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ABSTRACT OF THE DISSERTATION

On some nonlocal elliptic and parabolic equations

by Tianling Jin

Dissertation Director: YanYan Li

We prove some results on the existence and compactness of solutions of a fractional
Nirenberg problem involving nonlocal conformally invariant operators. Regularity prop-
erties for solutions of some degenerate elliptic equations as well as a Liouville type
theorem are established, and used in our blow up analysis. We also introduce a frac-
tional Yamabe flow and show that on the conformal spheres (S™, [gsr]) it converges to
the standard sphere up to a Mdébius diffeomorphism. These arguments can be applied
to obtain extinction profiles of solutions of some fractional porous medium equations,
which are further used to improve a Sobolev inequality via a quantitative estimate of

the remainder term.

i



Acknowledgements

My advisor, Professor YanYan Li, has influenced my life more than anyone else outside
my family. His insights and inspirations taught me more about doing mathematics than
I could ever have learned without him. I am very grateful for his invaluable guidance,
encouragement, and unfailing patience throughout my Ph.D study. Working with him
is my most valuable experience and priceless treasures to my future career. I own him
a debt of gratitude that can never be repaid.

I would like to thank my thesis committee members Professor Zheng-Chao Han,
Professor Natasa Sesum and Professor Yannick Sire for their help during my writing of
this dissertation and comments during my graduate career. My appreciation also goes
to Professor Halm Brezis for his interests in our work and his strong support.

I wish to thank Professors Sagun Chanillo, Xiaojun Huang, Michael Kiessling, Feng
Luo, Roger Nussbaum, Xiaochun Rong, Jian Song, and other professors at Rutgers for
their help. I also thank Jingang Xiong for many discussions on mathematics. I appreci-
ate Professor YanYan Li, Professor Vladimir Maz’ya, Professor Jean Van Schaftingen,
and Jingang Xiong allowing me to include our joint work in my thesis.

I want to acknowledge to my fellows and friends Ellen Shiting Bao, Biao Yin, Luc
Nguyen, Po Lam Yung, Longzhi Lin, Yuan Zhang, Seng Kee Chua, Ali Maalaoui, Yuan
Yuan, Yu Wang, Haigang Li, Yunpeng Wang, Hui Wang, Tian Yang, Jingwei Yang,
Wanke Yin, Min Xiao, Xukai Yan, Bin Guo, Jianguo Xiao and many other friends at
Rutgers, for their help. Thanks go to my friends outside of Rutgers for their constant
support and belief in me.

I thank the Department of Mathematics of Rutgers University for the support and
the Graduate School for awarding me fellowships for the academic years 2010-2011 and
2011-2012.

i



I thank my classmates in my grade for helping me get used to the life in USA.

Finally, I would like to express my appreciation to my family for supporting me
everyday, and special thanks to my wife, Ke Wang, for her love. She has walked with
me along this path, making it bright. I consider myself extremely fortunate to have her

as my wife.

iv



Dedication

To my parents Ruigen Jin, and Zhoufen Ma.

To my wife Ke Wang.



Table of Contents

Abstract . . . . . . . . e e
Acknowledgements . . . . . .. .. ... ...

Dedication . . . . . . . . ..

1. Introduction . . . . . . . . .

2. Elliptic problems in divergence form with continuous coefficients . .

2.1. Regularity . . . . . . . oL

2.2. Some counterexamples . . . . .. ...

. Degenerate elliptic equations in divergence form . ... ... ... ..
3.1. A weighted Sobolev space . . . . . .. ... ... .. L.
3.2. Weak solutions of degenerate elliptic equations . . . . .. .. ... ...
3.2.1. Existence . . . . . ...
3.2.2. Maximum principles . . . . . . ... L Lo
3.3. Regularity . . . . . . . ..
3.3.1. Harnack inequalities and Holder estimates . . . . . . . . ... ..
3.3.2. Schauder estimates . . . . . . . ... ... oL

3.4. TIsolated singularities: a Bocher type theorem . . . . ... ... ... ..

. A fractional Nirenberg problem . .. ... ... ... ...........
4.1. A Liouville type theorem . . . ... ... ... ... .. .. .......
4.2. Anexistenceresult . . . . .. ...
4.3. Compactness of solutions . . . . . .. . ... .. ... ...
4.4. Improvement of the best Sobolev constant: an Aubin type inequality . .

4.5. Appendix: A Kazdan-Warner identity . . . . ... ... ... ... ...

vi



5. A fractional Yamabe flow . . . . . . . . . . ... ... .. ...

5.1. A strong maximum principle and a Hopf lemma for nonlocal parabolic
equations . . ... Lo e

5.2. Harnack inequality for a fractional Yamabe flow . . . . . . . .. ... ..
5.3. Existence and convergence of a fractional Yamabe flow . . . . . . . . ..
5.3.1. Schauder estimates . . . . . . . . .. ... L.

5.3.2. Short time existence . . . . . . . . . .. ... ...

5.3.3. Long time existence and convergence . . . . . . . . ... ... ..

5.4. Two applications . . . . . . . . . . ...
5.4.1. Extinction profile of a fractional porous medium equation . . . .

5.4.2. A Sobolev inequality and a Hardy-Littlewood-Sobolev inequality

along a fractional diffusion equation . . ... ... ... ... ..

5.5. Appendix: A uniqueness theorem for negative gradient flows involving
nonlocal operators . . . . . . . . ... e
References . . . . . . . . . .
Vita . . . . o

vil



Chapter 1

Introduction

The Nirenberg problem concerns the following: For which positive function K on the
standard sphere (S™, gsn),n > 2, there exists a function w on S™ such that the scalar
curvature (Gauss curvature in dimension n = 2) R, of the conformal metric g = e"ggn

is equal to K on S™? The problem is equivalent to solving
—Agnw +1 = Ke*, on S?

and

—Ag, v+ c(n)Rov = c(n)KU%g, on S" for n > 3,

where ¢(n) = (n—2)/(4(n — 1)), Ry = n(n — 1) is the scalar curvature of (S", gsn) and

The first work on this problem is by Koutroufiotis [91], where the solvability on S
is established when K is assumed to be an antipodally symmetric function which is
close to 1. Moser [112] established the solvability on S? for all antipodally symmetric
functions K which are positive somewhere. Without any symmetry assumption on
K, sufficient conditions were given in dimension n = 2 by Chang and Yang [38] and
[39], and in dimension n = 3 by Bahri and Coron [8]. Compactness of all solutions
in dimensions n = 2,3 can be found in work of Chang, Gursky and Yang [37], Han
[73] and Schoen and Zhang [119]. In these dimensions, a sequence of solutions can not
blow up at more than one point. Compactness and existence of solutions in higher
dimensions were studied by Li in [95] and [96]. The situation is very different, as far as
the compactness issues are concerned: In dimension n > 4, a sequence of solutions can
blow up at more than one point, as shown in [96].

Attentions have been attracted to study similar questions for higher order curvatures



such as the Q-curvatures, even on general Riemannian manifolds M™. These involve the
Paneitz operator which is a fourth order differential operator, and the GJMS operators
(see [68]) P{ for all positive integers k if n is odd, and for k € {1,---,n/2} if n is even.
Moreover, P} is the conformal Laplacian L, := —A, + ¢(n)R, and Py is the Paneitz
operator. The construction in [68] is based on the ambient metric construction of [61].
Up to positive constants, P{(1) is the scalar curvature of g and PJ (1) is the Q-curvature.
One feature of these operators is that they are conformally invariant. In these directions
of prescribing higher order curvatures, we refer to [52, 53, 54, 62, 131, 132] and references
therein.

Recently, there is work by Qing and Raske [116], Gonzdalez, Mazzeo and Sire [66],
Gonzélez and Qing [67] about finding a conformal metric on certain given Riemannian

manifolds (M, g) whose so-called o-curvature (or fractional @Q-curvature in some con-

n
’2

text) is constant, where o is a fractional number and o € (0, 2) except at most finite
values. These o-curvatures RS can be defined by RY := PJ (1), where P? is a normalized
scattering operator (see Graham and Zworski [69], Chang and Gonzalez [36]) on the
conformal infinity of asymptotically hyperbolic manifolds (see Mazzeo [105], Mazzeo
and Melrose [106]). Moreover, P3 is conformally invariant. Chang and Gonzélez in [36]
reconciled the way of Graham and Zworski to define P and the localization method of
Caffarelli and Silvestre [29] for factional Laplacian (—A)? on the Euclidean space R".

We focus on the typical case, that is the standard conformal spheres (S", [gs»]) which
are the conformal infinity of Poincaré disks (B"*!, ggni1). In this case, o-curvature can
be expressed in the following explicit way. Let g be a representative in the conformal
class [gsn]| and write g = vnfﬁ gsn, where v is positive and smooth on S™. Then we
have

_ n+20

PI(p) = v~ n—20 P%" (¢v) for any ¢ € C*°(S"), (1.1)

and hence the o-curvature for (S", g) can be computed as
g — 2422 Hgsn
RI = v~ n—20 P¥" (v). (1.2)

P%" | which is simply written as P,, is an intertwining operator and has the formula



(see, e.g., [17])

I(B+3+0) n—1\2
Pob=———2 " B=\|/-A,, , 1.3
I'B+1i-0) \/ * +< 2 ) 3

where I' is the Gamma function and A, is the Laplace-Beltrami operator on (S™, gsn ).

gsn

Let Y®) be a spherical harmonic of degree k > 0. Since —A,,, Y *) = k(k+n—1)Y*),

gsn
®Y - (g =1 y® WY FE+3+9) 14
B(Y ) <k+ > )Y and PU<Y ) ST (1.4)

The operator P, can be seen more concretely on R™ using stereographic projection.

The stereographic projection from S"\{N} to R™ is the inverse of

2z Jz]P -1
F:R" — S"\ {N}, > , ,
Ve <1+\m|2 r:c|2+1>

where N is the north pole of S™. Then it follows from the conformal invariance of P,

that

n+2o n—2o

(Fo(@)) o F' = |Jp|™ 2 (=A)7(|Jp| 2 (9o F)), forpe C(S")  (L.5)

2 n
o= ()

and (—A)? is the fractional Laplacian operator (see, e.g., page 117 of [125]). It is also

where

well-known (see, e.g., [111]) that P, is the inverse of the spherical Riesz potential

o f(¢ n
K7(f)(€) = Cn,a/ ( 3_20 dvolg. (C), | € LP(S") (1.6)
s [§ =
n—2o
where ¢, , = %’ 1 <p<ooand || is the Euclidean distance in R**!. On the

other hand, the inverses of spherical Riesz potentials have been constructed in terms
of singular integrals in [115]. When o € (0, 1), Pavlov and Samko [115] showed that if
v =K9(f) for some f € LP(S™), then

Po0)(€) = Pal10) +no [ U ety (0) (L.7)

sn [€ — (T2

220 O'F( n+220' )

—_——2 in LP(S™) sense.
7m20(1—0)

where ¢, _, = and fsn is understood as 313% f|

Tz—y|>e

From (1.2), we consider

n+2o0

P,(v) = ¢poKvn=20 on S", (1.8)




I(
I

+0)
o)’

|3

where ¢, » = Py(1) = and K > 0 is a continuous function on S".

B

When K = 1, (1.8) is the Euler-Lagrange equation for a functional associated to

the following sharp Sobolev inequality (see [10])

n—2o

_2n_ n F(ﬂ - 0') oran
( - |'U‘n720 dUOlgSn> S I@M]én ’UPO-('U) d'UOlgSn, ve H (S ) (19)
where f, = B Jon and H7(S™) is the closure of C*(S™) under the norm

/ vP,(v) dvolg, .

The extremal functions of (1.9) follows from [101] and some classifications of solutions
of (1.8) with K =1 can be found in [41] and [97]. All positive solutions must be of the

form

n—2o

2 ) ocest  (1.10)

Ve A (&) = (2 + (A2 = 1)(1 — cosdistg, (&,&0))

for some &y € S™ and positive constant .

In general, (1.8) may have no positive solution, since if v is a positive solution of

(1.8) with K € C*(S™) then it has to satisfy the Kazdan-Warner type condition

/ <vgsnK> Vgsnavﬁ d§ =0. (1.11)

Consequently, if K(§) = &,+1+2, (1.8) has no solutions. The proof of (1.11) is provided
in Appendix 4.5.

We study (1.8) with o € (0,1), a fractional Nirenberg problem. Throughout the
thesis, we assume that o € (0, 1) without otherwise stated. The following is one of our

main existence results, which will be proved in Section 4.2.

Theorem 1.1. Let K € CYY(S™) be an antipodally symmetric function, and be positive
somewhere on S™. If there exists a mazimum point xo of K near which K (x) = K (xo)+

o(|z — xo|?) for some d > n — 20, then (1.8) has at least one positive C? solution.

When o = 1, the above theorem was proved by Escobar and Schoen [59] for n > 3.
On S?, the existence of solutions of —Ag,v+1 =K e2? for such K was proved by Moser
[112].

Our local analysis of solutions of (1.8) relies on a localization method introduced

by Caffarelli and Silvestre in [29] for the factional Laplacian (—A)? on the Euclidean



space R™, through which (1.8) is connected to a degenerate elliptic differential equation

in one dimension higher

div(t'72°VU (z,t)) = 0, V (z,t) € R"H,
( ) " (1.12)

—lim t*=29,U (z,t) = K(z)U(x,0)?, vz € R

t—0

with p < Zf%g This leads us to establish regularity and isolated singularity properties
for solutions of such degenerate equations in Chapter 3 and a Liouville theorem in
Section 4.1, which are used to prove existence and compactness of solutions of (1.8) in
Chapter 4. These results are in the joint work [82, 83] with Yanyan Li and Jingang
Xiong.

We also study P, and o-curvatures in the evolution equation point of view. Let us
recall the Yamabe flow first.

Let (M, go) be a compact Riemannian manifold of dimension n > 2. The following

evolution equation for the metric g

0 9(t) = ~(Ryy — ryo)o(0), 9(0) = g0 (1.13)

was introduced by Hamilton in [72], and is known as the Yamabe flow. Here, Ry is
the scalar curvature of g(t) and 74 = volyy (M)~ [ Ry(pdvolyy is the average of
Rg(1)- The existence and convergence of solutions of (1.13) were established through
[72], [43], [134], [120], [20] and [22]. Some higher integer order curvature flows involving
the Paneitz operator or the GJMS operators P,f , such as @Q-curvature flow, have been
studied in [19, 104, 9, 21, 76] and so on. We study some flow of this fractional order
curvature RY associated with P5 on the standard conformal sphere (S, [gsn]), which is
the conformal infinity of the Poincaré disk.

Consider the normalized total o-curvature functional

20—n

S(g) = voly(8")

/Rf,dvolg, g € [gsn].

The negative gradient flow of S takes the form

72 o—n
00 _ 120 0 (M) 5 (RS — 8)g,

ot 2n




where r§ is the average of Rg. It is easy to verify that this flow preserves the conformal
class and the volume of S”. By a rescaling of the time variable, we obtain the following

evolution equation
0
8—? = —(RY —19)g. (1.14)

If we write g(t) = == (,t)gsn, then after rescaling the time variable, (1.14) can be

written in an equivalent form

oV N "
5 = —Py(v) +rdv™, on S", (1.15)

where N = (n +20)/(n — 20).

Let N be the north pole of S™ and F be the inverse of stereographic projection from

n—

e v(F(z),t) satisfies

S"™\{N} to R™. Then u(z,t) := |Jp]|

8UN o N . n
T —(=A)Yu+7rdu”, inR™ (1.16)

We will call (1.14), (1.15) or (1.16) as a (normalized) fractional Yamabe flow when
o € (0,1). The following is a long time existence and convergence result which will be

proved in Chapter 5.

Theorem 1.2. Let g(0) € [gsn] be a smooth metric on S™ forn > 2. Then the fractional
Yamabe flow (1.14) with initial metric g(0) exists for all time 0 < t < co. Furthermore,

there exists a smooth metric goo € [gsn] such that
Rg= =g and i [lg(t) ~ goollcien) = 0
for all positive integers .

As observed in [36] that the operator P} /2 is related to the Yamabe problem on
manifolds with boundary (see, e.g., [42, 56, 57, 74]), this fractional Yamabe flow (1.14)
with 0 = 1/2 is related to some generalization of Yamabe flow for manifolds with
boundary studied in [18].

We also consider the unnormalized fractional Yamabe flow

oV n oulN
5 =—FP,(v) onS" x (0,00), or e

=—(—A)?u in R" x (0, 00).



The second one is a fractional porous medium equation studied, e.g., in [3, 48, 33, 49, 89],

where it is taken the form

ug = —(—=A)7 (Ju/™ tu) in R™ x (0, 00),
(1.17)

u(z,0) = up(z) in R™,

n—20
n+20’

with m = o € (0,1). Models of this kind of fractional diffusion equations arise,
e.g., in statistical mechanics [79, 80, 81] and heat control [3].

We are interested in analyzing the exact behavior of solutions of (1.17) near the
extinction time for fast decaying initial data. In the classical case o = 1, the extinction
profiles of solutions of porous medium equations have been described in the results of
[63, 50, 46, 13, 14] and so on. We obtain the asymptotic behaviors of solutions of (1.17)
in Theorem 5.3 when t approaches the extinction time 7.

An application of Theorem 5.3 is an improvement of some Sobolev inequality. A

sharp form of the standard Sobolev inequality in R™ (n > 3) asserts that

SullVull gy = Nl 2 ) 2 0 (1.18)

for all w € H'(R") = {u € L%(Rn) : Vu € L*(R™)}, where S, is the sharp constant
obtained in [4] and [127].

There have been many results on remainder terms of Sobolev inequalities (see, e.g.,
[26, 25, 12, 45, 35, 55]), which give various lower bounds of the left-handed side of
(1.18).

For any o € (0,1), the Sobolev inequality (see, e.g., [125] or [51]) asserts that

Y u € H°(R") (1.19)

2 o) < Snollull.

where 2*(0) = =22 S, . is the optimal constant and H? (R") is the closure of C°°(R™
) C

n—20’

under the norm

el o = 11(=2)7"u] L2 eny- (1.20)

The optimal constant S, , in the Sobolev inequality (1.19) is obtained by Lieb [101]

n—2o

and is achieved by u(z) = (1+ |z[*)” 2 . The Hardy-Littlewood-Sobolev inequality

Suallul 2 > / W(~A)Tude, Vue L (R (1.21)
L nt2o0 R™



involves the same optimal constant Sy, ,, where (—A)~7 is a Riesz potential defined by
(—=A) u(x) = cng/ Ly)idy. (1.22)
" e |z -y
We will improve (1.19) via a quantitative estimate of the remainder term, which is
stated in Theorem 5.6.

The operators P, and (—A)? are nonlocal, pseudo-differential operators. Generally
speaking, strong maximum principles and Harnack inequalities might fail for nonlocal
operators, see, e.g., a counterexample in [87]. The counterexample in [87] shows that
the local non-negativity of solutions of certain nonlocal equations is not enough to guar-
antee local strong maximum principles and Harnack inequalities. However, if solutions
are assumed to be globally nonnegative, then various strong maximum principles and
Harnack inequalities have been obtained in, e.g., [27], [128] and [82].

We establish a strong maximum principle and a Hopf lemma for odd solutions of
some linear nonlocal parabolic equations, which should be of independent interest. Our
proofs make use of the expression (5.1) of (—A)?. The odd function in Lemma 5.4 will
serve as a barrier function, which allows us to obtain a Hopf lemma.

These results on fractional Yamabe flows are in the joint work [85] with Jingang
Xiong.

My thesis also contains the next chapter on solutions of elliptic equations in di-
vergence form with continuous coefficients, the joint work [84] with Maz’ya and Van

Schaftingen, in which we solved some open problems posed by H. Brezis [1, 23].



Chapter 2

Elliptic problems in divergence form with continuous

coefficients

2.1 Regularity

Let Q € R",n > 2, be a domain, i.e., a bounded connected open set in R™. Consider
the equation

—divAVu =0 inQ, (2.1)

where A : Q — R™" is bounded, measurable and uniformly elliptic, i.e.,
AP < (A(2)€) - € < AlEP, € €R™,

with 0 < A < A < oo for every x € 2. One can define a weak solution u € T/Vlicl(Q) of

(2.1) by requiring that for every ¢ € C1(Q),

/Q(AVU) -V =0.

We are interested in the regularity properties of u. A fundamental result of De
Giorgi [47] states that if u is a weak solution of (2.1) and moreover u € Wlif(ﬂ), then
u is locally Holder continuous. In particular, u is then locally bounded. In the same
direction, Meyers [107] also proved that u € T/Vl(l)f(Q) for some p > 2.

Serrin [121] showed that the assumption u € VV&)E(Q) is essential in De Giorgi’s
result by constructing for every p € (1,2) a function u € Wif(fl) that solves such an
elliptic equation but which is not locally bounded. In these counterexamples, A is not
continuous. Serrin [121] conjectured that if A was Holder continuous, then any weak
solution u € VVI})CI(Q) is in VV&)?(Q), and one can then apply De Giorgi’s theory.

This conjecture was confirmed for u € W1P(Q) with p > 1 by Hager and Ross [71],

and recently, solved completely by Brezis [1, 23] for u € W1(Q). The proof of Brezis
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extends to the case where A is Dini continuous, i.e., the modulus of continuity of A

walt, ) = sup |A(x) — A(y)], (2.2)
z,y€e)
lz—y|<t
satisfies the Dini condition
1
Q
/ wA(::’) ds < oo. (2.3)
0

In the case where A € C(Q; R™*™), which is merely continuous, Brezis obtained the

following result.

Theorem 2.1 (Brezis [1, 23]). Assume that A € C(Q;R™™™) is uniformly elliptic. If
u € VVlif(Q) for some p > 1 is a weak solution of (2.1), then u € VVlij’g(Q) for every

q € [p, +0).

Brezis asked two questions: Does Theorem 2.1 hold in the two limiting cases: p =1
and/or ¢ = co? The answer to both questions was known to be positive if A is Dini

continuous. We answer both questions in the next section.

2.2 Some counterexamples

In the joint work [84] with Maz’ya and Van Schaftingen, we answered the above two
questions raised by Brezis. We denote B, as the ball in R™ of radius 7 centered at the

origin. First we have

Proposition 2.1. There exists u € Wli’cl(Bl) and a uniformly elliptic A € C(By; R™*™)

such that u is a weak solution of (2.1), but u & Wﬁ)’f(Bl) for every p > 1.

Proposition 2.1 shows that Theorem 2.1 does not hold in the limiting case p = 1.
As a byproduct, we obtain an answer to a further question (Open problem 3 in [1])
raised by Brezis.

Proposition 2.2. There exists A € C(B1;R™ ™) such that the problem
—div(AVu) =0 in By,

(2.4)
u=0 ondB;

has a nontrivial solution.
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Brezis asked us the question whether those counterexamples could be improved by
taking Du that belongs to Llog L or to the Hardy space H!. Our construction in

Proposition 2.1 answers the question.

Proposition 2.3. There exists u € VVI})S(Bl) and a uniformly elliptic A € C(By; R™*™)
such that w is a weak solution of (2.1), Du € (Llog L)joc(B1) but u ¢ Wli’f(Bl) for

every p > 1.

