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ABSTRACT OF THE DISSERTATION

Problems on the geometric function theory in several

complex variables and complex geometry

by Yuan Yuan
Dissertation Director: Prof. Xiaojun Huang(advisor) and Prof. Jian

Song(co-advisor)

The thesis consists of two parts. In the first part, we study the rigidity for the local
holomorphic isometric embeddings. On the one hand, we prove the total geodesy for
the local holomorphic conformal embedding from the unit ball of complex dimension
at least 2 to the product of unit balls and hence the rigidity for the local holomorphic
isometry is the natural corollary. Before obtaining the total geodesy, the algebraic
extension theorem is derived following the idea in [MN] by considering the sphere bundle
of the source and target domains. When conformal factors are not constant, we twist
the sphere bundle to gain the pseudoconvexity. Then the algebraicity follows from
the algebraicity theorem of Huang in the CR geometry. Different from the argument
in the earlier works, the total geodesy of each factor does not directly follow from
the properness because the codimension is arbitrary. By analyzing the real analytic
subvariety carefully, we conclude that the factor is either a proper holomorphic rational
map or a constant map. Lastly the total geodesy follows from a linearity criterion of
Huang. On the other hand, we also derive the total geodesy for the local holomorphic
isometries from the projective space to the product of projective spaces.

In the second part, we give a proof for the convergence of a modified Kahler-Ricci
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flow. The flow is defined by Zhang on Kahler manifolds while the Kahler class along
the evolution is varying. When the limit cohomology class is semi-positive, big and
integer, the convergence of the flow is conjectured by Zhang and we confirm it by
using the monotonicity of some energy functional. When the limit class is Kéahler,
the convergence is proven by Zhang and we give an alternative proof by also using
the energy functional. As a corollary, the convergence provides the solution to the
degenerate Monge-Ampere equation on the Calabi-Yau manifold. Meanwhile we take

the opportunity to describe the Kéhler-Ricci flow on singular varieties.

iii



Acknowledgements

I would like to express my most sincere gratitude to my advisor Professor Xiaojun
Huang, for everything he has done to help me grow up in my academic life. I must
mention that from the very beginning when I was totally lost being a junior graduate
student, he has kept pointing out to me the right direction. During my Ph.D study,
he provided me numerous interesting problems and shared with me his insight and
new ideas to these problems without any reservation. He encouraged me when I was
frustrated and gave me the pressure when I did not do my work well. Last but not
least, the thesis would not be possible without all his help.

I also would like to express the sincere acknowledgements to my co-advisor Professor
Jian Song. Without the numerous discussions and constant support, the second part
of the thesis can not be accomplished.

I would like to thank Professor N. Mok for his very useful suggestions and constant
support. I would like to thank Professor D.H. Phong for his very helpful discussions and
constant encouragement. [ benefit greatly from Professor Phong’s seminar in Columbia
University. I also would like to thank Professor G. Tian for the stimulating discussions.

I am indebted to Professor S. Berhanu, Professor S. Chanillo, Professor H. Ja-
cobowitz for their constant support.

I am indebted to Professor S. Fu, Professor S. Greenfield, Professor Z. Han, Professor
S. Li, Professor Y. Li, Professor F. Luo, Professor G. Mendoza, Professor X. Rong and
Professor B. Shiffman for their encouragement and help during my graduate study. I
am also indebted to C. Li, S. Ng, V. Tosatti, T. Yang, W. Yin, X. Yuan, Y. Zhang, Z.
Zhang and many other people for their useful discussions.

I would like to thank all the faculty, staff and my fellow graduate students in the

department of Mathematics at Rutgers for their care and help.

iv



I am very grateful to my parents, grandparents and other family members for their
love and support. I would like to express my gratitude to Lin Chen for everything she

has brought to me.



Dedication

This thesis is dedicated to my family.

vi



Table of Contents

Abstract . . . . . . . . e e
Acknowledgements . . . . . .. .. ... ...

Dedication . . . . . . . . ..

1. Introduction . . . . . . . . .

1.1. Rigidity for local holomorphic isometric embeddings . . . . . . .. ...

1.2. The Kahler-Ricci flow . . . . . . . . . . .

. Rigidity for local holomorphic isometric embeddings . . . . . . . . ..
2.1. Rigidity for local holomorphic conformal embeddings from the unit ball
into the product of unit balls . . . . . . ... ... ... ... ...
2.1.1. Mainresults. . . . . . .. Lo
2.1.2.  Bergman metric and proper rational maps . . . . ... ... ..
2.1.3. Algebraic extension . . . . . .. ... ... .
2.1.4. Proof of Theorem 2.1.1 . . . . . . ... ... ... ... .....
2.2. Rigidity for local holomorphic isometric embeddings from the projective

space into the product of projective spaces . . . . . . . .. ... ... ..

. On the modified Kahler-Ricci flow . . . ... ... ... ... ......

3.1. Preliminaries . . . . . . . . . . . e
3.2. Proof of Theorem 3.1.1 . . . . . . . . . . . . . . . .

3.3. Remarks on non-degenerate case . . . . . . .. ... ... ... ...

References . . . . . . . . .

vil



Chapter 1

Introduction

1.1 Rigidity for local holomorphic isometric embeddings

Various rigidity problems in Several Complex Variables and Complex Geometry are
among the basic problems in the subject. The understanding of these problems is not
only important for the subject itself, but also plays a critical role in the application to
many other research fields of mathematics.

The study of the topic will be focused on the rigidity problem for the local holomor-
phic isometric embeddings between Hermitian symmetric spaces. This type of problems
is initialled in a celebrated paper of Calabi, who first studied the global extension and
Borel type rigidity of a local holomorphic isometric embedding between Kéhler man-
ifolds with real analytic metrics [Ca]. Afterwards, there appeared quite a few papers
along these lines of research (see [Um], for instance). In 2004, motivated from the
problems in Arithmetic Algebraic Geometry, Clozel-Ullmo [CU] took up the problem
again by considering the rigidity of local holomorphic isometries from a bounded sym-
metric domain into its product with respect to their Bergman metrics. More precisely,
by reducing the problem to the rigidity problem for local holomorphic isometries, they
proved the algebraic correspondence between such quotients of bounded symmetric do-
mains preserving Bergman metric has to be modular correspondence in the case of (i)
unit disc in the complex plane and (ii) bounded symmetric domains of rank at least 2.
More recently, Mok carried out a systematic study of this problem in a very general
setting. Many deep results have been obtained by Mok and Mok-Ng. (See [Mol] [Mo3]
[MN] [Ngl1-3] and the references therein). For instance, Mok proved the total geodesy
for the local holomorphic isometry between bounded symmetric domains D and €2 when

either (i) rank(D) > 2 or (2) D = B"™ and Q = (B")? for n > 2.



In the second chapter, we prove the rigidity for local holomorphic conformal em-
beddings between the unit ball and the product of unit balls and as a corollary, obtain
the rigidity for local holomorphic isometric embeddings between such domains. This

theorem appears in [YZ]. (See chapter 2 for relevant notations)

Theorem 1.1.1 Let
F=(F,....,Fpn): (UCB", Az 2)dsp) — (BY x- - xBN™ @7 \;(z, 2)ds;,) (1.1.1)
be a local holomorphic conformal embedding in the sense that
Az, 2)dsy, = Nj(z,2)Fj (dsy,).
j=1
Assume that n > 2 and Xz, Z), \j(z, Z) are positive Nash algebraic functions. We then

have, for each j with 1 < j < m, that either F} is a constant map or F; extends to a

totally geodesic holomorphic embedding from (B",ds2) into (B, ds%vj).

When \(z, Z), A\j(z, Z) are constants, the result is due to Calabi when m = 1 [Ca],
due to Mok [Mol] [Mo3] when Ny = --- = N,,,, and due to Ng [Ngl] [Ng3] when m = 2
and N1, Ny < 2n. The novelty of our result is that the factor in the target manifold
can be any BYV.

Our proof of Theorem 1.1.1 is based on the algebraic extension theorem. In the case
of the conformal embedding, it does not follow from [Mo2] directly. Following [MN],
we try to use the unit sphere bundle of the corresponding domain and reduce the alge-
braicity to the mapping problem in CR geometry. However, since the pseudoconvexity
is totally lost, we need to twist the sphere bundle to gain the positivity.

To obtain the total geodesy, different from the case considered in [Mol] [Ngl], the
properness of a factor of F' does not imply the linearity of that factor, for the classical
linearity theorem does not hold anymore for proper rational mappings from B" into
BY with N > 2n — 2. To make up this, we carried out a careful study on the precise
boundary behavior of the Bergman metric pulled back by proper holomorphic maps.
It turns out that the difference of the pull-back Bergman metric of the target space

with the source Bergman metric is smooth up to the boundary and the values on



the boundary are closely related to the boundary CR invariants inherited from the
map. Another ingredient in our argument is a careful analysis for the (multiple-valued)
holomorphic continuation of the local holomorphic map. The key for this part is to
analyze the real analytic subvariety where the pull-back of the Bergman metric blows up.
In our proof of Theorem 1.1.1, a major step is to prove that a non-constant component
F; of F' must be proper from B" into BYi, using the multiple-valued holomorphic
continuation technique. This then reduces the proof of Theorem 1.1.1 to the case
when all components are proper. Unfortunately, due to the non-constancy for the
conformal factors \;(z, z) and A(z, Z), it is not immediate that each component must
also be conformal (and thus must have conformal factor constant) with respect to the
normalized Bergman metric. However, we observe that the blowing-up rate for the
Bergman metric of B® with n > 2 in the complex normal direction is twice of that
along the complex tangential direction, when approaching the boundary. From this,
we will be able to derive an equation connecting the CR invariants associated from the
map at the boundary of the ball. Lastly, a linearity criterion of Huang in [Hul] can be
applied to simultaneously conclude the linearity of all components.

Notice that Theorem 1.1.1 fails when n = 1 by Mok [Mol] and later by Ng [Ngl].
By the previous work of Mok, we have a good understanding for the case when the rank
of source domain is at least 2. Hence, our result provides a fairly complete picture for

such a problem for the non-compact model in the rank one case.

