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ABSTRACT OF THE DISSERTATION

Integral Forms for Certain Classes of Vertex

Operator Algebras and Their Modules

by Robert H. McRae

Dissertation Director: James Lepowsky

We study integral forms in vertex operator algebras over C. We prove general results
on when a multiple of the standard conformal vector w can be added to an integral
form of a vertex operator algebra and when intertwining operators among modules for
a vertex operator algebra respect integral forms in the modules. We also show when
the Z-dual of an integral form in a module for a vertex operator algebra is an integral
form in the contragredient module. As examples, we consider vertex operator algebras
based on affine Lie algebras and even lattices, and tensor powers of the Virasoro vertex
operator algebra L( %, 0). In particular, we demonstrate vertex algebraic generators of
integral forms for standard modules for affine Lie algebras that were first constructed
in work of Garland; we reprove Borcherds’ construction of integral forms in lattice
conformal vertex algebras using generators; and we find generating sets that include
w for integral forms in tensor powers L(3,0)®" when n € 4Z. We also construct
integral forms in modules for these vertex operator algebras using generating sets,
and we show when intertwining operators among modules for these vertex operator

algebras respect integral forms in the modules.

1



Acknowledgements

Some of the work in this dissertation was supported by NSF grant DMS-0701176,
and some has appeared in [M]. T am very grateful to my advisor Professor James
Lepowsky for encouraging me to work on this project and for sharing with me his
ideas, advice, encouragement, and support. I also thank Professors Yi-Zhi Huang and
Lisa Carbone for their support during my time at Rutgers, and I thank Antun Milas
and Corina Calinescu for inviting me to present some of this work at conferences in
Dubrovnik, Croatia and Philadelphia, Pennsylvania. I thank Yi-Zhi Huang, Haisheng
Li, and Antun Milas for serving on my dissertation committee.

In addition, I would like to thank my graduate school classmates and friends
who have stimulated and encouraged me during my graduate school studies. In
particular, I would like to acknowledge Gabriel Bouch, Sjuvon Chung, Bud Coulson,
David Duncan, Francesco Fiordalisi, Jaret Flores, Shashank Kanade, Yusra Naqvi,
Fei Qi, Thomas Robinson, Matthew Russell, Christopher Sadowski, Jay Williams,
and Jinwei Yang. I would also like to thank all of my friends at the Rutgers Graduate
Christian Fellowship for providing community and stimulating my spiritual growth.

[ am very grateful also to my family for their support and encouragement. I espe-
cially thank my parents for loving me and providing me an educational environment
that allowed me to develop my mathematical interests. I also especially want to thank
my beautiful wife Grace for loving me unconditionally and allowing me to take time
away from her to complete this research. Last but not least, I am thankful to God
who has created me, given me a heart and mind to seek after him, and brought me
into relationship with him through Jesus Christ; I am grateful for the opportunity to

explore his wonderful nature through my research in mathematics.

1l



Dedication

To my family in heaven, on earth, and yet to come

v



Table of Contents

Abstract . . . . . . . ii
Acknowledgements . . . . .. ... ... iii
Dedication . . . . . . ... iv
1. Introduction . . . . . . . ... 1
1.1. Motivation for vertex (operator) algebras . . . . . . .. ... ... .. 2
1.2. Integral forms in vertex (operator) algebras. . . . . . . ... ... .. 4
1.3. Summary of results . . . . . . ... 7
2. Definitions and general results . . . . . . ... ... ... 11
2.1. Vertex operator algebras and modules . . . . . . . .. ... ... ... 11
2.2. Basic properties of vertex rings . . . . ... ... 18
2.3. The conformal vector in an integral form . . . . . . . . .. .. .. .. 21
2.4. Intertwining operators . . . . . . . . . . ... 25
2.5. Contragredient modules and integral forms . . . . . . . .. .. .. .. 30

3. Integral forms in vertex (operator) algebras and modules based on

affine Lie algebras . . . . . . . . . . ... 35
3.1. Vertex (operator) algebras based on affine Lie algebras . . . . . . .. 35
3.2. Construction of integral forms for general g . . . . . . . . . ... ... 41
3.3. Construction of integral forms for finite-dimensional simple g . . . . . 45
3.4. Further properties and results . . . . . .. .. ... ... ... .. .. 51



4. Integral forms in vertex (operator) algebras and modules based on

even lattices . . . . . . . .. 57
4.1. Conformal vertex algebras based on even lattices. . . . . . . .. ... 57
4.2. Construction of integral forms . . . . . . .. .. .. ... 61
4.3. Further properties and results . . . . . . . ... .. ... ... .... 67

5. Integral forms in tensor powers of the Virasoro vertex operator al-

gebra L(3,0) and their modules . . . . . ... .. ... ... .. ... .. 74
5.1. Tensor products of vertex operator algebras and modules . . . . . . . 74
5.2. Vertex operator algebras based on the Virasoro algebra . . . . . . .. 76
5.3. Integral forms in L(3,0)™ . . . ... ... 79
5.4. Integral forms in modules for L(3,0)®™ . . . . ... ... ... .. .. 84

5.5. Contragredients, integral intertwining operators, and future directions 86

References . . . . . . . 93

vi



Chapter 1

Introduction

The purpose of this dissertation is to develop the theory of integral forms in vertex
operator algebras. Integral forms in lattice vertex algebras as well as related struc-
tures have appeared in [B], [P], [BR1], [DG], and [GL]; here, we continue the study
of integral forms in lattice vertex algebras, using an approach based on generating
sets. We also construct integral forms in vertex operator algebras based on affine Lie
algebras; in the case that the affine Lie algebra is an untwisted affine Kac-Moody
algebra, the integral forms we construct are identical to the ones constructed in [G],
but here we show that they have vertex algebraic structure and have natural gener-
ating sets. As a third class of examples, we construct integral forms in tensor powers
of the Virasoro vertex operator algebra L(%,O); in fact, for n € 4Z we show that
L(%, 0)®"™ has integral forms which contain the standard conformal vector w. These
tensor power vertex operator algebras are significant because the moonshine module
vertex operator algebra V* contains a subalgebra isomorphic to L(3,0)®* ([DMZ]).

In addition to constructing integral forms in vertex operator algebras, we construct
integral forms in modules for all three classes of vertex operator algebras studied in
this dissertation. We also consider when intertwining operators among modules for a
vertex operator algebra map integral forms into integral forms. These problems are
important for understanding the representation theory of integral vertex algebras,
as well as for constructing integral forms in vertex operator algebras which contain
a subalgebra having an integral form. In this chapter, we recall the development of
vertex operator algebra theory and previous work on integral forms in vertex operator

algebras, as well as review the results of this dissertation.



1.1 Motivation for vertex (operator) algebras

Vertex operators first appeared in mathematics in the concrete construction of repre-
sentations of affine Kac-Moody algebras, starting with [LW1], which led to a vertex-
operator-theoretic proof of the Rogers-Ramanujan partition function identities in
[LW2]. The algebraic notion of vertex algebra was first formulated by Borcherds
in [B], motivated by the vertex-operator construction [FLM1] of the “moonshine
module” V¥, a graded vector space
vi=T11ve)
n>0
acted on by the Monster group, the largest of the sporadic finite simple groups.
Remarkably, the graded dimension
dim, V# = ¢! Z dim V(E]) q"
n>0

of the moonshine module, with ¢ = 2™, is the Fourier series expansion of the
J-function, a fundamental modular form defined on the upper half plane. The moon-
shine module is an example of a vertex algebra, and in fact it satisfies the axioms
of the more refined notion of vertex operator algebra; the Monster group, which was
first constructed by Griess in [Gr|, was naturally constructed as the group of vertex
operator algebra automorphisms of V¥ in [FLM1], [FLM2].

A vertex operator algebra is a Z-graded vector space equipped with infinitely
many (nonassociative) products (u,v) — w,v which are most naturally written in

generating function form

Y(u,x)v = Z vz "

ne”L

with = a formal variable; the vertex operator Y (-,z)- satisfies several axioms, most
notably one called the Jacobi identity due to its similarity to the Lie algebra Jacobi
identity (see [FLM2]). Additionally, a vertex operator algebra admits a representa-

tion of the Virasoro Lie algebra. Among the important examples of vertex operator



algebras, besides the moonshine module, are those given by representations of the Vi-
rasoro and affine Lie algebras ([FZ]); also, any even positive-definite lattice L, that is,
any discrete subgroup of Euclidean space with square lengths equal to even integers,
induces a vertex operator algebra Vy, ([B], [FLM2]). In fact, one of the early starting
points for constructing the moonshine module was the vertex operator algebra based
on the Leech lattice, which gives optimal lattice sphere-packing in 24 dimensions.
There is also a notion of module for a vertex operator algebra, that is, a space on
which a vertex operator algebra acts naturally.

A further motivation for vertex operator algebras comes from string theory in
physics, where strings moving in spacetime sweep out Riemann surfaces. In a simple
case of string theory, a vertex operator algebra gives the state space of a particle
represented by a string, and the vertex operator Y (u, z)v, with the formal variable z
replaced by a non-zero complex number z, describes how a string in state u interacts
with a string in state v to form a third string. This interaction is represented by the
sphere CU{oo} with tubes coming in at 0 and z and going out at co. The connection
between the geometry of string theory and the theory of vertex operator algebras is
made precise in [H1], in particular, the analysis of local coordinates associated with
the tubes. This connection also motivates a number of further deep results in vertex
operator algebra theory, such as modular invariance in vertex operators associated to
tori ([Z], [H2]).

Vertex operator algebras have continued to play a deep role in several areas of
mathematics. Among many examples, it has been shown recently that certain cate-
gories of modules for vertex operator algebras have the structure of modular braided
tensor categories (see the review article [HL2]). This is significant partly because
modular tensor categories give rise to knot invariants. As another interesting appli-
cation of vertex operator algebras, [L1], [L2] develop a connection between vertex

operator algebras and certain (-function values, essentially Bernoulli numbers, de-

veloped further in [Mi] and [DLM]. As a third example, [CLM1] and [CLM2] used



vertex operator algebras associated to the Lie algebra sl(2, C) to understand how the
sum sides of the Rogers-Ramanujan and Gordon-Andrews partition function identities

arise from the graded dimensions of certain graded vector spaces.

1.2 Integral forms in vertex (operator) algebras

While vertex algebras are ordinarily assumed to be vector spaces over C, or over any
field of characteristic zero, the axioms, in particular the Jacobi identity, make sense
for any commutative ring, and so it is natural to consider vertex algebras over Z. In
particular, it is natural to look for Z-forms of vertex algebras over C, by analogy with
the construction of Lie algebras over Z using Chevalley bases.

One motivation for studying integral forms in vertex algebras is constructing ver-
tex algebras over fields of prime characteristic p. Given an integral form V7 in a vertex
algebra V', one obtains a form Vg, over the p-element field I, by taking a base for 17
as a basis for Vg,, and then reducing all the vertex operator structure constants for
the basis elements mod p. Then if K is any field of characteristic p, V' has a K-form
Vk = K ®p, Vr,. Several papers have considered vertex algebras over fields of prime
characteristic. The modular moonshine program of Borcherds and Ryba ([R], [BR1],
[BR2]) used forms of the moonshine module over fields of odd prime characteristic
(see also the recent paper [GL] in which integral forms of vertex algebras are used
to prove a conjecture from [BR1]). The recent papers [DR1] and [DR2| study the
representation theory of vertex operator algebras over arbitary fields, in particular
the Virasoro vertex operator algebra L(%, 0) over fields of odd prime characteristic;
however, these papers do not use integral forms in L(%, 0) to construct forms over
fields of prime characteristic. Also, the paper [GL] uses integral forms in vertex op-
erator algebras based on level 1 affine Lie algebras to obtain forms over finite fields,
and studies the automorphism groups of such forms.

Another motivation for studying integral forms for vertex operator algebras is



the moonshine module V#, which, as mentioned above, has the Monster group as its
automorphism group. A Monster-invariant Z-form of V¥ was constructed in [DG]
using the finiteness of the Monster. However, if a Monster-invariant Z-form Vzh could
be constructed without using the finiteness of the Monster, this would provide a new
proof of the finiteness of the Monster. This is because each weight space of VZh would
be a finite-rank, Monster-invariant lattice. The work in Chapters 4 and 5 of these
dissertation may prove useful in constructing such an integral form of V.

Integral forms in vertex algebras V7, based on even lattices were introduced in [B],
where they were used to construct integral forms of the universal enveloping algebras
of affine Lie algebras. The details of Borcherds’ work in [B], including the proof
that the integral forms in Vj, actually are integral forms, were verified in [P]. More
recently, integral forms in lattice vertex algebras were studied in [DG|, where they
were used to construct integral forms in related vertex operator algebras, in particular
V¥, which are invariant under finite groups. The paper [GL], which constructs integral
forms in level 1 affine Lie algebra vertex operator algebras, appeared after most of the
work in Chapter 3 of this dissertation, on integral forms in arbitrary positive integral
level affine Lie algebra modules, was completed. Thus there is some intersection
between the work in [GL| and Chapter 3 of this dissertation, but the methods used
here are different and apply to all positive integral levels, as well as to modules and
intertwining operators.

In this dissertation, we continue the study of integral forms for vertex algebras,
revisiting some known results with new methods and proving new results as well. In
particular we construct integral forms in vertex (operator) algebras based on affine Lie
algebras and lattices, and in tensor powers of the Virasoro vertex operator algebra
L(%, 0). Our approach is based on finding generators for integral forms of vertex
algebras rather than on finding bases. One advantage of this new method is that
it allows the construction of an integral form containing desired elements without

knowledge of the full structure in advance. This is particularly useful in constructing



integral forms in vertex algebras based on affine Lie algebras and in constructing
integral forms containing the standard conformal vector w generating the Virasoro
algebra, where it may be difficult to find an explicit basis. Further, defining an
integral form V7 for a vertex algebra V' to be the vertex subalgebra over Z generated
by certain elements essentially reduces the problem of proving that V7 is in fact an
integral form of V' to the problem of showing that it is an integral form of V as
a vector space. In the case of vertex algebras based on lattices, this is easier than
proving that an integral form of V' as a vector space is also a vertex subalgebra, which
is the method of proof used in [P] and [DGJ.

In this dissertation, we also construct integral forms in modules for vertex alge-
bras which are invariant under the action of an integral form in the algebra, using
generators as in the algebra case. In particular, we construct integral forms in mod-
ules for vertex (operator) algebras based on affine Lie algebras and lattices and for
tensor powers of the Virasoro vertex operator algebra L(%,O). We also determine
when intertwining operators among a triple of irreducible modules for these vertex
operator algebras respect integral forms in the modules.

It does not seem that much work has been done previously on integral forms
in modules and intertwining operators for vertex operator algebras, in spite of the
fact that modules and intertwining operators are essential in vertex operator algebra
theory. As one of many examples of the importance of modules and intertwining op-
erators, in the connection of vertex operator algebras to string theory, the irreducible
modules for a vertex operator algebra correspond to the state spaces of different kinds
of strings in the theory, and intertwining operators describe how different kinds of
strings interact with each other. Modules are also important because of the modular
braided tensor category structure of certain categories of modules for vertex operator
algebras ([HL2]), and intertwining operators play a crucial role in the construction of
these tensor categories.

Here we remark on an interesting subtlety that we encounter in our consideration



of intertwining operators that appears in all three classes of examples that we study
in this dissertation. Suppose V is one of our example vertex operator algebras with

integral form V7 and W® for i = 1,2,3 are V-modules with integral forms WZ@. Let

VW<3>

W denote the vector space of intertwining operators

V:whew® 5wl {z}

We find that if the W® are irreducible modules and the Wz(i) are generated by the
action of V on a vector of lowest conformal weight, then it is possible to find a lattice

. .. . . w®3) . .
of intertwining operators Y contained in V7)) which satisfy

W @ Wi = (W) {a}
Here (W®))/, is the integral form in the contragredient of W) generated by the action
of Vz on a vector of lowest conformal weight, and ((W®));,)’ refers to the graded Z-

dual of (W®),, an integral form in W® which is generally larger than WZ(3). That

is, we are not generally able to find non-zero intertwining operators which satisfy
VW e WP — wi{a};

rather, we find intertwining operators that satisfy
(wiz), V(way, v)w)) € Z{x}

for w() € Wz(l)’ w(z) € V]/Z(?)7 and w£3) e (W(g))/Z-

1.3 Summary of results

We now describe the contents of this dissertation in more detail. Chapter 2 recalls
basic definitions and establishes general results on integral forms in vertex (operator)
algebras and modules, while Chapters 3, 4, and 5 are devoted to the study of integral
forms in specific examples of vertex (operator) algebras and modules.

We start Chapter 2 by recalling the definitions of vertex (operator) algebra and

module for a vertex (operator) algebra. We also recall the notions of contragredient



module from [FHL] and of strongly A-graded conformal vertex algebra, where A is an
abelian group, from [HLZ1|. In Section 2.2 we define the notion of integral form in
a vertex (operator) algebra, a strongly A-graded conformal vertex algebra, and their
modules. We also include a general result on generators for vertex algebras over Z
and their modules that will be heavily used in this dissertation for the construction
of integral forms in examples of vertex (operator) algebras and their modules.

In Section 2.3, we prove results concerning when the standard conformal vector
w generating the action of the Virasoro algebra may be added to an integral form of
a vertex operator algebra. Most significantly, we prove that if V' is a vertex operator
algebra with an integral form V7 generated by homogeneous lowest weight vectors for
the Virasoro algebra and if k € Z is such that k*c € 2Z (where c is the central charge
of V) and kw is in the Q-span of V7, then V7 can be extended to an integral form of
V' containing kw.

In Section 2.4 we recall the definition of intertwining operator among three mod-
ules for a vertex operator algebra and define the notion of an intertwining operator
which is integral with respect to integral forms in the three modules, that is, an
intertwining operator which respects integral forms in the modules. We also prove
an important result showing that to check whether or not an intertwining operator
is integral, it is sufficient to check whether or not it is integral on generators. In
Section 2.5 we give conditions showing when the graded Z-dual of an integral form
in a module for a vertex operator algebra is an integral form in the contragredient
module. These results generalize some results in [DG|, where the module is taken
to be the vertex operator algebra itself. We also recall the notion of an invariant
bilinear pairing between two modules and prove a result that will be used in Chapter
4 on identifying two modules as a contragredient pair via intertwining operators and
invariant pairings.

Chapter 3 is devoted to the study of integral forms in vertex (operator) algebras

and modules based on an affine Lie algebra g. In Section 3.1 we recall the notion



of affine Lie algebra and recall how to construct vertex algebras and modules from
g. We also recall the characterization of intertwining operators among irreducible
modules for an affine Lie algebra vertex operator algebra in the case that g is a finite-
dimensional simple Lie algebra. In Section 3.2 we construct integral forms in integral
level affine Lie algebra vertex (operator) algebras and their modules using integral
forms in the universal enveloping algebra U(g). We take g to be finite-dimensional
simple in Section 3.3 and use the integral form of U (g) from [G] (see also [Mit] and [P]);
we also exhibit natural sets of generators for the resulting integral forms in the vertex
operator algebras and modules. In Section 3.4 we apply the results from Sections 2.3,
2.4, and 2.5 to affine Lie algebra vertex operator algebras and modules where g is
finite-dimensional simple. In particular, we characterize which intertwining operators
among three modules are integral with respect to integral forms in the modules.

In Chapter 4 we study integral forms in vertex algebras V; based on an even
lattice L. In his research announcement [B], Borcherds defined an integral form for
such a vertex algebra and exhibited a Z-basis for this form. It has been proved in
[P] and [DG] that this structure is in fact an integral form, essentially by showing
that the vertex algebra product of any two members of Borcherds’ Z-basis is a Z-
linear combination of basis elements. In Section 4.2, we provide an alternate proof by
defining the integral form to be the vertex subalgebra over Z generated by a natural
generating set and then proving that the resulting structure is an integral form of the
vector space V. We also show that our definition of the integral form is equivalent to
the definition in [B]. Further, we construct integral forms in modules for lattice vertex
algebras. This problem is slightly more subtle than the problem of constructing an
integral form in the algebra due to the nature of a central extension of the dual lattice
L° that is needed to construct modules for V7.

