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ABSTRACT OF THE DISSERTATION

Universal Labeling Algebras as Invariants of Layered
Graphs

by Susan Durst

Dissertation Director: Robert L. Wilson

In this work we will study the universal labeling algebra A(T'), a related algebra B(T"),
and their behavior as invariants of layered graphs. We will introduce the notion of
an upper vertex-like basis, which allows us to recover structural information about the
graph I' from the algebra B(I'). We will use these bases to show that several classes
of layered graphs are uniquely identified by their corresponding algebras B(I'). We
will use the same techniques to construct large classes of nonisomorphic graphs with
isomorphic B(I"). We will also explore the graded structure of the algebra A(T"), using
techniques developed by C. Duffy, I. Gelfand, V. Retakh, S. Serconek and R. Wilson to
find formulas for the Hilbert series and graded trace generating functions of A(I') when

I" is the Hasse diagram of a direct product of partially ordered sets.
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Chapter 1

Introduction

A directed graph T' = (V| E) consists of a set V of vertices, together with a set E of
ordered pairs of elements of V' called edges. Given an edge e = (v, w), we call v the
“tail” of e and write v = t(e), and we call w the “head” of v and write w = h(e). A
path is a sequence of edges (e, es,...,e,) satisfying h(e;) = t(e;41) for all 1 <i < n.
A layered graph is a directed graph I' = (V, E) whose vertex set V' is divided into a
sequence of layers Vp, V1, Vo, V3, ... such that each directed edge in E travels exactly

one layer down.

Let I' = (V, E) be a layered graph, let A be an algebra over some field F, and let f
be a map from E to A. To each path m = (ey,...,e,) in I', we associate a polynomial
pr=(t—f(e1))(t— f(e2))...(t— f(en)) in A[t]. We say that the ordered pair (A, f) is
a labeling of I if p, = py, for any paths m; and 7y with the same starting and ending
vertices. Each graph I' has a universal labeling, given by (A(T), fr). The algebra A(T")

is called the universal labeling algebra for the graph I'.

These algebras arose from the constructions occurring in the proof of Gelfand and
Retakh’s Vieta theorem [2] for polynomials over a noncommutative division ring. There
they show how to write such a polynomial in a central variable ¢ with a specified set of

roots {z; | 1 <1i < n} in the form

f@) = (¢ =yt —y2) .- (= yn).

The expressions for the y; depend on the ordering of the roots, and lead to labelings of

the Boolean lattice.

Universal labeling algebras induce an equivalence relation ~ 4 on the collection of layered



graphs, given by I' ~4 IV if and only if A(T') & A(T”). One of the major goals of this
work is to explore the equivalence classes of this relation. In order to do so, we will work
with a related algebra B(I'). We will use B(I") to demonstrate that several interesting
collections of layered graphs have equivalence classes consisting of one isomorphism
class of layered graphs. These include complete layered graphs, Boolean lattices, and
lattices of subspaces of finite-dimensional vector spaces over finite fields. We will also

give examples of nonisomorphic graphs which have isomorphic B(I").

The algebras A(T") have interesting structures as graded algebras. In [7], Retakh, Ser-
conek, and Wilson give a linear basis for A(I") which allows us to compute the Hilbert
series of A(T"). In [1], Duffy generalizes this result to study the graded trace generating
functions for automorphisms of A(T") induced by graph automorphisms acting on T'.
Here we will use the same tools to calculate Hilbert series and graded trace generating
functions for Hasse diagrams of direct products of posets and certain sublattices of the

Young lattice.

Structure of the Paper

We will begin in Chapter 2 with the construction of the algebra A(I"). This algebra
has a filtration which allows us to consider the associated graded algebra grA(T"). If T’
satisfies certain additional conditions, we can pass from the associated graded algebra
to its quadratic dual B(T"). We will discuss how, under the correct set of hypotheses,
each of these algebras can be presented as a quotient of T'(V,), the free associative

algebra generated by the vertices of I' of nonzero rank.

We are interested in studying the equivalence relation on layered graphs which sets
I' ~p I" whenever B(I') = B(I”). One reasonable question to consider is, given two
layered graphs I' = (V| F) and I" = (W, F), which isomorphisms ¢ : T(V}) — T(W5.)
will induce isomorphisms from B(I') to B(I')? In Chapter 3, we will answer this
question by considering a certain collection of linear subspaces k, of B(I'). In Chapter 4,

we will introduce a construction which allows us to find these subspaces.



In Chapter 5, we will use the tools developed in Chapters 3 and 4 to give examples of
several important collections of layered graphs which have equivalence classes consisting
of one layered graph isomorphism class. Specifically, we will deal with complete layered
graphs, Boolean lattices, and the lattice of subspaces of a finite-dimensional vector

space over a finite field.

There also exist equivalence classes under this relation which have size greater than
one. Chapter 6 explores the equivalence relation ~p on the class of layered graphs with
only two nontrivial layers. In the process, we will demonstrate that large collections of

two-layered graphs are equivalent with respect to this relation.

Chapters 7 and 8 focus on the algebra A(T"). Specifically, we calculate the Hilbert
series and graded trace functions for selected automorphisms of A(T"). In Chapter 7,
we study Hilbert series and graded trace functions when I' is the Hasse diagram of a

direct product of posets. Chapter 8 focuses on the Young lattice.



Chapter 2

Preliminaries

2.1 Ranked Posets and Layered Graphs

Recall that a directed graph G = (V, E) consists of a set V' of vertices, together with
a set F of ordered pairs of vertices called edges. We define functions ¢ and h from E
to V called the tail and head functions, respectively, such that for e = (v, w), we have

t(e) = v and h(e) = w.

In [4], Gelfand, Retakh, Serconek, and Wilson define a layered graph to be a directed
graph I' = (V, E) such that V = |J;", Vj, and such that whenever e € E and t(e) € V;,
we have h(e) € V;_;. For any v € V, define S(v) to be the set {h(e) : t(e) = v}. Let
V. be the collection of vertices in V' \ Vj. The layered graphs that we will consider in

this paper all have the property that for any v € V., the set S(v) is nonempty.

Recall that if (P, <) is a partially ordered set, and z,y € P, we write x > y and say

that z covers y if the following holds:
i) z>vy.
ii) For any z € P, such that x > z >y, we have z = z or y = z.

A ranked poset is a partially ordered set (P, <) together with rank function |-| : P — N

satisfying the following two properties:
i) (z>y) = (lz| = ly[+1).
ii) |z| =0 if and only if x is minimal in P.

Notice that if I' = (V| E) is a layered graph as defined above, then we can associate to



I' a partially ordered set (V,<), with the partial order given by w < v if and only if
there exists a directed path in I' from v to w. If I satisfies the additional property that
S(v) = 0 if and only if v € Vj, then we can define a rank function on (V, <), given by
|v| =i if and only if v € V;. When it is convenient, we will treat the graph I" as a ranked
partially ordered set of vertices, writing v > w to indicate that there is a directed path
from v to w, v > w to indicate that there is a directed edge from v to w, and |v| =i to

indicate that v € V;.

Also notice that any ranked partially ordered set (P, >) has as its Hasse diagram a
layered graph (P, Ep), with edges given by (p, q) for each covering relation p>¢q. When
it is convenient, we will equate P with its Hasse diagram so that we can talk about the
algebra A(P) for any ranked poset P. Clearly, there is a one-to-one correspondence

between layered graphs of this type and ranked posets.

2.2 Universal Labeling Algebras

Let I' = (V, E) be a layered graph. We call an ordered n-tuple of edges m = (e1, €2, ..., €p)
a path if h(e;) = t(e;41) for all 1 < i < n. We will occasionally find it useful to refer
to the notion of a vertex path, a sequence (vy,...,v,) of vertices such that for every
1 <7 < n there exists e = (v;,v;+1) € E. Each path (e1,...,e,) has an associated
vertex path given by (t(e1),t(e2),...,t(en),h(en)), and each vertex path (v1,...,vy)

has an associated path ((v1,v2), (v2,v3),..., (Vn—1,vs)).

Let I' = (V, E) be a layered graph, and fix a field F'. Let A be an F-algebra, and let

f: E — Abe aset map. To each path m = (ey,...,e,) in I', we associate a polynomial

Pra = (t = f(e))(t — flea)) ... (t = flen)) € All],

where t is a central indeterminate. We write ||7|| = n, t(7) = t(e1), and h(m) = h(ey).
Whenever we have two paths 71 and 79 with t(m1) = t(72) and h(71) = h(m2), we write
T~ M.

Definition 1. The ordered pair (A4, f) is called a I'-labeling if it satisfies ps ., = Py,

whenever 7 & 2. Given two I'-labelings (A, f) and (A’, '), the algebra map ¢ : A —



A’ is an I'-labeling map if ¢po f = f'.

For each layered graph, we define an algebra A(I") as follows: let T'(E) be the free
associative algebra on E over F, and to each path m = (ej,...,e,), associate the
polynomial
o0
Pr=(t—e)(t—eg)...(t—en) =Y e(mi)t' € T(E)[t].
i=0

Define A(T") to be T'(E)/R, where R is the ideal generated by the set
{e(m1,1) — e(ma,1) | m ~ my and 0 < i < ||| — 1}.

This is precisely the algebra introduced by Gelfand, Retakh, Serconek, and Wilson in
[4].

Proposition 1. Let I' = (V| E) be a layered graph, let A(T') = T(E)/R as defined as
above, and let fr : E — A(T') be defined by fr(e) = e + R. Then (A(T), fr) is the

universal I"-labeling.

Proof. Let (A, f) be an arbitrary I'-labeling. We need to show that there exists a unique
I-labeling map ¢ : A(I') — A. Let g : E — T(E) be the canonical embedding of E into
the free algebra T'(E). Then there exist unique algebra isomorphisms ¢4y : T(E) —
A(T') and 4 : T(E) — A satisfying ¢4y o g = fr and ¢4 0g = f. We know that

() is onto, with kernel R.

Notice that for any path 7 in I', we have

o0 .

Pre =Y fle(m i)t € Alt].

i=0
Since Py, = Dfx, in Aft] for any m & mo, it follows that f(e(m,4)) = f(e(m2,4)) in A
whenever m ~ 79 and 0 < ¢ < ||m|| — 1. It follows that e(m,i) — e(ma, i) € ker(1p4) for
all m ~ 79 and 0 < ¢ < ||m|| — 1. Thus R C kerwy4, and ¢4 factors uniquely through
A(T') as ¢4 = @pothyr). Thus ¢ is the unique I'-labeling map from A(T') to A, and our

proof is complete. O



2.3 Presentation of A(I') as a Quotient of T'(V,)

In the case where I' = (V| F) has a unique minimal vertex %, we can choose a distin-
guished edge e, = (v, w) for each vertex v € Vi, where Vi = (V' \ Vp). By following
this sequence of distinguished edges down through the graph, we can associate to each
vertex v a distinguished path 7, = (e1,e2,...,€|,|) from v to *, where e; = e,, and
where e; = ej,_,) for each 1 < i < |v|. This symbol 7, will also occasionally be used

to designate the vertex path (t(e1),t(e2),...,t(ep)); hlep)))-

We can define a map ¢ : T(Vy) — A(T), taking each vertex v to the sum of the edges
in m,. That is, if 7, = (el, ... ,e|v|), then ¢(v) = e; + ... +ep,. Let e = (v,w) be an
arbitrary edge in E. Then the path obtained by adding the edge e onto the beginning
of the path m, will start at v and end at *, just like the path m,. Thus we have
P, = (t—e)Pr,.
If m, = (el, e ’€|v\) and 7, = (fl,...,f‘w‘), this gives us
61+62+...—|—6‘U| :€+f1—|-f2+...+f|w|.

Clearly, this implies that e = ¢(v) — ¢(w), and so ¢ is a surjective map from T'(V,) to
A(T).
It follows that there exists a presentation of A(T") as a quotient of T'(V,.). To obtain a
generating set of relations, we take the map v : T(E) — T'(Vy) defined by

v—w if w # *

(v, w)) =

v if w==x
If we define é(m,i) = ¥ (e(m, 1)), then we have A(I') = T'(V.)/Ry, where Ry is the ideal

generated by the set

{é(m1,1) — é(ma,i) | m ~ m2 and 0 < i < ||m || — 1}.

2.4 A Basis For A(I)

Here we will recall the basis for A(I") given by Gelfand, Retakh, Serconek, and Wilson

in [4]. Let I' = (V, E) be a layered graph. For every ordered pair (v,k) with v € V



and 0 < k < |v|, we define é(v, k) = é(my,, k). We define B; to be the collection of all

sequences of ordered pairs

b= ((b1,k1), ..., (bn, kn)),
and for each such sequence, we define

é(b) =é(br, k1) ...é(bn, ky).
Given (v, k) and (v, k' with v,0" € V, 0 < k <|v|, and 0 < ¥/, < |v/|, we say that (v, k)
“covers” (v, k'), and write (v, k) E (v, k') if v > v and |v| — |v'| = k.

Define B to be the collection of sequences

b= ((b1,k1),...,(bn,kn))

of ordered pairs such that for any 1 < ¢ < n, (b;, ki) ¥ (bit1,kir1). In [4], Gelfand,

Retakh, Serconek, and Wilson show that {é(b) : b € B) is a basis for A(T").

2.5 Uniform Layered Graphs

Most of the examples we work with here are uniform layered graphs, defined as follows:
Definition 2. For each v € V51, we define an equivalence relation ~, on S(v) to be the
transitive closure of the relation ~ on S(v) given by w =, u whenever S(w)N.S(u) # .
A graph I is said to be a uniform layered graph if for any v € V51, all elements of

S(v) are equivalent under ~,,.

