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Abstract

On Rota-Baxter Nijenhuis TD Algebra
By Monica Aggarwal

Dissertation Director: Professor Li Guo

There was a long standing problem of G. C. Rota regarding the classi-
fication of all linear operators on associative algebras that satisfy algebraic
identities. Initially, only very few of such operators were known, for example,
the derivative operator, average operator, difference operator and Rota-Baxter
operator. Recently, in a paper by L. Guo, W. Sit and R. Zhang, the authors
revisited Rota’s problem by concentrating on two classes of operators; differ-
ential type operators and Rota-Baxter type operators. One of the Rota-Baxter
type operators they found is the Rota-Baxter Nijenhuis TD (RBNTD) oper-
ator which puts together the terms of the well-known Rota-Baxter operator,
Nijenhuis operator and Leroux’ TD operator. In this dissertation, we initiate a
systematic study of the RBNTD operator, extending the previous works on the
Rota-Baxter, Nijenhuis and TD operators. After giving basic properties and
examples, we construct free commutative and then free (non-commutative)
RBNTD algebras. We then use free RBNTD algebras to obtain an extension

of the renowned dendriform algebra with five binary operations.
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1 Introduction

The subject of this thesis is motivated by several well-known operators from mathe-
matics and physics, including the Rota-Baxter operator, Nijenhuis operator and TD
operator.

A Rota-Baxter algebra is an associative algebra equipped with a linear oper-
ator, called the Rota-Baxter operator(RBO), that generalizes the integral operator
in analysis. The Rota-Baxter operator was introduced in 1960 [5] by G. Baxter to
study the theory of fluctuations in probability. Later, other well-known mathemati-
cians such as Atkinson, Cartier, and especially G. C. Rota have shown keen interest
in Baxter algebras. Their fundamental papers brought the subject into the domains
of algebra and combinatorics. The study of Baxter algebras continued through the
1960s and 1970s [7,32,33]] and recently has led to remarkable results with applica-
tions to renormalization in quantum field theory [8,9}/14,/15]], multiple zeta values in
number theory [11,25]], umbral calculus in combinatorics [20]], and also in Loday’s
work on dendriform algebras [27] and Hopf algebras [3].

The concept of a Nijenhuis operator of a Lie algebra is a generalization of the
Nijenhuis tensor, which was introduced in the 1950s by Nijenhuis [31] in his study
of pseudo-complex manifolds. It is related to the well-known Schouten-Nijenhuis
bracket [[17]]. The Nijenhuis operator on an associative algebra was introduced by
Carinena et al. 6] to study quantum bi-Hamiltonian systems. Nijenhuis operators
are also constructed by analogy with Poisson-Nijenhuis geometry, from the relative
Rota-Baxter algebras [34]].

The TD operator, which was introduced by Leroux [26]], and therefore was also



known as the Leroux’ TD operator. The operator gives a tridendriform algebra and
is a particular case of the Rota-Baxter operator of generalized weight.

In 1995, Rota asked for a classification of all linear operators on an associative
algebra. Guo, Sit and Zhang [24] recently formulated Rota’s problem, in which they
worked on Rota’s problem in the framework of free operated algebras by viewing
an associative algebra with a linear operator as one which satisfies a certain oper-
ated polynomial identity. They have also used rewriting systems, Grobner-Shirshov
bases and the help of computer algebra. In their research work, the authors have
obtained a possibly complete list of 14 Rota-Baxter type operators and some other
differential type operators as a partial solution to Rota’s problem.

Given the phenomenal interest in the Rota-Baxter, Nijenhuis and TD operators,
further research should be carried out around these newly discovered operators. One
of these operators is the combines the Rota-Baxter, Nijenhuis, and TD operators to
form the Rota-Baxter Nijenhuis TD operator (RBNTD), which is the subject of the
present research work. Our approach to study this operator is based on algebraic
constructions. We first construct free RBNTD commutative algebras from algebraic
structures of combinatorial objects, such as generalized shuffles extending the work
of L. Guo and W. Keigher [22] and of E. Fard and P. Leroux [16]. Later, we
construct free non-commutative RBNTD algebras from the algebraic structures of
bracketed words and rooted trees. This is an extension of previous works of E. Fard
and L. Guo [12,/13], P. Lei and L. Guo [23]] and C. Zhou [35]. Finally, our work
on constructing RBNTD-dendriform algebras gets and the motivation comes from
operads, and is an extension of Loday’s work on dendriform algebra which has two

binary operations. In our case, there are five binary operations.



2 Organization

The organization of this work is as follows. All standard material is drawn from [21].
In Section 3] we review the necessary definitions and provide examples of RBNTD
operators using Mathematica. We begin Section [] with the basic definitions of
shuffle products and then proceed with an explicit construction of free commutative
RBNTD algebras. We will also observe some interesting results about the rela-
tionship between the RBNTD shuffle product and the Nijenhuis shuffle product. In
Section [5] we start with the concept of rooted trees and some previous results of
Rota-Baxter, Nijenhuis and TD algebras. Our goal is to give an explicit construc-
tion of free non-commutative algebras. In Section [6] we recall the definitions of
dendriform and tridendriform algebras and review some previous results and back-
ground on operads. We obtain the RBNTD-dendriform algebra that satisfies binary,
quadratic, and non-symmetric identities, which are compatible with those of RB-

NTD algebras.



3 Definitions and examples

We will use N, N, Z, Q, R and C respectively to denote the set of positive inte-
gers, non-negative integers, integers, rational numbers, real numbers and complex
numbers.

To fix the notations and to be self-contained, we briefly recall definitions. Refer

to [21]].

3.1 Definitions

In the following, by a ring we always mean a unitary ring, that is, a set A with binary
operations + and - (which will often be suppressed) such that (A, +) is an abelian
group, (A,-) is a monoid and - is distributive over +. The unit of the monoid is
called the identity element of A, denoted by 14 or simply 1. A ring homomorphism
is assumed to preserve the unit. We use k to denote a commutative ring with identity
element denoted by 1 or simply 1.

Let A be a ring. A (left) A-module M is an abelian group M together with a

scalar multiplication A X M — M such that

a(x+y)=ax+ay, (a+b)x =ax+ bx, (ab)x = a(bx), Va,b € A, x,y € M.

Definition 3.1. Let k be a commutative ring. A k-algebra is aring A together with

a unitary k-module structure on the underlying abelian group of A such that

k(ab) = (ka)b = a(kb), Yk €Kk, a,b € A.

All k-algebras are taken to be unitary.



A Rota-Baxter algebra of weight zero (or simply, a Rota Baxter algebra) is thus
an associative algebra equipped with a linear operator that generalizes the inte-
gral operator in analysis. Rota-Baxter algebras (initially known as Baxter algebras)
originated in 1960 [5] from the probability study by G. Baxter to understand the
Spitzer’s identity in fluctuation theory. This concept drew the attention of many
well-known mathematicians such as Atkinson, Cartier, and especially G. C. Rota,
whose fundamental papers brought the subject into the areas of algebra and combi-
natorics around 1970. In 1980s, Lie algebras were studied independently by math-
ematical physicists C.N. Yang and R. Baxter under the name (operator form ) of the
classical Yang Baxter Equation (CYBE). In 2000, Aguiar discovered that the Rota-
Baxter algebra of weight zero and the associative analog of CYBE are related [2].
He also showed that the Rota-Baxter algebra of weight zero naturally carries the
structure of a dendriform algebra which was introduced by Loday in his study of
K-theory [27]. Also in 2000, Guo and Keigher showed that the free Rota-Baxter
algebras can be constructed via generalization of the shuffle algebra [22], called

the mixable shuffle algebra.

Definition 3.2. Let A be a given element of k. A Rota-Baxter k-algebra of weight
A, or simply an RBA of weight A, is a pair (R, P) consisting of a k-algebra R and a

linear operator P : R — R that satisfies the Rota-Baxter identity

P(x)P(y) = P(xP(y)) + P(P(x)y) + AP(xy), Vx,y€R. 3.1

Then P is called a Rota-Baxter operator (RBO) of weight A.

Definition 3.3. A Nijenhuis algebra is an associative algebra R with a linear en-



domorphism P satisfying the Nijenhuis identity:

P(x)P(y) = P(P(x)y) + P(xP(y)) — Pz(xy), Vx,y € R. (3.2)

The associative analog of the Nijenhuis relation may be regarded as the “ho-
mogeneous” version of the Rota-Baxter relation. Some of its algebraic aspects
with regard to the notion of quantum bi-Hamiltonian systems were studied by Cari-
nena [[6]. The Lie algebraic version of the associative Nijenhuis relation was studied
in the context of the classical Yang-Baxter equation which is closely related to the
Lie algebraic version of Rota-Baxter relation [|18}/19].

The TD operator was introduced by Leroux [26], and therefore is also known as
Leroux’ TD operator. The operator gives a tridendriform algebra and is a particular

case of the Rota-Baxter operator of generalized weight [4]].

Definition 3.4. A TD k-algebra is an associative k-algebra R with a k-linear endo-

morphism P : R — R satisfying the TD identity:

P(x)P(y) = P(P(x)y) + P(xP(y)) — P(xP(1)y), Vx,y€R. (3.3)

In 1995, Rota posed a question about finding all linear operators that satisfy
an algebraic identities on an associative algebra. More precisely, Rota’s question
involved an associative k-algebra R with a k-linear unary operator P. The opera-
tions: addition, multiplication, scalar multiplication, and P, already are required to
satisfy certain identities such as the commutative law of addition, the associative
laws, the distributive law, and k-linearity for P. Rota wanted to find “all possible
polynomial identities that could be satisfied by P on an algebra” and to “classify all

such identities”. He also wanted to find “a complete list of such identities.”



Taking this work forward, Guo, Sit and Zhang recently published a paper [24]],
in which they worked on Rota’s problem and put together the framework of free
operated algebras by viewing associative algebra with a linear operator, as one that
is compatible with a certain operated polynomial identity. They have also used
rewriting systems, Grobner-Shirshov bases and the help of computer algebra. In
that research work, the authors have obtained a possibly complete list of 14 Rota-
Baxter type operators and some other differential type operators as a partial solution
to Rota’s problem.

The completeness of the list of Rota-Baxter type identities that Guo, Sit and
Zhang found is still a conjecture and further work should be done. One of the
identities in their framework is a combination of (3.1)),(3.2) and (3.3). This new
identity, which gives rise to a new class of associative k-algebras known as RBNTD

k-algebras is the RBNTD identity:

P(x)P(y) = P(P(x)y) + P(xP(y)) + AP(xy) = P*(xy) = P(xP(1)y), Vx,y € R. (3.4)

3.2 Examples

Consider RBNTD operators on the two-dimensional algebra k X k. We use Mathe-

matica to do computations.

Proposition 3.5. Consider the k-algebra R = k Xk, where the operators are defined

componentwise. The matrices of RBNTD operators of weight zero on R w.r.t. the



basis ¢; = (1,0) and e, = (0, 1) is

0 0
M = ,cek
c —c

Consider RBNTD operators on the three-dimensional algebra k X k X k.
Proposition 3.6. Consider the k-algebra R = k X k X k, where the operators are

defined componentwise. The matrices of RBNTD operators of weight zero on R

w.r.t. the basis e; = (1,0,0), e, = (0,1,0) and e5; = (0,0, 1) are

0 Pyp —Pp 0O 0 O -P, P, O
My =10 0 0 [\Mx=]0 0 0 [ Ms=]| 0 0 O
0 Pyp —-Ppp Py 0 —Ps 0 0 0
-P, P, O —-P; 0 Py 0 0 0
My=| 0 0 O0|-Ms=f 0 0 O |Ms=|Pyy —-Py O
—-Pp, P O 0O 0 O 0 0 O

Remark 3.7. We verify that they are indeed RBNTD operators.



4 Free Commutative RBNTD algebras and
shuflle products

The shuffle product is an important concept in algebra, combinatorics and topology.
Several generalizations that have been found in recent years that are applied to

algebra, combinatorics and number theory.

4.1 The shuffle product

The shuffle product can be defined in two ways, namely recursively or explicitly.
Let V be a k-module. Consider the k-module
T(vV)=PHv"=keveVie.. .
n=0
Here the tensor products are taken over k and we take V® = k.

Let two pure tensors a = a; @ -~ ® a,, € V¥ and b = b1 ®---® b, € V¥" be
given. To describe the shuffle product of the two tensors, think of them as two decks
of cards. A shuffle of a and b is just a shuffle of the two decks of cards — a tensor
list from the factors of a and b in which the natural orders of the a;’s and b;’s are
preserved. To form the shuffle product of a and b, one sums together all possible

shuffles of the two pure tensors.
Example 4.1. Let a = g¢; and b = b; ® b,. Then, their shuffles are
a1®b1®b2,b1®a1®b2,b]®b2®a1. (41)

Hence, their shuffle productis a; ® b1 @b, + by ® a; ® by + by ® by ® a;.
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Recall that the vector space T'(V) is naturally equipped with a grading, where
|u| =n for u € V®". The shuffle product on T'(V) starts with the shuffles of permuta-

tions. For m, n € N,, define the set of (m, n)-shuffles by

ol <o ') <... <o (m),
S(m,n) =40 €S8,
clm+D)<oim+2)<...<o\(m+n)

Here § .., is the symmetric group on the set {1,2,--- ,m + n}.

Example 4.2. Consider the case of m = 1 and n = 2. Then we have

S(1,2)

(0' €S;|07'(2) < 0—1(3)}

1 23 1 23 1 23
, , . 4.2)

1 23 213 2 31

Forao € S,, n> 1, the map

fo: VIV flar,. .., a,) = ey ® -+ - ®@ gy, (a1, -+ ,a,) € V",

is multi-linear. Hence it induces a linear map

oV SV 0@ ® - ®ay) = ey @+ ® Gy

Fora=a,®...0a, e V¥, b=0,®...9b, € V¥" and o € S (m, n), the element

O'(Cl ® b) = Ug(1) ® Ur(2) ®R...® Uor(men) e V®(m+n),

where

ag, 1<k<m,
Up =
bi_m, m+1<k<m+n.
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is called the shuffle of a and b via o . The shuffle product a I1I b is the sum over

all shuffles of a and b.

