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ABSTRACT OF THE DISSERTATION

Finite-difference and finite-element solution of boundary

value and obstacle problems for the Heston operator

by Eduardo Osorio
Dissertation Director: Paul M. N. Feehan

We develop finite-element and finite-difference methods for boundary value and obstacle
problems for the elliptic Heston operator. For the finite-element method we first review
existence and uniqueness results for these problems on weighted Sobolev spaces, where
their variational formulations are formulated, and finite-dimensional subspaces are cho-
sen to find approximating solutions, and obtain error estimates and numerical results.
Similarly, for the finite-difference method, we start by reviewing the existence, unique-
ness and regularity results on boundary value and obstacle problems on weighted Holder
spaces, then consider finite-difference operators, establish discrete maximum principles

for them, and obtain error estimates and numerical results.
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Chapter 1

Introduction

Stochastic volatility processes are used in mathematical finance as models for asset
prices when valuing derivative securities, such as options. In these models, the volatility
of the underlying security is itself a random process.

Stochastic volatility processes are one way to address a defect in the Black-Scholes
model [6], where the underlying volatility is constant over the life of the derivative and
hence they cannot explain observed features of the implied volatility surface, such as
volatility smile. Although the simpler diffusion model of Black-Scholes is still widely
used, mostly due to the availability of closed-form analytical pricing formulas for many
types of derivatives, by assuming that the volatility of the underlying price is a stochastic
process rather than a constant, it becomes possible to value and hedge derivative prices
more accurately.

The Heston process [27] is one example of a stochastic volatility process where the
randomness of the variance, that is, the square of the volatility, obeys a Cox-Ingersoll-
Ross [10] stochastic differential equation. Let S(¢) and V' (¢) be the price of an asset and
its instantaneous variance, respectively, to be determined by the system of stochastic

differential equations

dS(t) = uS(t)dt + /V(t)S(t)dW*> (t)

dV (t) = k(0 — V(b))dt + o/V (t)dW" (t)

(1.1)

where W9 (t) and WV (t) are Wiener processes with constant correlation p € (—1,1).
This process is widely used as an asset price model in mathematical finance, but it is a
degenerate diffusion process where the degeneracy in the diffusion coefficient is propor-

tional to the square root of the distance to the boundary of the upper half-plane. The



generator of this process with killing [32, Section 8.2] is called the elliptic Heston oper-
ator and is a second-order elliptic, but not strictly elliptic, partial differential operator
whose coefficients have linear growth in the spatial variable y.

The Feynman-Kac theorem, [32, Section 8.2] for strictly elliptic PDEs and [22] for
the elliptic Heston operator, relates stochastic differential equations to a parabolic par-
tial differential equation, where its elliptic part is precisely given by the generator of
the process. This parabolic partial differential equation can be used to calculate the
price of a derivative security whose underlying asset follows a stochastic volatility pro-
cess, such as , but a closed-form solution usually does not exist, hence a numerical
approximation is needed. Solving the associated elliptic problem numerically becomes
a stepping-stone towards this goal, and that is the case which we consider in our thesis.
We could have considered parabolic versions of the boundary value and obstacle prob-
lems for the elliptic Heston operator, but we focus on their elliptic versions as there are
no new essential difficulties.

A recent citation search revealed that over 1000 articled in scientific journals, not
including books, reference the stochastic volatility model proposed by Heston in [27].
An example of this is Hilber-Schwab-Reichmann-Winter’s book Computational Meth-
ods for Quantitative Finance where they are able to prove existence and uniqueness of
solutions in suitable weighted Sobolev spaces (different from the ones we will consider)
to the boundary value problem for the elliptic Heston operator, but only for restricted
values of the constant parameters appearing in (B = 2k0/0? < 1). By combin-
ing Feehan and Daskalopoulos results [12] with a coercivity result of our own, we can
prove this existence and uniqueness for all values of 3. Furthermore, despite of the
widespread use of this degenerate stochastic process in financial engineering, we don’t
think, besides Kluge’s diploma thesis |2§], there has been very much good work address-
ing unresolved fundamental questions concerning the numerical solution of boundary
value and obstacle problems for it, where convergence proofs are properly developed,

as we do it in this thesis.

*A Thompson-Reuters Web of Knowledge [34] citation search performed on December 2, 2013 yielded
1034 references.



In Chapter [2] we start by reviewing results obtained by Feehan and Daskalopoulos
[12] about existence and uniqueness of solutions to both boundary value and obstacle
problems in weighted Sobolev spaces, together with our own results concerning the
coercivity of the bilinear form in their variational formulations. We also extend our
coercivity result to slightly more general operators than the Heston operator. Chapter
and Chapter 4] describe the Galerkin method and, for a collection of functions that
we prove to be a basis, we also formulate the finite-element methodology to solve both
the boundary value problem and the obstacle problem on a bounded open subset of
the upper half plane. We prove convergence and obtain rates of convergence of the
finite-element solutions for both problems, but numerical results are obtained only
for the boundary value problem. Our MATLAB code implementation is not efficient
enough to allow us to get numerical results for the obstacle problem within a reasonable
computation time.

In Chapter [5| we review existence, uniqueness and regularity results, derived by Fee-
han [16], for both boundary value and obstacle problems on weighted Holder spaces,
followed by our own results in Chapter [6] with the analysis of some finite-difference
operators, where we establish conditions on their parameters so that they satisfy dis-
crete maximum principles, and we provide convergence results for the finite-difference
solutions in the case of the boundary value problem. Finally, in Chapter [7] we combine
the penalty and projection methods with the finite-difference methods of Chapter [6] to

obtain numerical results for the obstacle problem.



Chapter 2

Review of weighted Sobolev spaces, and existence and
uniqueness of solutions to elliptic Heston boundary value

and obstacle problems

2.1 Elliptic Heston boundary value problem

Definition 2.1.1 (Spatial domain for the Heston partial differential equation). Let
O C H := R x [0,00) be a possibly unbounded open subset with boundary 0O, let
Iy :=HNOoOo, let Ty denote the interior of {y = 0} N OO, and require Ty to be non-

empty. Notice that 00 =ToqUT| =ToUT};.

We consider questions of existence, uniqueness, and regularity of solutions, u : & —

R, to a boundary value problem
Au=f ae in0, u=g only, (2.1)

where f : & — R is a source function, g : I'1 — R is a function that prescribes a
Dirichlet boundary condition along I'y, and A is an elliptic differential operator on &
which is degenerate along I'g. Notice that no boundary condition is prescribed along
Iy - the reason why will be clear once we formulate a variational formulation to the

problem of solving the equation Au = f. Throughout this thesis we set

Au = —% (uM + 2p0Ugy + 02uyy) —(r—q—y/2)uy — k(0 — y)uy + ru, (2.2)
and notice that —A is the generator of the two-dimensional Heston stochastic volatility
process with killing [27].
2.1.1 Hypotheses for the boundary value problem

The coefficients of A are required to obey



Assumption 2.1.2 (Strict ellipticity condition). The coefficients defining A in Equa-

tion (2.2)) are constants obeying
c#0and —1<p<1,

and k > 0, 0 > 0, r > 0, and ¢ € R. Define the constants 3 := 2k0/0? > 0 and

pi=2r/0? > 0.

As in Daskalopoulos and Feehan [12], we will consider open subsets, &, that satisfy

some key hypotheses.

Hypothesis 2.1.3 (Hypothesis on the domain near I'g). For & as in Definition

there is a positive constant, dg, such that for all 0 < § < dg,

0= 0N (R x(0,6)=Tg x (0,0),

I'in (R X (0,5)) = 8P0 X (0,(5),
where Ty € R is a finite union of open intervals.

Notice that if 'y was empty, then standard methods [524] would apply to all of the
problems considered in this section since the operator A would be strictly elliptic on &.

To state the next hypothesis on @, let us recall the definition of an extension operator:

Definition 2.1.4 (Extension operator). For a domain % C H and an integer k > 1,
we call a bounded linear map E : H*(%) — H*(R?) a simple k-extension operator
for Z if Bu=u a.e. on % and ||Eul|grmay < K||ul| g4 for some constant K > 0

depending only on % and k.

Hypothesis 2.1.5 (Extension operator property of the domain). For a domain, O, as
in Definition and an integer k > 1, we require that there is a simple k-extension

operator from & to H (12, Definition A.24].

Hypothesis with £ < 2, is required when we consider traces of functions on
I.
Feehan and Daskalopoulos [12] proved that Problem is well-posed when solutions

are sought in suitable function spaces which describe their qualitative behavior near the



boundary portion I'g: for example, integrability of derivatives in a neighborhood of I'g

via suitable weighted Sobolev spaces (by analogy with [29]).

Remark 2.1.6 (Interpretation of coefficients). In mathematical finance, the constants
k,0,7,q, and o have the interpretation described in [27]. Assumption ensures that

y~ YA is strictly elliptic on H, that is,

€+t +’R) > W@ +8), VEe) R -{00)},  (23)

where

1
0<v:= 1 (1+02 —/(1 —02)2+4p202) <1/2,
by Assumption[2.1.3. Indeed, v is the smallest eigenvalue of the symmetric matriz,
1/2  po/2
po/2 o?/2

which is positive because of Assumption[2.1.3

2.1.2 Variational formulation
Consider Problem We will study the boundary value problem

Aw=f a.e. in O,
(2.4)

w=g onl}
Assume we have a function g : & — R smooth enough, such that g [r= g on I'y.

Making the change of variable @ := w — g then Problem [2.4] is equivalent to

Au=f ae. in0
(2.5)

u=0 onl,

for some other function f. We will call Problem [2.5| the boundary value problem for the
Heston operator with homogeneous Dirichlet condition along I'y, and we will restrict

our analysis to it.



2.1.2.1 Weighted Sobolev spaces
We follow the same notation and definitions as in Feehan and Daskalopoulos [12].

Definition 2.1.7 (Spaces of continuous functions). Let S R? be a domain with

boundary 0% and closure % = U JOU .

1. Let T C 0% be relatively open. For any integer £ > 0, then C¢

loc

(Z UT) denotes
the vector space of functions w on % with partial derivatives, D%u, for 0 <
la| < ¢, which are continuous on % and have continuous extensions to % UT.
(Compare [24, Section 4.4]) When T = 0% (respectively, T = &), we abbreviate
CL (% VO%) by CL. (%) (respectively, Cf (% U @) by C*(%)). When { =0,

(% UT) by Cioe(Z UT).

. 0
we abbreviate C}

2. Denote C°(% UT) == Np>oCL (% UT).

3. Let Cg°(% UT) denote the subspace of C* functions with compact support in
% UT. When T = 0% (respectively, T = &), we abbreviate C3°(% U 0% ) by
C° (%) (respectively, C3°(% U @) by C(%)).

4. Asin [2, Section 1.26], let C* (@) denote the Banach space of functions u on %
with partial derivatives, D%u, for 0 < |a| < £, which are bounded and uniformly

continuous on U .
5. As in [31, Section 3.10], denote C™ (%) = Ny=oC* (%).

Remark 2.1.8. Because we consider unbounded domains in this review, it is important

to note the following:

1. Compare the definition of C* (@) and related vector spaces in [24), p. 10, Section
4.1, and p. 73], where it is only assumed that the derivatives D*u are continuous
on U, with continuous extensions to % . We emphasize the distinction here be-
cause in |24|] the authors typically assume that % is bounded whereas we wish to
include the case where % is unbounded. In other words, the definition of C* (@)

in (24, p. 10] coincides with our definition of C{, (%).

loc



2. We could have equivalently defined C’foc (@) as the vector space of functions u
on % with partial derivatives, D%u, for 0 < |a| < ¢, which are bounded and

uniformly continuous on bounded subsets of % .

3. When % is bounded, then C’foc (@) =t (@)

Definition 2.1.9 (First-order weighted Sobolev spaces). Let ¢ C H be a domain.

Consider the positive weight function
w(x,y) =y’ e M (2 y) € H, (2.6)

for a suitabl non-negative constant . Recall B = 2k0/0? and p = 2r/0?. Let

L?(0, ) be the space of all measurable functions u : € — R for which
||u||%2(@m) = /ﬁudem‘ dy < o0,
and denote HY(0,w) := L?(0, ).
1. Define the vector space of functions
HY(O,w) :={u e L*(O,w) : (1+y)"?u and y/?|Du| € L*(0,w)},
with norm

1/2
oy = ([ @lDuP + (1-4)0%) ey

2. Let T C OO0 be relatively open and let H (O U T, w) be the closure in H (O, )

of CF(OUT).

By a straightforward modification of the proof of |2, Theorem 3.2], one can show
that the spaces H*(0,w), k = 0,1, and H}(6'UT, ) are Banach spaces. Furthermore,
the spaces H*(0,w), k = 0,1, and H}(0 U T,w) are Hilbert spaces with the inner
products,

(U, V) 2(6,00) = / uv to dz dy,
%
(U, ) {1 (6 0) = / (y(Du, Dv) + (1 + y)uv) rodxdy.
%

We let H™1(0, ) denote the dual space of H} (0 UT, ).

* This constant will be determined later depending on € and the Heston operator coefficients. In the
case of O bounded we will set v as zero.



Definition 2.1.10 (Second-order weighted Sobolev spaces). Let & C H be a domain

and define the vector space of functions
H2(0,10) 1= {w € L2(0,w) : (1+9)"%u, (1 + )| Dul,y| D?ul € 120, ) |,
with norm

1/2
ull 260wy = </ﬁ (v?[D*u® + (1 + 9)?[Dul® + (1 + y)u?) w do dy)

The space H?(0, ) is a Banach space (again, by modification of the proof of [2,

Theorem 3.2]) and a Hilbert space with the inner product,

(U, V) 2(0 o) = / (y2<D2u, D?v) + (1 +y)?(Du, Dv) + (1 + y)uv) todz dy.
o

2.1.2.2 Bilinear form associated with the elliptic Heston operator

Define the constants

We define the bilinear form associated to the Heston boundary value problem.
Definition 2.1.11 (Heston bilinear form). We call

a(u,v) := = / (uxvx + poUyUE + POULVy + 02uyvy) yrwdrdy
%

_ % / (uz + pouy) vsign(x)y w dr dy (2.8)
%

—/(a1y+b1)uxvmdxdy+/ruvmdacdy, Yu,v € HY(0,w),
% %

the bilinear form associated with the Heston operator, A, in (12.1)).
The following result is shown in [12],

Lemma 2.1.12 (Integration by parts for the Heston operator, [12]). Suppose u €
H?(0,w) and v € H(O,w). Then Au € L*(0,w) and

1

(A, v) 1200 0y = a(u,v) — 3 / (n* (ug + pouy) + n¥(pou, + ouy)) vyro dS,  (2.9)
IS}

where n := (n*,nY) is the outward-pointing unit normal vector field along I'y, dS is the
curve measure on 'y induced by Lebesque measure on R?, and the integrand on I'y is

defined in the trace sense.
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Notice that this integration-by-parts formula does not involve any integral along I'y.

Remark 2.1.13. Equation does not necessarily hold if the hypothesis u € H?(0,w)
is relazed tou € HE (O, w)NH (0, w) and Au € L*(0,w). Ezamples {12, C.1] and [1,
Sections 15.4.21 and 13.5.8] show that there are functions u € H2 (0, w) N HY(O,w)
with Au = 0 on O but yﬁuy > 0 along T'g and so the T'g-boundary integral expected
to be part of the integration-by-parts formula for (Au,v)Lz(@m) 18 non-zero for such a

function u.

2.1.2.3 Classical, strong and weak solutions

Following Feehan and Daskalopoulos [12], the integration by parts formula of Lemma

2.1.12) motivates the following definitions.

Definition 2.1.14 (Classical solution). Given a function f € C*(0), for some 0 <
a < 1, we call a function u € C**(0)NCloe(CUT') a classical solution to the boundary
value problem for the Heston operator with homogeneous Dirichlet condition along T'y
if
Au=f in O,
u=0 onT}y, (2.10)

lim y” (pu, + ou,) =0 on Ty.
yd0

Definition 2.1.15 (Strong solution). Given a function f € L?(0,w), we call a function
u € H?(0,w) a strong solution to the boundary value problem for the Heston operator

with homogeneous Dirichlet boundary condition on I'1 if u obeys

Au=f a.e. in0
(2.11)

u=0 onlj

Definition 2.1.16 (Weak solution). Given a function f € L*(0,w), we call a function
u € H&(ﬁ’ UTg,t0) a solution to the variational equation for the Heston operator with

homogeneous Dirichlet boundary condition on 'y if

a(u,v) = (f,0)2(o ), YV E H} (0 UTg, ). (2.12)
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Feehan and Daskalopoulos [12] proved the well-posedness of Problem They
showed that if v € H?(0,w), then u is a strong solution if and only if u is a weak

solution, and proves the well-posedness of Problem by regularity arguments.

2.1.2.4 Continuity and coercivity of the bilinear form
One of their results that will be used frequently is the continuity estimate for a. Namely,

Proposition 2.1.17. [12, Proposition 2.40] Assume by = 0. For all u,v € H'(0,w),

la(u, v)| < Cllullo,m 1V] 1 (0,0)
for a positive constant C' that depends only on coefficients r,q,k,0, p,0, and 7.

Remark 2.1.18. The assumption by = 0 is not restrictive. An affine change of vari-
ables on independent and dependent variables can be done to achieve that (12, Lemma
2.2]. We note that this change of variables sends I'g to T'g, H to H, and preserves the

boundedness (or unboundedness) of .

Feehan and Daskalopoulos [12] provide a framework for examining existence and
uniqueness of solutions to the infinite-dimensional Problem When the bilin-
ear form a is non-coercive, a finite-element method implementation is more challeng-
ing. Fortunately, the existence and uniqueness of solutions to the finite-dimensional
variational problem, given by the Galerkin method [26], will follow by classical ar-
guments since the Heston bilinear form, a, is continuous on H!'(&,w) (in particular
on H} (0 UTg,w)), by Proposition and coercive on H}(0 UTp,w) when & is
bounded in the z-direction and satisfies the regularity hypothesis we introduced earlier,

as we prove below.

Proposition 2.1.19 (Coercivity of a). The Heston bilinear form of Definition |2.1.11

for v = 0 and O satisfying Hypothesis |2.1.5 and |2.1.5, is coercive on H&(ﬁ U T, m).

