TOTALLY GEODESIC MAPS INTO MANIFOLDS WITH NO
FOCAL POINTS

BY JAMES DIBBLE

A dissertation submitted to the
Graduate School—New Brunswick
Rutgers, The State University of New Jersey
in partial fulfillment of the requirements
for the degree of
Doctor of Philosophy

Graduate Program in Mathematics

Written under the direction of
Xiaochun Rong

and approved by

New Brunswick, New Jersey

October 2014
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The space of totally geodesic maps in each homotopy class [F] from a compact Riemannian man-
ifold M with non-negative Ricci curvature into a complete Riemannian manifold N with no focal
points is path-connected. If [F] contains a totally geodesic map, then each map in [F] is energy-
minimizing if and only if it is totally geodesic. When N is compact, each map from a product
W x M into N is homotopic to a smooth map that’s totally geodesic on the M-fibers. These results
generalize the classical theorems of Eells—Sampson and Hartman about manifolds with non-positive
sectional curvature and are proved using neither a geometric flow nor the Bochner identity. They
can be used to extend to the case of no focal points a number of splitting theorems proved by Cao—
Cheeger—Rong about manifolds with non-positive sectional curvature and, in turn, to generalize a
theorem of Heintze—Margulis about collapsing.

The results actually require only an isometric splitting of the universal covering space of M and
other topological properties that, by the Cheeger—Gromoll splitting theorem, hold when M has non-
negative Ricci curvature. The flat torus theorem is combined with a theorem about the loop space of
a manifold with no conjugate points to show that the space of totally geodesic maps in [F] is path-
connected. A center-of-mass method due to Cao—Cheeger—Rong is used to construct a homotopy to
a totally geodesic map when M is compact. The asymptotic norm of a Z™-equivariant metric is used

to show that the energies of C' maps in [F] are bounded below by a constant involving the energy

il



of an affine surjection from a flat Riemannian torus onto a flat semi-Finsler torus, with equality for
a given map if and only if it is totally geodesic. This builds on work of Croke—Fathi.

It is also shown that the ratio of convexity radius to injectivity radius can be made arbitrarily
small over the class of compact Riemannian manifolds of any fixed dimension at least two. This

uses Gulliver’s examples of manifolds with focal points but no conjugate points.
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Chapter 1

Introduction

A Riemannian manifold N has no conjugate points if the exponential map at each point is non-
singular and no focal points if the exponential map on the normal bundle of each geodesic is non-
singular. When N is complete, these are equivalent to any two points in the universal Riemannian
covering space N being joined by a unique geodesic and, respectively, every distance ball in N
being strongly convex. Complete manifolds with no conjugate points or no focal points are known
to share, to varying degrees, many of the geometric properties of those with non-positive sectional
curvature. It almost goes without saying that manifolds with non-positive curvature have been
extensively studied, with rigidity results dating back to the celebrated theorem of Gauss—Bonnet.
It’s perhaps less well known that the modern study of manifolds with no conjugate or no focal
points dates back more than seventy years, with notable contributions by, for instance, Hedlund-
Morse [HM] and Hopf [Ho]. The following characterizations, due to O’Sullivan [O’S1], show why

these three types of spaces should be related.

Theorem 1.1. (O’Sullivan) Let (N, g) be a complete Riemannian manifold. Then the following hold:

(a) N has non-positive sectional curvature if and only if, for every geodesic y : [0,00) — N and every

Jacobi field J along vy, g—;llJllz >0,

(b) N has no focal points if and only if, for every geodesic y : [0,00) — N and every non-trivial
Jacobi field J along vy that satisfies J(0) = 0, d%Il] II> > 0; and
(c) N has no conjugate points if and only if, for every geodesic y : [0,00) — N, every non-trivial

Jacobi field J along 7y that satisfies J(0) = 0, and every positive time, ||J||> > 0.

It follows that complete Riemannian manifolds with non-positive sectional curvature have no focal
points and that those with no focal points have no conjugate points. This refines the well-known

theorem of Cartan—Hadamard. On the other hand, Gulliver [Gul] constructed examples of complete



Riemannian manifolds with positive sectional curvature but no focal points and examples with focal

points but no conjugate points. The latter examples may be used to show that, for each m > 2,

M _
inj(M) —

inf 0 over the class of compact m-dimensional manifolds, where r and inj are the convexity
and injectivity radiuses. This fills in a gap in the literature pointed out by Berger [Ber].

Even more so than in the case of no conjugate points, many of the major results about Rie-
mannian manifolds with non-positive sectional curvature generalize to those with no focal points.
These include the center theorem [O’S1], flat torus theorem [O’S2], and higher rank rigidity the-
orem [Wat], as well as the fact that, in dimensions up to three, all compact manifolds that admit
metrics with no focal points also admit metrics with non-positive curvature [IK]. This is because
many of the arguments used to prove results about non-positively curved manifolds actually depend
only on the convexity of certain sets or functions that holds under the weaker assumption that there
are no focal points. One such result is the flat strip theorem, which states that, in a complete and
simply connected manifold N with no focal points, any two geodesic lines with finite Hausdorff
distance bound a totally geodesic flat strip. This was proved by O’Sullivan [O’S2], using a result of
Goto [Got], and independently by Eschenburg [Esc]. The flat strip theorem implies that the set of
axes of an isometry is convex. Another is that N has no focal points if and only if, for each y € N,
d?(, y) is a strictly convex function [Eb1]. By contrast, Burns showed that the flat strip theorem may
fail for manifolds no conjugate points [Burnl], and an unpublished example of Kleiner shows the
same for the flat torus theorem [Kle].

A celebrated tool in the study of manifolds of non-positive curvature, but which has seen little
use in the study of manifolds with no focal points, is the harmonic map heat flow invented by Eells—
Sampson. In their foundational paper [ES], they introduced the notion of a harmonic map between
Riemannian manifolds as a smooth critical point of the energy functional E(u) := fMlldull2 du,
which is a generalization of the Dirichlet energy of a real-valued function defined on Euclidean
space. They also constructed a version of the heat equation as the negative gradient flow of this
energy and showed that, for any C! map ug : M — N between compact manifolds, where N has
non-positive sectional curvature, a unique solution u : M X [0,00) — N to their heat equation

ou

Tu

o (1.1)
u(-,0) = ug

exists for all time and uniformly subconverges as ¢t — oo to a harmonic map. That is to say, there



exists a sequence of times #; — oo such that u(-, ;) converges uniformly to a harmonic map. From
this, they deduced that every homotopy class of maps contains an energy-minimizing representative.
This portion of their argument uses the second variation of the energy under the flow, in which the
sectional curvature of the target appears, to show that the energy is a convex function of time. This
ensures long-term existence and uniform subconvergence. They also proved that, when the domain

is a compact manifold with non-negative Ricci curvature, harmonic maps are totally geodesic.

Theorem 1.2. (Eells—Sampson) Let M and N be Riemannian manifolds, where M is compact and
has non-negative Ricci curvature and N is complete and has non-positive sectional curvature. If
f: M — N is a harmonic map, then f is totally geodesic. If, in addition, M has positive Ricci

curvature at a point, then f is constant.

This portion of their argument uses an identity, ultimately inspired by the work of Bochner [Bo],
that relates the second fundamental form of a harmonic map to the Ricci curvature of the domain
and the sectional curvature of the target. Specifically, if f is harmonic and S its second fundamental

form, then

Aes =B/I* + { fi(Rica(e)), fulen)) — (Rn(filen), fule)) fulen), fule))) (1.2)
Hartman [Har] improved upon the results of Eells—Sampson in the following ways.

Theorem 1.3. (Hartman) Let M and N be Riemannian manifolds, where M is compact and N is

complete and has non-positive sectional curvature. Let f : M — N be a C! map. Then the following

hold:

(@) The solution uy : M X [0,00) — N to the heat equation with uy(-,0) = f(-) exists for all time;

(b) The solution uy converges uniformly to a harmonic map u(-) 1= lim,_e uy(-, 1) if and only if f
is homotopic to a harmonic map;

(c¢) The set of harmonic maps homotopic to f is path-connected, and energy is constant on it;

(d) If f is homotopic to a harmonic map and h: M — N is another C' map such that d(f,h) < inj(N)

uniformly, then t = |luz(-, 1), uy (-, 1)l is non-increasing for each 1 < p < 0.

As an application of a theorem of Li—Zhu [LZ], it’s possible to recover the long-term existence and

subconvergence shown by Eells—Sampson under the weaker assumption that the target has no focal



points. However, the limit map under such a flow is only known to be harmonic. Since manifolds
with no focal points can have positive curvature, the Bochner identity (1.2) cannot be gainfully
applied, and it’s not at the start clear that a harmonic map, or even an energy-minimizing map, into
a manifold with no focal points is totally geodesic, nor that each homotopy class of maps contains
a totally geodesic representative. The main point of this dissertation is to generalize the existence
results of Eells—Sampson, and to a great extent Hartman’s results, to energy-minimizing maps into
compact manifolds with no focal points. This also yields a new proof of those results in the case of

non-positive sectional curvature.

Theorem 1.4. Let M be a compact Riemannian manifold with non-negative Ricci curvature, N a
complete Riemannian manifold with no focal points, and [F] a homotopy class of maps from M to

N. Then the following hold:
(a) The set of totally geodesic maps in [F] is path-connected;

(b) If [F] contains a totally geodesic map, then each map in [F] is energy-minimizing if and only if

it is totally geodesic; and

(c) If N is compact, then [F] contains a totally geodesic map.

In particular, for compact N, a map in [F] is energy-minimizing if and only if it is totally geodesic,
and the set of energy-minimizing maps in [F] is non-empty and path-connected. The proof of
Theorem 1.4 is more geometric than previous approaches, in the sense that it uses neither the heat
flow nor the Bochner identity and generally makes minimal use of partial differential equations.
The key tools instead are a structure theorem about the loop space of a complete manifold with no
conjugate points, the flat torus theorem [O’S2], the Cheeger—Gromoll splitting theorem [CG2], a
center-of-mass construction due to Cao—Cheeger—Rong [CCR1], the asymptotic norm of a periodic
metric on Z™ [BBI], and a characterization of totally geodesic maps that builds upon work of Croke
[Cr1] and Croke-Fathi [CF] about energy and intersection. While the original proof of the Cheeger—
Gromoll splitting theorem in [CG1] and [CG2] uses the theory of elliptic equations, it’s worth
pointing out, in the spirit of keeping the analysis as elementary as possible, that Eschenburg—Heintze
[EH] later found a proof that uses the maximum principle instead. Furthermore, in the case of a
flat domain, the splitting theorem is not needed. A qualitative corollary of Hartman’s results also

generalizes to manifolds with no focal points.



Theorem 1.5. Let W and M be Riemannian manifolds, where M is compact and has non-negative
Ricci curvature. Endow W x M with the product metric obtained from W and M. Let N be a
compact Riemannian manifold with no focal points and f : WX M — N a continuous function.

Then f is homotopic to a smooth map that’s totally geodesic on each M-fiber.

To obtain Theorem 1.5 under the stronger assumption that N has non-positive sectional curvature,
one could first apply a parameterized heat flow to W x M. That is, one could simultaneously flow
each individual M-fiber. The various parts of Theorem 1.3, along with Theorem 1.2, ensure that this
flow exists for all time and uniformly converges to a map that’s totally geodesic on each M-fiber.

Jost [J1] used the existence results of Eells—Sampson to give a new proof of the flat torus theo-
rem in the case of non-positive sectional curvature. Theorem 1.4 is, loosely speaking, the converse,
as it shows that the flat torus theorem can be used as one ingredient in a proof of the results of Eells—
Sampson. In fact, the results here are more general than stated in Theorem 1.4 and Theorem 1.5, as
they depend only on an isometric splitting of the universal covering space M, the commutativity of a
certain diagram, and a topological property of [F] that, by the Cheeger—Gromoll splitting theorem,
hold for compact manifolds with non-negative Ricci curvature. The main results also hold when N
is a compact surface with no conjugate points. However, Kleiner’s counterexample to the flat torus
theorem [Kle], in conjunction with a result of Lemaire [Lem] and, independently, Sacks—Uhlenbeck
[SaU], shows that they may fail for higher-dimensional manifolds with no conjugate points. Specif-
ically, for each n > 3, there exist a compact n-dimensional manifold N with no conjugate points and
an energy-minimizing map 72 — N that is not totally geodesic.

In principle, it should be possible to use Theorem 1.4 and Theorem 1.5 to generalize to man-
ifolds with no focal points those results for non-positively curved manifolds that depend only on
energy-minimizing, rather than harmonic, maps being totally geodesic. As proof of concept, it’s
noted here, without detailed justification, that they extend to the case of no focal points a num-
ber of splitting theorems proved by Cao—Cheeger—Rong [CCR1] about manifolds with non-positive

sectional curvature. These build on work in [CCR2]. One such generalization is the following.

Theorem 1.6. Let M and N be compact Riemannian manifolds of the same dimension. Suppose
M admits an F-structure. If there exists a continuous function f : M — N with non-zero degree,

then every metric on N with no focal points admits a local splitting structure for which there is a



consistency map homotopic to f.

Precise definitions of the above terminology can be found in [CCR1]. Roughly speaking, a manifold
admits an F-structure if it can be cut into pieces that, up to finite covers, admit effective torus actions
that are compatible on overlaps. This generalizes the notion of a graph manifold. Theorem 1.6
implies that the universal cover of any such compact manifold with no focal points can be written as
a union of isometric products Z; = D; xRk, each of which is convex, whose Euclidean factors project
to immersed submanifolds that, up to homotopy, contain the orbits of the torus actions. Using this,
it’s possible to extend a result of Heintze-Margulis [CCR1] to preclude collapsing with bounded

sectional curvature for a large class of compact manifolds that admit metrics with no focal points.

Theorem 1.7. For each n € N, there exists € = €(n) > 0 such that, if M is a compact n-dimensional
manifold that admits a Riemannian metric with no focal points and negative Ricci curvature a point,
then, for every metric on M with |secy| < 1, there is a point at which the injectivity radius is at least

E.

The arguments of [CCR1] work, more or less verbatim, to prove Theorem 1.6 and Theorem 1.7,
once Theorem 1.4 and Theorem 1.5 are invoked in the place of the results of Eells—Sampson and

Hartman.



Chapter 2

Preliminaries

2.1 Algebraic topology

This section lays out some notation and terminology and proves two well-known algebraic results.
It will be assumed that the reader is familiar with the essentials of algebraic topology. A map is a
continuous function. If X is a topological space and x,y € X, amap y : [a,b] — X is a path from x to
yify(a)=xand y(b) =y. Apathy:[a,b] — X is aloop if y(a) = y(b). The set of natural numbers is
N={1,2,3,...}. If G is a group, its identity element will be denoted by e. Multiplicative notation for
groups will be used throughout, so that, for each g € G, its inverse is denoted g_1 .If S C G, then the
subgroup generated by S is <S >:= {a‘l91 .. .aik |k >1,a;€8,g; = +1}U{e}. This is the intersection of
all subgroups of G containing S. When § = {g1,...,g,} is finite, <S > will be denoted <gi,...,g,>.
The centralizer of S is Z(S) :={geG | gs = sg for all s €S}. This is always a subgroup of G. When
S is finite, as above, the centralizer of S will be denoted Z(g,...,g,). Although this concept will
see light use here, the normalizer of S is N(S) :={g € G|g‘1sg €S forallse€S}. When H is a
subgroup of G, N(H) is the union of all subgroups of G in which H is normal. The commutator
subgroup of G is [G,G] = {a‘lb‘lab|a,b € G}. If N is a normal subgroup of G, then G/N is
Abelian if and only if [G,G] € N. Generally speaking, the groups considered here will be contained
in the fundamental group of a manifold at a point.

If M is a topological manifold and p;,p> € M, it is widely understood that 7;(M, p;) and
m1(M, p>) are isomorphic; an isomorphism between them may be constructed by conjugating loops
in (M, p1) by any fixed path connecting p; to p,. In that way, one may speak of the abstract
group 71 (M), but this obscures the fact that there is no canonical isomorphism between the groups
at different points. Since there is no single geometrically realized object 71 (M), I will endeavor to
avoid the notation 1 (M) and explicitly note throughout the dependence on basepoints.

Let & (M) denote the set of homotopy classes of paths in M. For each xi,x; € M, denote by



P(x1,x2) C Z the set of homotopy classes of paths from x; to x,. The set (M) isn’t quite a group
under concatenation, since the concatenation of two paths only exists when the endpoints line up;
but concatenation is associative whenever it’s defined, the constant paths are like identity elements,
and reversing the parameterization of a path is akin to inversion.! For each [a] € Z(x1,x2), the
function A, : m1(M, x1) — 71 (M, x2) will denote conjugation by [a]. More precisely, A, ([y]) =
[a! -y -a]. Each A, is a group isomorphism, so the function [e] — A[,] resembles a group action
of (M) on [[epmi(M,x). Each Ap,) extends to an isomorphism (m(M,xl))k - (m (M, xz))k
by setting Ao ([y1],. ... [vk]) := (A ([y1D) - - -, Aje1([¥k])). This defines an equivalence relation on
L eps (r1 (M, x))k by setting ([o71],...,[0%]) = ([y1],...,[v]) if and only if there exists [a] € (M)
such that ([o1],...,[0%]) = Aj([y1], . ... [ykD). If S (M) :={G < m1(M, x) ’x € M} denotes the set of
subgroups of [ [ ey 71 (M, x) and . (x) := {G < 71(M, x)} for each fixed x € M, then something akin
to an action of (M) on . (M) is given by taking each [a] € Z?(x1, x2) to the function G - A[41(G).
Overloading notation, this latter function will also be denoted by A, : -(x1) = . (x2), so that
A1(G) = {Aiq(lyD | [v] € G}. This may be used to define an equivalence relation on . (M).

The deck transformation group of a covering map ¢ : M — M will be be denoted by some
variant of the symbol I'; the exact symbol will always be clear in context. In many situations, it will
be necessary to discuss nested covering maps, that is, covering maps of spaces that themselves are
covering spaces; a bar will typically be used to denote something associated with the higher covering
space, while tilde will be reserved for the intermediate cover. In keeping with that convention, the
universal covering map of M will typically be denoted by 7 : M — M; its deck transformation group
might be denoted I'. Recall that 7 : M — M is a normal covering map, which by definition is
taken to mean that its deck group acts transitively on each fiber. Equivalently, one could define a
covering map ¢ : M — M to be normal if, for each p € M, ¢.(m1(M, p)) is a normal subgroup of
n1(M,¢(p)). If pe M and jp € ~'(p), then the deck transformation group I of a covering map ¢ is
naturally identified with the quotient N(¢*(n1(M, ﬁ)))/gb*(m(]l;[ ,P)), where N(gb*(m(M , [5))) is the
normalizer of ¢, (m (M, p)) in 1 (M, p) that is, the largest subgroup in which ¢, ((M, p)) is normal.
In particular, when ¢ is a normal covering map, I = 711 (M, p)/¢.(m1(M, p)). When 7 : M — M is the

universal covering map, M is simply connected, so (71 (M,p)) =<e> for any p € M, and one sees

In the parlance of category theory, &(M) is often denoted r1(M) and called the fundamental groupoid of M. But
such abstraction isn’t important here.



that T = m1(M, p). Under this identification, [o] € m1(M, p), represented by the loop o : [0,1] — M,
corresponds to the deck transformation that takes p to o(1), where o : [0,1] — M is the lift of o
with (0) = p.

If G is a group and H a subgroup, the index of H in G, denoted [G : H], is the number of
either left or right cosets of H in G. The following well-known algebraic results have important

consequences in the theory of covering spaces. They will be useful in Chapter 6.

Lemma 2.1.1. Let H be a finite-index subgroup of a group G. Then H contains a subgroup N that

is normal in G and has index satisfying [G : N] < [G : H]! < oo,

Proof. Note that, for each g € G, gaH = gbH if and only if aH = bH. One may therefore define an
injective function ¢, : G/H — G/H by setting ¢o(aH) := gaH. If aH € G/H, then aH = ¢g(g‘1aH),
SO ¢, is also surjective. Thus ¢, is a permutation of G/H; denote by X(G/H) the group of such
permutations under composition. Define ® : G — X(G/H) by ®(g) := ¢,. For all gi,8 € G,
bg10.(aH) = (g182)aH = g1(g2aH) = ¢g, 0 ¢g,(aH). That is to say, D(g182) = P(g1) o D(g2), so D
is a homomorphism. Thus N := ker(®) is a normal subgroup of G and, by the first isomorphism
theorem, G/N = ®(G). Since X(G/H) has cardinality [G : H]!, this implies that [G : N] < [G : H]!.
As the kernel of ®, N consists of those g € G such that ¢,(aH) = gaH = aH for all a € G. It follows

that N = NgegaHa™" and, consequently, N C eHe ' =H.

Lemma 2.1.2. Let G| and G, be groups and H a normal subgroup of G| X G, such that [G1 XG> :
H] < oo. Then there exist normal subgroups N; of G, i = 1,2, such that Ny X N; C H, [G; : N;] <
[G1 XG> : H] for each i, and [G| X G2 : N1 X N2]1 < [G1 XG> : H? < 0.

Proof. For each i = 1,2, denote by %p,- : G1 X Gy — G; projection onto the i-th factor. Then each
ker(%pi) is a normal subgroup of G| X G,, so HN ker(%pi) is normal as well. Since ker(%pl) =
{e} x G, and ker(%pz) =Gy X {e}, %p1|ker(%p2) : ker(%pz) — Gy and %p2|ker(%p1) : ker(%pl) — G, are
isomorphisms. Let N; := %pl(Hﬂker(%pz)) and N, := %pz(Hﬂker(%pl)). As the image of a normal
subgroup under an isomorphism, each N; is a normal subgroup of G;. Note that N1 X N, equals the

subset product (H nker(%pg))(H ﬁker(%pl)), which is contained in H. By the second isomorphism
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theorem, (ker(3p:)H)/H = ker(3p;)/(H Nker(3p;)). Since ker(3p2)/(H Nker(3p2)) = G /Ny, it fol-
lows that [G| : Ni] = [ker(%pi)H : H] < [G1 X Gy : H]. Similarly, [G; : N2] < [G1 X G, : H]. Since
(G1XG2)/(Ny X Np) = (G /Ny) X (G2/Ny), it follows that [G| X G5 : N| x N2] =[G} : N{1[G2 : N3] <
(G xG, : H?.

2.2 Riemannian geometry

It will be assumed that the reader knows the basics of differential and Riemannian geometry. These
include the notions of smooth manifolds, partitions of unity, Riemannian metrics, differential forms,
vector bundles, connections, curvature, geodesics, Jacobi fields, and so forth. Excellent references
for this background material include the books of Klingenberg [Klil], Chavel [Chav], and Cheeger—
Ebin [CE]. The textbooks by Lee on topological [Leel], smooth [Lee2], and Riemannian [Lee3]
manifolds were profoundly influential on my thinking during my first years as a graduate student,
and an astute reader will no doubt hear their echoes here. In Chapter 7, it will also be assumed
that the reader is at least somewhat familiar with length spaces and Finsler manifolds, although the
prerequisites there are rather light. The treatment in the textbook by Burago—Burago—Ivanov [BBI]
more than suffices. As far as Finsler manifolds are concerned, one need only have the intuition that
they are endowed with a norm, rather than an inner product, on each tangent space.

Wherever possible, manifolds in this dissertation are assumed to be connected. The only excep-
tions are those that cannot be assumed so because they result from constructions that may produce
disconnected spaces. For example, in Chapter 3, the inverse function theorem is invoked to construct
a submanifold N of a tensor bundle T*® N, and this space will not in general be connected. Man-
ifolds will also be assumed smooth. However, manifolds won’t necessarily be assumed complete.
When it’s relevant that a manifold M may have boundary M # 0, this will be noted explicitly.

The tangent bundle of a smooth manifold M will be denoted by TM and the tangent space at
each point p € M by T,M. When M is Riemannian, its unit sphere bundle is SM, and the normal
bundle to a submanifold § € M is NS. One similarly has at each point the spaces S,M and, for

p €S, N,S. The sphere of radius r > 0 in T,M will be denoted S,(r). The set of (k,l)-tensors on
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the tangent space T, M is denoted

Tg)k,l)M =TyM®---®T,M®T,M®---®T,M

k times I times
Here, T;‘,M is the dual space to T,M. The vector bundle of (k,I)-tensors over M is T®RDM =
L pem T;,k’l)M . The symbol 7 will denote projection to the basepoint of a vector bundle. In pre-
senting some of the background material, it will sometimes be used implicitly that a bilinear map
VX W — Z, where V, W, and Z are vector spaces, may be canonically identified with a linear map
VoW — Z. If V and W are vector spaces, then the space of linear maps from V to W will be denoted
LV, W).

To say that a map between manifolds C* means that, in any local coordinates, all of its k-th
order partial derivatives exist and are continuous. When k = co, this means that the map is C* for
all k € N. The space of C¥ maps from M to N is denoted C¥(M,N). Where it exists, the push-
forward, or differential, of a map f : M — N between manifolds is denoted f,. When f € C' (M, N),
its derivative Df exists at each point and is given by D f(v) = f.(v). Formally speaking, this may
be identified with a section of the vector bundle [],cpy £ (T, M, T s()N) over M. That is, for each
pEM,D,f : T,M — Ts,yM is a linear map. Note that f.(v) may exist for all v € TM without f
being C!.

The exponential map of a Riemannian manifold M will be denoted by exp : TM — M and its
restriction to the tangent space at p € M by exp, : T,M — M. For each v € TM, the geodesic
determined by v will be written y,.. That is, y,(¢) := exp(v) whenever that expression is defined. For
complete M, the geodesic flow ¥ : RxSM — SM is the map defined by ¥(z,v) := /(). For each
fixed T € R, ¥! : SM — SM is defined by W7 (-) := ¥(T,-).

The Levi-Civita connection will be the only one ever used. For any vector fields X and Y,
their covariant derivative will be denoted VxY. One has that VxY — VyX = [X, Y], where [X, Y] is
the Lie bracket. The Levi-Civita connection induces a covariant derivative along each curve vy in
M, denoted V, . It will be assumed that the reader is familiar with the basics of the calculus of
variations, especially including the first and second variations of length and energy. A geodesic
loop v : [a,b] — M is a loop that’s also a geodesic. Note that a geodesic loop may not be smoothly
closed at the endpoints. That is, it’s not necessarily the case that limy .y’ (¢) = lim; ~,y(¢). If this

does hold, then y is a closed geodesic. A closed geodesic descends to a geodesic S| — M under the
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quotient map that identifies @ and b. A geodesic y : R — M is a closed geodesic if it restricts to a
closed geodesic on some finite interval or, equivalently, if it is periodic.

Unless otherwise stated, whenever a covering space of a Riemannian manifold is endowed with
a Riemannian metric, that will be the pull-back metric from the covering map. When M is a Rie-
mannian manifold, its isometry group will be denoted by .#(M). If ¢ € .#(M), an axis of ¢ is a
geodesic y : R — M such that, for some 7y € R, ¢(y(¢)) = y(t + to) for all t € R. The displacement
function of ¢ is x — d(x,#(x)), and the minimum set of ¢, denoted min(¢), is the set of points that
minimize its displacement function. The deck transformation group I of 7 : M — M acts by isome-
tries, so one may speak of the axes of each deck transformation vy, which are naturally identified

with the closed geodesics in M freely homotopic to any representative of [y].

Lemma 2.2.1. Let M be a complete Riemannian manifold, p € M, and y a deck transformation of
n:M— M. Then@:R — M is an axis of v if and only if mo@ is a closed geodesic in M whose

restriction to some finite interval represents A[-([y]) for some path o : [a,b] — M.

It’s well-known that every non-trivial free homotopy class of loops in a compact manifold contains a
closed geodesic. This may be proved using, say, the classical theorem of Arzela—Ascoli. Therefore,
when M is compact, the set of axes corresponding to any non-trivial deck transformation is non-
empty.

It will be helpful to know that a local isometry from a complete Riemannian manifold into a

simply connected manifold is a diffeomorphism. This was proved by Ambrose [Am)].

Lemma 2.2.2. (Ambrose) Let M and N be Riemannian manifolds and f : M — N a local isometry.

If M is complete and N is simply connected, then f is a diffeomorphism.
This is a special case of a more general result, a proof of which may be found in [CE].

Lemma 2.2.3. Let M and N be Riemannian manifolds and f : M — N a local isometry. If M is

complete, then f is a covering map.

2.3 Integration

The basics of geometric measure theory will be taken for granted. The symbol p will typically

be used to denote a measure, with a subscript to indicate the space it measures. For example, the
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Lebesgue measure induced by a Riemannian metric on a manifold M will be denoted pp,. Most
spaces under discussion will naturally be endowed with certain well-understood measures. The o-
algebra associated to a measure space will be suppressed in the notation, as it will usually be implied
by the context.

The unit sphere bundle SM of a Riemannian manifold M is naturally endowed with the Li-
ouville measure usy. The key points about usys, which are rigorously developed in [Chav], are
that it’s invariant under the geodesic flow W and that it’s locally the product measure iy X uSM.
The following is a classical fact about measure-preserving transformations, known as the Poincaré

recurrence theorem.

Theorem 2.3.1. (Poincaré) Let (X,u) be a measure space with finite total measure and f : X — X
a measure-preserving transformation. For any measurable A C X, almost all points of A return to
A infinitely often under the iterates of f. Consequently, if u(A) > 0, then for any K € N there exists

k > K such that fk(A) NA#0.

Applying this to the geodesic flow, one obtains the following result, also often referred to as the

Poincaré recurrence theorem in the literature.

Corollary 2.3.2. Let M be a complete Riemannian manifold with finite volume and U C SM a set

with positive Liouville measure. For any t > 0, there exists T > t such that ¥T(U)NU # 0.

The following result, known as Santald’s formula, will play an important role in Chapter 7. In
the following, (M, g) is a compact Riemannian manifold with boundary OM # 0. Let v denote the
inward-pointing unit normal vector field along M, and define S(OM) := {w € SM |7r(w) € 0M} and
StOM := {w e S(OM) | g(w,v) > 0}. The Liouville measure on SM restricts to a measure ps+gy On
S*OM. For each w € STOM, £(w) := min{t > O’yw(t) € OM} and g, : [0,£(w)] — M is defined by
Sw(?) := foyulo.eon- Thatis, ¢, is the image under f of the geodesic v,,, defined until y,, hits oM

again.

Theorem 2.3.3. Let (M, g) be a compact Riemannian manifold with boundary OM + 0. Let f: M —

R be a measurable function. Then

(w)
[ sodusu= [ [ AT onarlgonridus au
SM StoM 0



14

It will also be helpful to record the coarea formula, which allows one to convert integrals over the
domain of a smooth surjection into integrals over the target. This result appears in many forms in

the literature; the one presented here will be the most useful for the work to come.

Theorem 2.3.4. Let M and N be Riemannian manifolds, f: M — N a smooth surjection whose
push-forward f, is surjective almost everywhere, and ¢ : M — [0, 0] a measurable function. Let
Fr = ldet(filker(ryo ). That is, Zy is the Jacobian of the restriction of f. to the orthogonal com-

plement of its kernel. Then

$(x)
d = d —1(y d
fob(x) um fN[ff_l(y) B2 o>] un

One may check [Chav] for more information about Santald’s formula and the coarea formula. This

section ends with a basic inequality that will be used in the proof of Theorem 7.4.4. For want of a

better place, it’s recorded here.

Lemma 2.3.5. Let f : [a,b] = R be a measurable function, and let a = xo < x; <--- < x, =b be a
UL oA’ 7 o dal?

partition of [a,b] for some n > 1. Then Z fx" > f" .

i=0

Xis1—Xi b-a

Proof. The result is immediate in the case n = 1. Suppose that n = 2. It must be shown that

[ foydr . [ fj fodi? L 7 fyan?

X1—a b—x; - b-a
Since fa b f(®dr = fa . f(®de+ fx lj f(#)dt, elementary algebraic manipulations show the above to be

equivalent to
X1 b
((b—x) f FOdi= (v —a) f FHdi? 20

This proves the result in the case n = 2. The general case n > 3 follows by induction.

One may note that the inequality in Lemma 2.3.5 is equality whenever f is constant.

2.4 Convexity

A function i : I — R, where I C R is an interval, is convex if h(st; + (1 — $)t2) < sh(t)) + (1 — s)h(z,)

for all s € [0,1] and #1,1, € I. It actually suffices to check this property at the midpoint of an arbitrary
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subinterval; that is, & is convex if and only if h(%) < w for all #1,#, € I. The function is
strictly convex if the first inequality, or equivalently the second, is strict for all s € (0,1) and all
t1,t € I with 11 # tp. If h is convex, then 4 is automatically continuous. If / is twice differentiable,
then convexity is equivalent to the condition that A” > 0. If A" > 0, then £ is strictly convex, but
the converse does not hold. For example, the function ¢ > 7 is strictly convex, but its derivative
vanishes at zero. However, a twice differentiable function 4 is strictly convex if and only if 2" > 0
and A" = 0 at most once.

