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ABSTRACT OF THE DISSERTATION

D-brane Engineering of Surface Defects in

Supersymmetric Gauge Theories

by Yi Zhang

Dissertation Director: Professor Duiliu-Emanuel Diaconescu

The subject is investigating the D-brane engineering of the surface defect. First, we investigate
the duality between instanton counting and refined topological string in the presence of surface
defect. We construct a supersymmetric quantum mechanical model with surface operator in five
dimensional SU(r) gauge theory by D-brane engineering. Then we present a conjecture formula
relating the K-theoretic partition function to the refined topological amplitude. Second, we
can use it as a tool to study the knot invariant. Surface operator can be engineered by toric
brane in A-model topological string while A-model topological string with several toric branes
on a conifold can be related to refined HOMFLY polynomial. Then we can explore the refined
HOMFLY polynomial in knot theory with the help of surface operator. The formula of refined
HOMFLY polynomial from physics argument is presented and it agrees with Oblomkov-Shende

conjecture.
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Chapter 1

Introduction

1.1 Topological String

1.1.1 Topological Field Theory

Topological field theory is a field theory which doesn’t depend on the metric.

1)
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The operators usually contain the identity operator so that the partition function is independent

of the metric. There are two general types of topological field theory : Schwarz type and Witten

type.

Schwarz Type Topological Field Theory

The Schwarz type topological field theory has a Lagrangian which doesn’t contain the explicit
metric dependence. That invariance is true at classical level. If the symmetry is also preserved
at the quantum level, we get a topological quantum field theory. The operators in Schwarz type
are operators without metric dependence.

One typical example of Schwarz type topological field theory is Chern-Simons theory on a

three dimensional manifold.
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The operators we are interested in Chern-Simons theory are Wilson loops.

Witten Type Topological Field Theory

Witten type topological filed theory, or cohomological field theory , has a special fermionic

nilpotent symmetry operator Q: Q2 = 0.



If the energy-momentum tensor 7}, can be written in the form of

T =1{Q, G},

where G, is some tensor, we can see the correlation function doesn’t depend on the metric

because

)
dgHv

(O1---0,) = (O1---0,T,,)

= (0 ---0,0G,.,)
=(0(01--- OnG))
=0
One practical way to ensure that is to require action is Q-exact: S = {Q,V}. then we
will have two consequences. One is that the energy-momentum tensor 7), will be Q-exact
automatically. The other consequence is that the semi-classical limit is exact.If we introduce t in
front of the action, (O) = [ DgOe~ 59l then we have 4(0; - 0,) = ({Q, 01 --- 0, V}) =0.
The physical operator is Q-closed : {Q, O} = 0. At the same time, the Q-exact operators
are decoupled from the theory since their correlation functions vanish. Then the physical

observables are the cohomology classes of Q :

ker Q

0« imQ

Twisted Topological Sigma Models

Let’s start from two dimensional (2,2) sigma model. In two dimensions, the Lorentz group
SO(2)=U(1). And there are two rotations that:
Ra:(07,07) — (e707,e07),(07,07) — ("0, e 07)
Ry :(07,0%) — (e7"07,e™07),(07,07) — (e 0~ ,e"0™)
Then redefine the spin , or equivalently the energy-moment tensor, by using the two U(1)
R symmetry currents F4 and Fy .
A —twist :My =M — Fy
B —twist :Mp =M — Fy
where M is the Lorentz generator. The twisted A model depends on the Kahler class of the

target space and is independent of the complex structure of the target space. The twisted B

model is independent on the Kahler class but depends on the complex structure. The vector



current is not anomalous at quantum level, while the axial current has anomaly unless the first
Chern class of the target space vanishes, ¢ (X) = 0. So the target space needs to be Calabi-Yau
manifold. From now on, we focus on the twisted A model [57, 59]. In the new lorentz symmetry,
two of the four supercharges become scalars. The sum is the BRST Q4 in the Witten type
topological field theory.

In A model, the action is Q-exact up to a term, which is the integral of the pullback of
Kahler form.

S = it/ d*z{Q,V} +t/ D" (w)
5 5
,where
V= g5 (v10:07 + 0.6'0Y)

and fz ®*(w) is the integral of pullback of the Kahler form w = —gﬁdzidzj ,
/ P (w) = / @z (0.9'0:6) gi; — 0:0'0.0 ;)
b b

The physical operator(Q-cohomology) is one to one corresponding to the de Rham cohomol-
ogy of the target space HP(X). The path integral localizes at the holomorphic maps from the
Riemann surface to the target space. It connects A model with Gromov-Witten theory.

The next step is to couple the twisted sigma model to gravity. Then we obtain topological
string.

The topological string has a close relation with superstring compactification. First, The
prepotential of the vector multiplets in type ITA/B Superstring compactification on Calabi-
Yau is captured by the topological string theory genus zero amplitude on the same Calabi-Yau.
Second, [ d*zF, (XI)RiFig_Q is also captured by topological string. X7 is vector multiplet, R
is the self dual part of Riemann tensor, F is the self dual part of graviphoton field strength. It
turns out that Fy is the higher-genus topological string amplitude at genus g. In the topological
string , the boundary condition need to preserves the BRST symmetry. In A model, the brane is
the Lagrangian brane wrapping Lagrangian submanifold with U(1) flat connection(Lagrangian

manifold has dimension 3 and the Kahler form vanishes when it is restricting on the Lagrangian
).
1.1.2 Toric Calabi-Yau

Toric Calabi-Yau is a Calabi-Yau with the structure of a torus fibration. The toric Calabi-Yau

we are interested in has a T? x R over R3. The geometry can be encoded in two dimensional



graph that corresponds to the degeneration locus of the fibration. The edges are along the

direction (p, q) € Z2,where, p,q corresponds to the generators in H;(T?) of the shrinking cycle.

resolved conifold Local P! x P! (0%

The elementary building block of toric Calabi-Yau is C* . The base R? of C3 are image of

moment maps:

ra(z) = laf® =zl
ra(z) = |z |zl
ry(z) = Im(z12223)

There three Hamiltonians generate three flows on C? via the standard symplectic form w =
i > dz; A dz; and poisson brackets 0, z; = 1, 2i,,v = @, 3,7.The fiber T? x R is parameterized

by the flows. In particular, the T2 fiber is generated by
exp(iary +ifrg) : (21,22, 23) — (€21, P 2y, e aF0) z4)
while ., generates the real line R. There are three types of Lagrangian submanifold in C3:

Li:rqa =0, rg=ry, 71720,
Ly:rqa =12, 13=0, 1,20,

L3:ry=rs, s =1"T3, Ty =0,

where 71 2 3 are constants. Lagrangian submanifold are located at the edges in the toric diagram.

1.1.3 Geometric Transition

The open topological string A model on T*S? with N lagrangian branes wrapping S° is equiv-

alent to U(N) Chern Simons theory on S [61]. The string coupling is related to the level k

of the Chern-Simons theory : g5 = ki”N. The free energy of Chern-Simons theory at large N

expansion has a form of closed string theory.
The large N duality [28] suggests the open topological string on the deformed conifold

with branes , is dual to a closed string, which turns out to be the closed topological A model



on a resolved conifold without brane. The open/closed string duality involves the geometric
transition in the background geometry. After geometric transition , the branes disappeared and
93 is replaced by a blown up CP'. The 't Hooft coupling in Chern Simons theory is mapped to
the Kahler parameter of the size of CP'.

We can extend the large N duality to incorporate Wilson loops [54]. The basic physical
observables in Chern-Simons theory are Wilson loops. In order to describe the Wilson loop in
topological open string on the deformed conifold , we need a Lagrangian submanifold. For any
knot ¢(s) € S% (0 < s < 27), we define

di
C={(qls),p) €T*S| piZ =0, 0<s<2r)

. The Lagrangian 3-cycle C has a topology of R? x S, intersecting S® along the knot q(s).
Let’s wrap N branes on S® and M branes the knot q(s). Then we will have U(N) Chern-Simons
theory with gauge connection A on S and U(M) Chern-Simons theory with gauge connection
A on the knot q(s).In addition , there is a new sector with strings stretching between S3 and the
knot q(s). Integrating out this mode we obtain a series of correction to Chern-Simons theory
on §3

TH(U™Te(V ™),

S|

o)
where U,V are the holonomies of A, A around the knot q(s).Let’s follow the system through the
geometric transition. The N branes disappear and the deformed conifold is replaced by resolved
conifold. But the M branes still exist. Now they are wrapping some Lagrangian submanifold in
the resolved conifold. We need to figure out the corresponding Lagrangian submanifold. The
case of unknot is solved in [54] .

We can extend the geometric transition to get all genus amplitude on a large class of toric
Calabi-Yau [18, 1].The idea is to construct geometry locally containing T*S%. Then after the
geometric transition, the deformed conifolds are replaced by resolved conifolds. The closed
topological amplitude can be obtained by analyzing the open topological string in the dual
picture. The tricky part is that there are strings stretching between two different S2. The
problem is to figure out which configurations like this contribute to the full amplitude. [18, 17]

found out only the strings stretching along the edges of the toric diagram contribute.

1.1.4 Topological Vertex

The building block of toric Calabi-Yau is the trivalent. The topological vertex [2] formalism is

defined in terms of the open topological string amplitude on C3. The exact trivalent vertices



amplitude is given by [3, eq(6.5)]. When we glue the vertices, there are some subtleties. First,
when we glue two vertices, the boundaries should have opposite orientations. The change of
orientation corresponds to take an inversion of the edge vector: Cg, g, Ry, — (fl)l(Rl)CRfl,7R27R3.
The propagator associated to the edge with representation R ,R’ is (—1)l(R)_l(R/)(SRRr. Finally
, we need to take care the framing.For A mathematical view of gluing , please see [16]. In
summary, gluing the i-th edge is given by

Y Orympye” T (1)t VAR gmrien 20y gy gy
R;

Topological vertex formulism allows us to get all genus topological string amplitudes on toric
Calabi-Yau. Instanton counting in A = 2 gauge theory with and without matter fields has been
checked with the corresponding topological string partition function by using topological vertex
[35, 36, 32, 42].

The instanton generating function Z has two equivariant parameters e¢; and ez. When
setting €e; = —ey = A, the instanton partition function reduces to the A-model topological string
partition function.Obviously, the instanton partition function has more refined information. We

need to extend the topological vertex formalism to deal with the case €; + €5 # 0.

1.1.5 Refined Topological Vertex

There is an extension of topological vertex formalism [37] which produce refined topological
amplitude.

The derivation of this refined formalism is based on the combinatorial explanation of topo-
logical vertex [53].Assume three dimensional Young tableaux 7 has such boundary conditions:
along the edges of x,y,z , it ends up with shape of 2d young tableaux R;, Ro, R3. Then we will
have Cr, pyrs = 3, '™, where Cg, p,r, is the topological vertex, || is the number of boxes
inside 7, and 7 satisfies the boundary condition above.

The refined topological vertex is in the form :

Nl 2411112 [nl+ A= |p]
2 2

Cauw(t,q) = (g) £ Pe(t05g,0) X > (g) sxe (PG ), q77).
n

t t

The new variable is t. We can see it will reduce to the ordinary topological vertex if we set t=q.
The topological vertex has a cyclic symmetry in the three representations labelling its legs

: CriroRs = CroRsRy = CRyRyR,- But the refined top vertex doesn’t have this symmetry . It



has a preferred leg, labelled by v.

ZCAM(fl, g Hsa(z) = H(l — Qtf”%) , Q= —w\/%
A =1
Y Couot g Nsu(@) = [[1-Qa?), Q=—=
1% =1

They are the same as the ordinary vertex result up to a variable redefinition.But for the preferred

leg, the amplitude is different:

[e'S) ¢ k k
Copu(t™ a7 1) 50(-Q) = Q— (1—tg"H)™
2 G > (o) o

The gluing algorithm is similar but we need to take care the preferred leg. The refined
topological amplitude can match 5d instanton counting of generic €; 2 by matching ¢ = e,

t = e~ [37, 9, 10, 56).

1.1.6 Nekrasov Conjecture

Nekrasov [51] introduces two deformation parameters €; and €. €; rotates 1 — o plane,while
€2 rotates x3 — x4 plane. Define the observable of interest Z(a, €1, €2), where a is the vacuum
expectation of vector multiplet. In ultraviolet the theory is weakly coupled and the instan-
tons dominate. In the infrared , we have Z(a,€e1,€3) = exp%, where F(a;A) is
the prepotential of the system. Comparing the results in UV and IR leads to a conjectural
relation between the instanton partition function and the Seiberg-Witten prepotential. In UV,

Z(a,€1,€2:9) = > rep q* fM(r,k) 1,where M(r k) is instanton moduli space for k instanton under

Finst : )
(:‘176621762 Q)> F”LSt(a,GI = €9 = O’Q)

will give instanton part of the prepotential N' = 2 gauge theory.

gauge group SU(r). In IR |, Z(a,€1,€2;q) = exp(

Nekrasov also conjecture Z°%(a, ¢; = h, €5 = —h; q) represents the topological string partition
function on the Calabi-Yau which can geometric engineer the gauge theory. Z°¢(a, ey, €, 3) =
X(M(r,n),V) ,where V is a vector bundle of zero mode of Dirac equation coupled to matter

representation. is the radius of the fifth dimension. When 3 — 0, Z°? reduces to the Z*%.

1.2 Instanton Counting

In this section, we will review the instanton moduli space M(r,n) for n instantons in 4D SU(r)
gauge theory and the fixed points for the toric action. See [48, 49, 50] for a good Mathematica

exposition.



i)[B1,B2]+1J=0

1) (stability) There is no proper subspace
M(Tvn): (B1732717J) )( Y) prop P /GLW(C)

in C™ containing Iml

and closed under B; and By
(1.2.1)

where By 5 € End(C™),I € Hom(C",C") , J € Hom(C",C") and g € GL,(C) action is given
by g- (BlvB27I7 J) = (9319717932971791’ Jgil)'

B1

{)

e %%
~ e

()

Ba

The right side is ADHM data [7]. It is also can be obtained from brane construction [23]. For
the D,,_4 — D, system, the worldvolume theory of D,, has a Chern-Simons term [ d?*'z Cj,_3 A
F A F. Recall the instanton number is given by ¢rF A F. The D,_4 plays the role of instanton
inside D, brane. The supersymmetric flat direction of Higgs branch gives the same data as
ADHM quiver diagram.

Mathematically, M(r,n) is isomorphic to the framed moduli space of torsion free sheaves on

P? with rank r and ca=n ,which is equipped by (E,®) such that :

e E is a torsion free sheaf of rank(E)=r , ca(E)=n which is locally free in a neighborhood

of loo.

e framing at infinity: ®:E|;__ l(’)lez:

1.2.1 r=1

M(1, n) is isomorphism to Hilbert Scheme of points on C2. If we have n indistinguishable
points on the surface C2, the configuration space will be the nth symmetric product of C2:
S"C? = (C*)"/S,,. S, is the symmetric group. There is a natural resolution of S"C? denoted
by (C?)[". There exists a morphism 7 : (C2)"] — $"C? called Hilbert-Chow morphism.

There are several different descriptions of (C?).

(C?)["l can be described by codimension n Ideal of C[z,y]. Consider n indistinguishable
points on C2 : py(x1,y1),  ,Pn(Tn,yn). The set of all polynomial functions f(x,y) vanishing

at all the n points will form an Ideal I of C[z,y]. The quotient C[z,y]/I has dimension n.



Second,(C?)[" is also able to be described by the data below:
i)[B1,B2] =0

1) (stability) There is no proper subspace
in C™ containing Iml

and closed under B; and By

where By 2 € End(C"),i € Hom(C,C"), and g € GL,(C) action is given by g- (B1, Bz, I,J) =
(9B1g~ Y, gB2g~ 1, gI,Jg~1). The proof of isomorphism is given at [48, Thm. 1.9]. For any
codimension n ideal IC C[z, y], the quotient C[z,y]/I is mapped to C™ ,and the multiplication
of x is mapped to B while the multiplication of y is mapped to Bs.

The second description is similar to the ADHM data (1.2.1) because j = 0 [48, Prop. 2.8]

The toric action on ADHM data is given by [(Bi,Ba,I,J)|— [(t1B1,t2Bs, I,t1t2J)] for
(t1,t2) € T? = U(1) x U(1). The original toric action is acting on the coordinates : (z1,22) —
(t121,t222). From the ADHM data, we can construct the anti-self-dual connection. During the
construction, we can see the toric action will be lifted to act on By s.[(B1,Ba,I,J)] is a fixed

point Y if and only if there is a gauge transformation A(¢) such that :
t1B1 = A(t) ' BiA(t)
taBy = A(t) "1 BaA(t)
I=\t)"'I
tited = JA(t)
It turns out the fixed points are one to one mapped to a Young tableau v = (v, -+ ,vy)

of weight n [48, Sect. 5.2]. The ideal is given by I = (y"*, xy"2, 2%y"3, - - - 7x”f). The tangent

space T, M(r,n), regarded as an element of the representation ring of T, is given as

i—vt R vi—i iy
T,M(rn)= S T Tyt N g
(ig)ev (ig)ev

1.2.2 General Case

The fixed point corresponds to a length r sequence of young diagrams (v4,...,v.) so that

> o [va|l = n. The tangent space T, M(r,n) is given by

s i—(VP)t e v)t—i i
TZM(T,H): Z R;le( Z Tl ( )]T21 ]+1+ Z Tl( )] +1T2j 1,)
(

ab=1 i,j)€ve (i.4)evt
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Chapter 2

Surface Operators, ADHM Quiver Representations and
Refined Topological String

2.1 Introduction

The main goal of this chapter is to construct a microscopic quantum mechanical model for
BPS states bound to certain surface operators in minimally supersymmetric five dimensional
SU(r) gauge theories. This model is obtained employing a string theory construction of such
theories consisting of IIA D-branes in a nontrivial geometric background. The BPS states are
engineered in terms of D2-brane configurations, the resulting low energy effective action being
naturally constructed as the dimensional reduction of a (0,2) quiver gauged linear sigma model.
An ADHM style theorem is proven, identifying the moduli space of quiver representations in a
special stability chamber with a moduli space of decorated framed torsion free sheaves on the
projective plane. The counting function of BPS states bound to surface operators is identified
with a K-theoretic partition function of this moduli space. A precise conjecture is formulated,
relating this partition function to refined open string invariants of toric lagrangian branes in
conifold and local P! x P! geometries. This conjecture is motivated by previous work on the
subject [5, 21], where surface operators are engineered by branes wrapping such cycles. Previous
papers on a similar subject also include [6, 8, 40, 39], treating various aspects of surface operators
in relation with localization on affine Laumon spaces and two dimensional conformal field theory.
The relation between some of these results and the present work will be explained below.

