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Distributions
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Dissertation Director: Dr. Rong Chen and Dr. Zhigiang Tan

The complexity of integrands in modern scientific, industrial and financial problems
increases rapidly with the development of data collection technologies. Monte Carlo
method is widely used for complicated integration. In Monte Carlo integration, it is a
natural and flexible method to consider multiple simulation mechanisms instead of one
to address different aspects of the integrand. New methods are needed to combine the
multiple mechanisms efficiently.

Monte Carlo integration methods are reviewed, with focus on importance sampling
methods (IS) and sequential Monte Carlo methods (SMC). The former is commonly
used for low-dimension problems. The latter is a variation of IS, which has been de-
veloped to be a new branch itself in the recent two decades, and promising for high-
dimension problems with sequential nature.

For IS, techniques for combining multiple proposal distributions have been well de-
veloped, including Owen and Zhou (2000) and Tan (2004). Important implementation
issues are needed to be resolved, including the allocation of sample budgets and the
selection of proposals. A two-stage procedure is proposed to optimize the sample allo-

cation, and although little theoretical investigation has been done for such a two-stage

i



procedure in literatures, its optimality among current approaches is theoretically justi-
fied. The choice of the first stage sample size is also discussed through investigating the
high order performance of estimators. About the construction of proposals, suggestions
are given to approximate the perfect case.

For SMC, only the plain vanilla combination of multiple proposals has been used in
literatures. A novel SMC filtering scheme is proposed to combine the multiple proposals
through the control variates approach in Tan (2004). Control variates are used in both
resampling and estimation. The new algorithm is shown to be asymptotically more
efficient than the direct use of multiple proposals and control variates. The guidance
for selecting multiple proposals and control variates is also given. Numerical studies of
the AR(1) model observed with noise and the stochastic volatility model with AR(1)
dynamics show that the new algorithm can significantly improve over the bootstrap

filter and auxiliary particle filter.
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Chapter 1

Introduction

1.1 Statistical Integration

Since the introduction of calculus by Newton and Leibnitz, the evaluation of integrals
stays in the central role of many science and engineering problems. Without exception,
the proper interpretation and evaluation of integrals is the key to many fundamental
problems of statistics. For examples, the cumulative distribution function and moments,
which characterize and sometimes identify the probability distribution, are in the form
of integrals; the posterior density, which is the central topic in Bayesian statistics,
requires to integrate the joint density. Integrals in statistical problems are usually in
the following form:
= / h(z)n*(x)dz
Q

where 7* () is a probability density with domain  and h(x) is a real function. p can be
treated as the expectation of h(z) with respect to density 7*(z). Even some statistical
integrals that seldom interpreted as expectations can be written in this form. For
examples, the standard normal CDF at zy can be treated as the normalizing constant
of standard normal density truncated in (—oo, z¢); the posterior density can be treated
as the expectation of likelihood function with prior density.

In most practical problems, integrals are evaluated by numerical approximation,
since only a few simple functions can be integrated analytically with techniques taught
in the college calculus course. The approximation is usually in the form of weighted
average of integrands evaluated at multiple points {x1,--- ,z,}, such as the midpoint
rule for univariate integration. In other words, the underlying Lebesgue measure is

approximated by discrete counting measure with {x1,---,x,} as support and weights



as measures. Based on the choice of {z1,---,z,}, approximation methods have two
categories: deterministic method and Monte Carlo method. The former makes the se-
lection in deterministic way, including Newton-Cotes rules, Gaussian quadrature, quasi
Monte Carlo method and etc. See Press et al. (2007) for an overview. The latter gen-
erates {x1, - ,x,} from some probability distributions, including MCMC, importance
sampling, acceptance-rejection methods and etc. See Robert and Casella (2004) for an
overview. None of them has overwhelming advantages over the other. The determin-
istic method usually takes into account the analytical characteristic of the integrand,
e.g. gradient or Lipschitz continuity, and can give more accurate results for regular
and small dimension problems (Geweke, 1996). But as a result, strong assumptions are
needed for the integrand, and if multiple integrals are of interest, separate implemen-
tations are needed. In contrast, the Monte Carlo method usually involves less or no
analytical characteristics of the integrand and may be inferior in analytically tractable
problems. But due to its milder assumptions, it is more robust for non-regular or high-
dimension problems (Geweke, 1996). For multiple integrals, Monte Carlo method can
also be designed in flexible way so that one batch of random sample can be applied to
different integrals. For more comparison and examples, see Robert and Casella (2004)
and Caflisch (1998).

Due to its probabilistic nature, Monte Carlo method can be designed specifically to
consider the statistical aspect of the integral. For the target integral u, the basic idea
of Monte Carlo integration is to generate random sample {z1,--- ,z,} from 7*(x) and

approximate p by

n

LS b (1.1)

n -
=1

where the average converges to p by the law of large number. From the expression of
1, it is easy to see that its value is mostly contributed by integrating the area where
the product h(x)m*(x) is large. Since the majority of {z1,---,z,} falls in the high
density area of 7*(z), the average avoids to evaluate h(z) in the less important area
for the integral. In the case that the support of h(z) overlaps with the low density

area of 7*(x), such as evaluating tail probability, importance sampling method can



be employed to generate {xi,---,x,} from density emphasizing the support of h(x)
instead of 7*(z). Compared to the grid-based deterministic methods, Monte Carlo
method can be adapted better to the practical background of problems and therefore
is well accepted by practitioners like physicists, systems engineers and statisticians.
In addition, the Monte Carlo method requires much less sophisticated mathematics
compared to the deterministic methods and is straightforward to be implemented given

developed random number generators (Caflisch, 1998).

1.2 State Space Form

Originated in engineering, the state space form is used to model dynamic systems with
time-varying inputs and outputs. Examples of input-output pair in a dynamic system
include the market volatility and stock price, original and received signal in wireless
communication, running speed and position in a real-time tracking, and many others.
Assume z; is the underlying signal input at time ¢, y; is the measurable output, and
the system runs from time 1 to n. Let x1.4 = {x1, -+ ,2¢} and y1.. = {y1, - ,y}. The
state space form contains two equations, with one modeling the signal process z1.; and

the other modeling the measurements y;.¢, as following;:

vy = F(x1:0-1,w) or wy ~ f(-|T14-1),
Yt = G(w1.4,0t) or yp ~ g(-|71:1),
where wy is the innovation, v; is the measurement noise and all are independent (Chen,
2005). At time t, given the previous signals, z; is evolved through the equation F' or
the conditional density f, and the output of system is measured with y; through G or

the conditional density g.

In practice, the Markovian state space form is usually employed:

xy = F(xi—1,w) or xp ~ f(-|xi—1), (1.2)

yt = G(xg,v¢) or ys ~ g(-|x), (1.3)



where the underlying state x; is a Markov process and the distribution of the obser-
vation ¢ can be determined solely by the current signal. Not only because of the
simplicity, the widespread application of the Markovian form is also due to the Markov
chain observed with noise structure well described in many real problems. For example,
in a target-tracking problem, the actual position and speed are underlying states and
the noisy position in the device is the observation. The current position only depends
on the position and speed of last time point, and the device only measures the current
position (Haug, 2012). In the capture-recapture problem in population study, suppose
the moving pattern of some species is of interest. Their resident location is the under-
lying state and the capture record is the observation. Then their current resident only
depends on the previous resident and the capture record only depends on their current
location (Dupuis, 1995). Another well-known terminology, “Hidden Markov Model”,
also describes the same Markovian structure, and is often used when the state takes
discrete values (Cappé et al., 2005). In some cases, a non-Markovian signal process
can be reparameterized to be have the Markovian structure. In Fearnhead (1998), the
AR(2) model is reformulated to have AR(1) structure, therefore the noisy AR(2) model

has the following equivalent state space forms:

Tt a124—1 + AT = € O; = AB;_1 + W,
< s
Y = bre + yr = BOy +
—a2T¢+—1 0 0 —a9
where ©; = , Wi = , A= and B = (0, 1).
Tt Et 1 —aq

Another example which is about the blind deconvolution of wireless communication can

be seen in Miguez and Djuric (2002).

1.2.1 Integration Problems in State Space Form

The main goal of state space form is to make inference for the unobservable state x,,
conditional on the given observations {y1,--- ,y:}. Intuitively, it is natural to select the
conditional density p(x,|y1.t) as the inference target. From the perspective of Bayesian

analysis, if the state equation (1.2) is treated as the prior information of z;, p(z,|y1.¢) is



the posterior density and the posterior mean is the Bayesian solution of minimizing the
mean square error of estimating xz, with y;; available (Fearnhead, 1998). Depending
on the observations given, the inference tasks can be divided into three categories,
and the target posterior density of each is closely related to the joint posterior density

p(z1:4|ly1:e) (Chen, 2005).

1. Filtering: The aim is to update the knowledge of state when new observations
come in, i.e. t = n. The posterior density p(z¢|y1.+) can be obtained by marginal-

izing p(1:.¢|y1:¢) over x1.4—1;

2. Smoothing: The aim is to estimate the previous state with all available observa-
tions, i.e. ¢t > n. The posterior density p(x,|y1.1) can be obtained by marginalizing

p($1:t|y1:t) OVer Tn41:t—1 and Tln—1;

3. Predicting: The aim is to predict the future state with currently available obser-
vations, i.e. t < n. Let n = t+k. The posterior density p(x,|y1.:) can be obtained

by marginalizing

p($1:t+k’y1;t) = p(xl:t|y1:t)p($t+1:t+k‘xlzta ylzt)

B

p(T1:¢|y1:t) H (Tttil T 1i4i—1, Y1:t)
=1

B

p(z1:e[y1:1) H (@t4ilTti-1),
where the last equation holds by the Markovian property in (1.2).

Therefore, the treatment of p(x1.t|y1.¢+) stays the central role of these three tasks. The
related work in this thesis only considers estimation with p(x1.|y1+) and the filtering
task. For treatments on the other two tasks, see Durbin and Koopman (2012) and
Cappé et al. (2005). Kitagawa (1996), Briers et al. (2010) and Doucet and Johansen
(2009) also give some reviews of the smoothing task. In this thesis it is assumed that
the state and observation densities f and g are fully known, i.e. inference is only needed
to be made on x;. The inference problem for unknown parameters of f and g is totally

different from filtering. Since unknown parameters can be treated separately, one can



first estimate parameters then apply any filtering method in this thesis with estimated
parameters. For treatment of parameter estimation, see Liu and West (2001), Cappé
et al. (2007), Pitt and Shephard (1999) and Gilks and Berzuini (2001).

The target integral of filtering is the posterior expectation of some real function
h(z¢), i.e. E[h(z¢)|y1:e]. While in most cases the target function h has only z; as
the argument, the algorithms in later chapters can be applied to more general cases.
Therefore we assume h takes x1.; as arguments. Also for the ease of representation,
assume there is an initial state z( following p(z¢) and the integration is over xg., i.e.

the target integral is

Elh(ernlonad = [ era)paodlys)dzos (1.4)

The integration requires evaluation of the joint posterior density, and by standard

Bayesian theorem,

p(£0:t|y1:t> 0.8 p(930:t)P(y1:t|960:t), (15)

where “oc” means “proportional to” and the scale is a constant with respect to xg..
Since t is usually very large, it would be expensive to evaluate the density jointly hence

alternative evaluation is needed.

1.2.2 Recursive Solution

With the standard conditional theorem, the RHS of (1.5) can be expanded as following;:

p(xo:4)p(Y1:t|zo:t) = P(Yelyr:e—1, To:t) (@t |Y1:4—1, To:t—1)P(Y1:t—15 To:t—1)
t

= p(z0) [ [ p(wrlyre—1, zour)p(@alyre—1, zo:r—1)
k=1

By the Markovian properties in (1.2) and (1.3), the last expression above can be sim-
plified and (1.5) is equivalent to

t

p(xo|y1:e) o p(wo) [ [ p(yklan)p(aelze-1), (1.6)
k=1



where both p(yx|zx) and p(zg|zr—1) are known in the models. The sequential expression
has two benefits. Firstly, it is computationally easier to be programmed and evaluated.
Secondly, since at time t the value is equal to the product of densities of z; and y; and
the value at time ¢t — 1, it can be calculated recursively as new observations come in,

which is an ideal expression for the filtering task.

1.3 Outline of Thesis

For integration problems mentioned in previous sections, Monte Carlo method is heav-
ily employed in the practical computation due to the benefits indicated in Section 1.1.
Among the many developed Monte Carlo algorithms, importance sampling (IS) is a
classical scheme, dated back to the era of the first modern computer (Kahn, 1949;
Kahn and Harris, 1949), and has been employed by many practitioners since then.
For a low-dimension problem, with a properly designed sampling distribution, which is
called the proposal distribution, the standard importance sampling can have promising
performance. The particle filter method is a high-dimension variation of importance
sampling, with initial idea in Rosenbluth and Rosenbluth (1955) and formally intro-
duced in Gordon et al. (1993). Initially it was designed for the state space form and
now can accommodate wider range of high-dimension problems (Del Moral et al., 2006).
It has been developed to be a whole new branch of computational methods, generally
called sequential Monte Carlo (SMC).

Section 2 reviews these two main Monte Carlo integration methods and focuses on
the design of proposal distribution which is a central implementation issue. The design
of a satisfactory sampling mechanism has several requirements which pose difficulties
in practice. The practice of considering multiple proposal distributions is reviewed,
including many literatures of IS and SMC. Then for combining multiple proposals, the
implementation issues in IS and limitations in SMC of current approaches are summa-
rized, according to which new methods are proposed in later chapters to make significant
improvement. Section 3 reviews the historical approaches to combine multiple proposals

in IS and SMC and their limitations in details.



For the state-of-art approaches in IS including, including Owen and Zhou (2000)’s
regression estimator and Tan (2004)’s MLE estimator, the main implementation is-
sues are the sample allocations for multiple proposals and the selection of proposals.
Section 4 proposes a two-stage procedure to optimize the sample allocation and inves-
tigates its theoretical properties. At the first stage, the optimal mixture proportions of
the sampling proposals are estimated using pilot sample; at the second stage, formal
sample is generated according to the optimal mixture proportions and the estimator is
constructed using samples from both stages. It is shown that the two-stage estimator
achieves the best performance among the up-to-date approaches. The suggestions on
constructing proposals to approximate the perfect case are also given.

When designing the proposal distributions in SMC, how to handle the multimodal-
ity of target distribution or how to control the tails of proposals often remains unsolved.
Section 5 proposes a novel algorithm to combine multiple proposals into SMC meth-
ods through the control variate approach in Tan (2004), which is called the likelihood
approach, so that the previous issues can be easily handled by including multiple pro-
posals addressing different aspects. It is shown that the likelihood approach has the
exclusive benefit that control variates can be included in the resampling step, which
makes the algorithm makes significant improvement over the standard algorithms. We
also give the suggestions on constructing proposals and control variates to approximate

the perfect case, making the new algorithm practical to use.



Chapter 2

Monte Carlo Integration

Consider the target integral u and the Monte Carlo estimator (1.1), the key problem is
how to simulate from the target density 7*(x). If the inverse CDF of 7*(x) is available,
the simulation can be done by standard inverse transformation method, or accept-
reject method if appropriate instrumental density ¢(z) can be found so that the ratio
7*(z)/q(x) is bounded by a not too large constant (Robert and Casella, 2004). For
many non-regular or high-dimension target densities, it is difficult to implement these
two methods. The importance sampling (IS) and the sequential Monte Carlo (SMC)
are two classes of methods widely used in such more complicated situations. They
generate sample from alternative densities instead of 7*(x) and adjust the difference by
assigning weights to observations. SMC is a method originating from high-dimension
IS and has become a new branch itself in the recent two decades. The review below
focuses in the selection of sampling mechanism which is critical to the performance of

both methods.

2.1 Importance Sampling

The idea of IS for approximating p is based on the identity
h *
/ h(z)n*(x)dz = / Mq(:ﬂ)dx,
Q o q@)
where ¢(x) is a probability density, called the proposal density. Through the addition of
q(z), 1 can be treated as the expectation with respect to density ¢(z) instead of 7*(z).

With a sample (z1,- -, z,) from ¢(z), p can be approximated by the sample average
n

A= b, (2.1)

n -
=1
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where w; = 7" (z;)/q(x;) is called the importance weight. IS is usually applied to the

following two variations of u:
(I) Z = [ n(x)dz, where 7(zx) o< 7*(x) is an unnormalized density;
(II) p, where only 7(x) o< 7*(z) can be evaluated.

Z can be treated as the normalizing constant of 7(z). Although Z is a special case
of u, the estimator (1.1) does not work since h(z) is an unknown constant, therefore
it can not be estimated by methods generating sample from 7*(x), such as MCMC,
accept-reject method and etc. The need of calculating Z arises in many areas, includ-
ing missing data analysis, marginal likelihood calculation, estimation of free energies in
physics(Gelman and Meng, 1998), and communication system (Smith et al., 1997). The
second form is frequently of interest in Bayesian analysis in many fields, where 7*(x)
is the posterior density, such as rare event simulation (Denny, 2001), reliability (Hes-
terberg, 1995), computational finance (Owen and Zhou, 1999) and computer graphics
(Veach and Guibas, 1995). Since 7*(z) can only be evaluated up to a constant, (2.1)

does not apply. Instead, by expressing u as

_ fQ h(x)m(x)dz
h= Jom(x)de

the ratio of two IS estimators, estimating the numerator and denominator respectively,
can be used instead. It also converges to u in proper conditions. This is called the ratio
estimator.

Compared to the basic Monte Carlo, IS has great potential to achieve much better
accuracy since it can take the target function h(x) into consideration. One important
application of IS is to estimate the rare event probabilities, such as the bit error rate
of communication system Smith et al. (1997) and important market risk measures
Hoogerheide and Van Dijk (2010). IS also benefits from the flexible design of ¢(z)
and mild conditions of convergence which makes it possible to be well adapted and
robust in complex problems such as multimodality. Examples include Hesterberg (1995)
which evaluates industrial strategies for public utility system and Binder and Heermann

(2010) which calculates spectral densities of a physics system. Compared to MCMC,
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IS is straightforward to be implemented and easy to be interpreted, since it generates
ii.d sample and the standard error can be easily estimated. See Fearnhead (2008)
for more comparisons. A further advantage of IS is that through resampling the i.i.d
sample according to w;, IS can be used to generate sample from 7*(x), which is called
sampling importance resampling (SIR) (Rubin, 1988). In Bayesian problems, SIR is
practical to simulate from the posterior distribution. For examples, see McAllister and
Tanelli (1997) and Raftery et al. (1995). SIR is also a central component in SMC. See
the introduction in the next section.

One criticism of IS is that the selection of the proposal density is too arbitrary
and lack of considering important information of the integrand h(z)7*(x), such as
derivatives (O'Hagan, 1987). Techniques are developed to combine IS with other Monte
Carlo methods, including the control variates and antithetic variates, which can utilize
the analytical form of the integrand. In Hesterberg (1996), the linear approximation
of the integrand was selected as control variate. in Evans and Swartz (1995), Laplace
approximation of the integral was used to construct the control variates. In Evans
and Swartz (1995) and Evans and Swartz (1996), the antithetic variates method was
generalized to involve multiple parametrization of the integrand and combined with IS.

The selection of the proposal density ¢(z) is critical to the performance of IS. Differ-
ent choices can result in the estimation variance ranging from 0 to infinity (Robert and
Casella, 2004). Roughly speaking, a good ¢(z) should satisfy several criteria. Firstly,
the support of ¢(z) should cover the support of the integrand. Secondly, in the high
value support of the integrand, g(x) should have high density so that the simulated
sample can focus on the “important” areas for the integration. Thirdly, when 2 is not
compact, g(x) should decrease slower than the integrand in the tail areas, i.e. have
“heavier” tail than the integrand. However, in practice it is usually challenging to
design a satisfactory ¢(z). One reason is that the complexity of the integrand makes
it difficult to find a ¢(z) that covers all its important parts. For example, when the
integrand is multimodal, a unimodal ¢(z) will not be efficient. Examples of multimodal
integrand can be found in Owen and Zhou (1999). Another well known reason is that

when ¢(x) has a “lighter” tail than the integrand, i.e. w(x)/q(z) or h(z)7*(z)/q(x) are
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unbounded, IS estimator can have infinite variance. When there is a lack of knowledge
of the integrand in some regions, unexpected large values of integrand may result in
inaccurate results. See Ford and Gregory (2007) for an example.

For both problems, a general remedy is to consider multiple proposal distributions to
address different aspects of the integrand. For multimodal integrands, Oh and Berger
(1993) used a family of student’s t distributions and Owen and Zhou (1999) used a
family of beta distributions to model each mode of integrand individually. West (1993)
and Givens and Raftery (1996) used a kernel estimate of the integrand as the proposal
which is a mixture of normal or t distributions. Even for a unimodal target distribution,
one can construct a mixture of two proposals where one mimics the center of target
and the other dominates the tail. Such a construction was used in Giordani and Kohn
(2010), although in a different scenario. The requirement that the tail of integrand needs
to be dominated by the proposal distribution can be met by including some heavy-tailed
distributions in the mixture as “protection”. For example, Hesterberg (1995) included
the target distribution itself as one of the components to provide an upper bound for
the estimation variance, and Owen and Zhou (2000) used uniform distribution to bound
the sample weights in a bounded domain case. Liang et al. (2007) divided the state
domain into subregions and used the mixture of truncated target distributions in all
subregions as the proposal, which leads to bounded importance weights. In Bayesian
analysis, the prior density of the parameters can serve as the heavy-tailed component,
as utilized in Ford and Gregory (2007). Other choices of heavy tail distributions can
be found in Geweke (1989).

