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ABSTRACT OF THE DISSERTATION

Optimal upper bound for the infinity norm of

eigenvectors of random matrices

by Ke Wang

Dissertation Director: Professor Van Vu

Let M, be a random Hermitian (or symmetric) matrix whose upper diagonal and
diagonal entries are independent random variables with mean zero and variance one. It
is well known that the empirical spectral distribution (ESD) converges in probability
to the semicircle law supported on [—2,2]. In this thesis we study the local convergence
of ESD to the semicircle law. One main result is that if the entries of M,, are bounded,
then the semicircle law holds on intervals of scale logn/n. As a consequence, we obtain
the delocalization result for the eigenvectors, i.e., the upper bound for the infinity
norm of unit eigenvectors corresponding to eigenvalues in the bulk of spectrum, is
O(+/logn/n). The bound is the same as the infinity norm of a vector chosen uniformly
on the unit sphere in R™. We also study the local version of Marchenko-Pastur law for
random covariance matrices and obtain the optimal upper bound for the infinity norm
of singular vectors. This is joint work with V. Vu.

In the last chapter, we discuss the delocalization properties for the adjacency ma-
trices of Erdés-Rényi random graph. This is part of some earlier results joint with L.

Tran and V. Vu.
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Terminology

Asymptotic notation is used under the assumption that n — oco. For functions f and ¢
of parameter n, we use the following notation as n — co:

e f=0(g) if |f|/|g| is bounded from above;

o f=olg)if f/g—0;

o f=uwl(g)if |f|/lg] = oo, or equivalently, g = o(f);
o [=Q(g)if g=0(f);

o f=0(g)if f =0(g) and g = O(f).

The expectation of a random variable X is denoted by E(X) and Var(X) denotes its
variance.

We use 14 for the characteristic function of a set A and |A| for the its cardinality.
For a vector x = (z1,...,x,) € C", the 2-norm is

]2 =

n
D Jail
i=1

and the infinity norm is
o0 = max ]

For an n x n matrix M = (M;;)1<i j<n, we denote the trace

trace(M) = ZMZ-Z-,
i=1

the spectral norm

[Mllg= sup  |Mzl,
2€Cn lzfl2=1

and the Frobenius norm

n
> M.

ij=1

M| =

vil



Chapter 1

Preliminaries

1.1 Random matrices

Random matrices was introduced by Wishart [72] in 1928 in mathematical statistics
and starts to gain more attention after Wigner [70] used them as a prominent tool in
studying level spacing distributions of heavy nuclei in a complex nuclear system in the
fifties. A series of beautiful work have been established by Wigner, Mehta [47] and
Dyson [23, 24, 25, 22, 26] shortly after. Since then the subject of random matrix theory
has been developing deeper and more far reaching, not only because it is connected to
systems such as nuclear physics, quantum chaos [14], zeros of Riemann ¢ functions (see
[13] and the reference therein) and etc but also finds many applications in areas as varied
as multivariate statistics and component analysis [42, 43|, wireless communication [68]
and numerical analysis [27].

A major topic in random matrix theory is the universality conjecture, which as-
serts under certain conditions on the entries, the local-scale distribution of eigenvalues
of random matrices obeys the same asymptotic laws regardless of the distribution of
entries.

The celebrated Wigner’s semicircle law [71] is a universal result in the sense that
the eigenvalue distribution of Hermitian matrices with iid entries is independent of
the underlying distribution of the entries. The goal is to study the limiting spectral
behavior of random matrices as the matrix size tends to infinity. Consider the empirical
spectral distribution (ESD) function of an n x n Hermitian matrix W,,, which is a one-

dimensional function

FW“(.T) — %Hl <j<n: )\j(W) < x}|.



Theorem 1 (Wigner’s semicircle law, [71]). Let M, = (&j)1<i,j<n be an n x n random

symmetric matriz whose entries satisfy the conditions:
o The distribution law for each &;; is symmetric;
o The entries &;; with i < j are independent;
e The variance of each &; is 1;
o For every k > 2, there is a uniform bound Cj on the k" moment of each &ij-

Then the ESD of Wy, = ﬁMn converges in probability to the semicircle law with density

function %\/4 — 22 that is supported on [—2,2].

Other work regarding the universality of spectral properties includes those regarding
the edge spectral distributions for a large class of random matrices, see [19], [55, 57, 50],
[49] and [41] for instance. There are also universality type of results for the random
covariance matrices (will be defined in Chapter 3), for example, [11], [56] and [7].

More recently, major breakthroughs on Wigner matrices have been made by Erdés,
Schlein, Yau, Yin [29, 30, 31, 28] and Tao, Vu [66, 64]. The conclusion, roughly speak-
ing, asserts that the general local spectral statistics (say the largest eigenvalue, the
spectral gap etc) are universal, i.e. it follows the statistics of the corresponding Gaus-
sian ensembles, depending on the symmetry type of the matrix. The methods are also
developed to handle covariance matrices [62, 32, 51, 69].

In particular, the local semicircle law lies in the heart of understanding the individual
eigenvalue position and deriving the universality results. Our results refine the previous
ones obtained in the references mentioned above, and the proof strategies are adapted

from those.

1.2 Some concentration inequalities

Concentration inequalities estimate the probability that a random variable deviates
from some value (usually its expectation) and play an important role in the random

matrix theory. The most basic example is the law of large numbers, which states



that under mild condition, the sum of independent random variables are around the
expectation with large probability. In the following, we collect a few concentration

inequalities that are used in this paper or frequently used in related references.

1.2.1 Chernoff bound

Chernoff bound gives exponentially decreasing bounds on tail distribution for the sum

of iid bounded random variables.

Theorem 2 (Theorem 2.3, [17]). Let X1, ..., X, be iid random variables with E(X;) =
0 and Var(X;) = 0%. Assume |X;| <1. Let X =" | X;, then

P(|X| > co) < 2e7/4,
for any 0 < e < 20.

A more generalized version is the following

Theorem 3 (Theorem 2.10 and Theorem 2.13, [17]). Let X1,..., X, be independent
random variables. And let X =" | X;.

o If X; <E(X;)+a;+ M for1<i<mn, then one has the upper tail

A2

P(X > E(X) + )\) < 67 2(Var(X)+Z?:1a22+JMA/3).

o If X; > E(X;)—a;— M for1<i<mn, then one has the lower tail

\2
P(X < E(X) B )\) < 6_ 2(Var(X)+3 7, a22+]\/1)\/3)'

1.2.2 Azuma’s inequality

If the random variables X; are not jointly independent, one may refer to the Azuma’s
inequality if {X;} is a c-Lipschitz martingale introduced in Chapter 2, [17].
A martingale is a sequence of random variables {X7, X2, X3,...} that satisfies

E(|X;|) < 0o and the conditional expectation

E(Xn|X1,..., X)) = Xp.



For a vector of positive entries ¢ = (cy, ..., ¢,), a martingale is said to be c-Lipschitz
if
1Xi — X <,

forl1 <i<n.

Theorem 4 (Theorem 2.19, [17]). If a martingale {X1, X2, X3, ..., X, } is c-Lipschitz
forc=(c1,...,cn). Let X =31 | X;, then

S S
P(|X —E(X)| > )\) <2 2,
In particular, for independent random variables X;, one has the following from

Azuma’s inequality.

Theorem 5 (Theorem 2.20, [17]). Let Xi,..., X, be independent random variables
that satisfy
1 Xi — E(X;)| <@

for1<i<n. Let X =% X;. Then

A2

P(|X —E(X)| > \) <2 2Zia7,

1.2.3 Talagrand’s inequality

Let Q =Qy x...x €, be a product space equipped with product probability measure
U= pi1 X ... X p,. For any vector w = (wq,...,w,) with non-negative entries, the

weighted Hamming distance between two points z,y € () is defined as
n
dW(:E7 y) = Z wz]-{a:ﬁéyl}
i=1
For any subset A C 2, the distances are defined as
dw(z, A) = 5151 dw(z,y)

and

D(va) = sup dw($7‘4)7
weW

where



Talagrand investigated the concentration of measure phenomena in product space:
for any measurable set A C  with pu(A) > 1/2 (say), almost all points are concentrated
whin a small neighborhood of A.

Theorem 6 ([60]). For any subset A C ), one has

2
o t2/4

n(A)’

p({z € Q[D(z,A) = t}) <
for any t > 0.

Talagrand’s inequality turns out to be rather powerful in combinatorial optimiza-
tions and many other areas. See [60], [46] and [58] for more examples. One striking
consequence is the following version for independent uniformly bounded random vari-

ables.

Theorem 7 (Talagrand’s inequality,[60]). Let D be the unit disk {z € C,|z| < 1}. For
every product probability p supported on a dilate K-D™ of the unit disk for some K > 0,

every convex 1-Lipschitz function F: C" — R and every t > 0,
W(|F — M(F)| > t) < 4dexp(—t?/16K?),
where M(F') denotes the median of F'.

One important application of Talagrand’s inequality in random matrix theory is a
result by Guionnet and Zeitouni in [39]. Consider a random Hermitian matrix W,, with
independent entries w;; with support in a compact region S, say |w;j| < K. Let f be

a real convex L-Lipschitz function and define

n
Z:=>"f(N),
i=1
where \;’s are the eigenvalues of ﬁWn We are going to view Z as the function of the
variables w;;.

The next concentration inequality is an extension of Theorem 1.1 in [39] (see also

Theorem F.5 [63]).

Lemma 8. Let W, f, Z be as above. Then there is a constant ¢ > 0 such that for any

T>0
T2

P(Z ~B(2)| > T) < dexp(—c)



1.2.4 Hanson-Wright inequality

The Hanson-Wright inequality [40] controls the quadratic forms in random variables
and appears to be quite useful in studying random matrices. A random variable X

with mean ) is said to be sub-gaussian if there exists constants «,y > 0 such that
P(X = A >t) <ae (1.1)

For random variables with heavier tails than the gaussian, like the exponential
distribution, we can define sub-exponential random variable X with mean A if there

exists constants a,y > 0 such that
P(|X -\ >t) <ae . (1.2)
A random variable X is sub-gaussian if and only if X? is sub-exponential.

Theorem 9 (Hanson-Wright inequality). If A = (a;;) € R™*" is symmetric and =
(x1,...,oy) € R™ is a random vector with x; independent with mean zero, variance
one and sub-gaussian with constants o,y as in (1.1). Let B = (|a;j|), then there exist

constants C,C" > 0 such that
P(|zT Az — trace(A)| > t) < Ce™ min{C"*/||Al[%,C't/|1Bll2} (1.3)
for any t > 0.

In Hanson and Wright’s paper [40], the random variables are assumed to be sym-
metric. Later, Wright [73] extends the result to non-symmetric random variables. We

record a proof for the sake of completeness.

Proof. First, we can assume that a; = 0 for every i. Otherwise, if a; # 0 for some 1,
consider the diagonal matrix D = diag(ai1, ..., an,) and the matrix A1 = A— D. Thus

2T Az — trace(A) = 2T Ay + Z aii(z? — 1).
i=1

Since z; are sub-gaussian random variables, 9312 — 1 are independent mean-zero sub-
exponential random variables. By Bernstein’s inequality, there exists constant C; de-

pending on «,~ such that

n 2
P(Y asla? = D] > 1) < 2emp (~Crmin( . L)

i=1 > a; " max; |ag|



On the other hand, ||A[|% > Y, a2 and ||Bl|2 > max; |a;|. Notice also that ||A|F >
|A1||F and ||Bll2 > ||Bil||2 where By = B — diag(|a11],- - -, |ann|). Thus it is enough to
show that (1.3) holds for the matrix A;, a matrix with zero diagonal entries.

Now, under our assumption, E(z? Az) = trace(4) = 0. Let us first consider the

case that z;’s have symmetric distribution. By Markov’s inequality, for A > 0, we have
P2l Az > t) < e ME(exp AT Ax).

Let y = (y1,...,%n)! be a vector of independent standard normal random variables.
Assume y and x are independent. The idea is to show there exists a constant C that

depends only on «, as in (1.1) such that
Elexp(\zT Az)] < Elexp(C1 My’ By)). (1.4)

This can be proved by observing

00 )\kE TA k o] /\kE ?._ Qi LT k
Elexp(\zT Az)] = (‘Z‘x) — Z (2 j;} JTiT5) .
k=0 ' k=0 '

Since the x;’s have symmetric distribution, in the expansion of E(Z;1 =1 aijziz;)F, only
the terms contain (the product of) E(z?*) for some integer s > 1 are nonzero. We can

use a change of variables to bound

> 1 >~ 1
E(z}") < /0 r@ae ™ do = 3‘\\/; Ty / Tﬂy%e_yQ/Qdy < CPE(y}),
—00

for some C depending on « and 7. By triangle inequality, (1.4) holds.
Since the matrix B is symmetric, it can be decomposed as B = UTAU where U is
an n X n orthogonal matrix and A is diagonal matrix with uq, ..., 4y, the eigenvalues

of B in the diagonal entries. And

n n n
Zaii = Zm =0, ZM? = trace(B)* = || Al|%-
=1 =1 =1

Let z = Uy = (z1,...,2,). Then z’s are iid standard normal. And y” By =
2TAz = 30 piz? = S0 pi(22 — 1), where 22 — 1 are independent mean-zero x2-

random variables of freedom one. By direct computation, there exists a constant C



such that E[exp(CiAp;(z2?2 — 1))] < exp(CA?u?) for sufficiently small A. Thus

Elexp(\zT Az)] < Elexp(C1\y” By)] = HE[exp(C’l)\,ui(ziz —1))]
i=1

< Hexp(Cx\guzz) = exp(CN?||A| ).

i=1
Therefore,
P(zT Az > t) < e ME(exp AzT Az) < e~ MFCNIAIE

tC’ c’
Al 11Bll2

Choose Ag = min( ) for some constant C” such that

e PotHON AR < =dot/2

This completes the proof for the case that the random variables have symmetric distri-
bution.

For the general case when the distributions of x;’s are not necessarily symmetric.

k k

We use a coupling technique. Take independent random vector copies z¥ = (xf,...,xy)

for k = 1,2, 3,4 that have the same distribution as x. Then X = (z; —x})"; is a vector

of independent symmetric, sub-gaussian random variables. Thus (1.3) holds for random
vector X. And
2T Az + 27 Axt = XTAX + 227 Azl (1.5)

For the term z” Az?,
P(zT Az! > t) < e ME[exp(\zT Az!)].
Let E,(-) denote the expectation conditioning on x. By Jensen’s inequality,
Elexp(—AzT AzF)] > exp(E[-AzT Az*]) = 1,

thus
Elexp(\zT Az')] = E (E; [exp()\a:TAxl)]) <E(E, lexp(\zT A(z! — IL‘2)])
= Elexp(\zT A(z! — 2%))] = E (Ep1 42 [exp(\zT A(z! — x2))])
< E (E,1 g2[exp(M(z — )T A(z' — 2))]) = Elexp(\(z — 2%)T A(z! — 2?))]

< Elexp(CA\y" By')],



for some sufficiently large C' depending on «,v. The y,y’ in the last inequality are
independent vectors of independent standard normal random variables. And the last
inequality follows similar to the proof of (1.4) by a Taylor expansion since now the
vectors & — 3, x1 — 2% are symmetric and sub-gaussian.

