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ABSTRACT OF THE DISSERTATION

The Efficiencies of the Spatial Median and Spatial Sign
Covariance Matrix for Elliptically Symmetric

Distributions

by Andrew F. Magyar
Dissertation Director: David E. Tyler

The spatial median and spatial sign covariance matrix (SSCM) are popularly used ro-
bust alternatives for estimating the location vector and scatter matrix when outliers
are present or it is believed the data arises from some distribution that is not multivari-
ate normal. When the underlying distribution is an elliptical distribution, it has been
observed that these estimators perform better under certain scatter structures. This dis-
sertation is a detailed study of the efficiencies of the spatial median and the SSCM under
the elliptical model, in particular the dependence of their efficiencies on the population
scatter matrix. For the spatial median, it is shown this estimator is asymptotically most
efficient compared to the MLE for the location vector when the population scatter ma-
trix is proportional to the identity matrix. Furthermore, it is possible to construct an
affinely equivariant version of the spatial median that is asymptotically more efficient
than the spatial median. Asymptotic relative efficiencies of these two estimators are
calculated to demonstrate how inefficient the spatial median can be as the underlying
scatter structure becomes more elliptical. A simulation experiment is carried out to

provide evidence of analogous result for finite samples. When the goal is estimating
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eigenprojection matrices, it is proven that under the elliptical model the eigenprojec-
tion estimates obtained from the Tyler matrix are asymptotically more efficient than
those corresponding to the SSCM. Calculations of asymptotic relative efficiencies are
presented to demonstrate the loss of efficiency in using eigenprojection estimates of the
SSCM as opposed to the Tyler matrix, particularly when the scatter structure of the
data is far from spherical. To assess the performance of these estimators in the finite
sample setting, the notion of principal angles is used to define a means to compare
eigenprojection estimators. Using this concept, simulations are implemented that sup-
port finite sample results similar to those for the asymptotic case. The implications of
the above results are discussed, particularly in the application of principal component

analysis. Future research directions are then proposed.
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Chapter 1

Preliminary Material

1.1 Introduction

Many procedures in multivariate statistics make the assumption that the data arises
as realizations from some multivariate normal distribution. A multivariate normal
distribution is entirely specified by two parameters, its population mean vector and
population covariance matrix, commonly symbolized by the Greek letters g and X%
respectively. Most multivariate methods involve inference on one or both of these
parameters with either one or both being assumed unknown. Thus it is often necessary
to obtain estimates of these parameters from the observed data. The most popularly
used estimators of p and ¥ are the sample mean vector and sample covariance matrix.
Unfortunately, when the data deviates from the assumption of multivariate normality
the reliability of these estimators, and any method that relies on them, is compromised.
For instance, the presence of outliers in the data could have a significant impact on these
estimates; extreme observations tend to pull the sample mean vector away from p and
towards themselves. Their effect on the sample covariance matrix is double in that they
effect the sample mean vector used in calculating the sample covariance matrix as well
as possibly biasing the estimated variation in their particular direction thus not giving
an accurate estimate of 3.

One attempt to address these short-comings is to implement methods from non-
parametric statistics. Non-parametric procedures make minimal or no assumptions
about the underlying distribution from which the data arises. Consequently, their
performance does not depend on the underlying distribution hence will still produces
reliable results. However, when the data does indeed come from a multivariate normal

distribution, procedures involving estimation of g and or 3 with the sample mean and



sample covariance matrix often drastically out-perform any non-parametric procedure.
Recall that in this situation, the sample mean vector and sample covariance matrix
are functions of the complete, sufficient statistics thus contain the most information
about the parameters p and X. For this reason, alternative approaches have been
taken to develop reliable procedures without sacrificing performance; robust statistics
is one such instance. As opposed to assuming the data is from one particular distri-
bution or discarding distributional assumptions altogether, robust statistics considers
methods developed for a family of distributions. Because of this, these methods will
produce reliable results and perform well for all distributions within the class they were
developed for.

In robust multivariate statistics, considerable attention is given to the study of
procedures under the assumption the data comes from some elliptically symmetric dis-
tribution (or elliptical distribution). This family of distributions is one generalization
of the multivariate normal distribution. The characterization of an elliptical distribu-
tion involves specifying parameters that act as generalizations of g and X; these are
the location vector and scatter matrix respectively and are represented with the same
symbols. Similar to before, one or both of these parameters is assumed unknown and
must be estimated from the data. Several estimators of location and scatter have been
proposed to estimate the location vector and scatter matrix. Perhaps the most natural
are the maximum likelihood estimators (MLE’s) for g and ¥ assuming the data comes
from a particular elliptical distribution. As a extension of these estimators, Maronna
[23] developed M-estimators of location and scatter. Independently, Huber [14] devel-
oped an even broader class of estimators using arguments based on the concept of affine

equivariance.

1.2 Spherically and Elliptically Symmetric Distributions

Elliptically symmetric distributions have played a central role in the development of
robust multivariate statistics by serving as alternatives to the multivariate normal dis-
tribution with which to study the robustness properties of multivariate methods. El-

liptical distributions arise by taking affine transformations of spherically symmetric



distributions. A multivariate random vector, z € R?, is said to be spherically symmet-
ric (or spherical) about the origin, 0, if z ~ Qz for any d x d orthogonal matrix Q.
The distribution of a spherically symmetric random variable will be denoted by G. If
the measure induced by G is absolutely continuous with respect to Lebesgue measure
in R?, then there exists a probability density function for the random vector z of the

form

2
Cy,a9 (HZHQ) = Cy.d9 (th)
where g is a fixed Lebesgue integrable function in R and C, 4 is a constant depending

on both g and d that ensures that the expression is indeed a density (i.e. integrates to

1) in R% that is

Cpa = ( [, ote2) dz> B

In this form, the motivation of the name spherically symmetric is obvious in that the
contours of equal density are concentric hyper-spheres in R¢. The vector 0 serves not
only as the point of symmetry for the concentric hyper-spheres, but is also the mean
vector if the distribution has finite first moments. If in addition the distribution has
finite second moments, the covariance matrix of the distribution is proportional to the
d x d identity matrix I.

If the random vector z € R? is spherically symmetric, then for any d x d non-
singular matrix, M, and vector u € R%, the vector x = Mz + p is said to be elliptically
distributed in d-dimensions with parameters g and ¥ = MM?. When a random vector
x € RY has an elliptical distribution it will be notated x ~ &g (u, 3; G); this distribution
will be referred to as F. If the measure induced by F' is absolutely continuous with

respect to Lebesgue measure in R?, then x has a density, denoted f, that is given by

FoimSg) = Coadet(£)7 g (Ix - pld-)

= Cyadet(£)"2g ((x—p)' 37" (x — )



where ||x||, = VxtAx. Analogously, the name elliptically symmetric originates from
the fact the contours of equal density are concentric hyper-ellipsoids in R?, namely
the hyper-ellipsoid given by the equation (x — u)' 37! (x — p) = c¢. Similarly, the
parameter p is the location vector and corresponds to the center of symmetry of the
hyper-ellipsoids and also the mean vector when the distribution has finite first moments.
The parameter X is referred to as the scatter matrix since it determines the spread and
orientation of the concentric hyper-ellipsoids. In general, the distribution need not have
finite second moments, but in cases where it does ¥ is also referred to as the pseudo-
covariance matrix since the covariance matrix of the distribution is then proportional
to X. Note, in general the scatter matrix is not well-defined within the class of elliptical
distributions. For a given elliptical distribution, the function g (s) can be replaced with
the function g. (s) = c?g (cs). It is possible to impose restrictions on the function g (s)
to eliminate any ambiguities (such as take the constant ¢ such that g. (s) has covariance
matrix given by I;), however, will not be necessary for aims of this dissertation.
Necessarily, a scatter matrix is symmetric and positive definite. Recall from linear al-
gebra that any symmetric, positive definite matrix has a spectral decomposition unique
up to multiplication of the eigenvectors by 1. For the matrix 3, let A2 > \3 > ... > )\3
denote its eigenvalues and pq,...,p, denote an orthonormal set of eigenvectors with
p; belonging to the eigenspace corresponding to )\?. Let the eigenprojection associated
with the eigenvalue )\? be denoted P;. Recall this is an projection matrix in to the
eigenspace corresponding to the eigenvalue A7, denoted P;. For repeated eigenvalues
(i.e. an eigenvalue with algebraic multiplicity greater than 1), then the dimension of
the corresponding eigenspace (the geometric multiplicity) could also be greater than
1. Suppose /\]2- = /\32le =...= )\?+k_1 = A2, In this is instance the notation P2 and
P2 will be used to denote the corresponding eigenprojection and eigenspace associated
with the eigenvalue A\2. Any pair of orthonormal vectors that span P2 could be taken
for pj,...,Pjpx—1- If a given eigenvalue, say A2, has geometric multiplicity 1, then the
eigenvector p, is uniquely defined up to multiplication by 1. Defining the matrices
P=[py,...,p4] and A = diag ()\%, e )\?l), then one can write ¥ = PAP!. Using the

spectral decomposition, it is possible to define the unique, symmetric, positive definite



square root of X to be B2 = PAY2P! where AY? = diag (|\1], ..., | g|). There is a
useful representation for any spherical distribution that will be utilized on several oc-
casions in the proceeding chapters. Every spherical distribution in R? has a stochastic
representation of the form z ~ Rguy with Rg and ug independent. R is a non-
negative random variable referred to as the radial component of z and uy is a random
vector that is uniformly distributed on S, the unit hyper-sphere in R¢. This implies
that if x ~ & (u, X;G), then it has stochastic representation x ~ RgMuy + p, where
M is any matrix such that MM! = . One such choice is M = /2. Tf X1,...,Xp 1S
an 7.i.d. sample from some elliptical distribution &; (i, 3; G), this will be referred to as

the elliptical model.

1.3 Multivariate Estimation and Equivariance

Intimately connected with elliptical distributions is the concept of affine equivariance.
The location vector and scatter matrix for elliptical distributions are affinely equiv-
ariant; that is if x ~ &; (u, X;G), then the random vector x* = Ax + b will also be
elliptically distributed with x* ~ &; (u*, $*; G) where u* = Ay +b and T* = AZA'
for any non-singular, d x d matrix A and b € R%. Because of this property, when it is
assumed that data arises from an elliptical distribution, it is natural to consider estima-
tors of p and X that possess the property of affine equivariance. That is, if x1,...,x,
yields estimates of the location vector and scatter matrix f,, and f]n respectively, then
the estimators obtained for the transformed data x7 = Ax; +b, i =1,...,n, will be
i =Afi,+band ¥, = A, A",

Me-estimators are examples of affinely equivariant estimators of location and scat-
ter. However, in [23] the author showed the breakdown points of affinely equivariant
M-estimators is at most 1/ (d + 1). Consequently, much work has been on the devel-
opment of high breakdown affinely equivariant estimates such as the minimum volume
ellipsoid estimate (MVE) and minimum covariance determinant estimate (MCD) [31],
S-estimates ([9] & [18]), projection based estimates ([10], [25] & [37]), CM-estimates
[16], MM-estimates ([32] & [37]), T-estimates [19], and one-step versions of these es-

timates [20]. Unfortunately, high breakdown affinely equivariant estimators tend to



be computationally intensive, especially for large d and n; current algorithms are only
approximate and probabilistic in nature. Another pitfall of affinely equivariant esti-
mators is that when n < d, any affinely equivariant estimate of location and scatter
reduce to the sample mean vector and sample covariance matrix respectively, the latter
being singular in this situation [38]. Consequently, these short-comings have led to the
development of methods that discard the property of affine equivariance.

To the goal of the previous paragraph, one such approach has been to develop
estimators that are only orthogonally equivariant. Estimators of the location vector
and scatter matrix are said to be orthogonally equivariant if the data x1,...,x, yield
estimates p,, and f]n respectively, then the estimates obtained for the transformed data
xf=Qx;+b,i=1,...,n will be g;, = Qpu, + b and f]; = Q%,Q! for any d x d,
orthogonal matrix Q and b € R?. Orthogonal transformations are special cases of affine
transformations, thus an analogous result holds for the parameters g and 3 under the
class of elliptical distributions.

When considering the class of elliptical distributions, a benefit of using affinely
equivariant estimators of location and scatter is that the form of the influence function
can be derived by just considering the spherical case. Furthermore, the efficiencies of
such estimators does not depend on either g or 3. These properties do not carry over
to estimators that lack the property of affine equivariance. On the contrary, under
elliptical models it has been observed that non-affinely equivariant estimators perform
better under certain scatter structure than for others. Unfortunately, this fact is usu-
ally ignored when deciding which estimator to use. Using these estimators is rather
Procrustean in that they are favoring certain scatter structures over others; to a degree

this is letting the method determine the model.

1.4 The Goal of this Dissertation

As mentioned in section 1.4, the performance of non-affinely equivariant estimators
under the elliptical model is dependent on 3. One popular method for evaluating the

performance of as estimator is to study the variability with which the estimator measure



the parameter of interest. While the nature of the parameter dictates the criterion of
interest, it usually involves the variances or variance-covariance matrix of the estimators
being studied. Naturally, the evaluation of the performance necessitates some sort of
benchmark or alternative method that achieves the same goal, thus usually estimators
are studied in reference to competing estimators. The evaluation of estimators via the
prior paradigm is the basis of a notion called efficiency. This dissertation will study the
efficiencies of two popularly used orthogonally equivariant estimators under elliptical
models and their dependencies on 3. The two considered are the estimators of location
and scatter, the spatial median and the spatial sign covariance matrix (SSCM) respec-
tively. These will be addressed in separate parts; the spatial median being discussed
in Chapter II whereas the SSCM in Chapter III. The concept of efficiency for location
and scatter estimates will be defined more explicitly in the subsequent sections. The
efficiencies will be considered in both the asymptotic and finite sample cases. For both
estimators, under elliptical models it will be shown that these estimators are asymp-
totically most efficient when the underlying scatter structure of the data is spherically
symmetric. Simulation results will be presented in the finite sample case to support an
analogous hypothesis. Technical details of proofs omitted from the body of the disser-
tation will be presented in two separate appendices at the ends of chapters 2 and 3.
The first part of chapter 4 will discuss the implications of the above findings in robust
Principal Component Analysis (PCA), a commonly used dimension reduction technique
with broad applications ([7], [8], [12], [17] & [22]). The dissertation will conclude with

a discussion of future research directions.



Chapter 2

The Spatial Median

2.1 Introduction

For estimating the location parameter of multivariate data, the spatial median is a
commonly used robust alternative to the sample mean vector when it is believed that the
data being analyzed either contains outlying observations or comes from a distribution
that is not multivariate normal. Since the estimation of the spatial median does not
require an estimate of the scatter matrix in its calculation, the spatial median has the
added benefit that it exists even when the sample size is less than dimension thus making
it a popular estimator of the location parameter for sparse data. However, unlike the
sample mean vector, the spatial median is not affinely equivariant but only equivariant
under translations, rescaling and orthogonal transformations. Because of this property,
the spatial median is commonly used in orthogonally equivariant multivariate methods
that require estimation of a location parameter as an intermediary such as principle
component analysis (PCA). The reason the spatial median lacks the property of affine
equivariance is that in its calculation it down-weighs observations in terms of their
Euclidean distances as opposed to their Mahalanobis distance from the estimated center
of the data. Thus in the the setting where the data is assumed to arise from some
elliptical distribution, one might conjecture that the spatial median is less efficient in
situations where the distribution is not spherical.

This chapter is broken down into the following sections. In section 2, the spatial
median is discussed and it is shown that the estimating equation for it is simply the
MLE for g when the distribution for the elliptical model is a spherical Laplace (Double
Exponential) distribution. In section 3, the main theoretical results are presented. The

first subsection discusses the concept of relative efficiency and efficiency of a vector



estimator, both for finite samples and asymptotically. It is then shown that for the
class of elliptically symmetric distributions, the spatial median is asymptotically most
efficient when X o I, that is the distribution is in fact spherically symmetric. In
addition, it is possible for one to construct an affinely equivariant version of the spatial
median that has the same asymptotic distribution as the spatial median at spherical
symmetry but is asymptotically more efficient than the spatial median for all non-
spherical elliptical distributions. Lastly, some calculations are presented to demonstrate
the severity of the asymptotic inefficiencies. Section 4 carries out a simulation study of
the efficiencies of the spatial median for finite samples. The first subsection contains
theoretical results needed to carry out the simulations and describes how they were

implemented. The second subsection contains the results and discussion.

2.2 The Spatial Median

Given a multivariate data set, X1,...,X,, in R?, the spatial median is the vector f SM

that satisfies the following objective function

n
Bgpy = argminneRd Z % — 77”2 (2.2.1)
i=1

Recall in the univariate case, d = 1, above reduces to an expression whose solution
is given by the sample median of the dataset. Consequently, the spatial median can
be thought of as one possible generalization of the median to the multivariate case.
Perhaps the earliest reference of the spatial median was in [42]). In the literature,
the spatial median is also referred to as the median centre or L; median since the
minimization of the objective function involves minimizing the sum of the L; norms
to the observations [13]. Brown [5] studied the asymptotic efficiency of the spatial
median for the bivariate normal distribution as well as for standard multivariate normal
distributions in dimensions greater than 2. The objective function in (2.2.1) has no
explicit solution, however, it was shown to be uniquely defined when d > 2 ([15] & [27]).
The spatial median is a special case of a monotonic M-estimate of multivariate location

and thus can be computed via a simple re-iterated least squares (IRLS) algorithm [43].
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In [39], the authors proposed a useful modification to improve the prior algorithm. A
summary of the spatial median can be found in [28]. As mentioned in the introduction,
the spatial median is not affinely equivariant, but only equivariant under orthogonal
transformations, rescaling as well as translations. That is, for any b € R%, ¢ € R and
d x d orthogonal matrix Q, if the data is transformed as x7 = cQx; +b fori =1,...,n,
then the spatial median transforms as frgy; = cQpgys + b.

Referring back to the theory of maximum likelihood estimation, the sample median
is the MLE of the location parameter when the data comes from a Laplace distribution.
Analogously, the spatial median arises as the MLE when the data comes from an ellip-
tical Laplace distribution with 3 o« I;. Recall the density function of the multivariate

Laplace distribution with location vector p and scatter matrix 3 is given by

2121 (d)

fxp, 32, 91) = Wdet (=) exp (—\/(X - S (x - M))

Given n observations, the likelihood function is then given by

n 7Td/2 P
L, 55X g1) = Wdet (=) exp <_\/(Xi — ) B (- u))
=1

~ (2rr ()" B n po—
= <P(d/2)> det (2) 7/ exp <— ; \/(Xi — ) B (xi - H))

If 32 were known a priori, then maximizing the above likelihood entails maximizing the
argument in the exponential, which is the same as minimizing the sum. Hence the the

MLE for p is

n
fis; = argmingeza Y [x; = 1ll5-1
i=1

If ¥ = 021, then the estimating equation for fi 2y , Would yield the same solution
as equation (2.2.1), that is ft,21, = fgy- This characterization will be utilized in

establishing the theoretical results to follow.
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2.3 Theoretical Results

2.3.1 Efficiency and Relative Efficiency of Location Estimators

When sampling from elliptical distributions, it was conjectured in the introduction that
the spatial median is asymptotically most efficient when X is proportional to the identity
matrix. The spatial median is intended to give an estimate of the location vector,
thus before proving the aforementioned result it is necessary to discuss the notions of
efficiency and relative efficiency for vector estimators both in the finite sample case and
asymptotically.

Let §n and §n be two different unbiased estimators of the vector parameter 8 based
on samples of size n. Let V§n = Var [@,} and V(;n = Var [57,,}, assuming §n and
én have finite second moments. In this situation, comparing the estimators §n and
gn reduces to a comparison of how they estimate linear combinations of the parameter
being estimated, that is a’@ for some a € R?. The natural estimators for a’@ are a',
and atgn with variances given by Var [até\n} = atV(;na and Var [atgn} = atV§na
respectively. Since a'@ is a univariate parameter, convention is to focus on the ratio of
variances, atVoAna/ athna. Comparison of én to gn involves locating the vector a such
that ratio atV(;na/athna is maximal or minimal. Results from linear algebra gives
that the value of the ratio at its minimum/maximum is the same as the smallest /largest
eigenvalue of the matrix ngvén with the vector a giving the minimum/maximum
being the corresponding eigenvector of the aforementioned matrix.

