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ABSTRACT OF THE DISSERTATION

The Leibniz formula for divided difference operators

associated to Kac-Moody root systems

by Matthew Jason Samuel

Dissertation Director: Anders Skovsted Buch

In this dissertation we present a new Leibniz formula (i.e. generalized product rule)
for the type of divided difference operators first introduced by Bernstein, Gel'fand,
and Gel’fand. The formula applies for divided difference operators associated to the
geometric representation of the Coxeter system of any Kac-Moody group, be it finite-
dimensional or infinite-dimensional. Our formula shows that in order to study the
structure of the equivariant cohomology ring there is no need to actually construct it
at all because the structure constants are encoded in our Leibniz formula for divided
difference operators. The formula may be used to compute the structure constants
and prove general results about them. In the future our results may be useful in
finding Littlewood-Richardson rules in equivariant cohomology and may make the study
of certain problems in Schubert calculus more accessible to researchers who are not

necessarily well-versed in algebro-geometric or topological methods.
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Chapter 1

Introduction

Let us begin our discussion with an enumerative geometry problem in three-dimensional
projective space. Suppose we are given two lines Ly and Lo as well as a plane R3 and a
point P3 € R3. How many ways are there to choose a point P, a line L, and a plane R
suchthat Pe LC R, P€ Ly, Ly C R, Ps € L,and L C R3? Under generic conditions,
the answer is that there is exactly one way. In this case we may reason directly. Note
that R must be the unique plane passing through P3 and Ls, note that L must be equal
to the intersection of R and R3 and P must be the only point in the intersection of L
and Li. This shows uniqueness. One can imagine that in a more general problem the
direct approach could get complicated. As in most enumerative problems it would be
preferable to have a general algorithm for counting the configurations without having
to actually find them all.

In 1879 in [22] Schubert presented a new approach to enumerative geometry that is
now known as Schubert calculus. In what is now classical Schubert calculus one works
in a Grassmannian manifold, which as a set is just the collection of all planes (vector
subspaces) of a fixed dimension in a finite-dimensional vector space. If V is a vector
space of dimension n, then a (complete) flag is an ascending chain V3 C V5 C -+ C
V., = V of subspaces such that dim(V;) = 4. Schubert defined what are now known as
Schubert cells as sets of planes that intersect the subspaces in a fixed flag in subspaces
of specified dimensions. A Schubert variety is the closure (in the topological sense) of a
Schubert cell in the manifold. The solutions to many enumerative geometry problems
involving incidence of planes can be realized as the points contained in the intersection
of multiple Schubert varieties in Grassmannians corresponding to different flags. The

problem in the above paragraph is of a more general sort in which we instead consider



the manifold consisting of all flags in the vector space, which also has Schubert varieties
that may be defined by incidence conditions. More generally, we may choose an integer
k with 2 < k < n and fixed integers 1 <1i; <9 < --- < i = n and consider the partial
flag variety consisting of all chains of subspaces V;, C V;, C---CV;, |, CV;, =V such
that dim(V;,) = i; for all 1 < j < k; Grassmannians are the case where k = 2, while
the complete flag variety is the case where k = n.

Being able to express the solution of a problem as the intersection of Schubert
varieties is only useful if it is easier to compute the number of points in the intersection of
Schubert varieties. Luckily, if we are working in complex vector spaces then cohomology
provides a way. Each Schubert variety has an associated class in the cohomology ring
of its flag variety, and if the intersection of some number of Schubert varieties in general
position is a finite set of points then the number of points will be the coeflicient of the
class of a point in the product of the corresponding Schubert classes. Indeed, these
intersection counts form the structure constants for the cohomology ring.

To be more precise, we note that the Schubert varieties in a complete flag variety
are indexed by elements of the Weyl group W. Let the Schubert variety corresponding
to u € W be denoted by X,. The corresponding Schubert class will be denoted by
[Xy]. W has a complementation operation (namely left multiplication by the longest
element) that we denote by u + u’. Then in the cohomology ring of the complete flag
variety we have the identity

[Xu] - [Xo] = Z civ[Xw]
weW
where ¢y, counts the number of points in the intersections of translations of the Schu-
bert varieties X, X,, and X1 into general position.

One of the first general computational results for the Grassmannian was Pieri’s
formula. Pieri’s formula allows us to easily express the product of an arbitrary Schubert
class with certain special Schubert classes. These special Schubert classes generate the
cohomology ring; hence the problem is reduced to solving systems of linear equations
with integer coefficients. A similar formula for the complete flag variety is given by the

Chevalley-Monk formula [19], and another formula, which is a bona fide generalization



of Pieri’s rule, is given by Sottile in [23].

In [17], Littlewood and Richardson provided a more appetizing way of computing the
coefficients than solving systems of equations with their famed Littlewood-Richardson
rule, which allows one to compute the coefficients in the case of the Grassmannian.
The Littlewood-Richardson rule expresses the coefficient directly as the cardinality of
a set of computable objects that are known as Young tableaux. In recent times the
term “Littlewood-Richardson rule” has come to describe any formula expressing some
number in a ring related to Schubert calculus (of which singular cohomology of flag
varieties is only one example) as the cardinality of a set of computable (“combinatorial”)
objects, or at least as a sum of positive numbers. The Grassmannian is a flag variety
with only one step, so we may ask if such a formula exists for general flag varieties. This
problem has proved to be surprisingly difficult. In [20], Purbhoo and Sottile provided
a formula for multiplying certain elements called Grassmannian elements. A rule for
equivariant cohomology (to be described in a moment) has been proved recently for
two-step flag varieties by Buch [7].

Schubert calculus has grown considerably in 135 years. There are more rings to
consider than just the cohomology rings of partial flag varieties. Let G be a complex
semisimple linear algebraic group. A subgroup B C G is called a Borel subgroup if
B is a maximal Zariski closed, connected, and solvable subgroup of G. The set G/B
of left cosets of B in G is called a generalized flag variety; we obtain the classical
complete flag variety when we take G = SL(n,C). Even more generally, we may let G
be a Kac-Moody group, defined by Tits in [24]. Since Kac-Moody groups are not in
general algebraic varieties, Borel subgroups must be defined differently; the definition
of a Borel subgroup in the general, possibly infinite-dimensional, Kac-Moody case may
also be found in [24].