Factor B =UTAU. Then y' By = (Uy)TAUy = 2TA2 =Y | piziz}, where z, 2/
are independent random vectors and the entries are standard normal. By direct com-

putation or use Bernstein’s inequality (notice that z;z] are mean-zero sub-exponential),

we can prove that

PTAz! > ) < e=Cvmin{?/IAIR4/|Bll2}

Therefore, from (1.5),

Pzl Az > t) = \/P(xTAx >t et Azl > 1) < \/P(xTAx + 1T Azt > 2t)

= \/P(XTAX + 22T Azl > 2t) < P(XTAX > t)1/2P (22T Azt > )1/2 (1.6)

t2 t
<C —C' mi
< exP( (i HBHz)> ’

for some constants C' and C".

For the upper bound P (27 Az < —t) = P(27(—A)x > t), apply (1.6) with —A.
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Chapter 2

Random Hermitian matrices

2.1 Semicircle law

A Wigner matrix is a Hermitian (or symmetric in the real case) matrix that the upper
diagonal and diagonal entries are independent random variables. In this context, we
consider the Wigner matrix M, = ((j;)i<ij<n has the upper diagonal entries as iid
complex (or real) random variables with zero mean and unit variance, and the diagonal
entries as iid real random variables with bounded mean and variance.

A corner stone of random matrix theory is the semicircle law that dates back to

Wigner [71] in the fifties. Denote by ps. the semi-circle density function with support

on [—2,2],
LI, |a <2
prel) 1= (2.1)
0, |z| > 2.

Theorem 10 (Semicircular law). Let M, be a Wigner matriz and let W, = —=M,,.
Then for any real number x,

1 €T
lim —[{1 <i<n:\W,) <z} —/ psc(y) dy
n—oo n 2

in the sense of probability (and also in the almost sure sense, if the M,, are all minors of
the same infinite Wigner Hermitian matriz), where we use |I| to denote the cardinality

of a finite set I.

The semicircle law can be proved by using both the moment method and the Stieltjes
transform method (see [1, 8, 61] for details). We will mention the frameworks of both

method in the next subsections.
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Semicircle Law

0.35— T T T

I Eigenvalues
= Semicircle

Figure 2.1: Plotted above is the distribution of the (normalized) eigenvalues of a random
symmetric Bernoulli matrix with matrix size n = 5000. The red curve is the semicircle
law with density function ps.(z).

Remark 11. Wigner [71] proved this theorem for special ensembles, i.e. for 1 <i <
Jj < n, (; are real iid random variables that have symmetric distributions, variance
one and E(|(;;|*™) < By, for all m > 1. Many extensions have been developed later.
For example, a more general version was proved by Pastur [48], where (;;(i < j) are
assumed to be iid real random variables that have mean zero, variance one and satisfy
Linderberg condition. Thus it is sufficient to assume the 2 4+ € (¢ > 0) moment of (;;
are bounded. On the other hand, the semicircle law was first proved in the sense of
convergence in probability and later improved to the sense of almost sure convergence

by Arnold [2, 3] (see [1, 8] for a detailed discussion).

Remark 12. One consequence of Theorem 10 is that we expect most of the eigenvalues
of W, to lie in the interval (=2 + €,2 + ¢) for £ > 0 small; we shall thus refer to this
region as the bulk of the spectrum. And the region (=2 —¢&,—-2+4+¢)U (2 —¢,2+¢) is

referred as the edge of the spectrum.



12

2.1.1 Moment method

The most direct proof of semicircle law is the moment method given in Wigner’s original
proof. It is also called the trace method as it invokes the trace formula: for a positive

integer k, the k-th moment of the ESD FWn(z) is given by
k oW 1 k
my = [ " F"(dx) = — trace(W))).
n
The starting point of moment method is the moment convergence theorem.

Theorem 13 (Moment convergence theorem). Let X is a random variable that all the
moments exist and assume the probability distribution of X is completely determined

by its moments. If

lim E(XF) = E(X%),

n—0o0

then the sequence {X,} converges to X in distribution.

Specially, if the distribution of X is supported on a bounded interval, then the
convergence of moments is equivalent to the convergence in distribution.

For the semi-circle distribution, the moments are given by

Lemma 14. For odd moments k = 2m + 1,

2
_ 2k+1 _
mam+1,sc = / x psc(x)dl' =0.
-2

For even moments k = 2m,

2 1 /2
Mam,sc = / $kpsc($)dl“ = ( m) .

) m+1

Proof. For k = 2m + 1, by symmetry,

2
/ 2*pse(z)dz = 0.

-2

For k = 2m, recall that Beta function

w/2
B(z,y) = 2/ sin?* 19 cos?Y 1 hdh =
0
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Thus

2 2
1
Mom,sc = / xkpsc(x)dx = / $k V4 — x2dx
-2 T 0
2k+2 w/2
= — sin® Ocos? 0db
T Jo

k21 k41 3. 2FIT(ELD(3)
B5p)= o

AR r?kz)
()

Am22m)! (Va2 11
oom 4mm! 2 (m+ 1) m+1

Notice that from the trace formula,
1 i 1
E(mk) = EE(trace(Wn )) = n . Z EGi iy Cinig * * * Gigin -
1<y, i, <n
The problem of showing the convergence of moments is reduced to a combinatorial

counting problem. And the semicircle law can be proved by showing that

Lemma 15. For k=2m+1,

1 1
EE(trace(Wnk)) = O(%
For k = 2m,
%E(trace(Wnk)) = <
And for each fized k,
Var(% frace(Wh)) = 0(%).
We are going to illustrate the calculation of Lemma 15 in section 4.5 for discrete

ensembles, similar to Wigner’s original proof. It is remarkable that the proof can be

applied, with essentially no modifications, for a more general class of matrices.

2.1.2 Stieltjes transform method

The Stieltjes transform s,(z) of a Hermitian matrix W), is defined for any complex

number z not in the support of FW»(z),

sn(2) = /R x i zden(x) - :LZ )\Z(Wi) —z
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The Stieltjes transform can be thought of as the generating function of the moments

from the observation: for z large enough,

1 _ 1 <~ trace(WF) 1<~ my
sn(z) = ﬁtrace(Wn —2) ' = T Z Tln = _EZ Sht1T
k=0 k=0

Since (W,, — z)~! is called the resolvent of matrix W,,, this method is also known as
the resolvent method.
By a contour integral, the Stieltjes transform s(z) of the semi-circle distribution is

given by

x —z+ V22—
5(2) ::/Rpsc< ) gy — —2F / i3

x—z
where v/22 — 4 is the branch of square root with a branch cut in [—2, 2] and asymptot-
ically equals z at infinity.

The semicircle law follows from the criterion of convergence:

Proposition 16 (Section 2.4, [61]). Let u, be a sequence of probability measure defined
on the real line and p be a deterministic probability measure. Then u, converges to
in probability if and only if s,,(z) converges to s,(z) in probability for every z in the

upper half plane.

A more careful analysis of the Stieltjes transform s,(z) gives more accurate and
powerful control on the ESD of W,,. We can going to use the Stieltjes transform method
frequently in this paper to prove the local version of semicircle law, which subsumes

the semicircle law as a special case.

2.2 Local semicircle law and the new result

From the semicircle law, we can expect the number of eigenvalues of W,, = ﬁMn on any

fixed interval I C (—2,2) to be of order n|I|. It is natural to ask how many eigenvalues
of W, lie on the interval I if the length |I| shrinks with n? The eigenvalue density on
the smaller scale still follows the semicircle distribution and this is usually called the
local semicircle law (LSCL). This problem lies in the heart of proving universality of

the local eigenvalue statistics, see [30, 29, 32, 28] and [66, 64].
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The leading idea is that we expect that the semi-circle law holds for small intervals

(or at small scale). Intuitively, we would like to have with high probability that
N1 =0 [ pucle) de| < B,
I

for any interval I and fixed § > 0, where N; denotes the number of eigenvalues of W,
on the interval I. Of course, the reader can easily see that I cannot be arbitrarily short
(since Ny is an integer). Formally, we say that the LSCL holds at a scale f(n) if with
probability 1 — o(1)

N1 =0 [ pucle) do < B,
I

for any interval I in the bulk of length w(f(n)) and any fixed § > 0. Furthermore, we
say that f(n) is a threshold scale if the LSCL holds at scale f(n) but does not holds
at scale g(n) for any function g(n) = o(f(n)). (The reader may notice some similarity
between this definition and the definition of threshold functions for random graphs.)

We would like to raise the following problem.
Problem 17. Determine the threshold scale (if exists).

A recent result [10] shows that the maximum gap between two consecutive (bulk)
eigenvalues of GUE is of order ©(y/log n/n). Thus, if we partition the bulk into intervals
of length ay/logn/n for some small «, one of these intervals contains at most one
eigenvalue with high probability. Thus, giving the universality phenomenon, one has
reasons to expect that the LSCL do not hold below the y/logn/n scale, at least for a

large class of random matrices.

Question 18. Under which condition (for the atom variables of M, ) the local semi-

circle law holds for M, at scale logn/n ¢

There have been a number of partial results concerning this question. In [5], Bai et.
al. proved that the rate of convergence to the SCL is O(n~'/?) (under a sixth moment
assumption). Recently, the rate of convergence is improved to be O(n~'log’n) for
some constant b > 3 by Gotze and Tikhomirov [38], assuming the entries of M,, have

a uniform sub-exponential decay. In [30], Erdds, Schlein and Yau proved the LSCL for
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scale n=2/3 (under some technical assumption on the entries). At two later papers, they
strengthened this result significantly. In particular, in [31], they proved scale log?n/n
for random matrices with subgaussian entries (this is a consequence of [31, Theorem
3.1]). In [66], Tao and Vu showed that if the entries are bounded by K (which may
depend on n), then the LSCL holds with scale K2 log®® n/n. The constant 20 was
reduced to 2 in a recent paper [67] by Tran, Vu and Wang.

The first main result of this paper is the following.

Theorem 19. For any constants €,9,Cy > 0 there is a constant Cy > 0 such that the
following holds. Let M, be a random matrix with entries bounded by K where K may

C

depend on n. Then with probability at least 1 — n~="', we have

Ni =0 [ pcle) da| <0 [ puta) da.
I I
for all interval I C (=2 +¢€,2 — €) of length at least C2K?logn/n.

This provides an affirmative answer for Question 18 in the case when K = O(1)

(the matrix has bounded entries).

Theorem 20. Let M, be a random matriz with bounded entries. Then the LSCL holds

for M, at scale logn/n.

By Theorem 19, we now know (at least for random matrices with bounded entries)
that the right scale is logn/n. We can now formulate a sharp threshold question. Let
us fix 6 and ¢’. Then for each n, let C,, be the infimum of those C' such that with
probability 1 — ¢’

|Nt —n/lpsc(a;) dx| < on|I|

holds for any I, |I| > C'logn/n. Is it true that lim C), exist? If so, can we compute
n—oo

its value as a function of § and §'?

2.2.1 Proof of Theorem 19

Let s,(z) be the Stieltjes transform of W,, = ﬁMn and s(z) be that of the semicircle

distribution. It is well known that if s,,(2) is close to s(z), then the spectral distribution
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of M, is close to the semi-circle distribution (see for instance [8, Chapter 11], [30]). In

order to show that s,(z) is close to s(z), the key observation that the equation

1

s(z) = 750 (2.2)

which defines the Stieltjes transform is stable. This observation was used by Bai et. al.
to prove the n~1/2 rate of convergence and also served as the starting point of Erdés
et. al. approach [30].

We are going to follow this approach whose first step is the following lemma. The

proof is a minor modification of the proof of Lemma 64 in [66]. See also the proof of

Corollary 4.2 from [30].

Lemma 21. Let 1/n <n < 1/10 and L,e,§ > 0. For any constant C; > 0, there exists

a constant C' > 0 such that if one has the bound
[sn(2) —s(2)| <0

with probability at least 1 — n~C uniformly for all z with |Re(z)| < L and Im(z) > 7,

then for any interval I in [—L + e, L — €] with |I| > max(2n, log ), one has

Ny — n/psc(aj) dx| < on|I|
1

with probability at least 1 —n~C1.

We are going to show (by taking L =4, = 1)

lsn(z) —s(z)| <6 (2.3)

with probability at least 1—n~¢ (C sufficiently large depending on Cy, say C' = C; +104

would suffice) for all z in the region {z € C : |Re(z)| < 4, Im(z) > n}, where

_ K2C?logn

" ndo

In fact, it suffices to prove (2.3) for any fixed z in the related region. Indeed, notice
that s,(z) is Lipschitz continuous with the Lipschitz constant O(n?) in the region of
interest and equation (2.3) follows by a standard e-net argument. See also the proof of

Theorem 1.1 in [29)].



18

By Schur’s complement, s, (z) can be written as

n

1 1
Sp(z) = — _— 24
() n;;%_md% (2.4)

where

Yy =ar(Wy, — ZI)_lak,

and W, ;. is the matrix W,, with the k™ row and column removed, and ay, is the k0

row of W,, with the k' element removed.

The entries of a; are independent of each other and of W), ., and have mean zero

and variance 1/n. By linearity of expectation we have

1 B 1
E(Yi W, k) = ﬁTrace(ka —2D)7t=(1- ﬁ)sn r(2)

)

where

1 = 1
Sn’k(z) - n — 1; )\1<Wn,k) —Z

is the Stieltjes transform of W, ;.. From the Cauchy interlacing law, we can get

u(2) = (1= Dsns(2) = O [ oy de) = O ) = o(d?)

n Jr |z — 22 nn
and thus

E(Yk|Wn,k) = Sn(z) + 0(52)'
On the other hand, we have the following concentration of measure result.

Proposition 22. For 1 <k < n, |V} — E(Ys|Wy1)| < 62/V/C holds with probability at

least 1 — 20n~C uniformly for all z with |Re(2)| < 4 and Im(z) > 1.

The proof of this Proposition in [30, 29, 31] relies on Hanson-Wright inequality. In
[66], Tao and Vu introduced a new argument based on the so-called projection lemma,
which is a cosequence of Talagrand inequality.

We will try to follow this argument here. However, the projection lemma is not
sufficiently strong for our purpose. The key new ingredient is a generalization called
weighted projection lemma. With this lemma, we are able to obtain better estimate on
Y} (which is a sum of many terms) by breaking its terms into the real and imaginery
part (the earlier argument in [66] only considered absolute values of the terms). The

details now follow.
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Lemma 23 (Weighted projection lemma). Let X = (&1,...,&,) € C" be a random
vector whose entries are independent with mean 0 and variance 1. Assume for each i,
|&| < K almost surely for some K, where K > sup; |&|* + 1. Let H be a subspace of
dimension d with an orthonormal basis {ui,...,uq}. Assume ci,...,cq are constants

that 0 < c; <1 for every j. Then

d d
P[> clusX2—,|> ¢l >t | < 10exp(—*/20K3).
i=1 j=1

In particular,

d
> (X P =) <2t Y e+ 12 (2.5)
with probability at least 1 — 10 exp(—t2/20K?).