Given multiple potentially useful proposals, a straightforward combination method
is to use their mixture as the new proposal. This method has two issues. One is that
the mixture proposal may contaminate the good components in the mixture. Owen and
Zhou (2000) shows that a mixture can lose efficiency by several orders of magnitude if
the original proposal is nearly perfect. Another problem is that the mixture proportions
need to be determined. Proper mixture proportions can increase the efficiency by an

order of magnitude, as shown in Emond et al. (2001).
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For the contamination problem, Owen and Zhou (2000) suggested a regression
method to combine the mixture importance sampling proposal approach with some
control variates. Control variate is a useful technique for variance reduction. For a
review, see Rubinstein and Kroese (2008). Additional to variance reduction, Owen and
Zhou’s method has the property that it will not perform worse than using the best of
component proposals individually, if the sample size assigned to it is the same as in the
mixture case. Therefore, if half of the sample is assigned to the best proposal, the re-
gression estimator’s efficiency is at least half of the efficiency of using the best proposal’s
efficiency when it is used alone. Such a lower bound lessens the contamination problem.
Tan (2004) proposed to use nonparametric maximum likelihood estimation in placed
of regression and showed that the MLE method is the most efficient among several
classes of estimators including those in Owen and Zhou (2000), Hesterberg (1995) and
Veach and Guibas (1995). Some important implementation issues of Owen’s regression
method and Tan’s MLE method are left to be discussed, including the determination
of mixture proportions and the selection of proposals.

To determine appropriate proportions, Fan et al. (2006) and Hesterberg (1995)
followed some heuristic rules derived from experience or interpretation of proposals. A
more sophisticated approach is to use a pilot study to determine the optimal proportions
via minimizing some criterion. The estimated proportions are then used to generate the
sample and construct the estimators. The criterion was selected to be the asymptotic
variance of IS estimator with mixture proposal in Raghavan and Cox (1998), and the
variation coefficient of pilot sample in Oh and Berger (1993). However, few theoretical

properties have been investigated.

2.2 Sequential Monte Carlo

In the dynamic system with state space form (1.2)-(1.3), the integration problem in
filtering (1.4) is often of high dimension. Due to the curse of dimensionality, the high
density area of the target distribution is like “a needle in a haystack” (Liu, 2008). Im-
portance sampling in high-dimension problem can hardly focus the observations in the

important area and suffers from heavy skewness of sample weights, i.e. the weights of
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a few observations are much larger than all others, and therefore large estimation vari-
ance. The sequential importance sampling (SIS) (Liu et al., 2001) allows to design the
proposal of IS sequentially according to the recursive expression (1.6) of target density
p(z1:4|y1:¢), but still can not avoid the weights degeneracy problem as ¢ increases.

The particle filtering method, initially introduced in Gordon et al. (1993) as “boot-
strap filter”, implements the resampling regularly in the course of SIS, which miti-
gates the degeneracy of sample weights. The basic resampling method applies multi-
nomial sampling on the samples with probabilities proportional to the sample weights,
then drops out observations with small weights and duplicates observations with large
weights. Therefore regularly implementing resampling can avoid too many samples
have too small weights. Since then, the simulation-based methods for on-line filtering
of dynamic systems are widely used in various fields, including target tracking (Chen
and Liu, 2000), signal processing (Wang et al., 2002), estimation of economical model
(Shephard, 2005) and counting contingency tables (Chen et al., 2005). Various efforts
have been devoted to improve the basic particle filtering method, including improving
the sampling mechanism (Doucet et al., 2006), increasing the diversity of samples (Gilks
and Berzuini, 2001) and adaptively choosing the resampling schedule (Liu and Chen,
1995). Most of these techniques are unified in the sequential Monte Carlo framework
(Doucet et al., 2000; Liu and Chen, 1998), with SIS with resampling in the central role,
where SIS generates weighted particles from proposal distributions and resampling mit-
igates the degeneracy of sample weights. Reviews of the related techniques can be seen
in Doucet and Johansen (2009), Cappé et al. (2007) and Chen (2005).

Design of proposal distributions is essential to the SMC methods. In Gordon et al.
(1993), p(x¢|xi—1) is used to generate particles at time ¢ based on particles from time
t— 1, which is called bootstrap filter. The efficiency of bootstrap filter is usually limited
since the sampling mechanism does not consider the information of observations ;.
When the system meets an observation outlier, since all information of observation is
included in the sample weights, the particles may degenerate, i.e. the sample weights of
a few particle dominate the others. But this method is popular due to its simplicity and

computational efficiency. Another simple choice is the independent particle filter in Lin
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et al. (2005) which uses p(y:|z+) to generate particles based on y;. It can be more efficient
than bootstrap filter when the observational noise is small. The probability density
p(z¢|zi—1,y¢) is known as the optimal proposal density, in the sense that the variance of
its importance weights conditional on z;_1 is equal to 0. Intuitively, it includes the full
information of both state and observation equations. But except in a few scenarios, the
optimal proposal density and the corresponding sample weights are usually analytically
unavailable due to the nonlinear form of the observation equation. Suboptimal choices
include the probability densities constructed by approximating p(z¢|z;—1,y:) through
local linearization or moment approximation. See Doucet et al. (2000), Guo et al.
(2005), Saha et al. (2009) and Pitt and Shephard (1999) for examples.

There are several limitations for the proposal distributions mentioned above. First,
the approximation to p(x¢|x¢—1,y;) may not have bounded variance since the local ap-
proximation does not provide control on the tails of the proposal density. Second,
the above approaches usually construct unimodal densities which are inefficient for a
multimodal target density. Finally, although p(z¢|z—1,¥:) includes both the informa-
tion of state and observation equations, it does not consider the target function, which
can make the filtering computationally expensive in some cases such as estimating the
probability of rare event.

For the third limitation, specific cases such as estimating the tail probability have
been discussed (Chan and Lai, 2011; Cérou et al., 2012). However, there is no guideline
to deal with general target functions. For the first two limitations, a general remedy
is to consider multiple proposal distributions which can include proposals for control-
ling tails or concentrating on multiple modes. While the usage of multiple proposals
for importance sampling, which can be treated as a special case of SMC containing
only one step filtering, has been well discussed in the literature as mentioned in the
previous section, it is natural to consider this strategy for SMC. Meanwhile, since it
has been shown in Tan (2004) and Owen and Zhou (2000) that combining multiple
proposals with appropriate control variates can significantly increase the efficiency and
decrease the contamination brought by mixing poor proposal distributions with good

proposal distributions, control variates can also be considered in SMC. However, in
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SMC framework, the usage of multiple proposals and control variates only receives lim-
ited discussions and is case-dependent. Elinas et al. (2006) and Fox et al. (2001) applied
mixture proposal distribution in Monte Carlo localization of robot to combine infor-
mation from camera or laser observations and the motion model. Singh et al. (2004)
and Singh et al. (2007) applied the control variates to particle filter for target tracking
sensor management, by replacing the target function h(z;) by h(x;) + B7g(x1.4) where

g(z1:¢) is the vector of control variates and B is the coefficients.
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Chapter 3

Review of Advanced Importance Sampling Methodologies

3.1 Importance Sampling with Multiple Proposals

Assume the target integral is in the form of (I) or (II) and h(z) and 7(x) can be
evaluated exactly. In this section we only consider estimating Z. The extension of
estimating p is straightforward for the first two methods, and will be discussed in the

next chapter for the last two methods.

3.1.1 Mixture Importance Sampling

Assume observations {z1, -+ ,x,} are taken i.i.d from a proposal distribution ¢(z). The

integral Z = [ w(x)dz can be estimated by

Zis =

(3.1)

3|
NE
A

&

i=1
Under mild conditions, the asymptotic variance is Varg[n(z)/q(x)] where Var, is the
variance under distribution g(x) (Robert and Casella, 2004). The optimal proposal is
m(x)/Z, suggesting that the proposal ¢(z) should be chosen to mimic the shape of 7(x)
so that the high and low density regions of ¢(z) coincide with those of w(z). With such a
proposal, the majority of Monte Carlo sample from ¢(z) fall in the high density region of
m(x), the importance region. In some scenarios, more than one ¢(z) may be needed. For
example, for a multimodal 7(z), it is helpful to use several proposal distributions, each
targeted at one importance region. Suppose qi(x),--- ,gy(x) are p probability densities

serving as proposals. Given a mixture proportion vector o = (a1, - , ) satisfying
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Zi:l ap = 1, we can use the mixture distribution as the proposal and estimate Z by

5 1 w(w)
s =252 o

where go = > h_; okqr(z) and {z1,--- ,2,} are generated from ¢,. In addition, the
variance of Zrg also demands that the ratio 7(X)/q(X) have a finite variance. A mix-
ture distribution certainly makes it easier to satisfy such a condition as one can simply
include a proposal distribution ¢;(X) having Var[m(X)/q1(X)] < oo, such as a uniform
distribution if the domain is bounded. Such a proposal distribution sets an upper bound
to the estimating variance and therefore plays the role of “safeguard” in importance

sampling, which is the key idea of defensive importance sampling (Hesterberg, 1988).

3.1.2 Stratified Sampling

Instead of generating samples directly from the mixture distribution as that in (3.2),
stratified samples {zy1,- - , %, } can be taken with deterministic size ny = agn from

the k-th proposal g, which leads to the estimator in Hesterberg (1988)

~ :l b Jk TI'(IL'kl)
Zsrs(a) - Z Z i) (3.3)
k=1 1i=1

da(Tri

Veach and Guibas (1995) consider the following estimator
P
D enlan)
ng 4
k=1 =1

where {wg(x)},_; is a group of coefficient functions for the sample weights and sat-

(ki) (3.4)
k(2

q 1)7

isfies Y 7_ wi(z) = 1. They showed that Zs1s is a suboptimal choice in this large
class. Raghavan and Cox (1998) proposed a two-stage algorithm to construct 2515
with estimated optimal mixture proportions in the sense of minimizing the asymptotic

variance.

3.1.3 Importance Sampling with Control Variates

One problem of using a mixture proposal distribution is the possible loss of efficiency

due to mixing of good proposal distributions with poor ones (Owen and Zhou, 2000). It
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is a premium to pay for the insurance of valid importance sampling, but can be reduced
by combining importance sampling and control variates. Given an unbiased estimator
X, of Z, improvement can be gained by constructing a proper control variate vector Y
and using X,, — BT (Y — E[Y]) to estimate Z. The optimal 3 can be estimated using
a regression approach to minimize asymptotic variance (Cochran, 1977). In Owen and
Zhou (2000), combining Zsrg and control variates g(z) = (g2(z) — q1(x), - - L qp(x) —

q1(z))T results in the estimator

Z lii ™ :Ckz Bag(xkz) (3 5)
Re!] n P -'L']m) ) .

where

B. = Var [Q(X) ]_lc?o“vT [W(X) 7 9(X) ] ’
o (X) 4a(X) " ga(X)
and Var and Cov denote the pooled-sample variance and covariance. There are two
appealing properties of 7 Reg- First, its asymptotic variance is zero when 7(z) is a linear
combination of the proposals. Second, Z Reg has smaller asymptotic variance than every

importance sampling estimator constructed solely with ¢ with ng samples, k =1,...,p.

That is, Z Reg 1s always at least as good as the best one among the individual proposals.

3.1.4 Likelihood Approach

All previous integration methods directly approximate the target integrals. On the
other hand, in Kong et al. (2003), Monte Carlo integration is treated as a statistical
inference problem where the Monte Carlo sample serves as observations, the underlying
measure in target integral, usually Lebesgue measure or counting measure, is treated
as an unknown nonnegative measure, and the Monte Carlo sample is modeled using
a semiparametric model. Then by nonparametric maximum likelihood, the unknown
measure is estimated by a discrete measure with the Monte Carlo sample as support,
and the target integral is estimated by the integration over the discrete measure. As
an example, with {x1,---,x,} generated identically and independently from ¢; un-
der Lebesgue measure, the model assumes that ; is distributed as ¢i(z)dv/ [ ¢1(z)dv

where v is an unknown nonnegative measure. The nonparametric maximum likelihood
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estimator of v is

- ocﬁ({w})
q1()

)

where P has the support on {z1,---,x,} with mass n~! at each point. Then Z =

f q(x)dv can be estimated by

[ q(z)dv n — q1(z;)

[a(x)dv 1 zn: q(x:)

This is the same as the importance sampling estimator with proposal distribution ¢; ().
Given multiple proposals ¢i, - - - , ¢, and control variates g(z), Tan (2004) proposed
to restrict the measure v in the set {v: [qy(z)dv = [q(z)dv, k=1,--- ,p}. The

nonparametric MLE of v under such a restriction is

~ P ng
9 o) whore ¢ = angmax 3 Y tog [aa(an) + (1)
da(z)+¢ g(x) ¢ k=1i=1

and the integral estimator is given by:

ZMLE . Zi W(xlf; . (3.6)

k=1i=1 Ga(Tri) +¢ g(xpi)

3

It is shown that Z Reg 1s a first order approximation of Z vmie and hence has the
same asymptotic efficiency (Tan, 2004). The estimator Z wmLE also achieves the highest

asymptotic efficiency among the class of estimators in the form of

Z Zwk 211) T(xh) — 5;{(331“')9(?61@)’ (37)

(i)
where wi(z), -+ ,wy(r) and By(z),--- ,B,(v) satisfy that wi(r) = 0 when gi(z) = 0,
P wi(z) =1 and P, wi(z)B(z) = b for some constant vector b, and therefore
dominates the class of estimators in (3.4).
Because Z Reg and 7 v i asymptotically dominate the other estimators, we will only
discuss the two stage procedure for these two estimators. Furthermore, there is another
important benefit of using Z Reg and Z M LE in that their asymptotic variance is a convex

function of & and hence can be easily minimized. See remark 4.1.
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3.2 SMC for Filtering

3.2.1 Basic SMC Method

For the state space model (1.2)-(1.3), at time n, denote the random vector (z1,--- ,zy)
by x1., and observations (y1, -+ ,yn) by y1.n. Assume the target integral is (1.4). In

(1.6), let 7} (o) = p(To:n|y1:n) and
n
Tn(Zom) = p H (Yr|zr)p(zk|TE-1).

Then 7, (z0.n) x 7 (zom). Due to the high dimension of 7, direct application of
ratio estimator of IS may result in few random draws lying in the high likelihood
area of 7, and low estimating efficiency in most cases. By combining the sequential
importance sampling (SIS) and resampling algorithms as follows (Chopin, 2004), the

high dimensional problem can be mitigated:

Basic SMC method:

At time n, assume weighted particles {(féjzhl,zﬂgzl) N | are available. For j =

1,---,N,

(4)

1. Mutation: Generate x;;’ from the proposal distribution q(xnlfc’g}%l) and let

2l = @y, i),

(J)

2. Correction: Assign x,, with weight

()

Q(fﬁn ‘%n 1)

N

3. Selection: If the condition for resampling is satisfied, resample {xo o) S accordmg

to {wn j:l to obtain new weighted particles {(azéjr)l, ng)) N | where @ &Y = =1/N;

(9) (J)) ( (). ))'

If the condition for resampling is not satisfied, let (Z.;,; Wy Tms W

After the correction step, u, can be estimated by

S b))
Sied

-~ JE—
Mn basic =
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The SIS algorithm, containing the mutation and correction steps, divides the sampling

into sequential steps, which can be seen from the following equation

Wn(xo:n) _ 7Tn—1($01n—1) Wn(x():n)
Q($0:n) Q(xO:n—l) Wn—l(xO:n—l)Q(xn’-xO:n—l)7

where q(z0:n) = 70(20) [T (¢[0:1) and 7 (20:) /o1 (0em 1) = PnlZn1)p(n|)-
This sequential implementation is appropriate for on-line analysis. The difficulty of SIS

is that as n goes large, a few particles will have dominating weights and the effective
sample size will be small. The selection step performs resampling to drop the samples
with low weights and duplicate the samples with large weights, to avoid the sample de-
generacy. The schedule of performing resampling can be either fix or adaptive according

to some quality indictor of particles (Liu, 2008). After resampling, the distribution of
{E(()jgl}N_l converges to 7 (o) as N — oo (Crisan and Doucet, 2002) and therefore
equal s;mple weights are assigned. The algorithm may be initialized by generating i.i.d
samples {xgj)}:_l from mo(z) and setting w((]j) = 1/N for all j.

In the algorithm, one needs to choose the proposal density ¢(xy|zo.n—1). A simple
choice is the prior density p(x,|r,—1). but since the sampling does not depend on
Y1.n, the algorithm may loss efficiency when the observations has outliers. The density
p(Tn|Yn, n—1), which is the normalized p(zn|Tn—1)p(yn|r,) taking z,_1 as fixed, is
considered as the optimal proposal (e.g. Doucet et al., 2000 and Pitt and Shephard,
1999), in the sense that the variance of w{ conditional on {58{1)1_1}?:1 is 0. Since the
analytical form of p(zy,|yn, rn—1) is usually unavailable, approximation to p(zy|yn, Tn—1)
by linearizing log(p(zn|zn—1)) or log(p(yn|xn)) may be used instead.

The central limit theorem of iy pesic is given in Chopin (2004) and stated here
as the preliminary for the theoretical result of new algorithm. Assume multinomial

resampling is performed at every step. Denote the domain of zg., by ©,. Consider

following conditions:
(Cl) f‘h(xl:n)’ﬂ':(xO:n)dZUO:n and f|h($1:n)|7T;(L_1(fEO:nfl)Q(xn‘x&nfl)da:O:n < 0Q;
(C2) E: [h2(21.)] < o0;

(C3) Let ®( to be the set of square integrable functions with respect to mp(zo) and
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o, ={h:0, >R

o 246
E”:z—lq |:7T:;_1qhi|

< o0, Ey [ h|x0n 1| € Py} for

some positive 5. Then h(x1.,) € §p;
(C4) The unit function I, : ©,, — 1 belongs to ®,,.

Theorem 3.1. (Chopin, 2004) Let Vao(h) = Varg,(h) and by induction, define

%,n(h) = VS,n—l (Eq [h(«rlzn”xo:n—l]) + Ew:71 (Va'rq [h(xlzn)’xO:n—l]) , n > 07

_ 73 (20:n) (R(21:0) — fin) n
‘/27n(h) a VL” <WZ—l(xOZH—l)Q(xn‘xO:n—l)> Z 0’

Van(h) =Van (h) + Varq: (h), n > 0.

Suppose conditions (C1)-(C4) are satisfied. Then for any n, p, Van(h) and V3, (h)

are finite and the following convergence hold:

S D))
VN JZIN G = m| 5 N, Vau(h)), (3.9)
L 7 1wn
o n |
VN | 5 SR — m | 5 N0 Vi (R) (3.10)
=1
Specifically,
7o (20:1)* (11 (€0:1) — pim) th Mt (20:t) — in)?
Vau(h) = / n o s
. ( ) WO('IO)Q(:L‘1|$U) Z 7Tt 1 l'Ot 1 (.Tt‘l‘ozt,l) Lo:¢

(3.11)

where pi(zox) = [ h(@1:0) 75 (Tit1:0]T0:4)dT141:0 and 7 (z0.t) is the marginal density of

FZ(w():n).

Condition (C1) is required for the law of large number of triangular array h(z1.,)
conditional on zp.,—1. Conditions (C2) to (C4) ensure the asymptotic variances are
finite. By Johansen and Doucet (2008), each term in (3.11) can be interpreted as an
Importance Sampling variance where the target integral is [ pus(zo.¢) 7 (z0.)dxo:e and

the importance distribution is 7} (z0:t—1)q(zt|T0:t—1)-
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3.2.2 Generalized SMC

In order to include the information from both state and observation equations in gener-
ating new particles, a mixture of two proposal distributions, one derived from the state
equation and the other depending on the most recent observation, can be used as an
alternative to p(zp|yn, Tn—1). Elinas et al. (2006) and Thrun et al. (2001) applied this
strategy for the Monte Carlo localization problem of robot. Control variate is a general
method to reduce the variance of Monte Carlo estimation. Given an unbiased estimator
X of some target value Z, improvement can be gained by constructing a proper control
variate vector Y and using X —B7 (Y — E[Y]) to estimate Z. The optimal B can be esti-
mated by least squares to minimize the asymptotic variance (Cochran, 1977). Although
the control variate approach has been studied extensively for importance sampling, few
discussions are devoted to the SMC framework where importance sampling is a special
case, possible due to the lack of selection guideline for appropriate control variates and
theoretical understand of control variates under SMC framework. In the basic SMC
method, one implementation of control variates is to introduce control variates S(z1.y)
satisfying [ S(z1.0)7 (20:n)dz0:n = 0 and replace the target function h(x1.,) in fn pasic
with h(z1:5) + 728 (21.n) where 7, is the estimated optimal coefficients (Singh et al.,
2004). In this setting the estimator is still asymptotically unbiased.