In more detail, this chapter is structured as follows. Five dimensional gauge theories are
constructed in section (2.2.1) using D6-branes wrapping exceptional cycles of a resolved ADE
singularity. Surface operators are obtained by adding D4-branes wrapping certain supersym-
metric cycles in this background. BPS states bound to surface operators are identified with
supersymmetric ground states of a certain D2-brane system with boundary on a D4-brane. The
effective action of this system is constructed in section (2.2.2) by dimensional reduction of a
(0,2) quiver gauged linear sigma model. The final result is given in the quiver diagram (2.2.20)

and the table (2.2.29).
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The geometry of the resulting moduli space of flat directions is studied in detail in section
(2.3). Theorem (2.3.3) proves that the quantum mechanical moduli space is isomorphic to the
moduli space of #-stable representations of a quiver with relations presented in section (2.3.1),
equation (2.3.5). This quiver is an enhancement of the standard ADHM quiver whose stable
representations are in one-to-one correspondence to isomorphism classes of framed torsion free
sheaves on the projective plane. As opposed to the standard ADHM quiver, the space of 6-
stability conditions has a nontrivial chamber structure. In particular Lemma (2.3.1) establishes
the existence of a special chamber where #-stability is equivalent with an algebraic stability con-
dition generalizing standard ADHM stability. Theorem (2.3.5) proves that the moduli space of
stable quiver representation is smooth in the special chamber, and provides an explicit presen-
tation of its tangent space. Finally, Theorem (2.3.6) proves that in the special stability chamber
the moduli space is isomorphic to a moduli space of data (E,&, G, g) where E is a torsion free
sheaf on the projective plane, & : E;O%L is a framing of E along a hyperplane D,, C P2,
and g : E — G is a skyscraper quotient of E supported (in the scheme theoretic sense) on a
fixed hyperplane D. The fixed hyperplane D represents the support of the surface operator.
Note that similar moduli spaces (without framing data) have been studied by Mochizuki in
[47, 46]. The data (G, g) can be also interpreted as a degenerate parabolic structure of F along
D, since only zero dimensional quotients of E|p are involved. In similar situations studied in
the literature [6, 8, 39], surface operators are associated to affine Laumon spaces [25], which are
moduli spaces of framed parabolic sheaves E on P! x P!, In those cases, the parabolic structure
consists of a genuine filtration of the restriction E|p, as expected from the general classification
of surface operators [30]. The moduli space obtained above offers a different geometric model
for surface operators, its viability being tested in section (2.5) by comparison with refined open
string invariants. The relation between these models will become clearer below, once their
connection with toric open string invariants is understood.

The counting function of BPS states is identified with a K-theoretic counting function for
stable enhanced ADHM quiver representations in section (2.4). The moduli space of stable
quiver representations is equipped by construction with a natural torus action and a determinant
line bundle. The K-theoretic partition function defined in section (2.4.2) is a generating function
for the equivariant Euler character of this determinant line bundle. From a physical point of view
(0, ¢)-forms on the moduli space with values in the determinant line bundle are supersymmetric
ground states in the quiver quantum mechanics constructed in section (2.2). The torus invariant
stable quiver representations in the special chamber are classified in terms of sequences of nested

partitions in Proposition (2.4.1). Moreover, an explicit expression for the equivariant K-theory
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class of the tangent space at each fixed point is also provided. This yields an explicit expression
(2.4.17) for the equivariant Euler character of the determinant line bundle.

Section (2.5) consists of a detailed comparison of the r = 1,2 quiver K-theoretic partition
functions in the special chamber and the refined open string invariants of toric lagrangian branes
in the corresponding toric threefold Z. This relation is stated in Conjecture (2.5.1) for r = 1,
and Conjecture (2.5.3) for r = 2, both conjectures being supported by extensive numerical
computations. Computation samples are provided in Examples (2.5.2), (2.5.4).

Some details of this relation may help elucidate the connection between the present con-
struction and previous work [21, 8]. Note that the refined vertex formalism developed in [37]
assigns to a special lagrangian cycle L three distinct refined open string partition functions
corresponding to the choice of a preferred leg of the refined vertex. If the brane L is placed on
one of the two ordinary legs, the resulting partition functions are related by a simple change
of variables. These are cases I and II in [37, Sect 4.2]. In the third case, III, the lagrangian
brane is placed on the preferred leg, resulting in a different expression for the open topological
partition function. The third case has been considered in connection with surface operators in
[21]. In particular the refined topological open string partition function is identified in loc. cit.
with a surface operator partition function in the limit A;,s¢ — 0. A similar comparison was
carried out in [8] for topological, non-refined open string invariants, in which case there is no
distinction between the three legs. As mentioned above, the surface operator partition function
is calculated in [8] by localization on affine Laumon spaces.

Conjectures (2.5.1) and (2.5.3) establish a precise relation between the K-theoretic partition
function introduced in section (2.4) and the refined open string partition function of an external
toric lagrangian brane. This means that the brane intersects only a noncompact component of
the toric skeleton of the Calabi-Yau threefold Z, as discussed in detail in section (2.5). A similar
relation is expected between the equivariant K-theory partition function of the affine Laumon
space and the refined open string invariants of an internal toric lagrangian brane [21]. An
internal brane intersects a compact rational component of the toric skeleton of Z, therefore such
branes are naturally labelled by elements of the co-root lattice of the gauge group, in agreement
with [30]. In certain situations, open string invariants of external and internal branes can be
related by analytic continuation, explaining the fact that the same partition function may have
different gauge theoretic constructions. In principle, the surface operators corresponding to
internal branes can also be engineered as in section (2.2), the resulting moduli spaces of quiver
representations being presumably closely related to affine Laumon spaces. This will be left for

future work.
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2.2 Surface operators and quiver quantum mechanics

This section presents a ITA D-brane construction of BPS states in five dimensional gauge theo-
ries, in the presence of surface operators. The final outcome, presented in detail at the end of
section (2.2.2), is a supersymmetric quiver quantum mechanical model for such states obtained

as the effective action of certain D2-brane configurations with boundary.

2.2.1 D-brane engineering

Minimally supersymmetric five dimensional gauge theories can be easily constructed using ITA
D6-branes wrapping rational holomorphic curves in a K3 surface. More precisely, consider a
K3 surface with a canonical ADE singularity. Its crepant resolution contains a configuration
of (—2) rational curves whose intersection matrix is determined by the incidence matrix of the
corresponding Dynkin diagram. A configuration consisting of an arbitrary number of D6-branes
wrapped on each such curve yields in the low energy limit a quiver five dimensional gauge theory
with eight supercharges. Moreover, BPS states in this quiver gauge theory can be obtained by
wrapping D2-branes on the same holomorphic cycles. Then standard D-brane technology shows
that the effective action of such a D-brane configuration is a supersymmetric quiver quantum
mechanics. This is a microscopic model for such BPS states which can be effectively used in
counting problems via localization on moduli spaces of stable quiver representations. It will
be shown below that a similar model can be constructed for BPS states bound to a surface
operator. Since toric geometry methods will be used, only K3 surfaces with Ay singularities
are amenable to the approach developed below. Moreover in order to keep the technical details
to a minimum, the construction will be carried out only for £ = 1. The same basic principles
apply to all £ > 1, more involved computations being required.

For the present purposes it suffices to consider a noncompact K3 surface T' isomorphic to
the total space of the cotangent bundle T*P!. The time direction will be Wick rotated to
euclidean signature and assumed to be periodic. This yields a natural presentation of the BPS
counting function as a finite temperature partition function. Therefore one obtains a geometric
background of the form T x S' x R® in IIA theory in euclidean space-time. Note that periodic
time translations form a free S'-action on the space-time manifold. In this setup, the world
volume of a Dp-brane is a submanifold of space-time of real dimension (p + 1) preserved by
the free S* action. In contrast, the world-volume of a Dp-instanton is a (p + 1)-submanifold
embedded in a fixed time subspace. Dp-instantons will not be employed in the following,

therefore all D-brane world-volume manifolds must be invariant under time translations. Let
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(x!,...,2°%) be linear coordinates on R®.

Minimally supersymmetric five dimensional SU(r) Yang Mills theory is engineered by r
coincident D6-branes with world-volume P! x S! x R?*, where P! is identified with the zero
section of T — P!, and R* C R® is a linear subspace. Let (x!,...,2°) be linear coordinates on
R so that the later is the hyperplane 2> = 0. BPS particles in this theory are engineered by
D2-branes with world-volume P! x S'. Therefore BPS states are identified to supersymmetric
ground states in the effective action of D2-branes in the presence of D6-branes, which will be
explicitly constructed later in this section.

In order to construct supersymmetric surface operators, note that there is a natural identifi-
cation T x S' x R? ~ T x C* x R*, where R* C R’ is the hyperplane z° = 0. The isomorphism
Sl x R ~ CX is given by U = ¢+ where 0 is an angular coordinate on S!. The free S1-
action corresponding to euclidean time translations is 8 — 6 4+ 66. Obviously, T'x C* is a toric
Calabi-Yau threefold preserved by this action. Then surface operators will be engineered by
wrapping D4-branes on M x R?, where M C T x C* is an S'-invariant toric special lagrangian
and R? C R* is the linear subspace {z! = 2% = 0}.

The cycle M will be constructed employing the methods used in [4]. Note that T is a toric
quotient (C?*\ {X; = X5 = 0}) /C*, where (X1,..., X3) are linear coordinates on C? such that
weights of the C* action are (1,1, —2). Alternatively, T admits a presentation as a symplectic

quotient C3//U(1) with respect to a hamiltonian U(1) action with moment map
p(X1,. o, Xs) = [ X0 * + [ Xa|* — 2| X5)%.

The U(1) action on the level set u=1(¢), ¢ € Rsg is free and the quotient p=1(¢)/U(1) is
isomorphic to 7. Note also that there is a natural symplectic torus action U(1)? x T'— T, the
resulting moment map giving a projection o : T — R2. The image of g is the Delzant polytope

of T'. In homogeneous coordinates, this map is given by
o(X1, Xo, X3) = (|1 X:1%, [ Xa %, | X5[%),
where R? C R? is identified with the hyperplane
1X1]2 + | Xo|> — 2| X352 = ¢. (2.2.1)
Obviously, there is a similar map 9 : T x C* — R3,
0(X1, Xo, X3,U) = (1X1]*, | Xa|?, | X[, [U]?).
Using the methods of [4], the cycle M will be constructed by first specifying its image under g,

X1? = | Xof =1, |UP = [Xo? =, (2.2.2)
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where c1, co are real parameters. Suppose
c1>(¢>0, co > 0.

Then, taking into account equation (2.2.1), it follows that any solution to (2.2.2) must satisfy

the inequalities

1
X1 > e, X220, |XP2> Jla=0), U > co.
Therefore the image of M under g is a half real line. and X, X3 are not allowed to vanish
for any solution to (2.2.2). M is defined by specifying linear constraints on the phases of the

homogeneous coordinates in addition to equations (2.2.2). The intersection of M with the dense

open subset Xo # 0 is a union of two two-tori defined by the equations

1+ g2+ du =0, (2.2.3)

The intersection of M with the divisor X5 = 0 is the two-torus
2 o 1 2
‘X1| = (1, |X3| :i(cl—g), |U| = C2, (2.2.4)

the phases of X3, U being unconstrained, while the phase of X; is set to zero using U(1) gauge
transformation. Therefore the two branches of M defined in equation (2.2.3) are joined together
at Xo = 0, resulting in a special lagrangian cycle of the form T2 x R. Taking a single branch
would yield a special lagrangian cycle with boundary, T2 x R>o.

For further reference note that there is a one parameter family of holomorphic discs in T'x C*

with boundary on M cut by the equations
1 ,
Xo=0, 0<|X3< §(c1 —7), U = \/cze®. (2.2.5)

Note also that M is invariant under euclidean time translations, ¢y — ¢y + déy, since any
such translation is compensated by a U(1)-gauge transformation ¢; — ¢1 — Joy in (2.2.3).
The same S!-action acts freely and transitively on the total space of the family of discs (2.2.5),
identifying the parameter space of this family with the euclidean time circle.

Returning to gauge theory, surface operators are engineered by a D4-brane with world-
volume M x {z' = 22 = 0}. BPS particles bound to this operator are D2-brane configurations

consisting of ny D2-branes with world-volume

xl:...:;yé":o7 )(3:07 |U|:\/a (226)

1
t=-=2'=0, Xy=0, 0<[Xs| <l —m),  U=Ve (2.2.7)
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These stacks of Dy-branes will be denoted by D2y, D2, respectively. Note that the three cycles
(2.2.6), (2.2.7) are preserved by euclidean time translations, as expected. Taking quotient by

this free action yields in the first case the two-cycle
t=-.=2'=0, X3=0, 2°=Inc (2.2.8)

which is isomorphic to the zero section of T — P'. In the second case, one obtains a holomorphic

disc A C T cut by the equations
1
rt=... =2"=0, Xo =0, 0<|X3| < 5(01—7“), 2 =1n/c3. (2.2.9)

This is obviously a vertical holomorphic disc embedded in the fiber of T — P! at Xy = 0.
Therefore the first stack of D2-branes is wrapped on the zero section of P!, while the second

stack is wrapped on the disc A.

2.2.2 D2-brane effective action via quiver (0,2) models

To summarize the construction in the previous section, five dimensional supersymmetric SU(r)
gauge theory is engineered by wrapping r D6-branes on the exceptional cycle of a resolved A;
singularity 7. The space-time is Wick rotated to euclidean signature, and the time direction is
periodic. Surface operators in this theory are engineered by certain supersymmetric D4-brane
configurations determined by equations (2.2.2), (2.2.3). BPS states bound to such operators are
realized by two stacks of D2-branes with multiplicities ni, no wrapping the holomorphic cycles
(2.2.8), (2.2.9), which intersect transversely at the point Xo = X3 =01in T

The goal of the present section is to construct the effective action of the stacks of D2-branes
in this background, including modes of D2-D4 and D2-D6 open strings. Since the D2-branes
wrap compact cycles, KK reduction will yield an effective quantum mechanical action for their
zero modes. In order to analyze the dynamics of this D-brane system, it is helpful to note that
that it is related to the D0-D4-D8-brane configuration studied in [22]. The effective action of
the DO-branes was identified in [22] with a gauged version of the (0,4) ADHM sigma model
action constructed in [62].

As opposed to the current case, the D-brane system analyzed in [22] is embedded in flat
space. In order to understand the relation between these configurations, the complex surface
T — P! must be replaced by 7" = T? x C — C, allowing two flat space directions to be compact.
Then consider a D27-D25-D6-brane system in the new background consisting of ne D2-branes
wrapping a T2 fiber of T/ — C, n; D2-branes wrapping a section of 77 — C, and r D6-brane

wrapping the same section and a linear subspace R* ¢ R°. Obviously, the relative positions of
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these branes are the same as the relative positions in the D21-D25-D6 system on 7. The new
brane system on 7" x R? is related by a T-duality transformation on T to the configuration of
parallel D0-D4-D8 branes studied in [22, Sect 3]. The D0-brane effective action was constructed
there by dimensional reduction of a two dimensional (0,4) gauged linear sigma model, obtaining
a quantum mechanical action with four supercharges. In the present case, T” is replaced by T,
which breaks half of the underlying thirty-two IIA supercharges, and in addition a D4-brane is
added to the system. The resulting configuration preserves only two supercharges as opposed
to four. Therefore by analogy with [22], the effective action will be constructed by dimensional
reduction of a two dimensional (0, 2) gauged linear sigma model [60, Sect. 6]. Since the system
is fairly complicated, it will be convenient to proceed in several stages. The D2,-D6, D2,-D4
configurations will be first studied separately, classifying the massless states in (0, 2)-multiplets
(reduced to one dimension), and writing down the interactions in (0, 2) formalism. The coupling
between these two sectors via open string D2;-D25 massless modes will be studied at the next

stage. In the following all Chan-Paton bundles on branes will be taken topologically trivial.