The proof will be deferred to section 2.2.2.
First, we record a lemma that provides a crude upper bound on the number of

eigenvalues in short intervals. The proof is a minor modification of existing arguments

as Theorem 5.1 in [31] or Proposition 66 in [66].

Lemma 24. For any constant C1 > 0, there exists a constant Cy > 0 (Co depending
on C1, say Cy > 10K (Cy + 10) suffices) such that for any interval I C (—4,4) with
CrK21
|]‘ > %Og”;
N« n\I]

with probability at least 1 —n~C1.

2
Proof. By union bounds, it suffices to show for |I| = %

I=(z,z+n) C(—4,4) with n=|I|. Let z =z + v/—1n.

. Suppose the interval

2

_ - n
Ni=2 lowaen <2 D Goagmy

i=1 Ni(Wh)el

n 2
n
<2 = 2nnl
S a2y Z —m—r—ln

= 2nnlms,(2)

Recall the expression of s, (z) in (2.4),

—_

3

9=ty 1
P C’“—Z —z—ay(Wy — 2I) tay
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where W, 1. is the matrix W,, with the k"' row and column removed and ay, is the k'

row of W,, with the k™ element removed. Thus aj; = ﬁXk where the entries of X}
are independent random variable with mean 0 and variance 1. Applying the inequality
[Im1| < 1/|Imz|, we have

1
Ny <2 .
! 772 1)+ Imaj (Wy, — 2I) " Lay,

On the other hand,

n—1

_ “u;(Wap)|?
* Wn o I 1 — ‘aku]( n, ,
ar(Whp —2I) " ay, jz; (W) — 2 — =T

and
7 |X i (W i) 2
* -1 _ k ] nk
Imak(ka — ZI) ap = E Z nk) )2
]' *
3 > I Xiu (W)
nn
)\j(ka)GI
Thus
| 1

Ny <4n’n?) — ; '
=Y wer |1 X (W)

Now we prove by contradiction. If Ny > Cnn for some constant C' > 100, then there

exists k € {1,2,...,n} such that

4n2n2
> Cnn.,
Z,\j(Wn,k)ef | X (W) 12
thus
4n
> X (W)l < 5

)\j(Wn k)GI
By Cauchy interlacing law, [{\j(W, %) € I}| > Ny —2 > N;/2. By Lemma 23, one

concludes that

. Ny _ Cn
Z | Xiui (W i) > T2 TW

Aj(Wn,k)EI
with probability at least 1 — n—(01+10)’ assuming Cy > 10K (C; + 10). Thus 4nn/C >

Cnn/4 contradicts C > 100. This completes the proof. O
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Now we prove Proposition 22. Notice that

« wi(Wh k) ag 2
Y. = ak(ka ak = Z ’ ] Wn’ ’ .
n,k

)

We evaluate

u Wn akz_l
Yy, — (Yk‘WnkN—‘Yk—(l——snk ‘_’Z‘] (k )| i
J

z

1= Juy (W, nk Xk:|2 - 1 1 R;
7n’2 A (Whk) — n|z)\ —x—\/—177|.

i i
Without loss of generality, we just consider the case \;j(W,, ;) —x > 0. First, for the
set J of eigenvalues \;(W,, ;) such that 0 < X\;(W,, 1) —x < 7, from Lemma 24 one has

|J| < nn and in Lemma 23, by taking t = 4K+/C'logn,

*'Z nk>—x—ﬁn'

jEJ

j Wn,k)
< E‘Z@j(vﬁ,w— S S s e

JGJ ]
2
I )) B+ LY el

JEJ ]
1
< n(;(K\/C’logn\Mﬂ + K2Clogn)
200°
Ve

with probability at least 1 — 10n~¢

| A

<

For the other eigenvalues, we divide the real line into small intervals. For integer
[ >0, let J; be the set of eigenvalues \j(W,, ;) such that (14 a)ln < X\j(W, %) — 2 <
(14 a)*1. We use the parameters a = (1 + a)'n and @ = 10 (say). The number of

such J; is O(logn). By Lemma one has 24, |J;| < naa. Again by Lemma 23 (take

t= K /C{+ 1)y/Iogn),
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DI wn,a—:c—mn'

jEJ
< - |Z J|+ ’Z 2Rj|
JEJ ]EJ
1+« —x) n a?
< . 1 R — >
- '; T ) ()2 + n)RJ”na?'Z(Aj—x)un?Rf'
1
<( +a 2 )(K+/C (1 + 1)y/log nv/naa + K2C(1 + 1) log n)
na | na
200° 141

<22 T
— VO 1+ )/’
with probability at least 1 — 10n~ ¢+,

Summing over [, we have

4003
WY SV S Ve

I jed) T
with probability at least 1 — 10n~C¢. This completes the proof of Proposition 22.

Let |V — E(Yx[W, k)| := 02 < 20063 /+/C. Inserting the bounds into (2.4), one has

1 1
n + — =0
sn(2) nkzzlsn(z)+z+502

with probability at least 1 — 10n=¢. The term [(ex/v/7| = 0(62) as |G| < K by
assumption. For the error term d¢, we can consider that either |s,(z) 4+ z| = o(1) or

|sn(2) 4+ z| > C1 > 0 for some constant C;. In the former case, we have
sn(2) = —z+0(1).

In the later case, by choosing C' large enough, we can operate a Taylor expansion to get

_ 1 %))
sn(z) + z+ sp(2) <1 * O(z + sn(z))> =0

And thus
1

m = 0(82),

sn(2) +

with probability at least 1—10n~¢. Multiplying 2+ s,,(z) on both sides and completing

the perfect square, we have

sn(2) = —g + \/1 - Z: +O0(62,). (2.7)
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Now we consider the cases O(62)/v4 — 22 = O(0¢) and 4 — 22 = o(1). In the first case,

after a Taylor expansion, we can conclude

SA@:—;iw1—f+ow@.

In the second case, from (2.7), one has

34@:—§+0@ﬂ:4@+0w@.

Recall that s(z) is the unique solution to the quadratic equation s(z) + 8(5 — = 0 with

positive imaginary part and has the explicit form

—24+ V22 -4

s(z) = 5

where /22 — 4 is the branch of square root with a branch cut in [—2,2] and asymptot-

ically equals z at infinity. In conclusion, we have in the region

2 < 10, [Re(2)| < 4, Tm(2) > ,

either
sn(2) = =2+ 0(1), (2.8)
sn(2) =s(2) — V22 -4+ 0(¢), (2.9)

sn(2) = s(2) + O(d¢), (2.10)

with probability at least 1 — 10n=(¢+190) By choosing C sufficiently large, it is not
hard to say that (2.8) and (2.9) or (2.8) and (2.10) do not hold at the same time.
Since otherwise, one has s(z) = O(é¢) or s(z) + z = O(é¢), which contradicts the
fact that |s(z) + z| and |s(z)| have positive lower bounds. And (2.9) and (2.10) are
disconnected from each other except |22 — 4| = O(6%). The possibility (2.8) or (2.9)
holds only when Im(z) = o(1) since s,(z) and z both have positive imaginary parts.
By a continuity argument, we can show that (2.10) must hold throughout the region
except that |22 — 4] = O(6?). In that case, (2.9) and (2.10) are actually equivalent.

Thus we always have (2.10) holds with probability at least 1 — 10n~(C+100),

Applying Lemma 21, we have
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Theorem 25. For any constant Cy > 0, there exists a constant Cy > 0 such that for
0 <9 <1/2 any interval I C (—3,3) of length at least CoK?logn/né®,

I
Cl_

with probability at least 1 —n~

In particular, Theorem 19 follows.

2.2.2 Proof of Lemma 23

Denote f(X) = \/Z;l:l ¢jluf X2, which is a function defined on C™.

First, f(X) is convex. Indeed, for 0 < A\, u < 1 where A+ p =1 and any X,Y € C",

by Cauchy-Schwardz inequality,

d
FOX +pY) < | D e(Aui X[ + pluY])?

j=1
d d
<\ ch|u;fX|2+,u ch|u;fY|2:)\f(X)+,uf(Y).
j=1 Jj=1

Second, f(X) is I-Lipschitz. Noticed that

d
Dol x <X
j=1

X)) < Hlmu (X)) =

Since f(X) is convex, one has

FOX) = f(5X) = (X = Y) 4 3¥) <

= FOC=Y) + 7Y

N

1
2
Thus £(X) — f(Y) < (X = Y) and f(Y) = f(X) € f(Y — X) = f(X — V), which
implies
f(X) -V < fX-Y) <X =Y.
Now we can apply the following Talagrand’s inequality (see Theorem 69, [66]):

Thus
P(|f(X) - Mf(X)| >t) < dexp(—t*/16K?). (2.11)

To conclude the proof, it suffices to show

[Mf(X) -
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It is enough to prove that P(f(X) > 2K + \/Z?d ¢j) < 1/4 and P(f(X) <
—2K +4/ Z;.lzl ¢j) < 1/4. And this can be done by applying the Chebyshev inequality.

Denote u; = (u},..., u?) € C". Then

cg|u*X12—cJZ\u]\ G° + ¢ Y wluEiby.

i£k
d
P f(X)> XP=>"¢; 24K, | ¢
7j=1
=P ZCJ Z\uj\ &> — 1) —i—chZu ur §,§k>4K ch
j=1 =1 j=1 ik
_B(Ca(Sh PIal -0+ 5 6 d;u;?sis‘k)
B 16K2(2J 165)
B (S oS [ Plal 1)+ B (T ¢ S uubeidy)
- BK2(3_, ¢j)

Now we evaluate
d n .
S1=E > ¢ P&l —1)
j=1 =1

and
2

b =E Zc Zu]u &

j=1  i#k

d n
YO lPlal -1 )
=1

n

cien(Y (i)’ = DO (ui)?l&P = 1)
s=1

J,k=1 1=1

d n d d
=E Z CjCk;Z P |uj, |6 + B Z CijZ|U§'|2’U2\2|€i\2|€s|2 - Z cjc
i=1

Jk=1 Jk=1 i#s G k=1

(j
d n d
_E (ch Pl — 1) (Z% >l w—l)
j= =1
d
>



Therefore,

2

n [ d d d
SUSE+DY | D oelul |+ D eiluyl? (Z CkIUZ!2>
i=1 ;

j=1 i#£s \j=1 k=1

n d A d
Sy (e (Zr)
=1 =

2,5=1

n n
(22D ZMMQ-QZERWW > ZMWZ
i=1 \j=1 i=1 \j=1 i=1

n
kY (Samk) =k (X

i=1 \j=1 j=1

and

d d
Z cj Z uk &tk Z o Z ufufésy

=E
=1 itk [ —
d
= Z chu ul uj
7,l=1 i#k
d
:Z Z|u]| |uk| +ZCJCIZUU1 uul
= ik A gk
d n d
<> > Pl =) e
J=1 k=1 =1

here we used the fact ., cj¢ Z#k(dzu@(u ul) <0, since for j # 1,

n _ ) n
0= (Zu;u})(Zuf Z\uj\ PHE +Z ul ul uk ul
i=1 k=1

1#£k

Therefore,

P | f(X)>2K + Zc] < (K +1)/8K? < 1/4.
7j=1

With the same argument, one can show

P | f(X)< 2K +

This completes the proof.
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Figure 2.2: Plotted above are the empirical cumulative distribution functions of the
distribution of y/n X ||v|| for n = 1000, evaluated from 500 samples. In the blue curve,
v is a unit eigenvector for GOE. And v is a unit eigenvector for symmetric random
sign matrix in the red curve. The green curve is generated for v to have a uniform
distribution on the unit sphere S,.

2.3 Optimal upper bound for the infinity norm of eigenvectors

It has been long conjectured that u; must look like a uniformly chosen vector from the
unit sphere. Indeed, for one special random matrix model, the GOE, one can iden-
tify a random eigenvector with a random vector from the sphere, using the rotational
invariance property (see [47] for more details). For other models of random matrices,
this invariance is lost and only very recently we have some theoretical support for the
conjecture [65, 44]. In particular, it is proved in [65] that under certain assumption,
the inner product u - a satisfies s central limit theorem, for any fixed vector a € S,,. For
numerical simulation in Figure 2.2, we plot the cumulative distribution functions of the
(normalized) infinity norm of eigenvector v for GOE and random symmetric Bernoulli
matrix separately, and compare them with the vector chosen uniformly from the unit
sphere.

One important property of a random unit vector is that it has small infinity norm.
It is well-known and easy to prove that if w is chosen randomly (uniformly) from S,

(the unit sphere in R™), then with high probability ||w|. = O(y/logn/n) and this
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bound is optimal up to the hidden constant in O. We are going to show

Theorem 26 (Delocalization of eigenvectors). For any constant C; > 0 there is a

constant Co > 0 such that the following holds.

e (Bulk case) For any € > 0 and any 1 < i < n with \j(W,,) € [-2+¢€,2 — €], let

u; (W) denote the corresponding unit eigenvector, then

CyK log'?n

[[ui(Wn)lloo < Tn

with probability at least 1 —n~C1.

e (Edge case) For any € > 0 and any 1 < i < n with \i(Wy,) € [-2 —€,—-2+ €] U

[2—¢€,2+ ¢, let u;(W,,) denote the corresponding unit eigenvector, then

CoK?logn
with probability at least 1 —n=C1.

2.3.1 Proof of the bulk case

With the concentration theorem for ESD, we are able to derive the eigenvector delo-

calization results thanks to the next lemma:
Lemma 27 (Eq (4.3), [29] or Lemma 41, [66]). Let

a X
By =
X Bn—l

x
be an n x n symmetric matriz for some a € C and X € C* ', and let be a unit
v

eigenvector of B, with eigenvalue \;(By), where x € C and v € C"~1. Suppose that

none of the eigenvalues of By—1 are equal to N\;(By). Then

1
] = = )
1+ Zj:ll()‘j(Bn—l) - )‘i(Bn))_Qluj(Bn—l)*XP

where uj(By_1) is a unit eigenvector corresponding to the eigenvalue \j(Bp—1).
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Proof. From the equation

one has

X + By_1v = \i(Bp)v.

Since none of eigenvalues of B,,_1 are equal to \;(B,), the matrix \;(By,)I — Bp_1 is

invertible. Thus v = x(X\;(B,)I — B,,—1) ' X. Inserting the expression of v into the
ol + ol =1

and decomposing

n—1
(i(Bu)] = Buo) ™ = 3 (4(Bar) = NilBo)) Mty (Bo),
j=1
we prove that
2l = !
1+ Y07 (Aj(Bae1) = Mi(Bn)) ~2luj(Bao1)* X |2

O]

First, for the bulk case, for any \;(W,,) € (=2 +¢,2 — ¢), by Theorem 19, one can
find an interval I C (=2 +¢,2 — ¢), centered at \;(W,,) and |I| = K2Clogn/n, such
that N; > §in|I| (61 > 0 small enough) with probability at least 1 — n=¢1~19, By
Cauchy interlacing law, we can find a set J C {1,...,n—1} with |J| > N;/2 such that
INj(Wh—1) — Xi(Wy)| < |I] for all j € J.