In Section 4.3 we apply the results of Sections 2.3, 2.4, and 2.5 to the integral
forms in lattice vertex algebras and their modules. We show that the standard integral

form of a lattice vertex algebra Vi, constructed in Section 4.2 contains w if and only
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the lattice L is self-dual (the “if” direction appeared in [BR1]). More generally, the
standard integral form can be extended to a larger integral form containing w if the
rank of L is even and containing 2w if the rank of L is odd; this result was observed
in [B]. We also exhibit Z-bases for the integral forms of lattice vertex algebras,
their modules, and their contragredients, generalizing to the module setting a result
in [DG]. We also recall the intertwining operators among Vy-modules constructed
in [DL] and show when they are integral with respect to integral forms in the V-
modules.

In Chapter 5, we consider integral forms in tensor powers of the Virasoro vertex
operator algebra L(%, 0) and their modules. In Section 5.1 we recall the definition of
the tensor product of two vertex operator algebras from [FHL] and prove a result on
generators for the tensor product algebra and its modules. In Section 5.2 we recall
the construction of vertex operator algebras based on the Virasoro algebra and their
modules, in particular L(%, 0) and its modules. We also show the existence of Q-forms
in irreducible Virasoro vertex operator algebras and modules. In Section 5.3 we first
construct integral forms in arbitrary tensor powers L(%, 0)®™ using generators. In the
case that n € 47, we construct different integral forms in L(%, 0)®" containing w with
generators indexed by elements of an appropriate binary linear code on an n-element
set. In Section 5.4, we construct integral forms in irreducible modules for L(%, 0)®n,
and in Section 5.5 we characterize which intertwining operators among irreducible
L(%,O)m—modules are integral with respect to integral forms in the modules. We
conclude Section 5.5 by suggesting an approach to constructing interesting integral
forms in vertex operator algebras which contain a vertex operator subalgebra isomor-
phic to L(3,0)®", such as the lattice vertex operator algebra Vg, based on the Eg

root lattice and the moonshine module V.
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Chapter 2

Definitions and general results

In this chapter we recall the definitions of vertex (operator) algebra and module for
a vertex (operator) algebra and present our definition of an integral form in a vertex
(operator) algebra or module. We also derive some general results on integral forms
in vertex (operator) algebras and modules. In particular, we show when the standard
conformal vector w can be added to an integral form of a vertex operator algebra,
when intertwining operators among modules for a vertex operator algebra respect
integral forms in the modules, and when the contragredient of a module with an

integral form has an integral form.

2.1 Vertex operator algebras and modules

In this section we state the definitions of vertex algebra, vertex operator algebra, and
module for a vertex (operator) algebra and recall some basic properties. Given a

vector space V', we will use the space of formal series

Vi, 27 = {Zvnx”, Un € V} :

nez
as well as analogous spaces in several variables. We will commonly use the formal

delta function series

i(z) = Z:L‘”

nel

as well as three-variable analogues such as

) ("”1;05”2) =Y M ) =YY (’Z) oy g ().

nez n€Z 120
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Note that we always use the binomial expansion convention that expressions such as
(x1 — x9)™ (whenever n is not a non-negative integer) are expanded in non-negative
integral powers of the second variable.

We now recall the definition of vertex algebra from [LL] (see also the original,

equivalent, definition in [B]):

Definition 2.1.1. A vertex algebra (V,Y,1) consists of a vector space V', a vertex

operator map

Y: V — (EndV)[[z,z7 Y]
vo= Y(vo)=3, gupa !
and a distinguished vector 1 € V', called the vacuum. The data satisfy the following

axioms:

1. Lower truncation: for any u,v € V', u,v = 0 for n sufficiently positive, that is,

Y (u, z)v has finitely many negative powers of x.

2. The vacuum property:

Y(]_, .Z') = 1v.

3. The creation property: for any v € V', Y (v, x)1 has no negative powers of = and

its constant coefficient is v.

4. The Jacobi identity: for u,v € V,

) (@) Y (u,21)Y (v, 9) — 28 (_@——i_ajl
o To

=25 (xl — xo) Y (Y (u, zo)v, z2).

T2

) Y (v, 22)Y (u, 21)

Note that we need lower truncation for each term in this expression to be well

defined.

If we take the coefficient of x5! in the Jacobi identity, we get the commutator
formula

xT1 — Zo

X2

[Y (u, 1), Y (v, 12)] = Resy, 1516 ( > Y (Y (u, zo)v, x2), (2.1)
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where the notation Res,, means take the coefficient of x,*, the formal residue. If we
take the coefficient of z7' in the Jacobi identity, we get the iterate formula

Ty — T2

Y (Y (u, 7)v, 75) = Res,, <g;515 < ) Y (u,z1)Y (v, 22)

Zo

Zo

s (M> Y(U,@)Y(u,xl)> . (2.2)
If in the iterate formula we further take the coefficient of x;" !, we get
Y (unv, 2) = Resy, (21 — 22)"Y (u, 1) Y (v, 22) — (=22 4+ 21)"Y (v, 29)Y (u, 1)) .

Together, the commutator and iterate formulas are equivalent to the Jacobi identity
(see for instance [LL]).

A vertex operator algebra has two similar properties which are also together equiv-
alent to the Jacobi identity. The first is weak commutativity: for any uw,v € V and

for any positive integer k such that u,v =0 for n > k,
(z1 — 22)*Y (u, 21)Y (v, 29) = (21 — 22)"Y (v, 22)Y (s, 21). (2.3)

The second property is weak associativity: for any u,v,w € V and for any positive

integer [ such that u,w =0 for n > 1,
(20 4 22) Y (Y (u, 20)v, 22)w = (20 + 22)'Y (w0, 20 4 22)Y (v, 29)w. (2.4)

See [LL] for proofs of these properties; we will prove weak commutativity in Section
2.4, where we will need a generalization for intertwining operators among V-modules.

Now we state the definition of module for a vertex algebra V', which is a vector
space on which V' acts in such a way that all the axioms for an algebra that make

sense hold:

Definition 2.1.2. A V-module (W, Yy ) is a vector space W equipped with a vertex
operator map
Yw: V. — (EndW)[[z,z7!]

v o= Yw(v,z) =3, 02"t

satisfying the following axioms:
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1. Lower truncation: for any v € V, w € W, v,w = 0 for n sufficiently positive,

that is, Yy (v, 2)w has finitely many negative powers of x.

2. The vacuum property:

3. The Jacobi identity: for u,v € V,

x510 <£B1 — xQ) Yiv (u, 21) Y (v, 22) — 2510 (M) Yw (v, z9)Yiy (u, 1)

Zo Zo

=2, (xl — mo) Y (Y (u, zo)v, x9).

X2

(2.5)

As in the algebra case, we have commutator and iterate formulas for the V-module
W, as well as weak commutativity and weak associativity.
Most of the vertex algebras we shall study satisfy the axioms of the more refined

notion of vertex operator algebra. Here we recall the definition of vertex operator

algebra from [FLM2]:

Definition 2.1.3. A wvertex operator algebra (V,Y,1,w) is a vertex algebra (VY1)
where V' is a Z-graded vector space
V=[] Vi
nez
equipped with a conformal vector w € V(). In addition to the vertex algebra axioms,

V' satisfies the following additional properties:

1. The grading restrictions: V(,) = 0 for n sufficiently negative and dim V{,) < oo

for all n.

2. The Virasoro algebra relations: if we write Y(w,z) = Y., .5, L(n)z™""2, then

for any m,n € Z,
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where ¢ € C is the central charge of V. Moreover, for v € Vi), L(0)v = nv (n

is called the conformal weight of v).
3. The L(—1)-derivative property: for any v € V,

Y(L(—=1)v,z) = %Y(U,{E).

We say that a vertex operator algebra is graded by conformal weights, and if v € V),
we say that wt v = n.

We have a notion of module for a vertex operator algebra V:

Definition 2.1.4. A V-module is a module for V' as vertex algebra such that W is

graded by Ly, (0)-eigenvalues:

W= ]_[ Wi
heC

where Ly (0)w = hw for w € Wy, and such that the grading restrictions hold: for
any h € C, W4y = 0 for n € Z sufficiently negative, and dim W) < oo for any
h e C.

As in the algebra case, we say that the conformal weight of a vector w € W, is h.
The Virasoro algebra relations

m3—m

(L (m), Ly (m)] = (m — n) Ly (m + n) + =

5m+n,Oc
for m,n € Z and the L(—1)-derivative property
w(L(—1) ) dx w (v, x)
Yw (L V,x) = Yw (v, x
Y T Y

for any v € V are consequences of the Virasoro algebra relations and the L(—1)-

derivative property for algebras, as well as the Jacobi identity for modules (see [LL]).

Remark 2.1.5. If the context is clear, we shall generally drop the W subscript from
Y and Ly (n).
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Remark 2.1.6. The Jacobi identity (2.5) for a V-module W with u taken to be w

and v € V, w € W both homogeneous implies that
wtv,w =wtv+wtw —n —1 (2.6)
for any n € Z. Note that this relation holds in particular when W = V.

If V' is any vertex operator algebra and W is any V-module, the contragredient of

W is the V-module

’_ *
W= we,
heC
with vertex operator map given by

<YW’ (U7 x)wlﬂ U)) - <w/7 YV%(”? x)w>,

where (-, -) denotes the pairing between a vector space and its dual, and the opposite

vertex operator Yy} (v, z) is given by
VS (v, ) = Yip (ePFW (—z=2) 0y 271y, (2.7)

Note that Y} (v, z)w has finitely many positive powers of x for any v € V, w € W.
See [FHL]| for the proof that this gives a V-module structure on W’. Moreover, for
any V-module W, W = (W’)’, so that it makes sense to refer to contragrdient pairs
of V-modules.

We can weaken the notion of vertex operator algebra by dropping the grading
restriction conditions; such a structure is called a conformal vertez algebra in [HLZ1].
The specific conformal vertex algebras and their modules that we will study in this
thesis have an additional grading by an abelian group, in addition to the weight

grading:

Definition 2.1.7. ([HLZ1]) A strongly A-graded conformal vertex algebra, where A

is an abelian group, is a conformal vertex algebra V' with an A-grading

v=][ve

a€cA

that satisfies the following axioms:
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1. Compatibility with the weight grading: for any o € A,

ve=T1ve,

nez

where V(%) = VNV, for n € Z.

2. The grading restriction conditions: for any fixed o € A, Vo =0 for n suffi-

ciently negative and dim V(%) < oo for any n.
3. 1€ V(%) and w € V(g).
4. For any v € V® and g € A,
Y (v, 2)VP C VorP[z, 7). (2.8)

Definition 2.1.8. ([HLZ1]) A module for a strongly A-graded conformal vertex al-

gebra V' is a module W for V' as conformal vertex algebra with a B-grading

W= ]_[ we,
BEB

where B is an abelian group containing A, satisfying the following axioms:

1. Compatibility with the weight grading: for any 5 € B,

B8 _ B
WP =TT wa,.
heC

where W, = W? 0 W, for h e C.

2. The grading restriction conditions: for any fixed g € B, W(ﬁh) =0forany h e C

and n sufficiently negative, and dim ng ) < OO for any h.
3. For any v € V* and 8 € B,

Yy (v, 2)WP C W[z, 271]]. (2.9)

Remark 2.1.9. Note that a vertex operator algebra V' is a strongly A-graded con-
formal vertex algebra with A = 0, and a V-module is a module for V' as strongly

A-graded conformal vertex algebra with B = 0.
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2.2 Basic properties of vertex rings

The notions of vertex algebra and module for a vertex algebra over Z make sense
because all numerical coefficients in the formal delta functions appearing in the Jacobi
identity are integers. For convenience, we will call vertex algebras over Z vertez rings,
and we will call Z-subalgebras of vertex algebras vertexr subrings. Recall that an
integral form of a vector space V is a free abelian group V7 such that the canonical
map

C@ZVZ—)‘/,

given by

c Rz vV +— cv

for c € C and v € V, is an isomorphism. That is, V7 is the Z-span of a basis of V.
We can now define an integral form in a vertex algebra over C (or over any field of
characteristic zero), and the definition of an integral form in a module for a vertex

algebra is analogous:

Definition 2.2.1. If V is a vertex algebra, an integral form of V is a vertex subring
Vz of V' which is an integral form of V' as a vector space. If V is a vertex algebra with
integral form V7 and W is a V-module, an integral form of W is a Vz-submodule of

W which is an integral form of W as a vector space.

Remark 2.2.2. An integral form V7 of a vertex algebra V' is the Z-span of a basis
for V, it contains 1, and it is closed under vertex algebra products. Likewise, an
integral form W7 of a V-module W is the Z-span of a basis for W and it is preserved
by vertex operators from V7. Note that the notion of an integral form in W depends

on the precise integral form V7 used for V.

If V is also a vertex operator algebra or conformal vertex algebra, and so has a

conformal element w, we do not require an integral form of V' to contain w. Such
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a requirement would disallow many interesting integral forms. However, in this dis-
sertation, we will require an integral form V7 of V' to be compatible with the weight
grading:

Vo =[] Viw N V2 (2.10)

neL

where V) is the weight space with L(0)-eigenvalue n. Moreover, if V' is a strongly
A-graded conformal vertex algebra, we require Vz to be compatible with the A x C-

gradation:

V= [ venve (2.11)

aEA,NEL

We require the analogues of these compatibility conditions for modules for a conformal
vertex algebra or strongly A-graded conformal vertex algebra. In particular, if V' is
a strongly A-graded conformal vertex algebra with integral form Vz and W is a V-
module, an integral form W7 of W should satisfy
Wz = [ Wi, nWe (2.12)
BeB, heC

Note the special case B = 0 for when V' is a vertex operator algebra.

Remark 2.2.3. It is possible to assume different requirements on the relation of w

to Vz; for instance, in [DG] it is required that some integer multiple of w be in V7.

We include two useful general results on vertex rings in this section. The proof of
the algebra part of the next proposition is exactly the same as the proof of Proposition
3.9.3 in [LL], but we include it here because the result is essential for the construction

of integral forms in vertex (operator) algebras and modules from generating sets:

Proposition 2.2.4. Suppose V' is a vertex algebra; for a subset S of V', denote by
(S), the vertex subring generated by S. Then (S), is the Z-span of coefficients of
products of the form

Y(up, 1) ... Y (ug, )1 (2.13)



20

where uy,...up € S. Moreover, if W is a V-module, the (S),-submodule generated

by a subset T of W s the Z-span of coefficients of products of the form
Y(Ul,l'l) Y(uk,xk)w (214)
where uy,...ur € S andw € T.

Proof. Let K denote the Z-span of coefficients of products of the form (2.13). Since
any vertex subring must contain 1, it is clear that K C (S)z. To prove the opposite
inclusion, K contains 1 and it contains S by the creation property, so it suffices to
show that K is a vertex subring of V. Let K’ denote the set of vectors u € K such
that

Y (u,z)v € K[[z,z7"]]

for all v € K. To show that K C K’, we see from the definition of K that it is enough
to show that 1 € K’ and that if v € K, so are the coefficients of Y (u, z)v for any
u € S. In fact, 1 € K’ because Y (1,z) = 1y and if u € S, v € K, the iterate formula
(2.2) implies that

Y (Y (u, z0)v, 22)w € K[[xg, 75", 72, 75 ]]

for any w € K, since all numerical coefficients in the J-function expressions are
integers. This implies that Y (u,z¢)v € K'[[xg,75']], as desired. Thus K = K’ and
K = (5)z.

The proof of the second assertion is similar. Let L denote the Z-span of coefficients
of products as in (2.14). Then L is contained in the (S)z-module generated by 7', and
since T' C L, it suffices to show that L is an (S)z-submodule of W. Let L' C (S)z

denote the set of vectors v such that
Y (v, z)w C L[[x,x_l]]

for all w € L. Then 1 € L' and the iterate formula for modules implies that if v € L/,

so are the coefficients of Y (u, x)v for u € S. By the first assertion of the proposition,



21

this implies L' = (S)z, showing that L is the (S)z-submodule of V' generated by
T. [l

Remark 2.2.5. Proposition 2.2.4 applies even if (S), and the (S),-submodule gen-

erated by T" are not integral forms of their respective vector spaces.
Proposition 2.2.6. IfV is a vertex algebra with integral form Vyz, then V;NC1 = Z1.

Proof. Since 1 € Vy, it is clear that Z1 C V;NC1. On the other hand, since V7 is the
Z-span of a basis {v;} for V, 1 =" n;v; where n; € Z. If c1 =) . cnv; € V;NC1
for ¢ € C, then ¢n; € Z for each i, so ¢ € Q. If ¢ ¢ Z, by subtracting off an integer
multiple of 1 from c1 if necessary, we may assume 0 < ¢ < 1. Since V7 is closed under
vertex operators and Y (1,z) = 1y, we see that ¢"1 € V7 for all n > 0, contradicting

the assumption that V7 is an integral form of V. Thus ¢ € Z. O

2.3 The conformal vector in an integral form

As was remarked in the previous section, we do not require an integral form of a
vertex operator algebra to contain the conformal vector w. In this section we prove
results showing when an integral form can contain w and when w can be added to an
existing integral form to give a larger one.

Suppose A is an abelian group and V is a strongly A-graded conformal vertex
algebra with conformal vector w and central charge ¢ € C. Then we have the following

result on when an integral form V7 of V' can contain w:
Proposition 2.3.1. If V; contains kw where k € C, then k*c € 27Z.

Proof. If kw € V, then V; must also contain

(kL)) (K(L(-2)1 = FL(-2) L)1 + arz o1 + X2y - By

By Proposition 2.2.6, we must have k%c € 2Z. O
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In particular, the central charge of V must be an even integer if w is in any integral
form of V. Now we prove a partial converse to Proposition 2.3.1. Recall that v € V'
is called a lowest weight vector for the Virasoro algebra if it is an L(0)-eigenvector

and L(n)v =0 for n > 0.

Theorem 2.3.2. Suppose Vz is an integral form of V' generated by doubly homoge-
neous lowest weight vectors {v0)Y} for the Virasoro algebra. If k € 7 is such that
k%c € 27 and kw is in the Q-span of Vg, then Vg can be extended to an integral form

of V' containing kw.

Proof. We shall show that the vertex subring V;; of V' generated by V7 and kw is
an integral form of V. By Proposition 2.2.4, V is spanned over Z by coeflicients of
products as in (2.13) where the u; are either v\ or kw. Since the v\¥) and kw are
homogeneous in the A x Z-gradation of V', (2.6) and (2.8) imply that
V=[] wnvg,
a€A,neZ

To show that V; is an integral form of the vector space V, it is enough to show that
for any o € A and n € Z, V; N V5, is a lattice in V(7 whose rank is the dimension
of V(?L) In fact, if V; N V(f“z) is a lattice, then its rank is at least the dimension of
V(‘j‘l) since V contains V7, which already spans V' over C. In addition, since kw € Vj,
Vz € Vg as well. This means that if V7 N V7 is a lattice, its rank is at most the
dimension of V(‘jl): any vectors in V; N V(fj‘l) which are linearly independent over Z
are also linearly independent over QQ since a dependence relation over Q reduces to
a dependence relation over Z by clearing denominators. Thus we are reduced to

showing that V7r NV is a lattice in V(7 for any a € A and n € Z.

Lemma 2.3.3. For any m,n € Z and lowest weight vector v, [L(m),v,] is an integral

linear combination of operators vy for k € 7Z.



