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Abstract

Deligne Pairings and Discriminants of Algebraic Varieties
By Hetal Manilal Kapadia

Dissertation Director: Professor Jacob Sturm

Let V be a finite dimensional complex vector space, V* its dual, and let
X C P(V) be a smooth projective variety of dimension n and degree d > 2.
For a generic n—tuple of hyperplanes (Hy, ..., H,) € P(V*)" the intersection
XNH N---N H, consists of d distinct points. We define the “discriminant
of X” to be the set Dx of n-tuples for which the set-theoretic intersection
is not equal to d points. Then Dx C P(V*)™ is a hypersurface and the set
of defining polynomials, which is a one-dimensional vector space, is called the
“discriminant line”. We show that this line is canonically isomorphic to the
Deligne pairing (K L",...,L) where K is the canonical line bundle of X and
L — X is the restriction of the hyperplane bundle. As a corollary, we obtain
a generalization of Paul’s formula [14] which relates the Mabuchi K-energy on

the space of Bergman metrics to Ax, the “hyperdiscriminant of X”.
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1 Introduction and Organization

Let V be a finite dimensional complex vector space, and let (V') be the projectiviza-
tion. Suppose further that X C P(V) is a smooth, projective manifold of dimension
n and degree d. In his 1996 paper, Shouwu Zhang [22] demonstrated a canonical
isomorphism between the Chow Bundle of a variety X and the Deligne Pairing [2]
of n copies of the hyperplane bundle. Knudsen-Mumford [8] proved a determinant
bundle expansion whose dominant term is the Chow Bundle, hence can be written as

a Deligne pairing due to Zhang’s result.

The work in Phong-Sturm [16] demonstrates that the subdominant term in [8] also has
a Deligne Pairing interpretation, which we will call the Discriminant of X. The idea
behind the Chow bundle and the Discriminant bundle can be seen via the following

two toy examples:

Example 1.1. Consider X = {y = x?}. This is a 1—dimensional object of degree
two, and it lies in a 2—dimensional space. A hyperplane in this set up would be
any equation of the form H = {ax + by = ¢}. For any generic choice of pairs of
hyperplanes, X N H; N Hy is empty. However, for an appropriate pair or configuration
of hyperplanes, the intersection is non-empty. The set of such n—tuples of hyperplanes
is called the Chow Variety of X. This definition will also hold for more general choices

of X.

Figure 1: The intersection of X with two hyperplanes

(a) Here, the hyperplanes do not (b) Here, the hyperplanes both coincide
have a common intersection with X with X precisely at the point (1, 1)
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Example 1.2. Consider X = {y = 2?}. As before, this is a 1—dimensional object of
degree two, and it lies in a 2—dimensional space. For any generic choice of hyperplane,
#XNH = 2 = deg(X). However, for an appropriate choice of hyperplane, the
intersection will contain fewer than two points. In this example, this happens precisely
when the hyperplane choice coincides with the tangent line of X at some point, and
more generally, will happen when the set of hyperplanes nontrivially intersects with
the embedded tangent space at a point. The set of these hyperplanes is what we
will be calling the Discriminant of X. More generally, if V' is three dimensional and
X C P(V) is a smooth projective curves of degree at least two, let XV C P(V*), the
dual curve, be the space of all tangent lines. In this setting, the the discriminant line

is the one dimensional vector space spanned by any defining polynomial of XV.

Figure 2: The intersection of X with one hyperplane

(a) Here, the hyperplane intersected (b) Here, the hyperplane is tangential
X twice to X

Remark 1.3. The choice to call the above set the Discriminant is motivated by the
Number Theoretic definition of Discriminant (S. Lang [9]), where a generically finite
to one map 7 : X — Y has a discriminant set D C Y given by D = {dm = 0} and
different D C X given by D! = {dr = 0}. To illustrate further, Let X C P(V') be
a curve, and suppose I' = {(z, H) € X x P(V*)} with map 7 : I' — P(V*). The
“different” set would be the set of pairs (z, H) for which dm = 0 and the discriminant
the image of the different in P(V*). This set is closely related to an associated

hypersurface defined in [5]. .

Example 1.4. Let f : C — C be the map given by z + az? + bz + ¢. This is



generically a two to one map, and the points at which this map is not two to one

b2 —4ac =0

correspond precisely to when 2az +0 =0, so =

Phong-Sturm ([16], [15]) further explored the ability of Deligne pairings to rewrite en-
ergy functionals and invariants. More recently, Biswas-Schumacher-Weng [1] obtained

a Deligne Pairing representation for the Determinant bundle first cited in [8].
This thesis is organized as follows:

Section two will provide the necessary background, beginning with a very short ex-
position on Projective Manifolds, which can be found in [7], [10], and [6], and quickly
expands to define concepts in the space of Kahler Metrics ([20], [17], [19]), Deligne
Pairings ([2], [22]), the Mabuchi K-energy ([20], [11]), and the Futaki invariant ([18],
[16]).

Section three will focus on a result by [22], including a proof of isometry between
the Chow bundle and (L,--- , L). Section four provides an isomorphism between the
discriminant variety and the Deligne Pairing (K L™, L,--- ,L). Finally, combining
our result for the Discriminant of X with the work in [16], we obtain a formula for
the Mabuchi K-energy using the Chow bundle and the Discriminant bundle Deligne

Pairings. This result parallels a result by Sean Paul [14]. .