After their introduction, general methods were sought for studying the cohomol-
ogy rings of these generalized flag varieties. One such general method was presented
by Borel in [6]: Borel proved that the cohomology ring of a generalized partial flag
variety is isomorphic to the quotient of a polynomial ring by the ideal generated by

non-constant homogeneous polynomials that are invariant under a certain action of the



Weyl group. Bernstein, Gel'fand, and Gel'fand [1] identified specific polynomial rep-
resentatives of the Schubert classes. In doing this they introduced certain operators
known as divided difference operators, which we will be denoting by 9, for v € W. Las-
coux and Schiitzenberger went further in [16] and defined specific polynomials in type
A, which are known as Schubert polynomials, that have nonnegative integer coefficients
and represent the Schubert classes when the quotient is taken. Macdonald in [18] stud-
ied the relationship between Schubert polynomials and divided difference operators in
detail, and Billey and Haiman in [2] generalized the concept of Schubert polynomials
to the other infinite families of linear algebraic groups (types B, C, and D).

A torus in the context of this dissertation is a group that is isomorphic to the direct
product (C*)™ of m copies of the multiplicative group of nonzero complex numbers
for some integer m > 1. If G is a connected complex linear algebraic group, then a
maximal abelian Lie subgroup is called a maximal torus, and is indeed a torus as the
name indicates. In the case of a Kac-Moody group, we define a maximal torus to be
the intersection B N N of the elements of a (B, N) pair for G (defined in [24]). Being
a subgroup of GG, a maximal torus acts on a complete flag variety G/B.

Any topological space X that has a torus action can be assigned a torus-equivariant
cohomology ring, which, intuitively speaking, takes into account the torus action. For
example, the maximal Grassmannians in types B and D are isomorphic as varieties and
hence have the same cohomology rings; however, the torus actions on these two varieties
are different, and the equivariant cohomology ring shows this, distinguishing the two
varieties. Rather than integers, the coefficients in the equivariant cohomology ring are
polynomials. Goresky-Kottwitz-MacPherson theory [10] provides a way to realize the
equivariant cohomology ring as a subring of a direct product of polynomial rings where
the components of the elements in the subring satisfy certain divisibility conditions
relative to each other. The specific polynomial rings are the equivariant cohomology
rings of fixed points of the torus action, and one can identify the Schubert classes by
computing the image of the Schubert class in these polynomial rings, which is known
as the restriction to the fixed point. In [3] Billey provided a formula (indeed, a positive

formula) for the restriction of a Schubert class to a fixed point. Kostant and Kumar



in [15] showed that the equivariant cohomology ring is, in a certain sense, dual to the
ring of divided difference operators (more precisely, the nil-Hecke algebra) and gave an
explicit formula for the coefficients in the cohomology ring.

We denote the Schubert classes in H}.(G/B) by [X,]r for v € W. Since the Schubert
classes form a basis for H7(G/B) as a module over a polynomial ring, we may write

[(Xu]r - [XolT = Z Cuw [(Xuwlr,
weWw

w

wo 18 @ polynomial. The structure constants

where in general the structure constant ¢

w

Cyp In equivariant cohomology generalize the coefficients in ordinary cohomology in

that ¢/, is the same as in ordinary cohomology whenever the coefficient in ordinary
cohomology is not zero. We therefore use the same notation for the structure constants
in equivariant cohomology as for the structure constants in ordinary cohomology.

In this dissertation we connect divided difference operators to equivariant cohomol-
ogy in a previously unknown way via a formula that we call “the Leibniz rule.” The
original Leibniz rule is a generalized product rule for derivatives. In [18] Macdonald
provided a product rule for divided difference operators that he named after the Leibniz

rule due to its similarity, and we are following suit.

Our formula is as follows.

Theorem 1 (The Leibniz rule). Suppose (W, S) is a Kac-Moody Cozeter system and
{Ow|w € W} are the divided difference operators associated to a root system for (W,S).
Then for all rational functions p we have the formula
Owp = Z CupOu(P) Oy
u,veW

in the nil-Hecke ring, where the ¢/, are the structure constants in equivariant cohomol-

v

ogy. In particular, if q is another rational function then
Ow (pQ) = Z C$7U8u(p)av(Q)'
u,veEW
Macdonald’s Leibniz rule, which applies in type A, involves a generalization of
divided difference operators called skew divided difference operators that depend on two

Weyl group elements. One may obtain our formula from Macdonald’s by expressing



the skew divided difference operators in terms of ordinary divided difference operators
with polynomial coefficients.

Our formula, especially in the latter form, shows that equivariant cohomology has
been present in the theory of Schubert calculus for longer than has been known. Even
if one wishes only to study ordinary cohomology with ordinary Schubert polynomials,
the divided difference operators used to define Schubert polynomials are intrinsically

linked to equivariant cohomology in an elementary way.



Chapter 2

Coxeter groups and flag varieties

2.1 General definitions

2.1.1 Flag varieties and Schubert varieties

The most general definition of a finite- or infinite-dimensional flag variety over the
complex numbers is that it is the quotient of a Kac-Moody group over the complex
numbers by a Borel subgroup, as defined in [24]. Fix such a group G and a Borel
subgroup B C G, so that the flag variety is G/B. An element of G/B is therefore a
coset B for some x € G.

Let N C G be a subgroup such that (B, N) is a Tits system, and let (B, N) be
the opposite Tits system. Define T'= B N N; we refer to T as the maximal torus. T is
normal in N. N/T, is called the Weyl group and is denoted by W. For each w € W the
double coset B~ wB is well-defined (i.e. the orbit of the left action by B~ depends only
on the elements of N it contains, and only on the images of those elements in N/T)
and is called the Schubert cell corresponding to w, which will be denoted by X2. The
closure of X0 will be denoted by X, and is called the Schubert variety corresponding

to w. These definitions may be found in [4] in slightly less generality.

2.1.2 The Weyl group and the root system

Our main object of study will be the Weyl group W together with its action on the
dual of the Lie algebra of the torus. W is a Cozeter group, which means there is a
generating set S C W such that W has a presentation involving only relations of the

form

(ss")F =1



for pairs s, s’ € S such that k = 1if s = s and k > 2 otherwise. This means in particular
that s2 = 1 for all s € S. The choice of S is not usually unique, but it will generally
be fixed. Hence we will refer to the pair (W, S) as a Coxeter system as is usually done
in the literature. In the case where W is the Weyl group of a Kac-Moody group, S
is determined by a choice of Borel subgroup. The elements of S will be called simple
reflections. Elements of W that are conjugates of elements of S are called reflections.
Proofs of the results we state here on Coxeter groups can be found, for example, in [5].