23

Proof. By the commutator formula (2.1),

1 — Zo

€2

= Res,, e%00/001 (90515 (%)) SV (L(n)o, w2)ay"
= > =y (a%)nﬂ (sc;lé (i—:)) Y (L(n)v, 2s).

n>—1

[Y(w,21),Y (v,75)] = Res,, 256 ( ) Y (Y (w, x0)v, 22)

Since v is a lowest weight vector, and using the L(—1)-derivative property,

Y (w,21),Y (v, 22)] = 2516 (ﬂ) di@Y(v,xg) — (wt v)a% (:c215 (ﬂ» Y (v, 22)

T2 L2
Since wt v € Z, all coefficients in the delta function expressions are integers, and all
powers of x; and x are integers, we see that [L(m), v,] is an integral combination of

operators vy. 0

Corollary 2.3.4. For m > —1, L(m) leaves Vy invariant.

Proof. By Lemma 2.3.3, an expression L(m)vg‘f) 091 equals viV - ~v7(f,f)L(m)1
plus an integral linear combination of terms of the form 1)%11) = -Uﬁ,{ﬁ)l. But since
m > —1, L(m)1 = 0, so we see that L(m)V; C V7. O

Continuing with the proof of Theorem 2.3.2, we can use Lemma 2.3.3 to rewrite

any product of operators of the form u,(fg x ué’i,{, where the u® equal either v\9) or

kw, as an integral combination of such products in which all operators of the form

kL(m) appear on the left. That is, V,f is the integral span of products of the form

(kL(my)) - - (kL(mj))U(jll) .. .v(jk)l’

n ng

where m;,n; € Z. We can now use the Virasoro algebra relations,

k2c(m® —m)

KL(m), BL()] = k(m — n)(KL(m +n)) +

1y, (2.15)

to rewrite (kL(mq))---(kL(m;)) as an integral combination of such products for

m36—m — (m;—l)7

which m; < ... < m;. Note that since by assumption k*c € 27 and

k2c(m®—m)

B is always an integer.
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Thus, using Corollary 2.3.4, we see that V; is the integral span of products of the
form
(kL(=my)) - (kL(=m;))v
where m; > ... > m; > 2 and v € V. To see that V; N V(f;) is a lattice, that is, the
Z-span of finitely many vectors, suppose vy, ...,v; € Vz span VzN (H?: Na Vé’;), where
Vi = 0 for m < No. Then V7 N V7, is spanned by some of the vectors of the form
(kL(=mq)) -+ (kL(—m;))vr, where 1 <k <[, m; > 2, and m; +...+m; <n— N,.

Since there are finitely many such vectors, VN V(jfb) is a lattice. O

Using the commutation relations (2.15), we can use an argument similar to but

simpler than the proof of Theorem 2.3.2 to prove:

Proposition 2.3.5. If V is a vertex operator algebra generated by the conformal
vector w, and w is contained in a Q-form of V', then V' has an integral form generated
by kw if k € Z and k*c € 27Z. In particular, w generates an integral form of V if and
only if c € 27.

Proof. The vertex subring V7 generated by kw is compatible with the weight grading
in the sense of (2.10) by (2.6) since w is homogeneous of weight 2. Moreover, for any
n € Z, Vipy N Vz spans V() over C since w generates V' as a vertex operator algebra.
Since kw is contained in a rational form of V', it suffices to show that Vi,) NV7 is a
lattice in V() for any n, just as in the proof of Theorem 2.3.2.

By (2.13), V7 is the Z-span of vectors of the form
(FL(my)) - - - (KL(m;))1

where m; € Z, but in fact we can use the commutation relations (2.15) to straighten

such products, implying that V7 is the Z-span of vectors of the form
(kL(=m1)) - - - (kL(—=m;))1

where now m; > ... > m; > 2. It is now clear that V{,) N V7 is the Z-span of finitely

many vectors for any n € Z, proving the proposition. O
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2.4 Intertwining operators

For any vector space or Z-module V| let V{z} denote the space of formal series with
complex powers and coefficients in V. We recall the definition of intertwining operator

among a triple of modules for a vertex operator algebra (see for instance [FHL]):

Definition 2.4.1. Suppose V is a vertex operator algebra and W, W® and W®)

are V-modules. An intertwining operator of type (W(VK (;;@)) is a linear map

V. whew® — we®ly}

way @ Wy — Y way, T)we) = Z(wu))nw(z)x*"’l e W& {z}

neC
satisfying the following conditions:

1. Lower truncation: For any wy € WU, wey € W® and n € C,

(W) nemyw(z) =0 for m € N sufficiently large. (2.16)

2. The Jacobi identity:

o Ty — T
95615 < lx 2) Yipe (v, 21)V(wa), z2) — 90615 < : " 1) Y(wqy, x2)Ywe (v, 1)
0 —Zo
T, — T
= x2—16 ( 11: 0) y(YW(U(v,xo)w(l),lé)
2
(2.17)

for v € V and wgy € W,

3. The L(—1)-derivative property: for any w € W

iy(’LU(1),:I:). (2.18)

VL=V, @) = o

Remark 2.4.2. We use VW <1 W(Q) to denote the vector space of intertwining operators

W) W)
of type (W<1 W(2>) and the dimension of VW (1)W(2) is the fusion rule NW(l)W<2)
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Remark 2.4.3. Note that if W is a V-module, the vertex operator Yy, is an inter-

in particular in the special case V' = W. As in the

twining operator of type (VW;V)>

algebra or module vertex operator case, the Jacobi identity (2.17) with v = w implies

that for wy € WO and w) € W both homogeneous,
wt (w(l))nw(g) = wt Wy + wt W) — N — 1 (2.19)
for any n € C.

Remark 2.4.4. If W, W and WO are irreducible V-modules, then there are
complex numbers h; for i = 1,2,3 such that the conformal weights of W® are con-
tained in h; + N for each ¢. If ) is an intertwining operator of type (W(‘/K (;i@)) and we
set

h:h1+h2_h37

then (2.19) implies that we can write

Y(way, w)wey = Y way(n)we " (2.20)

ne”

for any wiy € WW and wey € W@, where wy(n) = (wa))nsn—1 for n € Z. In
particular, for w) € W((}il)) and W((}?;), note that wq)(0)w) € W((,fi).
The Jacobi identity for intertwining operators implies commutator and iterate

formulas, as in the algebra and module vertex operator case. We will in particular

need the iterate formula: for any v € V, w(;) € WM and n € Z,

y(vnw(l)a $2) ZRele(xl - ZE2)”YW(3) (Uwrl)y(w(l)a $2)

— Res,, (=22 + 21)" Y (w1, 2) Yipe (v, 21). (2.21)

We will also need weak commutativity for intertwining operators, whose proof is

exactly the same as in the algebra or module case:

Proposition 2.4.5. Suppose W, W@ and WG are V-modules and Y € va/((j)wu)-

Then for any positive integer k such that vyawy =0 forn >k,

(€E1 - IEQ)kYW(B)(U,$1)y(w(1)7$2) = ($1 - €E2)ky(w(1),5U2)YW<2)(U,I1)-
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Proof. Multiply the Jacobi identity (2.17) by zf and extract the coefficient of z;,

obtaining

(21 — 22)" Yy (v, 21)V(way, 22) — (21 — 22)* V(way, T2)Yipe (v, 1)

) y(Yw(l) (U, xo)wu), $2)'

- L1
= Res,, 76750 (

X2

Since v,wy = 0 for n > k, the right side contains no negative powers of zg, so the

residue is 0. [

We will need the following proposition, which is similar to Proposition 4.5.8 in

[LL] and uses essentially the same proof:

Proposition 2.4.6. Suppose W, W®, and W are V-modules and Y € VIV,

Then for any v € V, wq) € WO and w(z) € W@ and for any p € C and q € Z,
(way)pvqweay is an integral linear combination of terms of the form v,(way)sw(a).
Specifically, let k and m be nonnegative integers such that vyawy = 0 for n > k and

vpwey = 0 forn >m+q. Then
m k k
(w)pvawe) = Y Y _(=1)" < ) (j)vq+i+j (W(t))p—i—jwi2)-
=0 7=0

Proof. From weak commutativity, we have

(w(l))pvqw(Q) = ResmlResmxl y( Q)Yw(Q) (U, xl)w(g)
= Res,, Resg,xab(—xo + xl)fk[(xl — 29)*V(w(ry, 22) iy (v, 21)w)]
= Res,, Res,, 225 (—2o + 1) (21 — 22)*Yiye (v, 1) Y (w(y, T2)w(z)].

(2.22)
These formal expressions are well defined because Yy ) (v, #1)wg) is lower-truncated,
but we cannot remove the brackets from the last expression in (2.22). We observe
that the term in brackets in (2.22) may be written explicitly as

(K k—j—m—1_j—n—

JEN, meZ,neC J
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Meanwhile, only a finite truncation of xfxh(—zy + 1)~ contributes to the residue
since Yy (v, £1)w(g) is lower-truncated. In particular, the lowest possible integral
power in Y, e (v, 21)we) with a non-zero coefficient is 23" by definition of m.

Thus we can take
— i —k i p—k—i
S (T atran

as our truncation of z{af(—zs + x1)7*. Then

(W) )paw(z) =
=k k L
Reseia; (_1)k+z+]( i )(J’)Um(tt;a))nw(z)ff‘f%ﬂ g =
©,J,m,n
m k
i =K\ [k

ZZ(_l)k+ ﬂ( i ) (J-)vq+k+i—j(w(1)>p—k—i+jw(2) =

i=0 j=0

m k

i =K\ (K
Z (-1 +j( i ) (j)Uq+i+j(w(l))p—z‘—jw(2)a
i=0 j=0
where we have changed j to k — 7 in the last equality. O]

The Jacobi identity for intertwining operators makes sense in the vertex ring
context for the same reasons that the Jacobi identity for algebras and modules does.
However, the L(—1)-derivative property may not make sense. If V7 is a vertex ring
without a conformal vector w, then there may be no L(—1) operator on Vz-modules.
In addition, since intertwining operators involve complex powers of x, the coefficients
of the derivative of an intertwining operator may not make sense as maps from a
Vz-module into a Vz-module.

However, suppose V is a vertex operator algebra with integral form V3 and WO,

W® and WO are V-modules with integral forms WZ(D, WZ(Q), and WZ(?’), respectively:

Definition 2.4.7. An intertwining operator ) € VMV;/(S)W@) is ntegral with respect to

Wil W and W if for any wgy € WY and w) € WL,

y(w(l), .CE)’LU(Q) < WZ(?’){Q:}.
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Remark 2.4.8. Note that whether an intertwining operator is integral or not will

generally depend on the integral forms used for the three V-modules.

The main result of this section is the following theorem which reduces the problem
of showing that an intertwining operator is integral to the problem of showing that

it is integral when restricted to generators of W) and W®):

Theorem 2.4.9. Suppose V is a vertex operator algebra with integral form Vz and
WO W and WO are V-modules with integral forms Wz(l), WZ(Q), and WZ(S), re-
spectively. Moreover, suppose T and T® are generating sets for WZQ) and WZ(Q),

respectively. If Y € VVI(/V((I:;LV(Q) satisfies

V(tay, 2)te € WP {z}
foralltn) € T, o) € T®, then Y is integral with respect to WZQ), WZ(Q), and WZ(B).
Proof. First let Ug) be the sublattice of WZ(Q) consisting of vectors uz) such that
V(tay, x)ue € W {x}

for all (1) € TM . Note that if Ue) € Ug), ta € TW, and v € Vi, Proposition 2.4.6
implies that for any p € C and q € Z, (t))pvqu(2) is an integral linear combination

of terms of the form v,.(t(1))su(2), and is thus in WZ(?’). This means that
YW(Q) (Ua x)“(?) € UéQ) Hxa x_l]]a

that is, Ug) is a Vz-module. Since by hypothesis Ug) contains T? which generates
WZ(Q), Ug) = WZ(Q) and so
Yty 2)we € Wy {z} (2:23)
for any (1) € TW and w(z) € WZ(Q).
Now we define U;) as the sublattice of WZ(I) consisting of all vectors u() € WZ(I)

such that
y(U(l), x)w(g) € Wz(g){x}.
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for all wey € W . In this case, Ug) is a Vz-submodule of WZ(I) by the iterate formula
for intertwining operators, (2.21). Since Ug) contains TW by (2.23), Uél) = Wz(l),
and we have shown that

V(way, v)we € Wi {r}
for any w;) € WZ(I) and wz) € WZ@), that is, ) is integral with respect to WZ(D, Wz(;z),
and W%, O

We conclude this section by recalling the symmetries among spaces of intertwining
operators from ([FHL]), ([HL1]), and ([HLZ2]), which we will need in the next section.

First, if WO, W® and WO are V-modules and Y is an intertwining operator of

type (W(VK (;3@)), then for any r € Z, there is an intertwining operator ,()) of type

( W )deﬁned by

W@ W
Q- (V) (weay, 2)way = e"FEDY(wiy, eI (2.24)
for wy € W and we, € W, Moreover, for any r € Z there is an intertwining
operator Ar(y) of type (W((I)W(W;(B))) defined by
(A (V) (wqy, 2)wiz), we))we = (W), V7 (way, T)we) we (2.25)

for wyy € W, wey € W, and Wy € (W®)Y | where
yﬁ(w(1)7 m)w@) — y(ech(l)e(2r+1)m’L(0)(:CfL(O))Qw(l)7 l‘il)w(g).
Then we have (see for example Propositions 3.44 and 3.46) in [HLZ2]):

Proposition 2.4.10. For any r € 7Z, the map S, VMVKES)W@) — VMV}/(;?)W(D 18 a linear

we) ey

isomorphism with inverse Q_,_y. Moreover, the map A, : V7@ — W@y 8

a linear isomorphism with inverse A_,_1 for any r € Z.
2.5 Contragredient modules and integral forms

The next three propositions plus Remark 2.5.3 below generalize Lemma 6.1, Lemma

6.2, and Remark 6.3 in [DG] to the context of contragredient pairs of modules for a
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vertex operator algebra V. Suppose V' has an integral form V; and W is a V-module
with integral form W7. Then there is an integral form W} for the contragredient

module W' as a vector space given by
W) ={w e W' | (w',w) € Z forw € Wz} .
We would like W7, to be a module for V7.

Proposition 2.5.1. Suppose Vz is preserved by for n > 0. Then W} is a

Vz-module.
Proof. By the definition of the module action on W', if v € V, w € Wy and w' € W},
(0,2, w) = (0, Yoo, 2)w) = (!, Y (€O (=200, o)

Since XM preserves Vz and Vg satisfies (2.10), e20)(—272)LO0y € Vy[[z, 271
Since also Vz preserves Wz, we have (Y (v, z)w',w) € Z[[x,x7!]] for any w and so

Y (v, x)w’ € W [[z,z7]] as desired. O

Proposition 2.5.2. If V is generated by vectors v such that L(1)v = 0, then V is

preserved by 225 forn > 0.

Proof. We will use the L(1)-conjugation formula proved in [FHL]:

LY (v, 2)e D = 7 (eya—xwL(n(l )20y, T ) _
Y Y 1 _ :L'y

If L(1)v = 0, this formula simplifies to

VEDY (p, x)e VED =y ((1 — ay) 2Oy, %) :

Thus if a vector v € V7 is a coefficient of a monomial in
Y(vi,21) - Y (g, 2x)1 (2.26)
where L(1)v; =0, then 8% is a coefficient of a monomial in

eyL(l)Y(vl, x1) Y (v, )1 =

v ((1 ) R Tp— ) o <<1 — ) 2Oy, TE ) b

I —my 1 — gy




32

Since the expansion of (1 — zy)™ for any integer m has integer coefficients, all co-
efficients of monomials on the right side lie in V. Hence %v € Vz. Since V7 is
spanned by coefficients of monomials in products of the form (2.26) by Proposition

2.2.4, L(nﬁ preserves V7 for any n > 0. O

Remark 2.5.3. If an integral form V of V' is generated by lowest weight vectors for

the Virasoro algebra, then contragredients of Vz-modules are Vz-modules.

Suppose V is equivalent as V-module to its contragredient V’. This is the case if
and only if there is a nondegenerate bilinear form (-,-) on V' that is invariant in the
sense that

(Y(u, z)v,w) = (v, Y°(u, z)w)
for u,v,w € V (see [FHL]). Invariant forms on V' are in one-to-one correspondence
with linear functionals on V(g)/L(1)V1) ([Lil]). Given a choice of nondegenerate
invariant bilinear form and an integral form V7 of a vertex operator algebra V', the
contragredient module V; may be identified with another lattice spanning V' that is
invariant under the action of V7. However, V; need not be an integral form of V as

a vertex algebra, because it may not be closed under vertex algebra products.

Proposition 2.5.4. Suppose V' is equivalent to V' as V-module and V' has an integral
form Vg preserved by % forn > 0; also assume Vigy = C1. Identify V; with a lattice
in V' using a non-degenerate invariant form (-,-) such that (1,1) € Z \ {0}. Then
Vz, C V.

Proof. The integral form V; C V' is the sublattice
Vy,={v eV | (¥, v) €ZforveV,}.
Thus we need to show that if u,v € V, then (u,v) € Z. We have:
(u,v) = Res, 27 (Y (u, 2)1,0)
= Res, 27 1(1, Y (e"FW (—z72) L0y 27 1)0)

=(1,c1) =c¢(1,1)
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where c1 = Res, 27'Y (e"2)(—272)FOqy, z71)v (since the residue is indeed in V{g)).
But all coefficients of Y (e (—272)E0)qy 271)y are in Vz because V7 is closed under
vertex operators and invariant under L(nﬁ for n > 0. Thus cl1 € V(o) N Vz = Z1 by

Proposition 2.2.6 and so ¢(1,1) is an integer. [l

In Chapter 4, we will use intertwining operators to identify contragredient pairs of
modules for conformal vertex algebras based on even lattices. We say that a bilinear

pairing (-, -) between V-modules W) and W® is invariant if

(YW(U (U, x)w(l), w(Q)) = (w(l), YV(I)/@) (U, l‘)w@))

for v € V, wyy € W, and wp) € WP, Tt is clear that if there is a nondegen-
erate invariant bilinear pairing between W and W®, then WM and W® form a
contragredient pair. We will need the following proposition, which is essentially a

generalization of Remark 2.9 in [Lil]:

Proposition 2.5.5. Suppose V' is a vertex operator algebra equipped with a nondegen-
erate invariant bilinear pairing (-, )y, and suppose W and W) are V-modules. If
Y s an intertwining operator of type (W(I)VW(Q)), then the bilinear pairing (-, -) between

WO and W given by

xL(1)

(way, wez)) = Resg (1, Vg (way, e™x)e wz))v (2.27)

Jor wqy € WO and we) € W® s invariant. Moreover, if W and W® are
irreducible and Y is non-zero, then the pairing is nondegenerate and W and W

form a contragredient pair.

(W

Proof. We consider the intertwining operator )’ = Qy(Ay())) of type (V%V/ W<1))'

The coefficient of z5" in the Jacobi identity (2.17) implies that
Y(w(2))/(U, )Y (1, 22) — V'(1,22)Yipy (v, 21) = 0

since Y (v, £¢)1 has no negative powers of zy. Moreover, the L(—1)-derivative property

(2.18) implies that )’(1, z) equals its constant term 1_;, which means that 1_; = ¢y
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is a V-homomorphism from W to (W®)'. Thus we obtain a bilinear pairing (-, -)

between W and W given by

(w(1), w(2)) = <90y(w(1))7 w(2)>

for wy € WW, wy € W@, which is invariant because ¢y is a homomorphism.