One well-known limitation of using p(xy,|yn,n—1) as a proposal density is that it
may lose efficiency if the discrepancy between the successive densities 7 _; (g.n—1) and
7 (xo:m—1) is large. This is because after resampling, the particles which reside in the
high likelihood area of 7} _ (x0.,—1) may have low values of 7} (xo.,—1) due to the large

discrepancy. Its impact can be seen from (3.8),

) _ ) T () ) @) mEE )
Wil = Wy ~0) 00 o nl ~() N D)
7Tn—l(J"O:nfl)q(gj” ’xO:nfl) 7Tn_l(l‘O:nfl) Q(l‘n |x0:n71)
where 7, (xn|T0m-1) = p(Tn|yn,zn—1). Larger discrepancy results in small sample

weights after mutating and increases the variance. Pitt and Shephard (1999) and Car-

penter et al. (1999) proposed a look ahead method, named auxiliary particle filter,
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()

by adjusting the distribution of zj,,_; according to the new observation y,. Specifi-

cally, since 7y, (20:n—1)/Tn—1(To:m—1) does not depend on xz,, by resampling according

to {wn 17rn(m(() 1)/ Tn— 1(:1:0 1)} instead of {w 1} in the selection step, the selected

{xo _1} can reside in the high likelihood area of 7} (z¢.,—1) and therefore will not in-

()

crease the skewness of w,;’. The analytical form of 7, (20m_1)/Tn—1(Zo:m_1) is usually
unavailable in practice and some approximation 7(x.,—1), named auxiliary variable, is

used instead.
Then with n(zo.,) being the auxiliary variable, S(zg.,) being the control vari-
ates and qq(zp|T1.n—1) being the mixture proposal density where ¢o(zp|z1:m—1) =

Zizl arqr(zp|T1m—1) given p proposal densities ¢i(2n|T1:n—1), -, qp(Tn|T1:m—1) and
mixture proportion vector a at every time n, we have a more general SMC algorithm

as follows:

Generalized SMC method:

At time n, assume weighted samples {(xé]ZL 1;60)1) N | are available. For j =

17...’]\77

(4)

1. Mutation: Generate z;;’ from the proposal distribution qa(:zn|x0n 1) and let

W) _ GO L0

Lo = Loip—1>Tn

(J)

2. Correction: Assign ., with weight

(P F9, ()

do (1’n ’x()n 1)

3. Selection: If the condition for resampling is satisfied, resample {xo n N

ing to {n(xo n)wn }N 1 to obtain new weighted particles {(xgjzl,fun]))}N , where

~(J). (J))

0:n> W

-, accord-

oY) =1 / 77(% )) If the condition for resampling is not satisfied, let (z

n

( (4) (J))_

Lo.ps Wn

After the correction step, u, can be estimated by

S k@) + 458 (wom)] Wb
SN 0 '
j= n

Hn,generalized =
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3.2.3 Limitations of the Generalized SMC Method

Although p(zy|yn, zn—1) is well accepted as the optimal proposal density and in principle
the proposal should be close to p(xy,|yn, xn—1), several concerns may limit the usage of
a proposal that is more sophisticated than the prior density p(x, | £omn—1)-

First, it is necessary for q(x,|xo.n—1) to have heavier tails than p(z,|zn,—1)p(yn|zy) so
that sample weight ng ) has a bounded variance. But it is difficult to obtain an accurate
approximation of p(xy,|yn, Tn—1) with heavier tails, except in some special cases such as
a log-concave p(x,|Tn—1)p(yn|rn) approximated by a first order Taylor expansion.

Second, p(zy|yn,Tn—1) is not the real optimal proposal distribution. In (3.11), it
is not possible to design a sequence of proposal distributions to minimize V5, (h) for
every n, since the optimal proposal for each term of V5, (h) changes when n increases.

A reasonable strategy is to construct ¢(zy|zo.,—1) by minimizing the last term in (3.11)

which is

de:’m

/ 7r71(5’70:n)2(h($1:n) - :un)2

Tn—1(Z0:n—1)q(Tn|T0:n—1)
since all the early terms contain “future” information. The early terms are expected to
decay over time in some ergodic system, which makes this strategy valid (Johansen and
Doucet, 2008). Then the minimizer is the density proportional to p(xy, |Tn—1)p(Yn|Tn)|A(T1:0)—
tn|. In this sense, p(xy,|Tn—_1,yn) is only suboptimal, even when used with the auxiliary
variable p(yn|Tn—1), since it does not consider the target function h(zj.,). Sometimes,
using p(xy|Tn_1,yn) as a proposal can be outperformed by the bootstrap filter (Jo-
hansen and Doucet, 2008).

Although the above strategy suggests the use of a density proportional to

P(Tn|Tn—1)P(YnlZn) [P(T1:0) — nl,

it requires the knowledge of u, which is the purpose of filtering in the first place
and therefore cannot be used. On the other hand, the proposal choice tells that it
might be beneficial to consider the target function h(z1.,) when selecting the proposal

distribution.
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Chapter 4

Two-stage Importance Sampling with Mixture Proposals

This chapter proposes a two-stage procedure to optimize the sample allocation among
multiple proposals and investigate its theoretical properties. In the first stage, pilot
sample is drawn from a mixture proposal with predetermined proportions. The opti-
mal mixture proportions are then estimated by minimizing the estimated asymptotic
variance of Owen and Zhou (2000)’s regression estimator or Tan (2004)’s MLE es-
timator. In the second stage, the sample is drawn from the mixture proposal with
the estimated proportions. Integral estimators are constructed using all observations,
including those from the pilot stage. Then we establish a theoretical framework of
such a two-stage procedure. It is shown that under very weak conditions, the integral
estimators constructed by the two-stage procedure are consistent and asymptotic nor-
mal with minimum asymptotic variance over all mixture proportions. Therefore, the
two-stage procedure is adaptive towards using the optimal mixture proportions. The
optimal sample size used for the pilot stage is also discussed in the sense of minimizing
an approximated mean square error in higher order. Furthermore, we extend Owen’s
regression estimator and Tan’s MLE to the ratio estimators of IS. When estimating p,
if one can evaluate 7*(z) only up to a normalizing constant, a ratio estimator is used,
with the numerator being the estimated unnormalized integral and the denominator
being the estimated normalizing constant. We show that the two-stage procedure for

this extension also has the desirable asymptotic properties.

4.1 Two Stage Procedure

Suppose p proposal distributions g1, - , g, are given and the sample size is budgeted

at n. Let © = [0,1 — ¢]P where ¢ is some constant close to 0. The following algorithm
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is proposed to select mixture proportions ¢ and construct estimators:

1. First stage: Given a p dimensional vector ~ satisfying 22:1 Y = 1, generate ng
independent stratified observations {z;}1°; from gy (z) = -7 _; Ykar(z), i-e. novi

observations from qi(z), k =1,--- ,p. Obtain & by minimizing

Lo [t~ Bagten)]

~2 _
oz(a) = D DN ES P e (4.1)
where .
5 _(Lx~glg)’ ) (1S~ mlr)gle)
Fa= <’n0 — Ga(Ti)y fﬂi)) <no ; qa(fvz')qw(ivi))

T

and g(z) = (q2(z) — q1(x), -+, gp(x) — qi(z))", with respect to a over ©.

2. Second stage: Generate n—ng independent stratified observations {z; } from

n
1=ng+1

ga(z) = Y°F_, rgp(x). Estimate integral Z by Z (@) with all n observations,

where

(4.2)
and Z(&) can be either Zpey(&) or Zyrng ().
Some rationale and implementation remarks are as follows:

(i) Criterion of selecting c: In the first stage, the optimal v is estimated using the ng
samples and it is desirable to select a that gives the smallest asymptotic variance
of the final estimator. Let Varq denotes the variance taken with respect to gq ().

We set the following conditions:
(C1) The union of supports of gx(x) contains the support of 7(x);
(C2) a; >0fori=1,---,p;

(C3) Varg [1(X)/qa(X)] < oo for some € O.

Owen and Zhou (2000) and Tan (2004) showed that, under the above conditions,

EReg(a) and /Z\MLE(a) are asymptotic normal and have the same asymptotic
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variance

Qa(X) ‘Ia(li)
where
v [9 ] o [AX) 9(X)
o=V “[qam} ¢ “[qam’qa(xﬂ

Conditions (C1) to (C3) are satisfied when we have at least one proposal compo-
nent dominating the tail of m(z). With the sample {z;};°; from the pilot stage,
0% (a) + Z? is estimated by the importance sampling estimator 5% (cx) in (4.1)

and the optimal « is obtained by minimizing 5% (cv).

Optimization range for a: The purpose of restricting a in [§,1 — 0]P for some

small § is to avoid unreliable estimators of 0% () or B,. When a; = 0 for

some i, [ m(x)%/qa(x)dz can be infinite if ¢; is the only proposal that dominates

certain part of 7(z)’s tail, or [ g(2)g(z)?/qa(z)dz and [ 7(2)g(x)/qa(z)dz can

be infinite if g; is the only proposal that dominates some other proposals. In this
2

case, if o is too close to 0, the estimator o7 () or 3, is unreliable. Experience

shows that § = .001 is a reasonable choice.

Choice of the initial proportions ~: - is preferred to be close to the optimal pro-
portion vector a*. If there is no any prior knowledge about a*, it is recommended
to use v with equal components in the first stage so that pilot sample is generated
from each proposal equally.

7 in second stage: Instead of using n —ng observations to construct the estimator

Z(@), we utilize all n observations to construct the estimator Z(&) where the

mixture proportions & account for the proportions of the combined sample.



30

4.2 Theoretical Properties

Let o be the minimizer of 0% () under restriction a € ©. We assume the following

additional conditions:

(C4) np =o(n) and ng — oo as n — oo;

(C5) m(z) is not a linear combination of q;(z),--- , gp(x);
(C6) a* is in the interior of ©, that is, a* € (J,1 — 9)P.

Condition (C4) ensures o converges to a*. Condition (C5) is necessary since if 7(z) is
a linear combination of q1 (), - - - , gy(x), o%(c) will be 0 for all a;. Some discussions of

condition (C6) are given in Remark 7.

4.2.1 First Order Properties

Theorem 4.1. Under conditions (C1) to (C5), 2369(&) and Zypp(&) are consistent

and

Vi (Zue(@) - Z) 5 N(0,03(a"))

and v/ (ZReg(a) - Z) £ N (0, 0% ().

Therefore, the two-stage procedure achieves the minimum asymptotic variance that
Owen and Zhou’s and Tan’s estimators can achieve among all possible mixture propor-
tions. Furthermore, since Z Reg () and Zumr g(a) are better than the stratified sampling
estimator 2515(01), the two-stage procedure outperforms all estimators introduced in

Section 3.1 in asymptotic variance. The proof is given in the last section of this chapter.

Remark 4.1. It is important to point out that 0% () and its estimator 52(c) are
strictly convex by Lemma 1 in the last section of this chapter. This guarantees
a unique solution and applicability of convex optimization algorithms in the pilot
stage. This property, or equivalently the strict convexity of the function o?(c, 3) =
Varg [(7(X) — Blg(X ) /4a(X)], also ensures the consistency and asymptotic normal-

ity with convergence rate \/ng of random proportion vector & under mild conditions,
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by asymptotic theory for M-estimation with a convex criterion function (Haberman,

1989). Therefore larger ng gives more reliable a.

Remark 4.2. For 2515(04), the optimal mixture proportions are the ones that make
the mixture proposal g, the closest to the target distribution 7. Therefore knowledge
about the target density surface can help to find an approximate choice of a. However,
the optimal mixture proportions a* for J%(a) sometimes can be counterintuitive. For
instance, in Example 1(B2) of Section 4.5, the target distribution is a mixture of a nor-
mal distribution and a ¢ distribution, with mixing probability 0.8 and 0.2 respectively.
When the same normal distribution is used as one of the proposal distributions, its
optimal mixture proportion is only .1%. This is due to the fact that, for Z Reg(c) and
7ML £(a), the numerator of 0% () involves B, a function of a, which complicates the
determination of the optimal proportions. Hence, an automatic selection for mixture

proportions becomes necessary for Z Reg(a) and Zure(a).

Remark 4.3. If & in (4.2) can be replaced by some other random proportion vector, as
long as it is consistent to a® as n — oo, the same asymptotic results hold. For example,
one can choose the mixture proportions of the second stage so that the combined sample
(of both the pilot stage and second stage) is as close to the estimated optimal proportion
vector & as possible. For example, if ngy, < nay for all k = 1,...,p, one can use
(na — ngy)/(n — ng) in the second stage which results in the combined sample having
the exact estimated optimal proportion &. In this case, actually one should use ng as

large as possible until it violates the above condition.

Remark 4.4. Similar asymptotic properties for Zy;rg(&) and Zg;s(é) are presented
in Lemma 3 in the technical proof. They are always inferior to the control-variate based

estimators and hence of less interest.

4.2.2 High Order Properties

Theorem 1 shows that the selection of the pilot sample size ng does not affect the
first order property of 2369(&) and ZMLE(&) as long as ny = o(n) and ny — oo.

Therefore an optimal choice of ny needs to be determined by higher order properties of
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2369(&) and ZMLE(&). Consider the convergence rate of @ — a*, a weighted average
of v — a® and a — a* with weights ng/n and 1 — ng/n. Since v — a* is biased, one
would want to have a smaller ng. However, a large ng makes @ — a* closer to 0, at
the rate O (1 / \/TT[)) Therefore the optimal ng is chosen to balance the effects of these
two rates. The following proposition gives the higher order asymptotic expansions of

ZReg( )and ZMLE( )

Proposition 4.1. Under conditions (C1)-(C6), ZReg(&) and Zypp(&) can be ex-
panded as Z* + o(no/ (ny/n)) +o0(1/ (noyv/n)) and 75 =7+ gi(& ) + g2(cx), where

— 7(2:) = Barg(x:) _/W(x) — Barg(x)

da (7:) Ga ()
0 (@) |

The explicit forms of go(ax) are tedious and therefore presented in the technical

ga(x)dx, and

proof. The selection of optimal ng is based on minimizing the mean square error of Z *
which is an approximation of the mean square error of Z Reg( a) and 7 vmre(a). Such an
approximation of moments, as the criterion of second order optimality, has been widely

used in higher-order asymptotic theory, e.g. Rothenberg (1984).
Theorem 4.2. Under conditions (C1)-(C6) and
(C7) [7(2)*/ga(z)*dx < oo for some a € O,

it holds that

E [2* — Z} =0 (:l) and Var [2* — Z} = %J%(a*) +0 <n2> +0 (n;lm) :
Therefore MSE [2*] —n"loZ(a*) =0 (%) + 0 (L) .

The above result gives the approximate mean squared error with higher order terms
beyond the usual asymptotic variance n~1o%(a*). The order can be attributed to three
sources of variability. See the technical proof for details. One source of variability is
due to using the pilot sample with mixture proportions v # a*, which leads to terms

of order O (ng / n2). The second source is the variability of estimator &, which is of the

order O (1/(nng)). The third source is the variability of estimating 3,, which is the
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optimal coefficient of control variates, in 0% (a*). In Z Reg(@), the estimator of B, is
Ba. In Zyr (@), a similar estimator is used, as can be seen from the proof of Theorem
1. This variability is of the order O(1/(ny/n)) which is also O (no/n?) + O (1/(nng))

because 2/v/n < ng/n + 1/ng by the inequality 2ab < a® + b?.

Remark 4.5. By minimizing the order of difference, the optimal ng is O(y/n) and hence
MSE {2*} —n~toZ(a*) is of order O (1/(ny/n)). The asymptotic rate shows that how
ng should change with the total sample size n. In practice, another consideration
of selecting ng is the coverage of the target distribution with pilot samples. A poor
coverage can lead to poorly estimated asymptotic variance and result in inaccurate a.
Our experience shows one should choose ng at least y/n and possibly larger according
to the complexity of problem and the quality of proposal distributions. On the other
hand, one can assess & by estimating its standard error after the pilot stage. If the
standard error is larger than some criterion, such as 10% of &, one can add additional
pilot samples. The standard error formula is given in the last part of the technical

proof.

Remark 4.6. One essential fact leading to Theorem 2 is a—a* = O(1/,/ng)+O0(no/n).
Therefore when « is replaced by some other construction which is consistent but with

different rate (e.g. Remark 3 above), the orders in Theorem 2 may change.

Remark 4.7. When some coordinates of a* are on the boundary of [9, 1 —d], the exact
second order property is complicated. However, it is still reasonable to use the same
no as indicated in Theorem 2. For example, when o is on the boundary, &, as an
M-estimator, will converge to a* with a rate faster than or equal to O(1/,/ng) (Geyer,
1994). 1In the proof of Theorem 2, when the convergence rate of @; changes from
O(1//mng) to O(1/ng) with e > 3, the second order O (ng/n?) + O (1/(ngn)) changes
to O (no/n?) + O (1/(n@n)). Then by choosing ng = O(y/n), MSE {2*} —n"to(a*)

is still O (1/(ny/n)) and the accuracy of ZReg(a) and Zy;p(&) remains the same.
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4.3 Extension to Ratio Estimators

4.3.1 Extension of IS Techniques to Ratio Estimators

As mentioned in Section 2.1, the integral (II) can be estimated by the ratio estimator

%Z?:l h(zi)m(xi)/q(z;)
I ) fq(a)

(Rubinstein and Kroese, 2008; Liu, 2008). By the delta method, it is easy to show that

Ars = (4.4)

the asymptotic variance of jiyg is

Var, <h(rv)7r(z()x; wr(»%')) ‘ (4.5)

In the sense of minimizing (4.5), the optimal choice of g(x) is the probability density
proportional to |h(z)m(z) — pm(x)|. Therefore, it is preferred to choose ¢(z) that mim-
ics the shape of |h(x)m(x) — pm(x)|. Similar to estimating the normalizing constant,
multiple proposals may be needed and the techniques in Section 3.1 may be beneficial.

Given p proposal distributions ¢i(z),--- ,¢y(z) and mixture proportions {oy},_;
satisfying > 7_, ap = 1. Observations {xg1,--- ,Zpn,} are generated from proposal
qr with size np = agn for each k. In Hesterberg (1995), the mixture importance
sampling and stratified sampling were applied to fiys by using the mixture proposal ¢q

in numerator and denominator separately as follows:

~ _n £:1 Z?:’H h(zi)m (ki) /qa (ki)
HSIS = “~ 1 —p .

et Do (ki) [ Qo (i)

Control variates and likelihood approach can also be applied to fi;g. With the same

control variates g(x) as in (4.1), p can be estimated by the following:

ne Bk w(@k) B, 9(@xi) M

TR =1 Z 9o (Thi) IMLE = =1 Z Qa(fsz)JrC g(xki)
eg = P ) - ’
97 Lyp s m(w1i)~Ba 9(x1:) 1 z—l ok Lﬁ})

n k=1 £ui=1 qo(Trs) n - T qa(zri)+C g(Trg)
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where

B, - %(i((X)>1@T<h(X)W(X) Q(X)> and

L (g0 et () ()
Pe =V (qa(X)> ¢ (qa(X)’qa(X)

¢ = argmaxZZlOQ Go(rs) + (T g(wri)]

k=11:=1

>

Remark 4.8. The optimality of the above estimators can be seen by extending the
optimality results of 7 Reg in Owen and Zhou (2000) and 7 v in Tan (2004) from scalar
case to vector case. Specifically, under conditions (C1)-(C3) for m(x) and h(z)r(z), the

two estimators

~T
ng  h(xr)m(Tr)—061 g(Tki) M
=1 Z qa($ljgz) and =1 Z qa xkz)+¢ g(xri)
) an i wkzq)a ,zevig(%) . Z W(Ikz)

xkz)""( g(xkz)
can be shown to be consistent and asymptotic normal with the minimum covariance

matrix among all estimators in the form of

ng  h(xr)m (k) T
12 O en el B 122 9(ks)
i T n . X
1 2 g Zkkz) 2 = it dalm)

for arbitrary real vectors 3; and 3,. Here A > B means A — B is nonnegative definite
for two square matrices A and B. Then by the delta method, it is straightforward to

show the optimality of [ireg and fiasrg. Their asymptotic variances are identical and

equal to
1 hMX)m(X) — pm(X) — Bag(X)
oula) = _zVara ( 00 ) , (4.6)
where
v (SN o (MEOT(X) = pm(X)  g(X)
fo = Va <qa<x>) ¢ < da(X) ’qam)'

4.3.2 Two Stage Procedure For Ratio Estimators

Take [ireq and [inrE as functions of o and denote by figeg(cr) and fiysre(cr). The two

stage procedure in Section 4.1 can be applied here:

1. First stage: Given initial proportion v = (y1,---,7p) satisfying > 7_; v = 1,
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generate ng independent stratified sample {z;}°; from ¢ (z). Obtain & by min-

imizing
[haiim(a:) - fm(es) — Bag(en)]
5 _ino Ti)m(x;) — um(x;) — P 8(x;
7 (a) = o 2 PREAPES , (4.7)
o LN Bl)m(e) 1 a ()
where i = 2 g ! ;%(m’
an 1 o g(zi)g(z:)” o < (h(xi)m () — fim () gl;)
d Ba (no ; qa(wi)Q‘y(ivi)) [ (U Qa(xz)q‘*/(l‘z) ’

with respect to a over ©.