It will sometimes be useful to be able to consider one of the following equivalent defi-
nitions:

Proposition 2. Let I' be a layered graph. Then I' is uniform if and only if for any

v,x, 7 with x <v and 2’ < v, there exist seqences of vertices g, ...,Ts and yi,...,Ys

such that
i) x =x1 and 2’ = x.

i1) For all i such that 0 <i < s we have x; <v.



i11) For all i such that 1 <i < s, we have y; < x;—1 and y; < ;.

Proof. This follows directly from the definition of the relation ~,,. O

Proposition 3. Let T be a layered graph with unique minimal vertex x. Then T is
uniform if and only if for any two vertex paths (vi,ve,...,v,) and (wi,ws,...,wy,)
with v1 = w1 and v, = w, = *, there exists a sequence of vertex paths mw,mo, ..., Tk,
each path beginning at vi and ending at x, such that for 1 <1i < k, the vertex paths ;

and ;1 differ by at most one vertez.

Proof. We will induct on n, the number of vertices in the paths. The result clearly

holds for n =1, 2.

Let I be a uniform layered graph, let n > 2, and assume that the result holds for all
paths with fewer than n vertices. Let (v1,va,...,v,) and (wy,ws,...,w,) be paths
satisfying v; = w; and v,, = w, = *. By Proposition 2, there exist sequences of vertices

Tg,...,Ts and Y1, ...,Ys such that
i) =127 and 2’ = z;.
ii) For all i such that 0 < ¢ < s we have z; < wv.
iii) For all ¢ such that 1 <1i < s, we have y; < x;_1 and y; < z;.

Let yo = vs3, and let ysy1 = ws. Then for 0 < i < s, our induction hypothesis tells us

that there exists a sequence of vertex paths 77%, 77%, . ,w,ii such that
a) 7 = (va,...,v,) and mg, = (wa, ..., wy).
b) For 1 <i<s—1, 7 =x; Am, and W]ii =T \ Ty,
c) For 1 < j < k;, the paths 7T§- and 7r§~ 41 differ by only one vertex.

The path-sequence that we wish to obtain is given by
1 1 1 2 2
vy ATy, (v, 21) ATy, (V1 @1) ATy, (V1 22) AT, (V1 @2) AT, -

s (o) AT (v, Ts) AT, = (W we, . wy).
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Conversely, suppose that for any pair of vertex paths (vi,...,v,) and (wi,...,wy,)
satisfying v1 = w1 and v, = w, = *, we have a sequence of vertex paths my,... 7
beginning at v; and ending at * such that for 1 < i < k, the vertex paths m; and ;11

differ at at most one vertex.

Let v, x, and 2’ be vertices in I" such that x < v and 2’ <v. Then v A 7, and v A T,
are paths which both start at v and end at *. Thus there exists a sequence of paths
m,..., T beginning at v and ending at *, and differing in each step by at most one
vertex, such that m = vA7m, and m, = vA®,. For 1 <i <k, let x; be the second vertex
on path 7;, and let y; be the third vertex on path m;. Then the sequences x1,...,xk

and yo, ..., yr_1 satisfy conditions i-iii from Proposition 2. O

We will also find the following corollary useful.

Corollary 4. Let I" be a uniform layered graph with unique minimal vertex x. Then for
any two vertex paths (vi,va,...,v,) and (wy,ws, ..., wy,) with v1 = wy, there exists a
sequence of vertex paths wy,Ts, ..., Tk, each path beginning at vi, such that for1 < i < k,

the vertex paths m; and w41 differ by at most one vertex.

In [6], Retakh, Serconek, and Wilson prove that for a uniform layered graph I" with

unique minimal vertex x, A(T") = T'(V})/Ry, where Ry is the ideal generated by

{v(w—u) —u? +w? + (u—w)x v € Var,u,w € S(v),z € S(v) N S(w)}.

2.6 The Associated Graded Algebra grA(I')

Let V be a vector space, with filtration
WwCWhCchhCc...CV;C...

such that V' = >, V;. Then V is isomorphic as a vector space to the graded vector
space D, V};), where Vo) = Vo, and Vjj g = Vi1 / Vi

If W is a subspace of V', then we have

WnW) S WnW)C...c(Wnv)C...,
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with W =) (W NV;). It follows that W is isomorphic as a vector space to the graded

vector space P; W[;), where Wig = (W N Vp), and for each i,
Wi = (W 0 Vir) /(W AV 2 (W Vi) + Vi)V
Thus Wi;1q) is isomorphic to the subspace of V}; ;1] given by
{w+Vi|lweWnVi}.

We can think of this as the collection of “leading terms” of elements of W N V.

Now consider the algebra T'(V)) for some graded vector space V = @, V};. Every
element of T(V) can be expressed as a linear combination of elements of the form
V1V3 ... V,, where each vy is homogeneous—that is, v; € V[k] for some k. For each
homogeneous v € Vik], we will write use the notation |v| = k. The grading of V" induces
a filtration

TV)CT(V)1C...CT(V); C...
on T(V), with

T(V); = span{vy ... vy : 1| + ...+ o] < i}

Clearly this filtration induces a grading T'(V) = @, T(V)};, where
T(V)y = span{vy...vy : |v1] + ... [vp| = i}
Let I be an ideal of T'(V'), and consider the algebra A = T'(V')/I. The filtration on
T (V) will induce a filtration
AgC A C.. A C ...

on A. If I is homogeneous with respect to the grading on 7'(V'), then A inherits this
grading. Otherwise, we can consider a structure called the associated graded algebra,

denoted grA and given by

gTA = @ A[l],

where Ajg) = Ao, A1) = Ait1/Ai, and where multiplication is given by

(@ + Am)(y + An) = 2y + Ampn.
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The associated graded algebra grA is isomorphic to A as a vector space, but not nec-

essarily as an algebra.

For A =T(V)/I, we can understand the structure of grA by considering the graded
structure of the ideal I. As a vector space, I is isomorphic to the vector space grl =

D(gr1)j, where (gri)o = INT(V)y, and

If we think of T'(V) as the direct sum T (V)};, then we can think of grl as the
collection of sums of leading terms of elements of I. This is a graded ideal in the
graded algebra T'(V'). From [6], we have the following result:

Lemma 5. Let V be a graded vector space and I an ideal in T(V). Then
gr(T(V)/(1)) =T(V)/(gr(1)).

In the case of the universal labeling algebra A(T") for a layered graph I' with unique
minimal vertex, we have A(I') = T'(V})/Ry, where T'(V,) is the tensor algebra over the
vector space generated by the vertices in V. This means that A(T") inherits a filtration

from T'(V4), given by

T(Vi)i = span{vy ... v, ¢ Jv1] + ..o+ |op| < i}

We will refer to this as the vertex filtration. This means that A(I") has an associated

graded algebra grA(T).

2.7 Basis for grA(T")

In [4], a basis for grA(T") is constructed as follows: For each b € By, with |é(b)| = ¢
with respect to the vertex-filtration, define e(b) = é(b) + A(");—; in grA(T"). Then for
any distinct b and b’ in B, we have (b) # e(b’), and the set {e(b) : b € B} is a basis
for grA(T).

With a little extra notation, we can describe this basis in another way.
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Definition 3. For every ordered pair (v,k) with v € V, 0 < k < |v| with 7, =

(v1,v2,...,v,) as a vertex path, we define a monomial
m(v, k) = vive ... v € T(VS).
For each b = ((b1, k1), ..., (bn,ky)) € By, we define
m(b) = m(by, k1) ...m(by, ky).

Proposition 6. Let I' be a layered graph, and let ¢ be the quotient map from T(V)
to T(Vy)/grR = grA(T'). Then for all b € By, we have ¢p(m(b)) =e(b).

Proof. We know that for (v, k) with v € V, 0 < k < |v|, and with vertex path m, =

(v1,...,v,), we define e(v, k) by

[v]
(t — (v1,v2))(t — (v2,v3)) ... (t = (Vp—1,0p)) = Z e(v, i)t

i=0
Thus we have
é(v, k) = Z (viy = V(iy11)) - - - (Vi = V(ipt1)) >
1< <ia<..ig<n
and the highest-order term of é(v, k) with respect to the vertex filtration is the monomial
v1V2 ... v, or m(v, k). It follows that e(v, k) = ¢(m(v, k)), and so by extension we have

e(b) = ¢(m(b)) for all b € B;. O

Corollary 7. For any distinct b and b’ in B, we have ¢p(m(b)) # ¢(m(b)), and the
set {¢p(m(b)) : b € B} is a basis for grA(T).

Notice that any monomial a € T'(V) is expressible as m(b) for some b € B.
Definition 4. Let a = vy,...v; be a monomial in T(V,). Borrowing terminology
from [3], we define s(a), the skeleton of a, to be the sequence of integers (nq,...,n¢)

satisfying
i) np = 1.
ii) If n <141, then

Nk+1 = min ({j > ny ;< Upy OF || # |op, |+ 1 — JFU{l+ 1})
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iii) t =min{i : n; =1+ 1}.

We define b, € B to be

((vny,n2 = 1), (Vny,m3 —n2), ..oy (Vny_y, e — Ng—1))

It is easy show from these definitions that m(b,) = a.

2.8 A Presentation of grA(I') For Uniform Layered Graphs

If I is a uniform layered graph, then Ry is generated by
{v(w—u) —u? +w? 4 (u—w)z : v,u,w € Vi, u,w € S(v),z € S(v) N S(w)}.
The discussion in section 2.6 tells us that gr Ry contains the set of leading terms:
{v(w—wu):v,u,we Vi,u,we S(v)}.

Call the ideal generated by this set Rgy.. The map ¢ : T'(V}) — T'(V4)/grR factors

uniquely through T'(V)/Rg,, giving us
¢/ (bl/
T(Vy) — T(Vy)/Rgr — T(Vy)/grR.

We will use this notation for these three maps in the discussion that follows.
Proposition 8. Let I' be a uniform layered graph. If (vi,...,v,) and (wy,...,w,) are

vertex paths in I' with v1 = w1, then
& (v1...vp) =@ (wr ... wy)

Proof. Let (vi,...,0i—1,0i,Vit1,...0y) and (v1,..., 01,0}, 0i+1,...0y) be two vertex
paths, differing by only one vertex. Since v;, v, < v;_1, we have v;_1(v; — v}) € Ry,

Thus if we consider
(JS’(Ul e Vi—103V541 - - ’Un) - (b'(vl e vi,lvgle . .’Un),
we find that it is equal to

¢/(U1 Ce vifg(vi,l(vi — U;))Uzurl e Un),
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which is zero, since v;_; (v;—v;) is in the kernel of ¢'. This simplification, in combination

with Corollary 4 and the uniformity of I' give us our result. O
Proposition 9. Let I' = (V, E) be a uniform layered graph, and let a be a monomial in

T(Vy). Then there exists a monomial ' € T(Vy) such that ¢/(a) = ¢/(a’), and by € B.

Proof. Let T' = (V, E)) be a uniform layered graph, and let a = vy, ..., v; be a monomial

in T(V,) with skeleton (ng,...,n;). If b, ¢ B, then there exists 1 < i < ¢ such that

(Ui _ys 10 = Ni—1) E (Vng, Nig1 — 14).

We will induct on [ — r,, where
re = min{n; : (v, _,,ni —ni—1) = (Un;, niy1 —ni) U {t}

If il —r, =0, then b, € B. Now assume that | — r, > 0, and that the result holds for

all monomials with larger r-values.
We have

a =01V, —1)MUVn, s g = N(ry—1))Vn, -Vl

Since we have
(Un(ra—l) 9 n"'a - n(?“a—l)) ': (Unra 9 nra‘i‘l - n"‘a)’

we know that there exists a vertex path (wq,...,wy) with wy; = Vn (1) and w, = vp,,.

From Proposition 8, we know that

¢’ (m (Un(raq)’n?“a — n(Ta_1)>> =¢ (wy...wp_1),

and that
¢ (wr,...,wp) = ¢' (m <v”<m—1>’”m a1 F 1)) '

It follows that
¢/ (m (vn(ra,l) s Mg, — n(ra,1)> vnra> = (Zs/ (m (U’N,(Ta,lwn’l‘u - n(T‘afl) + 1)) :
Thus we have ¢'(a) = ¢'(a’), where

/
@ =U1... U, _—1)M (vn(m_l),n,«a —N(ry—1) + 1) V(npy +1) - - - Ul
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Say a’ =wvi,...v}, and s(a’) = (n},...,n}). By construction, we have
(i) v =0 for 1 <i<n,,.
(i) nj = n} for j < ny,.

(iii) n;, > np, + 1.

Together, (i) and (i7) tell us that

! ! ! / ! !
(%{ y Ty — nz’—l) = <vn;vni+l - ”z)

i—1

for i < n; . Thus if

Tq = min{n; : (v;/_ 1v”§ - ”;—1) = (U;L;angﬂ - ”2)} U {t,}a

then r,, > n;. > n,,. Thus by the inductive hypothesis there exists a monomial
a’ € T(Vy) with ¢/(a') = ¢/(a”) and b,» € B. We have ¢'(a) = ¢'(a”), and this

completes our proof. ]

Proposition 10. For any distinct b and b’ in B, we have ¢'(m(b)) # ¢'(m(b")), and
the set {¢'(m(b)) : b € B} is a basis for T(Vy)/Rygy.

