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ABSTRACT OF THE DISSERTATION

Acoustic and elastic multiple scattering and radiation

from cylindrical structures

by Feruza Abdukadirovna Amirkulova

Dissertation Director: Andrew Norris

Multiple scattering (MS) and radiation of waves by a system of scatterers is of
great theoretical and practical importance and is required in a wide variety of physi-
cal contexts such as the implementation of “invisibility” cloaks, the effective parameter
characterization, and the fabrication of dynamically tunable structures, etc. The disser-
tation develops fast, rapidly convergent iterative techniques to expedite the solution of
MS problems. The formulation of MS problems reduces to a system of linear algebraic
equations using Graf’s theorem and separation of variables. The iterative techniques
are developed using Neumann expansion and Block Toeplitz structure of the linear sys-
tem; they are very general, and suitable for parallel computations and a large number
of MS problems, i.e. acoustic, elastic, electromagnetic, etc., and used for the first time
to solve MS problems. The theory is implemented in Matlab and FORTRAN, and the
theoretical predictions are compared to computations obtained by COMSOL.

To formulate the MS problem, the transition matrix is obtained by analyzing an
acoustic and an elastic single scattering of incident waves by elastic isotropic and
anisotropic solids. The mathematical model of wave scattering from multilayered cylin-

drical and spherical structures is developed by means of an exact solution of dynamic

ii



3D elasticity theory. The recursive impedance matrix algorithm is derived for radi-
ally heterogeneous anisotropic solids. An explicit method for finding the impedance in
piecewise uniform, transverse-isotropic material is proposed; the solution is compared
to elasticity theory solutions involving Buchwald potentials.

Furthermore, active exterior cloaking devices are modeled for acoustic and elastic
media using multipole sources. A cloaking device can render an object invisible to some
incident waves as seen by some external observer. The active cloak is generated by a
discrete set of multipole sources that destructively interfere with an incident wave to
produce zero total field over a finite spatial region. The approach precisely determines
the necessary source amplitudes and enables a cloaked region to be determined using
Graf’s theorem. To apply the approach, the infinite series of multipole expansions
are truncated, and the accuracy of cloaking is studied by modifying the truncation

parameter.
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Chapter 1

Introduction

Chapter 1 starts with the discussion of the background and motivation for the topics
considered in this work. Next, this chapter establishes the questions we aim to answer
in this dissertation, specifically it considers current objectives of multiple scattering
problems, and provides an overview and literature review of research on scattering and

cloaking phenomena. At the end of the chapter, the outline of research is presented.

1.1 Background and Motivation

Multiple scattering (MS) by a system of obstacles is an important topic, of great practi-
cal and theoretical interest in a wide variety of physical contexts. A computation of the
wave field scattered by multiple objects that takes into account the interaction between
the obstacles is required in numerous wave propagation problems. These problems
include modeling acoustic devices that precisely control and guide propagating waves
in a defined manner for specific applications, i.e.: the implementation of “invisibility”
cloaks; the fabrication of dynamically tunable structures such as the gradient index
lenses and waveguides; and the characterization of effective parameters of heteroge-
neous media. A broad literature review on single and MS and the concepts of MS are
given in [98].

The development of numerically efficient techniques and algorithms that are appro-
priate for a wide range of problems is one of the main interests of wave propagation
analysis. The expensive costs of direct matrix inversion of a linear system motivates
the development of numerically efficient iterative methods. The use of the method of
separation of variables and Graf’s addition theorem leads a formulation of an MS prob-

lem to the linear system of an infinite number of equations which can be reduced to



the finite dimensional system of equations of the form:
Xb =d, (1.1)

where X is the known interaction matrix that defines the coupling between each scat-
terer of the configuration, b is the column vector of the unknown scattering coefficients,
and d is the column vector of the known coefficients of the excitation field. The matrix
X is a complex valued dense N x N matrix, and N is proportional to the number of
scatterers M multiplied by 2n + 1 where n is the mode number. For high frequencies
and a large number of scatterers, the system (1.1) becomes an extremely large scaled
linear system. The computational complexity of inversion of matrix X by direct meth-
ods is O(N?), i.e. Gauss-Jordan method requires n® multiplication operations and n?3
addition-subtraction operations, Gauss method using LU decomposition requires n?/3
multiplication and n3/3 addition-subtraction operations. The memory requirements
to solve (1.1) by direct methods grow as O(N?). This is prohibitive for many realis-
tic multiple scattering problems at high frequencies and a large number of scatterers.
For a large N and required number of iterations, the most widely used Krylov Space
methods such as GMRES, BICGSTAB, and etc. can cause excessive run times [127, 3].
If the X matrix has some specific characteristics than the computational complexity
can differ. When the X matrix has a Toeplitz structure, its inversion requires O(N?)
arithmetic operations using Levinson and Trench algorithms [167, 9]. The inverse of
Toeplitz matrix can be decomposed into the sum of two multiplications of triangular
Toeplitz matrices using fast recursive algorithms [15, 185, 65, 74]. These algorithms
have a simple description and use a simple storage; they require O(NlogaN) arithmetic
operations and the memory of order O(N). There is a correspondence between the
scalar algorithms [15, 65, 74] for Toeplitz matrix and their block analogs [185, 9] ac-
cording to which block multiplications and additions in block algorithms correspond to
multiplications and additions in scalar case. Specifically, for some planar configuration
of cylindrical structures, X matrix has a Block Toeplitz structure which allows us to
use such algorithms and greatly reduce a simulation run time. This question will be

investigated in this work in detail.



Another subject considered in this work is the cloaking phenomenon which is cur-
rently a very popular research topic in Acoustics. This phenomenon is studied using
different approaches such as transformation acoustics, impedance acoustics, the homog-
enization of layered media, and the multipole expansion method. A cloak can make
objects invisible to some wave as seen by some external observer. There are two quite
distinct types of cloaking models: passive and active. A passive cloak guides the in-
cident waves around an object that is to be cloaked and suppresses scattering from
it. Passive cloaking requires designing a metamaterial that can bend acoustic waves
and guide the wave energy around the object regardless of the incident wave. In re-
cent times a rather different approach to cloaking has been noted as an alternative.
We call it active exterior cloaking in keeping with prior terminology [179]. An active
cloak generated by a set of discrete of active sources cancels out the incoming waves
in cloaked region and produces a negligible far-radiated field. The method proposed
in this work allows us to explicitly calculate the necessary source amplitudes and en-
ables us to identify a cloaked region using Graf’s addition theorem. Cloaking devices
have broad applications, including national defense, healthcare, microelectronics, civil
engineering, and aerospace engineering. These devices can be exploited for biomedical
imaging, earthquake mitigation, and heat protection; to build better insulated back-
grounds for laboratories, concert halls, and soundproofing homes; to conceal objects
from sonar such as stealth warships and submarines; and for other uses that would

benefit society.

1.2 Current objective

We want to develop a methodology that will allow us to study acoustic and elastic
multiple scattering and radiation from cylindrical structures for its future application
to wave propagation problems, i.e. modeling waveguides, lenses [162], resonators, and
cloaking devices.

Despite much fundamental research, as detailed in Section 1.3, there are still many
issues that need to be studied more thoroughly. Specifically, the formation of effective

methods of studying the influence of interaction between the scatterers on MS; the



creation of efficient iterative techniques that are general and applicable for a large
number of complex scattering problems; the development of advanced techniques for a
solution of MS problems at a high frequency range and large number of obstacles; the
formation of feasible methodology that will improve cloaking and diminish a trade-off
between a cloaking performance and construction difficulty; and the development of
innovative techniques for material characterization.

In this work, the scatterers are cylindrical and spherical structures of circular shape,
such as elastic shells, solids, and multilaminates, as well as rigid bodies and holes.
Therefore, an MS problem is solved by using the MS theory that best fits such config-
urations. The approach is to reduce the MS problem to a family of single scattering
problems. The single scattering solution for an elastic scatterer is utilized to develop
a T-matrix for each scatterer. Then, a global matrix is developed by means of MS
theory that includes the effect of MS between the scatterers, and enables us to find
the scattering coefficients and far-field behavior. This method leads to a linear alge-
braic system; its complexity grows as the number of scatterers and frequency increases,
requiring the development of iterative algorithms for parallel computing. Taking ad-
vantage of the Block-Toeplitz structure of the system, the iterative Krylov subspace
methods are applied, and some iterative approaches are proposed with the use of the
Neumann expansion and bi-orthogonal polynomials to increase the efficiency and reduce
the computational cost.

Although cloaking phenomena have been well researched, there is no precise model
which has a realistic physical implementation. Therefore, we are interested in modeling
wave propagation in general anisotropic solids in order to develop scattering solutions
related to metamaterial devices such as “invisibility” cloaks. Passive acoustic cloaking
devices [117, 111, 143] can be modeled as radially inhomogeneous anisotropic solids.
One of our goals is to produce a stable solution method for such materials which was
proposed in our work [114] for a cylindrically anisotropic medium. We are also interested
in designing active exterior cloaking generated by multipole sources. The aim of active
exterior cloaking is to render the total field zero inside some prescribed domain and

to produce a non-radiating active field in the farfield. The technique introduced in



our early work [112] on acoustic active exterior cloaking enables us to find a cloaked
region using Graf’s addition theorem and to reduce the integral representations of
Vasquez et al. [181] for the source amplitudes to closed-form explicit formulas. Using
this technique, one can avoid the reduction of the integral equation of Vasquez et
al. [179, 180] to a system of linear equations which require a numerical solution or
evaluation of line integrals, as proposed in [181]. An active exterior cloaking has been
applied to the elastodynamic context for the first time in our succeeding work [108].
The approach enables us to precisely determine the necessary source amplitudes of
nearfield and farfield. The infinite series of multipole expansion of the source is divergent
inside the circle that is centered on the source itself. Therefore the determined source
amplitudes are not valid in the domain in which the active sources are located. This
issue was not considered in active cloak modeling but was noted in [84] in designing an
anti-sound device. To overcome this issue in practice, the infinite series are required to
be truncated, which reduces the accuracy of solution. Thus, by varying the truncation
number, we investigate the accuracy of cloaking which requires only a small number of

multipoles as will be shown in Chapter 6 and Chapter 7.

1.3 Review of elastic and acoustic scattering from cylindrical struc-

tures and cloaking models

A computation of a field that is scattered by multiple objects that takes into account
the interaction between the obstacles is required in numerous problems of acoustic,
electromagnetic, and elastodynamic wave propagation. These problems include the MS
of acoustic waves by obstacles, the scattering of sound in the environment, and elastic
and electromagnetic waves in composites and human bodies. Our interest here is with
examining an acoustic and elastic MS from obstacles.

Two analytic methods extensively employed in the literature on scattering are the
separation of variables [98], and the integral equations formulation [186]. For single ob-
stacles whose geometries conform to separable coordinates, i.e. cylindrical or spherical,

the scattering problem can be solved by the eigenfunction expansion method, which is



also called the multipole expansion method. For scatterers with geometries that do not
conform to separable coordinates, an integral equation method can be used, such as the
direct numerical solution of integral equations, or the null field method also known as
T-matrix approach [186, 177, 98]. These analytical approaches allow us to reduce an
MS problem for an arbitrary configuration of a finite number of scatterers to a family
of single scattering problems. Hence, the analytical tools used to find the response
of configurations of multiple objects follow from the analysis of scattering by single
scatterers [169, 176, 141, 28]. Below we will give a literature study of single scattering
problems, followed by a literature review of investigations conducted on MS problems

for obstacles of different geometries.

1.3.1 Review of single scattering from cylindrical structures

A good review on acoustics of cylindrical and spherical shells on scattering from cylin-
drical and spherical solids is given by Uberall [171]. Both theoretical and experimental
aspects are considered. Gaunaurd [63] gives an extensive and comprehensive bibliog-
raphy and a review of topic on scattering from cylindrical and spherical shells and
solids. More recent studies address cylinder scattering with relation to fiber scattering
in composites, piezoelectrics, anisotropic solids, and inhomogeneous solids and take into

account multiple scattering in a scatterer.

Elastic and acoustic wave scattering from a solid cylinder

An investigation of acoustic scattering of normal incident plane acoustic waves by
isotropic elastic cylinders and spheres was initiated by Faran in 1951 [55]. Faran ex-
tended the theory of the scattering of plane sound waves to include SH waves. The
scattering field was given as a function of specular reflection and circumferentially trav-
eling geometric waves and elastic circumferential waves. Computed scattering patterns
were in a good agreement with experimental measurements. The normal scattering of
incident plane waves by cylinders and plates immersed in water was studied by Maze
et al.[99]. Backscattered spectrum was calculated using the Resonance Isolation and

Identification Method; supplementary resonances were obtained for aluminum. It was



shown that resonances correspond to natural modes of vibration. Experimentally de-
tected resonances were considered as normal modes of the target. The solution of the
problem of scattering of an obliquely incident plane wave from an isotropic elastic cylin-
der was obtained and compared with experimental measurements by Li et al. [92]. The
solution was given in terms of phase angles. The excitation of supplementary reso-
nances was noticed for small incidence angles. A theoretical model of the scattering
of an obliquely incident plane wave from an infinite aluminum cylinder was developed
by Flax et al. [57] to study the influence of axial coupling on the geometric diffraction
from a cylinder of infinite length and resonance behavior. In the limiting case of taking
the angle of incidence as zero, the solutions given in [92] and [57] correspond to the
previously given scattering description of Faran [55].

Honanvar et al. [78] provides the first complete theory applicable to a uniform
transversely isotropic cylinder in 1996. The displacement field was decomposed into
scalar and vector potentials using the displacement decomposition proposed by Morse
and Feshbach [105] that will be discussed in Section 2.2. Potentials were expanded
in series of normal modes. In this model the influence of each element of the stiff-
ness matrix on the various vibration resonant modes was shown. In the case of weak
anisotropy the solution reduces to a simple model for an isotropic cylinder. Numerical
calculations were performed first for an isotropic aluminum cylinder. Then the effect of
perturbation of the elastic constants of an aluminum cylinder on the form function was
evaluated. Ahmad et al. [5] also studied the scattering of acoustic waves from a trans-
versely isotropic cylinder immersed in a fluid. The solution was obtained by employing
Buchwald’s potentials [26] and a normal mode expansion. The existence of two distinct
types of transversely isotropic materials, namely type I and type II, was shown. The
expected behavior of the form functions of such materials was described. Critical angles
of the incidence were shown, away from these angles an angular pattern of scattering
field alters significantly. Honarvar et al. [77] showed the physical differences between
two types of transversely isotropic materials classified by Ahmad et al. [5]. Rahman
et al. [132] and Ahmad et al. [5] showed that the displacement decomposition [105]

used by Honanvar et al. [78] results in 5th order PDEs, lengthy coupled equations for



potential functions, whereas Buchwald’s representation yields much simpler equations,
in the form of compact second order PDEs. They also noted that these representations
lead to identical characteristic equations and the same final result. Buchwald’s poten-
tial yields simpler expressions; it is less laborious and much more efficient in application

for an isotropy, transverse isotropy [107], [4], [32] and general anisotropy [116].

Scattering from cylindrical shells consisting of one layer

Scattering from an infinite isotropic elastic hollow cylindrical shell by an obliquely in-
cident plane acoustic wave was investigated by Maze et al. [89]. The far-field form
function was calculated for an aluminum hollow cylindrical shell in water by the direct
summation of the Rayleigh series. The theoretical results are compared with the experi-
mental results showing a good agreement between them. Veksler et al. [183] presents an
analytical solution to the scattering problem of a plane compressional wave by a circular
cylindrical shell embedded in an elastic matrix. The resonances were computed from
the dispersion relations. The behavior of different scattered waves were studied, and
the resonance contribution of these waves were shown for a thick walled shell. When
the inner radius of the shell b tended to the outer radius, the scattering by an empty
cavity was considered. When the inner radius b tended to 0 another limiting situation
was obtained: the scattering by an elastic cylinder in an elastic matrix. In [109] an
asymptotic solution of the problem of acoustic wave scattering from heavily fluid loaded
thin isotropic cylindrical and spherical shells is derived by Norris et al. from combined
outer and inner fields using matched asymptotic expansions. The proposed method is
developed on the basis of thin shell theory and is effective in the midfrequency range,
and it describes the total acoustic response as the sum of background response and

resonant contribution.

1.3.2 Scattering from multi-layered cylindrical shells and solids

Scattering by single multilayered scatterers has been conducted extensively. Most scat-
terers have simple geometry, such as a cylindrical or spherical shape. Below we will

consider these works in detail. At the end of this section we will consider some works on



multiple scattering (MS) in a single scatterer. The effect of MS between the scatterers

will be considered in Section 1.3.4.

Acoustic scattering from multi-layered cylindrical shells and solids

The scattering field of an oblique plane wave of incidence from a circular clad rod of
infinite length was calculated by Honarvar et al. [79]. Using Resonance Scattering
Theory (RST) the effect of various resonance frequencies on the variation of cladding
thickness was evaluated, where high frequency resonances were shown to be more sensi-
tive than low frequency resonances. Form functions of a copper-clad aluminum rod were
evaluated for different incident angles of a plane wave. The comparison of numerical
calculations with experimental measurements show good agreement. Orthotropic cylin-
drical shells submerged in and filled with compressible ideal fluids were considered by
Hasheminejad et al. [72] using a state space formulation for the sequentially laminated
piecewise homogeneous configuration. The method of wavefunction expansion is used
to study the effects of inner fluid loading along with the shell thickness on the frequency
response of the shell. The correlation between the perturbation in elastic constants of
loaded shell material and the sensitivity of resonances associated with various modes
appearing in the backscattered field is obtained.

The methods developed in [72] are generalized in [73] for an axially polarized piezo-
electric material. Hasheminejad et al. [73] examined 3D acoustic scattering of a plane
incident sound wave from thick bilaminated circular cylindrical shells consisting of an
axially polarized piezoelectric cylindrically orthotropic inner layer and orthotropic outer
layer. Shells are submerged in and filled with compressible ideal fluids. Numerical calcu-
lations for the total form function amplitude including the associated global scattering,
the far-field inherent background and the resonance scattering coefficients of the n th
normal mode are performed based on acoustical RST for different electrical boundary
conditions. Jamali et al. [82] studied a scattering by functionally graded cylindrical
shells and calculated an acoustic radiation force in shell caused by a plane harmonic
wave incidence using the eigenfunction expansion method. They employed a laminate

approximate model and T-matrix approach to present an analytical solution based on
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2D elasticity. Numerical results are presented for a form function and radiation force.

Elastic scattering from multi-layered cylindrical shells and solids

Beattie et al. [17] both theoretically and experimentally studied backscattering of inci-
dent compressional and shear SH waves from an isotropic elastic cylinder embedded in
an elastic matrix. Scattering from a fiber-matrix interphase in a four-phase composed
system, consisting of a matrix and a three-phase fiber, was studied by Huang et al. [81]
for incident longitudinal and transverse waves using a standard normal-mode expansion
method. Different simplified approximate models were considered to show the effect of
the fiber-matrix interphase on scattering. Sinclair et al. [152] proposed a mathemat-
ical model for the scattering of elastic waves from a reinforcing fiber, consisting of a
graphite core and surrounded by a vapor-deposited SiC layer embedded in a titanium
alloy matrix. A normal mode technique was used to derive the scattering spectrum.
Numerical calculations were compared with experimental data for a form function.
The original formulation of scattering from a transversely isotropic cylinder sub-
merged in an acoustic medium given in [78] was generalized by Fan et al. in [54]
to the case of a cylinder embedded in an elastic matrix. The formulation of scatter-
ing problem was provided for incident plane longitudinal, axially polarized shear and
transversely polarized modes. The solution was obtained using normal mode expan-
sions. Obtained results point to the sensitivity of several resonances to the perturbation
of elastic constants of the cylinder for each type of scattered waves. Niklasson et al.
[107] provided an alternative but similar formulation of the scattering problem for the
solid-solid case. The problem is solved by employing the method of separation of vari-
ables and Buchwald’s potentials [26] for the displacement field. It was noted that in
the case when there is a cavity in a transversely isotropic medium, the reflected shear
waves are much stronger than in the case with a solid cylinder. Fan et al. [53] discuss
physical characteristics displayed by the original general solution of Honarvar et al.
[78]. The circumferential resonance modes of a submerged cylinder were studied over a
large range of incidence angles using RST. The shift of resonance frequencies to higher

frequencies was noticed with the growth of incidence angle.
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Piezoelectric hollow cylinders have been considered in [130]. Qian et al. [130] studied
the scattering of incident elastic P-waves from a transversely isotropic piezoelectric
cylinder embedded in an infinite polymer matrix. The solution was obtained using the
method of wavefunction expansion. The stress distribution, mechanical displacements
and electrical potential around the piezoelectric cylinder were calculated. The effects of
incident angles over a range of normalized frequency along with the change in radius of
the cylinder on the mechanical stress field and electric field concentrations were studied
in detail, and the physical explanations were given for such effects. The results of this
paper can be used in modeling piezoelectric composites, particularly, when piezoelectric
cylinders are aligned sparsely in a matrix medium.

Cai [30] presented an analytical solution for the scattering of antiplane elastic waves
by a layered circular elastic cylinder embedded in an elastic medium of infinite extent.
Numerical calculations are performed for a ceramic-fiber reinforced metal-matrix com-
posite system. The effects of the geometrical and physical properties of the interphase
were investigated. When the outer cylindrical layer is more compliant and the inner
core undergoes a rigid body motion, a resonance mode was noticed. This approach was
generalized by Cai, in [27], to study scattering by a multilayered scatterer using MS pro-
cess, which is based on the observation that elastic MS occurs in a single scatterer which
has an inner structure. The proposed approach can be extended for studying multi-core
structures, i.e. multiconductor cable, and can be used for analyzing scatterers of more

complicated geometrical and physical compositions.

1.3.3 Scattering from spherical shells and solids
Acoustic scattering from spherical shells and solids

Acoustic scattering by elastic spherical shells and solids submerged in water has been
investigated widely [135], [75], [55], [109], [171], [76]. Early work was conducted almost
one and a half centuries ago by Rayleigh [135] on the scattering of sound-waves by small
elastic discontinuities, e.i. perfectly rigid and fluid spheres of small size, considering

scatterers in which ka << 1 (where k is wave number and a is radius). This case of
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scattering is referred to as Rayleigh scattering. Herzfeld [75] modified and extended
Rayleigh’s approach to a solid sphere with finite elastic constants. Herzfeld studied the
scattering of longitudinal waves by an elastic sphere submerged in a viscous fluid, but
he did not include the scattered shear wave. The scattering field was obtained in the
form of a progressing series of zonal harmonics where each harmonic depends on the
radius vector and is multiplied by an unknown coefficient. Therefore, the unknowns
were determined from the surface conditions at the interface by taking the factors of
each zonal harmonic separately.

Epstein et al. [51] conducted research on sound absorption in fogs and considered
the longitudinal wave scattering problem for fluid spheres in a fluid medium incorporat-
ing both thermal conductivity and viscosity. Explicit expressions for the attenuation to
water particles in air were derived from general results, considering the particular case of
liquid droplets suspended in gases. The comparison of calculated and experimental data
was shown for an attenuation. Hickling [76] both theoretically and experimentally stud-
ied the scattering of shear and compressional waves from a homogeneous solid sphere
submerged in an acoustic medium; numerical calculations of backscattering spectrum
and pulse forms of echoes were presented.

An approach that describes the acoustical background of a submerged elastic isotropic
spherical shell for a suitable thickness over an entire frequency range was developed by
Werby [187]. It was shown that a background at a higher frequencies and thicker shells
is equivalent to a rigid background, whereas low frequencies with a thin shell approxi-
mation it tended toward a soft background. Dacol et al. [42] presented the numerical
solution of the secular equation obtained by Fikioris and Waterman for the effective
wave number of an acoustic field propagating in a medium with a random distribution
of identical spherical scatterers. This method was further generalized to the case of an
arbitrary two-point correlation function in the positions of any two scatterers. Martin
[97] studied the problem of acoustic scattering from a sphere, specifically scattering by
an inhomogeneous sphere submerged in a homogeneous fluid, and scattering by a ho-

mogeneous sphere with a concentric inhomogeneous coating. It was assumed that the
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material parameters are spherically symmetric functions of the position vector. The ra-
dial parts of the solutions were given in terms of Coulomb wave functions or Whittaker

functions.

Elastic scattering from spherical shells and solids

The idea of acoustic scattering from a sphere was generalized to model elastic scattering
problems from a sphere embedded in an elastic matrix [190], [86], [50], [56], [147].
Ying et al. [190] generalized Herzfeld’s [75] formulation of scattering by a solid sphere
of an incident acoustic compressional wave to include elastic properties of incident
and scattered waves. The scattered field was obtained using continuity conditions
for displacements and stresses at the interface. Calculations were performed for the
problem of scattering of a longitudinal wave by an isotropic elastic sphere and a rigid
sphere embedded in an elastic medium, and a spherical cavity surrounded by an elastic
medium. Mechanical properties of scatterers differed from those of the surrounding
matrix material. Rayleigh scattering and some other limiting cases were discussed in
detail. Expressions for the scattering cross section were derived for an elastic sphere, a
fluid sphere and a spherical cavity.

Knopoff [86] studied the scattering of incident plane shear waves by a perfectly
rigid, infinitely dense sphere situated in an elastic medium. The scattered field includes
both longitudinal P and transverse S modes. One S modes corresponded to the SH
mode and the other to the SV mode. Numerical calculations were shown for a group
of obstacles with radii very small compared with wave length and radii equivalent to
the wave length. Einspruch et al. [50] and [49] employed the method of Ying et al.
[190] to study the scattering of delitational [49] and distortional [50] elastic waves by
spherical obstacles. For incident longitudinal waves, the scatterer was considered as a
fluid-filled cavity embedded in an isotropic elastic matrix and the scattering coefficients
were obtained from the 3 by 3 system of linear equations. For incident transverse waves
the scattering problem was considered as 3D and the obstacle was taken as a fluid-
filled cavity, an empty cavity, a rigid sphere, and an elastic sphere embedded in an

elastic medium with different physical parameters. In the last case, an elastic sphere
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embedded in a matrix, the boundary conditions yielded the 6 by 6 system of linear
equations from which the scattering coefficients were obtained. The scattering cross
section for a transverse wave was calculated and the Rayleigh limit was considered.
Flax et al. [56] studied the resonance effects in the elastic scattering of shear waves
from solid spherical inclusions. Numerical results are presented for resonances and
a backscattered form function of the solid inclusions surrounded by a Lucite or iron
sphere embedded in an elastic matrix. Sessarego [147] studied the scattering by an
elastic sphere embedded in sediment. A physical interpretation of scattered circum-
ferential waves was given in terms of monostatic and bistatic scattering cross sections.
The resonance behavior of the target was determined numerically in the individual nor-
mal mode amplitudes. Numerical computations were in agreement with experimental

measurements for an aluminum sphere embedded in Plexiglas.

1.3.4 Review of acoustic and elastic MS from solids and shells

Here, we will review an acoustic and elastic MS from scatterers of different geometries.
The extended bibliographical overview and concept of MS from obstacles are given
by Martin [98]. There are several analytical methods to solve MS problems. An MS
solution can follow from the analysis of wave scattering by single obstacles. For obstacles
with variable-separable geometries, the solution of an MS problem can be obtained by
the multipole expansion method [141, 169, 98, 177]. The multipole expansion method
for variable-separable geometries can be applied in two ways. The first one allows us to
find the total multiple scattered field of the configuration in terms of the scattered waves
from each obstacle using a Fourier series expansion and combining separable solutions
for each obstacle with Graf’s addition theorem. The method is exact, and leads to an
infinite system of algebraic equations; in the system, the infinite sums are truncated
to use in practice. The approach was first used by Zaviska [191] to solve 2D electro-
magnetic scattering problem for circular cylinders, and was broadly applied to tackle M'S
problems due its conceptual simplicity and numerical effectivity [98, 177, 175, 176, 7].
This approach will be used in the analysis to follow.

The “Ordered scattering” is another technique in the multipole method used by
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Twersky [169] for acoustic and electromagnetic MS problems. This iterative procedure
can be described as follows. The first-order scattering results from the excitation of
scatterers by primary incident wave. The field scattered by each scatterer is found by
translating the primary incident wave to the origin of local coordinate system and using
single scattering analysis. The second order scattering from one of the scatterers results
from the excitation by the first order of scattering from the remaining scatterers, and
so on to higher order of scattering. The calculation of higher orders of scattering is
continued until the convergence of results is reached.

For scatterers with geometries that do not conform to separable coordinates, MS
solutions can be calculated using the integral equation methods [58], [186], [177]. The
T-matrix formulation introduced by Waterman [186] for acoustic scattering from a
single scatterer was applied by Peterson and Strom [123] to study acoustic MS from
elastic scatterers including the full interaction between the scatterer. The method was
generalized in [124] to investigate an acoustic MS from elastic multilayered scatterers,
and further by Peterson et al. [126] to study an elastic MS of in-plane(P/SV) waves
from fluid inclusions in elastic medium. Varadan and Varadan employed T-matrix
formulation using the multipole expansions to examine an elastic MS of both SH waves

[175] and P/SV waves [173, 176] from elastic scatterers embedded in elastic medium.

Review of acoustic MS from solids and shells

Radlinski and Meyers [131] have investigated the scattering of waves radiated by an
oscillating cylinder surrounded by a circular cage of rigid cylinders. They have shown
a good agreement between a 2D analysis and experimental measurements of a farfield
radiation for cages consisting of 6 and 12 cylinders. Klyukin [85] has investigated both
theoretically and experimentally the problem of an acoustic MS of plane waves by a 2D
grating of rigid cylinders; a comparison of results for reflection characteristics shows a
good agreement with the experimental data.

Three different solutions for an MS problem for 2 cylinders are presented and com-

pared with experimental data by Gustafson and Stepanishen [69]. Their theoretical
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solutions are based on the eigenfunction expansion method or thin cylinder approxima-
tion, including either the effects of all orders of MS or the effects of only zeroth order
scattering, or excluding all effects of scattering and interactions between the cylinders.
An acoustic MS of plane waves by an array of rigid cylinders moving in an ideal inviscid
fluid has been examined by Lin and Raptis [93]. Their technique involves formulating
analytical expressions of scattering functions, and determining the effects of MS and
vibration of cylinders on the scattering pattern; calculations are performed for a cluster
of carbon and brass cylinders submerged in water, having different geometrical configu-
rations of one, two, three, and seven circular cylinders. The scattering matrix S and its
relationship with the scattering resonances and the cross sections have been explicitly
obtained by Gaspard and Rice [62] for the scattering of a point particle from three hard
discs fixed on a plane using Green’s theorem. They have also reported a comparison of
results for the semiclassical and quantum dynamics of the point particle-three hard disc
system giving hints for more complex dynamical systems. Kubenko, V.D [88] has pre-
sented an analytical solution to the problem of MS of acoustic waves by two nonparallel
circular cylinders based on successive application of Graf’s addition theorem; the soft
cylinders are considered specifically. Scharstein [144] researched the effects of coupling
between two parallel soft cylinders of different radii via a comparison of far scattered
fields computed by his proposed method and a superposition of non-interacting far
fields of the isolated cylinders.

The effect of incident waves on circular arrays of identical circular cylinders has
been considered by Evans and Porter [52]; resultant forces versus wavenumber are
calculated for symmetric and asymmetric arrangement of four, five and six cylinders;
real parts and magnitudes of velocity potentials have been shown for a ring of four, five
and six cylinders. Wirzba [188] has studied 2D convergence problems of periodic orbit
expansions of the non-overlapping disconnected n-disk repellers, and derived the T-
matrix of the n-disk scattering systems by the methods of stationary scattering theory.
Decanini et al. [44] have proposed an exact formalism to obtain an S matrix for an
N-disk system under different boundary conditions; explicit formulas for an S matrix,

form function and scattering resonances are derived for Cy,, Cs, and Cj, symmetry
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configurations. In the second part of paper [44], Decanini et al. [45] have determined
the resonances of the two- and three-disk systems with Cs, and ('3, systems; numerical
results are presented for various boundary conditions. Grote and Kirsch [67] have
derived a Dirichlet-to-Neumann (DtN) boundary condition for the numerical solution
of MS problems for the obstacle consisting of several disjointed components; being a
natural boundary condition, the DtN condition fits into a variational formulation of
BVP allowing easy use of FEM, and yields an exact formula for the far-field form
function. Decanini et al. [43] have investigated MS by two identical cylinders with
respect to the symmetry of configuration; positions of scatterer resonances and their
physical interpretation are given for soft, hard, and elastic cylinders.

Hasheminejad and Alibakhshi [70] have studied MS effects of 2-D acoustic scattering
in fiber suspensions considering the interactions of a plane compressional sound wave
with a cluster of two flexible fibers submerged in a boundless viscous fluid medium;
comparisons of angular distribution of the form function are presented for polymeric,
elastic, and rigid cylinders at selected distances and frequencies. Sherer [149] studied
acoustic MS generated by two types of axisymmetric sources by a grating of arbitrary
parallel multiple rigid circular cylinders of varying radii; the incident field is determined
from a cylindrical line source and a spatially distributed acoustic source.

Lethuillier et al. [91] studied both theoretically and experimentally MS by a finite
linear grating of elastic cylindrical shells. Analytical solutions for MS problem were
obtained using the multipole method in conjunction with the concept of T-matrix. Nu-
merical and experimental results are given for grating of 2 to 5 shells to study the
resonant interaction between close shells. This approach also was employed by Bas
et al. [13] to study MS of acoustic plane harmonic incident waves from an arbitrary
configuration of cylinders (aligned or not). The S (scattering) matrix of an N-shell
cluster was defined and a resonance spectrum was investigated. Numerical results for
aligned cylinders were in agreement with previously published results [91]. The multi-
pole method via T-matrix formulation was further employed by Cai et al. [31] to study
MS of acoustic waves by arrays of penetrable circular steel cylinders in waveguides.

They showed that the evanescent modes are important and could become dominant at
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some frequency range. An isovelocity examples were given for waveguide with uniform
physical properties and constant waveguide depth. MS in the waveguide is compared
with the corresponding 2D case for the cluster of 20 by 40 identical cylinders. Along this
line Antoine et al. [7] investigated acoustic high-frequency MS from realistic complex
configurations consisting of numerous circular cylinders; calculations were performed
for a single-row configuration, a centered uniform square lattice, a triangular lattice,
and an unstructured geometrical configuration. Iterative Krylov space methods were
applied taking the advantage of the structure of algebraic linear system.

Sodagar et al. [153] studied MS of an oblique incident plane wave from a grating of
cylindrical shells submerged in an acoustic medium. For shells, the general solutions of
governing equations of 3D elasticity are found using the Helmholtz decomposition. MS
solutions are obtained iteratively using Twersky’s [169] “Ordered scattering” technique.
A detailed study of resonances of the shells and the effect of the center-to-center distance
of the shells on these resonances is conducted. Numerical results are compared with
experimental data for a grating of 2-3 aligned cylinders.

Schwartz et al. [146] proposed a multiple-scattering theory of longitudinal coherent
wave propagation in composite structures consisting of spherical solid grains submerged
in an ideal fluid. It was shown that for primitive ordered cubic suspensions, governing
equations reduced to a system of coupled equations which had a solution of the form
predicted by Biot; for disordered suspensions the Biot formula did not hold. Illustrative

numerical calculations for the case of densely packed composites were presented.

Review of elastic MS from solids and shells

An extensive bibliography and a wide variety of problems that have been solved using
the T-matrix approach was given in [177, 174]. Waterman’s [186] T-matrix formulation
was employed by Varadan and Varadan [175] to study MS of SH waves from elastic
cylinders of arbitrary cross section using the multipole expansion method. The T-
matrix approach was further elaborated by Varadan and Varadan [177, 176] to study
MS of P and SV waves from an elastic scatterer in an elastic medium. The formulation

includes a full interaction between the scatterers and involves only the T-matrix of a
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single obstacle. This method conceptually differs from the integral equation formulation
used by Peterson and Strom [123], Bostrém [21], and Peterson et al. [126, 125] that
deals with a total transition matrix resulting from all scatterers together.

Twersky’s [169] “Ordered scattering” technique was applied to investigate elastic
MS from grating of scatterers in the following works [37, 141, 28]. Cheng [37] provided
a formal solution of MS of incident elastic P waves from a grating of rigid cylinders
embedded in an elastic medium. Distributions of normalized stress and maximum
normalized stress were shown for 2 identical circular cylinders. Sancar and Pao [141]
derived a power spectral function of pulses backscattered from two cylindrical cavities
in a solid. The MS of waves from two cylindrical cavities in a solid was investigated.
Luppe et al. [96] generalized Twersky’s theory [169] of MS by a uniform random
distribution of cylinders in an inhomogeneous medium. Biot’s theory was employed
for a high frequency regime. The dispersion relations of coherent fast longitudinal
and slow longitudinal waves as well as shear waves were calculated. The shear wave
decouples and propagates independently. The coupling effects of the longitudinal waves
are noticed when forward scattering by a single cylinder of the slow wave into the fast
is larger than forward scattering with no conversion.

Combining Twersky’s [169] “Ordered scattering” method and Varadan’s [175] T-
matrix approach, Cai[29] provided a solution for a elastic MS of P/SV waves from an
arbitrary configuration of scatterers having arbitrary cross section, similar or dissimilar,
provided that the corresponding single-scatterer T-matrices are known. Following the
same idea, Cai and Williams [28] studied MS of SH waves from an arbitrary grating of
scatterers and proposed a “scatterer polymerization” technique to construct abstract
scatterers and handle a large-scale deterministic analysis.

Yang and Mal [189] analyzed an elastic MS of both SH waves and P/SV waves
in composites containing randomly distributed parallel fibers to predict the overall
elastodynamic constants. They employed MS theory and statistical averaging procedure
via the Generalized Self Consistent Model. This approach was employed by Lonne [95]
to predict attenuation of a unidirectional layer of Carbon fibers in an epoxy matrix,

including the coupling between MS by fibers and viscoelastic losses phenomena. The
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results were experimentally verified and applied to arbitrary two-phase fiber reinforced
composites for different values of fiber volume fraction.

Sato and Shindo [142] examined MS of elastic P and SV waves from randomly
distributed parallel fibers with graded interfacial layers embedded in a metal matrix
composite containing randomly distributed parallel fibers with graded interfacial lay-
ers. They obtained an analytical solution based on the multipole expansion method.
The effect of an imperfect layer on phase velocity versus frequency was shown for both
P and SV waves. Biwa et al. [18] studied MS of elastic SV waves in unidirectional com-
posites by the multiple expansion method and T-matrix. The scattering coefficients are
found numerically using a collocation method. This idea was generalized by Sumiya
et al. [155] to study MS of P and SV waves from an arbitrary number of cylinders.
Sheikhhassani and Dravinski [148] investigated MS of SH wave by an arbitrary num-
ber of multilayered inclusions in half space using a direct boundary integral equation
method. They analyzed the effects of MS, geometry, and impedance contrast of the
layers on the surface motion. Conoir and Norris [40] employed the multipole expan-
sion method to study MS of P/SV waves in an elastic medium containing randomly
distributed cylindrical inclusions in a half-space and to obtain the explicit formulas for
the effective wavenumbers and reflection coefficients of the medium.

Norris [110] studied MS of of P/SV waves by spherical inclusions via the multipole
method to apply to a low frequency wave propagation in composites. The effective
wave speed and attenuation were given in explicit form when inclusions were voids.
Liu and Cai [94] incorporated the multipole expansion method and T-matrix approach
and extended the “scatterer polymerization” methodology to study 3D MS of elastic
waves by spherical inclusions. The method allows them to reduce the number of actual

scatterers to a lesser number of abstract scatterers.

1.3.5 Review of cloaking models

The main purpose of a cloaking device is to render an object invisible to some inci-
dent wave as seen by some external observer. Over the past decade, a great deal of

effort has been focused on passive cloaking, using metamaterials to guide waves around
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specific regions of space, see i.e. the highly cited works [90, 122, 41]. Within transfor-
mation acoustics, scholars such as Cummer et al. [41], Chen and Chan [33, 34], and
Norris [111] have all focused on metamaterials that may have either spatially varying
anisotropic density (inertial cloak IC) or stiffness (pentamode PM) or both (PM+IC).
A perfect cloak has either an infinite mass (IC) or zero stiffness (PM) which is unreal-
istic. Norris and Nagy [113] adopted a discrete layered approach to achieve IC made
from three acoustic fluids; meanwhile, Urzhumov et al. [172] included the effect of shear
in IC. Torrent and Sanchez-Dehesa [165, 166] used a homogenization technique on an
acoustic cloak based upon multilayered structures. They showed a trade-off between
cloaking performance and construction difficulty. To overcome this drawback, Norris
[111] showed that perfect cloaking can be achieved with finite mass through the use
of PM. However, the manufacturing difficulty remains because the cell size of the PM
material has to be the same order as the wave length. Within impedance acoustic cloak-
ing, scholars such as Chen et al. [35] and Bobrovnitskii [20] developed a cloak for low
frequencies. On the other hand, active cloaking has the advantage of being broadband
[179, 181, 112].

Despite the main interest in modeling passive cloaking devices, active exterior cloak-
ing has been investigated broadly, and interest has focused on the Helmholtz equation
in two dimensions [101, 179, 180, 182, 181, 112]. Miller [101] created a cloak based on
wave measurement and showed how the necessary surface sources should be calculated.
He provided a formula for source amplitudes which depends on the measurements at
all sensing points in the near-field, but could not derive a unique relationship between
the source amplitudes and the incident field. Vasquez et al. [179, 180] proposed a so-
lution to this problem. Using Green’s formula and Graf’s addition theorems for Bessel
functions, Vasquez et al. formulated an integral equation, which was converted to a lin-
ear system of equations for the unknown source amplitudes. Importantly, this integral
equation yields a linear relation between the source amplitudes and the incident wave
field. A more explicit form of the linear relation for the source amplitudes as a function

of the incident field was developed in [181] where it was shown, by construction, that
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active cloaking can be realized using as few as three active sources in 2D. In the pro-
ceeding work [181], the linear relation was given in more explicit form using multipole
sources and numerical results were compared with SVD solutions of the linearized sys-
tem [179, 180]. The approach was further generalized and extended to a 3D case in [182]
to handle the three-dimensional Helmholtz equation and seek non-resonant frequencies
of the cloaked object.

