CRITICAL ZEROS OF HECKE L-FUNCTIONS

BY JORGE CANTILLO

A dissertation submitted to the
Graduate School—New Brunswick
Rutgers, The State University of New Jersey
in partial fulfillment of the requirements
for the degree of
Doctor of Philosophy

Graduate Program in Mathematics

Written under the direction of
Henryk Iwaniec

and approved by

New Brunswick, New Jersey

October, 2014



ABSTRACT OF THE DISSERTATION

Critical Zeros of Hecke L-Functions

by Jorge Cantillo

Dissertation Director: Henryk Iwaniec

In this dissertation, we established that in average taken over the family of all Hecke
L-functions of weight k& < K associated with the full modular group, at least 35% of
their zeros lie on the critical line as K — co. We used Levinson’s method employing a
mollifier of length K2 with 6 sufficiently close to % To handle such a long mollifier, it
was necessary to develop an Asymptotic Large Sieve that evaluated a bilinear form by
taking advantage of sum cancellations resulting from the quasi-orthogonality property

of Hecke eigenvalues for a sufficiently large number of weights k.
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Chapter 1

Introduction

1.1 A Brief History

Given the level of difficulty associated with proving Riemann Hypothesis (RH), efforts
have been directed at solving problems about zeros of the zeta function that are more
approchable with current technology. One such problem consists of giving the best
lower bound possible for the number of zeros No(T') on the critical line up to height T’
in comparison with N(T") which is the total number of nontrivial zeros of height less

than T'. The latter have been shown to be asymptotically

2T
N(T) ~ o logT.

The first such result was given by G. H. Hardy and J. E. Littlewood who proved
No(T)>T.

However, it was A. Selberg who first established a lower bound of the right order of

magnitud, namely

No(T) > cT'logT.

On the other hand, Selberg’s method produced a very small constant ¢. In 1976,

employing a new method, N. Levinson [9] proved
No(T) > .34N(T).

In other words, more than 34 % of zeros lie on the critical line. As described in more
precise terms later in this thesis, Levinson’s method counts critical zeros p = % + 1y
using the detector

arg G(p) = g mod



where G(s) is a linear combination of ((s) and its first derivative,

G(s) = ((s) + AL(s)-

After a few steps culminating in the use of Littlewood’s lemma [7], the problem of

finding a lower bound for Ny(T) is transformed into that of giving an upper bound for

o7 _i log |G (a + it)|dt

where the integration takes place on a vertical line Rs = a slightly shifted left away
from the critical line. Unfortunately, if applied directly this way, the method fails to
produce the right order of magnitude due to large values of G(s). To overcome this
difficulty, Levinson introduces the old idea of mollification. More precisely, G(s) is
multiplied times a Dirichlet polynomial M (s) of length T?. The mollifier is built so
that it mimics the inverse of (~!(s) with the hope of taming large values of G(s), but

at the expense of also counting possible zeros of M(s) . Then, by concavity of log and

Cauchy’s inequality, we are left with the problem of evaluating the following mean
1 [T

— |M (a + it)G(a + it)|*dt

2T J_rp

for which there are analytic techniques available. Levinson obtained his result employ-
ing a mollifier of length 7Y, with # = %

In 1986, after further refinements of Levinson’s method, B. Conrey [3] produced a

large inprovement; namely that more than two fifth of the zeros lie on the critical line,

No(T) > %N(T). (1.1)

His improvement depended upon been able to handle a longer mollifier with 8 = %. Key
to this was the application of results by H. Iwaniec and J. M. Deshoullier on averages
of Kloosterman sums. Since Conrey’s result there have only been slight improvements
of the percentage of critical zeros. See the work of M. Young, H. Bui, and B. Conrey in
[1] or independent work by S. Feng on the subject. It should be noticed that Levinson’s
method could produce a percentage of critical zeros above the 50% threshold if it were
possible to handle a mollifier of length § = 1. Unfortunately, current technology is

insufficient to accomplish that for ((s) alone.



1.2 Generalizing Levinson’s Method

It is naturally possible to generalize the problem about the density of critical zeros
as well as Levinson’s method to other L-functions in the context of the Generalized
Riemann Hypothesis (GRH). However, significant progress in terms of proving a larger
percentage of critical zeros is made by tweaking the original problem into a statement
about the average number of critical zeros in a family of L-functions. In [4], B. Conrey,
H. Iwaniec, and K. Soundararajan consider the family of L-functions L(s, x) obtained
by twisting a single L-function L(s) by every primitive Dirichlet character x mod ¢ for
every positive integer q. With N(7', x) and No(7', x) being the number of non-trivial
and critical zeros of L(s, x) with absolute imaginary part less than T', respectively, the

authors of [4] define the following averages

*

_ a)_ 1
NEQ) =2 v (Q) S 2, N

and

No(T, Q) =) ¢ (g) ¢(1q) > No(T,x)

x mod g

where ¢ € C§° (R™) is a smooth function of compact support and the asterisk indicates

that the inner sum is restricted to primitive characters only. Then, they prove
NO(T> Q) > HN(Ta Q)

for (log@Q)® < T < (log@Q)* with A > 6, as Q — co. The authors of [4] give the

following explicit formula for ,
1
k=k(0,r,R)=1— = logc(0,r, R) (1.2)
where the constant ¢(6,r, R) is the mean value in the average
q 1
(&)
; Q) ¢(q)

as () — oo, with

o ) ¢*(9)
X Feen e (5) 5

x mod g

2
dt

M (; + it, x) G(a +it,x)




for T in the range (logQ)® < T < (logQ)?. Here, G(s,x) is given as the linear
combination

G<37 X) - L(S, X) + )‘L/(Sv X)

with A = (rlog 5£) ™' and a = § — log%. In addition, the mollifier M (s, x) is chosen as
27

a Dirichlet polynomial of length (%)9 that mimics the inverse of L(s, x). Finally, the

mean value ¢(0,r, R) is given by the following formulas
r2c(d,r, R) = C(#,7,R) + C(#,1 — r,—R) exp {2R} (1.3)

with
r? 1 1 RO T 1 RO r?
0 = (y V() - (= o) D 1.4
¢ R) <2+4R2><R0+3> 2R<R6 3>+2 (14)
When L(s) = ((s), the family of L-functions consist of the classic Dirichlet L-functions.
Then, choosing § = 1, r = 1.06, and R = 0.75, formulas (1.2), (1.3), and (1.4) produce

the following value of k,

#(1,1.06,0.75) ~ 0.586.

The authors of [4] succeed in overcoming the 50% threshold by employing a mollifier
of length (%)9, with & = 1. They are able to handle a mollifier of such length by ex-
ploiting cancellation produced by the orthogonality property satisfied by the Dirichlet
characters modulo ¢q. They also take advantage of having a sufficiently large number
of ¢’s relative to the effective length of G(s, x) and the mollifier. In the process, they

have to develop the Asymptotic Large Sieve in [5] which implements the above ideas.

If L(s) is chosen to be a degree two L-function, then the length of the mollifier in
this case would correspond to the length of a mollifier in the case of a degree one L-
function with 6 = % Then, choosing » = 0.96 and R = 1.24, the authors obtained the
value of k,

% (0.5,0.96,1.24) =~ 0.356. (1.5)

In the present work, we follow the recipe provided by [4] and obtain a density theorem
for a family of Hecke L-functions. These are degree two L-functions so we give a result

with the same value of x as in (1.5). We are able to this because the fomulas that we



arrive at in the current work match (1.2), (1.3), and (1.4). We will show this in chapter

3 while a precise statement of our main result is given at the end of the next chapter.



Chapter 2

Hecke L-functions

2.1 The Hecke Basis of Cusp Forms and their Hecke Eigenvalues

Let T be the modular group Sls(Z), then for every even k > 12 we denote the space of
cusp forms of weight k& by Si(I"). This is a finite dimension linear space of holomorphic

functions f(z) of the upper half-plane H that satisfy the modularity relation

f (ij:;) = (cz+d)ff(2) for all CCL Z el (2.1)

for all z € H and vanish at the cusp of the fundamental region I'\H located at infinity.
From these defining properties, it follows that every f(z) in Si(I') has a Fourier series

expansion around the point at infinity given by
s k—1
f(z2) = Ap(n)n 7 e(nz) (2.2)
n=1

where e(z) = exp {2miz}. If we introduce the Petersson inner product

(f,g) = f(2)g(2)y* 2dxdy for all f and g € Si(T)
I'\H

then, the theory by E. Hecke constructs a family of commuting self-adjoint operators

T,, n € N over the space Si(I') that satisfy
Ton =TT, if (m,n)=1 (2.3)

(see [6] for details.) This construction is done such that the members f of the natural
orthonormal basis Hy(1) of common eigenfunctions to all Hecke operators T}, have as

their respective eigenvalue their n'" Fourier coefficient A #(n). Namely, if f € Hy(1)

Tof =A¢(n)f forallneN. (2.4)



Thus, (2.3) and (2.4) imply that the Hecke eigenvalues Af(n) for every f € Hj(1) are

multiplicative arithmetic functions, i.e. they satisfy
Ar(mn) = Ap(m)Ag(n) if (m,n)=1.
In general, we have the formula
mn
A m) A= > A () (2.5)
d|(m,n)

The lack of complete multiplicativity of the Hecke eigenvalues is a fact that will make
our arguments a bit more complicated than the treatment in [4]. Finally, since the

Hecke operators T;, are self-adjoint, we have that the Hecke eigenvalues Af(n) are real

numbers for all n € N and f € Hy(1).

2.1.1 The Petersson Formula

Here, we will establish an analogy between the set of Hecke eigenvalues and the set of
Dirichlet characters. This analogy is made clear by the Petersson formula which will
resemble the orthogonality property satisfied by the Dirichlet characters. Let Ag(m,n)

be defined by the expression

h
> Ap(m)As(n) (2.6)

fEHK(1)

where Zh is the weighted sum

L 'k—1 o}
Z ar = (iﬂ)kl) Z Hfﬁ2 (2.7)

fEHL(1) fEH(1)

with ||f||? = (f, f). Then, the Petersson formula establishes the quasi-orthogonality
property
Ar(m,n) = d(m,n) +i*Jp_1(m,n) (2.8)

where §(m,n) is the Kronecker symbol

1 if m=n
d(m,n) =

0 otherwise



and Ji_1(m,n) is the series

Je—i(mn) =Y S(m’C”;C)Jk_l <W> . (2.9)

c>0

In this series,

Stmma= S e (W)

ab=1 mod c

are the Kloosterman sums and Jy_1 () are the classical Bessel function of integral order
k — 1. Just as the the orthogonality property satisfied by Dirichlet characters played a

crucial role in [4], the Petersson formula will play the same role in our arguments.

2.1.2 The Ramanujan-Petersson Conjecture

One last property about the Hecke eigenvalues which will be useful to us is that they
satisfy the Ramanujan-Petersson conjecture, which was proved by P. Deligne. This
property states that

Af(n) < 7(n). (2.10)

Then, estimating trivially the Fourier series (2.2) of f(z) using the Ramanujan conjec-

ture, we have that f(z) decays exponentially in vertical lines
|f(z +iy)| < exp{—27y} fory>Y (2.11)

with the implicit constant depending on k£ and Y.

2.2 The Hecke L-functions

Based on all the properties satisfied by the Hecke eigenvalues, it is natural to consider

the following Dirichlet series with Euler product

L(s,f) =Y Ar(n) [[a=xpps+p72)7! (2.12)
n=1

nS
P
for each f € Hi(1). They are an analogue of the classical Dirichlet L-functions and

which were first introduced by E. Hecke. In addition, other relevant Dirichlet series

derived from L(s, f) will be referenced in this work. These include its inverse

- H(l —A(p)p ™ +p %) = ‘%m) (2.13)

L(f,s)



where
pp(m) = > Ap(n)p(nr)u(r)

and its logarithmic derivative

L= 3 As(m) (2.14)

7 e
with
Ap(m) =Y 2 Ar(n)a(n,r)
and :
A(n) if = 1.

A(r) Yoo pler) ifr # 1.
The coefficients for the logarithmic derivative are obtained by multiplying the inverse
of L(s, f) times its derivative and using formula (2.5). From the Ramanujan-Petersson
conjecture, it follows inmediately that the three Dirichlet series (2.12), (2.13), and (2.14)
are absolutely convergent for $ts > 1. Also, they have bounds independent of f and

the weight k in this region.

2.2.1 The Complete L-function

Let f € Hi(1). Then, the function

is known as the complete L-function with

7(s) = (2m)°T (.s + /.351)

denoting the gamma factor. Using the integral representation of I'(s), we have

Mooy =@m [ e T S

0 Yy 1
k=1 0y \Sdy
-5 ()
nz::l f(n)/o Y gl Ty
=2 M) / (2myn) 2" 72y
0 Y
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Thus, we obtain the formula

As, f) = /O °°<2wy>’“2lf<iy>ysdj.

From the modularity relations (2.1), we have
. e — i
fliy) =i*y~"f () .
Y
Then,

1 k—1 o0 k—1
A(s,f)=/0 (27Ty)2f(iy)ysiy+/1 (2ﬂy)2f(iy)ySCZJ

= ' 21% 1 'kS—l@ * - 162;1 . 5@
_/0<y) f<y>1y y+/1 (2my) = fliy)y™ "

If we apply the change of variables y — y~! to the first integral above, then the following

integral representation of A(s, f) is obtained

Mo f) = [ m) ' i) (v + ) 2. (215)

Hence, two immediate important consequences follow from this formula. First, the
integral representation (2.15) makes it possible to extend A(s, f) to an entire function
of order 1 because of the exponential decay (2.11) satisfied by f(iy). Second, the

following functional equation is established

A(s, f) = i"A(1 — s, f). (2.16)

2.2.2 The Zeros of L(s, f)

If f € Hi(1), then the Euler product formula (2.12) implies that L(s, f) does not have
zeros p with Rp > 1. Thus, it follows that A(s, f) have no zeros p with p > 1 because

ﬁ is an entire function with simple zeros
s=-n——— ,neN (2.17)

Hence, by the functional equation (2.16), A(s, f) also has no zeros p with fp < 0. This
implies that the first order poles (2.17) of 7(s) are simple zeros of L(s, f). They are

commonly known as the trivial zeros of L(s, f).
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From the theory of entire functions of a finite order developed by Hadamard, it fol-
lows that each A(s, f) has an infinite number of zeros p in the strip 0 < $s < 1 such

that the series
1
> Pa (2.18)
o 1P

converges for every a > 1. These set of zeros of L(s, f) in the critical strip are at the
center of the theory of classical L-functions. From Hadamard’s theory, we also have the
following product formula
—Bjs+A S\ 2
A(s, f) = e Brst f1;[<1—p> , (2.19)
with Ay and By real numbers. Taking the logarithmic derivative of this formula, we

obtain

N 11
A(s,f)——Bf—i—;(S_p-l-p)- (2:20)

Also, taking the logarithmic derivative of the functional equation (2.16), we have the

following functional equation of the logarithmic derivative of A(s, f)

N A
K(Svf) :_K(l_smf)' (2.21)

Hence, formulas (2.20) and (2.21) imply

1 1 2
2B = -).
d Z(S—p+1—s—p+p>

p

In particular, for s = 0 we have

2szz<1+1).