When manifolds are compact Hermitian symmetric spaces, the rigidity property is
unknown even in the case of projective spaces. The following question is the nature

starting problem of the compact case:

Question 1.1.1 Let
F:(UCP"w,) — PV x - x P @l Nwy,)

be a local holomorphic isometric imbedding with respect to Fubini-Study metrics. How

to classify F' ¢

The global extension of the map F' above has been established by Calabi and Mok

[Ca] [Mo3] for some partial cases. Also, we know that the linearity for F’ fails even when



. . . n(n+3) . .
p = 1, for the Veronese imbedding from (P",2w,,) into (P~ 2, wnm+s) ) is an isometry
2

and of degree 2. However, it is generally believed that a non-constant component of F

is equivalent to the Veronese imbedding of some integer isometric constant.

In chapter 2, we study such problems. More precisely, we prove the following theo-

rem. (See chapter 2 for relevant notations.)

Theorem 1.1.2 Let \; € Q and let
F=(F, - F):(UCP"w,) = P x-- x P @l Nwy,)
be a local holomorphic isometric imbedding with respect to Fubini-Study metrics, i.e.
Wy, = Z NETwn,.
!

Let {k1, -+ ,kp} € (ZT)P satisfy

(i) Ni = My, for 1 <1<p,

(i) D0_ kN = 1.

Then the possibility of {k1,--- ,kp} gives the classification of F' = (Fy,--- ,Fy). In par-
ticular, Fy is equivalent to Veronese embedding V,, ., with isometric constant k; modular

Isom(PNl,le) and Fj is a constant map if k; = 0.

1.2 The Kahler-Ricci flow

The Ricci flow was introduced by Richard Hamilton [H] on Riemannian manifolds to
study the deformation of metrics. Its analogue in Kéahler geometry, the Kéher-Ricci
flow, has been intensively studied in recent years. It turns out to be a powerful method
for studying canonical metrics on Kéahler manifolds. (See, for instance, the papers [Cao]

[CT] [Pe] [PS] [PSSW] [ST1] [ST2] [TZhu] and the references therein.)

In a recent paper [Z3], a modified Kéhler-Ricci flow was defined by Zhang by allowing
the cohomology class to vary artificially. Consider the following Monge-Ampere flow

(see Chapter 3 for relevant notations):



%gp = lOg ‘(Wt—‘r\/gag@)n ’
(1.2.1)
©(0,-) =0.
Then the evolution for the corresponding Kéahler metric is given by:
%(Dt = —Ric(@&) + Ric(Q) — ey,
(1.2.2)

‘:‘}t(ov ) = Wo-
As pointed out by Zhang, the motivation is to apply the geometric flow technique

to study the complex Monge-Ampere equation:

(Woo + V—1009)™ = Q. (1.2.3)

This equation has already been intensively studied very recently by using the pluri-
potential theory developed by Bedford-Taylor, Demailly, Kolodziej et al. When €2 is a
smooth volume form and |ws] is Kéhler, the equation is solved by Yau in his solution to
the celebrated Calabi conjecture using the continuity method [Y1]. When € is LP with
respect to another smooth reference volume form and [weo]| is Kéhler, the continuous
solution is obtained by Kolodziej [K1]. Later on, the bounded solution is obtained in
[22] and [EGZ] independently, generalizing Kolodziej’s theorem to the case when [weo]
is big and semi-positive, and {2 is also LP. On the other hand, as an interesting question,
equation (1.2.3) is also studied on symplectic manifolds by Weinkove [We].

In the case of the unnormalized K&ahler-Ricci flow, the evolution for the cohomology
class of the metric is in the direction of the canonical class of the manifold. While in the
case of (1.2.2), one can try to deform any initial metric class to an arbitrary desirable
limit class. In particular, on Calabi-Yau manifolds, the flow (1.2.2) converges to a Ricci
flat metric, if 2 is a Calabi-Yau volume form, with the initial metric also Ricci flat in
a different cohomology class [Z3].

The existence and convergence of the solution are proved by Zhang [Z3] for the

above flow in the case when |ws] is Kéhler, which corresponds to the case considered



by Cao in the classical Kahler-Ricci flow [Cao]. When [w] is big, (1.2.2) may produce
singularities at finite time 7" < 4-o00. In this case, the local C*° convergence of the flow
away from a proper analytic subvariety of X was obtained in [Z3] under the further
assumption that [wr] is semi-positive. When [w] is semi-positive and big, Zhang also
obtained the long time existence of the solution as well as important estimates and
conjectured the convergence even in this more general setting. In Chapter 3, we give a

proof to this conjecture.

Theorem 1.2.1 Let X be a Kdhler manifold with a Kdhler metric wg. Suppose that
[woo] € HYYH(X,C)NH?%(X,Z) is semi-positive and big. Then along the modified Kdhler-
Ricci flow (1.2.2), Wy converges weakly in the sense of currents and converges locally
in C*®°-norm away from a proper analytic subvariety of X to the unique solution of the

degenerate Monge-Ampére equation (1.2.3).

Corollary 1.2.1 When X is a Calabi-Yau manifold and Q is a Calabi-Yau volume

form, w; converges to a singular Calabi-Yau metric.

Singular Calabi-Yau metrics are already obtained in [EGZ] on normal Calabi-Yau
Kahler spaces, and obtained by Song-Tian [ST2] and Tosatti [To] independently in the
degenerate class on algebraic Calabi-Yau manifolds. The uniqueness of the solution
to the equation (1.2.3) in the degenerate case when [weo] is semi-positive and big has
been studied in [EGZ] [Z2] [DZ] etc. In particular, a stability theorem is proved in [DZ]
which immediately implies the uniqueness. In [To], Tosatti studied the deformation for
a family of Ricci flat Kéhler metrics, whose cohomology classes are approaching a big
and nef class. Here our deformation (equation (1.2.2)) gives different paths connecting

non-singular and singular Calabi-Yau metrics.

The Kéhler-Ricci flow on singular algebraic varieties is defined by Song-Tian [ST3] to
study the singularities and surgeries. Starting with the singular and degenerate initial
data on general algebraic varieties, the existence and uniqueness of the Ké&hler-Ricci
flow is derived in [ST3]. We then prove the convergence of the Kéahler-Ricci flow on
projective Calabi-Yau varieties. As a corollary, we also obtain the singular Calabi-Yau

metric on such varieties. This result appears in [SY].



Theorem 1.2.2 Let X C PV be a projective Calabi-Yau variety with log terminal
singularities. Let wg be the Kahler metric equivalent to the pull-back of the Fubini-

Study metric on PN. Then the unnormalized weak Kdhler-Ricci flow

%w = —Ric(w),
(1.2.4)
w(0,)=wy on X
has a unique weak solution w(t,-) on [0,00) x X, where w(t,-) € C*([0,00) X Xyeq)
and w(t,-) admits a bounded local potenial. Furthermore, w(t,-) converges to the unique
singular Ricci-flat Kdhler metric woy € |wo]| in the sense of currents on X and in

C-topology on Xyeqg = X \ Xsing-



Chapter 2

Rigidity for local holomorphic isometric embeddings

2.1 Rigidity for local holomorphic conformal embeddings from the

unit ball into the product of unit balls

2.1.1 Main results

Write B" := {z € C" : |2| < 1} for the unit ball in C". Denote by ds2 the normalized

Bergman metric on B™ defined as follows:

1
dSi = Z m((l — ’2‘2)5]% + Ejzk)dzj ® dz. (2.1.1)
7,k<n

Let U C B™ be a connected open subset and consider a holomorphic conformal embed-

ding
F=(F,...,Fp): (UCB",\(z,2)ds}) — BV x---xBN™ @7\ (z, 2)dsy,) (2.1.2)

in the sense that \(z, z)ds2 = PRy

Aj(z, Z)F;‘(ds?vj). Here A\j(2,2) > 0, A(2,2) > 0 are
assumed to be positive-valued smooth Nash algebraic functions over C". Moreover, for
each j with 1 <7 < m, ds%vj denotes the corresponding normalized Bergman metric of
BYi and F is a holomorphic map from U to BNi. We write Fj = (fj1,..., fits---, fing ),

where f;; is the I-th component of F}. In this section, we prove the following rigidity

theorem:

Theorem 2.1.1 Suppose n > 2. Under the above notation and assumption, we then
have, for each j with 1 < j < m, that either F; is a constant map or F} extends to a
totally geodesic holomorphic embedding from (B",ds2) into (IB%Nj,ds?Vj). Moreover, we
have the following identity

> Ai(z,2) = (2, 2).

F; 15 not a constant



In particular, when \;(z,2), A(z,2) are positive constant functions, we have the

following rigidity result for local isometric embeddings:

Corollary 2.1.1 Let
F=(F,....,Fp): (UCB" Xds;) — (B x -« x BV @ \jds}) (2.1.3)

be a local holomorphic isometric embedding in the sense that Ads2 = > i )\jF;‘(ds?\,j).
Assume that n > 2 and A\, \j are positive constants. We then have, for each j with 1 <
Jj < m, that either F} is a constant map or I extends to a totally geodesic holomorphic
embedding from (B™,ds2) into (IBNj,ds?\,j). Moreover, we have the following identity

> A=A

F; 1s not a constant

Recall that a function h(z, z) is called a Nash algebraic function over C™ if it is either
constant or if there is an irreducible polynomial P(z,&, X) in (2,£,X) € C" x C" x C
with P(z,%,h(z,2)) = 0 over C". We mention that a holomorphic map from B" into BV
is a totally geodesic embedding with respect to the normalized Bergman metric if and
only if there are a (holomorphic) automorphism o € Aut(B") and an automorphism

7 € Aut(BY) such that 7o F o o(z) = (2,0).

2.1.2 Bergman metric and proper rational maps

Let B" and ds? be the unit ball and its normalized Bergman metric, respectively, as
defined before. Denote by H™ C C™ the Siegel upper half space. Namely, H" =
{(z,w) € C"1 x C: Sw — |z > 0}. Here, for m-tuples a,b, we write dot product

a-b= Zgnzl a;jb; and |z|? = z - z. Recall the following Cayley transformation

2.1.4
1—dw’ 1—dw ( )

pn(z,w):( 2z 1+z’w>.