Every element w € W has an associated nonnegative integer called its length, which
will be denoted by ¢(w) and is equal to the minimal length of a sequence (s, s2, ..., sp)
of elements of S such that sysg---s, = w. For each s € S and w € W either ¢(ws) =
l(w) — 1 or l(ws) = £(w) + 1. The set of elements s € S such that £(ws) = ¢(w) — 1,
which are known as right descents of w, will be denoted by Dg(w). Similarly, for each
s € S either {(sw) = f(w) —1 or {(sw) = ¢(w)+1, and we denote the set of left descents
of w by D (w).

One may find the following definition of a root system in [4]. The dual Lie(7)*
of the Lie algebra of T" has certain elements called roots. To define roots we identify
Lie(T) with a Cartan subalgebra of Lie(G). A nonzero element x € Lie(T)* is called
a root if the subspace of Lie(G) consisting of all elements a € Lie(G) such that for all

h € Lie(T') we have the equation
[h,a] = z(h)a

is not zero. Roots thus are essentially generalized eigenvalues. The set of all roots is
called the root system of G and will be denoted by R. The action of W on Lie(T)*
permutes the root system. A choice of Borel subgroup, in addition to determining .S,
also imposes a division of R into two disjoint subsets R™ and R~. R™ is called the
set of positive roots, while R~ is the set of negative roots. The terms “positive” and
“negative” reflect the fact that if y is a root, then y € R™ if and only if —y € R™.
Each element of S is associated to a unique positive root x4 defined to be the element
of RT such that s- x5 ¢ RT. Indeed, s- x5 = —z5. The roots z; for s € S are called

stmple roots. Each reflection ¢ is associated to a unique positive root as well, namely the



root x; € RT such that ¢-x; = —x4. If t = wsw™! with £(w) minimal, then x; = w(xy).
For each w € W and each reflection ¢, either ¢(tw) > ¢(w) or £(tw) < ¢(w). In the
latter case we call z; a (left) inversion of w, and we denote the set of all left inversions
of w by L(w). L(w) always has {(w) elements. We may find those elements as follows.
A sequence e = (e, e, ...,e,) such that e; € S for all i will be called a word in S.
If ejes---e, € W has length n, then e will be called a reduced word. The inversions of

w = ejeg -+ - e, can be obtained from a reduced word. For each i define
ri(e) = eiea---€i_1 - T,

Then
Liw) = {ri(e)|1 < i < w)},

There is a partial ordering on W known as Bruhat order that we will denote by <.
One way to define Bruhat order is to first define a relation — by declaring that © — tu
if ¢ is a reflection such that £(tu) > ¢(u), then define < to be the reflexive, transitive
closure of this relation. An equivalent and often much easier to use definition is to say
that u < v if and only if for some (equivalently, any) reduced word for v there exists a
subsequence that is a reduced word for wu.

Coxeter systems have a property known as the exchange property, which may be
stated as follows: if (s, s2, ..., Sp) is a word for an element w € W and s € S is such that
l(ws) < f(w), then there exists an index ¢ such that (si,s2,...,8i—1,5i, Sit1,.-.,5n) 1S
a word for the element ws, where the hat over s; indicates omission. This property in

fact characterizes Coxeter systems.

2.2 Cohomology and equivariant cohomology

Let X be a flag variety. In the case where X is finite-dimensional, we may use Borel-
Moore homology to associate to each Schubert variety X,, for w € W a class [X,]
in the cohomology ring H*(X) (see, for instance, [9]). If X is infinite-dimensional, a
similar method of associating a Schubert variety to a class in H*(X) applies when we

approximate X with finite-dimensional spaces (see, for instance, [11]). The classes [X,,]
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for w € W form a basis for H*(X). We may therefore write

[(Xu] - [Xo] = ZCZ",v[Xw}

w
for some integers ¢y ,,.

To define torus-equivariant cohomology, we use a contractible space ET on which
the torus T acts freely (e.g. (C*° — {0})™ with the componentwise action) and declare
that the ring H7(X) is the ordinary cohomology ring of the space ET x7 X defined
as the quotient of ET x X by the equivalence relation (e, z) ~ (et,t~1x). This can be
defined for any space with a torus action, including a point. If pt is a point, then HJ.(pt)
is isomorphic to a polynomial ring in indeterminates t1, ts,...,t,. The indeterminates
t; may be regarded as algebraic generators of the character ring of the torus as they are
the Chern classes of equivariant line bundles on (P°°)™. The roots may be expressed in
terms of the ¢; when we consider the t; as characters.

As a module over H7.(pt), H}(X) has Schubert classes [X,,|7 as a basis. We there-

fore may write

[(Xu]r - [Xolr = Z Cluu,v [Xuw]r

w

where each ¢, is an element of H7(pt), i.e. a polynomial. We do not notationally

distinguish the coefficients ¢, in equivariant cohomology from those in ordinary co-

v
homology because if ¢(u) + ¢(v) = ¢(w), then the coefficients are the same as ordinary
cohomology, and we will be using only the coefficients in equivariant cohomology from
now on.

The action of T on X has one fixed point z,, in each Schubert cell X?. The inclusion
x, — X induces a restriction homomorphism H7}(X) — Hj(z,). We may combine
these restriction homomorphisms into a ring homomorphism into the direct product
Hy(X) = [] Hi(x).

veW

This homomorphism is injective (see [8]).
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Chapter 3

Derivation of the Leibniz rule

We parallel the construction of Kostant and Kumar in [15] by defining a ring associated
to a linear representation of a completely general group, then use the construction to
derive our Lebniz formula. The proofs of the results about the nil-Hecke ring that we
present are simpler than the original proofs. For the results that are not original, we

will indicate where they first arose.

3.1 The skew group ring

Let G be a group and let V be a finite-dimensional vector space over a field F' with a
linear action of G on the left (i.e. a representation of G). Let Sym(V') be the symmetric
algebra of V; then if {z1,z2,...,2,} is any basis of V, Sym(V') is isomorphic to the
polynomial ring F[x1,xo,...,z,]. There is a left action of G on Sym(V') that arises
from the action on V' given by g - f(z1,22,...,2n) = f(9- 21,9 - ®2,...,9 - x,) for
g € G and f € Sym(V). G acts on Sym(V) by ring automorphisms (indeed, F-algebra
automorphisms), which may be deduced from the universal property of polynomial
rings.