That is, for all u € H} (0 UTg,w),

la(u, u)| > O‘H“H%ﬁ(ﬁ,m)’

where « is a positive constant that depends only on p,o and r.
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Proof. Let u € H} (€ UTg, ). From Definition [2.1.11} with v = 0,

1
a(u,u) = 3 / (u2 + 2pouguy, + azuz) ydro — /(aly + b1)ugu dw + /ru2 dro

2 0 o

where div := o drdy. We will show that the second integral is actually zero, and we
will estimate the first integral from below. Indeed, by integration-by-parts (we take

uw e C! (5) by a density argument as in [12, Lemma 2.23] since we are assuming

Hypothesis [2.1.3)),

1

/(aly + bl)uwudm = 2/(a1y—|— b1) (u2)z dro

o %

1

1
= 2/u2(a1y+b1)n””md5— 2/u2(a1y+b1)mdm

o0 o

1

= z/uz(a1y+b1)nwmds,

o0

where dS represents the (Lebesgue) surface differential along the boundary, and n® is
the z-component of n = (n*,nY), the outer unit normal vector to 9¢. Now, given that
00 =TqUT1, n* =0 on Iy, and since u = 0 on I'; (in trace sense), then

1
/(aly + b1)ugudro = 3 /u2(a1y + by)n"rdl = 0.
1% Iy

Thus,

1
a(u,u) = 3 /(ui + 2pouzuy + G2u5)y dwo + /ru2 dro. (2.13)
o 0
To prove that a is coercive, given Equation (2.13)), we essentially just need to bound

from below the term u2 + 2pouzu, + 021@ by an expression of the form C'(u2 + ug) with

C' a positive constant. In fact, since
2 2
2p0uzy = £2plorguy = — (Viplu) — (Vidlowy)
then,
uz + 2pouguy + oug, > (1— |pl)ui + (1 — |p|)o*ul = (1 — |p|) min {1,067} (u2 + u7) .

From this find and Equation ([2.13)) follow that there exists C'(p, o) > 0 such that

1
a(u, u) > QC(p, a)/(u?v —i—uz)ydm + /ru2 dw,

o o
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which implies that there exists a constant a := C(p, o,r) > 0 such that
a(u,u) > aHuH?{l(ﬁ’m), for all u € HJ (0 UTy)
That is, a is coercive. ]

Remark 2.1.20 (Extension to non-constant coefficients). Proposition can be
extended easily to non-constant coeficientes of the Heston PDE as long as parameters
ay and by of Equation (2.7) are both functions of y only. Also r must be bounded below

by a positive constant.

In a variational problem it is highly desirable to have coercivity of the associated
bilinear form, hence it is of interest to explore under which conditions the proof of
Proposition [2.1.19| can be extended to Heston-like operators. Consider a differential

operator of the form
Bu = —% (Use + 2p0Uzy + 0P uyy) + c1(z,y)ue — K6(0 — Y)uy + co(z, y)u,  (2.14)

prescribed on an open subset &, as in Definition and bounded in the x- direction,
where p and o still satisfy Assumption [2.1.2] and ¢; and c¢o are measurable functions
on which we will impose conditions shortly.

Motivated by the Heston operator, and given we are keeping the leading second-
order coefficient —y/2, we continue to use H'(&,w) and H?(0,w) as the underlying
Hilbert spaces where to define a bilinear form associated to this slightly more general
operator.

We define a new bilinear form ap by,

1
ap(u,v) := 5 / (uxvx + pouyvy + PoULVy + U2uyvy) ydrdy
%

0 _
+/ (pa,u 5 L cl(x,y)) uzv 1w dx dy (2.15)
o

—i—/cQ(x,y)uvmdxdy, Yu,ve H(0,w),
%

Let us prove that an integration-by-parts formula like the one in Lemma [2.1.12] still
holds.
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Lemma 2.1.21. Let u € H*(0,w) and v € H(0,w). Then Bu € L*(0,w) and
1
(Bu, ) 12(0,0) = aB(u,v) — 2/ (n* (ug + pouy) +nY(pouy + o?uy)) vyro dS, (2.16)
I'1
where n := (n*,nY) is the outward-pointing unit normal vector field along I'y, dS is the
curve measure on 'y induced by Lebesque measure on R2, and the integrand on I'y is

defined in the trace sense.

Proof. As in Feehan and Daskalopoulos, by density arguments [12, Corollary A.14]
and [12, Lemma A.26], we can assume that u € C?(0) and v € C1(0).
From its definition in (2.14)), we observe that the expression Bu in & can be written

conveniently as

1
Bu=——y'? <<yﬁum> + po (yﬁugj> + po (yﬁuy) + o? <y5uy) >
2 T Y z Y

2
g (o
+ %Bux + ?Buy + c1(x, y)uz — k(0 — y)uy + co(z,y)u on 0.

Thus, using 8 = 2k6/0? and p = 2k /02, the preceding expression simplifies to

1
Bu = —iylfﬁ <(yﬁum + payﬁuy> + (payﬁux + yﬁUQUy) )
’ Y (2.17)

po b
+ (2 + cl(x,y)> Uy + KYUy + c2(z,y)u on 0.

Recall that for bounded open subsets in the z-direction, we can take ro(y) =y~ le .

Multiplying both sides of (2.17) by vto and integrating over &, gives
1
/ (Bu)vrdzdy = —3 / ((yﬁux + payﬁuy) + (payﬁuz + y502uy> > ve MY dx dy
% % T Y

0
+ / ((W‘QM + c1(x, y)) Ug + KYUy + c2(x, y)u) v dz dy.
%

Integrating by parts, using (e "), = —pe ¥ and denoting by dro = w dx dy, gives

1
(Bu,v)12(0m) = 3 /ﬁy (uxvx + poULVy + POUYVL + UQUy’Uy) dro
1

— / Y (pauz + 02uy) vdio
2Jo

)
—I—/ <<;m2,u + c1(x, y)) Uz + KYUuy + c2(x, y)u) v dmo
%

1
~5 / (nx <y’8um + payﬁuy) +nY (payﬁum + y’302uy)) ve M dS
o0
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After gathering terms, the preceding expression becomes

1
(Bu,v)2(6,w) = 0B(u,v) — 2/ (n” (ug + pouy) +nY (poug + o*uy)) vyro dS
'

1

- = / nY (paum + O'Zuy) vyto dzx,
2 Jr,

where ap(u,v) is defined by (2.15)). But

/ n! (poug + ouy) vyw do = — / (pous + o®uy) vy’e ™ d.
Ty To

Now, since ug, uy,v € C(0) and § > 0, then
/ nY (pouy + ouy) vy dz = 0, (2.18)
o

because the integrand is identically zero along I'g. This yields (2.16]) for u € C?(&) and

v € C1(0), and this completes the proof. O

This formula, as in the case of the Heston operator A, motivates the definition of
weak solutions for, say, an associated boundary value problem. We are now ready to

state a more general coercivity result.

Proposition 2.1.22 (Coercivity of ag). Let c; € LL (0) such that % € LL (0), and

loc

co be a measurable function such that,

0
er(a,y) = 5 (w,y) 2 C >0

almost everywhere for some positive constant C. Then apg is coercive on H}(O'UT, ).
Proof. Let u € H} (0 UTy,w). From Equation (2.15) it follows that,

1
apg(u,u) = 3 /ﬁ (ui + 2pouzty + UQUZ) yrodzdy
(2.19)

+ / (pa,u (6 ; y) + 1 (=, y)) ugu o dr dy + / o, y)u? v dz dy.
o o

We bound from below the first integral exactly as we did it in Proposition 2.1.19] Let

us rewrite the second integral:

/ﬁ(ﬂouw;y) +61(x,y)> uzuto dz dy = ;/ﬁ (MM(H;ZJ) +01(:E,y)> (u?), oda dy
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Integrating by parts with respect to the x-variable, we then get,

0— 1 0 —
/ <pa,u( y) + c1(x, y)) ugu dr dy = / (pau( v) + cl(x,y)) u*n®w dS
o 2 2 Joo 2

—2/ﬁu aj(ar,y)mdxdy.

Notice that along 00, either n* = 0 (along I'g) or u = 0 (along I'1). Thus,

— 1
/ (pa,u(e y) + cl(x,y)> uzuto dxr dy = —/ uQ%(x,y)mdx dy.
Vi 2 2 Vi ox

and we have then,

ap(ua) > 5 [ (0= hmin{1o?) e+ iydw+ [ () - Fren )i dw.

Since ca(x,y) —dcy /0x > C > 0, it follows that ap(u,u) is bounded from below by a

positive multiple of HuHip(ﬁ w)> and therefore that ap is coercive on H}(0OUTy, ). O

2.2 Elliptic Heston obstacle problem

As with the boundary value problem for the Heston partial differential operators, we
can consider questions of existence, uniqueness, and regularity of solutions, v : 6 — R,

to the obstacle problem
min{Au — f,u —¢¥} =0 a.e. in0, u=g onl}y, (2.20)

where ¢ C H is a possibly unbounded open subsets of the open upper half-plane
H:=R x (0,00), I'y = 90 NH is the portion of the boundary 0¢ of & which lies in
H, f: & — R is a source function, the function g : & UI'y — R prescribes a Dirichlet
boundary condition along I'y, and ¢ : & UT'y — R is an obstacle function which is
compatible with g in the sense that ¢ < g on I'y, and —A is the elliptic differential
operator defined by Equation , that is, the generator of the two-dimensional Heston
stochastic volatility process with killing [27].

As in the boundary value problem, no boundary condition is prescribed along I'g.
Feehan and Daskalopoulos [12] proved that Problem is well-posed when one seeks
for solutions in the weighted Sobolev spaces already introduced for the equation. All
notation and assumptions made in Section [2.I] will be used and assumed in this section

as well.
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2.2.1 Variational formulation

Consider Problem By considering a sufficiently regular extension of the function
g, and by making a change of variable in u, we can focus on solving the homogeneous

obstacle problem,
min{Au — f,u —¢} =0 ae. in 0, u=0 onl}y, (2.21)

where 9 : € UT'y — R satisfies the compatibility condition, v» < 0 on I'y, and f
is a source function. We will refer to Problem as the obstacle problem for the
Heston operator with homogeneous Dirichlet condition along I'1, and we will restrict
our analysis to it.

The bilinear form a of Deﬁnition is still well-defined on H'(&, 1v); continuous
on H&(ﬁ, ), when assuming that b; = 0, as stated in Proposition coercive on
H}(0,w), when v = 0, as proved in Proposition and the integration-by-parts
formula of Lemma still holds. Therefore, in the setting of the obstacle problem,

we can once again consider weak solutions as we did for the equation.

2.2.2 Classical, strong, and weak solutions

The integration-by-parts formula of Lemman [2.1.12] motivates analogous definitions for

classical, strong and weak solutions for the Heston obstacle problem.

Definition 2.2.1 (Classical solution). Given functions f € C*(0), for some(0 < o < 1,

g € C**(0) N Cioe(0 UT1), and ¢ € Cioe(6 UT) with
v <g onTy, (2.22)

we call u € CH1(0) N Cloe(0 UT1) a classical solution to an obstacle problem for the

elliptic Heston operator with inhomogeneous Dirichlet condition along I'y if

min{Au — f,u—¢} =0 on O, (2.23)
u=g onl}y, (2.24)

liﬁ)l v’ (pug 4+ ouy) =0 on T. (2.25)
y
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Definition 2.2.2 (Strong solution). Given functions f € L*(0,w), g € H*(0,w),
and ¢ € H?*(0,w) obeying [2.22), we call w € H?(O,w) a strong solution to an

obstacle problem for the elliptic Heston operator with inhomogeneous Dirichlet boundary

condition along I'1 if u obeys (2.23) (a.e. on €) and (2.24)).

Definition 2.2.3 (Weak solution for the case of non-homogeneous Dirichlet boundary
condition). Given functions f € L?(0,w), g € H'(O,w), and p € H'(O,w) obeying
in the sense that

(Y —g)* € Hg(0 UTy,w),

we call u € HY(O,w) a solution to the variational inequality for the Heston operator

with inhomogeneous Dirichlet boundary condition along I'y if

Cl(u,’U - ’LL) > (fav - u)LQ(ﬁ,m)v
u > ae. on O andu— g€ HY (O UTg, ), (2.26)
Yo € HY(O,w) with v > a.e. on € and v — g € Hy(0 UTg, ).

A reduction to a variational inequality with homogeneous Dirichlet boundary con-
dition can be done just as in the case of the equation. Therefore, for the remainder of
this dissertation we may consider without loss of generality variational inequalities and

obstacle problems with homogeneous Dirichlet boundary condition on I';.

Definition 2.2.4 (Weak solution for the case of homogeneous Dirichlet boundary con-
dition). Given functions f € L?>(0,w) and € H'(O, ) such that ) <0 on Ty, in the
sense that = € HY (O UTy,w), define K = {v € H} (O UTy,w)jv > a.e. on O}. We
call u € H&(ﬁ ULy, 1) a solution to the variational inequality for the Heston operator

with homogeneous Dirichlet boundary condition along I'1, if for every v € K we have

a(u,v —u) = (f,0 = w)r2(om), (2.27)

u > ae on0.

Feehan and Daskalopoulos [12] proved the well-posedness of Problem how-
ever, they do not achieve this by setting up the usual framework since they didn’t have
coercivity of the bilinear form a. They proved continuity of a, but together with our

proposition [2.1.19] where we proof coercivity of a in the case that coefficient v = 0, we
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automatically get the existence and uniqueness of a solution via the Lions-Stampacchia
Theorem [25, Theorem 3.1]. This provided us with an appropriate theoretical frame-
work to implement the finite-element method to solve their variational formulations
approximately.

Feehan and Daskalopoulos |12] also proved the well-posedness of Problem and
they showed that if u € H?(0,w), then u is a strong solution if and only if u is a weak

solution.
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Chapter 3

Finite-element method for the elliptic boundary value

problem

We follow |25, Appendix I] to give first a brief introduction to a family of linear varia-
tional problems, their internal approximations, and the Galerkin method to solve them
for a general basis of the underlying Hilbert space. Then we specify a basis, obtain
the linear system corresponding to the finite-dimensional approximating problem, and
provide a rate of convergence for the approximating solutions. Finally, we illustrate our

method with numerical results.

3.1 Elliptic linear variational problems and the finite-element method

We consider,
i) A real Hilbert space V' with scalar product (-,-) and associated norm || - ||.
ii) V*, the topological dual space of V.

iii) A bilinear form, a : V x V. — R, continuous (that is, there exists a constant
C > 0 such that a(u,v) < Cllul|||v] for all u,v € V) and coercive (that is, there
exists a constant o > 0 such that a(v,v) < a||v||? for all v € V; a is possibly non

symmetric).
iv) A continuous linear functional, L € V*.
The fundamental linear variational problem under consideration reads as follows:

Definition 3.1.1 (The fundamental linear variational problem). Find u € V' such that

a(u,v) = L(v), VveV (P)
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We recall the Lax-Milgram Theorem:

Theorem 3.1.2. 25, App. I, Thm 2.1] Under the above hypothesis i)-iv), Problem@

has a unique solution.

3.1.1 Internal approximations

We suppose that we are given a small parameter h and a family {V}}n>o of closed
subspaces of V. We suppose that {V},},~¢ satisfies the following internal approximation

condition:
Y CVst. V=Vandr,:V— Vst }llir% |lrpv — vl =0, VYvel. (3.1)
_>

In practice, h is given by a sequence and the subspaces, {V}, }1~0, are finite-dimensional.

We approximate problem by the following problem:

Definition 3.1.3 (The internal approximation to the linear variational problem). Find
up, € Vi, such that

a(uh,’uh) = L(Uh), V’Uh < Vh (Ph)

We expect to be much easier to solve than . From the Lax-Milgram Theorem
it follows that also has a unique solution. These solutions, {u}n~0, under the
hypotheses on V', a and L above, and Condition , converge to the unique solution
u of Problem@ This follows from the Cea’s Lemma [25, Appendix I Lemma 3.1] below

and a simple application of it, which we state here as Theorem [3.1.5

Lemma 3.1.4 (Cea’s Lemma). Let u be the solution to Problem@ and for every h > 0,

let up, be the solution to Problem [Py We then have,

C
lu—up| < — inf |lu— vyl
o v EV)

Theorem 3.1.5. [25, App. I Theorem 3.2] Suppose that {Vi}n=o obeys the internal
approximation condition (3.1)). Let u be the solution to Problem@ and for every h > 0
let uy, be the solution to Problem [Py We then have,

li — =0.
lim [ —
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3.1.2 The Galerkin method

In this section we suppose that V is a separable real Hilbert space in the sense that
there exists a countable subset B = {wj}jzof of V, linearly independent, such that
the subspace V of V' generated by B is dense in V. For any integer m > 1 we define
B, = {w; };nzl and V,,, as the subspace of V' generated by B,,.

Let us denote by m, the projection operator from V to V,,. Then, since B is a
countable basis of V' it follows that m%1_r)]r100 |lv = ol = 0 for all v € V. That is,
Condition is satisfied (with V = V).

The Galerkin approximation of Problem [P]is then defined as follows:

Definition 3.1.6 (The Galerkin approximation to the linear variational problem). Find
U € Vi such that

(U, Vm) = L(vp), YUm € Vi (Pyn)
By Theorem with V=V, h=1/m, V}, = V,,, and 1, = 7, it follows that,

lim [Ju—up| =0
m—0o0

3.1.3 Reducing the Galerkin approximation problem to a linear sys-

tem
Let Ny, be the dimension of V;,,. Problem is clearly equivalent to

Definition 3.1.7 (The Galerkin approximation for a specified basis). Find u,, € V,,

such that
a(Um,w;) = L(w;), VYi=1,...,Ny (3.2)
Since uy, € Vp, there exists a unique vector, A, = (A1,...,AnN,,) € RNm  such that
N,

Uy, = Zm Ajw;. Thus, we find that u,, is obtained through the solution of the linear
j=1

system,
N,

> a(wj,wi)Aj = L(w;), Vi=1,..., Ny, (3.3)
j=1

whose unknowns are the coefficients A;, for j =1,..., N,.
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The linear system (3.3) can be written as follows:

Ay = Fp, (3.4)

where Fy;, = (L(w1), ..., L(wy,,)) and the matrix A,, is defined by A,, = (a(w;, w;))i1<i j<N,.-

3.2 A particular basis

Let X, X1 € R with Xy < X3, and & be of the form (X, X7) x (0,00). We now focus
on the Hilbert space V = Hj (€0 UT, ), and consider a, the Heston bilinear form of
Definition [2.1.11} with v = 0. We already know that a is continuous, by Proposition

and coercive, by Proposition

Let h; and h, be positive numbers, and consider the partitions,

Pxi{onlil<$2<$3<"'<$M:X1}
(3.5)

Py{0=p1 <ya<yz<---<yn <---},

where x;11 = ; + h; and y;11 = y; + hy. We will approximate & internally by the
sequence of domains {0 n}r>3 n>3, where Oy n = (21, 20m) X (y1,yn). Clearly,
Fo(OmN) = (X0, X1) x {0} =T¢(0) =:Tg and I'1(Oy,n) = 00y N HL

Once we chose a basis, Problem [P| reduces to solving the linear system of Equation
(13.3). It will be important to have a basis such that the matrix that defines the linear
system is easy to calculate, and the linear system itself it easy to solve. Given that
O N is a rectangle, we will consider a basis of tensor products of linear B-splines, “hat
functions”, in both directions x and y.