Then p, biholomorphically maps H” to B", and biholomorphically maps 0H", the

Heisenberg hypersurface, to dB™\{(0,1)}. Applying the Cayley transformation, one



10

can compute the normalized Bergman metric on H" as follows:

Si(Sw — |2|) + z2k dw @ dw
- Z E E L I TE R P

Zjdzj @ dw zjdw ® dz;
* 2 55w~ PF ~ & TS0 PP

2i(Sw — [2]?)? (Sw — [2]2)?2

(2.1.5)

One can easily check that

0 _ 0 .
Lj:—azj—1—222]-%,]:1,...,71—1.
— 0 0

0 0
T=2 —

(8w 87j))

span the complexified tangent vector bundle of 9H". (See, for instance, [BER], [Hu2],
[Hu3] [HJX].)

Let F be a rational proper holomorphic map from H" to HY. By a result of
Cima-Suffridge [CS], F' is holomorphic in a neighborhood of JH". Assign the weight
of w to be 2 and that of z 1. Denote by 0,:(k) terms with weighted degree higher
than k and by P®*) a function of weighted degree k. For py = (2o, wp) € OH", write

0

0p ¢ (2,w) — (2 + 20, w + wo + 2iz - Zp) for the standard Heisenberg translation. The

following normalization lemma will be used here:

Lemma 2.1.1 [Hu2-8] For any p € OH", there is an element 7 € Aut(HNT1) such

that the map Fy* = ((£;)1(2), cdots, (f3)n-1(2), 655 g5%) = (f37, 657, g5*) = 70 F 003

takes the following normal form:
i (w) = 2 4 2l (2w + ou(3),
¢y (z,w) = 6P (2) + 0ur(2),
G5 (zw) = 0+ 0un(4)

with

(z-aD (@)= = [P (). (2.1.6)

In particular, write (f;*)l(z) =z + %22;11 k2w + 0wt (3). Then, (aik)1<ik<n—1
is an (n — 1) x (n — 1) semi-positive Hermitian metrix. We next present the following

key lemma for our proof of Theorem 2.1.1:
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Lemma 2.1.2 Let F be a proper rational map from B"™ to BY. Then
X :=ds? — F*(ds%), (2.1.7)

is a semi-positive real analytic symmetric (1,1)-tensor over B"™, that extends also to a

real analytic (1,1)-tensor in a small neighborhood of OB™ in C™.

Proof of lemma 2.1.2: Our original proof of Lemma 2.1 was largely simplified
by Ng [Ng4] and Mok [Mo4] by considering the potential —log(1 — ||F(2)|[*) of the
pull-back metric F*(ds%) as follows: Since 1 —||F(z)||* vanishes identically on dB" and

since 1 — ||z||* is a defining equation for dB", one obtains

1= [IF)[I* = (1 = |1z1*)e(2)
for a real analytic function ¢(z).

Since p := ||F(2)||* — 1 is subharmonic over B" and has maximum value 0 on the
boundary, applying the classical Hopf lemma, we conclude that ¢(z) can not vanish at
any boundary point of B™. Apparently, ¢(z) can not vanish inside B". Therefore,
X = /—100logp(z) is real analytic on an open neighborhood of B". The semi-

positivity of X over B” is an easy consequence of the Schwarz lemma. |

Applying the Cayley transformation (and also a rotation transformation when han-

dling the regularity near (0, 1)), we have the following corollary:

Corollary 2.1.2 Let F' be a rational proper holomorphic map from H™ to HY. Then
X = dsfn — F*(dsn), (2.1.8)
is a semi-positive real analytic symmetric (1,1)-tensor over H", that extends also to a

real analytic (1,1)-tensor in a small neighborhood of OH™ in C™.

The boundary value of X is an intrinsic CR invariant associated with the equivalence
class of the map F. Next, we compute X in the normal coordinates at the boundary

point.



12

Write t = Sw — |2|2 and H = Sg — | f|> . Write o(k) for terms whose degrees with

respect to ¢ are higher than k. For a real analytic function h in (z,w), we use h;, hy,

to denote the derivatives of h with respect to z,w. By replacing w by u +i(t + |z[?),

H can also be regarded as an analytic function on z, z, u,t. The following lemma gives

an asymptotic behavior of H with respect to ¢:

Lemma 2.1.3 H(z,2,u,t) = (g — 2ifuw - f)li=ot — (2| fwl®)|i=0t® + F(—3gus + 3ifu -

Fuz +ifus - Plimot® + 0(3).

Proof of Lemma 2.1.3: Notice that H = H(z,z,u + i(t + |2|*),u — i(t + |2|?)).

Since F is proper, H, as a function of ¢ with parameters {z,u}, can be written as

Pyt + Pot? + P3t3 4+ 0(3), where Py, P2, P3 are analytic in (z, z,u). Then

1PH (2, Z,u+i(t + |2%), u —i(t + |2[*))

OH (z,2,u +i(t + |2]?),u —i(t + |2|?))

P:
! ot

t=0

=iH, — iHg (2.1.9)
t=0
= (0w + ) +i(F Fu— T )

)

t=0

_ }02H(27 Z,u+i(t+ [2%),u — it + |2]?))
2 ot2

Py

t=0

Hy2 + 2H s — Hao) (2.1.10)

2
1.4

B YW AL TR T S
_2(29102 2gw2 2|fw| +fw2 f+f fw2)

t=0

i

t=0

1

ot3

t=0

(2.1.11)

t=0

1 =

7(_7911;3 - 7%+ifw3 : f _if’fiuﬁ_ 37;fw2 fiw'i_glfw ) wa)

2 t=0
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On the other hand, applying T, T2, T to the defining equation g — g = 2i f . f , we have

Gw =G —2(fu- f+ - Ju) =0, (2.1.12)
gup = Juz = 2(Juz - [+ fuz - F 4201l = 0, (2:1.13)
Gus — Gui — 20(fus - F 4+ Fus - T+ 3Fu2 - fuo + 3fu - fur) = 0. (2.1.14)

over Sw = |2|?.

Substituting (2.1.12), (2.1.13) and (2.1.14) into (2.1.9), (2.1.10) and (2.1.11), we get

Plzgw_Qifw'f

)

t=0
Py ==2|fu} (2.1.15)
t=0
1, 1 s o = =
P3:7(_7gw3+32fw'fw2+sz3'f) . U
30 2 0

We remark that by the Hopf Lemma, it follows easily that P; # 0 along OH".

We next write X = Xjpdz; ® dz), + Xjndz; @ dio + Xpjdw ® dzj + Xppdw @ dw. By
making use of Lemma 2.1.1, we shall compute in the next proposition the values of X
at the origin. The proposition might be of independent interest, as the CR invariants
in the study of proper holomorphic maps between Siegel upper half spaces are related

to the CR geometry of the graph of the map.

Proposition 2.1.1 Assume that F' = (f,g) = (f1,..., fn_1,9) : H* — H" is a proper
rational holomorphic map, that satisfies the normalization (at the origin) stated in

Lemma 2.1.1. Then

Xj (0) = _2i(fk)zg-w(0) = Qgjy,
Xjn(0) = Koy (0) = 205702 (0) + 592,02(0),
L,

’ 8
X (0) w3 (0).

Proof of Proposition 2.1.1: Along the direction of dz; ® dz}, collecting the coefficient
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of t2 in the Taylor expansion of H?X with respect to t, we get

1. - -— . =
PEXji(0) =| (2P Padj + (P5 + 2P Py)zj2k) = 5 {20P(fuz, « fo = Foy - fuom)

=

+2Pofy + o = (Fur - Fo) (P Fo) +2(F - o)) (Fur Foy)
+2(fu - Fue)(F - Fo) = 2(Fu - F)(F - Fo) = (F o)) (Fu2 - F)
~2f Foyo)(Fuo o) + 20 o)) (Fuo - Foro) = oy - D o)
+2(f - Fou(f -fzw>—<f FD G Fo) = (020 + 595000

"hz

legzjgzkuﬂ +5 (fw2 fzj)gzk - Z(fw : fwz])%’f‘ Z(fw : ij)m

+ i(f : ijwz)E - Z(f : fzjw)gzkw +5 (f fz] )gzka - %(wa : fzk)gzj'

- Z(fw : ]Ezk)Qij + z(]Ew : ]Ezkw)gzj' - §(f : fzk)QijQ + Z(f kaw)ngw
PAp—
- i(f : fzka)ng- }:|

t=0
Letting (z,w) = 0 and applying the normalization condition as stated in Lemma 2.1.1,
we have

90V (2)

= Qfj-
aZj

X(0) =

Similarly, considering the coefficient of ¢? along dz; @ dw and dw ® dw, respectively, we

have

. Z _ 1 . ~ = ~ ~ ~ —_
P{Xjn(0) = |(=iP1Ps = 5 PY)Zj = S{2iPi(fuzy + fuo = foy - fu2) + 2P2fz; - fuo

— (Fur )P Fo) +2(fu - Fo) (Fo - o) + 2(fuo - Fooe))(F - )
—2fu )T Fur) = (F- Fo)) e ) = 2(F - o) (o - )

2 o) o fur) = (Foyuz - DT - Fu) +
Z
3

2(f - foou) (- fur) = (F- o)) (F - Fus)
2 1o)Tw = i(Fo - Fey )G+ i(Fu - foy) T2

1 _ 1 1
- Zgz]-wQ.gw + igzngw2 - 4gzjgw

+ %(f: ijw2)%_ Z(f: ijw)W—’_

(/
| §<f fj)ng - i(wa ) fw)gzj - Z(fw ) fw)ngw
iFu - Fur)gs; = 5 (- ey + 0T Fur) ey = 5(F - Fus)g, }}

t=0

and
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P2 Xon(0) =| QPP+ ) = (2P (Fop - Fu = Fu - Fur) + 2Bsfu o