The subset H of Sym(V') consisting of all nonzero homogeneous polynomials is
multiplicatively closed. Let J(V) = H~1Sym(V) be the localization of Sym(V) in H;
then J(V) is a graded ring where the homogeneous elements of degree m can be written
as quotients % such that p,q € H and deg(p) — deg(q) = m. G acts on the left on J(V)

via F-algebra automorphisms by declaring that for each g € G we have

Q
3

p_
g-— =
q

N

q

where p € Sym(V') and ¢ € H. By definition of the action of G, g- H = H for all
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g € G. The action on J(V') is well defined since if b € H and a € Sym(V') are two other
elements such that ag = bp, then (g-a)(g-q) = (g-b)(g - p), so by definition of the
localization we have g%g = %.

We define an F-algebra G(V'), which is the skew group ring, to be the free left
J(V)-module with basis G, where the product is given by (pg) - (¢h) = p(g - q)gh for
p,q € J(V) and g,h € G and is extended distributively. This is a special case of
the skew group rings originally defined in [12]. Let p,q,7 € J(V) and f,g,h € G.
The computations (pf) - ((¢9) - (rh)) = (pf) - (¢(g - r)gh) = p(f - ¢)(fg - 7)fgh and

((pf)-(a9))- (rh) = (p(f - @) fg) - (rh) = p(f - @)(fg-7)fgh show that this product turns
G(V) into an associative F-algebra, though it is not a J(V')-algebra. We turn G(V')

into a right J(V)-module (hence a J(V')-bimodule) by declaring that (pg)q = p(g - q)g.
G(V) is also free as a right J(V)-module with basis G since if p, € J(V) for g € G are

such that

ngg = 0;

geG
then

> (9-pg)g =0,

gelG

hence g - pg = 0 for all g € G, implying that p, = 0 for all g € G. G(V) is sometimes
referred to as the “smash product” of the group ring and J(V').
We note that G(V) is a graded ring where the elements of G are homogeneous of

degree 0 and the elements of J(V') have the same degrees in G(V) as in J(V).

3.2 The coproduct and the dual

We wish to turn G(V') into a J(V)-bialgebra. Since G(V') is not even a J(V')-algebra,
this is not technically possible. However, we may define a coproduct in a certain sense

by dropping the condition that the coefficient ring be central. We denote by

G(V) J(V)® G(V)v
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as is usually done, the tensor product of G(V') with itself in the category of left J(V)-

modules, which means that if p € J(V) and g, h € G, then
pg ® h =g ® ph.
We also define
GV) @0y GV)

to be the tensor product in the category of J(V')-bimodules, where
gp ® h = g ® ph.

The formal definition of G(V) @) G(V) is via a universal property. If M is a right
J(V)-module and N is a left J(V') module, a function F': M x N — A from M x N into
an abelian group A is called a J(V)-middle-linear map if for all m,m’ € M, n,n’ € N,

and ¢ € J(V) we have the three equations
F(m+m',n) = F(m,n) + F(m',n)

F(m,n+n') = F(m,n) + F(m,n")
F(me,n) = F(m,cn)

The tensor product M )20 N is an abelian group such that there is a universal
J(V)-middle linear map 7' : M x N — M J0)® vy IV such that given any middle
linear map F' : M x N — A there is a unique homomorphism F’ : M @) N—= A

such that F = F' o T.

The product map is the J(V)-bimodule homomorphism
V:G(V) j)®s0) GV) = G(V)

given for elements g, h € G by
V(g ® h) = gh.

This is the associative, distributive product in G(V') that we have already defined.
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The coproduct map is the left J(V)-module homomorphism
A:GV) = G(V) ;)@ G(V)
given for elements g € G by
Alg)=g®yg
Due to noncommutativity with the module coefficients, componentwise multiplication
does not quite make sense in general in G(V') Jn® G (V). However, we will shortly see

that A is multiplicative in a certain sense.

We may use the coproduct to define the dual as follows. Let

G*(V) = Hom j(v)_moa(G(V), J(V))
be the left dual of G(V'), which consists of all linear functions f : G(V) — J(V). Note
that we do not put any sort of restrictions on the functions; this is the bare dual of a
free module of possibly infinite rank. G*(V) is a left J(V')-module, where for a € J(V),
feG*(V),and g € G(V) we have

(af)(g) = f(ag).
The coproduct A induces a left J(V')-module homomorphism
A : Hom vy -moa(G(V) ;0@ G(V), J(V)) = G*(V)

defined for f” € Hom j(y)_woa(G(V) Jn® G(V),J(V)) and w € G(V) by

(A*(f")(w) = f"(A(w)).
If G is infinite, then Hom ;(v) _nioa(G(V) ;1@ G(V), J(V)) is not isomorphic to G* (V') ;/®
G*(V). However, we may imbed G*(V) JnH® G*(V') into Hom y(y)_wmoa(G(V) J)®
G(V),J(V)) quite naturally as follows. A pair of elements f, f' € G*(V') determines a
left J(V')-bilinear function Dy ¢ : G(V) x G(V) — J(V') by the rule

Dy p(w,w') = f(w)f'(w')

for w,w" € G(V'). This induces a unique homomorphism Ey s : G(V) Jn® GV)—
J(V) such that

Epp(w®w) = f(w)f (w).
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The assignment (f, f') — Ey g is itself a left J(V')-bilinear function G*(V') x G*(V) —
Hom ;1) —moa (G(V) J(V)®G(V), J(V)), so there is an induced homomorphism G* (V') )@
G*(V) — Hom jy)_nod(G(V) I ® G(V),J(V)), and this is the imbedding we use.
Despite the complicated construction, the resulting evaluation map behaves in the same

way as for free modules of finite rank, namely

(f @ fwew) = fw)f ).

We therefore use this homomorphism in order to treat G*(V) T ® G*(V) as a subset
of Hom j(1)—moa(G(V) Jn® G(V),J(V)) and do not introduce any special notation
for this construction. Having established this, we may deduce that A* restricts to a

product
V' GHV) JNH® G* (V)= G*(V)

which is the left J(V')-module homomorphism such that
(V'(fe ) = (fo fAlg) = (el =f9f)

for all g € G. The dual is therefore the associative, commutative J(V')-algebra of all
functions f : G — J(V) with pointwise multiplication as the product. This is also the
dual of the group algebra J(V)[G].

G*(V) may be considered as a right J(V)-module, hence a J(V)-bimodule, by
declaring that for p € J(V), f € G*(V), and u € G we have

(f - p)(w) = f(up) = (u-p)f(w).
V has a dual
vV GH(V) = Homyv)—moa(G(V) ;0@ ) G(V), J(V))
such that for any element f € G*(V) and each w” € G(V) 101 @) G(V) we have
V(@) = f(V(")).

