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This thesis consists of two parts: In part I we apply the statistical mechanics tech-
niques to a generalization of the prescribed @-curvature problem, especially on the
D-dim sphere SP. We introduce a coupling constant ¢ on top of the configurational
canonical ensemble and study the weak convergence of this new canonical ensemble. In
this part, the @Q-curvature does not change sign. In part II the statistical mechanics
technique is generalized to the prescribed @Q-curvature problem with sign-change, while
the mechanical interpretation will be lost. We decompose a single differential equation
into a system of two differential equations, and the statistical mechanics technique can

be applied to each equation.
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Chapter 1

Introduction

Let a 2-dim surface S C R3 be parametrized by 7 = 7(s,t) with (s,t) in some domain
A C R%. Let W denote the Weingarten transform from the tangent space of S at Py to
itself, defined by (cf. [PeCh02]):

W(ar’, + br) = —(ail + biiy), (1.1)

here 71 is the unit vector in the direction of 75 x 7 at Py. The Weingarten transform does
not rely on the choice of parametrization for the surface S, and it has the coefficient

matrix with respect to the basis {7, 7;} as

1 LG—MF MEFE—-LF
(1.2)

_ 2 ’
EG—-F*\ yG_-NF NE-MF

where E, F and G are the coefficients in the first fundamental form of S, and L, M
and N are the coefficients in the second fundamental form of S. The product of the

two eigenvalues of W is called the Gaussian curvature K, which can be calculated as

LN - M?

K=—"-+H—.
EG — F?

(1.3)

According to Gauss’ “Theorema Egregium” or notable theorem, the Gaussian cur-
vature is independent of the embedding of the surface in higher dimension spaces, i.e.
the Gaussian curvature is an intrinsic property of the surface. Hence, by making smart
choices of parametrization of the surface, K can have simpler expressions. In particular,

the so called “isothermal! parametrization” (s,t) — (z1,22) yields F = G and F = 0,

!The coordinates leading to (1.5) are called “isothermal coordinates”, or sometimes “isothermic
parameters”. This terminology goes back to Gabriel Lamé who used the phrase “thermometric
parameters”.



such that K is neatly expressed by

1
K= _ﬁ@gl InE + 07, In E); (1.4)

the pair of isothermal coordinates (x1,x2) plays the role of two Cartesian coordinates.

Furthermore, set 2u = In E, then
K = —e 2% Agau (1.5)

The specific local coordinates chosen above correspond to the surface metric g =
e*gg, conformal to the 2-dim standard Euclidean metric go = da? 4+ da3. Such surfaces
are called conformally flat. Similarly, a conformal deformation of the 2-dim standard
sphere S? C R? also corresponds to a metric g = e?“gp, and here (with some abuse
of notations) gg = da? + da3 + da? is the 3-dim standard metric restricted to S2.
The Gaussian curvature K, of (S?,g) is calculated by the following formula, with the

function v given:

1-— AgQU
Ky = —52 (1.6)

here 1(= Kj,) is the Gaussian curvature of the standard metric. For a more general

2-dim Riemannian manifold (M, gg), an analogous formula can be derived:

K4, — Apru

Kg = e2u

(1.7)

here K, is the Gaussian curvature for the metric g which is conformal to the metric go,
and K, is the Gaussian curvature for the metric go.

Incidentally, we here mention already that in recent years also higher order cur-
vatures, the so called @Q-curvatures, which are related to conformally covariant higher
order (pseudo)partial differential operators, the so-called GJMS operators [GJMS92],
have been considered. rf.[Cha08] , etc. Specifically, in 4-dim, the prescribed @Q-curvature
[Cha96, Bra87| reads as

1 1 1
Q=[-;AR+ éRQ - §R“bRab] (1.8)

where R is the scalar curvature of the metric g, and the GJMS operator is known as

the Paneitz operator, given by

2
P=A%4 div(3 RI — 2Ric)d, (1.9)



see [Pan08, Cha96]. There will be more on this in a moment.

Continuing with the 2-dim setting, we note that the above formulas (1.5), (1.6) allow
us to compute the Gaussian curvature K, if the conformal deformation gy — g = e*“gq
is known. The inverse problem is to find a conformal deformation, i.e. to find wu,
which results in a surface with a desired Gaussian curvature K,;. This is known as
the “prescribed Gaussian curvature problem”: Given a function K, does there exist a
function v such that the metric g = e?“gy has Gaussian curvature K, g = K7 To answer
this question, one has to solve equations (1.5) and (1.6), or in general (1.7), which are
now nonlinear partial differential equations for the unknown w. This is equivalent to
look for the existence of solutions to the equation:

in the conformally flat case,

Agau + Ke** = 0; (1.10)
in the conformally round case,

Ageu+ Ke* = 1; (1.11)
and more generally,

Agou+ Ke*' = K (1.12)

all these equations have to be supplemented by suitable boundary conditions for wu.
Alternatively, suppose @ is a harmonic function satisfying the required boundary con-
dition, then the difference v — @ should satisfy the same type of equation (1.10), (1.11)
or (1.12) as that of u but with a zero boundary condition, and with K changed into
K = Ke?®,

The 2-dim prescribed Gaussian curvature problem has an analogue in D-dim, the

prescribed @Q-curvature problem. The prescribed Q-curvature problem, on S* in partic-

ular reads
Pu = Qe* — 6. (1.13)
In general, on the D-dim sphere SP, the prescribed Q-curvature equation is

Pu = Qe — (p—1)! (1.14)



while the conformal covariant operator is defined by

D-2
[I,20 (A + k(D —k—1)) when D is even
Po = (1.15)

(A + (2523 [T, 2 (=A + k(b — k — 1)) when b is odd
It has been studied, rf. [Kie00, Pan08, Cha96, Bra87, Cha08, Li95B, Li96], etc. We
will come back to this at the end of this introduction.

Of course, there is an even vaster literature on the prescribed Gaussian curvature
problems. Thus the conformally flat case was studied in [Sat72, Aub79, Ni82, McO85,
Avi86, ChNi91A, ChNi91B, ChKi94, ChLi97, ChLi98A, ChLi98B, ChKi00]. The con-
formally round case is the well-known Nirenberg problem; see [Mos71, Oba71l, Mos73,
KaWa74, Ono82, Bra87, ChYa87, ChYa88, Han90, Cal.o92, Bec93, Li95B, Ma98, Kie(0,
KiWal2]. More generally, the prescribed Gaussian curvature problems are studied on
Riemannian manifolds, [Li95A, DJLW97, Tar97].

Although the prescribed Gaussian curvature problems, in particular the Nirenberg
problem, are PDE problems coming from the area of differential geometry, the name
“isothermal coordinates” indicates a connection with the science of thermodynamics.
Indeed, consider the self-gravitating ideal gas in thermal and mechanical equilibrium.

The gravitational potential satisfies the following Poisson’s equation
Ad =47Gp (1.16)

where p is the mass density, assuming that ® is continuously differentiable without
specific boundary condition and decreases like —G % outside of the domain, with M =
i) A p- Besides, the gravitational force density is equal to p(—V®). When the gas reaches
mechanical equilibrium, the pressure gradient and the gravitational force density should

add up to zero, i.e.,
—VP —pVed =0 (1.17)

The above two equations (1.16) and (1.17) with three unknowns ®, p and P don’t make

a closed system. We postulate the ideal gas law

P = pkT (1.18)



where T is the thermodynamic temperature in Kelvins. Here, T is a constant because
the gas is in thermal equilibrium. This makes a complete system for ®, p and P.

We now eliminate the variable P by substituting (1.18) into (1.17), and get
—kTVp—pVO =0 (1.19)

then after rearrangement,

Y 1
7/; = Ve (1.20)

the left side above is equal to VIn p%, where pg is a constant with the dimension of
mass density so that p% is dimensionless. Thus In p% + % is a constant, denoted by 6,
ie.,

P

p = poe? FT. (1.21)
Plug (1.21) into (1.16) and obtain the so-called isothermal Lane-Emden equation:
AP = 47TGp0€9_%. (1.22)

If we rename the exponent —% on the right side as 2u, then an equation of u is derived

2nGpo gi0
—Ay = =2, 1.2
u T € (1.23)

Denote the constant %69 on the right hand side of the equation by K, and then the

equation looks like
—Au = Ke**, (1.24)

the same form as (1.10), except for the difference in dimensions. Notice that the physics
here is done in a 3-dim domain, but nothing prevents us from considering (1.10) as the
2-dim caricature of the 3-dim real world.

Thus, two different fields of science, geometry and thermodynamics, contain prob-
lems that lead to the same equations. This leads to the following interesting perspective:
In the 19th century, mathematicians and physicists began to implement atomistic ideas

to derive the known laws of continuum physics, in particular, thermodynamics, from



deeper physical principles. According to these ideas, the formulas of continuum physics,
using partial differential equations, are approximate descriptions of an underlying atom-
istic reality, governed by finitely many ordinary differential equations, namely Newton’s
equations of motion of N atoms. Formally at least, the continuum laws should emerge
in the limit as N — oo of a system containing N atoms. This means if these derivations
can be proved rigorously, they not only substantiate the physical understanding of the
world, but also provide an alternative way of looking at partial differential equations.
To see this more clearly, we revisit the ideal gas model with N being the total
number of particles in the domain (or a “container”), and let k = %B, where kg is the
Boltzmann’s constant, m a suitable mass unit, and v = £ the number of particles per

volume. Then the equation (1.21) of p turns into an equation of v,

g— m®
v =pe FBT, (1.25)
Since now the integral [ vdV taken over the domain is equal to N, we have

_m®
N = 1/060/6 kBT | (1.26)

and (1.25) transforms into

mP

¢ FpT
[e BT
Plug (1.27) into (1.16) and obtain
~ kT
A® = dnGmN (1.28)

fe* kT

Note that this equation is different from its counterpart with an extra normalization
denominator. Yet if we regard « as a rescaling of K with the relation k = K [ et d?g
in (1.10), then an equation of the form (1.28) shows up. Of course, (1.28) is still a
continuum equation in appearance, but now it has a different interpretation, namely
as the continuum approximation to a discrete distribution with N atoms. In concert
with (1.23), it reveals the N-scaling in which the underlying discrete distribution should

2

converge to the proper continuum equations, namely

d=N¢ (1.29)

Later it will prove convenient to rescale ® = (N — 1)¢ and T = (N — 1)©.



and
T =N6O, (1.30)

both in the leading order N, where ¢ and © are “O(1)” quantities.

Among the first rigorous results in this direction was the work [MeSp82] by Messer
and Spohn. They treated the case of bounded Lipschitz continuous pairwise interac-
tions, and derived an integral equation which is equivalent to a regularized isothermal
Lane-Emden equation.

Later, this technique was generalized to the point vortex interactions with logarith-
mic singularities, independently by [CLMP92] and [Kie93], and further developed in
[CLMP95] and [KiLe97]. It can be applied to study Nirenberg’s problem in 2-dim, see
[Kie00, Kiell, KiWal2], etc.

To illustrate how the idea works in 2-dim, we follow [Kiell]. In 2-dim Newtonian
physics, points on the 2-dim sphere can be interpreted as particles that move according
to the Newtonian equation of motion with pairwise logarithmic interactions, i.e.,

S S 2S = — L M
k(1) + 18(1)Psi(t) rylgjg%#,gns’““)|5k(t>—Sj(t>|2 (1.31)

here Hslk(t) =1 —s;(t) ®si(t) is the projection from® R? onto the tangent space to S?
at s(t) € S € R3. Here, v = +1 is for the gravitational interactions, and v = —1 for

the electrical interactions. The mechanical energy of the system,

1 1
(N) . . — Zlp.l2 4 = .
H (Slaplv"'7sN7pN)_ Z 2‘pj‘ +2ZZ’YU(’S] Sk’)7 (132)
1N Jj#k
is preserved, with the particles located at (si,...,sy) in the configurational space

AN = (SN and their momenta as (p1,...,px) € H(TS*kSQ) c R3*N. As the number
k

of particles increases, there is no way for us to know the exact state of each specific

particle, but by looking at an ensemble of systems all with fixed energy E, the so-called

microcanonical ensemble, we can determine the “typical” macrostate of the system as

3We emphasize that R? here is not the physical space. The embedding S? C R? is for mathematical
convenience only.



a whole. More precisely, if the law of large numbers holds, then the empirical measures

Alll(sp) = % X 5u0)(8)8,0(P)

' I=I=N (1.33)
2
A;%N) 5:p8.P) = g o Gs0(8)8s, (1) (8)0p, ) (P) ) (P)5
t 1<j#k<N
and higher order U-statistics éﬁ?t()N) (S1,P1;- - -;Sn, Pn) Will each converge in probability
to some “typical” distribution QEZZ), ie.
Prob(Dist(éﬁ??N), QIEZ;) > 5) — 0, asN — o0,V > 0 (1.34)

More generally, the typical state does not have to be unique. It can even be an orbit

O[QEZ;], so that the above equation becomes

Prob(Dist(éi?()N), O[Qg;}) >0) — 0, asN — 00,Vd >0 (1.35)

The question is now how to prove the law of large numbers and what specifically it says
for the microcanonical ensemble.

The microcanonical ensemble is a family {(S,(CN),P,(CN))\IC € N} of i.i.d. (indepen-
dent and identically distributed) copies of a random vector (S(N), P(N)) taking values

(SN, P(N)e (T*S?)NC ROV | with stationary* single-system probability measure
A = 1 (€)s (e — HNYa2pNaZa, (1.36)
which also defines the microcanonical ensemble partition function, as
Oy (8) = //5[8 ~HW™ (S(N),P(N))} d2pN a2V (1.37)

with d%a = ﬁdQOz, and d?a the standard uniform measure on S?. Besides, Yy means

the derivative of

Qn(E) ://X{H(N)(S(N)7P(N))<8}d2de2aN (1.38)

with respect to €, where xp is the characteristic function of the Borel set B C (S?)V.
Indeed, when the Hamiltonian H®) is fixed to some value €, several main results

for the typical distribution have been proved in [Kiell]:

“4Stationary w.r.t. the flow generated by the Hamilton function H™) (S0,



Theorem 1. For N large enough, the ensemble entropy defined by In Q' (€) has the

asymptotic behavior®
InQy(N%) = NS(g) + o(N), (1.39)
with € independent of N.

The term . is the so-called “entropy per particle”, which will be studied in the
next chapter in detail, and is characterized by the maximizers of the following entropy

variational principle, see [Kiell]:

Theorem 2. The entropy per particle .7 is equal to the mazximum of an entropy vari-

ational principle —9Hg(p), i.e.,
F(&) = () (1.40)
where p is a minimizer of the (negative)® entropy functional Hg, defined by
(o) = | [ ols.p) i pls,p)pa(s), (1.41)
over the set A. = {p € (PN L 1In £1)(T*S?,d%pd?a) : E(p) = €}. Here,
2(p) = [ [ SlePots.pintacs [ [ [ [ 50U s Dot pots' o aPpady el
(1.42)

Furthermore, the minimizers of Hg satisfy the Fuler-Lagrange equation

=B [ U(s,8")p(s")d*a(s")
p(S) = _ / "\q2 /
[e By [ UssNp(s)d2a(s") 424 (s)

(1.43)

with U being the Green’s function of the Laplace-Beltrami operator on S?, and 3 the

Lagrange multiplier for the constraint

£(p) = e. (1.44)

5In statistical physics, the microcanonical ensemble measure often has a factor % in the front to
eliminate the overcounting from labeling, and correspondingly, the asymptotic behavior of In Q' (&) will
have an extra term —N(In N — 1).