(0,2) models

Since the massless states will be classified in (0,2) multiplets reduced to one dimension, a
brief review of such models is provided below, following [60, Sect 6.1]. There are three types
of (0,2) multiplets, the chiral multiplet, the Fermi multiplet, and the vector multiplet. The
on shell (0,2) chiral multiplet consists of a complex scalar field and a complex chiral fermion
of positive chirality, while the (0,2) Fermi multiplet consists of a complex chiral fermion of
negative chirality. The (0,2) gauge multiplet consists of a gauge field and an adjoint complex
chiral fermion. A pair consisting of one (0, 2)-chiral multiplet and one (0, 2) Fermi multiplet has
the same degrees of freedom as a (2, 2) multiplet [60, Sect 6.1]. Chiral multiplets will be denoted
by A4 in the following, and Fermi multiplets will be denoted by Y_. Each Fermi superfield J_

satisfies a superspace constraint of the form
D.Y_ =V2Ey , D.Ey =0, (2.2.10)

where Fy_ is a holomorphic function of chiral superfields taking values in the same represen-
tation of the gauge group as )_. Additional F-term like interactions can be written down in
terms of some holomorphic functions Jy_ of chiral superfields which take values in the dual
representation of the gauge group. The following constraint

> Uy, Ey)=0. (2.2.11)
Y-
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must be satisfied in order to obtain a (0, 2) supersymmetric lagrangian. Then the (0,2) super-

space action is [60, Sect 6.1]

1 / d2xdot dgTTr VW) — = / d*zd*0» A(Dy — D1)A
8 2 ~

1 1
= EOWERS [ adot S0y Vol

y_

(2.2.12)

where W is the field strength of the vector multiplet. In addition, one can add an FI term of
the form

¢
3 | w0 WG+ hee

for each simple factor of the gauge group. The total potential energy of the resulting (0, 2)
lagrangian is

Up+Y |[Ey > +|Jy_ | (2.2.13)
y_

where Up is a standard D-term contribution. Moreover, assuming that Ey_,Jy_ are polynomial
functions in the chiral superfields A, the Yukawa couplings can be written as follows. Any
monomial A; --- A, in Fy_ determines a sequence of Yukawa couplings of the form

n

S AL A A - A) (2.2.14)

i=1
and any monomial A; - -+ A, in Jy_ determines a sequence of Yukawa couplings of the form

n

> Oy Ar A a A - Ag). (2.2.15)

=1

Then one has to sum over all Y_ and over all such monomials.

D2:-D6 system

Recall that this D-brane system is supported on the zero section of T', and the Chan-Paton bun-
dles F4, F' are topologically trivial. In addition, E1, F' are equipped with hermitian structures
and compatible connections, which determine in particular holomorphic structures. Since they
are bundles on P!, E;, F must be isomorphic to the trivial holomorphic bundles V; ® Op1, W ®
Op1, where Vi, W are vector spaces of dimensions nq,r equipped with hermitian structures.
Moreover, the Chan-Paton connections are gauge equivalent to the trivial connection. The
temporal component of the gauge field has a constant zero mode on P*.

The normal bundle to the D2-branes in T x R5 is Ny ~ Op1(—2) & (’)];‘?12 @ Rp1, where Rp:
denotes the trivial real line bundle. The transverse fluctuations of the D2-brane are parametrized

by a section (®1, A1, As,01) of N1 ® End(E1), the last component, o1, being subject to the
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reality condition O'I = ¢1. Then the zero modes of the transverse fluctuations are holomorphic

sections of End(V}) ® (O]pl(—2) &) (’)E?IQ). Therefore ®; is identically zero, and A, A3, 01 are
constant.

In conclusion KK reduction on P! yields two complex fields Ay, A, € End(V}), a real field
o1 € End(V1), and an U(V4)-gauge field. This is precisely the bosonic field content of an D = 4,
N = 2 vector multiplet reduced to one dimension, which is expected since the D2-branes pre-
serve eight supercharges. By supersymmetry the fermionic fields are obtained by dimensional
reduction of the fermions in the same multiplet. The resulting massless spectrum can be orga-
nized in terms of two dimensional (0,2) multiplets reduced to one dimensions. Namely, there
are two complex adjoint (0,2) chiral superfields, A4, Aoy with bosonic components Aq, As,
a (0,2) vector multiplet, and a (0,2) adjoint Fermi multiplet X_. The gauge fields and real
adjoint bosonic field oy are obtained by reduction of the two dimensional vector multiplet.

A similar analysis must be carried out for the D2;-D6 fields. In flat space space, with
trivial Chan-Paton bundles, and trivial gauge connections, the massless open string modes in
this sector yield a D = 3, N = 4 bifundamental hypermultiplet on the D2-brane world-volume.
There are two complex bosonic fields I, J, sections of Hom(F, Ey), Hom(E, F) respectively,
and two bifundamental Dirac fermions 1/1,{/;, also sections of Hom(F, E,), Hom(E, F). Note
that there is an SU(2)g global symmetry group induced by transverse rotations to the D2-D6
system. The bosonic fields are SU(2)g-singlets, while the fermions (@b,{/ﬁ) form a doublet.
When the D-branes are wrapped on the zero section of T'— P!, the bosonic fields I, J are still
sections I, J of Hom(F, E1), Hom(E1, F), which have constant zero modes on P*. Therefore KK
reduction on P! yields two complex bosonic fields I, .J with values in Hom(W, V1), Hom(Vy, W)
respectively.

The fermions are topologically twisted as follows. The Lorentz symmetry group Spin(3) ~
SU(2) and the global symmetry group SU(2) are broken to U(1) subgroups identified with the
spin groups of the tangent, respectively normal bundle to the zero section. Both fermions v, 1Z
have U(1) x U(1) charges (1,1) @ (—1,1). Moreover, the normal bundle is canonically identified
with the cotangent bundle of the zero section once a global holomorphic 2-form on 7" is chosen.
Since the cotangent bundle is dual to the tangent bundle, it follows that the components of 1, {/)v

are sections of
Hom(F, El) ® (O[pl D Opl (—2)) 5 I’IO’ITL(E‘l7 F) & (Opl D O]pl (—2))

respectively. Therefore dimensional reduction on P! yields two chiral fermion fields with values
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in Hom(W, V7)), Hom(Vy, W), which are related by supersymmetry to the bosonic fields. In con-
clusion, the D2;-D6 strings yield two (0, 2) chiral superfields Z,, 7 with values in Hom (W, V1),
Hom(V1, W) and no other degrees of freedom.

Finally, it is helpful to note that there is an alternative derivation of the D2;-D6 massless
spectrum, following from the observation that 7" is the crepant resolution of the C?/Zs orbifold
singularity. Then D-branes wrapped on the zero section with trivial Chan-Paton bundles are
identified with orbifold fractional branes [24, 19] associated to the trivial representation of the
orbifold group. More specifically, the D2;-branes are identified with n; fractional DO-branes,
while the D6-branes are identified with r fractional D4-branes. Therefore the massless open
string spectrum is identified with the Zs-invariant part of the spectrum of a D0-D4 system
transverse to the orbifold, the action of orbifold group on the Chan-Paton spaces V;, W being
trivial. Then a straightforward computation similar to [24] yields the same massless spectrum
as obtained above by geometric methods. In particular, all transverse fluctuations of the DO-
branes along the orbifold directions are projected out. The field content of the effective action

is encoded in the following quiver diagram

A1+
Ty
(v W (2.2.16)
S
o
-A2+

where each arrow represents a (0,2) multiplet reduced to one dimension.

As explained in section (2.2.1), the interactions are determined by two holomorphic functions
Ex_, Jx_ of the chiral superfields A1+, A2+, Z+, J+. Their tree level values can be easily deter-
mined using the fractional brane description of the system explained in the previous paragraph.
The tree level potential energy of the D2;-D6 system is the same as the tree level potential
energy of a flat space D0-D4 system, truncated to Zs-invariant fields. This yields the following
expression

[As, A) + L) + [[A1, Al] + [A, Al + 1T — JTT = G2, (2.2.17)

which consists of standard F-term, respectively D-term contributions. (; is an FI parameter
which can be identified with a flat B-field background on the D4-brane world-volume. The

F-term contribution to (2.2.17) determines
Jxo = [Aig, Aoy ]+ 10T, Exo =0 (2.2.18)

up to an ambiguity exchanging Fy_ and Jy_. In the present context, exchanging EFx_ and

Jx_ is equivalent to a field redefinition, hence there is no loss of generality in making the choice
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(2.2.18). Ome can also multiply Jx_ by an arbitrary phase, but this ambiguity can be again
absorbed by a field redefinition.

D2,-D4 system

By construction, the D4-brane world-volume is of the form M xR2, where M C T'xS' xR ~ T x
C* is the S'-invariant special lagrangian cycle constructed in (2.2.2)-(2.2.3). The world-volume
of the second stack of the D2-branes is the family of holomorphic discs (2.2.5) parameterized
by periodic euclidean time. For fixed time, the D2-branes wrap the vertical holomorphic disc in
A C T given in (2.2.9). The geometric background T' x S* x R® preserves half of the thirty-two
ITA supercharges, and the D4-brane wrapped on M preserves only four. The combined D25-D4
system preserves half of the remaining four supercharges.

The D2-brane fluctuations consist of the standard gauge field, transverse fluctuations, and
their superpartners. The Chan-Paton bundle Es is again topologically trivial, therefore it can
be taken of the form Fy; = Vo ® Oa, with V5 an ns-dimensional vector space equipped with
hermitian structure. The Chan-Paton connection is gauge equivalent to the trivial connection.
The temporal component of the gauge field has again a constant zero mode on A.

The normal bundle to A C T x R? is trivial,
Ny~ Op @ OiQ @ Ra,

where the first summand is the normal bundle to A in T. The second and third summands
correspond to the remaining five transverse directions, Ra denoting the trivial real line bundle
on A. The transverse fluctuations are parameterized therefore by a section (P2, By, Bz, 03) of
End(V3) ® Na, the last component being real, oo = a;.

In order to determine the zero modes of the transverse fluctuations, boundary conditions
must be specified for the fields (®s, By, B2, 02). The fluctuations ®o, By are transverse to the
D4-brane world-volume, therefore they have to satisfy Dirichlet boundary conditions, ®1]ga = 0,
Biloa = 0. This implies that they have no zero modes on A since any holomorphic function
which vanishes on the boundary must vanish everywhere. The remaining fluctuations Bs, oo
are parallel to the D4-brane, therefore they have to satisfy Newmann boundary conditions.
A holomorphic function on A satisfying Newmann boundary conditions must be constant,
therefore By, 09 have constant zero modes on A.

In conclusion, KK reduction on the disc yields a spectrum of bosonic fields consisting of a

complex field By € End(V2), a real field o9 € End(V2) and a U(V3)-gauge field. These are the

bosonic components of a (0,2) chiral multiplet By, and a (0,2) vector multiplet, reduced to
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one dimension. Since the system D25-D4 preserves two supercharges, the zero modes of the
fermionic fields must naturally provide the missing fermionic components in these multiplets.

The resulting field content is summarized in the following quiver diagram
By C Vo (2.2.19)

Since there are no Fermi superfields, the only interactions are gauge couplings and D-term
interactions. This is consistent with the fact that the D2-branes are free to glide along the
D4 branes with no cost in energy. Note that FI terms in the D2-brane world-volume can be

obtained by turning on a flat gauge field background on the D4-brane.

Coupling the two systems

The next task is to couple the two D-brane systems analyzed above. In addition to the zero
modes found in sections (2.2.2), (2.2.3), there are extra massless open string states in the
D2:-D24 sector and in the D25-D6-sector. In both cases the stacks of D-branes intersect trans-
versely at a point, therefore the massless states are the same as in a similar D-brane con-
figuration embedded in flat space. The fields in the D2;,-D25 sector are naturally identified
with the components of a D = 4, N = 2 bifundamental hypermultiplet reduced to one dimen-
sion. In terms of (0, 2)-superfields, there are two (0,2) chiral multiplets ®,T'; with values in
Hom(Va, V1), Hom(V1, Vo) respectively, and two Fermi superfields Q_, ¥_, also with values in
in Hom(V3, V1), Hom(Vy, V2). The the D25-D6-sector yields a single Fermi superfield A_ with
values in Hom(Va, W). Taking into account the previous results, the combined (0, 2) spectrum

is summarized in the following quiver diagram

(2.2.20)

Note that an arrow marked by two superfields represents in fact two distinct arrows, corre-
sponding respectively to the two superfields. For ease of exposition, the arrows corresponding
to chiral superfields will be called bosonic, while the arrows corresponding to Fermi superfields
will be called fermionic. Therefore, for example, there are three arrows beginning and ending at
V1, two bosonic corresponding to A;4, Az, , and one fermionic, corresponding to A_. Similarly,
there are two arrows between V5 and V7, one bosonic and one fermionic, and two arrows between

V1 and V5, again, one bosonic and one fermionic.
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Next one has to determine the holomorphic functions F,J for each Fermi superfield in
(2.2.20). First note that the tree level potential energy must include quartic couplings between
the fields &, 'y superfields A;., As, By reflecting the fact that the D2;-D29 fields become
massive once the two stacks of D2-branes are displaced, their mass being proportional with the
separation. Therefore, taking into account gauge invariance, the potential interactions between

the bosonic components of &, T, and A;, Aoy, By must be of the form
AL +142f = fBof + lgAi [ + gz = Bagl” (2.2.21)

Here f € Hom(V3, V1), g € Hom(Vy, Va) are the bosonic components of chiral superfields @, T, .
Note that since Vi, Vo, W are equipped with hermitian structures, any space of morphisms
between any two vector spaces has an induced hermitian structure. The resulting hermitian

form is denoted by | | in (2.2.21). Such couplings are obtained by setting

Eq_ =e(P4Bop — A2 @),  Jo_ =mIy Ay,
(2.2.22)

By =e(Boyl'y =T Aoy), Jo =np A1 P4
where €1, €2, 71,72 are phases, i.e. complex numbers with modulus 1. One can also obtain the
same potential energy exchanging the ordered pairs (Eq_,Jo_), (Ju_, Ey_). This ambiguity
is equivalent to a field redefinition, hence there is no loss of generality in making the choice
(2.2.22).
The phases will be fixed up to field redefinitions imposing the supersymmetry condition
(2.2.11). Since the coupling between the two sectors will not change the tree level potential

energy (2.2.17) of the D2;-D6 modes, one must have
J_;\{; - [A1+,A2+] +I+j+ (2223)

as found in equation (2.2.18). The holomorphic function Ex_ is not necessarily zero, as found
there, but, if nonzero, it must have nontrivial dependence on the extra chiral superfields ¢, ,T";.

The supersymmetry condition (2.2.11) yields

(Ja_,Eq_ ) +{(Ju_,Ey_)+ (Jx_,Ex_) + (Ja_,Exr_) = 0. (2.2.24)

The possible contributions to the holomorphic functions Ey_, Jy_ assigned to each Fermi su-
perfield Y_ € {X_,Q_,V_,A_} can be classified as follows. Let Vi(y_), Vi(y_) be the vector
spaces assigned to the tail, respectively the head of the arrow corresponding to )_ in the dia-
gram (2.2.20). Then )_ takes values in the linear space Hom(V;(y_y, Vj,(y_)). The holomorphic
functions

Ey_ € Hom(Vyy_y, Vayy), Jy_ € Hom(Viy_y, Viy_y)
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are determined by linear combinations of paths of bosonic arrows in the path algebra of the
quiver (2.2.20).

Next note that a simple computation yields

(Jo_,Eq )+ (Ju_, Bu_) = (exm + €2m2) Try, (T A1 @4 Bay) (2.2.25)

- 61'!71TI‘V2 (F+A1+A2+(I)+) - 62772TI'V2 (F+A2+A1+(I)+).
Moreover

(Jx_, Ex_) =Try, (([AH’ Azy] + I+«7+)EX7)

where Ex_ must be a linear combination of paths consisting of the following building blocks
O BTy, Ay, Ay, I T4,
with k € Z>¢. Similarly, Ex_, Jy_ must be linear combinations of paths of the form

B5. Ty P(Aiy, Ao, I1 Jy, @41 T @)T,,
TrQ(Arg, Aoy, I Ty, @, T, T @)D, By,

where k,l € Z>o and P(Ai4, Aoy, T0T4), Q(A14+, Asy, T4 J4) are polynomial functions of
A]__A,_, A2+,Z+j+7 (I)+F+, F+(I)+. This 1mphes that

<J;¢7E)(7> + <JA77EA7> (2.2.26)
cannot contain any terms proportional to
TI‘V2 (F+A1+(I)+BQ+) == TI‘V1 (‘I)+BQ+F+.A1+) .

Therefore supersymmetry requires €111 + €22 = 0 in (2.2.25). Then the remaining terms in the

right hand side of (2.2.25) can be written as

eanaTry, ([Aig, Aoy ], T4).