Let (M, g) be a Riemannian manifold. A function 4 : M — R is convex if, for each geodesic
v : la,b] — M, the composition goy : [a,b] — R is convex. It is strictly convex if each hovy is
strictly convex. As before, convex functions on manifolds are automatically continuous. Note that
the sum of convex functions is convex, and the sum of strictly convex functions is strictly convex.

This generalizes to integrals of families of convex or strictly convex functions.

Lemma 2.4.1. Let M be a complete Riemannian manifold and (A,u) a measure space. Suppose
that {hy : M — R|a/ € A} is a family of convex functions. Then the function F : M — R defined by

F(x):= fA ho(x)du is convex. If each hy, is strictly convex, then F is strictly convex.
Proof. Let a: [a,b] — M be a geodesic. Then

H(5)= [ a5

tha(tl)"'ha(tZ) du
A

2
_ F(t)+F(t2)
a 2

This shows that F is convex. If each A, is strictly convex, the inequalities become strict, and F is

strictly convex.

A key fact is that a C? function & : M — R is strictly convex whenever V24 is everywhere positive-
definite. Here, V2 f denotes the Hessian of /, which is defined to equal the covariant derivative of

the gradient grad 4. This is a symmetric (0, 2)-tensor on M satisfying

V2h(v,w) = g(V,grad h, w)
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for each p € M and v,w € T,M. Furthermore, V2h is positive-definite if and only if, for every
non-constant geodesic y : (—&,&) > M, dd—; s:O(h oy)(s) > 0.

There are many different notions of convexity that can be defined for subsets of a manifold M,
three of which will be useful here. A subset X C M is convex if, given any p,q € X, there exists a
minimal geodesic vy : [a,b] — M connecting p to g such that y([a,b]) C X. Note that the minimal
geodesics y do not have to be unique for X to be convex. A subset X C M is strongly convex if,
given any p,q € X, there is a unique minimal geodesic y : [a,b] — M connecting p to g and, further,
v(la,b]) € X. A subset X C M is locally convex if, for each x € X, there exists 0 < & < r(x) such
that X N B(x, &) is strongly convex. Here, r(x) is the injectivity radius of x, which is discussed in the
next section. One may check that the closure of a convex set, when complete, is again convex and
that a convex subset of a strongly convex set is strongly convex. Ozols [Oz] and, independently,

Cheeger—Gromoll [CG2] proved the following structure theorem for locally convex sets.

Theorem 2.4.2. (Ozols, Cheeger—Gromoll) Let M be a Riemannian manifold. If X C M is a closed
and locally convex set, then X is an embedded submanifold of M with smooth and totally geodesic

interior and possibly non-smooth boundary.

Some elementary facts about strictly convex functions defined on convex sets are listed in the fol-

lowing lemma.

Lemma 2.4.3. Let M be a Riemannian manifold and X C M a convex set. If f : X — R is a strictly

convex function, then the following hold:
(a) There exists at most one local minimum of h on X;
(b) If h has a local minimum at p € X, then p is the unique global minimum of h on X; and

(c) If X is compact, then h has a unique local minimum on X, which is also its global minimum.

Proof. (a) Assume that p,p, € X are distinct local minimums of X. Since X is convex, there
exists a geodesic y : [a,b] — M with y(a) = py, y(b) = p2, and y([a,b]) € X. The composition
hovy:[a,b] — Ris strictly convex with local minimums at a and b, which is a contradiction.

(b) Assume there exists g € X such that ¢ # p and h(q) < h(p). As before, let y : [a,b] > M be a
geodesic connecting p to g that remains inside X. Then h oy is strictly convex. Since p is the unique

local minimum in X, there must exist a < ty < b such that ko y(tg) > h(p), as otherwise one would
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have hoy(t) = h(a) for all ¢, contradicting uniqueness. It follows that 4 o y|, ;) must have a global
maximum, which contradicts the fact that / is strictly convex.
(¢) Since h is continuous, it must have a global minimum on X, which is also a local minimum. By

part (a), this local minimum is unique.

If X C M, then the convex hull of X, denoted conv(X), is the smallest set containing X with the
property that, for any p,q € conv(X), the image of every minimal geodesic in M from p to g is
contained in conv(X). This is equal to the intersection of all subsets of M that contain X and have
this property. If X is contained in a strongly convex set, then conv(X) is the intersection of all

strongly convex sets containing X.

2.5 Geometric radiuses

It’s assumed throughout this section that (M, g) is a complete Riemannian manifold. It’s well-known

that there exist continuous functions inj,» : M — (0, co] such that, for each x € M,
inj(x) = max{R > 0| exp, [B(,s) 1s injective for all 0 < s < R}

and

r(x) = max{R >0 | B(x, s) is strongly convex}

where B(0, s) c T,M denotes the Euclidean ball of radius s around the origin. The number inj(x)
is called the injectivity radius of x, and r(x) is called the convexity radius of x. If S C M, the
injectivity radius of S is defined by inj(S) := inf{inj(x)|x € §}, and the convexity radius of S
is defined by r(S) := inf{r(x)|x € S}. If S is compact, then those infimums are minimums and
inj(§),r(S) > 0. One may find proofs of these results in [Klil1] and [CE]. In the first, it’s also shown

that there exists a continuous function p : M — (0, oo] with the property that
o(x) = max{R > 0|B(z, p(x)) is strongly convex for all z € B(x, p(x))}

This strengthens the defining property of r, and, as such, p(x) is called the strong convexity radius
of x. In fact, once it’s known that r is positive and continuous, an elementary argument shows that,
for any € > 0,

p(x) = min{e, r(z)| d(z.x) < min{e, inj(x)}} > 0
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The continuity of p follows from the observation that |po(z) — p(x)| < d(z,x). By construction, one
has that p(x) = oo for some x € M if and only if (M) = co.

In a similar fashion, one may define the conjugate radius of x by

re(x) ;== min{T >0 | 1 a non-trivial normal Jacobi field J along a unit-speed geodesic y

with y(0) = x,J(0) = 0 and J(T') = 0}
and the focal radius of x by

rp(x) :==min{T >0 | d a non-trivial normal Jacobi field J along a unit-speed geodesic y

with y(0) = x,J(0) = 0 and ||J|'(T) = 0}

If v : [0,T] —» M are unit-speed geodesics starting at x and J; are normal Jacobi fields along y
satisfying ||J||(0) = 1, then, by passing a subsequence, one may without loss of generality suppose
that y; and J; converge uniformly, along with their derivatives, to a unit-speed geodesic y starting
at x and, respectively, a normal Jacobi field along 7 satisfying ||J]|"(0) = 1. It follows by normalizing
the Jacobi fields in their definitions that r.(x) and r(x) are well-defined. It’s well-known that
re,rp > 0, facts which underlie the standard proofs that inj,» > 0. The essential point in proving
this is that an upper bound K on the sectional curvatures in U € M implies that, for any normal
Jacobi field J along a unit-speed geodesic y : [0,7] — U such that J(a) =0, ||J||'(¢) = I (7) for
all0<r<r(S %(), where S % is the model space of constant sectional curvature K and J is a normal
Jacobi field along a unit-speed geodesic ¥ : [0,7] — S2 satisfying J(0) = 0 and ||/]/'(0) = ||/]I'(0).
This follows from the standard proof of the Rauch comparison theorem,” which ultimately dates
back to the work in [R]. Moreover, if J is a non-trivial Jacobi field with J(0) = 0 and J(T) = 0,
then, since ||J]"(0) > O, there must exist 0 <7 < T such that [|J]|'(r) = 0. It follows that ry < r.. If
S C M, the conjugate radius of S is defined by r.(S) := inf{r.(x) | x € S}, and the focal radius of S
is defined by r(S) := inf{rs(x) | xeS}.

The geometric significance of the conjugate radius is that exp, has invertible derivative at every
vector in B(0,r.(x)) € T,M, and, consequently, is a local diffeomorphism. However, the global

topology of M may cause exp, to not be injective on B(0, r.(x)). For example, if 7" is a flat torus,

2The usual statement of the Rauch comparison theorem is more general than this, but under these assumptions implies
that ||J]1(7) = ||/]|(?) for all 0 < £ < inj(S %().
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then r.(7T"") = oo, while inj(7") < oco. The geometric intuition behind the focal radius is given by
the fact that, at least for 0 < ¢ < inj(x), ||J||'(¢#) = II;(J,J), where II,(-,-) denotes the scalar second
fundamental form of the distance sphere dB(x,f), measured with respect to the outward pointing
normal y’(f). Therefore, for 0 < < min{inj(x), rs(x)}, II;(,-) is positive-definite.

Let S be a submanifold of M, z € M, and vy : [a,b] - M a geodesic. Then z is focal to S along
v if y(b) = z and there exists a variation I" : (—¢,&) X [a,b] — M of y through geodesics y,(-) =I'(s,-)
such that y%(a) € NS for all s € (—&,&) and whose variation field J is non-trivial and vanishes at
time b. For example, the north pole on S? is focal to the equator along any of the great circles
connecting them. It turns out that the existence of focal points to S can be characterized in terms of
the existence of certain types of Jacobi fields along geodesics normal to S. Recall that the second
fundamental form Il assigns to each p € § a symmetric bilinear map T,S XT,S — T,S. This is
given by

s (x,y) := VYY - V3 Y = (V¥ Y)*

for any vector fields X and Y such that X|g, Y|s € TS, X(p) = x, and Y(p) = y. Formally speaking, up
to the identification of bilinear maps T,S xT,S — T,S with linear maps T, ® T,S — T,S, Il is
identified with a section of the vector bundle [ ,cg -Z(T,S ©T,S,T,S). In a similar way, one may

define a section As of [[,cg L (N,S ®T,S,T,S) by setting
As(z,x) = (VY Z2)yr -V¥Z =-(VY¥Z2)"

for any vector fields Z and X such that Z|s is a local section of NS, X|s is a local section of TS,
Z(p) = z, and X(p) = x. The expressions on the right-hand side are bilinear over C*(M,R), so Ay is

well-defined and, at each point, bilinear. From the classical Weingarten equation
8(VYZ.Y) = —g(Z U5 (X.Y))
one sees that Ag and Il are related by

g(AS(Z,X),y) =g(ZaHS(X’)’)) (21)

It follows that, for each p € M and z € N,,S, As(z,-) is a symmetric operator on T,S. A proof of the

following may be found in [Herl1].
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Lemma 2.5.1. Let M be a complete Riemannian manifold, S € M a submanifold, v € T,S, and
v :la,b] = M a geodesic such that y'(a) € N,,S. Then the following are equivalent:

(i) For any smooth curve o : (—¢&,&) — N with o’ (a) = v, there exists a variation I : (—¢,&) X [a,b] —
M of y through geodesics y(-) = I'(s,-) such that yi(a) € NS and I'(s,a) = o (s) for all s; and

(ii) There exists a non-trivial normal Jacobi field J along y such that J(a) = v, J(b) =0, and
As(Y'(a),v)+V, J(a) EN,S.

Consequently, y(b) is focal to S along vy if and only if there exists a non-trivial normal Jacobi field

J along vy such that J(a) € T,S, J(b) =0, and As(y'(a),J(a))+ V, J(a) € N,S.

Focal points to a submanifold consisting of a single point are called conjugate points. That is, given
X € M, the point z is conjugate to x along y if y(b) = z and there exists a variation ' : (-¢,&) > M
of vy through geodesics y,(-) = I'(s,-) such that ys(a) = x for all s € (—¢, &) and whose variation field
vanishes at time b. This is equivalent z being focal to the submanifold {x} along y. On S*, each
point is conjugate to its antipode along any of the great circles connecting them.

If § € M is a submanifold, then the cut locus of S is the set
cut(S):={veNS "}’vl[O,l] minimizes the distance to S while 7y, |j0,77 does not for all T > 1}
and the focal locus of S is the set
focal(S) :={veNS | exp|ns is singular at v}

For x € M, the cut locus of x, denoted cut(x), is defined to be the cut locus of the set {x} and takes

the form
cut(x)={veT,M |7v|[0,1] is a minimal geodesic while y, ;o 7] is not minimal for all 7" > 1}
Similarly, the conjugate locus of x, denoted conj(x), is the focal locus of {x}. This is the set
conj(x) = {vy € TXM| exp, is singular at v,}

It follows directly from the definitions that inj(x) < oo if and only if cut(x) # 0, in which case
inj(x) = dr m(0,cut(x)) and, moreover, there exists v € cut(x) such that |[v]| = inj(x). The names
focal locus and conjugate locus are justified by the following alternative characterizations, which

date back at least to the work of Morse [Mo].
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Lemma 2.5.2. Let M be a complete Riemannian manifold. Then the following hold:
(a) For any submanifold S € M, focal(S) = {v e NS | exp(v) is focal to S along y,l(0,11}-

(b) For any x € M, conj(x) = {vy € TXM| exp,(vy) is conjugate to x along 7y, |jo.11}-

Proof. (a) Let v € focal(S). Then there exist v € NS and w, € T,(NS) such that (exp|ns).(wy) = 0.
Note that w, # 0. Let a : (—&,&) — NS be any curve with &’(0) = w,. Define a map I' : (—¢,&) X
[0,1] = N by I'(s, ) := exp(ta(s)). Then I is a variation of y,|j0,1] through geodesics y(-) :=I'(s,) =
Ya(s)(). By construction, y;(0) € NS for all s € (~&,&). The variation field J of I satisfies J(1) =
% S:O(exp oa)(s) = (exp|ns)«(wy) = 0. It remains to show that J is non-trivial. If J(0) # 0, the result
follows. If J(0) = 0, then (7o a)’(0) = 0 and, with respect to the identification T,(NS) = Tr)S X

NS, w, must lie entirely in the second component. If v = 0, then (exp|ns)«(Wy) = Waq) # 0,

Wr(v)

v

which is a contradiction. Hence v # 0, and one may write V,,J(0) = # 0. Thus J is non-trivial.
It follows that exp(v) is focal to S along y,lj0,13-

The same argument works in reverse. Let v € NS be arbitrary, and suppose that exp(v) is focal to
S along y,lj0,17. LetI': (—&,&) x[0,1] — M be a variation of y,|[o,1; through geodesics y(-) =I'(s,")
such that y;(0) e NS for all s € (—¢, €) and whose variation field J is non-trivial and satisfies J(1) = 0.
Define a curve @ : (—¢&,&) = NS by a(s) :=y;(0). Note that (exp |ns )«(a’(0)) = % ol =J(1)=
0. If (mroa)’(0) # 0, then ’(0) # 0, and v € focal(S). If (mroa)’(0) =0, then J(0)=0. If v=0,
then 7y, is a constant geodesic, and J must be an affine map into NS . Since J(0) =J(1) =0, J
must be trivial, which is a contradiction. Thus v # 0 and &’(0) = [[v||V,,J(0) # 0. This shows that
v € focal(S).

(b) This follows from part (a) by setting S = {x}.

In later chapters, I’ll be concerned only with points that are focal to totally geodesic submanifolds
or, more precisely, with the absence of such points.

A general relationship between inj and r, is described by the following well-known result of
Klingenberg [Kli2]. Here, and throughout this section, €(x) denotes the length of the shortest non-

trivial geodesic loop based at x.
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Theorem 2.5.3. (Klingenberg) Let M be a complete Riemannian manifold and x € M. If v € cut(x)

has length inj(x), then one of the following holds:
(i) v € conj(x), or
(ii) yyvljo0,2] is a geodesic loop.

Consequently, inj(x) = min{r.(x), %f(x)}.

Klingenberg used Theorem 2.5.3 to characterize inj(M). In the following, £(M) := inf{£(x) | x € M}

and, when M is compact, £.(M) > 0 is the length of the shortest non-trivial closed geodesic in M 3

Corollary 2.5.4. Let M be a complete Riemannian manifold. Then each of the following holds:
(a) inj(M) = min{r.(M), 16(M)}; and

(b) If M is compact, then inj(M) = min{r.(M), %KC(M)}.

Proof. Part (a) follows directly from Theorem 2.5.3 by taking infimums. To prove (b), suppose
that M is compact, and let x € M be a point at which inj realizes its minimum. It must be the
case that 0 < inj(x) < co. Since B(0,2inj(x)) ¢ T,M is compact, there must be a vector v € cut(x)
such that ||v|| = inj(x). By Theorem 2.5.3, v € conj(x) or y,lj02] is a geodesic loop. In the first
case, inj(M) > r.(M), which implies that inj(M) = r.(M) = min{r.(M), %K(M)}. Since £(M) < £.(M),
inj(M) = min{r.(M), %KC(M)}. In the second case, write z := y,(1) = exp,(v). Then y;(1) € cut(z)
has length inj(M), which must also equal to the distance from z to cut(z). Again applying Theorem
2.5.3, one has either that y;(1) € conj(z), which as before implies inj(M) = min{r.(M), %{’C(M)},
or that v,/ (1lj0,2] is a geodesic loop. In the latter case, it follows that y, is a closed geodesic, so

inj(M) > 1¢.(M) > 3£(M) and, consequently, inj(M) = £.(M) = min{r.(M), 1£.(M)}.

It will be instructive to outline the proof of Theorem 2.5.3, as described by Cheeger—Ebin [CE].
The argument that inj(x) > min{r.(x), %f(x)} is by contradiction. If inj(x) < min{r.(x), %K(x)}, then
one may, by passing to convergent subsequences of v;,w; € B(0,inj(x) + &;) C T, M, where v; # w;

and g; — 0, produce vectors v,w € T, M such that ||v|| = [[w|| = inj(x) and exp,(v) = exp,(w). Since

3A well-known theorem of Fet-Lyusternik [FL] asserts that every compact manifold contains a non-trivial closed
geodesic.
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inj(x) < r.(x), exp, is a local diffeomorphism at v and w, which shows that v # w. Since inj(x) <

%f(x), the loop a : [0,2] — M defined by

exp,(tv) if 0<r<1
a(t) :=
exp, (2-nw) if 1<r<2

cannot be a geodesic, so (exp,).(v,) # —(exp,)«(wy,), where, up to the identification T, (T, M) =
T.M, v, € T,(T,M) is being identified with itself, and similarly for w,, € T,,(T,M). This means it’s
possible to perturb v and w slightly and produce shorter vectors that are mapped to each other by
exp,, which contradicts the definition of inj(x). The fact that inj(x) < %f(x) follows directly from
the definition of inj(x). It only remains to show that inj(x) < r.(x). A standard argument for this fact
is that, by the Morse index theorem [Mo], a geodesic cannot minimize past its first conjugate point.

This same reasoning can be used to show that r(x) < r¢(x). The key idea is that a unit-speed
geodesic initially perpendicular to a submanifold S cannot minimize distance to S beyond its first
focal point. For the sake of completeness, a somewhat narrower fact is proven here. This is modeled
after the presentation in [Lee3]. Let v : [a,b] — M be a unit-speed geodesic, and denote by ¥ the

vector space of piecewise C? vector fields along y. Define the index form I: ¥ x ¥ — R by

b
I(V,W):= f [e(Vy V.V, W) —g(R(V,Y')y',W)]dt

This is a symmetric bilinear form on 7. Fix V € . Denote by a <a; <as <... < a; < b the points

where V is not C? and by A;V,/V the change in V,,V at a;. That is,
AV, V= zh\nal, vV, V() - th/nal, vV, V(@)
Integration by parts yields

b k
/ / h
KV, W) = - f g(Vy Vy VARWY)Y W)di= ) AV, V,W(a) +g(V, VW), (2.2)
a

i=1
foreach We 7.
Suppose V is the variation field of a variation I' : (—g,&) X [a,b] » M of y. Then V extends
to a vector field along I' by setting V := F*(%). Write V() := V(0,-) — g(V(0,-),y'(-))y’(-) and
vs(-) :=T(s,-). By taking the second variation of length, one finds that

2

— | Lo =1V VY + (Ve V0,07 O) 2.3)
ds#1s=0
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In particular, if both I'(-,a) and I'(-, b) are known to be geodesics, then VyV(0,a) =0, VyV(0,b) =0,

and, consequently, (f—szz| L(y,) = I(V+, V1), In this sense, the index form is akin to the Hessian of

s=0
the length functional on such variations.

In the special case that J is a Jacobi field along each |4, 4,,,], one has that the Jacobi equation
vV, Vy,J+R(J.Y )Y =0 (2.4)
holds. Substituting (2.4) into (2.2) yields

b
gANy L, W) +g(Vy L W)|, (2.5)

k
I(J,W)=—

i=1
foreach We 7.
An important fact, which will be used implicitly throughout the remainder of this dissertation,
is that d?(-, p)|B(p’inj ») is C*. This is because d*(x, p) = [|exp,' (x)||* for all x € B(p,inj(p)). In the
same way, d(-, p) is C* on B(p,inj(p)) \ {p}. Within r;(p), more can be said. The following is a bit

stronger than the corresponding result in [CE], although the argument is similar.

Lemma 2.5.5. Let M be a complete Riemannian manifold and p € M. Let R := min{inj(p), r¢(p)}.
Then each of the following holds:
(a) V> d(, p) is positive-definite on B(p,R) \ {p}; and

(b) V2 d2(., p) is positive-definite on B(p,R).

Proof. (a) This is equivalent to the statement that (f—szz =0 d(a(s), p) > 0 for any non-constant geodesic
a: (—g,&) - B(p,R)\ {p}. Fix such an a. Write L := d(a(0), p) > 0. Since R < inj(p), there exists a
unit-speed minimal geodesic y : [0,L] — B(p,R) \ {p} connecting p to @(0), and one may construct

a variation I : (—¢g,&) X [0,L] — B(p,R) \ {p} of y by setting

['(s,1) :=exp, (s . exp;1 (oz(s)))

Let J := F*(%). Since I' is a variation through geodesics, each Jy(-) := J(s,-) is a Jacobi field along
¥s(-) :=T(s,-). Since Jo(0) = 0, one may write Jo(t) = Jy () + cty’(t), where ¢ := g(V,/J(0),7'(0))
and g(Ji,y") = 0. Since J; satisfies (2.4), it is also a Jacobi field. Note that J;(0) = 0 and J; (L) =

@' (0)—g(y' (L), &’ (0))y'(L). If J(-)L (L) =0, then a and vy are, up to affine reparameterization, the same
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geodesic, and the conclusion follows. If J&(L) #0, then V,, JOL(O) # 0. Since R < ry(p), it follows

from the definition of r, that % t=L||JOl|| = |lJ5I'(L) > 0. One also has that

d
Mg D], W31l = (¥ I (L. (L)

Ld
B ﬁ Et‘t:ﬂg(vf‘,ol’]é')dt'

L
= L [g(Vy’ Jo (@), VyJy () - g(R(Jol(t,),)/(t'))y’(t’), Jé—(t'))] W
=1(Jg, Jy)

Thus I(Jy,J;) > 0. At the same time, for each s € (-¢,¢), d(a(s), p) = L(y,). Since I'(-,0) = p and

I'(-,L) = a(-) are geodesics, the discussion following (2.3) shows that
2

“ —T(TL 7L

5|, d@(s).p) = 105.55)

Combining results shows that dd—jz 0 d(a(s), p) > 0.

(b) Let a : (—&,&) — B(p,R) be any non-constant geodesic. If a(0) = p, then d?(a(s),p) = |la’|ls*

d2
ds2 ls=0

and, consequently, d*(a(s), p) = 2ll’|| > 0. If a(0) # p, then one computes

L1 e =[2]_ de.p] + da.p)-5|  de.p)>0
12l 4 @®.p) = || dlals).p (0).p) 7| _ dlals).p
The final inequality there follows from part (a).

O

Lemma 2.5.5 may be used to show that d(-, p) and d?, p) are strictly convex on B(p, R). Moreover,

since r(p) < min{inj(p),rr(p)}, one may replace R with r(p).

Corollary 2.5.6. Let M be a complete Riemannian manifold and p € M. Then each of the following
holds:

(a) V>d(-, p) is positive-definite on B(p,r(p)) \{p}; and

(b) VZd2(-, p) is positive-definite on B(p, r(p)).

Hereafter, the function d?(-, p) will be preferred over d(-, p) because of its regularity at p. Applying

Corollary 2.5.6(b) to the strong convexity radius, one obtains the following.

Corollary 2.5.7. Let M be a complete Riemannian manifold. Then the strong convexity radius

p: M — (0,00] is a continuous function with the following properties:
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(a) For each 7 € B(x,p(x)), B(z,p(x)) is strongly convex;
(b) For each z € B(x,p(x)), V*>d?(-,2) is positive-definite on B(z,p(x)); and

(c) p(x) = oo for some x € M if and only if r(M) = co.

Remark 2.5.8. Since B(x, 3p(x)) C B(z,p(x)) whenever d(z,x) < $p(g), Corollary 2.5.7(b) implies

that each d?(-,z)| o(0) is strictly convex. This is the key property that will be used in the con-

B(x,%
struction of the center of mass in Chapter 6.
Remark 2.5.9. A version of Corollary 2.5.7 holds without the assumption that M is complete. The

key point in such a generalization is that the function
x> sup{R > 0| exp, is defined on all of B(O,R) € T,M} >0

is continuous. Such a generalization would be convenient in, say, the proof of Lemma 2.6.2, but it’s

not strictly necessary for the results of this dissertation and will be omitted.

Another preliminary observation will help in the proof that r(x) < ry(x). Given any V € ¥/, one
may construct a variation I' : (—¢&,€) X [a,b] — M of y with variation field V by setting I'(s,?) :=
€XPyy) (sV(2)). Since Vy V(-,1) = 0 for all ¢, the discussion following (2.3) shows that dd—;LZOL(yS) =
I(V+, V1Y), Whenever g(V(a),y' (a)) = g(V(b),y'(b)) = 0, the first variation formula implies that
% oL(ys) =0.If I[(V+, V1) <0, it follows that L(y,) < L(y) whenever |s| # 0 is sufficiently small.
In particular, in order to prove that L(y) is a strict local maximum of the distance between geodesics
Yvo and y,,, where vo € T, ()M and vy € T, ;) M are perpendicular to y’(a) and y’(b), respectively, one

needs only to produce a piecewise C? normal vector field V along y such that V(a) = vo, V(b) = v1,

and I(V,V) < 0.
Lemma 2.5.10. Let M be a complete Riemannian manifold and x € M. Then r(x) < r¢(x).

Proof. Assume that r(x) > ry(x). Let J be a non-trivial normal Jacobi field along a unit-speed
geodesic y with y(0) = x, J(0) =0, and ||J|'(T) = 0, where T := r¢(x). Set z:=y(T) and v, := —y'(T).
Note that J(T') # 0, since otherwise there would exist 0 < 7 < T such that ||J]"(#) = 0, in contradiction
of the fact that 7 = r¢(x) < re(x). Let § be the image of y7)l(-sy.5,) for 6o > 0 small enough that
Yi)l(=s0.5,) 18 an embedding. Then § is a smooth and embedded submanifold of M, and v, e NS isa

focal point of S. Since r is continuous, one may choose & > 0 to be small enough that r(x") > r¢(x)—&
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whenever d(x,x") < &. The next step is to show that there exist arbitrarily small 0 < sy < & and

0 < 51,52 < 0¢ such that

d(y(=50), Ysr)(=51)), A(¥(=50), Ys(1)(52)) < T + 50 (2.6)

Suppose for the moment that this is possible. Choose such s; to be small enough that 0 < 59 < £ and

Yy (=81), Y (s2) € B(y(—so), r()/(—so))). Write x” :=y(—s¢). Then d(x,x") <&, so z€ B(x',r(x)).

This shows that max{d(x’, ysr)(=s1)), d(x’, v1)(52))} < r(x"), so, for any fixed R satisfying

max{d(x",y ) (=s1)), d(X', y51)(52))} <R < r(x)

one has that B(x’,R) is strongly convex. This means that y;r)l-s,,5,) € B(X',R), so d(x',z) =

d(x’,7s1)(0)) < R. Letting R \, max{d(x’",y ) (—s1)), d(x’, ysr)(s2))}, one has that
d(x’,z) < max{d(x’, ysr)(=s1)), dx", ysr)(52)} < T + 50

At the same time, d(x’,z) = L(y|[—s,.71) = T + 50, since y|[—s, 7] maps into the strongly convex ball
B(x’,r(x")) and therefore must be the unique minimal geodesic connecting x’ to z. This is a contra-
diction, which completes the proof, modulo the existence of s; so that (2.6) holds.

By the earlier discussion about the index form, to prove the existence of such s;, it suffices to let
0 < so < & be arbitrary and produce a piecewise C2 normal vector field V along y|[_s,.7] such that

V(=s9)=0, V(T)=J(T), and I(V, V) < 0. Define a vector field Jy along yl|[s, 1] by
0 if r<0
Jo(®) =
J@ if =0

Since J(0) =0, Jy is continuous, and it’s apparent that Jg is smooth on [—sp,0] and [0,T]. Since J

is normal, so is Jy. Note that
AV, Jy = }%Vyf Jo(?) —}%Vy/Jo(t) = —}%V)ﬂ J@)#0

since otherwise J would be identically zero. Let W be any smooth vector field along /[y, 71 With
W(0) = AV, Jy, W(=s0) =0, and W(T') = 0; such a vector field W can be constructed in local
coordinates using a bump function. Set V, := Jy+eW. It follows from (2.5) that 1(Jy, Jo) = 0 and
1(Jo, W) = —=[|AV, Jo|* < 0. Consequently,

1(Ve, Ve) = 100, Jo) +261(Jo, W) + LW, W)

= =2&||AV, JolI* + £ 1(W, W)
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This is negative for all sufficiently small .

O

It’s tempting to think that, akin to the case of the injectivity radius, (x) = min{rs(x), %f(x)} for each
x € M, but it’s not clear that this holds in general. The best such pointwise bound that I've obtained
is r(x) < min{rs(x), %f(x)}, which follows from Lemma 2.5.10 and the fact that r(x) < %f(x). One
may also note that r(x) < r.(x). In any event, one may still obtain global equalities akin to those in

Corollary 2.5.4. These are presented in Theorem 2.5.12.

Lemma 2.5.11. Let M be a complete Riemannian manifold. Then ry(M) < %rC(M ).

Proof. Fix € > 0, and let x € M be such that r.(x) < r.(M)+e. Choose a unit-speed geodesic
v :[0,r:(x)] = M with y(0) = x and a non-trivial normal Jacobi field J along y with J(0) = 0 and
J(re(x)) = 0. Write z := y(r.(x)). There must exist 0 < T < r.(x) such that ||[J||'(T) =0. If T < %rc(x),
then ry(x) < %rc(x) < %rc(M) + %g. IfT > %rc(x), then, since ¢+ y(r.(x)—t) is a unit-speed geodesic
starting at z and ¢t — J(r.(x) — ) is a non-trivial normal Jacobi field along it with J(0) = 0 and
IJI'(re(x) = T) = 0, one has ry(z) < 3r.(x) = T < 3r(M) + S&. Therefore, ry(M) < 3r.(M) + 3&.

Since the choice of &£ > 0 was arbitrary, r¢(M) < %rC(M).

Theorem 2.5.12. Let M be a complete Riemannian manifold. Then the following hold:
(a) r(M) = min{r/(M), ;{(M)}; and

(b) If M is compact, then r(M) = min{r (M), }Lfc(M)}.

Proof. (a) Lemma 2.5.10 implies that r(M) < ry(M). Assume that r(M) > }‘K(M), and let ¢ :=
%[r(M) - %t’(M)] > (. Note that the case & = oo is possible if r(M) = oco. Let y:[0,1] > M be a
non-trivial geodesic loop with L(y) < £(M) + &. Then %L(y) +e<r(M), so B(y(%), %L(y) +¢&) and
B(y(%), }‘L(y) + ) are strongly convex. However, both y(0) and y(%) are in each of those balls;
since ([0, 31) € B(/(3), L) + &) and y([3, 1) € B(x(3), 7L() + &), it follows that each of y|g 1,
and _7"[ L) is the unique minimal geodesic connecting y(0) to y(%). This is a contradiction, which
shows that (M) < }TK(M). Thus r(M) < min{ry(M), %ﬁ(M)}.

