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ABSTRACT OF THE THESIS

A Study of Large Deflection of Beams and Plates

by Vinesh V. Nishawala

Thesis Director: Dr. Haim Baruh

For a thin plate or beam, if the deformation is on the order of the thickness and
remain elastic, linear theory may not produce accurate results as it does not predict the
in plane movement of the member. Therefore, a geometrically nonlinear, large deforma-
tion theory is required to account for the inconsistencies. This thesis discusses nonlinear
bending and vibrations of simply-supported beams and plates. Theoretical results are
compared with other well-known solutions. The effects of geometric nonlinearities are
discussed. The equation of motion for plates with ‘stress-free’ and ‘immovable’ edges
are derived using modal analysis in conjunction with the expansion theorem. Theo-
retical results are compared with a finite element simulation for plates. ‘Immovable’
edges are studied for beams. For large bending of beams with ‘stress-free’ edges, a the-
ory by Conway is presented. A brief introduction to Duffing’s equation and Gaussian

curvature is presented and their relevance to nonlinear deformations are discussed.

ii



Nomenclature

Dirac delta function

Density - mass per unit volume
Curvature

A generic basis

Biharmonic operator

Poission’s ratio

Excitation frequency

Natural frequency

Airy’s stress function

Plate: mass per unit area (= ph). Beam: mass per unit length (= pbh)
Stress

Slope of deflection

Cross sectional area

Plate length

Beam or plate width

Flexural rigidity

Young’s modulus
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M(x,y,t)
N(z,y,t)
Q(x,y,t)

q(x,y,t)

Ugy Uy, Uy
Wi(x,y,t)

Wy ()

Strain

Beam or plate thickness

Area moment of inertia

Bending stiffness for a beam (= ET)

Length

Moment

Membrane force

Shear force

Applied transverse load

Displacements of the midplane in the z, y, and z directions, respectivley.
Displacements in the z,y, and z directions, respectivley.
A modal function

Coefficient of the modal function
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Chapter 1

Introduction

1.1 Motivation

When beams and plates are deflected beyond a certain magnitude, the linear theory
loses its validity and produces incorrect results. Linear theory can predict that the
deflection of the member may exceed the length of the member, which is unrealistic.
In order for an accurate large deflection solution, one needs to include the coupling
between axial and transverse motion, which is geometric nonlinearity. If the edges are
allowed to move freely within the plane of the undeformed member, this boundary
condition is called ‘stress-free’. If the edges are restricted from moving, the edges
require an equivalent axial load to prevent motion, which is called ‘immovable’ boundary
conditions.

Nonlinear deflection theories also couple axial loads and transverse deflections. This
becomes useful for buckling problems or axially loaded structures. An applied axial load
can act as if it were stiffening or softening the member. This characteristic becomes
important when the structure is rotated about an axis, like a helicopter blade or a
compact disc, where the member is in tension, causing a stiffening of the member.

The modal solution used to solve the linear theory will be used to solve the nonlinear
theory. Since we consider a simply-supported beam and plate, the solution is either a
sine or double sine infinite sum, which simplifies the calculation tremendously. While in
this study we only consider a simply-supported members it may be possible to extend

this method of solution to other boundary conditions.



1.2 Literature Review

A short history of plate theory and nonlinear plate theory will be given below. Two
highly cited literature reviews on nonlinear vibrations are by Chia [11] and Sathyamoor-
thy [39]. After Kirchhoff [25] established the classical linear plate theory, von Karman
[48] developed his nonlinear plate theory. One of the first to study nonlinear plate dy-
namics were Chu and Herrmann [12], who began with vibrations of simply supported
rectangular plates. The Reissner-Mindlin plate theory [31] took into account shear
strains which is useful for thicker or composite plates. The Reissner-Mindlin plate
theory is considered to be a ‘first-order’ shear theory.

Leung and Mao [27] compared the solution between movable and immovable edges of
simply supported rectangular plates using Galerkin’s Method. El Kadiri and Benamar
[17] used the case of Chu and Herrmann [12] and created a simplified analytical model.

Berger [8] simplified nonlinear plate theory by ignoring terms in the strain energy.
Prathap and Pandalai [35] incorporated rotary inertia and the correction for shear in
their study of nonlinear plate theory. Yosibash and Kirby [52] compared three different
versions of the geometric nonlinear plate theory. One version was neglecting the rotatory
inertia term. The second simplified model ignored rotatory inertia as well as the time
dependent terms of the plate in-plane coordinates. The reasoning to ignore the terms is
that they are multiplied by the thickness squared, which is considered a small quantity.
Other terms in the equation were not multiplied by the thickness at all. The last version
included all of those terms. Amabili [3] considered several different boundary conditions
and compared theoretical and experimental results.

Way [50] used Ritz energy method, Leung and Mao [27] used Galerkin’s Method,
Ribeiro [38] used finite element models and Wei-Zang and Kai-Yuan [51] utilized pertur-
bation theory as an approximate method to solve the system. The double Fourier series
was used by Levy [28] to investigate a simply supported plate under various conditions.

Iyengar and Naqvi [24] used a combination of trigonometric and hyperbolic functions



to approximate the defelction of clamped and simply-supported plates under immov-
able and stress-free edge conditions. Leissa [26] studied multiple boundary conditions
of plates of different shapes for linear plate theory. Timoshenko’s [45] book Theory of
Plates and Shells is highly cited in the field and should be considered the first reference

to consult for problems in plate theory.

1.3 Nonlinearities

Nonlinearities exist in an equation of motion when the products of variables, or their
derivatives, exist. They can also exist when there are discontinuities or jumps in the
system. There are several sources of nonlinear behavior.

One source is geometric nonlinearity. This characteristic is important to systems
with large deformations, or systems that may fail due to buckling. In beams and
plates, the nonlinearity is from the nonlinear strain equations, where the transverse
displacement is coupled to the axial strains. As a result, mid-plane stretching of the
beam or plate may occur. The von Karmén, or large deformation, theory of plates uses
geometric nonlinearity in its derivation.

Nonlinear moment-curvature relationship become significant when we consider large
deformations without stretching. This analysis does not consider the slope of the de-
flected middle surface to be small compared to unity. This analysis is usually done in
terms of the slope of the beam.

Another cause of nonlinearity is material properties. These nonlinearities would
render Hooke’s law invalid because Hooke’s law is a linear relationship between stress
and strain. Hooke’s law would have to be altered in order to account for the nonlinear
relationship. In the elastic region of materials, we can define the slope of the linear
region as the Young’s modulus. However, this is just an approximation we use in or-
der to simplify the system. Also, the material is considered isotropic, with the same

material properties in all directions, but this too is an approximation of the material



properties. It is important to note that no material has a perfectly linear elastic mod-
ulus or is perfectly isotropic, these are just approximations that are satisfactory for
most situations. Models of materials with nonlinear elastic properties, like rubber, or
anisotropic materials, like composites, end up in being nonlinear in the equations of
motion. Material nonlinearities are not considered in this thesis.

Nonlinear systems are also caused by nonlinear boundary conditions. Examples to
such a phenomenon include the use of a nonlinear spring or damper on the edge of
a plate, or the case of a nonlinear spring in a mass-spring-damper system. Duffing’s
equation is a special case of a cubic nonlinear spring in a mass-spring-damper system.

The above list of nonlinearities is far from complete. There are many sources of
nonlinear behavior and most linear behavior is an approximation. For certain cases,
linearization has negligible effects. It is important to understand the system in terms
of the material model, loading and expected response, in order to determine where a

linear approximation is adequate and where the use of a nonlinear theory is needed.

1.4 Kirchhoff’s Hypothesis

Kirchhoff, one of the developers of linear thin plate theory, used assumptions to develop
linear plate theory that are known as Kirchhoff’s Hypothesis. These assumptions pro-
vide great insight into Kirchhoff’s plate theory. The first assumption is that the plate is
made of material that is elastic, homogenous, and isotropic. The next assumption deals
with the geometry of the plate. The plate is initially flat, and that the smallest lateral
dimension of the plate is at least ten times larger than its thickness. The following
assumptions deal with the geometry of plate deformation. The quotes below are taken
from Szilard [43]:

‘The deformations are such that straight lines, initially normal to the middle surface,
remain straight lines and normal to the middle surface’. This means that for an initially
flat plate, if we were to draw a line normal to the middle surface, through the thickness

of the plate, and then deform the plate, and the line would remain straight and normal



to the middle surface. This statement is equivalent in saying that there are no out-of-
plane shear strains. Also the assumption that the strains in the middle surface produced
by in-plane forces can usually be neglected in comparison with strains due to bending,
would cause the undeformed line and the deformed line to have the same length. As a
result of these assumptions, knowing the deformation of the middle surface of the plate
is sufficient to find the deflection of every point on the plate. For example in figure

(1.1),

0
L~

I
Iy

=

~

Figure 1.1: Deformation of Member

Ug(x,y, 2) = u(z,y) — zsin(0,) (1.1)
where 6, is the angle between the plane of the undeformed midsurface and the tangent
of deformed midsurface parallel to the x-axis at the point in question.

‘The slopes of the deflected middle surface are small compared to unity.” This as-
sumption allows the use of the small angle approximation in our studies. As a result,

the sine of an angle can be approximated by the angle itself, sin(6,) ~ 6, ~ Jw/0x.

This allows our displacement equation to become

ur(m’yvz) :u('rvy) — R A (1'2)

‘The stresses normal to the middle surface are of a negligible order of magnitude’
allows the simplification of Hooke’s law such that the terms with o, can be ignored.

The next two assumptions can be applied to small-deflection theory only.



e The deflections are small compared to the plate thickness. A maximum deflection
from one tenth to one fifth of the thickness is considered as the limit for small-

deflection theory.

e The deflection of the plate is produced by the displacement of points of the middle

surface normal to its initial plate.

For large deflection theory, we begin by considering the bending and stretching
of the plate. Stretching means that the in-plane strains are no longer zero and the
deformed surface is a ‘non-developable’ surface, meaning that it no longer has zero

Gaussian curvature. Also, the deflections are on the order of the plate thickness.

1.5 Outline

In all the cases studied, we consider a simply-supported beam or plate with either
‘stress-free’ or ‘immovable edges’. Chapter 2 describes geometrically nonlinear theory
of beams. The chapter begins with a derivation of the equation of motion followed by a
solution procedure for linear theory of beams and then the nonlinear theory of beams.
For static ‘stress-free’ edges, the theory by Conway is presented. Chapter 3 studies
the geometrically nonlinear theory of plates. The chapter begins with the derivation
and then presents the solution for linear theory of plates. That solution is followed by
the static and dynamic solution to nonlinear theory of plates for both ‘stress-free’ and
‘immovable edges’. A comparison between the theoretical results and a finite element

simulation is presented. Conclusions and future work are presented in Chapter 4.



Chapter 2

Large Deflection of Beams

2.1 Introduction

In the traditional study of transverse motion of beams, coupling between the axial
(membrane) forces and the transverse motion, known as geometric nonlinearity, is ig-
nored. This assumption is widely used to help predict small deflection of beams. How-
ever, when the membrane force becomes significant, like in the case of buckling and
large deformations, the linear theories become inaccurate and the need for a new model
arises. The beam theory below takes into account the effect of the axial motion, as well
as the membrane forces. As a result of the new ‘degree of freedom’ of the model, we
need to define new boundary conditions that define the axial motion of the beam edges.
This model, Euler-Bernoulli beam theory, does not consider the effect of rotatory iner-
tia and the correction for transverse shear. The nonlinear beam theory below is valid
for deflections on the order of magnitude of the beam’s thickness. This particular large
deflection model is used because it parallels to large deflection of plates as that it also
requires axial boundary conditions.

Below, we will consider a pinned-pinned beam and compare the static and dynamic
responses between the linear and nonlinear theories. For beams, it will be shown that
geometric nonlinearity can only be applied to beams with immovable edges. When
applied to stress-free edges, as it will be shown here, one loses the nonlinearity. Thus,
a theory by Conway [13] will be presented to provide some insight into the large static
bending of beams with stress-free edge conditions. Conway does not translate well to
plates as it does not consider the stretch of the beam as well as the kinetics of the beam

and solely concentrates on the geometry of deformation. Stretching in nonlinear plate



theory plays a significant role. We present Conway’s formulation here as a reference
and an acknowledgement that other methods of solution exist. Sathyamoorthy [41]
provides a literature review on the topic.

In modal analysis, the deflection of a beam is approximated by the sum of the beam
modes. Each mode has a specific shape and corresponding frequency. When a beam
is loaded, each mode is excited. Modal amplitudes are the influences of the particular
modes on the overall deflection of the beam. It is important to include the influence of
the modes with frequencies that are adjacent to the excitation frequency as they may
have the significant influence on deflections. Usually, the lower frequencies have higher
amplitudes. As a result of the mode separation in a beam, the sum of the first three

modes usually is a sufficient approximation to the deflection of the beam.

2.2 Governing Equations

In order to better understand beams and their motion, it is wise to begin with the

derivation of the equation of motion. The derivation is given below.

2.2.1 Elasticity

Beginning with Green’s Strain, u,, u, and u. are displacements of the member at any
point in the z, y, and z direction, respectively. u, v, and w are displacements of the
middle surface in the z, y, and z direction, respectively, as shown in figure (2.2).
Ouy 1| [0uy)? uy\ 2 A\
By = - - 2.1
o 8x+2[(0:ﬂ>+ Ox + Ox (21)

Using the ‘small strain, moderate rotation’ approximation results in the geometri-

cally nonlinear strain. Small strain, moderate rotation implies that

ow\? ou
) o - 2.2
(%) ~o(a) 22
which allows us to retain the nonlinear term of the strain. Let u,w be middle plane

deflections of the beam. Hence, from Kirchhoff’s Hypothesis we can relate the middle

plane deflections to uy,u,, the deflections of any point on the beam, see figure (2.1).



Figure 2.1: Undeformed, and Deformed Beam

ow ow
ux—u—z% uy—v—za—y Uy, = W (2.3)
Ou; 1 /0uz\2
clet) = 55 +5(5) (2.4)
ou 1 /0w\?2
€xe(m,t) = . + 5(@) —ZK =€— 2K (2.5)
00  d*w

where k is the curvature and 0 is the slope of the deformed beam. From Hooke’s law we
know o = Fe,,. Note that we assume shear and normal stresses in the y or z direction
are considered to be zero in magnitude. Next, we will find the resultant normal force

and resultant moment of the beam below
N(z,t) = / odA = / FeypdA (2.7)
A A

:Ee/ dA—Efs/ zdA (2.8)
A A

Since the z-axis passes through the centroid of the cross-section of the beam,

J42dA = 0. The resultant axial (membrane) force is

N(z,t) = EAe(x,t) = EA(g—Z + %(‘Z—:)Z) (2.9)
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Figure 2.2: In Plane Displacement of Beam

> <

4
A

Figure 2.3: Axial Stress to Resultant Membrane Force

Calculating the bending moment

M(x,t) :/J(:v,z,t)sz:Ee(x,t)/ ZdA—EIQ/ 22dA
A A A (2.10)

= —FEIk(z,t)

Where [ = fA 22dA.