If G is infinite, V* would not normally be called a coproduct since the range of V*

is not a tensor square of G*(V'). We will see, however, that in the case of a certain
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subring we are concerned with when G is a Coxeter group it induces a coproduct via
the following construction.

We construct a J(V')-bimodule homomorphism
G*(V) ;)@ ) G (V) = Homyv) moa(G(V) jon@ 50y GV), J(V)),

which we denote by a +— @ for a € G*(V) D Iwv) G*(V), as follows. The construc-
tion is similar to the imbedding of G*(V') T ® G*(V) into Hom y(y)_noa (G (V) J0H)®
G(V),J(V)). Indeed, it is so similar that the overline notation is necessary to dis-
tinguish the two constructions. For any pair of elements f, f' € G*(V) the function

Fip:G(V) x G(V) = J(V) defined by
Frp(w,w') = f(wf'(w))

is a J(V)-middle linear map. By the universal property of G(V') &1 G(V), Fy,p

induces a group homomorphism Py ¢ : G(V) TN G(V) — J(V) such that
Prp(w®w') = flwf'(w))

for all w,w’ € G(V). This homomorphism of abelian groups is also a left J(V')-module
homomorphism. The assignment (f, f’) — Py is a function G*(V) x G*(V) —
Hom v) woa (GV) @50y G(V), T(V)). Since Ppy ol @ /) = fupf!(u!)) =
Pjpp(w®w'), the assignment is a J(V')-middle linear map, hence there is an induced
homomorphism G*(V) &) G*(V)) — Hom ;1) _moda (G(V) J0n®1v) G(V),J(V)),
and this is the map a — @ that we set out to define. By definition we can see that
evaluation using this construction has the property that (f @ f/)(w @ w') = f(wf'(w'))
for all f, f/ € G*(V) and all w,w’ € G(V'). The construction will be used in Section 3.4.

Note that there is an obvious action of G(V') on J(V) given by

D peg | a= pylg-a)

gelG geG
Suppose M and N are both left G(V')-modules. Then it is clear that M and N are also

left J(V')-modules. We define an action of G(V') on M ;,® N, called the semi-diagonal

V)



action, by declaring that for p € J(V), g € G, m € M, and n € N we have

g-(m®n)=p(g-m)®(g-n)

and extending linearly. Then we have the following result.
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Proposition 3.2.1. Suppose M and N are left G(V')-modules and w € G(V) is an

element. Suppose we have an expansion of A(w) of the form

k
= E U; Q4
i=1

for some u;,v; € G(V), 1 <i<k. Then for allm € M andn € N we have the formula

k
(m®mn) Z i - M)

=1

where M JnH® N is given the semi-diagonal action of G(V).

Proof. Let a;g,bip € J(V) for 1 <i <k and g,h € G be such that

U; = § Qg9

geG

and

V; = Z bi,hh-

heG
Let ¢y € J(V) for ¢’ € G be defined by

z : /
w = Cg/g .
g'eG

Then

Zaz,g 1hg®h_ chg ®g

»97 g 'eG
Thus for g, h € G we have

k
=1

We thus have the formula

k
D (uim) @ ( Zaz,gmg m) @ (h-n) =Y cy(g-m)® (¢ -n)
=1 i 97 QIEG

as desired.

= w-(m®n)

O
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Corollary 3.2.2. If w € G(V) and p € J(V) then for every expansion of A(w) of the

form
k
A(w) = Z Uu; @ v;
i=1
we have the formula

K
wp = (u; - p)vs.
i=1

Proof. Note that G(V) is isomorphic to J(V) I ® G(V) as a left J(V)-module via
the isomorphism determined by the rule p ® qg — pqg for p,q € J(V) and g € G. With
this isomorphism, the semi-diagonal action of G(V') on J(V) Jn® G (V) corresponds
to left multiplication in G(V'). Apply Proposition 3.2.1 with M = J(V), N = G(V),

m =p,and n = 1. O

Corollary 3.2.3. Let w,w’ € G(V). Suppose

k
A(w) = Z% ® v;
i=1
for some u;,v; € G(V) and
l
A(w') = Zuz ® vj
j=1

for some uj;,v; € G(V). Then

k£
A(ww') = Z Z uuy ® viv;.
i=1 j=1

Proof. Note that
A(ww') = w - A(w')

where G(V) acts on G(V) ;1@ G(V) via the semi-diagonal action; this can be seen by
expanding w and w’ in terms of elements G. Apply Proposition 3.2.1 with M = G(V),

N =G(V), m = uj, and n = v} as j ranges from 1 to £. O

We specialize now to the case of Kac-Moody Coxeter systems and their crystallo-

graphic geometric representations, where there is a lot to say.
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3.3 Divided difference operators

Let G be a Kac-Moody group, let B C G be a Borel subgroup, let N C G be a subgroup
such that (B, N) is a Tits system for G, let T'= BN N be the corresponding maximal
torus, and let V' = Lie(T)*. Let W = N/T be the Weyl group of G with generating set
S C W determined by B such that (W, S) is a Coxeter system. Let R C Lie(T")* be the
root system of G, and let {z5|s € S} C R be the set of simple roots determined by B.

W (V) and its coproduct structure are defined and used in [15].
We define elements 9; € W(V) for s € S by the equation

1
, = —(1—s).
0, xs( s)

The following is proved in [15, Proposition 4.2].

Proposition 3.3.1. Let e = (e1,e2,...,¢e,) be a word in S. If e is not reduced, then
Oy 0ey * - Oe,, = 0.

If e is reduced, then O, Oe, - - - O, depends only on the product ejez - - - ey,.

Proof. 1t will suffice to show the following:

(1) For each s € S we have

(2) If 5,8 € S satisfy (ss')? =1, then
050y = Dy 0s.
(3) If s,s' € S satisfy (ss')® = 1, then
050505 = D050
(4) If s,8 € S satisfy (ss')* = 1, then

05040505 = Og1 0504 Os.
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(5) If 5,8 € S satisfy (ss')® =1, then

0504050505051 = Oy 0505 05041 Os.