Assume that r(M) < min{ry(M), %K(M)}. Choose p € M such that r(p) < min{ry(M), %K(M)}. Let

g; > 0 be a sequence with &\, 0 and r(p) + &; < min{ry(M), %Z(M)}. By Lemma 2.5.11, rp(M) <
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1r.(M). By Theorem 2.5.4(a), inj(M) = {r.(M), 3¢(M)}. Thus r(p)+&| < 1inj(M). According to the
definition of r(p), one may, by passing to a subsequence of the &;, without loss of generality suppose
that each B(p, r(p) + &;) is not strongly convex. Thus there exist x;,y; € B(p,r(p) + &) and minimal
geodesics y; : [0,1] = M from x; to y; such that y,([0,1]) ¢ B(p,r(p) + &;). Fix §; > 0 such that
max{d(p, x;), d(p, )} < r(p)+8; < r(p) + &;, and fix t; € (0, 1) such that d(p,y;(#;)) = r(p) + &;. Let
(a;, b;) be the connected component of {¢ € (0, 1) | d(p,vi(?)) > r(p) + 6;} containing ;. Without loss of
generality, replace x; and y; with y;(a;) and y;(b;), respectively, so that x;,y; € B(p,r(p) + ;). Also
replace y; with ;4 5], Teparameterizing the latter so that y;(0) = x;, yi(1) = y;, and d(p,y:(?)) >
r(p)+6; for all t € (0,1). Since B(p,r(p)+¢1) is compact and L(y;) < 2[r(p) + &1] for all i, one
may, by passing to a subsequence, without loss of generality suppose that x; — x € dB(p,r(p)),
yi =y € 0B(p,r(p)), and y; uniformly converges to a minimal geodesic y : [0,1] — M from x to y.
Note that d(p,y(r)) = r(p) for all £ € [0, 1].

The next step is to show that x #y. Assume that x = y, and choose ¢ > 0 such that r(p) + 306 <
min{rg(M), }LK(M)}. As above, one also has that r(p)+ 36 < %inj(M). Let i be large enough that
Xi, Vi € B(x,0). Then L(y;) = d(x;,y;) < 20, so

1
7(10.11) € B(p.r(p) +38) < B(p.ry(p)) N B(p. 5inj(p))

By Lemma 2.5.5(b), d?(p,-) is strictly convex within B(p, 7(p)) N B(p,inj(p)). Since

d(p,yi(0)), d(p,yi(1)) = r(p)+6; < r(p)+36

and, by construction, y; is not constant, this implies that d(p,y;(r)) < r(p)+ ¢, for all ¢ € (0, 1). This
is a contradiction. So x # y, and vy is not constant.

Since d(x,y) < 2r(p) < inj(M), 7y is the unique minimal geodesic connecting x to y. Since
x,y € dB(p,r(p)), it’s possible to choose sequences w;,z; € B(p,r(p)) such that w; — x and z; — y.
Since B(p,r(p)) is strongly convex, there exist unique minimal geodesics o7 : [0,1] — M from w;
to z; with o;([0, 1]) € B(p, r(p)). By passing to a subsequence, one may, without loss of generality,

suppose that o; converges uniformly to y. This implies that

¥([0,11) € B(p,r(p)) € B(p,rs(p)) N B(p,inj(p))

Again using the strict convexity of d?(p,-), along with the fact that y is not constant, one has that

d(p,y(®)) < r(p) for all ¢ € (0,1). This is a contradiction. So (M) = min{r (M), %Z(M)}.
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(b) For compact M, one has that
. 1 . 1
r(M) = min{ry(M), ZK(M)} < min{rp(M), Z{’C(M)}

Since inj(M) = min{r.(M), %ZC(M)}, the argument in the final three paragraphs of the proof of (a)

shows, essentially without modification, that (M) > min{rs(M), %fC(M )}

Remark 2.5.13. Corollary 2.5.4, Lemma 2.5.11, and Theorem 2.5.12 together imply the widely
known inequality

r(M) < %inj(M)

Berger [Ber] has noted that there are no examples in the literature of compact manifolds M for
which this inequality is strict. Such examples may be found using Gulliver’s method of constructing
manifolds with focal points but no conjugate points [Gul]. The key idea in Gulliver’s construction
is to raise a blister on any compact hyperbolic manifold M with sufficiently large injectivity radius,
introducing enough positive curvature in a ball of fixed radius, independent of M, to create focal
points within that ball but not enough to create any conjugate points. The result of Mal’cev [Ma],
also sometimes attributed to Selberg [Se], that finitely generated linear groups are residually finite

implies that, in each dimension m > 2, there are hyperbolic manifolds of arbitrarily large injectivity

M)

D = 0 over the class

radius. It follows from a short argument using Theorem 2.5.12(b) that inf,

of compact manifolds of any fixed dimension m > 2.

2.6 Harmonic maps

Let (M,g) and (N, h) be Riemannian manifolds and f : M — N a map. When f is C2, its tension
field 77 is a vector field along f whose vanishing characterizes when f is harmonic. Its second
fundamental form Sy assigns to each point p € M a symmetric bilinear map TIZ,M — Ty(p)N, the
vanishing of which characterizes when f is totally geodesic. These were introduced by Eells—
Sampson [ES], who proved these characterizations. The first purpose of this section is to give
intrinsic definitions of 7, and 5y and sketch the standard proofs of these properties. This will not be

done in full rigor; the interested reader may find the details in a number of textbooks that discuss
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harmonic maps, for example, [J2] or [X1]. The second purpose is to prove the regularity of arbitrary
totally geodesic maps.

Without any regularity assumptions, f is called totally geodesic if it takes geodesics in M to
geodesics in N. In other words, whenever vy : [a,b] — M is a geodesic, f oy is also a geodesic.

When f is C?, its second fundamental form is defined for x,y € T,M by
* ~—1
Brxy) = (v " d )

for any locally defined vector fields X and Y such that X(p) = x and Y(p) = y. This expression needs
to be unpacked. The expressions f~!(TN) and T*M ® f~!(TN) are shorthand for the vector bundles
L pem TrpN and, respectively, [ ,ep T,M ® Tf(,)N over M. Here, T, M denotes the dual space
to T,M. For each p € M, the linear transformation f*|T,, m:TpM — Tg,N may be canonically
identified with a unique dp,f € T,M ® TN such that f.(v) = d,f(v,-) for all v € T,M. The map
p+ d,f is asection of T*M® f~'(TN). In coordinates (x',...,x™) for M and (y',...,y") for N,

of, . 8
d :—.d l®—
f= a0

Here and throughout, the Einstein summation notation is used. Note that T*M is canonically
endowed with the pull-back metric <-,- >7+37:= g(#(-),#(-)) under the musical isomorphism § :=
b=! : T*M — TM, where b : TM — T*M takes x € T,M to the covector x,(-) := g(x,-) € T,M.
The bundle f‘l(TN) inherits the metric <-,-> g-1(pxy:= hfor(:,) from TN. These induce a met-
1ic <+, >royg -1ty 0N T"M® f ~I(TN), which is characterized by the property that, whenever {¢;}
and {v;} are orthonormal bases for TI*,M and Ty, N, respectively, {€;®v;} is an orthonormal basis for
T5M®Ty(,)N. Corresponding to these bundle metrics are Levi-Civita connections VT, /™' (TV),

and VT"M&f ™ (TN ), the last of which obeys the product rule
v (e 7) = (ViMw) e Z+we (VY ™z)
For any locally defined vector fields X; and Y; and smooth functions g; and 4;, where i = 1,2,

2

s -1 ' -

(VIS 4y Ve, = Y gV ™ pyr
i,j=1

It follows that B is well-defined. In coordinates, one has

V?iM dxk = —Ffj dx/
- 0 0fgry O
voiam 0 Ospy 0
o oy oxi “Poyr
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where Fi.‘ ~and 7, are the Christoffel symbols of M and N, respectively. Using these, one computes
J aff

a 9 Pfy  ny Of0fy L Ofay O
) a (('3xi6xf sy Oxt OxJ Fijﬁ)

Bilow o ¥

It follows from the symmetry of the Christoffel symbols that B, is symmetric. Formally, Sy is
identified with a section of the vector bundle [] ey £ (T,M ©T,M,Tf(,)N) over M, where Z(-,-)
is the space of linear transformations and ® the symmetric product

Roughly speaking, the second fundamental form measures how far a C> map is from being
totally geodesic. Let vy : (—&,&) = M be a geodesic. Then foy is a curve in N, and a direct
computation shows that

Vifoyy (Fo¥) =Br(.7")

Here, only the vector components on either side are being compared. It follows that a C> map f is
totally geodesic if and only if 8y = 0.
The tension field of a C?> map f is T r = trace(By). This notion of trace will be explained briefly.
If we T,M®T,M is a (0,2)-tensor, one may construct a (1, 1)-tensor w* by composing with #
in, say, the first component. That is, wﬁ(-, 9= w((-),) € T,,M®T;M. This is called raising the
first index and defines an isomorphism T,M ® T,M — T,M ® T,,M. The trace of a simple (1, 1)-
tensor is defined to be its contraction; that is, trace(z® ) := {(z). This extends to a linear map
TpM®T;M — R. There is a canonical isomorphism TpM®T;‘,M = Z(T,M, T,M), under which
this agrees with the usual notion of trace.* One may now obtain a linear map T,M®T,M — R by
setting trace(w) := trace(wﬁ). With respect to any orthonormal basis {ey,...,e,} for T,M,
m
trace(w) = wle;,e;) 2.7
i=1
In a similar way, one may define the trace, or contraction, of an arbitrary (k, /)-tensor, where k+1> 2,
along any pair of indices, which lowers the rank of the tensor by two. This is done by either raising
or lowering one of the two indices, if needed, then taking the trace of the (1, 1)-tensor obtained by
fixing the entries in the other slots.
The trace of a transformation in £ (T,M ©T,M, T s, N) may be defined by taking the trace of

its components with respect to any orthonormal basis for Tz, N. In the specific case of B¢, given

4This isomorphism identifies T : T,M — T, M with the (1, 1)-form ({,2) - {(T'(2)).
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any such orthonormal basis {vy,...,v,}, there exist unique ,8} € T;M ® T’[",M such that S¢(p) = ,B}.v,-,

and the tension field at p takes the form

7r(p) = trace(By)(p) = trace(ﬁ})v,-

This is independent of the choice of {vy,...,v,}. Since B is symmetric, this also doesn’t depend on

the choice of index raised in the construction. Applying (2.7), one finds that

/(p) = ) Byleie)
i=1
for any orthonormal basis {ey,..., ey} for T, M. In local coordinates,

0 O fy . Ofp0 Ofay O
Tf:gu( f +1% ]fB f’}/ Fk i)@

Oxioxi  BYoxi oxi U oxk

where [g"/] = [g;;]”". In particular, in exponential normal coordinates around p and f(p),

N
q@=;&mm%ﬁmm

From this, one sees that 7, generalizes the Laplacian Ay of a C? function R — R.
Assuming only C' regularity of f, one may define its energy density ef: M — [0,00) by ey :=
%trace(< »*>¢-1(1p))- 1t follows from (2.7) that, whenever p € M and {ey,...,e;} is an orthonormal

basis for T, M,

m

1 v 1
er(p) = 5 Z <€;,€;>¢-1(TN)= 5 Zh(f*(ei),f*(ei))
i=1 i=1

Thus e is, indeed, non-negative. One also has that ey = %Ild f II? When M is compact,

*M®f~1(TN)

possibly with boundary, the energy of f is

B = [ erdu
M

In this case, f is harmonic if it is a smooth critical point of this energy functional E : C'(M,N) —
[0,00). The significance of 7 is that it’s the negative gradient of E. That is, for any C' variation

F :[0,e)xM — N of f, taking the first variation of energy shows that

d
S BEC) == [ gter Vi

where V is the variation field of F at time ¢ = 0. It follows that a C? map f is harmonic if and only
if 7y = 0. Combining results, one obtains the characterizations of totally geodesic and, respectively,

harmonic maps proved in [ES].
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Theorem 2.6.1. (Eells—Sampson) Let M and N be Riemannian manifolds and f : M — N a C* map.
Then the following hold:

(a) f is totally geodesic if and only if By = 0; and

(b) f is harmonic if and only if Ty = 0.

In particular, Theorem 2.6.1(b) implies that every C? map satisfying 7 =0 1is smooth. Since 77 =

trace(By), every C? totally geodesic map must be harmonic. This puts Theorem 1.2 into perspective.

It’s also worth noting that Eells—Sampson proved that any C' local minimum of E is harmonic.
This section ends with the observation that totally geodesic maps are smooth, a small point

which I haven’t been able to locate elsewhere in the literature. The proof is elementary.

Lemma 2.6.2. Let M and N be Riemannian manifolds. If f : M — N is continuous and totally

geodesic, then f is smooth.

Proof. 1t suffices to argue locally. Fix p € M. Choose 0 <R < co to be small enough that exp,
is defined on all of B(0,2R) C T,M. Since the sectional curvature on B(p,2R) is bounded above,
one may, if necessary, shrink R so that, for each x € B(p,R), exp, is injective on B(0,R) € T, M.
This follows from the Jacobi field comparison arguments discussed in the previous section. In the
same way, one may choose 0 <R’ < oo such that exp,, is defined on all of B(0,2R’) and, for
each y € B(f(p),R’), exp, is injective on B(0,R") € TyN 2> Shrinking R once more, if necessary, one
may suppose that f(B(p,R)) € B(f(p),R’). The essential step is to show that f is C! on B(p,R).
Suppose for the moment that this is the case. Then the derivative D, f : T,M — Ty(,,)N exists and, in
particular, is linear. Since f is totally geodesic, flg(p,r) = €XP () °Dpf © esz_vl [B(p.r)> and it follows
that f|g(p.r) is smooth. This completes the proof, modulo f[g(, ) being cl.

The fact that f is totally geodesic implies that, for each w, € TB(p,R), f.(w,) exists. It also
implies that f o7y, =vr..) whenever these are defined. It will be shown that f.|sp(p,r) is continuous
with respect to the usual topologies on SM and SN. Assume not, and let v x,vik € SB(p,R) be such
that vfck — v, but f, (v’;k) - f.(vy). One may suppose, without loss of generality, that no subsequence

of f. (v’;k) converges to fi(vy). Two special cases will be considered:

@) ||f*(v';k)|| >c forsome O <c <1 andall k€ N;and

SIf M is complete, one may choose any 0 < R < %pM(p) and 0 <R’ < %pN(f(p)).
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(i) [ 04D — 0.

Eliminating the possibility of cases (i) and (ii) shows that f, is continuous, since, if (i) fails to hold,
then one may pass to a subsequence for which (ii) holds.

Suppose that (i) holds. For all k large enough that x; € B(x,R) and, consequently, f(x;) €
B(f(x),R), f oYk is defined on at least the interval [0, min {R,m}] C [O,min{R,%'}]. Let

R” :=c¢-min{R,R’} > 0. Since f is totally geodesic, there exist 0 < ; < min{R, 1%} such that

dN(fo)/VI;k (tk)’ f(xk)) = dN(Yﬁ(V’)‘Ck)(tk)/yﬂ(vl)‘q‘)(0)) = R”

for all such k. By passing to a subsequence, one may without loss of generality suppose that ¢, — T .

By the continuity of f and the exponential map,

dv(foyy (), fx)) = dn(f oy (T), f(x))

It follows that dy(f oy, (T), f(x)) = R”. This implies that 7 # 0 and that ||f*(v§k)|| = ||l = RT”.
By passing to another subsequence, one may suppose without loss of generality that, for some
w € TN such that w # f.(vy), f*(v];k) — w. Since 0 < T|w|| = T||f:(vy)l| < R, eXPf(p) is injective

on B(f(p),R’), from which it follows that

dvw(T) Y £.00(T)) # 0
At the same time,
dvO(D) 7 £00(1)) = M dn(y 0 5(T): Y 2.00(T))
= lim dy(foyy (T), f o (1)
=0

This is a contradiction.
Suppose that (ii) holds. Since f*(vik) -+ f.(vy) and f(xx) — f(x), one has that f.(v,) # 0. Let

T := min {R, Hfi(?w} For all k large enough that x; € B(x,R) and ||f*(v’;k)|| < %, f(x) € B(f(x),R)
and yf*(vik)(T) is defined. Since IIf*(v];k)II — 0, foyvﬁk (T) = Vﬂ(v’;.k)(T) — f(x). At the same time,
foyvf_k(T) — foy, (T). Thus foy, (T) = f(x). However, since T||f.(vy)ll < R" and fi(vy) #0, fo
Yo (T) =¥ £.0)(T) # f(x). This is a contradiction. It follows that f, is continuous and, consequently,

fisCL
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Remark 2.6.3. 1t’s reasonable to think that the assumption of continuity can be dropped from Lemma
2.6.2. However, the argument required would no doubt be more tedious than is worth attempting

here.

It follows from Lemma 2.6.2 and Theorem 2.6.1 that a map f is totally geodesic if and only if it is

smooth and satisfies 87 = 0.

2.7 Beta and gamma functions

A few standard results about the beta and gamma functions will be needed in the discussion of
length and intersection in Chapter 7. These have been treated elegantly in many textbooks over
the years; for example, the basic properties mentioned here may be found in [AAR]. In keeping
with usual practice, these functions will be defined on domains in the complex plane, but in the
application they will only be needed on the real numbers. Let C, :={z€C ’ Re(z) > 0}, where Re(z)

denotes the real part of z. The beta function B : C, x C, — C is defined by

1
B(x,y) :=f PR € ) S
0

The gamma function I' : C, — C is defined by
I'(z):= f e dr
0

The improper integral in the definition of I' converges on C,, so I' is well-defined. By analytic
continuation, I" extends to a meromorphic function on C with poles at the non-positive integers.
These functions, which were introduced by Euler, have many beautiful properties. For example,
['(z+1) = zI'(z), which since I'(1) = 1 implies that I'(n) = (n— 1)! for all n e N. That is, z+— ['(z+1)
is a continuous extension of the factorial. Another classical result is that F(%) = +/r. A few other

well-known facts are worth recording here.

Lemma 2.7.1. Each of the following holds:
_T0)I'(y)

(@) B(x,y) = TGty forall x,y € Cy;
213

(b) cp1 = —~ for alln € N; and
(%)

(c) B(5, 1y = 291 for all k1 € N.

Ck-1Ci-1
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Note that Lemma 2.7.1(c) follows immediately from parts (a) and (b). It will also help to record the

following bound on the ratio of two gamma functions due to Gurland [Gur].

(n+1 ) n
Theorem 2.7.2. (Gurland) For any n € N, .
F( ) V2n+1

There is an extensive literature on bounding the ratio of two gamma functions. A fairly compre-
hensive survey article on the subject is by Qi [Q]. It’s explained there how Theorem 2.7.2 both

generalizes and improves upon the two-sided bound

1 1:3:5-Q2n=1) 1

< <
m 2:4.6---2n)  mn

due to Wallis in the seventeenth century and the later improvement

1 1:3.5---2n—1) 1

< <
\/ﬂ'(T'F%) 2-4-6---(2n) m

by Kazarinoft [Ka]. The quantity being bounded in those is often called the Wallis ratio. Gurland’s

result, a relatively early one in the area, can be used to establish a bound involving the beta function.

Corollary 2.7.3. Let k,l € N. Then B(*1, 1) < /5 B(%. ).

k1 )p( L (1
Proof. By Lemma 2.7.1(a), B(’”—l,% = (F(ZH)L()Z) and B(2 ,5)= r(r(),:l()) k;l FIE(ZI?J;_SZZ)). Therefore,
2 2 2

the desired inequality is equivalent to
(g r(2)
I T

< % Jkk+D (2.8)

By Theorem 2.7.2,
&) rig2) .k k+1+1
I(%) (™) V2k+1 V2k+1+ D +1

Hence (2.8) can be established by showing that

1 1
k k+1+ 5 "+ D

V2k+1 V2(k+1+1)+1

Elementary algebraic manipulations show this to be equivalent to

1
12+%1+k(1—5) >0

This holds since k,[ > 1.
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Remark 2.7.4. The more general inequality B(x+ %, y) < 715 B(x,y) holds for all x,y > 0. This is
a small point that, to the best of my knowledge, may have gone unremarked upon in the literature.
A well-known result of Bustoz—Ismail [BusI] is that the function

I'(x)

"~ \/}F(X+%)

is decreasing on (0,0), a fact which by elementary manipulations is seen to be equivalent to the
inequality for the beta function. It’s interesting to note the similarity this bears to the well-known

equality B(x+ 1,y) = == B(x,y).

X+y

It turns out that Corollary 2.7.3 is equivalent to an inequality relating the volumes of spheres.

Corollary 2.7.5. Suppose k,n € N satisfy n > k. Then each of the following holds:
(a) ncﬁci_l < kcﬁ_lci; and

(b) ncﬁci_l = kcﬁ_lci if and only if n = k.

Proof. If n = k, then the equality in (b) is clear. The proof of (b) will be completed by showing that,
whenever n > k,

22 2 2
ne,ci,_y <ke,_;ci

This will also prove (a). In that case, write / = n—k > 0. Then the desired inequality is equivalent to

2 2
4Ciy ko 4
22 2 2

ceery ke o

By Lemma 2.7.1(c), this is equivalent to

Bz(k+1 1) k Bz(k 1)

—_, = <_ -, =
2 20 k+l ‘272

This is equivalent to the inequality in Corollary 2.7.3.

Corollary 2.7.5 will be used in the proof of the final inequality in Theorem 7.4.4. It’s worth pointing
out that it, and not Theorem 2.7.2 itself, is all that’s needed for this purpose. Since it will later be
shown that Corollary 2.7.5, and consequently Corollary 2.7.3, may be derived from other results in
Chapter 7, Gurland’s result is not, strictly speaking, necessary for this dissertation. Presenting it

here merely helps simplify the exposition and put Corollary 2.7.3 into context.
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Chapter 3

Manifolds with no conjugate points

3.1 Topology and geometry

Recall that, by definition, a Riemannian manifold N has no conjugate points if the exponential
map at each point is non-singular. This is equivalent to the universal covering space N having no
conjugate points. When N is complete, this is also equivalent, by Theorem 1.1(c), to the condition

that r.(N) = oo and, similarly, that re(N) = 0o. There are a few other widely known equivalences.

Theorem 3.1.1. Let N be a complete and simply connected Riemannian manifold. Then the follow-

ing are equivalent:

(i) N has no conjugate points;

(ii) For each p € N, exp,, : T,N — N is a diffeomorphism;
(iii) inj(N) = oo, and

(iv) re(N) = oo.

Proof. (i) = (ii) Since N is complete and has no conjugate points, exp,, : T,N — N is well-defined
and a local diffeomorphism. When TN is endowed with the pull-back metric from exp,,, exp,, is a
local isometry. If V% € T,N is a Cauchy sequence with respect to this metric, then there exists R >0
such that dTl,N(O,vk) < R for all k. By the definition of exp s this implies that ke §(O,R) for all k.

By compactness, V¢

contains a convergent subsequence and, consequently, converges itself. Thus
T,N is complete. It follows from Lemma 2.2.2 that exp,, is a diffeomorphism.

(ii) = (iii) This follows from the definition of inj(N).

(iii) = (iv) This follows from Corollary 2.5.4.

(iv) = (i) This follows from Lemma 2.5.2(b).
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Thus a complete N has no conjugate points if and only if N satisfies any of the conditions (i)-
(iv). Using the classical theorem of Hopf—Rinow [HR], (ii) may be reformulated as a synthetic
condition, one which dates back to the first postulate in Euclid’s Elements. Namely, N has no
conjugate points if and only if, given any p,g € N, there exists a unique unit-speed geodesic from p
to g. This geodesic must necessarily be minimal. Even without the assumption that N is complete,

this minimality requirement on N implies that N has no conjugate points.

Lemma 3.1.2. Let N be a Riemannian manifold. If all geodesics in N are minimal, then N has no

conjugate points.

Proof. Letp e N. Assume that (expﬁ)*(wvﬁ) = 0 for some v; € T,;N and Wy € TVF(T;N). As in
the proof of Lemma 2.5.2, v; # 0 and, moreover, the Gauss lemma implies that Wy, = w‘jp. Let
@ : (—&,&) — N be the arc of the great circle on S;(|[v5l) with o’(0) = Wy The variation field J of
the variation I': (—&,&) — N defined by I'(s, ) := exp (ta(s)) is a non-trivial normal Jacobi field along
the unit-speed geodesic y(-) :=I'(0,) satisfying J(0) = 0 and J(||v;|) = 0. By construction, I'(s,0) = p
for all s € (—&,¢). Thus ¥(0) and y(|[v5l]) are conjugate along y. As discussed after Theorem 2.5.3,
the Morse index theorem implies that a geodesic cannot minimize past its first conjugate point. This

is a contradiction. It follows that N has no conjugate points, and, consequently, so does N.

From the synthetic characterization, one sees that a complete N has no conjugate points if and only
if each basepoint-fixed homotopy class of paths [a] € Z(p,q) contains a unique geodesic. This
forces the set of closed geodesics in each free homotopy class to have many nice properties. The
geometric structure of this set is related in fundamental ways to the algebraic structure of m{(N,y),
and it is strongly affected by the properties of Busemann functions and the asymptotic behavior of
geodesics in N. The discussion here will mostly focus on how the topology of N directly affects its
geometry, especially the way it affects the set of geodesic loops, and not on more analytical issues,
even though the latter questions have a rich history and deep import. A key observation, which dates
back to Busemann [Buse], is that any two freely homotopic closed geodesics must have the same

length.

Lemma 3.1.3. (Busemann) Let N be a complete Riemannian manifold with no conjugate points and



41

v1,Y2 : [0,1] = N closed geodesics. If there exists a homotopy H : [a,b] X [0,1] — N from y; to v,

then L(y1) = L(y2).

Proof. Assume that L(y;) # L(y,). Without loss of generality, let y; be the longer of the two,
so that there exists € > 0 such that L(y;) = L(y2) +¢&. Let @ : [a,b] — N be the curve defined by
a(s) := H(s,0), and write £ := L(a). By slightly perturbing H, one may, without loss of generality,
suppose that £ < co. Let n € N satisfy n > 2;{3. Let H" : [a,b] X [0,n] — N be defined by H"(s,1) :=
H(s,t—[f]), where [f] denotes the integer part of . In other words, for each s € [a,b], H"(s,) is
periodic and iterates H(s,-) n times. This map H" is continuous, and H"(a,-) and H"(b,-) are closed
geodesics of length nL(y;) and nL(y7), respectively. If H' [a,b] X [0,k] = N is any lift of H", then
L(H (a,")) = nL(y1) > nL(y>) +2¢ and L(H (b,-)) = nL(y>). Thus

d(H (a,0),H (a,n)) < d(H (a,0),H (b,0))+ d(H (b,0),H (b,n))+ d(H (b,n),H (b,0))

< nL(y2) +2¢

This contradicts the fact that Fln(a,-) is the minimal geodesic connecting ﬁn(a,O) and Fln(a,n).
Therefore, L(y1) = L(y»2).

O

The proof of Lemma 3.1.3 demonstrates a general approach in this area, namely, to lift to N and
use the synthetic characterization. Before continuing in that vein, it will help to establish a few
results from general topology. If N is complete, then, by Theorem 3.1.1, exp; : T;N — Nisa
diffeomorphism and, consequently, N = RI™™) Tt follows that N is contractible. By the homotopy
lifting property, this is equivalent to N being aspherical, which by definition means that (N, p) =
0 for all k> 2 and p € N. Thus N is an Eilenberg—-Mac Lane space of the form K(z;(N,q),1),
determined up to homotopy equivalence by its fundamental group [EM]. It follows that any map
f:M — N with fi(71(M, p)) = 0 is homotopic to a constant map, a result which gives the first hint

that maps into N are determined to a great extent by what they do at the level of fundamental group.

Proposition 3.1.4. Let M and N be Riemannian manifolds, where N has no conjugate points, and
let f: M — N be a continuous function. If f.(m1(M, p)) =<e> for any p € M, then f is homotopic

to a constant map.
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Proof. Let gen~'(q) CN. Since f.(m(M,p)) =<e>< n1(N,q), f lifts to a map f : M — N with
f(p) =7q. Since N is contractible, it follows that f is homotopic to a constant map, and any such

homotopy descends to N.

This program will be further developed in this chapter, culminating in the result that maps 7" — N
are, up to homotopy, determined by what they do at the level of fundamental group. This isn’t
a novel conclusion, since it holds for any K(7(N,q), 1) space, but the non-conjugacy hypothesis
enables a constructive method that will be useful in establishing Theorem 1.4(c). A well-known
result is that the fundamental group of any aspherical manifold is torsion-free or, in other words,
contains no elements of finite order. The original proof of this fact used a fixed-point theorem of

Smith [Sm1], in an application that, as far as I can tell, was first recorded by Hurewicz [Hu].

Theorem 3.1.5. (Hurewicz—Smith) Let N be an aspherical manifold and y € N. Then m(N,y) is

torsion-free.

Remark 3.1.6. Theorem 3.1.5 implies that, when N is a complete Riemannian manifold with no
conjugate points, each m;(V,y) is torsion-free. Under the stronger assumption that N is compact,
this follows immediately from the classical result that each free homotopy class of loops contains a

closed geodesic.

More specifically, Smith’s theorem in [Sm1] implies that, when N is an aspherical manifold, every
periodic transformation N — N of prime order p has a fixed point. If m{(N,y) were to contain an
element y # e of finite order, then there would exist k > 1 such that y* had prime order, and the
corresponding deck transformation N — N would have no fixed points, a contradiction. This is
essentially the argument given in [Hu], with the caveat that Smith’s result only holds for transfor-
mations K — K, where K C R". Since Davis [D] constructed compact aspherical manifolds in any
dimension n > 4 whose universal covers are not homeomorphic to R", one must apply something
like the well-known Whitney embedding theorem for this to work. A later generalization by Smith
[Sm2] of his result to cell complexes makes this last step unnecessary. By contrast, the next proof

uses the minimality of geodesics in N in an essential way.

Lemma 3.1.7. Let M and N be Riemannian manifolds, where M is complete and has finite volume
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and all geodesics in N are minimal. If f : M — N is a totally geodesic map with the property that

fi(m1 (M, x)) =<e> for any x € M, then f is constant.

Proof. The argument is by contradiction. By Lemma 2.6.2, f is smooth. Assume that, for some
vy € TM, f.(v,) # 0. Then there exists an open set U  TM containing v, such that U is compact
and f.(w,) # 0 for all w, € U. Note that the latter condition implies that U is disjoint from the zero-
sectionin TM. Lete >0, m := max,, .z IDfIl, V:=UNTB(x, £), and c := mianeV I fe(w,)l| > 0. By
the Poincaré recurrence theorem, there exists 7 > 2?8 such that ¥7 (V) NV # 0. Let w, € V be such
that ‘PT(wZ) = y;VZ(T) e V. Leta:[0,1] » M be a minimal geodesic from x to zand 8: [0,1] > M a
minimal geodesic from x to y,, (T), so that L(a),L(8) < n% Write y := f(x), and choose y € 7'['_1(_)7).
Since f.(71(M,x)) =<e>, f lifts to a map f:M—>N satisfying f(x)=yand f =no f. Since the
concatenation o := @y, ljo.r1- 8" is a loop based at x, foo = (foa)-(foyy.lor)  (foB™) is
a loop based at y. Since ? is totally geodesic, each of ?o Yo, fo a, and ?o B! is a geodesic. By
assumption, they are all minimal. But L(?")’wJ[O,T]) = T|f.(w;)| > 2¢ and, since m is a Lipschitz
constant for ]_”I,,(V), L(f o),L(f oB) < . This contradicts the triangle inequality. Therefore, f, = 0

on TM and, consequently, f is constant.

Remark 3.1.8. The requirement that M have finite volume cannot be dropped from Lemma 3.1.7.
For example, if N is any complete Riemannian manifold with no conjugate points, then the Rieman-
nian universal covering map 7 : N — N is totally geodesic and satisfies 7. (71(N,y)) =< e > for all
yeN.

Lemma 3.1.9. Let M be a connected Riemannian manifold, N a complete Riemannian manifold

with no conjugate points, and Hy,H, : M X [0,1] — N continuous functions. Suppose
Hi(x,0) = Hi(x, 1) = Ha(x,0) = Ha(x, 1)

for all x € M and that, for some p € M, [Hi(p,-)] = [H2(p,*)] € m1(N, Hi(p,0)). Then there exists a

homotopy F : [0,1]x M x[0,1] — N from H; to Hy such that
F(s,x,0)=F(s,x,1) = Hi(x,0) = Hi(x, 1)

foreach xe M, s€[0,1], andi=1,2.
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Proof. Since M is connected, a standard argument shows that, for each x € M, [H/(x,-)] = [Ha(x,-)] €

71(N, Hi(x,0)). The map F will be characterized by the following property:

(%) If H;, i = 1,2, are lifts of the H;(x,-) to N with H (0) = H,(0), then F(s,x,t) = mo F(s,1),

where F, : [0,1]%[0,1] = N is defined by F(s,0):= eXPg, (1) (s . exp;] ® (Hz,x(t))).