Recall the definition of the hat function

z+1, 1<z <0,
hat(z) = ¢ —z+1, 0<z<1,
0, otherwise.

Define ¢;(z) := hat (m}:xl> and 9;(y) := hat (%), and their tensor product func-

T

tions ¢; j(x,y) = i(x);(y). Notice that for each point (z;,y;) in the mesh we have
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rJ

Figure 3.1: Basis function corresponding to an interior point.

¢ij(xi,y;) =1and 0 < ¢ (x,y) <1 on (xi—1,Zit1) X (Yj—1,Yj+1), and ¢; j(z,y) =0

for all other (z,y). A couple of typical ¢; ;’s are in Figure and Figure
Let By be the family of functions {¢; j }1<i<nrj<n and B be their union, B = |J By.
M
Notice we have excluded the indices corresponding to I'y. We will prove that B is a

basis for H} (€ UTy, ), but first we state a preliminary lemma.

Lemma 3.2.1. Let u € H'((a,b)) and v € H*((0,00),10(y)). Set w(z,y) := u(x)v(y)

and Rap = (a,b) x (0,00). Then w € H (Rqp, ) and
<2

HwH%{l(Ra,b,m) > ||u||%/V1»2(a,b)||U||%—]1((07oo),m)

Proof. We only need to write out the definition of the H'-norm again, for the case of
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Figure 3.2: Basis function corresponding to a point along y = 0.

~v = 0, and make some simple estimates:

olne, = [ GIDWP+ 1+ ) e dy
Ra,b
= / (y((uzv)® + (uvy)?) + (1 + y)u*v?) w dz dy
Ra,
§/ud:z:/yvmdy+/udm/yvmder/udx/ +yvmdy
< lul)?s (a.b)) /yv mdy+/yv mdy+/ 1+ y)v?rody
0 0 0
= 2[ullF1 (a1 ((0.00) 1)
This completes the proof. O

The standard Sobolev space H&(ﬁ ) is a separable Hilbert space as one can select a
countable collection of linearly independent piecewise linear continuous functions as a

basis. As expected, we can prove something similar for H} (& U g, w),

Proposition 3.2.2. B is a basis for H} (0 UT, ).

Proof. We want to prove that span{B} = H}(€ U Ty, ), where the closure is being

taken with respect to H'. We will prove both inclusions:
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i) span{B} € H}(6 UTy,w): Tt is enough to prove that each ¢;; is in Hi(O U
[, ). That is, each ¢; ; is the H' (&, w)-limit of a sequence of smooth functions with
support contained in & UTy. Given ¢; (x,y) = pi(z)y;(y) we will show that ¢;; is
the H'(0,w)-limit of a sequence of smooth functions {am}m with compact support
contained in & U 'y, where ¢,,(z,y) = ,,(x),,(y), and {@,,(x)}m and {1,,(y)}m
have the properties that $,, converges to ¢; on H'((Xo, X1)), and 1, converges to 1,
on H'((0,00),1(y)).

The existence of the sequence {@,, } follows from standard Sobolev Spaces theory
[14, Theorem 2, Section 5.3]. As for the sequence {Em}m, it suffices to choose a
sequence of smooth functions such that they are identical to 1; outside of (y;—1, yj+1),
converging pointwise to ¢; on (yj—1,y;+1), and their derivatives converging pointwise
to the derivative of 15, 1/19. Furthermore, require this sequence and their derivatives to
be uniformly bounded. With {Em}m chosen this way, one can see that {Em}m actually

converges to ¢; on H'((0,00), ). Indeed, it follows from

[e.e]

T A :/(y\pwj_p%‘u(uy) (45~ B ody,

0

by the Lebesgue Dominated Convergence Theorem given the bounded pointwise con-
vergences noted above, and the fact that both y®e=* and y®~le="¥ are in LY(0,0)
since 8 > 0 and p > 0.

Notice that ,,1,, has compact support contained in & UTy. Notice also that none
of the basis functions with peak on a node on the I'i-boundary were included in B.

Thus, by Lemma it follows that,

HQSM - @m@m“[—]l(ﬁ,m) < H@id)j - amd’j”Hl(ﬁ,m) + H@md’] - @m@m“]{l(ﬁ’m)
= [(0i = Bo)¥ill i1 (00) + @ (V5 — Vo) |1 (0,10)
< V200i = Bl (x0,5:0) 1%51 1. ((0,00) 10

V2Bl 11 (X0, x00) 195 = Dol 112 (0,00 10)
The main assertion follows from this.

ii) H}(0'UTo,w) C span{B}: It is sufficient to prove that any smooth function with

compact support contained in & UTy is the H'(&,w)- limit of a sequence of functions
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in span{B}. Let w € C§°(0 UTy). Consider a mesh for & = (X, X1) x (0,00) defined
by Equation (3.5)). To simplify notation, without loss of generality, we may assume that
hy = hy = h. Let

Ky, = {(i,j)|(zi,y;) € suppw}

be the set of pair of indices corresponding to mesh points in the support of w. Clearly
K}, is finite. For each (i, j) € K}, consider the basis function ¢; ; and define
Wh(z,y) = Y w(w,y)eii(x,y), Y(x,y) €O (3.6)
(6,5)€KR
Just as in part i), by the Lebesgue Dominated Convergence Theorem it is enough to
show that the sequence {wp}, is uniformly bounded and converges pointwise to w,
and that the same is true for their derivatives, while converging to Dw. Clearly wy,
is uniformly bounded, since w is continuous and has compact support, and all of the
¢i,; are bounded between 0 and 1. We only need to prove that { Dwp, }p~0 is uniformly
bounded and converges pointwise to Dw as h — 0.
Let us first focus on the derivative (wp),. Notice that the sum in Equation is
actually of at most four terms. Let (z,y) € suppw be a point not on the mesh. Then
(x,y) is in the interior of a rectangle of the form (z;,,v;,) X (z4,,y;,) C 0 ULy, where

Ty, = wiy +h and y;, = y;; + h. Then,

(@n)s(z,y) = D | il) D wlai, ) (y)

11,82 J1,J2
Now, notice that for such (z,y), ¢} () = —1/h and ¢, (z) = 1/h. Thus, expanding
the sums we obtain,

o = 3 (2wl )

J1,J2

By the Mean Value Theorem, there exists a point xj ; € (x;,,%;,), that depends on h

and y;, such that,
(@n)a(,y) = D welwn g, yj)vi(y)-
Ji.32

But ¥, (y) + v}, (y) = 1, hence (W) (x,y) is the weighted average of two numbers that
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converge to wy(x,y) as the mesh gets finer. From this it follows that {(wp )} is uni-
formly bounded, and it converges pointwise to w,. Similarly for {(@p)y}s. Therefore,
{wy}1, converges to w on H (O, w).

This completes the proof. O

M—-1,N—1
i=2,j=1

For any integers M, N > 3, we define By n = {¢;;} , and Vs v as the
finite-dimensional subspace of H&(ﬁ U T'p,10) generated by By n. Notice the basis
functions with ¢ = 1 or M, or j = N, were not included. Since B is a basis for H&(ﬁ U
Iy, 10), it follows that the family of closed subspaces, {Vasn}n>3 8>3, provides and
internal approximation of Hg (& U Ty, ), as it satisfies Condition . The Galerkin
approximation of Problem [2.12] as stated in Section [3.1.3]is then given by,

Find u € VN such that

a(u,v) = (f, v)LQ(ﬁM’Nvm) for all v € Vi n (3.7)

Problem [3.7] the Galerkin approximation, for the specified basis, can be formulated as,

Find u € Vi v such that
a(u, o) = (f, ¢k»l>L2(ﬁm)’ forall k=2,...M -1 and [=1,..,N—-1. (3.8)

For u € Vi v, there exists a unique vector Ay y = ()\m)f\i’lezl e RMN such that

MN
UM’N = Z )\i,jﬁti,j- (39)
0]

By combining Equations (3.8)) and (3.9), we find that u*" is obtained from the solution

to the linear system,

Za(¢i7ja¢k,l)/\i,j = ([ k1) L2(Q0)5 (3.10)

2Y]

whose unknown is the vector Ay . Let us enumerate the nodes (4, j) with a mapping

s =1(i,7), to be specified later, and write Equation (3.10) as

(M—2)(N-1)

Z a(ds, pr)As = (f, ¢t)L2(Q,m)7 (3.11)

s=1

where ¢s = @1 ;) = ¢ij and ¢r = @rp1) = Pk,. Suitable mappings I make the linear

system sparser. For our implementation we use the mapping illustrated in Figure [3.3
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We enumerate the nodes horizontally from left to right, and from bottom to top, but

every other row. To solve this problem we need to calculate the (M — 2)(N — 1) by

(M —2)(N — 1) matrix Ay,n = {a(ps, dt)}s-
Y

A

22 23 24 P55 26 27 28

15 16 17 §A8 |19 20 21

3 9 10 11 12 |13 14

29 B0 31 B2 33 B4 B35

1 2 3 ! 3] 6 7 T

>
>

Figure 3.3: Example of a mesh for the finite-element method with M =7 and N = 8.

3.3 Calculation of the matrix

We are interested in calculating a(¢s, ¢¢) for v = 0, since our integrals are now restricted

to a domain bounded in the z-direction. From Definition [2.1.11] we have:

1 1 1
a(u,v) := 2/ﬁuxvxymdxdy+2p0/ﬁuyvxymdmdy+2p0/ﬁu$vyymdmdy

1
+02/ uyvyymdxdy—al/ umvymd:ﬁdy—bl/ Uz 1o da dy (3.12)
0 % %

2
+1"/ uv to dx dy.
%

We will compute formulas for each of the integrals above. Let

u(z,y) = ¢s(z,y) = ¢ij(z,y) = wi(2)¥;(y),

and

v(x,y) = ¢, y) = dri(z,y) = pr(x)i(y).
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Hence,

1, Ti—1 < x < Zj,
1 1
ug(z,y) = = FIl(x) ](y) = hiq/)j(y) X =1, x; <z <341,
X X
0, otherwise,
1
velwy) = - Tul@hly)
xX
Ly <y <y,
1 1
uy(z,y) = =t ei(@)T5(y) = -ei2) X § =1y <y <y,
Yy Yy
0, otherwise,
1
v(z.y) = —en,y)Aly).
Y

The integrals present in Equation (3.12) can then be written as,

1
Ug Uy 0 da dy = 72 /I,Ik dx - /wjlblyﬁe“ydy =: X1(3, k)Y1(4,1), (3.13)

1 1
UyVgy o dx dy = . /goiIk dx - . / in/)lyﬁe_“ydy =: Xo(i,k)Y2(4,0), (3.14)
y

xT

1 1 . .
Uzpyy o dr dy = W /Imk dx - ™ /@/Jjjlyﬁe_“ydy =: X3(i,k)Y3(4,0), (3.15)
x y

1 _ . .
Uyyy o de dy = /cpigok dx - h%l/jjjlyﬁe Mdy =: Xy(i, k)Y4(5,1), (3.16)

1
ugvy wdr dy = W /Iigok dx - /ijlyﬁe_“ydy =: X5(i,k)Y5(4,1), (3.17)

T

N i

1
ugvtodr dy = . /Iigok dx - /%wlyﬁ_le_“ydy =: X¢(i, k)Ys(4,1), (3.18)

T

/ﬁuvmdxdy— /(pzmpk dx-/@/}jz/zlyﬁ_le_”ydy =: X7(i,k)Y7(4,1). (3.19)

We will obtain closed formulas for all of the X (7, k)-integrals in terms of the z-coordinates
of the nodes, and write the Y (7, )-integrals in terms of some fundamental integrals that

will depend only on the y-coordinates of the nodes and the constants § and p. Let us



start with the X (7, k)- integrals:

_ 1

X(ih) = [TTdo =4 ofn,. =k,

0, otherwise,

1/2, k=i+1,
, 1

Xo(i, k) :h/@izkdxz -1/2, i=k+1,

0, otherwise,

1
Xalish) = [ Tipude = Xa(h 1),

ha/6,  |k—i| =1,
X4(i, k) :/(Pi(Pk de =< 2h,/3, i=k,

0, otherwise,
1
Xs(ish) = [ Tpudo = Xa(i, ),
1
Xalioh) =5 [ Tpudo = Xa(i, ),

Xo(i k) = / pion dz — Xa(i k).

A /hy, |k—il =1,
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(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
(3.25)

(3.26)

Now let us proceed with the Y (j,1)-integrals. Clearly if |l — j| > 1 all of these integrals

are identically zero, so let us suppose |l — j| < 1. If I = j + 1, then

Ui

Yi
/ biyPedy =2 ;yz / yPtle M dy — y;Lyl / yPeMdy

Y

Yj Yj
1 Y1
~ 3 yBt2e M gy.
Y
Yj
If j =1+1, then
Yj Yy
/me e Mdy = yﬂ;yl/ Figmmgy 9 /yﬂe_“ydy
h hZ
i Y
. Yj
~ 3 yBt2e M gy.
Y

Y

(3.27)

(3.28)



Last, if j = [, we need to consider two cases. If j =1 # 1 (recall j < N), then

i j - 1 - 2yj—1 _
Y1(4,7) :/¢j2yﬁe M dy =73 / yPt2%e uydy_# / yP e 1 dy
Y Y
Yj-1 Yji—1
2 Y ) Yji+1
Yi_1 _ B
+—;L2 yﬁe MY dy + = / y6+2e M dy
v yj—l Y y]
Vit 9 Yitl
24 Y2
4l y5+16 Y dy + j+1 yﬁe‘”ydy.
hg hl2/
Yj Yj
If j =1=1, then
Yit1 Yi+1
Vi) = ViGyj) == [ yf+2emay — 2L [ s
1 9 — 1(.]7.7) _h2 y e Y h2 Y e Yy
Y Y
Y5 Yj
Yj+1
y2‘+1
+ 2= 3 yﬁe*“ydy.
h
Y "
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(3.29)

(3.30)

Notice that all integrals on the right-hand side of Equations (3.2743.30)) are of the form,

Yj+1
R [ e

Yi

(3.31)

for some j € {1,..., N — 1} and some c € {3, 5+ 1,5 + 2}, in this case. In terms of the

fundamental integrals, Fj, we can write Y1 (j,1) as follows:

(v +u Yiyu 1 :
Jhg p}(ﬁ+1)—}fl—gFj(ﬁ)—h—glfj(6+2), for 1=7j+1,
Y +y Yy 1 :
Tz BB D) = G BB e (A 2), for j=l1,
1 2y yi_
ﬁFJ_l(ﬁ +2)— y}iQ 1Fj—1(/8 +1) + ;lgle—l(/B)

ig,)=4 " ) 5 ! 2

Yji+1 Yj+1 .

tpaliB+2) - ffgj Fj(B+1)+ ;é Fj(B), for j=1#1,

1 2y, Y7 .
SE(B+2) = SR B+ 1)+ 2L (B), for j=1=1,
Yy Yy Y

0, otherwise.

(3.32)
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Similarly, for the other Y (j,[)-integrals we have,

SWE(B) ~ B8+ 1), for 1=j+1,

Y
L @A) - RB+1), for j=l41,

)

- %(%’—1@—1(5) - F;1(B+1))

KB, = K (3.33)
— s W F(8) = Fi(B+1)), for j=1#1,
Yy
- hleJ(Z/jHFj(ﬂ) - Fj(B+1)), for j=1=1,

0, otherwise,

Vi) = Ya(l.) (3:34)

1
3 Fi(), for 1=j+1,
Yy
1
7ﬁﬂ(ﬁ)7 for ]:l+1’
Yy
. 1 .
Yi(j,l) = @(Fj_l(ﬁ)+Fj(5)), for j=1+#1, (3.35)
1
ﬁF](ﬂ), for j=1=1,
Y

0, otherwise,
\

Ys(5,0) = Yi(4,1) lg=p-1, (3.37)

3.4 Convergence of finite-element scheme

In the case of strictly elliptic differential operators one can show that an internal approx-
imation scheme, like a finite-element scheme, converges to the unique solution of the
associated variational problem, in the norm of the underlying Hilbert space (see |25 Ap-
pendix I] for a good brief introduction to this subject). Coerciveness of the bilinear
form is a fundamental hypothesis that the Heston bilinear form may not satisfy in
general, but as we proved in Proposition if the domain & is bounded in the

z-direction, and satisfies Hypotheses [2.1.3] and 2.1.5] then the Heston bilinear form is

actually coercive on H}(€'UT, ). Since a is continuous by Proposition [2.1.17/and the
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{Va,Nn}m>3,n>3 provide an internal approximation of H&(ﬁ U T'o, ), then by Theo-
rem (via Cea’s Lemma) it follows that the sequence of functions {uns n}ar>3 8>3
converges strongly to the solution u of Problem [2.12]

Cea’s Lemma is quite useful as well for obtaining error estimates. In our case it tells

us that the approximation error is actually of order O (1/M + 1/N).

Hypothesis 3.4.1 (H?(0) regularity hypothesis on u). Let u be the solution to the

Heston linear variational problem[2.13 on ©. We assume that
ue H*(0).
Notice this is the non-weighted Sobolev space.

This hypothesis is key for our rate of convergence Lemma below.

