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ABSTRACT OF THE DISSERTATION

The study of two-particle response functions in strongly
correlated electron systems within the dynamical mean

field theory

by Hyowon Park

Dissertation Director: Prof. Kristjan Haule

In this thesis, we tackle various problems in strongly correlated electron systems, which can be
addressed properly via the non-perturbative dynamical mean field theory (DMFT) approach
using the continuous time quantum Monte Carlo method as an impurity solver. First, we
revisit the old Nagaoka ferromagnetism problem in the U = oo Hubbard model and study the
stability of the ferromagnetic state as a function of the temperature, the doping level, and the
next-nearest-neighbor hopping ¢'. We then address the nature of the Mott transition in the two-
dimensional Hubbard model at half-filling using cluster DMFT. Cluster DMFT can incorporate
the short-range correlations beyond DMFT by extending the spatial range in which correlations
are treated exactly to a finite cluster size. The non-local correlations reduce substantially the
critical interaction U and modify the shape of the transition lines in the phase diagram.

We then concentrate on the calculation of two-particle response functions from the ab initio
perspective by means of computing the one-particle excitation spectrum using the combination

of the density functional theory (DFT) and DMFT and extracting the two-particle irreducible

ii



vertex function from a local two-particle Green’s function computed within DMFT. In particu-
lar, we derive the equations for calculating the magnetic/charge susceptibility and the pairing
susceptibility in superconductivity. This approach is applied to the Hubbard model and the
periodic Anderson model and we determine the phase diagram of magnetism and supercon-
ductivity in these models. We show that the superconducting phase is indeed stable near the
magnetic phase where the pairing interaction mediated by spin fluctuations is dominantly en-
hanced. The non-local correlation effect to superconductivity is also discussed using the dual
fermion approach and the dynamical vertex approximation. We finally apply the vertex func-
tion approach within DFT+DMFT to a Fe-based superconductor, BaFesAso, and compute the
dynamical magnetic susceptibility in this material. Our calculation results show a good agree-
ment with the magnetic excitation spectra observed in a neutron scattering experiment. The
response function calculation method derived in this thesis can capture both a localized and an

itinerant nature of collective excitations in strongly correlated electron systems.
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ors correspond to different orbital contributions. (b) The Fe d orbital resolved

polarization bubble x°(q,w) at the same T and the same wave vectors q as (a) .

XX



7.8. (a) The Fermi surface in the I' and Z plane at T=73K colored by the orbital
characters: d,(blue), d,.(green), and dgy(red). The small symbols mark the
regions in the Fermi surface, where nesting for the wave vector q=(1,0,1) is
good. (b) The zoom-in of A(k,w) along the path marked by black dashed line
in Fig.[C8(a). The green open circles indicate the two relevant bands of dg,
character which give rise to the peak in magnetic excitation spectra near 230meV
at g=(1,1,1). . . . m

7.9. A(k,w) computed in one Fe atom per unit cell at 7=73K. The green arrows mark
the same bands which give rise to 230meV peak. The DFT bands are overlayed
by white dashed lines. The blue arrows mark corresponding DFT bands of d,
character. . . . . . . . L E

7.10. The leading eigenvalue of the I'""-x? matrix in the magnetic channel as a function

of T'. o e E

7.11. The local magnetic susceptibility X;;C(w) computed for BaFeyAs, in absolute

units. The LDA+DMFT calculation (red) and the RPA calculation (blue) are

compared. For the RPA calculation, we use the intra-orbital interaction U=1.3eV

and the Hund’s coupling J=04eV. . . .. m
7.12. The Neel temperature Ty (left y-axis) and the ordered magnetic moment y (right

y-axis) computed within RPA as a function of the intra-orbital interaction U. The

Hund’s coupling J is fixed to 0.4eV. The dashed line indicates both DMFT TN

around 380K and the experimental moment around 0.9up [6]. . . ... ... .. m
7.13. The fluctuating magnetic moment p.ry as a function of energy. The sy is

computed within both DFT+DMFT (red) and within RPA (red), and the results

are compared. . . ... oL e e e Q
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Introduction

The discovery of superconductivity in heavy fermion materials in 1979 and cuprates (chemical
compounds containing copper anions) in 1986 resulted in the emergence of a new field of research
in condensed matter physics. These superconductors have attracted considerable interest owing
to the unusually high critical temperature (7%) of the cuprates (as high as 138K). These unex-
pectedly high T, superconductors can provide many practical applications to the real life such
as the electric power transmission without any resistance, magnetic resonance imaging (MRI)
machines, magnetic levitation (Maglev), and so on. Moreover, the origin of superconductivity
in these materials cannot be explained by the conventional Bardeen-Cooper-Schriffer (BCS)
theory. The pairing interaction of Cooper pairs is not phonon-mediated, and many physicists
believe that it is mediated by spin fluctuations; however this supposition has not been verified
yet.

The discovery of Fe-based superconductors in 2008 generated widespread research, resulting
in the publication of numerous papers on this subject within two years. The pairing mechanism
of these materials is believed to be non-phonon-mediated, similar to that of other unconven-
tional superconductors; therefore, physicists hope that these materials can provide an insight
into the microscopic origin of unconventional superconductivity. The crystal structure of Fe-
based superconductors consists of a layered structure of Fe atoms surrounded by tetrahedrally
coordinated pnictogen and chalcogen atoms. Similar to the Cu plane in cuprate supercon-
ductors, the Fe plane plays an important role in superconductivity of these materials. These
unconventional superconductors fall into the category of strongly correlated electron systems
owing to the strong electron-electron interaction, as observed in the Mott insulating state of

the parent compound in cuprates.



The theoretical study of strongly correlated electron systems has been a major challenge in
condensed matter physics owing to the non-perturbative nature of the problem. Strong correla-
tions are realized when the electron-electron interaction energy scale is comparable to the kinetic
energy scale. The competition between the two energy scales yields exotic and complex phases
such as the Mott insulating state and unconventional superconductivity in strongly correlated
materials. The dynamical mean field theory (DMFT) is an effective method for capturing both
localized and itinerant aspects of the strongly correlated electrons by describing the incoherent
Hubbard bands and the coherent quasi-particle bands, respectively. The combination of DMFT
and the density functional theory (DFT) has been successfully applied to the realistic electronic
structure calculation of materials containing open shells of localized d or f orbitals as well as
itinerant s or p orbitals.

Most response functions measured in condensed matter experiments are two-particle quan-
tities such as magnetic susceptibility. The calculation of two-particle quantities for realistic
materials is a challenging problem because it requires the computation of not only the one-
particle Green’s function obtained by the DFT+DMFT calculation but also the two-particle
vertex function. The two-particle quantity involves the collective excitation spectra of magnetic
or superconducting phases, which form the essence of strongly correlated electron systems.
From a theoretical point of view, the calculation of these quantities based on the multi-orbital
DFT+DMFT method can quantify the departure from both purely localized and itinerant pic-
tures, and it can be directly compared with various experimental spectroscopic data.

In this thesis, we derive the equations for computing two-particle quantities with the realistic
band structure calculation method, DFT+DMFT. For two-particle interaction, the irreducible
vertex function is extracted from an auxiliary impurity problem in DMFT. In particular, we
compute the magnetic susceptibility and pairing susceptibility for superconductivity. The cal-
culation of the pairing susceptibility enables us to obtain 7, and the superconducting gap
symmetry of strongly correlated model Hamiltonians, i.e., the Hubbard model and the peri-

odic Anderson model. We apply this vertex function approach to the computation of magnetic



excitation spectra in the parent compound of the Fe based superconductor, BaFes Ass. Under-
standing the nature of the magnetic excitation spectra in Fe based superconductors is crucial to
unraveling the origin of superconductivity in these materials. The magnetic excitation spectra
measured via neutron scattering are in good agreement with our dynamical magnetic suscepti-
bility calculation within DFT+DMFT, and we show that the nature of magnetic excitation in
these materials contains both the localized and itinerant point of view.

This thesis is organized as follows. In Chapter 1, we introduce the basic electronic structure
calculation methods that are widely adopted for strongly correlated electron systems: DFT,
DMFT, and DFT4+DMFT. For the auxiliary quantum impurity problem tackled in DMFT, we
adopt a recently developed quantum impurity solver, i.e., the continuous time quantum Monte
Carlo (CTQMC), which will be used throughout the following chapters. Chapter 2 addresses the
old Nagaoka ferromagnetism problem in the U = co Hubbard model via the DMFT approach.
In Chapter 3, the nature of the Mott transition in the two-dimensional Hubbard model at
half filling is studied using the cluster DMFT, a cluster extension of DMFT. The short-range
correlations beyond DMFT are included within the cluster DMFT framework, and we show that
the topology of the phase diagram studied using cluster DMFT is different from that obtained
by single-site DMFT because of the difference in the nature of the insulating states.

In Chapters 4 to 7, we concentrate on the calculation of two-particle response functions for
magnetism and superconductivity in strongly correlated electron systems. Chapter 4 introduces
the two-particle vertex function calculation based on a realistic band structure calculation,
implemented using DFT+DMFT. The equations for computing the magnetic susceptibility and
the superconducting pairing susceptibility are derived. Chapter 5 is devoted to the derivation
of two non-local approaches based on the vertex function calculation, i.e., the dual fermion
(DF) approach and the dynamical vertex approximation (DI'A). These approaches can treat
non-local correlations beyond DMFT. The equations for computing the pairing susceptibility
within DF and DI'A are also derived. In Chapter 6, the vertex function approaches derived

in Chapter 4 and 5 are applied to the one-band Hubbard model and the two-band periodic



Anderson model, which are the minimal models for describing the cuprate superconductor and
the heavy fermion superconductor, respectively. T., the gap symmetry, and other relevant
quantities for superconductivity are computed on the basis of DMFT as well as DF and DI'A.
In Chapter 7, we describe the application of this vertex function approach to the dynamical
magnetic susceptibility calculation in an Fe-based superconductor, BaFesAss. By comparing
our theoretical results with the neutron experimental data, we show that the magnetic excitation
in BaFegsAsy, has both a localized and an itinerant nature, and that the calculation in either

purely localized or purely itinerant terms is not adequate to describe the experimental data.



Chapter 1

A Combination of the Density Functional Theory (DFT)
and the Dynamical Mean Field Theory (DMFT)

In this chapter, we introduce the basic electronic structure calculation methods which are fre-
quently used in strongly correlated systems, i.e., the density function theory (DFT), the dynam-
ical mean field theory (DMFT), and the combination of them (DFT+DMFT). The basic concept
of a state-of-the-art impurity solver, continuous time quantum Monte Carlo, is explained and

the procedure of sampling the one-particle Green’s function is also discussed.

1.1 DMEFT

The dynamical mean field theory (DMFT) is a non-perturbative method which can capture
both localized and itinerant nature of strongly correlated electron systems [7]. The essential
idea of DMFT is to replace a lattice model by a single-site quantum impurity problem embedded
in an effective medium determined self-consistently. The impurity model provides an intuitive
picture of the local dynamics of a quantum many-body system. The quantum impurity problem
is treated by various impurity solvers implemented in numerical or analytic techniques. The
self-consistency condition captures the translation invariance and coherence effects of the lattice.

DMEFT is a natural generalization of the classical Weiss mean-field theory to quantum many-
body problems. However, the DMFT approach does not assume that all fluctuations are frozen.
Rather, it freezes spatial fluctuations but takes full account of local quantum fluctuations. A
key difference with the classical case is that the on-site quantum problem remains a many-body

problem. As in classical statistical mechanics, this dynamical mean-field theory becomes exact



in the limit of infinite spatial dimensions d — oc.
The idea of DMFT is illustrated here on the example of the Hubbard model:

H = - Z tijcjang—FUZCjTCiTCIlCu (1.1)
<i7j>7a i

where t;; is the hopping energy from a site 7 to a site j and U is the on-site Coulomb energy. Here,
the paramagnetic phase is assumed without any symmetry breaking. The mean-field description
associates this Hamiltonian with single-site effective dynamics, which is conveniently described

in terms of an imaginary-time action for the fermionic degrees of freedom at that site:

p p i 1 / /
Serf = —/0 dT/O dT/zU:CLU(T)gO_ (1 — 7 oo (T7)
B8
+U/O dTCIT(T)CiT(T)CL(T)C“(T) (1.2)

Here, Go(7 — 7’') plays the role of the Weiss effective field in the mean-field description. Its
physical content is that of an effective amplitude for a fermion to be created on the isolated
site o0 at time 7 and destroyed at time 7/. The main difference with the classical case is that
this Weiss function Gy is a function of time instead of a number. As a result, Gy takes into
account local quantum fluctuations while the spatial fluctuation is ignored due to the mean-field
approximation. Gy plays the role of a bare Green’s function for the local effective action Seyy,
however, it is different from the non-interacting local Green’s function of the original lattice
model.

The on-site (impurity) interacting Green’s function G can be calculated from S.zs given in

Eq.[L2
Gr—-1) = —<T7—C(T)CT(T/)>Seff. (1.3)
On the imaginary axis, it is given by
B i ,
G(iw,) = / d(r —7)G(t — T')e“"”(T_T ) (1.4)
0

(2n+1)w
5

where w, is the Matsubara frequency given by Solving a quantum impurity prob-

lem under the action Scsy is a difficult part of DMFT due to the non-perturbative nature of



the problem. This part is treated by powerful impurity solvers including the continuous time
quantum Monte Carlo which will be introduced in a later section.

Within DMFT, the k dependent original lattice Green’s function is constructed by

. 1
Gllyiwn) = b = (1.5)

where the self energy Y (iw,,) is computed from the impurity action as:
Y(iwn) = Gy lliwn) — G (iwy,) (1.6)

Here, the self energy in the original lattice Green’s function is approximated as purely local
in space [8], and it is obtained by summing all local Feynman diagrams using an impurity
solver. The local nature of the lattice self energy in the limit of infinite d can be seen from the
diagrammatic technique within the perturbation expansion of the interaction U. The diagram
for the self energy is constructed using a four-leg vertex at site ¢ and a line of a full propagator
connecting the vertices between two sites. The crucial observation in d — oo is that whenever
two internal vertices (i,j) can be connected by at least two paths, they must correspond to
identical sites ¢ = j. This can be shown by simple power counting. Since the hopping is scaled
by 1/ V/d, each path made of fermion propagators connecting i to j will involve at least a factor
(1/+/d)!*=71. On the other hand, i being held fixed, the eventual summation to be performed on
the internal vertex j will bring in a factor of order d® where R = |i — j|. Hence, one obtains an
overall factor of d®(1/+/d)"™ P where P;; is the number of paths joining ¢ to j in the diagram.
Thus if P;; > 2, only those contributions with ¢ = j (R = 0) will survive in the d — oo limit.
The DMFT self-consistency is achieved by supplementing Eq. [L21 with the expression relat-
ing Gy to local quantities computable from the effective action Seys. In the limit of infinite d,

one can show that the Weiss field Gy is related to the full Green’s function as [7]:

GioGoj

G 1(iwn) (1.7)

gal(lwn) = iwn +p— Ztoitoj [G’Lj -

ij



where G, is the local component of the full Green’s function. Here, the term % is sub-

tracted owing to the cavity construction. In the momentum space,

(3 Dk tkGiciwn))?

1
—1/- . 2 .
Gy (iwn) = iwn,+p— N, Zk: ti Gx (iwp,) — Goulion) (1.8)
If the self energy is local,
1 .
N zk:thk = 1+ (iwn +p — X)Goo (1.9)
and
1
7Zt12<Gk = —(iwp +p— %) + (iwn+ﬂ_2)2Goo (1.10)
Ny, ”
where G,, = N%c >k Gx. Using above relations, the Weiss field G !is determined by:
Gotiwn) = D(iwy) + Gol(iwy). (1.11)

Therefore, the DMFT self-consistency is closed by imposing the condition for G ! (iw,) such
that the local (on-site) component of the lattice Green’s function coincides with the impurity

Green’s function calculated from the effective action given in Eq.

1 1
= 1.12
; iwn + 1 — ex — S(iwy) iwn + 1 — Aliwy) — X(iwy) ( )

where the hybridization function A is given by A(iw) = iw + p — Gy *(iw).

1.2 DFT

In this section, we discuss the basic idea of Density Functional Theory (DFT). DFT has been
an efficient and powerful theory for computing the electronic properties in a many-body system
since this method treats various physical quantities in terms of the electronic density. In the
electronic structure calculation, we treat the Hamiltonian of interacting electrons in a solid

which is given by

. K2 1 e?
H = — AV V. I — 1.13
sz g +Z ezt(rl)—’_Zeri_r]‘I ( )
i i i#£]
Here, m is the electron mass, e is the charge, and r; is the spatial coordinate of electrons. The

first term of the righthand side represents the kinetic energy of electrons, the second term is the



external potential due to the nuclei, and the third term shows the electron-electron interaction.
Now, we set m =h=e¢ = 1.

The main idea of DFT is that any physical property of a solid state system can be represented
as a functional of the ground state density n(r). This idea is formulated in a famous paper by
P. Hohenberg and W. Kohn in 1964 [9]. The Hohenberg-Kohn theorem states that "For any
interacting solid-state system in an external potential Ve.(r), the potential V. (r) is uniquely
determined by the ground state density n(r)”. This theorem can be proved by contradiction.
Let us assume that the two different external potentials, ‘/;(3012 (r) and Ve(;) (r) exist. The different
external potentials lead to distinct Hamiltonians H™®) and H®) since the kinetic energy and the
electron-electron interaction terms are universal regardless of the solid-state system. The two

distinct Hamiltonians solved by the Schrodinger equation result in two different ground state

wave functions 9() and ¥, The ground state energy E(!) for H® s given by
Jo - <¢<1>|g<1>|¢(1)> < <¢(2)|g(1>|¢<2>> (1.14)

The inequality follows from the fact that (2 is not the ground state wave function of H(%)
and this condition is strictly obeyed if the ground state is non-degenerate. The last term in Eq.

[[L14] can be rewritten as
<w<2>|g<1>|¢<2>> — <¢<2>|}7<2>|¢(2)> i <¢<2>|g<1> _ g<2>|¢<2>>
= £ [ @) - v w) (115)
therefore,
BV < 594 [arvie - v win® @) (1.16)

In the same way, the above inequality can be constructed for F(?) by interchanging the super-

scripts (1) and (2) as
E@<<Em+/ﬁmﬁw—%mmMWm (1.17)

If we add Eq. and Eq. [LIT the above inequality leads to contradiction, i.e., E(V) + E?) <

E® + EW if the ground state density n(") and n(?) are assumed to be equal. Therefore, any
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given ground state density n(r) always uniquely determines the external potential V,.;(r), hence
the Hamiltonian H. This theorem leads to the further conclusion that the wave function and
other physical properties of the system can be uniquely determined as the functional of the
ground state density n(r) since H is unique, as the name of Density Functional Theory implies.

Within DFT, the basic variable needed for computing the electronic structure of the in-
teracting solid-state system is the ground state density n(r). However, the calculation of n(r)
requires us to solve the Hamiltonian in Eq. [[LI3} and this problem has the many-body nature
due to the electron-electron interaction term. In 1965, Kohn and Sham suggested an approach
to replace the original many-body problem by an auxiliary independent-particle problem [I0].
Within the Kohn-Sham (KS) ansatz, it is assumed that the exact ground state density n(r) can
be obtained from the density of independent particles by summing the squares of the auxiliary

particle wavefunctions over spins and orbitals:

n(r) = Z 97 (x)]? (1.18)

Following the Hohenberg-Kohn theorem, the ground state energy can be expressed as a func-

tional of the density n
Exs[n] = Ts[n]+ /drVext(r)n(r) + Egn] + Eycn] (1.19)

Here, Ts[n] is the kinetic energy functional, Fy[n] is the Hartree energy functional, and E,.[n]
is the exchange-correlation functional. The Hartree energy is defined in analogy to the classical

Coulomb interaction energy of the electron density n(r) interacting with itself:
1 n(r)n(r’)
E = - [ d | &P ——= 1.2
H[n] 2/ T/ r |I‘—I’I| ( O)

And the exact functional form of E,.[n] is unknown. The kinetic energy part can be expressed

as the sum of the kinetic energies of independent particles due to the KS ansatz.
1 g g
T, = —3 Z_ngwi V217 (1.21)

The auxiliary KS equation is obtained by minimizing the energy functional in Eq. [L.I9 with

respect to 17*(r) with the constraint on the normalization condition €;( [ d*r¢¢*(r)yd (r) — 1)
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where ¢; is the Lagrange multiplier.

5EKS[n] _ 1 2, 0 o
W = *iv Y7 (1) + |V (r) +

0FEp[n] = dEgzn]
on(r,o) = on(r,o)

¥ (r) = ef (r)  (1.22)

This resulting equation is equivalent to the Schrodinger equation for independent auxiliary

particles subject to the KS potential ViZ¢(r) given by V.7, (r)+ gfg [gg + gfz”; [:)] and this equation

is exactly solvable if E,.[n] is known. Therefore, the self-consistent loop of the KS equation is

organized in a following way.
1. First, the initial guess for the ground state density n(r, o) is given.
2. The KS potential VZ4(r) is constructed from the given density n(r, o).
3. The KS equation in Eq. is solved resulting in eigenvalues ¢; and eigenfunctions ¢ (r).
4. A new density n(r, o) is constructed using Eq. [[T8
5. The calculation is repeated by going back to step 2 until the density n(r, o) converges.

In principle, from the Hohenberg-Kohn theorem, the exact ground state energy can be given by

a functional of an electron density n(r) obtained from the solution of the KS equation. However,

since we do not know how to treat the exchange-correlation potential V(= ‘;SZ”; [:)]) exactly,

here we resort to an local density approximation (LDA). Within LDA, the exchange-correlation
energy is simply given by an integral over all space with the exchange-correlation energy density

€ze(n(r, o)) which depends only upon the electron density n(r) at the same point r.

i) = [ dm@zdntro) (1.23)

gxe(n(r,o)) is assumed to be the same as in a homogeneous (uniform) electron gas with the
same density n(r, o), therefore it can be computed using reliable techniques such as quantum

Monte Carlo [11]. A detailed implementation of LDA is given in Ref. [12].

1.3 DFT+DMFT

In the previous section, the DFT approach for treating many-body interactions is explained

and the LDA approximation is introduced for the practical electronic structure calculation. The
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LDA approximation is reliable when the electron density does not have a large spatial variation.
A weakly correlated system such as a good metal has an almost uniform wavefunction in space,
and LDA is a good approximation for these s or p wide-band systems such as semiconductors.

For a strongly correlated system, electrons have both itinerant and localized aspects and
the LDA approximation becomes very poor in these systems due to the large fluctuation of
the ground state density. Materials with the strong correlation include the narrow d or f
band systems such as transition metals, rare earth compounds, organic conductors, and so
on. These strongly correlated materials require a higher accuracy for treating correlations of
electrons beyond LDA. These correlations can be taken into account by employing DMFT
since dynamical correlations are exactly treated within DMFT by including local higher order
Feynman diagrams. However, it is impossible to apply DMFT to all electrons in a material
due to the limited computational power. Recently, a new approach for the electronic structure
calculation was implemented by combining LDA and DMFT referred as "LDA+DMFT” or
"DFT+DMFT” [13, 14]. In this section, we derive the main formula of the DFT+DMFT
method and discuss about the projection scheme to correlated orbitals.

Within DFT+DMEFT, the grand potential I' is expressed as a functional of the correlated

Green’s function G and the density p and it takes the form:
LlG,p] = —Te(G™') - Tx["" - G] + @[G, 4] (1.24)

where G is the total Green’s function, ¥t is the total self energy, and ® is the Luttinger-Ward
functional which gives the relation ¥ = g—g. Here, Tr is trace which runs over all space (orbitals

and momenta) and time (frequency). The quantities in the above functional are given by

Gol(r,r') = [iw+p+ V= Ve (r)]o(r — 1) — L% (r, 1) (1.25)
) = [Va(r) + Vae(@)]d(r —r') + [Su(r,r') — Epcd(r —x)|O(r < ) (1.26)
G, p] = Pulpl+ Puclpl + PormrrlG] — Pl (1.27)

p = Tr(G) (1.28)

where Tr runs over only frequencies, V., is the external potential due to ions, and Vi(yc) is
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the Hartree (exchange-correlation) potential treated in the LDA method. ¥, is the self energy
treated within DMFT and ®pppr is the sum of all local two-particle irreducible skeleton
diagrams constructed from G and the Coulomb interaction U. FEp¢ is the double counting
energy and ®pe is the corresponding functional.

The functional in Eq. can be extremized by taking the derivative with respect to both
G and p as independent variables. One can note that G is a functional of both G, i.e, G[X[G]]

and p, i.e, G[Vg[p] + Vic[p]]. Using the following relation:
Te[2*'G] = Te[(Vig + Vie)p) + Tr[(2 — Epc)Gl, (1.29)

the minimization with respect to G leads to

6®pumrr[d]  §Ppcld]

¥ —Epc = 1.30
DC oG oG ) ( )
and the minimization withe respect to p gives
0P 0Py
Vi + Vi = 2201 0%eclp], (1.31)

op dp

The functional minimization result shows that the Hartree and the exchange-correlation poten-
tial Vi (ze) can be computed within LDA as discussed in Section[[.2l and the correlated self
energy > is obtained within DMFT by summing all local Feynman diagrams using an auxil-
iary quantum impurity problem as discussed in Section[[LT]l However, one should note that the
density p computed within LDA+DMFT is different from the LDA p since p is computed in
the presence of the DMFT self energy. Since the functional minimization is satisfied with the
exact G and the exact p, one should perform a full charge (density) self-consistent calculation
to obtain G and p.

The DMFT self-consistency condition is the same as given in Section[[.J] Namely, the local
Green’s function is the same as the impurity one, i.e., G = G, and the self energy is approxi-

mated to the impurity one, i.e., ¥ = ¥;y,,. This DMFT self-consistency condition can be given
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as a explicit form:

-1
/ drdr’ P(rr’,7LL") { liw + p+ V? = Vis(r)] 6(r — 1) — Z P(r'v,7LiL2)¥], }
(T:T/)<S‘r LiL>eH

_ {(w Bl - N)”L (1.32)

imp Iy

where P is the projection operator to the localized orbital basis, Vs = Vezt + Vi + Vi as
defined in the previous section, S is the muffin-tin radius, A7 is the hybridization function, and
E7,, 1s the impurity level.

The above self-consistency condition also can be expressed in the Kohn-Sham (KS) basis for

more efficient evaluation. At each LDA+DMFT iteraction, we solve the KS eigenvalue equation.
[—VQ + VKs(I‘)] wki(r) = ekiwki- (133)

Then the projection operator Pis expressed in the KS basis, P, (ij,7LL") where i,j runs over
all bands and 7 is the atom index inside the unit cell. The self energy given in the (r,r’) basis

also can be transformed to the KS basis using the above projector:
Skij@) = Y Per(ji, 7LaLy) Tp, 1, () (1.34)

7,L1Lo
In KS basis, the correlated Green’s function on the left-hand side of Eq.[I.32] is expressed
in a practical form replacing the integral over the space (r,r’) by the summation of the band
indices (4, j)
T .. . k= —1
Gl = ZPkT(Z_],LL/) [(zw+u—ek—2k(w)) } - (1.35)
. Je
kij

Finally, the DMFT self-consistency condition is given in a practical form by

(1.36)

5 [ Pir (i, LL') } B [ 1
i Liw+p—ac— (W)l iw— B — Y7 (w) - AT(w) .

As a result, for a given self energy Y (w), the hybridization function A7 and the impurity level
E7,., are obtained in a self-consistent way.

After this DMFT self-consistency condition is achieved, the electron density p also needs to

be updated for a full charge self-consistent calculation using Eq. [[.2§] from the converged G.
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The projection operator (projector) P introduced in Eq.[.32 performs the operation of ex-
tracting the correlated local Green’s function G(r,r’) from the full Green’s function G(r,r’). We
specify the projection scheme by the projection operator P(rr’,7LL’"), which defines the map-
ping between real-space objects and their orbital counterparts (r,r’) — (L, L’). The operator

P acts on the full Green’s function G(r,r’) and gives the correlated Green’s function G7,:
Gl = /drdr'P(rr’,TLL’)G(rr’). (1.37)

The integrals over r and r’ are performed inside the sphere of size S around the correlated
atom at position 7. The subscript L can index spherical harmonics [m, cubic harmonics, or
relativistic harmonics jm;, depending on the system symmetry.

The inverse process of embedding E, ie. the mapping between the correlated orbitals and
real-space (L,L') — (r,r’), is defined by the same four-index tensor. However, instead of
integrals over real-space, its application is through a discrete sum over the local degrees of
freedom,

Sr,r)= Y Pa'r,rL'L)%7,, (1.38)
TLL'€eH

Here, LL’ € H means to only sum over correlated orbitals. Note that within the correlated

Hilbert subspace, the embedding and projection should give unity PE =1, ie.,
/dI‘dI'/P(I‘I‘I, 7’[11[/2)P(I‘II‘7 T/L3L4) = 6L1L46L2L3 677” . (139)

For the projection to the correlated Green’s functon, the localized orbital basis needs to be
properly chosen. One simple possibility is the projection onto the orbital angular momentum

functions Y7, and P(r'r,7L'L) can be explicitly written as
Po(er’,7LL") = Y (#;)(r — )Y} (7)) (1.40)
and also the projection onto the solution of the Schrédinger equation can be given by

Pl(er’,7LL") = Yr(#)ud(r.)ud (rl)Y7 (7L) (1.41)
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where r, = r — R, is the vector defined with the origin placed at the atomic position R,
and u) (r) is the solution of the radial Schrédinger equation for angular momentum [ at a fixed
energy I,,.

The projectors (L40) and (L4 also can be expressed in the Kohn-Sham basis:
P(ij, 7LL") = /drdr'wfk(r)P(rr’, TLL )i (r'). (1.42)

where 1 (r) is the KS wave function. In the full-potential linearized augmented plane wave
(LAPW) method [I5], the basis function x inside the Muffin-Tin (MT) sphere can be written
as:

X (1) = ) A puf " (rr) Yo (7r) (1.43)

LTtk

where k = 0 corresponds to the solution of the Schrodinger equation u;(F,, r.) at a fixed energy

E,, k = 1 to the energy derivative of the same solution ;(E,,r;), and k = 2,3,. .. to a localized
orbitals at additional linearization energies E!,, E/ .... Here T runs over the atoms in the unit

cell. The Kohn-Sham wavefunction 1, (r) are superpositions of the basis functions

Ya(r) = Y Chic xacrx(r) (1.44)
K

and take the following form inside the MT spheres:

Yi(r) = Y AT (K)u " () YL (Fr) (1.45)

7Lk

where A7 (k) = > Al Ciic. Therefore, the projector P? and P! takes the following form

in the KS basis:

PO(ij,7LL) = / dedr' ¥ (2)Y5 (7)3(r — )Y (7 ) (1)
= > AT (K)ATE (k) (u] " [u~ ) (1.46)
Pi(ij,rLL) = > ATF(R)ATE” (k) (u] " [uf) (ul[uf). (1.47)

KK/
As Ref. [14] explained in details, the projector P° leads to non-causal DMFT equations

which result in an unphysical auxiliary impurity problem and P! does not take into account the
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contributions due to the energy derivative of the radial wave function wu;(E,, 7)Y (#) and the
localized orbitals at other energies w;(FE/,r)Yy(7), and hence misses some electronic spectral
weight of the correlated orbital. Ref. [I4] implemetented a new projector P? which simultane-
ously captures all spectral weight of the correlated system and obeys the causality condition.

In order to obey causality, the projector P? in the KS basis is given by the separable form
Pl(ij,7LL') = U UL (1.48)

where

7""€1 T]'j2*< TK1 |u'r)-c2>
Ukr — § : 7K Dy A ! 1.49
iL — ’LL |U 25152 TRl Z-Eg*< Z‘Hl |ul >< 70 |u7'r€2> ( )

The diagonal part of the projector P2, P2(ii, LL), is the same as P(ii, LL), therefore, this

projection correctly captures the correlated partial spectral weight.

1.4 Continuous Time Quantum Monte Carlo (CTQMC)

A quantum impurity model in condensed matter physics was originally introduced to describe
the behavior of correlated electrons in a magnetic transition metal embedded in a non-magnetic
host metal. This quantum impurity problem plays an important role in the DMFT approxi-
mation as an auxiliary problem to capture the dynamical correlation of the system. Therefore,
the powerful and effective implementation of a quantum impurity solver is at the heart of the
DMFT method. In this section, we introduce the basic idea of the continuous time quantum
Monte Carlo (CTQMC) method which will be used throughout this thesis as the impurity solver
for a DMFT solution.

In the strong coupling version of CTQMC [I6] (17, [I8] the impurity partition function is
expanded in Taylor series in powers of the hybridization function A. The resulting Feynman

diagrams are sampled by the Monte Carlo importance sampling. At each perturbation order k,
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the diagrams can be regrouped into a determinant of a matrix of size k x k, denoted by Ay.

o 1 /8 6B 8
7z = /waefh —/ dT/dT~-~/ di/ dr,
[ ] ;k' 0 1 0 1 o o k

S ey () () (T, () < i Det(Be)  (150)

Qo o0
Aala'l (71,71) Aalaé (t1,73) - Aaloz;C (7-1’7];)
Ay = (1.51)
Aaka/l (Tk7 T{) ce T Aaka;c (Tkn T]i;)

Here, S, is the cluster part of the action including the local interaction matrix, v is the fermion
operator, and aj_j represents the bath degrees of freedom including spin and orbital indices
or cluster momentum. Ay, is the hybridization matrix regrouped from the A elements at each
perturbation order k.