Proof. For any b € B, we have ¢(m(b)) = ¢ o ¢/(m(b)). Thus the elements of

{#/(m(b)) : b € B}
are distinct and linearly independent by Corollary 7. Since the set

{a € T(V}) : a a monomial}
spans T'(V), it follows that the set
{¢'(a) : a a monomial}

spans T'(V})/Rgr. Thus the set

{¢'(m(b)) : b € B}

spans T'(V4)/ Ry as a consequence of Proposition 9. This gives us our result. O
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Corollary 11. The associated graded algebra grA(I') is isomorphic to T(Vy)/Rgy,

where Ry, is the ideal generated by the set

{v(w—wu):v,u,we Vi, u,we Sv)}

Proof. For any b € B, we have

Since ¢” maps a basis of T'(V,)/Ryr bijectively onto a basis of grA(T"), it follows that

¢" is a bijection, and thus an isomorphism. O

2.9 The Quadratic Dual B(I")

We begin this section by recalling the following definitions, as presented in [5]:
Definition 5. An algebra A is called quadratic if A = T(W)/(R), where W is a
finite-dimensional vector space, and (R) is an ideal generated by some subspace R of
WeoW.

Definition 6. If R is a subspace of W ® W, then R* is the subspace of (W ® W)*
generated by the set of elements x € (W ® W)* such that for all y € W @ W, we have
(z,y) = 0.

Definition 7. Let A = T(W)/(R) be the quadratic algebra associated to some partic-
ular subspace R € W @ W. The quadratic dual A' of A is defined to be the algebra
T(W*)/(RY),

When I' is a uniform layered graph with unique minimal vertex, grA(I') = T'(Vy)/Ry

is a quadratic algebra with quadratic dual T'((V,)*)/(Ry)*. Since Ry is generated by
{o(w—wu) v e Var,u,w e S(v)},
(Ry)* is generated by the collection of z*y* € (V. )* ® (V,)* such that
(", 0)(y*,w—u) =0

for all v € V51 and u,w € S(v). In [1], Duffy shows that this is the ideal generated by

{v*w* :v Fw} U {v* Zw*} .

v>w



18

Changing the generators of our algebra, we define B(I') = T'(Vy)/Rp, where Rp is the

ideal generated by

{vw:v%w}U{va}.

v>w

Notice that B(T') =2 T((V,)*)/(Ry)"*, the quadratic dual of gr A(I'). Throughout much

of this paper, we will focus our attention on the algebra B(T").

2.10 Using A(I') and B(I') as Layered Graph Invariants

To each layered graph I', we have associated an algebra A(T"). It is natural to ask how
this algebra behaves when considered as an invariant of layered graphs. Unfortunately,
if we only consider its structure as an algebra, it is not a particularly strong invariant.

Consider the two graphs below:

r r

We have A(T') =2 A(I”) = F(x,y,z). This is unfortunate, as one would hope that
an invariant of layered graphs would be able to distinguish between graphs with dif-
ferent numbers of layers, or graphs whose layers have a different number of vertices.
This clearly does neither. To capture these properties, we will need to consider some

additional structure on A(T).

Notice that A(T") is a quotient of T'(V.;) by a homogeneous ideal. Thus there is a grading
on A(T') given by A(I') = @ A(T')p), with

A(F)[i] = span{viva...v; 1 v1,...,v; € Vi }.
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A(T") also has a filtration given by the level of the vertices in the graph. So A(I') =
UJA();, where

J
AM); < span {1)11)2 SV Z k| < z} .
k=1

When we allow ourselves to consider these pieces of structure, we obtain an invariant
that can distinguish between graphs that have layers of different sizes.

Definition 8. We say I' ~4 IV if and only if there exists an isomorphism ¢ : A(T") —
A(T”) which preserves both the grading and the filtration described above.
Proposition 12. IfI' = (V,E), I' = (V/,E'), and T ~4 I, then |V;| = |V/| for all

1€ N.
Proof. We have
[Vi| = dim ((A(T)1 N A(D)g) / (A(T)r N AD) 1))

and

[V/| = dim ((A(T")p N AT)s) / (AT N AT )i-1)) -

Any isomorphism ¢ : A(T') — A(T”) that preserves the grading and the filtration will
map the subspace from the first expression onto the subspace in the second expression.

The result follows. O

Similarly, B(T") has a double grading given by

m
B(T")m,n = span {vl ce U Z lvi| = n} ]
i=1

Definition 9. We say I' ~p I" if and only if there exists an isomorphism ¢ : B(T') —

B(T”) which preserves the double grading.
Notice that whenever B(T") and B(I"”) are defined, we have
(F ~ A F,) = (F ~B F/).

Thus ~p gives us a coarser partition of these layered graphs. In particular, if the ~p
equivalence class consists of a single isomorphism class, then so does the ~ 4 equivalence

class. If the ~p equivalence class of a certain graph is small and easy to describe, we
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know that the ~4 equivalence class is contained in this small, easily-describable set of

layered graphs.

2.11 Notation and Formulas for Layered Graphs

Let T' be a layered graph. Recall that whenever there is a directed edge from v to w,
we write v > w, and say that v “covers” w. S(v) is the set {w : v > w}.
Definition 10. Throughout this work, we will use the following notation: For any

subset T' C V,,,
(i) S(T) = User S(t), the set of all vertices covered by some vertex in T
(ii) I(T) = (e S(t), the set of vertices covered by every vertex in T'.
(iii) N(T)=I(T)\ S (T), the set of vertices covered by exactly the vertices in 7.

(iv) ~p is the equivalence relation obtained by taking the transitive closure of the
relation
Ry ={(v,w) : 3t € T, {v,w} C S(t)}.
(v) €r is the collection of equivalence classes of V,,_; under ~r.
(vi) kr = |%71|.
(vii) k7 = kr — [Vaa] +[S(T)]-

Notice that kL is also the number of equivalence classes of S(T) under ~7. Since
() C V,, for multiple values of n, we will use the notation (),, to indicate that () is being
considered as a subset of V,.

Proposition 13. If I" is a layered graph, and A C V,,, then we have the following:
(1) Va1l = Ky,
(i) Va1 \ S(A)| = ka — k4,

(ii) |S(A)| = kg, — ka + k4
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Proof. Statement (i) follows immediately from the definition of k4. Statement (ii)
follows from the definition of k4. Statement (iii) follows easily from statements (i) and
(ii). O
Proposition 14. If A C V,,, then
1A =Y (~DPl(kp - k)
BCA

Proof. We know that I(A) = (\,c4 S(t), so

@A) = |50

teA

= ‘Vn—1|_ U%
teA
= [Vaual = D (-DPFHI) S0
P#ABCA teB
= WVarl+ Yo (DPH) S0
P#ABCA teB
= > (-1)F[s(B)|
BCA
= > (=1)"lks — k5)
BCA

Proposition 15.

IN() = Y (~1)P1AL (kg — kB)
BDA

Proof. N(A) is the collection of vertices in V,,_; that are covered by all vertices in A,



but not by any of the vertices in A4, so

Therefore we have

IN(A) = (A= |I(A) N (US(t))‘

= [I(4)] - ( (I(A)N5())
tcA
= [I(A)| - ( I(Au{t})>
tcA
= [I(4)] - (=D (AU {e})
0£CCA teC
= [I(4)] - (-DlCtrav o)
§£ACCA

By Proposition 14, this gives us

— Z(l)c( 3 (—1)!8] S(B)‘)

CCA BCAUC
> (_1)|B\+\C|‘@’
BCAUC
CCA
Al (A B
= 2 Z(—U'B'*B”A\“(‘ ) ‘) SB)|
BCV, i=0 !
= > PHlsa)]
BDA

3 ()P (g — k)

BDA
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Chapter 3

Isomorphisms of B(T')

3.1 The Algebra B(I)

Recall that B(I") = T(V4)/Rp, where Rp is the ideal generated by

{vw:v%w}U{va:vEV}.

v>w

This algebra has a double grading given by

m
B(T')m,n = span {vl U Z lvi| = n}
i=1

Definition 11. For notational convenience, we define B,, = B(I')1, = {ZvEVn ozvv},
the linear span of the vertices in V;,.

Definition 12. Given an element a = ayv € By, let A, = {v eV, :a, # 0}

’UGVn

Then we define

v) kg = k4

3.2 The Subspaces &,

Definition 13. For each element a € B, we define a map

Lo Bu_1 — B(I)
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such that L,(b) = ab. We define k, be the kernel of the map L,.

Looking at the ideal R, it is clear that for any v € V,,, we have

Ky = span ({w cw Lot U {Zw})

It follows that if |S(v)| > 1, then for any vertex w, we have w € S(v) if and only if
w ¢ Kk, when both v and w are considered as algebra elements. We can also obtain the

following results about the structure of k,:

Lemma 16. For any nonzero a = EUGVn Qv in By,
ha= () o
ay#0

Proof. Clearly, if b € av£0 Fvs then b € Kq, which implies that Na, 20 kv € Ka-

To obtain kg C [, 20 v, We note that B(I') can be considered as a direct sum of vector

spaces

B(T)=F & vB(),

veVL

where F' is the base field. If b € k,, then
Z a,vb =0,
vEV,
and so we must have vb = 0 for every v such that «, # 0. Thus we have b € ) e £0 B

and hence k, C ) o0 Fov- O

Proposition 17. For any a =) a,v € By,
/ﬁa:span{Zw:CE%a}
wel

Proof. In light of Lemma 16, this statement reduces to showing that for any subset

ACV,,

ﬂnv—span{zw:c,*em}

vEA wel
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We have

S Ry

= m Z /wa : ﬂw = /Bw’ if {’U},’U}/} - S('I})

vEA wWEVy_1

= Z Buww | : By = Buif {w,w'} C S(v) for some v € A

wEV—1

= Z Buw | i By = Bur if {w,w’}QCE%”A

wEVp—1

= span{Zw:Ce%A}

wel

Often it will be useful to be able to refer to k4 for a subset A C V,,:

Definition 14.

KA = ﬂ Ky

vEA
Notice that kg = kg fora =3 ., v € By,.
From Proposition 17, it is easy to see that the following corollaries hold:
Corollary 18. For any a € By, dim(k,) = kg, and for any A CV,,, dim(k4) = ka.
Corollary 19. For anya € By, |S(a)| = |Va_1|—ka+k2, and |S(A)| = |V;_1|—ka+k4
In general, we cannot recover information about k% from B(I'), but in the special case

where v is a vertex in V,,, we have kY = 1, and so |S(v)| = |Vs—1| — kv + 1.

We make the following observations about k,:
Proposition 20. Let a = ) ayv € By, and let w be a vertex in V,, such that a,, # 0.

Then the following statements are true:
Z) Ka € Ky
i1) ko < ky

itr) S(w) C S(a)
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We have equality in i) if and only if we have equality in ii). If |S(w)| > 1, then we
have equality in iit) if and only if we have equality in i) and ii). In the case where
|S(w)| =1, then equality in iii) implies equality in i) and ii), but the other direction of

implication does not hold.

Proof. All this is obvious from Lemma 16 and Proposition 17, except that k, = Ky
implies S(a) = S(w) in the case where |S(w)| > 1. Suppose k, = K. Notice that for
u € V-1 we have u € S(a) if and only if u ¢ k4, and v € S(w) if and only if u & k.
Thus u € S(a) if and only if u € S(w), so S(a) = S(w). O

3.3 Isomorphisms from B(I") to B(I")

Let ' = (V, E), and I"(W, F') be uniform layered graphs. Here we consider B(I") =
T(Vy)/R and B(I') = T(W4)/R'. A natural question to ask is which doubly graded
algebra isomorphisms between T' (V) and T (W, ) induce isomorphisms between the
doubly graded algebras B(I") and B(I"). The answer turns out to be fairly simple:
Theorem 21. Let ' = (V, E) and I" = (W, F) be uniform layered graphs with algebras
B() =T(Vy)/R and B(I") = T(W4)/R’ resepectively, and let

¢:T(Vy) = T(Wy)

be an isomorphism of doubly graded algebras. Then ¢ induces a doubly graded algebra
isomorphism from B(T') to B(I") if and only if kg) = ¢(ky) for allv e V.

For this result, we will need the following lemma:

Lemma 22. Let T' = (V, E) and T'(W, F) be uniform layered graphs, and let
¢:T(Vy) = T(Wy)

be an isomorphism of doubly graded algebras. Then the following are equivalent:
(i) For any a € By, ¢(ka) = Kg(q)-

(ii) For any v € Vi, ¢(Kv) = Kg(o)-
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Proof. Clearly, we have (i) = (ii). To show that (ii) = (i), let

a= Z Q0.
We know from Lemma 16 that

ba= [ Ao

ay#0

Since ¢ is a bijection, this implies that

Let ¢(v) = > Bvww. Then

and

so we have

O]

Proof of Theorem 21. For the purposes of this proof, we will let B, = B(I');,, and
B;, = B(I")1,,. We wish to show that ¢(R) = R’ if and only if kg, = ¢(k,) for all
v € V,. We have

R=(ab:a € B,,b€ kg orb¢ B,_1)

and so

d(R) = (¢(ab) : a € Byp,b € kg orb¢ By_1).

We also have

R ={ab:a€ B),ber,orb¢ B,_,).

n—1

Suppose that g,y = ¢(ky) for all v € Vi. Then by Lemma 22, we have kyq) = ¢(ka)

for any @ € B,. This means that for any a, we have Kk, = (f)‘l(/%(a)), and thus

Kg-1(a) = ¢ ' (Ka)-
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Let ab be one of the generators of R. Then a € V), and either b € k, or b ¢ B,,_;. If
b € kg, we have

¢(ab) = ¢(a)p(b)

We know ¢(b) € ¢(ka) = Kg(a), 50 ¢(ab) € R'. Otherwise, b ¢ B, 1, and so we have
¢(a) € B, and ¢(b) ¢ Bl,_4, so ¢(a)p(b) = ¢(ab) is in R'. Tt follows that ¢(R) C R'.