(1) is a trivial calculation. The other identities need only be checked in the root
systems of rank 2 generated by the corresponding simple roots x5 and xy. The root
system of a Kac-Moody group is crystallographic, meaning every root is an integral
linear combination of simple roots. By the classification of finite crystallographic root
systems, an account of which may be found in [13], the following are the only cases that
need to be checked: (2) needs to be checked in type A; x A1, (3) needs to be checked
in type Az, (4) needs to be checked in type By = Cs, and (5) needs to be checked in
type Ga. These calculations are necessary but unenlightening. What we find is that if
R:S, is the set of positive roots of the root system spanned by xs and xy and W, o is
the dihedral group generated by s and s, then the products in question are both equal

to

[y > n®u

yeRjg/ wEWSvS/

and hence equal to each other. ]

We define Diff (V') to be the left Sym(V')-module generated by {9,|w € W} where
Ow = O¢,Oe, - - - Oe,, for any reduced word e for w. The elements 9, are known as divided
difference operators. It is not immediately clear that Diff(V') is closed under right

multiplication by elements of Sym(V).

Lemma 3.3.2. If s € S and p € Sym(V'), then 05 - p € Sym(V).

Proof. Since the simple reflections act as reflections in Euclidean space, if p is of degree
1 then (1 — s) - p is divisible by x4, so 95 - p € Sym(V). If p = p1p2 - - - pg is a product

of linear factors, then the formula

k

pip2 - pe—(sp1)(s:p2) - (s:pk) = D> (s-p1)(s-p2) -+~ (s pic1)(pi — (5 - pi))Pisapiva -

=1

a proof of which may be found in [21], shows that (1 — s) - p is divisible by zs. Thus
for all p € Sym(V) we have that (1 — s) - p is divisible by x5, which implies that
Os - p € Sym(V). O

* Pk,
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This allows us to prove the following.

Lemma 3.3.3. Diff(V') is a subring of W(V'). Furthermore, if d € Diff (V') then there

exist an integer k and elements u;,v; € Diff (V') for 1 <i <k such that

k
A(d) = Zuz X v;.
=1

Proof. To prove that Diff (V') is a subring of W (V'), it will suffice to show that for all

w € W and p € Sym(V') we have the containment
Owp € Diff (V).
We show this by induction on ¢(w). We have the formula
A(0s) = 0s @1+ s ® 05

Hence

Osp = (as : p) + (8 ’ p)as € Diﬁ(V)

by Corollary 3.2.2 and Lemma 3.3.2. Hence the result holds for w € S. Let n be
an integer and assume the inductive hypothesis that for all sequences of elements

$1,82,...,8,—1 € S and all ¢ € J(V) we have
0s,0s, -+ 0s,,_,q € Diff (V).
Suppose then that (si,s2,...,s,) is a reduced word for an element w € W. Then

Owp = 05,05y -+~ Os,,_105,p = 05,05, - 0s,,_, ((0s,, - p) + (80 - P)0s,,)-

Since right multiplication by 0, preserves Diff(V'), it follows by associativity of mul-
tiplication in Diff(V) and the inductive hypothesis that d,p € Diff (V). Therefore, it
follows by induction that Diff (V') is a subring of W (V).

Now we show by induction on ¢(w) that for all w € W there exist a k and elements

ug, v; € Diff (V) for 1 < i < k such that

k
=1
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The result is true for w € S. Assume by induction that the result holds for elements
u with £(u) < {(w). Suppose s € Dr(w). Then by the inductive hypothesis there exist

an ¢ and elements u, v, € Diff (V) for 1 <i < ¢ such that

17 71

‘
A(Osy) = Zu; ® v}.
i=1
By Corollary 3.2.3, we have
¢ ¢
A(Ow) = A(0sOsw) = D Osuf @ V) + Y _ suj @ Ot
i=1 i=1
so the result holds by induction. O

We note that Diff (V') has the property that if p € Sym(V) and v € Diff(V'), then
v-p € Sym(V).
The following lemma will be necessary. It is essentially [15, Theorem 4.6] combined

with Proposition 4.3 in the same paper.

Lemma 3.3.4. Diff (V') is a free left Sym(V')-module with basis {0y twew. For any

element v € W we have the formula

for some elements Cy(v) € Sym(V).

Proof. We first consider the expansion of 0, for w € W in terms of elements of W.

Write 0, as

By the exchange property of Coxeter systems, the only elements of W that occur when
we expand this product have reduced words that are subwords of the reduced word

(s1,82,...,5,). Hence

Op=>_ diu

w’' <w
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for some coefficients d, € J(V'), where the coefficient dj;, # 0. This shows that the
set of divided difference operators indexed by W is lower triangular in the basis W
of W(V') and hence freely generates a left J(V')-submodule. It follows that Diff (V') is
freely generated by the divided difference operators as a left module over Sym(V') since
any nontrivial relation over Sym(V') would also hold over J(V'). We know that the
transition matrix is invertible and the inverse matrix has all of its entries in Sym(V)
because each generator s € S may be written as 1 — z3s0s, which implies that every
element of W is contained in Diff(V'). The inverse matrix is also lower triangular, so

the elements Cy/(v) must exist. O

Lemma 3.3.5. Diff (V') is a graded left Sym(V')-module such that Oy, is homogeneous of
degree —{(w) for allw € W and is a graded subring of W (V). The grading is respected
by A, where Diff(V')

Sym()® Diff (V') is given the induced grading, in the sense that if

a € Diff (V') is homogeneous of degree m, then A(a) is homogeneous of degree m.

Proof. Since deg(0s) = —1 for s € S, it follows that deg(dy,) = —¢(w) for all w € W.
The result about A follows from the fact that A : W(V) — W (V) Jn® W (V') respects

the grading. O

3.4 Formulas in H;(X)

We now wish to consider the graded left Sym(V')-dual of Diff (V') (where each divided
difference operator 9,, is considered to have degree —¢(w), as in the previous section),
which we denote by Diff*(V') = Homgym, 1) —noa (Diff(V), Sym(V')). We let {Cy|u € W}
be the Sym(V')-basis of Diff*(V') satisfying

Cu(0y) = by -

for all u,v € W. The evaluations Cy(v) for v,v' € W are the elements of Sym(V)
asserted to exist in Lemma 3.3.4, hence Cy(v) = 0 unless u < v.

There is a natural Sym(V')-module homomorphism « : Diff*(V') — W*(V') obtained
by declaring that if f € Diff*(V) and w € W then («a(f))(w) = f(w). Equivalently, for

all w € W we declare that (a(f))(0w) = f(Ow). We claim that « is an isomorphism
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onto the submodule D C W*(V') consisting of all functions f’ such that for all u € W
we have that f/(9,) € Sym(V) and f'(9,) = 0 for all but finitely many such w. The
fact that « has its image in D follows from the definition of Diff*(V') as the graded left
Sym(V')-dual of Diff (V). « is injective because if f, f' € Diff* (V') satisty f(0y) # f'(Ou)
for some u € W, then (a(f))(0y) # (a(f"))(0y). Finally, surjectivity follows from the
fact that if f” € D, we may define f € Diff*(V') by the rule f(9,) = f”(9,) for all
ue W, and af) = f".