Comparing efficiencies in the asymptotic sense is analogous to the finite sample case.

For the asymptotic case, assume §n and gn are y/n consistent, that is

Vn <§n — 0) —p Normg (0, AV), v/n (gn - 9) —p Normy (0, AVy)

where AVZ and AV are the asymptotic variance-covariance matrix of the estimators

§n and gn respectively. For any a € R?, it follows that

~

N (zitt9n — at0> —p Norm (0, atAV(;a) . Vn (atén — at9> —p Norm (0, atAV§a)
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Again the focus will be on the ratio a’AVza/a'AVza for a € R?. This value of this
ratio at its minimum/maximum equals the smallest/largest eigenvalue of the matrix
AV§_1AV§ with the vector a being the corresponding eigenvectors of the aforementioned
matrix.

Provided the distribution is such that the asymptotic version of the multivariate
information inequality holds, the MLE of @ is the best one can do, hence one is often
interested in the asymptotic efficiency of an estimator relative to the MLE. The asymp-
totic variance-covariance matrix of the MLE of 0 is given by the inverse of the Fisher
information matrix, denoted Z (6). Thus one has AVy > Z7!'(6) where > refers to
the usual partial ordering of symmetric matrices. Recall for two symmetric matrices,
A and B, > (>) is a partial ordering of these matrices such that A > B (A > B) if
and only if A — B is positive semi-definite (definite). The asymptotic efficiency of an
estimator is defined to be

A

AE (0) = maxaeRdM

alAVza
As mentioned above, the value of AE (5) is given by the largest eigenvalue of the

matrix AVé_ll'_l (0) with a being the corresponding eigenvector.

2.3.2 The Asymptotic Efficiency of the Spatial Median

Let x ~ &; (1, X; G) be a random vector that is absolutely continuous with respect to
Lebesgue measure. The Fisher information matrix for p for a fixed ¥ and G is given

by

T (1i3.6) = =

where o (G) = dFE [u? (Rzg)]_l is a scalar that depends only on G with u(s) =
—2s¢' (s) /g (s) [30]. Let  be any estimator of pu. By the asymptotic version of the
information inequality one has that AV; > ZT7' (u;%,G) = a(G)E. It is shown in
section 2.5.2 of the appendix that the asymptotic variance-covariance matrix of the

spatial median under the elliptical model is given below as
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AVsy (2,G) = B(G)PY (A) P!

where 8(G) = 1/E?[1/R¢] and V (A) = diag (v (A),...,v7 (A)) with

A2u2 .
E|: i d, 2:|
2 (A) _ HAl/QudH2

A2u2
E2 1 d,i _ 1 I
[HA”QUdHE [aT72ua, ™

and ug; representing the it" component of the random unit vector uy.
For the family of elliptical distributions £y (u, 3; G) with fixed G further suppose

that the following conditions are also satisfied

Conditions 3.2.1. (i) E[1/Rg] > 0 and (i7) g is bounded.

The following theorem formally states that for any family of elliptical distributions
with fixed G that satisfies the condition given above, the asymptotic efficiency of the

spatial median is uniquely maximized at a spherically symmetric member of this family,

Theorem 3.3.1. Let x1,...,X, represent an i.i.d. sample from E; (p, X;G) that

satisfies conditions 3.2.1. Then

AE (fgpg; 014, G) > AE (Bgp; 2, G)

with equality holding if and only if 3 oc 1.

Proof. See section 2.5.4 of the appendix.

2.3.3 The Oracle Spatial Median and Affine Spatial Median

As mentioned in the introduction to this chapter, the calculation of the spatial median
involves down-weighing observations in terms of their Euclidean distances as opposed
to their Mahalanobis distance from the estimated center of the data. Consequently,

under the elliptical model one might surmise that an estimator that does the latter
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would work better in the case when X % I;. The following estimator does just the

above. Consider the situation that 3 is known and not proportional to I, define,

n
Posy = Bs = argmingegd Z l[xi — |5
i=1

Note that this is the MLE for g when sampling from an elliptical Laplace distribution
when 3 is known; this follows from the likelihood function computed in section 2.
Denote this estimator as the oracle spatial median since it requires knowing the scatter
matrix of the data a priori. It is shown in section 2.5.3 of the appendix that the
asymptotic variance-covariance matrix of the oracle spatial median is given by

d

oSM (E,G) = mﬁ (G) X

As alluded to, one might suspect that for elliptical distributions, this estimator for

AV

p is more efficient than the spatial median. This is stated in the following theorem,

Theorem 3.4.1. Let x1,...,X, represent an i.i.d. sample from E; (w,3; G) that
satisfies conditions 3.2.1. Then AVy

Hosm

(2,G) < AV

Hsm

(3,G) unless ¥ x I in

which case equality holds.

Proof. From the theory of maximum likelihood estimation, for the case when
the particular distribution is the elliptical Laplace distribution, i.e. G = G, then
(2, G L) < AV

sy

AVy

Hosm

lent. However in the proof of Theorem 3.3.1, when 3 & I; then AV}

Hsn

(X,Gr) unless ppgys and pgy, are asymptotically equiva-
(2,G) « =
whereas AVj

fiosy (2, Gr) is. Thus piyg) and prgy, have different asymptotic variance-

covariance matrices in this instance, thus strict inequality holds when 3 & I;. It follows

that

(.61 = (djll)gﬁ (GL) S < B(GL) PV (A)P' = AV

Canceling 3 (Gp) from both sides gives then multiplying by 5 (G) gives

AVy

Hosm

(EvGL)
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4

AV
122 (d _ 1)2

X,G) = (G) S < B(G)PV (A) P! = AV

Hsm

(%,6)

OSM (

the desired result. When 3 o I, then prpogys = fgas, thus the two estimators will

have the same asymptotic variance-covariance matrix, hence equality holds. QED

In practice ¥ is not known, however, can be estimated from the data. Let f]n be
an affinely equivariant estimate of 3 based on a sample of size n. Replacing ¥ with
f)n in the definition of the oracle spatial median yields an affinely equivariant estimate

of the location parameter, that is

n
Pasy = ﬁgn = argmingegd Z [[xi — 77H§;1
=1

Refer to this estimator as an affinely equivariant spatial median based on the scatter
estimate f]n, or simply an affine spatial median. If the elliptical distribution under

consideration is such that

S, =%+ 0p (n1/2) (2.3.1)

then it follows by theorem 3 of [29] that \/n (ﬁfln - ﬁOSM> —p 0, thus

vn (ﬁf:n - u) —p Normy (O,AVﬁi (%, G)>

(2,Q).

Hosm

where AVL_ (3,G) = AV

This leads to the following corollary to Theorem 3.4.1.

Corollary 3.4.1. Let x31,...,X, be a random sample from E4(pn,3; G) such that
conditions 3.2.1 are satisfied. For any affinely equivariant estimate of scatter f)n, such

that £, = X+ Op (n'/2), it follows AVi (G) < AV, (G, %) unless 3 o< 1y in which

Hsm

case equality holds.
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This corollary states that the spatial median is asymptotically inadmissible over the
class of elliptical distributions. Note however for a particular estimator of scatter, this
result holds true only when the conditions in equation (2.3.1) are met. For instance,
if ﬁn is the sample covariance matrix, then this result holds only if the elliptical dis-
tribution has finite fourth moments. However, for a broad class of M-estimates of
multivariate scatter defined in [23], the condition in equation (2.3.1) holds without any

further assumptions on G.

2.3.4 Asymptotic Efficiency Calculations

In the previous section, it was mentioned that the oracle spatial median and affine
spatial median are asymptotically equivalent provided that f]n =3X+0p (nl/ 2). Fur-
thermore, under the elliptical model it was shown that both of these were asymptotically
more efficient at estimating the g than the spatial median. To understand more pre-
cisely how inefficient the spatial median can be compared to either of the aforementioned
estimators under the elliptical model, the asymptotic relative efficiency of the spatial
median relative to the oracle spatial median will be computed under various dimensions
and scatter structures. As will be seen, the values of the asymptotic efficiencies will not
depend on the particular elliptical distribution.

The results in section 3.2 and 3.3 give,

(2,6) = — _5(G)S and AV,

AV (d . 1)2 Hsm

Hrosm

(2,G) =8(G)PV (A) P!
with V (A) = diag (v (A),...,v7 (A)) where
A2 .
E|: i d,i 2:|
A2y
V2 (A) _ s H d”Q
2 i Ud,i o 1
E |:HA1/2ud”2 HA1/2ud‘21d:|

(X, G) has the same eigenvectors as 3, the asymptotic relative efficiency

Since AV

Hsm

of gy to pogys reduces to a comparison of the eigenvalues of AV (2,G) and

Hosm

AVaeu (3, G) corresponding to the same eigenvectors. Thus without loss of generality

one can reduce consideration to the simple case where P = I;. As a consequence of this
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simplification there is a convenient interpretation of the aforementioned comparison
of eigenvalues. For uncorrelated scatter structure, the eigenvalues of the asymptotic
variance-covariance matrix correspond to the variances of the estimated components.
Thus a comparison of the eigenvalues reduces to a comparison of the variability with
which each estimator estimates the components of u, i.e. the asymptotic relative ef-
ficiency for the components of the spatial median to the oracle spatial median. The

asymptotic relative efficiency of each component can be computed and is equal to

o [AVa, (A, G)]. d 22
ARE; ‘A, G) = A i i
(M’SM; Hosms 4\, ) [AVﬁSM (A, G)L (d N 1)2 ]/i2 (A)

Note that for the expression v (A), one has

02’\127‘3,1‘
) s e
v (c A) = — 2
2 CQ}‘iud,i o 1 I
lea™2ugll; — TleA™ua][, ™
02)\22113’2.
_ e
- [ 2202 .
E2 CTATUG o 1 I
T T
A2u2 |
E |: 1 d, :|
B [P
A2
E2 i d,i _ 1 I
el Al 2ugll;  efatPual, d]
A2u2 |
E |: i d,i :|
B [P
1 Afug 1
1pe2 i I
¢ [HA”ZUde [A2uq]l, d]
= c21/2-2 (A)
thus
d 2)\2 d 2
ARE; (C2A) = CA L _ — ARE; (A)

(d—1)27(A) (d—1)° 17 (A)
this implies the size parameter does not matter in the calculation of the asymptotic

relative efficiency. Define r; = i‘—j, that is r; is the ratio of the scale of the largest
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Figure 2.1: Asymptotic Relative Efficiencies of the Spatial Median to the Oracle Spatial
Median in R?

component to the scale of the i** component. Consequently, when considering the
asymptotic efficiency of each component one can take the case when the scale of the
largest component is fixed; for simplicity assume it is equal to 1.

Consider the situation X = Ag = diag(A\?,..., 2, r?\%, .. ... ,72\%) where 0 < r <

1. Using the results in section 2.5.4 of the appendlx it follows from Lemma 5.2.3 that

the efficiency of the any of the first d; components is given by

21(72 21772a _])
d—d d 2_
2F1 (]’ 1; + 7] 7«2)

The efficiency of the last d — d; components is given by

AREy, (r) =

2F2 <% di. —52;1_7472)

2
ARE,;_ =
ddl(T) 2F1(,d21,wl—r 2)
where o Fy (a,b;c; k) = B~ (b,c — fl b=1(1 — 2)* "1 (1 — ka) " da is the Gauss hy-

pergeometric function. Starting with two dimensions, plotted in Figure 2.1 are the
efficiencies of each component as a function of r.

For the component associated with the higher scale, the spatial median does not do
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Figure 2.2: Asymptotic Relative Efficiencies of the Spatial Median to the Oracle Spatial
Median in R3: Ag = diag (1, 1, 1"2)

much worse than the oracle spatial median in estimating this component, even in the
most extreme cases when A is nearly singular. However, for the component associated
with the smaller scale, the asymptotic relative efficiency of the spatial median to the
oracle spatial median is quite low when r is small indicating the drastic inferiority of
the precision with which the spatial median estimates this component compared to the
oracle spatial median.

For three dimensions, perhaps the most interesting scatter structures are those in
which two of the A’s are equal, that is Ay = Ay or Ay = A3. The first case corresponds
to ro = 1, the efficiency for each of the components as a function of r is given in Figure
2.2,

For the second case, ro = r3 = r. Presented in Figure 2.3 are the asymptotic
efficiencies of the components as a function of r.

In both cases note that the efficiency for the larger components of the spatial median
relative to the oracle spatial median is still relatively high even for nearly singular
scatter structures. However for the smaller components as the scatter structure gets
more singular, the relative efficiencies diminish drastically. Of the two situations, the

scenario with which Ao = A3 is the most deleterious on the relative efficiencies of the
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Figure 2.3: Asymptotic Relative Efficiencies of the Spatial Median to the Oracle Spatial
Median in R*: Ag = diag (1,72, 7?)

components.

As the dimension increases, the number of possible scatter structures to consider
greatly increases. The last dimension examined will be d = 10 under the following

scatter structures,
A1 =diag(1,72, 72, 12 12 12 r2 r2 r2 r?)
Ao = diag(1,1,72, 72, r2 72,12 r2 2 1?)
A3 = diag(1,1,1,1, 1,r2,r2,r2,r2,7’2)
Ay = diag(1,1,1,1,1,1,1,1,72 %)

As = diag(1,1,1,1,1,1,1,1,1,7?)

In 2 and 3 dimensions, it was always that case the components associated with the
larger scale had higher efficiencies. However, this is not true in general. In fact it is
not only the scale that affects the efficiency of a given component, but also the number
of components that have scales of similar magnitudes. Presented in Figure 2.4 are the

efficiencies of the components for scatter structures given above.
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Figure 2.4: Asymptotic Relative Efficiencies of the Spatial Median to the Oracle Spatial
Median in R0

As the number of components with larger scales increases, the efficiencies of all the
components, not just the ones with the larger scales, improves. This was also the case
in three dimensions. Also of note, for scatter structures A; and Ao, there are values of
r in which the efficiencies are slightly higher for the components with the smaller scales,
whereas for the rest of the scatter structures As the efficiencies are always higher for

the components with the larger scales.

2.4 Finite Sample Performance

2.4.1 Finite Sample Theory

For elliptical distributions it was proven that asymptotically, one can always find a
more efficient estimator than the spatial median by using an affinely equivariant ver-
sion of it. In section 3.5, exactly how asymptotically inefficient the spatial median is
compared to the oracle spatial median (or affine spatial median) was considered under
various dimensions and scatter structures. However, for finite samples, working out the
exact distribution of the aforementioned estimators is intractable, thus one must resort
to simulations in order to ascertain the efficiencies. For finite samples, there are two
factors that must be considered when comparing the efficiency of the spatial median

to an affinely equivariant version. The first is how the efficiency is affected by the fact
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one is estimating X with an affinely equivariant estimator of it. Asymptotically, this
was shown not to matter provided the estimator of scatter converges in probability
to X, however, for finite samples how one estimates X will be of consequence. The
second consideration is how much efficiency is lost by sacrificing affine equivariance for
only orthogonal equivariance and does this depend on the particular affine equivariant
estimator of 3. It will be shown that these two factors can be considered separately.
To this end the following theorem is needed. The proof is relegated to section 2.5.5. of

the appendix.

Theorem 4.1.1. Let x1,...,X, represent an i.i.d. sample from E; (w,X;G). Let
)\%D > )\%2> > > )\?m> be the distinct eigenvalues of 3 where m < d is the number of
mutually orthogonal eigenspaces of 3. For any orthogonally equivariant estimator of u
based on a sample of size n, W, with variance-covariance matrix V,, (i) = Var [@,],

the following are true,

1) V,, () and X have the same eigenspaces; consequently they have the same eigen-

projections and/or eigenvectors.

2) Let )‘%,n > ’\%m >0 > Afi,n’ denote the eigenvalues of V,, (). It follows the
eigenspace associated with )‘?,n is the same that is associated with \?. Consequently,

Ain = A2 _if and only if )\f = )\?.

j7n

Proof. See section 2.5.5 of the appendix.

The above theorem, coupled with affine equivariance arguments, implies that when
sampling from an elliptical distribution, the variance-covariance matrix of the oracle
spatial median, affine spatial median and spatial median have the following forms,

provided they exist,
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with ay, (G) being a positive scalar that depends only on n and G whereas S5 (G) de-
pends on n, G and the choice of scatter estimator, f]n The matrix V,, (A; G) is a diago-
nal and depends on n, G and A, that is V), (A; G) = diag (v, (A G) ... van (A G)).

As a consequence of the fact that the variance-covariance matrix of the oracle and
affine spatial median are both proportional to X, the finite sample relative efficiency
of pg to py reduces to a scalar quantity, namely RE, (g, Bsy) = an (G) /ﬁfln (Q).
Furthermore, since the variance-covariance matrix of the spatial median has the same
eigenvectors as 3, the finite sample relative efficiency of pig), to either pig to piy; reduces
to a comparison of eigenvalues of variance-covariance matrices corresponding to the
same eigenvectors. Thus without loss of generality one can reduce consideration to the
simple case where P = I;. This simplification yields the same convenient interpretation
as it did for comparing the asymptotic efficiencies in the previous section, namely the
comparison of the eigenvalues reduces to a comparison of the variability with which
each estimator estimates the components of u, i.e. the finite sample relative efficiency
for the components of the spatial median to an affine spatial median. This can be

expressed as,

s (G)A; , < (G o~ o~
RE,. (ﬁSMvﬁ“ ) _P5,.@N _ an (@)X y Ps, (G) _ REin (s Fix)
, S Vin (A;G)  Vig (A;G) an (G) RE, (Hf;, NZ)

fori=1,...,d.

Note that RE;, (ftgar, bsy) only depends on n,3 and G, but not the choice of
estimator used for 3. For a fixed n and G, this reflects how the relative efficiency of
the j** components is effected by the fact ¥ is not proportional to the identity matrix.
The term RE, (ﬁﬁ, ﬁz) depends only on n, f)n and G, thus can be viewed as a measure
of how the relative efficiency of the components is affected by the choice of the scatter
estimate, f)n

For the simulations, four elliptical distributions will be considered: the normal,

Cauchy, t3 and slash distributions; the reader is referred to [41]. The dimensions being



24

considered are d = 2,3 and 10, with varying scatter structures for each. In two dimen-
sions, the scatter structures considered are (1,2), (1,4), (1,8) and (1,16). For three
dimensions the scatter structures considered are (3,4,5), (1,4,7), (1,4,4), (1,8,8),
(1,1,4) and (1,1,8). Lastly for ten dimensions, the following scatter matrices were

considered,

Ay = diag(1,1,1,1,1,1,1,1,1,16)
Ay = diag(1,1,1,1,1,1,1,1, 16, 16)
As = diag(1,16, 16, 16, 16, 16, 16, 16, 16, 16)
Ay = diag(1,1,16,16, 16, 16, 16, 16, 16, 16)
A5 = diag(4,4,4,4,4,8,8,8,8,8)
The choices of scatter estimates used for the affine spatial median were the sample

covariance matrix and Diimbgen’s scatter matrix, denoted C,, and D, respectively.

Diimbgen’s matrix is defined to be the solution of the following estimating equation

D,=dy_ (xi — %) (xi = %)’

i)
iz (xi— x;) Dyt (% — ;)
For further details on Diimbgen’s scatter matrix, refer to [11].

To obtain an estimate of the value o, (G) associated with the oracle spatial median,
it is only necessary to consider the case 3 = I; since V,, (ti5;) ox 2. For each dimension
and distribution, 10,000 datasets of size n were generated under the spherical distribu-
tion £4 (0,14 G) and the oracle spatial median was calculated for each dataset. Using
these 10,000 estimates, the variances of each component of the estimate were taken
and then averaged to get an estimate of «, (G). To get 527«3 the same process can be
applied to the affine spatial median.

For the spatial median, it was necessary to run simulations for each dimension,
distribution and X, in order to obtain an estimate for V,, (A; G). Again, 10,000 datasets
of size n were generated from the distribution &; (0, X; G) and the spatial median of the

dataset was calculated for each dataset. The variances of the components of the spatial
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median were calculated to obtain estimates of v;, (A; G). Recall, in situations where
more than one of the diagonal elements of A were equal, the corresponding diagonal
elements of V,, (A; G) must be equal by Theorem 4.1.1. Hence to get a better estimate
of their common values, the average of the variances of the components for the repeated

elements was taken.

