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ABSTRACT OF THE DISSERTATION

Simple models of complex systems

by John Barton

Dissertation Director: Professor Joel L. Lebowitz

When the complete description of a complex system of interest is out of reach, simple
models which are more amenable to theoretical approach can give a qualitative un-
derstanding. In addition, the techniques and ideas developed in investigating simple
model systems form a foundation for research on complex phenomena. In this thesis,
composed of two parts, we study some representative models from statistical mechanics.
In the first part we explore the ABC model, which describes three species of particles
with asymmetric interactions. In the second part we consider the inverse Ising problem,

using experimental data to infer an effective Ising model.
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Chapter 1

Introduction

Broadly speaking, the goal of statistical mechanics is to derive the macroscopic proper-
ties of a system given the microscopic rules governing its evolution. This goal has been
largely accomplished in equilibrium statistical mechanics, where rules for constructing
appropriate statistical ensembles provide a means of computing, formally if not practi-
cally, the macroscopic properties of a system in equilibrium. However, little is known
in general about the statistics of systems out of equilibrium.

Simplified model systems whose macroscopic behavior can be determined explicitly
from microscopic laws are thus of great interest. The techniques and intuition developed
in studying such models can then be applied to help understand more complex systems,
both in and out of equilibrium. Simple phenomenological models may also be helpful
in qualitatively understanding the macroscopic collective behavior of complex systems
which are difficult to approach directly.

An example is the asymmetric simple exclusion process (ASEP) [20] (see also related
reviews [10, 21]), a prototypical model exhibiting a nonequilibrium steady state and
one closely related to the ABC model presented in this thesis. The ASEP consists of

particles and holes (empty sites) on a one-dimensional lattice. Particles hop to the left

P q

7N NN

Figure 1.1: A section of a one-dimensional lattice for the ASEP, illustrating nearest neighbor

hopping dynamics.



and right with stochastic rates p and ¢, respectively, subject to hard core exlusion (see
Fig. 1.1). Work on the ASEP and closely related models has spanned several decades,
and a rigorous description of its macroscopic properties has required the development
of novel analytical techniques [2, 22, 23]. The ASEP has also been used as a model for
such diverse subjects as traffic flow [53] and the motion of molecular motors in cells
[34], as well as in the study of biopolymers [41].

In this thesis we summarize investigations and applications of several statistical
mechanical models. The first two Chapters deal with the properties of the ABC model,
a dynamical model of three particle species on a one-dimensional lattice which perform
nearest neighbor exchanges with spatially asymmetric exchange rates. As the dynamics
of the standard ABC model only consists of particle exchanges, the number of particles
of each species is conserved. If the boundary conditions of the lattice are taken to be
closed, or if the boundary conditions are periodic but the number of particles of each
species is equal, then the stationary measure is an equilibrium Gibbs measure with a
long-range Hamiltonian, despite the strictly local dynamics. However, the ABC model
displays novel behavior not found in standard equilibrium systems with short range
interactions. These include a finite temperature phase transition in one dimension
leading to phase separation, with particles of the same type gathered together in large
domains.

The first Chapter details collaborative work with Joel Lebowitz and Eugene Speer,
where we consider a grand canonical version of the ABC model [7]. Background and
results for the canonical ABC model are also discussed in Section 2.2. We add chemical
potentials to the standard ABC model Hamiltonian and allow the number of particles
of each species to fluctuate. In this case we find that, as for the canonical ensemble,
the grand canonical ensemble is the stationary measure satisfying detailed balance for
a natural dynamics. We obtain the full phase diagram of the model, finding a phase
transition when the chemical potentials are all equal at a temperature different from
that of the canonical model, thus demonstrating inequivalence of ensembles.

In the second Chapter, based on collaborative work with Eugene Speer and Joel

Lebowitz, we consider a generalized version of the canonical ABC model with external



fields applied to the particles [7]. With this modification the interactions need not be
invariant under cyclic permutation of the particle species as in the standard ABC model.
Here we made heavy use of conserved quantities to probe the analytical structure of
this generalized model when direct solution of the nonlinear Euler-Lagrange equations
for the particle densities proved difficult. Our main result, which we are able to prove
rigorously in special cases but conjecture to hold in general, is the description of the
phase plane including a second order phase transition for certain values of the average
particle densities and external fields, analogous to that of the standard ABC model.
We have also found connections between our model and certain unresolved questions
about the generalized Lotka-Volterra family of ODEs, which includes the well-known
Lotka-Volterra predator-prey equations.

The final Chapter outlines work in progress on the inverse Ising problem, undertaken
jointly with Remi Monasson, Simona Cocco, Joel Lebowitz, and Eugene Speer [6]. In
contrast with the “forward” Ising problem, the description of the collective behavior
of some Ising spins based upon their interactions, the inverse Ising problem involves
using a set of observables — in this case the single-spin magnetizations and pairwise
correlations — to infer the interaction structure. The inverse Ising problem thus belongs
to the general category of inverse problems, whose goal is to use measurements of a
system to infer the parameters which characterize its behavior [63].

Inverse problems in general present some mathematical difficulties which are not
present in the corresponding forward problem. Often the inverse problem is ill-posed,
that is, a solution may not exist, or solutions may not be unique or stable under small
changes in the observed data. A problem whose solution changes greatly in response
to small perturbations in the data is also referred to as ill-conditioned.

In recent years effective Ising models have proved useful for describing several biolog-
ical phenomena of interest, including the activity of networks of neurons [15, 24, 56, 59]
and elements of protein structure and protein-protein interactions [60, 67]. These effec-
tive Ising models must be inferred from data, bringing into focus the need for efficient
solutions of the inverse Ising problem. Standard methods of solution such as Boltzmann

learning, which involves iterative Monte Carlo simulations followed by small updates



to the interaction parameters [1], or perturbative expansions [51, 54, 58] can be slow,
or suffer from limited ranges of applicability.

In Chapter 4, we describe an efficient method of solution of the inverse Ising problem,
originally developed by Cocco and Monasson [16, 17], referred to as the Selective Cluster
Expansion (SCE) algorithm. Here we describe joint efforts to improve the algorithm,
and demonstrate its viability by analyzing real data from multielectrode recordings of

networks of neurons.



Chapter 2

The grand canonical ABC model

2.1 Introduction

In this chapter we study the phase diagram of the three species ABC model on an
interval as a function of the chemical potentials and the temperature. The system is
defined microscopically on a lattice of N sites in which each site is occupied by either
an A, a B, or a C particle. The energy is of mean field type, with an interaction which

has cyclic symmetry in the particle types but is reflection asymmetric:

N-1 N
En(¢) = ;Z >~ e () +na@neG) +np (i)l (2.1)
=1 j=141

Here the configuration ¢ of the model is an N-tuple (C1,...,(n), with (; = A, B, or
C, and n,(i), « = A, B,C, is a random variable which specifies whether a particle of
species « is present at site i: 1,(7) = 1 if {; = o and 7,(7) = 0 otherwise, so that always
> o mila) =1.

We remark that we may also regard the model as a reflection asymmetric mean field
three state Potts model. The asymmetry of the interaction gives this model system
very different behavior from that of the usual symmetric mean field model [61]. Similar
but short-range (in fact, nearest neighbor) reflection asymmetric interactions occur
in chiral clock models [3, 29, 46]; see Remark 2.5.1 below. A simple comparison of
reflection symmetric and asymmetric nearest neighbor interactions in one dimension is
given in Appendix A.2.

The equilibrium probability of a configuration ¢ is given by the grand canonical

Gibbs measure

1pA(¢) = E exp[-BEN(¢ Z)\ Naf (2.2)



where [ is the inverse temperature, A4, Ag, and A¢ are 8 times the chemical potentials,
N, = ZZJ\L 1 Ma(t) with >~ Ny = N, and Z is the usual grand canonical partition
function. We prove here that in the scaling limit (N — oo, i/N — x € [0,1]) the
equilibrium density profiles p(x) are unique and spatially nonuniform when the \,’s
are not all the same. When A\g = A = A¢ the densities are spatially uniform above a
critical temperature T, = 35 L with BC = 271/v/3; below T, the profiles have a natural
extension to periodic functions with a period three times the length of the system.

One may compare the behavior described above with that of the same system in the
canonical ensemble, in which the N, are taken as fixed. The results are quite different,
that is, we have inequivalence of ensembles (see [13, 43] for recent reviews). We give in
Section 2 a brief history of the ABC model with fixed particle number and a summary
of results for that system. In Section 3 we describe a stochastic evolution satisfying
detailed balance with respect to the measures yg 1(¢), and in Section 4 we establish the
phase diagram. Section 5 gives a discussion of some related models and problems.

A different generalization of the ABC model to a system with fluctuating particle
numbers is discussed in [39, 40]. In that model vacancies are permitted and it is the
total number of particles which fluctuates, while the differences N, — N, are conserved.
The model is formulated on a ring and is initially specified by dynamical rates, but it
is observed that in the case when all the NV, are equal, the case considered in detail, it
may be equivalently described by a grand canonical equilibrium model on the ring or
on the interval. A striking feature is the existence of a first-order phase transition, at

low temperatures, from a low-density to high-density state.

2.2 The ABC model in the canonical ensemble

The ABC model was introduced by Evans et al. [33] (see also [5, 9, 11, 14, 26, 32] and
[37, 38] for a related model) as a one dimensional system consisting of three species
of particles, labeled A, B,C, on a ring containing N lattice sites; we will typically let
a = A, B, or C denote a particle type, and make the convention that o + 1, o + 2,

... denote the particle types which are successors to « in the cyclic order ABC. The



system evolves by nearest neighbor exchanges with asymmetric rates: if sites ¢ and i +1
are occupied by particles of different types o and ~, respectively, then the exchange

oy — ya occurs at rate ¢ < 1 if y =« + 1 and at rate 1 if y = o — 1. That is,

AB % BA,
BC % CB,

CA % AC.

The total numbers N, of particles of each species are conserved and satisfy » °, No = N.
In the limit N — oo with No/N — 74, where 7, > 0 for all a, the system segregates
into pure A, B, and C regions, with rotationally invariant distribution of the phase
boundaries.

We remark that for a general choice of the N, the steady state of the ABC model
on the ring is nonequilibrium. In order for detailed balance to hold, the forward and
reverse transition rates along a closed loop in the configuration space must be equal.
The rate for a given particle, say an A, to make one loop around the ring and return to
its starting point is ¢’V when traveling to the right, and ¢’V¢ in the reverse direction.
Hence the detailed balance condition is violated if the number of particles of each species
is not equal.

In the weakly asymmetric version of the system introduced by Clincy et al. [14], in
which ¢ = e /N, the stationary state for the equal density case Ny = Np = N¢ is
a Gibbs measure of the form exp{—BEN}, so that the parameter 3 = T~! plays the
role of an inverse temperature. The energy Ey is given by (2.1), and the condition
N4 = Ng = N¢ ensures that this is translation invariant, despite the appearance of a
preferred starting site for the summations.

Ayyer et. al. [5] studied the weakly asymmetric system on an interval, that is, again
on a one-dimensional lattice of N sites but now with zero flux boundary conditions, so
that a particle at site i« = 1 (respectively ¢ = N) can only jump to the right (respectively
left). For this system the steady state is always Gibbsian, given by exp{—SEn} with
Ey as in (2.1), whatever the values of N4, Np, and No. When Ny = Np = N¢ the

steady state of the system thus agrees with that on the ring, so that the invariance



under rotations on the ring then implies a rather surprising “rotation” invariance of
the Gibbs state on the interval. We describe the results of [5] in some detail, since the
work of the current chapter depends heavily on them.
To identify typical coarse-grained density profiles at large N, [5] considers the scaling
limit
N — oo, i/N =z, x€]0,1]. (2.3)
For this limit there exists a Helmholtz free energy functional 371 F({n}) of the density
profile n(z) = (na(x),np(x),nc(x)). F is the difference of contributions from the

energy and entropy:
F({n}) = pE({n}) — S({n}), (2.4)
where € ({n}) and S ({n}) are the limiting values of the energy and entropy per site:
1 1
/ d:c/ dz Z N (T)Nat2(2), (2.5)
S({n}) = / dmZna Inng(x). (2.6)

€({n})

We will write F = F# when we need to indicate explicitly the 8 dependence. Only
the canonical ensemble was considered in [5], so that for some fixed positive mean
densities r4, rp, r¢ satisfying 74 + rp + rc = 1 the profiles n(x) in (2.4)—(2.6) satisty

the conditions

1
0 < ng(z) < Zna =1, and / no(z)dr = 14, (2.7)
0

The typical profiles in the scaling limit are those which minimize F; it was shown in
[5] that such minimizers always exist and satisfy the ELE derived from F. To obtain

the ELE one defines

OF
one(x)

= logna(z) + 3 /Ox[naﬂ (2) = nat2(2)]dz + 1 + Brayo (2.8)

Faolz) =

to be the variational derivative taken as if the profiles n4(x), np(z), and nco(x) were

independent; the constraints (2.7) then imply that at a stationary point of F both



Fa — Fc and Fp — F¢ are constant. After simple manipulations (see also Section 2.4

below) this yields the ELE satisfied by the typical profiles p(x):

dpa
% = 6,004(,00471 - Pa+1), a=A,B,C. (2'9)

These are to be solved subject to (2.7) (written in terms of p rather than n).

It follows from (2.9) that all relevant solutions satisfy

[[ra(z) =K (2.10)

for some constant K with 0 < K < 1/27. This may be seen directly, for example, by
computing

d
@Za:logpa =0. (2.11)

Now employing (2.7) and (2.10), we have that

(pa = po)? = (pa+pc)’ —4paps (2.12)

= (1-pp)? —4K/pp. (2.13)

This expression leads to a differential equation for pp(z) (and, with similar manipula-
tions, for the other particle densities as well) which is independent of the other density
profiles. For K = 1/27 the solutions are constant, with value 1/3; for K < 1/27 they
have the form

pa(r) =y (26(z —1/2) +ta), 0<z <1, (2.14)
with yx (t) a solution, periodic with period 7x, of the equation

L 1 Ly 2
il K 4 (1 : 2.1
5Y oY 8y (1—-y) 0; (2.15)

here t = 28x + constant. yx is uniquely specified by requiring that it take on its

minimum value at the points ¢t = n7x, n € Z. The phase shifts ¢, in (2.14) satisfy
ta=tp+71K/3 and tc =tp — 1K /3. (2.16)

Remark 2.2.1. Equation (2.15) describes a particle of unit mass and zero energy os-

cillating in a potential Uk (y) = Ky/2 — y*(1 — y)?/8. The constant solution y = 1/3
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appears for K = 1/27. For K < 1/27, yk(t) is an even function which is strictly increas-
ing on the interval [0, 7k /2]; it was shown in [5] that 7x is a strictly decreasing function
of K. Because the potential is quartic in y the solution is an elliptic function. Further

properties of the function yx are summarized in Proposition A.1.1 of Appendix A.1.

Equation (2.14) indicates that nonconstant solutions of the ELE are obtained by
viewing yx(t), and its translates by one-third and two-thirds of a period, in some
“window” of length 23. If one is given 5 and r = (r4,rp,rc) then one must determine

K and one of the phase shifts, say tp, so that
1 B
To = / yi (t + to) dt, a=AB,C. (2.17)
28 J_p

The solutions which minimize F were completely determined in [5]. In stating the result,
we use the following terminology: a solution is of type n if (n — 1)1 < 28 < n7g, that

is, if the window contains more than n — 1 and at most n periods of the function yg.

Theorem 2.2.2. Suppose that ra, rpg, and r¢o are strictly positive. Then:

(a) If ra = rp = rc = 1/3 then for the equations (2.9) with (2.7) there exist (i) the
constant solution, (ii) for B > nfB. = 2mnV/3, n = 1,2,..., a family of solutions, of
period Tir = 28/n and hence of type n, differing by translation, and (iii) no other
solutions. The minimizers of the free energy are, for < ., the (unique) constant

solution and, for B > B, any type 1 solution.

(b) For wvalues of r other than (1/3,1/3,1/3) there exists for all 5 a unique type 1

solution of these equations which is a minimizer of the free energy.

(c) At zero temperature (B — 00) the system segregates into either three or four blocks,

each containing particles of only one type.

2.3 Dynamics of the grand canonical ABC model

We now turn to consideration of the ABC model on the interval when the number of
particles can fluctuate; we will abbreviate this as the GCABC model. In Section 1 the

corresponding grand canonical measure 13 ) (see (2.2)) was presented in the equilibrium
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setting as a Gibbs measure obtained from the energy function (2.1) and chemical poten-
tials 7' \,. Just as for the canonical Gibbs measure, however, one may alternatively
view this as the stationary measure for some dynamics; we describe two possibilities
here.

In the first dynamics we consider there are particle exchanges between adjacent sites,
with the same rates as for the canonical dynamics. To allow the number of particles
to fluctuate, however, we introduce two new possible transitions. First, if the particle
at site i = 1 is of type a then with a rate equal to Ce™?= the entire configuration is
translated by one site to the left, the particle at site i = 1 disappears, and a particle
of species av + 1 is created at site i = N. Second, with a rate equal to Ce™*e+1 the
reverse transition occurs. Here C' is a constant which we shall in the future take equal
to 1. This dynamics satisfies the detailed balance condition with respect to the Gibbs
measure (2.2): if a transition ¢ — ¢ " arises from an exchange of particles the argument is
as for the canonical model [5], while if it comes from a transition of the new type, say in
the “forward” direction as described above, then En(¢) = En(¢’) but N, decreases by 1
and Ny increases by 1, and the detailed balance condition e *ovg({) = e e+115((’)

follows.

Remark 2.3.1. One may also obtain this dynamics by considering a ring of N sites,
with each site occupied by an A, B, or C particle and with a marker located on one
of the bonds between adjacent sites. Adjacent particles exchange across any unmarked
bond with the usual ABC rates, while the marker may move one bond to its left or right,
and in doing so it changes the species of the particle it passes: with x- and — denoting
a marked and unmarked bond, respectively, the transition % o — — — (a+ 1) %
occurs with a rate equal to e *» and the reverse transition with a rate equal to e~ Ae+1,
If one then obtains a configuration on the interval from a ring configuration by letting
the marked bond identify the boundaries of the interval—effectively by cutting the ring
at the marked bond—one sees easily that the inherited dynamics on the interval is
precisely the dynamics discussed above. A slight variation of this idea was mentioned

in [5].
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We define the second dynamics only for the case in which all the A, are equal.
We obtain it by first defining a dynamics for the constrained ring: a ring of 3N sites
populated by A, B, and C particles but with a restriction to configurations (fz)f‘ivl
which satisfy

Sien =& +1 (2.18)

(addition on the site index is modulo 3V); that is, if an A particle is on site 7 then there
must be a B particle at site ¢ + N and a C particle at site i + 2N, etc. The dynamics
for the constrained ring is given by a modification of the usual rules of the canonical
ABC model on a ring: exchanges occur simultaneously across three equally spaced,
unmarked bonds in the usual ABC manner, with rate 1 for the favored exchanges and
rate ¢ = e A/N for the unfavored ones.