Active exterior cloaking is linked to the concept of “anti-sound”, also known as active
noise control, e.g., the cancellation of a sound field. Paul Lueg first formulated the basic
ideas of anti-sound in his U.S. patent in 1936, see e.g. [68]. In an elastodynamic context,
the concept is known as “anti-vibration”. The idea is to produce negligible radiated
field or to generate “quiet zones” in some domains, i.e. aircraft cabins using a discrete
set of sources. Nelson and Elliott [106] described the idea of completely suppressing
the sound field in a finite volume inside an unbounded domain using the Kirchhoft-
Helmholtz integral formula and continuous distribution of monopoles and dipoles. The
principles and practical application of anti-vibration techniques have been developed in
[100, 61]. The main function of anti-sound is to reduce the sound radiated from a sound
source or to create a silence zone using sources but this active field is not required to

be non-radiating.

1.4 Research Outline

The dissertation is presented in eight chapters. Chapter 2 formulates the mathematical
model of the problem of scattering of incident waves from solids, and gives definitions of
the impedance and matricant matrices and preliminaries on acoustics and elasticity the-
ory. Impedance matrices are defined for both spherically and cylindrically anisotropic
media. Chapter 3 analyzes the mathematical models described in Chapter 2 in detail,
and presents a global impedance matrix method for a multilaminate general anisotropic
medium and an explicit method for finding the impedance in piecewise uniform, trans-
versely isotropic materials. It also describes the Global Matrix Methods for scattering
from a multilaminate isotropic solid. Acoustic and elastic scattering from a single

scatterer is considered and a T-matrix is developed for the scatterer. An emphasis is
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placed on the special case of acoustic and elastic waves. Numerical results represent
the form function, total scattering cross section, and total fields. Chapter 4 generalizes
ideas given in Chapter 3 to study an MS and radiation from cylindrical structures, and
includes a full interaction between the scatterers in both acoustic and elastic media. Nu-
merical results for MS represent total fields and form functions in near and far-radiated
fields for different configurations such as waveguides, Helmholtz resonators, slabs, and
rings of cylinders. Chapter 5 details the iterative methods suitable with parallel com-
puting for solving the MS problems considered in Chapter 4. Iterative approaches by
means of Neumann series expansions are given for a fixed value of frequency and gener-
alized for a band of frequencies. Taking advantage of the Block Toeplitz structure of the
linear system, another iterative technique is presented. Chapters 6 and 7 describe the
modeling of active cloaking devices generated by active multipole sources that render
an object invisible to incident waves in the acoustic and elastic media. Finally, Chapter

8 gives conclusions and discusses future work.
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Chapter 2

Preliminaries

In this chapter, we formulate the mathematical model of the problem of scattering
of incident waves from solids. In Section 2.1, the governing equations of 3D elastic-
ity theory are given for a general anisotropic, cylindrically anisotropic, and spherically
anisotropic medium. The impedance and matricant matrices are defined in Section
2.1.3. In Section 2.2, three different types of displacement decompositions are con-
sidered. Scattering from homogeneous isotropic cylinders is considered in Section 2.3.
In Section 2.3.1, acoustical preliminaries are reviewed and the expressions for incident
wave coefficients are given. P/SV in-plane wave propagation is studied in Section 2.3.2;

here the general solutions are given for solid, hollow, and rigid cylinders.

2.1 The governing equations of elasticity theory

In the absence of body forces the governing equations for an anisotropic elastic solid
are:

1,) the equations of motion of three-dimensional elasticity
V.o =pu+f, (2.1)
I;) the general Hooke’s law (the stress-strain relations)
oij = Cijrer (= (t:);), (2.2)
I.) the Cauchy relations (the linear strain-displacement relations)

1
—(u;; + UM). (2.3)

gij = 5

Here u; are the components of displacement vector u, f is the forcing, o = [0;] is the

T

stress tensor, t; = e; o are the traction vectors, e; are the unit vectors, ¢;; are the
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deformation tensor components, p is the density, the elastic stiffness tensor elements
Cijkr have the usual symmetries: Cyjx = Cjir = Chij, Einstein notation with the sum-
mation over repeated indices is used, and a comma suffix denotes partial differentiation.
We may use Voigt’s notation to simplify the indices of elastic stiffness tensor elements
Cijri:

Cry = Ciju, (2.4)
where we equate

ij =11 22 33 23,32 13,31 12,21

O T T (2.5)
a =1 2 3 4 5 6

2.1.1 Cylindrically anisotropic media

In cylindrical coordinates (r, 6, z) with the basis e,, ey, e, in the absence of body forces,
the equilibrium equations of linear elastodynamics can be written in the form [150, 116,
161]

(rty),r +tg0 +Ktg+t, . =rpi, (2.6)

where u = (ur Ug uz)T is the displacement vector, ”I” denotes transpose, and the

traction vectors and K matrix have the form

Orr Oor Ozr 0 -10
t, = org | > ty = age | » t, = 0.0 | » K=]1 0 of- (2'7)
Orz 00z 02z 0 0 0

See [160] for a static derivation.

The Cauchy relations in cylindrical coordinates can be written as

S (7T E S

1 1
€0z = 57' l(uzﬂ + TU9,2)7 Erz = i(uzﬂ’ + UT7Z)7 (2.8)
Erg = iril(ur,‘g -+ TUGr — 'LL@)-

Using the Cauchy relations (2.8), a relationship between the traction vectors and dis-

placement vector can be made where (t;); = 0;;. For instance the 4t component of t,
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is [160]

(t2); = Csj116rr + Csj22e09 + C3j33622 + 203512609 + 2C35136,2 + 2C3523€0. (2.9)

Employing Voigt’s notation (2.5) to simplify the analysis and combining eqs. (2.2),

(2.7), (2.8), the traction vectors are [116]

tr Q R P ur
te|=|RT T S r~Hupy+Ku) |, (2.10)
t. PT ST M u.

where

Qit. = Cirkr = Qri,  Tik = Cioro = Thi, My, = Ciogz = My, 2.11)

Rix = Cirko, Pik = Cirkzy,  Sik = Ciokzy 4,k =1,0, 2.
Because of the symmetry, the relations between matrices (2.11) are of the form

~ ~ ~ ~ A~

Qio = Rir, Qi = Py, Ty = Rgi, Tin =S, Mp.=P,, Mg=25, (212)

From [150] we have the following forms for the matrices

Cn Cis Cis Cie Ci2 Cus Cis Cuu Cis
Q=|Ci Cos Cso |+ R=|Co Cos Cus | P=|[Cs6 Cus Cis |-
Ci5 Cs6 Css Cs6 Cos Cius Cs5 Cas Css
(2.13)
Cs5 Cas Css Ces C2 Cue Cs6 Cas Cse
M= |Cp Cu Cs| T=|Cx Co Coul|: S=|Co Cou Oy
Css Cs4 Css Ci6 Caq Cuy Cis Cua Csy
(2.14)

General solution

Consider time harmonic wave motion in a radially inhomogeneous cylindrically anisotropic
medium illustrated in Figure 2.1, for which the density, p, and elasticity tensor, C, only
depend on the radial coordinate r, i.e. p = p(r) and Cjju = Ciju(r) for Vi, j,k,1 €

r,0,z. Here the time dependence e~™! is omitted but understood. We seek solutions
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Figure 2.1: A cylindrically anisotropic multilayered medium is considered in the system
of cylindrical coordinates. The medium consists of n anisotropic layers with different

densities and elasticity tensors in general.

of egs. (2.6) and (2.10) in the form of time-harmonic cylindrical waves where the dis-

placement and radial traction vectors are of the form [150]
u = CU,(r)e!m0+k=2) ¢ — 01, (r)e!(M0Fk=2) (2.15)

where C' is a disposable normalization constant, n = 0,1,2,... is the circumferential

number,
urﬂ(r) Urrn(r)
Un(r) = Luga(r) | s Lnlr) = | orenl(r) | - (2.16)
Uzn(T) Urzn(r)
We define n,,(r) as:
U, (r U, (r
N(r) = ) _ ) : (2.17)
V., (r) irYy(r)

Premultiplying t, in (2.15) by r and substituting it into (2.6) and (2.10) the following
relation is derived in [150]

) 0\ d [ u Rk + ik.rP -I\ [u
T— = . . . . . s
—&RT —ikPT 1) dr \ ¢, RTR + ikar(RS + STR) + (ikr)2(M - p5T) 0 ) \rt,

(2.18)

where & = K 4 inI = —&™, the superscript '+’ means the adjoint of matrix, and 0

and I are the 3 x 3 zero and unity matrices. It is indicated in [150] that eq. (2.18) may
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be further expressed in the form

(i G(r) - d>nn(7~) o, (2.19)

r dr

where 1,,(r) defined by eq. (2.17), the system matrix, G, provided in [150] contains the

Symmetry

. . 0
G =TG'T, with T = : (2.20)

Orthotropic cylinder

There are nine independent elastic constants C;; for cylindrically orthotropic material

and the stress-strain law is

Orr Ci Ci2 Ci3 0 0 O Erp
T00 Cia Cxp Cy3 0 0 0 €00
Ozz | _ Ciz C3 Cs3 0 0 0 Ezz (2.21)
0 0 0 0 Cu 0 0|26
Orz 0 0 0 0 Cs5 O 2,
Orp 0 0 0 0 0 Cegs 2e.0

Therefore the matrices Q, R, P, T, S, M in equations for the system matrix, G [150],
have a much more simplified form with three nonzero elements at most.
A transversely isotropic material is characterized by five non-trivial stiffnesses Cj;.

The stress-strain law for the transversely isotropic material is a particular case of eq.

(2.21) with stiffnesses C11 = Cag, C13 = Ca3, Cyq = Cs5, and Cgg = (C11 — Ca2) /2.

2.1.2 Spherically anisotropic media

In a spherical coordinate system (r, 60, ), a dynamic equilibrium vector equation for a

linearly elastic anisotropic medium has the form [118]:

r2(r?t,) » + (r sin®) [ (sinftg) g + ty, , + sin 0K tg + Ht| = pit, (2.22)
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T

T . . .
where u = (ur Ug Uw) is the displacement vector, t; = e; o are the traction vectors,

and
0 0 —sin6

H= 0 0 —cosf | - (2.23)
sinf cos6 0

The Cauchy relations in spherical coordinates are
-1 1 -1
Err = Unr, €9 =17 (U tur), e = o1 (ure + g, — o),
Ty I oy o
E0p = 57 H(sin®) ugp + upp —upcotf];  epp = 3" H(sin €)My + Tugr — uy),

€pp = (r sinf) " (ugpp + upsin  + ug cos ).
(2.24)

Using the Cauchy relations (2.24), a relationship between the traction vectors and

displacement vector can be made

6\ (6@ & P ",
tg| =|RT T S r~Huy + Ku) ) (2.25)
t, PT ST M (r sing)~!(u, + Hu)

where matrices Q, R, P, T, S, M are defined by egs. (2.13) - (2.14) with material

constants Cr; defined by (2.5) using Voigt’s notation (2.4)

The spherical harmonics

The vector spherical harmonics P, B and C are defined as [105]

Pmna (f') = f.Y;Lma (f) )

Brng (1) = (DY, (1), (2.26)
A - mo (s _ 9 0 5 0 mo (4
Chrno(r) = —=(r x DY, (v) = Cn(sin@@Tb - ¢%)Yn (r),
where
o = [n(n +1)]7V2, (2.27)

D = é% + %8% is the angular differential operator; the indices m,n are for the

spherical harmonics (n azimuthal, n polar) and o = e, 0 is the even-or-odd index [105];
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the functions Y,"?(r) are the normalized spherical harmonics [98, p. 64]

2n+1) (n —m)!
47 (n+m)!

Y™ =Y 4 Y0 = QMP™ (cos 0)e™?, QM = (—1)m\/ ( (2.28)

The vector spherical harmonics Pyne, Biine, Cine were applied in [118] to develop
separation of variables vector solutions and provide a complete basis for representing

vector functions of the spherical angles.

General solutions

We consider time harmonic wave motion in a radially inhomogeneous spherically anisotropic
medium. The density and the elasticity tensor of a radially inhomogeneous anisotropic
cylinder depend on the coordinate r only. The dynamic equilibrium equation (2.22)

can be written in the form
(r’t,)., +r7 = —r’pwiu, (2.29)

with

T = (sin@) "' [(sinfty) g + ty,, + sin K tg + Hty,. (2.30)
Let us drop the subindices in Pns, Bine, Cmne and denote A(e,) = A(6, ) =
P, B, C. We seek solutions of eq. (2.29) in the form

u = Z Ua(r)A(0, p), t,= Z Ta(r)A(O, p), T= ZFA(T)A(Qv ¢), (2.31)
A A A

where

U(r) = (Up, Us, UC)T7 Y(r)=(Tp, Tg, TC)T7 I'(r)=(Tp, I's, FC)T,
(2.32)

and the vector spherical harmonics P, B, C are defined by eq. (2.26). Define n(r) as

U(r U(r
n(r) = ) ) ; (2.33)
Vi(r) ir? X (r)

where U(r) and Y (r) are defined by (2.32). It was shown in [118] that the separable

solution of the form (2.31) is valid for a radially inhomogeneous spherically anisotropic
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medium if the material is transversely isotropic about e,. Introducing the assumed
form of solution (2.31) in eq. (2.29) yields the Stroh-like ODS [118]

() = 5 GOrn(r) (2.34)

where n(r) defined by eq. (2.33), the system matrix, G, given in [118] has the symmetry
property: G = TG'T where '+’ means Hermitian conjugation, and T is defined in eq.

(2.20).

Elastic waves in a radially inhomogeneous multilayered sphere

Let us investigate a spherically anisotropic medium as a radially inhomogeneous multi-
layered sphere consisting of J isotropic spherical layers. We consider an infinite plane
elastic wave of circular frequency w incident at angle o on an isotropic spherical layer
with inner (r;j_;) and outer (r;) radii a in spherical coordinate system (7, 6, p). We de-
fine the elastic longitudinal (P) and shear (SV') wavenumbers for an isotropic medium,
respectively as

k=w/c, and K =w/cs (2.35)

where w is the frequency, ¢,, c; are the wave speeds:

o =A+2u)/p, & =pu/p, (236)

the indices p and s stand for P and SV waves correspondingly, A and g are Lamé

coefficients. We also define, for later use,
k=k/K, orequivalently & =2(1-v)/(1-2v), (2.37)

where v is Poisson’s ratio.
Based on vector spherical harmonic functions (2.26), the displacement in the solid

shell region(s) can be written in the form
1=1,3
u = Z {Rirmo'Lfnna + SinnaMlmna + TrlnnaNlmncr}7 (238)

mno

where L, M and N are vector spherical wavefunctions [98, p. 106] related to the vector

spherical harmonics P, B and C by

(L N M) = (Prino () Bonno () G () U (). (2:39)
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where Ul (r) is the 3x3 matrix:

gt/ (kr) (2 Kr)~ gl (Kr) 0
UL (r) = | (kr)~tgh(kr) ()~ (gk' (Fr) + (Kr) gk (Kr)) 0 ; (2.40)
0 0 nn Lok (K7)

the index [ distinguishes regular (I = 1) from outgoing (I = 3) solutions. The associated

spherical wavefunctions are

gn(@) = (2.41)

where hsll)(ac) and h'?) () are the spherical Hankel functions of order n of type-1 and

type-2 respectively, and j,(z) and y, (z) are the spherical Bessel and Neumann functions
of order n.
Thus, incorporating equations (2.38)-(2.28) the displacement, u, and the traction

vector, t, [105, eq. 13.3.78], [110], have the general form

Wmno’

() = (Pouno(®) Brno(®) Couno®) (UA) U3) | 777) 0 (242)
Wmna
Wiino

rt() = (Pouo(®) Buuno(®) Cono(®)) (X5 X30)) |77 ). (243)
Wmna

where Ul (r), (I = 1,3) are defined by equation (2.40),
tin tiz 0
Rl
Yo()=Kp x|ty ts 0 |s Wi = [T, | (2.44)

Sinne

0 0 133
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ti1 =k [292”(1457") - ([]:22 - 2> gé(k:r)] ;o taz = 77;1 <9£z/(K7") - gflg?)
o = 20800) (o a0r) = Sty a1 (o ) = ),
tos =1 <g£l”(K7“) +(n®4n— 2)9(51](57;)) . (2.45)

2.1.3 Impedance and matricant matrices

The Stroh like ODS (2.19) for a cylindrically anisotropic medium, and ODS (2.34)
for spherically anisotropic medium are analogous and can be written in the form of a

system of 2m linear ordinary differential equations [116]

U Q Q
W —qn withnr)= || em=[ " (2.46)
r A% Qs Qu

where Q(r) = %G(r) for cylindrical anisotropy and Q(r) = T%G(r) in the spherical
case, G(r) is the system matrix defined in [116] and [118] for cylindrical and spherical
cases correspondingly. The vector function n(r) is defined in terms of vectors U(r)
and V(r) associated with displacement and traction, respectively, and given by eqs.
(2.32) and (2.33) for spherical, and by eq. (2.16) and (2.17) for cylindrical anisotropy;
we omit the subscript n for simplicity. The relations derived hereinafter are valid for
both cylindrically and spherically anisotropic media.

In this section, we study the relation between vectors U(r) and V (r). The dimension
of each vector is taken as m, where m is either 3, 2 or 1; m = 3 in general, m = 2
if z - dependence is not considered, and m = 1 for pure out-of-plane shear horizontal

(SH) motion. For the moment we may consider m as general. Let us define the m x m

conditional impedance matrix z for a solid such that
V(r) = —iz(r)U(r). (2.47)

It follows from eqs. (2.46) and (2.47) that z(r) satisfies a differential Riccati equation
[116]

d
d*: +2Q1 — Quz —izQ2z — Q3 = 0, (2.48)
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with assumed initial condition z(rg) at some specified r = 7, hence the name condi-
tional impedance. One approach to solving for the conditional impedance matrix, z, is
to first solve for the 2m x 2m matricant M(r, r9) which is defined as the solution of the

initial value problem

dM M; M,
d—(r, o) = Q(r)M(r,70), M(ro,70) = L), M = . (2.49)
" M3 My
Hence

n(r) = M(r,ro)n(ro). (2.50)

Using the relations
U (r) = (M1 — iMaz(rg)) U (r9), V (r) = (Ms—iMyz(ry)) U (1), (2.51)

which follow from (2.47), the conditional impedance can be expressed in terms of the

matricant as

2(r) = i(Mjs — iMyz(ro)) (M1 — iMaz(rg)) . (2.52)

The propagator nature of the matricant is apparent from eq. (2.50) and from the prop-
erty M(r,r1) M(r1,70) = M(r,70), and in particular M(r,r9) = M(rq, 7). Also, the
symmetry of the system matrix G, eq. (2.20) implies M(r,79) = TM™ (rg,r)T. Hence,
M~(r,rg) = TM™ (r,79)T, that is, M is T-unitary [121].

An alternative approach to finding z uses the two point impedance matrix, which
by definition relates the traction and displacement vectors at two values of r according

to [116]
V(r U(r Z, 7Z
o)) _ —iZ(r, ) (ro) CozZ=|"" . (2.53)
—V(r) U(T) Z3 Z4
The two point impedance matrix has the important property that it is Hermitian,
Z = Z7 [116]. The relations between the matricant of (2.49) and the impedance

matrix of (2.53) evaluated at cylindrical surfaces r, 1o are easily deduced [116]

-7:'7 izt
M(r, o) = 2 o 2,
iZ3 — 124757 —Z,75"
(2.54)
—iM; M iM; !
Z(r, o) = 2 ?

iM,M, My — M3 —iMyM,; !
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Introducing (2.54) into (2.52), we can relate the conditional impedance z(r) to the two

point impedance matrix Z(r,rg) according to

2(r) = Z3(Z1 — #(r0)) ' Za — Za. (2.55)

2.2 Displacement potentials

In this section, we consider 3 different types of displacement decompositions, namely
using the Helmholtz potentials [26], Buchwald potentials [26] and one proposed by
Morse and Feshbach [105, p. 1764 -1767].

2.2.1 The Helmholtz potentials
The displacement vector u in terms of the Helmholtz potentials has the form [2]
u=Vp+V x, (2.56)

where ¢ is a scalar potential function and ) is a vector potential function. In cylindrical
coordinates the components of the displacement vector u = (u,, ug, u) can be expressed

as:

0 10y, 0
_ O 10¢ Yo

T =or T a0 T oz (2:57a)
_ 10 Oy, Oy

T I PR R (2.57b)
C0p _10(ber) 104,

2.2.2 Displacement potentials using Buchwald decomposition

The displacement vector u decomposed in terms of scalar wave functions ¢, x and ¢

[26] has the form

9y Iy
_ ” —L T e, 2.
u Vgp—l—Vx(Xe)—i-(aZ 8z>e (2.58)
or in component form in cylindrical coordinates as
_Op  10x _10p  0x _ oy

w=5 t e YT o T o (2.59)

The wave function representation (2.58) was introduced into the theory of wave prop-

agation by Buchwald [26].
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2.2.3 Alternative decomposition

Alternative representation of a displacement vector through scalar potentials is intro-

duced by Morse and Feshbach [105, p. 1764 -1767]
u=Ve+V X (xez) +aV x V x (ey), (2.60)

where a is the radius of the cylinder which is constant with dimensions of length. In

component form in cylindrical coordinates it has form

o lox o

= T oe T “aron (261)
_10p  0x 0%
U0="30 " ar T Y9002 (2.61b)

2 2
“Z:gf_a<£nz+i;n+:2§92>¢' (2.61c)

This approach was applied by Honarvar and Sinclair [78] in the analysis of a wave
scattering problem for transversely isotropic material. Comparing Eqgs. (2.59) and
(2.61) we can notice that Eqs. (2.61) have extraneous terms. Therefore, the dis-
placement decomposition (2.61) results in cumbersome coupled equations for ¢ and
1, which are 5th order PDEs, whereas Buchwald’s representation (2.59) yields much
simpler equations, compact second order PDEs [132]. Ahmad and Rahman [5],[4], [132]
showed that the above mentioned two representations lead to identical characteristic
equations and the same final result. However, in [80], the response to [132], authors
noted that their solution has a stronger physical basis. The authors mentioned that the
potentials ¢, x, 1 in eq. (2.60) have a physical meaning, representing P, SH, and SV
waves respectively that allows them to study the effect of each wave type separately;
they noted that Buchwald potentials lack this physical meaning. Nonetheless, in this
dissertation, we use the Buchwald potentials approach for the purpose of mathematical

simplicity. Buchwald’s potentials yield simpler expressions, and are less laborious.

2.3 Scattering from homogeneous isotropic cylinders

In a cylindrical coordinate system (r, 0, z) a wave of circular frequency w incident on an

infinite cylinder of outer radius « is considered, see Fig. 2.2. We will refer to obstacles
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r=a

U

Figure 2.2: An oblique wave incidence at an angle « on cylindrical layer of inner b
and outer a radii is considered in the cylindrical coordinate system. k vector denotes
the wave front direction. A cylindrical layer is an elastic solid; the medium inside the
cylinder is either fluid, gas, or elastic core; the outer region is either acoustic medium

or elastic matrix.

as cylinders but may consider solid cylinders of outer radius a, as well as thin and
thick cylindrical shells of outer a and inner b radii. A cylinder in 0 < b < r < a is
an elastic solid; the medium inside the cylinder is either fluid, gas, or elastic core; the
outer region is either acoustic medium or elastic matrix. The material of the cylinder
in 0 <b<r <aisassumed to be homogeneous and isotropic. Note that the equations
given in Section 2.3.1 for acoustic medium are independent of physical properties of
cylinder.

In this section, we formulate the wave scattering problem, find the general solutions
of governing equations and derive the formulas for pressure, displacements and stresses
in acoustic and elastic media. The scattering coefficients will be calculated using the
Impedance method and Global matrix method and verified with COMSOL results in

the next chapter.
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2.3.1 Acoustical preliminaries

The governing equation for the (time harmonic) pressure p(x) is the acoustic Helmholtz
wave equation

V2p + k?p = ps, (2.62)

where V? is the Laplace operator, the term p, represents sources, k = w/c is the
wavenumber, ¢ = /k/py is the acoustic compressional wave speed in the liquid medium
outside the cylinder, and & is the bulk modulus. The particle velocity in the fluid v is

related to the pressure by the momentum equation
—iwpsv = =Vp, (2.63)

where py is the mass density of fluid. Both ¢ and py are constants.

In a cylindrical coordinate system (r,0,z), consider an acoustic wave of circular
frequency w obliquely incident at an angle o on infinitely long cylinder immersed in
acoustic medium (see Fig. 2.2). Let x = (z,y, z) be a position vector of a typical point
in Cartesian coordinates with origin at O, and let us define plane polar coordinates
(r1,01,21) at the center O;. Since we consider only one cylinder S;, we may assume
that |l1]| = 0 for simplicity (see Fig. 2.3), i.e. O1 and O coincide, and write the position
of point P at the multipole Oy as P = P(x;) = P(x) = P(r,0, z).

P

o

Figure 2.3: The planar position of cylinder S; with the center located at the pole O

with the local coordinates (ry, 61).
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Total pressure field

The total pressure p(x) = p™(x) in inner acoustic medium satisfies the acoustic Helmholtz

wave equation (2.62) and momentum balance equation (2.63) and is given by

p"(x) = Z AU (kL x)etk=* (2.64)

n=—oo

where x is a position vector of point P(r,0, z) inside the cylinder (r < b), and
k, = kcosa, k, = ksina. (2.65)
The function U,F(x) is defined by

UE(x) = J(|x|)etinmex, (2.66)

n

where argx € [0,27) and arg (—x) = (argx = 7) mod 27, and J,(z) is the Bessel
function of the first kind of order n.
The total pressure p(x) at point P(r, 6, z) in outer acoustic medium can be expressed

as a sum of incident p™¢ and scattered p*¢ pressure fields
p = p™¢ + p*c. (2.67)
The obliquely incident field at point P(r, 0, z) is given as

P = Z ApU T (kyx)ett== (2.68)

n=-—oo
where x is a position vector of point P. The scattered field p* at point P(r,0, z) can

be expanded in the form:

pe= > BV, (kix)e*=?, (2.69)

n=—oo

where B,, are the unknown coefficients, and the function V,*(x) is defined by
Vi (x) = HP(|x|)em e, (2.70)

where H,(Zl) is the Hankel function of the first kind of order n. The functions U, (x)

and V,*(x) possess the properties

Uy (%) = (=1)"U,5 (%), V,(=x) = (=1)"V, (%), VI (x) = (-1)"V,7(x), (2.71)
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and obey the generalized Graf’s addition theorem [1, eq. (9.1.79)]:

o0 V,rx) U (y), [x ,
gy S [HTULL W

n=—co | UX)V, (), |x]<lyl

n—

(2.72)

Incident field: plane wave, cylindrical line source

fluid or elastic

Figure 2.4: A point source impinging on an isotropic multilaminate cylinder submerged

in a fluid medium or embedded in an elastic matrix.

In eq. (2.68), the unknown coefficients A,, for a plane wave incidence are derived
assuming no source term: ps = 0, and that the incident wave is the plane wave of

amplitude A™¢ in direction 1, obliquely incident on cylinder at an angle a:
p
p'mc Ainceikew -xeikzz A Aincin (2 73)
= = n= . .

For a cylindrical line source, A,, can be derived considering a source at point S with a

position vector x” with respect to origin, and assuming that [103]

5 / . i 1 .
(T )ezkzz = pc= 7Hél)(kl7«’)61kzzj (2.74)

ST onr! 4i

where 0(7') is the Dirac delta function, (r/, ") is the polar coordinate system placed at

the center of source S (see Figure 2.4). A point source normalized by its amplitude at
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the origin is
1

pine = AOHél)(klr’)eikzz where Ay = o (2.75)

Hg (kJ_|X/|)

and 7’ = |x — x/|. Thus, in the neighborhood of cylinder S;, we have
P = Ay > UF(kioV, (kix)e®* = A, = AV, (k). (2.76)

n=—oo

for n € Z, where the Graf’s addition theorem (2.72) is used for |x| < |x/|.

Response of cylinder

The response of cylinder S; to the incident waves p"™¢ can be defined by the transition
matrix T. In general, for obstacles with no rotational symmetry, the T matrix is non-
diagonal. For cylinders with a rotational symmetry, T is diagonal. Applying boundary
conditions and evaluating the pressure field around a circular cylinder Sy yields T},,
the components of transition matrix T of cylinder Sy, such that
[e.e]
Bn= Y TuAq, (2.77)
qg=—00

where the components of transition matrix T = [an] will be defined in the succeeding

chapter.

2.3.2 P/SV in-plane wave propagation
Solid isotropic cylinder

Consider an isotropic homogeneous elastic cylinder s™) (0 < b <r < a) illustrated in
Figures 2.3 and 2.5 with the density p, Lamé parameters A and u, and total displacement
field u. The equation of motion of the elasticity theory is given by eq. (2.1). The general
Hooke’s law for an isotropic material follows from eq. (2.21) taking C11 = Ca = Cs3 =
A+ 2u, Cig = C13 = Cog = N\, Cyy = Cs5 = Cgg = p. Incorporating egs. (2.1),
(2.21), and (2.3), yields the equilibrium equations of linear elastodynamics or Navier’s

equations for a displacement vector u:

A+ p)VV -u+ puVu = pii + f, (2.78)



42

Outer region:

acoustic: kg, Ko, Po
or elastic: ko, Ko, 1o, po

Inner fluid or gas: Kin, Kin, Pin
or elastic core: kin, Kin, in, Pin

Figure 2.5: Schematics of a cylindrical layer of inner b and outer @ radii in polar
coordinates (r, #). A cylindrical layer is an elastic solid; the medium inside the cylinder
is either fluid, gas, or elastic core; the outer region is either acoustic medium or elastic

matrix.

where V? is the Laplace operator, and f represents the forcing. We seek the total wave

field u in the form of an incident wave, u™¢, plus the scattered field, u®¢, such that
u(x) =u"Hut = px) =" e, Y(x) = YT (279)

General solutions. We consider in-plane time harmonic solutions of Navier’s equa-
tions (2.78). For a planar motion, in the absence of forcing f introducing the Helmholtz
decomposition of a vector field u, eq. (2.56), into eq. (2.78) yields the following uncou-

pled Helmholtz equations
V2o + k2o =0, V2 + K% =0, (2.80)

where k, K are the longitudinal (P) and shear (SV) wavenumbers, respectively: k? =
w?p/(\ +2u), K? = w?p/u, w is the frequency, the indices p and s stand for P and
SV waves correspondingly. We also define, for later use, k = k/K, or equivalently
k? =2(1 —v)/(1 —2v) where v is Poisson’s ratio.

We expand any functions f of r and 6 in Fourier series in 0 as

Fr,0) =" falr)e™, (2.81)

n=—oo

and seek solution of wave equations (2.80) in this form. Thus, the potentials can be

written as

P RN
2= TOUAR, b= DLILEY) (2.82)
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where C! and D] are the unknowns, and f! (z) is associated with cylindrical wavefunc-

tions and defined as

falx) = (2.83)

where f,l(z) = J,(z) for solutions that are regular at r = 0, f,2(z) = Y,(z) for real
valued irregular solutions at r = 0, f2(z) = HT(LI)(.I') for outgoing (radiating) solutions,
fHx) = o (x) for ingoing solutions, where Y;,(x) is the Bessel function of the second
kind; o (z) is the Hankel functions of the second kind.

The stress-displacement relations for an isotropic elastic cylider follow from the

Hooke’s law (2.21), incorporating Cauchy relations (2.3) and Fourier expansion (2.81):

O Upn 1 Qugy, o Ougy, UGn, 1 Oupy,
ST )

Orrm = (A + 2u1) (2.84)

or r +; 00

where 0, 0r9n and uy,, ug, are the radial traction and displacement vector compo-
nents of the cylinder () corresponding to circumferential mode n = 0,1,2, ...
Incorporating eqs. (2.82) and (2.57), and neglecting z dependence yields the dis-

placements in the form

-y {c £V (k) +Dlﬁ n(m)}, (2.85a)

1=1,3

in

wgn = Y {Chfilkr) = DAY (k) }. (2.85b)

I=1,3

The nth mode of stresses are found incorporating egs. (2.84) and (2.85)
" 2. /
n Y {Clk[2r ) — (55 —2) 5] + DL 10 (50m) - = piaen) ) (2560)
_ ey - L o
oron = 3 {CHT [£0 ) = - pien)] + DA ST ) + 2 A )]} (2.860)
1=1,3

Let us define matrices such that

_aqi kr) bl(Kr n{/ kr)y ofl(Ky
XL(r)y=XL(r, k, K) = (kr) (&) = (kr) Krf/( ) . (2.87a)
chkr) dh(Kr) mfikr) —f(Kr)

l l
YZ(T) :YrZL(T; k, K) _ O‘n(rvkal‘b) Bn(ra Knu) 7 (287b)

Vh(r k) 6L K, )
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where
I K?
k(1) = (k) = puk 24" (kr) = (T = 2) £ k)] (2.884)
Bl(r K, p) = Bl(rk) = ”22771[ U (Kr) — % fo(Kr)}, (2.88b)
Y (ry k1) = Yi(rk) = u@ [ k) — %f,i(kr)], (2.88c¢)
S 6. 1) = 54(r) = [ 2 ) + 2 (). (2854)

Then the displacements and traction in the cylinder can be written in the matrix form

as:
Uy, (T) cl
U, Ugn (T X% r Xfl’ r DT}
et | [xie0 xio] 22| .
Y, O (T) Y, (r) Yf;’ (r) Cg’
Ur@n(r) DT:L))

Green’s tensor. Consider now a particular solution of Navier’s equations (2.78)

for displacements u due to a point force applied at x = x:
f=Fi(x—x). (2.90)
Let us define a Green’s tensor such that
u=G -F or u =GukF}, (2.91)

where G = [Gjx] is the Green’s tensor. Introducing egs. (2.90) and (2.91) into (2.78)
yields [108]
Sijkj + pw’Gig = did(x — X), (2.92)

where

Zijk = CijpaGpkg: (2.93)
and the solution of eq. (2.92) has the form
G = (pw?) ™ [@-k K2G, + 0,00(Gs — Gy)) . (2.94)
or in vector-tensor notation as

—(pwH)G(x —X') = VVG, + (IV? = VV)G = VVG, + (Vxk)(Vxk)G, for x # %/,
(2.95)
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where (VxKk); = €305, (1,7 = 1, 2), 0; denotes partial derivatives, and G5 and G,

satisfy the identities
(V2 + K*)Gs =8(x—x) and (V2+ kG, =6(x — %), (2.96)
respectively and have the form
1 / 1 /
Gs = @%(K(X—X)), Gp = Ii%(k(x—x)), (2.97)

where Vj(x) is defined by eq. (2.70) where n = 0. Introducing (2.95) into (2.91) and

incorporating with the Helmholtz decomposition (2.56) gives
Ve + (VxK)p = (= pw?) ' [VVG, - F + (Vxk)(Vxk)Gs - F|, x#x.  (2.98)

Thus, a comparison of terms on the right hand of eq. (2.98) with ones on the left hand

side produces
x 7é x'. (299)
—pw?tp = F - (Vxk)G, = F10,Gs — F20,Gl,

This makes it clear that for a standard point source, regardless of the choice of F, both
compressional and shear waves propagate away from the point source.
Inner region

Acoustic medium. In the interior fluid (r < b) (see Figure 2.5), the displacements

and stresses are found allowing all shear terms to tend to zero, i.e. in eq. (2.87)
AL(roko ) =0, and ol (r k) = &L (7, kin, Kin) = —Rinkin fL (kinr),  (2.100)

where f,!(kir) is given by (2.83). Thus, the n-th mode of the displacements and

traction in the interior fluid is of the form

Uy, ap (kinr)
uin | = ek (kinr) oL (2.101)
U%“Ln &11 (7", Ein, Hin)



1,in . .
where Cy’ " is the unknown coefficient, and

(klnr) = Jn/(kinr)a

C,,% (k‘mr) =

in

km?"

I (kinr).
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(2.102)

Elastic core. Since the radius of the solid core is allowed to go to zero, we only use

the regular solutions of wave equations, and the displacements and tractions reduce to

the form
in
Upp
mn imn
Un o Ugp,
mn in
Tn Orrn
in
Oron

where al, bl cL and d! are defined by (2.87) and o}, 8,7, and 6} by (2.88).

a}b(k:mr)

C}L(k‘mr)

an (
’77} (’I“, kinv Hin)

d}m(Kin"")

r, kinu ,U'zn) Br} (ra Ki?’w ,U/zn)

67% (7’, Kiru ,U’Zn)

CTIL, in
D}l, in

(2.103)

Rigid core and hollow region. A rigid inner core does not displace, and therefore

U =0,

(2.104)

where z!"'(r) is the impedance matrix on inner surface of cylinder. A hollow inner region

is traction free, thus

Outer medium

(2.105)

Displacement and stress in acoustic medium. For an acoustic medium allowing

all shear terms to tend to zero, only the first columns of the matrices X!, and Y/, remain

in eq. (2.87) with

and

ail(n kv M) — &rll(ra ]{?0, K‘O) = _’%Ok()ffz(kor)a

A (k) = 0

where f,,°(kor) is defined by (2.83).

for the exterior fluid,

(2.106)

(2.107)
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Thus, the nth mode of the displacements and traction in the exterior fluid is of the

form
U ap (kor) aj, (kor)
ug, | =1 ch(kor) 3 (kor) An , (2.108)
Trn Gy, (r, ko, ko) Gy (7, Ko, ko) o
where &L (r, ko, ko) is given by (2.107)
al(kor) = £ (kor),  cl(kor) = i—nf,ﬁ(kor), (2.109)

kor
with f,'(kor) given by (2.83). Here A, is the incident wave coefficient and defined in
Section 2.3.1 for both plane wave and cylindrical line sources. The scattering coefficient
B,, is to be determined.
Elastic matrix. In a solid elastic matrix, we consider a longitudinal (P) and
transversal (SV) incidence separately. Then, for incident P waves, the displacement

and the traction in exterior solid elastic matrix are defined in matrix form as

U ay (kor)
Uo u9 ek (kor X3 (r B
n| _ on _ n( 0 ) Ap,n 4 n( ) p,n ’ (2110)
T?L 0-7(")7"71 arlb (7", kOv IUO) Y?z (’l“) BS,n
Jgﬁn ’Yr} (Tu k?(), MO)

where X3 (r) and Y3 (r) are defined by (2.87), the B,, and By, are the unknown

scattering coefficients to be found from boundary conditions, A, is the incident P

wave coefficient derived at the end of this section for a plane wave and point force.
For incident SV waves, the displacement and the traction in an exterior solid

elastic matrix are of the form

u'(r)n b}L(KOT)
ul ul dl (Kor X3 (r Bpn
_| | = (Eor) A + (") P (2.111)
T?z U?rn Br%(ra K07 MO) Y?L (T) BS,N
U?On 5711 (T7 KOv NO)

where X3(r) and Y3 (r) are defined by (2.87). Here, the scattering coefficients B,
and B, can be determined from the boundary conditions. The incident P/SV wave

coefficients A, and A, are derived next.



48

Incident elastic wave coefficients. For a plane P/SV wave incidence, the incident
wave coefficients A, , and Ay, in egs. (2.110) and (2.111) are derived assuming no
forcing term ( f = 0), and that the incident wave is the plane wave of amplitude A7
in direction ¥ and perpendicularly incident on cylinder (o« = 0), where ¢ = p for P

wave incidence and ¢ = s for SV wave incidence:

i j ikey, X inc ,ikx nc;n

¢"C(x) Alncethiey Alnce A A
p p p,n p

¢inc(x) A;’nceiKew-x AénceiK:c As,n Ainc,in

For a point force f = Fd(x — x’) applied at point S with a position vector x" with
respect to the origin, the A,, and A, can be derived from a particular solution of

elasticity theory given by egs. (2.91), (2.99):

| ine(x P0G, + FadaGy,
W = G.F = —pw? ¢' () _ (110G + 120G . x#£x. (2.113)
P e (x) F10:Gs — F20,G,

Introducing (2.97) into (2.113) leads to

,OWQ‘X—X/‘ ¢inc(X) _ k [Fl(ﬁ—g;’) +F2(y—y')]V1+(k(x—x’)) o—iarg(x—x’)
winc(x) K[Fl(y — y’) — FQ(.CL‘ _ l’l)] VYIJF(K(X _ X/))e—iarg(x—x’)
(2.114)

Using the Graf’s addition theorem (2.72) for |x| < |x/|, in the neighborhood of cylinder

S1, we have

»e(x) _ e—targ(x—x’) i k[Fi(z—2') + Fa(y — )| U (kx) V,— (kx)
pinex) ) PR XL SRRy — o) - Ba(e — 2)]U,f (KX) V2 (KX)
(2.115)

Thus, a comparison of eqs. , (2.110), and (2.111) yields

Ay e—iarg(x—x") [ [ [Fl (x — ') + Fo(y — y')] V.~ (kx')
/|

= for n € Z.
A, pw?|x — x

K[Fi(y—y) - Fa(x —2)] V,, (KX)

n

(2.116)
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Chapter 3

Scattering from multilayered cylindrical and spherical

structures

In this chapter, the mathematical model of acoustic and elastic wave scattering from
multilayered cylindrical and spherical structures is developed. It begins with the
impedance matrix method proposed in Section 3.1 for radially inhomogeneous anisotropic
solids. Section 3.1.2 provides an explicit method for finding the impedance in piece-
wise uniform, transversely isotropic materials. The method described in this section
also serves as a tool to compare with more general solution methods based on the
Riccati matrix differential equation for the impedance matrix [114] for a cylindrically
anisotropic medium. In section 3.2, acoustic and elastic wave scattering of incident
waves from transversely-isotropic cylinder is investigated. Transformation from elas-
tic to acoustic matricant is shown in Section 3.2.4 for acoustic SH wave propagation.
A Global matrix method is described in Section 3.3 for isotropic multilayered elastic
cylindrical structures. Section 3.3.1 considers acoustic scattering from a multilaminate
cylinder immersed in fluid, and Section 3.3.2 describes elastic scattering of P/SV waves

from a multilayered cylinder embedded in an elastic matrix.

