DISPERSION RELATIONS FOR ELASTIC WAVES IN
PLATES AND RODS

BY FERUZA ABDUKADIROVNA AMIRKULOVA

A thesis submitted to the
Graduate School—New Brunswick
Rutgers, The State University of New Jersey
in partial fulfillment of the requirements
for the degree of
Master of Science

Graduate Program in Mechanical and Aerospace Engineering

Written under the direction of
Professor Andrew Norris

and approved by

New Brunswick, New Jersey

January, 2011



© 2011
Feruza Abdukadirovna Amirkulova

ALL RIGHTS RESERVED



ABSTRACT OF THE THESIS

Dispersion relations for elastic waves in plates and rods

by Feruza Abdukadirovna Amirkulova

Thesis Director: Professor Andrew Norris

Wave propagation in homogeneous elastic structures is studied. Dispersion relations are ob-
tained for elastic waves in plates and rods, for symmetric and antisymmetric modes using
different displacement potentials. Some engineering beam theories are considered. Dispersion
relations are obtained for phase velocity. The comparison of results based on the fundamen-
tal beam theories is presented for the lowest flexural mode. The Rayleigh-Lamb frequency
equations are derived for elastic plate using the Helmholtz displacement decomposition. The
Rayleigh-Lamb equations are considered in a new way. A new series expansion of frequency to
any order of wave number, in principle, is obtained for symmetric and antisymmetric modes
using an iteration method. Dispersion relations are shown in graphs for frequency, phase
speed and group speed versus wave number. The obtained results are in good agreement
with exact solutions. The cutoff frequencies for axial-shear, radial-shear and flexural modes
are calculated and taken as starting points in dispersion relations for frequencies versus wave
number. Different displacement potential representations are presented and compared. The
Pochhammer-Chree frequency equations are derived for elastic rods using two displacement
potentials, such as the Helmholtz decomposition for vector fields and Buchwald’s vector po-
tentials. Buchwald’s representation enables us to find an efficient formulation of dispersion

relations in an isotropic as well as anisotropic rods. Analysis of the numerical results on
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dispersion relations and cutoff frequencies for axial-shear, radial-shear and flexural modes is

given.

iii



Acknowledgements

First and foremost I want to express my gratitude to my advisor, Professor Norris, for direct-
ing me throughout this research. It has been a pleasure to work with him on what turned out
to be a very interesting research effort. I will always be grateful for the learning opportunities
he has provided, for his kindness and patience.

I wish to express appreciation to my teachers, Professors Ellis H. Dill, Haim Baruh,
William J. Bottega, Alberto Cuitino, Haym Benaroya, and Mitsunori Denta. I have indeed
learned more about engineering at Rutgers than at any other time in my life.

I wish to show my appreciation to The Graduate School and the Mechanical and Aerospace
Engineering Department at Rutgers University for awarding me a Graduate School Fellow-
ship, offering me a Teaching Assistant position and providing me support.

Additionally, I want to thank my parents who have always persuaded me to pursue my
dreams and have made enormous sacrifices and efforts to make it possible. Last, but certainly
not least, I want to thank my children Dilnoza, Parvina and Jahongir, who have endured my
late night study sessions and days away from home with grace and maturity. I could not have

done any of this without their boundless love and encouragement.

iv



Dedication

I want to dedicate this work to my parents, Abdukadir Rabimov and Qambar Mirkamilova,
who have been supportive of my efforts to get my degrees and without whom I would not

have the time to complete my work.



Table of Contents

Abstract . . . . .. e

Acknowledgements . . . . . . . ... ...

Dedication . . . . . . . . .

List of Tables . . . . . . . . . . . . e

List of Figures . . . . . . . . . . . . . e

1. Introduction . . . . . . . . L

2. Review on Elastic Wave Theory for Waveguides . . . ... ... ... ...

2.1.

2.2.

2.3.

2.4.

2.5.

Review . . . . . . e
The Governing Equations for 3D Solids . . . . ... ... ... ........
Displacement Potentials . . . . . . . ... .. ... ... ... ...
Waves in Plane Strain in Thin Plates . . . . . . . .. ... ... ... .. ...
2.4.1. General Solution . . . . . .. ...
2.4.2. Symmetric and Antisymmetric Modes . . . . . . .. ...
Engineering Theories for Beams and Rods . . . . . ... ... ... ......
2.5.1.  Compressional Waves in Thin Rods . . . . . ... ... ... .....
2.5.2.  Bending and Flexural Waves in Elastic Beams . . . . .. ... .. ..

Euler-Bernoulli Beam Theory . . . . .. ... ... ... .......

Rayleigh Beam Theory . . . . .. .. .. ... ... .. ........

Timoshenko Beam Theory . . . . ... ... ... ... ........

3. The Rayleigh-Lamb Wave Equations . . . . . .. ... ... ... .......

vi

ii

iv

ix



3.1. Introduction . . . . . . . ... 30
3.2. Non Dimensional Equations . . . . . . . .. .. ... ... .. 31
3.3. Symmetric Modes in Plates . . . . . .. .. .. o oo 32
3.4. Antisymmetric Modes in Plates . . . . . . . ... ... oL 34
3.5. Numerical Evaluation of the Roots of the Rayleigh-Lamb Equations . . . . . 42
Waves in Rods . . . . . . . . . . . .. 47
4.1. Review of Elastic Wavesin Rods . . . . . . ... ... ... ... ....... 47
4.2. Theory . . . . . . o e e 48
4.3. Potentials . . . . ... 20
4.3.1. Displacement Potentials Using Helmholtz Decomposion . . . . . . .. 50
4.3.2. Alternative Representation Using Buchwald’s Potentials . . . . . . .. 54
4.3.3. Sinclair’s Method . . . . . . .. ... 60

4.4. Frequency Equation for Wavesina Rod . . . . . .. ... ... ... ..... 61
4.4.1. Frequency Equation Derived Using Helmholtz representation . . . . . 61
n=0case: . . . ... 62

N=1CaSe: . . . . . . . e 66

4.4.2. Frequency Equation Derived Using Buchwald’s Potentials . . . . . . . 67
n=0case: . . . ... 67

N=1CaSe: . . . . . . . e e 69

4.5. Analysis of Numerical Results . . . . . . . ... ... ... ... ... ... 69
4.5.1. Axisymmetric Wavesin Rods . . . . ... ... ... ... ... ... 69
4.5.2. Antisymmetric Wavesin Rods . . . . . . ... .. ... .. ... .. 72

. Application, Coclusion and Future Work . . ... ... ... . ... ..... 80
5.1. Application to Elastic Waves in Waveguides . . . . . . . . .. ... ... ... 80
5.2. Conclusion . . . . . . .. L 83
5.3. Suggestions for Further Work . . . . . . .. ... oo 84
D.. Appendix. Sample Maple and Matlab Codes . . . . . .. ... ... ..... 86

vii



D..1. Appendix 1. Maple Codes . . . . . . . . . .. ... ... ... .....

D..2. Appendix 2. Matlab Codes . . . . . . ... ... ... ... ...,

viii



List of Tables

ix



2.1.

2.2.

2.3.

2.4.

2.5.

3.1.

3.2.

3.3.

3.4.

3.9.

3.6.

List of Figures

Plate in plane strain . . . . . . . . ... ..
Beam with distributed transverse force and body couples . . . ... ... ..
Plot of phase speed /¢ vs. wave number  for 0 <& <1 ... .. ... ...
Plot of phase speed /¢ vs. wave number £ for 0 < ¢<6 . ... ... ....

Plot of relative diffenrence between the models, v = 0.29, ko = 3. Curve '1’
corresponds to the relative difference of phase velocities for Timoshenko and
Euler-Bernoulli beams, curve '2’ corresponds to the relative difference of phase

velocities for Timoshenko and Rayleigh models . . . . . . .. ... ... ...
Plot of W,, vs Poisson’s ratio v forn =1,2,3,4,5 . . . . . ... ... ... ..
Plot of W,, vs Poisson’s ratio v forn =6,7,8,9,10 . . . . .. ... ... ...
Plot of D} = D,, x Z,, versus Poisson’s ratio v for 6 <n <10 . ... ... ..
Plot of D} = D,, * Z,, versus Poisson’s ratio v for 6 <n <10 . ... ... ..

Plot of frequency €2 vs wave number &, v = 0.25. The Curve "1’ corresponds
to keeping the first term in series expansion (3.21), the curve 2’ corresponds
to keeping the first and the second terms, the curve '3’ corresponds to keeping
the first, the second and the third terms and so on, the curve 10’ corresponds

to keeping the first ten terms. . . . . . . ... L Lo

Plot of phase speed /¢ versus wave number &, v = 0.25. Curve ’1’ corresponds
to keeping the first term in series expansion (3.21), the curve 2’ corresponds
to keeping the first and the second term, the curve ’3’ corresponds to keeping
the first, the second and the third terms and so on, the curve 10’ corresponds

to keeping the first ten terms. . . . . . .. ..o



3.7. Plot of group speed 9€2/0¢ versus wave number &, v = 0.25. Curve 1’ corre-
sponds to keeping the first term in series expansion (3.21), the curve 2’ cor-
responds to keeping the first and the second term, the curve '3’ corresponds
to keeping the first, the second and the third terms and so on, the curve '10’
corresponds to keeping the first ten terms. . . . . . . ... ..o L.

3.8. Plot of frequency €2 versus wave number £, symmetric modes, v = 0.25 . . . .

3.9. Plot of Frequency 2 versus wave number £, antisymmetric modes, v = 0.25

3.10. Plot of frequency €2 vs wave number £ for the lowest mode. Comparison of
results for series expansion method and exact theory, n=1 . . . ... ... ..

3.11. Plot of phase velocity /¢ vs wave number ¢ for the lowest mode. Comparison
of results for series expansion method and exact theory, n=1 . ... .. ...

4.1. Cross section of circular rod in cylindrical coordinates . . . . .. .. ... ..

4.2. Plot of frequency 2 vs Poisson’s ratior . . . . ... ... ... ... ... ..

4.3. Plot of frequency €2 vs wave number £ . . . . . . . ... ...

4.4. Plot of Fy and F,/Q? functions versus frequency € for v = 0.3317, n =1 . . .

4.5. Plot of cutoff frequency €2 vs Poisson’s ratio v for 0.12 <v < 0.5, n=1

4.6. Plot of cutoff frequency €2 vs Poisson’s ratio v for 0 < v <045, n =1

4.7. Plot of function F»/Q? vs frequency Q,n=1 . . ... ... ... .......

4.8. Plot of function F»/Q? vs frequency Q, m=1 . ... ... ... ... .....

5.1. Application of non-destructive testing using ultrasonic waves . . . . . .. ..

xi

41
42

43

44



Chapter 1

Introduction

Wave propagation in solids is of interest in a number of engineering applications. The study
of structures involving wave phenomena includes the response to impact loads and crack
propagation. For typical transient loads, the response can be evaluated by elastic wave
theory. For acute loading elastic wave theory can still predict the response far from the
region of load application. Some other areas of application of wave phenomena are in the

field of ultrasonics, seismology (waves in rocks), earthquakes (waves in earth).

The application of numerical methods have enabled the solution of challenging problems.
For instance, before the invention of computer, finding the roots of the Rayleigh-Lamb fre-
quency equation was considered to be intractable. The roots of a transcendental equation
can be now evaluated easily on a computer. Consequently, the interest in the theory of wave

propagation has increased over the last few decades.

This thesis studies wave propagation in elastic solids, especially in plates, thin rectangular
rods, and cylindrical rods. The thesis consists of four chapters, references, and appendixes.

The introduction is given in this chapter.

Chapter §2 presents a review of the elastic wave theory for waveguides and it illustrates
the basic ideas of wave propagation in solids. The chapter begins with the literature review
of elastic wave propagation in plates, shells and rods. The fundamental research conducted
in the past as well as recent publications concerning wave propagation are described, such as
some complex characteristics of material in anisiotropy, viscosity, initial stress, polarization,
as well as composite structure. The governing equations for a linear homogeneous isotropic
elastic solid are developed. The displacement vector is expressed in terms of scalar and vector

potentials. The Rayleigh-Lamb frequency equations for the propagation of symmetric and



antisymmetric waves in an isotropic elastic plate are derived next. Lastly, some approximate
beam theories are discussed which substantially simplify wave analysis in beams and rods.
The comparison of results for phase velocity for the considered models is shown.

Chapter §3 is devoted to the study the Rayleigh-Lamb frequency equations in more de-
tail, and it proposes a new expansion of the roots of the Rayleigh-Lamb frequency equations.
Introducing the non-dimensional frequency and wavenumber, the Rayleigh-Lamb frequency
equation in non-dimentional parameters is developed. The non-dimensional frequency is ex-
panded into a series for the wavenumber for symmetric modes. Numerical evalution of the
series coefficients are performed with Maple 12 using the iteration method. We next represent
the frequency series expansion for antisymmetric modes on the basis of the approach used
in the previous section. This followed by a discussion of numerical results of the dispersion
relations for phase speed and group speed. The dispersion relations in a plate for the sym-
metric and antisymmetric modes are obtained from the Rayleigh-Lamb frequency equations.
These relations are illustrated as plots of frequency versus wavenumber.

Chapter §4 is concerned with the investigation of wave propagation in a rod. The chapter
begins with a review of wave propagation in rods. Next the statement of problem of wave
propagation in an elastic isotropic rod is formulated. The three different representations
of displacement potentials are introduced. Then, using these potential representations, the
frequency equations in the rod for symmetric and antisymmetric modes are derived. Finally,
the numerical results of the dispersion relations and cutoff frequencies for axial-shear, radial-
shear and flexural modes in the rod are given in Section §4.5.

The Appendixes give sample computational program codes written with Matlab and
Maple. The Maple codes given in Appendix 1 calculate the coefficients U,, and W,, of the
series expansions of frequency €2 in terms of wave number £, where the U, depend on the
polynomials B,, for symmetric modes, and W,, depend on the polynomials D,, for antisym-
metric modes in a plate. Appendix 2 gives the Matlab codes that solve and plot the dispersion
relations for plates and rods, using nondimensional frequency, phase speed and group speed
versus wave number.

A new way to study the low frequency behavior of the Rayleigh-Lamb frequency equations



is proposed in Chapter §3. The approach is built on a new series expansion of the roots of
Rayleigh-Lamb equations using iteration method combined with symbolic algebra on Maple.
The frequency and phase speed dependence on wave number shows good agreement between
series expansion method and the exact theory for low frequency waves.

A new approach to derive the frequency equations for rods using Buchwald’s potential
representation is proposed in Chapter §4. Some unexpected interesting behavior of cutoffs
for antisymmetric modes in rods is revealed.

Finally, some applications, conclusions and suggestions are given in Chapter §5.



Chapter 2

Review on Elastic Wave Theory for Waveguides

2.1 Review

This section presents a review of problems concerning the topic of the thesis. References
include works on exact and approximate theories for plates, shells and rods. Fundamental
approaches in the development of mathematical models of non-stationary processes in plates,
shell structures and beams are attributed to Euler, Bernoulli, Rayleigh [1], Timoshenko [2],
Kirchhoff, Love, Mindlin [3], Flugge [4], Naghdi [5], Markus [6], Hermann and Mirsky [7]
etc. The simple theories, such as engineering theories for compressional waves in rods, or
flexural waves in beams, are restricted to low frequencies as a consequence of kinematical
assumptions, as is shown at the end of this chapter. Consequently, the exact and refined
theories of plates, rods and shells are necessary for considering problems at high frequencies

and for transient loadings.

Frequency equations for waves in nfinite plates were presented by Rayleigh [1] and Lamb
[8] in 1889. The frequency equations for wave propagation in an infinite rod were proposed
by Pochhammer [9] in 1876 and independently, Chree [10] in 1889. A brief review of wave
propagation in rods is given in Section §4.1. Lamb [8] analyzed the lowest symmetric and
antisymmetric modes of the Rayleigh-Lamb equations, classifying the cutoff modes, Lamé
modes and specific features of the high frequency spectrum. Holden’s approach [11] of com-
posing a portion of the frequency spectrum of symmetric modes for real wave numbers was
employed and expanded for antisymmetric modes by Onoe [12]. A similar approach was
proposed by Mindlin [13] to construct the branches of the frequency equation, to examine

complex behavior of the branches in the neighborhood of zero wavenumber, to ascertain the



modes at the cut-off frequencies which differ from the modes determined by Lamb [8], and
to identify complex wave numbers and phase velocities associated with real frequencies in-
cluding higher modes. The general solution for a shell was first treated by Gazis [14] in 1959.
The application of numerical methods has assisted in solving a number of dificult problems
including the frequency spectrum analysis of higher modes and complex branches. An exten-
sive review of related problems on wave propagation in rods and plates is given by Graff [15].
The basic concepts of one dimensional wave propagation and discussion of formal aspects of
3D elastodynamic theory, and description of typical mechanical wave propagation phenom-
ena, such as reflextion, refraction, diffraction, radiation, and propagation in waveguides was

presented by Achenbach [16].

The broad research and results offered for Rayleigh-Lamb and Pochhammer-Chree fre-
quency spectrum show that propagation of harmonic waves in infinite elastic media can be
solved in general [11], [12], [13], [15], [16]. For instance, free vibrations of an elastic layer may
produce an infinite number of modes whose frequencies can be obtained from the Rayleigh-
Lamb equation. Conversely, for forced motion of a plate of finite dimensions each of these
modes couples, leading to an intricate frequency spectrum [16]. As a consequence of the
complexity of the governing equations and boundary conditions, the solution of the forced
and free vibration problems using exact theory is generally difficult. These obstacles have
motivated the development of approximate theories for plates, shells and rods. The 3D gov-
erning equations were reduced to 2D equations in most of these theories by making some

kinematical assumptions, such as the Kirchhoff assumption.

An approximate plate theory for isotropic elastic plates, taking into account rotary iner-
tia and transverse shear, was proposed by Mindlin [3]. The displacement components were
expanded in power series in the thickness coordinate, then substituted into the equations of
motion, and then subsequently integrated over the thickness. Then, by incorporating bound-
ary conditions, 3D equations of elasticity are altered into an infinite series of 2D equations
in the in-plane coordinates which is then truncated to form the approximate equations. A
survey of the kinematical hypotheses and governing equations of refined theories of plates

is presented by Jemielita [17], where it is shown that a kinematical hypothesis by Vlasov



[18] is a model for all cited works in the survey. In a review article, Reissner [19] discussed
some aspects of plate modeling, including the sixth-order plate theories. Norris [20] brought
together the beam and plate theories, established relationships between them and showed
that four classical theories for plates and beams yielded quite dissimilar results, which were

illustrated by comparison of the wave speeds for antisymmetric modes on narrow plates.