By Lemma 27, we have

1
L 37 O (W) = Aa(Wa)) 2ty (W) 2 X P
1

[f? =

<

L+ Y56 g (Wamt) = Ma(Wa) 2y (Woer)* = X P2
< 1
— 14+ n*1|I|72 Zjej |Uj(Wn_1)*X|2

1 K2C?logn
< <200[I|/6) < —2—=—
S 100 T < 200 s

(2.12)
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for some constant Cy with probability at least 1 —n~¢1719. The third inequality follows
from Lemma 23 by taking t = §; K+/Clogn//n (say).

Thus, by union bound and symmetry, ||u;(W,)|lcc < %ﬁl/z" holds with proba-

bility at least 1 — n=¢1.

2.3.2 Proof of the edge case
For the edge case, we use a different approach based on the next lemma:

Lemma 28 (Interlacing identity, Lemma 37, [64]). If none of the eigenvalues of W,,_1

is equal to \;(W,,), then

n—1
ju;(Wo)Y2 1
SN Warr) = N(Wa) — T Con = Xi(Wn)- (2.13)

Proof. Let u;(W,) be the eigenvector corresponding to the eigenvalue \;(W,,). Let
uf = (v*,x) where v € R"! and z € R.

From the equation

Wpo1— )\z(Wn)In—l Y v 0
. G _ a
Y Yo Ai(Wh) x

one has

(Wh—1 = AN(W)—1)v+2Y =0
and

Yo + x(Cnn/\/ﬁ - )\Z(Wn)) =0.
Since none of the eigenvalues of W,,_; is equal to \;(W),,), one can solve v = —z(W,,_1 —

Xi(W,)I,—1)~Y from the first identity. Plugging into the second identity, we have

b
NG

The conclusion follows by composing

Cnn - Az(Wn) = Y*(anl - )\i(Wn)Infl)_ly
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By symmetry, it suffices to consider the case \;(W,,) € [2 —¢€,2 + ¢] for € > 0 small.
By Lemma 27, in order to show |z|> < C*K*log? n/n (for some constant C' > C7 +100)

with a high probability, it is enough to show

"Zl (W) X2 m
= (Aj(My—1) = Mi(Mp))? — CAK*log?n’
By the projection lemma, |u;(W,—1)*X| < K/Clogn with probability at least 1 —

10n=C. Tt suffices to show that with probability at least 1 — n~¢17100,

71 %
P S
= (Aj(Myp—1) — XNi(My))?2 — C3K?logn
Let Y = ﬁX , by Cauchy-Schwardz inequality, it is enough to show for some integers
1<T_ < Ty <n-—1that
T (W) Y? Ty =T
A (Wno1) = Xi(Wo)| = C15K/logn

T_<G<Ty
And by Lemma 28, we are going to show for 7 — 71 = O(logn) (the choice of

T,,T- will be given later) that

4 (W )Y P VTy =T

| | <2-e- S5 o), (2.14)
J>Tyorj<T_ )\j(anl) — Al(Wn) CLSK\/@
with probability at least 1 — n~¢17100,
Now we divide the real line into disjoint intervals Iy for k > 0. Let |I| = Kz%lggn

with constant § < €/1000. Denote (), = Z];:o 6785, Let In = (N\i(Wy)—I], \i(W)+1]).

For 1 < k < ko = 1og®%n (say),
Iy = (A\i(Wh) = BelI], Ai(Wn) = Be—1[TI] U [Ni(Wh) + Br—11], Ai(Wn) + Bl 1),
thus |I,| = 2678 |I| = o(1) and the distance from \;(W,,) to the interval I satisfies
dist(Ai(Wh), ) = Br—1|1]-
For each such interval, by Theorem 19, the number of eigenvalues

|Jk| = N[k < noqkuk| +5kn|lk|
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—C1—-100

with probability at least 1 —n , where

ar, = / pucl@)de/| T

I,

By Lemma 23, for the kth interval,

|“ n— 1) X|2 1 1 )
n Z A3 (W, J Ai(Wh)| = n dist(As (W), i) D lui(War)* X7

]EJ Jj€Jr
1
< (| k] + K/ |Jk]/C1 CK?1
S L dstn (W ) (| k| + BA ogn + ogn)
qu|Ik| 5k|Ik| CKQIOgTL

= dist(\ (W), 1) dist(\ (W), I) — ndist(N\ (W), Ix)
K\/an,C +néky/|Ix|v/Clogn
ndist(A\; (W), I)

ar, | 1| k—16 8k—8 4k—15
20 ) )
= TstOnW), ) T + + !

with probability at least 1 — n~¢17100,

For k > ko + 1, let the interval I;’s have the same length of |Iy,| = 2078 |I|. The
number of such intervals within [2 — 2¢,2 + 2¢] is bounded crudely by o(n). And the

distance from \;(W,,) to the interval I} satisfies
dist(Ai(Wn), k) = Bro—1 1| + (k — ko) k|-

The contribution of such intervals can be computed similarly by

|“J n— 1) X|2 1 1 )
= 1 ey
Z A5 (W Ai(Wa)| — ndist(X (W), Ir,) Z [ (Wi—1)" X

]EJ j€Jk
1
<= Ji| + K/ k] /C1 CK?1

oz[k|[k| 5k|Ik| CK2 logn
= dist(N (W), L) dist(N(Wn), Ix)  ndist(N(Wh), Ix)
KWM\/W
ndist(A\; (W), I)
g, | I 1005%0
B diSt(Ai(Wn),I}g) k— k[)’

with probability at least 1 — n~¢1—100,

Summing over all intervals for £ > 18 (say), we have

| (W 1)*Y 2 o | Ik
| 1< C |+ 6. (2.15)
jZTerjST Aj(Wh—1) = X(Wh) Z dist(\; (W), 1)
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Using Riemann integration of the principal value integral,

ar, |1 /2 psc()
= p.v. ———d 1
; Tt (W) 1)~ P )y () — 2 o)
k
where
pv/2p50(m)d$-:]jm ,Qsci(x)dx
o Ni(Wh) — e=0 J_ocu<o jomn (W) |ze Ni(Wn) —x

and using the explicit formula for the Stieltjes transform and from residue calculus, one

obtains

2 psc() .
p.v./_2 S = M) 2

for [N\;(Wy,)| < 2, with the right-hand side replaced by —X\;(W,,)/2 + /\i(W,,)2 —4/2

for |A\;(W,)| > 2. Finally, we always have

O‘Ikuk‘ <
146 < 1+ ¢/1000.
|IZdist()\i(Wn),Ik)|_ Tosite
k

Now for the rest of eigenvalues such that
INi(Wa) = Xj(Wo)| < o + 11| + ... + || < |1]/6%,

the number of eigenvalues is given by Ty — T < n|I|/§50 = CK?logn/§%. Thus

VI —T- _ 1
CK+/logn ~ §4,/C

by choosing C' sufficiently large. Thus, with probability at least 1 —n

< €/1000,

—C1—-10
)
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Chapter 3

Random covariance matrices

3.1 Marchenko-Pastur law

The sample covariance matrix plays an important role in fields as diverse as multivariate
statistics, wireless communications, signal processing and principal component analysis.
In this chapter, we extend the results obtained for random Hermitian matrices discussed
in the previous chapter to random covariance matrices, focusing on the changes needed
for the proofs.

Let X be a random vector X = (Xi,...,X,)T € CP*! and assume for simplicity

that X is centered. Then the true covariance matrix is given by
E(XX") = (cov(Xi, Xj))1<ij<p:

Consider n independent samples or realizations 1, ..., z, € CP and form the p x n data
matrix M = (z1,...,x,). Then the (sample) covariance matrix is an 7 xn non—negative
definite matrix defined as

1
an = gM*M

If n — 400 and p is fixed, then the (sample) covariance matrix converges (entrywise)
to the true covariance matrix almost surely. Now we focus on the case that p and n
tend to infinity as the same time.

Let M, = (Gij)i<i<pi<j<n be a random p X n matrix, where p = p(n) is an
integer such that p < n and lim,,_,o, p/n = y for some y € (0,1]. The matrix ensem-
ble M is said to obey condition C1 with constant Cj if the random variables (;; are
jointly independent, have mean zero and variance one, and obey the moment condition

sup; ; E|C¢j]00 < C for some constant C independent of n, p.
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For such a p x n random matrix M, we form the n x n (sample) covariance matriz
W = Wy, = 2 M*M. This matrix has at most p non-zero eigenvalues which are ordered

as

0<M(W) < (W)<... < )\p(W).

Denote 01(M),...,0,(M) to be the singular values of M. Notice that o;(M) =
VnXi(W)Y2. From the singular value decomposition, there exist orthonormal bases
Ui, ..., up € C" and vq,...,v, € CP such that Mu; = o;v; and M*v; = o;u;.

The first fundamental result concerning the asymptotic limiting behavior of ESD

for large covariance matrices is the Marchenko-Pastur Law (see [45] and [6]).

Theorem 29. (Marchenko-Pastur Law) Assume a p x n random matriz M obeys con-
dition C1 with Cy > 4, and p,n — oo such that lim, . p/n =y € (0,1], the empir-
ical spectral distribution of the matrizx W, , = %M*M converges in distribution to the
Marchenko-Pastur Law with a density function

patpy (@) = —— /(b — D) (& — )Ly (),

- 2mxy

where
a:=(1—y)?b:=(1+ 1)

Remark 30. When y = 1, the density function pyrp,(z) is supported on the interval

W ppy(e) = [T
de  PMPY\E) = o0 x

Actually, by a change of variable z — x2, the distribution p is the image of the semicircle

[0,4] and

law.

In the following, we discuss briefly the frameworks for two approaches: the moment
method and Stieltjes transform method, the latter of which is the core of the proof for

our new results.
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Density Functions of Marchenko—-Pastur Law
2 T T T T T

18} Y=

y=0.8

0.8~

0.6}

0.2+

Figure 3.1: Plotted above are the density functions paspy(x) of Marchenko-Pastur law
fory=0.4, y =0.6, y = 0.8 and y = 1. Notice that for y = 1, the density function has
a singularity at = = 0.

3.1.1 Moment method

Similar as the proof of semicircle law, we use the trace formula: for a positive integer

k, the k-th moment of the ESD FW () is given by

)¥).

1 1 M*M
my = /xka(dx) = = trace(W") = — trace((
D n n

For the Marchenko-Pastur distribution, the moments are given by

Lemma 31. For k > 0,




Marchenko—-Pastur Law
2 T T T

T
I Eigenvalues
18 = Marchenko-Pastur, y = 0.8

|
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Figure 3.2: Plotted above is the distribution of the eigenvalues of %M *M where M is
a p X n random Bernoulli matrix with n = 5000 and y = p/n = 0.8. The red curve is

the Marchenko-Pastur law with density function papy ().

Proof. We have a = (1 — /)%, b=(1+y)?, a+b=2(1+y) and b—a =4,/y.

b b
b—z)(x—a
mk,MP:/ kaMP,y(x)dx:/ a® ( 27T;(y )dx

e (b—a)/2 —a)?
t=z—(a+b)/2 L/ (t+a+b)k_1 (b—a) g
21y J—(b—a)/2 2
27 154
2 Y E—1\ o, .
- Ay — 12 2 1)k-1-2i
3y ), Viy tzz:;(%)t (y+1) dt

Recall that Beta function

I “1,, _ T@)(y)
B(m,y)—/o t*7 L1 — )Y ldt_m.
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Thus
2 ko ‘ ‘
me=2 30 (55,1 ) @i 0BG 12.372)
=0
1552
2 k-1 b1 (2T 1
== 4 1
7 ZO<21' >(y)(+) 441 2 (i +1)!
k—1 .
2 J(k—l) (2i)! yik‘i” (k—1—2i>yj
o\ 2 )i+ = j
r= Z+j Z kzlz k“ r
— il(i 4+ 1)! )(k—l—i—r)!y

k—1 mln(r,k—l—r)

M

(Dyr (i + 1)k —1 1—i—r)

O
From the trace formula, one has
1 *
E(my) = E(; trace(W")) = E(ﬁ trace(( - )
1 _ _ _
i Z Z E(Cilji Ging1 Gizga Gisja = Girg Cilﬁk)'
pn ; . )
{i1,sii} {7100k}
The Marckenko-Pastur law follows by showing
Lemma 32. For each fized integer k,
k—1
1 P 1 (k\ (k-1 _
E(- =Y (=) ! 1
(reer) = S (1) () +oeh, (3.)
and
1
Var(= trace(W*)) = O(n™2). (3.2)
p

The detail of the proof, which is a combinatorial counting argument, can be found
in Chapter 3 of the book by Bai and Silverstein [8]. It is straightforward to show
(deterministically)

1
E(= trace(W")) — my,
p

for each fixed integer k. And (3.2) together with Borel-Cantelli lemma imply that, in

fact, p~! trace(WF) is close to its expectation E(p~! trace(WW*)).
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3.1.2 Stieltjes transform method

The Stieltjes transform of Marchenko-Pastur law is given by

1 b
smpy(z) = /R P szP,y(CC) dx =/ 27rxy =2 \/mda;
a

which is the unique solution to the equation

1
S Z) + =0
MPy(2) y+z—1+yzsupy(2)

in the upper half plane.

More explicitly,

y+z—1—/(y+2z—-1)2—4yz

smpy(z) = — 202

where we take the branch of \/(y + 2z — 1)2 — 4yz with cut at [a, b] that is asymptotically
y+z—1asz— o0.

By Proposition 16, the Marchenko-Pastur law follows by showing that s(z) —
sympy(2) in probability for every z in the upper half plane. Similar to the Hermi-
tian case, we are going to prove the local version of Marchenko-Pastur law, which is

much stronger.

3.2 Local Marchenko-Pastur law and the new result

The hard edge of the limiting support of spectrum refers to the left edge a when y =1
where it gives rise to a singularity of z=1/2. The cases of left edge a when y < 1 and
the right edge b regardless of the value of y are called the soft edges. Recent progress
on studying the local convergence to Marchenko-Pastur law include [32], [51],[62],[69]
for the soft edge and [63], [16] for the hard edge. In this paper, we focus on improving
the previous results for the soft edge case.

Our main results for the random covariance matrices are the following quantitative

local Marchenko-Pastur law (LMPL).

Theorem 33. For any constants €,d, C1 > 0 there exists Co > 0 such that the following

holds. Assume thatp/n — y for some 0 <y < 1. Let M = ((i5)1<i<p,i<j<n be a random
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matriz with entries bounded by K where K may depend on n. Consider the covariance

matriz Wy, = %M*M Then with probability at least 1 —n~C1, one has
INiWai) = [ pagp,(a) dal < bl
for any interval I C (a + €,b— ¢€) of length at least C2K?logn/n.

Similarly to the Hermitian case, we compare the Stieltjes transform of the ESD of

matrix W
P N(W) =2
with the Stieltjes transform of Marchenko-Pastur Law

1 b
smpy(2) ::/R prpy(z) do :/ 2my e \/mda;

which is the unique solution to the equation

1
S z)+ - 0
MP,y( ) y+z—1+ yZSMP,y(Z)

in the upper half plane. We will show that s(z) satisfies a similar equation.
The analogue of Lemma 21 is the following:

Proposition 34. (Lemma 29, [62]) Let 1/10 > n > 1/n, and L1, La,e,6 > 0. For any

constant C1 > 0, there exists a constant C > 0 such that if one has the bound
|s(2) = smpy(2)| <0

with (uniformly) probability at least 1 — n~=C for all z with Ly < Re(z) < Lg and
Im(z) > n. Then for any interval I in [Ly — e, Ly + €] with |I| > maz(2n, }log 3), one
has

Ni = [ priry@)del < 50l

with probability at least 1 —n~C1.