QI D := Z o(a®b) (4.3)

€S (myn)

Also, by convention, a II1 b is the scalar product if either m = 0 or n = 0, that is,
if either a € k or b € k. The operation III extends to a commutative and associative
binary operation on 7'(V), making 7'(V) into a commutative algebra with identity,

called the shuffle product algebra generated by V.

Example 4.3. Consider the case when m = 1 and n = 2 as in Example Then

a =a; and b = b; ® b,. From Eq. (4.1) we obtain

alﬂl(b1®b2):a1®b1®b2+b1®a1®b2+b1®b2®a1.

The shuffle product on 7'(V) can also be recursively defined as follows. First
define the product with V® = Kk to be the scalar product. In particular, 1y is the
identity of T(V). Next for any m,n > 1, a := a;®---Q®a, € V¥ and b :=
b1 ®---®b, € V®, define alllb by induction on the sum m+n > 2. Whenm+n = 2,

we have a,b € V and define

alllb = a®b+ b ®a.

Assume that aIlIb has been defined for m + n < k with k > 2. Consider a and b with

m+n=k+ 1. Then m + n > 3 and so at least one of m and n is greater than 1. We
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then define

allTh
a1 ®b1®--®b,+b; ®(II(b,®---®b,)),m=1,n>2,
a1 ®((@m® - Qay)lllb))+b;®a; Q- Qa,,m=>2,n=1,

= 4.4)
a1 ®(a® - Qa,)l(b; ®---®b,))

+b1 @ (a1 ® - Qa,)l(b, ® ---®Db,)),m,n > 2.

Here the products by I1I on the right hand side of the equation are well-defined
by the induction hypothesis. In short, writing a = a; ® a’ where a’ = a, ® - - - ® a,,
if m > 2, and a = a; if m = 1, in which case putting a’=1,=1 and identifying a = a,

witha; ® 1, € V®Kk , we have

alllb = a; ® (a’I11b) + b; ® (alllb’). 4.5)

Example 4.4. Consider the case when m = 1 and n = 2 again. Then a = a; and

b = b; ® b,. Then we have

Cl]]_u(b] ®b2) =a; ® (1I_H(b] ®b2)) + b] ® (Cl]H_[bz)
=a ®b1 ®b2 +b1 ®(a1 ®b2 +b2®a1)

:a1®b1®b2+b1®al®b2+b1®b2®a1.

This agrees with Example

4.2 Generalized shuffle products

We now recall the tensor algebra, T(A), over an associative unitary k-algebra A

equipped with three generalized shuffle products, namely the mixable shuffle prod-
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uct defined in [22]] and the left and right shuffle product defined in [16]. First, we
will give explicit formulae for these products and then their recursive definitions.
Given an (m, n)-shuffle o € S (m, n), a pair of indices (k,k+ 1), 1 < k <m + n,
is called an admissible pair for o if o(k) < m < o(k + 1). Let 77 be the set of
admissible pairs for o. For a subset 7' of 777, call the pair (o, T') a mixable (m, n)-
shuffle. Let | T | be the cardinality of 7. By convention, if T = ), then (0, T) = o is

just a shuffle. If T # 0, then call (o; T') a proper mixable (m, n)-shuffle. Let

Sm,n)={(c,T)|oceSm,n), TcT’)} (4.6)

be the set of mixable (m, n)-shuffles.
As remarked in § .1 an (m, n)-shuffle is a permutation o of {1,...,m, m +
1,...,m + n} such that the natural orders of {1,...,m} and {m + 1,...,m + n} are

preserved in
{oc(1),...,om),c(m+1),...,0(m+ n)}.

Further, a mixable (m, n)-shuffle (o, T') is a (m, n)-shuffle o~ in which pairs of indices

from T represent positions where “merging” will occur.
Example 4.5. By Example §.2] the (1, 2)-shuffles are

1 2 3 1 2 3 1 2 3
, 03 =

1 23 213 2 31

S
I
N
I

For o, the pair (1,2) is an admissible pair. For o, the pair (2, 3) is an admissible

pair. There are no admissible pairs for o7.
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4.2.1 Mixable shuffles of tensors

Let A be a commutative unitary k-algebra. Fora = ¢, ®...® a,, € A®", b =

b)®...9b, € A® and (0, T) € S(m,n), define

(@@ T) = ty(1yBltg2)3 - . . Sty € AV,

where for each pair (k,k+ 1), l <k <m+n,

A Us(lyUo(k+1)> (k,k+1)eT
Uo (k) U (k+1) =
Ua(k) ® Us(k+1)» (k, k+ 1) ¢T.
o(a®b;T) is called a mixable shuffle of the pure tensors a and b (with respect

to 7). When T = (), a mixable shuffle is just a shuffle and when 7' # 0, we call

o(a®Db; T) a proper mixable shuffle of a and b.

Example 4.6. 01(a®Db;(1,2)) = a1b; ® by, 02(a®Db;(2,3)) = by ® a;b,, recovering

the two proper mixable shuffles found there.

Now fix 4 € k. Define, for a and b as above, the mixable shuffle product

alll,b : = Z M@ T) e @ A%k, 4.7)

(o, T)eS (m,n) 1<k<m+n

We then extend the operation I1I, to a binary operation on

@A®"=A@A®2@...

k>1

by biadditivity. Further extend III, to

I (A) := 1T (A) == (P A% =ke A0 A% e.... (4.8)
keN

by letting 1 € k multiply as the identity.
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Example 4.7. Continuing with Example 4.6 we have

aIHlﬂ(bl ® bz) (49)
=a19b1 @by + by ®a; ® by + by ® b, ® a; (improper mixable shuffles)
+ da1b; ® b, + Ab; ® a;b, (proper mixable shuffles).
Theorem 4.8. [22] The k-module 11" (A) with the mixable shuffle product 111,

is a commutative unitary k-algebra. Further, the tensor product algebra II(A) :=

A ® II1*(A) with the linear operator

Py 1I(A) — II(A); Pa(a) =1,®aq,

is the free commutative Rota-Baxter algebra on A.

4.2.2 Left and right shift shuffles

Let A be a commutative unitary k-algebra. Fora = ¢ ® ... ®a, € A*", b =

by®...0b, € A% and (0, T) € S (m, n), define

. - 3 A A ® —|T
O'q((l ® b, T) = ug(l)oqu(,(z)oq R <>q”o‘(m+n) cA (m+n—| |),

where for each pair (k,k+ 1), 1 <k <m + n,

—14 ® (U Uok+1)) (k,k+1)eTandqg=r,
Uer () OqUea(k+1) = —(Uo(yUs+1)) @ 14, (k,k+1)eTand g =1,
Uo(k) ® Ug(k+1)s (k,k+1)¢T.
0,(a®b;T) is called the left-shift shuffle product (when g=/) and the right-shift
shuffle product (when g=r) of the pure tensors a and b (with respect to 7).

The left-shift shuffle product and right-shift shuffle product respectively can
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also be defined with the convention x®1,=x, by

Cl@lb =a; ® (a’@;b) + b] ® (aélb’) - a1b1 ® lA ® (a’@,b’)

ad,b =a; @ (a’3,b) + b; ® (a3,0') — 1, ® a;b; ® (a’3,b)
where a=a; ® a’ and b=b; ® b’ as before.
Example 4.9. We have

a16/(by ® by)

=a; ®b1 ®b2+b1 ®a1®b2+b1®b2®a1 (shuﬂ:les) (410)

—(a1b))®1,® by — by ® (a1by) ® 14 (left-shift shuffles).

and

a,%,.(b; ® by)
=a;®b1®by+b; ®a; ®b, +b; ® b, ®a; (shuffles) (4.11)
-1, ®(a1b) ® by — by ® 14, ® (a1b,) (right-shift shuffles).
Theorem 4.10. [16] The k-module II*(A) with the right-shift (resp. left-shift)
shuffle product ¢, (resp.$;) is a commutative unitary k-algebra. Further, the tensor
product algebra ITT (A) := A ® ITT*(A) (resp. 111 (A) := A ® ITI*(A)) with the linear

operators

Py i1 (A) I (A);  Pa(0) =1, ®aq,

O 1 (A) ST (A));  Qa(a) = a® 1y,

is the free commutative Nijenhuis (resp. TD ) algebra on A.
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4.3 RBNTD shuffle product

Now, let us define our new RBNTD-shuflle product, denoted by ®,, on

II*(A) = I ,(A) == (P A% =ke A0 A” e -
keN

For this, we only need to define the product of two pure tensors and then to
extend by bilinearity. Any tensor a in A® is said to have length k, denoted by | a|.
For two pure tensors a = a; ® ... ®a,, € A" and b = b1 ® ... ® b, € A®", we
define a ®, b by induction on m + n. If m = n = 0, then a,b € k and we just define
a®,b = ab € k. Assume the product has been defined for a, b with m+n < k, and let
a, b be pure tensors with m +n = k + 1. If either m or n is zero, then we define a®, b
by the scalar product. If neither m nor n is zero, then we have a = a; ®a’,b = H; 1’

with a;,b; € A and o’ € A% D and b € A®"D. We then define

a@,;,b=a, @& b0)+b;®(a®,; )+ Aa;b) ®(a" ®,b)

-1, (@b @@, b)—ab (' ®;1,)®,b) (4.12)

Here the terms on the right hand side are well-defined by the induction hypothesis,
and a,b, is the product in A.

Before we do any further computations, we need another result.
Lemma 4.11. For |a|>0, 1, ®, a = da = a®, 14, where |a|=length of a.

Proof. We will divide the proof into two cases:

Case I: |a|=1. Then,

1A®,1a:1,4®C(+(1®1A+/1(1—1A®a—a®((1k®,11,4)®,11k):/l(l.
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Therefore, 14 ®, a = Aa for |a|=1.

CaseIl: |a|>1,ie.a=ag; ®d

lA @, a 1A®(1k @) a)+a1 ®(1A (SH a’)+/la1 ®(1k @) Cl,)

1,80 ®1x®;a") —a; ® (14 & 1) @, a')
= 1A®a+a1 ®(1A®Aa’)+/la1 ®C(’—1A®Cl1 ®a’—a1 ®(1A®/1 (1,)
= /ld]@(ll

= Aa.

By a similar computation, we get

a®, 14 = Aa.

This completes the proof of the lemma. O

Example 4.12. Let a = a;, b = b; ® b,. Then,

a @, (b ® by)
=411k ®, (b1 ®by)) + by ®(a; ®, by) + Aa1b;) ® (1x ®, by)
— 1, ®(a1b1) ® (Ix ®, b2) — (a161) @ (I @1 14) @, b2))
=a1 (b1 ®by))+ by ®(a; ®, by) + Aaib)®b, —1,®(a1b) @b, —a by @ (14 ®, by)
=a19b1®b, +b;®a; @b, +b; @b, ®a; + by @ Aa1by) —b1 @14, a1b, ® 1
- b1 ®a1b, ® (A1x ®, 14) ®, 1x) + Aa1b)) ® by — 14 Q@ (a1b)) ® by, —a1b; ® (14 @, by).
=190 @b, +b;®a; @b, +b; @b, ®a; + by ® A(a1by) — b @14 ab,

- b] ® albz ® lA + /l(albl) ® b2 - lA ® (albl) ® bz - a1b1 ® (IA @, bz)
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By applying above lemma, we will get

a @, (b) ® by)

=a19b1®b, +b;®a; @b, + b @b, ®a; + by ® A(a1b,) — b1 ®1,® a1b,
—-b®ab,®1,4 + Aa1b)®b, — 1, @ (a1by) ® by — a1b; ® (1by)

=a19b1®b,+b;®a; @b, + b ®b,®a; + by ® A(a1b) — b1 @14 ® a1b,
-b®ab,®1, — 14, ® (a1by) ® b,.

Now, we prove the associativity of the RBNTD shuffle product.

Theorem 4.13. The RBNTD shuffle product is associative. i.e.
(@@, b)®c=a®, (b®, ¢).

Proof. We will prove the associativity in five cases:
Case L:If |a|= 0, |b|= 0, |c|= 0, then all are scalars and the associativity holds.
Case II:If one of |a|, |b|= 0,]c| arbitrary, then also the associativity holds.

Case IIL:If |a|= 1, |b|=1, |c|= 1, then to check

(Cl@,lb)®/[C: a®, (b®/l C).

We will start with computing the left hand side which is:

(a®,b)®, ¢ (a®b+b®a+Aab—1,®ab—ab®1,)®; ¢

(@)@, c+DbRa)®,; c+ (lab) @, ¢

—1,®@ab)®; c— (ab®1,) ®; c.