Any element of R’ takes the form ab, for a € W, and b € k, or b ¢ B, ;. If b € k,, we

have
ab= ¢(¢~ (a)p~" (b))

We know that ¢~*(a) € V,,, and ¢~1(b) € ¢~ (k4) = Kg-1(q). Thus ¢~ (a)p~1(b) € R,
and so ab € ¢(R). If b ¢ B! |, then we have ¢~'(a) € B, and ¢~ (b) ¢ B,_1, and so

n—1»

¢~ 1(ab) € R. It follows that ab € ¢(R), and so R’ C ¢(R). This means that R’ = ¢(R).

Conversely, suppose Kg(y) 7 ¢(ky) for some v € V,,. Then there must be some a such

that

a € (Kp) \ O(k0)) U (¢(k0) \ Kg(0))
If a € (Kg(w) \@(kv)), then we have ¢~ (a) ¢ Ky, so v9~'(a) ¢ R. However, we also have
a € Kg(y), SO d(vp~1(a)) = ¢(v)a € R'. Since ¢ is a bijection, this means R’ # ¢(R).

If a € (¢(kv) \ Kg()), then vp~(a) € R, but ¢p(vp~(a)) = ¢(v)a ¢ R. Since ¢ is a
bijection, R’ # ¢(R).
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Chapter 4

Upper Vertex-Like Bases

We are interested in studying the equivalence classes of layered graphs under ~ 4 and
~pg. As previously discussed, for uniform layered graphs I' and I/, whenever I' ~ 4 T,
we also have I' ~g I, so for now we will focus on the relation ~p. Suppose that for
a particular graph T', we are given the doubly-graded algebra B(I"), but no additional

information about the graph. What information about I' can we recover?

If we could somehow identify the vertices in B(I'), we could recover quite a bit of
information. In particular, we would know S(v) for every vertex v of degree greater
than 1. Unfortunately, it is not always possible to recover the vertices from the algebra.

Consider the following graph I':

%
It is easy to verify from Proposition 21 that the algebra map ¢ given by

a+b ifv=a
¢(v) =
v ifveVy\{a}

is an automorphism of B(I') which does not fix the vertices. Thus we cannot, in

general, identify which elements of B(I") are the vertices. However, it is possible to
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find a collection of algebra elements that in some sense “act like” the vertices. In this

chapter, we will give a construction for these elements.

4.1 Upper Vertex-Like Bases

We will continue to use the notation B, for B(I'); y, the linear span of V;, in B(T").
Definition 15. If I = (|J:2, Vi, U2, Ei) is a layered graph, then the restriction of

I' tonis
n n
I, = (U W,UEZ)
=0 =0

Notice that if T is a uniform layered graph, then so is I'|,, and that B(I'|,) is the
subalgebra of B(T') generated by J;, Vi.
Definition 16. A basis L for B, is called an upper vertex-like basis if there exists

a doubly-graded algebra isomorphism
¢ : B(I'|n) = B(I'|n)

such that ¢ fixes U?;()l Vi, and ¢(V,,) = L.
Proposition 23. A basis L for B, is upper vertez-like if and only if there exists a

bijection ¢ : Vi, — L such that ky = Ky, for all v € V.

Proof. This follows from Theorem 21. Define

to be the graded algebra isomorphism given by

v ifvelUly Vi
¢'(v) =

p(v) fveV,
Notice that ¢’ fixes all of B(I'|,,—1). Since k, C B,_1, we have ¢(k,) = Ky. Thus

Ky = Kg(y) 18 exactly the condition we need for ¢’ to induce an isomorphism on B(I'[,).

Conversely, if L is upper vertex-like, then there exists ¢ : B(I'|,) — B(I'|,) which fixes
U?;()l V;. The restriction of ¢ to V,, is a bijection from V,, to L. Theorem 21 tells us

that ¢(ky) = Kg(). Since ¢ fixes ky, we have our result. O
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Since an upper vertex-like basis L for B, is indistinguishable from the actual set of
vertices in B(I'|,,), the collection of k-subspaces associated with L is identical to the
collection associated to the actual vertices. For convenience, here we will use the nota-
tion x(a) rather than k.

Proposition 24. Let I' = (J;2, Vi, E) be a uniform layered graph, and let L be an

upper vertez-like basis for B(I')1,,. Then there exists a bijection
YV, =L
such that for any A C V,,, we have
veEA vEA
Proof. Since L is upper vertex-like, there exists an isomorphism
¢ : B(l|,) = B(T|n)

which fixes V; for 1 < i < mn — 1, and takes V;, to L. Let ¢ = ¢|y,. Since ¢(k(a)) =

k(¢(a)) for any a € B,,, we have

(e (50)) = (3] = (o) =+ (500

and since ¢ fixes all elements of B(I',,—1), we have
veA veA
The result follows. O]

This allows us to recover some information about the structure of the graph I' from the

algebra B(T").

4.1.1 Example: Out-Degree of Vertices

If L = {b1,...,bqim(B,)} is an upper vertex-like basis for B, and dim(xp,) = d, then

there exists v € V,, with dim(k,) = d. We have

|IS(v)| =V —d+1,
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and so I' must have a vertex in V,, with out-degree dim(B,,) —d + 1. In fact, since we
can calculate dim(xp,) for all 1 < i < dim(B,,), these upper vertex-like bases allow us to
calculate the degree sequence of the entire graph. More precisely, this argument gives
us

Proposition 25. Let I' be a directed graph, and let L be an upper vertex-like basis for

B, C B(T"). Then multiset {|S(v)| : v € V,,} is equal to the multiset
{dim(B,,) — dim(kp) +1: b€ L},

and thus can be calculated from B(T).

4.1.2 Example: Size of Intersections

Let L = {by,... ,bdim(Bn)) be an upper vertex-like basis for B,,, and suppose we have
dim(ky,) = d;, dim(kp,) = dj, and dim(ky, N kp,) = d;j. Then we have v; and v; such
that dim(x,,) = d;, dim(k,,;) = d;, and dim(ky, N ky;) = d;j. By Proposition 14 and

Corollary 18, we can conclude that

({vn o) = dim(Bn) — (d; — 1) = (d — 1) + dis — k)
= dim(B,) — d; — d; + dy + (2= k(o))

If the intersection is nontrivial, then 2 — k:{vf"vj: I Otherwise, 2 — k:{vf"vj: Y 0. We
{'Uza'U]} {vlvvj}
cannot calculate kf{{zl? i from B(T"), as we’ll see in Chapter 6. However, we can conclude
Y]
the following:
Proposition 26. Let I' be a layered graph, let L be an upper vertex-like basis for

B, € B(I'), with bijection ¢ : V,, — L satisfying kg, = ky for every v € V,,. Then
[ ({vi, v} = dim(By) — dim(kg(y,)) — dim(kg(,;)) + dim(Kg,40;)) + 1

if the value on the right is greater than or equal to 2. Otherwise I({v;,v;}) is 0 or 1.

4.2 Constructing an Upper Vertex-Like Basis

Our goal in this section is to prove the following theorem, which shows that we can

construct an upper vertex-like basis for B,, using only the information given to us by
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the doubly-graded algebra B(I'). Our main result is the following theorem:
Theorem 27. Let L = {bl,bz, . -,b|vn\} be a basis for B,, such that for any i and
for any a € (V,, \ span{bi,...,bi_1}), we have ky, > kqo. Then L is an upper vertex-like

basis.

This construction resulted from an attempt to prove Proposition 25, that the out-degree
sequence of I' can be calculated from the doubly-graded algebra B(I'). The argument

relies heavily on the chain of subspaces
ﬂanl‘ g -F]Vniﬂ_l g .. .F2 g Fl = Bn

given by

F; = span{v € V,, : k, > i}

We will use this notation for the duration of this section. Recall that from Corollary 25,

we know that for any a € B,,, we have

1S(a)l = Vo] = ka + kg
For a vertex v, we know that k) = 1, so we have

1S(v)[ = [Va-1| = ko + 1,

and thus

F; = span{v € V,, 1 |[S(v)| < |Vpo1| — i+ 1}

Thus if it is possible to calculate the dimension of the F; from the information given
to us by the doubly-graded algebra B(I'), then we can also calculate the out-degree
sequence. We have the following result:

Proposition 28. Fori=1,...,|V,_1|, let F; be defined as above. Then we have
F; = span{a € By, : k, > i}
Proof. Clearly, F; C span{a € By, : kg > i}. To obtain the opposite inclusion, suppose
a € B, satisfies k, > 7. We know from Proposition 20 that
a € span{v € V, 1 ky, > ko} C Fj,

and so span{a € By, : k, > i} C Fj;, and our proof is complete. O
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This gives us our result about out-degree, but it falls short of giving us a construction
for an upper vertex-like basis. According to Proposition 23, an upper vertex-like basis
for B,, will consist of a linearly independent collection of algebra elements whose x-

“match” the k-subspaces of the elements of V,,. Proposition 28 gives us the

subspaces
tools that we need to construct a basis whose k-subspaces have the correct dimensions.
Definition 17. We say that a basis {z1,. .. ,xdim(v)} for a vector space V' is compat-

ible with the chain of subspaces
VWCViCchcC...CV

if for each 4, span{z1, ..., Tamv;)} = Vi-

Lemma 29. Let L be defined as in Theorem 27. Then L is compatible with
F, | S Fy,_,-1S... R, C F1 = B,

Proof. Recall that F; is spanned by {v € V,, : k, > i}. Thus if j < dim(F;), then there
exists v € F; \ span{b1,...,b;}, and this v will satisfy k, > i. Thus by the definition of

L, we have k:ij >k, > 4. Thus
span{bi, ..., baim(r,)} C span{a € By : kg > i} = I,

and so
span{by, ..., bdim(Fi)} =k

O]

This shows that the x-subspaces of L have the correct dimension. Our next goal is to
show that the x-subspaces of L all appear as x-subspaces associated to vertices.
Lemma 30. Let L be a basis for B, satisfying the hypothesis of Theorem 27. Then

for each b € L, there exists w € V), such that kp = K.

Proof. According to Proposition 20, any element a € By, is in span{v € V;, : Ky 2D Kq}.

Thus either there exists w € V,, with ay, # 0 and kK, = Ky, or we have

a € span{v € Vy, 1 ky 2 Ka} C span{v € Vy, 1 ky > ko + 1} C Fi 11

=
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By Lemma 28, this gives us
a € span{b € L : ky > kq + 1},

and so a ¢ L.
It follows that for any b = Zvevn Byv € L, there exists w € V,, such that 8, # 0 and

Kp = K- ]

All that remains is to show that the multiplicity with which each k-subspace appears
in L matches the multiplicity with which it appears in V,.
Lemma 31. Let L be a basis for By, satisfying the hypothesis of Theorem 27. Then

for each w € V,,, we have
Hbe L:ky=ru}|=/{veV,: ky=~ry}

Proof. Notice that
{b+ Fro+1: be L k,= kw}

and

{v4+ Viy41:0 € Vi ky =k}

are both bases for the space Fy, 11/Fy,. We know that for each b € L with kp = Ky,

we have b € span{v € V,, : ky D Ky}, and so

span{b+ Fi, +1:0 € L, kp = Ky} C span{v+ Fy 11 :v € Vo, Ky = Ky}

A simple dimension argument now gives us
Corollary 32. Let L be a basis for B, satisfying the hypothesis of Theorem 27. Then

for each w € V,,, we have

Hbe L:ky=ry}t ={veV,:ky=ry}

Now we are ready to prove that L is an upper vertex-like basis.



Proof of Theorem 27. By Corollary 32, we know that for every w € V,,, we have
Hbe L:ky=ry}|=/{veV,: ky=~ry}

Thus there exists a bijective map ¢ : V;, — L such that rg,) = ky.

36
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Chapter 5

Uniqueness Results

Upper vertex-like bases allow us to find the collection of x-subspaces associated to the
vertices, and to count the multiplicity of each of these x-subspaces. However, there are
cases in which we can do even better—identifying the linear span of a particular vertex

in B(T"). Recall that for any a € B,,
a € span{v € V,, : ky D Kq}
Thus if there exists a vertex w € V,, such that
{veVy:ky D EKul,

then for any element b of an upper vertex-like basis L for B,, satisfying k, = Ky, we
have b € span{w}. In cases where this condition is fairly common, this allows us to

almost entirely determine the structure of I' from the algebra B(T").

We will use both poset and layered-graph notation in the discussion that follows. We
will identify the poset P with the layered graph associated to its Hasse diagram. For
P;.

ease of notation, we will use the notation P; for {J,>;

5.1 Non-Nesting Posets

Definition 18. Let P be a ranked poset with a unique minimal vertex *. We will say
that P has the non-nesting property if for any two distinct elements p and ¢ with
out-degree greater than 1, we have S(p) Z S(q).

Theorem 33. Let P be a finite poset with the non-nesting property, such that |S(p)| > 1

whenever p(p) > 1. If Q is a poset with Q ~p P, then P>y = Q>
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Proof. Suppose there is a doubly graded algebra isomorphism from B(P) to B(Q). We
will equate the vertices in B(P) with their images in B(Q), allowing us to work entirely

inside the algebra B(Q).

For each level i, we can find an upper vertex-like basis L; for B;. The construction of
L; depends on the algebra, not on the original poset, so L; is upper vertex-like for both

P and for Q. That is to say, there exist two bijections
Qﬁle—)PI and ¢1L1—>Qz
such that kg, (4) = k4 and Ky, (4) = K4 for every A C L;.

Define &; : P, — Q; by & = (bi_l o1p;. This is a bijection, and for any A C P;, we have
Rei(A) = Rt (pi(a) — Fa(4) = FA
For any q € Q);, a € B;, we know from Theorem 20 that x, = k4 if and only if

a € span{r € Q; : K, C Kq} = span{r € Q; : S(q) C S(r)}

For i > 1, the non-nesting property tells us that the rightmost set is equal to span{q},
and so a is a constant multiple of ¢q. In particular, for each p € P;, &(p) is a scalar

multiple of p. We will write &(p) = a,p.