Our objective is to show
|s(2) = smpy(2)] <0 (3.3)

with probability at least 1 — n~C for all z in the region R,, where

R, ={2€C:|z] <10,a — e <Re(z) < b+ € Im(z) > n}
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if y#£1, and
R,={z€C:|z] <10,e <Re(z) <4+¢Im(z) > n}

if y = 1. We use the parameter

_ K2C?logn
= néd

In the defined region R,
lsmpy(2)] = O(1).

The next lemma is an analogue of Lemma 24.

Lemma 35. For any constant C; > 0, there exists a constant Co > 0 (Cy depending
on C1, say Co > 10K (C1+10) suffices) such that for any interval I = (z,x+n) C (a,b)

2
with |I| > % and x > 0 constant,

N[<<n\I]

with probability at least 1 —n~C1.

C3K?%logn
n

Proof. By union bounds, it suffices to show for |I| = . Suppose the interval

I =(z,z+mn) C (a,b) withn=|I|. Let z =z + v/—1n.

2

3 n
Np = Z Lovwayery <2 Z : 5 = 2nnlms(2).
i=1 M (Wmel (Ai(Wn) —2)? +1

Recall the expression of s(z) in (2.4), we have

1< 1
_ = A4
S(Z) pk; é-kk_z_az(wk —ZI)_lak-’ <3 )

where Y;, = aj (W}, — 2I)"tay, and W}, is the matrix W* = %MM* with the £ row
and column removed, and ay, is the k'™ row of W with the k' element removed. Let
Mj, be the (p — 1) x n minor of M with the k*® row removed and X € C" (1 <i < p)

be the rows of M. Thus

ek = X" X /n = || Xl|*/n, ar = My X, Wi = =M My,
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Applying the inequality |Imé] < 1/|Imz|, we have

2nn & 1

Ny < " .
D kzl n + Imaj (Wy, — 2I)~Lay

On the other hand,

p—1 N 2 p—1 * 2
B (M) 1A (W) [ Xju; (M)

Wy — 2D = S GO NS LA k2

=) ;Aj(wzﬁ)—z ;” NV =z

where uy (M), ..., up—1(My) € C" and vy (M), ..., vp—1(My) € CP~! are orthonormal
right and left singular vectors of Mj. Here we used the facts that
apvi(Mi) = = X Myvj(My) = —0j(Mi) Xjcu; (M)
and
aj(Mg)® = nAj(Wg).
And by hypothesis, for each k,

0 = 0 (M) Xy (M) 2
n2 (/\J Wk —:L') +772

Imay, (W), — 2I)~

n Z 0j Mk) \XZ“J‘(Mk)P

v
|

2 2
" )\j(Wk)EI 277
1 U](Mk)Q * 2
> onn Z T\Xkuj(Mk)\
Aj(We)el

1 *
> X (M)
)\j(Wk)EI

The last inequality is obtained by the fact o;(M})/y/n = ©(1) in the region considered.

Thus
n’n? 1

Ny <« ——
D Z Z,\ (Wy)el | X5 wi(My)|?

Now we prove by contradiction. If Nj > Cnn for some constant C' > 100, then there

exists k € {1,2,...,n} such that

n2772
Z/\j(Wk)EI ’X;Cku](Mk)‘Q

> Cnn.

Therefore

> X (Mo < F-
/\j(Wk)EI
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By Cauchy interlacing law, [{\;(W}) € I}| > Ny —2 > N;/2. By Lemma 23, one

concludes that

with probability at least 1 — n~(“1+10) assuming Cy > 10K (Cy + 10). Thus we get

contradiction nn/C > Cnn/4 by choosing C' large. This completes the proof. O
Now we prove (3.3). First, by Schur’s complement, one can rewrite

5(z) = 1Tlr(W — 207 = lzp: _ (3.5)
P P w2 Y '

where Vi, = aj (W}, — 2I)"tay, and W, is the matrix W* = %MM* with the k™ row
and column removed, and ay, is the k™ row of W with the k" element removed. Let
Mj, be the (p — 1) x n minor of M with the &*® row removed and X} € C" (1 <i < p)
be the rows of M. Thus & = Xp*Xp/n = || Xil|?/n,ax = LMy X, Wy, = MM
And

-1
Z s (I _ 1 AP X (V)
Wk —Z - n )\](Wk) —Z ’
7j=1
where uy (M), ..., up—1 (M) € C" and vy (My),...,vp—1(My) € CP~! are orthonormal

right and left singular vectors of Mj. Here we used the facts that
apvj(My) = ﬁXkMkUj(Mk) = Effj(Mk:)XkUj(Mk:)

and

Uj(Mk)2 = n/\j(Wk)

The entries of X} are independent of each other and of Wy, and have mean 0 and

variance 1. Noticed u;j(M}) is a unit vector. By linearity of expectation we have

Ui (W) 22t p—1
E(Y;|[Wy) — = — = 1
(el W) szln)\j W) +n]z::1)\] Wk ) —z n (14 z81(2))

where
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is the Stieltjes transform for the ESD of Wj. From the Cauchy interlacing law, we can
get

1 1 1 1
5(2) = (1= ysu(a)] = O /R L an=o(L)

|z — 22 ]
and thus

—1 1 -1
E(Y,|Wy) = pT + z%s(z) +0() = b — + z%s(z) +0(6?).

In fact a similar estimate holds for Y} itself:

Proposition 36. For 1 < k <n, |Yy — E(Yx|W)| < 62/V/C holds with probability at

least 1 — 20n=C uniformly for all z in the region R,.

To prove Proposition 36, we decompose

p—l . TP o
s w3 MO (R )

X (3.6)

j=1
i N
_ - J(Wk) Rj-
n

J=1 )\j<Wk) —r— —177
The estimation of (3.6) is a repetition of the calculation in (2.6). Without loss
of generality, we may just consider the case \;j(Wy) —x > 0. By assumption, we

have |A;(Wg)| = ©(1) and |A\;(Wy)| < 4. First, for the set J of eigenvalues \;(W})

such that 0 < \;(Wj) — 2 < 7, one has |J| < nn and thus by Lemma 23, by taking
t =4K+/Clogn,

Wk)
7‘2 i (W) —x—r"?}”

z) A (W, Tl>\ Wk:)
<! -~ R;
|z ) % Sl
DA (W) U Wk)
< — — R;
- |Z Wk —3:) +77 ] |Z Wk —95 +772 j‘
10
< n—n(K\/Clogn«/Lﬂ + K%C'logn)
- 2003
- VO

with probability at least 1 — 10n=¢
For the other eigenvalues, we divide the real line into small intervals. For the set

Jy of eigenvalues \;(W}) such that a < A\;j(Wy) — 2 < (1 + o)a, where we use the
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parameters a = (1 + )'n and o = 10 (say) , one has |J;| < naa. Thus by Lemma 23

(taking ¢ = K/CT+ T)yogn),

W)
7‘2 (W) —w—\ﬁnR’

]EJ

)\ ( nA; (W)
S 7|§E: 2 ‘7’252 LV% __m +_n2I%’

JEJ jEﬁ

17;1-04|Z : a()\J(Wk) ))\ (W) Rj|+i|z QQA-(Wk)

o) (O (W) — 2 +17) W) -2+

1

<( ;_aa o 2 )(K+/C(1 +1)y/log nv/naa + K*C(1 + 1) log n)
206 141

VO 1+ )’

with probability at least 1 — 10n~C¢(+1),

Summing over [, we have

Wy) 4043
DD Wvernrts AR

with probability at least 1 — 10n~¢

Thus |Yy — E(Yg|Wy)| := 0% < 2006%/+/C. Therefore, inserting the bounds to (3.5),

we have
1
s(z) + =0
(2) y+z—1+yzs(z) + 62

with probability at least 1 — 10n~¢

Recall the explicit expression of syspy(2)

y+z—1—+/(y+2—1)2%—4yz
SMP,y(Z) - = \/2yz )

where we take the branch of \/(y + 2z — 1)? — 4yz with cut at [a, b] that is asymptotically
y+z—1asz— 0.

From (3.5) and Proposition 36, we have with high probability that

1
P yz—142Bs(2)+ 02

s(z) + =0,

where we used Lemma 23 to obtain that &g = || Xk|[?/n = 1+ o(1) with probability at

least 1 —n=C.
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By assumption p/n — y, when n is large enough,

1
5(z) + y+z—1+yzs(z) +64 0 (37)

holds with probability at least 1 — 10n~C.

52

In (3.7), for the error term 62, one has either T = O(%)ory+z—1+
yzs(z) = o(1). In the latter case, we get s(z) = —%f + o(1). In the first case, we

impose a Taylor expansion on (3.7) (by choosing C sufficiently large),
s(2)(y+ 2 —1+yzs(2)) + 1+ 0(6%) = 0.

Completing a perfect square for s(z) in the above identity, one can solve the equation

for s(z),
y+z—1 (y+2z—1)2
AN R EY O C AN S A | 62). :
VIE(s() + ) \/ -1+ 0@) (38)
008 _ O(dc), by a Taylor expansion on the right hand side of (3.8), we have

(y+2-1)2
dyz -1

VIE(s(2) + L’z_l) - i\/w_l)Q — 14 0(8c).

2yz 4dyz
Therefore,
s(z) = smpy(2) + O(dc)
or
+2—-1)2 —4yz +2z-1
s(z) = sppy(2) — Viy e ) A O(6c) = —smpy(z) — yT + O(6¢).

If % — 1 = o(1), from (3.8) and the explicit formula for sy;p,(2), we still have

s(z) = sppy(z) +o(1).

To summarize the above discussion, one has, with overwhelming probability, either
5(z) = smpy(2) + O(dc), (3.9)

or

Vi +z—1)2—dyz 4060
yz (3.10)

—1
_YrET L 060,
Yz

s(2) = smpy(z) —

= —smpy(2)
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or
y+z-—1
=<2 = - 1). 3.11
s(2) = L+ o(1) (3.11)
We may assume the above trichotomy holds for all z =  + v/—1n with ¢ < x < b and
mo < < n1%/§ where 7o = K980,

When n = n'%/4, from |s(z)| < 1/n and |sprpy(2)| < 1/n, we have s(z) and sprpy(2)
are both O(d¢) and therefore (3.9) holds in this case. By continuity, we conclude that
either (3.9) holds in the domain of interest or there exists some z in the domain such
that (3.9) and (3.10) or (3.9) and (3.11) hold together.

On the other hand, (3.9) and (3.11) cannot hold at the same time. Otherwise,
pre—ly _ 1

— and
Yz Yz

smpy(z) + %";1 = O(dc). However, from syrpy(2)(smpy(2) +
lsampy(2)] < m, one can see that [sypy(2) + %’ZZ_H is bounded from below,
which implies a contradiction (by choosing C' large enough).

Similarly, (3.9) or (3.10) cannot both hold except when (y + z — 1)? — 4yz = o(1).
Otherwise, we can conclude that 2sy/p,(2)+ ery%l = O(d¢). From the explicit formula

of sympy,

y+z—-1 (y+z—-1)2%—4dyz

Yz Yz
y+z—1
Yz

2smpy(2) +
One can conclude |2s57p,(2) + | is bounded from below, which is a contradiction
(by choosing C sufficiently large). Actually, if (y+2z—1)? —4yz = o(1), (3.9) and (3.10)
are equivalent.

In conclusion, (3.9) holds with probability at least 1 —n~¢ in the domain of interest.

By Proposition 34, one can derive the following LMPL for random covariance matrices.

Theorem 37. For any constants €,,Cy > 0, there exists Co > 0 such that the following
holds. Assume thatp/n — y for some 0 < y < 1. Let M = ((i5)1<i<p,i<j<n be a random
matriz with entries bounded by K where K may depend on n. Consider the covariance

matriz Wy, , = %M*M Then with probability at least 1 —n~C1, one has

N1 = [ oty (o) dol < 5pl,
for any interval I C (a —e,b+¢€) ifa # 0 and I C (e,4+€) if a =0 of length at least
CoK?%logn/nés.

In particular, Theorem 33 follows.
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3.3 Optimal upper bound for the infinity norm of singular vectors

Theorem 38 (Delocalization of singular vectors). For any constant Cy > 0 there is a

constant Cy > 0 such that the following holds.

e (Bulk case) For any ¢ > 0 and any 1 < i < p with 0;(Mpp)?/n € [a+¢,b— €], let
u; denote the corresponding (left or right) unit singular vector, then

CyK log'?n
Vn

[uilloo <

with probability at least 1 —n=C1.

e (Edge case) For any ¢ > 0 and any 1 < i < p with 0;(M,)*/n € [a — €,a +
Ub—eb+e ifa+#0 and o;(Myp)?/n € [4—¢€,4] if a =0, let u; denote the
corresponding (left or right) unit singular vector, then

CyK?logn
LD

[uilloo <

with probability at least 1 —n=C1.

3.3.1 Proof of the bulk case

To prove the delocalization of singular vectors, we need the following formula that
expresses an entry of a singular vector in terms of the singular values and singular
vectors of a minor. By symmetry, it is enough to prove the delocalization for the right

unit singular vectors.

Lemma 39 (Corollary 25, [62]). Let p,n > 1, and let

Mpm = < Mp,n—l X )

u
be a p x n matriz for some X € CP, and let be a right unit singular vector of
x

My, with singular value o;(My,,), where x € C and u € C"~1. Suppose that none of

the singular values of My 1 are equal to 0;(Myy). Then

1
|JI’2 = ; —1 o (M, 2 Y
L+ e (oj(Mp,,i(l)gf;f@wz)z |0 (Mp,n—1)* X|?
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where v1(Mpn—1); - - Vmin(pn—1)(Mpn—1) € CP is an orthonormal system of left singu-
lar vectors corresponding to the non-trivial singular values of Mp 1.

In a similar vein, if

M, 4,
Mpn = e
Y*

v
for someY € C", and is a left unit singular vector of My ,, with singular value
Yy
0i(Mp.,), where y € C and v € CP~1, and none of the singular values of M,_1 ., are

equal to o;(Mpy), then

1
‘y|2 = ; —1 (M. 2 )
1 et et i (Mp1,0) 7Y 2
where wy (Mp—1,), - . - s Upnin(p—1,n) (Mp—1,) € C" is an orthonormal system of right sin-

gular vectors corresponding to the non-trivial singular values of My_1 y.

Proof. First consider the right singular vectors. Since

. U o [
Mp,nMPvn = 0i(Mp,n) )
T T
we have
MY M1 MY X U U
pr Bt B = 0u(My0)?
X* My -1 X*X T T
Thus

M;,n—lMpvn—lu + xM;,n—lx = UZ'(MP,TL)QU'
By assumption, none of the singular values of M), are equal to o;(M,,), we can

solve

u = ‘T(M;,n—lM n—1 7 O-i(Mpzn)2)_1M;,n—1X

n(pm—1 *
=2z mm(pzn ) i (Mpn—1)u;(Mpn—1) v x
j=1 (Uj(Mp,n—1)2 — Ui(Mp,n)2)2 p,n—1
min(p,n—1)

3 Uj(Mp,n—l)uj(Mp,n—l)Uj(Mp,n—l)*X.
(O’J’(Mp,nfl)Q - Ui(Mp,n)2)2

=X
j=1
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The second equality follows from
i (Mpn—1)uj(Mpn—1)"Mpn—1 = 0j(Mpn—1)u;(Mpn—1)v;(Mpn—1).