Lemma 3.4.2 (Rate of convergence). Let {up n}n>3 n>3 be the sequence of functions
obtained by the finite-element method, that converges to uw € Hi (0 UTg,w) as M, N
become large. Assume > 1. If u € H%(0), then the rate of convergence at which the

unp,N s converge to u is of order 1. That is,

1 1
lu = wsnllimom =0 (57 + 3 ) (3.39)

To prove this Lemma we will use Cea’s lemma combined with some error estimates of

how well linear combinations of tensor products of B-splines approximate H& (OUTy, 1)

functions in the H'(&,w)-norm. Let us first rewrite Cea’s lemma for our context:

Lemma 3.4.3. Let u be the solution to the variational problem (2.12)) and uprn be the

solution to the finite-dimensional approximation Problem[3.7. We then have

C .
e = unt vl omw < — UM’NIQQM’N v = var Nl (0,00) (3.40)

where C is the constant of the continuity estimate in Proposition and « is the

coercivity constant of a in Proposition[2.1.19

In view of Equation (3.40), to get a rate of convergence for the upsn’s, we need

to know how well functions in H&( 0 UTy,tv) can be approximated by functions in the
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finite-dimensional space Vj,n. For that, we will state and use in the next section some
error estimates for how well H'(&) (the non-weighted Sobolev space) functions can be
approximated by tensor products of linear B-splines, as shown in Larry L. Schumaker’s

book Spline Functions: Basic Theory |35, Chapter 12].

3.4.1 Error estimate for H!'(0,w) functions with respect to tensor

products of linear B-splines

The basis {¢; j}i; of Vasn is the tensor product basis of bases {¢;}; and {v;};, which
are B-Splines (of order 1) as defined in [35, Chapter 12]. They are called tensor product

B-splines (of degree 1).

Definition 3.4.4 (Regular set of multi-indices). Let d € Z be positive. Denote by
e; the unit vector in the i-th direction, (0,...,1,...,0) € Z¢. Let I C Zf{_ be a set of

multi-indices. Then we say that I is regular provided:
a) For some nonnegative integers ri,ra,...rq, we have rie; € I for every i;
b) If a € I, then there is no € I such that o < 5.

Definition 3.4.5 (Generalized Sobolev spaces). Let Q be a bounded open subset in R?

and let I C Zi be a regular set of multi-indices. The vector space,
LhQ) = {f € L) : | 1fl] gy < 0}
is a Banach space, where Hf”L{)(Q) = ||f||Lp(Q) + Z]HDafHLp(Q) and 1 < p < oo.
ac

The classic Sobolev spaces, W*P(Q), are obtained from Definition by consid-
ering the set of multi-indices I = {a € Z% : 0 < |a| = k} [2, Corollary 4.16], but this
generalization allows Schumaker to introduce other Banach spaces which are better

suited for the derivation of error estimates for tensor products of linear B-splines.

Definition 3.4.6 (Tensor-product Sobolev spaces). Let r1,...,74 be positive integers
and consider I = {riei,...,rqeq}, where e; denotes the unit vector in the i-th direction,
so I is a regular set of multi-indices. For r := (r1,...,7q), we call Ly() := L{,(Q) a

tensor Sobolev space.
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In [35, Theorem 12.7] it is proved that functions in the tensor-product Sobolev space,
L;(R), with R a rectangle in R?, can be approximated by taking linear combinations of
tensor products of B-splines (of generalized order r = (r1,...,74)) and an error estimate
is provided. Hence, in the context of our dissertation, by [35, Theorem 12.7], it follows

that for each f € Lz(,l’l) (0), there exists a constant C such that

1f = Q(P)llzroy < C (hal DafllLooy + hyllDyflloe)) - (3.41)

where Q(+) is an operator defined by a linear combination of B-splines of order 1 with
coefficients given by evaluating the function f itself on an underlying mesh defined on
O by h, and h,. We notice here that Equation holds for 1 < p < oo, particularly
when p = 2 which is the choice we will make.

The function Q(f) is known as the quasi-interpolant of f. Much can be said about
the operator, @), and we refer the reader to Schumaker’s book. Here we point out that
Q(f) is just a linear combination of our basic B-spline functions, ¢; ;, introduced earlier.

The proof of [35, Theorem 12.7] relies on the fact that any smooth function f
can be approximated quite well by a (tensor) Taylor expansion [35, Theorem 13.8].
The derivatives of such a Taylor polynomial are also good of approximations to the

derivatives of f 35, Theorem 13.20]. Hence, we also have that if f € L1(,2’2) (0), then

ID(f = QU ze(o) < C (hallDawfll ooy + hyll Dyy fll r(o)) » (3.42)

for the same constants as in Equation (3.41)).

3.4.2 Proof of convergence

We are ready to use the estimates in Equations (3.41|-(3.42)), for p = 2, to prove Lemma

0.4.2)

Proof of Lemma[3.4.4 Without loss of generality we will assume that h, = h, = h and
denote upr,n by up. We want to estimate ||u — uh||fql(ﬁ )" For that purpose, to apply
Cea’s Lemma, we will first estimate ||u — vp,| @11( o0y When vy, is the linear combination

of tensor product B-splines, ¢; ;, with coefficients \; ; = u(x;,y;), as in Equation (3.9).
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By Definition [2.1.9]

[l = vnlBri () = / yP(u - vp)2e ™ da dy + / Y (= o) e da dy
o 0

+ / Y2 | D(u — vp,)|2e ™™ da dy
o

= onlZa0) || (7 + 97 e

1D = v B [y

IA

Lo (0)
L=(0)
Both expressions above are finite for § > 1. Thus, from Equations (3.41) and (3.42)),

since u € H?(0), there exists a constant C > 0, depending only on the domain & and

parameters 8 and u, such that

It = vallFr1(p ) < CH? (Hugguig(m + \yuy\y;(ﬁ)) n
<cn’ (”“z”%z(m + [y l172(0) + luzellz2(0) + ||“yy||%2<ﬁ>> '

Thus, by Cea’s Lemma |25, Appendix I Lemma 3.1],
lu —un|| 1 (o) < Ch, (3.44)

for some constant C(u) that depends on u, the parameters § and pu, and the diameter

of the domain &'. That is, this finite-element method has order 1. O

Remark 3.4.7. If we had u € W2%(0), then the same rate of convergence could
be obtained for all B > 0, but clearly this is a stronger hypothesis. The proof would
be identical to that of Lemma except that we would use FEquations and
with p = oo instead of p = 2. In fact, we can weaken the hypothesis on u to
be u € H*(O,w), for any B > 0, by verifying that Schumaker’s results on Lg2’2)(ﬁ)—

convergence (35, Theorem 13.8], are also valid for the analogous tensor-product Sobolev

spaces Lg’?) (O, ).
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3.5 Numerical results for the solution of the elliptic Heston boundary

value problem via the finite-element method

Consider Problem

Au=f ae. in 0
(3.45)

u=g¢g only

for the Heston operator A of Equation (2.2) with coefficients given by,
=01, o=04, k=10, r=0.05, ¢=0.01, p=-0.7.

Hence, 8 = 2x0/0% = 1.25, p = 2x/0? = 125, a1 = kp/o — 1/2 = —2.25, and
by = r—q— klp/o = 0.215. All of these coefficients satisfy our strict ellipticity
Condition 2.1.21

To illustrate our numerical results, we focus our attention on open subsets of the
form ¢ = (—L,L) x (0,V) for V < oo, and choose L = 1 and V = 2 without loss of
generality. We also choose the source function to be f = —1/2 and choose the boundary

condition g : I'y — R to be the restriction to I'; of the function,
~ _(+_Y 2 Y —z/2
9(z,y) = (1~ (az® +bx +c) + T (3.46)

where a = el/2/2,b = — (e2/2 —e7L/2) J2L, and ¢ = €2/2 + bL — aL?®. The source
function and boundary condition can be anything admissible for the framework outlined
in previous sections, but we have chosen these functions f and g, in particular, to obtain
graphs that illustrate our results well. A graph of the function g is shown in Figure (3.4

The elliptic Heston boundary value problem with homogeneous Dirichlet condition,
Problem in this case is,

Au = L Ag a.e. in O,

2 (3.47)
u=0 onl}y,

Solving this problem by the finite-element method outlined throughout this Chapter,
gives us the (approximate) solution illustrated in Figure
The graph in Figure was obtained by considering partitions with 64 subintervals

in both = and y coordinate directions. The solution, u, is identically zero along I'y and
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Figure 3.4: An extension, g, of the boundary condition g in Equation (3.46)

takes a shape along I'g = (=L, L) x {y = 0} implied by the partial differential equation
in Problem and not by the prescription of any boundary condition function. In
F igurewe have the (approximate) solution to Problem for the non-homogeneous
boundary condition.

We now present numerical evidence that the rate of convergence at which the finite-
element solutions converge to the solution of Problem is at least of order one, the
order proved in Lemma We include graphs of the approximating finite-element
solutions in Figure for increasingly finer meshes with a summary of results compiled
in Table B.1

Our MATLAB current code implementation takes a very long time to solve the
underlying finite-dimensional problem when the mesh size becomes finer. This time is
spent not only in solving the linear system in Equation , but also in generating
its coeflicients as we have to recalculate the fundamental integrals whenever the mesh
size changes (as outlined in Section . There is definitely plenty of room to improve
the performance of our algorithm if we were to implement it in a more efficient way,
however that computational efficiency was not really the objective of our dissertation.
We did find evidence that our theoretical results for order of convergence were verified

numerically.
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Figure 3.5: Approximate solution to the homogeneous problem, Problem

The quantity e; we kept track of in Table [3.1] is the L® norm of the difference

between the i-th finite-element solution and the (i — 1)-th one. That is,
e;i = [[ui — ui—1l[ Lo () (3.48)

In Remark we noted that under a certain regularity hypothesis, namely, the true
solution to the variational formulation of Problem being in W2 (&), we can use

the norm to dominate the ,tv) norm. Hence, under this hypothesis,
he L>°(0) domi h Hl(ﬁ ) H der this hypothesi
€ = |[ui — uim1| 1 (o) < Cllui — uim1|[Lo(0),

for some constant C'(u) that depends on the solution u, the coefficients of the Heston
differential operator, and the domain &'. This implies that if the e; had a certain order
of convergence (to zero), then the increments, é;, would have at least the same order of
convergence (to zero).

By Lemma we expect the H!(&, w)-error between the finite-element approxi-
mation and the true solution to be of order 1 in 1/N, where the finite-element approx-
imation was calculated on a N x N mesh, thus, we expect the increments, é;, to have

at least that order of convergence as well. This is what we found empirically as noted

in Table B11
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Figure 3.6: Approximate solution to the non-homogeneous problem, Problem ([3.45))

The way we estimated the order of convergence of the e; is as follows. If we assume

that the L>-error has order of convergence « in 1/N, then

1 (03
— il rearm ~ C | —
lu — il (0) N,
Thus,
1\* 1 \“
€& = |lui —uimil[p=y < C ~ ) v
1 «
< 2C|( —
< N,
Assume the increments é;’s are given by
1 «

5 9
€ C N,

for some positive constant C. We get an estimating formula for «:

o log (szl/Nz)

The different values for « are in Table [3.1] and they support our theoretical findings.
Furthermore they hint at a better order of convergence than the one proved in Lemma

0.4.2)
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Iteration (i) | Mesh (N; x NV;) Time [seconds] | Increment (e;) | Order (o)
1 4x4 1.22
2 14 x 14 18.80 0.861914
3 24 x 24 (~ 1m) 57.25 0.237952 1.0274
4 34 x 34 117.41 0.118124 1.2993
5) 44 x 44 198.79 0.071738 1.4318
6 54 x 54 (~ 5m) 302.18 0.048634 1.5076
7 64 x 64 434.35 0.035355 1.5572
8 74 x 74 | (~ 10m) 574.63 0.026975 1.5923
9 84 x 84 745.88 0.021325 1.6186
10 94 x 94 949.98 0.017325 1.6391
11 104 x 104 | (~ 20m) 1189.74 0.014381 1.6555

Table 3.1: Numerical results for the finite-element solution of the elliptic Heston bound-
ary value problem
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Chapter 4

Finite-element method for the obstacle problem for the

elliptic Heston operator

As with the case of an equation, we follow [25, Chapter I and II] to give a brief in-
troduction to variational inequalities, their internal approximations, and the Galerkin
method for a general basis for the underlying Hilbert space. Then we specify a basis,
reduce the problem to finite-dimensional linear complementarity problems, and provide
a rate of convergence of their solutions to the solution of the original problem. We
do not include numerical results in this case as our MATLAB code implementation of
the finite-element method takes a very long time for even a coarse mesh, but we will
include numerical results when we solve the problem by the much faster finite-difference

method.

4.1 Elliptic variational inequalities and their approximation

We adopt the same notation as in Section Let V be a real Hilbert space with
scalar product (-,-) and associated norm || - ||, let V* denote its topological dual space,
a a continuous and coercive bilinear form defined on V' x V| and a linear continuous

functional L € V*. We consider furthermore,
i) K, a closed convex nonempty subset of V.

ii) j: V — R =RU {0}, a convex lower semicontinuous (l.s.c) and proper func-

tional. Recall that j is proper if j(v) > —oo for all v and j # +oo.
The elliptic variational inequalities of the first and second kind read as follows:

Definition 4.1.1 (The elliptic variational inequality of the first kind). Find u € K
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such that
a(u,v —u) > L(v—u), forallve K (Py)

Definition 4.1.2 (The elliptic variational inequality of the second kind). Find u € V
such that
a(u,v —u) + j(v) — j(u) > L(v —u), for allv e K (P2)

The distinction between and is artificial, since is a particular case of
(P2) by considering the following indicator functional j = Ik (-) of K defined by

0, ifveK,
Ik (v) =
+o0, if v & K.

The following results is a generalization of the Lax-Milgram Theorem.

Theorem 4.1.3 (Lions-Stampacchia Theorem). |25, Theorem 1.3.1 and Theorem 1.4.1]
The problems and have an unique solution.

4.2 Internal approximation of the elliptic variational inequality of the

first kind

We suppose we are given a small parameter A > 0, and a collection {V},},~¢ of closed
subspaces of V. We are also given a family {K}}n~o of closed convex nonempty sub-
sets of V' with Kj C Vj, for all h, such that {K},},~o satisfies the following internal

approximation conditions:

a) If {vp}r>o is such that v, € K}, for all h, and {vj }n>0 is bounded in V', then the

weak cluster points of {vy}x~0o belong to K.

b) There exists K C V with K = K, and rj, : K — K} such that }llirr(l) rpv = v for
—

all v e K.

In practice, the family h € (0, 1] is given by a sequence and the vector spaces V}, are

finite-dimensional. We approximate Problem [P{] by the following problem:
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Definition 4.2.1 (The internal approximation to the variational inequality). Find

uyp, € Ky, such that
a(up, v —up) > L(vy — up), for all v, € Kp, (Pl,h)

Once again, we expect to be much easier to solve than (P1]). From the Lions-
Stampacchia Theorem (Theorem , it follows that has an unique solution.
These approximating solutions {uy }p, under the hypothesis on V, a and L above, plus
the internal approximation conditions a) and b), converge to the unique solution u of

Problem [P{] by [25, Theorem 1.5.2] as h — 0.

Theorem 4.2.2. With the above assumptions on K and {Kp}n~0, we have
lim [Jlu — up| = 0
Tim [ — | = 0

if up, denotes the solution of (Pyp)) and u denotes the solution of (Pi)).

Unlike the case of equality, the proof of convergence presented in [25, Theorem 1.5.2]
does not provide us with a method (a Cea’s Lemma) to find its rate of convergence,
however Falk proved a generalization of Cea’s Lemma in his Ph.D. thesis 15|, which
we will now introduce, and use later in this chapter to find the rate of convergence for
a particular internal approximation.

For this purpose, we need to introduce some more notation. Suppose that W is a
Hilbert space which is dense in V* and that the injection of W into V* is continuous.
Hence, we know there exists a continuous injection ¢ of V' into W* such that (V) is

dense in W* and
(i(v), wyww+ = (v,w)y,y- foral veV,weW.

We will henceforth identify V with a subspace of W*, which is dense in W, through

the continuous injection map. We now state Falk’s general error estimate.

Theorem 4.2.3 (Falk’s error estimate for the solution to a variational inequality). Let

u and up, be the solutions of (Pi]) and , respectively. Let A : V. — V* denote
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the linear continuous map defined, for v € V, by a(v,v) = (Av,v)y+y for allv € V.
Finally, suppose that L — Au € W. Then,

C? 2
Ju — up||? < g”u —vp|? + EHL — Aullw (Jlu — vpllw+ + |lun —vllw=),

for all v € K and all vy, € Ky,

4.3 A particular basis

We are interested in the approximation of Problem for 0 = (X, X1) x (0,00),

where X, X7 are finite and Xy < X;. That is, find u € K such that
a(u,v —u) > (f,v —u)2(gw), for all v € K, (4.1)

where K = {v € H} (O UTy,w)[v > 9 aein O}, and ¢ € H(0,w) with 1 < 0 on
I'y. For the case that & is bounded in the z-direction, we have that a is continuous
and coercive, thus by the Lions-Stampacchia Theorem (Theorem , it follows that
Problem has a unique solution.

Let X7, v be the set of points in & defined by the partitions introduced in Equation
(3-5). Consider B, the basis of Hj(0 UTy, ) defined in Section and the family,
{Vary } 3.8 >3, of finite-dimensional subspaces of H (€ UTy, ). For each M, N > 3,
define Ky n == {v € Vi n|v > ¢ on ¥y n}. Clearly, the {Kp v }ar>3 n>3 is a family
of closed convex nonempty subsets of H} (& U T, ).

To use the classical convergence results for elliptic variational inequalities we will
need to verify the two properties a) and b) of Section in the case of the family
{KM, N} m,N- Without loss of generality and to simplify notation, we assume M = N.

Let us rewrite these two conditions again:

i) If (vpn)n is a sequence of functions such that v, € K,, := K, ,, for each n, and the

(vn)n converges weakly to v € Hi (0 UT g, ) as n increases, then v € K.

ii) There exists K C H}(0 UTy,w) and p, : K — K, such that £ = K and

limy, 00 pr(v) = v in H} (O UT, 1) for every v € K.
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Since B is a basis of H}(0 UT, ), ii) follows by just taking K to be K itself and
pn, to be the linear combination of basis functions in B,, such that p,(v)(x,y) = v(x,y)

for every v € K and (z,y) € ¥, := X, ,. We prove i) below.

Lemma 4.3.1. Set K, =K, , = {ve V,,lv>1v on X, ,} forn > 3. Let {vy}n>3 be
a sequence of functions in H&(ﬁ U T, ) such that v, € K,, for every n > 3, and such

that {vn}n>3 converges weakly to v € H} (0 UTo,w). Then v € K.

Proof. Recall that 1 € H'(€,w). By the proof of Proposition that B is a basis
of HY(0 UTy, ), there exists a sequence of continuous functions {1}, on & such
that 1), converges pointwise to ¢ in H'(&,w). This follows by just considering linear
combinations of functions in B, using as coefficients the values of v itself on 3,,. Thus,
Yy € V,, and ¢ = 1), on 3, and 1, converges to ¢ in L*°(0) as n — oc.