We consider now any fixed block of N consecutive sites on the constrained ring and
ask for the induced dynamics on configurations in this block. Two types of transitions
occur: nearest-neighbor exchanges at standard ABC rates for a system of size N and
inverse temperature 3 (i.e., rates 1 and ¢ = e_B/N) and a transition corresponding to an
exchange on the constrained ring across the boundaries of the block. To understand the
latter, suppose the configuration within the block has the form (a+2) ¢ (a+1), with ¢
any configuration on N — 2 sites; then (2.18) implies that the particles immediately to
the left and right of the block are of type a, and a transition from (a +2) ¢ (a+1) to
a(a occurs at rate 1. The reverse transition occurs at rate ¢, and no such transition
occurs when the block configuration is (o + 2)(a. Then using Ay = Ap = A¢ one
checks, just as for the dynamics considered above, that if one identifies the block with
an interval of N sites then this dynamics satisfies the detailed balance condition with
respect to the grand canonical Gibbs measure (2.2).

On the constrained ring there are equal numbers of A, B, and C particles, from
(2.18), so that the energy Fsy (that is, the energy given by (2.1) with N replaced by
3N throughout), and thus the restriction of the Gibbs measure Z~!exp{—BE3n} to
particle configurations satisfying (2.18), is well defined and independent of the starting
point of the summations [33]. Moreover, this is the invariant measure for the constrained

ring dynamics defined above, as one again checks by verifying detailed balance. With
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the discussion above this shows that the restriction of Z~!exp{—BFE3x} to the block
of N sites is the Gibbs measure (2.2). One may also verify this from the fact that if {
is a constrained ring configuration and ¢ the portion of that configuration within the

block then

E3n(§) = En(Q) + N/3. (2.19)

Thus we can study the GCABC with A4 = Ap = A¢ by studying directly the con-

strained ring.

2.3.1 The scaling limit for the constrained ring

To identify typical coarse-grained density profiles at large N on the constrained ring we
consider the scaling limit (2.3) with N replaced by 3N (N — oo with i/3N — x € [0, 1])
and find the appropriate free energy functional. The scaling limit of the energy per site
is still given by (2.5), but because the full microscopic configuration under the constraint
(2.18) is determined by the configuration of the first IV sites the entropy per unit site

is only 1/3 of (2.6). This leads to a free energy functional

BE({n)) — 38({n) = 379 ({n}) (220)

Here £({n}) and S({n}) are as in (2.5) and (2.6) and n is a constrained density profile,

that is, one which satisfies the continuum equivalent of (2.18):
Na(T) = nat1(x +1/3), (2.21)

where the addition = + 1/3 is taken modulo 1. F (38) is the free energy functional at
temperature 3/ of the (unconstrained) canonical system on an interval, as defined in
(2.6); equivalently, because there are equal numbers of particles of each species, this is
the free energy functional on a ring [5].

Typical (coarse-grained) profiles at inverse temperature  on the constrained ring,
for large N, correspond then to continuum density profiles p(x) which satisfy the con-
straint (2.21) and minimize the free energy over all such constrained profiles. It follows
from (2.14) and (2.16), however, that the typical profiles (minimizers) for the canon-

ical free energy, which are a priori unconstrained, do in fact satisfy (2.21). Thus by
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Figure 2.1: Typical profiles in a large system. The dotted curves are time-averaged occupation
numbers in a constrained ring of size N = 1800 at inverse temperature § = 10.152. The
solid curves are the corresponding elliptic functions obtained from the exact solution of [5] at

temperature 8 = 30.456.

(2.20) the typical profiles for the constrained ring are the same as the typical profiles of
an unconstrained system on the ring at inverse temperature 35. This is illustrated in
Figure 2.1, where we plot time-averaged profiles from Monte-Carlo simulations of the
constrained ring at § = 10.152 and the exact solution [5] for the unconstrained ring at
B = 30.456, showing close agreement. (We can use time averaging rather than spatial
coarse graining for this comparison because the time scale for the profile to drift around
the ring is much larger than the simulation time scale.)

It follows from this discussion that when the chemical potentials are equal the criti-
cal temperature Bc for the grand canonical ensemble on an interval, which is represented
by the part of the constrained ring between two markers, is Be = Bc/3. Typical configu-
rations are constant if § < Bc and for 8 > Bc are a portion of the typical profile for the
canonical system at inverse temperature 35; the latter is periodic and in the GCABC
system we see a randomly-selected one-third of a period (for example, at § = 10.152,
one third of the profile shown in Figure 2.1), rescaled to length one. These properties
are confirmed in Section 2.4 by direct analysis of the grand canonical system in the

scaling limit.
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2.4 The phase diagram of the GCABC model

In this section we discuss the GCABC model directly in the scaling limit (2.3). From
(2.2) we see that the new free energy functional F({n}) (= .7:"5,\({71})), which is the
negative of the pressure multiplied by (3, is obtained by adding chemical potential terms

to the free energy functional of the canonical model:

F({n}) = F{n}) Z)\ / dxng(x), (2.22)

with F given by (2.4). The profiles now are constrained only by
0<nu(r)<1l and Zna(x) =1. (2.23)

We will always normalize the chemical potentials so that ) A, = 0. This choice is
arbitrary, since adding the same constant to each A, just shifts the free energy by a
constant; our choice is convenient in most cases, although with this normalization we
cannot conveniently consider the limit in which just one of the A, becomes infinite.
Just as for the canonical model [5] it can be shown on general grounds that for every
B, A the free energy functional has at least one minimizing profile p(x) which belongs
to the interior of the constraint region, i.e., satisfies 0 < p,(x) < 1 for all o,z (and of

course Y, pa(x) =1 for all ). From this it follows that p(x) will satisfy

5[
oo [P, L | =@ ) - Fe@ ) =0, (220
5[
opp(z) [f({p})‘pc—l—pA—pB] = (FB(2) = Ap) = (Fol@) = Ao) =0, (2.25)

with F,(z) as in (2.8), so that F,(x) — Ay is independent of a. But one finds from
(2.8) that )" paOFq(x)/0x =0, so that

Folz) = da=C (2.26)
for some C' independent of z and «. Differentiating (2.26) leads again to (2.9):

dpa
df; = Bpa(pPa—1 — Pati1), a=A,B,C. (2.27)

Moreover, (2.26) implies that F,(0) — Ao = Fat+1(1) — Aa41, which with (2.8) yields

the boundary condition

pa(0)e ™ = poiq(1)e Ao+t a=A,B,C. (2.28)
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Note that (2.28) is consistent with the (first) dynamics described in Section 2.3.

Equations (2.27) and (2.28) may be taken as the ELE of the model (it is easy to
verify that these imply (2.26)). Solutions of (2.27) are, by the analysis of [5], of the
form (2.14), with phase shifts satisfying (2.16). It remains only to consider the effect
of the boundary condition (2.28).

Let us begin by considering the case Ay = Ap = A¢, in which (2.28) becomes
pa(0) = pat1(1). Certainly the constant profile with p,(z) = 1/3 for all «,x satisfies
this condition and hence is a solution for all 5. From (2.16) we see that a nonconstant

solution (2.14) will satisfy this condition if and only if

yK(toz_B):yK(ta'i_/B_TK/B)? a:AanC' (229)

The properties of yx mentioned in Remark 2.2.1 imply that (2.29) can hold if and
only if (to — 8) £ (ta + 8 — 7K/3) is an integer multiple of 7x. The choice of the
positive sign here leads to no solutions consistent with (2.16); the negative sign gives
26 = (3n — 2)7k/3 for n = 1,2,3,.... Since the minimal period of solutions of (2.9)
is 23. = 47/3, a nonconstant solution of (2.9) and (2.28) can exist only if 8 > 8./3;
thus as in Section 2.3 we find that Bc = f./3 is the critical inverse temperature for the
GCABC model. There is no constraint on the ¢, other than (2.16), so that there is a
one-parameter family of solutions differing by translation.

Following the usage of [5] it is natural to refer to the solutions just discussed for which
203 = (3n—2)71x /3 as being of type n. We will, again as in [5], extend this classification
to the case of general \: a solution (2.14) of (2.27) and (2.28) will be said to be of type
1if 28 <7k /3 and of type n, n =2,3,...,if 3n —5)7x/3 < 28 < (3n — 2)7x /3. With

this terminology we can state our main result.

Theorem 2.4.1. (a) If \ga = Ap = A¢ then for the equations (2.27) and (2.28) there
exist (i) the constant solution, (i) for B > (n—2/3)B. = 2m(n—2/3)v/3,n =1,2,3, ...,
a family of solutions of type n, differing by translation, and (iii) no other solutions. The
minimizers of the free energy functional F are, for f < Be/3, the (unique) constant

solution and, for 8 > (., any type 1 solution.

(b) If not all A\, are equal then there exists for all B a unique minimizer of the free energy
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functional F; moreover, this minimizer is a type 1 solution of (2.27) and (2.28).

We give the proof of part (a) of this theorem here; the more technical proof of (b)

is presented in Appendix A.l.

Proof of Theorem 2.4.1(a): The discussion at the beginning of this section establishes
the first statement of the theorem; it remains to show that the type 1 solution, when it
exists, minimizes the free energy. We do so by reducing this problem to the correspond-
ing one for the canonical ensemble; the argument is similar to the consideration of the
constrained ring system in Section 2.3. For any profile n(z) = (na(x),np(z),nc(z))

(where it is understood that 0 < nq(x) < 1 and ), na(z) = 1) define the tripled profile
O({n}) by

,

na(37), if 0 <z <1/3,
(©O(n}))al(@) = na_1(3z — 1), if1/3 <z <2/3, (2.30)

ne—2(3z —2), if2/3<z<1.

The profiles which have the form ©({n}) for some n are precisely those satisfying (2.21);
in particular, each ©({n}) gives equal mean densities to the three species.

Now a simple computation shows that for any profile {n,(z)},

FO({n}) = FOI({O({nh)}) - 6/3. (2:31)

(Note that this free energy differs by an overall factor, plus an additive constant, from
that of (2.20); the difference arises because here we started from the energy and entropy
per site on the interval of size N, and in (2.20) from the energy and entropy per site
on the ring of size 3N.) Thus the problem of finding the minimizer(s) of F(#-9 ({n}) =
FB({n}) over all profiles n is equivalent to finding the minimizer(s) of FG# ({n})
over all profiles satisfying (2.21). On the other hand, the minimizers of F(%) over all
equal-density profiles are given in Theorem 2.2.2(a): the constant solution if 35 < .
and the solution of (minimal) period 64 if 38 > . (this is the type 1 solution for the
canonical model). Because these are either constant or periodic, they satisfy (2.21) and
hence are also the minimizers over all such profiles. But these minimizers are precisely

the images under © of the profiles identified as minimizers in Theorem 2.4.1(a). O]
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Remark 2.4.2. In the argument above the essential role of the tripling map © is to
convert the problem of minimizing F with respect to arbitrary variations in the profiles
to the previously solved problem of minimizing under variations which preserve the
condition fol dx nq(x) = 1/3. Other conclusions may be obtained similarly; we mention

briefly two examples.

(a) It was shown in [5] that, for 8 < (2/3v/3)B3. and any r = (r4,75,7¢), F({n}) is
convex as a functional of profiles satisfying (2.7). Via © this implies that F({n}) is,

for B < (2/3v/3)f., convex as a function of profiles satisfying (2.23).

(b) The two point correlation functions on the interval are related to those on the

constrained ring by

<n($)n(y)>interval = <n($/3)n(y/3)>ring- (2.32)

The latter (denoted below simply as (-)) may be computed in the high temperature
phase by a calculation parallel to that of [11]. On the constrained ring a perturbation
no(z) = 1/34 aq cos(2mma) + by, sin(2rma) of the constant solution satisfies (2.21) and

Y o Na(z) =1if and only if m =3k 4+ j for j =1 or 2, and

1 . 1 .
—50a t (—1)7?6(1, bas1 = = 5ba — (—1)]£aa. (2.33)

Qo+1 = 9 9

One may thus treat a4 and by as the independent parameters. The probability of the

profile {nq(z)} is exp{—3NFG({n})}, and to quadratic order in the perturbation,
FBB({n}) ~ constant + Si [27m + (—=1)7V/38] (a4 + b%). (2.34)
™

Thus
4dm

27N (2mm + (—1)iV/38)’

Summing over all the fluctuations, i.e., over m, we obtain

x 2 m cos[2mm(x — y)]
a o _ 2.36
(na(x)na(y)) 27N Z; 2rm + (—1)7/3p m=3k+j -

(a4) = (V%) = (aaba) = 0. (2.35)

All connected two-point functions (nq(x)n(y)). may be obtained on the constrained

ring from (2.36) via (2.21), and then on the interval using (2.32). Note that (2.36)

diverges as 5 " BC.
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2.4.1 The canonical free energy F(r)

The free energy in the canonical model, for mean densities r 4, rg, r¢o satisfying r4 +

rg +rc =1, is given by

F(r)=F(ra,rg,rc¢) = min F({n(z)}), (2.37)

{n(x)}
with the minimum taken over all profiles n(x) satisfying the constraints (2.7). The

grand canonical free energy may then be computed in two ways:

FO) = inf F(n)) (2.38)

= inf {F(r) -3 Aara} : (2.39)

Yo ra=lra>0
where the infimum in (2.38) is over all profiles. We can obtain information on the
structure of F'(r) from the above results for the minimization problem (2.38), together
with the trivial remarks that a unique minimum for (2.38) implies a unique minimum
for (2.39) and that such a unique minimum implies that the surface y = F'(r) lies above
the plane y = F'(\) + > o AaTa and touches it at a single point.

In particular, the fact that when § < BC there is for all A a unique minimizer
for (2.38) implies that for such S the function F(r) is convex. When 5 > . the
minimizer for (2.38) is unique except in the case Ay = Ap = A¢ = 0, when the
plane mentioned above is horizontal. In that case the minimum occurs at points lying
above a certain simple closed curve I' (= I'g) in the plane ) 7, = 1, with the point
r4a =rp = rc = 1/3 in its interior; sample curves are shown in Figure 2.2. " may be

parametrized as r*(t), 0 < t < 7x, where K is the parameter in the type 1 solution of

Theorem 2.4.1(a) and

3 TK /6
ri(t) = — Yy (s +ta +1)ds. (2.40)
TK J—1r /6

(The fact that this curve is simple follows, for example, from Proposition A.1.1(d).)
The three-fold symmetry then implies that the surface y = F(r) has a “tricorn” shape.
In particular, the dependence of the mean densities on the chemical potentials is

given by
ra(A) = =—F(X). (2.41)
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Figure 2.2: Curves I'g in the r4-rp plane along which F(r) achieves its minimum value, for

B1 = 3.75, B = 4.25, and B3 = 6.05 (B, = 27/V/3 ~ 3.63).

Remark 2.4.3. It follows from (2.39) that the dependence of the mean densities on

the chemical potentials is given by
ra(A) = =—F(X). (2.42)

The minimizing profile for a particular value of A will be the canonical profile at the
value of r determined by (2.42). As discussed in [5] this will be a fraction of a full period

of some non-constant period solution of the ELE; see Figure 2.1 above and Figure 4 of

[5].
2.5 Concluding remarks

It is natural to compare the phase diagram obtained here for the one dimensional
reflection asymmetric ABC model with that of the corresponding symmetric model,
that is, the mean field three state Potts model (see [61],[42]). We will define the latter
by replacing the sum over j > i in (2.1) by a sum over all j # ¢ and dividing by 2; this

yields

1 1
o [NaNe + NoNp + NpNa] = ——[N? - (N3 + N3 +N&).  (243)

Biy(¢) = o

The energy (2.43) is related to that of the standard mean field Potts model [42] by a

choice of energy scale and a shift of the ground state energy. It is, as is usual for mean
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field models, independent of dimension and geometry. There is thus no spatial structure
in the system and the canonical measure just gives equal weights to all configurations.

The canonical free energy functional with prescribed values of r,, = fol ne () dx is
F((n}) = Dlrarc + rra+ rors] - S({n}), (2.44)

with S ({n}) still given by (2.6). For all § the minimizers of F* are the constant
density profiles p,(z) = r,, and there are no phase transitions of any kind in the
canonical system. The corresponding minimum value

F(r) = gzrara-i—Z —Zmlogm = gz%&- g —Zmlogru (2.45)

« «

of F*({n}) is in fact just the value of F({n}) evaluated at these constant profiles (this
follows from our choice of the factor 1/2 in (2.43)), and hence is an upper bound for
the free energy F'(r) of (2.37).
The situation is quite different for the grand canonical ensemble. Here the analogue
of (2.38) is
F*(\) = inf {F*(r) - za: )\ara} (2.46)
The analysis of F*(\) leads to a phase diagram completely different from that of the
reflection asymmetric grand canonical model considered in Sections 3 and 4 above
[61]. In particular, (2.46) exhibits a first order phase transition for Ay = Ap = A¢ at
Bk = 8log2. For f < B} the minimizer is r4 = rg = r¢ = 1/3; for § > B there are
three minimizers, each rich in one of the three species, and at § = 3} all four of these

states are minimizers.

2.5.1 Higher dimensions

As was already noted and is well known, the standard mean field models with symmetric
interactions do not depend on the dimension or topology of the spatial structure of the
system considered. This is clearly not the case for models with reflection asymmetric
interactions, such as the one-dimensional ABC model considered here. We comment
now on various possible generalizations of such reflection asymmetric mean field models

to higher dimensions. A generalization of the ABC model from the ring to to the torus
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in two or more dimensions was considered in [31]; in that case the ABC dynamics were
generalized to higher dimensions but the resulting model is not an equilibrium system,
in contrast to the models considered below.

We take for simplicity the dimension to be two and the lattice to be an N x N
square in Z2. Let us consider first a situation in which the mean field interactions are
symmetric in the vertical direction but of the form (2.1) in the horizontal direction.

This yields an energy of the form

~ 1 N N
EQ = 322 2 2 (i kan(il) (247)

N-1 N
- > 2 ia()iatald), (2.48)
i=1 j=i+l «
where
1 N
ia(i) = 7 D i F)- (2.49)
k=1

The energy functional € obtained from (2.48) in the scaling limit is identical to that
given in (2.5) with n, (x) replaced by 74 (z fo x,y) dy. The entropy term (compare
(2.6)),
B 1 1
-S= Z/ / ne (2, ) log no (2, y) da dy, (2.50)
o~ Jo Jo

is clearly minimized, subject to a specified {n,(x)}, by setting n,(x,y) = na(x), and
so density profiles which minimize BE — S depend only on = and are the same as for

the one dimensional case, both for the canonical and grand canonical ensembles.