On the other hand, from |x|? + ||u||* = 1, one has

of? = 1
in(p,n—1) i(Mp 5 — %
1 + Zm e (Uj(Mp,C:lJf(l)g_Uil()]\/lp, |UJ( p,n— 1) X|2
The formula for the left singular vectors can be proved similarly. O

If \;(Wp ) lies within the bulk of spectrum, by Theorem 37, one can find an interval
I C (a+¢,b—¢), centered at \;(W,,) and with length |I| = K?C3logn/2n such
that N; > §;n|I| (67 > 0 small constant) with probability at least 1 —n=¢1710. By
Cauchy interlacing law, we can find a set J C {1,...,n — 1} with |J| > N;/2 such that

INj(Wp—1) — Xi(Wy)| < |I] for all j € J. Applying Lemma 27, one has

min(p,n—1) . 2
Z % (]\gp’nil) 3 |UJ( pn—1)" X|2
= (Uj(Mp n—l) — 0i(Mpn)?)
1 pn 1) 2
- 2 v n—1 X
n ze: pn 1) Al(Wp,n))Ql J( p, ) ‘

> S 0 2y (M) X P 0 1720 (1)
jeJ

with probability at least 1 — n=¢1710,

Thus, by the union bound and Lemma 39, |u;(Mpn)|lec < CQL\/%I/Q" holds with

probability at least 1 — n=¢1.

3.3.2 Proof of the edge case

For the edge case, where |A\;(Wp ) —al = o(1) (a # 0) or |\i(Wp ) —b| = o(1), we refer

to the analogue of Lemma 28.

Lemma 40 (Interlacing identity for singular values, Lemma 3.5 [69]). Assume the
notations in Lemma 39, then for every i,

mm%_l) 0§ (Mpn—1)?0;(Mpn—1)*X|?

=1X||? = 0;(M, ,,)>. 3.12
O-j(Mp,nfl)Z _Ui(Mp,n)2 || H ( P, ) ( )

j=1
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Similarly, we have

min(p—1,n)

0j(Mp—1 n)2yuj(Mp—1 )Y |? 2 2
: : =||Y||* — o;(My.)~. 3.13
Z Uj(Mp—l,n)Z . O-i(Mp,n)Q || ” ( D, ) ( )

=1

Proof. Apply Lemma 28 to the matrix

3 My, 1 Mpn—1 M,, X
M, My n =

X*Mpn— [1X1?
with eigenvalue Ui(Mp,n)Q.

Since we have )\j(M;;n_lM n—1) = Uj(Mp,n—1)2 and

uj(My 1 Mpn—1)" My, 1 = 0(Mpn—1)vj(Mpn-1)",

(3.12) follows.

Similarly, to show (3.13), apply Lemma 40 to the matrix

M: My 1n My 1,Y
MpynM;ﬂl = g " " " g " : 7;
Y*M, Y]]

pilyn’

O]

By the union bound and Lemma 27, in order to show |z|?> < C*K?log?n/n with

probability at least 1 — n~ 110 for some large constant C' > C; + 100, it is enough to

show
in(pn—1
[ L VAt O
j=1 (0§ (Mpn-1)? = 03(Mpn)?)2 70" ~ C4K*tlog’n

By the projection lemma, |v;(My,—1)*X| < K+/Clogn with probability at least
1—10n"C.

It suffices to show that with probability at least 1 — n~¢17100,

. , —1
min(p.n—1) 0j(Mpn—1)* 05 (M) X | 2 g
az:l (05 (Mpn—1)? — 0i(My)2)2 70" ~ C9K2logn

By Cauchy-Schwardz inequality and the fact |o;(Mp—1)| = O(y/n), it is enough to
show for some integers 1 <7T_ < Ty < min(p,n —1) (the choice of T_, T} will be given

later),

> w0l WMon) ey VTS T
’ni p—
1 552r, 103 (Mpn—1)? = oi(Mpn)? |77 C15K\/logn
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On the other hand, by the projection lemma, with probability at least 1 —n~¢1 =100,

|1 X||?/n =y + o(1). By (3.12) in Lemma 40,

min(p,n—1) l Uj(Mp,n—1)2|vj(Mp,nfl)*X|2

jz; n 0j(Mpn-1)*—oi(Mpy,)?

— Y+ 0(1) = Ai(Wpa). (3.14)

It is enough to evaluate

3 A (Wpin—1)[0;(Mp.n—1)* X|* 1)
j>Trorj<T_ )\j(vanfl) o )‘i(Wp,n) '
Now we divide the real line into disjoint intervals Iy for k > 0. Let |I| = %

with constant § < ¢/1000. Denote 8j, = Z]Z:O 6785 Let In = (N (W) — ], Ni(Wp ) +
|I]). For 1 <k < ko= log”? n (say),
Iy = NiWpn) = BelIl, Ai(Wpn) — Bre—1 [ I[] U [Ni(Wpn) + Br—1 L], \i(Wp.n) + Brl1]),
thus |I| = 2678 |I| = o(1) and the distance from \;(W, ) to the interval I, satisfies
dist(N(Wpn), Ix) > Br—1|1].

For each such interval, by Theorem 19, the number of eigenvalues

|Je| = Ni, < nag |Ii| + 0|1

—C1—-100

with probability at least 1 —n , where

ag, = / pypy(T)de /||,

Iy,

By Lemma 23, for the kth interval, with probability at least 1 —n~¢1 =100,

1 Z A (W, pn D[vi(Mpn—1)* X|?
P\ pn— 1) /\(Wp,n)’

]GJk
1 )\i(an) 2
< —(1 : n—1)"X
= n( + dlSt( (Wn) )) Z |UJ( D, 1) |
Jj€Jk
_ﬁ(1+dlst()\ W) ) V(| k| + K+/|Ji|\/Clogn + CK*logn)
9 pn)y
1 N(Won
<-( T ((W” )) A )(paur, [ In| 4 6%p|I| + 4K \/Clog nv/nv/|I1.| + CK?logn)
% p,n)s
Ai(Wy ) _
<y(1 ASAS I + 1006~ ™41
— y( dlst()\Z(Wp n)7Ik))aIk’ k’ + ‘ ‘
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For ko +1 < k < N, let the interval I}’s have the same length of |Iy,| = 2680 |I].

The distance from A;(W), ;) to the interval I}, satisfies
dist(Ai(Wp,n), Ik) = Bro—1[I] 4 (k — ko) |k, |.

The contribution of such intervals can be computed similarly by

1 N (Wpn—)[v (Mp,n—1)* X|?
Z J(Wp,n l) Ai (Wp, )’

JGJk
1 Xi(Wpn) )
< —_— )
N n( + diSt()‘i(Wn),Ik))]; |v; (Wpn-1)*X]|
<1(1+ Ai(Wpn) V(|| + K\/[Ji]/Clogn + CK?logn)
n dist(\i(Wp.n), I, ) k|
Ai(Won 1005%0—%

T st (W) o 1) k—ho

with probability at least 1 — n~¢1—100,
Sum over all intervals for & > 20 (say) and notice that N6—8%|I| = O(1). We have
ko N ko—8
1006"0
> 1005~ 41| + LU o(1).
k — ko
k=0 k=Fko

Using Riemann integration of the principal value integral,

Ai(Wpn) b wpupy(e)
J Il = |p.v. — " 1
yZ oLy 1 = oo / P da +of1)

b
pPMPy(T)
=y |1+ povN(W, n)/ L AN da:) ,
< P e @ = N(Wp)

where

(3.16)

b y+o(1), if [Xi(Wpn) —al = o(1),
p.v./ ym dx = v g (3.17)
=y +o(1), if [Ai(Wpn) —b] = o(1).
by using the explicit formula for the Stieltjes transform and from residue calculus (see
below).

If |X\i(Wpn) —al = o(1), using the formula for the Stieltjes transform, one obtains

from residue calculus that

b b
rprpy(T) / pMPy(T)
v |y EPMPYE) g (v (W) [ PP
pv/a ym_Ai(”p,n) v y( o ( P ) a m_Ai(”p,n) !

= y(1+(1—\/§)2
= Jy+o(l).

y) +0(1)

N
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If |Ni(Wpn) — bl = 0o(1), we have

b b
rpypy(T) / prpy(x)

V. — 2 _dx = 1 VANWoon —

‘”/a Ve X W) y( T AWon) | W ™

1
N

_ y(1—<1+\/@>2
= —\/y+o(l).

)+ ot

Now for the rest of eigenvalues such that
INi(Wpn) = Aj(Wpn1)| < Lol + 1| + ... + [a0] < [1]/6%,

the number of eigenvalues is given by Ty — T < n|I|/§%° = CK?%logn/§%. Thus

VI =T-
Cl5K\/logn — 0%C

< ¢/1000,

by choosing C sufficiently large. By comparing (3.14), (3.15) and (3.17), one can

conclude with probability at least 1 —n~¢1~10,

CoK?logn
V.

=] <



55

Chapter 4

Adjacency matrices of random graphs

4.1 Introduction

In this chapter, we consider the Erdds-Rényi random graph G(n,p). Given a real
number p = p(n),0 < p < 1, the Erdds-Rényi graph on a vertex set of size n is obtained
by drawing an edge between each pair of vertices, randomly and independently, with
probability p.

Given a graph G on n vertices, the adjacency matrix A of G is an n X n matrix whose
entry a;; equals one if there is an edge between the vertices ¢ and j and zero otherwise.
All diagonal entries a;; are defined to be zero. The eigenvalues and eigenvectors of A
carry valuable information about the structure of the graph and have been studied by
many researchers for quite some time, with both theoretical and practical motivations
(see, for example, [9], [12], [33], [53] [37], [34], [36], [35], [66], [30], [54], [52]).

Let A,, be the adjacency matrix of G(n,p). Thus A, is a random symmetric n X n
matrix whose upper triangular entries are independent identical distributed (iid) copies
of a real random variable £ and diagonal entries are 0. £ is a Bernoulli random variable

that takes values 1 with probability p and 0 with probability 1 — p.
E¢ = p,Varé = p(1 - p) = 0.
Usually it is more convenient to study the normalized matrix
1
M, = ;(An _pJn)a

where J,, is the n x n matrix all of whose entries are 1. M,, has entries with mean zero
and variance one. The global properties of the eigenvalues of A,, and M, are essentially

the same (after proper scaling), thanks to the following lemma
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25 T I
— G(2000,0,2)
- — ~SCL

1.5

0.5

2.5

Figure 4.1: Plotted above is the probability density function of the ESD of G(2000,0.2).

Lemma 41. (Lemma 36, [66]) Let A, B be symmetric matrices of the same size where

B has rank one. Then for any interval I,
INJ(A+ B) — Ny(A)| < 1,
where Ni(M) is the number of eigenvalues of M in I.

Theorem 42. For p = w(L), the empirical spectral distribution (ESD) of the matriz
%An converges in distribution to the semicircle distribution which has a density p,.(x)

no

with support on [—2,2],

psc(x) = i\/él—ix2

2T

If np = O(1), the semicircle law no longer holds. In this case, the graph almost
surely has ©(n) isolated vertices, so in the limiting distribution, the point 0 will have
positive constant mass.

In [20], Dekel, Lee and Linial, motivated by the study of nodal domains, raised the

following question.

Question 43. Is it true that almost surely every eigenvector u of G(n,p) has ||ul|ec =

o(1)?
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Later, in their journal paper [21], the authors added one sharper question.

Question 44. Is it true that almost surely every eigenvector u of G(n,p) has ||u||cc =

n71/2+0(1) %

The bound n~ Y2+ was also conjectured by V. Vu of this paper in an NSF pro-
posal (submitted Oct 2008). He and Tao [66] proved this bound for eigenvectors cor-
responding to the eigenvalues in the bulk of the spectrum for the case p = 1/2. If one
defines the adjacency matrix by writting —1 for non-edges, then this bound holds for
all eigenvectors [66, 64].

The above two questions were raised under the assumption that p is a constant in

(1—¢)logn
n )

the interval (0,1). For p depending on n, the statements may fail. If p <
then the graph has (with high probability) isolated vertices and so one cannot expect
that ||u]lcc = 0o(1) for every eigenvector u. We raise the following questions:

(1+€)logn
n

Question 45. Assume p > for some constant € > 0. Is it true that almost
surely every eigenvector u of G(n,p) has ||u||c = 0(1)?

(14+¢€) logn

- for some constant € > 0. Is it true that almost

Question 46. Assume p >

surely every eigenvector u of G(n,p) has ||ul|e = n~1/2+te1) 2

Our main result settles (positively) Question 44 and almost Question 45 . This

result follows from Corollary 52 obtained in Section 2.

Theorem 47. (Infinity norm of eigenvectors) Let p = w(logn/n) and let A,, be the
adjacency matriz of G(n,p). Then there exists an orthonormal basis of eigenvectors of

Ap, {u1,...,un}, such that for every 1 <i <mn, ||u;||lcc = 0(1) almost surely.

For Questions 43 and 46, we obtain a good quantitative bound for those eigenvectors

which correspond to eigenvalues bounded away from the edge of the spectrum.

Definition 48. Let E be an event depending on n. Then E holds with overwhelming
probability if P(E) > 1 — exp(—w(logn)).

For convenience, in the case when p = w(logn/n) € (0,1), we write

g(n)logn
p:()g7
n
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where g(n) is a positive function such that g(n) — oo as n — 0o (g(n) can tend to oo

arbitrarily slowly).

Theorem 49. Assume p = g(n)logn/n € (0,1), where g(n) is defined as above. Let

B, = ﬁAn. For any k > 0, and any 1 < i < n with \i(By,) € [-2 + k,2 — K|,

log?-2 g(n) 10gn)with

there exists a corresponding eigenvector u; such that ||u;||co = Okl o

overwhelming probability.

4.2 A small perturbation lemma

A, is the adjacency matrix of G(n,p). In the proofs of Theorem 47 and Theorem 49,

we actually work with the eigenvectors of a perturbed matrix
Ap + €Ny,

where € = €(n) > 0 can be arbitrarily small and N,, is a symmetric random matrix whose
upper triangular elements are independent with a standard Gaussian distribution.
The entries of A,, + eN,, are continuous and thus with probability 1, the eigenvalues

of A, + €N, are simple. Let

//L1<...</Jzn

be the ordered eigenvalues of A, + eN,, which have a unique orthonormal system
of eigenvectors {wq,...,w,}. By the Cauchy interlacing principle, the eigenvalues of
A, + €N, are different from those of its principal minors, which satisfies a condition of
Lemma 27.