To show that the invariant pairing (-, ) is also given by (2.27), we calculate using
the definitions of {2y and A, from (2.24) and (2.25), and identifying V' = V' via (-, -)y.
For wi;y € WU and wgg) € WO,

(Wi, wez) = (py(we)), we) = Rese 27 {Qo(Ao(V)) (1, 2)w), wee))
= Res, 271" Y Ay (V) (wiry, €™'2) 1, wia))
= Res, 77 H{Ag( V) (wy, €™ x)1, "Wy
= Res, 27 (1, V5 (w(), emx)e””L(l)w(g))v.
This proves the first assertion of the proposition.
To prove the nondegeneracy of (-, -), it is enough to prove that ¢y : W1 — (W)
is an isomorphism. Since W) and W®) are irreducible, it suffices to prove that ¢y

is non-zero, that is, )'(1,z) # 0. But if )’'(1,x) = 0, then the creation property and

the iterate formula (2.21) imply that for any v € V|
yl(’l]’,’]j) = yl(vill’x) = O

This is a contradiction because by Proposition 2.4.10, ) is non-zero if ) is. ]
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Chapter 3

Integral forms in vertex (operator) algebras and
modules based on affine Lie algebras

In this chapter we study integral forms in vertex (operator) algebras and modules
based on affine Lie algebras g. Although some results in this chapter will hold for a
general finite-dimensional Lie algebra g equipped with a symmetric invariant bilinear
form, we will especially concentrate on the case where g is a finite-dimensional simple
Lie algebra. We will construct natural integral forms in vertex (operator) algebras
and their irreducible modules based on a finite-dimensional simple Lie algebra g, using
the integral form Uz(9) of the universal enveloping algebra of g first constructed in [G]
(see also [Mit], [P]), and we will find natural generating sets for these integral forms.
We will also determine when intertwining operators among irreducible modules for

these vertex operator algebras respect integral forms in the modules.

3.1 Vertex (operator) algebras based on affine Lie algebras

We first recall the construction of vertex algebras based on affine Lie algebras (see
[FZ] and [LL] for more details). Suppose that g is a finite dimensional Lie algebra,

with symmetric invariant form (-, -), that is,

([a,b],¢) = (a, [b, c])
for any a,b,c € g. Then we can form the affine Lie algebra

g=gC[t,t o Ck
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where k is central and all other brackets are determined by
la@t™ b t"] = [a,b] @ "™ + m(a, b)dpinok, (3.1)
where a,b € g and m,n € Z. The affine Lie algebra has the decomposition
=0+ Do DI

where

g:= [] s@t", G=s0t’aCk

ne+Z4

If U is a finite dimensional g-module, then U becomes a g & go-module on which g
acts trivially, g ® t° acts as g, and k acts as some scalar £ € C. Then we can form

the generalized Verma module
Va(t,U) = U(9) ®u es Us

which is a g-module; we say that the level of V(¢,U) is £. It has a unique maximal
submodule and thus a unique irreducible quotient, Lz(¢, U). We use V5(¢,0) to denote
V5(¢,U) where U is the trivial one-dimensional g-module, and Lg(¢,0) to denote its
irreducible quotient. If we write the trivial g-module with k acting as ¢ as C1,, and

then write 1 = 1® 1, € V5(¢,0), then we can write
V3(£,0) = U(g-)1,
so V5(¢,0) is spanned by elements of the form

ap(—ny) -+ - ap(—ny)l (3.2)

where a; € g, n; € Z,, and we use the notation a(n) to denote the action of a ® ¢
on g-modules.

The generalized Verma module V5(¢, 0) is a vertex algebra, as are all its quotients,
including Lz(¢,0), which is a simple vertex algebra. The vertex algebra structure is

determined by

Y(a(-1)1,2) =) a(n)z™". (3.3)

ne”
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(The elements a(—1)1 generate V5(¢,0), and thus also its quotients, as vertex alge-
bras.) As long as ¢ # —h, where h is the dual Coxeter number of g, V5(¢,0) is also a
vertex operator algebra, with conformal vector given by

dim g

where {u;} is any basis of g and {u}} is the corresponding dual basis with respect to the
form (-,-). The generalized Verma modules V5(¢,U) for finite-dimensional g-modules
U are V5(¢,0)-modules, and so are all quotients of V5(¢, U); the irreducible V5(¢,0)-
modules consist precisely of the g-modules L3(¢,U) where U is a finite-dimensional
irreducible g-module.

Although some of the results in this chapter will apply to vertex operator algebras
based on arbitrary affine Lie algebras, we shall particularly concentrate on the case
where g is a finite-dimensional simple complex Lie algebra. In this case, let h denote
a Cartan subalgebra of g. The invariant bilinear form (-,-) on g is nondegenerate on

b and induces a bilinear form on h*. We shall normalize (-, -) so that
(o, ) =2

for long roots a € h*. Irreducible finite-dimensional g-modules are in one-to-one
correspondence with dominant integral weights A € bh*, where h C g is a Cartan
subalgebra.

Let Ly denote the irreducible g-module with highest weight A\. Then for any level
¢ € C, the irreducible V5(¢, 0)-modules consist of L(¢, L) for A a dominant integral
weight. Moreover, suppose # is the highest root of g; if ¢ is a non-negative integer,
the irreducible Lg(¢,0)-modules are given by L(¢, L) where A is a dominant integral
weight satisfying (X, 0) < ¢ ([FZ]; see also [LL]).

The dual of an irreducible g-module L) is also an irreducible g-module with the
action given by

(x-v' vy == 2 v)



38

for v € g, v € Ly, and v" € L}. So we have L} = L). for some dominant integral
weight A*. In fact, \* = —w(\) where w is the element in the Weyl group of g of
maximal length ([Hu]). Then the contragredient of the V5(¢,0)-module Lz(¢, L)) is
isomorphic to Lg(¢, Lx+) ([FZ]).

Now suppose ¢ is a non-negative integer and Lg(¢, Ly, ), Lg(¢, Ly,), and Lg(¢, Ly,)
are irreducible Lg(¢, 0)-modules, so that (\;,0) < ¢ fori =1,2,3. We recall from [FZ]

L§(€7L)\3) )
L§(£7LA1) L/g\(évag)

First, let A(L5(¢,0)) be the Zhu'’s algebra of Lz(¢,0) (see [Z] for the definition); from

(see also [Li2]) the classification of intertwining operators of type (

[FZ], as an associative algebra,
A(Lg(¢,0)) = U(g)/(z5"),

where xy is a root vector for the longest root 6 of g. We also need the A(Lz(¢,0))-
bimodule A(Lz(¢, Ly, )), which from [FZ] is given by

A(Lg(t, L)) = (Ly, @ U(g))/ (v, @z M0,

—<)\179>+1>

where v), is a highest weight vector of L), and (v, ® xf; indicates the subbi-

module generated by the indicated element. The A(Lg(£,0)) = U(g)/{z§")-bimodule

—<)\1,9)+1>

structure on (Ly, @U(g))/ (v, ®x§ is induced by the following U (g)-bimodule

structure on Ly, ® U(g):
- (v@y)= (T v)@y+vRTy
for z,y € U(g), v € L,,, and
(vRy) r=v®y.

We also recall from [FZ] that the lowest weight spaces Ly, and Ly, of Lgz(¢, Ly,) and

L;(¢, Ly,), respectively, are (left) A(Lg(¢,0))-modules in the natural way.

Lg(6,Lxg) )

The description of the space of intertwining operators of type ( Lo (tLo) Lot
g\ 1 g\ 2

from [Li2] (see also [FZ]) is as follows:

L’\(ng)\ ) ~
La(tLn) La(e.ng) = HOMA(ge0) (A(Lg(6, L)) @arq(e0)) Lass Lg)-
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This space of A(Lg(¢,0))-homomorphisms can be described more usefully using the

following lemma:

Lemma 3.1.1. As modules for A(Lz(¢,0)) = U(g)/(z5™),

A(I/@(g? Ly,)) QA(L5(0,0) Ly, = (Ly, @ Ly,) /W,

with W the U(g)/(xﬁ“}-module generated by all vectors of the form vy, ®$§7<’\1’9>+1 ‘W

for w € Ly,.

Proof. We know that A(Lg(¢, \1)) = (L, ® U(g))/W', where W' is the subbimodule

_</\179>+1

generated by vy, ® xg . We first define a map

©: (L, ®U(9)) ®ug) Low = (Loy @ L)/ W
as follows: for w = v ® x where v € Ly, and x € U(g), and for w € L,,, we define
Puw)=vr- -w+ W.

By the left U(g)-module structure on (Ly, ® U(g)) ®u(g) L», and the tensor product g-
module structure on (L), ® Ly,)/W, it is easy to see that ® is a U(g)-homomorphism.

Moreover, ® induces a U(g)/{z5™)-module homomorphism
QO . (L)\l ® U(g))/W/ ®U(g)/<x§+l> L/\2

because for y,y' € U(g) and w € L,,,

<)\1,9>+1)

Dy - (vn, @y Y Qw) =

O((y-vn) @y MY @ w+ vy, @ yaly, MY @ w =

(y-vx) @y My cw + Wt oy, @ (yay MY w4+ W=

y - (o, ® (. MOy w) + W =0,
To obtain an inverse homomorphism, we define a U(g)-homomorphism

v - L)\l X L)\Q — (L,\1 X U(g))/W/ ®U(g)/(x§+l> L)\z
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by defining for v € V), and w € V),:
Vuuw+W)=uel+W)ew.
The map ¥ induces a U(g)/{z5™)-homomorphism
Uz (L, ® L) /W = (L, @ U(9)) /W' @)ttty Long

because for z € U(g) and w € Ly,,

U(z - (on, @y M w)) = ((z - vy) @ap MO w oy, @ (MO )

ALO)+ AL0)+1

:((x-v,\l)®1+W')®w§7< 1-w+(v,\1®1+W')®$:1:§7< W
= ((z-v) @2y T L W) @ w + (v, @ vz M H W) @ w

— (z- (vy, @z MY L W) @w=0.

From the definitions, it is easy to see that ¢ and i are inverses of each other, so they

give A(L5(¢,0)) = U(g)/(xy™)-module isomorphisms. O

LE(Z,LAS)) ) is

From this lemma, the space of intertwining operators of type ( Lo (tIs) Lo (6L
g\ 1 g\ 2

linearly isomorphic to

HOIHQ((LM ® LAQ)/Wv L>\3>‘

From [Li2] and [FZ], we can describe the isomorphism as follows. An intertwining

operator ) of type ( Ly( eéﬁiﬁ)ig?e) L)\Q)) induces a g-homomorphism

71'())) : L)\l & L)\Q — L)\S
given by
(V) (W) ® wezy) = wy(0)we) (3.4)

using the notation of (2.20), where wy € Ly, C Lg(¢,Ly,) and wpy € Ly, C
L;(¢,Ly,). The homomorphism m()) will equal 0 on W, so it induces a homomor-

phism from (L), ® Ly,)/W to L,,.
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3.2 Construction of integral forms for general g

In this section we construct integral forms in integral level vertex (operator) algebras
and there modules based on an affine Lie algebra g. We will need to use an appropriate
integral form of the universal enveloping algebra U(g). In particular, we need a
subring Uz(g) € U(g) (containing 1) which is an integral form of U(g) as a vector
space.

For any finite-dimensional Lie algebra g we will need an integral form Uz(g) of

the universal enveloping algebra U(g) such that

Uz(g) = Uz(8-)Uz(g0)Uz(g+), (3.5)
where Uz(g+) and Uz(go) are integral forms of U(gy) and U(gy), respectively. We
also assume that Uz(gy) are graded in the sense that

Uz(gs) = ] Uz(@:) nU@G2)n (3.6)

where U(g4 ), is the space spanned by monomials of the form

(91 ®tn1) .. (gk ®tnk)

where ¢1,...,gr € gand n; + ...+ nE =n.

We will show a general method for obtaining an integral form of U(g) satisfying
(3.5) and (3.6), assuming that (g, (-,-)) has an integral form. That is, we assume that
g has a basis whose Z-span gz is closed under brackets and such that the form (-, -)

is Z-valued on gz. Then g also has the integral form
ﬁz =9z X7, Z[t, t_l] & Zk.

Example 3.2.1. If § is a finite-dimensional abelian Lie algebra with a symmetric

non-degenerate form, any full-rank integral lattice L C b is an integral form of b.

Proposition 3.2.2. Assume {w;} is a Z-basis for gz. Then the Z-span Uz(g) of
monomials in the elements u; @ t" for n € Z and k is an integral form of U(g)

satisfying (3.5) and (3.6).
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Proof. By definition, Uz(g) is a subring of U(g) which contains 1. The integral form

gz has the Z-basis {u; ® t",k}, which we order in such a way that
w; @ 1" < u; "

if m < n and
wu Rt <k <u; @t"

if m,n > 0. Then the Poincaré-Birkhoff-Witt Theorem implies that ordered mono-
mials in the elements u; ® t" and k form a basis for U(g), and hence the Z-span of
ordered monomials is an integral form of U(g) as a vector space. But in fact Uz(g)
equals the Z-span of ordered monomials because any unordered monomial can be
straightened: in any monomial, the order of any two basis elements of gz can be
switched at the cost of a commutator term which is an integral linear combination of
monomials of lower degree.

Moreover, taking Uz(g+) to be the Z-span of monomials in u; ® ¢+ where n > 0
and taking Uz(go) to be the Z-span of monomials in u; ® t° and k, the conditions
on the order of the basis elements of gz imply the decomposition (3.5). Also, since

Uz(g+) are spanned by monomials in the elements u; ® ", (3.6) holds as well. O

We will now use an integral form Uz(g) satisfying (3.5) and (3.6) to obtain integral
forms in generalized Verma modules V5(¢,U) and their irreducible quotients. By an
integral form Uz of a go-module U, we will mean an integral form of U as a vector
space which is invariant under Uz(go), where Uz(go) is as in (3.5). For example, if
Uz(g) is constructed as in Proposition 3.2.2 and U as a vector space has an integral
form Uz which is a gz-module, and k acts on U as an integer, then Uy is an integral

form of U.

Theorem 3.2.3. Suppose Uy is an integral form of a finite-dimensional go-module U
on which k acts as {, and suppose W is Vz(€,U) or its irreducible quotient Lz(¢,U).
Then Wy, = Uz (9)Uz is an integral form of W as a vector space, and Wy, is compatible

with the conformal weight grading of W. Moreover, Wy, is invariant under Uz(g).
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Proof. By definition, W7 is invariant under Uz(g). Also, since g, - U = 0 and since

Uz(80)Uz C Uy,
Uz(8)Uz = Uz(9-)Uz(80) Uz (84 )Uz = Uz (g-)Uxz.

Since we assume Uz(g_) is graded as in (3.6), Wy is graded by conformal weight and
the intersection of Wy with each weight space is spanned by finitely many vectors. In
fact, an upper bound on the number of vectors required to span the weight space of
weight n higher than the lowest weight space is dim U(g_),, - dim U < oo. Moreover,
since W = U(g_)U, it follows that Wz spans W as a vector space. To prove the
theorem, that is, to prove that W is linearly isomorphic to C ®z W7, we need to show
that if any vectors in Wy are linearly independent over Z, then they are also linearly
independent over C.

In the case that W = V5(¢, U), then W is isomorphic as a Z-module to Uz(g_) ®z
Uz, which is a free graded Z-module whose weight spaces have rank equal to the
dimension of the weight spaces of W = U(g_) ®c U since Uz(g_) is a graded integral
form of U(g_) and Uy is an integral form of U. This proves the theorem in this case.

In the case that W = V5(¢,U), we use essentially the same proof as in Theorem
11.3 in [G], which is an analogue of Lemma 12 in [S]; see also Theorem 27.1 in [Hu].
We first observe that Wz N U = Uz, and we use {u;} to denote a Z-base of Uy. For
any w € Wy, we use (w)y,; for any j to denote the component of w in Zu;.

Now we prove that W7 is an integral form of W by contradiction. Suppose that
{w;}*_, is a minimal set of (non-zero) vectors contained in W7 that is linearly inde-

pendent over Z but not over C; note that for this to happen, £ > 2. Then

k
E CiWw; = 0
=1

for ¢; € C*. There is some y € Uz(g,) such that the component of y - wy in Uy is
non-zero, because otherwise w would generate a proper g-submodule in W, which is

impossible since W = Lg(¢, U) is irreducible. In particular for some j, (y - w1)uy,; =
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mqu; with my # 0. For 2 <i <k, set (y - w;)y,; = m;u; where m; € Z. Thus, since

k k k
0= (y . Zcm-) = Zci(y : wi)U,j = <Z Cimi> Uy,
i=1 U,j i ]

we obtain Zle c¢im; = 0. Thus

k

k k k
0= my E Cw; | — E cim; | wp = E (mlciwi — miciwl) = E C; (mlwi — miwl).
i=1 =1

i=1 =2
The vectors myw; — m;w; for 2 < ¢ < k are thus in W, linearly independent over Z
(since my # 0), and linearly dependent over C, which contradicts the minimality of

We can now prove a general result on vertex algebraic integral forms that applies

to any finite-dimensional Lie algebra g having an integral form.

Proposition 3.2.4. Suppose gz is an integral form of (g, (-,-)), Uz(@) is constructed
as in Proposition 3.2.2, and { € Z. Then the integral form V5(¢,0)z given by Theorem
3.2.8 is the vertex subring generated by the vectors a(—1)1 for a € gz. Moreover, if
U is a finite-dimensional g-module with integral form Uz, V5(¢,U)z and Lg(¢,U)z are
the V5(€,0)z-modules generated by Uy.

Proof. Let W be the module V5(¢,U) or Lg(¢,U), where U is possibly Cl,. From the

construction of Uz(g_) in the proof of Proposition 3.2.2,
Wz, = Uz(g-)Uz
is the integral span of vectors of the form
ai(—nq) - - ap(—ng)u (3.7)
where a; € gz, n; > 0, and u € Uz. On the other hand, since

Y(a(-1)1,2) =Y a(n)z™"""

ne”Z
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for a € g, Proposition 2.2.4 implies that the vertex subring in V5(¢,0) generated by

the a(—1)1 is the integral span of vectors of the form

aj(ny) - -ag(ng)l (3.8)

for a; € gz and n; € Z. This is the same as (3.7) in the case that U = C1, because
a(n)l = 0 if n > 0 and any a;(n;) occurring in (3.8) with n; > 0 can be moved to
the right using the commutation relations (3.1). This proves the first assertion of the
proposition, and the second follows similarly using the second assertion of Proposition

2.24. [l

Corollary 3.2.5. In the setting of Proposition 3.2.4, Lz({,0)z is the vertex subring
of L5(¢,0) generated by vectors of the form a(—1)1 for a € gz.

Proof. This follows because the vertex subring generated by vectors of the form
a(—1)1 for a € gz is the integral span of vectors of the form (3.8), which is also

equal to L;(¢,0)z, just as in the proof of Proposition 3.2.4. ]

3.3 Construction of integral forms for finite-dimensional sim-
ple g

In this section, we construct integral forms in integral level vertex (operator) algebras
and modules based on an affine Lie algebra g where g is a finite-dimensional simple
Lie algebra. Suppose g has Cartan subalgebra h and root system A. As in Section

3.1, we take a nondegenerate invariant bilinear form on g which is normalized so that
(a,a) =2

for long roots a. We recall the Cartan integers: for any «, 8 € A,
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For every o € A, we have a unique vector t, € h which satisfies
(ta; h) = a(h)

for any h € hh. We will need the coroots h, of g, which are defined by

2,
(o, @)’

hy =
note that by definition, a(hg) = A, s for any o, 5 € A.

We now recall some properties of a Chevalley basis for g (see for example [Hu]
Chapter 7 or [FLM2] Chapter 6 for more details). A Chevalley basis contains a root
vector z,, for each o € A and the coroots h; = h,,, where the «; form a set of simple
roots. Let gz denote the Z-span of a Chevalley basis and let hz = gz N h. Then in
fact bz is the Z-span of all the coroots of g. The brackets between elements of gz
satisty

[hashp] =0
for any «, 8 € A,
[ha, 2g] = B(ha)rs = Apatp
for any «, 8 € A, and

+204p if a+peA
[To,z5] = +h, if a+B=0
0 it a+p4¢AU{0}
for any «, 8 € A. In particular, gz is closed under the bracket. To show that gz is

an integral form of (g, (-, -)), we also need that (-,-) is Z-valued on gz:

Proposition 3.3.1. If gz is the Z-span of a Chevalley basis for a finite-dimensional
simple Lie algebra g and if {-,-) is scaled so that long roots have square length 2, then

(-, ) is Z-valued on gz.