2.2.2 Derivation of Equation of Motion

In deriving the equation of motion for transverse motion of a beam there are several
different levels of complexity we can add to the problem. Examples include the effects
of rotatory inertia, shear distortion, body couples, and the effect of axial deformation

and axial forces. Including all of these factors can result in a complex beam theory



11

which would be cumbersome to solve and distract us from our true goal, the effect
of axial deformation and force on transverse motion. Therefore, we will ignore these
extra terms and concentrate only on the geometric nonlinearities. In plane stresses and
displacements are critical in large deformation theory as it accounts for the stretching

of the beam, an additional source of beam stiffness or buckling.

q(x, t)dx
0w

Q(x,t)

N (x,t)

M (x,tl dx

Figure 2.4: Beam Element

We begin with a deformed beam element of length dz, see figure (2.4). g(x,t) is the
applied transverse force, p(z,t) is the applied axial force, Q(x,t) is the internal shear
force, N(z,t) is the internal membrane force, M (x,t) is the internal moment, p is the
mass of the beam element and w(z,t) is the vertical deflection of the beam. Summing

forces in the vertical direction:

9w

oQ

0
a(z)da +pla, e+ (Qa,t) + FEdw ) = Qa,t) = pla)de 5y (211)
0 0 o2
ol 1) 4w, 1) 50 + 52 = p(a) T (212)

We need an equation for the shear force, Q(x,t), which will come from the sum of

moments about the center of the beam element.

(M) + D ar) e + Q1)+ L)Y g™
x ox 2 2 (2.13)
ON 0 0? d ow d. ’
~ (NG ) 4+ o) (a—j & dw) 5 N@o(g,5) =0

Right side of above equation is equal to zero as we are neglecting rotatory inertia.
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Ignoring terms of order (dz)? and simplifying we get

oM N ow

Inserting equation (2.14) into equation (2.12) results in
ow O*M(x,t) 0 ow 0w
q(@,t) +p(@,t) 5+ =5 5 + 5 N(@,t) 5 = (@) 55 (2.15)

Noting that for this theory we can use the linear moment curvature relationship, equa-

tion (2.10).

d*w 0?2 d*w 9*w
P(@W + Wk(ff)@ - N(xat)w (216)
—(8—N+ (xt))a—w— (1) |
Ozx P oxr AL,

We define k(z) = EI(x) as the bending stiffness of the beam. For a beam under
the same load, a larger k£ value would result in smaller deflections. From the equation

of motion in the longitudinal direction

0%u  ON
P(l‘)w T p(z,1) (2.17)

We will assume that the acceleration in the longitudinal direction is insignificant com-
pared to the acceleration in the transverse direction. We do this by setting ‘(3;273 ~ 0,
which results in

ON

o~ —p(z,t) (2.18)

Substituting equation (2.18) into equation (2.16) we get

d*w 2 d*w d?w

p(aﬁ)w + wk(w)w - N(m,t)w = q(xz,t) (2.19)

The above equation is known as geometrically nonlinear beam theory even though
it is linear. It is considered a nonlinear equation when N(x,t) is a function of w, which
is when the beam in under large deflections and we cannot ignore axial characteristics.
This equation is useful, along with equation (2.16), when the axial force is known as in

the case of a rotating beam. However, in the case of large deformations, the axial force
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becomes a function of transverse displacement and another equation is needed to solve
the system. This particular case will be discussed later.

The motion of a beam is defined as the sum of its modes. The modes of a particular
structure are the fundamental movements that structure can make from its shape and
boundary conditions. The shape of a pinned-pinned beam’s first three modes are given
in figure (2.5). Usually the first three modes would give sufficient information about
the system. For a beam that is undergoing periodic excitation it is wise to include the

modes that are associated with frequencies near the excitation frequencies.

m=1

0 0.2 0.4 0.6 0.8 1

y — deflection
o =

0 0.2 0.4 0.6 0.8 1

Figure 2.5: First Three Modes of a Simply-Supported Beam

2.2.3 Stretching

In large deflection beam theory, the beam begins to stretch. The variable s is defined
as the length of the beam when deflected. When deflected, we can find the length of a
beam element, ds, by assuming it forms a right triangle. Total length of the beam, s,

is the integral of local stretch expression over the length of the beam.
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dx

dw \/\
ds

Figure 2.6: Change in Beam Length

3_/ m—/ ,/1+ d“’ e
(2.20)
%/0 1+ = <(j;:> da:—L+2/0 <dm> dx

The change in axial length is s — L and its ratio to the original length, L, is

s—L AL 1 [F[/dw\?
_AL _ 2.21
L L 2L (d:c) dr (221)

We will see this term later on.

2.2.4 Expansion Theorem

The expansion theorem is an important tool in solving for beam deflections. The
theorem allows us to expand any function over an orthogonal basis, an infinite sum,
so that we can obtain the deformation. In order to show that the basis is orthogonal
it must satisfy the condition below. Note that the symbol B will be used to signify a

generic basis.

/ B de‘ = Cé(m n) (2.22)

Where ¢ is the Dirac-delta function and C is an arbitrary constant. The basis is
determined by boundary conditions of the beam. The basis for a particular set of
boundary conditions is referred to as the modal function. For a beam simply supported

on both sides, the modal function is
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mm

Wi (x) = Cpy, sin(Ta:) (2.23)

In order to assign a value of C),, we normalize the modal function using the definition
of inner product. The inner product is defined for two functions that are within angle

brackets, ( and ).

L
W), W)y = [ Wi () Wi ()
0 (2.24)

Solving for the coefficient

Cn = \/pTL (2.25)

W (x) = \/pTLsin(nZTx) (2.26)

Our modal function becomes

Our expansion theorem is

g(l’, t) = Z gm(t)Wm(x) (2'27)
m=1

(gl t), W (@)
98 = W0 (a), W)y

(2.28)

Since the modal functions are normalized, the denominator is equal to one. If we
did not normalize our modal function the integral below would have a constant in front

of it. It follows that since (Wp,, Wi,), = 1 we have

L
gm(t) = /0 o, )W (2) da (2.29)

In the sections below we will take C,,, = 1, as a result the corresponding expansion

theorem becomes

L
®) =~ [ gl W, (o) da (230)
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We shall use this form of expansion theorem because the maximum value of the
modal function is one, which makes our calculations easier later on. Also note that the

coefficient, C,,, is not a function of m which may not always be the case.

2.3 Linear Beam Theory

Linear beam theory is a simplification of the geometrically nonlinear theory. This theory
is useful if the membrane force of the beam, IV, is constant or it can be neglected, which
is valid for beams for small deformations. Also, this theory does take into account the
coupling between an axial load with a transverse displacement. As a result, linear beam
theory does not predict buckling. This theory is also known as Euler-Bernoulli Beam
Theory. As a result, we set the axial force equal to zero, N = 0, in equation (2.19). To
simplify, we assume that the mass per unit length and the stiffness of the beam remains

constant along the length of the beam.

Pz T o

— g(a,1) (2.31)
This model is a valid approximation for thin beams under small transverse defor-
mations. As a good rule-of-thumb, ‘small’ is defined as deflections that are at least

ten times smaller than beam thickness. This theory is useful when axial forces are

insignificant to the problem.

2.3.1 Statics

In the study of static problems, the system is independent of time, the ‘steady state’ of
the system. Therefore derivatives with respect to time are equal to zero. Furthermore,
the defection and the loading function of the beam are no longer functions of time. Now
that deflection is only a function of x, the partial derivative becomes a total derivative.

Our equation of motion, the Euler-Bernoulli beam equation, becomes

i dw(z)

W q(x) (2.32)
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While it is possible to solve the above equation directly by integration, direct inte-
gration does not translate to dynamics, or to the nonlinear theory of beams and plates.
For that reason, we will solve the equation by expanding on an orthogonal basis, which
we will call W, (x), and match coefficients of said basis. The orthogonal basis is also
known as the modal function of the beam. The orthogonal basis on which to expand
is defined by the boundary conditions of the beam. The modes of the beam are the
natural shapes that a beam is able to produce under excitation [10].

A pinned-pinned beam is defined as no transverse deflection and zero moment at

the edges. The corresponding boundary conditions are

d2
—Efd—;’; —0 w(0) = w(L) =0 (2.33)
z=0,L

The modal function for this set of boundary conditions is W, (z) = sin(a,z). The
equation of motion and boundary conditions are satisfied if the deflection takes the

form of

w(x) = Z W W (z) = Z Wiy, SIn () (2.34)
m=1 m=1
Q= = (2.35)

We can also expand our load function, g(x), on our orthogonal basis.

q(z) = Z gmWn(z) = Z gm sin(amx) (2.36)
m=1 m=1
L L
Gm = 2/0 q(z)Wp(z) dx = Z/O q(z) sin(a,x) do (2.37)

Substituting the above equations into equation (2.32) we get

kot wp, sin(am ) = g sin(am) (2.38)
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Multiplying by W,, and integrating over the length of the beam, and utilizing the

expansion theorem results in

kot Wy = gm (2.39)
= Im _g 2.40
Wm = M = dm ( . )

Using equation (2.40) along with equation (2.34) gives us the static deflection of
an Euler-Bernoulli beam. For most applications the first three modes of the beam will

give sufficient information of the system.

2.3.2 Dynamics

The mathematical model now includes the time derivative with respect of our deflection
function w(z,t). We need to assume a new form of solution in order to incorporate the
time dependence on the deflection. However the modal function of the beam does not
change. Note that in the study of a static beam w,, was a constant that depended on
the loading function. In dynamic systems, the coefficient of the modal function is now

a function of time, wy,(t).

w(x,t) = Z W (2)wy, (t) (2.41)
m=1
Wi (x) = sin(a,x) (2.42)

In addition, loading function’s coefficients are a function of time.

q(z,t) = Z qm () sin( v, x) (2.43)
m=1
L
am(t) = i/o q(x,t) sin(apz) de (2.44)

Substituting equation (2.41) into equation (2.31), noting ‘92‘;[{{" = o} W,,, and using

expansion theorem,
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Wi + kW wp, = g Wi, (2.45)
k 4
i + g, = I (2.46)
m p

4
Setting w?, = ko‘T’", where wy, is the natural frequency of the system,

i (£) + w2 (8) = 2L (2.47)

p

The solution to the second order ordinary differential equation is below. Where w,,(0)

is related to the initial position and 1wy, (0) is related to the initial velocity of the beam.

Wi, (0)

Wi (t) = Wi, (0) cos(wpt) + :

sin(wpt) + —— /0 g(t — 7)sin(wmr) dr  (2.48)

Wm Wm

L

wm(0) = i/o w(x,0) sin(ay,z) do (2.49)
L

W (0) = 12_//0 w(z,0) sin(am,z) dz (2.50)

2.4 Geometrically Nonlinear Beam Theory

In nonlinear beam theory we assume that the deflection has a significant effect on the
boundaries of the beam. If we consider the edges ‘immovable’, the edges are fixed from
moving in the lateral direction when the beam is deflected laterally. As a result, the
beam’s length increases, and a tensile force in the beam is produced. The equation of
motion is below.

d*w 9?2 0w 0w

pa) Sy + k() 5 — N(2,0) 5y = a(a.1) (2.51)

This equation has two unknowns, w(x,t) and N(z,t). In order to solve this equation
we need an expression for N(z,t) in terms of w(x,t), which turns our equation into a

nonlinear equation.
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We know that there is no applied axial force, therefore p(x,t) = 0, as a result the

equation of axial motion equation becomes

%—JZ ~ —p(x,t) =0 (2.52)
N(z,t) = N(t) = Cy(t) (2.53)

Where Cy(t) is some unknown function of ¢. Since we found that the membrane
force is constant in the beam, not a function of z, the spatial variable, we bring our
attention to the equation for the membrane force in terms of displacement, which will

provide our necessary equation. Using the nonlinear strain equation we write

ou 1 <aw

2
N(t) = EAe(t) = EA(% +5 %) ) = BAGH(1) (2.54)

Since w is a function of x, we need to remove the dependence on x in the above equation

by integrating over the length of the beam, where we will find an expression for Cy(t).

L u w
(Co(t)z + ko(t))k = O gm + ;(;;)de (2.56)

u — U, L w 2
Co(t) = (L(t)LO(t) +21L/0 (gx) dx) (2.57)

where uy, is the axial deformation of the beam at x = L and ug is the axial deformation
of the beam at x = 0. The second term in the equation above is equivalent to equation

(2.21).
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Figure 2.7: Axial Deformation of a Roller-Roller Beam

Plugging into equation (2.54) gives

u — U L w 2
N(t) = EAe(t) = EA (M + i /0 (6 ) dm) (2.58)

Inserting into our equation of motion

0w w EA 1 (L ow\2 9w
pgm et~ (w0t /0 (52) )5y = a0 (2:59)

Now we have one equation, however we still need to find a method to calculate up,
and ug. If our boundaries dictate immovable edges, finding these values are quite easy
because they are defined as zero. Stress free edges mean that at x = 0, L, N = 0. Since
N is not a function of x we know that there is zero membrane force throughout the
beam. We find from equation (2.54) that the equation of motion simplifies to linear
beam theory. As a result, a different method is to find the solution is required. Conway’s
[13] formulation is presented as it provides a solution for the large deformation of beams.
However, Conway does not consider the kinetics of the beam and only considers the
geometry of deformation.

Note that for all examples we will use values of h = 0.05 for beam thickness, b = 0.01

for beam width and a value of 1 for L, the beam length. For other values see below
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E = 1E8 (2.60)
bh?