Let A;’s be the eigenvalue of A, with multiplicity k; that are defined in increasing
order:

A1 < N\ :)\iJr]_ =... :)‘i-f—ki < )‘i+1€i+1“'
By Weyl’s theorem, one has for every 1 < j < n,
s = #5] < €l[Nullop = O(ev/n). (4.1)

Thus the behaviors of eigenvalues of A,, and A, + €lV,, are essentially the same by

choosing e sufficiently small. And everything (except Lemma 27) we used in the proofs
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of Theorem 47 and Theorem 49 for A, also applies for A, + €N, by a continuity
argument. We will not distinguish A,, from A,, + €N,, in the proofs.
The following lemma will allow us to transfer the eigenvector delocalization results

of A, + €N, to those of A, at some expense.

Lemma 50. With the notation above, there exists an orthonormal basis of eigenvectors

of An, denoted by {uy,...,un}, such that for every 1 < j <n,
[lujlloo < TJwjloo + a(n),
where a(n) can be arbitrarily small provided e(n) is small enough.

Proof. First, since the coefficients of the characteristic polynomial of A, are integers,
there exists a positive function I(n) such that either [As — A;| = 0 or |As — A¢| > I(n) for
any 1 <s,t <n.

By (4.1) and choosing e sufficiently small, one can get
i = Aic1| > 1(n) and [pivr, — Aivk+1] > 1(n)

For a fixed index i, let E be the eigenspace corresponding to the eigenvalue A; and
F' be the subspace spanned by {wj,..., w;i+k, }. Both of E and F' have dimension k;.
Let Pg and Pr be the orthogonal projection matrices onto £ and F' separately.

Applying the well-known Davis-Kahan theorem (see [59] Section IV, Theorem 3.6)

to A, and A, + eN,, one gets

6HNnHop .
l(n)

where a(n) can be arbitrarily small depending on e.

|PE — Pr|lop <

= a(n),

Define v; = Ppw; € E for i < j < i+ k;, then we have ||v; — wj|l2 < a(n). It is

clear that {v;,..., v, } are eigenvectors of A, and
[1vjlloo < llwjlloo +[[vj = wyll2 < [[wjlloc + aln).

By choosing € small enough such that na(n) < 1/2, {v;,..., vy, } are linearly inde-

pendent. Indeed, if Zf;z c;v; = 0, one has for every i < s <i+k;, Zf;z cj(Prwj, ws) =
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0, which implies ¢; = — Z;{;z ¢j(Prw;j — wj, ws). Thus |cs| < a(n) Zf;z lc;j|, summing
over all s, we can get Zf;l lcj| < ka(n) Zf;z |c;| and therefore ¢; = 0.
Furthermore the set {v;, ..., v, } is “almost” an orthonormal basis of E in the sense

that
| vslle = 1] < ||vs —ws|l2 € a(n)  forany i < s <i+k;
|<7}8’vt>‘ = ’<PEw87PEwt>|

= ’<PEws — Ws, PEwt> + <w57 PEwt - wt)’

= O(a(n)) forany i <s#t<i+k;
We can perform a Gram-Schmidt process on {v;,..., v} to get an orthonormal
system of eigenvectors {u;, ..., ug, } on E such that

[lujlloo < [lwjlloo + aln),

for every i < j < i+ k;.
We iterate the above argument for every distinct eigenvalue of A, to obtain an

orthonormal basis of eigenvectors of A,. O

4.3 Proof of Theorem 47

A key ingredient is the following concentration lemma.

Lemma 51. Let M be a n xn Hermitian random matriz whose off-diagonal entries &;;
are i.i.d. random variables with mean zero, variance 1 and |§;;| < K for some common
constant K. Fiz 6 > 0 and assume that the fourth moment My := sup; ; E(|&;Y) =
o(n). Then for any interval I C [—2,2] whose length is at least Q62/3(My/n)'/?),
there is a constant ¢ such that the number Ny of the eigenvalues of W,, = ﬁM which
belong to I satisfies the following concentration inequality

§n?| 1P

PN; = [ pult)at] > n [ pucltyit) < desp(—er0).

The proof of Lemma 51 uses the approach of Guionnet and Zeitouni in [39]. Intu-

itively, one tries to apply Lemma 8 with

Z=Ny= Z 1oy, ownyerny-
i—1
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However, the characteristic function 1y, )ery is neither convex nor Lipschitz. Thus
we construct two auxiliary functions (piecewise linear, convex and Lipschitz) suggested
as in [39] to overcome the technical difficulty (see [67] for details).

Apply Lemma 51 for the normalized adjacency matrix M, of G(n,p) with K = 1/,/p

we obtain

Theorem 52. Consider the model G(n,p) with np — oo as n — oo and let § > 0.

Then for any interval I C [—2,2] with length at least ((;iczi%}f%)l/f), we have
Ni = [ pela)dal = 6n [ pota)da
with probability at most exp(—cn(np)/? log(np)).
Lemma 53. Let Y = ((1,...,(.) € C" be a random vector whose entries are i.i.d.

copies of the random variable ¢ = & — p (with mean 0 and variance o*). Let H be a
subspace of dimension d and wy the orthogonal projection onto H. Then
2

P(| | m(¥) || oVl > ) < 10exp(—)

In particular,
| 7a(Y) ||= ovVd+ O(w(y/logn)) (4.2)

with overwhelming probability.

Proof. The coordinates of Y are bounded in magnitude by 1. Apply Talagrand’s in-
equality to the map Y — ||7g(Y)||, which is convex and 1-Lipschitz. We can conclude

2

P | ma(¥) || =M(| 7a(Y) [)] = t) < 4exp(—%6) (4.3)

where M (|| 7z (Y) ||) is the median of || 7 (Y) ||

Let P = (pij)i<ij<n be the orthogonal projection matrix onto H.

One has trace(P?) = trace(P) = Y., pi; = d and |p;;| < 1, as well as,

Ima(Y) I = D> piyily =Y piull + Y pigCid
i=1

1<ij<n ij
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and

n
EH 7TH(Y) ||2 = E(Zpqu) + E(ZPUQC]) = O'Qd.
i=1 i#j
Take L = 4/0. To complete the proof, it suffices to show

IM(|| 7a(Y) |)) — oVd| < Lo. (4.4)

Consider the event &, that | 75(Y) ||> 0 L+0+v/d, which implies that || 7z (Y) ||* >
o?(L? +2LVd + d?).

Let S1 =Y 1" pii(¢Z — 0?) and S = >4 PijGiCj. Now we have

P(£) <P(Y_pi¢} > o*d+ Lvdo®) + P(Y_pij¢i; > o*LVd).

i=1 i#j

By Chebyshev’s inequality,

E(|51]*)

P(ZPZZC’? 2 O'2d+ L\/gO'Q) = P(Sl 2 L\/gO'Q)) S W’
=1

where E(|51\2) = E(X:Zp”(g2 — 02))2 = le?ZE((;l — 04) < d02(1 — 202). Therefore,
do?(1 —20%) 1
P(S, > ILVdot) < —— "/ ~ —|
(812 Lvdo") < =500 < 15
On the other hand, we have E(|S3|?) = E(X pgjg?(]?) < o*d and

3 E(|S%) _ 1
2 _ 2

It follows that P(£,) < 1/4 and hence M (|| 75 (Y) ||) < Lo + Vdo.
For the lower bound, consider the event £_ that || 75 (Y) ||< v/do — Lo and notice
that

P(£_) < P(S) < —LVdo?) + P(Sy < —LVdo?).

The same argument applies to get M(|| 7g(Y) ||) > V/do — Lo. Now the relations
(4.3) and (4.4) together imply (4.2). O

Let A\, (A,,) be the largest eigenvalue of A,, and u = (u1, ..., u,) be the corresponding
unit eigenvector. We have the lower bound A, (A;,) > np. And if np = w(logn), then

the maximum degree A = (1 4 o(1))np almost surely (See Corollary 3.14, [15]).
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For every 1 <i < n,
)\n(An)u'L = Z Usj,
JEN(3)

where N (7) is the neighborhood of vertex i. Thus, by Cauchy-Schwarz inequality,

; ) W VA 1
fulloo = max, 22€20 ] =0(—).
An(An) An(An) Nz
Let B, = ﬁAn. Since the eigenvalues of W,, = ﬁ(An —pJy,) are on the interval

[—2,2], by Lemma 41, {\1(By),..., \n—1(Bn)} C [-2,2].

Recall that np = g(n)logn. By Corollary 52, for any interval I with length at least

( log(np)
54 (np) 1/2

constant x, one has Nj(By) = O(n [; psc(x)dx) = O(n|I]); if T is at the edge of [-2,2],

)1/% with overwhelming probability, if I C [-2 + &,2 — &| for some positive

with length o(1), one has Ny(B,) = O(n [, pse(z)dx) = O(n|I[>/?). Thus we can find a
set J C {1,...,n — 1} with |J| = Q(n|Iy|) or |J| = Q(n|Io|*/?) such that |\;(B,_1) —
Xi(Bp)| < |Ip| for all j € J, where B,_1 is the bottom right (n — 1) x (n — 1) minor of

B,.. Here we take |Io| = (1/g(n)'/**)?/3. It is easy to check that |Io| > (58 587)"/%

By the formula in Lemma 27, the entry of the eigenvector of B,, can be expressed

as
1
jzf* = 1+ Z?:—ll()\j(Bn_l) - /\z‘(Bn))_ﬂ“j(Bn—l)*ﬁXP
1
= 143 es(Aj(Bn-1) — Ai(Bn))_QWJ‘(B”—l)*ﬁX‘Q (4.5)
1 1
=7 + Yy ol 2y (Bao1)* X2 1t nIo| 2w (2)|[?

1
<
— 14+ n~YI|2|J|

with overwhelming probability, where H is the span of all the eigenvectors associated
to J with dimension dim(H) = ©(|.J]), mg is the orthogonal projection onto H and
X € C™ ! has entries that are iid copies of £. The last inequality in (4.5) follows from
Lemma 53 (by taking t = g(n)'/1%/logn) and the relations

e (X = llma (Y + pla)|| 2 [|7m, (Y + pla) || = [, (V).

Here Y = X — pl,, and H; = H N Hy, where H» is the space orthogonal to the all 1

vector 1,,. For the dimension of Hy, dim(H;) > dim(H) — 1.
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Since either |.J| = Q(n|Io|) or |J| = Q(n|Io[>/?), we have n~'|Io|2|J| = Q(|Io|™")
or n~Io| 72| = Q(|IO|_1/2). Thus |z|> = O(|Iy|) or |z|?> = O(\/|Io]). In both cases,

since |Iy| — 0, it follows that |z| = o(1). O

4.4 Proof of Theorem 49

The following concentration lemma for G(n, p) will be a key input to prove Theorem 49.
The proof is very similar to that of Theorem 25 and is omitted here. Let B,, = ——A,,.

no

Lemma 54 (Concentration for ESD in the bulk). Assume p = g(n)logn/n. For any
constants £,8 > 0 and any interval I in [~2+¢,2—¢] with |I| = Q(log*? g(n)logn/np),

the number of eigenvalues N1 of By, in I obeys the concentration estimate

Ni(Bo) =1 [ pla)dal < oni
I
with overwhelming probability.

With the formula in Lemma 27, it suffices to show the following lower bound

n—1

_ 1 np
§ Ni(Bp—1) — \i(Bp) 2 |ui(Bp_1) — X |* > 4.6
j:1( ]( 1) ( )) |u]( 1) \/ﬁa | 10g2.2 g(n) logn ( )

with overwhelming probability, where B,,_; is the bottom right n — 1 x n — 1 minor of
B, and X € C"! has entries that are iid copies of £&. Recall that ¢ takes values 1 with

probability p and 0 with probability 1 — p, thus E¢ = p, Varé = p(1 — p) = o2.

By Lemma 54, we can find a set J C {1,...,n — 1} with |J| > log“g% such
that [A;(Bn-1) — X\i(By)| = O(log*? g(n)logn/np) for all j € J. Thus in (4.6), it is
enough to prove

1 X

Sl (Ba-) = X2 = Il (S| > 1J]
JjeJ

or equivalently

7 (X1 > o?|J] (4.7)

with overwhelming probability, where H is the span of all the eigenvectors associated

to J with dimension dim(H) = ©(|.J]).
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Let Hy = H N Hy, where Hy is the space orthogonal to 1,,. The dimension of H; is
at least dim(H) — 1. Denote Y = X — pl,. Then the entries of Y are iid copies of (.
By Lemma 53,

|7, (V)|? > 0®| ]|
with overwhelming probability.

Hence, our claim follows from the relations

e (X[ = [lma (Y +p1n)l| > [|7a, (Y + ply)|| = |7, (V).
4.5 Proof of Theorem 42

We will show that the semicircle law holds for M,,. With Lemma 41, it is clear that
Theorem 42 follows Lemma 55 directly. The claim actually follows as a special case

discussed in the paper [18]. Our proof here uses a standard moment method.

Lemma 55. For p = w(2), the empirical spectral distribution (ESD) of the matriz

W, = ﬁMn converges in distribution to the semicircle law which has a density p,.(x)

with support on [—2,2],

pse(T) = i\/ 4 — 22,

2w
Let 7;; be the entries of M,, = 0 ~1(A4,, — pJy,). For i = j, n;j = —p/o; and for i > j,
n;; are iid copies of random variable 7, which takes value (1 — p)/o with probability p

and takes value —p/o with probability 1 — p.

En:O,Enzzl,EnS:O( for s > 2.

)

For a positive integer k, the k" moment of ESD of the matrix W), is

/ ot dF, (x) = %E(Tracdwnk))’

and the k'™ moment of the semicircle distribution is

2
/ 2* pe () da.

-2
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On a compact set, convergence in distribution is the same as convergence of mo-

ments. To prove the theorem, we need to show, for every fixed number k,

1 2
—E(trace(W,*)) — / ¥ pee()dz, as n — oco.
n -2

For k = 2m + 1, by symmetry,

For k = 2m,

2 1 2m
k
sc(r)dr = ———
/2:1:/)(1’)%’ m+1(m>

Thus our claim (4.8) follows by showing that

O(—%) if k=2m+1;

m+1\m

A+ 0GL) if k=2m.
We have the expansion for the trace of W,,*,

%E(trace(Wnk)) = (trace(M,)")

nitk/2 E

1
:W Z EniyisMiis « - Migia

1<iy,.ig<n

(4.9)

(4.10)

Each term in the above sum corresponds to a closed walk of length & on the complete

graph K, on {1,2,...,n}. On the other hand, 7;; are independent with mean 0. Thus

the term is nonzero if and only if every edge in this closed walk appears at least twice.

And we call such a walk a good walk. Consider a good walk that uses [ different edges

e1,...,e; with corresponding multiplicities my, ..., m;, where [ < m, each my > 2 and

mi1 + ...+ m; = k. Now the corresponding term to this good walk has form

En/™ -,

Since such a walk uses at most [ + 1 vertices, a naive upper bound for the number

of good walks of this type is n!*T.
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When k = 2m + 1, recall En® = © ((/p)?~*) for s > 2, and so

1

- mi My

nE(Trace(W n1+k/2 E E Eng} Ne,
I=1 good walk of 1 edges

1 I+1 mi—2 L \mi—2
< R (o yme2 L (ym
nm+3/2 ; \/f? \/]3
1
:O(\/T—p)-

When k = 2m, we classify the good walks into two types. The first kind uses

I < m — 1 different edges. The contribution of these terms will be

s > 2 Bt

I=1 1st kind of good walk of 1 edges

m—1 1
l+1 m1—2 mp—2
—n1+mZ: (\/}3)

= O(nfp)-

The second kind of good walk uses exactly | = m different edges and thus m + 1

different vertices. And the corresponding term for each walk has form
En, oz =1

The number of this kind of good walk is given by the following result in the paper
([4], Page 617-618), which completes the proof of (4.8).