Now define a bijection
§:Po2 = Q>2
such that £(p) = &(p) for every p € P;. We claim that this is an isomorphism of posets.

To prove this, we must show that for any r € P2, we have r € S(p) if and only if

§(r) € S(E(P))-

Let p € P; for i > 2. We know that

Kp = span Zr U{r:r¢Shp}],

reS(p)

and that |S(p)| > 1. It follows that for r € P;_; we have r € S(p) if and only if ¢ k.

A similar argument shows that {(r) € S(£(p)) if and only if £(r) & K¢(p). This gives us

(r€Sm) & (r¢nrp) & (wr ¢ ry) & (60) ¢ rery)) & (E(r) € S(ED)))
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O]

Corollary 34. Given any finite atomic lattice P whose Hasse diagram is a uniform

layered graph, the poset P>g is determined up to isomorphism by B(P).

Proof. Since P is a finite lattice, it has a unique minimal element 0. Since P is atomic,
any element p of rank two or greater satisfies |S(p)| > 1. All that remains is to show

that P satisfies the non-nesting property.

Suppose p and ¢ are elements of P with S(p) C S(q). Then either p and g are both
atoms and S(p) = S(q) = 0, or we have \/ S(p) = p and \/ S(q) = ¢. This means that

rva=(Vsw)v(Vs@)=\s@=q

and so we have ¢ > p. Since S(p) = S(q), we know that p(p) = p(¢), and so it follows

that ¢ = p. ]

5.2 The Boolean Algebra

The Boolean algebra satisfies the non-nesting property. This makes it fairly easy to
show that it is uniquely identified by its algebra B(T").
Proposition 35. Let 2" be the Boolean lattice, and let T' be another uniform layered

graph with T ~p 2. Then T and 2" are isomorphic as layered graphs.

Proof. Let 2" be the Boolean lattice, and let I' = (Vo U... U V,, E) be a uniform
layered graph with unique minimal vertex such that there exists an isomorphism of
doubly-graded algebras from B (2["}) to B(I"). We equate the vertices in B (2[”]) with
their images in B(I"). For each i > 2, define ¢; as in the proof of Theorem 33. Then

since 2 is a finite atomic lattice, the map
f : 2[71}22 — FZQ

given by &(p) = &i(p) for p € ([7;]) is an isomorphism of posets. We would like to define

an extension & of &, such that ¢ is an isomorphism from 2 to T.
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We will use the following in our construction:

Claim 1: For every w € V1, we have [{v € Va1 v $pw}| = (”51)

Claim 2: For every A C V5 with |A| = (";1), we have dim(k4) > 1 if and only if there

exists w € V] with A = {v € Va : v $w}.
We will begin by proving Claim 1. We know that ¢ satisfies k() = £, for any p € ([72’]).
Since |S(p)| = 2 for every p € ([g]), Corollary 25 gives us
dim(kp) =n—1
for all p € ([g]), and thus
dim(ky) =n—1
for all v € V. This tells us that |S(v)| = 2 for all v € V5.

Furthermore, for any p # ¢ in ([g]), we have k), # Kkq. Since ¢ is a bijection, this tells us

that k, # Ky for any v # w in Va. Thus S(v) # S(w) whenever v # w in Vo. We have
V1| = dim(B;) = n,

and

i n
Vel = dim(52) = ().
so each possible pair of vertices in V] appears exactly once as S(v) for some v € V;. It
follows that for any w € Vi, [{v € V4 : v $w}| is exactly the number of pairs of vertices

in V7 that exclude w. There are exactly (";1) such pairs. This proves Claim 1.

To prove Claim 2, we begin by associating to each subset A C V5 a graph G4 with

vertex set Vi, and with edge set
{S(v) :v e A}

Corollary 18 implies that k4 counts the number of connected components of GG 4. If the

connected components have sizes i1, 42, ..., i,, then we have

4] < (;) T (;) - <’;>
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Thus if |[A] = (*}"), then

n—l il i2 /ikA
< .
("2 )= () (5) ()
Notice that for ¢ > j > 1, we have
) 7 L i
= —1 -1
(5)+(3) = i-n+iG-
< ii—=1)+1i(j—-1)

< ili- 1)+ G- DG -2+l 1)
< (3)+ (5 i
(1)

with equality if and only if j = 1. This gives us

A = n—1 < n+1—=Fky 7
2 2
which implies that kg < 2. If k4 = 2, we have
n—1 i J
<
(27 = ()G
< (z +j— 1>
- 2
_ n—1
= 5 )
where ¢ and j are the sizes of the two connected components of G4, with ¢ > j. The
inequality in the second line is an equality if and only if j = 1. Thus when |A| = (";1)
and kg > 1, G4 consists of one isolated vertex w, together with the complete graph on

Vi \ {w}. Thus A is exactly the collection of vertices {v € V5 : v #w}, which proves
Claim 2.

Now we are prepared to prove the theorem. For each i € [n], let &% = (["]\2{1}), and
let A; = &(<%). Since kK4, = Ko, we have ks, = ko = 2. Since |4;| = || =
(”51), Claim 2 tells us that for each ¢ € [n], there exists a unique w; € Vi such that
A; = {ve Vo : v % w;}. We define our function &' : 2"l 5 T so that
* iftp=10
§p)=q wi ifp={i}

&(p) else
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We wish to show that this function is an isomorphism of posets.

First, notice that for ¢ # j, we have ry, # k. This implies that A; # Aj, and so

w; # w;. Thus ¢’ is a bijection.

To show that £ preserves order, we must show that whenever i € [n] and p € ([g]), we
have w;<¢’(p) if and only if i € p. If i € p, then &'(p) ¢ A;. Since A; = {v € V5 : v Fw;},
it follows that w; < &’(p). Conversely, if i ¢ p, then '(p) € A;, and so w; £&'(p). Tt

follows that &' is an isomorphism of partially ordered sets, and so I' = 2[". ]

5.3 Subspaces of a Finite-Dimensional Vector Space over F,

Proposition 36. Let X be an n-dimensional vector space over Fy, the finite field of
order q, and let Px be the set of subspaces of X, partially ordered by inclusion. Let T’
be another uniform layered graph with T') ~p Px. Then I' and Px are isomorphic as

layered graphs.

Proof. The case where n < 2 is trivial, so we will assume that n > 3. We will use
P; to denote the collection of i-dimensional subspaces of X. Let I' = (Vb UVi U... U
Vy, E) be a uniform layered graph with unique minimal vertex such that there exists
an isomorphism from B(Px) to B(I'). Once again we will equate the vertices in B(Px)
with their images in B(T"), and we will define &; as in the proof of Theorem 33. Again

our poset Py is a finite atomic lattice, so the map
g : (Px)zg — FZQ

is an isomorphism of posets. Again we are looking for an extension &' of ¢ that is an iso-
morphism from our whole poset Px to I'. Our proof will mirror that of Proposition 35,

and we will make use of the following two facts:

Claim 1: For every w € Vi, we have

(" —*) ("' —1)

et el = T e
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Claim 2: For every A € V5 with

") -1
(q—(¢*?—1) ~

we have k4 > 1 if and only if there exists w € V] with A = {v € V5 : v $w}.

4=

We begin by proving Claim 1. We know that P, consists of % planes. It
(¢"=1)(¢"~'-1)

D@D vertices. If we wish to show that

follows that V5 consists of

(" —¢*)(¢" ' =1)
(¢g—1)(g*>=1) ~

{veVa:vFwl| =

it will suffice to show that

(- '=1) ("= -1)  (¢"t-1)

HveVa:v>w} =

(¢—1)(¢®—1) (g—D(?-1)  (¢—1)

Let v,0v" € Vo with v # v'. Since ¢ is a bijection, we have £71(v) # ¢~1(v/). Since two

planes intersect in a unique line, we have
[I({ (v), 1N = 1.
By Proposition 26, this means that
dim(Bn) = kge-10)} — Fe-1 ) +Rpgrmerwny 1 =1
Since ka = k¢4 for any A C P, this gives us
dim(By,) — kgy — by + ko +1=1,

and another application of Proposition 26 gives us

I({v,v’}) <1

for any v # v’. Each plane in P, contains ¢ + 1 lines. It follows that each vertex v € V5

satisfies |S(v)| = ¢ + 1. Thus if we have w € V; such that
HveVa:v>w} >

then there must exist at least
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distinct vertices in V;. However, we know that

|V1|=qn_1 <qn+qQ—q_1
g—1 g—1 '

so it follows that

for all w € V5. We have

Y fveVaivswl = (¢+1)|Va

weVy
_ (" —1)(¢" 1 —1)
- (”1)( CE Oy >

- (=) (=)
i (=)

("= 1)
(¢—1)

It follows that

HveVa:v>w} =
for each w € V1, and Claim 1 is proved.

We know that any two planes in P, intersect in exactly one line. Thus for any &/ C P,

we have
K = span Z lpU{weVi:w¢gS(H)}],
1€S(7)
and thus dim(ky) = |P1| — |S(#7)| + 1 for all & C P,. In particular, when |&/| =

%, we have k., > 1 if and only if 7 is the collection of planes which do

not contain a particular line [. There are (g;:ll)) such subsets. This means that there

are exactly (g;:ll)) subsets A C V5 with |A| = % and k4 > 1. Since there

are |Vi| = (E];:ll)) subsets of the form {v € V; : v $w} for some w € Vi, this must be

the complete list of subsets A C V5 with |A| = %321))((—27;:11)_1) and k4 > 1. This proves

Claim 2.

Now we can construct our extension &’. For each point p € Pj, define <7, to be the

collection of lines in P, which do not contain p, and let A, = £(.%%,). Since k4, = K.y, We
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have k4, = 2, and thus there exists a unique w, € Vi such that A, = {v € V2 : v $w,}.

We define our function ¢ : Px — I' as follows:

* ifx=10
fl(ﬂf) = W ifxe P
&(x) else

Since k., # Ko, whenever p # ¢ in Py, we know that &'(p) # &'(¢), and thus £’ is a
bijection.

All that remains is to show that for p € P; and | € P5, we have wy, < £(1) if and only
if pel. Ifpel, then &(l) ¢ A,, and since A, = {v € Vo : v pw,}, it follows that
wp < &' (1). Conversely, if p ¢ I, then &'(1) € A, and so w, £&'(p). It follows that £ is

an isomorphism of partially ordered sets, and that I' & Px.
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Chapter 6

Two-Layered Graphs

We will call the layered graph I' = {V, E} a two-layered graph if V. =1, U Vi U Vs, It
seems reasonable to focus some attention on the collection of two-layered graphs with
unique minimal vertices, since their structure is especially simple. We will begin by
showing that if I' is a two-layered graph with a unique minimal vertex, then I' can be

determined up to isomorphism from the values of k4 and kﬁ for A C V5.

6.1 Structure of Two-Layered Graphs

Proposition 37. Let I' and I be two-layered graphs with unique minimal vertices x
and «'. If there exists a bijection ¢ : Vo — Vi such that |[N(A)| = |N(¢(A))| for all
ACV;, thenT =17,

Proof. Notice that the sets N(A) such that A C V5 form a partition of Vi, and that
the sets N(¢(A)) such that A C V5 form a partition of V. Since |[N(A)| = |N(¢(A))|

for all A C V5, there must exist a bijection
V=V
satisfying the following three conditions:
i) () =
ii) ¥(v) = ¢(v) for all v € V3
iii) ¢¥(w) € N(¢(A)) = N(1p(A)) if and only if w € N(A).

We claim that ¢ is a graph isomorphism from T" to I".
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Let (z,y) bean edgein . If 2 € V; and y = %, then (¢ (z), ¥ (y)) is clearly an edge in .
If x € Vo and y € Vi, then y € N(A) for some A containing x. Thus ¢ (y) € (N((4)),
and ¢ (z) € P(A), so ((x),1(y)) is an edge in T".

Let (¢(x),%(y)) be an edge in I". If ¢(x) € V{ and ¢(y) = «/, then x € V; and y = x,
so (z,y) is clearly an edge in I'. If ¢(x) € V4 and ¢ (y) € V{, then ¢(y) in N(¢(A)) for

some A containing X. This means that y € N(A), so (z,y) is an edge in I'.

In fact, we have the following stronger statement:
Proposition 38. Given a set V and a function N : Z(V) — N, we can construct a two-
layered graph T such that V' is the set of vertices in the second layer, and |[N(A)| = N(A)

for any A C V. This graph is unique up to isomorphism.

Proof. Let Vo = V. For each A C V3, define a set n(A) such that [n(A)| = N(A). Let
Vi =Un(A), and for v € Vo, w € n(A), let v > w if and only if v € A. Set w > * if
and only if w € V. Then n(A) = N(A) for all A C V5, so [N(A)| = N(A). Uniqueness

follows from Proposition 37. ]

This means that a two-layered graph I' can be given by the ordered pair (V, E'), where
V' is the collection of vertices and FE is the collection of edges, or by the ordered pair

(Va,N), where V5 is the collection of top-level vertices, and N : &2(V5) — N.

6.2 Blueprints For Two-Layered Graphs

Propositions 15 and 37 give us the following corollary:

Corollary 39. Let I and I be two-layered graphs with unique minimal vertices * and
. If there exists a bijection ¢ : Vo — V3 such that kg = kgay and k‘ﬁ = k‘igﬁ)) for all
ACV,, thenT =17,
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Recall that k4 represents the number of equivalence classes of S(A) under the rela-

tion ~ 4. Equivalently, we could consider the graph G = (V3, E..), where
B = {{v,0'} : S(v) N S(') # 0}

Then k:ﬁ is the number of components of the induced subgraph on A. Clearly, the k‘ﬁ

will be entirely determined by the values of kgg% for x #y € V,.