Two Monte Carlo steps which need to be implemented are (i) insertion of two kinks at

random times Ty, and 7’

t ow (chosen uniformly [0, 5)), corresponding to a random baths

and o/, and (ii) removal of two kinks by removing one creation operator and one annhilation
operator. The detailed balance condition requires that the probability to insert two kinks at

random times 7, 7/, being chosen uniformly in the interval [0, 3), is

ﬂNb )2 Znew Dnew
i1 1.52
(k +1/) Zoa Do (1:52)

Padd =min

where N, is the number of baths, & is the current perturbation order (number of kinks/2), Z,,c.,

is the cluster matrix element

Znew = <Trwa’mw (T:zew)wlngw (Tnew)z/Ja/l (T{)wll (Tl )d’oz;c (Té)lﬁlk (Tk)>c (1-53)

and Dyew /Dora is the ratio between the new and the old determinant of baths A. The factors of
(BNyp) enter because of the increase of the phase space when adding a kink (increase of entropy)
while the factor 1/(k+1) comes from factorials in Eq. Similarly, the probability to remove

two kinks, chosen randomly between [1-- - k] is

k \? Znew Dnew
Premove = min ;1. 1.54
l(ﬁ Nb) Zotd Dota ] (1.54)
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The expectation value of an observable (O), expressible in terms of local fermionic operators

1, can be calculated by sampling over the atomic (cluster) states by the Monte Carlo method:

—/Dz/ﬂz/; Zk'/ dn/ dri - /di/ dri,

Do ey (YL, (1) - e ()L, (1) - O x EDet(A) (1.55)

! ’
o, 0,00,

In particular, the imaginary time local Green’s function can be expressed as:

Gao/ (T - T/) = 7<TT¢CX (T)'L/)T / (7_,)>

= ——/DW Zk,/ dTl/ dry -- /di/ drj,

Yo ()8, (71) -+ Yoy (T, ()00 (1)L, (')

alal, mock,ak

X yDet(Ak) (1.56)

There are several ways of sampling the local Green’s function:
e One can directly sample Eq.[L.560]

e Alternatively, one can compute the Green’s function of conduction bath electrons. As
the conduction electron operators are added in the partition function, the size of Ay is
increased from k x k to (k+1) x (k+1) by adding one row and one column. The impurity
Green’s function is obtained from the relation between the impurity Green’s function and
the conduction electron Green’s function. The local Green’s function can be obtained by
sampling the determinant of hybridization matrix Ay, from which one row and one column

are removed This procedure is explained in Ref. [I7] in details.

Here, we give an alternative derivation for the formula to sample the local Green’s function
used in Ref. [I7]. Since the Green’s function is the time ordered average of two fermionic

operators at different time, it can be computed by taking a derivative of In Z with respect to
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the element of the hybridization matrix, Aa,a; (7p, 74) as follows:

CTVozfzoz,J (7—; - Tp) = 7<TT¢OLZZ (Té)d}};p (Tp)>

1 . —Se—>. i ﬁdn B ariyt A, (T, T (7]
= L [ Dty T B D Dy iz,

olnZz

_ (1.57)

ZAN—) (7p,7g)
This derivative with respect to A%a/q (Tp, Té) can also be applied to the Taylor expansion form of
the partition function Z in Eq[L50l As a result, the hybridization A at each perturbation order
k is reduced to (k — 1) x (k — 1) matrix with the row and the column containing Aq, o/ (75, 7)

removed

olnZz
A, ar (Tp, 7))

1 /D[ww]e_s‘ Z 1 /Bd /ﬁd ) /ﬁd /ﬁd )
= — c . f— T Ty - T T
Z & k! Jo ' o 0 o "

1 ODet(Ay)

Gara, (Té —Tp) =

Nt et (P! —
Z ,%; (T)¥4, (1) - Yoy (T4, (Th) X k!mb&
QLO Qg Oy P=q
where
8Det(Ak) .
_OFORTE —1P+q-Dt(A ) 1.59
T oy T D (B (1.59)
and
A(xla’l T AOQ(I;,I oy Aa1(y§€
_ Aap_ o to Aap_ ol Aap_ af 0 T ap_10
(Ak)py = o e et TRl (1.60)
apiioy 0 Bapian Doyl 0 Doy
Aaka’l Aaka;71 apag A(xkoz;C

Here, (Ak);,q is the matrix with the p-th row and the g-th column removed from Aj. In the

matrix expression, 7 and 7’ indices are omitted for convenience.
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The Monte Carlo weight Py is given by

P, = 7/wa l'/o dﬁ/ dr] - /dm/ drj,

Yo (T, (10) -+ oy (T)WL, (Tk)xk*Det(Ak) (1.61)

0410417 o 7akaak

such that >, P = 1. Therefore, the Monte Carlo sampling of the Green’s function is equivalent
to the Monte Carlo average of the ratio between Det ((Ag)],) and Det(Ay) with extra sign

(—1)P*4 to be sampled in the Markov chain.

Det ((Ag)}, prq Det (A
G%% ZP 1)pta. D(Et(Akk)) = <(_1) + -De(t(A))>MC (1.62)

Hence, the element sampled for the Green’s function during Monte Carlo is the inverse of Ay

as shown in the below equation:
Gagap (7'; = 7p) = (Mpg)nc (1.63)

where M, = (A1),

In linear algebra, the (—1)P+9Det ((Ak);q) term is known as the cofactor of the matrix Ay,
and it is known that the ratio of the cofactor to Det(Ay) is the (p, q) element of A; . A simple
proof is given below.

First, we introduce a new matrix where the j-th row and the i-th column of the k x k Ay
matrix are shifted to the k-th row and the k-th column. The determinant of a matrix obtains

a minus sign when one row or one column is exchanged with the adjacent ones, as a result, the
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determinant of the new matrix gets an extra sign (—1)**/ compared to the determinant of Ay

Aala’l T Aala;_l Aalaé_H Aoqa;C Aala;
ajaap v Bayal, A%'flaiﬂ j—1ay j1e]
Det(A = (=1)"*t9  .Det
( k) ( ) ;1o Aa3+1()‘;71 AO‘J‘+1O‘;+1 ajyrag Aaﬂ-lo‘;
Aaka’l T Aaka;_l Aaka;_H Aakoz;c Aozka;
Aajall o Aaja;71 A(’jo‘ﬂl AO{JO‘;C Aaja;
o A| B
= (—=1)"*7 . Det (1.64)
Cc|d

Here, Ais a (k—1) x (k — 1) matrix, representing (Ay); defined in Eq.[L60 Bisa (k—1)x 1

matrix, C is a 1 X (k — 1) matrix, and d is the (j,47) matrix element of A. The determinant of

the block matrix can be computed using the LU decomposition

A|B I 0 A B
C\|d C-A1|1 0|d-C-A7!
therefore,
A| B _ _
Det = (d—C-A"".B)-Det(A)
C|d

The ratio between Det ((Ay),,,) and Det(Ay) with extra sign (—1)P*? is given by

LDt (B) ()
(=1) Det(Ar)

B
Det

Q |

d

Moreover, the inverse of the block matrix is given by

-1

=d-Cc-At.B)!

B (A1 —d-'B.C)"! —(d—CA~'B)~1A~'B

A
cld —d"1C(A"t—d 1B . C)!

(d— CA-'B)~1

(1.65)

(1.66)

(1.67)

(1.68)
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The (i, ) element of (A;)~! is the same as the (k, k) element of inverse of the block matrix.

-1
A| B

=(d-CcA'B)! (1.69)
C|d
kk
Comparing Eq.[L67 with Eq.[LE9 it is clear that the (i, ) element of the inverse matrix is the

same as the ratio between Det ((Ak);J and Det(Ay) with extra sign.

] ., Det (A1)

(Ap)i' = (-1) Det(Ar) (1.70)

As a result, the Green’s function calculation within CTQMC is equivalent to the sampling of
the inverse of Ay as shown in Eq.[L63 This sampling of the Green’s function can be performed
directly in the Matsubara frequency space by Fourier transforming from the imaginary time to
the imaginary frequency. Due to the time translational invariance, the Green’s function is a

function of only one Matsubara frequency

- 1 vy (Ti — T -
Guaor (i) = BZ@ "G (10 = 77) = (Mg (ivn) (1.71)
T4 7']’

These equations derived for sampling the one-particle Green’s function can be generalized to

sample the two-particle Green’s function as will be shown in Section 2l
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Chapter 2

A Dynamical Mean Field Theory (DMFT) Study of

Nagaoka Ferromagnetism

In this chapter, we revisit Nagaoka ferromagnetism in the U = co Hubbard model within the
dynamical mean-field theory (DMFT) using the recently developed continuous time quantum
Monte Carlo method as the impurity solver [19]. The stability of Nagaoka ferromagnetism
is studied as a function of the temperature, the doping level, and the next-nearest-neighbor
lattice hopping ¢'. We found that the nature of the phase transition as well as the stability
of the ferromagnetic state is very sensitive to the ¢ hopping. Negative t' = —0.1t stabilizes
ferromagnetism up to higher doping levels. The paramagnetic state is reached through a first
order phase transition. Alternatively, a second order phase transition is observed at ' = 0.
Very near half-filling, the coherence temperature T, of the paramagnetic metal becomes very
low and ferromagnetism evolves out of an incoherent metal rather than a conventional Fermi
liquid. We use the DMFT results to benchmark the slave-boson method which might be useful

in more complicated geometries.

2.1 Nagaoka ferromagnetism in the U = co Hubbard model

The stability of the ferromagnetic phase in the U = oo Hubbard model is a long standing
problem. Nagaoka [20] showed that for a single hole in a bipartite lattice the ground state is
a fully polarized ferromagnet, and the term ”Nagaoka ferromagnetism” is commonly used to
describe this state. Whether a fully or a partially polarized phase persist to a finite hole density

(0) is controversial and has been the subject of numerous investigations [21].



25

The problem has been addressed with variational wave functions [22], 23], 24 28] 26], slave
particle methods [27) 28], quantum Monte Carlo (QMC) methods [29], and variational QMC
methods [30]. In all these methods the ferromagnetism is stable up to a critical value of doping
dc. It was also demonstrated by these approaches that the size of the ferromagnetic region
depends strongly on the lattice through the electronic dispersion. The ferromagnetic state was
found to be unstable even for the case of a single hole in the U = oo square lattice with a small
positive next-nearest neighbor hopping ¢’ [31]. At an intermediate or a large U, a flat band
below the Fermi level [32] or a peak in the density of states below the Fermi level [33][34] [35] 36],
as realized in the fcc lattice [37, B8] or a Van Hove singularity [39], stabilize the ferromagnetic
state.

Dynamical mean-field theory (DMFT) has also been used to address the Nagaoka problem,
however the number of available impurity solvers in the U = oo case is very limited. Obermeier
et al. [40] carried out the first DMFT study of this problem using the non-crossing approximation
as the impurity solver. They found a partially polarized ferromagnetic state below a critical
temperature T, in the infinite dimensional hypercubic lattice. The existence of a ferromagnetic
state in this model was later confirmed by a DMFT study which used numerical renormalization
group as the impurity solver [41].

In this study, we revisit the problem of Nagaoka ferromagnetism in the U = co Hubbard
model within DMFT, using the recently developed continuous time quantum Monte Carlo
(CTQMC) method as the impurity solver [I7, [16]. This impurity solver allows the numerically
exact solution of the DMFT equations at very low temperatures for all values of doping level
0 even in the U = oo model. We find that at large doping, the ferromagnetism emerges
from a conventional Fermi liquid, while at small doping the Curie temperature is very close
to the coherence temperature, hence the ferromagnetism emerges from an incoherent state.
We pay particular attention to the possibility of phase separation and its dependence on the
sign of t'/t. Finally we benchmark simpler approaches to the problem such as the slave boson

method. Within slave boson approach, several physical quantities such as the quasiparticle



26

renormalization amplitude or the susceptibility can not be determined reliably. Nevertheless
we show that the total energy can be computed quite reliably within the simple slave boson
approach due to error cancellation. This is important since the detailed modeling of optical
lattices of cold atoms, which provide a clean realization of the Hubbard model, will require
incorporating spatial inhomogeneities into the treatments of strong correlations. At present,
this can only be done with simpler techniques such as slave bosons methods.
We study the Hamiltonian of the U = co Hubbard model given by
H=-)" ti; Paél ¢4 P, (2.1)
ijo

where P, is a projection operator which removes states with double-occupied sites. We choose
the lattice dispersion of the two dimensional square lattice with the nearest-neighbor (n.n)
hopping ¢ and the next-nearest-neighbor (n.n.n) hopping t'. The units are fixed by choosing
t=1.

2.2 A DMFT+CTQMC approach

DMFT maps the partition function of the Hubbard model onto the partition function of an

effective Anderson impurity model (AIM) resulting in the following effective action.

B B
Seff = Satom + / dT/ dr’ ZCL(T)AG(T —1eg (77) (2.2)
0 0 -

where Sytom represents the action of the isolated impurity, and A, (7 — 7’) is the hybridization
function of the effective AIM. In this U = oo case, the double occupied state of the impurity
should be excluded when evaluating Syiom. As(7 — 7') is not initially known and it must be
determined by the DMFT self-consistency condition given below. The impurity Green function

and the impurity self-energy are given by the following equations

Go(T —7') = = (T (T)eh (7)) s (2.3)

eff

Yo (iwn) = iwn 4+ o — Ag(iwy) — G5t (iwy,). (2.4)

The DMFT self-consistency condition requires that the local Green’s function of the lattice
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coincides with the Green’s function of the auxiliary AIM and identifies the equivalence between

the lattice local self-energy and the self-energy of the corresponding AIM, i.e.,

1
zk: iwn + 4+ ho — e(k) — Xy (twy,)

1
= 2.
w4+ 1+ ho — Ay (iwy) — Xg (iwy,) (22

where the lattice dispersion of our choice is e(k) = —2t(cos k, + cos k) — 4t’ cos k, cos k,, and
h is the external magnetic field. For a given Weiss field A, (iwy,), the effective action Sy is
constructed and the AIM is solved for the new G, (iw,,) and 3, (iwy, ). Using the self-consistency
condition Eq.5, the new Weiss field A, (iw,,) is computed. This iterative procedure is repeated
until the Green’s function is converged.

To solve the impurity problem of Eq. 221 the CTQMC impurity solver is used. In this
method, the hybridization part of the effective action is treated as a perturbation around the
atomic action and all diagrams are summed up by stochastic Metropolis sampling. [17] In this
U = oo case, doubly occupied state of the atom is excluded from atomic eigenstates. CTQMC
converges well in the low Matsubara frequency region, but it is poorly behaved in the high
frequency region. Therefore, one needs the analytic expression for the self-energy in the high
frequency limit and it has to be interpolated to the low frequency region. The high frequency

expansion for the U = oo Hubbard model gives

Re[%,(00)] = mla/m%a tu (2.6)

Im[4(00)] = (1 — 1/mos o (2.7)

where mo, = ({¢co,ch}) =1—n_,, mi, = {[co, H], ¢} }) = —pu(l —n_,) — Tr[A_,G_,]. Note
the appearance of the kinetic energy Tr[A_,G_,] in this expansion which is absent for finite
U.

Within CTQMC, various spin dependent physical quantities can be calculated such as oc-
cupation numbers (ny,n)) and the local magnetic susceptibility (xi0c). The ¢ = 0 magnetic
susceptibility of a lattice can be calculated from x;,. by evaluating the two particle vertex func-

tions, which is a numerically demanding task. To circumvent this difficulty, x,—o of a lattice
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can be calculated from the ratio of magnetization to the external magnetic field (x = % ln=0)-
The external field h alters the effective action (Eq. 2:2) by adding ho to atomic energies and
the self-consistency condition (Eq.[Z3]) is enforced to include the spin dependent ho term dur-
ing DMFT iterations. The exclusion of the double occupancy (U = oo) implies the Hubbard
potential energy to vanish and the only relevant energy is the kinetic energy. The latter is given

by Tr[A,G,], and it is related to the average of the perturbation order k as follows:
Ekin,a‘ = TT.[AJGJ:I = *T<ka> (28)

where T is temperature. Therefore, it is possible to calculate the kinetic energy to high accuracy
by evaluating (k). The free energy, F', can also be derived from the kinetic energy as long as

the system is in the Fermi liquid regime
~ ™ 2
F(T) = Epin — 3 Z= po(p) T, (2.9)

where Z is the renormalization residue and pg is the non-interacting density of states.

2.3 DMFT results

2.3.1 The reduced magnetization and the chemical potential vs the

electron density

Fig. 21l(a) shows the reduced magnetization m,=(ny —n;)/(n; + n;) as a function of the
electron density n at three distinct ¢’ /¢ ratios. The result is notably different for different values
of t'/t. The spontaneously broken ferromagnetic (FM) state (m, # 0) is favored for ¢/t < 0
while the FM state is unstable for ¢/t > 0. The critical density (n.) at which the transition
occurs increases as t'/t increases, reducing the region of stability of the FM state. Moreover, at
t'/t = —0.1 magnetization m, changes abruptly at n.=0.705 indicating a first order transition,
while at ¢'/t = 0 magnetization m, increases continuously indicating a second order phase
transition at n.=0.815.

Notice that close to half filling the Curie temperature is low and at fixed temperature
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Figure 2.1: (a) The reduced magnetization m,=(n; —n;)/(ny + n;) vs the electron density n
at t'/t=-0.1, 0, and 0.1 (b) the chemical potential u vs n at t'/t=-0.1, 0, and 0.1. Filled points
indicate a FM state. Inset : FM free energy and PM free energy vs n at t'/t=-0.1. The dotted
line is constructed using the Maxwell construction. All calculations were performed at 7=0.01.
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(T = 0.01) it becomes increasingly difficult to converge the DMFT equations near the transition
temperature due to the standard critical slowing down.

Near half filling the quasiparticle bandwidth is small due to strong correlations hence the
thermal fluctuations are comparable to the Curie temperature in this region. A stable FM state
is possible only if T' is sufficiently lower than T,.,;. In the region above 0.95, an incoherent
paramagnetic (PM) state becomes stable as T exceeds Teop,-

Inspecting the chemical potential as a function of density reveals that the nature of the
transition changes with ¢/t (see figure ZI1(b)). For ¢/t = 0 the transition is continuous while
for t//t = —0.1, there is a region of constant chemical potential which corresponds to a first-
order transition. The flat chemical potential region (n = 0.696 — 0.715) indicates that two
different DMFT solutions (FM, PM) can be converged depending on the initial conditions and
it indicates phase separation (PS) of the FM and PM state. This region is determined by
Maxwell construction which connects common tangents between two phases in the free energy

vs n graph. (Fig. 2]l inset)

2.3.2 The reduced magnetization vs the temperature

0.2 ~t'/t=0

0 0.01 0.02 0.03

T

Figure 2.2: m, vs T at fixed n =0.85 with #'/t=-0.1 and 0. The fully polarized FM state
(m, = 1) is expected only when t'/t=-0.1.

The original debate on the Nagaoka problem was focused on the existence of the fully
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polarized FM state at finite § in the 7' — 0 limit. Therefore, it is necessary to investigate
magnetization m,. at very low 7. In Fig. we show very low temperatures (T = 0.001¢)
results and it is clear that the magnetization saturates to a value smaller than unity for ¢/t = 0
while it reaches unity at low temperatures for ¢'/t = —0.1. The fully polarized Nagaoka state
is thus not stable for t'/¢ = 0 and moderately small doping (§ ~ 0.1) while it is realized for
t'/t = —0.1. As the spins become fully polarized (¢'/t = —0.1,T — 0), numerics requires high

statistics and an error-bar is specified to take into account the numerical error.

2.3.3 The spectral function

The spectral functions are shown in Fig. 233l Since CTQMC delivers response functions on
the imaginary frequency axis, one needs to perform the analytical continuation of the Green
function to the real axis. Here we use the maximum entropy method [42]. The spectral functions
show noticeable differences for small change in #'. At t'/t = —0.1, the majority spin spectral
function shows a very small renormalization due to interactions (Z ~ 1) and a large spectral
peak in the occupied part of the spectra. The overall shape is similar to the non-interacting
spectral function (Fig. inset). The minority spin spectral function is much more correlated
and shows a narrow quasiparticle band above the Fermi level and a tiny lower Hubbard band.
In the magnetic state, the occupied part of the spectra is thus well described by a model of a
weakly correlated FM metal.

At ¢/t = 0 and '/t = 0.1, the spectral functions consist of both the narrow quasiparticle
band and the lower Hubbard band. In the U = oo Hubbard model, the upper Hubbard band
disappears due to the exclusion of double occupancy.

The stability of the FM state at '/t = —0.1 can be traced back to the large spectral peak
in the occupied part of the spectra of the non-interacting DOS shown in the inset of Fig. 2.3
As explained above, the majority spin of the FM state shows only weak renormalization due to
interactions. This is a consequence of the Pauli exclusion principle which constrains the motion

of a hole in the polarized background and interactions, being less important in this case, do not
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Figure 2.3: The spectral functions A(w) at ¢'/t=-0.1 (top), 0 (middle), and 0.1 (bottom) for
fixed n =0.85. Inset: Non-interacting spectral functions (Ag(w)) of the majority spin at the
corresponding #'/t values. (ug = p — ReX(0)) All calculations were performed at 7=0.01.
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hamper the coherent motion of the hole through the polarized background. The kinetic energy
of this state thus clearly depends on t'/t ratio and is reduced with decreasing ¢'/t. Contrary
to the FM state, the correlations are very strong in the PM state regardless of the spectral
peak in the non-interacting DOS and '/t ratio. The coherent part of the spectra does not
contribute much to the kinetic energy as the quasiparticle bandwidth shrinks due to the strong
correlations. The incoherent part of the spectra in the form of the Hubbard bands arises from
localized electrons and consequently it is almost independent of the specific lattice dispersion.
Therefore, the kinetic energy of the PM state weakly depends on #'/t ratio. The peak in the
occupied part of the spectra of the non-interacting DOS thus reduces the kinetic energy of the
FM state compared to the PM state thus stabilizing ferromagnetism.

It is known from other studies [32] that a highly degenerate flat band in the occupied part
of the spectra favors ferromagnetism at any finite U. However, this flat band ferromagnetism
(an extreme limit of the Stoner ferromagnetism) argument is not applicable to the ¢'/t = —0.1
case of the Nagaoka ferromagnetism (the other extreme limit of the Stoner ferromagnetism).
In a flat-band model, the ground state of the non-interacting system is highly degenerate due
to the presence of the flat band. However, even a small Coulomb repulsion lowers the energy
of the FM state (if the flat band is half-filled) and stabilizes the FM state. The role of the
Coulomb interaction is simply to lift the huge degeneracy and ”select” the states with the
highest magnetization as unique ground states. In the infinite U model, the potential energy
vanishes because of no doubly occupancy. However, the kinetic energy depends sensitively on
the smoothness of the spin polarized background, and a disordered PM state can not gain the

kinetic energy by the variation of ¢'/t while a FM state can.

2.3.4 The uniform susceptibility

The inverse of the uniform magnetic susceptibility (X;:lo) of the PM state vs n at '/t = 0 and
0.1 is shown in Fig.[2Z4l The extrapolated line at ' = 0 indicates that x diverges near n = 0.815,

confirming the second order transition at the critical density (n. = 0.815). At ¢/t = 0.1, one
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Figure 2.4: The uniform susceptibility (X;:lo) vs n at t'/t = 0 and 0.1. The dotted line is for
the extrapolation to xq_zlo =0. (T=0.01)

might expect x will diverge near n = 1. However, as T,,; becomes smaller than T near n = 1,
the incoherent PM state is stabilized. In other words, at ¢'/t = 0.1, the crossover from the

coherent PM state to the incoherent PM state occurs instead of the transition to the FM state.

2.3.5 The phase diagram

0.03 g
PM e Teon
0.02 ‘
O
H
0.01
0
0.75 0.8 0.85 0.9 0.95 1

Figure 2.5: The critical temperature T, vs n at ¢ = 0. n. at T = 0 is obtained from the
extrapolation. The dotted line represents the coherence temperature T, vs n.

Fig. shows the critical temperature (T.) vs n at ¢/t = 0. In the region below T, a
partially polarized FM state is found, and it is determined by observing ny # n| in a CTQMC

result. This graph shows that the lower critical density (n.) at 7 = 0 is around 0.8. At half
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filling critical temperature should vanish due to the following reason: The kinetic energy at half
filling is zero in both the PM and the FM state because of the blocking of charge density. The
entropy of the paramagnet is much larger than the entropy of the ferromagnet due to the large
spin degeneracy of the PM state. In other words, PM state is thermodynamically stable at any
finite temperature at n = 1.

As the width of the quasiparticle band becomes smaller near n = 1, the coherence tem-
perature T, is also reduced making it hard to sustain the quasiparticle coherent band. At
T > T,,p, the PM state is clearly stabilized. The T,,; boundary can be determined from the
imaginary part of self energy (ImX(iwy)) on the imaginary frequency axis. In a coherent re-

gion (T < Teop), the renormalization residue Z is well defined (0 < Z < 1) by evaluating the

dimX% ‘u:O)il)-

negative slope of Im¥(iw,) at w = 0 (Z = (1 — 12

However, in the incoherent
regime (T > T op), the slope of ImX(iw,) at w = 0 becomes positive making the concept of Z
ill defined (Fig. 27). Therefore, we determined T, as the temperature where the slope of the
low energy self energy vanishes, and found that it is almost proportional to §%/2, in surprising
agreement with the findings of a previous study of doped Mott-insulator [43].

In a two-dimensional Hubbard model, a long-range magnetic order at a finite T is prohibited
by the Mermin-Wagner theorem. A FM order is possible only at T = 0. At any finite T,
Goldstone modes disorder the system [44], and it results in a correlation length which is finite
but exponentially large in 77'. DMFT does not capture this behavior. Therefore, T, in the
context of the two dimensional model should be interpreted as an estimate of the temperature
where the correlation length gets very large. In higher dimensions, we expect a FM state at low
T with the correct dependence on ¢'/t. The Nagaoka ferromagnetism study using the dispersion
of realistic materials deserves further investigations since the energy balance between a FM state
and a PM state or the character of the transition is very sensitive to the details of the lattice

structure.
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Figure 2.6: The local susceptibility (x;,.) vs T and the uniform susceptibility (xq_zlo) vs T

()t = 0)
2.3.6 The local susceptibility and the uniform susceptibility

In general, ny — n| exhibits small fluctuations near the boundary of 7. due to the finite 7'
The fluctuations become especially severe through the transition from the FM state to the
incoherent PM state near n = 1. Therefore, the boundary points can be determined more
precisely by examining the temperature dependence of Xq—:10 (Fig. 26)). Xq_zlo near a transition
point obeys the Curie-Weiss form (Xt;:lo ~ T —T.). Both coherent (n = 0.85) and incoherent
(n = 0.95) regions show linear dependence of Xq—:10 onT. The Xq;lo for n = 0.75 barely depends
on T, exhibiting Pauli paramagnetic behavior. xl;i is greater than X(;:lo and it increases as n

decreases. This is because in DMFT Xl;i ~ T + Teon, and Teop increases as n decreases [43].

2.3.7 The self energy

Fig. 27 shows the behavior of ImX(iw,) for the three different phases in the T, phase diagram
of Fig. For n = 0.85 and T' = 0.01, a coherent FM state is expected from the phase diagram.

A coherent Fermi liquid is validated by investigating the negative slope of ImX(iw,) at w = 0.
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Figure 2.7: ImX(iw,) vs iw, at the coherent FM state (the top panel), the coherent PM state
(the middle panel), and the incoherent PM state (the bottom panel). (¢'/t = 0)
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The slope for spin ¢ at the high frequency part is given by —n_,/1 —n_, (Eq. 7) and the
inequality of the slope indicates ny # n| confirming the FM state. The majority spin state
has a smaller slope at high frequency because n_, of the majority spin is smaller than that of
the minority spin. Also, because the slope of the majority spin at w = 0 is smaller, Z of the
majority spin is larger than that of the minority spin. This means the quasiparticle band of the
minority spin is strongly renormalized by correlations while the majority spin state tends to be
similar to the non-interacting energy dispersion. For n = 0.85 and T' = 0.02, a coherent PM
state is established by observing a negative slope at w = 0 and no spin symmetry breaking. For
n = 0.95 and T" = 0.02, an incoherent PM state is expected from the positive slope at w = 0
because the concept of Z is no longer valid and the application of Fermi liquid theory fails.
Lastly, for fixed T = 0.02, as n increases from 0.85 to 0.95 the slope at high frequency also

increases because n_, increases.

2.4 Nagaoka Ferromagnetism from a 4-site plaquette

11k S=3/2 -
S=1/2 —

Q2
-04 -03 -02 -01 O 01 02 03 04

t'/t

Figure 2.8: The lowest energies of a S=1/2 state and a S=3/2 state in a U = oo 4-site toy
model varying t'/t. E is the energy in units of t = 1/2.

In order to provide a simple interpretation of why decreasing t’ stabilizes the Nagaoka state,
we examine the simplest possible model which retains the physics of the Nagaoka problem. We

consider a 4-site plaquette with three electrons (one hole). The ground state of this model may
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be characterized by the quantum number corresponding to the total spin angular momentum
(ie. S =32,4) and the z-direction of the spin angular momentum (S, = 3,5, = +1). The
whole Hamiltonian matrix is a 32 x 32 matrix excluding double-occupied sites and it is block-
diagonalized to 6 distinct spin sectors by performing the unitary transform to the proper S, S,
basis. The ground state energy at each spin sector is determined by the exact diagonalization
of Hamiltonian matrix.

The lowest energy in a S = % sector is given by —2¢ + ¢’ and in the S = % sector is given
by —/3t2 + t2. The energy dependence of a S = % state is noticeably different from that of a
S = % Ina§= % case, doubly occupied states are excluded by the Pauli principle regardless

of U. Therefore, the U = co Hamiltonian is equivalent to the U = 0 Hamiltonian where the

addition of the positive n.n.n hopping t’ contributes linearly to the increase of the kinetic energy.

1

However, doubly occupied states in a S = 3

sector are excluded only for U — oo. Therefore,
unlike the S = % case, the energy dependence on t’ is greatly reduced as the Hilbert space

shrinks due to the infinite U.

1

AS = % ground state is indicative of the Nagaoka ferromagnetic state while a § = 3

ground state is indicative of a paramagnetic state. The S = % state is the ground state for
t'/t < 0.24 and the energy difference increases approximately linearly thereafter indicating that
the Nagaoka state is stabilized as ¢'/t is decreased. This is in qualitative agreement with the
DMEF'T results presented in the previous section. The energy of the S = % state weakly depends
on t’ while the S = % energy decreases as t'/t decreases. This also explains that the stability of

Nagaoka ferromagnetism originates from the minimization of the kinetic energy.

2.5 A mean-field slave boson approach

In this section, Nagaoka ferromagnetism in a U = co Hubbard model is studied using a mean-
field slave boson approach. In a slave boson method, a fermion operator is accompanied by
bosonic operators (ie. slave bosons) which keep track of the local occupation number. The

three slave boson operators are é,py,p; and they act on unoccupied sites, spin-up sites, and
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spin-down sites, respectively. In this U = oo case, the doubly occupied sites are excluded.
Constraints regarding the conservation of the occupation number are imposed with Lagrange

multipliers (A, A1, A}). The slave boson Hamiltonian is given by

H==) tiel, 202l 650 =Y Nio(bl,hioc — ely0i0) +
ijo i0
S Ni(plypio +efe; — 1) (2.10)
[Tes
1 S 1
élp; )
V1=p1_pio iPio \/1fé;réifﬁ:f_d;ﬁi,g

The non-interacting e(k) is taken to be —2t(cos k, + cos k) — 4t cos k, cos ky as in the previous

where Z;, = ti;=t if 1,j are n.n, and ¢;;=t’" if i,j are n.n.n.
section. The original Fock space has been enlarged including the slave boson fields. The par-
tition function can be calculated from the Feynman functional path integral over the original
fermi fields, slave boson fields, and Lagrange multipliers. The integral over the fermi fields is
straightforward because the Hamiltonian is quadratic in the fermi fields. The integral over the
slave boson fields and Lagrange multipliers should be performed using the saddle-point approxi-
mation, where the integral over the slave boson fields and Lagrange multipliers is approximated
by putting their space and time independent mean-field values which minimize the Hamilto-
nian. The physical meaning of slave boson mean-field value is clear. The expectation value
(éTé) corresponds to the fraction of unoccupied sites, i.e. the hole density §(1 — n). Similarly,
<ﬁhﬁT) equals to the spin up occupation number (n4), and (}31;5 1) corresponds to the spin down
occupation number (n)).

The free energy can be derived from the partition function (F' = —kgT'InZ) and it is
necessary to compare the free energies between ferromagnetic state and paramagnetic state to
investigate the transition. The free energy is a function of magnetization m = ny —n|, §, and 7T'.
At T =0, the free energy becomes the ground state energy. The energies of the fully polarized

ferromagnetic (FPFM) state (m = ny) and the paramagnetic (PM) state (m = 0) are given by.