3.1 Impedance matrix method

Wave propagation in layered elastic media has been widely studied resulting in a vari-
ety of solution approaches. These include the use of scalar and vector potentials [104],
the transfer matrix method [23, 81, 152, 79], and the delta matrix method [159, 48].
Alternatively, computationally stable methods have also been developed, e.g. the stiff-
ness matrix [137, 138], the global matrix [145], and the reflectivity method [136]. Such

approaches are limited to isotropic or transversely-isotropic materials whereas we are
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interested in general anisotropic solids in order to develop scattering solutions related
to metamaterial devices such as acoustic cloaks [117, 111, 143] which can be modeled
as radially inhomogeneous anisotropic solids. The goal of this Section is to provide a
methodology for modeling such materials.

Consider a time harmonic wave motion in radially inhomogeneous anisotropic solids.
The method proposed in this section is applicable for both cylindrically anisotropic and
spherically anisotropic media. The associated equilibrium equations for linear elasto-
dynamics in cylindrical coordinates are summarized in Section 2.1.1 and in spherical
coordinates in Section 2.1.2. We seek solutions of equilibrium equations (2.19) in cylin-
drical coordinates in the form of time-harmonic cylindrical waves given by eqs. (2.15)
(which includes the superscript n that is here omitted for simplicity), and solutions
of equilibrium equations (2.29) in spherical coordinates in the form of eq. (2.31), in
terms of the vector spherical harmonics Puno, Bines Crne given by eqs. (2.26). The
m X m conditional impedance matrix z defined by (2.47) relates the m dimensional
vectors U(r) and V(r) associated with displacement and traction, respectively, where
m is either 3, 2 or 1.

We develop an approach suitable for radially inhomogeneous piecewise uniform
anisotropic medium by explicit calculation of the global impedance matrix Z of (2.53),
from which the conditional impedance can be found using (2.55). In particular, this
method can be applied for piecewise uniform transversely isotropic (TI) cylinders for
which the explicit formulas are available for the conditional impedance z [116] and the
two point impedance matrix Z of a given TI layer that will be derived in Section 3.1.2.
The approach is also suitable in spherical coordinates for a radially inhomogeneous
sphere for which the material is piecewise uniform TI about e, vector. However, the
explicit formulas for impedance matrices z and Z for T1T material in spherical coordinates
are not available; we consider spherically anisotropic medium as radially inhomogeneous
multilayered medium consisting of NV isotropic layers, and derive the explicit formular
for Z of a given isotropic layer in Section 3.1.4.

The approach is based on a recursive algorithm proposed by Rokhlin et al. [137]
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called the stiffness matrix method. The analysis in [137] was restricted to multilay-
ered media in Cartesian coordinates, whereas the present method is applicable to both
cylindrically and spherically layered anisotropic medium. We will refer to Rokhlin and
Wang [137] several times in this section to note the similarities and differences of the
approaches.

Results of this section are published in [114] for a cylindrically anisotropic medium.

3.1.1 Calculating the global impedance matrix

Consider J > 1 layers of uniform anisotropic materials with the k-th layer rp_1 < r <
T, k € 1,.J, see Figure 2.1. The local two point impedance matrix of the k-th layer is

denoted by Z*(ry, 7p_1):

Vo (. Ulr,. Zk Zk
) ) —iZ" (rg, rr-1) i) , ZEremee) = T (3)
*Vk(Tk) U(Tk) Zlg Z{Z

The explicit form of Z*(ry,r,_1) of the k-th cylindrical layer of TT material is defined
by eq. (3.24) and derived in Section 3.1.2. The explicit form of Z¥(ry,r_1) of the k-th
spherical layer of isotropic material is given by (3.37) in Section 3.1.4. Denote the global
two point impedance matrix for the layer between ro and ry, by Z¥ = Z¥(r;, r¢). Our
objective is the global two point impedance matrix for the entire medium, Z(r s, 7)) =
ZI(ry,ro).

Consider first the two bordering layers between r = rg and r = r9 and sharing the

r = ry surface. Continuity of displacements and traction on the interface implies

\Y% Z$ 7%\ (U
N I 1, (3.2a)
-V, Z$ Z%) \U;
\Y% zb 75\ (U
Pl ™ ", (3.2b)
—V, Z5 75%) \U,

where Z® = Z'(r1,70), Z° = Z?(r2,71). From the second row of eq. (3.2a) and the first

row of eq. (3.2b), we have

U, = — (25 +20) 7 (25 Uo + 25 Us). (3.3)
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Introducing eq. (3.3) into eqs. (3.2a) and (3.2b), we define the impedance matrix
Z2(ry,70) that relates the traction vector to the displacement vector on the inner

(r =1p) and outer (r = rg) surfaces of the bilayer,

where

70 — 70(Z0 + 70\ tze  _7za(zo 4+ 7b) T 7zb
Z2(’I”2,7"0): 1 2( 4 1) 3 2( 4 1) 2 : <35)

~Zh(z + ) 'zy  Zh - Z4(2 + )2

Z¢ = 71, Zg’ = 7Z? and Zf (k =1,2,i = 1,4) are given by egs. (3.1). Note that egs.

7
(3.2a) and (3.2b) are similar, apart from a sign change, to egs. (19) and (20) in [137].
Employing (3.4) recursively, the global impedance matrix Z¥ (ry, 7o) for the medium

layer between 7o and r is obtained with 3 x 3 components

- - -1\ —1 - - -1\ —1
B e I R I A T

72+ 7N 7 7 (2h + 7 2

where ZX-1 (i = 1,4) are the 3 x 3 sub-matrices of the matrix Z¥(ry_q,7q) for k—1

layers, Z¥, (i = 1,4) are the 3 x 3 sub-matrices of the matrix Z¥(ry,r_1) for the k-th
layer, defined by eq. (3.1). The global impedance matrix for the N-layered medium is
obtained by using eq. (3.6) (N — 1) times.

The main differences between the present results and those of [137] are, first that by
construction the local Z* and global Z¥ two point impedance matrices are Hermitian
matrices. Secondly, the present results are valid for cylindrically and spherically layered
structures, as compared with those of [137] which are for multilayered structures in
Cartesian coordinates. Despite the differences, we note that the two point impedance
matrix Z* of eq. (3.1) and the global two point impedance matrix Z¥ (ry, ro) are, apart
from some sign differences, similar to the stiffness matrix K™ and global stiffness matrix

KM of Rokhlin and Wang [137].

3.1.2 Impedance for uniform transversely isotropic cylinders

We consider transversely isotropic (TI) solids with the symmetry axis in the z-direction.

The general Hooke’s law for an orthotropic material is given by eq. (2.21). A transversal
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isotropy is a particular case of orthotropy. The general Hooke’s law for a TI material
follows from €q. (2.21) taking 011 = 022, 013 = 023, 044 = 055, and 066 = (011 —
C22)/2. Incorporating Cauchy relations (2.8) and Hooke’s law for TT material, the

equilibrium equations (2.1) can be written in terms of displacements [78]

2 2 2 2 2
C44<8 Uy +8ur>+011(8 ur+18ur 3 Oug 1 o%u, ur 1 aue)

8z0r ' 922 arz " r or  2r2 90 ' 2r2 962 2r Orof
0 [ Oug 10u, ug d%u, A
tor C”{ae( or ro0 v )} e, T P e
(3.7a)
c 0 [ Oug lauz ‘C 1 Oug lug l62ug B L‘?“T i62ur
o\ oz T o0 P\ T 2% 272 2012 202090 ' 2r 900r
10%°w 1 Oupg , 10%up | 3 Our 1 0%u, lug Cis O%u.  O’uy
+C“( 2902 Toror T2 T2 a0 T2rore0 202) T v 0200 P o
(3.7b)
c i82uz n T n 1 g n lauz n laur " u, LC u,
4\ 72 9e2 or? r0z00 r Or r Oz 0z0r 337922

C 0 +1%+6ur _ TR
Blaz\r "7 o0 or P o

(3.7¢)

General solutions for transverse isotropy

We seek solutions of equilibrium equations for transverse isotropy in the form of time-
harmonic cylindrical waves. The displacement vector may be decomposed using Buch-
wald’s scalar potentials [26], the functions ¢, x and v, given by eq. (2.58). Inserting eq.
(2.58) into equations of motion in displacements (3.7) and modifying obtained equa-

tions, yields [32], [4]:

e %Y 3290
2
CuVip + 044@ + (C13 + C44)@ o =0, (3.8a)
32 82
(C13 + C44)V%(,0 + C44V%¢ + C33 321§ P 37;72& =0, (3.8b)
0?x 0?x
2
CosVix + Caagy — p gy =0, (3.8¢)

where
? 0? 10 1 92
- 2 2 _ _ : -9
Cos = 2(011 C2), Vi=V 9.2 = 9,2 + 3 + 352 (3.9)
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We assume solutions of the form:

= RL,~ (k) ellnt+hez—at) 3.10a
@ Onk n
1 .
U = Sg Fullr) elMOHEE, (3.10b)
=T! ifl Jegr) ei(n-hsz—t) 3 10¢
on ks n
where n = ..., =2, —1, 0, 1, 2, ... is the circumferential number, k, is the wavenumber,

and w is the frequency, and f!(x) is associated with cylindrical wavefunctions and

defined by (2.83). Introducing solutions (3.10) into egs. (3.8), we obtain

[C11k? — (pw?® — Cask?] RL, + [(Chs + Cua)k2] SL, =0, (3.11a)
[(Clg + C44)k2] Roln + [C44k2 — (pw2 — 033]473)] Soln =0, (3.111?))
[Cﬁ(jk‘g’ — (pw2 — 04416‘3)] Toln =0. (3.11C)

Thus, for potential function y eq. (3.11c) yields

pw? — Cuk?)

2 (
= . 12
k3 066 (3 )

Equating the determinant of coefficients of R}, and T}, to zero in egs. (3.11a)-(3.11b)

for potentials ¢ and 1, we obtain the following characteristic equation:

C11Cua I + KA 4+ B =0, (3.13)

where
A= (Cl3 —+ C44) kg +Ch (pw2 — ngk‘?) + Cuy (pw2 — C44k§), (3.14&)
B = pw4 — w2 (033 + 044) kz + 033 C44]€3. (3.14]3)

The roots of characteristic equation (3.13) are

—AF VA2 —4C;1Cu B

k=
’ 2C11 Cyy

(3.15)

Thus, the general solution of the equilibrium equations for transverse isotropy are of

the form

{o.x, ¥} = {@, X, P }elnbrh=z—cb) (3.16)
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where . .
# = Rop 1= fu (ki) + =Son fu(kor), .
e o X =—T} —fl(ksr), (3.17)
= 1 Roy Falkar) + 85,7 fu(hor), s
kl k2
and R),, SL., Tl are unknown coefficients, f,!(z) are cylindrical functions defined by

eq. (2.83). The displacement field can be represented as a linear combination of any

two of the four types of cylindrical functions f!(z), (I = 1,4). The non-dimensional

numbers k1, ko are given by

 Ceg k3 — Oy k2

i = , (1=1,2). 3.18
" (Ci3 + Cua) k. ( ) (3.18)

For isotropic material wavenumbers k;, ; reduce to k3 = w?p/(\ + 2u) — k2, k3 = k3 =
Wip/p— k2, k1 =1, ko = —k3 /K2
The displacement and traction vectors U and V are obtained in matrix form for
each n as
Rl
U(r) = ZXZ(T)WI, V(r)= ZYI(T)WZ, wi=|gsl |, (3.19)
: Toln

where the summation on [ is over any two of the possible [ = 1,4, and

A (ki) o (kar) = fh (kar)

X'(r)= | o fhkr) 2 filkar)  fY (k) | (3.20)
L fL(kr) 2 L (kar) 0
Yl(r) = —izl(r)XZ(r), (3.21)

and z', | = 1,4, follows from [116]:

2066 in2066 ikz’/‘C44
2'(r) = | —in2Css  2Ces 0

—ikZTC44 0 Zz
(3.22)

&y —y2)  in(yr —y2) &3(6 — &)
tco | —in(yr —y2) Sy —&ye n(& &) |
—i3(&1 — &) n(& —&2) 0
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B n*(&y — Soye) — &1&283(y1 — y2)> o
= C44< &€y —&ya) —n20n—) )0 =)
_ Coohsr? e )

= GlEw — ) — 2 =) § = kjr k) (1=1,2,3),

where the cylindrical functions f!(z) are defined by eq. (2.83). The formula for X'

(3.23)

€o

follows by substituting the potentials (3.17) into Eq. (2.58). The derivation of the
matrix z!(r) can be found in [116]. Note that z!'(r) (I = 1) is the exact form of the
conditional impedance of a solid cylinder, i.e. with material at » = 0 and hence bounded
displacements there [116].

The explicit form of the two point impedance matrix (see eq. (3.1)) of a given

transversely isotropic cylindrical layer is
G G 71
k Z]f ZIQC —Yl(?”kfl) —Yj(rk,l) )(1 (kal) XS(T'kfl)
Z%(rg,rp—1) = =
z§ Zj Y(rr) Y2 (ri) Xre)  X3(re)

(3.24)
Eq. (3.24), which defines the impedance matrix Z, is similar to eq. (7) of [137] (for the
stiffness matrix K), and the first and the second matrices on the right hand side of eq.
(3.24) are similar to the matrices EZ, and (E%)~! in [137, egs. (5) and (3)]. One reason

why we prefer to use the impedance matrix Z rather than the stiffness matrix as in

[137] is that the impedance is always Hermitian: Z = Z™T.

3.1.3 Example: Acoustic scattering from an elastic cylinder in water

In this section, we explore the use of the impedance matrix by considering acoustic
scattering from a fluid filled elastic cylinder immersed in water. Assume that the
cylinder consists of J layers. Let the first innermost layer bordering with inner fluid be
located between r = rg = b and r = r1 and the last outermost layer between r = r;_4
and r = rj = a, see Figure 3.1.

Consider a perpendicular wave incidence, i.e. k, = 0, in a uniform exterior fluid.
The total pressure p is defined as a sum of incident p® and scattered p*¢ pressure fields,
and satisfies the Helmholtz equation (2.62), and momentum balance equation (2.63).

The incident field p™¢ is given by (2.68), and the scattered field p*® by (2.69). The total

radial stress and displacement fields in the surrounding fluid are defined by (2.108) and
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(G=1,J)

Inner fluid or gas: kin, Kin, Pin

or elastic core: ki, Kin, Min, Pin Outer region:

acoustic: ko, Ko, Po
or elastic: ko, Ko, 1o, po

Figure 3.1: Schematic of elastic multilaminate cylinder of inner radius rg = b and outer
radius r; = a in polar coordinates (r, §). The medium inside the multilaminate is either

fluid, gas, or elastic core; the outer region is either acoustic medium or elastic matrix.

in the inner fluid region by (2.101). We assume a perfect interface between each layer
of a multilayered cylinder which requires continuity of stresses and displacements at
the interface. Thus, the boundary conditions at the interfaces of the solid and acoustic

media are given on the inner surface of the cylinder at r = r¢y = b:

oin(b) = ol (), olh(b) = oty (b), (3.25)

ol,(a) = 0% (a),  olh(a) = o¥(a). (3.26)

We use the definition of the conditional impedance matrix, noted in eq. (2.47), and write
this statement for the innermost radial coordinate at » = rq = b, for which we find the

initial impedance matrix from eq. (3.22), and for the outer surface at r =r; = a
V(b) = —iz1U(b), V(a)= —izzU(a). (3.27)

Recall that the conditional impedance matrix z(r) satisfies a differential Riccati equa-
tion (2.48) with assumed initial condition z(r¢) at some specified r = ry. The condi-
tional impedance matrix, z; = z(b), can be used as the initial impedance matrix on the
inner surface of the cylinder to obtain the total impedance matrix z. The conditional
impedance matrix, ze = z(a), can be obtained from the integration technique outlined

in [114]. Considering acoustic fluid in the interior, we write eq. (3.27) for r = b in detail
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for which the shear stress, af;z, must be zero:

in n in in in
o U U A 0 U
Tr T ;. I8 T
r =z — _gWn — . (3.28)
0 Uy Ug 0 0 Uy

Incorporating eqs. (3.43)-(3.46), and (3.47) yields scalar impedance in the form

zin — _7«‘771;? _  Finkindn (Kint)

wir =T (ki)

(3.29)

Similarly, for acoustic fluid in the exterior, the shear stress, 099, is zero and evaluating

eq. (3.27) at r = a yields:

0
211 212 Uy

—a =17 = . (3.30)
0 ug Z91 222 ’U,g

Eliminating u, using the second row of eq. (3.30) implies

0 _ _ 0 . 212221 — 222211
ao,, = 2pu,, with 2y = B (3.31)

where zg is called the acoustical impedance. The stresses and displacements for the

outer acoustic medium are given by (2.108). Incorporating egs. (2.108) and (3.31)

yields
—ko koa Jn(koa) Ay — ko koa HV (koa) B, = ZO{J;(koa) A+ Hgl>’(koa)3n}. (3.32)

Thus, the scattering coefficients are found as

An (kokoaJy (koa) + 200, (koa))

B’I’L - — / )
IﬁokoaH}ll) (k()a) + Z()H;ll) (k()a)

(3.33)

where the incident wave coefficient A,, is defined by eq. (2.73) for a plane wave incidence
and (2.76) for a point source. We will compare the result for B,, obtained in this section
with the one that follows from the application of the Global matrix method to the
solution of scattering of a multilayered cylindrical structure in the succeeding section.

For the ”gas-solid-fluid” case, i.e. a gas-filled cylinder submerged in water, the inner
surface of the cylinder is assumed to be traction-free. The stresses and displacements for

the inner acoustic region are given by (2.101). The traction-free boundary conditions
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are given by eq. (2.105), and at the interfaces of solid and acoustic media are given on

the inner surface of cylinder at r = b:

oin(b) = 0= ), (), ol(b) = 0= aly(b), (3.34)

rr

and on the outer surface at r = a:

ol(a) = 0% (a),  ol(a) = o¥(a), (3.35)

Then (3.27) and (3.34) yield:
z"(b) =0 (3.36)

that can be used as initial impedance matrix to find the total conditional impedance

matrix z.

3.1.4 Impedance for multilayered radially inhomogeneous sphere

In this section, we consider a radially inhomogeneous multilayered sphere consisting of
J isotropic spherical layers. We derive an explicit formula for the impedance Z of a
given isotropic layer, and find scattering coefficients using an acoustic impedance. We

assume that each spherical layer satisfies the egs. (2.40) - (2.44).

The two point impedance matrix

The two point impedance matrix ZF(ry,7,_1) relates the traction and displacement
vectors on the inner, (r;_1), and outer, (r = ry), surfaces of a given layer and can be
defined as:

ZF(rpyrp—1) = =Y (re—1, 7)) U (1, 7). (3.37)

where Y and U are given by

~ Ul(re_1) UB(re - X (re-1) L
U(rp_1,73) = Ui(’;k)l) Ui(z;k)l) o X(rg_1,mR) = _-1(—1]Zr;)) _,I(-:slzrkl))
(3.38)

where Ul(r) and Y!(r), (I = 1,3) correspondingly are given by eqgs. (2.40) and (2.44),
and evaluated at r = rp_1 and r = r; where kK = 1, J, and index the n is dropped to

simplify notation.
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Transformation from elastic to acoustic impedance matrix

Consider scattering of an infinite normal plane acoustic incident wave from a fluid
filled anisotropic layered elastic sphere immersed in an ideal fluid and comprised of
J isotropic layers (see Figure 3.1). Assume a perfect interface between each layer in
the multilayered sphere which requires continuity of stresses and displacements at the
interface.

Outer acoustic region. The total pressure p(x) is a sum of incident p** and
scattered p*¢ pressure fields, and satisfies the acoustic Helmholtz wave equation (2.62),
and momentum equation (2.63). The incident pressure is taken as an obliquely traveling
plane wave of unit amplitude and written in terms of regular solutions of eq. (2.62).
The outgoing scattered wave pressure p*¢ is taken in terms of irregular solutions of
eq. (2.62) and unknown scattering coefficients R3,. The displacement and the traction

vectors in the outer acoustic medium (r > a) can be found using momentum balance

equations (2.63) and are given by

ab(kor) a3 (kor)\ Ry
u(r):(POn BOn) " (3.39)
cn(kor) ¢ (kor) ) \Ry,

Ry
6r) = Pon (@l (1, ko, ko) ad(rko,k0)) | o | - (3.40)
Ry,
where
a (kor) = ¢ (kor), (ko) = (nukor) gl (kor), (1 =1,3) (3.41)
0751(7", ko, /430) = —Rokog,ll(k(ﬂ“), (l =1, 3) (3.42)

and the spherical wavefunctions ¢!, are defined by eq. (2.41).

Inner acoustic region. In the inner fluid region (r < b) the displacement vector

is given by
at (kinr ,
u(r) = Po, n(kinr) Ry, (3.43)
Cn(kinr)
where

(3.44)
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and the stresses are given as
t(’l") = Py, C_V}z("“a kin, Hm) Ré;zn s (3.45)

where

6‘111(T7 Ein, ’@in) = —/fmkmjn(ka)- (346)

Acoustic impedance. Continuity of displacements and traction on the interface
implies the boundary conditions (3.25) on the inner surface of sphere at r = rg = b,

and (3.26) on the outer surface at » = r; = a. Equation (2.47) yields

O.’LTL 'U,;L,,n Zl’ll 0 u?‘n

, | — _yin ' - _ ' , (347)
0 win 0 of \up

where we dropped index k for convenience. Incorporating eqs. (3.43)-(3.46), and (3.47)
yields scalar impedance in the form

A—— ww _ , Kinkingn(Kinr)

(3.48)

Equation (3.48) evaluated at r = b can be used as the initial impedance matrix on the

inner surface of the sphere to obtain the total impedance matrix z:
z!(b) = z™(b). (3.49)

Equation (2.47) for an acoustic medium yields

0 0
o u
al "l =—2 "|. (3.50)
0 ug
Equation (3.50) can be written as
znu? + z12u8 = —(IO’?T, (351)
0 0 _
Z21U, + 222ug = 0. (3.52)

Eliminating ug from equations (3.51) - (3.52), we obtain
aol = zoud, (3.53)

where Zj is the acoustic scalar impedance found as

212721 — 211722
by = 12E2L T AE (3.54)
222
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The stresses and displacements for the outer acoustic medium are given by (3.39)-

(3.40). Using (3.39)-(3.40) and equating with (3.53) yields

—ro koa jin(koa) ReY — ko koa BV (koa) RE® = zo{ jh (koa) Ry + hg)’(koamg;?},
(3.55)

n

where the incident plane wave coefficient R(l];g = ¢". Thus scattering wave coefficient

3,0
Ry, found as

RS;? _ i [/{0 k‘oajn(k‘oa) + 20 ];(koa)] (356)

20 hiY (koa) + ko koa hiD (koa)

3.2 Elastic and acoustic scattering from TI cylinders

Although the solution for acoustic scattering from isotropic elastic cylinders has been
known for more than half a century [55], it was not until 1996 that [78] provided the first
complete theory applicable to a uniform TI-cylinder. Their original formulation was for
a cylinder submerged in an acoustic, compressible, inviscid fluid, and was was general-
ized in [54] to the case of a cylinder embedded in an elastic matrix. [107] provides an
alternative but similar formulation for the solid-solid case. [53] discuss physical charac-
teristics displayed by the original general solution of [78]. Orthotropic cylindrical shells
submerged in and filled with compressible ideal fluids were considered by [73] using a
a state space formulation for the sequentially laminated piecewise homogeneous config-
uration. Piezoelectric hollow cylinders have been considered recently in two separate
papers [130, 73].

In this section, the mathematical model of acoustic and elastic wave scattering from
a submerged TI cylinder is developed. Both solid and hollow (shell) configurations
are considered by combining an integral solution based on the Shuvalov formulation
for a shell of non-zero interior radius with the impedance operator of a uniform core
region. The impedance is expressed using the exact solution for a solid cylinder. The
impedance is zero for a hollow cylinder.

In a cylindrical coordinate system (r,#, z), consider an infinite perpendicular plane
wave of circular frequency w and k., = 0 incident on submerged infinite cylinder of

outer radius a shown in Figure 2.2. The material of the cylinder in 0 < b < r < a is
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assumed to be TI. The general Hooke’s law for a TI material follows from eq. (2.21)
taking C11 = Cag, C13 = Ca3, Cyy = Cs5, and Cgg = (C11 — Ca2)/2. The equilibrium
equations written in terms of displacements are given by eqs. (3.7). Substituting
Cauchy’s geometric relations (2.8) into Hooke’s law (2.2) for TI material yields the

following stress-displacement relations for in-plane displacements

2 or r+r09

| — 1 0u,
ou [u 01&9} 7«9:011 Ci2[Oug  up  10u (3.57)

orr = O+ Oz | 504 25

We expand any functions f of 7 and 6 in Fourier series in # in the form of eq. (2.81). We
seek an in-plane time harmonic solution of on equation of motion in the form (2.15) with
no z dependence (m = 2) where U, (r) and Y,,(r) are 2 dimensional vectors defined by

eq. (2.16).

3.2.1 Elastic incident and scattered waves

Consider a plane harmonic elastic wave propagation impending on an infinite cylinder
of outer radius a and inner radius b. At the outer surface of the cylinder r > a the

displacement field consists of 4 parts:
u= u;"‘: + ul"c 4 )’ + ug’, (3.58)

where the incident longitudinal ué”c and transversal u’™¢ displacements, and the scat-
tered longitudinal up® and transversal ug® displacements will be found in the subsequent

sections below. Similarly, n(r) defined by eq. (2.17) also consists of 4 parts:

n(r) =0 (r) + 0 (r) + 30 (r) + n3(r). (3.59)

The form of n;)”‘:(r), nre(r), 1, (1) and 13°(r) will be defined in the succeeding sections.

The incident displacement field for P wawves is of the form

inc __ ,inc inc __ pinc _ikr cos 6
)" =u,"e; +0ey, +0e,, u, =A% , (3.60)

where e;, e,, e, are unit vectors in Cartesian coordinates and = = 7 cos . We decom-

pose the displacement vector u’*® using Helmholtz potentials (2.56)

P

) 1 .. 1 & ) )
u,"= Vo, where ¢= %A;”C eikreost — 7 Z i A Jn(kr)e™?. (3.61)

n=—oo



64

Incorporating expressions for stresses and displacements for each circumferential mode

n, we define 1, as

inc U;"C(rr) -n 4 inc UpJ
np = ( inc =1 AIJ an(T)7 an = = [npf:l f=Jdn(kr)’
Vie(r) Vs

where
—if!(kr)
B ()
nPf = Cllkprf”(k‘T) + C12 (f/(k’T') — }:Tzrf(k’l”))

in[C11 — C12] {f’(kﬂ‘) - ﬁ}r (/W)}

Incident displacement field for SV wawes has the form

nc __ inc inc __ A inc 1Krcosf
u" = (0,u*,0), wul*“= A" .

Let us define u™ = —V x v e, via Helmholtz decomposition (2.56), then

N Al g, (Kr)e.

n=—oo

1

1 . .
1/] — AzncezKrcose —

Incorporating egs. (3.65), and (3.57), we define "¢ as

inc Ui"c (T) .n 4 inc . USJ
ns = . =1 As 775J(7")7 with Nss = = [nsf] f=Jn(Kr)’
Ve(r) Vs

where
-5 f(KT)
—if (Kr)
in[Cr1 — Cia] [ f(KT) — f(Kr)]
[C11 — C12] {%JC(KT) - f/(KT)}

nsf:

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

The scattered displacement vector u,‘ for scattered P waves is decomposed using

Helmbholtz potentials (2.56)

1 :
w)’ =V, where = Z By HV (kr)e™.

n=—oo

Substituting Helmholtz decomposition (3.68) into egs. (3.57), we define n,° as

w_ (U | Upi

'I’]p = P - Bp,nan(T)7 with T]pH = = [npf] =Y (kr)?

e f=Hy " (kr)
Vp (T) pH

where 7, is defined by (3.63).

(3.68)

(3.69)
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The scattered displacement for transversal SV waves is represented via Helmholtz

potential :

se — _ S PN = E By o HY (Kr)e?. .
u V x e, . e, + €0, ) e snHy (Kr)e (3.70)

n=—oo

Introducing (3.70) into (3.57) allows us to define n° as

se  [UE(r) . Usn
n’ = = Bsnm,y, with 71,4 = = [nsf] F=H (kr)? (3.71)
ViE(r) Ve '

where 7, is defined by (3.67).

3.2.2 Boundary Conditions

Recall that n is defined as:

n(r) = m," (1) + 0 () +mp () + 02 (r) = " A0, + AN + Bp iy + Bantlag, (3.72)
where 1,7, M55, My, and Ny are defined by egs. (3.62), (3.66), (3.69), and (3.71)
correspondingly, and B, , and By, are the unknown scattering coefficients.

Rigid inner surface. If the inner surface of cylinder is rigid, i.e. u(b) = 0, the

boundary conditions at r = b will be

T
n(b) = (0 0 n3(b) n4(b)> : (3.73)
At the interface, the outer surface of cylinder, r = a:

n(a) =Mn() < "I;m(a) + "linc(a) + Bpanyr (@) + Bsnmyg(a) =M (0 0 ns(b) 774(17))T )
(3.74)

where M is a 4 x 4 matricant given in Section 2.1.3 which can be obtained from ODE,
eq. (2.49), when b — a. In eq. (3.74), taking all unknown components to one side and

all known components to other side, we obtain

Mz My —npri(a) —nsai(a)| [ n3(b)

Mos Mas —mprz(a) —nsa2(a) | [ na(b) | inApe

M3z3 M3y —npus(a) —nsu3(a)| | Bpn " A
(a) — (

My3 Mys —npra(a) —nsma a)_ B,

Traction free inner surface. If the inner surface of cylinder is traction free, i.e.

t,(b) = 0, the boundary conditions at » = b will be

T
n(b)=(m(b) n2(b) 0 0) . (3.76)
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At the interface r = a:
. . T
n(a) = 0" (@) + 1"(a) + Bronty(0) + Bonor (@) = M () mo(s) 0 0) ,  (377)

which can be written as:

My My —npmi(a) —nsmi(a)| [ n1(b)
Msy Moz —npma(a) —nsm2(a)| | n2(b) inAzZ;nc
- [ NLH nTH} o (3.78)
M3y Mszy —npms(a) —nsas(a) By i"Ae
| My Mz —npra(a) —nsma(a)| \ Bspn

3.2.3 Impedance matrix

We can relate the vectors U, (r) and V,,(r) associated with displacement and traction
using the conditional impedance matrix z(r) defined by eqs. (2.47). From eq. (2.47) we

find conditions at inner surface r = b:

V,(b) = —iz1U,(b), (3.79)
and outer surface at r = a:

V., (a) = —izaUy(a), (3.80)

where z; and zy are known quantities, and U, (r) and V,(r) are defined by eqgs. (2.16)
and (2.17) correspondingly. At the outer surface of cylinder r = a, taking into account

(2.47), the interface condition (3.80) requires that

zo = z(a). (3.81)
At inner surface of cylinder r = b:
U,(r M; M U, (b
) _ | M Mo Al (3.82)
Vn(T) M3 M4 Vn(b)

where M, a 4 x 4 matricant, follows from the solution of elasticity equation (2.49) in
the cylinder 0 < b < r < a given in Section 2.1.3.
Suppose z; = z(b) is given conditional impedance at r = b, then using eq. (3.79) we
obtain
Uy (r) = (My — iM2z1) Uy (b), (3.83)

Vi (r) = (Ms — iMyz1) U, (D). (3.84)
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Incorporating eqs. (2.47) and (3.83)-(3.84), we obtain
—iz(r) = (M3 — iMyz;)(M; — iMaz;) "' (3.85)

Total fields at the inner and outer surface of the cylinder are related by the interface
condition (3.74), based on the solution of the elasticity equations in the cylinder 0 <

b <r < a. Let us rearrange eq. (3.74) in the following form

U@ |, (U@) _ Up@)  [UF@) | My M| [ Ua(h)
Vie(a))  \Vi(a) Vi(a) Vi(a) Ms My | \ Va(0)
(3.86)

Using eqgs. (3.83)-(3.84) and the definition of the U;”C, V}"C, Uj¢ and V3¢ functions
(j = p, s), we obtain

Zn|: <Up‘](a')) Aznc+ (US‘](a)) Ainc
V@) T \Va@)

= - UPH(G’) Bp,n - USH(CL) Bs,na + Ml a iMQZl Un(b)a
Vom(a) Vu(a) M3 — iMyz,

where Uy, j(a), V,s(a) are defined by (3.62), Uy s(a), Vss(a) by (3.66), Upr(a), Vpu(a)

(3.87)

T
by (3.69) , Usg(a), Vsm(a) by (3.71). Introducing 2 x 1 vectors: W,, = (Bp,n Bs,n>

into eq. (3.87), we obtain

—Mgi(a) (M —iMaz) Wu ) _ (Ma(a) A" (3.88)
- Ms2(a) (Mg — iM4Z1) Un<b) Mﬂ(a) ,L'nAsinc ’
where
Moi(@) = [Upna) Ura(@)|: M@ =| Vig(a) Vea(a), (3.89)
M;i(a) = [ULJ(a) UTJ(a)} , Miz(a) = [ Vis(a) VTJ(G)} : (3.90)

The second equation in system (3.88) yields
U, (b) = (M3 — iMyz;) " [Msg(a)wn + Vys(a)itAine + V;(a)i"A n] . (3.91)

Substituting eq. (3.91) into the first equation of the system (3.88), and incorporating
egs. (3.85) and (3.81), produce
inAIz)'nc

W, = [My(a) + izaMgi (a)] " [ — Mig(a) — izoMis (a)] , (3.92)

‘N A Inc
i"Al
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or it can be written as

—1
= [ Vyu(a) +izo Upp(a), Vgu(a)+ izg USH(a)]

‘N A inc
7 Ap

' [—VpJ(a) —izo Upy(a), —Vyy(a)—izs U J(a)] (3.93)

7In‘A;mc
3.2.4 Acoustic SH wave

In cylindrical coordinate system (r,6,z), an infinite plane acoustic wave of circular
frequency w incident at an angle a on submerged infinite TI cylinder of outer radius a

illustrated in Figure 2.2 is considered. The total pressure field p(x) is defined by eq.

(2.67) as a sum of incident p*™¢ and scattered p*¢ pressure fields, and satisfies the acoustic

Helmholtz wave equation (2.62) and momentum balance equation (2.63). Subindex p is

dropped hereunder for acoustic medium to simplify a notation. The incident pressure

inc

p"¢ is taken as an obliquely traveling plane wave, with value at a point P(r,6, z) of

the form of eq. (2.68). The outgoing scattered wave pressure p*® at point P has form

(2.69). The scattering coefficients B,, are derived next.

The scattered field

Let

00 00
pinc: Z pénc(r)ei(nQ—i-kzz)’ P = Z pzc(,r,)ei(nQ—I—kzz)’ (3.94)

n=—0o0 n=—0o0

where the coefficients p*“(r) and p3°(r) follow from eqs. (2.68) and (2.69). The

n

radial velocity components of the incident and scattered fields in the fluid, which follow
from (2.63) as v = (iwps)tOp™e/Or and v°¢ = (iwps)~tOp*c/Or, can similarly be
expanded as

00 00
pine — Z vénc(r)ei(nO—i—kzz), v5¢ = Z vsc(r)ei(neﬁ-kzz)’ (3'95)

According to the assumed forms of the incident and scattered fields, egs. (2.68) and

(2.69), we have
/
HY (kia)

A ) .
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The scattering coefficients B,, can therefore be determined if we can find a separate

inc

¢(a). Such a relation follows from the continuity condi-

relation between v,°“(a) and v
tions.
Before considering the interface conditions it is useful to define some impedances

for the surface » = a. The pressure and velocity coefficients for circumferential mode n

at r = a are related by

p(a) = Z,"0 " (a),  ppfla) = Zv(a), (3.97)

n

where the impedance Z,¢ follows from eqs. (2.63) and (2.68), and Z,5¢ follows from
egs. (2.63) and (2.69), as

. , 1
Zine _ iwp JtL(kla)’ 7z = iwpys HT(Ll )I(lﬂa) . (3.99)
ki Jy(kia) L Y (kya)
The continuity conditions at the outer surface r = a require that the normal components
of the traction and the velocity are continuous. Let vg,(b) and po,(b) be the radial
velocity and pressure at the inner surface of the cylinder for circumferential mode n.

We assume that the inner surface at r = b has zero shear traction and that the pressure

and radial velocity are related by an impedance Zy,,
pOn(b) = ZOnUOn(b)- (399)

For example: Zp, = 0 if the inner boundary is traction free.
Based on the solution of the elasticity equations in the cylinder 0 < b < r < a, we

can then relate the total fields at the inner and outer surface of the cylinder:

v (a) +v5(a My M Von (b
' (a) (a) _ ~11 ~12 on(b) ’ (3.100)
py"(a) + py“(a) Ms1 Maa| \pon(b)

where M is 2 x 2 matrix is derived in the subsequent section. Expressing the system

as a pair of equations for unknowns vgy,(a) and vo,(b) gives

—1 My + 7 nM v5¢(a ) 1
11 ond12 (a) — uine(q) 7 (3.101)

n

—Z35° Moy + ZonMaz | \von(b) z,ine
and hence,

i) = o)

My + ZonMay — Z,7¢(Myy + ZonMi2) } (3.102)

My + ZonMay — Z,3¢(Myy + Zon M)
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Therefore, comparison of eqs. (3.96) and (3.102) implies the scattering coefficient for

circumferential mode n,

7 Zinc Ainc 'nJ/ k
n T n a2 (kLa)
where Z, depends only on the properties of the cylinder,
My + Zon M.
7, — a1t Zonlla2 (3.104)
My + Zon M2
It remains to find the elements of the 2x2 matrix M which is derived next.
Transformation from elastic to acoustic matricant
Recall the interface condition (3.74), on the outer surface of cylinder
n(a) = Mn(b), (3.105)
where 1(r) is defined by (2.17), the elements of 4 x 4 matricant M(r, r¢)
M; M,
M(r, 7o) = (3.106)
Ms My

follow from analysis in Section 2.1.3. Consider a two point impedance matrix Z(r, 7o)

defined by eq. (2.53) and evaluate it at inner and outer surfaces of cylinder
= —iZ(b,a) : (3.107)

where Z and M are related to each other by relations given in eqs. (2.54):

Z, Z -M;'M M,!
Zirro)= | | =i 2 2, (3.108)
Zy Zi]  [MuM;'M; - Mz MM,
Z; = Zj(r,r9), Mj = M;(r,r9), Up(r) and V,,(r) vectors are defined by (2.16) and

(2.17) correspondingly, for acoustic medium V5, (1) = 0,9, (r) = 0.

Introducing matrix K such that

1000

. . o010
K=K '!'=KT = , (3.109)

0100

0001
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and applying (3.109) to both sides of eq. (3.107) yields

Vi(a) Ui(a)
—Vi(b ~ | Ui(b
O g | O (3.110)
0 UQ((I)
0 Uz (b)
where
- 71 Z
Z=KzK'=| |, (3.111)
73 74
z; (j = 1,4) are 2 x 2 block matrices.
Define vector n(r) as
~ Uln
n(r) = . (3.112)
Vin

The system of egs. (3.110) enables us to find relation between 7(a) and 9(b) in the form

(a) = Mi(b), (3.113)
where
~ My M —371%, izt
M= | TR = 3 s , (3.114)
Msy1 Moo 129 — i2’12§12’4 —212’51
Z1 2o I
=7 — Zgzzlzg. (3.115)
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3.3 Global matrix method for an isotropic multilayered elastic cylin-

der

fluid or elastic

(a) A Source impinging on 2D Multilayer S,,,,(b) Multilayer S,,, 3D

outer region: fluid or elastic view

Figure 3.2: A point source impinging on an isotropic multilaminate cylinder submerged

in a fluid medium or embedded in an elastic matrix.

Consider the scattering from sources impinging on a multilaminate cylinder in cylin-
drical coordinates (r, 6, z) illustrated in Figure 3.2. A point source located at point
S has position vector x’. Our goal is to find a field (pressure, velocity, displacement,
stress) at an arbitrary point P(x), and investigate a far field response of cylinder to an
excitation.

A scattering of plane incident waves (o = 0) from a multilayered cylinder can be
tackled analogously and will be considered in parallel. The material of the cylinder in
0 < b <r <aisassumed to be radially inhomogeneous and isotropic. We consider
a planar motion and neglect z dependence, and assume that cylinder S,,, is comprised
of J isotropic layers; each layer in general may have different material properties: the

density p;j, Lamé parameters \; and uj, and total displacement field u; where the
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subindex denotes the jth layer of cylinder S,, and j = 1, J, see Figures 3.1 and Figure
3.2.

First, we study the scattering of acoustic waves from an isotropic multilayered cylin-
der by considering a clad-rod consisting of an elastic isotropic core cladded with other
isotropic materials, and a fluid filled cylinder submerged in water. Then, we investigate
an elastic wave scattering from an infinite multilayered cylinder embedded in an elastic
medium, considering the incidence of longitudinal and transverse waves seperately. A
fluid-filled multilayered cylinder embedded in an elastic matrix will be studied as a par-
ticular case. We obtain the scattering coefficients for both acoustic and elastic waves,
and relate them to the transition matrix T(™ that is also called the T-matrix. We
will use T-matrix T of cylinder S, in isolation to study MS of acoustic and elastic
waves from the cluster of cylinders in the proceeding chapters. In this section, we only
investigate a scattering from a single scatterer, and drop super-index m for simplicity
of notation hereinafter. We will validate our approach by comparing our results with

finding available in literature and with COMSOL simulations.