These terms must be cancelled by similar terms in the expansion of (2.2.26). Since all terms in
the expansion of (Jx_, Ex_) have non-trivial dependence on Z, J,, the terms required by this

cancellation must occur in the expansion of (Jy_, Ex_). This uniquely determines
Ex_ = —emd, I';. (2.2.27)
Taking into account all conditions obtained so far, the right hand side of (2.2.25) reduces to

(Ja_, Bx_) — €2mTry, (T4 1L T4 @ ).
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Given the building blocks for Ex_, Jx_ listed above, it follows that
EA_ = 63j+©+, JA_ = 7]3].—‘+I+ (2228)

where €3, 73 are phases satisfying e3ns — eana = 0.
In conclusion, all holomorphic functions Ey_, Jy_ have been completely determined up to
certain ambiguous phases which can be set to +1 by field redefinitions. The final results are

summarized in the following table

y_ Ey_ Jy_

X - oy Ay, Aoy ] + 24 T

Q- PyBry — Ap @ T AL (2.2.29)
v BoTy —Tidoy Aii®,

A T, r.z

Then the total potential energy of the quantum mechanical effective action is
U= Ugauge +Up+Ug+Uy (2230)

where Ugguge is the potential energy determined by gauge couplings,

Ugauge = llo1, A1]|* + |[on, A2]|* + [[o2, Bo]|* + o1 1] + | Jo |

(2.2.31)
+lovf = fool* + |oag — gor
Up is the D-term contribution
t t 2
Up = ([Av Al + [Az, A5 + 11T =TT + £ = gTg - 1)
, (2.2.32)
+ ([BQ,BE] +g9t - f1f - Cz) ,
and
Ug + Uy = |[A1, A) + LI + | fgI? + |ALf? + |g A |?
(2.2.33)

+ [Asf — [Bol? + |gAs — Bagl? + [T f? + |g1|?
are the E and J term contributions.

The supersymmetric ground states of the resulting quantum-mechanical system are obtained
in the Born-Oppenheimer approximation by quantization of the moduli space of classical su-
persymmetric flat directions. As usual in supersymmetric theories, this approximation yields
an exact count of such states. The geometry of the resulting moduli space will be studied in

the next section.
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2.3 Moduli space of flat directions and enhanced ADHM data

The main goal of this section is to analyze the geometry of the moduli space of supersymmetric
flat directions of the quantum mechanical potential (2.2.33). It will be shown below that, for
generic values of the FI parameters, such moduli space is isomorphic to the moduli space of stable
representations of a quiver with relations, called the enhanced ADHM quiver. It will be also
shown that, in a certain stability chamber, this moduli space admits a geometric interpretation
in terms of framed torsion free sheaves on the projective plane.

Summarizing the results of the previous section, the D2-brane effective action has been
constructed by dimensional reduction of a (0,2) model with field content given by the quiver
diagram (2.2.20) and interactions given by (2.2.29). The space of constant field configurations

(A1,A2,1,J, By, f,g,01,02) is the vector space

End(V1)®? @ Hom(W, V;) @ Hom(Vy, W) @ 2.31)
2.3.1

EHd(VQ) D Hom(Vl, VQ) D I‘IOHI(‘/Q7 ‘/1) D u(V1> D U(Vz)

where V7, Vo and W are complex vector spaces equipped with hermitian inner products. The
moduli space of flat directions is the moduli space of gauge equivalence classes of solutions to

the zero-energy equations

[Ay, Al] + [Ag, AN+ ITT — JTT + ffT = gTg = ¢,

(2.3.2)
(B2, By + 99" — f1f = ¢a,
[A1,Ag] +1J =0, Jf=0, gl =0, A f =0, gA; =0
(2.3.3)
A2f7fB2:07 gA2fBQ.g:07 fg:07
[01,A4] =0, [02, Ba] =0, o1l =0, Jo1 =0,
(2.3.4)

o1f = fo2 =0, gor — o029 =0
derived from (2.2.30). Two solutions are gauge equivalent if they are related by the natural
action of the gauge group U(V;) x U(V3) on the space (2.3.1). The resulting moduli space can

be naturally identified with a moduli space of quiver representations, as presented below.

2.3.1 Enhanced ADHM Quiver

The enhanced ADHM quiver is the quiver with relations defined by the following diagram
®
e N e
[{: el Tal e (2.3.5)

-)

a2
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and ideal of relations being generated by

ajon — apan + €1, a1, azp — @3, ne, 0
(2.3.6)

¢y, oy, yaa—fy.
Note that omitting the vertex es and all above relations except the first one, one obtains the
usual ADHM quiver.

A representation R of the enhanced ADHM quiver in the category of complex vector
spaces is given by a triple (V1, V2, W) of vector spaces assigned to the vertices (e1,es,ex)
and linear maps (Ai, Ay, I, J, B, f,g) assigned to the arrows (ay,as,&,1, 3, ¢,7) respectively,
and satisfying the relations (2.3.6). The numerical type of a representation is the triple
(dim(W), dim(V3), dim(V2)) € (Z>0)®. A morphism between two such representations R and R’
is a triple (&1, &2, £xo) Of linear maps between the vector spaces assigned to the nodes (e, €2, € ),
respectively, satisfying obvious compatibility conditions with the morphisms attached to the ar-
rows. This defines an abelian category of quiver representations. Note that this abelian category
contains the abelian category of representations of the ADHM quiver as the full subcategory of
representations with ny = 0.

A framed representation of the enhanced ADHM quiver with type (r,n1,nm2) € (Z>0)?
is a pair (R,h) consisting of a representation R and an isomorphism h : W-—5C". Two
framed representations (R,h) and (R’,h’) are isomorphic if there is an isomorphism of the
form (£1,&s,€00) : R—R’ such that h'¢,, = h.

In order to construct moduli spaces of framed representations of the enhanced ADHM quiver,
one has to introduce suitable stability conditions. By analogy with [38], a stability condition

will be defined by a triple 6 = (6,62, 0.,) € Q? satisfying the relation
n161 + nobs + rfs, = 0. (237)

A representation R of numerical type (r,n1,m2) € (Zs0)® will be called -(semi)stable if the

following conditions hold
(i) Any subrepresentation R’ C R of numerical type (0,n],n}) satisfies

(#4) Any subrepresentation R’ C R of numerical type (r,n},n}) satisfies

ni01 + nh0s + 1y (L) 0. (2.3.9)
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We emphasize that the above definition does not coincide with the one considered by King in
[38, Section 3] because only subrepresentations with 7' = 0,r are considered in the stability
condition. However, as we shall see in the next subsection, it plays essentially the same role.

Note also that #-stability has the Harder-Narasimhan, respectively Jordan-Hélder property
since the abelian category of quiver representations is noetherian and artinian. Two #-semistable
representation with identical dimension vectors will be called S-equivalent if their associated
graded representations with respect to the Jordan-Holder filtration are isomorphic.

Let (r,m1,m2) € (Z=0)® be a fixed dimension vector. Note that the space of stability para-
meters 0 = (01, 02,0,) € Q3 satisfying n160; + na6s + rfo. = 0 can be naturally identified with
the (61,02)-plane Q?, after solving for f,. Such a parameter § will be called critical of type
(r,n1,n9) if the set of strictly f-semistable representations R with dimension vector (r,n1,ng)
is non-empty. If this set is empty, 6 will be called generic. Then it is easy to prove that, for a
fixed dimension vector (r,n1,n2) € (Z~0)?, the set of critical stability parameters consists of of
finitely many lines in the (6, 63)-plane.

The following lemma establishes the existence of generic stability parameters for any given

dimension vector (r,n1,ng).

Lemma 2.3.1 Suppose 03 > 0 and 01 + nafy < 0 for some fized (r,n1,n2) € (Zso)3. Then
a representation R is 0-semistable if and only if it is 6-stable and if and only if the following

conditions are satisfied
(S.1) f: Vo — Vq is injective and g : Vi — Va is identically zero.

(S.2) The data A= (V1,W, Ay, Ay, 1,J) satisfies the ADHM stability condition, that is there is
no proper nontrivial subspace 0 C V{ C Vi preserved by Ay, As and containing the image

of I.

Proof. Under the assumptions of lemma (2.3.1) let R be a #-semistable representation.
Suppose f is not injective. Then it is straightforward to check that ker(f) C V4 is preserved
by Ba, therefore it determines a subrepresentation of R with nj = 0, 7/ = 0. The semistability
condition yields

02 dim(Ker(f)) <0
which leads to a contradiction if dim(Ker(f)) > 0. Therefore f must be injective, and relation
fg =0 implies g = 0.

Similarly, if condition (.S.2) is not satisfied by some proper nontrivial subspace 0 C V{ C Vi,
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the data
R’ = (Vl/’O’WA1|V1/,A2|V1/,I, J|V1/,0,0)

determines a proper nontrivial subrepresentation of R with ' = r so that
n101 +nHls + rfoe = (n) —nq)0; > 0.

This is again a contradiction.

Next let R be a representation satisfying conditions (S.1), (S.2), and suppose R’ C R is a
nontrivial proper subrepresentation of R. Note that ¢’ = 0 since ¢ = 0. There are two cases,
r=randr =0.

Suppose " = r. Then (5.2) implies that I is not identically zero, hence n} > 0. If n} < nq,
the data A" = (V{, A}, A, I’,J") would violate condition (S.2). Therefore ny = nj. Since R’

has to be a proper subrepresentation, ny < ng. Then
n161 + nbhls + 100 = (nh — nz)bs < 0.
Now suppose ' = 0. Note that nj = 0 implies that V3 C Ker(f) = 0, hence n) = 0 as well.
This is impossible since R’ is assumed nontrivial. Therefore n} > 1, and
n}01 +nh0s < 01+ noby <0
using the conditions of lemma (2.3.1).

O

In the following, a representation R of the enhanced ADHM quiver will be called stable if
it satisfies conditions (S.1), (S.2) of lemma (2.3.1).

2.3.2 Moduli spaces

Moduli spaces of #-semistable framed quiver representations will be constructed employing GIT
techniques, by analogy to [38]. Since framed quiver moduli of the type considered here do
not seem to be treated previously in the literature, the details will be presented below for

completeness.

Let Vi, Vo, W be vector spaces of dimensions ni,ns,r € Z~q respectively. Let
X(r,n1,n2) =End(V1)%? @ Hom(W, V;) @ Hom(V;, W)
End(V3) @ Hom(Vy, Vo) @ Hom(Va, V7).
and note that there is a natural G = GL(V;) x GL(V3) action on X(r,n1,ns2) given by
(91,92) x (A1, A2,1,J, Ba, f,g9) —

(14197 14297, J9r Y 11, 92B295 " g1 £95 ', 92997 ).
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The closed points of X(r,n1,ng) will be denoted by x = (Ay, Ao, I, J, Ba, f, g), and the action
of (g1,92) € G on a point x € X will be denoted by (g1,92) - x. The stabilizer of a given point
x will be denoted by Gy C G. Moreover, let Xq(r,n1,n2) C X denote the subscheme defined by
the algebraic equations (2.3.3). Obviously, Xo(r,n1,n2) is preserved by the G-action.

Note also each representation R = (Vy, Vo, W, Ay, Ay, 1, J, B, f,g) corresponds to a unique
point x = (Ay, As, I, J, Ba, f,g) in Xp; two framed representations are isomorphic if and only if
the corresponding points in Xg(r,n1,n2) are in the same G-orbit.

Next, recall some standard facts on GIT quotients for a reductive algebraic group G acting
on a vector space X(r,n1,n2) [38, Section 2]. Given an algebraic character x : G — C* one has

the following notion of x-(semi)stability.

(a) A point xg is called x-semistable if there exists a polynomial function p(x) on X(r,ny,n2)

satisfying p((g1, g2) - x) = x(g1, g2)'p(x) for some [ € Zx1, so that p(xg) # 0.

(b) A point xg is called x-stable if there exists a polynomial function p(x) as in (a) above so
that dim(G-xg) = dim(G/A), where A C G is the subgroup acting trivially on X(r, n1, n2).
and the action of G on {x € X(r,n1,n2) | p(x) # 0} is closed.

This definition can be reformulated as follows. Let G act on the direct product Xo(r, nq,ng) x C
by

(g1,92) X (%, 2) = ((91,92) - %, X(91,92) "' 2)
Then according to [38, Lemma 2.2], x € X(r,n1,ng) is x-semistable if and only if the closure of
the orbit G - (x, z) is disjoint from the zero section X(r, n1,ns) x {0}, for any z # 0. Moreover x
is x-stable if and only if the orbit G - (x, z) is closed in complement of the zero section, and the
stabilizer G, ;) is a finite index subgroup of A.

One can form the quasi-projective scheme:
NG () = Ko(r,ma m2) /G := Proj (€nz0 A(Ko(rmi, na)) ")
where
A(Xo(r,n1,m2)) X" = {f € A(Xo(r,m1,m2)) | flg-2) = x(9)"f(z) Vg € G} .

Clearly, N§*(r,n1,n2) is projective over Spec (Xo(r,nl,ng))a), and it is quasi-projective over
C. Geometric Invariant Theory tells us that Nj*(r, n1,n2) is the space of x-semistable orbits;
moreover, it contains an open subscheme N (r, n1,n2) C Nj*(r,ny,n2) consisting of x-stable

orbits.
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Then the following holds by analogy with [38, Prop. 3.1, Thm. 4.1]. Again the details of

the proof are given below for completeness.
Proposition 2.3.2 Suppose 6 = (61,02) € Z2, and let xp : G — C* be the character

Xo(g1, g2) = det(g1) " det(g2) ~%.

Then a representation R = (Vi,Va, W, Ay, Aa, 1,J, Ba, f,q) of an enhanced ADHM quiver, of
dimension vector (r,n1,n2) € (Zso)?, is 0-(semi)stable if and only if the corresponding closed

point x € X is xo-(semi)stable.

It follows that N3®(r,ni,ng) parameterizes S-equivalence classes of @-semistable framed
representations, while N (r,n1,ng) parameterizes isomorphism classes of #-stable framed rep-
resentations.

Proof. First, we prove that if x € X is xy-semistable, then the corresponding representation
R is #-semistable. Suppose that there exists a nontrivial proper subrepresentation 0 C R’ C R

with either ' = 0 or 7' = r so that
71/191 + TL/292 + r’Ooo > 0.

Let us first consider the case ' = 0. Since R’ = (V{, V3, {0}, A}, A5, ', J' B, f,¢') is a
subrepresentation of R, then V{ and V4 can be regarded as subspaces of V; and V3, respectively,

and it follows that
f(V2/) < V2/7 g(V2/) < Vlla Ai(Vl/) < Vllv
(2.3.10)
BQ(VZI) c V2/ﬂ J(Vll) =0,
for i = 1,2. Then there exist direct sum decompositions V3 ~ V/ @ V{", Vo ~ VJ & Vy’ such that

the linear maps A1, Az, Bs, f, and g have block decomposition of the form

* ok

(2.3.11)
0 =
while I, J have block decompositions of the form
*
I= : J:[o *} (2.3.12)

*

Consider a one-parameter subgroup of G of the form

iy 0 iy, 0
g1 (t) = ! ; gQ(t) = ’
0 1y 0 1y
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It follows that the linear maps (A;(t), A2 (¢), I(¢), J(t), B2(t), f(t), 9(t)) = (91(¢), g2(¢)) - x have

block decompositions of the form

; (2.3.13)

and

It = . Jt= [ 0 } . (2.3.14)

At the same time, xg(g1(t), g2(t)) "'z = t"19177202 2 with n}6; + nbh > 0. Therefore the limit
of (g1(t), g2(t)) - (x,z) as t — 0 is a point on the zero section, which contradicts xe-semistability.

Suppose x is yg-stable but R is not #-stable. Then the previous argument shows that R must
be #-semistable, therefore there must exist a nontrivial proper subrepresentation 0 C R’ C R,
" =0orr =r, so that

n’191 + n’292 + 7“/900 =0.

Since the orbit G - (x,z) must be closed in the complement of the zero section for any z # 0
it follows that the block decompositions (2.3.11) must be diagonal, and the upper block in the
decomposition of T in (2.3.12) must be trivial. Otherwise the limit of (g1 (¢), g2(t)) - (x, 2) exists,
but does not belong to the G-orbit through (x, z). However, this implies that the one-parameter
subgroup (g1(t), g2(t)) stabilizes (x,z). Since the kernel A of the representation of G on X is
trivial, this contradicts the ygy-stability assumption. Therefore R must be f-stable.
Next, consider the case v’ = r. As in the previous case, it follows that
fVv)cvy, gV v, A(V)C VY,
(2.3.15)
By (V) €V, I(W) C VY,

for i = 1,2. Therefore there exist direct sum decompositions V; ~ V/ @ V/’, Vo ~ Vj & V3’ such
that the linear maps (Ay, As, B, f, g) have block decomposition of the form (2.3.11) while I, J

have block form decompositions of the form

I= .l J:{* *} (2.3.16)

Consider a one-parameter subgroup of G of the form

lyy 0 tlyy 0
a(t) = ) 92(t) = :
O til].vl// 0 t711V2//

Then the linear maps (A}, A%, BL, ft,¢%) in (g1(t), g2(t)) - x have block decompositions of the
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form (2.3.13) and (I, J*) have block decompositions

It = .| Jtz[* t*}. (2.3.17)

Since xo(g1(t), ga(t)) "1z = t(ni—m1)0+(n3-n2)02 5 this Jeads again to a contradiction.

Suppose x is yg-stable, but R is not #-stable. Then, as above, it follows that the block
decompositions (2.3.11) must be diagonal, and the left block in the decomposition of .J in (2.3.14)
must be trivial. This again implies that x has nontrivial stabilizer, leading to a contradiction.

The proof of the converse statement is very similar, the details being left to the reader.

O

As observed above Lemma 2.3.1, for fixed dimension vector (r,n1,n2) € (Z)?3, the space of
stability parameters 6 can be naturally identified with the (6, 602)-plane and there is a critical
set of lines through the origin dividing it into finitely many stability chambers. All moduli
spaces associated to stability parameters within a chamber are canonically isomorphic and do
not contain strictly semi-stable points.

