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This dissertation comprises three essays on financial economics and econometrics. The
first essay outlines and expands upon further testing results from Bhardwaj, Corradi and
Swanson (BCS: 2008) and Corradi and Swanson (2011). In particular, specification tests
in the spirit of the conditional Kolmogorov test of Andrews (1997) that rely on block
bootstrap resampling methods are first discussed. We then broaden our discussion from
single process specification testing to multiple process model selection by discussing how
to construct predictive densities and how to compare the accuracy of predictive densities
derived from alternative (possibly misspecified) diffusion models. In particular, we
generalize simulation steps outlined in Cai and Swanson (2011) to multifactor models
where the number of latent variables is larger than three. In the second essay, we begin
by discussing important developments in volatility modeling, with a focus on time
varying and stochastic volatility as well as the "model free" estimation of volatility via
the use of so-called realized volatility, and variants thereof called realized measures. In
an empirical investigation, we use realized measures to investigate the role of “small” and

“large” jumps in the realized variation of stock price returns and show that jumps do



matter in the relative contribution to the total variation of the process, when examining
individual stock returns, as well as market indices. The third essay examines the
predictive content of a variety of realized measures of jump power variations, all formed
on the basis of power transformations of instantaneous returns. Our prediction involves
estimating members of the linear and nonlinear extended Heterogeneous Autoregressive
of the Realized Volatility (HAR-RV) class of models, using S&P 500 futures data as well
as stocks in the Dow 30, for the period 1993-2009. Our findings suggest that past "large"
jump power variations helpless in the prediction of future realized volatility, than past
"small" jump power variations. Our empirical findings also suggest that past realized
signed jump power variations, which have not previously been examined in this literature,

are strongly correlated with future volatility.
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Chapter 1

Introduction

This dissertation considers the specification tests of diffusion processes, the measure-
ment and forecast of volatility in the presence of stochastic volatility and jumps.
The technique of using densities and conditional distributions to carry out consis-
tent specification testing and model selection amongst multiple diffusion processes
have received considerable attention from both financial theoreticians and empirical
econometricians over the last two decades. One reason for this interest is that correct
specification of diffusion models describing dynamics of financial assets is crucial for
many areas in finance including equity and option pricing, term structure modeling,
and risk management, for example. In the second chapter, we discuss advances to this
literature introduced by Corradi and Swanson (2005), who compare the cumulative
distribution (marginal or joint) implied by a hypothesized null model with corre-
sponding empirical distributions of observed data. We also outline and expand upon
further testing results from Bhardwaj, Corradi and Swanson (BCS: 2008) and Corradi
and Swanson (2011). In particular, parametric specification tests in the spirit of the
conditional Kolmogorov test of Andrews (1997) that rely on block bootstrap resam-
pling methods in order to construct test critical values are first discussed. Thereafter,
extensions due to BCS (2008) for cases where the functional form of the conditional
density is unknown are introduced, and related continuous time simulation methods
are introduced. Finally, we broaden our discussion from single process specification
testing to multiple process model selection by discussing how to construct predic-
tive densities and how to compare the accuracy of predictive densities derived from
alternative (possibly misspecified) diffusion models. In particular, we generalize sim-

ulation Steps outlined in Cai and Swanson (2011) to multifactor models where the



number of latent variables is larger than three. These final tests can be thought of as
continuous time generalizations of the discrete time “reality check” test statistics of
White (2000), which are widely used in empirical finance (see e.g. Sullivan, Timmer-
mann and White (1999, 2001)). We finish the chapter with an empirical illustration
of model selection amongst alternative short term interest rate models.

In the third chapter, we begin by surveying models of volatility, both discrete
and continuous, and then we summarize some selected empirical findings from the
literature. In particular, in the first sections of this chapter, we discuss important
developments in volatility models, with focus on time varying and stochastic volatil-
ity as well as nonparametric volatility estimation. The models discussed share the
common feature that volatilities are unobserved, and belong to the class of miss-
ing variables. We then provide empirical evidence on "small" and "large" jumps
from the perspective of their contribution to overall realized variation, using high
frequency price return data on 25 stocks in the DOW 30. Our "small" and "large"
jump variations are constructed at three truncation levels, using extant methodology
of Barndorff-Nielsen and Shephard (2006), Andersen, Bollerslev and Diebold (2007)
and Ait-Sahalia and Jacod (2009a,b). Evidence of jumps is found in around 22.8%
of the days during the 1993-2000 period, much higher than the corresponding figure
of 9.4% during the 2001-2008 period. While the overall role of jumps is lessening, the
role of large jumps has not decreased, and indeed, the relative role of large jumps, as
a proportion of overall jumps has actually increased in the 2000s.

Volatility predictability is important in numerous areas of financial econometrics
ranging from the pricing of volatility-based derivative products to asset management.
In light of this, a number of recent papers have addressed volatility predictabil-
ity, some from the perspective of the usefulness of jumps in forecasting volatility.
Key papers in this area of research include Andersen, Bollerslev, Diebold and Labys

(2003), Andersen, Bollerslev and Diebold (2007), Barndoff, Kinnebrock, and Shep-



hard (2010), Corsi (2004), Corsi, Pirino and Reno (2008), Patton and Shephard
(2011), and the references cited therein. In the fourth chapter, we examine the pre-
dictive content of a variety of realized measures of jump power variations, all formed
on the basis of power transformations of instantaneous returns (i.e., |r;|?), as first
discussed in Ding, Granger and Engle (1993) and Ding and Granger (1996). More
specifically, we consider jump power variations with 0 < ¢ < 6, and construct a
variety of estimators of jump risk, including upside and downside risk, jump asym-
metry (i.e., realized signed jump power variation), and truncated jump measures. Our
prediction experiments use high frequency price returns constructed using S&P 500
futures data as well as stocks in the Dow 30, for the period 1993-2009 period; and our
empirical implementation involves estimating members of the linear and nonlinear
extended Heterogeneous Autoregressive of the Realized Volatility (HAR-RV) class of
models. Our findings suggest that past "large" jump power variations help less in
the prediction of future realized volatility, than past "small" jump power variations.
This in turn suggests the "larger" jumps might help less in the prediction of future
realized volatility than "smaller" jumps. Our empirical findings also suggest that past
realized signed jump power variations, which have not previously been examined in
this literature, are strongly correlated with future volatility, and that past downside
jump variations matter in prediction. Finally, incorporation of downside and upside
jump power variations does improve predictability, albeit to a limited extent. Over-
all, our findings are consistent with ABD (2007) in the concluding that continuous

components dominate, when predicting volatility.



Chapter 2

Density and Conditional Distribution Based

Specification Analysis

2.1 Introduction

The last three decades have provided a unique opportunity to observe numerous in-
teresting developments in finance, financial econometrics and statistics. For example,
although starting as a narrow sub-field, financial econometrics has recently trans-
formed itself into an important discipline, equipping financial economic researchers
and industry practitioners with immensely helpful tools for estimation, testing and
forecasting. One of these developments has involved the development of “state of the
art” consistent specification tests for continuous time models, including not only the
geometric Brownian motion process used to describe the dynamics of asset returns
(Merton (1973)), but also a myriad of other diffusion models used in finance, such
as the Ornstein-Uhlenbeck process introduced by Vacisek (1977), the constant elastic
volatility process applied by Beckers (1980), the square root process due to Cox, In-
gersoll and Ross (CIR: 1985), the so called CKLS model by Chan, Karolyi, Longstaff
and Sanders (CKLS: 1992), various three factor models proposed Chen (1996), sto-
chastic volatility processes such as generalized CIR of Andersen and Lund (1997),

and the generic class of affine jump diffusion processes discussed in Duffie, Pan and



Singleton (2000).!

The plethora of available diffusion models allow decision makers to be flexible
when choosing a specification to be subsequently used in contexts ranging from equity
and option pricing, to term structure modeling and risk management. Moreover, the
use of high frequency data when estimating such models, in continuous time contexts,
allows investors to continuously update their dynamic trading strategies in real-time.>
However, for statisticians and econometricians, the vast number of available models
has important implications for formalizing model selection and specification testing
methods. This has led to several key papers that have recently been published in the
area of parametric and non-parametric specification testing. Most of the papers focus
on the ongoing “search” for correct Markov and stationary models that “fit” historical
data and associated dynamics. In this literature, it is important to note that correct
specification of a joint distribution is not the same as that of a conditional distribution,
and hence the recent focus on conditional distributions, given that most models have
an interpretation as conditional models. In summary, the key issue in the construction
of model selection and specification tests of conditional distributions is the fact that
knowledge of the transition density (or conditional distribution) in general cannot be
inferred from knowledge of the drift and variance terms of a diffusion model. If the
functional form of the density is available parametrically, though, one can test the
hypothesis of correct specification of a diffusion via the probability integral transform
approach of Diebold, Gunther, and Tay (1998); the cross-spectrum approach of Hong
(2001), Hong and Li (2005) and Hong, Li, and Zhao (2007); the martingalization-
type Kolmogorov test of Bai (2003); or via the normality transformation approaches
of Bontemps and Meddahi (2005) and Duan (2003). Furthermore, if the transition
density is unknown, one can construct a non-parametric test by comparing a kernel

density estimator of the actual and simulated data, for example, as in Altissimo and

'For complete details, see Section 2.2.
2For further discussion, see Duong and Swanson (2010, 2011).



Mele (2009) and Thompson (2008); or by comparing the conditional distribution of
the simulated and the historical data, as in Bhardwaj, Corradi, and Swanson (BCS:
2008). One can also use the methods of Ait-Sahalia (2002) and Ait-Sahalia, Fan,
and Peng (2009), in which they compare closed form approximations of conditional
densities under the null, using data-driven kernel density estimates.

For clarity and ease of presentation, we categorize the above literature into two
areas. The first area, initiated by the seminal work of Ait-Sahalia (1996) and later
followed by Pritsker (1998) and Jiang (1998), breaks new ground in the continuous
time specification testing literature by comparing marginal densities implied by hy-
pothesized null models with nonparametric estimates thereof. These sorts of tests
examine one factor specifications. The second area of testing, as initiated in Corradi
and Swanson (CS: 2005) does not look at densities. Instead, they compare cumu-
lative distributions (marginal, joint, or conditional) implied by a hypothesized null
model with corresponding empirical distributions. A natural extension of these sorts
of tests involves model selection amongst alternative predictive densities associated
with competing models. While CS (2005) focus on cases where the functional form
of the conditional density is known, BCS (2008) use simulation methods to exam-
ine testing in cases where the functional form of the conditional density is unknown.
Corradi and Swanson (CS: 2011) and Cai and Swanson (2011) take the analysis of
BCS (2008) on Step further, and focus on the comparison of out of sample predictive
accuracy of possibly misspecified diffusion models, when the conditional distribution
is not known in closed form (i.e., they “choose” amongst competing models based on
predictive density model performance). The “best” model is selected by constructing
tests that compare both predictive densities and/or predictive conditional confidence
intervals associated with alternative models

In this chapter, we primarily focus our attention on the second area of the model



selection and testing literature.®> One feature of all of the tests that we shall discuss is
that, given that they are based on the comparison of CDFs, they obtain parametric
rates. Moreover, the tests can be used to evaluate single and multiple factor and
dimensional models, regardless of whether or not the functional form of the conditional
distribution is known.

In addition to discussing simple diffusion process specification tests of CS (2005),
we discuss tests discussed in BCS (2008) and CS (2011), and provide some gener-
alizations and additional results. In particular, parametric specification tests in the
spirit of the conditional Kolmogorov test of Andrews (1997) that rely on block boot-
strap resampling methods in order to construct test critical values are first discussed.
Thereafter, extensions due to BCS (2008) for cases where the functional form of the
conditional density is unknown are introduced, and related continuous time simulation
methods are introduced. Finally, we broaden our discussion from single dimensional
specification testing to multiple dimensional selection by discussing how to construct
predictive densities and how to compare the accuracy of predictive densities derived
from alternative (possibly misspecified) diffusion models as in CS (2011). In addi-
tion, we generalize simulation and testing procedures introduced in Cai and Swanson
(2011) to more complicated multi-factor and multi-dimensional models where the
number of latent variables larger than three. These final tests can be thought of as
continuous time generalizations of the discrete time “reality check” test statistics of
White (2000), which are widely used in empirical finance (see e.g. Sullivan, Timmer-
mann and White (1999, 2001)). We finish the chapter with an empirical illustration
of model selection amongst alternative short term interest rate models, drawing on
BCS (2008), CS (2011) and Cai and Swanson (2011).

Of the final note is that the test statistics discussed here are implemented via use of

simple bootstrap methods for critical value simulation. We use the bootstrap because

3For a recent survey on results in the first area of this literature, see Ait-Sahalia (2007).



the covariance kernels of the (Gaussian) asymptotic limiting distributions of the test
statistics are shown to contain terms deriving from both the contribution of recursive
parameter estimation error (PEE) and the time dependence of data. Asymptotic
critical value thus cannot be tabulated in a usual way. Several methods can easily
be implemented in this context. First one can use block bootstrapping procedures,
as discussed below. Second one can use the conditional p-value approach of Corradi
and Swanson (2002) which extends the work of Hansen (1996) and Inoue (2001)
to the case of non vanishing parameter estimation error. Third is the subsampling
method of Politis, Romano and Wolf (1999), which has clear efficiency “costs”, but
is easy implement. Use of the latter two methods yields simulated (or subsample
based) critical values that diverge at rate equivalent to the blocksize length under the
alternative. This is the main drawback to their use in our context. We therefore focus
on use of a block bootstrap that mimics the contribution of parameter estimation
error in a recursive setting and in the context of time series data. In general, use
of the block bootstrap approach is made feasible by establishing consistency and
asymptotic normality of both simulated generalized method of moments (SGMM)
and nonparametric simulated quasi maximum likelihood (NPSQML) estimators of
(possibly misspecified) diffusion models, in a recursive setting, and by establishing
the first-order validity of their bootstrap analogs.

The rest of the chapter is organized as follows. In Section 2.2, we present our
setup, and discuss various diffusion models used in finance and financial economet-
rics. Section 2.3 outlines the specification testing hypotheses, presents the cumulative
distribution based test statistics for one factor and multiple factor models, discusses
relevant procedures for simulation and estimation, and outlines bootstrap techniques
that can be used for critical value tabulation. In Section 2.4, we present a small

empirical illustration. Section 2.5 summarizes and concludes.



2.2 Setup

2.2.1 Diffusion Models in Finance and Financial Economet-
rics

For the past two decades, continuous time models have taken center stage in the
field of financial econometrics, particularly in the context of structural modeling,
option pricing, risk management, and volatility forecasting. One key advantage of
continuous time models is that they allow financial econometricians to use the full
information set that is available. With the availability of high frequency data and
current computation capability, one can update information, model estimates, and
predictions in milliseconds. In this Section we will summarize some of the standard
models that have been used in asset pricing as well as term structure modelling.
Generally, assume that financial asset returns follow Ito-semimartingale processes
with jumps, which are the solution to the following stochastic differential equation

system.

X(t) = [ 00 0)ds—ot [ oty [ o(X (), 0 (543, 21

where X (¢_) is a cadlag process (right continuous with left limit) for ¢ € R", and is an
N dimensional vector of variables, W (t) is an N —dimensional Brownian motion, b(-)
is N —dimensional function of X (¢_), and o(-) is an NxN matrix-valued function of
X (t-), where g is an unknown true parameter. J; is a Poisson process with intensity
parameter \g, Ao finite, and the N—dimensional jump size, y;, is itd with marginal
distribution given by ¢. Both .J; and y; are assumed to be independent of the driving
Brownian motion, W (t).*Also, note that [, y¢(y)dy denotes the mean jump size,

hereafter denoted by p,. Over a unit time interval, there are on average Ay jumps;

4Hereafter, X (t_) denotes the cadlag, while X; denotes discrete skeleton for ¢t = 1,2, ... .
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so that over the time span [0, ], there are on average Aot jumps. The dynamics of

X (t-) is then given by:
AX(0) = (X (). 00) — Doptyo) it + (X ), 6)AW(0) + [ pldy.dt), (22

where p(dy, dt) is a random Poisson measure giving point mass at y if a jump occurs
in the interval dt, and b(-), o(-) are the “drift" and “volatility" functions defining the
parametric specification of the model. Hereafter, the same (or similar) notation is
used throughout when models are specified.

Though not an exhaustive list, we review some popular models. Models are pre-
sented with the "true" parameters.

Diffusion Models Without Jumps:

Geometric Brownian Motion (log normal model). In this set-up, b(X(t-),00) =
boX (t) and o(X(t_),00) = 0o X (1)

dX (1) = boX (t)dt + oo X (t)dW (1),

where by and o are constants and and W (t) is a one dimensional standard Brownian
motion. (Below, other constants such as ag , By, Ao, Yo, 00, 7o, Ko, and o are also
used in model specifications.)

This model is popular in the asset pricing literature. For example, one can model
equity prices according to this process, especially in the Black-Scholes option set-up
or in structured corporate finance.” The main drawback of this model is that the
return process (log(price)) has constant volatility, and is not time varying. However,
it is widely used as a convenient “first" econometric model.

Vasicek (1977) and Ornstein- Uhlenbeck process. The process is used to model

5See Black and Scholes (1973) for details.
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asset prices, specifically in term structure modelling, and the specification is:
dX (t) = (g + By X (t))dt + oodW (t)

where W (t) is a standard Brownian motion, and «y, 3, and oy are constants. [, is
negative to ensure the mean reversion of X(t).
Cozx, Ingersoll and Ross (1995) use the following square root process to model the

term structure of interest rates:

dX (1) = r(ap — X (£))dt + oo/ X (£)dW (1)

where W (t) is a standard Brownian motion, ag is the long-run mean of X(t),
measures the speed of mean-reversion, and o is a standard deviation parameter and
is assumed to be fixed. Also, non-negativity of the process is imposed, as 23, > o2.

Wong (1964) points out that in the CIR model, X (¢) with the dynamics evolving

according to:

dX(t) = ((vg — Ao) — X (t))dt + /oo X (t)dW (t), ap >0 and ag — Ao >0  (2.3)

belongs to the linear exponential (or Pearson) family with a closed form cumulative
distribution. o and Ay are fixed parameters of the model.

The Constant Elasticity of Variance, or CEV model is specified as follows:
dX (t) = aoX (t)dt + oo X (t)%/2dW (t)

where W (t) is a standard Brownian motion and ag, 0o and 3, are fixed constants.
Of note is that the interpretation of this model depends on f,, i.e. in the case of

stock prices, if 3, = 2, then the price process X (t) follows a lognormal diffusion; if
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By < 2, then the model captures exactly the leverage effect as price and volatility
are inversely correlated.

Among other authors, Beckers (1980) uses this CEV model for stocks, Marsha
and Rosenfeld (1983) apply a CEV parametrization to interest rates and Emanuel
and Macbeth (1982) utilize this set-up for option pricing.

The Generalized constant elasticity of variance model is defined as follows:

dX (t) = (apX (1)~ 1P 1 XX (1))dt + o X (1) 2dW (1)

where the notation follows the CEV case. \g is another parameter of the model. This
process nests log diffusion when 3, = 2, and nests square root diffusion when 3, = 1.

Brennan and Schwartz (1979) and Courtadon (1982) analyze the model:

dX (1) = (ag + BoX (£))dt + o X ()2dW (¢)

where «y, 3, 0¢ are fixed constants and W (t) is a standard Brownian motion.

Duffie and Kan (1993) study the specification:

dX (1) = (ao — X(t))dt + /By + 7o X ()dW (t)

where W (t) is a standard Brownian motion and oy, 8, and ~, are fixed parameters.

Ait-Sahalia (1996) looks at a general case with general drift and CEV diffusion:

dX(t) = (o0 + BoX (t) + X () + 0o/ X (t))dt + 0o X (t)7/2dW (t)

In the above expression, ag, By, Vg, 79, 0o and [, are fixed constants and W (t) is again
a standard Brownian motion.

Diffusion Models with Jumps:
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For term structure modeling in empirical finance, the most widely studied class of
models is the family of affine processes, including diffusion processes that incorporate
jumps.

Affine Jump Diffusion Model: X (t_) is defined to follow an affine jump diffusion
if

dX (1) = ko(ag — X (8))dt + Qo\/D()dW () 4 dJ(t)

where X(¢_) is an N—dimensional vector of variables of interest and is a cadlag
process, W (t) is an N—dimensional independent standard Brownian motion, ko and
)y are square N x N matrices, «y is a fixed long-run mean, D(t) is a diagonal matrix

with ith diagonal element given by

In the above expressions, fp; and dy; are constants. The jump intensity is assumed
to be a positive, affine function of X (¢) and the jump size distribution is assumed
to be determined by it’s conditional characteristic function. The attractive feature
of this class of affine jump diffusions is that, as shown in Duffie, Pan and Singleton

(2000), it has an exponential affine structure that can be derived in closed form, i.e.

O(X (1)) = exp(a(t) + b(t) X (1))

where the functions a(t) and b(t) can be derived from Riccati equations.® Given a
known characteristic function, one can use either GMM to estimate the parameters of
this jump diffusion, or one can use quasi-maximum likelihood (QML), once the first
two moments are obtained. In the univariate case without jumps, as a special case,

this corresponds to the above general CIR model with jumps.

SFor details, see Singleton (2006), page 102.



14

Multifactor and Stochastic Volatility Model: Multifactor models have been
widely used in the literature; particularly in option pricing, term structure, and asset
pricing. One general set-up has (X (¢),V(¢)) = (X (t), V1(¢), ..., Vd(t))/ where only the
first element, the diffusion process X, is observed while V (t) = (V1(¢t), ..., V(¢)),, is
latent. In addition, X (¢) can be dependent on V(). For instance, in empirical finance,
the most well-known class of the multifactor models is the stochastic volatility model

expressed as:

dX(t) bl (X(t), 90) ’ O'11<V(t), 90)
dv (t) ba(V (1), 60) 0

where W7 (t)151 and Wa(t)14; are independent standard Brownian motions and V() is
latent volatility process. by (+) is a function of X (¢) and by(+), 011(+), 022(+) and oaa(-)
are general functions of V (t), such that system of equations (2.4) is well-defined. Pop-
ular specifications are the square-root model of Heston (1993), the GARCH diffusion
model of Nelson (1990), lognormal model of Hull and White (1987) and the eigen-
function models of Meddahi (2001). Note that in this stochastic volatility case, the
dimension of volatility is d = 1. More general set-up can involve d driving Brownian
motions in V() equation.

As an example, Andersen and Lund (1997) study the generalized CIR model with

stochastic volatility, specifically
dX (t) = kpo(To — X (t))dt + /V (t)dW;(t)

dV(t) = :‘ivo(@o — V(t))dt + 0o/ V(t)de(t)
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where X (t) and V (t) are price and volatility processes, respectively, k.o, kyo > 0 to
ensure stationarity, To is the long-run mean of (log) price process, and 7y and o,
are constants. Wi(t) and Wh(t) are scalar Brownian motions. However, Wi (t) and
Wy(t) are correlated such that dWy(t)dWs(t) = pdt where the correlation p is some
constant p € [—1,1]. Finally, note that volatility is a square-root diffusion process,
which requires that .00y > o2

Stochastic Volatility Model with Jumps (SVJ): A standard specification is:

dX (1) = ka0 (To— X(t))dt +/V(t)dWy (t) + Judq, — Jadqq,

dV(t) =  Kyo (UO — V(t)) dt + O\ V(t)dWQ (t) s

where ¢, and ¢4 are Poisson processes with jump intensity parameters A\, and Ay
respectively, and are independent of the Brownian motions W () and W (). In
particular, A\, is the probability of a jump up, Pr(dg, (t) =1) = A\, and )4 is the
probability of a jump down, Pr(dgq (t) = 1) = A4 J, and J, are jump up and jump
down sizes and have exponential distributions: f(J,) = i exp (—g—z) and f (Jg) =
é exp <—g—j> , where (,, ¢; > 0 are the jump magnitudes, which are the means of
the jumps, J, and J;.

Three Factor Model (CHEN): The three factor model combines various features
of the above models, by considering a version of the oft examined 3-factor model due

to Chan, Karolyi, Longstaff and Sanders (1992), which is discussed in detail in Dai

and Singleton (2000). In particular,

AX (1) = kao (0(1) — X (1)) dt + /V{D)AW, (1),
AV{E) = koo (T— V(1)) dt + 0uo/V(E)AWs (£), (2.6)

do (t) = keo (6o — 0 (1)) dt + cgor/0 (1)dW3 (t),
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where W1 (t), W (t) and W3 (¢) are independent Brownian motions, and V' and 6 are
the stochastic volatility and stochastic mean of X (t), respectively. K0, Ko, ka0, Do, 0o, 20,
ogo are constants. As discussed above, non-negativity for V' (¢) and 6 (¢) requires that
2K0Ug > 0%0 and 2kgoly > 030.

Three Factor Jump Diffusion Model (CHENJ): Andersen, Benzoni and Lund
(2004) extend the three factor Chen (1996) model by incorporating jumps in the
short rate process, hence improving the ability of the model to capture the effect of
outliers, and to address the finding by Piazzesi (2004, 2005) that violent discontinuous
movements in underlying measures may arise from monetary policy regime changes.

The model is defined as follows:

AX (1) = kao (0() — X () dt + /VOAW, () + Judgu — Jadgs,  (2.7)
AV () = ko (Tg — V(1)) dt + v /V(E)dWs (1),

do (t) = koo (6o — 0 (1)) dt + ogo/0 (£)dW5 (1) (2.8)

where all parameters are similar as in (2.6), Wy (t), Wa (t) and Wj (¢) are inde-
pendent Brownian motions, ¢, and ¢4 are Poisson processes with jump intensities A,
and Ago, respectively, and are independent of the Brownian motions W, (t), W, (¢)
and Wy (t) . In particular, A, is the probability of a jump up, Pr(dg, (t) =1) = Ao
and A\ is the probability of a jump down, Pr (dgy (t) = 1) = A\g. J, and J; are jump
up and jump down sizes and have exponential distributions f (J,) = ﬁ exp (—CJT“O>
and f (Jy) = i exp (—%) , where (g, 4o > 0 are the jump magnitudes, which are

the means of the jumps J, and J;.

2.2.2 Overview on Specification Tests and Model Selection

The focus in this chapter is specification testing and model selection. The “tools” used

in this literature have been long established. Several key classical contributions in-
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clude the Kolmogorov-Smirnov test (see e.g. Kolmogorov (1933) and Smirnov (1939)),
various results on empirical processes (see e.g. Andrews (1993) and the discussion in
chapter 19 of van der Vaart (1998) on the contributions of Glivenko, Cantelli, Doob,
Donsker and others), the probability integral transform (see e.g. Rosenblatt (1952)),
and the Kullback-Leibler Information Criterion (see e.g. White (1982) and Vuong
(1989)). For illustration, the empirical distribution mentioned above is crucial in our
discussion of predictive densities because it is useful in estimation, testing, and model
evaluation. Let Y; is a variable of interest with distribution F' and parameter 6y. The

theory of empirical distributions provides a result that

ST (LY < u} — F(ulfo)

t=1

3=

satisfies a central limit theorem (with a parametric rate) if 7' is large (i.e., asymp-
totically). In the above expression, 1{Y; < u} is the indicator function which takes
value 1 if Y; < u and 0 otherwise. In the case where there is parameter estimation

error, we can use more general results in chapter 19 of van der Vaart (1998). Define

Pr(f) = 3 £ and P() = [ fap

where P is a probability measure associated with F. Here, P,(f) converges to
P(f) almost surely for all the measurable functions f for which P(f) is defined .
Suppose one wants to test the null hypothesis that P belongs to a certain family
{Py, : 0o € O}, where 0 is unknown; it is natural to use a measure of the discrepancy
between P, and P; for a reasonable estimator /H\t of 0. In particular, if 5,5 converges to
0y at a root-T rate, \/LT(PT — P;,) has been shown to satisfy a central limit theorem.”

With regard to dynamic misspecification and parameter estimation error, the ap-

proach discussed for the class of tests in this chapter allows for the construction of

"See Theorem 19.23 in van der Vaart (1998) for details.
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statistics that admit for dynamic misspecification under both hypotheses. This differs
from other classes of tests such as the framework used by Diebold, Gunther and Tay
(DGT: 1998), Hong (2001), and Bai (2003) in which correction dynamic specification
under the null hypothesis is assumed. In particular, DGT use the probability integral
transform to show that F}(Y;|S;-1,60) = f_Yf)o fi(y|S¢—1,00)dy is identically and inde-
pendently distributed as a uniform random variable on [0; 1], where Fi(-) and f; (-)
are a parametric distribution and density with underlying parameter 6y, Y; is again
our random variable of interest, and ; is the information set containing all “rele-
vant” past information. They thus suggest using the difference between the empirical
distribution of Ft(Y;|%t,1,/9\t) and the 45° - degree line as a measure of “goodness of
fit”, where /Q\t is some estimator of 6y. This approach has been shown to be very useful
for financial risk management (see e.g. Diebold, Hahnand, Tay (1999)), as well as for
macroeconomic forecasting (see e.g. Diebold, Tay and Wallis (1998) and Clements
and Smith (2000,2002)). Similarly, Bai (2003) develops a Kolmogorov type test of
F,(Y;|S-1,60p) on the basis of the discrepancy between Ft(Yt]%t,l,gt) and the CDF
of a uniform on [0;1]. As the test involves estimator 6,, the limiting distribution
reflects the contribution of parameter estimation error and is not nuisance parameter
free. To overcome this problem, Bai (2003) proposes a novel approach based on a
martingalization argument to construct a modified Kolmogorov test which has a nui-
sance parameter free limiting distribution. This test has power against violations of
uniformity but not against violations of independence. Hong (2001) proposes another
related interesting test, based on the generalized spectrum, which has power against
both uniformity and independence violations, for the case in which the contribution
of parameter estimation error vanishes asymptotically. If the null is rejected, Hong
(2001) also proposes a test for uniformity robust to non independence, which is based
on the comparison between a kernel density estimator and the uniform density. Two

features differentiate the tests surveyed in this chapter from the tests outlined in the
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other papers mentioned above. First, the tests discussed here assume strict stationar-
ity. Second, they allow for dynamic misspecification under the null hypothesis. The
second feature allows us to obtain asymptotically valid critical values even when the
conditioning information set does not contain all of the relevant past history. More
precisely, assume that we are interested in testing for correct specification, given a
particular information set which may or may not contain all of the relevant past
information. This is important when a Kolmogorov test is constructed, as one is
generally faced with the problem of defining 3;_;. If enough history is not included,
then there may be dynamic misspecification. Additionally, finding out how much
information (e.g. how many lags) to include may involve pre-testing, hence leading
to a form of sequential test bias. By allowing for dynamic misspecification, such
pre-testing is not required. Also note that critical values derived under correct spec-
ification given &;_; are not in general valid in the case of correct specification given
a subset of 3y_;. Consider the following example. Assume that we are interested
in testing whether the conditional distribution of Y;|Y;_; follows normal distribution
N(a1Y;_1,01). Suppose also that in actual fact the “relevant” information set has
341 including both Y; jand Y; 5, so that the true conditional model is Y;|Sy_1 =
Yi|Yio1, Yioo = N(anY;_1 + a2Y; 2, 02). In this case, correct specification holds with
respect to the information contained in X; 1; but there is dynamic misspecification
with respect to Y;_jand Y, 5. Even without taking account of parameter estimation
error, the critical values obtained assuming correct dynamic specification are invalid,
thus leading to invalid inference. Stated differently, tests that are designed to have
power against both uniformity and independence violations (i.e. tests that assume
correct dynamic specification under the null) will reject; an inference which is incor-
rect, at least in the sense that the “normality” assumption is not false. In summary,
if one is interested in the particular problem of testing for correct specification for a

given information set, then the approach of tests in this chapter is appropriate.
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2.3 Consistent Distribution-Based Specification Tests
and Predictive Density Type Model Selection

for Diffusion Processes

2.3.1 One Factor Models

In this Section we outline the set-up for the general class of one factor jump diffusion
specifications. All analysis carry through to the more complicated case of multi-factor
stochastic volatility models which we will elaborate upon in the next Subsection.
In the presentation of the tests, we follow a view that all candidate models, either
single or multiple dimensional ones, are approximations of reality, and can thus be
misspecified. The issue of correct specification (or misspecification) of a single model
and the model selection test for choosing amongst multiple competing models allow
for this feature.

To begin, fix the time interval [0, T], consider a given single one factor candidate
model the same as (2.1), with the true parameters 6y, \g, 1, to be replaced by it’s the

pseudo true analogs 07, \, 11, respectively and 0 < t < T":

Xt = [0t 00s =3 [ wotdy+ [ oG, 0w +Zy],

or

dX(t—) = (b(X(t—),0") — \) dt+a(X(t—),9T)dW(t)+/yp(dy,dt), (2.9)

where variables are defined the same as in (2.1) and (2.2). Note that as the above
model is the one factor version of (2.1) and (2.2) where the dimension of X (¢_) is
1x1, W(t) is a one-dimensional standard Brownian motion and jump size, and y; is

one dimensional variable for all j. Also note that both J; and y; are assumed to be
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independent of the driving Brownian motion.

If the single model is correctly specified, then ,

b(X(t=),0") = bo(X(t—),00)
o(X(t=).0") = oo(X(t-),6))

A= Ao, b=y, ¢ =

where bo(X (t—),00),00(X (t—),00), Ao, g , ¢y are unknown and belong to the true
specification.

Now consider a different case (not a single model) where m candidate models are
involved. For model k£ with 1 < k& < m, denote it’s corresponding specification to be
(bk(X(t,),G,Tc), ak(X(t,),QL), My Mgy @r)- Two scenarios immediate arise. Firstly, if
the model k is correctly specified, then by (X (t_), 01) = bo(X (t_), 00), ox(X (t_),0]) =
oo(X(t2),00), Ak = Ao, i, = o and ¢, = ¢, which are similar to the case of a
single model. In the second scenario, all the models are likely to be misspecified and
modelers are faced with the choice of selecting the "best" one. This type of problem
is well-fitted into the class of accuracy assessment tests initiated earlier by Diebold
and Mariano (1995) or White (2000).

The tests discussed hereafter are Kolomogorov type tests based on the construction
of cumulative distribution functions (CDFs). In a few cases, the CDF is known in
closed form. For instance, for the simplified version of the CIR model as in (2.3),
X (t) belongs to the linear exponential (or Pearson) family with the gamma CDF of

the form:®

UrdAy=2(1—a/N)—1 exp(—1 A T ()
F(u,a,\) = b (3) eI o;)(\)) /(3))d , where I'(z) = /0 t* exp(—t)dt,

(2.10)

and «, A are constants.

8See Wong (1964) for details.
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Furthermore, if we look at the pure diffusion process without jumps:
dX (t) = b(X(t),0N)dt + o(X (t),0N)dW (t), (2.11)

where b(-) and ¢ = o(-) are drift and volatility functions, it is known that the
stationary density, say f(z, HT), associated with the invariant probability measure can

be expressed explicitly as:?

f(z, 0" = C(L’T;T)exp (/ Mdu)

o?(x o2(u, 0"

where ¢(A") is a constant ensuring that f integrates to one. The CDF, say F(u,8') =
i Y flx, QT)dx, can then be obtained using available numerical integration procedures.

However, in most cases, it is impossible to derive the CDFs in closed form. To
obtain a CDF in such cases, a more general approach is to use simulation. Instead
of estimating the CDF directly, simulation techniques estimates the CDF indirectly
utilizing it’s generated sample paths and the theory of empirical distributions. The
specification of a specific diffusion process will dictate the sample paths and thereby
corresponding test outcomes.

Note that in the historical context, many early papers in this literature are prob-
ability density-based. For example, in a seminal paper, Ait-Sahalia (1996) compares
the marginal densities implied by hypothesized null models with nonparametric esti-
mates thereof. Following the same framework of correct specification tests, CS(2005)
and BCS (2008), however, do not look at densities. Instead, they compare the cumu-
lative distribution (marginal or joint) implied by a hypothesized null model with the
corresponding empirical distribution. While CS (2005) focus on the known uncondi-
tional distribution, BCS (2008) look at the conditional simulated distributions. CS

(2011) make extensions to multiple models in the context of out of sample accuracy

9See Karlin and Taylor (1981) for details.
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assessment tests. This approach is somewhat novel to this continuous time model
testing literature.

Now suppose we observe a discrete sample path X; Xs, ..., X1 (also referred as
skeletons).!® The corresponding hypotheses can be set up as follows:

Hypothesis 1: Unconditional Distribution Specification Test of a Single
Model

Hy : F(u,0") = Fy(u, ), for all u, a.s.

Hy:Pr (F(u, HT) — Fo(u,0p) # O) > 0, for some u € U, with non-zero Lebesgue
measure.

where Fy(u,0) is the true cumulative distribution implied by the above density,
ie. Fy(u,b) = Pr(X, <u). F(u,0") = Pr (Xff < u) is the cumulative distribution
of the proposed model. X{" is a skeleton implied by model (2.9).