Since v, > v and ¥ = 1, on X, then v, — 1, > 0 on X,, but that implies that
Up — Y > 0 on all of €. In particular,

[ s =0,

%

where dtv = 1o dz dy, for all non-negative smooth functions, ¢, with compact support in
0. Taking the limit as n — oo, given that v, converges weakly to v and v, converges
to ¢ in L*>°(0) as n — oo, we have

/(U —YP)pdw >0, for all ¢ € Cy(0).

%
This implies that v > 1 a.e. in ¢. That is, v € K. O

Hence, it makes sense to consider the solutions to the approximate problems (P p|).

4.4 Galerkin method for the chosen basis

Let a be the same bilinear form as in the case of equality. The Galerkin approximation

of Problem [4.1] is defined as follows:

Definition 4.4.1 (Galerkin approximation of the variational inequality). Find u € K,
such that

a(u,v —u) > (f,v —u)r2(6, w) for alve K, (Pn)
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Now since a is continuous and coercive, then Problem [P,,|has a unique solution, and
since the family {KK,, },>3 satisfies conditions i) and ii) of Section then by Theorem

A22

lim ||u — unl| 16wy =0, (4.2)

n—00
where u is the unique solution to Problem and each wu, is the unique solution to
each Problem for n > 3. Thus, we focus on solving Problem and what we can
expect for the order of convergence of Equation .

For each n, Problem is a variational inequality on a finite-dimensional space.
This linear complementarity problem can be solved by several methods, including the
penalty methods [25, Section 1.7] combined with the gradient method or Newton’s
method, or iterative methods like iterative relaxation methods [33, Chapter 7].

We implemented finite-element methods to solve numerically the obstacle problem,
by reusing our MATLAB code for the case of equality combined with the penalty
method and the relaxation method with projection, however the computational time
to solve the obstacle problem for one mesh size was way too long, given that through
these methods we have to iterate on the case of equality and that case was already
taking a long time, as per our numerical results of Section We are going to give
an exposition of the penalty method and the relaxation method with projection for the

case of the finite-difference method rather than for the finite-element method.

4.5 Rate of convergence

Let u,, be the unique solution to Problem To find the order at which the solu-
tion, wy, converges to u (the unique solution of Problem , we will again assume
that u € H?(0) and use Falk’s general error estimate (Theorem together with
approximation estimates with respect to the basis B that we already used in the case
of equality.

First, let us restate his general error estimate in our context. We set W = L?(0, )
in Theorem and notice that for weighted Sobolev spaces it also holds that
L?(0,w) is dense in H1(0,w) = (H}(O UL, w))" and the injection of L*(0,w)
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into H~1(&, 1) is continuous.

Theorem 4.5.1 (Falk’s error estimate for a solution to a variational inequality). Let u

and uy, be the solutions to problems (4.1) and , respectively. Denote by A : HH(O'U
[y, ) — H Y0, w) the continuous linear operator defined for © € H (0 U Ty, w),

such that
(AT, 0) g—1(6 o), 13 (0UTg ) = 8(B,0)  for all v € Hy(6 UTy,w).

Then,

2
2
g”u - Un”Hl((},m)

IN

= wnllZs (5 o)

2
+a||f — Aull 120 0) ([t = vnll L2060 0) + 1t — V] 12(00)) 5
for all v € K and all v, € K,,.

Lemma 4.5.2 (Rate of convergence for the obstacle problem). For each n let u, be
the solution of Problem . If u,p € H*(O) and > 1, then the rate of convergence

at which the u, converge to u is of order 1. That is,

1
\m—umeﬂn—o() (4.3)

n

Proof. Tt is sufficient to estimate ||u — vp| g1 (gw) and [[u — vnl|f2(gw) for a particular
Vp, and |[uy, — v 12(g ) for a particular v.

i) By the proof of Lemma we already have an estimate for [|u — vp | g1 (g )
when v,, is the linear combination of tensor product B-splines with coefficients given
by the values of u on the nodes. Given that u € H?(&), we have from Equation ([3.43))
that there exists a constant C(u) that depends on u, the parameters § and u, and the

diameter of the domain &, such that,

1
= vl 71 ) <€)

We notice that v, clearly belongs to K.

ii) [[u—vn|lf2(gw): We will use the same estimate as employed in the proof of Lemma

Since 8 > 1, by [35, Theorem 12.7] there exists a constant C, that depends on
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B, 1 and the diameter of &, such that,

1
lu = vnllz2(0m) < Cllu = vall2(0) < C 5 (I D2zl 26y + | Dyyull 2(6)) -

Thus, since we are assuming that « € H?(&), there exists a constant C(u), that depends

on u, B, and the diameter of &, such that,

1

lu —vnllL2(6m0) < C(U)ﬁ

iii) [|un — v||p2(gw): For this estimate we will use the assumption that ¢ € H?(0).
As in Falk [15], we will proceed by considering one particular v. Let v := sup{uy, ¥ }.
Since u, € H}(0'UTy, ) and v € H (0, 1) with ) < 0 on 'y, then v € K. For each n,
define 1,, € V,, to be the linear combination of tensor product B-splines with coefficients
the values of ¥ on the nodes ¥,,. That is, ¥, € K,,. First we notice that u,, > v, in 0.
Indeed, this follows since u, > ¥ = 1, on X,, and all of our tensor product B-splines
are non-negative and equal to 1 on their defining node. Let us estimate |[un, — || 12(6 w):

If u, > 1, then |u, —v| =0 < |th, — ¢|. If u, < 9, then
¢n_w:wn_vgun_v<oa

which implies that |u, —v| < |1, —¥|. In either case, |u, — v| < |1, — ?|, and then by
the same argument applied to ii), but for ¢ (not for u), there exists a constant C that
depends on (3, i and the diameter of &, such that,

1
|un=2r2(6w) < Un=Yl12(60) < Cllvn—1|l12(0) < €3 (I1D2e®ll L2(6) + 1 Dyy¥ll 12(6))
Therefore, since 1) € H?(0), there exists a constant C(1) that depends on f3, i1, and

the diameter of & such that,

1

lten = 0l 220y < C(#) =

Combining i), ii), and iii), together with Falk’s general error estimate, Theorem

then the main assertion follows. O

Remark 4.5.3. As in the case of equality, if we had that u,) € W2>®(0), or u, €

H?(0,w), then the same rate of convergence can be obtained for all 3 > 0.
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Chapter 5

Review of existence and uniqueness results for elliptic
Heston boundary value and obstacle problems in weighted

Holder spaces

We summarize higher regularity results for solutions to both the boundary value prob-
lem and the obstacle problem for the elliptic Heston operator. These results will allow
us in the next chapter to use finite-differences to construct approximate numerical so-

lutions.

5.1 Notation

We review the notation of the Daskalopoulos-Hamilton-Koch families of Holder Banach
spaces and their correspondent norms [13].
Let o € (0,1) and let u be a function defined on an open subset & C H. Let us

recall that the standard Holder semi-norm of u is defined by

‘ «

[u] @ = sup u(x2,y2) — u(z1, 1)
ce(0) —

(z1,y1),(z2,y2)EC ’($2792) - (xla y1)|a ’
(z1,91)#(22,92)

and that the Daskalopoulos-Hamilton-Koch Hélder semi-norm of u is

u(xe, y2) — u(xy, y1)|*
e @) = sup |u(x2, y2) — u(@1, Y1)

(z1,y1),(w2,y2) €0 s((w1,91), (z2,92))*
(z1,y1)#(z2,y2)

where the usual Euclidean distance between points,
(22, y2) = (21,90)] = (|72 = @1 + [y = 1) /2,

for (z1,y1), (x2,y2) € H, is replaced by the distance function s((z1,91), (z2,92)),

s((z . _ ((z2,y2) — (21, 1)
(( 1,y1),( 2,y2)) \/y1+y2+|(mz,y2)—(:cl,yl)|'
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Notice that s((z1,71), (z2,92)) < |(z2,y2) — (21, y1)|"/? and if € is bounded, then there
exists a constant K (&), that depends on the height and diameter of &, such that
[(z2,y2) — (z1,51)] < K(O)s((x1,91), (22, 92))-

Daskalopoulos and Hamilton provide the following definition,

Definition 5.1.1 (C¢ norm and Banach space). |13, p. 901] Given o € (0,1)and an

open set 0 C H, we say that u € C*(0) if u € C(0) and

lullg, ) < o0,

where

lulle, @) = [Ule,@) + lullo@): (5.2)

We say that u € C¥(O'UTYy) if u € C&(V) for all precompact open subsets Ve ¢ UTy.

It is known that C%(0) is a Banach space |13, Section I.1] with respect to the norm
defined in Equation ([5.2). Let us now recall the definition of higher-order CF Holder

Banach spaces and their correspondent norms.

Definition 5.1.2 (C¥® norm and Banach space). [13, p. 902] Given an integer k > 0,

a € (0,1), and an open subset €@ C H, we say that u € CY*(0) if u € C*(0) and
HuHcfva(ﬁ) < o0,

where

HUHCQO‘@) = Z HD’BUHCg(E)a
18I<k

withﬁz(ﬁl,...,ﬁd)ENd, |8l .= 681+ -+ Ba, and

DPy = Bﬁmu 5
... o

If k =0, we denote Cﬁ’a(ﬁ) = Cg’a(ﬁ) by C(0).

We are only interested in the case d = 2. Finally, we recall the definition of the

higher-order Cf 2% Hslder Banach spaces and their correspondent norms.
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Definition 5.1.3 (C’f’zﬂl norm and Banach space). [13, pp. 901-902] Given an integer
k>0, a € (0,1), and an open subset ¢ C H, we say that u € C’f’ﬂa(ﬁ) ifu €
Cf“’a(ﬁ), the derivatives, DPu, f € N® with |3| = k + 2 are continuous on U, and
the functions yDPu, B € N® with |3| = k + 2, extend continuously up to the boundary,

00, and those extensions belong to C$(0). We define,
H“HC;%?‘W(E) = HUHC;CH@(E) + Z ||yDBUHCg(5)‘
|Bl=k+2
We say that u € 05,2—5-04(@) UTy) if u € C§’2+O‘(V) for all precompact open subsets

V € 6 UT,. When k=0, we denote C¥*T(0) = CO*T(6) by C*a(0).

The following Lemma will be useful when we solve the boundary value problem and

obstacle problems by the finite-difference method.

Lemma 5.1.4 (Boundary properties of functions in weighted Holder spaces). [18] If
u € C2(H), then for all (zo,yo) € OH,
lim  yD%u(x,y) = 0.

(z,y)—(x0,y0)
(z,y)eH

Remark 5.1.5. A consequence of Lemma is that for u € C2+*(0) we have that

Yluge(z,y)| < \Ittllogw(ﬁ)?f“/2

Yty (2, 9)| < [[ull o 5™ (5.3)

y‘uyy(%y)l < HUHCS?M(E)Z/Q/Q

for all (z,y) € Ty.

As reviewed in Chapter [2| by generalizing the methods of Koch [29] and focusing
only on the Heston operator in two dimensions, Daskalopoulos, Feehan, and Pop suc-
cessfully proved existence, uniqueness, and regularity of solutions to the elliptic bound-
ary value problem and obstacle problem by solving the associated variational equa-
tion and inequality for solutions, u, in weighted Sobolev spaces. They also achieved
higher regularity results in their joint work. Feehan proved uniqueness [17]; Feehan
and Pop proved that w is continuous up to the boundary [19] using a Moser iter-

ation technique, proved Schauder regularity when f € C5°(€0 UTo) N Cy(O) using
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a variational method [20], and provided the expected Schauder regularity result of
u € C2T%(0 UTy) N Cy(0 UTY) for a solution to the boundary value problem, using
elliptic a priori interior Schauder estimates and regularity results [21]; also, Daskalopou-
los and Fechan proved that u € C+* (6 UT) N Cy(6'UT) for a solution to the obstacle
problem by adapting arguments of Caffarelli [§] in [11].

However, Feehan in [16] used Perron methods to provide a more direct approach to
prove all of the results above, except the continuity of the solution at the corner points,
although such continuity properties are proved by Pop and Feehan in [19] for the case
of the elliptic Heston operator. To state Feehan results [16] we need the following

definition first:

Definition 5.1.6 (Regular boundary point). Ifu € C2t*(€'UTy) is a bounded solution
to the boundary value problem for the elliptic Heston operator , we say that a point
(z0,y0) € Ty is regular with respect to f, and g if the point (xo,yo) admits a local
barrier in the sense of (24, p. 105]; if (xzo,y0) is a regular point, then [24, Lemma 6.12]
implies that

lim u(x) = g(xg).

T—T0
€0

A point zg € T'y will be regular, for instance, if & obeys an exterior condition at

xo |24, p. 106], or an exterior cone condition at xg [24, Problem 6.3].

5.2 Elliptic Heston boundary value problem

The Perron methods developed by Feehan in [16] are analogues of their classical coun-
terpart in [24, Chapter 2 and 6] for the existence of smooth solutions to a Dirichlet
problem for a linear, second-order, strictly elliptic operator. Feehan proved [16] the

following:

Theorem 5.2.1 (Existence of a smooth solution to the boundary value problem for the
Heston operator). [16, Theorem 1.4] Let & C H be a bounded domain and o € (0,1).
Let A be the elliptic Heston operator as in Equation (2.2)). If f € C¥(€0 UTy) NCy(0)

and g € Cy(I'1), and each point of I'1 is reqular with respect to A, f and g in the sense
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of Definition[5.1.6], then there is a unique solution,
uwe CHoUT) NCy(OUTY),
to the boundary value problem for the elliptic Heston operator (2.1)).

When f € C¥(0UTyUT), and g € C2T*(0UT(UT), and Ty is of class C%“, then
the standard regularity theory for boundary value problems for strictly elliptic operators

[24) Lemma 6.18] implies that the solution to Problem [2.1|belongs to C2T%(&UTgUT'y).

Remark 5.2.2. Fechan [16] remarks that given a solution u € C2T*(0 UTy) to (2.1,
continuity up to 'y is assured by the existence of a local barrier at each point of T'y [24),
pp. 104-106], however, because A is degenerate when y = 0, it is unclear how to

construct a local barrier at the corner points, To N T}.

5.3 Elliptic Heston obstacle problem

As for the equality case, in this section we summarize higher regularity results, proved
by Feehan [16], for solutions to the variational inequality for the elliptic Heston operator.

He proved the following analogue of [23, Theorems 1.3.2, 1.3.4, 1.4.1, and 1.4.3].

Theorem 5.3.1 (Existence of a smooth solution to the obstacle problem). [16, Theorem
1.7]. Let ¢ C H be a bounded domain, 2 < p < oo, and a € (0,1). Assume the
hypothesis for f and g in Theorem m If € C3(OUTy) NC(OUT) obeys the
compatibility condition, ¥ > g on I't, and each point of I'1 is reqular with respect to

A, f, and g in the sense of Definition[5.1.6, then there is a unique solution,
u CH(QUTH(Q) NWEP(0) N CL(0 UTo) N Cy(0 UTY),

to the obstacle problem (2.20), where Q = {(x,y) € O : u(x,y) > P(x,y)}.

When f € C¥(0UTyUT}), and g € C2+*(0 UT UT), and ¢ € C*(0 UTUTy),
and T'; is of class C?®, then again standard regularity theory for obstacle problems
for strictly elliptic operators [23, Theorem 1.3.2 or 1.3.5] implies that the solution u
belongs to I/Vlzo’p(ﬁUI‘l). Feehan [16] points out that we actually have v € W2 (€UT)

C loc

by [23 Theorems 1.4.1 and 1.4.3].
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Remark 5.3.2 (Optimal regularity of a solution to the obstacle problem up to I'y).
Optimal reqularity up to the degenerate boundary, Iy, that is, u € C’ll’l(ﬁ UTy) in the
sense of [11, Definition 2.2/, for a solution u to is proved by Daskalopoulos and
Feehan in [11)].

Theorem and Theorem , plus a reasonable assumption about regularity
of the solution to the boundary value problem and the obstacle problem
on the corner points, will allow us to talk about approximations of its first-order and
second-order derivatives when we use finite differences to solve both the equation and
the inequality approximately. This will also allows us, in the case of the boundary value
problem, to prove convergence of the finite-difference solutions and to provide a rate of

convergence.
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Chapter 6

Finite-difference method for the boundary value problem

for the elliptic Heston operator

For suitable functions f and g, and bounded domain &, Theorem provides reg-
ularity for the solution to the boundary value problem , u, up to O except at
the“corner points”, o N ;. While this is still an active research item, towards assert-
ing that u € C2+2(0), that is including the regularity everywhere including the corner
points, we consider it as a hypothesis for the analysis of the finite-difference method for

this problem exposed in this chapter. That is, throughout this chapter, we assume,

u e C*(0).

6.1 Introduction to finite-difference methods for the elliptic Heston

PDE

Recall the boundary value Problem with homogeneous boundary condition,

Au=f a.e. in O,
(6.1)
u=0 onl}y,

where the operator A is given by,
Au = —% (Uzz + 2p0 Uy + 02uyy) —(r—q—y/2)uzy — k(0 — y)uy + ru. (6.2)

Consider again a mesh like the one considered in the case of the finite-element method
in Section but on a bounded domain, and let us further assume it is uniform in

each direction. Thus, given L > 0 and V > 0 we choose

Px:{Xogxl<.I2<:E3<"'<1‘M§X1},
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Py {Yo<y <wya<ys<-<yny <V},

where Xog = =L, X; = L, Y5 =0, Y1 =V, and x;41 = x; + hy, yj+1 = yj + hy for
he = (X1 — Xo)/M and hy = (Y1 —Yp)/N. We will approximate the derivatives of u at
each point (z;,y;) in @ by using central differences in both directions, except along the
line {y = 0}, where we will use central differences for the z-derivatives and a forward

difference for the y-derivative. Our finite-difference approximations are then

g 1

up(ziy;) = ui +O(h2) = o (Uit1; — wi-1) + O(h2), (6.3)
Y 1
Upe(Ti,y5) = ugn+ O(R3) = p (Uit = 2uig +uie1,) + O(h2), (6.4)
— O(h3), ifj>1,
uy(ziny;) = uy’ + (6.5)
O(hy)7 lf.] = 17
1 o
B % (Wij+1 — Uij—1) + O(h;) if 7 >1,
N 1 e
. (wij+1 —uij) +O(hy) if j=1,
y
i 1
Uy (i, y;) = uyy 4+ O(hy) = 72 (uij+1 — 2uij + uijo1) + O(h), (6.6)
Yy
Uacy(xhyj) = U;ZJJ + O(hrhy) (6.7)
1

= o (ui+1,j+1 — Ui+1,j—1 — Ui—1,5+1 + Uifl,jfl) + O(hi) + O(hf,)a
dhyhy

where w; j = u(x;,y;). Notice that if we assume that the second-order derivatives exist
along {y = 0}, that is for j = 1, then our operator A does not involve any second-order
derivatives when evaluating Au along any point on that line because of Lemma
We will not impose a boundary condition along {y = 0} but allow the function values
u;1 = u(zi,y1) to be unknowns, by analogy with the boundary value problem for the
Cox-Ingersoll-Ross ordinary differential equation (see Appendix .