In particular, in this case, Du belongs locally to the Hardy space H! (see [124]).

Concerning the possibility of Lipschitz estimates, we have

Proposition 2.4. There exists u € Wli’cl(Bl) and a uniformly elliptic A € C(Bp; R™*™)
such that u is a weak solution of (2.1), u € VVlfj’f(Bl) for everyp > 1, Du € BMO),.(B)
but u ¢ W5 (By).

Proposition 2.4 shows that Theorem 2.1 does not hold in the limiting case ¢ = oo.
Brezis asked whether Du € BM Ojoc(B) for any weak solution u of (2.1) as in Theorem

2.1. The answer is still negative.

Proposition 2.5. There exists u € Wli’cl(Bl) and a uniformly elliptic A € C(Bp; R™*™)
such that u is a weak solution of (2.1), u € I/Vli’f(Bl) for every p € (1,00) but Du ¢
BMOjo¢(B1).

The construction of the counterexamples are made by explicit formulas, inspired by
the construction of Serrin [121]. They can also be obtained from asymptotic formulas of
Kozlov and Maz'’ya [92, 93]. Our counterexamples rely on the following computational

lemma.

Lemma 2.1. Let v € C%((0,7)) and o € C1((0,7)). Define A(x) = (a;j(x))1<i<n by

1<i<n
aij(x) = (57;]' + Oé(|33‘|) ((Sz] — T;T;)
Then for every x € B; \ {0},
div (A@)V(@o(la]))) = = (")) + ”‘; L)) - Wa(!ﬂ)v(m)). (2.5)
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Proof. One has,

div (A(:U)V(:Ulv(|:c|)))

=z div (A(z)Vo(|z])) + 2Vz1 - (A(2)Vo(|z|)) + v(|z]) div (A(z) V).
For the first two terms, one notices that A(z)Vov(|z|) = Vu(|z]), and hence

n+1

z1div (A(z)Vu(|z])) + 2V - (A(z)Vo(|z]) = 21 (V" (|2]) + ] v'(|zl)).
For the last term, one has
-1
div (A(z)Vz1) = div (a(|z])(er — %)) - —Wa(yx\).
The desired formula follows by adding these two together. O

Remark 2.1. If P is a homogeneous harmonic polynomial of degree k, the formula

generalizes to

PR ol) - = a(alo(la)).

Proof of Proposition 2.1. Choose > 1, and define for some ¢ > 1, for r € (0, 1),

o(r) = m (2.6)

One takes then

_ W)+ (4 D)) _ —pn B(B+1)
"= (n—1v(r) a (n—1)log %O + (n — 1)(10gr70)2’ (2.7)

One can take rg large enough so that o > —% on (0, 1); the coefficient matrix A is then
uniformly elliptic. Define now u(z) = z1v(|z|). One checks that u € W1(By) and that
u is a weak solution of (2.1). Indeed, it is a classical solution on B; \ {0} by Lemma

2.1. Taking, ¢ € C1(B) and p € (0, 1), and integrating by parts we obtain
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Since ¢ € CL(By), one has

[ e (avn)| < 6ol + ol (),
Bl\Bp

Since the right-hand side goes to 0 as p — 0, u is a weak solution. O

Remark 2.2. The examples constructed in the case of merely measurable coefficients
by Serrin [121] to show that a solution u € VV&)’?(Q) need not be in VV&)’CQ(Q) and by
Meyers [107] to show that for every p > 2, that a solution in T/Vlif(Q) need not be
in T/Vlif(ﬂ) can be recovered with the same construction, by taking v(r) = r®. The
ellipticity condition requires « < n —1 or a > 1. This covers all the cases when n = 2;

a descent argument finishes the construction in higher dimension.

Proof of Proposition 2.3. One checks that the counterexample constructed in the proof

of Proposition 2.1 satisfies Du € (Llog L)joc(B1) when > 2. O

Similar examples can be obtained following the results of Kozlov and Maz’ya [93].
By (4) therein, if A € C(B1;R"*"), A(Rx) = RA(z)R where R is the reflection with
respect to the x1 variable and A satisfies some regularity assumptions, then the equation
—div(AVu) = 0 has a solution that is odd with respect to the x; variable and that

behaves like

z1
T €XP / R(y) dy
|| ( Bi\B|y ) )

around 0, where R is defined following [93, (3)] (The reader should correct the misprint
in [93, (3)] and read |S” | instead of [S"7!|.)

(€1 (A(x) = AO))er) (@ - A0) ") — nles - (Alw) = A©O)AO) a)(er-z) (2F)
10B(0,1)|| det A(0)|2 (z - A(0)~1z)5+!

Taking A as in Lemma 2.1 with lim, ,oa(r) = 0, one has R(z) = a(|z|)(|z]* —

712)/(|0B1||x|"*?). Therefore, there is a solution that behaves like

T n—l/1 dr
—— exp(—— alr) —).
|| ( n 2| ()7“)
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In particular, if one takes a(r) = —fn/((n — 1)log =), one obtains a solution that

behaves like ZL(log 22) 7. One could also take a;;(z) = &;; + x(|2|)(0;; — ndi1dj1 %)

||

and continue the computations with now R(x) = x(|z|)(|z|* — nz12)2/(|0B||z|"2).

Proof of Proposition 2.2. Let u be given by the proof of Proposition 2.1. Notice that u

is smooth on 0Bj. Since A is bounded and elliptic, the problem
—div(AVw) =0 in By,
w=u ondBj.

has a unique solution in w € WH2(By). Since u ¢ W12(By), u # w. Hence, u —w €

WHl(By) is a nontrivial solution of (2.4). O

Proof of Proposition 2.4. Take for r € (0,1),
v(r) = log o (2.9)
r

and
1—(n+1) —n

) = G Dlog® ~ (- Dlog ™’ (2.10)

r
where g is chosen so that a(r) > —3 on (0,1). Defining u(z) = 21v(|z|), one checks
that Du € W;-P(By), Du € BMO(B1), u ¢ W5 (B;) and that u is a weak solution of

loc

(2.1). O

As for the previous singular pathological solutions, similar examples can be obtained
from results of Kozlov and Maz’ya for solutions [92]. By (4) therein if A € C(B;; R™*"),
A(Rz) = RA(x)R where R is the reflection with respect to the z; variable and A
satisfies some regularity assumptions, then the equation — div(AVu) = 0 has a solution

in W12(B;) that is odd with respect to to the x; variable and that behaves like

T exp(— /Bl\B|z| R(y) dy)

around 0, where R is given by (2.8). Taking A as in Lemma 2.1 with a(r) as in (2.10),

one recovers the counterexample presented above.
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Proof of Proposition 2.5. Define for r € (0, 1),
T0o\2
v(r) = (log 70) .

and
—2n n 2
(n—=1)log™ = (n—1)(log 7"70)2

a(r) =

Defining u(z) = z1v(|z|), one checks that u € WHP(By) for every p > 1 and that u is a
weak solution of (2.1). One checks that for every ¢ > 0, exp(c|Dul) € L' (B 5); hence
by the John—Nirenberg embedding theorem [86] (see also e.g. [126, Chapter 4, §1.3]),
Du & BMO(By »). O
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Chapter 3

Degenerate elliptic equations in divergence form

3.1 A weighted Sobolev space

Let 0 € (0,1), X = (x,t) € R""! where z € R” and t € R. Then [t|!72° belongs to the
Muckenhoupt As class in R™*!, namely, there exists a positive constant C, such that

for any ball B ¢ R"**!

1 oy 1 o
<‘B‘/B|t|1 2 dX) (’B/BMQ 1dX> <C.

Let D be an open set in R™"!. Denote L?(|t|'~27, D) as the Banach space of all

measurable functions U, defined on D, for which

1
2
[ ( [ v dX> < 0.
D
We say that U € H(|t|'=2°, D) if U € L?(|t|' =27, D), and its weak derivatives VU exist

and belong to L?(|t|*=2?, D). The norm of U in H(|t|!2?, D) is given by

1
2
e (/ 17202 (X) dX +/ t]l_Q"\VU(X)\QdX> |
D D
It is clear that H(|t|'=2°, D) is a Hilbert space with the inner product
(U, V) = / [t|' "2 (UV + VUVV)dX.
D

Note that the set of smooth functions C*°(D) is dense in H(|t|'~2°, D). Moreover, if D
is a domain, i.e. a bounded connected open set, with Lipschitz boundary 0D, then there
exists a linear, bounded extension operator from H (|t|'=27, D) to H(|t|'~27,R" 1) (see,
e.g., [44]).

Let © be an open set in R™. Recall that H?(Q2) is the fractional Sobolev space
defined as

H(Q) := {u e L*(Q) : W e L*(Q x Q)}
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with the norm

2 lu(z) — u(y)|2 )
ull o = U dx+/ — = dxd
H HH () </Q 0o ’(L’ _ y[”+20 Yy

The set of smooth functions C*°(2) is dense in H?(Q2). If  is a domain with Lips-
chitz boundary, then there exists a linear, bounded extension operator from H7(£2) to
H?(R™). Note that H(R"™) with the norm | - || jyo(gn) is equivalent to the following
space

{ue L2(R") : [€]7F (u)(€) € L*(R")}

with the norm
I [le2ny + [1€17-7 () (€l L2 )
where .% denotes the Fourier transform operator. It is known that (see, e.g., [102]) there
exists C' > 0 depending only on n and o such that for U € H (727 R ) n C(@),
1T, 0)|| gro@ny < CHUHH(H—%,RT“)' Hence by a standard density argument, every
U € H(t'72 R7) has a well-defined trace u := U(-,0) € H?(R").
We define H?(R") as the closure of the set C2°(R™) of compact supported smooth

functions under the norm
lull fromny = I1€17F (W) (€] L2(rn)-
Then there exists a constant C' depending only on n and ¢ such that

||uHLn3"2’a ®) < CHUHHG(Rn) for all u € CZ°(R"). (3.1)

For any u € H?(R"), set

Ula,t) = Polu] i= | Pole — &, 0u(€)dS,  (2,8) € RTH = R x (0,400),  (3.2)
Rn
where
P (1) = B(n a)—t%
N

with constant 3(n, o) such that [p, Ps(z,1)dz = 1. Then U € L?(t'72°, K) for any
compact set K in R, VU € L2(¢'720 R and U € C®°(R"™). Moreover, U
satisfies (see [29])

div(t'"*VU) =0 in R%™, (3.3)
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HVUHLZ(tlf%’RT'l) = NO'HUHHU(Rn)) (34)

and

—1lim ' 7279,U (x,t) = Ny(=A)%u(z), in R" (3.5)

-0
in distribution sense, where N, = 2!729T'(1 — ¢)/I'(0). We refer U = P,[u] in (3.2) to
be the extension of u for any u € H(R").

For a domain D C R"™!' with boundary 0D, we denote 8'D as the interior of
DNoRY in R* = 9RM™ and 0"D = 0D \ & D. We denote Qg = Bg x (0, R) where
Bgr C R™ is the ball with radius R and centered at 0, Bg(X) as the ball in R"*! with
radius R and center X, B5(X) as Br(X) NRET. We also write Br(0), B1(0), Br(0)

as Bg, BE, Bpr, for short, respectively.

Lemma 3.1. Let u(z) € CX(R") and V(-,t) = Py (- t) *u(-). For any U € C(RU
IR with U(x,0) = u(x),

/ t1—20|vv|2 S / t1_20|VU’2.
Ri-H Ri+1

Proof. Let 0 < n(z,t) < 1, Supp(n) C Bip, n = 1 in B} and |Vy| < 2/R. In the
end we will let R — oo and hence we may assume that U is supported in B; /o Since

div(t!729VV) = 0, then
0= / =2V VV (n(U - V))
R+

= / =27 VUVV — / 20| VV |2 — / =20y VvV,
Ri+1 Ri+1

By \Bg
where we used n(U — V') = 0 on the boundary of B;r r in the first equality.

Note that for (z,t) € Byiz\B%

V(z,t)| = B(n, o)

t2a
J. (e—ep vy %

(of? + )7
<flne) [ el

< O(n,0)(J2* + &%) % |Jull 1,

where in the first inequality we have used that U is supported in BE /2"
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Direct computations yield
/ U TAVL7A VA4
BJp\Bj;
1/2 1/2
< / t1720’vv|2 / t172av2|vn’2
B\ B\
1/2
S / tl—20’ ’vv ’ 2
B3p\Bf;

-C(n, 0)|u|L1(Rn)(R"+2_2“_2_2”)1/2 — 0 as R — oo,

where we used (3.4) that [pr+1 t7727|VV|? < co. Therefore, we have
+

/ t1—20|vv|2 S
R+

Finally, by Holder inequality,

/ t1—20|vv|2 é / t1_2U|VU|2.
Ri+1 Ri+l

/ UREEEAVAJAVATS
Riﬂ

Proposition 3.1. Let D = Q x (0,R) C R" x Ry, R > 0 and 0N be Lipschitz.

(i) IfU € Ht'72°, D)NC(DU D), then u :=U(-,0) € H° (), and
lullge @) < CllU|m@-20,p),

where C' is a positive constant depending only on n,o, R and ). Hence every U €
H(t'72. D) has a well-defined trace U(-,0) € H°(Q) on &'D. Furthermore, there

exists C' > 0 depending only on n and o such that

[UCO, 24, o < CIVUlz@-2,0)  for all U € CX(DUID).  (36)

L n—2c (

(ii) If u € H°(Q), then there ewists U € H(t'727, D) such that the trace of U on Q
equals to u and
1U | zgr—20,py < Cllull go g,

where C' is a positive constant depending only on n,o, R and ).
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Proof. The above results are well-known and here we just sketch the proofs. For
(i), by the previously mentioned result on the extension operator, there exists U e

H(t'729 R"*1) such that U=Uin D and
HUHH(t172o’Rn+1) S C”UHH(t172‘7,D)'

Hence by the previously mentioned result on the trace from H (t1~27, RT‘I) to H? (R™),

we have
[l o) < MU 0)|| o rny < CHUIIH(tlfza,RTl) < Cl|U||g(s1-2+,p)-

For (3.6), we extend U to be zero in the outside of D and let V be the extension of

U(-,0) as in (3.2). The inequality (3.6) follows from (3.1), (3.4) and
9V llag120 gty < IVUl aacar gy

where Lemma 3.1 is used in the above inequality.
For (ii), since 0f2 is Lipschitz, there exists « € H?(R") such that ¢ = u in  and

] o (mry < Cllul| go(qy- Then U = Py[u], the extension of 4, satisfies (ii). O

3.2 Weak solutions of degenerate elliptic equations

3.2.1 Existence

2n

Let D be a domain in R with @D # 0. Let a € L (9'D) and b € L}, (0'D).

C loc

Consider
div(t!=2°VU (X)) =0 in D,
(3.7)
— lim t*%9,U(z,t) = a(z)U(z,0) + b(z) on &'D.
t—0+
Definition 3.1. We say that U € H(t'727, D) is a weak solution (resp. supersolution,
subsolution) of (3.7) in D, if for every nonnegative ® € C2°(D U J' D)
/ t1=2YUV® = (resp. >, <) / aU®d + bd. (3.8)
D &'D

Proposition 3.2. Suppose a(z) € L27(By), b(z) € L%(Bl). Let U € H(t'727, Q)

be a weak solution of (3.7) in Q1. There exists 6 > 0 depending only on n and o such
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that if |la™|| < 0, then there exists a constant C' depending only on n,o and §

L2 (By)
such that

).

10027010 < CUTN 202000 + 101 2

Consequently, if a € LP(B1) for p > 5z, then C depends only on n, o, ||lal|1r(B,)-

Proof. Let n € CZ(Q1 U J'Q1) be a cut-off function which equals to 1 in Q;/, and
supported in @Q3/4. By a density argument, we can choose n?U as a test function in
(3.8). Then we have, by Cauchy-Schwarz inequality,
/ =22 VU2 dX < 4/ 1729\ vn|2PU? dX + 2/ at(nU)? + U da.
1 1 Q1

By Holder inequality and Proposition 3.1,

TU)2dz < S|nU|? ., < 50, NI 2o 1.
/8/Q1a (n ) = ”77 HLTL%QU(alQl)_ (n U)H (77 )HLQ(tl 2 ,Ql)

By Young’s inequality V € > 0,

biPU(-,0)dz < elnU|? an + OBl 2
/m UG 0 dr Ul sy o OB

2 2
< eC(m, o)V 220, + CEOMI? 2, o

The first conclusion follows immediately if § is sufficiently small.

If a € LP(By), we can choose r small such that | all < ¢ for any ball

L35 (By(xp))
B,(z9) C By. Then U(x,t) = 7""7220U(rw + g, rt) satisfies (3.7) with a(z) = r*a(rz +

n+2o0

2 b(rz + xo) in Q1. Since ||all

xg) and I;(x,t) =r < 9, applying the above

L35 (By)
result to U , we have

||U||H(t172U,Bl/2X(O,T/2)) S C(||U||L2(t17207Q1) + HbHLT?ﬁ%(Bl))’

where C' depends only on n,0,||a||p~(p,). This, together with the fact that (3.7) is

uniformly elliptic in By x (r/4, 1), finishes the proof. O

Proposition 3.3. Suppose that a(x) € L2 (By). There exists 6 > 0 which depends

only on n and o such that if Ha*HL%( < 4§, then for any b(x) € L%(Bl), there

Bi)
exists a unique solution in H(t'727,Q1) to (3.7) with Ulsng, = 0.
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Proof. We consider the bilinear form

B[U,V| ;:/ t2VUVV dX — aUVdz, UV EA
1 0'Q1

where A := {U € H(t'72%,Q1) : Ulgrg, = 0 in trace sense}. By Proposition 3.1, it
is easy to verify that B[, -] is bounded and coercive provided ¢ is sufficiently small.

Therefore, the proposition follows from the Riesz representation theorem. O

3.2.2 Maximum principles

Lemma 3.2. Suppose U € H(t'72°, D) is a weak supersolution of (3.7) in D with

a=b=0. IfU(X) >0 ond"D in trace sense, then U >0 in D.
Proof. Use U™ as a test function to conclude that U~ = 0. O

Lemma 3.3. There erists ¢ = e(n,o) such that for all |a(z)| < elz|727, if U €
H(t'72°.Q1), U > 0 on 0"Q1, and is a supersolution of (3.7) in Q1 with b = 0,
then

U>0 Q.

Proof. By a density argument, we can use U~ as a test function. Hence we have

/ 12U < /B al(U (-, 0))>. (3.9)

We extend U™ to be zero outside of Q1 in Rﬁ“ and still denote it as U~. Then the

trace
U~ (-,0) € H(R™).
Since
201 77—1(. 2 _ 1-20 — M2 1-20 -2
NU O oy = [ VP U (0P < [ 072w
+ +
we have

N2 Oy < [ a0 0%

By Hardy’s inequality (see, e.g., [133])

Cna) [ 1ol (07,0 < U7 (0 By gy
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where C(n,o) = 220% is the best constant. Hence if e < N2C(n, o), U~ (-,0) =

0 and hence by (3.9), U~ =0 in Q. O

Lemma 3.4. Let a(x) € L>(By). Let W € C(Q1) NC?(Q1) satisfying V.W € C(Q1),
tH=209,W € C(Q1), and

—div(t' 720V >0 in Qn,
— %ir% =200, W (x,t) > a(x)W(x,0) on d'Q, (3.10)
%
w >0 in Q.

If U € C(Q1) N C%(Q1) satisfying V.U € C(Q1), t*=2°0,U € C(Q1), and

—div(t'720VU) >0 in Qn,
~lm U (x,t) > a(2)U(x,0) on dQr, (3.11)
_>
U Z 0 n 8”Q17

then U > 0 in Q1.

Proof. Let V. =U/W. Then

p

*diV(tl_QUVV) _ 2t1—20 VVV[YW _ div(t17;;VW)V >0 in Ql

i #1—20 V[ i 120 _ / 3.12
%E}I(l)t XV + 35 ( %gl%t OW (z,t) — a(x)W(x,0)) >0 ondQ (3.12)

1% >0 in 8"Q;.

We are going to show that V' > 0 in @;. If not, then we choose k such that infg, v <
k <0. Let
Vi=V —k and V, =max(-V;,0).

Multiplying V,~ to (3.12), we have
/ 2|V < 2 / WV VY VI (3.13)
1 1

Case 1: Suppose 1 — 20 < 0. Denote I'y, = Supp(VV, ). Then by the Hélder

inequality and the bounds of V, W, t!=299, W,

1 1
2 2
2/ tl—QUW—lvk—vvk—VW<C</ t1—20|vv,;|2) (/ tl—szv,;|2> :
1 1 Fk:



24

Hence it follows from (3.13) that
/ 12|y < c/ {12y 2, (3.14)
1 T
Since V,, =0 on 9"Qq, by Lemma 2.1 in [128],
eSS
(/ t1—20|vk—’2(n+1)/n> <C t1—2a’vvk—‘2' (3'15)
Q1 Q1

By (3.14), (3.15) and Hoélder inequality,

Ty B

This yields a contradiction when k& — infg, v, since VV = 0 on the set of V' = infg, V.
Case 2: Suppose 1 — 20 > 0. Denote I'y = Supp(V, ). Then by Hélder inequality
and the bounds of V, W, t!=279,W,

/ 2|V < 2 / WV VY VW
1 1

<’ Vi VvV~

Q1
< C(/ t12U’VVk_|2)1/2(/ t2<771‘vk—|2)1/2'
1 Q1
Hence
/ tlQJ‘VVk—|2/ t1720‘vvk—|2 < C/ tlQU’VVk_‘Q/ t2071|vk—’2'
1 Q1 Q1 Q1

Since V,, = 0 on 98”Q1, by the proof of Lemma 2.3 in [128], for any 8 > —1,

/ BV < 0(8) / -2 vy .
1 1

In the following we choose 5 = o — 1. Hence,

/ t1_2”|VVk_]2/ tU—l‘Vk—PSC/ t1_2”|VVk_]2/ t2a—1‘vk—’2’
1 Q1 Q1 Q1

/ t1—2a|vvk—’2/ tU—l‘Vk—PSC/ t1_2”|VVk_]2/ tQU—l‘Vk—|2'
Ik I3 Ty Ty

Fixed ¢ > 0 sufficiently small which will be chosen later. By the strong maximum

ie.

principle infg, V' has to be attained only on 0'Qq, then we can choose k sufficiently

closed to infg, V' such that I'y, C By x [0,¢]. Then

5_0/ t2cr—1|Vk|2§C/ tcr—1|Vk7’2.
Fk Fk
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Choose € small enough such that e77 > C' + 1. It follows that

/ tl—ZJ’vvk—Q/ t2”_1|Vk_]2:0.
Ty Ty

Hence one of them has to be zero, which reaches a contradiction immediately. O

3.3 Regularity

3.3.1 Harnack inequalities and Holder estimates

The following result is a refined version of that in [128]. Such De Giorgi-Nash-Moser
type theorems for degenerated equations with Dirichlet boundary conditions have been

established in [60].

Proposition 3.4. Suppose a,b € LP(By) for some p > 5-.