=2 2.61

I 13 (2.61)

A =bh (2.62)

k=EI (2.63)

2.4.1 Statics

As in previous sections, we remove the dependence on the time variable, t. The gov-

erning equations (2.59) and (2.58) become

d4w d2w
- N— = 2.64
k- 12 q(x) (2.64)
EA 1 L/ dw\2
N = (o + /0 (&) ) (2.65)

Immovable Edges

For immovable edges we assume uy = ug = 0.
kd4w EA(/L(dw>2
dzt 2L\ J, \dz

As in previous sections, we assume a modal function for a pinned-pinned beam and

QU)
dx) % = ¢(z) (2.66)

substitute.

x) = Z Wiy, Sin () (2.67)

Introducing equation (2.67) into the equation of motion we obtain

EA oWy cos(a,x)) (asws cos(asT x a? Wm sin(ayn @
(z/ s cos(ar 1)) (s cos(0r) ) (~ )

+ kot Wy, sin(a ) = g sin(ayx)

Evaluating the integral
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ko w,, sin(opz) — ETA ( i (aer> 2) (=2 Wy, sin(@mx)) = g sin(apz)  (2.69)

Using the expansion theorem to give us our final result for the coefficients of the infinite

sum,

EIot w,, + ETA ( i (aer> 2) (@2 W) = Gm (2.70)

r=1

Example: Static, Immovable Edges - One-to-One Approximation

To give an idea on the motion of a nonlinear beam a one-to-one approximation is
considered. This approximation ignores the coupling between modes. Hence, the system
of equations are independent of each other which simplifies calculation. While this may
affect the solution accuracy negatively, it may provide satisfactory information about
the system. This assumption should be used when a particular mode is of interest or if
a small set of modes are of interest. If we considered five modes, we would have a highly
coupled system of five equations which would require computational efforts that may
not be available. Also note that the influence of a mode will be directly affected by the
magnitude of ¢,. If ¢, is much smaller for a particular mode, it is safe to assume that
wy, will also be small. For example for a concentrated load in the center of the beam,
if we only want to consider the first two modes, we know from our study of modes,
the second mode does not contribute to the deflection. Hence, we can solve that mode
independently of the others in order to save on computation time. Multiply equation

(2.70) by our modal function and integrating, utilizing the expansion theorem:

FEA
EIot w,, + Tafnw% = qm (2.71)
q .
Wy + Hw?n = 044%1 = Gm (272)
m

Note that ¢, is the solution to the static-linear beam theory.
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A

—_ 3 —_— 7) =
4Iwm—i—wm Gm =0 (2.73)

For the first two modes of the system m = 1,2, the system produces two equations

and two unknowns, wy and ws.

A
ﬂw:{’ +w; —q1 =0 (2.74)
41 2

Example: Static, Immovable Edges - Two Term Approximation

For a more accurate solution, the mode coupling must be considered in the solution.
In order to form a complete system for every term we take in the sum we need to add
another equation in order to have an equal number of equations and unknowns. For
a two term solution, we need two equations. In the example below, we take the first
two terms in beam theory, m = 1,2. In most cases, the first three modes of a beam are

considered a sufficiently accurate solution.
EA 2 2
EIo/llwl + T((alwl) + <a2w2) )(a%wl) =q (2.76)

EIOz%wg + ETA ((a1w1)2 + <a2w2>2> (a%wg) = q (2.77)
These equations match with the solution given by Leung and Mao [27], who used
Hamiltonian equations and Largrange’s equations, after removing the time dependent
terms. It is important to realize that the values of the coefficients are dependent on
each other. This arises due to the nonlinearity of the system. Also note that setting
wg = 0 results in the one term approximation.
Note that from figure (2.8), we measure wy as a response to a constant load at the
middle of the beam. From the second mode’s geometry we recognize that the second
mode would have a zero magnitude for this load configuration. Therefore, the coupled

solution breaks down to the uncoupled solution as shown in figure (2.8).
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Figure 2.8: Static Bending of a Beam with Immovable Edges

Stress Free Edges

For beams with stress-free edges, we define the edges with zero axial stress. As a result,
we must allow the edges to move in the axial direction. However, from equation (2.53)
N is zero for the entire length of the beam. Therefore, the geometrically nonlinear
beam theory reduces back to linear beam theory. From this, we conclude that beams
with stress-free edge conditions behave similarly to a linear beam. However, this beam
still has to follow the condition that the slope of deflection is small compared to unity.
In order to relax this condition we present the theory from Conway [13], which uses
beam geometry to find the deflection of the beam in terms of the slope. Note that
this section derives its deflection using a very specific formulation. The formulation
is specific for a given loading. If the loading were located at a different point, or if
we had uniform loading, the slope-loading relationship would be different. Conway’s
formulation is presented in limited context to give the reader a solution to stress-free
edges for a static, centrally loaded beam. Also, one should take into account that this

derivation is not very flexible, in that it cannot be easily used for dynamic loading and
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dx

dw
ds

(a) Conway Beam (b) Differential Element

Figure 2.9: Conway Beam Geometry

that it cannot be easily compared to other theories that derive a governing equation
and its solution.

Conway’s formulation is used for static deflection of a simply supported beams
with the edges allowed to move in the axial direction. The assumption that there is
no stretch in the beam is also made. As a result, the geometrically nonlinear beam
theory is obsolete as it reduces to linear beam theory. Hence, we use the geometry of
the deformed beam to calculate the deflection of beam. We begin by noting that the
bending moment of a beam is proportional to the curvature, or the derivative of the
slope, 0, of the beam. This coordinate system, with the origin at the middle of the
beam, will only be used in this section.

do

M=k =P(-u) (2.78)

M is the moment of the beam, P is half of the applied load at the center of the beam, [

is half of the length of the beam, k is the beam stiffness, which is equal to the product

of Young’s modulus, F, and the moment of inertia of the beam’s cross section, I.
Differentiation of each side with respect to s, and multiplying each side by % results

in

de d26 P dz d6
oo 2.
ds ds? k ds ds (2.79)

From the picture of the differential element we can see that cos(d) = %. Then

integrating each side with respect to s results in
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1 P
3 (ji) =-7 sin(f) + C (2.80)

where C' is a constant of integration. Using the boundary condition that the curvature
of the beam at the ends are zero allows us to find the constant. We also define 6, as

the slope of the beam at the ends.

P
%z — \/ %(sin(@o) — sin(9)) (2.81)
In order to simplify, we expand the left hand side of the above equation in order to

have a function in terms of w, our displacement variable.

db_Ddw_ 0, = (sin(0,) — sin(6)) (2.82)

40 do dw  df in(e):\/Q:

Solving for dw and integrating results in

wmax:/(’o sin(0)
0 ¢%(Sm(eo)—sm<6)>

de (2.83)

This equation is sufficient to find the maximum deflection of a simply-supported
beam. However, we still need to find the value of 6,. Equating equations (2.81) and

(2.78) results in

2P, . : P
\/k‘ (sin(6,) — sin(f)) = E(l —x) (2.84)

Using the relationship that 8 = 0 at x = 0 results in

PI?
6, = arcsin <2k:> (2.85)

At this point we have enough information to solve for the maximum deflection of the

beam.
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Figure 2.10: Deflection of a Beam using Conway’s Formulation

From figure (2.10) we can see that the deflection of the beam is larger than predicted
from linear theory. This results from allowing the beam to fold onto itself with no
resistance. Physically, we know that the maximum deflection of a beam with roller
edges, assuming no stretch, would be half the length of the beam. However, Conway’s
formulation theory does not take into account the resistance to the folding of the beam
onto itself. As a result, this theory has a upper bound of deflection and values beyond
that would be unrealistic. This upper bound has yet to be formally derived. One should
use their best judgment whether a particular deflection is realistic.

Table (2.1) compares the coefficients and deflections of the four different cases pre-
sented, linear, immovable edges coupled and uncoupled, and the Conway formulation.
Two different load cases were considered. Note that ¢; = 2Load. The magnitude of the
smaller load was chosen as the linear theory’s first mode predicts a deflection that is
close in magnitude to the beam thickness. The magnitude of the larger load shows that

the deflection of the immovable coefficients are close in value to the beam thickness,
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0.05. For the smaller load, we can see reasonable agreement between Conway and lin-
ear formulations. However, the immovable edge condition is significantly different from
linear theory. The larger load condition shows a greater difference between the immov-
able and linear theories. The difference between the immovable coupled and uncoupled
conditions are negligible. This is a result from the loading condition. If the load were
at a location where the third mode had a more significant contribution, the coupled
and uncoupled coefficients would have a greater difference. But in our case, where the
load was at the beam’s center, the third mode’s amplitude is about a hundred times

smaller than the first mode’s.

Beam Deflection

| Load = 50 | Load = 100
w1 w9 w3 Total ‘ w1 wWo w3 Total
Linear 0.0986 0 —0.0012 0.0974 | 0.1971 0 —0.0024 0.1947
Immovable Uncoupled | 0.0371 0 —0.0012 0.0359 | 0.0497 0 —0.0024 0.0473
Immovable Coupled | 0.0371 0 0

—0.0010 0.0361 | 0.0496

—0.0018 0.0478
0.1033 -

0.2320

Stress-Free Conway -

Table 2.1: Coeflicients of a Beam

2.4.2 Dynamics

We retain the time derivative in our equation of motion and the coefficient of the modal
function in our deflection equation, is now a function of time, wy,(t). The method that
Conway produced does not extend to dynamics as the formulation does not consider

the time dependence of any of the terms.

Immovable Edges

As in the previous section, where we considered immovable edges, we assume uj =

UQ:O
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d?w *w  EA L w2 0w
P+t~ oz /O (32) 47) gz = @) (2.86)

We assume the same modal function, W, = sin(a,,x), and the same form of solution
w(z, t) = 00 wm(t)Wp(x). We substitute this solution into our governing equation,

and utilize expansion theorem.

[e.9]

Z (psin(au, @), (t) + Blap, sin(eu,a)wn, (t)

m=1

_% ( /OL (amwm (t) cos(am:r)) 2 dx) (—a2 W, (1) sin(amx))> = mi;l g (t) sin(apnz)

Multiplying by W,,(z) and integrating

Pl (t) + ETat wn(t)

_ Ef(i (aer(t)>2)(—Oé,2nwm(t)) = gm(t)
r=1

Example: Dynamic, Immovable Edges - Two Term Approximation

We will use two terms m = 1,2, we obtain:

pion (1) + ETodw (1) + ETA ((alwl(t))2 n (agwg(t))2> (2w (1) = qu(t)  (2.87)
pivn(t) + ETodws(t) + ETA ((alwl(t)>2 n (agwg(t))2> (2wa(t)) = gu(t)  (2.88)

These equations match with the solution given by Leung and Mao [27], who used
Hamiltonian equations and Largrange’s equations. Note that when we set w; = wo =0
the static solution is recovered. Also, setting we = 0 in equation (2.87) and w; = 0 in
equation (2.88) results in the uncoupled approximation. Also note that the uncoupled
approximation is in the form of Duffing’s equation. Duffing’s equation implies the

existence of amplitude jumps for changes in excitation frequency for periodic loading.
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Duffing’s equation also predicts subharmonic and superharmonic resonance, chaos, and
other phenomena. However, these topics are beyond the scope of this study. For
the frequency response curves, we assumed a sinusoidal excitation with a constant
magnitude and we chose € = 0.01. The Duffing equation is described in appendix B.
Figure (2.11) is the time response of a beam with a load suddenly placed at the

center of the beam with magnitude of 25.

0.05r
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— — — Immovable - Coupled/Uncoupled

0.04

0.03

0.02

Deflection at Center

0.01

-0.01 I L I I J
0

Time

Figure 2.11: Dynamic Solution - Response to Constant Load at Center of Beam with
Immovable Edges
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Chapter 3

Large Deflection of Plates

3.1 Introduction

When a thin elastic plate undergoing small deformations, (w < 0.1h), where w is the
transverse deflection and h is the plate thickness, is considered, it is reasonable to ignore
geometric nonlinearities and use linear plate theory. However in larger deflections,
(w =~ O(h)), the middle surface of the plate begins to stretch or the in-plane motion of
the plate edges become significant. When these effects become important one needs to
consider geometrically nonlinear plate theory, which was first derived by von Karman
[48] in 1910.

This plate theory considers the effects of both bending and stretching of the middle
surface of the plate. The method of solution is very similar to that of linear plate theory.
Here we will assume a deflection (mode shapes) based on the boundary conditions of
the plate and then utilize the expansion theorem. The nonlinear plate theory consists
of two coupled nonlinear partial differential equations. Also, the use of a stress function
will be required. The same method of solution will be used for the stress function. An
assumption about the shape of the stress function will be based on the edge boundary
conditions.

We will consider a flat, square plate with all pinned edges of length one. Pinned edges
are used as they allow us to proceed analytically and without loss of generality. Other
boundary conditions would necessitate the use of numerical approximations for finding
mode shapes earlier in the derivation. As with nonlinear beam theory, an additional
set of boundary conditions are required in order to describe edge effects of the plate.

Either ‘immovable’ or ‘stress-free’ boundary conditions need to be defined. We will
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also compare static and dynamic responses between linear and nonlinear theories. The
influence of rotatory inertia and the correction for shear are neglected, as they will
make subsequent calculations cumbersome and may distract us from understanding the
effect of geometric nonlinearities on the system. Rotatory inertia and shear are usually
considered when the plate can no longer be considered ‘thin’, h/min(a,b) < 1/10 is
a thin plate, or the plate undergoes a high frequency excitation where the wavelength
approaches the plate thickness.

Beam theory showed that a beam has an infinite number of modes, each with unique
amplitudes. If one considers a plate as a series of beams placed next to each other, we

can see that the solution to plate theory requires a double infinite sum.

3.2 Governing Equations

To better understand plates and their motion the derivation of geometric nonlinear

plate theory is below.

3.2.1 Elasticity

We begin with Green’s Strain
ou 1| [ 0ug\? ou, 2 ou.\*
Epp=—24= Z - < 1
8x+2[<8x>+<8a¢>+<8x>] (3-1a)

_ Ouy 1 Oug 2 Ouy 2 ou, 2
Ew—ay+z[(ay) () + (5 (3:10)

1 [6uy Oug — Oug Ouy — Ouy Ouy N Ou, 8uz]

Exy:§

8$+8y+8$8y+8x8y ox Oy

(3.1c)

In order to simplify the strain-displacement relation we use the ‘small strain’, ‘mod-
erate rotation’ approximation. Following are the definitions used to define ‘large’ de-

flections. For small strains we have

ﬁui 8Uj < %
81’j 81‘2 61’[

i?j? k7l:$7y (3'2)

For moderate rotation we have



Ou, Ou, 0 ou; —
axi 8$j al‘j bI=EY

Using the two definitions for large deflections in equation (3.1) we obtain

ox ox
Ouy 1 (0u, 2
P =9y "3 ( 3y )

1 %+6u$+8uz(9uz
9| ox y Ox Oy

2
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(3.3)

(3.4a)

(3.4b)

(3.4c)

The nonlinear terms above couple the transverse displacement with the axial dis-

placement.