The discretized equation evaluated at (x;,y;), for 1 <i <M and 1 <j < N, is

k=i+11=j+1

Yo > diurg = figs (6.8)

k=i—11=j—1
and its normalized version is then,

k=i+1l=j+1

Z Z My ey = 2h2h2 fi g, (6.9)

k=i—11=j—1
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where f; ; = f(x;,y;), and all of the my,; are guaranteed to be zero except m;—1 j—1, ..., M1, j+1-

For j > 1, the my; are

1
mi—1,j-1 = —§P0yjhzhy,

mi—1,; = (r—q— yj/2)h$h22/ - yjhzz/,

1
M 1,j4+1 = §P0yjhxhy,

mij—1 = k(0 — y;)hihy — 0*y;h2,

mi; = 2y;h2 + 20%y;h2 + 2rh2h2, (6.10)
miji1 = —k(0 = yj)hihy — o*y;hz,

1
mMi41,j—1 = ipijhxhy,

mip1; = —(r — q — y;/2)hah? — y;h2,
1
Mit1,j+1 = _§p0yjhzhy-

For j = 1, that is when y = 0, all of the formulas above hold except for the formulas

for m; j—1,m; j, and m; ;1. The set of formulas for j =1 is

1
mi—1,0 = _§poy1hxhy7

mi—1,1 = (r —q—y1/2)hah; — y1h3,

1
mi—12 = §p0y1hxhy,

m@o = 0,
mi1 = 260h5hy + 2050, (6.11)
mig = —2k0h2hy,

1
mit1,0 = §P0y1hxhy,

miy1,1 = —(r — q— y1/2)hahl — y1he,
Mmit1,2 = _%paylhzhy-
The nodes will be numbered from bottom to top, and then from left to right, as the
example in Figure indicates.
This enumeration defines a mapping (i,5) — I(i,7). We can write Equation

as,

> i sus = 20200 fi, (6.12)
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Ay
8 16 48 56
7 15 47 HBS
6 14 46 b4
4] 13 45 B3
4 12 44 H2
3 11 43 pHl
2 10 42 B0
1 9 4l 49 =

Figure 6.1: Example of a mesh for [—3,3] x [0, 7] and enumeration of its nodes

for every t = I(i,j) with (z;,y;) not on I'y. Notice m;s = 0 unless s = I(k,[) corre-
sponds to (k,[) being a neighbor of (i,j). That is, if |k —i| < 1 and |l — j| < 1, like in

Figure [6.2]

i-1,j+1 ij+1 i+1,j+1
‘( j+1) .(J ) j+1)

.

'(i—l,j) ‘i,j) ’(i—i-l,j)

‘(i—l,j—l) ‘(i,j—l) .(i+1,j—1)

Figure 6.2: Example of a node and its neighbors

The linear system defined by Equation (6.12) on the unknowns {us}s>0 can be
written as
M = 2h2h2 ], (6.13)

where M = {Mu,s}t,s is a sparse matrix, and 4, fe RM-2)(N-1),
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6.2 A discrete maximum principle

The finite-difference scheme proposed in the previous section satisfies a discrete maxi-
mum principle when the parameters appearing in the operator A, as in Equation (6.2)),

satisfy certain conditions. From Equation , define L as,

k=i+11l=j+1
/.:’U,Z'J = Z Z dk,lukyl, (6.14)
k=i—1l=j—1

where dy; = my;/ Qh?chz and my,; are the coefficients in the previous section, and u is
any mesh function.
As in Ciarlet [9], we define the following analogous property for finite-difference

operators like the operator L:

Definition 6.2.1 (Discrete maximum principle for the Heston operator). A finite-
difference operator L satisfies the discrete mazximum principle for the Heston operator

if and only if whenever Lu; ; < 0 for all mesh points (x;,y;) € O ULy, then

max {u; j|(x;,y;) € O ULy} < max {0, max{u;;|(zi,y;) € I'1}} (6.15)

Notice that the definition of this property states a non-negative maximum is attained
on I'1 rather than on 0. We believe the operator £, or a modification of it, satisfies
this discrete maximum principle for all possible values of all parameters appearing in
the operator A (as in Equation ), however we are able to prove this only when

these parameters obey certain conditions, namely,

Lemma 6.2.2 (A first discrete maximum principle). If p=0, r = ¢ > 0, x < 02 and

the mesh size is sufficiently small, then L satisfies the discrete maximum principle.

Proof. First, let us write formulas for the operator £ evaluated on w at all internal

points for the values specified for the different parameters. For j > 1,

Y Y; k(0 —y;) oy
s = (2 2 )y (MY
" 2h2  4h,) 2h, 2n2 )
2 2
Yi |, oY k(0 —y;) oy
+ <h% + T:%/ + 7“) Uj 5 + (- th — 2]15 Ui 41

Y Y
+( 2h%+4hx>uz+1737



63

and for j =1,

K0 K0
ﬁufi’l = E+7" Uj 5 + _ny U j41-

Suppose that Luy; < 0 for all k,1 such that (xy,y) € ¢ UTy, and let us assume
by contradiction that at an “internal” point (z;,y;) € € UTy a positive maximum is

attained. That is, assume that
M = w;; = max{uy; (zx,y) € O UTo} > max{0, max{us; (i, y) € T'1}}.

In particular, M > 0, Lu;; < 0, and for every (xy,y;) € I'1 we have that uy; < M. Let

us consider first the case j > 1. Thus,

2 2
. o . . . K 9 . o .
(yj + Yi + 7’) Ui, S (y] + 7% ) Ui—1,5 + <— ( y]) + yj) Us,5—1

2" h2 2h2 T dh, 2h, | 202
k(O —y;) | 0%y, Y Y
+ < 2hy + th Ui j+1 + Qh% ih, Ui+1,5,

and notice that all coefficients are non-negative given that x < o2 and the mesh size
is sufficiently small (h, <2 and h, < %2 suffices). Therefore, by estimating from above
all values of u appearing in the right hand side of the inequality,

2 2
Yi , oY Yi Y K0 —y;) | o7y
95 M o< (L M+ (- M
(h; T +T> = <2hg +4hz> +< ohy 202

k(O —y;) |, oY Yi Y
M4 (2 _ Yy
" < o, 2n2 ) T2k T an, )

2 2
Y; 0~Yj Y 07Yj
24 22 M<(Z 420 g
<h§+ n2 *”) —<h§+ h?,) ’

implying that,

which is a contradiction since » > 0 and M > 0. Now let’s consider the case j = 1.

From Lu;; <0, it follows that

K0 K0 K0 K0
— M=|— 1< |— |ua<|—|M
(i r)rm (B )= (5) o< (5)
which is a contradiction again for the same reason. Hence L satisfies the discrete

maximum principle for the Heston operator. O

We can improve our first discrete maximum principle to include all values of p if we

change the way we approximate the mixed partial derivative u,, of Equation . If
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we estimate it instead by

1
Uy (T3, Yj) R 57— (Wit 1,41 — Witk 1,j — i1 + 25 — W15 — Ui j—1 + Uim1,j-1),
2hhy
and recalculate Equation , we obtain a new finite-difference operator £. The new

operator’s formula, for j > 1, is

Zuij: — Yj | Wi-1,5-1
’ 2N, hy ’

1 n 1 po + r—q
s _ Uit s
Yi\enz " dh,  2hghy) " 2k, )M
k(0 — y; o? o
w0 — y5) p > o

ohy,  om2% T o,

&

k(0 —y;) o po
2h, 252" * 2hghy ) It

1 1 po r—q

Vi (tha T dh, 2h$hy) " on, )“”1”'
po

+ (-Myj> Uit1,5+15

and for j = 1, it remains unchanged since there is no uy, term in A along {y = 0}. For

+('+02 -2 ) (6.16)
I 4y — yi | wij .
n2 2 hahy V) 409

L we have the following discrete maximum principle.

Theorem 6.2.3 (A second discrete maximum principle). Ifr = q, and k0 < o?(1—p?),
and the mesh is sufficiently fine such that

p0<@<02—/@0
hy = po

then L satisfies the discrete mazimum principle.

Proof. The proof goes very much along the same lines as Lemma Since r = q,
from the definition of E, Equation (6.16)), we have

> po yi (1 1 pa)
Lui; = |——yj|ti—1j1—=— | —+=z—— | ui-1,
g < 2hxhyy]> T (hm 2y, ) TN
w0y o o\ (YT, 7 N
+ (2hy 2h, </€+ By T Ui -1 + h% + h2y] +r hxhyyj Uj j
K0 Yj o?  po N Yj 1 1 poy\
+ ( + (/43 + uz,j—}—l 2hx hx 2 hy U’L-‘rl,j

hy = hg
po .
+ (—Myj> Uit1,j4+1, for j > 1,
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and for j = 1, once again,

k0 K6
ﬁufi’l = E+T Uj 5 + —hfy Uj j41-

Let us focus on 7 > 1. First, we point out that from the definition of the Heston process,
Equation , we can modify either p or o so that po > 0 and so the coefficients of
Ui—1,4—1 and u;y1 j41 are non-positive.

Denote by A the ratio between h, and h;, and assume it to be fixed. That is,
A := hy/hy. Then it follows that the coefficients of u;_;; and wu;41; are both non-
positive if h,, is small enough, namely, if h, < 2(A — po).

The coefficient of u; j—1 is non-positive if and only if y; (,% + 02/hy — pa/hx) > K0,
but since j > 1 and k0 > 0, that is equivalent to xhy + 0% > Apo + kb, which happens
for all hy, > 0 given our hypothesis % > Apo + k6.

As for the coefficient of u; j41, it is non-positive if and only if
2
yj (k —0°/hy + po/hy) < k0.

For that to hold for any j > 1, it is sufficient to have k — o2 /hy + po/h, < 0, but this
is equivalent to Khy < 0% — Apo, which is guaranteed when hy is small enough, given
that 02 — Apo > k6 > 0.

Therefore, for j > 1, all coefficients uy,; in Eu” are non-positive, except u; ;, which
is positive itself. It is trivial to see that we have the same situation for Euz j when j = 1.
Hence, proceeding exactly as we did in the proof of Theorem [6.2.2] by contradiction,
we conclude that such an operator L satisfies the discrete maximum principle for the

Heston operator. O

6.3 Convergence of the finite-difference approximation

Following the exposition in Krylov [30, Sections 6.6-6.7], we will consider from now on

the two finite-difference operators, £ and £, in Equations (6.14]) and (6.16]), respectively,

which satisfy the discrete maximum principle for the Heston operator.
The first observation we make is that for an operator £ that satisfies the discrete

maximum principle, its defining linear system of Equation (6.13)) has a unique solution,
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hence it makes sense to ask a computational algorithm to find approximations to the
unique solution. Indeed, since the linear system is represented by a square matrix, all
we need to prove is the uniqueness of the solution. For that, suppose we have two
solutions i, 7 € RMN to the linear system in Equation such that ug = vs =0
whenever s is an index corresponding to a point on I'y. From the definition of £ in
Equation (6.14)), we have (L(u—v));; = 0 for all (z;,y;) € € UL, and by the discrete

maximum principle,

rnax{ui,j — VUij (xi,yj) e o\J Fo} < max{O, max{ui,j — vi,j|(xi,yj) € Fl}} =0.

Similarly, max{v; j; — w; j|(xi,y;) € 0 UT'g} <0, and thus @ = v.
Also, operators like £ and L approximate the Heston operator A in the following

sense,

Lemma 6.3.1 (The operators £ and L are consistent with the continuous operator A).
Assume the finite-difference partitions are such that hy/h, < A, for some A > 0, for

all hy > 0,hy > 0. For any u € C2T*(0) and any (z;,y;) € € UTy we have

|Au(i,y;) — Luig| < K max{hg, by }*?[ul| co+e ), (6.17)

Au(a:i, yj) — Zui,j

< K max{hg, hy}**|[ul| 240 ), (6.18)
for some constant K that depends on «, the height of O, and A.

Proof. We first derive the estimate . By definition of £, we just need to check
how well each finite-difference term approximates the corresponding derivative term in
the operator A. These approximations are given in Equations —.

All these estimates will follow from simple applications of the Mean Value Theorem
and the Mean Value Theorem for Sums. Suppose (z;,y;) € 0 UT).

i) ;35\] = ﬁ(“ﬂ-ld’ — uj—1,): By the Mean Value Theorem, there exist le and

x? € (x4, x;41) such that,

1
Uit1,j = U5 + haug (27, yj),

Uio1j = iy — hote (7)),
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Thus, by the Mean Value Theorem for Sums, there exists a:f’ € [xi—1,xi41] such that
1
0 = L(uaeh ) + e, 4) = walad )

Therefore,

;;‘3 _ }uaz(l’?>yj)_ugg(a}i,yj)‘s S
) = @ mae @) @)

< ” H hoz/2
u Cs2+a(ﬁ) T .

This completes the analysis for this term.

—

ii) uld = %(uiﬂ,j — 2u;j + ui—1,;): Here j > 1 since there is no us, term along
{y = 0}. By the Mean Value Theorem, there exist x} € (x;,z;11) and 2? € (v;_1,2;)
such that

h2

Uit1,j = Ui j + hxuac(xiayj) + ;ul“x($}7yj)a
h3 >

Ui—1,j = Ui,j — hxua:(xiu yj) + ?u:cw(xpyj)a

and thus, by the Mean Value Theorem for Sums, there exists a:f’ € [zi—1,xi41) such that

— 1 2
i5 o Upe (T, Y5 ) + Uz (TS, Y5
i = e e O) 00 )

This implies that

—

i | — g (i, )| < 0@ 05) = Uitta@iryi)l oy v

s((@2,y5), (@i, 7))

< HUHCEM(E)hg/g-

The analysis of this approximate derivative is finished.
iii) uy’ = g5 (i1 — uig-1) for j > 1 and uy’ = 7-(uij1 — uiy) for j =1: The

—

analysis of the case j > 1 is similar to the analysis we gave for when j > 1 for us? . For

j =1, there exists yjl- € (Y4, yj+1) such that

U’ZL/J = uy(wivyjl')7

which implies that,
UZ’] — Uy (xiv yj)

< [lullgza gy Hg .

This concludes the analysis of this finite-difference.
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iv) ugy = h—%(umﬂ — 2u; j + ujj—1): Once again we only need to consider this case

when j > 1. By the Mean Value Theorem, there exist y]1 € (yj,yj+1) and y]2 € (Yj-1,95)

such that
2
hy 1
Wi+t = ig Ty (20, Y5) + <y (5, Y5),
h2 9
Wi j—1 = uij — hyuy(xi, y;) + ?yuyy<$i7 ;)

and thus, by the Mean Value Theorem for Sums, there exists y;’ € [yj—1,Yj+1] such that

1 2
=7 Uyy(@i,y;) + ugy (@i, y5)
u% = ') 5 ] :uyy(xijy?%

This implies that

p—

yj |ughy — gy (20, 97)| < lyjugy(@isy]) — yjuyy (@i y5)]
< |y§’uyy(a§“y§’) — yjtiyy (i, y;)| + [(y5 — y?)uyy($1=y§))|
< ]y?uyy(:l?i,y?) — yjtyy (i, ;)| + hy‘uyy(xiay?)’-
By Equation in Remark

|Uyy(13i» y?” < ||U”c§+a(ﬁ) (y;))oz/2—1,

and since y?’ > y;j—1 and j > 1, then yj’ > hy, and so,

Yj ﬁ_u (zi,y5)| < |yjuyy($i’y?)7yjuyy(xi’yj)‘
7 | Uyy Yy\re JgJ = s((mi,y?),(ﬁi,yj))a

8((Ii) y?)u (xiu y]))a
+ hy”“”cﬁ“l(ﬁ) (y?)aﬂil

. h
< lullgzra gy by + FZQHUHCEM(?)
Y

< 2l g2va ) by >

The discussion regarding this approximate derivative is finished. We have only one

more term to estimate.

—

V) u?p’% = m(uﬂrl,frl — U¢+1,j71 — ui717j+1 + uz;l,j,l): Notice that ] > 1 since
there is no g, term in A along {y = 0}. This term is the central difference in the

z-direction of the central difference in the y-direction, however we need to be a bit
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careful in this case with the estimate as we do not know regularity past order 2. Let us

—

re-write ufvj as
@ - L (L (Wit1,j41 — Wit1j—1) — L (Wim1j+1 — Wim1,5-1) (6.19)
Shy \ 2R, Y : oh, L :

First, by the Mean Value theorem there exist yjl» € (yj,yj+1) and yj2 € (yj—1,y;) such

that
h2
Wig1j+1 = Wig1,j + hyuy(ziv1, ;) + Ey“yy(lﬂh yjl-),
h2
Uil j—1 = Uig1,j — Nyty(Tit1,y5) + ?yuyy<xi+1a yf-%
and thus,
WUit1,j+1 — Witl,j—1 h
= 2h, e Uy (Tit1,Y5) + Zy(uyy(iﬂwhy}) - uyy(xiJrlaij‘))-

Similary, there exist yg’ € (yj,yj+1) and y;-l € (yj—1,y;) such that

Wit 41 — U1 -1 h
— 2h, = = Uy (wi-1,Y5) + Zy(uyy(xi—hy?) - uyy(xi—hy;'l))-

Hence, from Equation (6.19) it follows that

uidy =5 (uy (@1, 95) = wy(@io1,95))
x (6.20)
+ ﬁ(uyy(%—&-la yjl) - uyy(xz’—i-l»ygz') — (uyy(zi-1, y?) - uyy(xi—lyy;‘l)))'
X
Let us focus on the first term of Equation (6.20f). By the Mean Value theorem we have

that there exist 2} € (z;,7;41) and x? € (x;_1,2;) such that

uy($i+1,yj) = Uy(mia yj) + hzumy(%la yj),

uy(xi—lu y]) = Uy(%yyy) - hxuxy(x@27y])7

and so by the Mean Value theorem for Sums there exist 2 € (2;_1,%;+1) such that

1
2 (uy (i1, Yj) — Uy (Tim1,Y5)) = Uay (25, y5)-
T

Hence, from ((6.20) it follows that

+ #(Uyy(xz#l, yjl) - uyy(l‘iJrl» y?) - (uyy(xiflv y?) - uyy(mi,l, y;l)))y
x
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—_—

which, arguing as we did for the case of uzyg/, given that again j > 1, implies that

U;] — Uy (T, Yy5) 3‘a/2-

hy 2 1ja/2 hy 4
v < g, lezre@)lys = v31%7 + g -l ozee @)l = )

Now, since |y]2 — yjl\ < 2h, and ]y]2 — y]1| < 2hy,

— o h
i |’ — way (@i, y5)| < 272722 |l gzva ),
X

and given that by hypothesis h,/h, < A, we conclude that

——

U — ey (23, Y5)

< 222N )| e ) B 2.