Remark 2.5.1. The two-dimensional chiral clock model [3, 29, 46] also contains interactions—
in that case, nearest-neighbor ones—which are reflection symmetric in the vertical di-
rection but not in the horizontal one. When the parameter A (in the notation of [46])

has value 1/2 the energy, up to an additive constant and a rescaling, is

N—-1 N N N-1
ZZ% (A k 7704—%-2 1+ 1, k Z Z Zna(ivk)na(iak'f_ 1)’ (2'51)
i=1 k=1 « 1=1 k=1 «

so that the interactions in the horizontal direction have a form reminiscent of (2.1).

A second possibility is to take the reflection asymmetry to be the same in the z and
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y directions. In this case (2.1) takes the form

N-1 N
S ES D5 DD DI NN UNPEN)) (252

a k=1 1k
The analysis of this model seems considerably more complicated and we will attempt

no discussion here.
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Chapter 3

A generalized ABC model

3.1 Introduction

The standard ABC model on an interval was considered in [5], and reviewed briefly
in Chapter 2. It is an equilibrium system on a 1D lattice of N sites with closed
boundary conditions. Each site is occupied by one of three types of particles, denoted
by A, B, and C, which interact via a cyclic mean field type pair potential which is
however not spatially reflection symmetric. In this chapter we generalize this model
by introducing an additional interaction in which each of the particle types moves in
a separate background potential that depends linearly on position, breaking the cyclic
symmetry in the standard ABC model. The equilibrium state of the standard ABC
model may also be obtained as the steady state for certain nearest neighbor exchange
dynamics [5, 32, 33|, and the generalized model considered here may be obtained by a
modification of the exchange rates; see Appendix B.1 for details.

To define the model we introduce the occupation variables 14(7), with 7,(7) = 1 (0)
if site 4 is (is not) occupied by a particle of type «. As each site is occupied by exactly

one particle,
D nali) = 1. (3.1)

The energy of a configuration 7 is defined to be

N N
B = 33 (3200 — aimarali) +i€anals) |. (3:2)

a =1 \j=1
Here a+1 corresponds to the species following « in the ABC cyclic order, ©(j—i) = 1 (0)
for j > i (j < i), and the &, may be thought of as constant background electric fields,

with &, acting on particles of type a. We will consider the model in the canonical
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ensemble, with specified particle numbers of each type

N
D i) =Nay D Na=N. (3.3)

The canonical Gibbs measure for this system is then given by

1 _
ns (1 No) = e PP, (3.4)

with Z the usual canonical partition function. We will assume N, > 0 for all «
throughout; if one of the particle species is absent, the model simply reduces to the
weakly asymmetric simple exclusion process (WASEP) [10, 52].

Note that if one adds the same constant to each of the £, then the energy (3.2) is
only changed by an overall constant. We may therefore set ) &, = 0, without loss of
generality. We will refer to the case where £4 = £g = £ = 0 as the “standard” ABC
model. This is the model considered in [5].

The energy (3.2) may also be written in a different form, in which the contribution
of the external fields is expressed through a modified mean field interaction. Using (3.1)

and (3.3) we have

N N N
D ina(i) ==Y 00 — i)nali) (at1(4) + Nata(5))
i—1 =1 j—1

(3.5)
N, 1
Nog [ N——4+=].
Vo (N5 5)
Substituting (3.5) in (3.2) and rearranging sums, we obtain
1 N N
E(n) =+, (ZZ@U — ) 3Vat1 (i) Nat2())
« i=1 j=1 (36)
Na
+ fa7 (N + Natz2 — Nag1 +1) |,
where the v, are given by
1
va =g L+ &at1 — Lotz |, (3.7)

so that

d va=1 (3.8)
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Figure 3.1: Different regions of the parameter space of the v,, plotted in the v4-vp plane.

The term Y, {a No (N + Nag2 — Nay1 + 1) /2 is independent of the configuration, and
may be ignored in the canonical ensemble with the N, fixed.

It will be convenient to consider the fundamental parameters of the model, in addi-
tion to the particle numbers N, of each species, to be the v, rather than the fields &,,
as the v, are more directly related to the physical behavior of the model. We divide the
space of these parameters into three regions; see Figure 3.1, plotted in terms of v4 and
vp, as these fix vo by (3.8). In region I, v, > 0 for all a. In regions II and III, v, < 0
for one or two values of «, respectively. In the standard model vy = v = vo = 1/3.

We see from (3.6) that each of the v, determines the energetically preferred align-
ment of the two other particle species a = 1. Effectively there is a contribution of
3vo/N to the energy every time any pair of particles of species o + 1 and a + 2 are
not cyclically aligned, that is, whenever a particle of type a + 2 precedes one of type
a + 1. If for example v4 > 0, a pair of B and C particles will have a lower energy
arranged as B---C than as C'--- B. If vq < 0 the preferred arrangement is reversed,
and the configuration C'--- B will have a lower energy than the usual cyclic ordering
B ---C. This determines the ground states of the system, when 8 — oo, as described

in Appendix B.1.
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Background

The standard ABC model was introduced by Evans et al [32, 33] and in the form we
use by Clincy et al [14]. This model was originally considered on the ring, i.e. with the
boundary conditions periodic rather than closed, by specifying a dynamics consisting
of asymmetric nearest neighbor exchanges between particles of different species. The
stationary state of this dynamical system on the ring is generally not an equilibrium
one. Its properties have been studied extensively in [32] and in [8, 9, 11, 26, 39]. In the
special case that the number of particles of each species is the same the stationary state
of the model defined on the ring is a canonical Gibbs measure with the energy given by
(3.6), with v, = 1/3 for all a.. The stationary state of the dynamical model defined on
the interval, or equivalently on a ring with exchanges across one bond blocked, is always
the canonical Gibbs measure regardless of the number of particles of each species and
is identical to that on the ring for equal N,,.

The equilibrium properties of the standard ABC model on the interval were obtained
exactly in [5], see also [7]. In particular it was shown there that (in the thermodynamic
limit) the system has a unique state (density profiles) whenever the average densities
No/N = r, are not all equal to 1/3, i.e. 74 # v, for some a. When r, = 1/3 the
system undergoes a second order transition at 8 = ., = 2mv/3 from a uniform density
profile to a periodic profile [11]. There are thus for § > 5. a continuum of phases
(density profiles) specified by a rotation angle §. The results we derive here for the case
when the v, are not all equal to 1/3 are more restricted. They suggest however that
the phase diagram for general v, is qualitatively similar to that of the standard ABC
model, with a phase transition only at r, = vg.

The outline of the rest of the chapter is as follows. In Section 3.2 we discuss general
properties of the macroscopic system in the scaling limit. Section 3.3 describes basic
properties of the solutions of the Euler-Lagrange equations. Special cases are considered
in Sections 3.4 and 3.5 for different values of the parameters. In Appendix B.1 we
discuss properties of the microscopic model specified by (3.2). Appendix B.2 discusses
the connection between the generalized ABC model and the Lotka-Volterra family of

ODE systems, and in Appendix B.3 we discuss some restrictions on solutions of the
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Euler-Lagrange equations for the case r, # v, for some «, with the v, in region I.

3.2 Scaling limit

The main goal of this chapter is to study the phase diagram of the equilibrium system
with energy (3.2) when N becomes macroscopic. For this we consider the scaling limit
in which

N — o0, No/N = 71q, i/N — z €0,1], (3.9)
so that 7, is the average density of the particle species a. In this limit the state of
the system is described by density profiles p,(x), « = A, B, C, where p,(z) represents
the density of particles of type « at a position x. These density profiles satisfy the
constraints

1
0 < palz) <1, /0 dz po(z) = 14q, Zpa(az) =1 (3.10)

The free energy (multiplied by 5) F({p}) associated to the canonical ensemble

measure (3.4), see [5, 8], is given by

F({r}) = BE{p}) — S{r}) (3.11)

where E({p}) and S({p}) are the energy per site and entropy per site in the scaling

limit:

£({r})

%: /Oldx </Oldy Oy — )pa () pata(y) + & pa(x)> (3.12)

1
Seh = =3 [ de pula)lozpu(e). (313)

As in the microscopic case, we can use the constraints (3.10) to rewrite the free energy

in a form analogous to (3.6),

1 1
Flon =55 /0 d /0 dy Oy — 2) 3vas1 pal)pare(y) -

1
+3° [ do pa(e)logpala) + .
o« Y0

where the constant F' = ) &37a(1 + Tat2 — ra+1)/2 is independent of the profiles

Pa ().
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The functional F({p}) is the large deviation functional giving probabilities in the
N — oo limit [5, 8, 14]; that is, the probability of the profile p,(z) is proportional to
exp (—NF({p})). The typical equilibrium density profiles for the macroscopic model
are thus those that minimize the free energy. There will be a coexistence of phases
when the minimizer is not unique. To study this we have to consider solutions of the
Euler-Lagrange equations (ELE) associated to the stationary points of (3.11).

Let Fo(x) = 0F/0pa(z) be the variational derivative of F taken as though all of

the p, are independent. Applying the constraints (3.10) leads to the ELE
Fa — Fc = constant, FpB — Fc = constant, (3.15)
where the F, from (3.14) are

Fa(x) =1+log pa(‘r) + 3ﬁva+1roc+2

z (3.16)
=38 |y (01 pas) = vsapaa ).
It is easy to show that these F, satisfy
0Fa
o =0, 1
Zajp ()5 (2) =0 (3.17)

which with (3.15) implies that F,(x) is constant for all &. Then from (3.16) the ELE

are given by

po(2) = pa(0) exp (zm [ 0 asrparaty) - va+2pa+1<y>>), (3.18)

which may be evaluated at x = 1 to yield the boundary conditions
pal1) = pa(0) ¥siriss osarc), (3.19)

Equivalently, one may also write the ELE in differential form as

dpa
é = 3Bpa (Vat1Pa+2 — Va+2Pa+1) - (3.20)

The ELE are to be solved subject to (3.10).

Examining the ELE (3.20) one finds that there exist two constants of the motion,

> palz) =1, (3.21)



30

and
K =]]rb (). (3.22)

To study solutions of the ELE we eliminate pc using (3.21), so that the solutions give

trajectories in the pa-pp plane, and more specifically in the triangle

pa,pB 2> 0, pa+pp < 1. (3.23)

Any such trajectory lies within a level set of K; as we will see below, when the v,
lie in region I such a level set is either the single point p, = v, or a simple closed
curve encircling this point. When the v, lie in regions II and III the level curve is an
open curve joining two vertices of the triangle. A solution of the ELE satisfying the
boundary conditions (3.19), or equivalently the constraint fol po(z) dx = 14, is obtained
by choosing first a value of K and then a portion of the trajectory labeled by K which
is traversed in time one. See Figures 3.2 and 3.3 for typical level sets and trajectories.

In the special case where r, = v, the macroscopic free energy is rotation invariant
(see Appendix B.1 for details on the analogous result for the microscopic system). To

verify this we consider rotated profiles

Polr — 2) ifx >z
Pa(x) = . (3.24)
palx+(1—2)) ifz<z
The entropy is clearly unchanged by the rotation, S({p}) = S({p}), while the difference

in energy, computed from (3.14), is

£ - etoh = 3% / / 4y Vo1 (Pa@) P 2(y) — P (1) pecsa())
= 32/ dz vot1 (pa(x) rat2 — Ta pata(x)) =0, (3.25)

where we have used r, = v, and foldx pa(x) = roq. As we shall see this case, which
generalizes the r, = 1/3 case in the standard ABC model, plays a special role in the
phase diagram.

It was proven in [5, Section 10] for the standard ABC model that solutions of the
ELE always exist, and that the minimizer of the free energy must be given by one of the

solutions. The same result holds for the generalized ABC model, with no modification of
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the proof required. The fundamental question is then whether or not there is a unique
minimizer. This question was answered completely for the standard ABC model in
[5], and we believe that the direct generalization of the behavior in that case should
hold for the general model. We state this here as a conjecture, although it is partially
established in [5] and in the remainder of this chapter; the statement depends upon a

critical temperature T, = 3.1, where

2
3./ UAVBUC

Conjecture 3.2.1. Solutions of the ELE. (a) If the v, lie in region I and r, = v,

8. = (3.26)

forao= A, B,C then there exist (i) the constant solution po(x) = va, 0 <z <1, (i) for
B8 >np.,n=12,..., a unique solution corresponding to a trajectory which traverses
one of the level sets of K exactly n times, which we refer to as a type n solution, and
(7ii) no other solutions. The minimizer of the free energy is, for B < f3., the (unique)
constant solution and, for B > B., the type 1 solution. At . there is a second order
phase transition from the homogeneous phase to the phase segregated, heterogeneous

phase.

(b) For values of the v, and rq other than those discussed in (a) there exists for every

B a unique solution minimizing the free energy.

Statement (a.i) here is a trivial observation, and the existence portion of (a.ii) will
be established in Section 3.4. Beyond this, as we will discuss below, we can prove all or
part of this conjecture for some special values of the parameters besides the standard
case, v, = 1/3 for all «, for which the conjecture has been proven in full. In particular
we can prove uniqueness of the solution of the ELE when 5 < 47/3. This follows
from the result in [5] that for such 8 the standard ABC model free energy functional is
globally convex on the space of density functions satisfying (3.10). As the addition of
external fields only adds terms that are linear in the particle densities to the standard
ABC free energy (see (3.12)), the second variation of (3.11) with respect to the density
functions is the same as that of the standard model. Thus for 5 < 47 /3 the free energy
for the generalized ABC model with external fields is also globally convex, implying

that there is a unique solution of the ELE, which must be the minimizer of the free
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energy. For r, = v, this is just the constant solution p,(z) = ve, 0 < x < 1. For
other values of the r, there is for § < 47/3 a unique segment of a unique K = K(8;r)
trajectory which minimizes F.

For f > 47/3 and rq = v, (so that the v, are in region I), we have the following

additional results:

(i) Conjecture 3.2.1(a) is proven when, for some «, v, = 1/2 and vo41 = vay2 = 1/4,

and checked numerically in other cases.
(ii) The constant solution is linearly stable for 5 < . and unstable for g > f..
(iii) Nonconstant minimizers are always of type 1.

(iv) For small enough K, or equivalently, for large enough 3, the type 1 solution is

unique for every .

When r,, # v, for some a we prove uniqueness for the cases when one of the v, is zero
and the other two have opposite signs, and when one of the v, is one.

In the next section we describe general properties of the solutions of the ELE. The
case ro = U, (With the v, in region I) is discussed in detail in Section 3.4, while the

special cases when 1, # v, are considered in Section 3.5.

3.3 General properties of solutions of the ELE

The trajectories of the densities p,(z) that are solutions of the ELE may be obtained
by studying the level sets of the constant of the motion K (3.22), as described in
Section 3.2. To do this let us define a line in the p4-pp plane passing through the point
(va, vg) by setting

pB =vp+m(ps—va), (3.27)

can be manipulated using (3.10) to yield

with m an arbitrary constant. The change in log K as p4 is varied along the line (3.27)
dlog K v
dpa

<UB vc>
m (2B _ ¢
pA  pc pB  pC

= [1 + P2 (m? pom 1) + pAmZ] (UA - 1) . (3.28)
pc PB PA
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PA

Figure 3.2: Plots of p4 (solid), pp (dashed), and po (dotted) and their corresponding trajec-

tories in the pa-pp plane. See description under Region I, Case 1.

Thus K is monotone increasing for p4 < v4 and decreasing for p4 > v4. A similar result
holds for pp and vp. The shape of the level sets of K, and thus also the trajectories
of the densities, depends upon which region the v, lie in; compare Figures 3.2 and 3.3.

We now give more details.
Region I

It follows from (3.28) that in region I K achieves its maximum value at the center
point (va, vp), where

K‘pazva = Kmax = H,U’lojzaa (329)
a

and decreases monotonically as one moves along any straight line in the (p4, pp) plane
starting from the center. K approaches its minimum value, K,y = 0, on the boundaries
of the triangle (3.23) where one or more of the particle densities goes to zero. As K
is continuous in p4, pp inside the triangle, this implies that the level sets of K in this
case consist of a single point at the center (v4, vp) and closed curves surrounding the
center point.

As the level curves of K are closed, nonconstant solutions p,(x) of the ELE must
be portions of periodic functions of x. When the period 7 is greater (less) than 1,
this corresponds to the trajectory of the densities making less (more) than one full

rotation around the center point. We will refer to solutions with n — 1 < 1/7 < n, for



34

n an integer, as type n solutions. For example, a solution that does not make one full
rotation would be labeled as type 1, while a solution making exactly three rotations
around the center would be labeled as type 3. This is consistent with the terminology
used in Conjecture 3.2.1(a). The constant solution of the ELE is not assigned a type.

Trajectories of the particle densities satisfying the ELE for a given set of v, depend
upon the choice of the r,. For the v, in region I there are two cases to consider: (1)

To = Uy for all a, (2) ro # v4 for some a.

Case 1: 7, = v,. In this case the model is rotation invariant, and one has p, (1) = p,(0)
for all a. Here both constant and nonconstant solutions of the ELE are possible. The
constant solution is given by p, () = v,, 0 < 2 < 1, as noted above. As p,(1) = pa(0),
see (3.19), nonconstant solutions must have an integer number of periods in the interval
x € [0,1], corresponding to the number of times the trajectory orbits the center. Note
that as one moves along the interval in x that the maxima (and minima) of the particle
densities proceed in cyclic order, that is, after species « reaches its maximum (minimum)
density, the next species to achieve its maximum (minimum) density is a + 1.
Example numerical solutions of the ELE in this case and their corresponding tra-
jectories with vy = 1/2, vg = 1/3, v¢ = 1/6, and r, = v, for all «, are shown in
Figure 3.2. In this plot the inverse temperatures 51 = 13, B2 = 15, and 83 = 20, all
larger than (., which has value 47 for this choice of the v,. The trajectories lie along
lines of constant K, with K7 =~ .349, Ky ~ .291, and K3 = .189 for the solutions at 1,
B2, and (3 respectively. Arrows indicate the flow along the trajectory as x increases,

and the point (v4,vp) is marked by a dot. For this case Kyax =~ .364.

Case 2: r, # v,. Here there is no rotation invariance and the densities at opposite
ends of the interval are not the same, p, (1) # pa(0) for some «, see (3.19). In this case
only nonconstant solutions of the ELE are possible at finite temperatures, i.e. fors > 0.
These solutions will be portions of the periodic solutions described in Case 1. In contrast
to the r,, = v, case, however, solutions of type n do not exist for arbitrarily large values
of n; there is some cutoff ny.x > 2, which depends on the difference between the r,
and the vy, above which type n solutions, n > nyua.x, do not exist. This is because

the average value of each density p, around one full orbit of the center is v,, so as n
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PA

Figure 3.3: Plots of p4 (solid), pp (dashed), and po (dotted) and their corresponding trajec-

tories in the pa-pp plane. See description under Regions IT and III.

becomes large the average density for the full profile 7, is steadily driven towards v,.