SThe term “entropy” has different signs in physics and probablity: while physicists define “entropy”
as InQ in units of Boltzmann’s constant ks, mathematicians and statisticians prefer — [ fln f which
is the negative of the physical definition.
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The next result relates the minimizers of #g (or equivalently, the maximizers of

—7g) to the typical distribution of the microcanonical ensemble measure, see [Kiell]:

Theorem 3. Suppose the (negative) entropy functional Hg(p) has a unique minimizer

pe. For any fized positive integer n, the sequence of the n-th marginal measure of

(N)

(N)
HN(N-1)e

denoted by ("),U,N(Nil)s, converges, up to the extraction of a subsequence, in

probability to the tensor product of p., i.e.,

. n N n
lim ( )ug\,&v_l)s =p? (1.45)

N—oo

(N)

In general, Hz(p) can have a family of minimizers, then the sequence (n)ul\]f\EN—l)s con-

verges, modulo the extraction of a subsequence, to a superposition of these mazximizers,

namely,
3 n (N) _—n — n
Nh_r,%o( Jn(nonye = Mpe = /qs(sz) ¢ (dC]pe) (1.46)

where the measure v(d(|ue) for the convexr decomposition of (") . is concentrated on the

set of minimizers of Hg on ..

In the case that v(d(|ue) is not a singleton but a convex linear combination of
maximizers of the entropy functional — 3, the “implicitly defined” typical distribution

can be only one of these maximizers.

Remark 1. For a detailed explanation of “convexr decomposition” into product mea-

sures, the readers is refered to the references [deF37, Dyn53, HeSa55].

Among these results, we take a look specifically at the equation (1.43) of p. Ap-
ply the substitution 2u = —3v [U(s,s')p(s')d%a/ so that the equation turns into an

equation for u:

1 e2u 1
Ay =1 - = 1.47
2&}/[ e?vd?a 4w (1.47)
with the same form as the equation of the prescribed Gaussian curvature problem.
Here, of course, the Gaussian curvature K = L is constant, and K > 0 for
2 [e?vd?a

v=1and K <0 for y = —1.
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The microcanonical ensemble is tricky and difficult to deal with, and it may look
like “magic” how (1.47) emerged from (1.36). However, the derivation becomes more
transparent if we shift the problem to the canonical level — possibly with some loss
of information — by applying the bilateral Laplace transform to the microcanonical
ensemble partition function (1.37). Taking ﬁﬁ as the conjugate variable of &, we

obtain the canonical ensemble partition function
1
/ e~ NTPEQY (8)de

R
- / e wo1PE / / 5[8—H(N> (SUV),P(N))} ZpNd2aNde
R )N J1(rz,82)
k

__1 1. 1 .
- [ RSP vsee) )L
(82N J1(1z,82) B
k

(1.48)

The last double integral can be factored into two integrals—one in terms of the mo-
mentum p, the other in term of the position s. The former part can be calculated

explicitly,

1 11,12 N N
/ . N—lﬁg 5pj d2pN _ / e_lelﬁélp‘Zdzp _ <2(N— 1)71-) ’ (1'49)
[1(7%,5%) T3s? p
%

where n is the north pole of the sphere, leaving the latter part

_ )

1 1 g
/ REA SR
(5N

namely the configurational integral, to be considered. Moreover, the measure

— ALY S AU (lsj—sk)
J#k

e
d:LL(N) = 1 1 / / d2gN (]‘50)
/6—1\;152 ZJ:%C: ’YU(‘Sj_Sk|)d2 IN

[

is the configurational canonical ensemble measure. Then the “typicality” problem of
the microcanonical ensembles shifts to the limiting behavior of the canonical ensemble
measures, and it leads to the results above except that the E-constraint is gone. To see
this, notice that a law of large numbers for (1.50) suggests that if the configurational
empirical measure

ég<)m(5) = /Aizm (s, p)d*p = p(s) (1.51)
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as N — oo, then
1
N1 Ul = sl [ U, spls)da (152
Py
so that

=B [ Ulls;—s'|)pde/ 4N 153
H fe—ﬁva(\Sj—S’l pda’qe (1.53)

This plausibility reasoning can indeed be made rigorous, as first done by Messer and
Spohn [MeSp82] (for Lipschitz continuous and bounded interactions).

In the above sketched examples, the Gaussian curvature obtained from statistical
techniques is a constant, either positive or negative, depending on whether v = +1
or v = —1. However, by adding a so-called external potential term »_ 1 (sg) to the
Hamiltonian (1.32), one can produce a non-constant Gaussian curvatur: K o e,

One of the shortcomings of this method, apparently, is that the prescribed Gaussian
curvatures, or (J-curvatures in higher dimensions, never change sign. This fact let
Prof. Alice Chang raise the question: Can one generalize this technique to the type
of curvatures that change sign? This thesis is in part concerned with answering Prof.
Chang’s question.

Another part of this thesis is concerned with the direct application of the statis-
tical mechanical approach to other types of differential-geometric partial differential

equations, like the equation of the immersed tori [Abr87]
—Au = sinhu (1.54)

in 2-dim and its higher dimensional analogues.

The rest of the thesis, therefore, consists of two parts:
In Part I, we will apply established statistical mechanics techniques to study a general-
ization of the prescribed @-curvature problem on the D-dimensional sphere. While the
Gaussian curvature corresponds to the Laplace operator —A, Q-curvature is related to
the GIMS [GJMS92, Cha08] operators PQI%. The GJMS operators have order 2k, and
the leading term is (—A)¥. In particular, when D = 2k, the kernel of PL has In ﬁ as its

leading order, similar to that of the Laplacian in 2-dim. So we can treat the prescribed
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Q-curvature problem of all dimensions in one setup, see [Kie00]. We will show that
this statistical mechanics strategy can also handle a generalized prescribed @Q-curvature
problem which in particular contains the equation Pu = sinhu as a special case.

Before dealing with the problem itself, however, we will first review the results
without external fields of Messer and Spohn, in Section 2.1. Then in Section 2.2 we
discuss the proof technique of Messer-Spohn. More to the point, we recall the properties
of entropy in Subsection 2.2.1, then discuss the continuum limit proved by Messer-Spohn
in Subsection 2.2.2. The incorporation of external fields is an immediate generalization,
studied in Section 2.3; and another generalization involving a coupling constant, the
distribution of which is presumed, is in Section 2.4. Then in Chapter 3, we apply
the Messer-Spohn technique to a generalization of the prescribed Q-curvature problem
which contains the latter as a special case; however, the Q-curvature is without sign-
change.

In Part II, we will generalize the technique of Messer-Spohn to the prescribed Q-
curvature problem with sign-change. In order to fulfill the task, we decompose the
equation into a pair of equations without changing sign. In the view of statistics,
neither the system nor the ensemble of systems contains just one species of particles,
but two species of particles. Besides, the interactions are no longer symmetric, voiding
the Hamiltonian mechanical interpretation. Instead, we will give an interpretation
in terms of biological populations. In contrast to Part I, Part II is not concerned
with the application of established rigorous techniques, but with the development of a

conceptually new method.



Part 1

Application of Statistical
Mechanics Techniques to a
Generalization of the Prescribed

Q-Curvature Problem on SP

14
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Chapter 2

Introduction to statistical mechanics technique

In this chapter, we introduce the readers to the technique of Messer and Spohn [MeSp82].
For the sake of simplicity and to emphasize the essence, we focus on the pairwise in-
teractions with Lipschitz continuity and boundedness and work in a bounded region
of the flat space RP. Subsequently when we treat the interactions with logarithmic
singularities, we will have to change the topology of the function spaces in order to

discuss the convergence of measures.

2.1 The Main Results of Messer-Spohn

Assume that the function U € CP(A?) satisfies U(z,y) = U(y, ) for 2,y € A C RP,
where A is a bounded domain, and D is a positive integer. The fixed point problem

e Ja Ulzy)p(y)dy

- fA e JaU@yr)dy .,

p(x) (2.1)

is the Euler-Lagrange equation associated with the problem for finding min F(p), where
p

F is the free energy functional defined by

o) = 5 /A /A U, y)p(e)p(y)dady + /A p() n(|Alp(x))da (2.2)

forall pe (PN LN gtingh)(A).

The functional F is known in the physics literature as the thermodynamic configu-
rational free energy of p, and p is a particle density function. The first integral in F is
the potential (configurational) energy of p, the second is the negative of the entropy of
p relative to uniform Lebesgue measure. Messer and Spohn studied & using statistical
mechanics tools and showed that there exists a solution of the Euler-Lagrange equation

(2.1). However, in general this procedure won’t give all solutions.
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More precisely, Messer and Spohn studied the canonical ensemble measures

pMN(day, - day) = Z(N) exp [ ZZ (x5, xK) } z, (2.3)
1<]7£1c<N
where
Z(N):/exp{ ZZ :L‘],ij} x (2.4)
1<];£k<N

is the canonical partition function. They showed that as N — oo the limit of the

canonical measures (2.3) can be characterized as follows:

Definition 1. (Marginal Measure) For any positive integer n < N, define the n-th

marginal measure of a measure i on AN by

M)y () ::/ oy (d"zdN ). (2.5)
AN—n

Result 1. Suppose the free energy functional F has a unique minimizer p, then the
sequence of the n-th marginal measures {(”),LJ,(N)}]O\,C’:1 converges weakly to an n-th tensor

product of p, i.e.,for any positive integer n,
), (V) p®" e P(A™), as N — . (2.6)

We can consider the measures ,u(N ) as probability measures on the infinite product
of the space A, namely AN, in the following sense [HeSa55]:

Let B(A) be the o-algebra of Borel subsets of A, and B(A) the set of probability
measures on A. Now let AN be the countably infinite Cartesian product of A equipped
with product topology, and denote 7, the projection mapping from AN to AN, Then
a measure [y on the o-algebra of subsets of A" can be considered equivalent to a

measure fi, on AN in the sense that for any product set Fy x --- x Exy C AN,
pn(Er % - x Ex) = fiy o Tn (B X -+ x Ex) (2.7)
In this sense, the weak limit point p of (2.3) is an infinite tensor product of p, i.e.,

p=p2p@pe--- € PAY). (2.8)



17

For each canonical ensemble measure pV), define its free energy by!

™), ) NdN(N) )
S 2N/A ZZ (g, x)d +/A (|A\ )du . (2.9)

1<k#I<N

The so-called “free energy per particle” stands for the limit

lim %g(u(m). (2.10)

N—oo

Result 2. For the sequence of canonical ensemble measures {u(N)}jovozl, the set of its
weak limit points consists of minimizers for the functional F, i.e., suppose u is a weak
limit point of {M(N)}]OVOZI, then

lim —G(u™) = lim ~G("Mp) = inf 5(p). (2.11)

N—oo N n—oo n

Result 3. In general, F may have a family of minimizers, then each weak limit point

118 a superposition of these minimizers, in the sense that
p= [ Culadn, (2.12)
PA)
or equivalently, for any positive integer n,
W= [, (2.13)
PBA)

where the decomposition measure v(d(|u) has its support within the set of minimizers

of F.

2.2 The Proof Technique of Messer-Spohn

In this section we recall the technique of Messer and Spohn, and in later sections, two
generalizations will be discussed.
2.2.1 Properties of Entropy

First, we need some general facts about “the entropy” of some classes of probability

measures:

n fact, a factor ﬁ instead of the ﬁ in front of the first integral will make the following calculation
technically easier, and does not change the asymptotic behavior of § when N is large.
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Definition 2. (Entropy) Let py(dVz) € B(AN) be a probability measure which is
permutation invariant (or permutational symmetric), with AN C RNP bounded. We
define its entropy as
Ny N : N N dugy” 1 1(AN
— (A" )y (A7) if py(de™) < dVzand - € £ In £ (A7)
AN

N
S(uy) = dVz

—00 otherwise

(2.14)

For a marginal measure, the entropy $(( i) is defined analogously. Entropy of

the marginal measure has the following properties:

Property 1. (Decrease of Entropy) For any positive integers n and m, satisfying
n < m < N, the entropy of the m-th marginal measure cannot be greater than the

entropy of the n-th marginal measure, i.e.,
S(™py) < 8(™puy), Vn < m < N. (2.15)

Indeed, by setting

M (d™z) = pml(x1, ... n)d™e
we have = [ pm (A" pr)d™z + [ pn In(|A["p,)d" 2

= — [pmnpnd™z+ [ pplnp,d"z — In|A]™ + In|A]"
= — [ pmInpnd™z+ [ pplnp,d"z —In A"
= — [pmn f}—':dmx — In|A|™™
= (In ;’—Z) — In|A|™—™
< In(22) —In A"
= lnfpmg—:bdmx — In|A|™™
= In[p,d"z —In|A|™ "
= In]A|™™ —In|A|™ " =0

The “<” comes from Jensen’s inequality, since the function Inz is concave, then

(In-) < In(-), here the notation (-) represents the average with respect to p,.
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Property 2. (Subadditivity of Entropy) For positive integers m and n, the entropy
of the (m + n)-th marginal measure cannot exceed the sum of the two entropies for the

two marginal measures, i.e.,
S(™ ) < 8(™ ) +8(Wpuy). (2.16)
Indeed,

= J Pt (AT P )4 A+ [ pry (A" ) d ™z + [ p In(|A]" ) d
= [ pminln —;’;ﬂﬁz dmtrg

< I f prnt2trdn s
= Inf pmpd™tx
= In([ pmd™z [ ppd®z) =In1=0

Again, the “<” comes from Jensen’s inequality.

Property 3. (Negativity of Entropy): For any N € N, the entropy of py is always

non-positive, 1i.e.
S(uy) <0. (2.17)

The equality occurs if and only if the measure iy is the normalized uniform Lebesgue

measure on AN, i.e. py(dVz) = ﬁd]vx.

Indeed, a) if uy(dVz) = ﬁdN:U, then

d
1n(|A|Nd]lf[—J;) =Inl=0;

b) using the fact that the function z — zInx is convex, we have

d
~ FI(AP )y (@)
= — [In(|A[Npn)pndN e
N
= I ) [A oy

<~ JOA o) i e o AN o) e ™

= —Inl1=0

Once again, the “<” comes from Jensen’s Inequality, with x Inz convex.
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Remark 2. The combination of subadditivity and negativity properties of entropy ac-

tually implies the decrease property of entropy.