Hypothesis 2: Conditional Distribution Specification Test of A Single
Model

Hy : F(u| Xy, 0) = Fy-(u| Xy, 00), for all u, a.s.

Hy : Pr (FT(u|Xt,9T) — For(u| Xy, 6p) # ()) > 0, for some u € U, with non-zero
Lebesgue measure.

where

F.(u|X,,0") = Pr (XfLT <ulXx® = Xt>

is 7-Step ahead conditional distributions and ¢t =1, ...,T — 7. F,(u|Xy, 0p) is 7-Step
ahead true conditional distributions.

Hypothesis 3: Predictive Density Test for Choosing Amongst Multiple
Competing Models

The null hypothesis is that no model can outperform model 1 which is the bench-

mark model.!!

10 As mentioned earlier, we follow CS (2005) by using notation X (-) when defining continuous time
processes and X; for a skeleton.
See White (2000) for a discussion of a discrete time series analog to this case, whereby point
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Hy: max Ex ((F g ()= F (ul)) — (Fo(u2| Xy) — Fo<ul|Xt))>2

k=2,...m X5 (Xe) X5 (Xe)

—Ex ((F ; (ug) = F (U1)> — (Fo(ug|Xt) — FO(U1|Xt)>> <0

0 k
Xk X pr (Xe)
. 3 !
H 4 : negation of H,

i
O

- . 0} S
where I, (u) = Fy(u|lX,,00) = POL (XHT <wul Xk = Xt> , which is the

Xk (X0
conditional distribution of X;,,, given X;, and evaluated at u under the probability

;
law generated by model k. X O (X;) with 1 < 7 < T —t is the skeleton implied

kyt4T
by model k, parameter 9,1 and initial value X;. Analogously, define FJ(u|X},60y) =
Py (Xi4r < ulX;) to be the “true” conditional distribution.

Note that the three hypotheses expressed above apply exactly the same to the case
of multifactor diffusions. Now, before moving to the statistics description section, we
briefly explain the intuitions in facilitating construction of the tests:

In the first case (Hypothesis 1), CS (2005) construct a Kolomogorov type test
based on comparison of the empirical distribution and the unconditional CDF implied

by the specification of the drift, variance and jumps. Specifically, one can look at the

scaled difference between
ty — o I —
F(u,0") = Pr (Xt < u) —/ f(z,0")dx
and estimator of the true Fy(u| Xy, 6p), the empirical distribution of X; defined as:
L I
=1

where 1{Y; < u} is indicator function which takes value 1 if Y; < u and 0 otherwise.

Similarly for the second case of conditional distribution (Hypothesis 2), the test

rather than density-based loss is considered; Corradi and Swanson (2007b) for an extension of
White (2000) that allows for parameter estimation error; and Corradi and Swanson (2006a) for an
extension of Corradi and Swanson (2007b) that allows for the comparison of conditional distributions
and densities in a discrete time series context.
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statistic Vi can be a measure of the distance between the 7 — Step ahead conditional

distribution of X¥! | given X¢' = X, as:

Fy(ulX,, 07) = Pr (X7}, <ulX! = X,),

to an estimator of the true Fp,(u|X},0), the conditional empirical distribution of

X, conditional on the initial value X; defined as:

1 T—1

= D WX <ul,

t=1

In the third case (Hypothesis 3), model accuracy is measured in terms of a dis-
tributional analog of mean square error. As is commonplace in the out-of-sample
evaluation literature, the sample of T observations is divided into two subsamples,
such that 7" = R + P, where only the last P observations are used for predictive
evaluation. A 7—Step ahead prediction error under model k is 1{u; < Xy, <
us} — (FkT(u2|Xt,HL) - Fg(u1|Xt,02)> where 2 < k& < m and similarly for model 1
by replacing index £ with index 1. Suppose we can simulate P — 7 paths of 7—Step
ahead skeleton'? using X; as starting values where t = R, ..., R + P — 7, from which
we can construct a sample of P — 7 prediction errors. Then, these prediction errors

can be used to construct a test statistic for model comparison. In particular, model

1 is defined to be more accurate than model k if:

B (77 (wal e 81) = £ 1 X,,60) = (75 00 80) = F5 X2 000) )

< 8 ( (Bl ) — FEGT1X000) = (75 (ualXe80) = F X2 000) ).

where E/(+) is an expectation operator and E (1{u; < Xy, < ug}|Xy) = FJ(ua] Xy, 00)—

F§ (u1]| X+, 6p). Concretely, model k is worse than model 1 if on average 7—Step ahead

12G6e Section 2.3.3.1 for model simulation details.
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prediction errors under model £ is larger than that of model 1.

Finally, it is important to point out some main features characterized by all the
three test statistics. Processes X () hereafter is required to satisfy the regular condi-
tions, i.e. assumptions A1-A8 in CS (2011). Regarding model estimation (in Section
2.3.3), 8" and @] are unobserved and need to be estimated. While CS (2005), BCS
(2008) utilize (recursive) Simulated General Method of Moments (SGMM), CS (2011)
make extension to (recursive) Nonparametric Simulated Quasi Maximum Likelihood
(NPSQML). For the unknown distribution and conditional distribution, it will be

pointed out in Section 2.3.3.2 that F(u,0"), F.(u|X,60") and F ¥ (u) can be

x kK X
replaced by their simulated counterparts using the (recursive) SGI\/]EﬁTE(LI;Ei NPSQML
parameter estimators. In addition, test statistics converge to functional of Gaussian
processes with covariance kernels that reflect time dependence of the data and the
contribution of parameter estimation error (PEE). Limiting distributions are not nui-
sance parameter free and critical values thereby cannot be tabulated by the standard
approach. All the tests discussed in this chapter rely on the bootstrap procedures for

obtaining the asymptotically valid critical values, which we will describe in Section

2.34.

2.3.1.1 Unconditional Distribution Tests

For one-factor diffusions, we outline the construction of unconditional test statistics
in the context where CDF is known in closed form. In order to test the Hypothesis

1, consider the following statistic:
Vi = [VEsalum(udn,
U

where

T
Vrng = % Z (1{Xt <u}— F(u7§T,N,h))

t=1
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In the above expression, U is a compact interval and / m(u)du = 1, 1{X; < u}

is again the indicator function which returns value 1 i? X; < w and 0 otherwise.
Further, as defined in Section 2.3.3, 5T7 ~.n hereafter is a simulated estimator where T’
is sample size and h is the discretization interval used in simulation. In addition, with
the abuse of notation, /N is a generic notation throughout this chapter, i.e. N = L,
the length of each simulation path for (recursive) SGMM and N = M, the number
of random draws (simulated paths) for (recursive) NPQML estimator.!® Also note in
our notation that as the above test is in sample specification test, the estimator and
the statistics are constructed using the entire sample, i.e. @T, Nk

It has been shown in CS (2005) that under regular conditions and if the estimator
is estimated by SGMM, the above statistics converges to a functional of Gaussian
process.!* In particular, pick the choice T, N — oo, h — 0,T/N — 0 and Th? — 0

Under the null,

Visa = [ Zwrta)
U
where 7 is a Gaussian process with covariance kernel. Hence, the limiting distribution
of V7 y, is a functional of a Gaussian process with a covariance kernel that reflects
both PEE and the time series nature of the data. As /H\T, ~,» 18 Toot-T consistent, PEE
does not disappear in the asymptotic covariance kernel.

Under H 4, there exists an € > 0 such that

1

T—o00

For the asymptotic critical value tabulation, we use the bootstrap procedure. In
order to establish validity of the block bootstrap under SGMM with the presence of

PEE, the simulated sample size should be chosen to grow at a faster rate than the

13M is often chosen to coincide with S, the number of simulated paths used when simulating
distributions.
HMFor details and the proof, see Theorem 1 in CS (2005).
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historical sample, i.e. T/N — 0.
Thus, we can follow Steps in appropriate bootstrap procedure in Section 2.3.4.

For instance, if the SGMM estimator is used, the bootstrap statistic is

V2 = / V24 (w)m(u)du,
U

where
T
* 1 * Sk ~
Vinn =~ 2 ((HXF S b= 1{Xe S ) = (FluBs) = FuBrn))).
t=1

In the above expression, 5; ~.5, 18 the bootstrap analog of §T’ ~,n and is estimated by
the bootstrap sample X7, ..., X5 (see Section 2.3.4). With appropriate conditions, CS
(2005) show that under the null, Vﬁ;\ﬂ , has a well defined limiting distribution which
coincides with that of V7 ,. We then can straightforwardly derive the bootstrap
critical value by following Step 1-5 Section 2.3.4. In particular, in Step 5, the idea
is to perform B bootstrap replications (B large) and compute the percentiles of the
empirical distribution of the B bootstrap statistics. Reject Hy if V2, is greater than

the (1 — a)th—percentile of this empirical distribution. Otherwise, do not reject Hy.

2.3.1.2 Conditional Distribution Tests

Hypothesis 2 tests correct specification of the conditional distribution, implied by
a proposed diffusion model. In practice, the difficulty arises from the fact that the
functional form of neither 7-Step ahead conditional distributions F,(u|X,,6") nor
Fo - (u| X4, 00) is unknown in most cases. Therefore, BCS (2008) develop bootstrap

specification test on the basis of simulated distribution using the SGMM estimator.!?

15Tn this chapter, we assume that X (-) satisfies the regularity conditions stated in CS (2011), i.e.
assuptions A1-A8. Those conditions also reflect requirements A1-A2 in BCS (2008). Note that,
the SGMM estimator used in BCS (2008) satisfies the root-N consistency condition that CS (2011)
impose on their parameter estimator (See Assumption 4).
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With the important inputs leading to the test such as simulated estimator, distribu-
tion simulation and bootstrap procedures to be presented in the next Section'®, the

test statistic is defined as:

ZT = sup |ZT(ua ,U)’
uxveUxV

where
1 T—1 1 S .
Zr(u,v) = —=——= (g Z 1 {Xfff;h < U} — Y Xy, < U}> 1{X; <w},

with U and V' compact sets on the real line. /éT’ N, 1s the simulated estimator using
entire sample X ..., X7 and S is the number of simulated replications used in the
estimation of conditional distributions as described in Section 2.3.3. If SGMM es-
timator is used (similar to unconditional distribution case and the same as in BCS
(2008)), then N = L, where L is the simulation length used in parameter estimation.

The above statistic is a simulation-based version of the conditional Kolmogorov

test of Andrews (1997), which compare the joint empirical distribution

T—1

> X <ull{X, < v}

t=1

1
T—71

with its semi-empirical /semi-parametric analog given by the product of

T—1

1
> For(ulXy,00)1{X, < v}.
t=1

T—1

Intuitively, if the null is not rejected, the metric distance between the two should
asymptotically disappear. In the simulation context with parameter estimation error,

the asymptotic limit of Z; however is a nontrivial one. BCS (2008) show that with the

16See Sections 2.3.3 and 2.3.4 for further details.
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proper choice of T, N, S, h, i.e. T,N,S,T?/S — oo and h,T/N,T/S, Nh,h*T — 0,
then

Zr % sup  |Z(u,v),
uxveUxV

where Z(u,v) is a Gaussian process with a covariance kernel that characterizes: 1)
long-run variance we would have if we knew Fj (u|Xy,0p); 2) the contribution of
parameter estimation error; 3) The correlation between the first two.

Furthermore, under H 4, there exists some € > 0 such that:

1
lim Pr{ —=Zr >¢ ] = 1.
P—oo (\/T ! )

As T'/S — 0, the contribution of simulation error is asymptotically negligible. The
limiting distribution is not nuisance parameter free and hence critical values cannot

be tabulated directly from it. The appropriate bootstrap statistic in this context is:

Zy= sup |Zp(u,v)l,
uxveUxV

where
1 T—1 1 S -
Zi(u,v) = ——= ( D1 {Xf,fff < u} - X}, < u}> 1{X; < v}

S
1 L, f (s
———> (30t {X&t’ﬂ’ < u} Xy <u) | 1{X, <0}

In the above expression, g*T ~,n 18 the bootstrap parameter estimated using the re-
sampled data X; for t = 1,....,7 — 7. Xi*fﬁh, s=1,..,Sand t = 1,....T — 7 is
the simulated data under /0\; npand Xt =1,...,T — 7 is a resampled series con-
structed using standard block-bootstrap methods as described in 2.3.4. Note that in
the original paper, BCS (2008) propose bootstrap SGMM estimator for conditional

distribution of diffusion processes. CS (2011) extend the test to the case of simulated
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recursive NPSQML estimator. Regarding the generation of the empirical distribution
of Z3. (asthmatically the same as Zr), follow Step 1-5 in the bootstrap procedure in
Section 2.3.4. This yields B bootstrap replications (B large) of Z}. One can then
compare Zp with the percentiles of the empirical distribution of Z7, and reject Hy if
Zr is greater than the (1 — «)th-percentile. Otherwise, do not reject Hy. Tests car-
ried out in this manner are correctly asymptotically sized, and have unit asymptotic

power.

2.3.1.3 Predictive Density Tests for Multiple Competing Models

In many circumstances, one might want to compare one (benchmark) model (model
1) against multiple competing models (models k, 2 < k < m). In this case, recall in
the null in Hypothesis 3 is that no model can outperform the benchmark model.
In testing the null, we first choose a particular interval i.e., (u1,us) € UxU where
U is a compact set so that the objective is evaluation of predictive densities for a
given range of values. In addition, in the recursive setting (not full sample is used
to estimate parameters), if we use the recursive NPSQML estimator, say 517@ N, and

/0\;”7 ~.h, for models 1 and k, respectively, then the test statistic is defined as

D%g’%(ul,m) = max Dy, p.s(uq,us).

=2,...,m

where

Dy, p.s(u1,us)
2

T—r1 S
1 1 9.,
B VP Z [§ Z 1 {ul < Xy (Xe) < U2} —Huy < Xiyr <ug}
t=R i=1

2

S
1 ~
- [g >.1 {“1 < XpEh(Xy) < u2} s < Xepr < us}
=1
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All notation is consistent with previous Sections where S is the number of simulated

replications used in the estimation of conditional distributions. Xlelzttff (X;) and
:'“Zttf: ,i=1,...,5 t=1,..,T — 7, are the ith simulated path under gljtijh and

5;% N 1f models 1 and % are nonnested for at least one k = 2,...,m. Under regular
conditions and if P, R, S, h are chosen such as P, R, N — oo and h, P/N,h*P — 0,

P/R — 7 where 7 is finite then

d
max (D pn(u1,uz) — (w1, uz)) — max Zy(ug, us),
k=2,..,m k=2,...m

where, with an abuse of notation, p (uy,us) = (w1, us) — ps(ug, us), and

2

pi(ur, ug) = E ((F of (ug) = F (U1)> — (Fo(ua|Xy) — FO(UllXt))>
Xjhr (X1) Xjhar (X1)

for j =1,...,m, and where (Z1(uy, u3), ..., Zm(u1,us)) is an m—dimensional Gaussian

random variable the covariance kernels that involves error in parameter estimation.

Bootstrap statistics are therefore required to reflect this parameter estimation error

issue.!”

In the implementation, we can obtain the asymptotic critical value using a recur-
sive version of the block bootstrap. The idea is that when forming block bootstrap
samples in the recursive setting, observations at the beginning of the sample are
used more frequently than observations at the end of the sample. We can repli-
cate the Step 1-5 in bootstrap procedure in Section 2.3.4. It should be stressed the
re-sampling in the Step 1 is the recursive one. Specifically, begin by resampling b
blocks of length [ from the full sample, with [b = T'. For any given 7, it is necessary
to jointly resample Xy, X;,1, ..., X;4,. More precisely, let 75" = (X;, Xyy1, .o Xigr),
t=1,...,T — 7. Now, resample b overlapping blocks of length [ from Z%7. This yields

Zh = (X}, X, 0 X ,), t = 1,..,T — 7. Use these data to construct bootstrap

17See CS (2011) for further discussion.
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estimator gzt n.ye Recall that IV is chosen in CS (2011) as the number of simulated
series used to estimate the parameters (N = M = S) and such as N/R, N/P — oc.
Under this condition, simulation error vanishes and there is no need to resample the

simulated series.

CS (2011) show that

NU»—A
E

Il
ey

A~k ~
<9k,t,N,h - ek,t,N,h)

t

has the same limiting distribution as
T
— Z <9k:,t,N,h — 92) ;
VP o

conditional on all samples except a set with probability measure approaching zero.

Given this, the appropriate bootstrap statistic is:

DI:,P,S(ulv Uy)

—T

S

Si-

s 2
1 5’1‘ t * *
[E E 1 {ul < Xl,z”,t’jrv%h(Xt) < u2} —Hu < X7, < uz}]
i=1

Il
S

1

s R 2
> {m < X () S wef - £ XG4 < uz}]
=1

| =

=1

|
/\/\
N[ =
i
Wl

2
Z 1 {ul < X;f,’?,i’ff(X?) < uz} — 1w <X}, < u2}]

1

S
§:

|
|~
.Mm

2
1 {Ul < Xph(Xg) < UZ} — Huy < X4, < U2}]

1 %

1

J

As the bootstrap statistic is calculated from the last P resampled observations, it
is necessary to have each bootstrap term recentered around the (full) sample mean.
This is true even in the case there is no need to mimic PEE, i.e. the choice of P, R is

such that P/R — 0. In such a case, above statistic can be formed using /9\;% ~,» Tather

o~k
than 0, , v ;-
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For any bootstrap replication, repeat B times (B large) ) bootstrap replications
which yield B bootstrap statistics D} ps. Reject Hy if Dy ps is greater than the
(1 —«)th-percentile of the bootstrap empirical distribution. For numerical implemen-
tation, it is of importance to note that in the case where P/R — 0, P, T, R — oo,

A ~

there is no need to re-estimate gzt N (Orin ). Namely, 0 C ) can be used

1,t,N,h k,t,N,h

in all bootstrap experiments.

Of course, the above framework can also be applied using entire simulated distri-
butions rather than predictive densities, by simply estimating parameters once, using
the entire sample, as opposed to using recursive estimation techniques, say, as when

forming predictions and associated predictive densities.

2.3.2 Multifactor Models

Now, let us turn our attention to multifactor diffusion models of the form

(X(®),V (1), .. v4e)),
where only the first element, the diffusion process X, is observed while V() =
(V(t),...,V%(t)) is latent. The most popular class of the multifactor models is sto-
chastic volatility model expressed as below:
dX (1) by (X (t),0%) o1 (V(t),0")

= dt + AWy (t)  (2.12)
dV (t) by (V (1), 67) 0

dWa(t), (2.13)
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18 For instance,

where Wi (t)11 and Wa(t)1,; are independent Brownian Motions.
many term structure models require the multifactor specification of the above form
(see Dai and Singleton (2000)). In a more complicated case, the drift function can also
be specified to be a stochastic process which poses even more challenges to testing.
As mentioned earlier, the hypotheses (Hypothesis 1,2,3) and the test construction
strategy for multifactor models are the same as for one factor model. All theory essen-
tially applies immediately to multifactor cases. In implementation, the key difference
is in the simulated approximation scheme facilitating parameter and CDF estimation.
X (t) cannot simply be expressed as a function of d+ 1 driving Brownian motions but
instead involves a function of (W, fg W;sdWis ), 4,5 =1,...,d + 1 (see e.g. Pardoux
and Talay (1985) p.30-32 and CS(2005)).

For illustration, we hereafter focus on the analysis of a stochastic volatility model

(2.12) where drift and diffusion coefficients can be written as

(bl(X(t)v QT))) o ou(V(1),0") ona(V(#),6")
R - 0 ow(V(),6)
We also examine a three factor model (i.e., the Chen Model as in (2.6)) and a three
factor model with jumps, (i.e., CHENJ as in (2.7)). By presenting two and three factor
models as an extension of our above discussion, we make it clear that specification
tests of multiple factor diffusions with d > 3 can be easily constructed in similar
manner.

In distribution estimation, the important challenge for multifactor models lies in
the missing variable issue. In particular, for simulation of X, one needs initial values
of the latent processes V; ..., Vy, which are unobserved. To overcome this problem, it

suffices to simulate the process using different random initial values for the volatility

18Note that the dimension of X (-) can be higher and we can add jumps to the above specification
such that it satisfies the regularity conditions outlined in the one factor case. In addition, CS (2005),
provide a detailed discussion of approximation schemes in the context of stochastic volatility models.
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process, then construct the simulated distribution using those initial values and av-
erage them out. This allows one to integrate out the effect of a particular choice of
volatility initial value.

For clarity of exposition, we sketch out a simulation strategy for a general model
of d latent variables in Section 2.3.3. This generalizes the simulation scheme of three
factor models in the Cai and Swanson (2011). As a final remark before moving to the
statistic presentation, note that the class of multifactor diffusion processes considered
in this chapter is required to match the regular conditions as in previous Section

(assumption from A1-A8 in CS (2011) with A4 being replaced by A4’).

2.3.2.1 Unconditional Distribution Tests

Following the above discussion on test construction, we specialize to the case of two-
factor stochastic volatility models. Extension to general multidimensional and mul-
tifactor models follows similarly. As the CDF is rarely known in closed form for
stochastic volatility models, we rely on simulation technique. With the simulation
scheme, estimators, simulated distributed and bootstrap procedures to be presented
in the next sections (see Section 2.3.3 and 2.3.4), the test statistics for Hypothesis

1 turns out to be:

S

1 1 _

SVT,S,h = T Z (1{Xt < u} — § Z 1(X§7;,N,L,h < U))
t=1

t=1

~

In the above expression, recall that S is the number of simulation paths used in
distribution simulation, /H\T7 N.Lh is a simulated estimator (see Section 2.3.3). N is a
generic notation throughout this chapter, i.e. N = L, the length of each simulation
path for SGMM and N = M, the number of random draws (simulated paths) for
NPQML estimator. h is the discretization interval used in simulation. Note that

5T7 ~.L.h 1s chosen in CS (2005) to be SGMM estimator using full sample and therefore
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N =L = S." To put it simply, one can write 5T7S,h = /H\T’ N,Lh-

Under the null, choose T, S to satisfy T, S — oo, Sh — 0,7/S — 0 then:

SVQg’S7h—>/SV2(u)7T(u)
U

where 7 is a Gaussian process with covariance kernel that reflects both PEE and the

time dependent nature of the data. The relevant bootstrap statistic is:

g (X7 < u} — 1{X, < u})
SVI%TS'h - = K ~
TVTE | QS  <w) - X < w)
t=1
where /9\; s, 18 the bootstrap analogue of §T757h. Repeat the Step 1-5 in the bootstrap
procedure in Section 2.3.4 to obtain critical value which are the percentiles of the
empirical distribution of Z}.. Compare SV g; with the percentiles of the empirical

distribution of the bootstrap statistic and reject Hy if SV g is greater than the

(1 — a)th-percentile thereof. Otherwise, do not reject Hy.

2.3.2.2 Conditional Distribution Tests

To test Hypothesis 2 for the multifactor models, first we present the test statistic
for the case of the stochastic volatility model (X;,V;) in (2.12), (i.e., for two factor
diffusion), and then we discuss testing with the three factor model (X, V;!, V/?) as
in (2.6). Other multiple factor models can be tested analogously. Note that for
illustration, we again assume use of the SGMM estimator §T7 N.Lh, s in the original
work of BCS (2008) (namely, ?9\T, ~,L,» is the simulated estimator described in Section

2.3.3). Specifically, N is chosen as the length of sample path L used in parameter

19 As seen in assumption A4’ in CS (2011) and Section 2.3.3 of this chapter, @T’N,L’h can be other

estimators such as the NPSQML estimator. Importantly, ET’ N, satisfies condition A4’ in CS
(2011).



38

estimation. The associated test statistic is:

SZpr= sup |SZr(u,v)]

uxXveUxV

T—1 N S .
SZp(u,v) = \/Tl——T > <NLS YY1 {Xﬁiﬁf’” < U} — {Xyr < U}> 1{X, <v}

t=1 =1 i=1

where XzZ’tJi’TL’h is is 7 - Step ahead simulated skeleton obtained by simulation proce-

dure for multi-factor model in Subsection 2.3.4.1.

In a similar manner, the bootstrap statistic analogous to SZr is

SZp= sup |SZp(u,v)|,

uxvelUxV

SZ7(u,v
1 = 1 al b\;,N,L,h * *
T VT NS DD NI Sup - HXG <} | 1H{X] <o)
(- =1 i=1
1 — LiZl{X%”’L’h<U}—1{X <u} | 1{X;, <wv}
T—T1 t=1 NS j=1 i=1 e e S

where g*T ~.» 18 the bootstrap estimator described in Section 2.3.4. For the three

factor model, the test statistic is defined as

MZr = sup ‘MZT(U> U)‘ )

uxvelUxV

T—1 L L S
1 1 o
- L (Fzzzl X <} 1x,, < u}> LX< o)
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and bootstrap statistics is:

M Z7(u,v)
= Dol e 2o DD X Swp - H{X, S} | 1{X <o)
T—71 L2S 4 /
t=1 j=1 k=1 i=1
1 T—1 1 L S N
- 0 s
e D1 61 30 9 WECIATTY SRTRE) JIOS
t=1 j=1 k=1 i=1
where
ngﬁ_’“b = X80§,+1\;,L.}L(Xt"/jlzeT,N,L,hJ‘/IfﬂT,N,L,h)
X0y = Py, yOLe 20y

The first order asymptotic validity of inference carried out using bootstrap sta-
tistics formed as outlined above follows immediately from BCS (2008). For testing
decisions, one compares the test statistics SZr g5 and M Z7 g, with the percentiles or
the empirical distributions of SZ} and M Z7 g, respectively. Then, reject Hy if the
actual statistic is greater than the (1 — a)th-percentile of the empirical distribution

of the bootstrap statistic, as in Section 2.3.4. Otherwise, do not reject H,.

2.3.2.3 Predictive Density Tests for Multiple Competing Models

For illustration, we present the test for the stochastic volatility model (two factor
model). Again, note that extension to other multi-factor models follows immediately.
In particular, all steps in the construction of the test in the one factor model case
carry through immediately to the stochastic volatility case with the statistic defined
as:

DVprs = max DV, pr.s(u1,us2)

=2,...,m
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where

DVi. pr.s(u1,us2)

~ 2
r-r 1 L S 01,6,N,L,h 01,6821
1 SL Ej:]_ Zi:]_ 1 {U]_ S Xl,t+T,i,j (Xt, V ) S Uo

t=R —Huy < Xiyr < up}

7j=1 =1

I 2
1
( ST ZZ 1 {“1 < leljtijfv,)ifj}L(XtavektNLh) < U2} —Hur < Xypyr < U2}> ;

Critical values for these tests can be obtained using a recursive version of the block

bootstrap. The corresponding bootstrap test statistic is:

* _ *
DVP,L,S = kmaxm DVk,P,L,S(Ula Uz)

where
DVI:,P,L,S(uh Uy)

o~

2
1 L S 1tNLh 01,¢,N,L,h
{ ﬁzj‘zl Zi:ll{ <X1t+7’z] (X* V )§u2}

S

1

P

Il
S

—Hur < X7, < up}

2

[ 1 L S 0, N,L,h 91 N,L,h
ﬁZjﬂZi:ll{ <X1t—t&-’rz,] (XI,V " )SW}

—1H{u < Xipr <un}

|
1l
] =

N
Il
—

L 2
1
s = on ) <1t <3 <

h

j=1 i=1

2

T 1 L S gk,t,N,L,h O, 4N, L,h
| L {1 < X (XL V) < g

=1 —H{u < Xipr <un}

N[ =

Of note is that we follow CS (2011) by adopting the recursive NPSQML estimator

51,@ ~,zn and 5;% ~.z.» for model 1 and k, respectively, as introduced in Section 2.3.3.4
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with the choice N = M = S. /éit,N,L,h and /H\Z,t,N,L,h are bootstrap analogs of 51¢,N7L,h
and 5;% ~.Lh Tespectively (see Section 2.3.4). In addition, we do not need to resam-
ple the volatility process, although volatility is simulated under both 5;% Nz, and
gzjtﬂhh, E=1,..,m.

Repeat Steps 1-5 in the bootstrap procedure in Section 2.3.4 to obtain critical
values. Compare DVp, s with the percentiles of the empirical distribution of DVp; ,
and reject Hy if DVp, g is greater than the (1 — a)th-percentile. Otherwise, do not
reject Hy. Again, in implementation, there is no need to re-estimate /Q\Z’t’ NI for each
bootstrap replications if P/R — 0,P,T, R — oo, ass parameter estimation error

vanishes asymptotically in this case.

2.3.3 Model Simulation and Estimation
2.3.3.1 Simulating Data

Approximation schemes are used to obtain simulated distributions and simulated
parameter estimators, which are needed in order to construct the tests statistics
outlined in previous sections. We therefore devote the first part of this section to a
discussion of the Milstein approximation schemes that have been used in CS (2005),
BCS (2008) and CS (2011). Let L be the length of each simulation path and h be the
discretization interval, L = (QQh and 6 be a generic parameter in simulation expression.
We consider three cases:

The pure diffusion process as in (2.11):

Xgh - X(gq—l)h = b<X(9q—1)h7 0)h + U(X(Oq—l)h7 0)eqgn

1
__O.(X?qfl)ha Q)IU(X(qul)ha 0)h

2
1
+§O-(X(0q—1)h7 0)/0-(X(6q—1)h’ 0)€§h7
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where

iid

(th - W(q—l)h) =eqn ~ N(0,h),

g=1,...,0Q, with ¢ w N(0,h); and where ¢’ is the derivative of o(-) with respect
to its first argument. Hereafter, X gh denotes the values of the diffusion at time q¢h,
simulated under generic 0, and with a discrete interval equal to h, and so is a fine
grain analog of Xf, b

The pure jump diffusion process without stochastic volatility as in (2.9):

Xlenn — Xon
1
= (X0, 0)h+0(X0,, 0)eqinn — 5U(Xgh, 0) o(X0,.0)h
J

1 /
450X 00 (X0, 00 — M+ Dy {ah <Us < (g + DR}, (214)

j=1

The only difference between this approximation and that used for the pure diffusion
is the jump part. Note that the last term on the right-hand-side (RHS) of (2.14)
is nonzero whenever we have one (or more) jump realization(s) in the interval [(¢ —
1)h, gh]. Moreover, as neither the intensity nor the jump size is state dependent, the
jump component can be simulated without any discretization error, as follows. Begin
by making a draw from a Poisson distribution with intensity parameter /):T, say J.
This gives a realization for the number of jumps over the simulation time span. Then,
draw J uniform random variables over [0, L], and sort them in ascending order so
that Uy < Uy < ... < U5. These provide realizations for the J jump times. Then,

make J independent draws from ¢, say vy, ..., y7.
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SV models without jumps as in (2.4) (using a generalized Milstein scheme):

X?q+1)h - Xgh +51(X5h7€)h+011(‘/(ﬁb,9)61 (g+1)h

1 8012k<v ,9)
+012(Vh’9)62 (g+1h T 022(V H)th 2,(q+1)h
do V9,0 (g+1)h s
+022(1@9,1,9)M / ( / dWLT) AW (2.15)
8V qh qh

Vo = Vi +02(Ve. Oh+ 02(Vh, 0)ex e
80'22(‘/;19}1,9) 9

1
+—022(th7 0) oV €2,(g+1)h

5 (2.16)

where h=2¢; ;i ~ N(0,1), i = 1,2, E(ey gneaqn) = 0 for all ¢ # ¢/, and

sy | B0 ) [ 0 oV
’ ba(V, 0 bao(V,0) — Loay(V,0) 22200
)%

The last terms on the RHS of (2.15) involve stochastic integrals and cannot be
explicitly computed. However, they can be approximated, up to an error of order

o(h) by (see, for example, equation (3.7), pp. 347 in Kloeden and Platen (1999)):

(q+1)h s 1
/ </ dWLT) AWy s = I (55152 +/Pp (M,pfz - /’L2,p§1)>
q gh

h

p

+% > % (cl,r <\/§£2 + nz,r> — Sy (\/551 + 77177,)) ,

r=1
where for 7 = 1,2, &, p;.,,Sir, 1., are 12d N(0,1) random variables, p, = = —
J jr Hjp> Siors T p 12
%2 p 17«27 and p is such that as h — 0, p — oo.
Stochastic Volatility with Jumps

Simulation of sample paths of diffusion processes with stochastic volatility and

jumps follows straightforwardly from the previous two cases. Whenever both intensity
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and jump size are not state dependent, a jump component can be simulated and added
to either X (¢) and/or the V(¢) in the same manner as above. Extension to general
multidimensional and multifactor models both with and without jumps also follows

directly.

2.3.3.2 Simulating Distributions

In this section we sketch out methods used to construct 7—step ahead simulated
conditional distributions using simulated data. In applications, simulation techniques
are needed when the functional form conditional distribution is unknown. We first
illustrate the technique for one factor models and then discuss multifactor models.
One factor models:
Consider the one factor model as in (2.9). To estimate the simulated CDFs,
Step 1: Obtain §T7N,h (using the entire sample) or /ét’NJL (recursive estimator)
where ?O\T’ ~,n and @7 N, are estimators as discussed in Section 2.3.3.3 and 2.3.3.4.
Step 2: Under /e\T,N,h or @t,N,hQO, simulate S paths of length 7, all having the

same starting value, X;. In particular, for each path ¢+ = 1,...S of length 7, generate

X,éT,N,h

ity (X¢) according to a Milstein schemes detailed in previous section, with 6 =

@T, N.h OF @7 N The errors used in simulation are ey, Y (0,h), and Qh = T. €4, is
assumed to be independent across simulations, so that E(€; 4n€j4) = 0,for all i # j
and E(e€; gn€iqn) = h, for any 4, j. In addition, as the simulated diffusion is ergodic,
the effect of the starting value approaches zero at an exponential rate, as 7 — oo.
Step 3: If /H\T, Nk (5,5 ~,») 1s used, an estimate for the distribution, at time ¢ + 7,

conditional on X;, with estimator §T, Nﬁh(@ﬁ N.h), is defined as:

S
1 —~
-1 {Xzfj}h(Xt) < u}
=1

20Note that N = L for the SGMM estimator while N = M = S for NSQML estimator.
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BCS (2008) show that if the model is correctly specified, then F, (u| X, /G\T, N.») Provides
a consistent estimate of the conditional distribution Fj(u|X,, 67).

Specifically, assume that 7', N, S — oo. Then, for the case of SGMM estimator, if
h — 0, T/N — 0, and h*T — 0, T?/S — oo, the following result holds for any X,

t > 1, uniformly in u
Fo(u| Xy, 07n0) — Fr(u] X, 0 25 0,

In addition, if the model is correctly specified (i.e. if p(-,:) = po(+,-) and o(-,-) =
oo(+,-)) then:

F\T(U’Xt7§T,N,h) — Fo - (u| Xy, o) %0,

Step 4: Repeat Steps 1-3 fort = 1, ..., T'—7. This yields T'—7 conditional distributions
that are 7—Steps ahead which will be used in the construction of the specification
tests.

The CDF simulation in the case selection test of multiple models with recursive
estimator is similar. For model &, let 5;% ~,n be the recursive estimator of "pseudo
true" 92 computed using all observations up to varying time ¢. Then, ng“i’ft’j:f (Xy) is
generated according to a Milstein schemes as in Section 2.3.3.1, with 6 = Ek,t, N, and
the initial value X;, Qh = 7. The corresponding empirical distribution of the simu-
lated series X gk’t’N’h(Xt) can then be constructed. Under some regularity conditions,

ki t41

S

1 Z ) 7

§ 1 {ul < Xak?t’N‘h(Xt) < u2} = F of (UQ)_F ol (ul)’ t=~R,.,T-r,
=1

ki t+T1
bAS) k k
X,k (X0) X,k (X1)

i
where F' (u) is the marginal distribution of Xf +(X;) implied by k& model
Xk,t+-r (Xt)

(i.e., by the model used to simulate the series), conditional on the (simulation) starting
value X;. Furthermore, the marginal distribution of Xteer(Xt) is the distribution of

Xi1r conditional on the values observed at time ¢. Thus, F'_ (u) = F7 (u] Xy, 600).
Xk,t+7—(Xf)
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Of important note is that in the simulation of X,f;:’;’j:;” (Xy),i=1,..., S, for each
t,t =R,....,T — 7, we must use the same set of randomly drawn errors and simi-
larly the same draws for numbers of jumps, jump times and jump sizes. Thus, we
only allow for the starting value to change. In particular, for each i = 1,...,.5, we
generate XEZ’%f’Th (XR), -, X,ffi:?_T’N’h (X7_,). This yields an SxP matrix of simulated
values, where P = T — R — 7 + 1 refers to the length of the out-of-sample period.
X;fi%:ﬂﬁi (Xrij) (at time R + j 4+ 7) can be seen as 7 periods ahead value "pre-
dicted" by model %k using all available information up to time R + jry;, j =1,..., P
(the initial value Xz, and /Q\k R+j,N,n estimated using Xy, ..., Xgry;). The key feature
of this setup is that it enables us to compare "predicted " 7 periods ahead values
(i.e. Xgig:ﬂﬁ (Xg4;)) with actual values that are 7 periods ahead (i.e., Xp;4.), for
7 =1,..., P. In this manner, simulation based tests under ex-ante predictive density
comparison framework can be constructed.