(i) Let U € H(t'727,Q1) be a weak subsolution of (3.7) in Q1. Then ¥ v >0

sup U™ < C([UT | v 1-20,01) + 167 | 2o(51)),

Q12
where U = max(0,U), and C > 0 depends only on n,o,p,v and ||a™||1rp,).

(ii) Let U € H(t'727,Q1) be a nonnegative weak supersolution of (3.7) in Q1. Then

fo7*any0<u<T<1,O<I/§”T+1 we have
U+ 07| zr (5 2 ClU v @-20,0,)
I

where C' > 0 depends only on n,o,p,v, u, 7 and |la™||zr(p,)-
(iii) Let U € H(t'727,Q1) be a nonnegative weak solution of (3.7) in Q1. Then we

have the following Harnack inequality

sup U < C(inf U + [|b|zr(B))) (3.16)
Q12 Q1/2

where C' > 0 depends only on n,o,p,|lalrr(p,).- Consequently, there exists a € (0,1)
depending only on n,o,p,|la|r»(B,) such that any weak solution U(X) of (3.7) is of
C*(Q1/2). Moreover,

1Ullca @) < CUIUI L= @) + [1bllLe(sy))s

where C' > 0 depends only on n,o,p, ||a|r»(B,)-
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Proof. The proofs are modifications of those in [128], where the method of Moser it-
eration is used. Here we only point out the changes. Let k = [|b" | 1»(p,) if b* # 0,
otherwise let k£ > 0 be any number which is eventually sent to 0. Define U = UT + k

and, for m > 0, let

o U if U <m,
U, =
k+m if U > m.
Consider the test function
¢ = (ULU — K™+ € H(t % ,Qy),

for some 3 > 0 and some nonnegative function n € C}(Q1U0’Q1). Direction calculations
__B__
yield that, with setting W = U2 U,
1 bt
L[ g < 16/ 120 |7 2702 4 4/ (@ + Dy (3.17)
145 Jo, @& IQr k

By Holder’s inequality and the choice of k, we have
b b o + 27772
o W< (ot + DI,
1

where p/ = p%l < 5. Choose 0 < # < 1 such that z% =0+ W. The

interpolation inequality gives that, for any € > 0,

10
W2 oy <MW 2y 47 [0 W),

(B1)
By the trace embedding inequality in Proposition 3.1, there exists C' > 0 depending

only on n, o such that

WP ., <C / 117219 (W) 2.
L Bl) Ql

n—2o0 (
By Lemma 2.3 in [128], there exist 6 > 0 and C' > 0 both of which depend only on n, o
such that
Wiy <28 [ B N@WR +eE [ o,
Q1 Q1
By choosing € small, the above inequalities give that

/ 72| ()2 < O(1 + B)/? / 172 (2 4 [y W,

1 1
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where C' depends only on n,c and Ha+||Lp(Bl). Then the proof of Proposition 3.1 in
[128] goes through without any change. This finishes the proof of (i) for » = 2. Then (i)
also holds for any v > 0 which follows from standard arguments. For part (ii) we choose
k= b"[|Le(py) if b~ # 0, otherwise let k > 0 be any number which is eventually sent
to 0. Then we can show that there exists some 1y > 0 for which (ii) holds, by exactly
the same proof of Proposition 3.2 in [128]. Finally use the test function ¢ = T’ n?
with 8 € (0,1) to repeat the proof in (i) to conclude (ii) for 0 < v < ZEL. Part (iii)

follows from (i), (ii) and standard elliptic equation theory. O

Remark 3.1. Harnack inequality (3.16), without lower order term b, has been obtained

earlier in [27] using a different method.
The above proofs can be improved to yield the following result.

Lemma 3.5. Suppose a € L2+ (By),b € LP(By) with p > s and U € H(t'727,Q1) is
a weak subsolution of (3.7) in Q1. There exists 6 > 0 which depends only on n and o

such that if Ha*HL%( < 4, then

B1)

1T, 0| 0@y ) < CUT a@-2000) + 107 | o1))5

where C > 0 depends only on n,p,oc,d, and ¢ = min (27(;3;)7 (2(527;));3 . n%gg)

Remark 3.2. Analog estimates were established for —Au = a(z)u in [24] (see Theorem
2.8 there) and for —div(|VuP=2Vu) = a(z)|u[P~2u in [6] (see Lemma 3.1 there).

Proof of Lemma 3.5. We start from (3.17), where we choose 3 = min (%, 2((351;0—_;)))

By Holder inequality and Proposition 3.1,

bt
/wl(a+ + WA I WE g W
< C(n,0)8 ; 2\ (W) + Coop [T | 1012000
1

By Poincare’s inequality in [60], we have

/ 27 \nPW? < CropllU | (120 0y)-
1
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If § is sufficiently small, the the above together with (3.17) imply that

/ tl—QU‘V(nWﬂQ < Cn,g,pHU”H(tl_Q",Ql)'

1

Hence it follows from Holder inequality and Proposition 3.1 that, by sending m — oo,

HU('70)||L‘7(6'Q1/2) < Cn,a,p/@ t1—2a‘v(nW)|2 < CTL,U,P U”H(tl—Q",Qﬂ‘
1

This finishes the proof. O
Corollary 3.1. Suppose that K € L¥(By), U € H(t'72°,Q1) and U > 0 in Q
satisfies, for some 1 < p < (n+20)(n—20),

div(t!2°VU (X)) =0 in Q1

— lim t*7%9,U(z,t) = K(z)U(z,0)? on 9'Q.

t—0t

Then (1) U € LS. (Q1 U &' Q1), and hence U(-,0) € LS (By).
(it) There exist C' > 0 and a € (0,1) depending only on n,o,p,|lul[L=s,,) and
||KHL00(33/4) such that U € Co‘(m) and
Ul 20,04 2) + 1Vl oy ) < C-
Note that the regularity of solution of —Au = u%g was proved by Trudinger in

[129].

Proof of Corollary 3.1. By Proposition 3.1, U(-,0) € H?(B;) C L%(Bl). Thus
U(-,0~' € L27(B;). Then part (i) follows from Lemma 3.5 and Proposition 3.4.

Part (ii) follows from Proposition 3.2 and Proposition 3.4. O

3.3.2 Schauder estimates

Let Q be a domain in R", a € L"““ (Q) and b € L}, (). We say u € H?(R") is a weak

loc

solution of

(—A)°u = a(x)u+b(x) in

if for any ¢ € C*°(R"™) supported in €,

| artua)io = [ at@us-+ e,
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Then by (3.5), u € H?(R"™) is a weak solution of

(—A)7u = Ni(a(x)u +h(x)) B

if and only if U = P,[u|, the extension of u defined in (3.2), is a weak solution of (3.7)
in Q1.

For a« € (0,1), C*(Q2) denotes the standard Holder space over domain 2. For
simplicity, we use C%(€) to denote Cl*~101(Q) when 1 < o ¢ N (the set of positive
integers).

In this part, we shall prove the following local Schauder estimates for nonnegative

solutions of fractional Laplace equation.

Theorem 3.1. Suppose a(z),b(x) € C*(By) with 0 < a ¢ N. Let u € H?(R") and

u >0 in R™ be a weak solution of
(—=A)u =a(x)u+b(x), in By.
Suppose that 20 + « is not an integer. Then u € 02‘7+0‘(Bl/2). Moreover,

ullzesogs, ) < CLnf -+ [bllngs, ) (3.18)
/ By, /
where C' > 0 depends only on n, o, o, ||a||ca(33/4).

Remark 3.3. Replacing the assumption u > 0 in R™ by u > 0 in Bj, estimate (3.18)
may fail (see [87]). Without the sign assumption of u, (3.18) with infp, , u substituted
by ||ul| oo (rny holds, which is proved in [30], [31] and [32] in a much more general setting

of fully nonlinear nonlocal equations.

The following proposition will be used in the proof of Theorem 3.1.

Proposition 3.5. Let a(z),b(x) € C*(By), U(X) € H(t'727,Q1) be a weak solution
of (3.7) in Q1, where k is a positive integer. Then we have

k

Y IVEUlL(@u) < CUIUI 21120 @1 + bl (8y))s
1=0

where C' > 0 depends only on n,o,k,||alcrp,)-
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Proof. We know from Proposition 3.4 that U is Holder continuous in Qg/g. Let h € R"
with |h| sufficiently small. Denote U"(z,t) = w Then U is a weak

solution of

div(t! =20 VUR (X)) =0 in Qg/o,
(3.19)

— lim t'7279,U"(2,t) = a(x + H)U" +a"U +b"  on 9'Qg)q.

t—0t
By Proposition 3.2 and Proposition 3.4,
UM (27,04 5) + HUtha(@) < CIUMI 2120 @y ) + 1Bllcr(1))
< CIVUp2(1-20.q, 5) + Ibllcr(sy))
< C(|U]|2pr-20,0,) + Ibller(my))

for some o € (0,1) and positive constant C' > 0 depending only on n, 0, |lalc1(p,)-

Hence V.U € H(t'7%7, Q2/3) N C*(Q3), and it is a weak solution of

div(t!=2°V(V,U) =0 in Qy/3,

— lim t'72°9,(V,U) = aVoU + UVga+ Vib  on 0'Qyys.

t—0t+

Then this Proposition follows immediately from Proposition 3.2 and Proposition 3.4

for k = 1. We can continue this procedure for k = 2,3,--- (by induction). ]

To prove Theorem 3.1 we first obtain Schauder estimates for solutions of the equation

div(t!=2°VU (X)) =0 in Q,
(3.20)
— lim t'7279,U(z,t) = g(x) on 0'Q,
t—0+t

where Q) = By x (0,2).

Theorem 3.2. Let U(X) € H(t'727,Q) be a weak solution of (3.20) and g(x) € C*(By)
for some 0 < o € N. If 20 + « is not an integer, then U(-,0) is of C’Q‘”'Q(Bl/g).

Moreover, we have
IU(0)llczo+a(p, ) < CUIUlLe(qs) + lgllca(s,)),
where C' > 0 depends only on n,o, «.

Theorem 3.2 together with Proposition 3.4 implies the following
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Theorem 3.3. Let U(X) € H(t'727,Q1) be a weak solution of (3.7) with D = Q1 and
a(z),b(x) € C(By) for some 0 < a € N. If 20 + «v is not an integer, then U(-,0) is of

C21%(By j5). Moreover, we have

1UC0)llc2ota(p, ) < CUIU L (@) + [1bllca(sy)),
where C' > 0 depends only on n, o, a, |la|ce(p,)-

Proof. From Proposition 3.4, U is Holder continuous in @3/4. Theorem 3.3 follows from

bootstrap arguments by applying Theorem 3.2 with g(z) := a(x)U(z,0) + b(z). O
Furthermore, we have the following regularity result for solutions of (3.20) in Q.

Theorem 3.4. Let g(z) € L®(0'Q), and U(X) € H(t'727,Q) be a weak solution of
(3.20). Then U(-,0) € C?°(0'Q1) if o # 1/2. Furthermore, if we assume that g(x) is

Dini continuous in 8'Q then U € C?*?(Q1).

Remark 3.4. C2° regularity is optimal. For example, U = t?° solves (3.20) with

g(x) = —20.

Remark 3.5. If we only assume g(x) € L>®(9'Q) in the second part of Theorem 3.4,

then the same proof implies that U € C2°' (Q1) for any o’ < 0.

For brevity, we denote w(r) as wgy(r, Q) if there is no ambiguity, where w,(r, Q) is as

in (2.2).

Theorem 3.5. Let g(z) € L®(0'Q), and U(X) € H(t'727,Q) be a weak solution of
(3.20). Suppose that U(x,0) € C?(B). There exists a constant C which depends only
onn and o such that for any y1,y2 € By /o with d = |y1 — yal,

IVeU(y1,0) = V35U (y2,0)|

! | y | (3.21)
<C (d|U|Loo(Q) + d/ 72027y (r)dr +/ r20_1_zw(r)dr> ,
d 0

where 1 = 0,1, 2.

Proof. Our arguments are in the spirit of those in [28] and [98]. We denote C as

various constants that depend only on n and o. Let p = %, Qr = Qur (0),0Qr =
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By, k=0,1,2,---. (Note that we have abused notations a little. Only in this proof we

refer Q, By, as Q,x, Byk.)

Let W}, be the unique weak solution of

;

div(t'=29VIWL(X)) =0 in Qg

— lim 729, Wy, (z,t) = g(0) — g(x) on J'Qy
t—0+

Wi(X)=0 on 0"Q,

(3.22)

which is guaranteed by Proposition 3.3. Let Uy = Wi+ U in Qp and hgiq = Upy1 — Uy

in Qgy1, then

Wil oo (@) < Cp*Fe(p").

(3.23)

Indeed, we can obtain the above estimate by applying the maximum principle to the

equation of p~2°k Wy (pFz) £ (127 — 3)w(p¥) in Qg. Hence by the maximum principle

again we have
k1l oo @) < Cr*Fw(p®).
[ | <Cp
By Proposition 3.5, we have, for i =0, 1,2, 3,
Ve Bkt || Lo (@ ra) < C7 (o).
Similarly, by applying Proposition 3.5 to Uy, we have

IVEUO 2o (@0) < CIU0l 1200y + 19(0)])

< CUIU Lo (o) + Woll Lo (o) + 19(0)1)-

We decompose Uy as Uy = Uy + g(0)Upz2, where

div(t!72°VUp (X)) =0 in Qo
— lim t1_2”6tU01(:c,t) =0 on &'Qq
t—0+
Uni(X) = U(X) on 9"Qo,
\
and
diV(tl_QUVU()Q(X)) =0 in Q()

— tli%i tH17200,Upp(z,t) = 1 on &'Qq

U()Q(X) =0 on 8”@0.

(3.24)

(3.25)

(3.26)

(3.27)
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By the maximum principles and a weak Harnack inequality in Proposition 3.4,
”UOZHL‘X’(Q()) = 1/0 > 07
which implies that

19(0)] < C(|Uoll oo (Qo) + U011 Lo Qo)) < CUIU Loo(Qo) + [[Woll oo (Qo))-

Hence from (3.25),

V5ol o< (@) < CUIU Lo (@) + Woll Lo (o)) < CUIU Lo (qe) +w(1)).  (3:28)
For any given point z near 0, we have
[U(2,0) = U(0,0)|
< |Uk(0,0) = U(0,0)[ + [U(z,0) — Ug(z,0)| + |Ux(2,0) — Ug(0,0)|
— L+ L+ Is

Let k be such that p*+4 < |z| < p**+3. By (3.23),
20k k & 20—1
L+ 1, <Cp~fw(p®) < C 7 w(r)dr.
0

For I3, by (3.24) and (3.28),

k
I3 < |Up(2,0) — Up(0,0)| + > |hj(2,0) — h;(0,0)]
j=1

k
< CLA(IVaVolliw(@urs) + 3 Vil @)
j=1

k
< CLaA (1T gu) +w(1) + > p27 V(7))

<.
Il
—

1
< Clzl (U1l (g0) +/||r202w(r)dr).

z

Thus
1
10(:,0) = U0.0) < Ol (Ui + |

z

2|
TQU_Qw(r)dr) —I—C/ 2y (r)dr,
0
which shows (3.21) for ¢ = 0. Moreover, the above estimate implies that

1
V200l < C(IW i + [ 727 2tr)ar). (329)
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Next we will show that for ¢ = 1. Applying (3.29) to the equation of W}, we have,
together with (3.23),

k

o
IVaWi (-, 0)[|Loo(Byyy) < C(P(%_l)kw(Pk) +/0 T20_2W(7”)d7")

o
< C/ 72020 (r)dr.
0
By (3.24) and (3.28),
|szk(Za 0) - vak’(Ov 0)|

k
< |VaUo(2,0) = VaUo(0,0)| + > [Vahj(2,0) — Vahy(0,0)]
j=1
k

< Clz| (‘|V§UOHL°O(QI@+3) + Z “vihj“Loo(Qk+3))
j=1

k
< CLl (U122 gp) +w(1) + Y 02 Pw(p))
j=1

1

< C’\z|(HU||Loo(QO) +/ r2"*3w(r)dr>.

|2l

Hence
|V.U(z,0) — V,U(0,0)]

" 1
<C [" e + Clal (Ul + | 17 Swr)dr).
0 ||

which shows (3.21) for ¢ = 1. Moreover, the above estimate implies that

1
IV20C,0) ) < C (1l 22(qo) + /O ) 5.30)

Next we will show that for ¢ = 2. Applying (3.30) to the equation of Wy, we have,
together with (3.23),

k

P
IV O) e < (02 D) + [ 127 (r)ar)

o
< C/ 2030w (r)dr.
0
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By (3.24) and (3.28),

IV2U(2,0) — V2U(0,0)]

k
< |ViUo(2,0) = V3U(0,0)] + Y [V3h;(=,0) = V3h;(0,0)]
j=1
k
< CleI (V30 (@ur) + D IVERS e (@4
j=1

k
< CLel (U1 @) +w(1) + Y o2 (o))
j=1

1

< C|Z|(HU||LO®(QO) +/ r2‘774w(r)dr>.

|2l

Hence
IV2U(2,0) — V2U(0,0)]
< [VEWi(0,0)| + [VaWi(2,0)| + [V2Uk(2,0) — V2UL(0,0)]
o* 1
< [" St + Clal (10w + [ 2 wlr)ar),
0 ||
which shows (3.21) for i = 2. O

Theorem 3.6. Let g(x) € L=(0'Q), and U(X) € H(t'727,Q) be a weak solution of

(3.20). There exists a constant C' which depends only on n and o such that for any

(Zat) € Ql/de = |(Z,t)|,
|U(Zat) - U(Z,O)’
1 d (3.31)
<C <d2(’]U|Loo(Q) + d%/ rLw(r)dr + d%_l/ w(r)dr) .
d 0

Proof. Let p, Wi, Qp, hy as that in the proof of Theorem 3.5. Let (z,t) € Qi3 but

(2,t) ¢ Qrt4. By Proposition 3.5, Newton-Leibniz formula and (3.24),

g1 (2,8) = kg (2,0)] < CE7w(pb).
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Hence
|U(Za t) - U(Zv 0)|

< ’Uk(Z,O) - U(Z’O)| + ‘U(z7t) - Uk(z7t)| + ‘Uk(z7t) - Uk(Z,O)’

k
< 2| Wil Loe(@u) + [Uo(z,t) = Un(2,0)| + > |hy(z,t) — hi(2,0)]
j=1
k .
< Cp* w(p¥) + C7 (| Ul oo (o) + 9(0)]) + C7 > w(p?)
j=1

1 d
<C <d2"|U|Loo(Q) + d%/ r~Yw(r)dr + dQU_l/ w(r)dr) .
d 0

O]

Theorem 3.7. Let g(z) € L®(0'Q), and U(X) € H(t'727,Q) be a weak solution of
(3.20). Suppose that 20 < 1. There exists a constant C' which depends only on n and

o such that for any (21,11) € Q14,22 € I Q0 d = (21 — 22, 11)],

1
|U(z21,t1) — U(z2,0)| < Cd*® <]U!LW(Q) + / r_lw(r)dr) ) (3.32)
0
Proof. Tt follows from Theorem 3.5 and Theorem 3.6. O

The following is Lemma 4.5 in [27], which will be used in the proof of Theorem 3.4.

Lemma 3.6. (Lemma 4.5 in [27]) Let g € C*(By) for some a € (0,1) and U €
L*>®(Q1) N H(t'727,Q1) be a weak solution of (3.20). Then there exists 3 € (0,1)
depending only on n,o,« such that t'=2°0,U € Cﬂ(Ql/Q). Moreover, there exists a

positive constant C > 0 depending only on n,o and B such that

172700 | o gy < CUU L) + Igllcaa)-

Proof of Theorem 3.4. For the first part that if o # 1/2, then it follows from Theorem
3.5 that U(-,0) € C??(9'Q1). To prove the second part, we adapt a method in [130].
Step 1: We first consider the case of 20 < 1. For any fixed X1 = (21,t1), X2 =
(z2,t2) € Q1, with 0 < t; <ty < 1,t; < 1/2. Denote d = |(x1 — x2,t1 — t2)|.
(i) If t; > 4d, then 4d < t; <ty < t1+d < 5t1/4. Let ¢ = t? and U(z,t) = U(ex, et).
Hence

AU (z,t) + (1 — 20)t  U(x,t) =0, =z € B.(0), 1<t<1/e.
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By the gradient estimates for uniformly elliptic equations (see [65]),

1 ~ -
— max (U—- inf U)

max |VU|<C
) RO BRQ(XI/E) BRQ(XI/E)

Br(Xi/e

where R = g, Ry = ;—16 and C'is a constant depending only on n and o. Hence, together

with Theorem 3.7,

d
‘U(Z’l,tl) — U(.%'Q,tg)‘ S CEOSCBt (Xl)U

71
d 1
< Ct—t%" (|U]Loo(Q) +/ rlw(r)dr>
1 0
1
< Cd* (\U!Loo(Q) —|—/ r_lw(r)dr) .
0
(ii) If t1 < 4d, then to < ¢ + d < 5d. Hence (3.32) leads to
|U(x1,t1) — U2, t2)| < |U(w1,t1) — U(z1,0)| + |U(21,0) — U(22,12)]

1
<0 (Wlumi + [ rwloar) (@ + 6a)

1
< Cd* (]U|Loo(Q) +/ T_lw(r)dr) :
0
From (i) and (ii), together with uniformly elliptic theory, we see that for any (x1,t;),

(z2,12) € Q174 With d = |(z1 — 22,11 — 12)],
1
|U(a:1,t1) — U($2,t2)’ < Cdza <U|Loo(Q) +/ le(r)dr> . (333)
0

Step 2: We consider that 20 = 1. This case is uniformly elliptic and hence the
result should be well-known. We include it here for completeness. Let (z,t) € Qx13 but
(2,t) ¢ Qiya. Denote d = (z,t). Let Wy, hy, etc be those as in the proof of Theorem

3.5. Applying (3.33) to Wy, we have, for V =V 4,

(20—1)k o w(r)
VWil Lo (Qrea) < Cp .

0 T
By Lemma 3.6(Lemma 4.5 in [27]), h; is Holder continuous, i.e. there exists 5 € (0,1)
which depends only on n and ¢ such that

184 (2,t) — 8ih;(0,0)| = Cew(pk)d?,

and

18:Uo(2,t) — 8:Uo(0,0)| < Cd(|Usll oo () + l9(0)]).



38

Hence, together with Proposition 3.5,
[Vhy(z,t) = Viy(0,0)] = Cu(p*)d”
and
[VU(2, 1) = VUp(0,0)] < Cd°([|Up|| o= (q0) + 19(0)])-

Hence

VU (z,t) — VU(0,0)]

k
< 2||VWk||Loo(Qk) + |VUy(z,t) — VUH(0,0)| + Z |Vhi(z,t) — Vh;(0,0)]

J=1

<c/ ) 41 4 CdP (Ul eany + 1900) +0dﬂz )

d 1
<C (/ wgnr)dT + dﬁ‘U‘Loo(Q) + dﬁ/ T_lw(r)dr> .
0 d

The above estimate implies that for any (21,1), (22,0) € Qy/4,d = [(21 — 22, 1),

|VU (21,t1) — VU(22,0)| < C (/Od Q)Y)dr +d°|U| oo () + d° /dl r_lw(r)dr> . (3.34)
For any fixed X; = (z1,t1), Xo = (22,t2) € Q1, with 0 < t; <t < 1,1 < 1/2.
Denote d = |(x1 — x2,t1 — t2)].
(i) If t; > 4d, then 4d < t; <ty < t1+d < 5t1/4. Let ¢ = t? and U(x,t) = U(ex, et).
Hence
AVU(z,t) =0, ze€B(0), 1<t<l1/e.

