/n(f(a:—i—y Zy] (2)11y1<1)p(dy).

Now we define the Feller process, a type of process that is essentially a Markov

process satisfying some additional mild regularity assumptions.

Definition 5.4. (Feller process [18] Definition 4.1.4) Let (Ti)t>0 be a strongly contin-
uous semigroup of operators on a Banach space (Coo(R™,R), || - ||oc) which is positive
preserving, i.e. w > 0 yields Tyu > 0. Then (T})i>0 is called a Feller semigroup.

A Markov process X with transition semigroup (13)i>o0 is a Feller process if (Tt)i>0

is a Feller semigroup.

The class of Feller processes includes Lévy processes, Dupire local volatility processes
and affine processes in finance. Feller processes may have nonstationary increments,

while Lévy processes necessarily have stationary increments.
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Recall that the positive maximum principle [12, Thereom 4 in Section 6.4] also holds
for an elliptic second order differential operator
n
Lu:ZaU uzle—FZb x)ugz, + c(x)u.
ij=1
The connection to semigroups is made by fact that generators of Feller processes satisfy

the same maximum principle.

Proposition 5.1. (Mazimum principle [18, Theorem 4.5.1])
Let (Ti)i>0 be a Feller semigroup on Coo(R™,R) with generator (A, D(A)), D(A) C
Coo(R™,R). Then A satisfies the positive mazximum principle; that is, foru € D(A) such

that for some xo € R™ the fact that u(zg) = sup,ern u(z) > 0 implies that Au(xg) < 0.

Proof. Suppose that v € D(A) and that for some z¢ € R" we have u(xo) = sup,egn u(x) >

0. Since each of the operators T}, t > 0 is positivity preserving we find that

(Tyu) (o) = (Tyu")(z0) — (Thu~)(z0) < (Thu")(0) < [lu' oo = u(wo)

which implies

Au(zg) = lim Trufzo) — u(zo)

<0.
t—0 t -

O

The fact that generators of a Feller semigroup and elliptic operators satisfy the
positive maximum principle suggests a connection between them. Denote by C2°(R™)
the class of functions on R™ which are infinitely differentiable and have compact support.

Then we recall the following theorem.

Theorem 5.2. [19] If X is a continuous Feller processes on [0, T] with operator A and
C(R) C D(A), then A is elliptic.

5.2 Pseudo-differential operators

In the preceding section we have seen that if X is a continuous Feller process, its
generator A is a second order elliptic differential operator. As an example, consider an

R-valued Lévy process X and its transition operator Tj:

T,f(x) = E[f(X(1))| X (0) /fx+yut<dy>
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The second equation is true because of independence and stationarity of increments; i

is a probability measure. The Fourier transform of p; is
e (u) = / ey (dx) = E[ei“X(t)|X(0) =z| = eto(w),
R

where ¢ is the characteristic exponent of the Levy process X. Using the convolution

theorem, we get

~ ~

Tof(u) = T * pua(u) = Fw)jie(u) = flu)e®),

The inverse Fourier transform gives

Tif(x) = / e~z et () £y du.
R
The generator A of X is given by

) — tim T @) = 1)

t—0 t

— 1/€ium
V2 Jr t

~

- j% /R e (u) f(u)du.

In general, operators with such a representation are called pseudo-differential operators.

tou) _ 1 o
 — Fludu

We give a formal definition, beginning with

Definition 5.5. (Continuous negative definite functions)
A function ¢ : R™ — C' is continuous negative definite if it is continuous and if, for

any choice of k € N and vectors €',..., &8 € R™, the matriz

(&(&) + () — (&7 — €z,

is positive Hermitian, i.e. for all ¢q,...,c, € C,
Y (@(&) + (6 = 3¢ = €)jum,.hei@ 2 0.
Gl=1

Some typical examples of continuous negative definite functions are:
o [£]* for « € (0,2],

o 1 — e for s >0,
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e log(1 + &%) +darctané.
We now recall

Definition 5.6. (Pseudo-differential operators) [18]
Let (A, D(A)) be an operator with Cg°(R™) C D(A). Then A is a pseudo-differential

operator if
(Au)(x) = —a(x, D)u(x) (5.4)
= —(2m)~/? / e Sa(a, ©a(€)ds,

for v e Cg°(R™).
a(€) = (2m) 2 / e "y (z)da

n

is the Fourier transform of w. The symbol a(x,&) : R™ x R™ — C is locally bounded
in (x,§), a(-,§) is measurable for every &, and a(x,-) is a continuous negative definite
function for every x.