3.3.1 Acoustic scattering from an isotropic multilayered cylinder
Acoustic scattering from a multilayered clad-rod

Consider scattering of acoustic incident waves from an elastic isotropic multilayered
cylindrical clad-rod immersed in an ideal fluid as illustrated in Figure 3.1. For perpen-
dicular acoustic incidence, i.e. k, = 0, the axial dependence vanishes. The displace-
ments and stress are defined by eq. (2.103) for an inner solid region, (2.89) for solid
cladded regions, and (2.108) for an outer fluid region. Rod and claddings have cor-
respondingly the densities pipn, p1, p2, -+, ps, Lamé parameters A, in, A1, 1, -,
AJ, pg, and total displacement fields w;,, uy, ---uy (see Figure 3.1). The outer acous-
tic medium has the density pg and acoustic speed cg. The total outer acoustic pressure
p(x) is a sum of incident p"™® and scattered p*¢ pressure fields defined by (2.68) and
(2.69). The outer pressure fields satisfies the acoustic Helmholtz equation (2.62) and

the momentum balance equation (2.62). We assume that the metamaterial cladding
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consists of J isotropic layers, and is perfectly attached to the rod. The configuration is

solid core inside, J > 1 layers of solid, and water outside:

inner solid,  pin, Ain, thin 0 <7 <D, (3.116)
solid 71”7,  p1, A1, 1 b <<y, (3.117)
solid ”J”,  pj, Ay, pg rj1 <r<rjy=a, (3.118)
liquid, po, ko = pocg a<r<oo. (3.119)

A perfect interface condition between the rod and each layer of cladding as well as the
outer fluid yields 3 boundary conditions at fluid-solid interfaces: the outermost r = a
surfaces, and 4 conditions at each of the J solid-solid interfaces. The complete set of

3 + 4 J interface conditions yield the following linear system:

_B’Vl
1,1
071
pl1
3(k %) (a, k1, K %3 (a, k1, K 0 7
ay (koa) Xp(a, k1, K1) %y (a, k1, K1) 1x2 o8l
n
93 (a ko, ko) Y (a, k1, K1) Y 3(a, k1, K1) O2x2 D31
n
0% 1 . 4(J — 1) conditions
ol J
. 022 "
1 3 1 Dﬁ"’
0251 X, (b, kg, K) Xy, kg, Ky) X (b, ki, Ky) N
C’ il
0251 Yo, kg, Ky) Y J(b kg, Ky) o Y (b ki, K) n
D’IL,K
1,in
7Cn in
1,
—pliin
a}L(k’oa)
¥ (a, ko, ko)
02x1
= A, : , (3.120)
021

where A,, is given by (2.73) for a plane wave incidence and (2.76) for a point source,

X L(r, kj, K;) is defined by eq. (2.87a) and Y. (r, k;, K;) by eq. (2.87b), and

%h(a, k1, K1) = (al(ka) bL(K1a)) (3.121)

Yn(am, ko, no):(djl(a,ko,mo) 0) , (3.122)
0 0 0

0252 = v O2x1 = v Oixe = (O 0) (3.123)

0 0 0
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al,, bl, are given by (2.87), and &/, by (2.100) with (I = 1, 3).

Solving the system (3.120) for B, yields

Bp= Y TngAgdng, (3.124)

q=—00
where 0y, is the Kronecker delta, the desired T = [T},,] is a diagonal matrix, and its

elements T},,, = T},40,4 are obtained by Cramer’s rule:
T = — 2, (3.125)

where A,, and A,, are determinants of matrices defined as:

A, =
3(k %Ma, k1, K %3(a, k1, K 0
a,, (koa) X, (a, k1, K1) %, (a, k1, K1) 1x2
¥2(a ko, ko) Y, (a, k1, K1) Y 3(a, k1, K1) 022
0241 : 4(J — 1) conditions
, (3.126)
. O2x2
021 X (b, kg, K) X3, kg, Ky) X (b, ki, Ky)
021 Y (b, kg, Kj) YR, kg, Ky) Y (b, ki, K;)
A, =
a (koa) % (a, k1, K1) %3 (a, k1, K1) 012
In(a ko, ko) Yo (a, ki, K1) Y 2(a, k1, K1) 022
O2x1 X 4(J — 1) conditions (3 127)
. O2x2
02x1 X (b, ky, Kj) X3, kg, Kj)  X)(b, ki, K;)
021 Y b, kg, Ky) Y2, kg, Ky) Y (b, ki, K)

Equivalently, T, can be modified as

/
Tnn _ 77an (k()a) + Jn(koa) (3.128)

/ 9
mnHSY (koa) + HY (koa)

where
A 1

=_-n 3.129
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and
Al =
.=
al(a, ki, p1)  Bpla, Ki,p1)  od(a ki,p1)  BS(a, K1, p1) 0 0
(e ki, p) 8L (a Ky pr)  AS(a ki) 83 (a, Ky, pr) 0 0
4(J — 1) Conditions
M
a) (kgb) by, (K ;b) a (kyb) b3 (K 5b) al (kinb) by, (K b)
et (kyb) dy, (K sb) e (ksb) d3 (K sb) cl (kinb) dp, (Kinb)
ot (b, kg, ) By (K sb) ad(b,ky,png)  BEO, Ky png)  ap(bikin, tin)  Bh (0, Kin, ttin)
Yhboky, ) L0, Ky png)  va(bkgipug) 5, Ky pg)  vh (b kin, tin)  0n (b, Kin, ftin)
(3.130)
A2 =
s =
al(k1a) bl (Kia) a2 (kia) b3 (Kia) e 0 0
vi(a, ki, p)  8h(a, Ki,p1) A5 (a ki, p1) 85 (a, K1, pa) 0 0
4(J — 1) Conditions
. bl
a}, (kb) b (K ;b) a? (kb) b3 (K b) a}, (kinb) by, (Kinb)
e, (kgb) dy, (K b) 3 (kyb) d3 (K sb) ek (kinb) dy, (Kinb)
ar (b kg, 1) B (K b) ad(bky,png) BIb,Kypug)  al(bkin, pin)  Bhb Kin, min)
Yh(bkypmg) 8L, Ky, pmy)  Ae(bky,pg) 05, Kyipmg) (b Kins pin) 8L (b, Kin, pin)

where al,, bl,, ¢, and d', are given by (2.87), ol,, B, 4}, and &}, by (2.88), and &/, is given
by (2.107) for inner fluid and (2.100) for outer fluid. For an acoustic single scattering,

a diagonal matrix T has the form

T_N-N 0 0 e 0
0 T_N+1,-N+1 0 e 0
T= 0 0 T Nio-Ni2 - 0 , (m=1,M).
0 0 0 TN,N

(3.132)

For an isotropic elastic rod cladded with one isotropic elastic layer, the system of
equations (3.120) reduces to the system of 7 algebraic equations. For a solid elastic
cylinder with no cladding, the scalar potentials, eq. (2.82), must be taken in the form
of regular solutions of wave equation: f,!(kr) = J,(kr), because the irregular solution,

f3(x) = Hfll)(:v), has singularity at x = 0: Hqgl)(m) — 00. The boundary conditions

n
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reduce to 3 conditions at its outer surface leading to the system of 3 algebraic equations.
For a solid elastic cylinder, the T-matrix components have simplified form, and egs.
(3.130)- (3.131) reduce to:

oy (kia)  Bn(Kia)
Yo (k1a) 6, (K1a)

A,ll _ ’ Ag _ ai(kla)

n

by (K1a)
Yi(kra) SL(Kua)|

For rigid and hollow cylinders immersed in an acoustic medium, the boundary con-
ditions are given correspondingly by egs. (2.104) and (2.105). The density of rigid
cylinder p; with respect to the density of outer acoustic medium pg tends to infinity:
p1 — oo. Consequently, both the impedance z' defined by (2.47) and 7, given by

(3.129) tend to infinity. Hence, for a rigid cylinder, eq. (3.128) reduces to the form

I (k
Tn = —%. (3.133)
HY (koa)
As opposed to the rigid case, the density of hollow cylinder p; in relation to outer

acoustic medium py vanishes: p; — 0, and the impedance z! and 7, approach zero.

Thus, for a hollow cylinder, the T-matrix components reduce to the form:

Ty = ——nlk00) (3.134)

Hél)(koa).

These relations show the equivalence between the impedance z' and 1,.

Acoustic scattering from a fluid filled cylinder

Consider scattering of acoustic incident waves from an anisotropic layered elastic cylin-
der immersed in an ideal fluid illustrated in Figure 2.2. For perpendicular acoustic
incidence, i.e. k, = 0, the axial dependence vanishes. The inner and outer pressure
fields satisfy the acoustic Helmholtz equation (2.62) and the momentum balance equa-
tion (2.62). The total outer acoustic pressure p(x) is a sum of incident p'™® and scattered
p*¢ pressure fields defined by (2.68) and (2.69). The displacements and stress are de-
fined by eq. (2.101) for inner fluid region, (2.89) for solid region, and (2.108) for outer

fluid region. The configuration is a gas or liquid inside, J > 1 layers of solid, and water
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outside:

gas or liquid,  pjn, Kin = ,omc?n 0<r<hb, (3.135)
solid 717, P1, A1, 1 b<r<mr, (3136)
solid "J”,  py, Ay, gy rj1<r<ry=a, (3.137)
liquid, po, ko = pocs a <7 < 0. (3.138)

The boundary conditions are continuity of traction and continuity of normal displace-
ments at the interface. For a fluid-filled isotropic cylinder submerged in water, there are
6 boundary conditions at fluid-solid interfaces: the innermost » = b and the outermost
r = a surfaces, and 4 conditions at each of the J — 1 solid-solid interfaces. The complete
set of 2 + 4 J interface conditions yields a system of linear algebraic equations which
follows from the system (3.120) by removing its last column and third to last row, and
changing in the second to last row a,! (kinb) — &, (kinb) where &) is defined by (2.100),
and in the last row 7,! (kinb) — 4,1 (kinb) = 0 where k;;, is the wave number in an inner
fluid medium. The determinants in eqgs. (3.126)-(3.127) will change accordingly, and

simplify the T-matrix components given by (3.125).

Far-field radiated response

Consider now the far-field response, the scattered pressure field p*¢ , when kr becomes
very large: kr >> 1. For large values of argument kr, the asymptotic expansion of the

Hankel function is

HO (k) = \/Ee“@ﬂ)e““‘ [1 + O(;?lr)] (3.139)

The scattered field p*° is defined by eq. (2.69) as an infinite sum of multipoles. The far

scattered field p*¢ can be split into two parts, g(k|x|) and f(6):

1

p* = g(k[x|) £(6) [1 T O(kIXI

)] kx| >> 1 (3.140)
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Material p A I Cp Cs E v
(x4 | [GPa] | [GPa] | [2] | [2] |[GPd]
Al, [57] 2711.8 6370 3136
Water, [57] 998 1482
Air, [89] 1.2 330
Al, [89] 2790 6300 3100
Water, [89] 1000 1470
Al, [133] 2706 | 57.09 | 26.69 | 6389.4 | 3140.6 | 71.567 | 0.3407
Steel (St), [133] 7850 | 110.79 | 80.23 | 5878.1 | 3196.8 | 206.99 | 0.29
Zirconia(Zr0-),[133] || 5700 129 94.8 | 7476.3 | 4078.2 | 244.24 | 0.2882
Water, [133] 1000 1480
Air, [133] 1.2 344
Copper, [79] 8900 4600 2160
Al, [79] 2694 6427 | 3112

Table 3.1: Material properties used for comparison with literature

where the function g(k|x|) and the farfield amplitude function f(0), § = arg(x), can be

derived using the asymptotic form of the Hankel functions, eq. (3.139):

1 ik|x
g(klx]) = N Il x| — oo, (3.141)
- : 2 _i(zynn
f(0) = Z fneme, fn= \/76—1(4-5-2)3”‘ (3.142)
n=—oo d

The normalized far-field scattering form function f . is defined as

|f(0)]
Ainc\/%’

where A™€ is the amplitude of an incident plane wave. We evaluate eq. (3.143) at

| foo(ka, )| = ‘Jiinoo VIx|/a |p*(r,0)/A™| = (3.143)

0 = 7 and multiply it by v/2 to find a backscattering form function f.,(ka) and keep a

notation used in the literature [57, 89] for verification. Thus, for a plane wave of unit
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amplitude, the backscattering form function has the form

|foo(ka)|:\/§|foo(ka,9:7r)|:\/Z‘f(ﬂ-”:\/7% Z Bneinrr/Q

The total power radiated by the multilayered shell is measured by the non-negative

\/5 Z Bnein(Ofﬂ/2)
s

n=—oo

. (3.144)

far-field flux parameter

or=/02ﬂ!f(9)\2d9=/02ﬂ

The non-dimensional total scattering cross section(TSCS) is then given by:
= 2 2 & in(0—m/2) i 4 & 2
= ka,0)|“d 0 = B - df = — B
Q= [ TutiwoPas= [T/ 20 3 B DML

(3.146)
where () is normalized by a, the outer radius of the cylinder.

2 o0
d0=4 > [B,* (3.145)

n=—oo

Numerical results

8- an an “n

0.0 16 a0 45 6.0 76 20 106 120 136 15.0
ke

(a) Calculation performed by Flax et al. [57]

15

0.5r

ka

(b) 2D Elasticity solution, MATLAB computation

Figure 3.3: The variation of modulus of backscattering form function |fy| with dimen-

sionless frequency ka for an isotropic cylinder submerged in fluid.

We computed the scattering coefficients as well as T-matrix components for perpen-

dicular incidence o = 0 to calculate the modulus of backscattered form function |fs|,
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(a) Theoretical and experimental backscattered form function modulus [89].

) . Q s
—— 2D Elasticty, nrreq—ZOOO
15} - - COMSOL, n, =207 7t
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1t
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0.5r ol —— 2D Elasticty, n_ =2000
/ - - COMSOL, n_ =207
1+ q
ot : : : ‘ 0 : : : ‘
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ka ka
(b) |foo(ka)| vs. ka (c) Q vs. ka.

Figure 3.4: Variation of modulus of backscattering form function |fs| and TSCS with

non-dimensional frequency ka for air filled thin shell submerged in water

total scattering cross section (TSCS) @, as well as pressure field. We performed calcula-
tions on MATLAB and COMSOL to validate and compare our results with the existing
literature. We created a MATLAB code to construct the global matrix and compute
the scattering coeflicients and transfer matrix. Properties of materials considered in
this section are given Table 3.1.

Figure 3.3 shows the back-scattered form function modulus |fs(ka)| defined by eq.
(3.144) with a = 0 for an Aluminum (Al) solid cylinder submerged in fluid. In Figure
3.3, the graph on the top figure was obtained by Flax et al. [57] theoretically, and
the bottom picture displays our MATLAB results using the Global matrix method for

Al solid cylinder, which is in agreement with the top picture [57]. Figure 3.4 shows
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(a) Thin bi-laminate, h/a =(b) Thick bi-laminate, h/a =(c) Tri-laminate, h/a = 0.25,
0.04,  hi=hs=0.5h 0.8,  hi=hs=05h hi = 0.2h, hy = hy = 0.4h

EXa oo
4 0005 Dos 0OL b0l 02 o0 000 oos Gote 0oL Bl Dola 0012 001 0008 0006

(d) h/a = 0.25, hg = 0.5k,  (e) h/a = 0.25, hs = 0.4h,  (F) h/a = 0.25, by = 0.1h,
hi=hs = 0.05h, hy=hy = 0.2h hy=hs = 0.1h, ho=hg = 0.2h, hy = hy = hg = hy = hs

Figure 3.5: Configurations of air-filled multilayered shells submerged in fluid used in

MATLAB and COMSOL simulations.

the dependance of | fo(ka)| and @ on non-dimensional frequency ka for an air filled Al
cylindrical thin shell of thickness h = 0.04cm and outer radius a = 0.25c¢cm submerged in
water. The graphs in Figure a were obtained by Leon et al. [89] both theoretically, and
experimentally. Figure a on the left shows a theoretical backscattered form function
modulus |foo(ka)|, and on the right illustrates experimental backscattered spectrum for
air filled shell submerged in water. Figures b and ¢ display our results obtained on
MATLAB and COMSOL. Variation of modulus | fo (ka)| with ka is shown in Figure b,
and TSCS, @ versus ka, is given in Figure c, where () is defined by eq. (3.146). The
properties of shell taken from [89] are given in Table 3.1 for a comparison with findings
of Leon et al. [89], Figure a. MATLAB computations are based on our Global matrix
method, which uses a 2D Elasticity solution. COMSOL computations are performed
with nyreq = 207 and kamae = 15 and MATLAB results are given for ny.., = 2000
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and kanae = 20, where ka,q., the maximum value of ka, is divided into n ¢, intervals
(N freq is the total number of frequency intervals). COMSOL results are shown for a
lesser number of ny.., because of prohibitively long computation time. Figures b- c
show a consistency between MATLAB and COMSOL simulation for both | f (ka)| and
@ except missed resonance picks caused by reduction of n ¢, almost 10 times.

Variation of modulus of backscattering form function and TSCS with normalized
frequency ka for air-filled multilayers submerged in water is depicted in Figures 3.6-3.9
to compare our results with findings in [133]. Computations are performed in MATLAB
and COMSOL with material properties given in Table 3.1 for different multilaminate
configurations shown in Figure 3.5 where « is the outer radius of the shell, h is the total
thickness of the multilayered shell and h; is the thickness of 4% layer. The following
cases are considered: Figure a: Steel — Al or Al — Al thin bilaminate shell with h/a =
0.04, hy = ho = 0.5h; Figure b: Steel — Al or Al — Al thick bilaminate shell with
h/a = 0.8, hy = he = 0.5h; Figure ¢: ZrOs — Steel — Al tri-laminate shell with
h/a = 0.25, hy = 0.2h, hy = hy = 0.4h; Figures d - f: ZrOy — Steel — Al — Steel — ZrOs
pento-laminate shell of total thickness h = 0.25a with h; = hs = 0.05h, ho = hy =
0.2h, hs = 0.5h in Figure d, with hy = hs = 0.1h, ho = hqy = 0.2h, hs = 0.4h in Figure
e, and with hy = he = hg = hy = h5 = 0.2h in Figure f.

Figure 3.6 shows the variations of |f| with non-dimensional frequency ka for Al
shell and Al bi-laminate shell depicted in Figure b. Figure a was given in [133]; Figure
b shows our MATLAB calculations for a single Al shell of thickness h = 0.4a (blue solid
line) and Al bilayer with A = 0.8a (red dash line) depicted in Figure b with properties
given in Table 3.1. Graphs in Figure b show a full agreement with findings in [133]
depicted in Figure a. Figure 3.7 displays the dependance of | f»| and @ on ka for a thin
single and bi-laminate shell configuration shown in Figure a. Figure a shows calculations
performed in [133]. Figures b - ¢ illustrate correspondingly our MATLAB computation
of | foo| and @ for a thin Al bilaminate shell of thickness h = 0.04a (blue solid line) and
single Al shell of thickness h = 0.02a (red dash line). Graphs in Figures a - b are
consistent. Figures d - e show comparison of MATLAB and COMSOL computations

of | foo| and @ for single and bilaminate Al shells, and a bilaminate Al — Steel shell of
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total thickness h = 0.04a submerged in fluid.

1 —— Perfect bonding
5 T T === Epoxy bonding
== Defective epoxy bonding

0.5

Complete debonding
— Single shell

Form function amplitude

Kaa

(a) Calculations of | f| performed in [133] (Figure 6).

f
LI
== Bilaminate shell, h=0.8a
2r —— Single shell, h=0.4a
1.5
N -\ ‘N ‘,"1 \ ,‘, R .
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(b) MATLAB computation of amplitudes of | f|
Q s
== Bilaminate shell, h=0.8a
6 —— Single shell, h=0.4a
‘‘‘‘‘‘‘ ,
4+ CTRR < S i
’ ~ ¢ N, ~, - >
, - e
2r :
4
O Il Il I}
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ka

(c) MATLAB computation of amplitudes of @

Figure 3.6: Variation of modulus of backscattering form function |f| and TSCS with

normalized frequency ka for an air filled Al thick shell and bi-layer submerged in fluid.
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(a) Calculations of | f| performed in [133] (Figure 2).
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(b) MATLAB computation of |fs| for Al shell (c) MATLAB computation of ) for Al shell
——h=0.04a Al-Steel bilayer, 2D-Elasticity
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|f | - --h=0.04a Al single shell, 2D-Elasticity
g4 -= h=0.04a Al-Steel bilayer, COMSOL

h=0.04a Al single shell COMSOL

——h=0.04a Al-Steel bilayer, 2D-Elasticity
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(d) MATLAB and COMSOL comparisons for (e) MATLAB and COMSOL comparisons for )
|fool

Figure 3.7: Variation of backscattering form function | fo,| and TSCS @ with normalized

frequency ka for bilaminate shell.
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MATLAB computations are based on the Global matrix method using a 2D elasticity
solution. COMSOL computations are performed with nyf.., = 100 and MATLAB
results are given for n .., = 1000. Figures d - e show an agreement between MATLAB

and COMSOL simulation for single and bilaminar shells.

3r .
If_l Qu2;
25 —— 2D Elasticty, nfreq:2000
. . _ COMSOL, N =200 10f —— 2D Elasticty, n”eq:ZOOO
a ~.-.COMSOL, n__=200
2L gl freq
15r

1t

0.5¢

ka ka
(a) (b)

Figure 3.8: Variation of |fs| and @ with normalized frequency ka. Figures (a) and (b)
show correspondingly our MATLAB and COMSOL computations of | fo| and @ for an

isotropic trilaminate (Al — Steel — ZrOs) shell with h/a = 0.25.

Figure 3.8 illustrates | foo| and @ as a function of ka for an air filled isotropic trilami-
nate (Al—Steel— ZrO3) shell submerged in fluid; the innermost layer is made of Al. The
total shell thickness is h = 0.25a, the trilaminate configuration is depicted in Figure c.
Figures a - b show correspondingly our MATLAB and COMSOL computations of | f|
and @, where ny.., = 2000 in MATLAB computations and 7 .., = 200 in COMSOL
simulation. The graphs display consistency between MATLAB and COMSOL simula-
tions. Figure 3.9 exhibits MATLAB and COMSOL computations of amplitudes of | f|
and @ versus ka for the pentolaminate shell (ZrOy — Steel — Al — Steel — ZrO3) with
h/a = 0.25 and a = 0.01m with configurations depicted in Figures d, e, and f. MAT-
LAB and COMSOL simulations are performed correspondingly with n .., = 2000 (blue
solid line) in the former case and nf,¢q = 200 (maroon dash-dot line) in the latter case.

MATLAB and COMSOL results are consistent for all 3 pentolaminate configurations.
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Figure 3.9: Variation of |fo| and @ with normalized frequency ka for pento-laminate

(ZrOg — Steel — Al — Steel — ZrO») shell (h = 0.25a) depicted in Figures 3.5d- 3.5f.
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The amplitudes of |fs| and @ of 3 different configurations with different sublayer
thicknesses are coincide for small values of ka (approximately ka < 3.5) and diverge

with increase of ka. Figure 3.10 displays calculations performed in [133] for the pento-

25 T T

— Perfect bonding
=== Epoxy bonding
=+=+ Defective epoxy bonding

Form function amplitude

Figure 3.10: Variation of modulus of backscattering form function with normalized
frequency for an pento-laminate (Al — Steel — ZrOy — Steel — Al) shell with h/a = 0.25.

Figure displays calculations performed in [133] .

layered shell shown in Figure d. Figure a illustrates our MATLAB and COMSOL
computation of |fs| versus ka for the same configuration. Comparison of Figures
a and 3.10 show that the Global matrix method used in MATLAB (blue solid line)
matches with the COMSOL result (maroon dash-dot line) for all values of ka shown in
the picture whereas the graph (solid line) in Figure 3.10 coincides with the COMSOL
result (maroon dash-dot line in Figure a) only for small values of ka (approximately
ka < 2).

Figure 3.11 displays variation of modulus of normal mode components of backscat-
tering form function | f,, (6 = 7, ka)| with ka for different values of mode number n = 0,7
for the pentolaminate shell ( ZrOy — Steel — Al — Steel — ZrOs ) in water, the config-
urations are depicted in Figure d. Figure a shows calculations performed in Figure 8
[133]. Figures b - e display our computations for comparison. In [133], the coefficients
fn were obtained via Fourier sine and cosine series expansion, whereas here the form

function coefficients f,, are defined by eq. (3.142) in exponential form.
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Figure 3.11: Variation of modulus of normal mode coefficients of form function 4/ % | fnt
f—n| with dimensionless frequency for a pento-laminate (ZrOs — Steel — Al — Steel —

ZrO3) shell submerged in fluid for different values of n =0, 7
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Figure 3.12: Total acoustic pressure field and total displacement at fixed normalized

frequency ka for an isotropic pentolaminate shell depicted in Figure 3.5d. Figures on

the left display the total field zoomed out. Figures on the right show enlarged view of

total field zoomed in.
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Hence, we calculated k—2a|fn + f-n| to do comparison with |f,| in Figure a. As we
can see, the graphs in Figures a, b, and ¢ coincide for n = 0, 1, 2, 3, 4. For n > 4,
results start deviating, the changes in graphs for higher modes (n > 4) contribute to
differences in Figures 3.10 and a for approximately ka > 2.

Figure 3.12 illustrates the total acoustic pressure field and total displacement at fixed
values of normalized frequency ka, ka = 1.05, 5.025, 15, for an isotropic pentolaminate
shell depicted in Figure 3.5d. Figures on the left display a total field zoomed out.
Figures on the right show an enlarged view, a total field zoomed in. Left color bars
correspond to total displacement of the shell and right color bars correspond to total
outer acoustic pressure field. In Figures a, c, e, a large circle of radius r¢, = 1la
denotes a path over which integration was performed on COMSOL to calculate built-in

function pfar - the pressure in the far-field depicted in Figure a.

1.5 i , . 15
(a)

1 3 1r
0.5 0.5F
0 - - g ‘ ‘ ‘
0 5 10 15 20
0o 5 10 15 20 @

(a) |fso| vs. ka, calculations performed in [79] (b) our MATLAB computation of |fx| vs. ka

Figure 3.13: Variation of modulus of backscattering form function | fo| with normalized

frequency ka for an isotropic clad-rod submerged in fluid.

Figure 3.13 displays a backscattered form function modulus |fo| with @ = 0 for
a copper-clad aluminum rod submerged in fluid. The graph in Figure a was given
by Honanvar and Sinclair [79], while Figure b illustrates our MATLAB calculation
for comparison, the graphs are in a good agreement. The computation of |f.| was
performed on MATLAB for an aluminum rod with copper-cladding with properties
from [79] given in Table 3.1. The outer radius of the clad-rod is @ = 29.571mm and its

core radius is b = 29.35mm. Graphs in Figures a-b exhibit a full agreement between
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the theories.

(@) ka=1.7 (b) ka =34 (¢) ka=5

Figure 3.14: Angular distribution of far-field amplitude function | f(#)| with fixed values

of ka for a rigid cylinder submerged in fluid

Figure 3.14 illustrates the angular distribution of the far-field amplitude function
|f(6)] defined by (3.142) for fixed vales of ka: ka = 1.7, 3.4, 5. Polar plots coincide

with findings in [55]: Figures 5, 9, and 13 respectively.
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3.3.2 Elastic scattering of P/SV waves from a multilayered cylinder

embedded in elastic medium

In this section, we investigate an elastic scattering of in-plane P/SV waves from a mul-
tilayered clad-rod embedded in an elastic medium taking into account mode conversion
of P and SV waves and obtain the transition matrix T of cylinder S,, in isolation to
examine MS of elastic P/SV waves from the cluster of cylinders in the proceeding chap-
ters. A scattering from a fluid-filled multilayered cylinder can be analyzed analogously
and will be discussed in parallel. We consider perpendicular incidence of P/SV waves,
i.e. k, = 0. The displacements and stress are defined by eq. (2.103) for the inner elastic
rod, eq. (2.89) for the cladding region, and eqs. (2.110) and (2.111) correspondingly for
P and SV wave incidences in the outer elastic matrix. An anisotropic clad-rod consists
of an elastic isotropic core cladded with anisotropic multilayered metamaterial. We
assume that metamaterial cladding is comprised of J isotropic layers, and is perfectly
attached to the rod (core), see Figure 3.1. The configuration is a solid core inside, J > 1

layers of solid, and an elastic matrix outside:

inner solid,  pin, Ain, in 0 <7 <b, (3.147a)
solid 71”7, p1, A1, 1 b<r <rq, (3.147b)
(3.147¢)

solid 7J",  py, Ay, gy ry1<r<rjy=a, (3.147d)
elastic matrix,  pg, Ao, o a <1 < 00. (3.147e)

For a fluid-filled multilayered cylinder configuration, the inner solid defined by eq.

(3.147a) will be replaced with the properties of an inner fluid:
gas or liquid,  pin, Fin = pinch, 0 <1 <D. (3.148)

Applying boundary conditions and evaluating the displacement and stress field
around cylinder S,,, yields a solution for the scattering coefficients via the transition

matrix T of cylinder S, in isolation, such that

pr n . > ng TTIZ; APv q (3 149)
Bs’ n g=—00 Tﬁg T?i; As’ q
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where the submatrices of transition matrix T = [Tflg] (s,& = p,s), are obtained

considering P and SV wave incidences separately as follows.

Scattering of incident P waves from a multilayered clad-rod

A perfect interface condition between a rod and cladding as well as each layer of cladding
requires 4 conditions of continuity of stresses and displacements at each of the J + 1
solid-solid interfaces. The complete set of 4 J+4 interface conditions yields the following

system of linear algebraic equations for incident P waves:
Gb = a, (3.150)

where G is a Global matrix, b is the vector of unknown coefficients, and the right hand

side vector a, is known:

X2(a, ko, Ko)  Xp(a, k1, K1) X2 (a, k1, K1) 022
Ys(a, ko, Ko) Yﬁ(a, k1, K1) Ys(a, k1, K1) 02%2
02y2 : 4(J—1) :
% : ) :
G = - Conditions A ; (3151)
: : O2x2
0252 X, (b, kg, Ky) X3, kg, Kj) X (b, kin, Kin)
022 Y, kg Ky) Y30, kg, Kj)  Y.(b, kin, Kin)
—B
pn a}L(koa)
—B
sn C,}] (koa)
ol "
" ay (a, ko, o)
pl1 :
n Y (@, ko, 10)
o8l
n 0
3,1
D77, 0
b = : , a, = A,na, with a, = : , (3.152)
1,7 '
C‘VL
ORI
3,7
C‘VL
3,J
Dn 0
L
7C"L ‘
_pLi 0

where A, is the incident P wave coefficient defined by (2.112) for an incident plane
wave and by (2.116) for a point force, the matrices X! (r) and Y (r) are given by (2.87),
al,, bl,, ¢ and d!, are given by (2.87), al,, 8L, vL and &, by (2.88), and &, by (2.100).

Employing Cramer’s rule in the system (3.150) allows us to find the scattering
coefficients B), ,, and B, ,, as well as components of block matrices of desired T-matrix
T, i.e. TP? = [THF] and T*? = [T},}] which have diagonal form in this case:

_ |Gy _ |Gyl
Gl G|

TPy = TP6g = (3.153)



95

where Gy, is constructed from matrix G by replacing its first column by vector a, and

Gsp by replacing the second column of G by vector a,.

Scattering of incident SV waves from a multilayered clad-rod

For incident SV waves, a perfect interface condition at the J+ 1 solid-solid interfaces of
a multilayered clad-rod yields a complete set of 4 J + 4 interface conditions that yields

the following system of linear algebraic equations
Gb = a; (3.154)

where G is a Global matrix defined by eq. (3.151), b is the vector of unknown coefficients

given by (3.152), and the right hand side vector as is known and has the form:
a; = As,n as, (3155)
with

T
as = (b}z(Koa) d111 (KOG‘) 67% (av kOa IU'O) 5111 (aa kOa IuO) 0o - 0) ’ (3156)

where A, is the incident SV wave coefficient given by (2.112) for an incident plane
wave and by (2.116) for a point force. The block matrices TP* = [T5q] and T** = [T;3]

of the desired T-matrix are obtained from the system (3.150) using Cramer’s rule

|Gps|

) Gl
Gl

G|

T35, = T35580q = (3.157)

where Gy is constructed from matrix G by replacing its first column by vector ay and
Gss by replacing the second column of G by vector a.

For a fluid-filled multilayered cylinder imbedded in elastic matrix, the complete
set of 3 + 4 J interface conditions yields a system of linear algebraic equations which
follows from the system (3.150) for incident P waves and (3.154) for incident SV waves
by removing the last column and third to last row of Global matrix G, and changing
its second to last row: a;} (kinb) — &, (kinb), where &) is defined by (2.100), and in the

last row 7! (kinb) — 4,1 (kinb) = 0.
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Far-field elastic radiated response

A far-field elastic radiated response can be evaluated analogously to an acoustic case.
The far scattered field amplitude function follows the asymptotic form of the Hankel
function for large values of argument (see eq. (3.139)). For  k|x| >>1and K|x| >>

1, the far scattered field can be split as:

e\ [ Eatklx56) [1+0 ()] (3.158)

woex))  \ & alKIxDA0) 140 ()]
where the function g(z) is given by (3.141) and the farfield amplitude function f¢(6), (¢ =
p, s) is defined as
2 iz =  _;ne ,
9) = < _—iZT -5 B N inf — ) 1
fe(®) \[re 4;_00@ Z Bene™. (=) (3.159)
The far scattered field form functions f¢ o (ka,#) with ¢ = p for compressional wave

incidence and ¢ = s for shear wave incidence are defined as follows:

o(ka,d Lg(k|x g)/ Ainc
oslhas0)) e (RaCD 045 160
fs,c0(ka,0)) P & 9(K[x[) fs(6)/ AT
where f¢ o is normalized by factor aﬁc’ (¢ = p,s). Thus, for a plane wave of a unit
¢
amplitude, we have
2 — in(0—m/2
fp,oo(kave) B VEk3an n:Z_OOBp,ne ( /2)

(3.161)

fsv Oo(ka’ 0) \/K237a7r ; stnein(efﬂ'/2)

The total displacement u is the sum of incident u™¢ and scattered u*c fields, and
the total stress tensor is o = "¢+ ¢*¢. In the far-field, the scattered field u®® in terms

of the Helmholtz potentials has the form

weo [ TR [ VEekDRO) ) (3.162)
Vox (e (x)) M\ =y /2 g(K[x)) fu(0)
with
o) = Y Benentisoon ffcwx (C=p9), (3.163)

n=—oo
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where f¢(f) is defined by (3.159), x = ﬁ = e, is the unit vector that defines the
scattering direction, the angle 6 is determined as the angle between the scattering
direction X and the incidence direction, with § = 0 associated with the direction of

incidence.

The far-field stress tensor o defined in terms of far-field amplitudes has the form

o’*(x) = lim [ik(/\l—i-Querer)\/zg(k\x)f;(@)

|x|—00
— i K p(ereq + eger) \/zg(k|x|)f;(0)} . (3.164)

The total power radiated by the cylinder is:
Y =3,+% (3.165)

where ¥, and Y, are the compresional and shear far-field averaged radial flux vector

components defined as

27 >
Se= [ 1@Pa0=4 Y 1B (¢ =ps) (3.166)

n=—oo

The average power radiated across the closed surface S’ is zero due to the conservation

of energy in an elastic solid [178]:
<Y>= %Im </ u(x) - o*(x) n(x)dS) =0, (3.167)
where n is the unit normal of position vector x. For a plane wave:
/ / u"¢(x) - 0"*(x) - %dS = 0. (3.168)

Hence, eq. (3.167) yields

“ </ W) - 0 () .&ds)

= —glm </ (u“(x) - 0% (x) + u*(x) - 0" (x)) -xds) . (3.169)

where ”Im” denotes the imaginary part of the variable. The right-hand side of eq.
(3.169) normalized with respect to the incident power Py is defined as the scattering

cross-section of the scatterer @) [178], i.e.

w sc | sC*
QQPOIm<//u o de)

=2 Im (/ (U . g*C* 4 u . gmer) f(dS) : (3.170)
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The non-dimensional total scattering cross sections are

Qp = Qpp + Qsp, for P wave incidence, (3.171)

Qs = Qps + Qss,  for SV wave incidence, (3.172)

where Q¢ (¢, x = p, s) are given by [81]:

4 & 4 &

Q=1 IBeuls Qo= > [Bewls ((=p, ). (3.173)
ka Ka
n=-—oo n=-—oo

Hereinafter the double sub-index ¢ x ((, x = p, s) means the following: the first sub-
index ¢ (¢ = p, s) denotes the polarization of scattered a P or SV wave, and the second
sub-index x (x = p, s) denotes the polarization ofan incident P or SV wave.

”The forward scattering theorem”, also called ” Optical theorem”, derived in [178] for
elastic P and SV waves states that the total rate of energy transmitted through a closed
surface by both scattered P and SV waves is proportional (in 2D) to the imaginary part
of the amplitude of the scattered wave in the forward direction alone. This implies the

following identities for the total scattering cross-sections @, and Q,[178]:

2 2u)k ~
Qp = Wlm[fppw =0)], for P wave incidence, (3.174)
2 swW o & ~ ..
Qs = ’Lj: d u- 0k Im[fss(0 =0)], for SV wave incidence, (3.175)
0

where @ = k x &, is the direction of polarization of the incident SV wave, 0, is a vector
perpendicular to k, k is a unit vector along the direction of propagation, and fCC('g)a
(¢ = p, s) is defined by (3.163). In notation J?CC (0), the second sub-index ( is included
to indicate the direction of polarization of the incident wave, and § = 0 corresponds to

the forward direction k of both incident and scattered waves.

Numerical results

Numerical computations are performed for the scattering of P-waves for two types of
scatterer: (a) a solid steel cylinder embedded in an Epoxy matrix, and (b) an empty
Aluminum cylindrical shell embedded in an elastic polyethylene medium. The results
are presented in Figures 3.15 - 3.16 for materials with properties given in Table 3.2.

Figure 3.15 illustrates the variation of modulus of longitudinal backscattering form



Material P Cp Cs
[kg/m?] | [m/s] | [m/s]
Steel (St) [17] 7800 5960 | 3235
Epoxy [17] 1129 2640 | 1339
Aluminum (Al)[183] 2800 6380 | 3100
Polyethylene [183] 1050 1950 | 540

Table 3.2: Material properties used for comparison with results in [17] and [183]
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function | fp, o (ka, 7)| with normalized frequency ka for an isotropic steel wire imbedded

in an Epoxy matrix. The Figure on the left displays calculations performed in [17], both

theoretically and experimentally. the Figure on the right represents our MATLAB

computation of |fp o (ka, )| for a steel solid cylinder of radius a = 0.37mm. The

graphs are in good agreement.

20

BACKSCATTER FORM FUNCTION

0‘“:s.o 50 7.0 9.0

ACOUSTIC RADIUS (ka)

(a) |fp, 00 (ka, m)| vs ka [17]

15

0.5

6
ka

(b) |fp, o (ka, m)| vs ka, MATLAB computation

Figure 3.15: Variation of modulus of longitudinal backscattering form function

| fp, 00 (ka, m)| with normalized frequency ka for isotropic wire embedded in Epoxy ma-

trix. Figure (a) on the left displays calculations performed in [17]. Figure (b) on

the right shows our MATLAB computation of |f, ~(ka, )| for a steel wire of radius

a = 0.37mm in Epoxy matrix
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Figure 3.16: Variation of modulus of longitudinal backscattered form function
| fp, 00 (ka, m)| with normalized frequency ka for empty Al Shell embedded in polyethy-

lene matrix.

Figures 3.16 exhibits the dependence of form function on non-dimensional frequency
ka for an empty Al shell of thickness h = 0.2a embedded in polyethylene matrix. Figure
a on the right displays calculations performed in [183]. Figure b on the left shows our

MATLAB computation of backscattered form function amplitudes.
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Chapter 4

Acoustic and elastic multiple scattering and radiation

from planar configuration of parallel cylindrical shells

In this chapter, we study multiple scattering and radiation from a cluster of cylinders
situated in acoustic and elastic media including a full interaction between the cylinders.
In Section 4.1.1, we review an acoustic multiple scattering theory (MST) and derive a
linear system of equations to be solved. In Section 4.1.2, we present numerical results for
angular distribution of form function, and absolute total and scattered pressure fields
at small M and k; the results include the application of MST in designing waveguides
and resonators using different configurations of active and empty shells. In Section
4.2, generalize the idea of acoustic MS to include the elastodynamical properties of
media. In Section 4.2.1, we formulate the problem of elastic MS of SV /P waves from a
configuration of parallel cylindrical shells, including the effect of a mode conversion in an

MS. In Section 4.2.2, we illustrate some numerical simulations for a total displacement

field.

4.1 Acoustic multiple scattering and radiation from planar configura-

tion of parallel cylindrical shells

4.1.1 Multiple scattering theory
Formulation of problem

Consider an acoustic multiple scattering by an arbitrary grating of M obstacles S,,,, (m =
1, M) of cylindrical shape. In general, each obstacle may have no rotational symme-

try. We will refer to obstacles simply as cylinders but may consider elastic solid, rigid,
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or hollow cylinders of outer radii a,,, as well as thin, thick and multi-laminate cylin-
drical shells of outer a,, and inner b,, radii with and without attachments inside the
shells. We consider a perpendicular incidence (a« = 0) on a planar configuration of
cylinders and neglect z dependence, hence eq. (2.65) yields: k; = k, k., = 0, where k
is an acoustic wavenumber. Let x = (z,y) be a position vector of a typical point in
two-dimensional Cartesian coordinates with origin at O, and let us define plane polar
coordinates (7, 0,,) at the centers O,,. An arbitrary planar configuration of shells is
given in Fig. 4.1. Assume that the S,,, (m = 1, M) cylinders have different physical

properties and are located at the centers O,,, at x = [,,,, the distance |l,,,| from the

iwt

origin O (see Fig. 4.1). Time harmonic dependence e~ ™" is assumed but omitted in

the following.

Figure 4.1: An arbitrary planar configuration of M cylindrical shells S,, with outer

radius a,, and inner radius b,,, m =1, M.

The total pressure field p(x) is defined by (2.67) as the sum of incident p™¢ and
scattered p*¢ pressure fields, and satisfies the acoustic Helmholtz wave equation (2.62)
and the momentum equation(2.63). The incident field is scattered by cylinders, and in
the neighborhood of cylinder S,, is given as

00
Pt = 3 AU (kxm), (4.1)
n=—oo

where the function U, (x) is defined by eq. (2.66); x,, is a position vector of point P
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with respect to the centers of multipoles at O,, (see Figure 4.1) and defined as:
Xm =X — L, (4.2)

where argx € [0,27) and arg (—x) = (argx +7) mod 2.
The total scattered field p*¢ can be considered as a superposition of the scattered
fields by all the cylinders in the configuration, and expanded as a sum of multipoles in

the form:

M 00
Z Z MV (kXp), (4.3)

m=1 —

(m)

where B,(Lm) - the scattering coefficients, ps. * is the wave scattered by cylinder S,,

thz

s Z BV, (kxm), (4.4)

n=—oo

The scattered field p*¢ can be expressed as the sum of multipoles at the origin using

the generalized Graf’s addition theorem (2.72).