Kirchhoff - Love theory and Timoshenko type theories [4, 6, 21, 22] are based on different
hypothesis, which simplify the form of the governing equation of vibrations and at the same
time lead to essential disadvantages and errors. To avoid such errors, various refined vibra-
tion equations were proposed such as those of Bostrom [23], Kulikov [24], Khudoynazarov
[25], Amirkulova [26]. These models are free from hypotheses and preconditions used in
known classical and refined theories. They are more general than Timoshenko type equa-
tions and Hermann-Mirsky [7] equations and take into account the effect of transversal shear
deformation and the rotary inertia, and admit various truncations of equations. Bostrom
[23] derived a refined set of flexural equations of motion for an isotropic elastic plate by an
antisymmetric expansion in the thickness coordinate of the displacement components. These
equations can be truncated to any order in the thickness, thus making it possible to have
numerical comparision of different truncations of the equation with each other, in particular,
with the exact 3D solution and Mindlin’s plate theory is possible. It is noted by Bostréom
[23] that the corresponding dispersion relation seems to correspond to a power series ex-
pansion of the exact Rayleigh-Lamb dispertion relation to all orders. The refined equations
of non-stationary symmetric vibrations of the cylindrical prestressed viscoelastic shells was
proposed by Amirkulova [26]. The approach is based on exact mathematical formulation of
the 3D problems of theory of elasticity and their general solutions using transformations.
The displacements of intermediate surface of the shell are taken as the basic unknowns. The
intermediate surface of the shell can alter into median (neutral), external or internal sur-
face. It allows one to use these equations for thin shells, thick walled layers, as well as rods.
The obtained equations are of hyperbolic type and describe the wave distribution caused by

dispersion.

Recent publications include [27] by Stephen, [24] by Kulikov, [28] by Guz, [29] by Guz and



Rushchitsky, [30] by Thurston, [31] by Selezov, [32] by Shulga, [33] by Norris and Shuvalov.
Hyperbolic equations of motions for rods, plates and shells are derived by Selezev [31] using
a series expansion technique in the thickness coordinate and by retaining as many terms as
appropriate. The deformation due to plane harmonic waves propagating along the fibres of
nanocomposite and polarised perpendicular direction is considered by Guz and Rushchit-
sky [29]. Norris and Shuvalov [33] constructed the wave impedance matrix for cylindrically
anisotropic radially inhomogeneous elastic solids using the Stroh-like system of six first order

differential equations.

2.2 The Governing Equations for 3D Solids

The equations for a linear homogeneous isotropic elastic solid are:

I,) the equations of motion of three-dimensional elasticity
aijj + pfi = pil, (2.1)
I;) the stress-strain relations (Hooke’s law)
0ij = Aekk0ij + 2p€ij, (2.2)
I.) the strain-displacement relations (Cauchy’s relations)
1
gij = 5 (i + uji), (2.3)

Here u; are the displacement components, o;; are the stress tensor components, ¢;; are the
deformation tensor components, €y, is the trace of deformation tensor, f; are the volume force
components, p is the density, A and p are Lamé coefficients, and the summation convention
is taken for i = 1,2, 3.

Introducing the strain-displacement relations (2.3) into the stress-strain relations (2.2),
the stress tensor components can be expressed in terms of displacement vector components

as following:

0ij = MNuigdij + pluig + uj). (2.4)



Substituting the stress-displacement relations (2.4) in the equation of motion (2.1) and sim-
plifying, the Navier’s equation of motion in terms of displacements can be obtained in the

form:
(A + wugji + uig; + p fi = pii, (2.5)

or in vector form as

A+ )YV -u+ pV2u+p f = pi, (2.6)

where V2 is the Laplace operator.
In terms of rectangular Cartesian coordinates (2.6) can be written as

*u 0w d*w 9%u

u Jwv  Ow 2 _ Ou
(A+“)<am2+axay+axaz>+w“+pr P o

Pu v Pw 9 0%
(A+“)(axay+ay2+ayaz>+ﬂv ’U+Pfy—/?w, (2.7)

0%u 0*v  O*w 9 0*w
OﬁLM)(@x@z + 0y0z + 822> TaVw S = Porz>

where
0? 0? 0?
2
= 4+ 4. 2.
v 0x? + 0y? + 072 (28)
In the absence of body forces the equation of motion in vector form reduces to
A+ p)VV -u + uViu = pii. (2.9)

2.3 Displacement Potentials

The system of equations (2.9) is coupled in the three displacement components u, v, w. These
equations can be uncoupled by expressing the components of the displacement vector in terms
of derivatives of scalar and vector potentials in the form [16] of the Helmholtz decomposition

for vector fields,

u=Vo+Vx, (2.10)

where ¢ is a scalar potential function and % is a vector potential function. In Cartesian

coordinates ¥ = vV, e, + ¢, e, + 1. e, and the Helmholtz displacement decomposition will



have form

L PR L N T PRN: [N

u_<9:1:+8y 0z’ U_By 8x+8z’ w_8z+83: oy

. (2.11)

where

Plugging the equation (2.10) into the equation of motion (2.9) and taking into account
that V-V = V2p and V -V x 9 = 0, we obtain

VI +2u)V3p — p@| +V x [uV2 — pep] = 0. (2.12)

Equation (2.10) therefore satisfies the equation of motion if it satisfies the following uncoupled

wave equations

V2% = ¢, (2.13)

“a

) 1 .

VY = 59, (2.14)

€

where
A+2u I

= PR 3= . (2.15)

Here c¢; is the longitudinal wave velocity and ¢y is the transverse wave velocity.

In the xyz coordinate system (2.13) remains the same while (2.14) can be written as

o, 10% o, LY R
wa_c% o2’ wy_c% ot?’ ¢Z_c% ot?

(2.16)

In cylindrical coordinates (r, 6, z) the relations between the displacement components and

the potentials follow from (2.10) as:

_ 8790 1 61/}2 5%

= or Tr o0 oz (2.17)
C10p b, 00

=10 T s T ar (2.17b)
_Op  100r) 100 (2.17¢)

“Z_az r Or r 00

In (r,0, z) system the scalar potential ¢ is defined again by (2.13) whereas the component of



vector potential ¥ satisfy the following equations

2 _ﬂ_zfme_ia%ﬁr
Vi 2 r2 90 3 o2’
Yo | 200, 1 9%y

V- mt g =2 ae

2 1821/)2
Vﬂ)z—cg o2’

where the Laplacian is of the form

P 10 12 o
Cor2  ror 2002 922

2.4 Waves in Plane Strain in Thin Plates

2.4.1 General Solution

10

(2.18a)
(2.18Db)

(2.18¢)

(2.19)

Consider harmonic wave propagation in thin plate having thickness 2h shown in Figure 2.1.

For plane strain motion in xy plane: v = u(z,y,t), v = v(x,y,t). Then in the absence of

body forces the equation of motion (2.1) will reduce to the form

004y | O0zy @
or oy o
ozy  Ooyy 0%

Ox oy Paiz

and Hooke’s law is

om—/\(g +(%> o, 0

Ay Ko
ou Ov ov
= — 2
Tuy A(@x + 8y> + M@y

(e
w = H oy Ox)

Plugging (2.21a)-(2.21c) into (2.20a)-(2.20b) the following equations are obtained

/\62 +82v +ou 32u+ 62u+82v _Oziu
922 | 9zdy Moz a2 " ozay) Pz

@4_ 82“ +)\ @_ﬁ_ 82“ +2 8721}— @
F\ 822 " Bzdy 82 " ooy ) T Hayr T Pa

(2.20a)

(2.20D)

(2.21a)
(2.21D)

(2.21¢)
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Figure 2.1: Plate in plane strain

which can be modified as

u  A+p 0% po 0*u  p 0% (2.922)
0x2 " AN+2udxdy  A+2udy?  A+2u 0t?’ )

2 2 2 2
o0v  A+p 0u pw o 0v  p O (2.22b)

0 TNt 2u020y  A+20022 A+ 2u 08
The Lamé coeflicients are related to the Young modulus of elasticity E, the shear modulus

G and Poisson’s ratio v as follows,

E 2Gv A

Substitution of (2.23) into (2.22a) and (2.22b) yields
0%u 1 0% 1-2v 9*u 1 0%

— — = 2.24
022 T 1=u dz0y * 21 —-v)oy?> 3 ot2’ (2242)
0% 1 0% 1-2v 0% 10%
— — = =—. 2.24b
02 T _vozoy T 21 -_v)o2 2o (2.24b)
If conditions of plane strain hold in zy plane, equation (2.11) reduces to
_ 9 =7 _ , 2.25
4= e + oy’ Y oy Ox (2.25)
and the potentials ¢ and 1, satisfy 2D wave equations
%o ¢ 10%
cr,Zr__-_ZrF 2.26
02 T a2 T 2o (2.26a)
2 2 2

or2  oyr o2
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We seek solution of the wave equations (2.26a)-(2.26b) in the form
p =0y, = i (y)e ), (2.27)

where w is the frequency and k is the wave number. These solutions represent traveling waves
in the x direction and standing waves in the y direction. Having substituted the assumed

solutions (2.27) back into displacement representation (2.25), we obtain

v\ |
u = 2<k D + dy) eilkz=wt) (2.28a)
i) .
v:=<2y¢kw>amﬁwﬂ. (2.28b)

Substituting the solutions (2.27) into (2.26a)-(2.26b) results in the following Helmholtz
equations for ® and ¥
A\
dy?

d*®
— 4+ a?d =0,

i + 3%V = 0. (2.29)

where the longitudal and transverse wave numbers, «, 3, are
o? =w?/cE — k2, 6% =w?/ck — k2
The solutions of equations (2.29) are obtained as

®(y) = A sin ay + B cos ay, (2.30a)

U(y) = C sin By + D cos By. (2.30D)

Substitution of these solutions into the equations (2.27) and (2.28a)-(2.28b) results in the

following potentials and displacements:

¢ = (A sin ay + B cos ay)e'*F*=wt), (2.31a)
¥, = i(C sin By + D cos ﬂy)ei(kx*”t), (2.31b)
u = i[k(A sin ay + B cos ay) + 3(C cos By — D sin ﬂy)]e"(kxﬂ’t), (2.31c)

v = [a(A cos ay — B sin ay) — i k(C sin By + D cos ﬁy)]ei(kz_“’t). (2.31d)
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The stress components can be obtained by rewriting (2.21a)-(2.21c) as

Oou  Ov v
o= 2 (S 2V 9,20 2.32
Oze = (A + M)<8x+ay) 3y (2.32a)
ou Ov ou
oyy = (A+2p) <8:r + 8y> BRLETS (2.32b)
ou Ov
O'xy = /L(ay + &E) . (2320)
In terms of potentials ¢ and 1, the stresses are
% | 0% e 0.
=42 (L L2 oy (LF : 9.
7 A+ N)<8x2 + 8y2> M(@yz 3x8y> (2:332)
% Py P | P
Fo Y. 0P,
= 2 — . 2.
Tay M( dz0y * oy?  0x? ) (2:33¢)

Substituting the resulting potentials (2.31a)- (2.31b) into (2.33a)-(2.33c) yields the following

O = p|[20°% — K2(k? + o®)](A sin ay 4+ B cos ay) — 2kB(C cos By — D sin ﬂy)} gilkz—wt)
(2.34a)

Oyy =

[2k% — k2(k* + o®)](A sin ay + B cos ay) + 2k3(C cos By — D sin By)] ethz—wt)
(2.34b)

0wy = ipt|20k(A cos ay — B sin ay) — 2(8% — k*)(C sin By + D cos ﬁy)} eilke=wt) (2 34c)

where
2 2 2(1 — 4
52:%:A+u:( v) 4
c I 1-2v 3

We will omit the term e!**=«%) in the sequel because the exponential appears in all of the
expressions and does not influence the determination of the frequency equation.
2.4.2 Symmetric and Antisymmetric Modes

Solution of the boundary-value problem for plates become simpler if we split the problem

using symmetry. Thus, for u in the yz plane the motion is symmetric (antisymmetric) with
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respect to y = 0 if u contains cosines(sines); for v it is vice versa. By inspection of equations
(2.31a)- (2.31d), (2.34a)- (2.34c) we notice that the modes of wave propagation in a thin plate
may be separated into two systems of symmetric and antisymmetric modes respectively:

SYMMETRIC MODES:

® = B cos ay, ¥ = C sin Sy, (2.35a)
u= i[k‘B cos ay + BC cos ﬁy], (2.35D)
v = —Basin ay + Ck sin By, (2.35¢)
Oue = p[[20% — K*(k* 4+ o*)]B cos ay — 2kBC cos By, (2.35d)
oyy = 1[[2k% — K2(K* + o?)| B cos ay + 2kBC cos By, (2.35€)
Opy = —ipL [QakB sin ay + (8% — k?)C sin ﬁy], (2.35f)

ANTISYMMETRIC MODES:

® = A sin ay, ¥ = D cos By, (2.36a)
u= i[kA sin ay — BD sin ﬁy], (2.36D)
v = Aacos ay + Dk cos By, (2.36¢)
Oze = p[[20% — K*(k* 4+ o*)]A sin ay + 2k3D sin By], (2.36d)
oyy = p[[2k* — K*(k* 4+ )] A sin ay — 2kBD sin By], (2.36e)
Ozy = ip[20k A cos ay — (3% — k%D cos By]. (2.36f)

The frequency equation can be obtained from the boundary conditions. If we consider
the case of waves in a plate of thickness 2h having traction free boundaries, the boundary

conditions are:

Oyy = Ogy = 02y = 0, aty = +h (2.37)

where 0, = 0 is satisfied identically.

Consider first the case of symmetric waves. Symmetric displacements and stresses are
given by (2.35b)- (2.35f). Substitution of equations (2.35¢)- (2.35f) into (2.37) yields the

following system of two homogeneous equations for the constants B and C:
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k? — %) cos ah 2k 3 cos Bh B 0
( ) . = . (2.38)
F2ika sin ah  F(k* — 3%) sin Bh C 0

Since the system of equations (2.38) is homogeneous, the determinant of the coefficients

has to vanish, which results in the frequency equation. Thus
(k* — 8%)?2 cos ah sin ah + 4k*af sin ah cos fh = 0, (2.39)

or the determinant can be written as

tan Bh 4k2ap
tan ah (k2 — 322 (2:40)

Equation (2.40) is known as the Rayleigh-Lamb frequency equation for symmetric waves in a

plate.

Similarly, for antisymmetric modes displacements and stresses are given by (2.36b)-
(2.36f). Substituting (2.36d) and (2.36f) into (2.37) the following system for constants A

and D is obtained:

+[(k* — 8%) A sin ah — 23k D sin Bh] =0, (2.41a)

2ka A cos ah — (k* — 3%) D cos h = 0. (2.41Db)

which gives the Rayleigh-Lamb frequency equation for the propagation of antisymmetric waves

i a plate

tan Sh B (k? — 32)2
tan ah 4k2a3

(2.42)

2.5 Engineering Theories for Beams and Rods

In this section, we discuss several fundamental beam theories used in engineering practice.
The development and analysis of four beam models were presented by Han et al. in [34]. They
are the Euler-Bernoulli, Rayleigh, shear, and Timoshenko models for transverse motion. In
this paper beam models were obtained using Hamilton’s variational principle, whereas here

the theories are derived using force balance which will be presented below.
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Consider a long elastic uniform beam (or thin rod) in Cartesian coordinates where coor-
dinate x parallels the axis of the beam (rod). The thickness and width of the beam (rod) are
small compared with the overall length of the beam. Let the beam (rod) of cross-sectional
area A be comprised of material of mass density p and elastic modulus . We assume that

the arbitrary cross-sectional area of the beam (rod) remains plane after deformation.

2.5.1 Compressional Waves in Thin Rods

In compressional wave motions the longitudinal displacement is the dominant component.
Let a thin rod be under a dynamically varying stress field o(x,t) and be subjected to the
externally applied distributed axial force f(z,t). For 1D stress o and axial strain e are related

by Hooke’s law

o= Fe, (2.43)
where € is defined by
ou
= —. 2.44
€= o (2.44)

By writing the equation of motion for an element of rod, we obtain

0o 0%u
— =p . 2.45
0z ti=r ot? ( )
Substitution of (2.43) and (2.44) into (2.45) yields
0%u 0%u
E— =p—=- 2.4
Ox? = ot? (2.46)
In the absence of the distributed loads (f=0) (2.46) reduces to
?u 1 0%
- 2.47
ox? & o2’ (247)
where
E
2
== 2.48
b= (2.48)

¢y is referred to as bar velocity.

Seeking the solution of the form

u = Ceilke=wt) (2.49)

)
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(x,t)
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;j (x,t)

Figure 2.2: Beam with distributed transverse force and body couples

we obtain the following relation

w? = k2, (2.50)

or

w = tepk, (2.51)

where w is the frequency, k is the wave number.

Equation (2.51) predicts that compressional waves are not dispersive [16].

2.5.2 Bending and Flexural Waves in Elastic Beams

In this section we will examine how the alteration occurs between classical and refined beam
theories, in particular, we will analyze the leading order correction to beam theory. The
development is conducted in the context of the three fundamental beam theories used in
engineering practice, beginning with the Euler-Bernoulli theory, then followed by Rayleigh

and Timoshenko theories.

Consider a long beam that is loaded by normal and transverse shear stress over its up-
per and lower surfaces shown in Figure 2.2. The external forces may be expressed in terms
of distributed transverse loads ¢(x,t) and distributed body couples n(x,t). Let the z-axis
coincide with the centroid of the beam in the rest configuration. According to the Kirch-
hoff kinematic assumption, straight lines normal to the mid-surface remain straight after
deformation; straight lines normal to the mid-surface remain normal to the mid-surface after

deformation; the thickness of the beam does not change during a deformation. Using the
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Kirchhoff assumption we have the following kinematical relations [35]:

Ug(x, 2,t) = u(z,t) — zp(x,t), wu.(z,2,t) =w(x,t), (2.52)

where ¢ is the in-plane rotation of the cross-section of the beam, u,(z,z,t) and u,(z, z,t)
are the axial and transverse displacements of the particle originally located at the indicated
coordinates, u(z,t) and w(z,t), respectively, corresponding to displacements of the particle
on the neutral surface z = 0.

Utilizing the geometric relation

Ouy

€oa = 5" (2.53)
the strain distribution is found in the form
€za(x, 2,1) = €(x,t) — zK(x, 1), (2.54)
where
e(z,t) = %, k(z,t) = g—i, (2.55)

are correspondingly the axial strain of the neutral surface and the curvature of the neutral
axis of the beam at .

The stress-strain relation is
Opa(x,2,t) = E €r0(x, 2, 1). (2.56)
The bending moment acting on cross section x is

2
M(z,t) = / Oon(, 2,t)2dA = —Elk(z,t) = —El%z’t). (2.57)
A d.’L‘

The shear force acting on cross-section is

V(s t) = /A (@, 2, 1)dA, (2.58)

where 7(z, z,t) is the shear stress. Writing the equation of motion in the transverse direction,

we obtain
2
—V(x,t)+ <V($, t)+ g‘;d:n) + q(z,t)de = pAd:EaaTzu, (2.59)
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where g(z,t) is the distributed transverse force. This reduces to

ov 0w

Summing moments about an axis perpendicular to the xz-plane and passing through the
center of the beam element, we have

o)
ox

ov

1 1 2
w>+2vw+<v+¢m>m:Ja¢

2 (2.61)

M- (M
n(z,t) de + < + 2 B

where J is the polar inertia of the element, and 7 is the body couple. For an element of
length dx and having a cross-sectional-area moment of inertia about the moment of neutral
axis of I, we have that

J = pldr = I,dz, (2.62)

where I, = pl is called the rotary inertia of the beam.

Substitution of (2.62) into (2.61) results in

_ oM

2
oM 0

e i n(z,t). (2.63)

Introducing (2.63) into (2.60) and incorporating equations (2.55) and (2.57) yields the

following equation expressed in terms of the transverse displacement w and in-plane rotation

¥
0? Jp Pw 0 . 0y

Each term in equation (2.64) represents a different physical characteristic of beam behavior.
If rotary effects are neglected, the third term on the right hand side of equation (2.64) is zero.

This case is shown in detail in the following section.