Expanding further each term:

(a@b)@®c¢ = a0, 0)+c®(a®b)+Adac®b—-1,®ac®Db



—ac®(0@,1,)+bR(a®; )+ c®(DbR®a)+ Abc®a
-1, ®9bc®a-bc®(a®;14)+ Aab® ¢ + ¢ ® Aab
+A%abe — 1, ® dabe — dabc® 14, — 1, ® (ab @, ©)
—®(1,®ab)—Ac®@ab+1,@c®ab+ c® (ab®,; 14)
—ab@(1x®,¢) —c®(ab®1,) — dabc®@ 14

+1, @ abc® 1, + abc® (lA ®) lA)

Further expanding ®, product, we get:

(@@ b)®c = a®(bR)+a®(c®b)+a®Abc—a® (14 ®bo)
-0 (bc®1)+c®(@®b)+Aac®b-1,®ac®b
—a®@Ab+b®(a®)+b®(c®a)+ b Aac
-b@®Aac-b®@ 1, ®a))+c®(b®a)+ Abc®a
-1, 9bc®a—-bc®(a®; 1) + Aab® ¢ + ¢ ® Aab
+A%abc — 1, ® dabe — dabc® 14, — 1, ® (ab ® ¢)
-1,®(c®ad) -1, ®Aabc+ 1,1, ®abc+ 1, ® abc® 14
—®(1y,®ab)—Ac®@ab+ 1, Q@ c® ab + ¢ ® A(ab)
—ab®(Ae) —c®(ab®1,) — dabc® 1,4

+1,®abc® 1, + abc ® (ﬂlA)
Simplifying:

(a®b)@®c = a®b®)+a®(c®b)+a®Abc—a® (14 ® be)
Ly Ly Ls Ly
—a®(bc®l)+c®(a®b) -1, ®ac®b+bR(a® )

Ls Le L7 Lg
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+b®(c®a)+b®Aac—-b@(1,®ac)—b® (ac®1,)

Lo Lo Ly L
+c@0O®a)—1,®bc®a+c® dab+ A2abe
L3 Ly Lys Lis

—lA®/1abc—1A®(ab®c)—1A®/labc+1A®1A®abc
—_— Y )

L7 Lig Ly Ly
+1,@abc®1,—c®(1,®ab)—cR(ab® 1) — Aabc® 14
|
Ly Lx» Ly Loy

+1,®abc®1y.
——ee

Lys

Now, computing the right hand side which is a ®, (b ®, ¢).

a®, (b®, ¢ a® (0b®c+c®b+Abc—1,®bc—Dbc®1y)

a® 0®0)+a®; (¢c®D) +a®, (Abc)

—a®, (lA ® bC) —a®, (b( ® 1A)

By a similar computation as for the left hand side, we get

a®, 0@ ¢) = a(b®)+b®(a®)+b®(c®a)+b® (Aac)
———

Ry Ry R3 Ry
-1, ®ac-b®ac®l;-1,abQ@c+a®(c®b)
RS R6 R7 Rg
+cR@®b+c®(Db®a)+c®Aab—c® 1, ®ab
R p——
Ry Ryo Ry R
—c®a®l,—1,®ac®b+a® Abc + A2abe
R13 R14 RIS R16

-1, ®dabc— Aabc®1, —a® Abc— 1,4 ® (bec® a)
—_— Y T

Ry7 Ris Ri9 Ry
-1, Aabc+1, 1, ®abc+1,@abc®14, —a® (be®1,)
R
Ry R Ro3 Ry

+1A®abc®1A.
—_—————

Rys

For 1 <i < 25, let L; (resp R;) be the i’ term in the left hand side (resp. in the right



22

hand side ). Then by the induction hypothesis, L; = R;;. Here the permutation

O € X5 is given by

12 3 4 5 6 7 89 10 11 12 13
1 8 15 19 24 9 14 2 3 4 5 6 10

14 15 16 17 18 19 20 21 22 23 24 25
20 11 16 17 7 21 22 25 12 13 18 23
CaseIV:If |a]=1, |b|= 1, |¢|> 1, then similar to above case.
Case V: If |a|> 2, |b|> 2 and | ¢| arbitrary. Then, leta = a; ® a’, b = b; ® b’ and
c=c1Q®c¢.
We will prove this result using induction on |a| + |b| + |¢|.
If |a]=0,]b|=0,|c|= 0, holds by Case I.
Assume that the associativity holds for |a| + |b]| + |¢|< k.
To check for |a| + |b] + |¢|=k+1.

Now, first we will work on the left hand side (a ®, b)) ®, c.

(@@, )@ ¢ = [a1®@ @ b)+b Q(a® )+ dah; @ (a’ ®, 1)

1, ®a1b; @@ @ 0)—a1b; (0 ®,1,)®, )] ®,c.

Since |a’|> 1(Ja]> 2), apply Lemma 4.11|on the last term,

(Cl SH b) @y c = [a1 ® ((l, @, b) + bl ® (Cl SH b,) + /lalbl ® ((1’ @, b/)

1, Qa1b; @ (@ &, b") —ab; ® (A1d" @, V)] ®, c.
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Cancelling the 3rd and the 5th term, we get:

(@)@, ¢ = [a; Q@b+ @@ V)1, ®a1b; (" ®b)|®,c.

Expanding further, we get

(@, 0)@, ¢ = @[ @b)@ ]+ R[(a; ® (" @, b)) @, ]
+Aaic;1 @ [(@ @, 0) @, 1 -1, Q@a;c; ®[(a" ®, D)@, (]
—aic; ®[((" @, 0)®;14)®, ']+ b ®[(a@®, 1) ®, (]
+c1Q[(b1 @ (0" @, )@, ']+ Abic; @ [(a@, b)) ®, (]
1, ®bic;®[(a®,;, b)) @, ] =bic; ®[((a@, 1) ®,; 14) &, ']
11 ®[(aih @@ @& b)®,d-ce[1ls®ab & @ & 1)) @ ]
—Ac; ®[(a1h1 @@ @, )@, ’1+1,®c; ®[(a1b1 ®(d ®, b)) ®, ']

+c1 @ [((a1h) ® (0" @, 1)@, 14) ®, ('].

Applying Lemma 4.11|on the 5th term, 10th term and 15th term, we get:

(@, 0)@, ¢ = @[ @b)@c]+c;®[(a; ® (" @ b)) @, ]
+Aaic;1 @ [( @, 0) @, 1 -1, Q@a;c; ®[(a' ®, D)@, (]
—a1c1 Q[ @, 0)@, 1 +b Q[(a®, V) ®, ]
+c1Q[(b1 @ (0" @, )@, ']+ Abic; @ [(a@, b)) ®, (]
—1,®b1c;®[(a®, V)@, ] —bic; @[A(a®, ') @, (]
-1, ®[(aih @@ @& b)@,d-c®[1s®ab @@ & b)) @ ]
-1 Q[(a1b;® (@ @, 0)@; 1+1,®¢c; ®[(a1h; ® (' @, 1)) ®; ']

+c1 ® [(Aaih; ® (" @, b)) @, '].
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Simplifying:

(a@,0)® ¢ = [ @,0)®,c]+c; ®[(a; ®(a"®,;0))®, ']
-1y ®aic; (@, 0)®; 1+b; @[(a®, D) ®, (]
+e1 Q[ ®(a®,0)® ] -1, 0bic;1 ®[(a®, 1) ®, (']
14 ®[(a1h1 @ (@)@, c]—c;®[1a®ah; @ (a"®, 1))@, (]

+14®c; ®[(aih @ (' @, b)) @, '].

Now using induction on the Ist term, we get:

a; (" @, b)®, ] a; Q[a" @, (b®, 0)]

Q[ @ (b1 @' @ )+c1®D®; ")+ Abic; @ (M @, )

1, 9b1c; @1 ®; ¢') —bic; @ (V' ®,; 1)@, ¢))].

Apply Lemma on the last term, and cancel with the 3rd term, we get:

a;®[(a" ®,;b)®, ] a;®[a" @ (b; @M @ ¢)+c; @@, )
_1A ® b1C1 ® (b/ @) C/))].
= a1 ® [(1/ @, (b1 ®(b/ @, C)] + a; ®[(1/ @, Cq ®(b @, C/)]

—-a; ® [a’ SH (lA ® b1C1 ® (b/ SH C/))].
Similarly, expanding the 7th term and apply Lemma H.T1] we get:
Li®[ab®@eb)e,d = 1,®[ab ®((a®b)®, ]

+14®[c; ® (a1D; ® (' @, ) @, ¢')]

1, ®[1yaQa1bic; ® (" @, 0)®, )].
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Substituting, we will get:
(a@,0)®, ¢ = [, LWV ® )]+a; [ ®;¢;R(D®,; ()]

Ly L
1R @, 1,b;1c; (L @, )N +c;®[(a; ®(a"®;0)®,; ¢]

L3 Ly
-1,®a1c;9[(0" @, 0)®, 1+b; ®[(a®,; V') ®, (]
Ls Le
+01 [0 R (@, b)) @, -1, ®bic; R[(a®; 1) ®; ']
Ly Lg
-1, ®[aih1 @ (0" @, 0) @, )] -1, ®[c; ® ((a1h) @ (' @, 1)) ®, ¢')]
Lo Lio
+ 1,1y @a1h1c1 @((A" @, 0)®, N]—c1®[(14®@a1b; ®(a' ®, 1))@, ¢]
Ly Ly
+1,®c; ®[(a1h; ® (" ®, 1)) ®, ].

L3

Ly and L5 will cancel each other, so we get:

(a®,; D)@ ¢ = a1 [ (b1 WM @ )]+a; @[ ®¢c; (DD, ()]
Ly Ly
1R @, 1, 8b1c; @ @, )N]+c1®[(a; ® (0" ®,; b)) @, ¢]
L3 Ly
-1y ®aic; (@, 0)®; ]1+b; ®[(a®,; b)) ®, (]
Ls Le
+c1®[(b1®(a@,;0)®, ]-1,b1c; ®[(a®,; b)) ®, ']
Ly Lg
-1, ®[aib @ (0" @, 0) @, )]+ 1, @1y ®aibic; @ ((a" @, ') @, )]
Ly Lo
- ®a1b; @ (" ®,; b)) ®, '].

Ly

Similarly, for the right hand side,

a®) (b @, C) = a®, [bl ®(b/ SH C) + ®(b @, C’) + /lblcl ®(b/ SH C/)
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—IA ® b1c1 ® (b/ @, C/) — b101 ® ((b/ SH lk) @, C,)].

Since |b’[> 1(]b]> 2), apply Lemma [4.TT|on the last term,

a@, (0®,;¢0) = a@, LW @ )+c; 1@, )+ Abjc; @1 @, ¢)

—lA ® b1C1 ® (b, ®) C’) - b1C1 ® /l(b’ @, C/)].

Cancelling the 3rd and the 5th term, we get:

a®) (b SH C) = a®, [bl ®(b/ @, C) +C ®(b @), C/) - IA ®b1C1 ®(b’ @, C/)].

Expanding further,

a®,(0®,;¢0) = a1 R[ @, (b @M ® )] +b; ®[a®, (' @, ¢)]
Adab;@[a" @, (0@, )] -1, ®a;b; ®[a @, (b ®; 0]
a0 @, 1)@, (0@ )]l +a1 [0 ®,; (c; ®(b®, ¢))]
+c; ®[a® (0@, )]+ Aajc; ®[a @, (b®, )]
-1, ®a;c; @0 @ (b®, )] —ajc; [(a" @, 1) @, (b®, ¢)]
—a1 Q[ @ (1a®b1c; @V @, )] -1, Q [a®, (bic; ® (V' @, '))]
—Aa; @[ @ (b1c1 @0 @, N +1,Qa;® [0 ®; (bic; ® (V' @, ¢))]

—a; @ [(a/ ®; 1)) &, (bic; ® (V' @, ¢))].
Apply lemma #.TTon the 5th, 10th and 15th term, and then simplify:
1@, (0@ ) = a;®[ad @ bW @ )]+b ®[a®,; (V' ®, )]

1,015, ®[d @, 0 ®;,0)]+a;®[a®;(c;R(D®, ¢))]

+c1®[a® (0@, )] -1, Qac;[d @, (b®, )]
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—a1® [0 @ (14 ®bic1 @' @, )] -1, @ [a®, (b1c; @ (V' @, ¢))]

+1A ®a ® [(1, @) (b]C] ® (b’ SH C,))].

Now using the induction hypothesis on the 5th term, we get:

1 ® [Cl @) (b @) C,)]

1 ®[(a®,;b)®, (]

= Q@1 ®W@®0)+b;@(a® )+ dajh; ® (¢’ ®, 1)
-1, ®@a1b; @ (' ®, ") —a;b; ® (" @, 1,)b")) ®, ¢']

= Q@ ®W@®0)+b;®(a® )+ dah; ® (¢’ ®, 1)
-1, ®a1b;® (@ ®; V) —ah; @ ((1d" @, b)) ®, ]

= ¢1Q[(a®@ ®,0)+b; Q(a®,; 1)
1, ®a1b;® (@ @, 1)) ®, (]

= ®[(@®W@@b)® |+ @[ @@, 1)@, (]

-1 ® [1,4 ® a1b1 ® (Cl, @, b’)) @, C’].

Similarly expanding the 8th term and applying Lemma H.11] we get

1,®[a®, (bic; @0 @, )] = 1,®[a1® (a' @, (bic; ® (W' @, ¢)))]
+1,®[bic; @ (a®, (' @, ¢'))]

_1A ® [lA ® a1b101 ® (Cl, (SH (b/ @) C,))].

Substituting, we obtain

a®) (b @, C) = a1 ® [Cl/ @, (bl ® (b/ @) C))] + b1 ® [(1 @, (b/ SH C)]
R Ry
- lA ® a1b1 ® [Cl/ SH (b’ @, C)] +a1 ® [Cl, @, (C] ® (b @, C/))]

R3 Ry
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+c1®[(@a@W@@b)®,|+c1Q[b1®(a®, V) ®, ]

Rs Re

—c1®[Ia®@a1h) @ @, 0) @, | -1, Qac; ® [0 @, (b®, ¢)]

Ry Rg
—a1®[0®,(1,b1c; @M @, )] -1, ®[a; ®(a' ®, (bic; @ (V' @, ¢)))]

Rg Rio
—1,Q[b1c; @ (a®, (V'@ )N +1,Q[14 ®abic; @ (a' @, (V' @, '))]

Ry R

+1,®a;®[a ®, (bic; @ (' @, ¢'))].

Ri3

Ry and R;; will cancel with each other. Hence, we have

a®,(0@0) = a;®[® BN @, ))]+b;®@[a®, (b ®, ¢)]
R Ry
1, ®a1b1 [ @, (0 ®,0)]+a; ®[a ®;(c; ®(b®, ¢))]
R3 Ry
tce1®(a1® (@ 0)®, [+ @b ®(a®,; b)) ®, ]

Rs Re
—1®[1a®@aib; ® (" @, 0)@, | -14Qaic; ®[a’ ®; (0@, )]
R Rg
—a1®[0'@ (1, ®bic;®M @, )] -1, ®[bic; ®(a®, (V' ®; )]
Ry Rio
+1,Q[14®aibic; @ (a' @, (V' @, ))].