Proof. We just need to check that (x,y) € Z if x,y € bz or if z,y € gz are in root

spaces corresponding to opposite roots. First, for any o, 5 € A,

2(tw, hs) 2
he, hg) = _ Aoy €
< ) (o, ) (o, @) 8 €
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since ﬁ = 1,2, or3 according as « is a long root, a short root in types C, D, F', or

a short root in type G. Now, for any a € A,

1 1 1

(Ta,7_0) = §<[ha7$a]>377a> = §<hav [Ta, T_a]) = i§<hmhﬂx>

1
= i—Aa —a = :':17:':27 or + 3
(a,a) ™

according as « is a long root, a short root in types C', D, F, or a short root in type

G. This shows (-, -) is integral on all of gz. O

Since the Z-span gz of a Chevalley basis for g, Proposition 3.2.4 and Corollary
3.2.5 imply that if £ € Z, V5(¢,0) and Lz(¢,0) have integral forms generated by the
vectors a(—1)1 for a € gz. However, when g is a finite-dimensional simple Lie algebra,
there is another way to obtain integral structure in modules for g ([G]; see also [Mit],
[P]). The subring Uz(g) C U(g) generated by the elements (z, ® ¢")¥/k! for k > 0,
with n € Z and z, a root vector in a Chevalley basis of g, is an integral form of U(g)
which satisfies (3.5) and (3.6). We describe a basis of Uz(g) from [Mit]. Consider the
Chevalley basis {4, h;} of g, and suppose 6 is the highest root of g. Then g has an

integral basis consisting of the vectors
To @1, h @t", —hg®t° +k (3.9)

where n € Z. Given any order of this basis, a basis for Uz(g) consists of ordered

products of elements of the following forms:

(2o @ ™)™ (hi®t0+m—1) (—h9®t0+k+m—1)

m

(3.10)

m) m

where n € Z and m > 0, as well as coefficients of powers of x in series of the form
ol
exp (Z(hl ® t’”)x—,> (3.11)
Jj=1 J
forn € Z\ {0}.
If U is a finite-dimensional irreducible g-module with highest weight vector vy,

then Uz(go) - vo is an integral form of U as long as k acts as an integer ¢ (see [Hu]
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Chapter 7). Here Uz(go) = Uz(g) N U(go), which has as a basis ordered monomials
in elements of the form (3.10) where n = 0. Consequently any finite-dimensional
g-module has a U(gp)-invariant integral form since finite-dimensional g-modules are
completely reducible. Thus we can apply Theorem 3.2.3 and conclude that for any
finite-dimensional g-module U, the g-modules V5(¢,U) and Ly(¢,U) when ¢ € Z
have Uz(g)-invariant integral forms which are compatible with the conformal weight

gradings.

Proposition 3.3.2. The integral forms V5(¢,U)z and Lg(¢,U)z generated from an
integral form Uz of U by the action of Uz(g) are also generated from Uy by the action
of the operators xo(—n)™/m! for a € A and n,m > 0 and the coefficients of powers

of x in series of the form

exp (Z hi(—nj)%j>

Jj=1
forn > 0.

Proof. This follows immediately from (3.10), (3.11), and an appropriate choice of
order on the basis (3.9). O

We can now show that the integral forms obtained using this Uz(g) for a finite-

dimensional simple Lie algebra g have vertex algebraic integral structure:

Theorem 3.3.3. Suppose { € Z; the integral form V5(¢,0)z is the vertex subring

of V5(£,0) generated by the vectors x“(lgl)kl where k > 0 and x, is the root vector

corresponding to the root o in the chosen Chevalley basis of g. Moreover, if U is a
finite-dimensional g-module with integral form Uz and W is V5(€,U) or Lg(¢,U), then
Wy is the V5(¢,0)z-module generated by Uy.

Proof. Since Uz(g) is generated as a ring by the divided powers (z, ® t")*/k! where
a is a root of g and k > 0, we can express Wz = Uz(g) - Uz as the Z-span of products

of the form

Tay (M1)" Tay, ()"

kL k!

u, (3.12)
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where the «; are roots of g, m; € Z, k; > 0, and u € Uy (where U could be Cl,,
in which case we can take u = 1). By Proposition 2.2.4, we need to show that the

Z-span of such products equals the Z-span of coefficients of products of the form

Y (wml) LY (%xn) u. (3.13)

First we will analyze the vertex operator associated to a generator z,(—1)/k!,
where « is any root of g. First, observe that for any m,n € Z,
[za(m), 24(N)] = [Ta, To](Mm + 1) + (T, Ta)MOpino = 0.
By (3.3), this means that
Y (zo(—=1)1,21), Y (24(—1)1, 29)] = 0.

Thus for any k > 0, the product Y (z,(—1)1, x)¥ is well-defined and equals the normal-
ordered product °Y (z,(—1)1,x)% (see [LL] (3.8.4)). Then we can apply Proposition
3.10.2 in [LL] to conclude that

Y (Ml,x) Y (24(—1)1, z)"

k! k!
1
— g (Z J}a(nl)x—m—l) . (Z :Ea(nk)x_”k_1>
' n1E€Z nL€Z
1
= H ( D Falm)- -%(m)) z ok (3.14)
T 1€EZ \ny+-+ng=l
Consider the coefficient of x='=* in (3.14) for any [ € Z, that is,
1
k! Z Ta(m) -+ - za(ng). (3.15)
’ ni+...4+np=IL

Since the z,(n) commute with each other, for any o € S,, zo(n1)- - xa(ng) =
Ta(Ne1)) -+ Ta(Noky). Thus we can collect some of the terms in (3.15).

Take any “partition” of [ into exactly k parts, where parts are allowed to be
negative or zero, as well as positive. Suppose the distinct parts are nq,...,n,, where

n; occurs ¢; times, that is, n; € Z, nyiy + ... 4+ npiy, =1, and 4, + ... + 4, = k. The
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terms in the sum in (3.15) corresponding to this partition are x,(ni)™ - - z4(n,)™

and all permutations. The number of distinct permutations is

(O

(note that (k_il_zi;:imfl) = (Z:’”) = 1). This equals

im

k! (k —iy)! R

(k —i)Viy! (k — i1 — dg)! iy T aldgl iy,

Hence the sum of all terms in (3.15) corresponding to this partition is

]_ kf' . . xa n i1 xa nm im
xa(nl)“ L. xa(nm)zm _ ( 1) ( )

kliVigl -, il )

Thus the coefficient of 277% in Y (z,(—1)1,2)*/k! is

> ) ) o
partitions of [ ’ ’
with k parts

Considering the case U = Clg, it is clear from (3.12), (3.13) and (3.16) that the
vertex subring generated by the = ) 1 is contained in V5(¢,0)z. On the other hand,
we can use induction on k to show that for any m € Z and « a root of g, z,(m)*/k!
preserves the vertex subring generated by the =~ )" 1. This is trivially true for £ = 0.
If k> 0, take [ = mk in (3.16) to conclude that

za(m)* (xa(—l)’“l) - 3 %f(_”l)il ...xa(f‘mym, (3.17)

k! k! ! T

partitionss(m,...,m)
Since each 7; < k on the right side, by induction every term on the right side preserves
the vertex subring, so x,(m)*/k! does as well. Since 1 is in any vertex subring, (3.12)
with v = 1 now implies that V5(¢,0)z is contained in the vertex subring generated by
the x”‘( 1) 1. Thus V5(¢,0)z equals the vertex subring generated by the “(k;,l)k
For general finite-dimensional U, the same argument using (3.16) and (3.17) shows

that the Z-span of products of the form (3.12) equals the Z-span of coefficients of

products of the form (3.13). This completes the proof of the theorem. O
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Corollary 3.3.4. The integral form L5(¢,0)z of L3(¢,0) is the integral form of Lz(¢,0)

as a vertex algebra generated by the vectors w“(k;!l)kl where o 1s a root and k > 0.

Proof. We know from the proof of Theorem 3.3.3 that Lz(¢,0)z is spanned by coef-
ficients of products of the form in (3.13) with u = 1, but by Proposition 2.2.4, this
is precisely the vertex subring of Lg(¢,0) generated by the %1. Note that al-
though the Y in (3.13) is the vertex operator for V5(¢,0) acting on Lz(¢,0), the vertex

operator for L5(¢,0) acting on itself is defined the same way. O

Corollary 3.3.5. If g is of type A, D, or E and { is a non-negative integer, the
integral form Lg(¢,0)z of L(¢,0) is generated by the vectors I“(k;!l)kl where o is a

root of g and 0 < k < /.

Proof. This follows from the well-known fact that for any long root a, z,(—1)"!

Uy =
0, where g is a highest weight vector of a standard irreducible level ¢ g-module (see

for example Proposition 6.6.4 in [LL]). O

Remark 3.3.6. The integral form L3(¢, 0)z in Corollary 3.3.5 is generally larger than
the one constructed using the integral form of U(g) obtained in Proposition 3.2.2,
although they coincide when g is a finite-dimensional simple Lie algebra of type A,

D,or E and ¢ = 1.

3.4 Further properties and results

In this section, we assume that g is a finite-dimensional simple complex Lie algebra
with nondegenerate invariant form (-,-) normalized so that long roots have square
length 2. Recall from Proposition 3.3.1 that (-,-) is integral on the Z-span gz of a
Chevalley basis {z,, h;} for g. We shall first apply the results from Chapter 2 on
the conformal vector and contragredient modules to the vertex (operator) algebras

V5(¢,0) and Lg(¢,0) and their modules, where ¢ € Z. Then we shall classify certain
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integral intertwining operators among Lz(¢, 0)-modules where ¢ is a non-negative in-
teger. Throughout, we shall use the integral forms introduced in Theorem 3.3.3 and

Corollary 3.3.4.

Proposition 3.4.1. Suppose Vy is the integral form V5(¢,0)z or Lg(¢,0)z with { € Z.
Then w s in the Q-span Vi of Vz and Vy is generated by lowest weight vectors for
the Virasoro algebra, so Vi may be extended to a larger integral form containing kw

for any k € Z such that k*c € 27.

Proof. If V is the vertex operator algebra V5(¢,0)z or Lg(¢,0)z and {u;} is a Chevalley

basis for gz with dual basis {u}} with respect to the form (-,-) on g, then

w = m Z wi(—1u(—1)1

where h is the dual Coxeter number of g. Since ¢, h € Z and (-, -) is integral on gz so

that each u; is in the Q-span of gz, we have w € V. Moreover, V7 is generated by

the vectors m“(lgl)k 1 for a a root, x, the corresponding root vector in the Chevalley

basis of g, and £ > 0. The commutation relations
[L(m), za(=1)] = Za(m — 1)

for any m € Z (see for example [LL] Section 6.2), and the fact that x,(m — 1)

commutes with z,(—1), imply that for m > 0 and k£ > 0,

To(m —1)1 = 0.

Since also %1 is homogeneous of conformal weight £, this means V7 is generated
by lowest weight vectors for the Virasoro algebra. The last assertion now follows

directly from Theorem 2.3.2. O]

Since V5(¢,0)z and Lg(¢, 0)z are generated by lowest weight vectors for the Virasoro

algebra, Propositions 2.5.1 and 2.5.2 immediately imply:
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Proposition 3.4.2. The contragredient of a V5(¢,0)z-module or an Lg(¢,0)z-module
is a V5(¢,0)z-module or an Lg(¢,0)z-module.

Note that the contragredient of Lg(¢, L)z, where A is a dominant integral weight of
g, is an integral form of Lg(¢, L)~) which is not necessarily equal to Lg(¢, Lx+)z. In
particular, Lg(¢, Ly-)7, is an integral form of Lg(¢, L) which is not necessarily equal
to Lg(¢, Ly)z. Note that the lowest weight space of Lg(¢, Ly+)y is (La+)7, the Z-dual
of (Lx+)z.

Now suppose /¢ is a non-negative integer and consider the simple vertex operator
algebra L3(¢,0). We consider intertwining operators among three Lg(¢, 0)-modules
Ls(¢, Ly,) for i = 1,2,3, where (\;,6) < ¢, § the highest root of g. In the statement
of the following theorem, we use Uz(g) to denote Uz(g) N U(g), which by (3.10) has

as a basis ordered monomials in elements of the forms

JIZ} hl—i-m—l
m!’ m

where m > 0 and we identify 2, = 2, ® t° and h; = h; @ t°.

Theorem 3.4.3. The lattice of intertwining operators within VLLAE((;’LL::*’))LA(E Ln) which
g\ 1 g\ 2

are integral with respect to L5(€, Ly, )z, Ls({, Ly,)z, and L5(€, Ly+)!, is isomorphic to
g 1 g 2 g 3z

Hom, (g)(((Lx,)z ®z (Lx,)z)/ Wz, (L))

where Wy, is the Uz(g)-submodule of (Ly,)z®z (Ly,)z generated by vectors of the form

£—(A1,0)+1
:139 )
(0 — (A, 0) +1)!

Uy, & wW.

Here vy, is a highest weight vector generating (Ly,)z as a Uz(g)-module, and w €

(Lx,)z-

L—(X1,0)+1
20+

Remark 3.4.4. We use vectors of the form vy, ® i - w to generate Wy,

[’}
—(\,0)+1)!

7<)‘179>+

¢ 1 . L
rather than vectors of the form vy, ® z, - w, to avoid unnecessary torsion in

the quotient ((LM)Z Xz (L>\2>Z)/Wz.
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Remark 3.4.5. Note that this theorem determines which intertwining operators in
La(6,Ly.) )
L;(E,L,\ls) Ly(6Lyy) satisfy
(Wis), Y(way, v)we)) € Z{x}

for any way € Lg(¢, L)z, wey € Lg(¢, Ly, )z, and wES) € Lg(l, Ly;)z, rather than

which intertwining operators satisfy

y : [fg(ga LM)Z@[@(&L}Q) (E L>\3) {I}

It is not clear that there will generally be any non-zero intertwining operators which

satisfy the latter condition.

Proof. First suppose an intertwining operator Y is integral with respect to Lg(¢, Ly, )z,

Lg(¢, Ly,)z, and Lg(¢, Lxs)7. Then the map
T(Y) 1 way ® we) = wa)(0)w)

given in (3.4) sends (Ly,)z ®z (Lx,)z into (Ly;)7 and equals zero on Wz, € W =

(on @z " w).

Conversely, suppose
[ (La)z ®z (Lay)z = (Lag)z

is a Uz(g)-homomorphism which equals zero on Wz. Then f extends to a U(g)-
homomorphism from Ly, ® Ly, to L’)\g & L), which equals zero on W. Thus since 7

given in (3.4) is an isomorphism, f induces an intertwining operator
Vit Lg(l, Ly,) @ Lg(¢, Ly,) — Lg(¢, Ly ){z}
which has the property that
(Wis), Y(way, v)we)) € Z{x} (3.18)

for w1y € <L>\1)Zv W) € (L)\Q)Z, and wzg) c (L)\;))Z Since (L>\1>Z and (LA2>Z
generate Lg(¢, Ly, )z and Lg(¢, Ly,) as Lg(¢,0)z-modules, respectively, by Theorem
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2.4.9 it is enough to show that (3.18) holds for wy € (La,)z, we) € (La,)z, and
Wiz € Lg(l, Lyg)z. Since (3.18) holds when wiy) € (Lyg)z, by Proposition 3.3.2 it is
enough to show that if it holds for some particular w(3) € Lg(l, Lx:)z, then it also

holds for the coefficients of powers of y in

exp (Ta(—n)y) - wiy)

where « is a root and n > 0, and for coefficients of powers of y in
NAN
exp Z hi(=nj)= | - w,
=1 J
where n > 0.
We will need to use the following commutator formula which holds for any a € g
and m € Z, which follows from the Jacobi identity (2.17) by setting v = a(—1)1 and

taking the coefficient of x5z, *: for w(y € Ly,
la(m), Y(way, z)] = 2" Y(a(0)wqy, z).
Then if also w) € Ly, and m > 0,
a(m)Y(way, )wee) = " Y(a(0)wqy, x)w). (3.19)

We will also use the fact that for any Lg(¢,0)-module W, w € W, w" € W', a € g,
and n € Z,

(a(n)w',w) = (W' — a(—n)w).

This follows from (2.7) and (3.3).
Now suppose (3.18) holds for w(y) € Lg({, Ly;)z and n > 0; then by (3.19),

(exp(za(—n)y) - w(3),y(w(1),x)w(2) = (wﬁs)aeXp(—%(")y)y(w(n,x)w@))

— (), V(exp(—za(0)a"y) - way, )w € Z{z, y}
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because for any m > 0, % w1y € (Ly,)z. Additionally, for each n > 0,

J
<eXp (Z hi(—nj)z—) -w23>,y(W<1>,93)W(2)> =

i>1
J
<w23>7exp (Z —hi(nj)z—) y(w(l),x)w(2)> =
i>1
(=)
<w23),y<exp (—h@-<o> NI ";y) ) ~w<1>,x>w<2>> -
i>1

(w(z), Y(exp(hi(0)log(1 — 2"y)) - way, ¥)w(z)) =

(Way, V(1 = 2"y)" O - wiyy, 2)we)) € Z{z, y}

because

a0 = (M)

k>0
Note that (hilgo)) “w() € (L, )z because A; is a dominant integral weight of g, and

thus h;(0) acts on basis elements of (Ly, )z as integers. This completes the proof. [
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Chapter 4

Integral forms in vertex (operator) algebras and
modules based on even lattices

In this chapter we study integral forms in conformal vertex algebras and modules
constructed from even lattices. Integral forms in vertex algebras based on even lattices
were first studied in [B], but here we provide a new proof of the construction based
on generators, and we prove the existence of integral forms in modules. We also
show when the standard integral form of a lattice conformal vertex algebra contains
the conformal vector w, and we show the existence of integral intertwining operators

among modules for a lattice vertex algebra.

4.1 Conformal vertex algebras based on even lattices

We recall the construction of conformal vertex algebras from even lattices. Suppose L
is a nondegenerate even lattice with symmetric bilinear form (-, -). Consider also the
space h = C®z L, an abelian Lie algebra with a (trivially) invariant form. Thus we can
form the Heisenberg vertex operator algebra Va(l, 0), which is linearly isomorphic to
S (E_), the symmetric algebra on h_. We can also construct the twisted group algebra
C{L} as follows: given a positive integer s, take a central extension of L by the cyclic
group of s elements:

1= (k| &*=1) = L>L — 1. (4.1)

If wy is a primitive sth root of unity, let C,, denote the one-dimensional (x)-module

on which x acts as w,. Then the twisted group algebra is the induced L-module

C{L} = C[Z] @cits)) Cun-
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It is linearly isomorphic to the group algebra C[L]. We need to choose the integer s
and the central extension so that the commutator map c¢q, defined by the condition

ab = bar©@b) for a,b € Z, satisfies the condition

ool — (_1)ed)

for a,, § € L. For instance, since L is even, we can take s = 2 and ¢o(a, f) = (v, 5)
(mod 2). (The isomorphism class of the resulting vertex algebra does not depend on
the choices of s and the central extension; see [LL], Proposition 6.5.5.) The L-module

C{L} is also a module for h = h @ t°:
h(0)(a® 1) = (h,a)(a® 1)

for h € hand a € L. Also, for o € L and z a formal variable, define a map z* on

C{L} by

22(b®@1) = (b® 1)zl

forbe L.
We can now extend the vertex operator algebra structure on S (E,) to the larger
space

V., = S(h_) ® C{L}.