Putting together the estimates for i), ii), iii), iv) and v), then Equation (6.17)) follows.
The estimates for Equation (/6.18]) follow similarly without any additional difficulty. [

We continue the exposition along the lines of Krylov’s book [30} Sections 6.6-6.7] by

now providing a lemma equivalent to |30, Lemma 6.7.1].

Lemma 6.3.2. Let A > 0. There are positive constants hy o, hyo depending on O, «,
and the parameters appearing in the definition of A, such that for all hy < hyo and
hy < hyo, with hy/hy < A, and for any bounded functions f,g € C (ﬁ), the system of

linear equations

LM ;= fxi,y;) for (zi,y;) in 6 UTy,
: : ’ (6.21)

w(xs, y;) = 9(x4,y5) for (z4,y;) on Ty

has a unique solution up(x;,y;), where h = (hy, hy) and (z4,y;) € O UTy. In addition,

max  |up(zs,y)| < K max flxi,y)|+ max  |g(x;,y; 6.22
(zi,yj)eﬁ| (@i, ;)] (wi,yj)eﬁuf‘o| (i, ;)] (aci7yj)€F1| (i, )] (6.22)

for some constant K that depends on the height of O, r, k and 0. The same assertion

holds for L.

Proof. The existence and uniqueness of a solution to the linear system (6.21)) follow
from the fact that £ and £ satisfy the discrete maximum principle. As far as Inequality

(6.22) is concerned, it suffices to prove that

max  (up(x;, y; <K max Ti, Y + max Ti, Yi 6.23
(wj)eﬁ( (@i, y5))+ (xi,yj)eﬁwo(f( Yi))+ (xivyj)erl(g( yi))+  (6.23)
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Let vo(x,y) = y + ¢, with ¢ large enough so that rc — k8 > 1. Observe that

Avg = =3 (0) = (r =g = )0~ £(0 = y) +r(y +0)

=(rce—=r)+(k+71)y >rc—rl >1,

so that by Lemma we can choose hg = (hy 0, hy,0) such that both Ly (x5, yj) >
1/2 and Ehvg(xi,yj) > 1/2, for all h = (hg, hy) with hy < hyo and hy < hy, and all
discrete interior points (x;,y;) € 0 UTy.

Take a solution uy, of Equation and consider w® = uy, —2(F +¢)vg — G, where
F = %%ﬁ(f(mi,yj))+, G = H%?X(g(mi,yj))+, and ¢ is a positive constant. We want to
prove that w® < 0 in €. For that, suppose by contradiction that w® > 0 for some points
in ¢ and define (25, y3) € O to be a node where the maximum w*® is achieved. Notice
such a point cannot lie on T'y because otherwise w(z¢, y;) = (9(27,y5)—G)—2(F+e)vo <
0, given that vg is clearly non-negative. That would be a contradiction. Hence, such a
point must be an interior node in & U I'y.

Now, by the discrete maximum principle (or by direct calculation of values of the
operators on constant functions), we have that £*G > 0 and L£h@ > 0. By letting £"

and £ act on w® we obtain,

Chwf,j = Ehuh(xi,yj) —2(F + 5)£hvo($i,yj) yle:
1
S f(a;i,yj) — 2(F + 6)5

<—e<0

for all (x;,y;) € OUT'g and all h = (hg, hy) with hy < hy o and hy < hyo. Therefore, by
the discrete maximum principle once again, we reach a contradiction to the existence
of (25, yj) We then have that w® < 0 for all ¢ > 0 and all h, < hy and hy < hy o, and

by letting e tend to 0, we obtain Equation (6.23]). O

Theorem 6.3.3 (Convergence of finite-difference schemes). Let h = (hy, hy) < ho =

(ha0, hyo) and f,g € C(O). Denote by uy, the discrete solution to the linear system in
(6.21)), and by u € C?T*(0) the unique solution to Problem . Then,

max _|(u—up) (@i, ;)| < K max{hg, hy}*?||ull 210 g,
(xi,yj)eﬁ’
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for some constant K that depends on «, the height of O, A, and the constant parameters

that appear in A.

Proof. Consider wy, := up, — u defined on the nodes of €¢. Notice that wy, solves the

following linear system,
L (i, ;) = f(xiy;) — Lula,y;),  for all (z;,y;) € 0 UTY,
wp(z4,y;) = (9 —u)(wi,y;) =0, for all (z;,y;) € I',
Hence, by Lemma we have that,

max __ |Wp(Zs, Yj <K max flzi,y; — [hy, i, )| + 0
(f’fi:yj)eﬁy (i) (xi,yj)eﬁuro| (s, 5) (@i, ;)|

<K max Au(zi, y;) — Llu(z;, y;
B (mi,yﬂeﬁuro’ (@i, ;) (i y;)|

and by Lemma we obtain,
max _|wp(z4,y;)| < Kmax{hg‘,h;}HuHCssz@)
(zi,y5)€0

This completes the proof. O

6.4 Numerical solution of the Heston boundary value problem via the

finite-difference method

For consistency and comparison reasons we will solve with finite differences the exact

same problems we solved with finite elements.

Consider Problem

Au=f ae. in0
(6.24)

u=g¢g onl}
with the same values for the parameters of the Heston operator A, the same domain

0 = (—L,L) x (0,V) with L = 1 and V = 2, same source function f = —3 and

boundary condition g given by the restriction to I'y of g, as in Equation (3.46)). Hence
the Heston boundary value problem is once again given by Equation (3.47]),

Au = —E—Ag a.e. in O

2 (6.25)
u=0 onl}
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Solving this problem by the finite-difference method given by the operator £ (same
answers were achieved by using operator E), gives us the approximate solution illus-
trated in Figure

Since the finite-difference solutions are defined only on mesh nodes, they need to be
extended to the entire domain &. There are multiple ways of doing so and we chose
to extend them by doing a bilinear interpolation on each mesh sub-rectangle. Notice
this way of interpolating keeps the function values on non mesh-nodes bounded by the
function values on mesh-nodes, hence it does not perturb the L norm between the

approximating function and the true solution.

T ey
“‘0‘:.’"‘:‘0‘0‘0‘0
N ‘0’4’4’;”.‘ <t
e
o]
"‘0’0"0‘0“ ‘0:*;::?'3

“”.’“*fﬁ’t"."’:::::;:fw
i
&

&t‘é’ﬁ-"f ":

Figure 6.3: Approximate solution to the homogeneous problem, Problem

The graph in Figure (6.3) was obtained by partitioning the domain ¢ in a homoge-

nous mesh of size 64 x 64. The solution 54%64

is identically zero along I'y and takes
values along I'y implied by being the solution to the linear system associated to the
approximating operator £, instead of by a prescription of a boundary condition.

We have added in Figure the graph of the non-homogeneous approximate solu-
tion to Problem solved by the finite-difference method for completeness. The solu-

tions to both homogenous and non-homogeneous boundary value problems are identical

to the ones obtained by the finite-element method.
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Figure 6.4: Approximate solution to the non-homogeneous problem, Problem ([6.24))

As we did with the finite-element method, we include graphs of approximate solu-
tions for increasingly finer meshes, in Figure[6.5] this time to the homogenous boundary
value problem instead of the non-homogenous one, and summarize in Table numer-

ical evidence of convergence of the finite-difference solutions to the solution of Problem

0.2

Iteration (i) | Mesh (N; x V;) | Time [seconds] | Increment (e;) | Order (o)
1 4 x4 0.03
2 14 x 14 0.42 1.063686 —_—
3 24 x24 1.29 0.452378 0.6825
4 34 x 34 2.73 0.197707 1.5357
S 44 x 44 4.85 0.112111 1.6287
6 54 x 54 8.21 0.072794 1.6750
7 64 x 64 13.03 0.051358 1.7032
8 74 x 74 21.23 0.038329 1.7223
9 84 x 84 44.20 0.029790 1.7360
10 94 x94 | (~ 1.2m) 71.64 0.023875 1.7463
11 104 x 104 | (~ 1.7m) 102.48 0.019600 1.7541

Table 6.1: Numerical results for finite differences on the Heston boundary value problem

The first clear observation by comparing Tables and is how much faster the
code implementation for finite differences is compared to the one for finite elements,

while the difference in between consecutive approximate solutions is virtually the same.
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Besides taking advantage of the sparseness of the matrix of the linear system of Equation
(6.13) when calculating its inverse, there is no improvement left to be done on the finite-
difference method to achieve a faster solvability for a given mesh size.

Second, the quantity e; labeled in Table as Increment is the same defined in
Equation . By Theorem when we are approximating the solution to a
Heston boundary value problem that we expect to be C2T%, then we also expect the
e; to converge to zero with an order of convergence of at least /2, but by Theorem
given that f and g are smooth, for every positive a € (0, 1) we expect this order
of convergence to be at least «/2 as the mesh gets finer, hence at least we expect this
order of convergence to be of order one half. As it turns out for most classic examples
of strictly elliptic second-order operators [30, Page 88|, the actual convergence is faster

than theoretically expected, and this is evidenced by the data collected in Table [6.1]
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Chapter 7

Finite-difference method for elliptic Heston obstacle value

problem

The homogeneous elliptic Heston obstacle Problem [2.:21] can be written equivalently in

the form
Au > f ae. in O

u > ae in O
(7.1)

(Au— f)(lu—1¢) =0ae. in O

| u = 0Oon Iy

We present two approaches for solving numerically this problem. First, by reducing
Problem [7.1] to a non-linear equality problem, which gets solved by combining finite
differences with the Newton method, and second by an iterative method, the projection
method.

For comparison reasons, we illustrate these methods for the same input used in the
homogeneous boundary value case. That is, we use the same values for the parameters
of the Heston operator A, the same domain ¢ = (—L,L) x (0,V) with L = 1 and
V = 2, and same source function f = —% — Ag with g, as in Equation .

We conveniently consider ¢» = —1 and notice from Figure that ¢ will indeed
be a non-trivial barrier for the homogeneous boundary value problem associated to
problem This is equivalent to having set the original barrier function for the non-
homogeneous version of Problem as 1& =g —1 (so that Y < gonTy).



78

7.1 Penalty method

By analogy with the penalty method for elliptic variational inequalities [25, Section 1.7],

we define the functional j : Hi (0 UTy, 1) — R by

—5 [ =02

%

J(w)

It is easy to see that j is a convex, proper, lower semi-continuous functional, j(w) = 0
if and only if w € K = {w € Hj(0 UTy,w)|w > a.ein O}, and j(w) > 0 for all

w € H (O UTg, ). Also, for each ¢ > 0 we define

and the penalization operator by

B.(w) = j.(w) = —éw _w)t (7.2)

We consider the penalized (non-linear) boundary value problem associated to the elliptic

Heston obstacle problem,

Au + B:(u) = f ae. in O
(Pe)
u=0onTI4

In Problem we were looking for functions u € H?(€,w) such that u > 1 a.e. in
O, and thus we can think of Problem as consisting on “penalizing” functions u.
such that u. < 1 on subsets of & with positive measure, by making f.(u) a very large
negative number as € goes to zero, guaranteeing that Au. will be at least of size f.

If u. € H?(0,w) solves then u. solves the penalized equation for the elliptic

Heston bilinear form,
a(ue,v) + (Be(ue),v) g = (f,v)m, for all v € HY(0 UT,w) (7.3)

and thus, given we consider only open subsets, &, that are bounded in the z-direction,
the Heston bilinear form is coercive in H}(& U T, w). By standard theory of penalty
methods for elliptic variational inequalities of the first kind, [25, Theorem 7.1], it follows

both that u. — u in H'(&,w) and j.(u:) — 0 a.e. in &, as € — 0.
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Hence we can focus on solving approximately the non-linear Problem We can
do so by combining the finite-difference method with the Newton method.
First, using the same finite differences used in 1' we write as

k=i+11l=j+1 2h2h2 -
> Y (g —uiy)t = 2h2h2fi; (7.4)
k=i—11=j—1

for each interior point (z;,y;) € 0 UT'y. Notice that the my;’s coefficients are the same
coefficients of Equation . After re-indexing with the same index map I used in
Equation (6.12]), we have for each interior node ¢ = I(3, j) the equation

5 mt sls

s=I(k,l)

2h2h2
Y (1/1r - Ut) = 2h2h2ft

This non-linear problem on the unknowns {us}s can be written as

— _ 2h2h2
Mu —

: (J—@+:2@@f (7.5

where M = {My s}t is a sparse matrix, and , 1;, fe RM=2)(N-1),
Define,

= 2hZh2
F(4):= Mu—

(@—@+—%%ﬁ?

3

We want to find @ € RIM=2N=1 guch that F(&) = 0. For that, by Newton method,

-n+1 ;

all we need to do is to solve for « in the iterative formula

DF(@") (a" — @) = —F(a") (7.6)

where DF is the derivative of F and % is an initial guess, say the one given by Mi® =

2h2h? f It is easy to see that the derivative of F', DF', is nothing but

L~ 2h§h§
DF (i) = M — ——J (&)

where J () € RIM=2N=D)x(M=2)(N-1) i5 5 diagonal matrix with diagonal entries

0,us > s
Tos (1) =

—1,’LL3 < ¢s

We implemented in MATLAB this combined method and obtained the numerical

results summarized in Table together with the graphs presented in Figure For
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each mesh size, our code took less time than the one coded for the finite-element method,
for a decreasing sequence of ¢’s of the form e; = 10~ where we didn’t have to go past
k = 4, however this time increases fairly quickly as seen on the Time column of Table
1l

For each mesh size, and for a given i, we used an incremental error precision of
1075 between a couple of consecutive solutions as the admissible value when to consider
equation to be solved. For the example illustrated here, the maximum number of
said iterations needed was of at most 17 and it obviously happened for e4.

The different graphs in Figure show the approximate finite-difference solutions to
the non-homogeneous obstacle problem for the elliptic Heston operator. In all of them,
we are also showing the original barrier function ¥ together with an approximation
to the “free boundary”, 0 {u > 1/;} N 0. As expected, this seems to be a continuous

connected curve, though we did not look into proving that in general.

Iteration (i) | Mesh (N; x N;) Time [seconds| | Increment (e;) | Order («;)
1 4 x4 0.20
2 14 x 14 3.50 0.714309 e
3 24 x 24 12.72 0.416660 0.4303
4 34 x 34 33.23 0.214265 1.2339
) 44 x 44 (~ 1.34m) 80.52 0.085864 2.6254
6 54 x 54 174.15 0.059583 1.4172
7 64 x 64 | (~ 6.65m) 399.17 0.042326 1.6698
8 74 x 74 | (~ 12.34m)740.83 0.031655 1.7098
9 84 x 84 | (~ 25.72m)1543.28 0.024625 1.7299

Table 7.1: Numerical results for finite differences, combined with the Newton method,
to solve the Heston obstacle problem

Our code was not fully optimized to take advantage of the sparseness of the matrix
M and thus when we are looking for an approximate solution to Problem over a
grid of size 100 x 100 (roughly 10* nodes), which implies dealing with a sparse matrix
of size 10* by 10%, our personal computer would run out of memory, as it attempted to
allocate memory in the stack for storing a lot of zeros that are not necessary to track

of. If that enhancement to the code is done, then one can consider much finer meshes.
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7.2 Relaxation method with projection

Another way of solving Problem is by using an over-relaxation method with projec-
tion as described in 25| Section V.5] for the discretization of problem say by using
finite differences, however there is a hypothesis that is not fulfilled by the matrix in the
resulting linear complimentarily problem. Namely, the matrix is not symmetrical.
Consider a homogenous mesh of of & = (—L, L) x (0,V) with M — 1 subintervals
length h; in the x direction, N — 1 subintervals of length h, in the y direction, and let
Q = (M —2)(N —1). Indeed, Problem after being discretized by using the finite-
difference approximations —, becomes the linear complementarity problem of

finding # € R such that

2)
v

212 7
2h2h2 f

(7.7)

IV
<y

a
(Mu—%%ﬂ) @—¢):0

where M is the same matrix as in equation and f and 117 are nothing but vectors
with the valuations of f and ¢ at the “interior” nodes of &y, p,,.

Its iterative formulation, for our case, is as follows. Let @° € R¥ be any seed point in
C = {(xs,y;) € ﬁhz,hyfug > 1)y with t = 1(4,5)}, where @° = (u?, - ,u%). A perfectly
first good choice could be @° = (11, . ..,1q) where ¢ = ¥(zg,y;) and t = I(k,1). Then,

with @ being known, we compute @"t! component by component using the following
formulas,
uptt = (b - Z M, tu”“ Z M tUy ) (7.8)
ms 8 t=s+1
™ = max {¢g,ul +w (@l —ul)} (7.9)
for s =1,2,...,Q, where b= f - M 1,[7 The parameter w is known as the relaxation

factor and from numerical experiments it has been found that the optimal value of w
is always strictly greater than unity.
As a numerical experiment we went ahead and coded this formulation, regardless of

our matrix M not being symmetric, to look into whether convergence was achieved or
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not, and whether we would find the same results as with the penalty method. We did
so for w = 1.5 and it turns out, we found the same answers and we include in Table

a summary of the results for comparison with the penalty method.