Ry

For 1 <i < 11, let L; (resp R;) be the i’ term in the left hand side (resp. in the right
hand side ). Then by the induction hypothesis, L, = R,;. Here the permutation

o € Xy 1s given by

1234567 8 9 10 11
1 495826 10 3 11 7

Therefore, the associtivity is proved. O
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Now, we also prove the commutativity of the RBNTD shuffle product.
Theorem 4.14. The RBNTD shuffle product ®, is commutative. More precisely,
a®,b=0®,a
Proof. For two pure tensors aand b, a := a;®---®a,, € A¥" andb := b1 ®---®b, €
A®" leta=a; ®a, a € A®" andb = b, @V, b’ € A*""!. We will prove the result
by induction on m+n.

For m+n=0, a and b are scalars, so the result holds . Assume that the commuta-

tivity holds for m + n < k. Now, we check for m+n=k+1.

a®) b = ai ®((1/ @) b) + b1 ®(Cl SH b/) + /lalbl ® ((1/ @, b/)

—lA ® albl ® ((1/ SH b/) - albl ® ((Cl/ @, 1A) @, b/)

For | o’ |# 0, we get a’ ®,; 1 = Aa’” which gives us

a@®,b = (W ®,;0)+b; R(a®, 1)

-1, ®a1b; ®(a @, b).

Applying the induction hypothesis on all the terms because the sum of lengths < &,

we get

a@®,b = g 0®,;d)+b; (1 ®,q)

-1, ®a1b; @0 ®, a').

Similarly, we compute b @, a.

b@la = bl ®(b/ @) a)+a1 ®(b®,1 a')+/lb1a1 ®(b/ @, a’)
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—lA ® b1a1 ® (b/ SH Cl/) - blal ® ((b/ @, 1A) @) Cl/).

For | b’ |# 0, we get b’ ®, 1 = Ab’, which gives us

b®a = e ®a)+a;(b®,; a")

-1, ®bja; ® (b @, a').
So, they both agree since A is commutative. O

Now we define the free commutative RBNTD algebras.

Definition 4.15. Let A be a commutative k-algebra. A free commutative RBNTD
algebra over A is a commutative RBNTD k-algebra Fr(A) with a RBNTD operator
P, and a commutative k-algebra homomorphism j, : A — Fp(A) such that, for any
commutative RBNTD algebra (7, P) and any algebra homomorphism f : A — T,

there is a unique RBNTD k-algebra homomorphism f : Fp(A) — T such that

foja=r

A " FrA)
~
T

Let A be a commutative k-algebra A. Let
I3 (A) = @kzo A%

be the algebra equipped with the RBNTD shuffle product ®, defined earlier .
Define

Ir(A) := I (A) 1= A ® IIIH(A) = @ A (4.13)
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to be the tensor product algebra whose product is denoted by ¢ and is called the
augmented total shuffle product of weight 1. More precisely, the product ¢ := ¢,

on II(A) is defined by:

(ap ® a) ¢ (by ®b) := (aphy) ® (a ®, b), ay, by € A, a, b € I (A). (4.14)

Thus we have the algebra isomorphism (embedding to the second tensor factor)

@ : (I3 (A), ®;) — (14 ® IIT(A), ©). (4.15)

Define the k-linear endomorphism P4 on II1(A) by assigning

Pi(ap®a) = 1,®ao®a, a€ A®", n>1,

Pilap®c) = 1,Q®cay, ce A% =k

and extending by additivity. Let j, : A — [Ip(A) be the canonical inclusion map.
Call (1111(A), P,) the (total) shuffie RBNTD k-algebra of weight 1 on A. The term

is justified by the following theorem.

Theorem 4.16. The shufle RBNTD algebra (111t (A), P,4), together with the natural
embedding j,, is a free commutative RBNTD algebra on A with weight . More
precisely, for any commutative RBNTD k-algebra (7T, P) of weight A and algebra
homomorphism f : A — T, there is a unique RBNTD k-algebra homomorphism
£ (Ir(A), P4) — (T, P) such that f = f o j,.
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4.4 The proof of Theorem 4.16|

We first prove that (IIT(A), P,) is a commutative RBNTD algebra. For pure tensors

a=aq®d andb=0,V,

Pa(a) o P4(b) (1, ®0) ¢ (1,®D)

= 1,®(a®;b)

= 1,®@®@®,0)+1,0 (b ®(aa®, b))
+14, @ (Aab) @ (" @, 1) -1, (1, ® a;b; ® (0’ @, b))
~1,® (a1b; ® (0" @, 14) @, 1))

= Pa(ao Py(D)) + Pa(b o Pa(a)) + APa(a o b) — P4(a o b)

—Ps((a o Py(14)) ¢ D).

To verify the universal property of (IIIT(A), P4), let (T, P) be a commutative RB-
NTD algebra and let f : A — T be an algebra homomorphism. To define f :
IIt(A) — T, we need to define f(a) for any pure tensora = a; ® - --®a, € A®". For
this, we use induction on n. When n = 1, we have A = j,(A). So, we must have
f(a) = f(a). Assume that f(a) has been defined for n < k and let a € A***D_ Then
a = a; ® a’ with a’ € A%, Note that a = a; o P4(a’). Since f is to be a RBNTD

algebra homomorphism, we must have

f(@) = fla)f(P4(a")) = fla)P(f(a)). (4.16)
Infact,ifa=a; ® a, ® - - - ® a;1, then we must have

f(a) = f(a)P(f(a)P(f(a3) - fl@1)))-

So the uniqueness of f is proved.
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Now, we just need to prove that the f obtained this way, i.e., by Eq. (4.16),
is a RBNTD algebra homomorphism. From the construction we obviously have
foP4 = Po f. So, it remains to prove the multiplicativity. Let a € A®" and b € A®",

we will verity

flaob) = f()f(b) (4.17)

by induction on m + n. Thenm +n > 2. Whenm +n =2, thenm = n = 1 and so
a,b € A. Then aob = ab, so Eq.(@.17) follows since f is an algebra homomorphism.

Assume that the equation is proved form+n < kandlet a = a;®a" = a;0P4(a’) €
AP b =b ®Y = by oPy(b') € A*" withm+n = k+ 1. Then by Eq. and the

induction hypothesis, we have

f(aoD)

F(@1b1) o Pa(a') o Po(1))

= f((aib)) ¢ Ps(@’ o Po(0') + Po(a’) o ' + Ad o B/
—PA(a o 1) = (0" 0 P4(1)) 0 b)),

= flab)(foP)(a o(1@0)+(1®a)ob + A(a" ob)
—Pa(a” 0 B') = (a" 0 Py(1)) o B)).

= flab)Po N o(1@V)+(1®a)ob + A0 ob)
—Pa(a’ o 1') = (a" 0 Pa(1)) 0 1)).

= flab)P(f(@)f(1@V) + f(1®a)f() + Af(a)f (V')
—P(f(a)f(1)) = f(@)F(Pa(1))F(D)).

= fla)f(bn)P(F(@)P(f(1) + P(f(a))f(V') + Af () f ()

—P(f(a") f()) = f(aIP(F(1)f(D")).
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flan) fBOP(f())P(f(1))
f@)P(f(a)) fB)P(f(V))
f@f ().

This completes the induction and the proof of Theorem

4.5 An observation

Recall how Nijenhuis shuffle product (right-shift product in §4.2.2) denoted by
3, is defined. Once again, for two pure tensors a = a; ® -+ ® a,, € A®" and
b=b® --®b, € A%, wherea=a,; ®a, b=>b, b, a’ € A%" D p e A®"~D,

we define

as,b=a;® (a’érb) +b ® (a@,b’) -1, ®a1b; ® (a’é,b’)

Proposition 4.17. For |a|, |b|> 1,if |a|> 1 or |b|> 1, then the RBNTD shuffle

product @, satisfies the same recursion as the Nijenhuis product ,.
a@db = ®(Cl,®,1b)+b1 ®(a®,1 b,)— 1A®a1b1 ®(Cl, SH b,)

Remark. It is interesting to see that, even though the RBNTD product and
Nijenhuis product satisfy the same recursion, they are not the same because of their

different initial conditions.

Proof. We only need to consider the case when |a|>1 because the product is com-

mutative (Theorem 4.14)).

For |a|> 1, there are two cases to consider: either |b|=1 or |b|> 1.



35

Casel: |a|>1,|b|=11ie. a=a ®d,b=b; where|a’|> 0. Then,

a@,;,b=a; @@ ®,b)+b®(a®,; 1))+ Ada;b; ® (a’ ®, 1)

1, ®@a1by ®(a @ 1) —a1by ® (o' ®,; 14) @, Ly).

Using Lemma .11 on the last term and simplifying other terms, we will get

a®Ab:a1®(a'®4b)+b1®(a®A1k)+/la1b1®a’

—IA ® a1b1 ® (Cl’ &) lk) - a1b1 ® Ad’.
Now, the 3rd and the 5th term will cancel with each other, so we will get
a@,b=aW@e&b)+bh @, 1)-1,0a,b; ® (a' ®, 1),

which is the same as the recursion of ad,b.

Case II: If |a|>1,|b|>1,1.e. a =a; ®a’, b = b; ® V" where |a’|> 0, |b"[> 0O, then

a@,;0=a;®@®;0)+b@(a® V) + dab; @ (a’ ®, 1)

-1, ®a1b) @@ @&, 0)—ab;®((a" ®,; 1) ®,; b).

Using Lemma on the last term and simplifying other terms, we will get

a®, b= aj ®(Cl/ SH b) + b] ®((1®/1 b/) + /lalbl ®(Cl, @, b/)

—lA ® Cl]bl ® (Cl, @), b,) - Cl]bl ® (/la’ SH b,)
Now, the 3rd and the 5th term will cancel with each other, so we will get
a@,b=a,W@®0)+h ®W@@®,b0)-1,0a1b; ®(a ®, ).

which is the same as the recursion of as,b.
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4.6 A special case of the free commutative RBNTD algebra

As a particular example, we consider 1IIt(k), the free commutative RBNTD k-
algebra on k.
If we choose A = Kk in the construction of the free commutative RBNTD k-
algebra, then we get
(k) = EH kD,
n=0
Since the tensor product is over k, we have k®"*D = Kk1®#*D where 18D =

1®---®1. In particular, 1®! = 1 is the unit of k. Thus I1Ip(K) is a free k-module
——

(n+1)—factors
on the basis 1®”, n > 1. The following result gives the multiplication table of 1Tt (K).

As a special case of Lemma4.11] we have
Lemma 4.18. For any m € N,

1, @, 15" = A1
Theorem 4.19. For any m,n € N,

®(m+1) ®n+1) _ Q(m+n+1)
180D @, 180D = jp8meneh)

Proof. We will prove this using the induction hypothesis on the sum m + n.

For m + n = 0, the only option we have is m = n = 0,

14 ®, 14 = A1, (by the previous lemma).
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For m + n = 2, if either of m and n is zero, then we will get the previous lemma. So
our result still holds.

If m = n =1, then we have

12,12 = 1,01, @, 18+ 1,022 @, 1) + A, - 1, ® (1, ®, 14)

14 ® 1,0 (14 @ 14) — 14 ® (14 @ 14) ®, 14).
By using previous lemma on each term and twice on the last term, we obtain

12 @, 152 LioAUP + 1,08 + 1, @1,

1, ® U5 -1, © 271,

= U5,
Assume that the result holds for m + n < k,which gives
®(m+1) ®(n+l) _ ®(m+n+1)
1, ®, 1, = A1, .
Now using the induction hypothesis, our goal is to check

15D @, 1870 = 215%? where m+n= k+1.

In fact we have

1®(m+1) ®; 1®(n+1) — lA ® (lim ®, lf(n+1)) + 1A ® (1§(m+1) ®, lin)
AL, 1, @18 @, 187) — 1, @ (1, - 1) ® (187 @, 187

-1, @ (17" @, 14) @, 15").
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By applying the previous lemma to the last term , we obtain

1®(m+1) ®; 1®(n+1) — lA ® (li’m ®, li’(n+1)) + lA ® (1§>(m+1) ®, lin)
A1, 1, (18" @, 187) — 1, @ (1, - 1) ® (187 @, 187

-1, ® (A" @, 1.
Now applying the induction hypothesis to all the terms, we have

+A18' @ 15D — 122 @ (A1)
~1, ® (L")

_ /llf(m+n+1) + /llf(m+n+1) + /lzlio(mw) _ /llf(m+n+1)
— 2150,

By cancelling the 3rd and the 5th term, we get

®(m+1) ®n+l) _ ®(m+n+1)
1 @1 = Al

_ ®(k+2)
= 582,

This completes the proof of the theorem. O
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5 Free non-commutative RBNTD algebras and
bracketed words

We start with the definition of free RBN'TD algebras.

Definition 5.1. Let A be a k-algebra. A free Rota-Baxter Nijenhuis TD algebra over
A is a RBNTD algebra FY°(A) with a RBNTD operator P4 and an algebra homo-
morphism j, : A — FY €(A) such that, for any RBNTD algebra T and any algebra
homomorphism f : A — T, there is a unique RBNTD algebra homomorphism

f: F€(A) - T such that f o j, = f:

A M. FNC(A)
\fl
T

For the construction of free Rota- Baxter Nijenhuis TD algebras, we follow the
construction of free Rota-Baxter algebras [13,21]] by bracketed words. Alterna-
tively, one can follow [12] to give the construction by rooted trees that is more in
the spirit of operads [30]. We first display a k-basis of the free Rota-Baxter Ni-
jenhuis TD algebra in terms of bracketed words in § The product on the free
RBNTD algebra is given in § and the universal property of the free RBNTD

algebra is proved in §

5.1 A basis of the free RBNTD algebra

For any set X, let S(X) and M(X) denote the free semigroup and free monoid re-

spectively generated by X. For the rest of this chapter , A is taken to be the free
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k-algebra on X : A= k(X). We first display a k-basis X, of F’TVC(A) in terms of

bracketed words from the alphabet set X. Define

X =SX), ¥,=MX.

Let | and ] be symbols, called brackets, and let ¥ =X, U{,]}. Let M(X’) denote

the free monoid generated by X'.

Definition 5.2. ([13,21]) Let Y, Z be two subsets of M(X"). Define the alternating

product of Y and Z to be
Az = ([Jozy) ([ ozyy)
U(Jazm) U (U azmynzy)| .