Now we extend the concept of entropy to compatible sequences of probability mea-
sures {(1) TRSTRC T }. By “compatibility”, we mean the marginal measures of lower

indices can be obtained from integrating the marginal measures of higher indices, i.e.,
)y = / M)y (d"zd™ "z), Ym > n. (2.18)

Definition 3. (Mean Entropy) For a sequence of “compatible” probability measures

p={Wp @y Gy .. -} we define the mean entropy of p by
im L™
L(p) == lim —=8("" ), (2.19)
where §(" ) := — San ™) In(|A]* M p)d az as before.

Theorem 4. .¥ is well-defined, in the sense that . might be —oco, but if inf %8((”)/;) >

—00, then a unique finite limit lim %8(("),11) exists and equals inf %8((”),11).
n—oo

Proof of Theorem 4. Assume inf %8((")u) = ¢ > —oo, then for any ¢ > 0, there

always exists ng € N, such that

c< iS(("O),u) <c+e. (2.20)
no

Now for any n € N, with the chosen ng, there exist positive integers A and B, satisfying

0 < B < ny, such that
n = Ang + B. (2.21)

Using the subadditivity and decrease of entropy, we have

28(Mp) < A8()p) + L8(Blp)

(2.22)
< Ang(e+e)+ B8(Wp)
Let n — oo, %—>7’LQ, SO
~ Lg(m
limsup —8("™pu) < c+e. (2.23)
n—oo T
Then by the arbitrariness of €, we get our desired limit
.1 1
lim —8(™p) = ¢ = inf =8(™p). (2.24)
n—oo n n
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Property 4. The mean entropy functional is affine linear, i.e. for all o € [0, 1],
S(ap+ (1—ay) =a(u)+ (1 —a)S(v). (2.25)

Remark 3. The convez linear combination of permutational symmetric probability mea-

sures is still a permutational symmetric probability measure, i.c., ap+(1—a)v € P(AN)

for v € P(AY).

Proof of Property 4. a) Let p(x) and o(x) be the density functions of p and v,

respectively. Since the function f(z) = xInz is convex, by the definition of convexity,

. flap+ (1—a)el < af(p) + (1 - a)f(e), we have

lap + (1 — a)o]In[ap + (1 — a)o] < aplnp+ (1 — a)olng (2.26)
Using the definition of mean entropy,

Hap+ (1 - ) > o (1) + (1 - a)7 () (2.27)

b) Let p,, and g, be the density functions of u,, and v, respectively. Simply notice that

pn and o, are non-negative, so that for 0 < a <1,

apn + (1 —a)on O pPp
Pn Pn

=a (2.28)

and similarly,

A Pn + (1 — a)Qn (1 B OZ),On
Pn On

—1-a (2.29)

Then

f[apn + (1 = a)on] In[ap, + (1 — a)op|d"x

—a [ pplnp,d"z — (1 — @) [ 0, In 0, d"x

apn + (1 —a)o @+ (1-a) [ onin 22 + (1 —a)o
Pn On

> ofpplnad™s + (1 —-a) [0, In(1 — a)d"x

= afp,In d™x
= alna+(1—-o)ln(l —a).
Now divide the inequality above by n and take the limit n — oo, then the right hand

side implies lim i[alna+ (1 —a)ln(l —a)] =0, and thus

n—oo

o () + (1 =) () =2 L (ap+ (1 —a)p). (2.30)
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Put parts a) and b) together, we get the desired equality

o (p) + (1 — ) (p) = L (ap+ (1 — a)p). (2.31)

2.2.2 The Continuum Limit

Messer-Spohn’s convergence result implies that there is a solution to the Euler-Lagrange
equation,

e~ Ja U@ y)p(y)dy

- [ e JaU@wr()dyqy’

p(z)

associated with the problem for finding min F(p), with
p

50) =5 [ | Venp@pasdy+ [ p@)in(lalp@)as

where p € (BN LN LLIn £1)(A). Here, for simplicity, the interaction U is continuous
and bounded, the domain A is simply connected and bounded. Moreover, whenever a
unique minimizer exists, there exists an approximating sequence. The whole procedure

runs as follows:

Step 1. We define a functional 3™ on (PN LN LHn £1)(AN) by

1 d
) = 57 [ TS Uty + [ AV duy (232

1<k£I<N

for any permutational symmetric distribution measure py € (PN LN LHn &) (AY).

It is known that SN () has a unique minimizer in (P N L1 N L1 n £1)(AN) given by

exp{—gy 2 > Ulap,u1)}

1<k#I<N N

= dVzx. 2.33
[exp{—o > 5 Ulzpa)}td¥a (2.33)
1<k#I<N

dM(N)(wl, e ’xN)

Indeed, let py(x1, - ,2n) be the Radon-Nikodym derivative (probability density
function) of y1, with respect to dz?V, and naturally require? that G(u'y) = G(up). Then

we vary the probability density p/y by 6(5ny for a “compatible” density function (5%]

2Here there is a little abuse of notation, as § is originally defined on the space of distribution mea-
sures, but it does not hurt to let G act “alternatively” on corresponding distribution density functions
with the same image values.
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such that pfy + 55%[ is still a probability density function. Thus, with a Lagrange

multiplier n for the constraint [(u}y + by YdzN =1,

SN (uy + €6,r,) + n( fuw (tthy + €6, )z = 1)

= ﬁfANZ Z U(t’lik,xl)(uﬁv-ﬁ-E(ngN)dCEN
1<k#I<N

+ [un (i + €8, ) In (JAPY (uly + 6, ))dz™ + n[fAN(M’N + b, )dz™ — 1]
Differentiate the equation above with respect to € and evaluate at € = 0, we get

0
7 {S(N)(//N + &b, )+ n(/AN (W + €5H/N)d;cN _ 1)}

= ﬁ fAJ\;g;#;N U(xkaiﬂl)%;\,(h]v + [~ Oy [ln (AN ) + 1}d$N + 1 fon 5u§vde’

e=0

which equals 0 for all “compatible” density function (5%7 , if gy is a minimizer of F. So
that
1
oN ZZ Ulzk, z1) + [ln (AN ) + 1] +n7=0
1<k#I<N
and thus
= el == 5p SN Ul
UN = ’A’N €xXp n IN T, I]
1<k#I<N
Finally, by the constraint that [ ,u’Nde = 1, we arrive at the representation of the

density functions of minimizers

Py (wy, - an) =

This shows (2.33).

Step 2. We show that inf F(p) > limsup %S(N) (M),
p N—oo

Proof of Step 2. For any product measure with its density denoted by p®, we
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compute §N) (p®N) as follows:

g(N)(p®N) = ﬁfANZZ U(xkaﬂfl)P®N($1,"' ,ﬂjN)dl']_dIN
1<KAIN
+ fan P2V (@1, an) In (AN p®N (@1, -+ zn))day - - day
= w22 fawU@e,z)p(z) - p(ey)de: - - dzy
1<kAI<N

+ [un p(x1) - plzn) In (JAN p(z1) -+ p(zy))day - - day

= & [ Ulaw, m)p(ar)play)deyda
1<k#I<N

+ fAN plz1) - plzy) g:lln (]A]p(xi))dxl cdry

= MO [ U, y)p(@)p(y)dady + éfA p(x;) In (|A|p(z;))dz;
= NZL LU, y)p(x)p(y)dady + N [y p(x) In (|A]p(x))da

Divide by N to get

S (=N = I [ Uz, y)p(@)p(y)dzdy + [, p(x)In (|Alp(z))de
= F(p) — 35 [n2 Uz, y)p()p(y)dady.

=S

Since U is continuous and bounded, 5 [y U(z,y)p(z)p(y)dzdy — 0 as N — oo, thus

S9N i) < S 8M(PY) < 5(0) + O

L L
=N

~) (2.34)

and hence, as N — oo,
. 1
limsup 5™ (™) < F(p), ¥p. (2.35)
N—o0
Finally, taking infimum with respect to p, we get
1
lim sup NS(N) (,uEV(N)) < inf F(p). (2.36)
N—oo P

Step 3. In the following, we want to show that

lim inf %Q(N) (MQV(N)) > ir;f F(p), (2.37)

N—o0

so that together with the previous step, the limit A}im %S(N) (M’N(N)) exrists and equals
—00

to inf F(p).
p

Step 3a) Consider the marginal measure (N (d"z) = Jav—n p N (drxdN ).

Since A is bounded, A is compact, then §3(A") is a compact and convex set. (Remark:
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P(AN) is also compact by Tychonoff’s Theorem.) So by extracting a subsequence (if

necessary), there exists a permutational symmetric probability measure (") 14, such that
M) (N) () ag N — 0o (2.38)
the notation “—” represents weak convergence, i.e.

W(xg, - ,xn)("),u(N)d”x — P(xg, - ,:L‘n)("),u,d”x, Y € CS(AN) (2.39)
An An

In particular,

//Uwy )dmdyH//Uwy()udxdy, as N — oo. (2.40)

Step 3b) Fix n, similar to (2.21), N = Mn~+L, where 0 < L < n. Then by subadditivity

and negativity of entropy,

%S(M(N)) %3((Mn+L)M(N)) < %s((Mn)M(N)) + %S((L)M(N))

(2.41)
%g((n)M(N)) + %g((L)M(N)) < %g(m)ﬂ(N))

IA

Notice that:

D& —LasN — oo

2) lim sup 8((™ u(N)) < §((™ 1) by the upper semi-continuity of entropy (cf. Theorem

N—oo

4.2.9 in [Kel98]; Propositions 3 and 4 in [RoRu67])3.

Combining 1) and 2), we deduce

1 1
tmsup 8w < 3

(") (2.42)

where the right hand side depends on n, but the left hand side is independent of n.
Step 3c) Let n — oo, since A}im %S((”)u) = .%(u) by the definition of entropy per
—00

particle (“mean entropy of the state " in [RoRu67]),

limn sup %S(M(N)) < 7). (2.43)

N—oo

Step 3d) Together with the fact that the energy functional € defined by

&) 2N Uk, z)dpy (2.44)

AN 1<k7él<N

3The main idea of the proof, which is omitted here, is to express the entropy functional as the limit
of a decreasing sequence of continuous functionals. Moreover, it can be shown that each continuous
functional is concave.
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is linear, so far we have
1 1
cint =N (N)Y — 150 i f (N)y (N) >
lminf S50 = liminf 7 [8(“ )= 8(u )] = inf 7 (p) (245)

(V) and functional .Z is the “free

where p is any weak limit point of the sequence p

energy per particle” defined as .7 (u) = ]\}im %[8((")/0 - 8((”),u)]. The job left is
—00

to transfer . (u) to F(p). Indeed, any weak limit point of {u™)} is a permutation

invariant measure on AN. Moreover, Hewitt and Savage [HeSa55] proved that Vu €

P(AY), 3m € P(P(A)), s.t.
_ ®Ng , )y = ®nq 2.46
I /m(mp m(plw), " /m)p m(p|p) (2.46)

Note that p here is the integration variable.* Hence, utilizing the affine linearity of

entropy, we have the following:

F) = Jy {3 Ia I U@ p)p@)p(y)dady + [, ple) In(A|p(z))dz bm(plp)
> inf F(p)
P
(2.47)

Combining the steps 2 and 3 above, we proved that lim %Q(N ) () exists and

N—o0
equals to inf .Z (u) = inf F(p). Moreover, since inf .% (1) is attained by any limit point,
p P 1
it is actually min.Z (u). Finally, notice that if p is a weak limit point of the sequence
m
{1 then the decomposition measure 7(dp|u) has to concentrate on the set of min-

imizers of F, because otherwise the equality % (u) = inf F(p) would be violated. As a
P

result,

Z =3 [ | Venp@pmdedy+ [ pom(Alp@)s (2.48)

for any p a minimizer of the free energy functional F.
As a summary, when the uniqueness of solution p to the equation (2.1) holds, then

an approximating sequence {1V )}‘f\,o:l exists, each term of which is the first marginal

measure of an explicitly represented minimizer V) of the free energy functional (V).

“One can think this integral on the functional space P(A) as a “weighted average” of all product
measures p®N and p®" respectively, for p € PB(A). The decomposition measure dr tells the weight on
each p € PB(A), which is determined by the “resulted average” pu.
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More generally, when the uniqueness does not hold, the technique of Messer-Spohn still
proves the existence of solutions, but does not provide an approximating sequence for

any of them.

2.3 An Immediate Generalization: Incorporating External Fields

In this section, we generalize the canonical ensembles (2.3) to the following canonical

ensembles with the external field :

N

,u(N)(d:El,--- ,de):Z(N)_lexp[Z¢(xk ZZ x],xk} T,

k=1 1<]7ék<N
(2.49)

where the corresponding canonical partition function is modified into
Z(N /exp [Zd} x) ZZ (xj, } T. (2.50)
1<]7ék<N
The weak limit points p of the sequence {,u(N )}%:1 are superpositions of the solutions
p to the following Euler-Lagrange equation:

e (@)= [ Ulz,y)p(y)dy

plw) = [ @ TUEDmAgy (2.51)
If we set J(z) = ¢¥(®), then the equation above can be rewritten as
J x e_fA U(:v,y)p(y)dy
o) = 12 (2.52)

[ J(x)e IaU@y)py)dy g,
the same type of equation as (2.1), but with an extra factor J(x). When the function
J does not change its sign — naturally satisfied by the construction J(z) = ¥ — the
equation (2.52) can be translated into the original fixed point equation (2.1) easily.
There are two ways to do so, one is to absorb J into U, while the other is to absorb J
into dx.

Method 1. Absorb J(z) into U(x,y).

This method works pretty smoothly when J is bounded away from zero in A, even when

J takes on only negative values.
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Case 1. J € CP(A), J > Cy > 0, for some Cy € RT. pe (Pngtnelingh)(A).
Let U(z,y) = U(z,y) —InJ(z) — In J(y), then

LA U@, y)py)dy = [ Uz, y)p(y)dy — [ InJ(z)p(y)dy — [, InJ(y)p(y)dy

(2.53)
= —C—InJ(@)+ [, Ulz,y)p(y)dy
where we denote [, p(y)InJ(y)dy by C. Now
e~ IaU@vr@dy — (O j(z)e= [aU@wlpv)dy (2.54)
and thus
= o U(z,9)p(y)dy CJ(x)e~ JaUlzy)p(y)dy
e e“J(x)e
S - e = Pla) (2.55)
[e INU@wrWdyqy  eC [ J(z)e JaUlzy)p(y)dy
i.e. equation (2.52) becomes
o~ Ja Uly)p(y)dy
o() (2.56)

B [eJa U(z,9)p(y)dy 44

which has the same form as our original problem (2.1). Note that the U here also
belongs to CP(A?), same as U does. Hence all the tricks we did for (2.1) work here.
Case 2. J € CP(A), J < Cy <0, for some Cp € RT. pe (PN LN gtinLh)(A).

Let J(z) = —J(x), then equation (2.52) is equivalent to

j(l')ef fA U(:v,y)p(y)dy

p(‘r) = fJ(.fU)e_fA U(x,y)p(y)dydm

(2.57)

where J € CP(A), J > Cp > 0. In this way, we transform case 2) to case 1).
Method 2. Absorb J(z) into dx.
This method may seem “unnatural” at the first glance. As we’ll see, however, it gives
us more advantage to generalize problem (2.52) to its counterpart with a wider class of
p’s.
Case 1. To warm up with this method, let’s put aside the generalization first, and return
to our original problem (2.1), with a normalized uniform measure defined as dA = \Tlldx'
The motivation is to make d\ a probability measure, and at the same time to eliminate
the |A| inside “In” in the definition of entropy.