— (fur - F)(F - Fu) +2(Fur - Fuo) (Fo - Fur) +2(fw
—2(fu f)F - Fur) = (F - Fu) - Fuo) = 2(F - ) (o - Fuo)

+2(F - fu) (o Fu2) = (Fus - D - ) +2(F - Fu2)(F - Fu2)

: z 1 1 1

—(f - fu)(f - fus) — nga»gTu—i— §gw2ﬂ - Zgwﬁ

+%< w? fw) (fw wa)gw‘i‘l(fw fw) Juw? + 5 (f fuw3)Gw
i Fur g (T G — 5 (e Fadow — il - Fu)ge

“hz

il Fardan = 50 Fodas + 17 Fr)aus = (7 Fohow)]|

t=0

Let (z,w) = 0. It follows that

Xjn(0) = ST (0) + 592,02(0),
Xnn(o) = éguﬁ (O)a
for g,3(0) = g,3(0) by (2.1.14). O

Making use of the computation in Proposition 2.5, we give a proof of Theorem 2.1.1
in the case when each component extends as a proper holomorphic map. Indeed, we

prove a slightly more general result than what we need later as following;:

Proposition 2.1.2 Let
F=(F,....,Fp): (B", \(z,2)ds?) — (B x - x IBSN’”,@?LI)\J'(Z, Z)ds?vj)

be a conformal embedding. Here for each j, X(z,%),\j(z, Z) are positive real-valued C*-
smooth functions over B", and F; is a proper rational map from B™ into BYi for each j.
Then \(z,z) = Z;il \j(z,2) over B", and for any j, Fj is a totally geodesic embedding

from B" to BNs.

Proof of Proposition 2.1.2: After applying the Cayley transformation and con-

sidering ((pn,) ™%+, (pN,,) ") © F o py instead of F, we can assume, without loss of
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generality, that
F=(F,...,Fp): (H",\(Z, Z)dsin) — (H™ x - x HY™ @ \;(Z, Z)ds?w,)

is a conformal map with each F} a proper rational map from H" into HNi | respectively.
Here we write Z = (z,w). Moreover, we can assume, without loss of generality, that
each component F}; of F' satisfies the normalization condition as in Lemma 2.1. Since

F' is conformal, we have

/\(Z, Z)ds%_ﬂn = Z )\j(Z, Z)FJ* (dS%Nj)
j=1
or

)= > N(Z,Z))dsn + Z)\ (Z,Z)X (F;) = 0. (2.1.16)
Jj=1 7=1
Here, we write X (F}) = ds%, — F7 (ds ;). Collecting the coefficient of dw ® dw, one

has

N2Z,Z)=S" \j(2,Z) X B
( 4)(%2—]\;2)2( )+ZAJ‘(Za Z)(X(F5))nn = 0. (2.1.17)

Since X (Fj) is smooth up to OH", we see that \(Z,Z) — > Ai(Z, 7Z) = O(t?) as
7 = (z,w) € H" — 0, where t = Sw — |z|2. However, since the dz; ® dz;-component
of ds?, blows up at the rate of o(t%) as (z,w)(€ H") — 0, collecting the coefficients
of the dz; ® dzi-component in (2.1.16) and then letting (z,w)(€ H") — 0, we conclude
that, for any 1 <[,k <n—1,

m

> (0 Nk (0) = 0.

j=1
By Proposition 2.5, we have 3 7" | A; (O)a{k(()) = 0, where ail is associated with F} in the
expansion of Fj at 0 as in Lemma 2.1. Since the matrix (aiz)léhkén—l is a semi-positive
matrix and since A;(0) > 0, it follows immediately that aik =0foreachl <k <n-1
By the semi-positivity of (ail)lﬁl,kﬁn—la we conclude that a{k = 0 for all j, k,l. Namely,
Fj = (z,w) 4+ Ow(3) for each j.

Next, for each p € 9H", let 7; € Aut(HY) be such that (F;)** = 7; 0 Fj o 0¥

p J J p

has the normalization as in Lemma 2.1.1. Let 7 = (71, ,7m). Notice that F* :=



17

(FL)p*, - (Fm)i*) = 7o Foop is still a conformal map satisfing the condition as
in the proposition. Applying the just presented argument to F,*, we conclude that
(F3);" = (2,w) + Owi(3). By Theorem 4.2 of [Hu2|, this implies that F; = (Z,0).
Namely, F} is a totally geodesic embedding. In particular, we have X (F};) = 0. This
also implies that A\(z,2) = > 7", Aj(z,2) over B". The proof of Proposition 2.1.2 is

complete. O

2.1.3 Algebraic extension

In this section, we prove the algebraicity of the local holomorphic conformal embedding.

As in the theorem, we let U C B™ be a connected open subset. Let
F=(F,....,Fp): (UCB"\(z,2)ds;) — (BY x - x BV @7 \j(z, 2)dsy;,)

be a holomorphic conformal embedding. Here \;(z, Z), A(z,Z) > 0 are smooth Nash
algebraic functions, and ds? and ds?vj are the Bergman metrics of B” and B7, respec-
tively. We further assume without loss of generality that none of the F]fs is a constant
map. Our proof uses the same method employed in the paper of Mok-Ng [MN]. Namely,
we use the Grauert tube technique to reduce the problem to the algebraicity problem
for CR mappings. However, different from the consideration in [MN], the Grauert tube
constructed by using the unit sphere bundle over BM x - .. x BV» with respect to the
metric &7 A; (2, E)ds?vj may have complicated geometry and may not even be pseudo-
convex anymore in general. To overcome the difficulty, we bend the target hypersurface
to make it sufficiently positively curved along the tangential direction of the source
domain. For the convenience of the reader, we give the proof when m = 2 for the sim-
plicity of our notation. The argument for general m is exactly the same as for m = 2

and is skipped.

Let K > 0 be a large constant to be determined. Consider S; C TU and Sy C

U x TBNt x TBN2 as follows:

S1:={(t,¢) € TU : (1 + K|t|*)At, £)ds(t)(¢,¢) = 1}, (2.1.18)
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Sy :=A{(t,z,&w,n) € U x TBM x TBN? :

(1 + K [tlP) Mt O)dshy, (2)(€,€) + Aa(t, D)dsR, (w) (n,m)] = 1}

The defining functions p1, p2 of S1, So are, respectively, as follows:

(2.1.19)

p1 = (1+ K[t*)A(t, D)dsy (£)(¢,¢) — 1,

p2 = (L+ K|[t*) M (t, O)ds, (2) (€, €) + Ao (t, T)dsR, (w) (n,m)] — 1.

Then one can easily check that the map (id, Fi,dFy, Fs,dF») maps S; to S according

to the metric equation

A(t,B)dss = M (6 D) Ff (ds%,) + Xa(t, 1) F5 (ds%,).

Lemma 2.1.4 51,52 are both real algebraic hypersurfaces. Moreover for K sufficiently
large, S1 is smoothly strongly pseudoconvex. For any & # 0,n # 0, (0,0,£,0,n) € So is
a smooth strongly pseudoconvex point when K is sufficiently large, where K depends on

the choice of € and 7.

Proof It follows immediately from defining functions that S7,.S2 are smooth real al-
gebraic hypersurfaces. We show the strong pseudoconvexity of Sy at (0,0,&,0,n) as
follows: (The strong pseudoconvexity of S; follows from the same computation.)

By applying 99 to ps at (0,0,£,0,7), we have the following Hessian matrix

A 0 D 0 D
0 BL 0 0 0
Dy 0 Ci 0 0 (2.1.20)
0 0 0 By 0

Dy 0 0 0 G

where
(A1)1,;(0,0,€,0,m) = 0,0, p2(0,0,,0,7)
= KA1 (0)[€7 + X2(0)[1n]*)6;5 + 81,06 A1(0) [ + 81,81, A2(0) ||
> 0K (IE]” + [nl*)d.

(2.1.21)



19

(Bl)zkz;(07 07 57 07 77) = 8ZkaZ[p2(0a 07 §7 07 77) = _Al (O)RZICZ[MD(O)&‘N&‘D Z 6’5‘25]@[7

(2.1.22)
(Cl)€k§[ = M1(0)67 > 60y, (2.1.23)
(D1)tier = O A (0)€! (2.1.24)
for some 6 > 0 and other matrices are similar.
Let
(6,7’,7"/75,5,) = (61’- €, T, 7TN17T/17... ’7‘§V1’51,. .. aSszslla"' 789\[2) ?é 0.

It holds that

A 0 Dy 0 Do |é
0 By O 0 0 7t
e r r s s’} Dy 0 C; 0 0 7t
0 0 0 By O st

DQ 0 0 0 Oy ] 5t

> SK(IE* + nl*)lel” + (I [* + nl*[s]?) + (1" [* + |s']?)

2|3 it M(0)EH| — 2|3 e A2 (0)1f'5]

il il
> (6K — M)(In]* + [€[*)[el* + 8(1€*[r[* + [nf*[s]*) + (8 = )" * + (8 — €)' |
> 0.