Multifactor model:

Consider the multi-factor model with a skeleton (Xt, Vi V;d)/ (e.g. stochastic
mean, stochastic volatility models, stochastic volatility of volatility, etc.) where only
the first element X, is observed. For simulation of the CDF, the difficulty arises as we
do not know the initial values of latent variables (V!, ..., V,4)" at each point in time.
We generalize the simulation plan of BCS (2008) and Cai and Swanson (2011) to the
case of d dimensions. Specifically, to overcome the initial value difficulty, a natural
strategy is to simulate a long path of length L for each latent variable V;},..., V¢ | use
them to construct X, and the corresponding simulated CDF of X, .; and finally,
we average out the volatility values. Note that there are L¢ combinations of the initial
values V;}, ..., V2. For illustration, consider the case of stochastic volatility (d = 1)
and the Chen three factor model as in (2.6) (d = 2), using recursive estimators.

For the case of stochastic volatility (d = 1), i.e. (X, V;)', the steps are as follows:

Step 1: Estimate @7 N, using recursive SGMM or NSQML estimation methods.
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Step 2. Using the scheme in (2.16) with 6 = Qt N.Lh, generate the path Vet N Eh
for ¢ = 1/h,...,Qh with Qh = L and hence obtain V; fun.on j=1,..L.
Step 3: Using schemes in (2.15), (2.16), simulate LxS paths of length 7, setting

the initial value for the observable state variable to be X,. For the initial values of

unobserved volatility, use Vje;,iv bh i =1,...L as retrieved in Step 2. Also, keep the
simulated random innovations (i.e.€1 4p,-€14n, fq;f“ (fhdwl T) dWs,5) to be con-

stant across each j and t. Hence, for each replication i,using initial values X; and
VJ@thN " we obtain X ]if 7" (X;) which is a 7 - step ahead simulated value.

Step 4: Now the estimator of F,(u|X;, ") is defined as:

F(u| X4, 0 n.00) = SZZ { fiﬁ:} Xt)Su}

j=1 i=1

Note that, by averaging over the initial value of the volatility process, we have
integrated out it’s effect. In other words, %25:1 1 {Xftliv (X)) < u} is an estimate
of F,(u|Xy, ja“vh o).

Step 5: Repeat the Steps 1-4 for t = 1,...,T — 7. This yields 7" — 7 conditional
distributions that are 7—steps ahead which will be used in the construction of the
specification tests.

For three factor model (d = 2), i.e., (X;, V;!,V;?), consider model (2.6), where
W, = (W}, W2 W3) are mutually independent standard Brownian motions.

Step 1: Estimate 79}7 ~,,n using SGMM or NSQML estimation methods.

Step 2: Given the estimated parameter gt’ .o generate the path V1 duvin gng
V2INER for g p = 1/h, ..., Qh with Qh = L and hence obtain X/j’aT*N’LvhJ/,f’aT’N’Lvh
jk=1,.. L

Step 3: Given the observable X; and the L x L simulated latent paths (V1 Buron

and VkQ’Gt’N gk =1,..., L) as the start values , we simulate 7-Step ahead

ijf X, V1 e V2 Ben.r, ™). Since the start values for the two latent variables
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are L x L length, so for each X, we have N? path. Now to integrate out the initial

effect of latent variables, form the estimate of conditional distribution as

L L
= 1 X0 1,0 2,0
t,N,L, h Ut,N,L,h Ot,N,L,h
Fra(ulX00) = 75 30 DT L{ X0 (X, Vs R0 <

where s denotes the sth simulation.
Step 4: Simulate Xf;f’f’h S times, that is, repeat Step 3 S times i.e. s =1,..., 5.

The estimate of F,(u|X;,0) is

n

~ - 1 ~ -
Fr(ul X3, 0) = g Z Fr s (u| Xt, 07,5 .1)

Step 5: Repeat the Steps 1-4 for t = 1,...,T" — 7. This yields T' — 7 conditional
distributions that are 7—steps ahead which will be used in the construction of the
specification tests.

As a final remark, for the case of multiple competing models, we can proceed sim-
ilarly. In addition, in the next two subsections, we present the exactly identified sim-
ulated (recursive) general method of moments and recursive nonparametric simulated
quasi-maximum likelihood estimators that can be used in simulating distributions as
well as constructing test statistics described in Section 2.3.2. The bootstrap analogs

of those estimators will be discussed in Section 2.3.4.

2.3.3.3 Estimation: (Recursive) Simulated General Method of Moments

(SGMM) Estimators

Suppose that we observe a discrete sample of 7' observations, say (X1, X, ..., X1)’,

from the underlying diffusion in (2.9). The (recursive) SGMM estimator @/7 Lh With
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1 <t < T is specified as:

Ou.n
1 < 1< / 1 < 1 <&
= argmin (; > 9(X) -+ Zg(Xﬁh)> W (; > 9(X) -+ Zg(Xf,h))
Jj=1 Jj=1 j=1 j=1
(2.17)
= arg Ieneier)l Gron(0) WGy n(0), (2.18)

where g is a vector of p moment conditions, © C R? (so that we have as many moment
conditions as parameters), and X;‘zh =X [anh /1) with L = Qh is the simulated path
under generic parameter ¢ and with discrete interval h. Xﬁh is simulated using the
Milstein schemes.

Note that in the above expression, in the context of the specification test @7 Lh
is estimated using the whole sample, i.e. t = 7. In the out of sample context, the
recursive SGMM estimator @, L. is estimated recursively using the using sample from
1 up to t.

Typically, the p moment conditions are based on the difference between sample
moments of historical and simulated data or, between sample moments and model
implied moments, whenever the latter are known in closed form. Finally, W; is the
heteroskedasticity and autocorrelation (HAC) robust covariance matrix estimator,

defined as

W _% Zt w, i (g(Xj) - %ZQ(XJ')) (9(Xju) - %ZQ(XJ)> >

v=—Il;  j=v+1+l j=1 j=1
(2.19)

where w, = 1 — v/(ly + 1). Further, the pseudo true value, #', is defined to be:

T ; /
0" = arg Ierélcf)l Goo(e) WOGOO(Q)J
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where

Goo<(9)IW0Goo(0) =p lim GT7L,h(0)IWTGT7L7h<9);

L,T—o00,h—0

and where 0 = 6y, if the model is correctly specified.

In the above set up, the exactly identified case is considered rather than the
overidentified (S)GMM. This choice guarantees that G (6") = 0 even under misspec-
ification, in the sense that the model differs from the underlying DGP. As pointed
out by Hall and Inoue (2003), the root-N consistency does not hold for overidentified

(S)GMM estimators of misspecified models. In addition,

VoGoo (0N W' G (61) = 0.

However, in the case for which the number of parameters and the number of moment
conditions is the same, VQGOO(QT)’ W' is invertible, and so the first order conditions
also imply that G, (07) = 0.

Also note that other available estimation methods using moments include the
efficient method of moments (EMM) estimator as proposed by Gallant and Tauchen
(1996, 1997), which calculates moment functions by simulating the expected value of
the score implied by an auxiliary model. In their setup, parameters are then computed

by minimizing a chi-square criterion function.

2.3.3.4 Estimation: Recursive Nonparametric Simulated Quasi Maxi-

mum Likelihood Estimators

In this section we outline a recursive version of the NPSQML estimator of Fermanian
and Salani’e (2004), proposed by CS (2011). The bootstrap counterpart of the re-
cursive NPSQML estimator will be presented in the next section.

One factor models:

Hereafter, let f (Xt|Xt_1, 6”) be the conditional density associated with the above
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jump diffusion. If f is known in closed form, we can just estimate 0" recursively, using

standard QML as:?!

~ 1<
0, = argmax - Zzlnf (X;|X;.4,0), t=R,..,R+P—1. (2.20)
]:

Note that, similarly to the case of SGMM, the pseudo true value ' is optimal in
the sense:

0 = arg rglagE (In f (X4 X4-1,0)) . (2.21)
€

for the case f is not known in closed form, we can follow Kristensen and Shin (2008)
and CS (2011) to construct the simulated analog fof f and then use it to estimate 6.
fis estimated as function of the simulated sample paths Xgi(Xt—1)7 fort=2,...,T—1,
1=1,..., M. First, generate T'— 1 paths of length one for each simulation replication,
using X; ; with ¢ = 1,...T" as starting values. Hence, at time ¢ and simulation
replication ¢ we obtain skeletons Xgi(Xt_l), fort =2,.... T —1,¢=1,..., M where
M is the number of simulation paths (number of random draws or X/ (X;_1) and
X?(X;—1) are iid.) for each simulation replication. M is fixed across all initial

values. Then the recursive NPSQML estimator is defined as follows:

- 1.~ .
0401 = arg max - ;hﬂ T (Xo| Xiz1,0) Tar <fM,h (Xi| X1, 9)) , t >R,

where

M 0
. 1 X0 (X)) — X,
XX 1,0) = —— > K| .

Note that with abuse of notation, we define gt,L,h for SGMM and gt,M,h for

NPSQML estimators where L and M have different interpretations (L is the length

2INote that as model k is, in general, misspecified, ZtT:_ll fr (X¢| X¢—1,01) is a quasi-likelihood

and fi (Xt|Xt,1, 6;2) is not necessarily a martingale difference sequence.



52

of each simulation path and M is number of random draws).
The function 7, (fM,h (X X1, 9)) is a trimming function. It has some charac-

teristics such as positive and increasing,

TMm (fM,h (Xt7 Xt—17 9)) = 07 lf fM,h (XtaXt—la 9) < 5(13\47

and

TMm (,}/C\M,h (XtaXt—la 0)) = 171f fM,h (Xt7Xt—170) > 25(]5\4a

for some § > 0.22 Note that when the log density is close to zero, the derivative
tends to infinity and thus even very tiny simulation errors can have a large impact
on the likelihood. The introduction of the trimming parameter into the optimization
function ensures the impact of this case to be minimal asymptotically.

Multifactor Models:

Since volatility is not observable, we cannot proceed as in the single factor case
when estimating the SV model using NPSQML estimator. Instead, let Vje be gener-
ated according to (2.16), setting gh = j, and j = 1, ..., L. The idea is to simulate L
different starting values for unobservable volatility, construct the simulated likelihood
functions accordingly and then average them out. For each simulation replication at
time ¢, we simulate L different values of X; (X, 1, Vf) by generating L paths of length
one, using fixed observable X; ; and unobservable Vf, j =1,..., L as starting values.
Repeat this procedure for any ¢t = 1, ..., T —1, and for any set j, j = 1, ..., L of random
EITOTS €144 (q+1)h,j AN €241 (g+1)n,j, ¢ = 1,...,1/h. Note that it is important to use the
same set of random errors € ;4 (g+1)n,; and €y (g+1)n,; across different initial values

for volatility. Denote the simulated value at time ¢, simulation replication ¢, under

22Fermanian and Salanie (2004) suggest using the following triming function:

4z —an)® 3(z—an)d
TN(x) = aé),\[ - a?\[ )

for ay <z < 2ap.
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generic parameter ¢, using X; 1, ‘/;-9 as starting values as Xf’i’h(Xt_l, Vf). Then:

L M 0 0
~ 1 1 X/ (X2, VYY) — X,
fuon (X Xe1,0) = =) — Y K i J ,
MLh( t| t—1 ) szleMlzl §M

and note that by averaging over the initial values for the unobservable volatility, its

effect is integrated out. Finally, define:?3
~ 1.~ -
9t,M,L,h = arg Iggg Z Z;hl fM,L,h (XS|X3717 9) ™™ (fM,L,h (XS|X3717 9)) , t>R.

Note that in this case, X is no longer Markov (i.e., X; and V; are jointly Markov-
ian, but X; is not). Therefore, even in the case of true data generating process, the
joint likelihood cannot be expressed as the product of the conditional and marginal
distributions. Thus, @7 M. 1S necessarily a QML estimator. Furthermore, note that
Vo f (X4 Xi-1, HT) is no longer a martingale difference sequence; therefore, we need to
use HAC robust covariance matrix estimators, regardless of whether the model is the

“correct” model or not.

2.3.4 Bootstrap Critical Value Procedures

The test statistics presented in Section 2.3.1 and 2.3.2 are implemented using critical
values constructed via the bootstrap. As mentioned earlier, motivation for using the
bootstrap is clear. The covariance kernel of the statistics limiting distributions contain
both parameter estimation error and the data related time dependence components.
Asymptotic critical value cannot thus be tabulated in a usual way. Several methods
have been proposed to tackle this issue. One is the block bootstrap procedures which
we discuss. Others have been mentioned above.

With regarding to the validity of the bootstrap, note that, in the case of dependent

23For discussion of asymptotic properties of §k7t, M,L,h, as well as of regularity conditions, see
CS(2011).



54

observations without PEE, we can tabulate valid critical value using a simple empirical
version of the Kiinsch (1989) block bootstrap. Now, the difficulty in our context lies in
accounting for parameter estimation error. Goncalves and White (2002) establish the
first order validity of the block bootstrap for QMLE (or m-estimator) for dependent
and heterogeneous data. This is an important result for the class of SGMM and
NSQML estimators surveyed in this chapter, and allows Corradi and Swanson in CS
(2011) and elsewhere to develop asymptotically valid version of the bootstrap that can
be applied under generic model misspecification, as assumed throughout this chapter.

For the SGMM estimator, as shown in CS (2005) the first order validity of the
block bootstrap is valid in the exact identification case, and when 7'/S — 0. In
this case, SGMM is asymptotically equivalent to GMM, and consequently there is no
need to bootstrap the simulated series. In addition, in the exact identification case,
GMM estimators can be treated the same way that QMLE estimators are treated.
For the NSQML estimator, CS (2011) point out that the NPSQML estimator is
asymptotically equivalent to the QML estimator. Thus, we do not need to resample
the simulated observations as the negligible contribution of simulation errors.

Also note that critical values for these tests can be obtained using a recursive
version of the block bootstrap. When forming block bootstrap samples in the recur-
sive case, observations at the beginning of the sample are used more frequently than
observations at the end of the sample. This introduces a location bias to the usual
block bootstrap, as under standard resampling with replacement, all blocks from the
original sample have the same probability of being selected. Also, the bias term varies
across samples and can be either positive or negative, depending on the specific sam-
ple. A first-order valid bootstrap procedure for non simulation based m—estimators
constructed using a recursive estimation scheme is outlined in Corradi and Swanson
(2007a). Here we extend the results of Corradi and Swanson (2007a) by establishing

asymptotic results for cases in which simulation-based estimators are bootstrapped
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in a recursive setting.

Now the details of bootstrap procedure for critical value tabulation can be outlined
in 5 steps as follows:

Step 1: Let T' = bl, where b denotes the number of blocks and [ denotes the
length of each block. We first draw a discrete uniform random variable, I;, that can
take values 0, 1,...,7 — [ with probability 1/(7" — [ + 1). The first block is given by
X115 X141- We then draw another discrete uniform random variable, say I, and a
second block of length [ is formed, say Xj,.1, ..., X1, ;. Continue in the same manner,
until you draw the last discrete uniform say [, and so the last block is X7, 11, ..., X7, 4.
Let’s call the X the resampled series, and note that X7, X;, ..., X7 corresponds to
X1+1, X142 ---; X1,41- Thus, conditional on the sample, the only random element is

the beginning of each block. In particular
X, X X X5, X X

conditional on the sample, can be treated as b 7id blocks of discrete uniform random
variables. For a simple illustration the link between the bootstrap sample and the
original sample. Note that it can be shown that except a set of probability measure

approaching zero,
T

B (% ;X;> _ % S X, + 0p(1/T) (2.22)

t=1

1 T 1 T—1 1 1 T 1 T
Var* </1T/22Xt*> = TZZ(Xt—T;Xt)(XtH—T;Xt)

t=1 t=l i=—I

+O0p-(1*/T), (2.23)

where £* and Var* denotes the expectation and the variance operators with respect

to P* (the probability law governing the resampled series or the probability law
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governing the 7id uniform random variables, conditional on the sample), and where
Op~(1/)T) (Op«(1?/T)) denotes a term converging in probability P* to zero, as /T — 0
(I2)T — 0).

In the case of recursive estimators, we proceed the bootstrap similarly as follows.
Begin by resampling b blocks of length [ from the full sample, with [b = T. For
any given 7, it is necessary to jointly resample X;, X;11, ..., X¢ir. More precisely, let
78 = (X4, Xea1,y oo, Xoar), t = 1,..., T — 7. Now, resample b overlapping blocks of
length [ from Z%7. This yields Z"* = (X, X} 4, ... X} ), t =1,..., T — 7.

Step 2: Re-estimate 5: Mh(b\; ~.,») Using the bootstrap sample,

24 = (X}, Xf e Xp )t =1, T — 7

(or full sample X7, X5, ..., X} ). Recall that if we use the entire sample for the
estimation, as the specification test in CS(2005) and BCS(2008), then /9\: ~. 1s denoted
as 5; ~.- The bootstrap estimators for SGMM and NPSQML are presented below:
Bootstrap (recursive) SGMM FEstimators
If the full sample is used in the specification test as in CS (2005) and BCS(2008),

the bootstrap estimator is constructed straightforward as

9T,Lh
1 T 1 L ! 1 T 1 L
_ . * 0 *—1 * 0
- ey (2006~ o0 ) it (32000 3w )

where W' and g(.) are defined in (2.19) and L is the length of each simulation
path.

Note that it is convenient not to resample the simulated series as the simulation
error vanishes asymptotically. In implementation, we do not have mimic its contri-

bution to the covariate kernel.
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In the case of predictive density type model selection where recursive estimators

are needed, define the bootstrap analog as

g:,L,h
‘ 1 ) 1 T 1 L , 1 & B !
= argmi (;Z <<Q(Xj) - TZQ(X]")> - (z ZQ(Xj,h) - ZZQ(Xj,A ’ ))))
I E5 Sl (P SES PRSI £ SFE RIS gpecs
t t J=1 ! ! Tj’—lg g L =1 ! o L =1 ! "

where

Q= % Zt W,y 2 (g(X;‘) - %Z!ﬂ&“)) <g(Xj_,,) - %ZQ(XJ'))

v=—ly J=v+1+l Jj'=1 J'=1

Note that each bootstrap term is recentered around the (full) sample mean. The
intuition behind the particular recentering in bootstrap recursive SGMM estimator is
that it ensures that the mean of the bootstrap moment conditions, evaluated at /0\757 Lh

is zero, up to a negligible term. Specifically, we have

B (% (g<x;*> - %;g<xjf>> - (% > 9 - %;mxﬁ%))
= B (0) 5 D0 0(X) = OU/T), with 1 = o(T"),

where the O(I/T) term is due to the end block effect (see Corradi and Swanson
(2007b) for further discussion).

Bootstrap Recursive NPSQML Estimators

Let Z* = (X}, X}y, ... X[y ,), t =1,..,T — 7. For each simulation replication,

generate 7' — 1 paths of length one, using X7,..., X} _; as starting values, and so
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obtaining ng(Xt*_l), fort=2,....,T —1,4¢=1,..., M. Further, let:

M 0 * *
n 1 Xpin(Xiy) — X{
f* X X*_ 79 _ K s ’
M,h ( t ’ t—1 ) M£M ; €M

Now, fort = R, ..., R+ P — 1, define:

o~k
01,01

I/, = ~
= arg l'élea(;(g ; (hl fM,h (Xl*‘Xltl? 9) TM (fM,h (Xl*|X;;1, 6))

T ~
1V Xy|Xp—1,0 n 0,
-0 < GfMﬁ( l | — ) ‘eiat,M,h ™ (fM,h (Xl'|Xl'_1’0t’M’h)>

T =2 fM,h (XmXEk—w ‘9)
+T§\4 (J/c\M,h (Xz'lxzuhgt,M,h)) VGJ/c\M,h (Xzf!qub 9) ‘@,M,h In J?M,h <Xz'|Xlu1,§t,M,h)>)

where 7/,(-) denotes the derivative of 7,,(-) with respect to its argument. Note
that each term in the simulated likelihood is recentered around the (full) sample
mean of the score, evaluated at @, - This ensures that the bootstrap score has
mean zero, conditional on the sample. The recentering term requires computation of
V@fMﬁ <Xl/|Xl/_1,5t, M7h> , which is not known in closed form. Nevertheless, it can
be computed numerically, by simply taking the numerical derivative of the simulated
likelihood.

Bootstrap Estimators for Multifactor Model

The SGMM and the bootstrap SGMM estimators in the case of multifactor model
are similar as in one factor model. The difference is that the simulation scheme (2.15)
and (2.16) are used instead of (2.14).

For recursive NPSQML estimators, to construct the bootstrap counterpart /é:(,M,L,h
of /Q\t, MLk, since M /T — oo and L/T — oo, the contribution of simulation error is

asymptotically negligible. Hence, there is no need to resample the simulated obser-
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vations or the simulated initial values for volatility. Define:

~ 1 1 & XPin (X0, V) — X7
fM,L7h(X:|X:—1’9):ZZ—ZK< t,,h( th]) t).

Now, fort = R, ..., R+ P — 1, define:

o~k

t,M,L,h

1< . -~
= arg %leagi ; Z <10g ft,M,L,h (XZ*|XZ*717 0) ™ (ft,lw,L,h (Xl*|Xlt1? 9))
=2

_9/ <l i veft,]%,L,h (Xl/’Xl/_l’ 9)
r I'=2 ft,M,L,h (lelXt*_l,’ (9)

Opnrpn TM <ft,M,L,h (Xl’|Xl’—1"9t,M,L,h>>

+Tu (ft,M,L,h (Xl'|Xl'717 9t,M,L,h)>
X VGft,M,L,h (Xl’|Xl'—1> 9) /ét’M’L’h In ft,M,L,h (Xl'|Xl’—17 9t,NI,L,h>

where 7/,(-) denotes the derivative with respect to its argument.

Of note is that each bootstrap term is recentered around the (full) sample mean.
This is necessary because the bootstrap statistic is constructed using the last P re-
sampled observations, which in turn have been resampled from the full sample. In
particular, this is necessary regardless of the ratio, P/R. In addition, in the case
P/R — 0, so that there is no need to mimic parameter estimation error, the boot-

strap statistics can be constructed using instead of 9: M.Lh-

t,M,L,h
Step 3: Using the same set of random variables used in the construction of the

%

actual statistics, construct szff* or X,fi?ftvfm, i=1,...,Sandt=1,...,T — 7. Note
that we do not need resample the simulated series (as L/T — oo,simulation error
is asymptotically negligible). Instead, simulate the series using bootstrap estimators
and using bootstrapped values as starting values.

Step 4: Corresponding bootstrap statistics Vi, (or Zj n .y, Dips: SV,

SZ% nns SDy, ps depending on the types of tests) which are built on 5: Nk (5: N.Lh)
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then are followed correspondingly. For the numerical implementation, again, of im-
portance note is that in the case where we pick the choice P/R — 0, P, T, R — oo,
there is no need to re-estimate 5: Mh(@:’N, Lh) /OZ’Nﬁh (5: ~..n) can be used in all the
bootstrap replications.

Step 5: Repeat the bootstrap Steps 1-4 B times, and generate the empirical

distribution of the B bootstrap statistics.

2.4 Summary of Empirical Applications of the Tests

In this section, we briefly review some empirical applications of the methods discussed
above. We start with unconditional distribution test, as in CS (2005), then give a
specific empirical example using the conditional distribution test from BCS (2008).
Finally, we briefly discuss on conditional distribution specification test applied to
multiple competing models. The list of the diffusion models considered are provided

in Table 2.1.
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Table 2.1: Specification Test Hypotheses of Short Rate Processes®*

Model Specification

Wong? dr(t) = (. — X — r(t))dt++/ar(t)dW,(
CIR dr(t) =k, (F—r(t)) dt+/V(t)dW (
CEV dr(t) =k, (T —r(t))dt + o.r(t)’dW,(t)

dr(t) =k, (F—r(t)) dt+/V(t)dW,(

SV +Judq, —Jaday,
AV (t) =k, (T — V(b)) dt + a,\/V(t)dW, ()
dr (t) = ki, (0 (t) — 7 (1)) dt++/V (£)dW,.,
CHEN  dV (t) =k, (T — V(1)) dt + 0,/ V()dW, ()
dO (t) = kg (0—0 () dt + 091/0 (£)dW (¢)
dr (t) = r, (0 (t) — () dt++/V ()dW, (t)
CHENJ udgu = Jadda

AV (t) = Ky (T — V(1)) dt + 00 /V AW, (t)

d@(t)zlig (0 0 )dt‘l‘O'Q\/ dW@

Reference,
Hypothesis
CS (2005),H1
BCS (2008),H2
Cai& Swanson (2011)
H2&H3
Cai & Swanson (2011)

H2&H3
BCS (2008), H2

Cai & Swanson (2011)

Cai & Swanson (2011)

H2&H3

Cai & Swanson (2011)

H2&H3

Note that specification testing of the first model - a simplified version of the

CIR model (we refer to this model as Wong) is carried out using the unconditional

distribution test. With the cumulative distribution function known in closed form as

n (2.10), the test statistic can be straightforwardly calculated. It is also convenient

24In the 3rd column, H1, H2 and H3 denote Hypothesis 1, Hypothesis 2 and Hypothesis 3, re-
spectively. The hypotheses are presented corresponding to the references in the third column. For
example, for CIR model, H2 corresponds to BCS (2008) and H2, H3 correspond to Cai and Swanson

(2011).

25This model is a simplified version of the CIR model. For convenience, we refer to this model as

Wong.

26Data used for Stochatic Volatility and Jump (SVJ) model is the same as in CIR Model.
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to use GMM estimation in this case as the first two moments are known in closed
form, i.e. & — A and a/2(a — ), respectively. CS (2005) examine Hypothesis 1 using
simulated data. Their Monte Carlo experiments suggest that the test is useful, even
for samples as small as 400 observations.

Hypothesis 2 is tested in BCS (2008) and Cai and Swanson (2011). For illus-
tration, we focus on the results in BCS (2008) where CIR, SV and SVJ models are
empirically tested using the one-month Eurodollar deposit rate (as a proxy for short
rate) for the sample period January 6, 1971 - September 30, 2005, which yields 1,813
weekly observations. Note that one might apply these tests to other datasets including
the monthly federal funds rate, the weekly 3-month T-bill rate, the weekly US dollar
swap rate, the monthly yield on zero-coupon bonds with different maturities, and the
6-month LIBOR. Some of these variables have been examined elsewhere, for example
in Ait-Sahalia (1999), Andersen, Benzoni and Lund (2004), Dai and Singleton (2000),
Diebold and Li (2006, 2007), and Piazzesi (2001).

The statistic needed to apply the test discussed in Section 2.3.1.2 is:

Zp = sup|Zr(v)|,

veV
where
T—1 S
1 1 )
Zr(v) = T (g Z 1 {H < Xf,?f;h < ﬂ} —Hu < X4y < ﬂ}) 1{X; <v};
t=1 s=1
and

Zy = sup |Z7(v)],
veV
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where

Zr(v)
1 T—1 1 5*
- (EZl{ﬂsz?f?,’l <u}-lus Xz, sa}) X <o)
t=1 s=1
1 T—1 1 S N
T -1 (gzl{gg){sﬁﬁhSﬂ}_l{QSXHTSE})1{Xt§v}.
t=1 s=1

For the case of stochastic volatility models, similarly we have:

SZp =sup|SZr(v)l,

veV

where

T—1 L
1 —~
_ T_TZ(L—SZZI{gnggﬁf;§E}—1{g§Xt+T§E}>1{Xt§v};

and its bootstrap analog

SZ5 =sup|SZ5(v)]|,

veV

where

>.1 {u < Xpui, < ﬂ} ~Hu< X7, < ﬂ}) L{X] <}

1 1 |
T (L—SZZl{ggxﬁgfgffgﬂ}—l{ggXt+T§ﬂ}>1{Xt§v}.

BCS (2008) carry out these tests using 7 — Step ahead confidence intervals. They
set 7 = {1,2,4,12} which corresponds to one week, two week, one month, and one

quarter ahead intervals and set (u,u) = (X & 0.50x, X + o), covering 46.3% and
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72.4% coverage, respectively. X and oy are the mean and variance of an initial
sample of data. In addition, S = {107,207} and | = {5, 10, 20, 50}.

For illustrative purposes, we report one case from BCS (2008). The test is im-
plemented by setting S = 107" and [ = 25 for the calculation of both Zr and SZ7.
In the Table 2.2, single, double, and triple starred entries represent rejection using
20%, 10%, and 5% size tests, respectively. Not surprisingly, the findings are consistent
with some other papers in the specification test literature such as such as Ait-Sahalia
(1996) and Bandi (2002). Namely, the CIR model is rejected using 5% size tests in
almost all cases. When considering SV and SVJ models, smaller confidence intervals
appear to lead to more model rejections. Moreover, results are somewhat mixed when
evaluating the SVJ model, with a slightly higher frequency of rejection than in the

case of SV models.

Table 2.2: Empirical Illustration of Specification Testing - CIR, SV, SV J Models

(u, ) CIR sV svJ

Zr 5% CV 10% cv  SZyp 5% CV 10% ¢V SZp 5% CV 10% CV

=25
1 X £050x  0.5274%*%  0.2906  0.3545 0.9841***  0.8729  0.9031 1.1319 1.8468  2.1957

X+ox 0.4289***  0.2658  0.3178 0.6870 0.6954  0.7254 1.2272%  1.1203  1.3031
2 X +£050x  0.6824***  0.4291 0.4911 0.4113 1.3751  1.4900 0.9615*  0.8146 1.1334
X+ox 0.4897* 0.4264 0.5182 0.3682 1.1933  1.2243 1.2571 1.3316  1.4096
4 X +£050x  0.8662** 0.7111  0.8491 1.2840 2.3297  2.6109 1.5012*  1.1188  1.6856
X+ox 0.8539* 0.7521  0.9389 1.0472 2.2549  2.2745 0.9901*  0.9793  1.0507
12 X +050x 1.1631* 1.0087  1.3009 1.7687 4.9298  5.2832 2.4237%  2.0818  3.0640
X+ox 1.0429 1.4767  2.0222 1.7017 5.2601  5.6522 1.4522 1.7400 2.1684

(*) Notes: Tabulated entries are test statistics and 5%, 10% and 20% level critical values. Test
intervals are given in the second column of the table, for 7 =1,2,4,12. All tests are carried out
using historical one-month Eurodollar deposit rate data for the period January 1971 - September
2005, measured at a weekly frequency. Single, double, and triple starred entries denote rejection
at the 20%,10%, and 5% levels, respectively. Additionally, X and oy are the mean and standard

deviation of the historical data. See above for complete details.
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Finally, turning to Hypothesis 3, Cai and Swanson (2011) use an extended
version of the above dataset, i.e. the one-month Eurodollar deposit rate from January
1971 to April 2008 (1,996 weekly observations). Specifically, they examine whether
the CHEN model is the “best” model amongst multiple alternative models including
those outlined in Table 2.1. The answer is "yes". In this example, the test was
implemented using Dy, y(ul,u2), as described in Sections 2.3.1 and 2.3.2, where
P = T/2 and predictions are constructed using recursively estimated models and
the simulation sample length used to address latent variable initial values is set at
L = 10T'. The choice of other inputs to the test such as 7 and interval (u,u) are the
same as in BCS (2008). The number of replications S, the block length I and number
of bootstrap replications are S = 107, [ = 20 and B = 100.

Cai and Swanson (2011) also compare the Chen model with the so called Smooth

Transition Autoregression Model (STAR) model defined as follows:

7 = (01 + B1ri-1)G (7, 21, ¢) + (01 + Bori1) (1 — G(7, 21, ¢)) + uy

where w; is a disturbance term, 6,, 5;, 7 , 35, and ¢ are constants, G(-) is the
logistic CDF (i.e. G(v,z,¢) = m ), and the number of lags, p is selected
via the use of Schwarz information criterion. Test statistics and predictive density
type “mean square forecast errors” (MSFESs) values are again calculated as in Section
2.3.1 and 2.3.2.2" Their results indicate that at a 90% level of confidence, one cannot
reject the null hypothesis that the CHEN model generates predictive densities at
least as accurate as the STAR model, regardless of forecast horizon and confidence
interval width. Moreover, in almost all cases, the CHEN model has lower MSFE, and
the magnitude of the MSFE differential between the CHEN model and STAR model

rises as the forecast horizon increases. This confirms their in-sample findings that the

CHEN model also wins when carrying out in-sample tests.

27See Table 6 in Cai and Swanson (2011) for complete details.
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2.5 Concluding Remarks

This chapter reviews a class of specification and model selection type tests developed
by CS (2005), BCS (2008) and CS (2011) for continuous time models. We begin with
outlining the setup used to specify the types of diffusion models considered in this
chapter. Thereafter, diffusion models in finance are discussed, and testing procedures
are outlined. Related testing procedures are also discussed, both in contexts where
models are assumed to be either correctly specified under the null hypothesis or gener-
ically misspecified under both the null and alternative test hypotheses. In addition
to discussing tests of correct specification and test for selecting amongst alternative
competing models, using both in-sample methods and via comparison of predictive
accuracy, methodology is outlined allowing for parameter estimation, model and data
simulation, and bootstrap critical value construction.

Several extensions that are left to future research are as follows. First, it remains
to construct specification tests that do not integrate out the effects of latent factors.
Additionally, it remains to examine the finite sample properties of the estimators and

bootstrap methods discussed in this chapter.
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Chapter 3

Volatility in Discrete and Continuous Time

Models: A Survey with New Evidence on Large

and Small Jumps

3.1 Introduction

This chapter explains how a mixture of discrete jump processes and continuous diffu-
sion processes came to be used to model volatility in modern empirical finance. In the
first part of the chapter, we present a selective survey of discrete-time and continuous-
time volatility models and include a quick summary of the empirical findings. After
noting that volatility modeling can be viewed as a missing data problem, we quickly
discuss the traditional discrete-time models, some newer parametric continuous-time
models, and some new nonparametric continuous-time models. Our focus is how the
earlier literature link to the newer literature that mixes jump processes and diffusion
processes. Finally, we use methods presented in Duong and Swanson (2010), to look
for jumps in tick-by-tick data on 25 stocks. Modeling and forecasting financial asset
return volatility constitute two cornerstones in modern econometric research. Volatil-
ity is a key factor in portfolio allocation and in pricing options and more advanced

financial instruments known as derivatives.?® So, volatility lies at the heart of many

28Gee Carr and Lee (2003, 2009) for more disussion on volatility-based derivative products.
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modern financial calculations. Unfortunately, the true process generating volatility
is unobserved, despite the ironic fact that different levels of "volatility” are reported
on the evening news.

The literature on estimating volatility is vast, which is to be expected given it’s
practical and theoretical importance to modern finance. This chapter tells the story
of how a mixture of discrete jump processes and continuous diffusion process came
to be used to model volatility, it discusses some methods for detecting or estimating
jumps, and it presents some more empirical evidence that jumps can be detected in
high-frequency financial data. The availability of high-frequency financial data is an
essential precursor to the continuous-time and jump-process literature, and enables
financial econometricians to estimate continuous-time models.

We begin by looking at the key ARCH class of models, followed by a discussion of
the class of continuous time processes frequently used in finance and the link between
discrete time and continuous time models. We then discuss the construction of im-
plied volatility in the Black-Scholes framework, and generalizations thereof. and it’s
extensions. Finally, we discuss recent research in the area of "model free" estimation
of integrated volatility via use of so-called realized volatility, and variants thereof
called realized measures. In our empirical investigation, we use realized measures to
investigate the role of jumps in the realized variation of stock price returns.

The importance of realized volatility to econometric modelling is now obvious.
For example, future realized volatilities are often used in the so-called variance swap,
an important product in the volatility derivative market. Other products that use
realized volatility such as caps on the variance swap, corridor variance swaps, and
options on realized volatility have also been introduced into the class of volatility
related financial instruments traded in financial markets. The key here is that in-

vestors worry about future volatility risk, and hence often choose to opt for this type
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of contract in order to hedge against it.? Realized volatility is also needed for cal-
culation of the variance risk premium, a new financial variable that has interesting
implications in asset pricing. For example, Bollerslev, Tauchen and Zhou (2009) find
that the variance risk premium is able to explain time-series variation in post-1990
aggregate stock market returns with high (low) premia predicting high (low) future
returns. Finally, note that in the context of realized volatility, jumps have a signif-
icant impact on modeling and forecasting volatility and it’s realized measures. For
example, when jumps are present, realized volatility is a biased estimator of inte-
grated volatility. Thus, practitioners who are interested in modeling risks associated
with continuous components of return processes, or integrated volatility, should use
carefully designed realized measures that take jumps effects into account.?® Careful
analysis of jumps and realized measures in the presence of jumps are crucial elements
to any reasonable quantification of risk. Moreover, several authors®' have found that
separation of continuous components from jump components can improve forecasts
of future realized volatility. This finding should be of great interest to practitioners,
especially when their objective is hedging. In summary, risk, or volatility plays an
important role in many areas of econometrics used in the finance industry. However,
as volatility is generally unmeasured, it poses a standard sort of "missing variable"
problem.