2.4.2 Results
Bivariate Distributions

Bivariate Normal Distributions. The first distribution considered will be the bivari-
ate normal distribution. Displayed in Figure 2.5 are the values of RE, (pc, ps;) and
RE, (pp, ts;). Note that these correspond to the relative efficiency of the affine spatial
medians to the spatial median under a spherical normal distribution, i.e. when 3  I,.
The values of RE, (ﬁfz’ ﬁE) are displayed in the vertical axis whereas the sample size,
n, is displayed in the horizontal axis.

As can be seen from above, RE,, (fic, [ts;) is greater than 1 except for the case n = 4.
Contrary to intuition, this suggests that in the situations where the data comes from
a normal distribution in which X is known, it is better to estimate the location vector
with an affinely equivariant version of the spatial median using the sample covariance
matrix as an estimate of scatter rather than the known 3. Note also that for n = 3,
RE3 (pp, pbsy) is greater than 1 as well, in fact it equals RE3 (i, pis;). This follows
from the fact that when the sample size is one greater than the dimension of the data
(d = 2 and n = 3 in this case) the only affinely equivariant estimator of the location
vector is in fact the sample mean vector [38]. For the normal, it is known that the
sample mean is the MLE, hence explaining why the relative efficiencies of either affine
spatial median to the oracle spatial median is greater than one when n = 3.

Presented in Figure 2.6 are the simulated values of REj,, (ftgys, pbsy) for j = 1,2,
that is the finite sample relative efficiencies of the spatial median to the oracle spatial
median for the two individual components when sampling from a bivariate normal

distribution with covariance matrices diag (1,2), diag (1,4), diag (1,8) and diag (1, 16).
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Again, the horizontal axes represents the sample size and vertical axes is the relative
efficiency of each component.

As the spread between the scales of the components gets larger, the relative efficien-
cies decrease, particularly for the component corresponding to the smaller scale. Also
of note, for small sample sizes, the efficiencies for both components oscillates drastically
before leveling off. This oscillating behavior is not only present in the bivariate normal
case, but also for other distributions in differing dimensions and scatter structures and
is attributable to the tendency of the spatial median to be one of the data points for odd
sample sizes, see discussion [21]. In all cases as n — oo the values of RE; ., (ftgyr, bs)

tend towards the values of ARE; (ftgar, osi A, G).
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Figure 2.7: Finite Sample Efficiencies of Affine Spatial Medians to the Oracle Spatial
Median for the Bivariate Spherical t3

Bivariate elliptical t3 distributions. The next distributions being considered are
bivariate elliptical t3 distributions. Like normal distributions, these distribution possess
finite second moments, however, these distributions possess longer tails than normal
distributions. Figure 2.7 presents the values of RE, (ﬁ’f:’ ﬁz) when using the sample
covariance matrix and Diimbgen’s matrix as estimates of scatter for the affine spatial
median.

Unlike the normal, for the t3 the relative efficiency of the affine spatial median to
the oracle spatial median is less than 1, whether using either the the sample covariance
matrix or Diimbgen’s matrix as estimates of scatter. This agrees with the intuition
that when constructing an affinely equivariant spatial median, it would be better to use
the true population scatter matrix if it were known rather than some estimate of it.

However, with the exception of the case when n = 3 which corresponds to the sample



29

— —
- 7] - 7]
b e b
3 1 /o \o s 2 o ‘/? 3 1
o o
o o
© ©
o 7 o 7
—e— Component 1
-o- Component 2
~ ~
o o
T T T T T T T T T T T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Lambda = diag(1, 2) Lambda = diag(1, 4)

—
o 4
e
—
(e}
2 S
0
® S
~
S S
T T T T T T T T T T T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Lambda = diag(1, 8) Lambda = diag(1, 16)
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mean as was previously mentioned, there is little loss in efficiency in estimating 3.
Additionally, it is better to use an affinely equivariant version of the spatial median
using Diimbgen’s matrix as the estimate of scatter rather than the sample covariance
matrix.

Figure 2.8 presents the values of RE;,, (ftgys, fbs;) Wwhen sampling from a bivariate
elliptical t3 distribution. The same scatter matrices used for the normal cases are
considered.

The same observations that were made about the normal case apply also to the t¢3
distribution; namely, as the spread between the scales increases, the efficiencies decrease,
particularly for the smaller component. Also, for small sample sizes the efficiencies of

the components oscillate drastically before leveling off to the same asymptotic values
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Figure 2.9: Finite Sample Efficiencies of the Affine Spatial Median using Diimbgen’s
matrix to the Oracle Spatial Median for the Bivariate Spherical Cauchy and Slash

as in the bivariate normal. The only noticeable difference being the bivariate normal
has slightly higher efficiencies for smaller sample sizes.

Bivariate elliptical Cauchy and slash distributions. The last distributions considered
are the bivariate elliptical Cauchy and slash distributions. These serve as examples of
long-tailed distributions that do not possess finite first or second moments. Conse-
quently, it is known that the sample covariance matrix does not converge for these
distributions. Despite this fact, simulations were implemented to calculate the value
of RE, (¢, x;) and as to be expected were quite unstable. Consequently, only the
values of RE,, (ip, [bs;) are presented. Figure 2.9 presents the results.

For both distributions, the relative efficiencies seem to approach the asymptotic

value of 1, but considerably slower than the normal or t3 distributions. Further note
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that the smallest sample size presented in Figure 5 is n = 5. Simulations were im-
plemented for the cases n = 3,4, however the variances of the components for the
estimators were highly variable. For n = 3, the affine spatial median corresponds to the
sample mean, thus will not have have finite second moments if the underlying distribu-
tion of the data does not. The following theorem states when the spatial median, affine
spatial median and oracle spatial median will lack finite second moments, the proof of

which is relegated to the appendix.

Theorem 4.2.1. Let x1,...,X, represent an i.i.d. sample from E;(pu,X;G), with
G absolutely continuous with respect to Lebesgue measure and not possessing finite sec-
ond moments. For n = 3, the spatial median, oracle spatial median and any affinely
equivariant spatial median do not possess finite second moments. This also holds for

the case d = 2 and n = 4.

Proof. See section 2.5.5 of the appendix.

Depicted in Figure 2.10 are the simulated values of RE;, (ftgyr, psy) for j = 1,2,
for a Cauchy distribution with same scatter matrices considered in the normal and t3
cases. The analogous plots for the slash distribution are almost identical to the Cauchy
case and thus were omitted.

Again, the same trends noted for the normal and t3 distributions are present; the
only difference being that finite sample efficiencies being slightly lower in the Cauchy

and slash distribution before leveling off to the same asymptotic values.

Trivariate Distributions

Like the bivariate case, there were similarities between the trivariate normal and %3 as
well as the trivariate Cauchy and slash. Consequently, only the results for the trivariate
normal and Cauchy will be presented. First presented in Figure 2.11 are the values of
RE, (ﬁizv ﬁz) For the normal, two versions of an affinely equivariant spatial median

were considered, one using the sample covariance matrix as an estimator of scatter
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Figure 2.11: Finite Sample Efficiencies of Affine Spatial Medians to the Oracle Spatial
Median for the Trivariate Spherical Normal and Cauchy

matrix and one using Diimbgen’s matrix. For the Cauchy distribution only Diimbgen’s
matrix was considered since the sample covariance matrix does not converge as noted
in the bivariate case.

Like in the bivariate case, against intuition, the value of RE, (pc, fbyy) is greater
than 1, but now for all sample sizes considered. Though the affine spatial median
using the sample covariance matrix has higher efficiency than the one using Diimbgen’s
matrix, in general not much is lost by estimating the population covariance matrix.
This is not the case for small sample sizes from the Cauchy distribution where the
efficiencies are quite low. Naturally the efficiency of the affine spatial median for the
Cauchy is 0 for the case n = 4 since in this case, being one more than the dimension,

the estimator reduces to the sample mean.
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Now considering the affect differing scatter structures have one the efficiencies, plot-
ted in Figure 2.12 are the simulated efficiencies for the normal and Cauchy distributions
with scatter structures diag(3,4,5) and diag(1,4,7).

For both cases, the relative efficiency corresponding to the component with the
smallest scale gets worse as the spread between the scales increases.

The other scatter structures of interest are the situations in which two of the scales
are equal. Plotted in Figure 2.13 and 2.14 are the simulated relative efficiencies for the
scatter matrices diag(1,4,4), diag(1,8,8), diag(1,1,4) and diag(1,1,8).

In both panels, as the spread between the scale of the components increases, the
relative efficiencies for the components with the smaller scale diminishes. For the later

two scatter structures, the relative efficiency corresponding to the larger component
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also decreases as the spread between the scales of the components increases.

10 Dimensional Distributions

The last distributions considered will be elliptical distributions in 10 dimensions. Like
in the bivariate and trivariate cases, there were stark similarities between the normal
and ts distributions as well as between the Cauchy and slash distributions, thus as
before only the results for the normal and Cauchy distribution will be considered.
First considered is RE, (ﬁiv ﬁz) Again two versions of an affinely equivariant spatial
median were considered, one using the sample covariance matrix as an estimator of
scatter matrix and one using Diimbgen’s matrix however, for the elliptical Cauchy
distribution only Diimbgen’s matrix was considered since the sample covariance matrix

does not converge. Presented in Figure 2.15 are the simulated efficiencies. The results



38

are similar to the trivariate case, RE, (ftc, txy) > 1 for all sample sizes, however not
much is lost by estimating the scatter matrix with the exception of small sample size
for the Cauchy distribution.

In 10-dimensions there is a greater variety of scatter structures to consider when
determining how they affect the relative efficiency. The following were selected as a

representative collection of interesting scatter matrices.

Ay = diag(1,1,1,1,1,1,1,1,1,16)

Ao = diag(1,1,1,1,1,1,1,1, 16, 16)

As = diag(1, 16,16, 16, 16, 16, 16, 16, 16, 16)
A4 = diag(1,1, 16,16, 16, 16, 16, 16, 16, 16)
As = diag(4,4,4,4,4,8,8,8,8,8)

Ag = diag(1,1,1,4,4,4,4,8,8,8)

Figure 2.16 presents the relative efficiencies for the normal and Cauchy distributions
in 10 dimensions for scatter structures A; and As.

In three dimensions, the components with the smaller scales had the smaller rela-
tive efficiencies; in 10 dimensions this is no longer the case as indicated by the plots
corresponding to Aj. The magnitudes of the relative efficiencies associated with the
components not only appears to be related to the magnitude of the scales of the com-
ponents, but also the number of components that have similar magnitudes. This is
demonstrated in the plots corresponding to As in which the relative efficiencies associ-
ated with the components with the larger scales are again the larger.

The other extreme is represented by scatter structures As and A4. The simulated
relative efficiencies for the normal and Cauchy distributions in 10 dimensions with these
scatter structures are presented below in Figure 2.17.

Note that in general the relative efficiencies for scatter structures As and A4 are

higher than for A; and As. The situation where a few of the components scales are
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Figure 2.16: Finite Sample Efficiencies of the Spatial Median to the Oracle Spatial

Median for the Normal and Cauchy in R0 - I
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substantially larger than the rest is more detrimental to the relative efficiencies as
opposed to the situation where a few of the components scales are smaller.

Lastly, scatter structures A5 and Ag represent intermediate situations to the prior.
In Figure 2.17 are the relative efficiencies for these scatter structures,

In these situations, the components with the smallest relative efficiencies are again
the ones with the smallest scales. However, overall the relative efficiencies are not as

low as they are when a few of the components have larger scales.
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2.5 Appendix

2.5.1 The Influence Function and Asymptotic Variance-Covariance

Matrix of M-estimators of Location

The following is a review of material from chapter 10 of [24]. The general form of an

M-estimator for the parameter 8 is given by

n
0, = argminges, »_ p(Xi,m)
i=1
where Sy is the parameter space. When the parameter corresponds to the location vec-
|
tor of some elliptical distribution the function p (x,n) is of the form p ((x N
where i)n is some estimate of the scatter matrix. Additionally, the symbol g will be

used instead of 6 as well as in all analogous definitions. One then has

n
Ky, = argmingcga Z P ((XZ — n)t >, (Xi - 77))
i=1

If p(s) is differentiable, define ¥ (s) = p’(s). A necessary condition for the above

equation to hold is

~—1

S (-5, (xi— ) 8, (6= i) =0
=1

Provided the estimator in converges in probability to some nonsingular constant matrix

o (F), then the influence function of p at x for the distribution F is defined as

B, (F.2) = ;EF (=)' S0 (F) (x =) (x = )] ln=p._ )

If the conditions that allow for the interchanging of the expectation and derivative are

satisfied then one has,

(x—n)),
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0 (= e (F))' B (F) (x = fi, (F)) ) 1

It follows the expression for the asymptotic covariance matrix of & as

W (19) = b [15a (e (7115.9) 15 (3 (7):5.9)

= B! (F, fl)_l Ay (F, i:) <_B;1 (F’ §>_1>t

where

Ay (F.2) = Bp [07 (5 = fioe (F)' S (x = g (F))) (% = e (F)) (x = i (F))'

2.5.2 The Asymptotic Variance-Covariance of the Spatial Median

Instead of focusing on just the spatial median, this section will prove results for a more
general class of estimators for the location vector. Consider the family of elliptical

power distributions which have density function given by

fy (% 18, 3) = Cpadet ()7 eap (= ((x = ) 57 (x = )"

where p > 0 and C), 4 is a constant that ensures the above expression in indeed a density

(i.e. integrates to 1). Given n observations, the likelihood function is then given by



44

L, %5X) = []Cpadet (2)7"2 cap (— ((xi—p)' =7 (xi = u))p)
i=1

= Gy det (2)7”/2 exp (— Z ((xi — ) Bt (% — p))p>

=1

If 32 were known a priori, then maximizing the above likelihood entails maximizing the
argument in the exponential, which is the same as minimizing the sum. Hence the the

maximum likelihood estimator g is

n

_ , )

fis, = argmingegs Y |[xi —nllg- (2.5.2.1)
i=1

If 3 = 021, then the estimating equation for 1,21 .p would reduce to

n

~ - . 9

:u’a'zld,p = I’l’p = a’l“ng?’L,r,eRd Z ”Xz - 77”2]) (2522)
=1

For this estimator, S is fixed as I; and pp(z) = 2P, thus giving ¢, (z) = paP~L.
Since it is understood that p, is referring to the M-estimator of location with those
particular parameters, the redundancies in the notation utilized in the prior section will
be suppressed with the subscript p indicating that expressions of interest pertain to ﬁp.

We thus have

Ay (F) = Ep {p ((X - ﬁp,oo)tlil (x— ﬁp,oo)>pl}2 (% = P o) (x = ﬁp,OO)t

= Br [0 [x— o577 (¢~ i) (5~ i)'

By(F) = B [p (=)' T =) = )] by

d 2(p-1)
= B ol e ) e,
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Provided the distribution F' is well-behaved, one can swap the expectation and deriva-

tive in the expression to obtain,

d _
B, (F) = Er [dn {plx=nl3" " x-n)} |n=ﬁp,m] =

= B [-20 (0 1) = el [37 (<= ) (5= ) == 2271

where obviously vy, (z) = p(p —1) xP~2. Before proceeding, the following lemma per-
taining to orthogonally equivariant estimators of location for radially symmetric distri-

butions is needed. A random vector, x € R?, is said to be radially symmetric about p

if (x = p) ~ = (x— ).

Lemma 5.2.1. Let x,...,x, be a multivariate random sample from some mul-
tivariate distribution with location parameter p and scatter matriz X that is radially
symmetric about p. Let @, be any orthogonally equivariant estimator based on the sam-
ple of size n of location that converges in probability to a constant vector asn — oco. It

follows that @ is consistent for estimating p, that is limy,_scoft,, = K.

Proof. First consider the case g = 0 and the scatter structure is uncorrelated (i.e.
3 = A), denote this radially symmetric random vector as y. Consider the orthogonal
matrix —Iz; it follows that —I;y = —y ~ y. For notational convenience, let i (y)
denote the asymptotic value of ;& when randomly sampling from the distribution of y.
Exploiting the fact that —I;y and y have the same distribution it follows p (—Izy) =
oo (y). However, orthogonal equivariance implies pi (—15y) = —Igti (y) = — oo (¥),
thus i (y) = —po(y) implying p. (y) = 0. For the general case one can write
x = Py 4+ p where P is an orthogonal matrix and y is distributed as before. It follows
by orthogonal equivariance of g that pi (x) = oo (Py + 1) = Pl (y) + i, (1) =
PO+ pu=p QED
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Elliptically symmetric distributions are radially symmetric about their location pa-
rameter and p,, is orthogonally equivariant so Lemma (5.2.1) applies. Hence for sim-

plicity one can take p = 0. Using this gives,

2
Ay (F) = Br [9 (x'x) xx'] = Br {(puxué“"”) th] = B [ !

B,(F) = Er [—21/); (x"x) xx" — ¢y, (x'x) I4]
= Er -2 - ) %57 xx’ — p x5V 1]
= —pEp [2(0— 1) x5 xx! + x50V 1

= —pBr [Ix57 Y (Ta+ 20— 1) [xlly > xx' ) |

It is not difficult to see that B} (F') = By, (F'). When the random vector x ~ &g (p, 3; G),
the expressions for AV, (F') further simplifies. Using the stochastic representation

X ~ R921/2ud, gives

4(p—1)

e ] = e [from

t
Rgill/Qud (Rgill/2ud) :|
= Ep [Ré@pl) “21/2ud)‘4(p_1) >y, (21/2ud) t]
2
2(p—2 2(p—1
= —pEp 20— 1) x5 x4 x50 1]

_ 5 [Ré(prl)} E [“21/2ud)‘2(p_1) »/2y, (21/2ud)t]

and

Br [Ix157 (Ta+ 20— 1) Ixlls?xx') | =

— Ep [“RC;El/Qude(p_l) <Id r2(p—1) HRle/QudH;Q ReSY?uy (Rgzmud)tﬂ -



47

e [ [ (42 [ () )]

- [ (12 s ) )|

Using the unique symmetric positive definite square root »1/2 = PAY?P! and the facts
P'uy ~ uy and ||Px||, = [|x[|, for any orthogonal matrix P, it is not difficult to see

that

4(p—1)

ooy w2 (220 | - o

t
Ay (A1/2ud) ] pt
and

e

7 (a2 () )] -

2(p—1 -2 ¢
=PFE [HAUQudH;p ) (Id +2(p—1) HAl/zud’L Ay, (Al/Qud> )] P!

Consequently, the asymptotic covariance matrix of u,, under elliptical distributions will

be denoted AV, (X, ) because it depends on them in the following manner

AV, (£,G) = B, (G) PV, (A) P!

where 8, (G) = E [Ré(z”*”] E? [Ré@*”} and V, (A) = B, (A) 4, (A) B, (A) with

A (A) = E {HAmudHfH) AV2u, <A1/2ud>t]

and

2(p—1

B,(A) = E [HAl/zudHZ(p ) (Id +o(p—1) HA1/2udH2—2 A2y, (Al/Zud)t>]
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2.5.3 The Asymptotic Variance-Covariance of the Oracle Spatial Me-

dian

While the same machinery that was introduced in the prior two sections could be uti-
lized to derive the asymptotic variance-covariance matrix of the oracle spatial median,
an alternative approach is presented here. Again a generalization of the oracle spa-
tial median will be considered, namely an oracle estimator of location obtained from
the family of elliptical power distributions introduced in section 2.5.2. Recall for this
distribution, the MLE for p for the case when 3 is known is given by the equation
(2.5.2.1). Define the data matrix X = (x1,...,X,)" where the rows come from some el-
liptical distribution &; (p, 3; G). Consider the following transformation, z; = 12,
for ¢ = 1,...,n. Since p and X are affinely equivariant under the class of elliptical
distribution, it follows the row of the data matrix Z = (z1,...,2,)" come from the

elliptical distribution &y (Eil/Qp,, 1y G). For py, , note that

n

~ 4 2
Bxp = argmingcgd Z I%i — WH;—l
i=1
n
= argmingega Y (i —n)' =7 (xi —n))”
i=1

n

_ argminneRd Z ((Xz _ n)t 2—1/221/22—121/22—1/2 (Xi . ’I’]))p

i=1
= argminneRdZZ:; <<2—1/2xi - 2—1/277)t I (2—1/2xi — 2—1/2n>)p
= argmin,cgd zzn; <<Zz - 2*1/277)75 I (Zi — Zl/Zn))p

. S —1/2, ||
= argmin,cgd g HZZ -X nHz—l
=1

Define ¢ = 271/217, thus n = 21/24’.

n
_ . 2
Bsp = argmins /> cpa Z llzi — C|I5"
i—1
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Since the matrix /2 is nonsingular, the transformation n — s/ 2¢ is a bijection from
R? to R?. Thus minimizing over 1 is the same as minimizing over ¢ = = 2n. This

gives,

n
~ ; 2
s p = 21/2@7“9mmceRd Z 1zi — C|I5"
i=1

Thus to ascertain py; , one uses the inverse of the square root of the known scatter
matrix to transform the data. One then finds g, for the transformed data, and then
transforms it back using the square root of the known scatter matrix to arrive at py; ,,.
This method is sometimes referred to as the transform-retransform method.