(2.1.25)

Here the second inequality holds as

_ M €
S it M (0| < Malelle -] < Milellelirl < 5 lePle” + Slrf?
il

ME

by the standard Cauchy-Schwarz inequality. Here M = —* and the last strict inequality

holds as £ # 0 and 1 # 0 by letting € < § and raising K sufficiently large. |

Theorem 2.1.2 Under the assumption of Theorem 2.1.1, F is Nash algebraic.
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Proof Without loss of generality, one can arrange that F'(0) = 0 by composing elements
from Aut(B") and Aut(BN!) x Aut(B™?). Furthermore, since Fy, F» are not constant
maps, we can further assume that dFi|p # 0 and dFs|g # 0. Therefore, there exists
0 # ¢ € ToB™, such that dF1(¢) # 0 and dF»(¢) # 0. After scaling, we assume that
(0,¢{) € Si. Notice that both the fiber of S; over 0 € U and the fiber of Sy over
(0,0) € U x (BNt x BM?) are independent of the choice of K. Now the theorem follows
from the algebracity theorem of Huang [Hul] and Lemma 2.1.4 applied to the map
(id, F1,dFy, Fy,dF53) from S; into Ss. O

2.1.4 Proof of Theorem 2.1.1

In this section, we give a proof of Theorem 2.1.1. As in the theorem, we let U C B™ be

a connected open subset. Let
F=(F,...,Fpn): (UCB" Az 2)dsp) — (BY x - x BN &7 \;(z, 2)dsY;,)

be a holomorphic conformal embedding. Here \;(z, Z), \(z,2) > 0 are smooth Nash
algebraic functions, and ds2 and ds?vj are the Bergman metrics of B” and B"7, respec-
tively. F} is a holomorphic map from U to BYi for each j. For the proof of Theorem
2.1.1, we can assume without loss of generality that none of the F](s is a constant map.
Following the idea in [MN], we already showed that F' extends to an algebraic map
over C". Namely, for each (non-constant) component f;; of Fj, there is an irreducible
polynomial P;;(z,X) = a;;(2)X™t + ... in (2,X) € C" x C of degree mj > 1 in X
such that Pj;(z, f;;) =0 for z € U.

We will proceed to show that, for each j, F} extends to a proper rational map from
B" into BMi. For this purpose, we let R;;(2) be the resultant of P;; in X and let
E; = {Rjyl = 0,a5; = 0}, E = UEj;. Then E defines a proper complex analytic
variety in C". For any continuous curve 7 : [0,1] — C" \ E where v(0) € U, F can be
continued holomorphically along v to get a germ of holomorphic map at v(1). Also,
if 1 is homotopic to 72 in C" \ E, 71(0) = 12(0) € U and 71(1) = 72(1), then the
continuations of F' along 71 and 7, are the same at (1) = y2(1). Now let pp € U and

p1 € OB™ \ E. Let (t) be a smooth simple curve connecting py to p; and ~(t) ¢ OB"
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for t € (0,1). Then each F; defines a holomorphic map in a connected neighborhood
V, of v by continuing along ~ the initial germ of Fj at py. (We can also assume that

V, NB™ is connected.) Let

S,={peVy: |Fj(p)| =1 for some j}.
Then S, is a real analytic (proper) subvarieties of V,. We first claim
Claim 1 When V., is sufficiently close to ~y, dim(S, NB") < 2n — 2.

Proof of Claim 1: Seeking a contradiction, suppose not. Assume that to € (0, 1] is
the first point such that for a certain j, and the local variety defined by || F;(2)||*> = 1
near p* = ~(tyg) has real dimension 2n — 1 at p*. Since any real analytic subset of
codimension two of a connected open set does not affect the connectivity, by slightly
changing v without changing its homotopy type and terminal points, we can assume
that v(t) ¢ S, for any t < to. Hence, p* also lies on the boundary of the connected
component V of (V,NB"™)\ S,, that contains v(t) for t < ty. Then a certain small open
piece X of S, NB" containing p* lies in the boundary of V. Now, for any p € X, letting

q(€ V) — p, we have along {q},
Az, 2)dsy, = Nj(z,2)Fj (dsy,).
J
Suppose that j* is such that [ F:(p)l| = 1 and [|[Fj(2)|| <1 for any j, p € ¥ and z € V.

Since p € ¥ C B", ds2|, < 0o, we must have
T 2
hmq_mF]’.kn(diju)]q < 0.

On the other hand,

w72 > 10w (1 — [ Fy 1) + fjﬁ,lfjﬁ,k}dfjﬁ,l ® d?jﬁ,k
F'ﬁ(dsN. ) - 22 .
T (1= [[Fjl*)

For any vector v € C" with ||v| =1,

Of 4 —Of
e (@vell® 130 fe () 5 (@)ve?

* 2
F(dshy J0.0)@0) = 3 oyt (= [

(2.1.26)
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Letting ¢ — p, since 1 — || Fjz(q)[* — 0T, we get

0
HZ f]ﬁl 2:0

for any v = (vi,...,v¢,...,v,) with ||v|| = 1. Thus
of.
M:o, for 1=1,...,N;.
8z§

Hence, we see dFj; = 0 in a certain open subset of ¥. Since any open subset of ¥ is a
uniqueness set for holomorphic functions, we see Fj; = const. This is a contradiction.

a

Now, since dim(S,NB") < 2n—2, we can always slightly change v without changing
the homotopy type of v in V, \ E and end points of ~y so that v(t) ¢ S, for any ¢ € (0, 1).
Since A(z,2)ds? = > )\j(z,Z)F]?k(ds?\,j) in (V, NB")\ S, and since ds2 blows up when
q € V, N B" approaches to 9B", we see that for each ¢ € V, NOB", |[F} (q)|| = 1 for
some j,. Hence, we can assume without loss of generality, that there is a jo > 1 such
that each of the Fi, ..., Fj, maps a certain open piece of B" into oBN .. 0BNio, but

for ] > jUa
dim{q € OB" NV, : ||[Fj(¢)|| =1} <2n — 2.

By the Hopf lemma, we must have N; > n for j < jo. By the result of Forstneric [Fo
and Cima-Suffridge [CS], F; extends to a rational proper holomorphic map from B"
into BYi for j < jo. Now, we must have
Jo
Mz, 2)ds? — Z)\j(z,z) dsN Z Aj(z,Z) dsN )
J=1 J=jo+1

in (V,NB")\ S5, that is connected by Claim 1. Let ¢ € (V,NB")\ Sy — p € dB"NV,.

Notice

+ Z \j(z,2)(ds? — Fi(

q Jj=jo+1
By Lemma 2.2, X, := ds2 — F;(ds?vj) is smooth up to OB™ for j < jo. We also see,
by the choice of jo and Claim 1, that for a generic point in OB" NV, F f(dsfvj) is real

analytic in a small neighborhood of p for j > jo + 1. Thus by considering the normal
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component as before in the above equation, we see that A(z,z) — Zioﬂ Aj(z,Z) has

double vanishing order in an open set of the unit sphere. Since A(z, z) — 2;0:1 (2, 2)
is real analytic over C™, we obtain
Jo

Az 2) = ) Aj(z,2) = (1 [2[) (2, 2). (2.1.27)
j=1

Here v is a certain real analytic function over C". Next, write

Then Y extends real analytically to C™. Write X = 2]10 Xj(z,2)X;. From what we
argued above, we easily see that there is a certain small neighborhood O of ¢ € OB™ in
C™ such that (1): we can holomorphically continue the initial germ of F' in U through
a certain simple curve v with y(t) € B” for ¢t € (0,1) to get a holomorpic map, still
denoted by F, over O; (2): || Fj|| < 1 for j > jo and ||F}(z)|| > 1 for j < jo over O \ B™;
and (3):

j m
X =) Nz 2)(ds) — Fj(dsy,) = Y _N(z2)X; = Y Nz 2)Ff(dsy,) - Y-
Jj=1 Jj=1 Jj=jo+1
(2.1.28)
We mention that we are able to make |F}| < 1 for any z € O and j > jo in the above
due to the fact that V,, "B" \ S, as defined before, is connected.

Now, let P be the union of the poles of F1y,..., F},. Fix a certain p* € ONJB" and
let E = EUP. Then for any 7 : [0,1] — (C*\ B?) \ E with v(0) = p*, F; extends
holomorphically to a small neighborhood U, of  that contracts to «. Still denote the
holomorphic continuation of F; (from the initial germ of F} at p* € O) over U, by Fj.

If for some t € (0, 1), [|[Fj(v(t))|| = 1, then we similarly have
Claim 2 Shrinking U, if necessary, we then have
dim{p € Uy : |[Fj(p)|| = 1 for some j} <2n — 2.

Proof of the Claim 2: Still seek for a contradiction, if we suppose not. Define S, in

a similar way. Without loss of generality, we assume that ¢ty € (0, 1) is the first point
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such that for a certain ji,, the local variety defined by ||}, (2)||?> = 1 near (tp) has

real dimension 2n — 1 at y(tp). Then, as before, we have

Jo m
X =3 "X(z2)(ds) — Fj(dsx,) = Y Nz 2)F(ds},) =Y (2.1.29)
j=1 J=jo+1

in a connected component W of U, \ S, that contains (t) for t << 1 with y(tg) € OW.
Now, for any ¢j(€ W) — p € OW near pg = (o) and v € C" with |[v|| = 1, we have

the following:

o e @l e Fu(@) T (@)l
ZA](Z’Z)<(1—IIFJ'(Q)H2) LR Y HPIBE >

j=1
> IS @l e Fia@) B (g)vel?
2 Aﬂ“’”((l—ufy(qﬂ\% IR @P? )~

(2.1.30)

J=Jjo+1
Now, if pp is not a point of codimension one for any local variety defined by || Fj(2)||? = 1
near pg for j < jg, then it has to be a codimension one point for a certain local variety
S; defined by ||Fj/(2)||*> = 1 near pg for j/ > jo. Let J be the collection of all such
j'. Let S° be a small open piece of the boundary of W near pg. Then for a generic
p € S the left hand side of (2.1.30) remains bounded as ¢ — p € S°. For a term
in the right hand side with index j € J, if SN S contains an open neigborhood of
OW near po, then it approaches to +o0o for a generic p unless F; = constant as argued
before. The other terms on the right hand side remain bounded as ¢ — p for a generic
p. This is a contradiction to the assumption that none of the F} for j > jo is constant.
Hence, we can assume that pg is a point of codimension one for a local variety defined by
| F(2)||? = 1 near py for a certain j < jo. Let J be the set of indices such that for j' € J,
we have j' < jo and Sj := {||Fj/|| = 1} is a local real analytic variety of codimension
one near po. For j > jo, since ||[F;(2)|| < 1 for z(€ U,) = po and since ¢y is the first
point we have some j* with || Fj«|| = 1 defining a variety of real codimension one, we see
that ||Fj(2)|| < 1 for 2(€ W) ~ po. Define S° similarly, as an open piece of 9W. Hence,
as ¢(€¢ W) — p € S, the right hand side of (2.1.30) remains to be non-negative. On
the other hand, in the left hand side of (2.1.30) , for any j” € J with S;; NS containing
an open piece of OW near po, if the numerator |, . m%(q)vgp of the last term

does not go to 0 for some vectors v, then the term with index j' on the left hand side
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would go to —oo for a generic p € S°. If this happens to such 5/, the left hand side
would approach to —oo. Notice that all other terms on the right hand side remain

bounded as ¢ — p € S° for a generic p. This is impossible. Therefore we must have