Thus complete information about a two-layered graph I' can be given by the ordered
triple (Va, B, k), where k : &(V2) — N is the function given by k(A) = k4.
Definition 19. We call an arbitrary triple of the form (V,, E., k) with V a set, E. a
collection of two-element subsets of V, and k : &(V2) — N a blueprint.

Definition 20. Given such blueprint (V, E.,K), and a subset A C V, we define the

following:
i) (kg)a =k(A)

ii) (kg)4 is the number of connected components of the subgraph of (V, E.) induced
by A.

iii) Sp(A) = (kg)p — (kg)a + (ks)4

iv) Tg(A) = X pea(—DP ((ks) 5 — (ks)5

) 1 BCA 8)B 8)B

v) Ng(4) = ZB;E(—U‘B'_‘A‘ ((ks)B — (ks)B)
When there is no chance of ambiguity, we will drop the £ in the subscript.
Definition 21. We say that a blueprint 8 = (V, E., k) is graph-inducing if N(A) > 0
for all A C V, since we can construct a two-layered graph by taking (V,N). We call
this the graph induced by £.
Definition 22. We call a blueprint 8 = (V, E., k) valid if there exists a two-layered

graph I' = (Vo U V1 UV, E) and a bijection ¢ : Vo — V such that k(¢(A)) = k4 for all
A CVy, and {¢(z),d(y)} € E~ if and only if S(x) N S(y) # 0.

In this case, I' is isomorphic to the graph induced by [, and we say that g validly

induces T'.



49

Proposition 40. Let T be a layered graph, validly induced by a blueprint B = (V, E., k).

If we identify the the second layer of vertices in I with V', we have
i) (kg)a =Fka
ii) (kg)4 = k4
iii) S3(A) = |S(A)
iv) For nonempty A, Ig(A) = |I(A)]

v) N(A) = |N(A)|
Proof. All of this is clear from the definitions. O

Valid blueprints must satisfy certain properties. Clearly if 3 is valid, then it is also
graph-inducing, and the values of the five functions described above must all be positive.
In addition, we have the following:

Proposition 41. If § = (V, E., k) is valid, then k(A) > k(B) whenever A C B.
Proof. Let T' be the graph induced by 8. Then k(A) = k4, and k(B) = kp. It is clear
from the definition of k4 and kg that whenever A C B, ks > kp. O

Proposition 42. Let 8 be a valid blueprint. If

(kg)o — (kg) () — (k) (yy + (Kg){ayy > 0,

then (kg)gﬁﬁ =1.

Proof. Since (3 is valid, (kg)gz% =1 if and only if I({z,y}) # 0. We have

({z.y) = ((ka)o— (ka)h) = (B — (k) (2})
— ((kﬁ){y} - (kﬁ)gD + ((’%){xvy} - (’%‘)Eﬁ)
= (kg)o — ((kg)ey = 1) = ((kp)gyy — 1) + ((’fﬁ){x,y} - (kﬁ)gﬁ)
= ((kp)o — (kg) ey — (k) gy + (kp)ayy) +2— (kﬂ)giﬁ
It (ks)o — (Kp)(ay — (ks)y) + (Ks){ay) > 0, then

1({z,y}) > 3 — (kg) {2,
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and since (kﬂ)gﬁ € {1, 2}, this means

I({z,y}) = 1,

and so (kﬁ)gﬁ =1. O

6.3 Removing Edges from Blueprints

If two graphs I' and I"” have the same blueprint, then they are isomorphic, and so clearly
B(T') = B(I"). We also know that given just the algebra B(T') of a particular graph T,
we can find an upper vertex-like basis L for V5, so we have a bijection ¢ : Vo — L with
k(A) = kg(a) for any A C V,. This means that the only piece of the blueprint for T’
that is not necessarily recoverable from B(T") is E..

Definition 23. If § = (V| E.,k) is a blueprint and z,y € V, with = # y, we define
B\A{z,y} = (V,E-\ {z,y},k)

We ask the question: If 5 = (V, E.,k) is a valid blueprint and {z,y} € E., under
what circumstances is 8\ {z,y} a valid blueprint? And how are the algebras of the

corresponding graphs related?

We can identify some situations in which g\ {z, y} cannot be a valid blueprint. A fairly
simple one is the following:
Proposition 43. If § = {V, E., k} is a valid blueprint with Ig({x,y}) > 2 for some

x,y €V, then B\ {x,y} is not a valid blueprint.
Proof. We know that

Lo\ (ogy ({7, 9}) = ((kﬁ)w - (kﬁ)%> - «kﬁ){z} - wﬁ)%)
- ((kﬁ){y} - (kﬁ)g{) + ((kﬁ){x,y} - (’Wf)gﬁ)

= (kg)p — ((kp)ay — 1) = ((kg)gyy — 1) + ((Bg){ayy — 1) ,
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and that

0 o)
Io\{e.sy ({2, 9}) <(’fﬂ\{x,y})@ - (’%\{m,y}%) - ((’fﬁ\{x,y}){x} - (’%\{m,y}hgg})

{v) (o}
- <(kﬂ\{x7y}>{y} - (’fﬁ\{x,y}){z}) + <(k6\{x7y}>{x,y} = (ka\ (2,0} {2y}

= (kp)o — ((kg) ey — 1) = ((Ra) gy — 1) + (k) fayy — 2)

It follows that Ig\(y, > 0. If 8\ {z,y} were valid, it would follow that {z,y} €
E.\ {z,y}. Clearly this is not the case, and so we conclude that 5\ {z,y} is not a

valid blueprint. O

Other situations in which 8\ {z,y} cannot be a valid blueprint involve cycles in the
graph (V, E.). For instance, if this graph includes a triangle with vertices, x, y, and z,
such that I(z,y,z) = 0 in the graph induced by 3, then 8\ {z,y} will not be valid.

Proposition 44. Let § = {V,E.,k} be a valid blueprint, and let z,y,z € V. If

({x’g’z}) C E. and I{({x,y,z}) = 0, then B\ {z,y} is not a valid blueprint.

PT’OOf. Let I = Ig, k= kﬁ, and I' = Iﬁ\{m,y]w K = kﬁ\{x,y}' Then

I'({:r,y,z}) - I({x,y, Z}) = ( Z (_1)‘B| ((k/)B - (k/)g)>

BCl{z,y,z}
- ( > ()P (ks - kﬁ))
BC{z,y,z}

We know that I({z,y, z}) = 0, and that (k)4 = k4 for any A C V| so this gives us

U({z,y,2) = Y. (-DP(kE - (K)B)

BC{z,y,2}
= (- 008) - (k- @) - (k63 - W55)
= (W - 05) + (R - i)
(R - @) + (] - )
_ (k{l’,y,z} _ (k/){mvy,z})

{z.y.2} {zy,2}

)



52

All of these values are easy to calculate, and we find that

I({xa Y, Z}) =-1

If B\ {z,y} were a valid blueprint, then all values of I' would be non-negative, so we

can conclude that 8\ {z,y} is not valid. O

We can also show that if (V, E.) contains as an induced subraph a cycle of length
greater than 3, the removal of any of the edges of the cycle will result in an invalid
blueprint.

Proposition 45. Let § = {V, E., k} be a valid blueprint. Suppose there exist x, y, and

X1, ... Ty withn > 2 such that the collection of edges in the subgraph of (V, E.) induced

by {z,z1,...,2n,y} is
{{.’L‘, Z/}; {ZL’, -:UI}? {xla .%'2}, RN {xn—la xn}a {xn> y}}
Then B\ {z,y} is not a valid blueprint.

To show this it will be useful to have the following;:

Lemma 46. If 5 = (V,E., k) is a valid blueprint, and A C 'V, then

A
la= (480 () Ko

18 also wvalid.

Proof. Let B = (Va, E~, k), and let I' = (Vy U V3 U Va, E) be a graph induced by /. For
A C Vs, define IV to be the subgraph of I' induced by the set of vertices Vo UV U A.

We claim that 8|4 induces I".

Let ¢ : A — A be the identity map. Clearly for any B C A we have
ke = k(B) = Kla(B),

and for any z # y € A,

(60,000} = v} € B0 )

if and only if {z,y} € E., which is true if and only if S(z) N S(y) # 0. Thus 5|4 is a

valid blueprint, inducing I". O
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Proof of Proposition 45. Let = {V, E.,k} be a valid blueprint. By Lemma 46, we

may assume that

V={x,z1,...,2n,y}

and that

E.= {{l’, y}7 {.%', 1'1}, {.731, 1‘2}, SER) {xn—lv mn}v {xm y}}

Let N = Ng, k = kg, N = Nﬂ\{z,y}? and k' = kﬁ\{z,y}' We have
N(V) =N (V)= (-DPH((K)F - *5)
BCV

We know that N(V) = 0, and that

0 else

Thus we have

NV = Y ()

{z,y}CB#V

. ni:l(—ni <7Z>

=0

SO

If n is odd, then 5\ {z,y}, is not graph inducing, and so clearly cannot be valid. If n

is even, then the graph induced by 8\ {z, y} must have a vertex in N (V). This implies

that S(x) N S(x2) # 0, but we have {x,x2} ¢ (E. \ {z,y}). Thus 8\ {z,y} cannot be

valid.

O]

Suppose 8 and 8\ {z,y} are both valid blueprints. What can we say about the graphs

that they induce? What about the algebras associated to those graphs?



54

Proposition 47. Suppose = (V, E., k), and f\{x,y} are both valid blueprints. Then

there exists exactly one set A C (V \ {z,y}) such that
Ns({z,y}UA) =1

For all other B C (V \ {z,y}), we have
Ng({z,y}UB) =0

Furthermore, for any B € V, we have

Ng(B)—-1 if B=({z,y}UA) or B=A
Noveay(B) =\ Np(B)+1 if B=({z}UA) or B=({y} UA)
N3(B) else

Proof. For ease of notation, we will let k = kg, and k' = kg\(, ) for the duration of

this proof.

We will begin by establishing the existence and uniqueness of the set A. Let I' =
({*x} U V1 UV, E) be the graph induced by f. Since {z,y} € E., there exists some

vertex w € Vj such that z > w and y > w. If we take
A={veV :iv>w},
then we have Ng(A4) > 1.
If there were another set B C V' \ {z,y}
Ng({z,y} UB) > 1,
or if we had any set A C (V' \ {x,y}) with
Ng({z,y} U A) > 1,

then there would exist at least two vertices w and w’ in V; which were covered by both
x and y. Thus we would get I3({z,y}) > 2. However by Proposition 43, this would
imply that §\ {x,y} is not a valid blueprint. It follows that Ng(A) = 1, and that for
any other B C (V' \ {z,y}), Ng(B) = 0.
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It remains to show that the values of Npg ;.3 listed above are correct. Clearly, k:g =
(K")B unless {z,y} C B. Since N(A U {z,y}) = 1, we know that there exists some
w € V; such that v > w for every v € A. It follows that the subgraph of (V| E..) induced
by A is the complete graph on A. This means that if {z,y} C B and there exists
z € AN B, then kB = (K)B.

We claim that if {z,y} € B and AN B = {, then (k)8 = k5 + 1. To prove
this, we need to show that x and y are in two different connected components of
(B, (E~\{{z,y}})N (g)) , the subgraph of (V, E. \ {{z,y}}) induced by B. Clearly
there is no edge from z to y. If there exists z € B such that {z,z} and {z,y} are both
in E., then the graph induced by § has a triangle on the vertices z, y, and z. Since
z ¢ A, then the vertex shared by x and y is not shared by z, so I({z,y,z2}) = 0. But

this would imply that 5\ {z,y} is not valid by Proposition 44.

Thus if there is a path from z to y in (B,EN N (g)), it must have length greater
than two. Let (x,z1,...,2,,y) be a minimal such path. Then the subgraph of (V, E.)
induced by these vertices is a cycle of length greater than three. This again would imply

that 5\ {z,y} is not valid, by Proposition 45.

Thus it must be the case that if {z,y} C B and AN B = (), then = and y are in two

different connected components of (B, E.N (5)), and thus (k)8 = k5 + 1.

We have

N5(C) = N oy (€)= Y (1)1 (1) 5 — kB,
BDOC

and we have established that

1 if {z,y} CBand ANB=1

(K5 — ki =
0 else
It follows that
Ns(C) ~Npyy(©) = > (-1)lFlC]
B2(Cu{zy})
BNA=0

If AZ C, then theset {B:C C Band BNA=0} =10, so

Np(C) = Ni\(zp(€) = 0
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If ACCand CN(AU{x,y}) # 0, then

S 1Al e
NAC) - Noen (@)= 3 (IR g,
1=0

since |A| — |C'\ {z,y}| > 0.

Thus we have proved our result for all but the four exceptional cases, all of which are

easy:

Ny(AU{2,9}) ~ Novgy (AU () = 3 (—1)1E-A+2l = g
Ns(AU{2}) = Noyop(AU{z}) = 30 ()Pt = 1
BOA
BNA=(
Ns(AU{y}) - Navegy (AU {ph) = Y (~nEAH =
B
Ns(4) ~ Np oy (4) = > (~1)1P-Fl =1

BDA
BNA=0

O]

Finally we can state exactly when, for a given valid blueprint 3, 5\ {z,y} is also valid:
Theorem 48. Let § = {V,E., k) be a valid blueprint, and let {x,y} € E~. Then

B\ A{x,y} is a valid blueprint if and only if
i. Whenever ({x’g’z}) CE., I{z,y,z}) > 0.

it. For any n > 1 distinct x1,...,x,, not equal to x or y, the subgraph of (V,E.)

induced by x,y,T1,...,T, 1S not a cycle.

iii. There exists a unique A C (V' \ {z,y}) such that Ng(A U {z,y}) = 1. For all
other sets B C (V \ {z,y}), we have N3g(AU {z,y}) =0.

iv. N3(A) > 0.