Turning back to our discussion of jumps, note that evidence of jumps in financial
markets is plentiful. In an important paper, Huang and Tauchen (2005) find evidence
of jumps for S&P cash and future (log) returns from 1997 to 2002, in approximately

7% of the trading days. Their test for jumps requires the jump component to be a com-

29Volatility and variance swaps are newer hedging instruments, adding to the traditional volatility
"Vega", which is derived from options data. See Hull (1997, pp. 328) for a definition of Vega. For
example, as noted in Carr and Lee (2009), the UBS book was short many millions of vega in 1993,
and they were the first to use variance swaps and options on realized volatility to hedge against
volatility risk.

308ee Corradi, Distaso and Swanson (2009, 2011) for discussion of prediction of integrated volatil-
ity.

31 For instance, see Andersen, Bollerslev and Diebold (2007).



70

pound Poisson process. Several authors, including Cont and Mancini (2007), Tauchen
and Todorov (2010) and Ait-Sahalia and Jacod (2009b) have taken the analysis of
jumps one step further by developing tests to ascertain whether the process describing
an asset contains "infinite activity jumps" - those jumps that are tiny and look simi-
lar to continuous movements, but whose contribution to the jump risk of the process
is not negligible. Cont and Mancini (2007) implement their method of testing for the
existence of infinite activity jumps using foreign exchange rate data, and find no evi-
dence infinite activity jumps. Ait-Sahalia and Jacod (2009b) estimate that the degree
of activity of jumps in Intel and Microsoft log returns is approximately 1.6, which
implies evidence of infinite activity jumps for these, and possibly many other stocks.
Andersen, Bollerslev and Diebold (ABD: 2007) find that separating out the volatility
jump component results in improved out-of-sample volatility forecasting, and find
that jumps are closely related to macroeconomic announcements. In summary, it is
now generally accepted that many return processes contain jumps.

In the part of this chapter that present empirical findings relevant to the topic
discussed in previous sections, we examine high frequency data for 25 stocks in the
DOW 30, using 5 minute interval observations, and for the sample period from 1993
to 2008. Some of the stocks in our data set, (e.g. Microsoft and Intel) have been found
to be characterized by infinite activity jumps by Ait-Sahalia and Jacod (2009b), and
therefore do not belong to the class of finite activity jump processes that Barndorft-
Nielsen and Shephard (BNS: 2006) has often been applied to. This fact underscores
the importance of the recent papers by Jacod (2008), Tauchen and Todorov (2010)
and Ait-Sahalia and Jacod (2009a,b), where new limit theory applicable to infinite
activity is implemented and developed; and underscores why the results of these
papers are used in our empirical investigation. In summary, we find evidence of
jumps in around 22.8% of the days in the 1993-2000 period, and 9.4% in the 2001-

2008 period. This degree of jump activity implies more (jump induced) turbulence in
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financial markets in the previous decade than the current decade. However, and as
expected, the prevalence of "large" jumps varies across these periods. (Note that we
examine large jumps by picking 3 different fixed v levels, corresponding to 50th, 75th
and 90th percentiles of samples of the monthly maximum return increments, i.e.
our monthly “abnormal event" samples.) In particular, large jump activity increases
markedly during the 2001-2008 period, with respect to its contribution to the realized
variation of jumps and with respect to the contribution of large jumps to the total
variation of the (log) price process. This suggests that while the overall role of jumps
is lessening, the role of large jumps has not decreased, and indeed, the relative role
of large jumps, as a proportion of overall jumps has actually increased in the 2000s.
Note that this result holds on average across all 25 stocks examined. In summary, it
appears that frequent “small" jumps of the 1990s have been replaced with relatively
infrequent "large" jumps in recent years. Interestingly, this result holds for all of
the stocks that we examine, supporting the notion that their is strong co-movement
across jump components for a wide variety of stocks, as discussed in Bollerslev, Law
and Tauchen (2008).

The rest of the chapter is organized as follows: Section 3.2 discusses volatility
models in discrete time. Section 3.3 discusses volatility models in continuous time,
and outlines various measures used to estimate (and forecast) volatility. Section
3.4 summarizes results from the extant testing and prediction literatures that are
often used in the study of volatility, and in particular that are used in our empirical
investigation that is presented in Section 3.5. Concluding remarks are contained

Section 3.6.
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3.2 Volatility Models in Discrete Time

A number of important stylized facts have emerged from empirical studies of discrete-
time models. After discussing these stylized facts, we review discrete-time models
and then discuss Nelson (1990) and Corradi (2000), which link the discrete-time and
continuous-time literatures. This chapter is not a survey of the huge literature on
discrete-time models that began with the seminal papers by Engle (1982), Bollerslev
(1986) and Nelson (1991). See Bollerslev, Chou and Kronner (1992) and Bollerslev,

Engle and Nelson (1994) for more complete introductions.

3.2.1 Stylized Facts in Financial Market - Directions for Volatil-

ity Models

It is well-known in empirical finance that asset returns share various regularities, all
of which guide financial economists and econometricians in their choice of models.
These stylized facts have been discussed by many authors. Here, we highlight some
of them that pertain to stock returns.

Leptorkurtosis: Asset returns have been noted by Mandelbrot (1963) and Fama
(1965) to have fat tails and one therefore should use non-normal distributions to model
their dynamics. Fama (1965) shows evidence of excess kurtosis in the distribution
of stock returns. According to Clark (1973), a stochastic process is fat tailed if it
is conditionally normal with a randomly changing conditional variance. Engle and
Gonzélez-Rivera (1991) introduce a semi-parametric volatility model, which allows
for generic return distributions.

Volatility Clustering and Persistence: By observing cotton prices, Mandelbrot
(1963) stressed that “.... large changes tend to be followed by large changes, of either

Y

sign, and small changes tend to be followed by small changes...”. The persistence

of shocks to the conditional variance of stock returns seems to be clear. The in-
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terpretation of this persistence as well as how long the shocks persist are crucial in
specifying the “correct” dynamics. Porterba and Summers (1986) note that volatility
shocks may affect the entire term structure, associated risk premia, and investment
in long-lived capital goods.

Volatility persistence is an important feature that pertains to models with time
varying and codependent variance. Black and Scholes (1973) wrote that “...there is
evidence of non-stationary in the variance. More work must be done to predict vari-
ances using the information available.”. Since their chapter, numerous autoregressive
conditional heteroskedasticity, volatility and stochastic volatility models have been
developed.

Leverage Effects: Black (1976) observes that changes in stock prices seem to be
negatively correlated with changes in stock volatility. Volatility seems to increase
after bad news and decrease after good news. Schwert (1989, 1990) presents empirical
evidence that stock volatility is higher during recessions and financial crises. Christie
(1982) discusses economic mechanisms that explain this effect. Specifically, reductions
in equity value raise the riskiness of firms, as implied by debt to equity ratios, and
therefore lead to increases in future volatility. For modeling, Nelson (1991) suggests
a new model that captures the asymmetric relation between returns and changes in
volatility.

Co-movement in Volatilities. This is also first commented on by Black (1976). He
points out the commonality in volatility changes across stocks. When stock volatilities
change, they all tend to change in the same direction. This suggests that (few)
common (unobserved or missing) factors might be specified when modelling individual

asset return volatility.
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3.2.2 ARCH and GARCH Models

In this section, we discuss the autoregressive conditional heteroskedasticity (ARCH)
model of Engle (1982) and the Generalized ARCH (GARCH) model of Bollerslev
(1986), as well as related models. These models are very well known, but we cover
them in moderate detail in order to trace the evolution to the modern continuous-time
and jump-process literatures.

Uncovering the correct conditional volatility specification is important in finance
because misspecified models can leave modellers with erroneous information about
the risk return trade-off of investments. For investment decision-making, risk-averse
investors take into account not only expected returns, but also the level of risk.
Investors demand risk premia for risk and the risk premium may include premia due
to changes in volatility. In risk neutral pricing, a measure of volatility is needed for
the derivation of the market price of risk.

The difficulties in specifying an acceptable trade-off between flexibility and par-
simony, as well as settling on a model capable of picking up the key stylized facts
caused the discrete-time literature to grow very quickly. From our perspective, we
note that similar difficulties have had a similar effect on the continuous-time litera-
ture. In this survey, we focus on a few basic discrete-time models and how they relate
to continuous-time models.

Turning to our discussion of ARCH type models, let X; be a financial asset re-
turn, say, and F;_; denotes a filtration of all information through time ¢t — 1. The

prototypical autoregressive conditional heteroskedasticity (ARCH) model has:

X = €104

E(e) =0 and Var(e) =1
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2 2
o = a9+ o1 X[

and in the more general case:
Xi|Fioy ~ N(Z,8, U?)

a? = h<5t71> €t—2,....t—p, 04)
e =X — Ztﬁ

where Z; may contain lags of X;. If the function h contains current and lagged X's,
then

2
Oy = h(gt—la €t—2,...Ct—ps T, Ti—1,..., Ti—p, CY)

In this class of models, ARCH(p) is the most popular where

Xi|Fiy ~ N(Z,3,07)

2 _ 2 2 2
Oy = o+ g1 + Q&g + ... e,

Engle (1982) proposes a convenient estimation and testing methodology for the
model using maximum likelihood. He shows that o and § could be estimated sep-

32 To capture the trade-off between risk

arately under some regularity conditions.
and expected return, Engle, Lilien and Robins (1987) introduce ARCH in mean, or
ARCH-M models. Let

Xy = g(Zt—hU?; b) + &

The appealing feature of this model is that the conditional mean, y,, is a function
of the variance, i.e. u, = g(Z;_1,0%;b). This helps us to model directly the risk-

return relationship, and has important implications for predicting the conditional

32For details, see Sections 4 and 5 in Engle (1982).
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mean function, since the conditional volatility enters therein. The parametric choice
for the function g depends on the modeler. In practice, many papers set g to be a
linear or logarithmic function.

An important improvement to these models is made by Bollerslev (1986), where
the ARCH model is generalized to the Generalized ARCH (GARCH) model. As noted
in Bollerslev (1986), the extension from ARCH to GARCH is similar to the extension
in time series modelling of an AR to an ARMA model. Specifically, as in the case of

the ARCH model, let ¢; be the innovation in a linear regression
Et — Xt — Zgﬁ
Then the GARCH (p,q) specification is given by

et|Fyr_q ~ N(O,a?)

q p
2 _ 2 2
o; = ap + g aer ; + E Bi0%_;

i=1 i=1
e = Xy — Ztﬁ

where p and ¢ denote lag orders, and

p=>0,g>0
ag >0, a; >0, 1=1,....q

/BZ' 2 O, Z: 1,...,p

It is clear that the difference between the above set up and the ARCH model is
the linear lagged conditional variances. Conditional volatility today not only depends
on the lagged innovations but also on lagged conditional volatilities.

Bollerslev (1986) presents a complete set of results on the conditions under which
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the model is appropriate, as well as maximum likelihood and testing procedures for
implementing the general GARCH (p,q) model. The most successful model, empiri-
cally, is the GARCH(1,1) model. Engle and Bollerslev (1986) discuss the so-called In-
tegrated GARCH or IGARCH model. Under this specification, Y !, a;+> © 5, =1,
and this leads to a unit root in the volatility equation.

In other key papers, Nelson (1990, 1991) discusses the use of EARCH (i.e., expo-
nential ARCH) to approximate continuous time processes. Nelson (1991) points out
that the GARCH model has several limitations in empirical applications to financial
markets. For instance, in the GARCH model, volatility responds symmetrically to
positive and negative residuals and therefore does not explain the stylized leverage
effect. In lieu of this, Nelson (1991) proposes the Exponential ARCH, or EARCH in

which the volatility function is constructed as follows:

X = 0464

E(et) =0 and Var(e) =1

and

In(o7) =+ > _Brglers), Bi=1
k=1

where {a;},_ and {8 },_, o, are parameters.

—00,00

The choice for the functional form of g is

9(er) = Oer +(lee] = Eleu)

This set-up allows the conditional variance process to respond asymmetrically to
rises and falls in stock prices. It is straightforward to verify this as when ¢, is positive

g(er) = (0 + v)er — vE(|er]) and when &, is negative g(e;) = (6 — 7)er — vE(|et]). In
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each case, the g(e;) is linear function with a different slope.

In addition, Nelson (1991) points out, while in GARCH, it is difficult to ver-
ify the persistence the shocks to the variance, in the EARCH model, the station-
arity and ergodicity of the logarithm of the variance process are easily checked.
He states conditions for the ergodicity and strict stationarity of {exp(—a;0?)} and
{exp(—a;/2X;)}.* Other modifications of the GARCH (1,1) model include the GJR
model proposed by Glosten, Jaganathan and Runkle (1993). This model imposes
structure that induces asymmetry in shocks to returns in a different way. Namely,
they define

0} = w+agf +e¢ 150 + o,

Note that when v < 0, positive return shocks increase volatility less than negative
shocks.

The above discussion summarizes a very few of the important models in class of
discrete ARCH models.** In addition to these models, there have been many modifi-
cations and improvements. For a complete list and discussion, see Bollerslev (2008),
where he provides a Glossary to ARCH. For models with multivariate specifications
(see Bollerslev, Engle and Wooldbridge (1988)). In the next section, we will high-
light some links between discrete time models and continuous time models in the

framework of modeling volatility.

3.2.3 From ARCH and GARCH to Continuous Time Models

An interesting aspect of the volatility literature is the connection between discrete

time and continuous time models. In the case of constant volatility, the classical

33See Theorem 2.1 in Nelson (1991).
34We also present the work of Heson and Nandi (2000) and Barone-Adesi, Engle, Mancini (2008)
which use modifications of ARCH models for option pricing in Section 3.2.2.
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result by Cox and Ross (1976) shows that the limiting form of the jump process
dX; = pXidt + c Xy dNy(N)
as A — 0 is the diffusion process
dX; = pXidt + o X dW,

where ¢ is a function of ¢. N;()) is a continuous time Poisson process with intensity
A, (i-e., dN; is the number of jumps of X; during dt and is Poisson-distributed with
parameter \dt). ¢X; is the jump amplitude and W} is a standard Brownian motion.
In another important research, Nelson (1990) bridges the gap between discrete and
continuous time stochastic volatility models by using AR(1) Exponential ARCH and
GARCH (1,1) models as approximations for continuous time processes. It should be
noted that in this approximation framework, only the discrete models with one lag are
relevant due to the characteristics of continuous time models. GARCH models with

two more lags as explanatory variables are not relevant. Under certain assumptions,®®

Nelson (1990) at first looks at the GARCH (1,1) - M process of Engle and Bollerslev
(1986)

2
Xt = thl + Coy + 04E4,

o} =w+ ol[B + ag]],
If time is partitioned more finely, one can write the above difference equation as

th = X(k—l)h + hCO‘ih + OkhEkh

U?kJrl)h = wh + oo lBy + h T aned,],

35For details, see Section 2 in Nelson (1990).
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where h is the time increment and ey, ~ i.i.d N(0,h). He shows that if 1 goes to 0
in the limit, this system converges weakly in distribution®® to a diffusion process of

the form

dX; = cordt + o, dW,

do? = (w — Oo?)dt + ao?dWy

where W7y, and Ws, are linearly independent standard Brownian motions, independent
of the initial values (X,, 03).
In another important paper in this line of research, Corradi (2000) considers the

limit when h — 0, of the GARCH (1,1) process
Xin — X(kfl)h = O (k—1)h€kh,

T — U%k—l)h = wp + (Win — 1)0%1::—1)}1 + h71w2h0%k—1)h5kh

She shows that in the limit, this system converges to either one of the following

continuous time processes, depending on the parameters wq, and wa*"

d}/t = O'tth

dO’? = (CU() + HUf)dt

or
dY, = o, dWyy

do? = (wo + 002)dt + aoidWy,

where (Wi, Way) are two standard independent Brownian motions.

30For a definition of weak convergence for stochastic processes, see Billingsley (1978).
3TFor details, see Proposition 2.1 in the Corradi (2000).
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Nelson (1990) also introduces a class of ARCH models which can approximate a
wide range of stochastic differential equations. He investigates the approximations of

the system of stochastic differential equations defined as follows:

dX, = fdt + gdWy,

dY, = Fdt + GdWy,

where the first equation is univariate, Y; is vector of latent state variables, W7y, can
be correlated with elements in Wy, , and F, G, f, g are functions of X;,Y;, and t. He
shows that the above system is the limit of the following ARCH type discrete time

system of difference equations

Xk+1yh = Xen + [h + gen

Yiernyn = Yin + Fh + Gep,

where €}, corresponds to Wy, and is constructed on the basis of e, ~ N(0,h) and
Q.SS
3.3 Volatility in Continuous Time

3.3.1 Continuous Time Models

While many financial economists have long preferred the continuous-time frame-
work,?” the availability of high-frequency data made feasible the econometric analysis

of continuous-time models. As with discrete time models, the difficult choices involved

38For details on the construction of €}, , see Section 3.2 in Nelson (1990).
39For example, see Duffie (2001) for asset pricing in continuous time.
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in specifying the volatility function have given rise to a plethora of models.

Over the last 20 years, continuous-time models have taken on a central role in
option pricing, risk management and volatility forecasting. Continuous-time models
allow decision makers to model and react to the nearly continuous flow of data. In
principle, financial managers can update their trading strategies every second. For
econometricians, the use of high-frequency data has interesting implications for both
estimation and prediction.

The list of models discussed in this section is not meant to be exhaustive. Rather,
the list is designed to lead to the jump-processes and the realized volatilities models
in which we are interested.

Diffusion Processes:

Brownian Motion with Drift:

dXt = ,udt + O'th

This specification has been used a lot in early work in economics and finance due
to its simplicity. It is obvious that X; is normally distributed with mean pt and

variance o2t.

Geometric Brownian Motion (Log Normal Model):

dXt = IUXtdt + O'tXtth

This model has been very popular for asset prices. It has been extensively used in
the Black and Scholes (1973) option pricing framework and in structured corporate

finance. The main drawback of this model is that the (log) return process has constant
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volatility. To see this, apply It6’ Lemma?® to the function f(z) = log(z), yielding

2

dlog(X;) = (ju — %)dt + odW,

Ornstein- Uhlenbeck Process (sometimes referred to as the Vasicek (1977) model,

and often used to model interest rates):

Cox, Ingersoll and Ross (1985) analyze the following square root process, also
known as the CIR model, again for modelling the term structure of interest rates,

although this model, unlike the Vasicek model, ensures positivity of rates.

dXt = (OZ + BXt)dt + o4/ Xtth.

Brennan and Schwartz (1979) and Courtadon (1982) analyze the process:

dX; = (a+ BXy)dt + o XZdW;.

Constant Elasticity of Variance (CEV):

dX; = pXdt + o XP2aw,

10Gee Protter (1990) and Duffie (2001) for details on 1t6’ Lemma.
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Note that the interpretation of this model depends on (. In particular, in the case
using this process to model stock price, if 5 = 2, the price process X, follows geometric
Brownian motion and therefore the volatility of the (log) stock return process is
constant. If § < 2, this model captures the leverage effects discussed above. Among
other authors, Beckers (1980) uses this CEV model for stocks. Marsh and Rosenfeld
(1983) apply the CEV model to interest rates and Emanuel and Macbeth (1982) use

this set-up for option pricing.

Generalized Constant Elasticity of Variance:
dX, = (aX; ") 4 8X))dt + o X Paw,

This process nests the log diffusion when § = 2, and square root process when
b =1

Chan, Karolyi, Longstaff, and Sanders (1992) study the case of linear drift and
CEV diffusion with g > 2

dX; = (a + BX,)dt + o X2 dW,.

Duffie and Kan (1996) specify a mean reversion and square root structure in

volatility for modelling of interest rates. In the univariate case:

dXt = (Oé — Xt)dt +\/0og + UlXtth.

Ait-Sahalia (1996) looks at more the general case of diffusions with general drift
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and CEV:
dX, = (o + BX, + v X2 4+ n/X,)dt + o X2 dW,.

Needless to say, model selection is important issue when specifying diffusion mod-

els. Note that in the general setting, the diffusion process is written as
dXt = M(Xta t, H)dt + O'(Xt, t, e)th

Also, it is known that the drift and diffusion terms p(X;,t) and o(X;,t) respec-
tively uniquely determine the stationary density, say f(z,6p), associated with the

invariant probability measure of the above diffusion process.*! In particular,

F(x,00) = 0(90)0) exp (2“(“’90)du)

o?(x,0 o?(u,0p)

In a seminal paper, Ait-Sahalia (1996) constructs a nonparametric test for inter-
est rate models on the basis of the comparison of such stationary densities. In his
empirical application to spot interest rates, he finds that the misspecification of the
models in the literature on spot interest rates is mainly due to the linearity of the drift
function in such models. In addition, his proposed model (general drift and CEV)
could not be rejected. In this same line of research, Corradi and Swanson (2005,
2011) develop bootstrap specification tests for univariate and multifactor diffusion
process that do not require knowledge of the transition density. Instead of comparing
of densities, their method is based on a comparison of cumulative distribution func-
tions. They also extend their methods to diffusion process with jumps and stochastic
volatility.

Jump Diffusions:

#1Gee Karlin and Taylor (1981), pp. 241.
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Many high-frequency financial time series appear to be a mixture of sudden rel-
atively large changes and smooth small changes. This image suggests modeling a
high-frequency financial time series as a mixture of a discrete jump process and a
continuous diffusion process. A jump-process J; is a discrete process specified by a
distribution, v, for the magnitudes of the jumps and a distribution, A\(X;), for the in-
tensity with which jumps occur. A jump-diffusion process is the sum of a continuous

diffusion process and a jump process,
dXt = /J(Xt, t, Q)dt + O'(Xt, t, Q)dW + th

One pioneering work which incorporates jumps into continuous time processes is
Merton (1976), where he models the continuous component of the log price process to
be Gaussian as in the case of geometric Brownian motion. The magnitude of jumps
also follows a Gaussian distribution, and jumps follow Poison distribution in his paper.
Newer developments in this area do not “append” a “discrete” jump process onto the
diffusion, but instead specify the jumps using other means, such as via the use of

Levy processes.

Affine Jump Diffusion Model: This class of models is widely studied in the em-
pirical finance literature, especially in term structure modelling. The family of affine

processes X; including jumps is parametrized as follow
dX; = k(a — Xy)dt + Q\/ DedW + d J,

where W, is an N —dimensional independent standard Brownian motion, x and {2 are

square N x N matrices. Dy is a diagonal matrix with ith diagonal element given by

diiy = 0; + 5;Xt
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The jump intensity is assumed to be a positive, affine function of X; and the
jump size distribution is assumed to be determined by its conditional characteristic
function. As shown by transform analysis in Duffie, Pan and Singleton (2000), the
attractive feature of this class of affine jump diffusions is that the exponential affine

structure characteristics function is known in closed form. Namely
D,(X¢) = exp(a; + by Xy)

where functions a; and b, can be derived from Riccati equations.*> With known
characteristics function, one can use either GMM to estimate the parameters of this
system of this jump diffusion, and can use quasi-maximum likelihood (QML), once
the first two moments are obtained. In the univariate case without jumps, as a special
case, this corresponds to the above general CIR model with jumps.

Stochastic Volatility Models:

Stochastic volatility models are popular, particularly for modelling asset prices
and interest rates. They are first introduced by Harvey, Ruiz and Shephard (1994) in
discrete time. Stochastic volatility implies that unobserved volatility follows another

stochastic process. For example, one specification could be
dX; = (a+ BXy)dt + odWy,
and the volatility process follows:
do? = k(¥ — o2)dt + S0 dWyy,

where Cov(dWy,, dWy,) = pdt.

Andersen and Lund (1997) estimate the generalized CIR model with stochastic

42For details, see Singleton (2006), pp. 102.
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volatility:
dX, = ki (a — X,)dt + o X dWy,,

dlogo? = ki(a — logo?)dt + 6dWy.

Mixed Stochastic Volatility, Jump Diffusion Models. An example of these models
comes from the application of spectral GMM in Chacko and Viceira (2003) where the

return process is specified as:

dX; = (p— %g)dt + 0 dWhy + [exp(Jy) — 1]dNy(Ay) + [exp(—Jg) — 1]dNg(Ag)

do? = k(o — o2)dt + 6o dWay,

where \,, Ay are jump intensity parameters and are constant, and where. J, and Jy

>( are stochastic jump magnitudes that follow an exponential distribution, i.e.

1,

f(Ju) = n—ueXp( o, )
1 e

f(Ju) = 0 p( 0 )

In addition, in the option pricing literature, many models are nested in the following

data generating process which allows for jumps in both equations

dXt == ,utdt + O'tXtqu + dJlt

do? = k(o — o?2)dt + Sa(pdWyy + /1 — p2dWay) + dJoy

where Wy, and Wy, are two independent Brownian motions process, and J;; and Jo;
are two jump processes. Popular models that are nested in this class include Heston

(1993) with no jumps in either price or volatility, Bates (2000), Chernov and Ghysels
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(2000) and Pan (2002).%3

3.3.2 Implied Volatility from Option Pricing
3.3.2.1 Black-Scholes Framework as an Illustration

Implied volatility is considered to be the market prediction of future volatility, used in
the context of option pricing. In this section, we firstly provide a standard method to
show how econometricians can construct implied volatility from Black-Scholes option
prices. Though stochastic volatility better captures the dynamics of asset returns,
Black-Sholes model is still considered to be an important element of option pricing
theory and practice. However, that said, after the current discussion we turn to
a discussion of “model free” measures of implied volatility, and the so-called VIX
volatility index.

Within the Black-Scholes framework, we restate the derivation of the European
call price. In this model, stock prices are assumed to be log-normally distributed.
A nice feature of this assumption is that option prices can then be derived in closed
form, i.e. using the Black-Scholes (BS) formula. Once an option pricing function is
known, implied volatility can in turn be backed out using stock, option and interest
rate data. Note that one can also derive the price of any derivative whose payoff is a
function of stock prices. Also, even under more complicated assumptions about the
stock price process, the risk neutral pricing methodology presented below can still be
applied.

Let’s assume that we are interested in an asset market which has 3 assets: a
riskless bond, a stock, and a derivative whose payoff is a function of the stock price.

Also, say that under the physical probability measure, P, the price of a non-dividend

#3For a more detailed discussion, see Singleton (2006), chapter 15.
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paying stock, X;, follows a geometric Brownian motion, i.e.

dXs = pXsds + o XdWs

and the interest rate, r,associated with riskless bond (i.e. the short rate) is as-

sumed to be constant. For simplicity, we analyze the dynamics of the process X, =

Xs

ers”

Using It&’ Lemma, X, follows:

dX, = (p — 1) Xeds + o X ,dW,

Say that the call option on the stock has strike price K and maturity date 7. It’s
payoff at time T is
CT = (XT - K)Jr = maX(XT — K, 0)

Option pricing means we look for the price of the derivative ¢; whose payoft at

maturity is Cr. With the no arbitrage assumption, there must exist a risk neutral

Cs
esr

measure Q. Under this risk neutral measure, the discount process X, Cs = has

no drift term, or is a martingale:

dXs = 0 X, dW

i = B[ 51 = T BY((Xr — )X

where W, is a Brownian motion under measure ). The expectation above is taken
under the probability measure (). Recall that probability measures P and () can be
transformed back and forth though Girsanov’s Theorem.** In particular X, /X, is
log-normally distributed with mean —(¢%/2)(T —t) and variance o*(T —t). Or, given

that the asset C, has no drift term, one can easily verify that the c; process is the

44Gee Duffie (2001) for details on Girsanov’s Theorem.
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solution to the following partial differential equation
—Tf + ft + T‘SfX + 1/20‘2fXX =0

with the boundary condition at the expiration date f(S,7) = Payoff at time T' =
max (X7 — K,0). Note that one can use this derivation approach for any asset, with a
change in payoff function. In more complicated settings with more complicated price
process dynamics, the same PDE approach can be applied.

However, in such cases, to solve the PDE, a numerical algorithm is needed as there
may not be a closed form solution for the option price. Turning again to our closed

form BS solution, note that it takes the form
¢ =0(2) —e T ND(z — o/T — 1)

where ® is the cumulative normal cdf and,

L log(X;/K) + (r +c%/2(T —t))
oV —t

From the BS formula, one can invert the unobservable ¢. In particular, o is
function of current time ¢ variables, X;,r,7 =T —t, K and ¢; which are all observed
and available in the data. This is useful in the framework of no-arbitrage pricing, and
this option pricing tool is the key to backing out implied volatility. Generally, one
can write

Cy = F(Xtar7K77-70-T)

and the volatility process can be inferred once the nonlinear function f is known. If
it is not known in closed form, we still can back out implied volatility via numerical

analysis.
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3.3.2.2 Deviation from Black-Scholes

The main drawback of Black-Scholes is that it is not consistent with empirical evi-
dence that implied volatility varies across different maturities and strike price. Du-
mas, Flemning and Wahley (1998) propose an ad hoc Black-Scholes model in which
volatility is not constant. This measure is now widely used by practitioners. Ad hoc
BS allows for different implied volatilities to price options differently. In particular,

implied volatilities are modeled as follows:

o(1,K) =ag+ a1 K + ars K% + BoT + 617'2 + ByTK

where o(7, K) is the Black-Scholes implied volatility for and option with strike K
and time to maturity 7. This method has been shown by Dumas et al. (1998) to be
better than the constant volatility approach. Option pricing with varying volatility,
such as a square root diffusion model, are also proposed by many researchers (for
example, see the work of Bates (1996, 2000), Bakshi, Cao and Chen (1997) and Scott
(1997)). Heston (1993) provides a parametric stochastic volatility model, i.e. square
root process for volatility, and solves for closed-form prices. Chernov and Ghysels
(2000) and Pan (2002) introduces a more general pricing framework, i.e. stochastic
volatility with jumps. For a survey of this option pricing literature, see Bates (2003),
and for a discussion of the econometrics of option pricing see Garcia, Ghysels and
Renault (2010). In an interesting discrete-time set-up, Heston and Nandi (2000)
proposes a closed form GARCH option price model in which they present an option
formula for a stochastic volatility model with GARCH. This discrete-time set-up is

close to the Heston (1993) continuous time stochastic volatility model, but is easier
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to implement. They specify the following dynamics for asset returns

log(X (;) = log(X¢—p) + 7+ )\af + 0464

0? =w+ ﬁlaf—h + ai(&—n — ’71015—11)2
where a; determines the kurtosis of the distribution and v, allows for asymmetric

effects of shocks. Specifically

Covi_pn(0?(t + h),log(X;)) = —2a17,0%(t).

In testing the empirical implications of this GARCH option pricing model, they
find that the model produces smaller valuation errors compared to the ad hoc BS
model mentioned above. In different work, Barone-Adesi, Engle and Mancini (2008)
propose a new option pricing method with filtered historical innovations. The new
feature in their methodology is that it fits in an incomplete markets framework and
is not based on the specification of the change of measure, i.e. from physical measure

to risk neutral measure and state price density.*’

Instead, they estimate separate
GARCH parameters in the risk neutral world. They show that their pricing outper-
forms other discrete GARCH models.

In recent papers in the semi-parametric literature, as opposed to Black-Scholes,
Carr and Madan (1998), Demeterfi et al. (1999), Britten-Jones and Neuberger (2000),
Lynch and Panigirtzoglou (2003), Jiang and Tian (2005), Car and Wu (2009) develop
variants of so called “model-free” implied volatility. These estimators are referred to
as semiparametric measures, as volatility is implied from option prices via risk neutral

pricing without many of the usual parametric assumptions on the dynamics of asset

returns. In addition, these volatility measures provide ex ante risk neutral expec-

4 For further discussion on risk neutral pricing and change of measures, see Duffie (2001), chapter
6.
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tations of future volatilities, which is an important input to calculate variance risk
premia. Variance risk premia are defined as the difference between implied volatil-
ity and realized volatility. When (log) stock prices follow a continuous process, the
implied volatility between time ¢ and ¢ + h can be derived by the formula.

TCt+h K)—C(t, K
]Mvt,t+h = 2/ ( K)g ( )dK = EtQ(U?-‘rh)

0

where C(t, K) is the price of European call option written on strike price K and
maturing at time ¢. Here, EtQ (07,,,) is the expectation of the variation of the log
price process, or of the realized volatility. An advantage to using the above model
free implied volatility in equity markets is that one now can rely on a published
volatility index (usually the VIX) as a standard measure of implied volatility on the
S&P 500 index. VIX is considered a key measure of market expectations of near-term
volatility implied from S&P 500 stock index option prices. VIX was first introduced
by the Chicago Board of Exchange (CBOE) in 1993, and often referred to by many
as a “fear” index. In 2003, CBOE updated the calculation of VIX and the general

formula is as follows:

where VIX = IMV %100, 7 is time to expiration, F' is the forward index level derived
from index option prices, Ky is the first strike price below F, K; is the strike price of
ith out of the money option, r is risk free rate, AK; = (K;11 — K;_1)/2, Q(K;) is the

mid point bid-ask spread for each option with strike price K;.*6

46 For details, see “CBOE Volatility Index - VIX” at the link
http://www.cboe.com/micro/vix/vixwhite.pdf and Demeterfi et al. (1999)
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3.3.3 Realized Volatility - Nonparametric Measures

The latest developments in the volatility literature largely center on the use of so
called realized volatility (RV) as a “model-free” estimator of latent variance of stock
returns or other financial variables. Daily realized volatility is simply the sum squared
returns from high-frequency data over short time interval within any given day. As
noted in the key early works of Andersen and Bollerslev (1998), Banrdorff-Nielsen and
Shephard (2002) and Medahhi (2002), RV and it’s variants yield much more accurate
ex post observations of volatility than the traditional sample variances which used
daily or lower frequency data. Many papers have been written on this topic since
these first papers. In practice, RV has been an important variable in the volatility
derivatives market. For instance, trading of forward contracts on future realized
volatility was sporadically seen in financial market as early as 1993. This type of
product is now common, and is often referred to as the variance swap. One important
feature of this product is that it’s payoff is a linear function of RV and therefore is
simple to use as a hedging tool, compared to traditional vega hedging. Moreover,
there is much market demand for this product as practitioners prefer implied volatility
to variance and they need additional instruments to hedge against future volatility
risk. Other products that used realized volatility such as caps on variance swaps,
corridor variance swaps, and options on realized volatility are also available in financial
markets.*” In research, several authors have developed the concept of variance risk
premia which directly depend on RV and they argue that this variable is useful in

asset pricing. Variance risk premium (VRP) is defined as

VRP, =IMV, — RV,

4TFor a discussion of volatility and variance swaps, see for instance, Carr and Lee (2009).
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where I MV, is implied volatility defined under the risk neutral measure @) as

IMV, = E°[Return variation between ¢ — 1 and ]

Bollerslev, Tauchen and Zhou (2009) use this premium to predict stock market
returns and they find that the premium is able to explain time-series variation in
post-1990 aggregate stock market returns with high (low) premia predicting high
(low) future returns.

RV non-parametrically measures the variation of return processes, and the dy-
namics of RV can be driven by components other than those directly involved with
returns. When the return process is continuous, it’s variation is due to the contin-
uous component, and is known as the integrated volatility (/V'). Realized volatility
is a proxy for IV.*® Several authors (for example, Huang and Tauchen (2005) and
Ait-Sahalia and Jacod (2009a,b) find important evidence of active jumps in equity
markets. If jumps occur, variation of the return process is greater than integrated
volatility as it contains a jump variation component. Realized volatility therefore is
not an estimator of integrated volatility. ABD (2007) construct a simple measure
of the variation of this jump component and then show that incorporation of jumps
can affect estimation and volatility prediction. (Our empirical application discussed
below fits within this strand of the literature. In particular, we provide evidence
of jumps and large jumps as well as providing a measure of large jump variation in
equity markets.)

Following the general set-up of Ait-Sahalia and Jacod (2009a), consider the filtered
probability space (€2, F, (F})¢>0, P), in which (F});>¢ is denoted as a filtration (i.e., a
family of sub-sigma algebras F; of F, being increasing ¢ : Fy C F; if s < t). The log

price process, X;= log(F;), is assumed to be an It6 semimartingale process that can

“8For instance, under the assumption that the return process is continuous, Kristensen (2010)
develops a kernel based approach to estimate integrated and spot volatilty using realized volatility.
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be written as:

t t
X, = Xo + / byds + / 0.dBs + Y AX,, (3.24)
0 0

s<t
where X, + fot peds + fot osdB; is the continuous semimartingale component of the
process, which is the sum of a local martingale plus an adapted process with finite
variation component. Additionally, AX; is a jump at time s, defined as:

AXy =X, — blim X,.