Euler-Bernoulli Beam Theory

In this model, the effects of rotary inertia are neglected compared with those of the linear
inertia. The deformations associated with transverse shear are also neglected. It is assumed
that the dominant displacement component is parallel to the plane of symmetry so the dis-

placement v in the y direction is zero, and that the deflections are small and w = w(z,1).
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Thus we have
ow

1) = — 2.65
pla,t) = o, (2.65)
Substituting equation (2.65) into (2.64) and setting the rotation inertia I, = 0, yields

0? 0w 0w on

— | PI— A——F5 = t) — —. 2.66

022 ( 8&72> FrAGE =@ =5 (2:66)

Equation (2.66) is referred to as the Euler-Bernoulli beam equation. Equation (2.66) in the

absence of body couples and external loadings can be modified into the form

w1 0%w
—+ 55 =0 2.67
ot T RoE (2.67)
where
EI
V= 2.
A (2.68)
By considering a harmonic waves of the form:
w = C e'hr=wt), (2.69)
where k-wavenumber, w-frequency, we find
2
w
Kt — 7 =0 (2.70)
or
w? = b2k, (2.71)
which yields
w = +bk2. (2.72)
Let us define the phase speed c:
w
= _ 2.73
=", (273)
and the group speed cg:
Ow
= —. 2.74
Cg Ok ( )

Using relationship w = k ¢ and a propagating wave of the form (2.69), we obtain

c = +bk, cg = 2c. (2.75)
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Thus the phase and the group velocity are proportional to the wavenumber which suggests

that (2.75) cannot be correct for large wave numbers [16].

Let us introduce the non-dimensional parameters,

h
0=""" c—kh, (2.76)
C2

where €2 and £ are non-dimensional frequency and wavenumber, respectively, 2h is the thick-
ness of the beam, ¢y is transverse wave speed defined by (2.15). Introducing non-dimensional

parameters (2.76) into (2.71) and incorporating (2.23), we obtain

02 =a&t, (2.77)
where
g = 20ty (2.78)
ko

ko is a non-dimensional parameter defined as:

2
ky = ATh. (2.79)

Rayleigh Beam Theory

This model incorporates the rotary inertia into the model for Euler-Bernoulli beam theory.
We derive the equation of motion for Rayleigh beams based on assumptions of Euler-Bernoulli
theory but by including the effects of rotary inertia. Preserving the rotary inertia I, in (2.64)

and incorporating equation (2.65), we obtain the equation of motion for Rayleigh beams as

35], [1]

0? 0%w Pw 0 Pw an

9 (prd) g palw O 0w _a 2,
8x2< a:@) TG ol gger — 10— g, (2:80)

Considering free vibrations of Rayleigh beams we neglect terms on the right-hand side of

equation (2.80)
Otw N i(’?zw 1 Otw
ozt b2 02 ¢ 0x?0t?

=0, (2.81)

where b is defined by (2.68) and ¢, by (2.48).
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We seek solutions of the form (2.69). Plugging (2.69) into (2.81) results in the following

characteristic equation

2 2.2
4 W wk
which gives following dispersion relation
k4b?
2
W= —— (2.83)
1+ EF
b
or
k%b
w=t——m= (2.84)

1+ EE
b
Introducing non-dimensional frequency and wavenumber parameters by (2.76) into (2.83)

and incorporating (2.23), we obtain
QZ

a _e4 O, Q. Qg
= 05 gt Lo G a0y 2.85
I+ 2 BT T (25

where the non-dimensional parameters @ and ks are defined by (2.78) and (2.79) and

kb 3
c=+—v-—ru cg:2c—c

252 ) 2"
1+ B S
S

(2.86)

Timoshenko Beam Theory

Beams whose description include both shear correction and rotary inertia are referred to as
Timoshenko Beams. This model [2] includes shear deformation to the basic beam theories
discussed above. Let’s consider the transverse shear stress o, = 7(x, z,t), acting on a cross
section and associated shear strain €,.(z, 2,t) = 17v,.(z, 2,1).

The stress-strain relation for shear is
T(z,2,t) = 2Gezz(x, 2,1) = Gyps(z, 2, 1), (2.87)

where G is the shear modulus.

We define the shear angle for a beam as [35]:

1
v(x,t) = M/Afym(x,z,t)d/l, (2.88)
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where k is a 7 shape factor” and is known as the Timoshenko Shear Coefficient. Substitution

of equation (2.87) and (2.88) into equation (2.58) yields
Vix,t) = ksy(x,t), (2.89)

where

ky = k1 AG (2.90)

is the shear stiffness of the beam.
The slope of the centroidal axis is considered to be made up of two contributions. The

first is ¢, due to bending. An additional contribution v due to shear is included. Thus

ow

e = oz, t) +v(x,t), (2.91)

substitution of which into (2.89) results in

v(z,t) = e (z,t) = Fa(@) (2.92)

Ow 0 V} (2.93)

N O I ) § L
oz (@, )} {83:2 oz ks
Substitution of equations (2.89), (2.92), (2.93) into (2.60) and (2.63) results in the governing

equations for the Timoshenko beams

P ) ow
8t2 + GAkla [ (x,t) — 83:} = q(x,1), (2.94)
0% ow 02
1,55 — GAky [a — oz, t)] EI af = n(z, 1). (2.95)

Since there two degree of freedom this set of equations describes two wave modes. The
equations of motion (2.94), (2.95) can be simplified to a single equation. From (2.95) it

follows that

2
Ow o O (2.96)

GAk, [6 go(x,t)} =n(z,t) + EI8 TR

From (2.94) we have
dp _ q(z,1) 0w P 0w
Or  GAky  0x2  Gky 02

(2.97)
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Substituting equation (2.96) into (2.94) and incorporating equation (2.97) gives a single

equation of motion in terms of flexural deflection w

pA(‘?Qw Ip &*w < +E1p> 0*w 0*w
— e

92 T 5 G or G ) 9r20 9

on 1, 0%¢ FEI 0%q
—qle )= e 2204 2.
L el T R L (2.98)

where k; is defined by (2.90). Equation (2.98) is known as the Timoshenko Beam Equation.

Let us study propagation of harmonic waves in infinite Timoshenko beams. There are
two approaches. In the first approach, we consider the single equation (2.98). Assuming that
beam has traction free boundaries, we neglect terms on the right-hand side of the equation

(2.98), which is simplified as:

Fw, Ip Sw I, E) Ow  El0w_, (2.99)
o2 kGA ot A kG ) 0z20t2 ~ pA 0zt '
Seeking a harmonic wave solution of the form (2.69) results
EI , I E Ip
— k- = (14— )W - WP t=o0. 2.1
A A<+k1G> w w+leAw 0 (2.100)

Using the identity w = kc in above equation, the dispersion equation is obtained in the

following form

EI I E Ip
ity L O T | A oo kit = 0. 2.101
A A( +k1G> CtmGat ¢ (2.101)

In the second approach considering equations (2.94) and (2.95) directly, with ¢(x,t) = 0 and

n(x,t) = 0, we assume solutions of the form

w= Byl = By eilkrmet), (2.102)

which leads to
(GAk1k* — pAw?)By +iG Ak1kBy = 0, (2.103a)
iGAk1kBy — (GAky + EIk* — plw?)By = 0. (2.103b)

Equating the determinant of coefficients By, B2 to zero in the above system yields the the

frequency equation

(GAk1K? — pAw?)(GAky + EIK* — plw?) — G2 A%KIK? = 0, (2.104)
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which can be simplified to the form (2.100).

Let us modify the frequency equation (2.100) dividing it by kfﬁ? thus

E*=o0. (2.105)

Ip p

Introducing non-dimensional frequency and wavenumber parameters by (2.76) into (2.105)

leads to

¢t=o. (2.106)

%ﬁ_(ﬁﬁ kluA+k1u+E§ +E,uk1
M2 Rh2p\ Ip o N2 p2h?

Dividing the last equation by % and introducing the non-dimensional parameter ko by

(2.79), we can write it as
O — Q% (kika + (k1 +2(1 +v))€) +2(1 + v)ki1&* = 0, (2.107)

which yields roots

0 _ kiks + (kq 22(1 + y))§2 N \/<k1k2 + (k1 —;2(1 + l/))52>2 —2(1 4 v)ki€4. (2.108)

Let’s consider now a smaller root, namely (0, 0) root which yields zero frequency €2 = 0 when

& =0, and rewrite it as follows:

Q2 _klkg 1 (kl —|—2(1—|—I/))£2
2 k1ko
(1 20 4 )€ 24204kt
k1 ks k2 k2
ik
:% [1+ a2 — V(1 — a162)2 — anél], (2.109)
where
1 a 4@
— = 2.110
ay 2 kle’ ( )
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and @ was introduced by (2.78). Assuming { << 1 and expanding the square root in expres-

sion (2.108) into a Taylor series about £ = 0, we obtain

0 — ai(ay — az) + a3

kf? {1 +a18” - [1 +aré® - %54 +

(a%(a14— az) 45a1>§8 n O(flO)] }
k:lkg ai(ay — ag) + a3 a?(ay —az)  45a}
5 { 64 5 1€6+ < 1 T o 641>€8+O(€10):|}

_af4+<k1+k2a>{WM§6+(“‘1‘“2)‘“ 45“1)58 <§1°>}- (2.112)

€0+ (2.111)

2 4

Plot of Q/ & vs. wave number &
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Figure 2.3: Plot of phase speed ©/¢ vs. wave number & for 0 < ¢ <1
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Plot of Q/ & vs. wave number &
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Figure 2.4: Plot of phase speed /¢ vs. wave number & for 0 < ¢ < 6
Let us rewrite the dispersion relations for the above considered beam models in the form:

0?2 =a&*,  Euler-Bernoulli model, (2.113)
0% =a {54 — k10 k28 — R3¢0 0(512)}, Rayleigh model (2.114)
0 —a {54 + <kl + k2> [(‘” — ) g

a

2
n (a1 — a2)ay B 45a3
4 64

)58 + 0(510)} }, Timoshenko model. (2.115)

Comparing the results obtained for Euler-Bernoulli (2.77), Rayleigh (2.85) and Timo-
shenko beams (2.111), it can be noticed that the leading term a&* is the same for all consid-
ered models. Starting from the second term the results are different. Thus the second term

in the Timoshenko model differs from the Rayleigh model by — (ki + k2a)(a1 — a2)/2 times,

3
the third term fluctuates (k1 + koa) (W - 4221 > k2 times.
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Dispersion relations in bar with rectangular cross section are shown in Figures 2.3-2.5 for
phase velocity. For a solid rectangular cross section with thickness 2h the form factor kp is

defined as [36]
10(1 +v)

b= —
' 11w

(2.116)

4.5

3.5

o
(6)]
T

Figure 2.5: Plot of relative diffenrence between the models, v = 0.29, ky = 3. Curve 1’
corresponds to the relative difference of phase velocities for Timoshenko and Euler-Bernoulli
beams, curve '2’ corresponds to the relative difference of phase velocities for Timoshenko and
Rayleigh models

Calculations are performed on Matlab for Poisson’s ratio v = 0.29 and the nondimen-
tional parameter ko = 3. The program code is attached in Appendix 2. The dependence
of phase speed /¢ on wave number ¢ for Euler-Bernoulli, Rayleigh and Timoshenko beams
correspodingly for 0 < £ < 1 is given in Figure 2.3, for 0 < £ < 6 in Figure 2.4. As can
be seen from the obtained results, the Euler-Bernoulli model gives accurate results only for

small values of wave number £. For 0 < £ < 0.2 the results coincide and all three models
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are in agreement. As £ is increased the results become less accurate. It can be noticed from
Figure 2.3 that for & > 0.2 the curve corresponding to Timoshenko beam starts deviating
from the rest. For £ > 0.3 the graph for Rayleigh beam also starts departing from one Euler-
Bernoulli beam. However, the curves for the Timoshenko beam diverge from the plots for the
Fuler-Bernoulli beam much more than the ones for the Rayleigh beam. Figure 2.4 shows that
Euler-Bernoulli theory gives unbounded phase velocity, whereas Timoshenko and Rayleigh
models give a bounded phase speed. However the Rayleigh model gives a high phase speed.

Figure 2.5 compares the relative difference of phase velocities for the three models. It
again shows that all three models yield accurate results for 0 < & < 0.2. The difference
for Timoshenko and Rayleigh models approaches some asymptote with increase of £. It can
be noticed that the deviation between results for Timoshenko and Euler-Bernoulli beams is
increasing as £ is enlarging. This can be explained by looking at dispersion relations (2.113)-
(2.115), the expansion of frequency to some order of wave number. Euler-Bernoulli model
only gives one term in series expansion, whereas Timoshenko model gives more terms in
series expansion, leading to more accurate results. When £ > 1 the influence of coefficients
of higher order wave numbers increases, leading to the deviation of results. As we expected
the Euler-Bernoulli model works only for low frequency processes, for small wave numbers,

whereas Timoshenko Theory can be applied for high frequency processes.



30

Chapter 3

The Rayleigh-Lamb Wave Equations

3.1 Introduction

Recall the frequency equations derived in the preceding chapter: the equation (2.40) for

symmetric waves,

tan(Bh) 4o Bk? (3.1)

tan(ah) (k2 — [32)2’ '
and (2.42) for antisymmetric waves:

t h k2 — 3%)?

tan(ah) 4aBk?
where o? = w?/ c% — k% 32 =w?/ c% — k?, w is the frequency, k is the wavenumber, thickness
is 2h, speeds are c1, c2, with I =k where K? = 21(1__25) > %.

The Rayleigh-Lamb wave equations state the dispersion relations between the frequencies
and the wave numbers. They yield an infinite number of branches for an infinite number
of symmetric and antisymmetric modes. The symmetric modes are referred to as the lon-
gitudinal modes because the average displacement over the thickness is in the longitudinal
direction. The antisymmetric modes are generally termed the flezural modes since the average
displacement is in the transverse direction.

Despite deceptively simple apperance of the Rayleigh-Lamb wave equations it is impossible
to obtain analytical expressions for the branches. Even though these equations were derived
at the end of 19*" century, a complete understanding of the frequency spectrum including
higher modes and complex branches has been ascertained only comparatively recently, which
became available with the development of computer software, and was shown in detail by
Mindlin [13]. Nowadays, the root of the transcendental equations (3.1) and (3.2) can be

obtained numerically using available software and programing codes.
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Next, a new way to consider the Rayleigh-Lamb equations and find expansion to any

order, in principle, is proposed.

3.2 Non Dimensional Equations

Let us introduce non-dimensional frequency and wavenumber parameters,

Q=" c_m,

C2

and let
z= (02— 52)1/2 y= (022 - 52)1/2

(3.3)

(3.4)

then substitution of these non-dimensional parameters into the frequency equations (3.1) and

(3.2) yields

4xyc? tan x .
=0, for symmetric waves,
(§? —a?)*  tany

4xyc? n tany _
(€2 —22)?2  tanw

0, for antisymmetric waves.

(3.5a)

(3.5b)

Multiplying (3.38a) by (£2 — 22)2 coszsiny and (3.5b) by (£2 — 22)2 cos y sin z, we obtain

the following equations

(€2 — 2%)%sinx cosy + dxyé? coszsiny = 0,

(€% — 2*)?siny cos x + dayé? cosysinx = 0.

1

Let us now multiply last system of equations by z~'y~!, so that we have

(€2 — x*)2x Y sinz cosy + 4y*€%y L siny cosz = 0,

(€2 — 232y Lsiny cosz + 42?€%x L sinx cosy = 0,
which can be modified as

(€2 — 22)2f(z,y) + 4% f(y,x) = 0, for symmetric waves,

(€2 — 222 f(y, ) + 422€% f(x,) = 0, for antisymmetric waves.

(3.10)

(3.11)



where
f(p,q) =p *sinpcosgq.

Expanding sin and cos in equation (3.12), we obtain

2 4 2 4
P p ¢ q
—a-E24P L oya-LiyLy o
fe)=(0-F+ggt - )l-F+gg+)
2 2 4 4 2 2
R N S S

6 2 120 24 1

Notice that f is even in p and q.

3.3 Symmetric Modes in Plates
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(3.12)

(3.13)

Now let us assume that the non-dimensional frequency €2 can be expanded into series expan-

sion though wavenumber ¢ in the form
O = U1+ Up* + Us® + Uy + U5 .
Let us rewrite equation (3.10) in the following form:
F(Q,8,2,y) =0,

where

F( € x,y) = (€% — 22 fz,y) + 42 f(y, 2).

Substitution of expansion (3.14) into (3.4) and then into (3.15) yields
F(Q,6) =0,

where
F(Q,6) = S162 4 Soe* 4 G360 4+ 5468 + 55610 4.,
S1=S51(v,U1), Sz = S2(v,U1,Us),

Sz = S3(v,U1,Us,Us), ..., S = Sp(v,Ui,...Uy).

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Equation (3.24) was solved numerically on Maple 12 using the iteration method by equat-

ing each of the coefficients Sy, k = 1,7 to zero in each step. It was noticed that S; is a linear
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function of Uy, S5 is a linear function of Us but nonlinear function of U; and so on, Sj is

a linear function of U but is nonlinear in terms of Uy, Us,...Ug_1, which leads us to find

a unique solution Uy, Us,...Uk_1. Thus first U;(v) was obtained from S;=0, then U; was

substituted into S2 and Us(v) was calculated and so on. Continuing this procedure leads to

the following solution:

2 212 212 (Tv2 + 10v — 6)

LA T F R E A 5. 1—-vp

b, = 2 (6201 4+ 2940° — 2707 — 168y + 51)
T 945 (1 — v)7 ’

oo 2 v? - (38100 + 38520° 4 3750 — 53741° — 5541% + 1524v — 310)
o 14175 - (1 — v)? ’

202

Us = — - (4146 — 27104 + 239190 + 14553003 + 2535491 —

6= 167775 (1 =o)L v vt v v
— 10744805 + 2385671° 4 8965017 + 51100/°),
and so on.

Substituting the obtained solutions into (3.14) we obtain
o
QQ —_ Z £2nUn>
n=1

where U,, has the form:

(=1)@n=D . on . (p — 1)1 12

Un = (2n — 1)I(1 — )21

and B,, are polynomials of order (2n —4) in v

By =-1/1% By=1, By=(-T*—10v+6)/3,

By = (620 4 29403 — 270 — 168v + 51) /9,

Bs = (—38105 — 385205 — 37500 + 537413 + 55402 — 1524 + 310)/(3 - 5),
Bs = (51100/° 4 8965007 + 23856705 — 1074481/°

— 2535490 + 1455300° 4 2391902 — 27104v + 4146) /(3% - 5),

and so on.

(3.19)

(3.20)

Calculations were performed on Maple 12. The program code is gived in Appendix 2.1.
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3.4 Antisymmetric Modes in Plates

For the antisymmetric case we assume that the frequency is expressed by the expansion

0 = Wig% + Wak" + Wag® + W™ + Wsg™ + Weg'? + Wre't + Wag !0+ Woe'® + W06 + ...