Lemma 2.3.1 shows that there is a special stability chamber, determined by the inequalities
02 > 0, 01 +nobs < 0, within which #-semistability is equivalent to #-stability and to conditions
(S8.1), (S.2) stated in Lemma 2.3.1. Framed representations of the enhanced ADHM quiver
satisfying conditions (S.1), (5.2) will simply be called stable, and their moduli space will be
denoted by N (r,ny,ns).

Theorem 2.3.3 Let (r,n1,n2) € (Z=0)> be a fized dimension vector and 6 = (01,02,0) €
72 x Q be a generic stability parameter. Then the set of gauge equivalence classes of solutions
to equations (2.3.2)-(2.3.4) with {; = 61 and (s = —0 is a complex quasi-projective scheme

isomorphic to N (r,ni,na).

Proof. The two equations in (2.3.2) are obviously moment map equations for the natural
hamiltonian U (V;) x U(Va)-action on the vector space
X(r,n1,n2) =End(V1)®? @ Hom(W, V}) @ Hom(Vy, W)&®
End(V2) & Hom(V4, V) @ Hom(Va, V4).
The parameters ((1,(2) determine the level of the moment map p : X(r,n1,n9) — u(V1)* @
u(Vz)*. Standard results imply that for generic (61,62) € Z2, the symplectic Kéhler quotient
w (=01, —05)/U (V1) x U(Va), is isomorphic to the GIT quotient Xo(r, n1,n2)//G, where  :

G — C* is a character of the form

X(91, g2) = det(g1) " det(g2) .
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As it was observed below Proposition 2.3.2, the GIT quotient Xo(r,n1,n2)//G is iso-
morphic to the moduli space of S-equivalence classes of 6-semistable quiver representations
N§#(r,n1,n2). For generic 0 there are no strictly semistable representations by Lemma 2.3.1,
hence N3*(r,n1,n2) = N*(r,n1,n2). In conclusion, the symplectic quotient p=* (=60, —62) /U (V1) x
U(V4) is isomorphic to the moduli space Nj(r,ni,ns).

Finally, note that equations (2.3.4) imply that the triple (exp(o1), exp(o2), 1) is an endo-
morphism of the enhanced ADHM quiver representation
R = (V1,Va, W, Ay, As, I, J, Bo, f) preserving the framing h : W-—5C". However, the proof
of Proposition (2.3.2) implies that a nontrivial endomorphism of a stable framed representation
must be the identity. In conclusion, o1, 0 must be identically 0 for generic 6.

O

In particular, it follows from the proof above and from Lemma 2.3.1 that if (; < 0 and
¢1 + naCa > 0, then the moduli space of flat directions is isomorphic to N (r,ny,n2).

For further reference, note that if R = (V1,Va, W, Ay, As, I, J, Ba, f) is a stable framed
representation of type (r,ni,ns) € Z2, with ny > ng, the linear maps (A1, Az, I, J) yield linear

maps
AisVi/lm(f) = Vi/lm(f),  T:W —Vi/lm(f),  J:Vi/Im(f) =W
with ¢ = 1,2, which satisfy the ADHM relation
[Ay, Ay] 4+ 1. = 0.

Moreover, it is not difficult to check that the resulting ADHM data (V, W, ﬁh 112, f, j), where
V = V1 /Im(f) satisfies the ADHM stability condition (5.2).

Lemma 2.3.4 Suppose n =mny—ng > 0 and let Vo be a complex vector space of dimension ng €
Z~q. Let also M(r,n) denote the moduli space of stable ADHM data of type (n,r) € (Zo)>.
Then there is a surjective morphism q : N (r,ni,ne) — M(r,n) mapping a the isomorphism
class of the stable framed representation R = (Vi, Vo, W, A1, Aa, I, J, Ba, f) to isomorphism class
of the ADHM data (V, W, A, AVQ, .7, j) constructed above.

Proof. The existence of the morphism q of moduli spaces follows from repeating the above
construction for flat families of quiver representations.

In order to prove its surjectivity, start with a stable ADHM data (V, W, f~11, ﬁg, f, j) of type
(n,r) and By € End(V2), and set

1
Vi=Vh®V, and  f=| "
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Now let A;, A2 € End(V4), I € Hom(W, V1), and J € Hom(V;, W) be of the following form

0 A By A
A1: ~1 ) A2: ? ~2
0 A1 0 AQ
r ~
= | u=]o J]
1

according to the decomposition V3 = V5 @ V. To be precise, one has A}, A, € Hom(V, V3) and
I' € Hom(W, V2).
One immediately sees that A;f = Asf — fBy = Jf =0, while [Ay, Ag]+1J = 0 if and only

if the following auxiliary equation is satisfied:
Al Ay — ALA] — ByAL +1'J = 0. (2.3.18)

Clearly, f : Vo — V; is injective, and note that (Vi, W, Ay, Ao, I, J) defined above is stable

if and only if the following conditions hold:
(i) at least one of the linear maps A}, A}, I’ is nontrivial;
(ii) there is no proper subspace S C V5 such that A} (V), AL(V), I'(W) C S and By(S) C S.

Indeed, if A} = A5 = I’ = 0, then V is a subspace of V; which violates the ADHM sta-
bility condition. As for the second condition, (Vi, W, Ay, As, I, J) is not stable if and only if
there is a subspace S C Vi which is invariant under A; and As, and contains the image of
I. Since (V,ng,gg,f, j) is stable, S must be of the form S @ V, with S C V4 nontrivial,
AL (V), AL(V), I'(W) C S and By(S) C S.

Therefore, in order to prove the surjectivity of the morphism q it is sufficient to prove
that there exist nontrivial solutions of the auxiliary equation (2.3.18), so that linear subspaces
0 C S C V5 as in the previous paragraph do not exist.

Choose a basis {v1, ..., v, } of V2 and let By be a diagonal matrix with distinct eigenvalues,
By, = diag(f1,...,0n,), Bi # 0; for all 4,5 = 1,...,n9, 4 # j. Let I’ : W — V5 be a rank

one linear map so that its image is generated by a vector v = Y2, v;. Note that the set

{v, B(v),...,B"~(v)} is a basis of V5. Otherwise there would exist a nontrivial linear relation
of the form

ny

Z z;B'(v) = 0.

i=1

Given the above choice for By, this would imply that the z; are a solution of the linear system

na
> Bjwi=0
i=1
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where j = 1,...,n9. However the discriminant of this system is the Vandermonde deter-
minant A(By,...,0h,) = HKj(ﬂj — f;), which is nonzero since the ; are assumed to be
distinct. Therefore all z; would have to vanish, leading to a contradiction. In conclusion,
{v, B(v),...,B"~(v)} is a basis of V5. In particular there are no nontrivial proper subspaces
0 C S C V4 preserved by By and containing Im(I”).

Having fixed By, I’ as in the previous paragraph, equation (2.3.18) is a linear system of
no(n1—ng) linear equations in the 2nqs(ny —ng) variables A}, A}. Such a system has a no(ng —ng)
dimensional space of solutions. Any nontrivial solution determines a set (Vi, W, Ay, Ao, I, J) of

stable ADHM data.

2.3.3 Smoothness

The main result of this subsection is the following.

Theorem 2.3.5 The moduli space N (r,n1,n2) of stable framed representations of an enhanced
ADHM quiver with fived numerical invariants (r,n1,m2) € (Z=o)® is a smooth, quasi-projective
variety of dimension (2n1 — ny)r. Moreover, the tangent space to N (r,n1,n2) at a closed point

[R] = [(A1, As, I, J, Ba, )] is isomorphic to the first cohomology group of a complex C(R) of

the form
End(V;)®?2
S
Hom(W, V1) End(V1)
End(V1) <) &
o 2 Hom(Vi, W) % Hom(Vs, V1)®2 -2 Hom(Va, V7) (2.3.19)
End(V%) ® @
End(V3) Hom(Va, W)
S
Hom(V2, V1)
where the four terms have degrees 0, ..., 3, and the differentials are given by

do(on, a2)t = ([an, A1), [, Ag), ar L, —J o, [ag, Ba],on f — fas)'

di(a1,az,i,§,b2,0)" = (lar, Ao] +[Ar, ag) + 1 +iJ, A1+ ar f, Ao+ as f — fbo— ¢Ba, jf + J¢)*

do(c1,c2,c3,c4)" = 1 f + Asca — caBay — Ajcz — Iey.
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Proof. First note that the moduli space of stable framed representations of the enhanced
ADHM quiver (2.3.5) can be canonically identified with the moduli space of stable framed

representations of the following simpler quiver

o
&
e e €oo 2.3.20
6 2 ¢—>< 1)5\\“&“// ( )
e
with relations
aran — asaq + €, 19, azp — ¢, no. (2.3.21)

For further reference, let (p1,...,ps) denote the generators (2.3.21) respectively.

The moduli space N (r,n1, ng) of stable framed representations of numerical type (r,n1,ng) €
(Z)? is defined in complete analogy with the moduli space of similar representations of the
enhanced ADHM quiver (2.3.5). In particular, a result analogous to Lemma (2.3.1) also holds
for #-stable framed representations of (2.3.20). Namely, if §; < 0, 83 > 0, 61 + n202 < 0, a
framed representation (Vy, Vo, W, Ay, As, I, J, By, f) of (2.3.20) is 6-semistable if and only if it
is f-stable and if and only if f is injective and the data (Vy, W, A1, Ag, I, J) satisfies the ADHM
stability condition (S.2). Finally, there is an obvious morphism /\7(7‘, ni,ne) — N(r,ny,ng),
which is an isomorphism according to Lemma (2.3.1). This isomorphism will be used implicitly
in the following, making no distinction between stable framed representations of (2.3.5) and
(2.3.20).

The truncated cotangent complex of the moduli space N (r,n1,mn2) can be determined by a
standard computation in deformation theory. Such an explicit computation has been carried
out in a similar context, see [15, Sect. 4.1]. To be more precise, the differential dy comes from
the linearization of the action of G on X, while the differential d; is just the linearization of
the relations (2.3.21). The only new element in the present case is the fact that the generators

(p1,-.-,pa) in (2.3.21) satisfy the relation

pP1P + capa — paf — arp3 — Epg = 0.

This “relation on relations” yields an extra term in the deformation complex of a framed rep-
resentation R = (V1, Vo, W, A1, Ao, I, J, Ba, f) of the quiver (2.3.20), and the differential dy is
precisely its linearization.

We conclude that the infinitesimal deformation space of R is the first cohomology group
H'(C(R)) and the obstruction space is H2(C(R)). In order to prove theorem (2.3.5), it suffices
to show that H(C(R)) = 0, for i = 0,2, 3, for any stable framed representation R. A helpful
observation is that C(R) can be presented as a cone of a morphism between simpler complexes

as follows.



38

Let A = (V1, A1, Ay, 1,J) and B = (Va, Bs), and construct the following complexes of vector
spaces:

e C(A) is the three term complex

End(Vl, Vl)EBZ

®
Hom(Vi,Vi) ~% Hom(W,Vi) = End(Vi,Vi) (2.3.22)
®
Hom(V4, W)

where the terms have degrees 0, 1,2, and the differentials are given by
do(ar) = ([a1, A1, [a1, Ag), an I, —J oy )

di(a1,as,1,5)" = ([a1, Ao] + [A1, as) + Ij +iJ);

e C(B) is the two-term complex
Hom(Va, Va)-2% Hom(Va, Va) (2.3.23)

with differential
do(az) = [, Bo]

and terms in degrees 0, 1;

e C(A, B) is the three term complex

Hom(Vs, V;)®2
Hom(Vy, Vi) ~% ® L Hom(Va, V1) (2.3.24)
Hom(V,, W)

where the terms have degrees 0, 1,2 and the differentials are
do(¢) = —(A1¢, A2p — ¢ B3, Jp)*
d1 (CQ, C3, C4)t = 7(14202 — CQBQ — A103 — IC4).

Abusing notation, the differentials of the above three complexes have been denoted by the
same symbols do,d;. The distinction will be clear from the context. Note that C(A) is the

deformation complex of the representation A of the standard ADHM quiver.
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It is then straightforward to check that the complex C(R)[1] is the cone of the morphism of

complexes

0:C(A)®C(B) — C(A,B)
90(0417012)t = —(anf - faz)
o1(a1,a,i,j,ba)" = —(ar f,asf — fba, jf)"
02(c1) = —c1f.
In particular, there is an exact triangle
C(R) — C(A)®C(B) — C(A,B). (2.3.25)
Next, note that the following vanishing results hold

H°(C(A) =0  H*C(A)=0  H?*C(AB))=0. (2.3.26)

if R is stable. The first two follow from observing that C(.A) is just the deformation complex of
a stable ADHM data; the vanishing of H? and H? in this case is a well-known result.

The last vanishing in (2.3.26) follows from considering the dual of the differential d; :
CY(A,B) — C?(A, B). Tt reads

Hom(Vy, V5)®2
dy : Hom(Vy, Va) — @
Hom(W, V3)
dY () = (Batp — Az, Ay, 0I)".

Suppose dY (¢)) = 0. Then it is straightforward to check that Ker(¢) is preserved by Aj, Ay
and contains the image of I, which implies that Ker(v) is either 0 or V;. If 4 is injective, then
A; =0 and I =0, leading to a contradiction. Therefore ¢ = 0, and d; is surjective.

Using a similar argument, it is also straightforward to prove that the morphism

HO

HO(C(A) & BO(C(B)) “9HO(C(A, B))

is injective if the stability conditions are satisfied. Then the long exact cohomology sequence of

the exact triangle (2.3.25) implies that
H°(C(R)) =0,  H*C(R)) =0, (2.3.27)
and there is a short exact sequence of cohomology groups

HY(C(A) & H(C(B) I (C(A,B)) — H(C(R)) — 0.
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Therefore, in order to prove that H2(C(R)) = 0, it suffices to prove that h'(p) is surjective.
Then, denoting by Z!(C) the kernel of d; : C* — C? for any complex C, it suffices to prove that
the induced map

2'(0) 1 Z'(C(A)) & Z'(C(B)) — Z'(C(A, B))

is surjective. The vanishing results (2.3.26) imply that there is a commutative diagram of linear

maps with exact rows of the form

0 —— Z'(C(A)) ® 2 (C(B)) —= C (A) & C'(B) —2 > C2(A) ——> 0

zl(g)l Qll Qzl

0 Z1(C(A, B)) CH(A,B) —1 (4, B) —=0.

Since f : Vo — Vi is injective, it follows trivially that the maps 01, g2 are surjective. In
order to prove that z'(p) is surjective, it suffices to prove that the fiber of g; over any point
in Z1(C(A, B)) intersects Z1(C(A)) @ Z*(C(B)) nontrivially in C'(A) ® C(B). Since g; is a
surjective linear map, its fiber over any point in C*(A,B) is a torsor over the linear space
Ker(p1). Since Z*(C(A)) @ Z1(C(B)) is a linear subspace of C1(A) @ C!(B), it suffices to check
that
dim (Ker(p1)) + dim (Zl(C(A)) @ Zl(C(B))) — dim (Cl(.A) @ C'(B)) > 0.

This follows by an elementary computation, given that the stability conditions imply dim(V3) <
dim(V4).

0O

Finally, we also conclude that the morphism ¢ : AN (r,n1,n2) — M(n,r) introduced in

Lemma 2.3.4 is a submersion, and that its fibers have dimension nqr.

2.3.4 Geometric interpretation in terms of framed sheaves

Let S be a smooth projective surface and D, D, smooth irreducible divisors on S with transverse
intersection. According to [13], if Dy, is big and nef, and ¢ € A*(S) ® Q (the Chow group of
S), there is a quasi-projective fine moduli scheme M (c) parametrizing isomorphism classes of

pairs (E, ), where
e F is a torsion free sheaf on S with numerical invariants ch(E) = ¢;
e {: E|p,——OF is an isomorphism of Op_ -modules.

In particular there exists a universal framed torsion free sheaf (U,ec) on M(c) x S, flat over

M(c). The class ¢ = (r, ¢1,chg) will satisfy the constraint ¢; - Do, = 0. Under some additional
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assumptions (e.g., if the condition (Kg + Do) - Doo < 0 holds), the moduli scheme M(c) is
smooth.
We shall consider the functor F, , 4: Sch% — Sets which to any scheme T associates the

isomorphism classes of quadruples (Er,&r, Gr, gr), where

e FErp is a coherent sheaf on 7' x S, flat over 7', such that for all closed points ¢t € T the sheaf

Ert = Ej1)xs is torsion-free and has fixed Chern character chg = r, ch; = 0, chy = —n;
o ér: Eryp,, — O;‘?;Dw is an isomorphism of Op__ xr-modules;

e (G is a coherent sheaf on T x S, supported on T x D and flat over T, such that for all
closed points t € T', the sheaf G is a skyscraper of fixed length d > 1, whose support is
disjoint from T X (D N Dy );

e gr: Er — G is a surjective morphism of Or«g-modules.

Two such quadruples (Ep,&r, Gr, gr) and (E%, &, G, g%) are considered to be isomorphic if
there exist an isomorphism of Oy p-modules ¢ : Ep = E’. and an isomorphism of Ory p-

modules ¥r: Gp = G’ such that the diagrams

ETlTXDOO % O$;Do¢ ET L) GT
PT|Tx Do ~ ¢Ti lle
ér 97
E! Ep —Gp

T|T X Doo

commute. There is a forgetful natural transformation from F, , 4 to the moduli functor repre-
sented by M(r,n), which simply forgets the data G and gr.