For any probability measure pu, let p(z) be its density function with respect to dz,

and p(z) = % be the relative density with respect to dA. We show that the variational
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problem for finding min F(p), where F(p) := F(p), gives the same equation as (2.1).
p

Indeed, by using Lagrange multiplier, define

F(p.o) = 5[y JyU( )A(y)dA(@)dA(y) + [, Az) In(p(z))dA(x)
+olf, plx d)\(x) —1]

(2.58)

With a similar procedure as in Subsection 2.2.2 Step 1, we get the Euler-Lagrange
equation for min F(p),

e Ja U@ y)p(y)dA(y)

fA e Ia U(wvy)ﬁ(y)d/\(y)d)\(w) (2.59)

pla) =

which coincides with the original equation (2.1).
Case 2. Now, coming back to problem (2.1), we define d\ = T J(( )) 3 dx, we again check
that the variational problem also gives the same problem as (2.1). In fact, the new A

here satisfies [, d\ = 1. For u(dxz) = p(z)d\ and the functional

/ / 2, 9)p(2)p(y)dA(2)dA(y) + /A p(@) WA p(@)dz,  (2:60)
we define, analogously to (34),

F(p,0) = 3 Jy JyUlw,u)p()p()dN@)dA() + f, pl@) Wl|Ap(z)]da
+o pr x d)\(a:) —1]

(2.61)

Imitating the process for Case 1, the following procedure goes through again:

Flp+edso) = 5[y [y U@ y)(p+eds)(@)(p+ 65) (y)dA(z)dA(y)
+ [alp +£65) (@) In[JA[* (p + €d5) (x)]dz

+o[fy(p+€dp)(x)d\(z) — 1]
aF(,O + 65[5, O‘)

e =0 = [y JAU( dp(x)dA(x)dA(y)
+ [y (95( 1nHA!" ()] + |A\")d)\ ) + 0 [y 0p(x)dA(x)
= L {LU( dA(y) + In[A]"p(x )+W+U}5ﬁ($)d)\($)
= 0

Thus,

/ U(z,y)p(y)dA(y) + In|A|"p(z) + ]A1|" +o0=0 (2.62)
A
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and then

() = |A1,n€Al'"Ue_ Ix U@y)p(y)dAm) (2.63)

Integrate both side with respect to d\, we get

- / p(2)dA(x) = e T / e~ I\ U@ gy () (2.64)
A Al A

and
1 1 —1
TP — {/ e~ Ia U(Jc,y)p(y)d/\(y)d)\(g;)}
A" A
Finally, the following equation is deduced

e fA )d/\()
fAe—fAU(z,y VAW G\ ()

ple) = (2.65)

At this point, the extra function J is gone, and the technique of Messer-Spohn intro-

duced can work smoothly again.

2.4 Another Generalization: A Random Coupling Constant ¢

In this section we introduce the generalization of Messer and Spohn’s technique to a

model with coupling constants, i.e., the canonical ensemble measure is now defined by

pMN (A, - dey) = Z(N) exp [—f ZZchkU (Isj —skl) } Hf (c)depd z,

1<j#k<N
(2.66)

with the canonical partition function
Z(N) = /exp { Z Z cickU([s; — sk\)] H f(er)depd™ . (2.67)
1<J;Ak<N
The coupling constants {cj}évzl are a sequence of i.i.d. (independent and identically
distributed) real numbers, distributed according to a distribution density function f(c).
When N — oo, the weak limit points of the sequence are characterized by the mini-

mizers of the free energy functional

T0) =5 |, [, el adpepa) ) felal+ | p@ ()
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(2.68)

Besides, each weak limit point u is a superposition of the typical canonical ensemble

measures p, in the sense that

W= [ enau(cl (269)
P(A)

where the decomposition measure v concentrates on the set of minimizers p of F. More-
over, any minimizer p satisfies the Euler-Lagrange equation, i.e., the fixed point prob-
lem,

e~ Ja JrccUlz,y)p(y) f(c')dc'dy

Ty Jme Ja e UEDp I f () deda

pla;c) (2.70)

Such a setup generalizes the Euler-Lagrange equation (1.43) with only two choices for
the value of the constant v to a broader type of equations. If we choose f(c) = 6,, in
particular, then the original (1.43) is recovered as a special case.

In the next chapter, an even broader type of equations with A = SP will be discussed.
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Chapter 3

The Generalized Prescribed Q-Curvature Problem

Now we come to the statistical mechanics approach to the generalized prescribed Q-
curvature problem, where A = SP RD+1, and the interaction, denoted by U, is no
longer continuous and bounded but has logarithmic singularities. We follow [KiWal2],
where the 2-dim problem was studied, with an application to incompressible, inviscid

fluid flows on S2.

Define the canonical ensemble measure as

—ﬂ<N1_1 PPICLAUCTE LD CkV(Sk)>
i<k k

dp™) = (3n); e do (3.1)

and the partition function as

J

—B<N1_1 Y3 cierU(sy i)+ v CkWSk))
e <* *

(3n)f(B,7) d:ef/ dof (3:2)

(SPxR)N

where the abbreviation ) > means the double sum over 1 < j < k < N, > means
the sum over 1 < k < Nfifnd dos(s,c) = f(c)dedPaf(s), dg}v is the abbrevligation of
Hév:l dos(sj,c;), with f the probability distribution of the random variable ¢ on R.

Here dPa is the normalized uniform measure on SP, while dP« is the standard uniform

measure on SP, so that

1
dPa = HdDa (3.3)
«
in which the constant «(D) stands for the area of the D-dim unit sphere, i.e.

2 k1
b " ifb=2k+1 .
a(D) = Area(S”) = 2(27)F N (3.4)
2k—nn "PT
The integral (3.2) can be estimated from above by adapting the strategy from

[CLMP92], [Kie93|, and [Kiell], using either a multi-variable Hélder inequality, the
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inequality of arithmetic and geometric means, or simply Jensen’s inequality w.r.t.

% Zjvzl( - ), and noting that the resulting integral factors into an N — 1 fold product:

ﬁ(N T Z Z cjerU(s):86)+7 22 CkV(Sk)>

N
SDXR N € de
N —By Y eV (sk)
U )
= Jexry <k131]1;[ke Paw-mesnl (e S”) e % do

1

2

N By e Visk)

= Joxmv <H [ e oD 1>c’CkU(SJ’S’“)> e F def’

k=1 #k
e*ﬂijckU(Sj,sk) . efﬁ'Y%CkV(Sk)dQ;V (35)
k 1j# k

IN
=

w2

[=}

X

)

2

2|~

A

N
— Z (SPxR)N <H e /BZ(N l)CgckU(SpSk) 5703‘/(5])) . efﬁyckV(sk)dgﬁc\/
Jj#k

= f(San)N <l;[ eﬂzuvl)cwlU(sa',m)B'YCjV(Sj)) ~6_5701V(51)dgﬁy
J#1

_ fS“xR [IS”xR e*%ﬁcc’U(s,s’)e_ﬁyc’V(s')dQ}} N-1 e—BWCV(S)de

where doy = f(c)dedPa(s) and doy = f(c)dddPa(s’). By Fubini-Tonelli, we can
exchange the order of integration in the (s, ¢), respectively (s', ) variables.

Suppose first that the support of f is bounded (hence compact). Let ¢ = min supp (f)

and ¢ = maxsupp (f). Denote max |V (s)| by My. Then e V() < C(8,7), and it

suffices to address the dPa/ integral. Now, suppose U is the Green’s function of the

GJMS operator in the form of

U(s,s') = C(D)In + constant term (3.6)

s — |
with both the positive coefficient C'(D) and the constant term depending on D. More

precisely, when the dimension D is even, D = 2k, the constant

1 1

¢(p) = 226=2[(k — 1)1Pa(2k — 1) 22 17h(k—1)!

(3.7)

Besides, the constant term is bounded below. We note that the additive constant in U
does not change the integrability of the dPo/ integral. Thus, the dPa’ integral on the
right hand side of (3.5) behaves like [ 2Pdx with p = (D —1) + 2(NiN_l)ﬁcc’C(D), so it is
finite if and only if ¢¢/3 > a(N), with a(N) = —%(1 — +). Clearly, 3 =0 is always

allowed, but nonzero (8 values are restricted in an f-dependent manner. Namely, if f
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is supported on both positive and negative c-values, then we have

2D 2D

w(l —1/N)/cc > 3> o)

(1 —1/N)/max{c? &}, (3.8)

whereas in case that supp (f) C Ry or supp (f) C R_, we just have

2D _
8> —w(l — 1/N)/max{c?,¢*} (3.9)

as sufficient condition(s) for the existence of r.h.s.(3.5), and thus of 1.h.s.(3.5).
Whether these strict bounds are also necessary depends on the shape of f. Take
for instance the special case where supp (f) € Ry. If we now set 3 = —%(1 —
1/N)/c® and ¢ = ¢ then, viewed as function of ¢/, the dPa/ integral will diverge when ¢’
approaches ¢, but if f(c¢’) appoaches zero fast enough when ¢’ — ¢ then the ¢’ integral
will still be finite, and the strict inequality in (3.9) can be changed into a non-strict

inequality. Similarly the other cases for supp (f) can be discussed. In any event, a simple

calculus exercise shows that L.h.s.(3.5) diverges if § < —%(1 —1/N)/max{c?,¢*} and,

in case that supp f lives on both positive and negative values, also if § > —%(1 —

1/N)/ce.

Next, suppose that supp (f) is unbounded. Then ¢ = —oo or ¢ = +oo (note that
both can be true simultaneously). Now, if supp (f) lives on both positive and negative
values, then 3 = 0 is the only allowed 3 value for Lh.s. (3.5) to be finite; this case will
therefore not be discussed any further. Therefore, let supp (f) C Ry or supp (f) C R_;
in the former case 0 < ¢ < ¢ = oo, while in the latter case 0 > ¢ > ¢ = —oco. In either
of these two cases, 3 > 0 is the necessary and sufficient condition for the dPa/ integral
in (3.5) to be finite. However, now that ¢/ > 0 can be arbitrarily large, when 5 > 0
there will be a ¢.(f5,), no matter what v is, such that the d¢’ integral will not exist
for ¢ > ¢ (8,7) if f(¢/) does not decay to zero faster than exponential. But even if f
decays superexponentially fast to zero, it is not clear whether r.h.s. (3.5) is bounded
by some CN or not.

For this reason we henceforth assume that f has compact support, leaving the case of
unbounded support (which includes the interesting Gauss distribution) for some future

work. We are now ready to state and prove our main results.
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3.1 The Main Results and Their Proofs

We first prove that In(3n),(8,7) = Nf;(8,7) + o(IN).

Theorem 5. Suppose that supp (f) is compact. If f is supported on both positive and

negative c-values, let 3 satisfy

2D 2D

—— /> B> ~C)

max{c?, & .
oo fmax{ @}, (3.10)

whereas in case that supp (f) C Ry or supp (f) C R_, suppose merely that

2
8> —TDD)/maX{QQ,EQ}. (3.11)
Then
Jim L3 (87) = §(87)  evists, (3.12)

where ff(ﬁ,'y) is a non-negative, bi-convex real function, with ff((),'y) =0.

Proof of Theorem 5:

We define the abbreviation In(3n),(8,7) o S}N) (8,7), explicitly

_ﬁ<1ZZC"CI@U(SHSIC)"F’YZCkv(sk)>
V(8,7 zln/ e \TGETT G do¥. (3.13)

(SPxR)N

Note first that éfN)(O,w) =0 VN, so §(0,7) exists and f,(0,7) = 0, indeed.

Note next that Jensen’s inequality w.r.t. d°a? yields

—ﬁ<N11E,chCkU(sj,swﬂzCkV(sk)> v
ln/ 2 i<k k doy >0 (3.14)
(

SPxR)N
for all § satisfying (3.10), respectively (3.11), and arbitrary . To arrive at (3.14) we

also used the integration condition
/ U(s,s')dPa(s) =0V seS, (3.15)
and [, V(s)dPa = 0, and finally [ f(c)de = 1. Thus,

lim inf L3V B > 0. (3.16)
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Incidentally, a complementary upper bound to N S( (8,7) is obtained by noting
that for each [ satisfying the bounds pertinent to the support properties of f, eventually
N will be large enough so that also (3.8), respectively (3.9) is satisfied. Now the upper
bound r.h.s.(3.5) provides the upper bound

limsup + §< ,7) <lIn sup/ e_%BCC/U(S’S/)e_’g'yc/v(sl)dg/f (3.17)
N—o00 SP xR
for all § satisfying (3.10), respectively (3.11), and arbitrary . The upper and lower
bounds on N~ 1%( ) guarantee the existence of limit points for the sequence N —
_IS;N (8,7), but not yet a limit.

The existence of a non-negative limit (3.12) follows from (3.16) and:

Proposition 1. Let 8 satisfy (3.10) or (3.11), pertinent to f. Also let N = Nj + Ny
be big enough such that (3.8) or (3.9) hold irrespective of whether Ny or No replace N,

there. Then S( (B,7) 1is sub-additive in the sense that
08,7 <8 (8.9 + 87 (8,7). (3.18)

Proof of Proposition 1:
The proof follows closely the proof of proposition 1 in [Kiell], which has a precurser
n [Kie93]. Namely, we note that (3.13) is the maximum for the effective entropy of
N) e ps((SP x R)N), N > 2, given by

Sé{\? (e™) EQQ(N)(Q(N) ]g?) — ﬂQ(N)[ﬁ S5 cjerU(sg,sk)+7 > exV(sg)|  (3.19)

1<j<k<N 1<kSN

where the entropy of oY) relative to Q}V € P ((SP x R)N) is defined by

&M (oMo} ) = —/SDXRm |20 [ aet™ (3.20)

!

if o) is absolutely continuous w.r.t. Q}V , and provided the integral in (3.20) exists;
in all other cases, K(N)(Q(N”Q;V) := —o0. Moreover, o) (.) denotes expected value
J(- oY) (dDgN HN fdc). For N > 2, when [ satisfies (3.10), respectively (3.11), and

for arbitrary +, the effective entropy functional (3.19) achieves its supremum at the
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unique normalized measure

( DIDIETNUCTRINE DY CkV(Sk)>
i<k k

N
N e do
04 (do) = L, (3.21)
5<NZZCJCkU(SwSk)Jr’YECkV(Sk)) N
/ e g<k doy
(SPxR)N
here again, > = >  , while )_> =>">" . Thus
k  1<k<N j<k 1<j<k<N
(N)( (N) (N)( (N) 29
S (8 y) P (67) = %51 (3,) 322
Moreover,
N N)
5( )(Qﬂ’y) 3( (B, 7). (3.23)
Now note that
o X avisn) = NUB(ev(s)) (3.24)
T N\1<k<N
and
(N1 , , — N@W1 !
Qﬁﬂ(N_11§<;chckU(s],sk)) =N Qﬁv( cdU(s,s")), (3.25)

(N

where (1)g(ﬁ{\2 and (2)Qg7\g) are the first and second marginal measures of 03 ) So,

s 05y < &M (VM) — Ny B[ (16U (s, 1)) + bV (veV (s))]

+K(N2)((N2)Q(BJE)‘QN ) N. ﬁ[( ( cc U(s S )) + (1)( )(VCV(S))]
< R (g5 123) = N [P (sedUls. o)) + MG (7eV (5))]
RN (2 7]072) — Na [P (5 Uls, s)) + b (ev (s))]

M), (N Na), (N
= éﬁl)(g(gi)) +5§,72)(Q(ﬁj)) (3.26)

where the first inequality is the well-known sub-additivity of relative entropy together
with setting N = N; + Nz in (3.24) and (3.25), while the second inequality is just our
maximum effective entropy variational principle.