Figure 4.2: A point source impinging on an isotropic multilaminate cylinder submerged

in a fluid medium or embedded in an elastic matrix

In eq. (4.1), the unknown coefficients A

for a plane wave incidence are derived
assuming no source term: pg = 0, and that the incident wave is the plane wave of unit

amplitude in direction :

pinc _ eikzewx = A7(1m) _ eiké(w)-lmein(g—lp) — ¢ ik(xm cos YV+ym sm1/)) (5—1/1). (4_5)
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A point source normalized by its amplitude at the origin is defined by (2.75). For a
source at point S depicted in Figure 4.2, the coefficients A%m) follow from eq. (2.75)

noting that in the local coordinates of multipole centered at Oy:
7 =|x—X| = |xm — X1,

where x’ is the position vector of source at point S with respect to origin O, x,, and x/,,
are correspondingly the position vectors of an arbitrary point P and a source S with
respect to Oy,. Thus, in the neighborhood of cylinders S,,, A%m) can be derived as
oo
=40 > U (kxn)V, (kX)) = Al = AoV, (kx),), (4.6)
n=—00

for m = 1, M, n € Z, where the Graf’s addition theorem (2.72) is used for |x,,| < |x/,]
(see Fig. 4.2).

Considering a scattering from a single cylinder in Section 2.3, the response of cylin-
der $; to the incident waves p™® was defined by eq. (2.77) via transition matrix T.
Following this procedure and applying the boundary conditions around each cylinder
Sm, (m =1, M) yield T,?qn), the components of transition matrix T of cylinder S,,

in isolation such that
o0

Bim™ = >" T{mAlm, (4.7)

n q
q=—00

with T defined in Section 3.3.1 by eqs. (3.128)-(3.129), (3.128) - (3.133), (3.133),
and (3.134) for an elastic multilaminate cylindrical shell and solid cylinder, as well as
rigid and hollow cylinders correspondingly. Below, we will consider MS from a grating
of cylinders by taking into account the full interaction between the obstacles. We shall

consider a grating of M obstacles, and in a particular case, MS from two cylinders.

MS by M cylinders

Consider now an arbitrary planar configuration of M cylinders as shown in Fig. 4.1.
In order to use boundary conditions on the surface of each cylinder S,,, we will express
the total field in terms of 7, and 6,, using Graf’s theorem (2.72). Let l,,,; = l,, —1; be

a position vector of multipole O,, with respect to multipole O;. Since x = l,;, + X, =
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lj+x; = %, =x; + (I; — 1)), the total field p in the neighborhood of cylinder §; can

be written as

o0 M

p= Z {Ag)UJ(kxj) + BOVF (kx;) + Z BV, (k(x; +ljm))}, (4.8)
n=—oo m=1
m#j

where j,, = lj —l,, = —l;. Then noting the properties of V7 (x), eq. (2.71), and

using Graf’s theorem (2.72), we obtain for |x;| < l;, where l; = min |l,,|:

00 r M 00
p= > |AQUS(kx;)+ BYV, (kx;) + > B™ Y- Uﬁ(kxj)vl_—n(kzmj)]
n=-—o00 Tr;Z:; l=—o0
00 r ) . M 00
- A§g>Un+(kxj)+Bgﬂ>vn+(kxj)+U+(k;xj)Z > Bl(m)Vn_l(k:lmj)]
n=-—o00 #;l —00
00 r ) . M 00
= > |ADUS (k%) + BYV,  (kx)) + U, (kx;) Z )”_an_l(kljm)]
o) - M [e'e]
= > |ADUF (kx)) + BOV,F (kx)) + U (kx;) Z Z Byt (kljm)]
0 - M 0
= > |BOV(hx)) + ADU,S (kx;) + U,F (kx;) Z > Pnl(k:ljm)Bl(m)], (4.9)
T may
where
Pu(x)=V," (x). (4.10)

Here the matrix P = [P,] is equal to the transpose of Martin’s S = [S,;;] matrix [98],
P = S”. The total incident field impinging on the cylinder S; is a sum of the last two

terms on the right hand side of eq. (4.9), i.e

pznc+ E :psc - E |:A(]) + E E Pnl ]m ):|U+(k'XJ) (411)
n=—oo m=1 |[=—00
m?é] m#j

The response of shell S; to the incident field (4.11) can be obtained by incorporating
the boundary conditions at the interface and the transition matrix elements T,(Lg) of

cylinder 8; [177]:

o oo

=3 Y 1Y [AO SN Pyl >]vn+<kxj>. (4.12)

n=—00 g=—00 m=1 [=—00
m#j
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Thus, eqs. (4.4) and (4.12) yield a linear system of equations

BY — Z Z Z 1 (Kl ) B = Z THAD, nez, (4.13)

q=—00 m=1 [=—00 q=—00
m#j

where Tflg) is the component of the transition matrix of cylinder S; in isolation defined
in Section 3.3.1.

Equivalently,

Z Z jomi B = Z TWAP), j=1,M, nei, (4.14a)

m=1]=—o0 g=—00
67117 m = j7
X jrmt = L (4.14b)
S T Py(klyy), m# j.
q=—00

Consider now a truncated version of the infinite sum in equation (4.14a) that yields
an algebraic system of equations with finite dimensions :
Z Z Xjnmi B™ Z TWAY), j=1,M, nel, (4.15)
m=11=—N

or in a matrix form

Xb =d, (4.16)
where
i I *T(l)Pl’Q *T(l)Pl’S . *T(l)Pl’M_
—_T@p21 1 —_T@p23 ... _T@P2M
X = _ _ _ _ . (a1

TMpM1 _mMpM2 _mpMPpM3 ., I
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and b is a vector of unknown coeflicients:

b BY)
b(2) . B(J)

b=| |, b= L G=1M) (4.18)
b(M) BY
dm (1) 51 A(_J}V
d® T2 42 40)

d= - . al) = “NEH (G =T1,M) (4.19)
dm) (M) 5 (M) A%‘)

where TV) is defined in Section 3.3.1. In eq. (4.17), P?"™ = [Pg}m], (g,1 € Z) where
P]q}m = Vqu(kljm)v (q = —Nj,Nj,l = —=Np, Ny ), (4,m =1, M,j #m).

Example: MS from two cylinders

Consider two arbitrarily located cylinders S; and So, in this case M = 2. Using Graf’s
theorem (2.72) and the components of transition matrix T of cylinder S,,, (m = 1,2)
in isolation, we find the response of each cylinder to incident field:

Pl = Z Z [ Z Py(kly)B ]Vﬂkxl) (4.20a)

n=-—00 q=—00 l=—00

p® = z Z g [ @+ > qu(kl21)Bz(1)]Vn+(kX2)v (4.20D)
n=-—00 q=—00 l=—00
where l19 = 11 — ly = —l91 is the position vector of multipole O with respect to Oo,

and Py (r) is defined by eq. (4.10). Thus, the system of equations (4.13) now reduces

to:
q=—00 l=—00
B® =3 12 [Ag% - qu(klﬂ)Bl(l)] (4.21b)
q=—00 l=—o00

where TY(LZL), (m = 1,2) is defined in Section 3.3.1 for different cylindrical structures.
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Far-field radiated response

Consider now farfield response, the scattered pressure field p*¢ | when kr becomes very
large: kr >> 1. The scattered field p* is defined by eq. (4.3) as an infinite sum at
the center of multipoles, x,,. To find far-field behavior of p*¢, we will write it in terms
of position vector x. Introducing egs. (4.2), (2.70) and (3.139) into eq. (4.3) and

incorporating the Graf’s theorem (2.72) for |x| >> |l,,,| yields

M 00 M 00 00
pe=> > BMV,F(k(x—1n)=> > B™ Y V' (Ex)U, (kln), or

m=1n=-00 m=1n=—o0 I=—o00
(4.22)
M 0o 00
pe=d0 3 BUWE(k(x— 1) = Y FaV, (k) (4.23)
m=1n=-—00 n=—00
where
M 00

Fo=Y" Y BMU (ki) (4.24)

Using the asymptotic expansion of the Hankel function for large values of argument,

eq. (3.139), the far scattered field p*° can be split into two parts, g(k|x|) and f™(6):

p*¢ = g(k|x|) M (8) [1 n o(kj)(')] (4.25)

where the function g(k|x|) is defined by eq. (3.141) and the far-field amplitude function
fM(G), has the form :

] M o0
fM(H) _ \/Ze—iz Z Z B7(1m) Z Jl_n(k,’lmDeil(G—arglm—g)einarglm7 or (426)

n=—oom=1 l=—0c0

fM(H) _ Z fneinﬁ, = \/Ze—i(lr‘i‘n;)Fn’ (427)

n=—o0
with 0 = arg(x).

The total power radiated by the grating of cylinders is measured by the non-negative
far-field flux parameter

op = /QWIfM(0)|2d6:4 i |E |2 (4.28)
0

n=—oo
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Then, for a configuration of cylinders with the radii a,, = a, the non-dimensional total

scattering cross section is given by:

o0

_4 2
Q=1- > IR/ (4.29)

4.1.2 Numerical results: small M and k

In this section, we illustrate our numerical results based on MST. The computations are
performed on Matlab for different configurations depicted in Figures 4.3 and 4.7 at small
M and k. In Figure 4.3, d denotes the distance between the centers of two cylinders,
which we also call the cylinder center-to-center spacing. The far-field amplitude function
M () is defined by eq. (4.27). Figure 4.4 illustrates the angular distribution of form
function for 2 soft cylinders in water at the angle of wave incidence ¥ = —90°; the
configuration is depicted in Figure a. Figure a represents Scharstein’s results [144].
Figure b is our Matlab result based on the MST and given for comparison with findings
in [144]. Plots in Figures a and b show a full correspondence and confirm our theoretical

prediction.

0.03
0.06

0.02
0.04

0.02+ 0.01

—0.02y -0.01

—0.04r
-0.02

-0.06

0 0.05 0.1 e -0.01 0 0.01 0.02 0.03 0.04 0.05
X X
(a) as = 2@1, d= 10&1 [144] (b) a; = ag, d= 4@1 [71]

Figure 4.3: Configuration of 2 cylinders on the ring. The left-hand side and the right-
hand side pictures illustrate configurations considered in [144] and [71] correspondingly.

Here d is the distance between the centers of the two cylinders.
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(a) solid line-accurate, dashed (b) Our result, 2D Elasticity solution
line-uncoupled, results provided
in [144]

Figure 4.4: The angular distribution of the form function for 2 soft cylinders, ka; =

1, kas = 2, kd = 10

(d) ka=0.1, ¢ = 90° (e) ka=1, 1 =090° (F) ka =10, ¢ =90°

Figure 4.5: The angular distribution of the far-field amplitude function |f(6)| at fixed

values of ka for a rigid cylinder submerged in fluid

Figures 4.5 and 4.6 display the angular distribution of the far-field form function
|f(0)]at fixed values of ka = 0.1, 1, 10 for the configuration of two rigid cylinders
immersed in water (see Figure b). The polar plots show a good agreement between

our theoretical predictions depicted in Figure 4.5 and findings given in [71], shown in
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Figure 4.6.

d/a=4

P
- — - Rigid cylinders fﬂ
--- Locally reacting model
—— Extended reaction model
—— Poroelastic model

g == \ Y
gt \ .
—10
5
ka=10 0

Figure 4.6: The angular distribution of the form function amplitude for end-on and
broadside incidence upon a pair of cylinders with d = 4a; at selected non-dimensional

frequencies given in [71].

Material P Cp

[kg/m?] | [m/s]

Aluminum (Al) | 2700 6420

Table 4.1: Material properties used for comparison.

Now let us consider some applications of MST. Specifically, we design waveguides
and resonators as an arrangement of empty thin aluminum shells and active tuned shells
[162, 163]. Shells have mechanical properties depicted in Table 4.1 In our calculations,

an active shell is a thin shell with 16 springs and a mass attached inside. Figure 4.8
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depicts an active thin shell with 2 springs and mass attached. It can be tuned by select-
ing the shell thickness, spring stiffness and added mass, and matching its impedance
to the impedance of water. The T matrix for an active shell is derived in [163]. Fig-
ures 4.9 and 4.10 illustrate the absolute pressure field for a planar configuration of
cylinders at selected values of nondimensional frequency ka = 0.2, 0.3, 0.4, 0.5. White
colored cylinders correspond to empty thin aluminum shells of thickness h = 0.025a,
and pink colored cylinders correspond to the impedance matched shells of the same
thickness with 16 springs and a mass attached inside. Figures a, b, a and b correspond
to case M = 104, when devices are inactive, Figures ¢, d, ¢ and d show active devices
(M = 104), and Figures e, f, e and f show the total field for a waveguide (M = 80).
Analyzing the total field around the configuration, we can notice that active shells act
as water. Pictures for a total field around a waveguide and a configuration with active
shells are almost identical. Thus, by switching “ON” certain shells in the slab, the

configuration becomes effectively open and acts as a waveguide.

(L4
o9
%%
o9
09
(L4
(L4
o9

0000000000
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¢
¢

000000000000000A0
000000000000000000
XYL XXX
& XXX XXX
)0 0090000 ¢
LXXLLLLALL
SO0 00000000000

(a) M=80 (b) M=192 (c) M=360 (d) Sublayers

Figure 4.7: The configurations of cylinders: a waveguide slab and Helmholtz resonator.

X [ Xo

Figure 4.8: A schematic of a shell-spring-mass configuration S; with 2 springs and mass

attached inside the thin shell.



(e) Waveguide, M = 80, ka = 0.2 (f) Waveguide, M = 80,ka = 0.3

Figure 4.9: The absolute value of the pressure field for N = 3 at selected values of
ka = 0.2, 0.3 when devices are inactive (a) and (b), and active (¢) and (d), and for
waveguide (e) and (f). White colored cylinders correspond to empty thin aluminum
shells of thickness h = 0.025a, and pink colored cylinders correspond to tuned active

shells
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(e) Waveguide, M = 80 (f) Waveguide, M = 80

Figure 4.10: The absolute value of the pressure field for N = 3 for selected values of
ka = 0.4, 0.5 when devices are inactive (a) and (b), and active (c¢) and (d), and for
waveguide (e) and (f). White colored cylinders correspond to empty thin aluminum
shells of thickness h = 0.025a, and pink colored cylinders correspond to tuned active

shells.

Consider now another planar configuration of shells arranged in a closed rectangular
frame shown in Figures b-c. The individual shells of these arrangements can be hidden
in water by optimizing the spring-mass parameters. By switching “ON” certain shells
in a rectangular frame, the frame can be effectively open and produce an effect of
the Helmholtz resonator. Figures 4.11 and 4.12 illustrate the absolute total pressure
field for a such configuration at ka = 0.2. The pressure field is excited by the source

located at (X, Y,) = (=500, 500). White colored cylinders correspond to empty thin
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aluminum shells of thickness h = 0.025a, and pink colored cylinders correspond to the
impedance matched shells of the same thickness with 16 springs and a mass attached
inside. Figures a and b illustrate correspondingly a resonator implemented with M = 96
thin shells and a resonator-like device constructed with M = 104 shells.

Figures a and b show identical behavior, similarly Figures a and b are alike and have
a full correspondence. An arrangement of active and passive (empty) shells produces
equal total field amplitudes. When all shells are active, i.e. the device is switched “ON”
(see Figure c), the scattering amplitude is very low and equivalent to the amplitude of
the incident field excited by the source ps. When the switch is “OFF” (see Figure c),

the amplitude is high.

“s0 0 50

(c) Device: all ON, M =104 (d) Device: all OFF, M = 104

Figure 4.11: The absolute value of the normalized total pressure field amplitude Ti(—(xo))‘
at ka = 0.2 with N = 2, for a planar configuration of M = 96 and M = 104 shells
excited by the source located at (X,,Y,) = (=500, 500). White colored cylinders
correspond to empty thin aluminum shells of thickness h = 0.025a, and pink colored

cylinders correspond to tuned active shells.
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(c) Device ON, M = 104 (d) Device OFF, M = 104

Figure 4.12: The absolute value of the normalized total pressure field amplitude ’]i(—(xo))
at ka = 0.2 with N = 2, for a planar configuration of M = 96 and M = 104 shells

excited by the source located at (X, Y,) = (—1, 500). White colored cylinders corre-

spond to empty thin aluminum shells of thickness h = 0.025a, and pink colored cylinders

25
= 2
15
. 1
iﬂg

80 €0 40 20 0 20 4 60 8

correspond to tuned active shells.

The total pressure field around the configurations given in Figures a - b

80 60 40 20 0 20 40 60 8

(@) ka =02, M =192 (b) ka=0.3, M =192 (c) ka=0.4, M =192

Figure 4.13: The absolute value of the normalized total pressure field amplitude ‘Ii(—(xo))‘

for N = 3 and at selected nondimensional frequencies ka = 0.2, 0.3, 0.4, for a resonator,

an arrangement of empty and active shells (M = 192).
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Figure 4.13 illustrates the absolute value of the normalized total pressure field am-

plitude

;zi(i(xo))) for a configuration of M = 192 shells at selected frequencies ka =
0.2, 0.3, 0.4 with N = 3. At ka = 0.4, the total field amplitude inside the frame is
much higher than the field outside the frame.

To find the resonance frequencies at which the arrangement acts as resonator, the
variation of the backscattering form function and the total scattering cross-section with
wavenumber ka is evaluated for an arrangement of active and empty shells (M =
360, N = 3) and shown in Figure 4.14. Calculations are performed for the configuration,
shown in Figure ¢, with M = 360, N = 3. The field around and inside the frame is
excited by the source ps located at the point (—1000a, 1000a).

Figure 4.15 represents the absolute value and real part of the normalized scattered
pressure field 1%(6{)) for an arrangement shown in Figure ¢ at selected resonance fre-
quencies depicted in Figure 4.12. In Figure 4.15, the gray color corresponds to the
field amplitude greater than 1, and the black color to the amplitude smaller than —1.

Figures show that at resonance frequencies, the frame acts as a resonator resembling

the dynamical behavior of two interacting dipoles.

10 80
8
60
6
40

20

~ 0 LJL,A,MM )
0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
ka
(a) Form function vs. ka (b) TSCS vs. ka

Figure 4.14: The backscattering form function and the total scattering cross-section
versus wavenumber ka for a planar configuration of M = 360 aluminum cylinders of

radius a, excited by the source p, located at (X, Y,) = (—1000a, 1000a).
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(e) ka = 0.0055 (F) ka = 0.008 (g) ka = 0.009 (h) ka=0.013

Figure 4.15: The absolute value and real part of the normalized scattered pressure field
amplitudes at selected resonance frequencies with N = 3 for a resonator, a planar con-

figuration of M = 360 shells excited by the source located at (X, Y,) = (—1000, 1000).

pss(x)
ps(0) |

The top row figures represent Re(lzj:((;))), and the bottom row figures depict

Figure 4.16: The absolute value of the normalized total pressure field amplitude ]i(—(xo))‘

for N = 2 and at the resonance frequency ka = 0.007, for a planar configuration of 4

rows and 5 columns of shells (M = 20).

Figure 4.16 illustrates the absolute value of the normalized total pressure field ampli-

p(x)
ps(0)

of 4 rows and 5 columns of shells (M = 20). The dipole behavior of the structure is

tude

at the resonance frequency ka = 0.007 and N = 2, for a planar configuration

noticed again. The structure acts as a dipole oscillating in the direction of the source

(45° from the origin).
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4.2 Elastic Multiple Scattering and Radiation from Planar Configu-
ration of Parallel Cylindrical Shells

In this section, we study elastic multiple scattering and radiation from a cluster of
cylinders situated in elastic media, including wave mode conversion and a full interaction

between the cylinders.

4.2.1 Elastic multiple scattering theory
Formulation of problem: P/SV in-plane wave propagation

Consider an elastic multiple scattering by an arbitrary grating of M obstacles S,,, (m =
1, M) of cylindrical shape. In general, each obstacle may have no rotational symmetry.
We will refer to obstacles simply as cylinders, but this may include hollow, rigid, and
elastic solid cylinders of outer radii a,,, as well as thin and thick cylindrical shells of
outer a,, and inner b,, radii with and without attachments inside the shells. Let x =
(z,y) be a position vector of a typical point in two-dimensional Cartesian coordinates
with origin at O, and let us define plane polar coordinates (ry,,0,) at the centers

Opm. An arbitrary planar configuration of shells is given in Fig. 4.1. Assume that

the S,,, (m = 1, M) cylinders have different physical properties and are located at the
centers Oy, at x = l,,,, the distance [l,,| from the origin O (see Fig. 4.1).

The governing equations are Navier’s equations (2.78) in two dimensions for the
displacement u = (u1, u2), uj = u;(x1,x2). The Helmholtz decomposition (2.56) for the
displacement u leads to separate Helmholtz equations (2.80) for the scalar potentials
@ and 1. We decompose the total displacement field u as a sum of incident field
u’™¢ and scattered field u*® such that eq. (2.79) holds. We assume the general form
of incident field potentials ¢™¢, 1" in the regular basis. The total scattered field

potentials ¢*¢, ¢ can be found as a superposition of the scattered fields by all obstacles
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in the configuration, and hence, in the neighbourhood of each cylinder, we have

o\ & (AU (ki)
=) o : (4.30a)
wmc n=-—00 AS% UnJr(KXm)
gbsc M (I)g?) M ) B;()ZL@) Vn+ (k‘Xm)
NS " , (4.30D)
wsc m=1 \Ijsc m=1n=—o0 B&n VnJr(me)

where x,, is a position vector of point P with respect to the centers of multipoles at
O (see Figure 4.1) and given by eq. (4.2); the functions U, (z) and V,*(z) are defined
by egs. (2.66) and (2.70) respectively. The scattered field potentials ®*¢ and ¥*¢ can be
expressed as the sum of multipoles at the origin using the generalized Graf’s addition
theorem given by eq. (2.66).

The response of each cylinder S, to incident elastic waves can be defined by its
transition matrix T(™ . Applying boundary conditions and evaluating the displacement
and stress field around cylinder S,, yields the transition matrix T of cylinder S,, in
isolation, such that

B\ & (T m (4l

= , (4.31)
B ) =\t g )\ Al

)

where the submatrices of the transition matrix, Tﬁg(m)

(s,€ = p,s), are obtained con-
sidering P and SV wave incidences separately and given in Section 3.3.2 for cylindrical
multilaminate structure, and can be reduced to use for a solid cylinder, or thin or

)

thick shell. In general, for obstacles with no rotational symmetry, the blocks Tﬁg(m
(s, € = p, s) are nondiagonal; for cylinders with a rotational symmetry, 7, ff](m) are diag-

onal.

MS by M cylinders

Consider now an arbitrary planar configuration of M cylinders as shown in Fig. 4.1.
In order to use boundary conditions on the surface of each cylinder S,,,, we will express
the total field in terms of 7, and 6, using Graf’s theorem (2.72). Let l,,,; = I, —1; be

a position vector of multipole O,,, with respect to multipole O;. Since x = l,;, +x,, =
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lj +x; = xn = xj+ (I; —1,,), in the neighborhood of cylinder §; the total field
potentials ¢ and v can be written as
o\ i { ATRUE (o) + BV o) | % BY Vi (ks + L)) }
Y oo UNALLUL (K x))0is + BV, (Kx;) o \BUIVHE (x5 + Lm)) 7
m#j
(4.32)
where ¢;;, and d;s are the Kronecker deltas, with ¢ = p for P wave incidence and ¢ = s
for SV wave incidence, and 1y, =1 —1,;, = —l,,;. Then noting the properties of V" (x),
eq. (2.71), and using Graf’s theorem, we obtain for |x;| < [;, where l; = min [l,,|:
¢\ _ i { AFWU (k)3 + BilnVat (k)
V) e LN\ALLULS (Bx)8i + BELV (Kx;)
MBI S U kx)Vi, (kL)) }
+ =
~— \ B Py U (K %)V, =, (Kljm))

l—n

S L\ AL U (Kx))8is + BV (K x;)

_ i { (Aéj)nUkaj)&p + B, V*(kxﬁ)

U (k) S0, S5 BV, (k)
+ m#j l——oo }
U (Kx) S0, 3 BUPV, (K Lnj)
Mm#j |=—oo
S { BV, (k)
n=—00 BLEPTLVvL_‘—(KXJ')
AP U (kx5)8ip + Ut (kxy) S Pu(klym)BLY)
, w3 1o } (4.33)
ADUF (Kx)050 + Ut (Kx) SN, Y Pu(Kljm) B
M#j |=—oco
where
Pu(x) =V, " (x). (4.34)

Here the matrix P = [P,] is equal to the transpose of Martin’s S = [S,;] matrix [98],
P = ST. The total incident field impinging on cylinder S; is a sum of the last two terms

on the right hand side of eq. (4.32), i.e

B+ iy ol x {Ap]n&erZm#l > Pm(kljm)BéT)}Uﬂka)
0 o | = _ m7y l—*°° (4.35)
¢,ic+2m1 & St [AEP s + Xonis S Pul(Klim) ﬁ?]UJ(Kxj)

m#j |=—oo

The response of shell S; to the incident field (4.35) can be obtained by incorporating

the boundary conditions at the interface and the transition matrix TU) of cylinder S;
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in isolation [177]:

() © pp (5) ps(J)

Ty T
ED) v (4.36)
1 s T;g(]) T;‘g(])

[A;%p LY Pk )B,E?;ﬂ Vit (k)

x _ e (4.37)
A+ T B Pl B | i ()
m#j l=—oco
Thus, egs. (4.30b) and (4.36) yield a linear system of equations
<B§Z)n> f: (qumj) Tpsm)f: Z < (k) ff?)
B ) e \ TV T30 1 \Pa(Klim) BT
#J
0 .
TTZL’P(J) TPS(J) A(J)n5z
= Z ( ‘q(_) " T()J) "), nel. (4.38)
oo \Z D T3 ) \ AD5,

Equivalently,

m) > pp (5) ps (5) ) 5.
1 I Apnd. [
,1 ngq nq p,nYp .
E 5 ]nml( n;) = g < f;g(j) 7‘;;(1)>< ) )7 J=1LM, neZ

) 5.
m= 117_00 As,n(szs

(4.39a)

Onl, m=j,
Xjnml = o0 Tﬁg(j) Tﬁ{;(j) Pu(kljm) (4.39b)

- 3 . mFE .

q=—0o0 T;g(]’) Ts;‘(i) qu(Kljm)

Truncating the infinite sums in eq. (4.39) yields an algebraic system of equations

with finite dimensions:

N - - :
B™ rr(3)  pps(i) A 5.
P, 1 ngq ngq p, nOip . —
§ E nml< (m)> E (Tflg(j) ) ) y o J ) , nc ( 0)

ss(7) ) 5.
m=1[=—N B l q=—N T’nq7 As,nézs

or in matrix form

Xb=d, (4.41)
where
I I _T(l)P1,2 _T(l)Pl,3 L _T(l)Pl,M_
—_T@)p21 I —_T@p23 ... _T@p2M
X = ' ' _ ' : (4.42)

TWMpM1 _mpMpM2 _pMpM3 . I




b is a vector of unknown coefficients:
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(dp 0) , for P wave incidence,
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> , for SV wave incidence,
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Aeﬁ)fN
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where index p stands for P waves and s for SV waves, T
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76:p787 j?m:]‘?M7j#m7
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(4.43)

’€:p757

(4.44)

(4.45)

is defined by eq. (3.149), and

its components Tﬁ;(j), € = p, s are given in Section 3.3.2. In eq. (4.45) Pg’lm(/?cljm) =

+
iy

4.2.2 Numerical results

(Rl]m)v(’%: kaa q = _N]7N]al = _vava jvm: 17M7j %m)

In this section, we present the implementation of COMSOL simulations for a planar

configuration of two aluminum cylinders of radii ¢ embedded in a titanium matrix.

The cylinders are positioned at points O1(0,1.5a) and O2(0, —1.5a).

Properties of

considered material are given in Table 4.2. The field around the cylinders is excited

by the point force f, = (0,100) applied at (X, ¥},) = (—10a, 0). Figure 4.17 depicts a

total displacement field, and Figure 4.18 illustrates the distribution of the stress tensor

components at ka = 2.5 and ka = 5. Since the force applied is in the vertical upward

direction, the normal stresses 0., and oy, are the reflections of one another across the

x-axis. The shear stress o, is symmetric around the z axis.
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Material Density, p | Young’s modulus, F | Poisson’s ratio, v
[kg/m?] [GPal
Aluminum 3003-H18, (Al) 2730 69 0.33
Titanium beta-21S, (77%) 4940 105 0.33

Table 4.2: Material properties used for computation in COMSOL.

0

(

iz

A 7.89x10710
x10™!

(@) ka =25, M =2

0.2 v 3.6x1074

(b) ka=5 M =2

A 6.47x10710
x107?

v 1.34x1072

Figure 4.17: The total displacement field amplitude u at ka = 2.5 and ka = 5, for a

planar configuration of two aluminum cylinders of radius a, excited by the point force

fy

= (0,100) located at (X,, Y,

) = (—10a, 0).
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Figure 4.18: The amplitudes of components of stress tensor o at ka = 2.5 and ka = 5,

for a planar configuration of two aluminum cylinders of radius a, excited by the point

force f, = (0,100) located at (X, Y,) = (—10a, 0).
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Chapter 5

Iterative methods for solution of multiple scattering

problems

The multiple scattering and radiation problems studied in Chapter 4 lead to the system
of linear algebraic equations given by (4.16). The complexity of the system grows with
the number of scatterers and frequency. A direct solution of the system leads to an
excessive simulation run time. Therefore, in this chapter, we develop and provide iter-
ative approaches suitable for a parallel computation of linear systems and applicable in
many different areas of science and engineering. For example, these iterative techniques
can be used in acoustics, elastodynamics, electrodynamics, probability and mathemat-
ical statistics, algebra, numerical solution of integral equations, random walk, theory
of stationary time series and signals, etc. [185, 9, 66, 6, 184, 154, 46, 38, 134, 22].

We start in Section 5.1 with a definition of Toeplitz matrices, and categorize some
matrix types. Specifically, we study the structure of multilevel matrices and consider
some examples. In Section 5.2.2, we review biorthogonal and orthogonal polynomials,
and investigate their properties and applications in a matrix inversion. The iterative
methods for a solution of linear systems are described in Section 5.3. For an arbitrary
planar configuration of scatterers, one of the iterative approaches uses a Neumann series
expansion to invert the matrix X and solve a linear system. This approach is presented
in Section 5.3.1 for a fixed value of frequency. The generalization of this iterative
approach for a band of frequencies is provided in Section 5.3.2. Section 5.3.3 studies
the fast preconditioned iterative methods. Particularly, the application of the matrix
vector product method and Fast Fourier Transform is presented. Another iterative
approach is proposed for an evenly distributed cluster of scatterers using the Block

Toeplitz structure of the system. The iterative methods for Block Toeplitz matrices of
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level 1 and 2 are described in Section 5.3.4. Numerical results are illustrated in Section
5.4. They include the Neumann expansion study given in Section 5.4.1, and the results
obtained using the iterative method for Block Toeplitz matrix of level 1 illustrated
in Section 5.4.2. The theoretical predictions implemented in Matlab and FORTRAN
are compared to those obtained by COMSOL Multiphysics software. The spectral
radius of the matrix is investigated as a function of wavenumber and the validity of
the Neumann series solution is shown by modifying the number of scatterers M and
the distance between the cylinders d. Numerical results are also presented for the CPU

time taken to solve the linear system by varying values of M and d.

5.1 Matrix types

5.1.1 Toeplitz matrices

Toeplitz matrices or Toeplitz forms are named after O. Toeplitz [164], honoring his early
work from 1911 on bilinear L-forms in relation to Laurent series. A Toeplitz matrix
has a specific structure such that its each descending diagonal from the left to the right
is constant. In the early 1920s, Szegd [66] studied the distribution of eigenvalues of
Toeplitz forms and introduced a new class of polynomials that are closely related to
these forms. As we will see further, the special features of the Toeplitz matrix will allow
us to apply the Krylov subspace methods [140] that are nowadays considered among

the most powerful iterative techniques available for large scale linear systems.

Toeplitz and Circulant matrices

The Toeplitz matrix P»™ = [Pg}m] = [ngﬂ has such a structure that each of its

subdiagonals, which are parallel to the main diagonal, is constant:

PO Pfl P72 e P72N
P1 P() P_1 e P_2N+1
P = [Pq—l} = | P P Py coo Pooniof s (5.1)

| Pon Pon—1 Pan—2 . Py
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where 1 < ¢,l < 2N +1, N = N; = Np,. Here we dropped upper indices j and m of
matrix P for simplicity of notation. Matrix P of order 2N + 1 with elements Py will

have Toeplitz structure if and only if [185]:
FPoi, = Pgsls with ¢ — 11 = q2 — la. (5.2)

A special form of Toeplitz matrix where each column vector is rotated one ele-
ment upward relative to the preceding column vector is called a Circulant matrix. In

particular, if [185]
Pyi, = Py, with g1 — 11 = (g2 — la) mod (2N + 1), (5.3)

then such a matrix will have Circulant structure, and will be called a Circulant matrix

of order 2N + 1 and denoted by C:

Py Py P, . Py
P_sn Py P - Poann
C=|Poaony1 Poyv Py - Poanyol - (5.4)
| P,1 P,Q P,3 PO |

The Circulant matrices that have upper triangular or lower triangular form are called
semicirculant matrices. For example, the elements of upper triangular semicirculant

matrix CY can be formed from elements of matrix P of order 2N + 1:

P, <l
U q—1s 4 )
C, = for 1<¢q,l<2N+1. (5.5)
0, q>1,
If [129)
Py, = —Pgy1,,  with g1 — 11 = (Q2 —la+ (2N + 1)), (5.6)

then such a matrix will be called a Skewcirculant matrix S of order 2N +1. A Skewcir-

culant matrix S differs from Circulant matrix C by a sign change in all elements below
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the main diagonal and has the form:

Py P P_s R P oy
—P_oy Py Py . Poong
S= |-Ponvy1 —Poy PRy . Poonga|- (5.7)
—P,1 —P,Q —P,3 . PO

The Toeplitz matrix P of order 2N 4+ 1 can be defined by its first row and first

column and can be generated by the root vector
T
p = (Pan,P-an41,..., P-1, Py, Pr,...,Pan_1, Pan) (5.8)
whereas the Circulant matrix C of order 2N 4+ 1 can be generated by its first column:
T
c = (Py,Poan, P_on41,..., P1), (5.9)
or its first row:
C/: (PQ,P_I,...,P_2N+1,P_2N). (510)

As we can see, the Circulant matrix C requires fewer elements to store than the Toeplitz
matrix does.
The Toeplitz matrix P = [qu] = [Pq_l] of order 2N + 1 can be split into Circulant

C and Skewcirculant S parts [129]:

P=C+S5S, (5.11)
where the top row elements of Circulant matrix C = [Cy;] of order 2N 4 1 can be
defined as:

1
Ci1=Pn, Cy= §(P11 + Ponyo-11) for 1=2,...,2N +1, (5.12)

and the top row elements of Skewcirculant matrix S = [S;] of order 2N + 1 have the

form:

1
Sll :0, Sll: §(P1l_P2N+2—l,1) for l:2,...,2N—|—1, (513)
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In some cases P; elements of Toeplitz matrix P, eq. (5.1), can be treated as square
matrices that can have a Toeplitz structure. These block matrices can also consist of
blocks of Toeplitz structure leading to the construction of multilevel block matrices that

will be addressed further.

Toeplitz matrices generated by the Laurent series

In his early work [164] from 1911, Toeplitz studied infinite Toeplitz matrices in relation

to Laurent series:

[o.¢]
flz)= > Ppd", (5.14)
k=—o00
where P} are elements of an infinite Toeplitz matrix F = [Pq_l]q l:f;:

Py, P, P, P
. P P P, P, -
F = . (5.15)
- BB P R Py o

P, P PP

Toeplitz [164] showed that the spectrum of matrix F overlaps with the set of values of
f(z) at |z| = 1, if f(z) is convergent in the ring that includes a unit circle |z| = 1. The
inverse of an infinite Toeplitz matrix has also infinite Toeplitz structure. Any infinite
Toeplitz matrix F and its inverse F~! can be decomposed as multiplication of two

infinite upper and lower triangular Toeplitz matrices [170]:
F=F.F,=F,F., F'=FI'F'=F'FL (5.16)

The Laurent series (5.14) can also be associated with semi-infinite Toeplitz matrix

o0

Fo<= [Pq—l]q, 1=0°

F — . (5.17)

0,00
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The semi-infinite Toeplitz matrix Fg—5 may consist of some families of matrices of the

form:
P, = [Pq_,]q"lzo, n=0,1,2,..2N, (5.18)

where N = N; = N,, is the truncation number and

'p, P, P, - P, |
Py P P - P
[Po-tlgico= | -+ o e | (5.19)
Pyy Pyo Pos -+ P,
| Py Pui Puo o Py |

Multilevel block matrices will be addressed next.

5.1.2 Multilevel matrices

The idea of multilevel matrix was proposed by Voevodin and Tyrtyshnikov [185]. Con-
sidering different classes of matrices, it is assumed that one class contains matrices
of the same size that form a linear manifold in the space of matrices of the same
size. Such a class of matrices can be given by fixing some values of agg) and ~(@

(1<i<m,1<j<n,1<q<Q) and requiring that it contains only matrices of size

m X n with elements a;; that satisfy the condition [185]:
Za a; =79, 1<¢<Q. (5.20)

If K is one of such matrix classes and A € K then the matrix A = [a;;] is called K type.
We will denote a general type of matrices by symbol G, Toeplitz matrices by T, and
Circulant matrices by C. The general type of matrices G can be defined by eq. (5.20)
(2)

only when « i and (@ take zero values.
Let matrices of K type be defined by eq.(5.20). If the matrix of size mp X nr is

partitioned into blocks a;; of size m x n that satisfy the relation

Z aw aU = ADE, (5.21)
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then the mp x nr matrix has a block type K, or more precisely a composite type KG that

we will discuss further; here E is m x n matrix with all entries equal to 1:

111 ...1
111 ... 1

E=(111 .. 1. (5.22)
111 1]

The block matrix of size mp X nr can be defined as the Kronecker product of two

matrices: m X n matrix A and p X r matrix B

a11B a12B ‘o alnB
a1B  axB ... a9,B

AeB=| = % e (5.23)
amlB amQB e amnB

Equation (5.20) is a linear system with respect to the elements of matrix A = [a}].

This system can be written in a matrix form as:

a vec(A) =17, (5.24)
where
2) 2
vec(a
o= ( ) , Y= 7' , (5.25)
vec(a@)” ~(@)
where a?) = [az(-g)] is m x n matrix, and 49 is m x 1 vector (1 <i <m,1<j <

n, 1 <q<Q) Vec(A) defines the vectorization of matrix A that is constructed by

packing consecutively the columns of matrix A into a single column vector:
vec (A) =la11...amia1z...am2a13 ... ... Amn—101n - - - amn]T. (5.26)

Similarly, Vec(a(q)) is formed by stacking the columns of matrix a(?. Let K type

satisfy the system (5.21), then the block type KGy; is defined by the following system:

(Il®a®1k)vec(A) =g 0v7XLk, (5.27)
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where I is the identity matrix, g is the vector with all entries equal to 1, the subindices
denote the order of matrix or vector, and ® symbolizes the Kronecker product that is
a special case of the tensor product and defined by eq. (5.23); the Kronecker product
is associative.

Let K1, ...,Ks be different classes of matrices admitting such classification. We can
construct new composite types based on these types, e.g. Kj---Ks. The matrices of
composite types are called multilevel matrices and characterized by block partitioning
of different levels. We will denote blocks as follows. The matrix A itself is a single
block of level 0. If the matrix A has a composite type Kj ...Ks and class Kj consists
of matrices of sizes my x ng (1 < k < s) then the matrix A comprises m; X nj blocks
a; j, of size mg---my X ny---ny that form the level 1 (1 < iy < my,1 < 51 < ng).
Next, Va;,j, blocks consist of mgy x na blocks a;,;, i,j, that construct the level 2. For

1 <k < s, each of a;,, . blocks of level k consists of my x ny blocks of level k + 1.

iRk
The last level s is formed by the elements that cannot be partitioned, and assumed to
contain only complex numbers. In general, if the matrix is the s level block matrix, it
has a composite type Gy, n, - - Gmgn,. When each block is square, we can use one index:
Gy - -+ Gm,. Multilevel partitioning is of interest if the level blocks have some structure.
In the proceeding section, we will consider the matrices of composite types Ty, G, and
Tini,msGms. The former defines a two-level block matrix, i.e. a block Toeplitz (BT)
matrix of level 1 with general type subblocks of order mo embedded in Toeplitz blocks
of order my; the latter type characterizes a three-level block matrix with level orders
m1, ma and msg that is a BT matrix of level 2 with general type subblocks, here the

general type subblocks of order ms are embedded in Toeplitz blocks of order mo that

are nested inside of another Toeplitz block of order mj.

Examples of multilevel matrices

Consider a planar configuration consisting of M, rows and M, columns of cylinders with
a total number of cylinders: M = M,M,. Let each cylinder have the same physical
properties and radius and satisfy the condition of continuity of normal stresses and

displacements at the interfaces. This will yield the same T-matrix for each cylinder,
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ie. TU) =T, (j =1, M). Then for a configuration with M, rows and M, columns of
cylinders, the matrix X defined by eq. (4.17) has a BT structure. Figure 5.1 illustrates

some examples of such configurations.

o8
O
) .
L Ly o
_ZO “ — My
10
sl :
Ao B R
X € Ty Gonss X € Ty, m,G2n+1
(a) X is a Block Toeplitz matrix of level 1 (b) X is a Block Toeplitz matrix of level 2

Figure 5.1: Examples of configurations that lead to Block Toeplitz matrices of level 1,
X € Ty Gonya, and level 2, X € Ty, a, Gany1, where My - M, = M. On the right

picture, d is the distance between the centers of two cylinders.