Time-inhomogeneous processes

Definition 5.7. The family of generators of X is defined by
— (5.5)
for all s >0, f € D(As), where D(As) denotes the domain of As.

Definition 5.8. Let (As)s>0 be a family of operators with C§°(R™) C D(As). Then A

is a pseudo-differential operator for all s > 0 if
(Agu)(z) = —a(s, 2, D)u(z) (5.6)
— -0 [ etalsagale)de,

for u € CE(RM), a(€) = (2m) ™2 [, e"@Su(x)dx, is the Fourier transform of u. The
symbol a(s,z, &) : RT x R" x R™ — C is locally bounded in (x,£), a(s,-, &) is measurable

for every &, s, and a(s,z,-) is a continuous negative definite function for every (s,x).
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5.3 Construction of a Markov process using a symbol

Time-homogeneous case

In [17], Hoh showed that if a symbol of a pseudo-differential operator satisfies certain
conditions, then one can construct a unique Markov process whose generator has that

symbol.

Let (E,d) be a separable metric spaceand let Dp denote the space of all cadlag

paths with values in F,

Dpg :={w:[0,00) = E,w is right continuous, lirr%w(s) exists for all ¢t > 0},
5—

let M(Dpg) denote the set of probability measures on Dp.

Definition 5.9. [17] Let A be a linear operator with domain D(A). A probability
measure P € M(Dg) is called a solution of the martingale problem for the operator A

if for every ¢ € D(A), the process

H(X (1)) - /0 AB(X(5))ds

is a martingale under P with respect to the filtration F = {F(),~¢-
If for every probability measure p € M(Dpg), there is a unique solution P, of the

martingale problem for A with initial distribution
PoX(0)" = p,
then the martingale problem for A is called well posed.

We assume that ¢ : R™ — R is a continuous negative definite reference function for

some 7 > 0, and ¢ > 0. Define A(€) = (1 + $(€))'/2, € € R™.

Theorem 5.3. ([17])
Let a : R" x R™ — R be a continuous negative definite symbol such that a(z,0) = 0 for

all z € R™. Let M be the smallest integer such that
M>Eve)+n
r

and suppose that



62

(i) a(z,§&) is (2M + 1 — n) times continuous differentiable with respect to x and for
al peN, B <2M +1—n,

07 a(z,§)] < eA?(€) (5.7)
holds for all x € R™, £ € R".
(ii) For some strictly positive function v : R" — RY,
a(z,€) > 7(z) - N*(€), (5-8)
for all x € R™, |¢| > 1. Then the martingale problem for the operator —a(x, D)
with domain C§°(R™) is well-posed.

We illustrate theorem 5.3 with some examples. Let the continuous negative definite
reference function ¢(&) be &2, then A(€) = (1 4 £2)1/2.

Examples:

1. Brownian motion W (t), the symbol of its generator is
1
a(ac,{) - 552

2. Geometric Brownian motion X (t), dX (¢t) = pX(t)dt + o X (t)dW (t), the symbol

of its generator is

a(e,€) = 50?2 — k.

3. CIR process X(t), dX(t) = 0(n — X (t))dt — o/ X (t)dW (t), the symbol of its
generator is

1
(e, €) = S0 4 6(u — )¢
4. Levy process X (t) with Levy triplet (o, u,), the symbol of its generator is

a(2,€) = clx) — inE + %U%Q + /Ru it ﬁ;)y(dy).

5. A continuous diffusion process X (t), dX (t) = o(X(t))dW (t) where o(X (¢)) ia an

adapted process, the symbol of its generator is

a(z,§) = %a(m)%z.
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In order to satisfy (5.7), when M = 3, n = 1, o(z) needs to be 6 times continuous

differentiable with respect to z. If v(z) = $o(x)?, then (5.8) holds for all |¢[ > 1.

Time-inhomogeneous case

Bottcher showed that we could construct a time-inhomogeneous Markov process using

pseudo-differential operators.