The steps leading to the construction of the moduli space M(r,n) [13, 34, 33] can be easily
generalized to get a moduli scheme M p (7, n, d) which universally represents the functor F,.,, 4.
Moreover the above-mentioned forgetful functor induces a projective morphism Mp(r,n,d) —
M(r,n). However these results can be obtained in a more economical way by noting that F,. ,, 4
is isomorphic to a Quot functor, which is representable by general theory. For any d > 1,
let Q4 be the functor Sch‘;}/’w(rm — Sets which associates to a scheme T' — M(r,n) over

M(r,n) an isomorphism class of pairs (Fr, fr) where

e Frpis a flat coherent Op« p-module with finite support over T of relative length d, disjoint

from T'x (DN Dy,), and

e fr:(Up)r — Fr is a surjective morphism of Opxr-modules.
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Two such quotients (Fr, gr) (F7., g4) are isomorphic if there exists an isomorphism 7y : Fr —
F4 such that f7. = ny o fr. In accordance with Grothendieck’s general theory of the Quot
scheme, there exists a relative M(r,n)-scheme 7 : Q(Up,d) — M(r,n) that universally repre-
sents the functor Q4.

The previously mentioned natural transformation F,. ,, 4 — Q. .4 is defined by (Ep, &1, Gr, g7) —
(Gr,97). The inverse transformation is obtained by taking Er = ker(gr) and noting that, as
consequence of the condition on the support of G, the framing of the universal sheaf U/ in-
duces a framing £ on Ep. As a consequence, we have an isomorphism of M(r,n)-schemes
Mp(r,n,d) ~ Q(Ep,d).

Next let S = P? with homogeneous coordinates [z, 21, z2] and let D, Do, be the hyperplanes
defined by z; = 0 and zg = 0, respectively. Then the moduli space M(r,n) is isomorphic to the
moduli space of stable ADHM data of type (r,n) [48, Thm. 2.1]. Let N (r,n + d,d) denote the
moduli space of stable representations of an enhanced ADHM quiver of type (n+d,d,r). Recall
also that Lemma (2.3.4) proves the existence of a surjective morphism q : N (r,n + d,d) —

M(r,n). Then the following holds.
Theorem 2.3.6 There is an isomorphism Mp(r,n,d) ~ N (r,n+d, d) of schemes over M(r,n).

Proof. The proof relies on the Beilinson spectral sequence, by analogy with the proof of the
ADHM correspondence [48, Thm 2.1]. Detailed computations has been carried out in a similar
context in [15, Sect. 7.1],[31], therefore it suffices here to outline the main steps, omitting many
details.

Now recall that the Beilinson spectral sequence yields an isomorphism [48, Thm 2.1] between
the moduli stack of framed torsion free sheaves on S with fixed numerical invariants (r,n) and
a moduli stack of three-term locally free monad complexes on S. The same correspondence
exists for families of framed sheaves; this has been worked out in [31] when S is a blowup of the
complex plane, but it can be easily adapted to the case of P2. More specifically, let (Er,&r)
be a flat family of framed torsion free sheaves on S parameterized by a scheme T of finite type
over C. Let pr : T xS — T, ps:T xS — S denote the canonical projections and for any
coherent sheaf Fr on T' x S, Fr(k) = Fr ® p5Og(k) for any k € Z. One can check that the
direct images Ripr.(E7r(—1)) vanish for i = 0,2, and R'pr.(Er(—1)) is a locally free sheaf Vr
of rank n on 7. Then the relative Beilinson spectral spectral sequence for the projective bundle

T x S — T collapses to a monad complex F(Er,&r) of the form

PpVr(—1)“LprVE2 @ ppWr ZopiVr(1). (2.3.28)
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where

Wr = R%pr.E ® Orxp., ~ OF".

The differentials ar, by are of the form

21 — 20A1 1
ar = | zy — z0Ar 2 bp = [ —2z0 + 2041221 — 20Ar1  2Zolr |
zoJdT

where

(ATJ, AT72, IT, JT) c EHd(VT)®2 D HOIIl(WT, VT) (&) HOII](VT, WT)

is a flat family of stable representations of the ADHM quiver. Recall that the monad complex
F(E7,&ér) is exact at both ends, and its middle cohomology sheaf is isomorphic to Er. The

three terms have degrees 0, 1,2 respectively. Recall also that
It : Wr = R%7.E ® Opxp.. — Vr = R'pr.E(—1)

is the natural coboundary morphism.

There is a similar isomorphism between the moduli stack of degree d skyscraper sheaves G
on D with support disjoint from D., and a moduli stack of locally-free two-term complexes on
D = P!. Given a flat family G of such objects parameterized by a scheme T, the corresponding

two-term monad complex F(Gr) is
* bra
prVra(=1)—=prVr: (2.3.29)

where V7o = ROpr.Gr is a locally free Op-module, and the terms have degrees —1,0 respec-

tively. The differential is of the form
bro = [ z2 — z0Br,2 |

where Br o € End(Vr2) is an endomorphism of Vr o.

Let gr : Er — Gr be a surjective morphism of Oryg-modules, and let Er = Ker(gr); Er
is a flat family of torsion free Og-modules. Since the support of Gr is disjoint from T x D,
there is a canonical isomorphism Er ® Orxp,, =~ Er @ Opy D.,- Therefore the framing of Er
along T' x D, yields a framing & of Ep. Therefore the Beilinson spectral sequence of Er is
again a monad complex F (E'T, &r). Let Vp 1 = RlpT*ET. Since the Beilinson spectral sequence

is functorial, the exact sequence

0—Er —Er—»Gp—0 (2.3.30)
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yields an exact triangle of the form
F(Gr)[-1-5F(Er, &) — F(Er,&r). (2.3.31)

Proceeding by analogy with [15, Sect. 7.1], it follows that the morphism ¢ : F(Gr)[—1] —
F (ET, &) is a morphism of monad complexes determined by the natural injective morphism of

sheaves

fr:Vr2=Rpr.Gr — Vr1 = R'pr.E(-1),

which satisfies
A7 fr =0, Arofr = frBar, Jrfr =0. (2.3.32)

The details are very similar to those in loc.cit., hence will be omitted. In conclusion, there is a
morphism of stacks between the stack of data ((E,¢),G, g) on S and the moduli stack of stable
framed representations of the enhanced ADHM quiver.

Conversely, suppose Rt = (Vra1,Vrz2, Ar1, Are, I, Jr, Bra, fr) is a flat family of sta-
ble framed quiver representations parameterized by 1" with Wy = O;‘?r. Since the relations
(2.3.32) are satisfied and Im(fr) N Im(Iy) = 0, the data (Arp1,Arz2,Ir, Jr) induce ADHM
data (ATJ, AVT)Q, fT, jT) on the quotient sheaf V1 /Im(fr) as in lemma (2.3.4). Note that this
quotient is locally free since the restriction of fr to any point ¢ € T is injective. Moreover,
it is straightforward to check that the resulting flat family of ADHM data is a flat family of
stable ADHM data. Given this data, one can easily construct an exact sequence of monad
complexes of the form (2.3.31), which in turns yields an exact sequence of framed shaves of the

form (2.3.30).

2.4 The Quiver Partition Function

Summarizing the results obtained so far, a quiver quantum mechanical model for BPS states
bound to surface operators has been constructed in section (2.2). The geometry of the mod-
uli space of supersymmetric vacua has been studied in detail in section (2.3). In particular,
according to Theorems (2.3.3), (2.3.5), in a special chamber in the space of FI parameters,
the moduli space N (r,n1,n2) is a smooth quasi-projective variety. An important application
of these results is a rigorous mathematical construction of a counting function for such BPS
states, which is the main focus of this section.

From a physics point of view, the BPS counting function is the Witten index of the super-

symmetric quantum mechanics obtained in section (2.2). This index can be computed exactly
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in the Born-Oppenheimer low energy approximation. In this limit the gauged linear quantum
mechanical model reduces to a one dimensional sigma model on the moduli space of super-
symmetric vacua, by analogy with the two dimensional situation [60]. A complete description
of this one dimensional sigma model requires an explicit computation of the space of fermion
zero modes, at any point in the moduli space. The zero modes of the fermionic components
of chiral multiplets are in one-to-one correspondence with the zero modes of the bosonic com-
ponents, by supersymmetry. The zero modes of the fermionic components of Fermi multiplets
are determined by a system of linear equations following from the Yukawa couplings (2.2.14),
(2.2.15). A slightly tedious linear algebra computation shows that in the special stability cham-
ber all these fermionic fields are in fact massive at any point in the moduli space. Therefore the
only fermion zero modes in the low energy effective action belong to the chiral multiplets. By
supersymmetry, they must take values in the holomorphic tangent space to the moduli space.
In particular, there are no fermion zero modes with values in the anti-holomorphic tangent
bundle. This implies that the supersymmetric ground states are in one-to-one correspondence
with cohomology classes in @; H%*(N(r,n1,n2)). In conclusion, the Witten index is given in
this case by the holomorphic Euler character x(Oa(r,n, n,)) Of the trivial line bundle on the
moduli space N (r,ny, na).

Since the moduli space is non-compact, this Euler character is ill-defined, as the cohomology
groups are infinite dimensional. However, in instanton computations one is interested in an
equivariant Euler character with respect to a natural torus action on the moduli space [51]. In
this case, T = C* x C* x (C*)" and the action on the moduli space N (r,ny,ns) is given by

(t17t27Z)X(V17‘/27W7A17A27I7 J7 BZaf) —
(2.4.1)

(Vi, Vo, W, t1 Ay, taAg, 1271 2tyta ], t2 Bo, f)

where z = (21,...,2,) € (C*)". From the point of view of (topologically twisted) super-
symmetric quantum mechanics, the equivariant Euler character can still be interpreted as an
Witten index employing a deformation of the nilpotent BRST operator [12]. This solves the
non-compactness problem because a direct application of a standard fixed point theorem shows
that the equivariant Euler character is an element of the quotient field of the representation
ring of T.

Finally, note that there is in fact a natural family of equivariant partition functions depending
on two integers (p1,p2) € Z2. These are obtained by coupling the quantum mechanical system
with a line bundle on N (r,ni,ns) as in [55]. Since N(r,ni,ns2) is a fine moduli space of

quiver representations, it is equipped with a universal locally free quiver sheaf/ In particular
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there are three tautological bundles V;, Vs, W on the moduli space corresponding to the nodes
€1, €2, € Of the enhanced ADHM quiver. By construction, W ~ O%?nm,nz)' Let £1 = det(Vy),
Lo = det(Vs) be the determinant line bundles of Vi, V,. For any pair of integers (py,p2) € Z2
let Ly, po) = LEP @ L$P2. Then the partition function of the quantum mechanical system
coupled to the line bundle L, ;) is the equivariant Euler character x7(N(r,n1,12), Lip, p,))-
Note that L, p,) has by construction a canonical T-linearization. In principle one can consider
more general partition functions twisting the linearization of £, ,,) by an arbitrary irreducible
representation S of T'. Therefore the most general quiver partition function is an equivariant
Euler character of the form xo(N(r,11,n2), 5 ® L, p,))-

Next let the discrete data r,d € Zsg, (p1,p2) € Z2 and S be fixed. Let (Q1,Q2, Rs),

a =1,...,7, denote the canonical generators of the representation ring of T and (g1, g2, pa),
a = 1,...,r denote their characters. Let T be a formal variable. Then define a generating
function
,d,p1,p2,S
20 (g1 3, pa, T) = Y chy xo (N (1,0 + d,d), S ® Lip, py))T" (2.4.2)
n>0

where chy(R) denotes the character of the representation R of T. A combinatorial formula for
this counting function will be derived in the following by equivariant localization. This requires
an explicit classification of the T-fixed loci in the moduli space N (r,n+d, d), and a computation

of the equivariant normal bundles to the fixed loci.

2.4.1 T-fixed loci and nested Young diagrams

The T-fixed loci in N'(r,n + d, d) will be classified in terms of pairs of nested Young diagrams,
which are defined as follows.

Recall that a Young diagram is a finite set p of integral points (i,7) € (Rzl)Q with the
property that if 4 contains a point (i,) € (R>1)?, then it contains all integral points (i, ;') €
(R>1)? so that 1 < ¢/ < i and 1 < j/ < j. To fix conventions, the number of columns of
a (nonempty) Young diagram g will be denoted by ¢, € Z>1, the columns being labelled by
i =1,...,c,. The number of rows will be denoted by [, € Z>1, the rows being labelled by
j =1,...,1,. The number of points in the i-th column of ; will be denoted by p;. Note
that the number of points in the j-th row equals the number of points u; in the j-th column
of the transpose diagram p'. Obviously, p; = 0 unless 1 < i < ¢, hg > hy--- > He,,, and
p1+ -+ pe, = |p|. If g is empty, by convention ¢, = 0 and j; = 0 for all i € Z.

A pair (p,v) of Young diagrams will be called a pair of nested Young diagrams if there is

an inclusion v C p so that the complement i \ v satisfies the following condition
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(N) If (i,7) € p\ v, then (i +1,j) ¢ u.

Ordered sequence of 7 > 1 Young diagrams will be denoted by p = (14%)1<a<, and r will be

called the length of the sequence. The size of the sequence if defined as
ek
a=1

A pair (u,v) of ordered sequences of equal length will be called nested if (u®,v*) is a pair
of nested Young diagrams for all 1 < a < r. Given such a pair (u, ) of nested sequences, the
number of columns of 1%, v* will be denoted by c* € Z>(, e* € Z>( respectively, fora =1,...,7r.
The height of the ¢-th column of p* will be denoted by u¢, and the height of the i-th column
of v* will be denoted by v¢, for a = 1,...,r. The pair (|ul,|v|) € (Z>0)* will be called the
numerical type of the pair of nested sequences.

Note that condition (N) implies that no two points in the complement p \ v are allowed to

be in the same row. Then it is easy to check that the following inequalities must hold
(2.4.3)

for any a = 1,...,r, and any 7 > 0. If any partition u* or v* is empty, by convention, ¢* = 0,
respectively e® = 0. Recall also that by convention uf =0, v = 0if ¢ > ¢?, respectively ¢ > e“.
Moreover, @1, @2, R, denote the one dimensional representations of T with characters 1, t2, 24,
a=1,...,r, respectively.

The classification of T-fixed loci in N (r,nyd,d) will be facilitated by the existence of the
projection morphism q : N'(r,n + d,d) — M(r,n) constructed in lemma (2.3.4). There is an
analogous T-action on the moduli space M(n,r), the fixed loci being classified in [48] for r = 1,
and [49] for all r > 1. According to [49, Prop. 2.9], the fixed locus M(r,n)T is a finite set of
points in one-to-one correspondence with length r sequences v = (¥*)1<q<, of Young diagrams
so that |v| = n. Moreover, according to [26], [49, Thm. 4.2], the tangent space T, M(r,n),
regarded as an element of the representation ring of T, is given by the following formula

T, M(r,n) Z RIR( Y Q@ O Qi S oo ; _1+1Q§_”f> (2.4.4)
a,b=1 (i,)eve (i) €Vt

The analogous result for N'(r,n + d, d) is given below.

Proposition 2.4.1 The T-fized locus N'(r,n + d,d)T is a finite set of points in one-to-one
correspondence with pairs of nested length r sequences (p,v) = (u*,v*)1<a<r of Young diagrams

of type (|pl, |v]) = (n +d,n). The tangent space to the moduli space at a T-fized point (u,v),
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regarded as an element of the representation ring of T, is given by the following formula
TN+ d d) =

a b
& —vi—s+1

‘ _ i— g pf}—l/j?—s—i-l v "
TZM(n7T) + Z Ra leQzl ]( 2 - Q2 ) (2 4 5)
a,b=1 i=2 j=1 s=1 o
r c? M?*V;?

: B RGP

Proof. Using lemma (2.3.4) the moduli space of stable framed representations N (r,n +
d,d) can be alternatively characterized as the moduli space of pairs A = (V1, W, Ay, Ay, 1, J),
A = (KWZl,AVQ,T,j) of stable ADHM data of type (n + d,r), (n,r) respectively, and a
surjective morphism f: Vi — V of ADHM data such that Al‘Ker( ) is identically zero. Then
the correspondence between the T-fixed loci in N (r, n+d, d) and r-collections of pairs of nested
Young diagrams is a direct consequence of the classification of T-fixed loci in the moduli spaces
of stable ADHM data M(r,n + d), M(r,n) [49, Prop. 2.9].

In order to prove equation (2.4.5), recall that the tangent space at a closed point [R] €
N(r,n + d,d) is isomorphic to the first cohomology group of the complex C(R) constructed in
theorem (2.3.5), equation (2.3.19). Moreover, in the proof of theorem (2.3.5) it has been proven

that there is an exact triangle
C(R) — C(A)®C(B) — C(A,B), (2.4.6)

where A = (V1, A1, Ay, 1,J), B = (Va, By) and the complexes C(A), C(B), C(A,B), are given
in equations (2.3.22), (2.3.23),(2.3.24) respectively. Note that there is a natural T-equivariant
structure on the restrictions C(A)|(.), C(B)|(u), C(A,B)|(uy) to a T-fixed point (u,v) =
(1%, v*)1<a<r induced by the action of T on the moduli space. The resulting T-equivariant

structures are given below.