2 Background

2.1 Projective Manifolds

Suppose V' is an (N + 1)-dimensional complex vector space. The projectivization of
V', denoted P(V), is the space formed by the set of one dimensional vector spaces in
V. This is an N-dimensional complex manifold. Projective space is a Kahler manifold

using the Fubini-Study metric, given by:

|2]20i; — Ziz;

hi' -
! (I2[?)?

, wrs = 100 1og(|z[?). (2.1)

Example 2.1. Suppose V = C¥*1. Then PV is the set of lines through the origin in

CN*1. Alternatively,

PY = (CV\{0})/ ~

where (zo,---,2n) ~ (25, ,zy) if there exists A # 0 so that z = Az*. For the
coordinate maps to C¥*1 we use the open cover U; = {(20,- -+ ,2n) : 2; # 0}. Since
z; # 0 in U;, we may divide by z; and write U; as the set U; = {(20, - ,2n) : 2; = 1}.

Then ¢; : (20, ,2i—1, 1, Zix1, -+, 2n) > (20,7 5 Zic1, Zik1 =+ 5 2N)-

Example 2.2. For P2, the Fubini-Study metric on Uy is:

1+ ‘22|2 2129

21272 1 + |Zl|2
and the Fubini-Study form is wpg = i00log(1 + | 21| + |22])2.
It is convenient to write tangent bundle TP(V) in the following manner: for V a

C—vector space, the tangent space at any point z € V is canonically T,V = V. Let

I be the derivative of the canonical map V' — P(V'). More precisely, for any point



z # 0, consider the map:
L:V =TV = T,PV), (2.2)

where [z] is the line in V' containing z. Consider a path z + tx € T,V, where t € R.
If x = az for some nonzero «, then [z] = [z + tz], hence the kernel of I, is precisely
[z] and I, : V/z — TiyP(V) is an isomorphism. Note, I.(x) # I,.(x). Instead
I.(z) = I,,(ax) for any nonzero «, To remove this dependence on choice of z € [z],

let A € z*. Then A(v)I,(x) = I, (x). Hence, we have
TR(V) = (V/0) © O,(1) (2.3
or, alternately,
T,P(V) = (V/v)" ® O,(—1). (2.4)

Example 2.3. The tangent bundle TP¥ is given by

TPY = {([z],v) € P x CN*'}/ ~ (2.5)

where ([2],v) ~ ([z*],v*) if and only if [2] = [*] and v* — Zv € [2]. In this case, we

are abusing notation a bit, and considering [z] as both a point in PV and as a line in

CN+L,
We will focus on the following vector bundles on P(V):

1. The tautological bundle: O(—1) = {([z],z) e P(V) x V : z € [2]}.

2. The hyperplane bundle: O(1) = {([z],\) : [z] € P(V), A € z*}. Since A € V*, it

is a degree 1 function in N + 1 variables, hence defines a hyperplane in P(V).

3. The bundle O(—n) and O(n), which can be written as the n—fold tensor product

of the tautological bundle and hyperplane bundle, respectively.



4. The canonical bundle Kp = A" TP.

If we have a metric h on V', then |-|, is a hermitian metric on V' and we may construct

a hermitian metric on O(1) as follows: if [x] € P(V), then z € L[;]l =[z],s0 z € V.

For A € O,(1), define |\, so that the following holds:
A = [Alnl2ln- (2.6)

For V* with dual metric h* and A € V*, then

v = sup B G A = AGo)] 27)

oveV  |2|n |2[n=1

A

where zj is any vector in V' such that zp L H = ker(A) and |zy| = 1. Thus

[Av)] < |A

h* Ulh. (28)

Since this metric h* is a metric on V*, this gives us a metric on O(1) — P(V*).

We will use the following standard terminology: a projective variety X is a subspace
of P(V') which can be realized as a zero set of a finite collection of homogeneous
polynomials { f1,--- , fx}. In particular, a degree one homogeneous polynomial defines
a co-dimension one subspace called a hyperplane. For a generic choice of £k < n
hyperplanes H; € P(V), their intersection defines a k—co-dimensional linear subspace
of P(V). An algebraic cycle of dimension n is a formal sum of n—dimensional closed
subvarieties. The degree of X, deg(X), is defined as the number of points in the

intersection of X with a generic co-dimension n hyperplane.

If f: X — Y is asmooth map of varieties, we define the relative canonical line bundle
Kx/y — X by

Kxyy = Kx ® f*Ky " (2.9)
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We shall often make use of the adjunction formula: if X C Y is a smooth divisor of

a smooth projective variety, then
Kx = Ky|x ® O(X)|x. (2.10)

Finally, if X C P(V) is a smooth projective variety, and X = 7~ 'X where 7 is the
canonical map 7 : V\{0} — P(V), then for p € V and p = 7(p), the embedded

tangent space ET,X C P(V) is the linear subspace defined by m(T;X).