For a € L, use (a) to denote the element 1 ® (a ® 1) € V;,.. As a vertex algebra, V,

is generated by the ¢(a), which have vertex operators
Y((a),z) = B~ (—a,z)E" (—a,x)az® (4.2)

where
a(n) _
E:I: — n
(o, x) = exp Z —
nE:I:Z+
for any o € L, and a denotes the action of a € L on C{L}. The conformal element

of V1, is the same as the conformal element in the Heisenberg algebra:

dim b

]' 7 7
0 =5 2 a1
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where {a(?} is a basis for h and {3?} is the corresponding dual basis with respect
to (-,-). If L is positive definite, Vy, is a vertex operator algebra in the sense that the
finiteness restrictions on the weight spaces hold. If L is not positive definite, V7, is

still a strongly L-graded conformal vertex algebra, where for o € L,
Ve =5(h-) @ ifa),

with a € L such that @ = a.
To obtain modules for Vi, consider L°, the dual lattice of L, and construct the
space

o~

Vie = S(h_) @ C{L°}

in the same way we constructed V7. In particular, we need a central extension of L°

by (k| k® = 1), s an even integer, with commutator map ¢y, having the property that
weol@d) — (_ 1yl (4.3)

for a, 5 € L, where wy is the sth root of unity used to construct C{L°}. Such a
central extension always exists (see Remark 6.4.12 in [LL]).

Then Vi is a Vz-module with the same action of ¢(a) as in (4.2). For any S C L°,
denote by C{S} the subspace of C{L°} spanned by elements of the form a ® 1 where
a € S. Then the spaces

Vair = S(h-) ® C{B+ L},

where [ runs over coset representatives of L°/L, exhaust the irreducible Vz-modules
up to equivalence.

The vertex algebra Vj, (repectively, the module V.) is spanned by vectors of the
form

aj(—nq) - - ag(—ng)e(d)

where a; € L, n; € Zy, and b € L (respectively, b € L°). Such a vector has conformal

weight o
b,b
nl—i—...—l—nk—i—ue(@.

CIE
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The modules Vi. and Vs where 8 € L° are modules for V;, as strongly L-graded

conformal vertex algebra since they are graded by L°:

Ve = ]_[ Vv

Yy€EL®
where V7 = S(h_) ® 1(c), ¢ € L° such that ¢ = v, and Vi1 is also graded.

We now recall the intertwining operators among V;-modules from [DL]. For any

B € L°, we have an intertwining operator
Vs : Vo @ Vo — Vie{z},
where for any ¢ € L° such that ¢ € B+ L,
Vs(i(e), x) = B~ (—¢,2) BT (—¢,x)ca’e™c(-, B). (4.4)
Here, the operator e™ on V. is given by
P u®(c) = emPu @ i(c)

for u € 5(6_), ¢ € L°, and the operator c(+, B) is defined by

c(-,B8) - u®i(c) = we®y @ u(c).

is an intertwining operator of type (V:ﬁ V«Lm)
vy

Then for any v € L°, Vslv,, .0

Vy+r

From [DL] we have:
Proposition 4.1.1. ([DL]) For any «, 3,y € L°,

(CyB‘VB+L®V'y+L if a= ﬂ + v

Vs, = Vo - _
0 it a#pB+7y

Va+LVyiL

The vertex operator algebra V, has a unique up to scale nondegenerate invariant
bilinear form (-, -), since it is simple and (V1) 0)/L(1)(Vz) (1) is one-dimensional ([Lil]).

We normalize this form by setting (1,1) = 1, and then for any u,v € V,

(u,v) = Resy 2711, Y (XMW (=2~ 2Oy 27 1)o).
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In particular, for a,b € E,
(u(a), (b)) = Res, 271 (1, (=2 2) @92 B~ (—a, 2~ )&% 1 (ab))
= (=) "2, 50(1, 1(ab)),

where if @+ b = 0, t(ab) = (k") = w1 for some n € Z, so that (1, :(ab)) = w”. Note
that since for any 8 € L°, Vslv,, ev_4,, 15 @ non-zero intertwining operator of type

(v v

Var V76+L)’ Proposition 2.5.5 implies that V3, =V g, p.

4.2 Construction of integral forms

In order to obtain integral structure in a lattice conformal vertex algebra Vj and its
modules, we first need to show that we can choose the central extension so that we
have integral structure in the twisted group algebra C{L}. Given a central extension
Lo of L°, we can choose a section L° — f;, denoted [ +— eg for B € L°. We define a

2-cocycle ¢ : L° x L° — Z/sZ by
eals = ea+5ﬁ€°(a’5).

Conversely, given a 2-cocycle (such as a bilinear map) g¢ : L° x L° — Z/s7Z we can
define a central extension of L° by (k|x® = 1) (see Proposition 5.1.2 in [FLM2]).
Given an gq, define e(a, 5) = wP@?) " The following lemma is an adjustment of

Remark 6.4.12 in [LL] (see also Remark 12.17 in [DL]):

Lemma 4.2.1. There exists a central extension L° satisfying (4.3) and a section

L° — I° such that e(a, ) = x1 for any o, 5 € L.

Proof. 1t is possible to choose a base {a,...,o} of L° so that {njaq,...,nay},
where the n; are positive integers, forms a base for L. Since (-,-) is Q-valued on L°,
there is a positive even integer s such that 5(«a,3) € Z for any «, 3 € L°. Then we

have the bilinear 2-cocycle gy : L° x L° — 7 /sZ determined by its values on the base:

ag,a5) +sZ if i<
80(051',043') = .
0 if 1>
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Using bilinearity, we have for i < j

S S
co(nicvi, nja;) = ninje(ay, o) = ninj§(ai, a;) + SZ = §<nz~az~, nja;) + sZ.

Since (-, ) is Z-valued and bilinear on L, it follows that ¢(a, 8) = 1 for o, f € L.

The 2-cocycle gy corresponds to a section of a central extension 1o of L°; we need
to show that the corresponding commutator map satisfies (4.3). The commutator
map cg is given by

co(e, B) = €o(a; ) — €o(f; @) (4.5)

for o, 8 € L° since

€atp = €ap st @P) = egey k0B Eo(@h)

Thus the commutator map is an alternating Z-bilinear form L° x L° — Z/sZ. Since
s
co(niovi, mjo) = §<niai, nja;) + sZ

for ¢ < j and since

(.8) = 500 B) + 52
is also an alternating bilinear form on L (since L is even), it follows that
s
CO(aaﬁ) = §<O{,/6> + sZ

for all o, 8 € L. Thus
w;ﬁo(a,ﬁ) — w;(mﬁ)/? — (_1)<a,5>

for a, 8 € L, as required. H

Throughout the rest of this chapter we will use the central extension and section
of Lemma 4.2.1. Moreover, we will assume that eg = 1, so that ¢(ey) = 1. Thus V,
is generated as vertex algebra by the (e,) for @ € L. This motivates the following

definition:
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Definition 4.2.2. Set V, z to be the vertex subring of V, generated by the (e, ) for
a € L. Moreover, for any 8 € L°, set Vgir 7 equal to the Vi z submodule of Vs,

generated by t(eg). In particular, Vi z is the Vi z submodule of V7, generated by 1.

The algebra part of the following theorem is originally due to Borcherds [B] and
has been proved in [P] and [DG]; here we extend the theorem to modules and use a

new method of proof:

Theorem 4.2.3. The vertex subring Vi z is an integral form of Vi, and for any

B € L°, Vayrz is an integral form of Vayr.

Proof. Since V, 7 is closed under vertex algebra products and contains 1 by definition,
we just need to show that for any 8 € L°, Vs, 7 is an integral form of the vector
space Vsip and that Vi, 7 is compatible with the L° x Q-gradation of Vs, as in
(2.12). By Proposition 2.2.4, Vs, 7 is the Z-span of coefficients of products of the

form
Y(t(ea,),z1) ... Y (t(ea,), xk)t(es) (4.6)

where «; € L. Since t(eg) and t(e,) for o € L are homogeneous in the L° x Q-
gradation of V., it follows from (2.6) and (2.8) that coefficients of products as in (4.6)
are doubly homogeneous. Hence Vg1 7 is compatible with the L° x Q-gradation:
VarLz = H V(ZL) NVsirz (4.7)
~EB+L,neQ
To show that Vp,r 7z is an integral form of the vector space Vg, it is enough
to show that for any v € 84 L, V() N V412 is a lattice in V), whose rank is the
dimension of V(ZL) Since the vectors i(e,) for a € L generate Vj, as a vertex algebra
and since t(ep) generates Vg as a Vi-module, Vi1 7z spans Vi, over C, and thus
by (4.7), V(ZL) N Viir,z spans V(Z) over C for any v € 5+ L. Thus if V(l) NVairz is a
lattice, its rank is at least the dimension of V(ZL)
On the other hand, since e(a, 5) = £1 € Q for any «, 8 € L, V;, and Vs, have

Q-forms, namely, the Q-subalgebra Vo C Vi, generated by the ¢(e,) for a € L, and
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the Vy, g-submodule Vs, o generated by t(eg), respectively. They are spanned over

Q by the vectors

ar(—ny) - - ag(—ng)L(eqnes)

where o, ; € L, n; € Z, and [ = 0 in the algebra case. Now, any set of vectors in
V(ZL) NVa4rz which is linearly independent over Z is linearly independent over QQ since
a dependence relation over Q reduces to a dependence relation over Z by clearing
denominators. Thus, since Vi 7z C Vi g, any set of vectors in V(Z) N Vsirz which
is linearly independent over Z is linearly independent over C. This means that if
Vioy N Vsirz is a lattice, its rank is no more than the dimension of Vi ,.

Thus we are reduced to showing that for any v € 5+ L, V(ZL) N Vairz is a lattice
in V(ZZ), that is, it is spanned over Z by a finite set. To show this, we use formula

(8.4.22) in [FLM2] to obtain

Y(e(ear); x1) -+ Y (eleay), wr)iles) = oY (lear) 1) - Y (elea, ), 2x) s(es)-

II =)o,

1<i<j<k
where o; € L. (See also formula (8.6.6) in [FLM2]; we use the normal ordering
notation of [FLM2| here.) Since L is even and in particular integral, the binomial
product expansions on the right side involve only integer coefficients. Hence coeffi-
cients of the non-normal ordered product are integral combinations of coefficients of
the corresponding normal ordered product, and vice versa since the coefficients of
[T (immyoe
1<i<j<k

are also integers. This means that V7 is the Z-span of coefficients in products of
the form

Y (Uew), 71) - Y (1feay)s0) 20(es) (4.8)

where «; € L. By the definition of normal ordering, (4.8) equals

0517B> ak,ﬁ

$§ %i >E‘(—a1,:£1) B (—ag, wg)t(€ay - - €ar€p)-



65

Thus, because (o, 3) = £1 for any «, 8 € L, Vi1 7 is the Z-span of coefficients in

products of the form

E™(—a1,21) - E™ (—ag, vx)t(eqep) (4.9)
where o, ; € L. In fact, if {a(l), . ,oz(l)} is a base for L (or any finite spanning
set), we may take the «; in (4.9) to come from {j:oz(l),...,:i:oz(l)}, since if a =

2221 n;a'Y € L, then by properties of exponentials,

l

where if n; is negative, E~(—a® z)" = E~(a®, )™,

Recall that for a € L,

E (—a,x) =exp (Z a(;n)x"> ,

n>0

so the coefficient of 2™ in this operator increases weight by m. Hence the coefficient of

any monomial of total degree m in (4.9) is in V(fn Jf< Bta,fta

y/2)- The coefficients of such
monomials, with « fixed, for which m + (84 «, f + a) /2 = n span Vgypz N Vﬁ;ra.
Since {:I:a(l), .. .,:I:a(l)} is a finite set, there are only a finite number of ways of
obtaining coefficients of products of the form (4.9) that lie in V(i ;ra. This shows that
VZﬂV(fL )+O‘ is spanned over Z by a finite set of vectors for any n € Q, o € L, completing

the proof. O

Remark 4.2.4. We see from the proof of Theorem 4.2.3 that the integral form Vg1 7
depends on the choice of coset representative 5. If 8/ = S+« € S+ L for some o € L,

then
L(Gﬁ/) = L(ea—f—ﬁ) = €(a,ﬁ)_1L(eaeﬁ).
From (4.9), we then see that Vg, 17 = e, 8) V2.

Remark 4.2.5. Borcherds’ definition of V7, z in [B] does not use the vertex algebra

structure of V7; note that Vy, is also an associative algebra with product determined
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(a1 (=ma) -+~ aj(=my)e(a))(Bi(—=n1) - - - Br(—np)e(b)) =

ar(=my) -+ a(=my) Bi(—=n1) - Br(—ng)e(ab),

where oy, f;,a,b € L, m;,n; > 0. Thus V}, is generated as an associative algebra by the
elements «(a) for a € L and o(—n)1 where o € L and n > 0. There is a derivation D
of this associative algebra structure defined on generators by Di(a) = a(—1)c(a) and
Da(—n)1 = na(—n — 1)1. This is precisely the action of L(—1) on these elements,
and in fact D = L(—1). In [B], V, 7 is defined to be the smallest associative subring of
V. containing each ¢(e,) and invariant under D?/i! for i > 0. It is claimed that V7, z is
then generated as an associative ring by the ¢(e,) and the coefficients of E~(—a, x)1,
that is, V7 z is the Z-span of coefficients of products of the form (4.9) (where g is
now 0). From the proof of Theorem 4.2.3, we know that such vectors span V}, 7 as it
is defined here. Borcherds’ claim has been proven in [P], but we simplify the proof

here:
Proposition 4.2.6. The definition of Vi, z in [B] agrees with Definition 4.2.2.

Proof. Let Vi, denote the structure defined in [B], and V7, z the structure of Definition
4.2.2. First, we show V7 7z C VL*’Z. Since V7,7 is the Z-span of coefficients of products
of the form (4.9) and V', is an associative subring, it is enough to show that each
1(eq) for a € L and the coefficients of each E~(—a, z)1 for a € L are in V},. Now,
cach t(eq) € Vi, by definition; also Vi, is closed under L(—1)*/i! for each i > 0.

Thus for any « € L, V7 must contain the coefficients of

PV (e) =YV (ulen), £)1 = B~ (—a, x)i(eq).

L=N2y = Y (v, )1 for any v (formulas

Recall that in any conformal vertex algebra, e
(3.1.29) and (3.1.67) in [LL]). Since V, is an associative subring, it contains the
coefficients of

(B (—a,z)ifea))(te-a)) = £E (—a, )1,
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since e(a, —a) = £1.

On the other hand, V7, 7 is an associative subring of V7, (the associative product
of any two coefficients of products of the form (4.9) with 5 = 0 is again such a
coefficient). Also, Vy 7 is preserved by each L(—1)"/i! since it is closed under vertex
operators and e~y = Y (v, 2)1 for v € Viz. Thus Vi, C Viz, and Viz =

*
fL [l

Remark 4.2.7. If L is the root lattice of a finite-dimensional simple Lie algebra g
of type A, D, or E, the lattice vertex operator algebra V;, is isomorphic to the level
1 affine Lie algebra vertex operator algebra Lg(1,0). The isomorphism is determined
by

tleq) — £xo(—1)1,

for o a root of g and x,, the corresponding root vector in a Chevalley basis for g. (For
the proof of this result see [FLM2] and [DL].) From the definitions, it is clear that

the integral forms V; z and Lg(1,0)z correspond under this isomorphism.

4.3 Further properties and results

In this section we exhibit bases for the integral forms of modules for a lattice vertex
algebra. We also apply the results on the conformal vector and contragredient modules
from Chapter 2 to lattice vertex algebras, and we study integral intertwining operators
among modules for lattice vertex algebras. We continue to assume L is an even
nondegenerate lattice with dual lattice L°.

The following result on a Z-base for Vgirz, 8 € L°, has been proved for the
algebra case # = 0 in [DG], but since we will need it later, we include the proof for

completeness; assume now that {a(l), .. .a(l)} is a base for L:

Proposition 4.3.1. The distinct coefficients of monomials in products as in (4.9)

form a basis for Vg1 z, where the o; come from {oz(l), e ,oz(l)} and « is any element

of L.
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Proof. The proof of Theorem 4.2.3 shows that the coefficients of monomials in (4.9)
span Vg7 when the o; come from {:l:Oé(l), cee ia(l)}. But recall that E‘(a(i), x) =
E~(—a® x)~1 If we expand
E~(—a9 z) =1+ Zyijxj,
j>1
where y;; is a polynomial in the oY (—Fk), then

E_(Oz(i)’x) 1—|—Z - i Z (—Zyijxj)

n>0 >1

Thus the coefficients of E~ (o', x) are polynomials in the coefficients of £~ (—a(®, z).
This shows that the coefficients of monomials in (4.9) span Vs, 1z when the o; €
{a®,... a®Y,

We also need to show that the indicated coefficients are linearly independent (over
7). In fact, they are linearly independent over C, and to show this, it is sufficient to
show that the polynomials y;; are algebraically independent in S (E_) Since

— (@) N —a%n) _, _ a®(=n) ,
E~(—a" 1) exp(nz;o — ) exp(; " :v),
yi; = aW(—j)/j + Fy;, where Fj; is a polynomial in the oY (—k) with degree greater

than 1 and with £ < 7.

Now suppose there is a relation

F = E CivoiginognYivin = Yingr = 0,

where all coefficients ¢;, _;,.;,..j, are non-zero. If k,,;, is the smallest degree of any
monomial in the y;; in F, then the monomial in F in the a¥(—j5) that has minimal

degree is

C; Tk .
Z ik o () () ) (— ).

k_kmzn ,_71 DRI jk
Since the o (—7) are algebraically independent, this sum must equal 0; but then each
Ciy.igiji..je = 0 for k minimal as well. This contradiction shows that no nontrivial

relation F'({y;;}) = 0 exists, so the y;; are algebraically independent. O
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Remark 4.3.2. We can express this basis for Vs, 7 as the elements

Yivji * Yirjrt(€ats)
where £ > 0,1 <4 < ... <4 <1, Jpm < Jma1 if 4y = 4ppe1, and a € L.

We now prove the following result on when w can be added to the integral form

V1 z, which was first observed without proof in [B]:

Proposition 4.3.3. The integral form Vi, z of Vi, can be extended to an integral form

containing w if the rank of L is even and containing 2w if the rank of L is odd.

Proof. 1If {aM, ... a®} is a base for L with dual base {8, ..., W} for L°, then

Since (-,-) is integral on L, 3 € Q ®z L for any 1 < i <[, so that w is in the Q-
span of V7, 7. Moreover, V7 is generated by the lowest weight vectors for the Virasoro
algebra t(e,) for @ € L. Then by Theorem 2.3.2, V}, 7 can be extended to an integral
form containing kw for any k € Z such that k%c € 2Z. Here c is the central charge of
Vp, which equals the rank of L. Thus we can take k£ = 1 if the rank of L is even and
k = 2 if the rank of L is odd. [

We now determine when V7, 7 already contains w; the “if” part of the following

proposition appeared in [BR1]:

Proposition 4.3.4. If L is an even lattice, the integral form Vi z of Vi contains w

if and only if L is self-dual.