) - 0fy O 1f5 417 Ol F; |2
for some j' € J that | >, fi7.1(q) 8;; (Q))? = l@z; L (q) = 8;5

ol Fye1?
825

(¢) — 0 and thus
(p) =0 for all £ and p € Sj. This immediately gives the equality d(||Fj/||?) = 0
along Sj. Assume, without loss of generality, that py is also a smooth point of Sj.
If S;» has no complex hypersurface passing through pg, by a result of Trepreau [Tr],
the union of the image of local holomoprphic disks attached to Sj passing through pg
fills in an open subset. Since Fjs is not constant, there is a small holomorphic disk
smooth up to the boundary ¢(7) : B! — C" such that ¢(9B') C S, ¢(1) = po and Fj
is not constant along ¢. Since B does not contain any non-trival complex curves,
r = (||Fj|*—1)o¢ # 0. Applying the maximum principle and then the Hopf lemma to
the subharmonic function r = (|| Fj||*—1)o¢, we see that the outward normal derivative
of r at 7 = 1 is positive. This contradicts the fact that d(|Fj||*) = 0 along S;;. We
can argue the same way for points p € S; near pg to conclude that for any p € S; near
Po, there is a complex hypersurface contained in Sj passing through p. Namely, S;/ is
Levi flat, foliated by a family of smooth complex hypersurfaces denoted by Y;, with real
parameter 7 near pg. Let Z be a holomorphic vector field along Y;. We then easily see
that 0 = ZZ(||Fy||*> — 1) = Zgi’l |Z(fjrx)|?. Thus, we see that Fj is constant along
each Y;. Hence, F can not be a local embedding at each point of S;. On the other
hand, noticing that F} is a proper holomorphic map from B" into IB%NI, F} is a local
embedding near OB". Hence, the set of points where I}/ is not a local embedding can
be at most of complex codimension one (and thus real codimension two). This is a

contradiction. This proves Claim 2.

Hence, we see that £ = {p € (C"\B")\E : some branch, obtained by the holomorphic
continuation through curves described before, of F} for some j maps p to OBNi} is a
real analytic variety of real dimension at most 2n — 2. Now, for any p € (C"*\ B®) \ E,
any curve 7 : [0,1] — (C"\ B") \ E with 4(0) = p* € O N IB" and (1) = p, we can
homotopically change v in (C™ \ B"?) \ E (but without changing the terminal points)

such that v(t) ¢ € for t € (0,1). Now, the holomorphic continuation of the initial germ
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of Fj from p* never cuts OBYi along v(¢) (0 <t < 1). We thus see that || F;(p)| < 1 for
J > Jo-

Let {(fj1)kp}r, be all possible (distinct) germs of holomorphic functions that we
can get at p by the holomorphic continuation, along curves described above in (C™\B")\
E, of fj1- Let oj  be the fundamental symmetric function of {(fj,l)k;p}Zill of degree
7. Then oj; ; well defines a holomorphic function over (C™ \ B"). ||oj; || is bounded in
(C*\B")\ E. By the Riemann removable singularity theorem, o, is holomorphic over
(C™\ B"). By the Hartogs lemma, 0, , extends to a bounded holomorphic function
over C". Hence, by the Liouville theorem, o;; » = const. This forces ( fi)x and thus
F; for j > jo to be constant. We obtain a contradiction. This proves that each F}
extends to a proper rational map from B” into BYi. Together with Proposition 2.1.2,

we complete the proof of the main Theorem. |

We conclude the section with a remark: The regularity of A;, A can be reduced to
be only real analytic in the complement of a certain real codimension two subset. This

is obvious from our proof for Theorem 2.1.1.

2.2 Rigidity for local holomorphic isometric embeddings from the pro-

jective space into the product of projective spaces

In this section, we try to attack the classification problem 1.1.1. Let {[zo, ‘e ,zn]} be
the homogeneous coordinate of P and w,, be the Fubini-Study metric. Let Uy := {29 #
0} be one coordinate chart of P", and the coordinate is given by x; = j—é Then on Uy,

the Fubini-Study metric can be written as:

wp = v —1001log (1 + Z |2]%).
i=1

Calabi proved the local rigidity and global extension theorem for the local holomor-
phic embedding from a Kéahler manifold into the projective space equipped with the

Fubini-Study metric. We are going to apply them in the proof of our theorems.
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Theorem 2.2.1 [Ca/ If M is a Kdhler manifold and assume that an open set G C
M admits a holomorphic isometric embedding into (PY,wy), then the embedding is

uniquely determined modular the group of isometries Isom(PYN,wy).

Theorem 2.2.2 [Ca] Let M is a simply connected Kdihler manifold and let f : G C
M — PN be an holomorphic isometric embedding with respect to the Fubini-Study metric

wn. Then there exists a global mapping F : M — PN extending f.

Definition 2.2.1 Let f,g: M — P™ are holomorphic maps. f,qg are called equivalent
if f,g are equivalent up to the group of isometries of P". More precisely, there exists

o € Isom(P", wy,), such that f =0 o g.

From now on, we consider our classification question 1.1.1. Let A; > 0 be a positive

constant and let
F = (Fl, s ,Fp) : (U C ]P’”,wn) — (IPNI X oo X PNP,@le)\lel)
be a local holomorphic isometric imbedding with respect to Fubini-Study metrics, i.e.

Wy, = Z NETwn,.
l

First, we prove the global extension theorem in a special case.

Theorem 2.2.3 Under the above assumption and further assuming \; € QF, F extends

F to P™ as a holomorphic isometry, i.e. there exists a holomorphic map
Fe (P By PPV x . x PY

such that

F‘U =F and w, = Z)‘lﬁl*wNz-
l

Proof For simplicity, we give the proof for p = 2. By multiplying the common denom-

inators of )\, still denoted by A;, we assume that
F = (F,F):UCP"— PV x P

with
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Awy, = )\1F1*LUN1 + )\2F2*(.UN2

where A, \; are positive integers. Then one has the following diagram:

F
UcCP? — PN x pN2

AN

& S

N

PN
where G = so F and s is the Segre embedding, which is a holomorphic isometry from

the product of projective spaces into the bigger projective space.

s: PV x PN PN
z1 ., W — [Z'TW]
where
[Z] = [Z()v to 7ZN1]7 [W] = [W07' T 7WN2]5 |I‘ = )‘17 |J| = )\27
and

N =Ny +DM(Ny4+1)*2 —1.
For s is an isometric embedding, i.e.
s*wN = AMwn, B Aawny,,
one obtains a local holomorphic isometric embedding GG between projective spaces
G*wy = Iwp,.

By Theorem 2.2.2, G extends to the ambient space P", denoted by G. Since the image
of s is an algebraic subvariety in P, G(P") C Image(s). Furthermore, s is invertible.

Let F = s 1oG. Then F extends F. O

Before classifying local holomorphic isometries from the projective space to the prod-
uct of projective spaces, we give examples of holomorphic isometries between projective

spaces.
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Example 2.2.1 We start with the Veronese embedding with isometric constant 2.

(n+1)(n+2)
a1

Un,2 : P"

[2] &—— [\/5008 (géij)zizj]

One can check that

Z |\f2cos 8ij) zizj)* = Z|zz|
,j=0
Upo (w(n+1)<n+2>) = 2wy
2

1)(n +2
M,, = D0 +2) )2(”+ ) 1.

yielding

by taking /—100log. Let

One can check that M, o is the smallest dimension of the projective space admitting
holomorphic isometry from P™ with isometric constant 2. Suppose that we have another

holomorphic embedding f : P* — PN with
ffwon =2w, and N > M, .

Then f is equivalent to (vp2,0,---,0) by Theorem 2.2.1.

Similarly, one can also cook up the Veronese embedding vy, , with any integer iso-
metric constant k. Define My, . to be the smallest dimension of the projective space
admitting holomorphic isometry from P™ with isometric constant k and we have the

same Tigidity property as above.

The following theorem gives the classification of the local holomorphic isometric

embedding when \; € Q.

Theorem 2.2.4 We suppose the assumption in Theorem 2.2.3. Let {Kk1,--- ,kp} €

(ZT)P satisfy
(1) Ny > My, for 1 <1<gq,

(i) D14 kN = 1.
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Then the possibility of {k1,---,kp} gives the classification of F' = (F1,---,F,). In
particular, Fy is equivalent to the Veronese embedding V,, ., with isometric constant k;

and Fy is a constant map if k; = 0.

Proof Recall that z = [29,--- , 2p], w = [wo, - -+ ,wp,] are the homogenous coordinates
for P* and PM respectively. We use the coordinates z; = j—é on Uy C P" and let
Vo, = {wo # 0} be a coordinate chart on PN,

By Theorem 2.2.3, we know that ]} = (fi0,--- , fi,n,) are all homogenous polyno-
mials of z mapping P into PM. By composing with Isom(P™,wy,), we can assume

that Fj([1,0,---,0]) = [1,0,---,0]. Hence F; maps some open subset of Uy into Vj.