(3.21)
We then rewrite equation (3.11) in the following form:
P (.6 3,y) =0, (3.22)
where
Fi(9Q,&2,y) = (€ — 2°)° f(y,2) + 42 f (2, ). (3.23)

After substituting series expansion (3.21) into equation (3.15) and incorporating equation

(3.4), we obtain the following equation

where

FI(Q,6) = G1E% 4 Gob* + G36% + Gu€® + G560 + .., (3.25)
G1 = Gi(v,W1), G2 = Ga(v, W1, W),
G3 = G3(V, Wl, WQ, W3), ce ,Gn = Gn(lj, Wl, e Wn)

Equation (3.24) was solved numerically on Maple 12 by the iteration method described

in detail in the previous section and the following solution was obtained:

2 2. (v —17 2 - (6202 — 418v + 489
Wi=0 We=—a0—3y Ws= 45F(,,_1)3? Wy = -2 045 - (v — 1) .
e = 2 (38103 — 499502 + 146131 — 11189)
14175 - (v — 1)4 ’
W — 2 (51100 — 110090 + 5842571 — 1059940 + 602410);

467775 - (v — 1)°
2
W = Gass12875 - (v—1)6

- (—1404361931 + 3109098177y — 23868102761/ (3.26)

+ 7549823901° — 905721341 + 28289541/°);
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Figure 3.1: Plot of W,, vs Poisson’s ratio v forn =1,2,3,4,5

2

We = —
8 1915538625 - (v — 1)

-(34402200° — 1531089000° + 1840593186*

— 88685470401°196077846691% — 198490388021 + 7437643415);

2
488462349375 - (v — 1)8(

Wy 35555471707 — 2097837836315 + 3433931563171°

— 2332360918791v + 7695401450679 — 129786927363411 + 107247542080551/

— 3433209020623),

2

Wio = —
107 T 194896477400625 - (v — 1)°

(574969155700° — 434105068379017 + 92811983812139,/°

— 8434352863591321° + 38566751795829191* — 95575443877716381°

+ 129779296657253131% — 9051135401463140v + 2528890541707756)

and so on.

Figure 3.1 and Figure 3.2 show the dependence of W, on Poisson’s ratio v. It can be
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Figure 3.2: Plot of W,, vs Poisson’s ratio v for n =6,7,8,9,10

noticed that plots of W, for n = 2k, k£ = 1,2,3... are monotonically increasing and for
n=2k+1, k=1,2,3... are monotonically decreasing as Poisson’s ratio v is enlarging, except
W7 which remains constant: W7 = 0.

Plugging obtained above solutions (3.26) into equation (3.21) will result in following ex-

pression for 02

07 =>"&"W,, (3.27)
n=1
where W,, has the form
(_1)n . 2n+5 (_1>n X Zn
g D,=—2“".p. 2
W = Gt =y (=)t (3:28)
Z, has the form
2n+5

Ly = (3.29)




1.6~ T T T T
~ *
\\ : : : ___D1:O
TAL TN .
. S o : : D2:2/3
~
S o e D*
1.2 R OR 3
\\ «
~\~\ D4
1t ThE. ST .
NNN ___DS
c \~~
*n 0.8 R R
o o oy - - N\
— —_—— p——
0.6f T Tt
Q| o T
0.2F N
0 -y 1 - 1
0 0.1 0.2 0.3 04 0.5

Figure 3.3: Plot of D} = D,, *x Z,, versus Poisson’s ratio v for 6 <n < 10

and D,, are polynomials of order (n — 2) in v:

D1 =0; Dy=1/8 D3=(-Tv+17)/8; Dy= (620> — 418v + 489)/6;

D5 = (—3811° 4 499502 — 14613v + 11189) /2;

Dg = 51100* — 11009013 + 58425712 — 1059940v + 602410;

D7 = (—28289541° 4 905721340 — 75498239003 + 23868102761/
— 31090981771 + 1404361931) /15;

Dg = 917392005 — 4082904000° + 49082484961 — 7094837632013 /3
+ 5228742578417 — 1587923104161//3 + 59501147320/3;

Dy = (284443773607 + 16782703490415 — 27471452505361° + 186588873503281/4
— 615632116054320° 4 1038295418907281% — 17159606732888 - 51/

+ 27465672164984) /5,

37

(3.30)

Dio = (9199506491200° — 6945681094064007 4 14849917409942241/° — 4498321527248704

- 305 4+ 617068028733267041* — 1529207102043462081° + 69215624883868336 - 1/

— 144818166423410240v + 40462248667324096) /21.
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Figure 3.4: Plot of D} = D,, x Z,, versus Poisson’s ratio v for 6 <n < 10

D, can be expressed in terms of (1 — v) in the following form:

31

7 5
Di=0;  Dy=1/8 Dz=o(l—v)+; D4:§(1—1/)2+49(1

47
381 , ,
=—(1—-v)"+1926(1 — v)” + 2883(1 — v) + 595;

Ds 5

—v)+

Dg = 5110(1 — v)* 4 89650(1 — v)3 + 284647(1 — v)? + 201256(1 — v) + 21747;

2828954 25475788
=g (1—V)5+T(1—V)4+

| 127401274 (107 252281029
3 15
Dg = 9173920(1 — v)® + 353246880(1 — v)® + 3004405296(1 — v)*

+ 23747671168 4973128160
3

140327798
S

(1 — v) + 988988;

(1-v)°

(1 —v)3 + 6843245240(1 — v)? +

3 (1-v)+

3

38

133

6

)

(3.31)

150133984

9
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Figure 3.5: Plot of frequency € vs wave number &, v = 0.25. The Curve 1’ corresponds to
keeping the first term in series expansion (3.21), the curve ’2’ corresponds to keeping the first
and the second terms, the curve ’3’ corresponds to keeping the first, the second and the third
terms and so on, the curve '10’ corresponds to keeping the first ten terms.

147915970752 1799916233568

28444
9 = W(l —I/)7+ f(l —l/)6+ f(l - V)5
4101130044 451002144
+ W(l — )t 4 2228425866432(1 — v)° + W(l —v)?
941710405376
+ R (1 )+ 2138696560,

Dio = (919950649120(1 — v/)® + 20699068582560 - 3(1 — v)7 4 1024552682585104(1 — v/)°
+ 5992089929183488(1 — v/)® + 14140264242025504(1 — v)* 4+ 1960397265026816
S7(1 — v)3 + 716851023485824 - 7(1 — v)? + 71863824869824 - 7(1 — v)

— 208590934864 - 7)/21.

Evaluation of the coefficients W,, and D,, was performed on Maple 12, program code is

attached in Appendix 1. As can be seen from last expressions for D,s all coefficients of
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Figure 3.6: Plot of phase speed Q/¢ versus wave number &, v = 0.25. Curve '1’ corresponds
to keeping the first term in series expansion (3.21), the curve "2’ corresponds to keeping the
first and the second term, the curve ’3’ corresponds to keeping the first, the second and the

third terms and so on, the curve 10’ corresponds to keeping the first ten terms.

(1 —v)*, (k=0,1,2,3...) terms became positive except the expression for Dyg for k = 0.

The graphs of D} = D,, x Z,, versus Poisson’s ratio v are given correspondingly for n = 1,5

in Figure 3.3 and for n = 6,10 in Figure 3.4 , where Z,s are defined by (3.28).
The plots of frequency Q versus wave number £ are calculated by (3.21) and given in
Figures 3.5 for v = 0.25. The dependence of phase speed /¢ on wave number ¢ is shown

in Figures 3.6 for v = 0.25. It can be noticed from plots given in Figures 3.5 and 3.6 that

series expansion (3.21) gives accurate results only for small values of £. As £ increases result

become less accurate.
The group velocity ¢, by definition is [15]:
(3.32)

Cg: 8§



41

Plot of 0 Q/ 0 € vs. wave number &

0Q/0¢

S0

Figure 3.7: Plot of group speed 9€/9¢ versus wave number &, v = 0.25. Curve '1’ corresponds
to keeping the first term in series expansion (3.21), the curve "2’ corresponds to keeping the
first and the second term, the curve ’3’ corresponds to keeping the first, the second and the
third terms and so on, the curve 10’ corresponds to keeping the first ten terms.

Using the chain rule, we have

002 o0
r 296—5 (3.33)
and
002 o o QN
— =20——= = ——. .34
o7 ~ *Voc o ~ ¢ o (334
Thus the group velocity is obtained as:
_o0 G _com 5.35
9T 9 T 20 T Qo :
or
2
¢y — 102 (3.36)

c g2’
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plot of Q vs. wave number
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Figure 3.8: Plot of frequency ) versus wave number &, symmetric modes, v = 0.25

where

00?2
o = IW1E + AW 4 6W3E® + 8W4E™ 4+ 10W58° + 12t

+ 1AW + 16Wee® + 18Woe!™ + 20W1p8 + . ... (3.37)

Figure 3.7 illustrates the group speed 0€2/0¢ in plate as function of wave number £ for

v = 0.25. The plots illustrated in Figure 3.1-3.7 were produced on Matlab.

3.5 Numerical Evaluation of the Roots of the Rayleigh-Lamb Equations
Recall again the Rayleigh-Lamb wave equations for plates in non-dimentional parametrs:

(€2 — 2®)%sinx cosy + 4wyt coszsiny = 0, for symmetric modes, (3.38a)

(€2 — 2?)%siny cos x + dxyé? cosysinz = 0, for antisymmetric modes. (3.38D)
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Figure 3.9: Plot of Frequency €2 versus wave number £, antisymmetric modes, v = 0.25

where

r= ()2 = (@2 a=“"

C2

As it was mentioned above it is not possible to find the roots of the transcendental equa-
tions (3.38a)-(3.38b) analytically, therefore to solve these equations a numerical method is
applied. The numerical evaluation of the roots of the transcendental equations (3.38a)-(3.38Db)
is performed on Matlab using the ”fzero” routine. The codes are attached in Appendix 2.
The plate is homogeneous, isotropic and elastic. Numerical analysis of real branches of fre-
quency spectrum in plate for symmetric and antisymmetric modes was conducted by Mindlin
[13]. Plots showing the frequency dependence on wave number are shown correspondingly
for symmetric mode propagation in Figure 3.8 after Mindlin. Dispersion curves correspond-
ing to real propagation constants for the antisymmetric mode are given in Figure 3.9, after

Mindlin [13]. The cutoff frequencies are taken as starting points for each branch. The cutoff
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Figure 3.10: Plot of frequency 2 vs wave number ¢ for the lowest mode. Comparison of

results for series expansion method and exact theory, n=1

frequencies can be obtained setting £ = 0 in the frequency equations (3.38a) - (3.38b). Thus,

setting £ = 0 in equation (3.38a), we have the following equation for symmetric modes

which can be separated into two equations

and

Q*sin(Q) cos(k1Q) =0, (3.39)
sin(2) = 0, (3.40)
cos(k1Q) = 0. (3.41)

Equations (3.40) and (3.41) specify two independent sets of cutoff frequencies. The cutoff

frequencies produced by equation (3.40) are independent of Poisson’s ratio v, some of them

are given

below:

0, w, 2w, 3w, 4w, 57, 67, 77, 87, 97, 107, 117, ...

(3.42)
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Figure 3.11: Plot of phase velocity €2/¢ vs wave number & for the lowest mode. Comparison
of results for series expansion method and exact theory, n=1

The cutoff frequencies determined by equation (3.41) depend on Poisson’s ratio:

s 3 5% T 91 117 137 157

/{5, /i',?, K/?, Iﬂ)?? K'/?, HT, K/T, HT,... (343)
for v = 0.25 the cutoff frequencies become:
2.7207, 8.1621, 13.6035, 19.0449, 24.4863, 29.9277, 35.3691, 40.8105... (3.44)

For antisymmetric modes the cutoffs are found from the frequency equation (3.38b) setting
& = 0,thus we have:

Q*sin(k71Q) cos() = 0, (3.45)

Equation (3.45) can be separated into two equations

cos(Q) =0, (3.46)
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and

sin(k71Q) =0, (3.47)

Equation (3.45) specifies the following cutoffs:

GRS 4
) 7272727272’27 (38)

Equation (3.45) yields the following cutoff frequencies which depend on Poisson’s ratio

0, km, 2km, 3k, 4km, KT, 6KT, Tk, 8kT, 9km, 10KT, 11KT, ... (3.49)

For v = 0.25 the cutoffs specified by (3.47) have the following values:

0, 5.4414, 10.8828, 16.3242, 21.7656, 27.2070, 32.6484, 38.0898, 43.5312, 48.9726, ...
(3.50)

It can be noticed from dispersion curves for frequency shown in Figure 3.10 and for phase
velocity shown in Figure 3.11 that the series expansion method is in a good agrement with
the exact theory and it gives accurate results for 0 < ¢ < 0.6. Keeping 10 terms in series
expansion which corresponds to curve 10 in Figure 3.10-3.11, gives a more precise result for
0<€£<0.6.

To analyze the Rayleigh-Lamb frequency equations for high wave numbers, one can use
the Pade approximant with obtained series expansion to expand the radius of convergence.
The Padé approximant developed by Henri Padé which is the ”"best” approximation of a
function by a rational function of given order. The approximant’s power series agrees with
the power series of the function it is approximating and it may still work where the Taylor
series does not converge as in our case. Another approach is to use the effective equations of
refined engineering theories [23] with specified boundary conditions. The refined equations
are unclear sometimes, the specified boundary conditions should correspond to an order of
PDE and a number of independent variables. The refined equations are high order PDEs. It is
necessary to specify a large number of boundary conditions to relate the boundary conditions
to the order of the PDE and the number of unknowns. Consequently, considered problem

becomes complicated.
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Chapter 4

Waves in Rods

This section is designed to study wave propagation in elastic isotropic circular cylindrical
rods. We begin with a review of wave propagation in rods. In Section 4.2 the governing
equation of elasticity in cylindrical coordinates and boundary conditions are derived. We
present three different representations of displacement potentials, namely the Helmholtz de-
composition (2.10) for vector fields given in [16], Buchwald’s potential [37] and the scalar
potential introduced by Morse and Feshbach [38]. Two of these representations, (2.10) and
(4.47), are used to derive dispersion relations in rod for symmetric and antisymmetric modes
in the succeding Section 4.4. Finally, this chapter ends with the discussion of the numerical
results on dispersion relations and cutoff frequencies for axial-shear, radial-shear and flexural

modes, which is given in Section 4.5.

4.1 Review of Elastic Waves in Rods

The frequency equations for waves in circular cylindrical rods, based on the solution of the
boundary value problem of the theory of elasticity, were given by Pochhammer [9] and inde-
pendently by Chree [10] in the 19th century. However, numerical solutions of the frequency
equations were not attempted up to beginning of the computer era. In 1940, Shear et al. [39]
tried to clarify obtained experimental results without referring to the Pochhammer-Chree
theory. In 1941, Bancrof [40] first initiated the interpretation of wave propagation in rods on

the basis of the Pochhammer-Chree theory.

The development of dispersion relations for an isotropic elastic bar has been studied by

Green [41] who divided the development of approximate theories into two categories. In the
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first category, where equations of motion were derived based on approximation, contribu-
tions by Rayleigh [1], Love, Timoshenko [2], Mindlin, Volterra [42] etc. were reviewed. In the
second category, exact solutions of the theory of elasticity that only approximately satisfy
the boundary conditions were studied and contributions by Chree [10], Morse [43], Green
were cited. Thurston studied elastic waves in rods and clad rods of circular cross section in
[30], with a broad review and descriptive material on typical waveguide dispersion, charac-
teristic velocities of an isotropic elastic material, waves in homogeneous rods, and previous
results on the clad rod were given. Investigation of elastic wave propagation in a cylinder
has been conducted by Zemanek [44], both experimentally and theoretically. Dispersion of
compressional waves in rods of rectangular cross section has been examined by Morse [43].
In most of the above mentioned references, [16], [15], [41], [44], etc., the exact solutions of the
theory of elasticity were represented through potentials given by equation (2.10) in Section
2. However, there are alternative forms of the representation of displacement vector in terms
of the scalar potentials such as one proposed by Morse and Feshbach [38], and Buchwald
[37]. Chadwick [45] has applied Buchwald’s approach [37] in the study of wave propagation
in transversely isotropic heat conducting elastic materials. Honarvar and Sinclair [46] used
the displacement decomposition proposed by Morse and Feshbach [38] in the analysis of wave
scattering from transversely isotropic cylinders. Ahmad and Rahman [47] also studied the
scattering of acoustic wave incident on a transversely isotropic cylinder. However, he showed
that Buchwald’s representation [37] yields much more simpler equations, and is much more
efficient in application. Norris and Shuvalov [33] adopted Buchwald’s approach to construct
the solid-cylinder impedance matrix for transverse isotropic radially inhomogeneous elastic
solids. We defer the discussion of this matter to Sections 4.3.2 and 4.4.2 where this approarch

will be used in the development of frequency equations for rods.

4.2 Theory

In cylindrical coordinates (r,0,z) consider an infinitely long solid circular rod of radius a,

it’s cross section shown in Figure 4.1. In (7,0, z) system the equation of motion (2.9) can be
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Figure 4.1: Cross section of circular rod in cylindrical coordinates

written as

up 2 Ouy 1 de 1 0%u,

2
po 2%, g9 U 41
Viur =5 7298 T 1—awar 2 0P (4.12)
9 ug 2 Ou, 1 10e 1 0%
_Wy 2 Soe S0 4.1b
Viug 2 te 80+1—2Vr89 3 o2’ (4.1b)
1 0e 10%
2 z
T A 41
Viu +1—21/(92 c2 ot? (4.1c)
where the Laplacian V? is defined by (2.19) and the dilatation e is of the form
Ou, 1 [0uy Ou,
€= or —i—;(m—i—ur)—i— 32. (4.2)

The displacement components are expressed in terms of the scalar potential ¢ and the vector
potential ¥ by the Helmholtz decomposion (2.17a)-(2.17¢). The potentials ¢ and 9 satisfy
equations (2.13), (2.18a)-(2.18c), where the component of vector potential ¢, and vy are
coupled in equations (2.18a) and (2.18b). The stress-strain relation is given by Hooke’s law

(2.2), where the strain-displacement relations (2.3) are defined as

oy 1% (. 1 (8ua 1 8uz) (4.30)

= = o “=2\ . "7 a0

_ Ou, 1 /10u,  Oug ug) 1 [/0u, Ou,
22 = 5y ETG_Z(T 00 * or r)’ 6TZ_2(87“ * 8;:)' (4.3b)
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If the cylindrical surface is traction free the boundary conditions of the problem at r = a will
be given as

Trr = Trog = Trz = 0. (4.4)

4.3 Potentials

4.3.1 Displacement Potentials Using Helmholtz Decomposion

We seek solution of the wave equations in the general form

© = ®(r)Os(0)e =D . = U,(r)O,(F)e! Rz, (4.5a)
Yo = Wy(r)Op(0)e" ™0, g = W (r)0(0)e’ T, (4.5b)
where w is the frequency, and k is the wave number.

Plugging last solutions into (2.13), (2.18a)-(2.18c) yields sine and cosine solutions of ar-

gument nf. Thus, for ®(r) and O¢(#), we obtain

Cﬁ+iﬁ+<ﬁﬁ—§>@:o, (4.6)
d;ff + 1204 =0, (4.7)

where
Bt =’/ — k. (4.8)

The solutions ©g(6) are continuous 27 periodic functions of 6, with continuous derivatives,

therefore, n is an integer, and
Op = Ay sinnf + Ay cosnb.