Q1 ® End(Vl)

@
Q2> ® End(V7)
C(A):  End(W) o, ® A, Q1 ® Qy ® End(Vy) (2.4.7)
Hom(W, V1)
S

@1 ® Q2 ® Hom(V;, W)

C(B): Qs ®End(Va)-2%End(Vs) (2.4.8)
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Q1 ® Hom(V3, V1)
)
C(AB): Hom(Vy,Vi) “>  Qz@Hom(Vo,Vi) -~ Q1®Q,®Hom(Va, Vi) (24.9)
S¥)
Q1 ® Q2 ® Hom(V,, W)

where Vi, Vo, W have the following expressions in the representation ring of T

r

=3 Y RQIQ. wm=Y Y RQITQIY, W= R.
a=1

a=1(i,j)ep a=1 (i,j)eps\ve
(2.4.10)

Note that C(A) is the equivariant deformation complex of the T-fixed ADHM data A. The

underlying vector space V' ~ V; /V, of the quotient ADHM data A has a similar expression,
V=>" > R.QiQy". (2.4.11)
a=1(i,j)eve
Obviously, Vi = V + V5. Then the exact triangle (2.4.6) yields the following identity in the
representation ring of T
TN +d,dr)=—(1-Q1)(1 - Q)VyVi + WYVi + QiQaVY' W
— (1= Q)W Vs
+(1=Q1)(1 - Q2)Vy'Vi — Q1Q2Vy'W
= T,M(n,r) + (1 — Q2)(Q1V" V2 — VY Vo) + WV V.

(2.4.12)

Next note that

(1-0Q2)V; ZR Y -eites

(i 7J)EM

ZZZRngP@F ~- Q)

a=1i=1 j=1

ZZR QN1 - Q).

a=11:=1

Similarly,

r e*—1
(1-Q)VY =33 RIQI(1-Q5).
a=1 =0

Moreover,
r

a=)
a=11

=14i=1

i —vit

1—i Vi —s+1
> R.QITQ, :
s=1
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Therefore,

b b
T e c’ MV

(1-Q2)QVYVy = Z Z Z R; IR QZ l+1<1 7@2 )Qy vP—s+1

a,b=11i=1 =1 s=1

(2.4.13)
r e+1 ¢ H%’—Vlb ' . .
= BURQTIQ T (-,
ab=1 i=2 I=1 s=1
r c® b ul—vf’
—(1= Q)W Vo=~ > RIRQT'Q, st Quty, (2.4.14)
a,b=11i=11=1 s=1
T c? M?*Vlb b
WYV = R'R,QIIQy (2.4.15)
a,b=11=1 s=1
Given inequalities (2.4.3), it follows that the sum over ¢ = 1,...,¢® can be written as a sum

over i =1,...,e%+ 1 employing the convention that h? = 0 for ¢ > ¢* + 1. Then (2.4.5) follows
from (2.4.12) adding the right hand sides of equations (2.4.13)-(2.4.14).

2.4.2 Equivariant Euler character

Given Proposition (2.4.1), the computation of the equivariant Euler character xT (N (r, ny,n2), S®
L (p, ps)) is a straightforward exercise. Explicit formulas will be given below only for (p1,p2) =
(0,1), which is the relevant case for comparison with toric open string invariants. For simplicity,

let £ denote L 1) below. Note that the restriction of £ to the T-fixed point (u,v) is given by

et py v

‘C(uu HH H R Q% 1Q2u fooHL (2.4.16)

a=1i=1 s=1

Then the localization theorem yields the following formula for the equivariant Euler character

of L.
da(er@) = Y )
TIXT) = A_A(TY, N (r,n+ d, d))
(1v) (v)
(Il )= (ntd.m) (2.417)
. Z W(ﬁ,g)(qlaq%pa) o
B A_(TY M(r,n))’
(psv) =
(Il )= (nt-d.m)
where
oo TS TEE, ™ pa o™
Wi (a1, 62, pa) = €a+11 : 1 : —21 j—i vis—pi—1
1, T T TTLE (1*papb a g ) (2.418)

41 v; +s I/L —1
Hab 1H€ HJ 11_[ ( = PalPp Q1 le ")

- pb—v? —1 vits—pi-1
Ha,bzll_[jzl a1 ’(l—papb 7 g ")

I
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1 (2.4.19)

1 Wht—i j— o1 1 i—(ve)t—1 b—j
Hz,b:1 H(i,j)eya(l_papb 1(]1 ! Q; ’ )H(@j)eyb(l_l’apb 1q1 ! QQV J)

and

q1 = chp(Q1), q2 = ch(Q2), pa =chr(Ry), a=1,...,7.

Given any collection of r Young diagrams v and an positive integer d € Z>1, set

Woaltn, @2:p0) = Y Wi (@1, 2, pa)- (2.4.20)

(1)
[u|=|v|+d

where the sum is over all nested sequences (u,v) of r Young diagrams with fixed v. Then,

obviously,
1
h E = v ) yraj:
chrxr (L) ;A_l(TZVM(nn))WQd(m 42, pa)
In conclusion, for fixed r,d € Z>1, (p1,p2) = (0,1) and S, the quiver partition function (2.4.2)
is given by
1
Zrds) 0 T) =S Tchr(S ) o) 2.4.21
quiv (Q17Q27P ) ) ; C T( )lz A-l(TZ\/M(T,TL))WQd(qbq27p ) ( )

2.5 Comparison with refined open string invariants

The goal of this section is to formulate a precise conjecture relating the quiver partition functions
(2.4.21) , with » = 1,2, to refined open string invariants of special lagrangian branes in toric
Calabi-Yau threefolds. According to [5, 21], Mb-branes wrapping such cycles yield surface
operators in the five dimensional gauge theory effective action. Therefore a direct comparison
between the quiver partition (2.4.21) and refined open string invariants is an important test for
the models constructed in this chapter.

Five dimensional pure gauge theories with eight supercharges and gauge group SU(r), r > 2
are engineered by toric Calabi-Yau threefolds constructed as follows. Let Y be a resolved
conifold geometry, that is the total space of O(—1) @ O(—1) over P'. Note that the finite group

T',- of r-th roots of unity acts fiberwise on Y by

w X (81,82) — (wshw_lsz)

where w = e2i7/7

and si, so are linear coordinates along the fibers. The quotient Zj is a local
Calabi-Yau threefold with a curve X ~ P! of C2/T',. singularities. Let Z — Z; be the natural

crepant resolution; Z is a smooth Calabi-Yau threefold containing a reducible exceptional divisor
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with » — 1 components Si,...,S5,._1. Each component S; is a geometrically ruled surface over
X with smooth P!-fibers. One can formally allow 7 = 1 in this construction, in which case T,
is trivial, and Z ~ Zy ~ Y.

Note that the threefolds Z are toric, therefore they are equipped with canonical symplectic
U(1)? actions. The resulting moment map, pz : Z — R? maps Z surjectively onto its Delzant
polytope. The boundary of the Delzant polytope consists of a collection of 2-dimensional faces
linearly embedded in R3, which intersect along 1-faces. The 1-faces form trivalent a trivalent
graph Az in R3, which is the image of the toric skeleton of Z under the moment map pz.
The toric skeleton of Z is the union of all rational holomorphic curves in Z, both compact and
noncompact, preserved by the U(1)3-action. The compact components of the toric skeleton are
mapped to finite 1-faces while the non-compact components are mapped to semi-infinite 1-faces.

Toric special lagrangian cycles L C Z can be constructed applying the methods of [4], as
in section (2.2.1). They are essentially classified by their image under the moment map pz,
which has to be a half real line embedded in the Delzant polytope of Z. There is a special class
of cycles L such that pz(L) intersects a 1-face of the graph Ay. These cycles have topology
R? x S! and intersect the toric skeleton of Z along a one dimensional orbit of the canonical U(1)
action. They are naturally classified in external lagrangian cycles, in which case L intersects a
non-compact component of the toric skeleton, and internal cycles, in which case L L intersects
a compact component of the toric skeleton. Equivalently, pz (L) intersects a semi-infinite 1-face,

respectively a finite 1-face of Az. The lagrangian cycles of primary interest in the following will

be external cycles as shown below for r = 1, 2.
L

The refined open string partition function for an external toric special lagrangian cycle
L C Z is constructed using the refined topological vertex of [37], which will be briefly reviewed
below.

Given three (possibly empty) Young diagrams (A, i, v), the refined vertex is a formal series
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of two variables (¢, q) of the form

2
il
2 mO ]2 ~
2

Z,(t,q)
PAQLIEEAEE ) (2.5.1)
) (g) Sxt /(774" )8t 47")
n

Cruv(t,q) = (2)

where sy, (t7Pq7"), su/n(t_”tq_p) are skew Schur functions of the infinite set of variables
t PV = (t%q”’l,t%qﬂ’%t%q”"*, ...) defined in [? ],
~ vi—itl i1
Zu(taq) = H (17Q1J q2V J )7
(i.5)ev

and for any partition A,
A=D"% IAE=D0M sy = P = IV

Note that the expression (2.5.1) differs from [37, Eqn. 24] by the choice of normalization, which
is closely related to the normalization chosen in [29, Sect. 5]. Detailed computations will show
below that (2.5.1) yields the same results as [37] for refined closed string invariants.

The gluing algorithm developed in [37], assigns to any triple (Z, L, \) a formal series Z,(q, t, @),
which is an expansion in the formal variables @ = (Q1,...,Qar) associated to the Mori cone
generators of X. Z,(q,t,Q) is constructed assigning an expression of the form (2.5.1) to each
trivalent vertex of the dual toric polytope of Z, the partitions (A, u,v) being assigned to the
edges meeting at the given vertex. Then one has to specify gluing rules along edges, eventu-
ally including certain framing factors, and sum over all partitions associated to finite edges.
Toric lagrangian branes correspond to infinite edges, and the corresponding partitions are not
summed over. The details are somewhat intricate and easier to explain in concrete examples as
shown in sections (2.5.1), (2.5.2) below.

Suppose there is a stack of m D3-branes wrapped on L, the holonomy of the flat U(m)
gauge field around S! being in the conjugacy class of an element (cv, ..., a,,) of the maximal
torus. In order to compute the refined open topological A-model partition function of such a

D3-brane system, let y = (y1, ¥, ...,) be an infinite set of formal variables and let
Zrel (6,q.Qiy) = > 2a(t,q,Q)sA(y) (2.5.2)
A

Then the refined open topological partition function of m D3-branes on L with holonomy in
the conjugacy class of the diagonal matrix (aq,...,q,,) is obtained by evaluating (2.5.2) at
y = (a1,...,amn,0,0,...). Note that only Young diagrams A with [A\| < m contribute to this

truncation.
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Using this formalism, the quiver partition function (2.4.21) will be related to the correspond-

ing refined open string partition function for » = 1,2. For r = 1, the threefold Z is isomorphic

to the crepant resolution of a conifold singularity, while for r = 1, Z is isomorphic to the total

space of the canonical bundle of P! x P!,

2.5.1 Conifold

The resolved conifold is the toric threefold Y isomorphic to the total space of O(—1)®O(-1) —

P!. Note that there is only one formal variable @) assigned to the class of the zero section. The

toric polytope and projection of special lagrangian cycle are represented below.

Then, applying the refined vertex construction, one obtains

Z3(tq,Q) =Y ()" Co . (t,q)Cr . (. )

v

S (=Q) Mgl 2 <t> I\I/2
q

Zv(tv Q)ZV‘ (Qa t)S/\f, (q_pt_yt)

Note that under the change of variables
t=q, q=¢" Q=T(np)"

the expression

(=)Wl 12 7t q) Ze (g, 8)

becomes
1

[v|
T T MO )

Then (2.5.3) becomes

(2.5.3)

(2.5.4)

— v A —p —ut
Z\(q1, 05 " T(q142)"?) ZTI llT*—(Ml(qqu)‘ 2 s (a3 "ar"")

v Al/2 A —-1/2
_ZTI lmqll 1226 (g5

1T M

(2.5.5)
—P,—V )

2 1
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Redefining the formal variables y; by

yi:ql/qz Ty

for all ¢ > 1, it follows that

1/2
zrel (1,05 Y (1a2) V2T 0y P go) =

Tyl—S t 2Pt SAT) =
ZZ AT M(Jv], 1) A (q2 d2 " 4y ) A( )

ZTIV‘ 1T* (Jv],1) HH 1+q Ch_yfffj)

=1j=1

(2.5.6)

The right hand side of equation (2.5.6) can be expanded in terms of the monomial basis M, (x) in
the space of symmetric functions, which is labelled by partitions 1. Note that for any positive
integer d € Zso, Mp,0,.)(x) = a{ +a§ +---. Let Zg;end(ql,qQ,T) be the coefficient of
Mq,0,0,...)(w) in this expansion, which can be computed as follows.

Let Ex(z), k € Z>( be the degree k elementary symmetric function in the variables z =

(x1,22,...). Then

0o 0o R 0o 0o 1)t
lnHH(l—kq% e lnH<Zq§(l )q1 ’Ek(x)>
Zln( q;““‘“q;’“”fEm))

- !
(Zqé‘l‘”q;’f"im(x)) :

I
NE
NE
L

T

i=1 =1 k=1

Therefore
o oo o0 -1 00 !
H H(l + q;iq;y;xj) = exp Z Z (_11) (Z qlg(li)qlk":Ek(x)> (2.5.7)
i=1j=1 i=1 (=1 k=1

In order to compute the coefficients of Mq,0,0,...)(7) = ¢+ 2¢+--- in the expansion, it suffices

to truncate the argument of the exponential function in right hand side of (2.5.7) to k =1

oo oo 1 -1 Ly 1
exp [ ( l) (q% q " El(x)) ] .
i=1 I=1

—1,
v(q1,g2) Zq ‘qy Z_Zq T Vo q_2 —1-

d2

terms,

Let

Then one has to identify the coefficients of the monomial functions M ¢,,...)(x) in the expansion

of

ox - (—1)l_1E LR (dh
p l 1($) V(qlaq2) )
=1
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which is the same as the coefficient of z¢ in the expansion of

exp [ F,(df, QQ)] :

Expanding the exponential function and collecting all relevant terms, it follows that the coeffi-

cient of Mg0,0,..y(x), d > 1is

d
% > dd! H( ]1 Fy(qf,q’ﬁ)) (2.5.8)

|
n=(191,292...) Hk:l dk' k=1

where the sum is over all partitions 7 = (19,292 .. ) of d.

In conclusion the coefficient of Mg, () in the right hand side of (2.5.6) is

( del d

zrel (ar.q2. T T'”‘*— (ar.a5)?
: LT 2 T

(2.5.9)
For any v and d > 1 let

d

(—1)(1_2%:1 i k kvd
Zoala, )= Y, = [ Boldt a5)™
n=(1d1,2d2..) [Tz (di! k%) o

Then the relation between the quiver partition function (2.4.21) and the refined open topological

string partition function (2.5.5) is given by:
Conjecture 2.5.1 The following identity holds for any Young diagram v and any d € Z>;.

Woalqr,2) = Zv.a(q1,92), (2.5.10)

where W, a(q1, g2) is defined in equation (2.4.20). In particular

ZAD (0 40, T) = 2% (@1, 42, 7). (2.5.11)

quiv open,d

Extensive numerical computations show that conjecture (2.5.1) holds for all Young diagrams v

with |v| <10 and all 1 < d < 10. A sample computation is presented below.

Example 2.5.2 Let v = Hp and d = 2. Then

Fane)=¢"+a e + 71 —q ")

and

1

§FD(Q%?q§)

A+ EBE -+ ad —en -6 +ata— @
qia2(1 — q2)(1 — ¢3)

1
Zy2(q1,q2) = iFu((h,fh)z -
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The set of all nested pairs (p, v) with |u| = |v|+2 consists of the four elements (u1,v), ..., (i4,v)

represented below.

The bozxes in the complement u\ v are marked with e. Then equation (2.4.18) specializes to

qu —q2q1 — Q{’ + qo
B(1-¢)1 - ) —-6)d —a)
@ — @ — @i+ e
a(1 = q2)(qf — @2) (a1 — 43) (¢} — a3)

(6 + 21 — 1 — q2)q — 2
Wi v q1,92) =
(s),2(41, G2) C@ =)@ — )@+ en+d)(1-q)

2
a2
0t — a2) (¢} — 63)
Adding the above expressions, it follows that indeed W, 2(q1,q2) = Z,.2(q1,q2)-

W(/,L1,l/),2 (QI7 Q2) =

W(ug,u),Q(Qh (Jz) =

W(M4,V),2(q1a g2) =

2.5.2 Local P! x P!

In this case Z is isomorphic to the total space of the canonical bundle O(—2, —2) of P* x P*.
The Mori cone of Z is generated by the two curve classes associated to the two obvious rulings
of P! x P!. The corresponding formal variables will be denoted by @, Q. The toric polytope

and projection of the special lagrangian cycle L are represented below.