Example of BT matrix of level 1. For a configuration with one row (M, = 1) or
one column (M, = 1) of cylinders, the matrix X € Tj; Gan4+1 becomes a BT matrix of
level 1 with M = M, for one row of cylinders and M = M, for one column of cylinders
(see Figure a). The matrix X has order M (2N + 1), where N is the mode number. As
a two-level block matrix, the BT matrix X has order M and consists of square blocks
X }j =X Z-lfj where 1 < 4,7 < M, and in general, every block can be a non-symmetric

complex valued matrix of order (2N + 1):

X(l) Xl—l X1—2 X1—M+1
X% X(l) X1—1 X1—M+2
X=1 Xxi Xt Xy o Xt (5.28)

_X}\Jfl X}wa X}\473 Xil)
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Here X is the block identity matrix of order 2N + 1.

Example of BT matrix of level 2. Consider a planar configuration shown in
Figure b with M, rows and M, columns of cylinders that have identical mechanical
properties and transition matrices TU) = T,(j = 1, M). In this case, the matrix X
is the three-level block matrix, i.e. X € Ty, n, Gan+1, and has a BT structure of
level 2. Again, the matrix X is of order M (2N + 1). At the same time, as a BT
matrix, the matrix X has order M, (see eq. (5.29)). Each block X }ﬁ- has order
M, (2N + 1) and appears in the matrix X again in a BT form (5.30). The block entries
Xil_j € T, Gony1, (1 <14,j < M,) are the BT matrices of order M, with individual
entries X?fj € Gony1, (1 <i,5 < M,). Each block X?fj is of general type and has
order 2N +1. In other words, a general type matrix X?_ j of order (2N +1) is embedded
in a Toeplitz block X 21_ ; of order M, that is nested inside of another Toeplitz block of

order M, i.e. the matrix X:

X > & xt, Xl—My+1
Xi X5 X, Xl—My+2
X=1 X} X1 X5 e XLyl (5.29)
_X}qu X}qu X}wyfs X5 i
where
X3 > & X2, o Xya
Xt X5 X% - X%,
1 _ oyl _ :
Xy=Xi;=| X3 Xi X3 X2y s (5.30)
_X?wz—l X?\/[I—Q X?wz—?, X3 i

with X?_j € Gani1; here X% is the block identity matrix of order 2N + 1.

5.2 Biorthogonal polynomials

A sequence of orthogonal polynomials in one variable is defined such that any two dif-

ferent polynomials in the sequence are orthogonal to each other under the particular
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version of the L? inner product. Biorthogonal polynomials are a generalization of or-
thogonal polynomials and defined as polynomials that are orthogonal to several different
measures. Biorthogonal polynomials share some properties of orthogonal polynomials.

The basics of the theory of orthogonal polynomials were established by Chebyshev
[158], and further developed by A.A. Markov and T.J. Stieltjes. The properties of
classical orthogonal polynomials such as Chebyshev, Jacobi, Legendre, Hermite, La-
guerre and others were fully described by Szeg6 in his monograph [157] where he has
contributed significantly to the further development of the general theory and devel-
oped a fundamentally new approach. In the 1920s, Szegd [156], [66], [157] studied the
spectrum of Hermitian Toeplitz matrices of the form (5.18), introduced the theory of
orthogonal polynomials on a unit circle, and found asymptotic formulae for these poly-
nomials using precise considerations of functional analysis. Hermitian Toeplitz matrices
and operators and associated orthogonal polynomials on a unit circle were also studied
by Geronimus [64], Krein [87], and others [151], [128], [59]. The idea of orthogonality
can be extended to the notion of biorthogonality [10]. Generalizations to biorthogonal
polynomials that correspond to non-Hermitian Toeplitz matrices and operators were
investigated by Baxter [14],[15], [16], Trench [167], Gohberg and Semencul [65], Kailath
et al. [83], Voevodin and Tyrtyshnikov [185], Tyrtyshnikov [170], Brezinski [24], Heinig
and Rost [74], Freund et al. [60], etc.

5.2.1 Orthogonal polynomials
Following Szegé [157], consider polynomials of the form:
g(s) =cotas+ - +ems™, (5.31)

where cg, ¢1,- -+ , ¢y, are complex coefficients and ¢ a complex variable. If ¢, # 0, m is
called the precise degree of g(s). We will denote an arbitrary polynomial of degree m
by mm. Every m,, can be represented as a linear combination of arbitrary polynomials
90(s), 91(S), -+ , gm(s) with uniquely defined coefficients. The reciprocal or reverse

Szegd polynomial is defined as:

g*(S) = Cm +Cm_1s+ - +Cos" =¢"g(s ). (5.32)
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If 61, S2,...,6m are zeros of ¢g(<), then <7, ¢3,..., ¢}, are zeros of g*(¢) with ¢} = c,;l.

Let f(0) > 0 be a function of period 2, integrable in [—, 7], and

+m
f(0)de > 0. (5.33)
Consider the Fourier coefficients
1 t —inb
P, = o (0)e df, n=0,+£l, £2,.... (5.34)
ﬂ- —T

where P_,, = P, are elements of Hermitian Toeplitz matrix P, = [ PQ*l]anZO' Let the

polynomials ¢, (¢) satisfy the conditions:

on(§) =0on + @1nS+ -+ ©nns"s  Onn >0, ©pneR; (5.35)
1 [*7 ;
o | enlem(€)f(0)d0 = bum, <= . (5.36)

As stated by Szegd [157], such defined system of polynomials {¢,(¢)} is orthogonal with
respect to f(#) on interval [—m, 7], i.e. on unit circle |¢| = 1, and uniquely determined.

The orthogonality condition (5.36) yields

n

Zmz Pq—lgpln = dpm,, (537)
=0

q=0
that is equivalent to the inverse form of Cholesky decomposition of Hermitian positive

definite Toeplitz matrix [170]

-%0 ] -9000 Yor Yoz v SDOn-

Po1 P11 0 P11 P12t P

Poz P12 P2 Py @ - o | =L (5.38)
0

| Pon Pin P2n 0 Pan | i ©nn |

The last column of the upper triangular matrix multiplied by ©,,, is the last column of

P,;!. The polynomials ¢, (s) can be written explicitly as the determinant of Toeplitz
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matrix [66]:
Py P, P P,
Py Py P P_pni1
_1 _1
on(S) = kn , wols)=Dy? =PF,?, (5.39)
Po1 Py Phg Py
1 S ¢ "
where
_1
tin = (Dn-1Dy) " 2, (5.40)
D,, = det(P,_;){ is the determinant of Toeplitz matrix P, = [Pq_l}qul:o.
Consider the following important polynomials of ¢ and W [83]:
1
w
sn(e,w)=[ls¢” ... ¢"|P" | |, (5.41)
W'ﬂ

The polynomials s, (s, w) are called kernel polynomials, which reproduce the inverse of
matrices P,,. More importantly, using eq. (5.38), the kernel polynomials s, (s, w) can

be written as the Cholesky decomposition

sn(s, W) = Z 0k(S)pr(w). (5.42)

The following identity holds for any polynomial g(¢) of degree not greater than n, i.e.

when ¢(s) is an arbitrary m, [83]:

1 o de

o ) sn(G,W)g(c)f(c)? = g(w). (5.43)

If we represent ¢(¢) in the form:

9(s) = vowo(s) + v1p1(s) + - - + vnipn (), (5.44)

where vg, v1, ..., v, are complex variables, then eq. (5.43) will be

S Biior(w) = g(w). (5.45)
k=0
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Thus, s, (s, w) is the only polynomial of degree n in ¢ that satisfies eq. (5.43).
Let us assume that ¢ (0) = ¢pn = Kp where k, is defined by eq. (5.40). The

polynomials ¢, (), orthogonal on unit circle, satisfy the relations:

KnSPn(S) = Fnt19n+1(8) — @nt1(0)p 4 1(S), (5.46a)

EnPns1(S) = Ent1 S ©n(S) + ©nt1(0)pn (<), (5.46b)

where ¢, 1+1(0) = @on+1, and Christoffel-Darboux formulae:

©r11(8) €51 (W) — 0nt1(S) i1 (w)

sp(s, W) = [ —cw : (5.47a)
56 W) = 240 wz(W)l—_CCV:vwn(C) (W) (5.47b)

Szeg6 [157] gave the proof of eq. (5.46) and (5.47) using the orthogonality conditions
and Geronimus [64] showed the proof by induction; we will show both of them below.
To distiguish between eqs. (5.42) and (5.47a), let $,(s, w) denote a formula given by
eq. (5.47a):

O 1(8)@h 1 (W) = 0nr1(S)pni(w)

5.48
L , (5.15)

Sn(s,w) =

We want to show that egs. (5.42) and (5.48) are equal. Introducing eq. (5.48) into eq.
(5.43) yields

1 rek

o sn(s, w)g(s) f(<) (5.49)
T Jig|=1 S
1 05 1(8)@5 1 (W) — ont1(S)pnt1(W) —— . ds
=30 oy = 9(©)1()
:g()%lri/l':1 SOZH(C)‘P;H(V;’)_—gf;H(Z)90n+1(W)f(g)cic (5.50)

1 SR Sy M) o) s

+5— {on+1(8)@s 1 (W) = 0nt1(S)pnt1(w)} S) o

211 ls|=1 1-— S
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Assume that g(¢) — g(w) = (z — w)r(s), where r(s) is a polynomial of degree n — 1.

Then

9(c) —gw) _r(c)E—-wW) _—=
I —ew  <—w) =3r(s). (5.51)

Taking into account eq. (5.51) and the orthogonality condition, eq. (5.74), the last

integral in eq. (5.49) vanishes, since

1 . o — ds | _— i0
5 Oni1(8)Sr(s)f(s)— = o Oni1(s)Sr(s)f(0)dd =0, ¢=e'", (5.52)
T Jigl=1 S L
1 = ds 1 [T _——~ ‘0
5 Ont1(S)ST(S) f(s)— = -— ont1(s)ST(s)f(0)d0 =0, ¢=e"". (5.53)
T Jig|=1 S 2 J_,
Thus,
1 ~ — . ds  —
i - sn(s, W)g(c)f(c)? = g(w)e(w) (5.54)

where ¢(w) is independent of ¢:

= = (559)

c(w 1/ SO;FLH(W)‘PZH(C) — nt1(S)Pnr1(w) ds
ls|=1 1—-—ow S

Comparison of eq. (5.43) and (5.54) yields

_ s, w)
s(e,w) = ) (5.56)
5(s,w) = c(w)s(s,w). (5.57)

Swapping the variables ¢ and w, and taking the conjugate-complex values of both sides

of eq. (5.57) yields

s(w,¢) = c(s) s(w,s), (5.58)

or

SOZH(W)SDZH(C) — Pnt1(W)pnt1(s) —
1—wg




141

Since we already know that c is independent of ¢, ¢ does not depend on §; therefore, ¢
defined by eq. (5.55) is independent of w too. Moreover, if we take ¢ = w = 0 in eq.

(5.57), we have

RHS : ¢7,11(0)9741(0) = ¢n+1(0)0n11(0) = K741 — lns1(0)]* = &7, (5.60a)

LHS: ¢ @r(0)r(0) =¢ > |or(0)] = cr}) (5.60b)
k=0 k=0
RHS =LHS: if c=1, (5.60c)

In eq. (5.60c), the right hand side (RHS) is equal to the left hand side (LHS) only if
¢ =1. Thus,

s(s,w) = s(s,w). (5.61)

Let us now give Geronimus’ [64] proof of the Christoffel-Darboux formulae (5.47a)-
(5.47b) by induction. To show the proof, let us find the sum

n+1

$nr1(S, W) = Y @r(S)pk(W) = $n(s, W) + @1 (8)ont1(W). (5.62)
k=0

Introducing one of Christoffel-Darboux formulas, eq. (5.47b) into (5.62) yields

Snt1(S, W) (1 = W) = ¢5,(s) 0l (W) — sWn(s) on(W) + (1 = s W) 0 11(S)Pnt1(w).

(5.63)
The recursive relations (5.46a) and (5.46b) yield
Kn+1 “n+1(0)
C@n(g) = I;r ‘anrl(g) - J/;()SOn_;,_l(C), (5.64&)
* Rn, Rn+41
Pn\S) = Pn+1(S) — S¥n(S), 5.64b
R IAES NN (564

where ¢n4+1(0) = @on+t1. Plugging eq. (5.64a) into eq. (5.64b), and taking into account

the last equality in eq. (5.60a) lead to

ene)= 210 o) -

Kn n

Rn+1

S n(s)- (5.65)

Introducing egs. (5.64a) and (5.65) into (5.63), and incorporating again the last equality
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in eq. (5.60a), complete the proof by induction:

sni1(6, W) (1= W) = (1= W) @ns1(S)oni1(w)

0 K K o
n {SonJrl( )¢n+1(<) _ B } [Spn+1 () = Fntl ngn(w)}
Kn Rn
Kn41 Pn+1(0) o Fntl————  Pn+1(0) 5———
[P o) = P (9] [P i (w) — 2 (W)

= (1= W) @nt1()ent1(W) + ©51(S) 25 11 (W) — ©n41(S) Pni1(w)

= n1(S) P (W) = S Wenp1(S)pnt1(w), (5.66)

or

05 11(8) 1 (W) — S W 1(S)Pny1(W)
1—¢w ’

Spy1(s, W) = (5.67)

The equivalence of Christoffel-Darboux formulas (5.47a) and (5.47b) can be shown

incorporating egs. (5.62) and (5.67) :

@1 (s) o1 (W) — S W on(S) pn(w)
1—-¢w

sn(s,w) =

= Sp+1 (g‘, W) - s0n+1(€)m

0r () k1 (W) = s Woni1(2)pnt1(W) — (1 = S W)@ny1(S) Pny1(W)

I—¢w
_ Phn () @0 (W) = nia(S)omsn(w) (5.68)
1—-¢w
Let us write the Christoffel-Darboux formula (5.47a) as
sn(s, W) = Z er(s )+ n(S)Pnn W" (5.69)
o (pn—i—l( >()007l+1w ntl (Pn—l—l(C) ¢n+1n+lwn+1
= - : (5.70)
(W—¢)W
A comparison of coefficients of W" yields
S Pun®n($) = Pont18141(S) = Pntint1 Pnt1(s) (5.71)
or since @,,,, = Pnn = Kn = Kn,
S Fnen(S) = Kn+1 Pn+1(S) — Pon+19541(S), (5.72)

which is the same as eq. (5.46a).
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5.2.2 Biorthogonal polynomials

Baxter [14] generalized the findings for orthogonal polynomials and introduced biorthog-
onal Szegb polynomials. Let the function f(¢) be expanded into series (5.14) that ab-

solutely converges at |¢| = 1. Note that ¢ = % at || = 1. Two polynomial sequences

(Pn(g) = ¥Pon + P1nS + -+ Sonngnv (573&)

wm(g) - w0m+w1mg+"'+¢mm§m7 Pnn :l/Jnn = Cn, (573b)

are called biorthogonal and define a biorthogonal system of Szegd on a unit circle with

respect to the function f(s), if they satisfy the relation [14]

L o @m@r9)%

— = Opm, 5.74
2 lo|=1 16 ( )

or equivalently,[170]

Z wqm Z Pq—l@ln = Onm. (575)
=0

=0
or
-%Z)oo ] -woo o1 o2 SOOn-
o1 Y11 0 P11 P12 T PIn
Yoz 12 a2 Py a2 -0 | =L (5.76)
0
(Yon Vi Yon 0 Unn | i Pnn |

Here the ¢y, multiplied by the last row of the lower triangular matrix defines the last
row of inverse matrix P, 1 and the last column of the upper triangular matrix multiplied
by ¥y is the last column of P, 1. Note the equality of coefficients ¢, = ¥y, = ¢, in
eq. (5.73) that is required to uniquely determine (to within a plus or minus sign) ¢, (<)
and ¥, (s) [14].

Using eq. (5.76), the kernel polynomials s, (s, w) can be decomposed as

sn(s, W) = > or($) k(W) (5.77)
k=0
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by analogy to Cholesky decomposition. In a biorthogonal system of Szego, the biorthog-

onal polynomials satisfy the following three term recurrence relations [170]:

Pn+1 (C) S Pon+1 Spn(g)
Cn+1 = Cp (578)

051 (s) Stont1 1 PE(s)

and Christoffel-Darboux formulae:

Pt (W) (S) = Pns1(8) 1 (W)

Sn(gv W) 1—ow s (579&)
e 1—¢w ’ :
where
CE(W) = Pnn + Pno1aW + -+ 0o W = ", (W ). (5.80a)
D5 (S) = Ynn+Vn1ns + -+ tons™ = ¢"hn(s7h). (5.80b)

If the leading principal minors of matrix P, are nonzero then, the inverse matrix
P, ! can be reproduced using Christoffel-Darboux formulae. For example, introducing

eq. (5.41) into eq. (5.79b) leads to:

(1 —sW)sn(s,w) = (1 —cw) [1 c¢?. .. g”]P_l

n

g

Pl 0 0 0
0 0 0 P!

WTL+1
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VYnn
wn—ln
2;Z)On
- 0 -
0 _ -
1
Pon
w
~ |¥in WWM¢M-~WMH e (5.81)
WTL+1
_(Pnn_ - -

Thus, the elements of inverse matrix [P,,!] have the form

[Pgl]ql = [P;Ll]qfllfl + 7wbn—qn(pnfln — Pg-1 nwl71n7 (0 < q, l < n) (582)

This formula is analogous to Trench’s [167] inversion formula for P, matrix, the Levinson-

type recursion algorithm. Summing up the increments [P;;!],,— [P, 1];—1,-1, the inverse

n

matrix [P, 1] can be written explicitly in the matrix form:

| Onnnn Pn—1nnn - P10 Vnn ©onYnn ]
(pnnwnfln e R R ¢1n¢nn
|
Qonnwln ce. A . @n—lnwnn
L Onnon Onn¥in 0 Pon¥n—1n Pantnn ]
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Ynn 0 Pnn  Pn—1n *°  Pon
. ¢n71n ¢nn Pnn o PlIn
L wOn T/Jm o sznn_ L 0 ®Pn n |
0 0 0 wOn T wn—l n
0 R :
_ e . (5.83)
_‘Pn—l n °° Pon O_ _O 0 ]

Here, the inverse of Toeplitz matrix P! is represented as the difference of multipli-
cations of two semicurculant matrices, i.e. the lower and upper triangular Toeplitz
matrices. Alternative derivation of matrix inverse was given by Baxter and Hirschman
[16], they showed that the inverse of P, can be uniquely defined by the solutions of the

system [65]
S Pz =640, Y PyiYin=0qn (¢=0,1, ...n) (5.84)
1=0 1=0
if the polynomials
X(©) =D wgsh A(s) =) y_g¢" (5.85)
q=0 q=0

are not zero in |g¢| < 1. For xzy # 0, Gohberg and Semencul [65] showed that if the
system (5.84) has solutions then the matrix P,, is nondegenerate, and derived an explicit

formula for its inverse:

—330 0o .- 0— —yo Y1 o Yom |
Pgl _ $61 { 1 x0 ) 0 Yo Yonil
0
(@0 @1 oo @o] | 0 0o --- v |
[ 0 0 0 0 0- -0 Ty Tp_1 - :El-
Yn 0 0 0 O o 0 =z - ®
~yens1 Ym O 0 0 } (5.86)
0 O 0 Tn
| Y1 Y2 Y-3 Yym 0[O0 0 0 0
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If the matrix P,, has a block Toeplitz structure, its inverse P, I can be formed anal-
ogously by elements of its first and last block columns, and first and last block rows

[185]. See Section 5.3.4 for more details.

5.3 Iterative methods for solution of a linear system of equations

In this section, we deal with the numerical resolution of a complex-valued linear system
of equations (4.16). In eq. (4.16), the matrix X has some interesting features. Its block
diagonals are identity matrices, and off-diagonal blocks are obtained by multiplying the
matrix TU) by P#™_ which allows us to solve eq. (4.16) using direct linear solvers.
Nonetheless, for a large number of scatterers, especially for high frequencies, eq. (4.16)
becomes a large-scale complex-valued linear system. Its complexity grows as the number
of scatterers and frequency increase, and its solution by direct method requires excessive
computational time and memory to store the system, requiring the development of
iterative algorithms. To solve this system, we consider next some iterative approaches

suitable for parallel computing.

5.3.1 A Neumann series expansion at a fixed value of frequency

The matrix X can be decomposed into two parts:

X=1-TP, (5.87)
where
T(1) o o0 --- 0 I 00 --- 0
o T® o ... 0 oI o0 --- 0
T=| . S I= e (5.88)
0 0 O T(M) 0 00 I
[ 0 P1,2 P1,3 Pl,M-
P2,1 0 P2’3 L. P2,M
P= ' ‘ ‘ ' . (5.89)
PM’l PM,2 PM,3 0
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In eq. (4.17), the purely geometrical part P depends on the position vector I;,, and
takes into account the interaction between the scatterers, whereas the purely physical
part T depends on the shape and the physical properties of the shell material, as
well as the boundary conditions on the interfaces. Moreover, the matrix P has an
interesting structure, each of its off diagonal block elements P7™ is a Toeplitz matrix.
The advantage of this structure will be studied and taken into account in the subsequent

sections.

Plugging eq. (5.87) into eq. (4.16) yields

[I-TP|b= Ta, (5.90)
where
a®)
a®
a= . , (5.91)
a(M)

where al), (j = 1, M) vectors are defined by eq. (4.19). Solving eq. (5.90) for b, and

using Neumann expansion, we obtain, formally at least,
— (1)
b=>b"=[-TP 'Ta=[I+TP+TPTP+--]Ta
i=0

= [T+ TPT+TPTPT+--]a
[T~'+P+PTP+PTPTP+---] Ta

=T
=T[I+PT+PTPT+--]a, (5.92)

where the Z(Z) terms can be defined iteratively

5” —Ta (5.93)

and

57— TP, for i1, (5.94)

Note that this solution is convergent if the norm of matrix TP is less than one: ||[TP|| =

INLP | < 1, where |ALP | is the absolute value of the maximum eigenvalue of matrix

TP.
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We truncate the Neumann series (5.92) solution

1 .
3" =38, (5.95)
i=0
and calculate the error
A = max|b — 5(1)\, (5.96)

to study a validity of solution and a convergence rate of series.

5.3.2 An iterative approach for a band of frequencies

The approximation (5.92) is only valid for a fixed value of frequency w. Considering
some frequency band, we need to use an iterative approach as follows. We may start
with some initial value of frequency w = wy and calculate the inverse of matrix X at

this fixed value of frequency to find b
X(w)b=d = b=X  w)d. (5.97)
Now we change the frequency by small amount Aw and define matrix Y such that
X(wo + Aw) = X(wg) — Y = X(wo)[I — X L (wy)Y], (5.98)

where

Y = X(wp) — X(wp + Aw). (5.99)

The inverse of matrix X(wp+ Aw) can be obtained by means of Neumann series expan-

X Hwo + Aw) = [T — X we) Y] 71X (wp)
_ []I—i—W-i—WQ +W3+...]X71(w0), (5.100)
where
W (wo) = X H(wo)Y. (5.101)

In eq. (5.100), the series expansion will converge if the norm of matrix W is less than
one: |[W|| = [AV .| < 1, where A" | is the absolute maximum eigenvalue of matrix

W. Continuing these steps iteratively allows us to find the inverse of matrix X at

frequencies w = wp +n - Aw (n =1,2,...N).
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5.3.3 Fast preconditioned iterative methods
Background

Antoine et al. [7] studied an acoustic multiple scattering by circular obstacles at high
frequencies and large number of obstacles and proposed fast iterative numerical meth-
ods for solving a large complex-valued dense linear system using its Toeplitz block
structure. These methods yield a large memory saving; the efficiency of methods is
shown for several general configurations by studying the convergence rate with respect
to different geometrical parameters. They performed calculations considering GMRES
and BICGSTAB iterative solvers and GMRES(7) with a restart parameter 7.

Antoine et al. [8] studied numerically the solution of integral equations of multiple
scattering by circular cylinders for a large band of frequencies and large number of
obstacles. They proposed a method of robust and efficient solution of integral equations
obtained via projection method on the base of Fourier series using an iterative solver
(GMRES) with preconditioners, and presented examples of numerical simulation for
multiple scattering at high frequency for a random configuration of cylinders. They took
advantage of the Toeplitz structure of off-diagonal blocks of the linear system and stored
a compressed version of the system using a root vector for the Toeplitz matrix. Two
preconditioners were proposed to increase the convergence. The first preconditioner
consists of diagonal terms including effects of single scattering, and leads to a matrix
of the form: L = I + ﬁ, where I is an identity matrix, and F contains off-diagonal
blocks of system L with single scattering effects. This matrix representation is similar
to our matrix X given by eq. (5.87). The second preconditioner is obtained by two
successive approximations: first, keeping two terms in Neumann series expansion, and
second, storing the blocks corresponding to interactions. A dependence of CPU time
that was necessary for a construction of the system versus a number of cylinders M
and wavenumber k, and a comparison of number of stored coefficients as function of
M and k were presented for a full storage, and compressed storage with and without
preconditioners.

Authors of [7] and [8] studied sound hard and sound soft cylinders considering
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Dirichlet and Neumann boundary conditions. We will extend this approach presenting
results for a different planar configuration of elastic cylinders and shells, and thin shells

with internal structures.

Matrix vector product method

Consider a planar configuration with a large number of cylinders at high frequencies
leading to a large scale complex valued linear system, eq. (4.16), where X is a complex
valued, full, non-symmetric matrix of order (2N + 1) - M with N = N; = N;,,. Here,
each cylinder may have different physical properties and radii, i.e. the transition ma-
trices TU), (j = 1, M) can be different and non-symmetric. We can take advantage of
structure of matrix X, defining it by eq. (5.87). As noted in Section 5.3.1, each of the
block elements P of matrix P is a Toeplitz matrix. Using root vector p/™ given by
eq. (5.7) and the fast algorithm given in [36] for an MVP involving Toeplitz matrices,
we can optimize a matrix vector product: P»"b(™) (j,m = 1,2,...,M,j # m). This
can be done by constructing circulant matrices [185] and applying a Fast Fourier Trans-
form (FFT)-based MVP algorithm [36]. For example, it can be performed on Matlab
with further use of iterative solvers such as GMRES or BICGStab [139].

The main cost of the GMRES algorithm is due to one matrix vector multiplication
at each iteration.The multiplication (or MVP) Xb can be computed directly, according
to the block structure of X and b given correspondingly by eq. (4.17) and (4.18), as

follows:
M

b — @) 3 PLmp(m)

m=2

M
Xb= | bW T Y  Ppimpm
m=1,m##j

. (j=1,M). (5.102)

M—1
bM) _ (M) S PM mp(m)

m=1
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FFT tricks

To accelerate the computation of MVP, eq. (5.102), we evaluate its components, i.e.
the Toeplitz MVP: PJmp(m), using the root vector p/™. The multiplication Pimp(m)
cannot be directly computed by FFT; therefore, we associated a Toeplitz matrix with
a Circulant matrix. A fast algorithm of computation of Circulant MVP, f = C; - g, can

be implemented using Matlab FFT and IFFT functions [36]
f = [FFT[FFT(c;). x FFT(g)], (5.103)

where c; the first column of C;, generates the Circulant matrix C; of order 1.

The Circulant matrix associated with Toeplitz MVP can be constructed by embed-
ding the Toeplitz matrix P of order n = 2N + 1 into a larger Circulant matrix C;
of twice the order: ¢ = 2n. On Matlab, the first column c¢; of the Circulant matrix C;

can be obtained from the root vector p»™ defined by eq. (5.100):

p=[P(l,n:—1:1) transpose(P(2:n,1))], (5.104)
¢, = [transpose([p(n: 2*xn —1) 0 p(1: 1 —1)])], (5.105)
where P = P{[’]m, p = p’™ vector is of dimensions (27 — 1) x 1.

To compute f = Pé’lm b | we introduce a new vector b = bW 05]T of length 277

to match with the dimensions of the C; matrix. Thus,

N . P P;)\ (bW f
f=Cb= - |
P, P 0, P;b0)
— [FFT[FFT(c,). * FFT(b)], (5.106)

where bl) defined by eq. (4.18).

5.3.4 Iterative methods for a Block Toeplitz systems
Iterative method for BT matrix of level 1

For a configuration of one row or column of cylinders, the matrix X given by eq. (5.28)

is a BT matrix of level one, i.e. X € Ty Gony1. Finding the inverse of a matrix that
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has a specific structure does not always require finding of all elements of the inverse
matrix. Instead it requires the development of algorithms that ensure the compact form
of the inverse matrix and allow its fast multiplication on an arbitrary vector. Such an
approach was proposed by Voevodin and Tyrtyshnikov [185] for BT matrix of level 1.
We will use this method to find the inverse of X and solve the system (4.16) by adapting
their notation.

For 0 < m < M — 1, let us denote by X,,, the leading submatrix consisting of blocks
X}_j where 1 < 4,5 < m + 1; particularly Xj;_; = X and X! = X]_lel. If all leading
submatrices are nondegenerate, then according to Theorem 5.7 given in [185], for Vm,
the matrix X,,! can be restored using its first and last block columns, and first and
last block rows. We will denote these block column and row vectors correspondingly by
xgm), ygm), zgm), 'w,gm) (0 < i < m). Importantly, these block vectors can be calculated
recursively, changing the index m from 0 to M — 1.

Let X be a nondegenerate complex valued BT matrix of order M with blocks of order
2N +1. Assume that the block vectors £ = [zoxy --- £ 1] andy = [yoy1 - yar—1)"

satisfy equations:

Xz =e, Xy=lJe, (5.107)
and correspond to the first and the last block columns of inverse matrix X!, and
z=1|2021 - zpy—1) and w = [wow; - - wys—1] satisfy equations:

zX =el', wX= (Je)T, (5.108)

and correspond to the first and the last block rows of inverse matrix X~!, where e is

the unit block vector, and J is the permutation matrix:

I 00 -~ 01
0 00 --- I0
e= |, J=1]: 1 i 1 if, (5.109)
0 0I -~ 00
0] I 0 - 0 0]

where I is the block identity matrix of order 2N +1. Then, if the blocks o and yy;_1 are

nondegenerate, and g = 29, Yar—1 = wWys—1, the inverse of matrix X can be obtained
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by:
z 0 20 21 0 ZM-1
x| ) 20 R1 RM-2
-1 -1
X=X}, = ]D)mg1
_mM,1 Tprpr—2 oo o .’Bo_ _0 z0 ]
0 0 0 wo Wprr—2
Yo ce Ce
— D, 1 (5.110)
Ynr—1
0 wo
|Ym—2 Ym-3 - 0_ _0 0 |
or
Ym—-1 Yum-2 - Yo whr—1 0
X_l _ Yvm—-1 Ym-2 - Y1 D . Wpr—2 WHr—1
Ynv—1
0 Ynr-1| | wo wy o Wy
0 Typr—1 - X 0 0
ZM—1 0
— D, , (5.111)
0 =zp— ’
0 0 2] 22 0
where
-"’51 0 yJT41—1 0
—1 —1
x, Y
D-’”El , Dyﬁ_l = . . (5.112)
0 zy! 0 Yai-1
Here the upper indices of blocks are dropped for convenience: z; = xf\/[ -1 Y =
yf”fl, Zi = sz’l, w; = 'szfl fori=0,1,..., M — 1. Thus, the inverse of BT matrix,

X~1, is presented as the difference of multiplication of semi-circulant matrices.

We will compute the block vectors recursively using the recurrent block algorithms
(m)  (m) (m)  (m)

given in [185] for calculation of block vectors z; ’,y, ~ and 2z, ', w; ’ and changing
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the index m from 0 to M — 1. To reduce the number of operations used, instead of

computing these blocks directly each block was normalized such that:
2™ =3 "p, Y™ =g, 0<i<m, (5.113)

for column blocks, or

ng) ﬁ 2, ,wz(m) = w(m)a\m? 0<i<m (5'114)

for row blocks. Here EE ), ygm) 2™ and 'zTJEm)

V2, are normalized blocks, and p,,,,q,,,Pm

and @,,, are non-degenerate blocks acting as normalizing multipliers.
The recurrent algorithm for normalized column blocks @(m)’ ﬂgm) is formulated as

follows [185]:

m = 0 : py, gy — any non-degenerate blocks
~(0 _ ~(0 -1 -
2 =X5'pt, B = Xo'a (5.115)

m=1,..M—-1:

Foo=X,20" V4 X, 2"V 4 x50,
G =X " VX" Vx5,
Sm = Q1 Fm, tm=-0,_1Gm, (5.116)
Py = (I _tmsm)_lpm—lv 4y = (I _smtm)_1Qm—17
3 a) = s
+ g Ve g e,
o w™ g = e - ms Y o)

[0 y(m 1) ygm—l) o yS,T 11)]
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The algorithm for normalized row blocks ZZ(-m), 'E)Em) is of the following form [185]:

m = 0 : py, g, — any nondegenarate blocks
2 =X5'py ', o) = Xg'a (5.117)

m=1,..M—-1:

Fo=z"YX_,, +2" Vx4 +.. . +2" VX,

G =™ X, 45" VX, 20X
S = —Fody 1s tm=—Cuby 1,
P = Pon 1 (L= Bmbn) s G = Gt (I — EmiBm) (5.118)
P 3] = B0
Faa BB Bl
[g,gm) ™ ... 5] =1, [;((]mfl) Zm gl 0]
e )

Each of the algorithms require 2(2N + 1)3M? operations of multiplication and the

same number of operations of addition and subtraction.

Iterative method for BT matrix of level 2

We cannot directly apply eq. (5.111) to BT matrices of level 2, X € Ty, v, Gony1-
However, block matrix X € Ty, n, Gan41 can also be written as BT matrix of level
1: X € Twa, Gu,2n+1), 1-e. the block matrix X can be written in the form of eq.
(5.29) with Xilj = X}_j € Gy, (2n+1) and X} - identity matrix of order M, (2N + 1).
Therefore, we can still use eq. (5.111) to solve a linear system with X € T, Gar, (2N +1)
for configuration of M, rows and M, columns of cylinders.

Another possibility to solve a linear system (4.16) with X € Tz, ar, Gony1 - BT
matrix of level 2, is to use GMRES solver with a fast algorithm for MVP proposed by
Barrowes et al. [12], [11] for multilevel BT matrices. The method is based on a Fast
Fourier Transform and expedites MVP involving multilevel BT matrices with minimal

memory requirements and computational cost. The method was applied to solve an
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electromagnetic 3D scattering problem [12]. A fast algorithm for MVP: Xb, can be
applied as follows [12]: For a large number number of obstacles and high frequencies, a
full matrix X may become too large to store. Taking advantage of the Block Toeplitz
structure, we assign nonreduntant entries of X to an associate vector x, by assigning
only the left column and top row of each block in analogy to a root vector (5.7) defined
earlier for the Toeplitz matrix. The final blocks X? € Gaoni1, (i = 0,2N) are of a
general type, and will be assigned from left to right and from bottom to top. In the
next step, we insert zeros at appropriate locations into b to obtain a vector b, = (,(b)
suitable for convolution with x,. The vector b, has to be zero padded such that its
entries coincide with proper terms in x, during convolution in the Fourier domain to
obtain BZ =Xu- b,. In the last step, Xb is reconstructed from 3, = IFFT(x, - Bz)

Denoting the last operation by (; !, the fast MVP can be obtained as [12]:

e~

Xb=pg8=C( ' [IFFT(x, &(8))]. (5.119)

5.4 Numerical results

5.4.1 Neumann expansion study

In this section, we present numerical results for the Neumann series expansion method.
Computations are performed on MATLAB for a configuration of rigid cylinders and
empty thin elastic aluminum cylindrical shells of thickness h = 0.025a with mechanical
properties: p = 2700kg/m?, ¢p = 6420m/s, where a is the outer radius of a shell.
The pressure field is excited by the source located at point Ps(—1000a,1000a). The
configuration consists of one column of uniformly distributed cylinders and depicted in
Figure 5.1a for M = 6 case. The distance between two cylinders is d which we also call
the cylinder center to center spacing (see Figure 5.1a). The scattering coefficients can
be obtained using the truncated Neumann expansion given by eq. (5.95).

To investigate the validity of this method, we measure the spectral radius of matrix
TP, where the matrices T and PP are defined by egs. (5.88) and (5.89) correspondingly.
As it was noted earlier, the method works if the spectral radius of matrix TP is less

than one: p(PT) = ||TP|| < 1. Therefore, we evaluate the spectral radii of matrices
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Figure 5.2: Variation of spectral radius of matrix p(PT) with a nondimensional fre-

quency ka for a selected number M of rigid cylinders and distance between cylinder

centers d.
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a

p(TP), p(P), and p(T) as functions of nondimensional frequency ka varying the

number of scatterers M and the distance between two cylinders d. Our goal here is

to find ”the magic numbers” M, d, and ka for which the Neumann expansion method

works, i.e. p(TP) < 1. The plots in Figures 5.2 - 5.5 are obtained keeping 4 terms in

the Neumann expansion (5.95).
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Figure 5.2 illustrates a variation of spectral radius of matrix p(PT) with a non-
dimensional frequency ka for a selected number M of rigid cylinders submerged in
a fluid medium with the normalized distances between the centers of cylinders % =
1.01, 1.15, 2, where a is the outer radius of a cylinder. Interestingly, the graphs in each
subplot do not cross or overlap. The results show that the Neumann expansion method
gives satisfactory results for a configuration of 2 rigid cylinders, M = 2, and works well
for any considered values of % = 1.01, 1.15, 2. For M = 2, p(TP) < 1 is satisfied for
Vka € 0, 50. For larger values of M, results differ and depend on values of d and ka.
For low frequencies, i.e. ka < 0.7, the method works well for any considered values of
M and d. The increase of d decreases the spectral radius p(T P) whereas the growth of
M enlarges it as expected. Particularly for % = 2, the condition p(TP) < 1 is valid
at M =2, 3 and Vka € 0, 50. As expected, for closely located cylinders, the influence
of interaction between each cylinder is high, and the increase in number of scatterers
leads to more complex coupling, which consequently leads to an increase of the spectral
radius.

The spectral radius of matrix p(T P) as a function of nondimensional frequency ka is
illustrated in Figures 5.4 and 5.5 for a configuration of aluminum thin cylindrical shells
of thickness h = 0.025a. Figure 5.4 depicts a variation of spectral radius of matrix
p(TP) with a nondimensional frequency ka for two thin shells, M = 2, modifying the
distance between the centers of shells, d. Unlike the rigid case, for a configuration of
very closely located thin elastic shells, i.e. % = 1.01, the graph of p(IPT) has sharp
peaks and changes abruptly. The graphs in Figure 5.4 identify ”the magic number” d
to be % = 1.125 and show that the approach is valid, i.e. p(TP) < 1, for two thin shells
located at the distance % > 1.125 and Vka € 0, 50. Figure 5.5 illustrates a variation
of spectral radius of matrix p(IPT) with ka for a selected number M of shells located at
distances % = 1.01, 1.125, 1.5. Again as in rigid case, the spectral radius p(PT) grows
with the rise of M and the decrease of d. At low frequencies we can notice that with
the increase of distance d the first pick of the graphs shifts from the right to the left.
Graphs at M = 6 show that for % =1.01, 1.125, p(TP) < 1 is satisfied for ka < 1; for

A = 1.5, it is valid at ka < 0.8.
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Figure 5.6 illustrates the convergence rate of Neumann series solution (5.95) for a
column of empty thin shells (see Figure a). Here the error AL defined by (5.96) is
evaluated with respect to the number of iterations I. A rapid convergence is observed
with the increase of the distance % and the decrease of the number of scatterers M and
the wave number ka. For closely located scatterers, i.e. % = 1.01, and for configuration
of large number of scatterers at high frequencies, a larger number of terms in the

summation (5.95) is required.

5.4.2 Numerical results using an iterative method for Block Toeplitz

matrix of level 1

In this section, we present the results produced using the iterative method for BT
matrix of level 1 described in Section 5.3.4. This iterative technique is included in the
TOEPLITZ package, a library which implements Toeplitz matrix system solver. The
TOEPLITZ package solves a variety of Toeplitz and Circulant linear systems, their
block analogs, and some other more complicated forms. The TOEPLITZ package was
written in Fortran77 by a joint working group of American and Soviet mathematicians
in the early 1980’s [9]. The original version TOEPLITZ library is available in the
TOEPLITZ subdirectory of the NETLIB web site:

http://www.netlib.org/.

The modified version of the TOEPLITZ package, converted to Fortran90, is provided

at:

http://people.sc.fsu.edu/" jburkardt/f_src/toeplitz/toeplitz.html.
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Figure 5.7: Variation of CPU time taken to calculate the scattering coefficients B,(lm)

with a number of cylinders M for selected values of ka for a cluster of rigid cylin-
ders submerged in fluid medium using two solvers: LAPACK and iterative algorithm

described in Section 5.3.4.

We use the TOEPLITZ package [9] to solve our MS problem. Here, we consider
an acoustic MS but the approach can be applied to both elastodynamic and electro-
magnetic MS problems. For verification and comparison, we compare the results for
the iterative method with the direct method solutions which are implemented on Intel
Fortran using LAPACK (Intel MKL) library. The computations are performed in Intel
FORTRAN on SOE HPC Cluster of Rutgers University. The cluster hardware is based
on Intel Sandy Bridge 2670 CPUs, 16 cores and 128 GB of RAM per node.

)

We calculated the CPU time taken to calculate the scattering coefficients BT(Lm for
a cluster of rigid cylinders submerged in fluid medium using two solvers: LAPACK
and TOEPLITZ libraries. The graphs in Figure 5.7 and Figure 5.8 are computed in
a sequence in one core (thread). Figure 5.7 illustrates a variation of CPU time taken
to calculate the Bgm) coeflicients with a number of cylinders M for selected values of

ka = 0.5, 1, 5. The graphs show the efficiency of the iterative approach over the direct

method. The iterative technique took less time to find the coefficients.
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Figure 5.8: Variation of CPU time taken to calculate the scattering coefficients B,(lm)
with a nondimensional frequency ka for a cluster of rigid cylinders submerged in a fluid
medium using two solvers: direct LAPACK and iterative TOEPLITZ solvers.