Proof. Suppose {04(1), e a(l)} is a base for L. We know from Proposition 4.3.1 that
an integral basis for Vz z N V(g) consists of distinct coefficients of monomials of degree

2 in products of the form

E~ (=o', 2))E~(—aW, 2,)1 (4.10)
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where 1 < 4,5 < [. Since

E~(—a,x) =exp <Z @x”)

n>0

=1+a(-z+ (O‘(_Q) ;O‘<_1)2) L (4.11)

the distinct coefficients of monomials of degree 2 in (4.10) are

a®@(=2) + a(-1)?

a®(—=1)a (-1)1, 5

1 (4.12)

where 1 <1 < j <[. We can take these quadratic polynomials as a base for VLZﬂV(g)
Now suppose {81, ..., 30} is a basis of h dual to {a®,...,aV}, and write
B = 22:1 c;ial¥) where ¢;; € C. Then

l l
1 . 1 :
w=3 > (-1)p0 (- =3 Z ¢jiad? (=1)al? (-1)1
i=1 J=1
l
=Y %a@(—nﬁ +) Gy TG ; Gt 0@ (—1)aD (~1)1. (4.13)
i=1 i<j

In view of the base (4.12) for VL,ZHV(%), we see that w € V7 if and only if ¢;;, ¢;;+¢;; €
27 for all i and j # 1.
Since {BW,..., B0} is a dual basis,
!
(89, 89) - <B(”, z%a<k>> ey
k=1
Since (-,-) is symmetric, we have ¢;; = ¢;;. Consequently, w € V7 if and only if
cii € 27 for all ¢ and ¢;; € Z for i # j. If L is self-dual, each B9 e L, so each cij € I
also, since L is even, ¢; = <ﬁ(i), B(i)> € 27 for each i. Conversely, if each ¢;; € Z,
then each 8% € L, so L is self-dual. Thus we see that w € Vi z if and only if L is
self-dual. O

Example 4.3.5. If L is the root lattice of Eg or the Leech lattice, then w € Vi 7.

We now apply the results on contragredient modules from Section 2.4 to lattice

vertex operator algebras and their modules. Since V7, 7 is generated by the vectors
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t(e,) which are lowest weight vectors for the Virasoro algebra, Propositions 2.5.1 and

2.5.2 immediately give us
Proposition 4.3.6. The contragredient of a Vi, z-module is a Vi, z-module.

Recall that the contragredient of Vs, is V_g,;. We shall now use an invariant
bilinear pairing as in (2.27) to identify V' ;. ; ; as a sublattice of Vs, 1 z. First we
calculate (2.27) with Y = Y3 and with the form (-,-)y, on V; normalized so that

(1,1)y, = 1. Thus for v € Vg4, and v € V_gy 1, we have
(u,v) = Res, (1, (Vs)(u, e’rix)exL(l)v)VL.
In particular, (4.4) implies that for v € f+ L, v € =5+ L,
(iex): tfex)) =
Res, 271 (1, e ™00 2pm 00 B (<, =27 e, (™) =0 e ey, B)iley) v, =
Res, &' (1, e 7100=000/2 =000 B (—y, —a™)e(v, B)e (1,7 )eleqi))vy =

em =280 2y, B) Ve (7, 9) 0y 0- (4.14)

Moreover, from (4.14), we see that for any o € L,

(t(eats), tle—ac—p)) = e, B)e(—a, =B)(t(eats), t(e—a—p))
= e(a, B)2e e BatB 200 4+ B, B) Le(a + B,a + B) 7

= ™2 (o ) LeT™BA 2B B (B, )7,

since c(a, B) = e(a, B)e(B,a) ™! from (4.5).
If we now renormalize the invariant pairing (-,-) between Vzy; and V_gy; by

setting
('; ')new = eﬂi<6’ﬁ>/2c(ﬁ7 ﬁ)g(ﬁa B)(’ ')01d7

we see that now

(t(eaes), tleae—p)) = (=1) @ e(a, @) M dataro € Z
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for any a, @’ € L. We can use this new invariant bilinear pairing between Vs, and

V_g4r, which is the form in (2.27) with

Y =P8, B)e(B, B)Valvasrovpis

to identify V' 5, | ; as a sublattice of Vj, 1z, for any 8 € L°. The proof of Proposition

3.6 of [DG] works in the module generality to give

Proposition 4.3.7. For any 3 € L°, the integral form V', ; ; is the integral form

of Va1, integrally spanned by coefficients of products of the form

E™(=pv,21) -+ E7 (=B, wi)i(eaes)
where B; € L° and o € L.

Note that since L C L°, this proposition shows that V', ; is generally larger

than Vs, 7. The case 8 = 0 gives:

Corollary 4.3.8. The integral form VL’7Z 15 the integral span of coefficients of products
of the form
E~(=p1,21) - E~(—Bk, xr)t(eq)

where B; € L° and o € L.

Remark 4.3.9. Note that the precise identity of V' 4, ; , depends on the choice of
normalization of the invariant bilinear pairing between Vs, and V_g, ;. We shall
take V' 5. ; 7 as described in Proposition 4.3.7 as the official V’ 5, ; ;, since we have

vB—i—L,Z Q Viﬁ—i—L,Z this way.

We conclude this chapter by demonstrating some integral intertwining operators
among V-modules:
Theorem 4.3.10. For any 5, € L°, there is a rank one lattice of intertwining oper-
B+

ators within V™7 integral with respect to Vaipz, Vorrz, and Vg ;. Moreover,

this lattice is spanned by

yﬁmZ — e—m'wyv)g(,y’5)—1yB|VE+L®Vv+L.
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Proof. From the definition (4.4) of Vg, we have

Vs(i(es), x)u(ey) = B~ (=B, 2) EF (=B, 2)xP " e™ P (v, B)i(ege,)
= s ET (=B, 2)e™ Ve (v, Be(B,7) e (B, 7)i(epty)

= 2PN E (=B, 2)em N e (v, B)ilepiy).

Then

Vooz(iles), 2)ule,) = eV E™ (=B, 2)ilepss) € Vg, 1 z{z} (4.15)

by Proposition 4.3.7.

Since t(eg) and t(e,) generate Viipz and V,yp 7, respectively, as V, z-modules,
Theorem 2.4.9 implies that YV, 7z is integral with respect to Vsirz, Vyirz, and

V!5 i1z Moreover, we see from Proposition 4.3.7 and (4.15) that for ¢ € C,

Vg rz(iles), w)u(ey) € Vi ipz{w}

if and only if ¢ € Z. Thus Vs, 7z spans the lattice of intertwining operators in VB/B ;r K

which are integral with respect to V17, V112, and Viﬁ_sz. O

Remark 4.3.11. Note that (4.15) shows that for 8,y € L°, Vs, z((es), z)i(e,) ¢
Vairytrz{x} since in general 5 ¢ L. It is not clear that any non-zero integer multiple

of Vs .~z is in general integral with respect to Vayrz, Viirz, and Vaiyirz.
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Chapter 5

Integral forms in tensor powers of the Virasoro
vertex operator algebra L(%, 0) and their modules

In this chapter we study integral forms in tensor powers of the Virasoro vertex op-
erator algebra L(%,O). These vertex operator algebras are significant because, for
instance, the vertex operator algebra Vg, based on the Eg root lattice contains a copy
of L($,0)®'% and the moonshine module V* contains a copy of L(%,0)%* ([DMZ]).
Thus studying integral forms in tensor powers of L(3,0) and their modules may allow

the construction of interesting integral forms in Vg, and V2.

5.1 Tensor products of vertex operator algebras and modules

We first recall from [FHL] the definition of the tensor product of vertex operator alge-
bras (U, Yy, 1y,wy) and (V, Yy, 1y, wy). The tensor product vertex operator algebra

is the vector space U ® V' with vertex operator given by

Yuev (ua) © vy, ) (ue) @ v@e) = Yu(up), 2)ue) @ Yy (v, ©)ve,  (5.1)

vacuum given by

lygv = 1y ® 1y

and conformal vector given by
wuegy = wy @ 1y + 1y @ wy.

The central charge of U ® V' is the sum of the central charges of U and V. If Wy is

a U-module and Wy, is a V-module, then Wy ® Wy, is a U ® V-module with vertex
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operator analogous to (5.1):
Yigow, (u @ v, 2)(wy @ wy) = Y, (u, £)wy @ Yy, (v, £)wy,

We have the following result on generating sets for tensor product vertex operator

algebras and modules:

Proposition 5.1.1. If U s generated by S and V is generated by by T', then U @ V'
15 generated by

{s®1,1®t|se S, teT}.
Moreover, if Wy is a U-module generated by QQ and Wy is a V-module generated by
R, then Wy @ Wy, is generated as a U @ V-module by

{¢@7r|qe @, r e R}.

Proof. Since U is generated by S and V is generated by T', the subalgebra of U ® V
generated by the elements s ® 1 and 1 ® ¢ contains U ® 1 and 1 ® V. Then this

subalgebra must contain all of U ® V' because for any u € U, v € V, it contains
Res, 2 'Y (u®1,2)(1 ®v) = Res, 27 'Y (0, 2)1 @ v = u @ v.

Moreover, since () generates Wy as a U-module, by applying vertex operators of the
form Y(u ® 1,z) for u € U to vectors of the form ¢ ® r, we see that the U ® V-
submodule of Wiy @ Wy, generated by the vectors ¢ ®r contains Wy ®r for any r € R.
Then by applying vertex operators of the form Y (1®wv, z), we see that the submodule

generated by the vectors ¢ ® r equals Wy @ Wy,. [

It is easy to see that if U and V are two vertex operator algebras with integral
forms Uy and V7, respectively, then Uy ®z V7 is an integral form of U @ V. More-
over, if Wy is a U-module and Wy is a V-module with integral forms (Wy )z and
(Wy )z, respectively, then (Wy )z ®z (Wy )z is a Uz ®z Vz-module. It is also clear that

Proposition 5.1.1 applies to vertex rings and modules.

Remark 5.1.2. All the definitions and results in this section have obvious general-

izations to tensor products of more than two algebras or modules.
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5.2 Vertex operator algebras based on the Virasoro algebra

Now we recall the construction of vertex operator algebras based on the Virasoro
algebra (see for instance [FZ] or [LL] Section 6.1 for more details). Recall the Virasoro
Lie algebra

L=]JcL,ecCe

nez
with ¢ central and all other commutation relations given by

m3—m

Lm7Ln: - Lmn
Lo L] = (m 1)L +

Om+n,0C (5.2)
for any m,n € Z. The Virasoro algebra has the decomposition into subalgebras

L=L,®Lo®L_,

where
Ly= [[ cL,
nEFZ4
and
Eo = (CLO D Cec.

We also define the subalgebra
Egl - ‘C, EB £0 EB (CL,L

For any £-module V| we use L(n) to denote the action of L,, on V.
Now for any complex number ¢, we have the one-dimensional £<;-module C, on
which £_, Ly, and L_; act trivially and on which c acts as the scalar . Then we

form the induced module
V(£,0) = U(L) ®uc.y) Co,

which is a vertex operator algebra with vacuum 1 = 1 ® 1 and generated by its

conformal vector w = L(—2)1 with vertex operator

Y(L(-2)1,2) =)  L(n)a™"">.

ne”l
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To construct irreducible V' (¢,0)-modules, we take a complex number h and con-
sider the one-dimensional £_ & Lo-module Cyj on which £_ acts trivially, c acts as

the scalar ¢ and Lg acts as the scalar h. Then we form the Verma module
M, h) =U(L) @uic_ary) Con,

which is a V(¢,0)-module. For any h € C, M (¢, h) has a unique irreducible quo-
tient L(¢, h), and these modules L(¢, h) exhaust the irreducible V(¢,0)-modules up
to equivalence.

Note that V'(¢,0) itself is a quotient of M (¢,0) by the submodule generated by
L(—1)1. It is often the case that V(¢,0) is irreducible as a module for itself and
is thus equal to L(¢,0). In this case, the irreducible L(¢,0)-modules consist of all
L(¢,h). From [W], V(£,0) is reducible if and only if

6 _ 2

g = Cp’q = 1 — M
pq

where p and q are relatively prime integers greater than 1. In this case, the irreducible

L(cp,q, 0)-modules are the modules L(cp g4, b n) Where

(np — mq)® — (p — @)

hm n —
’ 4pq

forO0<m<pand 0 <n <gq.

Taking p = 3 and ¢ = 4, we obtain ¢34 = %, and L(%, 0) has the three irreducible
modules L(%, 0), L(%, %), and L(%, %) Moreover, for any positive integer n, the vertex
operator algebra L(%, 0)®" is simple, and all its irreducible modules are obtained as
tensor products of irreducible modules for L(3,0) ([FHL]).

We conclude this section by showing the existence of Q-forms inside the irreducible

L-modules L(¢, h) for {,h € Q, using the same kind of argument as in the proof of
Theorem 3.2.3:

Proposition 5.2.1. Suppose £, h € Q and vy, spans the lowest conformal weight space
of L(¢,h). Then L(¢,h) has a Q-form L({,h)g which is the Q-span of vectors of the
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form
L(—nq) - L(—ng)vp (5.3)

where n; > 0.

Proof. Let Ug(L) denote the Q-subalgebra of U(L) spanned by monomials in the
basis elements L,, for n € Z and c. Similarly, let Ug(L4) denote the Q-subalgebras
spanned by monomials in the basis elements L, for n > 0, and let Ug(Ly) denote
the Q-subalgebra spanned by monomials in Ly and c. Since the structure constants
for the basis { L, }nez U{c} given by (5.2) are rational, choosing an appropriate order
on the basis and the Poincaré-Birkhoff-Witt Theorem show that Ug(L) is a Q-form

of the associative algebra U(L) and
Ug(£L) = Ug(L+)Ug(Lo)Ug(L-).
Now we define the Ug(L)-module
L(l,h)g = Ug(L) - vp = Ug(L+) - vn

where the second equality follows because L(n)v, = 0 for n > 0, L(0)v, = hvy, € Qup,
and ¢ - v, = v, € Qu,. Note that L({, h)g is thus given by the Q-span of vectors
of the form (5.3), which means that the C-span of L(¢,h)q is all of L(¢, h). Note
also that the intersection of L(¢, h)g with the lowest conformal weight space Cuvy, of
L(¢,h) is Qup,. For any w € L(¢, h), we use wy, to denote the component of w in the
lowest conformal weight space of L(¢, h).

Since L(¢,h)q is the Q-span of a spanning set for L(¢, h) over C, to show that
L(¢, h)gis a Q-form of L(¢, h), we just need to show that any set of vectors in L(¢, h)q
that is linearly independent over Q is also linearly independent over C. To prove this,
suppose to the contrary that {w;}*, C L({,h)g is a set of (non-zero) vectors of

minimal cardinality which are linearly independent over @Q but linearly dependent

over C (note that £ > 2). This means there is some dependence relation

k
E CiW; = 0
=1
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where ¢; € C*.

Now, there is some y € Ugp(L_) such that (y - wy), # 0, because otherwise w,
generates a proper L£-submodule of L(¢, h), contradicting the irreducibility of L(¢, h).
Note that for 1 <7 <k, (y - w;)n = q;up, where ¢; € Q and ¢ # 0, since y preserves
L(¢,h)g and L(¢, h)g N Cv, = Quy. Thus

k k k
0= (y : Zciwi> = ZQ(?J Swi)p = (Z Ci%’) Uh;
i—1 o=l i=1
or Zle ¢;q; = 0. Then
k k k k
0=aq Z CiW; — (Z Cin’) wy = Z(Ci(hwi — cigiw) = Z ci(qrw; — giwn).
i=1 i=1 i=1 =2
Since q; # 0 and the vectors {w;}*_; are linearly independent over Q, the vectors
{qrw;—quwy }F_, are also linearly indepedent over Q. But since they are also dependent

over C, this contradicts the minimality of {w;}¥_,. O

5.3 Integral forms in L(3,0)*"

In this section we construct integral forms in tensor powers of the Virasoro vertex

operator algebra L(%, 0) using generators. We start with the following basic result:

Proposition 5.3.1. The vertex operator algebra L(%, 0) has an integral form gener-

ated by 2w.

Proof. Since w = L(—2)1 is contained in the Q-form L(},0)q given by Proposition
5.2.1 and w generates L(%, 0) as a vertex operator algebra, Proposition 2.3.5 imme-

diately implies that L(3,0) has an integral form generated by 2w. O

Now for any positive integer n, we consider L(%, 0)®"; for any i such that 1 <14 <mn,
we set

w(z) — 1®(i—l) ®Rw® 1®(n—i)'

Then as an immediate consequence of Propositions 5.1.1 and 5.3.1, we have
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Corollary 5.3.2. For any integer n > 1, L(%,O)@D” has an integral form generated

by the vectors 2w for 1 <i <mn.

Although the preceding corollary gives integral forms in L(%, 0)®™ for any n, these
forms do not contain w. We would like to construct integral forms in L(%, 0)®"™ which
do contain w; from Proposition 2.3.1, this will not be possible unless n € 47, since
the central charge of L(3,0)®" is 2. To facilitate the construction of integral forms
containing w in L(3,0)®", we recall the definition of a binary linear code (see for
example [MS], but we use the notation of [FLM2| Chapter 10).

Let © be an n-element set. Then the power set P({2) is a vector space over Fy, the

field of two elements, where addition is given by symmetric difference: for S, 7" C €,
S+T=(S\(SNT)Uu(T\(SNT)).

A binary linear code C is an Fy-subspace of P(£2). One example of a binary linear
code is the subspace

E(Q)={S CQ||S| €27}
of subsets of €2 of even cardinality.

The Fa-vector space P(f2) has a nondegenerate Fy-valued bilinear form given by
(S, T)— |SNT|+2Z
for S, T C Q. Given a code C C P(Q2), the dual code Ct is given by
Ct={SCQ||SNT| € 2Z for any T € C}.

A code C is self-dual if C = C*. We say that a code C is a Type II binary linear code
if |2 € 4Z, Q € C, and |T'| € 4Z for any T' € C. Note that if Q € C, then C is closed
under complements.

We now take n > 1 and consider L(3,0)®", and we identify Q = {1,...,n}.
Consider a code C C P(Q) and for any 7' € C, we define wy € L(%,0)®" by

wp = Zw(i) - Zw(i).

igT ieT
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The main result of this section is:

Theorem 5.3.3. Suppose n € 47, Q = {1,...,n}, and C C E(Q) is a binary linear
code satisfying ) € C and for any distinct i,5 € ) there is some T;; € C such that
i € Ty and j ¢ Ty;. Then the vertex subring L(%,0)3" generated by the vectors wr

for T € C is an integral form of L(3,0)®™ containing w.

Proof. Tt is clear that w € L(3,0)g" since w = wy. Since the vectors w® are homoge-
neous of conformal weight 2, so are the vectors wy for T’ € C, and so by (2.6), L(3,0)g"
is compatible with the conformal weight gradation of L(3,0)®" in the sense of (2.10).
We will show that the C-span of L(3,0)¢"™ equals L(3,0)®" by showing that L(3,0)¢"
contains multiples of the generators w of L(3,0)®". This will show that the inter-
section of L(1,0)§" with each weight space L(3 0)%2:; for m € Z spans L(%,O)%ﬁ).
Then it will suffice to show that for any m € Z, L(3,0)¢" N L(3,0)(, is a finitely
generated abelian group, that is, a lattice. This is because L(3,0)¢" € L(3,0)3",
where L(%, 0)g is the Q-form of Proposition 5.2.1; as in the proofs of Theorems 2.3.2
and 4.2.3, if we can show that L(1,0)3" N L(3 O)(  is a lattice in L(} O)?ﬂﬁ‘), its rank
must equal the dimension of L(3,0){7).

To show that L(%, 0)&™ contains multiples of w® for 1 <i < n, we claim that for
any 1,

7&]() = Z wr € L(§,0)é® .

To prove this claim, consider any j # 4, and let C;; denote the one-dimensional code
spanned by {i,7}. The dual code C;; has dimension n — 1 because it contains 2"~

sets containing both ¢ and j and 2”2 sets containing neither ¢ nor j. Since Tj; € C is

not in C;;, C 4+ C;; = P(2), so that

5
dimC QC; =dimC —|—dimC$ —dim (C +C§) =dimC — 1.

This means that half the sets in C contain neither or both of ¢ and j and half contain

exactly one of ¢ and j. Since €2 € C, C is closed under complements. This means
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that of the sets in C which do not contain ¢, half contain ;7 and half do not. By the
definition of the vectors wy for T' € C, this proves the claim.