~\l=p p
Taking the real part in the previous formula combined with the fact that
1 1
yaley e
= p el

we obtain

1 1
p p
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By the functional equation (2.16), if p is a zero of A(s, f), then 1 — p is also a zero of
A(s, f). Thus, we have

1
P

:EZEQ
p

(2.22)

|ol?
The following useful standard lemma evaluates the logarithmic derivative of L(s, f) in

the critical strip 0 < Rs < 1.

Lemma 2.2.1. For every f € Hy(1) with k < K, let p =  + iy be a generic element
of the set of non-trivial zeros of L(s, f). If T = o(K), then, as K — oo
i)
1

zp: m < log K
uniformly for all f € Hi(1) with k < K and |t| <T.
ii) The number of zeros p of L(s, f) witht —1 <~y <t+1 is O (log K) uniformly for
all f € Hi(1) withk < K and |t| <T.
iii)

L 1
—7 ) == > s, + O(log K)

[t—~[<1

uniformly for all f € Hi(1) with k < K and all s =0 + it with0 <o <1 and [t| <T.

This lemma is stated and proven in greater generality in [8], chapter 5.

Proof. 1f we evaluate formula (2.20) at s = 2 + it and take real parts, we obtain

/

L . v .
%L@+n4)+%7@+wn:§;@_ﬁ

2-p
P+ E—7)?*

Then, from the Ramanujan-Petersson conjecture, we have

!/

L
—z(2+iaf%<1

with an absolute constant. Also, the asymptotic formula

?@y4%3+0<1> (2.23)

5]
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as |s| — oo, uniformly for —m+4§ < arg(s) < m—J with the implicit constant depending
on J, gives

,.}/
?(s) ~log K (2.24)

as K — oo uniformly for all £ < K and all s = 0 4+ it with 0 < o <1 and |t| < T.
Hence, part i) of the lemma follows. Part ii) follows by dropping from the expression
given in part i) those terms which do not satisfy t — 1 < vy < ¢+ 1. To obtain part
iii) we substract formula (2.20) evaluated at s = o + it with 0 < ¢ <1 from the same

formula evaluated at 2 + i¢t. Thus, we have

v, L. Yooy 1 L
—[}&ﬁ—f—L@+nJ3—7@+ﬂﬂ+qﬂﬁ—2;<s_p_2+n—p>'

By the same arguments used to prove part i), we have

r 1 1

If |t — | > 1, then

1 I 2_3
s—p 2+it—p| |s—pl|2+it—p|

28 \/(2—ﬁ)2+(t—7)2

T2t plP\ (o = B2+ (t—7)?
< 1
1+ (t—7)?
Thus, we obtain
L 1 1
——(s == ) < - >+O(logK).
L > s—p 24t —
lt—y|<1
Since
1| 1 X
2+it—p|  (2-B)*+(t—1)?
part iii) of the lemma follows by part ii). O

2.2.3 Counting Zeros in the Critical Strip

The distribution of the zeros of L(s, f) in the critical strip is a key problem in the

theory of classical L-functions. A formula that asymptotically evaluates the number of
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zeros p = [+ iy of L(s, f) with 0 < < 1 such that |y| < T is a standard feature
in the theory. In the case of the Riemann zeta function, this is traditionally known as
the Riemann-von Mangoldt formula. A version of this formula for Hecke L-functions is

given in the following proposition.

Proposition 2.2.2. For every f € Hy(1) with k < K, let N(T, f) be the number of
zeros p = B+ it of L(s, f) counted with multiplicity such that 0 < <1 and |y| <T.
If

T =o(K) and T~ = o(1)

as K — oo, then

N(T, f) ~ % log (K?) (2.25)

as K — oo, uniformly for all f € Hy(1) with k < K.

Proof. Let
R=T1-T9—-T3+1I}y

be a rectangle in the complex plane traveled counter-clockwise where I'y, I'o, I's, and
I'y are the segments [2 —iT,2 + T, [-1 +iT,2+iT], [-1 —iT,—1 44T}, and

[-1 —¢T,2 — iT), respectively. Also, individual vertical and horizontal segments are
assumed to be traveled in an upward and horizontal direction, respectively. Then, we
have

L

1
N(va) = %ARargACSaf) :%g R

(s, f)ds

where Ap is the variation of the argument over R. Thus, it follows that

1 1

N(T.f) = 5-Ar, arg Als, f) = 5 Ar, arg Als. /)
1 1

— 5 Ar, argA(s. f) + 5-Ar, arg Als, f)

with
1 1 A
L Arargh(s, ) =9 [ &
2

o r, (Saf)ds for i = 1,2,3,4.

By the functional equation,
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and the appropriate change of variables, we have

Similarly, we have

Hence, we obtain the equation
1 1
N(T,f) = —Ar, arg (s, f) = —Ary arg As, ).

Then, by the formula

we get,
1 1
N(Ta f) = ;AI—H argy(s, f) + ;Al—‘l argL(Sa f)
1 1
- ~Ar,ag (s, /)~ —Ar,arg Lis, f).

By the already established asymptotic formula

,y/
—(o+it) ~log K
7

as K — oo, uniformly for all £ < K and all s = o + it with 0 <o <1 and [t| < T, we

have that ) o7
—Ar, argy(s) ~ —log K
T 27} (2.26)
= " log (K>
2w o8 ( )
and
1
;AFQ argy(s) < log K (2.27)

uniformly for all £ < K. In the case of the variation of the argument of L(s, f), by the
bound

/

L
T2+t f) <1,
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we have

1
Ay arg L(s, f) < T (2.28)

as K — oo, uniformly for all f € Hg(1) and k < K. On the other hand, by part iii) of

Lemma 2.2.1, we obtain

1 1
——Ar,argL(s, f) =~ Y, —Ar,arg(s - p) + Olog K)
P

[t—v|<1
Since

1
—Ap, arg(s —p) <1
™

for every non-trivial zero p of L(s, f), we obtain from part ii) of Lemma 2.2.1 that
1
—Ar,arg L(s, f) < log K (2.29)
T

as K — oo, uniformly for all f € Hi(1) and & < K. Hence, the lemma follows after

gathering the results from (2.26), (2.27), (2.28), (2.29), and the condition
T =o(1)

as K — oo. O

2.3 The Main Result

The Generalized Riemann Hypothesis (GRH) asserts that all non-trivial zeros p of
classical L-functions lie in the critical line, i.e. they satisfy Rp = % Given that this
is a very difficult problem, we could try to answer a relatively simpler or rather more
approchable question. Namely, we would like to determine what fraction of the non-
trivial zeros p counted with multiplicity, i.e. those satifying 0 < Rp < 1 and with the
additional restriction that |3p| < T lie in the critical line for any given large enough
T. For this purpose, we define for every f € Hy(1), the quantity No(T, f) which counts
with multiplicity the number of critical zeros p = % + iy of L(s, f) with |y| < T. Thus,

the precise problem consists of finding a constant x with 0 < k < 1 such that

NO(T7f) > ’{N(va)
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as T'— oo. In a recent paper by D. Bernard , [2], the author proves that at least 2.97%
of zeros of a single L-function associated with a holomorphic primitive cusp form lie
on the critical line, i.e. k = .0297. In contrast, by tweaking this problem like in [4]
and using Levinson’s method, we will establish a lower bound for the average number
of critical zeros in terms of a fraction of the average number of non-trivial zeros with
the averaging taking place over a large family of Hecke L-functions. The prize will
be a significantly better constant x than the one that can be produced for a single
L-function. The specific family F that concerns us is the totality of Hecke L-functions.

Hence, we have formally
F={f€H(l) | withk >12even}. (2.30)

As we will see in later chapters, the idea behind the solution to the tweaked problem
is to exploit the quasi-orthogonality property of the Hecke eigenvalues featured in the
Petersson formula. In practice, when we average over the family F, this will produce
sufficient cancellation in some sums arising in the implementation of Levinson’s method
with their lengths directly linked to the resulting constant x. Hence, by averaging the
counting of zeros over the family F of L-functions we are able to effectively handle a
longer ”mollifier” which ultimately results in a better constant x. We mentioned the
mollifier already in the introduction although its formal definition will be given in the
next chapter. Not surprisingly, since the Petersson formula plays such a prominent role,
the appropriate and natural weights used when counting the zeros is derived from (2.7)
which are the same weights featured in the Petersson formula when summing over the
members of the Hecke basis. Hence, we introduce the following definitions

h
N(T.F)= > qp([k() > N(T.f) (2.31)

k even fEHE(1)

and . .
N(r )= 5 o) X M) (2.32)
feH(1)

where ¢(z) € C§°(R™) is a smooth positive function of compact support in the positive

k even

reals. From the result (2.25) in Proposition 2.2.2, it follows inmediately that

r (log (K?)) NF(v) (2.33)

~ —
™

N(T,F)
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where Nz (1) is defined by

Nr@) = 3 w(f{) AL 1) (2.3

k even
with Ag(m,n) given by (2.6). Finally, this thesis will be devoted to the proof of the

following theorem

Theorem 2.3.1. If
(loglog K)* < T = o(K)

as K — oo with A > 0 sufficiently large, then
No(T, F) > 35N (T, F) (2.35)
as K — 0.

We believe that with some small extra effort this result can be extended to one about
simple zeros. The problem of establishing positive density of simple critical zeros for a

single degree two L-function is open which makes our result more interesting.
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Chapter 3

Levinson’s Method

3.1 A Linear Combination of L(s, f) and L'(s, f)

Levinson’s method, as we explained in the introduction, produces a lower bound for
the number of critical zeros p = % + iy with |y| < T. In the case of Hecke L-functions,
we denote this quantity by No(T', f) for f € Hy(1). Traditional theorems in the theory
of functions of a complex variable are effective at determining the number of zeros of
an analytic function in a region but cannot determine how these zeros are spatially
distributed with respect to each other. For example, they do not determine whether
the zeros are located in a straight line. Surprisingly, Levinson’s idea to catch zeros in
the critical line is extremely simple at its outset. The current implementation of the

method follows the outline given in the appendix of [4].

Given f € Hy(1) with k < K, the method begins by considering the following lin-

ear combination of L(s, f) and its derivative

where the coefficient A is chosen such that
A= (rlog (K?))™ (3.2)

with a fixed parameter » > 0. Behind this choice of A is the idea that if L(s, f) were
assumed to be a Dirichlet polynomial of length K, then taking its derivative would

produce a loss of log K in order of magnitude. Heuristically, A attempts to correct this.



20

3.1.1 A Functional Equation for G(s, f)

By the definition (3.1), we have

~(8)G(s, f) = A(s, f) (1 e f)> .

L(s, f)
Similarly, ,
(1 —8)G(1 — s, f) =i*A(1 — s, f) <1 + ALf(l — s, f)>

!/

= A(s, f) <1 + )\%(1 —s, f)) .

Adding the two last equations, we obtain

A(s, f) (2 + ALL/(S, f)+ )\g(l — s, f)> = v(5)G(s, f) + i*y(1 — 5)G(1 — s, f).

Now, we define the function

Y(s)=2— )\77/(5) - )\%(1 — ). (3.3)

Then, by the functional equation (2.21), we have

0= "0, )+ S =51
B L/ L/ 1 ,yl ,yl 1
*f(&f)‘f'f( —S,f)‘f‘;(s)‘*‘;( —5)

from which we obtain that Y (s) satisfies

r r
Yo =243 A 0.
Hence, we have the following functional equation of G(s, f)

Y(s)A(s, ) = (5)G(s, ) + iy (1 = 5)G(1 = s, f). (3.4)

If we multiply equation (3.4) by

then we obtain the even more symmetric expression

nY (s)A(s, f) = my(s)G(s, f) + 1y(1 = s)G(1 = s, f).

Thus, we make the important observation that on the critical line s = % the previous

functional equation can be written as

nY (s)A(s, f) = 2(Rn)y(s)G(s, f)- (3.5)
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3.1.2 Detecting Critical Zeros of L(s, f)

Equation (3.5) is the reason for introducing the function G(s, f). The following lemma

expresses the ability of G(s, f) of detecting critical zeros of L(s, f).

Lemma 3.1.1. Let f € Hy(1) with k < K even. If p= % + i with
0] = o(K)

as K — oo, then L(p, f) = 0 iff either G(p, f) =0 or

3 mod 7 ifk=0 mod 4
arg(p)G(p, f) = (3.6)
0 modnw k=2 mod4

Proof. 1f L(p, f) = 0, then equation (3.5) implies that either G(p, f) = 0 or

mod 7 (3.7)

N

argny(p)G(p, f) =

because 7(s) does not vanish anywhere in the complex plane and its poles which are
given by expression (2.17) are far away from the critical line when K is large. If

G(p, f) # 0, then the result of condition (3.6) follows because

modwm if k=2 mod 4.

(SIE]

argn =
0 mod 7w if k=0 mod 4.

On the other hand, when either condition (3.6) or G(p, f) = 0 is satisfied then

Y (0)A(p, f) = 0.