To relate stresses with strains, Hooke’s Law for linearly elastic materials is used:

E
Oy = m (E;m: + Z/Eyy)

E

O'y = 7_ ]/2 (Eyy + I/Ezz)

E

Oxy (1 + l/) Exy

The inverse relationship to relate the strains with stresses is

1
E,.. = 5 (02 —voy)
1
Eyy = I (oy — Vo)
1+v
Ery = I3 Oy

(3.5a)
(3.5b)

(3.5¢)

(3.6)
(3.7)

(3.8)

Since geometrically nonlinear plate theory deals with the relationship between axial

stresses and the transverse displacement the equations above will become useful to

calculate the axial strains, and axial displacements.

The Airy stress function, ¢, will be used to represent the stresses.
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2 2 2
_ 9 i - _ ¢ (3.9)

7o 0y? 7T 9r2 Tay  dzdy

It is also important to calculate the resultant membrane forces, as well as resultant

moments, which are below.

h h
Nx:/QJIdz:axh Ny:/2
_h _h

2

n
2

oydz =oyh Ny = /2’ Opydz = ozyh  (3.10)

n
2

h h
2 2

MJ? — / X 20, dZ My = / . Zo'y dZ Mwy = —/ Zo'xy dZ (311)
-2 -2 _

3.2.2 Derivation of Equation of Motion

dx

0Q,
S A

Figure 3.1: Shear Force Diagram on a Differential Plate Element

The origin of the coordinate system is selected to be at the corner of the plate on
the midplane. The midplane is the ‘middle’, with respect to the thickness, of the plate,
such that the top and bottom surfaces are at z = h/2 and z = —h/2, respectively.
Let u,v,w be middle plane deflections of the plate. From Kirchhoff’s hypothesis, the

deflection varies linearly from the middle surface.

Uy = U — 25— Uy =0V — 27— Uy =W (3.12)
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M.
yx
Myx + W d

Figure 3.2: Moment Diagram on a Differential Plate Element

Substituting equation (3.12) into (3.4)

ou 1 [0w\? O*w
ov 1 [ow)? 0w
1[0v Ou Owow d*w

Next, we calculate moments by substituting equation (3.13) into (3.5) then into (3.11),

which results in

0w 0w
M,=-D|(—=— 14
(6962 +V<9y2> (3.142)
d*w d*w
9*w
M., = D(1 V)axay (3.14c¢)

where D is flexural rigidity or bending stiffness of the plate, E is the elastic modulus,
h is the plate thickness and v is Poisson’s ratio. We choose £ = 1E8, h = 0.05 and

v = 0.316 for the examples presented later. These quantities are related by

Eh3

D= 07 (3.15)
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Summing forces in the transverse direction, z, yields

0Q,  9Q, . P

(3.16)

in which ¢g(x,y, t) is the applied transverse load and ¢*(z, y, t) is the resultant transverse
force as a result of internal membrane forces caused by transverse deflections. ¢*(z,y,t)
will be determined later.

The moment equations about the x and y axis are

OM,  OMyy
_ — 3.17
dy ox @ ( 2)
OM,  OMy,
=Q, 3.17b
ox + y ( )
Substitute equation (3.17) into (3.16)
0?M,  9*My, O*M, 0’My, 0w
— t * t) = p—>5 3.18
52 oy + 0y 5e2 4@y )+ @y t) = ppn (3.18)
Since M, = —M,, the above equation simplifies to
0?M, 0?M. 0 M, 0w
e < t)+¢* t) = p—ms 3.19
52 oy + 0 +a(,y,8) +¢7(2,9,1) = p s (3.19)
and using equation (3.14) along with (3.19), we obtain
0w o*w otw 0w
2 = t * t 3.20
<8x4+ ax28y2+8y4>+p8t2 q(z,y,t) + a"(z,y,t) (3.20)

.. . . 2 2 .
recognizing the biharmonic operator as V2 = % + 8872, the above equation becomes

4 aZw *
DViw+p oy = 4@y, t) +q*(z,y,t) (3.21)

Influence of Membrane Forces

From figure (3.3) we can see that there are components of the membrane force in

the z direction. This is the source of the nonlinearity of the system because from
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>
ow X
0x ~ f
Ny
- < ow  0°w
N aNx d - ~a + de
+ X
U ox
Figure 3.3: Projection of Membrane Forces
oN,,
I Ny + Wdy A
ON,x
Nyx + Wdy
0Ny,
ny + W dx
JdN
N, N, + axx dx
Nyy
B
Ny«
vy Ny
x

Figure 3.4: Differential Plate Element

the figure we can observe that as the deflection increases the transverse component of
the membrane force increases as well. For simplicity, we will define ¢*(z,y,t) as the
resultant ‘transverse’ force of the membrane forces. Therefore we need to find the sum

of the projected forces from N, N, and N,. Projection of N, forces onto z plane gives

ow ON, ow  O*w

Simplifying by ignoring terms of order (dz? dy)

2
Na
ow dzdy + ON; Ow dz dy (3.23)

N Odx Oz

¥ 02
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Similarly, projection of N, forces onto z plane

ow ON, ow  0*w
—N,d Ny+—HLdy| | —+—55dy) d 3.24
vy T ( vy )(3y+3y2 y>x (324
and similar simplification yields
82 3 Ny 0w

By the definition of the Airy’s stress function, equation (3.9), Ny, = Ny, and that

the projection of Ny, onto the z plane take the same form

0w ONyy Ow
A —— oy = 2
Y 0x0y drdy + Ox Oy dz dy (3:26)

Summing the projections of the in plane shear forces, N;,, and Ny, on the z plane

results in

ONey O 1 dy (3.27)

9w ONy Ow
oy Oz

2nya By dz dy 9z Oy

Summing the projections of all the forces on the z plane

0w ON,, Ow 8N ow
* t)dz dy =2N,, ——— dz d 27" de dy 27 dzd
q"(z,y,t)dzdy Y90y v+ 3 5y 9z T
0w ON, Ow 2w ON, Ow
N, dedy + =Y =" dxd
+Nag2 9z O ya2xy+ayaxy
(3.28)
02w ow [ ON, AN,
. =2N, = vy 9Ny
0" (@,3:.8)da dy =2y st dody + 8y( Ny 8y>d:f;dy
Ow ((ONy, N, 0w 2w
e < 3y > da;dy—k]\fx—aac2 dazrdy—i—Ny8 5 da;dy
(3.29)

With no body forces, we can use the equations of equilibrium, from figure (3.4)

simplify.
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ON, 0N,

=0 3.30
ox * oy ( )

ONgy  ONy
— =0 3.31
Oox + oy ( )

which results in
. 0w 0w 0w

¢ (z,y,t)dedy = QNIyM dzdy + wa drdy + Nya—y2 dx dy (3.32)

Using the above equation with equation (3.21) and (3.10) results in

0*w 4 0w 0*w 0*w
Using our equation for Airy’s stress function, equation (3.9)
0%w 4 0?0 0%w  0%¢ 0*w 0%¢ 0w

The above equation is known as geometrically nonlinear plate theory. It was first
derived by von Karman in 1910. This plate theory helps relate axial forces with trans-
verse displacement. However in situations of large deformations, a transverse deforma-
tion may cause a significant membrane force. As a result, an equation that relates the
amplitude of transverse deflection to the membrane forces is required. In order to find
this equation we turn to St. Ventant’s compatibility equations.

St. Venant’s compatibility condition is satisfied for a particular strain field if the
displacement field associated with those strains will be unique without gaps and over-
laps. Compatibility ensures that the strain field is realistic. While there are six unique

equations the only one equation is of significance for our case and is given below.

O*Eyy N 0’Eyy _ 282Exy
Oy? Ox? 00y

(3.35)

Substituting our strain displacement equations, equation (3.13), results in
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OEye | OBy, 0Euy _ <a2w >2 02w 0w (3.36)

0y? + or2 " oxdy  \0zdy) 022 9y?
The right hand side of the above equation is called Gaussian curvature. The Gaus-
sian curvature is defined as the product of the two principal curvatures of a surface. A
developable surface is defined as a surface with zero Gaussian curvature. From the equa-
tion above we can say that for a developable surface all inplane strain, Fyz, Eyy, Ezy,
are equal to zero. In other words, a developable surface is a surface that can be made
into a flat plane without stretching or compressing the surface. The ratio between the
area of a stretched surface to the unstretched surface is proportional to Gaussian cur-
vature which is an interesting characteristic. For example, a cylinder can be unrolled
onto a flat surface without stretching the material. Therefore, a cylinder is a devel-
opable surface. A cone, if cut along one edge to the tip can be flattened without any
stretch, therefore it is a developable surface. While the value of Gaussian curvature
may not have any direct consequences on the plate deformation, it is important to un-
derstand the meaning of Gaussian curvature. Appendix A provides more information
on Gaussian curvature.
Using Hooke’s law, equation (3.6), to relate the strains to stresses, as well as Airy
stress function, equation (3.9), to relate the stresses to the Airy’s stress function, ¢,

then substituting into equation (3.36) gives

e Ho e _, 2w \> 0w 0w
9t T lgmap top TV O=E (agcay) " 07 o2 (3:37)

Equations (3.34) and (3.37) constitute a system of nonlinear partial of differential
equations. This system is considered the large deflection theory of plates.

Here we use a square plate with all four edges pinned with a length of one. The
modal functions for such a plate are given below, where W,,, is the modal function
of the plate. Each modal function satisfies all of the boundary conditions. The modal
functions are the fundamental shapes of motion of a plate and are orthogonal to each

other. The motion of a plate can be described as the sum of these modes. Figure (3.5)
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plots the modal function for the simply supported plate that we are considering here.

w(z,y,t) = Z Zwmn(t)Wmn(x,y) (3.38)

m=1n=1

W (z,y) = sin(ap,x) sin(y,y) (3.39)

Note that a and b are the edge lengths of the plate, which are equal to one.

mm nmw
a p; gl b (3.40)

The stress function also takes the form of a double infinite sum. Its exact form is

based on the boundary conditions.

m=1, n=1

0.5
? KX ‘\\\\\\\\\\\
1 10,64 TS
o5 L5 SRS

Figure 3.5: Modal Functions of a Plate

3.2.3 Expansion Theorem

The expansion theorem is an important tool in solving plate theory. The theorem allows
us to expand any function over an orthogonal basis, an infinite sum, so that we can

solve the system. For plates, we will expand over two bases, one for the z-axis and
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another for the y-axis. In order to show that the basis is orthogonal it must satisfy the

condition below. Note that the symbol B will be used to signify a generic basis.

b a
/ / B, y)Brs(7,y) dr dy = Cd(m 1) 0(n,s) (3.41)
0o Jo

For a plate simply supported on all sides, the modal function is

mm nm

Wi (z,y) = Crn sin(Tm) sin(Ty) (3.42)

In order to assign a value to Ci,,, we normalize the modal function using the definition

of inner product.

a b
<Wmn($ay)7wmn(w7y)>p:/ / men(xay)Wmn(xay> dydx

(3.43)
/ / pC?, sin? )sinQ(%Ty) dyder =1

Solving for the coefficient C,,,, we obtain, choosing the positive root,

Con = 2 (3.44)
mn — /—pab .
Now our modal function becomes
2

Won(9) = sin(~) sin(-y) (3.45)

The expansion theorem is

9(z,y,t) Z ngn Winn(,y) (3.46)

m=1n=1

(9(x,y,t), Winn(z,9))
(Winn (@, y)s Winn (2, 9))

gmn(t) = (3.47)

Since the modal functions are normalized, the denominator is equal to one. If we
did not normalize our modal function the integral below would have a constant in front

of it. It follows that since (Wi, Winn), = 1 we have
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a b
gmn(t)Z/O /0 9(z, y, ) Winn (2, y) dy dz (3.48)

In the sections below we choose C,,, to equal one, which results in the corresponding

expansion theorem

4 a b
an®) = o [ [ gl W (o, ) dy da (3.9
pav Jjo Jo

We shall use this form of expansion theorem because the maximum value of the
modal function is one and this simplifies further calculation. This is important as the
coefficient of the modal function gives the ‘influence’ each mode to the deflection. Also
note that the coefficient, C,,, is not a function of m or n which is not, in general, the

case.

3.3 Linear Plate Theory

Linear plate theory assumes that the in-plane forces of the plate are negligible. As a
result, we can set ¢, the Airy’s stress function and its derivatives equal to zero as it will
result in a plate with zero membrane forces. This assumption will simplify the system

to linear plate theory.

d*w 4
pﬁ + DV ZU(SL',y,t) = q(w,y,t) (350)
~ \ 9z0y 0x? 0y? :

From equation (3.51) we can see that the Gaussian curvature is zero. As a result, we
have a developable surface, which is an approximation for small deflections. Equation
(3.50) is the classic, linear dynamic plate theory. The method of solution to this problem
is similar to that of beams. We will assume a modal function, based on the boundary
conditions, and then substitute into the governing equation. More information on modal
functions of a plate can be found in Timoshenko [45]. Leissa [26] also studied a variety

of boundary conditions and modal functions of plates.
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A plate with all four edges pinned will be considered. This set of boundary condi-

tions are considered the best way to proceed analytically.

3.3.1 Statics

The following equations define the static problem for a pinned-pinned simply supported

plate.

DV*w(z,y) = q(z,y)
w = 0|x:0,aa M, = 0|m:0,a

w = O|y:0,b; My = O|y:0,b

We expand the solution in the form

w(z,y) = Z ZwmnWmn(J:)y)

m=1n=1

Wmn(xv y) = Sin(amx) sin(fyny)

0,9) = D) dmnWonn(2,y)

m=1n=1

4 b ra
dmn = — / / Q(l'ay)Wmn(l'ay) dz dy
ab 0 0

(3.52)
(3.53)

(3.54)

(3.55)
(3.56)

(3.57)

(3.58)

Using equation (3.55) along with (3.56) in equation (3.52) allows us to find a form for

the coeflicients of the modal functions, wy,,. These coefficients are important as they

give the ‘weight’ of the modal function on the overall deflection. For example, if several

coefficients are on the order of 1, we can ignore the terms were the coefficients are on

the order of 1072 as they will not have very much significance on the final solution.

Note that the summation notation is dropped and a relationship for coefficients are

given. Also note the use of expansion theorem.