Similar solutions have been obtained for ©,, ©y, ©,. Considering the torsional, axial-radial
and flexural modes separately, we will remove either sine or cosine terms in the results for
Ogp, 0., Oy, O,. Thus the following set of resulting expressions for ®, ¥,., Uy, ¥, may be

considered

¢ = ®(r) cos nfe’ ) ¥, = W, (r) sin nfe’*==b) (4.9a)

Yo = Wo(r) cos nfe’*=b) Y = U, (r) sin nhe’ =1, (4.9b)
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Alternatively, the following set of potentials may be examined

¢ = O(r) sin nhe’ Pt Y. = U, (r) cos nfe’ k=1 (4.10a)

Vg = Uy(r) sinnfe’ =1, Yy = U,.(r) cos nhe! k=) (4.10b)

The solution of equation (4.6) for ®(r) yields ordinary Bessel functions as solutions.
Because of singular behavior of the solution at the origin only Bessel functions of first kind

are used. Thus

P = A3 Jn(ﬂﬂ“) (411)

Similar solution is obtained for ¥, by replacing 47 by (35 in the resulting equation for ¥, :
U, = By Ju(far), (4.12)

where

B =w?/ck -k (4.13)

Substitution of solutions (4.9b) into equations (4.1a)-(4.1b) results in the following equations

for W,.(r) and Wy(r)

d2v, 1dv, 1 9 2
dr? r dr +T2[_n \I’T—I—Qn\lfg—‘llr]—ﬁZ\I’r =0,
A2, 1d¥y 1 ) 2
T3t o [0 Ve + 200, — W] — 530 =0,

These equations can be solved simultaneously. Thus, subtracting the first equation from the

second one, we have

d> 1d 5, (n+1)?
I T — —— (¥, — ¥y) =0, 4.14
{dr2 +rdr+ﬁ2 r2 ( 9) 0 ( )
which has a solution
\I/T - \I/g = 2B2Jn+1(ﬁ27”). (415)

Similarly, upon adding the two equations, we obtain an equation for ¥, 4+ Wy, which yields

U, + Wy = 2B1Jn_1(ﬁ2?”). (416)



Thus, we obtain

V, = Bi1J,—1(B2r) + BaJny1(Bar),

Vg = By1Jn—1(02r) — Badpt1(Bar).

592

(4.17)

(4.18)

Potentials are determined in terms of four arbitrary constants whereas there are three

displacement components and three boundary conditions. The additional condition V-9 = 0

can be used to eliminate one of the constants. This condition can be replaced by ¥, = —¥y

which sets By = 0. Therefore following the preceding analysis the following set of potentials

may considered

© = AJp(Bir) cosnf e'*Fz=wt),
¥, = BJy(Bar) sinnf ei(kz_wﬂ,
g = —CJps1(Bar) cosnf e'k2=wh),

b = CJpy1(Bar) sinnf eF= =),
or alternatively the following analogous set may be discussed

© = A*J,(Brr) sinnf ==t
. = B*J,(Bar) cosnf ei(kz_“’t),
o = —C* Jpi1(Bor) sinnd ' F=4t),

Yy = C* Jpy1(B2r) cosnb eilkz—wt),

The first set of potentials (4.19)-(4.22) results in the following displacements

Up

{<I>' + E\Ifz +1 k:\IJr} cosnb ei(sz‘”t),
r

ug { ~ 2o+ ikw, — \II’Z} sinnf ¢! Pz =)
r

n+1

U, = {z k® — V! — \I/r} cos nf e'kz=wt),

(4.19)
(4.20)
(4.21)

(4.22)

(4.23)
(4.24)
(4.25)

(4.26)

(4.27)
(4.28)

(4.29)
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Having substituted the resulting displacements into Hooke’s law, we obtain

1 .
O = [ — (B} + KD + 2u{¢>” + Z(\If’ - T\I/z> +i M”H cosnf ¢! =), (4.30)

2 o 1 .
S ,u[— n(@' - > - [2\I/Z—|—ﬂ§\lfz] +ik<n+ v, — W;)] sinnd k¥« (4.31)
r r r
1+n—n? ik
Orr = [ Qikq)’_ﬁq;;_i_ u+ﬂ§_k2 \PT+zn
r r2

" \I/z] cosnf e'F==w)  (4.32)

Incorporating (4.11), (4.12), (4.17) and (4.17), the displacements can be modified as

Uy = {AﬁlJT'L(Blr) + %BJn(ﬁgr) +ikC Jn+1(ﬁgr)} cos nf e k2wt (4.33)

ug = { - %AJn(ﬁlr) + ik C Jpp1(Bar) — B o J;L(ﬂgr)} sinnf e k> =) (4.34)
. , n+1 i(kz—wt)

ws = § ik AJu(Bir) = C B T (Bar) — "2 C T (Bar)  cosnd =20, (4.35)

yielding the stresses in the form

2
7= | =288 + 1) A ) + 2ud = 4| Lo + (58 - 55 ) o)
+ §B <B2 I (Bar) — iwm) +i kCp Jﬁﬂﬁﬂ)}] cos nf) '), (4.36)

2

g Bar) + (55 - n2> J”W)]

r

org = M[— 2:A<51J1/1(517°) - iJn(ﬂN’)) - 23{

1 ,
_ ﬂ%BJn(ﬁgr) —ik (n j: C Jpt1(far) — CBs J;LH(ﬂgr)ﬂ sin nd ez(’”_m), (4.37)
. / n / 1+n—n? 2 2
Ory = | —2ik A1 J), () — ;C’ﬁz i1 (Bor) + 7 + 65 — k7 ) C Jpt1(Bar)
+ ZZkBJn(ﬁgr)] cosnf e!F==wt), (4.38)

Analogous results can be obtained by keeping on preceding procedure for the second set

of potential given by (4.23)-(4.26). Thus the resulting displacements are [30]

up = U(r)

sinnf | . cosnb . sinnf| .
ez(k:z—wt)’ Uy = V(T) eez(kz—wt% u, = W(’I”) 61(k:z—wt)7
cosnb —sinnd cosnb

(4.39)

where an integer n determines the type of mode, and either upper set (sinnf, cosné, sinnf)
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or lower set (cosn#, —sinn#, cos nf) is used; the functions U, V, W are defined as:

U(r) = AB1 T4 (Bir) + = BJu(Bor) + ik C Jysa (Bar), (4.40)
V(r) = —;AJn(ﬁlr) + ik C Jpi1(Bor) — BB J.(Bor), (4.41)
W(r) = ik Adu(Bir) — CBa oy (Bor) — j L T (Bor). (4.42)

The potential representation (2.10) was used in [15], [16], [12]. The alternative displace-
ment representations proposed by Buchwald [37] and Morse and Feshbach [38] will be dis-

cussed next, and their advantages and disadvantages will be shown.

4.3.2 Alternative Representation Using Buchwald’s Potentials

Recall that solutions (4.39)- (4.42) were obtained by decomposing the displacement vector
in terms of vector and scalar potentials in the form (2.10). It can be noticed from the form
of solutions that that it contains J,41, whereas it is possible to obtain a solution with the
lower order Bessel functions J,. Below we will show that an alternative decomposition of
the displacement vector u through scalar potentials results in much simpler equations and
consequently simpler solutions. The alternative representation was proposed by Buchwald
[37] and was applied in [47], [48], [45], [33]. As it was mentioned above this representation is
much simpler and its application is timesaving.

Let’s consider transversely isotropic elastic cylinder of radius a. The equations of motion
in the absence of body forces are

Oij,5 = pﬁi. (4.43)

Hooke’s Law for a transversely isotropic elastic material is

Orr ci1 a2z a3 0 0 0 Err
T00 ci2 c1 a3z 0 0 0 €00
Ozz| _|C13 C13 €33 0 0 0 €2z (4.44)
092 0 0 0 cyg O 0 2¢eq,
Orz 0 0 0 0 cuq 0 2er,
oo 0 0 0 0 0 (c11—c12)/2] |29
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Substituting the geometrical relations between displacement field and deformation tensor into

(4.44) and then into equations of motion (4.43) yields [45]

1 9 1 Pu, 1 0%y 9%, 0%u, 9%u,
5(011 —c12)Viuy + 5(011 + c12) 92 + 90 + Cu 55 + (c13 + C44)% AFTIR
(4.45a)

1 9 1 Pug 1 0%u, D%y 1 0%u, B 0%uy
g len = c2)Viug + S (en + ciz) [W o oag| Tuge T (c13 + 644);8982 =P g2
(4.45b)

caaViu, + ¢ LQUZ + (c13 + c44) Oy + ! O ug = Ou,
MVl T3 TN T A 50, T v az00] ~ Po
(4.45¢)

where

9 9* 10 10
2 V2o = 4.4
Vi=V 02 "o T rar T2 ae (4.46)

Let the displacement vector be decomposed in terms of scalar wave functions ¢, x and

[37]
9Y Oy
_ - _Z¥ 4.4
u V@+Vx(xez)+<az az>ez (4.47)
or in component form in cylindrical coordinates as
_Op 10x _10p  0x _ oy

(4.48)

Uy

“ar Tree T ree o T 0r

The wave function representation (4.47) was introduced into the theory of wave propagation
by Buchwald [37]. Inserting equation (4.48) into (4.45a)- (4.45¢) results in the following

system of equations:

2 9 9\ o2 5 0%
<011V1 + C44@ — p8t2> VlQO + (013 + C44)V1@ :0, (449&)
0? 0%\ 02 0?
(044V% + 033@ - p3252> @1# + (c13 + C44)@v%90 =0, (4.49Db)
1 0? 0?
(2(011 —c12)Vi + Cldg 5 — p8t2>V%X =0. (4.49¢)

Omitting V% in the first and the third equations and g—; in the second equation, the system



of equation (4.49a)- (4.49¢) can be modified as

32 82 82
cnVie+ 04487;20 + (c13 + 044)(,)—;} - pa—tf =0,
0? 0?
(c13 + ca4) Vi + caa Vi + C338—;§ — paitf =0,
1 ?x  Px
5(011 — c12)Vix + Cuuzs ~Pam =0
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(4.50a)
(4.50b)

(4.50¢)

It can be noticed that the equation for y is uncoupled, whereas ¢ and v functions are coupled

by (4.50a) and (4.50b). The function y is independent, it generates the separate pure SH-

shear waves from the rest of displacements.

For an isotropic elastic material Hooke’s Law has the form:

] -A+2p, A A0 00
o A Ad20 A 00 0
s A A A+20 0 0 0
S R 0 00
Orz 0 0 0 w0
10 0 0 0 00 pu

Err
€06
€2z
20,

2e,,

2er9

(4.51)

Incorporating (4.44) and (4.51) for an isotropic material the system of equations (4.50a)-

(4.50c) will reduce to:

82gp 621/} 82Q0
21)V? sl oY _ _
A +20)Vip+ug s + (A +p)5s —pgg =0,
92y 0%
2 2
A+ p)Vie +uViv + A+ 2u) 55 — pgg =0,
0?x 0%x

HVIX + 5 = gy =0,

or dividing by p, this system of equations can be modified as

0% 0% 0%p
272 2 2 2
ciVip+ 252 + (e — 62)7822 T T
0% 0%
(C% - C%)V%QP + C%V%lﬁ + C% 822 - atg -
2
C%VQ O°x

o

)

=0.

(4.52a)
(4.52b)

(4.52¢)

(4.53a)
(4.53b)

(4.53¢)
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We assume solutions of the form:

A A
7 = Jp(Br) cos nf ' F#=t), (4.54)
P B

X = CJp(yr) sin nd e!F==b) (4.55)

Inserting these solutions into equations (4.53a)-(4.53c), we obtain

[36% —w® + Sk A+ [(& - )K?] B =0, (4.56a)
(¢} — 3)B°] A+ [38° — w® + c]k?] B =0, (4.56b)
[3(v* + k?) —w?] O =0. (4.56¢)

Thus for potential function x equation (4.56¢) yields

w2

V=5 — k. (4.57)
€

Equating the determinant of coefficients of A and B to zero in equations (4.56a)-(4.56b) for

potentials ¢ and v, we obtain the following characteristic equation:
A+ E+F =0, (4.58)

where
F = uw' =@+ A) k> + & A3k, E =233k -3+ ). (4.59)

The roots of the characteristic equation (4.58) are

—EF JE2—4E 3 F

2
_ 4.60
ﬂl, 2 9 C% c% ( )
Substitution of equation (4.59) into the above equation yields
w? w2
61 - 72 - kfz, ﬂg - 72 - k‘2. (461)
1 €3

We can notice that v = (2, and the general solutions for Buchwald’s potentials are of the
form [47]:
¢ = [AJn(Bir) + q2B Jn(B2r)] cosnb eilhz—wt), (4.62)
P = [ql AJ,(Gir)+ B Jn(ﬁgr)] cosnf e'F#—wh) (4.63)

x = C Jp(Bor) sinnf e'F==+) (4.64)



58

where ¢; and ¢o are the amplitude ratios defined in [47]. They follow from (4.56a)-(4.56b)

for an isotropic material as g1 = 1 and ¢ = —k—z, and hence solutions become
2
k2 -
= [AJn(Bir) — ?B Jn(B2r)] cosnd eilhz—wt) (4.65)
2
Y = [AJy(Bi7) 4+ B Jn(Bar)] cosnf eilhz—wt) (4.66)
X = C Jn(Bar) sinnd e'kz=wt), (4.67)

As it was anticipated at the beginning, the results obtained contain only J,(517) and J,,(B2r)
terms, which are Bessel functions of the first kind of order n. The results obtained earlier us-
ing displacement decomposition (2.10) involved higher order Bessel functions, namely J,, (ar),
Jn(Br) and Jp41(Br) - Bessel functions of order n and (n + 1) respectively, which leads to
extraneous terms and cumbersome expressions. The evaluation of the result shows that Buch-
wald’s representation [37] yields a simplier solution, involving lower order Bessel functions, .J,,
instead of J,41. We observe that Buchwald’s representation produces simplified expressions.

It should be noted that introducing the roots (4.57) and (4.61) into (4.54)-(4.55) yields

¢ = A Jn(Brr) cosnf !*Fet) (4.68)
Y = B Jp(Bar) cosnd k71 (4.69)
X = C Jp(Bar) sinnd e ==, (4.70)

However, this set of solutions for n = 0 does not lead to the Pochhammer-Chree frequency
equations (4.109) given in the subsequent section because the general solutions for Buchwald’s
potentials ¢ and 1 depend on both J,(8ir) and J,(B2r) functions as shown in equations
(4.62)-(4.63). The set of potentials (4.68)- (4.70) instead of the frequency equation yields the

following relation for n = 0:

(B3 + k) 182 Jo(Bra) J1 (Bra) — k(85 — 2687 — k*)J1(B1a)Jo(Baa)

—2(8} + k) B2 /a1 (Bra) J1(Bea) = 0. (4.71)

As it will be shown in the next section, the general solutions (4.65)- (4.67) lead to the

Pochhammer-Chree frequency equations.
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The set of potentials (4.65)- (4.67) yields the following displacement field

{AﬂlJ (Byr) — f;Bﬁg J!(Bar) + CJ (527“)} cosnf e k==t (4.72)
2
ug = { - g[AJn(ﬂlr) Z B J,(B2r)] — B2C J;L(ﬂy«)} sinnf e'k2=wh), (4.73)
2
u, =ik [AJn(Bir) + B Jy(Ber)] cosnd eilkz=wt), (4.74)

The substitution of the last expressions for displacements into geometric relations (2.3) results

in the following expressions for deformations:

e = {Aﬁ%ﬂ{ (Bir) — K2 BJ;(Bar) + %C@J;(@r) - fc.fnwgr)} cosnf ¢!l (4.75)

€y = {1 [AﬂlJ,/Z(ﬁlr) + ;LCJn(ﬁﬂ)} - T[ ATy (Bir) + CBa, (527“)]

[T r) = T )| | cosnpete (4.76)
ﬂg r
€2 = —k* [AJ,(B17) + B Jn(Bor)] cosnd eilkz—wt) (4.77)
= 3{ 2L (0rr) = o) + B[ = B ) + 2 )]
-C [ﬁ%J;{(ﬁzr) - %ﬁgﬂl(ﬁgr) + ch,]n(ﬁﬂ)} } sinnf e'F==et), (4.78)
1 k k2 , n i(kz—wt)
€rz = {AQﬂlJ (Bir) + ( 52) Bpad, (Bar) + TC'Jn(ﬂgr)} cosnfe , (4.79)
2
z k n k2 . i(kz—wt)
€: =~ { Adyp(Bir) + (1" ~ 3 >BJ (Bar) + CBo ), (ﬂgr)} sinnf e . (4.80)
2

The stresses are obtained by substituting the last expressions into Hooke’s law (2.2):

Opp = { — NA(B? + E2) J (B1r) + 2u [Aﬁ%J,’{ (Bir) — K*BJ}) (Bar)

+ ;C’ﬁg.],ll(ﬁgr) - TZCJn(62T):| } cosnf ¢! ==t (4.81)
o = M{A[”;Jn(ﬂm - 2’”‘&%(&@] L B[ 2 ) + 2 JA(@T)}
T r 52 r
2
-C [ﬁ%J{{ (Bar) — %@J;L(ﬁ?r) + nZJn(ﬁgr)} } sin ng e'k2—wt) (4.82)

Opy = uik{A261Jf1(ﬁlr) + (1 - g) BB2J), (Bar) + C’J (ﬂgr)} cosnf k==t (4.83)
2
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which can be modified as following:

arrz{—/\A(ﬂf+k2)<]n(ﬁ17“)+2M[—A<€1Jqﬁ(51) (58 -5 ) mun)

2B (2 + (- 55 ) (i) ) +

+ Zc(ﬁzjg(ﬁﬂ) — iJn(ﬂgr))] } cosnf ¢! ==t (4.84)
Org = M{A[m;(]n(ﬁﬂ“) — %ﬁljé(ﬂﬂ“)] + K B[ 22Jn(52r) + 27n52 J;z(ﬁﬂ’)}
r 53 r r
+ C[ oy (Bar) + <ﬂ§ - 2:;) Jn(ﬂQT)] } cosnf e’ k=) (4.85)

2

k )BﬁgJ (ﬁgr)+ C’J (ﬁgr)} cosnf e'F*=D  (4.86)

Ory = /LZk{A2ﬁlJ, ﬁlr (
53

The results obtained for the components of the stress tensor again display advantage of
using Buchwald’s potentials. Analyzing equations (4.36)-(4.38) and (4.84)- (4.86), it can
be noticed that displacement representation (2.10) produces expressions containing n + 1 -
order Bessel functions such as J,41(517) and J,1(G2r) and it’s derivatives J),, ;(517) and

ha1(B2r) , whereas Buchwald’s representation yields much simpler expressions containing
only n-order Bessel functions J,(317) and J,(082r) and it’s derivatives J,,(31r) and J], (7).
It shows that Buchwald’s potentials produce simpler expressions, where computation is less

laborious.

4.3.3 Sinclair’s Method

At the end of our discussion on representation of displacement vector through scalar potentials
we should add that there are some other forms of displacement decomposition available, such

as one presented by Morse and Feshbach [38]

u=Vo+V X (xe;)+aV x V x (ve,), (4.87)
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where a is the radius of the cylinder which is constant with dimensions of length. In compo-

nent form in cylindrical coordinates it has form

Lo 1ox O

"or  roe ordz’

o 0s oy i
rod Or 000z’

92 190 1 92

This approach was applied by Honarvar and Sinclair [46] in the analysis of a wave scat-

(4.88a)

(4.88D)

tering problem for a transversely isotropic material. The displacement decomposition (4.87)
results in the 5th order PDEs, lengthy and cumbersome coupled equations for ¢ and ,
whereas Buchwald’s representation yields much simplier equations, in the form of compact
second order PDEs [48]. Ahmad and Rahman [47], [48] showed that the above mentioned
two representations lead to identical characteristic equations and the same final result.