2.2 Kahler Metrics

Definition 2.4. Suppose L — X is an n—dimensional Kahler manifold with Kéahler
form w and Kihler metric h so that w = v/—1091logh. Define the space of Kéhler

potentials H by
H={pecC°X,R):wy =w+V—190¢ > 0}. (2.11)

For ¢ € H, the associated metric on L is given by hy = he™?. In this way H may be

identified with the space of smooth metrics on L with positive curvature.

Definition 2.5. Let ¢ € H. The Aubin-Yau functional is given by

1< : ,
Eo(0) = 1 Z; /X pwl) AW (2.12)
]:

Definition 2.6. Fix a Kahler form w and ¢ € H, and let ¢; be any path joining
®o = 0 to ¢. The Mabuchi K-energy is

)= [ ([ 45— steaner ) ar (213

where s(w;) is the scalar curvature of wy, S is the average scalar curvature, and



Wy = W + \Y —laégbt

This definition is independent of choice of path and we have the following equivalent

formula for the K-energy [20] using an integration by parts argument:

(2.14)

n—1 -1
. i n—1—i ns i n—i
—l—Z/d)Rlcw/\w Aw" ! —n+12/x¢w Awy )
i=0

i=0 Y X

If L — X is a positive holomorphic line bundle with an associated Hermitian met-
ric h, we may embed X — P(CM**1) using the Kodaira embedding theorem: for
k sufficiently large, and an ordered basis s = (s1,...,sn.41) of H°(X,L*), map
r + (si(x), - ,sn.41(z)) defines an imbedding X < PN, For this embedding,

the pullback of the Fubini-Study metric is given by:

oo I
= Z|Sz ik

Definition 2.7. The set of metrics Hy = {h, : s is an ordered basis of H°(X, L¥)}

(2.15)

is the space of Bergman metrics of height k. The space of Bergman metrics is a

symmetric space:

Hy = GL(Ny +1,C)/U (N + 1,C). (2.16)

The potential ¢, of hy is the function for which h, = he®, hence ¢, = Ztlog > |si[2,

Remark 2.8. The space H is an infinitely dimensional smooth manifold, while Hy

is a finite dimensional smooth manifold.

Remark 2.9. As k£ — oo, we have H;, — H in the following sense: For ¢ € H, if
we let ¢ = ¢, where s, is an orthonormal basis of H(X, L*) (with respect to the
natural Hilbert space inner product), then ¢, — ¢ as k — oo in the C*° norm. This

is a consequence of the well known Tian-Yau-Zelditch theorem [21].
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Suppose X is a compact Kahler manifold, with Kahler form w, and assume K)_(l
is ample. For a holomorphic vector field v on X, define the integral F'(v,w) as

[ v(f)w", where f is the Ricci potential defined by V—100f = Ric(w) — w.

Theorem 2.10 (Futaki [4]). Let X be a compact Kdhler Fano manifold. The function

Fut(v) = F(v,w) is independent of w. Moreover

Fut : hol(X) — C
(2.17)

vi— F(v,w)
1s a Lie algebra character.

Remark 2.11. Futaki proved the invariance by the following: If w and w’ are Kéahler
forms with w’ —w € H, then Fut,(v) = Fut,(v). This is shown by taking a path ¢,

joining w to w’ and noting the time derivative of Fut,, is identically 0.

Remark 2.12. The K-energy and the Futaki invariant are related as follows:

Vu(dn) = Fut, (v), (2.18)

for v = V., and f, satisfying /—190f = Ric(wy) — wy.

2.3 Deligne Pairings

Deligne pairings provide a method to construct a line bundle over a base S from
line bundles over a fiber space X. Suppose X — S is a flat morphism of schemes
of relative dimension n, and suppose L; are line bundles over the fiber space X.
Then the Deligne pairing (Lo, - -, L,)x/s is a line bundle over S. The sections are
given formally by (sg,--- ,s,), where each s; is a rational section of L; and whose

intersection of divisors is empty. The transition functions between sections are defined
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inductively by

<307"' 7fj5j7"' 7Sn> :Nf[ﬂiijdiv<si)]<807"' S5yt >Sn> (2'19)

where X, N;2; div(s;) = > ngpy, the formal sum of zeros and poles, N¢[N;.;div(s;)]
is the product [] f(px)™, where the p; are the zeros and poles in the common inter-

section, and ny the multiplicities.

Example 2.13. For P? and L = O(1), the Deligne Pairing (L, L, L) is a line whose

sections are given by (s, s1, $2), where s; = a;x + by + ¢;z. If s9 = fs{, , then

<807 S1, 52> - <f867 S1, 82>

S

=(7

807 S1, 82>

0
S0
(Cgb3 — bgCg) + bo(&gCg — (1302) + Co(agbg — (Igbg)
ag

), 51, 52).
Cabs — bacs) + by (ascs — asca) + chasbe — a263)< 0051 52)

Remark 2.14. The transition function defined in (2.19) seem to depend on choice
of order, so it is not obvious that the pairing is well defined. The following example
demonstrates that for curves this is not a concern (in higher dimensions the proof

proceeds along similar lines).