Not only does the previous fact provide a convenient computational method for
finding ﬁE,p’ but it also provides a quick way to ascertain both the finite sample and
asymptotic variance-covariance matrix of piy , under elliptical distributions. Let the
estimate of py; , based on the data matrix X be denoted py; , (X), it was shown above

that fis,, (X) = V2%, (Z), thus

Var [fig, (X)] = Var [, (2)| = 5"*Var [ji, (2)] (21/2)t

This will also hold for the asymptotic covariance matrix,

t
AVi, (2,G) =S124V; (1,,G) (21/2)

,p

This gives the following formula

AV (2,6) =2V28,(G) v, (1) =12

X,p (

with V (Iy) = B;l (Ip) A, (Ig) B;l (I4) where

Ay (1) = E | Juals? ™V ugul | = E [ugul]
=1

and
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By (Ly) = E | |lual3? ™V (La+ 20— 1) Jually2uguly | | = E [T+ 2 (p — 1) ugu)]
\_:/1—/ T

The above follow since [ug4||, = 1. The matrices A, (I;) and B, (I;) are calcula-
ble. First it will be shown the matrix F [uduﬁl] is proportional to Iz. Define uj =
(Ud1s---»—Udy,---,Udd), Where ug,; are the components of the unit random vector ug.
It follows u4 ~ ug. Thus for the matrix [uduﬁl], the (¢, i)th component of this matrix
is E[ug,uq;]. uy ~ ug implies ug,uq; ~ —uq,uq;, thus £ [Ud,LUZ,Z} = F—ug,uq;] =
—F [ug,uq;]. Hence it must be the case F[ug,uq;] = 0. Since ¢ and i are arbi-
trary, it follows that every off-diagonal element of E [ug,u4;] is 0. Furthermore, since
Ui ~ Uq; is spherically symmetric, it follows F [uguq ;| = E [ug juq ] for all 4, j, thus
E [udufl] x Iy Write B [udufi] = £I4; it is desired to get at the value of £&. Taking the

trace of E [ud (ud)t] gives,

tr (E [udufi]) = F [tr (udufi)]

but

1=tr (E [uduﬁl]) =tr(&ly) =& xd

thus ¢ = 1/d. This implies that A, (I;) = 3I; and B, (1) = I+ 22511, = “2e=Uy,

It then follows

—1 —1
Vp(Id):<d+2£ip—1>Id> ;Id<d+22p—1)1d> :(d+2gg—1))21d
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2.5.4 Proof of Theorem 3.3.1

Presented in this section are details for the proof of Theorem 3.3.1. To this end, several

lemmas that are needed are first proved.

Lemma 5.2.2. Suppose x ~ Eq(pu, A;G), let AE, (A1,...,\q) denote the asymp-
totic efficiency associated with estimating the ' component of the location vector with
. 1t follows that that only place where this multivariate function can have a stationary

point is the when A\; = A for i # ¢.

Proof. Without loss of generality one can consider the case u = 0. The asymptotic

covariance matrix of the estimator g, when the scatter matrix is diagonal is given by

AV (A, G) = 5, (G) Vyp (A)
where 3, (G) and V), (A) are given in section 2.5.2. The only part of this expression
that depends on the scatter matrix is V), (A), which is a diagonal matrix. An explicit
expression for the asymptotic efficiency of «** component of f, is given as

(p—1) (p—2)

e e A ] L

3, (G) g [H A1/2udH;1(p—1) A?ui,b]

2,2
)\Luw]
2
L

AE, (M,... M) =

For notational convenience, define the functions

2(p—1) I'(d/2) ~1
00nr =B [ = [ GG O

(»—2)

=
>
=
“>/
S5
I

E [HAI/QudH )\fufm]

I'(d/2 _
[ D )
d

2
2
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4(p—1)
D) = B[[ab2u)” A?uﬁ,L]

I'(d/2 2(p—1)
= /S 25{"1//2) (Alud 1 + -+ Adud d) P )\%U?l’bdu(j
d

The function C' (A1,...,\g) is symmetric in all of its arguments, whereas the functions
N, (A1,...,Aqg) and D, (A1, .., A\g) are symmetric in every argument with the exceptions

of A,. Using these expressions one has

a(G) (C(AL,..., M) +2(p—1)N, (Al,...,/\d))z)\z

AEL (Al,.--,Ad): BP(G) DL()\l,...,Ad)

It follows that AFE, (\1,...,\g) is symmetric in every argument except A,. It is desired
to get the partial derivatives of AFE, (A1,...,\q); to this end the partial derivatives of
the functions N, (A1,...,A\q), C (A1,...,Aq) and D, (\1,..., ;) are needed. One can
verify the conditions necessary in order to interchange the partial derivative and integral
are indeed satisfied with these functions. Suppressing the dependence on the A’s one

has

oC I'(d/2 p—2
a)\z = 2 (p - 1) /S 251_(1//2) ()\1 d 1 + -+ )\dud d) /\z"U;?l’,idUd

= 2(p-1) )\E[HAl/ZudH v 2)ufm]

ON, T (d/2)
a/\z = 2 (p - 2) /Sd 27Td/2 ()\1 d 1 + -+ )‘dud d) )\ udz)\2ud7Ldud

2(p—3)

= 2(p-2) AE[HAWudH udﬁudi
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aD, I'(d 2p—3
8Az = 4(]9— 1)/S QSTd//2) ()\1 dl + - +>\d dd) P >\Z dl)\gud7LdUd

H2(2p—3)

= 4(p—-1)NE [HAl/Qud , UdzAQUd,L]

The partia o is symmetric in every argument except A\; whereas o, and gx- are
symmetric in every argument except A; and A,. Using these gives
0AF, _ a(c)2D(CH2e-ON) (8 +20-DE) - (C+20- N
N Bp(G) D? t
a(G) 4(C+2(p—1)N,) oC ON, oD,
= A 2D, 2(p—1 —(C+2(p—-1)N,
5,G) " D? oy TR0 gy ) T @2 - N BE

which is consequently symmetric in every argument except A; and A,. Write the brack-

eted terms as 4 (p — 1) \iF, ;i (A1,..., A\g) where

Fi—E |:HA1/2udH4(p 1) AM"} <E [HAl/zudHZ@m “ﬂ o E [HAl/gude(ps) w2 N2l D

B [HAl/gudH (2p-3) udZAQud,L} (E [HAl/gude@l)} 21 E [HAI/2“UZH (- )AQ%D

Without loss of generality, take the case « = d. Then one has,

8AEd (0% (G)
O\ Bp (G)
Let (1),...,(d —1) be a permutation of of the indices 1,...,d — 1. Because of the

(C+2(p—1)Na)
Dj

=4(p—1) N2 Fy;

symmetries of the function AFEy, it follows for ¢ # 0, if %AEC; ()\{, e A )\*) =c,

0 *
then W(Z)AEd ()\(1)

because it does not depend on the \’s gives

,)\2‘ d—1)7)‘:l) = ¢. Canceling out the expression 4 (p — 1) ﬂp(( ))

jep (O X 2 = 20— 1) Ny (M- Xy X))
i\

D2 (N, NN Fy (A, N, A = ¢
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and
(O Xy X)) =20 = 1) Da (N N1y M) ) o
(l))\d 5 ; . . F(l) ()\(1), ceey A(d*l)’ )\d) =c
D2 (A(l),...,)\(d_l),)\d>
Note that
(2 (C 0% A58 =20 = D Da (N N1 M)
d D2 (A5, N, M)
o (C (AZ‘I), . ,X(“d_l),AZ> —2(p—1) Dy (X(“l), N .,xgd_l),xg))
— \d
D3 (Npyse s Na1y0 N0
and

Fdﬂ' ( T, e ,)\2_1,)\2) = Fd,(i) ( ?1)7 cey A?d—l)aA:l)

The first equality follows since all the arguments are symmetric in every argument
except Ag. For the second note that Fj; is symmetric in every argument except
Ai and Ag. However Fy; and Fy(; involve derivatives with respect to A; and A
respectively, thus the two terms are equal. Upon canceling terms, it follows that
S AE (X Ny N) = ¢ = - ABy (AZ‘D, Ny A;) implies A; = Ay).

The case for ¢ = 0 needs more care since one cannot cancel the parts of the expression
that equal 0. However, a slight modification will give the desired result. Consider a

sequence A' (n) such that lim, o = A} (n) = Af. We thus have

lZTnn_)OOaTAEd( 17"‘7)\i (n),...)\d_17)\d) =0

At each point along this sequence it was shown

0
O\

0

AEd( T,.. .,/\;< (77,), . ./\2_1,/\2) = a)\(z)AEd( ?1);~ 7/\?2) (n)aﬂ-)‘?d_l)aAZ)

By the previous arguments we have A} (n) = Al (n) for every n. However the functions

Ads (C—2(p—1)Ny) /D?l7 Ai and Fy; are all continuous functions of the X’s. Thus if
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limp— 00X} (1) # limn_,oo)\@) (n), it would contradict the continuity of one of the above

functions. Hence it must be the case \] = )\(i). The main result follows by repeating

the above arguments. QED

Lemma 5.2.3 Let x ~ &; (p, A; G) where A = diag | K2\, k2A2, A2, A2

/

dq d:rdl
Under this scatter structure, the ARE’s of p, to p ,, for estimating the components of

L is given by

28 (- = 1. 5 21— )

2 Fy <—2 p—1), 7d3d1 ; d%; 1- 5_2)

AREd1 (H) =

for the first di components and

AREdfdl (H) =

2 F7 (-(p—l),%;%;l—ff?)
2 Fy (—2 (p—1),%; 521 - HJQ)
for the last d — dy components where

oFy (a,b;¢c;k) = B~ (b,c—b) fol 2P (1 — )"V (1 — ka) " da is the Gauss hyperge-

ometric function.

Proof. Recall the expression for the ARE of p,, to the g1, , for estimating the ith

component of p is given by

Vi, (@) d A2
AV, (G| (@2 =107 (A)

7

AREZ (ﬁlﬂ i,VLA’p; A, G) =

where

A(p—1)
e[y 0
2
Vp’i(A) N 1 2(p—1) 1 -2
B || At 120 - 1) AR a2,
A1)
o[t 23
a 2(p—1) 2(p-2)
] [ T P
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Define Uy = ug, + - +uj 4, Us = uf g4 1+ +uj, and U = £*Uy 4 Ua. The ARE

of any of the last (d — d1) components of g, to fi , can be written as

J B2 [(Z20)" " 2(p - 1) (0) P02,
AREd_d1 (/i) = 3 A
(d+2(p—1)) B [(20)e x|
B p B2 [UP~t 4 2(p— 1) UP 2 |
(d+2(p—1))° E (U203 |

Note that Uy = 1 — U;. By exchangeability,

d

B[l (0)] = = > E[dh(0)] = 1 E:h(U)] =
j=di+1

1
d—d;

E[1-U1)h(U)]

Also U = 1 — kU; where k = 1 — k2. Substituting these identities above gives

d E? [(1 — kU 4 2% 1-Uy)(1- kUl)p‘Z}

ARE 4, (k) =
d—dy ( ) (d—|— 2 (p — 1))2 dfldlE |:(1 _ Ul) (1 . kUl)Z(p—l)i|

Since the vector ug is uniformly distributed on Sy, it follows that
Uy ~ Beta (d1/2,(d —dy) /2) and Uy ~ Beta ((d — d1) /2,d1/2). Thus for the expecta-

tions one has

1 _
E[1-0) A—kU)"] = — [ 2370 —2)" " 1= k) ' da
(5.5 h
27 2
1 s d
- dldfd /wdg_l(l_”ﬁ)d+2 T2 (1 - k) da
B (4. 550) D
B(d?l d+2s _ dy

where B (a,b) =T (a)T (b) /T (a + b) is the Beta function. The integral representation
of the Gauss hypergeometric function is valid for R (¢) > R (b) > 0 so the last equality

is justified. These facts then give
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E (1_U1)(1—kU1)p72} B B2(7l2d—d1)2 P (_(P—2)>dgl?d;r2;k?>
2772
T (4)r (=421 (4)
- F(‘%z)r((%l;pdedf>2Fl<(P2),d21;d;r2,k>
d d
2

Ela-uv)@a- kUl)Q(p—”} -

This then gives,

d (2F1 (‘(p—l),@;dék)+2p;12F1 (_(p_z)’d*l;ﬁ;k»Q
ARBa-a () = 5 Ty ;;(—2(1)—?),%; 42 k) .

For the numerator, identity 15.2.17 from [1] 2 F1 (a,b;c — 1;k) — 202 F1 (a 4+ 1,b;¢; k) =

LB (a,b;c3k) witha=—(p—1), b= % and ¢ = &2 yields,
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AREdfdl (Fc) =

Substituting for k& gives the desired result.

To get the expression for AREy, (k) note that the efficiencies of the components

A2 A2

Sty
. d—dy

Interchanging the roles of d; and (d — dy), set dj = d — dy. Substituting s~ and d}

would be the same whether the scatter matrix is A or A* = diag | A2, -, \2,

into the expression above gives the desired expression.

B o F} (—(p—l),dll;d%?;l—ﬁ”)
AREd—dll (I{', ) = ,1

2
d
2 F1 <—2 (p—1), % H31- Kﬁ?)
o F? <— (p—1), G, H2:q — ,(2)

2 Fy (—2 (p—1), 5% 21— 572)

Lemma 5.2.4 For 1 — dQ—l < p <1, the function

f oy 0D ) R (1 p g )
p\T) = =
2B (—2(0— 1), 552 20) R (20— p), S5 Ga)

s uniquely maximized at x = 0.

Proof. Note that f,(0) = 1. Taking derivatives of f, (), it can be shown that
fp(0) = 0 and f(0) < 0, thus x = 0 is indeed a local maximum, however, it is is
desired to prove it is a global max. Break this down into two cases, z € [0,1) and

z < 0.
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Case i) z € [0,1) The Gauss hypergeometric function is the analytic continuation to
the whole complex plane of the Gauss hypergeometric series, thus the the value of the
function and the series correspond on the series’ radius of convergence in the complex
plane, which is |z| <1 when R (¢ —a —b) > 0 as is the case when 1— & <p <1 Thus

for x € [0,1), fp(x) can be written in terms of infinite series,

7 (1 p b g2 (Zn=0 @
= d

2
fo () = = -
! 2F1 (2 (1_p)7d_%;%;$> Zoo (d21>n(2(1_p))"xn

where (z), =z (x+1)(z+2)---(zx+n—-1) = (Ifj(Jr)n) is the Pochhammer symbol.

If it can be shown that the coefficients of the terms of the power series in the denom-
inator are greater or equal to those in the numerator, than it follows that the function
fp (z) is monotonically decreasing as x goes from 0 to 1. However, the numerator is
problematic in that it is squared, thus to get at its power series expansion, it is necessary
to take the Cauchy product.

Within the radius of convergence, one is guaranteed that series obtained by taking
the Cauchy product in the numerator converges to the value of the original series being

squared. Recall the Cauchy product of two series is given by,

n=0 j=0

Doing this for the numerator gives

d—d B 2 (d—d1 1_ (d—d1 1—
i ( 2 1)n( p)nxn _ io: Zn: 2 j )] x] 2 n—j ( p)n—] xni]
n=0 (%)nn! n=0 j=0 (%)j]' (%)n,j (n—j)!

Thus for the coefficients it is desired to show

), 020 (54), 0Py () ea-p,
LT >M<n IR S

For n = 0,1, equality holds. Consider the function
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d—dy
— Tt

d+2
7t

h(xz)=

Clearly lim,;_,ooh () = 1. Computing its derivative gives

() (5m), ., (%),
), (), = (),

Note the on the left hand side, expressions with the subscript ¢ or (n — 7) is the product

of i or (n —1) terms, thus there are a total of n terms in both the numerator and
the denominator, the same is true for the right hand side. Obviously, when i = 0 or
i = n, there is equality. However, for all other ¢ the inequality is strict. To see this first

consider the case ¢ = 1. This gives,

d—d d—d
d_2d1 ( 21)71—1 ( 21)77,—1
a2~ (42) = h(0) (22
2 2 Jn—1 2 Jn—1
()
2 n—1
< h(n—-1) (M)
2 -1

The argument is similar for all other 7, just continue to pull out terms. This leaves

(0D () 00 (), $0pon
j=0 =), 7

Focus on the sum on the right hand side; rewrite it as
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~(1=p);(1=p)y ~nCA-p+j)T(1-—p+n—j)
2 it (n—j)! _]Z:;n! F(1-p)j! T(L—p)(n—75!

§=0
_Z”: o 1T 1—p+])F(1—p—|—n—j)_
]:On Inl T(1—-Dp) r'l-p)
< o ) Tn+2-2p)LQ2=2p)TA—p+j)T(1-p+n—j) _
jZO" Tn+1)T(n+2-2p)T(2—2p) T (1-p) I'(1—p)

_Pm+2-2p) ¢~  B(G+l-pn—j+l-p) Tm+2-2p) (2(1-p),

n!T" (2 — 2p) j:On J B(1—-p,1—p) n!T" (2 — 2p) n!
where ,C; = ﬁlj), The terms in the sum give the probability a Beta-Binomial

random variable with parameters a =1 —p and b =1 — p is equal to j. Thus summing

from 0 to n will give 1. We thus have

n <d_2d1) . (1 —p)j (d—2d1 _A(l _p)n—j (d—2 ) " p) By
; i < n n—j
=0 (%)j]' (%)n—j (n_j)' - % n ]Z:; n—j)!
(5. ea-w),
S @,

The last inequality follows from the fact that when 0 < p < % 1<2(1—-p) <2, hence

(2(1;11’))7» > 1.

Case ii) x < 0 Using the identity oF (a,b;c;2) = (1 —2) %9 F) ( —bic; £ 1)

yields
2
o F? (1 - D, d_2i§ %W) ((1 — x)—(l—p)2F1 (1 —p, % — d_zi; %; ﬁ))
2 I (2 (1-p), 5 %x) (1—2) 209, R (2 (1-p), &2 d=d, di2, ﬁ)

F (1 - D, d1+27 d—g2ﬂ L)

211 (2(1—p), 32 42, 2, )
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Let y = _%5, as x goes from —oo to 0, y goes from 0 to 1. Define the function

| o F} (1—1),#;%;(@)
y =
2 (2(1 -D), LQJFQ; %%ZO

The fact this is maximized at y = 0 is shown in the same manner as case (i) with the

exception that for this case

di1+2
h(y):d?ﬂi_'_y
= Ty

Clearly limy—ooh (y) = 1. Computing its derivative gives

for all y. QED

The necessary machinery has been established to prove Theorem 3.3.1, however, a

similar theorem will be proved for the estimator g, in which the spatial median is a

special case (ﬁ1/2 = ﬁSM).

Theorem 5.2.1. Let x3,...,X, represent an i.i.d. sample from E; (w, X; G) with

the conditions necessary for the information inequality to hold. Then

AE (p,;0°14,G) > AE (n,; 2, G)

Furthermore, for 1 — % < p <1, equality holds if and only if 3 o 1.

Proof. Focus on the ratio

AE (p1,;0%14,G) — in a(G)ale?Ia Jmin a(G)alXa
1B (4 2.G) "R G aty, (07 al "R 5 (G atPY, (A) P
. alo?Ia al>a
MiNgcpd

aty, (c%1) a/mmaeRd a'PV, (A)P'a
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since it does not depend on the particular radial distribution, one can consider a par-
ticular family of distribution. For convenience, pick the family of elliptical power distri-
butions mentioned in section 2.5.2. When ¥ = 01, R, corresponds to the MLE of p,
thus AE (ﬁp; o’1,, Gp) = 1 and the inequality is established since AE (ﬁp; 3, Gp) <1.
One than proceeds just as in the proof of theorem 3.4.1 to get the general case.