This proves Proposition 1. O

Proposition 1 and the lower bound (3.14) prove (3.12), and that §;(3,7) > 0
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Taking two [ derivatives shows that the map 8 — N _13}]\[) (8,7) is convex, and
similarly two ~ derivatives show that v — N *13§N) (8,7) is convex. So f,(8,7) =
]\}iinoo N‘lgch) (8,7) is bi-convex.

This completes the proof of Theorem 5. O

Note that bi-convexity implies that ff(ﬂ, ~) is continuous in each variable.

To evaluate f,(8,7) we now use a refinement of the strategy in [CLMP92], [Kie93]
and [Kiell] to establish £° bounds uniformly in N for the N-sequence of each n-th
marginal measure of (3.21), which reads

/ €_5<Nll %:;k CjCkU(Sj7Sk)+VZkI Ckv(sk)> o
(N) (S° xR !

N—n
d(")gﬁﬁ = )

dof; (3.27)
—3<Nl_1 > cierU(syse)+v 2 CkV(Sk)>
/ e j<k k d Qjc\f

(SPxR)N
here, the integral in the numerator runs over the variables (s, +1, ¢q+1) to (Sy, ¢n). Then
we can extract an L£¥-weakly convergent subsequence of each n-th marginal measure
sequence. This information and the subadditivity of relative entropy finally allows us

to extend the finite- N random-holodic variational principle to the limit N — oo, which

characterizes f;(3,7).

Lemma 1. For each n and [ satisfying (3.10), respectively (3.11), and for arbitrary

7, there exists a constant C(n, [3,7v) such that

— 5 2 2 BejerUls; k)
i<k

N
dmpY) < C(n, B,7)e do. (3.28)

Proof of Lemma 1:

We define a new a-priori measure drg, = e P1eVS)dp ¢ and rewrite (3.27) as

/ €*ﬁ ZK% BCjCkU(Sjvsk)dTévin
)( ) (SDXR)an R

1
— . U i
/ e Nt ZJ<§ BejerUls; Sk)dTé\f/
(SPxR)N

note that 75 is generally not a probability measure. We now follow [Kiell].

n N n
A"y, = drj.; (3.29)

Let si,...,s, jointly be denoted by S and Sn+1, .-, SN be denoted jointly by
S(N=n) " Then, for any N > 2 and 1 < n < N we set SOV) = (§() gIN=m))  Ac

cordingly we write ZZlde@SN cjekU(sj, ) = K™ 4 gN=n) 1 g(N=n)  where
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the superscripts indicate, respectively, the dependence on S alone, or on S and
SWN=1) or on SV=") alone.

Each K term has a number of logarithmic singularities, but K™ has a fixed number
of these and (N —1)"' K™ goes to zero pointwise a.e. when N — 0o, so that eventually,
when N is big enough, exp(—(N — 1)~ 1K ™) € £9((SP x R)", do}) = £2((SP x R)™)
for any p < oco.

To estimate the remaining terms, for any p < oo we define the Lebesgue spaces
ng((SD x R)") = £°((SP x R)",drg, ). Now, if f is supported on both positive and
negative c-values, then all ng—integrals below exist whenever

. /| 20 N'—n—1 2D 2 2.
NZNf(n,ﬁ)—N/r;lzlgJrl {N ‘C(D)/cc< B < C(D)/max{g ,C} s (3.30)

in case that supp (f) C Ry or supp (f) C R_, all integrals below exist when

Nz Nyn. ) = N/glzigﬂ {

—n— 2D _
ﬂN’ 2n =7 < C(D)/maX{CQ,CZ}}- (3.31)
Set ¢ = (N —1)/2n and ¢’ = (N — 1)/(N — 2n — 1).By Holder’s inequality,

fexp (= e BTN 4 KO0 [ v < (3.32)

||exp (—ﬁﬁK(n’N_n)) Hzgv((gan)N—n) Jexp (_ﬁﬁK(N_n)> H>:;§'7((SDXIR)N‘")

n,N—n)

Notice that the norms involving K ( are functions of n points in SP. Now,

n
_ He—ﬁzkzlﬁccw(sk,-)’

(3.33)

)
27 ((SPxR)N-m) £5_(SPxR)

by permutation symmetry. The right hand side of (3.33) can be estimated from above,
uniformly in N, as follows. Since the constant term of U(s,s’) is bounded below, we
can modify it to be a nonnegative function U™ (s,s’) by adding a positive constant big

enough to U(s,s’). Defining now

B4 (B) = maxee {—Bec’} and  B}(0) = maxer{Bec’}, (3.34)

we can first of all estimate the right hand side of (3.33) by

n n
Z CCkU Sk, * N—n Nen 'Bj}(ﬁ) - Z CCkU Sk, . N—n
He k=1 ’ . S en N—-1 4n He k=1 ) a s (335)
Lor Loy
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where we dropped the argument (SP x R) from S%W(SD x R), as no confusion could
arise. Second, using (3.34) again, and then n-fold symmetric decreasing rearrangement

[Ban80] (here: moving all s — sp), we estimate

n
_J\Il—lzﬂcckU+(sk")‘ N-n N-n

|

< [lemsmm o)

(3.36)
N e

and note that the norm at the right hand side of (3.36) can be calculated exactly and

equals

N—n

2n% % BV (s) 2ng—g
~ (w8 /R eV fe)de) T, (3.37)

2;137 c) “f

1B (AU (s0,-)

e

which is < C' independently of N because 702(1133) —

B;(8) > 0, by hypothesis.

Next, the second norm at r.h.s. (3.32) can be rewritten thusly,

—np AR _ ( N-n-13 N-2n-1 )1_2”/(N_1)
N-1 =
He 29 (S xR)N ") A - (3.38)
Since we already proved that the limit of the sequence
N N7 (8,9) = N n(38)(8,7)
exists for all B () < %, we see that
“2m/(N-1) y oo o

(Bv-nly (A58, ¥ty M09 o= 2nfy (5,7), (3.39)
which implies a bound uniformly w.r.t. N when N > Ny, because B () < %. It
remains to estimate the term <3N—n>f(]<,\[:27;:11ﬁ, J}fv 27? 11 7)

Applying Jensen’s inequality w.r.t. d°a™ to <5N>f(ﬂ, v) we find
(3wl (8,7) = Br-nly (N52528 ¥t ) (3.40)

where we used (3.15) and [o, V(sg)dPa = 0, and finally [; f(c)dc = 1. Next, define

the expectation functional ( - ) w.r.t. the probability measure

-1
Gy (A58, %2250 )  exp [~(N =20 = )7TBKN] ar =" (3.41)
Then we have the identity

<3 7n> N—-n 15’ Ly B
<5NNn>f((vaz% gvv)) = (o0 (e K O)) - 62
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Now using Jensen’s inequality w.r.t. (- ),y yields

(e (i P ) ), 2 exp (arendiamn (PK7), ) (349)

By elementary calculus,

N

—~0a[3" (FEh A K22 )| = b <K<N—">>N+v< > ckV<sk)> (3.44)
N

k=n+1

N
Since the definition of L(N) implies that |7< > ckV(sk)> | = O(N), we can right
k=n-+1 N

away turn our attention to Lh.s.(3.44).

Since § +— E;N) (8,7) > 01is convex and S;N)(O, v) = 0, its derivative 8ﬁ§§cN) (B,7) <
0 when 8 < 0, and 8@3501\7) (8,7) = 0 when 8 > 0, for each 3 satisfying B ,(8) < %
provided N is big enough for the integrals to exist. So —ﬁc'?ﬁ%ch) (8,7v) < 0 for all
p satisfying B;(8) < % and N big enough, and the same is true for Lh.s.(3.44).
Therefore we need to show that ﬁ@g&&m (8,7) < C'f(ﬂ, ~Y)N.

For this we invoke the limit function ff(ﬁ,’y) which, by its bi-convexity, is (-
differentiable almost everywhere. In particular, its right g-derivative agff(ﬁ,'y) exists
whenever B f(ﬁ) < %, and by the g-convexity, for any two G values 51 < (2 satisfying

B, (Bk) < %, k € {1,2}, we have the ordering

9557 (B1,7) < 0514(B2,7)- (3.45)

Moreover, since ff(O,fy) = 0 as shown earlier, Bgff(ﬂ, v) < 0for 8 < 0, and 8gff(ﬂ, v) >
0 for 8> 0. Thus, for all 3 satisfying B ;(8) < %,

0. < BO51(8,7) < o (3.46)

Now, for each 3 satisfying Bf(ﬂ) < % there exists some € > 0 such that (14¢)f3 def

* (3 satisfies Bf(*ﬂ) < %, too. Note that *3 < B if 3 < 0 and 3 > B if 5 > 0. So by
(3.45) and (3.46), for any 3 satisfying B ;(3) < %,

BO55(B,7) < BOSTH(*5,7). (3.47)

K,V__QT;L__ll "% 1, eventually K,V__Q’ﬁ:l 8 € [x0,0] if B < 0, respectively

Next, since

]]\y:;;_llﬂ € [B,x0] if B > 0. Therefore (cf. [Kie93]), eventually

805 w8 (A8, At ) | < 697,(:8,7). (3.48)
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And so, for some suitable C' > 0, we conclude that uniformly in NV,

b (=i (PKO), ) = Coxp (200055,05.7) - (3.49)

This proves Lemma 1. O

By hypothesis, f(c) has compact support, and SP is compact. So Lemma 1 guar-
antees that for each n € N and p < oo the sequence N — (”b/(g]’\,fy) is weakly compact in
PBo((SP xR)™) (PN L9)((SP x R)™), which are the absolutely continuous (w.r.t. dof)
probability measures on (SP x R)" whose density is in £((SP xR)"™). (For non-compact
domains, see [KiSp99, ChKi00].)

We next characterize the limit points in terms of the N = oo counterpart of the
variational principle (3.22). We denote by *((SP x R)Y) the permutation-symmetric
probability measures on the set of infinite exchangeable sequences in SP x R. Let
{("p},.en denote the sequence of marginals of any o € P*((SP x R)N). The deFinetti-
Dynkin-Hewitt-Savage decomposition theorem for §3*((SP x R)N) states that for each
0 € P((SP x R)N) there exists a unique probability measure v(ds|o) on PB(SP x R),

such that ("), the n-th marginal measure of p, is given by
A" = / <" (dPa(s1)der - dPa(sp)den) v(dslo)  Vn € N (3.50)
P(SP xR)

where ¢®"(dPa(s1)de; - - -dPa(s,)de,) = ¢(dPa(si)der) @ - - @ ¢(dPa(s,)dey,).
Theorem 6. For any 3 satisfying Bf(ﬁ) < % and n € N the sequence {(n)Q,(BJ,\iY)}NEN
is weakly £8-compact for 1 < p < 0o. So one can extract a subsequence {(") Q(B{\Q[N])}NGN

such that ¥n € N, weakly

: n(NN) mn):- S n
lim (5 = g, e po((sP x R)™). (3.51)

N—oo
The decomposition measure v(ds|0g~) of each limit point o5 ., is supported by the subset
(BN Ln £H(SP x R) of P(SP x R) which consists of measures cﬁﬁ(dDg(s)dc) which

mazximize the effective configurational entropy functional

554(5) 2 ®RD(cloy) — B2 (K®) — By (cV), (3.52)

and

2D

5@7@5,7) = ff(ﬂ?’}/) v : 3f(ﬂ) < C(D).

(3.53)
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Proof of Theorem 6:

We introduce the subsets ‘B‘;((SD x R)N) < PBs((SP x R)N), with p > 1, as the
probability measures on (SP x R)YN whose decomposition measure is concentrated on
Po(SP x )
probability measures on SP x R whose density is in £°(SP x R,dPadc). Note that

def

= (PN LP)(SP x R), which are the absolutely continuous (w.r.t. d®adc)

if ¢ € P, (SP x R) then also ¢ € £¢'(SP x R) for all ¢ € [1,p], and so also ¢ €
(21 In 1) (SP x R).

By Jensen’s inequality, any marginal measure of o € ‘B;((SD x R)N) is then in
(P N L£9)((SP x R)™). The reverse can be shown also (cf. [HeSab5], [MeSp82]): if
0 € P((SP x R)N) has all its marginal measures in (f N £°)((SP x R)"), then the
decomposition measure v(ds|p) is concentrated on P, (SP x R); i.e. o € ‘,B;)((SD x R)N).

The mean energy of o € P5,((SP x R)Y) is now defined as

(o) lim L0b(75 X5 al(s;sy). (3.54)

1<j<k<n
Clearly, the sequence at r.h.s.(3.54) is independent of n, and so
£(0) = 3%o(K®). (3.55)
Moreover, by the linearity of o — E (Q) the presentation (3.50) yields
£(0) = [ 46 (K®) v(dslo). (3.56)
The mean northern moment of ¢ € P5((SP x R)N) is similarly defined as

(o) = lim %("’Q( ) Ckv(sk)>a (3.57)

1<k<n

Also the sequence at r.h.s.(3.57) is independent of n, and so

() = Wo(cV). (3.58)
Again by the linearity of g — 9\7[(@) the presentation (3.50) now yields

N(o) = /<(CV) v(dslo). (3.59)

The N = oo analogue of (3.20) is known as a mean (relative) entropy of o €

P2 ((SP x R)N), well-defined as limit

R(olos) = lim TR ("blo}). (3.60)
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Here, & (™ ((”b\g?), n € {1,...}, is the relative entropy of (), as defined in (3.20); we
also set o(k) = —1,0,1 when k£ < 0,= 0,> 0, respectively. The limit (3.60) exists or is
—oo. This is a consequence of the next lemma [Kie93], [Kiell], adapted from [RoRu67]

(section 2, proof of proposition 1; cf. also [Rue69]).