First note that, for any choice of lifts H, , as above, each F, is well-defined since N has no conjugate
points. Since Hy (1) = Hy (1) € 77 (H;(x,0)), mo F(5,0) = mo F(s,1) = Hy(x,0) for all s € [0,1]
and i = 1,2. To see that the above yields a well-defined function F, it must be shown that the
expression 770 F (s, ) does not depend on the choice of lifts H, .. This is equivalent to the statement

that, for each deck transformation [a] €T,

[a]- eXPy, () (s . expi1

— . —
Hix(0) (HZ,x(t))) = eXP[a]-ﬁl,X(z) (S : exp[a}ﬁ],x(t) ([a]- H2,x(t)))

This holds since [@] is an isometry of N and takes geodesics to geodesics. Therefore, F(s,x,t) :=
7o F,(s,1) is well-defined.

To see that F' is continuous, note that there exist an evenly covered open set U C N containing
H;(x,0) and an open set V C M containing x such that H;(V,0) C U for each i. The maps H;|yx(o.1]

lift to maps H; : VxS! — 7~ (U) with Hi(x,-) = H; (). The function F : [0, 1]x U x [0, 1] = 7~ (U)

-1

that’s defined by F(s,y,1) := XD, (v (s "eXPg
: 10

(Ez(y,t))) is continuous. Since Fljo,1jxux[0,1] =

noF, it follows that F is continuous.

The literature on manifolds with no conjugate points is far too vast to be adequately surveyed in
this space, but a few milestones are worth mentioning. Much of the interest in this subject dates
to Hopf’s result that any Riemannian metric on the torus 72 without conjugate points must be flat
[Ho] and his conjecture that the same should be true in any dimension. This was previously shown
by Hedlund—Morse [HM] under the stronger assumption that the metric has no focal points. Hopf’s
proof used the theorem of Gauss—Bonnet, along with an analysis of the Riccati equation, and didn’t
generalize in an obvious way. In it, he introduced what would become known as the stable Jacobi
tensor. A simple way of understanding the stable Jacobi tensor is that, for a fixed geodesic ray
v : [0,00) — M, it assigns to each v € TN the Jacobi field obtained as the limit as 1 — oo of the

Jacobi fields J; along v satisfying the initial conditions J;(0) = v and J,(¢) = 0. Conditions that ensure
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the existence and continuity of the stable Jacobi tensor were established by Eschenburg—O’Sullivan
[EO’S], and a simplified proof of its existence was given by Innami [I].

Green [Grl] showed that the total scalar curvature of a compact Riemannian manifold M with
no conjugate points is non-positive and vanishes if and only if M is flat. Many others subsequently
attacked Hopf’s conjecture, mostly by focusing on the asymptotics of geodesics and their corre-
sponding Busemann functions. Busemann functions and their level sets, called horospheres, were
introduced in [Buse] and have since become a fundamental tool in Riemannian geometry. For ex-
ample, they play an essential role in the original proof of the Cheeger—Gromoll splitting theorem
in [CG1] and [CG2] and the simplification by Eschenburg—Heintze [EH]. Another notable contri-
bution by Green [Gr2] was the claimed result that, when N is complete and has sectional curvature
bounded below, geodesics from each point are uniformly divergent, although it must be noted that
Eberlein identified [Eb2], and later filled [Eb3], a gap in Green’s proof. Much effort has gone into
studying the regularity of Busemann functions and horospheres. Eschenburg [Esc] proved their C?
regularity when the stable Jacobi tensor is continuous, generalizing a result of Eberlein [Eb4] for the
case of non-positive sectional curvature that was later recorded by Heintze—Im Hof[HI]. Eschen-
burg also introduced the class of manifolds with bounded asymptotes, which are manifolds with
no conjugate points that have uniformly bounded stable Jacobi tensor, and proved the continuity of
the stable Jacobi tensor for such spaces. However, the limitations of those methods were exposed
when Ballmann-Brin—Burns [BBB] constructed a compact surface with no conjugate points and
discontinuous stable Jacobi tensor, disproving a claim of Hopf.

Avez [Av] proved that any Riemannian torus with no focal points must be flat by examining the
growth rate of the fundamental group. Croke [Cr2] showed that the volumes of balls in a simply
connected Riemannian manifold N with no conjugate points are asymptotically at least as large as
those in Euclidean space, with equality in the limit if and only if N is flat. Croke—Kleiner [CK1]
proved that any Riemannian torus with no conjugate points and bounded asymptotes is flat, using a
foliation of SN constructed by Heber [Heb] and a volume comparison argument. Around the same
time, Burago-Ivanov [Burl] proved the Hopf conjecture, using an essentially different method than
previous attempts. The key new tool in their proof was the asymptotic norm of a Z"-periodic metric,
which was first described by Burago [Bura] and is discussed in Chapter 7.

Many other significant results have gone unmentioned here. Fundamental results on the geodesic
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flow of manifolds with no conjugate points or no focal points were proved by Eberlein in [Eb3] and
[Eb1], building on the result of Klingenberg [Kli3] that any Riemannian manifold with Anosov
geodesic flow has no conjugate points. Knieper [Kn] proved the ergodicity of the geodesic flow of a
compact and non-flat surface with no conjugate points and continuous Jacobi tensors. Freire—Mafié
[FM] proved that topological entropy and volume entropy are the same under a Holder continuity
assumption on the metric. A number of rigidity results for manifolds with non-positive sectional
curvature have been shown by Croke and Croke—Kleiner to hold for manifolds with no conjugate
points, for example the result in [CK2] that any complete Riemannian metric with no conjugate
points on a non-compact flat manifold that agrees with a flat metric outside a compact set must
itself be flat. It has also been shown by Bangert—-Emmerich [BE] that any cylinder without conjugate
points and whose loop length grows sublinearly in both directions is flat, which improves upon a

result of Burns—Knieper [BK].

3.2 The set of geodesic loops

It will be shown that each covering space N/ Z([y1],...,[vx]) is realized concretely as a submanifold

of the tensor bundle T¥N := TEO N, Specifically, the set
Ne=vi®---Qvi € T§,]"O)N|y € N,exp(vy) =---=exp(v) =y}

is smooth submanifold of T¥N with respect to the inherited differentiable structure, and the space
N/Z([yl],...,[yk]) is realized as the connected component of N; containing w; ® - -- ® wg, where
each v, is the unique geodesic loop contained in [y;]. Roughly speaking, Ny is the submanifold of
TXN consisting entirely of the initial vectors of geodesic loops.

Throughout this section, the notation r is overloaded. In addition to referring to the universal
covering map 7 : N — N, it also refers to the map 7 : TN — N that takes v; ® - - - ® v to the common

basepoint at which the v; are located. The meaning will always be clear from context.

Lemma 3.2.1. Let N be a complete n-dimensional Riemannian manifold with no conjugate points.
For each k € N, Ny is a non-empty, smooth, and embedded submanifold of TKN, and 7y, Nk = N

is a local diffeomorphism.!

LP'm indebted to a student at Capital Normal University, whose name I unfortunately never learned, who suggested
an elegant simplification of my original proof of this result.
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Proof. Since 0®---®0 € Ny for each x € N, Ny # 0. Let f : T"'N — N**! be the map defined by
fi® - ®@v) = (v ®:--®v),exp(vi),...,exp(v)). Since N has no conjugate points, for each
v; € TN, the derivative of €XPr(y:) is non-singular at v;; that is, D,, eXPryy) - T, (TrpN) = TexpwpN
is a linear isomorphism. The restriction Dy, g..@uTIT, 660N * Trn@-ev)N = Trw @) is also
a linear isomorphism. These show that rank(f) = n(k + 1) everywhere, since with respect to the
splitting

TV|®~~-®vk (TkN) = T7r(v1®-~®vk)N X TV] (Tn(vl )N) XX Tvk (Tﬂ(vk)N)

the derivative of the i-th component of f has rank n when restricted to the i-th component of
Tvl®...®vk(TkN) for each 1 <i<k+1. Denote by D :={(y,...,y) € N+ |y € N} the diagonal in
N**1_ Since dim(TFN) = dim(N**!) = n(k + 1), the inverse function theorem implies that f is a local
diffeomorphism, and Ny = f~'(D) is a smooth and embedded submanifold of T*N of dimension .

Fix vi ®---®v; € Ni. Assume that
Tyie-ov Nk N {0} X Ty (Tr)N) X -+ X Ty, (T N)) #{(0,..., 0)},
and choose a non-zero w = (0,wy,...,wi) € Ty, g..ev, Nk. By the definition of N,
Dy, €XP - (Wi) = Dy T, (w) = 0

for all 1 <i < k. However, for some i, w; # 0, so D,, expﬂ(v@_,.@m(w,-) # 0. This is a contradiction.

This implies that rank(z|y, ) = n, so n|y, is a local diffeomorphism.

By Lemma 2.2.2, to show that 7|y, is a covering map, it suffices to show that N, when endowed
with the pull-back metric nll*\,k (g), is complete. This is done by showing that the lengths of vectors
along a constant-speed path in Ny cannot blow up in finite time. To that end, define length functions

L; : Ny — [0,00) by setting L;(vi ®---Qvy) := |[vil|.

Lemma 3.2.2. Let N be a complete Riemannian manifold with no conjugate points. With respect
to the pull-back metric ﬂl}‘vk(g) on Ny, each L; : Ny — [0, 00) is smooth and has gradient satisfying

IVLil| < 2.

Proof. On the zero-section in TN, which is a connected component of Ny, L; is identically zero

and the result follows. On any connected component Ny of N disjoint from the zero-section, L; is
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smooth. Let v=v;®:---® v, € Ny, fix a unit vector w = (wy,...,wx) € T,Ng, and choose any curve
@ =(ap,...,a) : (—&,&) = Ny satisfying @'(0) = w. Let u := m.(w) € Tr)N and @ := mo &, so that
@’ (0) = u. Define a variation V : (—&,&) X [0,1] — N of y,,, by setting V(s,1) := exp,, (@i(s)). Then
V is a variation through geodesic loops, so its variation field J is a Jacobi field along v,,. Since Ny
is endowed with the pull-back metric, ||J(0)|| = ||@’(0)|| = |w|| = 1. Set a,(¢) := V(s,1). By the first

variation formula,

d g(ay(1) = ay(0),J(0))

— | Lay) = ———

dsls=0 L(CZ())
- llagy (1) = ag (O)HIT Ol
B L(ao)
- [l (DI + g OO

L(o)
=2||JO)|
=2
So ||V, Lill = ||% |s:oLi oal(s)|| = ||d%|S:OL(as)|| < 2. Moreover, the first inequality is an equality if and

only if @ (1) = —a;(0), which is impossible since these are the initial and final vectors of a geodesic

100p. So [[V,,Lill < 2. Tt follows that [[VLi| = max {|[V,,Lill|w € T,No, Iwll = 1} < 2.

Remark 3.2.3. Since ag = y,y,;, the above argument shows that VL; points in the direction of y;, (1) —
¥y,;(0). This implies that w is a critical point of L; if and only if w; is the initial vector of a closed

geodesic.

Lemma 3.2.4. Let N be a complete Riemannian manifold with no conjugate points and Ny a con-

nected component of Ni. When endowed with the pull-back metric nl}“vo (g), Nog is complete.

Proof. LetV' =v|®---®v; € Ny be a Cauchy sequence. Then there exists C > 0 such that d(v", vh <
C for all n; in other words, v* € B!, C). By Lemma 3.2.2, ||VL;|| < 2 for all i, which means that

IL(v") = L(v})Il < 2C for all n. Therefore, each " lies in the set

U wie@w e TNIwill < /Il +2C,70w1 @@ wi) = )
yeB(x(v1).C)

By compactness, V"' contains a convergent subsequence, which implies that v" itself converges.
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Using Lemma 3.2.4, one may prove the previously mentioned structure theorem for the loop space
of a complete manifold with no conjugate points, which will play a central role in what follows.
It will help to introduce some notation first. If [o] € 71(V, p), then, since N has no conjugate
points, there exists a unique vector v € T,N such that vy, is a geodesic loop in [o]. Therefore, if

[o1],....lok] € T (N, p), there exists a unique v =v| ® - - ® v € N such that, for each i, v; € [0;] and

VVVVV iy will be denoted 71(¢],... (o]

Theorem 3.2.5. Let N be a connected and complete Riemannian manifold with no conjugate points,

peN,and|o],...,lok] € m1(N, p). Then each of the following holds:
(a) The set
Nei={vi®---Qw € TkN’ exp(vy) =+ = exp(vg) = x}

is a smooth submanifold of the tensor bundle TN

..........

,,,,,

.....

Proof. (a) This is shown in Lemma 3.2.1.

(b) This follows from Lemma 3.2.1, Lemma 3.2.4, and Lemma 2.2.2.

tive @ : [0,1] —» N of [@]. Write @ = (@y,...,&). Then &;(0) = &;(1) = v; for each i, and [a] =
[7{o1....lo1 © @] Define a map H; : [0,1] X [0,1] — N by H;(s,1) := ¥a,5(#). This is a homo-

topy through geodesic loops. This map satisfies H;(0,-) = Hi(1,-) = y,,(-) and H;(-,0) = H;(,1) =

.....
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Hi(s) := Ay q1([yv,]) € m1 (N, a(s)). By construction, &;(s) is the initial vector of the unique geodesic

loop in Hi(s). Since Hi(1) = Apa)(I74,]) = [ally,]la]™ = [, it follows that &(1) = v;. So &(0) =

.....

.....

O

.....

..........

N is any compact hyperbolic surface, y € N, and [8],[y] € 71 (V,y) are independent in the sense that
neither is a multiple of the other, then it follows from the well-known theorem of Preissmann [P]
that [8]7'[y1[B] # [y]. Consequently, for [o'] := [B]'[¥1[B], Nigy.;y1 # Nigy 10> €ven though [B] = [B]
and [y] = [o].

.....

Lemma 3.2.7. Let N be a complete Riemannian manifold with no conjugate points, p € N, and
[l eni(N,p). Ifve N[(T], then ¥, : [0,1] — N[U] defined by ¥,(t) = y,(t) is the unique closed
geodesic based at v in its free homotopy class, [¥,] is in the stabilizer of the conjugation action of

ﬂ](N[O-],v) on itself, and <[y,]> is a normal subgroup of ﬂ](N[(;],V).

Proof. Because Ni, is a local isometry, ¥,_is a geodesic. Because ¥,,(0) = ¥, (0) =7, (1) =%, (1),
¥y, 1s closed. Since N has no conjugate points, ¥, is the unique closed geodesic in [¥,]. By Theorem
3.2.5(c), (mo))«(m1(Nio1,v)) = Z([y»]); it follows that [%,] = [&]~'[#,][&] for any [@] € 71(Njyy, V).
So [¥,] is in the stabilizer of the conjugation action, and ¥, is the unique closed geodesic based at v

in its free homotopy class. It follows immediately that <[¥,]> is normal.
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Lemma 3.2.8. Let T" be a torus, x € T", {[s1],...,[sn]} a minimal generating set for n(T", x),

N a complete Riemannian manifold with no conjugate points, f : T" — N a continuous function,

.....

.....

vp) =y. Since m(T", x) =<[s1],...,[s,] > is Abelian, so is f.(71(T",x)) =<[o1],...,[0,]>. Note

that

.....

O

Loosely speaking, the covering map 7jo) : Vi) — N unwraps the set of closed geodesics freely
homotopic to any representative of [o7] so that there’s at most one through each point. This contrasts

with the situation on N itself, as shown by the next example.
Example 3.2.9. Let a,f,y : R®> — R? be the isometries
a(x,y,2) = (x+1,y,2)
B(x,y,2) := (x,y+1,2)
y(xy,2) =, —x+1,z-1)
Then y~' ooy =B. The quotient F := R*/ <a,,y> is a compact and flat three-manifold. The

axes of @ and S descend to a foliation of F' by two families of closed geodesics that are everywhere

perpendicular. Since @ and 8 are conjugate, those closed geodesics are all freely homotopic. This

shows that, through each point in F, there exist two distinct freely homotopic closed geodesics.?

.....

-1
[o1],-[o%

It follows that, for each pe N, vern

..........

2This example was constructed during a conversation with Jason DeBlois.
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In the case that k = 1, Cj, should be thought of as the set of closed geodesics freely homotopic to
any representative of [o]. The following combines two results of Croke—Schroeder [CrS] about this

set. It will be shown in Chapter 4 that, when N has no focal points, much more can be said.

Theorem 3.2.10. (Croke—Schroeder) Let N be a compact Riemannian manifold with no conjugate

points, p € N, and (0] € n1(N, p). Then Ci, is a compact and connected subset of Ni,.

The proof that C(,) is connected uses Morse theory and is more difficult than the proof that it’s
compact. It follows from this compactness that, for each p € N, there are at most finitely many

v € T, N such that v, is a closed geodesic freely homotopic to any representative of [o"]. Using this,

.....

.....

be connected for k > 2.

Remark 3.2.11. The question of whether each Cj is path-connected, or more specifically locally
rectifiably path-connected in the sense of [CrS], is open. Ivanov—Kapovitch [IK] recently bypassed
this issue to prove new results about the fundamental group of a compact manifold with no conjugate

points.

3.3 The loop map

The principal application of Theorem 3.2.5 will be to construct an explicit homotopy between any
two maps f,g: T" — N satisfying f.(71(T", x)) = g.(m1(T™, x)). The idea is to first deform f and g

.....

<loil,...,[ok]> is Abelian.

It will help to introduce some notation. Let ~ denote the quotient map on [0, 1] that identifies
the endpoints, so that S'~[0,1]/ ~. Fix0=(6y,...,6,) € T", and, foreach i = 1,...,n, define a map
si: T =T % ([0,1]) ~) > T" by setting s;(x,?) := (x,60; +1,6i11,...,6,). When i = 1, this takes the
form s1(¢) := (61 +1,6,,...,6,). When T" has the standard product metric, each s;(x,-) is a closed

geodesic in 7" based at (x,6;,...,6,). Let so : T° = {pt} — M be defined by so(T°) = (84,...,6,).
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.....

.....

T1(t) := v = exp,, (tv1)

Then T is a geodesic loop based at Y(6;) = p, and (T).(71(S',61)) =<[c1]>. Suppose that,
for some 1 <i<n-1,amap V;: T? — N has been defined that satisfies Y;(6,...,60;) = p and

(C)a(m1(T7, (61, 6))) =<[c1].....[0]>. Note that

with T;(01,....6;) = (v1,...,vis1). Write T; = (V1,...,Vis1), where each V; is a vector field along
Y; consisting of the initial vectors of geodesic loops freely homotopic to o;. Let Yy : TH! =

T'x([0,1]/ ~) = N be defined by
Yip1(X, 1) 1= eXPy, ) (Vi 1(x))
As in the first case, each T;;1(x,-) is a geodesic loop based at Y;(x), Y;+1(61,...,0;+1) = p, and
(Ti+1)*(771(Ti+1>(91’ - ,9i+1))) =<[o1],....[ir1]>

Let Y, :=,. By construction, for each x € T Y, 0s:(x, ) isa geodesic loop based at ', o0 5;(x,0) =

Ty(x,0,...,00).

.....

.....

defined by Y (x,11,....t,) := TF(X)(II, ..., 1) is continuous.

Proof. This is seen inductively and follows from the continuity of exp : TN — N.
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Theorem 3.3.3. Let T" be a flat Riemannian torus, p € T", {[s1],...,[s,]} a minimal generating set
for m(T", p), and N a complete Riemannian manifold with no conjugate points. If f,g: T" — N are

continuous, then f and g are homotopic if and only if fi([s1],...,[sx]) = g«([s1],--.,[84])).

Proof. If f and g are homotopic, then any homotopy H : [a,b] X T" — N from f to g yields a
path a(-) := H(-,x) such that Ao (fi([s1],-...[5.])) = g«([s1],...,[sx]). Conversely, suppose that
fe(s1l,. .. [sn]) = g«([s1],--..[sx]). Without loss of generality, one may suppose that p = (6y,...,6,),
where 6; are as in the definition of the loop map Y. Write [o7] := f.([s;]). Let F be the canonical
V; are vector fields along f, each of which consists of the initial vectors of geodesic loops freely
homotopic to [o;]. The idea is to first deform f and g into canonical forms using the loop map T,

then to connect them by a path in N[m] ,,,,, (o]

.....

Fi() := (Viosi(-,0),...,Vy05i(,00) = (Vi 6ir...,00)s .o, Vin(, 65y ..., 601))

maps from 7" into N and satisfy Y, 081 = fosi_1. Note that F| has as its image v ®---®vy,, so the
goal is to show that f is homotopic to T'z . This is done by showing inductively that f is homotopic
to each T, counting down from the base case i = n. For each x € 1, Josn(x,0)="p o0s,(x,0)
and [f o s,(x,)] =[Tg, osu(x,-)] € 71(N, f o 5,(x,0)). It follows from Lemma 3.1.9 that f = fo s, is
homotopic to Tz = Tp os,. This completes the base case. The inductive step is similar, with one

added wrinkle. Suppose that f is homotopic to Tz, . Since 7g,... (o, © Fioy=fosi= Y., ©Sis

.....

5i(x, )] = [Tz, 0 5:(x, )] € T (N, f o 5:(x,0)), 50, as in the base case, Lemma 3.1.9 shows that Tz, os;

is homotopic to Ypos. Let H: [a,b] XxT' — N be a homotopy from Yg, 0sito Tpos. By
H,(m1([a.b1XT',(a.01,....6))) =<[c1].... [o] >

<Z([ois1]s---»[on))
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.....

.....

step.

Applying the same argument to g, one has that g is homotopic to some Y, g..gw,. Since

..........

.....

is a homotopy from T, g...gv, t0 Ty, 0w, -

Remark 3.3.4. Since N is an Eilenberg—Mac Lane space, Theorem 3.3.3 may be proved using gen-

eral topology, but that method is not constructive.

Remark 3.3.5. The conclusion of Theorem 3.3.3 may fail to hold if the condition f.([s1],...,[s,]) =
g«([s1],...,[sn)) is weakened to fi(m1(T",x)) = g.(m(T",x)). The difference is that the former
condition keeps track of the order of terms, while the latter doesn’t. For example, on a flat T2,
there exists a unique totally geodesic map T : T> — T? that permutes [s1] and [s»]. One has that

id, (71(T?,x)) = m1(T?,x) = T.(m(T?, x)), but T is not homotopic to the identity map.
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Chapter 4

Manifolds with no focal points

4.1 The flat strip theorem and its consequences

Recall that, by definition, a Riemannian manifold N has no focal points if the exponential map on the
normal bundle of each geodesic is non-singular. More specifically, this means that, for each interval
I C R and each geodesic y : I — R such that y(I) is an embedded submanifold of N, focal(y(l)) = 0.
One sees that N has no focal points if and only if N has no focal points. Moreover, since each point
p € N is an embedded submanifold equal to the image of a constant geodesic, N must also have no
conjugate points. If, in addition, N is complete and simply connected, then all geodesics in N are

minimal, and every non-constant geodesic extends to a maximal embedding.

Theorem 4.1.1. Let N be a complete and simply connected Riemannian manifold. Then the follow-

ing are equivalent:

(i) N has no focal points;

(it) For each totally geodesic submanifold S of N, focal(S) = 0;

(iii) For each geodesic y : R — N, exp|nyw) : NY(R) — N is a diffeomorphism;
(v) r(N) = oo;

(v) ry(N) = co; and

(vi) For each p € M, V>d?(-, p) : N — [0, c0) is positive-definite.

Proof. (i) & (ii) The implication (ii) = (i) is clear. Suppose S C M is a totally geodesic submanifold
and that v € focal(S'). By Lemma 2.5.2(a), exp(v) is focal to S along y := yylj0,17.- By Lemma 2.5.1
and equation (2.1), there exists a non-trivial normal Jacobi field J along y such that J(0) € T, S,
J(1) =0 and V, J(0) € Ny0)S. Let @ : (-&,&) = N be the geodesic a := yjq). Since a(-¢&,¢&) is

totally geodesic, Lemma 2.5.1 implies that y(b) = exp(v) is focal to a(—¢,¢) along vy, which by
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Lemma 2.5.2(a) implies that focal(a(—¢,&)) # 0. It follows by contraposition that (i) = (ii).

(i) © (v) Suppose that r¢(p) < oo for some p € N, and let J be a non-trivial normal Jacobi field along
a unit-speed geodesic y : [0,77(p)] = N such that J(0) = 0 and ||J|'(rs(p)) = 0. Since r(p) < r(p),
J(ry(p)) #0. Leta : (—&,&) — N be the geodesic v :=y 1) Let J be the non-trivial normal Jacobi
field J(r) := (r¢(p)—1t) along the geodesic ¥ defined by ¥(¢) := y(ry(p) —t). Then fJ)(rf(p)) =0 and

A N X d PO
8(a’(0), V4 J(0)) = g(J(0), V4 J(0)) = T8O J) =1 I'(rs(p))

Since a(—¢,€) is totally geodesic, it follows from Lemma 2.5.1, equation (2.1), and Lemma 2.5.2(a)
that focal(a(—¢,€)) # 0. Conversely, suppose that focal(a(—¢, €)) # 0 for some geodesic a : (—¢&,&) —
N. Applying the previous reasoning in reverse, one may, without loss of generality, suppose that
there exists a non-trivial normal geodesic y : [0,7] — N such that y'(0) € Nyya(-¢,¢), J(T) =0,
and ||J]|(0) = 0. Note that the final equality is ensured by choosing T to be small enough that y(T)
is not conjugate to y(0) along 7y, in which case V,,J(0) = ca’(0) for some ¢ # 0. By reversing the
parameterizations of y and J, one finds that r¢(y(T)) < T.
(v) & (iv) Suppose r¢(N) = co. Since (i) holds, N has no conjugate points, which since N is com-
plete and simply connected implies £(N) = co. It follows from Theorem 2.5.12(a) that r(N) = co.
Conversely, if r(N) = co, Theorem 2.5.12(a) implies that r¢(N) = co.
(iv) & (vi) If 7(N) = oo, then Corollary 2.5.6(b) states that each V>d(-, p) is positive-definite. Con-
versely, if each V2d(, p) is positive-definite, then each d?(.,p) is strictly convex. This means that
each distance ball in N is strongly convex, so r(N) = co.
(i) & (iii) It’s clear that (iii) = (i). Suppose N has no focal points. The argument is similar to the
proof that (i) = (ii) in Theorem 3.1.1. It will use the following claim: If pe M and y: [0,T] > N
is a geodesic starting at p, then dy(exp(v),p) > T for all v € Nyr)y(R). To see this, first note that
vy : R — N satisfies y,(0) = y(T). It follows from the first variation formula that # = 0 is a critical
point of the function ¢ djz\,(yv(t), p). By (vi), dlz\,(-, p) is strictly convex, so dlzv(yv(O), p) =T? is the
strict global minimum of d12v(" p) along y,. The claim follows.

Since N is complete and focal(y(R)) = 0, expInyw) : Ny(R) — N is well-defined and a local
diffeomorphism. When Ny(R) is endowed with the pull-back metric from exp|nym®), €XpINym®) 18
a local isometry. Write p := y(0). If v € Ny(R) is a Cauchy sequence with respect to this metric,

then there exists R > 0 such that dnyx)(%,0,) < R for all k. From the above claim, one sees that
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n(v*) € y([-R,R)) for all k. Since all geodesics in N are minimal, the triangle inequality implies that

vk € {v e Ny(R) |r(v) € y([-R,R]) and |Iv]| < 2R}

k

By compactness, v* contains a convergent subsequence and, consequently, converges. Thus Ny(R)

is complete. The proof is completed by invoking Lemma 2.2.2.

Remark 4.1.2. Theorem 4.1.1 is widely known. Conditions (iii) and (vi) were shown by Eberlein
[Eb1] and (iv), which is equivalent to Theorem 1.1(b), by O’Sullivan [O’S1]. It’s worth pointing
out that (iii) is a rather ancient synthetic condition: Given any point p € N and any geodesic y not

containing p, there exists a unique geodesic from p that meets y perpendicularly.

Remark 4.1.3. The fact that (i) = (iii) is a special case of a theorem of Hermann [Her2], who showed
that, if N is a complete Riemannian manifold and S € N a closed and connected submanifold with

focal(S') = 0, then exp|ns : NS — N is a covering map.

By contrast, when N is complete and simply connected and has non-positive curvature, d : M X
M — [0, 00) is a strictly convex function. Equivalently, whenever «,f : [a,b] — M are geodesics,
t — d(a(1),B(1)) is strictly convex. It was pointed out in [O’S2] that this fails to hold for surfaces
with any positive curvature. Still, it turns out that this distance function along asymptotic geodesics
may be controlled. A key result that has allowed many theorems about manifolds with non-positive
curvature to be generalized to those with no focal points is the flat strip theorem of O’Sullivan

[O’S2] and, independently, Eschenburg [Esc].

Theorem 4.1.4. (O’Sullivan, Eschenburg) Let N be a complete and simply connected Rieman-
nian manifold with no focal points and a, : R — N distinct unit-speed geodesics such that s —
dy(a(s),B(s)) is bounded. Then dy(a(s),B(s)) = ¢ for some ¢ > 0 and all s € R, and the map
V:Rx[0,c] — N defined by

V(s,1) 1= eXpyqy) (- expy s, (B(5)))

is a totally geodesic embedding. Consequently, a(R) and B(R) bound a totally geodesic, embedded,

and flat strip of surface in N.
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Remark 4.1.5. One may, without loss of generality, reparameterize 8 so that the Jacobi field s —

-1

eXPy(

)(,B(S)) is perpendicular and V is an isometry.

The proofs in [O’S2] and [Esc] use results of Eberlein [Eb3] that certain Jacobi fields in N must
be parallel. O’Sullivan’s original argument assumed that, for any non-trivial Jacobi field J along a
geodesic y : [0,00) — N that satisfies J(0) =0, ||J(#)|| = oo as t — oco. After his article was submitted,
but before it was published, Goto [Got] showed that this is always the case. Eschenburg’s argument
required no such assumption. Versions of the flat strip theorem were proved earlier by Green [Gr3]
for surfaces with no focal points and Eberlein—O’Neill [EO’N] for manifolds of any dimension
with non-positive sectional curvature. Burns [Burnl] showed that the flat strip theorem may fail for
surfaces with no conjugate points.

O’Sullivan [O’S2] used the flat strip theorem to prove a powerful result, known as the flat torus

theorem.

Theorem 4.1.6. (O’Sullivan) Let N be a complete Riemannian manifold with no focal points, p € N,

pen(p)C N, and G < mi(N, p) an Abelian group of rank m. Then the following hold:

(@) min(G) := (Ngeg min(g) C N is strongly convex and isometric to DX R™ for some closed and
strongly convex D C N, min(G) is invariant under the action of G on N, and the action of G on
min(G) = D XR™ is by translation on the R™ fibers, so that, for each g € G and (p,x) € DXR™,
g (p.x)=(p,g-x);

(b) If F is any R™-fiber of min(G) = DXR™, then F/G is a flat torus T"™, and the restriction of 7 to
F descends to an isometric and totally geodesic immersion 1 : T™ — N satisfying 1.(m(T™, x)) = G

forany xe T"; and

(c) If N is compact, then D + (.

Remark 4.1.7. O’Sullivan stated all of the above results for compact manifolds, but it’s long been
known that parts (a) and (b) hold for all complete with no focal points. His proof can effectively
be split into two halves, one that shows (a) and (b) whenever min(G) # @ and the other that shows

min(G) # @ whenever N is compact.

The flat torus theorem was first proved in the case of non-positive curvature by Gromoll-Wolf [GW]
and, independently, Lawson—Yau [LY]. As a corollary, O’Sullivan showed that, when N is compact,

every solvable subgroup of 71 (N, p) is conjugate to the fundamental group of a compact flat manifold
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isometrically and totally geodesically immersed in N. This result is also often referred to as the flat
torus theorem in the literature. It’s worth pointing out that the arguments in this dissertation only use
Theorem 4.1.6, not the statement about solvable subgroups. That said, the question about solvable
subgroups has an interesting history of its own. It implies that every solvable subgroup of 7{(V, p)
is a Bieberbach group and, as a consequence of the following result of O’Sullivan [O’S1], that N is

flat if and only if each 71 (N, p) is solvable.