TS, T—S8

Given this definition, the jump part of X; in the time interval [0,¢] is defined to
be > .., AX. Note that when the jump is a Compound Poisson Process (CPP) - i.e.

a finite activity jump process - then it can be expressed as:

Ny
Jt = ZAXS = Z}/;n
=1

s<t 1=

where N; is number of jumps in [0,t], IV, follows a Poisson process, and the Y;’s are
i.i.d. and are the sizes of the jumps. The CCP assumption has been widely used in
the literature on modeling, forecasting, and testing for jumps. However, as discussed
above, recent evidence suggests that processes may contain infinite activity jumps -
i.e. infinite tiny jumps that look similar to continuous movements. In such cases, the
CCP assumption is clearly violated, and hence we draw in such cases on the theory
of Jacod (2008) and Ait-Sahalia and Jacod (2009a) when applying standard BNS
(2006) type jump tests in the sequel. The empirical evidence discussed in this chapter
involves examining the structure of the jump component of the log return process,

X, using one historically observed price sample path { Xy, X4, , Xoa,..-Xna, }, where

n?

A, is deterministic. The increment of the process at time iA,, is denoted by:

A X = Xin, — Xi-1)a,-
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For convenience, we consider the case t = nA, in the sequel.*” In general, inte-

grated volatility and quadratic variation are formally defined as:

t
IV, = / o2ds = [variation due to continuous component);
0

t
QV: =X, X]; = / agds + Z AXS2 = [V, + [variation due to jump component],

0 t—1<s<t
Volatility processes QV; and I'V; are not observable. However, one could exploit
high or ultra high frequency data in financial markets to estimate these variables. If
the process is continuous, IV, = QQV; and their noisy estimators, hereby referred to

as realized measures (RM) could be written as
RMt,n - ]‘/t + Nt,n

where N, ,, denotes the measurement error associated with the realized measure RN ,,.
There are two sources of measurement errors. One is due to the so-called microstruc-
ture noise effect of high frequency data, and the second is due to standard noise.
There are a few realized measures and methods proposed to alleviate the effect of
the contaminated high frequency noise. For example, Corradi, Distaso and Swanson
(2009, 2011) derive consistent estimators of predictive conditional densities of inte-
grated volatility using these noisy realized measures. They show that by choosing an
appropriate realized measure, one can achieve consistent estimation, even in the pres-
ence of jumps and microstructure noise in prices. They thereby construct conditional
predictive densities and confidence intervals for integrated volatility using realized
measures, which may be of interest to volatility derivatives traders. Note that as
microstructure noise is not the focus of our chapter, we will focus mainly on three

key realized measures that are commonly used, i.e. realized volatility, bipower, and

49Gee Jacod (2008) for further details.
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tripower variation (many papers in the extant literature now look also at multipower
variation). For a list of other realized measures that are robust to microstructure
noise, see for instance Corradi, Distaso and Swanson (2009, 2010). The realized

volatility of equity return process X is defined as follows:

n

RVin =Y (A7X)?

=1

It has been shown that when n is large, realized volatility converges almost surely

to the quadratic variation of the process.” If we measure volatility within a day then,

n

t
RV, = Xz(A?X)2 ~ / o2ds + [jump variation between day day t — 1 and ],
t—1

=1

where n here is used to denote the number of incremental returns within a day or any

other fixed time period. Multipower variations are constructed on the basis of
n
Vivrawr; = > [AFX] AT X| ™| AT X[,
i=j+1

where 71 75 ..., 7; are positive, such that Zjl r; = k. Bipower (BV') and tripower vari-
ation (T'P) are special cases of multipower variations. Specifically, Bipower variation

is given by
n t
BV, = (py) 7" ZVM ~ / o2ds
i=2 =1
where y, = E|Z| = 21/2T'(1)/T(1/2) and Z is a standard normal random variable;

and tripower variation is given by

TV = V%

t
3:/ olds
t—1

where p, = F(|Z|")and Z is a N(0, 1) random variable. Finally, to illustrate the nuts

2pl

wivo |

2
130

%0See Barndorff-Nielsen and Shephard (2002).



100

and bolts of microstructure robust realized measures, we include the formula for a
commonly used subsample based realized volatility measure, E‘\/“, M, suggested by

Zhang, Mykland and Ait-Sahalia (2005), and defined as

17 o avg ~
th,l,n = R‘/t,l,n — QZ’Ut,n,

where
N RViin 1 «—
Utn:i:_ (A7 X)?
’ 2n 2n 4
7=1
and
1 B 1 B t—1
av b 2
R‘/;,l,g = E bzl th,l - E ; j21<Xt+jB"+b - Xt+ (j—17)lB+b)

Here, Bl & n,l = O(n'/3)

Forecasting Realized Volatility With the availability of high frequency data in
recent years, much effort has been dedicated to building good models to forecast
realized volatility, a “model free” estimator of ex post variance. To see the link of
this type of forecast to the volatility forecasting in discrete time models, note that
the daily volatility implied by a discrete time model, let’s say GARCH, is equivalent
to /QV; or v/TV; (without jumps) in continuous time,”" which are proxied by/RV;,
or \/th or \/th The link justifies the rationale of this type of forecast in the
literature. We highlight several important papers in this area of research. The key
paper is Andersen, Bollerslev, Diebold, Laby (2003), who show empirically that a
long memory Gaussian VAR can capture the dynamics of volatility. They apply a
simple trivariate VAR (VAR-RV) to model the dynamics of volatilities of logarithmic

exchange rates, i.e. DM/$, Yen/$ and Yen/DM. In particular, denote y; as the vector

o2ds.

°1To see this, in the case of continuous process, Var(X; — X;_1) = E(ftil 0sdBy)? = :71 z

In addition, for convenience in notation, in this section, /QV; or v/IV; are refered to as volatilities
in a day.
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of the the exchange rates, and define the forecasting equation as
(L) (1 = L)y — p) = &

where ¢; is a vector white noise process. The authors point out that this simple
framework performs better than many alternative models that have been used in this
literature. In the same regression model, Corsi (2003) proposes the so called HAR -
RV model in which realized volatility is specified as a linear sum of the lagged realized

volatilities over different horizons, i.e.
RViiin = Bo+ BaRVi + B, BVii—5 + B, RVit—02 + €14n

where h is the forecasting horizon, i.e. h = 1,5,22. and RV, = h ' [RVi1 +
RViio + ... + RViyy]. ABD (2007) generalizes HAR - RV to linear and nonlinear
HAR-RV, HAR-RV-J and HAR-RV-CJ. In particular, the new feature of the model
that they propose involves incorporating the variation of jump components of the log
price process into their forecasts. The advantage of these models is that they are
rather simple to implement via least squares estimation and they take advantage of
recent developments in the construction of robust jump tests. In the next section,
we summarize robust jump testing and discuss the quantification of large jumps and
small jumps, a departure that can potentially help improve the model’s forecasting

performance.

3.4 Volatility and Jumps

Thus far, we have summarized important developments in volatility models, with
focus on time varying and stochastic volatility as well as nonparametric volatility

estimators. All of our models share the same feature that volatilities are unobserved,
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or belong to class of missing variables. We now turn to a discussion of jumps, testing
for jumps, and disentangling the effects of jumps from measures of volatility.

This section also contains the results of our empirical analysis of jumps and volatil-
ity. See Duong and Swanson (2010) for derivations of the tests and measures discussed

and used in this section.

3.4.1 Testing for Jumps

In this section, we review some theoretical results relating to testing for jumps, namely
testing whether J; = > _ AX, # 0. In pioneering work, BNS (2006) proposes a ro-
bust and simple test for a class of Brownian [t6 Semimartingales plus Compound
Poisson jumps. In recent work, Ait-Sahalia and Jacod (2009a) among others develop
a different test which applies to a large class of Ito-semimartingales, and allows the
log price process to contain infinite activity jumps - small jumps with infinite con-
centrations around 0. In this chapter, we follow the jump test methodology of Huang
and Tauchen (2005) as well as Barndorff-Nielsen and Shephard (2006), which looks
at the difference between the continuous component and total quadratic variation in
order to test for jumps. However, we make use of the limit theorems developed and
used by Jacod (2008) and Ait-Sahalia and Jacod (2009a) in order to implement the
Barndorff -Nielsen and Shephard (2006) type test under the presence of both infinite
activity and finite activity jumps (see Section 3.4 for further discussion). A simplified
version of the results of the above authors applied to (4.31) for the one-dimensional
case is as follows. If the process X is continuous, let f(z) = 2™ (exponential growth),
let p,. be the law N(0,02), and let p, (f) be the integral of f with respect to this

law. Then:

\/Azn (A”gf(%)z_/otpas(f)%) L= /Ot \/Pgs(fz) —p2.(f)dB, (3.25)
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Here, L — S denotes stable convergence in law, which also implies convergence in

distribution. For n = 2, the above result is the same as BNS (2006). More generally:

x (imw -/ d) 2. (0, [t (3.26

i=1 0

or

\/Azn (Z?:1(A?X)2 B fot U§d3> D, N(0, 1), (3.27)

fot Yoids

where ¢ is constant and where fg odt is known as the integrated volatility or the
variation of the continuous component of the model and f(f o?dt is integrated quar-
ticity. From the above result, notice that if the process does not have jumps, then
> (APX)? which is an approximation of quadratic variation of the process, should
be "close" to the integrated volatility. This is the key idea underlying the BNS (2006)
jump test. For appropriate central limit theorems, in tests with both finite and infinite
activity jumps, refer to Barndorff-Nielsen, Graverson, Jacod, Podolskij, and Shephard
(2006), in the case of continuous semimartingales and Barndorff-Nielsen, Shephard,
and Winkel (2006) for discontinuous process with Lévy jumps. A final crucial issue
in this jump test is the estimation of fot o?dt and fot oldt in the presence of both
finite and infinite activity jumps. As remarked in BNS (2006), in order to ensure that
tests have power under the alternative, integrated volatility and integrated quarticity
estimators should be consistent under the presence of jumps. The authors note that
robustness to jumps is straightforward so long as there are a finite number of jumps,
or in cases where the jump component model is a Lévy or non-Gaussian OU model
(Barndorff-Nielsen, Shephard, and Winkel (2006)). Moreover, under infinite activity
jumps, note that as pointed out in Jacod (2007), there are available limit results for
volatility and quarticity estimators for the case of semimartingales with jumps.

Turning again to our discussion of volatility and quarticity, note that in a continu-
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ation of work initiated by Barndorff-Nielsen and Shephard (2004), Barndorff-Nielsen,
Graverson, Jacod, Podolskij, and Shephard (2006) and Jacod (2007) develop gen-
eral so-called multipower variation estimators of fot o%ds, in the case of continuous

semimartingales and semimartingales with jumps, respectively, which are based on

Virgory = 3 |AFX [P AL X|72 A2 X1,
i=j+1
where 71 1 ...,7; are positive, such that Z‘{ r; = k. For cases where k = 2 and k = 4,
BNS (2006) use V1 ; (bipower variation) and V3 11 1. In our jump test implementation,

(tripower variation) and Vi,

we use V2

222 4 4. The reason we use tripower variation,
37373 5756

o

2.2, instead of bipower variation, V; i, is that it is more robust to clustered jumps.

Denote the estimators of [, o2ds and [ o%ds to be IV and IQ, and note that:
- t
IV =V2s2p,° ~ / o2ds (3.28)
3:3:37°3 0

and

t
4,u45:/ olds, (3.29)
73 g 0

where p, = E(|Z|")and Z is a N(0,1) random variable.

Regardless of the estimator that is used, the appropriate test hypotheses are:

H, : X, is a continuous process

Hj : the negation of Hy (there are jumps)

If we use multi-power variation, under the null hypothesis the test statistic which
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directly follows from the CLT mentioned above is:

(T 1)
LSjump - B N(07 1)

—

910

and the so-called jump ratio test statistic is:

1 —
RSjump = ——¥ 2t (1 v . N(©0,1).
(T2 Yo (APX)?

910/ (I7) e

Of note is that an adjusted jump ratio statistic has been shown by extensive
Monte Carlo experimentation in Huang and Tauchen (2005), in the case of CCP
jumps, to perform better than the two above statistics, being more robust to jump

over-detection. This adjusted jump ratio statistic is:

1

A, [/‘\/ L
L (- e | S N0, (3.30)
\/ﬁmax(tfl,[Q/(IV)Q) ( i1 (A7 X) )

Adjymp =

In general if we denote the daily test statistics to be Z, ,,(a),where n is the number
of observations per day and « is the test significance level,>?> then we reject the null
hypothesis if Z; () is in excess of the critical value ®,,, leading to a conclusion that
there are jumps. The converse holds if Z; , () is less than ®,. In our empirical appli-
cation, Z; , () is the adjusted jump ratio statistic, and we calculate the percentage of
days that have jumps, for the period from 1993 to 2008. We now turn to a discussion
of large jumps and constructing measures of the daily variation due to continuous

and jump components.

e, A, =1/n
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3.4.2 Large Jumps and Small Jumps

There is now clear evidence that jumps are prevalent in equity market. For example,
Huang and Tauchen (2005) construct the above jump test statistics, and find that
jumps contribute about 7% to the total variation of daily stock returns. Ait-Sahalia
and Jacod (2009b) not only find jumps but given the existence of jumps, they look
more deeply into the structure of the jumps, and for Intel and Microsoft returns they
find evidence of the existence of infinite activity jumps.

An important focus in our chapter is to the decomposition of jumps into "large"
and "small" components so that we may assess their contributions to the overall
variation of the price process. In particular, for some fixed level ~, define large and

small jump components as follows, respectively:

LI(7) = AX.jax, -

s<t

and

SJt(v) = Z AXs]|AX5\<'y~

s<t

The choice of v may be data driven, but in this chapter we are more concerned with
scenarios where there is some prior knowledge concerning the magnitude of ~. For
example, under various regulatory settings, capital reserving and allocation decisions
may be based to a large extent on the probability of jumps or shocks occurring that
are of a magnitude greater than some known value, . In such cases, planners may
be interested not only in knowledge of jumps of magnitude greater than ~, but also
in characterizing the nature of the variation associated with such large jumps. The
procedure discussed in this section can readily be applied to uncover this sort of

information.
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3.4.3 Realized measures of daily jump variation

The partitioning of variation due to continuous and jump components can be done, for
example, using truncation based estimators which have been developed by Mancini
(2001,2004,2009) and Jacod (2008). Ome can also simply split quadratic variation
into continuous and jump components by combining various measures of integrated
volatility, such as bipower or tripower variation and realized volatility. Andersen,
Bollerslev, and Diebold (2007) do this, and construct measures of the variation of the
daily jump component as well as the continuous component. In this chapter we use
their method, but apply it to both small and large jumps. In particular, once jumps
are detected, the following risk measures introduced by Andersen et al. (2007) are
constructed:

V' J; =Variation of the jump component = max{0, RV, — I/X\/t} * Ljymp t

V Cy =Variation of continuous component = RV, — V J,,

where RV, = > (A?X)? is the daily realized volatility (i.e. a measure of the
variation of the entire (log) stock return process), Ij,m, is an indicator taking the
value 0 if there are no jumps and 1 otherwise, and n is the number of intra-daily
observations. One can then calculate daily jump risk. Note that in these formulae,
the variation of the continuous component has been adjusted (i.e. the variation of the
continuous component equals realized volatility if there are no jumps and equals I/‘\/t if
there are jumps). In addition, note that 7" | (A7 X)?I|arx|> converges uniformly in
probability to Y7 _,(AX)*[|ax.|>, as 1 goes to infinity.”® Thus, the contribution of
the variation of jumps with magnitude larger than v and smaller than + are denoted
and calculated as follows:

Realized measure of large jump variation: V LJ, ,=min{V.J;, (377 (A7 X)*[jan x|z *
Ljump.)}

Realized measure of small jump variation: V.SJ, v =V Jy =V LJy,,

»3See Jacod (2008), Ait-Sahalia and Jacod (2011) for further details.
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where [, is defined above and Iy, ~ is an indicator taking the value 1 if there are

large jumps and 0 otherwise. This condition simply implies that large jump risk is

positive if the process has jumps and has jumps with magnitude greater than .
Now we can write the relative contribution of the variation of the different jump

components to total variation in a variety of ways:

Relative contribution of continuous component = ‘}/2%

Relative contribution of jump component = g—“z

Relative contribution of large jump component = %
Relative contribution of small jump component = %
Relative contribution of large jumps to jump variation = VVL—:]]t”
Relative contribution of small jumps to jump variation = V‘fit’”

We are now ready to discuss some empirical findings based on the application of

the tools discussed in this section.

3.5 Empirical Findings

3.5.1 Data description

We use a large tick by tick data set of 25 DOW 30 stocks available for the period 1993-
2008. The data source is the TAQ database. We use only 25 stocks because we purge
our data set of those stocks that not frequently traded or are not available across the
entire sample period. For the market index, we follow several other papers and look
at S&P futures. We also follow the common practice in the literature of eliminating
from the sample those days with infrequent trades (less than 60 transactions at our
5 minute frequency).

One problem in data handling involves determining the method to filter out an
evenly-spaced sample. In the literature, two methods are often applied - previous tick

filtering and interpolation (Dacorogna, Gencay, Miiller, Olsen, and Pictet (2001)).
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As shown in Hansen and Lund (2006), in applications using quadratic variation, the
interpolation method should not be used, as it leads to realized volatility with value
0 (see Lemma 8 in their paper). Therefore, we use the previous tick method (i.e.
choosing the last price observed during any interval). We restrict our dataset to
regular time (i.e. 9:30am to 4:00pm) and ignore ad hoc transactions outside of this
time interval. To reduce microstructure effects, the suggested sampling frequency in
the literature is from 5 minutes to 30 minutes®. As mentioned above, we choose the

5 minute frequency, yielding a maximum of 78 observations per day.

3.5.2 Jump and Large Jump Results

We implement our analysis in two stages. In the first stage we test for jumps and
in second stage we examine large jump properties, in cases where evidence of jumps
is found. The list of the companies for which we examine asset returns is given in
Table 3.1, along with a summary of our jump test findings. The rest of the tables
and figures summarize the results of our empirical investigation. Before discussing
our findings, however, we briefly provide some details about the calculations that we
have carried out.
All daily statistics are calculated using the formulae in Section 3.4 with:
a ] !

n # of 5 minute transactions / day

Therefore, A,, = 1/78 for most of the stocks in the sample, except during various
shortened and otherwise nonstandard days, and except for some infrequently traded
stocks. This also implies the choice of time to be the interval [0, 1], where the time
from [0, 1] represents the standardizing time with beginning (9 am) set to 0 and
end (4.30 pm) set to 1. In our calculations of estimates of integrated volatility and

integrated quarticity, we use multipower variation, as given in (4.45) and (4.46).

*4See Ait-Sahalia, Y., Mykland, P. A., and Zhang, L. (2005)
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Recall also that A} X = XA, — X(i—1)a, is simply the incremental return of Xja, .
For any trading day, X, and X; correspond to the first and the last observations of

the day. Denote T" as the number of days in the sample. We construct the time series

T Ve, Vg, VL, VSJia |
¢ VJ YLy Vodiy :
{Zin(a)},_, and { RV RV TR TRV }t:O . The number of days and proportion of

days identified as containing jumps can easily be calculated as:
Number of days identified as jumps = ZiTZO I(Z;n(a) > ®,).

> i0 1(Ztn(2)>®a)
Ty .

Proportion of days identified as jumps =

In addition, we construct the following monthly time series

T [(Zin(0)>®a)
h= .

Proportion of days identified as jumps in a mont

Zm+h VJi
i=m RVi

Monthly average relative contribution of jump component = -

Monthly average relative contribution of large jump component truncated at level

Zm+h VLJ;
i=m RV}

Y= T

where m is the starting date and h is the number of days in each month. On average,
there are 22 business days per month. Note that there are 12 statistics each year for
each time series.

Here, I(-) denotes the indicator function. The average relative contribution of con-

tinuous, jump, and large jump components to the variation of the process is reported

VC: VJi VLJiy qVS7ey )

using the mean of the sample (i.e. we report the means of RO B TRV =

In addition to reporting findings based on examination of the entire sample period,
we also split the sample into two periods. The first period is from 1993 to 2000 and the
second period is from 2001 to 2008. The reason for doing this is that we would like to
see whether jump activity changes over time. Moreover, these subsamples correspond
roughly to break dates for financial data found in Cai and Swanson (2011).

In the sequel, we provide figures for representative individual stocks in our sample
(i.e. Walmart, IBM, Bank of America and Citigroup). These stocks are chosen on the
basis of their market systematic risk beta. Namely, Walmart has low beta of around

0.3, IBM has a beta close to 0.7, and Bank of America and Citigroup are more risky
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stocks with betas of around 2.6 and 2.8.

Turning now to our results, a first sense of the prevalence of jumps can be formu-
lated by inspecting Panels A,B, C and D of Figure 3.1, where statistics higher than
3.09 (i.e. the 0.001 significance level critical value) are presented for the entire sample
from 1993 to 2008. It is obvious that jumps are prevalent. Additionally, it should
be noted that there is a marked difference in jump frequency between 1993-2000 and
2001-2008, where the first period is much more densely populated with jumps than
the latter period. The highest statistic values are around 11, for Walmart in 1997, 11
for IBM in 1994, 10 for Bank of America in 1996 and 7 for Citigroup from 1996 to
1998. Post 2000, the highest statistics are consistently located in 2002 and 2006-2008.
Moreover, a simple visual check of the statistic magnitudes in this figure suggests that
jumps are more prevalent in the earlier sample period, with respect to both frequency
and significance level (more will be said on this later).

Regarding our choice of the large jumps, an important step is to choose truncation
levels, 7. If we choose arbitrarily large truncation levels, then clearly we will not find
evidence of large jumps. Also one may easily proceed by just picking the trunca-
tion level based on the percentiles of the entire historical sample of the 5 minute log
return. However, results could then turn out to be difficult to interpret, as in one
case the usual choice of 90th or 75th percentiles leads to virtually no large jumps
while the choice 25th or 10th percentiles leads to a very large number of large jumps.
In addition, "large" jumps are often thought of as abnormal events that arise at a
frequency of one in several months or even years. Therefore, a reasonable way to
proceed is to pick the truncation level on the basis of the sample of the monthly max-
imum increments - monthly based abnormal events. Specifically, we set three levels
v =1,2,3 to be the 50th, 75th, and 90th percentiles of the entire sample from 1993 to
2008. Panels A B,C, and D of Figure 3.2 depict the monthly largest absolute incre-

ments and the jump truncation levels used in our calculations of the variation of large
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and small jump components. Again, it is quite obvious that the monthly maximum
increments are dominant in the previous decade. The larger monthly increments in
current decades are mostly located in 2006-2008 and 2002-2004. As a result, the fixed
truncation levels which are chosen across the entire sample result in more "hits" in
previous decade than in the current one. The truncation level of Citigroup is the
largest of the four stocks depicted (for example at v = 3 the level is approximately
0.04 for Citigroup and 0.025 for IBM).

Notice that the graphs in Figures 3.3A and 3.3B depict magnitudes of the variation
of continuous, jump, and truncated jump components of returns for our 4 sample
stocks. Namely, the plots are of daily realized volatility, and realized variance of
continuous, jump and large jump components at different truncation levels. As might
be expected, inspection of the graphs suggests a close linkage between the greater
number of jumps in the first decade of the sample and the and large jump risk over the
same period. For example, in the case of IBM, the variation of the jump components
is clearly dominant in the earlier decade. The highest daily jump risk occurs in late
1998, and is above 0.018. Indeed, at jump truncation level 3, we only see large jump
risk for the years 1994, 1996, 1998, 2000 and 2008. Combined with the results of
Figure 3.1, this again strongly suggests that there was much more turbulence in the
earlier decade.

Turning now to our tabulated results, first recall that Table 3.1 reports the pro-
portion of days identified as having jumps, at 6 different significant levels, a@ =
{0.1,0.05,0.01,0.005,0.001,0.0001}. Again, there is clear evidence of jumps in both
periods. However, the jump frequency in the 1993-2000 sample is significantly higher
than that in the 2001-2008 sample, across all stocks and test significance levels. For
example, at the o = 0.005 and 0.001 levels, the average daily jump frequencies are
46.9% and 22.8% during the 1993-2000 period, as compared with 16.8% and 9.4%

during the 2001-2008 period, respectively. When considering individual stocks, the
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story is much the same. As illustrated in Figures 3.1, and tabulated in Table 3.1, the
proportion of "jump-days" for IBM and for the Bank of America are 5.9% and 8.8%
during the 2000s, which is much smaller than the value of 19.2% and 21.3% for the
two stocks during the 1990s, based on tests implemented using a significance level of
a = 0.001.

Of course, when calculating jump frequencies, we ignore the magnitudes of the
jumps. Table 3.2 addresses this issue by summarizing another measure of jumps
- namely the average percentage contribution of jumps to daily realized variance.
Details of the measures reported are given above and in Section 3.4. In support of
our earlier findings, it turns out that jumps account for about 15.6% and 8.1% of total
variation at significance levels @ = 0.005 and 0.001, respectively, when considering
the entire sample period from 1993-2008. Moreover, analogous statistics for the period
1993-2000 are 25.1% and 12.7%, while those for the 2001-2008 period are 7% and 5%.
The statistics for IBM and Bank of America are 25.3% and 10.7% for the period 1993-
2000 and 3.5% and 2.3% for the period 2001-2008 while those for the entire samples
are 7.9% and 6.6%. This result is consistent with our earlier findings through figure
analysis.

In summary, without examining the impact of large jumps, we already have evi-
dence that: (i) There is clear evidence that jumps characterize the structure of the
returns of all of the stocks that we examine. (ii) The 1990s are characterized by
the occurrence of more jumps than the 2000s. (iii) The contribution of jumps to
daily realized variance is substantively higher during the 1990s than the 2000s. (iv)
Our results are consistent across all stocks, suggesting the importance of jump risk
comovement during turbulence periods.

In our empirical analysis of large jumps, we carry out the same steps as those
employed above when examining overall jump activity. Results are reported in Tables

3.3A-C are for truncation levels v = 1,2,3 at 6 different significant levels, a =
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{0.1,0.05,0.01,0.005,0.001,0.0001}. As mentioned earlier, Figures 3.1 and 3.3 contain
plots of jump test statistics and realized variation not only for overall jump activity,
as discussed above, but also for large jumps. Examination of these tables suggest a
number of conclusions.

Across the entire sample, there is evidence of large jumps at all levels by measure
of variation. Table 3.3A reports the proportion of days identified as having large
jumps for truncation level v = 1. It can be seen that the proportion of variation
due to large jumps at truncation level ¥ = 1 accounts for about 0.9% and 0.6%
of total variation (regardless of stock), at significance levels o = 0.005 and 0.001,
respectively. Values at significance level 0.001 for the periods 1993-2000 and 2001-
2008 are around 0.8% and 0.4%, respectively. For v = 2, values are 0.4% and 0.3%
at significant levels a = 0.005 and 0.001, respectively, when considering the entire
sample. Values at significance level 0.001 for the periods 1993-2000 and 2001-2008
are around 0.4% and 0.2% for period 1993-2000 and 2001-2008, respectively. A similar
result obtains for v = 3, suggesting that large jump variability is around twice as big
(as a proportion of total variability) for the latter sub-sample, regardless of truncation
level. As previously, these results are surprisingly stable across stocks. Although not
included here, our analysis of the market index data discussed above yielded a similar
result. Further examination of the statistics in the Tables 3.3A-C also yields another
interesting finding. In particular, though proportions of jumps and large jumps at
truncation level v = 1,2,3 are all larger in the previous decade, the difference is
smaller and increasingly narrows as higher truncation levels are considered, when
examining large jumps. This result, which is true for many of our stocks, suggests an
increased role of large jumps in explaining daily realized variance during the latter
sub-sample. To illustrate this point, which is apparent upon inspection of average
statistics constructed for all 25 stocks, we investigate the case of of ExxonMobil, where

we look at all statistics at significance level a = 0.001. The proportion of variation
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of jumps to total variation is 17% for the period 1993-2000 (as shown in Table 3.2),
almost 3 times as much as the corresponding value of 6.2% in 2001-2008. However
for large jumps at truncation level v = 1 , the analogous value is 0.6% for 1993-
2008, which is just 1.5 times as much as the 0.4% value during 2001-2008. Similarly
at truncation level v = 2, the value is 0.4% for 1993-2008 and 0.2% for 2001-2008.
Interestingly, at truncation level v = 3, the proportion of variation of jumps is 0 for
period 1993-2000 while it is 0.1% for period 2001-2008. Therefore, with respect to
large jump we find that: (i) Large jumps incidence and magnitudes are consistent
with our earlier finding that the 1990s are much more turbulent than the 2000s. (ii)
However, for higher truncation levels, the contribution of jump risk during the two
periods becomes much closer, and indeed the contribution during the latter period
can actually become marginally greater. This suggests that while the overall role of
jumps is lessening, the role of large jumps has not decreased, and indeed, the relative

role of large jumps has actually increased in the 2000s.

3.6 Concluding Remarks

In this chapter we review some of the recent literature on volatility modelling and
jumps, with emphasis on the notion that these variables are unobserved latent vari-
ables, and thus can be viewed in some sense as “missing data”. Many estimators of
volatility, both continuous and discrete, as well as both parametric and nonparame-
teric are also reviewed.

In an empirical investigation, we provide new evidence of jumps in individual log
price processes, and note that there are clearly comovements during turbulent times,
for all stocks. More noticeably, jump incidence is greater during the 1990s than during
the 2000s, although the incidence of "very large" jumps is similar across both decades,

and the relative importance of large jumps has increased.
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Figure 3.1: Jump Test Statistics of Days Identified as Having Jumps of

(Log) Stock Prices: Sample Period 1993-2008 *
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* Panel A, B, C, D depict daily test statistics of days identified as having jumps for Walmart, IBM, Bank of
America, Citigroup (Log) Stock Price using 0.001 significant level. Specifically, all statistics in the figure are larger

than 3.09. See section 3.5 for further details.
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Figure 3.2: Monthly Largest Increments and Truncation Levels v = 1,2, 3:

Sample Period 1993-2008 *
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* Panel A,B,C,D depict the monthly largest absolute increments and the jump truncation levels used as thresh-
olds in our calculations of the variations of large and small jump components, where level y=1 corresponds to the
median of monthly maximum increments , level y=2 corresponds to 75th percentile of monthly maximum increments,
and level y=3 corresponds to 90th percentile monthly maximum increments of(log) stock prices of Walmart, IBM,
Bank of America and Citigroup for the sample period is from 1993 to 2008.
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Figure 3.3A: Daily Realized Volatility (RV) and Realized Variation of

Continuous, Jump and Truncated Jump Components (Log) Stock Prices
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* See Figure 3.2 for details about the jump truncation levels. The above panels plot daily realized volatility,
realized measures of the variation of continuous, jump and large jump components at truncation levels v = 1,2,3,
which are shortly referred to as jump 1, jump 2 and jump 3 for the period 1993-2008. The realized measures of
variations are calculated as discussed in Section 3.4 and 3.5.
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Figure 3.3B: Daily Realized Volatility (RV) and Realized Variation of

Continuous, Jump and Truncated Jump Components of (Log) Stock
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Table 3.1: Percentage of Days Identified as Having Jumps Using Daily

Statistics *

Stock Name Panel A: Sample Period 1993-2000 (T ~ 2000) Panel B: Sample Period 2001-2008 (T ~ 1900)
Significant Level a 0.1 0.05 0.01 0.005  0.001 0.0001 0.1 0.05 0.01 0.005 0.001  0.0001
Alcoa 88 80.9 62.1 52 26.3 8.7 49.2 39.3 21.4 16.5 9.7 4.3
American Express 82.9 76.2 56.4 46.6 19.3 4.6 47.4 36.8 20.2 14.7 8.0 4.0
Bank of America 81.8 75.6 56.7 46.4 21.3 5.0 45.1 34.1 20.1 15.7 8.8 3.1
Citigroup 86.3 80.5 63.3 51.9 23.3 4.9 43.6 32.9 17.9 14.6 7.1 2.6
Caterpillar 87.2 81.5 61.8 51 25.9 7.3 46 35.3 19.9 16.3 9.5 4.3
Dupont 83.8 76.5 57.2 48.3 24.2 5.6 49.5 38.8 21.8 17.1 9.5 3.9
Walt Disney 89.3 83.9 65.9 56.0 27.3 5.3 55.6 43.9 23.9 17.6 10.1 3.9
General Electric 79.6 73.5 54.5 45.5 22.3 4.5 49.2 39.3 21.8 16.2 9.4 3.9
GM 88.1 83.1 65.4 54 25.4 6.2 51.8 40.4 22.8 17.8 10.5 4.7
Home Depot 87.7 81 62.1 51.4 24.6 5.1 49.5 38.5 22.1 16.8 10 4.3
IBM 73.8 65 47.3 39.6 19.2 5.9 39.9 30.1 15.1 11.7 5.9 2.8
Intel 69.2 58.9 39.5 33.0 18.0 6.3 51.7 41.4 23.6 18.7 11.3 4.7
Johnson & Johnson 86.7 81.2 62.8 52.5 25.2 5.7 47.5 37.7 22.1 18.0 10.9 4.6
JPM 79.5 73.2 55.7 47.6 21.4 5.0 47.9 35.9 20.8 16.1 9.0 3.3
Coca Cola 86.4 80.8 63.3 54.2 23.9 4.8 52.5 41.9 23.3 18.5 10.2 4.6
McDonald’s 90.5 85 66.1 55.9 25.8 4.9 51.3 40.8 24.6 19.8 11.5 4.8
3M 85.7 78.8 59.2 49.9 25.6 6.9 43.1 33.1 18.8 14.2 7.9 3.6
Microsoft 68.5 58.7 38.6 30.5 16.4 7.0 56.3 44.8 25.7 21.5 11.1 4.4
Pfizer 82.6 75.4 56.6 49.1 26.3 6.5 50 40 23.5 17.7 9.4 4.1
Procter & Gamble 80.1 72.4 55.6 46.4 25.5 6.4 46.9 35.6 18.5 14.4 7.2 2.8
AT & T 89.3 83.3 65.8 54.7 23.1 4.4 58.8 48.4 29 22.8 13.8 6.1
United Tech.Corp. 84.2 77.1 54.3 43.9 22.8 8.2 46.3 36.3 20.5 16.0 9.1 3.6
Verizon 81.5 67.7 46 39.5 24.2 8.1 51.4 40.9 24.5 19.4 11.2 5.0
Walmart 86.7 81.5 59.8 46.9 15.5 5.1 44.7 34.3 18.7 14.0 7.4 2.6
ExxonMobil 61.3 49.8 32.8 26.2 17 5.2 44.2 33.6 17.5 12.9 6.2 2.9
Average 82.4 75.3 56.4 46.9 22.8 5.9 48.8 38.2 21.5 16.8 9.4 4.0

* See notes to Figure 3.1. Entries denote the percentage of days identified as having jumps based on the
calculation of daily statistics. Statistics are the adjusted ratio jump statistics of Barndorff-Nielsen and Shephard
(2006) and Huang and Tauchen (2005), as discussed in Section 3.4. Test results are summarized in Panel A for
the sample period from 1993-2000 and for the sample period 2001-2008 in Panel B. These sample periods have
approximately 2000 and 1900 daily statistics, respectively. Statistics are reported for six different significance levels,
a =0.1,0.05,0.01,0.005,0.001, 0.0001.
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Table 3.2: Daily Realized Variation: Ratio of Jump to Total Variation *