Example 2.15. For X a Riemann surface and L — X a line bundle, the Deligne
Pairing (L, L) has sections (sg, s1). Suppose (fsg, gs1) is another section. By (2.19),

we see that

g({fs0=0})
(fs0,951) H o({Fso = })<f80,sl)

{81—0} g({fs0=0})
Hf ({s1 = H ({fs0 = })<80781>’
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and that
({gs1 = 0})
<f50 g51 H f {981 }) <507g51>
9g({s0 = 0} ({gs1 =0})
~IL ey e =y o)

For this to be well defined, we need

f({s1 = O} g{fs0 = 0} g({s0 = O} f({gs1 =0})
H f({s1 = H g({fs0= H g({s0 = H f( oo})

{931

9g({fs0 = 0} g({s0 = {981 = 0} f({s1 = o0})
H {fSO H {30 = 0} H f H {51 = O} (2.20)
g({f =0}) {g = 0}
= -1

Hence, g(div(f)) = f(div(g)). But this is just the statement of Weil’s reciprocity [9],

and thus the transition functions did not depend on choice of order.

Deligne pairings satisfy the following formulae:

2.3.1 Isomorphism Formulae

Suppose ¢ : X — Y and ¢ : Y — S, are finite flat maps of integral schemes with
m = dim(X/Y) and n = dim(Y/S). Suppose further IC; are line bundles on X and
L; are line bundles on Y. Then we have the following projection formulae given by

pullback maps:

Definition 2.16. Projection Formula of n Pullbacks
The map given by F : (ko, ..., km, 0*l1, ..., " l,) — ({ko,....km),l1, ..., 1) gives the

following formula on n pullbacks:

<’CQ, ceey ,Cma ¢*£1, ceey ¢*‘C’n>X/S - <<,CQ, ceey ,Cm>7 El; ceey ‘Cn>Y/S' (221)
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Definition 2.17. Projection Formula of n + 1 Pullbacks

Suppose D is the number of points in div(K;)N---Ndiv(K,,) in a generic fiber. Then:
(Cry ooy Koy 0" L0y ooy 0 L) x)5 = (Lo, L1, o £n>$/s~ (2.22)
Definition 2.18. Projection Formula of n 4+ 2 Pullbacks

<IC17 S) ICm—b ¢*£07 e 7¢*£n+1>X/S - OS- (223)

Definition 2.19. Induction Formula
Suppose 7 : X — S and L; are line bundles over X. Let [ be a rational section of L,,.

Assume all components of div((/) are integral and flat over S. Then:

(Los s Ln)xss = (Los-oy Ln—1)div(p)/s- (2.24)

To see this is true, fix a rational section . The sections of (Lo, ..., L) x/s over S are
generated by the formal symbols (lo, ..., l,—1,1) x/s and the isomorphism is given by

the map (lo, ..., ln—1, ) x/5 = (lo, s ln—1)aiv(t) /-

2.3.2 Metrics on Deligne Pairing

Suppose h; is a smooth metric on £;. Deligne defines a metric (h, ..., h,) on the line

bundle (Lq, ..., £,) inductively as follows:

log ||{lo, .-, L) || = log|[{lo, s ln_1)]]

(2.25)
+ / log [l wo A -+ Awp_1,
X/S
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where w; = —:2991og |/;|*. Hence, we obtain the following isometry on (2.24):

(ho, ..., hn) = (hoy...,hn_1) €xXp (— / log |ln|wo A -+ A wn_l) . (2.26)
X

/S

Remark 2.20. Suppose ¢y, ..., ¢, are smooth functions on X. Applying formula
(2.24) gives us that

<h0€_¢07 T hn€_¢n> = <h07 Ty h’n) exp(—E((bg, e ¢n)) (227)
where
E(@o, ..., pn) = Z/ &5 (/\ wor) A (\ wi) (2.28)
j=07X/S e k>j
and wy, = wi + ﬁ@égbk In particular, if Lo = --- = L, and hy = --- = h,, then

setting F,(¢) = E(¢, ..., $) we obtain the Aubin-Yau functional:

n

E = R AR 2.29
x(9) JZOX/S%%W (2.29)

Let Y be a projective manifold of dimension m, L. — Y an ample line bundle, and
d a positive integer. Let V = ¢;(L)™ and N' — P(H°(Y, L)) be the hyperplane
line bundle. Let h be a positively curved hermitian metric on L with curvature
w = —i0dlog h > 0. Define a norm D(h) on the vector space H(Y, L?) as follows: if
0# f e HY, L% then

1
2 o 2 m
02 1/ = i/, e/l (230

In particular, D(h) makes N into a hermitian line bundle.

Remark 2.21. : The metric D(h) is not equal to Hilb(h), but D(h) = e¥Hilb(h) for
some bounded smooth function 1 on H(Y, L9), where 1(\v) = (v) for A > 0.
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Let 0 # f € HY(X, L) and assume Z = {f =0} C Y is smooth.
The map

I (L,...Ly; — (L,..,L%y (2.31)

given by (sg, ..., Sm—1)z — (S0, ..., Sm—1, f)y is an isomorphism. Since I, = oIy,
NG =L, LYy @ (L, .., L);". (2.32)
Equivalently, there is a canonical isomorphism
Jip i Ny = (L, LYz @ (L, -+, L)y" (2.33)

Using the D(h) metric on the left and the Deligne metric on the right, this is an
isometry. Moreover, J is G C GL(H®(Y, L)) equivariant, where G' = Aut(Y, L).