See Appendix B.3 for more details.
Regions II and III

When the v, lie in regions II and III, the point (v4, vp) lies outside the triangle
(3.23). Thus by (3.28) the level sets of K inside the triangle cannot be closed curves, as
when the v, are in region I. Let us consider the value of K along one of the boundaries
of the triangle, where p, = 0 for some «. If v, is less than zero, K will be infinite along
this boundary. If v, is zero K will be finite, and if v, is larger than zero K will be
zero. On the vertices where two boundaries meet, with K equal to zero along one and
infinite along the other, the value of K at the vertex is not well defined, depending on
the way in which the limit is taken. Thus when the v, lie in regions II and III, lines of
constant K for K finite and nonzero will be curves terminating on the vertices of the
triangle where boundaries along which K is infinite and zero meet. When the v, lie on
the boundaries between different regions, e.g. for the special values of the v, considered
in Section 3.5, the level sets of K will be curves with ends terminating on either the
edges or the vertices of the triangle. Solutions of the ELE are therefore nonconstant at
finite temperatures and are not periodic.

Additionally, one may easily see by considering the ELE (3.20) that when one or two



36

of the v, are negative, the density of one particle species will monotonically increase in z,
and another species will monotonically decrease. If for example v4 < 0 while vg, ve > 0,
pp will be monotonically increasing and po will be monotonically decreasing. Note that
if the v,, lie in region II, as x increases from 0 to 1 the maxima and minima of the particle
densities proceed in cyclic order, as for region I systems, but when the v, lie in region
III the order is reversed. That is, in region IIT a maximum (minimum) density of species
a is followed by a maximum (minimum) of species a + 2.

Example numerical solutions and the corresponding trajectory of the densities with
va = 4/5, vg = 2/3, vo = =T7/15, r4 = rg = r¢ = 1/3, are plotted in Figure 3.3.
In this figure g1 = 1, B2 = 3, and 85 = 5. The trajectories lie along lines of constant
K, with K7 =~ .306, Ky ~ .167, and K3 ~ .066 for the solutions at (1, (2, and (3
respectively. Portions of the level curves not traversed by the solutions are marked
with dashed lines. Arrows indicate the flow along the trajectory, and the point (v4,vp)

is marked by a dot.

3.4 The case r, = v,

If ro, = v, for all a (so that we are necessarily in region I) then as already noted
the constant solution pu(x) = v, 0 < < 1, is always a solution of the ELE, and
other solutions are given by traversing, exactly n times for a type n solution, one of
the simple closed curves which is a level set of K. We show in Section 3.4.2 that the
constant solution cannot minimize the free energy when g > (., and in Section 3.4.3
that no type n solution with n > 2 can minimize the free energy. Thus the existence of
a unique minimizer as described in Conjecture 3.2.1(a) would be established if we could
show that no non-constant solution can exist for 5 < S, and that for 5 > 3. there is a
unique type 1 solution, exactly what is proven in [5] for v, = 1/3 for all .

Now under a change of scale ¢t = Sz the ELE (3.20) become

dpe
dt = 3pa (Vat1Pa+2 = Vat+2Pa+1) 5 (3.30)

and type 1 solutions of (3.20) correspond to solutions of (3.30) which have period £,

the inverse of the temperature. The period 7(K) of the solution of (3.30) is easily seen
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to be a continuous function of K for 0 < K < Kax; a perturbative calculation as
in [5] shows that limg »x,.. 7(K) = f. as K and we establish in Section 3.4.4 that
lim g\ o 7(K) = oo. The existence portion of Conjecture 3.2.1(a.ii) follows immediately
from these observations. If one could show that the period of the solution of (3.30) is
a monotonically decreasing function of K for 0 < K < Kax then uniqueness would
be established. However, (3.30) is for arbitrary v, a generic member of the general-
ized Lotka-Volterra family of quadratic centers [66] (for details on the correspondence
between (3.30) and a standard parametrization of the Lotka-Volterra family, see Ap-
pendix B.2), and monotonicity of the period as a function of orbit size is for this family
an open question [66]. In terms of the parameters used in (3.30), monotonicity was
established in [5] when all v, are 1/3, and below we establish monotonicity when, for
some «, vq = 1/2 and v441 = vat+2 = 1/4. Finally, monotonicity at sufficiently low
temperature (or equivalently, small K) follows, for any v,, from the correspondence

established in Appendix B.2 and the results of [66].

341 v, =1/2, V441 =Var2=1/4

When the v, lie in region I and two of them are equal, say v4 = vp =y with 0 < v <
1/2, one may find explicitly an autonomous evolution equation for the third. We begin

with the expression
K = pa(x)pp(z) po(x)t =27, (3.31)

which together with (3.10) may be used to obtain the densities p4 and pp in terms of

pct
pat) = (1= pete) /(1= pot@)? = 4K rpela) ) (3.32)
pote) = (1 pele) 7/ = pe@) ~aK pel@) ). @39)

where A\ = (1 — 2v)/~. With (3.32) the reparameterized ELE (3.30) for pc is

3vpc(t) (pB(t) — pa(t))

— 3ol <i\/ (1— po(t)? — 4K1/7pc(x)_)‘> . (3.34)

po(t)
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Squaring (3.34) we have

Lt + Ukpe(®) =0, (3.35)

with

Uk(p) = 5 (4K po(@l™ = o2 (1= p)?). (3.36)
This is the equation for a zero energy particle of mass 1 confined in a potential well.
The zeros of the potential correspond to the turning points for the particle,

With v = 1/4 and thus A = 2 the potential becomes quartic. The zeros of Uk are

1 1
4 =/> —2K2. 3.37
5 £ ro. Po ) (3.37)

Note that in this case Kpae = 1/2v/2, 50 0 < pg < 1/2. The period 7(K) of the type 1

then

solution p(t) may now be directly calculated, yielding
1/2+po 9

T(K) = / dp———=

1/2—po —2Uk(p)

_ 16/3 AT 4por\/1/2 — pd (3.38)

V1/2=p5—po |2 ( 1/2 o3 _,00>2

Here F(m/2,-) is the complete elliptic integral the first kind. The period (3.38) is
a monotonically decreasing function of K, with (as expected) limg rk,,,, (T(K)) =
8v2r/4 = B. and limg\ o 7(K) = oo. Thus for all 5 > . there is a unique value of
K for which 7(K) = 8 and hence a unique type 1 solution of the ELE, and there is no
type 1 solution for 8 < S..

3.4.2 Linear stability of the constant solution for 5 < j.

We will now consider the linear stability of the constant solution po(z) = v4, 0 <z < 1.

Let us define two bounded continuous functions ¢ 4(z), ¢ (), satisfying

1 1
/ dz da(z) = / dz dp(x) = 0, (3.39)
0 0

and perturb the constant solution as

(pa,pB:pc) = (va+€da,vp +€dp,vc — €(dpa + ¢B)) (3.40)
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for some fixed € very small. Under this perturbation all the terms in the free energy
linear in e cancel. The order €? contribution to the entropy is

1

1
3 @ [ o)+ o (ae) + onl)?]. (3.41)
0 TA B rc

The energy due to interaction with the external fields is linear in the densities, so the

€2 term for the energy is due entirely to the asymmetric mean field ABC interaction,
1 1
5 o [y 00|~ oa)@a) + 650) + on(0)oar
0 0
~(8al@) + 65(x)) 05 () (342
1 1
=35 [ ar [ ay Oy =) onlaoatv)

Now expanding ¢ 4(z) and ¢p(x) in a Fourier series as

pa(z) = Z (an sin (2wnz) + by, cos (2mnz)), (3.43)

n=

—_

¢p(r) =Y _ (cnsin (2mnz) + dy, cos (2mn)), (3.44)

n=

[y

we see that the second variation of the free energy functional around the constant

solution is given by

3 [vﬁvc (a2 +82) + LBFYC (2 4 2y
vave vBvC (3.45)

2
+—(ancn + bpdy,) — %(bncn —apdy)|.
ve ™

n=1

If we write u,, = (an, by, cn, dy), the second variation can be expressed in matrix form

as Yo% up M ul'/ (vavpve), where

-’UB(l —vp) 0 VAUB 36/ (2mn) ]
M 0 vp(l1—wvp) —3B/(2mn) VAUB . (3.46)
VAVB 36/(2mn)  va(l —wa) 0
I 36/(2mn) VAVB 0 va(l — UA)_

The eigenvalues of M are

1
A == |va(l —v4) +vp(1 —vp)

2
2
£, (a(l —va) +vp(l —vp))* —4 (vAvac — <3ﬁ> )] 7
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each with degeneracy 2. Thus for 8 < . = 27/(3\/vavpvc) the matrix M is positive
definite, so the second variation of the free energy around the constant solution is also
positive and the constant solution is a local minimum. At lower temperatures, 5 > [,
the smallest eigenvalue A_ becomes negative, so in this regime the constant solution

can no longer be the minimizer of the free energy.

3.4.3 Solutions of type n > 2

In this section we will show that solutions of the ELE for r, = v, with two or more full
periods in x € [0, 1] can never minimize the free energy.
Consider a set of profiles {p}, not necessarily solutions of the ELE but satisfying

the constraints (3.10). Then for any integer n > 2 we define the set of profiles {p,} by

i1
<a<?tr o0 n-1 (3.48)
n

3 |~

Pr.al(®) = pa(nz —j) for

That is, we obtain the p,, by shrinking the p, horizontally by a factor of n and

repeating these reduced profiles n times in the interval [0, 1]. We claim then that

S = S(o)) (3.49)
EmY) = welh+ (11 ) e (3.50)

where E({r}) = >, VaVa+2/2 is the energy of the constant solution p,(z) = va.
The proof proceeds by direct calculation. First let us consider the entropy of the

new profiles,

n=lo(j+1)/n
S = 3% // 42 () 108 (@)
a j=0 J/m
n—1 1 1
= =Y o [ dwpa(@ s pa(@) = Soh. (3.51)
a j=0 0

Here we have used a change of variables with = (Z + j)/n. The calculation of the
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energy proceeds similarly. Using the same change of variables

£0n)) = Z{ S L [ [are(THET20)

a 7,k=0
=1 i+
+]§On/0dx£a n pa(x)}
n—1 1
= — [ dz | dg ©O(g — ) pa(Z)pat2(F)
Z{jzo”/ /y po(T)pata(l

«

+ ) /dx/ A pa(Z)pa+2(y )+1/d9«“ﬂffaﬂa( )}

0<j<k<n— 1

= e+ (13 ) e, (3.52)

as there are n(n — 1)/2 pairs of indices with 0 < j < k <n—1, and ) &ara =0, as
o = Vo implies € = Toq2 — Tat1-

Now there are two cases to consider. If £({p}) < E({r}), then by (3.52) E({pn}) >
E({p}), thus the original profiles p, have a lower free energy and the p, o cannot be
minimizers. If instead E({p}) > E({r}), then E({pn}) > E({r}) as well, and as long as
Po is not the constant solution S({r}) > S({pn}). Then F({r}) < F({pn}), so again
the pp o are not minimizers. A type n solution of the ELE at an inverse temperature
is of the form py, o, where p, is a type 1 solution at an inverse temperature /5/n. Thus

no type n solution for n > 2 can minimize the free energy.

3.4.4 K-{ relation

It follows from the result of Section 3.4.3 that when r, = v, a minimizer of the free
energy must be either the constant solution of the ELE or a type 1 solution. Let K (/3)
denote the value of K for the minimizer at temperature [3; if several minimizers exist
then we choose one of them arbitrarily to define K (). Of course, if K () < Kmax then
T(K(B)) = 8. If 7(K) is monotonic then K (/) will be the inverse of the function 7(K)
and must be continuous, since 7(K) is, but we cannot show this and thus cannot rule
out the possibility that K () may be discontinuous. However, we do show here that

K () must be monotonic decreasing.
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We begin with the integral form (3.18) of the ELE:

log pa () = log pa(0) + 353 /0 dy (vat1pa+2(y) — va+2Pa+1(Y))- (3.53)

Substituting this into the entropy (3.13) and using fol po(z) dx = 1 gives

1 x
S ralog pa(0) = —38 3" /0 dz /0 0 Pal) (Vos1Pacr2 () — Vos2Pes1 (1)

«

—-S({r})
1 1
=603 Z/o dﬂ?/o dy O(y — 2)vat1pa(T)pat2(y)

- S({p}) —3p Z VaTa4+1Ta+2

=28E({p}) — SUp}) — 28E({r}), (3.54)

where E({r}) =3, vara+1Ta+2/2+F (see (3.14)) is the energy of the constant profile
pa(x) = roq (which is not a solution of the ELE unless r, = v,). (3.54) is a general
relation which holds for all profiles {p} satisfying the ELE, i.e. for all stationary points
of F({p}), whether or not ro = v,.

Now suppose that 7, = v, for all a. Then if {p} = {p(?)} is the minimizing solution
of the ELE corresponding to K(f3), (3.54) becomes

log K (8) = 2BE({p'M}) — S({p'}) — 2BE({r}), (3.55)

where now £({r}) = E{p©}) = vsvpvc/2 + F. For By > B we subtract the corre-

sponding equations (3.55) and rearrange terms to obtain

K(62)

8 % (ay)

= 2(Fu((7™)) = Fu(p ™)) + (S{p™)) = S{p#))

+2(62 = 1) (EHPY) = E{pO))).- (3.56)

where we have indicated the explicit 5 dependence in (3.11) by writing F3. But it follows
from simple general thermodynamic arguments that both S({p(®}) and £({p®}) are
monotonic decreasing functions of 3, and since p(#2) minimizes Fp, all three terms on
the right side of (3.56) are nonpositive. This establishes the monotonicity of K(5).
One may also see that when (3 is large, K () must be small. For from (3.55) we

have
log K (B)

5 =2 (B0 ey + 578 (3.57)



43

since the energy and entropy are bounded functions and £({p(®}) is decreasing in 8
the right hand side of (3.57) approaches a finite value as 8 * oo. In fact, one can
show that limg o E({p(®}) is the ground state energy per particle 3vavgvc + F (see

Appendix B.1), so that asymptotically log K(5) ~ —(3/2)vavpvcp.

3.5 Special cases when r, # v,

For certain values of the r, and v, when r, # v,, we are able to prove Conjec-
ture 3.2.1(b). There are two such special cases. In the first case, one of the v, is
zero and v,+1 have opposite signs (i.e., one of v,41 must be greater than one). In this
case, the v, lie in fact on the boundary between regions II and III. In the second case
one of the v, is one. We will present the proof of Conjecture 3.2.1(b) for these cases in

the sections below.

3.5.1 v,=0, vogr1 >1

For definiteness let us take vo = 0, vg > 1. On the orbit with conserved quantity K

we have pa(r)"4pp(r)~?4 = K and so
pa(x) = KV4pp(x)?,  pplz) = K VA Dpa(a)'/7, (3.58)
where v = (v4 — 1) /vy satisfies 4y > 1. Thus the profiles satisfy

Py = 3Bpa(vepc) = 36(1 —va)pa(l — pa — KV = fre(pa),  (3.59)

P = 3Bpp(—vapc) = —3Bvaps(1 — pp — KV pL) = gre(pp). (3.60)
Note that if K* > K then
fr(p) > fr=(p) >0  and  gk+(p) > gr(p) > 0. (3.61)

Now consider two profiles p,(z) and p’(z) satisfying the ELE which have differ-
ent starting values: (pa(0),pp(0)) # (p%(0), p5(0)); we claim that the corresponding
averages are not equal: (ra,7p) # (r%,ry). We denote the corresponding conserved

quantities by K and K* and consider several cases.
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Case 1: K = K*. Without loss of generality we take p%(0) > pa(0) and hence
by (3.58) also p3(0) > pp(0). Since po(z) and pj(z), « = A, B, satisfy the same
differential equation which by (3.61) has a strictly negative right hand side we have

pal(z) > pi(z) for all x and so

> TA and R > Trp. (3.62)

Case 2: p%(0) = pa(0). Now without loss of generality we may take K* > K and so by
(3.58) we have p;(0) > pp(0). Thus by (3.60) and (3.61) we have that p;(x) > pp(z),
and by (3.59) and (3.61) that pa(x) > p%(x) for 0 < <1, and so

T <TA and R > TB. (3.63)

The general case: Since we have dealt with the possibility K* = K in Case 1 we may
take K* > K. The case p%(0) = pa(0) has been considered in Case 2. If p*%(0) > p4(0)
we introduce a profile p}* with p*"(0) = p%(0) and K** = K; then by Cases 1 and 2 we
have

rg>rp >rp. (3.64)

If instead p%(0) < pa(0) we argue similarly, introducing a profile p}* with p%*(0) =
pA(0) and K** = K*, obtaining

TAS>TY >y, (3.65)

Thus the solution of the ELE must be unique.

The vo = 0, vg < 0, v4 = 1 —vp > 1 case may be argued very similarly, but
making use of comparisons between the values of the densities at the end of the interval
pa(1) rather than the initial values p,(0), o« = A, B. Otherwise the argument proceeds

identically to the case above, so we will omit the full derivation here.

3.5.2 v, =1

When one of the v, = 1 it is possible to solve the ELE exactly. Let us assume vg = 1

and vp, vo are not zero, a trivial case, so the v, lie in region II. The ELE for p4 and
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ppB become

dpa

rA g

P Bup palps + pc)

= 3Pvp pa(l —pa), (3.66)

dpB
SPB g _

i Bpp(vc pa — pc)

= —38pp(1—pB)+38(1—vp)paps. (3.67)

The equation for p4 may easily be solved to obtain

1

pA(x> = 1+ca e—3Bvpx’ (368)
where c4 = 1/p4(0) — 1. Using (3.68) one may then solve for the density pp,
l—vp 1
pB(z) = ca (cA + s ff) ' : (3.69)
(1+ CA)l/UB +cycpe3fvse

with the constant

_ 1/vp 1 _i
v = (1+ea) <<1+cA>pB<o> cA>

To show that the solution is unique, we must demonstrate that there is only one
choice of the initial values p,(0) which will yield a particular set of average densities r,
at a given 5. This may be seen directly from the density profiles (3.68), (3.69), which

depend simply on c4 and cp. It is easy to see that

dpa(x) dpp(x)
0 0 3.70
do, <0 1, <0 (3.70)
and as deca/dpa(0) <0, dep/dpp(0) < 0, we have
drz drp
> 0, > 0. 3.71
dp4(0) dp5(0) 3

Thus there is a unique solution of the ELE, given by (3.68), (3.69), for all 3. The
average density of the profiles is given by

1 ecA + e3fvB
= 1 3.72
" 36vp ° Lteea (3.72)

1 cA 3Bvp 1/vB 3B+ca

N i )1 e e (3.73)
36 (1+ eca)/VB 4 eeacp

rec = 1—rp—rp. (3.74)

In principle one may invert equations (3.72), (3.73) to write the solutions in terms of

the average densities 74 and rp rather than p4(0) and pp(0).
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Chapter 4

The inverse Ising problem

4.1 Introduction

In this chapter we investigate the problem of inferring the interactions between a set of
Ising spins given their correlations. As a first step in describing this so-called inverse
Ising problem, we review the standard or “forward” Ising problem, i.e. the computation
of Ising model observables (correlations, etc.) given the form of the interactions.