Stock Name Panel A: Sample Period 1993-2000 (T ~ 2000) Panel B: Sample Period 2001-2008 (T ~ 1900)
Significant Level a 0.1 0.05 0.01 0.005 0.001  0.0001 0.1 0.05 0.01 0.005 0.001  0.0001
Alcoa 41.2 39.5 32.6 28.4 14.8 5.2 13.6 11.8 7.7 6.4 4.1 2.1
American Express 39.5 38.1 30.5 26.2 10.8 2.6 12.7 10.9 7.1 5.7 3.5 1.9
Bank of America 37.2 36.0 29.7 25.3 12.1 2.9 11.6 9.8 6.8 5.6 3.5 1.5
Citigroup 41.5 40.3 34.1 29.2 13.7 3.0 11.0 9.3 6.0 5.1 2.8 1.2
Caterpillar 40.0 38.6 32.0 27.5 14.7 4.5 12.3 10.5 7.1 6.2 4.0 2.0
Dupont 36.8 35.4 29.1 25.8 13.3 3.2 13.3 11.5 7.6 6.4 4.0 1.8
Walt Disney 42.0 40.8 34.9 30.7 15.8 3.4 15.3 13.2 8.6 6.9 4.2 1.8
General Electric 34.0 32.8 27.1 23.8 12.3 2.5 13.2 11.6 7.7 6.1 3.8 1.8
GM 42.5 41.4 35.2 30.2 14.7 3.9 14.6 12.5 8.3 6.9 4.4 2.2
Home Depot 40.0 38.6 32.3 27.9 14.1 3.1 13.3 11.5 7.8 6.3 4.1 2.0
IBM 30.1 28.3 23.1 20.4 10.7 3.5 9.8 8.2 5.1 4.2 2.3 1.3
Intel 24.0 22.0 16.8 14.7 8.9 3.5 13.9 12.2 8.3 6.9 4.6 2.2
Johnson &Johnson 39.2 38.1 32.3 28.3 14.2 3.4 13.0 11.3 7.8 6.7 4.4 2.1
JPM 36.0 34.7 29.2 25.6 12.0 2.8 12.6 10.6 7.2 5.9 3.7 1.6
Coca Cola 39.9 38.8 33.1 29.4 13.7 2.8 14.0 12.3 8.2 6.8 4.2 2.1
McDonald’s 43.9 42.8 36.0 31.5 15.1 3.1 14.9 13.1 9.2 7.8 5.0 2.3
3M 39.0 37.5 30.9 27.2 14.4 4.1 11.0 9.4 6.2 5.1 3.2 1.6
Microsoft 23.2 21.4 16.1 13.5 8.0 3.7 15.1 13.2 9.0 7.8 4.5 2.0
Pfizer 35.5 34.1 28.2 25.4 14.7 3.9 13.8 12.1 8.3 6.7 3.9 1.9
Procter &Gamble 33.9 32.4 27.8 24.5 14.2 3.7 11.9 10.1 6.3 5.2 3.0 14
AT &T 43.8 42.6 36.0 31.1 13.5 2.8 17.7 15.9 11.1 9.3 6.1 3.0
United Tech.Corp. 37.1 35.5 27.6 23.0 12.4 4.8 12.2 10.5 7.0 5.8 3.6 1.6
Verizon 29.4 26.8 21.0 18.8 12.0 4.4 14.4 12.6 8.7 7.4 4.7 2.4
Walmart 44.4 43.2 33.8 274 9.1 3.4 11.5 9.8 6.3 5.1 3.0 1.2
ExxonMobil 19.3 17.1 12.7 10.9 7.6 2.6 10.8 9.1 5.7 4.6 2.5 1.3
Average 36.5 35.1 28.9 25.1 12.7 3.5 13.1 11.3 7.6 6.3 3.9 1.9
Panel C: Sample Period 1993-2008 (T ~ 3900)
Significant Level a 0.1 0.05 0.01 0.005 0.001  0.0001
Alcoa 26.7 25.0 19.5 16.9 9.2 3.6
American Express 26.4 24.8 19.1 16.2 7.2 2.3
Bank of America 24.7 23.2 18.5 15.7 7.9 2.2
Citigroup 26.6 25.1 20.3 174 8.3 2.1
Caterpillar 26.2 24.7 19.6 16.9 9.4 3.3
Dupont 25.4 23.7 18.6 16.3 8.8 2.5
Walt Disney 29.0 27.3 22.0 19.1 10.2 2.6
General Electric 23.8 22.5 17.6 15.1 8.2 2.2
GM 28.9 27.3 22.1 18.8 9.7 3.1
Home Depot 27.0 25.3 20.3 174 9.2 2.5
IBM 20.2 18.5 14.3 12.5 6.6 2.4
Intel 19.0 17.2 12.6 10.9 6.8 2.9
Johnson &Johnson 26.4 25.0 20.3 17.7 9.4 2.8
JPM 24.6 23.0 18.4 16.0 7.9 2.2
Coca Cola 27.3 25.9 20.9 18.4 9.0 2.5
McDonald’s 30.4 29.0 23.5 20.5 104 2.7
3M 26.0 24.4 19.4 16.9 9.2 2.9
Microsoft 19.4 17.6 12.8 10.8 6.3 2.9
Pfizer 24.9 23.3 18.5 16.3 9.4 2.9
Procter &Gamble 23.2 21.5 17.3 15.1 8.7 2.6
AT &T 31.2 29.6 23.9 20.5 9.9 2.9
United Tech.Corp. 23.7 22.1 16.5 13.8 7.7 3.1
Verizon 15.3 13.5 9.5 8.1 5.1 2.5
Walmart 28.3 26.9 20.4 16.5 6.1 2.3
ExxonMobil 11.9 10.1 6.6 5.4 3.1 1.5
Average 24.7 23.1 18.1 15.6 8.1 2.6

* See notes to Figure 3.2. The entries in the table denote the average percentage of daily variation of the jump
component relative to daily realized variance for the sample periods 1993-2000, 2001-2008 and 1993-2008. The realized
measure of variation of the jump component is calculated as discussed in Section 3.4. In addition to frequency of
jumps, realized measures of variations also take the magintude of jumps into account. Entries are caculcated accross
6 different significant levels, & =0.1,0.05,0.01, 0.005,0.001, 0.0001.
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Table 3.3A: Daily Realized Variation: Ratio of Large Jump to Total

Variation, Jump Truncation Level v =1 *

Stock Name Panel A: Sample Period 1993-2000 (T ~ 2000) Panel B: Sample Period 2001-2008 (T ~ 1900)
Significant Level a 0.1 0.05 0.01 0.005 0.001  0.0001 0.1 0.05 0.01 0.005 0.001  0.0001
Alcoa 1.8 1.7 1.2 1.1 0.9 0.6 1.3 1.2 0.9 0.8 0.5 0.4
American Express 1.5 1.3 1.0 0.8 0.6 0.4 1.2 1.1 0.8 0.6 0.5 0.3
Bank of America 3.0 2.7 1.8 1.5 1.0 0.7 1.0 0.9 0.8 0.6 0.4 0.2
Citigroup 2.1 1.9 1.2 1.0 0.6 0.4 0.8 0.7 0.5 0.4 0.3 0.1
Caterpillar 2.3 2.2 1.6 1.5 1.0 0.6 0.7 0.6 0.5 0.5 0.3 0.2
Dupont 2.1 1.9 1.2 1.0 0.7 0.3 0.9 0.9 0.6 0.5 0.4 0.2
Walt Disney 2.1 1.8 1.1 0.9 0.6 0.4 1.6 1.4 1.0 0.9 0.6 0.3
General Electric 1.5 14 0.8 0.7 0.4 0.2 1.3 1.2 0.9 0.6 0.3 0.2
GM 1.5 1.4 1.0 0.8 0.6 0.4 1.3 1.2 0.8 0.7 0.5 0.2
Home Depot 1.9 1.7 1.3 1.1 0.6 0.3 0.7 0.6 0.5 0.3 0.2 0.1
IBM 2.3 2.1 1.7 1.6 1.0 0.7 0.5 0.5 0.4 0.4 0.2 0.1
Intel 2.3 2.1 1.6 1.2 0.8 0.5 0.7 0.7 0.4 0.4 0.3 0.2
Johnson &Johnson 2.2 2.0 1.5 1.3 0.9 0.6 0.6 0.6 0.4 0.3 0.2 0.1
JPM 1.3 1.1 0.7 0.6 0.3 0.2 1.7 1.5 1.0 0.8 0.6 0.3
Coca Cola 2.3 2.1 1.3 1.2 0.8 0.5 0.8 0.8 0.6 0.5 0.4 0.3
McDonald’s 1.8 1.6 1.2 0.9 0.7 0.4 1.0 1.0 0.7 0.6 0.4 0.2
3M 2.1 2.0 1.3 1.1 0.7 0.5 0.6 0.6 0.4 0.4 0.4 0.3
Microsoft 2.9 2.7 2.0 1.7 1.0 0.5 0.6 0.6 0.5 0.4 0.2 0.1
Pfizer 2.0 1.9 1.3 1.1 0.8 0.5 0.7 0.6 0.5 0.4 0.3 0.2
Procter &Gamble 2.4 2.2 1.7 14 0.9 0.5 0.8 0.7 0.5 0.4 0.3 0.2
AT &T 2.3 2.2 1.6 1.3 0.9 0.7 1.7 1.5 1.2 1.1 0.7 0.4
United Tech.Corp. 3.2 2.9 2.1 1.9 1.2 0.6 1.3 1.1 0.8 0.7 0.5 0.2
Verizon 6.9 6.3 5.0 4.4 2.7 1.1 1.5 1.3 1.0 0.9 0.6 0.4
Walmart 2.7 2.4 14 1.2 0.9 0.6 0.6 0.6 0.4 0.4 0.3 0.1
ExxonMobil 2.1 1.8 1.3 1.0 0.6 0.4 1.1 0.9 0.7 0.6 0.4 0.2
Average 2.3 2.1 1.5 1.3 0.8 0.5 1.0 0.9 0.7 0.6 0.4 0.2
Panel C: Sample Period 1993-2008 (T ~ 3900)
Significant Level a 0.1 0.05 0.01 0.005 0.001  0.0001
Alcoa 1.6 1.4 1.0 0.9 0.7 0.5
American Express 1.3 1.2 0.9 0.7 0.5 0.4
Bank of America 2.0 1.9 1.3 1.1 0.7 0.5
Citigroup 14 1.3 0.8 0.7 0.5 0.3
Caterpillar 1.5 1.4 1.1 1.0 0.7 0.4
Dupont 1.5 1.4 0.9 0.8 0.5 0.2
Walt Disney 1.8 1.6 1.1 0.9 0.6 0.4
General Electric 1.4 1.3 0.8 0.7 0.4 0.2
GM 14 1.3 0.9 0.8 0.5 0.3
Home Depot 1.3 1.2 0.9 0.7 0.4 0.2
IBM 1.4 1.3 1.0 1.0 0.6 0.4
Intel 1.5 1.4 1.0 0.8 0.6 0.3
Johnson &Johnson 1.4 1.3 1.0 0.8 0.6 0.4
JPM 1.5 1.3 0.9 0.7 0.5 0.3
Coca Cola 1.6 1.5 1.0 0.8 0.6 0.4
McDonald’s 14 1.3 1.0 0.8 0.5 0.3
3M 14 1.3 0.9 0.8 0.6 0.4
Microsoft 1.8 1.7 1.3 1.1 0.6 0.3
Pfizer 1.3 1.2 0.9 0.8 0.6 0.4
Procter &Gamble 1.6 1.5 1.1 0.9 0.6 0.3
AT &T 2.0 1.9 1.4 1.2 0.8 0.5
United Tech.Corp. 2.1 2.0 1.4 1.3 0.8 0.4
Verizon 1.8 1.6 1.2 1.1 0.7 0.4
Walmart 1.7 1.5 0.9 0.8 0.6 0.3
ExxonMobil 1.2 1.1 0.7 0.6 0.4 0.2
Average 1.6 14 1.0 0.9 0.6 0.3

* See notes to Figure 3.2. Entries in the table denote the average percentage of daily variation due to jumps
constructed using truncation level v = 1, relative to the daily realized variance, for the sample periods 1993-2000,
2001-2008 and 1993-2008. The realized measure of variation of the jump component is calculated as discussed in

Section 3.4. Entries are caculcated accross 6 different significance levels (a =0.1,0.05,0.01,0.005,0.001, 0.0001).
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Table 3.3B: Daily Realized Variation: Ratio of Large Jump to Total

Variation, Jump Truncation Level v =2 *

Stock Name Panel A: Sample Period 1993-2000 (T ~ 2000) Panel B: Sample Period 2001-2008 (T ~ 1900)
Significant Level a 0.1 0.05 0.01 0.005 0.001  0.0001 0.1 0.05 0.01 0.005 0.001  0.0001
Alcoa 0.8 0.8 0.6 0.5 0.5 0.3 0.5 0.5 0.4 0.4 0.2 0.1
American Express 0.8 0.7 0.6 0.5 0.3 0.3 0.5 0.4 0.3 0.2 0.2 0.1
Bank of America 0.9 0.9 0.5 0.4 0.3 0.2 0.4 0.4 0.3 0.3 0.2 0.1
Citigroup 1.0 1.0 0.7 0.5 0.4 0.3 0.3 0.3 0.2 0.2 0.2 0.1
Caterpillar 1.0 1.0 0.8 0.8 0.5 0.3 0.3 0.3 0.3 0.3 0.2 0.2
Dupont 0.9 0.8 0.4 0.3 0.2 0.1 0.4 0.4 0.2 0.2 0.1 0.0
Walt Disney 1.0 0.9 0.4 0.3 0.3 0.2 0.5 0.5 0.3 0.3 0.2 0.1
General Electric 0.7 0.7 0.4 0.4 0.2 0.1 0.6 0.6 0.5 0.3 0.1 0.1
GM 0.7 0.7 0.4 0.3 0.2 0.2 0.7 0.6 0.4 0.4 0.3 0.1
Home Depot 1.0 0.9 0.7 0.6 0.3 0.2 0.2 0.2 0.2 0.1 0.0 0.0
IBM 1.0 0.9 0.8 0.7 0.5 0.3 0.2 0.2 0.2 0.2 0.1 0.1
Intel 0.9 0.9 0.7 0.6 0.4 0.2 0.2 0.2 0.1 0.1 0.1 0.0
Johnson &Johnson 0.9 0.8 0.6 0.5 0.4 0.3 0.3 0.3 0.2 0.2 0.2 0.1
JPM 0.4 0.4 0.2 0.2 0.1 0.0 0.7 0.7 0.5 0.4 0.3 0.2
Coca Cola 0.9 0.9 0.4 0.4 0.2 0.2 0.4 0.4 0.2 0.2 0.2 0.2
McDonald’s 0.8 0.7 0.5 0.4 0.3 0.3 0.5 0.5 0.4 0.2 0.2 0.0
3M 1.0 0.9 0.5 0.4 0.3 0.2 0.2 0.1 0.1 0.1 0.1 0.1
Microsoft 1.1 1.0 0.8 0.6 0.3 0.1 0.2 0.2 0.2 0.2 0.1 0.0
Pfizer 0.8 0.8 0.6 0.6 0.4 0.3 0.3 0.3 0.2 0.2 0.1 0.1
Procter &Gamble 1.1 1.0 0.8 0.6 0.4 0.3 0.3 0.2 0.2 0.2 0.1 0.1
AT &T 1.1 1.0 0.7 0.6 0.4 0.4 0.7 0.6 0.6 0.5 0.3 0.1
United Tech.Corp. 1.1 1.0 0.7 0.6 0.5 0.3 0.4 0.4 0.3 0.3 0.2 0.1
Verizon 2.8 2.6 2.2 1.9 0.7 0.2 0.5 0.5 0.4 0.4 0.3 0.2
Walmart 1.2 1.1 0.6 0.5 0.5 0.4 0.2 0.2 0.2 0.2 0.1 0.0
ExxonMobil 0.8 0.6 0.5 0.4 0.4 0.2 0.5 0.5 0.4 0.3 0.2 0.1
Average 1.0 0.9 0.6 0.5 0.4 0.2 0.4 0.4 0.3 0.3 0.2 0.1
Panel C: Sample Period 1993-2008 (T ~ 3900)
Significant Level a 0.1 0.05 0.01 0.005 0.001  0.0001
Alcoa 0.6 0.6 0.5 0.4 0.3 0.2
American Express 0.7 0.6 0.4 0.3 0.3 0.2
Bank of America 0.7 0.6 0.4 0.4 0.3 0.2
Citigroup 0.7 0.7 0.5 0.4 0.3 0.2
Caterpillar 0.7 0.6 0.5 0.5 0.4 0.3
Dupont 0.7 0.6 0.3 0.3 0.2 0.1
Walt Disney 0.8 0.7 0.4 0.3 0.2 0.2
General Electric 0.7 0.6 0.5 0.3 0.1 0.1
GM 0.7 0.7 0.4 0.3 0.2 0.2
Home Depot 0.6 0.6 0.4 0.3 0.2 0.1
1IBM 0.6 0.6 0.5 0.5 0.3 0.2
Intel 0.6 0.5 0.4 0.3 0.2 0.1
Johnson &Johnson 0.6 0.6 0.4 0.4 0.3 0.2
JPM 0.6 0.5 0.4 0.3 0.2 0.1
Coca Cola 0.6 0.6 0.3 0.3 0.2 0.2
McDonald’s 0.7 0.6 0.5 0.3 0.3 0.2
3M 0.6 0.6 0.3 0.3 0.2 0.2
Microsoft 0.6 0.6 0.5 0.4 0.2 0.0
Pfizer 0.6 0.5 0.4 0.4 0.3 0.2
Procter &Gamble 0.7 0.6 0.5 0.4 0.3 0.2
AT &T 0.9 0.8 0.6 0.6 0.4 0.3
United Tech.Corp. 0.7 0.7 0.5 0.4 0.3 0.2
Verizon 0.7 0.6 0.5 0.4 0.3 0.2
Walmart 0.7 0.6 0.4 0.3 0.3 0.2
ExxonMobil 0.6 0.5 0.4 0.3 0.2 0.1
Average 0.7 0.6 0.4 0.4 0.3 0.2

* See notes to Table 3.3A.
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Table 3.3C: Daily Realized Variation: Ratio of Large Jump to Total

Variation, Jump Truncation Level v =3 *

Stock Name Panel A: Sample Period 1993-2000 (T ~ 2000) Panel B: Sample Period 2001-2008 (T ~ 1900)
Significant Level a 0.1 0.05 0.01 0.005 0.001  0.0001 0.1 0.05 0.01 0.005 0.001  0.0001
Alcoa 0.3 0.3 0.2 0.2 0.1 0.1 0.2 0.2 0.2 0.1 0.1 0.0
American Express 0.3 0.3 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.1 0.1 0.0
Bank of America 0.5 0.5 0.3 0.2 0.2 0.2 0.1 0.1 0.1 0.1 0.1 0.1
Citigroup 0.5 0.5 0.4 0.3 0.2 0.2 0.2 0.2 0.1 0.1 0.1 0.0
Caterpillar 0.5 0.5 0.4 0.4 0.3 0.2 0.1 0.1 0.1 0.1 0.1 0.1
Dupont 0.4 0.4 0.2 0.1 0.1 0.0 0.1 0.1 0.0 0.0 0.0 0.0
Walt Disney 0.5 0.5 0.2 0.2 0.2 0.2 0.3 0.3 0.2 0.2 0.1 0.0
General Electric 0.3 0.3 0.2 0.1 0.0 0.0 0.3 0.3 0.3 0.2 0.0 0.0
GM 0.3 0.3 0.2 0.1 0.1 0.1 0.2 0.2 0.1 0.1 0.1 0.0
Home Depot 0.4 0.4 0.3 0.3 0.1 0.1 0.0 0.0 0.0 0.0 0.0 0.0
IBM 0.3 0.3 0.3 0.2 0.2 0.1 0.1 0.1 0.1 0.1 0.1 0.1
Intel 0.4 0.4 0.3 0.2 0.1 0.1 0.1 0.1 0.0 0.0 0.0 0.0
Johnson &Johnson 0.4 0.4 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.1 0.1 0.0
JPM 0.2 0.2 0.1 0.1 0.0 0.0 0.2 0.2 0.2 0.2 0.1 0.1
Coca Cola 0.5 0.5 0.2 0.2 0.1 0.1 0.2 0.2 0.1 0.1 0.1 0.1
McDonald’s 0.4 0.3 0.3 0.2 0.2 0.2 0.2 0.2 0.1 0.1 0.1 0.0
3M 0.3 0.3 0.2 0.1 0.1 0.1 0.1 0.1 0.1 0.0 0.0 0.0
Microsoft 0.4 0.4 0.2 0.2 0.1 0.0 0.1 0.1 0.1 0.1 0.0 0.0
Pfizer 0.3 0.3 0.2 0.2 0.2 0.2 0.1 0.1 0.1 0.1 0.0 0.0
Procter &Gamble 0.3 0.3 0.2 0.2 0.2 0.1 0.2 0.2 0.1 0.1 0.1 0.1
AT &T 0.6 0.5 0.3 0.3 0.2 0.2 0.2 0.2 0.2 0.1 0.1 0.0
United Tech.Corp. 0.2 0.2 0.2 0.2 0.2 0.1 0.2 0.2 0.1 0.1 0.1 0.0
Verizon 0.7 0.7 0.7 0.7 0.0 0.0 0.2 0.1 0.1 0.1 0.1 0.0
Walmart 0.5 0.5 0.3 0.2 0.2 0.2 0.1 0.1 0.1 0.1 0.0 0.0
ExxonMobil 0.1 0.1 0.1 0.0 0.0 0.0 0.2 0.2 0.2 0.2 0.1 0.0
Average 0.4 0.4 0.3 0.2 0.1 0.1 0.2 0.2 0.1 0.1 0.1 0.0
Panel C: Sample Period 1993-2008 (T ~ 3900 )
Significant Level a 0.1 0.05 0.01 0.005 0.001  0.0001
Alcoa 0.3 0.3 0.2 0.2 0.1 0.1
American Express 0.3 0.2 0.2 0.1 0.1 0.1
Bank of America 0.3 0.3 0.2 0.2 0.1 0.1
Citigroup 0.3 0.3 0.2 0.2 0.2 0.1
Caterpillar 0.3 0.3 0.3 0.2 0.2 0.1
Dupont 0.3 0.3 0.1 0.0 0.0 0.0
Walt Disney 0.4 0.4 0.2 0.2 0.1 0.1
General Electric 0.3 0.3 0.2 0.2 0.0 0.0
GM 0.3 0.3 0.1 0.1 0.1 0.1
Home Depot 0.2 0.2 0.2 0.1 0.0 0.0
IBM 0.2 0.2 0.2 0.2 0.1 0.1
Intel 0.2 0.2 0.2 0.1 0.1 0.0
Johnson &Johnson 0.3 0.3 0.2 0.2 0.2 0.1
JPM 0.2 0.2 0.1 0.1 0.0 0.0
Coca Cola 0.3 0.3 0.1 0.1 0.1 0.1
McDonald’s 0.3 0.3 0.2 0.1 0.1 0.1
3M 0.2 0.2 0.1 0.1 0.1 0.1
Microsoft 0.2 0.2 0.2 0.1 0.1 0.0
Pfizer 0.2 0.2 0.2 0.1 0.1 0.1
Procter &Gamble 0.2 0.2 0.2 0.2 0.1 0.1
AT &T 0.4 0.4 0.2 0.2 0.2 0.1
United Tech.Corp. 0.2 0.2 0.2 0.2 0.1 0.1
Verizon 0.2 0.2 0.1 0.1 0.1 0.0
Walmart 0.3 0.3 0.2 0.2 0.1 0.1
ExxonMobil 0.2 0.2 0.2 0.2 0.1 0.0
Average 0.3 0.3 0.2 0.1 0.1 0.1

* See notes to Table 3.3A.
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Chapter 4

Volatility Predictability and Jump Asymmetry

4.1 Introduction

Many recent modelling advances in asset pricing and management are predicated on
the importance of jumps, or discontinuous movements in asset returns. In an im-
portant paper, Huang and Tauchen (2005) find evidence of discrete large jumps in
S&P cash and future (log) returns from 1997 to 2002, in approximately 7% of the
trading days. Ait-Sahalia and Jacod (2009b) develop methods to ascertain whether
the process describing an asset contains "infinite activity jumps" - those jumps that
are tiny and look similar to continuous movements, but whose contribution to the
jump risk of the process is not negligible. In an empirical analysis of Intel and Mi-
crosoft returns, they find evidence of the presence of infinite active jumps in historical
data. In summary, it is now generally accepted that many return processes contain

> Once jumps are found, the economic implications of including them in

jumps.®
dynamic asset pricing exercises are substantial. For example, the incorporation of
jumps lead to break-downs in the typical market completeness condition needed for
portfolio replication strategy in derivatives valuation. Additionally, jumps complicate
the implementation of the "state of the art" change of risk measure in risk neutral
pricing. As a result, asset allocation and risk management, which heavily depend
on risk measures and underlying asset return dynamics, are affected. In volatility
measurement, it is necessary to separate out the volatility due to jumps or construct
variables that appropriately summarize information generated by jumps.

In volatility forecasting, once jumps are detected, understanding the role of vari-

ables that capture jump information is potentially important for applied practition-

55For other examples of work in this area, see Ait-Sahalia (2002), Carr et al., (2002), Carr and
Wu (2003), Barndorff-Nielsen and Shephard (BNS: 2006), Woerner (2006), Jacod (2008), Jiang
and Oomen (2008), Lee and Mykland (2008), Tauchen and Todorov (2009), Ait-Sahalia and Jacod
(2009a,b) and the references cited therein.
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ers, especially in the construction of hedging strategies.’® In general, volatility pre-
dictability is important in numerous areas ranging from the pricing of volatility-based
derivative products to asset management. In light of this, a number of recent papers
have addressed volatility predictability, some from the perspective of the usefulness
of jumps in forecasting volatility. However, although there is strong evidence of the
importance of jumps in pricing, investment and risk management, there is mixed ev-
idence concerning whether information extracted from jumps is useful for volatility
forecasting. In a seminal work, Andersen, Bollerslev and Diebold (ABD: 2007) show
that almost all of the predictability in daily, weekly, and monthly return volatilities
comes from the non-jump component for DM/$ exchange rate, the S&P500 market
index, and the 30-year U.S. Treasury bond yield. Corsi, Pirino and Reno (2008) find
that jumps are positively correlated with, and have a significant impact on future
volatility of the S&P500 index, various individual stocks and US bond yields. Pat-
ton and Shephard (2011) point out that the impact of a jump on future volatility
critically depends on the sign of the jump, for both the S&P 500 index, as well as
105 individual stocks. In this chapter we add to the empirical literature on this topic
by providing results on volatility forecasting using a variety of "new" variables that
capture information generated by jumps.

When undertaking empirical research using volatility, a key issue involves the
choice of the volatility estimator. One approach involves "backing out" volatility
from parametric from ARCH, GARCH, Stochastic Volatility, or Option pricing mod-
els. The approach that we adopt involves using recently developed "model free" es-
timators (see the influential work of Andersen, Bollerslev, Diebold and Laby (2001)),
including realized volatility (RV), and variants thereof such as bipower variation,
tripower variation, multipower variation, semivariance, and various others.”” One
key reason for the use of these "model free" realized measures (RMs), is that they
allow us to treat volatility as if it is observed, when we fit regressions in order to assess
jump predictability. Modeling and forecasting RMs are important not only because

RMs are a natural proxy for volatility, but also because of the many practical appli-

%0See Andersen, Bollerslev and Diebold (2007) and Ait-Sahalia and Jacod (2011) for further
discussion.

’7See e.g., Barndorff-Nielsen and Shephard (2004), Ait-Sahalia, Mykland and Zhang, (2005),
Zhang (2006), Barndorf-Nielsen, Hansen, Lunde, and Shephard (2006,2008), Jacod (2008), Barndoft,
Kinnebrock, Shephard (2010), and the references cited therein.
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cations and uses of RMs in constructing synthetic measures of risk in the financial
markets. For example, since shortly after the inception in 1993 of the VIX (index of
implied volatility), a variety of volatility-based derivative products have been engi-
neered using RV as an input. These include variance swaps, caps on variance swaps,
corridor variance swaps, covariance swaps, options on RV overshooters, and up and
downcrossers. The key here is that investors worry about future volatility risk, and
hence often opt for this type of contract in order to hedge against risk, adding to
the traditional volatility "Vega'".’® In light of the above uses of RV, several authors
have advocated forecasting RV (and more generally RMs) using extensions of ARMA
models (see e.g., Andersen, Bollerslev, Diebold and Labys (2003), Corsi (2004), and
ABD (2007)). In related work, Corradi, Distaso and Swanson (2012) develop model
-free conditional predictive density estimators and confidence intervals for integrated
volatility.

Given the availability of volatility estimators, as discussed above, it remains to
choose variables that capture information generated by jumps. In this chapter, we
examine four realized measures of jump power variations, all formed on the basis of
power transformation of the instantaneous return (i.e., |r;|?). The analysis of power
transformations of returns is not new. Ding, Granger and Engle (1993) and Ding and
Granger (1996) develop long memory Asymmetric Power ARCH models based on
power transformations of daily absolute returns. They find that the autocorrelations
of power transformations of S&P 500 returns are the strongest for ¢ < 1. In the
context of high frequency data, Liu and Maheu (LH: 2005) and Ghysels and Sohn (GS:
2009) study the predictability of future realized volatility using past absolute power
variations and multipower variations. GS (2009) find that the optimal value of ¢ is
approximately unity. However, their empirical evidence considers the continuous class
of models, and does not account for jumps. Andersen, Bollerslev and Diebold (ABD:
2007), on the other hand, develop an interesting framework for separating jump and
continuous components of RV, and carry out predictability experiments indicating

that jumps play a small but notable role in forecasting volatility. In related recent

8Volatility and variance swaps are newer hedging instruments, adding to the traditional volatility
"Vega", which is derived from options data. See Hull and White (1997, pp. 328) for a definition of
Vega. For example, as noted in Carr and Lee (2008), the UBS book was short many millions of vega
in 1993, and they were the first to use variance swaps and options on realized volatility to hedge
against volatility risk. See Duong and Swanson (2011) for further discussion.
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work, Barndoff, Kinnebrock, and Shephard (BKS: 2010) construct new estimators
of downside (and upside) risk (i.e., so-called realized semivariances), using square
transformations of positive and negative intra-daily return, and find that downside
risk measures are important when attempting to model and understand risk. They
note, as quoted from Granger (2008), that: ‘It was understood that risk relates to
an unfortunate event occurring, so for an investment this corresponds to a low, or
even negative, return. Thus getting returns in the lower tail of the return distribution
constitutes this “downside risk.” However, it is not easy to get a simple measure of
this risk.” This point is noteworthy, since it is argued in the literature (see e.g., Ang,
Chen and Xing (2006)), that investors treat downside losses differently than upside
gains. As a result, agents who put higher weight on downside risk demand additional
compensation for holding stocks with high sensitivity to downside market movements.
Most authors in this literature pay attention to co-skewness as a measure of downside
risk, and use daily data for estimation thereof. Patton and Shephard (2011) build on
these ideas and use semivariance estimators to forecast volatility.

Building on the work of above authors, and in particular BKS (2010), we con-
tribute to the volatility prediction literature by examining recently proposed realized
measures of (downside) jump power variations. The measures are constructed using
power transformations of absolute intra-daily returns, based on recent limit theory
advances due to Jacod (2008) and BKS (2010). Theoretically, the measures do not re-
quire the use of a jump test in order to “pre-test” for jumps. Although construction of
the measures is closely related to the work of Ghysels and Sohn (2009), our approach
differs in that we focus on jump power variations with ¢ > 2. Furthermore, the limit
theory that we adopt allows us to construct estimators of downside and upside jump
power variations using intra-daily positive and negative returns. These estimators are
suggested by BKS (2010) as alternatives to the semivariances implemented in Patton
and Shephard (2011). We also examine jump asymmetry (i.e., realized signed jump
power variation) in realized volatility prediction experiments. Of note is that the
role of the size of jumps that are most useful for forecasting can be inferred through
examination of the order of ¢. For this reason, we consider jump power variations
with 0 < ¢ < 6. While previous authors have focused on ¢ < 2,allowing for a wider

range of values for ¢ is sensible, given that convergence to jump power variation oc-
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curs only when g > 2 (see e.g. Todorov and Tauchen (2010) and BKS (2010)). **We
also use an approach recommended in Duong and Swanson (2010) for constructing
truncated jump measures, in order to assess whether jumps of a particular range of
magnitudes are more useful than measures based upon the use of all jumps, or of
signed jumps. Our dataset includes high frequency price returns constructed using
S&P futures index data as well as stocks in the Dow 30, for the period 1993-2009;
and our empirical implementation involves estimating members of the linear and non-
linear extended Heterogeneous Autoregressive of the Realized Volatility (HAR-RV)
class of models. Our findings suggest that past "large" jump power variations help
less in the prediction of future realized volatility, than past "small" jump power vari-
ations. This in turn suggests the "larger" jumps might help less in the prediction
of future realized volatility than "smaller" jumps. Our empirical findings also sug-
gest that past realized signed jump power variations, which have not previously been
examined in this literature, are strongly correlated with future volatility, and that
past downside jump variations matter in prediction. Moreover, our results include
various experimental setups in which the (forecast) best values of ¢ are larger than 2
for S&P 500 futures. Interestingly, whether or nor jump tests are implemented prior
to the construction of jump power variations also affects the choice of ¢, in a variety
of in-sample and out-of-sample forecasting contexts. Finally, incorporation of down-
side and upside jump power variations does improve predictability, albeit to a limited
extent. Overall, our findings are consistent with ABD (2007) in the concluding that
continuous components dominate, when predicting volatility.

The rest of the chapter is organized as follows: Section 4.2 discusses volatility and
price jump variation, and Section 4.3 discusses the various realized measures of price
jump variation that we examine. Section 4.4 outlines our experimental setup, and
Section 4.5 gathers our empirical findings. Concluding remarks are contained Section

4.6.

%1In our implementation, for ¢ > 6, the prediction results are almost the same as the case ¢ = 6
and therefore are not presented.
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4.2  Volatility and Price Jump Variations

We adopt a general semi-parametric specification for asset prices. Following Todorov
and Tauchen (2010), the log-price of asset, p; = log(F;), is assumed to be an It6

semimartingale process,
t t
Pt = Po + / bsds + / osdB, + Jy, (4.31)
0 0

where pgy + fg peds + fot 0s_dBg is a Brownian semi-martingale and J; is a pure jump

process which is the sum of all "discontinuous" price movements up to time ¢,

Jo=>_ Ap.

s<t
J, is assumed to be finite® and a jump at time s is defined as Ap, = p,— ps_.
When the jump component is a Compound Poisson Process (CPP) - i.e. a finite

activity jump process - then,
Nt
=) Y, (4.32)
i=1

where N; is number of jumps in [0,¢]. IV, follows a Poisson process, and the Y}s are
i.i.d. and are the sizes of the jumps. The CCP assumption has been widely used in
the literature on modeling, forecasting, and testing for jumps. However, jumps could
have more general specifications, which contain so called - infinite activity jumps as
in Todorov and Tauchen (2010).

The empirical evidence discussed in this chapter involves examining the varia-
tion of the log-price jump component using an equally spaced path of a historically
observed price sample, i.e. {po,pia,,P2A, s Pna, }, Where the sampling frequency

A, = % is deterministic®'. The intra-daily return or increment of p; is

Tin = Din, — P@i-1)A,-

Returns are observed at various frequencies. However, volatility of log-price is

often treated as an unobserved variable. The "true" value of variance of price (risk)

60See, for example Jacod (2008) or Todorov and Tauchen (2009) for the conditions for the finiteness
of jump.

61 For instance, if we use 5 minute sampling frequency to calculate daily measure in our application.
Thent =1 andn:78andAn:7—18.
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is defined in the literature by so-called quadratic variation of the process py, i.e.,

t
V; = [pvp]t = / O'EdS + QJtv
0

where the variation of continuous component is fg o2ds (integrated volatility) and
the variation of jump component is Q.J = >~ __,(Ap;)*.

The realized volatility (RV), constructed by simply summing up all successive
intra-daily squared returns, converges to the quadratic variation of the process as
sampling frequency n — oo. Andersen, Bollerslev, Diebold and Labys (2001) use

realized volatility as an estimator of variation or volatility of the process,

n
RV, =) r}, “BV, (4.33)
i=1
where ucp denotes uniform convergence in probability. RV is useful, in particular
in volatility modeling and forecasting.
As jumps are often linked to abnormal or tailed behaviors of returns, the assess-
ment of different RMs of jump variations is important. One way is to decompose

price jumps Ap, as in Duong and Swanson (DS: 2010) and Ait-Sahalia and Jacod
(2011) using pre-fixed truncation level 7, v > 0,

JTiy = Z (APS)2IAPS>7 + Z (APS)QIAPS<—% (4.34)

0<s<t 0<s<t

where [ is an indicator taking 1 if jump size is larger than « (upside truncated
jumps) or less than —v (downside truncated jumps). Intuitively, JT; , keeps all jumps
with absolute magnitude larger than .

In this chapter, we assess jump variations using different measures, jump power

variations formulated by power transformation of absolute log-price jumps (|Aps|?),
TP =Y |Ap,lY, (4.35)
0<s<t

and "upside" jump power variation measure, defined as

TPV = > [Ap|"ap0. (4.36)

0<s<t

J PVqﬁ retains the "upside" jump movements. Similarly, we could consider the
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"downside" jump power variation which keeps all the "downside" jump movements,
ie.,

TPV, =Y |Ap|Usp.<o. (4.37)

0<s<t
Finally, jump asymmetry could be measured by the so-called signed jump power

variation, defined as

JAg = |Ap|"Iaps0— Y [Aps|"Iap,<o- (4.38)

0<s<t 0<s<t

In the above expression, we are particularly interested in the case where ¢ is

larger or equal to 2. Note that for a large value of q, JP,,, JPV,},, JPV., JA,, are

q,t q,t
dominated by large jumps. For ¢ < 2, the jump variations are not always guaranteed
to be finite. The natural estimators for the above jump variations are based on power

transformation of intra-daily return, |r;,,|?, which we will discuss in the next section.

4.3 Realized Measures of Price Jump Variations

Our interest in this chapter is to construct and examine the realized measures (RMs)
of jump power variations such as J P, ;, J PVqﬁ, JPV, 4, JAqs, for a wide range of values
of ¢, and then use them for various prediction experiments. In this line of research,
note that for the case ¢ = 2, BKS (2010) develop the so-called realized semivariances

which are the estimators of JPV,%, JPV_ ;. PS (2011) build on these results and make

q,t
use of realized semivariances to forecast volatility. For the variations with ¢ # 2, GS
(2009) study the predictability of future RV using realized power variations. Realized
power variations are formed on the basis of the power transformation of absolute
return. They look for the optimal predictors of this type in the forecast. In their set-
up, the log-price process is a continuous semimartingale. In the following sections,
we briefly review the estimators used in GS (2009), BKS (2010) and PS (2011) and

JPV,,, JA: used in

then present the RMs of jump power variations JP,;, JPV,}, f

q,t

our chapter.