Let
fl»ql (Z)
riq () = =2—
7ql( ) fl70(z)
be a rational function in x for 1 < ¢; < N; and write F; = (r1(z), - ,r n,(x)). As Fy

is an isometric embedding, we have

n N;
V=180log(1+ Y [ail?) = Y ANv=100log(1 + > riq(2)]).
=1 l

q=1

Getting rid of /=100, one has:

n N;
log(1+ ) " zil?) = " Nlog(1+ Y |riq(2)[?) + Reh()
=1 l

q=1

for some holomorphic function h(zx).
Comparing the Taylor expansion of two sides, when 7,4(0) = 0, the other two
quantities do not have the pure holomorphic and anti-holomorphic terms like %, z%

except for Reh, implying that h = 0. Therefore,

n N;
L) ol =TT+ D g (@)
=1

l ql:1
Note that the right hand side approaches oo when 2 approaches any pole of 7 4, (),
while the left hand is bounded, implying that ;4 (x) is actually a polynomial. By

polarization (replacing Z; by v;), it follows that:
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n Ny
1+ Z Ty = H(l + Z 71, ()71, (1))
i=1

! ql:I

Since 141" | x;y; is irreducible, and C[z, y] is a unique factorization domain, it follows

that

N; n
L+ > g ()71 () = (14> zim)™
=1

q=1

for the possible integer x; satisfying condition (i) and (ii). This implies

N; n
L) g @) = @+ Jal*)™,
=1

q=1
meaning that Fj is an isometry from P to PN with isometric constant #;. By Theorem
2.2.1, F is equivalent to the Veronese embedding V;, ;.

If ki =0, ie.
Ny
1+ ) g (@)’ =1,
q=1

it follows that 74, (x) = 0, implying that Fj is a constant map. O
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Chapter 3

On the modified Kahler-Ricci flow

3.1 Preliminaries

Let X be a closed Kéhler manifold of complex dimension n with a Kéhler metric wy,
and let ws be a real, smooth, closed (1,1)-form with [ws]™ = 1. Let £ be a smooth
volume form on X such that [, Q = 1. Set x = wy — Weo, Wi = Woo + € 'x. Let
¢ :[0,00) x X — R be a smooth function such that @; = w; +/—199¢ > 0. Consider

the following Monge-Ampere flow:

= tog Loty
(3.1.1)
Then the evolution for the corresponding Kahler metric is given by:
%@t = —Ric(@t) + Ric(Q) — ey,
(3.1.2)

‘Ijt(ov ) = Wo.

We will give some definitions before stating our theorem.

Definition 3.1.1 [y] € HM(X,C) is semi-positive if there exists ¥’ € [y] such that

7' >0, and is big if [\ := [ 7" > 0.

Definition 3.1.2 A closed, positive (1,1)-current w is called a singular Calabi-Yau
metric on X if w is a smooth Kdhler metric away from an analytic subvariety £ C X

and satisfies Ric(w) =0 away from E.
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Definition 3.1.3 A volume form Q is called a Calabi- Yau volume form if
Ric(Q) := —/—1001og ) = 0.

Theorem 3.1.1 Let X be a Kdhler manifold with a Kdhler metric wy. Suppose that
[woo] € HYY(X,C)NH?(X,Z) is semi-positive and big. Then along the modified Kdhler-
Ricci flow (3.1.2), @y converges weakly in the sense of currents and converges locally
in C*°-norm away from a proper analytic subvariety of X to the unique solution of the

degenerate Monge-Ampére equation (weo + /—1009)" = Q.

Corollary 3.1.1 When X is a Calabi- Yau manifold and Q is a Calabi- Yau volume

form, @ converges to a singular Calabi-Yau metric.

As [we] € HY(X,C) N H%(X,Z), there exists a line bundle L over X such that
Woo € c1(L). Moreover, L is big when [wso] is semi-positive and big [De]. Hence X
is Moishezon. Furthermore, X is algebraic, for it is Kahler. Therefore, by applying
Kodaira lemma, we see that for any small positive number ¢ € Q, there exists an
effective divisor £ on X, such that [L] — €[E] > 0. Therefore, there exists a hermitian
metric hp on F such that ws — €Ric(hg), denoted by wg, is strictly positive for any e

small. Let S be the defining section of the effective divisor E.

We now define some notations for the convenience of our later discussions. Let V, A
and % — A be the gradient operator, the Laplacian and the heat operator with respect
to the metric @; respectively. Let V; = [&]™ with V; uniformly bounded and V = 1.
Write ¢ = %—f for simplicity.

Before proving the theorem, we would like to sketch the standard uniform estimates
of ¢ and recall some crucial estimates due to Zhang.

First of all, by the standard computation as in [Z3], the uniform upper bound of
%ap is deduced from the maximum principle. Secondly, by the result of [Z2] [EGZ],
generalizing the theorem of Kolodziej [K1] to the degenerate case, we have the C°-
estimate [lul|cox) < C independent of t where u = ¢ — [ Q. Then to estimate
%ap locally, we will calculate (% — A)[p+ A(u — €elog ||SH,21E)}, and then the maximum

principle yields %cp > —C+ alog ||S||%LE for C,a > 0.
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Next, we follow the standard second order estimate as in [Y1] [Cao] [Si] [Ts]. Calcu-
lating (% —A)log trypte—ty@t — A(u — elog HSH%E)] and applying maximum principle,
we have: |A,,¢| < C. Then by using Schauder estimates and third order estimate as
in [Z3], we can obtain the local uniform estimate: For any k¥ > 0, K CC X \ E, there

exists Cy, > 0, such that:

luller (0,400 x i) < Chr k- (3.1.3)

In [Z3], Zhang proved the following theorem by comparing (3.1.1) with the Kéhler-
Ricci flow (3.1.4). We include the detail of the proof here for the sake of completeness.

This uniform lower bound appears to be crucial in the proof of the convergence.

Theorem 3.1.2 ([Z3]) There exists C > 0 such that %g@ > —C' holds uniformly along
(3.1.1) or (3.1.2).

We derive a calculus lemma here for later application.

Lemma 3.1.1 Let f(t) € C([0,+00)) be a non-negative function. If f0+°° f(t)ydt <

+o00 and %{ is uniformly bounded, then f(t) — 0 as t — +o0.

Proof We prove this calculus lemma by contradiction. Suppose that there exist a
sequence t; — 400 and ¢ > 0, such that f(¢;) > §. Since %{ is uniformly bounded,
there exist a sequence of connected, non-overlapping intervals I; containing ¢; with fixed

length [, such that f(t) > % over I;. Then fuih ft)dt > Zilg — 400, contradicting

with [;F%° f(t)dt < +oc. O

Let & = wy +/—100¢ and A be the Laplacian operator with respect to the metric

w;. Consider the Monge-Ampere flow, as well as its corresponding evolution of metrics:

24 = log etV TO0O" _

Y

(3.1.4)

#(0,-) =0.
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2o = —Ric(@y) + Ric(Q) — & + woo,
(3.1.5)
d)t(O, ) = wy-.

The following theorem is proved in [Z1] and we sketch Zhang’s argument here.
Theorem 3.1.3 There exists C > 0, such that %gb > —C uniformly along (3.1.4).

Proof The standard computation shows:

2 2
0 AP0, P0 00 0%

G 2 Tae) =~ e
Then the maximum principle yields:
o¢

(¢+87)<016 )

which further implies:

Hence ¢ + and ¢ are essentially decreasing along the flow, for example: 5 (gb +
b+ Cie7!) < 0 and ¢ is uniformly bounded from above. As one also has the uni-
form estimate of ¢ that ¢ is uniformly bounded in C¥([0,00) x K)-norm for any
k> 0and K CC X \ E, one can conclude that % — 0 pointwisely away from E
by applying Lemma 3.1.1 to 026_% — %. Suppose that ¢ is the limit of ¢. Then
oo € PSH(X,wx) and ¢ is also the pointwise limit of ¢ + %—f away from E. By the

uniform estimate of ¢ once more, one knows that ¢ converges to ¢ in C°°(K) for any

K CcC X \ E. Then the convergence of (3.1.4) is obtained [TZha] in the sense that

€920 = (Woo + V—100¢50)" etoQ = (wi +V—100¢)"
in C*(K)-norm for any £k > 0,K cC X \ F as t — 4oo. Furthermore, by [K1],
B(t,-) € L®(X) for 0 < t < oo. In addition, (we + v/—199¢s,)"™ does not charge any

pluri-polar set, in particular, the effective divisor F, as ¢ is the decreasing limit of

o(t, ) + 2Cye~2. Therefore,
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e?* 0 = (oo + V—100¢hs0 )"

holds in the sense of currents on X. On the other hand, from the pluri-potential theory
[22] [EGZ], we know that —C3 < ¢oo — SUPx oo < C3 for C5 > 0 as [e?>||1n(q) < C4
for any p > 0 and supy ¢ # —00. By the essentially decreasing property, it follows

that away from E:
¢+ ¢+ Cre > dog > —C5 + sup pos > —Cs.
X

Hence the uniform lower bound of ¢ is obtained as ¢ is uniformly bounded from above

and gf) is smooth on X.

We are now ready to give Zhang’s proof to Theorem 3.1.2.

Proof of Theorem 3.1.2:

Notice that ¢, ¢ are solutions to equation (3.1.1) and (3.1.4) respectively. Fix Ty > 0.
Let s(t,") = (1 — e 10)p +u — ¢(t + Tp) with x(0,-) > —Cy. Then:

—k(t,) = A((1—e™)p+u)+i—¢(t+To) —n+tra,wiy,
= A -e™)p+u—¢(t+T0)) +i— ¢t +Tp) — n+try,dun,

A1 = e T)p 41— bt +To)) + ¢ — Co + n(%)%,

v

where the fact: > ¢ — C,—C < %gb < C and w; > C38) are used.
Suppose that k(t,-) achieves minimum at (tg, pp) with ¢y > 0. Then the maximum
principle yields ¢(to, po) > —C4. Hence ¢ is bounded from below. Suppose that x(t, -)

achieves minimum at ¢ = 0. Then the theorem follows trivially. O
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3.2 Proof of Theorem 3.1.1

Inspired from the Mabuchi K-energy in the study on the convergence of the Kéahler-

Ricci flow on Fano manifolds, we similarly define an energy functional as follows:

wi + vV —199¢)".

v(p) = /X log 1 \/(?3390) iy

Next, we will give some properties of v(¢) and then a key lemma for the proof of

the main theorem.

Proposition 3.2.1 v(yp) is well-defined and there exists C > 0, such that —C < v(p) <
C along (3.1.2).