It can be concluded that Buchwald’s representation (4.47) is of great importance among
considered above three displacement representations (2.10), (4.47) and (4.87). Buchwald’s
potential yields simplier expressions, and it is less laborious. Therefore it is proposed to
use Buchwald’s representation in the study of wave propagation in isotropic and transversely

isotropic elastic materials [45].

4.4 Frequency Equation for Waves in a Rod

The frequency equation is obtained from the boundary conditions. If the surface is free of

traction, the boundary conditions at r = a are given by equation (4.4).

4.4.1 Frequency Equation Derived Using Helmholtz representation

Having substituted the resulting displacements (4.39) into Hooke’s law and evaluated the
result at » = a the frequency equation was derived as the following vanishing determinant
[15]

laij| =0, (i,j=1,2,3), (4.89)
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where

B + k) (Bra)?
e 2133

a1y = {n® — ($20)*} Jn(B2a) — Baa,, (Baa),
a1z = 2n{Gral}, (B2a) — Ju(B2a) },
az1 = n{pal;, (bra) — Ju(Bra)},
az = n{hal), (Baa) — Ju(B2a) },
agg = —{2n* — (B20) } Ju(B2a) + 2020, (Bra),
a1 = —frat}, (Pra),
(05 — k2)

azz = _T/BZajrlz (62(1)7

a93 — an (ﬁQCL).

T (Bra)? - nQ}anla) T Bl (Bra),

Equation (4.89) is a general characterestic equation for the various types of waves in rods.
The frequency equations for torsional, longitudinal, and flexural modes will be developed.
The general frequency equation (4.89) yields torsional and longitudinal frequency equations
for n = 0 and flexural frequency equation for n = 1. When investigating the propagation
of torsional and longitudial waves one or two displacement components vanish whereas all

displacement components remain for flexural modes.

n=0 case:

The general frequency equation (4.89) for the case n = 0 yields axi-symmetric modes since
there is no dependence on 0, i.e., sinnf =0, cosnf = 1. When n = 0 determinant (4.89)

has the form:

a1 a2 0O
0 0 as| =0, (4.90)
azg1 az2 0

which can be split into two factors [15]

ailr a2
agzs = O, (4.91)

azr as2
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where
A 2 —|—k’2 a 2
o = (PR L (bt + sradi o)
20
a1y = —(B2a)*Jo(B2a) — BaaJy(Baa),
/ ﬂ22 — k? /

az1 = —praty(Pra), azy = —Wﬁwjo(ﬁw), az3 = —a1z,

and we note that J/(z) = —Ji1(z). The axi-symmetric modes can be classified as torsional and

axial-radial. For torsional modes the 8 component of displacement is the only nonvanishing
one whereas for axial-radial modes the component 6 vanishes.

Torsional Modes. The axially symmetric modes described by the upper set of functions
in (4.39) are the torsional modes. In this case u, = u, = 0 and ug # 0. The equation (4.91)

factors into two equations. The one corresponding to torsional waves is
a3 =0 = ﬁgajo(ﬁga) =2J; (ﬁga) (4.92)

Equation (4.92) is the frequency equation for torsional waves, which produces the following

dispersion relation for torsional modes
(B2,a)* = (wa/c2)” — (€a)?, (4.93)
where (33, a are the roots of the equation (4.92), the first three of them are [15]
Ba,a=5.136, Po,a=8417, Paa=11.62. (4.94)

Let us now consider J2 = 0 which is also a solution of the frequency equation (4.92). For
B2 = 0 the governing equations for W,(r) yields a solution ¥, = A 4+ Blnr, which does
not give an acceptable displacement since at r = 0 ¥,, tends to infinity. But if we take
ur =uy =0, ug = up(r, z) and seek the solution of the form ug = U(r)expli(kz — wt)], then

there will be the only non-trivial equation:

LU 1dU o, 1
- —\Uu=o0 4.95
dr2+rdr+{62 r} ’ ( )

which yields the following solution

A
U=>+Br (4.96)
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Because of singularity at r = 0, in (4.96) A = 0 which results in the following displacement
field:
ug = Brexpli(kz — wt)] (4.97)

where kK = w/ce. The mode 2 = 0 is independent of frequency and propagates nondisper-
sively with speed co = /p1/p.

Azxial-Radial Modes of Rod. The axially symmetric modes described by the lower
set of trigonometric functions in (4.39) are referred to as axial-radial modes. In this case for

n=20,uy =0, ur #0 and u, # 0 and equations (2.17a) - (2.17c) will reduce to the form:

Oy Oty dp | 10(yer)
==22_-¥ =224 = . 4.
e T ez T e tr ar (4.98)
Then solutions for ¢ and )y given by (2.17a) and (2.17c) will have the form:
© = AJy(Bir) e F==90  4hy = —C Ty (Bor) e FZ=H), (4.99)

Insertion of solutions (4.99) into the boundary conditions (4.4) leads to a frequency equa-

tion which is given by equation (4.91). Expanding cofactor matrix in (4.91), we obtain

A, |t o
az  as
B 5. ((B1) + (K)?) + (51)? |a®Jo(Bra) — raJi(Bra)  —(B2a)*Jo(Baa) + BaaJi(Baa) B
praJi(Bra) %ﬂ%ﬁjl(ﬁﬂl)
(4.100)

Substitution of the solutions (4.99) into (4.98) yields a displacement field for axial-radial

modes|[15]:
_ A - i(kz—wt)
u, = C — 6/312]1 (ﬁﬂ‘) + ikJy (521") e , (4.101)
U, = C{gikjo(ﬁlr) - ﬂQJO(ﬁgr)}ei(kzwﬂ, (4.102)

where

S--(3) (55 e (1109



Equation (4.103) is obtained from the boundary conditions.
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Let us divide the second column of the cofactor A; by fsa and then add two resulting

rows, thus we obtain

A [T
3B + (1)) + (B)? | a2 o(Bra)  ~Baado(Baa) + BEE" Ty (Bra)
) Brai(Bra) B 11 (o)

From (4.8) and (4.13) we have

GRS d
B+k2 dw? A+2u
from which we find that
A, Bk
LT AT s
K BT +k

Incorporating (4.106) the af; element of cofactor can be modified as

(B20)* — (ka)

2
iy = | 5 (1) + (0)) + (Bra)?| JaBra) = 22 gy )

Substituting (4.107) into (4.104) and expanding the resulting determinant yields

(B20) — (ka)?) (B20)? — (ka)?)
2 2(ka)?

Jo(B1a)J1(B2a) + B182a*T1(B1a) Jo(Bea)

(B20)* + (ka)®

—(ﬁla)w

J1(Bra)J1(Bza) = 0,

which further can be modified multiplying by (k/a)?, thus

=0.

(4.104)

(4.105)

(4.106)

(4.107)

(4.108)

20

a

(83 + k) J1(Bra) Ji(Bea) — (B3 — k*)2Jo(Bra) Ji(B2a) — 4k B1 B2 1 (Bra) Jo(Bea) = 0.

(4.109)

Equation (4.109) is the dispersion relation for nontorsional axisymmetric waves and referred

to as the Pochhammer-Chree frequency equation.
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n—=1 case:

The family of modes with n = 1 are known as flexural and they correspond to the lowest

order family of flexural modes. For n =1 (4.89) will reduce to the following:
|aij| = 0, (4110)

where

_ [ABE +K)(Bra)?
an = e

a2 = {1 = (B2a)*}J1520) — ra ]} (B2a),
a3 = 2{BaaJ] (B2a) — J1(B2a)},
az1 = {BraJ] (Bra) — J1(ra)},
az = {Frali (B2a) — J1(Baa) },
azs = —{2 = (B20)* }J1(B2a) + 26201 (B2a),
az1 = —fraJy (B1a),
(95 — k%)

azz = —TﬂQCLJ{ (520‘)7

azz = J1(f2a).

+ (B1a)? — 1}J1(51a) + fraJi(f1a),

Expansion of the determinant in (4.110) results in the following frequency equation [9]

J1(@)JF(B) (f1 FG, + fo F, F, + f3 Fo, + fa F, + f5) =0, (4.111)

where
=22 R fa= 252K + 7).
f3=p3%-108%—-23%k2% +23%k2 + 5%k* — 4k 4,
f1=2B%(28%k* - B> —9k?), fs=p7(-B"+83%-28%k*+8k> k"),

Jo(x)
Ji(z)

The equation (4.111) is know as the Pochhammer frequency equation for flexural modes in a

a=pa, [=pa k=ka Q=wa/cs, Fp=u2x

rod. Tt can be noticed that the frequency equation for flexural modes is much more compli-

cated than the ones for axi-symmetric modes.
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4.4.2 Frequency Equation Derived Using Buchwald’s Potentials

Let us now derive dispersion relations using the Buchwald approach. Evaluating stresses
(4.84) -(4.86) at r = a and substituting into the boundary conditions (4.4), we obtain the

following determinant of coefficients which vanishes:

Ibis| =0, (i,j=1,2,3) (4.112)
where
bt = 5 (10 (510) + (1) T, (Bra) — (0 + (k) u(Bra)] + (510)* T (0
= [ = o (310 + (ka?) = (10 = 3)| (1) — (Br0) T o)

ka ,
bia = ((5263)2 {(@G)Jn(ﬂw) +((B2a)* - WQ)Jn(ﬂw)} ;
big = —n[Jn(B2a) — (B2a)J, (B2a)]; (4.113)
by = 2n[Ju(Bra) — (Bra)Jy(Bra)];

2n(ka ,
b = -2 Bga)g [anm) - (ﬂza)Jn(BQG)];

b23 = —(ﬁga)QJ;{(ﬂga) + (ﬂQa)JA(ﬂQQ) - 77’2‘]71(52@)

= 2(20)J;,(B2a) + [(B20)* — 2n°] 1, (Baa);
(ka)?

ba = 2(Pra)J;(Bra);  bsp = [1 (B2a)?

}(ﬁa a)Jy, (B2a); b3z = nJy(Bea).

Equations (4.112)- (4.113) agree with ones obtained by Ahmad [47] for transversal isotropic

2 . Let us analyze these relations in more detail.

material, with ¢ =1, ¢o = _%
2

n=0 case:

As it was mentioned above when n = 0 equation (4.113) yields the frequency equation for

axisymmetric waves. Thus, when n = 0 the determinant in (4.113) reduces to the form:

bin b2 O
0 0 b23 :07 (4114)

bs1 bz O
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which factors into

b b
U =0, (4.115)

b31 b3

where

by = —2)/; <(ﬁ1a)2 + (ak)? - (ﬁ1a)2> Jo(Bra) — (Bra)Jy(Bra);

big = ((;212))22 {(ﬂza)ﬂ)(ﬁza) + (/BQQ)QJO(ﬂza)} ;b3 = ba1 = boy = b33 = 0; (4.116)
bas = 2 (B2a) Jh(B2a) + (B2a)* Jo(B20);

/ (a k)Z /
b = 20 ra): b = |1 SN gy

As was mentioned earlier (4.115) factors into two equations. For torsional waves we have:

b3 =0 = [rado(Bea) = 2J1(B2a), (4.117)

which is the same as (4.92).
To derive the frequency equation for extentional waves we need to require that cofactor
in (4.115) vanishes
bi1 b1z

= 0. (4.118)
b31 b3

Multiplying the second column of cofactor in (4.118) by (2a and dividing the second row by

2, and then adding the resulting two rows, we obtain

—ﬁ <(ﬁ1a)2 + (ak)? + (ﬁla)2> Jo(Bra) (ak)?(B2a)*Jo(B2a) — wh(ﬁza)

= 0.
(Bra)J1(Bra) A
(4.119)
Utilizing equations (4.105)-(4.106), we have
B gy (Bra) (k) (B0 o(Ba) — P (Ba)| (4120)
(B1a)J1(Bra) — BB 1 (Bya)
Expansion of last determinant yields,
2 (q k)2 2
(o) = @R 55101 (520) + (Bra) (Baa)(@ k)2 o(Baa) s (Bro)
4
2 2
(o) B OR  sn(Ba) =0 (a121)

2
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or dividing by a*, we obtain the frequency equation for axial-radial modes

261

a

(85 + k?)J1(Bra)J1(B2a) = 0,
(4.122)

(33 = k%) Jo(Bra) J1 (Paa) + 451 Bok? Jo(B2a) Ty (Pra) -

which agrees with the Pochhammer-Chree frequency equations (4.109).

n=1 case:

When n = 1 we obtain the lowest-order family of flexural modes. In this case the determinant
in (4.112) has the form:
bin bz bz
bor bay boz| =0, (4.123)
bs1 b32 b33
where
bii = [— 2;((52@)2 + (ak)?) — (Ba)® + 1] Ji(Bra) — Bradi(Bra);
12
%
biz = (B2a)Ji(f2a) — Ji(B2a);

by = 2[J1(B1a) — (Bra)Ji(Bra)];

bio =

[ﬂzaJ{(ﬂza) + ((B2a)* — 1)J1(52a)}

2
bag = —2;% [J1(B2a) — BaaJ1(Baa)]; (4.124)
baz = 2(haJ;(B2a) + ((B2a)® — 2)J1(Baa);

2
bs1 = 2f1aJi(Bra); b3z = [1 - gg] BoaJi(Baa); bz = Ji(f2a).

5

4.5 Analysis of Numerical Results

4.5.1 Axisymmetric Waves in Rods

Let us now consider the dispersion relations for axisymmetric modes in more detail. The
lowest branch of the axial-radial modes extends to zero, which is a longitudinal mode whose

propagation velocity in the low frequency limit is governed by Young’s modulus [30].
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Let us introduce non-dimensional frequency 2 and wavenumber &:

0= = a, (4.125)

C2
and let

2? = (fa)? =&, Y =(fa)=r7 -, K= 21(1__2? (4.126)

Using equtions (4.125) and (4.126) the frequency equation (4.122) in non-dimensional

parameters can be written as:
(@2 =262 Jo(y) Ji () + 4ay€® Jo(x) 1 (y) — 2y J1 (y) Ji () = 0. (4.127)
To find cutoff frequencies of the axisymmetric mode we set £ = 0 in (4.127), then

xJ1(z) [(QgJo(y)/Q VR ()] = Q371(Q) [(QJ()(I{_IQ)/Z - li_lJl(/i_lfl)] =0.
(4.128)
The equation (4.128) factors into two seperate equations, yielding two sets of cutoff frequen-

cies which were calculated on Matlab uzing ”fzero” routine.

The first factor of (4.128) yields the following equation:
Ji(2) =0, (4.129)
it does not depend on Poisson’s ratio v, some of cutoff frequencies are:
0,3.8317,7.0156,10.1735,13.3237,16.4706, 19.6159.... (4.130)

The modes associated with these cutoff frequencies are referred to as axial-shear modes.
The second factor of (4.128) depends on Poisson’s ratio v and results in the following
equation:

(QJo(k71Q)/2 — kLI (k7)) = 0. (4.131)

The numerical evaluation of roots of equation (4.131) leads to the following cutoff frequencies
for v = 0.3317:
0,4.3119,10.8139,17.1273.... (4.132)
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Figure 4.2: Plot of frequency €2 vs Poisson’s ratio v

which agree with results given by Zemanek [44]. The modes associated with these cutoff
frequencies are called radial-shear modes. Some numerical results for axisymmetric modes in a
rod are given in Figures 4.2-4.3. The material of the rod is elastic, isotropic and homogeneous.
Calculations are performed on Matlab using ”fzero” routine. Codes are attached in Appendix

2.

In Figure 4.2 for n = 0 the cutoffs of axial-shear and radial-shear axisymmetric modes in
rod versus Poisson’s ratio v are shown, after the results of Thurston [30]. Here the dashed
horizontal lines correspond to axial-shear modes which are zeros of J; (2), they do not depend
on Poisson’s ratio; the continuous lines correspond to radial-shear modes. For v = 0, the
first higher mode is radial and the second is axial-shear. The lowest radial cutoff and the
first axial-shear cutoff are equal at v = 0.2833 becomes equal to As v — 0.5 the values of

frequency €2 at cutoffs of radial modes all tend to infinity whereas the axial-shear cutoffs do



72

plot of Q vs. wave number
15 T T T

10

Figure 4.3: Plot of frequency ) vs wave number &

not fluctuate.

The real branches of the frequency spectrum for longitudinal waves in a rod are obtained
from the frequency equation (4.127). The roots of equation (4.127) are evaluated on Matlab
using ’fzero’. The dispersion relations in the rod for real-valued wavenumbers and v = 0.3317
are given in Figures 4.3. Here the relative position of nondimentional frequency depends on
wave number. The cutoff frequencies (4.130) and (4.132) are used as starting points of each

dispersion curve. The graphs shown in Figure 4.3 agree with Zemanek’s results [44].

4.5.2 Antisymmetric Waves in Rods

Equation (4.112) becomes the frequency equation for antisymmetric modes for n > 1. The
lowest flexural mode corresponds to n = 1 case and refered to as the ordinary flexural mode

of propagation.
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2
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Figure 4.4: Plot of Fy and F5/Q? functions versus frequency Q for v = 0.3317, n = 1

The solutions of frequency equations in plate and rods shows that there is an infinite
number of symmetric and antisymmetric modes. Each mode maintains its transverse pattern,
though it attenuates and propagating through waveguide, it shifts in phase. These modes
are similar to the resonant modes of a drumhead. Low-order modes of drumhead have only

a few transverse variations and high-order modes have many forms.

As we saw in previous sections, each mode in a waveguide has a cutoff frequency, also
known as its critical frequency, or cuton frequency. The cutoff frequencies correspond to
standing waves of one dimensional resonance through the thickness - as expected for zero
horizontal wavenumber. This provides a method to estimate thickness from one side only by
measuring the frequencies at which resonances occur. Below the cutoff frequency a traveling
wave in a given mode cannot be maintained in a waveguide and the mode will not propagate

but when excited it will attenuate. At frequencies above the cutoff frequencies the modes
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Figure 4.5: Plot of cutoff frequency €2 vs Poisson’s ratio v for 0.12 < v < 0.5, n =1

propagate through a waveguide to regions far removed from excitation with a finite phase ve-
locity and small attenuation. The critical frequency is the frequency at which the attenuation
of the waveguide mode changes rapidly as a function of frequency.

Introducing the non-dimentional frequency 2 and wave number £ by (4.125) and allowing
& — 0 enables one to find the cutoff frequencies of the axisymmetric modes. Thus setting

¢ = 0 in the frequency equation (4.112) leads to the following equation:
[QTn—1(Q) — ndn ()] - {2n2 N+ n) T (571Q) — k1 QT (k)]
X [QTp—1(Q) = (n+ 1)Jn ()] — [<n2 +n— 2) Jo(k71Q) — k71T, 1 (5710)
X [2(Q,-1(Q) — ndy (Q)) + (2% — 2n2)J, (V)] } =0. (4.133)

Modifying equation (4.133) it can be factorized into two separate equations:

F =0 (4.134)
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and
=0, (4.135)
where
Fy =QJ,—1(Q) — ndyp () (4.136)
and

B =[k'QJ1(k71Q) — (n+ 1) Ju(571Q)] - [2(n? = 1) [0 () — QJ01(Q)] + Q25 ()]

— <n2 —-1- f) Jn(K71Q) x [2Q7,-1(Q) + (9% — 2n* — 2n)J,(Q)]. (4.137)

Equations (4.134) and (4.135) agree with ones given by Zemanek [44]. Equation (4.134)
and (4.137) yield two independent sets of the cutoff frequencies. The first equation (4.134)
yields the cutoff frequencies of axial-shear modes which are independent of Poisson’s ratio.
The roots of the second equation (4.137) depend on Poisson’s ratio.