We construct a sequence X, n > 1 of subsets of M(X’) by the following recur-

sion. Let X, = S(X), ¥, = M(X) and, for n > 0, define
X, = Ax(%o, X,).
For example,
X = Ax(¥o, X).
Further, define

X, = X, =limX,. (5.1)
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Here the second equation in Eq.(5.1) follows since
¥ 2%

and, assuming

we have
in+1 = [\X(%O’ in) 2 AX(%O,in—l) = in

By [13}]21] we have the disjoint union

To = (| @l (| ] GeolEa) %)

rx1 r=0

H(RESE IR (R{ESESIEN) it (5.2)

r>1 r>0

Further, every x € X, has a unique decomposition

X =X Xp, (5.3)

where x;, 1 < i < b, is alternatively in X, or in | ¥.]. This decomposition will be
called the standard decomposition of x. For x in ¥,, with standard decomposition
X; - - - Xp, we define b to be the breadth b(x) of x, we define the head index /(x) of
x to be O (resp. 1) if x; is in X (resp. in LX.)). Similarly define the tail index #(x)
of X to be 0 (resp. 1) if X, is in ¥, (resp. in | ¥.]). The depth d(x) of x in X, is the
smallest n > O such that x € X,,.

Elements in X, are called RBNTD bracketed words.
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5.2 The product in a free RBNTD algebra

Let

FNC(A) = P, 5 kx.

We now define a product ¢ on F¥C(A) by defining x o X' € FN(A) for x,x’ € X,
and then extending bilinearly. Roughly speaking, the product of x and x’ is defined
to be the concatenation whenever #(x) # h(x’). When #(x) = h(x’), the product is
defined by the product in A or by the RBNTD relation in Eq. (3.4).

To be precise, we use induction on the sum n := d(x) + d(x’) of the depths of x

and x’. Thenn > 0. If n = 0, then x, X’ are in X, and so are in A and we define
xoX =x-Xx €A §F¥C(A).

Here - is the product in A. Suppose X o X’ have been defined for all x,x’ € X,
with 0 < n < k, and let x, X’ € ¥, with n = k + 1. First assume that the breadth
b(x) = b(x’) = 1. Then x and X’ are in X, or | ¥.,]. Since n = k + 1 is at least one, X

and x’ cannot be both in X,. We accordingly define

’

xx', if x € X),x € [ X.],

XX/, ifxe Liwj,x’ € X,

IX]oX ]+ |Xo|X]] ifx=[X],X =X X=X X,

xoX =1 4AXoX |- ||XoX]] X =X|---X.,X, € ¥pand X, € X, (5.4)
—[x[1X'],

K] oX |+ [Xo [X]] ifx=[X),X =X X=X X,

—XoX]], X =X,---X.,X € | X.] or X; € | X, ].
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Here, the product in case I and II is by concatenation, whereas, in case III and IV it
is by the induction hypothesis for the four and three products on the right-hand side

respectively, since we have

d(X) +dX) = d(XD+d(X])-1=dx) +dx)-1,
dX) +d(X']) = d(XD+d(X])-1=dx +dx)-1,
dX) +dX) = d(X)-1+d(X])-1=dx) +dx)-2

which are all less than or equal to k. Now assume b(x) >1 or b(x’) >1. Letx =
X;---Xp and X’ = X - - -x, be the standard decompositions from Eq.(5.3)). We then
define

XoX =Xp-Xp1(Xp X)) X)) -+ - X, (5.5)

where x,, ¢ X| is defined by Eq. (5.4) and the rest is given by concatenation. The
concatenation is well-defined since by Eq. @, we have h(x,) = h(x;, ¢ x|) and
1(x}) = 1(x; ¢ X}). Therefore, 1(x,_1) # h(x; ¢ X|) and (X)) # 1(X}, © X)).

We have the following simple properties of ©.

Lemma 5.3. Let x,x’ € ¥,,. We have the following statements.
1. h(x) = h(xox’)and 1(X') = t(x o X).
2. If 1(x) # h(x’), then X ¢ X’ = xxX’ (concatenation).

3. If 1(x) # h(x’), then for any x” € X,

xXx)ox” =x(x' ox”’), X" o(xx')=(xx"ox)X.
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We will define another product 3 on FY €(A) by defining 3 in the same way as o

except replacing Eq. (5.4)) by the following equation.

xx’, ifxe X, x €|X.],

XX/, ifxe|X.],X €X,

x3x = (5.6)
LIX]3X | + [X3|X]] + A X3X |

—[1x3X']] = L(X3[11)3X |, if x = [X],x' = [X'] € [ Xa].
This will be the product that we will use later in place of ¢. To prove that the

two products agree and hence the second product is well-defined, we first prove a

lemma.
Lemma 5.4. We have the following simple properties of 3.
1. Forx € [ X.], we have x3| 1] = [13x = Ax.

2. Forx,x’ € X, we have

Ax, if1(x) =1,
x31] =
x| 1], if «(x) =0.
X, ifhx)=1,
15X = X if h(x")

[1]x", if h(x") =0.
3. Forx = [X],x’ = [X'], we have

_ -, IXL1X'], ift(x) = h(x) =0,
[x3[1]))3x ] =
ARSK ], ift(X) = 1 or h(X) = 1.
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Proof. (1) Let x = [x]. Then we have

xo| 1] = [x3|1]]+[x31]+ Ax31] —||x31]] — [(x3]1])31]
= [xo[1]] + [x] + Alx] = [[x]] — [x3[1]]
= AX.

L[1]ox = [18x]+ [[1]9x] + Al 1x] — | [13x]] — (13 1])3X]

= x|+ [[1]ox] + A[x] = [[x]] = [[1]8X]

= AX.

(2) Let x = x; - - - X, be the standard decomposition of x. If #(x) = 1 which gives

x, € | X.], then x3|1] = Ax (from part 1 above). If #(x) = O which gives x;, € X,

then the product is defined by concatenation. Therefore, we get x| 1] = x[1].
Similarly, let X" = x| - - - x|, be the standard decomposition of x". For h(x") = 1,

X| € [X.]. So|1]J3x = Ax’ (from part 1 above). For A(x") = 0, x| € X, then the

product is defined by concatenation. Therefore, we get [ 1]3x" = [1]x’.

(3) For [(x3]1])3X’], we need to take three cases:

Case I: When #(x) = h(x") = 0, then the product is by concatenation. Therefore, we

get [(x3[1)3X' | = [X[1X'].

Case II: When #(X) = 1, then by part 2, we get [(X31])3X’] = A|X3X].

Case III: When h(x") = 1, then also by part 2, we get [(X3[1])3X'] = A[X3X']. O
Proposition 5.5. The product ¢ in Eq. (5.4) equals product <.

Proof. Since o and ¢ are defined by the same recursion except their recursive for-

mulas in Eq. (5.6) and Eq. (5.6), we just need to verify that the product & satisfies
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the same recursion as for o in Eq. (5.4). Applying Lemma [5.4]to the expression
(X o L1]) X in Eq. (5.6), we obtain

xx’, ifxe X, x" €| Xs],

xx/, ifxe|X,],X €X,
x3x' =1 |[XJ3X'| + |X3|X']] + A|X3X']

—[1x3%']] = [XL1X], if 1(%) = h(X') = 0,

L[XJ3X ] + |X8|X]] = |[X3X ), if #X) = 1orh(x) = 1.

This is the same recursion as Eq. (5.4). Therefore, o = 3. O

Extending ¢ bilinearly, we obtain a binary operation
FYC(A) ® FYC(A) - FYC(A).
For x € X, define
Tx(x) = [x]. (5.7)

Obviously [x] is again in X.,. Thus T, extends to a linear operator T4 on F. va €A).

Let
jx 1 X = ¥, - FY¢(4)
be the natural injection which extends to an algebra injection

jat A= FrA). (5.8)
The following is our main result which will be proved in the next subsection.

Theorem 5.6. Let A be a k-algebra with a k-basis X.
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1. The pair (F’TVC(A), ¢) is an k-algebra.
2. The triple (FY€(A), ¢, T4) is a RBNTD k-algebra.

3. The quadruple (FY €(A), o, Ty, ja) is the free RBNTD algebra on the algebra
A.

The immediate corollary of above theorem will be used in later section.

Corollary 5.7. Let M be a k-module and let T(M) = @nZO M®" be the tensor

algebra over M. Then F: ’TV C(T(M)), together with the natural injection

JT(M)

iv: M — T(M) — FYC(T(M)),

is a free RBNTD algebra over M, in the sense that, for any RBNTD algebra N
and k-module map f : M — N there is a unique RBNTD algebra homomorphism
f 1 FNC(T(M)) — N such that f o iy = f.

Proof. This follows immediately from Theorem |5.6/and the fact that the construc-
tion of the free algebra on a module (resp. free RBNTD algebra on an algebra, resp.
free RBNTD on a module) is the left adjoint functor of the forgetful functor from
algebras to modules (resp. from RBNTD algebras to algebras, resp. from RBNTD
algebras to modules), and the fact that the composition of two left adjoint functors

is the left adjoint functor of the composition. O

5.3 The proof of Theorem

[Il We just need to verify the associativity. For this, we only need to verify

(X’ o XN) oX” =X ¢ (X" o Xu/) (59)
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4

for X', x”, X" € X.,. We will do this by induction on the sum of the depths n :=
dx') +d(x”) +dx"). If n = 0, then all of X', x"”,x"”” have depth zero and so are
in X. In this case the product ¢ is given by the product - in A and so is associative.

Assume the associativity holds for n < k and assume that x’,x”,x"” € X., have

n=dXx)+dx"’)+dXx")=k+ 1.If (x’) # h(x"), then by Lemma[5.3]

77

(X/ S X/I) o X//l — (X/X//) o XI/I — XI(XI/ o X ) — X/ o (XI/ S X/H).

A similar argument holds when #(x”’) # h(x”’). Thus, we only need to verify the as-
sociativity when #(x") = h(x”’) and #(x”) = h(x””). We will next reduce the breadths

of the words.

Lemma 5.8. If the associativity

77

X ox")ox" =x"o (X" ox

holds for all X/, x” and x’” in ¥, of breadth one, then it holds for all x’,x” and x"”’

in X.

Proof. We use induction on the sum of breadths m := b(x") + b(x”) + b(x"”’). Then
m > 3. The case when m = 3 is the assumption of the lemma. Assume that the
associativity holds for 3 < m < j and take X', x”, X"’ € ¥,, withm = j+ 1. Then

77

j+1>4.So at least one of x’, x"”,x”’ have breadth greater than or equal to 2. First
assume b(x’) > 2. Then x’ = x|x) with x], X € X, and #(x}) # h(x}). Thus by

Lemmal5.3] we obtain

(x ox")ox"” = ((x]x5) o X") o X" = (X|(X} ¢ X)) o X" = X[((X} o X") o X").
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Similarly,

44

X o (X" ox") = (x|x}) o (X" o x") = x](x5 o (X" o x"")).

77

Thus (x" o x”) o X" = X’ o (X" o X”””) whenever (X, o X”") o X" = X} ¢ (x”" o x”’). The
latter follows from the induction hypothesis. A similar proof works if b(x”’) > 2.
Finally if b(x"”) > 2, then x” = x[x] with x{, xJ € X, and 1(x) # h(xJ). By

applying Lemma [5.3| repeatedly, we obtain

i 7" 7" 7

(X' ox")ox” = (X' o (X[x))) o X" = (X" o x{)x5) o X" = (x" o x)(x5 o x").
In the same way, we have

77

(x' o x{)(x) ox") =x"o (X" ox").

This again proves the associativity. O

To summarize, our proof of the associativity has been reduced to the special

case when X', X", X" € X, are chosen so that

1. n:=dXx)+d(x"”)+d(x"") = k+ 1 > 1 with the assumption that the associa-

tivity holds when n < k.
2. the elements have breadth one and
3. t(x’) = h(x”) and t(x”) = h(x"").

By [2] the head and tail of each of the elements are the same. Therefore by [3] either
all the three elements are in X or they are all in |X.]. If all of X', x”,x” are in X,

then as already shown, the associativity follows from the associativity in A. Now



only case to check is when x’, x”’, x”” are all in Liwj. Then

with X', X", X" € X.

77

For (x’ o X’) o X

(IX']o X" o [X"]

X = XX = [X'],x" = [X"]
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, using Eq. (5.6) and bilinearity of the product ¢, we will get

(LUX]oX"]+ (X 0 X))+ AX X"

—LX oX']] - LX) oX"]) o [X7]

(UFTeX "D o [R7]+ (X o [X"1]) o K]
HAX X" o [X7] = (X oX"]]) o [X7]
(L& o [1)oX"]) o [X]

LAUX o X"]) o X7 ]+ L(X' o X") o [X7]]
+AL(X o X)) o X7 ] = [L(IX'] o X") o X" ]]
“LAX ] oX) o [1D) o X" + X o [X"]] o X"
HE o XD o K]+ AR o XD o X"
“UE o XD o X" - (X o [X"]) o [1]) o X"
+ALX o X" ] o X" + ALK oX") o [X”]]
+2LX o X") o X" - ALK oX") o X"]]
—AUE o XD o X" |~ [LIX o X"[] o X"
—UX o X"] o [X”]] - X oX"] o X"

+HLX o X Jo X" )]+ (X o X ] o [1]) o X"

—UE o [IDX"] o X" ] = (X o [1D) o X") o [X"]]

AU o [1]) o X)) o X"+ [L(X o [1) o X") o X"]]
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HE o [1) oX) o [1]) o X ].