Proof It is easy to see that v(p) is well-defined. If we rewrite
o) = [ s
X

then v(p) is uniformly bounded from above and below by the uniform upper and lower
bound of . Here, we derive the uniform lower bound by Jensen’s inequality without

using Theorem 3.1.2:

Qo Q
=V [ log—=L > -1 —>-C
V() t/Xng"vt = “’g/xvt— ’

as V; is uniformly bounded. |

Proposition 3.2.2 There exists constant C > 0 such that for all t > 0 along the flow

(3.1.2):
0

g0 < - [ 1961z + et (321)
X
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Proof Along the flow (3.1.2), we have:
—v(p) = / Apo™ — et/ tre, X@p — net/ ox AP+ n/ GV —100p A @op
ot X b b b

- VI3, of —ne” Jp - —nes OX N @y
Vo2 o —ne™ [ x AP —ne™ [ ox Ao
X X X

- / 19612,67 — nbdwd™ e — ne™ / (o — woo) AT
X X

< - / I9612,67 + nbdlwd™ et + Ce! / (w0 + woo) AP
X X

=~ [ IFGIEEE + -+ Cu + G e

IN

- / I96|2,87 + Clet.
X

Notice that we used the evolution of ¢ and integration by parts in the first two equalities
and the uniform bound of ¢ in the first inequality and the last inequality holds since

wy is uniformly bounded. |
Lemma 3.2.1 On each K CC X \ E, ||V ¢(t)||2_ — 0 uniformly as t — +oo.

Proof Integrating (3.2.1) from 0 to T', we have:

T
—C < u()(T) — r(@)(0) < - /O /X IV¢l12,&pdt + C

for some constant C' > 0. It follows that

+oo -
| [ 19elara <2c.
0 X

by letting T — +o0. Hence, (3.1.3) and Lemma 3.1.1 imply that for any compact set
K'C X\ E,

| 1w R.ar o (3.22)
K/
Now, assume that there exists 6 > 0, z; € K and t; — oo such that ||V, ¢(¢;, ZJ)HZJOO

> 4. Tt follows from (3.1.3) that ||V¢(t;, 2) > $ for 2 € B(zj,r) C K', K C K' CC

I2
Wt
tJ

X \ E and r > 0. This contradicts with (3.2.2).
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Proof of Theorem 3.1.1:

First of all, we want to show that for any K CC X\ E, u(t) — ¢ in C*°(K). Exhaust
X\ E by compact sets K; with K; C K;y1 and U;K; = X\ E. As |lul|ck(x,) < Cky, after
passing to a subsequence t;;, we know u(t;,) — 1 in C*°(K;) topology. By picking up
the diagonal subsequence of u(t;;), we know ¢ € L= (X)NC*(X\E)NPSH (X \E, ws).
Furthermore, v can be extended over the pluri-polar set £ as a bounded function in

PSH(X,ws). Taking gradient of (3.1.1), by Lemma 3.2.1, we have on K; as t;; — +00,

Weo + V/—1009)"
Q )

(wp + =T00)
Q

n
Ve ® = Vi, log — 0=V, log (

w = constant on X \ E . Then the constant can

Hence, we know log
only be 0 as ¢ is a bounded pluri-subharmonic function and [y w2 = [y Q, which
means that 1 solves the degenerate Monge-Ampere equation (1.2.3) globally in the
sense of currents and strongly on X \ E. Furthermore, we notice [ ¥ =0 as ¢ is
bounded.

Suppose u(t) - ¥ in C*°(K) for some compact set K C X \ E, which means
that there exist 6 > 0, 1 > 0, K’ CcC X \ E, and a subsequence u(s;) such that
|u(s;) — ¥llerkry > 0. While u(s;) are bounded in C*(K) for any compact set K and
kE > 0, from the above argument, we know that by passing to a subsequence, u(s;)
converges to ¢’ in C*°(K) for any K CC X \ E, where 1)’ is also a solution to equation
(1.2.3) under the normalization [y ¢’Q = 0, which has to be ¢ by the uniqueness of
the solution to (1.2.3). This is a contradiction. It thus follows that w(t) — ¢ in LP(X)
for any p > 0.

Notice that wu(t),® are uniformly bounded. Integrating by part, we easily deduce
that &y = wy + vV—100u — wse + /—100¢ weakly in the sense of currents. The proof
of the theorem is complete.

|

Remark 3.2.1 Unlike the canonical Kahler-Ricci flow, it is not clear if the scalar cur-

vature s(@;) is uniformly bounded from below along the flow (3.1.2). However applying

V=100 to (3.1.1), we have
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5(0r) = =A@ + tre, Ric(Q).

It follows that there exists constant C' > 0, such that:

< /X S(@)O = n /X Ric() Al = ner(X) - [w]"! < C.

It would be very interesting to investigate the behavior of the scalar curvature along

this modified Kéahler-Ricci flow.

3.3 Remarks on non-degenerate case

In the case when [wso] is Kéhler, the convergence of (3.1.2) has already been proven
by Zhang in [Z3] by modifying Cao’s argument in [Cao]. However, by using the func-
tional v(p) defined in the previous section, we will have an alternative proof to the
convergence, without using Li-Yau’s Harnack inequality. We will sketch the proof in
this section. We believe that this point of view is well-known to experts.

Firstly, under the same normalization u = ¢ — [ P2, we will have the following

uniform estimates ([Z3]): for any integer k£ > 0, there exists Cj > 0, such that

[ull ek (0,400) xx) < Ck-

Secondly, following the convergence argument as in the previous section, we will
obtain the C*° convergence of @; along (3.1.1). More precisely, © — 1 in C°°-norm
with 1 solving (1.2.3) as a strong solution. In particular, ¢ — 0 in C°°-norm as
t — +00. Let Woo = Woo + V/—100¢ be the limit metric. Furthermore, we have the

bounded geometry along (3.1.2) for 0 < ¢ < 4o00:
1. - -
awoo <@ < Clsg. (3.3.1)

Finally, we need to prove the exponential convergence: || — @ool|ck(x) < Cre™
and [lu(t) — ¥llcr(x) < Cre™*, for some Cg, > 0. Then it is sufficient to prove: for

any integer k > 0, there exists ¢ > 0, such that
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ID%¢||2, < cpe™ .

Essentially, by following the proof of Proposition 10.2 in the case of holomorphic

vector fields n(X) = 0 in [CT], we can also prove the following proposition.

Proposition 3.3.1 Let c(t) = [ %—f@?. There exists o > 0 and ¢}, > 0 for any integer

k > 0, such that

Op . _
J DM B e < e,
Immediately, we have this corollary
Corollary 3.3.1 There exists C' > 0, such that
—Ce ' <c(t) < Ce ™+ Ce™t Vit>>1.

Proof Calculate

: a.~n SN e —t i ~n—1

ét) = S + . PAPw;" — ne . OxX N &y

- O||Z, W —ne” Jp - —nes : gy
IVOIZ o —ne™ [ x AP —ne™ [ oxnar?
X X X

Hence,

- [ VeI e - et < o) < e
X

Integrating from ¢ to +oo and using Proposition 3.3.1,

—Ce P <e(t) < Ce ™ 4 Ce .

Proof of Proposition 3.3.1:

Let w(t) = [ (%2 — c(t))?@}. Then
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i) = 2 [ (6= aO) G — 00 + [ (o ct)PAgir
—net [ (- eO)fxnap !
X
= 2 [ (¢ c0)Agar —2 [ (o et trax+ )t
+ [ -cPagsp —net [ xngp
< =2 [ (4@ — )1 - VO)IVE - ) B +Ce

We make use of the expression of ¢(¢) and the uniform estimate (3.1.3) in the last

inequality. Since ¢ and ¢(t) approach 0 uniformly as ¢ — +o00, we have:

i(t) < —2(1— ¢) /X IV(¢ — ct)I2,a) +Ce™" < —an(t) + Ce™

with 0 < e << 1 and 0 < a < inf{l1,2(1 — €) A}, where Ay is the first eigenvalue of

metric Ws. Let &(t) = k(t) + Ae~t. Therefore, by choosing A sufficiently large,

af;(tt) = () — Ae”t < —ak(t) 4+ (C — A)e™!
< —aR(t)+ (—A+C+ad)e
< —ak(t).

Solving this ODE, we get: #(t) < #(0)e~t. Therefore, we have:

k(t) < R(t) < R(0)e .

P -
Let rp(t) = [y [D¥(%7 — c(t))]2,of"- Then
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9 ilt) = /HDk c(1))[12, (V=10 — e~ty) APt

/atu at ~ c(t))I2, 57

< ) [ IDHGE ~ c)IEGr + C'ke
2 f ||D’ﬁ+1<* — ()13, &
< cW|e [ 1D - coniar + oo [ (52 -]
—2 [ DM - eI at + e
~ e [ <8ﬁ—c< D)%) + C' (ke
—@—eClk / 105+ %2 (o)),
< CtC [ (G - et)Pap + /e

S C’”(k')e_o‘t.

In the first inequality, we use integration by parts and the uniform estimate (3.1.3). In
the second inequality, we use the interpolation inequality and choose € sufficiently small
to guarantee the third inequality. Integrating from ¢ to co and using limy_, 4 o ki () = 0,

we have:

ki(t) < Cke_at.

Now we are in position to prove the exponential convergence.

Theorem 3.3.1 For any integer k > 0, %—f convergences exponentially to 0 in C*-

norm. More precisely, there exists a > 0 and ¢ > 0 such that for any t >> 1,
ID*@|3, < exe™ .

Proof As %JJOO < @y < Cly, the Sobolev constants of @; are uniformly bounded.

Therefore it follows from Sobolev inequality that:



. 10 ~n —« —a
1D — e(®)2, < di / 1D¥ (% — ct)I2,af < diCe = Che".

Hence when k # 0,

ID*@|5, < CIDM(p — ()13, < cxe™".

In the case of kK = 0, Sobolev inequality yields:

f < cf / 1012 e et < e,

for some [ > 0. Hence

| \_\ —c(t) [ + ] e(t) |[< ce”,

where we use Corollary (3.3.1).
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