Let L — Y be a holomorphic line bundle on a projective manifold ¥ and A a smooth
metric on L. Suppose G C Aut(Y, L) is a semi-simple Lie group, and write c*h =

he=% for o € G.

Corollary 2.22. Let f € HO(Y, L) be such that Z = {f = 0} is a smooth submani-
fold. If E is the Aubin-Yau functional on Z then for all o € G we have

1 ”ng2D(h)
Ez(0°) = =1 — . 2.34
z(¢") v o8 < ||f||%(h) ( )

2.3.3 Mabuchi K-Energy

Suppose X — S is a flat morphism of schemes of relative dimension n, and suppose
L; are line bundles over the space X, and K/g, the relative canonical bundle, is well
defined. Let h be a positively curved metric on L with curvature w. Define h' as a
metric on K~ by hi! = w". Using this set up, define the following Q line bundles

as in [16].
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1. The Mabuchi Line Bundle
My = (K, L, L)a®m (L, ... Lyatr, (2.35)

where ¢;(L)" is computed on a generic fiber, and p € Q is uniquely determined
by requiring that the metric is scale invariant. It follows from the definitions

that nei (K)ey (L) — p(n + 1)e (L) = 0 so

n cl(K)cl(L)”_l'

_ 2.36
=01 a@)e (2:36)
2. The Futaki Line Bundle
Fn=(K' .. K (2.37)
3. The Aubin-Yau Bundle
1
Ay =(K,L,--- ,L)ya®@", (2.38)

Remark 2.23. Phong-Sturm [16] proved the Mabuchi energy, Futaki invariant, and
Aubin-Yau functionals arise as the change of metrics of these respectively named

bundles. More precisely,

Mo = Mp @ O(vy(0)/2), Freo = Frn @ O(Fut,(¢)/2), Apes = Ap @ O(E,(9)/2)
(2.39)
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3 The Chow Line

Suppose V' is an N + 1 dimensional C—vector space, X C P(V) a degree d, n-
dimensional subspace. Let P = P(V*)"*! = Py x --- x P,,, where P; = P(V)* for
i=20,---,n, and denote dim(P) = N(n + 1) = m. Recall, the degree of X is given
by the number of intersection points with a generic co-dimension n hyperplane. The

following definitions can be found in the book of Gelfand-Kapranov-Zelevinsky [5].

Definition 3.1. The Chow variety is the set G(n,d, N + 1) of all degree d and

dimension n algebraic cycles.

Definition 3.2. The associated hypersurface of X is the set

Z(X)={(Ho, -+, H) €P: Hyn---NH,N X # 0} (3.1)

Definition 3.3. The j*" associated hypersurface of X is the set

Zi(X)={(Ho, -+ ,Hypy CP(V*)" 7 . dim(LNET,X) > j for some z € LN X}
(3.2)

where L = HyN--- N H,_;.

Remark 3.4. The 0'" associated hypersurface Zy(X) is precisely the associated hy-

persurface.

Definition 3.5. The Chow form of X is the defining polynomial for Z(X) [5]. By

abuse of notation, we identify C'(X) = Z(X).

Example 3.6. Consider the projective variety X = {zy — 2?} and a hyperplane

H = ax + by + cz. Then H € D(X) if the intersection {zy — 2%} N {ax + by + cz}
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contains fewer than 2 points. But,

{zy — 2*} N {ax + by + 2} <= JE(CZ;CW) = —2°

az® — (cz)x — (b2*) = 0.

Hence, the intersection contains one point when ¢ —4ab = 0. On the other hand, H €
Z,(X) if, at a point of intersection (g, yo, 20), the hypersurface H is also contained in
the embedded tangent space. But the embedded tangent space at the point (o, yo, 20)

is given by

Yo(x — o) + 2o(y — Yo) — 220(2 — 20) =0

Yo + Ty — 2202 = 2T0Yo — 223,

and H intersects X at the point (xg, 4o, 20) when yo = a, zo = b, and 229 = ¢. Hence,

we obtain 2zgyy — 222 = 0, s0 4zgye — 422 = 4ab — * = 0.

Let L — P(V) and M — P(V*) be the hyperplane bundles Opy(1) and Opgy+)(1),

respectively. The theorem of Zhang states the following:

Theorem 3.7 (Zhang). There is a canonical isomorphism
(L, L)xs = C(X)
Proof of (3.7). We give a slightly simplified proof of Zhang’s theorem.