By the gradient estimates for uniformly elliptic equations (see [65]),

max |V(VU)| < C max (VU — inf VU)
Br(X1/e) Ro Br,(X1/e) Br, (X1/e)

where R = g, Ry = 5—15 and C'is a constant depending only on n and ¢. Hence, together

with (3.34)

d
\VU(a:l,tl) — VU(I’Q,tZ)’ < CEOSCB%(XQVU

t1 1
< Cg (/ L(T)dr +tf’U‘Loo(Q) + tf/ rlw(r)dr)
3] 0 r t1
d ( ) 1
sc(/ ) 4y 4 dB (U e +d5/ 1w(r)dr>.
0 d
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(ii) If ¢; < 4d, then to <t; +d < 5d. Hence (3.34) leads to

|VU(.%’1,t1) — VU(I'Q,tQ)’ < |VU($1,t1) — VU($1,0)| + \VU(xl,O) — VU(I'Q,tQ)’
d 1

<C (/ @dr+dﬁ|U‘Lm(Q) +dﬁ/ r_lw(r)dr> :
0 d

"
The (i) and (ii) implies that VU € C°(Q1).
Step 3:  We consider 20 > 1. By Lemma 4.5 in [27], h; is Holder continuous, i.e.

there exists § € (0,1) which depends only on n and o such that
04hj(z,t)| = Cw(p™)t? 1.
and
|0:Uo(z, 1) < CL7H([[Us| oo (@) + 19(0))-
Hence together with Proposition 3.5,

|\V:U(z,t) — V.U(0,0)]

< |\ViUk(2,t) = ViU (2, t)| + |V:U(0,0) — V Ug(0,0)| + | VUi (2, t) — V:Ux(0,0)|

k
<2 ViWil oo () + [Villo(z, ) + Y | [Vihy(2, 1)
j=1

P w(r i ,
< cpr 0 [7 2D gt 7 (Ul + 9O + O Y ()
i=1

d 1
< gt (/ wy)dr + U | () +/ r‘lw(r)dr>
0 d

1
< Cca! (/O “S") dr + |UyLoo(Q)) .

Similarly,

|V U(z,t) — V,U(0,0)]

< |VaUr(2,t) — VoU(2,8)] + [VaU(0,0) — V4Ui(0,0)] + [VaUs(2, ) — VaUs(0,0)]

k
< 2| Ve Wil poo(p) + [Valo(2,t) = VaUo(0,0)| + > [Vahi(z,t) — Vihy(0,0)]
Jj=1

o w(r b ;
< cpr 0 [* gt Ca (Ul + 9O + O Y ()
i=1

1
< Cd* 1 </0 @dr + |U‘LOO(Q)> .

r



40

For any fixed X1 = (:131,t1),X2 = (.752,752) €Qq, with0<t; <ty <11 < 1/2. Denote
d = |(x1 — xe,t1 — t2)|. Using exactly the same proof as that in step I (since V,U

satisfies the same equation as of U), we can show that
1
|V U (21, 1) — VoU(xa,t0)| < Cd?o 1 (|U\LW(Q) +/ r_lw(r)dr> . (3.35)
0

As to U, we only need to consider the case of t1 > 4d. Then 4d < t; <ty <t;1 +d <

5t1/4. Let € = t2. Denote V = Uy and V(z,t) = V(ex, et). Differentiating (3.20),
AV (z,t) + (1 = 20)t " Wy(z,t) — (1 —20)t72V =0, z€ B(0), 1<t<l1/e.
By the gradient estimates for uniformly elliptic equations (see [65]),

3 1 3 3 3
max |VV|<C— max (V— inf V)+4+]| inf V|
Br(X1/e) Ro \ Br,(x1/e) Bry(X1/e) Bry(X1/e)

where R = g, Ry = 5—16 and C is a constant depending only on n and o. Hence, together

with Theorem 3.7,

d
‘V(l’l,tl) — V(mg,tg)‘ < Ca <0803t (xl,tl)V + HVHLOO(B (x1,t1))> . (3.36)

b b
2 2
On the other hand, H = t!729U, satisfies (see [29] or [27])

div(t?*"IVH(X))=0 inQ
(3.37)
H = g(z) on 0'Q.

Choose a cut-off function i which is supported in @) and equals to 1 in @)1. Let Hy be

the solution of
div(t>*~'VH (X)) =0  in R%™
(3.38)
Hy =ng(z) on IR
Hence by Proposition 3.5 ,
[ | 2@y 0) < 1H1llLoo(Quy0) + IH = Hill oo (@)
< |y + CIH — Hill 2ot gy
< C(lg(@) (@) + 1Vl 2(0))
< C(lgO)] +w(1) + U] (@)

< Cw(1) + U]l =),
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which leads to
V(z,t)] < Ot Hw(1) + [U]lL=(g), VY (@,1) € Qs

Together (3.36), we have

d

1
‘V(l‘l,tl) — V(.Z'Q,tQ)‘ < Cgtfg_l (‘U’LOO(Q) —l—/(; rlw(r)dr)

d g
+ Cat% Ho) + U] (@)

1
< Cd*1 <\U|Loo(Q) +/ r_lw(r)dr> .
0
This and (3.35) result in
1
|VU (21,t1) — VU (22, t2)] < Cd?>* ! <yU\Lm(Q) +/ r_lw(r)dr> . (3.39)
0

By the uniformly elliptic equation theory we see that for any (z1,t1), (z2,t2) € Q14

with d = [(z1 — z2,t1 — t2)],

VU (x1,t1) — VU (29, t2)| < Cd?* 1 <|U\Loo(Q) + /01 rlw(r)dr> . (3.40)
This finishes the proof of Theorem 3.4. O
Proof of Theorem 3.2. From Proposition 3.4 we have already known that U is Holder
continuous in Qu. The case that o < 1 then follows from Theorem 3.5. For the case

that o > 1, we may apply V, to (3.20) [«] times, as in the proof of Proposition 3.5,

and repeat the three steps. Theorem 3.2 is proved. ]

Proof of Theorem 8.1. Since u € H"(R”) is nonnegative, its extension U > 0 in RT’l
and U € H(t1729 Q1) is a weak solution of (3.7) in Q1. The theorem follows immedi-

ately from Theorem 3.3 and Proposition 3.4. O

Remark 3.6. Another way to show Theorem 3.1 is the following. Let u € H"(R") and

u >0 in R™ be a solution of
(—=A)u=g(x), in By,

where g € C*(By). Let n be a nonnegative smooth cut-off function supported in By and

equal to 1 in By/g. Let v € H"(R") be the solution of

(—A)7v =n(x)g(z), inR",
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where ng is considered as a function defined in R™ and supported in By, i.e., v is a

Riesz potential of ng

L") n(y)g(y)
/.

U(LU) - 2207Tn/21“(0-) " |SL‘ _ y|n720'

Then if 20 + o and « are not integers, we have (see, e.g., [125])
[vllczata(s, p) < CU0] Lo ®n) + [Ingllce @) < Cligllos(s,)-
Let w = u — v which belongs to H7(R™) and satisfies
(=A)7w =0, in Bys.

Let W = Py[w] be the extension of w, and W = W + ||| oo (®ny > 0 in R, Notice
that W is a nonnegative weak solution of (3.7) with a = b =0 and D = Q1. By

Proposition 3.5 and Proposition 3.4, we have

[|w + ||U||L<>o(Rn)||c%+a(Bl/2)

S C||W||L2(tl_207Q7/8) S C lnf W S C(énf u + ||UHLOO(R7L))

Q3/4 3/4

Hence

HUHC%M(BUQ) < HU”C%JF@(BUQ) + HwHC%M(Bl/Q)

< C(inf u+ ||gllca(s,))-
B34

Using bootstrap arguments as that in the proof of Theorem 8.3, we conclude Theorem

3.1.

Remark 3.7. Indeed, our proofs also lead to the following. If we only assume that
o =1, a(z),b(x),g(x) € L®(B1), and let U, u be those in Theorem 3.4 and in Theorem
3.1 respectively, then we have the following log-Lipschitz property: for any yi,ys €
Bijasy1 # Y2,

’U(yla 0) — U(y27 O)’
ly1 — v

< Cr(|Ull oo @y = llgllzoe(By) log [y1 — v2l),

lu(y1) — u(ya)|

< -Cshlo - inf u + ||b]| o ,
v1 — vl > log |y1 y2|(33/4 16l (33/4))

where C1 > 0 depends only on n,o and Cy > 0 depends only on n, o, ||a||Loo(B3/4).
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Next we have

Proposition 3.6. Suppose that K € CY(By), U € H{t'727,Q1) and U > 0 in Q1 is a

weak solution of

div(t'=29VU) = 0, in Q1
(3.41)
- %iﬂ(l) t17299,U (x,t) = K (x)UP(z,0), on 9'Q1,
H

where 1 < p < % Then there exist C > 0 and « € (0,1) both of which depend only

on n,0,p, |U| o (9), [ Kllcr(q,) such that
V.U and t*72°0,U are of C(Q1/2),

and

IVoUllga gy + 1t 770Ul cagr;) < C-

Proof. We use C and « to denote various positive constants with dependence specified
as in the proposition, which may vary from line to line. By Corollary 3.1, U € Lj5.(Q1U
8’@1) and

1Ull oy < €

With the above, we may apply Theorem 3.3 to obtain U(-,0) € C*?(By/3) and
UG Ollore 35 < C-

Hence we may differentiate (3.41) with respect to x (which can be justified from the

proof of Proposition 3.5) and apply Proposition 3.4 to V,U to obtain

HVxUHCa(m) <C
Finally, we can apply Lemma 3.6 to obtain

1—20
187270,U ] gagry) < C-
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3.4 Isolated singularities: a Bocher type theorem

The classical Bécher theorem in harmonic function theory states that a positive har-
monic function v in the punctured ball B; \ {0} must be of the form

—alog|z| + h(x), n=2,
u(zx) =

alz|>~™ + h(z), n > 3,

where a is a nonnegative constant and h is a harmonic function in Bj.

We are going to establish a similar result, Proposition 3.7, in our setting.

Proposition 3.7. Let n > 2. Suppose that for all e € (0,1), U € H(t'7%°, B \B?)

and U > 0 in By \@ be a weak solution of

div(t:=20VU) = 0 in B \ BY,
o (3.42)
—lim =2 9,U(z,t) = 0 on By \ B .
t—0
Then
U(X) = AIX]?" + W(X),
where A is a nonnegative constant and W (X) € H (1727 B[) satisfies
div(t!=29VW) =0 in B,
(3.43)

—lim =279, W (z,t) =0 on Bj.
t—0

Proof. We adapt the proof of the Bocher theorem given in [7].

Define
fa//Bj t1_2UU(CU, t)dSr

A[U](T) - f3~3+ t1_20d57«

where 7 = |(z,t)] > 0 and dS, is the volume element of 9"B,.

By direct computations we have

d 4o S 72 VU () - 224,
% [ ](T)_ fa”Bf tlfQUdSr

Let

F(r) = /8 BT (“’“;t) ds,.
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Since U satisfies (3.42), by integration by parts we have

f(r1) = f(rz), VO <ry,m <1

Notice that

/ t1_20ds7» —_ ,rn—‘,—l—QO'/ t1_20d51.
8”67—«"_ 3//61?-

Thus there exists a constant b such that

So there exist constants a and b such that
A[U|(r) = a+ br?—".

Given Lemma 3.7 in the following, the rest of the arguments are rather similar to

those in [7] and are omitted here. We refer to [7] for details. O

Lemma 3.7. There exists a constant C' > 0 depending only on n and o such that for

every positive function U which satisfies (3.42),

CU(z,t) < U(Z,t)

whenever 0 < |(z,t)| = |(Z,t)] < 1/2.

Proof. 1t follows from Proposition 3.4 and standard Harnack inequalities for uniformly

elliptic equations.
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Chapter 4

A fractional Nirenberg problem

4.1 A Liouville type theorem

We say that U € L (R?fl) if U € L*°(Qg) for any R > 0. Similarly, we say U €

loc

Hipe(t' 72 R if U € H(t'727,QR) for any R > 0. We start with a Lemma, which

is a version of the strong maximum principle.

Proposition 4.1. Suppose U(X) € H(t'72°, D) N C(Bf U By \ {0}) and U > 0 in
B U B\ {0} is a weak supersolution of (3.7) witha=b=0 and D = D, := By \ B
for any 0 < e < 1, then

liminf U(z,t) > 0.
(z,t)—0

Proof. For any ¢ > 0, let

1)
Vi=U+ ———— — min U.
[(z,t)["2  gupi,

Then V is also a weak supersolution in D(s 2. Applying Lemma 3.2 to Vs in D(s 2
for sufficiently small 6, we have V5 > 0 in D(S 2. For any (z,t) € B{s\{0}, we have

limg_o Vs(z,t) >0, i.e., U(z,t) > mima,,Bar8 U. O

Theorem 4.1. Let U € Hy,o(#'727,RT™), U(X) > 0 in RT and U # 0, be a weak
solution of

div(t'=20VU (z,t)) =0 in R},
(4.1)

n+2o0

— 1 1-20 = n—2o R™.
tgl(l)t U (z,t) U (x,0) ze€

Then U(z,0) takes the form

n—20

20 n%ja A ?
(Nacn’UQ ) 14+ A\2|z — x0|?
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where A > 0, g € R", ¢, » is the constant in (1.8) and N, is the constant in (3.4).
Moreover,

Uz,t) = A Po(z —y,t)U(y,0)dy

for (x,t) € R?fl, where Py (x) is the kernel given in (3.2).

Remark 4.1. If we replace Uniss (x,0) by UP(z,0) for0 <p< Z’_ng in (4.1), then the
only nonnegative solution of (4.1) is U = 0. Moreover, for p <0, (4.1) has no positive

solution. These can be seen from the proof of Theorem 4.1 with a standard modification

(see, e.g., the proof of Theorem 1.2 in [34]). For o € (1/2,1) and 1 < p < Z‘fgg, this

nonexistence result has been proved in [16] using a different method.

Remark 4.2. We do not make any assumption on the behavior of U near co. If we

assume that U € H (1727 R, the theorem in the case of p = 222 follows from [{1]

n—2o

and [97]. When o = %, the above theorem can be found in [77], [18], [100], [114] and
[99].

The proof of Theorem 4.1 uses the method of moving spheres and is inspired by

[100], [99] and [34]. For each z € R™ and A > 0, we define, X = (z,0), and

n—2o0 2(¢ 3% -
Ux A(§) = <|§ _AX|> U <X+ M) , EeRVN\(X}, (42

the Kelvin transformation of U with respect to the ball B)(X). We point out that if U
is a solution of (4.1), then Uy ) is a solution of (4.1) in R’/ \@, for every 7 € IR},
A>0,and € > 0.

By Corollary 3.1 any nonnegative weak solution U of (4.1) belongs to L; OC(RTrl),

and hence by Proposition 3.4, U is Holder continuous and positive in R:L_H. By Theorem

3.2, U(+,0) is smooth in R™. From classical elliptic equation theory, U is smooth in RT‘I.

Lemma 4.1. For any x € R™, there exists a positive constant \o(x) such that for any
0 <A< Xo(z),
UxA(6) SU(E), inREFNBI(X). (4.3)

Proof. Without loss of generality we may assume that x = 0 and write Uy = Up ».
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Step 1. We show that there exist 0 < A\; < Ay which may depend on x, such that
Ur(§) SU(E), VO< A< AL, A< < g

For every 0 < A < A1 < A2, £ € 9"B,,, we have [\ig € Bj\;. Thus we can choose

€l
A n—2o0 )\2§>
-z Ul
() (e

A n—2o0
(/\1> supU < inf U <U(¢).
2

—_— 1Rt
81'2 0 BAz

A1 = A1(A2) small such that

Ux(§)

AN

Hence

Uy<U on 8"(8;{2\8;)

for all A >0and 0 < A< Al(AQ).
We will show that Uy < U on (B;Z\Bj\r) if A9 is small and 0 < A < A1(A2). Since Uy
satisfies (4.1) in B/J\r2 \Bi)t, we have

div(t'2°V(Uy - U)) =0 in B \BY,

n+20 nt2o _— (44)
}iﬂ(l) t17299,(Uy —U) =Un2(2,0)— Uy > (2,0) on ({)’(B/J\;\BRL).
H
Let (U\—U)* ax(0, Uy —U) which equals to 0 on 8”(8;{2 \B"). Hence, by a density

argument, we can use (Uy —U)" as a test function in the definition of weak solution of
(4.4). We will make use of the narrow domain technique from [11]. With the help of

the mean value theorem, we have

/ tl_QU‘V(U)\ _ U)+’2

By, \B{
nt2o n+2o0
= Uy (2,0) = Un=27 (2,0))(Ux = U)"
Bx,\Bx
_4do
<C / (Ux—U)HUy™
B, \Bx
n—2o0 20
2n " 2n "
ol finorr=)  (f0%)
BAQ\BA By, \Ba
20
<C

( 1729 (U — U)* |2> (/ U) ,
\B+ B,
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where Proposition 3.1 is used in the last inequality and C is a positive constant de-

pending only on n and o. We fix Ao small such that

20

o(/ U3> <1/2.
By,

Then V(U —U)" =0 in BL\B; Since (Uy—U)" =0on 8"(8;“2\33{), (Ux—U)t =0
in B/J\FQ\B; We conclude that Uy < U on (BL\B;) for 0 < A < A1 := A1 (A2).

Step 2. We show that there exists Ao € (0, A1) such that V 0 < XA < Ag

Ur(&) SU(9), €] > Ag, E€ R

—20
Let ¢(&) = (2 " inf U, which satisfies
1€ alll:)’)\2

div(t'=2°V¢) = 0 in R\ B
—limy o t1720p(x,t) =0 1 € R™\ By,,

and ¢(§) < U() on 9"By,. By the weak maximum principle Lemma 3.2,

A n—2o . N
U > (IEQ\) Jnf U VI > e, g€ R
2

Let A\g = min()‘l’)‘2(3/i%f U/ sup U)ﬁ) Then for any 0 < A < Ag, [£] > A2, we have
A

2 B)\Q

UA(©) < (=270 (X8) < A0y g1y < (22020 s U < (e,
G ) =) TRt =gt T,
Lemma 4.1 is proved. O

With Lemma 4.1, we can define for all z € R",
Az) =sup{u >0: Ugx,<Uin RYTNBE, V0 < A < .
By Lemma 4.1, A(x) > A\o(z).
Lemma 4.2. If \(z) < 0o for some x € R", then

UY,S\(I‘) =U.
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Proof. Without loss of generality we assume that x = 0 and write Uy = Up ) and

A = A(0). By the definition of A,

Us > U in BI\{0},
and therefore, for all 0 < & < A,

div(t=2V(Uy—U)) =0 in Bi\B,
o (4.5)
- 71irr(1] t17299,(Uy, —U) >0 on 8’(3;\3?).
.
We argue by contradiction. If Uy is not identically equal to U, applying the Harnack

inequality Proposition 3.4 to (4.5), we have
Us;>Uin Bij\\{{()} ud’Bs},
and in view of Proposition 4.1,

liminf(U5 (&) — U(&)) > 0.

£—=0
So there exist €1 > 0 and ¢ > 0 such that U5(§) > U(0) + ¢, V 0 < [¢] < 1. Choose €3

small such that

N n—20
<X+Aeg) (U(0) +¢) > U(0) + &

Thus for all 0 < [¢] <1 and A < A < A + &2,

UA@):(j)“UUA (5)= (5 )“0<U<o>+c>zwo>+c/2.

A+ e
Choose e3 small such that for all 0 < |£| < e3, U(0) > U(&) — ¢/4. Hence for all

0<]§\<€3and5\<)\<5\+€2,

Ux(&) > U(§) + ¢/4.

For § small, which will be fixed later, denote K5 = {¢ € R : g3 < |¢] < A —6}. Then

there exists ¢ = c2(6) such that
Uj\(X) — U(X) >cy in K.

By the uniform continuous of U on compact sets, there exists 4 < g9 such that for all
A< A< A+ey
Uy—U; > —c2/2 in K.
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Hence

Uy,—U>c/2 in Ks.

Now let us focus on the region {¢& € R’ : XA —§ < |¢] < A}. Using the narrow domain
technique as that in Lemma 4.1, we can choose § small (notice that we can choose €4

as small as we want) such that
Uy>U in {LeRT:N-6<|¢] <)
In conclusion, there exists e4 such that for all A < A < X\ + &4
Uy>U in {£eRMT0< ¢l <A}
which contradicts with the definition of . O
Proof of Theorem 4.1. Tt follows from Lemma 4.2 and similar arguments in [99] that:

(i) Either A\(z) = oo for all x € R™ or A\(z) < oo for all x € R?; (Lemma 2.3 in [99]);
(ii) If A(z) = oo for all x € R”, then U(z,t) = U(0,t), V (v,t) € R (Lemma 11.3

in [99]);
(iii) If A(z) < oo for all # € R, then by Lemma 11.1 in [99]
(1) 1= U(2,0) = S (1.6
w(z) :=U(z,0) =a e E— : :

where A > 0, a > 0 and xy € R".

We claim that (ii) never happens, since this would imply, using (4.1), that

n+20 $20
U(x,t) = U(0) — U(0)53 L

20’
which contradicts to the positivity of U. Then (iii) holds.
We are only left to show that V := U — P,[u] = 0 where u(z) is given in (4.6) and

belongs to H?(R™). Hence, V satisfies
div(t'=2°VV) =0 in R?",
V. =0 onodRM
By Lemma 4.2, we know that V5 can be extended to a Holder continuous function
near 0. Multiplying the above equation by V and integrating by parts, it leads to
fRi+1 t1729|1VV |2 = 0. Hence we have V = 0.

n—2o
Finally, a = (Ny¢y02%7) % follows from (1.5) with ¢ = 1 and (3.5). O
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4.2 An existence result

We have established local Schauder estimates for nonnegative solutions of fractional
Laplacian equations in Chapter 3 and a Liouville type theorem in Section 4.1. Now we
are ready to prove the following existence result, which has been stated in Theorem 1.1

in the introduction.

Definition 4.1. For d > 0, we say that K € C(S™) has flatness order greater than
d at & if, in some local coordinate system {yi,--- ,yn} centered at £, there exists a

neighborhood € of 0 such that K(y) = K(0) + o(|y|?) in O.

Theorem 4.2. Letn > 2, and K € CY1(S™) be an antipodally symmetric function, i.e.,
K(§) = K(=¢£) V¥ & €S, and be positive somewhere on S"™. If there exists a maximum
point of K at which K has flatness order greater than n — 20, then (1.8) has at least

one positive C? solution.