For uniqueness in the case 1 — %1 < p <1, note that one can write,

atAVMLE (2; G) a
a'AVy (5;G)a

AFE (f1,; 2, G) = mingcga

Above corresponds to the largest eigenvalue of the matrix Avﬁ_l (3;G) AVyre (5:;G).
P

Writing out these matrices explicitly, one has

AV (SG) AVire (3:G) = (8, (G) PV, (A)P)) ! (a(G) PAPY)

Hp
.« (G) -1 t
= Bp (G) PVp (A) AP

As in the previous paragraph, the scatter structure for which the asymptotic effi-
ciency is maximized does not depend on the particular elliptical distribution, G. For

reasons that will be apparent as the proof proceeds, multiply the expression on the

. d d . .
right by (d+2(p—1))2/(d+2(p—1))2' This gives
_ G) (d+2(p—1))2{ d ~
AV (S:G) AV (85:G) = 2 PV ! (A) AP
py (3G AV (35:G) = 3 ey d @rzp-np oy W

The expression in the braces is the matrix Avﬁ_pl (3;Gp) AV, (35 Gp), hence if it can
be shown that this expression is uniquely maximized under spherical symmetry, the
result will hold for the asymptotic efficiency as well. Furthermore, since the matrices
PV, (A) AP' and V, ' (A) A, have the same eigenvalues, one need only consider the
latter simplified case when P = I5. The matrix V, L(A) A is indeed a diagonal matrix,
hence its eigenvalues are simply the diagonal components. To this end focus on one
of the diagonal components, say the (** diagonal component. This corresponds to the

asymptotic efficiency of the ¢ component of the estimator B, to [y ,, it is given by,
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2(p—1) 2(p—2)
i s 20 b
AE, (ﬁ'pv ﬁA,p; A, Gp) = 4(p—1) ¢
2 1 P 2,2
@i+ 20— )7 B [[atug)"
In lemma 5.2.2 it is shown that as a multivariate function of Ay,...,\s, the only

place where the gradient of the function AF, (ﬁp, Bp s A, Gp) can be 0 is when \; = A
for ¢ # «. This is a special case of situation considered in Lemma 5.2.3, where d; = 1,
thus there is a closed form expression for the values of AF, (ﬁp, B s A, Gp) in terms
of Gauss hypergeometric functions in this case. Lemma 5.2.4 however shows that this
function is uniquely maximized when x = 1, which corresponds to the case of spherical

symmetry, thus proving the results. QED

Note that one can also obtain similar results to Theorem 2.3.4.1 and Corollary 3.4.1

for oracle and affine versions of the estimator p,,.

2.5.5 Simulation Results

Below are the proofs of theorems states in section 2.4.1.

Theorem 4.1.1. Let x1,...,X, represent an i.i.d. sample from E; (w, X;G). Let
)‘%U > /\%2> > > /\%m> be the distinct eigenvalues of 3 where m < d is the number of
mutually orthogonal eigenspaces of 3. For any orthogonally equivariant estimator of p
based on a sample of size n, @, with variance-covariance matrix V,, () = Var|m,],

the following are true,

1) V,, (1) and X have the same eigenspaces; consequently they have the same eigen-

projections and/or eigenvectors.

2) Let A\, > A3, > --- > A}, denote the eigenvalues of V., ([i). It follows the
etgenspace associated with )\?ﬂ is the same that is associated with /\f. Consequently,

/\12,71 = A2 if and only if \? = )\?.

j7n
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Proof. Without loss of generality, assume g = 0. Start with the case 3 = A. First

it will be shown that the V,, (i) is a diagonal matrix. Partition V,, (&) into

v11 V12 - Vid v v
11 Vi1 12
. V21 V22
Vi (B) = = vi owi v
t
Vi, va Vo
vdl .. PEEETY ’Udd

Consider the following diagonal orthogonal matrix

Because of orthogonal equivariance, if one uses the estimator, p,,, for the data

x; € R4 i =1,--- ,n, then the corresponding estimator for the data Q,x; € R?, =
1,---,n, would be Q,fi,,. Additionally, Var[Q,n,] = Q,Var[f,] Q' = Q, V. (1) Q'
Since p = 0 and the components of x; are uncorrelated it follows Q,x; ~ x;, thus

Q, i, ~ [i,. This implies Q,V,, (1) Q! = V,, (). However,

Vii —vi Vi

QV.(@WQ = | —vi vy v

Vi, —va Vy
Thus vi = —vy and v = —vg or vi = 0 and vy = 0, i.e the (th component of the
estimator f,, is uncorrelated with the rest of the components. Doing this for every
v € {1,...,d}, it can be shown that every off-diagonal component is 0. Hence V,, (1)
is a diagonal matrix, thus the canonical unit vectors e,,¢ € {1,...,d} can be taken as

an eigenbasis.

To prove (2), suppose that diagonal elements of A (i.e. eigenvalues) A\; and \; are
equal. Let K be the permutation matrix that swaps the 4t and k" component of any
vector in RY; K i is an orthogonal matrix. It follows that K ;x; ~ x; since the jth and

k" component of x; both have location parameter 0, are uncorrelated but have the same
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~

scale. Consequently, K; r1t,, ~ fi,, and as in part (1) we have K; , V,, (1) K;k =V, ().
Since, V,, (i) is diagonal, pre-multiplying by K ; and post-multiplying by K;k simply
swaps the j* and k** diagonal elements. In order for equality to hold, it must be that
the j*"* and k" diagonal elements are equal, thus proving the eigenvalues are equal.

The fact that V,, (;t) and A can be represented by the same eigenbasis and have
repeated eigenvalues at the corresponding indices implies (1), i.e. that V,, (@) and A
have the same eigenspaces, thus the same eigenprojections and/or eigenvectors.

For the general case, using the spectral decomposition, ¥ = PAP?, one can write
A = P'SP. Suppose y;,¥s9,---, ¥, ~ £4(0,A;G), it was shown the results of the
theorem hold for V,, (1) where p,, is the estimator using the data y;, i = 1,...,n. Let
x; = Py;, i =1,...,n; it follows x; ~ &;(0,%;G). A and X not only have the same
eigenvalues, but also the structure of the eigenspaces of 3 can be obtained from A by
rotating the aforementioned eigenspaces by the orthogonal matrix P. By orthogonal
equivariance, the estimator using the transformed data is Pu,,. Thus, Var [Ppn,] =
PVar i, P' = PV, (1) P!, thus the covariance matrix has the same eigenvalues as
the matrix V,, (;t). Furthermore the structure of the eigenspaces of Var [Pu,,] can be
obtained from V,, (i) by rotating the aforementioned eigenspaces by the orthogonal
matrix P, thus implying the general result. QED

We have the following corollary.

Corollary 5.5.1 Let x1,...,x, represent an i.i.d. sample from E;(w,2;G). Let
)\%D > )\%2> > > /\%m> be the distinct eigenvalues of 3 where m < d is the number of
mutually orthogonal eigenspaces of 3. For any orthogonally equivariant estimator of

K, [, with asymptotic variance-covariance matriz AV, the following are true,

1) AV, and X have the same eigenspaces; consequently they have the same eigen-

projections and/or eigenvectors.

2) Let )‘%,n > )\%’n > e 2> A?l,n’ denote the eigenvalues of AVg. It follows the

eigenspace associated with )‘?,n is the same that is associated with \?. Consequently,
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/\12771 = A2 if and only if /\Z2 = )\?.

j7n

Proof. The proof follows the same way as that of theorem 4.1.1.

Theorem 4.2.1. Let x1,...,X, represent an i.i.d. sample from E;(pu,X;G), with
G absolutely continuous with respect to Lebesgue measure and not possessing finite sec-
ond moments. For n = 3, the spatial median, oracle spatial median and any affinely
equivariant spatial median do not possess finite second moments. This also holds for

the case d = 2 and n = 4.

Proof. First consider the case where the sample size is 3, denote the points x1,Xs
and x3. Since it is assumed the underlying probability density function is absolutely
continuous with respect to Lebesgue measure, the probability they are collinear is 0.
Thus For any dimension greater than or equal to 2, the 3 points will always be coplanar.
Consequently, they will form a triangle in some 2-dimensional affine subspace. In this
instance the point that corresponds to the spatial median is a long solved problem in
geometry and is called the Fermat point of the triangle. The Fermat point of a triangle
is found as follows. If the largest angle in the triangle is less than 27 /3 radians, than
the Fermat point corresponds to the unique interior point, denoted x*, such that if one
were to draw a line from this point to every vertex, the angle between each line is 27 /3.
If one of the angles of the triangle is larger than 27/3, than the Fermat point is the
vertex of that angle.

Define the following events on the sample space.

E; = the angle formed at vertex x; > 27/3
Ey = the angle formed at vertex xg > 27/3
E5 = the angle formed at vertex x3 > 2m/3

E,; = the angle formed at every vertex is < 27/3
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These four events form a partition of the sample space (excluding the case of co-linearity

which has probability 0). The spatial median is given by the following random vector,

sy = Ip,x1 + Ig,x0 + Ipyx3 + I, X"

where 14 is the indicator function for the event A (i.e. equal to 1 if event A occurs and
0 else). The covariance matrix of this random vector if it existed, would be given by

the following expression

Vs (pgy) = Var [Ig,xi1] + Var [Ig,x2] + Var [Ig,x3) + Var [Ig,x*] =32 + X*

The covariance matrices Cov [Ip,x;, Ip,x;] and Cov [Ig,x;, Ig,x*] reduce to the zero
matrix because the events F;, i = 1,2, 3,4 are all mutually exclusive. Suppose V3 (ftg;/)
had finite second moments. Then for every non-zero vector, a € R?, it must be the case

that

a'Vi (figy)a=a' (32 +E*)a=3a'Sa+a'S*a < oo

This would necessitate a’¥a < oo, contradicting the fact that x has finite second
moments.

Now take the case the dimension is 2 and there are 4 sample points, X1, X2, X3 and
x4. In this situation there are only two possible ways the points can be arranged (again
since the probability density function is continuous, the probability they are collinear
is 0), the four points could either form a quadrilateral, or one of the points could be in
the convex hull of the other three (which consequently form a triangle). The problem of
finding the spatial median for four coplanar points is a solved geometric problem. If the
four points form a quadrilateral, construct the two lines formed by connecting opposite
vertices. These two lines will meet at unique point in the interior of the quadrilateral
denoted x*. This point is the spatial median of the four points. If one of the points
lies in the convex hull of the other three, the spatial median corresponds to this point
in the convex hull.

Define the following events on the sample space.
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F7 = x7 is in the convex hull formed by the other three points
FEo = x5 is in the convex hull formed by the other three points
F3 = x3 is in the convex hull formed by the other three points
FE, = x4 is in the convex hull formed by the other three points

FEs5 = the four points form a quadrilateral

These five events form a partition of the sample space (excluding the case of collinearity
which has probability 0). The spatial median is now given by the following random

vector,

oy = Ipyxi + Ip,xo + Ig,x3 + Ig, x4 + Ip X"

Arguing similarly, its covariance matrix, if it existed, is given by,

Vi(pgy) =43+ X7

Suppose Vy (fig)y;) had finite second moments, it would then follow that a’¥a < oo, a
contradiction.

To get the result for the oracle spatial median or affine spatial median, recall that
one can calculate there via the transform-retransform method. Thus in both cases it
would reduce to first finding the spatial median for the data z; = 2_%xi. Applying the
same arguments used above, one could show that the spatial median for the z; will not
have a finite second moments, thus nor will the oracle spatial median or affine spatial

median.
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Chapter 3

The Spatial Sign Covariance Matrix

3.1 Introduction

One reason multivariate procedures are implemented is to understand the relationships
between several quantitative variables of interest on the same experimental unit. For the
case the multivariate random vector arises from some elliptical distribution, the scatter
matrix, 3, is the parameter that dictates the variability and relationships between the
components of the vector. Consequently, many methods involve obtaining estimates of
this parameter or characteristics of this parameter. Perhaps the most commonly used
estimator for ¥ is the sample covariance matrix. Despite its popularity, its limitations
are just as infamous. In particular, the sample covariance matrix is sensitive to outliers;
a few non-typical observations can lead to an estimate that is in reality not close to
3. This fact is particularly problematic when the data arises from distributions that
have wider tails than the multivariate Gaussian distribution, a situation where extreme
observations are more likely. Consequently, much research has focused on developing
estimators that still provide suitable estimates of X despite the fact outliers are present.

One estimator proposed as an alternative to the sample covariance matrix is Tyler’s
scatter matrix [35]. Tyler’s matrix is an example of an affinely equivariant M-estimate
of scatter. While affinely equivariant M-estimators of scatter address the problem of not
being affected by outliers, i.e. are robust estimators of 3, this does not hold for every
situation. As mentioned in the introduction, when n < d+ 1, it can be shown that any
affinely equivariant estimator of scatter is indeed the sample covariance matrix [38]. To
handle the case when n < d+1, scatter estimators that sacrifice affine equivariance have

been proposed; one such instance is the the spatial sign covariance matrix (SSCM). The
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SSCM possesses the more restrictive property of orthogonal equivariance. In its calcu-
lation, the SSCM down-weighs observations based on their Euclidean distance from the
estimated center of data. On the other hand, Tyler’s matrix down-weighs observations
based on their Mahalanobis distance from the estimated center of data. If the data
arises from some elliptical distribution, the previous fact implies the Tyler matrix is
down-weighing observations in accordance with the likelihood that observations will
occur. Thus one might conjecture that under the elliptical model with 3 Iz Tyler’s
scatter matrix outperforms the SSCM.

Many procedures are not interested in 3 but rather its eigenprojections and eigen-
vectors, PCA being an example, thus estimation of these is the primary goal. Under
the elliptical model, one might surmise that if Tyler’s matrix outperforms the SSCM in
terms of estimating X, then an eigenprojection/eigenvector of the Tyler matrix would
outperform the corresponding eigenprojection/eigenvector of the SSCM as an estimate
of the corresponding eigenprojection/eigenvector of 3. This chapter of the dissertation
focuses on comparing Tyler’s matrix to the SSCM when the goal is estimating eigen-
projections and eigenvectors of 3 under the elliptical model. Section 2 discusses Tyler’s
matrix and its significance as the MLE for 3 when the data follows an angular central
Gaussian distribution. In section 3, the SSCM is reviewed in more detail. Section 4
presents the main theoretic results regarding Tyler’s matrix and SSCM under the ellip-
tical model, namely the superiority of the Tyler matrix to the SSCM when the goal is
estimation of eigenprojections or eigenvectors. In order to quantify exactly how supe-
rior Tyler’s matrix is compared to the SSCM under the elliptical model for estimating
eigenprojections a specific, yet informative, scatter structure is considered that admits
a non-arbitrary definition of asymptotic relative efficiencies for these estimators. Cal-
culation of these asymptotic relative efficiencies under this scenario are then presented.
This is all included in section 5. In section 6, simulations are implemented to compare
the performance of the eigenprojection matrices based on Tyler’s matrix and the SSCM
under the elliptical model. To do so, a measure of relative efficiency is defined based
on principal angles; the first part of section 6 reviews this concept. Discussion of how

the simulations were implemented and the results are then presented.
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3.2 Tyler’s Scatter Matrix

Let X1, ...,X, be a multivariate sample. In [35], the author proposed using the solution
to the following implicit equation as an estimate of the scatter matrix of the the data
S _dNn () (ki i)
~ t o1 —~
IS (ki = By) Ta, (Xi— )

where 1, is some estimator of location. The proof of the existence of the estimate

involves showing it is the limiting point of a specific algorithm, thus providing a means
to obtain the estimate. For the case the data comes from some elliptical distribution
Ei(pn,3;G) and p is a consistent estimator of p, the asymptotic distribution of the
estimator 'i'ﬁ does not depend on the particular elliptical distribution (i.e. it does not
depend on G). In addition, for the case that p is known (i.e. &t,, = p) the finite sample
distribution of the Tyler matrix also does not depend on G. For this special case, the
notation will be %n, where it is understood that the estimator of location is the known
location vector, p. Tyler’s matrix is the most robust estimate of the scatter matrix for
elliptical distributions in that it minimizes the maximum asymptotic variance.

An important characterization of Tyler’s matrix is that it is the MLE for 3 when
the data comes from an angular central Gaussian distribution [36]. The probability
density function of the angular central Gaussian distribution is given by,

fxp,%,6) = l;fd//g) (x—p) =7 (x—p) iet=1)

where I 4} is the indicator function for the set A and L, is some estimator of location.
Being a probability distribution on Sy, in its stochastic representation, the radial com-
ponent assigns all the mass to the value 1, this distribution is the Dirac delta measure
at x = 1. Thus for a random variable following an angular Gaussian distribution, one

will write x ~ &g (p, X5 d1).
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3.3 Spatial Sign Covariance Matrix

Given a multivariate sample x1,...,X,, the spatial sign covariance matrix, or SSCM,
is given by
n ~ ~ ¢
gA _ EZ (Xi — p‘n) (Xi — “n)
b, = P =~
n i=1 (Xi - ll‘n) (Xi - p‘n)

o~

where p,, is some estimator of location. Of note is that T'r (Sﬁn) = 1. Similar to
Tyler’'s matrix, under the elliptical model, the asymptotic distribution of the SSCM
does not depend on G provided i is a consistent estimate of . Additionally, if p is
known, then the finite sample distribution also does not depend on G} for this situation
the notation Sn will be utilized. Unlike Tyler’s matrix, this estimate of scatter has a
closed form solution. This estimate of scatter was first introduced in [3], though the
name spatial sign covariance matrix was coined by Visuri in [40]. Since the asymptotic
distribution of the SSCM under the elliptical model does not depend on p provided
is a consistent estimate of p, one can assume that p is known. For this situation let
E [S’n} = B, notice this is the same for all n. In general, E ¢ 3, thus the SSCM is a
biased estimate of 3 both for finite samples and asymptotically. In particular, it can

be shown the eigenvalues of the SSCM are biased estimates of the eigenvalues of 3.

These prior facts are all shown in the section 3.6.3 of the appendix.

3.4 Theoretical Results

3.4.1 Optimality of the Tyler Matrix under the Elliptical Model

As mentioned in the introduction, since the SSCM is only orthogonally equivariant, it
is speculated that for the elliptical model, Tyler’s matrix would be a better estimator
of 3. For many multivariate statistical applications, the focus is not estimating X but
rather its eigenprojections/eigenvectors. As mentioned, the SSCM is a biased estimator
of ¥, however it is shown in section 3.6.3 the appendix that & = PAP! where A is a
diagonal matrix. Consequently, the eigenprojections of the SSCM have been proposed

in applications that require estimating the eigenprojections/eigenvectors of 3. Most
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notably, [17] and [22] suggested its use in PCA. Since the Tyler matrix is a superior
estimator of ¥ than the SSCM under the elliptical model, one might suspect that
eigenprojections and eigenvectors of the Tyler matrix would be better estimators than
the corresponding ones of the the SSCM.

Before stating this formally in a theorem, the following notation must be established.
Recall, for the scatter matrix 3, the eigenprojection associated with the eigenvalue )\?
will be denoted P;. For the matrix E, let 6% > 0> 53 denote its eigenvalues. It
is shown in the Appendix that P; will also be the eigenprojection associated with the
eigenvalue 53 . It is also shown, the eigenvalues )\? and (52-2 will have the same geometric
multiplicities, denote the geometric multiplicities as d1, . . . , dgy. For any subset of indices
N ={h,h+1,...,h+ p— 1}, the total eigenprojection of either X or E associated with
the eigenvalues associated with these indices is Py = Zfi,f ! d%_P,-. For the scatter
estimate '?ﬁ, let r/I\‘l be the eigenprojection associated with its i largest eigenvalue.
For multivariate distributions absolutely continuous with respect to Lebesgue measure
in R?, the eigenvalues of T 5 will be distinct with probability 1. It follows that T N =
Z?;r,f -t ’i‘z is an estimator of the eigenprojection P s. Similarly, for the scatter estimate
S a» let §1 be the eigenprojection associated with its i*" largest eigenvalue. Again, for
multivariate distributions absolutely continuous with respect to Lebesgue measure in
R?, the eigenvalues of S a will be distinct with probability 1. It follows that S N =
Z?:,f -1 gz is an estimator of the eigenprojection P /.