3.1 Chow Bundle Isomorphism

Define a line bundle over P by

M=aIM®Q - @m, M=MQ QM4 =P
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Figure 3: The Projection Diagram for the Chow Line Case

X x P(V*)+!

and let 7x : X x P — X and 7p : X X P — P be the projection maps. Consider the

following Deligne Pairing:

B = (ZT]?_;M, o mpM ok L mpMy, - kL ® TpM1) X xP/s (3.3)

m n:l:l

where x is a point. First, let

I'={(z,Hy, - Hyy1) EX xP:xeHN---NHy1} (3.4)

and let Z = mp(I'). Then Z = C(X) C P is the Chow hypersurface of X. The
line (M, -+ M)z = (M, , M)z is called the Chow line. We may construct I'
using the following sections s; of 7% L ® m3M;. The section s;(z, H) € z* ® H* =

Hom(z ® H,C) is the restriction of the canonical paring Hom(V ® V*,C), so

si(x, H)(z,\) = A(2) (3.5)

for all z € x and A € H. Note that s;(x, H) = 0 if and only if x € H. Applying (2.24)

n + 1 times we obtain:

B= (MM, -, M)y. (3.6)
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On the other hand, expanding the last n + 1 terms on (3.3) we have B = B; ® By

where
By = (mpM, - mpM, 7L, - mx L) xxp (3.7)
m ni 1
and
n+1
By=[[(mM, - mpM, kL@ mMy, - mpM;, - 7 L@ miMy 1) xxe (3.8)
m n+1

Using (2.22), we find that
By = (L, LM (3.9)

Expanding B; in the last n+ 1 entries and applying (2.23) we find the only nontrivial

terms are of the form

\<7TI;M1'7 W;(La e 7T§(L>X><IP’ (310)

/

nI 1
when combined with the first m terms. Applying (2.22) again, we find:

n+1

82 = H<M7 T 7MaM7,>]IdP
i=1 T
(3.11)

(L, L)x = (M, ,M)ox) @ (M, -+, M)p? (3.12)
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3.2 Chow Bundle Isometry

To prove the above isomorphism is an isometry, we need to define the spaces I'; €

X x P as follows:

Let I'o = X x P. For j > 1, we define:

F;:{(IL',Hly"' .,Hj)GXX]P)lX"'X]IDjZI‘GHlﬂ"'mHj} (313)

andI‘j:F;-x]P’ij---xPnby

T, ={(z,Hy, Hy) €XxP:iaeHn---NH}
(3.14)
={zel'j_1:54(2) =0},
so dim(I';) = m 4+ n — j. Using this construction, I',4; =T
We consider the Delinge Pairing
By = (mM,, - mpM,7x L mpM;, -+, 7% L ® mp Mo 1), (3.15)
m n —?%— 1

The Deligne metric along the above pairing, combined with the induction formula

(2.24) implies that the map B;_; — B;e™% is an isometry where I; is the integral

[j = / log ’Sj’QCl(./\/Um VAN Cl<L X Mj+1) VANCEIVAN Cl<L X Mn+1)
Fj—l

_ / log (@, Hj) 2es (M)™ A 1 (L & Mysa) A+ Aer(L @ Mysy)
Fj_1><]P’j><-~~><]‘P’n+1

(3.16)
To compute I;, we will use the following facts:

1. The above curvature of a direct product can be distributed as a sum of the
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curvatures, so ¢1(M)™ = (e; Mo+~ - -+c1 M,)™ and ¢ (L®M;) = ¢1(L)+c¢1(M;).

. Suppose 71,12 are volume forms on Xi, X5, and let f(zq,z2) be a function on

X1 X XQ. Then,
/ [, @) Tim A mine = / ( f($17132)771(131)> me(z2).  (3.17)
X1><X2 X2 Xl
If d =dimX; x X5 and r + s = d, then
/ flzy, zo)miwy A - Amiw, ATy A -+ Ayl = 0. (3.18)
X1><X2

In the case where r = dim(X;) and s = dim(X3), this can be written as
/ ( f(ml,:pg)wl/\---/\wr) 01/\/\05 (319)
Xz \Jxy

. Ifwy, -+, w, are Kéhler forms on X; with p > dim(X;) then
Wikwl/\"'AWIWPZOOD X1 XXQ (320)
Using facts (1) and (3),

/ 10g|8j|201(M)m/\01(L®Mj)/\"'/\Cl(L(X)Mn+1)

ijlxpjx'“xer—l

= / log |s;|?ct(M)™ Aey (L) A+ Aey(L)
F;flxIF’jx---xIP’n

= / IOg |Sj|2(ClM1 —+ 4 Can+1)m A Cl(L)n_(j_l)
ijlxIPij---x[P’n

= / log |s;|Cler(M)N A+ A ey (M )™) A e (L)rU-b
I XPjxxPp

(3.21)

where the constant C' is the coefficient from the expansion of ¢;(M)™ = (¢; Mo+



-+ 4 c1M,)", hence C' = () (m]:[N) e (%)

Using fact (2), we can separate the above integral as

/ Clog |5j—1|2(01<M0)N o '01(Mn)N) A Cl(L)n_(j_l)
ijlx]P’j71><~~-><]P’n

- / / Clog |sj—1*er (Mo)N -+ ex (M) A ey (L)"~07Y
ijlxIF’jx---xIF’n P;_1

= / (/ ClOg‘Sj1|261(Mj1)N>
F;_IXPJ'X“'X]P” ]Pj—l

22

(er(Mo)™ - - Cl(Mj_z)N A Cl(Mj)N e (MM A cl(L)"—(j—l)

(: / ClOg |Sj_1|201(L)n VAN Cl<Mj)N VANRRIVAY Cl(Mn)N>
F]'X]P]'

(3.22)

To compute [, Clog |s;—1|?c1(M;_1)", we define the section s;_y(z, H) € 2*@ H} =
e

Hom(z ® H;,C) as the restriction Hom(V ® V*,C), where for z € x and \; € H;,

si(z, Hy)(z,\) = A(2).