2. Second stage: Generate n — ng independent stratified observations {z;};", .
from ¢g(x). Estimate integral p by figeg(ct) or finsre(cx) with all n observations,

where a =ng/n-vy+ (n—np)/n- a.

In the first stage, 72(a) is the Monte Carlo estimate of Zzaz(a). Similar to the
results in Section 3.3.1, [igeg(a) and Lppe(a) for p have proper asymptotic results

and the case for two proposal distributions is stated below.

Theorem 4.3. Under conditions (C1)-(C5) with w(x) replaced by h(x)n(x) — pr(z),

LReg(a) and [iypE(a) are consistent and

Vi (fireg (&) = ) = N(0, 07 ("))

and /n (fimre(e) — w) 5 N(O,Ji(a*)),

where a* is the minimizer of UZ(a).

4.4 Selection of Component Proposal Distributions

In this paper we focus on finding the optimal mixture weights to construct a mixture
proposal distribution for importance sampling, assuming that the set of component
proposals to be included in the mixture has been preselected. Since the proposed mix-
ture proportion determination automatically discriminates the high quality proposals
from the poor ones, our procedure in a way alleviates the difficulty of selecting the set

of proposal distributions. It also allows a larger set of proposals to be considered as
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the procedure serves as a selection tool. Nevertheless, pre-selection of the proposals is
extremely important as it provides the basis for efficient inference of optimal mixture
weights. This is an area of active research. Here we provide some remarks and practical
guidance.

Consider the asymptotic variances of ZReg(&), Zvrp(), HReg() and fiype(ox)
in (4.3) and (4.6). Owen and Zhou (2000) and Tan (2004) showed that when m(x) is
a linear combination of the component proposals, aé(a) = 0 for any . Therefore for
estimating Z, it is preferred that the component proposals have a linear combination
close to the shape of 7(z). This can be achieved by using proposals that separately
approximate the modes and tails of m(z). Alternatively, one can decompose m(z) into

a linear combination
,
m(x) = cxmi(a). (4.8)
k=1

Then the component proposals can be obtained by approximating each 7 (x). Owen
and Zhou (2000) give some illustrations of this strategy.

For the ratio estimator, it can be shown similarly that when h(x)w(xz) — pm(x) is a

2

linear combination of the component proposals, o

(a) = 0 for any a. Therefore the
strategy used for estimating Z can be used here as well. In particular, we can find a

decomposition
h(z)n(x) — pr(x) = Z cph(x)mg(x) — Z pcrmi ().
k=1 k=1

and find component proposals to approximate the individual terms. If h(x) takes neg-
ative values, additional terms corresponding to h(z) = h*(z) — h™(z) will be needed.
Example 3 in Section 4.5 provides an illustration of this approach.

Another consideration is the tail requirement. For estimating Z, go+(x) needs to
have heavier tail than 7(z); and for estimating p, go+(z) needs to have heavier tail
than h(x)m(x) — pm(z). In cases where 7(x)’s tail decreases exponentially, the require-
ments can be satisfied by including some Student t distributions or other heavy tail

distributions in the set of component proposals (Geweke, 1989).
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Oh and Berger (1993) and West (1993) proposed adaptive procedures to find better
proposal distributions. Liang et al. (2007) proposed a stochastic approximation proce-
dure to partition the sample domain and used truncations of the target distribution in
the subregions as component proposal distributions. The normalizing constant of each
component is estimated in a pilot stage. These procedures can be used here for finding
the component proposals in our setting. In fact, the pilot stage of our proposed proce-
dure can also be used as well. The estimated optimal mixture weights from the pilot
stage may provide hints on potentially useful proposals to be considered. For example,
a large weight for a component proposal that mainly covers the tail in one direction
may suggest to use additional proposals to cover the more extreme part of the tail in
that direction. However, caution should be exercised when considering the removal of
a proposal distribution because of its small weight, since it may be used to serve as a

defensive proposal that guarantees finite variance of the IS estimator.

4.5 Empirical Studies

Here we present several examples to illustrate the performance of the proposed proce-
dure. In all examples, the standard restricted optimization algorithm BFGS (Battiti

and Masulli, 1990) is used in the pilot stage to find .

Example 4.1. Let ¢(x;0) be the normal density with mean 0 and standard error o,
and 1 (x) be the density of t distribution with degree of freedom k. In this exam-
ple we consider two target distributions and two sets of proposal distributions. The
combination is listed in Table 1. The case (Al) represents the situation that one of
the proposal distribution, ¢a2(x), is a good approximation to 7*(x) by itself, and ¢ (x),
being a product of Cauchy distributions, is a relatively poor proposal. We expect the
two-stage procedure will be helpful to decrease the contamination of ga2(x). The case
(A2) represents the situation that both proposals are not good approximation to the
target and an appropriate proportion is not immediately clear. Both (B1) and (B2)
represent the situation that one of the proposals, ¢2(x), is a good approximation to the

center of the target, but with a lighter tail, and the other proposal, ¢;(x), has a heavier
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Proposal distributions
10 10
q1 = [[;21 ¥x(zi) and g2 = [[;Z; ¢(wi;0)

o k=1 k=1 k=1 k=2
Target distribution
c=11 oc=4 o=1 oc=1
1,2, é(xis 1) (A1) (A2)
2112 wa ) + 8T d(is 1) (Bl)  (B2)

Table 4.1: Parameter settings of four cases in Example 1

tail, for protection. The case (B1) uses a more conservative protection (Cauchy) and
(B2) is more aggressive (t2).

We compare five methods. The first three methods generate independent and strati-
fied observations {@;};_; from ga,(z) = aoqi(z)+ (1 —ao)qi(x) where ag = (.5,1—.5).
The last two methods generate independent and stratified observations {;};°; from
oo (x) and {x; };_, . from gz (x) where &1 = agno/n+ai(n—ng)/n and @ is obtained
by the corresponding method. Since the simulation results of regression method are
nearly identical to the likelihood approach, we only list MLE and 2MLE here. Specif-
ically, the methods are as follows. For simplicity, only formulas for estimating Z are

listed.

UIS (Unprotected Importance Sampling): This is estimator (3.1) with ¢(x) = ¢2(x).
SIS (Stratified Importance Sampling): This is estimator (3.3) with a = ay.

MLE (MLE method): This is estimator (3.6) with a = .

2SIS (Two-Stage Stratified Importance Sampling):

1 n
"

14

7;(3@-))’ where & = argmin <‘“VA‘}1 LZE&] HO—a)Var, LT?)D

and Vary, denotes the sample variance with the subset of {x;}°, which comes

from g (x). This is the method used in Raghavan and Cox (1998).
2MLE (Two-Stage MLE): This is our proposed method.

The results are shown in Table 2 for estimating Z and p. Simulation is replicated

for 1000 times independently with n = 4000 and ng = 400 in each simulation. We
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| | Z | Z

| Method | (A1)  (A2)  (Bl) (B2) | (A1) (A2) (Bl) (B2)

UIS 0 0 0 0 0 0 0 0

SIS .50 .50 50 .50 .50 .50 50 .50

a 2SIS .001 .98 21 .13 | .001 .93 40 .37
MLE .50 .50 50 .50 .50 .50 50 .50

2MLE | .004 .98 72999 | .001 91 42 .30

UIS 16 9.4x10° 3.0 AT 19 12x10° 66 68

SIS A5 28 15 .16 34 3.2 38 .27
nMSE | 2SIS 15 16 087 .028 | .20 2.1 37 .26
MLE 27 28 041 .0094 | .34 3.2 37 .16

2MLE 15 16 .037 .0066 | .20 2.1 35 .15

Table 4.2: Comparison of methods for Example 4.1, with each column for one setting. @; is the mean
of 1000 estimated mixture proportions and M SFE is mean square error of integral estimators.

report the means of Z or fi, the means of @ and the mean square error

R n 1000 R n 1000
V=" (Zi—-Z)or ——
"'~ 1000 ,-:1( AR T 2

(i — ),
where Z and p are theoretical values.

It is seen that, in (Al) where g2 is a good proposal by itself, 2SIS and 2MLE
choose a close or equal to the smallest allowed value (0.001) for ¢, which minimizes
its contamination, and achieves the same efficiency as UIS (using the good proposal
only). They are more efficient than SIS and MLE which use equal proportions for both
proposal distribution.

In (A2), both 2SIS and 2MLE choose &; = .98, giving much higher proportion to
the heavy tail ¢ proposal. It is seen that the normal proposal has a much lighter tail
(o0 = .4) that the target (o = 1). In this case, ¢ () is the better proposal. UIS, which
uses ¢o(x) exclusively, does not have finite variance. Comparing to one stage MLE,
the two stage procedure reduces MSE by about 43% and 34% for estimating Z and pu
respectively.

In (B1) and (B2), UIS has the largest variance as expected. By using control
variates, 2MLE and MLE perform much better than SIS and 2SIS. With the estimated

mixture proportions, 2MLE reduces MSE by 10% and 30% for estimating Z in (B1)
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| z | "

| (A1) (A2) (B1) (B2) | (A1) (A2) (B1) (B2)
Qi 004 .98 .72 999 | .001 91 .42 .30
o 001 .98 .77 999 | .001 .999 .42 .30
nV 150 155 .037 .0066 | .20 2.06 .35 .15
o?(a*) | 155 159 .035 .0061 | .19 1.97 .36 .15

Table 4.3: Comparison between finite sample and asymptotic results. «j is the mixture proportion
giving the minimum asymptotic variance, V is the sample variance of integral estimators and o2 (a*)
is the minimum asymptotic variance.

and (B2) respectively, comparing the one-stage MLE. Note that 2MLE obtains a larger
estimated optimal proportion for ¢;(z) in (B2) than in (B1). Intuitively this is because
g1(x) in (B2) is “closer” to the target integrand. In estimating p, 2MLE and MLE
perform better than SIS and 2SIS, but the two stage 2MLE and one stage MLE are
similar, since the estimated optimal proportions are close to .5.

To check the convergence properties of 2MLE, in all four cases we report, in Table 3,
a comparisons between the theoretical minimum asymptotic variances and the sample
variance of 2MLE, as well as a comparison between the optimal proportions and the
average estimated proportions. It is seen that both of them are quite close to the

optimal values.

Example 4.2. Consider a rare event problem in Hesterberg (1995). Let X be a three

dimensional random variable with independent components (X1, X2, X3) and
X = (X1,X2,X3) =max(0,Y; + 10d — Z; — Z3 — max(500, 3000 — Yo — 40d)),

where Y ~ N((1600, 1650, 1600), 1002I3), Y5 ~ N((1600, 1700, 1600), 1002I3), Z; ~
I'(1001s, (5,6, 7)) with I'(scale, shape) denoting the gamma distribution, Z5 has density
proportional to ex/loolze(o,goo), and d = max(0, 60—t), where t ~ N((54,52,55), 5I3).

Denote the density of X to be f(x) = H?zl fj(x;). The targets of interest are

3
80 - max (Z X; — 1200,0)] .

=1

3
> Xi> 1200] and p=FE
=1

P=pP

The true value of P is about 0.003 and therefore the probability measures the area in
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Proposal (I, I5,I3) E {Z?Zl XZ’} a;

@ (z) = f(z) 5

g2 () (1,0,0) 1416 0035
g3(z) (0,1,0) 1266 028

() (0,0,1) 1616 0005
qs (a:) (1, 1, 0) 1482 .236

g6 () (1,0,1) 1832 018

g7 () (0,1,1) 1682 0635
gs(z) (1,1,1) 1898 151

Table 4.4: Parameters setting of the mixture proposal. Each g¢;(x) is proportional to

exp (Z?.:l Bjmj) f(x), where 8 = ¢ (I1, Iz, I3) and c is selected such that the expectation is equal to

the corresponding expectation, e.g. 1416. «; is the mixture proportion for g;(x). Here (X7, X3, X3)
has density g;(x).

‘ ‘ ‘ Mixture Proportions

Method ‘ mean ‘ var ‘ aq Oy Qs Q4 Qs Qg Qr Oy
3.0x1078 | .500 .0035 .028 .0005 .236 .018 .064 .151
2MLE | 3.4x1073 | 1.6x107% | .001 .0040 .038 .0009 .420 .051 .170 .310

I

2MLE 1.0 .001 .002 .021 .0003 .380 .040 .150 .410

|
|

P SIS 3.4%x1073
i

SIS 41 1.8 500 .0035 .028 .0005 .236 .018 .064 .151

Table 4.5: Comparison between two methods of Example 4.2. SIS is the method of Hesterberg (1995)

and 2MLE is our method. 7i and P are the means of 1000 point estimators, &; are the average mixture
proportions and V' is the sample variance of 1000 estimators.
the tail of f(x). Hesterberg (1995) used Zsrg to estimate P and p and constructed the
proposal distributions by exponential tilting, using g(x) = ¢(3)exp (Z;’:l Bjx]-) f(x)
with parameters 8 = (01, (2,03). Seven proposals are constructed by setting 3 =
¢+ (I, I, I3) where I; is binary and c is set so that E [Zf’zl XZ’] is equal to some pre-
determined value, where (X7, X}, X3) follows ¢(x). Including f(z) as another proposal
component, there are eight proposal components. Hesterberg (1995) provided preset
mixture proportions for these proposals, listed in Table 4.

Here we compare the proposed two-stage procedure with the estimator used in
Hesterberg (1995) for estimating both P and p. The results are listed in Table 5.
Again, simulation is replicated 1000 times independently with n = 4000 and ng = 400

in each simulation. We report the sample means and variances of P and i, and the
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means of the mixture proportion &; for ¢ = 1,---,8. Comparing to SIS, it is seen
that while the means are the same, 2MLE reduces the variance by 47% for estimating
P and 44% for estimating p. When comparing the proportion set selected by 2MLE
and the predetermined proportion set used by SIS, it is seen that some of the proposal
considered to be important for SIS is also determined important by 2MLE, such as
g5(x) and gg(x). The major difference is that SIS puts too much proportion on ¢; ()
while 2MLE only selects a very small proportion for it, indicating that only a small

proportion is needed for ¢;(x) in order to guarantee the bounded estimating variance.

Example 4.3. In this example we examine the performance of 2MLE on estimating
Value at Risk (VaR) using a Bayesian GARCH(1,1) model for S&P500 index series.
Given a probability p and a time horizon d, VaR is the value that a portfolio would
encounter a loss greater than or equal to, with probability p over the horizon.
Suppose at time 7' we have historical log returns y = {y1, -+ ,yr}. Let R(y,) =
ZZ:1 yr+k be the cumulative return in the next d periods, where y; = (yr+1, - , Y7+d)

and denote Fy, as the CDF of R. Then the d days ahead VaR is defined as
VaRy, =inf {z € R|F,, (z) <p}.

VaR is a widely used measure of market risk (Duffie and Pan, 1997; Jorion, 1997). To
obtain the CDF F,, we model the return series using GARCH model (Engle, 1982;
Bollerslev, 1986), a commonly used model for return series and modeling volatility
dynamics. Specifically, we use a Bayesian GARCH(1,1) model with normal innovations

(Geweke, 1994; Bauwens and Lubrano, 2008),
1/2 jid
e =ethy?, & N©0,1), he= o+ b1yt + Bhi-i,

where ¢9 > 0, ¢1 > 0 and § > 0 and ¢; + 8 < 1 to ensure stationarity. Following
Geweke (1994), the prior distributions of loggg and (¢1, 3) are selected to be N(ag, c2)
and U(¢1 > 0,8 > 0,01 + 8 < 1). Here ¢¢ is transformed to have the real line
as domain, and (¢1,3) follows a uniform distribution in the stationary domain. The
hyperpamaters ag and o2 are set to be 1 and 2, respectively. We also use the sample

variance for h% for simplicity.
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The Bayesian approach has the advantage of taking into account of parameter es-
timation variability in the estimation of VaR. Due to the complexity, Monte Carlo
method is used. Since VaR is largely a tail property, an appropriate implementation of
importance sampling may significantly improve the efficiency. Although VaR is not in
the form of integral, it can be estimated easily by empirical quantiles from the Monte
Carlo samples. Note that, CDF and probability are in the form of integral. Related lit-
eratures about estimating VaR using Importance Sampling can be found in Hoogerheide
and Van Dijk (2010), Glasserman et al. (2000) and Dunkel and Weber (2007).

The two-stage algorithm is tested to estimate VaR with p = 0.05 and 0.01 and
horizons 1, 2 and 5 days, corresponding to 4, 5 and 8 dimensional problem, as there are
three parameters in the GARCH(1,1) model. Denote @ = (log¢g, ¢1, 3). For each VaR,
following the strategy discussed in Section 4.3, we construct the proposal distributions

based on the asymptotic variance of the empirical posterior CDF at VaR

g(a) _ / [(1{R(yd)§VaR}(yd) - P) (Y4, 0) — ng(yd’ 0)}2dydd0, (4.9)

9o (Y4, 0)
where 7(yg4,0) = Hgildp(yk\yk,l,e)p(@), p(Yk|yk—1,0) is the innovation density and
p(0) is the prior density of 6.

Expression (4.9) is not the variance of the VaR estimator. However, Hoogerheide
and Van Dijk (2010) showed that the asymptotic variance of mp can be approximated
by ag(a) times a constant which does not depend on the proposal density. Since it is

difficult to sample from 7(y,, @) directly, we approximate it by the mixture of

T+d
0(y4,0) = ][ pwklyre-1,0)qx(0) and
k=1
T+d—1
©Ye0) = ¢ridyrea1,0) [[ purlyre—1,0)qn(8),
k=1

where gy (60) is the normal distribution with the mean vector being the MLE 0 and
the covariance matrix X being the negative inverse Hessian matrix of w(y,0) at
@, inflated by a constant to allow a wider coverage. We use ¢«(yridly1.r+d—1,0) ~
N(—h;/_zd, hr4q) for the proposal ¢2(y,4, 0). It tries to cover the tail (large loss on the

last day of the horizon). Similar proposals can be constructed by considering other
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potential situations of large loss, but only this one is included in the current example.
With the approximation of 7 (y,, 8), the heavier tail components can be constructed
by modifying the tails of qg; and ¢. Then the following two proposals are included as

the heavier tail components:

Ttd
3y 0) = ][] pwklyir-1,0)a(6) and
k=1
T+d—1
1we,0) = aridviria-1,0) [[ pwrlyin-1,0)a(6),
k=1

where ¢;(0) is the product of three location-scale generalization of t; densities with the
means being 0 and the squared scale parameters being the diagonal elements of X, and
g« is the same as in the construction of g2. Since 7(y4,80)/q3(yy,60) = p(0)/q:(0) and
p(0) is the prior distribution with exponentially decreasing tail, ¢3(y,, @) has heavier
tail than 7(y,4, @). Similarly, g3 and g4 have heavier tail than ¢;, g2 and proposals below,
and therefore only mixture proportions for g3 and g4 need to be restricted.

To incorporate the integrand as discussed in Section 4.3, we further extend ¢;(y,, 0)

and ¢2(yg, @) to include

Q5(yd7 0) X 1{yT+d§VaR.05—ZZ;} yT+k}(yT+d)Q1 (yd7 0) and

e6(Ya,0) o 1{yT+d§V(lR.05*ZZ;} yT+k}(yT+d)q2 (¥4, 0),

Here the truncation is done only on yp.4, instead of the more accurate but computa-
tionally expensive truncation of ZZZI yr+k < VaR g5 under joint normal distribution.
The estimation of VaR g1 can be done simultaneously by including the following

component proposals

q7(yq,0) 1{yT+d§VGR401_Zz;} yTM}(yTer)(h (Y4,6) and
as(yq,0) 1{yT+d§VaR.o1*ZZ;} yT+k}(yT+d)Q2(yda9)'
Overall, q1(yg4,0) to gs(y,, @) are used as component proposal distributions.

Since our objective is to estimate VaR g5 and VaR g1 simultaneously, in the pilot

stage we estimate the optimal mixture proportions by minimizing the sum of variances
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p=0.05 p=0.01
horizon | Method 17&7% Vv %7% 1%

1 day MLE | —1.332 14e—5| —1.894 20e—5
2MLE | —1.333 3.8¢—5| —1.895 4.6e—5
2 days MLE —1.886 b5.le—4 | =2.773 12e—4
2MLE | —1.886 1.5e—4 | —2.771 3.5e—4
5 days MLE | —2.997 17e—4 | —4.432 59e—3
2MLE | —2.996 5.4e—4 | —4.424 1.8e—3

Table 4.6: Com/parison between MLE and 2MLE in Example 4.3. VaR is the average of 300 point
estimators and V' is the sample variance of 300 estimators.
of the two estimators. Since g5, ,gg involve the unknown VaR g5 and VaR g1, the

first stage sampling is modified as follows.
1. Generate pilot samples from ¢; to g4 with sample size ng/8 each;

2. Estimate VaR o5 using the pilot samples from step 1. Replace VaR g5 in ¢5 and
ge with the estimate and generate pilot samples from them, with sample size ng/8

each.

3. Estimate VaR y; using the pilot samples from steps 1 and 2. Replace VaR g in
q7 and ¢g with the estimate and generate pilot samples from them, with sample

size ng/8 each.

4. Obtain & by minimizing 735 (ax) + 7, (cr) where 72(c) is the estimator for o2 (cx)

using all samples in the first three steps.