From the previous chapter, we have that if p = § + iy with |y| = o(K), then

/
L(p) ~log K
Y

as K — oo, uniformly for all £ =< K. Thus, we have

Y (p) —2—/\?;(p)—)\1/(1—ﬂ) ~2 (1—i>

as K — oo, uniformly for all £ < K. Hence, if r # 1, then Y (p)A(p, f) = 0 implies
L(p, f) = 0 when K is sufficiently large. We can effectively still have » = 1 by choosing

r as close to 1 as necessary. ]
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Armed with the Lemma 3.1.1, we can detect critical zeros of L(s, f) by essentially
counting the number of 7-size variations of the argument of G(s, f) along the critical
line. When the argument of G(s, f) is not well defined because of the presence of a
zero of G(s, f), we will see that asymptotically these zeros will also account for m-size
variations of the argument. The end result will be establishing a lower bound for the
number of critical zeros No(T), f). Before we give such lower bound, several standard

lemmas need to be proven first.

3.1.3 The Variation of the Argument of G(s, f)

At this point, Levinson’s methods requires establishing an asymptotic expression that
evaluates the variation of the argument of G(s, f) along a segment of the critical line
in terms of the number of zeros p = 8 + iy in the interior of an adjecent rectangular
region R to the right of the critical line. However, it will be necessary to create small
dents in the side of the region which coinsides with the critical line to avoid posible

critical zeros of G(s, f). We do this in the following lemma.

Lemma 3.1.2. For every f € Hy(1) with k < K, let the quantity Ng(T, f) count with

multiplicity the zeros p = 8+ iy of G(s, f) such that % <p<4dand|y| <T. If
T =o(K)
as K — oo, then
Na(T, f) =~ lim %Apé arg G(s, f) + O(T + log K) (3.8)

as K — oo, uniformly for all f € Hy(1) with k < K. Here, I'5 is the vertical interval
[% — T, % + Z'T] with small right-hand side semicircle dents of radius § centered at the

zeros of G(s, f) in the interval [% —iT, 1 +iT].

Proof. Let Rs be the rectangular region bounded by [4 — T, 4 + T}, [% + 41,4 + iT],
T's, and [% —I,4—4T ] Then, we can assume without loss of generality that there are

no zeros of G(s, f) in these segments. Thus, we have
1
Na(T, f) = lim o—Agp, arg G(s, f)

. 1 1
= —%I_If(l) EAF(; arg G(s, f) + %ABR(;\F(; arg G(s, f)
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where

1 1
ORs\T's = [2—iT,4—iT} +[4—iT,4+4T] — [2+iT,4+iT} .

By the definition of G(s, f), we have

L/
6o 1) = Lo 1) (1425 (51 )
Then, taking the logarithmic derivative of G(s, f), we obtain

/
L/
G’ L A (f) (37 f)
7(37f):7(37f)+ / :
G L 1+ AE (s, f)
By absolute convergence and the Ramanujan-Petersson conjecture, we have

/

L
f(4+z‘t,f) <1

and
/

' ,
(L) 4+t f) <1

with absolute constants. Thus, it follows that

/ /

%(4 +it, f) = %(4 +it, f) + O((log K) ™)

< 1.

Hence, the variation of the argument of G(s, f) along the interval [4—iT,4+iT] satisfies
1 T
S— — (44t flidt T
\s%/_T G( +it, f)idt <

uniformly for all f € Hy(1) with & < K. On other hand, the variation of the argu-
ment along the horizontal segments [% -7, 4 — iT] and [% + 1,4 + iT] is bounded
by O(log K) as K — oo, uniformly for all f € Hy(1) with £ < K. This statement is

not proven here but we assume its validity based on the analogy of this situation with

the case of the Riemann zeta function. O

3.1.4 A Lower Bound for Ny(T7, f)

Now, we are ready to give a lower bound for the number of critical zeros p = % + iy of

L(s, f) with |y| < T. The following lemma establishes such bound.
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Lemma 3.1.3. If

as K — oo, then

‘ [\V]
~

No(T, £) > = [log (K?)] (1 - o(1)) — 2Ne(T. f) (3.9)

N

s

as K — oo, uniformly for all f € Hy(1) with k < K.

Proof. Let p = % + iy be a zero of G(s, f) of order m. Then, the variation of the
argument of G(s, f) around a right-hand side semicircle of radius § approaches mm as

0 — 0. Hence, from Lemma 3.1.1., it follows that

1
> lim —
No(T, f) = lim —Ar; arg(s)G(s, f)
1 1
= ;Ap argy(s) + %1_1)1[1) ;Aré arg G(s, f)

where 'y is as in Lemma 3.1.2. and T is the segment of the critical line [% — T, % + iT] ,
or equivalently, I's without the dents. Replacing I's with I' when we compute the
variation of the argument of ~(s) is possible due to the analyticity of 77/(5) Then, by

the asymptotic formula (2.24),

1 1 !
—Arargy(s) = S/ l(s)ds
™ ™ Jr

2T
~ —log K

= % log (K2)

as K — oo, uniformly for all £ < K. Hence, the lemma follows from formula (3.8). O

3.2 The Mollifier

Up until this point, Levinson’s method has transformed the problem of giving a lower
bound for Ny(7, f) to that of finding an upper bound for the number of zeros Ng (7T, f)
of the function G(s, f) inside the rectangular region R determined by % <o <4 and
|t| <T. As mentioned in the introduction, we rely on Littlewood’s lemma to estimate

this number by an integral of the logarithm of G(s, f). Unfortunately, large values of
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G(s, f) cause the loss of the right order of magnitude when estimating this integral
which should be bounded by

% log (K 2).

This situation prevents us from producing a lower bound for Nyo(7), f) in terms of
N(T, f). The solution to this dilema is to multiply G(s, f) by another function, that
effectively truncates its size at very large values and does not introduce too many new

zeros. Thus, we consider the inverse of L(s, f) which we introduced in the previous

chapter and is given by the series

1 o .
L(f,s)zl;[(l—Af(p)p +p 2)22/@;’;)

where

ppm) = 37 Ap(n)u(nru(r). (3.10)

m=nr2

Then, we define the mollifier so that it mimics L(s, f)~!. Heuristically, something
resembling the inverse of L(s, f) should truncate large values of L(s, f). This is our
inspiration when choosing the mollifier even if it is actually large values of G(s, f) we
want to mollify. Let the function P(u) be smooth on the interval [0,1]. Hence, we

define the mollifier by the following Dirichlet polynomial

M(s) = ep(m)m™ (3.11)

with coeflicients

cp(m) =" Ap(n)P (v) p(nr)p(r) (3.12)
=g
with ~,, defined as
logn

We would also like P(u) to closely mimic the shape of the function

1-% ifuel0,0].
o (3.14)

0 if u € [0,1].
To make this construction more precise, we let § be a small fixed parameter kept at our

disposal. Thus, we choose a smooth function P(u) that satisfies

P(0)=1and P(u) =0 for u € [0 —6,1]
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and such that

Plu) = —% Fo(1) ifuel0,0— 2]

as § — 0. In the small transition segment (0 — 26,6 — 0) we only need P’(u) to be
absolutely bounded. This is as precise as we need the choice of P(u) to be in order
to conduct computations and obtain the percentage featured in the statement (2.36)
of the main result. Finally, the support of P(u) ensures that we have a mollifier of
effective length K 2(60-9)  In practice, as we will see later, the largest possible value of 6
for which we can handle a mollifier of such length in our implementation of Levinson’s

method will be %

The sum in the variable r that appears in the definition of the mollifier is a nuis-
sance that we would gladly do away with. However, we keep it in a small range A also
for technical reasons. It turns out that this sum helps dealing with the lack of complete
multiplicativity of the Hecke eigenvalues. The sum in r will create a small gap when
convoluted with another sum originating from formula (2.5). Then a small integration
in the t aspect effectively Kkills their constribution. All the details are given when time

comes but for now we let the reader know our perhaps puzzling choice of A.

A = A(K) = exp (loglog K)3 (3.15)

3.3 Applying Littlewood’s Lemma

In this section, we follow the presentation of this material given in chapters 21 and 22 of
course notes [7] by H. Iwaniec on the analogous situation of the Riemann zeta function.

Let

for f € Hy(1) and weight k < K. Hence
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where Np(T, f) is defined exactly as Ng(7, f) is in Lemma 3.1.2. Let D be the rectan-
gular region determined by a < o <4 and |t| < T where

ot
2 log(K?)

with R > 0 a fixed parameter at our disposal and T satisfying
T =o(K)

as K — 0o. Then, notice that although we actually want to count the zeros of F(s, f)
in the rectangle R determined by % <o <4 and |t| <T, it is essential for Levinson’s
method to create a gap by moving the left side of R a bit to the left as the region D
shows. Without loss of generality, we can always assume that 9D does not contain any

zeros of F'(s, f). Thus, we can define the logarithm of F(s, f) by

log F'(s, f) = log |F (s, f)| + i arg F'(s, f)

as a continous branch of logarithm on 0D where the argument is defined by continuous
variation clockwise. Then Littlewood’s lemma, in chapter 21 of [7], states that
i 1
Z dist(p) = —R (/ log F(s,f)ds)
211 oD
pED

where p are the zeros of F (s, f) in D and dist(p) are their respective distances to the

left side of D. Taking the real part of the integral in Littlewood’s lemma gives

T

> dist(p) = 21/ (log |F(a +it, f)| — log | F(4 + it, f)|) dt
peD T/
(3.16)

1t : ,
+ 27T/a (arg F(o —iT, f) — arg F(o + 4T, f)) dt.

By the Ramanujan-Petersson conjecture, we obtain
1<|GA+it, f)l<land 1 < |[M(4+it, f)] < 1. (3.17)
Thus, we have
log |F(4+4T, f)| =log |G(4 +iT, f)| + log |M (4 + T, f)] < 1

from which we get the estimate

T

1
— log |F(4+it, f)|dt < T. (3.18)
2w -T
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Now, we show how to estimate
1 4
o / (arg F(o — iT, f) — arg F(o + T, f)) do. (3.19)
™ a

Since we defined arg F'(s) as a continuous variation of the argument along 9D, we have

4 /
arg F(4+4T, f) —arg F(o + 14T, f) = / Sf(quiT, f)du.

o

Then, integrating this equation over [a, 4], we have
4 4 4 g
(4—a)arg F(4+4T, f) — / arg F'(o +1iT, f)do = / / E‘sf(u +4T, f)dudo
a a g

4 Fl
= / (u— a)i‘sf(u + 1T, f)du.
This last formula is also valid with T replaced by —7T'. Then, substracting the formula

with =7 from the one with T', we obtain the following expression for (3.19)

4 / /
(4 —a)Ar, arg F(s, f) — / (u—a)y (I;(u—i—iT, f)— %(u — 1T, f)) du

or equivalently

/

4
(4—a)Ap,arg F(s, f) — 2/ (u— a)%%(u +4T, f)du

where Ty is the right side of 9D. By the Ramanujan-Petersson conjecture and the lower

bounds given in (3.17) , we have that

Fl
/I‘O F(sa f)dS

/ro <g(8’f) + %s,f)) ds < T.

I
&

Ar, arg F'(s, f)
(3.20)

I
&l

On the other hand,

! !/

/;(u—a)S];(u-I—iT, fldu = /j(u—a)%g(u-l—i'f, f)du+/a4(u—a)3]\]\44(u+iT, f)du.

Again, although we do not give a proof here, we state the following estimates by analogy

with the case of the Riemann zeta function
4 GI
/ (u— a)%a(u +iT, f)du < log K (3.21)

and

4 M!
/ (u— a)%ﬁ(u +iT, f)du < log K. (3.22)
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The second of these two integrals is treated using a lemma about %(s) for general
Dirichlet polynomials M (s) appearing in chapter 8 of [7]. Now, we can put estimates
(3.18), (3.20), (3.21) and (3.22) back to expression (3.16). The result is the following
bound for Ng(T, f)

(3-0) Mot < (5-a) Moz
1 T
<1 / log |[F(a + it, f)|dt + O (log K + T)
27T —-T

where the coefficient (% — 0) follows from dropping all zeros p = 4 iy of F(s, f) in
the region D with a < 8 < 1. If we replace Ng(T, f) in formula (3.9) of Lemma 3.1.3.

with the estimate above, then we have

T

No(T' f) = % [log (K?)] (1 —o(1)) — 77(11—a) /Tlog |F(a+it, f)|dt + O (log K +T)
: _

= ZI [log (K?)] (1 o(1)) — bg(;{Q)/T log |F(a + it, f)|dt + O (log K + T)
T T o

as K — oo. Hence, the previous estimate and the asymptotic formula (2.25) for N (T, f)

produce a lower bound for Ny(7, f) which we state in the form of the following lemma.

Lemma 3.3.1. If
with R > 0, and

as K — oo, then

1 T
No(T, f) > N(T, f) (1 _ <R) 2;/ log |Fa + it, f)ydt+o(1)> (3.23)

2 -

as K — oo, uniformly for all f € Hy(1) with k < K.

3.4 A Lower Bound for Ny(T,F)

After establishing the lower bound (3.23) for Ny(T, f), Levinson’s method continues
using the convexity property of log () and Cauchy-Schwarz inequality to give a lower

bound that depends on asymptotically evaluating the integral
1 [T

— o j 2dt.
5T _Tl (a+it, f)|7dt
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In our case however, we digress slightly from this path and follow [4] in order to pro-
duce a lower bound for Ny(T,F) instead. Recall that No(T, F) and N(T,F) were
the averages defined in (2.31) and (2.32), respectively. Thus, we give the following

proposition.

Proposition 3.4.1. Let F be the family given in (2.30) and let Nx()) be defined as

in (2.84). If
1R
73 log (K?)
with R > 0, and T satisfies
T=o0(K) and T~ (1)
as K — oo, then
No(T, F) > N(T,F) (1 — R log L(T, F) + o(1)) (3.24)

as K — oo, where L(T, F) is given by

L(T,F) = N;w) Sy ( ) Z 2T/ Fla+it, f)|2dt. (3.25)

k even feH(

Proof. Since the asymptotic formula (2.25) of N (7, f) is uniform for all f € Hy(1) with

Z()

k even

k =< K, we have

Z N(T, f) QT/ log |F(a +it, f)|dt

FEH(1)
2T llog (K2)] Nr(4)T (T.F) ~ N (L. F)T (T, F)

as K — oo where J (T, F) is given by

7.5 =7 ¥ v (%) Z o | oslFG@si,

k even feHK(

Thus, by the convexity of the function log (), we obtain
J(T,F) <logH(T, F)

where H(T, F) is defined by

HIF) = N7 () 3 v ()Z o | Fa i i

k even fEH(1
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Finally, applying Cauchy-Schwarz inequality to the previous expression, we have

1

J(T,F) <logH(T,F) < = log L(T, F).