Applying the induction hypothesis in n for the 7th and then expanding the 7th and

the 17th term using Eq. (5.6), we obtain

(IX]o X" Do lX"] =

X JoX"] o X" |+ [(IX] 0 X") o [X"]]

+AL(X o X)) o X7 = [L(X'] o X") o X" ]]

“LAX T oX) o [1D) o X" + X o [X"]] o X"]

HE o (KT o X" DI+ X o (X" 0 IX7])]

AR o (X 0X" D)= 1K o (LUK X" 1]

SIX o (L& o L1 oX"DI+ AR o X' 0 X"
U o XD o X" - (X ¢ [X"Do[1]) oX"]
+AUX o X" o X" ]+ ALK oX") o |X"]]

+ X o X") o X" - ALK o X") o X" ]

—AUE oX") o [1) o X" |~ [LIX o X"]] o X"
—LLX o X" JoX"]] — [L(XoX) o [X"]]]

—AULE X o X7+ [LE oX") 0 X ]]]

HUE o X)) o [1) o X" ]] - AUX 0 X" o X"
+HLX o X" Jo X" ]|+ (X o X ] o [1]) o X"

“UE o1 oX o X" = (K o [1]) oX") o [X]]
AU o 1) o X)) o X[+ [L(X o [1]) 0 X7) 0 X7 ]]

+HUE o [1) oX) o [1]) o X"].

Applying the induction hypothesis in n, using Eq. (5.6) to the 14th and the 28th
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term, we obtain

L& o (IX"] o [1]) o X"
= & o(UX"Jo 1) o X"+ X o (IX o [1])]oX"]

L(&X o X" ol1])oXx"]

+ALX o (IX" 0 1)) o X[ = [ o (LIX"1]) o X"
L& o (L& o [1]) o 1)) o X

X o X" o 1) oX"] = LUK oX"Jo 1) oX")+ (K oX") o L1]]) o X"
HUAR 0X) 0 1) o X7 | = (ILF 0X") o 1]) o X"

LU oX) o1 o 1)) oX"].

Substituting these into the original equation, we will get

(Ko XD olX) = LUKIoX"ToX ]+ |(X]oX") o X))
AR oX") o X] - LUK o X") 0 X))
LK JoX") o L1) o X" |+ [IX o [X"J] oX"]
HE o (UR"Jo XD+ (X o (X o 1K)
UK o (X7 0X" D] - X o (LXK oX" 1))
—IX o (L®" o L1) o X"DJ+ ALK o [X"]) o X"
S o (X)) o X711 - L% o (LX"Jo 1)) oX"]
—L® o (IX" o LIS o X"J = ALK o (X" o 1)) oX"]
HE o (LR o X I+ L® o (& o L1 o 1]) o X"

FA(X o X" Do X"+ AKX oX) o [X]]
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K)o (IX"]o1X") =
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+ X o X)) o X" - ALE o X") o X"
—AUE XD o X[ = [IX o X"[] o X" ]
—LUX o X" oX"]] - [LX o X") o |X7]]]
—AULE o X)) o X7 ]+ [[LX o X") o X" ]]]
HUE oX) o [1]) o X7 ]| - AUX o X" 0 X7
+HUX o X" JoX"]] + [(LIX 0 X"] 0 1]) o X"
HUE o XD o [1]D o X"+ ALK 0X") 0 1]) o X"
—LUE oX) o 1] o X"~ LUK oX) o [1]) o 1]) o X"
“UE o [1) oX"JoX"] = (XK o [1]) o X") o [X]]
—AUE o [1) o X)) o X" |+ [[(X o [1])) 0 X7) 0 X" ]]
HX o [1hoX") o [1]) o X"].

77

), we obtain

UK Jo X" o X" ] +LIX o [X"]] o X"
FA[X o X [ o X" = [LIX oX"|] o X"]

—LLUE o [1) oX"Jo X1+ (X o (X"J o X" )]
ALK o (IR0 X)) = LIX o (1R o X")]]
~IX o L1 oX"J o X" = X o (LIX")] 0 X))
—ALX o (IR o X)) + X o (LR 1] 0 X))
+HX oLl o ®"Jo X"+ X' o & o (X))
+HX o (X" o [X7ID] + AX o (X' o [X"'])]

—UIX o} o (XD = LXK o [1]) o & o (X" )]
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+AUX o (X o X))+ AX o [X o X"]]
+ X o (X" o X)) = AX o X" o X")]]
A o [1]) o X7 oX")] = [LX'] o X" 0 X7)]]
X o (X o X7 ID] - ALK o & o X))
UK o @ o X+ LLE o L1]) o & o X))
—IX o [IX" o X)) = AIX o X o X" ]
HIF o (X7 o X7+ (X o L1 o & X))
+X o [[X o X" [J] + AX o X oX"]]
X o LR o X7 - KL o & 0 X))
UKo (@ o L1) o X)) = [X o L& o L1)] o X"
~AUE o (& o L1 o X+ LUK o (R o L1]) o X))
HE o 1) o (@ o [1) o X)),
Some of the terms on the left hand side cancel among themselves. Those terms are:

15th and 18th, 25th and 31st, 30th and 34th, 32nd and 35th, 33rd and 36th. After

simplifying, we will get

(K)o (XD olX] = WUXKJoX"JoX |+ (K] oX")o X" )]
FAUE L F) o) UK o) 0%
R F o L1 0%+ (R o [F'1) o X
FE o UF 1o XD+ o (5 15”1
FAIF o (F 0% D) K o U 0% 1)

Ly Lyo




55

- IX o (L& o L) o X" D]+ ALK o X)) o X"

—lE o Li"J?; X" - & o (LX) <>L112J)) oX"]

ALK o (LL;” o1]) oX"]+|(X o (LLl[i"JJ)) oX"]

+AL(X o i"JL)Iso X" ]+ X oX") o LiL’I’(Z 1]

+ PLX o ;'7') oX"] - ALK o ;; oX"]]

- AU <>L>_?') o[1)ox"]~ L(LLLZ;' oX']]) oX"]

— X oX") <L>21L§"'JJJ —AULE oX") <>L;_:'”JJ

+ L& o XLB) oX")IJ+ LK o iL'zf) o[1])oX" ]
Los Las

L& o [1)oX")oX" |- (XK' o[1]) oX") o [X"]]

Ly Lo

— AU o [1]) oX) o X" |+ (X o [1]) 0X") 0 X" ]]
Loy L3p
+(X o 1D oX) o 1) oX"]. (5.10)
L3

Similarly, on the right hand side, there are also some terms which cancel among
themselves: 9th and 13th, 25th and 31st, 29th and 33rd, 30th and 34th, 32nd and
36th.

Ko (X o (X)) = [UKJoX"JoX")+[IX o[X" ) oX"]

R Ry

+AX o X o X" |- [|IX oX ] 0 X"”]
R Rs
U o [1D)oX | oX" |+ X o (IX"] X" )]
Rs Re

+AX o (IX"] o X)) - [IX o (IX"] oX")]]

Ry Rs
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—[X o (LIX"]] o X")| = AX o (IX"] 0 X))
Ry Rio
X o (R o X+ IR) o & 0 [X" )]
R Rz
+1X o |X" o X7+ AX o X" o [X”])]
Ry3 Ris
~UR o R0 [RDI- L& o L1]) o R o [R"))]
Ris Ri6
+ ALLi/J 0 (i// o iI/I)J + /ll—il o Li” o i//IJJ
R17 Rig
+/12|-i, <> (il/ <> i/l/)J —/‘ll-l-i, o (i/l <> i///)JJ
Ri9 Rao
S AR o [1) o & o))~ LUK o R o X))
Ry R
—AUX o X" oX")]|+ [LIX o X" oX")]]]
Ra3 Roy4
+IE o L1 o R o X"))J - ¥ o LIX" o X" 1)
Ros R
UKo (R0 L1) o]~ X o [ o [1)] oX”
Ry Rag
AR o (R0 1) oX)+ IR o (&' o L1) 0 X))
Ry R3o
+|X o1 o (X o [1])oX")]. (5.11)

R3

Lemma 5.9. For 1 < i < 31, let L; (resp R;) be the i term in Eq. (5.10) (resp. in
Eq. (5.11))). Then L; = R,(;. Here the permutation o~ € X3, is given by

1 2 3 4 5 67 8 9 10 11 12 13 14 15
o= (5.12)

1 12 17 22 27 2 6 13 18 26 28 7 8 9 10

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 3l
11 3 14 19 20 29 4 15 23 24 30 5 16 21 25 31
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This permuation is too long to fit in one line, so is split into two.

Proof. We divide the proof of this lemma by type of terms into three cases:

Case I: Those terms on the left hand side i.e. in Eq. (5.10) that exactly match with
certain terms on the right hand side i.e. Eq. . They are:

Ly =Ry, L¢ = Ry, L7 = R, Ls = Ri3, Ly = Ris, Lio = Roe, L17 = R3, Loy = Ry

Case II: Those terms on the left hand side that match with the right hand side using
induction on sum of depths of X', X", X" i.e. dX') +d(X") + dX"") < n + 1. They
are:

Ly = Ria, L3 = Ri7,Ls = Ry, L1a = Ry, L3 = Rg, L1y = Ry, L1s = Rio, L1 = Ruy,
Lig = Ria, Li9 = Ri9, Lo = Rao, Loz = Ri5, Loa = Ro3, Los = Roa

Case I1I: Those remaining terms that we want match are the special terms in which
1] is involved. They are :

Ls = Ry7, L11 = Ras, Lo1 = Rag, Lo = R0, Lo7 = Rs, Las = Rie, Lag = Ray, Lap = Ros,
L3 = Rs; .

We only need to verify Case III. Before we check that these terms match, we need

two claims.
Lemma 5.10. Forall X', x”" € M(X), (X' o x")o [1] =X o (X" o [1]).

Proof. We will prove the result by induction on n: n = d(x’) + d(x”") >0.

For n=0, x’,x” € M(X), X' = X;X; - - - Xz,
(X, o XN) o LIJ = (Xl .. ‘XkX”) o> |_1J =X 'Xk(XN o I_IJ) =x o (X" o LIJ)

Assume the result holds for n< k. Consider n = d(x’) + d(x’) = k + 1.

If either X’ or x” has depth 0, then the result holds from n=0 case. Otherwise,
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x’ = | X'}, then the using induction hypothesis, we have

X oxNoll]l=(X]ox)ol]=|X]oX ol =xX o o|1]).

Claim 5.11. Forx € X, d(x ¢ |1]) < d(x) + 1, where d(x)=depth of x.

Proof. Letx =X, XX € X LM(X)]. If x;, = x € X, then x o |1] = x; - - - x¢L 1.
This gives us : d(x o | 1))=max{d(x), d(L1])} < d(x) + 1.

When x; = |X¢] , then d(x; o | 1]) < d(x; ) +1 (by definition of o). Now, d(x o [1])
= d((x; -+ - xp) o L1)).

Now by lemma [5.3} d((x; - - x;) o L1]) =d(x; - - - X_1 (x; © [ 1])), hence we get

dxoll]) = d(x;-- X1 (X o [1])
= max{d(x,),- - ,d(x o [1])}
< maxtd(x)),- - ,d(x) + 1)
< max{d(xy)+1,---,d(x) + 1}
= max{d(x)), - ,d(x)} + 1
= dx)+1.
This proves the claim. O

Now, coming back to our lemma, we will check some of them since the proofs
are similar:
Ls = [(IX']oX) o [1]) o X"]
=|(X'] o X" o1])) oX”] (By claim and the induction hypothesis)
=X ] o (X" 1)) oX")] (By claim and the induction hypothesis)
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= Ry.

Ly = (X oX") o [1]) oX"]
=X o(xX"o[1]))oX”] (By claim and the induction hypothesis)
=X o (X" o[1))oX")] (Byclaim and the induction hypothesis)
= Ro.

Ly = [(X o[1])oX")o|1])oX”"] (By claim and the induction hypothesis)
= (X ol1])o(X"ol1])oX”] (By claim and the induction hypothesis)
=X o 1) o (X" o [1]) oX")]

= Rj3;. O

This completes the proof of Theorem [5.6][1]
The proof follows from the definition 74(x) = | x| and Eq. .
Let (7, *, P) be a RBNTD algebra with multiplication *. Let f : A — T be a
k-algebra homomorphism. We will construct a k-linear map f : FY“(A) — T by
defining f(x) for x € ¥.,. We achieve this by defining f(x) for x € ¥,, n > 0,
inductively on n. For x € X, := X, define f(x) = f(x). Suppose f(x) has been
defined for x € X,, and consider x in X,,;; which is, by definition and Eq. @,

Axx %) = (| )| (| xixarx)

r>1 r=0

L (] eaeazxa)] (] eedex)x).

r=0 r>0

Let x be in the first union component | |,.;(X|X,])" above. Then

X= l_l(x2i—l [X2:])
i=1

for x5;_; € X and x,; € X,,, 1 < i < r. By the construction of the multiplication ¢
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and the RBNTD operator 74, we have

X = o/ (Xpi-1 ¢ [X0i]) = 0/ (Xai=1 © Ta(X2)).

Define

Fx) = = (F(Xaim1) * T(F(x20))). (5.13)

where the right hand side is well-defined by the induction hypothesis. Similarly
define f(x) if x is in the other union components. For any x € X, we have T4(x) =

|x] € X.,, and by the definition of f in Eq.(5.13), we have

f(x)) = P(f(x)). (5.14)

So f commutes with the RBNTD operators. Combining this equation with Eq. (5.13))

we see that if x = x; - - - X, is the standard decomposition of x, then

&) = fx0) %+ = f(x). (5.15)

Note that this is the only possible way to define f(x) in order for f to be a
RBNTD algebra homomorphism extending f.
It remains to prove that the map f defined in Eq. (5.13)) is indeed an algebra

homomorphism. For this we only need to check the multiplicity

flxox) = f(x)* f(x) (5.16)

for all x, X’ € ¥.,. For this, we use induction on the sum of depths n := d(x) + d(x').
Then n > 0. When n = 0, we have x,x’ € X. Then Eq. follows from the

multiplicity of f. Assume the multiplicity holds for x,x’ € X, with n > k and take
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X, X € X, withn = k+ 1. Letx = x;---X, and X' = x| --- X/ be the standard

decompositions. Since n = k + 1 > 1, at least one of x;, and x/. is in | X.]. Then by

Eq. (5.6) we have,

Fxpx)), if x, € X,x| € | X,

F(xpX)), if X,.).x X,
Foxpoxpy =4 T 3 € 12alxi €

F(UXel o X1 1+ X5 © X 1] + ALK, 0 X

—LIXp o X 11 = L(Xp o L1]) 0 X)), if x, = [X,, x| = |X]] € |¥a.