4.3.1 Semivariances and Realized Power Variations

We start by reviewing the estimators used in BKS (2010) and PS (2011). BKS (2010)

construct realized semivariances on the basis of square transformation of intra-daily
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return, 72 , defined as follows:

i\n

n

RS™ = Z (ri,n)Z I{Ti’n<0}7

=1

and
n

RST = Z (Ti,n)Z Iir, >0}

i=1
RS~ (RST) retains only negative (positive) intra-daily returns and could serve as
a measure of downside (upside) risks as pointed out in BKS (2010). They show that

RST and RS~ converge uniformly in probability to semi-variances,

1 t
RS+ — 5\/0 U§d3+Z(Aps)2[Aps>0: (439)

and .
1
RS~ — 5/0 o2ds + Z(Aps)2prs<o~

With the above limit results, realized measure of "downside" jump variation is

obtained by replacing fot o2ds with it’s estimator IV,

n

1 —
> il = 51V = Y (Ap)*Iap.<o- (4.40)

=1

In volatility forecasting experiments, PS (2011) use bipower variation for IV .
In addition, they construct the so-called "signed" jump variation variable, ARJ =

RS™ — RS~ that captures jump variation asymmetry,

ARJ =Y (Ap)*Iaps0 — > (Aps)’Iap,<o-

When jumps are not present, ARJ converges to 0 and there is no asymmetry in
volatility of (log) price process. When the process has jumps, ARJ could be a proxy
for jump variation asymmetry.

Turning to the discussion of variations with ¢ # 2, to our knowledge, very few
papers empirically examined realized power variations for forecasting. GS (2009)
examine the optimal realized power variation, n='*%/23"" |r; |7 (optimal q) in fore-

casting future RV. They build their estimators on the assumption that the price

62See BNS (2004) for the dicussion on bipower variation and integrated volatility.
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process follows Brownian Semi-martingale. Their implications are therefore restricted
to the higher order variation of log-price continuous component, fot olds, involving no

jumps. In such case, Ait-Sahalia and Jacod (2011) point out that for all ¢ > 0,

n t
n_1+q/2z |rin]? — Mq/ olds, (4.41)
i=1 0

where p, = E(|u|?) and v is a standard normal random variable.

4.3.2 Realized Downside and Signed Jump Power Variation

Understanding the role of variables that capture jump information is potentially im-
portant for applied practitioners. In this section, we first study recently proposed
realized measures of jump power variations JF, ;. The measures are constructed us-
ing power transformations of absolute intra-daily returns, based on recent limit theory
advances due to Jacod (2008) and BKS (2010). Furthermore, the limit theory that
we adopt then allows us to construct estimators of downside and upside jump power
variations, J PV;;, JPV,; for ¢ > 2, using intra-daily positive and negative returns.
These estimators are suggested by BKS (2010) as alternatives to the semivariances
implemented in PS (2011). Finally. making use of the RMs of JPV,%,, JPV, we de-
velop a novel proxy for jump asymmetry (i.e., realized signed jump power variation).
The RMs of jump power variations are defined as:

n

RPVyy =Y rinl,

i=1
for ¢ > 0.

The realized downside and upside power variations are defined as:

n
R‘];t = Z |711'J,rn‘qa
i=1

and .
Ry, = Il
i=1
for ¢ > 2.

For a brief discussion of the above realized measures, the convergences of the

above RMs to jump power variations occur when ¢ > 2. Therefore, in the prediction
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experiments, different from previous work, we are particularly interested a range of ¢
from 2 to 6 and allow for price process to contain jumps. Regarding RPV,;, we also
look at at the range of ¢ from 0 to 2 by applying a jump robust limit result of Jacod
(2008).

Regarding the limiting behavior of RPV,;, Todorov and Tauchen (2010) summa-
rize selected results from Barndorff-Nielsen et. al. (2005) and Jacod (2008). In their
set-up, the log-price process contains continuous martingale, jump and drift compo-
nents. The value of ¢ directly affects the limiting behavior of RPV, ;. For instance,
for ¢ < 2, the limit of RPV,; is determined by the continuous martingale. For ¢ > 2,
the limit is driven by jump component. When ¢ = 2, both continuous and jump

components contribute to the limit of RPV, ;. The results are as follows:

AV PRPV,, %, [T otds L if 0 < g < 2,

ucp

RPV,, “BV if g =2, (4.42)

ucp

RP‘/q,t—>JPq,t 1fq>2

BKS (2010) point out that we can go one step further to decompose jump power

variations into upside movements and downside movements, i.e.

RJf, =5 TPV},
{ ’ Cifg>2 (4.43)

RJ,, = JPV,,

As earlier mentioned, for ¢ < 2, the scaled RPV,, converges to power variations
of the continuous component, involving no jumps. Intuitively, with ¢ > 2, the scaled
RPV,4, RJ; +, J,, eliminate all variations due to the continuous component and keep
all the large jumps. In addition, the realized measures are more dominated by large
jumps for the high value of q. Conversely, for the case ¢ < 2, all jumps are eliminated
asymptotically.

Building on (4.43), we could construct the novel RMs of jump power variation
asymmetry, so-called "signed" jump power variation. It is straightforward to verify
that:

ucp

RJAy: = R}, — RJ;, % J A,

Note that this variable has not been studied in volatility forecasting literature. PS

(2011) study the predictability of the similar estimator, A R.J, constructed on the basis
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of realized semivariance. In our forecasting experiments, we examine the usefulness
of this new jump asymmetry variable, RJA,; with a wide range of values of ¢ > 2,
in future volatility forecasting.

As the last remark in our discussion of RMs of variations, in the predictive com-
parison of variables that capture information generated by jumps and the continuous
component, we need to select variables that measure the variation of the continuous
movements of price process. In this chapter we use multi-power variations, which are
estimators of f(f olds. Those estimators are robust to the existence of jumps. We
also utilize these estimators for the jump test implementation highlighted in the next
section. The multipower variations discard the impact of jumps by multiplying power

transformations of successive absolute intra-daily returns, i.e.,
n
m m ms
le,mg...,mj = E ’Ti,n’ l‘rifl,nl 2-'-"7'1'7]',71’ 7
i=2
where my my ..., m; are positive, such that > 1 m; = ¢.

4.3.3 Testing for Jumps

As discussed in the previous section, realized measures of jump power variations
RPVy,, RJ;’ v BJ y, RJAy: converge asymptotically to jump power variations J P, ;,
JPV;;, JPV,,, JAq: of the price process. Theoretically, this result also holds for
price process without jumps, yielding the limits of zeros. However, in finite sample,
it might be useful to implement a pre-testing step to determine whether the log-price
process has jumps. The pre-testing approach is developed by ABD (2007) and is
empirically examined in DS (2010) for the construction of RMs of truncated jump
quadratic variation. We follow this approach in our construction of variables that
capture information generated by jumps, in particular we use the jump test statistics
developed by BNS (2006) and Huang and Tauchen (2005).

Firstly, we review some theoretical results relating to testing for jumps, namely
testing whether J; # 0.

In pioneering work, BNS (2006) propose a robust and simple test for a class of

Brownian It6 Semimartingales plus Compound Poisson jumps®. In recent work, Ait-

03 A simplified version of the results of the above authors applied to (4.31) for the one-dimensional
case is as follows. If the process X is continuous, let f(x) = 2™ (exponential growth), let p, be the
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Sahalia and Jacod (2009a) among others develop a different test which applies to a
large class of Ito-semimartingales, and allows the log price process to contain infinite
activity jumps - small jumps with infinite concentrations around 0.

Regardless of the estimator that is used, the appropriate test hypotheses are:

Hy : p; is a continuous process in the interval [0, ¢]

H; : the negation of Hy (there are jumps)

If we use multipower variation, under the null hypothesis the test statistic which

directly follows from the CLT mentioned above is:
% <Z?:1(Ti,n)2 - IV) D
— — N(0,1)
\/IQ

and the so-called jump ratio test statistic is:

t —_~
Vi v
RSump =

S L
19[/@/([/{\/)2 ( > i1 (Tin)

where TV and I/@ are multipower variation estimators of integrated volatility

ft o2ds and f(f otds. BNS (2006) use Vi (bipower variation) and Vi 11;. In jump

LSump =

) L, N(0,1).

test implementation with multipower estimators, ABD (2007) suggest the use Vz 2 2

7373
(tripower variation) and ng a4 The reason we use tripower variation, V% 22, instead
of bipower variation, V 1, is that it is more robust to clustered jumps and note that:
IV = Va2 237 (4.45)

3

22
373

w \

and

Q=

where p, = E(|Z|") and Z is a N(0, 1) random variable.

~ | 3
wm
ol
IS

u; (4.46)

law N(0,02), and let p,_(f) be the integral of f with respect to this law. Then:

@(Anif(% /tpa ) /\/pg (f?) —p3,(f)dB (4.44)
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Andersen, Dobrev, Schaumburg (2008) suggest a different estimator that could
handle the case of consecutive jumps. This estimator is also more robust to occurrence

of zero-return. This robust jump measure is as follows:

n—1
IV = MedRV,, = med (|7i—1.nl |Ti—2.n| 1Ti—3.n
6—4\/§+ﬂ<”—2>§ (sl ri-anfbre-aal)

Of note is that an adjusted jump ratio statistic has been shown by extensive
Monte Carlo experimentation in Huang and Tauchen (2005), in the case of CCP
jumps, to perform better than the two above statistics, being more robust to jump
over-detection. This adjusted jump ratio statistic is:

n
t

Adjymp =

(1 - #) 2. N(0,1)
\/ngax(t—l7 _f@/(ﬁ/)Q) > i1 (rim)?

In general if we denote the daily test statistics to be Z; ,(«), where n is the number
of observations per day and « is the test significance level %, then we reject the null
hypothesis if Z; () is in excess of the critical value ®,,, leading to a conclusion that
there are jumps. The converse holds if Z;,(«) is less than ®,. In our empirical

application, Z; ,(«) is the adjusted jump ratio statistic.

4.3.4 Realized Measures of Daily Variations

With the availability of the RMs such as RPV,,, RJ;}, RJ,;, RJAq: and the jump
tests, in this section, we elaborate further on how to construct daily time series of
variables that captures information generated by the variations of log-price process
for forecast experiments.

For each day, we calculate the realized measures of jump power variations using a

05 we sample

high frequency price path. To mitigate the effect of microstructure noises,
data at five-minute frequency as suggested in Ait-Sahalia, Mykland and Zhang (2005).
The first group of predictors is constructed without jump tests. The second group of
predictors utilizes jump test adjusted technique by ABD (2007). We set n = 78, the

number of five-minute observations within a day, and consider the range of ¢ from 0.1

e, A, =1/n

65The main drawback of realized measures constructed on the basis of high frequency data is that
they are contaminated by mictrostructure noises. See Ait-Sahalia, Mykland and Zhang (2005) for
further dicussion.
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to 6, i.e. ¢ ={0.1,0.2,...,5.9,6}.

4.3.4.1 Predictors with No Jump Test

The daily times series of realized measures of jump power variations are formed at a
particular day ¢ as follows:
RPV,; = Realized qth order power variation at day t = 221 |75.78|7 with ¢ > 0,
RJ;t = Realized Measure of gth order upside jump power variation at day t =
78
>im1 (|7";,L78|q) , q > 2,
RJ,; = Realized Measure of qth order downside jump power variation at day ¢ =
Z?:l (|Ti_,78|q)7 q>2,
RJA,: = Realized Measure of gth order signed jumps power variation at day

t=RJ}, — RJ;,

q,t

q>2,
As noted before, realized ¢th order power variation with ¢ < 2 does not involve

jumps.
4.3.4.2 Predictors with Jump Test

First, the predictors are calculated as in section 4.3.4.1. Jump tests are then imple-
mented on daily basis and the predictors are adjusted accordingly. Specifically, RMs
of jump power variations at day t are positive if jumps are detected and 0 otherwise.
This simple approach is first studied by ABD (2007) in the construction of time series
of RMs of quadratic variations of jump component. Let Ij,.,,: be the indicator of
jumps, i.e. Ljymp: = 1 if jumps occur at day ¢ and [jump: = 0 otherwise. Then the
adjusted realized measure of jump power variations are expressed as,
RPV,, = Realized ¢ — th order power variation = I, * {221 |73.78]7},

RJ/, = Realized g—th order upside jump power variation = I, # {3 1o (Iri7s19) },

RJ,, = Realized ¢ —th order downside jump power variation = Ijymp{> 1 (|7i7s|?)},

RJA,+ = Realized q — th order signed jumps power variation = Iy * {RJ;r . —
RJ,.}.

4.3.4.3 Benchmark Realized Variations of the Continuous and Jump Com-
ponents

The RMs of quadratic variation (RV) and variation of continuous component are

formalized as in ABD (2007),
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RV J; =Variation of the jump component = max{0, RV, — I/X\/t} * Liump.t

RV Cy =Variation of continuous component = RV, — RV J,,

where IV} is an estimator of variation of continuous component fot o2ds. One could
use Tripower Variation or Truncated Power Variation. In the chapter, we use Tripower
Variation:

RV J, =Variation of the jump component = maz{0, RV, — I/I\/t} * Liump.t

RV C; =Variation of continuous component = RV; — RV J,.

As the above measures in section 4.3.4.1 and 4.3.4.2 depend on ¢, we take into
RJ
and RJA,; are assessed for a wide range of values of ¢, from 2.1 to 6, i.e. ¢ =

{2.1,2.2,....,5.9,60}. We end up with 40 sub-models (predictors) for each case. For

account the fact that larger ¢ magnifies larger jump in the sum. RPV,,, RJ; b

the realized power variation RPV, we set ¢ from 0.1 to 6.

4.4 Models and Forecast Evaluations

4.4.1 Model Specifications

In a classical paper, Ding, Granger and Engle (DGE:1993) find that the auto-correlation
of power transformation of daily return of S&P 500 is strongest when ¢ = 1, as op-
posed to the value ¢ = 2 widely used in the literature. This leads them to generalize
ARCH type model to the class of so-called Asymmetric Power ARCH (APARCH)
model. The APARCH specification allows for the flexibility of ¢ in the power ¢th
transformation of absolute returns. GS (2009) point out that this class of models
ends up working with volatility that is not measured by squared returns, which re-
searchers and practitioners care the most. Using the five-minute intra-daily returns
of the Down Jones Composite over the period 1993-2000, GS (2009) make a thor-
ough empirical correlation analysis of daily RV and realized power variations, with
the forecasting horizon from one to four weeks. They conclude that realized power
variation with ¢ = 1 and future RV display the strongest cross-correlation over the
first 10 lags. Beyond this first 10 lags, the cross-correlation holds for ¢ = 0.5. This
suggests that the prediction of RVs using variables such as realized power variation
might be a better approach compared to the lag of RVs. GS (2009) use the Mixed
Data Sampling Regression (MIDAS) models to investigate the predictive power of

realized power variation for ¢ < 2.
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We add to the empirical research on this topic by providing results on volatil-
ity forecasting using a variety of "new" variables that capture information generated
by jumps. In particular, we utilize RMs of jump power variations discussed in the
previous section. We estimate an extended Heterogeneous Autoregressive of the Re-
alized Volatility (HAR-RV) class of models. The HAR-RV model, initially developed
in Corsi (2009), has been implemented with success in a number of recent contri-
butions. These models are formulated on the basis of the so-called Heterogeneous
ARCH, or HARCH, a class of models analyzed by Miiller et al. (1997), in which the
conditional variance of the discretely sampled returns is parameterized as a linear
function of the lagged squared returns over the identical return horizon together with
the squared returns over shorter return horizons. Intuitively, different groups of in-
vestors have different investment horizons, and consequently behave differently. The
genuine HAR-RV model is formally a constrained AR(22) model and is convenient
in application as volatility is treated as if it is observed, when we fit regressions in
order to assess predictability. In the following, we describe the set-up of HAR-RV
and present the specifications that extends HAR-RV to incorporate our new jump
variables.

Define the multi-period normalized realized measures for jump and continuous
components as the average of the corresponding one-period measures. Namely for

daily time series Y;, we construct Y; ;. such that
Yierh = b7 Vg1 + Yigo + oo + Yiga), (4.47)

where h is an integer. Y; ) aggregates information between time ¢t +1 and ¢+ h. The
daily time series Y; could be the RMs such as RV;, RV J;, RV Cy, RPV,,, RJL, RJ,;, RJA,,
and ¢ = {0.1 + 0.1k }+=59.

In standard linear and nonlinear HAR-RV models, future RV depends on the past
of RV,

O(RVitin) = Bo + Bad(RVi) + B,d(RVis:) + B¢ (RVi_a2) + €tqn, (4.48)

where ¢ is a linear, square root or log function.

The incorporations of RMs of jump variations, RV .J; could be done as in ABD
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(2007), using the HAR-RV-J,

A(RVigin) = Bo + Bad(RV:) + B0 (RVi—s54) + Bd(RVieaay) + 6j¢(RVJt) + €4h,

or HAR-RV-CJ,

O(RVin) = Bo + Bad(RV Cy) + By d(RV Cyo5) + B d(RV Cionay) + B;40(RV ),
+ ijgb(RVJt_@t) + ﬁjm¢(RVJt_227t) + (S

ABD (2007) find that the class of log HAR-RV, log HAR-RV-J and log HAR-RV-
CJ models performs the best for several market indexes. DS (2010) revisit this class
of models but focus on the predictive performance of the models applied to Dow 30
individual stock returns. PS (2011) extend this class of models to assess different pre-

dictors, the realized semivariance and realized signed jump measure. Their extended
HAR-RV model is,

S(RVigsn) = By + B S(RS) + By ¢(RS,) + B3 ¢(RS, 5,) + B5 S(1RS, 5,)
+ B;_2¢(Rst+—22,t) + 552@5(1%5;22,7&) + Etth

Building on Corsi (2004), ABD (2007) and PS (2011), we extend the HAR- RV
to incorporate time series of RMs of jump power variations. In addition, we modify
the forecast set-up by examining the forecast of RV, rather than RVj,.,. The
specifications are presented as follows:

Specification 1: Class of standard HAR-RV-C Model (Benchmark Model),

O(RVin) = By + Bea®(RVCy) + By d(RVCisy) + Bom®(RV Cionot) + €rn. (4.49)

In this benchmark case, future RV s depend on lags of the variation of the contin-
uous component of the process.

Specification 2: Class of HAR-RV-C-PV(q) Model,

O(RVien) = Bo + Begd(RVCy) + B @(RVCi_54) + Lo ®(RV Ci_224)

+ B4 (RPVqs) + B (RPVyi54) + Bjmn@(RPVyt294) + €4, (4.50)

where RPV,; is qth order variation of the jump component. RPV,, 5; and
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RPV, ; 90, are calculated using (4.47). As discussed in the previous section, we allow
for a wide range of values of ¢ from 0.1 to 6. Note that when ¢ > 2, the implication
of this variable is jump power variations. With ¢ < 2, actually the limit is robust to
jumps as discussed in Section 2.

Specification 3: HAR-RV-C-UJ(¢q) Model (upside jump) is defined as,

O(RVirn) = Bo + Bead(BV Ch) + By®(RV Cist) + Bem@(RV Cronay)

+ Bab(RIS) + Blu@ (R 5.4) + BRIy 20) + €rsne (4.51)

This specification incorporates the RMs of ¢th order upside jump power variations
as explanatory variables to forecast future RV. Specifically, RJ;}, RJ;}_W, RJ; —22.1
measure the gth order power variation of positive jumps of today, previous week,
and previous month, respectively. RJ;t_&t, RJ; +_99¢ are calculated using (4.47). The
range of ¢ varies from 2.1 to 6.

Specification 4: HAR-RV-C-DJ(q) Model (downside jump),

O(RVien) = Bo + Bea®(BV Ch) + By ®(RV Cist) + Bem@(RV Cronay)

+ B50(BJ ) + B0 (B 50) + Bim®(B gy 00) + €rtn (4.52)

This specification incorporates the RMs of ¢qth order downside jump variations
as explanatory variables. Specifically, R.J ,, RJ, ; 5, RJ,; 55, are the RMs of the
qth order power variations of negative jumps of today, previous week, and previous
month, respectively. RJ,; 5, RJ , 4, are calculated using (4.47). The range of ¢
varies from 2.1 to 6.

Specification 5: HAR-RV-C-UDJ(¢q) Model (Full decomposition),

O(RVirn) = Bo + Bead(RV Cy) + By (RV Cisp) + Bend(RV Cronat)
+ B0 (RIS) + Bl (RIS 50) + Bim® (R, 24)

+ B;d(b(R‘](;t) + 6;w¢<RJ(;,t—5,t) + B;m¢(RJ(;t—22,t) + €tth- (4-53)

This specification fully decomposes realized measure of the ¢th order jump power
variation into upside and downside components. The predictors therefore contain

both upside and downside jump power variations, i.e. RJ,;, RJ;&_W, RJ;}_QM and
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RJ s Ry 54 B 90, We set the range of ¢ to vary from from 2.1 to 6 for this
specification.

Specification 6: HAR-RV-C-APJ(q) Model,

O(RVirn) = Bo + Bad(RV Ct) + By (RVCi_54) + B @(RV Cy_a2t)

+ 6jd¢(RJAq,t) + B, 0(RJAgi—5:) + 5jm¢(RJAq,t—22,t> + €. (4.54)

This class of models uses RMs of signed jump power variations, measures of
jump asymmetry, as explanatory variables for RV forecast. Specifically, predictors
are RJA,;, RJA 15 and RJA, 29, calculated using (4.47).

The estimation of the above models is simply done by OLS regression. We report
the parameters and measures of fit. Across all the specifications, there is a potential
issue of the serial correlation due to the long forecast horizons (h = 5,22). Though
serial correlation does not affect the consistency of the estimated parameters, robust
estimates of covariance matrix need be addressed. In our empirical experiments, we
apply both standard and robust heteroskedasticity-and- autocorrelation-consistent
(HAC) estimators of covariance matrix % .

In a different forecast experiment, we construct realized measures of the truncated

jump power variations following the similar approach as in DS (2010). Specifically,

we define the RMs of jump power variations truncated at a fixed level v to be:

RI; () = D [rin|Lin, r
i=1

Similarly for the RMs of downside jump power variations truncated at fixed level

Vs
n
RI;(7) = ) IrimlTyer, <0,
i=1
and for realized measure of upside jump power variations truncated at fixed level
Vs

n

RJ;(’}/) = Z ‘ri,n|q[0<7‘i,n<’)“

i=1

66For Hac estimator, we use Newey-West estimator.
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Then, if one is interested in jumps with magnitude less than v in the forecast of
future RV, the time series of RJ,;, RJ ;, RJ&; on the right hand side of forecasting
equation(4.50) (4.51) (4.52) (4.53) (4.54) could be replaced by RJ, (), RJ, (), RJ; (7).
In this context, we assume that the modeler has a predetermined knowledge of +. In
our empirical implementation, we choose 7 on the basis of the sample of maximum
of monthly increments which represents monthly abnormal events. A question we
would want to see is whether the choice of larger v has an impact on the volatility
prediction.

Note that we could obtain the optimal value of ¢ for prediction of volatility under
a certain measure of fit criteria such as the minimum mean square error. However,
this is not the aim of our chapter. By using a wide rage of values of ¢, we are
more interested in capturing the pattern of the predictive powers of the RMs of jump
power variations. The pattern also helps in approximating the optimal value of ¢ in
the prediction.

Regarding the predictive regression of the above models, note that for specification
2, we need to estimate 60 linear regression equations, depending on ¢ from 0.1 to 6.
For each specification 3,4,5 and 6, we need to estimate 40 linear regression equations,
depending on ¢ from 2.1 to 6. A straightforward way to assess the usefulness of the
RMs is to compare the predictive accuracy, measured by mean square errors or >
across all values of ¢. In the next section, we discuss the forecast evaluation methods

that are being used in empirical implementation.

4.4.2 In-Sample and Out-of-Sample Forecast Evaluation

For each specification, we fit the above forecasting equations by ordinary least square.
The forecast horizons that we examine in this chapter are set to be h = 1, 5,22 which
are the one day ahead, one week ahead and one month ahead horizon, respectively.
Our model specifications extend the standard HAR-RV models, as presented in pre-
vious section. For each specification, we have 40 sub-models, corresponding to 40
different values of q. Once a measure of fit is obtained, we present it as a function of
g and the relationship between ¢ and the measure of fit could be plotted. Regard-
ing the measure of fit, a straightforward way is using in-sample adjusted R2. The

other favored measure of fit is the out-of-sample R?, calculated from projection of
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the predictive RV sample on the sample of forecasted RV implied by the model. For
the pairwise model comparisons, we use the Diebold-Mariano (DM:1995) test and
quadratic loss function.

Specifically, the entire sample of T" observations is divided into two samples, the
estimation sample containing R observations and the prediction sample containing
P = T — R observations. The traditional in-sample adjusted R? is calculated using
entire sample 7.

For the out of sample forecast, we calculate the R? using recursive, rolling or fixed
estimation schemes. If the forecast horizon h = 1 and the recursive estimation are
used, the model is to be fitted by P regressions using data chunks from 1 to R, 1
to R+ 1,...1 to T — 1. Alternatively, we could use the rolling scheme where the P
regressions are implemented using data chunks 1 to R, 2to R+1,....,T — PtoT —1.
The fixed scheme requires the estimation using the entire sample. After this step, we
could calculate P predicted values implied by the models. Next, the out-of-sample
R?s are obtained by simply regressing the prediction sample on the forecasts implied
by the models. Note that the above procedure is presented with forecasting horizon
h = 1. For the general forecast horizon h and the recursive scheme, the models are
fitted P times using data chunk from 1 to R—h+1,1to R+1,...1 to T'— h. For the
rolling scheme, P model-implied forecasts are obtained by the estimation using data
chunk from1to R—h+1,2to R+ 1,....T—P—h+1toT — h.

Now turn to predictive equality accuracy test of Diebold and Mariano (DM: 1995),
we could formally make a pairwise comparisons of any two models by applying this
test. Suppose we are interested in the comparison of two models i = 1,2 using the

times series y;, t = 1,2, ..., 7. The mean square forecast error (MSFE) is defined as

T—h+1

MSFE=>"" (yien—Gisn)’
T=R—h+2

where ¥; ¢+, is the forecast for horizon h for model i. Denote ;145 to be model’s
prediction error of model i. The hypothesis could be set up as. The null H, :
E(eit i) — F (s§7t +h) = 0 and alternative H; : not Hy. The actual statistics is con-
structed as: DM = P~'3°0_ (d,/5) where d, = é\fﬁh — §§7t+h, a the comparative
measure of fit between the two models. @ is the the estimator of standard deviation

of (ZkP=1 d:)/P. The choice of this estimator could be set as a heteroskedasticity and
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auto-correlation robust estimator (HAC). In addition, to the acceptance and rejec-
tion outcome of the test on the basis of the test statistics, we could also infer that
the negative statistics implies that model 2 is preferred to model 1 as it’s statistics

measure of fit over the out of sample forecast is superior.

4.4.3 Alternative Models to HAR-RV and Other Issues

Given the main focus of our chapter is to assess the predictability of the new group of
variables that capture information generated by jumps, we use the simple predictive
regression models, i.e. the extended HAR-RV in this chapter. For an alternative to
the extended HAR-RV class of models, the GARCH-based model as in BKS (2010)
could be considered. The other approach is using stochastic volatility models. Both
approaches require us to treat true volatility as an unobserved variable. In this
context, RVs are additional variables that capture rich information generated by high
frequency data sets. Stochastic Volatility (SV) model in discrete time is discussed
in depth by Shephard (2005). We could use models that inputs RV variable into
volatility equation. One way is to estimate the bivariate return - stochastic volatility
system building on Liesfield and Richard (2003) filtering framework. In the context
of mixed data sampling, one could also implement non-linear regression MIDAS as
used in Ghysels and Sohn (2009) as an alternative to HAR-RV model.

In addition, with the choice of volatility estimator, variables that capture informa-
tion generated by jumps (RMs of Jump Power Variations), jump test statistics, and
predictive models as discussed in previous sections, before moving to the discussion on
empirical findings, it is useful make an comparative overview on empirical strategies
implemented in our chapter and other related papers. The following list summarizes
the selected papers that examine jumps and higher order power transformation of

absolute returns to predict future volatility.



148

Summary of Related Work using RMs of Power Variations for Volatility Prediction®?

Paper HFD Jumps Dow/Upside Power ¢ Jump Test Truncation
DGE (1993) No No No 0-5 No No
LM (2005) Yes Yes No 0-2 No No
ABD (2007) Yes Yes No 2 Yes No
GS (2009) Yes No No 0-2 No No
PS (2011) Yes Yes Yes 2 No No
Duong (2012) Yes Yes Yes 0-6 Yes Yes

In the above list, note that our work makes a thorough examination of jumps
variations by using a wide range of values of ¢ compared to other papers and we
also consider jump test adjusted RMs in predictions. In the next section, we present

empirical findings of our chapter.

4.5 Empirical Findings
4.5.1 Data Description

For empirical implementation in this chapter, we implement the forecasting experi-
ments on S&P 500 futures for the period 1993-2009. We also look at Dow 30 com-
ponents in the period 1993-2008 as in DS (2010). The data source for stocks is the
TAQ database. In the data processing, we follow the common practice in the litera-
ture by eliminating from the sample those days with infrequent trades (less than 60
transactions at our 5 minute frequency).

One problem in data handling involves determining the method to filter out an
evenly-spaced sample. In the literature, two methods are often applied - previous tick

filtering and interpolation (Dacorogna, Gencay, Miiller, Olsen, and Pictet (2001)).

67The table summarizes the selected papers that examine jumps and higher order power trans-
formation of absolute returns to predict future volatility. The first column is the list of papers
under consideration. The second, third and fourth column provide information whether the paper
in the list utilizes high frequency data (HFD), jumps, downside/upside jumps, respectively. The fifth
column provides the range of order q used in each paper. The sixth and seventh column provide
information whether the paper implements jump test adjustment technique as in ABD (2007) and
whether the paper looks at truncated jumps (truncation) in the construction of jump variables for
volatility prediction, respectively.
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As shown in Hansen and Lund (2006), in applications using quadratic variation, the
interpolation method should not be used, as it leads to realized volatility with value
0 (see Lemma & in their paper). Therefore, we use the previous tick method (i.e.
choosing the last price observed during any interval). We restrict our data-set to
regular time (i.e. 9:30am to 4:00pm) and ignore ad hoc transactions outside of this
time interval. To reduce microstructure effects, the suggested sampling frequency in
the literature is from 5 minutes to 30 minutes®®. As mentioned above, we choose the

5 minute frequency, yielding a maximum of 78 observations per day.

4.5.2 Prediction without Jump Test

First, we calculate all daily RMs as discussed in section 4.3.4 for S&P 500 futures.
For each realized measure, we end up with a time-series of size 7' = 4123. In the
out-of-sample forecasting experiments, we choose prediction sample size, P = 410,
and estimation sample size, R = 3713, respectively.®”

Models considered in our empirical application are discussed in Section 4.3. We
present all the specifications in Table 4.2. For a quick summary, the specification
1 (benchmark model), HAR-RV-C incorporates only RMs of continuous component
variations as predictors. The specification 2, the HAR-RV-C-PV (¢ > 0) uses RMs
of continuous component variations and RMs of ¢th (jump) power variation com-
ponents as predictors’. The specification 3, the HAR-RV-C-UJ (¢ > 2) uses RMs
of continuous component variations and RMs of the ¢th order "upside" jump power
variation components as predictors. The specification 4, HAR-RV-C-DJ (¢ > 2)
utilize continuous component variations and the gth order "downside" jump power
variation components as predictors. The specification 5, HAR-RV-C-UDJ (¢ > 2)
builds directly on specification 3 and 4, and uses both RMs of the gth order upside
and downside jump power variation components in predictions. The specification 6,
HAR-RV-C-APJ examines variables that capture jump asymmetry by incorporating

RMs of the signed ¢th order jump power variations in the prediction. The formulation

08See Ait-Sahalia, Y., Mykland, P. A., and Zhang, L. (2005)

69We also implement other choices for P =210, 310, 510, 610,710 and results show the same
pattern, which are available upon request.

"OFor q>2,the realized power variation converges to the jump power variation. For q<2, the
standardized realized power variation converges to power variation of continuous component as
discussed in Section 3.
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of the time series, RPV,, RJL, RJ,; and RJA,; is shown in details Section 4.3.4.
The empirical analyses of exchange rates, equity index returns, and bond yields
in ABD (2007) suggest that the volatility jump component is both highly impor-
tant and distinctly less persistent than the continuous component, and that separat-
ing the "rough" jump movements from the smooth continuous movements results in
significant in-sample volatility forecast improvements (i.e. the linear and nonlinear
HAR-RV-CJ models perform better than the other two classes of models).

We first provide a brief discussion on the performance of the models for S&P fu-
tures. In our chapter, the predictive performance of a model is measured by both its
in-sample and out-of sample R?, which is similar to approach taken in ABD (2007).
We also carry out the Diebold-Mariano (1995) predictive equivalence tests to deter-
mine whether the choice of order ¢ matters for the ¢th order jump power variations
in forecasting future RV.

Turning to our regression results, Table 4.1 reports the regression estimates, in-
sample and out-of-sample R? values for the linear, square root and log HAR-RV-C
models at daily (h = 1), weekly (h = 5) and monthly (A = 22) prediction horizons.
The entries in bracket are t-statistics calculated using the Newey-West estimator
with auto-correlation up to 44 lags™. Regarding in-sample and out-of-sample R?s,
as shown in the table, the square root models and log models perform much better
than their linear counterpart regardless of the prediction horizon. For instance, at the
forecasting horizon h = 1, the in-sample and out-of-sample R? of square root models
are 0.45 and 0.34 while those of the linear counterpart are 0.35 and 0.24, respectively.

In addition, the estimates of 3.;, B.,, B, and t-statistics confirm the long memory

cw
persistent feature of volatility. For the linear model with A = 1, the t-statistics of the
monthly forecast parameter is 7.81, implying that the continuous component of the
previous month could help the one-day-ahead prediction of volatility. This statistical
pattern holds for square root and log models across all forecast horizons. In addition,
at prediction horizon h = 22, while the in-sample R?s are large, the out-of sample
results show an opposite direction.

In the formulation of RMs of jump power variations, RPV,,, RJqut, RJ,;, and
RJA,;, order ¢ is gridded by 0.1 from 2.1 and 6, i.e ¢ = {2.1,2.2,...,5.8,5.9,6}.

"THAC estimator is known to be robust to both heteroscedasticity and auto-correlation.
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The choice of maximal ¢ = 6 is sufficient to determine the effect of large jumps
and their predictive power. With ¢ > 2, the realized (jump) power variation,
RPV,,, converges asymptotically to jump power variations of log-price process. In
addition, larger ¢ effectively eliminates the effect of continuous component and smaller
jumps and magnify the impacts of large jumps. In the presentation of results, we
choose ¢ = 2.5 and ¢ = 5, the two representative cases for small and large jump
power variations. Table 4.3A, 4.3B, 4.3C, 4.3D report predictive regression estimates
of the two cases. Each table involves linear, square root or log model. All the
numbers in the brackets are t-statistics. For the in-sample forecast results, jump
coefficients are not statistically significant for ¢ = 5 (large jumps). The results hold
across all model specifications. For ¢ = 2.5, the t-statistics are significant for 3,
in HAR-RV-C-PV linear and square root models. Similarly, the t-statistics are 2.366
and 2.1 for forecasting horizon h = 1 in HAR-RV-C-PDJ linear and square root
models. Regarding the full "decomposition" HAR-RV-C-PDUJ model, we find that
the downside jumps have an impact on future RV at one-day-ahead forecast horizon
(h = 1). In particular, for linear model, Table 4.3C shows that the t-statistics for 3,
is 2.138. All the upward jump variations have small impacts on the prediction. More
interestingly, correlation between the past RAJ(q) and and future RV is strong across
all forecast horizons (daily, weekly and monthly) for all models under consideration
(linear, square root, log). Table 4.4 depicts the findings in the group of log models,
showing the t-statistics for 3, of 10.05 (daily), 9.15 (weekly), 10.01(monthly) for case
q¢ = 2.5 and 10.76 (daily), 9.91 (weekly), 11.08 (monthly) for case ¢ = 5. The finding
strongly suggests that jump asymmetry matters for modeling future RV, at least at
the shorter horizon. In addition, the asymmetry holds for both large and small jumps.