Erpe(8) = 37 3 )0 — (1) (2.11)
5k
Epa(6) = w3 Ze(K)O(u" — Ze(k)) (2.12)
5 ko

where Ny is the number of total sites, Z is the renormalization residue given by 26/(1+4), p is the
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chemical potential in a fully polarized ferromagnetic state satisfying (1/Ns) >, O(n — e(k)) =
ny = 1—9, and p* = ( — Ay) is the effective chemical potential in a paramagnetic state
satisfying (1/Ns) >, O(u* — Ze(k)) = ny = n) = (1 —9)/2. The DOS of the FPFM state is
the same as the non-interacting DOS (po(e)) while the DOS of the PM state is renormalized
by a factor Z to 1/Z - pg(¢/Z). Unlike the DMFT method, the slave boson approach considers
only the renormalized quasiparticle DOS ignoring the incoherent contribution. Epj; is given
by Z - Eg where Ej is the non-interacting energy. In other words, as ¢ reduces to 0, the energy
for a paramagnetic state is strongly renormalized by a factor 26/(1 + §) to avoid the doubly
occupied states. That makes the FPFM state more stable at small §.

In Fig. 20l (a), FPFM energy and PM energy vs n are shown for ¢'/t = 0.1, 0 and —0.1. For
all values of t'/t, the FPFM energy is stable at large n while the PM energy is stable at small
n. The intermediate phase separated region is constructed by the Maxwell construction and is
indicative of a fist order transition. At large n, as in the plaquette case, the energy curve for the
paramagnet state depends weakly on ¢ while the FPFM energy is reduced with decreasing t' /.
This results is in qualitative agreement with the previous DMFT results. As ¢/t decreases,
the FPFM state becomes more stable and the critical density, n. decreases. Just as in the
DMFT, the large spectral weight of the non-interacting DOS at a low energy makes FPFM
state energetically favorable at ¢/t = —0.1. When ¢’ is 0, the energy difference between FPFM
and PM vanishes at n.=2/3, in agreement with the previous slave boson calculations [27, [2§].

We also calculate the inverse of uniform magnetic susceptibility (x~!) to study the instability
of the PM state. The analytic expression is

1 o1 4 .
() T146 N, zk: WZE(k)G(u — Ze(k)) (2.13)

where p(p*) is the renormalized DOS given by 1/7Z - po(u*/Z).

X_l |m:0 =

The trends in x ! are consistent with the results shown in Fig. Z0l(a). As t'/t decreases,
spin susceptibility diverges at smaller density (see Fig. (b)). However, the divergence of the
spin susceptibility does not coincide with the thermodynamic phase transition identified by the

total energy differences. The phase transition is thus always first order within the slave boson
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Figure 2.9: (a) Fully polarized ferromagnetic (FPFM) energy and paramagnetic (PM) energy
vs n varying ¢/t (0.1 (top), O (middle), and -0.1 (bottom)) Inset : Maxwell construction to
determine the PS region. (b) The inverse of the uniform magnetic susceptibility (x~!) at m=0
vs n varying ¢/t (0.1, 0, and -0.1). (c) The chemical potential (i) vs n at ¢/t = 0.1, 0, and
-0.1.
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t7t=-0.1 | ¢//t=0 | ¢'/t=0.1

DMFT Ne 0.705 0.815 N/A
(T'=0.01) | order First Second | N/A
Slave boson Ne 0.53 0.67 0.83

(T'=0) order First First First

Table 2.1: n. and the order of the ferromagnetism transition in a U = oo Hubbard model from
both the DMFT+CTQMC approach and the slave boson approach with ¢'/t=-0.1, 0, and 0.1.
N/A means no transition to FM state occurs.

approach.

Fig. (c) shows that a flat chemical potential region exists at any t’'/¢s in a p vs n graph.
This is a generic feature of a first order transition and this region represents the coexistence of
the FPFM and PM phase. This coexistence region is larger for negative ¢’ /¢ favoring transition

to the FPFM phase.

2.6 Comparison of the slave boson result and the DMFT+CTQMC

result

The slave boson method overestimates the region of the stable FM state as compared to DMFT
and it favors a first order transition (see Table 1). This is because the slave boson approach
overestimates the paramagnetic kinetic energy as compared to the DMFT approach (Fig. 2.10]).

The quasiparticle residue Z of the DMFT approach is evaluated by (1 — dIde|W:0)_1 on the

w

imaginary frequency axis while Z of the slave boson approach is given by 26/(1 4 0). Fig. 211
shows that Z of the slave boson study is overestimated as compared to the DMFT4+CTQMC
case. The slave boson technique used in this chapter is based on the mean-field saddle-point
approximation and it does not treat the strong correlation effect properly. Even though DMFT
ignores the spatial correlation effect, the temporal correlations are treated exactly by CTQMC.
Moreover, the mean-field slave boson approach evaluates the total energy as the sum of coherent
quasiparticle energies (Eq. [Z12) while the total energy of DMFT+CTQMC includes contribu-
tions from both the incoherent and coherent effects. The over-estimated Z in the slave boson

case underestimates the kinetic energy while the ignorance of contribution from the incoherent
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Figure 2.10: Paramagnetic energy from both the DMFT+CTQMC (T = 0.01) and the slave
boson (T = 0) approach vs n at ¢'/t=-0.1 (the top panel), 0 (the middle panel), and 0.1 (the
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part overestimates the energy. As a result, the two errors of the slave boson approach cancel
each other giving a slightly overestimated energy as compared to the DMFT+CTQMC result.
Additionally, the y~! graph in the slave boson method almost coincides with the DMFT+CTQMC
result comparing Fig. 2.4 and Fig. (b). Tt is not certain how the renormalization residue Z
affects x~! in the DMFT+CTQMC case, and the contribution from the incoherent part is also
unclear. Therefore, further study will be required to fully understand the positive agreement of

X in the two methods.

2.7 Conclusion

To summarize, we investigated Nagaoka ferromagnetism in the U = oo Hubbard model including
n.n hopping ¢ and n.n.n hopping ¢’. This model was solved using DMFT with CTQMC, and the
mean-field slave boson approach. Even a small value of ¢'/t yields a significant impact on the
stability of Nagaoka ferromagnetism. The DMFT results show that the FM state is more stable
for negative ¢’ /t. This is supported by the slave boson method (see Table 1), and it can also
be understood from diagonalization of the 4-site plaquette. The energy of the minimum spin
state (S = 1/2) depends weakly on ¢'/t, while the energy of the maximum spin state (S = 3/2)
depends linearly on t’/t. Therefore, the maximum spin state becomes more stable for negative
t'/t.

In both the slave boson and DMFT methods, the paramagnetic energy does not vary much
with ¢/t due to the strong renormalization of the quasiparticle band (see Fig. 2I0). How-
ever, the fully polarized ferromagnetic energy depends on t'/t in a similar fashion as the non-
interacting kinetic energy since the correlations are weaker in the broken symmetry state. The
negative t'/t gives a high spectral peak in the occupied part of the spectra of the non-interacting
system. As a result, the energy of the FM state is lower, and the ferromagnetism is stabilized
in this case.

Within DMFT, the nature of the transition also varies with ¢'/¢. A first order transition

accompanied by the PS of the FM and PM state occurs at '/t = —0.1 while a second order
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transition occurs at ¢/t = 0. In the slave boson approach, the transition is always first order
regardless of ¢'/¢. This is because the slave boson method overestimates the PM energy. The
DMFT result shows that when n — 1, the FM state becomes unstable as T exceeds T,o,. In
other words, the ferromagnetic state is only stable within the coherent Fermi liquid regime.

The U = oo one band Hubbard model is a toy model and does not describe any specific
material. However it is physically realizable in an optical lattice, due to the recent developments
in controlling cold atoms in optical traps [45 46]. These systems are highly tunable, and the
hopping parameter ¢t and the on-site interaction U can be adjusted by varying the ratio of the
potential depth of the optical lattice to the recoil energy (Vo/ER) or the ratio of interatomic
scattering length to the lattice spacing (as/d). In order to realize the one-band Hubbard model
with a large U (U/t > 100), Vo/ERr ~ 30 and as/d < 0.01 should be the range of parameters
in the optical lattice (See Fig. 4 of Ref. 29). The tuning of the next-nearest neighbor hopping
t' can be achieved by engineering optical lattices with a non-separable laser potential over each
coordinate axis.

It will be very interesting to test these DMFT results experimentally. Usually, the atomic
trap potential is applied to confine atoms in the optical lattice, and the potential varies smoothly
having the minimum at the center of the trap. The phase separation between the FM and the
PM phase at t'/t = —0.1 (taking place between the densities n = 0.696 —0.715) can be observed
in the optical lattice as three spatially separated distinct regions. The atom-rich FM region will
tend to move to the center of the optical lattice to be energetically stabilized while the hole-rich
PM region will reside on the edge of the optical lattice. Since the total spin is a conserved
quantity, the FM region will be located at the center of the trap and will consist of two domains
containing the up or down species. Raising the temperature will destroy the ferromagnetic

magnetic state and, consequently, the spatial patterns within the trap.
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Chapter 3

Cluster Dynamical Mean Field Theory of the Mott

Transition

In this chapter, we address the nature of the Mott transition in the Hubbard model at half-filling
using cluster Dynamical Mean Field Theory (DMFT) [47]. We compare cluster DMFT results
with those of single site DMFT. We show that inclusion of the short range correlations on top
of the on-site correlations, already treated exactly in single site DMFT, does not change the
order of the transition between the paramagnetic metal and the paramagnetic Mott insulator,
which remains first order. However, the short range correlations reduce substantially the critical
U and modify the shape of the transition lines. Moreover, they lead to very different physical
properties of the metallic and insulating phases near the transition, in particular in the region of
the phase diagram where the two solutions coexist. Approaching the transition from the metallic
side, we find an anomalous metallic state with very low coherence scale but relatively large
quasiparticle renormalization amplitude at temperatures as low as T = 0.01¢. The insulating
state is characterized by the relatively narrow Mott gap with pronounced peaks at the gap edge.
The transition from the insulating side is characterized by the continuous closure of the Mott

Hubbard gap.

3.1 What is the Mott transition?

The correlation driven metal insulator transition is one of the most fundamental problems
in condensed matter physics, and continues to receive intensive attention. It is realized in
numerous transition metal oxides and some organic salts, by application of the pressure or

isovalent chemical substitutions [48]. The metallic state far from the transition is well described
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by the Fermi liquid theory, illustrating the wave-like properties of electrons in solids. In the
insulating side, the electron behaves as a localized particle. Near the transition, the effective
Coulomb repulsion between the carriers is of the same order as the kinetic energy term in
the Hamiltonian. This regime probes the dual character of electron, namely the particle- and
wave-like character, and requires a non-perturbative method for its description.

The nature of the metal to insulator transition depends strongly on the degree of magnetic
frustration. In the limit of very large magnetic frustration, the insulating state is a simple
paramagnetic state with local moments carrying log(2) entropy. The metallic state is a Fermi
liquid with a very heavy mass. The mass increases as the transition is approached to match the
large entropy of the frustrated paramagnetic insulator. This is the essence of the Brinkman-
Rice theory of the metal insulator transition, which has been substantially extended by the
single site DMFT of the Hubbard model in the paramagnetic phase [7]. The key predictions of
this approach, such as the existence of a first order line ending in a second order Ising point,
and numerous high temperature crossovers, have been verified experimentally [49]. The first
order phase transition in a strongly frustrated situation has been confirmed by cluster DMFT
studies [50, 6I] and by other techniques [52].

The completely unfrustrated case is also well understood along the lines first drawn by Slater,
and realized in the half filled one band Hubbard model with only nearest neighbor hoppings.
Here, the metal insulator transition is driven by the long range magnetic ordering. The system
is insulating and magnetic for arbitrarily small values of U, as a reflection of the perfect nesting
of the band structure. The insulating gap results from the formation of a spin density wave
that Bragg scatters the electronic quasiparticles.

The character of the metal insulator transition with an intermediate degree of frustration
(when the long range magnetic order is fully suppressed, but with strong short range magnetic
correlations) remains an open problem. Qualitative modifications of the character of the tran-
sition are expected, since at low temperatures the paramagnetic insulating state has very low

entropy. This problem can be addressed by a sharp mathematical formulation studying the
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paramagnetic solution of the cluster DMFT equations of the Hubbard model, keeping the short
range correlations only. The early cluster DMFT studies received conflicting answers depending
on different cluster schemes and different impurity solvers [53] [54]. However, by going to very

low temperatures using new algorithmic developments, we completely settle this question.

3.2 The cluster DMFT Method

In order to study this problem of the Mott transtion, we apply cellular dynamical mean field
theory (CDMFT) [55] [56] to the two-dimensional Hubbard model. The Hubbard model is an
effective model which can treat the competition between the kinetic energy and the potential
energy of electrons in the lattice. The kinetic energy term originates from the hopping (¢) of
fermions to adjacent sites and the potential energy term is the on-site Coulomb energy (U)
of doubly occupied electrons. The metal to insulator transition is controlled by the ratio U/t.
Here, we choose the two dimensional square lattice with only the nearest neighbor hopping .
H = —ty flfio+U-Y flfl firkis (3.1)
1,J,0 i
Cluster DMFT is an extended version of DMFT as it maps the lattice problem to an auxiliary
cluster quantum impurity problem embedded in a self-consistent electronic bath. The short-
range correlations ignored within DMFT can be captured within cluster DMFT inside the
cluster size. CDMFT, one scheme of cluster DMFT, uses plaquette as a reference frame and the
lattice problem is divided into 2 x 2 plaquettes for the problem treated here. Equivalently, the
original unit cell of a single site increases to a 2 x 2 supercell. As a result, the original Brillouin
zone is reduced by half and the quantities within the supercell depends on the cluster degrees
of freedom.
The matrix of tight-binding hoppings tc(l;) is a 4 x 4 matrix defined on the cluster degrees

of freedom. k runs over the reduced Brillouin zone of the problem. tc(l;) can be given on the

real space basis within the cluster. In the 2 x 2 cluster, the real space vector R=(0,0), (1,0),
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(0,1), and (1,1). t.(k) for the square lattice in Eq.Bis given as follows.

0 —t(14etke) (1 + eifv) 0
~ —t(1 + e i) 0 0 —t(1 + ¢tv)
tc(k)Rl;RQ = B ) (32)
—t(1 + e~ ) 0 0 —t(1 + e'k=)
0 —t(14 e k) —f(1 + e ko) 0

This hopping matrix can be Fourier transformed to a cluster momenta (K) basis. The
cluster momenta K are (0,0),(r,0),(0,7), and (m,7) within the 2 x 2 cluster. Within CDMFT,
the translation symmetry is broken inside the cluster, hence the off-diagonal terms appears in

the hopping matrix.

- 1 , R -
te(b)x, x, = ﬁ Z KR -K Rz).tc(k)RhR2 (3.3)
c
1,R2

(k) i-e2(k) i-e(k) 0
5 —i-e2(k etk 0 i3k
s, = (k) (k) (k) (3.4)
—i- (k) 0 —el (k) i €(k)
0 —i (k) —i-e(k) —e(k)

where ¢¥(k) = —t(2 + cos(k,) + cos(ky)), €' (k) = t(cos(k,) — cos(ky)), €2(k) = tsin(k,), and
(k) = tsin(ky).
The cluster self energy Y. treats electron correlations within the cluster size exactly but

inter-correlations between clusters are ignored within CDMFT. The 2 x 2 cluster is special since

Y. is diagnoal on the cluster momenta basis as the inter-cluster self energies are ignored.

Yoo

E071'

Zﬂ'ﬂ'

The cluster Green’s function G, is also diagonal on the cluster momenta basis since the off-

diagonal terms originating from the hopping matrix in Eq.B4] vanishes as G.. is averaged over
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the k points in the reduced Brillouin zone. Therefore, cluster momenta are the good quantum
number in 2 x 2 CDMFT and the other cluster quantities can be also given on the cluster
momenta basis.

Similar as DMFT, a self-consistent hybridization A, is determined from the condition the
cluster Green’s function G, is same as the impurity Green’s function computed from an im-
purity solver with the impurity hybridization A.. The cluster quantities, A., G, and ¥, are
represented by an 8 x 8 diagonal matrix in the cluster momenta space including the spin degrees

of freedom. The hopping matrix t.(k) is given in Eq.B4l Finally, the self-consistent condition

for A, is determined as the following equation.

Aliw) = iw+ p— N(iw) — Gt
= et Su(iw) — | — > : ) (3.6)
B e Ny 2 (iw + ) -1 — tu(k) — S(iw) '

k
where 1 is an identity matrix and k runs over the reduced Brillouin zone.

The cellular DMFT approach has already given numerous insights into frustrated models
of kappa organics [57), [50] as well as the doping driven Mott transition in the Hubbard model,
when treated with a variety of impurity solvers [58]. Here, we summarize briefly other recent
studies of the metal insulator transition in the Hubbard model using cluster DMFT. In Ref. [53] a
different type of cluster scheme, dynamical cluster approximation, was employed and the Hirsch-
Fye quantum Monte Carlo method was used as the impurity solver. The lowest temperature
reached was too high to see the metal insulator transition in small clusters. In this study, only
the largest cluster of size 64 was able to identify a gap at the value of U comparable to our
critical U. In Ref. [50], the first order metal-insulator transition was found for Kagome lattice at
large frustration ¢'=0.8t. The shape of the phase diagram is consistent with our phase diagram
in Fig.[31] but the temperature scale, at which the transition was identified, is factor of three
larger than found in our study. This is likely due to different type of band dispersion employed
in their work. This work also used the Hirsch-Fye quantum Monte Carlo method.

In our study, the auxiliary cluster problem is solved with the numerically exact continuous
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time quantum Monte Carlo (CTQMC) method [I7, 16]. CTQMC allows us to reach very low
temperature compared to the previous studies and the character of the Mott transition within
cluster DMFT is clearly revealed. The cluster DMFT results are explained in the following

section.

3.3 Cluster DMFT results

3.3.1 The phase diagram

Fig[3.dh shows the phase diagram of the Hubbard model within cluster DMFT at half-filling in
the absence of long range order. For interaction strength U < U.2(T), we find a metallic solution
while for U > U,1(T), a Mott insulating solution exists. The two transition lines U, (7)) and
Ueo(T) cross at a second order endpoint, at temperature Ty ~ 0.09¢ and interaction strength
Unrrr ~ 6.05t. Tt is clear that one of the most salient features of the single site DMFT phase
diagram (shown in Fig. BIb), namely the existence of a first order phase transition, survives in
plaquette-DMF'T.

Still there are substantial modifications to the single site DMFT results when U/t is close

to its critical value. Namely,

1. Strong short ranged antiferromagnetic correlations significantly reduce the value of critical
U at which the second order endpoint occurs. Note that the plaquette-DMFT critical
U(~ 6.05t) is in very favorable agreement with the Monte-Carlo crossover U at which
the pseudogap develops at intermediate temperatures accessible by determinantal Monte
Carlo (figure 5 in Ref. [59]). This critical U will increase if the system is more frustrated
at short distance. For example, the inclusion of the next nearest hopping ¢’ has this effect

and was studied in Ref. [60).

2. The shape of the coexistence region, where both metallic and insulating solutions exist, is
significantly different. The high temperature crossover lines (dashed line above T' ~ 0.1t

in Fig[3)) are similar since at high temperature the entropy of the paramagnetic insulator
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Figure 3.1: a) The phase diagram of the paramagnetic half-filled Hubbard model within
plaquette-CDMFT. Inset: The histogram of the two insulating states. It shows the proba-
bility for a given cluster eigenstate among the 16 eigenstates of the half-filled plaquette. The
singlet plaquette ground state has the highest probability. b) For comparison, the correspond-
ing phase diagram of the single site DMFT (using the same 2D density of states) is shown.
The coexistence region is shown as the shaded region. The dashed line marks the crossover
above the critical point. The crossover line was determined by the condition that the imaginary
part of the self-energy at few lowest Matsubara frequencies is flat at the crossover value of U.
For easier comparison, the x-axis is rescaled and the reduced value of U, = % is used.
The critical value of U is Upsrr = 6.05t in cluster case and Up;pr = 9.35¢ in single site case.
Pentagons in panel a) mark the points in phase diagram for which we present the local spectral
functions in Figl3.2
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is of the order of log(2) in both cluster and single site approach. As the temperature is
increased, the large entropy insulating state wins over the lower entropy metallic state.
At low temperature, the situation is very different. In single site DMFT, the metal
wins at low temperature in the transition region because the emergence of the itinerant
quasiparticle inside the Mott gap lowers the free energy of the strongly disordered Mott
state. In the cluster case, the Mott insulator at very low temperature is very different
and has small entropy due to short range singlet formation. The small entropy of this
state can be confirmed by the ”valence histogram” shown in the inset of Fig.la. The
high temperature insulating state, which has entropy of the order of log(2), populates
many states of the plaquette with significant probability. In contrast, there is only one
significant eigenvalue of the density matrix in low temperature, corresponding to the
singlet state. The insulating phase at low temperature has thus very small entropy, and
the bad metal has larger entropy, hence decreasing temperature favors insulator over metal.
The actual first order line (dashed line in Fig.[3Th inside the coexistence region, where the
free energy of the two phases equals) therefore bends back and critical U decreases with
decreasing temperature. It is apparent that the zero temperature transition in cluster-

DMFT happens at U.; and not at Ugp as in DMFT.

While the shape of the DMFT phase diagram strongly resembles the phase diagram of
the Cr-doped V503, the reentrant shape of the cluster-DMFT transition resembles more the
k—organic diagram [6I] as pointed out in Ref. [50]. The well known reentrant behavior of
these systems might be qualitatively understood within this approach. If the temperature is
varied at fixed pressure (here fixed U/t) the system is Mott insulating at very low temperature,
becomes metallic at intermediate temperature and insulating again at high temperature. In our
model, the short range spin-fluctuations stabilize the Mott state at low T', while metallic phase
intervenes at intermediate temperature where the local singlet formation is less efficient than
quenching of local moment by Kondo effect. Finally at high temperature the large entropy local

moment state wins and the system is again insulating.
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3.3.2 The spectral function

4 2 0 2 44 2 0 2 4
w w

Figure 3.2: The local spectral function for four representative values of U/ts and temperature
T = 0.01¢t marked by pentagons in Fig.1. a) For U below U, the system is in Fermi liquid
regime with rather large coherence temperature. b) In the coexistence region, the insulating
solution has a small but finite gap (~ 0.2t). ¢) The metallic solution in the same region is
strongly incoherent and the value at zero frequency decreases due to the finite scattering rate
(see self-energy in Fig. B3h). d) For U above Uy, the Mott gap steadily increases with U.
In addition to the Hubbard bands, quite pronounced peaks at the gap edge can be identified.
Similar peaks can be seen also in single site DMFT, but they are substantially more pronounced
here due to the small size of the gap within CDMFT.

To understand the effects brought about by the short range magnetic correlations near the
transition, we focus on the local spectral functions displayed in Fig. As in single site
DMFT, below U.; (Fig. B2h) the system is a normal Fermi liquid with a reduced width of the
quasiparticle peak (Z ~ 0.4) and well developed Hubbard bands around —2.5¢ and 2.5¢.

The insulator in the coexistence region (Fig. B2b) is however very different than Mott
insulator in single site DMFT. The Mott gap is small and it vanishes at U.; where the insulating
solution ceases to exist. At low temperature very pronounced peaks at the gap edge appear.
These peaks are a clear hallmark of the coherence peaks characteristic of a Slater spin density

wave. This has been noticed earlier in numerous studies of the Hubbard model [62, [63, [54], as

well as in the single site DMFT solution in the ordered phase of the unfrustrated lattice, which
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captures the physics of perfect nesting.

With increasing U above Uy (Fig. B2H) the Mott gap increases but the peaks at the gap
edge remain very pronounced. Only at very large U comparable to the critical U of the single
site DMFT they lose some of their strength and dissolve into a featureless Hubbard band.

The metallic state, which competes with the insulator in the coexistence region, (Fig. B2k)
has similar width of the quasiparticle peak as the Fermi liquid state at U < U.;. Hence the
quasiparticle renormalization amplitude, as extracted at finite but low temperature T' = 0.01¢
is rather large. On the other hand, this metallic solution has somewhat reduced height of the
quasiparticle peak which is mostly due to incoherent nature of the solution.

At the heart of the cluster DMFT physics is the competition between the formation of an
itinerant band and short range spin fluctuations. The latter are absent in single site DMFT
since only the local moment formation is accounted for by DMFT. The competition between
spin fluctuations and Kondo screening leads to two important effects: i) the metallic state is a
strongly incoherent metal, ii) the quasiparticle renormalization amplitude Z as will be shown in
Fig.[34 is finite at the metal insulator transition and the Brinkman-Rice scenario of diverging

effective mass is absent in this model.

3.3.3 The cluster self energy

The incoherence can also be identified from the raw data on the imaginary axis. In Fig.
we show the imaginary self-energy for the different cluster momenta K, which can be thought
as the orbitals of the multi-orbital model associated with the cluster. In plaquette geometry,
the self-energy is diagonal in cluster momentum base and the on-site, nearest-neighbor, and
next-nearest-neighbor self-energies can be constructed as the linear combination of these orbital
self-energies[58].

Below U,1, the self-energies of all four orbitals are very similar and results are close to the
single-site DMFT. The metallic phase in the coexistence region Fig. 3.3k has a large scattering

rate in the (7,0) orbital, in the orbital which contributes most of the spectral weight at the
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Figure 3.3: top: The imaginary part of the cluster self energies for the same parameters as in
Fig.2. Due to particle-hole symmetry, the (7, 7) and (0,0) cluster self-energies have the same
imaginary part and we show only one of them. Below the metal-insulator transition shown here
in a), the momentum dependence of the self-energy is rather weak and the cluster solution is very
similar to the single site DMFT solution. In the coexistence region, the metallic solution shown
here in ¢) is strongly incoherent especially in the (,0) orbital. For the insulating solutions in
b) and d), the (m,0) scattering rate diverges which opens the gap in the spectra. bottom: e)
ReX(07) — p as a function of U. Due to particle-hole symmetry, ReX g— (o) — p vanishes.
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fermi level. The coherence scale in this strongly incoherent metal is thus severely reduced. The
scattering rate as a function of temperature is not quadratic even at T = 0.01¢ and remains
large ~ 0.2t at that temperature.

In Fig. B3b,d the Mott insulating state can be identified by the diverging imaginary part
of the ¥ g)(iw). Due to particle hole symmetry, the real part of the same quantity vanishes.
Therefore, the only way to open a gap in the single particle spectrum is to develop a pole at
zero frequency ¥, ) ~ C/(iw). We checked that the insulating state in the coexistence region
has the characteristic 1/(iw) behavior at very low temperature and the coefficient C' in the
coexistence region decreases as U decreases. The closure of the gap at the U,; transition point
is confirmed by the vanishing of C' at that point.

The other two orbitals expel their Fermi surfaces by a different mechanism identified in
Ref. [64], namely the real parts of the self-energy are such that the effective chemical potential
tefr = p—2(07) moves out of the band. The separation of the two orbitals gradually increases
as U increases, and it jumps at the critical U showing the hysteresis behavior displayed in

Fig. B3e.

3.3.4 The quasi-particle resudue 7

The important issue in the metal insulator transition (MIT) is whether the short range magnetic
exchange in the Hubbard type of models allow the Brinkman-Rice scenario of diverging effective
mass. In Fig. 3.4] we plot the quasiparticle renormalization amplitude Z of the four different
orbitals of the plaquette. As shown in Fig. B4 the growth of the effective mass in cluster
DMEFT is cut-off by the exchange interaction and the spatial coherence is lost way before the
quasiparticles acquire a large effective mass. The lattice Zy is a linear combination of the
two values plotted in Fig. B4l The quasiparticles at (m,0) and (0,7) are renormalized more
strongly than those away from the two points. More importantly, close to U.;, where the system
is still coherent at T' = ¢/100, the quasiparticle renormalization amplitude is rather large for

the plaquette without frustration (Z ~ 0.36). Very near and inside the coexistence region, the
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Figure 3.4: The quasi-particle residue Z vs U/t for different orbitals in CDMFT. Below the
transition point, the (0,0) and (,7) orbitals have essentially the same Z as single site DMFT
(dotted line) while the quasiparticles are more renormalized in (7, 0) orbital. At the transition,
both Z’s are rather large (0.36 and 0.48).

metallic state remains very incoherent at our lowest temperature 7' = ¢/100. We therefore can

not determine the low energy Z which might vanish at U.s at zero temperature.

3.4 Conclusion

In conclusion, we used essentially exact numerical method, CTQMC and clarified the nature of
the Mott transition in cluster DMFT. The short range correlations, which are accounted for in
this study but are absent in single site DMFT, do not change the order of the Mott transition,
which remains first order with coexistence of metallic and insulating solutions.

Our cluster DMFT study predicts the existence of an anomalous metallic state within the
coexistence region with very low coherence temperature. This regime could be relevant to the
interpretation of experiments in VO, [65] and PrNiO3 under the applied pressure [66] where an
anomalous metallic state was reported. Recent optical measurements of VO, [65] show that in
the narrow temperature range close to the transition, where the system percolates, the metallic

puddles show an unconventional optical response. The resistivity measurement of PrNiOg under
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the applied pressure [66] report the non-Fermi liquid metallic state near the Mott transition
boundary.

On the theoretical side, the plaquette DMFT brings new light on the nature of the in-
teraction driven MIT. The cluster DMFT of this problem retains aspects of Mott physics, as
described in single site DMFT, and Slater physics. It does that by having two orbitals ((m, 0)
and (0, 7)) exhibit a Mott transition while the remaining orbitals ((0,0) and (7, 7)) undergo a
band transition. This Slater-Mott transition requires momentum space differentiation and has

no analog in single site DMFT.
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Chapter 4

The Calculation of Two-particle Quantities within

DFT+DMFT

In this chapter, we derive the equations for computing the magnetic/charge susceptibility and
the superconducting pairing susceptibility using the two-particle vertex functions based on
DMFT. First, we discuss the advantages of the vertex function approach for computing the
two-particle response functions compared to the alternative cluster DMFT method. And the
Monte Carlo sampling procedure of the two-particle Green’s function y by continuous time
quantum Monte Carlo (CTQMC) is explained in the next section. Since y sampled by CTQMC
is reliable only at low frequency, we propose an extrapolation method based on singular value
decomposition for the high frequency values of x. Using this sampled x, the magnetic/charge
susceptibility can be computed using the Bethe-Salpeter equation in the particle-hole channel.
Finally, we derive the equations for computing the pairing vertex based on DMFT vertex func-
tions. The pairing vertex represents the pairing interaction between the electrons in a Copper
pair. The critical temperature (T.) and the gap symmetry of superconductivity can be deter-
mined by computing the leading eigenvalue and the corresponding eigenfunction of the pairing

matrix in the particle-particle channel.

4.1 Motivation for the vertex function approach

Dynamical Mean Field Theory (DMFT) is a powerful theory for computing the electronic
structure of strongly correlated solid state systems [7], 67]. It maps the problem of a solid to an
auxiliary impurity problem where the local correlations are treated exactly while the non-local

correlations are ignored. In this way, both the coherent quasi-particle bands and the incoherent
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Figure 4.1: Two routes for treating the non-local correlations beyond DMFT.

atomic like excitations are captured by this method. In combination with Density Functional
Theory (DFT), DMFT has been successful in describing the correlated electronic structure of
many realistic materials including the multiple valences in plutonium [68], the coherence scale
of Celrlns [69], the correlated band structure of the Fe based high T, superconductors [70] and
many others.

In some cases, non-local correlations are vital to describe the exotic phenomena qualitatively
different from the local physics described within DMFT. To name just a few examples: i) the
Mott transition accompanied by the antiferromagnetic correlations which result in a different
topology of the phase diagram [47], ii) the d-wave superconductivity in models of cuprates
arising from the spin fluctuations [71], (58], iii) the Mott transition at the optimal doping of the
Hubbard model [72] accompanied by the signs of quantum criticality [73} [74]. This non-local
correlations, not captured by DMFT, can be described by two types of the extensions of DMFT
(see Fig.[AT)).

One popular route is to extend the spatial range in which the correlations are treated exactly.
These cluster DMFT methods [55], 56] result in an auxiliary impurity problem spanning a cluster
of sites. The bottleneck of this approach is that the solution of the resulting quantum impurity
problem becomes computationally very expensive with increasing cluster sites. The number
of atomic states grows exponentially as 4™V0*Ns where N, is the number of bands and N, is

the number of cluster sites. Therefore, the cluster DMFT approach is difficult to extend to
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multi-orbital systems in realistic materials.

The second route of including non-local correlations is to use diagrammatic approaches
employing the n-particle vertex functions. In the limit of the infinite dimension z, the self
energy contains only local diagrams [7]. The next leading non-local diagram of the self energy
scales as 1/+/z and this type of diagram can be constructed through the use of the momentum
dependent propagators while the irreducible two-particle vertex function is assumed to be purely
local [75] [76]. Generally, the irreducible n-particle vertex function needs to be assumed to be
local for the higher order non-local contribution to the self energy.

DMEFT can be thought as the lowest order version of the vertex function approach, since
the self energy, i.e., the one-particle irreducible vertex function is assumed to be local. As n
increases, more diagrams are treated with the non-local propagators and the exact solution is
recovered when n goes to infinity. In this approach, the vertex functions of lower order than
n include the non-local correlations along with long-range correlations. In contrast, within
cluster DMFT the long range correlations beyond the cluster size are ignored. Moreover, the
vertex function calculation is rather inexpensive compared to the cluster DMFT method since
it requires a solution of only the single-site quantum impurity problem, but it does require
the computation of higher order correlation functions of the quantum impurity problem. This
approach is a promising route to treat the non-local correlation in realistic strongly correlated
materials. It has been recently used to compute the magnetic susceptibility of the Fe based
superconductor within the DFT+DMFT approach [T1].