Iteration (i) | Mesh (N; x N;) Time [seconds] | Increment (e;) | Order (o)
1 4 x4 0.06
2 14 x 14 0.48 0.714286
3 24 x 24 1.85 0.416667 0.4302
4 34 x 34 8.41 0.214267 1.2339
) 44 x 44 32.47 0.085863 2.6255
6 54 x 54 (~ 1.74m) 104.30 0.059583 1.4172
7 64 x 64 247.67 0.042326 1.6698
8 74 x 74 | (~ 11.59m) 695.38 0.031655 1.7097
9 84 x 84 | (~ 30.15m) 1808.72 0.024624 1.7300
10 94 x 94 2580.99 0.019759 1.7367
11 104 x 104 (~ 1.05h) 3793.03 0.016319 1.7003

Table 7.2: Numerical results for finite differences, combined with the relaxation method
with projection, to solve the Heston obstacle problem

Notice that the Increment and Order columns of Tables [7.2)and [7.1] are pretty much
identical, while the performance of the relaxation method with projection is slightly
better. It is well known |25, Theorem 5.1] that the relaxation method with projection
is convergent when the underlying bilinear form is symmetric, but even though that is
not our case (the matrix M is not symmetric), we have here an example for which the

convergence is happening.

7.3 Convergence

Even though we have numerical evidence of convergence of these two methods combined
with the finite-difference method, we haven’t provided a convergence result for either
of them, as we did it for the elliptic Heston boundary value problem.

Even though we don’t do it in this thesis, an approach to do so would be proving
existence of viscosity solutions to viscosity solutions to the obstacle problem by adapting
previous work of Barles [3] for existence of viscosity solutions to fully nonlinear boundary
value problems with fully nonlinear boundary conditions, since we have a comparison

principle proved by Feehan [12], and then adapting the work of Barles and Souganidis [4]
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where they proved convergence of these finite difference schemes to fully nonlinear
second order (non necessarily strictly elliptic) equations.

In the case of the penalty method combined with finite differences, one should be
able to prove convergence and find a lower bound for the rate of convergence to the
unique solution of the obstacle problem for the elliptic Heston operator, by combining
the convergence results of the penalty method itself, and say, the convergence results of
the Newton method. Another approach would be to adapt Krylov |30, Sections 6.6-6.7]

results combined with maximum principle results proved by Feehan [17].
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Figure 7.1: Finite-difference solutions, combined with the Newton method, of the ob-

stacle problem for the elliptic Heston operator.
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Chapter 8

Conclusions

e The idea of working with Sobolev weighted spaces, by Feehan and Daskalopou-
los [12], is key to treat the degeneracy of the elliptic Heston operator. Even
within that framework the coercivity of the bilinear form associated to the Hes-
ton operator, while continuous, it is not guaranteed to be coercive. We proved,
under a practical condition on the underlying domain, general enough to cover
most cases in applications, that this bilinear form is indeed coercive and no ad-
ditional coercive bilinear form needs to be introduced to obtain existence and
uniqueness results. This finding provides an appropriate framework to apply the
finite-element methodology to solve numerically both the boundary value prob-
lem and the obstacle problem. Numerical simulations were obtained only for the

equality case.

e Coercivity of the bilinear form of the Heston operator is highly desirable for finite
elements. We extended our results for the Heston operator to a family of operators
having the same kind of degeneracy and the same type of growth on its first and

constant order terms.

e Performance of the finite-element implementation for the Heston boundary value
problem and obstacle problems was not the goal of this work, however we observed
that most of the time spent by our code is spent in calculating the fundamental
integrals defining the bilinear form when calculated on the basis we chose. Either
research should be done on finding more suitable bases for which we can have
closed form formulas for the integrals so that they can be calculated by evaluation
of functions on nodes, or the calculation of the fundamental integrals should be

approximated itself with an order of accuracy that would not affect the expected
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order of accuracy of the finite-element method.

The choice of a good basis for the finite-element method does not only improve
the performance of its implementation, but it simplifies the derivation of error
estimates. We used Larry Schumaker’s results [35, Chapter 12 and 13] about
error estimates for Tensor Taylor expansions to prove convergence of the method
and obtain a convergence rate, but we did so under the assumption that the
solutions to the original problem were in H?(&) rather than in H?(&,w), which
is a more appropriate assumption for our context. We believe Larry Schumaker’s
results can be easily extended to hold for weighted-L” and Sobolev spaces, and

proving them would soften our hypotheses.

Numerical evidence for the finite-element method on the boundary value problem
suggests a better rate of convergence holds, but via Cea’s Lemma we were unable
to prove it. Alternative and more particular approaches that look directly into
the bilinear form of the variational problem and the || - || g1 v) norm should be

investigated.

We presented two finite-difference schemes that were proved to be consistent.
We didn’t look into their stability, but we did prove they are convergent and
provided an initial expected rate of convergence. Our numerical results once
again indicate, not surprisingly, that the convergence is better than expected and
their performance was far better than the implementation written for the finite-
element method. Solutions under both methods were compared to be pretty much

identical.

There are multiple ways of approximating derivatives by finite differences and
we considered only a handful of them. More approximating differences should
be looked into towards finding finite difference schemes for which we can prove
a discrete maximum principle for more values of the parameters of the Heston
operator, while keeping their consistency, to continue getting convergence through

the methods exposed. We followed a similar methodology to Krylov [30].
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e The existence and uniqueness results for the Heston boundary value and obstacle
problems expect no dependency on boundary information along I'g, hence our
finite-element and finite-difference methods were designed to have that feature of
not prescribing in their implementation the function values along {y = 0} but
to make them part of the unknowns to be governed by the approximation to the
partial differential equality (or inequality in the case of the obstacle problem) of
the problem. To our knowledge, this numerical approach hadn’t been pursued

before for the Heston operator.
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Appendix A

Boundary value problems for the Cox-Ingersoll-Ross

operator

A.1 Introduction to the Cox-Ingersoll-Ross ordinary differential equa-

tion

The generator (with killing), — A, of the Cox-Ingersoll-Ross process (CIR), the second
stochastic differential equation in (1.1)), is the CIR or Kummer operator 18], which can
be written in the form,

Au = —yu”" — (B —y)u' + au

where «, 8 > 0.

A.2 Analytical solution to the Cox-Ingersoll-Ross ordinary differen-

tial equation

Consider the boundary value problem

—yu’ = (B -y’ +au=0 in(0,L),
(A1)
u(L) = ar,

which is equivalent to

yu" + (B —y)u' —au=0 in (0,L),
(A.2)

U(L) =1 L
where @i, € R, and suppose it has a unique solution v € C2+%([0, L]). The differential
equation in (A.2)) is known as the Kummer equation and its general solution is given
by

u(y) = alU(y; o, B) + caM (y; v, ),
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where c1,c3 € R, and M and U are the confluent hypergeometric functions of the first
and second kind [1, Section 13]. The asymptotic behavior of the functions M and U
at 0 and at infinity are known [1]. Both functions M and U are analytic on (0, c0),
but M is actually analytical on all of R. If 8 > 1, then U(y;a, ) ~ y'~? for y near
0, hence ¢; = 0, since u € C2+([0, L]). Also, if 3 = 1, then U(y;,8) ~ logy for y
near 0, hence once again ¢; = 0. And finally, if 0 < 5 < 1, then U(y; o, 8) = y'=h,
U'(y; o, B) =y~ P, and yU" (y; o, B) =~ y—?, for y near 0, and thus ¢; must be 0 in this

case as well given that u € C27%([0, L]). Therefore ¢; = 0 and then,

. M(y;,B)
) = U L )

A.3 Finite-difference scheme for solving the Cox-Ingersoll-Ross bound-

ary value problem

Consider the boundary value problem

yu” + (B —y)u' —au=0 in (0,L),
(A.3)
u(L) = ag,
where «, 8 > 0 and @y, € R. We are interested in setting up a finite-difference scheme
for solving this problem. We will do so by using centered differences to approximate
the derivatives at all points in (0,L). At y = 0, we will need to estimate only one
of the derivative terms, the one of order one since u € C27%([0, L]) and so the term

yu' vanishes (by Lemma [5.1.4]). We will approximate it by using a forward difference.

Consider then a uniform partition of the interval [0, L],
Py:{0=wy <y2<ys<---<yn=L} (A4)

where y; = hj for 1 < j < N, and h = L/N. Our finite-difference approximations are

then
1 ..
, o, Wit —wj—1) i > 1,
wly) =~ § ] (A.5)
E(uﬁ—l — uj) if j=1,
1
u(y;) = 5(uje — 2uj +ujoq), (A.6)

h
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where u; = u(y;). Substituting Equations (A.5) and (A.6) in Equation (A.3), and

noticing that uy = u(L) = @y, we then obtain have the following linear system:

(=8 — ah)uy + (B)us

:O’

Ajuj—1 + Bju; + Cjuj1 = Dy,

(yn—1(1+h/2) = Bh/2)un—2 + (—2yn—1 — ah®)un 1 = —(yn—1(1 — h/2) + Bh/2)ir,

in the unknowns (u;)1<j<n—1, where

A

S

= y(1+h/2) = Bh/2,

= —Qyj — Oéhz,

= y;(1—h/2)+ Bh/2,

= 0,

and

for 2 < j < N — 2. We extend the formulas for A;, B;, Cj and D; to j =1 and N —1

by making them zero for those case, and hence we write the preceding linear system as

By Oy

A2 B
0 As
0 O
0 O

An_2
0

Bn_2

An—1

Cn—2
Bn_1

U1 Dy
U Dy
U D
l=] 7 (A7)
UN_2 Dyn_2
UN—1 Dn_1

We will show that this linear system has one and only one solution for all values of

a>0,8>0,L>0,and h > 0, and we can prove this fact by means of the following

two lemmas,

Lemma A.3.1 (Uniqueness of solutions to the finite-difference scheme for g < 2+ h).

Let a, B, L be positive numbers, and let P be a uniform partition of [0, L] with N > 1

points, just like in Equation (A.4), with h < 2. Assume 8 < 2+ h. Denote the matrix



in Equation (A.7)) by

By C; 0 0 0 0 0
Ay By Oy 0 0 0 0
0 A3 Bs Cs 0 0 0
M =
0 0 0 0 AN_Q BN_2 CN_2
O 0O 0 0 0 An_1 Bny_3
where,
( 0, j=1,
A =
yi(1+h/2) = Bh/2, j>1,
( —B—Oéh, ]:17
B; =
—2y; —ah?, §>1,
B, j=1,
Ci = y(1—h/2)+Bh/2, 1<j<N-1,
07 j = N_ 17
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(A.8)

(A.9)

(A.10)

(A.11)

for 1 <j < N —1. Then M is diagonally dominant and, in particular, invertible.

Proof. We are interested in showing that |B;j| > |A;| + |C;|. Clearly, this holds for

j = 1. Suppose then that j > 1. We will show that
2y; + ah® > |y;(1+ h/2) — Bh/2| + |y;(1 — h/2) + Bh/2],
for all j > 1, by considering three cases.
Case 1. Suppose y; > B. Then Equation s equivalent to
2yj +ah® > y;+ (y; — B)h/2+ y;(1 = h/2) + Bh/2]
— y;+ah® > (y; —B)h/2+ |yj(1—h/2)+ Bh/2].
Since h < 2, then s equivalent to
y; +ah® > (y; — B)h/2 +y;j(1 — h/2) + Bh/2

—  ah? >0,

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)
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which holds trivially.

Case 2. Suppose y; < 8 but y; > Bh/(2+ h). Then Equation (A.12) is equivalent to

2y; +ah? > |y;(1+ h/2) — Bh/2| + y;(1 — h/2) + Bh/2 (A.17)

— ytah? > [y (L4 h/2) - Bh/2)+ (B — y;)h/2 (A.18)
e yj+ah® >y;(1+h/2) = Bh/2+ (B —y;)h/2 (A.19)
= ah? >0 (A.20)

which again is trivially true.

Case 3. Suppose y; < Bh/2+ h. This implies that y; < 5. Then again we would have

2yj +ah? > |y;(1+ h/2) — Bh/2| 4+ y;(1 — h/2) + Bh/2 (A.21)

— y;j+ah® >|y;(1+h/2)—Bh/2|+ (B —y;j)h/2, (A.22)

and this last inequality would be equivalent to

< yj+ah?® >Bh/2—y;(1+h/2)+ (8 —y;)h/2 (A.23)
— 2y;+ ah? > (8- yj)h (A.24)
— Y; > (B — ah)2f:h. (A.25)

Since y; > h, given that j > 1, to verify that inequality (A.25)) holds, it is enough to

verify that

h
h> (8- ah)m.
That happens if and only if
T
which is equivalent to
ha > 08 —2—h,

but that last statement is trivially true given that § < 2+ h.

This completes the proof. O
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To prove the uniqueness of solutions to this finite-difference scheme in the case of
B > 2+ h we will use a result by L. Brugnano and D. Trigiante [7]. Consider the

tridiagonal matrix,

1 = 0 O 0 0 0
or 1 ™ 0 -- 0 0 0
_ 0 o0 1 1™ --- 0 0 0 . (A.26)
0 0 0 0 - op2 1 T
o 0o 0 0 - 0 op1 1

It is easy to see that 7 can be factored as T = LDU, where D = (d;;) is a diagonal
matrix, £ is an invertible lower diagonal matrix with 1’s along the diagonal, and U is
an invertible upper diagonal matrix with 1’s along the diagonal. Hence, 7T is invertible
if and only if all of the d;; are different from zero. Brugnano and Trigiante [7] give a

sufficient condition for ensuring that this last condition holds.

Theorem A.3.2 (Brugnano-Trigiante’s sufficient condition for invertibility of tridi-
agonal matrices). [7| Let A; := 1 — 4(oy7)", (o7)” := min{(oy7;)"}, and m =
7

mjn{(l+A2/2)/2}. If A; >0 fori=1,...,n—1, then
m<dy <1—(o7)"m™},
foralli=1,... n.

From this Theorem ,it follows that under the same hypotheses as in Lemma
the original matrix 7T is invertible. Let us verify that a normalized version of our matrix,

M, for B > 2 + h, satisfies hypotheses of Theorem

Lemma A.3.3 (Uniqueness of solutions to the finite-difference scheme for g > 2+ h).
Let a, B8, L be positive numbers, and let P be a uniform partition of [0, L] with N > 1
points, just like in Equation (A.4), with h < 1/2. Assume that 8 > 2+ h. Let M

denote the matriz in Equation (A.7), normalized to have 1’s along the diagonal, that
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18,

C
S 0 0 0 0 0
gg g; 0 0 0 0
A 1 G 0 0 0
M fd ) BS B3 . ) (A27)
An_ Cn—
0 0 0 0 B B
An_1
0 0 0 0 0 F= o1
where,
[ 0. j=1,
Aj = <A28)
yi(L+h/2) = Bh/2, j>1,
_/8 - Oéh, .7 = 17
B; = (A.29)
M&w—am,j>L
B, j=1,
Cj = uyi(1—h/2)+ph/2, 1<j<N-1, (A.30)
0, j=N-—1,

\

for1 <j < N —1. Then M is invertible.

Proof. By Theorem we only need to verify that

Aj G\
AJ-;=1—4<J“J> >0
Bj+1B;

for all j < N — 2. First, notice that B;1B; >0and C; >0 forall j <N —2. If A;4

was non-positive for all j, then we would be done as we would have A; =1 > 0 for all

j. Let us suppose then that A;; is positive for some j € {1,..., N —2}. That is,
yj+1(1 + h/2) — ﬁh/2 > 0,

which is equivalent to

B <j2+h), (A.31)

given that y;11 = jh. Notice that j > 1, as if not then this would imply that 5 < 2+h,

which is not the case by hypothesis. Hence, if such a j exists then it must be true that
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j > 1. We are interested in showing that A; > 0 in such cases as well, that is,
1
Aj1Cj — BB <0.
Notice that for j > 1, the B; and Bj4; do not depend on /3, although the A;;1 and C}

still do. Let p(8) denote the following polynomial in /3,

1

p(B) = Aj11(B)C;(B) — ; Bj1B;.

It follows that its derivative is given by

ooy h Yj + Yjt1
p(ﬁ)—2<1+2—ﬁ>,

and p has a maximum at E = 14+ (y; +y;+1)/2. Let us calculate that maximum. Indeed,

pB) = AB)CB) - 1BjB,
- ot t) 2ot
= h2<j—;+z> (j—;+z>—<jh+ah;> <(j—1)h+ah;>
- h2<j—;+z>2—h2<j+ag) ((;—1)+ag>
2
R(EEERS)

Il
>
[N
N
— N>
5%
+
NS
|
=~ = .
~~_
|
o
| >
—
[
|
=
|
7N
Q
| >
~_
N
N—

p(ﬁ)éh2<<}£+2—i>—&(j—l)—a2>.

But from this it follows, since @ > 0 and j > 1, that p(8) < 0 for all 8, say when,
h < % Thus, A; > 0 for all such j. ]

Since M is invertible, by combining Lemmas [A-3.1] and [A:3.3] then we have a
unique solution to the finite-difference scheme proposed. In particular this illustrates
numerically how u(0) &~ u; is uniquely implied by the smooth approximation to the

differential equation together with its boundary condition at y = L.
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A.4 Numerical results for the Cox-Ingersoll-Ross boundary value prob-

lem

Suppose L = 2,4, = 1, = 0.05 and 3 = 1.25. We solved Problem analytically
and by the finite-difference method using 4, 8, 16, 32, and 64 nodes on the interval
[0, L]. The results are presented in Table Figure shows both the analytical

solution and the finite-difference solution with 16 points.

Points | Error Time [ms]
4 0.009460 | 1.085620
8 0.001988 | 1.579736
16 0.000449 | 2.914346
32 0.000106 | 5.569578
64 0.000025 | 10.93454

Table A.1: Numerical results for the Cox-Ingersoll-Ross boundary value problem when
8 =1.25.

0.4as - i

0.94 - B

0.9z - i

09k i

0.88 | g

0.86

Figure A.1: Analytical and approximate solution using the finite-difference method
with 16 points when § = 1.25.

Clearly, as we subdivide the interval [0, L] with more and more nodes, the average
time it takes the finite-difference scheme to converge increases but the maximum error

with respect to the analytical solution decreases.

Similarly, for 5 = 0.75, we solve Problem and present the results in Table
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and Figure As expected, the average times do not change, however the maximum

error decreases at a smaller rate.

Points | Error Time [ms]
4 0.023140 | 1.168104
8 0.006263 | 1.590480
16 0.001787 | 2.918295
32 0.000523 | 5.547732
64 0.000155 | 10.90285

Table A.2: Numerical results for the Cox-Ingersoll-Ross boundary value problem when
B8 =0.75.

0.8% + B

09t E

0.8% - E

08t 4

0.7% L L L

Figure A.2: Analytical and approximate solution using the finite-difference method
with 16 points when 8 = 0.75.

This finite-difference scheme can be easily generalized to numerically solve both
the boundary value problem and the obstacle problem for the elliptic Heston operator,

which we do in Chapters [6] and
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