O |

Then the Proposition follows after applying the weighted average (2.7) to both sides of

the inequality (3.23). O
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Chapter 4

The Mean Value Theorem

4.1 The Statement of the Mean Value Theorem

In this section, we give the statement of a mean value theorem from which we derive
a corollary for evaluating £(T', F) asymptotically as K — oco. Thus, for all f € F, we

define the following integral

T
) =g [ (G i)

where M (s, f) is the moolifier we defined in (3.11). Then, we can state the following

2 /1 , 1 :
L<2+a+zt,f>L<2+ﬁ—zt,f> dt. (4.1)

theorem.

Theorem 4.1.1. If 0 = % in the definition of the mollifier M (s, f), and
(loglog K)* < T = o(K)

as K — oo for a sufficiently large A > 0, then

h
S o(5) 5 et lotos (67 s (£2) ) 02

k even fEHE(1)

as K — oo, uniformly for all complex numbers o and 8 satisfying

lal.|8] < (log (K2)) ™"

and
o+ 8| < (log (K?)) '
where
j(z,y) = J(x,y) +exp{—(z + y)}J(~z, ~y) (4.3)
with
1

1
J(z,y) = /0 (P'(w) = oP())(P'(u) —yP(w))du foraz#y  (44)

r+y
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and Nz () defined as in (2.54).

Opening the product in the integrand of (4.4), we obtain another formula for J(z,y).

Namely,

J(x,y) = ,;4-(1-92/ — B(0) + xﬁ_yyC(G) for x #y (4.5)
where
1
= "(u))?du :
Aw) = [ (), (4.6
1 2

B(f) = /0 P'(u)P(u)du = _P2(O)7 and (4.7)
C(0) = 1 P%(u)du. (4.8)

0
The rest of the chapters in this thesis will be devoted to proving the Theorem 4.1.1.

However, in the remainder of this chapter we complete the proof of the main result

(2.35), Theorem 2.3.1.

4.2 Evaluating £(T, F) Asymptotically
In the following corollary, we employ the mean value theorem from the previous section

to evaluate L£(T, F).

Corollary 4.2.1. If 6 = %,
1 R

a=g - oz (K2) (4.9)
with R > 0, and T satisfies
(loglog K)™# < T = o(K)
as K — oo, for a sufficiently large A > 0, then
L(T,F)~c(0,r,R) (4.10)
as K — oo, where c(0,r, R) satisfies
r2c(d,r, R) = C(#,7,R) + C(#,1 — r,—R) exp (2R) (4.11)
as in (1.8) and with C(0,r, R) given by the formula
2 2
0(9,r,3)=—<7”2+4;22> <£+?>—2;%<£—95>+’"2 (4.12)

as in (1.4).
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Proof. This proof follows the work in [4] closely. Let

I = % 2 M (; + it,f> clatit )| a (4.13)
where
G(s, f) = L(s, f) + AL (s, f)
and

A= (rlog (KZ))*l.

The reader might have noticed already that integral (4.13) is not exactly
1 (T

— F it, £)|? dt
5T _Tl (a+it, f)]

which is the one appearing in the definition of £(T, F). However, we can account for
the discrepancy by changing the definition of the coefficients ¢(m) of the mollifier by

the factor
exp{—Rym} <1

log m

Tog (K2) This changes do not affect any of the estimates involving M (s, f)

where v,,, =
in the previous chapter since in those cases the only thing assumed about M (s, f) is
that it is a Dirichlet polynomial of length K with relatively small coefficients. The
reason for having the mollifier on the critical line is because it produces optimal results.

Having settled this issue, we proceed by opening the square of the absolute value of

G(a + it, f) which gives the formula

|G(a+1it, f)|? = L(a +it, f)L(a — it, f) + AL(a + it, f)L'(a — it, f)
+ AL (a +it, f)L(a —it, f) + N2L'(a +it, f)L'(a — it, ).
By Cauchy’s formula

f(s) = = f(s+2)272%dz = %f(s + 2)z " 2dz,

27 \z|=6

we can replace the derivatives in the previous expression of |G(a + it, f)|> by complex
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integrals. Hence, we have the formula
G(a+it, f)|* = L(a+it, f)L(a — it, f)
4 )\%L(a it f)Lla— it + 1, f)y~2d
+ A%L(a +it + &, f)L(a —it, £)¢2d¢
+ A2 7{ }[ L(a+it+¢&, f)L(a— it +n, f)¢ 2y~ 2dedn
which, by (4.9), also have the following equivalent expression
1 . R 1 R
L (5 +it — log(KQ)’f) L <§ — it — log(KQ)’f)
AASL (5 +it = sl £) L (= it = el .7 ) 72
+A§L<%+it— ﬁjL{,f)L(% —it—ﬁ,f) £2d¢
XN F 4L (% it — e +£,f) L (% — it — e +n,f) £72n~2d¢dn.

Inserting the above expression into (4.13), we obtain

=15 (g i e i)
+A%If <_long2)’_long2) +n> Tl
A1 (g & g9 €
+ Aﬁf%g < sz) 3 —bg(% +77) £ dedn
(

with I¢(e, ) defined by formula (4.1). If the complex integration § is performed on

(4.14)

circles of sufficiently small radius, i.e. with & and 7 satisfying

lnl = o ((1og (K2)) ™)

as K — oo, then we can apply Theorem 4.1.1 with 6 = % to each one of the four means
that appear when replacing /¢ by the equation (4.14) in the expression
k
So(p) > g
k feH(

After normalization by Nz (1), the statement (4.10) of the corollary is obtained with
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¢(r, R) given by the formula
¢(r,R) = j(—R, —R)
+ Afj(—R, —R +nlog (K?))n~2dn
+ Aj{j(—R + &log (K?), —R)¢2d¢
+ A2 7{ 7{ F(=R+ &log (K?), —R +nlog (K?))¢ 2 2dédn
7

which, by the change of variables £ — ﬁ and n — Tog (K7) also has the equivalent

expression

J(=R,—R)+r ' § j(—R,—R+nn2dn+r7' § j(—R+ & —R)E2dE
+7r72 § § j(~R+ & —R+ )2y~ 2dgdn.

Thus, using Cauchy’s formula, we obtain
r’e(0,r, R) = [D(r)j}(-R, —R) (4.15)
where the differential operator D(r) is defined by the following formula

, 0 9?
r+r—+r—

—. 4.1
ox oy + 0xdy (4.16)

For the purpose of easing computations we decompose the operator D(r) as follows

with operators D, (r) and D,,(r) defined by
r+ 9 and 7+ 9
Ox oy

respectively. Hence, applying the operator D, (r) to formula (4.3), we have
[Da(r)jl(2,y) = [Da(r)J](2,y) — exp{—(z + ) }Dx(1 = r)J|(—z, —y)
and applying the operator D, (r) to the above expression, we get
[D(r)jl(z,y) = [D(r)J](z,y) + exp{—(z + y) D1 — r)J] (-2, —y). (4.17)
If we define C(6,r, R) by the following formula

C(8,r,R) = [D(r)J)(~R, —R) (4.18)
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then the formula (4.11) in the statement of the corollary follows from formulas (4.15),

(4.17) and (4.18). Then, from the formulas

oJ A(6) y?
9 (2,y) = — 9
o Y =G e
oJ A(6) x?
9 () = — 9
e A TR
02J 2A(0) 2xy
a.9 " = c(o )
Oxdy () (x+y)3 * (z +y)3 (6)
and the definition (4.16) of operator D(r), it follows that
[D(r)J)(z,y) =
2 1 24(0) 2z r 24(0) | 2+ 2
(5 + woe) (FH - 2500) + 5y (-85 + T @) - BO

Thus, by the definition of C'(6,r, R) given by equation (4.18), we have

C0,r,R) = — (i + 411%2> (AI(%G) + RC(@)) - é (Ag)) - RC(9)> — B(O)r.
(4.19)

Now, we determine the constants A(6), B(#), and C(f) using their defining equations
(4.6), (4.7), and (4.8), respectively. Recall that when we defined the mollifier M (s, f)

in chapter 3, we chose P(u) so that it satisfies
P(0)=1and P(u) =0 for u € [# — §,1]

and such that

P'(u) = —% +o(1) ifuel0,0—27]

as § — 0. Hence, we have

! 0
P%(u)du — 3

as 0 — 0. Then, formula (4.12) follows immediately from (4.19). O

With the results from Corollary 4.2.1, we can finalize the proof of the main result (2.35).

Notice that by the asymptotic equation (4.10), Proposition 3.4.1. is equivalent to

No(T, f) =z (k(0,7, R) + o(1)) N(T', f)
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as K — oo, with (0, r, R) given by
1
k(@,r,R) =1— Elog c(0,r, R).

Since Corollary 4.2.1 produced the same formulas (1.3) and (1.4) as given by the authors

of [4], we can take advantage of their computations (1.5). Thus
k(0.5,.96,1.24) ~ .356.

This proves our main result, Theorem 2.3.1.



39

Chapter 5

The Approximate Functional Equation

5.1 The Approximate Functional Equation

The mean value theorem from the previous chapter evaluates asymptotically an average
of the integrals

T
ff(a,ﬁ)—QlT/T M(;—H’t,f)

over the family F. Since «, 3 are very small,

> /1 , 1 .
L<2+a+zt,f>L<2+ﬁ—zt,f)dt

a,f < (log (Kz))_l ,

then, as K — oo, the integral I¢(c, §) resembles the mean

M(;Jrit,f)L(;—i—it,f)

The standard procedure for evaluating the above integral entails using an approximate

2

1 T
dt.

2T J oy

functional equation of L (% +it, f ) to essentially replace the L-function with a Dirichlet
polynomial. As a result, we can make use of harmonic anlysis techniques to evaluate
such integral. However, instead of establishing approximate functional equations for
L (% + o +it, f) and L (% + B —it, f) separately and computing their product, the
approach taken in [4] involves giving a single approximate functional equation for the
product L (% + o + it f) L (% + 8 —it, f) This has the benefit of sparing us from
having to deal with annoying cross terms that inevitably appear when we pursue the
other approach. Before we establish our own version of the approximate functional
equation, we give some definitions. Thus, consider the following double Dirichlet series

Dylsr.o0) = 3 S Attt 3o, 3 ) 5.1

lh 12
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where

_ L [ alysi ) ayset2) g sw(z)
H(y’y)_%i/(c) Y(y,51) (Y, s2) Yy =d (5:2)

where the function ~(y, s) is given by the formula

(g, ) = (27)~°T (s LUk - 1) (5.3)

and the test function w(z) is chosen to be
2z 2 2
=|(1-|—F— z 5.4
w(z) ( <51—|—82—1> )6 (54)
Lemma 5.1.1. If s1 and sy are complex numbers satisfying
—B<Rs;<B  fori=1,2
with B > 0 being an absolute constant, and such that
S1+ 82 #1
then for f € Hi(1), we have
k
L(s1, f)L(s2, f) = Ds(s1,82) + © T 5152 Dy(1 —s1,1 —s2) (5.5)

where, ©(y, s1, s2) denotes the expression

Y(y, 1 —s1)v(y, 1 — s2)
Yy, s1) (Y, s2)

O(y, 51, 82) = (5.6)

Proof. Here, we follow closely the proof of the the approximate functional equation

given in [4]. Consider the complex integral

1 A(s1+ z, f)A(s2 + 2, f)w(z)

where A(s, f) is the complete L-function defined in chapter 2. Let ¢ > 0 be chosen
temporarily such that the Dirichlet series of L(s; + z, f) and L(s2 + z, f) converge

absolutely. The definition (5.4) of w(z) implies that for any fixed ¢
w(z)| < exp {~(32)*} (5.8)

with the implicit constant depending on si, sy and c¢. In the second chapter, it was

mentioned that A(s, f) is an entire function of order 1. Hence, the complex integral
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(5.7) is absolutely convergent for every fixed ¢ # 0. Since w(0)=1, if we move the
integral to the line Nz = —c by contour integration, then we pick up a pole at z = 0

with residue A(s1, f)A(s2, f). Thus, we have

RN
= A(s1, f)A(s2, f) + 217”/( )A(sl + 2, f)A(s2 + Z,f)wiZ)dZ-

By the functional equation (2.16) of A(s, f) and the property
w(—z) = w(z),

we have, after the change of variables z — —z, the following identity

L A(s1 + 2, f)A(s2 + 2, f)MdZ

27 (_c) z

1
=—— A(1—31—|—z,f)A(1—52+z,f)Mdz.
271 (c) z

Thus, we obtain the formula

I Ny s

211 (c) z (5 9)
1 w(z) '

_A(Shf)A(stf)_271_2‘/()A(1_31+Zaf)A(1_82+Z7f) P dz.

Since A(s, f) = v(s)L(s, f), the statement (5.5) of the lemma follows, with Dy (s, s2)

given by the integral

w(z)

Dy(s1,52) = dz

7(31) ’7(52) L(51+va)L(52+Zaf) 5

1/ v(s1+ 2) Y(s2 + 2)
21 (¢)

after dividing formula (5.9) by 7(s1)v(s2) and also multiplying and dividing the integral

in the right hand side of the same formula by (1 —s;1)7v(1—s2). Also, the reader should

V(s) =~ <[k{8> :

Finally, the expression (5.1) for D¢ (s, s2) is obtained when we replace L(s1 + z, f) and

notice that

L(s2 + z, f) in the previous formula by their respective Dirichlet series and switching
the order of integration and summation. These last two steps are possible because we
had appropriately chosen ¢ such that the Dirichlet series of L(s1+z, f) and L(sy+ 2, f)

were absolutely convergent on the line Rz = c. O
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It is not difficult to prove absolute convergence of the integral (5.2) when ¢ # 0 using
Stirling’s formula and the estimate (5.8) for a fixed K. Thus, by Cauchy’s theorem,
H(y,Y) is independent of any ¢ > 0 chosen to define the integral. In addition, the

reader might be puzzled by the introduction of the polynomial factor

1_( 22 >2
S1+s59—1

in the definition of the test fuction w(z). It seemed unnecesary for any of the argu-
ments in the previous proof. Like the material discussed in the next section, this is a

technicality the purpose of which will become clear later in the last chapter.