In this chapter, we derive formulas for the vertex function approach to compute the two-
particle response functions such as the magnetic susceptibility and the superconducting pairing
susceptibility. This approach is derived here for the multi-orbital case and was implemented

within the DFT+DMFT method as a part of this thesis.
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4.2 Sampling of the two-particle Green’s function

In Section[.4] we showed that the one-particle Green’s function is constructed by removing one
row and one column in the hybridization matrix Ay. In similar way, the two-particle Green’s
function can be sampled by removing two rows and two columns in the hybridization matrix
Ag. The average of the four time-ordered fermionic operators can be obtained by taking the

derivative of In Z with respect to the elements of A twice, similar as in Eq.[[L57 i.e.,

Y;Z(Tvaanr)Ts) = <T7'w<];p(7p)wivq(TQ)'(/)GL(TT/)"/)&;(T;)>

8?InZ
8Aa al) (Tpa q)aAaqa (TQvT)

If we take the same derivative of the Taylor expansion form in Eq.[L50 we get

o y 9 OlnZz
X;Z TINT‘Z’TT’TS - aAa o (Tp, s) aAO‘ o Tq’ T)

B B
- f/Dsz e % Zk,/dn/ dr{ - /di/O dr},

Yoy (T, (11) -+ oy (T)VL, (71)

0410417 o ’akgak

1 0 dDet(Ay)
XH@A%G (Tpv 1) <8Aaqa ( T/)> (42)

The derivative of the determinant of the matrix A, with respect to two independent matrix
elements is equivalent to removing two rows and two columns containing the two elements. We

denote the resulting (k — 2) x (k — 2) matrix by (Ag)7,..,

) ODet(Ay)
8Ao¢po¢ (Tpv 5) 8AD¢ Oé (TQ’T;’)

pqrs

):( DPHatrts . Det((Ag)” L) (4.3)
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and it takes the form

Aala’l to Aa1a'571 T Aalai.,l e Aala;
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Therefore, the Monte Carlo sampling of Y s« is equivalent to the Monte Carlo average of the
pr

ratio between Det((Ag)” ) and Det(A,) with extra sign.

pars
Det((Ar) s
Y sq !y — —1)ptratr+s VT H/PGrS/ 4.
Xp7.(TP7TQ7TrﬂTS) <( ) Det(Ak) e ( 5)

The ratio between Det((A)}),,.,) and Det(Ay) can be computed using the LU decomposition
of the block matrix similar to Eq.[L66 For the calculation of LU decomposition, we shifts the

p-th and ¢-th rows and the s-th and r-th columns of matrix Ay to the bottom rows and the

rightmost columns. We denote the resulting matrix by &;ﬁ ie.,

Det(Ay) = (=1)Pratrs .Det(A) (4.6)



The matrix ﬁk takes the explicit form

Here A is a (k —2) x (k — 2) matrix, previously denoted by (Ay)

66

Aala’l aral_ Aal(x£,71 te Aala; Aala’s Aala’r
Aap—lo‘/l Aap_la;71 Aap_la;71 Aap—la;c A’lp—lo‘; AO‘p—lalr
A“a*la/l ag_1al_; ag_10; e Aaq,laL AatI*lo‘/s Aaqfl("'r

Aaka’l Aozk.a’571 Aaka£,71 Aaka;c Aozko/s Aak(y}

Aapai AO‘PO‘;—l AO‘PO‘;—l A%% A"‘paé Aapa;

agaf Aa al_y Aaqa,’r,71 agal Aaqag Aozqo/r
A|B
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"

pqrs:

B and C are (k—2) x 1

matrices, D and E are 1 x (k — 2) matrices, and f, g, h, [ are the matrix elements of A. The

determinant of this block matrix is computed by the LU decomposition in similar way as in

Eq.L65
A|B|C
D|flg
E|h|l

0 0
1 0
(b=£4-5) |1
B c
f—DA'B g— DA-C (j-8)
0 |- EA1C — (L=E4"B). (g — DA-1C)

f—DA-1B
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As a result, the ratio between Det((Ag)l,,..) and Det(A;) can be expressed by the elements of

the matrix (Ag)~?

(cayprarres DU B0y - Det(d)
Det(Ar) Det(ar)
A|B Alc A|B ilc
Det Det Det Det
D|f E|l E| R Dlyg
a Det(Ay) . Det(Ay) - Det(Ay) ‘ Det(Ay)

= (ﬁk)ﬁc : (zk);—ll,k—l - (Kk)E}H : (ﬁk);ﬁm

= (Ap),' - (Ar)ys — (Ar)gs - (A, (4.10)

Finally, the connected part of the two-particle Green’s function is given by subtracting the

disconnected diagrams from Y in Eq.[4]

Xt (7o 7o l) = (Tl (m Yk, (7)o ()b (1))
(Tl () (7)) - (Tl (7)o (7))
+ (T, (1) (7)) - (o, (g b (7))
= (M Mar) g = (M) gy (Mar) )

- (<MpT ! MQS>MC - <Mpr>Mc : <Mq8>Mc) (4-11)

Just as the one-particle Green’s function, the two-particle Green’s function can also be

sampled directly in the Matsubara frequency space. First, we define the Fourier transform of
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the matrix M;;(r;, 7;)

1 , ,
M;j(ivy,ivg) = BZe“”lﬂ—”ﬂj)Mij(Ti,T;) (4.12)

J

Due to the time translation invariance, the two-particle Green’s function depends on the three

Matsubara frequencies (iv,iv/, and iw)

1 B B B B ) , ., ,
X =4 (i, i) i = drp dr, dr, drl vtV Fw)Tg VT —(vhw)Ty) 50 (Tp, Tqy Toy Ta)
pr 8% Jo 0 0 0 P
= [(Mps(iv,iv + iw) - Mg (i) +iw,iv")) o
— (Mps(iv,iv + iw)) 0 - (Mgr(iv' +iw,iv")) 5 /0]

—[(Mpy(iv, iv") - Mys(iv' + iw, iv + iw)) o

— (M (i, iV")) e (Mgs (i +iw,iv +iw)) 5, 0] (4.13)

This is the full and connected two-particle Green’s function of the impurity problem, which
sampled by the Monte Carlo method. It is the central quantity of the vertex function approach,
from which the local two-particle irreducible vertex is obtained. In later sections, we will
discuss how to compute the magnetic/charge susceptibility and the superconducting pairing

susceptibility using this sampled vertex function.

4.3 The high frequency asymptotics of the two-particle Green’s func-

tion

The two-particle Green’s function Xas (iv,iv");, sampled by CTQMC is stored as a N x N
complex matrix where N is n, x n% x n? and n,, is the number of Matsubara frequencies, ny, is
the number of orbitals, and n, is 2. Here, the range of iv and v/’ is restricted to the low energy
region since x falls off with the frequency as 712 and the sampled Monte Carlo data contain a
lot of noise at high frequencies. The one-particle Green’s function or the self energy also has
noise at the high frequencies, but it is replaced by the analytic formula given as a function of

lattice parameters such as the bare interaction U and the electron density n.

For the two-particle quantities, the approximate formula for the high frequency asymptotics
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of the irreducible vertex function I'"" was derived in Ref. [78]. The Monte Carlo method can
sample y without severe noise only at the restricted low frequency region while this analytic
expression for I'""" is valid only in the high frequency region. The Bethe-Salpeter equation (refer
to Eq. B27) which relates I'"" and x is a matrix equation in the frequency space, therefore,
low frequency values and high frequency values are mixed and it is not sufficient to have one
quantity only at high frequency and different quantity at low frequency. Ref. [T8] uses the
blocked Bethe-Salpeter equation to resolve this problem.

Here, we propose a high frequency extrapolation method for x employing the singular
value decomposition (SVD) for the Xas (iv,iv');, matrix. For each spin and orbital compo-
nent «, 3,7, 9 and at fixed center of mass frequency iw, we decompose x/(iv, iv') matrix by SVD
method

Xliviiv') = i) - M- of (i) (4.14)

k

where )\ is the k-th singular value and ¢£/ R i the corresponding left/right singular vector. The
range of ¢v and i/’ is limited to within the sampled range, i.e., —v, < v < v, and —v, <V < 1.

Generally, the high frequency asymptotics of x is not analytically known function since the
Bethe-Salpeter equation mixes up the low frequency part and the high frequency part. The
advantage of the SVD form is that the mixture of the low frequency and the high frequency is
effectively decoupled and it is sufficient to extrapolate the high frequency part of the singular
vectors. One should note that at the high frequency region where only one frequency iv goes
to infinity, the low frequency values of ¢ (i) also contribute to the asymptotics. Our simu-
lation shows that the high frequency behavior of the singular vector (bi/ Rin Eq. 14 can be
extrapolated using the sampled values of ¢£/R. In the limit of iv — oo with the fixed 72/ and
iw, the high frequency behavior of  is proportional to the polarization function x° since the
full vertex I'(iv — oo, iv');, is asymptotically approaching a constant at high frequency.

The two-particle Green’s function y consists of the full vertex function and the four external
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legs
x(iv,iv') = g(iv) - g(iv + iw) - T(iv,iv') - g(iv' +iw) - g(iv") (4.15)

The local Green’s function g is diagonal in the spin and the orbital space at high frequencies
and T is the full vertex function. As a result, the asymptotic behavior of x at iv — oo and the

finite 72/ is given by
x(iv — o0,iv') o g(iv) - g(iv + iw) (4.16)

Similar relation is also valid for x(iv, i’ — o0). Using this asymptotic behavior, the singular

vectors of Eq. [£1I4] at high frequency region are given by
gbf(R) (iv — 00) = cﬁ(R) ~g(iv) - g(iv +iw) (4.17)

Singular vectors contain substantial amount of noise at high frequency, hence we need to

(R)

carefully extract the coefficients c,f from the numerically sampled data. We use the following

approximation

ive L(R) .
LB N% 3 ( O () ) (4.18)

2, o) gl + i)
where iv runs over last few Matsubara points Here, iv values range from v, to iv. and N, is
the number of Matsubara points for the average. The resulting singular vector, valid at both

high and low frequency is thus obtained by

) o (iv) it |y < |vl
o (iv) = ’ (4.19)

L(R ) , . .
ck( ) “Ga(s) (1) - gy (v + iw) if || > v
Finally, the high frequency approximation for the two-particle Green’s function y is con-
structed by

Xiv,ir )i = Y dpliv) - e - ¢ (i) (4.20)

k<ke

where k runs over a few largest singular values. Singular vectors that correspond to small

singular values contain increasingly severe noise. As we will show below, the irreducible vertex
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is computed by inverting y, therefore, the noise from small singular values can severely impact
the quality of the irreducible vertex. Therefore, we keep only the large singular values (k < k)
for constructing the high frequency tails of x. For the low frequency values, the x already

sampled from CTQMC is still used.

x(iv i) it | A V| < ve
x(iv,iv') = (4.21)

x(iv i) if |y| VY| > ve
We believe that our method to determine the asymptotic behavior of y is very efficient
provided that the reliable data for y at reasonable range of frequencies iv and iv’ is available.

More importantly, our method is also applicable to the general multi-orbital situation.

4.4 Calculation of the magnetic and the charge susceptibility

v, oo i, agal, v, a0y v, oo i, agal,
+
— 0 + 0 rirr
X X loc
i +iw, azal i tiw, oy v+ iw,azay v+ iw, azal i 4w, ooy

Figure 4.2: The Feynman diagram for the Bethe-Salpeter equation in the spin (charge) channel.
The non-local susceptibility is obtained by replacing the local propagator by the non-local
propagator.

In this section, we explain how to compute the magnetic and the charge susceptibility
x(m/4) (q,iw) from the ab initio perspective within the DFT+DMFT method. First, the
local (impurity) Green’s function is computed for the correlated orbitals as a result of the
DFT+DMFT self-consistent loop. The local (impurity) polarization bubble x°(iv);, is com-

puted from this fully interacting one-particle Green’s function by

X?oc,"l"lvaﬂ’2 (iv, i’/)iw = —T" Gazar,01 (V) - Gagas,o5 (W + W) * Siviv' * 0105 " Oogos  (4:22)

Q303,X4094

Here, 01 _4 are the spin indices and «a;_4 are the orbital indices which run over correlated orbital

states on the atom. And T is the temperature. The Green’s function is diagonal in the spin
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and the Matsubara frequency space due to the spin conservation and the time translational
invariance. However, it is generally off-diagonal in the orbital space since the different orbital
characters can mix at a generic momentum point For solids with high symmetry of the lattice,

the local propagator is diagonal in orbital space when expressed in the crystral field harmonics.

sample
loc

The local two-particle Green’s function x is sampled by CTQMC using the converged

sample
loc

DFT+DMFT solution. The procedure of sampling x is explained in detail in section.[£.2]
CTQMC samples only the connected diagrams of Xjoe, i.€., the rightmost diagram of Fig. L2l

The full x;0c is obtained by adding the local polarization bubble to the sampled diagram.

L. 1 L.
Xioo,sazaazc (00 )iw = Dloe T xioe " Taza caca (0,0 )i (4.23)

The matrix size of Y at a fixed iw is given as N x N where N is (the number of spins)?x (the
number of orbitals)?x (the number of Matsubara frequencies iv). Due to the large matrix size,
it is desirable to use spin symmetry to reduce the matrix size. Under the spin rotation, the two-
particle response functions in the particle-hole channel can be decomposed into the magnetic

(m) channel and the density (d) channel as follows:

d o o o
X;Zi ) L os (i, )iw = Xjpe o1zt (10,00 )iw = (4)X e 01100t (10,10 )i (4.24)
Jag, oy TagT,aql TagT,agql

The two-particle irreducible vertex function I'i’" is the vertex function which can not be

separated into two parts by cutting two propagators. I'i"” is assumed to be local in the same

basis in which the DMFT self-energy is local. In order to extract I'’"", we employ the Bethe-

loc»

Salpeter equation (see Fig. [£2)) which relates the local two-particle Green’s function (xjoc)

sampled by CTQMC, with both the local polarization function (x{,.) and I'i""

loc*

irrom(d) /. . _ d)— o
F;;;(Zb(wg (ZV, ZV/)iw = [(X?oc)iwl - ngé ) 1] Zé:i (ZV7 Zyl)iw- (425)
az,ay .

I'ir" also depends on three Matsubara frequencies (iv, iv/; iw) just as xjoc.

rr

Once the irreducible vertex I'}/”

is obtained, the momentum dependent two-particle Green’s

function is constructed using again the Bethe-Salpeter equation (Fig. 2] by replacing the local

irr

o7 is local, we can sum over the

polarization function x7,, by the non-local one xJ ;. Since T
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momentum k inside the non-local polarization bubble

Q303,404

L T . . .
Xoal”l*”w? (“’7 “/)qvi‘*’ - 7@ Z Gasar,o (k, ZV) ' Gasoux,os (k +q,w + ZW) : 52'1/,1'»/ “Ooy0y 50304
k

(4.26)
to bring the Bethe-Salpeter equation into a simplified form
d) /.. _ irrm(d)|— o
XTl(v‘l')Q (ZV7 ZVI)q,iw = [(Xo)q;w - F;Z: e )] O'11412 (ZI/, Zyl)q,iuw (427)
@3,4 @3,0q

Finally, the spin and charge susceptibility x4 (q, iw) is obtained by closing the two particle
Green’s function with spin or charge bare vertex ~ (v is 1/2 for spin and ~ is 1 for charge) and

summing over frequencies (iv,iv’) and orbitals (a1 ,2) on the four external legs

XD (qiw) =292 37 37\, (i) g (4.28)

= ap,0
v’ apos

The algorithm for computing the magnetic and the charge susceptibility is sketched in Figl43]

4.5 The calculation of the superconducting pairing susceptibility

4.5.1 The irreducible vertex function in the particle-particle channel

Fir'r,p—p

The two-particle vertex functions depend on four spin o;_4 and four orbital a;_4 indices, and
three Matsubara frequencies (iv,iv/, and iw) and momentums (k,k’, and q) which are labeled
on the external legs.

Depending on the nature of the quasi-particle scattering, the two-particle vertex function
can be expressed in terms of two distinct types of diagrams, so called channels. They are the
particle-hole and the particle-particle channels. A representative of the particle-particle and the
particle-hole channel is depicted in Fig.[Z4|a).

As already discussed in the previous section, the spin degrees of freedom in the particle-hole
channel can be decomposed into either magnetic (m) channel or charge (d) channel distin-

guished by the different spin eigenstates if the spin-orbit coupling is small. The magnetic
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change iy

change ¢

Figure 4.3: The flow chart for computing the magnetic and the charge susceptibility
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’o. ’ .y .

KL, ak 02 oy A=K 4 q,—i +iw, a4 k+q,iv+iw, a2\ 02 o4 /K +q,iv +iw, oy

(a) _Fp—p k. i o _ 1p—h . Iy
= , w, K i) qu = [Yagos, k, i, K, iv)q.
Byp| = Dty (i K i )g i Bph| = Tozzzegsy (i K )qu
k,iv,ay /o1 o3 \—k+q, —iv +iw, a3 k,iv,a1 Jo1  o3\K, i/, a3
(%) Qy Qa2 Q4 )
/ T\, a2 oy, —iv'| |

™k KAl ™wi  —iv

irr — irr irr
(b) Ll = N =i p=h
A4k —kx| Aiv  —juk| T Ay, o az, —iv\ |

(€3] o3 (€3] o3

wrr wrr
+ Fp_ h Fp_ L
T Aiv, o oz, —ivk]

Figure 4.4: (a) The spin, orbital, momentum, and frequency labels of vertex functions in the
particle-particle (p — p) channel and the particle-hole (p — k) channel. (b) The decomposition
of the irreducible vertex function in the particle-particle channel I""""P~P,
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channel contains either the longitudinal spin configuration (denoted as p — hl) or the trans-

verse configuration (denoted as p — h2). In the magnetic susceptibility, the paramagnetic spin

(<S’+ STy (ST S““)) where S is the spin

=

rotational symmetry ensures that 2(S* - §2) =
operator. Here, (5% - 5%) represents the longitudinal susceptibility while (ST -$~) indicates the
transverse term. As a result, one can express the vertex function in the magnetic channel with

explicit spin indices (T, |) as a function of p — hl and p — h2 channels.

pe-h(m)  — ppohl_peohl _ ppoh? (4.29)

T Tl I

In a similar way, the charge channel also can be represented in both p—hl and p — h2 channels.

R AT P T T (4.30)

i Tl i i
The last equality is derived using I‘Eihl = Fﬁ?ﬁ.

The particle-particle channel describes the Cooper pairing for superconductivity. And this
channel also can be decomposed according to spin configurations into the singlet (s) channel

and the triplet (¢) channel. The singlet channel has the odd symmetry under the exchange of

two external spins while the triplet channel has the even symmetry.

rpls)  _ %[Fg;p_pq;p] (4.31)
Tl T
B 1 _
re—e® i[pglump} (4.32)
Tl Tl

From now on, we concentrate on superconductivity in the singlet channel. In this case, the
Cooper pair has the odd symmetry under the spin exchange. One can note that the vertex
function in the particle-particle channel I'’~P acquires a minus sign by crossing the two outgoing
legs due to the exchange of two fermion operators. Since the vertex I'’~P is odd under the
exchange of spin in the singlet channel, I'’~? has to be even under the exchange of momentum,
orbital, and frequency.

Here, we introduce several kinds of vertex functions which we will use later. We first con-
centrate on the particle-hole channel. The connected two-particle Green’s function ¥ matrix

defined as

Xza = (U 0hsn) — (W102) - (W) + (W14a) - (hen) (4.33)
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is related to the polarization bubble x° and the irreducible vertex I'*"" by the Bethe-Salpeter

equation

x = XM+x=[1")" -1 (4.34)

X = [6O)7 -7 = =0T x0T = 00T (4.35)

Here, x° is given by —T - G - G. We omit spin, orbital, momentum, and frequency labels for
convenience.
The two-particle full vertex function I'/%! is defined as all connected diagrams obtained by

removing two external polarization bubbles from ¥

et = () x (O

— Firr + Firr . XO . Firr + Firr . XO . Firr . XO . Firr 4+ (436)

As a result, T7%! is given by dressing I'"" with x°.
In contrast to I'""", the reducible vertex function [ is defined as the vertex function which
can be separated into two parts by cutting two propagators. [ is obtained by subtracting the

irreducible part from /%,

r = Ffull o I\irr
— Firr . X(] . Firr 4 I—wlrr . X(] . Fir'r‘ . X(] . Firr 4.

= T .y.Tr (4.37)

Considering both particle-hole and particle-particle channels, we can define the vertex which
is irreducible with respect to all channels. The fully irreducible vertex I'/**"" consists of diagrams
which can not be separated into two parts by cutting any two propagators, either particle-
particle or particle-hole pair of propagators.

The irreducible vertex function in the particle-particle channel I'"™P~P which gives the
pairing interaction for Cooper pairs, consists of the fully irreducible vertex function I'/*"" and

the reducible vertex functions in the other particle-hole channels [P~ = pfullp=h _ pirrp=h
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We keep track of the spin, orbital, and frequency labels as shown in Fig.[£4l Note that we plot
I in the expanded form I'"" . y - T in Fig.[L4(b). Moreover, we concentrate on uniform and

static superconductivity, i.e. q = 0,iw = 0,

DrE R (b K gm0 = L (e K gm0 — Tty (e =K i + D012 (K)o (4.38)

agT,ayl agT,agl agT,agl agl,agl
a1 T,azl aypl,a3l apT,ayl a1 T,agT

Here, the label k = (k,iv) represents both momentum and frequency.
[r™P=P in the spin singlet state, which is denoted by I'""""P=7:(5) is obtained by antisym-
metrizing the spin space as in Eq.[£31l One spin configuration for Eq.[£31]is given in Eq.[4.3¥]

and depicted in Fig.[L4[(b). The other spin configuration can be obtained in a similar way as

TUTPE (kK gm0 = DL 10 (K ) gm0 — T2 120 by —K Vi + T2 (kK ) i (4.39)
ayT,a3l ajl,azl ayT,ayql ajT,asl

Due to the exchange of the spin label, p — hl and p — h2 channels are also exchanged. Using
Eq.[d29 and Eq.[430, p — Al and p — h2 channels can be represented as the magnetic/charge

channel

—h1 1 _
FZi = ho(d) _ pp=h,(m)) (4.40)

]_"Iijhz — ]_"P—hv(m) (441)

T

rérmP=? in Eq.[438 and Eq.E39 also can be represented as the magnetic/charge channel

i, p— —irr 1= Tp—h,(m Tp—h,(m
Lol (kKoo :Fj;f,’;ﬂ (ks K)o — 5 TP~ TP g (ks =k Yo i T ™ e ) o
all,ag ajl,a3 1,02

(4.42)

agl,ayl agl,ayl

3 — —1 _p— m 1 p— Hp—
TP (kK ) gm0 = TI2TT L (kK gmo—T P el ™ (k, —k')k/,k+§[rp hold) _TP=h (™)) g (B, k) g

ayT,azl aypT,azl ay,0q ag,a2
(4.43)
Finally T "?=P:(s) is obtained using Eq. 31 as
irr,p—p,(s) / f—irr,(s) ’ 1.3~ —h,(m) 1~ —h,(d) /
Fa2,’o¢4 ’ (k, k )q=0 = Fa2,o¢47 (k‘, k )q:() + *[*Fp ’ — I }ag,ag (l{i, —k )k/—k
aj.ag alag 2°2 2 a1,y
+1[§fp—’“<m> — lfp—h*d)]%as (ky k') g (4.44)
212 2 afiay N TRIR '

One can note that the reducible vertex [%f”_h’(m) — %f”_h’(d)] is symmetrized under the ex-

change of orbitals (a2 < a4), momentum, and frequency (k' < —k’).
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It is well known from BCS theory that the attractive pairing vertex in the s-wave symmetry
channel can mediate the pairing interaction for Cooper pairs. The pairing vertex given in
Eq.E44] is constructed from the Coulomb interaction vertex and the vertex has the repulsive
nature in the average. Therefore, the pairing susceptibility calculated using this repulsive vertex
can not develop a pole in the s-wave channel and s-wave superconductivity is excluded among
the possible pairing channels.

Although the pairing vertex in Eq.[£44] is repulsive in the s-wave channel, the momentum
dependent pairing vertex can be effectively attractive in higher angular momentum channels
such as d-wave or extended s-wave. Indeed, this non-local symmetry is realized in many high
T, superconductors where the pairing is believed to be mediated by spin fluctuations.

In order to evaluate the non-local pairing vertex T'“7?=7:(5) we resort here to the DMFT
approximation. In this approximation, we assume that the fully irreducible vertex I'/*"" is lo-
cal and the irreducible vertices in the particle-hole channels (T'""("™) T%7:(4)) are local as well.
These irreducible vertices can be computed from the corresponding impurity quantities. On the
other hand, the irreducible vertex in the particle-particle channel is not local but will be com-
puted from the particle-hole diagrams as depicted in Fig.d4(b). Explicitly, the magnetic/charge

susceptibility are obtained by the Bethe-Salpeter equation

XD Gy ivg) qui (™™g = T D) oy (i iv0) g (4:45)

@1,a3 a1,x3
and the reducible magnetic/charge vertex is obtained from this non-local magnetic/charge sus-

ceptibility by

pp—h,(m/d) .~ . irr,p—h,(m/d) . p—h,(m/d) .~ .
| R (i )qiw = E E Fl wz oo (iv, i1 )iw Xago (i1, 112) q,iw
1es V1 ,iV2 04/2,045L Oc’alvall O‘/y(’é
aqeg
irr,p—h,(m/d) ;. .y
DU D Gy i), (4.46)
a'3,a3
Here, the non-local polarization is x*P~"(iv)q.i = —le Y Gk, iv) - Gk + q,iv + iw) and

the non-local Green’s function G(k,iv) is dressed with the local DMFT self-energy. Note
that Eq. £43 was used before in the previous section (Eq.[HE27) to compute the non-local

magnetic/charge susceptibility.
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Finally, the non-local pairing vertex is obtained from the particle-hole reducible vertices by

Lrrp— . . —irr . . 3~ _ 1~ _ . .
rrrr O ki K i) = T (G + [iI‘p ho(m) _ Zpp=h,(d)] az.a3 (iv, =iV )i —xeiv—iv
ap,a3 ay,a3 1.
L3 p—nm) _ Lpp-n@ v i
+§[§F R Joaoa (i, i) xe e, —ivr —iv (4.47)

In practice, one can compute the only one term of [%fp_h’(m) — %fp_h’(d)] and symmetrize the
result with respect to orbitals (az < ay), momentum (k' «» —k’), and frequency (iv/ « —iv’).

Within our DMFT approximation, I'f =" is assumed to be purely local. Indeed, Ref. [71]
confirms the weak momentum dependence of I'/ =" vertex within cluster DMFT. Since I'/ =" is
local, it could be in principle computed from the corresponding impurity vertex. In the following,
we concentrate on the non-local pairing symmetry, such as d-wave, p-wave, or extended s-wave.

In these cases, the local '/~ does not contribute to the non-local pairing gap symmetry.

4.5.2 The calculation of the superconducting critical temperature and
the gap symmetry

In the previous subsection, the non-local irreducible vertex function in the particle-particle
channel T%"P~P is computed using DMFT vertex functions. The T'"*P~P vertex accounts
for the pairing interaction of Cooper pairs and as a result the superconducting instability.
Eq.[£47 shows that this pairing vertex contains the spin fluctuation diagrams and the orbital
(charge) fluctuation diagrams. In general, the spin fluctuation contribution is much larger near
a magnetic phase transition.

The pairing susceptibility x?~P is computed by dressing the pairing polarization bubble
x%P~P(k, iv) with the pairing vertex [ir:p=p.(s) using the Bethe-Salpeter equation in the particle-

particle channel.
PP = XO,p—p _ X07p—p . Tirmp—ps(s) XO,p—p
+X07p7p . TirTp—pi(s) | XO,pfp L Tirmp—p.(s) | Xoypfp .

= \OPTP L [1 4 DITPp(s) Ly O]l (4.48)



81

The critical temperature T, of the superconducting state is determined as the temperature
where this pairing susceptibility diverges. The sufficient condition for the divergence is at least
one eigenvalue of the pairing matrix —I'*"P=P:(5) . y02=P reaches one. Therefore, T, can be
computed by solving the following eigenvalue equation without the need to compute the full

pairing susceptibility.

: . . 0, .
Z ST RO kv K in) XL (K i) 0 g (K i) = Ao @), 0 (K, iv) (4.49)
e, G, eres g
anog
Here, X is the eigenvalue of the pairing kernel matrix and T, is determined as the temperature
at which the leading eigenvalue approaches unity. The corresponding eigenvector ¢* gives the
pairing symmetry in momentum and orbital space of the superconducting state which will be
stable below T.. Not just momentum but also the orbital contribution to the gap symmetry
might play an important role in the Fe-based superconductors due to their multi-orbital nature.

The pairing bubble diagram x%?~P is computed as a product of DMFT Green’s functions.

This Green’s function is dressed with the local DMFT self energy.

XUPP (K, i) qe0iw—0 = T Gayast (i) - Gagas. (—k, —iv) (4.50)

al.ag
One can note that the polarization bubble in the particle-particle channel (x°?~P) has no
minus sign while the particle-hole polarization bubble x%?~" has it due to the closed loop of
the diagram. As will be shown in the next chapter, this pairing bubble x*?~P can incorporate
the non-local fluctuation effect beyond DMFT replacing the DMFT Green’s function by the
Green’s function computed with non-local methods.

The eigenvalue problem in Eq. involves the diagonalization of a non-Hermitian matrix
of size N, x Ni X Nfrb where N, is the number of frequency, Nj is the number of k points,
and N, is the number of orbitals. The spin degree of freedom is projected to the singlet state.
For reliable results, we need at least 20 frequency points and 1000 k£ points in the Brillouin
zone. For the multi-orbital case with five relevant d orbitals, the matrix size can be larger than
500,000. Therefore, it is desirable to transform this matrix into a Hermitian form for which

there exists very efficient algorithms such as the Lanczos method to obtain the largest eigenvalue
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and eigenfunction. The original x?~? given in Eq. [£48] can be expressed in a symmetric way

WP o=y 0,p—p | [1+F1mp p,(S). 0,p— p]—l

= \/Xoypw . \/XO,pfp 1+ rirmp—ps(s) AOPTP) L (/X 0p—p) T\ Op—p
= 0.p=p . [1 4 4/x0P—P . TP~ P(s) oy /x0p— p|7L.\/x0p—p (4.51)

As a result, the gap function in Eq.[£49] can be brought to a Hermitian form by

| irrp=p(S) 1o s V! el 0,0=p (1! ;1\, A / ;
E E XUPLP (K, iv) D0k (k,iv, K, iv/) [ XELE (K iv') ¢ 0y (K, iV) = Xgh)y, o, (K, i0)
k/ i @2040s >1,3 Qg,0q ag,ar
a7y

(4.52)

One can note that \/W - Tirmp—pi(s) W matrix is a Hermitian matrix (in single

orbital case it is also real). Therefore, we use the Lanczos algorithm to compute the leading
and the subleading eigenvalues and the corresponding eigenfunctions.

The eigenfunction computed using the non-Hermitian gap equation in Eq.[4.49]is related to

the eigenfunction ¢ in Eq.E52

Op=p TP PAs) L NO0p—p L pr = N (4.53)
Dirrp=p(s) 0P ((\/\0p—p) "L Ay = . ((/x0P—P)7L. Y) (4.54)

This equation shows that eigenvalues of the non-Hermitian gap equation (Eq.[49) are the same
as eigenvalues of the Hermitian gap equation (Eq.H52). And the right eigenvector of Eq.[£49
is given as (1/x%?~?)~!. ¢* where ¢* is the eigenvector of Eq.L52l In a similar way, the left
eigenvector is given as \/x0P~P - ¢*

The pairing susceptibility x?~P can be represented as a function of eigenvalues A and eigen-
functions ¢* of the Hermitian pairing matrix (Eq.[E52) using the eigendecomposition of the

matrix.
XPTP(RE) = /XOPP(E) - [1 4 /xOp—p . Drmp=pis) L [\ 0p=p] =L N Op—p (k)
— X (R) - [U-UN U AU X0 P ()
= X (R) U [L= A U X0 ()
= Y (VAT - M) - (VAT - 6 (K) (4.55)

A
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where A is the diagonal matrix whose i-th diagonal element is the i-th eigenvalue \; of the
Hermitian pairing matrix and U is the unitary matrix whose columns are the corresponding
eigenvectors. It is obvious that the pairing susceptibility diverges when the leading eigenvalue
obtained from Eq.[H.352] approaches one. The corresponding eigenfunction represents the mo-
mentum structure of PP, i.e., the gap symmetry of the SC state.