Here we compare the two-stage procedure 2MLE with the one stage MLE with
equal mixture proportions. The log returns of S&P500 index from September 28, 2010
to July 13, 2011 are used, with total 200 observations. The simulation is replicated for
300 times independently with n = 4 x 10% and ng = 8 x 10* in each simulation. ¢ is
selected to be .001.

The summary of estimation results and the estimated mixture proportions a are
listed in Table 6 and 7. From Table 6, it is seen that 2MLE’s Monte Carlo variance

is about 23% to 32% of the variance of MLE while there is almost no difference in
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VaR al ag ag a4 a5 646 &7 ag
1day 1le-3 8e-4 3.4e-1 6.2e-1 9e-3 1.7e-2 8e-3 2e-3

2 days le-3 1le-3 3.5e-1 6.0e-1 24e-2 3e-3 9e-3 2e-3
5 days 1le-3 6e-4 4.3e-1 5.4e-1 2.0e-2 8e-4 4e-3 5e-4

Table 4.7: Summary of mixture proportions estimated from stage 1. The average over 300 simulations
are reported. &1 to @s correspond to the mixture proportions assigned to g1 to gs.
the mean. Table 7 shows that the two-stage algorithm assigns most of the mixture
proportions to g3 and g4 which indicates that these two heavy tail component proposals
are more important than the others. This is probably due to the fact that ¢; and ¢o
do not cover the high density area of target distribution sufficiently, resulted in the
preference to g3 and ¢qq. Compared with MLE, the optimization in the pilot stage of
2MLE requires additional computing time which is about 20% more in practice.
Finally, we report some interesting insights on the comparison between MLE and
2MLE. By multiplying a scaling constant c¢? to the covariance matrix ¥ used in the
proposal ¢qp, all the related component proposals are made either more dispersed for

¢ > 1 or more concentrated for ¢ < 1. Since o2

(@) is proportional to the estimation

variance of VaR and the proportion does not depend on the proposal density, the
trajectories of estimated o2 (a*) and o2(ayg) as function of ¢ are given in Figure 1 to
illustrate how the quality of proposal distribution affect the performance of 2MLE and
MLE.

It is seen that 2MLE is always better than MLE. Most interestingly, it shows that
the performance of both methods depends on the quality of the proposal distributions,
but 2MLE is much less sensitive to the proposal distributions and has more robust
performance than MLE. This is due to 2MLE’s ability to automatically adjust mixture
proportion for the most efficient estimation. The simulation results (not shown here)
show that, when c is small, 2MLE tends to assign most of the mixture proportions to
the heavy tail g3 and g4. This insight re-enforces the notion that the two-stage approach
not only improves upon the one stage approach, but also alleviate to some extend the

difficulty of selecting proposal distributions.
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Figure 4.1: The left figure gives trajectories of estimated o, (a*) and o} (a), corresponding to MLE
and 2MLE methods respectively, with respect to the scaling constant c. ¢ ranges from .1 to 4. For
each ¢, the theoretical variances are estimated using one Monte Carlo sample, and the average over 10

replicates is reported. The right figure gives the trajectory of ratio of estimated O'Z(a*) over estimated

o3 (o).

4.6 Summary

In this chapter, we proposed a two-stage procedure to select the optimal mixture pro-
portions for the regression estimator in Owen and Zhou (2000) and MLE estimator in
Tan (2004), and established the corresponding theoretical framework. The two-stage
procedure significantly improved the existing methods in four aspects. First, the pro-
posed estimator is asymptotically the best among all the estimators proposed in Owen
and Zhou (2000), Tan (2004) and Raghavan and Cox (1998). Second, the criterion
function of our pilot stage optimization is convex in its arguments, and therefore it is
guaranteed that the optimization converges to the global minimum. Third, since there
is no simple intuition in selecting the proportions for Owen and Zhou’s (2000) regres-
sion estimator and Tan’s (2004) MLE estimator, the proposed automatic procedure
makes it much easier and safer to use mixture distributions for importance sampling.
Finally, the automatic determination of the mixture proportion alleviates the difficulty
of choosing the set of proposal distributions to be considered in the mixture, as it serves
as a selection and discrimination tool and hence allows users to include more potential

proposal distributions for consideration.
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4.7 Technical Proof

For simplicity, we only consider two proposal distributions. Then a = (1,1 — 1) and
~ = (y1,1—"1). The proofs can be extended to the case of more than two proposals. To
begin with, we establish the consistency of & = (a1,1—a3). Note that a; is equivalently

a component of the bivariate M-estimate (aq, 5) = argmin ng Z 0, m(xi; o, B), where
a7

m(z; o, ) = [r(x) — Bg(ac)]2 / da(x)gy(x)] . Let M (a1, ) = fm(ac;al,ﬁ)q.y(x)dx and

(a3, 8*) = argmin M (a1, 8). Meanwhile, M (v, B) and 0% () are strictly convex func-
ai,f
tions.

Lemma 4.1. It holds that

VU + o,(

1
A/ o ’
where V and U are given in Lemma 4.2. Then & = (o1,1 — aq) S (of,1 —af).

Meanwhile, M (a1, 8), o%(c) and 5%(a) are strictly convex functions.

Proof. Note that m(x;«, ) is convex since its Hessian matrix

9 2 (r(x)=Bg(2))*  m(x)—Bg(x)
D2m(x; ar, fB) = 9(x) 9o (z)? 9a(2)
Ga(7)gy () W(x)—(ﬁg(m) 1
qa (T

is a positive semidefinite matrix. Then the consistency of (&1, 3) can be proved by
verifying conditions 1—3 in Haberman (1989) for M-estimators by convex minimization.
First, the parameter set © = [§,1 — 0] x R of (a1, ) is convex and closed. Second,
(af, B*) is unique. By Durrett (1996, Appendix 9), the differentiation and integration

in M(a, 8) can be exchanged so that

[7(x)—Bg(x)]*g(x)? [7(x)—Bg(z)]g(x)?
2f - (x dz Qf—q o2 dx

D*M (a1, 5) = () — B (x)]g(x)2 g
o [ Irefoteoel gy g f s g,

For any bivariate vector v, v’ {DQM ar, B }v > 0 and the equality holds only when
7(z) = e1q1(x) + c2g2() for some ¢; and co. By condition (C5), DM (a1, 3) is positive

definite. Therefore M (aq, 3) is strictly convex and (aj, %) is unique. Third, let W =
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(6,1 —6) x R. By condition (C3), M (a1, ) < oo for any (g, 5) € W .

The expansion of (&1, B) can be found in the proof of Haberman (1989, Theorem
6.1) by verifying his conditions 7 and 10. First, D?>M (a%, 8*) is positive definite as
mentioned above. Second, the gradient of m(z; a1, 8) satisfies E|Dm(z; a1, 8)|? < oo.
Therefore the convergence of (a1,1 — a1) holds because & = yng/n + a(n —ng)/n and
ng = o(n).

Finally, with the strict convexity of M («aq, ) which is stated above, the strict con-
vexity of 0% () can be seen by the facts that o%(a) = mﬁinM(al, B) and

mﬁinM()\al + (1 = Xag, ) = min r%inM()\oq + (1= Nag,\81 + (1 — \)f2)

1

for any a1, as and A € [0,1]. The strict convexity of 52(a) can be proved similarly. [

The following expansion of (&, E) will be used in the higher order calculation of

ZReg( )and ZMLE( )

Lemma 4.2. It holds that

(alﬁ):(aiﬁ*) 2\ﬁ U - 2710

where W is a random variable of order Op(1),

no (m(zi)—p*g(x:))g(ws)

0= r 2 it qa* (21)2q~ (1)
Zno 2(m(z4)—B*g(x:))g(wi)
r qa*(acnqq(xi)
i [ (z)— 29(@)? 5. i [m(x)— B*%(v)c%]g(x)Q dr
V — qa* .Z qa* xT
[ (2)— ﬁ g(@)]g(x)? g(x)? ’
s de to (@ T
[r(zi)—B*g(z))%9(z:)> 1 <o [“(Ii)*ﬁ*g(xi)}g(mi)Q
and V = F > it Qoo (21)30~ (1) V0 2inl g (e (@)
no  [n( m —B*g(x:)]g(w:)? g(z:)?
rz - o (@020~ (27) rzz 1 Qo ()4 (1)

Proof. Note that U = 7 12 Yo, Dm(zy; af, BY), V= 1/2 S0, D2m(zy; o, B*) and
V= fD2m(x; o, 8*)dx. Then by Taylor expansion around (aj, %) on
ngl >0 Dm(xy; an, B) = 0 and the convergence of (ay, B\), we have

1 2 ~ [ a1—of

1
N I
/10 ngQ B\_IB* P no
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then
ap —of 1 1 - a — o] — 1
DT e v v T = vV v | W e, (— )
5_ B* 2\/7710 no ﬁ —ﬁ* no

The expansion of (ay, B) follows by substituting (a3 — a’{,g — (%) to the RHS of the

above equation. ]

The combined sample {x,---,x,} can be split into four parts by distributions
q1 or g2 and first or second stages. Denote [j; to be the index set of observations
from the jth stage and qx, i.e. I11 = {1,--- ,non1}, Li2 = {noy1 +1,--- ,no}, Io1 =
{no+1,--- ,ng+[(n—ng)ail}, Ioo ={no+[(n —ng)ar|+1,--- ,n} where [x] means
the largest integer smaller than z, and n;; to be the size of I;;. Here we can use
for the index, where [z] is the largest integer smaller than x, to define I;. But for

investigating the asymptotic behavior, the difference can be ignored. We will use the

decomposition
n 2 1
GnT(fL‘) = \/f Z\/% A/ N1k ’n,ilk Z T(ZL‘I) - /T(Z‘)Qk(l‘)dl‘
k=1 ’LEIlk
n—mn 2 1
S Ve v o 3 ) - [ @
k=1 1€ oy

— \/T{\/ﬁ(;nr(x) + v72G1a7(x)}
N n—ng {\/aGmT(x) + \/@qu-(;c)} . (4.10)

n

The following lemma shows the convergence of 23 15 with & as mixture proportion.

Lemma 4.3. For any integrable function h(x) satisfying Vare [h(X)/qa(X)] < 0o for

every oy € [0,1 — 4], it holds that

1 -~ ) EiR h(z)dx
n; / ’

qa (i)

1~ hla) Sz | £ : V| )
ﬁ(n;qa(xi) /h( )d)aN(O,; Y k[qa»«(X)D‘

where Vary, denote the variance under distribution density qi(z).
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Proof. We only need to prove asymptotic normality since it implies the consistency.

Using decomposition (4.10) we have
vr (le z"; qf;(éf?) _/ h(m)dx> - \/T {WGH (q];((xx))) Vet <q];(g)> }
T e (M) (2

The asymptotic normality will be implied by showing that the first two terms in (4.11)

are of order 0,(1) and the remaining is asymptotic normal.

For the first two terms, we prove that the collection of functions {h(2)/qa()} 4, c(51-0]
is a Donsker class under either probability measures ¢; or go by verifying the three condi-
tions in Van der Vaart (2000, Example 19.7). In fact, the parameter « is in a bounded
set; |h(x)/qa, () — h(x)/qay ()| < |m(x,a1,a2)| - |1 — ag] for every ag,as where
m(z, o1, a2) = h(2)9(2) /(o (T)qay (@), and [ |m(z, a1, a2)|?qr(x)dz < co. By Van der
Vaart (2000, Lemma 19.24) and Lemma 4.1, we have G1x(h/qa) = Gik(h/qax) + 0p(1),
k =1,2. Then by Central Limit Theorem and ng = o(n), the first two terms in (4.11)
are of order op(1).

For the last two terms, similarly, we argue that Gax(h/qa) = Gar(h/qax) + 0p(1)
by a modification of Van der Vaart (2000, Lemma 19.24) to handle random sample
size. In fact, the key condition for his results, namely weak convergence of Gax(h/qa+),
is guaranteed by Van Der Vaart and Wellner (1996, Theorem 3.5.1). Then by the
independence between &; and observations in {xi}?:no 41 and an extension of Chow

and Teicher (2003, section 9.4), we have

) h(X)
Ga1(h/qa) £ N Var, [qa*(X)] 0

Gaa(h/qa) 0 Varg [QZE)&)]

2L) + VG ()

5N (0 Zk Lo Vary [%] ) Therefore the lemma holds. O

and by Slutsky’s theorem, /a1 Ga1 <

In the above proof, only the consistency of « is used. If a is replaced by other

consistent mixture proportion, the convergence properties still hold.
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Corollary 4.1. For any « satisfying « i a*, it holds that
1
/ W
n ¢
1 <~ h(z) / e . [ h(X) ]
n|— — [ h(x)dx )| = N[0, aVar .
“(ZH “ ) ( 2V |0

We also need the convergence of E in Z vmre(a) where

¢= argénin > log [ga(wi) +¢Tg(x)]

i=1

Lemma 4.4. The following convergence properties for Z hold:

2 *
E P and viE £ N<0’ Doke1 o Varg [g(X )/qa*(X)]>_
< Ve (f 9(2)2/ o (x)dz)®

Proof. The random variable \/ﬁz is the minimizer of convex function
P(s) =Y i log (ga(z;) + g(x)s/+/n). By verifying the condition of Hjort and Pollard

(1994, basic corollary), we have the expansion

\/HZ: 2y g(@i) /qalx)

fg 2/Qa )dx - Op(l)

and then the convergence of Z follows by Lemma 4.3. By Taylor expansion around 0,

we have

1 - ZT; 1 & €T, 2
Zlog Qa *751 {\/ﬁz g( ,))}S_ {%z;q‘i((x?)g}52+Rn($)a

— da (xz

1 <& )3 _ _
where R, (s) = { Z 9(z ) } s3 and &; is between &; and & + s/\v/n.

For fixed s, & Lot by a L. a*. Then R, (s) i) by Corollary 4.1, and condition of
Hjort and Pollard (1994, basic corollary) holds. O

~

Proof of Theorem 4.1. By Taylor expansion of n=t>"" | g(z;)/(qa(xi) + (g(x;)) = 0, ¢
can be expanded as

LS o) /aa() |
i 9(@)?aa(@i)? + ¢ 5 Xy 9(xi)3/ (aa(xa) + Cglai))?

= 5,/S4g, Where ¢ is between 0 and 5

(=



54

By Taylor expansion, we have

n

= - 1 m(x;)
Z a) = — — —
M) = G Dar(en) + (G~ Do)
= Sr — (Syg Srg — B) Sy, (4.12)
1 = 7(z3) — B*g(x) 1 ¢ m(xi)g(xi)
where S; = — , Sng = — = ,
" ; Ga (i) n ; (ga(zi) + Cg(w:))?

and C is between 0 and Z .

Since & o, ¢ > 0 and qg () + Cg(wi) = a5 ¢ _¢) (@), we have

W(X)—ﬂ*g(X)])’

N(0,Vargx
( |: Ja* (X)
X

S. 5z, (S, —2) >
9(X)
(10/‘()():|)7

ez = Cover [qi:(ég )’ qi%z J o Spg = Vara: [qziﬁ )] '

VnS, £ N(0,Vargs [

by Lemma 4.3 and Corollary 4.1. Then plugging the above results in (4.12), Slutsky’s

theorem gives that

Zurp(@) L Z andy/n <2MLE(5t) — Z) = N(0, Vargs [W(X) — B*Q(X)] ).

o (X)
Similarly, the consistency and asymptotic normality of 7 Reg(a) hold by the decom-

position

Proof of Proposition 4.1. Denote G, 7(x) = /n [n=' 37" | 7(2;) — [ 7(x)qa(z)dz]. By

1=
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(4.12) and Taylor expansion around of we have

{G"W(x)q;g:;g(x)} 7G50 =
e
{Gn )9z )2}(a1—a{)2+o<1n (?Jr\/%f)
i

Z ( ) (xz)/Qa(xz)z 9_ n 1 ZZ 19(%) /Qa(xi)z
fg 2/qa (v)dx fg /qa r)dz .

Zyrp(a) — Z

+

-

n
1

Bl

i E‘ - §‘

where 8 =

Note that Sg_ngﬂg —-pB* = 5— B* + o(1/y/n) by Taylor expansion. The expansion of a;
in Lemma 4.2 can be plugged into the above equation. After some algebra and note
that 1/v/n < ng/n + 1/ng by the inequality 2ab < a? + b?, we obtain the expansion of

EMLE(&) as follows:

oo

n?;tor {Gn (m(z) ;jzig))g(w)}(% _QTH\/n%\/ﬁ _ {Gn (m(x) ;ﬁigf))m)}f‘”ﬂ
N noi/ﬁ {Gn (7 (x) —qaﬁ:‘(gx()frg))g(:v)2 e (m(x) ;aﬁ*’;igf))g(ﬂc) 'Bno}
e o) ) a3

=2+ 0@ + (@) + o (") o () (4.13)

where Ay, = (1,0) - V710 /2, By, = (1,0)- V! ((17 — V)WV 2 + /W) ,
&) = L o m(@) = Bg(z)
M) = T )
no (m(x) = B*g(x))g(x) o
v e (RS
1 (m(x) — B*g(x))g(x)
 Vov {G" 4o (2)? }A’“’

1 (r(z) = B*g(x)g(x)* o . (n(x) = Bg(x))g(z)
* noy/n {G” o (2)? Ang = Cn o (z)? Bno}

1 {Gnqziﬁ)} {VaE-p)}.

and ga(a) =
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The expansion of 7 Reg(ax) follows similarly, except the definition of B is changed to

5 _ Covlr(X)/4a(X). o(X) /a5 (X)) {2 Var [g(X)/aa(X >]}_

[ 9(x)?/qo- (x)dx [ 9(x)?/qo- (x)dx

O]

Proof of Theorem 4.2. The calculation of moments of Z* involves calculating the mo-

ments of (4.13) including

k1 ko
l n hl(xi) B hl(l') ()dx i O h2($i) _ ha(x) 2)dx 2 px\ks
E (n;qa*(g:i> /qa*(x)qa( )d ) (no ;qa*(xi) /qa*(x)q7( ) ) 7=7)

for functions hi(x) and ho(z), k1 = 1,2, ko =0,1,2 and k3 = 0,1, 2,

From (4.13), note that the calculation of £ [2 *— Z] involves calculating the cases

of ky = 1. For (ky, ko, k3) = (1,1,0) and (1,2,0), by plugging in the decomposition

%Z th*((xxl)> - / th*((a;)) qa(x)dx B % (nl Z hl(wZ)) - / . (:U)) qw<x)dx>
— da i fe %

0 dor (sz Ja+ (3:
n —ng 1 = hi(x;) B hy(z) Vd
i n (n_n() ; o (3) /qa*(x)qa( )d >’

(4.14)

the expectations are of order O(1/n) and O(1/(ngn)), respectively, by the law of iterated
expectations conditioning on {z;};°,. For (ki, ks, k3) = (1,0,1), the expectation is of
order O(1/n) by the inequality 2ab < a? + b? and the fact E [\/ﬁ(é - ﬂ*)] ’ < oo. For
(k1, k2, k3) = (1,0,0), the expectation is 0. Therefore E [2* - Z} = O(1/n).

From (4.13), note that the calculation of Var [2* — Z} involves calculating the
cases of k1 = 2. For (ki,ko,k3) = (2,0,0), (2,1,0) and (2,2,0), the expectations
are of order O (1/n), O (ng/n*) and O (1/(ngn)), respectively, by (4.14) and the law
of total variance conditioning on {z;};°,. For(ki, ke, k3) = (2,0,1) and (2,0,2), the
expectations are of order O(1/(ny/n)) and O(1/n?), respectively, by the inequality
2ab < a® + b? and the fact E [\/ﬁ(ﬁ— B*)r < 00. The other terms are dominated by
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O (no/n*) + O (1/(ngn)). Therefore by noting that 1/v/n < ng/n + 1/n,

Var [2 . Z} - %Var [an(x)—,@’*g(x)] i) <1> i) (%) .

o+ (z) nno
Again by (4.14) and the law of total variance conditioning on {z;};°;, some algebra

gives that

Ly [, 7oLt

Gor ()
—o3e)+ 2 {var, (M=) g3y}
F—(1— %) {Varl (W) ~ Vary (M) } E(@ — o) (4.15)

dor () Jar ()
o3(a’) +0 (29) +0 <1> .

3

S~ 3

~
~

S|

nno

Therefore Var [2* — Z] = LoZ(a*) + O (no/n?) + O (1/(nnyg)).

O

The proofs of Proposition 4.1 and Theorem 4.2 reveal the sources of the higher
orders O (ng/n?) and O (1/(nng)) in MSE [2*} —n~"to%(a*). These two orders come
from three sources which can be seen by investigating each term in (4.13) and (4.15).

One source is due to using pilot samples which leads to terms

and % {Varﬁ, (W) - J%(a*)} in (4.15),

and results in the order O (no /nz) When v = a*, these two terms are equal to 0
and thus they are derived from the difference between v and a*. Another one is the
variability of random coefficient of control variates which leads to the term

o A (Vi - 57} in 113)

o ()

This variability results in the order O(1/(ny/n)) which is also O (no/n?*) + O (1/(nng))
when ng = y/n, because 2/v/n < nyg/n+1/ng. The other source is the variability of es-
timated mixture proportion a which leads to all other terms in (4.13) and (4.15) except

the previous 3 terms and n~!o%(a*). This variability results in the order O (1/(nny)).
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For the asymptotic properties of figeg(ax) and finrre(c), the proof differs in two
aspects with that of ZReg(&) and Zyg(&). One is the M-estimator & contains an

estimated parameter 1 in the criterion function. The other one is the ratio form of

ﬁReg(a) and //ZMLE(&)
Lemma 4.5. a1 = aj asn — oo for ay defined in (4.7).