Definition 5.10. ([6/) A continuous negative definite function ¢ : R™ — R belongs to

the class A if for all « € N§ there exists constants c, > 0 such that

08 (1+ 6(€)] < call +6(€))>7 "2,

Definition 5.11. (/6]) Letm € N, j € 0,1,2 and ¢ € A. A function a : RT xR"xR" —
C is in the class S;-ﬁ’m if for all a, B € N} and for any compact K C RT there are

constants co 8k > 0 such that
0807alt, @, €)] < capi(1+¢(£)" 1M /2

holds for allt € K, x € R"™ and £ € R™. Here m € R is called the order of the symbol.

Furthermore, the notation a € (t — s)Sj”m is used if, for s <t,

10800 a(s,t,2,€)| < (t — 8)ca (1 + B(€))™ 121N /2
holds, where the constants c, g are independent of s and t.
We now recall

Theorem 5.4. ([6, Theorem 4.2])
Suppose ¢ € A is a negative definite function, and there exist cog > 0, ro > 0 such that
d(&) > col¢]™ for all & large. If a pseudo-differential operator with symbol a(s,x,§)

satisfies the following conditions,
e a(-,x,&) is a continuous function for all z € R™, £ € R,
e a(t,x,-) is continuous negative definite for allt € RT, z € R",

e a(t,z,0) =0 holds for all t and z,



64

e a c S?m is elliptic, that is, there exist R > 0, ¢ > 0, for any z, [{§| > R

Ra(t,z,€) > c(1+ ¢(€))™? holds uniformly in t on compact sets,
then a(s,z,§) defines a family of operators Ty on C*° such that
(a) Tsy is a linear operator,
(b) Ty is a contraction,
(¢) Tsy is positivity preserving,
(d) Tyy =1,
(e) Tsy =Ts7Trs for s <71 <t
(f) Tsil =1, that is, limg_,oo Ts rur, = 1 holds for uy € Coo with ug, — 1.
Theorem 5.4 has the following important corollary:

Corollary 5.1. ([6, Corallary 4.3]) The operator given in Theorem 5.4 defines a

Markov process.
Example:
1. Dupire local volatility model dS; = uS; dt + o(t, S¢)Sy dW (t)

alt,2,€) = Jolt, 2Va%6? — pat

2. A time-inhomogeneous Markov process in R™ with generator

)
Agu(t, x) ZQW (t,x) 8%1837] Zb (t,x) 83:1 + c(t, z)u(t, x)

<y, Vu(t,z) >
1+ [y|?

+ / (u(t,z+y) —u(t,z) — )ult, z, dy)
Rm\{0}

alt,2,€) =567 (g€ — b(1,2) - € 4t )

. iy - €
+/ 1—ee 4 w(t, x, dy).
R”\{O}( 1+ ]y|2) ( )
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Future research plan

Suppose there is a semimartingale X (¢) with decomposition (4.2)

+/0t B(S)ds+/()t o(s)dW(s)+ /0lt /y||<1 yM(dey) +/0t /Hy||>1 yM{dsdy).

In section 4.2, we derive the generator A of X,

52
o°f
Zb (9:1:Z t3 Z 8332%

,Jl

+/n (flz+y) — 1Hy||<lzy2 v(t,y, z)dy.

We plan to show that A is a pseudodifferential operator with symbol a(t, z, ) as defined
in Definition 5.8. We would like to discover what are the requirements for the coefficients
aij, bi, ¢, n in the generator A, such that a(t,z,§) satisfies the conditions in Theorem
5.4. If we had this result, we could conclude that there exists a unique Markov process

Y (¢) which mimics X (¢) for all 0 <¢ <T.
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Chapter 6

Application of Brunick’s Theorem to Barrier Options

6.1 Introduction

In practice, the local volatility model is used to price both vanilla options with path-
independent payoffs and complex options with path-dependent payoffs. However, the
price of an option with a path-dependent payoff cannot be uniquely determined by the
marginal distributions of the asset price process. For example, the price of a barrier
option would require knowledge of the joint probability distribution of the asset price
process and its running maximum. Brunick [8] generalizes Gyongy’s result under a
weaker assumption so that the prices of path-dependent options can be determined

exactly.

Definition 6.1. (/8, Definition 2.1])
Let Y : Ry x C(Ry, ]Rd) — R™ be a predictable process. We say that the path-functional

Y is a measurably updatable statistic if there exists a measurable function
¢:RxR" xRy x C(Ry,RY) — R"

such that Y (t 4+ u,x) = ¢(t,Y (t,z);u, A(t,x)) for all z € C(Ry,RY), where the map
A:Ry x C(Ry,RP) = C(R4,R?) is defined by A(t,z)(u) = z(t,u) — x(t).