The overall procedure for computing the pairing susceptibility is depicted in Fig.[Z5l

( )
Sample Gloc(iy) and Xloc(iyviy’ )iw

(& _J

( )

Compute T (iv,it/ ),

-
N\

change iy Compute x° (iv),,, and x™9 (iv,ir/ )

q,iw q,iw

4[ Compute I (v, )y i ji

change ¢

Compute I (k,iv,k it/ )
and symmetize it

Compute the leading A and ¢,
using Lanczos algorithm

Figure 4.5: The flow chart for computing the pairing susceptibility
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4.5.3 Relevant quantities for superconductivity

The projected pairing interaction

The pairing vertices T P~P:(5) projected to different symmetry channels are denoted by f(a)’pfp

and can be computed by

g Dk ) PO T K A T) - g () (4
o = S .56
s S (9 () )

Here, g(®) (k) represents different pairing channels, for example, ¢(® (k) = (cos(k;) — cos(ky))
for the d-wave and g™ (k) = (cos(k,) +cos(k,)) for the extended s-wave. Since ['"™P~P:(5) fa]ls
off rapidly with frequency, the pairing vertex value for the lowest Matsubara point is considered
similar as in Ref. [79]. This pairing interaction is repulsive in the s-wave channel but it can be

attractive in other symmetry channels.

The projected pairing bubble

The pairing bubble summed over the Matsubara frequencies ¥>P~P also can be projected to

different symmetry channels in a similar way as in Eq.[4.50

. TS 0 9(K) - X00aE (k,iv) - g(K)
Xosos = (4.57)

a1sa3 > (9(k))”

The effective U

As discussed in subsection[ 5.1l the spin-fermion interaction vertex within DMFT is given by
the local irreducible vertex in the particle-hole channel I'""?~"_ In the case of weak interactions,
this irreducible vertex function is usually approximated by the bare interaction or the effectively
screened interaction U which is independent of frequency but still retains the spin and the

orbital dependence. This is the so called random phase approximation (RPA). Within this
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approximation, the reducible particle-hole vertex in Eq.[£.47] is simplified to

; 3
p— . VA m —h,(m m
Mot Pk iv, X V) = = g UEWZL/ X0 a’,( ) ~UEX/ )M
al,on 2 4~ o2 o K kv —iv o
Qag,ay 1,97 193 33
a'l,aé
1 d
p—h,(d d
=Y v, U (4.58)
2 L~ 2% 2% 1/ kv —iv 404
ab,al ap,ay aj,ag ajg,a3
ol ol

Here, U ((J?Qi) are the bare interaction with the orbital dependence in the magnetic and the den-

@1,3
sity channel and xﬁgi’im/ 9 is the RPA magnetic or charge susceptibility. This bare interaction
@1,a3

matrix includes the intra-(inter-) orbital interaction term, the Hund’s coupling term, and the
pair-hopping term [80, [81].

In the vertex calculation, the spin-fermion interaction vertex depends on frequencies given
as TP~k The effective spin-fermion vertex U within DMFT can be determined by equating

the I'*"™P~P vertex at the lowest Matsubara point in Eq.[47 with the RPA form in Eq.E5S

~p—h,(m/d —(m/d) —h,(m/d 7=(m/d)
Do D T a T qivmo = Y. Uen X0 ™D G0 (4.59)
al,ag T e a4 7 aiw=0 al oz’
an,ay 1.9 aj,ag 323
Otll,oélg

Here, U is evaluated only at iw=0 assuming the iw dependence of U is weak. The [p—h(m/d)

vertex at higher iw values can be computed more efficiently from the RPA form in Eq.[4.59

using the computed U at iw=0. In the single orbital case, Uflm/d) is given as

(4.60)

—(m/d) \/[Fimph,(m/d) - xp—htm/d) . pirrp=h.(m/d) (1T, 7T) g iw=o0
N =

U
D i xP~h /D) (v, i) g iw—0
The effective Uq is now slightly depends on the momentum transfer q, and can be averaged

over all q points in the Brillouin zone.

(m/d) 1 77(m/d)
Ueff = 72[] (461)
a
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Chapter 5

Non-local Vertex Corrections beyond DMFT

In this chapter, we introduce two different methods for incorporating non-local correlations
beyond DMFT using the two-particle vertex function approach. First, we derive the equations
for the dual fermion (DF) method as first proposed in Ref. [82] [83]. Then we concentrate on the
self-consistent calculation scheme for computing the non-local one- and two-particle correlation
functions of physical electrons as derived in Ref. [82, [83]. Next we derive the DF equations
using the cumulant approach proposed in Ref. [84] as an alternative derivation. Finally, we
explain how to compute the superconducting critical temperature and the symmetry of the
gap function within the DF method. We also derive the alternative method for the inclusion
of non-local correlations first proposed in Ref. [76] [85]. In this method, also called dynamical
vertex approximation (DI'A), the relation between the non-local self energy and the two-particle
vertex function is more transparent and avoids the introduction of auxiliary degrees of freedom,
but it is a non-self-consistent and non conserving approximation. We also discuss here for the

first time how to compute the pairing susceptibility within DI'A.

5.1 The dual fermion (DF) method

5.1.1 Derivation of the method

The dual fermion (DF) method is an approach for incorporating long-range correlations on
top of the local correlations included in DMFT. The non-local correlations beyond DMFT are
treated by the perturbative diagram approach applied to auxiliary degrees of freedom, dual

fermions. The derivation of DF equations shown in this section closely follows Ref. [82] 83].
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First, we consider the action of interacting f electrons

B
S = D (k) = p—iw)fi, frewo +U D / n 1 (T (T)dr (5.1)
)

k,w,o
where €(k) is the energy dispersion of fermions, p is the chemical potential, and U is the on-site
Coulomb interaction.
This action of f electrons can be divided into two parts, i.e., a local impurity part S, and
a non-local part
S = Simpt D (el) = Do)y oS (5.2)
k,w,o
where Simp = >, , (A —p— iw)fzwpfi,w’q +U>, fO’B n;.1(T)n;  (T)dr. The impurity part
describes the action of local electrons hybridized with a conduction bath and it can be solved
exactly using an impurity solver. The non-local part can be treated perturbatively by introduc-
ing auxiliary fermionic degrees of freedom and this is the main idea of the DF approach.
In order to introduce the auxiliary fermions, we pay attention to the formula for the partition

function given as the Feynman integral of the action, i.e, Z = [ D[fo}e_S[ftf]
200 1 = /D[fo]e* S Simplf TS~ S (0= A f  fico (5.3)

From now on, the spin indices are omitted for convenience. By performing the Hubbard-
Stratonovich transformation to the non-local part of the partition function, dual fermions are
introduced in an exact way

2
«
k,w w

o S (0B o — He(k)*Aw ,/D[dfd]e—zk,w cw(Fl el fie)

ol i
.eZk,w () - dk,wdkv“’

_ H E(k) g Aw . /D[d-rd]ef Zi,u aw(ijwdi,w+d:-rwai,u)
«
k,w w

> gl d
e TR c—a,, e

(5.4)

where d is the DF operator. Here, « is an arbitrary function and we assume it is a local quantity

which depends only on frequency. Since « is local, the relation -, a(fiﬁwdk,w + deko) =
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Zi_’w o f;r wiw —|—d;w fiw) is satisfied and original fermions and dual fermions couple only locally,
i.e., only a fermion f; and a dual fermion d; on the same lattice site. In this way, the non-locality
is retained only in the quadratic dual fermion part of the action while original fermions have
only local degrees of freedom.

Now the coupling term between original fermions and dual fermions in the partition function
is expanded by the Taylor expansion and original fermions can be integrated out exactly at each

site by the impurity action since they are given by local degrees of freedom.

_ i T
(e~ Twowlfldatdliv)y — 14 Z%am Fon £3.)08, Ay 6o —n0 +
wiw2
1
Z Z awlawzawsaw4<fw1fw2fj;3f¢z >dL1dI12d d 6w1+w2*w3*w4,0
WilwoaWwizwa

= exp[z Oéwawdi;dw<fwfl-}> +

1
Z Z auau’+wau’au+wdydy +wd ’du+w(<fl/fz/’+wf,lt’fz]:+w> -

v,V w
S fifiad (Fur sl + o (o F3) oo Fla)) + -] (5:5)

Here, () = ()imp- As a result, the connected one- and two-particle Green’s functions are cou-
pled to DF operators dfd, (d'd'dd), and so on. The linked cluster theorem assures that only
connected diagrams of original fermions contribute to the exponential in Eq[5.5l The Kronecker
delta d in the above equation is derived from the time translational invariance of f operators.

After introducing the DF operators, the partition function given in Eq[5.3]depends on both f
and d operators. However as shown above, these f electron degrees of freedom can be integrated
out separately. Up to now, the derivation is valid for arbitrary «,,. By choosing «, as the inverse

of the impurity Greens function gi_wip, the partition function of DF becomes

—2

zidtd = - ([ 2e (H m>/ Dl dje™ Swssl T +oimtpld s

k,w gzmp w

4) gt gt
'6% Zi,u,u',w 'Y( ) dL udz v/ +wd1 ,,/di,u+w+”' (56)

where mep is the impurity partition function ([ D[fT f]e_sf"w[f 'f D, 9imp 18 the impurity Greens

function (— < fi f;f > ), and %'(iz)p is the connected two-particle vertex function of the impurity.
imp
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4)

Yimyp 18 obtained by removing the external propagators (gimp) from the connected two-particle

Green’s function () as

4) /.. - — . — —
/yi(m)p(ly7 ZV/)iW = gil/l ’ gil/{i-iw : X(ZV? ZV’)iW ’ gzy} ’ giV}Jriw (57)

In a similar way, the n-particle interaction among dual fermions is given by the n-particle
impurity vertex functions.

Since we derived the partition function for dual fermions, the DF quantities such as the
Green’s function and the self energy can be computed from this partition function. The bare

Green’s function of DF is computed as the inverse of the coefficient of Gaussian term in Eq.[5.6]

-2

gzm - —
GEI(L)al = (e(k)i—pAw - gmip) Y= gk — Gimp (5.8)

where gy = 1/(gi_nip

—e(k) + A,), i.e., the non-local Green’s function with local DMFT self
energy. This equation shows that the bare propagator of DF is the same as the purely non-local
part of the DMFT Green’s function.

One way to solve the DF problem is to use the conventional diagrammatic approach. We
need to solve an interacting problem with a DF propagator Gy, and the retarded type of
interaction 7Y, v(6) and so on. Here, we consider only the v*) interaction. And the lowest
order self-energy diagram

Z;?J,)al iy = T Zlyzmp ZV “/ ZUJ:O Gducal( ) (59)

!

and the second lowest order diagram

. T2
Eg}al(k,w) = 3 NkN Z Z %mp v, iV )i - ’yl(m)p(w W) iw

k/,qiv/iw
Gaual(K' i) - Gauai (K + q, iV +iw) - Gauar(k + q, iv +iw)  (5.10)
are considered for the non-local correlation effect. As Ref. [82] B3] shows, these low order
diagrams already capture a certain aspect of non-local physics in the Hubbard model. The
smallness of the higher order diagram is justified in the weak coupling limit and the strong

coupling limit. In the weak coupling limit, the leading contribution to the full vertex function
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(7(4), 6, ...) is the bare interaction U since the perturbation around U works in this limit,
ie., v o U, v x U?, and so on. In the strong coupling limit, Gguqr o gizmp (e(k) — Ay),
and (e(k) — A,) is extremely small in the atomic limit. Therefore, the lowest order DF diagram
can capture non-local physics well in the region where the perturbation from the DMFT result
is small. In the region where the non-local corrlation effect is strong, higher order diagrams
such as the ladder type will need to be considered.

(0

dual 18 @ local quantity since only the local part of Ggua contribute to the self energy in

Eq.B0 As discussed in the literature [82], B3], the self-consistent condition for the DF method
is such that G%2¢, = 0 and as a result Yy, is always zero when only ZSL)QZ term is considered

as the DF self energy. In this case, the DMFT self-consistency is recovered by the following

equation

1 0 . 1
EZG;IL)G[(I{,ZW) :O = ngk :gimp (511)
k k
The non-local correlations beyond DMFT are treated by the non-local self energy Eg}al (k,iv)

term given in Eq.[EI0l The overall self-consistent procedure of computing the DF Green’s func-

tion and the DF self energy will be explained later.

5.1.2 The relation between original fermions and dual fermions

The original fermion Green’s function is related to the DF Green’s function in an exact way by
the one-to-one correspondence between the original fermion and the dual fermion. This relation
can be derived by taking the derivative of both the DF partition function in Eq. and the

original partition function in Eq. with respect to €y

-2

oz = <fk,wfk7w> = oA W —pAw)Q <dk,wdk,w> (5.12)

-2
— 1 Yimp
Croie =~ A, T (e) - A)

dual
-G (5.13)

k,iw

The self-energy of the original fermion also can be related to the DF self-energy using the
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relation in Eq. 513l

Y dual k
1+ Gimp * EoluoLl,k

Ek,iw = w4+ u—€ex — Gl:jw = Eimp + (514)

The non-local self-energy becomes separable into the local part which is the impurity self-energy,
as in DMFT, and the non-local part which is a function of the DF self-energy and the impurity
Green’s function.

The connected two-particle Green’s function x of the original fermion can be obtained in a
similar way as the one-particle Green’s function. In this case, one needs to take the derivative

of the partition function with respect to ey twice

XaBys = yag,y(;*GagGﬁfy%»Gangg (5.15)
1 0 0 1 0
% = (ftet = = - — _
Xagos = {SLIbT) = 55— ( e Z) 79 (~7Gs) (5.16)

where o — § represents the k and iw indices. Using Eq.[5I3] x of the original fermions can be

related to the connected DF two-particle Green’s function x?*% by

Xagvs = (Xafhs — Gas™ Gyt + Gas Gs)
1 _1 1 .
Gimp Yimp Yimp Gimp
' ' ' : 1
(- (o —a (oo (o a0

One can note that x of the original fermions is obtained by multiplying additional factors at
each external leg. The details of the derivation is given in Ref. [36].

The two-particle vertex function is obtained by removing the four external propagators from

Tagys = Go' G5l Xapys Gl -Gyl = Fo - Fg-To8s - Fy - Fs (5.18)

-1
where F,, = G+ ( E(i;’jzw Yo Glual = (m)“ This non-local vertex function of original

fermions will be used to compute the pairing susceptibility as will be shown later.

5.1.3 The self-consistent calculation scheme

The DF self energy can be constructed as a functional derivative of a Baym-Kadanoff functional,

ie., Ygual = % where ®4,4; is the Baym-Kadanoff functional. In this case, the DF method



[ Compute ", Ggu! ]

[ Compute % (k,iw) j«—

[ Compute G™ (k,iw) ]

G converged?

4[Compute new A and #]

Figure 5.1: The calculation procedure of the DF method
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is a conserving approximation. In other words, the DF self energy is constructed using impurity
vertex functions and dressed DF Green’s functions. And then the DF Green’s function is
dressed again by the resulting non-local self energy in a self-consistent way. The conserving
approximation of the DF approach ensures the basic conservation laws and sum-rules for the
corresponding original fermions.

The dressed DF Green’s function depends on the hybridization A of the impurity. And
this A is determined from another self-consistent condition such that the local part of dual
fermion Greens function Giﬁfal vanishes ensuring that the lowest order diagram also vanishes.

This self-consistent condition for A completes the double self-consistent loop as illustrated in

Fig. Bl Now we explain in details how the self-consistent calculation is implemented.

1. The CTQMC impurity solver samples the impurity two-particle Green’s function X;mgp (v, iv')
and (one-particle) Green’s function Gimp(iv). The full impurity vertex function is com-

puted by Eq.[7 The bare propagator for DF is also given by Eq.[B.8l

2. The self energy of DF is computed for the lowest order and the second order diagram using
Eq. and Eq.[B.J0 This non-local DF self energy captures the non-local correlation

beyond DMFT.

3. The bare DF Green’s function is dressed by the computed DF self energy employing the

Dyson equation.

CGauar(kyiw) =[GV (K, iw) — Sayar(k, iw)] (5.19)

4. The computed DF Green’s function is used again for computing the self energy going back
to the step 2. This DF loop is continued until the DF Green’s function and the DF self

energy are converged.

5. Once the DF quantities are converged, the new hybridization A is computed to satisfy

the condition that the local part of DF Green’s function is zero.

Anew = Aold + gi_n?p . Gdual,loc (520)
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In the case of the fixed density n calculation, the chemical potential u is updated such that

the density of original fermion, which is computed from the resulting non-local Green’s

function, is the same as the desired n. The Green’s function of original fermion is related

to the DF Green’s function with an exact relation as explained in the previous subsection.
xr > Gk iw)e™” = n (5.21)
Ny, & ’ '

k,iw
Using these new A and p, the new impurity vertex function is computed by going to the

step 1. This big self-consistent loop is continued until the convergence is reached.

5.1.4 The comparison of the DF approach and the irreducible cumu-

lant approach

Various extensions of the single site DMFT to include long range correlations have been proposed
in the literatures. For example, Ref. [84] discusses the possibility of including the non-local
correlations using the expansion around the irreducible cumulants. In this subsection, we show
for the first time that this cumulant approach is equivalent to the DF approach.

The main idea of the cumulant expansion is to express the interacting lattice problem in
terms of the irreducible cumulant M and the dressed (renormalized) hopping ¢ instead of the self
energy Y and the Green’s function G. This cumulant expansion is derived in a straightforward
way in Ref. [84]. Here, we refer to the alternative derivation explained in the Appendix of
Ref. [84]. This alternative derivation introduces the auxiliary fermionic fields £. In this way,
M can be interpreted as the generalized self energy and € can be the Green’s function of the
auxiliary fields.

First, the general lattice Hamiltonian is divided into the local part and the non-local part.
H = Y By flfi +UY nini, (5.22)
ij i
where F;; represents the non-local term. Using the Hubbard-Stratonovich transformation,

e~ iw Eijflotiw = _ HEij . /D[ﬁff}e_ il it el Fi )+ 0 B LG (5.23)
%,
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the partition function can be expressed in terms of auxiliary fields ¢F, &

7= /D[fo}G*S’“C[fT’f]*zm,wEijflwfj,w

~1 &5 1] Zoc- / DI¢Te)eTrn B 6l ubio T Siml€lotinl  (5.24)
1,7 [

One can note that this Hubbard-Stratonovich transform is similar as the transform used in the
DF approach except that « is set to one in this case.

The interaction term for auxiliary fields is given by

loc

_ Toe. T
Zsint[gg,wvfi,w] = —ln<e Eivw(fivwg’“+§ivwfl’“)>

oo 1 o
S G 2 O el ol i 652)

i n=0 ! w1wan

where C’l@") (w1, ,way) is the n-particle bare cumulant representing the n-particle interaction
for auxiliary fields, ¢7 and €. One can see that these bare cumulants are local and connected
diagrams assured by the linked-cluster theorem. If the local part of the Hamiltonian is chosen to
be the atomic Hamiltonian, the one-particle bare cumulant is just the atomic Green’s function,
two-particle cumulant is the atomic two-particle Green’s function, and so on.

The bare propagator of ¢ and ¢ fields, or equivalently the bare hopping term Ej is obtained
from the inverse of the coefficient in the Gaussian term of Eq.[5.24] The non-local fluctuation
is treated by computing the one-particle irreducible cumulant My. The conventional diagram
calculation can be employed to construct it using Ci(%) and ¢ since the auxiliary fields obey the
standard Wick’s theorem.

Here, we apply this cumulant approach to treat the non-local correlations specifically around
the DMFT solution. In this case, the local part of the Hamiltonian becomes the impurity one,
ie, D A frn+u >; mini,, where A is the hybridization with the conduction bath. As a

result, the bare hopping term is given by Eyx — A and the bare cumulants in Eq.[5.25]is given

by the impurity n-particle Green’s function, i.e.,

1
0 ==(al),, = 7y [ Dl el = g 520
mp Zimp
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(4) o i i i i
¢, = €16 26,304 ) — (G 1Ci4 ) Ci2Ci3)  +T(C1Ci3) Ci2Cida) = Ximp
imp imp imp imp imp

(5.27)
The renormalized hopping €y term is given by dressing the bare propagator with the cumu-

lant My. Within the expansion around DMFT,
ek = [(Bx—A)"" =M™} (5.28)

If only the lowest order cumulant Ml({o) = gimp is considered,

1 —1 -2 1 -3 —2
€k — (Ek — A)fl — M(o) = —gimp - gimp ' (Ek - A) - gimp ! (Ek - A) -
k

1
W+ p— By — Yimyp

= _g;ﬂfp ’ [(Ek - A) - gi;r}p}il - gz;r}p = g;rr%p[ - gzmp] (529)

One should note that ey is related to the bare DF propagator defined in Eq.[B.8] i.e., ex =

i_nfp . G&?}al’k. Namely, the renormalized hopping i is obtained from the DF Green’s function
by multiplying g;,ip at the external legs. One can readily see that the DMFT self-consistent

)

condition is achieved by the condition e = 0 when only Ml((0 is considered.

In a similar way, the irreducible cumulant My can be related to the DF self energy by
(1)

multiplying g;mp at each external leg. Let us consider the next order irreducible cumulant M, .

This cumulant is constructed by using the bare cumulant C*) = Ximp and the renormalized ey.

T2

M(l)(k,iu) = 2NN, Z Z Ximp (105 10 )i+ Ximp (V' 10) 0
4 x,qiviw
e(k+ q,iv +iw) - e(k’ + q, i +iw) - e(k',iv) (5.30)

Here, Ximp = Gimp-Gimp '%(32,) “Gimp - Jimp Where 7531)17 is the two-particle impurity vertex function,

and e = gi_nfp . Gg:jal’k. As a result, Mlil) is related to Xgyuqr by

. T? . o .
M) = 5SS g i) o By i) A )
q

’ S0 4
k/,qiv/ iw

-G((i?}al(k +q,iv +iw) - Gt(i%)al(k/ +q,iv +iw) - Ggi)al(k', iv')

Gopliv) - 28 (K, iv) (5.31)
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Now, the relation given in Eq.[5.29 can be generalized to the case at which the general M)

is considered.

— 0 1)— 0 _ 1 -
€k = [Ek L Mz(m)p - MIE )} = [gzzmp ’ (Gfiu)al,k) 't gi2mp : E¢(1u)al,k] !
- 0 _ 1 _ _
= gi'rr%p ) [(Gt(iu)al,k) t— Zfiu)az,k] t= gi'rr%p - Gdual x (5.32)

As a result, ¢y is always equivalent to g;,fp - Gayal k-
The lattice Green’s function Gy can be related to quantities within the cumulant approach.

Gx can be interpreted as the irreducible cumulant (My) dressed by the bare hopping (Ex — A)
Gk =[M'— (Bx —A)] ' =—(Ex —A) '+ (BEx —A) e (Bx —A)! (5.33)

This result can be also obtained by taking the derivative of the S;,; term in Eq.[.24] with
respect to £ and ¢ as discussed in Ref. [84] Using Eq.[5.32) this expression becomes equivalent
to formula given in the DF approach.

-1 -1
]- gimp gimp

= . wal * .34

Gx 5 T Aa- g Cael g (5.34)

Within the cumulant approach, the non-local self-energy ¥y is given by

Ek = Z1'1711) + 2nloc = Eimp + (Mi(,?l)p)_l - (M(O) + Ml((l)>_1

imp

— 1 _
= ZimP + gz’m%p - [gimp + gizmp ' EEiu)al,k] !

1)
Eclual,k

= Simp + (5.35)

1
L+ Gimp - Efiu)al,k
This self energy is also equivalent to ¥ computed within the DF method given in Eq.[5.14l
The cumulant quantities that we discussed and the corresponding DF quantities are sum-

marized in Table.[5.1]

5.1.5 The pairing susceptibility within the DF method

In this subsection, we discuss how to compute the pairing susceptibility and as a result T and
the SC gap symmetry within the DF method. As discussed in the previous chapter, the non-

local pairing vertex function is computed from the reducible vertex function in the particle-hole
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Cumulant Dual Fermion
The propagator ex(= gﬁfp - Gual k) G dual k
Two-particle interaction | Ximp(= gimpgimp'y(‘l) GimpGimp) C
Non-local self energy Mlil)(: Gomp * Eg}al’k) Zg}al K
—1 =1
The lattice Gy ot aE ke iEm | e t 222 Gavalk - 3
m
. 1 1 Zia
The lattlce Ek Zimp + Mz(&?p - M;SZPJFM‘(:) Eimp + 71+gi:p'££)al -

Table 5.1: The comparison of quantities within the cumulant approach and the corresponding
DF quantities.

channel fg_h. Within DMFT, this non-local fg_ h is obtained by approximating the irreducible
vertex ['""P~" by a local quantity.

Within the DF method, the vertex function of the original fermion is obtained from the
corresponding DF vertex function using the relation given by Eq.[BI8 As already shown in

Ref. [86] [R7], the non-local DF vertex function can be computed using the the Bethe-Salpeter

irr,p—h,(m/d)

equation by dressing the DF irreducible vertex I',, by the DF polarization bubble
0,p—h
Xdzf)al,q,iw
—h, d),. . irr,p—h, d)\— p— _
Fsual (m/ )(Zl/, ZV/)qiw = [(in:u;; (m/ ))iwl - Xgupal,};,iw] !
m/d)\— 0,p—h 71—
= [(7(4)7( /d))iwl _Xdzi?al,q,iw] ! (536)

Here, I‘f;:(fl’ ~h(m/D) onsiders only the bare two-particle vertex 44 ("/4) ag discussed in Ref. [86]

87]. We concentrate on the particle-hole channel and we decompose the particle-hole channel

,p—h

wal.qiw 18 computed from the DF Green’s

into the magnetic (m) and the charge (d) channels. Xg

function Ggyar by
0,dual / - _ T . . .
Xph (1) q,iw = N, Z Gauai(k, 1) - Gaual(k + q, iv + iw) (5.37)
k
Finally, the non-local I'?~"("/d) of the original fermion is obtained using Eq.[5.18

7D (k in K i )qiw = Fr- Frpg - Do ™ D (i, iv ) qiw - Fi - Frrsg  (5.38)

where Fj, = ( and k = (k,iv).

1
1+gi7np (iV)'Edual (k,iu) )

rp—h(m/d) constructed within the DF method has several differences from TP?—h:(m/d) com-

puted within DMFT. First of all, T?~"("/4) within DF can incorporate the non-local effect
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beyond DMFT since the DF vertex is constructed from the non-local DF propagator which is
dressed by the non-local DF self energy. Moreover, DF I'?~/:(m/d) depends on three momen-
tum k, k', and q, i.e., TP~/ d) (Kk 4y, k' iv)q.iw- Within DMFT, the non-local rp—hi(m/d) jg
computed by assuming I'"""P~" is local and as a result the non-local vertex depends only on the
momentum transfer q, i.e., TP~/ (jy, iv')q,iw. Finally, rr—h(m/d) calculated from Eq.[5.38]
is the full vertex I'/“4-P=" in the particle-hole channel, therefore, the irreducible vertex I'*""P—"
needs to be subtracted to obtained the reducible vertex I?~". In principle, T""P~" can be
computed from the full vertex I'/*4-P~" by inverting the Bethe-Salpeter equation. We checked
that generally T"""P~" is very weakly momentum dependent and one can assume that T'*""-P~"
is local as in DMFT.

The pairing vertex, the irreducible vertex in the particle-particle channel, is constructed
using the non-local T?~"(m/4) computed from Eq.[5.38 For the pairing vertex with DF, we
use the full vertex in the particle-hole channel instead of the reducible vertex since T'*""P~"
is assumed to be local and it does not contribute to the non-local SC gap symmetry such as
st~ or d-wave. Here, we use the same equation relating the pairing vertex with the reducible
vertex function in the particle-hole channel as given in the previous chapter except that the
particle-hole vertex function is computed with the DF method.

The pairing bubble x%?~P within the DF method can be computed from the non-local
Green’s function G related to the DF Green’s function Ggyue; by Eq.BI3l Since the Green’s
function is dressed by the non-local self energy, x%P~P can treat the non-local correlations

beyond DMFT.
0P P(kiv) = Gi(k,iv)- G (—k, —iv) (5.39)

Within the DF method, both the pairing vertex I'""?~P and the pairing bubble x*?~? are
computed in a consistent way by treating the non-local correlation effect beyond DMFT. From
the calculated T'"""?P=P and x*P~P, one can compute T, and the SC gap symmetry by solving
the eigenvalue equation of the pairing matrix /x%:»~? - [¥"P~P . \/)m using the Lanczos

algorithm in a same way as used for DMFT.
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Now, we show that the pairing vertex I'*"™P~P computed using the bare DF Green’s function
GO 4ual and the bare DF vertex v can recover I'""""P~—P obtained within DMFT. Hence, one shot

DF calculation gives DMFT two-particle response functions as defined in the previous chapter.

First, the bare DF polarization bubble in the particle-hole channel Xg’_dzal(iy)%w is the same

as the purely non-local part of the original fermion x*?~" i.e., X*P~"(iv)q i — X?O’th(il/)m

_h,. T . . .
ngalh(zy)%iw = TN Z Ggual (ka “/) : Ggual (k +q,w + Zw)
Ny -

= X"P(iv)quiw — X0 " (V)i (5.40)

Also it can be shown that the non-local vertex IT?~" within DF is the same as the non-local
'~ computed within DMFT. Since Y4uq; = 0 at the first shot calculation, the factor Fj =

H% = 1. Therefore, the DF vertex I‘Z*hl is the same as the original fermion vertex
Jimp Xdual ua

I'?~"_ The bare DF vertex v is Ffozh(iu,iu’)w, and I‘Z;:l is obtained by dressing 74 by

0,dual
p—h

0,dual

—hye . —h,. . _ _
e h(u/vlyl)q,iw = Fsu(zl(“/azyl)q,iw:[(’7(4))iw1_(Xp—h )q,iw} !

—hy— 0,p—h — -
[(Ffoc )iwl + (Xlof;) )iw - (XOp h)q,iw] !

= T = 0P M g) (5.41)

loc w

As a result, the non-local pairing vertex computed within the zeroth order DF method (X4u0 =
0) is equal to the pairing vertex within DMFT. Since the pairing bubble x"?~? is also same in

both methods, T, and the gap symmetry results within DMFT are recovered.
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5.2 The dynamical vertex approximation (DI'A)

5.2.1 Derivation of the approximation

The self energy is the central quantity in the study of correlated many-body systems and it is
related to both a two-particle vertex function T'/* and a Green’s function G by the Schwinger-

Dyson equation [8§].

Y(k,iv) = U% Z Z T/ (kv K i) qiw - Gk + q,iv + iw)
q k’,q iV’ iw
G, i) - GK +q,iv +iw) (5.42)

Here, ny =T, ;, G(k,iv)e™ " is the occupation number of fermions, Ny is the number of k
points in the Brillouin zone, and T is temperature. The first term of the self energy is calculated
from the lowest order Feynman diagram, so called the Hartree term. This first term accounts
for local and static correlations. The non-local and dynamical correlations are captured by the
second term.

DMFEFT treats the dynamical correlation on a given site exactly. As a result, the DMFT self
energy is given by the self energy in Eq.[5.42] constructed with the impurity vertex function and

the impurity Green’s function.

imp

Simp(iv) = Ur? Z TS v iv" )i - G (1 + 1w) - G (i) - Ginp (it + iw) (5.43)

! ZUJ

The main idea of the dynamical vertex approximation (DT'A) [76] 85] is to approximate

full
imp

the full two-particle vertex function I'! " given in Eq.[£.43] by a non-local quantity in order to
incorporate the non-local correlation effect. And also the impurity Green’s function is replaced
by the non-local DMFT Green’s function. Here, we follow the derivation of Ref. [76] [85]. Unlike
the DF method, DI'A does not require additional fermionic degrees of freedom but modify the
self energy diagram directly in order to include the non-local corrections.

The full vertex function I‘f;,‘ll; contains the diagrams which are reducible in different channels,

e., particle-hole channels and particle-particle channels. These vertex functions in different

channels are related to each other by a parquet equation. The fully irreducible vertex function
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Pf.irr

imp

Ffull

can be computed from the full vertex function I';

by subtracting the reducible vertex

functions in all channels. By assuming that the fully irreducible vertex function is local, the

full

non-local full vertex function I' can be computed by solving the complicated self-consistent

equations of different channels related by the parquet formalism [89].
Instead of solving the full parquet equation, one can concentrate only on the non-local

correlations in particle-hole channels which are strongly enhanced near the antiferromagnetic

full

region. The full vertex I'inp can be represented in terms of the longitudinal (p — h1) channel

and the transverse (p — h2) channel by

Ffull _ Ff,ir'r‘ + fpfhl + fp*hQ + fl?*l’

imp imp imp imp imp

— Ff,irr + (Ffull,p—hl _ Firr,p—hl) + (Ffull,p—hZ _ Firr,p—hQ) + fp—p
imp

imp imp imp imp imp

_ Ffull,p—hl + Ffull,p—hQ _ (Ff’i”- + fp—hl + fp—hQ + fp—p)

imp imp imp imp imp imp
o full,p—h1 full,p—h2 full
= I, + iy —Limp (5.44)

Here, r represents the reducible diagram (f =T —T"7". We also omit spin, momentum, and

frequency indices. In the above derivation, the relations

| AT ¥ e N (5.45)
| I ¥ AUATED ¥ L v (5.46)

are used.
The momentum dependence of the full vertex function I‘%ﬁ’p ~h is obtained by approximat-

ing the local ladder diagram in the particle-hole channel to the non-local one. Namely, the

. . v p—h
irreducible vertex I'/"P

imp  1s assumed to be local and it is dressed by the non-local polariza-

tion function. This ladder diagram in the particle-hole channel incorporates the non-local spin

irr,p—h

fluctuation effect First, the local irreducible vertex I'; " is obtained by undressing the local

polarization bubble x?, . from F{:IZ”’ —h

irr,p—h,(m/d) /. . ull,p—h,(m/d)\— —
Fimgl)p (m/ )(’LV’ZV/)W’ - [(szmpp (m/ ))iwl + (X?mp)lw] ! (547)
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ull,p—h ; : ; irr,p—h 0
The non-local vertex 1"{; P~ is obtained by dressing the local I"Zmpp by the non-local xq
Pt D i, i )q i = (™) = (Oainl (5.48)

From the calculated non-local vertex in the particle-hole channel, the local full vertex given in

Eq.B.44lis approximated to a non-local vertex as

1
Félf”(iv, il/l)q,iw — §(Ffull,zo—hl,(m) (iu il/)q,iw _ Ffull,p—hl,(d) (il/, iV/)q,iu)
Tl

4 fullip—h2,(m) (iv, iV + W) i —iv

—pfuilm) (v, iv 4 1w) iy —iv (5.49)

imp

Here, we restore the spin, momentum, and frequency indices.
Finally, the non-local self energy ¥(k,iv) is obtained by inserting the non-local vertex func-
tion F?{Z,w to the local self energy in Eq.[543l By changing the indices for the p — h2 channel

such that iv/ — iv + iw, iw — v’ — iv, the equation for X(k,iv) is simplified as

1

Y(k,iv) = U% - N Z Z Ffu” (m (v, i) quiw §Ffu”’(d)(wv i) qiw)
q ,q v iw
U (i) Gk + quiv + iw)G(K iV )G(K + i +iw)  (5.50)

However, one should note that the Green’s function G(k,iv) is still computed within DMFT,

i.e., using the local impurity self energy.