5.2 Some Technicalities

It will be useful to us to know the behavior of H(y,Y), ©(y;si1,s2), and all their
derivatives with respect to y > 0 as K — oo. In preparation for this study, we first

prove the following lemma.

Lemma 5.2.1. Let ¢(z) be the logarithmic derivative of I'(z). Then,

logT'(u + v) —log'(u) = vlog K + O (|v] + (> + 1K) (5.10)
and
PO (w4 0) — W) < (o] + 1)K (5.11)
forl=0,1,..., as K — oo, uniformly for all complex numbers u and v satisfying
Rux< K and Su=o(K) (5.12)
and
—A<Rv< A (5.13)

with A > 0, where the implicit constants depend on A and l.

Proof. Let 0 < flp < § be a fixed angle and assume that 0 < |argv| <7 —6p. [fw =2

u’?

then 0 < |argw| < m — 0y for a sufficiently large K because condition (5.12) implies
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argu — 0 as K — oo. Thus

|log (1 + w)| =

|w| iargw
(&
——dr
0 1 4 retargw

_w
~ sinfy ’

On the other hand, if 7 — 0y < |argv| < 7, then |w| — 0 as K — 0. Thus,
log (1 4+ w) < |w|.

Hence, we have proven that
log (1 + 3) < ‘Q’ (5.14)
u u
as K — oo, uniformly for all u and v satisfying conditions (5.12) and (5.13), respectively.

Stirling’s formula states that

logT'(z) = <z — ;) log(z) — z +log V2 + O (|2 1)

as |z| — oo, uniformly for all z satisfying | arg z| < m — ¢ with implicit constant depend-

ing on ¢. From it, we deduce that
1
logT(u+v) —log'(u) = vlogu + <u+v - 2> log <1 + E) —v+0(K™') (5.15)
u

as K — oo, uniformly for all u and v satisfying conditions (5.12) and (5.13), respectively.

This is true because conditions (5.12) and (5.13) imply
lu| > |Ru| > K and |Ju+v|>|Ru+v)|>K (5.16)
Morover, applying the estimate (5.14) to equation (5.15) above gives
log I'(u + v) — log T'(u) = vlogu+ O (Jv| + (|v* + 1)K )

as ' — oo, uniformly for all v and v satisfying conditions (5.12) and (5.13), respectively.

Also, condition (5.12) of the lemma implies
vlogu = vlog K + O(|v|) (5.17)

as K — oo. Hence, the statement (5.10) of the lemma follows. An asymptotic formula

similar to Stirling’s, gives the following evaluation of the logarithmic derivative of I'(z)

¥(z) =log(z) + O (|| ™)
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as |z| — oo, uniformly for all z satisfying |argz| < m — ¢ with the implicit constant

depending on §. Thus, (5.16) and the previous formula imply
$(u+v) — Y(u) = log (1+ %) +0 (K™

as K — oo, uniformly for all u and v satisfying conditions (5.12) and (5.13), respectively.
Hence, the statement (5.11) of the lemma follows for [ = 0 after applying (5.14) to the

previous equation. Finally, there are also the following asymptotic formulas
I(-1)1 i
l l

forl =1,2,...as|z| — oo, uniformly for all z satisfying | arg z| < m— 4 with the implicit

constant depending on ¢. Thus, (5.16) and the previous formula imply

PO (w4 0) — W) = (1 = DI(=1)! <m — ;) +0 (K*l*1>

for | = 1,2,...as K — oo, uniformly for all v and v satisfying conditions (5.12) and

(5.13), respectively. Since
1 1 . v Z 1
(w+ov)  w)  \u(u+v) Wil (u+v)iu
the statement (5.11) of the lemma for the cases [ = 1,... is deduced after trivially

estimating the above expression using the lower bounds in (5.16). O

5.2.1 Estimating %];;I (y,Y)

Now, we are ready to state a lemma about the asymptotic behaviour of H(y,Y") and

its derivatives with respect to y > 0 as K — oo.

Lemma 5.2.2. Let H(y,Y) be as in (5.2). Then, for any a > 1, H(y,Y) is a smooth

function of y € (a™1,a) when K is sufficiently large. Also, for any ¢ > 0, it satisfies

O'H

8—yl(y, Y) <Y “(logK)? forl=0,1,2,... (5.18)

as K — oo, uniformly for ally € (a™',a) and any complex numbers s1 and sy satisfying

—B<Rs; < B fori=1,2 (5.19)
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and

Ss; =o(K)  fori=1,2 (5.20)

with the implicit constant depending on a, ¢, B, and I.

Proof. Let
Fi(y,z) = log N5+ 2)
Y(y, si)

for i = 1,2. Then, for any a > 1, the definition of v(y, s) implies that F;(y, z) is smooth

for y € (a=!,a) when K is sufficiently large. Now, we can apply Lemma 5.2.1. with

u=8; + yK;l and v = z for all y € (a7!,a), all z satisfying Rz = ¢, and all complex

numbers s; and sg satisfying (5.19) and (5.20). Thus, we have
Fi(y,z) = zlog K + O (!z| + (|Z|2 + 1)K_1)
and

O'F;
oy

(y,2) < (|]z| +1) forl1=0,1,2,...

as K — oo, uniformly for all y € (¢!, a), all z with Rz = ¢, and all complex numbers
s1 and sg satisfying (5.19) and (5.20) with the implicit constants depending on a, B, c,
and [. Now, we define

Gi(y7 Z) = exp {FZ(:% Z)}

and, for [ =1,..., we apply Faa di Bruno’s formula which states that
dl : / l 1
9@ =D 0 (@) Bu (£/(@). s D @) (5.21)
n=0

where By, (1, ..., j—n+1) are the Bell polynomials
i 71 J1 Tioni Jl—n+1
Bin(T1, s Xient1) = ) <> < 5.22
nl ) Z Jilgeleginga! \ ! Ji—n+1! (5.22)
with the sum defined over the integers j; > 0,..., ji_n4+1 > 0 satisfying
i+ e+ Jienyr =land j1 +2jo+ ... + (Il = n+ 1)ji_nt1 = . Thus, we obtain the

following formula for 8815*;1' (y,2)

alGi : OF; 81—”+1Fi
o (002) = exp (i) 3 B (G0, G (102))
n=1
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Then, estimating trivially the above expression by using the estimates for %l:;i (y,2), it

follows that

oG,
le(y,z) < exp{clog K+ O (|| + (1 + [2)K 1)} (|z| + 1)} forl=0,1,2,...

as K — oo, uniformly for all y € (=%, a), all z with Rz = ¢, and all complex numbers
s1 and so satisfying (5.19) and (5.20) with the implicit constants depending on a, B,
¢, and [. Moreover, if we define G(y, z) = G1(y, 2)Ga(y, z) and compute its I'" order
partial derivative with respect to y, we obtain

oG Il 9'G G
(y2) =Y Yy, 2) S5

T a0 A Y =(y,2).
oy i, 1! oy’ 0yJ

Then, we can estimate trivially the above expression using the estimates for 88151 (y, 2).

Thus, we have

o'a
8—yl(y,z) < exp{2clog K + O (|2| + (|22 + DK 1) }(|z| + 1)! forl=0,1,2,...

as K — oo, uniformly for all y € (¢!, a), all z with Rz = ¢, and all complex numbers
s1 and sy satisfying (5.19) and (5.20) with the implicit constants depending on a, B, ¢

and . Hence, the statement of the lemma follows by estimating trivially the I*" order

partial derivative of H(y,Y") with respect to y

o'H 1 G

S V) (1,2) (K?) =g

:% (0)87y1 z

5.2.2 Estimating %(?(y, S1, $2)

Similarly, we state a lemma describing the behaviour of ©(y, s1, s2) and its derivatives

with respect to y as K — oc.

Lemma 5.2.3. Let O(y, s1,s2) be given by formula (5.6). Then, for any a > 1,
O(y, s1, 82) is a smooth function of y € (a=',a) when K sufficiently large. Also, it
satisfies

0'e

@(y, 81,32) <K 1 fOT l = O, ]., e (523)
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as K — 0o, uniformly for all y € (a™', a) and all complex numbers s1 and sy satisfying

—B<Rs; < B  fori=1,2 (5.24)
Qs =0o(K)  fori=1,2 (5.25)

and
1— 51— 5 < (log (K?)) ™" (5.26)

with implicit constant depending on a, B, and l. Moreover, for the case | =0 we have

the precise asymptotic formula
O(y, 51, 59) ~ K21751792) (5.27)

as K — oo, uniformly for all y € (a~',a) and all complex numbers s1 and sy satisfying

conditions (5.24), (5.25), and (5.26) with implicit constant depending on a and B.

Proof. In this case, we consider the quotient

Y(y,1 — s2)

F Y,81,82) =
( ) Y(y, s1)

For any a > 1, the definition of v(y, s) again implies that the function F'(y, s1,s2) is
smooth for y € (a=!,a) when K sufficiently large. Then, we apply Lemma 5.2.1 to

yK2_1 and v =1 — s — s for all y € (a~ %, a) and all complex

F(y,s1,s92) with u = s9 +

numbers s; and sg satisfying conditions (5.24), (5.25), and (5.26). Thus, we obtain
F(y,s1,82) = (1— 51— s2)log K 4+ O ((log K) ')

and
OF
Dl 1(978182) <1 forl=0,1,2,...
Y

as K — oo, uniformly for all y € (a~!, a) and all complex numbers s; and sy satisfying
conditions (5.24), (5.25), and (5.26) with the implicit constant depending on @, B, and (.
The same two equations hold for F'(y, s2, s1) and under the same uniformity conditions

yK;l instead. Hence, if we define G(y, s1, s2)

if we apply Lemma 5.2.1 with v = s1 +
by

G(y,s1,52) = exp {F(y, s1,52)}
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then, we have
@(y7 51, 82) = G(y, S1, SQ)G(:% S92, 51) ~ K2(1—51—32)

as K — oo, uniformly for all y € (a~!, a) and all complex numbers s; and s satisfying
conditions (5.24), (5.25), and (5.26) with the implicit constant depending on a and B.
By the same arguments used in the proof of Lemma 5.2.2.; it also follows that

0'G
a—yl(y,sl,@) <1 forl=0,1,2,...

as K — oo, uniformly for all y € (a~!, a) and all complex numbers s; and sy satisfying
conditions (5.24), (5.25), and (5.26) with the implicit constant depending on a, B,

lth

and [. Then, estimating trivially the {"* order derivative of G(y, s1, $2)G(y, s2, s1), the

statement (5.23) of the lemma follows. O

5.2.3 The Effective Length of D¢(sq, s2)

One immediate application of Lemma 5.2.2 is establishing that for any ¢ > 0, the sums

over variables [; and Iy in D f(sl, s9) are effectively constrained by the condition

Ll < K*F° (5.28)
as K — o0o. More precisely, we have the following Corollary of Lemma 5.2.2.
Corollary 5.2.4. Let D¢(s1,s2) be defined as in (5.1). For any € > 0, the tail Ty of
Dy¢(s1,52) defined by

ek Ly
Tr=>Y >, MMM, H <K’K2>

lila>K?2+te

satisfies, for every D >0

7} <p K—P

as K — oo, uniformly for all f € Hy(1) with k < K and all complex numbers s1 and
so satisfying

—B<Rs; < B fori=1,2 (5.29)

and

Ss; =0(K) fori=1,2. (5.30)
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Proof. To show this, we choose a > 1 such that & € (a!,a) for all k in the range
determined by the condition k£ < K. Then, we estimate trivially the tail T of D(s1, s2)
using the estimate (5.18) from Lemma 5.2.2. Thus, we have
T < K*(log K)* > e()l™°
I>K?2+e
as K — oo, uniformly for all f € Hy(1) with £ < K and all complex numbers s; and
sg satisfying conditions (5.29) and (5.30). In the previous equation, the coefficients c({)

are given by

)= Y Art)As(l2)ly 5.

=il

By the Ramanujan-Petersson Conjecture (2.10), we have
o(l) < m4()I*P <« 12BFe

which implies
7} <<K20+(1+2B+efc)(2+5) (IOg K)2

<<K(1+QB+6) (2+€)—ce+e

as K — oo, uniformly for all f € Hi(1) with k£ < K and all complex numbers s; and s,
satisfying conditions (5.29) and (5.30). Hence, the result of the Corollary follows after
choosing

c=[D4+e+(1+2B+e)(2+6)]e .
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Chapter 6

The Large Sieve

6.1 An Introduction to the Large Sieve

At the end of the previous chapter, we showed that the double series D¢ (s1,s2) in
the functional equation (5.5) of the product L(s1, f)L(s2, f) has an effective length
determined by the condition

lily < K27F€

as K — oo. If we replace s; by % + a+ it and s9 by % + [ —it with o and [ satisfying
o, B K (log (KQ))_l

then we could think of the double series Df(s1,s2) as essentially the square of the
absolute value of the following Dirichlet polynomial of length K

Z M) jie

i VI

Hence, applying the approximate functional equation reduces the mean value theorem

to essentially evaluating the average over the family F of the integrals

2

e L. Ap() it
M| = i
or |, (2 + it, f) g Vi l dt

I<K
Since T' = o(K) as K — 0o, we can postpone the integration in the ¢ aspect and focus
on the major source of cancellation which is provided by averaging over the family F.
Recall the definition (3.12) of the mollifier M (% + it, f) given in the third chapter; it
was essentially the following Dirichlet polynomial of length slightly smaller than K

Ar(n)e(n)
>, Lt

nSKl—e
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Let ¢(z) be a smooth function of compact support in the positive reals. If we momen-
tarily disregard the lack of complete multiplicativity of the Hecke eigenvalues A¢(n),
f € F, then all these simplifications show that we are essentially trying to evaluate the

expression
h

So(x) X |3 anvim (6.1)

fEHE(1) |m<K2~¢

where the linear form inside the absolute value is the result of the product between the

mollifier and the Dirichlet polynomial from the approximate functional equation.