For 2 <n < 2+ 20, K € CY1(S") has flatness order greater than n — 20 at every
maximum point. As mentioned in the introduction, when o = 1, the above theorem

was proved by Escobar and Schoen [59] for n > 3. On S?, the existence of solutions of

~Ay,v+ 1= Ke? for such K was proved by Moser [112].

gsn
Denote HZ, be the set consisting of antipodally symmetric functions in H?(S™). Let

)\as(K): inf {/ ’UPU('U)Z K’U|ni7;a:1}
n Sn

veEHZ,

We also denote w,, as the volume of S™. The proof of Theorem 4.2 is divided into two

steps.

Proposition 4.2. Let K € CY1(S") be antipodally symmetric and positive somewhere.

If ,
29 2o
P,(D)wy 27w

n—=20 )

Aas(K) <
(maxgn K) ™ n

(4.7)

then there exists a positive and antipodally symmetric C%(S™) solution of (1.8).

Proposition 4.3. Let K € CYY(S") be antipodally symmetric and positive somewhere.

If there exists a maximum point of K at which K has flatness order greater than n— 20,
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then
P, (1)w2702270
)\GS(K) < = “ n—2o0 ° (48)
(maxgn K) ™ n
Proof of Theorem 4.2. 1t follows from Proposition 4.2 and Proposition 4.3. 0
The proof of Proposition 4.2 uses subcritical approximations. For 1 < p < ngg, we

define
Aasp(K) = inf {/ vP,(v): [ K|P™ = 1} .
n Sn

veEHZ,

We begin with a lemma

Lemma 4.3. Let K € CY1(S™) be antipodally symmetric and positive somewhere. Then
Xasp(K) is achieved by a positive and antipodally symmetric C*(S") function vy, which
satisfies

Py(vp) = Aasp(K)KvE  and N Kbt =1, (4.9)

Proof. The existence of nonnegative minimizer v, follows from standard variation meth-
ods and the inequality [, [v|Py(|v]) < [g. vPs(v) for allv € H?(S™). Then v, is positive
everywhere by the Harnack inequality (see [27], [128] or Proposition 3.4 in the extension

point of view). The regularity of v, follows from Proposition 3.4 and Theorem 3.1. [
Proof of Proposition 4.2. First of all, it is easy to see that

lim sup Ags p(K) < Ags(K).
P=tss

Indeed, for any € > 0, there exists a nonnegative function v € HZ, such that
_2n
UPU(U) < >\as + ¢ and Kyn—20 = 1.
n Sn

2n
Let V), := fSn KvPt!. Since limpﬁﬁgg Vp = fsn Kvr»=20 =1, we have, for p closed to

n+20
n—2o0’

v

v
Aasp(K) < /n Vl/(pH)Po (Vl/(”+1)> < Aas(K) + 2¢.
p p

Hence, we may assume that there exists a sequence {p;} — ngg such that Ay p, (K) —

A for some A < A\g5(K). Since {v;}, which is a sequence of minimizers in Lemma 4.3 for

p = pi, is bounded in H?(S™), then there exists v € H?(S™) such that v; — v weakly in
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H?(S™) and v is nonnegative. If v # 0, it follows from (1.7) that v > 0 on S”, and we are
done. Now we suppose that v = 0. If {||v;||zc(sn)} is bounded, by the local estimates
established in Section 3.3 we have {||v;|c2(sny} is bounded, too. Therefore, v; — 0 in
C(S™) which leads to 1 = [, K|v;[P"*! — 0. This is a contradiction. Thus we may
assume that v;(z;) := maxgn v; — 00. Since S” is compact, there exists a subsequence
of {z;}, which will be still denoted as {z;}, and z such that z; — z. Without loss of
generality we assume that Z is the south pole. Via the stereographic projection F~!,

(4.9) becomes

2 .
(—A)7ui(y) = Aas,p; (K)K o F(y) (1 n |y|2> ul’(y), yeR" (4.10)
where v; o F(y) = (%)n_ﬁcui(y) and ¢; = %ﬁ'(n*%). Thus for any y € R",

n—2o

ui(y) <272 w(y;) where y; := F~1(x;) — 0. For simplicity, we denote m; := u;(1;)-

By our assumption on v; we have m; — oo. Define

1—p;

ui(y) = (mz)_luz((ml) 20 Yy + yz)

From (4.10) we see that @;(y) satisfies, for any y € R”,

1-p;

(=A)70i(y) =Aasp; (K)K o F(m;** y +y;)

) “ (4.11)
L+ [(ms) 20y + yil?

Since 0 < @i; < 2" 2", by the local estimates in Section 3.3 {#;} is bounded in C?

loc

(R™).
Note that since {v;} is bounded in H?(S™), {i;} is bounded in H?(R™). Then there

exists u € C2(R™)NH?(R™) such that, by passing to a subsequence, i; — u in CF,_(R™),
u(0) = 1, @ — u weakly in H°(R") and u weakly satisfies
n+2o
(—A)°u = AK (Z)unr—27. (4.12)

Hence A\ > 0, K(z) > 0, and the solutions of (4.12) are classified in [41] and [97] (see
also Theorem 4.1).
For z € S" and r > 0, we denote B(z,r) be the geodesic ball centered at x with

radius r on S", and for y € R™ and R > 0, we denote B(y, R) be the Euclidean ball in
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1-p;

R™ of center y and radius R. For any R > 0, let €; := F(B(yi,miT’zR)), we have

. 2 .
Kvpz+1 — / 1-p; K o F(y) <> upz"l‘].
/szi ' Blym, ™ R) L+fyl*)

&
3 1-p; 2 ~pi
:/ m;?> K o F((m;) 2= y—i—yz-)( e ) a (y)
B(0.R) L+ [(ms) 2y + yil?
2n

> K(IE)/ un=27 4+ o(1)
B(0,R)

n+2c
n—20’

where we used that K is positive near Z, ¢; — 0 and @; — u in C?

as p; — loc

(R™).
Since K and v; are antipodally symmetric, we have, by taking § small and R sufficiently

large,

1= [ Kot >2 / Kol 4 / Kol
sn B(z1,0) {K<0}

2 (4.13)
= 2K(§:)/ un—20 +/ vaﬁ_l +o(1).
n {K<0}

We claim that

/ Kot 0
{K<0}

nt29 - Tndeed, for any € > 0, it is not difficult to show, by blow up analysis,

n—20"

that [[vil[r(q,,,) < C(e) where Q. := {z € §" : K(z) < —¢} and C(e) is independent

5/2) S C(E)

as p; —

of p;. By the local estimates established in Section 3.3, we have ||vi[|c2(q

and hence v; — 0 in C1(€.) (recall that we assumed that v; — 0 weakly in H?(S")).

n+20
n—20"’

/ |K[oP T <.

€

Thus when p; is sufficiently close to

On the other hand, by Hoélder inequality and Sobolev inequality,
/ K0P < Cn,0)elluilP 5L < C(n, 0, has)es
—e<K<0 Ln=2c
which finishes the proof of our claim. Thus, (4.13) leads to

1> 2K(:E)/ w5 + o(1). (4.14)

n
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By the sharp Sobolev inequality (1.9), (4.12) and (4.14), we have

20

Py uf < Lt ORI ) (/uz>

— n—=20

2
<f]Rn un_%g) B

< Xas(K) K (2)(2K (z)) 2/

< Nas ()22 (max )20/,
which contradicts with (4.7). O

Next we shall prove Proposition 4.3. The test function we are going to construct is

inspired by [75, 117].

Proof of Proposition 4.3. Let £ be a maximum point of K at which K has flatness
order greater than n — 20. Suppose & is the antipodal point of £;. For 5 > 1 and

i = 1,2 we define

n—2oc

(@) = <g_ﬁl> (415)

where r; = d(z,&;) is the geodesic distance between x and ; on the sphere. It is clear

that

n+2o 2n
Pa(vi,ﬁ) = Pa(l)v:[;%v / Ui7g26 = Wn-
Let

vg = V1,8 + V2.8,

which is antipodally symmetric. Then

2 0, 2
/Sn va Py (vg) = Pa(l)/S D ovlgT Y v

" i=1 j=1
2 2n n+2o0
= Po(1) [ 3ol 2 s
i=1

n+2o0

= P,(1)2wy, (1 —I—w,jl/ vf?"vgﬁ) :
S

By direct computations with change of variables, we have

n—2c

n+2o0 n—2o
/ 1)1"’52”1}2’5 =A(B-1) 2 o((B—1)"2 )
sn
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for 3 close to 1, where

n—2c +o0 2” n—1
A:27 2 wn_l/ 7n+20d7’>0
0o (1+7r2)2

Choose a sufficiently small neighborhood V; of & and let Vo = {z € S" : —z € V1 }.

Then K is positive in V; U V5 and

2n
Kvn 2a K Ulﬁ"‘”Zﬁ)" 5o _|_/ KUB" 20
Sn SP\UV;

2n
=2 K(ng+ 02,5)m +/ Kvg”"
Vi SP\UV;

> 2/ K < n— 20 + 2n :llJrgg > + / K nzgo
= — VU V2,3 v .
v 1,8 —_9g LB ST\UV; B

Since K (z) is flat of order n — 20 at &1, we have in V; that,

K(z) = K(&) +o(1)|z — &[".

Thus

2n 2n A n—20 n—2o
Kol o > 2K (6) / o7+ K (E)(8 - 1) 4 o((B- 1))

N

277/14 _ n—=2o n—20
= 2K (&1 )wn <1 +— Zanlw —1) 7 Fo((B-1) ))
for B close to 1. Hence
20 20
n Po’ PO' 1 n’n 27 A n—2o n—2c
fS Uﬁ (Uﬁ2720_ S ( )wn720 (]‘ - 7(/8 - 1) 22 + 0((/8 - 1) 22 )> ?
K 2\ K(&) = Wn
Jsn Kvg

which implies (4.8) holds. O

Theorem 4.2 can be extended to positive functions K which are invariant under some
isometry group acting without fixed points (see [75, 117]). Denote Isom(S™) as the
isometry group of the standard sphere (S™, gsn). Let G be a subgroup of Isom(S™). We
say that G acts without fixed points if for each = € S”, the orbit Og(z) := {g(z)|g € G}
has at least two elements. We denote |Og(x)| be the number of elements in Og(x). A

function K is called G-invariant if K o g = K for all g € G.

Theorem 4.3. Let G be a finite subgroup of Isom(S™) and act without fized points.

Let K € CYY(S™) be a positive and G-invariant function. If there exists & € S such
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that K has flatness order greater than n — 20 at &, and for any x € S"

K&) . K@)
0c (€)% |Og(a)|"—2

(4.16)

then (1.8) possesses a positive and G-invariant C%(S™) solution.

Denote HZ be the set consisting of G-invariant functions in H?(S"). Let

A¢(K) = inf {/ vP,(v): KM% = 1},
n Sn

vEHZ

Similar to Theorem 4.2, the proof of Theorem 4.3 is again divided into two steps.

Proposition 4.4. Let G be a finite subgroup of Isom(S™). Let K € CYY(S") be a

positive and G-invariant function. If for all x € S™,

Py(Dwy [0 ()|

n—2o0 ’

Aa(K) < (4.17)

then there exists a positive G-invariant C*(S™) solution of (1.8).

Proposition 4.5. Let G be a finite subgroup of Isom(S™) and act without fized points.
Let K € CY1(S™) be a positive and G-invariant function. If K has flatness order greater
than n — 20 at & for some & € S™, then

20 20
Fo(Dwn™ [0 (&1)[

n—2o

K(&) =

Theorem 4.3 follows from Proposition 4.4 and Proposition 4.5 immediately. The

Ao (K) < (4.18)

proof of Proposition 4.4 uses subcritical approximations and blow up analysis, which
is similar to that of Proposition 4.2. Proposition 4.5 can be verified by the following

G-invariant test function
m

Uﬁ = Zvi’ﬁ’

i—1
where m = |O¢(&1)], Oc(§1) = {&1,---,&m}, & = gi(§1) for some g; € G, g1 = Id,

Vj8 = V180 gi_1 and vy g is as in (4.15). We omit the detailed proofs of Propositions

4.4 and 4.5, and leave them to the readers.
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4.3 Compactness of solutions

Given the regularity properties established in Chapter 3, and Theorem 4.1, we can
adapt the blow up analysis developed in [118], [119] and [95] to give accurate blow up
profiles for solutions of degenerate elliptic equations (1.12), which are further used to
obtain compactness of solutions. For o = %, some related results have been proved in
[74] and [58], where equations are elliptic. Existence then follows from these a priori
estimates, a perturbation result and some degree arguments. The detailed proofs of the

following theorems can be found in [82, 83].

Theorem 4.4. Let n > 2. Suppose that K € CY1(S™) is a positive function satisfying
that for any critical point & of K, in some geodesic normal coordinates {yi,- - ,yn}
centered at &y, there exist some small neighborhood €& of 0 and positive constants f =
B(&) € (n—20,n), v € (n— 20, 8] such that K € CI=D1(0) (where [y] is the integer
part of v) and

K(y) = K(0)+ Y _ajly;|” + R(y), in 0,
j=1

where aj = a;(§) # 0, > a; #0, R(y) € CBI=LY(0) satisfies
Sy IV R@)I |+ 0 asy 0. If
> (1)1 # (1),
gesn such that Vg, K(§)=0, X0, a;(£)<0

where
i(€) = #{a;(€) : Vg K () = 0,0;(€) < 0,1 < j < n},

then (1.8) has at least one C? positive solution. Moreover, there exists a positive con-

stant C depending only on n,o and K such that for all positive C? solutions v of (1.8),
1/C<v<C and |v|c2gny < C.

For n = 3,0 = 1, the existence part of the above theorem was established by Bahri
and Coron [8], and the compactness part were given in Chang, Gursky and Yang [37]
and Schoen and Zhang [119]. For n > 4,0 = 1, the above theorem was proved by Li
[95].
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We now consider a class of functions K more general than that in Theorem 4.4,

which is modified from [95].

Definition 4.2. For any real number > 1, we say that a sequence of functions {K;}

satisfies condition (*)23 for some sequence of constants L(f3,i) in some region Q;, if
{K;} e CBLA-181(Q) satisfies
VK] go-010,) < L(B, 1),

and, if § > 2, that
|V Ki(y)| < L(B,4)|VKi(y)| ==/ =D,

forall2 <s<|[B], y€Q, VK;(y) #0.
Note that the function K in Theorem 4.4 satisfies ()} condition.

Remark 4.3. For 1 < 1 < B9, if {K;} satisfies (*)’ for some sequences of constants
{L(B2,1)} in some regions Q;, then {K;} satisfies (x B, for {L(B1,1)}, where

Ba—s ﬁ1*8
L(fz,1) ma (| ma max [V 2, diam(©)%" ) if 18] = [51]

] Ba—s /31—5 B2—I[B1]—
L(B1,1) = § L(Bs, )max< max VKl 2o, IVEl o, " diam(©;) A 7).

> (82)

if [Ba] > [B1]

in the corresponding regions.

2n
The following theorem gives a priori bounds of solutions in L»-2¢ norm.

Theorem 4.5. Let n > 2, and K € CY1(S") be a positive function. If there exists
some constant d > 0 such that K satisfies (*)’(n_%) for some constant L > 0 in Qg :=

{€ € S": |V K(€)| < d}, then for any positive solution v € C*(S™) of (1.8),

loll, - <G, (4.19)

Sn
where C' depends only on n, o, infgn K > 0, [|K||c11(sn), L, and d.
For n = 3 and o = 1, the above theorem was proved by Chang, Gursky and Yang

in [37] and by Schoen and Zhang in [119]. For n > 4 and ¢ = 1, the above theorem was

proved by Li in [95].
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The estimate (4.19) for the solution v is equivalent to
V]| zro(sny < C.

However, the estimate (4.19) is not sufficient to imply L*° bound for v on S". For

instance,

2n
/Sn v 3 (€) dvolgy, = /S" dvolg, ,

— oo as A — oo. Furthermore, a sequence of solutions v;

n—2o

but Ugo’)\(fo) = A 2

may blow up at more than one point, and it is the case when o = 1 (see [96]). The

following theorem shows that the latter situation does not happen when K satisfies a

little stronger condition.

Theorem 4.6. Let n > 2. Suppose that {K;} € CH1(S™) is a sequence of positive
functions with uniform C%' norm and 1/A; < K; < Ay on S™ for some A1 > 0
independent of i. Suppose also that {K;} satisfying (*)’ﬁ condition for some constants
B >mn—20, Lyd > 0 in Q. Let {v;} € C*(S") be a sequence of corresponding
positive solutions of (1.8) and v;(§) = maxgn v; for some &;. Then, after passing to a
subsequence, {v;} is either bounded in L>°(S™) or blows up at exactly one point in the
strong sense: There exists a sequence of Mdébius diffeomorphisms {@;} from S™ to S™

satisfying i(&;) = & and | det dy;(&)] "7 = vy 1 (&) such that
[T, vi — 1”00(8”) —0, asi— o0,
where Ty, v; := (vo ©i)| det d(pi]ngifa,

For n = 3 and o0 = 1, the above theorem was established by Chang, Gursky and
Yang in [37] and by Schoen and Zhang in [119]. For n > 4 and ¢ = 1, the above

theorem was proved by Li in [95].

4.4 Improvement of the best Sobolev constant: an Aubin type in-

equality

Let

HP = {UGHU(S") : [v|P dvgg, :1},

Sn
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ME = {v e M+ z|Pdug, = O}.

Sn
The Sobolev inequality (1.9) states that
min ][UPU(U) > P,(1).
vei//lrfnﬁ

We will show the following Aubin inequality

Proposition 4.6. Forn > 2, 2 < p < Ztgg, given any € > 0, there exists some

constant C. such that

inf {2§‘1(1 + e)]én vy () + 05][ 02} > P, (1). (4.20)

vedy
When o = 1, the above proposition was proved by Aubin [5]. See also [53] for such
inequalities in higher order Sobolev spaces. We will adapt the proof of Theorem 2 in

[5] to show (4.20).

Proof. First of all, by Holder inequality, (1.9) and (1.7), we have for all v € H?(S"),

(/n vp>’2’ < K2 /n vP,(v) (21)

21

where K? := [S"|»" (P;(1))~!. Let n € (0,3) to be chosen later. Let A be the
space of first spherical harmonics. Following [5], there exists {&;};=; .. such that
147 < [6l7 < 1+ 2y with [&] < 277, Let h; € C1(S") be such that hi&; > 0 on
S™ and

[hal? — l&l?] < (1)
Then

k
1<) |hil* < 143n
i=1

and by mean value theorem
2 /m\Pp
e =16l <~ (3

For any nonnegative v € H?(S™), we have, by Holder inequality,

(L) =5 (L)
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For v € .#}, one has that

SipvP = [ &P
sn sn

Hence for nonnegative function v € ., we have, noticing that h;& > 0,

2 2
< \hi\va’)p = </ thrvp—i-/ hfvp)p
N Sn n
2
< < LipvP + P —i—/ h’;vp> ’
sn sn
2
2
< 2p </ ebuP +/ hf_vp> ’
n S'ﬂ/
2
2 P
<o < / (0 + hi_)pup>

= K? n,—o
2% (KQPg(l)/ (hi— + vag)*v?) + 2[) ,

where

_ ((hi—(2) +e0)v(z) — (hi-(y) + c0)v(y))”
= //S”XS”

|z — y[r+2e

hi—(x) — hi—(y))? v(x) —v(y))?
S/nv2($)/n( |;iy|n+2£y)) +/ (h (y)-l—g) /nw

2 (//H e ) <//SS E _<x>|;$(y))z>2
=¢ sn v /n(hi_(y) +eo)” /n (Ulixi yl"“" //S"XS" |z — yl"(*yQ‘)’)z'

Also we can do the same thing in terms of h;;. Hence

2([»)

C v(x) —v 2
<2PZ% [ (i 0+ i)+ o) [ D

no oyl
(CU))2 2
2 C
e //”XS” ’37— ’”HU * S”U

Hence for any € > 0, we can choose 7 sufficiently small such that

2
g 2_ (y))2 2
VP < 2p 2c +e // +C v
</n ) e Snxsn |$ o —y|nt2e Sn

Then the proposition follows immediately from the above and that for v € H?(S™),

| wlpaeh < [ oPe)
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Proposition 4.7. For n > 2, there exist some constants a* < 1 and some p* < nzgg
both of which depends only on n and o, such that for all p* < p < n%ga’

inf a*][n vPy(v) 4+ (1 — a*)PU(l)][ v? > P,(1). (4.22)

vE//lé’ n

When ¢ = 1, the above proposition was proved by Chang and Yang [40] (see [96]
for another proof). See also [53] for such inequalities in higher order Sobolev spaces.

Here we adapt the arguments in Section 5 of [96] to show (4.22).

Proof. For u e H°(S™),a > 0, set

n

I,(v) = ][nvPJ(v)—l—(l—a)P(,(l)][ v?

and
Mg, = Inf I,(v).
“P vedy a(v)

2n
n—2o"°

By standard variational methods, m, ) is achieved for a > 0 and 2 < p <

Moreover it is easy to see that (see, e.g., Lemma 5.5 in [40] or Lemma 5.2 in [96]).

Map < Pp(1) forall0<a<1, 2<p<

]. P ] .E ] E 2 < < 2 )
a—1 m ’ ( ) n 20

We argue by contradiction. Suppose that (4.22) fails. Then there exist sequences {ay},

{pr} C R, {vp} C A", such that a, < 1,a, — 1,pp < =22 pp — 22— v >0 and

n—2o0’ n—2o0’
I, (vg) = mg, p, < Py(1). (4.24)

By (4.24) and (4.20), there exists some positive constant C'(n, o) independent of k such

that
vkl o (sny < Cn, o), / vi >1/C(n, o).

After passing to a subsequence, we have that vy — v weakly in H?(S™) for some
ue H(S™)\ {0}.

The Euler-Lagrange equation satisfied by vy is

ar Py (vr) + (1 = ag) Py (D)o, = mpo? " 4 Ay, - P (4.25)
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where my, = mg, p, and Ay € R"L. Multiplying (4.25) by vy and integrating over S",
we have, by (4.23)

lim (][ kaa(vk)> = P,(1). (4.26)

k—o00
We claim that |[Ax] = O(1). Suppose the contrary, we let & = Ay/|Ag| and after
passing to a subsequence & = limg_,o, & € S™. Let n € C°°(S™) be any smooth test
function. Multiplying (4.25) by n/|Ax|, integrating it over S™ and sending k — oo, we

n+2oc
have fS” &-xvn—20 = 0. Hence v = 0 which is a contradiction. It is clear that v satisfies

n+2o0 n+20

PU(@) = Pa(l)@"_m’ + A - xvn—20

where A = limy_,oo Ax. The Kazdan-Warner identity (see, e.g., [88] or (1.11)) gives us

V(B (1) + A - 2)Vazite = 0.
S?’L

It follows that A = 0. Hence [y, 7P5(0) = Py(1) [sn G2 This together with (1.9)

2n 2n
leads to f, v7=27 > 1. On the other hand, f, v7-2¢ < liminfv}* = 1. Hence

k—o00
2n
JCS” Pn—20 — ]_7

fon VP5(0) = Py(1).