D (Oé?n + ’7721)2 Wmn = dmn

dmn A

I — e
D(a2,+2?% ™

Wmn =

(3.59)

(3.60)
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Example: Static - Four Term Approximation

For this approximation we assume that the first four terms of a plate would be a

sufficient approximation of the plate’s deflection.

qi1
Wi =073 (3.61)
D (af+17)
q12
w2 =——""73 (3.62)
D (o} +13)
g21
W = ————3 (3.63)
D (a3 +17)
W99 = 922 (3.64)

D (a3 +13)’
After finding the four coefficients above we would place them in the sum below to

get the approximate deflection of the plate.

w(z,y) =wnWii(z,y) + wiaWia(z, y) + wa Way (2, y) + waaWaa(z,y) (3.65)

3.3.2 Dynamics

The equation motion for the plate is

0%w 4
PW + DV ’lU(IL‘,y,t) = Q(l'ayat) (366)

Using an expansion of

W(l‘,y,t) = Z Zwmn(t)wmn(l'yy) (3.67)

m=1n=1

we obtain the modal equation of motion

. D(a3+3) 1
Wmn + ( = n) Wmn = —qmn (368)
P P
2 4 .2)2
Setting w2, = M, where we consider wy,, as the natural frequency of the

system,
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. 2
Wimn + Woyn Wmn = Ean

The solution of the above equation takes the form of

{ 0) . 1
Wi (1) = Wi (0) cos(wmnt) + tomn(0) sin(wmnt) +
Wmn PWmn
and the initial conditions are
4 b a
Wimn(0) = / / w(zx,y,0) sin(a,x) sin(y,y) de dy
pab Jo Jo

4 b a
i (0) = —— / / (2,9, 0) sin (@) sin (1) da dy
pab Jo Jo

Example: Dynamic - Four Term Approximation

48

(3.69)

t
/ Grn (t — T) sin(wWypy, 7) dT
0

(3.70)

(3.71)

(3.72)

For this approximation we will use four terms of the infinite sum. Where m,n =1 or

2.

.. 9 1

wy1 + wiwir = ;(III

.. 9 1

w12 + WiaWi2 = ;CJ12
1

. 2
wWa1 + Wy W = EQ21

1
. 2
Wog + Wy = ;(m

(3.73)
(3.74)
(3.75)

(3.76)

The system above is a system of four independent differential equations. Each equa-

tion can be solved separately and placed back into our truncated sum in the expansion

theorem.

w(z,y,t) = w1 () Wi (x,y) + wiz(t)Wia(x, y) + war () Wai(z,y) + wae(t) Waa(x,y)

(3.77)
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a?R,(y, IhHB.D a a
2P(x, ) + A2 (;,(Z t) 2P,(x,t) + x? 92 x y
y | T
1 Tap o~
L 0B P
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Figure 3.6: Loads Caused by Immovable Edge Conditions
3.4 Geometrically Nonlinear Plate Theory

In this section, the geometrically nonlinear terms are retained as the membrane forces,
¢ and its derivatives, become significant when large deformations take place. As we
add axial loads, we need to determine axial boundary conditions. We can either choose
to have the edges restricted from moving, ‘immovable edges’, or edges that are free to
move, ‘stress-free’ edges. These boundary conditions have a significant effect on the
stiffness and response of the plate.

Based on the axial boundary conditions we will change the definition of the Airy
stress function. Consider figure (3.6), P, and P, are the loads that prevent the edges
from moving in the axial direction. For ‘stress-free’ edges these forces are equal to zero
as the edges are allowed in move freely in the plane of the undeformed plate. Here we
expand the stress function using a double sine series as it satisfies the condition that
there are no axial stresses for stress-free edges. Other texts like Timoshenko [45] use a
double cosine series in their expansion and integrate over the edge to show that there
is a zero net force along the edge. If one were to use the double cosine series here one
would find that the geometric nonlinear terms would drop out. This is because of the

orthogonality relationship between sine and cosine. We write

(25(.%', y7 t) = nyQ + Py$2 + Z ¢mn(t)Wmn({E, y) (378)
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P, and P, are functions of the tensile loads at z = 0,a and y = 0, b, respectively.

For stress-free edges we would allow the edges to move in the axial direction and would

set P, = P, = 0. For fixed edges, we would set the axial deformation to zero and P,

and P, would not be zero. Another question of interest is the dependence of P, and

P, on the spatial variables. For one case we will have P,(x) and P,(y). Another case

will consider P, and P, to be a constant. As a basis for comparison we will use results

from Levy [28], Iyengar and Naqvi [24], and Donnell [16].

In order to find the axial displacement, we first equate the strain-displacement

relationship to the strain-stress relationship using Airy’s stress function.

2 2 2
b O 1 (0w 2 0"
or 2\ 0x dy2 e
2 2 2
_%:@+1@£: 0% _ 0%
oy 2\ Oy Ox? 8y2
To find the axial displacement in = direction, defined by 6§, (y)
Ou 82¢ 82<;5
or oy? e
1
2

[ Ou a 62gz5 5%
R i /0{ <ay 5i3) (

To find axial displacement in y direction, defined by &, ()

5 (5)

7IE - w»
\_/
H/—’

&

Qv _1(% P\ 1

Oy 0x? Oy? 2
v b 24 929 1

%@—mwyl{<w‘@)z

3.4.1 Statics

In the static case we remove the time dependent terms from equation (3.34).

21 92 24 92 2 2
DV4w(az,y):q(az,y)+h<a¢aw 0°¢ 0%w 28¢ 6w>

002 022 T 922 0y 0wdy 0wdy

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)
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& e e _, 2w \> 0w 0w
9t Camop Tap TV OTE (aggay) T 927 o2 (3:86)
Stress Free Edges

For stress free edges we set P, = P, = 0 so that the stress function would predict zero

stress at the edges. Using

w(,y) = Wi Wonn (2, ) (3.87)
A(,9) =D SmnWonn (2, ) (3.88)
Winn = sin(am,2) sin(y,y) (3.89)
B = coS(mz) coS(Yny) (3.90)

Using summation notation in our equation of motion

D Z(agn + 77%)2wmnWmn = Z anWmn + h{(z O‘ngabwab)(z 772menWmn)
+ (Z 7(?¢abWab) (Z a%zwmnwmn)

- 2(2 aa7b¢ab¢ab)(z am’anmn(I)mn)}
(3.91)

Z(a?n + 7721)2¢mnwmn = E{ (Z aa’)/bwab(bab)(z @m’)/nwmnq)mn>

(3.92)
- (Z agwabWab) (Z ’Y%wmnWmn) }

Example: Static, Stress Free Edges - One-to-One Term Approximation

We make the following assumption initially, we ignore the coupling between modes.
While this assumption may not result in an accurate solution, this procedure would
give a reasonable estimate as to which modes contribute the most for a particular
load case. If a large number of modes are required this assumption will reduce the
computation time significantly. The coupled solution requires an addition equation for

each additional mode, and all the equations increase in complexity as well.
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D(Oé%l + ’Yfz)QU}mnWmn = anWmn + 2h0‘%17721¢mnwmn (WmnWmn - (I)mnq)mn) (393)

(0431 + 77%)2¢mnwmn = Eagn’}/gwmnwmn(q)mnq)mn - WmnWmn) (394)

We multiply by Wy, and integrate, taking note of the expansion theorem. Also, for

ease of use, defining

Cmn = / (WmnWmn - (I)mnq)mn) Winn dA (3.95)
A
results in
D 242 dmn 2 2
Z(am + PYn) Wmn = T + 2ham7n¢mnwmn§mn (3'96)
1 2 2\2 2 2
Z(O‘m + Vn) @bmn = _EamVnwmnwmnCmn (397)
Solving for ¢,
o 72wmnwmn
¢mn = _4E<an (3.98)

(02, + 127

Using the above result in equation (3.96)

W — — dmn 32Ehww3 (3.99)
" D(ad, +92)? D(az, +y3)t ™
Simplifying, we obtain
Eh aé@’}/ﬁ(grm 3 dmn
- omn_ =— """ 3.100
D (a2, +2)t W D(az, +~2)2 ~ ( )

We can see that the geometric nonlinear term is dependent on (. If this term
is zero, we recover the linear equation for that coefficient. Table (3.1) shows several

values of (,,,. The equation above is of third order, meaning that it is possible to have
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Cmn
n\m| 1 2 3 4 5
4 4 4
1 3z 0 gz 0 5o
2 0 0 0 0 0
4 4 4
3 972 0 272 0 4572
4 0 0 0 0 0
4 4 4
5 1572 0 4572 0 7572

Table 3.1: Values of

up to three real solutions. However, with values we have chosen, the solution consists
of one real value and two imaginary values.

For the first nine terms we get:

32 Eh A
wf’wu + w11 = qu1

w12 = 12
wa1 = §21
W2 = (22
32 Eh , )
T w wy3 =
G25md p 18T s T A8
32 Bh )
— T w w3y =
625mt D 31T WsL =08
wa3z = (23
w32 = (32
32 FEh

3 oA
72974 D o T T
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From above we can see that several of the terms are not influenced by the geometric
nonlinearity due to the value of (,,,,. The coefficients of the w?,,, terms above are smaller
as m and n grow larger. We can see that the coefficient of w3, is more than sixty times
smaller than the coefficient of the w$; term. In other words, lower frequencies are more
sensitive to the nonlinearity than higher frequencies. Also note that the equation for
wi1 matches the result given by Ventsel [47].

We can see that the one-to-one term approximation is useful in determining how
several of the modes behave in a nonlinear system and how some modes are ignored
completely. This approximation predicts that several of the modes are not changed by

the nonlinearity, which, in general, is not the case. We next return to the coupled case.

Example: Static, Stress Free Edges - Four Coupled Terms

This example takes the first four terms of plate theory and solves the equations. It
will be shown that this system results in eights equations and eight unknowns. The
unknowns not only consist of w,,,, but also the corresponding ¢,,,,,. Expanding equations
(3.91) and (3.92)
D(af +91)*wn Wit = quWi
+ h{(’)f%qun)(a%an + afp12Wig + a5d21 War + a3d22Was)
2 2 2 2 2
+ (afw11Wi1) (17 911 Wit + 12 912Wia + v d21War + Y322 Waz)

—2(a1m1¢011P11) (11w P11 + cryewi2®Pi2 + agyiwa Por + 0427211122‘1’22)}
(3.101)

D(a +43)2wi1aWia = q12Wia
+ h{(’)’22w12W12)(a%¢11W11 + atp1aWia + 0321 War + a3 Was)
+ (QBwi2Wi2) (Vb1 Wit + Y3h12Wia + 7 a1 War + Y320 Waz)

— 2(a172012®12) (11 w11 P11 + ryew12Pi2 + agyiwa Por + 0é272w22¢’22)}
(3.102)



D(a3 + 1) 2w Way = qo1 Way
+ h{(’Y%meQl)(a%qﬁan + a3 P12Wia + a3do War + a3 paaWas)

+ (3w War ) (V11 W11 + Y3h12Wia + v a1 War + Y322 Waz)
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— 2(cy1021P21) (1y1wi1 P11 + a1 Yow12 P12 + ay1we Poy + 042’}’21022‘1’22)}

D(a3 + 73)*waaWay = goaWos
+ h{(722w22W22)(a%¢11W11 + atp1aWia + a3 War + a3 Wao)

+ (03w Was) (Y11 Wit + Y3 d12Wia + Yida1 War + 73 paaWaz)

(3.103)

— 2(y2022P22) (1 y1w11 P11 + 1 y2wi12 P12 + aoyiwa Doy + 042’Y2w22‘1’22)}

(0F + 1)1 Wiy =
E{(al’Ylwllq’ll)(al’Ylwll‘I’ll + a1y2wi2P12 + aoyi1wa1 Po1 + azyawaeP13)

— (Bw1 1 Wi1) (Vw1 Wiy + yawiaWia + yiwa Way + ’Y%w22W22)}

(af +73) P12 W12 =
E{(a172w12q)12)(01171w11‘1>11 + a1 vow12P12 + azy1wa Po1 + aoy2waaPo2)

— (QFw1a W) (Vw1 Wit + YawiaWia + v2we Way + 7§w22W22)}

(a3 +7) 2 po1 Way =
E{(02’711021(1)21)(041’}’11011‘1’11 + a172wi2P12 + aryiwe Por + aoyawaaPag)

— (03w Way ) (Vw11 Wiy + vawiaWia + yiwa Way + ’Y%w22W22)}

(a3 +73) P22 Wao =
E{(a272w22q)22)(011%w11@11 + a1 2w12P12 + azy1wa Po1 + aoywaaPo2)

— (QBwya W) (Vw1 Wit + YawioaWia + v2we Way + 7§w22W22)}

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)
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After integration by expansion theorem

16

1 1
D(af + ’Y%)anz =quy+ h{(ﬁwn)(a%(ﬁngj)
16 T A (3.109)
+ (afwi1) (Vi dn ﬁ) - 2(04171¢11)(04171w11ﬁ)}
1 1 64
D(o? +73)2wia] = qiag + h{ (Fwia) (0311 72 —)
4 4 . 157 8 (3.110)
2 2
64 !
+(aqwi2) (o ) — 2amadiz) (ermwn =)
1 1 64
D(a2 4 ~2) w01~ — gor = h{ 2 2
(02 +77) w217 = gz + by (iwan) (04611 z—5) i)

64 8
+ (3w (Vi1 ) — 2(04271@1)(0‘1711””45?)}

4572
. ) 256
2, 2\2 _ 2 2
D(ag + ) waay = go2y + h{(72w22)(0‘1¢ﬂm) (3.112)
256 16 |
2 2
20 ST }
+(aqua) (Vb1 55 —5) — 2(a272022) (11w 555
o 4 ) , 16
(0f +9DPon; = B{(amun)(amung 5) - (etun)otung pp - G113

)~ (edun) R ge) ) (3114)

1
2, 22 _
(a7 +12) ¢121 = E{(a1'72w12)(a1'71w11 ]

4572

) (0um) (P o)} (3115)

1 8

2, 232 B a1y T
—_— = { TE_9 45712
(ag +71) ¢211 (@zy1w21)(0n VO 5 2 457

16 ) , 256
aa52) ~ (@2w2) (oo s

(a3 + V§)2¢22% = E{(aﬂzww)(al%wll )} (3.116)

By inspection we can see that the equations for wi; and ¢11, equations (3.109) and
(3.113), form a closed system of two equations and two unknowns. We plug in the

values of those equations below.
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32
47 Dwyy = qup + §h7r2w11¢11 (3.117)
4
¢11 = —@Ew11(5w11) (3118)

Eliminating ¢11 from our equations we get

Eh , 32 ,

win = qut+ 5 (—gwn) (3.119)

which is the same as the equation from the one-to-one term example. It should be
noted that this is not always the case. If one more term were taken in the sum, say
(m,n) = (1,3) we would see that this would not be the case.