A measurably updatable statistic is a functional whose path-dependence can be
summed up by a single vector in RY. Y1(t,2) = x(t) is an updatable statistic, as
Yt +u,2) = Y(t,2) + A(t, ) (u). Let *(t) = sup,<; x(u), we see that Y2(t,z) =

[x(t),z*(t)] € R? is an updatable statistic as we can write

Y2(t+u,z) = [z(t) + A(t, z)(u), max{z*(t), zl[gp ] x(t) + A(t,x)(v) }.

We first recall Brunick’s extension of Gy 'ngy’s theorem.
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Theorem 6.1. (/8, Theorem 2.11])

Let W be an r-dimensional Brownian motion, and
dX (t) = pdt + o(t)dW (t) (6.1)

be a d-dimensional Ité process where i is a left-continuous d-dimensional adapted pro-

cess, and o is a left-continuous d X r-dimensional adapted process with
¢
E[/ lus| + |o(s)o(s)Tds|ds] < oo for all t.
0

Also suppose that Y : Ry xC(Ry, Rd) — R"™ is a measurably updatable statistic such that
the maps © — Y (t,x) are continuous for each fized t. Then there exist deterministic

measurable functions fi and & such that
at,Y(t, X)) = E[u|Y(t,X)] a.s. for Lebesque-a.e. t,
66T (t,Y(t,X)) = Elot)o®)T|Y(t,X)] a.s. for Lebesgue-a.e. t,
and there exists a weak solution to the SDE:
dX; = j(t, Y (t, X))dt + 6(t, Y (t, X))dW (t)

such that Z(Y (t,X)) = ZL(Y(t,X)) for all t € Ry, where £ denotes the law of a

random variable and W(t) denotes another Brownian motion.

Brunick’s theorem is more general than Gyongy’s. First, the requirements of pu
and o are weaker than the boundedness and uniform ellipticity in Gyongy’s theorem.
Secondly, this theorem gives the existence of a weak solution which preserves the one-

dimensional marginal distribution of path-dependent functional.

6.2 Application to up-and-out calls

We can apply Brunick’s theorem to construct a 2-dimensional Markov process explicitly
which mimicks the joint marginal density of an Itd process and its running maximum
(or minimum).

For example, consider an up-and-out European call. The payoff of this option is

(S(T) — K) " 1ys+ (1)<}
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where S*(T') = supg<, <7 S(u) is the running maximum of S(t). The stock price, S(t),
follows the SDE
dS(t) = rS(t)dt + o(t)S(t)dW (1),

where o(t) is any adapted stochastic process, where r is the constant interest rate and
{W(t)}+>0 is Brownian motion on a probability space (2, F,F,Q). Our goal is to find

an analytic formula for

o(t,2,y) = Elo()|S(t) =, 57(t) = y].

We apply this result to the problem of pricing single barrier options. Theorem ( )

tells us that there exists a measurable, deterministic function & such that

o(t,x,y) = Elo(t)[S(t) = =, 5%(t) =y,

and there exists a weak solution to the SDE

where (S(t), 5*(t)) has the same joint distribution as (S(t), S;).

The risk-neutral pricing formula tells us that the price of an up-and-out call option

with strike K, maturity 7" and barrier B is given by

C(T,K,B) = _TT// (S(T 1{5* <B}¢(T S(T),S*(T))dS(T)dS*(T)
- / / K)o (T, S(T), §*(T))dS(T)dS*(T),

where ¢(T', S(T'), S*(T)) is the joint distribution of (S(7"), S*(T")). We differentiate both

sides with respect to B and get

9 o [
SO K B) =T /K (S(T) = K)$(T, S(T), B)dS(T). (6.2)

We differentiate both sides with respect to K and get

82 o +o0
5T B) =T | $(T,S(T), BYS(D). (6.3)
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Again, we can differentiate both sides with respect to K and get

83

WO(T, K,B)=—e"T¢(T, K, B). (6.4)

Hence, the joint transition density function can be represented as a derivative of the

up-and-out call option price.