(3.23)

Choosing an isometry V' — CV and V* — CN*! the dual isometry, we may write

2z € CN*land A € CN*H and

| <z, A>|

si|(z, H) =

where < 2, A >= Z;V:o z; )\, is the standard euclidean inner product.

)\ 2
/ 10g|5j1\201(Mj1)N_/ log |<Z,_>| Wgs()\)a
P PN 2] - |Al

Jj—1

Thus

|[<z,A>|
|2]-[Al

is independent of z. Thus, the integral is independent of z.

(3.24)

(3.25)
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4 Discriminant Line

Recall, V' is an (N + 1) dimensional C—vector space, X C P(V) a degree d, n
dimensional subspace. Call P =Py x --- x P, for P, = P(V*) and denote dim(PP) =
Nn = m. As before, Let L — P(V) and M — P(V*) be the hyperplane bundles

Opvy(1) and Op(y+y(1), respectively, and let K — X be the canonical bundle.

Definition 4.1. Suppose X C P(V) is a degree d, n dimensional subspace. Define

the Discriminant of X as the set

We claim this definition is equivalent to the first associated hypersurface Z,(X). We
will demonstrate D(X) = Z(X).

First, assume (Hy,---, H,) € D(X)\Z1(X). Then the intersection Hy,N--- , H, is
a line which is not contained in the embedded tangent space ET,X for any z €
Hy,Nn---,H,NX and hence is transversal to ET, X. So, each x € H;,Nn--- ,H,NX

has divisor multiplicity one, and #(X - Hy --- - H,) < d, which is a contradiction.

Alternately, if (Hy,--- , Hy,) € Z1(X)\D(X), then XNH;N---NH, contains d points.
Fix z as the point for which dim(H;N---NH,NET,X) > 1 and a small neighborhood
B, of . Let \; be a section whose vanishing set is H; and let s be any section which
does not vanish at x. Hence, (%) (x) are holomorphic functions which vanish at z

and they define a map f : B, — C". This map has the following properties [3]:
L. f7Y0) ==z
2. The associated map D f has kernel HyN---NH, NET, X

3. It induces a map H*"(B\{z},Z) — H**(C"\{0},Z), given by multiplication

by the winding number k, where k = #{¢ *(v)} for any v # 0 € C" near the
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origin. Alternately, k = #(B, - H,--- - H,).
By our assumption, k = B,-Hy---H, > 2, so #(X -Hy----H,) >2+(d—1) =d+1,

which is a contradiction.

Figure 4: The Projection Diagram for the Discriminant Line Case

X x P(V¥)"
L \
T i M
K \ / /
e P(V*)

We pose the following theorem:

Original Theorem 4.2. There is a canonical isomorphism

(KL"L,--- L) = D(X)

Proof of (4.2). We construct the following Deligne Pairing:

B = <ZT]§M, ,ﬂ}M,W}(K@ L") ®7T$>M,ZT}L®7T§,M1,--- , 5% L @ TpMy) x xp ).

~
m n

(4.2)

This factors as B’ = B} ® B), where

By = (mpM, - mpM, 7 (K @ L"), 7% L@ mpMy, -+, 7% L& M) xxpss  (4.3)
N s N /

-
m n
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and

B, = (zrﬁ;/\/t,--- aWIFMaWEMaf}L®vaM17"‘ 77T}L®7T$M@>XXP/* (4.4)

~~ ~\~
m n

Applying (2.22) to each B} and Bj, we have

B/:<M,,M>$®<K®LnaL77L>X7 (45)

n

where d = (n + 1)1 (L)" + ¢1(K)ei (L)™', On the other hand, define the space
I' C X x P as follows:

I'={(z,Hy, - Hy) e XxP:xe HnN---NH,} (4.6)
which we obtain by applying (3.5) a total of n times. Hence, we have

B/ = <ZTI;M’ e 77T]1>§"/\/£7 ﬂ-;((K X Ln) ® WI;M>F/* (47)

~
m

We need to define a section s : I' — 7% (K ® L") @ mpM. Recall that

K®L"=A"TX ® O(n)
=A"TX @ (0O(1))*" (4.8)

= N'TX ® ((O(~1)))"

and that
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Hence, at a point (x, Hy, -+, H,) € ', we have

s(v, Hi, -+ Hy) € NI X @ ((Ox(-1))" @ Hf @ -+~ ® H,
= N X @ (0u(=1)*"H, ® - -- @ H,,)* (4.10)

=N'T,XR(O0,(-1)@H @ - - ®0Ou(—1)) ® Hy,)".

By (2.4), we have O,(—1)) ® H; C TxP(V)*. So, for n; € O.(—1)) ® H;, we have
n; € TxP(V*) and my A --- A, € N"TxP(V)*. Hence if w € AT, X we have a
canonical multilinear map [A"(7,X)]| X [O,(—=1)® Hy| x -+ [0,(—1) ® H,] — C given
by (w,m1, - 1) — (M A -+ An,)w] € C, and the condition {(m A--- An,)w] = 0}

defines the set D(X). Applying (2.24) once more, we have

B =(M,--- , M) p(x)- (4.11)
Hence,
or
(K®L" L, L) = (M, -+ M)p?@ (M, -, M)px). (4.13)

4.1 Discrimant Variety Isometry

Original Theorem 4.3. The above isomorphism (4.2) is an isometry.