Much literature has been devoted to the distributional properties of the eigenvalues
and eigenvectors of a scatter estimator. The results presented in this part utilize meth-
ods introduced in [33]. In his dissertation, perturbation methods were used to derive
Taylor series expansions of projection matrices into the eigenspaces of a matrix. In [34],
the author implements these methods to derive the asymptotic distributions of projec-
tion matrices into the eigenspaces of scatter estimates. A review of these methods is
relegated to section 3.6.1 of the appendix. These methods are used to prove subsequent
theorems pertaining to estimation of the eigenprojections and eigenvectors of a scatter

matrix estimate. The results of [34] imply
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vn (vec <’/I\‘N - PN>) —p Normye (O, AVz (2))

and

N (vec <§N - PN)) —p Normye (0, AV, (2))

where AV (X) and AVg (X) are the asymptotic variance-covariance matrices of the
estimators ’T‘N and §N respectively. Note that these depend on the underlying scat-
ter matrix of the data, 3. However, an important caveat is that the aforementioned
asymptotic variance-covariance matrices are not of full rank. The form of these matri-
ces is described in the Appendix. Before the main result is proven, the following lemma

is needed the proof of which is relegated to section 3.6.2 and 3.6.3 of the appendix.

Lemma 4.1.1. Let xq,...,x, represent an i.i.d. sample from E;(pu,X;G) and let
i be an asymptotically consistent estimator of . It then follows that AVg (O'ZId) x
m
2
AV,?ﬁ (0 Id).

Proof. See section 3.6.3. of the appendix.

Theorem 4.1.1. Let x1,...,X, represent an i.i.d. sample from E; (u, X;G) and
let @ be an asymptotically consistent estimator of w. For 'i‘/\/ and §N7 estimators of
P, the total eigenprojection of X associated with the eigenvalues indexed by N, it

follows

AV, (8) > AV ()

Furthermore, as ¥ — 0?14, the above expression approaches equality.

Proof. Since the asymptotic distribution of either estimator does not depend on
G, one can choose a convenient elliptical family to work with. In particular choose

the family of angular central Gaussian distributions, i.e. G = ;. Recall that in this
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situation, the Tyler matrix is the MLE, thus it attains the Cramer-Rao lower bound.
Further note that the eigenprojections of a matrix are attainable as functions of the
matrix of interest, i.e. 33 in our case. By the invariance properties of the MLE, it fol-
lows that T ' is the MLE for Py under the angular central Gaussian model. Thus the
matrix AV’T_‘N (X) is less than or equal to the asymptotic variance-covariance matrix of
any other asymptotically unbiased estimator of Pys. The eigenprojection matrices of
the SSCM are asymptotically unbiased estimators of P s, thus proving the inequality.
By Lemma 4.1.1., as & — o021, it follows AVgﬁ (X) approaches a matrix that is pro-
portional to AV?ﬁ (3). This implies the matrices AV’E‘N (3) and AVgN (X) approach

equality (See section 3.6.3 of the appendix for details). QED

When sampling from elliptical distributions, the above theorem implies that asymp-
totically it is better to use Tyler’s matrix to obtain estimates of eigenprojections as
opposed to the SSCM. In the special case \? # )\22, for i # ¢, the geometric multiplicity
associated with the eigenvalue A\? is 1, thus there is a unique eigenvector (unique up to
multiplication by +1) associated with the eigenvalue A2. In this paradigm, one is not
so interested in the eigenprojection associated with )\f as they are the eigenvector itself.
To this end, let py,...,py be a set of eigenvectors for X. Let fz ands;,t=1,...,d, be
a set of eigenvectors for the scatter estimates ’?ﬁ and S i respectively. Again, utilizing

results from [34] one has

o~

vn <tL - pL> —p Normy (O’AVE (E))

and

Vn (s, —p,) =p Norm, (0, AV, (X))

where AV; (¥) and AV, (¥) are the asymptotic variance-covariance matrices of the
estimators t, and §, respectively. Again note that these depend on the underlying scat-

ter matrix of the data, 3. It can be shown the rank of the aforementioned asymptotic
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variance-covariance matrices is d — 1, thus the limiting distributions are in fact de-
generate distributions that lie in a d — 1 dimensional subspace. The following theorem
pertaining the the asymptotic distribution of eigenvector estimates based on the scatter

estimates '?ﬁ and 8 f is presented.

Theorem 4.1.2. Let x3,...,x, represent an i.i.d. sample from E4(w,X; G) and

let i be an asymptotically consistent estimator of w. If \? # )\12, for i £ 1 it follows

AVg, (3) > AV (2)

Equality holds when the vector under consideration for the quadratic forms is p,. Fur-
thermore, as ¥ — o021, the above expression approaches equality for any vector con-

stdered in the quadratic forms.

Proof. This is proved in an analogous manner to Theorem 4.1.1. The modification
is the fact that the function of ¥ being estimated is no longer the eigenprojection P,,

but rather the eigenvector p,. QED

3.4.2 Asymptotic Calculations

The results of the previous section showed that under the elliptical model, when the
goal is estimating the eigenprojections/eigenvectors of 3 the corresponding eigenpro-
jections/eigenvectors of Tyler’s matrix have a smaller asymptotic variance than those
of the SSCM. Furthermore, it was shown that for a given eigenprojection/eigenvector
of interest, when the underlying elliptical distribution approaches spherical symmetry,
these two estimators tend to the same estimator. To get a better sense of how much bet-
ter the eigenprojection estimator T A is compared to S A, the matrices AV’T‘N (X) and
AV§N (X) will be computed for specific scatter structures. Unfortunately, there is not
a general consensus as to how to compare scatter estimators or their eigenprojection

matrices and/or eigenvectors. Fortunately, the specific scatter structures considered

admit a non-arbitrary means to compare them. The scatter structures considered are
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of the form,

> =Ag =diag | N%,... 02,7202, r2 )2
dy d—d,

for 0 < r < 1. Note that this scatter structure has at most two eigenvalues; the
eigenvalue A2 corresponds to the eigenspace Ep, = Z?;l E; and the eigenvalue r?\?
corresponds to the eigenspace Eﬁl =1;—-Ep, = ch‘l:dl 41 Ei where E; = e;el with
e; being the i*" canonical unit vector . Small values of 7 correspond to the situation
where the majority of the variation of the data lies in a d; dimensional subspace of R%.
Let T v and S A be estimators of Ep,. Under this scatter structure, it is shown in the

appendix that

dq d
¢ ¢ t t ¢ t ¢ ¢
AV’I“N (Ag) = Z Z AT, 4, (eiei ® eje; + ee; ® eje; + ej€; ® e;e; + eje; ® eiei)
i=1 j=di+1
i d
¢ ¢ ¢ ¢ ¢ ¢ t ¢
AVg, (Ao) = Z Z as,, (eie; ®eje] + ee; ® eje + eje; © e;e] + eje; © e;ey)
i=1 j=d1+1
where
d+2 r2
a _
Td,dl d (1 _ r2)2
and
d .2 di+2. d+4. 2
mr 2F1 <2,1T,%,177" )
AS4a4, =

2
<2F1 (1, D2 42— r2) —125F) (1, G2 - 7“2))
These above forms imply AVz (Ap) and AVs,. (Ap) only differ by a constant, thus a
natural method of comparing the two is to compare these constants. In particular, the

asymptotic relative efficiency of S A to T '» will reduce to the ratio,
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Figure 3.1: Asymptotic Relative Efficiencies of the Eigenprojection Estimate of the
SSCM to the Corresponding Eigenprojection Estimate of the Tyler Matrix in R?
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The last equality is shown in section 3.7 of the appendix.

As mentioned, ’i‘/\/ and §N are estimators of Ep,; it follows that (Id — ’T‘N> and
<Id — §N> are estimators of El%l. Consequently, since the estimators of Ep, and Eﬁl,
only differ by the constant matrix Ig, it will be that AVg (Ag) = AV . (Ap) and
AVg (Ag) = AVi &, (Ap), thus one need only consider the asymptotic efficiency for
one of the eigenprojections.

Plotted in Figure 3.1 is ARE 4, <§ A ’T‘N,r) in two dimensions. The asymptotic
relative efficiency is quite low when 7 is close to 0. This indicates the drastic inferiority of
the SSCM to the Tyler matrix in estimating Ep, for nearly singular scatter structures.

In three dimensions, the two situations to consider are Ay = Ay and Ay = Az, i.e.

d; = 2 and d; = 1 respectively. Presented in Figure 3.2 on the following page are the
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Figure 3.2: Asymptotic Relative Efficiencies of the Eigenprojection Estimate of the
SSCM to the Corresponding Eigenprojection Estimate of the Tyler Matrix in R3

asymptotic relative efficiencies under both scatter structures as a function of r. Just as
in two dimensions, the asymptotic relative efficiency of Ep, is low when r is close to 0.
Of the two scatter structures considered, the one that is more deleterious in terms of
asymptotic efficiencies is Ag = diag (1, r2, 7,2).

In order to investigate how the dimension of the eigenspace of the eigenvalue of
interest affects the asymptotic relative efficiency, the following scatter structures will

be considered in 10 dimensions.
Ay = diag(1,1,1,1,1,1,1,1,1,7?)
As = diag(1,1,1,1,1,1,1,1,72,72)
A3 =diag(1,1,1,1,1,7%, 7% 12 12 r?)
Ay = diag(1,1,72 72 r2 72, 12 r2 2 r?)
As = diag(1,72, 72, r2, 72, 12 r2 r2 12 r2)

Plotted in Figure 3.3 are the asymptotic relative efficiencies for the above scatter struc-

tures. The larger the dimension of the eigenspace associated with the larger eigenvalue,
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the higher the asymptotic relative efficiency. This indicates not much is lost by using
the corresponding eigenprojection estimate of the SSCM, even under nearly singular
scatter structures. However, as the dimension of the eigenspace associated with the
larger eigenvalue, the asymptotic relative efficiencies steadily decreases, in some in-

stances being quite poor for nearly singular scatter structures.

3.5 Finite Sample Performance

3.5.1 Finite Sample Theory

The results of the previous section showed that asymptotically, the inefficiency of the
SSCM compared to to the Tyler’s matrix for estimating the eigenprojections of the
scatter matrix Ag can be quite severe under the elliptical model when Ag is far from
singular. However, for practical purposes, it is desired to understand how severe the
inefficiency can be in the finite sample setting. Working out the finite sample dis-
tributions of the aforementioned scatter estimates, let alone the distribution of their
eigenprojections and eigenvectors, is quite formidable. Furthermore, in the finite sam-
ple setting, for a given distribution there are two factors to consider when studying
the relative efficiency of the SSCM to Tyler’s matrix: the first being the effect of the
scatter structure of the data and the second being the particular estimator used for the
location vector.

Fortunately, under the elliptical model in the situation where the location vector is
known a priori, the only factor one need consider is the scatter structure of the data.
As mentioned in the sections discussing these estimators, when the known location
vector is used in the construction of these estimators, the finite sample distributions of
these estimators does not depend on the particular elliptical distribution (i.e. does not
depend on G) hence nor will the finite sample distributions of their eigenprojections or
eigenvectors. Unfortunately, the exact form of these distributions is not known, so one
must still resort to simulations to ascertain their behavior. However the previous fact
dictates that one only need to implement simulations for one distribution. While it is

hardly ever the case that one will know the location vector a priori, considering this
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is beyond the scope of this dissertation. Consequently, only the effect of the scatter
structures of the data will be considered in these simulations, leaving the point of
estimating the location parameter as a future endeavor.

As mentioned in the last section, there is not a general consensus on how best to com-
pare scatter estimates, let alone eigenprojection estimates. Fortunately, by considering
a simplified (yet still informative) scatter structure, it was shown that the asymptotic
variance-covariance matrices of the eigenprojection estimators obtained from Tyler’s
matrix and the SSCM differed only by a constant under the elliptical model, thus re-
ducing the problem of comparing the two to a single number. This aforementioned
scatter structure was when there were only two principal component spaces associated
with A. Unfortunately, the finite sample variance-covariance matrices of these afore-
mentioned estimators do not possess the same form as their asymptotic counter-parts,
even when considering the same scatter structures under the elliptical model. While
the form of the finite sample variance-covariance matrices for both the aforementioned
estimators can be worked out under the elliptical model using symmetry and equivari-
ance arguments, a different means will used to compare them. The means to compare
them will be based on the idea of principal (canonical) angles, thus this concept will be
discussed.

The notation used in the proceeding paragraphs will be consistent with that utilized
in [26]. Principal angles can be used to describe how far apart one linear subspace is
from another. Let L and M be linear subspaces of R” with dim (L) =1 < dim (M) = m.

The principal angles between L and M,

0<0;<0,<---<06, <

| N

are given by

cosb; =

cxeLl, x1lxy, yeM, yly,, k:zl,...,i—l}
12| Lyl Il [y

(see [2]). It follows from the above definition, when the two subspaces coincide (i.e.

L = M) then the principal angles are necessarily 0. As a simple example; suppose
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it is desired to compare two linear subspaces of dimension 1. In R?, linear subspaces
of dimension 1 can be visualized as lines through the origin, thus the principal angle
between the two linear subspaces is simply the minimal angle between these two vec-
tors. Applying this concept for the problem at hand, recall that an eigenprojections
and estimators of them simply are projection matrices into subspaces spanned by their
columns. Thus, the concept of principal angles can be used to describe how far an
eigenprojection estimate is from the eigenprojection it is meant to estimate by com-
paring the subspace they both project into respectively. In [4], the authors present a
means to compute the principal angles between two linear subspaces in the following

lemma,

Lemma 1 Let the columns of Q7 € R™! and Qj; € R™™ be orthonormal basis

for L and M respectively, and let,

be the singular values of QLQ L, then

cosb,=c;,i=1,...,1,

and

o= =o,iff dim(LNM) = k.

Also useful is the following theorem from [26]

Theorem 3 The non-zero principal angles between L, M (are) equal to the non-

zero principal angles between L+, M.

The above two results are helpful if one wishes to consider the same scatter structures
for finite sample simulations that were considered in the asymptotic calculations in

section 3.4.2, that is scatter structures where there are only two principal component



85

spaces. The results imply that when the the dimension of the eigenspace being estimated
is 1 or d — 1, then there will only be 1 non-zero principal angle. (Note that when d
= 2 or 3, the subspace can only have dimensions, 1 or 1, 2 respectively.). For the
simulations, recall the finite sample distribution of the Tyler matrix and SSCM do
not depend on the underlying elliptical distribution provided g is known, thus the
only parameters that must be considered are the sample size and the scatter structure
of the elliptical model. Simulations were undertaken in dimensions d = 2,3 and 5.
In two dimensions, the scatter structures considered are diag(2,1), diag (16,1) and
diag (128,1). In three dimensions, the scatter structures considered are diag (2,1,1),
diag (16,1,1), diag (128,1,1), diag (2,2,1), diag (16,16,1) and diag (128,128,1). For

five dimensions, the following scatter structures are considered,

Ay = diag(2,1,1,1,1) A; = diag(2,2,2,1,1)

Ay = diag(16,1,1,1,1)  Ag = diag(16,16,16,1,1)

As = diag(128,1,1,1,1)  Ag = diag(128,128,128,1,1)
Ay = diag(2,2,1,1,1) A = diag(2,2,2,2,1)

As = diag(16,16,1,1,1) A1 = diag(16,16,16,16,1)

Ag = diag(128,128,1,1,1) Ayy = diag(128,128,128,128,1)

For the Tyler matrix, because it is affinely equivariant it was only necessary to im-
plement simulations for the case X = Ij. For a fixed sample size and dimension,
10,000 datasets were generated from an angular central Gaussian distribution. The
Tyler matrix was calculated for each dataset, denote this ’/7\'n By affine equivariance,
the Tyler matrices for uncorrelated scatter structures other than spherical symmetry
were obtainable by transforming the matrices via AY 2’?nAl/ 2. Once transformed, by
Lemma 1 in order to obtain the principal angles it is necessary to obtain an orthonor-
mal basis for the eigenspaces of interest. Recall the two eigenspaces of interest are

the subspace the matrix T D, Projects into and the subspace spanned by the canonical
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unit vector ey, ..., ey, denote them TDI, and Ep, respectively. The spectral decom-
position of the matrix A1/2’i'nA1/2 was obtained to get the eigenvectors jc\l, e ,jc\dl,

which serve as an orthonormal basis of T D,- An orthonormal basis for Ep, is simply
the canonical unit vector eq,...,eq,. Define the matrices Q@Dl = (jc\l, . ,:G\d1> and
QEp, = (e1,...,eq,). Denote the principal angles between the subspaces T p, and Ep,
as Ti,...,7q,. As described in Lemma 1, the singular values of the matrix Q%Dl Qr Dy
will be costy,...,costq,. The arccosine of these singular values were then taken to
obtain the necessary principal angles.

For the SSCM, since it is only orthogonally equivariant, it was necessary to imple-
ment simulations for each sample size, dimension and scatter structure considered. For
fixed values of the prior mentioned parameters, 10,000 datasets were generated and the
SSCM was calculated for each, denoted as S'n Similarly, the two eigenspaces of interest
are the subspace the matrix §D1 projects into, denoted ng, and Ep,. The spectral
decomposition of the matrix 3n was obtained to get the eigenvectors sy, ...,Sq,, which
serve as an orthonormal basis of Sp,. Define the matrices Qng = (s1,...,84,) and
QJEnl as before. Denote the principal angles between the subspaces ng and Ep, as
S1y...,64,- As described in Lemma 1, the singular values of the matrix thDl QED1 will
be cossi, ..., cossy,. The arccosine of these singular values were then taken to obtain
the necessary principal angles.

Note that the principal angles will have expectation 0. This is artifact of the way
principal angles are defined, that is as positive angles; consequently, there expectation
will be positive. This fact motivates a method to compare the eigenprojection estimates
obtained via the Tyler matrix and SSCM. Intuitively, the smaller the expected values
of the principal angles, the closer the eigenprojection estimator is to estimating the true
eigenprojection. Consequently, the sum of the expected values of the principal angles
was used a measure to compare different eigenprojection estimates, the ratio of these

sums for the two different estimators being the value of interest. That is define

E[T1+"'+le]

REn |:/S\D17'TD1;Ai| =
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Figure 3.4: Finite Sample Relative Efficiencies of the Eigenprojection Estimate of the
SSCM to the Corresponding Eigenprojection Estimate of the Tyler Matrix in R?

3.5.2 Results

In two dimensions, the only possibility is d; = 1, thus an exhaustive study of the relative
efficiency of the eigenprojection estimate obtained from the SSCM to that of the Tyler
matrix is possible. In this situation, 73 and ¢; correspond to the angle between the
eigenvectors fl and e; or 8 and e; respectively (the convention for fl and s is that
their first component is positive). The values of the relative efficiencies for various
scatter structures are given in Figure 3.4.

When A = diag(2, 1), the relative efficiency of the principal angle estimates is nearly
1, indicating the the SSCM estimates the eigenprojection matrix associated with the
eigenvalue 2 almost as well as the Tyler matrix. However, for scatter structures that are
more elliptical, as sample size increases, the relative efficiency decreases before leveling
off. For the case A = diag(16, 1), the efficiency is around 0.85 for sample sizes as small
as 9. Interestingly, the sample size for which the relative efficiencies are the worst is
n = 2, however, this will not be the case for all elliptical distribution. Recall in this
case, the Tyler matrix turns out to be equal to the sample covariance matrix. Unlike
the Tyler matrix or SSCM, the sample covariance matrix does depend on the radial
component of the elliptical distribution (i.e. does depend on R¢).

In three dimensions for scatter structures which have only two principal component
spaces, there are two situations to consider. The first situation is when the eigenspace

associated with the larger scale has dimension 1; the second being when the eigenspace
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Figure 3.5: Finite Sample Relative Efficiencies of the Eigenprojection Estimate of the
SSCM to the Corresponding Eigenprojection Estimate of the Tyler Matrix in R3

associated with the larger scale has dimension 2. In either situation, Lemma 1 im-
plies that there will be only one non-zero canonical angle. The values of the relative
efficiencies are presented in Figure 3.5.