5.2.2 The Moriya \ correction

In the previous subsection, we derived the formula to compute the non-local self energy based
on two-particle vertex functions. However, as shown in Ref. [85], the calculation of the non-local
self energy by Eq.[5.50 overestimates the high frequency result of ImX(k,iv) compared to the

exact asymptotic behavior given by.

S(iv — 00) = U:-ﬁ-(l—ﬁ) (5.51)

w2
In this subsection, we argue that this asymptotic behavior can be satisfied by imposing a sum

rule in the two-particle level.
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Here, we impose a sum rule in the two particle level in a similar way as in the two-particle self-

consistent (TPSC) theory [90) [9I]. The sum rule requires that the local susceptibility obtained

(m/d)

by summing x¢ (m/d)

over q and iw is the same as the impurity susceptibility x;,,,,

NE Z Xq,zw szp(T = 0+) = <(’I’L} - n‘#)2> = ’I’Lf - 2(”} : TL}> (552)

q,ZUJ

d d
ngzw XD (7= 0%) = (0} +nh)?) — (nh +0b)2 =np 4+ 2} - nk) —n? (553

q,’LOJ

Here, the Pauli principle is used for the rightmost result, i.e., ((nF)?) = (ng).

(m/d) .

The non-local susceptibility x4 is computed by dressing the non-local polarization func-
tion qu the local irreducible vertex I'"". The local susceptibility obtained by averaging X( m/d)
over q vectors is not the same as the impurity susceptibility Xﬁ.;ﬁgd) since

LS g i) = T > Z
Nq X q, = Nq - 1-‘irn(ﬂ%/d)
q q iv,iv’ XO qzw imp
7’ 1 (m/d)
£ o=y - = =D (iw).  (5.54)
Nq iv,iv’ Zq(xo)q}iw - FszT;)(m/ )

Therefore, the sum rules in Eq.[(.52] and [5.53] are not satisfied. The averaged susceptibility over
q is the same as the impurity one only in the infinite dimension where the lattice problem is
mapped to the impurity problem.

In order to satisfy the sum rules in Eq.[.52] and £.53] we introduce the Moriya X correction
in order to incorporate the spin fluctuation effect. This Moriya X term within DTA is employed
in Ref. [85]. In the self-consistent renormalization theory of spin fluctuation[cite], this A term
takes into account the feedback of the spin fluctuation and in principle it can be computed from
the magnetic susceptibility of the system. For simplicity, we determine this X term to satisfy
the sum rules in Eq.[5:52 and (531 This Moriya A correction is given only for the magnetic
channel and at the zero iw frequency where the spin fluctuation is dominant. Also we assume

X is local i.e., AG™ ~ A(m)

T2 1 (m)
T = Xm(iw) (5.55)
Nq q iv,iv’ (XO)_l - F )( ) + A i

q,iw imp
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Now we show that the Moriya \ correction satisfying the sum rule in Eq.[E55] also produces
the exact high frequency asymptotic of the self energy. The non-local self energy in Eq.[5.51] can
be calculated using the particle-hole ladder diagram renormalized by Moriya X term. If only
one frequency of the irreducible vertex I‘;’fh approaches co while other frequencies are finite,

F;fj’h can be replaced by the bare interaction, i.e,

LoD iy — 00,iv )i = (F)U. (5.56)

The bare interaction is —U for the magnetic channel and +U for the charge channel. Using

Eq.E56 the self-energy in Eq.[5.50 in the limit of i — oo can be simplified as

, ng U*T 3 m) 1 (@ (m) .
Y(k,iv — 00) = U? + 7Fq ((ZXq,iw + §Xq’i“’) ~ Ximp.iw | - Gk +q,iv +iw) (5.57)

q,iw
since I‘gﬁh connected with G(k + q,iv + iw) can be replaced by the bare interaction.
Using the sum rules in Eq.[5.52] and [£.53] one can show that the high frequency asymptotic

behavior of the DT'A self energy is given by the exact formula in Eq.[B511

3 n U2 T 3 1 d i
Sy — o) = U+ L (a4 i)~
q,iw

ny U? (m) (d)

N 5 R o (m) (d)
2 4 v %:(lep’“"’ + lep,uu)
nf U2 nf nf

= —_— T 1 e .

Uy %23 (5.58)

5.2.3 The calculation scheme

Unlike the DF method, DI'A is a non-conserving approximation. The DI'A self energy is com-
puted using DMFT G(k,iv) instead of taking the feedback from the DT'A non-local Green’s
function. Therefore, the DI'A calculation is performed in a non-self-consistent way. The fully
self-consistent calculation requires the solution of the complicated full parquet equation. Nev-
ertheless, the sum rule in the two-particle level is enforced by the Moriya X term. Since this
Moriya X term already includes the non-local fluctuation effect beyond DMFT, the non-self-
consistent solution of DI'A will be more reliable. The calculation procedure of DI'A is given as

follows.
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CTQMC
[ Compute G,,,,, %, j Eompute new A]

Compute new p
4 R

ComputeT,,., G,
- J

4 Compute Moriya A, R

non-local T, ; .,

& ) U

Eompute Y(kjiw), G(k,i

Figure 5.2: The calculation procedure of DI'A.
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1. First, the DMFT self-consistent loop is continued until the convergence is reached.

1 1
= 5.59
;iu+u—ek—2 wH+p—A-% ( )

2. Once the DMFT solution is converged, CTQMC samples the impurity two-particle vertex
function I',_ from the converged hybridization A and the chemical potential ;. The
impurity irreducible vertex function F;Tfh is computed from the full vertex I',_; using

Eq.B417

Ffull,(m/d)

p—hqiw 1 computed by

3. The non-local vertex function in the magnetic/charge channel

dressing I‘g"_’"h with the non-local polarization function (x")q,iw (Eq.54R).

4. In order to satisfy the sum rule in the two-particle level, the Moriya A correction is

determined from the Eq.[5.53]

5. Finally, the non-local self energy X (k,iv) within DI'A is computed using Eq.[5500 And
from X(k,iv), the non-local Green’s function G(k,ir) can be computed. In the fixed
density n calculation, the chemical potential u is adjusted to satisfy that the density

computed within DI'A is the same as the desired n.

T . w0~
E};G(k, w)e = n (5.60)

Using this new p, the DMFT loop starts again by going back to the step 1.

5.2.4 The pairing susceptibility within DI'A

Within DT'A, the non-local fluctuation beyond DMFT is taken into account by computing the
non-local self energy using Eq5.50l And the one-particle Green’s function is dressed by this DT'A
self energy. In the two-particle level, the non-local fluctuation is treated by the Moriya \ term
in order to satisfy the sum rule in Eq.[558 Unlike the DF method, the non-local fluctuations
included in the self-energy and the vertex function are not treated in a self-consistent way.
For computing the pairing susceptibility within DT'A, both the pairing vertex and the pairing

bubble includes the non-local correlations beyond DMFT. The pairing vertex I'*""P~P(k, iv, k', i)
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computed within DT'A is computed with the same equation as the DMFT pairing vertex is
computed except that the Moriya X correction is included to satisfy the sum rule in Eq.[BE.53]

Therefore, the reducible vertex in the particle-hole channel T is given by

fp—h,(m/d) (iV7 iy/)q,iw _ Z FiTT',p—h,(m/d) (iV, iVl)iw .Xp—h,(m/d) (iVl, iV2)q’iw_Firr,p—h,(m/d) (7;”27 iV’)iw

iV1,iVs
(5.61)
where X is the renormalized susceptibility due to the Moriya A term.
X i ivn)quiw = (X ") q i = TP 4 A7 (i, i) g (5.62)

As a result, the pairing vertex within DI'A is renormalized from the DMFT pairing vertex by
the X correction.
The DT'A pairing bubble xq ,—p(k, iv) is computed using the non-local DI'A Green’s function

which is dressed by the DI'A self energy obtained by Eq.[E.50

XOPP(kiv) = Gq(k,iv)- G (=k, —iv) (5.63)

1
ki = .64
Gk, iv) v+ p—ex — Xk, iv) (5:64)

Finally, the pairing susceptibility is computed by dressing the pairing bubble x*?~?(k, iv)
by the pairing vertex T'"""P~P(k,iv,k’,iv’). T, and the SC gap symmetry can be computed by
solving the eigen-problem of the pairing matrix /x0-?—? - T¥"P=P ., /x0.p=P using the Lanczos

algorithm.



109

Chapter 6

The Application of the Two-particle Vertex Calculation :

Model Hamiltonians

In this chapter, we compute the phase diagram of magnetism and superconductivity in the
Hubbard model and the periodic Anderson model. For the calculation of the superconducting
(SC) critical temperature T, and the SC gap symmetry, we apply the two-particle vertex func-
tion approach derived in Chapter[d] and Chapter[d to the model Hamiltonian calculation. T is
computed as a function of the doping for the Hubbard model and as a function of the hybridiza-
tion for the periodic Anderson model. The pairing vertex and the pairing bubble are computed
within the DMFT method, and for comparison, DI'A and DF methods are also employed to
incorporate the non-local correlations beyond DMFT. We show that the SC phase is stable near
the region where the magnetic fluctuation is strong and that the non-local methods reduce T,
compared to a DMFT result due to the renormalized pairing interaction. To further analyze
T. and the SC gap symmetry results, we also compute the momentum dependent magnetic

susceptibility, the Fermi surface, the effective U, and other relevant quantities.

6.1 The Hubbard Model

6.1.1 The Hamiltonian

The Hubbard model describes the strongly correlated physics in cuprates where doping an
electron or a hole induces high T, superconductivity. This model consists of the kinetic energy

term due to the hopping of fermions to adjacent sites and the on-site Coulomb energy term.
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We consider the 2D one-band Hubbard model whose Hamiltonian is given as follows.

0= 30 =) flofio +U DL f] Fifi (6.1)

k,o

e(k) = —2t(cos(ky)+ cos(ky)) — 4t' cos(k,) cos(ky) (6.2)

The on-site Coulomb interaction U is set to 12t where ¢ is the nearest-neighbor hopping inter-
action. And the next-nearest hopping t’ is fixed as -0.3t. These parameters exhibit the Mott
insulating state accompanying with the antiferromagnetic state at the half-filling (n = 1). As
the system is doped away from the half-filling, it is known that the magnetic state is suppressed
and the superconducting state emerges. In this section, we compute the critical temperature T
and the gap symmetry of superconductivity in the hole doping (§ = 1 — n) region of the Hub-
bard model by applying the vertex function approach based on DMFT and non-local methods

beyond DMFT.

6.1.2 The phase diagram of antiferromagnetism and superconductiv-
ity

Fig 6Tl displays the phase diagram of antiferromagnetism (AFM) and d-wave superconductivity

(SC) in the hole-doped region of the Hubbard model. The Neel temperature () of the AFM

state is determined as the temperature where DMFT magnetic susceptibility at the ordering

(m,m) vector diverges. T. of SC is calculated using different methods. Within the DMFT

method, the pairing vertex I'""P~P(k, v, k', iv/) is computed by dressing the DMFT irreducible

particle-hole vertex I'"7"P~" with the non-local polarization bubble x§7~". x&P="

is computed
from DMFT G(k,iv) dressed by a local self-energy. The pairing bubble x*?~? in the particle-
particle channel is computed from the same G(k,iv). The DMFT+X method renormalizes the
pairing vertex by a Moriya A term to satisfy the sum rule in the two-particle level. However,
DMFT x%P~P is still used. The DI'A method uses this renormlized pairing vertex and x%P~P

computed from G(k,iw) dressed by a non-local DI'A self energy. Within the DF method, the

pairing vertex and the pairing bubble diagram are derived from the DF vertex and the DF
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Figure 6.1: The phase diagram of the antiferromagnetic Neel temperature (T) and the super-
conducting critical temperature (7.) in the one-band Hubbard model. The x-axis is the hole
doping (0) and the y-axis is the temperature T'. Ty (black square) is determined within DMFT.
As § increases, Ty is suppressed and the commensurate (7,7) magnetic peak changes to the
incommensurate peak (dashed line). T, is calculated using DMFT (black triangle), DMFT+A
(blue diamond), DT'A (red square), and DF (green circle) methods. d-wave superconductivity
emerges near the magnetic phase.
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bubble by an exact relation. Both DF quantities are determined in a self-consistent way as a
conserving approximation.

Fig.[61] shows that Ty computed within DMFT (black square) is decreasing as the doping
(0) increases, and above §=0.14 Ty is completely suppressed down to T=0. This decrease of
the magnetic susceptibility at the large doping is mainly due to the screened TP~ Namely,
[rmP=h is screened by the ladder diagram in the particle-particle channel[92] and this screening
becomes more enhanced at larger dopings where the quasi-particles are coherent. The magnetic
ordering vector is (m,7) due to the nesting of the Fermi surface. This ordering vector changes
from the commensurate (7, 7) vector to the incommensurate (7 —e,m —¢) and (7,7 — ) vector
near §=0.15. This incommensurate magnetism is caused by the frustration due to the doping
and, as a result, the change of Fermi surface nesting vector (see Fig.[6.0).

T. of the SC state is computed using various methods as the temperature at which the
eigenvalue of the pairing matrix reaches one. The result shows that the d-wave SC state is
stabilized near the magnetic phase where the strong magnetic fluctuation causes the pairing
interaction of Cooper pairs. Within the DMFT method, T, (black triangle in Fig.[6.1]) shows a
strong enhancement even in the underdoped region (6=0.05). T, decreases as ¢ increases and it
becomes completely 0 above §=0.18. The experimental phase diagram of T, shows the strong
suppression of T, in the underdoped region and as a result the dome shape with the maximum
of T, at the optimal doping.

Within DMFT, the overestimated 7, in the underdoped region can be caused by mainly
two reasons. First, the pairing interaction is overestimated within DMFT. T computed within
DMFT is exaggerated since the non-local fluctuation effect is neglected. This enhanced Ty
causes the strong pairing interaction even in the underdoped region. Second, the pseudo gap
physics is not captured within DMFT. In the underdoped region, ARPES experiments found the
reduction of spectral weight at the Fermi energy, namely the pseudo-gap. The opening of this
pseudo gap will decrease T, due to the suppression of the pairing bubble, Y®P~P. Nevertheless,

in the overdoped region (640.125) where this pseudo gap physics becomes less important, the
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result of T, calculated within DMFT shows a good agreement with the experimental phase
diagram.

The DMFT—i—X, DT'A, and DF methods incorporate the non-local fluctuations beyond DMFT.
In DMFT—I—X, the pairing interaction I'""P~P is reduced by the Moriya X correction and ac-
cordingly T, (blue diamond in Fig.[61]) is decreased compared to DMFT T.. The decrease is
quite pronounced at §=0.05 and the difference becomes smaller as § increases to the overdoped
region. The DI'A method takes the same pairing interaction as DMFT+A and the pairing bub-
ble x*P~P is computed from DI'A Green’s functions. T, computed within DI'A (red square in
Fig.[6.)) is larger than DMFT+A\ T. and even DMFT T,. In the overdoped region, T, computed
within DI'A is similar to DMFT T,.. As will be discussed later, this large T, within DT'A is
due to the enhanced x%P~P within DI'A. The DF method computes I'""?~P and x%P~P in a
self-consistent way, as a result, T, computed within DF (green circle in Fig.[6.1]) is reduced
mostly among the methods Nevertheless, the dome-shape of the experimental phase diagram is

not captured in any methods.

6.1.3 The eigenvalues and the gap symmetry

The instability of the paramagnetic state towards the SC state can be studied by solving the
eigenvalue problem of the matrix equation in the pairing susceptibility as changing T'. T, shown
in Fig.[6.1]is determined as the temperature at which this eigenvalue X reaches one. Fig.[6.2(a)
shows the eigenvalues computed as a function of T at different dopings (). Here, the DMFT,
DMFT —|—X, DTI'A, and DF results are compared.

In all dopings, eigenvalues (shown in Figl6.2a)) are enhanced as T is lowered. The eigenvalue
computed within DMFT increases strongly compared to other methods as the temperature
is approaching to DMFT Ty. Since the pairing interaction is proportional to the magnetic
susceptibility, it gets strongly enhanced near the DMFT magnetic phase. Below DMFT Ty,
the DMFT method for computing the pairing vertex fails since the ladder diagram in the

magnetic channel diverges.
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Figure 6.2: (a) The eigenvalue A of the pairing susceptibility in the particle-particle channel
as a function of T at different dopings (§=0.05, 0.075, 0.1, and 0.125). DMFT, DMFT+),
DI'A, and DF methods are employed for computing the eigenvalues. (b) The eigenfunction
¢(k) computed at §=0.125 and T=0.1¢. This ¢(k) of the leading eigenvalue corresponds to the

SC gap function.
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The DMFT—i—X7 DT'A, and DF methods show a rather slow increase of eigenvalues compared
to DMFT due to the non-local correlation effect. The eigenvalue computed within DI'A is
the largest among at T above T, in all dopings. As T gets lowered, DMFT eigenvalue is
enhanced sharply. The eigenvalue computed within the DMFT+A method is similar as the
DMFT eigenvalues at T > T, and they are strongly reduced as T is lowered since the Moriya
A correction gets larger. The DF eigenvalues are the smallest in all dopings since the pairing
interaction is strongly reduced due to the non-local correlation treated by dual fermions.

As the doping increases, the eigenvalues computed from all methods are reduced showing
an agreement with the monotonic decrease of T, in Fig.[6Il This monotonic behavior mainly
originates from the suppression of the pairing interaction at increased doping. As we will show
below, the pairing interaction is quite sensitive to the change of dopings.

The momentum dependence of the eigenfunction ¢y corresponding to the leading eigenvalue
shows the gap symmetry of the SC state. Fig.[6:2(b) shows the eigenfunction ¢(k,iv = #T')
in the Brillouin zone. Within DMFT, the momentum dependence of ¢ clearly shows that the
gap symmetry is d-wave, i.e., cosk; — cosk,. Indeed, the gap symmetry of superconductivity
in the one-band Hubbard model has been studied by many theoretical works to be a d-wave.
We found that the leading eigenfunction has always d-wave symmetry in all doping parameters
shown in Fig.[6.1] and in all methods. Therefore, we confirmed the d-wave symmetry of the SC

gap is mostly favored in the one-band Hubbard model compared to other symmetries.

6.1.4 The pairing strength and the pairing bubble

Fig. shows the temperature dependence of the projected pairing interaction T?~P(4 at dif-
ferent dopings. The d wave projection of the pairing interaction is the largest among symmetry
channels at all dopings, therefore, only T?~7:(@) results are shown.

In the DMFT method, I'"""P~P is obtained from the reducible diagram in the particle-hole
channels, i.e., D™ P—h . yp=h  Tirmp=h = Ag g result, I?~?(9) gets dominant near DMFT Ty

where the magnetic x?~" is strongly enhanced.
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Figure 6.3: The pairing interaction projected to the d wave channel, I*~7(4) as a function of

temperature at different dopings. The results employing the DMFT, DI'A, and DF methods
are compared.

In the DT'A method, x?~" is renomalized from the DMFT value by the Moriya X correction
to satisfy the sum rule in the two-particle level. In principle, this A correction renormlizes
Ty down to zero satisfying the Mermin-Wagner theorem in a 2D system [85]. At 6=0.05,
P~ is renormlized from quite high 7" and becomes strongly renormalized at lower 7. As
the doping increases, this A correction becomes effective only at lower temperatures where
magnetic fluctuation is strong.

The DF method take into account the non-local correction of the vertex function self-
consistently in a conserving way. As a result, T?~?:(4) is strongly renormlized in the DF method
at all dopings compared to either the DMFT or the DI'A method. In the DI'A calculation, the
fully self-consistent calculation without the Moriya X term should renormalize TP~7(d) further
as the DF method.

As doping increases, T?~7(9) decreases monotonically in all methods, i.e., the pairing in-
teraction is the strongest at the underdoped region (6=0.05). This result is related to the
overestimated 7T, in the underdoped region. This monotonic increase of I'?~?(4) ig also shown

in the DCA calculation|[93]. Nevertheless, the DCA calculation can produce the dome shape
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of T,. due to the strong reduction of x®?~P in the underdoped region. It is also possible that
774 results computed within the DMFT, DT'A, and DF methods are still overestimated in

the underdoped region even at high temperatures compared to the DCA method.
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Figure 6.4: The pairing bubble in the particle-particle channel x%P~P projected to the d-wave
symmetry channel. The result is obtained as a function of T" at different dopings. The DMFT,
DI'A, and DF methods are used for the calculation.

Fig.[6.4] displays the temperature dependence of x*?~P at §=0.05, 0.75, 0.1, and 0.125. The
DMFT, DT'A, and DF methods are employed for calculation. At all dopings, x*P~P computed
within the non-local methods shows the larger value compared to the DMFT method. This
result somehow contradicts with the half-filling Hubbard model results where DT'A and DF
methods produce a spin gap at the Fermi energy [85, 94] and as a result the reduction of x%P~P.

The eigenvalue in the pairing channel is determined by the combination of I'*~7(4) and
x%P~P. Even though the DF method gives the largest x°»~P compared to other method, the
strong suppression of T?~7(4) results in the lowest eigenvalue and, as a result, the lowest 7}, at
all dopings. In the DI'A method, x*P~P is quite enhanced than DMFT, but slightly smaller
than DF x%?~?. However, I'?~7(4) within DI'A is not strongly suppressed as DF, therefore, T,
within DT'A is even nslightly higher than DMFT T.. It is suggested that x"?~P within cluster

DMFT can be strongly enhanced at the optimal doping within cluster DMFT [93].
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In the DMFT result, the temperature dependence of x°"?~P near the optimal doping (§ ~0.125)
reveals the logarithmic enhancement at low temperatures showing an agreement with the Fermi
liquid behavior of xo,p—p ~ log(1/T). In the BCS argument, this logarithmic enhancement of
x"P~P at low temperature gives the pairing instability for a given interaction whose energy
scale is limited by the phonon Debye frequency. At the underdoped region (6=0.05,0.075), this
logarithmic enhancement is not clearly present even at low 7. This is due to the fact that
quasi-paritcles computed within DMFT in the doped Mott insulating region show an incoher-
ent behavior until the very low T is reached. In spite of the incoherent x*P~P, the pairing
interaction I'?~7(®) within DMFT is strong enough to cause the pairing instability at high T
in our calculation.

In the cluster DMFT calculation with large cluster sites, %P7 in the underdoped region
is strongly suppressed compared to the optimal region due to the pseudo-gap in the density
of states [93]. In the DT'A and DF methods, the pseudo-gap is not clearly seen even at the
underdoped region (§=0.05) (see Fig.[G.6I(b)) until the lowest temperature we could reach.
Therefore, stronger fluctuation is expected to be included in DI'A and DF methods. The current
DI'A method needs to be implemented as a fully self consistent way without the need of Moriya
A correction. In DF method, the strong non-local fluctuation can be included by computing
more relevant diagrams for the DF self energy. For example, the ladder type diagram in the
particle-hole channel is possible. The study of superconductivity in the underdoped region by

including the strong non-local fluctuation will be the future challenge.

6.1.5 The magnetic susceptibility and the spectral function

Fig.[6.5] shows x™(q) along the special q path chosen in the Brillouin zone at 6=0.05 and 0.15.
At 6=0.05, x"(q) shows a peak at (, 7) in all methods while this peak is splitted to (1 —e, 7 —¢)
and (m, ™ —¢) at §=0.15. The left figure in Fig.[6.6(a) displays the spectral function at §=0.05.
Although the spectral weight is rather small and broad compared to §=0.15, this Fermi surface

reveals that the particle-hole excitation is dominant at q=(m, 7). Within DI'A and DF, x"(q)
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Figure 6.5: The magnetic susceptibility xq' computed in the Hubbard model as a function
of the momentum transfer q at different dopings. The susceptibilities are computed within
DMFT, DT'A, and DF methods for a comparison. (a) The doping §=0.05 and T=0.2¢. (m, )
antiferromagnetism is strongly enhanced. (b) §=0.15 and T=0.05¢. The susceptibility at (7, )
is suppressed and the magnetic ordering vector is splitted to (7 — e, 7 — ¢) and (m, 7 — ¢).
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Figure 6.6: The spectral function A(k,w = 0) = —1G(k,w = 0) in the Hubbard model. (a)
A(k) computed within DMFT at §=0.05 (left) and 0.15 (right). 7=0.02¢ in both dopings. (b)
A(k) computed with the non-local methods beyond DMFT at 6=0.05 and 7=0.1¢. The DF
(left) and the DT'A (right) methods are used.
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especially at q=(m, ) is strongly decreased due to the non-local effect and as a result, the
pairing interaction is also suppressed as shown in Fig.[6:3 Even though x™(q) is slightly more
reduced within DI'A, the pairing interaction is more suppressed in the DF method.

This q dependence of the magnetic susceptibility x"(q) is related to the momentum de-
pendence of the pairing vertex. The (m,7) peak of x™(q) indicates that the pairing interaction
is strongly enhanced between Cooper pairs at k and k' with k — k' = (7,7). We checked
that the contribution to the pairing vertex from the charge channel is much smaller than the
magnetic channel. This momentum dependence of the pairing vertex plays a crucial role to
determine the SC gap symmetry. Namely, quasi-particles near the Fermi surface at k = (£m,0)
and k' = (0,£7) (see the Fermi surface in Fig.[6.6(a)) are strongly affected by the pairing
interaction induced from (7, 7) magnetism. As a result, the gap function is maximum at those
anti-nodal (£7,0) and (0,+x) points and the gap changes even a sign going from the k point
to the k’ point for the pairing interaction to be effectively attractive. Therefore, the d-wave
symmetry, cos(ky) — cos(ky), is favored in the Hubbard model.

As 4 increases to 0.15, the position of the magnetic peak changes from (m, ) to (7 —e, ™ —¢)
and (m,7 — ) . This incommensurate magnetism originates from the nesting vector of the
Fermi surface at this doping. Fig.[6.0l(a) shows that the Fermi surface is slightly shrinked as
d increases and as a result the nesting vector is pronounced at (m — &,m — ) shown as the
white arrows. Within DI'A and DF, x™(q) is reduced due to the non-local fluctuation and the
pairing interaction as well (Fig.[63). Nevertheless, this incommensurate magnetism still favors
the d-wave SC symmetry as shown in the phase diagram.

Fig.[6.6l(b) shows the spectral function at 6=0.05 computed within the non-local methods,
DF and DT'A. T is set to 0.1¢ which is higher than 7" at Fig.[6.6(a). Due to this high 7', the
spectral weight is heavily reduced and quite broad. Nevertheless, the formation of the Fermi arc
due to the non-local effect is still noticeable. Namely, the spectral weight at (£7,+7) is slightly
enhanced than the (+m,0) and (0,+n) points. This Fermi arc formation does not necessarily

reduce the paring bubble x%?~? compared to DMFT x%P~P since the overall spectral weight



121

within DF and DI'A is more coherent than the DMFT spectral weight. This can be understood

from the non-local self-energy result as will be shown in the next subsection.

6.1.6 The non-local self-energy

0 . ;
®—o DF
_ K=(0.0) (|0 e ora K=(,m)
3 -2 |4+ cOMFT
< A—& DMFT
A
E | M
-6 ‘ - : :
K=(n/2,7/2) K=(m,0)
3 -2 1
5 W
A
g —4r ‘\‘ﬂ/l/‘/‘/
) 2 4 6 0 2 4 6 8
w w
b
e—e DF
— ||m—m Dra K=(0,0) K=(m,m)
3 4[| ¢~ cOMFT Il
X ||a—A DMFT
D 2l i
I
0 . . | ; ;
K=(n/2,7/2) K=(m,0)
34 1
<
o i
o
0
o 2 4 6 0 2 4 6 8
w w

Figure 6.7: The comparison of non-local self energies 3(k,iw) computed using DF (green cir-
cle) and DI'A (red square) at k=(0,0), (m,7), (7/2,7/2), and (7,0). The 2x2 cellular DMFT
(CDMFT) result (blue diamond) and the single site DMFT result (black triangle) are also
shown for comparison. The doping ¢ is fixed to 0.05 and T'=0.2¢. (a) The imaginary part of
Y(k,iw). (b) The real part of X(k,iw).

We show the non-local self energy X (k,iw) at momentum k=(0,0), (m,7), (7/2,7/2), and

(7,0) computed within the DF and DT'A methods. The 2x2 CDMFT results at k=(0,0), (7,7),
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and (,0) are also shown for the consistency check. Fig. (a) displays the imaginary part
of ¥(k,iw). In both the DF and DT'A methods, the scattering rate ImX(w = 0) at (0,0) gets
smaller compared to other momentums namely more coherent while (7,7) self energies are quite
incoherent due to the non-local correlations. Both methods give a good agreement with the
CDMEFT result.

Comparing k=(7/2,7/2) and k=(7,0), ImX at (7,0) has slightly larger scattering rate than
k=(n/2,7/2). This momentum differentiation cause the Fermi arc shape shown in Fig.[6.8(b).
At both (7/2,m/2) and (7,0), DT'A results shows a slightly more incoherent X (k,iw) than DF
results. Nevertheless, both ImY data show the smaller scattering rate than the DMFT I'm3.
Our result shows that quasi-particles get more coherent at high temperatures in the underdoped
region due to the non-local effect. This also coincides with the enhanced x¢ -, within DF and
DI'A methods compared to DMFT shown in Fig.[6.3]

Fig.[67(b) shows the real part of ¥(k,iw). At k=(0,0), the DF result shows a better
agreement with the CDMFT result while the DI'A ReX is below the DF ReX. Since €y + ReXy
shows the effective quasi-particle energy, (0,0) orbital computed within DT'A is located more
away from the Fermi energy compared to DF and CDMFT. The (m,7) orbital within DF also
agrees well with the CDMFT result while the (7,7) orbital within DT'A is slightly increased. At
both (7/2,7/2) and (7,0), Re¥ within DF and DT'A show a good agreement with DMFT and

CDMFT results even though DF result is slightly enhanced at low energy.

6.1.7 The effective U

In Fig.68 U.ss in the magnetic channel is shown as a function of T at different dopings ().
The formula for Ugss is given in subsection 53l As the doping d increase, Uss is more
renormalized due to the dynamical screening from coherent quasi-particles at large dopings. In
the underdoped region (6=0.05), U, ff is even greater than the bare interaction 12¢ shown as

the dashed line in Fig.[6.8 This strong U, rf at 6=0.05 causes the strong pairing interaction

even at high T (Fig.[63) and hence the high T, in the underdoped region. In real materials,
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Figure 6.8: The effective interaction (U.sy¢) for the electron-magnon coupling calculated as a
function of T at different dopings (6=0.05, 0.75, 0.1, and 0.125) in the Hubbard model. The
dashed line marks the bare interaction U.

the strong interaction among d or f electrons can be renormlized due to screening channels
with other conduction electrons, therefore this strongly enhanced U, ¢ might be the artifact of
the single orbital model calculation. As T is lowered, the renormalization of U, rf gets more
stronger since the coherence scale is also increased.