Proof. We have already shown that all of these conditions are necessary. We would like

to show that they are sufficient. Let 8 = (V2, E<,k) be a blueprint satisfying all of
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these conditions. Let I' = (Vo U V3 U Vo, E) be the graph induced by . By condition

iii, there exists a unique vertex w € V; such that w <z and w <y. Then
A={veVy|v>w}\{z,y}

By condition iv, there exists at least one vertex w’ € N(A). We delete the edge (z,w)
and replace it with the edge (x,w’) to obtain a new graph I'' = (Vo U V3 U Vi, E'). We

wish to show that 8\ {z,y} is valid, inducing T".

We will need to distinguish the k, N and S functions associated to I' from those asso-

ciated to I, so we will use &/, N/, and S’ for the latter.

Our bijection from V5 to V5 will be the identity. We need to show that k(B) = (k')p
for all B C Vi, and that {a,b} € (E< \ {z,y}) if and only if S"(a) N S’(b) # 0.

We know that k(B) = kp. Thus we need to show that (k')p = kp for all B € V5.
Case 1: If x ¢ B, then clearly (K')p = kp.
Case 2: If x € B and there exists z € BN A, then we have z > w and z > w', so

S'(B) = S(B). If y € B, then there exists a path from y to x through z, so (k')5 = kB.

If y is not in B, then (k')B = k& trivially. In either case, we have
|S(B)| ~|S"(B)| = ko — kg + k5 — (K)o + ()5 — (K')3

and so

0= (K —kp

Case 3: If x € B, BNA =10, and y ¢ B, then no element of B other that = covers
w or w'. Thus S'(B) = (S(B) \ {w}) U{w}, and |S"(B)| = |S(B)|. Again (k:’)g = k:g

trivially, so we get (k')p = kp as above.

Case 4: If x € B, BNA = (), and y € B, theninI', both x and y cover w, and no element
of B covers w'. InT", only y covers w, and now x covers w’, so S’(B) = S(B)U{w'}, and
|S"(B)| = |S(B)|+1. Since BN A =, we know that x and y are in different connected
components of the subgraph of (Va, E. \ {z,y}) induced by B. Thus (k)8 = k5 +1,

and we get (k')p = kp, as above.
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So we have established that (k')p = kp for all B C V5. Now we must show that
{a,b} € (E-\ {z,y}) if and only if S’(a) N S’(b) # (. This is clearly true unless one
of the vertices is x, and we have a situation where S(z) N S(t) = {w} for some vertex
t # y. However, if this is the case, then ¢t € A, and so ¢t >w', so S'(z)NS’(t) = w'. This

gives us our result.

6.4 Nonisomorphic Graphs With Isomorphic Algebras

Theorem 49. Let = (Vo, E., k) be a valid blueprint such that B\ {x,y} is also valid.
Let T' = (Vo UV3 U Vi, E) be the graph induced by 3, and let T be the graph induced by
B\{z,y}. Then B(T') = B(I").

Proof. According to Theorem 48, we may assume without loss of generality that IV =
(VouVi UV, E'), where E' = E'\ (z,w) U (z,w’), where w and w’ are defined as above.

We will need to distinguish between x, when v is being considered as a vertex of T,
and when it is being used as a vertex of I, so we will use (v) for the former and x'(v)
for the latter. Similarly, we define S to be the S-function associated to I', and S’ to
be the S-function associated to I''. We will find it useful to use the following notation:

Sy = 8(x) \ w, and S, = S(y) \ w.

We define a set
T = ({ueVy:ue S(v) for some v with S(v) N S(x) # 0} \ {w,w'})

We define an isomorphism ¢ : T'(Vy) — T(V4) such that ¢ fixes V1 \ {w,w'}, and

We wish to show that ¢ induces an isomorphism 1 : B(I') — B(I). This will be the
case if ¢(k(v)) = k' (v) for all v € V4.



We have

k(z) = span (S(.r)u { Z u}) ,
ueS(x)

6(k(x)) = span ((S(zz)\{u/}) g {w’+ > u} v { IREDS u})

SO

ueT u€eS(x) ueg

Since S, C .7, this gives us

¢(k(x)) = span ((S(x)\ {w'}) U {w’+ Z u} U {w - Z u}) ,

ues uwe(T\Sg

and since (7 \ S;) C (S(w) \ {w’}) , this means that

¢(k(z)) = span ((S(m)\ {w'}) U {w' + Z u} U {w})

uESz

= span (S’(x)u{ Z u})
ueS’(x)

= W)

Thus the condition holds for . We also have

k(y) = span (S(y)u { Z u})
u€S(y)

Since w’ € N(A), we know that w’ ¢ S(y). Therefore,

6(5(y)) = span ((s<y>\{w'}) u{w'+ Zu}u{ S ou- Zu}>

ues ueS(y) ueJ

Notice that S(y) N .7 = 0. Thus 7 C (S(y) \ {w’}), and so

Gs(y)) = span ((am\{w'})u{w'}u{ > })

u€S(y)
= span (S(y)u{ Z u})
u€S(y)

= #(y)

Thus the condition holds for y. Now take an arbitrary v € (Vo \ {z,y}).

59
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Case 1: S(v) N S(z) = 0. In this case S(v) N7 =0, and {w,w'} C S(v), so

¢(k(v)) = span ((S(v)\ {w,w'}) U {w - Z u}

ueJ

(ezdol{z )
- wwieoteo] £ )

= span (S’(v)u{ Z u})
ueS(v)

= #(v)

Case 2: v € A. In this case, both w and w/ are in S(v), so the ) ., u terms cancel

easily, and ¢(k(v)) = k’(v) with no additional work.

Case 3: v ¢ A, and S(v) N S(x) # (. In this case, we have S(v) C T

P(k(v) = Span<( () \ {w, w} {w—z }

(rezdolz )

= span ((S(v)\ {w,w/}> U {w — Z u}
)

ue(7\S (v

ue(I\S(v)) ueS(v)

And since (7 \ S(v)) C (W\ {w,w’}), this gives us

¢(k(v)) = span ((S(v)\ {w,w’}) U{w,w'} U { Z u})

= span (S(U)U{ Z u})
ueS(v)

= #(v)
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Chapter 7

Hilbert Series and Graded Trace Generating Functions of
Direct Products of Posets

As we stated before, the algebra A(T") has a natural graded structure inherited from
T(E). In this chapter, we will explore the Hilbert series and graded trace generating
functions of A(T") for several important classes of layered graphs. Some background on

incidence algebras and generalized layered graphs will be useful for this discussion.

7.1 Incidence Algebras and the Mobius Function

Let P be a locally-finite poset. That is to say, for any p,q € P, the set {r :p <r < ¢}

is finite. Fix a field F'. The incidence algebra I(P) of P is the set of functions
f:PxP S F
satisfying f(p,q) = 0 whenever p £ ¢ in P. Addition is given by

(f+9)(p,a) = f(p,a) + 9(p, 9),

and multiplication is given by

(f9)pa) = Y fp.r)g(r,q).

p<r<gq

If we define Vp to be a vector space over F' with basis P, then each f € I(P) extends
uniquely to a linear map

f/:Vp®FVP—>F
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given by setting f'(p ® q) = f(p, q) for any p,q € P. Thus it is easy to see that I(P) is

isomorphic to the algebra of linear maps
f, VpprVp - F
satisfying f(p ® q) = 0 whenever p £ ¢, with addition given by

f+9)pog=Ffreq+dPea),

and multiplication map defined by

(f'dp2q) =D fper)g(req).

reP
Notice that since {r : p < r < ¢} is finite, this will always be a finite sum. For our

purposes, we will identify I(P) with this algebra of linear maps.
The multiplicative identity in this algebra is the function ¢ given by

1 ifp=gq
d(p®@q) =
0 else

One combinatorially important function in I(P) is the zeta function (, given by

1 ifp<gq
((p@q) =

0 else

This is invertible in I(P). Its inverse is called the M6bius function, and denoted p.

It can be constructed recursively by taking

wp@p) =1

for all p € P, and

In this way, we obtain

(nQ)(p@p) =Cp@p)upep) =1=0peDp),
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and

W)p®q) = > uper)req=ppeqg+ Y wrog=0=3per).

p<r<q p<r<q
Notice that this implies that pu(p ® q) depends entirely on the interval [p, g], and can be

calculated without full information about the poset P.
Example: If P = 2" the Boolean algebra, we have

(_1)IQI—IP\ ifp<p
p(p®q) =
0 else

Proof. Clearly if p £ q, then u(p®q) = 0. If p < ¢, then the interval [p, q] is isomorphic

to 2lal=IPll So it will suffice to show that for the lattice 2"}, we have

p(0 @ [n]) = (=1)".

This is clearly the case for n = 0, since () ® 0) = 1. Using this as a base case, we can

induct on n. If the result holds for all smaller numbers, then we have

p@@n) = - wOes)
]

SCn

_ _g(—ni (Z‘)

— (1
This gives us our result, and our proof is complete. O

We wish to consider a generalization of the incidence algebra. For a locally-finite ranked

poset P and a vector space Vp with basis P, we define I,(P) to be the set of functions
f:Vp@FVP%F[Z]

satisfying f(p®q) € FzlU=1Pl for p.q € P with p < g in P, and f(p®q) = 0 for p,q € P

with p £ q. I,(P) is an algebra with addition given by

(f+9)p®q)=flpr®q) +9(p®q)
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and

(f)peq) =) fper)greq).

reP

This algebra has identity element ¢, given by

1 ifp=gq
5z(p @ ‘I) =
0 else

It also has a generalized zeta function given by

lal=Ipl  if p =

z ifp=gq
Gr®q) =

0 else

This generalized matrix is invertible in I, (P), with inverse u, given by

112(p ® q) = p(p @ q) 2417

Notice that I;(P) is the usual incidence algebra, with 6; = 4, (; = ¢, and u1 = p.
We will use the notation 6, (¥, and ul’ when we wish to make the specific poset P

explicit.

For our purposes, P will be finite. In this case, each element f € I,(P) corresponds to
a unique matrix M (f) = [fpq] with rows and columns indexed by elements of P, and
with fpq = f(p ® ¢). Most of our concrete calculations will be done in this context,
because it reduces the calculation of u, from (, to matrix inversion. In this context,
for v, w € Vp, we have

flo@w) =v" M(flw.

In particular, f(1® 1) is the sum of the entries of M (f).

7.2 Generalized Layered Graphs

In our discussion of graded trace generating functions, it will be useful to be able to
refer to the notion of a generalized layered graph. A more thorough development of

these ideas can be found in 77.
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Definition 24. A generalized layered graph is a directed graph I' = (V| E) such
that V =V, U Vo U...UV,, and such that for every e € E, |t(e)| > |h(e)|. We define
l(e) = |t(e)| — |h(e)] to be the length of the edge e.

An algebra A(I") can be constructed, generalizing the notion of the universal labeling
algebra to generalized layered graphs. The construction is presented in detail in in ?77.

To each edge e, we associate [(e) generators ay(e), az(e), ..., aye)(e). We take
E# ={aj(e) e € BE,1<i<l(e)},

and associate a polynomial P, € T(E#)[t] to each e € E, given by
I(e)
Po(t) =1+ (~1)ai(e)t"
i=1

We form an ideal of relations R, generated by the relations obtained by taking any two

paths (e1,...,e,) and (f1,..., fm) with t(e1) = t(f1) and h(e,) = h(f,) and setting
P.P.,.. P, =PyPys.. Py,

A(T") is defined to be T(E#)/R. Notice that if I' is a layered graph, this is entirely

equivalent to the construction described in Chapter ?7.

7.3 Hilbert Series and Graded Trace Functions of A(I")

Recall that given a graded algebra A = @ A;, the Hilbert series is the polynomial
H(A,z) =) dim(4;)7,

the generating function for the dimension of the graded pieces. A linear basis for A(P)
is calculated in [4], and in [7], it is used to calculate the Hilbert series for A(P). The

result is given by
_ 1—-2
S 1l-zpP(1®1)’

where 1 = Zpepp € Vp. Note that since P is finite, this is a finite sum. In 77, we see

H(A(D), 2)

that this formula holds for generalized layered graphs as well.
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In [1], Duffy shows that this generalization can be used to calculate the graded trace gen-
erating functions of certain automorphisms of A(P). Any automorphism o of a graded
algebra A = @ A; will act on each graded piece of A as a vector space automorphism.

The graded trace generating function of o acting on A is

Tro(A, z) = Z TT(O"Ai)Zi

If o/ : P — P is an automorphism of the poset P, then ¢’ will induce an automorphism
o of the algebra A(T"). Such automorphisms fix the linear basis defined by Retakh,
Serconek, and Wilson in [4], and this means that the trace of o on each of the graded
pieces will be equal to the number of fixed basis elements in that particular piece. If
we define P? to be the subposet of P containing only the elements of P that are fixed

by o', then
_ 1-=2
ST P AeD)

Tr,(A(P),z)

the Hilbert series of the algebra A(P7).