Theorem 4.1.8. Let N be a compact Riemannian manifold with no focal points and p € N. Then

the following hold:
(a) For some 0 < k < dim(N), Z := Z(n|(N, p)) is isomorphic to Z*;
(b) N is isometric to R x N*, where N* is a simply connected Riemannian manifold with no focal

points, and the action of Z on N = RF x N* is by translation on each R¥-fiber, so that g - (x,p) =

(g-x,p) foreach geZ;

(c) M is foliated by totally geodesic and flat k-toruses, each of which is the image under n of an
RE-fiber of N = R* x N*; and

(d) There exist a flat torus T, a complete Riemannian manifold N, and a Riemannian covering
map W : T* x N — N with Abelian deck transformation group T such that, for any (%,p) € =" (p),
H := (Y ouy).(m (N, p)) is a normal subgroup of n1(N, p) containing the commutator subgroup C :=

[m1(N, p),m1(N, p)] and each of the following sequences is exact:

0—>ZxH—>ﬂ1(N,p)—>f—>0

0— Zx(H/C)— H\((N,Z) > -0

Theorem 4.1.8 is known as the center theorem. This was first proved by Wolf [Wo] in the case of
non-positive sectional curvature. In the statement of part (d), H{(N,Z) denotes the first homology
group with integer coeflicients, and certain canonical identifications are being employed in the short
exact sequences.

This history of this subject dates back at least to the theorem of Preissmann [P] that any Abelian
subgroup of the fundamental group of a compact and negatively curved manifold is cyclic. Preiss-

mann’s result was generalized by Byers [By] to solvable subgroups. The flat torus theorem is most
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properly viewed as a continuation of this work. The theorem, as described by Jost [J2], devel-
oped over a long period. Al’ber proved it in the case of rank two Abelian subgroups [All], but
his work may have been missed by Western mathematicians for some time. He also obtained re-
sults similar to those of Hartman in the case of negative curvature, and he made the first explicit
connection between the existence results of Eells—Sampson and Preissmann [Al2]. Yau [Y] proved
that any solvable subgroup of m1(N,y), where N is compact and has non-positive curvature, must
be a Bieberbach group. Shortly thereafter, the general case of the flat torus theorem for solvable
subgroups of m1(V,y), again for compact and non-positively curved N, was obtained independently
by Gromoll-Wolf [GW] and Lawson—Yau [LY]. It was this work that O’Sullivan generalized to
compact manifolds with no focal points. Gromoll-Wolf and, in the analytic case, Lawson—Yau also
proved that, whenever the fundamental group of a compact manifold with non-negative sectional
curvature has trivial center and splits as a product, then the manifold splits as an isometric product.

Although Kleiner [Kle] has showed that the flat torus theorem may fail to hold for compact
manifolds with no conjugate points, it’s interesting to note that Yau’s result about solvable subgroups
does generalize. After O’Sullivan’s result, the progress on this latter question was incremental.
Croke—Schroeder [CrS] proved it for analytic metrics; they also showed that, in the smooth case,
every nilpotent subgroup is Abelian. The smooth case was ultimately resolved by Kleiner [Kle] and,
independently, Lebedeva [Leb]. Ivanov—Kapovitch [IK] have since proved stronger results about the
structure of the fundamental group of a compact manifold with no conjugate points.

As this dissertation links the flat torus theorem to the existence results of Eells—Sampson, it can
be viewed as a furtherance of Al’ber’s observation about Preissmann’s theorem. The methods are
different, however, as Al’ber’s approach was based in the calculus of variations. It’s worth noting
that Hansen [Han], in something of an early spiritual predecessor to this work, pointed out that
Al’ber’s results could be obtained using only general topology and Preissmann’s theorem. Jost [J1]
further developed these ideas when he used the existence results of Eells—Sampson to give a new
proof of the flat torus theorem for solvable subgroups in the case of non-positive curvature. The
main new result in this dissertation, that the flat torus theorem may be used as part of a proof of the

Eells—Sampson existence results, is essentially the converse of what Jost showed.

Lemma 4.1.9. Let N be a complete Riemannian manifold with no focal points and p € N. Suppose

that G =<[o1],...,[0,]> is a maximal Abelian subgroup of m{(N,p). Let D C N be a non-empty,
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.....

.....

.....

..........

must be that [@] € G. However, the action of G on D x RF is by translation in the RX-fibers, which

since [@] # O implies that a(b) ¢ D x {0}. This is a contradiction.

Theorem 4.1.10. Let N be a compact Riemannian manifold with no focal points and p € N. Suppose

that [o1],...,[0,] € T (N, p) generate an Abelian subgroup G =<[o],...,[0]> of rank m. Then

..........

..........

convex.

Proof. Let D C N be a non-empty, closed, and strongly convex set as in Theorem 4.1.6, so that, in
particular, min(G) is isometric to DXR™. If (p,x) € DXR™, then [o;] - (p,x) = (p,[07] - %), and since

(p,x) € min(G) the vector w; := (0,[0;]- X —X) € TG 5 (D XR™) = T;D X TxR™ descends via . to

..........

.....

.....

...............

,,,,,
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,,,,,
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...............

.....

g toy-g descends via 7 to aloop y € Z([yy,,...,[V4,]). Therefore, [)/]‘1 [7u;1[¥] = [v4;], which since
N has no conjugate points implies that Yy, [y,1 0 ¥(q) = (U1,...,uz) = Y[y, [11(@). So ¥(q) €
Y(U) N (D xR¥), and it’s been shown that (U N (D x R¥)) € %(U) N (D xR¥). Applying the same
argument to 7! shows that 7(U) N (DXR¥) CY(UN(DXR¥)). So (U N(DXRY)) =3(U)N(DXRF).

..........

.....

.....
,,,,,
.....

.....

...............

with respect to the intrinsic metric on C. It will be shown that C is strongly convex. For any

P,g € C, there is exactly one geodesic @ : [a,b] — C connecting p to g. It must be shown that &

..........

..........

.....

Since D xXR™ is strongly convex, one must have that B([a,b]) C DxRF. Since DxRX has a product

metric, 8([a,b]) C D. Since D is strongly convex, 8 = @ and, consequently, 5 = &. So C is strongly

.....

,,,,,

,,,,,

instance, the cylinder S! X R can be endowed with a complete and negatively curved metric, as a
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surface of rotation, that has no closed geodesics.

Corollary 4.1.13. Let T" be a flat Riemannian torus and N a compact Riemannian manifold with

no focal points. If f : T" — N is continuous, then f is homotopic to a totally geodesic map.

Proof. This almost follows from Theorem 4.1.6 and Theorem 3.3.3, but it’s not in general the case
that the totally geodesic immersion : guaranteed by the flat torus theorem is defined on a torus of

the same dimension as T". Instead, it follows from Theorem 4.1.10 and Theorem 3.3.3.

Corollary 4.1.14. Let T" be a flat Riemannian torus, N a complete Riemannian manifold with no
focal points, and [ F] a homotopy class of maps from T" to N. Then the set of totally geodesic maps

in [F] is path-connected.

Proof. Let fi,f> € [F] be totally geodesic. Fix x € 7", and choose a minimal generating set
{ls1],---,[¢n]} for m(T",x). Write [o;] := (f1)«([i]). Since f; and f, are homotopic, one has

that g.([¢1],...,[sx]) = ([o1],...,[0]). By Lemma 3.2.8, each f; lifts canonically to a map F; :

.....
..........

.....

A theorem of Lemaire [Lem] and, independently, Sacks—Uhlenbeck [SaU] states that, if f is a map
from a compact orientable surface into a compact manifold N, dim(N) > 3, m(N,y) =0, and f. is
injective, then f is homotopic to an energy-minimizing map. In particular, this holds for any map
from a two-dimensional flat torus into a compact manifold with no conjugate points whose induced
homomorphism is injective. If N is any compact manifold with no conjugate points, dim(N) > 3, and
<[o1],[o2] >< 71 (N, p) is an Abelian subgroup of rank two, then, for the unique initial vectors v;
of closed geodesics y,, € [0;], the loop map Ty, exists and has injective induced homomorphism
(Cy,@vy)«- As mi(N,y) = 0 for all k > 2, it follows that Y, ,,) is homotopic to an energy-minimizing
map. Since Kleiner [Kle] has shown that the flat torus theorem may fail for compact manifolds with

no conjugate points in any dimension greater than two, one obtains the following surprising result.
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Theorem 4.1.15. For each n > 3, there exist a flat torus T2 a compact n-dimensional Riemannian
manifold N with no conjugate points, and an energy-minimizing map T> — N that is not totally

geodesic.

This contrasts with the situation for compact manifolds with no focal points, where, as shown in
Theorem 1.4(b)-(c), every energy-minimizing map from a flat torus is totally geodesic. It is appar-
ently, and rather surprisingly, an open question whether every homotopy class of maps 7" — N,
where n > 3 and N is a compact manifold with no conjugate points, contains an energy-minimizing

representative.

4.2 Heat flow methods

It will be instructive to detour from the proof of Theorem 1.4 and Theorem 1.5 and explore what can
be said about the existence, uniqueness, and convergence of solutions to the Eells—Sampson heat
equation (1.1) when the target is a compact Riemannian manifold with no focal points. Specifically,
it will be shown that, for compact domains, solutions to (1.1) exist for all time, are unique, and
uniformly subconverge to harmonic maps. The results of this section won’t be used elsewhere in
the dissertation, but their limitations help illustrate the need for the work to come in later chapters.
Recall that Eells—Sampson [ES] proved the short-term existence and uniqueness of solutions
u: Mx[0,00) - N to (1.1) when M and (N, h) are arbitrary compact Riemannian manifolds. When
N has non-positive sectional curvature, they proved long-term existence and uniqueness, as well as
uniform subconvergence to harmonic maps. To say that u subconverges means that there exists a

sequence of times #; — oo such that u(-,t;) converges.!

A key point in their argument is that the
energy of the map under the flow is a non-increasing and convex function of time, the convexity
being a consequence of the curvature assumption on N. When N is only assumed to have no focal
points, the examples of Gulliver [Gul] show that the sectional curvatures of N may be unbounded,
in which case this convexity may not hold and the argument falls apart.

A great deal of effort over the years has gone into determining whether and how solutions to

(1.1) may blow up, which is to say, when they may fail to exist for all time or to converge in the

limit. The history of this problem will be sketched briefly, with the caveat that this discussion is far

! Actually, their methods show that a stronger statement holds, namely, for each sequence of times #; — oo, there exists
a subsequence ti; such that u(-,t[,.) converges to a smooth harmonic map.
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from comprehensive and omits mention of great work done by many authors. In the case of M =S,
Ottarsson [Ot] proved long-term existence and uniform subconvergence to closed geodesics for
all compact targets N. The work of rigorously defining the heat flow on domains with boundary,
including proving short-term existence of solutions to the Dirichlet problem, was done by Hamilton
[Ham], who also generalized the results of [ES] to this case. The great breakthrough in this area
was provided by Struwe [St1], who showed that, when M is a compact surface, a weak solution
u: Mx[0,00) = N to (1.1) exists and is smooth except possibly at finitely many points, around each
of which a bubbling phenomenon similar to that described in [SaU] occurs. Roughly, at a singular
time (x,1) € M % (0, c0), one may find a sequence of times #; " t and radiuses r¢ “\, 0 such that, after
rescaling the metrics on B(x, ) appropriately, the maps u(-, #)|g(x.,) cOnverge to a map u, : R — N
that extends by stereographic projection to a non-constant harmonic map % : S2 — N. A harmonic
map S™ — N is called a harmonic sphere. When all harmonic spheres from S 2 into N are constant,
the long-term existence, uniqueness, and uniform subconvergence to harmonic maps of solutions to
(1.1) follows. Struwe’s results were generalized to domains with boundary by Chang [Chan].

The first examples of blow-up were provided by Coron-Ghidaglia [CoG] in dimensions greater
than two and, later, by Chang—Ding-Ye [CDY] in dimension two. Many subsequent examples have
been constructed, including by Chen-Ding [CD] and Topping. Topping’s examples are notable,
as they show that the flow may fail to converge in the limit without any bubbling ever occurring
[Toppl], develop multiple bubbles at the same point at infinite time [Topp2], and converge to a
discontinuous function at the first finite-time singularity [Topp3]. Chen—Struwe [ChS] generalized
the existence of a weak solution u : M X [0,00) — N to the case of n = dim(M) > 3 and proved its
regularity away from a singular set of locally finite n-dimensional Hausdorff measure. In this case,
Lin—Wang [LW] showed that singularities may occur only if N admits a harmonic sphere from S
for some 2 < m < n—1 or a non-constant harmonic map from (Rm,ez%‘z% ds?) with finite energy,
where 3 < m < n and ds? is the Euclidean metric on R”. A harmonic map from (Rm,e% ds?)
with finite energy is called a quasi-harmonic sphere. A result in this direction was also proved
by Struwe [St2]. Using their result, Lin—Wang showed that, when all harmonic and quasi-harmonic
spheres into N are constant, classical solutions to (1.1) exist for all time.

Following Gordon [Gor], a Riemannian manifold is called convex-supporting if every compact

subset has an open neighborhood that admits a function with positive-definite Hessian. Gordon
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showed that any harmonic map from a compact Riemannian manifold M with finite fundamental
group into a Riemannian manifold N that has a convex-supporting covering space must be constant.
In particular, if each 71 (M, x) is finite and N admits such a function, any harmonic map M — N must
be constant. This precludes the existence of non-constant harmonic spheres. To prove the long-term
existence and regularity of the heat flow, it remains to show that N doesn’t admit non-constant
quasi-harmonic spheres. This was done by Li—Zhu [LZ], who also applied techniques of Li—Tian
[LT] and Lin [Li] to prove that globally defined heat flows subconverge in C?(M,N) to harmonic

maps.?

Theorem 4.2.1. (Li-Zhu) Let N be a compact Riemannian manifold. Suppose that N admits a C2
function p : N — [0, c00) such that V?p is everywhere positive-definite and p(y) < C(1 + d(3, }0))]( for
some Yy, € N, C >0, and k > 1 and all y € N. Then the following hold:

(a) Every quasi-harmonic sphere into N is constant; and

(b) If M is a compact Riemannian manifold, then, given any C' map ug : M — N, a unique solution
u: Mx[0,00) = N to the heat equation (1.1) exists, is smooth on M X (0,c0), and subconverges in

C2(M,N) to a smooth harmonic map as t — oo,

Theorem 4.2.1(a) improves upon a result of Ding—Lin [DL], which required a stronger assumption
on V?p. Part (b) implies, in particular, uniform subconvergence to harmonic maps. Combining part

(b) with Theorem 4.1.1, one obtains the corresponding result when N has no focal points.

Corollary 4.2.2. Let M and N be compact Riemannian manifolds, where N has no focal points.
Given any C' map ug : M — N, a unique solution u : M x[0,00) — N to the heat equation (1.1)

exists, is smooth on M X (0,0), and subconverges in C%(M,N) to a smooth harmonic map as t — oo,

Note that the limit map of the flow in Corollary 4.2.2 is not known to minimize energy. Using
the direct method, rather than a geometric flow, Xin [X2] showed that, when N has no focal points,
every homotopy class of maps M — N contains an energy-minimizing harmonic representative. The
argument essentially combines Theorem 4.1.1, Gordon’s result, and a regularity theorem of Schoen—

Uhlenbeck [ScU]. A much more general existence result of this form, for homotopy classes of maps

%Li~Zhu make no mention of uniqueness in the statement of their results, but this may be taken for granted, as in [ES]
it’s shown that classical solutions are unique for as long as they exist. Similarly, though Li—Zhu only state their result for
smooth initial data, the short-term existence for C!-initial data shown in [ES], when combined with the result of Li—Zhu,
implies long-term existence.
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between metric measure spaces, is given in [J3], where references to other work in this direction
may be found. Applying a theorem of Alexander—Bishop [AB], Burns [Burn2] showed that any
complete and simply connected surface with no conjugate points is convex-supporting. Along with
a result of Eells [Ee], which similarly combined the work of Gordon and Schoen—Uhlenbeck, this
shows that every homotopy class of maps M — N into a compact surface with no conjugate points
contains an energy-minimizing harmonic representative.

The most significant limitation of Corollary 4.2.2, and of the many related existence results, is
that the map in the limit is only known to be harmonic or, at best, energy-minimizing. Recall that
Eells—Sampson also proved Theorem 1.2, which in part states that, when M has non-negative Ricci
curvature and N has non-positive sectional curvature, every C> harmonic map M — N is totally
geodesic. The proof of that fact will be sketched here. For details, one may check the original paper
[ES] or the textbooks [J2] or [X1].

The proof of Theorem 1.2 depends heavily upon the Bochner identity (1.2). The notation in (1.2)
is rather terse. In it, A denotes the Laplace-Beltrami operator, which is the divergence of the gradi-
ent. The norm ||B/]| at each point p € M is the operator norm on the space Z(T,M ©T,M, T ¢,)N)
that may be computed as the sum of the Hilbert-Schmidt norms of the (0, 2)-tensors, or more pre-
cisely the linear operators T,M — T,M with which they’re canonically identified, that appear as
the components of Sy with respect to any orthonormal basis for Ts,)N. The inner products are
<oy >=< > e ry)- The Ricci tensor Ricy, is being identified with a (1, 1)-tensor, and repeated
subscripts in a term indicate contraction. After unpacking everything, one finds that any C? har-

monic map f : M — N satisfies
ey~ 1B7I = Qf

where QO : M — R at each point x € M takes the form

m m
0r(x)= > h(R(f(ei), fle))fle)), fle) + D Ricu(esenll fulenI
i,j=1 i=1
for any orthonormal basis {ey,...,e;} of T, M consisting of principal directions of the Ricci tensor on

M. By the curvature assumptions, Qy is non-negative. By the divergence theorem, f yAerduy =0.
It follows that fM IIBfII2 dupy < 0 and, consequently, 8¢ = 0. By Theorem 2.6.1, this is equivalent to
f being totally geodesic.

When N is only assumed to have no focal points, the Bochner identity is not useful, and it’s not
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clear at the start that energy-minimizing maps M — N are totally geodesic, nor that every homo-
topy class of maps contains a totally geodesic representative. This is the main technical difficulty
overcome in this dissertation, by completely different methods. The more general question about
whether every harmonic map M — N is totally geodesic remains open.

Recall also that Hartman [Har] improved upon the results of Eells—Sampson in Theorem 1.3.
Hartman’s method is to use the bound on sectional curvature, by the parabolic maximum principle
as well as direct computation, to show that certain functions associated with the heat flow are non-
increasing in time. It suffices to say that this method also fails when N is only assumed to have no
focal points. An early proof of Theorem 1.5 that bypassed this issue used parameterized heat flows
on loops. The argument was first to prove Theorem 1.4(c) by successively applying a parameterized
heat flow to each of the families of loops in the expression 7% = § ! x---x S! and, after finite time,
projecting the family being flowed onto closed geodesics. This used the long-term existence of
solutions to the heat equation (1.1) shown by Ottarsson [Ot] and a new result that the heat flow from
a compact manifold with boundary doesn’t leave an arbitrary compact and locally convex set before
the image of the boundary does. This latter result generalizes a theorem of Hamilton [Ham] and may
be proved by combining the maximum principle in [Ham] with ideas of Evans [Ev] about viscosity
solutions. Looking closely at the equations relating the energy of a loop with its total geodesic
curvature under the heat flow, one may show, using the work of Lenbury—Maneesawarng [LM] and
Karuwannapatana—Maneesawarng [KM] about length and total curvature in singular spaces with
curvature bounded above, that, after finite time, the loops in each family being flowed are uniformly
a theorem of Walter [Wal] about the nearest-point projection onto compact and locally convex sets
ensures that it may be stopped at this time and the loops simultaneously projected onto closed
flat strip theorem while flowing the (i + 1)-th family to extend to a totally geodesic map along each
of the already-completed T'-fibers. Once Theorem 1.4(c) is established, Theorem 1.5 may be shown

using the center of mass and a partition of unity as in the proof of Theorem 6.3.2.
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Chapter 5

Commutative diagrams

5.1 Manifolds with non-negative Ricci curvature

Here and throughout, M; and N;, where i = 1,2, will be connected topological manifolds and M; —
M, X N; A N; trivial fiber bundles, where 7; in each case is projection onto the second component and
pi : M;x N; = M; onto the first. The functions y : My — M, ¢ : Mo X Ny — M XNy, and ¢ : Ny — N

will be covering maps. The spaces under study here will be those for which the diagram

Mox Nog —~ Ny (5.1)

ok

M x Ny —=N,
commutes. The diagram (5.1) will be said to commute isometrically when M, and the N; and
M; X N; are Riemannian manifolds, My X Ny has the product metric obtained from My X Ny, and
and ¢ are local isometries. It’s worth emphasizing, pointedly, that in this case M| X N is not assumed
to have a product metric and that 7y is not necessarily a Riemannian submersion. Intuitively, the
space M| X N; is obtained from My X Ny by a quotient in which twisting only occurs along the
My-fibers. When this diagram commutes, the spaces involved will be shown to possess certain nice
topological properties. One such property is that there exist a covering map y : Mo — M, and a

homeomorphism ¢ : My X Ng — My X Ny such that the diagram

Mo x No ——= Myx Nog —= N, (5.2)

N
M| XN i>-M1 X N l>-1\71
commutes.
Diagrams of the form (5.1) arise naturally in relation to compact manifolds with non-negative

Ricci curvature, as shown by Cheeger—Gromoll in [CG1] and [CG2]. This is an application of their

famous splitting theorem.



71

Theorem 5.1. (Cheeger—Gromoll) Let M be a complete Riemannian manifold with non-negative
Ricci curvature. Then M is isometric to M xR¥, where M admits no minimal geodesicsy : R — M

and R¥ has its standard flat metric.

This generalizes a result of Toponogov [Topo] for manifolds with non-negative sectional curvature.
Using Theorem 5.1, Cheeger—Gromoll showed that every compact manifold with non-negative Ricci
curvature is finitely covered by a space M; x T¥ in a diagram of the form (5.1) that commutes

isometrically.

Corollary 5.2. (Cheeger—Gromoll) Let M be a compact Riemannian manifold with non-negative
Ricci curvature. Then there exist Riemannian manifolds My and M, where My is compact and
simply connected, a constant metric on RX, a flat torus T*, and Riemannian covering maps y :

Mo xRF — M xT* and ¢ : R — T* such that the diagram (5.1) commutes isometrically.

Proof. This is almost exactly the statement of Theorem 9.2 of [CG2], but it’s not immediately
clear from their diagram that the diffeomorphism M — M, x T* makes the diagram (5.1) commute.
However, following their proof, one finds that the diffeomorphism they construct is canonical and

does indeed take the image of each My-fiber to the correct M-fiber.

Theorem 1.4 will actually be shown to hold for all M that are finitely covered by the space M x T*
in a diagram (5.1) that commutes isometrically, provided the homotopy class of maps [F] satisfies a
certain topological property which always holds when each 71 (M1, p) is finite. This latter condition
holds whenever M is simply connected. Moreover, it was shown by Cheeger—Gromoll [CG1]
that there are manifolds with non-negative Ricci curvature for which the covering map ¢ in the
corresponding diagram (5.1) cannot be finite. Their example is to let Z act on S 2 x R by an irrational
rotation on the first component and translation on the second. Then the quotient under this action is
diffeomorphic to S2x S ! but is never finitely covered by S% xR. Modifying this so that the initial
metric on S! is no longer round but still admits an isometric S! action, one obtains a space that

satisfies diagram (5.1) but which may have negative Ricci curvature.
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5.2 Geometric structure

This section is dedicated to rigorously developing the geometric structure of spaces in a diagram
(5.1) that commutes. Most of the results are technical lemmas, with elementary proofs, that will
be used in the next two chapters. The notation ¢ is used throughout to signify inclusion into either
the first or second component of a product, while p; indicates projection onto the i-th component.
For example, if x € Ny, then z : My — My X Ny is the map (-) := (-,x). Similarly, if p € My,
then 7 : No — Mo X No is (-) := (p,-). The maps p; : My X Ny — M; and p; : My X Ny — N are

projection. The meaning will always be clear in context.

Lemma 5.3. Suppose the diagram (5.1) commutes. Let x € Ny, and write X := ¢(x). Then the

restriction Yl x(x : Mo X {x} — M| X {X} is a covering map.

Proof. Fix any x € Ny, and write X := ¢(X). Since ¢ omg = m oy, y(My X {x}) € M1 x{X}. To see
that ¥l xx : Mo X {x} — M x{X} is surjective, fix p € M. M;. Choose any (g, X) € M X {X}. Since
M| is connected, there exists a path o : [a,b] — M| from p to §. Let & := 1300, and denote by
o :la,b] = My x {x} the lift of 6 under ¢ with o(a) = (p,x). Since pomyod(t) =moyoo(t) =
my0G(f) =% for all £, my o o () € ¢~ (%) for all ¢. Since 7y oo (a) =z and ¢~ (%) is a discrete subset
of Ny, it follows from continuity that 79 o o°(b) = x. Therefore, Y/(o(b)) = &(b) = (§,Z). So Y oix
is surjective. Since i is a covering map and My X {x} and M| x {X} are embedded submanifolds of
My x Ng and M X Ny, evenly covered neighborhoods of ¢ in M| X Nj restrict to evenly covered

neighborhoods of o5 in M| X {X}. Thus ¥ o5 is a covering map.

Proposition 5.4. Suppose the diagram (5.1) commutes. For any x € Ny, write x5 :=p1 ootz Then

there exists a homeomorphism ¢ : My X Ng — Mgy X Ny such that the diagram (5.2) commutes when

X = Xx-

Proof. By Lemma 5.3, each y/|y,xz : Mo X {2} — M1 x{Z} is a covering map. For the given X € Ny,
write X := ¢(x). Since p1lp,xqz : M1 X{X} — M; and ¢ : Mo — Mo X {x} are homeomorphisms, y = x5
is indeed a covering map. It remains to produce the homeomorphism ¢. Any such ¢ would have to

be a lift of y X ¢ along . Let p € My, and write p := p; o ¢(p, X), so that ¢(p,x) = (P, X) = y X d(p, X).
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Since y X ¢ and ¥ are covering maps, such a lift ¢ will exist and be a homeomorphism exactly when

(¢ X @)«(71 (Mo X No, (5. %)) = (71 (Mo X No, (5, ¥))). Recall that
Or X @)1 (Mo X No, (5, 3))) = (.0 x)u (1 (Mo, P) (15 © §)- (71 (No, )

and

Y(m1 (Mo X No, (P, X)) = (¥ 0 tz) (1 (Mo, P)) (W 0 15): (1 (No, X))

It therefore suffices to show that (¢z o x). (71 (Mo, p)) = (¥ o tz).(71(Mo, p)) and (¢ 0 ¢)..(m1(No, X)) =

(¥ 0 133).(m1(No, X)) The first is a matter of as

(tx 0 )« (1 (Mo, P)) = (15 0 p1 oY 0 tx). (1 (Mo, P))

= (Y oz)«(m1(Mo, p))

As for the second,

(45 © @) (1 (N0, ) = (15 0 $ 0 70). (11 (Mo X No, (7. )
= (tp om1 oy).(m1 (Mo X No. (5. D))
= (1 (Mo x No, (5, )))

= (5 oY) (m1(Mo, p))

Therefore, the desired homeomorphism ¢ exists.

In light of Proposition 5.4, whenever the diagram (5.1) commutes, there is no loss of generality in

assuming that the diagram (5.2) commutes as well.

Lemma 5.5. Suppose the diagram (5.1) commutes isometrically. Then each M-fiber of M| X Ny is

totally geodesic.

Proof. Let (p1,%) € My x Ny, and choose (p;,2) € ¥~ (j1,2). Let U € Myx Ny and V € M; X N| be
open sets around (p;,z) and (py,Z), respectively, such that Y|y : U — V is an isometry. Shrinking
U and V, if necessary, one may suppose that ¢ oy is injective on U and that V is strongly convex.
Note that V intersects M; X {Z} in an open subset of M| X {Z} containing (p1,Z%). Let (p2,Z) € V, and

fix a minimal geodesic & : [a,b] — V from (p1,7) to (P2,Z). Let @ : [a,b] — U be the lift of & based
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at (p;,z). Then @ is a minimal geodesic and, since ¢ oy =m0y, pompoa(0) =Z = pomyoa(l).
Since ¢ o 7y is injective on U, a(1) = @(0) =z. Since My X Ny has a product metric, mgo a(t) =2
for all t. Thus 7y o @(f) = my oy oa(t) = pomyoa(t) = Z for all . This shows that M x {Z} is totally

geodesic.

Lemma 5.6. Suppose the diagram (5.1) commutes, where My, Ny, and the M; X N; are Riemannian
manifolds, My X Ny has the product metric obtained from My and Ny, and  is a local isometry. Let

T denote the deck transformation group of My x No. Then T C .7 (Mo) X % (N).

Proof. It must be shown that each y € T is of the form y = @ x8 for some @ € .# (M) and 8 € .# (Np).
This is done by first showing that y takes My-fibers to My-fibers. Fix x € Ny, and let o : [a,b] —
My % {x} be continuous. Then oo =xforall . Let 5 :=yoo. Then w1 o06(t) =mjoopor(t) =
pomgoo(t) =¢(x)forall t. Let op :=y o0, and xg := 0g(a). Then ¢y ooy = G, so as before one has
that ¥ = 71 0 57(f) = oy 0 To(t) = pomg o To(¢) for all £. So o7 € ¢~ (%) for all ¢. Since ¢~ (%) is
discrete, this implies that g o 0o(#) = X for all ¢. Since M is connected, it follows that y takes each
each M fiber into a single My-fiber. Since vy is an isometry, it must preserve the normal distribution
to the My-fibers; since My X Ny has a product metric, that is exactly the tangent distribution to the
Nyp-fibers. Since Ny is connected, y also takes each Ny-fiber into an Ny-fiber. Because my oy is
constant along each My-fiber and pg oy is constant along each Ny-fiber, there exist a : My — M)

and 8 : Ng — Ny such that @ X . Since v is an isometry, @ and  are isometries as well.

As an application of Lemma 5.6, one may show that, when ¢ is normal, the metric on N; need not

be given in advance, but is instead uniquely determined by the rest of the diagram (5.1).

Proposition 5.7. Suppose the diagram (5.1) commutes, where My and Ny are Riemannian man-
ifolds, My x Ny has the product metric obtained from My and Ny, ¢ is normal, and ¥ is a local
isometry. Then there exists a unique Riemannian metric on N1 with respect to which ¢ is a local

isometry.

Proof. Denote by h the metric on Ny, g the metric on My, and I' the deck transformation group of ¢.

Since ¢ is a normal covering map, & will descend to a metric on N, if and only if 4 is I'-equivariant.
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Fix any x € Ny and v,vy € TNy, write X := ¢(x), and let y € I'. Note that ¢ o y(x) = X. Fix any
Py € Mp. Since ¥(py,x) € My X {x}, Lemma 5.3 states that ¢y x(,3) : Mo X {y(X)} = My x{x} is
surjective, and there exists p, € My such that y(p,,y(x)) = ¥(p;,x). Since ¢ is a normal covering
map, there exists a deck transformation o~ of ¢ that takes (p;,x) to (p,,y(x)). By Lemma 5.6,

o =axpBfora e #(My) and B € Z(Np). One has that

pof=pomoror
=770017000'0Lf
=mpoyYolx
=¢ompoix
=¢

Thus S is a deck transformation of ¢. Since 8(x) = y(x), it follows that 8 = y, and one has

h(v1,v2) = g X h((0,v) 3,5, 0.v2)3,5)
= gx (0o (0,v1) 3, 5,0:(0,v1)z, 5)
= X H{(@ (0B, 1) (@) 8-02)) 5, i)
= gxh((0.8.00) 5, ) OB 5 )
= h(B.(v).B.(v2)

= h(’y* (V] ), V= (VZ))

Thus & descends to a unique metric on Ny with respect to which ¢ is a local isometry.

In the following, a fundamental domain for a covering map ¢ : Y — Zis definedtobe aset X C Y
such that y|x : X — Z is bijective. In practice, fundamental domains should be nice sets, at least

measurable with boundary measure zero, but that is not taken as part of the definition here.

Lemma 5.8. Suppose the diagram (5.2) commutes. If A C My and B C Ny are fundamental domains

of x and ¢, respectively, then p(A X B) is a fundamental domain of .

Proof. 1t must be shown that ¢ o (A X B) = M| X N and that y/|,axp) is injective. To see the first,

let (p,X) € M| X Ny. Since y(A) = My and ¢(B) = Ny, there exist p € A and x € B such that ¢(x) = X.
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Therefore, ¥ o o(p,x) = ¥ X ¢(p,x) = (p,X). To see the second, suppose (p;,x;) € p(AXB), i=1,2,

satisfy ¥(p;,x1) = ¥(p,,x2). Then there exist (g;,z;) € A X B such that (p;, X;) = ¢(g;,z;). Thus

(@), 8z)) = x X (q;,7:)
=yo ‘10(61" Zi)

=¥(piz)

for each i. Therefore, x(q,) = x(¢,) and ¢(z1) = ¢(z2). Since y|4 and ¢|p are injective, (g,21) =

(42,22), and consequently (py,21) = ¢(q;,21) = ¢(q2,22) = (P2,22), and Ylyaxp) is injective.