For both cases, the relative efficiencies when the underlying scatter structure is
close to spherical symmetry (A = diag(2,1,1) and A = diag(2,2,1)) are close to 1
indicating the SSCM is performing nearly as well the Tyler matrix in estimating the
eigenprojection matrix associated with the eigenvalue 2. As the scatter structure move
away from spherical symmetry, the relative efficiencies decrease in both situations.
At n = 15, the relative efficiencies for the scatter structures A = diag(16,1,1) and
A = diag(16,16,1) are 0.86 and 0.9 respectively. Of the two situation, the one that is
more deleterious towards accurately estimating the eigenprojection matrices is when the
dimension of the eigenspace associated with the larger scale is 1. Like in two dimensions,
the case when the number of samples equals the dimension, n = 3, does not follow the

general trend. Similarly, this is attributable to the fact the Tyler matrix equals the
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sample covariance matrix in this case; since the later depends on the radial component
of the elliptical distribution, these values do not hold for all elliptical distributions.

The last dimension considered permits more interesting scatter structures to con-
sider, even when there are only two principal component spaces. In five dimensions, the
eigenspace associated with the larger scale can have dimension d; = 1,2, 3 or 4. Figure
3.6 displays the plots relative efficiencies in five dimensions for the scatter matrices in
consideration.

The same trends present in two and three dimensions are also present in five di-
mensions, namely as the scatter matrix becomes more elliptical the relative efficiencies
decrease. Fixing the values of the larger scale, the relative efficiency increases as the di-
mension of the eigenspace associated with the larger scale increases. Thus, like in three
dimensions, the situation where the relative efficiency is worst is when the eigenspace
associated with the largest scale is one dimensional. Also similar is the fact that for
n = 5, the relative efficiency does not follow the general trend, the reason being the

same as it was in two and three dimensions.

3.6 Appendix

3.6.1 Asymptotic Distribution of Eigenprojections and Eigenvectors

of a Scatter Estimate

Two theorems from [33] will be needed. For authenticity the notation is consistent with
that in the original presentation.

Let M be a p x p matrix which is symmetric in the metric of the positive definite
symmetric matrix ', i.e. TM is symmetric. Denote the eigenvalues of M by A\ > Ay >
-+ > Ap. Define M,, be a sequence of estimates of M such that M,, is symmetric in
the metric of the positive definite symmetric matrix I';,. The following assumption are

needed

1) I';, = T in probability.

2) ap(M,, — M) —4 N where a,, is an increasing sequence of positive numbers
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such that a, — 0o as n — oo, and vec(IN) is multivariate Normal with mean O

and covariance matrix 3.

In the original exposition, the author considers the following subset of eigenvalues
of M, {\i,Ni+1,---,Nitm—1}. Note that, this includes situations where some, or all,
of the eigenvalues are equal. Consequently, define w to be the distinct eigenvalues in
the set {\i, \it1,.-., Nitm—1}. One could use the corresponding eigenvalues of M,, as
estimates of the eigenvalues of M; thus define w = {5\,, 5\i+1, .. ,5\i+m_1}. For the
eigenvalue \ of M, let P be the eigenprojection of M associated with A. Similarly, for
A an eigenvalues of M,, (not necessarily equal to the one in the previous sentence), let
13)\ be defined similarly. Lastly, define Py = ), P and f’o = reo f’A the total
eigenprojections of M and M,, associated with the eigenvalues in w and @ respectively.

The first order Taylor approximation of 130 about Py is given in the following lemma

from the paper.

Lemma 4.1.Let do = min {)\i—l — /\ia)\i-i-m—l - )\i+m}; and d1 = (/\Z - )\i—i-m—l)-
Also define the norm ||B|| = [max eigenvalue (I‘leTB)]l/Q. If | Bn, — B| < do/2

then

Py=Py— > [Py(M, - M) (M-, + (M- )" (M, - M)P,] +E,
AEwW

where | En|| < (1+d1/do) (2| My — M| /do)* (1 — 2| My, — M| /do)™"

This lemma is useful in that it gives the asymptotic distribution of the eigenprojec-

tion f’g, namely

anvec (130 - P()) —q vec (Ng) = — Z (M- \g) " ®@Py+P\® (M-, "] vec(N)
AEw

where vec (Np) has a multivariate Normal distribution with mean 0 and covariance

matrix C;,3(C,, with
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C,=-> [M-)A)"@Py+ Py M- ,"]
AEW

The above expression can be simplified. Since projection matrices are symmetric, the
transposes are superfluous and thus will be omitted. Recall one can write a symmetric
positive-definite matrix in terms of its eigenvalues and eigenprojections via the formula

M =3 uP,. Thus one has

M= Ag=Y P, + Py~ Al;=> uP,—\(I;—P))
HFEA HFEX

Assuming M is of full rank, it follows

YP,=> P,+P=14
I

T

This then gives

M-Mg=> uP,—AY Py=> (u—\P,

BFEN BFEX BFEX

Note that the matrix (M — A\I;) has eigenvalues (1 — A) where p # \. It can be easily

shown that a generalized inverse of (M — A1) is of the form

(M-A)"=> (p—N""P,
HFEA

Using this fact gives

C;:—Z Z(#—)\)_IPH @P\+P\® Z(M_)‘)_IPM

AEw BFEN BFEN

S Y 0-w P ePi+Pre [ (- 'P,
AEwW BFEN HFEA
For any \, yt € w, the matrices (A — p) ™' [P, @ Py + P, ® P,] and
(n—N"'Py® P, + P, ® P,] will appear in the double sum. However, since (A — p) =

—(uw—A)"", these terms will cancel with each other. Utilizing this fact yields
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CL,=> > (A—w  [Py@Py+P QP
AEw pdw

As an aside, note that the above matrix is symmetric, so the transpose may also be
disregarded. For the )\; that are represented in w, let N be the collection of these

indices (i.e. the subscripts). It will be shown that

Co=>_ > (Mi—X) " [p;p}®p;p} + p;p} ® p,;Pf]

ieN jeN
where pq,..., P, is an orthonormal set of eigenvectors for the matrix M. To see this,
suppose that the eigenvalues \,,, = --- = A\pj—1 = A. Let p,,,, ..., P,ir_1 be a set of

orthonormal eigenvectors corresponding to the eigenvalue A. The eigenprojection ma-
trix associated with the eigenvalue A, denoted Py, is Py = p,,,pl,+ - -+Pm it 1Phin_1-
Suppose for a different, mutually exclusive set of eigenvalues A, = -+ = A1 = u.
The same result holds for eigenprojection matrix P,. Suppose that A € w and p ¢ w,
thus the indices m,...,(m + k — 1) are in N whereas n,...,(n+1— 1) are not. The

claim is

m—+k—1n+l—1
A=) 'PuaPy+PyaP, )= > > (AM-X)"'[p;p}®p;p! +p;pl @ p;p’]
i=m  j=n

For the eigenvalues corresponding to the index of summation, one has \; = A\ and
Aj = p, thus they can be factored out of the sums. Consequently, one need only focus
attention on showing the sum is equal to the sum of the two Kronecker products on the

left hand side. Since the Kronecker product is distributive, one has

m+k—1n+l—1 m+k—1 n+l—1 n+l—1
> > [ppieppi+ppiopp]= ) D PP | ©Ppi+PPi® | D PP
i=m  j=n i=m Jj=n j=n

The sums within the brackets equal P,. Applying this trick again gives
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m+k—1 m—+k—1 m—+k—1
> [P.oppi+ppioP,] = P,© ( > pm?) + ( > pipﬁ) ®P,
=m i=m

i=m

= PH®P)\—|—P)\®PN

thus showing the result.

Relating these theorems back to the problem at hand. The matrix M that is to
be estimated will be either the scatter matrix of the data, 3 or the matrix E. The
estimators being used, M,,, for ¥ or E are either Tyler’s matrix or the SSCM respec-
tively, based on samples of size n; thus a,, = \/n. The matrices, I and T';, with which
the aforementioned matrices are to be symmetric in the metric of is simply 1; in both

cases. Consequently, 3g = AVz (X) or Zy = AVz (2).

3.6.2 Tyler’s Scatter Matrix

Existence and uniqueness of '/7\',% as well as the its properties were discussed in [35]. Of
interest for this section is the asymptotic distribution of Tyler’s matrix. A technicality
that must be addressed proceeding is the issue that the Tyler matrix is only asymptot-
ically consistent for 3 up to proportionality. Hence to properly treat the asymptotic
distribution of the Tyler matrix, both the Tyler matrix and 3 must be standardized.
In [35], the author does so by standardizing both matrices so that each has trace equal
to d. To this end define M° = dM /Trace (M); it then follows the matrix M° will
have trace equal to d. Using this standardization it was shown that the asymptotic

distribution of the standardized Tyler matrix under the elliptical model is given by

N (vec (’i’%n — E°>) —p Normge (07 AV,T_O (20))

where [1 is some consistent estimate of g and
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d+2 2d+2

AV=o (X°) = — (I +Kgq) (B°®@3X°) — - 7 vec (2°) vec! (2°)

_ <Tmc‘i (2)> d u 2 ((1d2 +Ka) (Z0 ) - gvec (%) vec! (2))

Using the spectral decomposition of ¥ reduces the above to

2
AVze (2°) = <Traje (2)> d ji_ 2 (P®P) <(Id2 +Kgaq) ( A®A) — %vec (A) vec' (A)> (P' @ PY)

= (P®P)AV#(A°) (P' 0 PY)

Where the second inequality utilizes the fact Trace (¥) = T'race (A). Furthermore, the

results of the previous section yield

Vn <vec (’T‘N - PN)) —p Normge (0, AVg (E))

where

AV=

T (2) = Ch\ (Z°) AVz (2°) Cy (29)

Note that

d —1
Cy (%) = A2 — A2 b pt pt bl
W (2) %\:/%/(Trace Ai Trace (X) 3) [Pjpj®p,pl+pzpz®pjpj}
i€EN j

Trace
- Z Z )\2 AQ p]p] ® plpz + pzpz ® p]p]]
zE/\/—jﬁN
Trace (X)

= TCN(E)

Thus in the expression for AVg (3), the term T'race (X) /d cancels out indicating

that the asymptotic distribution of the eigenprojection estimate does not depend the
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scaling of 3 or the estimator T Thus the superscript o is superfluous when discussing
eigenprojection and will be omitted in the exposition (as was purposely done above).
Recall one can write a symmetric positive-definite matrix in terms of its eigenvalues

2
)

and eigenvectors via the formula 3 = Zle A?p,p.. Thus for any d x d orthogonal
matrix Q, if the random vector x has scatter matrix X, then the random vector Qx
will have scatter matrix QX Q!. The transformed scatter matrix can be written as ¥ =
Z?Zl )\%Qpingt. This implies that eigenvectors and consequently, the eigenprojection
matrices of scatter matrices are orthogonally equivariant (note that they are not affinely

equivariant). The same is true for the eigenprojection matrices of scatter matrices that

are estimates. In addition, for the transformed data one has the following

Cv (Q=Q) = Y3 (M -23)7' [Qp;piQ' ® Qpp!Q’ + Qp,p!Q’ © Qp,p!Q']

1eEN jEN

= S Y (2-2)7 Qe Q) [p;pi @ pp! + pipl @ p;pl] (Q'® Q)
ieN jEN

= (QeQ)Cx (®)(Q' 2Q))

Specifically, above implies Cyr (X) = (P ® P) Cy (A) (P' ® P*). Hence the asymptotic

variance-covariance matrix of the eigenprojection estimate T s is

AVz, (8) = (PeP)Ci(A) (P'@P') (P& P)AV; (A) (P o P') (P P)Cy (A) (P 0 P')
— (P®P)C) (A) AVx (A)Cy (A) (P' @ PY)

= (PeP)AVy(A) (P'®P)

Consequently, one can examine a simplified case when considering the asymptotic dis-
tribution of an eigenprojection estimate based on a scatter estimate; in particular, take
the case P = I;. In this situation, the eigenprojection matrices can be written in
terms of the matrices E; = e;e!; that is for a given eigenvalue of A, the corresponding

eigenprojection matrix can be written by summing the matrices E; across the indices ¢
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corresponding to that eigenvalue. These facts imply

=y Y (M- /\?)_1 (eie} ® eje’ + eje’ @ ejef)
iEN j¢N

Note that matrices of the form e;e} ® e;e’ for 4,5 € N or i,j ¢ N will not be rep-

resented in the double summation. Further note Ch, (A) = Cpr(A). With the above

representation, one can readily describe the form of the matrix AVz (A). One has

d+2 2d+2
pi (T2 +Kdd)(A®A)_g

AVg (A) =Cn (A) ( vec (A) vec’ (A)) Cy (A)

= 20 (A) (T + Kua) (A9 A) Cor (8)=5 12 (4) vee (A) vee! (A) Cy (A)

_d+2

2 (O (M) (A5 4) Oy (A) + Oy (A) K (A A) Cor (4) = 5Cir (A) vee (A) vec (A) € (4) )

d
Consider the matrix products separately. Writing out Cyr (A) (A ® A) Cpr (A) explic-

itly gives

ot ot ot ot t
ee; ¥eje; +eje; X ee; eme ® ene + ene R epe;,
(A®A)
Z Z ()\? - )\3) Z Z —A2)

€N JEN meN ngN
There will be four different cross-product terms to consider. One such pair will be of

the form

(eze ® eje ) (A®A) (epel, ®enel)  (ejelAenel,) ® (ejeE-AenefI)

(2 —22) 0z - ) (32 -22) 03 -
Since A is diagonal, this matrix will be a 0 matrix unless ¢ = m and j = n, in which
A2Z)\2
case it reduces to iE : ;2)2 eie§ & ejez». Thus the contributions from these cross-product
i

terms can be written as

242
)‘i)‘j ) t® Lt
5€i€e; ® eje;

2.2

iEN jeN <)\22 — )\3)

Corresponding to the cross-product terms,
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( el @ee ) (A @A) (enel, @ emel,)
(2 -22) 02, - 22)

one can show similarly that the contributions from these cross-product terms can be

written as

2 242
N2N? s - T Y AZN2

N jan (A2 /\2> N jaN ()\ A)

et ot
———— €€ Qe

J

For the cross-product terms

<eze ® eje ) (A®A) (ene% ® emefn) (eieﬁAeneg) ® <eje§-Aemefn)

N = a2) (A2, — AZ) (e -
(22 -%) (22 -%)

Again, by the diagonal nature of A, these will reduce to a 0 matrix unless i = n and
j = m. This is impossible since i,m € N but j,n ¢ N, thus the contributions from
these terms will be a 0 matrix. By the same argument, the contributions from the

terms

< e R e;e ) (A®A) (emeﬁn ® ene%) (ejeé-Aemef?l) ® (eie,tiAenefl)

(2= 22) 02, - 22) (22— a2) 02, - )

will also be 0. This leaves

212
C/\/'(A@A)CN:ZZ A
iEN jEN ()\f — A?)

Next consider the matrix product Cy (A)Kgq (A ® A) Cpr (A). Writing this out ex-

¢ t t t
5 (eie} ® ejel + eje @ ejef)

plicitely yields

t

eel @e;el +eel @eel LA
SpIELELLELCELES S RIS IIEIID Sp oL LI KL LR
(A?—A?) — ( An)

ieN jEN k=1 meN ngN

Again, there will be four different cross product terms to address. First consider
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(eieﬁ ® eje§-> (ere] ® eel) (A® A) (epel, @ enel))  (ejelepejAenel,) @ (ejeéele};Aenefl)

(22 -22) 03 - 22) : (22 -22) 2, - )

Since A is diagonal, the matrix eiefeke}fAemeﬁn will be a 0 matrix unless k =i,l =m
Similarly, the matrix e;e’e;e;Aeye], will be a 0 matrix unless | = j,k = n. These
two conditions holding concordantly imply k € Nl € N and k ¢ N,l ¢ N, which is
impossible. Thus the contributions from these cross-product terms will be a 0 matrix. A
similar argument can be applied to show that the contributions from the cross-product

terms

(ejeé- ® eie§> (ekel ® elek) (A®A) (enefl ® emefn)
(22 -22) 02— )

will also result in a 0 matrix.

For cross-product terms of the form

(eie§ ® ejeE) (erel ® eel) (A® A) (enel, ® epel,)  (ejelerelAesel) ® (ejegeleiAemefn)

(2= 2) 02, - ) (2= x2) 02, - 2)

The fact A is diagonal implies the matrix e;eleiel Ae,e!, will be a 0 matrix unless k =
i,1 = n. Similarly, the matrix e;efe;ef Ae,ef, will be a 0 matrix unless | = j,k = m

These two conditions holding concordantly imply k € N',l ¢ N. The terms where the
21)2
A sexel ® eel, thus the contributions from

(A-A?)

previous conditions hold reduce to

these terms can be written as

Z Z AkA;\2) ekel & elek

keN lgéN

Lastly, for the cross-product terms of the form

<eje§- ® eie’;> (ekef ® ele};) (A®A) (emefn ® enefl) (ejez»ekefAemeﬁn) ® (eie’;fele’,;Aene%)

A2 —)2) (A2, — A2) N AP = A2) (A2, = A2)
(2-%) (2 -%)
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Since A is diagonal, it follows the matrix e;e] ekelAeme will be a 0 matrix unless
k = j,l = m. Similarly, the matrix e;ele;el Ae,e!, will be a 0 matrix unless | =i,k = n.
These two conditions holding concordantly imply k& ¢ N,l € N. The terms where the

A272 N
L Qekef & ele}z, thus the contributions from

previous conditions hold reduce to W

these terms can be written as

Z Z ekel ® egek = Z Z )\2) ekel X elek

k¢/\/le/\/ ) leN k¢N

2
— Z Z )\ I)\ el/ek/ ®eklel,

2 2
k' EN I'¢N (Nh - )‘1/)

Where the last equality follows by defining the new indices, I’ = k and k¥ = [. This

then leaves

C (A) Kdd(A®A C/\/ Z Z ekel ®elek —i—elek ®ekel)
keNl¢N )

Finally consider the expression

eiel @ ejel + ejel @ eel
Cyn (A)vec(A) = Z Z )\]2 2 I vec (A)
i

iEN jEN

vec( tAel >+Vec (eZ tAeje )

=22 A2\

ieN j¢N

Again, the fact that A is diagonal implies this expression will be a zero matrix unless
i = j; however, the latter never occurs since ¢ and j are in separate indexing sets.

Consequently, C}, (A) vec (A) = 0. These facts imply that

d+2 AIN2
AVTN (A) = d %(ele ®e]e —I—eze ®e]e —i—eje ®eze —I—e]e ® e;e )
iEN jEN ()\12 — )\jz)
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3.6.3 The Spatial Sign Covariance Matrix

Recall, the spatial sign covariance matrix (SSCM) is computed as follows

3 1o (xi = By) (xi — i)'
Sp,=->.

n i=1 (Xi - ﬁn)t (Xi - ﬁn)

where u,, is some estimate of location. Under the elliptical model, provided that g is

a consistent estimate of p, the asymptotic distribution of S 7, Will not depend on a.
Consequently, one can assume that that location parameter is known and for simplicity
can take it to be the origin.

For notational convenience define the following random matrix,

XXt

X=—
x'x

Note that gn is the average of n observations with the same distribution as X. Provided
the distribution of the random matrix X has finite second moments, the Strong Law
of Large Numbers implies

~

limn—ooSn = E[X] =

[

In general, E # 3. Furthermore, by the central limit theorem one has
Vnvec <3’n — E.> —p Normg (0, AV (X))

where

AV (X) =Var[vec(X)] = E [vec (X — E) vec' (X — B)]

It is desired to get at the form of the matrices and E and AV (X) when x ~ &£; (0, %; G).
In this situation, the distribution of random matrix X is the same for all distributions
G; conveniently, this distribution has finite second moments (the entries of the matrix
are all bounded by 1) thus the above results hold. By orthogonal equivariance, one

need only consider the case y ~ &4 (0, A;G) (thus x ~ Py). To see this note that

Py (Py)! Pyy'P! t
v Py®y) _ Pyy'P'  Lyy'o,

— — = PYP!
(Py)'Py yP'Py yly
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where

_yy
y'y
It then follows

E = E [PYP!]| = PE[Y] P! = PAP"

where A = E[Y]. It will be shown that A is a diagonal matrix. Recall y € R
hence it is of the form y = (y1,...,%4)" (y; represent the d components of y, not the n

observations in the sample). Define

_ YiYi _ YiYj
Yy yitoo+y;

Yij

thus Y is a matrix where the (4, j)th entry is 7;;. One can write it as

d d
Y=2.2 nilei@e))
i=1 j=1

Hence A = FE [{’yij}zjzl] ={FE hij]}?,j:l' It will now be shown that E [v;;] = 0 for
i # j. Define another random vector y' = (y1,v2, ..., —Yi,-..,Yq), since g = 0 and A

is diagonal it follows y ~ y’. Thus

So

Byl =E[-vyl=E [_ﬁljj} =-E [@;f;] = —E ]

Thus implying E [v;;] = 0 for ¢ # j. This kind of argument will be used again, however
the details omitted.