The other equations become:

256 128
25d’/’i’4w12 = (412 + 7h7r2w12¢11 — Ehﬂ2¢12w11 (3.120)
256 9472 128
25dm wy = qo1 + 7]1%21021(;511 — Ehw%bglwll — Ehﬂ]gbglwll (3.121)
8192 512
64d7r4w22 = Q92 + ﬁhﬁ%ﬂgz(ﬁu — %hﬂ'2¢22w11 (3.122)
25 16
ZW4¢12 = —ﬁEﬂ2w12(7w11) (3.123)
25 16
79 = = Enwy (5w (3.124)
4 15
4 64 2
167 oo = _REW waa (Twiy) (3.125)

Eliminating ¢12, ¢21 and ¢oo we get:

ER , 631808 9

w12 = 12 + 7(—mw12w11

oz ) (3.126)



58

Eh , 13312

- 002 12
wa = G+ 5 (- ggrs ) (3:127)
Eh , 2528
s 12
w22 = ¢22 + D7r4( 3375w22w11) (3.128)

We can see that for wio, wo1, and was the equations changed from the one-to-one
example. Also note that if g0 = @91, for a symmetric type loading, then wis # wo1.
This results from having a finite number of terms in the solution. As we take more
terms we would find that wis and we; would begin to approach each other in value.
The plot for wy; that is solved here is given in figure (3.7). The figure also shows the
results given for Ventsel [47], Donnell [16], Iyengar [24], and Levy [28]. Levy’s six term
approximation assumed that there was a uniform load on the plate. We can see that
there is good agreement of the results. Compared to linear theory, stress-free edges
predict a smaller value. This is due to the fact that the inclusion of the geometric
nonlinearity caused the axial stiffness to be an additional stiffness term in the equation

of motion. If we look at the results in the form of

32 Eh R
<9 1D —wip + 1> w11 = qu1 (3.129)
Dstress—free(wll)wll = qul (3130)

we can see that the nonlinear system would be ‘stiffer’ than the linear system.

Below is the function for wiy if we were to take the first nine terms in the series.

N Eh 32 3 11584 9 1088 9 15296
w11 = q11 W(—j w11 % w11 W13 — ﬁ w11 w31 + ﬁ w11 W33
992 9 832 20288 32
+ 295 wiiwiz” + 7375 W11 W13W31 — 3375 W11W13W33 — 295 wiwsr
3904 8416
2625 W11wW3sws31 — 3375 wW11wW33 )

(3.131)

The complexity of the equation for wi; has grown significantly. However, it is still

possible to recover our one-to-one term approximation.
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Figure 3.7: Comparing Stress-Free Boundary Condition

Immovable Edges

15
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Immovable edges are defined by equations (3.82) and (3.84), which are set equal to zero.

The resulting expressions are

¢ = P&?(w)yQ + Py(y)wz + Z d)mnWmn

9% 5 O*P, )
Ox = 873/2 = 2Px(-73) +z 6y2y - Z'Ynﬁbmnwmn
0%¢ %P,
oy = By =2P,(y) + y2 o Z ozgnqﬁmnWmn
026 _ 0P, _ 0P,
_ - 7 — P
Oxy (%&y 2y Oz + 2z 8y + Zam7n¢mn mn

Our equations of motion are reproduced below.

0?9 P?w 0% 0w ¢ 0w

DV4w(z,t) = q(x,t) + h (

002 022 T 922 0y 0wdy 00y

)

(3.132)

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)
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o o e _, Pw\>  0%wdw
2t~V (o)~ .

Expanding the terms

D Z(a?’n + ’7721)2wmnWmn = Z GmnWinn + h{(z ag,@abWab)(Z '7721wmnWmn)
+ (Z 71?¢abWab) (Z O‘gnwmnwmn)
- 2(2 aa’}/bqbabq)ab Z am'anmn(I)mn)
Z ’anmn mn
82 y 2
912 )(Z ¥y Wrnin Wi )

_ 2(2y88];m 4 2z ai Zam'ynwmnfbmn)}

- (2P (y)

— (2P, (z) + «?

(3.139)

Z(agn + 7721>Q¢mnWmn = E{(Z aa7bwab¢)ab)(z Oém")/nwmnq)mn)

- (Z O‘(szabWab)(Z 'YiwmnWmn)} (3.140)
. 0P, N PP\ 0P, LR,
oz?  0y? art T oyt

We need an expression for P, and P, in terms of wpn, Winn 0F ¢mn, ®mpn then we
can proceed with our expansion theorem.

Using these relationships

B B a2¢ JOP0\ 1 (0w 2

B B ¢ a2¢ 1 (ow)?
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"1 2P, ,
0= 5y($) - / E 2Py(y) + Yy 0 2 Zam¢mnWmn
0 T
_ 2 y 2 L fow
V(2B () + 275 Z'yngbmnWmn)) : (ay) dy
1 aw 2 oo agn ‘ '
/0 (m) dr=3 > 5 WmnWmg Sin(1ny) sin(vgy) (3.145)
q=1
/0 (ay> de=> > 5 WnnWmg SI(YnY) $I0(74Y) (3.146)
qg=1

P, and P, must satisfy equations (3.143) and (3.144). Therefore, we will expand

the axial loads.

P.(x) = Z PY sin(amx) (3.147)
Py(y) = PYsin(yny) (3.148)
Example: Static, Immovable Edges - P,(z) and P,(y) - One Term

Because of the complicated nature of the problem, we will only consider a one term

approximation, m =n = 1.

4 2
0y =0=—P* — T pv sin(my) — 2wy sin(my)
i 3 . (3.149)
— v(2PY sin(my) — 2wy P® — 2m¢y sin(my)) — Wwal sin?(7y)
4 LA .
0y =0 = —PY — —P%sin(mx) — 2m¢11 sin(mx)
m 3 . (3.150)
— v(2P%sin(nz) — 2nz2PY — 271¢y; sin(nz)) — %w%l sin?(7x)
By expansion theorem
4 2
0=—-P"— 2 pv_ gy,
6 (3.151)
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4 2

0=-P'—"_P"—7¢y
m 26 - (3.152)
7T T —
—v(P* - gpy —mh11) — EU’%T
Collecting like terms
0= P T P T ) men(— ) - Bt (31s3)
" 3 6 Ten P '
2 4 2 24
0=P"(—" — )+ PY(= —u(—1)) — 71 (1 — v) — Ew? - (3.154)
6 T 3 47
Noting like terms, we can use the form below
0=P*K + PV —T (3.155)
0=P* + PYK —T (3.156)
where
koS, 8 (3.157)
= =4+ v— .
w2 2
2
T:—%—u (3.158)
E
[ =néu(l—v)+ %wfl (3.159)
Solving for P* and PY
K-7T 1
P*=T =T 1
K2 - 172 K+7T (3.160)
1
pPY=T 3.161
K+7 ( )
(3.162)

We can see that P* and PY are equal in magnitude.
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_ —27‘(‘3
P=pP"=pPY= 1— Ew? 1
48(v — 1) + n2(72 — 6v) (3( v)p11 + Ewi) (3.163)

From above we can see that P* and PY have the same magnitude this is a result of
the symmetry of the first mode. Taking the one term, (m,n) = (1, 1), approximation

for our equation of motion, equations (3.139) and (3.140).

4Dt Wi = quiWi + h{2(7r4¢>11w11W121)
—2(r*priw1 9F)
— (2PY sin(my) — y*m2 P® sin(nz) ) (7w, Wh1) (3.164)
— (2P%sin(mz) — 2?72 PY sin(my)) (w2 w1 Wh1)

— 2(2yn P? cos(mx) + 2xmPY cos(wy))(wan@n)}

Amt oW = E{(W4w%1‘1’%1) - (7r4w%1W121)}
— 4 (—7m*P" sin(rz) — ° PY sin(my)) (3.165)
— y?mt P%sin(nz) — 227t PY sin(my)

Using expansion theorem

1 n 2h¢ ¢
w11 = Q115 T 5 P11wi1611
AmD - D (3.166)
+ PhLT — 18w
9Dm3 M
) 12— 72
11 = —FEwi (11 + ——P (3.167)

Using our expression for P and ¢11, equations (3.163) and (3.167). ¢11 becomes

2 Euwi; (96 — 96v + 1207 + w* — 3672)
f11 = 3 72 (24 — 24v + 7t — 672)

(3.168)

Using ¢11 in equation (3.166)

_m 4 (278 — 217% + 8yt — 84wn? + 1807% — 384 + 384v) hEw$, (3.169)
47*D 9 D4 (24 — 24v + 74 — 672) '

w11
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Equation (3.169) is a complete system with one equation and one unknown, w;;.
A plot is given after the next section so that we can compare the results of different

assumptions of P, and P,,.

Example: Static, Immovable Edges - P, and P, Constant - One Term

Following a similar procedure to above, ignoring all derivatives of P, and P, in equations

(3.143) and (3.144), P becomes:

_ 7'(3 7T3E
pP= 1— S — 1

8 — vm?
Substituting the above into our equation of motion, equations (3.139) and (3.140),
noting that all derivatives of P, and P, are now zero, and using expansion theorem

results in.

1
Drtwyy = i1y + 2h(rr1w11C11)

(3.171)
— hpﬂ'lel
¢11 = —Fwi (i (3.172)
Using our expression for P in equation (3.170), equation (3.171) becomes
4 1 4
Drtwiy = quy+ 2h(m p11w11(i1)
3 3E 2\ (3.173)
—h 1— =
(8 —vm? oul—v)+ 3(8 — y7r2)w11> T
¢11 = —Fwi (n (3.174)
Using equation (3.174) in conjunction with equation (3.173) results in
4 1 4 2
D7 wiy = quy + 2h(m" (= Ewi;Cii)wii i)
(3.175)

mE 9 9
3(8 — pp2) 1) TN

71_3 2
(g - Buhan - +
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and simplifying, we obtain

w11 = -
4Dt 9miDp M (3.176)
BV P Eh '
- — w
8 —vm? 3w 38—wvn2)) D M
Using a more familiar form
32FEh T 4 Eh q
3 3 11
—wj + — 1—v) | —wj +wi1 = 3.177
grdD M T\ 38 —wvn2)  3m(8 — 1/7r2)( )) o o )
0.1p
0.09 ===
0.08 e T
0.07F //////\\/\\\\\\\\\
= // /\\\\\‘\‘\
0.06 2 e
- o
7
— o
;H 0.05F 7 /\\\\\
/:{\\\\ Linear
0.04 &
p /\(\ lyengar W,
003 One Term P, (x), Py(y)
4 v One Term PX, Py Constant
0.02 — — — Donnel Wi,
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Figure 3.8: Comparing Immovable Edges Boundary Condition

Figure (3.8) shows that for the equation derived here and other theories we have
a close agreement. Levy assumed that the plate was under a uniform load. However,
the results of Donnell [16], Levy [28], and the one term approximation for P,(y) and
Py(x) are very close in value. We also note that the deflections are smaller than linear
theory, by using similar arguments that we used for equation (3.129) we can see that
the nonlinear plate would be stiffer than the linear system.

Figure (3.9) compares the three different boundary conditions, linear, stress-free and

immovable edges. We can see that the linear case predicts the largest deformations as
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the stiffness of the plate is only the resistance to bending. The nonlinear theories have
a resistance to bending as well as stretching, which would create an overall stiffer plate.
We can also see that the stress-free edges have a larger deformation than the immovable
edges. This is because of the stiffness due to stretching. The nonlinear plates would pull
in toward the center as it is being deformed. Immovable edges would resist that motion
which is why the plate is stiffer than the stress-free edges which allows the movement.
Also note that from equation (3.129) there is one additional term in the stiffness. From

the immovable edge section we see that

32Eh 2 T 4 Eh 5 B a1
<97‘r4‘Dw11 t <3(8 — vr?) o 37(8 — vr2) (1- V)) 6“}11 + 1> w1 = iDAA (3.178)

47T4Dimmovable(w11)w11 = q11 (3179)

We can see that Dinmovable > Dstress—free > D for linear systems. Therefore for linear
systems we have the largest deflections and for immovable edges we have the smallest

deflections as shown in figure (3.9).
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0.04

[
0.02 ¢

Figure 3.9: Comparing Boundary Conditions for Static Bending of Plates

Table (3.2) shows the coefficients for five different conditions, linear, stress free
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coupled and uncoupled, and immovable edges comparing the dependence of P, and P,
on the spatial variables. The table only considers the coefficients wy; and ws3. We
compared two different load cases, for Load = 1000, ¢11 = 4000 and ¢11 ~ 0.0089. For
Load = 8000, q11 = 32000 and ¢;; =~ 0.0710. We can see that wss contributes little
to the total deflection. As a result, the stress free uncoupled, and coupled results are
close in value. If a different load case were considered, such that the wss coefficient
was much larger, the coupled values would have a greater difference compared to the

uncoupled values.

Plate Deflection

| Load = 1000 | Load = 8000
‘ w11 wss Total ‘ w11 w33 Total
Linear 0.0089  0.0001  0.0090 | 0.0710 0.0009 0.0719
Stress-Free Uncoupled 0.0088 3.7E —5 0.0088 | 0.0506 0.0009 0.0515
Stress-Free Coupled 0.0088  0.0001  0.0089 | 0.0508 0.0008 0.0516
Immovable P, P, Constant | 0.0084 - 0.0084 | 0.0351 - 0.0351
Immovable P, (x), P,(y) 0.0086 - 0.0086 | 0.0398 - 0.0398

Table 3.2: Coeflicients of a Plate

3.4.2 Dynamics

In this section we include the time derivative of our displacement function w(z,y,t)
which is now a function of time. Many steps below have been omitted as they parallel
steps from previous sections.

Below is equation (3.34) and equation (3.37), the coupled, nonlinear, partial differ-
ential equation that governs our system.

0w

P o2

2o Pw  0%¢ 0w 282q§ 0w

DV* = 0y 0x2 ' 922 0y?
+ DV w(x,y,t) = q(z,y,t) + h <8y2 02 + 922 Oy2 Oxdy 00y

> (3.180)

o o e _, Pw\>  0%wdw
8x4+23x2ay2+87/1_v ¢p=EFE (axay> o o (3.181)
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Stress Free Edges

For stress free edges we have

0z|z=0,0 =0 oyly=0p =0 (3.182)
Using
$(x,y,t Z¢mn W (@, ) (3.184)
Winn = sin(a,x) sin(yny) (3.185)
D, = cos(ap,x) cos(Yny) (3.186)

Expanding our equation of motion

PwmnWmn+D Z(agn + ’77%)2wmnWmn = Z anWmn

+h{ Za ¢abWab Z'anmn mn 27b¢abwab Za Wmn W, mn

- Q(Z Ola’}/bﬁbabq)ab) (Z am’anmn(I)mn)}
(3.187)

Z(a?n + 73)2¢mnWmn = E{ (Z aa’}/bwabq)ab)(z am’}’n'wmnq)mn)

- (Z szwabwab) (Z ’ngmnWmn) }

Example: Dynamic, Stress Free Edges - One-to-One Term Approximation

(3.188)

A simplification to the system is ignoring the coupling between modes. As discussed
earlier, this may negatively affect the accuracy of our results, this approximation gives

us some insight into the behavior of plates.

pwmnWmn‘i‘D(a?n""Y%)zwmnWmn = anWmn+2ha72717721¢mnwmn (WmnWmn - (I)mnq)mn)
(3.189)
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(@2, + 722 bmnWinn = EO2 Y20 mnWimn (Prnn P — Wonn Winn) (3.190)

Multiplying by W,, and integrating, taking note of the expansion theorem. Also,

for ease of use, noting that

A
results in
. D
gwmn + Z(Oégn + 7721)2wmn = % + 2ha72n’772z¢mnwmngmn (3-192)
1
Z(O‘?n + 7721)2¢mn = —Ea%@%%wmnwmnCmn (3.193)
Solving for ¢,
o? ’YQU}mnwmn
Prmn = —4ECun—7—5— 55— (3.194)

(o +77)?