2n

This together with (4.26) leads to vy — ¥ in H(S"). Clearly o € .#," > and hence
v = 1. In the following we will expand I,(v) for v € .#} near 1. Let T}.#} denote the

tangent space of .Z} at v =1, then we have
Ty.#} = span{spherical harmonics of degree > 2}.
The following lemma can be proved by the standard implicit function theorem.

Lemma 4.4. For o € Ty.#}, 2222 < p < 2% 4§ close to 0, there exist () € R,

0’ n—20 n—20

n(w) € R*! being C? functions such that
][ N+w+p+n-zP =1 (4.27)

and

14+ w4+ pu+n-zPz=0. (4.28)
Sn

Furthermore, 11(0) = 0,n7(0) = 0,Du(0) = 0 and Dn(0) = 0, and p,n have uniform

(with respect to p) C? modulo of continuity near 0.
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As before we will use w as local coordinates of v € //léo . Let

E(w) =I,(v) = ][n vPy(v) 4+ (1 — a)PU(l)][ v?

n

where w € T1.#y and v = 1 + W + pu(w) + n(w) - = as in Lemma 4.4. Hence

B(@) = Pa()(1+ 20(0)) + af 0P(@) + (1= PV, 0 + (o o)

Sn

N p—1/[ _ .
(@) = =25 @+ o)

B(@) = Po(1) + af 0P(@) ~ (p =2+ )P (1) 0+ o0

Sn
It follows that there exists some positive constant C'(n, o) determined by the difference

of the first and the second eigenvalues of P, such that for a close to 1 and p close to

nzga we have
- - - 1 - -
a][n WPy (w) — (p—2+ a)Pa(l)][n w? > Cn, 0)][n WP, (W),
which leads to that for k large we have I, (vy) > P,. This is a contradiction. O

4.5 Appendix: A Kazdan-Warner identity

In this section we are going to show (1.11), which is a consequence of the following

Proposition 4.8. Let K > 0 be a C' function on S™, and let v be a positive function

in C?(S™) satisfying

n+2o0

P,(v) = Kv»=2s on S". (4.29)

Then, for any conformal Killing vector field X on S™, we have
/ (VxK)vm-3s dvoly,, = 0. (4.30)

Let ¢ : S — S™ be a one parameter family of conformal diffeomorphisms (in
this case they are Mobius transformations), depending on ¢ smoothly, [t| < 1, and
o = tdentity. Then

X = %(@t)*l is a conformal Killing vector field on S". (4.31)

t=0
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Proof. The proof is standard (see, e.g., [15] for a Kazdan-Warner identity for prescribed
scalar curvature problems) and we include it here for completeness. Since P, is a self-

adjoint operator, (4.29) has a variational formulation:

n — 20

1 n
Ifv] := B /n vP,(v) dvolg,, — “on Kvnss dvol

gsn -
N

Let X be a conformal Killing vector field, then there exists {¢;} satisfying (4.31). Let
vy = (v o pp)wy

where w; is given by

_4
n—2o

gt = p;gsn = w7 ggn.

Then

1 -2 n
Iv] = 2/ vPy(v) dvolg, — & on U/ K(‘Pt_l(iﬂ))vﬁ dvolgg, .

It follows from (4.29) that

0=1I"v] <jt t:OUt) = %I [ve] )

n— 20 _2n
=——3 /n (VxK)vn—20 dvolyg, .
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Chapter 5

A fractional Yamabe flow

5.1 A strong maximum principle and a Hopf lemma for nonlocal

parabolic equations

Let x = (2/,2,) € R", R} = {x : , > 0,2 € R"}. Recall (see, e.g., [122]) that for

o € (0,1), if u is bounded in R" and C? near z, then(—A)%u is continuous near , and

(—A)u(z) = ¢p—oP.V. /]R" Wdy. (5.1)

Here “P.V.” means the principal value and ¢, _, is the constant in (1.7).

For simplicity, throughout the paper we denote —(—A)? as A? and will not keep

writing the constant ¢, _, and “P.V.” if there is no confusion.

Lemma 5.1. Let w(z,t) € C*Y(R" x R) and w(-,t) be bounded in R™ for any fized t.
Suppose w(x,t) satisfies w(x', —xy,t) = —w(a', zy,t) for all (z,t) and
xnlzigjil‘rioow(x,t) >0 for any fized t.
If w satisfies
wy > a(x,t)A°w + bz, t)w, (z,t) € R} x (0,7 (5.2)

where a(x,t) is continuous and positive in R x [0, T, b(x,t) is continuous and bounded

in R x [0,T], and w(x,0) > 0 for all x € RY, then w(x,t) >0 in R} x [0,7T].

Proof. Without loss of generality, we may assume b(x,t) < 0. Indeed, if we let
w(x,t) = e “lw(z,t)

for some constant C', then

wy = a(x, t) AW + (b(x,t) — C)w.
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Since b is bounded, we can choose C sufficiently large such that b(z,t) — C < 0 in
R" x (0,77, and we only need to show that w(z,t) > 0 for all (x,t) € R} x (0,T].

Suppose the contrary that there exists a point (zo,%9) € R’ x (0,7 such that
0 > w(xo, to).
By the assumptions on w, we may assume w(zg,ty) = minﬁx(oﬂ w. It follows that
wy(zo,to) <0, bz, to)w(zo,to) > 0. (5.3)

It is clear that

w(y,to) — w(xg,t
A"w(xo,to):/ (4, to) — w(o, to) dy

N |zg — y|n+2e
w(y,to) — w(xg,t w(y,to) — w(xg,t
:/ (4, to) ni;; 0) dy+/ (y, to) n(+2?f 0) gy,
R? |20 — | Rm\R? |zo —

By the change of variables y = (2/, —z,,), we obtain

/ w(y7t0) - W(l'o,to)
R"\@

‘xo _ y‘n+2cr

w(2', —zp, to) — w(xo, to)
= / n+2o0 dz
Ry o — (2, =)

/ —
_ / w(2', 2, to) — w(zo, o) dz — 2w(:vo,to)/ : @
R

nolzo — (2, —zn) "2 Ry |70 — (2, —2a)|"27

! to) — t
- _/ w(z', 2, to) — w(wo, to) dz,
rr  |mo — (2, —zn) |20

n
where we used w(2', —zp,t0) = —w(2', zn,t0) and w(xo,ty) < 0. Since (zg,tp) is a

minimum point of w in M x (0,77, the simple inequality

1 1
> v e R}
20— 2% 7 Jag — (7, —za)p PE ST
yields that
A%w(xo,to) > 0. (5.4)
Combining (5.3) and (5.4), we have a contradiction to (5.2). O

Lemma 5.2. Let w(z,t) be as in Lemma 5.1. Then for any fized t € (0,T], we have

w(x,t) >0 or w(z,t) =0 in RY.
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Proof. As in the proof of Lemma 5.1, we may assume b < 0. Suppose that at w(zo, tg) =

0 for some (xg,%9) € R’} x (0,7]. From the proof of Lemma 5.1 we see that
Aaw(l‘o,to) > 0

and equality holds if and only if w(z,ty) = w(zo,to) for all € R}. Therefore, the

lemma follows immediately from a simple contradiction argument. O

Lemma 5.3. Let w(x,t) be as in Lemma 5.1. Suppose w(xg,0) > 0 for some xg € R,

then for any fized t € (0,T], we have w(x,t) > 0 in R .

Proof. The proof follows from that of the parabolic strong maximum principle in [113],
with suitable modifications for nonlocal equations. As before, we assume b < 0. Suppose
that for some t; > 0, w(-,t1) is zero at some point. It follows from Lemma 5.2 that
w(x,t;) = 0. By the assumption on w(-,0) and Lemma 5.2, we may assume that
w(x,t) > 0 for all (x,t) € R} x (t2,t1) for some tp > 0.

Let h(z,t) = (t; —t)% — |z —en)> — (t — )2 if 0 < 2z, < 2;and h = 0 if z,, > 2,

where e, = (0/,1) and ¢, will be fixed later. Set

h(z,t), zr € R7,
H(.I‘,t) = _
—h(a', —xp,t), € R"\RL.

Let £ € (t2,t1) be such that (t; — t.)? — (t — t.)? < i holds for t > t. It is easy
to see that there exists a positive constant C; independent of t* such that for any
(z,t) € Byya(en) x [t, ta],

(=A)7H(z,t) < Ch.

Thus, we can choose t, so negative that for any (z,t) € Bys(en) x [t, t1],
Hi(z,t) =2(ts — t) < 2(tx — t2) < a(x,t)AH(z,t) + b(x, t)H (x,t). (5.5)

Let ¢ > 0 be a sufficiently small constant such that w(z,t) > eH(x,t) for all z € R%.
We claim that w(x,t) > eH(x,t) in R} x (t,11).
If not, then the (negative) minimal value of w := w — eH in R’ X (f,¢1) must be

achieved in By js(en) X (t,t1), say at (xo,t0). Note that w(z', —z,,t) = —w (', 2p,1).
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Hence, by exactly the same argument in the proof of Lemma 5.1
Opw(zo,to) <0, A%w(x,ty) > 0.
Together with (5.5) and b < 0, we conclude that
wi(xo,t0) < a(zg, to) A%w(xo,to) + b(zo, to)w,

which contradicts (5.2).

Hence, it follows from the above claim that wy(t1,e,) < —2e(t; — t.) < 0. But

w(z,t1) = 0. These contradict (5.2). O
Lemma 5.4. Let

T (1 — |2']?), || < 1,|2| < 1,
0, otherwise.

Then there exists a positive constant cy depending only n,o such that
A%h(z) > —cop, (5.6)
for all x = (2/, ) with |2/] < 1,0 <, < 1/8.

Proof. The lemma follows from rather involved calculations. By rotating the first (n—1)
coordinates, we only need to show (5.6) at point a = (a1,0,---,0,a,) with 0 < a; < 1,
0<a,<1/8.

Denote B'(z', R) C R"! be the ball centered at 2’ with radius R, Q = B'(0,1) x
(=1,1). In the following C' will be denoted as various positive constants which depend
only on dimension n and o.

It follows from (5.1) that

th(a):/ﬂg de

n |z — a|mt2e

w1 —[2P) —an(1 = [d']?) o an(1 = |d']?) . 57
/Q d /Qd (5.7)

|$ _ a‘n—i—ZJ . ’x _ a|n+2a

=1 —a,ll.
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Since 2, (1 — |2'|?) — an(1 —|d'|?) = (2, — an) (1 — |2'|?) + an(|d'|? — |27|?), we divide the

integral I into

I = /Q (zn —an)(1 — ‘x,P)dx

‘.’L‘ _ a‘n—i—QU

and

n2 (12
wtziman [ L),
Q

|ZL‘ _ a‘n+20

By symmetry and that 0 < a,, < 1/8,

1+2an 1 o /
I = / / — ) 2|$| ) de'da,
lx'|<1 |SL‘ - a|n+ 7

(5.8)
> —Cay,.
Using |d/|? — |2/|? = —|2’ — d/|? + 2d/(a’ — 2'), we write
|2’ —d|? / 2a’ - (a/ — ')
L= ———=d —d
o= et [, e
=: I35+ 14.
Direct computations give
2+an ! 2
I3 > —/ d:cn/ Lﬂiladx'
—2+an la'—a’|<2 ‘I‘ - CL’
2 P 2
= bli%l+ dy/ (r2 + ”*2" PR
2/y n
=—2 lim y1 204y / 77“ e dr
e P 5.9
2 2/y rn 1 rn .
= -2 lim y 2 dy / ,H,dir—F/ 7714.20(17”
b—0* Jp 1 (14722 0 (1+7r2) 2
2 2/y
> —2 lim yt 2 dy / r2dr 4+ 1
b—0t Jp 1
> —C.
Next, we are going to show
I,—1I1>-C. (5.10)

Let Dy = (B'(0,1)NB’(2d’,1)). Since a’ = (a1,0,- - ,0), it follows from symmetry that

2 - (a' /
/ 2’ (@ — o) — ) da'da, = 0.
Dox(—1,1) |z —a|"t27
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Thus,
I :/ 2’ (@ — )
(B'(0,1)\Do)x(~1,1) |T — a|"t?7

Now we have two cases:

> 0.

Case 1. if |d/| < @, then it is easy to see that /I < C' (the denominator is uniformly

bounded). Hence, (5.10) holds.

Case 2. Suppose |a'| > ? We have

1 Jap 1 |ap
II = T mi2e T T — glnt20
Qen(B'(a/|a’)x (~1,1)) [T — 4 Qe\(B'(a/|a’]) x (=1,1)) [T — @
(1—1d'[?)
<

< SR LS WAy
/QCO(B’(a’,a’DX(—l,l)) |z — |20

=: IIl +C.

Denote Dy = <B’(a’, VI @) Nz < a1}> \ Do, and Dy = (B'<a', VI @)
{xl > a1}> \D[).

Note that for € Dy, we have 2|d’|(|a’| — z1) > 1 — |a’|* — |2’ — @/|?. Therefore,

/ 2a'-(a’—x') / 1_|a/‘2 >/ —|x’—a’\2
Dix(—1,1) |T —a|"t2o Dax(—11)) 12 —al™™27 = Jp 1y |o —aln 2o

Observe that there exists a positive integer m, which depends only on n and o, such
that
1— |a/‘2
m n+2o0
(B’(O’,l)\B’(a/,\/1—|a’\2)) x(-1,1) 1T —al
1— ‘a/’2
Z 7_}_20_.
(B rin (510008 @/ TP ) (-1 2 = al”
Also notice that for any x € B'(0/,1)\B'(d/, /1 — |a/|?), we have

0>m(l—|d? -2 —d?).

Hence,
‘xl _ a/’2
m n+2o0
(B’(O’,l)\B’(a’,q/1—|a’\2)) x(—1,1) |z — a
1—|d?

> _
N /(B(a’,|a’|)\(B’(O’,l)UB’(a’,a/1—|a’|2))> x(~1,1) [T — a|"t2o
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It follows that

Iy — 11

- 2d’ - (a/ —2') 1—|a|?
-0+ |z —alnt20 |z — a|n+20
D1x(—1,1) Dax(—1,1)

1— a2

- /<B(a/,|af)\(B/(ou)uB/(af,,/1_|af|2))) «(—1,1) |z — a|" 27

- |x/_a/’2 ’x/_a/|2
= —C—-m n+20 + n+2o
(B/(0 O\B' (! /1| P)) x(~1,1) |T — @ Dix(~1,1) [T —al

Y

—C - (m + 1)[3
> —C.
Therefore, (5.10) holds.

Finally, Lemma 5.4 follows from (5.7), (5.8), (5.9) and (5.10). O

Lemma 5.5. Let w(x,t) be as in Lemma 5.1. Suppose w(xo,0) > 0 for some xo € R,

then for any fized t € (0,T], we have Oy, w(z’,0,t) > 0.

Proof. Let
-1, in B'(0,1) x (—2,-1),

g9(x) =1, in B'(0,1) x (1,2),

0, otherwise,

where B’(0,1) denotes the n — 1 dimensional unit ball centered at 0. For any z €

B'(0,1) x (0,1/8), we have
A% g(2) :/R 9(y) — g(x) dy

n |y — =z

1 1
/B’(0,1)><(1,2) ly — x|r+2o BI(0,1)x(=2,—1) [y — x| 27
/ 1 1
Bo)x(1,2) |y — (&, 2n) "2y — (2, =) |20

S b s (g mamaess) 404
= —_—— S y
Box12)Jo  ds \|y —z + 2szhe, |20

1 2
4 — T 8sx
= (n+20) / / (Yn — Tn)Tn +n+2+gg
B01)x(1,2) Jo |V — T+ 2s57pen|
> C1%np,

dy

dsdy

where ¢; > 0 depends only on n and o.
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For any fixed to € (0,77, define

£
1+t

H(z,t) = hiz) (10 — (t —t0)?) + kg(a).

where h is as in Lemma 5.4. We can choose a sufficiently large constant & such that
Hi(z,t) < a(x,t)AH + b(x,t)H (z,t),

for all = € B'(0,1) x (0,1/8) and t € (to — to/~/1 + 12, to).

It follows from Lemma 5.3 that w(-,¢) > 0 in R’ for any fixed ¢ € (0,7]. Making
a similar argument to the poof of Lemma 5.3, we can show that there exists a small
positive constant € such that w > ¢H for all ¢t € (0,tp]. Therefore, d,, w(z’,0,ty) > 0

and Lemma 5.5 follows immediately. O

Now we apply the above strong maximum principle and Hopf lemma to fractional
Yamabe flow equations.

Suppose that v is a positive smooth solution of (1.15) in S™ x [0,77]. Hence

n—2c

u(:c,t)z( 2 )2 o(F(z), 1)

14 [af?

satisfies (1.16). For a given real number A, define
Yy ={r=(2",2,) : 2 > N},
and let 2* = (2/, 2\ —x,,) and uy(,t) = u(z?,t). It is clear that uy also satisfies (1.16).

Proposition 5.1. Suppose that u(x,0) — ux(z,0) > 0 in Xy, then for any fized t €

(0,T], we have u(z,t) —ux(z,t) > 0 in Xy.
Proof. Let w(x,t) = u(x,t) — uy(z,t). Then w satisfies

we = a(z, t)A%w + b(z, t)w, (5.11)

where a(z,t) = 5= and b(z,t) = (I_N)(];A)%A fol (Tu-‘y—(liT)uA)NdT + % is bounded.

Note that w(z’, x, + A, t) satisfies all the conditions in Lemma 5.1. Thus Proposition

5.1 follows from Lemma 5.1. O
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Proposition 5.2. Assume the conditions in Proposition 5.1, then for any fized t €

(0,T), we have u(z,t) —ux(z,t) > 0 or u(x,t) —ur(z,t) =0 in Xy.
Proof. 1t follows from Proposition 5.1 and Lemma 5.2. 0

Proposition 5.3. Assume the conditions in Proposition 5.1. In addition, we suppose
that u(zo,0) — ux(z9,0) > 0 for some xg € Xy, then for any fized t € (0,T], we have

u(x,t) —up(z,t) >0 in Xy and Oy, u(z', N\, t) > 0.

Proof. 1t follows from Proposition 5.1, Lemma 5.3 and Lemma 5.5. O

5.2 Harnack inequality for a fractional Yamabe flow

Based on the results proved in the previous section, we are going to establish the

following Harnack inequality.

Theorem 5.1. Let v be a C>1 positive function on S™ x [0, T*) and satisfy

ovN

S = —Pov) + (0", on 8" x (0,17),

where b(t) € C([0,T%)). Then there exists a positive constant C > 0 depending only on

n, o, infge v(-,0) and [[v(-,0)||cs(sn) such that

nézng(-,t) < CnSlian(',t),

for any fized t € (0,T%).
Proof. As mentioned in the introduction, the idea of this proof is essentially due to Ye

[134]. We will show that

[Vsnvl
sup
sno vl

<C forallse (0, 7).

Let go € S™. Without loss of generality, we may assume that qg is the north pole.

Consider the inverse of the stereographic projection from the north pole F': R™ — S™:

2z 2% -1
F(zy,- zn) = <H_3:27332+1>
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We also denote G : R® — S™ as the inverse of the stereographic projection from the

south pole, namely G(z) = F(z/|z|?). Let

n—2o n—2g
2 T2
wes) = (15s) P09, s = () (G
Then u,u € C*H(R™ x [0,T*)) and both satisfy
8uN o N n *
5 = A%u+b(t)u™, onR"x[0,T7). (5.12)

u(+, s) has a Taylor expansion “at infinity” of the form

2(n—20)/2 a;T; n—2o0 TiTj _
u(z,s) = ———— <ao + 2 + <az’j i 5z’j> mi + O(|z| 3)) .

Similarly, the partial derivatives of u(-,t) have Taylor expansions “at infinity” of the

form

ou n—20 n— 20 a;T; a; 2xiajw;
87552-(%8) =27 <_|x|n20+2xi <a0 + |2 + |z[n=20F2 ~ |g[n-20+4
+ O(|x‘f(n720+3))‘
Here

ao(s) = v(qo, s),

i(s) = H02G )

0?(v(-,8) 0o G)

281‘1’1‘]'

Let y;(s) = (n — 20)a;(s)/ao(s), and y(s) = (y1(s), -+ ,yn(s)). Then

(0).

aij(s) =

n—20

u(z+y,s) = 72_2 ao + aijxifj + 0(|x]_2) (5.13)
|w|n—2e |z|
and
ou (n —20)apz; —(n—2043)
_ = /7 n—so .14
o+ 99) = =R £ O ) (5.14)

where a;; = a;; — %&-j - “;(Oll We only need to show that there exists a positive

constant C' depending only on n, 0, infgs v(-,0) and [[v(-,0)||c3(sn) such that
ly(s)| < C forall 0 <s<T*.

Fix T € (0,7*). After a rotation and a reflection, we may assume that y,(T) =

max; |y;(T)|. From the Taylor expansions of u and Vu for s = 0, we see that (e.g.,
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Lemma 4.2 in [64]) there exists a A\g > 0, which depends only on n, o, infg» v(-,0) and

[v(-,0)llc3(sny, such that for any A > Ao,

u(z,0) > u(x*,0) for z, <

A A

where 2* = (21, -+ ,2p_1,2\ — 2,,). Denote u*(z,s) = u(z?,s). By Proposition 5.3,

we have
u(z,s) > ut(z,s) forall s €[0,T], z, <X, A> Ao. (5.15)
We claim that

Ao-
oLy Uel3) < 2o

If not, there exists § € (0, 7] such that y,(5) = maxo<s<7 Yn($) > Ao. Thus, we can set
A =y, (8) in (5.15), namely,
u(z,s) > uMx,s) forallse[0,T], £, < A= yn(5).
Let u(z, s) = u(x + yn(8), s), then
W@, xn,s) > w(x', —zy,s) forall se€(0,T], x, <O0.
Let u(x,s) = W%Qaa(#,s) Then @y (2, xyn, s) and 1 (2’, —xp, s) satisfy (5.12) and

(2, zp, 8) > 1 (2, —xp,s) forall s €0,T], z, <O.