Lemma 2. Relative entropy n — K(")((”b]g?) has the following properties:

(A) Non-positivity: For all n,

9{(”)((")@!9’}) < 0; (3.61)
(B) Monotonic decrease: If n > m then

& ("ble}) < =™ (el o) (3.62)
(C) Strong sub-additivity: For m, n < /¢, and k =¢ —m —n,
RO(Dglof) < R™((Mg| 1) + Rl ) + o (k) R FD((KDg| ). (3.63)

Lemma 2 holds for o€ P*((SP x R)N) and o€ P*((SP x R)N) (then k < N in K)p(V)).

Also adapted from [RoRu67], proof of proposition 3, is (cf. [Kie93, Kiell]):
Lemma 3. The mean relative entropy functional (3.60) is affine linear.

Lemma 3 paired with the deFinetti-Dynkin-Hewitt-Savage decomposition theorem

for P*((SP x R)N) yields the key formula

Rleles) = [ R(cles)v(dslo) (3.64)

where we also set ®(s|of) = RV (s|oy).
Lastly, Lemma 4, also proved by adaptation of a proof in [RoRu67], their proposition

4, ends the listing of properties of mean relative entropy (3.60).
Lemma 4. The mean entropy functional is weakly upper semi-continuous.

Finally we define the mean effective entropy of o € ‘B‘;((SD x R)Y) by

S5, (0) = R(0) — BE(0) — BYN(0)- (3.65)
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By (3.64), (3.56), and (3.59) we have

5,.(0) = /m o 506 V(ST (3.66)

where S, (<) is the effective entropy functional introduced in (3.52). It is well-defined
and finite for all 3 satisfying B ;(3) < % whenever ¢ € P, (SP x R), p > 1, because
then ¢ € (£' N £'n ') (SP x R), and since U is in any £¢'(SP x R). In all other
situations it is defined as S, (s) = —oo.

Now, for any 3 satisfying B (8) < %, and 1 < p < oo, we can extract a subse-

quence {(™ gl(g]’\;[N])} ~en such that Vn € N,

. n (N[ND n): n s n
Jim a7 = Mgy (du”) € PSP < R)), (3.67)

weakly in P, ((SP x R)™). Following [MeSp82] we next use sub-additivity (property (C)
in Lemma 2) and then [Kie93, Kiell] negativity (property (A) in Lemma 2) of relative

entropy, to obtain

&R (0 1ef) < | &) &™) (s lef) + 2 (e 1)
v N
< | &) & (5, 16), (3.65)

where |a/b] is the integer part of a/b, and where m < n. Following [Kie93, Kiell], we

use upper semi-continuity for the relative entropy to get

s n n (NN) n n n): n
limsup & ™ (b5 0%) < &R (Mg [oh), (3.69)

N—co

while L%J — 1. Hence, dividing (3.68) by N[N] and letting N — oo gives

N
limsup L&) (o5 0F) < 1™ (Mg, |0}) VneN, (3.70)
N—oo

and now taking the infimum over n (equivalently: the limit n — co) we get

limsup £+ &N (o)) |0 ) < R (65.-)- (3.71)

N—oo

Lastly, using (3.64) in (3.71) yields

limsup L& ™ (607 0F) < /R(d@f)’/(dﬂ@ﬁ,'y), (3.72)

N—oo



where v(d<|0s,,) is the Hewitt-Savage decomposition measure for g3 .
Moreover, by weak £¥ convergence, for each n € N we have
. ()
lim (n)Qﬁv ( T2 CJCkU(Sjvsk)) = nQ( )Qﬂ, (K(Q))7
N—o0 1<]<k<n

so division by n yields the mean energy of ¢g3.,,

. (N) . .
lim 1y (n T2 Cng:U(SJ,Sk)> 1 Dig (KP) = ().
N—o0 1<j<k<n
But of course, we also have
N ()
Q(ﬁ»y)( ! ZZ C]CkU(S]’Sk)> N1(2) ,B'y (K(2))7
1<j<k}<N
so after division by N, weak £¢ convergence again yields

lim Lol (55 S X cal(sise)) = 3P, (K).

N—o0 1<j<k<N

By (3.76) and (3.74), and recalling (3.56), we have

lim g(ﬁ 7)( > cjckU(s],sk)) / 12 (K( )) v(ds|og.)-

N—oco 1<]<k<N

In a completely analogous manner we see that

i L0 ( 5 asn) = [ leVs) vddas).

N—o0 1<k<N

Estimate (3.72) and identities (3.77), (3.78) together with (3.66) now yield

. N :
limsup +55., (05)) < / S8.4(s) v(ds|py) < sup S6.4(S)
©

N—oo

for any subsequence N[N]. Therefore,

lim sup N.S/g,y( (v )) < sup Sg~(s).
N—oo E‘,B

On the other hand, for any ¢ € B, we have

555 (e") 2 K ()

BN (5 T ral(sgse) +7

1<j<k<N

- N [K(l)(dg) — BLEAKD) — By(cV (s }

<kSN

= NSB’Y (g) 9

)

Ckv(sk)>

46

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)
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by the variational principle for the effective N-body entropy (3.19). Taking a maximiz-

ing sequence k — ¢, € B, for Sz (<), after division by N we find

.. N
lininf 3755, (ey) 2 SUP S5 (9) (3.84)
S ©

The estimates (3.84) and (3.80) together prove that

: N
M S5 (057) = sup Sp.(5)- (3.85)
SCFp

But then, by (3.79), we also have

[ $300)v(@sldag) = swp 530(6) (3.56)

sEP,
for any weak limit point 9. Therefore the decomposition measure v(ds|og,) is sup-
ported on those ¢ € P, which actually maximize Sg,(<); for suppose not, then the
average [ Sg.-(s)v(ds|og,) < SUP¢esp, S5,7(s) in contradiction to (3.86). Therefore,
SUPcem,, 53,y (¢) = maxceq, Sp,4(s); furthermore, since ¢ € £¢, we can conclude that the

maximizer is actually in £ for all 1 < p < oo.

This proves Theorem 6. O

Corollary 1. Any mazimizer By of S3.~(s) over the set B, is of the form

5., (@0(dS)de) = . (s:¢) F(C)a(ds)de,
where pﬁﬁ(s; c) is given by a solution to the following fived point equation in B(SP x R),

e [JUsRaEadra@ f(@derv (s)
s;c) =
plsic) // 6—,@6(fo(é,g)ep(é;é)dDg(é)f(E)déHV(S))dDQ(é)f(é)dé
R D

: (3.87)

with B satisfying Bf(ﬂ) < %, and v arbitrary.

3.2 Special Cases

We mention two choices of f(c) which are of special interest.
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3.2.1  f(c)=041(c)

If we let the function f concentrate on the Dirac point measure d11, i.e., ¢ only takes

the value +1, we arrive at the canonical ensemble measures

_’6<Nl—1 22 U(sysk)+v 2 V(sk)>
<k I

=(3n) e dPa(s1)---dPa(sn), (3.88)

with the partition function

122 Ulsjse)+r X V(Sk)>
j<k k

(3n)(B,7) dzef/( D)e ( dPa(sy)---dPa(sy). (3.89)

Then the weak limit points of the sequence of canonical ensembles {M(N )} are superpo-
sitions of solutions to the following equation
e—g( i U(s7§)p(§)dDg(§)+’YV(s))
p(s) = S ———
/ AJUEHEPaEVE) by o)

: (3.90)

with § satisfying —f3 < C(D) ie, B> — C( L and ~ arbitrary.
Now, apply the substitution u(s) = [U(s,s)p(s)dPa(s) — 1 to the equation above,

and recall that U is the Green’s function of the operator P such that PU = § — (D),

then we get an equation for u as follows:
1 e~ ButV(s)) 1
) Jp e PHVENdPA(8)  a(D)

Pu(s) = (3.91)

where a(D) stands for the area of the sphere SP.

The equation (3.91) is deceptively similar to the prescribed Q-curvature equation.

However, we remind the readers that the constant (§ here must satisfy 5 > —%,

but not exactly equal to —%. Hence the result is indeed an ¢ away from the true

prescribed Q-curvature problem.!

'If we apply the formal substitution Pu = fﬁp — (D — 1)! to the equation (3.90), then formally
we get an equation for u as follows:
pu(s)+D(D—1)!—B~V (s)
Pu(s) = —— ° . — (-1

( )D feDu(s)+D(D—l)!—B'yV(s)dDg(g)

8 D(D—1)!1—BV (s)
~ a(p)p [ ePuE)+DD-1)I-B7V(8)dP(s)’

Pu(s) = Q(s)e”"® — (b — 1)I.

Next, we let Q(s) =

then the equation above turns into

This looks exactly the same as the prescribed Q—curvature equation. HOWEVER, such a substitution

from p to u does not exist! Unless the parameter g = c(D)? the requirement Pu = —ﬁp— (p—1)!

is inconsistent with the integration constraint | Pu = 0.
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However, the true prescribed @)-curvature equation can also be obtained using sta-
tistical mechanics techniques, namely, the treatment of the microcanonical ensemble

will produce the desired result — for 2-dim, readers can refer to [Kiell].

322 £(0) = L6a(0) + 3640
When f(c) = 2641(c) + 30-1(c), the fixed point equation (3.87) becomes:
exp—e[§ [ U(s,8)(p(5: 1) = p(5; —1))da(3) + 7V (s)]

i) = / cosh {ﬁ[; / U(s,8)(p(5: 1) = p(8; ~1))d°a(8) + 7V (5)] } d"als)

, (3.92)

and this leads to an equation for w(s) = [; p(s;c) f(c)de = [p(s; 1) —p(s; —1)] as follows

_sinh {@ [ [U(s,8)w(E)dPa(s) + w(s)] }
/cosh {ﬁ[/U(S, §)w(s)dPa(s) + 7V(s)] } dPa(s)

w(s) = (3.93)

Now suppose u(s) = [ U(s,$)w(s)dPa(8), then the equation above implies the following

equation for u:

— sinh SBlu + vV (s)]
Pu — 3.94
“ = Teosh(Bu + 1V (s)])dPa(s) (3.54)
In particular, when v = 0 and D = 2, the corresponding equation reads as
— sinh fu
—Au = 3.95
“ | cosh fud?a(s) (3:95)

which would be the equation of immersed tori with constant mean curvature discussed
in [Abr87, PiSt89], were the domain a flat torus. However, the domain in our discus-
sion is the 2-dim sphere S?, not a flat torus; but nothing stops us from studying the
same equation on different domains. Indeed, the Green’s function U has logarithmic
singularities on both S? and the torus, but the periodicity involved in the torus case is

not required by the S? case.



Part 11

A Generalization of Statistical
Mechanics Techniques Applied to
the Prescribed Sign-changing

()-curvature Problem
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Chapter 4

Sign-changing Prescribed Curvature Problem

In this chapter, we will work on the prescribed @Q-curvature problem in a bounded

domain A C RP, namely
Pu(z) = Q(x)eP®), (4.1)

where the function Q(z) takes both positive and negative values. Yet, to focus on the
technique itself, without loss of generality it suffices to let D = 2 (for simplicity). Also,

we write the equation in the form with a normalization constant, so that

K(SU) 62u(1’)

_A — :
wz) ﬁf K(z)e2u(@)dg’

(4.2)

here k is a real parameter which can be interpreted as the integral Gaussian curvature
whenever r = [ Ke?"dx # 0. We remark here that the special case k = 0 cannot be
brought an equation into the form of (4.2), and therefore has to be discussed separately;
but this kK = 0 case is not included in this thesis. We also remark that the substitution
K = —K into (4.2) will result in the same equation, so it suffices to assume that the
integral [ K(z)e**dz > 0. Note that @ = K now, and the function K changes sign in
its support. (4.2) is supplemented by the 0-Dirichlet boundary condition, since other
boundary conditions can be absorbed to K as explained in Chapter 1.

As a warm up, let us imitate the procedure in Part I and derive the “formal varia-
tional principles” for u: First, notice that the Euler-Lagrange equation of the variational

principle

H(u) = ;/]Vu(m)IQdm — gln/K(aﬁ)eZU(‘”)dx (4.3)

is same as (4.2). Second, apply Legendre transform to the first term % [ |Vu|?dz in

(4.3), and get —% [f Uv®2d%z with v = —Awu as the Euler-Lagrange equation. Indeed,
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an application of Legendre transform to the second term — In [ K(x)e 2u(r)qg: of H

K (z)e2u(®)

m . Notice

results in % Jvin —=dx with the Euler-Lagrange equation v = &
that by (4.2) the two Euler-Lagrange equations derived for the two terms coincide.

Hence, putting the two terms together, and noticing that

H(u) = {;/|Vu(sc)|2dx _ /uvdx} + {/uvdaj _ ;ln/K(x)eQU(x)dx} ,

the resulting functional of v is

:_// Uv®2d2z + = /vandx (4.4)

where U is the Green’s function for the operator —A with 0-Dirichlet boundary condi-

tion. Correspondingly, the Euler-Lagrange equation of F' for a critical v is then

K(J}) 2(Ux*v)(x)

o) = fK x)e2(Ux0)(@)dy

(4.5)

We remind the readers that the notation “x” here means convolution, i.e.,

U*@Z/AU(QH,LL’Q) (.Tg)dxg /AU(J/‘l—l'Q) (132)(11‘2,

with some obvious abuse of notation for U, because the Green’s function U(z1,z2)

depends only on x7 — 2.

Remark 4. Notice that the entropy functional here is not the ordinary entropy con-
taining “vinv”, but the “entropy of a signed measure relative to kK ”. This is not only

directly resulted from the Legendre transform, but also naturally required by the “In

the functional. From the relation between u and v, we know that v is of the same sign

as kK.

Substitute (4.5) into its formal variational principle (4.4), and we get
F(v) “L0 [ Gi®2d2a 4+ L [, 5(2G x 0)dz — $1n [, Ke2G+dy

= %IA fA Go®2d2r — %lan Ke2G*dy

(4.6)

Now if the technique in Part I were applicable to sign-changing measures, then we could

conclude that some critical points of F would be related to the weak limit points of the



53

(N)

sequence of signed measures {O'(N )}‘j\,o:l, where for any N, o'/ is a critical point of the

functional GY) defined as

1 1 o
(N) - _ /AN, 1 / N N
G (oy) 2(N = 1) /AN gk#; G(wg, z)oyd :U+2/AN UNlniﬁNK@)Nd x. (4.7)

Each critical point o) is explicitly expressed as

K®N exp 5y Z; G(zk, 1)
k#l N
= d™x. 4.8
fAN K®N eXpﬁZZG(CCk,IEl)dNCC ) ( )
Al

dO'(N)(CUl, ,xN)

Its weak limit points would be affine linear superpositions of infinite products of signed
one-point measures, roughly in analogue of (2.12) and(2.13); and each one-point mea-
sure is a critical point of the functional F'.

However, because K changes sign, the sequence o)

does not have an interpretation
as canonical ensemble measures. Worse, o™) does not represent a statistical ensemble
of systems in any known sense. This makes a direct application of our techniques of
Chapter 3 impossible.

To circumvent this problem, we decompose the equation (4.2) into a system of two
equations — each equation corresponds to a “no sign-changing” problem, so that a
statistical mechanics interpretation exists for each equation conditioned on the solution
of the other being given. Hence the technique of Messer and Spohn can work through
for each equation separately. The problem thus reduces to finding a joint statistical
treatment. We will modify Messer and Spohn’s technique to find solutions to this joint

system of equations, at the cost that we can not think of it as a mechanical system

anymore. The mechanical interpretation will be lost.