In the first two cases, the right hand side is f(x,) * f(x) by the definition of f. In
the third case, we have, by Eq. (5.14), the induction hypothesis and the RBNTD

relation of the operator P on 7,

FURp ) o X+ 1% o (X[ 1]+ AUXp 0 X, ] = LUKy 0 X 1] = L&y 0 [1]) 0 X))
=f(lIXp] o X1 ) + (X o [X]1]) + Af(1Xy 0 X} 1)

— FXy o X 1D = F(LG o L1]) 0 X 1)
=P(f([X,] © X)) + P(fX, © X ])) + AP(f(Xy o X;])

- P(f(IX, 0 X1]) = P(f(X, © L1]) o X))
=P(f(IXp]) * fX)) + P(f )  F(X} 1)

+ AP(f(X,) * P((X)) = P(P(f(X,) * fX)))) = P(f &, © L1]) * P(FX))
=P(P(f(Xp)) * fX))) + P(f(Xs) * P(F(X))))

+ AP(fXy) * P((X))) = P(P((f ) * FX))) = P(f Ry o L1]) * P(FX)))
=P(f(x,)) * P(f(X)))
= (X)) * FUX1 D)
=f (%) * F(x}).



Therefore f(x, ¢ X}) = f(x;) * f(x}). Then

fxox') = fxi - Xp1(Xp 0 X)Xy - X[)
= fx0) 5 f(Xpm1) * f(xp 0 X7) % f(x5) -+ f(X0)
= fx) o fxpo1) * f(xp) % f(X)) % f(X5) -+ F(X0)
= f(x) * f(x).

This proves our result.
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6 RBNTD algebras and RBNTD-dendriform algebras

We first introduce the concepts of a dendriform algebra and a tridendriform algebra
and recall some results from the links between a Rota-Baxter algebra and the den-
driform and the tridendriform algebra [21]. We then determine the binary quadratic
nonsymmetric algebra called the RBNTD-dendriform algebra that is compatible
with the RBNTD-algebra.

In this section, k is a commutative unitary ring.

6.1 Dendriform algebras and tridendriform algebras

The concept of a dendriform algebra was introduced by Loday [28] in 1995 with

motivation from algebraic K-theory.

Definition 6.1. ([28]]) A dendriform k-algebra (previously also called a dendri-
form dialgebra) is a k-module D with two binary operations < and > that satisfy the

following relations.

x<y)<z = x<@y<z+y>2),
(x>y)<z = x>(<2, xy,2€D, (6.1)
x<y+x>y)>z = x>Q>2).

Dendriform algebras have been further studied with connections to several areas
in mathematics and physics, including operads, homological algebra, Hopf algebra,
Lie and Leibniz algebra, combinatorics, arithmetic and quantum field theory.

A few years later, Loday and Ronco defined the tridendriform algebra in their

study [29] of polytopes and Koszul duality.
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Definition 6.2. ([29]]) A tridendriform k-algebra (previously also called a dendri-
form trialgebra) is a k-module T equipped with three binary operations <, > and -

that satisfy the following relations.

(x<y)<z = x<(y*x2),
(x>y)<z = x>(y<2),
Xk >z = x>(>2),
(x>y)-z = x>@-2, xyzeT, (6.2)
(x<y)-z = x-(y>2),
(x-y)<z = x-(y<2),
(x-y)-z = x- (-2

Here we have used the notation

Xk Yy =XxX<y+x>y+x-y (6.3)

Proposition 6.3. 1. Let (D, <, >) be a dendriform algebra. The operation * :=

*p on D defined by

Xky:=x<y+x>y, x,yeED, (6.4)

18 associative.

2. Let (T, <,>,-) be a tridendriform algebra. The operation x := %7 on T de-
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fined by
Xky:=x<y+x>y+x-y, xyeT, (6.5)

1S associative.

Thus, a dendriform algebra and tridendriform algebra share the property that the
sum of the binary operations * :=< + > for a dendriform algebra or x :=< + > +-
for a tridendriform algebra is associative. Such a property is called a “splitting the

associativity”.

Proof. We just prove Item[I| The proof of Item [2]is similar.
Adding the left hand sides of Eqgs. (6.1)) , we obtain

x<y)<z+(@x>y)<z+x<y+x>y) >z
=(x<y+x>y)<z+x<y+x>y) >z
=(x*y)<z+((x*xy)>z

=(x x y) % Z.

Similarly, adding the right hand sides of these equations, we obtain x * (y % z). Thus

we have proved the associativity of *. m|

There is a link between Rota-Baxter algebras and dendriform algebras stated in

the following theorem.

Theorem 6.4. 1. [1] A Rota-Baxter algebra (R, P) of weight zero defines a den-

driform algebra (R, <p, >p), where

x<py=2xPy), x>py=P(x)y, Vx,y €R. (6.6)
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2. [10] A Rota-Baxter algebra (R, P) of weight A defines a tridendriform algebra

(R9 <p,>p, 'P)’ where

x<py=xP(y), x>py=Px)y, x-py=Axy, Yx,y €R. (6.7)

6.2 RBNTD-dendriform algebras

Suppose (T, P) is a RBNTD algebra and define binary operations [21,23]:

X <py=xPQy),x>py=PX)y,x-py=Axy,xepy=—P(xy), x*py = —xP(1)y
(6.8)
Our question is, what quadratic nonsymmetric relations could (7', <p, >p, -p, ®p, *p)
satisfy? We recall some background on binary quadratic nonsymmetric operads in
order to make the question precise. We then determine all the quadratic nonsym-
metric relations that are consistent with the RBNTD operator. For details on binary

quadratic nonsymmetric operads, see [21},30].
Definition 6.5. Let k be a field.

1. A graded vector space is a sequence P := (PP, of k-vector spaces P,, n >
n>0

0.

2. A nonsymmetric (ns) operad is a graded vector space P = PP, equipped
n=0
with partial compositions:

O = Omn,i - Pm ®Pn B Pm+n—l, 1 <i< m, (69)
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such that, for 1 € Py, u € P,, and v € P, the following relations hold.
(i) (Sequential composition )
(Aojp)oj_14jv=A0;(uo;v), 1<i<l,1<j<m.
(i1) (Parallel composition)
(Aoi ) octam v =Aogv)oju, 1<i<k<¢.

(i11) (Identity) There is an element id € #; such thatidou = gand poid = u

foru e P,,n>0.

3. Let P = €p P be a ns operad. A graded vector space Q = EPQ; is called a

k>1

graded subspace of P if Q; < P, (Q, is a subspace of ;).

4. A graded subspace Q = P Q, is called a suboperad P = PP, if Q is
closed under compositions. (Equivalently, Q = 6P @, with the restrictions of

o; is also an operad.)

5. Let 8 € P. The suboperad Op(B) = Opp(B) of P generated by B is the

smallest suboperad of P containing 8.

6. A suboperad Q of  is called an operad ideal of P if

Qm O pn c Qm+n—l
Pm O; Qn c Qm+n—l

(Recall: A subring H of R is an ideal if HRC H, RH CH)

7. An operad ideal Q of P is called to be generated by 8 C P if Q is the smallest
operad ideal of P containing 8, denoted by Op 1d(B).



8.

10.

68

P = @ P is called binary if P = Opp(P,). (P is generated by P»), i.e. if

#, = k.id and P,,, n > 3 are induced from #, by composition.

. Let V be a vector space. A binary operad F(V) = PFi(V) is called a free

k1

(binary) operad on V (with i: V — %) if for any binary operad Q = HQ;
k=1

and any linear map f:V — @, , there exists a unique morphism f : ¥ (V) — Q

1% L F(V)

\f-l

Q

Then in particular, for the free binary operad, we have

F3 = (F201F2) @ (F2 0, F2), (6.10)

which can be identified with 7:2®2 @ ?'2@’2. The free binary operad ¥ (V) can be
constructed by planar binary trees with vertices decorated by the elements in

V. Here, 7(V) consists of such trees with k leaves.

For example, 73(V) = K{ \Y Y

A binary ns operad P is called quadratic if all relations among the binary

Vi,V, € V}

operations in ¥, are derived from #3. Thus a binary, quadratic, ns operad is
determined by a pair (V,R) where V = ¥, called the space of generators,
and R is a subspace of V®> @ V®2, called the space of relations. So we can
denote £ = F(V)/(R). In other words, a binary operad ¥ = F(V)/(R) is
called quadratic if R C F3(V).

k
So a typical element of V®? is of the form 3 @E“ ® GEZ) with @El), OEZ) eV 1<
i=1
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i <k

Thus a typical element of V&2 @ V#2 is of the form

k
Yole ®(2)Z®(3)®®(4), oo, 0.0 eVil<i<kl<j<m km>1.
i=1

For a given binary quadratic ns operad ¥ = P(V)/(R), a k-vector space A is called

a P-algebra if A has binary operations (indexed by) V and if, for

(Z Q(l) ® ®(2) Z ®(3) ®(4)) ceRC V2 g Ve

(1) “)

with 0", 0", 0,0 € V,1 <i <k 1 < j <m, we have

m

k
Dol yelz= > xof ¢ol2), VxyzeA (6.11)

=1
Theorem 6.6. Let V = k{<, >, -, o, %} be the vector space with basis
{<,>,,-, ¢, %} and let P = P(V)/(R) be a binary quadratic ns operad. The following

statements are equivalent.

1. For every RBNTD algebra (7, P), the hextuple (T, <p, >p, -p, ®p, *p) is a P-

algebra.

2. The relation space R of P is contained in the subspace of V** @ V®? spanned

by

(K®<,<®%), (&%, >8>), (K&, ®>), (6.12)
(X ®e, 0@ >), (X®+*x®>), (>0<,>® <),

>®,>8), (>R, (®<, <),
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(®5:0), (@ -®%), (6@ 0Q%),
(*® <,*® <), (*®-,*®:), (*Q**xQx), (*xQ- —- Qe),
CRe+teR<+oeRQe— - Qe+:xRQe.>RQe+eR<+0R0—0R + e Q%)

where x =< + > + - + o +x. More precisely, any P-algebra A satisfies the

relations

(x<y)<z=x<@*xz), Gxy)>z=x>@>2, @<y -z=x-(y>2),

(x<y)ez=xe(y>z), (xX<y)*z=xx(y>2), (@x>y)<z=x>((y<2),

(x>y)z=x>@-2, x>y*xz=x>@x*z), (x-y)<z=x-(y<2),
(x-yz=x-0-2, (xy*rz=x-(y*2), (xey)xz=(xey)-z,

(x*y)<z=x#%y<2), (xxy)-z=xx(-2), @*xy)xz=xx*(y*2),

xx(y-z)=-x-(yez), VYxyz€A (6.13)

(x>y)ez+(xey)<z+(xoey)ez—(x-y)oez+(x*xy)ez

=x>(yez)txe(y<z)+xe(yez)—xe(y-z)+xe(y*z)

Note that the relations of the dendriform in Eq. and the tridendriform in
Eq. (6.2) is contained in the space spanned by the relations in Eq. (6.12)). We call
% defined by the relations in Eq. the RBNTD-dendriform operad and call
a hextuple (7, <, >, -, o, ) satisfying Eq. an RBNTD-dendriform algebra.
Let RBNTDD denote the category of RBNTD-dendriform algebras and RBNTDA
be the category of RBNTD algebras.

Then we have the following immediate corollary of Theorem [6.6]
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Corollary 6.7. 1. There is a natural functor

¥ : RBNTDA — RBNTDD, (T, P)+ (T,<p,>p,p,®p,%p). (6.14)

2. In a RBNTD-dendriform algebra (7', <p, >p, -p, ®p, *p), the operation

* =<+ >+ -+ @ +x%
1S associative.

Proof. The proof of 2]is the same as the for Prop.
Thus, a RBNTD-dendriform algebra gives a five part splitting of the associativity.

O

6.3 The proof of Theorem [6.6]

With V = k{<, >, -, e, %}, we have

V2 g Vo2 = @ k(O ® O, 03 ® Oy).