Here we are interested in the Ising model consisting of a finite number N of binary
random variables or spins 7;, labeled from 1 to N, which take values n; € {0,1}.
The spins interact via a set of local fields or chemical potentials {h;} and pairwise
couplings {J;;}. For convenience we refer to the set of all the fields and couplings as
J = {{hi},{Ji;}}. The Hamiltonian is then

Hy(n) == hmi—Y_ Jijning, (4.1)
i §>i
where

n=_{m,n2...,nn} (4.2)

specifies the configuration of the system. Equilibrium properties of the Ising spin system
are described by the Gibbs measure

e~ Hi(m)
al) = (43)

which specifies the probability of each configuration n. Here Z is the partition function,
a normalizing factor obtained by summing the numerator of (4.3) over the set of all
configurations. In (4.3) and throughout this chapter we choose units such that kgT = 1;

the temperature will not play a role in our discussion.
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In principle, we can compute any equilibrium observable of interest by taking an
average with respect to the Gibbs measure, or via simulation. This is the forward Ising
problem. In particular, we will be interested in the correlations

e~ Hi(n) e~ Hi(n)

Pi = M)y = Zm 7 Pij = (Minj)3 = Zman' (4.4)
n n

As with the couplings and fields, we refer to the set of all one- and two-point correlations
as p = {{pi}, {pij}} for convenience. Practically speaking, for a large system it becomes
impossible to explicitly compute quantities such as (4.4). In this case, Monte Carlo
simulations are helpful. One first introduces dynamics, such as spin flips with rates
given by the popular Metropolis algorithm, chosen such that the steady state of the
dynamics is given by the Gibbs measure. Averages of observables taken over a long
simulation will then yield the same results as averages over (4.3).

The inverse Ising problem consists of inverting the map from interactions to observ-
ables given by (4.3). In other words, given a set correlations (or other observables),
we must find the Ising model which reproduces the correlations. This problem arises,
for example, if we would like to use the Ising model as a phenomenological model to
describe the behavior of some experimental system. To fit an Ising model to data, we
must solve the inverse problem.

As a simple phenomenological model for complex systems, the Ising model has
several attractive characteristics. First, the Ising model with local fields and pairwise
couplings (4.1) is the maximum entropy model which is capable of reproducing a set
of observed one- and two-point correlations (4.4). It has been argued for statistical
inference problems that, in the absence of information which would lead us to select
a particular model, the maximum entropy model consistent with the data should be
favored, because it is the least constrained model which successfully describes the system
[30]. This is a natural choice; the probability distribution which maximizes the entropy
of a closed system is the equilibrium distribution.

Additionally, in the study of complex systems, one common goal is to understand
how the collective behavior of a complex network of heterogeneous components, which

may be quantified in terms of correlations between the components, emerges from the
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structure of their interactions. This includes, for example, making a distinction between
a correlation caused by direct interaction between components and one that is a result
of network effects. The Ising model provides a simple, natural framework for examining
such questions [16].

Indeed, the Ising model has proved useful for studying the correlated firing patterns
of networks of neurons [15, 24, 56, 59], as well as the structure of proteins and protein-
protein interactions [60, 67]. In each case, the Ising model has been employed as a
simplified model of a vastly more complicated system, whose real dynamics would be
difficult or impossible to model directly. While we present the analysis of data obtained
from real neuronal networks, we will not be concerned with the physical interpretation
of the Ising model applied to any particular experimental system. Rather, we focus on
the method of solution.

The inverse Ising problem can be stated as follows. Let us assume that the system
which we would like to investigate consists of N components, each of which may be
in one of two different states. Experimental data takes the form of a sequence of B
measurements of the configuration Q(k), k =1,...,B. From this data we define the

empirical measure
B
1
pex(m) = 5 2 8(n,0™), (4.5)
k=1

where § is the Kronecker delta function. Using (4.5) we find the emperical correlations,

1S 1 () (k
vi=goon =gy, (4.6)
k=1 k=1

The inverse problem is solved when we obtain the set of fields {h}} and couplings {J;;}

for which
pi={(m)s-=p;,  pij = Minj)a- = pjj- (4.7)
Unlike the forward problem, a direct approach to the solution is not immediately clear.
Maximum likelihood estimation, a fundamental method of statistical inference, pro-
vides one method of solution of the inverse problem. The approach is as follows. Using
the general Ising model with pairwise interactions, we compute via (4.3) the probability

or likelihood of observing the collection of experimental data {g(k)} as a function of the
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interactions J:
B e_HJ(ﬁ(k))

L") =[] —%— (4.8)

k=1

For convenience, we compute the logarithm of the likelihood, divided by the number of

data points B,
L({n™}I) = —log Z + szh +) P (4.9)
7>

The couplings and fields J which maximize the likelihood (or equivalently, the average

log-likelihood (4.9)) then satisfy

oL . oL
oh; (ni)a —p; =0, TJW

= <77i77j>.] - pfj = 0. (4.10)

Thus we see that the J = J* which maximize the likelihood of the experimental data, if
they exist and are finite, also reproduce the experimentally measured one- and two-point
correlations.

Equivalently, one can think of the average log-likelihood (4.9) as the negative of the

cross-entropy S* between the empirical measure and that of the Ising model (4.3) [17],

S*({n™}, Z pex (1) 10g prex (1) + Dicr (prex | 113)
(4.11)
=log Z = pihi— > piiJij,
i j>i
where Dxr,(tex||pg) is the Kullback-Leibler divergence between peyx and py,
13(n)
Dy, MeXHMJ Z Mex . (4.12)

Mex(n)

The Kullback-Leibler divergence is a measure of distance between two probability mea-
sures. Hence the maximum likelihood solution J* also minimizes the “distance” between
the empirical measure and (4.3), as measured by the KL divergence. Note that, because
the one- and two-point correlations of the Ising model with interactions J* match those
obtained from data, as shown in (4.10), the cross-entropy S* (4.11) is equivalent to the
standard entropy of the Ising model when J = J*.

Do the interactions J* maximizing (4.9) exist, and if so, are they unique? A set

of arbitrarily specified correlations may not be realizable (i.e. there may not exist any
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probability measure which yields the specified correlations). See [18, 35, 36] for a dis-
cussion of this problem. Since we assume that the correlations come from an empirical
measure (4.5), they are realizable, but it may not be obvious that local fields and pair-
wise couplings are enough to specify the desired correlations. To establish existence and

uniqueness of the solution, consider the matrix of second derivatives of the cross-entropy

925* 925"
_ | @mon,  GRoT,
X - 2 n2
925* 525"

Bh, 0dr DTk DTwry (4.13)
(mimi)s — (ni)a(ni)s (i )3 — ()3 (e ) 3
(i me )3 — i)a(menos (e e e )s — (e m)a (e )3
In the typical language of the Ising model, (4.13) is the susceptibility matrix, which
gives the response of each one- and two-point correlation p; and pg; to an infinitesimal
change in one of the fields h; or couplings J/;r. The matrix x is the covariance matrix

for the set of single spin variables n; and pairs 7;7;, thus it is nonnegative. If x has zero

modes, a small regularization term

ey s (4.14)

J>i
can be added to (4.11) to ensure that the Hessian (4.13) is positive definite [17]. With
such an addition the cross-entropy is strictly convex, which establishes the existence
and uniqueness of the solution to the (regularized) inverse problem.

Minimization of (4.11) provides a method by which the desired J* may be obtained.
However, this equation has no analytical solution for more than a couple of spins, and,
because the number of terms in the partition function scales exponentially with the
system size, direct numerical minimization is precluded for large systems with N 2 20.

Typical methods of solving the inference problem include the Boltzmann learning
method, which involves iterative Monte Carlo simulations followed by small updates
to the interaction parameters [1]. This method can be very slow for large systems,
though recent advances have notably improved the speed [12, 27, 65]. Other methods
such as iterative scaling algorithms [47, 62], pseudo-likelihood approximation [4, 50],

various perturbative expansions [15, 51, 54, 58] and mean field (or Gaussian model)
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approximations [28] have also been developed which attempt to solve the Inverse Ising
problem in certain limits. Such approximations are often computationally simple, but
suffer from a limited range of validity.

In this Chapter we review a statistical mechanical approach to the inverse Ising
problem [16, 17] based on a selective cluster expansion which improves upon mean field
methods. Moreover it avoids overfitting the data by selecting only clusters with sig-
nificant contributions to the inverse problem, minimizing the impact of finite sampling
noise. The outline is as follows. In Section 4.2 we present the selective cluster expansion
(SCE) algorithm, developed by Cocco and Monasson, which gives an approximate so-
lution to the inverse Ising problem. Section 4.3 details some algorithmic and numerical
improvements of the cluster algorithm, which have collectively allowed for the appli-
cation of this algorithm to much larger data sets, and have improved the speed of the
algorithm significantly. Numerical tests of the algorithm on real data from recordings

of neuronal networks are detailed in Section 4.4.

4.2 Selective cluster expansion algorithm

When an exact computation of the partition function is out of reach, and interactions are
strong such that high temperature expansions are not helpful, an accurate estimate of
the interactions which solve the inverse Ising problem can be obtained through cluster
expansions. Cluster expansions have a rich history in statistical mechanics, e.g. the
virial expansion in the theory of liquids or cluster variational methods [48].

The recently proposed selective cluster expansion algorithm of Cocco and Monasson
[16, 17] makes use of an assumption about the properties of the inverse of the suscepti-
bility matrix, x !, to efficiently generate an approximate solution to the inverse Ising
inference problem. The inverse susceptibility gives the response of the inferred inter-
actions to a small change in the correlations p*. ™! is typically much sparser and
shorter range than x (see for example results for the Ising model with nearest-neighbor
interactions, reported in [17]), implying that most interactions inferred from a given set

of data depend strongly on only a small set of correlations. Thus an estimate of the
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interactions for the entire system can be constructed by solving the inference problem
on small subsets (clusters) of spins and combining the results. The SCE gives such
an estimate by recursively solving the inverse Ising problem on small clusters of spins,
selecting the clusters which give significant information about the underlying interac-
tion graph according to their contribution to the entropy S of the inferred Ising model,
and building from these a new set of clusters to analyze. At the end of this cluster
expansion procedure, an estimate of the entropy and of the interactions for the full
system is produced based on the values inferred on each cluster.

We note that the assumption that y !

is sparse and short-ranged does not necessar-
ily hold in all cases. However, in applications to real data this is precisely the case which
we are most interested in, as the inferred network of interactions will be stable under
small changes in the experimental measurements. If, on the other hand, the inverse
susceptibility matrix is dense with many large entries, even small perturbations such
as the inclusion or exclusion of a single spin in the system could significantly affect the
inferred interactions. As typical experiments involve observations of only small subsets
of a much larger system, global sensitivity to small changes of the components of the
system would render the inferred Ising model physically meaningless, even if the inverse
problem is technically well-posed [17].

Let St denote the entropy of the Ising model defined just on a subset I' = {41, i2, ...}
of the full set of spins, which reproduces the one- and two-point correlations obtained
from data for this subset. The entropy S of the inferred Ising model on the full system
of N spins can then be expanded formally as a sum of individual contributions from
each of the 2 — 1 nonempty subsets,

S=> AS, ASp=Sp— Y ASp. (4.15)

r r’cr
The cluster entropy ASt, defined recursively in (4.15), measures the contribution of the
cluster I to the total entropy. It is calculated by substracting the cluster entropies of all
subsets of I' from Sr. Each cluster entropy depends only upon the correlations between
the spins in that cluster, and for small clusters it is easy to compute numerically.

The contribution of each cluster to the interactions, which we denote AJr, is defined
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analogously and computed at the same time as the cluster entropy. The elements of
Jr are the couplings and fields which minimize the cross entropy S* restricted to the
cluster I'.

As an example, the entropy of a single-spin cluster is, using (4.15) with N =1,

ASG(p7) = St = —p} logp} — (1= p}) log(1 = p}). (4.16)

The contribution to the field of a single-spin cluster is

85(.1) *
AR = pV) = 0 g (P ) 417
; ; e G (4.17)
The entropy of a two spin subsystem {7, j} is
2 >k * * >k >k >k * * *
S Wh w5, ply) = — Py log bl — (0} — py) log (v} — p}y)
= (P — pij) log (pj — p3j) (4.18)

— (1 —p; —pj +p;j) log (1 —p; —pj +pi;)
Using again (4.15) with N = 2, we obtain AS(; ;) = S(; ;) — AS;) — AS(;), which
measures the loss in entropy when imposing the constraint (n;7;) = p;; to a system of
two spins with fixed magnetizations, (n;) = pj, (n;) = pj. The contribution to the field

of the two spin cluster is

AR =log [ — L") AR, (4.19)
1 —p; - Pj + pij

and the contribution to the coupling is

AJD = ;&

v (4.20)
= logp;; —log (p; — pi;) — log (p; — pj;) +log (1 — p; — p; +pj;) -

It is difficult to write the entropy analytically for clusters of more than two spins, but

Sr can be computed numerically as the minimum of the cross-entropy (4.11). This

involves calculating Z, a sum over an exponential number of spin configurations. In

practice this limits the size of the clusters which we can consider to those with < 20

spins.

A recursive use of (4.15) allows us to obtain ASt for larger and larger clusters I' (see

also the pseudocode of Algorithm 1). It is important to note that the form of ASr is
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such that the sum of the cluster entropies of a cluster I' and all of its subsets is just the
total entropy of the cluster, Sr. The analogous result also holds for AJ. This means in
particular that by construction the sum over all clusters for the full system of N spins
yields the exact entropy S and interactions J.

It is also posible to perform the expansion of (4.15) in S—Sp, where Sj is a “reference
entropy” approximating S which we expand around. As with S, the reference entropy
So should be computable on all subsets of the system, and should depend only on the
one- and two-point correlations of the spins in the subsets. Again, by the construction
rule (4.15) and independent of the functional form of Sy, summing over all the clusters
will give back the exact value of S — Sy for the full system. We will show in applications
to neural data (see Section 4.4) that it can be useful to consider an expansion S — Sg
rather than S alone, using a Gaussian approximation as a reference entropy Sp. In
some cases the expansion of S — Sg converges much faster than the expansion of §
alone. We describe the Gaussian approximation in more detail in Appendix C.3.

The cluster entropy measures a cluster’s contribution to the total entropy, which
could not be gained from its sub-clusters taken separately. Intuitively, we expect that
clusters with small |[ASr| contribute little new information about the underlying in-
teraction graph which is not revealed by any of their subsets. For example, it is easy
to see from the form of AS for a two-spin cluster that, if the spins are independent,
the cluster entropy will be zero as the entropy of the pair of spins is simply equal to
the sum of the single spin entropies. It has also been shown [16, 17] that small cluster
entropies have a universal distribution, reflecting fluctuations in the experimentally ob-
served correlations due to finite sampling (see Appendix C.2). Cluster entropies that
are nonzero due to real interactions between the constituent spins also tend to decrease
in magnitude as the cluster size becomes large, decaying exponentially in the size of the
shortest closed interaction path between the spins in the cluster. In the SCE therefore
all clusters which have |ASp| smaller than a fixed threshold T are discarded. Selecting
only those clusters which have cluster entropies larger than a chosen threshold helps to
avoid the overfitting of noisy data.

Clearly, it is not possible to compute all of the 2V —1 cluster entropies, corresponding
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to all the nonempty subsets of the full set of spins, even for rather small systems. To
make the algorithm computationally feasible we must have a method for truncating the
cluster expansion. This is implemented in the SCE by a recursive construction rule
for the clusters included in the expansion (see the pseudocode of Algorithm 2). We
begin with the computation of the cluster entropies for all N clusters of size k = 1.
The contribution of each cluster to the interactions is also recorded for later use. Each
subsequent step follows the same pattern. First, clusters with |ASp| < T are removed.
We then include in the next step of the expansion all clusters which are unions of two
of the remaining clusters of size k, I'' = I'y U ', such that the new cluster I contains
k -+ 1 spins.

The expansion naturally terminates when no more new clusters can be formed. This
approach prevents a combinatorial explosion of the number of clusters considered in the
expansion. It is also consistent with the idea of exploring paths of strong interactions
in the interaction graph, as new clusters are built up from smaller clusters which have
already been found to have significant interactions and which share many spins in
common. Final estimates for the entropy and the interactions are obtained by adding

up all of the AST and AJr.

4.2.1 Pseudocode of the cluster algorithm

In this section we present pseudocodes useful for the practical implementation of the
inference algorithm, following [16].

The principal routine of the cluster algorithm is the iterative computation of the
cluster entropy, given in Algorithm 1. When the routine to compute the entropies
of various clusters is called several times a substantial speed-up can be achieved by
memorizing the entropies AST of every cluster. In Section 4.3 we will discuss how to
calculate the subset entropy St in more detail.

The core of the inference algorithm is the recursive building-up and selection of new
clusters, described in Algorithm 2. The threshold T, which establishes which clusters
will be kept in the expansion, is a parameter which is fixed in each run of the selective

cluster algorithm. The choice of the optimal threshold 7™ is discussed in Section 4.2.2.
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Algorithm 1 Computation of cluster-entropy ASp

Require: I' (of size K), p*, routine to calculate S and Sy
ASr St — Sor
for SIZE = K —1to 1do
for every IV with SIZE spins in I do
AST < ASp — AS
end for
end for

Output: ASp

4.2.2 Convergence and choice of the optimal threshold 7™

In the following we describe the practical procedure for applying the inference algorithm
to a set of data.

If we wish to use an inferred Ising model to make predictions, it is best to take
into account the estimated statistical fluctuations of the empirical correlations so as to
avoid overfitting (i.e. fitting the model to greater precision than is justified by the data),
rather than generating as close a fit as possible to the empirical correlations p*. It is
generally observed that models which are adjusted to fit experimental data too closely
give poorer predictions of the experimental system’s future behavior (for an excellent
discussion, see [28, Chapter 7]). As such, when applying the SCE algorithm to data we
search for an “optimal” value of the threshold, which we denote T, where the difference
between the correlations of the inferred Ising model and the empirical correlations is of
the same order as the expected fluctuations of the empirical correlations due to finite
sampling, see Appendix C.2.