By Proposition 5.3,

Oy (2, xp, 8) — ur (2!, —xy, 8))

<0,
Oz (,5)=(0,5)

ie., (0u1/0ry)(0,5) < 0. This contradicts (5.13). Hence, Orgzszyn(s) < Ao, which
<s<
implies y,(T') < Ag. Since A¢ is independent of s, we have |y(s)] < \p forall 0 < s <

T*. Moreover, )\ is independent of the choice of ¢y, and we conclude that

Vsnv

sup [Vsnol <C forall se (0,77).
sn vl

For each t, integrating the above inequality along a shortest geodesic between a maxi-

mum point and a minimum point of v(-,t) yields

néaxv(~, t) < C’nginv(-,t).

where C' depends only on n, o, infg» v(-,0) and [lv(-,0)[[cs(gn)- O
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5.3 Existence and convergence of a fractional Yamabe flow

5.3.1 Schauder estimates

For an open set & C R™ and v € (0,1), C7(€2) denotes the standard Holder space over
), with the norm

ol = oo + [l = sup o)+ sup  1ZU Zule2)]
Q T1#T2,21,T2€ |.%'1 - x2"}’

For simplicity, we use C7(Q) to denote C7=1(Q) when 1 < v ¢ N (the set of positive
integers), where [7] is the integer part of . Since the operator 0; + (—A)? is invariant
under the scaling (z,t) — (cz, c®°t) with ¢ > 0, we introduce the fractional parabolic
distance as

p(X1, Xo) = (|21 — o|* + [t — ta] /)2,

where X = (z1,t2), Xo = (22,t2) € R*"L. For a measurable function u defined in a

Borel set @ € R"*! and 0 < a < min(1,20), we define

P 16 ¢ B0 &
R X1#X2,X1,X2€Q p(leXQ)a 7

and
ula, 250 = [ulog + [Ua, 2.0
where |ulo,g = supxeq [u(X)]. We denote C%25(Q) as the space of all measurable

functions u for which |ula, 2.9 < 00. Let Qr =R" x (0,T], T € (0,00). For 20+ ¢ N

o

and 0 < o < min(1,20), we say u € C27t1H 55 (Qr) if

(W2t 2:@r = el g0r + [(~8) a2, < 00

and

[ul2o+a,14 2507 = [ulor + [ulogr + [(=A)7ulogr + [Ulzota1+ 2500 < 00

Then €237 (Qr) is a Banach space equipped with the norm | - |20+a,1+§;QT-

Lemma 5.6. Suppose that 0 < o < min(1,20) and 20 + « is not an integer. There

exists a constant C' > 0 depending only on n and o such that for any € > 0 and
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u € C271 T 5 (Qr), we have

|utlo,Qr < E[ut]a,%;QT + C€72U/a|u’0;QT7 (5.16)
(A ulogr < elubrsats oior + = lulngr) (5.17)
[u]a,%QT < E[u]20+a,1+%;QT + Cg_a/(20)|u|0;QT' (5.18)

If o > %, then

(1+a)/(20—-1

{qu]a,%;QT = 5[“]20+a,1+%;QT +Ce” )|U|O;QT' (5.19)

Proof. By the fractional parabolic dilations of the form u(x,t) — u(Rx, R*t), we only
need to show the case e = 1 and T' = 2. Take X = (z,t) € Qr and we have, for some
§e(-1,1),
(X)) < Jue(X) — (.t + 1) — (1) | + 2l
= |ue(X) — w(z, t + )| + 2Juloor < [uela, 200 + 2luloqr-
This finishes the proof of (5.16). For (5.17) and (5.18), we first recall (see, e.g., [126])

that

w20 +arr < C(Jwlogrn + [(=A) w|arn) for all w € C27H(R™).
Hence,
[(=A)7u(z,t)] < Cju(- D)lorn + |ul-,t)|c2o+arn))

< C(‘U|O;QT + [(_A)Uu]a,%;QT) < C([u]20+a,1+%;QT + |u’0§QT)a

and

(U], 2.0, < sup [u( t1) u(j’ 2)| + su u(z1,1) U(i% )|
20 tl#tQ,Z‘ |t1 — t2‘20 xl#iEQ,t ‘xl — $2|

< C(IUIO;QT + ‘ut’O;QT + Slzp ’U('>t)’2a+a;R")

< C([u]20+a71+%;QT + ’u‘()%QT)'

Finally, for ¢ > % we notice that by the same methods as above,

|Viu(zy, t) — Vyu(xe,t)]
sup < C([u .o+ |U|o.Qr)-
t,x17#x2 |$1 - $2|a ([ ]2J+a’1+207QT ‘ | QT)

Thus, to prove (5.19), we only need to show

sup |Vzu(z,s) — Vyu(z, t)]

s#tx ‘8 — t|%

< C([u]2a+a,1+%;QT + ’u’()?QT)'
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Fix any =9 € R". Let w(z,t) = (—A)%u(x,t) and n(z) be a smooth cut-off function

supported in By(zo) € R™ and equal to 1 in By(zg). Let

(. 0) = (=87 0pw) = [ 1w 4,

Rn [T — Y[

For convenience we have omitted some positive constant as in (1.22). Then
(=A) (up(z,t) — u(x,t) —uo(z,s) + u(xz,s)) =0 in By(xo),
which implies, for 0 < [t — s| < 1,
|Vup(xo,t) — Veu(zo, t) — Veug(zo, s) + Veu(zo, s)|
< Clup(z,t) — u(z, t) — uo(x, s) + u(x, 8)| oo (m)

< Cllutlo@r + [uloora,1+ 20,0t — 5|27

Since ¢ > 1/2 and

I

we have
Vo (20, t) — Vauo (20, 8)| < Clulagya, 142 0.1t — 5|5

Together with (5.16), we have
|Vau(z, s) — Vyu(z,t)|

sup = < C([U]2o+a,1+%;QT + |U’0;QT)'
s#t,x ‘S — t‘ 20 7
This finishes the proof of (5.19). O

Lemma 5.7. Suppose that 0 < a < min(1,20) and 20 + « is not an integer. Let
u € C?FT5(Q) and n € C2(R™Y), then for any e > 0, there exists C(g) > 0

depending only on a,0,n,e and ||n|c2@n+1y such that

[<u7 77)]04,%;@1 < 5[“]20+a,1+%;@1 + C(E)‘U|O,Q1 . (520)

Proof. We denote C' as various constants depending only on n, o, a, [|n||c2gn+1), and
C(e) as various constants depending only on n,0,a,[[n|c2gn+1) and €. Recall that

(u,n) is defined in (5.22). For any (x,t) € @1,

w0l <o) [ s y
el o) /B1(x) |z — y|nt2o v

< Clulo,g, + Clul D]opn < eltfagtais g0, +CE)|uloq
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Fix any X; = (x1,t1), X2 = (x2,t2) € Q1, X1 # Xa. For convenience, we write

p = p(Xi1,X2) and u?*(z,t) = u(z,t) — u(x + z,t). We may also suppose that p < 1.

’<u,7}>($1, tl) - <u’77>($27t2)|

/ (Uz(mlytl) —UZ(902J2))772(901J1) &
l2|<p |2|nt2e

IN

/ (07 (w1, t1) — 07 (w2, t2) )u® (w2, ta) &L
l21<p 2| 2o

/ (u*(z1,t1) — u® (22, t2))0* (21, 1) @
|212p 2|42

_|_

/ (07 (w1, t1) — 07 (w2, ta) )u® (w2, ta) @
2125 |22
=15+ I+ I3+ 1.
For I; and I, we first consider that 20 + o < 1. Then by change of variable,
I+ I < Cmax[u(, 1)]at o / |z|ote =204, < Cmax(u(-, ;)] ayomrnp 270
i=1, =

|z|<p 1=1,2

If 1 <a+20 <2, we have

I + Iy < Cmax(u(-, t;)]at+20—1:Rn / | 2|29 29 4 < C max(uf(-, ti)lat+20—1.Rn P
1=1,2 |2|<p 1=1,2

If 20 + a > 2, then
/ (u*(z1,t1) + Vou(wr, t1)z — u(z2, t2) — Vau(za, t2)2z)n? (21, t1) ds
zI<p

I < |2 +20

_l’_

/ (Vou(z, t1)z — Vau(za, t2)2)n* (21, t1)
n+2o dz
|2|<p 2]

|Z|3_”_2” dz + C[qu]m%;QTpa / |z[2_"_2‘7 dz
|z|<p

< C'sup |V2u| /
Q1 |

z|<p
< p%(elul2otai+ 20 + C(E)uloQr)-

Similarly,

I < C‘VIU|O;Q1/

I et A e O s
z|<p

|z|<p
< p*(elt)204a,142:0r T CE)|ulogr)-
For I3 and I, we first consider that o < % Choose an o > a but sufficiently close

to « such that o/ < min(1,20), then

/ 2 —a'—n—2
pa C ‘Z‘ ot+a—a'—n sz S Cv[u]o/’%;leoc7

fosl |z]>
z|>p

!
VAN A
o, 525Q1
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.[4 < Cpa’ [U('7t2)]20+a—a’;R" /| ‘Z|2O'+Oz_o/—n—20' dz < C[u('7t2)]20'+a—o/;R”pa~
z|Zp

Ifa>%and20+a<2,then

20+a—1 1-n—20 a
I3 < [U]20_+a_1’2042—§—1;Q1p C . |z dz < C[u]20+a_172g;g_1;Q1p ,

Iy < Cp* T V(- tg)|orn /| 12]1 7727 dz < C|Vu(-, t2) |orn p™.
z|Zp

If 20 + a > 2, then for p < |z| < 1, we have

[0 (1, 1) —u(22)] < [V3ulog, [o1—all2|+|uelog, [t —ta] < [VZulog,plel+|utlog, 0™

Hence,

13 < dz

/ (u?(21,t1) — u® (22, t2))n* (21, 1)
1>[21>p 2| +2e

(u? (21, t1) — u? (22, t2))n* (21, 1) d
+ |Z|n+2a <
|z[>1
<CIViulaup [ P Cludogu [
1>]2>p 1>]z1>p

+ [u]a,;;lea/ 2|72 dz
7 |2|>1

(67

2
<C(IViuloo, + |utlog, + [u]a,%;QJP
Similarly, for Iy we have
Iy < C|Vzulog, p™.
Combining these and applying some interpolation inequalities in Lemma 5.6, we reach

(5.20). O

Consider the following Cauchy problem

a(z,t)up + (—A)u + b(x, t)u = f(x,t), in Qr,
(5.21)
u(z,0) = up(z), in R”,

where A7! < a(z,t) < A for some constant A > 1.
Lemma 5.8. Suppose b(x,t) is bounded in Q1. Let u € CQU+°"1+%(Q1) satisfy
a(x,t)us + (—A)u + b(z, t)u <0, in Q1,

u(z,0) <0, in R™,

then u < 0 in Q1.
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Proof. Without loss of generality we may assume that b(x,t) > 1 as before. Let n(z)
be a smooth cut-off function supported in By C R™ and equal to 1 in By. Let ng(-) =
n(-/R) and v = nru. Then

avy + (=A)7v +b(x, t)o < (u,nr) + u(=A)"nr,

where

(1, ) = C(Tw)/ (u(z,t) —u(y, t))(n(z,t) —n(y,t)) dy. (5.22)

n |z — y[rt2e
If u is positive somewhere in )1, then we can choose R as large as we want such that
v attains its positive maximum value in @ at (zo,t9) € Bgr x (0,1]. It is clear that
a(xo, to)ve(xo, to) + (—A)%v(xo, tg) > 0. Since b > 1, we have

sup u < v(xg,to) < sup|(u,nr) +u(—A)°nr| -0 as R — oo.

BRX(O,].} Ql

This finishes the proof of this Lemma. O

Proposition 5.4. Let 0 < o < min(1,20) such that 20 + « is not an integer. Suppose
that a(z,t), b(z,t), flz,t) € C%25(Q1) and ug(z) € C?*7+*(R™). Then there exists a
unique solution u € C** T35 (Q1) of (5.21). Moreover, there exists a constant C' > 0

depending only on n, o, \, «, \a|a,2ﬁ;Q1 and ]b|a,2g;Q1 such that

|u|2a+a,1+%;Q1 < C(|u0|2a+a;R" + |f|o¢,%;Q1)‘ (5'23)

Proof. By Lemma 5.8, there exists C' > 0 depending only on A, [b[ze(q,) such that

[ulo,0, < C(Juolorn + | flo;qy)- (5.24)

Then the uniqueness of solutions of (5.21) follows immediately. In the following, we
will show a priori estimates (5.23). By (5.24) and some interpolation inequalities in

Lemma 5.6, we only need to show, instead of (5.23),

[u]20+a,1+%;Q1 < O(‘“O’2a+a;R" + |f|a,%;Q1)' (5'25)

First of all, (5.25) holds provided a = 1,b = 0 (see, e.g., [103]), and it can be easily
extended to the case that a is a positive constant. For the general case, we use the

“freezing coefficients” method (see, e.g., [94]).
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Fix a small § > 0, which will be specified later. We can find two points X1, Xo € Q1

such that
|ug (X1) — ur(Xo)|
p(leXQ)a

1
Z §[ut]a7%’Ql'
If p(X1, X2) > 4, then
[ut]m%;éh <407 |uefos, -

It follows from Lemma 5.6 that, for any small g5 > 0,

[Ut]a, o Q1 = EO[U]20+Q71+%;Q1 + CO’“‘O;QU (5.26)

o,
1207

where Cy > 0 depending on n, o, «, &g, 0.

If p(X1, X2) < 4, take a cut-off function n(X) € C*°(R"*!) such that n(X) =1 for
p(X, X1) <6, n(X) =0 for p(X, X1) > 20. By the estimates of solutions of (5.21) with
a being a positive constant and b = 0, we have

|ug (X1) — ug(Xa)|
[ut]%%%Ql <2 p(Xl,XQ)a < 2[“”]204—&,14—%;@1

< Cr(la(X1)(un)e + (=A)7(un)la, 250, + [vonl20+asmn + [unlo:Q,);

where C7 > 0 is independent of 4. Note that

a(X1)(un)e + (—A)7 (un)
= n(a(X)u + (=A)7u) + n(a(X1) — a(X))us + a(Xy)un — (u,n) + u(=A)7n
=n(f — bu) + n(a(X1) — a(X))u + a(X1)une — (u,n) +u(=A)%n,

where (u,7) is defined in (5.22). Since |n(X)(a(X1) — a(X))| < [q]

o .
a,%;QJS , making

use of Lemma 5.6 again, we have

i, 201 < C10%[Ul20 4014 2300 + CO)([ulo@r + [fla,2501)

(5.27)
+C1 ‘ (U, 77> ’a,%;Ql +Ch ‘U077|20+a;R”-

Hence, from (5.20) in Lemma 5.7, (5.27) and (5.26), we can conclude that

[utla, 20, < (CL6%+€0)[U)20+a,14 250, +C(0) (Julo,Q, +]fla, 20, T|uol20+arn). (5.28)

(SN
1257

Since

u + (—A)u=(1—a)u; —bu+ f,
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we see that

[u}20+a,1+%;Q1 < C([“?ﬁ]a,%;Ql + |u’0;Q1 + |f|o¢,%;Q1 + ’u0|20+a;R”y )7 (5'29)
where C' > 0 depending only on n,0, A, @, [|alla, 2,0, and ||a,blla, 2,q,. Then (5.23)
follows from (5.24), (5.29) and (5.28) by choosing sufficiently small ¢ and &o.

Finally, the existence of solutions of (5.21) follows from standard continuity method.

O]

Remark 5.1. Cauchy problems for non-local operators and pseudo-differential opera-
tors in different spaces have been studied, e.qg., in [90], [108], [109], [110] and references

therein.

Remark 5.2. Observe that in the proof of the above proposition the only place we use
the uniform lower and upper bounds of a(x) is that at X1, that is % < a(X1) < A. This

observation will be used in the proof of Proposition 5.5.

Remark 5.3. One can also obtain the estimates in Qp by considering the scaled func-

tion @(x,t) == u(TY?7z,Tt).
For v € (0,1), C7(S™) denotes the standard Holder space over S”, with norm

ol = [ologe + [y s=suplo()] + s PEU &)
sn e gesn 61— &
where |£; — & is understood as the Euclidean distance from &1 to & in R*T!. For

simplicity, we use C7(S") to denote C7~D1(S") when 1 < v ¢ N, where [y] is the

integer part of 7. For Y7 = (£1,t1), Yo = (&2,t2) € S™ x (0,00) we denote
p(Y1,Ya) = (|61 — &f* + |t — to] /7)Y

We still assume that 0 < a < min(1,20). Let Qp = S™ x (0,7] for T > 0 . We say
ve O (Qr) if

[v(¥1) — u(Y2))|
Vo200 = |V|0;0r + [V]a, 2,0, = sup v(Y)+ sup — = < 00,
| |O‘72u Qr [vlo:or + [vla 26 19T YeQor &) Y1#Y2,Y1,Y2€0r p(Y1,Y2)™

and v € C27T 45 (Qp) if

[U]20+a,1+%;QT = [Ut]oz,%;QT + [PU(’U)]a,%;QT <00
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and

V]20 40,14 2107 7= [Vlo;or + [vtlo.0r + [Fo(v)|0:0r + [V]204a,1+2:0, < 00
Then C?°F** 37 (Qr) is a Banach space equipped with the norm | - |20+a,14+ 207

Lemma 5.9. Suppose that 0 < o < min(1,20) and 20 + « is not an integer. For any
small € > 0, there exists a constant C(€) > 0 depending only on n,o and ¢ such that

for any v € C2U+O"1+%(QT), we have

[vtlo;0r < €lvila, 20, + C(E)0]0;0r (5.30)
Patloer < elohosatssor +CE)llogr, (5.31)
[v]cx,%;QT < 5[”]20+a,1+%;QT + C(g)‘UIO;QT' (5.32)

Proof. Using stereographic projections, (1.5) and noticing that |z — y| > Cy|F(x) —

F(y)|, the above inequalities follows from Lemma 5.6. O

Proposition 5.5. Let 0 < o < min(1,20) such that 20 + « is not an integer. Let
a(&,t), b(E, 1), f(&,t) € C¥3(Qy), vo € C27HX(S™) and \~' < a(€,t) < A for some
A > 1. Then there exists a unique function v € CQ‘”'O"H%(Ql) such that

avy + Py(v) + bv = f, n 9,
(5.33)

'U(y, 0) = Uﬂ(y)'
Moreover, there exists a constant C' depending only onn, o, A, «, |a’a,2&;gl and ’b|a,2£;gl
such that

|U|20+a,1+%;Q1 < C(|U0|20+o¢;8" + |f|a,%;Q1)' (5'34)

Proof. Uniqueness of solutions of (5.33) follows from maximum principles. We only
need to show a priori estimate (5.34), from which the existence of solution of (5.33)
follows by the standard continuity method.

Choose Y1 = (&1,t1), Y2 = (&2, t2) € S™ x (0,T) such that

v (Y1) — ve(Ya)|
p(Y1,Y2)®

1
2 5[”15]04,%;%- (5.35)
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Without loss of generality we may assume that &1, &> are on the south hemisphere. Let

F(x) be the inverse of stereographic projection from the north pole and

n—2c

w(z, t) = <2> o(F(2), 1).

1+ |z|?

There exist z1,2z2 € B(0,1) such that Y7 = (F(x1),t1), Y2 = (F(z2),t2). We denote
X1 = (x1,t1), Xo = (z2,t2). By (5.35) there exists a constant C' depending only n, o, «

such that
[ug (X1) — ug(Xo)|
p(X1, Xo2)®

[utla, 201 < Clotlo,g, + Cludog, +C

Note that u satisfies (5.21) with a, b, f replaced by

In view of Remark 5.2 and the arguments in the proof of Proposition 5.4, we conclude

that
[u]20+o¢,1+%;Q1 < C(|UU|20+Q;§" + |U|0;Q1 + |Ut|0;Q1 + ‘f|a,%;91)'

Hence, together with (5.35) and interpolation inequalities in Lemma 5.9, we have

[vt]a =91 < C(’v0|20+a;S" + |U‘0;Q1 + |f’a,%;Q1)' (5'36)

' 20

It follows from the maximum principle that |v]p.0, < C(|vol20+a;sm +|fla,2.0,). Hence

1257

(5.34) follows from (5.36), (5.33) and some inequalities in Lemma 5.9. O

Corollary 5.1. Let 0 < o < min(1,20) such that 20 + « is not an integer. Let
a(€,t), b(E,t), f(&,1) € C%25(Q3), A~' < a(£,t) < A for some X > 1. Suppose that

v e C2H T3 (Q3) satisfies
avy + Py(v) +bv = f, in Qs.

Then there exists a positive constant C depending only on n,o, A, «, |a|a72i;gn><[173] and

|b

a, 2 58n X [1,3] such that

Vl20ta,1+2 5 x(2,3] < C(|v]a, 2 8mx[1,3] + | fla, 2 smx(1,3))-

’20
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Proof. Let n(t) be a smooth cut-off function defined on R such that 7(¢) = 0 when
t <4/3 and n(t) = 1 when t > 5/3. Then v := nv satisfies

avy + P, (0) + b0 = fn+ avn, in S™ x [1, 3],

o(-,1) =0.

The corollary follows immediately from Proposition 5.5. 0

5.3.2 Short time existence

Proposition 5.6. Let 0 < o < min(1,20) such that 20 + « is not an integer. Let vy €
C?7+(S™) and v > 0 in S™. Then there exists a small positive constant T, depending
only on n, o, o, infsn vg, |vo|20+a:sn and a unique positive solution v € C2‘7+°"1+%(S” X

[0,T4]) of (1.15) in S™x (0, Ty] withv(-,0) = vg. Furthermore, v is smooth in S™x(0,T}).

Proof. By a scaling argument in the time variable, we only need to show the short time

existence of

’UN
Bat _PU(U)>
v(+,0) = vp.

We shall use the Implicit Function Theorem. By Proposition 5.5, there exists a

function w € C2°F* 1+ 27 (S™ x (0,1]) such that

Nuv) "ty = — Py (w), in S™ x (0,1],
w(-,0) = v,
and for any small positive constant g, we have [lw(-,t) — vol|c2otagny < €0 provided
t <T.,. Here T;, is a positive constant depending on 9. Hence, we may assume that
w > 0 in S™.
Denote

2 = {p e ¥ttt (S" x (0,1%,]) : ¢(-,0) = 0},

and

W = C% (S x (0, T%,]).
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Define F(v) := N|v N_l% + P,(v) for v € C2FTH 3 (S" x (0,T%,]), and
L:Z =%, o F(w+ep)—F(w).
Note that L(0) =0,
L'(0)p = NwN Yo, + Py () + N(N — Dw™ 2w, Vpe 2.

It follows from Proposition 5.5 that L'(0) : 2~ — % is invertible, when &( is chosen
sufficiently small.
By the Implicit Function Theorem, there exists a positive constant ¢ > 0 such that

for any ¢ € # with ||¢||l# < 0 there exists a unique solution ¢ € 2~ of the equation

L(p) = ¢.

Let T, > 0 be small. Pick a cut off function 0 < n(¢) < 1 in Ry satisfying n(t) = 1 for

s < T, and n(t) =0 if s > 2T,. It is easy to see that

In(@)F (w)llz <9,

provided T is sufficiently small. Therefore, there exists a function ¢ € 2 such that

Thus, v := w + ¢ satisfies v(-,0) = vy and
Flw+¢)=0, inS" x (0,T%].

Moreover, v is positive if T} is small enough. The smoothness of v follows from Corollary

5.1 and bootstrap arguments. O

5.3.3 Long time existence and convergence

Proposition 5.7. Let v be a positive smooth solution of (1.15) in S™ x (0, 3] and satisfy
AL < w(y,t) < A for all (y,t) € S™ x (0, 3] with some positive constant A. Then for
any positive integer k,

[vllersnxa) < O (5.37)

where C' > 0 depends only on n,o,k, A, and rg(l).
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Proof. We first observe that rg(t) is decreasing in ¢, and is lower bounded away from 0
by Sobolev inequalities (see, e.g., [10]). Hence through a scaling argument in ¢, we may
assume that v satisfies the equation % = —P,(v) instead of (1.15). By the Holder
estimates in [3] (see also Theorem 9.2 in [49]), there exists some 8 € (0, min(1,20))

such that

‘v’ﬁ,%;S"X[lﬁ] < C(na g, 57 A)

The Proposition follows from Corollary 5.1 and bootstrap arguments. 0

Now we are ready to prove the following smooth convergence of the fractional Yam-

abe flow, which has been stated in Theorem 1.2 in the introduction.