Figure 5.8 illustrates a variation of CPU time taken to calculate the Bflm) coefficients
with a nondimensional frequency ka. Computations are performed for nfreq = 200
frequency nodes at fixed values of numbers of scatterers, M = 200 : M, = 10, M, = 20
and M = 1000 : M, = 10,M, = 100. For M = 1000 at fixed value of ka = 10,
it took approximately 18000/3600 = 5hours to evaluate the B,(Lm) coefficients using
LAPACK library and 61 minutes and 39.007 seconds using TOEPLITZ package. We
can notice from graphs the advantage of iterative approach with the rise of M and ka.
The iterative solver works faster and is more efficient than direct method.

To further expedite the simulation run time, the Fortran codes are parallelized using
OpenMP. OpenMP is an implementation of multithreading; it runs the section of the
code in parallel by dividing a task among available threads. We performed parallel
computations over the frequency intervals using “OMP dynamic scheduling”, “OMP
static scheduling”, and “OMP” without scheduling by varying the chunk size and the
number of threads used. The increase of number of threads reduced a total elapsed
time to solve a linear system using TOEPLITZ package. Tables 5.1 and 5.2 evaluate

the efficiency of parallelization using TOEPLITZ package and OpenMP compilers, for a
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configuration of Mx = 10 columns and My = 20 row of rigid cylinders at nfreq = 200
(frequency intervals). For a configuration of M = 200 cylinders the computation time
reduced from 2 hours 9 minutes 11.4394 seconds using 1 thread to 14 minutes 57.2535
seconds using 16 threads with dynamic scheduling and chunck size= 2. Table 5.3
illustrates the comparison of total elapsed time to find the unknown coefficients using
TOEPLITZ and LAPACK libraries on 16 threads with dynamic scheduling and chunck
size= 2 varying the number of scaterers. As we can see for smaller number scatterers,
M = 200 LAPACK library works faster but at larger value of scatterers, M = 500
TOEPLITZ solver is more effective and takes less run time and shows its advantage

with increase of M and ka.

Number of Threads Total Elapsed Time
1 2 hours 9 min 11.4394 sec
5 lhour 14 min 15.7641 sec
10 43 min 54.6001 sec
15 31 min 33.1283 sec
16 28 min 46.3367 sec

Table 5.1: Total elapsed time to find the unknown coefficients using TOEPLITZ library
for a configuration of M = 200 rigid cylinders with nfreq = 200 (frequency intervals),
and OMP without scheduling.



Chunck Size | Number | Total Elapsed Time, | Total Elapsed Time,
of Threads | Dynamic Schedule Static Schedule
2 ) 28 min 38.3972 sec 28 min 35.7127 sec
2 10 17 min 43.8765 sec 19 min 36.9096 sec
2 15 15 min 55.0149 sec 19 min 21.3139 sec
2 16 14 min 57.2535 sec 19 min 24 sec
3 ) 29 min 42.991 sec 29 min 0.9738 sec
3 10 19 min 3.5561 sec 20 min 40.601 sec
3 15 16 min 17.4695 sec 19 min 33.3069 sec
3 16 16 min 31.0644 sec 22 min 32.1263 sec
5 ) 31 min 53.6569 sec 31 min 35.1488 sec
5 10 21 min 39.332 sec 21 min 38.2482 sec
5 15 18 min 45.4848 sec 18 min 45.002 sec
5 16 17 min 6.667 sec 18 min 34.0762 sec

168

Table 5.2: Total elapsed time to find the unknown coefficients using TOEPLITZ library

using Dynamic and Static Schedules for a configuration of M = 200 rigid cylinders with

nfreq = 200 (frequency intervals).

Chunck Size | Number Number Total Elapsed Time, Solver
of Threads | of Scatterer | Dynamic Schedule
2 16 M = 200 14 min 57.2535 sec | TOEPLITZ
2 16 M = 500 2 hours 28.794 min | TOEPLITZ
2 16 M = 200 13 min 45.08 sec LAPACK
2 16 M =500 | 3 hours 27.5358 min | LAPACK

rigid cylinders with nfreq = 200 (frequency intervals).

Table 5.3: Total elapsed time to find the unknown coefficients using TOEPLITZ and
LAPACK libraries with Dynamic Schedule for a configuration of M = 200 and M = 500
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Chapter 6

Acoustic active exterior cloaking

6.1 Introduction

Cloaking is intended to make an object undetectable to incident waves. The approaches
proposed consist mainly of two quite distinct types of cloaking, namely passive and
active. Passive cloaking requires devising a metamaterial that can steer the wave energy
around the object regardless of the incident wave. Our interest here is with active
cloaking, specifically in situations where the active sources lie in the exterior of the
region containing the cloaked object. We call this configuration active exterior cloaking
in keeping with prior terminology [179]. The field generated by the active sources is
zero in the infinite region outside a set of circles defined by the relative positions of the
sources. In this capter, we demonstrate that the integral representation of Vasquez et
al. [181] for the source amplitudes can be reduced to closed-form explicit formulas. We
provide analytical expressions for the source amplitude coefficients for general incidence
as well as plane wave incidence. The expressions involve no more than sums of cylinder
functions which can be truncated to achieve any desired accuracy. We also prove that
the field generated by the active sources vanishes in the infinite region exterior to a
set of circles defined by the relative positions of the sources. The active source field,
by construction, cancels the incident field in the cloaked region, which is defined by
the region interior to the same circular areas. The analytical results are verified by
calculation of the farfield and the nearfield amplitudes, which are shown to vanish
when the summation is accurately evaluated. The non-radiating nature of the active
field has relevance to the inverse source problem [168]. Although for this problem,
some uniqueness results are available for restricted forms of sources, e.g. “minimum

energy sources” [47], in general the solution to this problem is know to be non-unique
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[19]. Here we develop the solution of the active cloaking problem as a new family of
non-radiating sources, with the property that they cancel a given incident field over a
finite region.

We begin in 6.2 with a statement of the problem, a review of the governing equations,
and a summary of the main results. The basic integral relation of Vasquez et al. [181]
is derived in 6.2.2, from which the main results are shown to follow. Some example
applications of the new formulas are presented in 6.5. Some implications of the general

results are discussed in 6.6.

6.2 Source amplitudes for active exterior cloaking

6.2.1 Problem overview

Figure 6.1: Insonification of the actively cloaked region C' generated by M active point
multipole sources at x,,, m = 1, M. The region R is defined as the interior of the
union of the dashed circular arcs, that is, the combined area comprising C' and the M
circular domains. The incident field in this case is a plane wave with wave vector k in

the direction .

The active cloaking devices considered here operate in two dimensions, and consist

of arrays of point multipole sources located at positions x,,, € R%, m = 1, M (see Figure
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6.1). The active sources lie in the exterior region with respect to the cloaked region
C' and this type of cloaking may therefore be called “active exterior cloaking” [179].
Objects are undetectable in the cloaked region by virtue of the destructive interference
of the sources and the incident field with the result that the total wave amplitude
vanishes in the cloaked region C'. The advantages of this type of cloaking device are:
(i) the cloaked region is not completely surrounded by a single cloaking device; (ii) only
a small number of active sources are needed; (iii) the procedure works for broadband
input sources; (iv) the cloaking effect is independent of the location of the scatterer in
the cloaking region. A disadvantage of the active cloaking approach is that the fields
near the ideal sources may become uncontrollably large. Realistically these would be
replaced by regions of finite extent and thus their magnitude is reduced. A further
disadvantage of the method is that the incident field must be known. However we note
that with the approach proposed in this paper, the new expressions require only the
expansion of the incident field into entire cylindrical waves, as compared with the line
integrals derived in [182] which require knowledge of the incident field and its normal
derivative.

The shaded region in Figure 6.1 denotes the cloaked zone C generated by M active
point multipole sources. The boundary of C'is the closed concave union of the circular
arcs m = 1, M, {an, gbgm), gbgm)} associated with the source at x,,. In the general case
{am, qbgm), ¢gm)} are distinct for different values of m. Note that the wave incidence
shown in Figure 6.1 is a plane wave although the solution derived below is for arbitrary
incidence. The inverse problem to be solved is to find the amplitudes of the active
sources as a function of the incident wave, and to prove that the cloaked region is
indeed the closed region C.

We assume time harmonic dependence e~**  which is omitted hereafter, and con-
sider the scalar Helmholtz equation in two dimensions. Thus the method proposed here
is applicable to any physical situation described as such. For ease of discussion, how-
ever, let us consider the case of acoustics, so that the governing equation for the (time
harmonic) pressure p(x) is given by eq. (2.62). For a given incident wave, we assume

there is an additional field resulting from the active sources which exactly cancels the
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incident wave in some bounded region C'. This additional wave field is caused by the
M multipole sources located at x,,, m = 1, M. The assumed form of the total field p,

the incident wave p*, and the active source field p¢ are, respectively
p=p"+p", (6.1a)
M 00
pd = Z Z b Vo (k(x — xm)), (6.1b)
m=1n=-—oo
where p™ is defined in the form of eq. (2.68) with k; = k and k, = 0: here we consider

a perpendicular incidence (a = 0), no z dependence. The wave functions U, (x) and

V. *(x) are defined by eqgs. (2.66) and (2.70). Define the derivative functions U, (x) as

U (%) = Jp (x| e e, (6.2)

In the following we write Uy and V{, with obvious meaning. Note that the functions
U,F(x) and V,*(x) possess the properties given by eq. (2.71) and obey the generalized
Grafs addition theorem (2.72).

The active source field p¢ in (6.1b) is of the same form as considered by Vasquez
et al. [180, eq. (5)]. The three dimensional analog is given in [182, eq. (40)]. The
coefficients A,, which define the incident field, include as a special case plane wave
incidence in the direction ¢ (A4, = i"e~"¥). The active cloaking problem is now to
find (i) the coefficients by, , such that the total field p vanishes inside some compact
region C, and (ii) to define the region C.

The principal results can be summarized in two theorems. The first provides neces-
sary and sufficient conditions on the source amplitudes by, , in order to ensure cloaking
in the region C' and a non-radiating source field p?. The second provides the explicit

expressions for the active source amplitudes.

Theorem 1 Necessary and sufficient conditions on the active source coefficients by,

in order to ensure zero total field (p™ +p? = 0) inside C and no radiated field (p® — 0



173

in the far field) are

U, (kXM) =0,

M o0
VneZ: Y Y bmy X (6.3)

m=1[=—o0

V., (kxm) = —A,.

n

\
These identities provide a useful means to quantify error in active cloaking as will
be seen later on. We now state the explicit form for the source amplitudes, together

with the shape of the cloaked region C' and the region in which the source field vanishes.

Theorem 2 Given M active sources located at x,,, m = 1, M, the required active

source amplitude coefficients for the general incidence (2.68) are

Z b inAn, where (6.4a)

n=—oo

kam > —1)P
bin,in = Z n+p kxm ( +L [Jp(kam)Jl’(kam) — J;,(k:am)Jl(kam)]

p=—00

x [0 o —i(+p) (’")]' (6.4b)

This ensures cloaking (zero total field) in the region C' which is the closed and bounded
domain formed by taking its boundary as the closed concave union of the circular arcs
defined by {am, gﬁgm), gbgm)} and denoted as OC),, see Figure 6.1. These coefficients also
ensure that the radiated field from p® is identically zero in the region exterior to all of
the circles centered at the source points:
M
pi(x)=0 forx € R?>/R, R=CU U{x:|x—xm|§am}. (6.5)
m=1

This is the exterior to the union of the dashed circular arcs in Figure 6.1.

An alternative and more concise formulation of eq. (6.4b) is obtained using the

notation of egs. (2.66) and (2.70) with agm) =amé()), (i =1, 2),

(—1)p - _, 2
[T p (U, (ka)U; (ka) — U, (ka)U;” (ka)] R

(6.6)

bm,ln = kam Z n+p kxm

p=—00

where €(¢!") is a unit vector subtended at angle ¢!", as illustrated in Figure 6.1.
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An important case for which the summation in (6.4a) can be simplified is plane
wave incidence. Assuming the incident field is a unit amplitude plane wave in direction

¥, p™ = py, defined by A,, = i"e " results in

kay ~— iPe®V B B B al™  plane wave

bt = py(em) =" D o Uy (ka)U; (k) — Uy (ka)U; (ka)] | .
p=—0o0 p A incidence.
(6.7)

The form of the coefficients by, ; is discussed further below. Note that the term in (6.4b),
(6.6) and in (6.7), corresponding to p+1 = 0 is zero, which follows from I’'Ho6pital’s rule.

Theorems 1 and 2 are proved in the next section.

6.2.2 Proofs of Theorems 1 and 2
Theorem 1: Necessary and sufficient conditions on the source amplitudes

We first prove the constraints on the source coefficients b,,; given by Theorem 1, and
at the same time show that they may be interpreted in terms of the near- and far-
field of the active sources. To this end, we express p? in two different forms using
the generalized Graf addition theorem (2.72), Let us first consider the radiated field,
assuming that p? does not radiate energy into the far field. The first of (2.72), for
x| > |y]|, allows us to rewrite p¢ as a sum of multipoles at the origin:

0o

> RV, (kx) for x| > max(|Xm| + am), (6.8)

n=—00

where

Z Z b aU,~ (kX,). (6.9)

m=1[]=—oc0
Define the farfield amplitude function f(0), 6 = arg X, such that
oiklx]

i T O((klx[)™*?), |x| = oc. (6.10)

pi(x) = f(0)

The farfield amplitude function follows from the asymptotic form of the Hankel func-

tions as

i f€™ o= (—)I/QZ (nt+3) . (6.11)

n=—oo
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A measure of the nondimensional total power radiated by the sources is given by the
non-negative far-field flux parameter
o oo
o :/ WO =13 |2 (6.12)
0 n=—00

Since p? does not radiate energy into the far field, the active sources must vanish, so
that F,, = 0Vn. Imposing this in (6.9) ensures the necessity of (6.3);. The sufficiency
of (6.3); is seen immediately by substituting (6.3); into (6.9) and (6.8) which gives
p? =0 for |x| > max(|x,| + am).

Now let us consider the near-field inside the cloaked region C' where we assume that
the cloaked region contains the origin and the total field is zero inside C, i.e. p"*4+p® = 0.
Using the second identity in (2.72), the active source field p® can be expressed in a form
that is valid in the neighborhood of the origin (assuming |x,,| > a,, Ym),

0o
pl= > EU, (kx) for |x|<min([xm|— an), (6.13)
n=—o00

where

M o0
En=Y " bmiV,~ (kxm). (6.14)

m=1l=—oc0

The total field vanishing in some neighbourhood of the origin thus implies that F, +
A,, vanishes for every value of n. This gives rise to the necessary condition (6.3)s.
Sufficiency is once again immediate by assuming the form (6.3), and back-substituting
into the forms of p? and p™ above.

Further implications of this result are explored after we complete the proof of The-

orem 2.

Theorem 2: Explicit forms for the active source amplitudes

The Green’s function g(x,x’) is defined as the solution of eq. (2.62) for source ps =
§(x —x/), ie. g(x,x) = —%Vy(x — x’). Consider a region D such as that depicted
in Figure 6.2, chosen so that it does not contain any sources. We will determine the
explicit form for the active source amplitudes together with the form of D that ensures

cloaking. The latter, already introduced as C, is the region depicted in Figure 6.1.
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Figure 6.2: A configuration of M = 4 sources, and a region D in which the integral

identity (6.15) holds.

By assumption, both p™ and p? satisfy the homogeneous Helmholtz equation in D

(eq. (2.62) with P, =0 Vx € D), and therefore

/wdS(y) [0(¥)0ng(y, %) — g(y,x)0nv(y)] = v(x), v={p™ p?}, xeD. (6.15)

where dD is the boundary of D depicted in Figure 6.2 as the union of the arcs dD,,, m =
1, M and it is traversed counter-clockwise. We wish to determine the cloaked region
C C D which is defined by its property that the total field p™ + p? vanishes inside C,

so that

pi(x)=—p"(x) = /%dS(y) [p™" ()00 Vo (k(y—x)) —Vo (k(y—x)) 0up " (y)], x € C.
(6.16)
Given that the boundary of C' is split up, as for D into segments 9C,,,m = 1, M, we
can use (2.72)1, in order to write, for some xq
Voly =x) = Volx = x0 = (y = x0)) = Y Vi (x = x0)Uy (¥ — x0) (6.17)
which holds for |x — x¢| > |y — X¢|. Do this for each of the contours choosing x¢ = x;,
on each 0C,,, so that

. M o)
P == 120 D Vi (kx—xn)

m=1n=—oo

« / A5 (™ (9)0uUs ((y — %)) — Usr (k(y — xm)0up™(y))  (6.18)
0Cm

where we require |x — x| > |y — X;n| on each contour 9C,, (recall that the integral

is being considered for x € C'). The minus sign in (6.18) arises since upon expanding
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about the point x,,, the counter-clockwise orientation with respect to the centre x,, is
opposite to the counter-clockwise traversal of 0C with respect to some origin inside C'.
Note that for this to hold simultaneously for all m the contours 9C,, must be circular
arcs as depicted in Figure 6.3. Therefore we have proved that C is the region with
boundary as the closed concave union of the circular arcs defined by {am,, ¢§m) , ¢;m) }
and denoted as dC,, (see Figure 6.1). Finally, using the form for p? given in (6.1b), we
find that

b = — /8 A5 P ()0uU (k(y = %)) = Uy (k(y = %)) up ™ ()] (6.19)

Figure 6.3: The integration curve 0C split into M = 3 portions dC,, appropriate for
the integral representation (6.18) of the active source field. The cloaked central (black)

region, is bounded by 9C,,, m = 1,2, 3.

This agrees with [181, Eq. (8)] apart from a factor i/4 missing there. Equation
(6.19) provides a direct method for calculating the multipole source amplitudes, as
has been demonstrated numerically for different source configurations [181]. The re-
sult is not optimal, however, as it requires evaluation of a line integral, which can be
computationally time consuming.

The explicit formula for the source amplitudes follows from eq. (6.19) by introducing

the forms for the functions U, as follows
. (m)
¢ ? —ilp [ in oy 7/ —15 ,in
bm,l = _Zkam ({)(m) doe [p (Y)Jl(kam) - Jl(kam)k anp (Y)] . (6'20)
We see that the cloaked region C'is indeed the subdomain of D in which Graf’s theorem

can be simultaneously invoked for all of the M active sources.
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Consider plane wave incidence in the direction of the unit vector &(¢), p™ = py(x)

where

py(x) = eFeWIx (A, = jne=inv)), (6.21)

Then (6.20) becomes, with o, = kany,

(m)
by = aﬂpw(xm) /qb( N dﬁbe_ilqj [Jl/(am) —in(¢) - é(w)‘]l(am)]pd)(y — Xm)

(m)
= Ojlir.npd]( m) 2 d gZ)[Jl/(Ozm) — iCOS(qS — ¢)Jl(am)] ei[aj cos(p—1p)—1g]
2 ¢§m)
- %pw(xm) e[ (am)Glam) = Ji(am)G (am)], (6.22)

where the function G is defined as

pim™ —

G(a) :/ ¢d¢ei(acos¢—l¢) _ i Jn(Oé) Zn/

¢5m>_¢ n=—oo ¢<1M) —1

o™

dge Do (6.23)

The identity e = > ], (2)e™ has been used in simplifying the form of

G(a). Performing the integration in (6.23), we arrive at an explicit expression for the

amplitude coefficients

b = uw(xm)ojTm i [Jp(am)J] () — JI’,(am)Jl(am)]i;ef;p [e=it+D) m e*i(p+l)¢(1m)]‘
T (6.24)
Now consider the incident field
i [T :
= /0 A py(x)e™ = Uy (kx) (A = dup). (6.25)

It follows from integration of (6.24) that the general form of the amplitude coefficients
for the general incidence (2.68) is given by (6.4b).
Finally, we turn to the question of where the active source field vanishes, noting

that the integral (6.16) vanishes identically for field positions outside C' [39]

2 / dSy)[p"(y)0nVo(k(y — x)) = Vo(k(y —x))9up™(y)] =0, x € R?/C. (6.26)
oC

How does this relate to the source field p¢(x)? In the course of the derivation of the
coefficients b, , the field p?(x) was expressed in the form (6.18) for x € C. The latter

restriction on x can be removed since it is clear that eq. (6.18) defines p?(x) for all x.
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This is evident from the definition (6.1b) and from the identity (6.19) for by, ,,. Equation
(6.26) therefore implies that p¢(x) vanishes at all positions outside the cloaked region
for which the representation (6.18) holds, i.e. {x € C : |x —xp| > |y — xm|, ¥y €
OCp,, m =1, M}. This is precisely the region R defined in (6.5), equal to, for instance,
the exterior to the colored regions in Figure 6.3.

This completes the proof of Theorem 2.

6.3 Velocity field in an acoustic cloaked region

Let us consider a cloaked zone C generated by M active point multipole sources and
calculate a total velocity field for acoustic cloaking. We assume time harmonic depen-
dence e~™'. Let the total pressure p in an acoustic medium be defined by eq. (6.1a)
as the sum of the incident wave p™ and the active source field p?, where p™ and p?
are given respectively by eq. (2.68) and (6.1Db).

We now want to find the velocity field v given the pressure; to do this we use the

momentum balance equation (2.63) that yields

7
= - 2
v ok Vp, (6.27)

where p is the density, ¢ is the acoustic wave speed and k = w/c is the wave number.

Hence, the rectangular components of the velocity field are

i (Op Op
(Ux, ’Uy) = —pE (87{1;7 %) (628)

We consider a plane wave incidence in the direction of the unit vector €(1), and the
incident pressure field p? in the form (6.21). Introducing eq. (6.1a) into (6.28) along
with egs. (6.1b), and (6.21) yields:

. M e
Uy = — Lk{zk cos weik(xcosll)-i-ysinw) + Z Z bmvneinarg(xfxm)
pke

m=1n=—o0

k(@ = 2m) pay in(y — Ym) 1)
x [mﬂn (ke = 3]} = == HLY (k= xal)| }, (6.299)
) M oS
_ L . . ik x cos Y+ysiny inarg(x—Xm)
v pkc{msmwe ( ! )+ Z Z byne™ ™8

m=1n=—oo

[ in(z = m)

|x — X |

HEY' (kfx = on]) + HD (klx —xal)] |, (6.290)

|x — X |?
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where prime in J20S (| |) denotes derivative with respect to argument |z|. Using the

notation 0,,(x) = arg(x — x,;,), equation (6.29) can be simplified as:

7% (k:(x — xm)) ﬂ ’

klx — x|

M 0
Uy = plc[coswpm - Z Z b <z cos GmVJ/(k(x — X)) + nsinb,

m=1n=—o0

(6.30a)
Vn+ k(x —xm,
o= ™ 35 5 b s e ) oy S X))
(6.30D)

6.4 Acoustic Scattering from a Cylinder in a Cloaked Region

In this section we investigate the use of active exterior cloaking sources by considering

acoustic scattering from rigid and soft cylinders of radius ¢ immersed in water.

6.4.1 Scattering from cylinder

Let us first assume that active multiple sources are not included. Then total pressure
field p is defined by (2.67) as the sum of incident p* and scattered p*¢ fields given
by egs. (2.68) and (2.69). The coefficients B,, are the desired scattering coefficients.
The coefficients A,, define the incident field, as special case A,, includes a plane wave
incidence in the direction v given by eq. (6.21). The outgoing scattered wave satisfies
the corresponding boundary conditions at r = a, the Sommerfeld radiation condition
at r — oo, and the Helmholtz equation outside the surface of a cylinder at » > a. For
acoustically hard cylinder (rigid cylinder) the velocity of a fluid on the boundary r = a
is zero. This implies that the normal derivative of the total pressure field has to vanish
on boundary r = a:
o) Ip™(a)

o = (6.31)

For an acoustically soft cylinder, the total pressure field has to vanish on boundary
r=a:

p=0 or p¥*=—pm (6.32)
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Application of the boundary conditions (6.31) and (6.32) along with equations (6.21)

and (2.69) leads to the following coefficient relations
B, = Tppie™, (6.33)

where T, is defined by eq. (3.133) for an acoustically hard cylinder (rigid cylinder)

and eq. (3.134) for an acoustically soft (hollow) cylinder.

6.4.2 Cylinder in a cloaked region

Let’s now assume that a cylinder is situated in some bounded cloaked region C' generated
by active cloaking devices. For simplicity, let us consider a cylinder surrounded by
active sources having the symmetric configuration given in Figure 6.4. The center of
the cylinder is at the origin that is located in the center of configuration.

The total field p is again defined as the sum of incident P and scattered P *¢ fields:
p=P"+ P, (6.34)

But unlike in the previous case, now the incident field P on the cylinder consists of
two parts p™ and p?

PO =p gt = Y (At B (%), (655

where A,, is given by (6.21) and E,,, the near field coefficient, is defined by (6.14) .
The boundary conditions (6.31) and (6.32) yield correspondingly the following scat-
tered field
pc— _ i Tng(Ag + Eg)o,n V" (kx), (6.36)

n=—oo

where T, is defined by eq. (3.133) for an acoustically hard cylinder and eq. (3.134)
for an acoustically soft cylinder. When the cloaking device is not active, i.e. E, = 0,

results coincide with ones given the in previous section, 6.4.1.
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Figure 6.4: Plane wave insonification of the cloaking region C' generated by M = 8

active sources.

6.5 Numerical examples

6.5.1 Active source configuration

We illustrate the results for plane wave incidence on configurations of the type shown

in Fig. 6.4. The M sources are symmetrically located on a circle, with
am =0, |Xm|=0, O0p=(m—1)0y m=1M, where 0y=21/M, (6.37)

and by necessity, a > bsin 1;. The circular arcs, which all have the same angular extent,

are then defined by

m =1, M. (6.38)

)

sin™! ésinl -
a M M

We take a = bsin 7 in all examples considered. Note that the cloaked region C' can be

S\ =7+ O F

formed by a minimum of 3 sources. A configuration with M = 8 sources is shown in
Figure 6.4. All calculations were performed for plane wave incidence on configurations

of the type shown in Figure 6.4 with varying numbers of sources, M > 3.
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(a) Farfield, M=3, N=10 (b) Farfield, M=3, N=15

Figure 6.5: The farfield radiation amplitudes |F7(Lap P )| of eq. (6.39) for different orders
of Bessel functions n = —10, 10, wavenumbers k = 1,5 and truncation values N = 10
and 15. The configuration is M = 3 multipole sources located at the distance b = 1

from the origin, with angle of incidence ¥ = 7°.

10"
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-10 -10

10 : 1 10

al app
IF2PP) IF
107t

-10 -5 0 5 10 -10 -5 0 5 10
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(a) Farfield, M=3, k=1 (b) Farfield, M=8, k=1

Figure 6.6: Dependence of the farfield amplitudes |F7§ap P )| on the order n of Bessel
functions for different values of N in (6.39) (IV = 5,10, 15) and for different numbers

of active sources: (a) M = 3, and (b) M = 8. The incident wavenumber is k = 1.

6.5.2 Near and farfield amplitudes

The efficiency of the cloaked region is assessed by examining the farfield and nearfield

as functions of various parameters. If all terms in the infinite sums in egs. (6.9) and



184

(6.14) are available then the farfield is identically zero and the nearfield exactly cancels
the incident wave by Theorems 1 and 2. We therefore consider truncated versions of
the infinite sums so that the farfield and nearfield coefficients, F}, and E,, of eqgs. (6.9)

and (6.14) respectively, are approximated as

(app) M N -
Fn Vn—l(xm)’
= by X VneZ. 6.39
(ap) Z_: 2 b ) " (6.39)
En m=1[=—N Unfl (Xm)7

— N=20

-5
10 b 4
(app)
IAFES | A"J,Ef]app)l

(a) Nearfield, M=6, k=5 (b) Nearfield, M=8, k=5

Figure 6.7: Variation of the nearfield amplitude coefficients |A4,, + ELP )] for different
values of the truncation size N in eq. (6.39), generated by M = 6 active sources in (a)

and M = 8 sources in (b). In all cases k = 5.

In the limit of N — oo, exact cloaking is achieved. Restricting the summation to

finite values of N is equivalent to limiting the order of the active multipole sources.

FT(Lapp) E7(Lapp)

The behavior of the approximate coefficients and has implications for
the accuracy of the cloak, regardless of the type of object to be cloaked. Thus, the
farfield coefficients determine the radiated field everywhere outside the cloak, and must
necessarily be small regardless of whether or not an object is being cloaked. Similarly,
the total field in the cloaked region C' must be small in order to achieve cloaking. The

two conditions correspond to FT(Lap P) and ET(Lap P)

+ A, having small values. The examples
in this subsection examine the sensitivity of these quantities. The sources are located

at b = 1 with plane waves incident at ¢ = 17°.
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(a) Nearfield, N=140, k=1 (b) Nearfield, N=140, k=5

Figure 6.8: Dependence of the nearfield amplitude |4, + Ey(Lap P )| on the number of

multipole sources M (M = 3,4,5,6) at wavenumber k = 1 in (a) and k£ =5 in (b).

The farfield amplitude coefficients \F,&“p P) |, n = —10, 10 are depicted in Figures 6.5
and 6.6 for different values of the wavenumber k, the number of sources M, and the
number of terms in summation (6.39), N. It is clear from these two figures that the
error in the farfield coefficients decreases (i) as N increases, (ii) as M increases, and (iii)
as k decreases. The convergence is particularly fast as a function of N. For instance,
at k = 1 the farfield coefficients are uniformly less than 1076 for all M > 3 if N > 5.
Much smaller values (1071 or less) for \F,Sap P )\ are easily achieved for moderate values
of N,ie. N =10.

The nearfield amplitude coefficients |A,, + E,(fp P )] are shown in Figures 6.7 to 6.9.
In contrast with the farfield case, relatively large values of the truncation size N are
required to obtain small nearfield coefficients. Figure 6.7 shows that N on the order
of 100 or more is required to achieve accuracy comparable to the farfield coefficients.
However, unlike the farfield amplitudes, it is found that the nearfield coefficients gen-
erally increase in magnitude with |n|, the order of the Bessel functions. The relatively
large values of |A, + gl )| and their increase with the order |n| does not necessarily
mean that the total field in the nearfield is divergent. For instance, the top curve in
Figure 6.7(a) indicates |A1g + Eﬁ;pp)\ =0(10?), but this value multiplies J1o(k7), and,

for instance, |Jig(kr)| < 2 x 1073 within C. In other words, the increasing values of
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Figure 6.9: Variation of the nearfield amplitude coefficients with number of active

sources (M = 4,6,8,10) and with wavenumber (k = 1,5). In all cases N = 130.

|Ay, + Efzapp)] with n can be balanced by the fact that J,(kr) = L (&)™ + ... for small
kr.

Figure 6.8 shows the dependence of the nearfield coefficients on the number of
sources. The case of the minimum number of sources, M = 3, appears to be strikingly
different from others (M > 4). As Figure 6.8 indicates, adding one more source and
taking M = 4 reduces the error from 10° to 10710 for k = 1,n = +5 and from 1072
to 107 for k = 5,n = +5. Generally, as with the farfield coefficients, increasing the
number of sources improves the accuracy of the nearfield amplitudes |A,, + E,(lap P) |.

Finally, Figure 6.9 shows the nearfield dependence on the wavenumber, k = 1,5.
The accuracy actually improves with increasing k, unlike the farfield case. However,
it should be borne in mind that the nearfield coefficients multiply the terms J,(kr),
which increase in magnitude with £ for fixed r.

The numerical results in Figures 6.5 through 6.9 show that greater accuracy is
achieved using more sources, which is not unexpected. For the case of M = 3, the min-
imum number required, the nearfield coefficients could be large enough to significantly

diminish the cloaking effect. This suggests taking M = 4 might be preferable.
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(a) 3D view (b) 2D view

Figure 6.10: Absolute value of total pressure field with 4 active sources, b = 1, angle of
incidence ¢ = 17°, wave number k = 2, and N = 60. Values above 2 in magnitude are

clipped to make the plots visible

(a) 3D view (b) 2D view

Figure 6.11: Real part of total pressure field with 4 active sources, b = 1, ¢ = 17°,

wave number k = 10, and N = 60.
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6.5.3 Total field

The total field for unit amplitude plane wave incidence on configurations of active
sources of the type defined in Section 6.5.1 is illustrated through several examples. In
all cases b = 1 and ¢ = 17°. Figure 6.10 shows the absolute value of the field for four
active sources: the subplots provide different perspectives, indicating that the field is
indeed essentially zero in the cloaked region C, and that the radiated field uy is zero
outside the region R. The major variation in the source field is within the circular
regions centered on the active sources. It is found that the field in these regions can
take very large values, and therefore, for the sake of visibility we truncate the plot at
an arbitrary value (here = 2). Note also that the cloaked region spills over slightly into

the circular regions. This effect is perhaps easier to see in the subsequent examples.

(a) 3D view (b) 2D view

Figure 6.12: Real part of total pressure field with 4 active sources, ¥ = 17°, k = 10.

The number of modes used in the truncated sum is here limited by N = 10.
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(a) 3D view (b) 2D view

Figure 6.13: The same as in Figure 6.12 except now N = 5.

(a) 3D view (b) 2D view

Figure 6.14: The same as in Figure 6.13 except now M = 7.

Figure 6.11 considers the same M = 4 configuration of active sources at a higher
frequency k& = 10. The plots in this case show the real part of the total field, clearly

illustrating the plane wave field in the exterior of R. The subplot on the right clearly
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shows that the cloaked region is somewhat larger than C, extending partly into the
circular regions. The number of modes used in Figure 6.11 (N = 60) is more than
adequate to ensure convergence and accurate cloaking. It is more instructive to consider
the effect of fewer modes, as in Figures 6.12 to 6.14. In Figure 6.12 the number of modes
used is on the order of the frequency, and good accuracy is still observed. Notice the
smaller footprints of the active sources, as compared with Figure 6.11, indicating that
the higher modes “fill out” the regions where ug4 is highly variable. Only N = 5 modes
are used in Figure 6.13, and one can see the deterioration of the cloaking effect expected
with an inadequate number of multipoles. The plane wave is clearly evident inside the
cloaked region C', as are some scattering effects in the “shadow” zone. It is interesting
to note that the active source footprints are reduced in size as compared with Figure
6.12. Finally, in Figure 6.14, we consider the effect of a larger number of active sources
combined with a small number of modes. Comparison of Figures 6.13 and 6.14 indicates
the tendency observed from the results of 6.5.2 that more active sources improves the
cloaking effect. This is also to be expected from the discussion below in 6.6 which shows

that for large numbers of sources only the lowest order multipoles play a significant role.

6.5.4 Scattering examples

Finally, we illustrate the effect of active exterior cloaking on plane wave scattering from
rigid and soft cylinders (Neumann and Dirichlet boundary conditions, respectively). In
each case, the cylinder is circular of radius ag = 1 centered at the origin, five active
sources with b = 4 are used, the frequency is k£ = 5, and the incident wave strikes
at angle ¢» = 17°. Figures 6.15 and 6.16 compare the response from a rigid cylinder
with the active cloaking turned on and turned off. The absolute value is shown in
Figure 6.15 while Figure 6.16 considers only the real part of the complex field, which
clearly indicates the plane wave propagating undisturbed when the cloak is active. The

comparison for a soft cylinder is shown in Figures 6.17 and 6.18.
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(a) Cloaking devise OFF (b) Cloaking devise ON

Figure 6.15: Absolute value of total pressure field when cloaking devices are inactive
(left) and active (right) for scattering from the hard cylinder. Calculations are per-

formed for a hard cylinder with M = 5 active sources, angle of incidence v = 17°, and

15
;
i) 5
.

Figure 6.16: Real value of total pressure field when cloaking devices are inactive (left)

wave number ka = 5.
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and active (right) for scattering from a hard cylinder.
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(a) Cloak inactive (b) Cloak active

Figure 6.17: Absolute value of total pressure field with cloaking devices are inactive

(left) and active (right) for scattering from a soft cylinder: k =5, ¢ = 17°.
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(a) Cloak inactive (b) Cloak active

Figure 6.18: Real part of total pressure field is displayed for a soft cyliner when cloaking

devices are inactive (left) and active (right): k =5, ¢ = 17°.

6.6 Discussions and Conclusions

The numerical results of 6.5.2 indicate better convergence properties for fewer multi-
poles if more active sources are used. This is consistent with the finding of Du et al.

[10] that the order N of the multipoles required decreases as the number of sources M
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increases. It is therefore of interest to consider the limit in which many sources are
available: the large M limit. Staying with the configuration of 6.5.1, the appropriate
limit to consider is (a,, =)a ~ br/M so that ka < 1 and the small argument approxi-
mation can be used for the Bessel functions J,,(ka,,) (note kb is not necessarily small).

This implies that to leading order in ka the coefficients in (6.4b) reduce to

(=2) U (xm),  1=0,

binin = Zka X lem0m Ut (x,,), 1= =1, (6.40)

0, [ #0,+1.

The identity J,—1(x) — Jpt1(z) = 2J),(x) has been used to simplify the [ = 0 term in

(6.40). The source field follows from eq. (6.1b) and the identity V7, (x) = =V (x,,) as

[e.9]

. M
Ug :%ka Z Ay, Z X (6.41)

n=—oo m=1
(U o) P (% = x]) cos (arg(x = x) = ) = U (o) B (1 = 3]

(6.42)

The field of the active sources is therefore composed of monopoles and dipoles only,
with no contribution from higher multipoles. This agrees with what one might expect
from the continuous limit of M — oo, i.e. a closed contour of monopoles and dipoles,

but here it is obtained from the discrete solution. In fact, eq. (6.41) is

. M
Ug = %a 3 [a(5m) 0 Vo (x = Xom) — Vo = Xn) Bt (%) (6.43)
m=1

which can be seen to be the discretized version of the fundamental integral identity eq.
(6.16) with the correspondence [dS — 2a ), . While eq. (6.40) is thus the natural
first approximation for uy based on the integral equation (6.16), it should be realized
that it was obtained here as a first order approximation of the exact expression (6.4b).
The latter therefore provides the basis for a multipole expansion of the exact source
field obtained by including higher powers of ka than considered in eq. (6.40). This
possibility goes beyond our present interests but will be examined in a separate study

dealing with approximations to the exact results of Theorem 2.
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The exact source field ug(x) of eq. (6.1b) exhibits some interesting features. This
field is, by design, equal to the negative of the incident field in the cloaking region C,
and it also vanishes identically outside the concave region R defined in (6.5) The non-
radiating property of uy is as important as the fact that it exactly cancels the incident
wave in C'. Let us examine this more closely. Define the infinite matrix S with elements

Spq such that

o0 M oo
Fp - Z Squq = Spq = Z Z bm,qupil(Xm)7 (644)

q=—00 m=1[l=—cc

or, using (6.6),

al kam = - + (_1)71 _ 7 _/ _ aém>
Spp=D_ 4" D Uyl em) Uiy () 7 [Un (@)U (2) = U (@)U (@)] | (-

m=1 l,;n=—00

The matrix S is, formally at least, like a scattering matrix. For instance, by inspection,
S is hermitian (Sp, = S;,). However, by design and based on Theorem 1, S = 0, and
as such it could be called a zero-scattering matrix. Alternatively, it can be viewed as
a formula for generating non-radiating fields. This has relevance to the inverse source
problem [168]. It is known that solutions to the inverse source problem are non-unique
[19], although some uniqueness results are available for restricted forms of sources,
e.g. “minimum energy sources” [47]. The solution of the active cloaking problem as
developed here has generated a new family of non-radiating sources, with the property
that they cancel a given incident field over a finite region.

By definition, an active source cloaking strategy requires solution of an inverse
problem: find the active source amplitudes associated with a given incident field in
order to exactly cancel the latter in some finite region. The results given in Theorem
2 provide closed-form solutions for the inverse problem for an arbitrary time harmonic
incident wave field. These new expressions require only the expansion of the incident
field into entire cylindrical waves and can be evaluated to any degree of accuracy by
increasing the truncation parameter N associated with the number of modes of the
active source. Simultaneously the fact that the active source field has been shown to

vanish identically outside the region R defined in (6.5) means that the active field is
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non-radiating. This latter property is just as important as its ability to nullify the
incident wave in the region C.

The necessary and sufficient conditions on the active source coefficients, given in
Theorem 1 provide a means to quantify the error in active cloaking when the number
of modes is finite. These errors have been analyzed here in some specific scenarios. It
has been shown that the error in the far-field amplitude decreases as N increases, M
increases and k decreases. In particular, there is a great sensitivity to the increase in
N; relatively small errors can be attained in the far-field amplitudes for moderate IV,
say N ~ 10. On the other hand for small errors in the near-field amplitudes, relatively
large values of N are required. Furthermore, there is a striking reduction in error when
moving from the case of M = 3 to M = 4, motivating the latter as a preference. In
contrast to the far-field case, errors decrease for increasing k.

Numerical results were given which illustrate the cloaking effect in various instances,
including the presence of a sound-soft and sound-hard circular cylinder. In the appropri-
ate limits, perfect theoretical active cloaking is achieved. The availability of closed-form
active source amplitudes opens the door for possible studies on practical realization of
active cloaking devices.

The case of many sources, where the active field degenerates to one involving a sum
of monopole and dipole sources, is worthy of further, separate study relating to the
multipole expansion associated with the active field. Finally, the non-radiating nature
of the active source field is especially noteworthy. The associated scattering matrix,
defined in (6.45) (which is zero by design), is therefore associated with a new family of
non-radiating source solutions which would appear to be useful in the so-called inverse

source problem.
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Chapter 7

Elastic active exterior cloaking

The main function of a cloaking device is to render an object invisible to some incident
wave as seen by some external observer. The aim of active exterior cloaking is to render
the total field zero inside some prescribed domain (the cloak or zone of silence), whilst
ensuring that the active field itself is non-radiating. The technique introduced in the
early active exterior cloaking work [112] and described in Chapter 6 enables a cloaked
region to be identified clearly by the use of Graf’s addition theorem. This approach
allows precise determination of the necessary source amplitudes. In this Chapter, we will
generalize the idea of active acoustic exterior cloaking [112] to include the elastodynamic
properties of medium. An active elastodynamic cloak destructively interferes with an
incident time harmonic in-plane (coupled compressional/shear) elastic wave to produce
zero total elastic field over a finite spatial region. A cloaking of a finite region in two
dimensions from time harmonic elastic waves is achieved using a discrete set of point
multipole forces. The amplitudes of the sources are uniquely determined by the incident
wave through a set of explicit expressions.