Next we apply the It6-Tanaka’s formula [24, Theorem 43.3] to the function (S(t) —
T
A A A A 1
(ST) = K) Lgeryemy = [(So—K)" + /0 o) (Su)dSu + 5 L7 g )< f5)
T
= [(So—-K)* +/ 115 00) (Su) Su(rdu (6.6)
0
~ R Crx 1 K

where L¥ is the local time of

hatS(T') at K. By the definition of local time,

T
L/ZIS = hm/ 1(K75,K+5)(Su)d < S,S >u
0

Taking expectations of (6.5) we get
C(T,K,B) = ¢ "E[(S(T) = K)"l{s~1)<n)]
= ¢ TE[S(T) - K) 1 igp)-< )]

T
— (S0~ K) Bl gy ] + El /0 P10y () Sl 5y ]

1

1o T : s
g i oo [ e (50)0%( 51 5053 5y}

= TS0~ K)T B[ gy <] / / / Sud(u, Sy, SF)dudS,dS;

/ / iﬁ%g / (ke iete) (80)52 (1, 81, 8824
¢(u, Su, SZ)dSudS*}

= e "T{(Sy— K)*P(S(T)* < B) +r/ / / Sué(u, Sy, SF)dudS,dS:

/ / (u, K, SHK2p(u, K, S| dudS? Y,
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where ¢(u, Sy, 5*) is the joint density of (S, S%).

Taking derivatives with respect to B gives

ESBC(T K,B) = TT{(SO— K)* ¢>S T)* / / Suo(u, Sy, B)dudS,,
17 )
+2/ 2(u, K, B)K?¢(u, K, B)du
0
and by taking derivatives with respect to T' we obtain
o C(T,K,B) = - iC(T K,B)+e"T{(S —K)*iqu (B)
oBor ) T 0 a1 %50
—H“/ S(T ),B)dS*(T)—F%&Q(T, K,B)K*¢(T, K, B)}

1 fa 0
- —ra—BC(T K,B)+e T{(So — K)" 55050)-(B)

\./

;AQ(TKB)K%TKB / Ko(T,S(T), B)dS(T

K

where qbg*(t)(B) is the marginal distribution of $*(¢). Combining (6.2), (6.3) and (6.4)

yields
D2 0?
Kpar O K B) + 5papC(1H K. B)
N 0 1 o3
_ T + Y 4 L2 2
=€ (SO_K) 8T¢S(T)*(B) 20 (TvKaB)K aBaKQC(TvKaB)a

where (T, K, B) is the local volatility of up-and-out call, C(T, K, B) is the price of an
up-and-out call.

Consider the density ¢g . (B):

bs(ry-(B) = AmaﬂéamBmaﬂ

K
= [ ems@).mas)+ [ o ). as).
From (6.3), we have
+oo 82
i o(T,S(T),B)dS(T) = e”TaBaKC’(T,K,B).

We can derive a similar formula for fOK o(T,S(T), B)dS(T) by differentiating the up-

and-out put option price.
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The up-and-out put with strike K, maturity 7" and barrier B is given by
PIKB) = 7 [ [ (K= ST sriayemo T S(T). 5(T)dS(T)asgo.n
K (B
= T [0 [ - S@)e(r. S(@), 5 (T)dS(T)ds;-
0 —00

We differentiate (6.6) with respect to B to get

iP(T K,B)=¢"T /K(K — S(T)é(T,S(T), B)dS(T)
o’ P Te 2L, :

Differentiating the preceding expression with respect to K yields

85;KP(T, K,B)=e"T /OK (T, S(T), B)dS(T).
Therefore,
9? 9?
Gg-()(B) = e”T{aBaKP(T, K,B) — mC(T, K, B)},
and

0 T o3 o3
o795+ (B) = 105r)-(B) + e {WP(T’K’B) - WC(T’K’B)}'
Substituting the preceding expression into (6.7), we obtain

2 2

. 0 0 —r
:(So—K)+{WTP(T,K,B)—WC(T,K,B)+€ TT¢S(T)*(B)}
63
OBOK?

1
—§&Q(T, K,B)K? C(T,K,B),

Solving this equation for (7', K, B) yields

L R T et 03 B o? 672
TLEE) = K2 5k (S0 = )" Gparar” ~ amorcor”) * " Gpar "
0? 0* 0’
“aBor ")~ garC ~ aar* }

This is an analogue of Dupire local volatility for barrier option.
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