Proof. a7 can be equivalently obtained as a component of the bivariate estimator

[h(z)7 () —pm (z)—Bg(x)]?
da(7)g~(z)

(@, B) = arggnig ngt S0 plas an, B, ), where p(z;aq, B, 1) =
a1,B€

-~

and © = [§,1 — 0] x R. The proof of consistency of (@i, ) contains two steps.
First, although the domain of §8 is unbounded, B\ stays in a compact set almost

surely when n — oo, because

1 y~no  (W@a)m(zq) —pim(@i))g(w:) L 5o (lh(wi)ﬂ(wi)\ + \ﬁﬂ(ﬂ»‘i)\>%

I~ ng £wi=1 a(@i)a(xs) no £—i=1 a~ (i) G~ ()
18] = |— . 5 | < .

1 g(z:) 1 N\ g(z4)

e i e no 2=l (@i (@) aa (e )y (@)

and the RHS converges to a constant almost surely since i — p almost surely. Then

~

the consistency of (a1, ) and the minimizer (a7, B') restricted in some compact set

C C 0, i.e. argmin nal Yooy p(x; on, B, ), are equivalent since P((ay, 3\) eC)—1.
a1,peC

Second, the consistency of (&, B') and the minimizer with 7i replaced by p, i.e.

argmin n ! o p(x; aq, B, 1), are equivalent because
ay,BeC

1 & 1 &
sup I%Zp(x;al,ﬁ,ﬁ)—n*OZp(fv;al,B,u)l
=1 i=1

ay,8eC
R 0 7(x;)? . 2 h(x;)m(x;) — Bg(xz;))m(x;
(7 ) max L ) ma 2 52 (et ~ Ba)r(e)
1,860 N oy (1) Gy () a1,8€0 M0 S— o (i) Gy (4)

—0 almost surely,

and the argument similar to Van der Vaart (2000, Theorem 5.7). Then since the

consistency of argmin nal o0 p(x; o, B, 1) holds by replacing () in Lemma 4.1 by
a1,8eC

h(z)m(x) — pmw(z), the consistency of (ai, ) follows. O

Proof of Theorem 4.3. The consistency and asymptotic normality of fiyrp(a) follow



the extension of proof of Theorem 1 to random vector

/i li ham(@)/aze | JM&)7T(@)/qar (x)dz
i m(@:) /A5, ¢ J 7(2)/qa- (2)dz

and the delta method. The proof for jirey(cx) is similar.

Variance Matrices for a

Denote

(@) - BTV e)e@)T
Tiw = / dor- (7)o () o

A = Ino — Iiao Iy 1120, B = To10 — Ti20I530 1120,

C = I — 2033115101120 and D = I3z — 2I991 150 120-

When estimating Z, (Qa, - - - @) has the asymptotic variance matrix

1
N (AT'CA™! = 215,I10B™'DA™Y).

59

When estimating p, similar expression can be obtained by replacing m(x) in Iy by

(h(x) = p)m ().
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Chapter 5

Efficient Sequential Monte Carlo with Multiple Proposals

and Control Variates

This chapter proposes a novel algorithm to tackle the limitations of SMC proposal
design mentioned in sections 2.2 and 3.2.3, using particles generated from a mixture
proposal distribution and sample weights constructed by Tan (2004)’s control variate
approach. For the problems of infinite variance and multimodal target density, the
bounded variance can be guaranteed by including proposals with heavier tails than the
target distribution, and multimodality can be handled by including proposals to address
the multiple modes separately. For the problem of not considering the target function,
it is dealt with by constructing control variates and proposals which incorporate the
target function in the construction. Unlike the direct use of control variates, they are
included in the resampling step which results in significant improvement and the better
performance of mixture proposal over individual proposal. The guidelines for selecting
component proposals and control variates are given. The theoretical framework of the
algorithm is constructed and the asymptotic results show that the new algorithm is
more efficient than the naive implementation of multiple proposals and control variates
in SMC, and can be expected to increase the efficiency significantly over the standard
SMC methods. Its effectiveness is illustrated through numerical studies on the AR(1)
model observed with noise which is a benchmark model since all sequential distributions
are analytically available, and the stochastic volatility model with AR(1) dynamics

which is widely used in economics and finance.
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5.1 Likelihood Based Mixture SMC

5.1.1 The Algorithm

Given p proposal densities qi(2n|Z1:n—1), -, gp(Tn|T1:n—1) and the auxiliary variable
n(zo.n) for every n. For tg < n, let qx(zio+1:m|T1:40) = H?:to-l—l qr(x¢|r1:4—1) for k =
Lup, 9(Toriml@ia) = (@1 — g2 @1 — @) (Tag+1n|T1:00) a0d Go(Trg11:0]21:4,) =
Zi:l gk (To+1:m|T1:,) With mixture proportion vector & = (a,- -+ , ). The follow-

ing algorithm is proposed to utilize multiple proposals and control variates in the SMC

framework:

The likelihood-based mixture SMC (LM-SMC):
At time n, assume particles {55(()]%71}?[:1 and indicator sets Iy, -- , I, are available

where UY_ I, = {1,--- , N'}. Let ng be the last time of resampling. For j € I,

G

1. Mutation: Generate 2y from the proposal g, (mn\xo n_1) and let x( ) = (7, 7\ )

Loin—1>Tn

(4)

2. Correction: Assign x., with weight

()
o) — (26 . (5.1)

Tog <xéfio>n<fé€'io> (a2 10 75)) + Cogla n3+1 760

where (,, = argmaleog [qa( ifoﬂ n\:co no) + CT ( n0+1 n|x0 no)] .
j=1

N

3. Selection: If the condition for resampling is satisfied, resample {xo ", according

to {n(xé{%)véﬁ}  to obtain new particles {:B(()]T)l j=1, and divide {1,--- , N} with

equal probabilities into new indicator sets Iy,--- , I, satisfying #I; = o, N; If
(J) _

resampling is not needed, let z éZL

After the correction step, estimate u, by

ﬁ :Zj\flh(()) (J)
n,MLE N (]) .

2 j=1 Vi

Remark 5.1. The novelty of this algorithm is that the control variates are included

in both the resampling and estimation. Another way of implementation is that in the

).
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generalized SMC method, estimate y, by Owen and Zhou’s estimator jireq4 as following
N 9,0 2T (9)
Zj:l (Jjn ) Wn, Tlng( n0+1 n‘xO no)/qa( n0+1 n‘xO no)
N .
i [wff’ G T I VNG ,m)}

~ —— = h . — o n
where T1, = Var {g] Cov [ T ’g} , Ton = Var [g] Cov [W g] .

Qo TnoCla Yo Qo Tno Cla ’ Qo

ﬁn,Reg = (52)

We call this the regression-based mixture SMC (RM-SMC). It only uses the control
variates in the estimation without changing the distribution of particles. Actually the
regression approach can also give proper importance weights for each particle, but
they are not necessarily positive and hence cannot be directly used in resampling.
The likelihood approach give positive importance weights, incorporating the effect of
control variates. The asymptotic results in the next section show that this makes the

new algorithm outperforms both the generalized SMC method without control variates

and the RM-SMC.

Remark 5.2. In the algorithm the particles are mutated within each group and only
“mixed up” at the time of resampling. Hence the proposal distribution of 1., is the
mixture of p distributions and the number of control variates in g is p — 1. Since the
likelihood approach requires the control variates to be compatible with the component
proposals, such an implementation can avoid the situation when too many control

variates are needed and the optimization for Zn is computationally expensive.

Remark 5.3. For generalized SMC method, the control variates S(x1.,) need to satisfy
[ S(x1:0)7) (0.0 )dx0:, = 0 in order to make the estimator asymptotically unbiased,
which makes the construction of S(x1.,) not straightforward. The new algorithm does

not require extra effort to construct control variates and is easy to implement.

5.1.2 Theoretical Results

Here the central limit theorems (CLT) for [i, aprr are presented, similar to that in

Chopin (2004). For simplicity, only the scheme of multinomial resampling at every step

is discussed. Let U(]) = n(x((ﬁi)vgj) being the weights used in resampling, 7, (xg.,) =
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N(zom )7 (20.n) being the unnormalized new target density after resampling with the
auxiliary variable, 7 (z0.,) = e, 'Tn(20.n) Where e, is the normalizing constant, and
Ty = f h(z1:0)7 (20:n)dzo.n. We assume the following conditions:

(C]-,) f|h(x1:n)|7r;;(x0:n)dfr0:n7 f’h(xlzn)’%:L(xO:n)de:n and

f |h(x1:n)|7A7f;kL_1(xO:nfl)Q(x(xn’xo:nfl)dzv():n < 00;

(C2°) Er:|h(z1:m)* and Ez.

h(z1.,)]? < oo;

(C3’) Let ®( to be the set of square integrable functions with respect to mo(zg) and
{h 0, - R

o

* 2
T‘-n 7rn
E * _1qa [ﬁh} < oo, E * 1« |:7~_r*7hi| < oo,

n—19c n—19a

E,, [%* |0 1] € ®,_1 and E, [%* |0 1] € d, 1} Then h € ®,,;
(C4’) The unit function I, : ©,, — 1 belongs to ®,,.
(C5) Varz:q, (q%) < oo and is positive definite;

(C6) [ g(zpn|zom—1)dzs = 0.

Let ag,o(h) = Varg, [h] and recursively let

U%,n(h) = Ug,n—l(Eqa [Alzo:n—1]) + Bz | (Varg, [hlzon-1])

0_% (h):U% (~ *($On)(h_ﬂn) o Ti)
" " 7T;: 1(110” 1)Qa(xn’x0:n—1) " do ’
h — i) ~T g
T5n(h) =0 n(= a0 (h = i —B,—)+ Varz (h),
Sm( ) 1,71(7.(. 1(1:071 1)qcz(xn’«730:n—1) IBn qa) "( )

where

:]

B, = Var [W]lg[ i (20:0) (0(1:n) = i) g(xnmm_l)}

Jo(Tn|Tom—1 _1(om—1)ga(Tn|o:n-1)" ga(®n|T10:n-1)

T (o) (M 1:0) — Fin) g($n|$0:n1)]
( .

1(@om—1)ga(Tn|Ton-1)" qa(Tn|To:n-1)

and B, = Var [g (””"|$O:"1))] " Cov [

qct(l’n‘l'O:nfl

>n

Theorem 5.1. Suppose conditions (C1') — (C4"), (C5) and (C6) are satisfied. Then

for any n, o3, (h) and o3 ,(h) are finite and
VN (e = in) = N(0,03 ,(h), (5.3)

[ Zh un] = N(0,03,(h). (5.4)
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Specifically,

o'% (h) — Z/ [WZ(ZIJO:t)(Mt(ﬂ?O:t) - Mn) - ﬂg;l%:_l($0:t71)g($t|$0:t71)]2

— dxo, (5.5
;1 (20:4—1)0a (2| T0:t-1) o, (5:9)

where

B, = Var [g($t|$0:t1))] - o [ T (wo:) (e (To:t) — pin)  9(2t]T0:0-1)

Jo(Tt|T0:t—1 71 (20:—1)qa(Te|T0:t—1) " ga(@i|T0:0—1)

and 75 (zo) = mo(xo).

The first four conditions have been used for the convergence of auxiliary particle
filter and analogous to the conditions for the basic SMC method. (C1’) and (C2’)
depend on the model and target function, and in practice are usually satisfied. One

sufficient condition for (C3’) and (C4’) to hold is

P(Tn|2n—1)p(Yn|zn) and N(20:0)P(Tn|Tn—1)P(Yn|Tn)

are bounded from above,
N(%0:n—1)da(Tn|T0mn—1) N(Z0:n—1)da(Tn|T0on—1)

(5.6)

which can be satisfied by including heavy tail component proposals. Unlike (C3), only
second moments are required in (C3’). See Cappé et al. (2005, Theorem 9.3.7) for this
weaker condition. Condition (C5) ensures that the optimization for MLE weights Z gives
stable results. Condition (C6) is necessary for o*%m(h) to have the clean expression in
Theorem 2. It is automatically satisfied in LM-SMC and is stated here to emphasize
the requirement for control variates.

The analytical form of U%,n(h) clearly demonstrates how the control variates take
effect in two aspects. First, every term in the asymptotic variance contains the con-
trol variates, which is resulted from including control variates in the resampling step.
Second, the coefficient vector for control variates is optimal for every n despite the
target density for each term changes as n increases. This is due to the fact that in the
likelihood approach, the estimated coefficient vector Zn does not depend on the target
density, and hence the same sample and coefficients can be adapted for different target
density automatically. Therefore, LM-SMC outperforms the generalized SMC method
without using control variates. Since the RM-SMC only includes the control variates in

the estimator, its asymptotic variance only have them in the last term, which is shown
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in the technical proof. Therefore, LM-SMC also outperforms RM-SMC.

5.1.3 The Selection of Component Proposals and Auxiliary Variable

The choices of component proposals ¢1,--- , g, are critical to the performance of LM-
SMC. As mentioned in Section 3.2.3, a reasonable strategy is to minimize the last term

of the asymptotic variance which is

dxo;n. (57)

/ [W:(xo;n)(h<l‘1;n) - Mn) - IBan(«'En’xO:n—l)%Z—l(xO:n—l)}2
%:1—1(wO:nfl)Qa(xnp?O:nfl)

By the theory of the likelihood approach (Tan, 2004), (5.7) is equal to 0 when 7} (h —

fn) is a linear combination of 7 _q1,--- ,7,_;qp. This property suggests to choose
qi, - ,qp and n(zo.n,) such that w7 (h — py) is close to some linear combination of
%:;—1(]1, T a%;;—lq;lo' Since 7T;.;(xO:n)(h(xlzn)*luln) X 71-:rkL_l(fL'O:nfl)])(5571|1/‘nfl)p(yn|xn)(h(xlsn)*

lin), the construction of component proposals can be done by approximating and decom-
posing p(xp|Tn—1)p(Yn|zn)(h—py). Specifically, one can approximate p(y|xn—1)p(Yn|2n)
by n(zo.n—1)q(Tn|To:m—1) Where n(zo.n,—1) is a positive function and q(x,|xe.n—1) is a

probability density, and find a decomposition

P
(@0 1) (M(@1m) = i) = ckTk(1:0-1) Qe (Tn]T0:m—1) (5.8)
k=1
with real functions i (2o.n—1), densities gx(zn|20:n—1) and constants c. Then gy, -+, gp

and 7(zo.,—1) can be selected as the component proposals and auxiliary variable.

Meanwhile, to ensure the sample weights have bounded variance, one can include
a heavy tail component proposal and add a positive constant into 1(zg.,—1) to have
n(xo:n—1) bounded away from 0, so that the sufficient condition (5.6) is satisfied. A
simple choice of the heavy tailed proposal is the prior density p(z,|x,—1).

The above strategy can be illustrated using the state space model

Ty = 51(Tp—1) +€n

Yn = S2(zn) + €n, (5.9)

with normal £; and e; and nonlinear function sy(z). Suppose the target function h(z1.y)
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is Ty,

Let log(p2(yn|zr)) be the second order Taylor expansion of log(p(y,|x,)) around the
mode of p(yn|xn), ¢2(n|Yn, Tn—1) be the normalized p(z,|Tn—1)p2(Yn|zn) and r(z,—1)
be the corresponding normalizing constant. By approximating the center of normalized
P(Tn|Tn—1)p(Yn|Tn) by q2(zn|Yyn, xn—1), controlling its tail by p(zn|r,—1) and adding a

positive constant ¢ to r(x,—1), p(n|Tn—1)p(yn|zn) can be approximated by

n(xO:n—l)Q(xn‘xO:n—l) = [r(wn—l) + C] [71q2(xn’yn7 xn—l) + 72p($n‘$n—1)]7 (510)

where the values of v; and 7s can be arbitrary. The value ¢ should not be too large

or too small compared to r(z,—1). The expectation F, =

n

_,4a|"(Tn-1)] is a reasonable
choice and can be estimated by sample average.
Then the component proposal can be constructed as follows. Note that ga(zp, |yn, Tn—1)

is a normal density with mean 0(z,—1). Decompose q(x,|xo.n—1)(zn — tn) by

['71q2($n|yna 557171) + '72p($n‘$n71)] (mn - Hn)
= "N [xn - H(In—l)] q2($n’yn7 xn—l) + 7 [9(1,‘”_1) - Hn] q2($n’yn7 xn—l)

+72 [Tn = $1(@n—1)] P(@n|Tn-1) + 2 [51(Tn-1) — ttn] p(Tn|Tn-1) (5.11)

and use the following component proposal distributions: the normalized

[y — 9(:cn_1)]+ q2(xn |Yn, Tn—1), normalized [, — O(xn—1)]" @2(Tn|Yn, Tn-1),

q2(zn|Yn, n—1), normalized [z, — sl(xn,l)]+p(a:n|xn,1), normalized

[€n, — s1(xn-1)] p(xn|xn-1) and p(x,|z,—1). All of them can be sampled directly
(Weibull distribution or Normal distribution). When the mixture proportion for p(x,,|z,—_1)

is non-zero (ag > 0), then (5.6) is satisfied by the fact that n(zg.,—1) is bounded and

n(xO:n—l)th(xn |x0:n—1) > 0460])(-7«'71‘3771—1)-

5.1.4 The Selection of Mixture Proportions

In (5.8), some proposals may be computationally expensive to sample from. The prob-

lem can be circumvented by setting the sampling proportions of these proposals to 0
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and only sampling particles from a subset of ¢1,- - - , ¢, while keeping the control vari-
ates g(xn|To.n—1) the same. This is a reasonable strategy since, when 7 (h — ) is a
linear combination of 7} _,q1,--- ,T):_,qp, the variance in (5.7) equals to 0 even if some
a; are 0. Such a strategy allows more flexibility in decomposition (5.8) to include terms
which are easy to be normalized but difficult to sample from. The values of nonzero
proportions can follow some heuristic rules derived from experience or interpretation of
proposals. Equal proportions are often a good starting point.

The strategy raised the question of whether sampling from a subset of q1, - - - , g, will
decrease the estimation efficiency and offset the saving of computational resource. It has
been noted that when the sample coverage is not of a major concern, the improvement
by the likelihood approach mainly comes from the use of control variates. Therefore in
practice, one can construct several easy-to-sample proposals to cover the high likelihood
area of the target density with some additional more sophisticated proposal densities
as covariates to achieve more accurate approximation. We illustrate this observation
through the following example in importance sampling, though similar features can be

seen in SMC as well.

Example. Suppose a random vector X = (X1, , X19) follows
10 10
(@) = 8] e(ap) + 2] ] talap),
p=1 p=1

where ¢(z) is the standard normal density and ;(x) is the student t density with
degrees of freedom ¢. This distribution is used in Tan (2004). The target of interest is
the expectation = F [f(X)] under w(z), where f(x) = Z}fil xp,/10. Here we compare
four estimators to illustrate the effects of setting some mixture proportions to 0.

The first two estimators are based on the proposal choices in Tan (2004). Let
q(@) =12 ¢(xp), 2(®) = [1,0y Ya(ap), 91(%) = 1 () —ga(x) and ¢5.2(z) = 5y (z)+
5ga(x) where gq 1 (x) denotes the mixture of k proposals with proportions a. Among

the component proposals, q; approximates the center of m and gs controls the tail of

7. Suppose {z;};_, are generated from ¢so(x) in stratification. Then IS and Tan’s
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likelihood approach give the estimator

ip, = S flas)m (@) /g5,2(2:)
T Xim(@i)/gsa(@)
_ Yoy flaa)m(zi)/ [Q.s o(x;) + ZP20191(:1:1')}

S (@) [as2(@) + Crcii ()]

where ZP2C'1 = argmax y ., log (¢52(x;) + (g1 (x;)) and ip,c; denotes the estimator
with k& sampling préposals and j control variates.

The third and fourth estimators are based on more sophisticated component pro-
posals following the discussions in Li et al. (2012) which suggested to decompose an
approximation of (f(z) — p)m(x), similar to the discussions in Section 5.1.3. By ap-

proximating 7(z) with the mixture of g;(z) and g2(z) as in the first two estimators,
M anp | m(x) 10 pr ) [nar (@) + 7202(z)]

_ZTlpCL' d(zp) qu x;) ZTgpxpgb Tp H¢ ;)

1#p i#p
+ Z 73p$;¢2 (-Tp) H o (xz Z TapTy @Z)Q Tp H @02 sz
p=1 i#p i#p

+ T5q1(x) + Teq2(2),

with constants 71, v, 71,...,7g. Therefore we choose the following component pro-
posals: quj+ (@) o< at o) [T, 0(w1), @y (@) o 27 6(a;) T, 4, 6w,

Qi+ (@) o¢ @ o)) [Tigy Ya(i), qo—(x) oc x5 ha(ay) [Tz v2(ai), for j = 1,...,10
and ¢1(z) and g2(z). There are total 42 component proposals and all can be sampled
relatively easily. Let gq 42(z) be the mixture of these component proposals with equal
proportions and g(z) be the corresponding vector of control variates. Suppose {z;}
are generated from ¢q 42(2) in stratification. The likelihood approach gives the third

estimator

Sy f@m (@) [dan@) + Cpucna(@)]
S 1@/ [dai2 @) + Cpucy ()|

KPyCyy =

)
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//ZPz ﬂPZCl ﬂp42041 ﬂP2C41
MSE 14F -1 14F -1 41F -3 b5.0F -3

Table 5.1: Comparison of the four estimators in example of Section 5.1.4. Simulation is replicated for
1000 times independently and each replicate uses 4000 draws. The mean square errors are reported.

where ZP42041 = argznax Sy 1og (qaaz(@i) + T g(x)).