Our result of U,y shows a similar feature compared to the cluster DMFT and the QMC
results[95,[96]. Namely, U s decreases as § gets larger and 7' is cooled down. The cluster DMFT
result shows even more renormalized U,y in the underdoped region This can be caused by the
strong non-local correlation treated within cluster DMFT. The cluster DMFT result also shows
a slight upturn of U, tf at very low T" which might be due to the pseudo-gap physics which

DMFT cannot capture. Nevertheless, U, ¢s computed within DMFT reveals a qualitatively

similar feature as the U,z within cluster DMFT, hence the pairing interaction as well.
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6.2 The Periodic Anderson Model

6.2.1 The Hamiltonian

The periodic Anderson model treats strongly correlated fermions (f) with the on-site Coulomb
interaction U, which are hybridized with non-interacting fermions (¢) by the hybridization
function V' (k). This model is adequate for describing materials such as the heavy fermion
system containing open shells of d or f electrons and the broad s, p or d bands near the Fermi
energy. Here, we consider the 2D two-band (one f and one ¢) periodic Anderson model. The

Hamiltonian for the periodic Anderson model is given by

Ho= > (&) = 0) Rlofieo + U3 F L i fi

oo
+ kZ<fc<k> — 1) Oy Co + kZ V(K) - (ff e + ey fioo) (6.3)

where | |
er(k) = €} +2ep(cos(ky) + cos(ky)) + 1€ cos(k,) cos(ky) (6.4)
(k) = 2e.(cos(ky) + cos(ky)) + 4€. cos(ky) cos(ky) (6.5)
V(k) = Vi(1 - cos(kz) cos(ky)) (6.6)

The on-site energy e(} is -7.8¢. where €. is the nearest-neighbor hopping energy of ¢ electrons, the
hopping energy of f electrons e;=0.15¢., the next-nearest neighbor hopping energy e'f:O.Se fs
the next-nearest hopping energy of ¢ electrons €,=0.3¢., the on-site Coulomb interaction U=8¢,
and the chemical potential u=-0.4e.. Note that f electrons also have the hopping energy
term unlike the typical periodic Anderson model. The hybridization parameter Vi controls
correlations of f electrons from the strong correlation limit at small Vi to the weak correlation
limit at large Vik. In this section, we compute the superconducting 7, and the gap symmetry
in the periodic Anderson model changing the parameter Vi. The vertex function calculation is
performed on the basis of correlated f electrons. DMFT, DT'A, and DF results are shown for

the comparison.
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6.2.2 The phase diagram of antiferromagnetism and superconductiv-

ity
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Figure 6.9: The phase diagram of the antiferromagnetic Neel temperature (T) and the su-
perconducting critical temperature (7.) in the periodic Anderson model. The x-axis is the
hybridization constant Vi and the y-axis is 7. The AFM region is determined as the region
where T' < Txn. Tn (black square dots) is calculated within DMFT. As Vi increases, com-
mensurate (7, 7) magnetism changes to incommensurate magnetism (gray square dots). The
SC region is determined as the region where both T' < T,,, and T < T, are satisfied. T,
is calculated using the DMFT (black triangle and circle), DT'A (red triangle and circle), and
DF (green triangle and circle) methods. In the periodic Anderson model, both the extended
s-wave (triangular dots) and the d-wave symmetry (circular dots) are possible. The coherence
temperature Teop, is computed from the scattering rate data. (see Fig. [6.10]).

Fig.[6.9 shows the phase diagram of the AFM phase and the SC phase as a function of the
hybridization parameter Vi and the temperarature T. In the small Vi region (Vi <0.35), the
AFM state is stabilized below the Neel temperature T at which the (7, 7) magnetic suscepti-
bility within DMFT diverges. As Vj increases, the AFM state stabilized at small Vj is strongly
suppressed and the commensurate ordering vector is shifted to the incommensurate (7w —e, 7 —¢€)
vector. This change of the ordering vector is related to the Fermi surface change as a function
of Vi (see Fig.[6.14).

The coherence temperature T,,p, of f electrons (blue dashed line in Fig.[6.9]) strongly depends
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on Vk. Teop is determined from the temperature dependence of the quasi-particle scattering rate
(see Fig.[610 In the small Vi region, Te,op is exponentially suppressed as f electrons become
strongly incoherent. At T > T, f electrons are almost localized since the hybridization
with ¢ electrons become negligible. It is known that the magnetic interaction between localized
moments in the periodic Anderson model mostly comes via the Friedel oscillation of ¢ electrons
as an indirect way. This interaction is so called the RKKY interaction. In our model, the direct
hopping between f electrons is also allowed and this hopping can also enhance AFM in this
region. As T < T, in the large Vi region, f electrons are strongly screened by c electrons
binding as the Kondo singlet state. In this region, the f electrons behave as coherent quasi-
particles below T,,,. The incommensurate magnetism through V;=0.35 0.45 originates from
the nesting of the large Fermi surface due to delocalized f electrons.

The SC state is stable near the magnetic phase as computed from various vertex function
methods 7. computed within DMFT (black triangle and circle) is strongly enhanced even at the
small Vi region (Vi 0.3). As Vi is increased, T, keeps decreasing and is eventually suppressed
to 0 near Vi 0.46 where incommensurate magnetism also disappears. This decrease of T,
occurs because the pairing interaction is weakened as magnetic fluctuations are reduced. This
monotonic behavior of T, is also shown in the previous Hubbard model calculation. For the
SC gap symmetry, the extended s-wave (triangular dots in Fig.[6.9) is favored in the incoherent
region (T' > T.p) while the d-wave symmetry (circular dots in Fig.[6.9) is more favored in the
coherent region (T < Teon) (see Fig.[6I0(b)). The non-local DT'A and DF methods favor the
d-wave symmetry near T.

The non-local method beyond DMFT reduces T, in the periodic Anderson model compared
to DMFT T, especially in the small Vi region near 0.3. In the DF method, the non-local
fluctuation is included by the non-local DF self energy and the two-particle DF vertex function.
As a result, T, computed within DF is quite reduced compared to the DMFT T,.. In DI'A, the
non-local fluctuation in the two-particle level is treated using a Moriya X constant. Unlike the

Hubbard model result, the non-local fluctuation treated within DT'A is even stronger than DF
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producing smaller T.. In both methods, T, shows the maximum in the small Vi region and
it decreases as the pairing interaction is reduced in the large Vi region. As will be shown in
Fig.[6.T1l the reduction of T, by the non-local methods is mainly due to the renormalization of
the pairing vertex. The pairing bubbles x"P~P at each Vj are similar in both methods.

Similar as the Hubbard model result, the SC state is stable at high 7" even in the incoherent f
electron region. The overestimated 7T, at small Vi mainly originates from the enhanced pairing
interaction near the magnetic phase. Nevertheless, the reduction of T, within DT'A and DF
shows that the decrease of the pairing interaction due to the non-local fluctuation is important.
In our model, the f electrons at T" > T, does not even form a definite Fermi surface as will
be shown in Fig.[6.I4l This spuriously enhanced T, in the incoherent region is the artifact of
overestimated pairing interaction in the vertex funciton calculaton. Therefore, we claim that
the actual SC state can be obtained by the Cooper pairing of coherent quasiparticles, i.e.,
when both T' < T, and T' < T, conditions are satisfied. In this way, the phase diagram of
superconductivity becomes reasonably similar to the experimental phase diagram.

Fig.[6I0(a) shows the leading eigenvalues A of the Bethe-Salpeter equation in the pairing
channel. DMFT, DT'A, and DF methods are employed for computing eigenvalues in the small
Vk (=0.3) region and the large Vi (=0.4) region. As T decreases, the eigenvalues are enhanced
due to the increase of the pairing interaction and the pairing bubble. A computed within DMFT
shows the largest value compared to other non-local methods at both Vj values. As the non-local
effect is included, T, is reduced in both DI'A and DF methods compared to the DMFT results.
Unlike the Hubbard model result where T,. computed within the DF method is the smallest,
the DI'A method reduce T, slightly more than the DF method in the periodic Anderson model.

The SC gap symmetry is computed from the eigenfunction ¢y of the paramagnetic Bethe-
Salpeter equation in the pairing channel within DMFT. In the Hubbard model, a d-wave is
always the leading gap symmetry since the large spectral weights at (£m,0) and (0, =) in the
Brillouin zone make the d-wave preferable. In contrast, both a d-wave and an extended s-wave

are preferred in the periodic Anderson model and they are close to each other. This is due to
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Figure 6.10: (a) The leading eigenvalue A\ of the pairing susceptibility in the particle-particle
channel as a function of T at V4,=0.3 and 0.4. The DMFT, DI'A, and DF methods are employed
for computing the eigenvalues. (b) The eigenfunction ¢(k) computed at V4,=0.3 and 0.45 near
T.. This ¢(k) is computed within the DMFT method and it corresponds to the SC gap function.
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the fact that the Fermi surface of the periodic Anderson model shown in Fig.[614(b) have no
preference to either a d-wave or an extended s-wave even though the larger Fermi surface is
similar as the Fermi surface in the Hubbard model.

The phase diagram in Fig.[6.9 shows that at high T(>> T..) the extended s-wave is more fa-
vorable while the d-wave becomes more stable as T cools down. Fig.6.I0(b) shows ¢y computed
at V4=0.3, T=0.015 and at V},=0.45, T=0.005. At small Vi and large T', the Fermi surface of
f electrons is not clearly formed as shown in Fig.[614a) and the d-wave is suppressed due to
the absence of the large Fermi surface. As the f electrons regain the coherence at large Vi and

small T, the Fermi surface shows the definite shape and the d-wave symmetry becomes more

favored (Fig.[6I0(b) right).

6.2.3 The pairing strength and the pairing bubble
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Figure 6.11: The pairing interaction I'*~7(9) computed in the periodic Anderson model. The
result is given as a function of T at V},=0.3 and 0.4. The results employing the DMFT, DI'A,
and DF methods are compared.

Fig. 611 shows the pairing interaction T?~7(?) computed at V4 =0.3 and 0.4 as a function
of T. The DMFT, DT'A, and DF methods are used to compute T'?~7(4)_ At 14=0.3, [P—P:(4)
is enhanced as T is lowered due to the enhancement of the magnetic fluctuation. The pairing
interaction is slightly decreased in the DF method compared to DMFT and it is more reduced

within DI'A. This result is somewhat different from the Hubbard model result where the DF
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method renormalize T'?~?/(4) the most. The DF method is a perturbative approach around
the DMFT result and this perturbation term is smaller in the periodic Anderson model since
the hopping term of f electrons is smaller and the local approximation is better applicable
in the periodic Anderson model. Within DI'A, the Moriya X correction results in the strong
reduction of TP~P(@) At 14=0.4, I?~7(@ values computed within DMFT and DF are similar
and they increase only slightly as 7' decreases. In contrast, I?~?(4) computed within DT'A is
more reduced and almost flat as a function of 7. At V4=0.4, the magnetic susceptibility gets
smaller and the peak position becomes incommensurate as will be shown in Fig.[6.13] and the

pairing interaction is also quite reduced.
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Figure 6.12: The pairing bubble in the particle-particle channel x*?~? projected to the d-wave
symmetry channel. y®P~P is calculated as a function of T at V4=0.3 and 0.4. The DMFT,
DI'A, and DF methods are used for the comparison.

Fig. shows the pairing bubble diagram x%P~P projected to the d-wave symmetry as
a function of T. At 14=0.3, \*?~P computed within DMFT is almost flat and only slightly
increases at very low T below 0.01 estimated as T, from Fig. Within the DT'A and DF
methods, x%P~P shows similar values as DMFT up to the calculated T. At 14=0.4, x*P~P
obtained by DMFT is more rapidly increasing at higher 7" than V},=0.3 since T, is higher at
the large Vi.. x%P~P computed within DF is a little smaller than the DMFT result while the
DI'A x%P~P is quite enhanced at low 7. This enhanced x"?~? at 14=0.4 can contribute to

superconductivity in this region.
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6.2.4 The magnetic susceptibility and the spectral function

Figure 6.13: The magnetic susceptibility x™(q) of the periodic Anderson model as a function of
the momentum transfer q near Ty. For comparison, x(q) is computed from the DMFT, DT'A,
and DF methods. (a) : V&=0.3, T=0.015. In this region, the f electrons are rather localized
and the ordering vector q corresponds to 2k of the c electrons due to the RKKY magnetic
interaction. (see Fig. [614 (a)). (b) : V=0.4, T=0.01. The f electrons bahave as the itinerant
quasi-particles and the ordering vector is determined from the nesting of the f electron Fermi
surface. (see Fig. (b)).

Fig. shows x™(q) computed using the DMFT vertex function and non-local vertices
(DT'A and DF). At both V4=0.3 and V4=0.4, the susceptibilities calculated using non-local
methods are reduced than the DMFT susceptibility. This is due to the inclusion of non-local
correlations beyond local DMFT correlations. The DI'A susceptibility is more renormalized in
the periodic Anderson model at both V4=0.3 and V}=0.4. The peak position of x™(q) does
not change in both DI'A and DF methods compared to DMFT at V4=0.4 while the DF x™(q)
peak is slightly shifted to (m — e, m — €) at V4=0.3.

In the small Vi region (Vi = 0.3), the magnetic susceptibility x™(q) has a peak at q =
(m,m) as shown in Fig.[6I3(a). This peak can be understood from the spectral weight data in
Fig.614(a). In this small Vi and T > T, region, f electrons behave as incoherent localized
moments. As a result, Fig.[6I4(a) left shows that f electrons have the strongly reduced and

broad spectral weight in the Brillouin zone and they do not form a definite shape of the Fermi
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Figure 6.14: The f electron and the c electron spectral function A¢(k,w = 0) = f%Gf’c(k,w =
0). (a) The hybridization Vix=0.3¢. and T=0.018¢.. f electrons (left) show the broad and small
spectral weight near the Fermi energy due to incoherence (T > T,.) while ¢ electrons (right)
form a clear Fermi surface. (b) Vx=0.4e, and T=0.005¢.. f electrons are strongly hybridized
with ¢ electrons and two definite Fermi surfaces are formed contributed from both f and ¢
electrons. (T < Teop)

surface. In contrast, coherent ¢ electrons show a clear circular Fermi surface. The magnetic
interaction of localized f electrons is mediated by c electrons, i.e., the RKKY interaction. In
this interaction, the magnetic ordering vector is given as 2kp of ¢ electrons as indicated in the
white arrow of Fig.[614(a). This 2kpr vector corresponds to the antiferromagnetic ordering
vector (m,m) of f electrons.

As Vi increases to 0.4, the x™(q) peak at q = (m, ) is strongly suppressed while the peak
position is shifted to q = (7 — e, m — €). This peak position shift is closely related to the change
of the f electron Fermi surface. In the large Vi and small T region (T' < Top), f electrons are
delocalized and they form two clear Fermi surfaces as shown in Fig.[614[(b) left. The magnetic
ordering vector (m —e, m —¢€) originates from the Fermi surface nesting vector shown as the white
arrow in Fig.[6I4(b) left. Fig.[6.14(b) right shows that ¢ electrons are mostly concentrated on

the larger Fermi surface.
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Figure 6.15: The effective U calculated as a function of 7" in the period Anderson model. The
data are shown at V4.=0.3, 0.35, and 0.4. The bare interaction U is 8¢, shown as the dashed
line.

6.2.5 The effective U

Fig. displays the effective interaction U, ¢ as a function of T. As Vi gets large and
T becomes small, U, rf is more renormalized since f electrons are screened by the enhanced
hybridization with ¢ electrons. Here, Ucsf is quite smaller than the bare U value even at
V%x=0.3. This implies that the screening of the periodic Anderson model is more effective due to
¢ electrons compared with the one-band Hubbard model with f electron alone. This screening
of U,y originates from the scattering in the particle-particle channel known as the Kanamori

screening [92].

6.2.6 The scattering rate, ImX(iw =07)

Fig.[6.T6] shows the scattering rate ImX(iw = 07) result as a function of T in various Vi values.
The ImX(iw = 07) value is obtained by extrapolating the lowest Matsubara points of the
DMFT ImX to iw = 0~. This ImX(iw = 07) data can be used to determine the T, of the
periodic Anderson model (see Fig.[69). In a Fermi liquid, the scattering rate scales as T2 at
low T (T < Teon). As T increases more than T,.,, the scattering rate increases rather slowly

and saturates at a maximum value.
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Figure 6.16: The scattering rate ImX(iw = 07) as a function of T' in the periodic Anderson
model. The results are shown varying Vi from 0.2 to 0.5 values. The ImX. data are obtained
from the DMFT solution.

At Vi =0.4~0.5, ImX(iw = 07) obeys this Fermi liquid behavior, i.e., it is proportional to
T? at low T and saturates at much higher 7. T, is the crossover temperature from the low T
region to the high T region. Here, we determine T¢,;, as the temperature where %
reaches a maximum.

In the small Vi region (V4=0.2~0.3), ImX(iw = 0~ ) shows strongly enhanced values at
even low T and the coherence scale below which T scales as T2 becomes much reduced. As T
increases, the scattering rate shows a maximum and it is slowly decreased and saturated. This
maximum of ImX(iw = 07) in the localized region is indicative of the resistivity maximum
at low T in the Kondo impurity model which originates from the impurity scattering with

d(ImE(iw=0"))
daT

conduction electrons. In this small Vi region, the criterion from the calculation

is ambiguous, therefore, we determine T, as one half of the temperature where ImX(iw = 07)

becomes maximum.

6.3 Conclusion

As a conclusion, we computed the phase diagram of the magnetic phase and the superconducting

phase in both the Hubbard model and the periodic Anderson model. In both models, the
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superconducting phase is stable near the magnetic phase at which the magnetic fluctuation
is strong. Different vertex function calculations based on the DMFT, DF, and DI'A methods
are employed, and the results are compared. T, is determined as a combination of the pairing
strength and the pairing bubble, i.e., the density of states of the system. The SC gap function
is closely related to the momentum dependence of the pairing vertex and the Fermi surface
geometry of quasi-particles.

The vertex function calculation based on DMFT, DF, and DI'A is an inexpensive and
efficient approach to compute T, and the SC gap symmetry compared to the cluster extension
of DMFT. We showed that these approaches can capture the strong magnetic fluctuation effect
causing the pairing instability in both the Hubbard model and the periodic Anderson model. As
shown in Chapter[] this vertex function approach can be applied to the realistic multi-orbital
system in a straightforward way. The cluster DMFT is not applicable to the multi-orbital
system since it gets numerically too expensive. The RPA calculation of superconductivity is
quite inexpensive but it works exclusively in the itinerant limit, and the irreducible vertex in
the particle-hole channel is replaced by a constant as an approximation. Therefore, the vertex
function calculation approach will be a promising route to study the microscopic origin of the

pairing mechanism in many superconducting correlated materials.



136

Chapter 7

The Magnetic Excitation Spectra in Fe-based

Superconductors

In this chapter, we study the magnetic excitation spectra in the paramagnetic state of BaFesAs,
from the ab initio perspective [77]. The one-particle excitation spectrum is determined within
the combination of the density functional theory and the dynamical mean-field theory method.
The two-particle response function is extracted from the local two-particle vertex function, also
computed by the dynamical mean field theory, and the polarization function. This method
reproduces all the experimentally observed features in inelastic neutron scattering (INS), and
relates them to both the one particle excitations and the collective modes. At low frequency the
magnetic excitation spectra, as encoded in S(g,w), is strongly peaked at the magnetic ordering
wave vector (1,0, 1). With increasing energy the peak position shifts, and around 230 meV the
peak moves to the wave vector (1,1,1), in good agreement with inelastic neutron scattering
(INS) experiments on BaFeyAsy. This high energy peak is shown to originate mainly from
the intra-orbital excitations in the d,, orbital from the momentum space regions near the two
electron pockets. The magnetic excitation dispersion is well accounted for by our theoretical
calculation in the paramagnetic state without any broken symmetry, hence nematic order is not

needed to explain the INS experimental data.
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7.1 Introduction to Fe-based superconductors

7.1.1 History

In 2008, Hideo Hosono and the co-workers discovered that fluorine-doped LaOFeAs shows su-
perconductivity with as high T, as 26K [97]. Right after this discovery, it was reported that
fluorine-doped LaOFeAs can show T, around 43K by the application of pressure [98] and the
T. value can be further increased by replacing La by other rare earth elements [99]. Following
this discovery of the Fe-based superconductor, tremendous research efforts have been stimulated
to synthesize new Fe-based compounds with higher 7, and to understand the origin of super-
conductivity in these new materials. After the experimental discovery, theoretical electronic
structure calculation [70] showed that these materials have both localized and itinerant aspects
of correlated electrons, and the pairing mechanism of superconductiviy can be non-phonon me-
diated similar as the cuprate superconductors. However, it is not unraveled until now what is
really the mediator of pairing in these systems and it requires new theoretical advances and
experimental efforts. Therefore, the discovery of the Fe-based superconductors has opened a
new avenue of research to understand the origin of superconductivity in strongly correlated

condensed matter systems.

7.1.2 Crystal structure

The crystal structure of Fe-based superconductors has a common feature, i.e., it has a lay-
ered structure based on Fe atoms joined by tetrahedrally coordinated pnictogens (P, As) or
chalcogens (S, Se, Te). And these layers are arranged in a stacked sequence separated by alkali,
alkaline-earth or rare-earth and oxygen/fluorine layers. The Fe-based superconductors with Fe
atoms surrounded by pnictogens are usually called as Fe pnictides and the materials with Fe
atoms surrounded by chalcogens are called as Fe chalcogenides. Similar to the CuOs plane in
cuprate superconductors, the two-dimensional Fe plane plays an important role for magnetism

and superconductivity in these materials.
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Figure 7.1: The crystal structure of BaFea Asy. This figure depicts the conventional unit cell of
the body-centered tetragonal structure.

The five distinct tetragonal structures are known to exist in Fe-based superconductors [4].
Fig.[T shows the body-centered tetragonal structure of BaFesAss, so called the 122 structure.
This structure is the most studied one among the five structures. The known experimental
lattice constants for BaFesAsy are shown in Table. [l The large ¢/a ratio indicates that
two-dimensional physics may be crucial for the study in 122 systems. Moreover, z45 plays an
crucial role in determining 7T, of Fe-based superconductors and T, is highest when the As-Fe-As

tetrahedral bond angle is closest to the ideal value of 109.47°

a | 3.9625A
¢ | 13.0168A
zas | 1.3603A

Table 7.1: The lattice constants of BaFegAsy. a is the length in the z- (y-) direction of the
conventional unit cell, ¢ is the height of the unit cell, and z 4 is the height of the As atom from
the Fe plane.
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7.1.3 Phase diagram

Ba,_ K Fe,As;
150 - BaFe, ,Co,As,

BaFe,As,_P,
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Figure 7.2: The phase diagram of BaFesAss obtained by the chemical substitution of either Ba
with K [I] (dark blue), Fe with Co [2] (blue), or As with P [3] (red). The dashed line shows the
structural transition. This figure is taken from Ref. [4].

Fig.[[2 displays the phase diagram of BaFeyAss obtained by manipulating the chemical
doping/substitution of the material. By substituting either the alkaline-earth (Ba), transition-
metal (Fe), or pnictogen (As) atom with a different element, one can produce the similar
phase diagrams once the chemical substitution is normalized to overlap the descent of the
AFM transition. The chemical substitution or alternatively applied external pressure drives an
antiferromagnetic (AFM) state to a superconducting (SC) state. Between the AFM and the SC
states, two states also coexist within a certain range. A structural phase transition from the
tetragonal (T) structure to the orthorhombic (O) phase is observed for Co substitution, which
is coincident with the paramagnetic to AFM phase transition in BaFeyAs,. This phase diagram
of iron pnictide is quite similar with the phase diagram of cuprates. However, a significant
difference is the AFM state of the parent compound in BaFe;Ass is metallic while the parent
compound of cuprates shows the Mott insulating behavior. Due to the metallic nature of

magnetism in iron pnictides, it is crucial to understand whether magnetism in these materials
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can be described with either the localized picture or the itinerant picture, or both pictures are

required.

7.1.4 Inelstic neutron scattering in Fe-based superconductors

Neutron scattering [100] is a powerful experimental technique since it sheds light on studying
the magnetic structure and dynamics of condensed matter system. A neutron has zero chage
and hence it does not interact with other charged particles such as an electron or a proton by
the Coulomb interaction. Therefore, a neutron can penetrate deeply into a material and it can
measure the bulk property. However, a neutron has one half spin, therefore it readily interacts
with the magnetic moment of an electron by the dipole-dipole interaction.

Since neutron scattering acts as a weak perturbation to the system, the differential cross
section can be calculated from the Fermi Golden rule. In inelastic neutron scattering (INS), the

differential cross section is given by

d*o _ ky, mn

005 = 1 (g2 1A VIR Po(hw + B; — By) (1)

where V' is the interaction operator for the neutron, A;s) is the quantum numbers for ini-
tial(final) state of the sample, k;¢y is initial(final) momentum, E;s) is the initial(final) energy,
and my is the neutron mass. The magnetic field generated inside matter can be produced by
either the electron spin or the electron orbital motion. Here, we consider only the contribu-
tion from the electron spin. A neutron interacts with this electron spin by the dipole-dipole

interaction. Therefore, the magnetic interaction V is given by

_ p_ _ HOEN MeXR
Vo= —uy-B=-HEEv (B (7.2)

Here, g is the magnetic constant, u. is the electron magnetic moment, and py is the neutron
magnetic moment.
By inserting Eq.[[.2 to Eq.[Z] the magnetic cross section is given by

2o
dQdE

= NG @ e Y g e d) S (aw) (1)
7 B
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where «, § means the coordinates (x,y,z) and do3 — Go - §3 term means only the magnetic
moment perpendicular to ¢ contributes to the cross section. And f(q) is the magnetic form
factor obtained by the Fourier transform of the unpaired electron density. Here, S(q,w) is the
dynamical structure factor which is the Fourier transform of the spin-spin correlation function

and given by

saw) = 5o | et e (s5(0)-57m)). (7.4)

Due to the fluctuation-dissipation theorem, the imaginary part of the magnetical susceptibility

is related to the correlation funciton by the following equation

X" (q,w

Neutron scattering experiments provide strong constraints on the theory of iron pnictides.
Both the localized picture and the itinerant picture of the magnetic response have had some suc-
cesses in accounting or even predicting aspects of the experiments. Calculations based on a spin
model with frustrated exchange constants [I01] 102] or with biquadratic interactions [I03] de-
scribed well the neutron scattering experiments [104] [105]. The itinerant magnetic model, based
on an random phase approximation (RPA) form of the magnetic response, uses polarization func-
tions extracted from density functional theory (DFT) [I06] or tight binding fits [107, [81] [10§]
and produces equally good descriptions of the experimental data.

Furthermore, DFT calculations predicted the stripe nature of the ordering pattern [I09] and
the anisotropic values of the exchange constants which fit well the spin wave dispersion in the
magnetic phase [I10]. The tight binding calculations based on DFT bands also predicted the
existence of a resonance mode in the superconducting state [I11].

In spite of these successes, both itinerant and localized models require significant exten-
sions to fully describe the experimental results. DFT fails to predict the observed ordered
moment [IT0]. Furthermore, adjusting parameters such as the arsenic height to reproduce the
ordered moment, leads to a peak in the density of states at the Fermi level [I06], instead of

the pseudogap, which is observed experimentally. The localized picture cannot describe the
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magnetic order in the FeTe material without introducing additional longer range exchange con-
stants. Given that this material is more localized than the 122, the exchange constants would
be expected to be shorter range. Furthermore, fits of the INS data require the use of anisotropic
exchange constants well above the magnetic ordering temperature [5]. However no clear phase
transition to a nematic phase in this range has been detected.

In this chapter, we argue that the combination of density functional theory and dynamical
mean field theory (DFT+DMFT) provides a natural way to improve both the localized and the
itinerant picture, and connects the neutron response to structural material specific information

and to the results of other spectroscopies.

7.2 Calculation methods

7.2.1 The dynamical magnetic susceptibility x(q,w)

In this subsection, we explain the method for computing the dynamical magnetic susceptibility
x(q,w) using a combination of density functional theory (DFT) and dynamical mean field theory
(DMFT). The equations for computing x(q,iw) are already derived in Section[£4] in details.
Therefore, we explain here how to compute x(q,iw) briefly and discuss how to analytically
continue the obtained x(q,iw) to x(q,w) on the real axis.

Within DFT+DMFT, the dynamical magnetic susceptibility x(q, iw) is computed from the
ab initio perspective using the polarization bubble x° and the two-particle irreducible vertex
function I'i"” of DFT4+DMFT solution [I12], which is assumed to be local in the same basis
in which the DMFT self-energy is local, implemented here by the projector to the muffin-tin
sphere [14]. x° is computed from the fully interacting one particle Greens function. We compute
the one-particle Green’s function using the charge self-consistent full potential DFT+DMFT
method, as implemented in Ref. [14], based on Wien2k code [I13]. We used the continuous-time

quantum Monte Carlo (CTQMC) [17, [16] as the quantum impurity solver, and the Coulomb

interaction matrix as determined in Ref. [IT4]. (U=5eV and J=0.7¢V respectively) In order to
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irr

o, we employ the Bethe-Salpeter equation which relates the local two-particle Green’s

extract

function (Xioc), sampled by CTQMC, with both the local polarization function (x?,.) and I'i"":

loc*

Dgearrases (0,0 )ie = [(Xioe) i — Xioe) (7.6)

agzoz,c40y

I'i"" depends on three Matsubara frequencies (iv, iv'; iw), and both the spin (1_4) and the
orbital (a_4) indices, which run over 3d states on the iron atom.

The momentum dependent two-particle Green’s function x is constructed using the Bethe-

Salpeter equation by replacing the local polarization function Xlooc by the non-local one Xg,wi

X @101,2202 (iV, il//)q7iw = [(X0)71 — Firr]—l. (77)

agoz,agoy q,iw loc
Finally, the dynamic magnetic susceptibility x(q,iw) is obtained by closing the two particle
green’s function with the magnetic moment pu = pp(L+2S) vertex, and summing over frequen-

cies (iv,iv'), orbitals (a;_4), and spins (o1_4) on the four external legs

) — %xo‘ Zozu‘ @101,x20 ] iV ! 78
x(q,iw) Z Z Z Haror fraaa X 017102 2 (0,11) g iw (7.8)

agoy @go3,0404
iv,ip! ©192 9192

agay o304

The resulting dynamical magnetic susceptibility is obtained in Matsubara frequency (iw)
space and it needs to be analytically continued to real frequencies (x(q,w)) in order to compare
with the INS data. For the low frequency region, on which we concentrate here, the vertex
Ii™" is analytically continued by a quasiparticle-like approximation. We replace the frequency

loc

dependent vertex with a constant, i.e.,

Firr

loc

ajo1,a909 (iy, iV/)iw ~ Uﬂlﬂ11ﬂ202 (q) (79)

@303,00404 X303,%404

and require x(q,iw = 0) = x(q,w = 0). This vertex U however retains important spin and
orbital dependence. And U acquires even the weak momentum q dependence to satisfy the
above condition.

The analytic continuation of the one-particle Green’s function to the real axis is achieved

by analytically continuing the self energy using the method implemented in Ref. [14]. Since the
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two-particle vertex is approximated to a frequency independent constant on the real axis, the

internal Matsubara frequency v of the polarization bubble x" can be summed over:

) 1 . . )
X%ﬁ (qiw) = A Z Gap(k,iv) - Gys(k+ q,iv + iw)
” k,iv
1

Nk 3 %deaﬁ 2) - Gys(k+q, 2+ iw)

= —Nik Z/du [Aapk,v) - Gys(k+q,v +iw) — Gaplk,v —iw) - Ays(k + q, V)]
K
f(v) (7.10)

where f(v) is the Fermi function. Here, we replace the Matsubara sum to the integral over the

complex plane. And x° can be obtained on the real axis:

(sl = -3 [ drlAaalen) Arsict qw+0) = Aull =) Ays(k+ au))f )
k

N, %/dvAam v) Ak +q,v+w) - [fv) - f(v+w) (7.11)

Here, (X°)"(q,w) = 5 [X°(q, w+i6) —x°(q,w+1id)] and A(k,v) = ;=[G (k,v+i6) —G(k, v—if)].

- 271'2
The real part of x* can be computed using the Kramers-Kronig relation from (x°)".

The two-particle Green’s function X8 (q,w) is computed using x°(q,w) and U by the fol-
Y

lowing Bethe-Salpeter equation

X acasos (Qw) = Xaﬂa[fas q,w +Z Z Xoaney (@, w) - Unonnow (q) - X wopsos (qw)  (7.12)

yoySog Yoy Sos e onop Yoy Aoy Aozvoy voydog

Av oyop
Finally, the magnetic susceptibility x(q,w) is obtained by closing the four external legs with
the magnetic moment p = up(L + 2S) vertex by summing orbitals («1_4) and spins (o1_4) in

a similar way as Eq.[Z.§] i.e.,

Z Z lualal /.Lazvz X @101,2202 (q,w) (713)

ago3  agoy 303,404
ajag o109

a3 0304

For the analytic continuation of x(q, iw) to the real axis, we approximated I'"" to U as shown
in Eq.[9 This approximation ensures that x(q,w = 0) value is always exact to x(q,iw = 0)
within vertex calculation since U is determined to satisfy this condition. In order to check how
this approximation is reliable at finite frequencies, we compare x(q,iw) computed from I'*""

using Eq.[77] with XU(q, iw) obtained from the approximated U.
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Figure 7.3: The comparison between x(q,iw) (red triangle) computed using vertex function

Iirr and ¥ (q,iw) (black circle) obtained by U. Both quantities are given on the five lowest
Matsubara frequencies and at distinct wave vectors q=(0,0,1), (1,0,1), and (1,1,1) and for the
local value.

Figll3l shows both x(q,iw) (red triangle) and el (q,iw) (black circle) at g=(0,0,1), (1,0,1),
and (1,1,1) and for the local value. xU(q,iw) values are slightly smaller than x(q,iw) values
except for q=(0,0,1) where both values are almost the same. This is because the approximated U
is estimated for w=0 and the value is more renormlized compared to the vertex at high frequency
w. The discrepancy between x(q,iw) and XU(q, iw) is pronounced at q=(1,0,1) especially at
the second and the third iw points, however, XU(q, iw) values show an overall good agreement

with x(q, iw) values.