01,02,03,04€{<,>,,0,}

Thus any element r of V®? & V*? is of the form

roi= a1(x®<,0)+a(x®>,0)+ a3(< ®,0) + a4(< ®9,0) + as(< ®*,0)
+b1(> @ <,0) + b(> ® >,0) + b3(> ®-,0) + by(> ®e,0) + bs(> ®x*,0)
+c1(® <,0)+ (- ®@>,0)+c3(-®-,0) + c4(- ®0,0) + c5(- ® ,0)
+d(0® <,0) + dr(e® >,0) + d3(e ® -,0) + dy(e @ 0,0) + ds(e ® x,0)

+e1(x® <,0) +er(*® >,0) + e3(*®-,0) + es(* ® 0,0) + e5(x ® *,0)
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+£10,<® <)+ £2(0,<® >) + f3(0,< ®) + f4(0, < @) + f5(0, < ®*)
+21(0,> ® <) + g3(0,> ® >) + g3(0, > ®-) + g4(0, > Qo) + g5(0, > ®*)
+h1(0,-® <) + h(0,-® >) + h3(0,- ® ) + hy(0, - ® @) + hs(0, - ® *)
+i1(0, 0® <) + (0, 0® >) + i3(0,0 ® -) + i4(0, 0 ® @) + i5(0, ® @ )
+J1(0,%® <) + j2(0,*® >) + j3(0,* ® ) + ja(0, * ® @) + j5(0, * ® )

where the coefficients are in k.
(1= ) Let # = P(V)/(R) be an operad satisfying the condition in Item [T} Let

r be in R expressed in the above form. Then for any RBNTD algebra (7, P), the

hextuple (T, <p, >p, -p, ®p, %p) is a P-algebra. Thus

ai(x<py)<pz+ax(x<py)>pz+az(x<py)-pz+asx<py)epz+as(x<py)*pz
+bi(x>pY)<pz+by(x>py)>p 7+ b3(x>py) pZ2+bs(x>py)epz+bs(x>py)*pZ
tei(x-py) <pzt+cax-py)>pz+ci(x-py)epzt+ca(x-py)opz+cs(x-py)*pz
+di(xepy) <pz+di(xepy) >pz+di(xepy)-pz+dixepy)epz+ds(xepy)xpz
+ei(x*py) <pzteyx*py) >pztes(x*py)-pzt+esx*py)opztes(x*py)*pz
+ix<p O <pD)+Hx<p(>p)+ fix<p (Y -p)+ fax <p(yep2)+ fsx <p (y *p 2)
+81X>p (Y <p2)+ 82X >p (Y >p ) + 83X >p (Y 'p2) + 84X >p (Y 0p 2) + 85X >p (¥ *p 2)
+hixp (y <p2) +haxp (y>p2) + h3x-p (y-p2) + hax-p (y ®p 2) + hsx -p (y *p 2)
+iixep(y<pz)+irxep(y>pz)tizxep(y-pz)+izxep(yepz)+isxep(ys*pz)
+j1x#p (V <p 2) + jaX#p (y >p 2) + j3x *p (y-p 2) + jax xp (y@p2) + jsx#p (y#p2z) = 0,

Yx,y,z € N.
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Substituting the definitions of <p, >p, -p, ®p, *p from Eq. (6.8),

X<py=xP(y),x>py=Px)y,x-py=Axy,xepy = —P(xy), x xp y = —xP(l)y

we have

a1 xP(Y)P(z) + a,P(xP(y))z + AxP(y)z — asP(xP(y)z) — asxP(y)P(1)z

+b, P(X)yP(z) + by P(P(x)y)z + Ab3(P(x)y)z — by P(P(x)yz) — bsP(x)yP(1)z
+Ac1xyP(2) + AcaP(xy)z + A2c3xyz — AcaP(xyz) — AcsxyP(1)z

—d P(xy)P(2) — dy P(P(xy))z — Ad3P(xy)z + dsP(P(xy)z) — ds P(xy)P(1)z
+e1(xP(1)y)P(2) — e2P(xP(1)y)z — AdesxP(1)yz + esP(xP(1)yz) + es(xP(1)y)P(1)z
+fixP(yP(2)) + fLxP(P(y)z) + Af3xP(yz) — faxP(P(y2)) — fsxP(yP(1)z)
+81P(x)yP(2) + g2P(x)P(y)z + Ag3P(x)yz — g4P(x)P(yz) — gs P(x)(yP(1)z)

+ A xyP(2) + Ay xP(y)z + A2hyxyz — AhaxP(yz) — dhsx(yP(1)z)

—11P(xyP(2)) — i P(xP(y)z) — Ai3P(xyz) + i P(xP(yz)) + is P(x(yP(1)z))

—J1xP(1)yP(z) — j2xP(1)P(y)z — Aj3xP(1)yz + jaxP(1)P(yz) + jsxP(1)(yP(1)z) = 0.
Since P is a RBNTD operator:
P(x)P(y) = P(xP(y)) + P(P(x)y) + AP(xy) — P(P(xy)) — P(xP(1)y).
We futher have,
a1 xP(yP(2)) + a1xP(P(y)2) + A\ xP(yz) — a1 xP*(yz) — ayxP(yP(1)2)

+a, P(xP(y))z + dazxP(y)z — a4 P(xP(y)z) — dasxP(y)z

+b1 P(X)yP(2) + by P(P(x)y)z + Ab3(P(x)y)z — b4P(P(x)yz) — bs P(x)yP(1)z
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+Aci xyP(2) + AcaP(xy)z + Ac3xyz — Aca P(xyz) — AcsxyP(1)z
~d, P(xyP(z)) — di P(P(xy)z) — Ad, P(xyz) + d\ P*(xyz) + d, P(xyP(1)z)
~dy P(P(xy))z — Ad3P(xy)z + dsP(P(xy)z) — AdsP(xy)z
+e;(xP(1)y)P(z) — e;P(xP(1)y)z — de3xP(1)yz + esP(xP(1)yz) + es(xP(1)y)P(1)z
+fixP(yP(2)) + f2xP(P(y)2) + Af3xP(yz) = fuxP(P(y2)) — fsxP(yP(1)z)
+81P(X)yP(2) + g2P(xP())z + &2P(P(x)y)z + Ag2P(xy)z — g2P*(xy)z
—&P(xP(1)y)z + Ag3P(x)yz — 84P(xP(yz)) — g4P(P(x)yz) — A84P(xyz)
+84P*(xyz) + g4P(xP(1)yz) — gsP(x)(yP(1)2)
+Ah1xyP(Z) + Ay xP(y)z + A*h3xyz — AhyxP(yz) — Ahsx(yP(1)z)
—i1 P(xyP(2)) — b P(xP(y)z) — AizP(xyz) + isP(xP(y2)) + isP(x(yP(1)2))

—1xP(1)yP(2) = AjoxP(y)z = Aj3xP(1)yz + AjaxP(yz) + jsxP(1)(yP(1)z) = 0.

Collecting similar terms, we obtain

(a1 + f)xP(YP(2)) + (a1 + [)xP(P(y)2) + (a1 + f3)AxP(y2) — (a1 + f)xP(P(yz))
—(a) + fs)xP(YP(1)2) + (ay + g2)P(xP()z + (a3 + hy) AxP(y)z — (a4 + iz) P(xP(y)z)
—(as + j2)AxP(y)z + (b1 + g)P(x)yP(2)

+(by + g2) P(P(x)y)z + (b3 + g3)AP(X)yz — (b4 + g4)P(P(x)yz) — (bs + g5)P(x)yP(1)z
—(c1 + h)AxyP(z2) + (3 + g2)AP(x)z + (c3 + h3) A (xyz)

—(cq + d\)AP(xyz) — (c5 + hs)AxyP(1)z = (d; + i))P(xyP(2)) — (hs — ja)AxP(yZ)
~(dy + da)P(P(xy)2) + (dy + g4)P*(xy2) + (dy + is)P(xyP(1)2) = (d + g2)P*(xy)z
—(d5 + ds)AP(xy)z — (e1 + j1)xP(1)yP(z) — (2 + &2)P(xP(1)y)z — (e3 + j3)AxP(1)yz

+(es + go) P(xP(1)yz) + (es + js)xP(1)yP(1)z — (84 — ia) P(xP(yz)) — (g4 + 13)AP(xyz) = 0.



75

Now we take the special case when (7, P) is the free RBNTD algebra (F’ ITV S(T(M)), Pron)
defined in Corollary for our choice of M = Kk{x,y, z} and Prun(u) = [u]. Then

the above equation is just

(a1 + fxbylzl] + (ar + f)xllylz] + (@ + f)Axlyz] = (a1 + fa)xlLyz]]
—(ay + f)xlyl1lz] + (a2 + g2)lxlyllz + (a3 + ho)Axlylz — (as + i) x|y z]
—(as + j2)Axlylz + (by + g)lxlylz]

+(by + g)lLxlylz + (b3 + g3)ALxlyz — (bs + g4)lLxlyz] — (b5 + gs)Lx ]yl 1]z
—(c1 + h)Axylz] + (2 + g2)Alxylz + (c3 + h3) A (xyz)

—(cs + d)Alxyz] = (cs + hs)Axyl 1z = (di + i)lxylzl] = (hs — ja)Axlyz]
—(dy + dy)llxylz] + (dy + ga)llxyzl] + (dy + is)lxyl1]z] = (d2 + g2l Lxyl)z
—(d5 + ds)Alxylz = (e1 + ji)xl1lylz] = (e2 + g2)lx 1ly)z — (e3 + j3)Ax|1lyz

+(es + ga)lxl1]yz] + (es + js)x[1]yl1]z — (g4 — ia)lxLyz]] — (84 + i3)ALxyz] = 0.

Note that the set of elements

xlylzll, xLlylz), xlyz), x[Lyz)], Lyl 1)z], Lxlyllz, xLy)z, Lxly)z), Lxlylz]

LLx]ylz, Lxlyz, [Lx]yz], LxlyL 11z, xylz], Lxylz, xyz, [xyz], xyL 1]z, Lxylz] ], xLyz], LLxy]z],
LLxyz]], LxyL1]z], xL1ylz], LLxyllz, LxL1]ylz, xL1]yz, LxL1]yz], xL1]yL 1]z, [xLyz]]
is a subset of the basis X, of the free RBNTD algebra F ITV C(T(M)) and hence is

linearly independent. Thus the coefficients must be zero, that is,

ay=~-fi=—fi=-fr=~fa=—fs,
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ay=by=cy=dp, =e, = —g,
az = —ho,

a4 = —ly,

as = —jo,

by = —gi,

b; = —gs,

bs = —gs,

¢y = —h,

c3 = —h;,

cs = —hs,

d; = —ds,

e =—Jji,

e3 = —Js,

es = —Js,

hy = ja,
by=—-cy=dy=dy=e4=-g4=—1) =iz = —ig = —is.

Substituting these equations into the general relation r, we find that the any relation
r that can be satisfied by <p, >p, -p, ®p, xp for all RBNTD algebras (7, P) is of the

form

r= a((x<)<z-x<(<)-x<G>)-x<(G-D-x<(e)-x<(y*2)

+a2((x<y)>z+(x>y)>z+(xoy)>z—(x-y)>z+(x*y)>z—x>(y>z))
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+ay((x<y)-z—x-(y > 2))

+a4(x<y)oz—x°(y<2))

+as (x<y)>x<z—x*(y>z))

+hi((x>y) <z-x> (y<2)

+hy((x>y) - x> (y-2))

+bs (x>y)>x<z—x>(y>kz))

(
(
(
(
(
(
+c1((x V) <Z—Xx- (y<z))
+es((x-y) 2 —x- (v 2)
+es((x-y) 2= x- (% 2))
+dy((xey) -z (xey)*z)
tei((rey) <z-xx(y<2)
+es((x+y) - z—x% (- 2))
tes((xxy) xz—x (y*2))
(x-Ged+xx(ye)

+hy((x>y) ez—(x-y)ez+ (xey) <z+(xey)ez+(xx))ez

—x>(yez)-xe(y<+xe(y-2)—xe(yer)—xe(yx2)),
where a,,a,, as, ay, as, by, b, by, bs, cy,c3,cs,d3, €1, e3,es,hy € K can be arbitrary.
Thus r is in the subspace prescribed in Item 2] as needed.

= [I)) We check directly that all the relations in Eq. (6.13) are satisfied by (7, <p

,>p,p, ®p, *xp) for every RBNTD algebra (T, P).
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1. To check the first relation in Eq. (6.12)), we have

(X <py)<pz xP(y)P(z)
= xP(yP(2)) + xP(P(y)z) + AxP(yz)
—xPz(yz) - xyP(1)z

= x<p(y<p2)+x<p(>p2)+x<p(y-p2)

+x <p (y®op2) +x <p (y *p 2),

2. For the second relation in Eq. (6.12), we similarly have

P(x)P(y)z

x>p(y>p2)
= P(xP(y))z + P(P(x)y)z + AP(xy)z
—P*(xy)z — xP(1)yz
= (x<pY) >p2+(xX>py)>pz+(xpy)>p2

+(xepy) >pz+(x*py) >p 2,
The rest of the relations except the last one are easy to verify:

3. (x<py)pz=AxPy)z=xp(y >p2)

4. (x <py) op 2 = =P(xP())2) = —~P((P(1)2) = x o5 (y >p 2).

5. (x<py)#pz=—xP(y)P(1)z = x*p (y >p 2)

6. (x>py) <pz=PX)yP(2)=x>p (y<p2)
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11.

12.

13.

14.

15.

16.
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. (x>py)pz=—AP(X)yz=x>p (y-p2)

- (x>py)xpz=—P)yP(l)z = —P(x)(yP(1)2) = x >p (y *p 2)

(xpy) <pz=AxyP(2) = xp(y <p 2)

(x-py)-pz=AAxy)2) = AAx(z)) = X -p (¥ -p 2)

(x-py)*pz=—AxyP(1)z = x-p (y *p 2)

(x opy) *p 2= —P(xy)P(1)z = —AP(xy)z = (x ®py) -p 2

(x*py) <pz=xP(L)yP(2) = x #p (y <p 2)

(xxpy)-pz=AxP(l)yz) = x*p (y-p2)

(x#py) #pz = (xP(L)y)P(1)z = xP(1)(yP(1)z) = x #p (y *p 2)

x*p (y-pz) = xP(1)P(yz) = AxP(yz) = —x -p (y ®p 2)
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17. For the last relation in Eq. (6.12)), we check that the left hand side is

(x>py)opz+(xepy) <pz+(xepy)epz—(x-py)epz+(x*py)epz
= —P((P(x)y)2) — P(xy)P(2) + P(P(xy)z) + AP(xyz) + P(xP(1)yz)
= —P(P(x)yz) = P(xyP(z)) = P(P(xy)z) + P*(xyz) = AP(xyz) + P(xyP(1)z)
+P(P(xy)z) + AP(xyz) + P(xP(1)yz)

= —P(P(x)yz) — P(xyP(z)) + P*(xyz) + P(xyP(1)z) + P(xP(1)yz),

which agrees with the right hand side

x>p(yepz)+xep(y<pz)+xep(yepz)—xep(y-pz)+xep(y+pz)
= —P)P(yz) — P(x(yP(2))) + P(xP(y2)) + P(x(Ay2)) + P(x(yP(1)2))
= —P(xP(y2)) = P(P(x)y2) + P*(xyz) — AP(xyz) + P(xP(1)yz) = P(x(yP(2)))
+P(xP(yz2)) + AP(xyz) + P(x(yP(1)2))

= —P(P(x)y2) + P*(xyz) = P(xyP(2)) + P(xP(1)yz) + P(x(yP(1)2)).

Thus, if the relation space R of an operad = P(V)/(R) is contained in the subspace
spanned by the vectors in Eq. (6.12)), then the corresponding relations are linear
combinations of the equations in Eq. and hence are satisfied by (7, <p, >p
,p,®p,%p) for each RBNTD algebra (T, P). Therefore (T, <p, >p, p, ®p,*p) 1s a
P-algebra. This completes the proof of Theorem
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