When n = 0 equation (4.134) becomes equation (4.129) which specifies the cutoff fre-
quencies for axil-shear modes, equation (4.135) becomes the product of equations (4.131)
specifying the cutoff frequencies for radial-shear modes and (4.92) with £ = 0 specifying the
cutoff frequencies for torsional modes of propagation.

The plots of functions F} and F»/Q? versus frequency  for v = 0.3317 are shown in

Figure 4.4 for n = 1. Equation (4.134) yields the following cutoff frequencies:

0, 1.8412, 5.3314, 8.5363, 11.7060, 14.8636, 18.0155, 21.1644, 24.3113, 27.4571, 30.6019, ...

(4.138)
The cutoff frequencies defined from equation (4.135) for v = 0.3317 are:
3.5669, 6.8623, 7.4497, 10.1851, 13.3477, 13.8099, 16.4672,

19.6082, 20.1783, 22.7616, 25.9074, 26.4708, 29.0460, . . . (4.139)

The roots of the frequency equation corresponding to real propagation constants are
depicted in Figures 4.5-4.6. Here the dashed horizontal lines correspond to axial-shear modes
which are zeros of equation (4.134), they do not depend v. The cutoff frequencies (4.138) and

(4.139) are the starting points for each branch of dispersion curves in Figure 4.5. These cutoffs
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Figure 4.6: Plot of cutoff frequency €2 vs Poisson’s ratio v for 0 <v < 0.45, n=1

agree with Zemanek’s results [44]. The dependence of the cutoff frequencies on Poisson’s ratio
is depicted for 0.12 < v < 0.5 in Figure 4.5. Obtained results are stable for 0.14 < v < 0.5;
for 0.12 < v < 0.14 the cutoffs started at Q = 7.4497 (v = 0.14) jump to the next branch.
It is noticed that the cutoff frequencies of some branches intersect or come close to each
other. For instance, at v &~ 0.42 the cutoff starting at branch Q = 7.4497 intersects with one
starting at € = 10.1851; as v increases the cutoff starting at branch Q2 ~ 5.5 (v = 0.14) tends
to = 7.4497 - the starting point of the next branch.

In Figure 4.6 for n = 1 the cutoffs of antisymmetric modes in rod versus Poisson’s ratio
v is shown. To construct a plot of 2 versus v for small range of Poisson’s ratio v, the cutoff

frequencies of equation (4.135) are calculated for v = 0:
0, 3.2215, 4.9656, 7.0524, 9.7483... (4.140)

which are taken as starting point in Figure 4.6. An unstable operation of root finder ’fzero’
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Figure 4.7: Plot of function F»/Q? vs frequency €2, n = 1

is detected, it jumps from one root to another. The cutoffs starting 2 = 4.9656 tend to
starting point of branch starting at ) = 7.0524 which itself tends to starting point of the
next branch ) = 9.7483. Besides the cutoffs of the branch starting at Q = 9.7483 drop at
v < 0.12 abruptly down to the previous branch starting at 2 = 7.0524. It contradicts the
plots given on Figures 4.5 where the branch starting at 2 = 9.7483 does not change much

with the increase of v.

To understand better an intricate behavior of roots of equation (4.135), the dependence
of F»/Q? function on frequency 2 was evaluated for n = 1 at fixed values of Poisson’s ratio
v. The plot of Fy/9? versus  is depicted in Figure 4.7 for v = 0.33, 0.36, 0.42, 0.45, 0.48
and in Figure 4.7 for v = 0, 0.02,0.04, 0.06, 0.08, 0.1, 0.12. The F»/Q? function behaves
extraordinarily at some cutoff branches. Let us consider first Figure 4.7. There are two

roots: 2 = 6.86 and 2 = 7.425 for v = 0.33. As v increases, the first root {2 = 6.86 remains
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Figure 4.8: Plot of function F»/Q? vs frequency €2, n = 1

the same for v = 0.48, the second root 2 = 7.425 shifts to the right and for v = 0.48 it
is 2 = 10.1851, it approaches the next branch. The ’fzero’ root finder can not distinguish
between the two branches. This explains why the two cutoff branches shown in Figure 4.5

coincide with each other for v > 0.42.

Now let us examine Figure 4.8 in more detail. We can observe that the Fy/Q?
function has either two or one root depending on values of Poisson’s ratio for interval
Q € [9.7,10.4]. Thus F,/Q? function has two zeros for v = 0; 0.02; 0.12 and one zero
for v = 0.03; 0.04; 0.06; 0.08; 0.1; 0.11. As v increases from 0 to 0.1 it shifts up and then
again goes down for v = 0.12. Therefore the cutoff branch started at 2 = 9.7483 and
0.03 < v < 0.12 suddenly jump and coincides with the previous branch as shown in Figure
4.5 - 4.6. This results in unstable behavior of the cutoff frequencies as function of v. As the

consequence of this behavior, it is only possible to find dispersion relations in the rod for
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certain values of Poisson’s ratio v, e.g. for 0.12 < v < 0.42. The results given in [44], [3],

[16], [15] are within this range of v.



80

Chapter 5

Application, Coclusion and Future Work

5.1 Application to Elastic Waves in Waveguides

Propagation characteristics of ultrasonic elastic guided waves are directly related to the mi-
crostructure and the mechanical properties of the medium. Because of this feature ultrasonic
waves are widely used in the field of characterizations and non-destructive testing of struc-

tures to detect defects in waveguides [49], [50], [49], [51].

Ultrasonic non-destructive evaluation can provide a rapid and accurate measurement in
a wide range of industries. The ability to inspect large structure from a single probe position
makes inspection by ultrasonic waves an appealing solution for many industrial applications
(aircraft parts, rails, pipes, stay cables and so on). But there are some difficulties in applying
this technique.The multimodal and dispersive nature of the waveguide which can lower the
quality of ultrasonic wave test in connection with test sensitivity and the distance of propaga-
tion [51]. Thus, prior to performing tests one should be able to calculate and understand the
propagated field in a waveguide. Therefore some models of wave propagation in waveguides
have been developed by Mindlin [3], Zemanek [44], Puckett et al [52]. These models identify
dispersion curves and associated mode shape. For cylindrical shapes this can be done using
analogous solutions of dispersion relations shown in Chapter 4 and for plates using results
given in Chapter 3 of the thesis. Puckett et al. [52] studied wave propagation of multiple

modes in a finite cylinder with excitation using a normal expansion model.

Application of ultrasonic Lamb waves for rapid inspection of metallic and composite
structures have been described in a number of studies [49]. A good review of guided Lamb

waves for identification of defects in composites is given by Zu et al. [53]. The damage is
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Figure 5.1: Application of non-destructive testing using ultrasonic waves

traditionally identified by analyzing the modifications in the received Lamb waves signals.
The results presented in Chapter 3 are applicable here. Another possible technique to analyze
Lamb wave propagation is the dual signal processing approach [49], by measuring signals at
different positions.

Consider a long pipe (pod) used in oil (petroleum) transportation which can be modeled
as an infinitely long rod. Sending signals in the pipe gives the ability to extract material
properties of the pipe using the solution of dispersion relations obtained in Chapter 4. The

picture given in Figure 4.9 is taken from
http://en.wikipedia.org/wiki/File:Ultrasonic_pipeline_test.JPG#filelinks

Figure 4.9 shows how technician uses ultrasonic phased array instrument to detect damages on
a pipeline weld at a construction site. An ultrasound transducer is connected to a diagnostic
machine, scanner, which consists of a frame with magnetic wheels. The scanner holds the
probe in contact with the pipe by a spring. The wet area is water or an ultrasonic couplant
(such as oil). The couplant allows the sound to pass into the pipe wall. Application of non-

destructive inspection techniques, using mechanical guided waves, have potential to monitor
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these structures. It gives ability to inspect long lengths of wave guide from a single position.

In recent years methods based on guided ultrasonic waves gained increasing attention for
the non-destructive evaluation and the health monitoring of multi-wire strands used in civil
structures as prestressing tendons and stay cables [54]. These structures suffer from aging
and degradation due to corrosion and fatigue of structural steel members. The classical
way to study wave propagation in strand wires (the lowest number of strands is 7) is to
use an infinite cylinder. Kwun et al. [55], Laguerre et al. [54], Lanza di Scalea et al. [56]
have conducted experimental studies for both cylindrical bar and seven wire strand to find
similarities between behaviors of both structures that could be modeled from solutions of
Pochhammer-Chree frequency equations for the bare waveguide case.

Conventional non-distractive evaluation requires a coupling medium to permit the ul-
trasound transmission into the structure investigated. The coupling issues in exciting and
detecting elastic Lamb waves are removed in non- contact Laser Based Ultrasonic Systems.
Laser Based Ultrasonic (LBU) technique is efficient to study wave propagation in plates due
to its large bandwidth and the potential for fast scanning [57], [58], [59]. Lamb waves are used
in the ultrasonic characterization of plates to extract mechanical properties of plates. Some
symmetric and antisymmetric Lamb modes display atypical characteristics at the minimum
frequency, where the group velocity of the mode is zero while the phase velocity remains
non-zero, for instance, a backward wave propagation, a resonance peak. Such Lamb modes
are called Zero Group Velocity (ZGV) modes. Dispersion curves for some low symmetric and
antisymmetric Lamb modes are depicted in Fig. 3.8 and Fig. 3.9, where the first symmetric
mode and the second antisymmetric mode have negative slope. Since at minimum frequencies
of ZGV modes the energy is gathered under the source, a resonant behavior of these modes is
expected. Using LBU technique, ZGV resonances were observed for the first symmetric and
the second antisymmetric Lamb mode by Prada et al. in [57], [58] for isotropic plate, and in

[59] for anisotropic plate.
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5.2 Conclusion

Research has been performed to study elastic wave propogation in rods and plates. A new ap-
proach has been proposed in Chapter §3 to study the low frequency behavior of the Rayleigh-
Lamb frequency equations. The approach is built on new series expansion of the roots of
the Rayleigh-Lamb equations using iteration combined with symbolic algebra on Maple. The
non-dimensional frequency is expanded into a series for the wavenumber for symmetric modes
in Section §3.3 and for antisymmetric modes in Section §3.4. A numerical evaluation of the
series coefficients has been performed by solving of sequence of linear equations. The disper-
sion relations for frequency, phase speed and group speed for the lowest mode, n = 1, have
been analyzed in Sections §3.4 and §3.5. The frequency and phase speed dependence on wave
number showed a good agreement of series expansion method with exact theory and gives
quite accurate results for 0 < £ < 0.6. For 0 < £ < 0.6 keeping 10 terms in series expansion

gives more precise result.

The advantage of the proposed series expansion method is that there is no need to evaluate
the root the Rayleigh-Lamb frequency equations; it is straightfoward and uses less effort to
compute. For low frequency processes the series expansion method gives accurate results.
The roots of the Rayleigh-Lamb frequency equations can only be obtained using numerical
method which is not exact solution. The disadvantage of the series expansion method is
that it works only for low frequencies. For high frequencies series expansion produces high
phase speed and frequency. In addition, the obtained frequency expansion is divergent. It is
suggested to use some other methods to analyze the Rayleigh-Lamb frequency equations for

high frequency spectrum, some approaches are shown in the following section.

Different displacement potential representations have been presented and contrasted. The
frequency equations have been derived for symmetric and antisymmetric modes in a rod
using two displacement potentials, namely the Helmholtz decomposition for vector fields and
Buchwald’s vector potentials. A new approach to derive the frequency equations for rods
using Buchwald’s potential representation is proposed. It has been observed that Buchwald’s

potentials produce a simpler solution, involving lower order Bessel functions.
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The frequency equation are derived and analyzed in Section §4.4 in more detail for the case
n = 0, corresponds to symmetric modes, and the n = 1 case corresponding to propagation
antisymmetric modes in a rod. It has been shown that Buchwald’s potential and Helmholtz
decomposition produce the same frequency equation for n = 0 case. The development of the
frequency equations for rods has shown that Buchwald’s approach is less laborious and time
saving.

Numerical results are given in Section §4.5 where the dispersion relations and the cutoff
frequencies for axial-shear, radial-shear and flexural modes in the rod are discussed. The
obtained results for symmetric modes agreed with ones published earlier. The evaluation of
the dependence of cutoff frequencies on Poisson’s ratio v revealed some unexpected interesting
behavior of cutoffs for antisymmetric modes. Some branch cuts abruptly jump and coincide
with previous or next branch for some values of Poisson’s ratio. It has been explained in
Section §4.5, looking at the dependence of the F,/Q? function on frequency €2 at some fixed
values of Poisson’s ratio. At some branches for some values of frequency 2 the F»/Q? function

has either one, two or no roots depending on a value of Poisson’s ratio v.

5.3 Suggestions for Further Work

While the results in Chapter 3 are restricted to high wave length, £ << 1, they could be
extended to finite values of £. In order to analyze the Rayleigh-Lamb frequency equations for
higher wave number, one could use the Pade approximant method combined with obtained
series expansion to expand the radius of convergence. The Padé approximant, developed
by Henri Padé, is the ”"best” approximation of a function by a rational function of given
order. The approximant’s power series agrees with the power series of the function it is
approximating and it may still work where the Taylor series does not converge, like in our case.
Another approach is to use the effective equations of refined engineering theories [23] with
specified boundary conditions. The refined equations are unclear sometimes, the specified
boundary condition should correspond to an order of PDE and a number of independent

variables.



85

The series expansion method was shown above for the lowest family of symmetric and
antisymmetric modes when m = 0. This method will also work for all modes (m=0,1,2,3)

using the following expansion:

0 =Q2 + ) &"W, (5.1)
n=1

by starting for each mode with the corresponding cutoff frequency €2,,.

In addition, the proposed series expansion method can be extended to study the roots of
the frequency equation for symmetric and antisymmetric waves in a rod.

Buchwald’s potentials [37] are the most effective to use in cylindrical coordinates. In the
more general case, considering a radially inhomogeneous solid, Shuvalov and Norris’ approach
[33] based on Stroh framework is the most efficient, where the impedance matrix was also

derived using Buchwald’s potentials.
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D. Appendix. Sample Maple and Matlab Codes

D..1 Appendix 1. Maple Codes

a) Codes for Section 3.3. Symmetric Modes

OM2 := Sum(U[n]*xi~(2*n), n =1 .. 10); k2 := (2%(1-nu))/(1-2*nu);
x2 := OM2-xi"2; y2 := O0M2/k2-xi"2; f1 := sin(sqrt(x2))*cos(sqrt(y2))/sqrt(x2);
f2 := sin(sqrt(y2))*cos(sqrt(x2))/sqrt(y2); S11 := (xi"2-x2) " 2*f1+4xy2*xi~2*f2;
S := taylor(Sil, xi = 0, 20); SO := simplify(coeftayl(S, xi = 0, 4));
eq := solve({S0}, [U[1]1])[2];
for i from 2 by 2 to 10 do SO := simplify(coeftayl(S, xi = 0, 4+i));
eqt := op(solve({subs(eq, S0)}, [UL(1/2)*i+1]1]1));
eq := [op(eq), op(eqt)]: end do
for k from 1 by 1 to 6 do V[k] := subs(eq, U[k]); B[k] := simplify(V[k]*C[k]):
C[k] := factorial(2xk-1)*(1-nu)”(2xk-1)
/((-1) " (2x%k-1)*2 k*factorial (k-1)*nu~2); end do

OUTPUT:

eq := [U[1] = -2/(au-1), U[2] = (2/3)*nu~2/(nu-1)"3,

U[3] = -(2/45)*nu"2*(7*nu~2+10*nu-6)/(nu-1) "5,

U[4] = (2/945)*nu"2#*(62*nu~4+294*nu”~3-27*nu"2-168*nu+51)/(nu-1) "7,

U[5] = -(2/14175)*nu"2*(381*nu"6+3852*nu"~5+3750*nu"4-5374*nu"3
-554xnu”~2+1524*nu-310) /(nu-1) "9,

U[6] = (2/467775)*nu”2*(5110%nu~8+89650*nu"7+238567*nu"6-107448*nu"5

-253549*nu"4+145530*nu"3+23919*nu"2-27104*nu+4146) / (nu-1) “11]

v[1] := -2/(nu-1), C[1] := -(1/2)*(1-nu)/nu~2, B[1] := -1/nu"2,

V[2] := (2/3)*nu"2/(nu-1)"3, C[2] := -(3/2)*(1-nu)"3/nu"2, B[2] := 1,
V[3] := -(2/45)*nu~2*(7*nu~2+10%nu-6)/(nu-1)"5

C[3] := -(15/2)*(1-nu)"5/nu"~2, B[3] := -(7/3)*nu"2-(10/3)*nu+2



V[4] :=

cl4] :=

B[4] :=

v[5] :=

B[5] :=

v[ie] :=

B[6]

(2/945) *nu"2* (62*nu~4+294%nu"3-27*nu"~2-168*nu+51) / (nu-1) °7
-(105/2)*(1-nu) "7/nu"2,
(62/9) *nu”4+(98/3) *nu”~3-3*nu”~2-(56/3) *nu+17/3
-(2/14175) *nu" 2% (381*nu"~6+3852*nu"5+3750%nu"4-5374*nu"3
-554*nu”~2+1524*nu-310) /(nu-1)"9; C[5] := -(945/2)*(1-nu) "9/nu"2
-(127/5)*nu”6-(1284/5) *nu~5-250*nu"~4+(5374/15) *nu~3+(554/15)
*nu”~2-(508/5) *xnu+62/, C[6] := -(10395/2)*(1-nu)~11/nu"2
(2/467775) *nu~2* (5110%nu”~8+89650*nu"~7+238567+nu"6-107448*nu"5
-253549*nu”~4+145530*nu"3+23919*nu"~2-27104*nu+4146) / (nu-1) "11
(1022/9) *nu~8+(17930/9) *nu~7+(238567/45) *nu~6-(35816/15) *nu"5

-(253549/45) *nu”~4+3234*nu"3+(7973/15) *nu~2-(27104/45) *nu+1382/15

b) Codes for Section 3.4. Antisymmetric Modes

oM2 :=

Sum(U[n]*xi~(2*n), n = 2 .. 16);

x2 := OM2-xi"2; k2 := (2%x(1-nu))/(1-2%nu);

y2 :=0

f2 := s

M2/k2-xi"2; f1 := sin(sqrt(x2))*cos(sqrt(y2))/sqrt(x2);

in(sqrt(y2))*cos(sqrt(x2))/sqrt(y2);

B := (xi"2-x2) " 2%f2+4*x2xx1"2*f1l; S := taylor(B, xi = 0, 28);

S0 :=s
S1 :=s
for i £
eqt :=
eq := [
for k £
CL[k]

DL [k]

OUTPUT:

implify(coeftayl(S, xi = 0, 8)); eq := solve({S0}, [U[2]1])[2];

0, 6));

implify(coeftayl(S, xi
rom 2 by 2 to 16 do SO := simplify(coeftayl(S, xi = 0, 8+i));
op(solve({subs(eq, S0)}, [U[(1/2)*i+2]]1));

op(eq), op(eqt)] end do

rom 2 to 10 do W[k] := subs(eq, U[k]);

simplify(factorial (2xk)*(1-nu) "~ (k-1)/((-1) "k*2~ (k+5)));

factor (W[k]*CL[k]); DT[k] := taylor(DL[k], nu = 1, 10) end do
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eq := [U[2] = -2/(3*(nu-1)), U[3] = (2/45)*(7*nu-17)/(nu-1)"2,