Because we do not know a priori the optimal value of the threshold 7™ we run the

algorithm at different values of the threshold following the iterative heuristic below:

e Start with a large value of the threshold T, typically T' = 1, at which only single-

spin clusters are selected.

e Infer the fields and the couplings at that threshold.
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Algorithm 2 Selective Cluster Expansion

Require: N, T, Sy, routine to calculate ASp from p*
LIST « ( {All selected clusters}
SIZE + 1
LIST(1) < (1)U (2) U...U(N) {Clusters of SIZE=1}
repeat {Building-up of clusters with one more spin}
LIST « LIST U LIST(SIZE) {Store current clusters}
LIST(SIZE+1) « 00
for every pair I'1,I'y € LIST(SIZE) do
'y« T'yNTe  {Spins belonging to I'; and to 'y}
I'y < T1UTe  {Spins belonging to I'; or to I's}
if I'; contains (SIZE-1) spins and |ASr,| > T then
LIST(SIZE+1) «- LIST(SIZE+1) UTy  {add I'y to list of selected clusters}
end if
end for
SIZE <« SIZE+1
until LIST(SIZE) = ()
S So, J = — 735 {Calculation of S, J}
for I' € LIST do
S« S+ ASr, JeJ—#ASp
end for

Output: S, J and LIST of clusters
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e If the number of selected clusters has changed with respect to the previous value
of the threshold, run a Monte Carlo simulation of the inferred Ising model to

check the reconstruction of the correlations. From the Monte Carlo simulation we

rec

obtain reconstructed correlations p° and calculate the relative errors on the re-

constructed averages and connected correlations ¢;7 = Py =P P with respect

to their statistical fluctuations due to finite sampling,

1
1 2

R RN (e ) 5 B 2 (cf5° — )’
61"(N¥ o7 ) “\FwoDZGgr ) O

1<j

The denominators in (4.21) measure the typical fluctuations of the data expected

at thermal equilibrium, see (C.13), (C.16), and
d¢ij = Opi; + piop; + p;op; . (4.22)

e [terate this procedure by lowering the threshold T and stopping when the errors
€p ~ 1, €. ~ 1. The corresponding value of the threshold is the optimal threshold
T.

Note that 7™ is chosen as the first value of the threshold such that €, ~ 1,e, >~ 1
in order to reconstruct the data with the simplest possible network of interactions.
Decreasing the threshold more than is necessary to fit the one- and two-point correla-
tions is undesirable not only because the complicated structure of interactions due to
overfitting will not necessarily correspond well with the underlying interaction network,
but also because progressively lower values of the threshold increase the computational
difficulty of the inference problem. We note however that there is no risk of overfitting
data which has been perfectly sampled. In this case, as there is no sampling noise, one

is justified in fitting the model to the data as tightly as is practically possible.

4.3 Numerical methods

In this section we review some of the computational challenges of the algorithm and

numerical methods for running the algorithm efficiently.
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The primary computational bottleneck of the selective cluster expansion algorithm
is the repeated solution of the inverse Ising problem and the computation of the entropy
on each K-spin cluster in the expansion, which is used to calculate the cluster entropy

(see Algorithm 1).

For each cluster I' the partition function of the K-spin system restricted to I,

Zr(J) = Z exp Zhiﬁi+ Z Jigning | (4.23)

{n:i=0,1;i€l'} i€l j>i; i,j€T
can be computed in time o 2. Then one has to find the most likely set of {J;;} and

{h;} for each cluster given the experimental data, that is, we must solve the convex

optimization problem

min | Sp(p”,J) = log Zr(J) — > hipi =Y Jypi | - (4.24)

icl j>iyi,5€l
No analytical solution exists for clusters of more than a few spins. As a single run
of the cluster expansion algorithm may include thousands or even millions of clusters,
it is critically important that the optimization problem (4.24) be solved as quickly as
possible.

Given a starting value for the J, we employ a hybrid approach which combines
the standard optimization techniques of gradient descent and Newton’s method to step
progressively closer to the minimum. Gradient descent steps are chosen along the
direction of steepest descent, while Newton’s method specifies a step direction towards
the minimum of a local quadratic approximation of S*. When far from the minimum,
we use gradient descent for its computational simplicity and numerical stability. Once
the J are determined to be close to the values which solve (4.24), we switch to Newton’s
method, which requires more computational resources but has a much better rate of
convergence near the minimum [44].

A careful choice of the initial conditions is also essential for obtaining a fast solution
with minimal computational effort. We begin the optimization problem with an initial
guess for J based upon the assumption that the couplings and fields minimizing S$* will

be similar to those that were found for smaller clusters containing the same sites. That
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is, we assume

AJr =~ 0, (4.25)
which implies
Jr~ Y AJp. (4.26)
rcr

In many cases the initial guess (4.26) works very well, and the optimization routine
may find the minimum with just a single step. Just including this choice for the initial
interactions can cut the total running time of the algorithm in half.

As described in Section 4.1, we may regularize the interactions J, and in partic-
ular the couplings {J;;}, by adding a penalty term to S* for each coupling which is
nonzero. Regularization is useful for controlling large couplings that arise from noise
or undersampling of the experimental system, as well as ensuring the convexity of the
susceptibility x, so that the inference problem has a unique solution at a finite value of
the couplings. Common choices of the penalty are based on the Li-norm

v Z | Jij (4.27)
J>i
or the Lo-norm

Y TG (4.28)

j>t
Such terms are natural in the context of Bayesian inference. The addition of (4.27)
to S* is equivalent to assuming a Laplacian prior distribution for the couplings, while
the Lo-norm penalty (4.28) corresponds to a Gaussian prior. In this framework the
regularization strength + is proportional to 1/B, so that in the limit of perfect sampling
the regularization strength goes to zero.

Use of the Li-norm penalty makes the optimization problem more difficult, as the
function to be minimized is no longer smooth. In particular, in this case the gradient
of S$* is undefined when any of the couplings J;; = 0. To overcome the lack of differen-
tiability of S* we use a modified version of the projected scaled sub-gradient method of
[55]. This method makes use of the sub-gradient, a generalization of the gradient which
is well-defined even when some couplings are zero. It also allows couplings to be set

exactly to zero during the step process, unlike a typical gradient descent or Newton’s
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Figure 4.1: Raster plot of spike train data from recordings of neuron populations: in the retina
in dark conditions (N = 60 cells) and with a random flickering stimulus (N = 51 cells), data by
M. Meister; in the retina with a natural movie stimulus (N = 40 cells), data by M. Berry; in the
prefrontal cortex of a rat (N = 37 cells), data by A. Peyrache and F. Battaglia; in the medial
prefrontal cortex of a rat (N = 117 cells), data by G. Buzséki and S. Fujisawa. Recordings last
for 30 minutes — 1 hour, here we plot only 1 s of the recording. One can translate the continuous
time data in the raster plot into binary patterns of activity by arranging the time interval into
bins of size At and recording whether or not each neuron spikes within each time bin. The
probability p; that a neuron i spikes in a time window of size At is the number of windows
in which the neuron i is active divided by the total number of time windows. The probability
p;; that two neurons i, j are active in the same time window is given by the number of time

windows in which both the neurons are active divided by the total number of time windows.

method step. Despite these additional complexities the optimization problem including
the Li-norm penalty can be solved with similar speed and accuracy as in the Ls-norm

regularized or unregularized case.

4.4 Applications to real data

As an example of potential applications of the Selective Cluster Expansion algorithm
(SCE) we have re-analyzed, following [15], several sets of real data from multielectrode
recordings of collections of neurons. We examine in wvitro recordings of salamander

retinal ganglion cells:

e A 4450 second recording of 51 ganglion cells in a retina illuminated with randomly
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flickering bright squares [57]. The recording is made with a multielectrode array
on a surface of about 1 mm?, and approximately 20% of the ganglion cells on that

surface are recorded.

e A 2000 second recording of the spontaneous activity of 60 cells of the same retina
as above observed in total darkness, of which 32 cells are common to the recording

with randomly flickering stimulus [57].

e A recording of 40 cells in a salamander retina presented with a 120 second natural
movie repeated 20 times. This recording is much denser; approximately 90% of

the ganglion cells on the analyzed surface are recorded [56].

We also study several in vivo recordings of neurons in the medial prefrontal cortex of a

rat during a working memory task:

e A 1500 second recording of 37 cells with tetrodes, each consisting of of four elec-
trodes, which record both superficial and deep layers of the medial prefrontal

cortex [49].

e A 2800 second recording of 117 cells with silicon probes which record both super-

ficial and deep layers of the medial prefrontal cortex [25].

Fig. 4.1 shows the neural activity in the first second of recordings of the different
data sets. The data presented here is in the form of spike trains — a list of all of the
times at which a particular neuron fired — for each neuron observed in the experiment.
To translate this continuous-time data into a binary form, consistent with the Ising
model, we first divide the total time interval of a recording of the activity into small

(k)

time bins of size At. The activity is then represented by set of binary variables 7,",

where k£ = 1,..., B labels the time bin and ¢ = 1,..., N is a label which refers to a

particular neuron. In the data we consider N spans a few decades (30 to 120). If in bin
(k) (k)

k neuron 7 has spiked at least once then we set n;”’ = 1, otherwise n;”’ = 0. Empirical
correlations are then computed as described in Section 4.1.
Spiking frequencies and pairwise correlations (i.e. one- and two-point correlations)

for a fixed time window are shown in Fig. 4.4 and Fig. 4.5, along with fits from the
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inferred Ising model. We observe from these figures that in cortical data the frequency
of the activity is higher, and in particular some cells spike very rapidly. The retinal
recordings are stationary in the sense that that the spiking frequencies and pairwise
correlations of the data do not change over time, at least on the time scale of 120 seconds
in the recording with a natural movie stimulus. The cortical data sets, however, are
nonstationary. In particular some cells are active only in part of the recording of the
117 cells in medial prefrontal cortex. Note that in the analysis we present here data
are considered to be stationary and the time dependence is not explicitly taken into
account.

For each data set, the values of the correlation indices
p;'kj

"

Clij = —
b, D;

(4.29)

give some indication of the strength of the interactions between the spins. Neglecting

all other spins in the system, the approximation

*

J? —log CLi; = log —4 (4.30)
p .

E'3
1 Fy

is close to the real coupling JZ?;-, assuming that network effects are minor and that the
coupling is weak. Histograms of the correlation indices for pairs of spins in each data set
are presented in Figs. 4.8 and 4.9, along with the best inferred value of the couplings.
Here one can see that the correlation indices for the N = 37 Cortical data set (CA) are
particularly small, implying that the interactions are weak and the inference problem
is easier. When the correlation indices are large the magnitude of the couplings will
be also be larger. In this case the convergence of the SCE and the optimal expansion

variable (i.e. S — Sg or S with no reference entropy) will depend on the structure of

the interactions. We explore this point in more detail below.

4.4.1 Performance of the algorithm for retinal data

We show the behavior of the reconstruction errors €, and €. as a function of the threshold
T on the retinal data in Fig. 4.2 for the expansion of S —Sg. Results on the convergence

of the algorithm and on the value of the inferred entropy are summarized in Table 4.1
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for the different procedures tested, including expansions without the reference entropy.
These results include the value of the optimal threshold 1™, as well as size of the largest
cluster in the expansion Ki,.x, the total number of clusters processed N, the total
number of clusters selected at N1, and the inferred value of the entropy S, all evaluated
at T*.

As shown in the figures and in the table a Gaussian approximation reference entropy
Sq is helpful for the inference problem when the SCE is applied to retinal data. The
threshold T™ is lower for the expansion of S alone, implying an increase in the number
of processed clusters and a larger value for Kpax. For the flickering stimulus (F1)
the procedure without reference entropy did not converge even at a low value of the
threshold. Here small couplings, which would have been obtained through the Gaussian
couplings in the expansion of S — Sq, are important for the proper reconstruction of
the correlations. Decreasing the threshold enough to fit many small couplings drives
the SCE algorithm to consider very large clusters (Kyax = 17 at the smallest value of
T tested), which slows the algorithm considerably.

We have also studied the inference problem on subsets of the full data sets described
above. As shown in the right column of Fig. 4.2, the value of the theshold T* and the
maximum cluster size K.y for large subsets of spins are of the same order of magnitude
as for the full set. Moreover the number of clusters selected increases approximately
linearly with the system size. This property was related in [16, 17] to the locality of the

1

coupling-susceptibility x~*, and was shown to hold on artificial data of unidimensional

and bidimensional Ising models.

4.4.2 Performance of the algorithm for cortical data

As expected from the small values of the correlation indices the SCE applied to the
cortical recording of N = 37 neurons (CA) works very well for expansions both with
and without the Gaussian reference entropy. Indeed, the expansion converges already
at just Kpax = 2 with the reference entropy, and K.« = 4 without it. For the cortical
recording of N = 117 cells we have tested the performance of the algorithm with time

bins of size At = 5 ms (C5) and At = 20 ms (CB). In both cases the convergence of
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Figure 4.2: Performance of the SCE of S — Sg with Ly norm regularization on retinal data
as a function of the threshold T. The reconstruction errors €, (solid) and e, (dashed) (4.21)
are computed from Monte Carlo simulations. The value ¢ = 1 is indicated by a red dotted line,
and the selected optimal threshold 7™ is marked in each plot with an arrow. Fl : flickering
stimulus, left whole set of 51 cells, right subset of 32 cells; Da : dark, left whole set of 60 cells,
right subset of 32 cells; Nm : natural movie stimulus, left whole set of 40 cells, right subset of

20 cells.



Retinal data
F1 51 F1 32 Da 60 Da 32 Nm 40 Nm 20

T* 9.8 x 1076 6.5x107% | 3.5x107% [ 6.0x 1076 | 5.6 x 1076 | 3.7 x 107°
S—Sg | Kmax | 6 7 11 8 9 5
Ly norm | Nyy | 1.1 x 10* 4700 7.6 x 10* | 9200 6.8 x 10* | 930

Nea | 1450 840 1.0 x 104 | 1700 1.0 x 104 | 190

T* 6.2 x 1076 6.7x1076 | 5,0x 107% [ 8.2x 1075 | 6.6 x 1076 | 3.5 x 107°
S—Sg | Kmax | 7 7 9 8 9 5
Ly norm | Nyey | 1.5 x 104 4500 5.1 x 10 | 7300 5.8 x 10 | 940

Ny | 2000 830 7500 1400 8500 190

T <6.0x1077 [ 1.2x107% [ 27x107% | 6.1 x 1076 | 1.1 x 1076 | 6.4 x 1076

S Kmax | > 17 9 11 9 15 7

Linorm | Nyy | >3.0x10° | 3.8x10* |3.1x10° |26x10% | 1.7x10% | 5900

Ny | >3.2x10* | 6400 3.3 x 10* | 4100 2.4 x10° | 1300
Same for | § 3.5 2.2 4.6 2.5 3.7 1.9
all

66

Table 4.1: Convergence of the Selective Cluster Expansion on retinal data. In cases where the

algorithm did not easily converge, bounds on the minimum or maximum quantities necessary

to obtain a good fit to the data are given, determined by the lowest value of the threshold

considered.
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Whole set Subset

Figure 4.3: Performance of the SCE of S with L; norm regularization on cortical data as
a function of the threshold T. The reconstruction errors ¢, (solid) and e, (dashed) (4.21) are
computed from Monte Carlo simulations. The value € = 1 is indicated by a red dotted line, and
the selected optimal threshold 7™ is marked in each plot with an arrow. CA : cortex recording
of 37 cells; CB : cortex recording of 117 cells analyzed with a time bin of 20 ms; C5 : cortex

recording of 117 cells analyzed with a time bin of 5 ms.
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Cortical data

CA 37 CA 20 CB 117 CB 30 C5 117 C5 30

T* 78x1076 | 781078 | <80x1078 | 1.0x107° | <5.0x 1078 | 5.3 x 1076

S—Sc | Kmax | 2 3 > 11 4 > 8 3
Ly norm | Nioy | 910 230 > 5.6 x10° | 940 >2.1x10° | 570
Nea |91 32 >23x10% | 110 >5.4x%x10% | 64

T* 78%x1070 | 7.8%x1076 | <80x1078|9.9x10% | <50x1078 | 7.8 x 1076

S—5a | Kmax | 3 3 > 10 4 > 8 3
Li norm | Niot | 920 230 > 5.4 x10° | 920 >2.0x10° | 530
Nea | 93 32 >22x10% | 110 >5.2x10% | 55

T* 3.4x107% | 5.7x 1075 | 2.5 x 107 2.9x 1075 | 2.0 x 107° 4.8 x 1076

S Konax | 4 3 10 4 4 3
L1 norm | Ngoy | 1300 270 4.4 x 108 5000 1.6 x 10* 1200
Nger | 140 40 1.7 x 10° 580 630 140
Same for | S 6.6 3.8 14.7 3.3 5.9 1.2

all

Table 4.2: Convergence of the Selective Cluster Expansion on cortical data. In cases where the
algorithm did not easily converge, bounds on the minimum or maximum quantities necessary
to obtain a good fit to the data are given, determined by the lowest value of the threshold

considered.

the algorithm was faster in without the reference entropy (see Table 4.2). Expansions
of S — S¢g converged very slowly, and the relative errors €, €. did not approach one at
a threshold T ~ 10~ 7.

The poor performance of the expansion of S — Sq for cortical data, and the success
of the expansion in S alone, is in stark contrast with the analysis of retinal recordings.
This phenomenon is related to the fact that the interaction network which is capable of
fitting the cortical data is relatively dilute and with a few large couplings, for which the
Gaussian result is a poor approximation. The presence of a reference entropy makes
reconstructing the empirical correlations more difficult in this case, as the inferred

interaction network is then fully connected (even if many of these couplings are small).
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Figure 4.4: Spiking frequencies p;°°

;°¢ and connected correlations ¢;7¢ for retinal data sets cal-

culated from a Monte Carlo simulation of the inferred Ising model (vertical) versus the experi-

mental values p;, ¢},

oct

ij

(horizontal). The error bars are given by the statistical fluctuations dp},

4.4.3 Reconstruction of the one- and two-point correlations

The spiking probabilities and connected correlations obtained from Monte Carlo simu-
lations with the inferred parameters at T™ are close to those obtained from experiments,
as shown in Fig. 4.4 and Fig. 4.5. Indeed the conditions €. ~ 1, ¢, ~ 1 specify that the
difference between the inferred and empirical correlations is approximately the same as
the statistical uncertainty of the empirical correlations due to sampling a finite number
of configurations. We find that the reconstruction of the p* is equally good for all
different choices of the reference entropy and regularization, provided of course that

they reach a threshold 7™ at which €., €, >~ 1.
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Figure 4.6: Reconstructed three-cell connected correlations cjfj (vertical), and probability

Pre¢(k) that k cells spike in the same time bin (black), versus the experimental ones cj;;
(horizontal) and P*(k) (red) from retina recordings. The reconstructed values are obtained

from a Monte Carlo simulation of the inferred Ising model at 7.