As yet, it does not appear that active exterior cloaking has been applied to the
elastodynamic context. This Chapter will focus on the relevant two-dimensional active
elastodynamic cloaking problem. In general, elastodynamic cloaking problems are more
difficult to study than their acoustic or electromagnetic counterparts. Indeed, in the
case of passive elastodynamic cloaking, this is due to the lack of invariance of Navier’s
equations under coordinate transformations [102] unless we relax the minor symmetry
property of the required elastic modulus tensor. The latter can be achieved by us-
ing Cosserat materials [25, 117] or by employing nonlinear pre-stress of hyperelastic

materials [119, 120, 115]. Here we show how the active approach to cloaking can be
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employed in the elastodynamic case for the fully coupled two-dimensional (in-plane)
compressional /shear wave problem. As in the approach of [112], we write down the
relevant integral equation by employing the isotropic Green’s tensor in this case. The
required source amplitudes for arbitrary wave incidence can be determined explicitly
by using Graf’s addition theorem.

Results presented in this Chapter were published in [108]. We shall begin in Section
7.1 with a statement of the problem, a review of the governing equations, and a summary
of the main results. The relevant integral relation is derived in Section 7.2, from which
the main results regarding the explicit form of the source amplitudes are shown to
follow. We consider both compressional and transverse (shear) wave incidence. We also
describe the form of the active source field and the issues associated with divergence

described above. Numerical results follow in Section 7.3.

7.1 Problem formulation and main results

7.1.1 Problem overview

Let us consider the two-dimensional configuration where the active cloaking devices
consist of arrays of point multipole sources located at positions x,, € R?, m = 1, M
as depicted in Figure 7.1. These sources can give rise to both shear and compressional
elastic waves. The active sources lie in the exterior region with respect to the cloaked
region C' and for this reason, this type of cloaking is called active exterior cloaking [179].
Objects are undetectable in the cloaked region by virtue of the destructive interference
of the sources and the incident field with the result that the total wave amplitude
vanishes in the cloaked region C'. As described in [112], this gives rise to three significant
advantages over passive cloaking: (i) the cloaked region is not completely surrounded
by a single cloaking device; (ii) only a small number of active sources are needed; (iii)
the procedure works for broadband input sources. The principal disadvantage of the
method is, of course, that the incident field must be known.

The M active sources give rise to a cloaked zone C' is indicated in Figure 7.1 by

the shaded region whose boundary C' is the closed concave union of the circular arcs
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9Cy, m =1, M, {an, Hgm), Hém)} associated with the source at x,,. In the general case
{am,OEm),Gém) } are distinct for different values of m. Note that the wave incidence
shown in Figure 7.1 is a plane wave although the solution derived below is for arbitrary
incidence. We therefore have to determine the amplitudes of the active sources as a
function of the incident wave, and then prove that the cloaked region is indeed the
closed region C' as indicated in Figure 7.1. Let us also define the notation 4, as the
circular domain of radius a,, that contains the mth active source at its centre. We also

define the union of these domains A = UM_, A,,.

Figure 7.1: Insonification of the actively cloaked region C' generated by M active point
multipole sources at x,,, and active source regions A,,, m = 1, M. The incident field

in this case is a plane wave with wave vector k in the direction .

The governing equations for P/SV in-plane wave propagation are given in Section
2.3.2. Navier’s equations in two dimensions for the displacement u = (ug,ug), u; =
uj(z1,x2), are given by eq. (2.78). Substitution of Helmholtz decomposition (2.56) for
the displacement into Navier’s equations leads to separate Helmholtz equations (2.80)
for the scalar potentials ® and W.

We seek the total wave field in the form of an incident wave, u;, plus the active



199

source field, ug, such that
ux)=u;+uy = @x)=9;+ Py, U(x)=T; + U, (7.1)

We assume the general form of an incident field in the regular basis, and hence

o = [ APUF(kx)

= , 7.2a
v, n:zoo AP U (Kx) (72
M 0o
=2 >

Uy)  mmin=se \BSLV. (K (x — X))

(I)d Br(g,)nvn—i_(k(x - Xm))

(7.2b)

where the functions U,*(z) and V,*(z) are defined by equations (2.66) and (2.70). In

the following we write Uy and V{, with obvious meaning.

7.1.2 Summary of the main results

Here we shall state the main results and the required source amplitudes to enable perfect
active cloaking together with necessary and sufficient conditions on these amplitudes.
The latter ensures we can compare accuracy of the cloaking technique. We shall prove
these results in Section 7.2. Let {am,ng),Gém)} define the circular arc 0C,, of the

closed boundary of the cloaked region associated with the source at x,,. The active
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source amplitude coefficients for the general form of an incident field (7.2a) are

) (p)
AR
= Z ,  where (7.3a)
(s) T A 40
Bm,l Bm,lnAn
B’r(s,)ln 00
1 q[o—ilg+DoS™ _ —i(g+1)6s™
" A(kap)? 2, Ve S -
s " ===
Bﬁn,)ln

v1(kap, Kap) —vo(Kam, kany)
. {Untrq(kxm) + U (k) }
vo(kam, Kap,) V1 (Kam, kap,)

(7.3b)
[0‘532 — 2q}aJl'(a) i[o‘(%:f — 2l]aJl(oz) Jg(a)
vy
V(Oé,,@) = ( ) =
. —i[agm)Q — 2lq] Ji(B) —2a,(3m)a§m)Jl’(5) iJé(a)
(7.3¢)

The derivation of eq. (7.3) is given in Section 7.2.5. Alternatively defining a vector
agm) = amé(Ggm))(i =1, 2), and incorporating eqs. (2.66) and (6.2), eq. (7.3b) reduces

to the form

B(p)
m, In o0 Vi(ka, Ka)
1 1(Ra,
— it 2 0 )
dog ' g=—o0 Va(ka, Ka)
Bf?j,)ln
(m)
—Vo(Ka, ka a
—i—UnJ;q(me) 2 ) } ,  where
Vi(Ka, ka) al™
(7.4a)
of™? —/ af™” - -
Vi [ pw _QQ]QUZ (o) Z[ q+l QZ]OCUZ (@) Uy (@)
V(a,B) = =
V2 - (m) (m) (m)y;— /
—ifas™ = 20q|U7 (B) —2ap™as™ U (B) iUy (o)
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)

The active source coefficients Bgz)l and BS ; must satisfy the necessary conditions:

B(P) U~

m, " n—I

(kxm) =0,

BS?lUnil(KXm) = 07

M [e's)
Vnez: > x (7.5)
m=1[l=—oc0
BP\V (kxn) =-AY,
BV (Kxy) =-AY.
Note that in eq. (7.5), for an incident longitudinal wave, Agf) = 0 and so the term on

the right hand side of the fourth identity vanishes, whereas for a transverse incident

wave, Aﬁf’ ) = 0, and as a result the right hand side of the third equation reduces to

(s)

7, will be used to estimate an error in the active

zero. The constraints on Bfﬁ)l and B

cloaking region in the following sections by truncating an infinite sum in (7.5).

7.2 Solution for the source amplitudes

We begin the derivation by formulating the problem as an integral equation.

7.2.1 Integral equation

With knowledge of the Green’s tensor G = [G;;| defined by (2.94) we can now develop
an integral equation for the displacement. Indeed, if u is a solution of the homogeneous
equations in an infinite domain containing a finite region D and o is the associated
stress, then by definition of the Green’s tensor,
Ug (X)7 X € D7
| asnilu) Sy - x) - 0 (9)Ginly ~ )] = (7.6)
o 0, x & D.
Equation (7.6) holds for both u; and uy separately inside the cloaked region, since both

are assumed to be regular there (this is a definition of exterior cloaking). Also, by
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its definition the total field is zero inside the cloaked region with boundary 0C, and

therefore

ug(x) = — /wdsn- w(y) Sy - x) —oiy)-Gly —x)], xeC. (17

This is the fundamental relation used to find the source amplitudes.

7.2.2 General expressions for the source amplitudes

Following the procedure for the acoustic problem we first substitute the assumed form
of ug into the left member of (7.7). Then we partition the integral in the right member
into M segments over {0C,,,m = 1, M} and identify each line integral with the m'"

component of ug, i.e. the part of the source field from the multipoles at x,,,. Thus,

M
0= {/acmds“' [ui(y) - Sy — %) - ai(y) - Gly — %)}

m=

- Z (B@ YV, (k(x = %)) + BS), VxkV, (K (x — xm))) } xeC. (7.8)

n=—oo
We now use the generalized Graf addition theorem (2.72). The idea is to write
Y (y — x) and G(y — x) in (7.8) in terms of sources at x,,. This suggests using (2.72)

fory —x — (y — xm) — (X — Xy,) subject to |y — x| < [X — X;,|. Hence, using (2.95),

(e o]

G(y — x) :4,012 Z {VVUT: (k:(y — xm))Vn+ (k:(x — xm))

n=—oo

+ (Vxk)(Vxk)U,, (K(y — xm))V,," (K(x — xm))}. (7.9)

By virtue of the dependence of the Green’s function on y —x, the derivatives VV can be
understood as V,V, or V,V, or =V, V,, with the same equivalence for (Vxk)(Vx k).
Inspection of (7.8) suggests that the forms —V,V, and —(V<k)(Vxk) are appropriate.
Taking into account the negative sign in VV — -V, V,, the Green’s function can be

written in the form

Gy —x) =

Z { — %))V Vi (k(x = %))

n—=—oo

+ (Vyxk)U,, (K(y — xm)) (Vaxk)V, " (K(x — xm))} (7.10)

4pw2
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Substituting from (7.10) into (7.8), and identifying the coefficients of VV, " (k(x —
Xm)) and VXKV 1 (K(x — x,,)), yields

B®), — /80 dSn - [ai(y) - VU, (k(y —xm)) —ui(y) - P (k(y — xm))],

B 4pw? Joc,,

(7.11a)
Bg)n - _22 dSn - [ai(Y) (Vxk)U, (K(Y - Xm)) —u(y) ol®) (K(y — Xm))],

7 4pw 807"/

(7.11b)
where

Jg)) (k(y o Xm)) = CiquUn_,pq (k(y - Xm))y (711C)
oD (K (y = %m)) = CiipgeprsUnrg (K (y — Xm)). (7.11d)

7.2.3 Integral expressions for arbitrary incidence

The integrals in (7.11) can be reduced by using the fact that dC,, is the arc of the circle
of radius a,, centered at x,,,, which is the origin of the shifted coordinates y — x,,. The
integration is therefore simplified using polar coordinates centered at x,,, combined
with the expressions for the displacements and traction components in polar coordinates

given in terms of the potentials,

1 1
Uy = (I)’r + *\1179, Ug = *(1)79 — \If’r, (7.12&)
r r
1 1
Opp = —)\k?2q) + ZM(q),rr + ;\1177“9 - ﬁW,G), (712b)
1 1 1 1
O = zu(;@,w - T—Z@,g) + u(ﬁxyﬁ@ — W, + ;qf,r). (7.12¢)

The four distinct terms in the integrals of (7.11), such as d Sn- o(y) - VU, (k(y —
X)), then follow by identifying ® — U, (ka), ¥ — U,, (Ka), where a(d) =y — x, is
the radial vector of constant magnitude a,,. Thus,

. g 10 _
dSn-o; VU, = dS[UmﬂaUn (k) + oiro~55Us (ka)}

—d¢ (amkamU;,(kza) - ina,»rgU,;(ka)), (7.13a)



204

dSn - o'(p) -u; = dS[Uir,«O'(p) + uleaig)]

rr

- deai (u [(2712 — K%a2)U; (ka) — QkamUn—’(/ea)}

+ wip 2in[Uy; (ka) — kap,U, ' (ka)] ) (7.13b)
10
i 9g

=—d G(inUiWU{ (Ka) + KamairgU;/(Ka)>, (7.13c)

dSn-o; - (Vxk)U; :ds[ Uy (Ka) —aingUn(Ka)}

dsn-o) . u; = dS[uiro(i) + uiga(‘;)]

A T

=dot- (u 2in[U; (Ka) — Ka,U, (Ka)]

+ g [(Kam)? — 202)U; (Ka) + 2KamU;’(Ka))).

(7.13d)

Noting the reversal of the sense of the integral in equation (7.11) and incorporating
equation (7.13a) leads to

() _ 1 2 —il0) . (m) g1/, (m)yTirr (m)\ Tir6
B e /ggm)dﬁe {ZOép Ji' (™) . + L Ji(ey™) .
; m)2 m m m)y | Wir m m m) ] Wi
+z[(ag 2 212) (™) 4 200 7/ (ol ))]a—i—ﬂ[ﬁ(a}g )Y — alm g (ol >)}a7:},
(7.14a)
1 i (m) 77 (m)) Tir0 (m)) i
s) .~ —1 s (m / m r m irr
B, =1 /egm) dfe { ia™ T (ad™) L + 1 (™) .
—1 {(agm)Q — 2l2)Jl(agm)) + 2 agm)J/(agm))} ? 421 [Jl(agm)) — agm)Jl'(ozgm))] Zir },
(7.14b)
where a,(jm) =k am, agm) = Kap, Hgm) and Hém) are the angular positions of the vectors
agm) = amé(egm)), 1 = 1,2, which describe the initial and final positions of segment

0C,y, (see Figure 7.1). Equations (7.14) provide expressions for the source amplitudes
for any time harmonic incident field.

Let us now specialize the result to the specific case of plane wave incidence. This is
important in its own right but also allows us to derive the general incident wave case

by integration as we shall show.
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7.2.4 Plane wave incidence

Let us define

Uy, (%) = W)Xy, (x) = ethelVe)x, (7.15)

where €(1)o) = (cos1q,sin1),) such that uy, correspond to compressional (o = p) and

shear (o = s) plane waves of unit amplitude.

Longitudinal incident plane wave

Consider now longitudinal plane wave incidence
Di(x) = Apuy, (x) (7.16)

where A, = const is a known wave amplitude. Then using the relation ®;(y) =
i (xXm)uy, (@) with a = a,,€(0), and eq. (7.12) with & = ®;, ¥ = 0, reduces equation
(7.14) to the form:

o™

D;(xm i . (m)?2 m .
nyf,)l = ( (m)) /(m) dfe wuwp(a){zaé ) Jl’(ozl(, )) 2 sin®(6 — vy, — RQ}
dkog 0

+ 1™ T (™) sin2(8 — 1) — 12l sin(6 — 4,) [Jl(a,gm) —afm J/(a,gm)}

— cos(f — 1) {(agm)Z — 212)Jl(a1(om)) + 2az(,m)Jl'(a§)m))] }, (7.17a)

(m)

o _ Pilxm) [* —i - m m

B1(n,)l - 4(("1))/<m> dbe wuwp(a) ’ {[2 sin®(0 — 1) — ”2] ZO‘I(J RACS)
RO 0y

—isin2(0 — wp)a](om)agm)Jl’(agm)) +1421 cos(0 — 1) {Jl(agm)) — agm)Jl'(agm))]
= sin(0 — )| (al™” = 212) Ji(@l™) + 200" (™) | } (7.17b)

. ; :(m) .
where £ = K/k. Then noting that u, (a) = et*amcos(@=vn) = giap ™ cos(0=vp) ' equation

(7.17) can be written
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Zq)z Xm —3 m 2 m m m
Bf:)l = ye p . oz]g ) J/(a; ))[2L8(a1(J )) — (r? —2)L0(az() ))}
’ 4m§m)
—21a{™ Ji(al™) Ly (al™) — 2Ly (af™) [Jl(agm) —afm J/(agm»}
+ Lo/ (f™) [ (™ = 202) Ji(af™) + 20§ 7/ (af™)] } (7.18a)

B s) _ (Pi(xm) e—ilwp . {laém)‘]l(agm)) [2L0//<aém)) - (/<.32 - 2)L0(a](3m))}

4/<aoasm)

= 2a{Mal™ I/ (o) Ly (™) + 21 L) | Ji(al™) — al™ ' (af™)]

- Lafaf™) (el ~ 28) () + 20 5 (0f)] (7.18b)
where the functions Lg(«) and Lq(a) are defined by

0<m)_,¢)

Li(a)= [ df(sing) eilccoso=10) ;i _q 1 (7.19)

1= fom , J=0,1 :
1 —¥p

Lo(c) can be evaluated by using the Jacobi-Anger identity e®s1¢ = "> ] (2)ei?,

n=—oo “N

00 . 9;m>_’¢)p .
L) = 3 Jafa)i" /em)_w dgeitn
n=—oo 1 p
° i(n+)y , (m) A (m)
_ Z Jn(a) Z~n+1 e P v [e—l(n+l)92 o e—z(n—I—l)@l ] (7.20)

n=—oo

Integration by parts yields Lj(«) in the form

l 1 B
Li(a) = _aLO(a) - pilacos 0—16)

0™

: 7.21
oy, (7.21)

Taking into account the Jacobi-Anger identity and equation (7.20), the function L;(«)
and its derivative L) («) can be expressed
1 & . ei(n+l)1/1p

Li(a) = o Z Jn(a) ni™ L T

n=—0oo

g i +DOS™ e—z‘(n+z)0§"”], (7.22a)

ei(n+l)¢P

. [e—z’(n—i-l)@ém) B 6—i(n+l)0§m)]‘
n+1

I(a) = % S 0t ady (@) — Ju(e)]

n=—oo

(7.22b)
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Introducing the explicit results for the functions Lo(«) and Li(«) into (7.18) yields
expressions for the amplitude coefficients in the form:

O a2eiqdp

g _ ®ilxm) 3

ml Y2 —~ a+tl

2L o | g (m) 1 (m) (o™ "(alm)

le(ap )| (e )_W‘]‘I(ap )|+ Jglap™) |20 (™)
ap p

ol — o2 mny| _ 204 my [ (m)y _ 7,/ (o™

Sy ey = ™) o™ = (e

Qyp Qp Ap
) [e—i(qﬂ)eém) _ e—i(q+l)9§m>]7 (7.23a)

S (bz m = jatleiavr l m m m
B _ Pilxm) 3 qul.{Jl(a< >)[2Jq,,(a( ) = (52 = 2)J, ))}

oy Qs
q o™ 202
—J/(a{™) Jole§™) | (™) + 2 (™)
I()m) p agm)
) [efi(qul)Gém) _ e*i(qul)@gm)], (7.23b)

After some simplification eq. (7.23) can be written as

)
_ i(():;;g) S et [eilatDof™ _ ilarbof™]

(5) 4055 q=—00

Bm,l
a(m)z m m . a(m)z m m m
[ = 2q]af™ Jj(ey™) i[% = 20 el i(af™) ) [ Jloy™)

2

—i[al™” = 2g)n(al™)  —20"a™ R (™) ) \iTy (™)

Transverse plane wave incidence

Consider now an incident transverse plane wave

U, = Agetlietws)x, (7.25)
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where As = const is a known transverse wave amplitude. Then equation (7.14) will

have the form:

e(m)
B® (Xm)/2 dﬁe_iw\lli(a){i@( m) o ( )Jl( (m))s1n2(9 )

Bt = 4agm) o{m™ P
+1a™ Jy(a (m)) cos2(0 — 1) + sin(0 — ) [(a( m? _ 2l2)Jl( (m)) + 2a(m)Jl (a (m))

— il cos(f — 1b) [Jl( (my — ol 3/ (a W)}}, (7.26a)

e(m)
BY), = (X’")/2 dHe_iw\Ili(a)-{lozgm)Jl(agm))sinQ(O¢)

10 o
—icos2(0 — w)agm)le’(agm)) —421sin(6 — 1) [Jl(agm)) — o™ Jl’(agm))}
— cos(f — 1) [((ygm)2 —2%) J;(a{™) + 2agm>J/(agm>)] } (7.26D)

As before, note that ¥;(a) = giol™ cos(0=ys), Introducing the functions Lo(«) and L («)

given by (7.19), reduces equation (7.26) to

1 —1 m m m
Bfn?l:&@i(xm)e zws{ ( )Jl( ( ))L/( (m ))—l’le( ( ))[QLg(ozg ))

1
+ Lo(al™)] = 2|~ Ji(a§™) = J/ (af™)] L(al™) + Ly (af™)
Qp
(m)?2 _ o2
s —2I m m
. [O‘WJ,(%(D ) + 20/ (o ))} } (7.27a)
Qp

B = {om)e ¥ { = 21 L) + o (0l () + Lo(al)]

m,l

1

D
(m? _ 52
R

. [O‘(m)Jl(agm)) + 2J/(agm>)] } (7.27b)

Qs

9 z[ T(alm) — J/<agm>>} L1 (™) + Ly(al™)

Incorporating equations (7.20) and (7.22), the amplitudes will have the form

\P [e.e]
BP _ i(%Xm) Z a1 giats . [eﬂ-(qﬂ)egﬂ) _ e%(qﬂ)egm)]

m, 1l

4agm) g=—00

{20l (af) @) + (o - 2a] hlaf) Stat™ b (1280
Ti(Xm) = 19Ys : (m) , (m)
B(s) i\ Xm Z . [e—z(q+l)62 - e—z(q+l)91 ]
m,l 404(m) Pt qg+1

| = o — 2+ ] Al 0 + [a = 2a(a+ D] 2 (0 (o) .

(7.28D)
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Alternatively, the source amplitudes can be written as

B(S)
’ \II’L( iqps [ —1 l <m) et net™
= \ (m)2 Z j9etaY [ i(q+1)05 i(q+1)0; }
g q=—00
-,
am? m m)y ral™’ m .
(%57 —2g]a{™ J/(a{™) i o — 2o U™\ [ Tg(al™)
2
—i[agm) —2lq]Jl(a§,m)) —2a1(,m)agm)J( (m)) iJé(agm))

Plane wave incidence summarized

Adding the separate results of egs. (7.24) and (7.29) gives for combined incidence

B; = Apehen)x g, = A ethseba)x (7.30)
the source amplitudes
()
By .
o—ila+0os™ nei™
BE Z i(q+1) —i(g+1) ]
5) 4OLS q=—00
B,

—valas o ) }
v (™ al™)
(7.31)

where the vector v(a, 3) = (v1, v2)T is defined in (7.3c).

7.2.5 Arbitrary incident field as superposition of plane incident waves

The general form of the incident field given by equation (7.2a) can be constructed as
a superposition of plane incident waves of the form (7.30). This will enable us to find
the general form of the amplitude coefficients for incident waves of general form as a
superposition of solutions for plane waves given by (7.31). Recall the incident field for

a combined incident plane wave having the form:

P, (x A, etke(tp)x e i9e~ 4% U +(kx
(x) =" —= 4 7 (k) . (7.32)
\Ifl(X) AselKe(wS)'x g=—00 iqe_lquUq—i_(KX)
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Multiplying the first row of equation (7.32) by (i~("*9) /27)e!("+0)¥» and the second
row by (i~ (ntq) /27)el (n+a)¥s integrating with respect to p and 1, respectively between

0 and 27 and then evaluating at x = x,,, we find

i) i(ntq)y +

o /O d vy ()T = UL (k) (7.33a)
i—(n+q) a 4
! o /0 At Ui (%) TV = UL (Kxi). (7.33b)

To obtain the form of the amplitude coefficients given by eq. (7.3) for the general inci-
dence (7.2a), we multiply the first and second of equations of (7.31) by A,(lp)yn (p, ¥s)
and Aﬁf)% (¥p, 1bs) respectively, where v, (1, ¥s) = i =2 /(2m)2e™¥rei™s | carry out the
double integration with respect to 1, and 15 between 0 and 27, incorporate (7.33) and

sum over all n € Z.

7.2.6 Necessary and sufficient conditions on the source amplitudes

(p)

In this section, we will define the constraints on the active source coefficients By, and
B,({i)n by expressing the active source field uy in terms of near-field and far-field source
amplitudes and using Graf’s theorem (2.72). When |x| > |y|, the components of uy

can be defined as a sum of multipoles at the origin using the first identity in (2.72)

by = fj FPVF(kx),

for |x| > max(|xm| + am), (7.34)

where

Z Z B\ U~ (kxm), Z Z BY U~ (Kxn).  (7.35)

m=1l=—o0 m=1l=—oc0
If the active field &, and ¥, does not radiate into the far-field, then we must have
FT(LP) =0, FT(LS) = 0, Vn ensuring the necessity of (7.5); 2. Sufficiency is guaranteed by
substituting the expressions (7.5); 2 into an assumed far-field of the form (7.34).

Next we consider the near-field. Assuming |X,,| > a,, ¥m and using the general form
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of an incident field given by (7.2a), the near-field source amplitudes can be obtained as

by= > EPU(kx),

for |x| > max(|xm| — am), (7.36)
U, = Y EYUF(Kx),
where
M 0 M e
EP =" 3" BPV = (kxn), EP =3 BYV (Kxn).  (7.37)
m=1l=—oc0 m=1[l=—o0

If the total field is zero in the near-field, then we must have Eép ) + A,(lp ) and Eff) +
Agf) ensuring the necessity of (7.5)34. Sufficiency is guaranteed by substituting the

expressions (7.5)3 4 into an assumed near-field of the form (7.36).

7.2.7 Divergence of the active field summation

The infinite sum expression for the active source fields defined by (7.2b) with source
amplitudes (7.3a)-(7.3c) is formally valid only in |x —X,,| > a,. That is, the expression
is not itself valid in the domain A in which the sources reside! A valid form could be
obtained by using the alternative version of Graf’s addition theorem in the domain A,,
associated with the arc 0C,,, but the usual form of Graf’s in the domain A,,, associated
with all other 0C,,,n # m. We would then be assured that the active field is zero
everywhere outside C'. However if we were to do this, the mth source would not be
present in the domain A, since the active field would be bounded by construction.
Active cloaking therefore requires that we use the expression (7.2b) with source am-
plitudes (7.3a)-(7.3c) for the active field everywhere, but we must take a finite number
of terms in the multipole expansion. That is, we use the source amplitudes that appear
in the infinite sum as motivation for the choice of source amplitudes that should be
chosen in an active field that contains only a finite number of multipoles. This ensures
a finite (but large) field inside .A. We should note that this type of difficulty and the fact
that it may be used to our advantage in the anti-sound context was noted by Kempton

[84].
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With a finite sum for the active field therefore, the integral equation (7.6) is not

perfectly satisfied but instead

0, x € C,
u(x) ~ (7.38)
u;(x), x¢ CUA,
and the field is large (but finite) inside A. Finally we note that a straightforward

truncation of the active field may not be optimal in terms of cloaking and ensuring a

non-radiating field. This issue will be considered elsewhere.

7.3 Numerical examples

AN

Figure 7.2: Plane wave insonification of the cloaking region C generated by four (M = 4)

active sources placed at the corners of a square.

The numerical calculations for active source configurations of the type shown in
Fig. 7.2 are performed for plane longitudinal and transverse incident waves of a unit
amplitude, (A4, =1, A; =0) and (4, =0, As; = 1), for angles of incidence 1, = s =
7°. Variable values are taken for the wavenumbers k, and kg, the number of sources
M, and the number of terms N in summations (7.35) and (7.37) (the truncation size).
The M active sources are symmetrically located on a circle of radius b, with

m—1
M

am =a, |Xpm|=0b, Bm=(m—1)5, B0:27T< >, m=1,M, (7.39)

where 3, is the argument of vector x,,, and a > bsin {;. The circular arcs are defined

sin™! gsinl -
a M M

by

61y =1+ B F . m=1,M. (7.40)
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In all examples, we take a = bsin §; and consider an elastic medium having a property

of aluminum with ¢, = 6427m/s, ¢, = 3112m/s, p = 2694 kg/m3 [79].

7.3.1 The scattering amplitudes

(p)app| (s)app,
Py R

10

-10 -5 0 5 10 -10 -5 0 5 10

Figure 7.3: Variation of the far-field amplitude coefficients with number of active sources

(M = 3,14) for transverse incident waves. In all cases N = 100, 95 = 7°.

Consider the truncated versions of the infinite sums in eq. (7.37) for the farfield

amplitudes F,§p ) and Fés), and eq. (7.35) for the nearfield amplitudes E}mp ) and Eff):

(p)app M N -
FTL Un— (X )7
=3 Y BY x re VneZ, (7.41a)

(p)app ml

En m=1[=—N Vn_—l(xm)’
p

(s)app M N -
Fn Unfl(xm)v

(o)amp E E B Vn € Z. (7.41Db)
Ex m=11=—N \ V.o (%m),
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Figure 7.4: Variation of the far-field amplitude coefficients with number of active sources

(M = 3,14) for longitudinal incident waves. In all cases N = 100, 15 = 7°.

Y e 20

Figure 7.5: Dependence of the near-field amplitude coefficients on n, the order of Bessel

function, varying the number of active sources (M = 5,14) for transverse wave inci-

dence. In all cases N = 100, s = 7°.
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A slp) + Er(lp)app

AELS) + E,(f)am’

10

Figure 7.6: Variation of the near-field amplitude coefficients with number of active

sources (M = 5, 14) for longitudinal incident waves. In all cases N = 100, ¢, = 7°.
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(a) Nearfield, M=8 (b) Nearfield, M=5
Figure 7.7: The near-field amplitude coefficients as a function of n, the order of Bessel
function for different values of the truncation size N in (7.41) generated by different

numbers of active sources: (a) M =5 and (b) M = 8, for longitudinal incident waves.

The approximate near-field E,(Lp Japp , Eff)ap P and far-field FT(Lp Japp , FT(Ls)ap P amplitudes
are calculated at the incident shear wavenumber K = 5 by varying the number of
active sources M and the truncation size N. The dependence of the far-field coefficients
|FT(Lp)app|, |F7(Ls)app| is illustrated in Fig. 7.3 for transverse and in Fig. 7.4 for longitudinal

wave incidences. As M increases, the far-field coefficients fluctuate at small |n|, and
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decrease at larger values of |n| for both compressional and shear incident waves.

T

- -

s — oW N=s 10° —qQ®,N=5

== Q¥ N=5 == Q¥ N=5
" —qQ®, N=10 . —qQ®, N=10
1071 e Q®, N=10 107 hpaiaisaaans”™ Q®, N=10
—Q®, N=20 —Q®, N=10
0 ‘ ‘ T Q¥N=20 10 ‘ ‘ LT Q¥ N=10
1 2 4 g 8 10 0 2 ‘g ® 8 10

a
(a) Q™ and Q) vs. ka (b) Q™ and Q) vs. Ka

Figure 7.8: The total scattering cross sections Q) and Q) versus (a) the normalized
wave number ka for a longitudinal wave incidence with M = 3, and (b) Ka for a

transverse wave incidence with M = 3.

The variation of the near-field coefficients |A$Lp ) ¢ gpewp |, |A£f) + Eo)wp | with the
number of sources M is depicted in Fig. 7.5 for transverse and in Fig. 7.6 for longitudinal
incident waves. For longitudinal wave incidence, the near-field |A,(1p ) + ET(LP Japp | is less
than 10~ and \A,(f) + Eq(f)app| is less than 1077, On the contrary, the results are less

accurate for transverse waves, as the near-field |A£lp ) + Eflp Japp

| approaches the order of
10~! and \Agf) + ET(Ls)app| reaches a value 10~%.

Figure 7.7 displays the near-field amplitude coefficients |A£Lp ) 4 plplery | and ]Agf) +
E,(f)“p P| as functions of n, the order of the Bessel function, for different values of N
and M. The accuracy of the near-field coefficients improves as N and M increase.
Increasing the number of sources M allows a decrease in the truncation size N and the

order of error.

7.3.2 Farfield response

The radiated farfield when x — oo is given by eq. (7.34). Using the asymptotic

expansion of the Hankel function for large argument yields the farfield behavior of uy
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(c) Longitudinal incidence, k =5, ¢, = 7° (d) Transverse incidence, K =5, ¢ = 7°
Figure 7.9: The total scattering cross sections Q) and Q) versus number of active
sources for longitudinal ((a) and (c))and transverse ((b) and (d)) wave incidence for

k=2and k=5 with K = kk and k = ¢,/cs when cloaking devices are ON.

€zk|x|

@d:f@’)(e)m[1+o(k|;)}, v, = f90)

where f®) and f() are the farfield amplitude functions defined such that

— : 2 aix
FOx) = > e, fé“)—\/l“%ﬂ)ﬂsa), a=p, s (7.43)
— ™

ezK|x\

N 1+ O(KLM (7.42)



218

The total power radiated by the sources is £() = 2®)(9) + X()(9) where the non-

negative compressional and shear far-field averaged flux vector components are:

27 0
SO = [ dblrOF =1 Y [FOP, a=ps (7.44)
0

n=—oo

(d) N=5

(d) N =50

Figure 7.10: Absolute value of displacement vector component |u,|/k for N = 5 (a),
N =10 (b), N = 20 (c) and N = 50 (d) when cloaking devices are active with

M = 3,k = 2 for longitudinal wave incidence.

The non-dimensional total scattering cross sections are then
4 oo
Q=QP+QW, whee QW== 3 |EP, a=ps (745
a

n=-—00
where k = k for compressional incident waves and k = K for shear incident waves. The
Q® and Q) are normalized by a = a;, the radius of multipole source A;, see Figure

7.1
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Results for the total scattering cross sections Q®) and Q® for longitudinal and
transversal wave incidence are depicted in Figure 7.8 versus the normalized wave number
Ea, and in Figure 7.9 against the number of active sources M, where k = k for P wave
incidence and k = K for SV wave incidence. These show that the error increases with
the rise of wave number E, but can be reduced by increasing M and N. Increase of N

reduces the error sharply in all cases.

7.3.3 Total displacement field

Longitudinal plane wave incidence

2,
-2 -15 -1 -05 0 0.5 1 15

(@) N=5 (b) N =10

-2 -15 -1 -05 0 0.5 1 15

(c) N=20 (d) N =30

Figure 7.11: Absolute value of displacement vector component |uy|/k for N =5 (a),
N =10 (b), N = 20 (¢) and N = 30 (d) when cloaking devices are active with

M = 3,k = 2 for longitudinal wave incidence.
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(b) k=10,M =3

() k=5M="7 (d) k=10,M =7

Figure 7.12: Absolute value of displacement vector component |u,|/k for k =10, M =3
(a), k=10,M =3 (b), k=5,M =7 (c) and k = 10, M =7 (d). Cloaking devices are

active, N = 5, for longitudinal wave incidence.

First, consider longitudinal plane wave incidence of the form (7.16). The total displace-

ment vector components in Cartesian coordinates are

oP; 0, 0¥, 0P; 0P, 0V,
e Uy) = —+ ———+ —=, — + — — —— . 7.46
(u( u") <8x + Oz + oy = Oy * dy 8x) ( )
Introducing eq. (7.16) and (7.2b) into (7.46) yields
M 00 +
e = mz:l n:Z:OO BV | cos 0,V (k(x Xm)) insin 0,, Bix — %]
VH(K(x — %X
+ Bﬁ,‘j)n </<, sin QmVJFI(K(X — xm)) + in cos 6, — l(<;| (x X| )) ) + i cos,®;,
’ X —Xm

(7.47)
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M 00

w3y

m=1n=—o0

+(k(x —
7 klx — x|

+ By ( — K COS HmVn+/(K(x — Xm)) + in sin O, Vn+l(€f((f ;:’m)) > +isin ), O,
(7.48)
where
Om(x) = arg(x — Xm). (7.49)

Transverse plane wave incidence

Transverse incident plane waves are of the form (7.25). The total displacement vector

components in Cartesian coordinates are

oo ov; ovy; 09 ov; ov
d | 4 9% O%a - d).

Introducing eq. (7.25) and (7.2b) into (7.50) yields

m=1n=—oo

Vi (k(x — xm))>

K|x — x|

Bﬁg}n <H_1 cos QmVn+/(k(x - Xm)) —insinf,,

VH(K(x — %,
+ Bfi)n < sin GmVn+/(K(x — xm)) + in cos 8, — I((|X()i x::| )) > + isin¥;,
(7.51)
Uy _ f: i B®P) k1 sind V+/(k:(x — X)) + incos Vil (k¢ = xm))
K m=1n=—o00 o e " " K|X o Xm|

—f—Br(;i,)n(_COsngn+/(K(X—Xm)) +insin 6, - ( (X . ))>] —icosths Uy,

K|x — x|
(7.52)

where 6,,, is defined by (7.49).

Results

The magnitude of the displacement vector components u, and u, are evaluated for
1, = 7° for various values of the truncation size N, the number of sources M, and

the compressional wavenumber k. Greater accuracy is observed, as expected, with
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increased N and M. However, large N and M require longer computation time, and
some numerical experimentation is necessary to find the smallest values for which the

displacement field vanishes to the desired degree in the cloaked region.

2 2

18 15 18
16 16
14 14
12 05 12
1 1

08 05 08
06 06
0.4 ) 0.4
0.2 8 0.2
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S 15 -1 05 0 05 1 15

(b) N=50,M =3

2
1.8
1.6
14
1.2
1
~ 08
0.6
) 04
- 0.2
% 15 -1 05 o0 05 1 15

() N=5M=6 (d) N =50,M =6

Figure 7.13: Absolute value of displacement vector component |u,|/K for N =5 M =3
(a), N =50,M =3 (b), N=5M =6 (c) and N = 50,M = 6 (d) when cloaking

devices are active with k = 2, K = 4.1305 for transverse wave incidence.

The magnitudes of |u|/k and |u,|/k are depicted in Fig. 7.10 and Fig. 7.11 for
longitudinal incidence at different values of N when cloaking devices are active with
M = 3,k = 2. As expected, the increase of N is accompanied by the reduction of

magnitudes |uz|/k and |u,|/k in the cloaked region.
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() N=20,k=2 (d) N =20,k =5

(e) N =50,k =2 () N=50,k=5

Figure 7.14: Absolute value of displacement vector components |u,|/K for N =5,k = 2
(a), N=5k=5 (b), N=20,k =2 (c), N=20,k =5 (d), N =50,k =2 (e), and
N = 50,k = 5 (f) with M = 3 active sources for transverse wave incidence when

cloaking devices are active.

Figure 7.12 illustrates |u,|/k for longitudinal incidence with N = 5 changing the
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values of k£ and M whilst Fig. 7.13 and Fig. 7.14 show corresponding values of |u;|/K
and |uy|/K for shear incidence, varying N and M with & = 2 for the former, and
altering the values of N and k with M = 3 for the latter. Comparison of these results
shows that at higher frequencies, e.g., larger values of k, greater accuracy is achieved by
increasing the number of sources M, whereas at lower frequencies the smallest number
of sources required, M = 3, produces reasonable cloaking, although enhanced with

increased values of N.

25

() k=5M=7 (d) k=10,M =7

Figure 7.15: The magnitude of the total displacement field with its maximum absolute
amplitude in a cloaked region generated by M = 3 active sources with £ = 5 (a) and
k = 10 (b), and by M = 7 active sources with k£ = 5 (¢) and & = 10 (d) for a

longitudinal wave incidence with v, = 7°, N = 5 while cloaking devices are active.

The magnitude of the total displacement field and its absolute maximum amplitude
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inside the cloaked region is depicted in Fig. 7.15 with parameters used in Fig. 7.12.
Comparison of these results shows that at higher frequencies, i.e., larger values of k,,
greater accuracy is achieved by increasing the number of sources M, whereas at lower
frequencies the smallest number of sources required, i.e. M = 3, produces reasonable

cloaking, although this is enhanced with increased values of N.
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Chapter 8

Concluding remarks and future work

In this chapter, we summarize the main ideas and important results of this dissertation

and point out the future work that must be considered.

8.1 Conclusions

Theoretical predictions and numerical results associated with the propagation, and
multiple scattering of acoustic and elastic waves in layered cylindrical structures and
heterogeneous anisotropic solids are presented in this dissertation. The main impor-
tance and novelty of this work is in the development of a series of fast, robust, rapidly
convergent iterative techniques that we provided to expedite the solution of MS prob-
lems. The iterative methods are developed using Neumann series expansion and taking
advantage of the Block Toeplitz structure of the linear system. The techniques are very
general, and suitable for parallel computations and for a large number of MS problems
in complex media, i.e. acoustic, elastic, electromagnetic, etc.

An acoustic and elastic single scattering by elastic isotropic multilaminate cylinders
is studied using the Global matrix method. The oblique single scattering of incident
waves inclined at an arbitrary angle to a transverse-isotropic solid is considered. The
recursive impedance matrix is developed for radially heterogeneous anisotropic solids,
and specifically, cylindrically and spherically anisotropic solids are examined. An ex-
plicit method is introduced for finding the impedance in piecewise uniform, transverse-
isotropic material. Numerical results, performed in Matlab and COMSOL, represent
total and scattered fields around the scatterer and a far-radiated field for a time har-
monic incident plane wave and point source.

Active exterior cloaking devices are designed for acoustic and elastic media using
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multipole sources. The approach is based on representing the incident field in terms
of Bessel functions at each source position, which leads to a linear system of equations
for the source amplitudes that can be solved in closed form. The numerical simulations
presented here indicate that a small number of multipoles provide adequate cancellation
at low frequencies. This suggests a natural way to extend ideas based on monopoles
to more elaborate source distributions composed of finite numbers of multipoles of low
order. The present results provide a means to establish realistic strategies for practical

application.

8.2 Future work

The concept employed in this work to develop rapidly convergent iterative techniques
can be extended to model three-dimensional scattering problems. The proposed tech-
niques can be applied to model 3D MS problems in complex media such as acous-
tic, elastodynamic, electromagnetic, and porous and viscoelastic heterogeneous media.
Specifically, these techniques can be applied to the trabecular bone, acoustic metamate-
rial absorbers, gradient index devices, dynamically tunable structures, cloaking, remote
fish classification, and effective parameters of heterogeneous media. Preliminary work
along these lines has been provided in [12] for electromagnetic scattering by 3D spheres.

The results presented here for active cloaking models provide a first step in the
direction of realistic active control of acoustic and elastic waves. Applications to struc-
ture borne waves, surface waves, and even geophysical waves, are possible. However,
as a control problem, many issues remain to be addressed. One of the issues is how
to achieve at the time the silencing one region of space and reducing the unavoidable
source noise that must be generated in another, larger, region. In practice, it is not
possible to achieve an exact field cancellation. It requires the truncation of the series
and balance the decrease in cloaking accuracy with whatever amplitude level is deemed
acceptable in the source region. This is obviously a crucial aspect and one that remains
to be studied in detail. We have pointed out some similarities with parallel issues in
active noise control. Future studies will examine analogies in these topics, and will

consider the low frequency end of the spectrum.
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