A Large Sieve Inequality provides an upper bound for expressions like (6.1) with arbi-

trary coefficients a,, in terms of the norm
||CL”2 = \allz + ]a2|2 + ...

This bound produces a non-trivial saving if the number of “harmonics” Ay, for f € F,
over which we take the average is larger than the length of the linear form
Y. amAp(m)
m<K2—e
Obviously, this is the case for us as the initial heuristic has shown, given that we aver-
age over approximately K2 members of the family F. One of the reasons Large Sieve
results are so powerful is because they do not assume anything about the coefficients

a, which in practice could be quite complicated.

Unfortunately, for our purposes it will be necessary to obtain the sharpest result possi-
ble or we risk the disastrous result of proving a negative percentage of critical zeros due
to the delicate nature of Levinson’s method. This means it will be necessary to evaluate
the expression (6.1) instead. It turns out we will pay a price for this in the form of
giving up on the arbitrariness of the coefficients a,,. In [5], the authors develop the
Asymptotic Large Sieve (ALS) which accomplishes these objectives in the case in which
the harmonics associated with the family F are Dirichlet characters modulo ¢. In this
chapter, we develop a version of ALS where the harmonics are the Hecke eigenvalues of

each f € Hy(1) for every even weight k.
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6.2 The Statement of the Asymptotic Large Sieve

In this section, we state a version of the Asymptotic Large Sieve which is suitable for
use in the proof of the Mean Value Theorem. First, we define the billinear form

S(A x B) Zzzzanlhﬁnglz Z <[k;v,l1L12> Ag(nqly,nals), (6.2)

ni Iy n2 k even

where Ag(m,n) is given by the formula (2.6). Also, we assume that the test function
F(y,Y) € C§°(R™") has compact support inside some positive open interval where, for
every A > 0 and € > 0, it satisfies

IF

—— (y,Y) < YAK® forj=0,1,2,... (6.3)
oyJ
for all y with the implied constant depending on j, €, and A only. If we replace Ag(m,n)
in (6.2) with the Kronecker symbol §(m,n) as the result of applying the Petersson

formula (2.8), then we obtain

Sdlag -A X B Zzzzamﬂlﬁmglg m1l1>m2l2)
ny Iy

l1 n2

SF <Ik( llf) (6.4)

k even

This last definition is intended to extract the ”diagonal” terms of the bilinear form
(6.2). The following theorem states that if we were to evaluate the bilinear form (6.2),
then the main term would necessarily come from evaluating the diagonal. However, as
we mentioned in the previous section, it will be necessary to make some assumptions

about the coeflicients.

Theorem 6.2.1. (The Asymptotic Large Sieve) Let the coefficients oy, and By satisfy
1.
anl, Bl Ke (nl) 2 (65)

for all € > 0 with the variables nyi, ny supported on the interval [1, N]. If

K< L<K?
and
N S K1—5
then
S(A x B) — Sgigg(A x B) < K? (6.6)

as K — oo for some ¢ < 1 with the implicit constant depending on ¢.
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6.3 The Main Lemma

The main ingredient in the proof of the Asymptotic Large Sieve is the following lemma
of H. Iwaniec for evaluating Neumann series of the form

Ga(x)= > g)Ji(x) (6.7)

l=a mod 4

for a = £1 where the functions J;(z) are classical Bessel function of integral order and

g € C§°(R™) is a smooth function with compact support in some positive open interval.

Lemma 6.3.1. If G,(z) is defined as in (6.7) for a = £1, then

4Ga(z) = g(x) +i'"h(z) + O (zc3(9)) (6.8)

with
h(z) = /0 g(V/2zxu) sin (:17 +u— %) (wu)_%du (6.9)

and

to) = [ latoebar (6.10)

where §(t) is the Fourier transform of g(x)

We do not give the proof of this lemma here and instead remit the reader to [6] where
a detailed proof is given. However, we hint that the proof is essentially an application

of the Poisson summation formula.

6.4 The Proof of ALS

In this section, we prove ALS. As mentioned earlier, the Petersson formula (2.8) which
was introduced in chapter two, is used to isolate the main term Sgiag(A x B) in the

evaluation of the bilinear form S(A x B). Thus, we have
S(A x B) = Sgiag(A x B) + R(A x B) (6.11)

where the remainder R(A x B) collects the effect of those other terms that, because of

the quasi-orthogonality property satisfied by the Hecke eigenvalues, end up producing



54

sufficient cancellation and do not constribute to the main term. According to the

Petersson formula, we define the remainder by

R(A X B) = ZZZZQﬂlllBY@l?G(nllthl?) (6.12)

with G(m,n) given by the series

G(mn) =Y S g (“im) (6.13)

C
c>0

and where G(z) is a Neumann series of the form

G(z)= > i*F <Ik(Y> Je_1(z). (6.14)

k even

It turns out that the necessary cancellation can only be obtained if the Petersson formula
is applied for a sufficiently large number of weights k. This last imput is technically
accomplished by the main lemma. If we apply the change of variable k& — [ + 1, then

the above series can be split into two Neumann series
G(z) = G4 (v) + G ()

where

Gow)=-a » F (HKlY) Ji(x)

[=a mod 4

for @ = +1. Thus, we can apply the main lemma to these two series with g(x) =
F (£,Y) and obtain the following evaluation of G(z)
AG(z) = —h(z) + O (zc3(g)) - (6.15)

To proceed any further, it will be necessary to produce estimates for c3(g) and h(zx).

6.4.1 Estimating c;(g)

Since g(z) = F (%, Y), the conditions imposed on the test function F (y,Y’) imply that

the Fourier transform of g(z) satisfies

i = [ " g@)e(at)d

—00

= /00 F (%,Y) e(xt)dx

_ /_ T Py, Y) elyKt)dy
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which proves that for all A > 0 and € > 0
lg(t)| < YAK1Te (6.16)

for all ¢ with the implicit constant depending on A and €. Also, by partial integration,

for each j > 1 we have

(—t2mi)? g(t) = / ¢’ (z)e(xt)dx

S T

] Al ol
K _ 8ij (K,Y) e(xt)dz

=K' i Y)e(yKt)d
7ooaiyj(y7 ) e(yKt)dy
from which we obtain that for all A > 0 and € > 0
(K|t])Y]§(t)| <« Y AKY™ forj=1,2,... (6.17)

for all ¢ with the implicit constant depending on A, j, and €. Combining the estimates

(6.16) and (6.17), we have for all A >0 and € >0
(14 K[t])|9(t)] <« YTAK™ for j=0,1,2,...
for all t. Hence, from the definition of ¢;(g), it follows that
cito) = [ lato)l i

< [ /0 00(1 + Kt)thjKdt} Y AK®

< [/000(1 + u)—de] Yy AR It
Thus, for all A > 0 and € > 0 we have

cjlg) < YTAKI for j=0,1,2,... (6.18)

with the implicit constant depending on A, j, and e.

6.4.2 Estimating h(x)

In (6.9), we defined h(x) by

h(z) = /OOO g(V/2zu) sin (a: +u— %) (Wu)*%du.
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By partial integration, for each j > 0, we obtain

1 [0 1
|h(z)] < 2/0 ‘auj [g(\/2xu)u 2} du
4 N AV S
= 2/0 Zz'k'aul[ 2a:u)}< 2)( 5 k+1)u2 du
< h Z aZ. [g(v2xu)} wzkdy
0 — . aUZ

with the implicit constant depending on j. By Faa di Bruno’s formula (5.21) which was

introduced in the previous chapter, we have

i

i [g(\/%)]' <y

T
ou =

s, (Ve (Vam) )

where the Bell polynomials (5.22) satisfy
i

i (Vam) | (M))’ <« (VEm) v

with the implicit constant depending on i. Thus, we have

]<</ u™ Z 2ru ) {i‘g(")(m)}}u_édu

i+k=j
/ J}k:](x/ﬂf( {Z’ (V2euk! Y)’} ~3du

i1
<[ X —kz‘ 1)y ) (o) 7
i+k=j
This proves that when z < K2, for all A > 0 and € > 0 we have

h(z)| < (2K~2) Y AKS for j=0,1,2,... (6.19)

with the implicit constant depending on j, A, and e.

6.4.3 Estimating G(m,n)

Now that we have estimates (6.18) and (6.19) for c3(g) and h(z), respectively, we obtain
for all A > 0 and € > 0 the following bound for G(x)

G(z) < [(wK_z)j n xK—ﬂ Y AKS forj=0,1,2,...
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with the implicit constant depending only on j, A, and e. Thus, from the definition
(6.13) of G(m,n), it follows that

—2\J |S(ma U C)‘ -3 ‘S(’I’I’L,’I’L; C)| —Agre
G(m,n) < | (VmnK )"y s b Py e Y AR
c>0 c>0
By the Weil bound for Kloosterman sums

[S(m,m;0)] < (m,m; ) 3e3(c),

if j > 1, then we have

Smynic)| _ 5~ [S(m.nic)
2 an o <X @

c>0 c>0
< Z (m,n;c) % %
c>0
d
= Z T(d) Z 7'(cz)cfg
d|(m,n) a>0
(m,n,a)=1
< (mn)“.

Hence, we obtain the following estimate for G(m,n). For all A > 0 and € > 0, we have

G(m,n) < [(VimnK =)' + Vinnk | YA (mnK)© for j=1,2,...  (6.20)

with the implicit constant depending only on j, A, and e.

6.4.4 Estimating R(A x B)

To estimate R(A x B), we will first estimate the summation in the variables n; and ns.

Thus, we write
R(AX B) =Y R(y,la)
Lo lo
where
Rl l2) =D D gty Brgt, G (naly, naly).
ny ne2

Then, we estimate R (A x B) trivially using the assumptions (6.5) of the theorem about

the coeflicients

1
An 1, Bn,l <e (nl)_§+€
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and the bound (6.20) for G(m,n). Thus, we have
_o\J _1 —3 12 —1\—4 €
Rl ls) < [( LiaNK ) (lls) 3N + K—3N } (oL ™) (1L NK)

for all j > 1, A >0, and € > 0 with the implicit constant depending only on j, A, and

€. Now, if we let

R() =Y Rl

I=lil2

then the previous estimate gives
) Jo_1 —3 72 1\ —A €
R(l) < [(\/ZNK ) "N+ K N](ZL ) (INK) (6.21)

for all j > 1, A > 0, and € > 0 with the implicit constant depending only on j, A, and

e. Let n > 0 be relatively small compared to 4, then we will split R(A x B) into two

sums
R(A X B) =TRo + R1,
where
Ro= > R(l),
I<Lm
and
Ri= Y  R(Q).
I>Ln

First, we estimate Ro. Here, we will take advantage of the arbitrary size of A, €, and

§. Thus, by estimate (6.21) with N < K'=% and L < K?, we have
Ro < [(L%(Hﬁ) NK_2)j LN 4 L1+’7K_3N2] LAL"NK)e
< [Kj(n—5)+2+n—5+K1+2(n—5)} J2A+e(d+2n-0)

Hence, if we choose A and e sufficiently small and j sufficiently large, then there exists
0 < ¢ < 1 such that
Ro < K?

as K — oo with the implicit constant depending on fy. In the case of R1, we have
R, < [L(1+n)(—A+%+%+e) (NK‘2)jN+ L(1+n)(—A+1+E)K_3N2} LANK)

< [~ [L<1+n)(%+%+f> (NK2)7 N + L<1+’7)(1+E)K‘3N2} (NEK)*.
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Since L > K¢, choosing A sufficiently large gives
Ri—0

as K — oo. This finishes the proof of Theorem 6.2.1 (ALS.)

6.4.5 Evaluating Nz(1))

Here, we evaluate the normalizing factor Nz(¢). This is obtained at no extra cost
from the procedure we used to give the estimate (6.20) of G(m,n). Thus, we have the

following lemma

Lemma 6.4.1. Let ¢ € C§°(R™) is a smooth function with compact support in some

positive open interval and let Nr (1) be defined as in (2.34). Then, we have

Nr@)~ Y o <[k() (6.22)

k even

as K — oo

Proof. From the definition of Nz(¢) and the Petersson formula, it follows that

>y <Ik() A1, 1) = )" v <[k() +G(1,1)

k even k even
where G(m,n) is given by (6.13). If we take g(z) = ¢ (&), then, proceeding in the

same fashion as before, we obtain
c3(g) < w K3

and

h(z) < (K27 for j=0,1,2,...

and from this estimate it follows that
GL1) < K ¥ 4+K™3 forj=1,2,...

Hence, the lemma follows. O
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Chapter 7

The Proof of the Mean Value Theorem

7.1 Averaging over the Family F

Finally, all necessary tools have been developed to prove the mean value theorem. As

the reader may recall, we will be evaluating the average over the family F of the integrals

T
ff(a,ﬁ)—QlT/T M(;—H’t,f)

18] < (log (K2))

> /1 , 1 .
L<2+a+zt,f)L<2+ﬁ—zt,f)dt

with

and

o+ 8] = (log (7))

as K — o0o. However, since

T =o(K)

we are going to postpone the integration in ¢ due to its secondary role and we are going

to concentrate temporarily on the k aspect. Let

2

L(s1, f) L(s2, f)

1
Jp = ’M (2 +it,f>
with s; and s equal to % + a+ it and % + B + it, respectively. Then, we will evaluate

the following expression
h

Jy
FEHL(1)

> (%)

uniformly for all [t| < T as K — oc.
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7.1.1 Applying the Functional Equation

The first step would be to use the approximate functional equation (5.5) so that we can

replace L (s1, f) L (s2, f) with Dirichlet series. Thus, we have

So(5) 3 0epe(d) 2 s

fGH fGHk

+Z¢< > <k 31,52> f Jr(1 = 51,1 — s2)

feH(1)

where
2

1 .
J¢(s1,82) = ‘M <2 +lt7f> Dy(s1,52).

Then, we will focus on evaluating

> v <k> Z Jf 51, 5) (7.1)

K )
k feH(1
as K — 0o. The treatment of
1 h
Zzﬂ( ) < 51,52> Z Jr(1 = 51,1 —52)
fEHK(1)

will be essentially the same since the smoothness, compact support, and decay prop-
erties satisfied by 1(y) are also satisfied by 1(y)O(y, s1, s2) because of Lemma 5.2.3.