We show now that the product V' : W*(V) Jn® WH*(V) — W*(V), which we recall
is given by pointwise multiplication of functions, restricts to a product on Diff* (V). If
u,w,w € W, then

(V/(Cow ® Co))(0u) = (Cuw ® Cur ) (A(Ou))
It is clear that (Cy ® Cy)(A(Dy)) is always an element of Sym(V). Write
Au) = D ayw0y ® Oy
v EW
where a,,» € Sym(V) for all v, € W. Application of C,, ® Cyy to a term of the
form pd, ® 9, for p € Sym(V) yields 0 unless v = w and v = w'. If ay, # 0, then
l(u) < l(w) + £(w'). To see this, note that A(9,) is homogeneous of degree —¢(u) by
Lemma 3.3.5, so any term a,, Oy ® Oy With a,, v # 0 must be homogeneous of degree
—{(u), hence —£(u) = deg(ay w 0w @ Oy ) = deg(ay uw) — L(w) —L(w') > —4(w) — L(w).
Since there are only finitely many elements of W of a given length, there are only finitely
many u such that the result is nonzero, hence Diff*(V) is closed under V'.

Now that we have a basis and a product operation, we may define structure constants

Cuw DY

CuCy =Y _ ¥ ,Cuy.
weW

We will see that it is not an accident that we use the same notation for these structure
constants as for the ones in equivariant cohomology of flag varieties. In the remainder
of this section we find a formula for Cy(v) for u,v € W and obtain an isomorphism of

Diff*(V) with Hz(X).
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We will need to apply the overline homomorphism
W*(V) J(V)®J(V) W*(V) — HOHIJ(V)_MOd(W(V> J(V)®J(V) W(V), J(V))

given by
ar—a

and defined in Section 3.2 to elements of Diff*(V) Diff*(V'). To do this

Sym(V)®Sym(V)
we imbed Diff*(V) Sym(1)Osym (V) Diff*(V') in W*(V) @) W*(V). Recall that
H C Sym(V) consists of all nonzero homogeneous polynomials and « : Diff*(V) —

W*(V) is the inclusion. The imbedding we desire is a composition

Diff*(V) gy @sym(ry DIfE*(V)

fe=lf

Sym(v)Dsym(v) DI (V)

+(Cu®Cy) (5 Cu)®Cy

HY(Diff*(V)

HDIff* (V) ;11@ 50y HDIff*(V)

H 'aQH la

W*(V) )20 Ww*(V)
The first map is injective because Diff*(V) Sym(V)Esym(V) Diff*(V') is a torsion-free left
Sym(V)-module. The second map is readily seen to be an isomorphism by noting that
both modules are isomorphic to the free left J(V')-module with a basis consisting of the
elements C, ® C, for u,v € W. The third map is injective because all modules involved

are torsion-free and « is injective.

Proposition 3.4.1. The coproduct
A’ Diff* (V) — Diff*(V) Sym(V)®Sym(V) Diff*(V)

defined by
A(Cy) = Z Cugy © Cugy

W(1),W(2)

for allw € W, where we sum the right-hand side over all pairs wyy, wzy € W such that

L(way) + Lwy) = L(w) and waywe) = w, satisfies the equation

AN =V*
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on Diff*(V), where V* : W*(V)) — Hom ;) _poa (W (V) TN W(V),J(V)) is the
dual of V.

Proof. We have the equation
(VH(Cw))(Ou @ Oy) = Cuy(0u0b).

V*(Cy) is thus uniquely determined by the fact that (V*(Cy))(0y ® 0y) = 0 unless
both of the conditions ¢(u) + ¢(v) = ¢(w) and uv = w are satisfied, in which case

(V*(C))(0y ® 0y) = 1. Note that for u,v,u’,v" € W we have the equation
(Cu & Cu/)(&, & 81,/) = Cu(&]Cu/(av/)) = (5%1)(5“/77/.

Thus we can see by examining the definition of A’(C,,) that (A/(Cy))(0, ® ) = 0
unless both of the conditions ¢(u) +¢(v) = ¢(w) and uv = w are satisfied, in which case

(A'(Cy))(0y ® 0y,) = 1. Tt follows that
A =V*
on Diff* (V). O

Corollary 3.4.2. We have the formula

Z Cugyy (W) (U - Cpgy (V)

W(1),W(2)

for all u,v,w € W, where the notation is as in Proposition 3.4.1.

Proof. We know that
Cu(uv) = (A(Cw))(u @ ).

Proposition 3.4.1 allows us to write

= D Cup(uCup () = Y Cugy()(u- Cug(v)

W(1),W(2) W(1),W(2)

as desired. O

The following formula is proved by Billey in [3].
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Theorem 2 (Billey’s restriction formula). Suppose u € W satisfies {(u) = k and e is
a reduced word for an element w € W. Then
Culw)= Y (=ra(e))(=riz(e)) -+~ (—rir(e)).
€iq €ig r€ip =U
1 <tg<-<ig
Proof. Suppose ¢(w) = n. We obtain the result by iterating Corollary 3.4.2 n—1 times,

corresponding to the decomposition of w as the product ejes - --e,. This gives us the

equation

Culerea---ep) = Z Cuy(€1)(er - Cupyy(e2))(e1€2 - Cuy (€3)) - - - (€162 €n1 - Cu,, (€n)),

where the right-hand side is summed over all decompositions w)u)us) - Ump) = u
such that £(u()) + £(u(g)) + -+ L(uwp)) = k.
If a particular term in the sum is nonzero then each u; satisfies either u;y =1 or

u() = €; by Lemma 3.3.4. We can see directly from the expansion
ei=1—x¢,0,,

that Ci(e;) = 1 and Cg,(e;) = —xe,, s0 erea---€;_1 - Ce,(e;) = —ri(e). The result

follows. O

This allows us to obtain an isomorphism with the equivariant cohomology ring. The

following is proved in [15, Theorem 5.12].

Corollary 3.4.3. The left Sym(V)-linear map determined by C, — [X,] is a ring
isomorphism between Diff*(V') and the torus-equivariant cohomology ring of the flag

variety with root system R.