Proof of (4.3). To prove this, we need to define the following series of subspaces of

X xP: Let 'y = X x P. For 1 < j5 <n, we define:

F; = {(lE,Hl,....,Hj)GXX]P)1><"'><]P)J‘ : xEHlﬂﬂH]} (414)
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and I'; =T xP; x -+ x Py, so

(4.15)
- {ZEFj,ltsj(z):(]}

Hence, we have dim(I';) = m+n — j. The subspace I',,4; is defined by a section s,,41

of (K ® L") ® M:
Lhi1 = {(z, Hyy oo, Hy) €T i [m A=+ Ampl(w) = 0} (4.16)

forn; € O,(—1)®@H; C TxP(V)* and w € A™T, X. Using this construction, I'yy1 # D,
but I',,.1 — D is a generically d to one map. As before in (3.2), we will define the

following spaces:

B =

4.17
(mpM, . ipM T (K @ L) @ mpM, 5 L @ mpMy, ..., w5 L @ mp M) x xp (4.17)
~—_————

m

For1 <j5 <n,

B; =
(mpM, .M, T (K @ L") @ mpM, mx L @ mpMjq1, ..., mx L @ mpMy)r, — T
N— ———
m
(4.18)
For j =n+1,
By = (mpM,,..tpM)p — D (4.19)
—— —

m

The Deligne metric along the above pairing, combined with the induction formula
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implies that the map B;_; — B;je™’i is an isometry, where I; is the integral:

Ij = / lOg|S]|2C1(M)m/\01(K®Ln®M)/\Cl(L®M]+1)/\/\Cl(L®Mn) (420)
r

j—1

The proof of isometry for /; in the j < n case follows similarly from 3.2, leaving only

to compute /; in the j = n + 1 case,

Ly = / log |51 21 (M)™ (4.21)

n

To compute the above integral, we need to consider the following:

1. For certain (z, Hy,---,H,) € Ty, spy1 = 0, hence log|s, 1] = —oo and the

integrand is unbounded.

2. The form ¢ (M) itself is a form on the space P, so we would like to rewrite

c1(M)™ for the space ', C X x P
3. The bundle 7% (K ® L") ® mpM = Krp, hence we may write |s,41]* as

C1 (M)m

|$pp|? = PR 1 (4.22)

We suppose (4.22) is true. Rewrite ¢;(M)™ as follows:

/5
<
e

= (cr (M) +w)™ (4.23)

)
= |spa1]*(c1 (M) +w)™

We may rewrite I,,1; as follows:

It — / (swa 10 5w 2 (et (M) + )™ (4.24)
I'n
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Now the form (¢;(M) + w)™ is a differential form over the space I',,, and the

integrand is of the form x log x, which is bounded for |z| < 1. We have:

sl = [ [ JsvniP g0 + 0"
Iy
< [ llswaPloglsnn | (e (M) + )" (4.25)
Iy

< / (c1(M) + @)™ = Vol(T',)

So it remains to show (4.22). Call” = {(x, Hy, ...., H,) € P(V)xP: 2z € HiN---NH,}

and note that I' C I with Ky /pr) = Kp/x. By definition:

1.

Krp = Kr ® Kp'.

. Kr)x = Kr ® Ky

So Kr = KF/X ® Kx.
KF’/IP’(V) = KF/ ® K[P?(%/)

Krr = Kpyxp @ O(I).
So Krv = Kp(yyxp @ (L Q@ M) ® -+ @ (L ® M,),
or, Krv = Kp)yxp @ L" @ M = Kpy) @ Kp ® L" @ M

Applying the above sequentially, we see that

Krpp = Kr ® Kp'!
= Kr/x @ Kx @ Kp''
= Krp) © Kx @ Kp'!

(4.26)
= Kr ® Ky @ Kx @ Kg'
:Km)®KP®L"®M®KI;(1V)®KX®KH;1

=L"OMIKxy=KL"®M

which completes the proof.
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4.2 The Mabuchi K-Energy Formula

As a consequence of 4.2, we have the following corollary.

Original Corollary 4.4. For X C P(V) a smooth variety of dimension n and degree

d>2. Then

D% I*

I1Dx|I?

o |12
— deg(Dx)lo IC%] (4.27)

Vo(¢s) = deg(Cx)log gHCXHQ?

where v, is the Mabuchi K-energy and the norm is the Deligne norm defined by (2.30).
This corollary parallels a theorem of Paul, who proves in [14] the following:

Theorem 4.5 (Paul). Let X — P(C) be a smooth, linearly normal complex alge-
braic variety of degree d > 2. Let Rx denote the X-Resultant. and let Ax pyyn—1
denote the X —hyperdiscriminant. Then the Mabuchi energy restricted to the space of

Bergman metrics is given by

o - Rx|l?
IR

o - Axxpyn-1]]?

V(o) = deg(Rx)log (4.28)

By (BBxmmrm)log

The proof of the corollary follows from (2.35) and (2.23), along with the results from
(3.7) and (4.2).
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