Before stating a lemma that evaluates (7.1), we give some definitions. Let the function

W (u; z,y) be defined by

1
r+y

W(u;x,y) = (P'(u) — zP(u)) (P'(u) — yP(u)) (7.2)

where P(u) is the function used in the definition of the mollifier. Also, let A(n,t) be

the Dirichlet polynomial

g(m) =3 ulr) (7.4)
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and

w(m) = H (1- p_l)f1 .

plm

Finally, consider the expression

I(t2,y) = ZZ

Now, we are ready to state the following lemma

2(nh)IA(nh,1ﬁ)|2VV(7n;96,y)- (7.5)

Lemma 7.1.1. Let s1 z%—i—a—i-it and32:%+5+it. If&z% and
T = o(K)

as K — oo, then, we have

Zk:w<1k;> Z Jf 51.59) J(talogl(of;)Kflog (K?)) Z¢< ) (76)

feH(1

as K — oo, uniformly for all |t| < T and all complex numbers o and [ satisfying

lal,18] < (log (K2)) ™

and
ja+ 8| = (log (K?)) ™

with A in the definition (7.4) given by
A = A(K) = exp (loglog K)3.

The prove of the lemma will be given in the rest of the section, and the next one.

7.1.2 Applying the Asymptotic Large Sieve

The first step in the proof of Lemma 7.1.1 consists of applying the asymptotic large
sieve. Thus, we begin by opening the sums in Jf(sq,s2). The square of the absolute

value of the mollifier is

i (;Jrit,f)

-Er e ()
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with c(m) defined by the expression (3.12)

= ) Mo ) () a(r).

m=nr?
r<A

Then, we combine the sum above with the double series

sy [k Ll
7(s1,52) ZZAf A (L)l 5 ZH(K ;{j)
I

For this, we use the multiplication formula
mn
Ap(m)Ap(n) =) As (?)
d|(m,n)
and make a change of variables that replaces n and [ with nd and ld, repectively. Hence,
we obtain the following formula for expression (7.1)

p(r1) rody \ 2"
Z Z Z ridi ?"2d2 <r1d1> S(AxB)

r1<A dp re<A ds

where S(A x B) is the bilinear form

-A X B Zzzzanﬂlﬁnglg

with the coefficients a,, ;, and S, ;, defined by the following expressions

k liladid
Z (K’ : }21 2) Ag(nali, nals)

k even

p(nidiry)

ity = ——P(7n dily) "% (nqyly) @ 7.7
Qny 1y NG (Ynydy ) (dilh) % (n1lh) (7.7)
and
- :u(nZdQTQ) -8 it
Brals = WP(deQ)(dle) (nal2)"™. (7.8)

Here, the test function F(y,Y) is given by

F(y,Y)=(y)H(y,Y)

Also, by the definition of the mollifier M (s, f) and more specifically since P(x) = 0 for
x € (0—0,1) with 0 = %, we have that ni, ne, di, and ds all have support < K129,

This implies that
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Hence, we can apply the Asymptotic Large Sieve theorem with N < K'=20 and I = d[f;
obtaining

S(A x B) = Sgiag(A x B) + R(A x B)
with

R(A X B) <4 K

as K — oo for some 0 < ¢ < 1. From this, it follows by trivial estimation that

2it
(1) rods "
K% .
D o T2d2 (nch) R(A x B) <o, (7.9)

T1<A d1 <K T2<A d2<K

as K — oo for some 0 < ¢1 < 1.

7.1.3 Removing the Kronecker Symbol

Having dealt with the remainder terms in the previous section, we switch our focus to

evaluating the "diagonal” terms which we denote by D(A x B) and are given by

24t
p(r1) rady .
D(A x B) Z Z Z . r2d2 <r1d1> Sdiag(A x B).

T1<A dl 7”2<A d

Also, since
k A
() ~ 0K

it follows from formula (7.9) that

Z};w(i) Z Jf 51,52) ~ D(A x B).

feH(
Now, it is necessary to evaluate D(A x B) asymptotically. For that purpose, we decom-

pose the test function back into its components ¢ (y) and H(y,Y)

F(y,Y)=¢(y)H(y,Y).

Then, we give the following expression for D(A x B)

D(Ax B) = Z()

k even
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where

N"”l ) T‘ng 21t
ZS: ZS: ; s r1di T2d2 <T1d1>
2533 3) WU ERTL ULy
ny Iy n2 g

with the notation 3> 3" 3~ indicating that the variables ni, ns, I1, and Iy are subject

to the restriction

nily = nalo

which is imposed by the Kronecker symbol. We will remove this restriction by solving
the above arithmetic equation. The solution is given by n1 = nai, no = nag, l1 = las,
and ly = la; where a; and ay satisfy (aj,a2) = 1 and with the variables n and [
completely free. Thus, by the definition of the coefficients «,, ;; and 3,,, given in

(7.7) and (7.8), respectively, we have

u(naydiry) W i
naylaz = WP('Ynde(dlan) (nla1a2) t

and
B = Hnaadars)
nag,lay Flagal

. Hence, we can write D as

P('Ynazdg ) (d2a11)_6(nla2a1)it

D=> Qnt)n" (7.10)

with the coefficient Q(n,t) is given by the following sums

=D Z ur (Tl)%t«‘l(ﬁ,rz;t) (7.11)

r1<Aro<A

where A(ry,79;t) is defined by

Ao =Y FY 3 )

di do a1

(a1,02)=1 (7.12)

X <> Z(a17a27d17d2)
dq

and the function Z(x1,z2,y1,y2) is given by the expression

—a - k x1z2y192
Z(21, 2,91, 92) = (z2y1)” “(2192) ﬁP(’Yna:m)P(’Ynxzyz)Z (K’ TR (7.13)
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where
Z(y,Y)=)_ H <[k( z2y> [ima=h,
l

Because of the definition of H(y,Y) in (5.2), we also have

_ 1 (Y, s1+2) Yy, 82 +2) o w(2)
Z(y,Y)_2m_/(C)C(1+a+ﬂ+2z) v LIRS ey P

7.1.4 Evaluating D

We would like to replace D with a simpler expression. Thus, we give the following

general lemma about the function Z(y,Y’) defined by

S s1+s sz(y’Sl—‘_Z)fY(y’SQ—i_Z) 2 —ZMZ
Z(y,Y)—2m/(C)C(1+ 9+ 22) T S A (K2Y) . (7.14)

From this formula, we notice that w(z) was defined in (5.4) with a zero at z = 1=81=52

so that it would kill the simple pole of {(s1 + s2 + 22).

Lemma 7.1.2. For any a > 1 and all y € (a™,a), Z(y,Y) is a smooth function of Y

over the positive reals which, for any c > 0, satisfies

o'z O (Y ~¢(log K)? if 'Y >1
W(y’y) - ( ) (7.15)
((s1+ s2) + O (Y<(log K)?) if Y <1

as K — oo, uniformly for all y € (a~',a) and all complex numbers s1 and sy satisfying
—B<Rs; < B fori=1,2 (7.16)

and

Ss; =0o(K) fori=1,2 (7.17)

with the implicit constant depending on a, ¢, B, and I.

Proof. We already established in the proof of Lemma 5.2.2 that

Y(y, 51+ 2) ¥y, 82 + 2)
’Y(yv Sl) ’Y(ya 82)

< exp{2clog K + O (|z| + (|z]* + K1)}

as K — oo, uniformly for all y € (a~!, a) and all complex numbers s; and sy satisfying

conditions (7.16) and (7.17). Also, we know from the theory of the Riemann zeta
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function that ((s1 + s2 + 22) is polynomially bounded on Rz = ¢ < 1 with the implicit
constant depending on B and ¢. Then, the complex integral (7.14) that defines Z(y,Y)

is absolutely convergent for any ¢. Thus,

Sy = 21/ (o + s+ 22) TWSLE D I W52 ¥2) ey () g,
Uy (c)

ovi Yy, s1) (Y, s2) z
with p(—z) = —2(—2z —1)...(—2z — 4+ 1). By the same argument, the above integral
is also absolutely convergent for any c. Starting with ¢ > 0, if Y > 1, then the result
follows by estimating the integral trivially. If Y < 1, then the result follows moving
the line of integration left to ¥z = —c¢, picking up the residue of the pole at z = 0, and

estimating the integral trivially. O
Now, we define Zy(z1, x2,y1,y2) by the expression

Zo(z1,22,91,92) = (2251) " (@1%2) " P(Vnwryy ) P (Vnays) (7.18)

Then, we define Ag(r1, r2;t) replacing Z(x1, x2,y1, y2) with Zy(x1, x2,y1,y2) in equation

(7.12). Thus, we have

w(naidiry) p(nagdars) (do 2it
—= 7 di,ds).
) = NS Hehn) wests) (4 gy

di do a1
(al,ag) 1

(7.19)

We do the same in equations (7.11) and (7.10) obtaining

=2 25 o <T1>M Ao(r1,72; 1) (7.20)

TS <A ’l"2<A

and
Do=» Qn,t)n~". (7.21)

Then, with these definitions, we give the following corollary of Lemma 7.1.2.

Corollary 7.1.3. Let sy = 1 +a+it and sy = 3+ B+it. If T=0(K) as K — oo, then
for alln >0
D=(1+a+p)Dy+ 0O (K™") (7.22)

as K — oo, uniformly for all [t| < T and complex numbers o and (3 satisfying

-1

lal,|8] < (log (K?)) (7.23)
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and

o+ 8] = (log (K2)) ™. (7.24)

Proof. From the definition (7.13) of Z(x1,x2, y1, y2)

_ _ k xizoy1y2
Z(w1,22,91,92) = (2201) " (2192) " P(Ynaryy ) P(nnyn) Z <K’ — %z

we notice that z1y; and z2y» have both support less than K'~2° because of the definition

of the function P(u). Thus, by Lemma 7.1.2.,

T122Y1Y2 —45
Rz < K <1

implies that for any ¢ > 0

Z(x1,72,91,y2) = C(1 + a + B) Zo(x1, 2, y1,2) + O (K_Mc(log K)Q)

as K — oo, uniformly for all |¢| < T and all complex numbers « and (3 satisfying (7.23)

and (7.24). Then, we have
A(ry,ra3t) = C(1+ a + B)Ag(r1, 723 8) + O (K%C(log K)3>
which implies
Qn,t) = C(1+a+ B)Q(n,t) + O (K*‘”C(log K)5)

and

D=((14+a+B)Dy+0 (K*““’(log K)6>

as K — oo, uniformly for all |¢| < T and all complex numbers « and (3 satisfying (7.23)

and (7.24). Hence, the lemma follows choosing ¢ = 1(49) ! O

From (7.22), it follows that

DAXB)~((1+a+B8)Dy Y o <I]‘;> . (7.25)

k even
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7.2 Mobius cancellation

In this step of the proof of Lemma 7.1.1., we dramatically reduce the range size of the
variables a1, ag, di, and dg in Agy(ry,r2;t). The idea is drawn from the approach taken
in [7] when dealing with the same problem but in the case of the Riemann zeta function.
One thing that these four variables have in common is that they determine Dirichlet
polynomials with the Mdbius function appearing in the coefficients. This produces
cancellation in the sums due to sign change of the M&bius function which is a result

that follows from the Prime Number Thorem. More precisely, we have that if
A = A(K) = exp (loglog K)3 (7.26)

then, for all N >0

Z uln) << exp ( V/log A) < (log K)=N (7.27)

A<n<X

for any X > A as K — oo. Perhaps now, the reader might not find so strange that we
chose A as the range of the variable r in the definition of the mollifier. More clarity on
that will be provided later. Since our M&bius functions are attached to Zy(ay, ag, d1, d2),
we combine the Mobius cancellation property with partial summation to truncate the
sums in a1, a2, di, and ds. Hence, we have

naydyr nasdor do\ 2%
Ao(r1,re;t Z Z Z Z 1 alldll D) #l a22d22 2) <di> Zo(ai,az,di,dg)

di1<Ady<Aa1<A a3<A
(a1,a2)=1

+0 ((log K)*NO)

for a very large Ny as K — oo. Define A;(r1,r2;t) as Ag(ri,r2;t) with the variables
ai, as, di, and dy truncated at A,
p(nardiry) p(nasdars) d 2it
Au(ri,ra;t Z Z Z Z aydy agds d

di<Ada<A a1 <A az<A
(a1,a2)=1

(7.28)
x Zo(ar,az,dy,ds).

Then, we have

Ao(r1,725t) = Ai(r1,7258) + O ((IOgK)_NO) .
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Now, we naturally define Q;(n,t) and D; by replacing Ag(r1,r2;t) and Qy(n,t) with
Aq(r1,72;t) and Q1 (n,t) in the definitions (7.20) and (7.21) of Qy(n,t) and Dy, respec-

tively. Hence,

2it
(1) Z Z p(ry) p(re) <m> As (71, 79; 0) (7.29)

™
and

D= Qn,t)n" (7.30)
The reader may recall that the range ofnrl and 79 is less than A and the range of n less
than K'~2° so we only lose less than (log K)'* in order when estimating trivially the

sums over those variables. Hence, we obtain trivially
Q(n,t) = Qu(n,t) + O ((log K) ™)
and
Dy =Dy + O ((log K)~ ™)

for large N;. Finally, this implies that the asymptotic formula (7.25) remains true with
Dy replaced by Dy,

DAXxB)~C(1+a+B)Dr Y o (;‘é) : (7.31)

k even

7.2.1 Taylor Approximation

A first application of truncating the variables a1, a2, di, and do will be to free the
variables a; and ao so that they can be extended to an unrestricted sum by revers-
ing our earlier application of M6bius cancellation. This way the sums in a; and as
can be evaluated using zeta function theory. To accomplish this, we begin rewriting
Zo(a1,az,dy,dz) so all variables appear in the logarithmic scale. Consider the change
of variables
z = alog (KZ) and y = flog (KQ)
Then,
Zo(x1, 2,91, Y2) = ($2y1)_a($192)_ﬁp(’7nm1y1)P(’Ymﬂzyz)
= P(Ynz1y1) €XP {—2Yzoy1 P (Vnasy,) €XP {—YVa1y0 }

= QI ('Yn + ’Yxlyl 9 7%2?/1) Qy (771 + ’YIQyQ 9 'Yxlyg)



where

Qn(u,v) = P(u)e™ "

71

Let Y11 = 7112/17 Y21 = Vrzyla Y22 = fyrgyga and Y12 = 7&:1y2- Then7

log A

Y115 Y21 5 Y22 5 Y11 <
log (K?)