Lemma 56. The number of the second kind of good walk is

n™ (1 4 O(n1)) (2m>

m+1 m

Then the second conclusion of (4.8) follows.
On the other hand,

Var(lE(trace(Wff))) = E(% trace(Wf))2 — (E(% trace(T/thf)))2

3

—_

= n2+k E( Z NivioNigiz " 'niki1>2 - (E Z MivioMigiz * nikil)Q (4.11)

1<ig,...,ig<n 1<ip,...ig<n

= o S B(XE)X ()~ BOXE)BXG))
i
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where
X(l) = E MNivioMigiz = Migiq
1<it i <n
and
X(G) = > NjrjoMjads *** M -
1<1,0 0k <n

We still consider the term X (i) as a correspondence to a closed walk K (i) of length k on
the complete graph K, on {1,2,...,n}. If any edge in the closed walk in K (i) or K(j)
appears just once, then E(X (i) X (j) — E(X(i))E(X(j)) = 0 because the E(n;;) = 0. If
K(i) and K (j) do not share edges, then E(X(1)X(j) = E(X(i))E(X(j)).

Thus the nonzero contribution in (4.11) comes from the closed walk on {i1,da,...,ix}
U{Jj1,J2, ..., jk that each edge appears at least twice and there is at one edge that
appears four times. It is clear that such a closed walk can use at most k vertices. We

can use a trial upper bound n* for the number of such closed walks. Therefore,

1
Var(EE(trace(Wf))) <n 2

For each k, by Chebyshev’s inequality, for any constant € > 0,
1 1
P(|= trace(WF) — ZE(trace(WF))| > €) = O.(n™2),
n n
which implies that
1 ky L k
ZP(\Htrace(Wn) - EE(traee(Wn))\ > €) < o00.
n
By Borel-Cantelli lemma, we have
1 ey L k
— trace(W,”) — —E(trace(W,))
n n

in probability. And together with (4.8), we have shown for each k, as n tends to infinity,
1 k ? k
— trace(W,)) — x" pse(z)dz
n -2

in probability. This completes the proof of Theorem 42.



[1]

69

References

G.W. Anderson, A. Guionnet, and O. Zeitouni. An introduction to random matri-
ces. Cambridge University Press, 2010.

L. Arnold. On the asymptotic distribution of the eigenvalues of random matrices.
J. Math. Anal. Appl., 20:262-268, 1967.

L. Arnold. On wigner’s semicircle law for the eigenvalues of random matrices.
Probability Theory and Related Fields, 19(3):191-198, 1971.

7.D. Bai. Methodologies in spectral analysis of large dimensional random matrices,
a review. In Advances in statistics: proceedings of the conference in honor of
Professor Zhidong Bai on his 65th birthday, National University of Singapore, 20
July 2008, volume 9, page 174. World Scientific Pub Co Inc, 2008.

7.D. Bai, J. Hu, G. Pan, and W. Zhou. A note on rate of convergence in probability
to semicircular law. FElectronic Journal of Probability, 16:2439-2451, 2011.

7Z.D. Bai and J.W. Silverstein. On the empirical distribution of eigenvalues of
a class of large dimensional random matrices. Journal of Multivariate Analysis,
54(2):175-192, 1995.

7.D. Bai and J.W. Silverstein. No eigenvalues outside the support of the limiting
spectral distribution of large-dimensional sample covariance matrices. The Annals
of Probability, 26(1):316-345, 1998.

7.D. Bai and J.W. Silverstein. Spectral analysis of large dimensional random ma-
trices. Springer Verlag, 2010.

M. Bauer and O. Golinelli. Random incidence matrices: moments of the spectral
density. Journal of Statistical Physics, 103(1):301-337, 2001.

G. Ben Arous and P. Bourgade. Extreme gaps between eigenvalues of random
matrices. Arxiv preprint arXiv:1010.129/, 2010.

G. Ben Arous and S. Péché. Universality of local eigenvalue statistics for some
sample covariance matrices. Communications on pure and applied mathematics,
58(10):1316-1357, 2005.

S. Bhamidi, S.N. Evans, and A. Sen. Spectra of large random trees. Arziv preprint
arXiv:0903.3589, 2009.

E.B. Bogomolny and J.P. Keating. Random matrix theory and the riemann zeros.
i. three-and four-point correlations. Nonlinearity, 8(6):1115, 1999.



[14]

[15]

[16]

[17]

23]

[24]

[25]

70

O. Bohigas, M. Giannoni, and C. Schmit. Characterization of chaotic quantum
spectra and universality of level fluctuation laws. Physical Review Letters, 52(1):1-
4, 1984.

B. Bollobéds. Random graphs. Cambridge Univ Pr, 2001.

C. Cacciapuoti, A. Maltsev, and B. Schlein. Local marchenko-pastur law at the
hard edge of sample covariance matrices. arXiv preprint arXiv:1206.1730, 2012.

F. R. Chung and L. Lu. Complex graphs and networks. Number 107. Amer.
Mathematical Society, 2006.

F.R. Chung, L. Lu, and V. Vu. The spectra of random graphs with given expected
degrees. Internet Mathematics, 1(3):257-275, 2004.

P. Deift and D. Gioev. Universality at the edge of the spectrum for unitary,
orthogonal, and symplectic ensembles of random matrices. Communications on
pure and applied mathematics, 60(6):867-910, 2007.

Y. Dekel, J. Lee, and N. Linial. Eigenvectors of random graphs: Nodal domains.
In APPROX "07/RANDOM ’07: Proceedings of the 10th International Workshop
on Approximation and the 11th International Workshop on Randomization, and
Combinatorial Optimization. Algorithms and Techniques, pages 436-448, Berlin,
Heidelberg, 2007. Springer-Verlag.

Y. Dekel, J.R. Lee, and N. Linial. Eigenvectors of random graphs: Nodal domains.
Random Structures & Algorithms, 39(1):39-58, 2011.

F. J. Dyson. A brownian-motion model for the eigenvalues of a random matrix.
Journal of Mathematical Physics, 3(6):1191-1198, 1962.

F. J. Dyson. Statistical theory of the energy levels of complex systems. i. Journal
of Mathematical Physics, 3(140), 1962.

F. J. Dyson. Statistical theory of the energy levels of complex systems. ii. Journal
of Mathematical Physics, 3(157), 1962.

F. J. Dyson. Statistical theory of the energy levels of complex systems. ii. Journal
of Mathematical Physics, 3(166), 1962.

F. J. Dyson. The threefold way. algebraic structure of symmetry groups and en-
sembles in quantum mechanics. Journal of Mathematical Physics, 3(1199), 1962.

Alan Edelman and N Raj Rao. Random matrix theory. Acta Numerica, 14(1):233—
297, 2005.

L. Erdds. Universality of wigner random matrices: a survey of recent results.
Russian Mathematical Surveys, 66:507, 2011.

L. Erdés, B. Schlein, and H.T. Yau. Local semicircle law and complete delocal-
ization for Wigner random matrices. Communications in Mathematical Physics,
287(2):641-655, 20009.



[30]

[31]

[32]

[37]

[38]

[39]

[41]

[42]

[43]

[44]

[45]

71

L. Erdés, B. Schlein, and H.T. Yau. Semicircle law on short scales and delocal-
ization of eigenvectors for Wigner random matrices. The Annals of Probability,
37(3):815-852, 20009.

L. Erdds, B. Schlein, and H.T. Yau. Wegner estimate and level repulsion for Wigner
random matrices. International Mathematics Research Notices, 2010(3):436, 2010.

L. Erdés, B. Schlein, H.T. Yau, and J. Yin. The local relaxation flow approach
to universality of the local statistics for random matrices. Mathematical Physics,
15(82B44), 2009.

U. Feige and E. Ofek. Spectral techniques applied to sparse random graphs. Ran-
dom Structures and Algorithms, 27(2):251, 2005.

J. Friedman. On the second eigenvalue and random walks in random d-regular
graphs. Combinatorica, 11(4):331-362, 1991.

J. Friedman. Some geometric aspects of graphs and their eigenfunctions. Duke
Math. J, 69(3):487-525, 1993.

J. Friedman. A proof of Alon’s second eigenvalue conjecture. In Proceedings of
the thirty-fifth annual ACM symposium on Theory of computing, pages 720-724.
ACM, 2003.

Z. Fiiredi and J. Komlés. The eigenvalues of random symmetric matrices. Combi-
natorica, 1(3):233-241, 1981.

F. Gotze and A. Tikhomirov. On the rate of convergence to the semi-circular law.
arXiv preprint arXiw:1109.0611, 2011.

A. Guionnet and O. Zeitouni. Concentration of the spectral measure for large
matrices. FElectron. Comm. Probab, 5:119-136, 2000.

D.L. Hanson and F.T. Wright. A bound on tail probabilities for quadratic forms in
independent random variables. The Annals of Mathematical Statistics, 42(3):1079-
1083, 1971.

K. Johansson. Universality of the local spacing distribution in certain ensembles of
hermitian wigner matrices. Communications in Mathematical Physics, 215(3):683—
705, 2001.

I. M. Johnstone. On the distribution of the largest eigenvalue in principal compo-
nents analysis.(english. Ann. Statist, 29(2):295-327, 2001.

I. M. Johnstone. High dimensional statistical inference and random matrices.
FEuropeanMathematical Society, page 307, 2007.

A. Knowles and J. Yin. Eigenvector distribution of wigner matrices. Probability
Theory and Related Fields, pages 1-40, 2011.

V.A. Maréenko and L.A. Pastur. Distribution of eigenvalues for some sets of
random matrices. Mathematics of the USSR-Sbornik, 1:457, 1967.



[46]

[47]
[48]

[49]

72

C. McDiarmid. Concentration. in Probabilistic Methods for Algorithmic Discrete
Mathematics, pages 195-248, 1998.

M.L. Mehta. Random matrices, volume 142. Academic press, 2004.

L.A. Pastur. On the spectrum of random matrices. Theoretical and Mathematical
Physics, 10(1):67-74, 1972.

L.A. Pastur and M. Shcherbina. On the edge universality of the local eigenvalue
statistics of matrix models. Journal of Mathematical Physics, Analysis, Geometry,
10(3):335-365, 2003.

S. Péché and A. Soshnikov. Wigner random matrices with non-symmetrically
distributed entries. Journal of Statistical Physics, 129(5):857-884, 2007.

N.S. Pillai and J. Yin. Universality of covariance matrices. Arxiv preprint
arXw:1110.2501, 2011.

A. Pothen, H.D. Simon, and K.P. Liou. Partitioning sparse matrices with eigen-
vectors of graphs. SIAM Journal on Matriz Analysis and Applications, 11:430,
1990.

G. Semerjian and L.F. Cugliandolo. Sparse random matrices: the eigenvalue spec-
trum revisited. Journal of Physics A: Mathematical and General, 35:4837-4851,
2002.

J. Shi and J. Malik. Normalized cuts and image segmentation. IEEE Transactions
on pattern analysis and machine intelligence, 22(8):888-905, 2000.

A. Soshnikov. Universality at the edge of the spectrum in wigner random matrices.
Commun. Math. Phys., 207(3):697-733, 1999.

A. Soshnikov. A note on universality of the distribution of the largest eigenvalues
in certain sample covariance matrices. Journal of Statistical Physics, 108(5):1033—
1056, 2002.

A. Soshnikov. Poisson statistics for the largest eigenvalues in random matrix en-
sembles. Mathematical physics of quantum mechanics, pages 351-364, 2006.

J. M. Steele. Probability theory and combinatorial optimization. Society for Indus-
trial Mathematics, 1987.

G.W. Stewart and Ji-guang. Sun. Matriz perturbation theory. Academic press New
York, 1990.

M. Talagrand. A new look at independence. The Annals of probability, 24(1):1-34,
1996.

T. Tao. Topics in random matriz theory, volume 132. Amer Mathematical Society,
2012.

T. Tao and V. Vu. Random covariance matrices: Universality of local statistics of
eigenvalues. Arziv preprint arXiv:0912.0966, 2009.



[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

73

T. Tao and V. Vu. Random matrices: The distribution of the smallest singular
values. Geometric And Functional Analysis, 20(1):260-297, 2010.

T. Tao and V. Vu. Random matrices: Universality of local eigenvalue statistics up
to the edge. Communications in Mathematical Physics, pages 1-24, 2010.

T. Tao and V. Vu. Random matrices: Universal properties of eigenvectors. Arziv
preprint arXiw:1103.2801, 2011.

T. Tao and V. Vu. Random matrices: Universality of local eigenvalue statistics.
Acta mathematica, 206(1):127-204, 2011.

L. Tran, V. Vu, and K. Wang. Sparse random graphs: Eigenvalues and eigenvec-
tors. Random Structures € Algorithms, 2012.

A. M. Tulino and S. Verdu. Random matriz theory and wireless communications,
volume 1. Now Publishers Inc, 2004.

K. Wang. Random covariance matrices: Universality of local statistics of eigenval-
ues up to the edge. Random Matrices: Theory and Appl., 1(1150005), 2012.

E.P. Wigner. On the statistical distribution of the widths and spacings of nu-
clear resonance levels. In Proc. Cambridge Philo. Soc, volume 47, pages 790-798.
Cambridge Univ Press, 1951.

E.P. Wigner. On the distribution of the roots of certain symmetric matrices.
Annals of Mathematics, 67(2):325-327, 1958.

J. Wishart. The generalised product moment distribution in samples from a normal
multivariate population. Biometrika, pages 32—-52, 1928.

F.T. Wright. A bound on tail probabilities for quadratic forms in independent
random variables whose distributions are not necessarily symmetric. The Annals
of Probability, 1(6):1068-1070, 1973.



74

Vita

Ke Wang

Education
9/2006-5/2013 Ph. D. in Mathematics, Rutgers University
9/2002-5/2006 B. Sc. in Mathematics from University of Science and Technology
of China (USTC)
Employment
9/2006-5/2013 Teaching assistant, Department of Mathematics, Rutgers University

5/2010-8/2010 Intern, Bell Laboratory

Publications

1. Sparse random graphs: Figenvalues and Figenvectors (With L. Tran and V. Vu),
Random Structures and Algorithms, Volume 42, Issue 1, pages 110-134, January
2013.

2. Random covariance matrices: Universality of local statistics of eigenvalues up to
the edge, Random Matrices: Theory and Appl. 1 (2012) 1150005.

3. New methods for handling singular covariance matrices (With G. Tucci), sub-
mitted. An extended abstract is accepted by Proceeding of the International
Symposium on Information Theory, Boston, 2012.

4. Optimal local semi-circle law and delocalization (With V. Vu), preprint.

5. Computing singular vectors with noise (With S. O’Rourke and V. Vu), preprint.