7.2.2 The phase factor for one Fe atom per unit cell

The primitive unit cell of BaFesAsy contains two Fe atoms due to two nonequivalent positions
of As atoms. Since almost entire magnetic moment is concentrated on Fe atoms, which form
a square lattice, the inelastic neutron scattering (INS) data should be compared to calculation
of magnetic susceptibility in the large Brillouin zone coming from this square lattice. This

is because the folding of the bands is noticeable only in those quantities which have finite
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contribution from the As atoms. Therefore, we computed the dynamical magnetic susceptibility
within DFT+DMFT in this large Brillouin zone.

Due to inequivalent As atoms within a unit cell, the naive projection to orbital basis does
not results in correct translational symmetry between Fe atoms within the unit cell. Let us

consider a tight-binding Hamiltonian, written in some orbital basis, i.e.,
Hoz ot (Ra R/) = <<Pom’ (7" + R)|H|(pa/7/(r + Rl))- (7-14)

Here, 7 goes over the two Fe sites in the unit cell, which we label by a sublattice A and a
sublattice B. « is the orbital index. This Hamiltonian does not have the required transla-
tional symmetry Hor o7 (R, R') # Ha,o/ r—r (R, R'). However, we can restore the translational
symmetry by choosing a different wave function on each sublattice, such that the new basis
function on sublatice A is ¢2(r) = pa(x,y,2) and on sublattice B is ¢Z2(r) = o (x,y, —2).
This is because the As atom is positioned above the Fe plane in A sublattice and below the
iron plane in B sublattice, hence the local environment on Fe atom looks translational invariant
only in this new ¢, orbital basis. Consequently, the tight-binding Hamiltonian expressed in ¢,,
basis in translationally invariant.

Our DFT+DMFT implementation does not require construction of tight-binding Hamilto-
nians, but it rather employs the projection technique. The projection matrix Pk (¢, j; 7, a, 7'a)
project physical quantities, such as the Green’s function, written in Kohn-Sham basis in terms of
bands |7, j) and the momentum K, to a local orbital subspace |ra, 7'a’)(see Eq.12 in Ref. [14]).
By adopting the different local orbital basis for 74 and 77 as mentioned in the previous para-
graph, this projection matrix defined for two Fe atoms per unit cell can restore the translational
symmetry for one Fe atom per unit cell.

The projection matrix Py (i,7;a,a’) in one Fe atom per unit cell acquries the phase factor
that modulates with the internal vectors (7) within the unit cell in addition to Pk (4, j; 7, a, 7'a).
In one Fe atom per unit cell, the momentum k is defined in the unfolded Brillouine zone (BZ)
due to the smaller unit cell. The detailed derivation is given as the following equations using

several unitary transformations with the real space basis (|R)). A similar derivation is used in
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the previous literature [115].

1 X )
(k,a|K.,i) = RZ; (k,a|R,7,0') (R, 7,0/ |K,i) = N/ 2 e H ) 5o e P (7, o | K i)
1 .
- I Z%,[K]W“ (1, 0| K, 1) (7.15)
1 , ,
Pu(i,jso,0)) = (k,a|K,i) (K, jlk,a') = A Z5k7[K]e_zk'(7_T ) (1,0|K,i) (K, j|T, )
1 N
= EZ&CV[K]e k(=) Py (4, i T, ') (7.16)

77!

Here, K (k) is the momentum in the (un)folded Brillouin zone, [K] means the set of momentum
vectors which are equivalent to K by the modulo of the reciprocal vector G. i, j are the band
indices, R is the lattice vector for a primitive unit cell (two Fe per cell), 7 is the internal vector
within the unit cell, « is the local orbital basis defined inside the Fe atom, and N, is the number
of Fe atoms inside the unit cell.

The spectral quantities which are mostly concetrated on the Fe atoms can be computed in
the symmetry of one Fe atom per unit cell using this projection matrix (Eq[ZI6). For example,

the Green’s function projected to one Fe atom per unit cell can be given by

Gaﬂ(kay): Zgij(KaV)'Pk(i7.j;a7ﬁ) (717)
K,i,j

where g;; = (m)ij is the Green’s function on the band indices.

7.3 Magnetic excitation spectra in BaFe;As,: DFTH+DMFT results

7.3.1 The dynamical structure factor S(q,w) results

Fig.[C4(a) shows the calculated constant energy plot of the dynamical structure factor, S(q,w)
in the paramagnetic state of BaFeyAsy. Our theoretical results are calculated in the unfolded
Brillouin zone of one Fe atom per unit cell, because magnetic excitations are concentrated
primarily on Fe atoms, therefore folding, which occurs due to the two inequivalent arsenic atoms
in the unit cell, is not noticeable in magnetic response [107]. For comparison we also reproduce

in Fig.[[4(b) the INS experimental data from Ref. [5]. At low energy (around w=50meV),
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Figure 7.4: (a) The constant energy plot of the theoretical dynamical structure factor, S(q,w)
(:N‘#) at different energies (50meV, 75meV, 125meV, and 150meV) in the paramagnetic

—e—hw/kpT

state (T=386 K) of BaFeyAsy as a function of momentum q =(H,K,L). L is here fixed at 1. (b)
The corresponding inelastic neutron scattering data from Ref. [5].
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the theoretical S(q,w) is strongly peaked at the ordering wave vector (H,K,L)=(1,0,1) and it
forms a clear elliptical shapes elongated in K direction. The elongation of the ellipse increases
with energy (w=75meV) and around w =125meV the ellipse splits into two peaks, one peak
centered at (1,0.4,1) and the other at (1,—0.4,1). At even higher energy (w a~150meV) the
magnetic spectra broadens and peaks from four equivalent wave vectors merge into a circular
shape centered at wave vector (1,1,1). At even higher energy (230meV, not shown in the figure)
the spectra broadens further, and the peak becomes centered at the point (1,1,1). These trends

are all in good quantitative agreement with INS data from Fig.[Z4(b).

18

16
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112

110

8.,0) (1,0) (1,1) (0.0)
(H,K) [r.l.u]

Figure 7.5: S(q,w) along the special path in Brillouin zone marked by red arrow in the inset
on the right. The inset shows the body-centered tetragonal (black line) and the unfolded (blue
line) Brillouin zone. Black dots with error bars correspond to INS data from Ref. [5]. The white
dashed line shows the isotropic Heisenberg spin wave dispersion.

In Fig.[H we display a contour plot of the theoretical S(q,w) as a function of frequency w
and momentum q along the special path in the unfolded Brillouin zone, sketched by a red line in
the right figure. At low energies (w <80meV), S(q,w) is mostly concentrated in the region near
the ordering vector (1,0,1). Consistent with the elongation of the ellipse along the K direction

in Fig[l4] the low energy (w <80meV) bright spot in Fig[Thlis extended further towards (1,1, 1)
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direction but quite abruptly decreases in the (0,0, 1) direction. The magnetic spectra in the two
directions (1,0,1) — (0,0,1) and (1,0,1) — (1,1,1) are clearly different even at higher energy
w > 100meV. The peak position is moving to higher energy along both paths, but it fades away
very quickly along the first path, such that the signal practically disappears at (0.5,0,1). Along
the second path (1,0,1) — (1,1,1), there remains a well defined excitation peak for which the
energy is increasing, and at (1,1,1) reaches the maximum value of ~ 230meV. Continuing the
path from (1,1,1) towards (0,0,1) the peak energy decreases again and it fades away around
(0.5,0.5,1). The black dots display INS data with errors bars from Ref. [5]. Notice a very good
agreement between theory and experiment.

The white dashed line in Fig [[hlrepresents the spin wave dispersion obtained for the isotropic
Heisenberg model using nearest neighbor J; and next nearest neighbor .J, exchange constants
and performing the best fit to INS data. This fit was performed in Ref. [5]. The magnetic
excitation spectra of an isotropic Heisenberg model show a local minimum at the wave vector
q = (1,1, 1), which is inconsistent with our theory and with the experiment. To better fit the
experimental data with a Heisenberg-like model, very anisotropic exchange constants need to
be assumed [5], which raised speculations about possible existence of nematic phase well above
the structural transition of BaFesAsy. Since the DFT+DMFT results can account for all the
features of the measured magnetic spectra without invoking any rotationally symmetry breaking
the presence of nematicity in the paramagnetic tetragonal state at high temperature is unlikely.

In Fig.[[.6(a) we show constant frequency cuts in the K direction (from (1,—1,1) through
(1,0,0) to (1,1,1)) of S(q,w) displayed in Fig.[.5l For comparison we also show the corre-
sponding INS measurements from Ref. [5] as red circles in Fig.[[6lb) and (c). At w=20meV,
the spectrum has a sharp peak centered at the ordering vector (1,0, 1). At w=50meV, the spec-
trum still displays a peak at (1,0,1) but the intensity is significantly reduced. With increasing
frequency w, the peak position in S(q,w) moves in the direction of (1,1,1), and at 128meV
peaks around (1,0.4,1). The shift of the peak is accompanied with substantial reduction of

intensity at ordering wave vector (1,0,1). At even higher energy of 250meV only a very weak
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Figure 7.6: (a) The wave vector K dependence (H=1,L=1) of S(q,w) at several frequencies. (b)
The corresponding INS data at w=19meV and (c¢) 128meV reproduced from Ref. [5]. The red
circles correspond to the paramagnetic state at T=150K and the blue diamonds to the magnetic
state at T=7K.

peak remains, and it is centered at the wave vector (1,1,1). The position of peaks as well as

their frequency dependence is in very good agreement with INS experiments of Ref. [5] displayed

in Fig.[C6l(b) and (c).

7.3.2 The d orbital resolved x(q,w)

Fig.[[7a) resolves the dynamical magnetic susceptibility x of Eq. in the orbital space

Xae =T 00 25 ZZ;ZE W oalino, X ooy ies (tv,iv'") such that x = > Xa. At the magnetic
ordering vector q=(1,0,1), x., increases sharply with frequency near w = 0 for all orbitals and is
strongly suppressed above 100meV reaching the maximum around 20meV. At this wave vector,
the dominant contributions at low energy come from the d,, and the dy. orbitals. The magnetic
susceptibility at g=(0,1,1) in Fig.[[a) shows the same trend as orbitally resolved spectra at

q=(1,0,1), except that d,. and d,. switch their roles due to the Cy symmetry of the Fe square

lattice. Magnetic excitation spectra at ¢=(0,0,1) and ¢=(1,1,1) show the noticeable difference.
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Figure 7.7: (a) The Fe d orbital resolved dynamical magnetic susceptibility x(q,w) at T=386K
for distinct wave vectors q=(1,0,1), (0,1,1), (0,0,1), and (1,1, 1). Different colors correspond
to different orbital contributions. (b) The Fe d orbital resolved polarization bubble x°(q,w) at
the same T and the same wave vectors q as (a)
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These wave vectors are at the center of the lattice C4 symmetry, therefore, the spectra from the
d. orbital and the d,. orbital are always degenerate. At ¢=(0,0,1), dy., dy., and dg, orbitals
are mostly contributed to low energy while high energy excitations are strongly suppressed at all
d orbitals. In contrast, ¢=(1,1,1) the excitation spectra at ¢g=(1,1,1) show only slight increase
at low energy while the high energy spectra are peaked near 230meV for all orbitals but with
the large d,, contribution.

Fig. [7(b) displays the orbital resolved x° calculated at the same q vectors as (a). The
dominant orbital contributions to x shown in (a) are also reasonably captured in the polarization
bubble x°. At q=(1,0,1), the d,, and the d,. orbitals show the large spectra compared to other
orbitals increasing almost linearly at low energy. At q=(0,1,1), the d,, and the d,, orbitals
show the enhanced spectra. Other orbitals are strongly suppressed at low energy and they are
increasing with a slow rate. At q=(0,0,1), the dg,, the d,., and the d,, orbitals have large
spectral weights showing the peak near 100meV. The d,» and the d,>_,2 orbitals show the
negligible contribution. At q=(1,1, 1), all d orbitals exhibit strongly suppressed spectra at low
energy and increases slowly even at higher energies. Only d,, orbital shows a quite enhanced
spectra around 350-400meV and this peak can be attributed to the intra-orbital excitation
between d,, bands as will be shown in Fig.[.8(b). One can note that the full x at q=(1,1,1)
has the peak at the smaller energy around 230meV due to strong correlations treated by the
irreducible vertex function I'"". These different orbital contributions to x° can be understood

from the orbital resolved Fermi surface and the spectral function as will be shown below.

7.3.3 The d orbital resolved Fermi surface

The orbital resolved Fermi surface is displayed in Fig.[C8(a) at both the I'-plane and the Z-
plane. Most of the weight in x° shown in Fig.[Z.7(b) comes from the diagonal terms, i.e., Xg,a,
hence the Fermi surfaces with the same color in Fig.[[.8(a) but separated by the wave vector
(1,0,1) give dominant contribution. The intra-orbital d,. low energy spectra comes mostly

from the transitions between the green parts of the hole pocket at I' and the green parts of the
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Figure 7.8: (a) The Fermi surface in the I" and Z plane at T=73K colored by the orbital
characters: d,(blue), dy.(green), and dgy(red). The small symbols mark the regions in the
Fermi surface, where nesting for the wave vector g=(1,0, 1) is good. (b) The zoom-in of A(k,w)
along the path marked by black dashed line in Fig.[.§(a). The green open circles indicate the
two relevant bands of d, character which give rise to the peak in magnetic excitation spectra

near 230meV at q=(1,1,1).
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electron pocket at A, marked with green squares (O) in Fig.[Z8(a). Since the electron pocket
at A is elongated in H direction, the nesting condition occurs mostly in the perpendicular K
direction, hence the elliptical excitations at low energy in Fig.[l.4] are elongated in K but not
in H direction. The intra-orbital d, transitions are pronounced between the electron pocket at
M’ and the hole pocket at R, as well as between the electron pocket at A’ and the hole pocket
at X (marked with red (O). This large spin response at (1,0, 1) gives rise to the low energy
peak in Fig.[[5l

We note that the particle-hole response, encoded in polarization bubble x°, is especially
large when nesting occurs between an electron pockets and a hole pocket, because the nesting
condition extends to the finite frequency, and is not cut-off by the Fermi functions.

The low energy magnetic excitations at wave vectors q = (0,0,1) and q = (1,1,1) can come
only from electron-electron or hole-hole transitions, hence both responses are quite small, as
seen in Fig.[[7(a). While the magnetic response at g = (0,0, 1) is small but finite, the spin
response at q = (1,1, 1) is almost gapped. This is because the hole-hole transitions from I" to R
or electron-electron transitions from M to A’ do not involve any intra-orbital transitions, and
hence are even smaller than transitions at the wave vector (0,0, 1).

At finite energy transfer, the spin excitations come from electronic states away from the
Fermi energy, and can not be easily identified in the Fermi surface plot. Hence it is more
intriguing to find the dominant contribution to the peak at w ~ 230meV and q = (1,1,1).
This peak gives rise to the 230meV excitations at (1,1,1) in Fig.[.5l A large contribution to
this finite frequency excitation comes from a region near the two electron pockets at M and A’
marked with black dashed line in Fig.[[.8|(a). We display in Fig.[[.8(b) the one electron spectral
function across these dashed lines in the Brillouin zone to show an important particle hole
transition from the electrons above Fermi level at the M point and the flat band at -200meV
around the A’ point, both of d,, character. We note that due to large off diagonal terms in the
two particle vertex I', all orbital contributions to x develop a peak at the same energy, although

only d, orbital displays a pronounced peak in x°.
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7.3.4 Spectral function

Figure 7.9: A(k,w) computed in one Fe atom per unit cell at T=73K. The green arrows mark
the same bands which give rise to 230meV peak. The DFT bands are overlayed by white dashed
lines. The blue arrows mark corresponding DFT bands of d,, character.

Fig. 7.9 displays the one electron spectral function in a path through the Brillouin zone,
corresponding to one Fe atom per unit cell. Within DFT+DMFT the quasi-particle bands are
renormalized by a factor of 2-3 compared to the corresponding DFT bands (white dashed lines).
The green arrow marks the d,, band which contributes to the peak in S(q,w) near 230meV and
q=(1,1,1). In DFT calculation, this d,, intra-orbital transition is also present, but occurs at
much higher energy of the order of 400-600meV, marked by blue arrows. The over-estimation

of the peak energy at q=(1,1,1) was reported in LSDA calculation of Ref. [106].

7.3.5 Eigenvalue as a function of T’

The Neel temperautre T for BaFesAsy within DEFT+DMFT can be computed as the temper-
ature at which the paramagnetic magnetic susceptibility at the ordering vector (m,0) diverges.
This is equivalent to computing the eigenvalues of the matrix I'"" - x° and determining T as
the temperature at which the leading eigenvalue reach one. The computation of T can be

performed on the Matsubara frequencies, therefore, it is free from the problem of the analytic



157

1.04

1.02r

1.00F---------=>

eigenvalue

0.98¢

0-9900 300 400 500 600
T [K]

Figure 7.10: The leading eigenvalue of the I'""" - x? matrix in the magnetic channel as a function
of T.

continuation. Fig.[[.10lshows the leading eigenvalue for BaFe;Asy as a function of temperature.
The eigenvalue increases almost linearly as T decreases and T is estimated as 330K which
is 2.5 times larger than the experimental one (138K). This overestimation is due to the local
approximation of T'""". x(q,w) results shown in this chapter are computed at T=386K which

is slightly above T .

7.4 The magnetic excitation spectra in the localized limit

The magnetic excitation of the localized spins originates from a weak distortion of a ground
state spin configuration. This low-lying energy excitation is called as ”spin waves” and the
spin wave dispersion is a crucial quantity to understand the nature of magnetism in correlated
materials. In this section, we compute the spin wave dispersion of BaFeyAs, assuming the
d electrons in Fe atoms are localized. The magnetic exchange interaction J is considered for
localized Fe spins. The Hamiltonian of the Heisenberg model is given by

H=J, Z SijSiv1j+ Juw Z Sij - Sije1 + o Z(Szg Sivtje1+Sij - Sivrjo1) (7.18)
‘7j

1,7 2
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where 5'” is the spin operator at the (4,7) site, Ji, and Jy; are the nearest neighbor exchange
energies, and Jo is the next-nearest neighbor exchange energy. Here, we consider the two-
dimensional square lattice with localized Fe spins at each site.

The magnetic ordering vector of BaFeyAss is (m,0). Since the spin direction is alternating
in the z-direction while it is same in the y-direction, it is convenient to apply a canonical

transformation such that the axis on the other sublattice is rotated through 180° about the

.. Ao A A&y/z &Y/ z . . .
z-axis, ie., S, — Sfy ; and Siiy ; — =517 ;. Moreover, the Hamiltonian can be written

in terms of §2, §T(=57+iSY), and 5~ (=5%-iS5Y).

E[ = JlaZ[ Sf] iz+lj (Sj_] Sz+1]+S_ 1_+17j)]

1,J

Gz Gz [P o— G
+J1p Z[S” “Siimt Q(Sjj S 5 -5 g+1)]

Gz Oz Giz Oz
o) (=87 Sia g — S5y iy

1o & A
+§(Si—t_j'si—:»1,j+1+5i,j' i1 41) T (Sjj Sz+1j 1+S z+1] D] (7.19)

The low-lying bosonic excitation of the system can be studied by expressing the spin oper-
ators in terms of bosonic operators a and af. The Holstein-Primakoff transformation [116] is
one of such representations and it is given by S* =8 —ala , St =25 —afa-a~+2S- a,
and S = a'v25 — afa ~ V25 - al if $ > 1. The Hamiltonian in Eq.[7.19 can be expressed in

terms of these bosonic operators by keeping the leading order in S as the form

2 Y 2
H = Ji, Z[_S + S(a;'f,jahj + a7,+1 G0it1,5 T GijGit1j + azg I+1 J)]
]
I > [S?+ S(=al ;055 — al ;yai o1+ aigal oy +al jai )]
i,
+J2 Z[ 25% + S(2a @i+ az+1 GGt 41 T az+1 j—1Fi+1,5—1
%]

t+a; JAi+1,54+1 + azy I+1 J+1 t+ai JAi+1,5—-1 + a‘zy j—&-l J— 1)} (720)
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Using the Fourier transform of the bosonic operators, the above Hamiltonian is transformed as

H = —NS*(Ji,— Ju+2J2)

+SJ1a Z[?a;ﬂak + cos(ky) - (apa_g + a,taf_k)]

k
+SJ1 > _[2alax + cos(ky) - (aral + alay)]
k
+SJs Z[4a£ak + 2 cos(ky) cos(ky) - (aga_y + alaik)] (7.21)
k

and as a more accessible matrix form

H = —NS2(Jiy— Jup+2J5) + S ‘ A B " 7.22
= (J1a — J1b + 2J2) + Z a, a_j (7.22)
k Bk Ak aT_k

where Ay = J1q + Jip(cos(ky) — 1) + 2J2 and By, = Ji4 cos(ky) + 2J3 cos(ky) cos(ky).
The above Hamiltonian has the non-particle-number-conserving terms such as afal and aa,

therefore, it can be diagonalized using Bogoliubov transformation. Under the transformation,

A By
eigenvalues are obtained by diagonalizing the matrix og - and as a result the

B, A

E(k) = 25,/ A2 — B2 (7.23)

The spin-wave calculation result using SJ1,=5J1,=18.3meV and SJ,=28.7TmeV is depicted in

spin-wave dispersion is given by

Fig. as a white dashed line. As shown in Fig.[Z.5 the spin-wave dispersion of the Heisen-
berg model using the isotropic parameters shows qualitative discrepancy with the experimental

dispersion at g = (1, 1).

7.5 The magnetic excitation spectra in the itinerant limit

In the itinerant picture, the magnetic susceptibility x(q, w) is computed using an random phase
approximation (RPA). Within RPA, the polarization bubble x°(q,w) is computed from the

DFT Kohn-Sham Green’s functions

X%5 (qw) = _Nik Z/dl/ [Aag(k, v)- Gws(k +qrtw)— Gaﬁ(k7 v—uw)- A'yé(k +q, V)} f()
k
= 3 e el LD (61 00) ~ £+ ) (20

kij
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Here, A 5(k,v) is defined as 5--[Gog(k,v+i0) — Gap(k,v —id)] = L 3. P(isa, B) - 6(v —£'(k))
where the DFT Kohn-Sham Green’s function Gag(k,v +1id) =Y, % and Py (i; a, 3) is
the projection operator. One can note that this DFT Green’s function is not dressed by the
DMEFT self energy since local dynamical correlations are ignored within RPA. The two-particle

irreducible vertex I'"" is approximated by the screened Coulomb interaction Uas. Finally,
¥é

X a5 (q,w) is obtained by solving the following Bethe-Salpeter equation.
2

X (Aw) = Xag (a,@) + 3 X0 (a,0) - T (@) - xg (a,) (7.25)

5

And the magnetic susceptibility x(q,w) is obtained by closing the external legs, i.e., x(q,w) =

Za,ﬂ ng (q7 (.U)
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Figure 7.11: The local magnetic susceptibility leoc( ) computed for BaFesAs, in absolute units.

The LDA+DMFT calculation (red) and the RPA calculation (blue) are compared. For the RPA
calculation, we use the intra-orbital interaction U=1.3eV and the Hund’s coupling J=0.4eV.

In Fig.[Z.1T the local magnetic susceptibilities x (w) are computed using the LDA+DMFT
(red) method and the RPA (blue) method. The local susceptibility is obtained by averag-
ing x" (q,w) over q vectors in the Brillouin zone, ie., X (w) = qu)(”(q7 w)/ [dq. The
LDA+DMFT method can capture both the localized and the itinerant aspects of the mag-

netic excitation. ¥ (w) computed within LDA+DMFT shows a peak around 150meV and has
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the large spin spectral weight compared to the RPA spectral weight. XN (w) computed within
RPA misses this peak around 150meV and it keeps increasing almost linearly with energy. This
is because the RPA calculation can not describe both the localized and the itinerant aspects of

magnetic excitation in BaFegAss.
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Figure 7.12: The Neel temperature Ty (left y-axis) and the ordered magnetic moment p (right
y-axis) computed within RPA as a function of the intra-orbital interaction U. The Hund’s

coupling J is fixed to 0.4eV. The dashed line indicates both DMFT Tn around 380K and the
experimental moment around 0.9up5 [6].

Fig.[7.I12] displays the Neel temperature Ty computed using the RPA method and the cor-
responding ordered magnetic moment p at the same interaction U. Tn is determined as the
temperature at which RPA x(q = (7,0),w = 0) diverges. And p = (ny —n|) is computed from
the magnetic ordered state determined within a self-consistent Hartree-Fock approximation.
Both Ty and u start to increase almost linearly above 1.45eV indicating the instability towards
a magnetically ordered state although T is increasing very sharply compared to u. At around
2eV where the ordered magnetic moment is 0.9up, Ty exceeds even more than 2000K which
is unphysical. Within the DFT+DMFT calculation, the interaction parameters, U=5eV and
J=0.7eV, give both reasonable Ty (~330K) and the magnetic moment (~0.9up). The RPA

calculation in Fig.[ZI1l is performed using U=1.3eV and J=0.4eV which are reasonably close



162

to the magnetic phase and above Tn. Although the RPA calculation depends on Coulomb
parameters used, we note that the 5-orbital Hubbard model calculation using U=0.8¢V and

J=0.2eV produces the similar local magnetic spectra [81] as in Fig.[Z.11}
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Figure 7.13: The fluctuating magnetic moment j.r¢ as a function of energy. The pcrs is
computed within both DFT+DMFT (red) and within RPA (red), and the results are compared.

Fig [T I3Ishows the fluctuating magnetic moment fi. ¢y in BaFesAs, computed within DET+DMFT
(red) and the corresponding result computed within RPA (blue). p.r¢ can be obtained by in-

tegrating the local magnetic susceptibility as the following formula:

wo 1"
3h dwxi(w) (7.26)

2 _
pepp(wo) = 1 — o—hw/kT

—wo

The fluctuating moment within DFT+DMFT increases sharply below 50meV and keeps
increasing at high energy while the RPA moment increases rather slowly. This large fluctuating
moment within DFT+DMFT is a result of heavy quasi-particles and the large Hund’s coupling
which RPA can not capture. However, the ordered moment computed within DFT+DMFT [117]

is much smaller that the fluctuating moment.



163

7.6 Conclusion

In this chapter, we have extended the DFT4+DMFT methodology to compute the two particle
responses in a realistic multi-orbital DFT+DMFT setting. With the same parameters which
were used to successfully describe the optical spectra and the magnetic moments of this mate-
rial [I17], we obtained a coherent description of the experimental neutron scattering results. Our
theory ties the magnetic response to the fermiology of the model, and quantifies the departure

from both purely itinerant and localized pictures.
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Conclusions

In this thesis, we studied two-particle response functions, i.e., the magnetic susceptibility and
superconducting (SC) pairing susceptibility in strongly correlated electron systems. These two-
particle quantities are calculated based on the realistic electronic structure calculation using
the combination of the density functional theory (DFT) and the dynamical mean field theory
(DMFT) and by extracting a two-particle irreducible vertex function from an auxiliary impu-
rity problem treated within DMFT. The study of two-particle response functions enables us
to investigate various phases with a long-range order such as antiferromagnetism and d-wave
superconductivity. This calculation scheme is applied to the study of a phase diagram in the
one-band Hubbard model and in the periodic Anderson model. The dynamical magnetic sus-
ceptibility, a two-particle quantity for the magnetic response, is also calculated for the Fe-based
superconductor, BaFesAsy. In addition to the two-particle response function calculation, we
also addressed the Nagaoka problem in the U = oo Hubbard model and the Mott transition
problem in the two-dimensional Hubbard model using a DMFT approach and a cluster extension
of the DMFT method, respectively.

The stability of ferromagnetic (FM) state in the U = oo Hubbard model with nearest
neighbor hopping ¢ and next-nearest neighbor hopping ¢’ is investigated using a DMFT approach
with continuous time quantum Monte Carlo (CTQMC) as an impurity solver. The FM state
computed within DMFT is more stable for ¢ = —0.1¢ than ¢/ = 0 and ¢ = 0.1¢ values and this
is supported by other methods, i.e., a slave boson approximation and the diagonalization of the
four site plaquette. The FM transition treated within DMFT is the first order at ' = —0.1¢,
while the second order transition occurs at ¢ = 0. The original Nagaoka problem refers to

the stability of a fully polarized FM phase at finite doping, and this state is stable only at
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t' = —0.1t.

The nature of the Mott transition in the half-filled Hubbard model is studied using cluster
DMEFT which includes the short-range correlations on top of the on-site correlations of DMFT.
The cluster DMFT result shows that the transition between the paramagnetic metal to the
paramagnetic Mott insulator is first order, which is also captured within single-site DMFT.
However, the short-range correlations reduce substantially the critical U and modify the shape
of transition lines. The transition line of cluster DMFT shows the reentrant behavior of the
Mott transition, namely, the system is insulating at very low temperature, but becomes metallic
at intermediate temperature and insulating again at higher temperature. We showed that this
behavior originates from small entropy of the insulating state at very low temperature due to
short-range singlet formation.

We then studied the phase diagram of model Hamiltonians by computing two-particle re-
sponse functions using a vertex function approach within DMFT. The SC pairing susceptibility
is calculated in the Hubbard model and the periodic Anderson model. The critical temper-
ature T,, SC gap symmetry, and other relevant quantities for superconductivity are obtained
by solving the eigenvalue problem of the gap equation in the pairing channel. The pairing
vertex is constructed within DMFT assuming that the irreducible particle-hole vertex is local.
In the Hubbard model, the SC phase is stable near the magnetic phase where the pairing in-
teraction mediated by the spin fluctuation is strongly enhanced. As a result, the SC phase
overwhelms the magnetic phase even in the underdoped region and T, is reduced as the doping
increases. The calculated SC gap symmetry in the Hubbard model is d-wave. In the periodic
Anderson model, T is strongly enhanced in the small hybridization Vi region where correlated
electrons are almost localized owing to the strong pairing interaction. 7T, is decreased as the
pairing interaction gets smaller in the large Vi region where electrons become itinerant. The
SC phase for only coherent quasi-particles is determined as the region below both T, and the
coherence temperature T,.;, and our calculation results in a dome shape which is similar with

the experimental one.
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Moreover, the non-local correlation effect is incorporated into the SC pairing susceptibility
calculation. We employ the dual fermion (DF) approach and the dynamical vertex approxi-
mation (DI'A) in order to treat non-local correlations beyond DMFT. Both the pairing vertex
and the pairing bubble are computed within the DF and DI'A methods, and they are compared
with the corresponding DMFT quantities. In the Hubbard model, the pairing interaction cal-
culated within the DF method is strongly reduced compared to the DMFT pairing interaction,
as non-local fluctuations ignored within DMFT are included. In contrast, the pairing bubble
calculated within DF and DT'A is slightly enhanced compared to the corresponding DMFT one.
As a result, T, calculated within the DF method is reduced compared to DMFT T, while T,
within DI'A is slightly enhanced. In the periodic Anderson model, the pairing interaction is
strongly renormalized within DI'"A while the pairing bubble computed within DF and DT'A is
similar to the DMFT one. Therefore, T, in the periodic Anderson model is the smallest within
DI'A, and the DF method also reduces T, compared to DMFT T..

Finally, we apply the vertex function approach within the DFT+DMFT framework to a
Fe-based superconductor, BaFesAsy, and calculate the dynamic magnetic susceptibility to in-
vestigate the magnetic excitation spectra in this material. The calculation of the susceptibility
captures both one-particle excitations and the collective modes. Our results can reproduce all
features observed in neutron scattering experiments. At low frequency, the magnetic excitation
spectrum is strongly peaked at the magnetic ordering vectors (1,0,1) and (0,1,1). As the exci-
tation energy increases, the peak position shifts, and around 230meV the peak position moves
to the wave vector (1,1,1) in a good agreement with the experimental result. We found that
this peak position shift at high energy originates from the intra-orbital excitations in the Fe
dzy orbital from momentum space regions near two electron pockets. The theoretical magnetic
excitation spectrum is obtained in the paramagnetic state of BaFeyAso; therefore, no symmetry
breaking is needed to explain the neutron scattering experimental data.

The calculation scheme of two-particle quantities derived in this thesis can be generally ap-

plied to various materials with strong correlations such as Fe based superconductors, cuprate
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superconductors, and heavy fermion materials. The dynamical magnetic susceptibility calcu-
lation can treat a localized and an itinerant aspect in these materials on an equal footing;
therefore it can unravel the nature of the magnetic excitation, which is essential to understand
the pairing mechanism of unconventional superconductivity. For the study of superconductivity,
the pairing susceptibility is the response function in which physicists are particularly interested.
By applying the vertex function approaches derived in this thesis to various unconventional su-
perconductors, one can study 7, and the SC gap symmetry in these materials. The theoretical
study of trends in T, and the SC gap symmetry in various unconventional superconductors can
provide an essential clue to understand the origin of superconductivity. For future research,
the recently discovered Fe-based superconductors are adequate to be studied using the multi-
orbital vertex function approach based on DFT+DMFT because the study of distinct orbital
contributions to the pairing interaction is essential to understand the pairing mechanism of

superconductivity in these materials.
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