Under the elliptical model, the asymptotic variance-covariance matrix for the SSCM
will only depend on the scatter structure, thus the notation AVg () is utilized. It

follows
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AVz(E) = E[vec (PYP'—PAP')vec' (PYP' — PAP')]

= F [Vec (P (y — A) Pt) Vect (P (37 - A) Pt)]
= B[P eP)vec(y -~ A)((PoP)vec(y —A))]
= (PeP)E [vec (Y — A)vec' (Y — A)} (Pt ® Pt)

= PeP)H(P'oP)
where

H =E [vec(Y — A)vec' (Y — A)] = E [(vec (Y) — vec (A)) (vec (Y) — vec (A))t]

= E [vec (Y) vec' (Y) — vec (Y) vec' (A) — vec (A) vec' (Y) + vec (A) vec' (A)]

Since E [vec ()] = vec (A), which is a vector of constants, above simplifies to

H = E [vec (Y) vec' (¥)] — vec (A) vec' (A)

Write

thus

d d d t
vec (Y)vec' (Y) = (Z Z vijvec (eiez-)) (Z Z Y vec (ekef)>

k=11=1

d d
= = Z Z Z Z Yijyeivee (eef) vec' (eyef)

This gives
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d d d d
E [vec (Y) vec! Z Z Z Z E [vijym] vec (ezeé) vec! (ekef)

i=1 j=1 k=1 1=1

Repeating arguments similar to the one employed to show A was diagonal, it can

be shown that the following terms are zero.

E [vijviil » E 1vijvig)» E vigvee) » E [vigved s E [Vigvje]
E [viiviz) s E [viivis) s E [yl » E [ kil

Thus, the only expectations that are nonnegative are

E iyl » E [vijvis) » B Diivviz)» B vl
which corresponding toi=j=k=0Li=k& j=1li=j&k=landi=1 & j=k
respectively.
It can be shown that the matrix AV (X) has a similar structure to AVz (X); namely,

the elements of the matrices will be non-zero/zero in the same locations. First consider

the situation 3 = A. Recall the form of AVz (A) in this situation is

d+2
d

d+2

AVz(A) = (Ipz +Kga) (A A) + vec (A) vec' (A)

2
d
The matrix (A ® A) has non-zero/zero elements at the same locations as the matrix
(I;®1;) = L. Similarly, the matrices vec (A)vec! (A) and vec (A) vec! (A) have
non-zero/zero elements at the same locations as the matrix vec (I) vect (I;). Hence

one can focus on the non-zero/zero terms of the matrices Iz, K4 4 and vec (I;) vec’ (I).

Writing these out in terms of the unit canonical vectors, one has

d d d d
Ip=1;®I;= <Z eie;?) ® Z ejez = Z Zeieﬁ ® ejeg- =
j=1

i=1 i=1 j=1
d d d d d
— ZZ e;®e;j) (ef@e) = ZZ (e;@e)) (e ®e;) = ZZvec eje}) vec' (eje})
i=1 j=1 i=1 j=1 =1 j=

Thus I ;2 is non-zero at the locations corresponding to the terms E [v;;7i;] and E [;;7i5]-
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d d d d
Kd,d = Z Zeie§ ® ejeﬁ = Z Z (ei ® ej) (eg ® ef) =
i=1 j=1 i=1 j=1
d d d
= Z Z (e; ®ej)(e;® ez = Z Zvec ej vec (eie§-)
i=1 j=1 i=1 j=1

Thus K 4 is non-zero at the locations corresponding to the terms E [y;;v:;] and E [y;;7;i]-

Lastly,

d d
vec (I;) vec! (I;) = vec (Z eief) vec’ Z eje§~ =

=1

d d
E : E : § E t t
( vec ez ) vec ej j vec eZ VeC (e]e])

Thus vec (Iy) vec! (I;) is non-zero at the locations corresponding to the terms E [y;7ii],
E [viivj;] and the contributions from the term —vec (A)vec’ (A). The general case
follows from the fact that the asymptotic variance-covariance matrices for both cases
are equal to AVz (X) = (P ® P) AVz (A) (P'®PY)

and AVz (2) = (P®P) AVz (A) (P* @ P*) respectively. In fact, when ¥ oc I, it can
be shown that AVg (U2Id) and AV (O’QId) are proportional. This is stated formerly in

the following lemma

Lemma 4.1.1. Let x1,...,X, represent an i.i.d. sample from Eq(p, X;G) and let
1 be an asymptotically consistent estimator of w. It then follows that AVg (O’QId) x
Im
2
AV’T’,; (a Id).

Proof. Under spherical symmetry, the results of [34] Theorem 1 dictate that the
form of the covariance matrix of any orthogonally equivariant estimate of scatter is
o1 (Ip + Kaa) (Ig ® 1) + oovec (X) vec! (X), where 01 > 0 and 09 > —201/d. The
form of this matrix implies that the off-diagonal elements of the scatter estimate are
uncorrelated with each other as well as uncorrelated with the diagonal elements. Addi-

tionally, the off-diagonal elements each have variance o1, whereas the diagonal elements
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have variances 201 +o2. The covariance between any two diagonal elements is oo. Both
Tyler’s matrix and the SSCM are orthogonally equivariant, thus the prior results hold
for both estimates. Recall the values of these constants for the Tyler matrix are given

by

d+22 2
d 4 Ty

42

oT, and o, = —

To show the desired result for the SSCM, one must show og, = c(d +2) /d and 0s, =
—co, (2/d) for some ¢ > 0. This is equivalent to showing os,/0s, = —d/2. Without

loss of generality assume g = 0, for z ~ &, (0, o’1,; G) define

z7
ztz

Define
ZiZj ZiZj

Gj = =

t 24 ... 2
7'z 21+ —I—zd

that is (;; the ijt" element of the random matrix Z. Since I; is diagonal it follows
that E[Z] will be as well. Further more, the fact (;;,i = 1,...,d, are identically
distributed implies that is proportional to the identity matrix. To find this constant
of proportionality, note that Trace (£) = 1, thus it follows E[Z] = 11;. The previous

notation and fact give

Ere
1 1 1 1
0s, =FE [(Cu - d> <§jj - d>] = ElGuGl = B Gl = B Gsl+ 5 =
2

1 1
- — =o0s, —

d2

a2
To proceed further, the value og, must be calculated. Using the stochastic representa-
tion of the random vector z, it can be be shown that the distribution of

2.2

27 25 (z% 4+ 4 23)2 will not depend on the radial component of the elliptical random

vector, that is it does not depend on G. This reduces to os,.
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2,2
uFus
os, = FE  J 5| =F [u?uQ]
2 2 J
(U1 + 4+ ud)
where u = (ug, ...,ug4)" is a unit vector uniformly distributed on the unit sphere in R%.

Define Uy = u? and Us =1 — u? By exchangeability it follows,

It is known that U; ~ Beta (1/2,(d — 1) /2), thus

EUi(1-U)]=E[Uy —U{] = E[U1] = Var [Ui] — E*[Uh] =
1 (d—1)/4 1 1d-1

d (dj2)?(d+2)/2 @ dd+2
Therefore 0s, = 1/d(d+2) and 05, = 1/d(d+2) — 1/d*> = —2/d?(d +2). Hence

0s,/0s, = —d/2, thus proving the result. QED
Just as with Tyler’s scatter matrix, it will be the case that

Vvn <§N - PN> —p Normge (0, AV@N (2))

where

AVg (X)) =C)r () AVz () Cx (B)

The fact that AVg(X) will be zero/non-zero in the same locations as the matrix
AVz (%) implies the same about the matrices AV§N (3) and AV’T_‘N (3). This fact
further implies AVg (X)=(PeP) AVs,. (A) (P* @ P?), thus it is desired to get the

exact from of the matrix AVg (A). In this situation it follows

AVgN (A) = Ciy (A) (E [vec () vec' (Y)] — vec (A) vec' (A)) Cpr (A)

However, there will be some simplification. Note that
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t
t

t t t
€e;e;, ¥ eje; + eje; X eze;
Cl (A)vec(A) = g g : 5; 5 J L3 vec(A)
iEN jEN i

The expression above involves terms of the form

(e} ® ejeﬁ-) vec (A) + (eje§- ® eel) vec (A) = vec (eje ]Aez e}) + vec (e;ef Ae; ])

The term ekAel is the kl*" element of the matrix A which is necessarily 0 since it is

diagonal. This implies Cl (A)vec (A) = 0. This leaves,

(A) = Ci(A)E [vec(y)vec' (¥)] Cy(A)
d

d d
= 1922222 D Byl vec (eie)) vec' (exe) ¢ Ci (A)

i=1 j=1 k=1 [=1

The fact that AVg (X) and AV4 (X) have non-zero/zero elements at the same loca-
N N

tion necessitates that

% (eie} ® eje’ + eie’ @ ejef + eje] @ eel + ejel @ e€))
iEN jgN (6 - 52)
Since, y ~ &4 (0, A, G), the distribution of Y does not depend on G, consequently nor

will «;;. Using the stochastic representation of the random vector Y, it can be shown,

2,2
A2y ]
d 2,,2
Dim1 AU

A2\2y?

Z]Z]

(ZZ:1 A%“i) (21:1 >‘l2“z2>

2=FE[yw.)=E

E [vijvij] =

3.6.4 Asymptotic Calculations

Results stated in section 3.4.1 without proof are presented in this section. First the
asymptotic covariance matrices of the estimators T '~ and S A will be calculated under

the elliptical model for the scatter matrix
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Ao =diag | N2, ... N2, 202 0 r2N?

d1 d*dl

In this instance, Py = Zf;l E; = Ep,. For T ' it easily follows,

d+2 AN ¢ t t t ¢ t t ¢
AV’T_‘N (Ag) = Z Z FRTvERe e (eiei ® eje; + eie) @ eje; + eje; ® ee) +eje; ® eiei)
i=1 j=d;+1 (A% = 727%)
4 d 5
d—+ 2 T
= Z Z d (1 _.22 (ez‘eﬁ X ejez- + eieg' X ejef + ejeﬁ & eie§ + ejez & eieﬁ)
i=1 j=d+1 (1—=72)

For the SSCM, it was shown in the previous section that

d d
AV: (A) = i B il
S -

ol ol ot ol ol ol ol ol
S o\? (elei ®eje; +eje; ¥ eje; +eje; Qee; +-eje; @ elei)
i=1 j=d1+1 <5i — 6j>

where

A2u?
2 = E L
! Nu2 4+ - )\21@1 + rz)\Qu?ilH 4+ 7‘2)\21@
2
- FE i
ui et ud A+ r?ud g e e
2y2,2
52— TN
! A2uf 4 N2l 2Nl 2%
2
us:
— T’QE J

24 ... 2 24,2 2,,2
U1+ +ud1+rud1+l+ —l—?‘ud



110

/\Qu?r2)\2uj2»
Elvijvij] = FE 5
(AQU% 4+ 4+ )\22@1 + rz)\Quzﬁ_l + .+ TQ)\Qu?l)
2.9
= r’E ]

2

foralli=1,...,dy and j = dy + 1,...,d. Fortunately, for this scatter structure, the
values of 62 and E [7ijVi;] can be expressed in terms of Gauss hypergeometric functions.
Similar to the proof of Lemma 4.1.1, define the variables U3 = u} + --- + u?ll, Us =
u?l1+1 +-- '—i—uz, consequently U; = 1 —U,. Further define and U = Uy +72Usy = 1 — kU,

where k = 1 — r2. Exploiting this notation and exchangeability, one can write

= Lol = Lefo- s

" g [UQ 1- kUQ)—l} - ;__CZE [U2 1- kUQ)—l]

52 =
7 d—dy

Also, by exchangeability it follows

r? 1—-k

a0 (= k)| = s (U (1= U) (1= RU2)

Evijvigl =

Using the fact, Us ~ Beta (d_2d1 , d—Ql) one can write,

1 Lga d
E[U;(1-U)° (1—-kUs)™"] = / (L — )2 T (1 - k)
gel
2 02
1 — r
_ : 2 : / :L‘d—d%+2r_1 (1 _ 1’) d+2;+2r_d d%+2 1 (1 B k;x)_t dr
B(1g)
d—di1+2r d+2s+2 d—d1+2
B( SR ) d—dy+2r d+2s+2r
= 2F1 t, 92 ; 2 ;

B(d3d17%)

I

)
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where B (a,b) =T (a)I' (b) /T (a + b) is the Beta function and
oF (a,b;c;k) = B71(b,c — b) fol 2?1 (1= 2)° "1 (1 — kx)"*dz is the Gauss hyperge-
ometric function. The integral representation of the Gauss hypergeometric function is

valid for R (¢) > R (b) > 0. These facts then give

E Ug(l—kUg)‘l} = B(dé;;(%fm;w)zﬂ (17d—c121+2;d42rz;k>
2 2
F(d_éﬂ)F(%) r(g) d—dy+2 d+2
B O Tey G
_ %F@gdl)r(%l T (2) 2FI<1d—d1+2'd+2'k>
- 5T (3) NONED o T
_ d_le <1 dd1+2‘2d+2-k3
- g T T

B d—d; d+2  d—d;
) d—d; d+2
Ela-v)(-kn)!] = (2 o) <l,l;+;k>
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d—di4+2 d4+242  d—di+2
B( DR R ) <2 d—di+2 d+2+2 k>
2471 y ; :

B0 (1-Us) (1= kU2) 2| =

B(d—2d1 %) ) ) 92 )
d—d1+2 di+2
(e r oy d—di+2 d+d
= d+4 of | 2, 5 o

d—d d—dy \ d d
= 21F< 21>71F(71) I (%) 2F1<2 d_dl+2‘d+4'k>
GHaT (3) r(5%)r(4) 2 2
_ hd-dy) o (,d=dit+2 d+d
@i
Using these gives,
1d d—dy d+2 1 d—dy d+2
2 1 1 1
4= F 1. — — F 1 P
" d1?1<’2’2’k> 821<’2’2’>

1—kd—dy d—di+2 d+2 1—k d—di+2 d+2
55 = ——F (1 ; k) =——F (1 ; K
5 d—dl d 1( ; 9 g > d 1( ; 2 g >
1—k di(d—dy) d—di+2 d+4
FE i 7Yiq = F 2, N ;/{?
iy ] di(d—dy) dd+2) 2" 2 2
1—k d—di+2 d+4
— " (2 ; ok
d(d+2) 1(’ 2 2 )
Thus,
1—k (9 d=di+2. d+4. k
Elvijvis] d@tep t\® 2 e
2 2
(52 - 2) (R (1 550 520k ) — 19y (1 =422 424k )
i, 1 (1 - k) (2, o2, k)

D
<2F1 (17%3 %?IO — (L =k)2Fy (1,%; %;k))

This then gives
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d+2 72
~ ~ d (177"2)2
ARE,4 (SN,TN,T‘) -
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(42)"
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(42)°
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2
(o (15 52) - 18 (1522420

Expression in the denominator of the denominator, identity 15.2.20 from [1], (a,b;c;z)—

%gFl(a—l,b;c;z)—I—C;Cl’gFl(a,b;c—l—l;z) = 0, where z = k,a = W,b =1 and

d+2

c= , yields the final result

2 di+2. d+4. 2
2F1 (]-7 12+ 7%71_7‘)

2F1 (23 k) B 2F1 <27 D2 G~ 7“2>
(st (1552:552))

(d+2
d—
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AREd,dl <§N, T/\/‘, T) =

d
d1+
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Chapter 4

Conclusion

4.1 Implications

As shown for both the spatial median and SSCM, when sampling from an elliptical
distribution, these estimators are at their best in terms of efficiency when the under-
lying scatter structure of the elliptical distribution is in fact spherical. This situation
is the least interesting scenario for multivariate problems. For example, PCA is most
useful is when the majority of the variation in the data lies in some d; dimensional
subspace with d; < d. If it is assumed that data arises from some elliptical model, then
this scenario implies that X is far from spherical. A popular approach to robust PCA
is to ascertain the eigendecomposition of some robust estimator of the scatter matrix,
the computation of which usually involves estimating the location vector, usually with
some robust estimator as well. As a procedure, PCA is orthogonally equivariant. Con-
sequently, the estimators used for the prior approach need only possess this property as
well. Being orthogonally equivariant, the spatial median and SSCM are commonly used
in robust versions of PCA. However, these estimators are at their best is when PCA
is least useful, spherical symmetric data admits nearly no reduction in dimensionality.
Where PCA yields the greatest amount of dimension reduction is when these estima-
tors are at their worst in terms of efficiency. Unfortunately, the fact the performance of
orthogonally equivariant estimators depends on the underlying scatter structure of the
data is hardly ever considered in practice. Utilizing an orthogonally equivariant estima-
tor without considering the underlying scatter structure is rather Procrustean in that
it does not take into account the scatter structure of the data, but rather down-weighs

observations based on Euclidean distances.
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4.2 Future Work

Based on the results for the spatial median and SSCM, one might hypothesize that
the efficiencies of other orthogonally equivariant estimators of location and scatter are
maximized under the elliptical model when the underlying scatter structure of the data
is spherically symmetric. Interestingly, this is not the case; a counter-example is with
Huber’s skipped mean for the bivariate Gaussian distribution. This fact motivates a
future research direction; a further exploration of which scatter structures are favorable
to other orthogonally equivariant estimators under the elliptical model. Included with
the direction is a study of the properties of the estimator that dictate what scatter
structures are favorable. This direction would provide insight to researchers in other
fields when deciding upon which orthogonally equivariant estimators to use for their
data.

A second research direction is the development and study of methods that are
improvements of orthogonally equivariant procedures in the sense their efficiencies are
not as sensitive to the underlying scatter structure of the data as the former estimators.

To this end the author proposes studying hybrid estimators of the form,

n

B = argmingcga Z Uy <(xl —-9) s,
1=1

1

(xi — 9)) (4.1)

S = argminyep, ZUQ ((xi — ) Vit (xi — @) — In(det (V) (4.2)

=1

where P, is the vector space of d X d symmetric positive definite matrices, V, =V +
Al'race (V) 14, A > 0 and u; (s) and ug (s) satisfy assumptions similar to those defined
in Section 2 of [23]. A similar estimator of scatter to Equation 4.2 has been studied in
[6] where Tyler’s matrix was used instead of the identity matrix. This estimator can be
viewed as a shrinkage estimator of scatter, where the shrinkage is towards the identity
matrix. The parameter \ is a tuning constant that depends on both the sample size
and the underlying scatter structure of the data and controls how much the estimator is
shrunk to the identity. The form of the matrix 3, dictates that it is nonsingular, hence

p will be defined and unique from the sample mean vector, even when n < d. This
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fact is an an obvious advantage over affinely equivariant estimators. However, because
these estimators incorporate an estimate of the underlying scatter structure into them,
it is speculated that they will have better efficiencies than orthogonally equivariant
estimators. The existence and uniqueness of these estimators still must be established
as well as their robustness properties and asymptotic behavior. In addition, these
estimators will not be as computationally intensive as high breakdown point affinely
equivariant estimators.

The motivation of this research direction is in the field of sparse high-dimensional
data analysis where n << d. As mentioned in section 2, any affinely equivariant esti-
mate of location and scatter reduce to the sample mean vector and sample covariance
matrix respectively [38]. Consequently, orthogonally equivariant estimators of the lo-
cation vector are often implemented in this setting because they are defined despite
the fact n < d; in addition they are unique from the former two estimators. How-
ever, using orthogonally equivariant estimators could be disadvantageous considering
their tendency to favor certain scatter structures. The hybrid estimators defined in
Equations 4.1 and 4.2 proposed would serve as alternatives to orthogonally equivariant

estimators since they do not favor any particular scatter structure.
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