The fourth estimator is constructed by setting the mixture proportions of all com-
ponent proposals except ¢i(x) and g2(z) to 0 in fip,,c,,, which means the sample is
only generated from ¢ () but the control variates g(x) is still the same. This gives

the fourth estimator

S F@)m(@)/ [a52@) +Cpeyg(@s)]

Sy (@) [a52@) + Cryc9(@i)]

HPCyy =

)

where ZP2041 = argmax y_;_, log (¢52(x;) + (Tg(z;)). Note that fip,c,, has a bounded
variance since the }feavy tail proposal ga(2) is included.

The mean square errors (MSE) of these four estimators are reported in Table 1.
it can be seen that up, and lip,c, have similar MSE, indicating no improvement by
a control variate gi(x) without considering the target function f(z). When control
variates constructed using the information of f(z) are included, the resulted estimator
p,c,, improves the MSE of fip, by more than one order of magnitude. If the sampling
proposals also use the information of f(z), the resulting estimator iip,,c,, improves the
MSE of ip,c,, by about 20%. It shows that the main contribution of improvement

comes from the control variates instead of proposal distributions.

5.2 Numerical Studies

Here we present several examples to illustrate the performance of the new algorithm. In
these examples, the target function is x,, i.e. the posterior mean of state is of interest.
We compare five methods: The bootstrap filter (BF), auxiliary particle filter (APF),
the generalized SMC method without using control variates (GSMC), regression-based
mixture SMC (RM-SMC) of (5.2), and likelihood-based mixture SMC (LM-SMC). The



70

generalized SMC used here does not include control variates due to the difficulties
discussed in remark 5.3 of Section 5.1.1. In all examples, systematic resampling (Car-
penter et al., 1999; Douc and Cappé, 2005) is used at every step and the simulation is
replicated 200 times independently, and each step uses 2000 particles. The trust region
optimization algorithm (Nocedal and Wright, 1999) is used for calculating MLE weights
in all examples. The average of mean square error over 100 steps, i.e.

100 200

MSE,, where MSE, = — Y (i — j1t)?,
tz:; t, where t 200;(% Ht)

1

MSE = —
100

where [i; is the estimator at the t, step of 4y, replication and pu; is the theoretical
posterior mean of z;, and the comparison between LM-SMC and the ;;, method with

consideration of computing time, i.e. the ratio

_ MSEryvi—smcToyv—svc
MSE;T; ’

)

where T is the computing time, for ¢ = 1,--- ,4 are reported.

5.2.1 AR(1) Observed with Noise

Consider the following process

Tn = QTn_1+En, €, ~ N(0,0%)

Yn = Tn+ M, nnNN(O71)

It is often used as a benchmark model for comparing SMC methods since all se-
quential distributions are analytically available through Kalman filter. The density
p(zn|Tn—1,yn) is normal and n(x,—1) = 7 (Tom—1)/Tn—1(To:n—1) can be evaluated.
Therefore the “perfect adaption” of the auxiliary particle filter (Pitt and Shephard,

1999) can be achieved.
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Construction of Component Proposals

For the mixture methods, the component proposals can be obtained by the following

decomposition. Denote the mean of p(x,|Tn—1,yn) by On(xn—1). We have

P(Zn|n—1)P(Yn|Tn) (@0 — fin)
= 77(‘7771—1) [(xn - Hn(mn—l))er(mn‘xn—la yn) + (xn - en(xn—l))ip(mn‘xn—la yn)

+(On(n-1) = tn)P(Tn|Tn—1,yn)] .

Then we can use 7(x,—1) as the auxiliary variable, and the following component propos-
als: p(zn|Tn_1,yn), normalized (z,, — 0y (2p_1)) p(2pn|Tn—_1,yn) and normalized (x, —
On(xn—1))"p(Tn|Tn-1,yn). All proposals can be sampled directly and equal mixture

proportions are assigned to all component proposals.

Results

The five methods are compared under different signal to noise ratio (SNR) settings.
The values of parameter ¢ are set to be .7, .8, .9 and ¢ are determined so that the
SNR of the process is controlled at 10, 1 and .5. For each setting, a series with length
100 is generated as observations. Results are listed in Table 2 and the trajectories of
MSE for all five methods are given in Figure 1. From Table 2, several observations can
be made.

In all cases, LM-SMC have the smallest M SE and the improvement over the others
decreases as the value of SNR decreases and the value of ¢ increases. For the SNR=10
case, considering the computing time, LM-SMC improves BF, APF and GSMC by over
85%, except for GSMC when ¢ = .9, and RM-SMC by over 18%. For the SNR=1 case,
considering the computing time, LM-SMC also have improvement over the others for
¢ = .7 and ¢ = .8 but the improvement is much smaller compared to SNR=10 case. For
the SNR=.5 case, the MSE decrease of LM-SMC is not significant with consideration
of computing time and therefore has similar or worse performance compared with the
others.

The above trends are due to an interesting phenomena. As SNR increases or ¢
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SNR=10 ¢=.T,0=23 ¢=.8,0=19 ¢=.9,0=14 Time sec
BF 2.2F — 3(.006) 1.0E —3(.019) 9.1E — 4(.050) 44
APF 44F —4(.031) 4.1E —4(.045) 3.8FE —4(.11) 46
GSMC  1.1E—4(.099) 1.1E—4(.14) 1.1E —4(.31) 57
RM-SMC 9.7FE — 6(.82) 14FE —6(.76)  3.2E —5(.78) 78
LM-SMC 6.4F —6(1.0) 88E —6(1.0) 2.0E—5(1.0) 97

SNR=1 ¢p=70=.7 ¢=.80= ¢=.9,0=.44 Time sec
BF 47E —4(.34)  3.6E —4(.53) 3.7TE —4(.78) 44
APF 29F —4(.54) 2.5E —4(.74) 2.5E —4(1.1) 46
GSMC  14E —4(.90) 14E—4(1.0) 1.7E—4(1.3) 57
RM-SMC 9.8E —5(.93) 1.2E—4(.95) 15E —4(1.1) 78
LM-SMC 7.3E —5(1.0) 88E—5(1.0) 1.3E —4(1.0) 97

SNR=5 ¢=.70=.5 ¢=.80=.42 ¢=.9,0=.31 Time sec
BF 3.5E —4(.70)  3.1E—4(.90) 2.0E —4(1.4) 44
APF  23E—4(1.0) 22E—4(1.2) 17E—4(1.6) 46
GSMC 1.5F —4(1.2) 16E—4(1.3) 1.6E—4(1.4) 57
RM-SMC 1.3E —4(1.0) 15E—4(1.1) 1.5E —4(L1) 78
LM-SMC 1.1F —4(1.0) 13E—4(1.0) 1.3E—4(1.0) 97

Table 5.2: Comparison of five methods in Example 5.2.1. MSE is reported and the ratio of MSE
multiplied with computing time between LM-SMC and the corresponding method is reported in the
parenthesis.

decreases, the average MSE of RM-SMC and LM-SMC decreases, while the average
MSE of BF and APF increases. Figure 1 also indicates that such phenomena not only
happens on the average values, but also on the whole trajectories. A possible reason is
that since the control variates of RM-SMC and LM-SMC fully explore the information
contained in x,, and SNR is a direct measure of information of x,,, under higher SNR
setting, the information of x,, is more significant and therefore gives the control variates
approach more advantage.

Finally, by comparing RM-SMC and LM-SMC, it can be seen that the difference of
their MSE decreases as SNR increases. It means in the asymptotic variance of LM-SMC
in Theorem 2, the last term contains more and more proportion, and then the variance
reduction brought by the historical terms becomes less and less significant. Therefore

the improvement of LM-SMC over RM-SMC decreases as SNR increases.
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Figure 5.1: Trajectories of logarithm of MSE for the five estimators in all cases of Example 5.2.1.
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5.2.2 Stochastic Volatility with AR(1) Dynamics

Consider the stochastic volatility model in Sandmann and Koopman (1998)

Tn = Qrp_1+ s Tn ™~ N(070—727)

e3¢, &~ N(0,1),

Il
qQl

Yn

where 7y and & are independent, ¥, is the demeaned return of a portfolio, and 7 is the
average volatility level. Due to the nonlinear structure of the observation equation, the
analytical form of p(z,|z,—1,yy) is unavailable.

For the APF method, Kim et al. (1998) and Pitt and Shephard (1999) suggested to
use the normal density q1(zp|Zn—1,Yn) X P(Zn|Tn-1)p1(yn|zs) as the proposal and the
corresponding normalizing constant as the auxiliary variable, where log (p1(yn|zy)) is
the first order Taylor expansion of p(yy,|z,) around ¢Z§V:1 :cfle/N . Since p(yn|zy) is
log-concave, pi (yn|zy) has heavier tails than p(yy|z,) and hence ¢ (z,|zn—1, yn) and the
auxiliary variable satisfy the tail requirement of the proposal distribution. In this exam-
ple we select q1(xn|Tn—1,yn) and p(zp|Tn—1)P1(Yn|2n)/q1 (xn|Tn—1,yn) as the proposal

and auxiliary variable for the APF method.

Construction of Component Proposals

For the mixture methods, let ga(zp|zn—1, yn) being the normalized p(x,|zn—1)p2(Yn|zn)
where log (p2(yn|xr)) is the second order Taylor expansion of p(y,|z,) around the maxi-
mum point of the observation likelihood, 7(z,—1) = p(@n|Tn—1)p2(Yn|Tn) /G2 (Tn|Tn—1, Yn)
and denote the mean of qa(2y,|Tp—1,Yn) by 8(zp—1). Smith and Santos (2006) discussed
the benefit of using g (zy|Tn—1,yn) as the proposal when there are extreme outliers in
the observations. One problem of ga(zp|Tn—1,ys) is that it does not have heavier tail
than p(zn|Tn—1)p1(Yn|Tn).

Since the stochastic volatility model is a special case for the example in Section
5.1.3, its construction of component proposals can be applied in here. The construction

gives the auxiliary variable r(z,—1)+c¢p,—1 where ¢,,—1 = Ep=

n—2

ga[T(zn—1)] and can be es-

timated by Zjvzl r(mgzl)/]\f, and the component proposals ¢ (zy|Tn—1, Yn), P(Tn|Tn—1),
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B ¢ = .900, ¢ = .950, b = .980, .
Cv=10 oy = .675,5 = 0165 o0, = .484,5 = 0164 o, = .308,5 = .0166 Time sec
BF 8.1E — 4(.54) 43E — 4(.78) 2.3E — 4(1.4) 53
APF 1.0E — 1(.003) 2.1E — 2(.011) 2.7E — 4(.80) 78
GSMC 5.1E — 4(.56) 3.6E — 4(.61) 2.6E — 4(.80) 81
RM-SMC 3.2E — 4(.58) 2.6E — 4(.54) 2.0E — 4(.67) 126
LM-SMC 1.2E — 4(1.0) 9.3E — 5(1.0) 8.7E — 5(1.0) 193
B b = .900, b = .950, b = .980, .
Cv=1 oy = .363,5 = .0252 o, =.260,5 = 0252 o, =.166,5 = .0253 Time sec
BF 92.7E — 4(.61) 2.2F — 4(.78) 2.4F — A(1.7) 53
APF 41E — 4(.28) 2.5E — 4(.45) 4.7E — 4(.60) 78
GSMC 2.3E — 4(.46) 2.0E — 4(.57) 2.3E — 4(1.2) 81
RM-SMC 1.7E — 4(.41) 1.6E — 4(.44) 2.1E — 4(.82) 126
LM-SMC 45E — 5(1.0) 46E — 5(1.0) 1.1E — 4(1.0) 193
B b = .900, b = .950, ¢ = .980, .
CV=1 oy = 135,57 = 0293 o, =.096,7 = .0293 o, =.061,7 = .0295 Time sec
BF 4.3E — 5(.36) 5.2F — 5(1.4) 3.4E — 5(1.7) 53
APF 3.9E — 5(.27) 45E —5(1.1) 3.2E — 5(1.2) 78
GSMC 4.4E — 5(.23) 5.2E — 5(.93) 3.8E — 5(.95) 81
RM-SMC 3.2E — 5(.20) 5.0E — 5(.63) 3.3E — 5(.71) 126
LM-SMC 43E — 6(1.0) 2.0E — 5(1.0) 1.5E — 5(1.0) 193

Table 5.3: Comparison of five methods in Example 5.2.2. MSE is reported and the ratio of MSFE
multiplied with computing time between LM-SMC and the corresponding method is reported in the
parenthesis. The theoretical posterior mean is calculated using Monte Carlo sample.

normalized (z,, — 0(31:7,,,1))Jr @2 (Tn|Tn—1,Yyn), normalized (x, — 0(xn—-1))" @2(Tn|Tn-1,Yn),
normalized (2, — ¢2n_1)" p(2n|zn_1) and normalized (z, — ¢zp_1) p(zn|Tn_1). The
tail requirement can be satisfied by letting the mixture proportion of p(z,|z,—1) larger
than 0.

Although all component proposals can be sampled directly, for the purpose of il-
lustration, we follow the suggestion of Section 5.1.4 and set the mixture proportions
of g2(xn|Tn—_1,yn) and p(zn|rn—1) to be .5 for each, and the other proposals to be 0.
With such mixture proportions, for different target functions, the sampling procedure

remains the same and only the control variates need to be changed.
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Results

Here we use the parameter settings in Sandmann and Koopman (1998). The values of
the autoregressive parameter ¢ are set to be .90, .95 and .98, which are compatible with
the range from .9 to .995 of ¢ found in empirical studies. Then for each ¢, the values
of o, are selected so that the coefficient of variation of the volatility h = 62exp(w,,)

Var[h op
CV = ECL[;[]Q] =exp <1_"¢2> -1

takes the values 10, 1 and .1. High value of CV indicates the relative strength of the
volatility process and low value of CV indicates the volatility is close to a constant.

Finally, the average volatility level & is selected such that

o2
E[h] = c%exp <2(1_77¢2))

is equal to .0009. This value of E[h] can be interpreted as an approximately 22%
annualized variance if the simulated data are taken as weekly returns. For each setting,
a series with length 100 is generated as observations. Results are listed in Table 3 and
the trajectories of MSE for all five methods are given in Figure 2. From Table 3, several
observations can be made.

In all cases, LM-SMC has the smallest MSE. The improvement of LM-SMC over
the others decreases as the value of ¢ increases, i.e. the volatility process becomes more
persistent. For ¢ = .9, considering computing time, the improvement of LM-SMC over
BF, APF, GSMC and RM-SMC ranges from 39% to 80%, not including the failed APF.
For ¢ = .95, the improvement of LM-SMC is smaller than those of ¢ =.9. For ¢ = .98,
in some cases the improvement of LM-SMC is not enough to offset the extra computing
time and performs worse than BF.

In the results, the mixture methods performs more robust than APF. When CV=10
and CV=1, the APF performs worse than BF, and in two cases of CV=10, its perfor-
mance is extremely bad. A possible reason is although p(y,|x,)/p1(yn|zy) is bounded,
the upper bound may still be large and the sample weights are skewed. In comparison,

all three mixture methods are more stable. Therefore the protection provided by the
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mixture proposal outperforms the one provided by expanding the log-concave density.
Finally, it can be seen that LM-SMC reduces the MSE of RM-SMC by from 48%
to 87%, without considering the computing time. It means that in (5.5), the variance

reduction brought by adding the control variates to the historical terms is significant.

5.3 Summary

In this chapter, we propose a new SMC algorithm by using Tan’s likelihood approach
(Tan, 2004) within both resampling and estimation , and give a practical guideline
of selecting control variates and proposal for sampling which are critical for efficient
implementation of the algorithm. Compared to the direct use of multiple proposals and
control variates, the new algorithm always has smaller asymptotic variance, which is
proved in the established theoretical framework. The numerical studies show that, by
including the information of target function and introducing heavy tailed proposal for
protection, the new algorithm can be more efficient and stable than the bootstrap filter

and auxiliary particle filter.

5.4 Technical Proof

The new algorithm differs with the basic SMC method in the use of three elements:
The proposal density which is the mixture proposal g4, the addition of auxiliary vari-
able n(zo.,) in resampling, and the new sample weights o). The extension of Chopin
(2004)’s proof to include mixture proposal g is natural, and the extension to include
auxiliary variable can be referred to Johansen and Doucet (2008). Therefore the fol-
lowing proof is focused on including the new sample weights fu,(f ) in the central limit
theorem. The theorem is proved by inductions. At time ¢ — 1, assume conditions (C1’)-

(C4’), (C5) and (C6) are satisfied and the following consistency and the central limit
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Figure 5.2: Trajectories of logarithm of MSE for the five estimators in all cases of Example 5.2.2.
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theorem(CLT') hold:

Sn@Ed ) L / (1 1)7F (T0g—1)doy 1, (5.12)

N
1 ~(17 ~x%
VN Nzh(ﬂﬁgz—ﬁ —/h(xlzt—1>7Tt—1($0:t—1)d$o:t—1 5 N(0,03, 4(h). (5.13)
=1

The following lemma is an extension of the corresponding results in Chopin (2004)

to include mixture proposal and auxiliary variable.

Lemma 5.1. (Mutation) Under the inductive hypothesis, the following convergence

results hold:

1 ~x
NZ xy j £> /h($1;t)77t—1(330:t1)qa($t|$0:t1)dib‘0:ta
1 N £
N Z / (21:0) 771 (T0:t-1) (| w01 )dor | = N(0,07% ,(f))-

In the next lemma, an expansion of the MLE weights Et is given.

Lemma 5.2. Under the inductive hypothesis, it holds that

) ~(5)
= g 1 g(af |Tg:-1) ~1/2
Ct:Var[ ] —E —+opN .

G N]— ‘Ia(xt |$(()]t) 1) ( )

Therefore Et 2.0 and Zt =0, (N*1/2).

Proof. By definition, Zt is the maximizer of the concave function (s)

= Zjvzl log [qa( ’th 1)+ sTg(:z:gj)\igg_l)} where the concavity can be seen in Tan
(2004). The standard theory for M-estimation with a convex criterion function cannot
apply due to the dependence of {l’éjz } Here the argument for the expansion to hold
follows Hjort and Pollard (1994, basic corollary) and Li et al. (2012, lemma 4). Then

with Lemma 1, the proof is completed. O

With the expansion in Lemma 2, the consistency for the correction and selection

holds in the following lemma.
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Lemma 5.3. Under the inductive hypothesis, it holds that

N Dy, ()
S h(xy)v
21 (“.)t Lo h(@ra)me (o )dzos, (5.14)
ZNI ()
J
NZh —>/ (21.0)7 (204)dz0u. (5.15)

Proof. The Taylor expansion of N~! Z;V: 1 h(xgjt))vt(] ) for ¢, around 0 gives that

j=1
1 i h(@))m ()
N j=1 %t—l(iéj;g—l qa(xij)lfé]t)fl) + ¢y Q(xg )’%E)jzfl)}

1% 18 h(@)m (25)
N &~ N~ a_ﬁéf.z,oqa(xi”ﬁéfz,l)
LS e meihe 7T m‘lligﬂ (=)
~ ~(17 ~ D
Nj:l Wtfl(fféjt)—l)%(fft |$((th 1)2 Qe Nj=1 e VN
1 i h(z)m(zf) rl i oot 750 ) | ( 1 )
=N o Ni~( Tt T~ N9\ T )
NS 750G D@7 ) N S qa@? 38 ) VN
(5.16)
where
g -1 hy g
71t = Var | = Cov | = , —
Jda Tt—14a o

and the second equation holds by Lemma 1. Then by Lemma 1 again, from 5.16 we

have

N
1
LS A B e, / () (o) do.

J=1

Similarly, Z;V:1 vfj N e;*,. Therefore (5.14) holds by Slutsky’s theorem.
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For (5.15), make the decomposition
1Y i 1Y G)
= 2 0@ = > {rGE - B [hGED {8 }] | + ZE @ {a6}].
j=1 j=1
Following the similar argument as Cappé et al. (2005, Theorem 9.2.9), with the fact that

{xéjz} conditional on {xéjz} are i.i.d from multinomial distribution with probability
{@E )}, it can be shown that

Then since

and along the same line as proof for (5.14), it holds that

N
1
WZE [h(ﬁgj.t)ﬂ {l‘((]]t /h T1:0) T (T0:4) Aot
1

.
Il

and therefore (5.15) holds. O
Then the CLT of the correction and selection steps can be established.