Proof. C,(v) is the same as the restriction of [X,] to the fixed point z,. For all v € W
define a ring homomorphism ¢, : Diff*(V) — H7(z,) by linearly extending the rule
Cy — Cy(v) for all w € W. The ring homomorphism

IT e :Dift*(v) = J] Er(x)

veW veW

can be composed with the inverse of the fixed-point restriction homomorphism to obtain

the desired isomorphism. O
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3.5 The Leibniz rule and skew divided difference operators

The following proposition follows from [15, Proposition 4.15] combined with Proposition

4.24 in the same paper.

Proposition 3.5.1. The coproduct in Diff(V') is given by
Aw)= > ¥,0,®0,
u,veEW

Proof. This is easily seen by the equation

(Cu ® Cy)(A(Oy)) = (CuCy)(0n) = ¢

u,v*

We may now prove our Leibniz rule.

Proof of Theorem 1. The result is a direct consequence of Proposition 3.5.1 and Corol-

lary 3.2.2. O

It is natural now to define elements 0’ by
oy =Y cv,0.
veW
The coproduct can thus be expressed more compactly as

AOy) =) 0,00 = 0Y®d.
ueWw ueW

and the Leibniz formula is given by

oup =3 (0P = 3 (9 )0
ueW ueW
The elements 9;; will be called skew divided difference operators. The elements 0, ,,

defined by
6w Ju = u’laﬁ’
were studied by Macdonald in [18] and used to prove the following Leibniz rule in type
A:
0w(pg) = D uby/u(p)0u(q).

u<w
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Macdonald defines 9,,/, by an explicit formula involving divided difference operators
0s and simple reflections s for s € S.
The context of Macdonald’s work is the study of Schubert polynomials, which are

introduced in [16] and may be defined as follows. In this situation W = S, is the

symmetric group, and we are working in a polynomial ring Z[t1, ta, ..., t,] on which a
permutation w € Sy, considered as a bijection from {1,2,...,n} = [n] — [n], acts by
the rule

This action is the same as when we consider the t; as generating the character ring of
the torus. The Coxeter generators of S, are the simple transpositions si, S, ..., Sn_1
defined by s;(i) =i+ 1, s;(i + 1) =i, and s;(j) = j if j # ¢,7 + 1. The simple root x4,

corresponding to s; is then given by
Ts; = ti — ti+1-

The divided difference operator 0s, preserves Zl[t1, ta, . .., t,] and actson f € Z[t1,ta, ..., 1]

by the rule

f(tl,tg, ceey tn) — f(tl,tg, coy i1 b1, by Ty ,tn)
ti — tit1

(0s, - f)(t1,ta, ... ty) =

Schubert polynomials are indexed by elements of W and will be denoted by S, for
v € W. Schubert polynomials are defined by first defining S,,,, where wg € 5, is the

reversal permutation, meaning wy(i) = n + 1 — i for all 4. For that definition we have
Swe = 0HET2 2 ot .
Then we define the Schubert polynomial S, for v € S,, by the rule
S = Oy (S )-
In [14] Kirillov shows in this scenario that if £(u) + ¢(v) = ¢(w), then
Ow/u* Sv = Cyy -

Note that since in this case ¢y, is constant, it is also true that 8 - S, = ¢,. This

w

W »» Which is obvious from the way

implies that the coefficient of 9, in 9% is equal to ¢
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we define 9. The new result in our case is identification of the rest of the coeflicients
of the divided difference operators in the expansion of 9} as the structure constants in
equivariant cohomology. Our formula also applies for completely general Kac-Moody

groups rather than just in type A.

Obviously, if one wishes to obtain a Leibniz formula for a product of more than two

rational functions one may iteratively apply Theorem 1. However, we may obtain a

more elegant formula as follows. For elements ui,us,...,u € W and w € W define
Coty gy, PY the following formula:

CorCuy Cop = 3 &Y Ch.

UL, U2, U
weW

This definition is valid since the product in Diff*(V) is associative.

Lemma 3.5.2. For all ui,us,...,up € W and w € W we have the formula
w _ v Cw’
UL,U2,- Uk UL, U2, U —2,W “UE— 1, UL
w'eW

Proof. By definition we have the formula

!
o w
Cuk—lcuk - E : cuk—l:“kcw

w'eW
We also have the formula
/ w /
Cuy Cuy - Cuk zcuk 10 E Cy, Cyy - C Uk—2 Uk hl%o "= § : Cu ug,..up— 27w/cuk 171%0
w'eWw w,w'eW
which implies the result. ]

We define generalized skew divided difference operators as follows:

w w

UP U2,y Ul cUl»“Qv 7“1@7”6’0
veW

It is not immediately clear that this sum is finite. However, the following proposition
combined with an easy induction and the fact that the coproduct is well-defined implies

that it is. This is also implied by the fact that ¢ = 0 unless u; < w for all ¢

UL U2y U,V

and v < w.
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Proposition 3.5.3. For any elements uy,...,uxr_1 € W and w € W we have the

formula

w _ w
A(aulv-'yuk:—l) - § : 81% ® ammz,u&m,uk
upEW

Proof. We have
w J— w . w U
A(8u17---,uk—1) - CUL---,uk—th(a”) - § : CU17---7uk—17UCU’,u”6“' @ Oy
veW u’ u veWw
By Lemma 3.5.2 this is equal to
w _ w _ w
z : Curyeyug ! " Q! ® Oy = z : Ow ® Cuyecyup ! " Qu’ = z : Ow ® 8”1,---77%—171/

u' u’eW u' ueW u' eW

and setting u, = u’ gives us the result. O

Corollary 3.5.4 (The generalized Leibniz rule). For any integer k > 0, any element
w € W, and any rational functions p1,po,...,pr we have the formula
Owp1p2 Pk = Z Ouy (pl)aw (p2) -+~ Ouy, (pk)azqfl,ug,...,uk'
UL ,U2,..., Uk EW
Proof. The base case of kK = 1 has already been proved. Assuming by induction that
OwP1P2 " * Pk—1Pk = Z Ouy (p1)0us (P2) * Oy (Ph—1)0ry) s g1 Pk
UL,U2,.. U1 EW
Proposition 3.5.3 implies via Corollary 3.2.2 that
Owp1p2 - ** Pk—1Dk = Z Ouy (P1)0usy (P2) * + + Oy (P—1) Oy, (PR ) Oy iy gy
UL U2,y U —1, U EW

which is the desired result. O
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