4.4.4 Reconstruction of three-cell correlations and multi-neuron firing

frequencies

We have verified that the three-cell connected correlations c¢;j;, and the multi-neuron
firing frequencies (i.e. the probability P(k) that k cells spike in the same bin) are also
quite well reproduced by the inferred Ising model, as shown in Figs. 4.6 and 4.7. Note
that for the cortical recording of 37 cells (CA) and of 117 cells analyzed with At =
5 ms (C5) the connected three-cell correlations are in most cases so small that it is
difficult to separate them from the sampling noise. We have therefore also plotted the
correlations p;j, which is the probability that the three cells spike in the same time
bin, in Fig. 4.7. We emphasize that, unlike the reconstruction of the one- and two-point
correlations, there are no a priori reasons that the Ising model should also reconstruct

the higher moments of the experimental distribution, because it is not the true model
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Figure 4.7: Reconstructed three-cell correlations p;7y and connected correlations ¢y (verti-

cal), and probability P**¢(k) that k cells spike in the same time bin (black), versus the experi-
mental ones p;;, ¢;;; (horizontal) and P*(k) (red) from cortex recordings. The reconstructed

values are obtained from a Monte Carlo simulation of the inferred Ising model at 7.

which has generated the data, and these measurements are not used as constraints in
the inference. Nevertheless this model seems to reproduce fairly well the statistics of
the data, at least for the ¢;j;, and the P(k).

Intuitively the reason for such success could be simply due to the fact that the
number of effective configurations the system explores is 2°, which should be compared
with the number of parameters N (N + 1)/2 that we use to fit the distribution (see
discussion in [15]). In principle any model with a number of parameters similar to the
effective number of configurations could be equally good. For the data sets we have
analyzed with N < 60, (see Tables 4.1 and 4.2) we have that N (N + 1)/2 > 25. For
larger systems with more than one hundred cells, the exponential growth of 2% with
N, due to the fact that S oc N, will be difficult to compensate with the increase of
the number of parameters oc N2. For the recording of 117 cortical neurons with time
bins of size 5 ms we have S = 5.9 so 25 < N (N + 1)/2, but for 20 ms for we obtain
N (N +1)/2 = 6900 while 25 = 2.6 x 10*. Even here the reconstruction of the higher

moments is still quite good. This could indicate that the Ising model, which is the
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Figure 4.8: Histogram of couplings for retinal data, compared to the histogram of correlation

indices. Reliable couplings are marked in black, and unreliable couplings are marked in brown.

maximal entropy model, is really a good model for the neural activity.

4.4.5 Reliability of inferred couplings

Uncertainties in the inferred interactions 0.J;; due to finite sampling can be computed
from (C.18) (see Appendix C.2 for a brief derivation). Fig. 4.8 and Fig. 4.9 show
the the histogram of couplings in which we distinguish reliable couplings, for which
|Jij|/0Ji; > 3, from wnreliable couplings, which are compatible with zero within the
error bars. As expected, because of the sampling fluctuations there are many unreliable
couplings (particularly small couplings), but it is important to note that these may still
be necessary to accurately reproduce the correlations. Large reliable couplings generally
correspond to large correlation indices, but the converse is not necessarily true.

As shown in Fig. 4.8 correlation indices are large in the retinal data and many

couplings have large values, with magnitudes up to |J;;| ~ 4. The histogram of couplings
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Figure 4.9: Histogram of couplings for cortical data, compared to the histogram of correlation

indices. Reliable couplings are marked in black, and unreliable couplings are marked in brown.
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Figure 4.10: Left: two-spin couplings J(?) versus couplings, right: couplings inferred from a

subset of cells versus couplings inferred from the whole set. Reliable couplings are marked in

black, and unreliable couplings are marked in brown.

is similar for the different data sets. Fig. 4.9 shows that the correlation indices and
inferred couplings for the cortical data tend to be smaller. For both data sets there are

some large negative couplings, but these are mostly unreliable.

4.4.6 Network effects: comparison with correlation index and with

inferred couplings on a subset of data

We investigate the importance of the network effects in the inference by comparing
the couplings inferred via SCE with the two-spin couplings Ji(f) (4.30) given by the
logarithm of the correlation index, and by comparing the couplings obtained for a full
set of data to those obtained when only considering a subset of the whole system. As
shown in Fig. 4.10 for retinal data the inferred couplings are generally different from

two-spin couplings, indicating that network effects are important. Thus the structure of
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the interactions is not a simple reflection structure of the structure of the correlations;
a procedure such as the SCE is necessary to disentangle couplings from correlations.

As shown in Fig. 4.10 (right) most of the couplings inferred for the subsets of
cells are similar to the ones inferred for the whole set, though some couplings may
change in magnitude. The fact that many couplings are similar implies that the inverse
susceptibility is local, and therefore each coupling can be inferred from the knowledge
of the correlations in a local “neighborhood.” Couplings only change if a spin in the
neighborhood is removed.

As shown in Fig. 4.11, the correlation indices and the couplings for the 37 cell cortical
recording (CA) are very are similar because not only is the interaction network sparse,
but also the correlation length is small. The couplings calcuated on a subset are also
similar to the ones for the whole set. For the cortical data of 117 cells with At = 5 ms,
only some two spin clusters are enough to infer the couplings in the cluster expansion.
Neverthless it is important to select the right ones rather than simply including all the
two spin clusters in the inference procedure. The inclusion of all the two spin clusters
would yield a fully connected interaction graph, much denser than the observed network
of couplings, which does not reproduce the observed correlations. Typically the large

couplings J, )

i correspond to real interactions, while the correlations leading to smaller

Ji(jQ) reflect network effects rather than direct interactions. In the cortical data overall

network effects are much less pronounced.

4.5 Discussion

In this Chapter we have presented the inverse Ising problem and described one method
of solution, the selective cluster expansion (SCE) of the entropy. We have also briefly
described numerical and algorithmic methods which improve upon the original imple-
mentation of the SCE algorithm [16, 17]. As demonstrated in Section 4.4, we are able
to infer an Ising model which accurately reproduces the correlations obtained from a
set of experimental data even when the size of the system is large (the maximum we

consider being N = 117 spins).
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Despite the success of the SCE algorithm, there are some limitations which slow
down the algorithm particularly in the case of large data sets and which could be
improved. First, when a large number of clusters are selected the construction rule
for new clusters becomes a time limiting step. This can happen, for example, when
considering very low values of the threshold, particularly in the expansion of S without
the reference entropy Sg. Second, the necessity of using a Monte Carlo simulation
to test how well the correlations are reconstructed at each value of the threshold is a
drawback, making practical implementation of the algorithm more cumbersome. Some
theoretical arguments to estimate the optimal threshold or an approximation in the
direct problem could be used to speed up the algorithm, expecially when N is large,
and where the thermalization of Monte Carlo simulation can be slow. Future work on
the SCE method should attempt to address these issues, and to provide theoretical
guarantees for the convergence of the algorithm, which are currently lacking.

As shown in Section 4.4.4, there is evidence that the Ising model with pairwise inter-
actions is in fact able to reproduce features of the data beyond the one- and two-point
correlations, even though these features do not appear as constraints in the inference
problem. The reason why the maximum entropy approach is successful in this case, and

in related applications, is still an open question, and one that merits further research.
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Appendix A

Appendices for Chapter 2

A.1 Proof of Theorem 2.4.1(b)

We begin by giving an alternate form of the boundary conditions (2.28). With (2.14)

and (2.16) these become
Ao — Aat1 = log(yK(ta — B)) — log(yK(ta + 8 — TK/B)). (A.1)

From (2.9) and (2.14), (logyx(t)) = [yx(t + 7k /3) — yx (t — 7K /3)]/2, so that

1 [ta=P TK TK
Ao — Aatl = = t+— ) — t—— || dt. A2
i 2/t0+g_TK/3[yK(+3) yK( 3)} (A-2)
The solution of (A.2) which also satisfies ), Ao =0 is
| fatrx/6-8) /1
=3 [ (5-m0) ar (A3
2 Jsam(ric/o=5) \3

where s, = to + Ti /2. The form (A.3) is convenient when 25 < 75 /3; if 28 > 7 /3 we

1 [Sat(B-TK/6) 1
Ay = = / <yK(t) - ) dt. (A.4)
2 Jsa—(B—1x/6) 3

The representations (A.3) and (A.4) are useful because they translate the boundary

may rewrite this as

conditions for the grand canonical model into a form similar to the condition (2.17) in
the canonical model.
We need also to recall from [5] some further properties of the function yx (¢) and its

definite integrals

540 540 T
Y (K, s,0) :/ () dt and W(K,s,0) :/ o (14 ) ar. (A)
5—6 5—6
Note that from (2.17),
1
Ta = 7Y(K7 touﬁ) (A6)

26
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and that from (2.16),

0 1 0 1
)\a = g — §Y(K, Sa,d) = g — §W(K, Sa+1,5), (A?)
for 6 = 7 /6 — B > 0, while for ' = —§ > 0,
e A .
)\a == §Y(K, SO“(S ) - g == QW(K’ Sa+1,5 ) - § (AS)

Proposition A.1.1. For 0 < K < 1/27:

(a) (i) yr (t) is even and Tx -periodic (and hence also symmetric about t = T /2), takes
its minimum value at t = 0, is strictly increasing on [0, 7x /2], and takes its maximum
value at t = T /2. Moreover, (i) yx(t — 7x/3) + yx(t) + yx (t + 7/3) = 1 for all t.
(b) The minimum value a = a(K) = yx(0) of yx is an increasing function of K
satisfying 0 < a(K) < 1/3. The mazimum value b = b(K) = yx (7K /2) isb=[2—a —
Vda — 3a?]/2, and yx(7/6) = (1 —0)/2, yx(7/3) = (1 —a)/2.

(c) (i) For fired K and §, with 0 < 6 < 7k /2, the function Y (K, t,9) shares with yx (t)

the properties listed in (a.i). Moreover, (ii)

Y (K, t —7i/3,0) + Y (K, t,8) + Y (K, t +1,/3,8) = 26. (A.9)

(d) For 0 < § < 7;/2, Y(K,0,0) is strictly decreasing, and W(K,1,/6,0) strictly

increasing, i K.

Finally, for 0 < Ky < Ky < 1/27:
(e) (i) For any to the curves yi, (to+t) and yx, (t) intersect exactly once in the interval
0 <t <71K,/2, and (i) yr,(t) < yi,(t) and yr,(Tk,/2 —t) > yr,(TK, /2 — t) for

0<t<r7g,/6.

Proof. These results either appear in [5] or are immediate consequences of results ap-
pearing there. For (a) and (b) see Section 5.2 of [5] and in particular Remark 5.1(a);
for (c.i) see Remark 5.3(b). (c.ii) follows from (a.ii). The first statement of (d) follows
from the fact that Y (K, 0,0) is continuous in K and, for 0 < § < 74/2, approaches 2§/3
as K ' 1/27 and 0 as K \, 0, together with Theorem 6.1 of [5] which, if one takes

there r4 = r¢, asserts that for given rp with 0 < rp < 1/3 there is at most one value of
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K satisfying (A.6). The second statement of (d) is verified similarly. Finally, (e.i) is a
special case of Lemma 6.2(a) of [5] and (e.ii) then follows from (e.i) and the inequalities
x> (0) < YK, (0), yrey (Tr, /6) <y (Tk, /6) < yiy (T, /6), yres (Ti, /2) > Y (Tk, /2),
and Yy, (Tk,/2 — Tk, /6) > YK, (TK, /3) > YK, (TK, /3), easily obtained from the proper-

ties given in (a) and (b). O

We now turn to the proof of Theorem 2.4.1(b). We know (see the remarks at the
beginning of Section 2.4) that there is at least one minimizer and that every minimizer

satisfies the ELE (2.27), (2.28). Thus the conclusion of the theorem will follow from:

Lemma A.1.2. If Az, Ap, and A¢ are not all equal then:
(a) No solution of (2.27), (2.28) of type n, n > 2, can minimize F.

(b) At most one solution of (2.27), (2.28) of type 1 exists.

Remark A.1.3. In proving Lemma A.1.2 we need not consider either the constant
solution of the ELE or nonconstant solutions for which 28 = (n—2)3./3, both of which
satisfy (2.28) only when all the A\, are equal. We may also suppose, without loss of
generality, that

A <Ao< Ap, with Ag < Agor Ag < Ap. (A.10)

If § = 7x/6 — 5 > 0 it then follows from (A.7) that Y (K, sp,0) < Y(K,sc,0) <
Y (K, s4,0) and then from Proposition A.1.1(c.i) (see Figure A.1, which displays graph-
ically the qualitative properties of Y (K,s,d) implied there) that 0 < sp < 7x/6,
so that 7x/2 < tp < 27k /3 and hence, from Proposition A.1.1(c.i) and (A.6), that
ra <rc <rp. If Ag < A¢ then sp >0, tg > 7x/2, and r4 < r¢; similarly ro < rp,
if Ao < Ap. Similarly, if 75 /6 < 8 < Tk /2 then (now using (A.8)) 7x/2 < sp < 27x/3
and rp < ro < ra, again with strict inequality for two of the A\, implying the corre-

sponding inequality for the r.

Proof of Lemma A.1.2(a):  Consider some type n solution p(z), n > 2, of (2.27),
(2.28); p(x) has the form (2.14) with 25 > 7x /3. We need to find a profile p(x) with
F({p}) < F({p}). There are three subcases:
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Figure A.1: Plots showing qualitative features of Y (K, s, §) (solid), Y (K, s+7x/3,9) (dotted),
and Y (K, s — i /3,6) (dashed) for 0 < § < 7 /2, based on Proposition A.1.1(c.1).

Case (a.i) 25 > 7x. In this case it was shown in [5] that there is a rearrangement p(z)
of p(z) with F({p}) < F({p}). This rearrangement does not change the mean densities
ro and hence also F({p}) < F({p}).

Case (a.ii) 28 = 7x. In this case the solution p(z) has mean densities r, = 1/3, so
that > A\a7rq = 0. From the description of the curve I" in Section 2.4.1 it follows that for
some z > 0 there exists a minimizer j(z) of %9 with mean densities 7o = 1/3 + 2\,

so that Y A47 > 0. But then
V({p}h) = FEO({p}) > FEO{pY) > FEN({p}). (A.11)

Case (a.iii) 7x > 28 > 7x/3. By Remark A.1.3, rp < r¢ < 14, with rg < r¢ if
Ao < Ap and r¢ < ra if Ag < A¢. Consider now the profile p with po(x) = pat1(z).

The canonical free energy functional satisfies F({p}) = F({p}) and so

({,0} {P} Z /\aTa Z )\ozra—‘rl
:()\A_/\C)(TA_TB)‘F()\B_)\C)(TB_"'C) < 0. (A.12)
]

The next result, the key to the proof of Lemma A.1.2(b), gives certain monotonicity

properties of Y (K, s,d) and W (K, s, J).
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Lemma A.1.4. If K, s, and 0 satisfy 0 < K < 1/27 and 0 < 5,6 < 75 /6, then:

(a) For fized K and s the function 26/3 —Y (K, s,0) (respectively 20/3 —W (K, s,6)) is
strictly increasing (respectively strictly decreasing) in 6;

(b) For fized K and § the functions Y (K, s,0) and W (K, s,d) are strictly increasing in
s;

(¢) For fized s and ¢ the function Y (K, s,0) (respectively W (K, s, d)) is strictly increas-

ing (respectively strictly decreasing) in K.

Proof. (a) We rely throughout on Proposition A.1.1(a,b). From 0 < s+ < 7x/3 and
—Tr /6 < s —0 < 71K /6 it follows that yx(s+0) < (1 —a)/2 and yx(s—6) < (1—10b)/2.
Then from (A.5),

d [20

el [3_}/([{,5’5)] :;—yK(s—k(S)—yK(s—(S)Z a+b

2

1
_ - Al
7 5 >0 (A.13)

as is easily verified from b = [2 — a — V4a — 3a?]/2 with 0 < a < 1/3. To show that
(d/dd)(26/3 — W(K,s,0)) <0 it suffices similarly to verify that

A(K,5,8) = yx (s+%<+5)+yK (s+%<—5) >§. (A.14)

Because yg is even and Tg-periodic, z is invariant under (s,d) — (s',d’) with ' =
Ti /6 — 0, 6’ = 7K /6 — s, so that it suffices to verify (A.14) for s + 0 < 7x /6, and since
under this condition both terms in z(K, s, ) are increasing in s it suffices to consider

s = 0. But because yx is even,

2(K,0,0) = %[Z/K (%K +<5> +yK (—%K +6>
+yK (—%K - 5) +yx (%K - 5)}
= 1= % [y (0) + yx (—9)] > %Lb > 2/3. (A.15)

(b) See Proposition A.1.1(c).

(¢) The proofs for Y and of W are similar and we check only Y. Suppose that 0 <

Ky < K7 < 1/27 and that for some s, € [0, 7k, /6],

Y (K1, 5,,0) < Y (K, 5. 9). (A.16)
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Then certainly yx, (t+) < yk,(t«) for some t, € [s. — J,s4 + d], and since yx, (0) >

YK, (0), Proposition A.1.1(e.i) implies that yx, (t) < yx,(t) for t € [t., Tk, /3]. Then for

S € [$x,TK, /6],

% Y (K, 5,0) — Y (K1, 5,0)]

= [yk, (8 = 9) = yr, (s — 0)] + [yk, (s + &) — YK, (5 + 9)]

> 0,
since both terms on the right had side are positive. But for 0 < § < 7x, /6,
W(K1,7TK,/6,0) < W(Ka2, Tk, /6,0),
by Proposition A.1.1(e.ii), and so from Proposition A.1.1(a),

1 TK1/6+5 T
ViKimaf6.0) = 5 [ 7 o (1T F e 0] a
TK1 —_

T e )

— 5o %W(Kl,n{l/&é)

1
> - §W(K2,7‘K2/6,5)
= Y(K2,7k,/6,0)

> Y(KQ, TK1/6, (5)

since T, < Tk, (see Remark 2.2.1), contradicting (A.16) and (A.17).