Turn to the analysis of the predictive comparison, our prediction experiments
show improvements for both in sample and out of sample once RMs of jump power
variations are used as additional predictors in volatility forecasting. For example, at
the forecast horizons h = 1 and h = 5, the out-of sample R?s of the HAR-RV-C square
root models are 0.341 for h = 1 and 0.244 for h = 5 compared to that numbers of 0.368
and 0.262 of HAR-RV-C-PV models. This is equivalent to 8% and 7.5% increases in
R? if we switch from HAR-RV-C to HAR-RV-C-PV models. However, as shown in

"2In our implementation, for ¢ > 6, the prediction results are almost the same as the case ¢ = 6
and therefore are not presented.
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the table, the continuous component, RV C, dominates in all prediction experiments,
which is consistent with the previous findings in the literature on volatility forecasting
using high frequency data. There are little improvements in R? for HAR-RV-C-PDUJ
in the prediction. Interestingly, the table suggests in-sample and out-of sample R? be
smaller for the larger ¢ when we examine prediction experiments for the case ¢ = 2.5
and ¢ = 5. Once we consider a wider range of values of ¢, this pattern is clear as
shown next.

Table 4.4 shows the Diebold and Mariano (DM) test statistics for fixed, recursive
and rolling schemes. In the construction of the statistics, denoted in the table as DM
Stat, we make a restriction for ¢ to be larger or equal to 2.5, i.e. (¢ = {2.5+k*0.1}F=3%)
and then search for the values of ¢ that yield the maximal and minimal mean square
errors. More specifically, g, denotes the the value of ¢ that yields biggest R? and ¢,
denotes the value of ¢ that yields the smallest R2. The table shows that g is smaller
than ¢,. In addition, for most of the models, the value of ¢, is 2.5 and the value of ¢,
is 6. We test whether the predictions of future volatility using RMs of (jump) power
variations as predictors differ if ¢, and ¢, are used. The results of DM tests show that
most of the t-statistics are significant, regardless of which forecast scheme is used. In
particular, the results are stronger for downside jump measures.

Finally, the pattern involving R?s suggested in the above discussion is confirmed
by our figures shown in the appendix. In Figure 4.1, we plot the in-sample adjusted
R?s of all linear and nonlinear models across horizon h = 1,5 and 22. The vertical
axis ranges from 0 to 1 for the value of the R?. The horizontal axis ranges from 0.1
to 6, representing the 60 grid points of value of ¢, i.e. ¢ = {0+ 0.1 x£}$°,. In those
plots, except for HAR-RV-PV models, we focus on the part of the curves on the right
side of 2 as convergence to jump power variation occurs only when ¢ > 2 (see e.g.
Todorov and Tauchen (2010) and BKS (2010)). The purple curve represents the R%s
of HAR-RV-C-PDUJ model (full decomposition). The light blue curve represents the
R?s of HAR-RV-C-AJP model. The dark purple curve represents HAR-RV-C-PUJ
model. The light green curve represents HAR-RV-C-PDJ. The dark blue curve and
orange curve represent the R?s of HAR-RV-C-PV and the benchmark model HAR-
RV-C model, respectively. Notably, for ¢ > 2 the R? is monotonically decreasing in

q. These results are consistent with what we found in Table 4.3. With the monotonic
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pattern, all the curves look very close to one another, except for HAR-RV-C-PDUJ
and HAR-RV-C-AJP model. HAR-RV-C-PDUJ model is slightly better for daily and
weekly horizon while HAR-RV-C-AJP model is slightly superior for monthly horizon.
It is also clear that the R?s of all models are higher than those of the benchmark
model. This suggests that higher order jumps be helpful in prediction of future RV.
The predictive power of large jumps power variations dies out as ¢ becomes bigger. As
the higher order jump power variations are dominated by large jumps, the observation
suggests that large jumps play less important role in the prediction and dies out when
the value of ¢ is larger than 6.

Finally, we also plot the results for the mean square errors across power ¢, as
shown in Figure 4.4. The shapes of plots are in opposite direction to R?, supporting
our earlier findings. In addition to S&P futures, we also implement the volatility
prediction applied to individual stocks in the Down 30. We get the similar pattern.
However, the optimal values of ¢ in the prediction for those stocks are smaller than
2 and mostly stick around 1, which is consistent with the findings in GS (2009). We
show the results for several individual stocks of the Dow 30 components in Figure

4.573. The patterns are obviously similar to S&P futures.

4.5.3 Prediction with Jump Test and Truncated Jump

In the previous section, we present a set of results which are purely based on the RMs
of jump power variations which are not adjusted for the jump tests. Theoretically, the
realized measures should converge to jump power variations. In finite sample with the
sampling choice of 5 minutes (n = 78 per day), ABD (2007) develop a straightforward
procedure to separate the variation of log-price process due to jumps. We follow this
approach to adjust the realized measures of jumps for any day that jump does not
occur. In particular day, we first test for jumps using the simple jump test procedure
and set the realized measures of jumps to be 0 once the jump statistics is significant.
With the new time series of RPV,, RJ(;;, RJ,; and RJAy;, we then carry out the
similar forecast experiments as in previous section.

The results show similar pattern as earlier findings. Figure 4.2 plots the in-sample

R?s for all specification and horizons while Figure 4.3 plot the out of sample R?s for

"3We present the result for 4 stocks. Results for other stocks in Dow 30 are avaialbe upon request.
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linear, square root at the forecast horizon h = 1 and h = 5. Across all plots, HAR-RV-
C-PDUJ is slightly better for and daily and weekly horizon while HAR-RV-C-AJP
is slightly better for monthly horizon. Regarding all specifications from 2 to 6 of
linear square root and log models, the R?s are higher than those of the benchmark
model. This result is consistent with the earlier findings that higher order jumps help
in prediction of future. In addition, similar to the above discussion, large jumps play
less important role in the prediction and dies out. In comparison of out-of sample
R2s between jump test and no jump test cases, we see a marginal improvement in
the jump test case. Though the increase is very small, this would suggest jump test
might be helpful in the forecast experiments using jump variations.

As an additional remark, as shown in Figure 4.3A and 4.3B for S&P futures,
the out-of-sample results for the no-jump-test case point out the scenarios where the
optimal predictive values of ¢ are larger than 2, as opposed to the the results found
in earlier in the literature where ¢ is around 1. Interestingly, the curves change when
jump tests are implemented. For linear models at horizon h = 1 and h = 5, the
optimal ¢ is larger than 2 in Figure 4.3A (no jump tests) and is less than 2 in Figure
4.3B (with jump tests). Conversely, for the linear model, the optimal ¢ is larger than
2 when jump tests are implemented. This illustration therefore also suggests that the
implementation of jump tests could affect the results of the prediction.

Now turn to the truncated jumps variables, as discussed in section 4.4.1, we trun-
cate large jumps on the basis of percentiles of the time series of monthly largest incre-
ments, as implemented in DS (2010). For the experiments, we pick v = 5th, 10th and
25th percentile of the sample spanning period 1993-2009, i.e. we discard all the jumps
larger than this threshold and construct the new time series RPV,,(v), RJS(7),
RJ,(v) and RJAg(v). We then implement forecast using specifications as in 4.1.
Interestingly, the results are almost the same as in the above discussion, implying
that the larger jumps matter little in the prediction of future volatility.

In summary, our analysis demonstrates that: (i) Continuous component domi-
nates in the predictions. (ii) There is a strong correlation between our jump power
variation based jump asymmetry variable and future realized volatility and down-
side jumps matters more than upward jumps in the prediction. (iii) Incorporation of

downside and upside jump power variations might help in prediction but to a limited
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extent in term of both in-sample and out-of-sample prediction. (iv) There is a strong
pattern that higher order jump power variations help less in the prediction of realized
volatility, regardless of model specifications that we consider.(v) We find the evidence
that the optimal value of ¢ could be larger than 2, depending on the set-up and jump
implementation. (vi) Finally, the implementation of jump tests might change the

results in the predictions.

4.6 Concluding Remarks

In this chapter, we build on the recent theoretical results of Jacod (2008) and Barndorff-
Nielsen and Shephard (2004, 2006) and BKS (2010) to assess large jump power vari-
ations, downside (upside) jump power variations, and asymmetry jump power varia-
tions. In particular, we look at the role of those variables in the prediction of future
realized volatility. We do so by extending the class of approximate long memory
model, HAR-RV. Our results are consistent with the earlier findings in the litera-
ture, such as ABD (2007) that continuous component dominates in the prediction of
future realized volatility. The separation of continuous and jump components could
help in increasing in-sample and out-of- sample R?. In addition, we find a pattern of
predictability in which past "large" jump power variations help less in the prediction
of future realized volatility, than past "small" jump power variations. This suggests
the "larger" jumps might help less in the prediction of future realized volatility than
"smaller" jumps. Regarding jump asymmetry, there is an evidence that the signed
jump power variation has a strong correlation with future RV. Our results also show
that downside jump power variation might matter for modeling future RV. Moreover,
in various experimental setups, the (forecast) best values of q are larger than 2 for
S&P futures. Finally, incorporation of downside and upside jump power variations

does improve predictability, albeit to a limited extent.
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Table 4.1: HAR-RV-C Predictive Regression for S&P 500 futures (Benchmark)*

Linear Model

Square Root Model

Log Model

Bo  Ba  Bu  Bm

60 Bd ﬁw ﬁm

BO Bd Bw 6m

h=1 (Daily Forecast)

0.000 0.089 0.060 1.654

(-0.67)  (1.93)  (0.38)  (7.81)

2

2
in (

R 'out)

RZ ) = 0.35(0.244)

-0.002 0.067  0.117 1.001

(-1.569) (2.70)  (1.70)  (11.91)

2 p2
Rin(R

2 ut) = 0.45(0.341)

-0.200 0.167  0.099 0.716

(-1.15)  (7.04) (1.66) (11.71)

2 02
Ri (R7,) = 0.45(0.388)

h=5 (Weekly Forecast)

0.000 0.058 -0.075 1.832

(-0.71)  (0.51)  (-0.43)  (10.31)

2 52

R, (R ,¢) = 0.35(0.169)

-0.001 0.055 0.037 1.077

(-1.00)  (0.94) (0.40) (12.62)

2 n2

Rin(Rout) = 0.44(0.244)

-0.346 0.134 0.142 0.688

(-1.84)  (5.80)  (2.40)  (10.85)

2 2

R (R7,¢) = 0.43(0.296)

h=22 (Monthly Foreast)

0.000 -0.034 0.387 1.375

(0.32)  (-0.89)  (3.47)  (11.86)

2 52

R, (R ,¢) = 0.33(0.026)

0.000 0.011 0.137 0.978

(0.18)  (0.41) (1.92) (15.04)

2 52

R (R ,) = 0.41 (0.0357)

-0.772 0.076  -0.014 0.847

(-3.08)  (3.24) (-0.19) (12.39)

2 2

R, (RS ,¢) = 0.38 (0.033)
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Table 4.2: Summary of Model Specifications for RV Forecasting

Specification 1 ¢(RV ) = By+Ba¢(RVC,) + B, 0(RVC, 5,) + B, 0(RVC, 4,)

TE€tth
Specification 2 ¢(RViyn) = By + Beg®(RV Cy) + Boyd(RV Cris) + Bon®(RV Cip-22)
(HAR-RV-C-PV(q)) +61a0(RPVy4) + B0 @(BPVari—5) + Bn@(BPV4-22)
TE€t+h
Specification 3 (RVign) = By + Bead(RVCy) + Byd(RV Crios) + B d( RV Chya)
(HAR-RV-C-UJ(q)) B0 (R4 5.4) + Biud (R 50) + Bim®(R gy 024) + €ren

Specification 4 @(RViyn) = By + Bogd(RV Cy) + By ®(RV Cii—5) + Bem®(RV Cri—22)

(HAR-RV-C-DJ(q)) +6;d¢(Rqut75,t) + ﬁj_wgb(Rquth,t) + Bqub(Rqut722,t) + €Etyn

Specification 5 ¢(RVign) = By + Beg®(RV Ct) + By @(RV Ci_s 1) + Bom@(RV Ci_o.4)
(HAR-RV-C-UDJ(q)) +Ba0(RI gy 5.0) + Biud(RIgys5.0) + Birnd(RJ gy 22,)

+B5a Ry 54) + B (B gy s54) + Bim® (R4 204) + €

Specification 6  ¢(RViin) = Lo + Beg®(RV Cy) + Bp@(RV Ci_54) + Bon®(RV Ci_224)
(HAR-RV-C-APJ(q)) +Bap(RTAgs) + B, 0(RTAgi—5:) + Bin@(RIAgi—22) + €rin

* The table 4.1 summarizes the estimation of HAR-RV-C model at daily (h=1), weekly (h=>5) and montly
(h=22) horizon. For each horizon, the first row entries are the parameter estimates, the second row entries in bracket
are t-statistics. The third row reports Ry and Ro, the in and out-of- sample R-square of the predictive regressions,
respectively.
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Table 4.3A: Predictive Regression for qg=2.5 and q=>5 for S&P 500 Futures *

Linear Models

Square Root Models

Log Models

h=1 h=5 h=22 h=1 h=5 h=22 h=1 h=5 h=22
q=2.5 0.001 0 0.001 0.006 0.005 0.008 -0.519 -0.702 -1.228
60 -3.035 -1.737 -2.107 -3.444 -2.885 -3.286 (-1.902)  (-2.369) (-3.290)
q=>5 0.001 0 0.001 0.003 0.004 0.006 -0.38 -0.55 -1.024
-3.171 -2.345 -2.468 -2.486 -2.455 -3.136 (-1.620) (-2.173)  (-3.203)
q=2.5 0.066 0.004 -0.072 0.02 0.024 0.031 0.174 0.136 0.075
Bcd -1.448 -0.031 (-1.090) -0.599 (0.347 -0.674 -6.808 -5.691 -2.978
q=5 0.073 0.019 -0.078 0.056 0.056 0.029 0.169 0.133 0.071
-1.771 -0.17 (-1.319) -1.786 (0.961 -0.71 -6.893 -5.73 -2.944
q=2.5 -0.122 -0.251 0.421 0.015 -0.116 0.111 0.087 0.128 -0.017
Bcw (-0.812)  (-1.419) -2.79 -0.177  (-1.058)  -1.247 -1.346 -2.102 (-0.217)
q=5 -0.067 -0.197 0.429 0.061 -0.065 0.088 0.098 0.137 -0.012
(-0.443)  (-1.151) -2.944 -0.777  (-0.616) -1.015 -1.594 -2.289 (-0.164)
q=2.5 0.701 1.23 0.686 0.52 0.695 0.37 0.681 0.653 0.793
ﬁcm -2.472 -4.925 -2.215 -3.628 -4.685 -1.933 -10.055 -9.149 -10.088
q=> 1.25 1.569 1.029 0.854 0.973 0.784 0.691 0.666 0.818
-6.84 -10.869 -5.276 -9.239  -10.025  -7.699 -10.764 -9.918 -11.084
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Table 4.3A: Predictive Regression for q=2.5 and q=>5 for S&P 500 Futures (Cont.)

q=25  0.072 0.214 0.165 0.108  0.067  -0.042 -16.351  -9.511  -2.187

Bja 0434 1.317) 0.7 1,942 -0.879  (-0.426) (-1.441)  (-0.787)  (-0.143)
q=5 18.272  56.886 71.9 0.625  -0.05 -0.84 -2597 -1047 3180

-0.351  1.171)  -1.002 -0.563  (-0.035)  (-0.451) (-0.877)  (-0.302)  -0.889

q=25  0.788 0.793  -0.186 0.321 0471 0.08 27.949  30.637  10.902

Biw -1.628  1.775)  (-0.543) -1.916  -2.573  -0.544 -0.872 -0.97 -0.362
q=5 194.637 195392  -76.421 3.984 7134 3.415 2032 6163 127

21,158 -1.469  (-0.808) -1.064  -1.884  -1.223 -0.215 -0.68 -0.016

q=25 118 0.46 1.236 0.387  0.195 0.746 32416 26.803  51.586

Bim -2.238  -0.893  -1.976 -1.969  -0.793  -2.742 -0.984  -0.726  -1.389
q=5 114426 221  211.491 0.879  -1.852 2.98 10776 6132 10073

-0.714  -0.017  -1.346 -0.245  (-0.454)  -0.987 -1.066 059  -1.056

RZ =25 0376 0.372 0.333 0.463  0.452 0.418 0.452 0.434 0.383
q=5  0.368 0.368 0.333 0.455  0.446 0.414 0.451 0.434 0.383

RZ, a=25 0315 0.199 0.033 0.368  0.262 0.04 0.39 0.297  0.032
q=5  0.244 0.167 0.027 0.344 0.24 0.037 0.389 0.296 0.032

* The table 4.3A summarizes the regression parameter estimates for HAR-RV-C model at daily (h=1), weekly
(h=5) and montly (h=22) horizon. For each parameters corresponding to q=2.5 or q=5, the first row entries are the
parameter estimates. The entries in bracket in the second row are t-statistics. The four rows at the bottom report
R;n and Rout, the in-sample and out-of- sample R-squares of the predictive regressions for the case q=2.5 and q=5,
respectively.



160

Table 4.3B: Predictive Regression for q=2.5 and q=>5 for S&P 500 Futures *

Linear Models

Square Root Models

Log Models

h=1 h=5 h=22 h=1 h=5 h=22 h=1 h=5 h=22

q=2.5 0.001 -0.702 -1.228 0.006 0.005 0.008 -0.525 -0.710 -1.236

60 (3.024)  (-2.369)  (-3.290) (3.462)  (2.886)  (3.281) (-1.917)  (-2.385)  (-3.300)
q=5 0.001 -0.550 -1.024 0.004 2.489 0.006 -0.384 -0.554 -1.027

(3.175)  (-2.173)  (-3.203) (2.533)  (0.004)  (3.145) (-1.632)  (-2.184)  (-3.203)
q=2.5 0.069 0.136 0.075 0.023 0.025 0.030 0.174 0.136 0.074

5cd (1.465) (5.691) (2.978) (0.675)  (0.359)  (0.653) (6.812) (5.653) (2.955)
q=5 0.078 0.133 0.071 0.058 0.968 0.027 0.169 0.133 0.071

(1.779) (5.730) (2.944) (1.813)  (0.058)  (0.673) (6.894) (5.715) (2.927)

q=2.5 -0.122 0.128 -0.017 0.018 -0.113 0.109 0.087 0.130 -0.016

Bcw (-0.800)  (2.102) (-0.217) (0.222)  (-1.037) (1.226) (1.345) (2.125) (-0.203)
q=5 -0.070 0.137 -0.012 0.063 -0.633 0.085 0.099 0.136 -0.012

(-0.456)  (2.289) (-0.164) (0.804)  (-0.061)  (0.976) (1.601) (2.286) (-0.156)
q=2.5 0.656 0.653 0.793 0.503 0.682 0.371 0.679 0.651 0.792

ﬁcm (2.211) (9.149)  (10.088) (3.442)  (4.541)  (1.966) (10.050)  (9.121)  (10.043)
q=>5 1.228 0.666 0.818 0.845 10.021 0.788 0.690 0.666 0.817

(6.486) (9.918)  (11.084) (8.960)  (0.982)  (7.668) (10.738)  (9.897)  (11.055)
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Table 4.3B: Predictive Regression for q=2.5 and q=5 for S&P 500 Futures (Cont.)

q=25 0.115  -9511  -2.187 0.143 0.091 -0.057 33.777  -16.717  -2.734
Bjd (0.347)  (-0.787)  (-0.143) (1.798)  (0.859)  (-0.411) (-1.493)  (-0.731)  (-0.091)
q=5  21.144  -1047 3180 0.720  -0.083  -1.051 -5414 -2223 7005

(0.204)  (-0.302)  (0.889) (0.449)  (-0.424)  (-0.411) (-0.915)  (-0.341)  (0.994)

q=25 1548  30.637  10.902 0.441 0.654 0.126 56.900  57.260  17.944

Bjw (1.638)  (0.970)  (0.362) (1.917)  (2.516)  (0.623) (0.893)  (0.901)  (0.304)
q=>5 390 6163 127 5.415 1.885 5.192 3453 12940 -688
(1.184)  (0.680)  (0.016) (1.058)  (17.888)  (1.385) (0.182)  (0.710)  (-0.043)
q=25 2528  26.803  51.586 0.582 0.300 1.038 65.742  56.053  106.019

Bim (2.366)  (0.726)  (1.389) (2.104)  (0.863)  (2.748) (0.999)  (0.755)  (1.416)
q=5 263 6132 10073 1719 -0.446 3.727 22752 12109 20505

(0.817)  (0.590)  (1.056) (0.348)  (-5.091)  (0.858) (1.104)  (0.576)  (1.051)

RE q=25 0376 0.372 0.333 0.463 0.452 0.418 0.452 0.434 0.383
q=5  0.365 0.368 0.333 0.455 0.446 0.414 0.451 0.434 0.383

RZ, =25 0318 0.201 0.033 0.364 0.260 0.039 0.390 0.297 0.032
q=5  0.244 0.167 0.027 0.345 0.241 0.037 0.390 0.296 0.032

* See notes in Table 4.3A.
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Table 4.3C: Predictive Regression for q=2.5 and q= 5 for S&P 500 Futures*

Linear Models

Square Root Models

Log Models

h=1 h=5 h=22 h=1 h=5 h=22 h=1 h=5 h=22

q=2.5 0.001 0.000 0.001 0.006 0.006 0.008 -0.569 -0.748 -1.279

60 (2.950) (1.648) (2.055) (3.550) (2.901) (3.284) (-2.038)  (-2.468)  (-3.357)
q=5 0.001 0.000 0.001 0.004 0.004 0.006 -0.415 -0.582 -1.026

(3.221) (2.326) (2.607) (2.727) (2.561) (3.128) (-1.746)  (-2.262)  (-3.156)
q=2.5 0.067 0.004 -0.072 0.019 0.023 0.031 0.173 0.136 0.074

5cd (1.477) (0.030)  (-1.135) (0.583) (0.335) (0.671) (6.758) (5.646) (2.952)
q=5 0.072 0.020 -0.074 0.056 0.054 0.028 0.168 0.133 0.071

(1.845) (0.182)  (-1.300) (1.778) (0.940) (0.712) (6.859) (5.733) (2.958)

q=2.5 -0.102 -0.239 0.407 0.018 -0.110 0.113 0.094 0.133 -0.011

Bcw (-0.633)  (-1.439)  (2.755) (0.217) (-1.034)  (1.291) (1.462) (2.172) (-0.141)
q=5 -0.040 -0.185 0.407 0.067 -0.056 0.084 0.104 0.140 -0.013

(-0.235)  (-1.132)  (2.757) (0.834) (-0.557)  (0.980) (1.673) (2.333) (-0.174)
q=2.5 0.578 1.153 0.713 0.509 0.680 0.364 0.668 0.643 0.782

ﬁcm (1.713) (3.750) (2.468) (3.549) (4.638) (1.943) (9.919) (8.889) (9.762)
q=>5 1.160 1.504 1.062 0.831 0.951 0.793 0.682 0.659 0.818

(5.209) (8.904) (6.022) (8.645)  (10.120)  (8.485) (10.528)  (9.598)  (10.980)

q=2.5 -1.116 0.419 1.836 -0.303 -0.114 0.082 -144 89 75

/Bj_d (-0.659)  (0.395) (2.138) (-1.002)  (-0.317)  (0.263) (-1.037) (0.784) (0.638)
q=5 -526 8 532 -5.807 -4.136 3.523 -16818 -7675 39133

(-0.785)  (0.026) (1.961) (-0.831)  (-0.700)  (0.667) (-0.426)  (-0.312) (1.644)
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q=25  0.523 -0.579 0.404 0.002 0.588 0.608 214 -130 -173

5;10 (0.111) (-0.241)  (0.082) (0.002)  (0.756)  (0.699) (0.449)  (-0.340)  (-0.412)
q=5 400 245 328 -2.498  16.943  11.885 -22222 58161  -39700
(0.292) (0.347) (0.215) (-0.144)  (1.479)  (0.954) (-0.199)  (0.747)  (-0.433)

q=25  14.004 9.028 -3.694 2.772 1.644 0.097 946 989 1155
ﬁj_m (1.682) (0.798)  (-0.495) (1.435)  (0.742)  (0.048) (1.217)  (1.063)  (1.262)
q=5 3597 2303 -1813 47.313 18591  -22.755 277860 154197 28836
(1.692) (0.825)  (-0.916) (1.689)  (0.572)  (-0.717) (1.530)  (0.735)  (0.122)

q=25 1.272 0.001 -1.536 0.460 0.212  -0.141 113.345  -109.981  -81.229

jd (0.755) (0.001)  (-1.547) (1.595)  (0.574)  (-0.481) (0.817)  (-0.884)  (-0.690)
q=5  567.860  103.841  -397.293 6.768 4195  -4.735 11699 5426 -33271
(0.833) (0.331)  (-1.310) (1.018)  (0.658)  (-0.897) (0.293)  (0.190)  (-1.373)

q=25  0.893 2.094 -0.688 0.445 0.062  -0.498 -172.658  185.572  187.449

;Lw (0.184) (0.792)  (-0.131) (0.373)  (0.089)  (-0.551) (-0.362)  (0.493)  (0.434)
q=5  -79.637 108.397  -441.164 7847  -7.332  -6.750 22772 -48575 40677
(-0.056) (0.143)  (-0.274) (0.440)  (-0.785)  (-0.507) (0.208)  (-0.656)  (0.428)

q=25  -11.313 7911 6.100 -2.226  -1.355 0.968 -875 -934 -1049

;rm (-1.438)  (-0.726)  (0.784) (-1.167)  (-0.623)  (0.462) (-1.131)  (-1.013)  (-1.163)
q=5  -3255.071 -2218.650 2196.218 -45.618  -20.656  26.622 252245 -138328  -8874
(-1.634)  (-0.795)  (1.066) (-1.648)  (-0.628)  (0.813) (-1.469)  (-0.678)  (-0.038)

R2  g=25 0378 0.373 0.335 0.464 0.452 0.418 0.480 0.434 0.384
q=5 0.372 0.369 0.335 (0.456  0.447 0415 0.452 0.434 0.383

RZ, =25 0342 0.212 0.03 0.373 0.263 0.038 0.391 0.298 0.033
q=>5 0.249 0.169 0.027 (0.352  0.246 0.035 0.390 0.297 0.032

*See notes in Table 4.3A.
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Table 4.3D: Predictive Regression for q=2.5 and q = 5 for S&P 500 Futures*

Linear Models

Square Root Models

Log Models

h=1 h=5 h=22 h=1 h=5 h=22 h=1 h=5 h=22
q=2.5 0.001 0.000 0.001 0.006 0.005 0.008 -0.519 -0.702 -1.228
5cd (3.035) (1.737) (2.107) (3.449)  (2.885)  (3.285) (-1.902)  (-2.369) (-3.290)
q=5 0.001 0.000 0.001 0.003 0.004 0.006 -0.380 -0.550 -1.024
(3.171) (2.345) (2.468) (2.484)  (2.451)  (3.135) (-1.620) (-2.173)  (-3.203)
q=2.5 0.066 0.004 -0.072 0.019 0.023 0.032 0.174 0.136 0.075
Bcw (1.448) (0.031)  (-1.090) (0.575)  (0.338)  (0.680) (6.807) (5.688) (2.977)
q=5 0.073 0.019 -0.078 0.056 0.055 0.028 0.169 0.133 0.071
(1.771) (0.170)  (-1.319) (1.780)  (0.947)  (0.710) (6.893) (5.730) (2.944)
q=2.5 -0.122 -0.251 0.421 0.013 -0.115 0.111 0.087 0.129 -0.017
ﬁcm (-0.812)  (-1.419)  (2.790) (0.163)  (-1.053) (1.242) (1.348) (2.104)  (-0.216)
q=5 -0.067 -0.197 0.429 0.058 -0.063 0.088 0.098 0.137 -0.012
(-0.443)  (-1.151)  (2.944) (0.741)  (-0.602)  (1.005) (1.594) (2.289)  (-0.164)
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Table 4.3D: Predictive Regression for q=2.5 and q = 5 for S&P 500 Futures (Cont.)

q=25  0.701 1.230 0.686 0.522 0.695 0.370 0.681 0.653 0.793

é’jd (2.472)  (4.925)  (2.215) (3.649)  (4.681)  (1.934) (10.058) (9.152) (10.092)

q=5 1.250 1.569 1.029 0.858 0.973 0.784 0.691 0.666 0.818

(6.840)  (10.869)  (5.276) (9.293)  (9.994)  (7.693) (10.764) (9.918) (11.084)

q=25  0.072 0.214 0.165 0.078 0.048 -0.030 -16.138 -9.318 -2.037

Bw (0.434)  (1.317)  (0.700) (1.970)  (0.898)  (-0.431) (-1.431)  (-0.777) (-0.134)
q=5 18273  56.886  T71.902 0.450  -0.002  -0.591 -2596.867  -1046.806  3180.150

(0.352)  (1.171)  (1.002) (0.571)  (-0.002)  (-0.449) (-0.876)  (-0.302) (0.889)

q=25  0.788 0.793 -0.186 0.229 0.330 0.057 27.695 30.419 10.641

(1.628)  (1.775)  (-0.543) (1.930)  (2.588)  (0.549) (0.867) (0.967) (0.355)

q=5 194.636 195.391  -76.421 2.935 4.928 2.420 2031.944  6162.489  127.111

(1.158)  (1.469)  (-0.808) (1.108)  (1.897)  (1.230) (0.215) (0.680) (0.016)

q=25  1.180 0.460 1.236 0.271 0.139 0.528 32.365 26.705 51.504

ﬁjm (2.238)  (0.893)  (1.976) (1.947)  (0.805)  (2.740) (0.985) (0.726) (1.391)
q=5 114426 2211  211.490 0.499  -1.222 2.100 10776.175  6131.779  10073.197

(0.714)  (0.017)  (1.346) (0.197)  (-0.435)  (0.991) (1.066) (0.590) (1.056)

RY q=25 0376 0.372 0.335 0.463 0.451 0.418 0.452 0.434 0.384

q=5  0.368 0.368 0.335 0.455 0.445 0.415 0.451 0.434 0.383

RZ, =25 0315 0.199 0.033 0.368 0.262 0.040 0.39 0.297 0.032

q=5  0.244 0.167 0.027 0.343 0.241 0.037 0.389 0.296 0.032

*See notes in Table 4.3A.
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Table 4.4: Diebold - Mariano Predictive Tests for S&P 500 futures*

Panel A: Recursive Scheme

Linear Models Square Root Models Log Models
h=1 h=5 h=22 h=1 h=5 h=22 h=1 h=5 h=22
DM Stat 530 2.75 -3.04 342  2.60 3.25 2.08 2.84 2.29
HAR-C-PV qb 2.50  2.50 2.50 2.50  2.50 2.50 3.20  2.50 2.50
.dg 4.40 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00
DM Stat 4.05 1.61 -2.40 3.20  2.90 3.41 2.51  3.20 2.64
HAR-C-PDJ ah 2.50  2.50 2.50 2.50  2.50 2.50 3.20  2.50 2.50
.dg 4.30  6.00 6.00 6.00  6.00 6.00 6.00 6.00 6.00
DM Stat 5.80 236  -1.69 3.20  2.05 3.30 2.20  1.49 1.31
HAR-C-PUJ qb 2.50  2.50 2.50 2.50  2.50 2.50 3.10  2.50 2.50
.dg 4.40 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00
DM Stat 6.16 2.89 -1.75 3.51 231 3.16 2.19  2.28 1.63
HAR-C-PDUJ ahb 2.50  2.50 2.50 2.50  2.50 2.50 3.10  2.50 2.50
.ds 4.40 6.00 6.00 6.00  6.00 6.00 6.00 6.00 6.00

Panel B: Rolling Scheme

DM Stat 6.17 3.19 -3.41 3.29  2.55 3.19 0.99 2.87 2.49

HAR-C-PV ab 2.50  2.50 2.50 2.50  2.50 2.50 3.40  2.50 2.50

Qs 4.20  4.70 5.40 6.00 6.00 6.00 6.00 6.00 6.00

DM Stat 4.28 215  -2.67 3.09 2.84 3.32 -3.18  3.30 2.83

HAR-C-PDJ qb 2.50  2.50 2.50 2,50  2.50 2.50 3.40  2.50 2.50
.dg 4.20 4.70 5.40 6.00 6.00 6.00 2.50 6.00 6.00

DM Stat 6.56 2.86 -1.89 3.04  1.99 3.20 0.92  1.46 1.53

HAR-C-PUJ ab 2.50  2.50 2.50 2.50  2.50 2.50 3.30 2.50 2.50
Qs 4.20 4.70 5.40 6.00 6.00 6.00 6.00 6.00 6.00

DM Stat 7.13 340 -1.75 3.35 2.26 3.11 211 2.24 1.88

HAR-C-PDUJ qb 2,50  2.50 2.50 2,50  2.50 2.50 3.10  2.50 2.50

.dg 4.20 4.70 5.30 6.00 6.00 6.00 6.00 6.00 6.00
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Panel C: Fixed Scheme

Linear Models Square Root Models Log Models
h=1 h=5 h=22 h=1 h=5 h=22 h=1 h=5 h=22
DM Stat 6.17 3.11  -3.23 4.27  3.15 3.41 -4.82  3.32 2.35
HAR-C-PV ab 2.5 2.5 2.5 2.5 2.5 2.5 3.5 2.5 2.5
.dg 4.3 4.8 5.8 6.0 6.0 6.0 2.5 6.0 6.0
DM Stat 4.23 198  -2.46 3.67 3.25 3.52 -3.75  3.46 2.66
HAR-C-PDJ ah 2.5 2.5 2.5 2.5 2.5 2.5 3.5 3.5 3.5
.dg 4.3 4.3 4.3 6.0 6.0 6.0 6.0 6.0 6.0
DM Stat 6.82 276 -1.84 3.86  2.43 3.37 0.21  1.80 1.23
HAR-C-PUJ ab 2.5 2.5 2.5 2.5 2.5 2.5 2.5 2.5 2.5
.dg 4.3 5.8 5.8 6.0 6.0 6.0 6.0 6.0 6.0
DM Stat 7.13 3.05 -1.80 4.37 287 3.34 1.73  3.19 1.85
HAR-C-PDUJ ahb 2.5 2.5 2.5 2.5 2.5 2.5 3.2 2.5 2.5
.dg 4.3 4.9 3.4 6.0 6.0 6.0 6.0 6.0 6.0

* The table reports Diebold-Mariano (1995) test statistics, calculated using Hac estimators with auto-correlated
lags up to 44 as discussed in section 4.4.2; for linear, square root and log specifications HAR- C-PV, HAR-C-PDJ,
HAR-C-DUJ, HAR-C-AJP at forecast horizon h=1,5,22 respectively. For each specification, the entries in the first
rorws, DM Stat are statistics. The entries in the second row, ¢,(2.5 <= ¢, <= 6) is the value of q that yields the
highest R-square and ¢s(2.5 <= g, <= 6) is the value of q that yields the smallest R-square.
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Figure 4.1: In-sample R? for S&P 500 futures, No Jump Test*
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* The figure depicts 9 plots in-sample R-square of 6 specifications summarized in Table 4.2 for all linear, square
root and log models across forecast horizon h=1, 5 and 22. For each plot, the vertical axis represents R-square, with
range from 0 to 1. The horizontal represents the order q with range from 0 to 6 , i.e, q=0.1,0.2,...,5.9,6. The orange
line plots R-square of HAR-RV-C. The purple curve plots R-square of HAR-RV-C-PDUJ model. The dark purple
represents HAR-RV-C-PUJ and the light green represents HAR-RV-C-PDJ and dark blue is for HAR-RV-C-PV. The
light blue plots R-square of HAR-RV-C-AJP.
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Figure 4.2: In-sample R? for S&P 500 futures, with Jump Test*
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* The Figure depicts 9 plots in-sample R§ where jump tests are taken into account. See footnote in Figure 4.1.
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Figure 4.3A: Out of sample R? for S&P 500 futures, No Jump Test*
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Figure 4.3B: Out of sample R? for S&P 500 Futures, with Jump Test*
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* The Figure 4.3A depicts 4 plots in-sample R-squares of 6 specifications summarized in Table 4.2 for linear,
square root across forecast horizon h=1, 5 See footnote in Figure 4.1 for further details. Figure 4.3B takes jump tests
into account.
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Figure 4.4A: Mean Square Errors for S&P 500 futures, No Jump Test*
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Figure 4.4B:Mean Square Errors for S&P 500 futures, Jump Test™*
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* The figure 4.4A depicts 4 plots mean square errors of specifications from 2 to 6 summarized in Table 4.2 for
linear, square root across forecast horizon h=1, 5. Figure 4.4B takes jump tests into account. See footnote in Figure
4.1 for further details.
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Figure 4.5: R? for Dow 30 components for Square Root Models, No Jump Test*
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* The Panel A,B,C,D in Figure 4.5 depict the in-sample R-squares for the 4 representative stocks in Down 30
components. The four stocks are Intel, Citi, MSFT and Home Depot, respectively and the models are square root at
daily, weekly and monthly forecast horizon. See footnotes in Figure 4.1A for further details about the plot.
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