Lemma 5.9. Suppose the diagram (5.2) commutes. If y is finite with #(y) sheets and B C Ny is a

fundamental domain of ¢, then My X B is the union of #(x) fundamental domains of .

Proof. Since y has #(y) sheets, M is the union of #(y) fundamental domains of y. By Lemma
5.8, whenever By C Ny is a fundamental domain of ¢, ¢(My X Bp) is the union of #(y) fundamental
domains of i; so the result will follow if it’s shown that, for some such By, My X B = ¢(M X By). Fix
P € My. Since pompopoiyz =mo(y XP)ow; =, myo oy is a deck transformation of ¢. Therefore,
By :=(mgopo Lﬁ)’l (B) is a fundamental domain of ¢. Note that, for each z € Ny, pompopoiz(-) =
mo(y X@)oiz(-) = ¢(z). As in the proof of Lemma 5.3, it follows by continuity that mgo ¢ oz is
constant. One may therefore show that pp ootz : My — My is a homeomorphism. If (g,z) € My X By,

then

mpopoig(z) =mpopoi(q)

=mpopoiz(p)

=mpopoip2)
Since 7y 0 ¢ 0 135(2) € B, it follows that ¢(g,2) = ¢ 015(2) € My x B. So ¢(Mo x By) € Myx B. On
the other hand, if (g,X) € Mo x B, let Z := (g0 p 0153)"'(X) and g := (pg 0 p 01z)"'(g). As above,

7 0 ¢(qg.2) = Mo © @ 0 15(Z) = X. At the same time, po © ¢(g.2) = g. S0 (¢,X) = ¢(qy,2) € (Mo X By).
So My X B C (Mg X By).
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Lemma 5.10. Suppose the diagram (5.2) commutes isometrically. Let N be a Riemannian manifold

and f : My x N| — N a continuous function. Then the following hold:

(a) If f is constant along each M,-fiber and, for each p € M,, fo Ly is totally geodesic, then fis

totally geodesic; and

(b) If M1 X Ny has finite volume, each geodesic in N is minimal, f is totally geodesic, and, for any
(p,%) € My XNy, (foip)(m1(My,p)) =<e>, then f is constant along each M,-fiber and, for each

peM,, fo Ly is totally geodesic.

Proof. (a) Suppose f is constant along each M;-fiber and that each fo ty : Ny — N is totally
geodesic. Write f:= foy. Since mj oy = ¢pomy, f is constant along each My-fiber. Since My X Ny
has a product metric, to prove that f is totally geodesic, it suffices to show that, for each p € My,
fo 1 : No — N is totally geodesic. Let (p,x) € Mo X Ny, and write (p, %) := ¢(p,X). Lety : [a,b] = Ny
be a geodesic geodesic with y(a) = X, and write ¥ := ¢oy. Since ¢ is a local isometry, ¥ is a geodesic.

Note

mpoYo; =¢ompoly
=¢

=1 OL[,O¢

Thus mjotpoy =morzopoy=moorzoy. Since f is constant along each M, -fiber, it follows
that fou 5Oy = foyo G0y = fo 1 07. Since the former is a geodesic, so is the latter. Since (p,x)
and ¥ were arbitrary, f is totally geodesic.

(b) By Lemma 2.6.2, f is smooth. By Lemma 5.5, each M|-fiber of M| X N is totally geodesic.
Since M) X N; has finite volume and its M,-fibers are totally geodesic, the coarea formula may
be used to show that almost all M;-fibers have finite volume. By Lemma 3.1.7 and a continuity
argument, f must be constant along every M;-fiber. Let (p,%) € M| x N and (p,%) € ¢~ (p, %), and
let ¥ : [a,b] — N; be a geodesic with ¥(a) = X. Since pomg =mjoif, X € oL (). map f = fo Y is
totally geodesic. Let y : [a,b] — Ny be the lift of ¥ satisfying y(a) = x and ¥ = ¢o’y. Then 150 is
a geodesic, which implies that fo 5oy is also a geodesic. As shown above, fou 5oy = fo 50Y.

Thus fo Ly oy is a geodesic. Since X and ¥ were arbitrary, fou 75 1s totally geodesic.
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Lemma 5.11. Suppose the diagram (5.1) commutes. Suppose also that the N; are Riemannian
manifolds such that ¢ : Ny — Ny is a local isometry, that Ny is simply connected, and that M| and
N, are compact. Let N be a Riemannian manifold, 7 : N — N its Riemannian universal covering
map, and f : My x Ny = N a continuous function such that (f ot:).(m1(M1,§)) =<e> for any (§,%) €
M, x Ny. Write f := fou. Foreach R >0, there exists C = C(R, f) > 0 such that the following hold:
(a) Given any (p,X) € Mo X Ny and y € i (f(p, %)), f lifts to a map F : Myx Ny — N such that
f(ﬁ, X)=yandrmo F= ? and

(b) Every such lift F satisfies d5(F(y,Z0), F(q,,Z1)) < C whenever dy,(Z0,71) < R.

Proof. (a) Write (p,X) := y(p,%). Since (f otz).(m1 (M1, p)) =<e>, the homotopy lifting property

implies that (f o ). (1 (Mo, p)) =<e>. This and the fact that Ny is simply connected that

(1 (Mo x No, (7, ))) = (f 0 1) (1 (Mo, P))(f © ). (1 (N0, D)) =< >
Therefore, ]_f lifts to a map F : Mgx Ny — N such that f(l_a, x) =y and the diagram

MoxNo—=N
NN
f
M xNi——=N
commutes.
(b) Fix (p,x) € My X Ny, (p,%) := (p,%), y e n-'(f(p,%)), and F : My x Ny — N as in part (a). Let
X =Xz : My — M be the covering map and ¢ : My X N9 — My X Ny the homeomorphism from
Proposition 5.4, so that the diagram (5.2) commutes. It will be shown that, for each (¢,z) € M| X Ny,
Fogis constant on (y xid)~'(g,z). Write 7 := ¢(z). Let G0-q1 €x~'(§), and fix any path & : [a,b] —

My from g to g;. Then & := y oo is a loop in M; based at §. Note that, for each i = 0,1,

moFop(q;2) = foyog(;,?)
= fox x¢(;,2)

= £(g.2)

So o F 0 @(gy,z) = 7o F 0p(q,,7); in other words, F o ¢(g,,z) and F o ¢(g,,7) lie in the same fiber
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of 7. Note that F o p o1z 0 is a path connecting F o ¢(gy.Z) to F o ¢(q,,Z). By assumption,

0= (fow).([5])
= [fOLZ oyor]

=[foxx¢oroT]

= [foyoporoT]

= [n'ofotpoLzoE]

It follows from the homotopy lifting property that F o ©(qg,2) = F 0@(g,,7). Thus F o ¢ is constant
on each fiber of y xid. This implies that F o ¢ descends along y xid to a map F : M; x Ny — N such

that the diagram

Mo x Ng —— Myx Ny ——=N
ey
idx¢ f
M XNy—— M| XN, ——N

commutes.

The next step is to define a function D : Ny — [0,00) by D(Z) := diam(F (M, X B, R))) for any
7€ ¢ 1(%). To see that D is well-defined, fix Z € N and Zo,Z; € ¢~ '(Z). Denote by @ : Ny — Ny
the deck transformation of ¢ that takes zo to zj. Since ¢ is a local isometry, « is an isometry, and

@(B(z0,R)) = B(Z1,R). One has that
noFoidxa= foidxgoidxa
= foidx(¢o@)
= foidx¢
=JrO F
In other words, F' and F oid x @ are lifts along 7 of the same map. Since x is normal, it follows from

general theory that there exists a deck transformation 8: N — N of 7 such that o F = Foid x@.

Since 7 is a local isometry, A is an isometry. Therefore,
diam(F(M, x B(zo.R))) = diam(B o F(M; x B3 R)))
= diam(F oid x@(M, x B(z0.R)))

= diam(F (M, x B, R)))
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This shows that D is well-defined. Since M, is compact, D(Z) < co for each 7 € N;. Since D is
continuous and N; is compact, it follows that D is bounded above by some C > 0. If (g;,z;) € Mo X Ny,
i=0, 1, satisfy dy,(Z.21) <R, then dg(F(qy.Z0). F(§).21)) < diam(F (M, x B0, R))) = D(¢(Z)) < C.
It only remains to show that this inequality holds for an arbitrary lift G : My x Ny — N of f. This

follows from the fact that there exists an isometry ¥ : N — N such that yo F = G.

Remark 5.12. In the case of R = 0, Lemma 5.11(b) is equivalent to the statement that every such
lift F satisfies diam(?o z(My)) < C for each 7 € Ny. For this to hold, the diagram (5.1) need only

commute, not necessarily isometrically. One may define a pseudo-metric d on My X Ny by setting
d7((@o-20)- @1,20) 1= d(F(@o,20), F(@1,70))

for any such lift F. One may also define a pseudo-metric dy on Ny by setting dz(Zo,Z;) to be the
Hausdorff distance between the compact sets f(ng !(z0)) and f(na (z1)). The result for R = 0 is

then equivalent to the statement that (Mo X Ny, dz) is within finite Gromov-Hausdorff distance of

(No, dn).

Lemma 5.13. Suppose the diagram (5.1) commutes isometrically, where My has finite volume. Then
there exists a number #(if) € N such that each Y|z has #() sheets and each M -fiber of M1 X N1 has

volume equal to %VO](M()).

Proof. By Lemma 5.5, each M -fiber of M| X N is totally geodesic. Since the My-fibers of My X Ny
are also totally geodesic and  is a local isometry, Lemma 5.3 implies that each ¢/ xz) : Mo X {z} —
M x{#(2)} is a Riemannian covering map. Since M has finite volume, each iy, «(z) must therefore
be a finite covering map, and each M-fiber must have finite volume. Let y = y5 := p1 oY o5 and
©: Myx Ny — Myx Ny be as in Proposition 5.4, so that the diagram (5.2) commutes. As shown in
the proof of Lemma 5.9, each 7 o ¢ o5 is constant, and, consequently, each pgo otz : My — My is
a homeomorphism. Therefore, y = (01 0¥ 0 Ly 0407) © (P9 © @ 0 17) for each z. That is to say, pgo g otz
maps each fiber of y to a fiber of p1 0y 0ty 0p07; 80 their fibers must have the same cardinality. Since
7o o @ is surjective, this shows that each ¢y, <z has the same number of sheets as y. Let #(y) € N
denote that common number of sheets. Then each M/ -fiber must have volume equal to #%W)VOI(M()).

O
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Remark 5.14. By Lemma 5.6, whenever (5.1) commutes isometrically, the deck transformation
group T of y satisfies T C .# (Mg) X .# (Ny). In the abstract, M is realized as the quotient of M by
the kernel of the projection onto the first component of that splitting. This provides another way of

seeing that each y[; has the same number of sheets.

As a consequence of Lemma 2.1.1 and Lemma 2.1.2, when a diagram of the form (5.1) commutes
isometrically and | : M| X N — M is a finite Riemannian covering map, one may, by passing to
covers of the spaces in the diagram, replace y; with a normal covering map. That is the content
of the next lemma, which is rather technical but will play an important role in the work to come.
A few more algebraic preliminaries will help clarify the argument. A key fact, which will be used
implicitly and repeatedly, is that, when M X N is a product manifold and (p,q) € M X N, the map
m1(M, p) X1 (N,q) — m1(M x N, (p,q)) defined by

([a],[B]) = [g 0allep20p]

is an isomorphism, where ¢, : M — M XN and t,5 : N — M X N are the standard inclusion maps
tg1() :=(-,q) and ¢, 5(") := (p,-). Suppose A < (M, p) and B < mr{(N,q). Since each of 71(M, p) =
(M, q(tg,1)«(m1(M, p)) and w1 (N, q) = (1p2)«(m1(N, q)), viewed as subgroups of 71 (M, p) X1 (N, q) =
m1(M X N,(p,q)), is contained in the centralizer of the other, the subgroup product AB is a sub-
group of (M X N,(p,q)). If f: MxN — X is continuous and x := f(p,q), then, since f, :
m1 (M X N,(p,q)) = m1(X, x) is a homomorphism, f.(A X B) = f.(AB) = f.(A)f.(B), the latter also
being the subgroup product. When X = Y X Z and f is a product map of the form f = g x h for
g:M—Yandh:N — Z, where y = g(p) and z = h(q), these equalities take the form (gxh).(AX B) =

8«(A)X h.(B) = (121 08)«(A)(tx2 0 h).(B).

Lemma 5.2.1. Suppose the diagram (5.1) commutes. Let M be a manifold and yr1 : M{ X Ny - M
a finite covering map. Then there exist manifolds M; and N;, i = 1,2, and covering maps g :

My x Ny — My x N, and@ : No = Ny such that the diagram

N A
M0XN0—0>N0 (5.3)
IS
~ A .
M XN — N
commutes, where each 7t; denotes projection onto the second component. There also exist finite and

normal covering maps 12/1 :Ml le - M, :1\71 — Ny, &1 X4 :Ml x]\71 — M| X Ny and, for each
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i=1,2¢&: M; - M,. If Ny is simply connected, then No = Ny and &y xid: My x Ny = Mox Ny is
a finite and normal covering map. Moreover, if the M;, N;, and M; X N; are Riemannian manifolds,
where My X Ny has the product metric obtained from My and Ny, and ¥y, ¥, and ¢ are local
isometries, then the Mi, ]\7,-, and M,- XN,- may be endowed with Riemannian metrics, where the
metric on Mo XNO is the product metric obtained from MO and NO, that make (/A/o, (/A/l, and éﬁ local

isometries.

Proof. Let (p,X) € M1 XNy and (p,x) € wal(ﬁ, X), where, since ¢ oy = 1 oYy, ¢(x) = X. Write x :=
Y¥1(p,X). Since ¢ has finitely many sheets, G := (¢ )*(m (M XNy, (p, )?))) is a finite-index subgroup
of 71(M, x). Note that 7r1(M X N1, (p, X)) = ny(My, p) X n1(Ny, %). Write Gy := (1 o tz).(m1(My, p))
and G2 := (Y1 0tp)«(m1(N1,%)). Then G = G X G,. By Lemma 2.1.1, there exists a normal subgroup
H of m{(M, x) suchthat HC G and [G : H] < [m{(M, x) : H] < co. By Lemma 2.1.2, there exist normal
subgroups H; of G;,i=1,2, such that H X H, C H, [G;: H;] < [G : H] for each i, and [G : H| X H,] <
co. Since (Y1 otg)« : m(My, p) — Gy and (Y1 otp)s : w1 (N1, X) — G, are isomorphisms, H, = (Yo
L;C);l (H,)and H, := (W OL[,);l(Hz) are finite-index and normal subgroups of 71(M1, p) and 71 (N1, %),
respectively. By the general theory of covering spaces, there exist a manifold M, a point p; € M,
and a finite and normal covering map &) : M| — M, such that & (p1) = p and (&)).(m1 (M., p1)) = H.
Similarly, there exist a manifold Ny, %1 € Ny, and a finite and normal covering map 7 : Ny > N,
such that /(%) = X¥ and ({1)*(7r1(1\71,fcl)) = H,. Since &1 and {; are finite finite and normal, so
is £ x 1. By construction, /; := ¢ o (£ X £1) is a covering map that satisfies ¢ (p1,%1) = x and
(l@l)*(m (Ml x Ny, (P1 ,fq))) = Hy X H,. It follows that :Z/] is finite and normal.

By Lemma 5.3, Yol poxz) : Mo X {x} — M x{X} is a covering map. So y := %pl ootz : My— M,
is a covering map satisfying y(p) = p. Let I := H; Ny, (71 (Mo, p)) < m1(My, p). Then there exist a
manifold M, Po € My, and covering maps ¥ : My — M, and & My — My such that x(Po) = b1,
&0(Po) = P» &1 0% = x 0o, and (€1 0 ).(mr1 (Mo, po)) = I = (x © &)« (71 (Mo, po)). Note that [ is a

normal subgroup of y.(m1(My, p)). By the second isomorphism theorem,

[e(m1(Mo, D)) : 1 = [y (1 (Mo, P)Hy : Hi1 < [m1(M1,§) : Hi]1 < 0

So & is finite and normal. The constructions involving Ny are different and somewhat simpler: Let
o No — Ny be the universal covering map of Ny and %o € ¢, 1(%). Then there exists a covering map

& : Ny — Ny such that ¢(R0) = X1 {10 d = ¢ o .



The next step is to define a covering map @0 : Mo x No — M; x N; so that the diagram

0

Mo x N,
/ w

MIXNl My X Ny

M1><N1

commutes. This is done by lifting along &; X {;. Note that

Yo o (o0 X £0)(Po,Xo) = Yo(p,x) = (P, %) = &1 X L1(P1,X1)
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Since &1 X {1 is a covering map, a map ;.7/0 satisfying the above diagram and t/?o(ﬁo,fco) = (P1,%1)

exists exactly when

(W0 0 (€0 % Z0)), (1 (Mo X No, (o, %0))) < (&1 X £1)(ma (M x W1, (p1, 51)))

Note that the diagram

Mo —2 My —Z~ Mox Ny
L)? jx lwo
M, _a My —== M x N,
commutes. Therefore,
(W0 © 15 0 &0)«(m1 (Mo, o)) = (tx 01 0 R)<(m1 (Mo, Po))
= (tx)«()
< (t)(H1)

= (tz 0 &D(m1 (M1, 1))

It follows that

(W0 (€0%£0)). (1 (Mo x No, (po, £0))) = (o)( (25 0 €0)+ (1 (Mo, p0)) (15 © £0)- (1 (N0, %0)))
= (Yo © 5 0 &)+ (1 (Mo, p0)) (o © 5 0 £0)s (1 (Mo, £0))
= (Yo 0 15 0 &) (11 (Mo, Po))
< (tx 0 &)u(mi (M, 1))
< (tx 0 € (M1, p)) (e 0 (i (N1, £1)

= (& X Q)-(m1 (M) x K, (b1, £1)
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where the equality in the fourth line follows from the fact that Ny is simply connected. Thus
exists. Since Y o (£ X {p) and & X {| are covering maps between manifolds, /o must also be a
covering map.

It will next be shown that 7 o 1/70 = <;3o 7to. Write (/70 = (d,ﬁ) for maps @ : My x Ny — M, and
B : Myx Ny — Ny. Then 7 o (é1x21) oy = m(éoa, 0y Oﬁ) ={ Oﬁ. At the same time, by the
definition of g, 71 © (€1 X £1) 0 b = 11 0 g 0 (€9 X {o) = pomp o (€9 X Lo) = po Lo oftg = {1 0o .
Thus ¢; o8 = ¢1 oo ry. Put differently, B8 and ¢ o 7g are lifts via ; of the same function. Since
B(Po. 20) = &1 0Po(Po. F0) = A1(P1.£1) = £1 = d(Ro) = o o(Po. o), it follows that 7ty oy = B = do fo.

In the case that Ny is simply connected, No = Ny and o =1d, and & X ¢y = &y X id is a finite
covering map. In the case that the M;, N;, and M; X N; are Riemannian manifolds, where My X Ny
has the product metric obtained from My and Ny, and g, 1, and ¢ are local isometries, each of the
manifolds M;, N;, and M;x N; may be endowed with the pull-back metrics from the corresponding
&, &, and &; X {;, respectively. Since My X Ny has a product metric, the pull-back metric on My x No
from & x (o is the product metric obtained from My and Ny. Since & o ¢ oy = Yo o & X o,

g1 =1 0(€ x1), and £ 0 $ = ¢ o £y, the maps Y, /1, and ¢ are local isometries.
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Chapter 6

Deformation into totally geodesic maps

6.1 Riemannian center of mass

A key tool that will be used is the center of mass. According to Berger [Ber], this topic has a
long history. It was first used by Cartan to study manifolds of non-positive curvature and has since
been used productively by a number of prominent geometers. Its modern renaissance seems to date
to the work of Grove—Karcher [GK]. It turns out that the construction works equally well on the
universal cover of a complete manifold with no focal points, since the essential property it requires
is that the distance squared to each point is strictly convex. This chapter begins with a proof that the
center of mass exists. Key properties that will be used are from Corollary 2.5.7(a)-(b). Namely, if
N is a complete Riemannian manifold and g € N, then B(g, %p(q)) is strongly convex and, for each

7€ B(g, %p(q)), the function d*(-,z)| ) is strictly convex.

B(g.30(9)
Lemma 6.1.1. Let N be a Riemannian manifold, g € N, and Y C B(q, %p(q)) a compact and convex
set. If p € B(g, %p(q)) \Y, let v :[0,1] > N be any geodesic with y(0) = p, y(1) € Y, and L(y) =

d(p,Y). Then, for eachy € Y, the function t — d(y(t),y) is strictly decreasing.

Proof. 1Tt suffices to show that ¢ — dz(y(t), y) is strictly decreasing, since /- : (0,00) — (0,c0) is
strictly increasing. This is equivalent to s — d?(y(1 —s),y) being strictly increasing. Let a : [0, 1] —
B(qg, %p(q)) be the unique minimal geodesic connecting y to y(1). Since Y is convex, a([0,1]) C Y.
Since y € B(g, %p(q)), the function d?(-,y) is strictly convex on B(g, %p(q)). Since vy realizes the
distance from p to Y, the first variation formula implies that g(a’(1),7’(1)) < 0. The result follows
by constructing a variation

1
A:10.6)x[0.1] = B(q. 30(0))

of a by setting A(s, ) := exp, (texp;, Yy(1 - s))) and applying the first variation formula; this shows

that s > d?(y(1 - s),y) has non-negative derivative at s = 0. By strict convexity, it must be strictly
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increasing on [0, 1].

A mass distribution is a measurable function m : Z — M, where (Z,v) is a measure space of
total measure one. Whenever m maps into a ball B(g,R), where 0 < R < %p(q), the function
X fz d?(x,m(z))dv, defined on B(g, %p(q)), is strictly convex and, consequently, attains a unique
minimum on B(g,R). The above lemma implies that this minimum must occur inside conv(m(Z))

and be a global minimum on B(g, %p(q)).

Proposition 6.1.2. Let M be a complete Riemannian manifold, g € M, and m : Z — B(q, %p(q)) a

mass distribution. Then the function x fz d?(x,m(z))dv is strictly convex on B(q, %p(q)).

Proof. By the construction of %p(q), for each z € Z, the function d?(-,m(z)) is strictly convex on

B(q, %p(q)). The result now follows from Lemma 2.4.1.

Proposition 6.1.3. Let M be a complete Riemannian manifold, g € M, and m : Z - M a mass
distribution. Suppose m(Z) C B(q, R) for some 0 <R < %p(q). Then the function x — fZ d?(x,m(z))dv
attains a unique minimum ®,, on B(g, %p(q)), which must lie inside conv(m(Z)). If R < 29D then d,,

is the unique minimum on N.

Proof. By the construction of %p(q), the ball B(g,R) is strongly convex, so B(g,R) is as well.
Since m(Z) € B(q,R), conv(m(Z)) € B(g,R). Since x — fZ d?(x,m(z))dv is strictly convex, it at-
tains a unique minimum ®,, on conv(m(Z)). Assume there exists x € B(g, %p(q)) \ conv(m(Z2))
such that fz d?(x,m(z))dv < fz d?(®,,,m(z))dv. Lety:[0,1] — M be any geodesic with y(0) = x,
¥(1) € Conv(m(2)), and L(y) = d(x,conv(m(2))). By Lemma 6.1.1, t > d(y(1),m(2)) is strictly
decreasing for each z € Z, so d*(y(1),m(z)) < d*(x,m(z)), and, consequently, fz d?(®,,m(z))du <
fz d?(x,m(z))du < fz d?(y(1),m(z))du. This is a contradiction, which shows that ®@,, is the unique
minimum on B(g, %p(q)). Suppose R < @. Then there cannot exist x € N \ B(g, %p(q)) with
fZ d?(x,m(z))dv < fz d?(®,,,m(z))dv, since then d(x,m(z)) > ’@ and d(®,,,m(z)) < p(Tq) forallze Z.

So ®,, is the unique minimum on N.
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The point @, € B(g, %p(q)) is called the center of mass of . In Grove—Karcher [GK], its existence
is shown using a somewhat different tack, although ultimately the strict convexity of the square of
the distance function is the key point in any approach. They prove that, when the mass distribution
m(Z) maps into a sufficiently small ball, whose size is given explicitly in terms of upper and lower
bounds for the sectional curvature and the injectivity radius, the function x — fz exp;! (m(z))dv has

a unique zero. This zero is @,,,.

Lemma 6.1.4. Let M be a complete Riemannian manifold, g € M, and m : Z — M a mass distribu-
tion. Suppose m(Z) C B(q,R) for some 0 < R < %p(q). Then ©,, equals the unique minimum of the

function x — [, exp;' (m(z))dv on B(q.R).

Proof. Let v € T,B(x,R). For each z € Z, construct a variation V : (-g,&) X [0,1] = B(x,R) by

V(s,1) := expyy (t- exp;l}Z) (yv(s))). As shown in the proof of Lemma 2.5.5,

d

Tl COnsm) = ~2(v.exp; " (m(2)

Therefore, the gradient V,, fz d?(-,m(z)) dv satisfies

vadz(-,m(z))dv:di|s=0fd2(y(s),m(z))dv
z S z
d
= f < ls=0d(v(s), m(2)) dv
z as
:—2fg(v,exp;1(m(z)))dv
z
:—2g(v,fexp;l(m(z)))dv
z

Since ®,, minimizes x fz d?(x,m(z))dv, it follows that g(v, fzexpa)l (m(2)) dv) = 0 for all vec-
tors v € T, B(x,R), and consequently fzexp(;n (m(z))dv = 0. Since @, is the unique minimum on

B(x, R), the function x fz exp; ! (m(z))dv can have no other zeros on B(x, R).

Another useful property is that, roughly speaking, the center of mass in a product space is the

product of the centers of mass.

Lemma 6.1.5. Let M be a complete Riemannian manifold, g€ M, R < %p(q), m:Z — B(q,R) a mass

distribution, and S a closed and convex subset of B(q,R). Suppose that S is isometric to the product
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S1X--XS8,, where the S; are convex subsets of S. For eachi=1,...,n, denote by n; : S — S; the

standard projection. If m(Z) C S, then @, = (Or oms- - -, Pr,om)-

Proof. Note that § and the S; are strongly convex, since B(g,R) is strongly convex. Note that
conv(mjom(Z)) € S;. Thus @pop € 5. It follows that (Dr oms - . ., Pr,om) is identified with a point in
S. By the same reasoning, @, € conv(m(Z)) C S, which, since S is isometric to S| X--- XS, means
that there exist s; € S; such that ®,, = (s1,...,5,). Since S and §S; are convex, dg = don § XS,

dg,=donS;xS; and d*((x1,..., %), 1., ¥n) = Xty d2(x;, ;) for x;,y; € S ;. Therefore,
[ @ @nm@ar= [ @1 omay...omomie)ar
VA VA

=Zfd2(si,7riom(z))dv
i=1 Y72

n
> Zfdz(q)momaﬂ'iom(z))dv
i=1vZ

with equality if and only if s; = @y, for all i. Since ®,, is the unique minimum of the function

x> [, d*(,m(z))dz, it follows that @y, = (Dryoms- - -, Pr,om)-

It’s also worth noting that, since the center of mass is defined only using the distance function, it

commutes with isometries.

Lemma 6.1.6. Let M be a complete Riemannian manifold, g € M, and m : Z — M a mass distribu-

tion. Suppose m(Z) € B(q, R) for some 0 <R < %p(q). Lety € I (M). Then y(®,,) = Oyop.

The following will also be useful; it will be applied to show that the center of mass can be used to

smooth out a map without leaving a locally convex set.

Lemma 6.1.7. Let M be a complete Riemannian manifold, g € M, 0 <R < %p(q), S a compact and
locally convex subset of B(q,R), and m : Z — S a mass distribution. If v(m_l(S °)) > 0, where S° is
defined with respect to the structure S has as a topological manifold, possibly with boundary, then

O, eS°.

Proof. Since S is convex, conv(m(Z)) C S, so ®,, € S. Assume @, € JS. Let P be a supporting
hyperplane to S at ®,,. Since v(m‘l(S °)) >0, m~1(S°) # 0. There are two unit normal vectors to P

at @,,; let v be the one with the property that g( exp&)1 (m(z)),v) > 0 for all z€ m~'(S°). Note that
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g( expy, (m(2)), v) > 0 for all z € Z. It follows that g( I, expy, (m(z))dv, v) =/, g( expy, (m(2), v) dv>
fm 15y g( eXpg, (m(z)),v) dv > 0. This contradicts the fact that fzexpc})1 (m(z))dv = 0. Therefore,

O, eS°.

I will need to use the center of mass mostly when Y is a discrete set of point masses of the form
{y,-|l <i<k}cB(g, %p(q)), where each y; has mass A; € [0,1] and Zle A; = 1. To bring this in
line with the definition given above, Z is taken to be a finite set {zi|1 <1i <k}, vis the discrete
measure v(z;) = 4;, and m : Z — N is defined by m(z;) = y;. In this special case, much of the abstract
formalism can be done away with. For any Y = (y{,...,yx) € Nk and A = (1y,...,4) € [0, 1]%, where
Zle A; =1, the trio (Z,v,m) will be implicitly identified with the pair (¥, A), and ®,, will be denoted
®A(Y). Since y; € B(g, %p(q)), there exists 0 < R < %p(q) such that y; € B(g,R), so ®A(Y) exists,
uniquely minimizes x — Zle 2;d3(x, y;) on N, and lies inside conv{yy,...,y,}. Since the function
Zle A;d3(, y;) varies continuously with y; and A;, this defines a continuous function @ : Nk XY —
B(g,R), where Z denotes the zero set of (4y,...,4;) — (Zle 1) —1, viewed as a function on [0, 1]*.

The previous lemmas, in this special case, take the following forms.

Lemma 6.1.8. Let M be a complete Riemannian manifold, g € M, R < %p(q), and S a closed and
convex subset of B(q,R). Suppose that S is isometric to the product S| X ---X S, where the S;
are convex subsets of S. For each i = 1,...,n, denote by n; : S — S; the standard projection. If
Y € Sk and A € (0,11, where £, 4; = 1, then ®A(Y) = (DA(m1(Y)). .., @A(Ta(Y))), where mi(Y) =

Ti1s Y0 = (@), - wi()

Lemma 6.1.9. Let M be a complete Riemannian manifold, g € M, 0 < R < %p(q), S a compact
and convex subset of B(q,R), Y € Sk and A €0, 11, where Zle A; = 1. If there exists y; € S° with
A; > 0, where S° is defined with respect to the structure S has as a topological manifold, possibly

with boundary, then ®5(Y) € S°.

Lemma 6.1.10. Let M be a complete Riemannian manifold, g € M, and A € [0,11%, where Zle A=

1. Suppose Y € B(q, %p(q))k. Let ¢ : M — M be an isometry. Then (P (Y)) = PA(¢(Y)).

It follows immediately from the definition of @ that, for any A = (1,...,A4x) € Z% and x € M,

D (x,...,x) = x. Moreover, the center of mass is invariant under permutations of indices. That
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is, if o : {1,...,k} — {0,...,k} is any permutation, o(A) := (Ag(1),-..,Adek)), and o (xy,...,x5) =

(Xo(1)s - > Xor())» then Dgp)(0(x)) = Dp(x).

6.2 Construction of a homotopy

A key insight of Cao—Cheeger—Rong is that the center of mass function can be used to glue together
homotopies in a way that preserves the property of being totally geodesic [CCR1]. They were
working in the context of Riemannian manifolds N with non-positive sectional curvature, but the
essential property required is only that, for each p € N, d(-,p) is strictly convex. By Theorem 4.1.1,
this holds when N has no focal points. In this case, by Corollary 2.5.7, p(N) = co and the center of

mass is defined globally on N.

Theorem 6.2.1. Let M be a manifold, N a complete Riemannian manifold with no focal points,
and hy,...,h : [a,b) X M — N continuous functions such that hi(a,-) = hj(a,-) for all i, j. Let A =
A1,...,Ak) € Z%. Then there exists a continuous function h : [a,b] X M — N characterized by the
following property:

(*) If x € M, then, for any lifts Ei(-) :[a,b] > N of the curves h;(-,x) satisfying Ei(a) = Ej(a) for all

i, j, h(-,x) =m0 ®A(h1(), ..., ().

Consequently, this map satisfies h(a,-) = hi(a,-) for all i. If M is a flat Riemannian torus and each

hi(b,-) is totally geodesic, then h(b,-) is totally geodesic.