Proof of Lemma A.1.2(b): For type 1 solutions we have from (A.7) that

5 1 6 1
)\B:§—§Y(K78375)7 AA:§_§W(K7SB75)7

(A.17)

(A.18)

(A.19)

(A.20)

with § = 75/6 — 8 > 0 and, by Remark A.1.3, 0 < sp < 75 /6. Thus the existence

for some A of two type 1 solutions would correspond to the existence of (K7, s;) and

(Ka,s2) with 0 < Ko < K1 < 1/27 and 0 < s; < 7g,/6, i = 1,2, such that 26;/3 —

Y(Kl,sl,él) = 2(52/3—Y(K2,82,(52) and 2(51/3—W(K1,81,(51) = 2(52/3—W(K2, 82,52),
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where 6; = 7, /6 — 3 for i = 1,2. Then from Lemma A.1.4(a,c),

209 201

?—Y(KQ,SQ,(SQ) = ?—Y(Klvslaél)
2
< % — Y (K3, s1,01)
20
< ?2 *Y(K2751562)7 (A2]‘)

so that Lemma A.1.4(b) implies that s; < se. But also

252 2(51

?_W(KQ,SQ,(SQ) = ?—W(KhSl,(Sl)
20
> %_W(KQ,Sl,(Sl)
20
> ?2 — W(Ka, 51, 62), (A.22)
implying that s; > so, a contradiction. ]

A.2 Reflection asymmetric interactions in a simple case

To give some idea of the importance of the asymmetry in the ABC model interactions,
we present in this section a short analysis of the model with nearest neighbor interactions
in one dimension.
For the system with asymmetric nearest neighbor terms only, the microscopic energy
is given by
N
Ex(Q)=>.>" {na(i)nam(i +1)+ A7“(%(@') +7a(i+ 1)) - (A.23)
a i=1
We will take the convention that the sum of the chemical potentials is set to zero. We

can use a transfer matrix to write the partition function for the system as

Zy =tr (TV),
with
e—Bra e BAatAB)/2  —=B(1-AB/2)
T = 6_5(1+>\A/2+>\B/2) 6_18)\]3 eﬁAA/2

eBrB/2 e—B(1-24/2) eB(Aa+Ap)
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At equal chemical potentials, the largest eigenvalue of T is Ay = 2 + e, so the

macroscopic free energy per particle in this case is

F = lim —Tlog(ZN) = —;log(2 +eP). (A.24)

N—o0
Nearest neighbor correlation functions can also be evaluated using the transfer ma-
trix method. The AA nearest neighbor correlation function (n4(i)na(i + 1)) is given

by
tr (TN-TATA) 1

' i+ 1)) = 1i = A2
ma(inali+1) = lm —= 3Ap (A.25)
where A is the matrix
1 00
0 00
Similarly one may calculate
tr (TN"'ATB) 1
1))y =1 = A2
(ma(ing(i+1)) N o tr (TN) 3Ny (4.27)
tr (TN1ATC) 1
1) =1l = . A2
(na(@)ne(i+1)) = lim (T 301+ 267 (A.28)

These nearest neighbor correlation functions have very natural limits at high and low

temperatures,
Jm a@nali+ D) =5 I a@nai+ 1) = 5. (A.29)
Jim (a@aG+ D) = 5, i ra@nai+ 1) = g, (430
Jim (a(@neG+ 1) =0, L (na(in(i+1) = . (A.31)

At infinite temperature any arrangement of nearest neighbors is equally likely. At zero
temperature, nearest neighbors must be of the same species, or of different species
arranged in successive cyclic order: AA, AB, BB, BC, CC, or CA. Each pair is
equally likely.

As we will see presently, the asymmetry of the ABC interaction is necessary for the
formation of domains which proceed in cyclic order as A--- AB--- BC - -- C'A. Consider
the model of (A.23) but with the nearest neighbor interactions symmetrized,

=> Z [ (a1 (i + 1) 4 Nag2(i + 1)) + %a(na(i) +na(i+1))|. (A.32)

a =1
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Using the conservation rule n4(#) +7p(i) +nc(i) = 1, this energy can then be rewritten

as

N
1 N Ao : .

EN(Q) = 9 ZZ [1 - na(l)na(z + 1) + 7(7704(” + 7704(1 + 1)) . (A'33)

a =1
Taking the overall factor of e 3%N/2 outside, the transfer matrix for this system is
ePA/2=2a)  o—BAatAp)/2 ePAp/2
T = | ¢BAat+rp)/2 B(1/2-2p) ePra/2 . (A.34)
eBAp/2 eBra/2 eB1/24+X4+2B)

Its largest eigenvalue when all chemical potentials are zero is Ay = 2 + eP/2 | with the
two other eigenvalues A = /2 — 1 degenerate. Then the free energy per particle in the
N — oo limit is

F = lim _5;7 log(Zn) =3/2 — ;log(2 +e%/?), (A.35)

N—oo

Nearest neighbor correlation functions can be calculated as above for the asymmetric

case. The result is

r (TN-1ATA
(na(inati+1)) = lim w _ % < _ i) , (A.36)
T N-—1
(na@i)ns(i+1)) = ]\}gnoo : (J;r (T;\?)TB) - 3;+’ (4.37)
r N—-1
(ma(i)nc(i+1)) = jvlgnmt (];r (T;l)TC) = 3i+. (A.38)

In the high temperature limit, we again recover equal probability for any configuration
of nearest neighbors. However in this case the correlations for nearest neighbor pairs
of differing species are the same, regardless of their ordering. As the temperature
goes towards zero, the correlations between nearest neighbor pairs of different species
AB and AC go to zero, so one would expect to find large domains of particles of a
single species. In contrast with the asymmetric case, there is no restriction on ordering
of domains; a domain wall of the form AC' is just as likely in this model as an AB

boundary.
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Appendix B

Appendices for Chapter 3

B.1 Properties of the microscopic system

Many of the properties of the canonical measure pg for the standard ABC model,
described in [5, Sections 1 and 2], hold with relatively minor changes for the generalized
model studied here. Below we discuss a few of the necessary modifications.

As in the standard ABC model, there is a certain nearest neighbor exchange dy-
namics which satisfies detailed balance with respect to the canonical Gibbs measure
pg. In this dynamics a particle of type a at site ¢ and a particle of type v at site i 4 1

exchange places oy — 7y« with rate ga~,

673/8’Ua+2/N if f}/ = « + 1
Gay = ) (B'l)
1 ify=a-1

where the v, are as in (3.7). When the &, are not all zero (i.e. the v, are not all equal),
the system no longer has cyclic symmetry in the particle types.

In analogy with what happens in the standard ABC model when N, = N/3 for all
a, we have here a rotation invariant energy when vy, N = N, for all « (this is clearly
only possible when the v, lie in region I). That is, if one imagines connecting site N to
site 1 and then rotating the configuration 7, the rotation leaves E unchanged. A simple
way to check the rotation invariance is to consider moving a particle of type « from the
end of the interval at site NV to site 1, and translating all the other particles from sites %
to i+ 1. The change in energy after this rotation is then 3 (vo+1 Not+2 — va+2 Not1) /N,

which vanishes for v, N = N,. Note that in this rotation invariant case the rates (B.1)
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for a particle of type « at a site ¢ and a particle of type v at ¢ + 1 to exchange become

6—35Na+2/N2 if Ny=a+1
Jory = , (B.2)
1 ify=a-1

which satisfies the general condition on exchange rates derived in [32] for which detailed
balance may hold on the ring.

We remark that the energy in this rotation invariant case may be constructed in
a different way, beginning from the standard ABC model energy with £, = 0. If one
wishes to write down an ABC-like energy that is explicitly rotation invariant, one way
to achieve this is to take the standard ABC energy and average over starting the sum
at each point of the lattice, i.e.

N+k N+k

E(ﬂ) Z Z Z Z @j—l 7704 )"704+2(]) ) (B3)

o i=1+kj=1+k

where one imagines the interval with periodic boundary conditions, such that site N +m
refers to site m. This gives

Y Ay AU _
S P M CIEDEE= PCIRGL (B.4)
a i=1 j=1

where the interaction term depends upon the distance between sites ¢ and j as well as

their order on the line. One may easily rearrange this expression to find

V=N ZZZG j—1) N 77a( ) Na+2(J), (B.5)

a i=1 j=1
which is identical to (3.6) up to a constant when v, N = N.

Now let us consider the ground states of the model. As in the standard ABC
model, in the 8 — oo limit the particle species become phase separated, with the
ground states consisting of macroscopic domains of pure A, B, and C particles. The
arrangement of these domains may depend upon the v, as well as the number of each
particle species N,. For values of v, in regions II and III, where one or two of the
Vo 18 negative, the ground state is completely determined by requiring that all nearest
neighbor configurations be stable, i.e., that the energy may not be lowered by making

a nearest neighbor exchange. Consider the possible orderings of nearest neighbor pairs
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of different particle species: AB, AC', BA, BC, CA, CB. When the v, do not all have
the same sign, the energetically preferred alignment of two nearest neighbor particles
of different species will be cyclic for some pairs and anti-cyclic for others. Thus it
is not possible to have an arrangement of four or more domains where all nearest
neighbor pairs are preferably aligned. Generally, when the v, lie in region II (III), if
vy < 0 (> 0), the ground state is given by three domains arranged in cyclic (anti-cyclic)
order, i.e. in a cyclic (anti-cyclic) permutation of ABC, with the domain of type 7
particles in the middle. For example, if v4 < 0 while vg, vo > 0, the stable nearest
neighbor configurations are AB, C'B, and C'A, thus the ground state must consist of
three domains of particles cyclically arranged as CAB.

When the v, lie in region I, the ground states of the ABC model with external fields
are closely related to those of the standard ABC model. To show the correspondence,
let us consider a rescaling of the energy (3.6), E(n) = E(1)/(vavgvc). The rescaled
energy of a sequence of domains, where the 7th domain consists of k,; particles of
type « (and no particles of any other type), is up to a constant factor formally iden-
tical to the standard ABC energy of the same sequence of domains, but with kg i/va
particles in each domain. Of course, kq /v, may not be an integer, which must be
taken into account when considering the degeneracy of ground states. One may how-
ever apply the same analysis as in [5] to determine the lowest energy configuration of
domains. This ground state energy is given, up to a constant factor (see (3.6)), by
min{vargrc, vprora, vorarg}. One then finds that the ground state of the gen-
eralized ABC model, with v, in region I and N, particles of type «, is arranged in
the same order and has the same symmetries as the ground state of the standard ABC

model with N, /v, particles of type a. There are three different cases.

1. If one of the N, /v, is larger than the other two then there exists a unique ground
state with three domains arranged in cyclic order, with the particles for which
No/vq is largest in the middle. For example if No/vqa > Np c/vp,c, the ground
state arrangement of domains is CAB, with the particles of type A in the middle

domain.
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2. If two of the N, /v, are equal and larger than the term for the third species, the
ground state is degenerate, consisting of three or four domains cyclically arranged
with the particles for which N, /v, is smallest placed on the boundaries of the
interval. If for instance Np/vp = N¢o/ve > Na/va, the ground state is N4 + 1
degenerate, with the domains arranged as ABC, ABCA, or BCA; the type A

particles may appear on either the left or the right sides of the interval.

3. If all of the N, /v, are equal, the ground state is N degenerate, consisting of
arbitrary rotations of the domains arranged in ABC cyclic order. In this case,

as discussed above, the energy of any configuration 7 is invariant under rotation.

B.2 The Lotka-Volterra family of centers and ABC-like systems of
ODEs

In this section we will demonstrate that the ABC model with external fields is a member
of the Lotka-Volterra family of ODE systems when 0 < v, < 1 for all «, i.e. when the
vq lie in region I.

First let us change variables from x to t = 33,/va vpvc 7, a slightly different rescal-
ing than that used in (3.30) which will be convenient in the work that follows. With

this change the ELE become
Pa = Pa (Vat1 Pat2 = Ua+2 Pat1) , (B.6)
where u, = vo/\/VaA VB UC; the u, satisfy
Ug +up +uc = ugupuc. (B.7)

After eliminating pc via (3.21) and uc via uc = (ua +up)/(uaup — 1), we obtain the

equations

. ua (14 u?
pa=pa [UB<1_PA>_(B>PB] ;

ugug — 1

5 (B.8)
: up (1+u)
pB=—pp |ua(l—pp) — ————Fpal.
ugupg — 1
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In this form uy and up are arbitrary positive constants satisfying w4 up > 1, and the

stationary point is

oA = ugug — 1 g = ugug — 1 (B.9)
up (ua+ up)’ ua (ua +up)

We next shift the origin in the phase plane to the stationary point (B.9) and make

a linear change of variables:

T A — VA 1 ug (1 +u3) wa(ugug—1
_r|° S T=—— (L4 ud) wal ) (B.10)
Y pPB —UB vats = 0 ua (ua +up)
In these new variables the equations become
. 2 2
T =—y—bxr*— cxy+ by~,
(B.11)
y=x+xy,
where
ugug — 1 2uA—|—uB—u124uB
b= —-5—, c= 5 . (B.12)
I+ uj 1+uj

This is the canonical form for the generalized Lotka-Volterra family of centers presented
in equation (1) of [66].
Given parameters b and ¢ with b > 0 the equations (B.12) can be solved to find

— 24+ 4b(b+1 4b(b+1
wy = c+/cc+ ( + )’ ug = ( + ) —c. (B.13)
2b —c+ /T Ab(b+1)

Clearly u4 > 0 and one finds easily that ua up > 1, so up > 0. Thus the set of systems
(B.6) with u4, up, uc > 0 corresponds exactly with the family of all generalized Lotka-

Volterra systems (B.11) with b > 0.

B.3 Restriction on the type of solutions for r, # v,, with v, in region

I

A naive estimate of the cutoff n,,.., as described in Section 3.3, may be made in the
following way. Let us begin with a set of type 1 profiles, with average densities 7.
These profiles will be a portion of the type 1 solution for the r, = v, case, stretched
such that less than one full period of the p,(z) fits inside the interval in x € [0,1]. We

will define the length of the profiles [, 0 < [ < 1, to be the fraction of one full period of
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rs

rA

Figure B.1: Restriction on the existence of solutions of type n = 2 in the r, # v, case for
va =1/2,vp =1/3, vc = 1/6, using (B.14). For values of (r4, rp) outside the bounded region,
only type 1 solutions are possible. For n > 2, the bounded region in which type n solutions are

possible would be smaller.

the po(x) inside the interval. From these type 1 profiles we may make a set of type n
profiles that satisfy the same boundary conditions as the original by rescaling x for the
pa(x), such that the original type 1 profiles plus n — 1 full periods now appear in the
interval. Then the average value of the densities for the new type n profiles, 7, o, will
be given by

Tal+nvy

oy = ———————. B.14
n, l+n ( )

As a type n solution of the ELE for r, # v, will be a profile of this form, if the [ and
7o in (B.14) cannot be chosen such that the r, o are equal to the specified 7, then this
implies that a type n solution does not exist for that case. In Figure B.1 we show an

example of the restriction imposed by this simple estimate.
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Appendix C

Appendices for Chapter 4

C.1 Proof of maximum entropy

The use of the Ising model is physically motivated by the fact that the Ising model
Gibbs measure (4.3) is the maximum entropy measure which satisfies the constraints
(4.7). We prove this statement here by showing a more general result, namely, the

maximum entropy distribution which satisfies a set of constraints
Z‘fa(ﬁ):gaa a217"'7n7 (Cl)
n

if it exists, is given by

png (1) = ezeteda ), (C.2)

where ), is a real number which acts as a Lagrange multiplier.
As a first step we prove Gibbs’ inequality, in the method of [19], which states that
the Kullback-Leibler divergence (also referred to as the relative entropy) between two

probability measures Dxr,(p||p) is nonnegative:

Dy (pllp') = ZM 77)) 0. (C.3)

We need only consider the subset of configurations {n| x(n) > 0}, as terms with p(n) = 0
in (C.3) are zero with the convention 0log 0 = 0. As log z is concave, we have by Jensen’s
inequality

Dy (pllp) = —log > u( D g o (C.4)

nlum>0 y ) g\u(,)>o

&

where equality only holds if 4/(n)/u(n) is constant for all . Thus we have proven
(C.3), assuming the probability measures are normalized such that the sum over all

configurations of the system is equal to one.
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Now we move to the proof that (C.2), if it exists, is the maximum entropy distri-
bution which satisfies the constraints (C.1). Let us assume that, in addition to the
maximum entropy measure (C.2), there exists another measure p/ which also satisfies
the constraints (C.1), and has entropy that is greater than or equal to that of the

maximum entropy measure,

ZM )log /(1) > S(pnr) ZMME ) log pme(n)- (C.5)

y (C.3) we have that

=" () log pue(n) > S(). (C.6)
n
By the definition of (C.2)
log NME Z )\afa (07)

thus

— > 1 (n) log () ZZ)\ fa(n

1 (C.8)

= - Z )\chon

as we have assumed that uyg and p' satisfy the same constraints. But then

- Z NME 10g NME Z )\agon (Cg)

SO

S(u') = S(pme) Zu )log pve(n) — S(pme) = 0. (C.10)

As above, in order for equality to hold in (C.10) we must have pg(n) = p/'(n) for each
configuration 7). This shows that S(u) cannot be larger than S(umEe), and further,
equality only holds if ¢/ = puyg. Thus (C.2) is the maximum entropy distribution

which satisfies the constraints (C.1).

C.2 Statistical effects of finite sampling

Finite sampling of an experimental system introduces fluctuations which complicate

the inverse problem. In this Appendix we discuss the effects of finite sampling noise
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on the empirical one- and two-point correlations, and statistical errors on the inferred
couplings and fields.

We can estimate the size of the fluctuations we expect for the measured correlations
{p;},{p;;} in the following way. Let us assume the spins are stochastic variables with

Gibbs average
(ni) = i (C.11)
Their variance is then
oi = (n7) — (m)* = p; (1 — p}). (C.12)
Their average over B independent samples is also a stochastic variable with the same

average as above, but with the standard deviation

. Pi(1—p5)
op; = 5 (C.13)

Similarly the pair correlations are have the average value

(ninj) = pij, (C.14)

and variance
oij = pi; (1 —pij), (C.15)

therefore their sampled average over B samples p;; has a standard deviation

To derive an estimate for the statistical fluctuations of the fields and couplings, let
us again assume that data are generated from the Ising model (4.1) with fields {h}}
and couplings {JZ}} which minimize the cross-entropy (4.11). As shown in Section 4.1
the likelihood of infering the interactions J is proportional to exp[—B S*(p*,J)]. When
B is very large this probability is tightly concentrated around the minimum of S*,
that is, J*. The difference between the inferred and the true fields and couplings is
encoded in the W—dimensional vector AJ of components {{h; — hj'}, {Jij — J7;}}.

The distribution of this vector is asymptotically Gaussian,

vdet x B



Statistical fluctuations of the fields and couplings are therefore characterized by the

standard deviations

6hi =\ (X V)i 0dii =15 (X V- (C.18)
C.3 Gaussian approximation for the inverse Ising problem

The main problem of the minimization of the cross-entropy S* (4.11) is the calculation
of the partition function Z which, if done exactly, requires the sum over all 2!V possible
configurations of the system of N spins. Because this sum becomes prohibitive for
systems with more than ~ 20 spins some approximate solution of the inverse problem
must be found.

One choice of approximation is to allow the Ising spins 7; take continuous values,
while maintaining the same one- and two-point correlations. The Ising model Hamil-
tonian (4.1) is then replaced by a Gaussian model of interacting pairs of spins, whose
entropy is given by the logarithm of the determinant of the covariance matrix. Adding

in the contribution from individual spins, we have

Sa(p) = Sinal{pi}) + 5 logdet M(p), (€19

where
Sma({pi}) =) [pi logpi — (1 — p;) log(1 — p;)] (C.20)
is the entropy of independent spin variables with averages {p;}, and
Pij — PiPj
Mij(p) = - (C.21)
\/ pi(1 —pi)p;(1 — pj)
which can be calculated in O(N?) time [45, 58], and is consistent with the so-called

TAP equations [64].
The derivatives of Sg with respect to the {p;;} and {p;} give the value of the

couplings and fields,
_ 0S¢ _ (M1
Opij \/pz —pop;(1—p;)

1
(ha)i = %% _ > (Ja)i (Cz‘jpl2) —Pj> ) (C.22)

82‘ il_i
P pill =P

where c;; = p;; — p;p; is the connected correlation.

(Ja)ij =
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