170 Vs
t
I
2 vi | K
N\

By analogy with [37, Sect. 5.5], the refined open string partition function is
Z)\(ta q, ny Qb) = Z (_Qb)lyl|+|uz|fuf (Q7 t)fug (t7 Q)Zl/{,ué,@(ta q, Qf)le] ,yg,)\(qa t7 Qf) (2512)
vi,v2

where
ZV17V27/\(q’ L, Qf) = Z (_Qf)IMC)\,u,V{ (qa t)Cu",(D,Vé (Q7 t)fu(tv q) (2.5.13)

Vi,V2, [
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and f,(t,q) ﬁ,(t, q) are framing factors of the form

Fo(tsq) = (—1) e I lnl2g =l /22 F oy — (—q)l (é)wzfn(t, 9

Substituting (2.5.1) in (2.5.13) yields

Zm,uz,k(qv ta Qf) =

It 2410112 el PINQLIESENEIPA o o o (2.5.14)
t ’ Z Qy Z(&) sxt/n (478" ) 8 (g )su(gPE7"2).
n

Vi,V2, 1

Using the skew Schur function identities

Z Sa/m (w)sa/rm( ) = H (1- xzyj Z 5772//{ Snl/n(y)

)

Zsat/m(x)sa/nz( ) H(1+Ily] ant/nt ) n{/n(y)v

i,j
it follows that

g\ Iul/2 i it
SQF(S)" sumla T )sulg ) =
14

[T (= Qpa? =t =17v20) s (Qpq Pt /217 1/2)

4,521

£\ 1Al/2 o lt _
S2()  memla sy =TT (g s (27 )

A i,j>1

Then

Z Zu17u2,>\(Q7 ta Qf)s)\(y) =
A

Hed 112 +1105 112
2

[T (= Qa7 TT (1 g it 2y)

4,521 4,521
tyInl/2 _ Lt _
Z(@) 50 (QpqPHY2 I Y2)s (11271 2y) = (2.5.15)
n
g 124113112 G iqi—l—vt N—1 i—l,—vt 41/2
2 [T a—QpgZ it mv2a) = T (14411t 2y))
ij>1 ij>1
TT (0 + Qrate o172,

4,521

Taking into account the framing factors in (2.5.12) and redefining y; = t1/22;, it follows that

Zg;gn(tv q, va Qb; t1/2x) =

2 t112 ~ ~ ~ ~
S (Qu) g AAIE 7, (4 0) Zy (0,8) Zo (1, 0) Zog (0, )

vi,V2

P(l/l,uz))(t?q,Qf) H (1-’-(]2 lt Vljx )(]__,_qu’b 1t V23£L’)

1,521

(2.5.16)
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where

e b
PVl,l/z(tvanf) = H (1 - qu] vt ! Vz,g) ! H (1 - thl Vl’JqJ ! Vz,z) !
3,521 i,j>1
For the purpose of comparison with the quiver partition function, one has to consider the
normalized partition function Zref (t,q,Qr, Qu; t1/2x) obtained by replacing P,, ., (t,q, Qy) in

open

equation (2.5.15) by

Poia(t:4: Q) _ (1—Qpt'¢/)(1 — Qrqg''t9)

Ppo(t,q,Qp) 13y (1— Qpi=vmit' 1 7750) (1 — Q' Miagd 1 7¥he)

Proceeding by analogy with [37, Sect. 5.5.1] it follows that

1
A1 (T, e M (1| + [12],2))

PVl,VQ (tv q, Qf)

[v1]+|v2| ~ ~ 1 7
t,q) 2, (q, )20, (1, q) Z,:(q,t
) ( ) 1( ) 2( ) 2( ) P@,@(ta(LQf) t=q1, q=q; "

q|\u1\|2t\|u;||2( Q-

Qr=p; 'p2
Therefore
Zret (ar.a3 ' py o2, qraepy tpoTit ) =
Thl+vs| (2.5.17)
1 1] . 1 —1 2;
Z A V] v (|I/1|—|—|V2|72)) H( +q ql )( +p1 p2q2 ql x])

v1,V2 3,521
Let p12 = pj 'pa. Proceeding by analogy with section (2.5.1), (2.5.6) — (2.5.9), the coefficient of

Ma,,..)(x1,22,...) in the expansion of the right hand side of (2.5.17) is

Zgggn,d(qla q2, P12, T) =

5 T+ v 2 ( ) (2.5.18)
v1,v2),d\415 42, P12
= A (T, M| + T2l 2)) )

where
( d Zk 1d d

—1
Z(l/l,ug),d(qth?pl p2) (ldIZde )Hk . dk'kdk 1;[ V17V2) q17q27p12)

and
F(l/l,ug)(qu q2,p12) = Fy (01, q2) + p12Foy (q1,q2) =
- Ly —luy
i —'/1 i 4o 1—i ~Va 9o
QQ a1 T+ P12< 4o q; T+ 7)
Then the relation between the quiver partition function (2.4.21) and the refined open topological

string partition function (2.5.17) is given by:

Conjecture 2.5.3 The following identity holds for any pair of Young diagrams (v1,v2) and
any d € Z»1.

01 Wi ay.alar, a2, p1,02) = 20y 0a).a(ar, @2, pr2), (2.5.19)
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where Wy, 4(q1,q2, p1, p2) is defined in equation (2.4.20). In particular
2,d,Ry ¢ Sre
Z(guiru ! )(QI»QQHOLP%T) = Zopg‘n,d(q17QQap127T>‘ (2520)

Again, extensive numerical computations show that conjecture (2.5.3) holds for all pairs of
Young diagrams (v, v5) with |v1| + 2] < 10 and all 1 < d < 10. A sample computation is

presented below.

Example 2.5.4 Let (v1,v2) = (m,0) and d = 2. Then there are eight sequences of nested

pairs ((p1, p2), (V1,v2)) with |py |+ |p2| = 5. The partitions (w1, p2) are listed below for all these

(A4) | D (B) [o] D
©) Ej E (D) E] [Te
() L1l E ) [LTe]  [Te]
@ 1] @ [ ol
Then
ﬂmmﬂmﬂmmﬁ2=%2+l%%ﬂ+pm<%1+1%%4)
and

1 1
Z(l/l,llz)(Q17qQ7p12) = §F(U1,V2)(qlan7p12)2 - §F(V1,V2)(q%5QS5p%2) =
ﬁm+ﬂ?*m,4+m;£+q%3+ﬁm44§+%ﬁ4@2+1—ﬁ4ﬂ1+ﬁ
(1-¢3)(1 —q)qi (1-¢3)(1—q)qi
b2 BB+ G —

P1-¢3)(1 - q)g

Equation (2.4.18) specializes respectively to

(CI% —1)(q1 — p12)
—1+q2)2(1+ q2)(qf — ¢3) (=1 + p12) (=1 + q2p12) (@1 — G5 p12)

A
W((u,)g),g(QMQQa PlaPZ) = (

qg(‘h - P12)(Q2 - Q1,012)
ai(g2 — 1)(qf — 3)(p12 — 1)(q1p12 — 1) (g3 p12 — @2)(q1 — q2p12)

B
W((ﬁ7)£),2(Q17q27 P17P2) =
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(g1 — %1+ q1)@3(q1 — p12)p32(a3p12 — 1)

W(C) q1, 492, y =
(E’Z)’Q( b2 P pz) (Q1 - Q2)(Q% - QQ)<Q2 - 1)2(612 - ,012)((]%[)12 - Q2)(Q1 - Q2P12)(Q2P12 - 1)

(¢ — 1)g3pla(q1g2p1z — 1)
(g1 — ¢2)(67 — @2)(q2 — 1)(p12 — D)(q1p12 — 1)(q1 — g3 p12)

(¢n — V)3t (q1p12 — q2)
Gl —q2)(@F — a2) (a2 — 1)(p12 — D) (q1p12 — 1)(gip12 — ¢3)

D
W((ﬁ7)z)72<Q1, Q2ap17p2) - —

E
W((g,)z),z(‘hv g2, p1,p2) =
41
¢ (g1 — a2)(aF — a2)(aipr2 — @2)(q1 — G2p12)

(1 — Dpla(gip2 — 1)
2 —1)%(g2 + 1)(¢3 — q1)(q2 — p12)(p12 — 1) (43 — ¢%p12)

F
W((ﬁ7)z)72(Q17 q2, P1, PQ) -

e
W((EV)Z)’Q(Ql,Q%PbPz) =

a3 p1a(aip12 — 1)(qigapiz — 1)
q1(g2 — 1)(q1 — ¢3)(p12 — 1)(qip12 — 1) (a3 p12 — @2)(q1 — q2p12)

H
W((ﬁ,;m(qh a2, p1, p2) =

Adding all above expressions confirms identity (2.5.19) in this case.

2.6 Summary

A supersymmetric quantum mechanical model is constructed for BPS states bound to surface
operators in five dimensional SU(r) gauge theories using D-brane engineering. This model rep-
resents the effective action of a certain D2-brane configuration, and is naturally obtained by
dimensional reduction of a quiver (0, 2) gauged linear sigma model. In a special stability cham-
ber, the resulting moduli space of quiver representations is shown to be smooth and isomorphic
to a moduli space of framed quotients on the projective plane. A precise conjecture relating
a K-theoretic partition function of this moduli space to refined open string invariants of toric

lagrangian branes is formulated for conifold and local P! x P! geometries.
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Chapter 3

Surface Operator and Knot Invariant

3.1 Review of HOMFLY Polynomial

The HOMFLY polynomial is introduced by [27]. The HOMFLY polynomial H(L)(a,z) is defined

as

aH(X) —a 'H(X) = zH(O( (3.1.1)

H(O) = (3.1.2)

z

We calculated the HOMFLY polynomial for two and three component link, assuming the

all components with a clockwise orientation.

—1 2

. a—a z 1 1 1 -1-5 1
H(Hopt link) = z <E T aASz) “aat T e T (1 - Z2>

H(three component link) =

adz2

a—at <l—a2(2+322+z4)+a4(1+322+4z4+26)>
z

Oblomkov-Shende conjecture [52] is a method to compute the refined version of the HOM-

FLY polynomial.

3.2 Surface operator and Refined Topological Vertex

For topological string with several toric branes as the configuration as the Figure 3.1 , the com-
putation of refined topological vertex is nontrivial for more than three toric branes. Fortunately
the gauge theory provide a formula for the refined topological vertex.

We put several Lagrangian branes in such a way that those disks are disconnect with each
other as the Figure 3.1. It is like inserting parallel surface operators in gauge theory. In our
construction, that’s easy to take them into account. After similar D-brane analyzing, we can
get the quiver diagram and partition function. That’s just to insert more tails in the ADHM

quiver. One example with three tails is shown at (3.2.1)
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N -

Figure 3.1: resolved conifold with several toric branes

el (3.2.1)

We can analyze this quiver diagram again in the same method as Chapter 2, then come up

the product formula for the refined topological vertex.

3.3 Topological String and Knot Invariant

The relationship between physics observable and knot invariant can be traced bakc to the
work of Witten [58]. In U(N) Chern-Simons theory, the correlation function is related to the
HOMFLY polynomial. In section 1.1.3, we reviewed how the A-model topological strings on
conifold is related to Wilson loop through geometric transition. This relationship can be used
to predict the coefficients of HOMFLY polynomials [54, 41, 44, 43, 45, 14, 20].

This relation to knot is through the geometric transition. The construction is that we have
k holomorphic cylinders as Figure 3.1. After the geometric transition, the boundaries of those
cylinders on S are pairwise intersecting k-component link. The HOMFLY polynomial of the
link will be captured by the refined topological amplitude. The precise formula will be presented

in next section.
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3.4 Conjecture on Refined HOMFLY polynomial

Conjecture 3.4.1 The topological amplitude corresponding to k-component link Zg;gn 18 given

by
t
zZel, (z,y, 2, ZT'”‘ HH L+ g ")
" Z i=1j =1
k components (341)
0o 0o . o
1/, —V.n
ILTL0+ oo T] TLa+ada 2
/ 1J/ 1 // 1J// 1

where A_1(T))) is given by eq(4.19) of [11](case r=1):

v

1 1
A_(TV = V=i i1, (34.2)
M) e = a ™ D e -0 a ™)
So that the refined HOMFLY polynomial for k-component link will be given by the coefficient
Tlvl
of xiyrz1--- in the expression Z3L, (v,y,2,--+) / (ZV AV)
N———— N———— —1(Ty )

k components k components

3.4.1 Two Component link , Hopf link

Sty LT o T TT 0044

l’zl]l i'=15'=1

Tv
<ZA ) + Hupziy +--0)

H;1 should correspond to the refined HOMFLY polynomial for Hopf link.

(3.4.3)

0o % R=l+a+@+ae),  —@+age+a, .
11 = 2 2 2
(—1+q2) a1 (—1+q2) (=14 q2)

While the refined HOMFLY for Hopf link is

(1+a%y) (14 T

1—¢*

H*f(Hopf Link) =
(Hopf Link) &

We can map H™'(Hopf Link) to the unrefined HOMFLY (3.1) by setting y = —1,z —

g—1/q,a — 1/a.

If we set ¢1 — ¢?y?,qa — ¢ 2, T — —a~ 2y~ 1, we will have

Hia*¢y* = wa(Hopf Link)
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3.4.2 Three Component Link
ZT\VI HH 1+q1 qu taj)
II]I(L+@‘HQW’ VT T+ a0 o) (3.4.4)

i'=1j'=1 i'=1j"=1
Tlvl
(ZA ) <+ Hinaibien +--+)

Then we can get the conjecture refined HOMLFY for three component link :

4
Hyyw=7—F—"—
(—1+4¢q2)3
+—@+mwrw%ﬂﬂﬁ—mﬁ—ﬁﬁ—ﬁ—m@—ﬁ@T
i (—1+¢g2)?
+ q1 — 2(]1 + (h +q2 —q1q2 — Q1(I2 + (I1CI2 - 2(12 - CIIQQ + 2Q1CI2 + (J1CI2 + (I2 + QICIQ + CI1CI2 T2
@(—1+¢2)3
_Pﬂﬁﬂﬁ—ﬁ—%+mMrw%ﬁﬂ%—m%—ﬁﬁ—ﬁﬁ

g (=1 +q2)3

It can match the unrefined HOMFLY polynomial (3.1) by setting ¢1 — ¢*,¢o — ¢ 2, T —
a~2. Tt also matched the refined HOMFLY polynomial.

We also compute the results for four-component and five-component links. Vivek Shende has

checked that our results agree with the conjecture of Oblomkov and Shende up to 5-component

link.

3.5 Summary

By analyzing surface operator in gauge theory, we can figure out refined topological string
amplitudes in cases beyond the reach of the formalism of refined topological vertex, which
are sometimes closely related to refined HOMFLY polynomial in knot theory. We compute
the refined HOMFLY polynomial for k-component link pairwise intersecting by that physics
approach, and can use the result to double check the Oblomkov-Shende conjecutre, which is

mathematically interesting.
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Chapter 4

Conclusions

The scheme of thesis is analyzing the gauge theory with surface defect and how it is related to
topological string theory and knot theory. In this chapter, we will discuss the results we have
obtained.

Nekrasov conjecture has related the instanton counting and Seiberg-Witten prepotential.
Besides, Nekrasov conjecture also includes the conjecture on connection between instanton
counting and topological amplitude. The equivalence of instanton counting and non-refined or
refined topological string partition has been checked in many cases. In the second chapter, we
found the relationship still true in the presence of surface operator. At the instanton counting
side, we construct a quantum mechanical model with surface operator in five dimension SU(r)
gauge theory. The model is constructed by string theory construction. The instanton is con-
structed by D2-D6 system and the surface operate is engineered by adding D4 brane wrapping
certain supersymmetric cycles. The resulting moduli space of flat directions is studied in chap-
ter 2 in details. In a special stability chamber, the moduli space of quiver representations is
smooth and isomorphic to a moduli space of framed quotients on the projective plane. The
counting function is identified with a K-theoretic counting function for stable enhanced ADHM
quiver representations. The explicit expression for the counting function is presented in chapter
2. At the other side, the refined topological amplitude is computed in the corresponding toric
Calabi-Yau with toric brane by the formalism of refined topological vertex. It turns out that
the two results match each other.

The chapter 3 is a follow up of chapter 2. In chapter 2, we have checked the duality still
true in the presence of surface operator. Then we can figure out the refined topological string
amplitude for some special geometry, which is beyond the reach of refined topological vertex.
The special case we investigated is putting several disconnect toric branes on the P? of resolved
conifold. If we have too many toric branes, it is beyond the ability of formalism of refined
topological vertex. Fortunately we know it is correspond to inserting several parallel surface
operator in gauge theory. Similar to chapter 2, we analyze this configuration again and find

the quiver representation is similar to that in chapter 2 except with more tails in the ADHM
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quiver. Furthermore we can figure out the refined topological amplitude in the string side. The
expression is presented in chapter 3. At the same time, the topological string on the geometry we
studied has a natural dual object in knot theory by geometric transition. After the geometric
transition, the resolved conifold becomes the deformed conifold and those toric branes will
intersect the S? of the deformed conifold, whose boundary is k-component link with component
pairwise intersecting. Recall we know the refined topological amplitude on the resolved conifold
by analyzing surface operators in gauge theory. Then it is straightforward to know the refined
amplitude on the deformed conifold after the geometric transition. As pointed by Witten, the
amplitude on deformed conifold has a natural interpretation by HOMFLY polynomial. We are
able to compute the refined HOMFLY polynomial in several nontrivial cases, which agree with
the Oblomkov-Shende conjecutre.

The main objective of this thesis is to investigate the duality between the physics of super-
symmetric gauge theory with surface defect and topological string, knot theory. Much more
work needs to be done to fully understand the duality, which we hope will lead to a deeper

understanding of the relevant physical and mathematical problems.
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