Back into equation (3.192)

. D 9 22 dmn e 3
Wnn + —(a, + 75) Wi, = — — 32Eh—5-"""00 (3.195)
g e T plad, +~2)2 "
Simplifying, and noting that w2, = %(a?n +72)2, where wy,, is the natural frequency,
Eh o ’74C2 dmn
Uy + 32— P23 A W Wi = 3.196
" e R (3:196)

Note that the equation above takes the form of the undamped Duffing’s equation.
Since the solution takes the form of Duffing’s equation it provides greater insight into
the problem. As a result, we can have jumps in amplitude as we change the excitation
frequency. This characteristic was confirmed experimentally by Amabili [3]. We also
have the presence of stable and unstable solutions. Duffing’s equation also predicts sub-
harmonic and superharmonic resonance and other phenomena. However, these topics

are beyond the scope of this study. The Duffing equation is described in appendix B.
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The first four terms results in the system of equations below. The four equations
are uncoupled due to the assumptions made above and that some equations do not
have any nonlinear terms. These observations are similar with the results of the static

section.

. 128 Eh 5  47*D Q1
w11 + —— —— Wiy w11 =
9 p p p
.. 257T4D q12
w1 + ———wi2 =
. 254D @21
W + ———woy =
647T4D qo2
wog + Wo = P

For a coupled mode solution one would take similar steps to that of the ‘four term’
example from the static section. Figure (3.10) shows the time response of wj; for the
uncoupled, stress free boundary condition. Figure (3.11) shows the frequency response

for that system.
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Figure 3.10: Comparing Linear and Nonlinear Time Response with Stress Free Edges
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Figure 3.11: Comparing Linear and Nonlinear Frequency Response with Stress Free
Edges. ‘—’ Linear Response, ‘- -> Nonlinear Response. See Legend for Damping values
for each Color.

Immovable Edges

Since the procedure for the solution is similar to that of the static section, only the
solution will be presented below. Note that w1 is now a function of time, which results

in ¢1; and P also being functions of time.

Example: Dynamic, Immovable Edges - P,(z,t) and P,(y,t) - One Term

_ —273

P(t) = P*(t) = PY(t) = B 120 —6) (3(1 — V)11 (t) + Ewi1(t)?) (3.197)

2 Bwyq(t)? (96 — 96v + 12vm? + nt — 3672)
3 72 (24 — 24v + 7t — 672)

$11(t) = (3.198)

qu1 4 (278 — 217t 4 8yt — 84vn? 4 1807 — 384 + 384v) hEw?,

w+wir(t) = +—=

_Pr_ _
474D C4miD 9 D74 (24 — 24v + 7 — 672)

(3.199)
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Note that the above equation is of the form of an undamped Duffing’s equation. As
stated earlier we can now predict the presence of amplitude jumps and other phenomena
that are associated with Duffing’s equation. Figure (3.12) shows the time response, and

figure (3.13) shows the frequency response of the system.
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Figure 3.12: Comparing Linear and Nonlinear Time Response with Immovable Edges,
P,, P, - Constant

Example: Dynamic, Immovable Edges - P,(t) and P,(t) - One Term

Pl = " on(1 )+ T (1)? (3:200)
“3—um ™ YT 3R —um2) :
¢11(t) = —Ewn(t)*Cn (3.201)
P 32Eh 4 ™ 4 Eh 4 q11
—— e - 1—v)) 22 _
ADrA M * 9rip 1 + 3(8 —vm?)  3m(8— 1/7r2)( V) p 1 +wn 4D74

(3.202)
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Figure 3.13: Comparing Linear and Nonlinear Frequency Response with Immovable
Edges, P,, P, - Constant. ‘-’ Linear Response, ‘- -> Nonlinear Response. See Legend
for Damping values for each Color.

Note that the equation is of the form of Duffing’s equation without damping which
implies the presence of jumps in amplitude and other phenomena. Figure (3.14) shows
the time response, and figure (3.15) shows the frequency response of the system.

Comparing the values for all the boundary conditions in figures (3.16) and (3.17).
As in the static section, the stiffest plate predicted is with immovable edges. The least
stiffest plate is linear plate theory. From the times response of the plate, we can see
that the response frequency changes with the boundary conditions. This is a result of

the boundary conditions of the nonlinear plate that stiffen the plate.
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Figure 3.14: Comparing Linear and Nonlinear Time Response with Immovable Edges,
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Figure 3.16: Comparing All Boundary Conditions - Time Response
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Figure 3.15: Comparing Linear and Nonlinear Frequency Response with Immovable
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3.5 FEM Results

In order to gain some perspective on the theoretical results presented above, a finite
element approach was used. Abaqus CAE 6.8-3 was used to solve the problem of a
load suddenly placed at the center of a simply supported square plate. Using 400 lin-
ear, quadrilateral, S4R, shell elements, and 441 nodes, a flat shell with edge lengths of
one and with a shell thickness of 0.05 was utilized. A S4R element is a conventional
stress/displacement shell with 4 nodes and reduced integration. While the S4R element
allows transverse shear, for a ‘small’ thickness it is not significant. These elements do
not include rotatory inertia. Shell elements were used to model the middle surface of
the plate and the load was placed on the middle surface. While we could have used
solid elements to model the plate in a life like situation, we are only interested in the
mid-plane response and used shell elements instead. A constant load was placed at
the center of the plate and the edges were restrained from moving in the transverse
direction and zero applied twisting moment, M,, = 0, simply supported edges. For the
dynamic case, two different magnitude loads were used in order to compare the change
in edge conditions. Three different situations were compared: the linear, NLGEOM off,
condition ,then the nonlinear, NLGEOM on, plate with edges not allowed to move in
the plane of the undeformed plate, or immovable edges, the last condition was allowing
the nonlinear plate to move in the plane of the undeformed plate, or stress-free edges.
NLGEOM is the ‘geometrically nonlinear’ switch. When off, the problem is geomet-
rically linear and when on, the problem is geometrically nonlinear. The NLGEOM
parameter also accounts for the ‘stress stiffening’ of the structure.

For the static problems, Abaqus/Standard was used. Abaqus/Standard solves the
nonlinear equilibrium equations by Newton’s method. Newton’s method is a root find-
ing algorithm that uses Taylor series. For the dynamic problems, Abaqus/Explicit was
used, which uses, by default, the lumped mass matrix. Abaqus/Explicit uses the ex-

plicit central difference integration rule as their method of solution. The lumped mass
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matrix assumes that the mass of an element is concentrated at the nodes of the ele-
ment. Within the explicit central difference integration, the inverse of the mass matrix
is required. With a lumped mass approximation, the mass matrix is diagonal, making
it routine to invert.

The response is given alongside the theoretical solution. The theoretical solution is
the solution derived in the earlier sections.

Figure (3.19) shows that the finite element method predicts a larger static bending
value than the theoretical value. This is because the theoretical values presented are
only the first term, and in some cases an additional term, in the infinite sum. If more
terms were taken, the results would match closer to the finite element results. However,
the relative values of linear, stress-free, and immovable edges agree with relative values
of the theoretical results.

For the dynamic cases two different, constant, load magnitudes were used in order
to compare a load where the nonlinearity would be insignificant and where it would
become significant. Figure (3.20) has a load magnitude of 1000 and figure (3.21) has
a load magnitude of 5000. From figure (3.20a) we can see that for all the boundary
conditions tested, the finite element results are very similar in magnitude and response
frequency. The frequencies match well between theoretical and finite element. On the
other hand, the amplitudes are slightly under predicted by the theoretical results, just
as with the static deflection.

From figure (3.21a) shows a significant change in response amplitude and frequency
between the different boundary conditions in the finite element models. The linear and
immovable edges match well with finite element models in terms of response frequency.
The theoretical frequency of the stress-free edge condition is higher than finite element
model. Just as with the other theories, the amplitude of the finite element model is

higher than the theoretical models.
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Chapter 4

Conclusions and Future Work

4.1 Conclusion

From nonlinear beam theory we saw that immovable edges result in the nonlinear beam
becoming stiffer than the linear beam, resulting in smaller deflections. We saw that
stress-free beams simplifies to linear theory. As a result, a new approach was required,
the theory by Conway was presented. The theory proposed by Conway ignores the
kinetics of the problem and concentrates on the geometry of deflection. Conway’s
approach also does not take into account the resistance of the beam to folding onto
itself as well as stretching of the beam. Thus, Conway’s theory can result in unrealistic
deflections.

For vibrations of beams we saw that the nonlinear beam with immovable edges
resulted in the differential equation that took the form of Duffing’s equation. Therefore,
we were able to obtain the frequency response equation of the system. From that
solution, we realized that we may have up to three different amplitudes for a given
excitation frequency.

Considering a nonlinear plate would results in deflections smaller than in linear
plate theory. We also see that a plate with immovable edges makes the plate to be
stiffer than a plate with stress-free edges. Also, as the load grows, the deflection of the
nonlinear plate becomes asymptotic. While this may not be realistic from a materials
point of view, because the material would eventually become plastic, it is realistic in
terms of the plate geometry. We also investigated Gaussian curvature, which quantifies
the ‘stretch’ of a deflected plate.

For dynamic systems we saw that the solution takes the form of Duffing’s equation.
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Using perturbation technique we expanded the form of the solution, ignoring higher
order terms, which allowed us to obtain a system of equations that we are able to solve.
We found the frequency response equation of the system. From the frequency response
plot we can see that jumps in response amplitude may exist, which are not predicted
in linear theory. For nonlinear plates, as we slowly increase or decrease the excitation

frequency we would see a large difference in response amplitudes.

4.2 Future Work

While only one boundary condition was considered, simply-supported, this method of
solution may be extended to other boundary conditions, like clamped. However the
use of a double sine series to represent the Airy’s stress function may no longer be an
accurate modal function. One may have to use the same modal function for a clamped
plate as the modal function for Airy’s stress function, which may or may not be valid.

Another future endeavor is other plate shapes. While this study can easily be
extended to rectangular (not square) plates, circular plates require a bit more work.
One question is how to handle the expansion theorem in polar coordinates because the

integration can include a discontinuity at the plate’s center.
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Appendix A

Gaussian Curvature

The Gaussian curvature comes up in the study of nonlinear plate theory. The derivation
of Gaussian curvature requires knowledge from differential geometry, specifically the
first fundamental form and the second fundamental form. These topics are beyond the
scope of this study. Pressley [37] and O’Neill [34] give the information on differential
geometry theory that is required to derive Gaussian curvature. Here, the derivation of
Gaussian curvature will be carried out by an alternate method, as this approach gives
the reader a better physical understanding of Gaussian curvature and its application
to plates.

Gaussian curvature, K, is defined as the product of principal curvatures, k1 and
ko. In order to find the principal curvatures, we first find the curvatures of our z,vy, z

coordinate system.

A.1 Curvature - Displacement Relationship

A structural element, beam or plate, deformed in the x — z plane would look like figure
(A.1). Note that we consider dz, dw, and ds to form a right triangle.

From the figure above we can see that

RO = ds (A1)
(ds)? ~ (dz)? + (dw)? (A.2)
tan(9) = S (A3)

- dz
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> // 6+ do
VAR

Figure A.1: Deformed Structural Element

We define curvature as the inverse of radius of curvature, R. Beginning with equa-

tion (A.3)

d
tan(f) = T@; (A.4)
d d?w
atan(&) =12 (A.5)
do  d*w
SeC2(0)a = @ (A6)
d2
sec?(0) dd = d—;;) dz (A.7)
Using equation (A.1) and knowing that
9 9 dw\?
sec®(0) =1+ tan“(0) = 1+ e (A.8)
results in
dw\?\ 1 ds d?w
<+<d$>>Rdx da? (A.9)
From equation (A.2) we can find that
ds dw?
=1t (dx) (A.10)

This results in our expression for curvature
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Figure A.2: Pure Twist

1 d
Ky = = de? (A.11)

3
dw\2)\ 2
(1+(42)%)
But from Kirchhoff’s hypothesis we know that ‘the slopes of the deflected middle

surface are small compared to unity’ which allows us to approximate the curvature

with

2w

e ™ 42

(A.12)

When applicable, similar arguments produce the expressions for the curvature in
the y direction, and the expression for twist, xz,. A plate with only nonzero curvature
of kzy would be a surface resembling a saddle point, see figure (A.2), with lines of zero
transverse displacement going from midpoint to midpoint of opposite edges. Also note

that the expression for k, below will now have partial derivatives.

82710 0w B 9w
a2 Oy? "= Dady

Ry =

(A.13)

From the above definition we see that k., = ky,. We can construct the Hessian,
or curvature matrix, [H] , and recognize that the principal curvatures are the solution

to an eigenvalue problem. The eigenvectors are the directions of principal curvatures.



86

Principal curvatures are the largest and smallest value of curvature for given deflection,

and there is also zero twist in the direction of principal curvature.

827120 O Ry Ky
[H] _ ox o0zxdy _ Y (A14)
9w Pw K K
oxdy  Oy? ry Y
Ke — K K
det | Y=o (A.15)
Kzy Ky — K
The characteristic equation is
K% — (kg + ky)k — /{iy + kgpky =0 (A.16)

The solution by quadratic formula gives two values, as expected, for principal curvature.