Proof. The map & will be defined by property (*), but first it must be shown that 70 ®a(hy,. .., k)
is independent of the choice of basepoint 4;(a) € N. This will follow from the fact that ®, com-
mutes with the deck transformations of 7 : N — N. For any x € M, let ¥,,¥, € 7~ (hi(a,x)) C N.
For each [ = 1,2, denote by Ei,l 2 a,b] — N the lifts of the paths A;(-,x) with E,-,l(a) =Yy,;. Denote
by y : N = N the deck transformation satisfying v(;) =Y,. Note that yoh;; = h;». Since yo
Dp(h1 .. hi)) = DAY O Ry, .., yolu1) = Oa(h12,... o), it follows that 7o @y (hy q,..., hyy) =
moyo®a(hyy,....hx1) =m0 DA(R1 2, ..., hi2). Thus h is well-defined.

For any x € M and y € 7~ (hi(a, x)), let h;() : [a,b] — N be lifts of h;(-, x) satisfying hi(a) = for
all i, j. Then h(a,x) = no®a(h1(a),...,h(a)) = To DA, ...,¥) = 1(¥) = hi(a, x). Thus h(a,-) = hi(a,-).

To see that 4 is continuous, first note that, for each x € M, h(a, x) is contained in an open set V
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evenly covered by . Since h(a, -) = hi(a,-) is continuous, hYa,V)is open. Therefore, the functions
hi(a,-) have lifts on 4~ (a, V) that extend to continuous functions h; : [a,b] x h™'(a,V) — N. As the
composition of continuous functions, 7 = 7o @A(f_zl yeen ,Zn) 1s continuous.

Suppose that M is a flat torus 7" and that each h;(b, -) is totally geodesic. The goal is to show that
h(b,-) is totally geodesic. Since each geodesic g : [a,b] — T" may be uniformly closely approxi-
mated by some portion of a closed geodesic, it suffices by taking limits to prove that the composition
of h(b,-) with any closed geodesic @ : S! = ([0,1]/ ~) — T" is totally geodesic. Let ¢ := h(a, a(0))
and [o] := [h(a,a(-))] € m1(N,q), and let w € TN be the initial vector of the unique geodesic loop in
[0]. Note that the image of the map induced on 71 ([a,b] xS !, (a,0)) by each h;(-,a(-)) : [a,b] xS —
N is the subgroup generated by [o]. At the same time, (n[g])*(m(ﬁ[g], w)) = Z([o]). It follows that
the h;(-,a(-)) lift to maps A; : [a,b]1x S = [a,b] X ([0,1]/ ~) = Nj, such that H;(a,0) = H;(a,0) =w
and Hy(a,-) = H,(a,) for all i, j. Since each h;(b,) is totally geodesic, H;(b,-) is a closed geodesic,
which means that H;(b,S') C Cj). Let H; : [a,b] X[0,1) — N be lifts of Hiljpixj0.1) to N with
Hia,") = ﬁj(a,-) for all i, j. Then all ﬁi(b, [0, 1)) lie in the same component C of lp[‘gl](é[g]). By
Theorem 4.1.6, C is strongly convex and splits isometrically as Co x Rl where rank{[c]} €
{0,1} and each H;(b,") maps into an RKIol_fiper. It follows that each H;(b,-) takes the form
ﬁ,-(b,t) = (c;,d; +vt), where c; € Cp, v,d; € R, and, by Lemma 3.1.3, all ﬁi(b, -) have the same speed
Ivl. This implies, by Lemma 6.1.8, that ®x(H{(b,1),..., Hi(b,1)) = (Pp(ct,. .., ), [TX, Aidi]ve).
Therefore, h(b, (")) = mo ®A(H(b,"),...,Hi(b,")) is a geodesic. It follows that A(b,-) is totally

geodesic.

Lemma 6.2.2. Let M be a manifold, N a complete Riemannian manifold with no focal points,
hi,....h:[a,b]X M — N continuous functions such that hi(a,-) = hj(a,-) forall i, j, A= (Ay,..., ) €
%, and X C M a path-connected set. Let h: [a,b] X M — N be the continuous function characterized
by property (*) that’s guaranteed by Theorem 6.2.1. If each h;(b,-) is constant on X, then h(b,-) is

constant on X.

Proof. Let pr € X for k = 1,2, and write yi := h(a, pr). Then yx = hi(a, pr) for all i. Choose y; €
7~ '(z1). For each i, let h; ; : [a,b] — N denote the lift of 4;(-, p;) with h; (a) = ¥,. Since X is path-

connected, there exists a path o : [0,1] — M from p; to p; such that o-([0,1]) € X. Then h(a,o(+))



92

is a path from y; to y;. Since each h;(b,-) is constant on X, each h;(b,0(+)) is a constant path. Let
T :[0,1] = N be the lift of h(a,o(-)) with 7(0) = ,, and write ¥, := o(1). Then y, € 77 (y). Let
his : [a,b] = N denote the lift of A;(-, py) with h;s(a) = ,. Define a map H; : [0,1] x [a,b] = N
by Hi(s,?) := hi(t,o(s)). Since H;(0,a) = hi(a, p1) = yi, H; lifts to a map H, : [0,1] X [a,b] = N
satisfying Hi(0,a) = 7;. By construction, Hi0,) = E’,l(-); since H;(a,-) = o, one has Hi(a,1) =
o(1) =y,, which means Hil,") = Ei,z(-). Since H;(-,b) is constant, so is H;(-,b). It follows that

hi1(b) = Hi(0,b) = H;(1,b) = h;»(b). Therefore, by property (¥),

h(b, p1) = w0 Op(h11(b),... 1 (b))

=10 ®x(h12(b),..., hya (b))

= h(b,p2)

This shows that 4(b, ) is constant on X.

The following theorems develop further machinery based upon observations of Cao—Cheeger—Rong
[CCR1] about the center of mass. By a well-known theorem of Bieberbach, every compact flat
manifold F admits a finite and normal covering by a torus. By averaging over the deck transforma-
tion group of such a covering np : 7" — F, one may prove that, whenever f : F — N is continuous
and f:= foy : T" — N is homotopic to a totally geodesic map, f is also homotopic to a totally
geodesic map. It’s worth emphasizing, however, that the given homotopy on 7" may not descend to
F. A somewhat more general form of this principle, to finite covering maps that aren’t necessarily

normal, is stated in Lemma 6.2.3, with the normal case discussed in Remark 6.2.4.

Theorem 6.2.3. Let M and M be Riemannian manifolds, v : M — M a finite covering map with n
sheets, A € 23, N a complete Riemannian manifold with no focal points, f : M — N a continuous
function, and f := f o the lift of f to M. Suppose H : [a,b]x M — N is a continuous function
with H(a,-) = f(-). Then there exists a continuous function h : [a,b] x M — N characterized by the

following property:

(%) If x € M and =" (x) = {x1,...,x,), then, for any lifts l_z,-(-) :[a,b] > N of the curves H(-,x;)

satisfying hi(a) = hj(a) for all i, j, h(-,x) = w0 DA (1 (), ..., ().

Consequently, this map satisfies h(a,-) = f(-).
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Proof. For each x € M, let U, C M be an open set containing x that’s evenly covered by i, and, for
eachi=1,...,n,letUy,; C M be the component of a//‘l(Ux) containing x;. Let hy; : [a,b]x U, — N be
defined by h,;(t,y) := H(t, ‘M_Ui,-(y))' Then hy(a,-) = fly,(-) for all i. Let hy : [a,b] x Uy — N be the
map guaranteed by Theorem 6.2.1 with respect to the maps 4, ;. Note that, for each y € Uy, h,(-,y) is
characterized by property (**), which is independent of x and U,. Therefore, setting A(t,y) := h,(t,y)
for any x € N such that y € U, yields a well-defined map % : [a,b] X M — N characterized by property
(**). By construction, h(a,-) = f(-).

O

Remark 6.2.4. Suppose the covering map ¢ in Theorem 6.2.3 is normal. Denote by I = {71, ...,7,}
the deck transformation group of . The maps H; : [a,b] x M — N defined by H;(t,x) := H(t,7(x))
satisfy Hi(a,”) = H(-), and the map h:la,b)xM — N guaranteed by Theorem 6.2.1 with respect to
the maps H; is ['-equivariant. Since " acts transitively on each fiber ! (x), it follows that 1 = hoy,
where & : [a,b] x M — N is the map from Theorem 6.2.3. Roughly speaking,  is the average of H

over[.

The next result will play an important technical role in the proof of the main theorem. The key idea
is that one may glue together locally defined homotopies using a partition of unity and the center of

mass.

Theorem 6.2.5. Let T" be a flat Riemannian torus and W and M manifolds, where M is connected,
and endow W X M X T" with the product metric obtained from any Riemannian metrics on W and M
and the given flat metric on T". Let N be a complete Riemannian manifold with no focal points and
f:WXMXT" — N a continuous function. Suppose that, around each w € W, there exist an open
set V,, and a continuous function hy, : [a,b] X V,, X M X T" — N such that h,(a,-) = fly,xmxr?(),
hy(b,-) is constant along each M-fiber, and h,,(b,-) is totally geodesic along each T"-fiber. Then
there exists a continuous function H : [a,b] X WX M XT" — N such that H(a,-) = f(-), H(b,-) is

constant along each W-fiber, and H(b, ") is totally geodesic along each T"-fiber.

Proof. For each we W, let U, € W be an open set containing w such that U,, C U, cV,, and
let {4,,} be a partition of unity subordinate to the open cover {U,,} of W. The goal is to define a
homotopy H : [a,b] X WX M — N by gluing together the homotopies 4,, with weights 4,,. For each

p € W, there exists a neighborhood W), around p such that at most finitely many A,, are non-zero
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on W,. Denote these by Ay,,...,4,. If p & supp(4,,,) for some i, then one may replace W, with
W, N supp(/lwl.)[: and discard A4,,. In that way, one may, without loss of generality, suppose that
p € supp(4,,) for each i and, consequently, that p € V,,,. Further shrinking W,,, namely by replacing
it with W, N ( ﬂf: , Vi;), one may, without loss of generality, suppose that each H,, is defined on
[0,1]x W, x M xT". Then A, := (dy,,...,Ay,) is a continuous function from W, into Z; C [0, 1%,

For each w € W), let H,,, : [a,b] X {w} X M xT" — N be the map characterized by prop-
erty (*) guaranteed by Theorem 6.2.1, where A = A(w) and h; = hw,~|W,,>< uxre. Then H), ,(a,") =
Sfliwixmxrn(a,-). Note that A is constant along each M-fiber and each T"-fiber. Because each
H,,, is characterized by property (*) along each T"-fiber, Theorem 6.2.1 states that H,,,(b,-) is
totally geodesic along each T"-fiber. Similarly, by Lemma 6.2.2, H,,, is constant along each M-
fiber. Define H), : [a,b] X W, x M X T" by Hp(t,w,x,y) := H,,(t,x,y). Since the center of mass
D: Nk X %, — N is continuous, the proof that H, is continuous on [a,b] X W, X M X T" proceeds
along exactly the same lines as in the proof of Theorem 6.2.1.

The desired homotopy H : [a,b] X W X M X T" — N will be defined on each [a,b] X W, x M X T"
to equal H),. To see that H is well-defined, suppose W, "W, # 0. Then p; and p, are in the support
of every A,, that’s non-zero on W), and, similarly, every 4,, that’s non-zero on W,. Therefore, p;
and p; determine the same w; and, perhaps up to a permutation of their elements, A, = A,, on
W, NW,,. So H,, = H,, on [a,b] x (W, NW,,)x M xT". Since each H, is continuous, so is H.
By construction, H(a,-) = f(-), H(b,") is constant along each M-fiber, and H(b,-) is totally geodesic

along each T"-fiber.

Remark 6.2.6. One may take M to be a single point in Theorem 6.2.5, in which case it becomes a

statement about maps f: WxT" — N. It will be interpreted this way in the proof of Theorem 6.2.8.

Remark 6.2.71. Theorem 6.2.5, along with most of the results in this section, generalizes to fiber bun-
dles T" — M 5 B endowed with Riemannian bundle metrics with flat 7"-fibers. Roughly speaking,
a Riemannian bundle metric is a metric defined only along the fibers of the bundle; equivalently, it
is the restriction to each fiber of a Riemannian metric on M. In that way, bundle metrics describe
the intrinsic geometry of the fibers. Since the proof of the Theorem 6.2.5 nowhere requires the

T"-fibers to be totally geodesic, the result naturally generalizes. However, such a generalization is
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not necessary for later developments.

From this point on, it will be assumed that My, R, T*, and M; x T* have Riemannian metrics, that

the metric / on R¥ is constant and flat, and that the diagram

My xRk 225 Rk 6.1)

-]

My x Th " T*
commutes isometrically. By definition, this means that My x R¥ has the product metric obtained
from M, and R¥ and that ¥ and ¢ are Riemannian covering maps, but not necessarily that M x T*

has a product metric nor that m; is a Riemannian submersion. Since ¢ is a Riemannian covering

map, the metric on 7% must be flat.

Theorem 6.2.8. Suppose the diagram (6.1) commutes isometrically. Let M be a Riemannian mani-
fold, Y1 : My X T* — M a finite Riemannian covering map, N a compact Riemannian manifold with
no focal points, f : M — N a continuous function, and f = f oy . Suppose (fOL})*(ﬂl(Ml,ﬁ)) =<e>
for any (p,%) € My xT*. Then f is homotopic to a totally geodesic map whose lift to My x T* is

constant along each M -fiber.

Proof. By Lemma 5.2.1, one may replace My and M; with the spaces M, and M, respectively,
in diagram (5.3), replace T* with a possibly larger flat torus, and replace v, ¥, and ¢ with the

corresponding covering maps, so that ¢ is normal and the diagram

Mox Nog —2~ Ny

lwo lfﬁ

M x Ny —= N
commutes isometrically. It’s worth emphasizing that My x R still possesses the product metric
obtained from My and R¥. In the first stage of the proof, M; x T* will be taken to have the product
metric obtained from M; and T*, which is not necessarily the Riemannian covering metric with
respect to . For each ¥ € My, let U; be a contractible neighborhood of %. It will be shown that
f ly.x* 1s homotopic to a map gz : Uz X T* — N that’s totally geodesic along each T*-fiber with
respect to the product metric. Since Uy is contractible, f| UexTk 18 homotopic to a map f1.z that’s

constant along each Us-fiber. The loop map Y may be used to construct a homotopy from fj ; to
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a map f3 ; that equals the totally geodesic map guaranteed by the flat torus theorem on each each
T*-fiber. Applying Theorem 6.2.5 to these sets U; and the homotopies from f] UxTk 10 fr.z. one
obtains a homotopy from f to a map g that’s totally geodesic along each T*-fiber with respect to the

product metric. This is equivalent to go¢j : T* — N being totally geodesic for each p € M;.

.....

.....

.....

.....

obtains a homotopy from g to a map gy that’s totally geodesic along each T*-fiber and constant
along each My-fiber. By Lemma 5.10(a), gy is totally geodesic with respect to the pull-back metric
from y;.

According to Remark 6.2.4, applying Lemma 6.2.3 to the homotopy from f to g yields a
continuous map & : [a,b] x M — N such that its lift /2 : [a,b] x M — N is characterized by property (*)
with respect to the maps H;(t, p, %) := H(t,7:(p, X)), where I’ = {¥1,...,7,} is the deck transformation
group of . It will be shown that /(b,-) is totally geodesic along each T*-fiber with respect to the
product metric on M x T*. By the general theory of covering spaces, corresponding to each ¥; there

is a deck transformation 7y; of ¥ oy such that the diagram

Mo xRK —L1s My xRK

b

My x T My x T

commutes. By Lemma 5.6, each ; is of the form y; = @; xﬁi for some @; € .# (My) and /_31' e S (Rb.

For each i, one has that
mpoyiogn =moYpoy;

=¢omoY;

= ¢opB;0m
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Let p1,pr € My, X € Tk, and X € ¢‘1(5c). By Lemma 5.3, Yolpyxz : MoMo X {x} — M x{X} is

surjective. Thus there exist p; € My, j = 1,2, such that ¢o(p, x) = (P, %). It follows that

myoyi(pj,X) =m o¥ioyo(p;,X)
= ¢opB;omy(p; )
= ¢oBi(X)
This shows that ¥;(p,X) and ¥;(p;,X) lie in the same M;-fiber. Since gy is constant along each

M, -fiber, one has

Hi(b, p1,%) = H(b,7:(p1, %))
=8oo%i(p1,%)
=8007i(p2.%)
= H(b.71(p2. 9)
= H(b, p2, %)
That is to say, each H;(b, ) is constant along each M, -fiber. Let o : [a,b] — T* be a geodesic starting
at ¥ € T*, and let 6 := tyoo for p e M. Choose (p,x) € w‘l(ﬁ,fc), and let o : [a,b] — My xR* be

the lift of & satisfying o(a) = (p,x) and Yy oo = &. Since H;(b,") is constant along each M;-fiber and

T oG =M oYyoT =¢omyo0d =@omOLz0MHO0 =M OYOl50MyOT,
Hi(b,5())) = H(b,y o150m00(+)
Arguing as before, one has that

Hi(b,yo tromyo(-) = H(b,yo%y;o tyomyoo(-))
= H(b.y o @i %)) 0 t50mo 0 T()

A(b.0(@(P).B 00 0T7())

Since pompoT =moyod =m o000 =0 and ¢ is a local isometry, mp o o is a geodesic, so
B;omyoT is a geodesic in RX. Since My x R¥ has a product metric, (@;(p),B; o mo o o(-)) is also
a geodesic, which since ¢ is a local isometry means that w(&i(ﬁ),ﬁi ompoa(-)) is as well. Since

H(b,-) = 3o(-) is totally geodesic, H;(b,5()) is a geodesic. So each I:I,'(b,Lﬁ(')) is totally geodesic.
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It follows from Lemma 5.10(a) that each H;(b,i5(-)) is totally geodesic. Theorem 6.2.1 now
implies that each f(b, ¢ 5(+)) is totally geodesic. Moreover, by Lemma 6.2.2, h(b,-) is constant along
each M,-fiber. Another application of Lemma 5.10(a) shows that h(b,) is totally geodesic with

respect to the pull-back metric, which implies that A(b, -) is totally geodesic.

Remark 6.2.9. When M is compact and simply connected, 71(Mj, p) is finite. By Theorem 3.1.5,

m1(N,y) is torsion-free. It follows that (f o 13), (1 (M,, p)) =<e>.

Theorem 6.2.10. Suppose the diagram (6.1) commutes isometrically. Let M be a Riemannian
manifold, ¥\ : My X T* — M a finite Riemannian covering map, N a complete Riemannian manifold
with no focal points, and [F] a homotopy class of maps from M to N such that, for any f € [F] and
fi=foun, (four).(mi(My, p)) =<e> for any (p,X) € My X T*. Then the set of totally geodesic maps

in [F] is path-connected.

Proof. By Lemma 6.2.4, one may take ¢| to be normal. Suppose f,g € [F] are are totally geodesic.
It follows from Lemma 5.10(b) that f is constant along each M;-fiber and totally geodesic along
each T*-fiber. Thus f descends to a totally geodesic map f : T — N. It’s similarly true that
g := goy descends to a totally geodesic map g : T¥ — N. Theorem 4.1.14 states that f and % are
homotopic via a homotopy through totally geodesic maps. This homotopy can be extended to a
homotopy through totally geodesic maps on M; x T* that are constant along each M;-fiber. Using
Theorem 6.2.5, as discussed in Remark 6.2.4, this homotopy descends to one on M. It follows

exactly as in the proof of Theorem 6.2.8 that this homotopy is through totally geodesic maps.

By Corollary 5.2, when M is a compact manifold with non-negative Ricci curvature, one may sup-
pose that the diagram (6.1) commutes isometrically for a compact and simply connected M and that
there exists a finite Riemannian covering map | : M; X T* — M. As in Remark 6.2.9, f := foy
satisfies ( f o1z).(m (M1, p)) =<e> for all (p,7) € M| X T*. Theorem 1.4(c) is therefore a corollary

of Theorem 6.2.8, and Theorem 1.4(a) is a corollary of Theorem 6.2.10.
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6.3 Generalization to product domains

This section contains the proof of Theorem 1.5. Much of the proof of the next result resembles that

of Theorem 6.2.5.

Lemma 6.3.1. Let M and N be Riemannian manifolds, and let S C N be a closed and convex set. If
f: M — Y is continuous, then f is homotopic to a smooth map u : M — N whose image lies in S°

via a homotopy H : [0,1]XM — S.

Proof. If 0S = 0, there is little to prove, so one may suppose dS # (. The key idea is to construct
a continuous function R : [0,1] X S — § such that R(0,-) = id(-) and R(1,S) € §°. Assume this is
possible for the moment. Define Hy(s, x) := R(s, f(x)). Then Hy(1,M) c §°. Since S is closed and
convex, S is a submanifold of N with totally geodesic interior and possibly non-smooth boundary. In
particular, S ° is a smooth manifold. Therefore, Hyp(1,-) can be approximated by a smooth function
u: M — S° such that d(Ho(1,x),u(x)) < inj(S). This means that x 4 exp;l(l) (1) (u(x)) is a well-
defined vector field along Ho(1,M). Note that V(x) € Tyy1,0S € Thyi1,0N. The map Hy : [0,1] X
M — S defined by Hi(s,x) := expy, 1 ) (sV(x)) is a homotopy from Ho(1,-) to u(-). So H := H; - Hy
is the desired homotopy, which completes the proof, modulo the existence of R.

Since S is a topological manifold with boundary, each point x € § is contained in an open
ball B(x,&(x)) such that B(x,&(x)) NS is homeomorphic to an open subset of the closed upper
half-space in R". Without loss of generality, one may suppose that 0 < &(x) < p(x). Using these
homeomorphisms, one may construct a family of deformation retractions R, : [0, 1] X B(x,&(x)) N
S — B(x,&(x)) onto subsets of B(x,&(x))NS°. Let {A,} be a partition of unity subordinate to the
open cover {B(x, %s(x)) NS |x € S} of §. The map R will be defined by gluing together the maps
R, using the center of mass with weights A,. Around each p € §, there exists an open set V,, such
that at most finitely many A, are non-zero on V,,. Denote these by Ay,,...,Ay,. If p & supp(4,,) for
some i, then one may replace V), with V,N supp(/lx,.)C and discard A,,. In that way, one may, without
loss of generality, suppose that p € supp(A(x;)) for each i and, consequently, that p € B(x;, %s(x,-)).
Further shrinking V), namely by replacing it with V,, N ( ﬂle B(x;, %s(x,-))), one may, without loss
of generality, suppose that each R, is defined on [0,1]xV,NS. Then A, := (Ay,...,4y) is a
continuous function from V), into Z;.

For each x € § and k € N, the function ®, is well-defined and continuous on B(x, p(x))k x 2k,
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The desired map R will be defined on each [0,1] XV, NS to equal Dy, (Ry,5...,Ry,). To see that R is
well-defined, suppose V), NV, # 0. Then p; and p; are in the support of every A, that’s non-zero
on V), and, similarly, every A, that’s non-zero on V,,. Therefore, p; and p, determine the same x;
and, perhaps up to a permutation of their elements, A, = Ap, on Vy, NVp,. So Dy, (Ryy,...,Ry) =
<I)Ap2 (Ry;»...»Ry) on [0,1]x(V, NV, NS). Since each R, is continuous, so is R. By construction,

R(0,-) =1id(-). By Lemma 6.1.7, R(1,§) C S°.

Theorem 6.3.2. Suppose the diagram (6.1) commutes isometrically. Let M be a Riemannian
manifold, ¥y : My x T¥ — M a finite Riemannian covering map, N a compact Riemannian man-
ifold with no focal points, W a manifold, and f: W x M — N a continuous function. Write
fi=fo(idxyy): Wx M, xT* = N. Endow W x M with the product metric obtained from any
Riemannian metric on W and the given metric on M. Suppose f;(m({w} X My x{x},(w, p, X)) =<e>
for any (w,p,%) € Wx M| x T, Then f is homotopic to a map that’s totally geodesic on each

M-fiber.

Proof. The argument proceeds much like the proof of Theorem 6.2.8. By Lemma 6.2.4, one may,
without loss of generality, take | to be a normal covering map. Around each w € W, there exists
a contractible neighborhood U,,, and each fly, xu is homotopic to a map f,, that’s constant on each
U, -fiber. By Theorem 6.2.8, each f,, is homotopic to a map g, that’s constant on each U,,-fiber,
totally geodesic on each M-fiber, and whose lift g,, to M; X T* is constant on each M,-fiber. Let
hy :la,b]xU,,x M — N be a homotopy from fly, xum to g, and define Ryt [a,b)1x U,y X My X Tk > N
by hy(t,v, p, %) := hy(t,v,01(p,X)). Since h,,(b,-) is constant along each U,,-fiber and, because 1
is a local isometry, totally geodesic along each M| x T*-fiber, one may now show, by the argument
in the proof of Lemma 5.10(b), that &,,(b,-) is totally geodesic along each T*-fiber with respect to
the product metric on U,, X M X T*. Theorem 6.2.5 states that there exists a continuous function
H:[a,b] x Wx M xT" — N such that H(a,-) = fQ), H(b,-) is constant along each W-fiber, and
H(b, ) is totally geodesic along each T"-fiber with respect to the product metric. Since ¥ is normal,
Theorem 6.2.3 guarantees the existence of a continuous map 4 : [a,b] X W x M — N such that its
lift 2 : [a,b] X W x M — N is characterized by property (*) with respect to the maps Hit,w, p,X) =

H(t,w,7(p, X)), where T = {¥1,...,7,} is the deck transformation group of . Arguing exactly as
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in the proof of Theorem 6.2.8, one may show that each H;(b,-) is constant along each M-fiber and
totally geodesic along each T*-fiber with respect to the product metric and, consequently, that A(b, -)
has those same properties. Thus A(b, ) is totally geodesic with respect to the pull-back metric, and
h is a homotopy from h(a,-) = f(-) to the totally geodesic map A(b,-).

O

Since the map 7(b,-) is constant along each M, -fiber, it descends to a map /1: W x TX — N that’s
totally geodesic along each T*-fiber. By Lemma 6.3.1, one may perturb the canonical lift of / to
Y, one may use this to define a homotopy from & to a smooth map through maps that are totally
geodesic on the T*-fibers at each time. This may be used to define a homotopy from h(b,-) to a
smooth map through maps that are totally geodesic on the M-fibers at each time. One obtains the

following.

Corollary 6.3.3. Suppose the diagram (6.1) commutes isometrically. Let M be a Riemannian
manifold, W : My x T* — M a finite Riemannian covering map, N a compact Riemannian man-
ifold with no focal points, W a manifold, and f : WX M — N a continuous function. Write
fi=fo(dxyy): Wx My xT* = N. Endow W x M with the product metric obtained from any
Riemannian metric on W and the given metric on M. Suppose f;(m({w} X My x{x},(w, p, X)) =<e>
for any (w,p,%) € Wx M xT*. Then f is homotopic to a smooth map that’s totally geodesic on

each M-fiber.

Theorem 1.5 follows from Corollary 6.3.3 and Corollary 5.2. In fact, it generalizes with little
additional effort to fiber bundles M — W 5> B that are locally isometrically trivial and whose M-

fibers have non-negative Ricci curvature.
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Chapter 7

Energy-minimizing versus totally geodesic

7.1 Energy, length, and intersection

The principal goal of this chapter is to describe when a map f from a compact Riemannian manifold
M with non-negative Ricci curvature into a Riemannian manifold N with no conjugate points is
totally geodesic. This is done in Theorem 7.4.4 and Theorem 7.4.5, which together state that f is
totally geodesic if and only if E(f) = vol(M)er, where er is the energy density of an affine surjection
T : T > 7™, T* is a flat Riemannian torus determined by M, and (T™,]|-|]) is a flat semi-Finsler
torus that depends on the homotopy class of f. Furthermore, vol(M)er is a lower bound for the
energy of maps homotopic to f, one which, by Kleiner’s counterexample to the flat torus theorem
[Kle], may not be realized within that homotopy class, even for compact N. It turns out that this
builds upon work of Croke [Cr1] and Croke—Fathi [CF] about energy and intersection, and some
effort, beyond what’s truly necessary for the larger goal of generalizing the results of Eells—Sampson
and Hartman to manifolds with no focal points, is made to explore that relationship. This occasions
mention of the beta and gamma functions, which appear in results having to do with the volume of
spheres.

A key observation of Croke [Crl] is that, because the energy density ey of a C' map between
Riemannian manifolds is a trace, it may be computed at each x € M as an average over the unit
sphere S, M. Specifically, ef(x) = %tracex(< »*>¢-1(1)) 18 equal to the average of the length of the

push-forward of vectors in S M.!

Lemma 7.1.1. (Croke) Let M and N be Riemannian manifolds with n = dim(M)>0and f : M - N
a C! map. For each x € M, ef(x) = ﬁfs M||f*(W)||2 dus m, where c,_1 denotes the volume of

sl

I'The result in [Cr1] differs from the one here by a multiplicative factor of n. The presentation here agrees with that in
[CF]. The results in the former were also stated for smooth maps, but the arguments only require C! regularity.
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By Lemma 7.1.1,

n n
E(f) = f f LA dus ar dpaas = f LAOWIP dusy
2ep-1 ImJs.m 2ep-1 Jsm

where ugsys denotes the Liouville measure on the unit sphere bundle SM ¢ TM. The last equality

was used in [CF] and follows from the fact that each S, M, when endowed with the induced metric
it inherits from the canonical flat metric on T,M, is isometric to the standard round sphere sl ¢
R™, and with respect to these identifications the Liouville measure is locally the product measure
HSM = Hpm X Hgn-1.

Note that the expression in Lemma 7.1.1 depends only on the induced Finsler norm on &, and
therefore may be taken as the definition of the energy density of a map into a Finsler manifold, or
even a semi-Finsler manifold. Here, the definition of a semi-Finsler manifold parallels that of a
Finsler manifold, except it is endowed with a semi-norm, rather than a norm, on each tangent space.
If M is an n-dimensional Riemannian manifold with n = dim(M) > 0, N is a semi-Finsler manifold,

f:M — NisC!, and x € M, then the energy density of f at x is defined to be

er(x) 1= fs RGP ds o

n
2¢cp-1
and the energy of f to be E(f) := fM er(x)duy. In [J3], Jost generalized the notions of energy and
energy density to maps from measure spaces into metric spaces. Centore [Cen] showed that the
above definitions agree with Jost’s in the Finsler setting and yield a sensible notion of energy, in
2

that its minimizers have vanishing Laplacian.

In parallel with energy density, the length density of f at x is defined to be

0= 5 fs O o

and the length of f to be L(f) := fM {(x)dupy. One may check that, for M = S !"and with respect to

the convention ¢y = vol({—1, 1}) = 2, this agrees with the usual length of a loop in a Finsler manifold.

In general, by the same reasoning as above,

L) = [ f f 1Ol s ur dptyg = | —" f 100 s ar
2¢n-1 InJs.m 2ep-1 Jsm

2The definitions given here are actually special cases of those in [Cen], where M as well as N is allowed to be a Finsler
manifold, but a proper treatment of Centore’s work, including what is meant by the Laplacian of a map between Finsler
manifolds, is beyond the scope of this dissertation.




104

By the Cauchy-Schwarz inequality, one has e > ﬁé’}% and E(f) > WLZ( )= mLZ( ).
As an application of Lemma 7.1.1 and Santalé’s formula, Croke [Cr1] characterizes the energy

of amap f: M — N between Riemannian manifolds, where M is compact and has boundary dM # 0,

as an integral over the inward-pointing portion of the sphere bundle along M. The notation in the

following is the same as in Theorem 2.3.3.

Theorem 7.1.2. (Croke) Let (M, g) be a compact Riemannian manifold with n = dim(M) > 0 and

boundary OM # 0. Let N be a Riemannian manifold and f : M — N a C' map. Then E(f) =

52— Joran B8 Ow,v) dusranm.

The proof of Theorem 7.1.2 doesn’t use the Riemannian structure of N in any essential way, so
the conclusions hold when N is only a semi-Finsler manifold. The results should also generalize
to any reasonable notion of a compact manifold M with corners. In the application to come, they
will only be needed when M is a parallelotope in flat Euclidean space, that is, when M is the set
Py = {Zle tvi | 0 <t; < 1} generated by a set of linearly independent vectors V = {vy,...,»} CR". In
that case, by approximating M from within by smooth manifolds with boundary that slightly round

off its corners, one obtains the following.

Corollary 7.1.3. Let Py C R" be the parallelotope corresponding to a linearly independent set of

vectors V. ={vi,...,v,} CR" for n > 0. Let N be a semi-Finsler manifold and f : Py — N a C' map.

Then E(f) = 32~ [sgp, E(6w)g(w,v) dus+op,.