Proof of Theorem 2. For (5.3), we only need to show the weak convergence of the vector

N @y (4)
1 Z (h(aﬁl:t) fh(l'l:t)‘ﬂ't(xO:t)de:t) vy B 0 (5.17)
N () -1

Jj=1 Uy €—1

and then (5.3) is the result of applying the delta method on the weak convergence of

(5.17). Similar to the expansion in (5.16), we have the expansion

N T g
h — 0
(5.16) N Z o ehe ~ ) +op(1), (5.18)

Tt T g9 —1
g]™! ™ g
where 79; = Var [] Cov [ t } .

10 2tga €t-1
o Tt-1Ga o
The first term of (5.18) weakly converges to a multivariate normal distribution by the

generalization of Lemma 1 to two dimension. See Chopin (2004) for the generalization
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of the corresponding results to multivariate case. Therefore (5.17) also weakly converges
to the same multivariate normal distribution and (5.3) holds by the delta method.

For (5.4), make the decomposition

N ) ' '
N ACIRNCANED)
+VN NZE[ (F) 1{=2}] - [ ora) (an)do

EAN + BN.

Following the similar argument in Cappé et al. (2005, Theorem 9.2.14), with the fact

that

~(5) M\ 2

N ' ) N m(jz o
v () )] - B - (B

it can be shown that

E [ea:p (iuAN) | {J;&H — exp (—UQVarW; [h(:clzt)]> :

Since E [h (T1) | {x@}] = YN n@P)e? N 59, by (5.3), it holds that

By = N(0,02,(= mi(wod)th —f) 79
T (20:—1)qa (| T0:—1) Qo

-1 ~ ~
* h _
where v, = Var [g ] Cov [M, g] :
o Ty 19 do

I

Then follow the argument in Cappé et al. (2005, Theorem 9.2.14), (5.4) holds. O]

For applying Owen and Zhou’s regression approach in the estimation of the gener-

alized SMC method, which results in i, reg in (5.2), its asymptotic variance is stated
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below. Let

o) 5(h) = 0521 (Eg, [Blzon]) + Bz [Varg, [hlzon-1]],
T (@0:n) (P — fin) _BTi)

(
%’;kl 1(3?0” I)Qa(xn‘xO:n—l) nQa
T (L0 (

)

h — Jin)
7T 1(1'071 1 Qa(xn“rO:n—l)

)+ Varz: [h].

Proposition 5.1. For any n, 042 (h) and o} % (h) are finite and the following conver-

gence holds:

VN (T, e — 1n) —+ N(0,052(h)), (5.19)
1 N ; £
V| o - | 5 0. 520
=1
Analytically,
n—1

Ué2(h):2/ mo(T01) (o) = pin)

—1 Ty 1 (04— I)Qa(%\l’Ot 1)
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dmO:n-

Proof. Consider the generalized SMC method with estimator Z;VZI h(ng ))wT(Lj ) / Zjvzl W)
(5.20) is the CLT for the selection step. The theoretical results for the mutation, cor-
rection and selection steps, similar to Theorem 1, can be established by the extension
of Theorem 1 to mixture proposal g, and the results for auxiliary particle filter in
Johansen and Doucet (2008). Then Following the similar arguments as the expansion

(5.18), at time n it holds that

D o o E e T T
N o) =75, & enlt
N (9) T g
1 h—pu)wy’ —T 0
=VNq=-> ( t,) " Mo ) _ + 0,(1) (5.21)
N ~— (J) _.Tg —1
j=1 Wn™ = Ty, €11

by applying CLT of the mutation step on the function vector g(zy|zo:n—1)/qa(Tn|Tom—1)
and the consistency of mutation step on the statistics 71, and T9,. Then (5.19) holds

by the delta method, and the analytical expression of 0’27%(h) can be obtained through



algebra.

84



85

Bibliography

Battiti, R. and Masulli, F. (1990). BFGS optimization for faster and automated su-
pervised learning. In Proceedings of the International Neural Network Conference
(INNC 90)-Paris-France, pages 757-760.

Bauwens, L. and Lubrano, M. (2008). Bayesian inference on GARCH models using the
Gibbs sampler. The Econometrics Journal, 1(1):23-46.

Binder, K. and Heermann, D. W. (2010). Monte Carlo simulation in statistical physics:
an tntroduction. Springer.

Bollerslev, T. (1986). Generalized autoregressive conditional heteroskedasticity. Journal
of econometrics, 31(3):307-327.

Briers, M., Doucet, A., and Maskell, S. (2010). Smoothing algorithms for state—space
models. Annals of the Institute of Statistical Mathematics, 62(1):61-89.

Caflisch, R. E. (1998). Monte carlo and quasi-monte carlo methods. Acta numerica,
1998:1-49.

Cappé, O., Godsill, S., and Moulines, E. (2007). An overview of existing methods and
recent advances in sequential monte carlo. Proceedings of the IEEE, 95(5):899-924.

Cappé, O., Moulines, E., and Rydén, T. (2005). Inference in hidden Markov models.
Springer Verlag.

Carpenter, J., Clifford, P., and Fearnhead, P. (1999). Improved particle filter for non-
linear problems. IEFE proceedings. Radar, sonar and navigation, 146(1):2-7.

Cérou, F., Del Moral, P., Furon, T., and Guyader, A. (2012). Sequential Monte Carlo
for rare event estimation. Statistics and Computing, 22(3):795-808.

Chan, H. and Lai, T. (2011). A sequential Monte Carlo approach to computing tail
probabilities in stochastic models. The Annals of Applied Probability, 21(6):2315—
2342.

Chen, R. (2005). Sequential Monte Carlo methods and their applications. IMS Lecture
Notes Series, Markov Chain Monte Carlo, 7:147-182.

Chen, R. and Liu, J. (2000). Mixture kalman filters. Journal of the Royal Statistical
Society: Series B (Statistical Methodology), 62(3):493-508.

Chen, Y., Diaconis, P., Holmes, S., and Liu, J. (2005). Sequential Monte Carlo methods
for statistical analysis of tables. Journal of the American Statistical Association,
100(469):109-120.



86

Chopin, N. (2004). Central limit theorem for sequential Monte Carlo methods and its
application to Bayesian inference. The Annals of Statistics, 32(6):2385-2411.

Chow, Y. and Teicher, H. (2003). Probability theory: independence, interchangeability,
martingales. Springer Verlag.

Cochran, W. (1977). Sampling Techniques. New York: Wiley.

Crisan, D. and Doucet, A. (2002). A survey of convergence results on particle filtering
methods for practitioners. Signal Processing, IEEE Transactions on, 50(3):736-746.

Del Moral, P., Doucet, A., and Jasra, A. (2006). Sequential monte carlo samplers. Jour-
nal of the Royal Statistical Society: Series B (Statistical Methodology), 68(3):411-436.

Denny, M. (2001). Introduction to importance sampling in rare-event simulations.
FEuropean Journal of Physics, 22:403.

Douc, R. and Cappé, O. (2005). Comparison of resampling schemes for particle filtering.
In Image and Signal Processing and Analysis, 2005. ISPA 2005. Proceedings of the
4th International Symposium on, pages 64—69. IEEE.

Doucet, A., Briers, M., and Sénécal, S. (2006). Efficient block sampling strategies for
sequential Monte Carlo methods. Journal of Computational and Graphical Statistics,
15(3):693-711.

Doucet, A., Godsill, S., and Andrieu, C. (2000). On sequential Monte Carlo sampling
methods for Bayesian filtering. Statistics and computing, 10(3):197-208.

Doucet, A. and Johansen, A. (2009). A tutorial on particle filtering and smoothing:
Fifteen years later. Handbook of Nonlinear Filtering, pages 656—704.

Duffie, D. and Pan, J. (1997). An overview of value at risk. The Journal of derivatives,
4(3):7-49.

Dunkel, J. and Weber, S. (2007). Efficient Monte Carlo methods for convex risk mea-
sures in portfolio credit risk models. In Simulation Conference, 2007 Winter, pages
958-966. IEEE.

Dupuis, J. A. (1995). Bayesian estimation of movement and survival probabilities from
capture-recapture data. Biometrika, 82(4):761-772.

Durbin, J. and Koopman, S. J. (2012). Time series analysis by state space methods,
volume 38. Oxford University Press.

Durrett, R. (1996). Probability: theory and examples. Duxbury Press.

Elinas, P., Sim, R., and Little, J. (2006). 0 SLAM: stereo vision SLAM using the Rao-
Blackwellised particle filter and a novel mixture proposal distribution. In Robotics
and Automation, 2006. ICRA 2006. Proceedings 2006 IEEE International Conference
on, pages 1564-1570. Ieee.

Emond, M., Raftery, A., and Steele, R. (2001). Easy computation of Bayes factors
and normalizing constants for mixture models via mixture importance sampling.
Technical report, Department of Statistics, Washiton University Seattle.



87

Engle, R. (1982). Autoregressive conditional heteroscedasticity with estimates of the
variance of united kingdom inflation. FEconometrica: Journal of the Econometric
Society, pages 987-1007.

Evans, M. and Swartz, T. (1995). Methods for approximating integrals in statistics with
special emphasis on bayesian integration problems. Statistical Science, 10(3):254-272.

Evans, M. and Swartz, T. (1996). Bayesian integration using multivariate student
importance sampling. Computing Science and Statistics, pages 456-461.

Fan, S., Chenney, S., Hu, B., Tsui, K., and Lai, Y. (2006). Optimizing control variate
estimators for rendering. In Computer Graphics Forum, volume 25, pages 351-357.
Eurographics Association.

Fearnhead, P. (1998). Sequential Monte Carlo methods in filter theory. PhD thesis,
University of Oxford.

Fearnhead, P. (2008). Computational methods for complex stochastic systems: a review
of some alternatives to MCMC. Statistics and Computing, 18(2):151-171.

Ford, E. and Gregory, P. (2007). Bayesian model selection and extrasolar planet detec-
tion. In Statistical Challenges in Modern Astronomy IV, volume 371, page 189.

Fox, D., Thrun, S., Burgard, W., and Dellaert, F. (2001). Particle filters for mobile
robot localization. Sequential Monte Carlo Methods in Practice, pages 401-428.

Gelman, A. and Meng, X. (1998). Simulating normalizing constants: From importance
sampling to bridge sampling to path sampling. Statistical Science, 13(2):163-185.

Geweke, J. (1989). Bayesian inference in econometric models using Monte Carlo inte-
gration. Econometrica: Journal of the Econometric Society, pages 1317-1339.

Geweke, J. (1994). Bayesian comparison of econometric models. Federal Reserve bank
of Minneapolis working paper, 532.

Geweke, J. (1996). Monte carlo simulation and numerical integration. Handbook of
Computational Economics, 1:731-800.

Geyer, C. (1994). On the asymptotics of constrained M-estimation. The Annals of
statistics, 22(4):1993-2010.

Gilks, W. and Berzuini, C. (2001). Following a moving target-Monte Carlo inference
for dynamic bayesian models. Journal of The Royal Statistical Society Series B,
63(1):127-146.

Giordani, P. and Kohn, R. (2010). Adaptive independent Metropolis-Hastings by fast
estimation of mixtures of normals. Journal of Computational and Graphical Statistics,
19(2):243-259.

Givens, G. and Raftery, A. (1996). Local adaptive importance sampling for multivariate
densities with strong nonlinear relationships. Journal of the American Statistical
Association, 91(433):132-141.



88

Glasserman, P., Heidelberger, P., and Shahabuddin, P. (2000). Variance reduction
techniques for estimating value-at-risk. Management Science, 46(10):1349-1364.

Gordon, N., Salmond, D., and Smith, A. (1993). Novel approach to nonlinear/non-
Gaussian Bayesian state estimation. In Radar and Signal Processing, IEE Proceedings
F, volume 140, pages 107-113. IET.

Guo, D., Wang, X., and Chen, R. (2005). New sequential Monte Carlo methods for
nonlinear dynamic systems. Statistics and Computing, 15(2):135-147.

Haberman, S. (1989). Concavity and estimation. The Annals of Statistics, 17(4):1631—
1661.

Haug, A. J. (2012). Bayesian Estimation and Tracking: A Practical Guide. Wiley.

Hesterberg, T. (1988). Advances in importance sampling. PhD thesis, Stanford Uni-
versity.

Hesterberg, T. (1995). Weighted average importance sampling and defensive mixture
distributions. Technometrics, 37(2):185-194.

Hesterberg, T. (1996). Control variates and importance sampling for efficient bootstrap
simulations. Statistics and Computing, 6(2):147-157.

Hjort, N. and Pollard, D. (1994). Asymptotics for minimisers of convex processes.
Statistical Research Report, Department of Mathematics, University of Oslo.

Hoogerheide, L. and Van Dijk, H. (2010). Bayesian forecasting of value at risk and
expected shortfall using adaptive importance sampling. International Journal of
Forecasting, 26(2):231-247.

Johansen, A. and Doucet, A. (2008). A note on auxiliary particle filters. Statistics &
Probability Letters, 78(12):1498-1504.

Jorion, P. (1997). Value At Risk: The New Benchmark For Controlling Market Risk.
McGraw-Hill Chicago.

Kahn, H. (1949). Modification of the monte carlo methods. In International Business
Machine Corporation Proceedings, Seminar on Scientific Computation, pages 20-27.
International Business Machine Corporation.

Kahn, H. and Harris, T. (1949). Estimation of particle transmission by random sam-
pling. National Bureau of Standards Applied Mathematics Series, 12:27-32.

Kim, S., Shephard, N., and Chib, S. (1998). Stochastic volatility: likelihood inference
and comparison with ARCH models. The Review of Economic Studies, 65(3):361—
393.

Kitagawa, G. (1996). Monte carlo filter and smoother for non-gaussian nonlinear state
space models. Journal of computational and graphical statistics, 5(1):1-25.

Kong, A., McCullagh, P., Meng, X., Nicolae, D., and Tan, Z. (2003). A theory of sta-
tistical models for Monte Carlo integration. Journal of the Royal Statistical Society:
Series B (Statistical Methodology), 65(3):585—604.



89

Li, W., Tan, Z., and Chen, R. (2012). Two-stage imortance sampling with mixture
proposals. Working paper (available upon request), Rutgers University.

Liang, F., Liu, C., and Carroll, R. J. (2007). Stochastic approximation in monte carlo
computation. Journal of the American Statistical Association, 102(477):305-320.

Lin, M., Zhang, J., Cheng, Q., and Chen, R. (2005). Independent particle filters.
Journal of the American Statistical Association, 100(472):1412-1421.

Liu, J. (2008). Monte Carlo strategies in scientific computing. Springer Verlag.

Liu, J. and Chen, R. (1995). Blind deconvolution via sequential imputations. Journal
of the American Statistical Association, 90(430):567-576.

Liu, J. and Chen, R. (1998). Sequential Monte Carlo methods for dynamic systems.
Journal of the American Statistical Association, 93(443):1032.

Liu, J. and West, M. (2001). Combined parameter and state estimation in simulation-
based filtering. In Sequential Monte Carlo Methods in Practice. Springer.

Liu, J. S., Chen, R., and Logvinenko, T. (2001). A theoretical framework for sequen-
tial importance sampling with resampling. In Sequential Monte Carlo Methods in
Practice, pages 225-246. Springer.

McAllister, M. K. and Ianelli, J. N. (1997). Bayesian stock assessment using catch-
age data and the sampling: importance resampling algorithm. Canadian Journal of
Fisheries and Aquatic Sciences, 54(2):284-300.

Miguez, J. and Djuric, P. M. (2002). Blind equalization by sequential importance sam-
pling. In Circuits and Systems, 2002. ISCAS 2002. IEEE International Symposium
on, volume 1, pages 1-845. IEEE.

Nocedal, J. and Wright, S. (1999). Numerical optimization. Springer verlag.

Oh, M. and Berger, J. (1993). Integration of multimodal functions by Monte Carlo
importance sampling. Journal of the American Statistical Association, pages 450—
456.

O’Hagan, A. (1987). Monte carlo is fundamentally unsound. Journal of the Royal
Statistical Society. Series D (The Statistician), 36(2/3):247-249.

Owen, A. and Zhou, Y. (2000). Safe and Effective Importance Sampling. Journal of
the American Statistical Association, 95(449).

Owen, A. B. and Zhou, Y. (1999). Adaptive importance sampling by mixtures of
products of beta distributions. Technical report, Department of Statisticsm, Stanford
University.

Pitt, M. and Shephard, N. (1999). Filtering via simulation: Auxiliary particle filters.
Journal of the American Statistical Association, 94(446):590-599.

Press, W. H., Teukolsky, S. A., Vetterling, W. T., and Flannery, B. P. (2007). Numerical
recipes 3rd edition: The art of scientific computing. Cambridge university press.



90

Raftery, A. E., Givens, G. H., and Zeh, J. E. (1995). Inference from a deterministic
population dynamics model for bowhead whales. Journal of the American Statistical
Association, 90(430):402-416.

Raghavan, N. and Cox, D. (1998). Adaptive mixture importance sampling. Journal of
Statistical Computation and Simulation, 60(3):237-260.

Robert, C. and Casella, G. (2004). Monte Carlo statistical methods. Springer Verlag.

Rosenbluth, M. N. and Rosenbluth, A. W. (1955). Monte carlo calculation of the
average extension of molecular chains. The Journal of Chemical Physics, 23:356.

Rothenberg, T. (1984). Approximating the distributions of econometric estimators and
test statistics. Handbook of econometrics, 2:881-935.

Rubin, D. B. (1988). Using the sir algorithm to simulate posterior distributions.
Bayesian statistics, 3:395—402.

Rubinstein, R. and Kroese, D. (2008). Simulation and the Monte Carlo method, volume
707. Wiley-Interscience.

Saha, S., Mandal, P., Boers, Y., Driessen, H., and Bagchi, A. (2009). Gaussian pro-
posal density using moment matching in SMC methods. Statistics and Computing,
19(2):203-208.

Sandmann, G. and Koopman, S. (1998). Estimation of stochastic volatility models via
Monte Carlo maximum likelihood. Journal of Econometrics, 87(2):271-301.

Shephard, N. (2005). Stochastic Volatility: Selected Readings. Advanced Texts in
Econometrics Series. Oxford University Press.

Singh, S., Kantas, N., Vo, B., Doucet, A., and Evans, R. (2007). Simulation-based opti-
mal sensor scheduling with application to observer trajectory planning. Automatica,
43(5):817-830.

Singh, S., Vo, B., Doucet, A., and Evans, R. (2004). Variance reduction for Monte Carlo
implementation of adaptive sensor management. In Proceedings of the international
conference on information fusion, pages 901-908.

Smith, J. and Santos, A. (2006). Second-order filter distribution approximations for
financial time series with extreme outliers. Journal of Business and Economic Statis-
tics, 24(3):329-337.

Smith, P., Shafi, M., and Gao, H. (1997). Quick simulation: A review of importance
sampling techniques in communications systems. Selected Areas in Communications,
IEEE Journal on, 15(4):597-613.

Tan, Z. (2004). On a likelihood approach for Monte Carlo integration. Journal of the
American Statistical Association, 99(468):1027-1036.

Thrun, S., Fox, D., Burgard, W., and Dellaert, F. (2001). Robust Monte Carlo local-
ization for mobile robots. Artificial intelligence, 128(1):99-141.

Van der Vaart, A. (2000). Asymptotic statistics. Cambridge University Press.



91

Van Der Vaart, A. and Wellner, J. (1996). Weak convergence and empirical processes.
Springer Verlag.

Veach, E. and Guibas, L. (1995). Optimally combining sampling techniques for Monte
Carlo rendering. In Proceedings of the 22nd annual conference on Computer graphics
and interactive techniques, pages 419-428. ACM.

Wang, X., Chen, R., and Guo, D. (2002). Delayed-pilot sampling for mixture Kalman

filter with application in fading channels. Signal Processing, IEEE Transactions on,
50(2):241-254.

West, M. (1993). Approximating posterior distributions by mixture. Journal of the
Royal Statistical Society. Series B (Methodological), 55(2):409-422.



	Abstract
	Acknowledgements
	List of Tables
	List of Figures
	Introduction
	Statistical Integration
	State Space Form
	Integration Problems in State Space Form
	Recursive Solution

	Outline of Thesis

	Monte Carlo Integration
	Importance Sampling
	Sequential Monte Carlo

	Review of Advanced Importance Sampling Methodologies
	Importance Sampling with Multiple Proposals
	Mixture Importance Sampling
	Stratified Sampling
	Importance Sampling with Control Variates
	Likelihood Approach

	SMC for Filtering
	Basic SMC Method
	Generalized SMC
	Limitations of the Generalized SMC Method


	Two-stage Importance Sampling with Mixture Proposals
	Two Stage Procedure
	Theoretical Properties
	First Order Properties
	High Order Properties

	Extension to Ratio Estimators
	Extension of IS Techniques to Ratio Estimators
	Two Stage Procedure For Ratio Estimators

	Selection of Component Proposal Distributions
	Empirical Studies
	Summary
	Technical Proof

	Efficient Sequential Monte Carlo with Multiple Proposals and Control Variates
	Likelihood Based Mixture SMC
	The Algorithm
	Theoretical Results
	The Selection of Component Proposals and Auxiliary Variable
	The Selection of Mixture Proportions

	Numerical Studies
	AR(1) Observed with Noise
	Stochastic Volatility with AR(1) Dynamics

	Summary
	Technical Proof