4.1 Reformulation of the Prescribed ()-Curvature Problem
Let
K = ae® —be P¥, (4.9)

with both @ and b positive constants, so that both ae®¥ and be=¥ are positive.
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Remark 5. There is always some combination of (a,b, 3) such that K < 1. In partic-

e¥—e ¥

ular, let a = b=1/2, 3 =1, then K =

= sinh v, and hence 1 can be obtained

by taking the inverse of the hyperbolic sine function.

Let us decompose u into the linear combination of two functions ¢; and ¢, each of
which satisfying a similar equation in the regime of Messer and Spohn’s technique. Set

2u = P¢1 — P2, and correspondingly, the equations for ¢1 and ¢ are as follows:

2@[{ eﬁ(¢_¢2+¢1)

bk B (—v+d1—¢2)
“Agy = 7”{—6 ~ (4.11)

with Z = fA Keb01=92) 4.

Lemma 5. This system of the two equations (4.10) and (4.11) is equivalent to the

original single equation (4.2), for any choice of (a,b,3) such that K = aeP¥ — be 5.

Proof of Lemma 5: On one hand, if ¢1 and ¢2 solve (4.10) and (4.11) respectively,
then u = g(gbl — ¢2) solves (4.2) trivially. On the other hand, if u is a solution to (4.2)
(with 0-Dirichlet boundary condition), then by the representation K = ae®¥ — be=P¥,
the equation for u can be written as

(
—Au = — — kb
u=nr | Ke?vdx Haf Ke2udr [ Ke?vdx

(4.12)

Let ¢ be the unique solution to the equation (with 0-Dirichlet boundary condition)

2ka ePVt2u

A, =
2 B [ Ke?dz’

(4.13)

and ¢y be the unique solution to the equation (with 0-Dirichlet boundary condition)

2kb e Pit2u

Ay =
02 B [ Ke*dx’

(4.14)

then their linear combination g(qﬁl — ¢2) solves (4.2) and hence is equal to u. Now

substitute u = g(dn — ¢2) back into (4.13) and (4.14) so that (4.10) and (4.11) are
recovered.

This proves Lemma 5.
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Because of (4.13) and(4.14), the freedom of choices for (a,b, 3) allows us to choose

8= k.

In order to relate —Ag;’s with probability measures, we set —A¢; and —Ags to be
the normalized measures —A¢; and —Ag¢y, respectively, i.e. suppose that [ —A¢; = A,
[ —A¢2 = B, then by setting ¢1 = ¢1/A, ¢2 = ¢p2/B, we have [ —A¢; =1 for i = 1,2.

Correspondingly, equations (4.10) and (4.11) are turned into
AG PP Bhyt+ Ad) _ KexpBAg L5
i Jexp By — Boa + Ap1)dx [ K exp BA¢1dx (4.15)
NGy = CPOUFAd = BSs) | KexpfAdy (4.16)

 [expB(— + Ady — Bog)da ff(expﬁAgZ_)ldx
where K = exp 3(1) — Bgy) and K = exp B(—y + Ap1). Note: A— B =2x/3=21isa

natural requirement from the original equation (4.2), and our choice is § = k.

4.2 Existence of solutions to the continuum (fixed point) equations

Since [ —A¢; =1 and —A¢; > 0 for i = 1,2, we can define —A¢; to be a probability
measure p; for ¢ = 1,2. The corresponding equations for p;’s are as follows:

exp BIAU # pu (¢) + ¥(x) — BU * po(a)]

pilz) = [ exp B[AU * p1(z) + ¢(z) — BU * pa(x)]dz’ (4.17)
_ o exp—PB[BU x pa(y) + ¥(y) — AU * p1(y)]
P0) = Texp—BBU + paly) + 0ly) — AV pa(y)dy (41%)

Note that we use the variable x for the first species, and the variable y for the second
species, for convenience. We hope to get a pair (p1, p2) solving the system of Euler-
Lagrange equations (4.17) and (4.18).

For convenience, we will from now on replace the Green’s function U by a bounded
and Lipschitz continuous regularization of itself (like in [MeSp82]).

The contraction mapping technique is commonly used in fixed point problems. In
our case, the Euler-Lagrange equations (4.17) and (4.18) can both be regarded as fixed
point problems. Next, we show that under certain hypothesis, the equation (4.17) has
a unique solution. Let 77 be an operation from P(A) to PB(A), defined by

T1(77) _ o exp BIAU xn(z) + () — BU * pa(z)]
T exp BAT # n(z) + $(z) — BU * o(2)]dx

(4.19)
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where ps is given. For any two probability measures 71,72 on the Borel sets of A,
the £!-distance between their images can be rewritten as a t-integral over [0, 1] and

estimated as follows:

Hfl(m) - T1(772)H£1(A)
= |lexp [BAU xm(z) + By (x) — BBU * p2(x) — In Z1]
—exp [BAU = ma(z) + Bp(x) — BBU * p2(x) — In Zo][| g1 (a)
= |l o exp {t[BAU i (2) + Bib(w) — BBU + o) — n 23]
+(1 — 1)[BAU * m2(x) + Bp(x) — BBU * pa(x) — In ZQ]}
BAU * (m — m2)dt[| g1 (a)

< |lexp {t[ﬁAU s (@) + BY(x) — BBU * pa(z) — In Z1] (4.20)
+(1 = [BAU () + Bx) — BBU + pa(w) = n Za] bllexca)
11BU * (Am — Bn2)||pe(a)
< lexpt[BAU * m(z) + f(x) = BBU * pa(2) —=In Z1]l[ 11
[l exp (1 = )[BAU x m2(x) + B (z) — BBU * p2(z) — In Z2]|!L%_t(A)
IBAU * (1 — n2)| oo ()
< [BIAM[[m — m2llgra)

where M = sup |U|, under our earlier assumption that U is continuous and bounded.
Thus, if ||AM < 1, then T is a contraction and hence a unique fixed point n=p1

exists. Similarly, define another operator T as

To() = SR OIBU () + ¥(y) = AU+ pr ()]
Jexp—B[BU % n(y) + ¢ (y) — AU * p1(y)]dy

with a given probability measure p;. If |5|BM < 1, then Tj is a contraction and hence

(4.21)

a unique fixed point n = po exists.

So when both |3|AM and |3|BM are less than 1, the system of continuum fixed
point equations has a unique solution. Namely, with the help of contraction mappings,
we can make a converging sequence of (p1 x, p2;) and have (p1,p2) as its limit. Start
from any probability measure p; 1, say the uniform distribution, on A, and solve (4.18)
with p11 in place for p; and the resulting po; is the continuum distribution of the
second species particles conditioned on p; ;. Then solve (4.17) with py; in place for

p2 and the obtained probability measure p; 2 is the continuum distribution of the first
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species particles conditioned on ps 1. Repeating this procedure, we can get a sequence

as follows:

(p1,1502,1)s (P12, 02,1)5 (P1,2,P2.2)5 =5 (P1 ks P2.k)5 (P1 k415 P2.k)5 (P1 k415 P2,41)5

The £! distance between each adjacent pair has an estimate in the form of (4.20), and

hence the sequence must converge to the unique solution pair (p1, p2).

Remark 6. The above fized point calculation was done for the bounded continuous U,
following the footsteps of Messer-Spohn [MeSp82]. A similar discussion can be carried
out when U has logarithmic singularities, except that then one needs to replace the £

estimates by £P estimates, for p > 1; compare with our treatment in Part I.

4.2.1 The Continuum Variational Principles

The continuum variational principles of the p’s are:

1) For Species 1,

Fi(p) = —4 [ [Upd%c+ 37" [ pln(p/K)da

(4.22)
= —gfop®2d2$+ﬁ_1 [ plnpdz — [ p(¢p — BU * py)dz,
with its Euler-Lagrange equation given by (4.17); and
2) for Species 2,
Fy(p) = =5 [[UpdPy—p~" [ pIn(p/K)dy (423

= S [JUpPd*y — 7" [plnpdy — [ p(tp — AU = p1)dy,
with its Euler-Lagrange equation given by (4.18).
Remark 7. Notice that the formal variational principle (4.4) is not a linear combina-

tion of the variational principles (4.22) and (4.23).

Incidentally, there is a combined variational principle on the continuum level,
Fiaprpe) = —4& [ [UpPd%x 5 [ [Up§Pd%
—i—% J prInprda — % | p2In padz (4.24)
—A [ p1ypdx — B [ popdx + AB [ [Upy @ pod?a.
By taking partial derivatives with respect to p1 and pa, equations (4.17) and (4.18) can
be recovered respectively. Notice that the “critical points” of this combined variational

principle do not provide local maxima or local minima, but saddle points.
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4.3 Atomization

It is natural to atomize both species at the same time and try to find the weak limit
points of the individual sequence of ensemble measures. An intuitive thought is to find
a joint distribution for both species and hope to find its limit; but a calculation later

tells us that this is impossible.

4.3.1 The Paired Variational Principles

Indeed, on the (N7, Ny)-body level,
1) For Species 1, the variational principle is
GgNl)(u(Nﬂ) - _2(N11471) D39S Uin(Nl)dN1$ + 1 fﬂ(Nl) In (N gy
i 4.25
N v i (1.25)
— [ u 1)[2 Y(xi) — Zl Z U(zi, ya)ld™

where Uj; is the abbreviation for U(x;, x;), with its Euler-Lagrange equation

exp O[3, 0(e) — 4 32 3 Vo) + vy LU )

(N1|N2) =1 1=1a=
1 - Ny N1 N» ’
fexpﬁ[;w(xz) Zl Z U(xlaya) + (N —1) N1 1) ZZU(xZan)]lex

(4.26)

and the value of the functional at the critical point(s) is

G§N1)(M§N1|N2))

Nl N1 N
= =7 e O 6() — & X 3 Ui + o X5 Ul )l
i= i=1la=1 i#£]
(4.27)
By Messer-Spohn’s technique, if we fix No > 0 and let N; — oo, then
tim <GP ) = F (), (4.28)

Nj—00 N

where p; is a superposition of the solutions to the Euler-Lagrange equation

exp BAU * pi(2) + 9 (x) — UCHDI
P = o BIAU » () + (@) — £ 5 Ul o)) (429
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of the variational principle

Fu(p) = _124//Up®2d2$_’_ﬂ1/plnpdx_/p[w(x)_]€2ZU(w,ya)]dx. (4.30)

2) For Species 2, similarly, the variational principle is

GéNQ)(,U«(N?)) — _2(Nlj—1) IZZUabM(N2)dN2y —pt f,U«(NQ) ln,u(N2)dN2y
ab
No No (4.31)
- fN(N2)[¥1¢(ya) - Zl Z Ul(zi,ya)ld"?y,
where Uy is the abbreviation for U(y,, yp), with its Euler-Lagrange equation
N2 Nl N2 B
exp —fB[> V(Ya) — N1 > Z U(zi,Ya) + 2(N2—1) 222 U(Ya> vp)]
(NQlNl) _ a=1 i=1a= a#b
/’62 - No N, 5 )
Jexp O ¥ba) = &7 Zl Z Ul@i Ya) + 331 Z}bf U (Yas y)ldN2y
(4.32)
and value of the functional at the critical point(s) is
N: No|N
G5 (ug™™)
) No Ni Ny N
= —f" lnfexp _ﬁ[gl ¢(ya) - N1 Z:l Z U(332>ya) + 2(N2 i) ZZU(yaayb)]d 2y
(4.33)
By Messer-Spohn’s technique, if we fix N3 > 0 and let Ny — oo, then
lim G<N2)( (N2lNDy — By (o) (4.34)

Ng—o00 N

where po is a superposition of the solutions to the Euler-Lagrange equation

exp —B[BU * pa(y) + ¥(y) — 5 2 U (i, y)]

W) = o BBU ;o) + 90) — &5 Uen )l (439)

of the variational principle

Ralp) =~ | [0sPdy=5" [ ptupdy— [ ol —fZU (s, )]y (4.36)

The fixed point equations (4.29) and (4.35) each depends on the particular choice

of Na, (resp. Np) points in the domain A. But the pair of continuum equations (4.17)
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and (4.18) each depends only on the solution of the other, i.e. on the limit distribution
of the Ny (resp. Ni) points.

So, what we want to study is actually that without fixing Ny or N first, but let
(N1, Ny) — (00, 00) simultaneously, whether the pair

A vy (e L (V) (VeI
<N1G1 (Ml )’N2G2 (Hz )>

still converges to some (Fl (p1), F (,62)). Here, F; and pi are the same as those in the

continuum case.

Hence, we ask the question: Does there exist a joint distribution ,ugAQTI’NQ) for the

particles of the two species on the (N7, Na)-body level? If it does, then all we need to
do is to analyze the limit of ugl’]\b) as Ni — 00, Ny — oco. In particular, the expected

joint variational principle should look like

N1,N. N1,N.
Gg,Ql 2)(N§,21 2))

= 4 U@, 2)@p™ (a1, m)d%— B[ Gy, y2)(2)u§ 2 (1, y2)d%y
+4 LM @) I O @)de — B [ O () I Op™ (y)dy — (437)
—A [ OuM () w(w)dw—Bf ”uzNQ)(y)w(y)dy
+AB [ [U(a,y) D3N (2, y)dady

where
N N1,N N Ni,N
,u(l 1) —/A ug 5 2)szy, and u; 2) _/AN ,ug 2 2 qMg, (4.38)
1

We here also remind the readers that the left superscripts “(1)” and “(2)” stand for
the orders of the marginals of a single species, and similarly “(1,1)” means the mixed

second marginal of two species. But such a joint variational principle only exists when

(N1,N2)

a joint distribution p 5 exists, and the following subsection shows that it does not!