Now to finish the proof of the theorem, we just need to show that for any m € Z,
L(3,0)&"NL(3, O)%g) is the Z-span of finitely many vectors. For ¢ such that 1 <+¢ < n,

we write

ZL 7n2

ne’

so that for any 7 and n € Z,

note that for m,n € Z, [L™W(m), LY (n)] = 0 when i # j. Also for T € C, we write

fn72
wT, E LT .

neL

By Proposition 2.2.4, L(%, 0)&" is the Z-span of vectors of the form
Ly (my) -+ L (my)1 (5.4)

for T; € C and m; € Z.

We now compute the following commutators for S, T € C and m,n € Z:

[Ls(m), Ly(n)] = | Y LO(m) = 3" LO(m), Y LY (n) =Y L9 (n)

¢S €S j¢T JjeT
= > [L9(m), L) = > [LD(m), LD (n)]
igS+T i€S+T
IPORLUREED W)
i€ S+T 1€S+T
((n =[S +T|) =[S+ T[)(m*>—m)
+ 24 5m+n,0

- 5 )5,”%,0. (5.5)

Since n € 4Z and C C £(R2), and since Ly(n)l = 0 for n > —1, we can use these

commutator relations to straighten products of the form (5.4), so that L(3,0)&" is
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the Z-span of vectors of the form
Ly, (=n1) -+ Ly (=) 1

where T; € C and ny > - -+ > ny > 1. Since wy has conformal weight 2, L7(—n) raises
conformal weight by n. Since also C is finite, this shows that for any m € Z only
finitely many vectors are required to span L(%, 0)&" N L(%, O)((Eis). This completes the

proof. O]

Remark 5.3.4. Note that the generating set {wy |T € C} for L(3,0)g" is redundant

since if T is the complement of T' € C, then wre. = —wr.

We record two special cases of Theorem 5.3.3 in the following corollary:

Corollary 5.3.5. If n € 4Z and C C P(Q)) equals E(Y) or is a Type II self-dual code,

then L(%,0)3" is an integral form of L(3,0)®".

Proof. Clearly Q € £(Q2) and € is in every Type II code by definition. Thus to apply
Theorem 5.3.3 we just need to show that for any distinct 7,7 € €2, there is some
T;; € C such that i € Tj; and j ¢ T;;. If C = £(12), then we can take T;; = {7, k}
where k is distinct from ¢ and j (such a k exists because n € 47).

If C is a Type II self-dual code, suppose for some 7 and j the desired T;; does not
exist. Then since 2 € C, C is closed under complements and every set in C contains
both or neither of i and j. This means {i,j} € C* = C, which is a contradiction since

|T| € 4Z if T' is a set in a Type II code. Hence the desired T;; exists. ]

Example 5.3.6. We recall the smallest non-trivial Type II self-dual binary linear
code, the Hamming code H on a set € of 8 elements (see [MS] Chapter 1 or [FLM2]
Chapter 10). The Hamming code can be described in several ways, but if we identify
Q=1{1,2,...,8}, we can realize H explicitly as the sets

0, {1,2,3,4}, {1,2,5,6}, {1,2,7,8},

{1,3,5,7}, {2,4,5,7}, {2,3,6,7}, {2,3,5,8}

and their complements.
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5.4 Integral forms in modules for L(3,0)%"

We start this section by showing the existence of integral forms in certain modules for
L(3,0)®" for n € 4Z. We use an integral form L(3,0)&" where C is a code satisfying
the conditions of Theorem 5.3.3. Recall that the irreducible L(%, 0)-modules are given

by

1 1
Wy = L(§, hi) ®---® L(§, hy)
where H = (hy, ..., h,) € {0, 3, 5}™

Proposition 5.4.1. Suppose n € 47, and C C £(Q) is a code satisfying the conditions
of Theorem 5.3.3. Moreover, suppose H = (hy, ..., h;) € {0, %}" is such that h; = %
for an even number of i. If vy = v, @ - - - @ vy, where vy, spans the lowest conformal
weight space of L(3, h;), then the L(3,0)&" -module Wy ¢ generated by vy is an integral
form of Wy.

Proof. By Proposition 5.1.1, Wy is generated as an L(%, 0)®"-module by vy, so the
L(%, 0)&"-module generated by vy spans Wy over C. Also, Wy ¢ is compatible with
the conformal weight grading of Wy because vy is homogeneous of weight A1 +...+h,
and the generators wy for T € C of L(3,0)3" are homogeneous of weight 2. Thus, as
in the proof of Theorem 5.3.3, we just need to show that for any conformal weight
n € C, Wge N (Wh) @) is spanned over Z by finitely many vectors.

By Proposition 2.2.4 and the commutation relations (5.5), Wy is the Z-span of

products of the form

Ly, (=n1) -+ Ly (—ng)vm (5.6)

for T; € C and nqy > ... > n; > 0, as in the proof of Theorem 5.3.3. Now suppose
that S C Q is the set such that h; = 5 for i € S, so that by assumption |S| € 27Z.

Then for T € C,

S| —1SNT] \Smﬂ) CS

LT(O)UH = ( 5 5 7 — ‘S N T’) vy € Zvg.
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Thus Wy ¢ is in fact the Z-span of products of the form (5.6) where now ny > ...n; >
0, and we conclude that Wy e N (WH)(n) is spanned over Z by finitely many vectors

for any n € C, just as in the proof of Theorem 5.3.3. m

We see that if H = (hy, ..., h,) € {0, %, %6}" is such that h; = % for an odd number
ofiorif h; = % for any ¢, the L(%, 0)&"-module generated by vy will not usually be an
integral form of Wy. This is because we will generally have Ly (0)vy ¢ Zuy, for T € C,
even if C satisfies the conditions of Theorem 5.3.3. For the remainder of this section,
we will concentrate on the case n = 16, since the lattice vertex operator algebra Vg,
based on the Eg root lattice contains a subalgebra isomorphic to L(3,0)®'¢ ([DMZ]);
thus our work here suggests an alternate approach to obtaining integral structure in
Vg, different from the approach in Chapter 4. Since the moonshine module vertex
operator algebra V¥ similarly contains a subalgebra isomorphic to L(%,0)®* ([DMZ]),

the same ideas may lead to the construction of explicit integral structure in V2.

The decomposition of Vi, into submodules for L(3, 0)®'6 from [DMZ] is as follows:

Vi, = 1T Wy @2'Wr .
1616
H=(h1,...,h16)€{0,5 }'6
hi+...+h16EZ

Remark 5.4.2. Actually, according to [DMZ], the multiplicity of W 1o in Vg,
is 28. However, this seems to be an error; there are (126) = 120 submodules Wy where
H = (h1,...,hig) € {0,2}1% is such that hy + ...+ hig = 1, and then (%)) +27 = 248

gives the correct dimension of (Vg,)n).

Since we have already obtained integral structure in the modules Wy for which each

h; € {0, %} and hy + ...+ hig € Z, we now find a code Cig on a 16-element set such

®16

that W, ) has an integral form generated as an L(%,0)¢ -module by v

ERET FINRERS
16’ 16 167 16
To construct Cy6, we consider an 8-element set 2 = {1,2,...,8} and an 8-element
set Q' = {1',2',...,8}. For any T' C Q, we use T" to denote the corresponding set
in €. Suppose H is a Hamming code in P(€2). Then we define Ci6 to be the code

in P(QUY) generated as an Fao-vector space by the sets T U T for T € ‘H and .
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Thus Cy6 is the 5-dimensional code consisting of the 32 sets T UT" and T'U (1")¢ for
T eH.

Proposition 5.4.3. The binary linear code Cyg satisfies the conditions of Theorem

5.3.8, and for any T € Cyg, |T| € 8Z.

Proof. We have QU Q' € Cy4 since 2 € H. We need to show that for any distinct
i,j € QU there is some Tj; € Cy6 such that i € T;; but j ¢ T;;. Now for any i € €2
and j # 1,7, there is some T € H such that i € T but j ¢ T (if j € Q) or j ¢ T’
(if j € '), using Corollary 5.3.5 since H is a Type II self-dual code. In this case
we can take T;; = TUT'. If j =4, then ¢ € T for some T' € H, and we can take
Ti;; =T U (T")°. The proof if i € ' is the same.

To prove the second assertion of the proposition, we note that for any T" € H,
|T| € 4Z. 1f |T| = 0, then |TUT"| = 0 and |T"U (T")¢| = 8. If |T'| = 4, then both
ITUT'| =8and |TU(T")¢| =8. If |T| =8, then |[TUT’| = 16 and |TU(T")¢| =8. O

Proposition 5.4.4. Suppose n = 16 and H = (1—16,~~~ ,%). Then the L(%,O)?Bﬁﬁ—

submodule Wy c,, of Wy generated by vy is an integral form of Wy.

Proof. The proof is the same as the proof of Proposition 5.4.1, except that for T" € Cyg,

vy € Zvg

16— 7| |T| 16 — 2|T]

because |T'| € 8Z by Proposition 5.4.3. O]

5.5 Contragredients, integral intertwining operators, and fu-

ture directions

In this section, for n € 4Z and C C £(£2) a code on an n-element set () satisfying the

conditions of Theorem 5.3.3, we consider the contragredients of and intertwining op-

erators among L(%, 0)&"-modules. We also indicate a possible program for obtaining
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new integral forms in vertex operator algebras containing a subalgebra isomorphic to
L(L,0)®" in particular Vp, and the moonshine module V*.

We first observe that since L(3,0)) = C1, and L(3,0)a) = 0, [Lil] implies that
L(3,0) has a one-dimensional space of invariant bilinear forms (-, -); since in addition
L(%, 0) is a simple vertex operator algebra, any non-zero such form is nondegenerate.
In particular, L(%, 0) is self-contragredient. In fact, any irreducible L(%, 0)-module
is self-contragredient, since the contragredient of an irreducible module is irreducible
and the contragredient of a module has the same conformal weights as the module.
Note that the conformal weights of L(%,h) are in h+ N for h =0, 3, &.

For h = 0, %, %, we let (+,-), denote the invariant bilinear form on L(%, h) such
that (vp,vn) = 1, where vy, is a lowest conformal weight vector generating L(3, h)
and vy = 1. We note that for any n > 1, irreducible modules for L(3,0)®" are self-
contragredient; for any H = (hy,...h,) € {0,%, 5}, the module Wy = L(3,h) ®
+++® L(3, hy,) has a nondegenerate invariant bilinear form (-, )y determined by

n

(Ul K- R Up, W1 KR wn)H - H(viawi)hm
i=1

where v;, w; € L(3, ;) for i =1,....n.
Now take n € 4Z, Q = {1,...,n} and suppose C C £(f2) is a code satisfying the
conditions of Theorem 5.3.3. Since L(1)wr = 0 for any T' € C, Propositions 2.5.1 and

2.5.2 immediately imply:
Proposition 5.5.1. Contragredients of L(5,0)g"-modules are L(3,0)¢"™-modules.

Moreover, if Wy is an irreducible L(3,0)®"-module such that the L(3,0)¢"-module
W generated by a lowest conformal weight vector vy is an integral form of Wy,
then we can use the form (-,-)y to identify Wy . with another, generally different,
integral form of Wy.

We now consider intertwining operators among L(3, 0)®*"-modules and state the

main result of this section:
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Theorem 5.5.2. Suppose n € 4Z, Q = {1,...,n}, and C C E(Q) is a code satis-
fying the conditions of Theorem 5.3.3. In addition, suppose Wy fori=1,2,3 are
irreducible L(3,0)®"-modules such that the L(5,0)&"-modules Wy ¢ generated by a
lowest conformal weight vector vy are integral forms of Wyay. Then an intertwining
operator Y € VV‘:/ET;)WH@) is integral with respect to Wy ¢, Wy ¢, and WI/{(3>,C if
and only if the coefficient of Y(vyay, )vge in the lowest weight space of W) is in

Zvy sy, where we identify W) with W1/{(3> using (-, ) g -

We first prove the following general lemma, whose proof uses the cross-brackets

of [FLM2] Section 8.9:

Lemma 5.5.3. Suppose n € Z, Q ={1,...,n} and C C P(Q) is a code. If Y is an

intertwining operator among L(%, 0)®"-modules Wy fori=1,23, then
[Lr(m), (v, x)] = 2™ [Lr(0), Y(vgw, x)] +ma™ V(Lr(0)vga, x) (5.7)
forT € C and m > 0.

Proof. In the Jacobi identity (2.17) for intertwining operators, we take v = wr for

T € C and w(1) = vy and consider the coefficient of 96622

Tr1 — Zo

(z1 — 22)[Y (wr, 21), Y (v, 22)] = Resy, x5 16 ( o ) V(Y (wr, xo)vga), T2)

= x;lé (%) V(L7 (0)vga), xs),

2

since Ly(i)vgay = 0 for i > 0. Now taking the coefficient of 7™ 2 and replacing

with x, we obtain
[Lr(m +1), Y(vgay, ©)] — z[Le(m), V(vgw, x)] = 2" Y(Lr(0)vya),z).  (5.8)

We now prove (5.7) by induction on m. It is certainly true for m = 0, and
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assuming it is true for m > 0, we see from (5.8) that

[Lr(m + 1), Y(vgay, 2)] = 2[Lr(m), V(vga), )] + 2™ Y (Lr(0) vy, ©)
= 2(2™[Lr(0), Y(vga), x)] + ma"Y(Lr(0)vga, z)) + 2™ V(L (0)vga , ©)

= 2" Lr(0), Y(vgw, )] + (m + D™ Y(Lr(0)vga), o),
proving the lemma. O]
We now proceed with the proof of Theorem 5.5.2:

Proof. Since we identify Wy with Wi ) using (-, ) e and since (vye), vge ) ge =

1, it is clear that if ) is integral with respect to Wy ) ¢, Wy ¢, and Wl’i(zj)’c, then the

coefficient of Y(vya), z)vye in the lowest weight space of Wi must be in Zvys).
Conversely, suppose that the coefficient of Y(vgya), x)vge@ in the lowest weight

space of Wy is in Zvgs), that is,

(y(va s m)UH(z) s UH(3))H(3) € Z{ZL’} (5.9)

By Theorem 2.4.9, it is enough to prove that

(V(vga), 2)vge, w) e € Z{z} (5.10)

for any w € Wy . To prove this, we use induction on the conformal weight of w
(which is contained in ) ;" h§3) + N), the base case given by (5.9). Since we see from
the proofs of Propositions 5.4.1 and 5.4.4 that W) is the Z-span of vectors of the
form

Ly (=ma) -+ Ly (—mg)vge

where m; > 0, it is enough to show that if (5.10) holds for w € Wy o of weight less
than some fixed N, then it also holds for Ly(—m)w for any T' € C and m > 0.

To prove this, we first observe that since

Yo(wr, ) = Y (eFW (=272 Oy o7 = 27V (wp, 27Y),
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the operator Lp(m) is adjoint to Ly(—m) with respect to (-, )y for any T € C.

Then we use Lemma 5.5.3 and the fact that Lr(m)vye = 0 for m > 0 to obtain

(Y(vga, z)vge, Lr(=m)w) e = (Lr(m)Y (v, 2)vge, w) o
= ([Lr(m), Y(vgw, )|vge, w) e
= (2" [Lr(0), Y(vgw), 2)lvge + ma™Y(Lr(0)vga), 2)vge, w) g
= 2" (V(vga), ¥)vge, Lr(0)w)ge — 2™ (Y(vgw, ) Lr(0)vge, w) ge

+ ma™ Y (Lr(0)vgay, ©)vge,w)ye € Z{zx}

because Lr(0)vya € Zvge for i = 1,2 and Ly(0)w € Wy o has the same weight

as w. This proves the theorem. O

We conclude this chapter by outlining a strategy for obtaining interesting integral
forms for a vertex operator algebra V' which contains a vertex operator subalgebra
isomorphic to L(3,0)®" for n € 4Z. From [W] and [DMZ], the L(3,0)®"-module V
is completely reducible, and has a finite decomposition V' = [[ Wy for some H =
(hi,... hy) € {0,3, 53" IfQ = {1,...n} and C C £(Q) is a code satisfying the
conditions of Theorem 5.3.3, and if for any Wy appearing in the decomposition of V|
the L(3,0)g"-submodule Wy ¢ of Wy generated by a lowest conformal weight vector
vy is an integral form of Wy, then Ve = [[ Wy is an integral form of V' as a vector
space.

We observe that if Wyu for i = 1,2,3 are three submodules appearing in the
decomposition of V', then the vertex operator Y on V restricted to Wy & Wy 2 and
projected onto Wy ) is an intertwining operator of type (WHIZ;IS/;(Q)). To show that
Ve is an integral form of V' as a vertex operator algebra, we would first need to show
that we can choose the lowest weight vectors vy generating Wy ¢ so that v, . g =1

and so that for any triple of submodules Wy for ¢ = 1,2,3 in the decomposition

of V, the coefficient of the lowest power of z in the projection of Y (vya), z)vge to
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Wiy is in Zvgs). If this can be done, then Theorem 5.5.2 shows that
Y Ve® Ve = Vello, ™),

where we use the forms (-,-)y to identify V with its contragredient as an L(3,0)®"-
module (not as a V-module).

However, it is not generally the case that Vo = V¢, so it would also be necessary
to show that for any triple of submodules Wy for ¢ = 1,2, 3 in the decomposition of
V, Y maps Wya) @ Wy into Wyes). It is not clear under what circumstances this

is the case. It is true for Wya) = L(%,

0)*™ and Wy@ = Wye. We conclude this

dissertation with an example that illustrates the issues involved:

Example 5.5.4. Let () be the A; x A; root lattice: Q) = Zoy + Zay where (o, o) =
20;;. Consider the lattice vertex operator algebra Vp; since (a, ) € 2Z for any
a, € @, we can take the central extension (4.1) of @ to be trivial. For any a € @,

we define

tlea)® = tleq) £ile_q).

The proof of Theorem 6.3 in [DMZ] shows that V, contains a vertex operator

subalgebra isomorphic to L(1,0)®*, where

w® — %(Oq + ) (—1)%1 + %L(BMMQ)JF,
w® — %(061 + o) (—1)%1 — iL<ea1+OA2)+7
Ww® — %6(&1 — ) (—1)%1 + ib(ealag)ﬂ
w® = %(041 — as)(—1)*1 — iL<€al—a2)+'

It is not hard to check that the decomposition of Vg into L(%, 0)®%-modules is given
by

Vo = 1T Wy,
H=(h1,hy,h3,h4)€{0,5}*
hi+ha+hs+hs€Z
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where the lowest conformal weight vectors generating the submodules in the decom-

position can be taken to be

Uear)" £ t(€ar)”  tar)” £lens)” (£ az)(=1)  a1(=1)" — ap(=1)"

17 Y Y Y
2 2 2 4

1.

Setting Q = {1,2,3,4} and C = £(N), we take these vectors as the vectors vy
generating Vg e) as an L(%,O)?{lm—module. If we try to show that Vg ¢@) is an
integral form containing w of V() as a vertex operator algebra, it is straightforward to
calculate the vertex operators Y (vya), 2)vge to find their lowest coefficients.
However, it is not generally the case here that Wy eq) = W}LS(Q). For example,
consider H = (%, %,0,0). Then the weight 2 subspace of Wy is the Z-span of the
vectors Ly(—1)vy for T € £(Q), which is the integral span of the vectors (LM (—1) £

L®(—1))vy. But

(LD(=1) £ LD (=1))vn, (L (=1) £ LO(=1))v)ns =
(v, (LD (1) £ LP W) (LD (1) £ LD (=1))v)n =

(vir, 2(LY(0) + LP(0))vg )y = 2.
Similarly,
(LW (=1) & L (=1))vg, (LY (=1) F LP(=1))vgy)g = 0,

so that the weight 2 subspace of Wi, g@) 18 the integral span of the two vectors

%(L(l)(—l) + L(2)(—1))UH, ShOWiIlg that (WIQI,S(Q))(Q) 2 (WHyg(Q))(Q).
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