Theorem 5.2. Let g(0) € [gsn] be a smooth metric on S™ forn > 2. Then the fractional
Yamabe flow (1.14) with initial metric g(0) exists for all time 0 < t < co. Furthermore,

there exists a smooth metric goo € [gsn] such that
R == and  Jim [lg(t) — gocllcien) = 0

for all positive integers .

4
n—2c

Remark 5.4. If we write goo = v °° gsn where vss 18 a smooth and positive function

on S™, then Theorem 5.2 implies that v satisfies
n+20
Po(voc) =18 - 057,

whose solutions are classified in [41] and [97].

Proof of Theorem 5.2. By Proposition 5.6, we have a unique positive smooth solution
of (1.14) on a maximum time interval [0,7*). Since the flow preserves the volume
of the sphere, the Harnack inequality in Theorem 5.1 implies that v(z,t) is uniformly
bounded from above and away from zero. Proposition 5.7 yields smooth estimates for
v on S" x [min(1,7%/2),T*). It follows that T* = oo, since otherwise by Proposition
5.6 we can extend v beyond T™*. Moreover, there exists v, € C°(S™) and a sequence
{v(t;)} such that v(t;) converges smoothly to vs. By Theorem 5.11 in the Appendix,

v(t) converges smoothly to vs, i.e. there exists a smooth metric go, on S such that
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g(t) converges smoothly to goo. The formula for the gradient of the total o-curvature

gives
= = oty [ (R —rg)Pavol,
Thus,
/000 /n(Rg —r9)*dwol, < o,
which implies that R2> is a positive constant. ]

5.4 Two applications

5.4.1 Extinction profile of a fractional porous medium equation

These fractional diffusion equations (1.17) have been systematically studied in [48] and
[49]. Tt is proved in [49] that if ug € L'(R™) N LP(R™) for p > 4n/(n + 20), then there
exists a unique strong solution (see [49] for the definition) of (1.17), and the solution
will extinct in finite time. More precisely, if ug is nonnegative but not identically equals
to zero, then there exists a T' = T'(ug) € (0,00) such that u(x,t) > 0 in R™ x (0,7,
and u(z,T) =0 in R™.

Theorem 5.3 below describes the extinction profile of u(x,t), which extends the

result of del Pino and Saéz in [50] for o =1 to o € (0, 1).

Theorem 5.3. Assume that ug € C*(R"™) is positive in R™ for n > 2. In addition,
we assume, for (uf¥)o1(x) = |22 "ult(z/|z|?), that (ul*)o.1(x) can be extended to a
positive and C? function near the origin. There exist A\ > 0 and xg € R™ such that if

T = T(ug) € (0,00) denotes the extinction time of the solution of (1.17), then

n+2o
1/(1-m A 2
with
sup(1 + |z[""27)0(x,t) - 0 ast— T,
Rn
n—2 n—20

where k(n,o) =22 ((1 —m)P,(1)) * and P,(1) is given in (1.4).

Some estimates of the extinction time 7' involving the sharp constant in Sobolev

inequalities are postponed to Lemma 5.12 in Section 5.4.2.
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Let u(x,t) be the solution of (1.17) and T > 0 be its extinction time. Since ug is
not identically zero, it is proved in [49] that u(x,t) > 0 in R™ x (0,7) and u(z,t) €
CY(R™ x (0,T)) for some « € (0,1). We define v(F(z), s) for all z € R™ and all s > 0

as

n—2o
1+ |z 2 2 —m/(1—-m m
wF@s) = (F) T @ s, (539

where F' : R™ — S" is the inverse of stereographic projection from the north pole

n—20

n—52. By the assumption of ug, we have v(-,0) € C?(S™). It follows from

and m =
Proposition 5.6 that, there exists an s* > 0 and a unique positive function v € C*°(S"™ x
(0, s*)) satisfies

oo 1
P ~N )
o (D) + v (5.39)

and 99 = v(-,0). On the other hand, @(z,t), which is defined by v through (5.38),

1—m

satisfies (1.17). By the uniqueness theorem on the solution of (1.17) in [49], v = ¥ in
S"\{N} x (0, s*), and hence v can be extended to a positive and smooth function in
S™ x (0, s*).

Our first goal is that v defined by relation (5.38) is positive and smooth in ™ x (0, 00).
Secondly, we will show that v converges to a steady solution of (5.39). In summary, we

will show the following theorem in terms of v.

Theorem 5.4. Let v be defined by relation (5.38). Then v is positive and smooth in

S™ x (0,00). Moreover, there is a unique positive solution v of

7V =0 (5.40)
such that

vy, s) = v(y)llcssny = 0 as s — oo.

Our proof of Theorem 5.4 is inspired by some arguments in [50]. To prove conver-

gence of v(-,t), we first establish the following universal estimates.

Proposition 5.8. Let v be defined by relation (5.38). There exist positive constants
081, B2 such that
Br < o(y,s) < B

forally € S™, s*/2 < s < +00. Hence, v € C°(S" x (s*/2,00)).
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Proof. Stepl: We show that if s¢ is such that v is positive and smooth in S™ x (s*/2, sp),

then there is a positive constant x1, independent of sy, such that for all s € (s*/2, s¢)

I%%X’U(',S) > K. (5.41)

Let us argue by contradiction. If this is not true, then for every small € > 0, there is

an s. such that sgp > s. > s*/2 and v(y, s;) < ¢ for all y € S". Given € > 0, consider

n+2o0
2

Uz, t) = KY™[(1 4 s, —log T + log(T — t))(T — t)]ﬁ <1+2$|2> ,

where K will be chosen later. Direct computations yield that

n—2o

Ut — (A)UU7L+20

n+2o0
1 :ﬂm 2 2
= Kw[(14+s.—1logT +1og(T —t))(T —t)] (1—}—]30\2)
: <logT —log(T —t) — 2 — s + Pa(l)Kl_l/m> ,
n—2o n+2o
where we used that (—A)? (ﬁ) * =P,(1) (ﬁ) * with P, (1) given in (1.4).

Let t. be that s, —log T+log(T'—t.) = 0. We choose K small such that P(,-(l)KmTi1 >

2 and let € = K. Since v(y, s¢) < €,

n+20

2 ) LUt

1 1
u(z,t:) <e /m(T —t)T=m (1—1‘|95|2

For t > t., U(x,t) is a supersolution of (1.17). It follows from the comparison principle
(see the proof of Theorem 6.2 in [49]) that u(z,t) < U(x,t). But U vanishes before T

Hence, u vanishes before T', which contradicts the definition of the extinction time 7.

Step 2: v is strictly positive and smooth for s*/2 < s < 0.

To show this, we define
so = sup{s > 0:v € CH(S" x (s*/2,5))}.

Note that sy > s*. We assume that s < co. Since v € C3H(S™ x (s*/2,¢)) and v is
positive, by Theorem 5.1 and step 1 we have that v is uniformly lower bounded away

from 0. We define
ni2e

Ue,t) = (M — )™ kn,0) <1+1!w|2> ,
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where k(n,o) is defined in Theorem 5.3. U(x,t) satisfies (1.17) and will be used as a

barrier function. By our assumptions on ug, we choose sufficiently large M > T such

that iae
up(z) < MYk (n, o) <1+1‘$|2> ’

It follows from comparison principle (Theorem 6.2 in [49]) that for all 0 < t < T,

n+2o0
1 T2
t) < (M — t)/0=m) —
) < (M =)V kn.0) (157
Hence, for all s*/2 < s < s9
T+ (M —T)es\ T T+ (M —T)eso\ Tm
oles) < (FEEEEN) T ko < (TR T o

It follows that v is uniformly bounded from above. Since v satisfies (5.39), Proposition
5.7 implies that v has a uniform limit as s — sg which is also positive and smooth.
By Proposition 5.6 v can be extended in a smooth and positive way beyond sg, which

violates the definition of sg. We conclude that sy = +o0.

Step 3: There is a constant ky = (1 + P,(1)(1 —m))™ =) > 0 such that for all
>0

Hglin v(y,s) < Ka.

We argue by contradiction. Suppose that there is a time § < oo for which
HSI%H v(y, ) > Ka.

This implies

n+2o0
2

1
14 [af?

)

u(z,t) > (T —t+ Py (1)(1 — m)(T — 1))/ <

where t = T'(1 — e~%) < T. We consider a barrier function

n+2o0
2

Ul 1) = (T — 4+ Po(1)(1 = m)(T — 1)) 75 (@) ,

which satisfies (1.17). Since u(z,t) > U(x,t), by the comparison principle

n+2o0
2

w(z, ) > (T —F+ Py(1)(1 —m)(T — t))Tm <1+1‘x|2>
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This contradicts the extinction time 7' of w.
From Steps 1, 2 and 3 we can conclude Proposition 5.8 by taking 8o = Cks and

B1 = k1/C where C is the constant in Theorem 5.1 for sy = oo. O

Now we are in the position to prove Theorem 5.4. Let J be the functional defined

as

1
J(z)—Q/n Po(2) = T /SnzN+1'

Direct computations yield
Lemma 5.10. Let v(x,s) satisfy (5.39). Then

iJ(v(-, s)=—N [ oM (v,)? <o.
dS Sn

The above Lemma indicates that the functional is decreasing in time. The next
Lemma states that this functional is always nonnegative, and hence lim J(v(:,s)) ex-

S§—00

ists.

Lemma 5.11. J(v(-,s)) > 0 for all s > 0.

Proof. The proof is similar to that of Lemma 6.1 in [50], which is included here for
completeness. We argue by contradiction. Assume that for certain 0 < sy < oo one
has J(v(+,s9)) < 0. By Lemma 5.10 J(v(+,s)) < 0 for all s > sg. Let us consider the
quantity

F(s) = / vV Ty, s)dy >0, s € (0,00).

Then

Tt = [ @M= =200 + T F)

N -1
i

for all s > sg. Note that F(s) # 0 for all s > so. Otherwise, v(-,s) = 0 which

is impossible because J(v(-,s)) < J(v(-,s0)) < 0. Integrating the above differential
inequality, we have

F(s) > F(sp)e® *°.
It follows that F'(s) — oo as s — oco. On the other hand, Proposition 5.8 implies that v

is uniformly bounded. Consequently, F'(s) is bounded. We reach a contradiction.  [J
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Proof of Theorem 5.4. It follows from Proposition 5.8 and Proposition 5.7 that for s >
5*/2, v(-, s) is compact in C*(S™) for any k. Let © be a limit point of v(-,s) as s — oo
in the C? sense. We will show that © is a solution of (5.40) and  is the unique limit of
v(-,8) as s — oo.

Suppose that along a sequence s; — 0o, v(-,s;) — ¥ in C*(S™). Since

d . _ N-12_ AN (N+1)/2
St = =N [N A [ ),

we have, by integrating from s; to s; + 7 and using the Cauchy-Schwarz inequality,

T G =0 )l
27'
< DT (00 57)) = T+ 7))

By Lemma 5.10 and Lemma 5.11, J(v(+,s)) has a limit as s — oo. Hence for each
7> 0, {v(-,s; + 7)}5° is Cauchy in LV*1. It follows that v(-,s; +7) — © in LNFL
and in C%(S") uniformly in 7 for 7 in bounded intervals. Thus, for any ¢ € C*°(S") we

have,

/'wN(%+1> N (- 55))6

/ /( (.5 +7)) + 1_1mvN<yvsj+T>)¢dydr.

After sending j — oo, we obtain

/n (—Pg(ﬁ)—i- . _1m17N) ¢ =0,

i.e., v solves (5.40). Finally, it follows from Theorem 5.9 that v(-, s) converges to ¢ in

C3(SM). 0

Proof of Theorem 5.3. By the classification of solutions of (5.40) in [41] and [97], The-

orem 5.3 follows from Theorem 5.4 immediately. O

From Theorem 5.3 we see that the extinction profile of u(x,t) is determined by the
pair of numbers (A, zg) = (A(up), zo(ug)). The next theorem verifies the stability of

both the extinction time and the extinction profile.
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Theorem 5.5. T'(ug), ANug) and xo(ug) continuously depend on ugy in the sense that if
u, {uo;j} are positive C? functions in R™, (u§)o 1, (ug:;)o,1 can be extended to positive

C? functions near the origin, and lim |ug:; — ug'lls = O where || - [p is defined by
Jj—o0 ’

- llo =1l le2(y) + (o, llc2(By)s

then

lim (7' (uo;5), A(uo;;), zo(uoy;)) = (T'(uo), A(uo), zo(uo))-

J—00

Proof. Given Theorem 5.8, Lemma 5.13 and Theorem 5.9, the proof is identical to the

proof of Theorem 1.2 in [50]. We refer to [50] for details. O

5.4.2 A Sobolev inequality and a Hardy-Littlewood-Sobolev inequal-

ity along a fractional diffusion equation

Recently, Carlen, Carrillo and Loss in [35] noticed that some Hardy-Littlewood-Sobolev
inequalities in dimension n > 3 and some special Gagliardo-Nirenberg inequalities can
be related by a fast diffusion equation. In another recent paper [55], Dolbeault used a
fast diffusion flow to obtain an optimal integral remainder term which improves (1.18) in
dimension n > 5. Inspired by [35] and [55], we consider some Sobolev inequality (1.19)
involving fractional Sobolev spaces of order o € (0, 1), compared to those mentioned
above corresponding to o = 1.

We investigate the relation between (1.19) and (1.21) via the fractional diffusion
equation (1.17), i.e.

up = —(—=A)7u™

with m =1/N = ergg If we suppose that the initial data ug satisfies the assumptions
in Theorem 5.3, then by Theorem 5.4 (which is used to prove Theorem 5.3) u(-,t) is
positive and smooth in R™ before its extinction time, and for any fixed ¢, u(x,t) =

O(Jx|~729) as x — co. We define

H(t) := Hpo(u(-,t) = /n u(—A)"“udr — Sn7a||u||2L 2 - (5.42)

’ n+2o

It follows from direct computations that %H > 0 (see Proposition 5.9).
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Consequently, one can prove (1.21), which is equivalent to H < 0, by showing
limsup H(t) <0
t—=T

where T' is the extinction time of (1.17). This can be seen clearly from Theorem 5.4.
From this and Proposition 5.9 we also recover that u" is an extremal of (1.19) if u is
an extremal of (1.21).

Along this fractional fast diffusion flow, we can improve the Sobolev inequality
(1.19), via a quantitative estimate of the remainder term. This improvement also holds

as 0 — 1 and it extends some work of Dolbeault in [55].

Theorem 5.6. Assume that o € (0,1) and n > 4o. There exists a positive constant
C depending only on n and o such that for any nonnegative function u € HU(R”) we

have

n+2o

Sn,a||UN||2 2n —/ UN(—A)_JUNdIE
t R (5.43)

8o

< Cllull 7%, (Snollullye =l ) -

where N = "2 Moreover, C can be taken as “t22(1 — e 2)S), ..

We first have

Proposition 5.9. Assume that n > 2. If u is a solution of (1.17) with positive initial
data ug € C? in R" satisfying that (ug)o,1 can be extended to a positive C? function

near the origin, then

20
1d 2
5&.}] = (/n um+1) (STL,O'HumHZU - ||um||%2*<‘7)) Z 07

where H is given by (5.42).

Proof. Tt follows from (1.17) and (1.19) that

20
d n
—H = 2u(—A)"wdx — 25, » (/ umH) / u ug
dt Rn ’ n n

20
= —2/ u™tt 428, , (/ um+1> ' / u™(—=A)u™

20

= 2 </num+1> (Sn7g||um||2,a _ HumHi2*(g)> Z 0
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Note that the first part of Theorem 5.4, i.e., v defined by (5.38) is positive and smooth

in S” x (0,00), has been used in the justifications of these equalities. O

The next lemma gives an estimate for the extinction time of solutions of (1.17).

Lemma 5.12. If u is a solution of (1.17) with positive initial data ug € C? in R"
satisfying that (uf')o1 can be extended to a positive C? function near the origin, then

for any t € (0,T) we have

40(T —t) \ 27
(eg) = o= [ s
n o n,o n n

Consequently, the extinction time T is bounded by

T < (TL‘FiZ)Sn,o (/ UgLJrlde‘)

-y

If in addition n > 4o, then

(n+20)  [pnugda

T >
- 2n fR” ult(—A)Tul

and

[oameoearumen < [ agearay

2
/ u™ (- 1) 2/ ugtt — n—l—n20t/ ug' (—A)ug".

Proof. As in the proof of Lemma 5.11, we define

F(t) ::/ ™ (z, t)de, (5.44)
which is positive in (0,7") and F(T') = 0. It follows that

F'(t) = (m+1)/ u™ (-, ) ug(, t)

n

1 o
TP

— 1) [ WA < -

n,o

where we have used the Sobolev inequality (1.19) in the last inequality. This shows the

first two inequalities by simple integrations. If in addition n > 40, then

F"(t) = m(m + 1)/ u’“*l(-,t)((—A)"um(.,lt))2

n

+m(m + 1)/ u™ (-, 1) (= A7) (W (=A) U™ (1))

n

—2m(m 1) [ (A ) 20

n
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where the condition n > 40 is used to guarantee the L? integrability of u™(-,t) such
that we can use Plancherel’s theorem in the second equality. Thus, the lower bound of

T follows from that 0 = F(T) > F(t) + F'(t)(T — t) with sending ¢t — 0. The last two

inequalities follows from the sign of F” and simple integrations. O
Let
Q L opp® e pe L PR Gl 1) = (m+1) . E(s)d
T B = ,t2) :=exp ( (m s)ds | .
m+1 m+1 b P "
(5.45)

Theorem 5.7. Assume n > 40. For any ug positive and C? in R" satisfying that

(ug)o,1 can be extended to a positive C? function near the origin, we have

—/ up(—A)~ uodx+4mSng/ dt/ )G (t, s)ds
Rn
4o

= 2 15 (Snalf e — 520 / G(t.0)d

2n
[ n+20

where u(-,t) is the solution of (1.17) with initial data u(-,t) = uo, T is the extinction

time of u(-,t) and F,E,G,K are defined in (5.44), (5.45) and (5.46).

Proof. From the proof of Proposition 5.9 we know that

H'(t) = 2F(t)(Sn0Q(t) — 1).
Hence

H"(t) = 2F'(t) (Sn,oQ(t) — 1) + 2F(t)Sn,0Q'(¢)
t

_ ) /
=T H'(t) +2F(t)S,,,Q'(t)

—(m+ 1)E@)H'(t) + 2F(t) Sy, Q' (t).

On the other hand,

/ _ F”(t) . njng_l(t) (F,(t))Q
Q0w —(m+ 1)F(t)" ="
_ 2m um—l . _ aum . 2 _ -1 um X _ Uum .
=iz ([ teneareo) -t [ antaareo)

__27777’ wl- m—=1y UU' m ul- 2
- F(t)n_n%/ (™Y = (—A) T )™+ E(t)u- ).
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Denote

K@) = [ )" = (ZA)f )" + EOul 0. (5.46)

Then
H'(t) = —(m + 1)E@) H'(t) — 4mF % (£)Sn o K (t).

Multiplying G(0, s) and integrating from 0 to ¢, we have
t t .
H'(t)G(0,t) — H'(0)G(0,0) = / (H'G)(s)ds = —4mSnya/ F(s)» K(s)G(0,s)ds.
0 0

Dividing G(0,t) and integrating from 0 to 7', we obtain
T T t .
0— H(0) = H'(0) / G(t,0)dt — 4mSn,g/ dt/ F(s)n K(s)G(t, s)ds,
0 0 0
which finishes the proof. O

The drawback of the above Theorem is that the extra terms are not explicit. For-

tunately, we can use simple estimates to reach Theorem 5.6.

Proof of Theorem 5.6. We first assume that w = ug' where ug € C?(R"™) is positive

and satisfies that (ul")o.1 can be extended to a positive C? function near the origin. By

Lemma 5.12,

n

—20/n —20/n
u(~,s)m+1> > (m+1)S, (/]R" ug“rl) =:b.

By Lemma 5.12 again, we have bT' < 5. Therefore,

T T 1— e—bT
/ G(t,0)dt < / e Vldt = ————
0 0 b

1—6_% " 20 /n
§m+13"’0</nu6n > -

Hence (5.43) holds for w = u* where ug € C?(R") is positive and satisfies that (uf*)o 1

(m+1)E(s) > (m+1)8,,;, (/

can be extended to a positive C? function near the origin.
For any nonnegative u € C°(R"), we consider w. = u + 5(#)%220 with € > 0.
Then (5.43) holds for w.. By sending ¢ — 0, we have (5.43) for u. Finally, Theorem

5.6 follows from a density argument. O



103

5.5 Appendix: A uniqueness theorem for negative gradient flows in-

volving nonlocal operators

In this appendix, we provide a uniqueness theorem for fractional Yamabe flows, which
is analog to L. Simon’s uniqueness Theorem in [123]. The proofs are essentially the
same and we will just sketch them in our setting. Denote H?(S") as the closure of

C°(S™) under the norm
Jolleony = | oPao)
Let o € (0, 1) such that 20 + « is not an integer. Let J be the functional defined as

J(’U):;/HUPU(’U)_ (1—m)1(N+1) /nvN‘H, ve H(S).

Then

Let v be such that VJ(v) = 0.

Theorem 5.8. There exist 0 € (0,1/2) and ro > 0 such that for any v € C?*7T(S")

with ||v — 0| c2o+a < 70,
IV I ()]l p2(sny > | (v) — (@)

Proof. Since we have Schauder estimates (see, e.g., [82]) and L? estimates (which is free
from equivalence of definitions of fractional Sobolev spaces on S ) for P, the proof is

identical to that of Theorem 3 in [123]. O

Let v(z, s) and v be as in Section 5.4.1. Then direction computations and uniform

bounds of v(z, s) yield the following lemma

Lemma 5.13. There exist two constant cg and Ty such that for any t > Ty we have

d

—gJ(U('a s)) = collvsllL2sm) VI (0 (-, 8))l L2 (smy-

Theorem 5.9.

lim (-, s) — 9| cegny = 0

S§—00

for any positive integer .
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Proof. First we can prove that v(-,t) converges to v in C?°+t%(S"), using the same
methods as the proof of Proposition 21 in [2] or the proof of Theorem 1 in [70]. Then
Theorem 5.9 follows from the uniform C'*! bound of v(z, s). O

Similarly if

S(Z) — fS”Z—PU(ZQ7 = H"(S”%

(Jon 2N 741

v =2 ([ #40) 7 (me) - B ),

Let v(z,t) and vy be as in Theorem 5.2. Note that V.S(vs) = 0. The following

then

can be proved in the same way as above.

Theorem 5.10. There exist 6 € (0,1/2) and ro > 0 such that for any ||v —veo||c20+a <
7o,

IVS(@)llz2smy = 19(v) = S(veo) "7
Lemma 5.14. There exist two constant cg and Ty such that for any t > Ty we have

d

— g2 0) = collvell2em VS (W 1)) 22 (sm)-

Theorem 5.11.
Jim [[o(,) ~ voolcugn = 0

for any positive integer .
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