4.3.2 Absence of a Joint Distribution

With the pair of variational principles, it is natural to ask for the existence of a joint

distribution for particles of the two species altogether. That is to say, we regard u( Ni|N2)

(N1|N2)

as the conditional distribution 1)

of the particles of Species 1, given the location
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(N2|N1)

of the particles of Species 2; and similarly, we regard py as the conditional distri-

(N2|N1)

bution Hg)y

of the particles of Species 2, given the location of the particles of Species

1. For simplicity, set Ny = No = N, and assume that a joint distribution ,LL%’N) exists.

Under these hypotheses, the following equations are true:

(N|N) Mg]\gf N)( Y) (N|N) Mg ) (z,y)
fy (xly) = R and p1, " (yla) = =57 —— (4.39)
1y (z)
The ratio of these two equations gives
N|N
p @) (@) (4.40)
N[N (N ’ :
u MVl 8 )
and thus
(N|N)
Hij2 (zly) N ugN)(x) N 1
NN, d'x = ) d'z = Ny (4.41)
fop (ylz) py () py (y)
leading to
(N|N)
N Hio (x’y) -1
W00 = [ [ Sl ] (1.42)
fhoy (yl)
Similarly, we also have
(NIN)
N Hoy  (yl@) -1
W@ = [ [ S o] (443
M1|2 (.Z"y)
Besides, as a quick check, the two different expressions of the joint distribution ,ug’N)
by M%‘N) -,u(N) nd Méﬁ|N) -ugN) must coincide, i.e.
(NIN) (N|N)
(N|N M1|2 (l’|y) N -1 (N|N /1’2‘1 (y‘l') N -1
Wi el [ [ S ave] T = i) | [ TRy @ay
M2|1 (y|$) :ul‘g ($‘y)
That is to say, substituting in the explicit formulas of ,ug‘zl ) and é“lN), the term
exp B3 () — NZZU(sz’ya) ZZU(%%)]
Jexp B (@) — § N U(Eya) + 5y Eg: U(Zi, &;)]d" Z
7 i a 1#]
mwmwm—%zzw%%ﬂg%fzzw%m]
{ €xXp _5[21/}(%1) - NZZU(Zzaya) + 3(N—1) ZZU(yav?/b)]
fexp —5[2 w(ga) - % Z (Zuya) Nfl ZZU(yaayb)] Zj
a i a a#b 2V -1

'fmwmww—ﬁzzm%%nmﬁnggm@@ww
% i a 17£)
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(4.45)

must match with the term

exp =B %(ya) = & XU (@i ya) + 5emmy 2 PILLTRD)

i a

Jexp =B () — 5 XX Ui, %) + gy PIYCE )N g

K3 a

exp —A(ya) = § Ui ya) + 5y 2 PILLTRD)

7

[ expﬁ[z w(SUz) ]l\gfz U(xuya) ]\1/4_ ZZU(‘TU'IJ)]

a

fexpﬁzlb(xz) ﬁZZU(%Za)JrQ ZZU(%%)] &

L N

d" z
Jexp =B (0a) — § XX Ui ) + gy Zg U (§as )]V

-1

(4.46)

i.e. after simplification and rearrangement, the term
exp ] S (i) = Selva) ~ § 2 S Ui p0)
nﬁﬂggw%w%qﬁnzzw%%ﬁ
[T e BIS (e — S — 2442 S S Ui p) + 3 £ S UG )

a

+2(1\?—1) Z#Z U(zi, 2j) — 2(N—1) Z% U(ya,yb)]dNdeZ}
1] a
has to be the same as
U(xh ya)

U(Ya, yb)}

exp B S wai) ~ Sv(wa) + 5
o zg Ui, ;) — 578y Z
[ e B0 - St + Tzzwm,ta)—%;;vmta)
oy Z%U(@,xj)

@M

+
m“&

-1
(ta, ty)]dN zdN t]
a#b

The above equation implies that A + B = 0, but this contradicts the requirement
A, B > 0. Consequently, a joint distribution on the (N1, N3)-level does not exist under
the condition A, B > 0. This completes the proof.

So, instead of considering the combined variational principle, we still need to con-
sider the paired Euler-Lagrange equations as a system. This suggests that a different

way of “atomizing” should be considered.
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4.4 Quasi-Atomization

In this section, we replace both variational principles (4.25) and (4.31) by two variational
principles “conditioned” on the distribution (instead of the locations) of the particles
of the other species.

Thus the corresponding variational principles are

1) For Species 1, on the Nj-body level,

S () =~y S S S Ui + 57 [ In (g
i 4.47
N N1 Nl (N2) N ( ° )
— [V (@) = B L (U« Wiy ) (@)l
with its Euler-Lagrange equation
4 il g (Nz) A
expﬁ[zlw(%) - Zl(U* ) (i) + ng Us;]
_ (V- 1= 1= g
,U/g 1) = ]\[1 ]\[1 d (448)
Jexp BIY (i) = B (U WA () + i > X UldMa
= = 1#£]
2) For Species 2, on the Na-body level,
9§N2)(H(N2)) — _2(N123—1) D3> UgppN2)@N2y — g1 IH(NQ) In p(N2)q N2y,
a7 4.49)
o A N "
- fM(NZ)[;Mya) A Z (U ) (¥a)]d ™2y
with its Euler-Lagrange equation
No No (1) 5
exp —5[Zl¢(ya) - Z( i) (Ya) + mzﬁz Uab]
_(N. a= a=1 a
[ exp =51, i) = 4 T (U V™) wa) + srafiy £ X Ul ey

Taking a closer look at the equations (4.25), (4.26), (4.31) and (4.32), we notice

that the variational principles can be combined into a joint variational principle of
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( ,ugNl) , M§N2)) as follows:

G&f?“)(u( Vo™

N-
=~ N1 l)fZZle,x]) g l)lefE—m B s IZZU%%) (N2) 4Na

(Nl)lefE (NQ)dNQ

+ﬁN1 f:“ ln:“ ﬁN fﬂ 1“#
_NAI N1) Z ¢(:Ei)lel, _ B fM2N2) 21¢(ya)dN2y

N
+N1N2 ff Z Z U xzvya) (Nl)MgNz)lefL'd]\by

i=1a=
= —4 [U(z1,29)? )Hg D (g, 20)d2 — B2 [ Gy, y2)@us™ (y1, y2)d%y
4 L O™ @) O™ @)de = 5 [ O™ (5) In g™ (y)dy
—A [ O™ @)p(@)de — B [ Ops™ (y)w(y)dy
+AB [ [ U(z,y) D™ (1) 8™ (y)ddy

(4.51)

Partial differentiation with respect to p; and po recovers equations (4.26) and (4.32),

respectively.

4.4.1 Contraction Mappings: Control Non-uniform in N

In order to show that a solution (fi1, fi2) exists, we consider the following two mappings
and prove that they are contraction mappings:

1) For Species 2, on the Na-body level, let T° 1(N1) be the mapping from the first marginal
of an Nj-dim distribution measure to the first marginal of an N;-dim distribution

measure, defined by:

Tl(Nl)((l)luéNﬂ)
l il (1), (N2) A Ni—1
Jawi—1exp 5[Zl U(zi) — B Zl(U * Wy ) () + 503, 27&2 Uld™
. i= i= 1#]
B Ny Ny a ) (N2) 4 N ’
Jam: exp 5[21 P(w;) — Z1(U * )(zi) + 57— Z}: UijldMz
1= 1= 1#]

(4.52)

where U;; stands for U(z;, x;).

2) For Species 1, on the Ni-body level, let T. Q(NQ) be the mapping from the first marginal
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of an Nij-dim distribution measure to the first marginal of an No-dim distribution

measure, defined by:

T (Ou™)
4E & 1), (V1) B No—1
Jana-1exp —5[2_:11/’(%) - A Z_:l(U* 1) (Ya) + 3(N>—1) 27&; Uapld™ ™y
g N2 NQ (1) (Nl) B N b
fAN2 exXp —5[21¢(ya) —A Z:l(U* ,ul )(ya) + m 27&%: Uab]d 2y

(4.53)

where Uy, stands for U (yq, yp)-

With a coarse estimate similar to the one on the continuum level, we can conclude
that when |B|AMN; < 1 and |B|BM Ny < 1 with the natural requirement from de-
composition A — B = 2, the operators Tl(Nl) and T 2(N2) are contraction mappings, so
that a unique pair of solutions ((1) ,ugNl), mugNQ)) exists. This shows that the mutual
conditioning of these two ensemble measures, given by (4.48) and (4.50), is consistently
formulated.

However, this estimate is not good enough to guarantee a contraction for arbitrarily
large (but fixed) N and Ny with the same chosen constants A and B, and (small) |3].
Nevertheless, a refined approach, discussed next, will show that as N7 and Ns both
approach oo with the same chosen constants A and B, and (small) |3|. The fixed point

mappings (4.52) and (4.53) iterate into a fixed point of the continuum equations (4.17)
and (4.18).

4.4.2 Contraction Mappings: with A, B, || Independent of N

In this subsection, we will argue convincingly that it is possible to show that
N. N N. ~ (N N _(N
T (O ™) = ™ (O™ sy < UV = Oa™ ey (454)
for some constant C1 < 1/2 if Ny is large enough, and

TN (DS = TN (DN 0y < Co| D) — DD (455)
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for some constant Cy < 1/2 if N; is large enough. Then combining the inequalities

above, we get

TN (@ N0y - N (VDY oy (T (O N2y = 0@ Ny

N Na) Na)
< (01 +C) (0P — OE gy + D) — D 1))
(4.56)

if both ]\71 and NQ are large enough, with the constant C; + Cs < 1 independent of N’s.
Note that both images Tl(Nl)((l),uéNg)) and TQ(NZ)((l)ugNl)) are measures of a single
variable. Observe that the combination of the first and second terms of the exponents

in 17 separates as follows:

Ny N

> [U(@) = B+ Opf)(@))]

=1 " N () (457)

= [p@) = BO = Op™) )] + L [90) - BO = O™ ()]
Now clearly the third term
ﬂi MO Ui, x))
2(Ny — 1) by

does not separate into two parts — one concerned with z’s with indices between 2

and N1, the other concerned with x1. However, if we can show that it separates ap-
proximately with a controllably small error, then the proof runs fluently in the same
spirit of (4.20) in the continuum case. Fortunately, we know a priori from the tech-
nique of Messer-Spohn, the average of the single sum, N — Z U(x1,xj), in (4.52) is

=
approximately the same as the convolution

(U T () () = /A Uy, 2T () (2)dz,

when N is large and the Law of Large Numbers holds. For any fixed constant € > 0,

on the subset of AN1—1 that

(AMY), = S Dist >0, (O™ | < e

we replace the single sum by the convolution, with an error bound

Ny

1
T 2 Ulana) = (U T () @) <.
j=2
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So that the exponent in (4.52) can be separated as:

Bwta) — B« Opi™) @) + AU T (Op¥)) )]
& 4 (1), (V2)
+ 0] L v = B LU D) @) + gty T % Ulei)

1=2 2<i#j<N1

(4.58)

and the error is bounded by |3|e. The modified T I(Nl)((l) ,u(2N2)) is then simplified to

exp { B w(1) = BU « O™ (1) + AU« T (D)) (1) |}
Jyexp {8l = B+ Ouf™) (@) + AU = T (O™ (1) | day

(4.59)

The estimate for the difference between such single variate fractions is again similar
to the one for the continuum case. More precisely, ||77 (") ,u(lNQ) ((1) Mg )H £1(A

bounded by the greatest one among the following four differences, with 01,09 = +1:

2o e <mpﬁﬂ¢@n—lﬂU*“)mwﬂx)+A@u&* FOMIEBNE: ﬂ}
- yexp {4[v (o - B0 O+ A T O e o
e B[00 = B« WA (@) + AW (O )] | |
Jyexp { v - U*W ) (1) + AW+ T (O ) ()|} day
(4.60)

Case 1. When 01 = 02 = o then (4.60) is bounded from above by

620ﬁ€(|/8’BMH(1)M§N2) (I)Mz HQI(A (4.61)
81 AM|IT (D)) = T (O ) 1))

k
Recall that the Taylor expansion of the function e* = Z %, when 0 < x < 1/2; we
— k!

have the following estimates:

e = lda+Q+8 48 4.

IN

1+ +Z 42 420
27 (4.62)
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(4.63)

together with the inequalities 1+2 < e® and 1 —z < e~ . Thus (4.61) is bounded from

above by

N. ~ (N Ni) N N
C (181BMI| g™ = O o) + 1AM (O = T (R

with C' = (1 + 4|f|e) for 0 = 1; and with C = (1 — |fle) for o = —1.

Hence, in Case 1, we have the estimate as
N N. N N. ~(NV:
T (g™ = T O sy < CNDug™ = D51 a),

with the constant

g:mw{ (1 +4|8le)|8|BM (1 |8e)|8|BM }
1— (1+4|8]e)|BlAM™ 1—(1—|Ble)|B|AM [

Case 2. When o1 = —o9 then (4.60) is bounded from above by
N _(NV:
5Wk+QMBMWWé”—“m§%m
N N N
+B1AM|| T (Ol = T O D) o))

Now if we linearly relate € to H(l)ugNQ) — (1)/];N2)||21 (A)» SAY

N N2)
e =™ = O e

where £ is a constant independent of IV, then the estimate for Case 2 is
T (@™ = T (O ) | a) < O™ = Oad™ g1y

with the constant
58|€ + |81BM

C= 1 1pAM

Nllew)
(4.64)

(4.65)

(4.66)

(4.67)
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The size of the subset of AN~! that

AN (ANMTY = ¢ Dist

Ny
N N:

N 2 O () ) 2 et
j=2

can be estimated by the theory of large deviations to be exponentially small in N1, with
the rate function given by a relative entropy. We assume that this relative entropy is
bounded below by ce2, which is true under certain plausible conditions that we hope
1) MéNz) 1) M

to verify in the future. Now with the same choice ¢ = £||( H £1(A), We

—cNpe?

have e < b¢ whenever Ny > Ny with Ny = [% In é} By symmetry, this is

also true for Ns.
Putting the inequalities on the two subsets (AM~1). and AN =1\ (AN1=1)_ together,

we have the estimate on the whole A as
(N N. N ~ (N z N. ~ (N
T (@) — T (D) a1 0y < (€ +86) |V = D[y (4.68)

where C is the same constant as on the subset (AM~!). and 6 can be as small as

(N2)

one wishes. Again, by symmetry, an analogous estimate is true for 75 °’. Hence, a

combined estimate in the form of (4.56) is obtained. Now by iteration we can get a
((1)M§Nl[k]) (1)M§Nz[k]))

sequence of pairs of measures , where k stands for the times of

iterations, and

(1) (MU (M D) (1) (NalkD)y (1) (Nalket 1)) _ p(Nalket 1)) (1) (Ni[4]) )

Y

In each step, an equality in the form of (4.56) holds. So that when the N’s tend to oo,

weak limit points can be expected (but not necessary to be unique).
Remark 8. We conjecture that the mapping
N N. N N
(D™, O™ o (V™) T (V™))

must in fact have a unique fized point for all (N1, No) with A, B fized and | 3| sufficiently

small but independent of N; in that case the sequence
(Dpat, ), (1 (), 18 (), (@ (D), T (D)), -, (4.69)

with the reduction formulas (l)ugN) = Tl(N)((l),U,gNil)) and (l)ﬂgN) = TZ(N)((D/,L(NA))

7

1s weakly compact, and so it converges to a pair of limit points ((1)u§N),( ),u2 ), after
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extracting a subsequence. By the technique of Messer and Spohn, the limit points (1),ugN)

and (1),u(2N) are each a superposition of the solutions to the continuum equation (4.22)
and (4.23), respectively. Thus the original function (4.5) and hence (4.2) has a solution.
If Cy + Cy < 1 implies that |B|AM < 1 and ||BM < 1, then indeed the limit fized

point 1S unique.

Remark 9. The pair of equations studied here may not have an interpretation on
the particle level, because particles don’t distribute themselves based on the “expected”
distribution of other species. However, animals in the real world do behave according
to their knowledge on their preys or predators. This alternatively provides a biological

insight of the model studied in this chapter.
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