1
=g [M + Ky + \/(nx — ky)? + 4/4;34 (A.17)
1
K2 =5 |:/€m + Ky — \/(Fax — ry)? + 4m%y] (A.18)
From our definition of Gaussian curvature
9w &%w 92w \ 2
_ _ 2 _
K = Kiky = Kghy — Ky, = 027 0 — <8x8y) (A.19)

Note that Gaussian curvature is equal to the determinant of the Hessian, which is
an invariant. The Gaussian curvature at one point of the surface would allow us to have
the value of the Gaussian curvature for the entire surface. A zero-Gaussian curvature
surface is known as a developable surface. A characteristic of a developable surface is
that one of the principal curvatures is equal to zero, like plate bending into a cylindrical
shape. An easy way to think of it is that a developable surface is a surface made of an
infinite number of straight lines. An example is a cone. If one were to take a straight
line, fix one end and have the other end move in a circular motion we would have a

cone. Any deflection of a simply supported plate would be non-developable. Linear
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plate theory ignores this property as it assumes that the small deflections produce zero

stretch within the plate. Also, from St. Venant’s Compatibility equations,

(A.20)

oy " 0xdy Ox? dxdy ) 022 Oy?

OBy (0Bay _ 9Byy _ ( 02w )2 02w 0%w
A developable surface implies that all in-plane strains, F,;, By, ,and E.,, are equal to
zero. Therefore, for a plate, we can say that there is no stretching of the middle surface.
For example a cantilever, or clamped-free-free-free, plate or beam we would consider
having no stretch of the middle surface as shown in figure (A.3). A half-sphere would

not be a developable surface because if one were to try to flatten it, certain sections

would compress and other sections would stretch.

NN NANNANN

Figure A.3: Cantilever Member without Stretch
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Appendix B

Duffing’s Equation

Duffing’s equation is a second-order ordinary differential equation with a cubic nonlinear

term as given below.

W+ wrw = —2epb — eaw® + E(t) (B.1)
Note the equation below also has an excitation term that is harmonic.
E(t) = K sin(Qt) (B.2)

In mechanical systems, the Duffing equation can used to describe a system with
a nonlinear spring. For o > 0 we have a stiffening spring and for a < 0 we have a
softening spring. However in our situation, this equation describes the amplitude of
modes of a dynamic nonlinear plate or beam. We will always consider an « greater
than or equal to zero. In order to solve the equation a perturbation method, known
as multiple-scale analysis, will be used to approximate the solution to the system. Our
perturbation variable, €, is used to also define the coefficient of the excitation, K = ek.

We also introduce o as a detuning variable such that

Q=w,+eo (B.3)

Where for an oscillatory system, w, is the natural frequency and € is the excitation
frequency.
The method of multiple scales requires the use of a second time variable. Using the

notation of Bender and Orszag [7] we choose:
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T =¢t (B.4)

We also need to expand the solution in terms of ¢, € and our new time variable, 7.

w(t;€) = wo(t,7) + ewy (t,7) + - (B.5)

E(t) = eksin(wot + o7) (B.6)

Since w is not solely a function of ¢t anymore, we need to define the derivative of w with

respect to t.

dw Jwg Owg OT owy Owy OT
7 (=0, TR et et el B.
dt (at+aTat> 6<8t+878t>+ (B-7)
Since % = € the above equation becomes
dw  Jwg Owg ~ Owy 2
Next, finding the second derivative with respect to time results in
Pw  9Pwy Pwy 0wy
—_— = 2 O(é B.9
- oe ( oror 6t2>+ (<) (B-9)

Plugging back into our equation of motion and evaluating the €” terms and the €' terms

82

8:2}0 + wgwo =0 (B.lO)
92 52 0
it b = <20~ —ow +ksinat +or) (B1)

The general solution to equation (B.10) is

wy = A(T)e™e! 4 A(7)e et (B.12)
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Where A(7) is yet to be determined and A(7) is its complex conjugate. Plugging

that solution in equation (B.11), and utilizing the complex form of our forcing function,

equation (B.13), yields

cos(0) = (e"" + e*w) sin(f) = %’ (ew + e*w)

N[

6211)1

ot? dr

(B.13)

dA 1 . k. .
+ wlwy = {— [Ziwo( + pA) + 3aA2A] ol — qA3ediwol iQe“"Dte“’T} + cc

(B.14)

Where cc is the complex conjugate of the terms on the right hand side in the curly

brackets. In order to remove ‘secular’ terms, or terms that cause a break down in

perturbation theory, we choose A to be the solution of equation (B.15). ‘Secular’ terms

are terms that could cause the solution to diverge. For an oscillatory system, secular

terms would cause resonance, and the response amplitude would approach infinity. In

our case, since the natural frequency of the system is w,, it is important to eliminate

the terms that have sine or cosine of w,t in order to eliminate terms that would go off

to infinity.

dA -k
QZ‘MO(E + /LA) + 30&A2A + Z.gew-T = 0

Writing A in the form

where a and [ are real values and plugging in our equation for A we obtain

B da dﬂ (13 ]{3 i(UT*ﬁ) _
1Wo <d7‘ + a i + ua) + 3a§ + ige =0

Separating real and imaginary terms into two equations

(B.15)

(B.16)

(B.17)
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da k
— = —ua — — 1
I pa =3 - cos(oT — ) (B.18)
dg  3a ;3 .
@y = 2’ " sin(or — f3) (B.19)

Using v = o7 — 3 results in an equation where 7 does not appear directly.

da k
= —ua — B.2
&~ Ha— g cos(y) (B.20)
dy 3a 4 k.
ag =06- 8woa + 2o, sin(7y) (B.21)

The system of equations above are the approximation to the solution to Duffing’s
equation. While it may seem that we increased the difficulty of our problem by ex-
changing a second order differential equation for two first order differential equations,
we now have system of equations in a familiar form that have been well studied.

Now substituting equation (B.16) into equation (B.12) then into equation (B.5)

results in an expression for w.

w = acos(wet + B) + O(e) (B.22)

Note that this expression is the ‘general solution’ to the differential equation, and

the ‘particular’ or steady state solution will be given in the next section. However note

that this general solution does not take into account the change in the natural frequency

with load. We can factor our differential equation in such a form that we can obtain a
new form for natural frequency

W+ (wg + ean) w = —2euw + E(t) (B.23)

wgffective = wg + 5aw2 <B24)

From the equation above we can see that for larger values of w we would see a higher

natural frequency. As a plate deflects the tensile membrane force would grow. As a
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result, the plate would act as if it were stiffer than linear plate theory. As we know from
past studies, a stiffer plate would have a higher natural frequency. Thus, we can use
equation (B.22) as a approximation for the response but a numerical solution, like the
Runge-Kutta method, would give a solution to the time response with varying natural

frequencies.

B.1 Steady State Solution

For a steady-state, or equilibrium, solution we set % = 48 — 4% _ (. These solutions
T dr dr

are also known as finding the critical, or singular points of the system.

pa = 2(,]20 cos(7) (B.25)
3a 4 k.
oa — 8woa = o sin(7y) (B.26)

The sum of the squares of the above equation removes the dependence on v and
thus removing the time dependence. This results in the frequency-response equation for
the Duffing equation.

2 2
« k
a3> = (B.27)

= 42
4wz

8w,

(pa)? + (Ua 3

In order to solve this equation we first simplify by expanding the square term.

3a>26 3ac 4 k2
6 2940

2 2
(na)” 4+ (oa)” + < Ton a* = 102

8w,

Which simplifies to

902 ¢ 3aoc 4, 9 o o K2
_ == = B.28
64wga 4w @+ 7+ o%)a 4w? ( )
Set p = a?
902 , 3aoc , k?

——p' = — P+ (WP +p=— (B.29)
wo
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This third-order algebraic equation relates the amplitude of the response a with the
amplitude of the excitation k, and the excitation frequency, which is a function of o.
The only unknown in the above equation is p, which is related to the amplitude of the
response. It is possible to have up to three, unique, real solutions for this problem. We

will see that this equation predicts a unique solution for coefficients.

B.1.1 Example

Setting

a=1 (B.30)
we =1 (B.31)
k = 1000 (B.32)

results in the following frequency response, in figure (B.1), varying o for different values

of u.

70

— — p=0
p=10
—— =20 s
60 o7
50| . 47
3 i
2 P
2 “or
< 7
@ y
2 i
g 7
2 7
&30* /;/
1 /
«
20
10+

I + |
500 1000 1500
o - Detuning parameter

0
-500

Figure B.1: Frequency Response
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We can see from the figure above that for particular excitation frequencies we may
observe up to three different amplitudes. However, from stability analysis in Nayfeh
and Mook [32] we can see that two of the solutions are stable and one is unstable. As
a result, we would have a ‘jump in amplitude’ as we change the excitation frequency,
which will be discussed later.

From the figure it is easy to see that for a particular excitation frequency we may
have up to three different amplitudes. However, these amplitudes depend on what
direction one is coming from. If we began at a high frequency and gradually decreased
the excitation frequency we would follow the lower most path. If we began at a low
frequency and gradually increased the excitation frequency we would follow the upper
most path. This was observed experimentally for plates by Amabili [3]. As a result,
there is a region of the graph that is unused. As shown later, this region is known as
the unstable region.

Now note that this solution is the steady state solution of the system.

w = acos(Qt — ) + Ofe) (B.33)

B.2 Stability

Since we have found the ‘critical points’, or the steady-state solution, of the system
from equation (B.28) or (B.29) we can now investigate the stability of these points. In
order to continue, we need to linearize the area around the critical point. By defining
a generic critical point as (as,7s), where as and 7, satisfy equation (B.28) and (B.29)

we can continue by the method outlined in Greenberg [22].

da
- = — — = P B. 4
& = He— 5 cos(7) = Pla,y) (B.34)
dy 3a k sin(y)
— g — = B.
A R M C ) (B.35)

Our linearized model becomes, note that A = a — as and G = v — 7,
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dA . 8P(a3,’75) aP(a&’yS)
T~ e Aty © (B30
dG  0Q(as,7s) 0Q(as,7s)
= _ A B.
dr Oa + 07 G (B-37)
Substituting in the partial differentials
dA k.
Fr — A+ 2o sin(vs)G (B.38)
dG [ 6a k sin(ys) k cos(7s)
dr ( 8w s 2w, a2 ) A 2w, TSG (B-39)

Using the relationships in equation (B.25) and (B.26) to eliminate s

dA 3o 4
E = —ILLA -+ <8w0a5 — UCLS) G (B40)
dG o 9a
= A— B.41
dr <a5 8woas) ne ( )
In matrix form
daq 3a 3
ar — U — (O'GS — Tas) a
ar | _ 8o ' (B.42)
% (al - 98(173?) K 71

The above is an eigenvalue problem with the characteristic equation of

A2 2p\ + 2 + <U - 9“50‘> <oa5 _ 3o a3> =0 (B.43)

O 8w, 8w, °

which has a solution in the form

9 3a
A= —pu+ \/(O‘ - 8woa§) <8w0a§ - 0'> (B.44)

From Greenberg [22], we can classify the form of the stability based on the values

of \.

e Center: Purely imaginary roots
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Figure B.2: Phase Planes near the Critical Points
e Focus: Complex conjugate roots
e Node: Real roots of same sign

e Saddle: Real roots of opposite sign

B.2.1 Example

Using values of o = w, = 1, u = 10,k = 1000 (see figure (B.1)) we find the stability of

the solutions at o = 500.

At o = 500 we find the values of as to be

a1 = 36.8482 (B.45)
as = 36.1645 (B.46)
as = 1.0005 (B.47)

From figure (B.2) above we can see that the ‘middle’ solution is unstable. Our

frequency response curve with a distinct unstable region is displayed in figure (B.3).

B.2.2 Jump Phenomena

From study of stability we can see that some values of the response amplitude do not
exist. From left to right, a discontinuous curve for response amplitude is present, which

results in jump phenomenon.
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Figure B.3: Stability and Amplitude Jumps

If we were to start with a ‘low’ frequency and very slowly increase the excitation
frequency until we reach the apex of the curve of figure (B.3a), then a small increase in
excitation frequency would cause the amplitude to decrease significantly. Then, further
increasing the frequency would cause a steady decline in amplitude. See figure (B.3b)
and follow the green arrows, and the amplitude jump is marked be the green ‘dash-dot’
line. Starting with a high frequency and slowly decreasing the excitation frequency
would cause a slight increase in amplitude until we reach the discontinuity where a
slight decrease in excitation frequency would cause the amplitude to increase suddenly.
Then decreasing the excitation frequency would cause the amplitude to decrease at a
steady rate. This response is represented by the red arrows in figure (B.3b), also the
amplitude jump is shown by the red ‘dash-dot’ line.

The discussion above was just a short introduction into Duffing’s equation with
many other topics, which may be of interest, omitted. For interest in subharmonic,
and superharmonic, or overtone, resonance, when Q ~ 3w, and Q ~ w,/3, respectively,
Nayfeh [32] has a detailed explanation. Note that subharmonic and superharmonic
frequencies arise when the response of the system resembles the superposition of two
responses of the linear system. This is important if one is far away from the natural
frequency, one may still have resonance because of their proximity to the subharmonic or

superharmonic frequencies. In between large and small loading, a region exists where
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chaos, or non periodic response, may occur. While it is possible to predict chaotic
regions, such analysis is beyond the scope of this study. As a result, for a particular
system it is important to obtain a numerical solution in order to predict whether or not

chaos will occur.
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Appendix C

Solutions from other Authors

C.1 Stress-Free Edges

Taken from Levy [28] page 155, table 6. Note that p is the magnitude of the uniform

load on a plate.

4

pa_ wi1 Weenter
Eh4 h

0 0 0
12.1 0.5 0.486

29.4 1.000 0.962
56.9 1.500 1.424
99.4 2.000 1.870
161 2.500 2.307
247 3.000 2.742
358 3.500 3.174
497  4.000  3.600

Table C.1: Coefficients given by Levy for Stress-Free Edges

From Iyengar [24], page 115, equation (28). ¢ is the magnitude of a uniform load, [

is half of the plate edge’s length.

4

(%)3 + 5.8595 <%) - 0.26335%4 (C.1)

From Ventsel [47], page 222, equation (7.91). Venstel uses f to represent wq; and p
is the magnitude of a uniform load on the plate.
foo128(1—v2) f3  4pat

J LA C.2
h + 3t h3  wSDh (C2)
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From Donnell [16], page 232, equation (5.11). pi; is the magnitude of a uniform

load on the plate.

C.2 Immovable Edges

Taken from Levy [28] page 156, table 9.

pa_ w1l Weenter
Eh4 h

0 0 0
14.78 0.5 0.485

51.4 1.000 0.952
132.0 1.500 1.402
278.5 2.000 1.846

Table C.2: Coefficients given by Levy for Immovable Edges

From Iyengar [24], page 121, equation (52). ¢ is the magnitude of a uniform load, [

is half of the plate edge’s length.

(%)3 +0.47 (%) - 0.03375gl}j4 (C.4)

From Donnell [16], page 231, equation (5.10). p;; is the magnitude of a uniform

load on the plate.

12(1 — v?)a* B a?\? wyp 3 9 at dva®] fwip)\3
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