7.4 Hilbert Series of Direct Products of Posets

If P and @ are ranked posets, then their direct product P x @ is the ranked poset with

order given by
(p7 q) ZPXQ (p,’q,)

if and only if p <p p’ and ¢ <g ¢/, and rank function given by

|(p, @)|pxq = |plp + ldlg-

The Hilbert series of the universal labeling algebras of direct products of posets take
on a particularly nice form:
Theorem 50. Let P and Q be finite ranked posets. Then

1—2

H(A(P xQ),2) =
1—z(pl (1p®1p)) (MZQ (lo® 1Q)>
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The vector space Vpy is naturally isomorphic to Vp® Vg, and under this isomorphism,

lpxg maps to 1p ® 1g.
I.(P) ® I,(Q) is the collection of module maps
d:VpeVp Vo Vo — FlZ]

satisfying

dpRp ®q®q) e FlPI-IpiHd|-dl

whenever p < p’ and ¢ < ¢/, and
pp@p ®qeq) =0
otherwise. This corresponds to the set of maps
¢ (Vpe Vo) @ (Vp@Vg) = Fl7]

satisfying

whenever p < p’ and ¢ < ¢/, and

P ((peq @ ©qd)=0

otherwise. In this form, it is clear that I,(P) ® I.(Q) = I,(P x Q). Under this

@ corresponds to pul’ ® MZQ. Thus

isomorphism, Cf xQ corresponds to Cf & C? , and ,usz >

if we identify (Vp @ V) @ (Vp ® V) with (Vp @ Vp) @ (Vg ® Vg), we find that
19 (Lpeq @ Lpxq) = (1 (17 ©17)) (1€ (192 © 19))

Thus we can conclude that

1—=2
1—2(pf (1p®1p)) (ug (lo® 162))

H(A(P x Q),2) =
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7.5 Graded Trace Functions and Direct Products

Let P be the direct product of n copies of (), and let o be the automorphism of P
which cyclically permutes the copies of @ in P. Then (q1,q2,...,q,) € P is fixed by o
if and only if g = ¢2 = ... = ¢,,. Thus P? is isomorphic to () as a poset, but with the
ranking of each element multiplied by n. For ease of notation, we will call this poset

*nQ). We have

In general, if P = Q", there is a natural action of S;, on P, permuting the copies of Q".
Let o € S,, with cycle decomposition o1 .. .0, and let i; be the length of the cycle o;.

Then P? = (X“Q) X ... X (X“Q). In this case,

_ 1—=2
1—z]Tj uzij) (1o ®1q)

Trq(A(P), 2)
More generally, suppose P = [[;_; Qx. Let o be any automorphism of P which per-
mutes the copies of isomorphic Q. Again, we can break o into cycles oy ... 0,, with ;

the length of the cycle ;. Then

1—2z

Tre(A(P),2) = ,
1= 2] P‘Ecjljj)) (1o, ®1g;)

7.6 Example 1: The Boolean Algebra

Let P = {z,y}, with x > y. The Boolean algebra 2" is a product of n copies of P. We

have

It follows that
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and thus

and so the Hilbert series of 2" is given by

1—2z

HAWP):2) = 750

If ¢ is an automorphism of P permuting the n intervals, with cycle decomposition

o1 ...0p, with each cycle o; of length 4;, then

1—=z
L—2]Tjm (2-29)

Tro(A(P),z) =

7.7 Example 2: Factors of n

If n = pi'py?...p;" for k distinct primes pi,...,py, then the poset of factors of n,
ranked by number of prime factors, can be decomposed as a product of k chains of

lengths s1, s9, ..., Sk.

If P={x1,...,2,}, with 2; <z; if and only if i < j, and |2;| = 4, then

(12 ]
01 t - ¢t
McD=10oo0 1 ... 2|,
(00 0 1
and so
(1 ¢ 0 0 ]
0 1 —t 0
Mhy=10 o 1
—t
0 0 0 1|

It follows that

pf(lp@1p) =s+1— sz,
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and so the Hilbert series of the poset of factors of n is given by

_ 1-2
1— 21 (si + 1 = s;2)

H(A(P), 2)

If o is an automorphism of P permuting the chains of the same length, with cycle
decomposition o1 . ..o, with each cycle o; of length i; permuting cycles with length 7,

then
1—=z2

Tre(A(P), 2) = I, (sj+1—s;2%)
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Chapter 8

Some Results for Young Lattices

Definition 25. The Young lattice, denoted Y, consists of all nonincreasing inte-
ger sequences (A1, A2, \3,...) with only finitely many nonzero entries. Given X\
(A, A2, A3,...) and 5 = (v1,72,73,...) in Y, we define A > 7 if and only if \; > ;

for all <.

It is often convenient to visualize such the elements of Y using Young diagrams. The
Young diagram of an element A\ = (A1, A2, A3, ...) of Y consists of a collection of boxes
arranged into rows, with \; boxes in the ¢’th row. For example, the Young diagram of

the sequence (4,3,3,1,0,...) is

Given A = (A1, A2, A3,...) and ¥ = (71,972,973, ..), we have A > 7 if and only if the
Young diagram for 7 sits inside the Young diagram for A. In this context it is easy to
see that Y is a lattice. The join of two elements A V 7 is the union of the two Young

diagrams, and the meet X\ A7 is the intersection.

It is also clear that Y is a ranked poset. Given A\ = (A1, A2, A3,...), we have |\ =

Y221 Ai. The zero sequence is the unique minimal element of rank zero.

We cannot calculate Hilbert series and graded trace functions for the whole poset Y.
Since Y is an infinite poset, the number of generators of A(I") is also infinite, which

means that the graded pieces will not have finite dimension. This means that in order
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to calculate Hilbert series and graded trace functions, some reasonable finite sublattice

of Y must be considered.

In this chapter, we will focus on the sublattice Y, C Y consisting of all elements of
Y whose Young diagrams have at most m rows, with at most n blocks in each row.
(0.]

That is, Yy,xn consists of sequences A = (Ai)22, such that A\; = 0 for all ¢ > m, and

i < n for all 7.

This sublattice arises naturally in algebraic geometry. It is isomorphic to the lattice of

Schubert varieties in the Grassmannian G(m,n), ordered by containment.

8.1 Calculating ;1 on the Young Lattice

In this section, we will use the interpretation of p as a function
w:PxP—F,

defined recursively by

and

w7 == 3 w(E).

A<E<Y
Definition 26. We define the relation < on Y such that for A = (A1, \a,...) and

¥ = (71,72,...), we have ¥ < X if

i) A<y

(ii) Whenever \; > ~;, we have \; =v; +1 > A1
Notice that the above definition essentially states that ¥ < X if and only if the Young
diagram for 7 can be obtained from the Young diagram of A by cutting off some subset
of its corners. So in the figure below, if the diagram on the left is the Young diagram

of X, then the Young diagram of any 7 satisfying these conditions is going to look like

the diagram on the right, with some subset of the shaded squares missing.
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A v

Proposition 51. Let \,¥ € Y. If5 =< A, then u(¥,\) = (—1)5‘*'7'. Otherwise,

p(7, A) = 0.

Proof. Suppose ¥ =< X. Then % can be obtained from A by removing some subset

of the free corners of its Young diagram. The interval [, A] consists of all possible

intermediate steps. This will be isomorphic to the Boolean lattice Q[W_W'], and thus

w7, ) = (~1) A,
Also notice that the collection of X with X = 7 is precisely the interval [7, \/5>W 3} .

In order to obtain a contradiction, we will assume that A is an element of Y with

minimal rank such that

>

i)
i)

i) (3, %) # 0

>

2|

>|

z

2|

Let ¢ = vEeD &, where

D=(feY:fec |7, \/d| and <X

675

It is not difficult to see that ( € D. Thus D = [5,(]. We know that

M(77x) == Z M(i, 5)

Minimality of A tells us that

and since D is isomorphic to a Boolean lattice, it follows that u(7,A) = 0, giving us

our contradiction. O
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8.2 Hilbert Series

Now consider the sublattice Y;,xn C Y consisting of all elements of Y whose Young
diagrams have at most m rows, with at most n blocks in each row. That is, Y,xn
consists of sequences \ = (Xi)$2, such that A\; = 0 for all ¢ > m, and \; < n for all i.
Fact 1. The Hilbert series h(z) for A(Yixn) is given by

1—-=2

L= Yo (1) () (1 = 2)F

Proof. Recall that for any poset P, the Hilbert series for A(P) is given by

1—=z2

hz) = 1—zpP (1 1)’

with pl given by
1E(p®q) = p(p, q)211- 1P,

It follows that

pf(1®1),=>" u(p,q)29-
p,q

Given our analysis of the behavior of p on the poset Y, the Hilbert series for A(Y;,xn)

will be given by
1-=2
S e Do
where X; is the number of intervals [¥, A] in Y with [A| — |[§| = i and u(¥, ) # 0. Thus

we are interested in calculating these X;.

First, we notice that any element of Y can be defined uniquely by the placement of its
corners. We use the notation (z,y) to indicate the z’th row and the y’th column. If the
corners of A = (A1, A2, A3, ...) are at (ay,b1), (ag,b2),. .., (ag, by), fora; < as < ... < a,

then

ar ifi<a
Ai = bj ifaj_1<i<a,
0 ifi> ag
Notice that the ascending sequence of a’s must be paired with a corresponding descend-

ing sequencd of b’s, so in fact the Young diagram can be defined entirely by a set of
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k rows and k columns in which the corners appear. Thus the number of diagrams in

Y,xn With k corners is (7]?) (Z)

For any A € Y, the collection of 7 such that p(7, ) is nonzero is precisely the collection
of 7 that can be obtained by removing some subset of the corners of 7. The collection
of 7 such that, in addition, |[A| — [§y| = i is the collection of ¥ that can be obtained by
removing a subset of the corners of size exactly i. Thus if A has k corners, the number

of 7 such that [A| — [] =i and p(, ) # 0 is precisely (]f)

Thus we have X; =) -, (M) (k), and so

i

e =y (2 (1) ()6)) -

%

This completes our proof. ]

8.3 Graded Trace of Young Lattices

The Young lattice Y, and the lattices Y, «, defined in the previous section have a single
automorphism o which takes each partition A = (A1, A2, ...) to its conjugate partition
N = (N, Ny, ...), where X; = [{j : \; > i}|. The collection of partitions which are fixed
under o is exactly the collection of partitions whose young diagrams are symmetric

across the diagonal

Example: The partition (5,4,4,3,1) is symmetric across the diagonal, and thus will

be fixed by the automorphism o.
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Proposition 52. Let Y, «, be as defined above, and let o be the isomorphism taking

each partition to its conjugate. Then

1—2z

T (- (@) - 960))

Tre(A(Ynxn), 2)

In order to prove this, we will need to explore the Mébius function of Y,7, ., the lattice of
symmetric Young diagrams. We can put these partitions in one-to-one correspondence
with strictly decreasing sequences x = (1, z2, 3, . ..), where z; is the number of blocks
in the ¢’th column and beyond in the i’th row of the Young diagram. So for instance,

the partition (5,4,4,3,1) corresponds to the sequence (5,3, 2)

Mk | |5

-
w

If we consider the poset Y% ., the lattice of partitions corresponding to symmetric

nxn?
Young diagrams with at most n rows and columns, we find again that the intervals (y, x)
such that u(y,z) # 0 correspond to a partition y whose Young diagram is obtained

from the Young diagram of x by removing some collection of the corners of x, this time

removing symmetric pairs together.

So if x is the diagram on the left, then u(y,x) # 0 if y is one of the partitions obtained

by deleting some subset of the pairs labeled with a and b and the singleton labeled c.

N N
N N a

More formally,
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Proposition 53. Let x andy be partitions with symmetric young diagrams represented
by the strictly decreasing sequences (x1,x2,...) and (yi1,y2,...,) as described above.

Suppose x and 'y satisfy
i) y; < x; for all i.
it) If y; < x;, then y; = x; — 1.
i11) If y; < x;, then either yi+1 =0 or yi+1 = y; — 1.
Then pu(y,x) = |{i : yi < x;}|. Otherwise, u(y,x) = 0.
Proof. Just as before, if x and y satisfy conditions i-iii, then the interval [x,y] is
isomorphic to a Boolean lattice, and it is easy to verify that u(y,x) = [{i:y; < z;}|.

Given a particular y, the collection of x such that x and y satisfy i-iii is precisely the
interval [y, (\/v>y v)} . Suppose x is an element which is minimal with respect to the

following three conditions:
a) x>y
b) x and y do not satisfy i-iii
) u(y,x) #0.

Let z = \/,cp W, where

D:{wew:we [y, <v\>/yv>] andw<x}

We find that D = [y, z]. Minimality of x tells us that u(y,x) = — >, cp u(y, w), and
since D is isomorphic to a Boolean lattice, this gives us pu(y,x) = 0. This contradiction

completes our proof. O
With this fact in place, we can prove Proposition 52

Proof of Proposition 52. We are interested in finding

Z u(x, y) 2=

x<y
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where the ranking is inherited from the original poset Y;, -

Each symmetric Young diagram in Y, x, can be represented by a strictly decreasing
sequence of positive integers, where the first is less than or equal to n. We can also
think of this simply as a subset S of n. Each gap in the sequence 1,2,3,..., max 5
is going to create a pair of symmetric corners. If 1 ¢ S, there will be one more pair
of symmetric corners. If 1 € S there will be an additional unmatched corner on the

diagonal.

If we wish to count the number of diagrams with a certain collection of corners, we can

think of encoding S as follows: We define a subset Ts by
Tg={i:ieStu{i:i—1€S5,i¢StuU{i:i—1¢5,1€ S}

Any S yields a Ts C [n + 1], and any even-sized subset of [n + 1] has an interpretation

as a unique corresponding S.

If |Ts| = 2k and 1 ¢ Tg, then the Young diagram corresponding to S has k symmetric
pairs of corners, and no corner along the diagonal. Thus there are (272) such diagrams.
Each of these is the top of (’f) intervals of length 2¢, and no intervals of odd length.

The Mobius function of each of these intervals is (—1)°.

If |Ts| = 2(k+ 1) and 1 € Tg, then the Young diagram corresponding to S has k
symmetric pairs of corners and a single corner on the diagonal. There are (an_l) such
diagrams. Each of these is the top of (f) intervals of length 2¢, and (lf) intervals of
length 2i + 1. The Mébius function of the intervals of even length is (—1)*. The Mobius

function of the intervals of odd length is (—1)**1.
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It follows that

Sun - 8 (25 (o

The result follows. O
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