<. (log K)~t*e

with A as in (7.26). Since @Q,(u,v) is smooth, we can use a Taylor approximation to

give

0Qq

Qz (Y +m11,721) = Qo +

0Qq
9u - 711+ 90 - 721

+ 8;%6 1+ 22 g Y1721 + ;Q;Vm
where 90, /
Qo =Plwm) — = =P (m)
We — pln) 2= i)
51%2 = —2P'(7n) a;gx = 2> P(7n)

Also, we have

("higher order terms”) <. (log K )73+e .

+ ("higher order terms”)

The same equations hold for Qy (vn + Y22,712) with , v11, and 721 replaced with v,

Y22, and 12, respectively. Hence, we have

Qu ('7” + Vz1y1o 7r2y1) Qy (7” T Vzoy2s 711?;2)

To = QzQy
= Qa:i?l"’m + Q$% 8@6 Qy 1 + 8Qw Qy’m
*Qz 82Qy V3o + Qu ;g Y222 + Qw a;QQy V12
;a;%CQy i + 2Q Qy’Yll’Y?l +5 5 ;QQI Qa1
_'_38@0 aaQy +8Q(98Qy 1712+aQaQy’Y 1712

= Tp + T1 + T» + ("higher order terms”)

T

Qy
+ 90 ou Y217Y22-
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Now, define As(ry,79;t) as Ay (r1,re;t) with Zg(aq, ag, d;, da) replaced by Ty + 11 + 1o,

Y Y Yy e ()

T17T25 e

<A dy<A a1 <A ag<A aldl azda i
(a1,a2)=1

(7.32)

X (To+Th +T13).
Then, we have
Ai(r1,r3t) = Ag(r1,m2;t) + O ((log K)~°)
with the implicit constant depending on e. Again, we naturally define Qa(n,t) and Dy
by replacing A;(r1,72;t) and Qq(n,t) with As(ry,r2;t) and Qa(n,t) in the definitions

(7.29) and (7.30) of 4(n,t) and Dy, respectively. Hence,

=D Z ur (m)m As(r1,7m23t) (7.33)

r1<Arqo<A

and
Dy=Y Q(n,t)n". (7.34)
Hence, it follows that
Qi (n,t) = Qa(n,t) + O ((log K)*S’“)
and
Dy =Dy + O ((log K)>*¢) .

Thus, since

C(1+a+B) <log (K?)

as K — oo, then (7.31) is again true with D; replaced by Do,

DAxB) ~((1+a+8)Ds 3 ¥ <f{> . (7.35)

k even

7.2.2 Evaluating the Sums over the Variables a; and a,

As indicated earlier, we would like to evaluate the sums over a; and as by extending

them to unrestricted sums. Thus, we define the following series

r— Z Z unaldlrl (na2d27’2> (7.36)

(al,ag) 1
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and
p(naydiry) p(nasdars)
T = . 7.37
(a1,a2)=1

Then, we define the series I'yo, I'12, and I's; by replacing 11 with 99, Y12, and o1,

respectively in equation (7.37). Also, we define

w(nardiry) p(nasdars)
Tin=», Y. - o (7.38)
“ (al,ai)zl

Then, again we define series I'g2 22, I'22.12, I'12,12, '11,21, I'21,21, I'11,22, I'21,12, I'11,12, and
1,92 replacing %) with 735, ¥227125 V2, V117215 Vo1, V117225 V217125 V11712, and 21722,
respectively in equation (7.38). Before we carry out the evalution of these series, we
justify extending the sums in a; and ao variables to infinity. If we assume momentarily
that the series defined above are actually finite sums with a1 < A and as < A, then we

can write

2it
p(ry) rods
Z Z Z ridy T2d2 (T1d1> (To+ T+ T2)

r1<Adi<Ara<Ada<A

where 7g, T1, and 72 are given by the formulas

T = Z Z w(naydyry) u(nagdgrg)TO

a a a1 2
! (a1,a§):1
= QnyFy
p(nardiry) p(nasdsrs)
T = T
! ; ; ay as '
((11,(12)*1
0 0 0Qz 0Qq
= Q. %0m5 4 Q%0 1+ Wa g 0, 1+ Mgy,
p(naydyry) p(nagdars)
T2 = ; Z @ o T
! (al,az) 1
0° 0* 0
Qx erm 22+Q16§ Laz12 + Qz 8622 I'i2,12
182Qx 0*Qu 18262

+*ﬁQy R W Ee Qyr 121+ 5755 2 Qyl21,21

0Qy 0 0Qy 0 0Q: 0 0Qz 0
+8Q aQy 122-1-;2 8Qy 112+§28le112+§28@z"2122
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By Mobius cancellation, extending the sums in a; and ag to infinity happens at no
cost since these tails will be bounded by (log K)™? with Ny large. On the other hand,
summing over variables r1, 79, dj, d2 only produces a loss of the order (log K)¢ and
summing over n produces a loss of log K. To avoid introducing new notation, we
redefine Qs(n,t) and Dy by considering the sums in a; and as to be unrestricted while
still preserving the validity of the asymptotic formula (7.35),

DA B)~((1+a+AD; 3 o (f{) .

k even

The following lemma and its corollary will help us evaluate the series that define 7y,

T1, and 7s.

Lemma 7.2.1.
Yoy (7.39)
n

(n,a)=1

and

Z M(nn) logn = —w(a) (7.40)

(n,a)=1

where

w(a) = H (1 —p_l)_1 (7.41)

pla
Proof. The Prime Number Theorem establishes the following formula
_ sy —1 s
O = Y pn (7.42)
pla (n,a)=1
for all s in a small neighborhood of 1 within the zero free region. Thus, evaluating

(7.42) at s = 1, we have

(n,a)=1

Also, (7.41) follows when we take the derivative of equation (7.42) and evaluate it at

s=1. O

From this last lemma, we deduce the following corollary
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Corollary 7.2.2.

Yoy
(a1,b) (a2,c)=1
(a1,a2)=1

\/

(log a)N =0 for N=0,... (7.43)

and

> 2 o )(10ga1)(10ga2 wi(h).  (7.44)

(a1,b) (az,c)=1 ( ,be)=
(a1 a2) 1

Proof. By Mobius inversion, the constrain (aq,az) = 1 is eliminated. Thus, expressions

(7.43) and (7.44) become

Z M ) Z il ) Z #92) (106 ayh)V (7.45)

(h,be)= (a1,bh)= (az,ch)=
and
Z N ( Z wla) log h) ( Z plaz) 10ga h) (7.46)
(h,bc)=1 (a1,bh)=1 (az,ch)=1
respectively. Then, the corollary follows from the previous lemma. O

With the previous corollary, we immediately determine that all the series in the def-
inition of Ty, 71, and T2 vanish except for I'ss 12, I'1121, I'11,22, and I'a112. These

non-vanishing four series satisfy
Iog12 =T1121 = Ti122 = Dot 12 = G(nridy, nrads)
with G(b, ¢) defined by

G(b,¢) = (log (K2)) 2 u(b) p(e)w(b)w(c)
(h,bc)=1

Thus, we have

32Qy 9*Qy
ou 31} Oudv

Qy +

0Qz 0 Q0
To+Ti+To = G(nridi, nrads) <Qx aci 6%” 8% 3%/>

= g(nrld17nr2d2) (P,(’Yn) - xP('Yn)) (P/(’Vn) - yP(’Yn)) :
Since

r = alog (KZ) and y = Slog (KQ)
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we have
(n,1) = (1og () ™ (a+ Br(n) Y2 o2 ) |A () W (3052 )
(n,h)=1
and
Dy = (log (K2)) " (a+5)Y. > “ w2 ()| A(nh, 1) PW (a5 2, y)

(n,h)=1

where A(n,t) and W (vy,;z,y) are given by (7.3) and (7.2), respectively. Hence, we have

— (log (K?)) " (a+ B) I (t; 2, ).

The last equation and (7.35) imply

DA % B) ~ (log (K) " ((1-+a+ B)(a+ Bt) Y v ()

k even

as K — oo, uniformly for all || < T and all complex numbers « and 3 satisfying

al,J8] < (log (K2)) ™"
and
la+ B| < (log (Kz))_l .

Then, Lemma 7.1.1 follows from

C(l+a+p)(a+pB)~1

as K — oo.

7.3 Small Averaging in the ¢t Aspect

In the last two sections, we carried out the averaging in the k aspect. As argued before,
Lemma 7.1.1 can also be applied to evaluate the dual expression
k h
3 ¢< ) ( 31,32) S 11 s2).
k even fEHL(1)
1

In this case, 1 —s1 = 5 —a — it and 1—52:%—,8+it. Thus, if T'= o(K), then

Z¢< ) (k 81,52> i Jr(1—s1,1— s2)

k even feH(1) (747)

~ J(~t;—a,—y) (log (K2)) " 3w (f{) o <f{,31,52>

k even
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as K — oo, uniformly for all |{| < T and all complex numbers x and y such that

xz,y < 1. Recall that x and y were defined as the following change of variables.
r = alog (Kz) and y = flog (KQ)

By Lemma 5.2.3., if ' = o(K), it follows that

O(y, 51, 89) ~ K21751752)

=exp {—(z +y)}
as K — oo, uniformly for all k£ < K and for all |[t| < T and all complex numbers x and
y such that x,y < 1. This implies that

5 o (£)o(Eonn) it T (4)

k even

as K — oo, uniformly for all |[t| < T = o(K) and all complex numbers x and y such
that |z|,|y| < 1. Hence, we obtain

S o(5) ¥ ten~am e (L)

Koven FEHR(1) e k K

as K — oo, for all complex numbers z and y such that |z|,|y| < 1 where

11

T
1 / () +esp =z )} (e )t (7.45)

T(K) = (log (K%) " o

7.3.1 The Gap Principle

The next step in the proof of the Mean Value Theorem, Theorem 4.1.1, requires evaluat-
ing J(K) asymptotically as K — oo. This involves a small averaging over the t aspect
that was inherited from Levinson’s method. From the definition (7.5) of J(t,z,y), we

have that
1 T
o [ =3 5 50

The following lemma will be an application of the mean value theorem for general

1 T
o)y [ 1860 OPW (i)
=T

Dirichlet polynomials [8], chapter 9. We will be using it on A(m,t) so when A > T,
the application is direct and trivial. However, if we want the widest possible range for

T in our main result (2.35), Theorem 2.3.1, then we have to contemplate the case when
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T < A which would make a trivial application of the mean value theorem for general
Dirichlet polynomials impossible. Fortunately, we can take advantage of the precise
shape of the coefficients g(m) which have a gap due to Mébius cancellation. As we will
show in the next lemma, the existence of this gap is key to evaluating the mean value of
A(m,t). We hope the reader can now fully grasp the reason why we did not get rid of
the variable r completely when we were defining the coefficients of the mollifier (3.12)

earlier in the third chapter.

lemma 7.3.1. Let A(t) be the following Dirichlet polynomial
AW = glm)m
- m

with

gm)= 3" ulr),

m=rd
r,d<A

ay =1 and a,, <p (log m)B

for some B > 0. If
(log A)?BH5 < T < A

then
1 T 2 1 B 5
oT |A(n, t)|*dt =14+ 0O (T‘i(log A) +§) . (7.49)
-7
Proof. By Mobius cancellation,

1 if m=1
g(m) =
0 if 1<m<A.
Thus m # 1 is supported over the interval [A, A?]. Then, this interval is divided into
diadic intervals which is an standard technique to deal with shorter sums instead,
b(m) o
A — 1t
() =1+ Z > —m
1 mNAl

where the A;’s are defined by

A;j=A2" for i=0,1,2,..
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and we define b(m) by

g(m)ay, if m<A?
b(m) =

0 otherwise
with ¢ < log A. Since T' < A, the diadic intervals are further subdivided into subin-
tervals of length T’
=1+> 3 5yt
v
where
b(m)
=y A
Aij <m§Ai]‘+T
and j < AT~!. By the mean value theorem for Dirichlet Polynomials, we have

1 [T b(m)|?
o [ ssopa< Y B2

2T
Ay <m<A;+T

< Z 72 (m)m~2(logm)??
Aij <7TLSA”' +T

< TA %(log A)?BT3,

Then, it follows that

ZZJ:(;/ Idt> <<ZZT2A (log A)B+2

< T 2(log A)B*3

Thus, by the Cauchy-Schwarz’s inequality, we have

1 2
= y ®)2dt =140 ZZ( / )\dt)
Hence, the lemma follows. O

Since A(n,t) satisfies the conditions of the previous lemma, then even when
T<A= e(loglogK)3

we would still have

I )
— A(nh,t)|* ~ 1.
This implies that
i J(t;x,y)dt ~ Z Z ,u 2(nh)W(’yn'x Y).
2T ) )

(n,h)=1
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7.4 Evaluating the Series J(K)

To evaluate J(K), the sum of the convergent series in h is first computed

5 0,0 1] <1 ) w2<2m>1 11 <1 _ w;<2m>

(n,h)=1 pln

where by convention when n even, the factors associated with 2 are not present in

neither of the products. Thus

SO (1) -

b
pln

(-2

Then, since

H <1 — WQ(QP) + WZ(p)> ¢ Ys)~1 when s-—1

it follows that

2(p, w2 -1 w2
Z“rg)w?(mr[(l_ gm) NlogNH<1— ke

n<N pln

> _1
Hence, by Abel’s summation

2 n !
Y% l‘}(g)”?i)w?(nh)W(%;x,y)N (log (KQ))/U W (u; 2, y)du.

(n,h)=1

Thus, we have obtained that
J(K) ~ j (alog (K*), Blog (K?))
where j(z,y) is given by the formula
i, y) = J(@,y) + exp{—(z +y)}J (-2, —y)

with J(x,y) given by
1
J(z,y) = / W (u; z, y)du.
0

This culminates the proof of our mean value theorem (Theorem 4.1.1).
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