U[4] = -(2/945)*(62*nu~2-418*nu+489)/(nu-1) "3,

U[5] = (2/14175)*(381*nu~3-4995*nu"~2+14613*nu-11189)/(nu-1) "4,

Ul6] = -(2/467775)*(5110*nu"4-110090*nu"3+584257*nu"~2-1059940*nu+602410)
/(au-1)-5,

U[7] = (2/638512875)*(2828954*nu"~5-90572134*nu"~4+754982390*nu"~3-2386810276

*nu”~2+3109098177*nu-1404361931) / (nu-1) "6,

U[8] = -(2/1915538625)*(3440220*nu~6-153108900*nu"5+1840593186*nu"4
-8868547040*nu"~3+19607784669*nu"~2-19849038802*nu+7437643415)
/(nu-1) "7,

U[9] = (2/488462349375)*(355554717*nu"~7-20978379363*nu"6+343393156317
*nu~5-2332360918791%nu"4+7695401450679*nu"3-12978692736341*nu"2
+10724754208055*nu-3433209020623) / (nu-1) "8,

U[10] = -(2/194896477400625) * (57496915570*nu"~8-4341050683790*nu"7
+92811983812139*nu"6-843435286359132*%nu"5+3856675179582919*nu"4
-9557544387771638*nu"3+12977929665725313*nu"2

-9051135401463140*nu+2528890541707756) / (nu-1) ~9]

wl2] = -2/(3%(nu-1)), CL[2]:= -(3/16)*nu+3/16, DL[2]:= 1/8,DT[2]:= 1/8,

W[3] := (2/45)*(7*nu-17)/(nu-1)"2, CL[3] := -(45/16)*(nu-1)"2,

DL[3]:= -(7/8)*nu+17/8, DT[3]:= 5/4-7/8*(nu-1), CL[4]:= -(315/4)*(nu-1)"3,

W[4] :=-(2/945) * (62*nu"~2-418*nu+489) /(nu-1) "3, CL[4] := -(315/4)*(nu-1)"3,

DL[4]:= (31/3)*nu~2-(209/3)*nu+163/2, DT[4]:= 133/6-49*(nu-1)+(31/3)*(nu-1) "2

W[5]:= (2/14175)*(381*nu~3-4995*nu"2+14613*nu-11189) / (nu-1) “4,

CL[5] := -(14175/4)*(nu-1)"4

DL[5] := -(381/2)*nu”3+(4995/2)*nu"2-(14613/2)*nu+11189/2

DT[5] := 595-2883*(nu-1)+1926* (nu-1)"2-(381/2)*(nu-1)"3

wle] = -(2/467775)*(5110*nu"4-110090*nu"~3+584257*nu"~2-1059940*nu

+602410) /(nu-1) "5, CL[6] := -(467775/2)*(nu-1)"5

DL[6] 5110*nu~4-110090*nu”~3+584257*nu"~2-1059940*nu+602410



89

DT[6] := 21747-201256%* (nu-1)+284647*(nu-1) "2-89650%* (nu-1) "3
+5110* (nu-1) "4

W7l = (2/638512875) *(2828954*nu"~5-90572134*nu"~4+754982390*nu"3
-2386810276*nu"2+3109098177*nu-1404361931) / (nu-1) "6,

CL[7] := -(42567525/2)*(nu-1)"6

DL[7] := -(2828954/15)*nu"~5+(90572134/15) *nu~4-(150996478/3) *nu"3
+(2386810276/15) *nu~2-(1036366059/5) *nu+1404361931/15

DT[7] := 988988-252281029/15% (nu-1)+(127401274/3)* (nu-1) ~2-(140327798/5)
*(nu-1) ~3+(25475788/5) * (nu-1) "4-(2828954/15) * (nu-1) "5

w8l = -(2/1915538625) * (3440220*nu"~6-1563108900*nu"5+1840593186*nu"4
-8868547040*nu"~3+19607784669*nu"2-19849038802*nu
+7437643415) / (nu-1) "7, CL[8] := -2554051500%(nu-1)"7

DL[8] := 9173920*nu~6-408290400*nu"~5+4908248496*nu"~4-(70948376320/3)
*nu”3+52287425784*nu"2-(158792310416/3) *nu+59501147320/3

DT[8] := 150133984/3-4973128160/3* (nu-1)+6843245240* (nu-1) ~2-(23747671168/3)

*(nu-1) "3+3004405296* (nu-1) "4-353246880* (nu-1) "5+9173920 (nu-1)"6
W[9] = (2/488462349375)*(355554717+nu"7-20978379363*nu"6+343393156317*nu"5
-2332360918791*nu~4+7695401450679*nu"3-12978692736341*nu"2

+10724754208055*nu-3433209020623) / (nu-1) °8,

CL[9] := -390769879500%* (nu-1) "8

DL[9] := -(2844437736/5)*nu"7+(167827034904/5)*nu"6-(2747145250536/5) *nu"5
+(18658887350328/5) *nu~4-(61563211605432/5) *nu~3+(103829541890728/5)
*nu”2-17159606732888*nu+27465672164984/5

DT[9] := 2138696560-941710405376/5% (nu-1)+(6079451002144/5)*(nu-1) "2

-2228425866432+* (nu-1) "3+(7341011300448/5) * (nu-1) "4-(1799916233568/5)
*(nu-1) "5+(147915970752/5) * (nu-1) “6-(2844437736/5) * (nu-1) °7

W[10] = -(2/194896477400625)* (57496915570*nu"8-4341050683790*nu"7+*nu"6
-843435286359132*nu”~5+3856675179582919*nu"~4-9557544387771638*nu"3

+12977929665725313%nu"2-9051135401463140*nu+2528890541707756) / (nu-1) "9



CL[10]

DL[10]

DT[10]
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-74246277105000%* (nu-1) "9

(919950649120/21) *nu"~8-(69456810940640/21) *nu"7+(1484991740994224
/21)*nu~6-(4498321527248704/7) *nu”~5+(61706802873326704/21) *nu~4
-(152920710204346208/21) *nu~3+(69215624883868336/7) *nu"2
-(144818166423410240/21) *nu+40462248667324096/21
-208590934864/3-71863824869824/3* (nu-1)+(716851023485824/3) * (nu-1) "2
-(1960397265026816/3) * (nu-1) "3+14140264242025504/21 (nu-1)"4
-5992089929183488/21 (nu-1)"5+1024552682585104/21 (nu-1)"6

-20699068582560/7 (nu-1)~7+919950649120/21 (nu-1)"8

D..2 Appendix 2. Matlab Codes

a)Codes for Section 2.5

JBeam_Tim_R_EB1.m: Plot of Phase velocity \Omega / \xi versus wave number

nu=0.29; k1 = 10*(1+nu)/(12+11*nu); k2=3; a=2*(1+nu)/k2; al=1/k2+a/ki1;

a2=4x*a/(k1*k2); sp = 6; sv = 0:0.01:sp;

for J=1:length(sv)

s2=sv(J)."2; sd4=sv(J)."4; s6=sv(J)."6; s8=sv(J)."8; s10=sv(J)." 10;

s12=sv(J)."12; xvl(J)=ax*s4; xv2(J)=ax*sd./(1+s2/k2);

xv3(J)=(k1*k2+(k1+2* (1+nu))*s2) /2-sqrt (((k1xk2+(k1+2* (1+nu) ) *s2)/2) ...\

."2-2% (1+nu) *k1*s4) ;

end

OMEGA1=sqrt (xvl)./sv; OMEGA2=sqrt(xv2)./sv; OMEGA3=sqrt(xv3)./sv;

plot(sv,0OMEGA1l, ’b--’,’LineWidth’,1.5); hold on;

plot(sv,0MEGA2,’g-’,’LineWidth’,1.5);plot (sv,0MEGA3, ’r-.’,’LineWidth’,1.5);

hold off; grid on; xlabel(’\xi’); ylabel(’\Omega / \xi ’);

title(’Plot of \Omega/ \xi vs. wave number \xi’)

legend(’Euler-Bernoulli’, ’Rayleigh’,’Timoshenko’)

b)Codes for Section 3.4
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% ANTISYM_Omega?2

%Plot of Frequency \Omega vs. wave number \xi

%\nu- Poisson’s ratio, sv- \xi vector(wave number), \OMEGA -frequency

nu=0.25; sv=linspace(0,1); W(1)= zeros(l,length(nu)); W(2)= -2./(3.*(nu-1));

W(3)= (2./45) .x(7.*nu-17)./(nu-1).°2;

W(4)= -(2./945) .%(62.*nu. 2-418.*nu+489) ./ (nu-1)."3;

W(B)= (2./14175) .x(381.*nu."3-4995.*nu. 2+14613.*nu-11189) ./ (nu-1) . 4;

W(6)= -(2./467775) .*(5110.*nu. 4-110090.*nu. " 3+584257 .*nu."2.../

-1059940. *nu+602410) ./ (nu-1) ."5;

W(7)= (2./638512875) * (2828954 .*nu. " 5-90572134 . *nu. "4+754982390. ../
.*nu. ~3-2386810276.*nu. ~2+3109098177 . *nu-1404361931) ./ (nu-1) . "6;

W(8)= -(2/1915538625) . *(3440220.*nu. "6-153108900.*nu. "5+1840593186.../
.*nu. "4-8868547040. *nu. ~3+19607784669.*nu. ~2-19849038802. . ./
.xnu+7437643415) . /(nu-1) .7 7;

W(9)= 2./488462349375.* (355554717 .*nu. " 7-20978379363.*nu. "6+ .../
343393156317 . *nu. 5-2332360918791.*nu. "4+ 7695401450679.../
.*knu. ~3-12978692736341 . *xnu. "2+10724754208055. *nu. . ./
-3433209020623) ./ (nu-1) .78

W(10, :)=-(2/194896477400625) * (57496915570*nu. ~8-4341050683790. . ./
*nu. ~7+92811983812139*nu. "6-843435286359132*nu."5.../
+3856675179582919*nu. “4-9557544387771638*nu."3.../
+12977929665725313*nu. "2-9051135401463140*nu+. . ./
2528890541707756) ./ (nu-1) .79; O=zeros(1,length(sv));

for n=1:1

0=0+W(n)*sv." (2*n)

end

OMEGA1=sqrt (0) ; O=zeros(1l,length(sv));

for n=1:2

0=0+W(n)*sv.” (2*n)



end
OMEGA2=sqrt (0) ;
for n=1:3
0=0+W(n) *sv
end
OMEGA3=sqrt (0) ;

for n=1:4

0=0+W(n) *sv.

end
OMEGA4=sqrt (0);

for n=1:5

0=0+W(n) *sv.

end
OMEGA5=sqrt (0) ;

for n=1:6

0=0+W(n)*sv.

end
OMEGA6=sqrt (0) ;

for n=1:7

0=0+W(n) *sv.

end
OMEGA7=sqrt (0);

for n=1:8

0=0+W(n) *sv.

end

OMEGA8=sqrt (0) ;

for n=1:9
0=0+W(n) *sv

end

O=zeros(1,length(sv));

.~ (2%n)

O=zeros(1,length(sv));

~(2*n)

O=zeros(1,length(sv));

~(2%n)

O=zeros(1,length(sv));

~(2%n)

O=zeros(1,length(sv));

~(2*n)

O=zeros(1,length(sv));

~(2%n)

O=zeros(1,length(sv));

.~ (2%n)
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OMEGA9=sqrt (0); O=zeros(1l,length(sv));
for n=1:10

0=0+W(n)*sv.~ (2*n)
end
OMEGA10=sqrt(0); hold on
plot(sv,0MEGA1l, ’r-.’,’LineWidth’,2.5); plot(sv,0MEGA2,’b-’,’LineWidth’,2);
plot(sv,OMEGA3, ’m--’,’LineWidth’,2); plot(sv,0MEGA4,’g-’,’LineWidth’,2);
plot(sv,OMEGA5, r-’,’LineWidth’,2.5); plot(sv,0MEGA6,’k:’,’LineWidth’,2.5)
plot(sv,0OMEGA7,’c-.’,’LineWidth’,2.5); plot(sv,0MEGA8,’k-’,’LineWidth’,1.5)
plot(sv,OMEGA9, b--’,’LineWidth’,2); plot(sv,0OMEGA10,’m:’,’LineWidth’,2.5);
hold off; grid on; xlabel(’\xi ’); ylabel(’\Omega’ )

legend(’1°,°27,737,°47,°56 67,27 ,°8°,79°,710°); AXIS([O 1 0 2.5])

c¢) Codes for Section 3.5

% RL_find_rootsll.m
% Program plots dispersion relations for plate using R.L. roots
% ISYM=1 corresponds to symmetric modes
% ISYM=2 corresponds to antisymmetric modes
clear; clf; ISYM=2; nu=0.25; k2 = 2*(1-nu)/(1-2*nu) ;
numroots=8; sp = 5; sv = 0.01:0.01:sp; a0=(.2)"2;
for N=1:numroots
a0=N"2-.99;
for J=1:length(sv)
s2=sv(J)"2;
if N==
Dfun= @(a) 1;
else
Dfun= @(a) prod( (a-xv(J,1:N-1) ) );

end
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if ISYM==
xv(J,N)=fzero(@(a) RL_syml(a,s2,k2)/Dfun(a), al);
else
xv(J,N)=fzero(@(a) RL_antisyml(a,s2,k2)/Dfun(a), a0);
end
a0=xv(J,N);
end
end
OMEGA=sqrt(xv); plot(sv,0MEGA, ’LineWidth’,1.5); grid on
xlabel(’\xi ’); ylabel(’\Omega’); title(’plot of \Omega vs. wave number’)
ToTotoToToToTo o Too o Jo o o o To o o Jo o o JoTo o o Toto o To o o Jo Jo o o To o o Jo o o Jo Fo o o To o o To o o Jo Fo o o To o o Jo o o o To 1o o Jo o o To o o o To o
% RL_syml.m

function f = RL_syml(a,s2,k2)

x = sqrt(a-s2); y = sqrt(a./k2-s2);
f = ( sin(x)./x.*cos(y).*(a-2%s2) . 2+cos(x) .*sin(y) .*x 4.*s2.%xy)./a;
end

VY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y
% RL_antisyml.m

function f = RL_antisyml(a,s2,k2)

x = sqrt(a-s2); y = sqrt(a./k2-s2);

f = ( sin(x).* cos(y).* 4.% s2.%x + cos(x).*sin(y)./y .*(a-2%s2).72 )./a;
end

Toloto oo oo oo oo o T o o o T T o Jo o T T o To T To T T T T T oo oo oo oo oo fo o o o o o o o o o o o o o o o o o o o o o oo

d) Codes for Section 4.5. Symmetric Modes

% Rod_nu_01.m
% Plot of frequency \Omega versus Poisson’s ratio
clear; clf; nu = 0:0.01:0.45; tic

a0=2.6038;



for J=1:length(nu)

k=sqrt (2*(1-nu(J)) ./ (1-2*xnu(J))); k2 = k.xk;
xv(J)=fzero(@(a) Rod511_sym(a,k), al); a0=xv(J);
end
a0=3.837

for M=1:length(nu)
k=sqrt (2*(1-nu(J)) ./ (1-2*nu(J))); k2 = k.x*k;
xw(M)=fzero(@(a) Rod6_sym(a), al); a0=xw(M) ;
end
OMEGA1=xv/pi; OMEGA2=xw/pi;
plot(nu,0OMEGA1, ’r-’,’LineWidth’,1.5); hold on
plot(nu,0OMEGA2, ’r--’,’LineWidth’,2) ;legend (’RO1’,’\Omega=J_{1,1}=3.837")
a0=7.5398;

for J=1:length(nu)

k=sqrt (2*(1-nu(J))./(1-2*nu(J))); k2 = k.x*k;
xv(J)=fzero(@(a) Rod511_sym(a,k), a0); a0=xv(J);
end
a0=7.0156

for M=1:length(nu)
k=sqrt (2*(1-nu(J))./(1-2%nu(J))); k2 = k.x*k;
xw(M)=fzero(@(a) Rod6_sym(a), a0l); a0=xw(M) ;
end
OMEGA3=xv/pi; OMEGA4=xw/pi; plot(nu,0MEGA3,’b-’,’LineWidth’,2);
plot (nu,0MEGA4, ’b--",’LineWidth’,1.5);
legend (’R02’,’\Omega=J_{1,2}=7.0156")
a0=12.0722;
for J=1:length(nu)
k=sqrt (2% (1-nu(J))./(1-2*nu(J))); k2 = k.x*k;

xv(J)=fzero(@(a) Rod511_sym(a,k), a0); a0=xv(J);



end

a0=10.1735;

for M=1:length(nu)
k=sqrt (2*(1-nu(J)) ./ (1-2*xnu(J))); k2 = k.x*k;
xw(M)=fzero(@(a) Rod6_sym(a), al); a0=xw(M) ;

end

OMEGA5=xv/pi; OMEGA6=xw/pi; plot(nu,0MEGA5,’g-’,’LineWidth’,2)

plot(nu,OMEGA6,’g--’,’LineWidth’,1.5)

legend (’RO3’,’\Omega=J_{1,3}=10.1735")

a0=16.5548;

for J=1:length(nu)

k=sqrt (2*(1-nu(J))./(1-2*nu(J))); k2 = k.x*k;
xv(J)=fzero(@(a) Rod511_sym(a,k), a0); a0=xv(J);
end
a0=13.3237;

for M=1:length(nu)
k=sqrt (2* (1-nu(J)) ./ (1-2*xnu(J))); k2 = k.x*k;
xw(M)=fzero(@(a) Rod6_sym(a), a0l); a0=xw(M) ;

end

OMEGA7=xv/pi; OMEGA8=xw/pi; plot(nu,0MEGA7,’m-’,’LineWidth’,1.5)

plot (nu,0MEGA8, 'm--",’LineWidth’,2)
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legend(’RO1’,’\Omega=J_{1,1}=3.837’,’R02’,’\Omega=J_{1,2}=7.0156°,’R03’, .../

’\Omega=J_{1,3}=10.1735",’R04’, ’\Omega=J_{1,4}=13.3277)
hold off; grid on; xlabel(’\nu’); ylabel(’\Omega / \pi’)

AXIS([0 0.45 0 13]);toc

Toloto oo oo oo oo oo o T o o o o o o o T T T o To T T T T T To T o oo oo oo oo oo fo o fo o o o o o o o o o o o o o o o o o o o o o

% Rod6_sym.m
function ff = Rod6_sym(a)

%axial shear modes



ff=besselj(1,a);

end

o ToTo oo 1o o o To o o ToTo o fo To o o ToTo o To To o o To o o ToTo o o To o o To o o To T o o To o o To o o To T o o To o o To o o To Fo o o To o o To o o Jo T o o To
% Rod511_sym.m

function f3 = Rod511_sym(a,k)

%s2=0 cut off frequencies, radial shear modes

x =a; y = a./k; JyO = besselj(0,y); Jyl = besselj(l,y);

£3= x.*Jy0-2xJyl./k;

end

Yoo ToToTo o ToTo o o o ToTo o o o Jo To o o o To To o o o Jo To o o o Jo To o o o Jo To o o o Jo To o o o Jo T o o o To T o o o To T o o o To o o o o To o o o o To o o
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