To be clear, in the statement of Corollary 7.1.3, v denotes the inward-pointing normal vector field
along each (n— 1)-face of Py, and f being C' means that f, exists and is continuous on T*Py :=
{we T(Py) ’yw(t) € Py for some ¢ > 0}. The set S¥dPy and curves g, have their original definitions
with respect to v. One may remark that versions of Theorem 7.1.2 and Corollary 7.1.3 hold for
length as well as energy.

Lemma 7.1.1 was used by Croke-Fathi [CF] to give a sufficient condition for when a map
f:M — N is a homothety, that is, when the image of every geodesic in M is homotopy-minimizing
in N and there exists ¢ > 0 such that f*(h) = cg. Note that every homothety is totally geodesic and
that a homothety can be non-constant only when M has no conjugate points. To do this, they first
associate to f a quantity called its intersection. For any w € SM and ¢ > 0, denote by ¢,(w) the

minimum length of all paths in N basepoint-fixed homotopic to f o7y,lj0,4. Then the intersection



105

of f is the non-negative real number /(f) := inf;»g % fs Iy ¢:(w)dusys. Croke—Fathi show that I(f) =
lim; 00 % fs M ¢,(w)dusys. They also show that I(f) depends only on the homotopy class of f. If [F]
is a homotopy class of maps from M to N, then I([F]) will denote the intersection of any map in

[F].

Theorem 7.1.4. (Croke—Fathi) Let M and N be Riemannian manifolds, where M is compact and
has dimension n> 0. Let [F] be a homotopy class of maps from M to N and f € [F] a C' map. Then
the following hold:

(@) E(f) 2 5ztmn PFD; and

(b) IfFE(f) = mﬂ(m), then f is a homothety.
n—1

The next sections will build upon Theorem 7.1.4 in the case that M satisfies a diagram of the form

(5.1), which, for instance, is the case when M is compact and has non-negative Ricci curvature.

7.2 Asymptotic norm of a periodic metric on Z"

A key tool used by Burago—Ivanov [Burl] in their proof of the Hopf conjecture was a certain norm
on R™ corresponding to a Z"-equivariant Riemannian metric. This norm, which was introduced
by Burago [Bura], captures the large-scale geometry of the metric and, in fact, approximates its
distance function up to an additive constant. In that sense, viewed from far enough away, R™
with such a metric is nearly indistinguishable from a normed space. When a metric on R™ is not
necessarily Riemannian, but is at least induced by a length structure, this norm still exists with the
same properties. In fact, a semi-norm on R” exists corresponding to any Z™-equivariant metric on

Z™. The results in this section are all taken from [BBI].

Theorem 7.2.1. Let d be a metric on Z™ that’s equivariant under the natural action of Z"" on itself

by addition. Then there exists a unique semi-norm ||-|| on R™ such that ||v|| = lim,— @ for all

d(0,v)
]

v € Z™. This semi-norm has the property that — 1 uniformly as ||v|| — oo.

The semi-norm guaranteed by the above theorem is called the asymptotic semi-norm of d and,
when it’s a norm, the asymptotic norm. This is a norm, for example, whenever d is the orbit metric
of a free and properly discontinuous action, with compact quotient, of Z™ on a length space. The

principal application of the asymptotic semi-norm here will be to the orbit metric of the action of
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an Abelian subgroup of the fundamental group of a manifold on its universal cover. Let N be a
Riemannian manifold, y € N, and G a finitely generated, free, and Abelian subgroup of m{(V,y).
Then G may be isomorphically, although not canonically, embedded as the integer lattice in R™. If
n: N — N is the universal covering map of N, then G acts canonically on N, and one may define

the orbit metric of G, denoted dg : G XG — [0, ), by

de([y1] [y2D) := dgly1l-y,[y21-y)

for any choice of y € 77! (y). Since the action of G on N is by isometries, dg is both G-invariant and,
indeed, independent of the choice of y. With respect to a fixed isomorphism : : G — Z" C R™, dg
induces a Z™-equivariant orbit metric dzn, : Z" X Z™ — [0, 0), defined by dz»,(«([y1]),1([y2])) =
dg([y1], [y2]). By Theorem 7.2.1, the corresponding asymptotic semi-norm |- ||, exists. Moreover,
for any other isomorphism j: G — Z™, (R™,||-||g,) and (R™,||-||g,,) are isomorphic. When the group
G and isomorphism 1 are understood, they will sometimes be suppressed in the notation. That is,

dz», and || - ||, will sometimes be written dz~ and || - ||, respectively.

Lemma 7.2.2. Let N be a Riemannian manifold, y,y, € N, @ : [a,b] — N a path from y, to y,, and

[v] € m(N,y1). Then

|4y, Atar(IY) - F2) = Ay, [y1 5] < 2L(@)
forall 3, € ') and 3, € 7 (y2).

Proof. Since the deck transformation group of 7 : N — N acts by isometries, it suffices to prove the
result for the given y, € n‘l(yl) and any choice of y, € ! (). Leta; : [a,b] — N be the lift of @
with @1(a) =y,. Since a;(b) € 7 (y>), one may without loss of generality take y, = a(b). Write
B:=a'-y-a, and let B:[0,1] — N be, up to reparameterization, the lift of 8 with B(0) = y,. By

definition,

A (YD) -y, =@ y-al 3,
=181y,
=B(1)

Let 7 : [0,1] — N be, up to reparameterization, the lift of y with ¥(0) = y,. Let @, : [a,b] — N be
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the lift of @ with @2(0) = [y]-y; =7¥(1). By construction, az(b) = B(l). Therefore,

A3y, A ([yD - y2) < d(yo,y) + Ay, [y]-y) + d([y]- y1, A ([yD - ¥2)
= d(@i(b),a1(a)) + Ay, [y]-y)) + d(@z(a),az(b))

< dGp [yl y) +2L(a)

Since [y] = Aj4-1)(A[o1([¥])), the same argument shows that

Ay, [y1-yp) = d(yl’A[a’l](A[a]([')’])) 'yl)
< A, Ap)(lYD - 35) +2L(a ™)

= d(p, A ([¥D - y2) + 2L(a)

These combine to yield the desired inequality.

Lemma 7.2.3. Let N be a Riemannian manifold, yy,y, € N, a : [a,b] — N a path from y| to y,, and G
a finitely generated, free, and Abelian subgroup of t1(N,y1). Let 1: G — Z™ be an isomorphism and

Ji= lOA[_al]- Then ||jo Aa)([yDllaw )., = lllyDll.. for all [y] € G. Consequently, ||-||a,,G).; = I llc..

on R™

Proof. Since Ajq) : m1(N,y1) — m1(N,y7) is a group isomorphism, A[,(G) is finitely generated, free,
and Abelian. Since j is a group isomorphism, the semi-norm || - ||a,G),; is well-defined. Let Yy, €

7! (y;) for each i = 1,2. For each n € N and [y] € G, Lemma 7.2.2 states that

|dy(2: Ata1 (YD) - ¥2) = Az, nly]-yI < 2L(@)

Therefore,

dZm,}(O’nJOA[a](['Y])) ki

n n—oo n

dzn,(0,
17 At (Y Dlla 1, = Iy Dl | = tim im 20mBD)

1
= lim ;|dAm(G>([€LA[a](n[ﬂ)) — dg(lel,n[y))|

N - - -
= lim ~[dg((y, A (107])-52) =~ dgGrnly]-5)
< lim 2Le)

n—oo n

=0
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It follows that [[70 A(4)([y Dl ).y = lli(lyDllG,.- Note that lOA[_y]J o ]‘1 is the identity map on Z™. It

follows that ||+ ||a,,,).; = Il on Z™, and, consequently, on all of R™.

In other words, if G a finitely generated, free, and Abelian subgroup of 7(N,y), then, with respect
to an isomorphism G — Z™ and up to the identification above, all subgroups equivalent to G define

the same asymptotic semi-norm on R™.

Lemma 7.2.4. Let N be a Riemannian manifold, y € N, G a finitely generated, free, and Abelian

subgroup of m{(N,y), and 1 : G — Z™ an isomorphism. Then dz» ,(0,v) > |V||g, for all v e Z™.

Proof. This follows from the triangle inequality. Since dz», is a metric, dz= ,(0,nv) < ndzm,(0,v)

dgm ,(0,nv)
n

. . dgm (0,
for all v € Z"™. Therefore, ||Vl|g, = lim;— e <lim;, e HAT(V) = dz»,(0,v).

7.3 The Finsler torus and affine surjection associated to [F]

As in Chapter 6, it will hereafter be assumed that My, R, T* and M, x T* have Riemannian metrics,
that the metric 4 on R is constant and flat, and that the diagram (6.1) commutes isometrically. Recall
that, by definition, this means that My x R* has the product metric obtained from M, and R¥ and
that ¢ and ¢ are Riemannian covering maps, but not necessarily that M; x T* has a product metric
nor that 7y is a Riemannian submersion. In particular, since ¢ is a Riemannian covering map, the
metric on T is flat. It will be assumed that M is a Riemannian manifold of dimension 7 > 0 and
that ¥ : M X T — M is a finite Riemannian covering map; the number of sheets of | will be
denoted by #(i/1) < co. The manifolds M; will be taken to have dimension / > 0, so that n = k+ 1.
It will also be assumed that My is compact, which by Lemma 5.3 forces M| and M to be compact
as well. According to Corollary 5.2, these assumptions are satisfied when M is compact and has
non-negative Ricci curvature.

Let M be as described above, N a Riemannian manifold, and [F] a homotopy class of maps
from M to N. For each f € [F], let f: M; xT* - N and ]_‘ : MyxRK = N be the compositions
f:=foy and f := foug. The homotopy class [F] under consideration will always be supposed to

have the property that (f o). (7 (M, p)) =<e> for any f € [F] and (j,%) € M; x T*. When M has



109

non-negative Ricci curvature, the manifold My may be assumed to be simply connected and M| to
have finite fundamental group, in which case this condition is satisfied whenever the groups 71 (¥, y)
are torsion-free. By Theorem 3.1.5, this is the case when N is aspherical and, in particular, when N
has no conjugate points. Let 0 < m < k equal the rank of ﬂ(m(Ml X Tk,(ﬁ,)”c))) for all f € [F] and
(p,%) e My x Tk,

As an application of the asymptotic semi-norm of a Z"-equivariant metric, a semi-Finsler torus
(T™,||-1) and an affine surjection T : Tk — T™ will be associated to [F]. This construction is not
canonical, but depends up to affine isometry on a choice of point in M| x T*, representative of [F],
and group isomorphism with Z”. Fix (p,%) € My x T, x € ¢~1(%), and fy € [F]. Let p := y1(p, X).
Since 4 is constant, one may, without loss of generality, suppose that ¢ is the quotient map induced
by a lattice I'y equal to the span, with integer coefficients, of a set of vectors V = {vy,...,v;}. Each
geodesic r— x+1tv;, t € [0, 1], descends via ¢ to a closed geodesic s; based at %, and {[s1],...,[sx]} is
a minimal generating set for 71 (T, X). Write y := fo(p) = fo(p, %), G := (fo)*(m(Ml X Tk,(ﬁ,fc))) -

m1(N,y), and o := fo o0 s;. Since (fo otz)«(m1 (M, p)) =<e>,
G = (foorn).(miM,, P)(fo 0 1) (11 (T*, ) =< [o1],.... [o] >

Thus G is an Abelian subgroup of 7;(N,y) of rank m. Let H := spang,{[si],...,[sn]}. For reasons
that will become clear toward the end of the section, I will suppose that V has the following two

properties:
(A) (footp)sln : H— G is an isomorphism; and

(B) [oi]=eforeachm+1<i<k.

These may be assumed without loss of generality. To attain (A), one need only reorder the v;. Once
(A) holds, one may achieve (B) by replacing each v;, m+1 <i <k, with v; — Z?:l d;;v;, where the
d;j € Z are the unique coeflicients such that [o7;] = ZT: 1 dijloj]. One may check that, at the end of
this process, it’s still true that I'j = span, V. Note that (A) and (B) are together equivalent to the
condition that [o] = ZT:1 0ijlo ;] for each 1 < i <k, where ¢;; is the Kronecker delta.

Let dg denote the orbit metric on G obtained from the canonical action of G on N. For a
fixed isomorphism ¢ : G — Z™ Cc R™, let dz» denote the orbit metric on Z™ corresponding to 1
and || - [|;r),, the corresponding asymptotic semi-norm on R™. Let 7" := R™/Z™ be endowed with

the constant semi-Finsler metric || - [|jr1,. By (A), {[o1]....,[om]} is a minimal generating set for
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G; foreach 1 <i<m, let w; := 1([o;]) € Z". Let T[F],, : R¥ - R™ be the affine map satisfying
T[F],,(}+ Vi) = ZT:] 0;jwj. Then T[p],, descends to an affine surjection T7ry, : Tk — T™. One may
check that || -||jry, and TF, are well-defined, in the sense that they are independent of the choice of
X € ¢~!(X). Moreover, up to equivalence by isometries in the following sense, they are determined

by the homotopy class [F].

Lemma 7.3.1. Fix (§,7) € M\ xT*, go € [F), and an isomorphism J (go)*(m (M, xT*, (ZI,Z))) —Z".
Denote by ||-||r),, and Ty, the corresponding semi-Finsler metric and affine surjection. Then there

exist isometries ¥ : T* — T* and @ : (T™, |- |liry,.) = (T™|I-|l{Fy,,) such that Tip) ;= ® o Typy, 0 PL

Proof. Let ¥ : R — R be the translation that takes (p, ) to (§,Z). Then ¥ descends to the desired
isometry W. Fix any path @ : [a,b] — M; x T¥ from (p,%) to (,Z) and any homotopy H : M x
[0,1] = N from fy to gg. Denote by H: M xT"x[0,1] - N the lift A(-,1) := H@1(-),t). Then
Hisa homotopy from fo to go. Define g: [0,1] — N by B(¢) := H(a(1),1) and 19 : (go)*(m(Ml X
Tk,(Zj,Z))) —Z" by := zOA‘[ﬁl]. Denote by || - [l[F},,, and T(Fy,, the semi-Finsler metric and affine
surjection corresponding to (§,%), go, and 19. The composition g := 1 oAg o =1 7" — 7" extends
to a linear isomorphism 60 SR Fr) = ®R™ - iF)- By Lemma 7.2.3, 50 is an isometry,
s0 @y descends to an isometry ®¢ : (T, | llr1..) = (T, - ll{F1..,)- One may check that Ty, =
®g o Ty, o P!, The composition @; := jo 15" also extends to a linear isometry (R™, || - [|{,,,) —
(R™, 11 -ll{Fy,)» which in turn descends to an isometry ®y : (T, || - |liF),,,) — (T, - lliF),,) such that
TiFy,; = @1 0T(F),,. The proof is completed by setting @ := ®; o Dy

O

As the point (p,%) € My x T*, map f € [F], and isomorphism 1 : (fo)*(m(Ml X Tk,(ﬁ,fc))) - Z"
will remain fixed, they will typically be suppressed in the notation. By Lemma 7.3.1, there is little
danger in any confusion, as important geometric quantities associated to 7], namely ez, and {7y,
will not change if any of those are varied. When the homotopy class [F] is understood, it will also

be suppressed. That is, it should be understood that ||| = || |[jr} = || llF), and T = T1r) = TiFy,..

Lemma 7.3.2. Let M, N, and [F] be as above, and denote by (T™,||-||) and T : Tk = T™ the
corresponding semi-Finsler torus and affine surjection. Let Fo : Mo xRF — N be a lift of ?0 of the
form guaranteed by Lemma 5.11. Then there exists D > 0 such that, for any 7 € T*, v € T:T*, and

¥ : [0,00) = Mo xR satisfying ¢ omg oy = ys, the following hold:
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(@) |IT.(t9)]| < d5:(Fo 0 ¥(1), F 0 ¥(0)) + D for all t > 0; and

dy(Fo o¥(1), Fo 0 7(0))
: .

@) Il = lim
Proof. (a) By Lemma 5.11, there exists Dy > 0 such that

dx(Fo(Ggs20), Fo(@,21)) < Do (7.1)

whenever dg«(Z,21) < diam(T*%). Fix (P.x) €y, 1(ﬁ,fc). Since I'; is diam(T*)-dense in R%, so is the

lattice x+1'1 :={x+u | u € I'1}. Thus there exist ug, u; € I'; such that
dgi (o 0 Y(if), X + u;) < diam(T*) (7.2)

for each i = 0,1. Let &; : [0,1] — M| x T* be defined by &;(s) := (p,$(x + su;)). Since u; € T'; and
¢ omy =m oy, each @; is a loop based at (p, ¥). Let a; : [0,1] = My x R¥ be the lift of @; along ¥

satisfying a;(0) = (p, x). Since mg o @;(t) = Xu;, combining (7.1) and (7.2) yields
dg(Foo¥(ir), Foo@,(1)) < Do

Therefore,
|d(Fo 0@1(1), Foo@o(1)) — dg(Fo 0 (1), Fo 0 7(0))| < 2Dy (7.3)
It remains to bound dﬁ(fo o 50(1),F0 oaj(1)) from below in terms of ||T.(zV)||.
Since T is affine, it is Lipschitz continuous, with a Lipschitz constant of Tl := maxy=| IT(x+

w)||. Set D; := ||7|| -diam(T%). Since 7 0 &; € ZIJ‘.ZI d;jls;1, where d;; € Z are the unique coefficients

such that u; = Z/]‘.zl d;jv;, one has that fo o@; € Zl;':1 dijlo;] = ?:1 d;j[o j]. By the definition of dg,

d5(Fooai (1), Fooay(1)) = dg([fo o @11, [fo al)

= dg([el, [food1]—[foodol)

m

= dg([e],Z(dlj_dOj)[o'j])

fn:] (7.4)
= dzm(O,Z(dlj—dOj)Wj)

=1

= dzn(0, T (X + u1 —up))

> ||T (X +up — up)l
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where the equality in the second line is due to the fact that dg is G-equivariant and the final inequal-
ity is from Lemma 7.2.4. Since T is affine, T(x+u; —ug) = T(X+u;) — T(X +ug). Therefore,
1
ITGe+ur = uo)ll = 1T (o 0 ¥(1)) = T o o YONI| < ) IT (o 0 ¥(i1)) = TR+ )|
i=0
At the same time, T(X + 7 0 ¥(f) — 19 0 7(0)) = T (7 0 Y(r)) — T (7 0 7(0)). Inserting this into the
left-hand side of the previous inequality and applying (7.2) and the Lipschitz continuity of T to the

right-hand side yield
T G+ w1 = o)l =17 (% + 70 0 (1) — 70 0 YO))II| < 2Dy

Since the Riemannian metric on 7% is constant and 7 : 7% — T™ is affine, T.(17) = 7(§+ ) €
TreT™ =R™, where v € RF is identified with # under the canonical identification of T:T* with R¥.
The assumption that ¢ o 1y oy = 5 implies that g oy (¢) — mg o y(0) = fv. As ||-|| is a constant Finsler

metric on T™, ||T.(#V)|| = ||T(§ + 1v)||. Combining these with the previous inequality yields
TG +ur = up)ll = IT-(H)]l| < 2D, (1.5)

The proof is completed by setting D := 2Dg +2D; and combining (7.3), (7.4), and (7.5).

(b) As in the proof of (a), one has that ||T.(¥)|| = IT(X+7V)|| for ,x) € w(‘)l(ﬁ,i) andve Rk If v =0,
then 7y oy must be a constant map, and the result follows immediately from Lemma 5.11(b). The
remaining arguments will assume that v # 0. It will be helpful to use conditions (A) and (B). Let
Vo = spang{vy,..., v} and Vi := spang{Vi+1,...,vk}. The result will first be proved when v € V or
vev.

Suppose v € Vj. Fix € > 0. By Theorem 7.2.1, there exists K > 0 such that
| dzn (0, w) ~[Iwl| < ellwll (7.6)

whenever w € Z" satisfies ||w|| > K. It follows from (A) that the map v T (X + v) restricts to an
isomorphism from Vj onto R™ and, consequently, v — ||7(}+ v)|| defines a norm on V. Since v # 0,
IT(X+7V)|| # 0. Therefore, there exists 7o > 0 such that ||T(X+ ™)|| = K + 2D, for all ¢ > 1. Fix any
such ¢. As in part (a), there exist ug,u; € I'y such that, with respect to the corresponding curves «;,

(7.2)-(7.5) hold. By (7.5), T (X +u; —uo)ll = K. Substituting into (7.6) yields

|dzn (0.7 G+ 1 — u0)) = 1T E+ ur — uo)\l| < &lT G+ — uo)| (7.7)
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As in (7.4), dzn(0,T(X +u1 —up)) = d(Foo@(1), Fooa@o(1)). Applying this in conjunction with
(7.3), (7.5), and (7.7) yields
|d5(Fo 0 ¥(1), Fo o ¥(0)) = IT (X + )ll| < &l T (& + W)l + 2Dg + 2D, +2D;
Therefore,

~ITG+DI| < TG+l +

| dﬁ(FO 07(0,70 © ?(O))

2D0 + 28D1 + 2D1
t t

dy(Fooy(1),Foo%(0))

Since the choice of € > 0 was arbitrary, it follows that IT X+ = limy— e P

Suppose v € V;. Fix t > 0. As in the previous case, there exist ug,u; € I'y such that (7.2)-(7.5)
hold with respect to the corresponding curves a;. One may, without loss of generality, suppose that
Uy —up = Y- dvys; for some d; € Z. Tt follows from (B) that Fooa@o(1) = Fooa;(1). It follows
from (7.3) that

dx(Fo 0 ¥(t), Fo0¥(0)) < 2Dy (7.8)

|| Z (x+v)” < Il]'m _1 = 0

dg(Fooy(0),Foo7(0))
e

This and (7.8) together imply that [|T(X +v)|| = 0 = lim_,e

Finally, suppose that v € R¥ is arbitrary. As R¥ = Vy @V, there exist ¢; € R and v; € V; such
that v = agvo +a; 1. Since [[T(x + )| - T +agvo)ll| < IIT(x+a; 1)l = 0, one has that [T (x+)|| =
||7(}+ apvo)ll. Let yg : [0,00) = Mo % R be defined by Yo(?) := (p,X + tagvp). Applying the first

special case to agvy and y,, shows that

dg(Fo o %o(1), Fo 0 %(0))

; (7.9)

IT &+ aovo)ll = lim
Fix t > 0, and define y; : [0,] = Mo X R¥ by y;(s) := (p,x +tagvp + sa;vy). By Lemma 5.11(b),
|d(Fo o ¥(t), Fo 0 7(0)) — ds:(Fo 0 Y1), Fo 0 ¥(0))| < dg(Fo 0¥,(1), Fo 07,(0)) +2Dg
Applying (7.8) to a;v; and 7y, shows that
d(Foo,(t), Fooy,(0)) < 2Dy

Therefore,

|d5(Fo o ¥(1), Fo 0 7(0)) — dzp(Fo 0 (1), Fo 0 ¥9(0))| < 2D + 2D (7.10)
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The proof is completed by combining the equality ||7..(V)|| = ||T(7c+ apvo)|| with (7.9) and (7.10).

7.4 Main inequalities

This section continues to use the notation and constructions from the previous section. It begins by
relating the intersection I([F]) to the length density £ of the affine surjection 7 : T — T™. Note
that the length density {7 : Tk — [0, c0) is constant. Recall that [ = dim(Mo) and n = dim(M) = k +1,
where, by assumption, n > 0. This latter assumption ensures that /([ F]) is well-defined. In any case,
were 7 to be zero, many of the results to come could be given sensible formulations that would hold
trivially.

In order to relate I([F]) to {7, define constants

0 if k=0

et [201
o o if k>0

For the purposes of the following theorem, it turns out that the values of dy; are irrelevant, because

dk,l =

when k = 0 both £ =0 and I([F]) = 0.

Theorem 7.4.1. Let M, N, and [F] be as in the previous section, and denote by (T",||-||) and

T:T* > T" the corresponding semi-Finsler torus and affine surjection. Then I([F]) = dy jvol(M){r.

Proof. 1t will help to first establish some general equalities. By Lemma 7.3.1, the length density {r
is independent of the choice of map f € [F] used in the construction of || - || and 7. Thus one may,
without loss of generality, suppose that fy is C'. Since M is compact, there exists C > 0 such that
|(fo)s(w)| < C forall we SM. Let Fo: MgxR¥ = N be alift of ?0 of the form guaranteed by Lemma

5.11. For each w € SM, one has, directly from the definition of ¢,, that
¢1(w) = d(Fo 0y (1), Fo 0 y(0)) (7.11)

for any w € S(My x R¥) such that (Y1 o). (w) = w. It follows that &tw) <Cforallt>0and we SM.

Thus

Iwmiﬁhmmmww

M t—00

(7.12)

t
= f lim $:w) dus M duy
MIs M=o 1
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where the first equality follows from the bounded convergence theorem and the second from the fact
that, up to the isometric identification of each § ,M with § "1 ugyy is locally the product measure
usm = Uy X pgn-1. For each w € T(M( X R¥), Lemma 7.3.2(b) implies that

dy(Fo o ya(n), Fo o y(0)
t

(T 0 ¢ o 7o) (W)l = lim

Combining this with (7.11) and the fact that ¢ o Y9 is a local isometry yields

 giw) _
f tim 2 gy = f T o ¢ o m), I das,, - oty (7.13)
SyMi=e 1 Sgz)(MoxR¥) )

for each ¢ € M and (g,z) € Mo x R¥ such that 1 oy(g,2) = g.
The argument now splits into three cases. If k = 0, then the result holds trivially, as €7 = 0,
[|-1l =0, and, by (7.12) and (7.13), I([F]) = 0. Suppose for the remainder of the proof that k > 0.

Since ¢ is a local isometry,

_ - 2Ck—
f T © )Pl dpts g = f Il dus e = A = (7.14)
SZR]( S¢(2)Tk

for each z € Rk, If [ = 0, then Mo x T* = T* and

f (T © ¢ o 7o) (Wll dits . (aoxr) =f (T o ¢)..(W)ll dts g
S@,a(M()XRk) -~ Sng

for the only g € My and each 7 € RX. Since dyy = \/%, the result follows from (7.12)-(7.14).
Suppose [ > 0. Fix (g,z) € My X R¥. Since k > 0, Sgz (Mo X R¥)\ ker(mg). # 0. Define a smooth
surjection H : Sz (Mo X R\ ker(mmp). — SzR¥ by H(w) := % Applying the coarea formula
to H yields

f I(T o ¢ o) (Wl duts . (o) = f f |G10)« W IT © ¢ 0 70). (W)l dpt g1 ) At e
S ' S:RFJH-1(m)

@ (MoxRb)
= f I(T 0 @)Wl (o) (w)[* dup-15) dpts g
SR H-()

For each fixed v € S:R¥, another application of the coarea formula shows that

! -
0 I dptg1 sy = f f T du dr
fH‘(v) O Jo S;(VITE) V=2 | StV
1
:cl_lf rk(l—rz)%_ldr
0

1 oy
:—cl_lf (1= ldr
2 0

LY
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where the sets Sz( V1 —r?) for 0 < r < I are non-empty since / > 0. Combining the last two results

yields

_ 1 k+1 1 _
f T o 0). Ml dks ey = 5¢1-1B(5= 5) f T 0 @) (Pl dus, 21
S@_a(M()XRk) - Sng N

Combining this with (7.12)-(7.14) shows that

-1 k+1 1
IF) = et [ S B(=5= 5 Vol (M)t

= dy vol(M)tr

where the latter equality follows from Lemma 2.7.1(c).

Two special cases of Theorem 7.4.1 are worth recording explicitly.

Remark 7.4.2. When k > 0, the conclusion of Theorem 7.4.1 takes the form

I(FD) = Zvol(h) f T )l dts,
Ci STk

for any 7 € T,

Remark 7.4.3. In the case that / = 0, or equivalently that M is a point, Theorem 7.4.1 implies that

2¢p-1 L(T)
I(F) = | ===
n #y)
In particular, if M = T*, then

2¢,— -
I(FD = 3| =2=L(T) = vol(T*) fs Tl dys,

for any 7 € T,

It’s interesting to note that the sequence dy is not, in general, monotone in /. For instance, d;; = ”7“
is strictly increasing until its maximum at / = 5 and strictly decreasing thereafter [BH]. This means
that the intersection of a homotopically non-trivial map 7 : S!' — S! will, for small values of I,
increase when it’s extended to a map 7"*! = T'x S! — S that’s constant along the T'-fibers.

It’s now possible to prove this chapter’s main theorem. Before stating the result, it will help to

dispose of the situation where k = 0. In that case, I([F]) = er = {7 = 0 and E(f) > 0, with equality

if and only if f is constant. This is the trivial case of the following phenomenon.
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Theorem 7.4.4. Let M, N, and [F] be as in the previous section, and denote by (T™,||-||) and
T : T — T™ the corresponding semi-Finsler torus and affine surjection. Suppose that k > 0. Let

f € [F] be any C! map. Then

1
E(f) > vol(M)er > —vol(M)£2 '2“ 1 vol(M) 3
Ck—1 — 1ck

Moreover, each of the following holds:

(a) IfE(f) = vol(M)er, then f is totally geodesic;

(b) E(f) = #VO](M)f% if and only if f is constant along each Mo-fiber and a homothety along
each Rk—ﬁber;

(c) E(f) = ”C ptk lV01(M)€2 if and only if f is a homothety and either M, is a point or f is constant.

Proof. By Lemma 7.3.1, the quantities {7 and ey are independent of the choice of representative
Jo € [F] used in the construction of ||-|| and 7', so one may, without loss of generality, suppose that
Jfo=f. The inequality E(f) > vol(M)er will be proved first. Note that E( ) =#W1E(). By Lemma
53, x =xz:=p1oYpotz: My — M, is a covering map; denote its number of sheets by #(y) < .
Fix p € y"'(p). Since ¢ omy = 7y oho, ¥o(p, %) = (p, %), and consequently f(p,x) =y. Fix ye N,
and let F : My xRF — N be the lift of f guaranteed by Lemma 5.11 that satisfies F(p,x) = y. For
each r € N, define a parallelotope P, := {Zj.‘:1 tivi|0 <t; <r}. Then P, differs from a union of r
fundamental domains of ¢ by a set of measure zero. It follows from Lemma 5.9 that M, X P, differs

from a union of #(y)r* fundamental domains of i by a set of measure zero. Thus

E(f) = E(Flmoxp,) (7.15)

#aHOO*
Let {e},...,ex) be an orthonormal set of vector fields on My x R¥ that everywhere spans TR¥ c
T(MyxR¥). If U C My is a connected open set and {eg+1,...,ex+} 1S an orthonormal set of vector
fields on U x R* that at each point spans TU c T(U x RX), so that {ey,...,exs} is an orthonormal

frame for U x RX, then on U x R* the energy density e satisfies

k+1

er= Y IIF.(enl’

i=1
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with equality on all of U x R if and only if F is constant on each U-fiber. Therefore,
E(Flyyxp,) = f e ditpoxpe
MyxP,

2 f EFOk °7o d'uMOXRk
MyxP,

f f €Foi; O M0 duge dig,
My

=f E(F o i7lp,) dp,
Moy

(7.16)

with equality if and only if F is constant along each My-fiber. For each g € My and w € S*P,, let
Sgw - [0,£(w)] — N be defined by ¢5,, := Fo t7°yw. Applying Corollary 7.1.3 to E(F o tglp,) shows

that

E(Foqln) =5 — f g hOn ) dasar, 7.17)
_ S*+oP,

Combining (7.15)-(7.17) yields

1 k
M= E(sgw)h(w,v)dus+ap, i, 7.18
= #(Wo)#()r j]l‘/lo 2¢k-1 £+0P, (S0 1w, v) dus-ap, Qi (7.18)

with equality if and only if F is constant along each Mo-fiber. At the same time, the Cauchy-Schwarz

inequality states that

2
(gé w)
E(s; : 7.19
(Sgmw) 2 ) (7.19)
with equality if and only if ¢5,, has constant speed. Note that
L(sgw) = dﬁ(&‘g,w(f(w)),?g,w(o))
By Theorem 7.3.2(a), there exists D > 0, independent of ¢ and w, such that
diy( S (E0)),63.0(0)) = EWIIT (W)l - D (7.20)
Regardless of the sign of LT (w)||- D, one may conclude that
L%(sz.) = -
— L > (W)IIT . (W)IPF = 2D[T (W)l
t(w)
Combining results yields
1 _ _
E(f) 2 f f [T .W)I* = 2DIT . W)I[1h(w, V) dus+ap, dia
#Wo)H0Or* I, 2¢k-1 Jsrop, ’ (721)

D||T||lvol(My) kvol(S*dP,)
#Wo)#(x) Cr-1r*

vol(My) k
~ #Wo)H()rk 2¢r1

f COMIIT. )RR, v) -9, —
SToP,
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The two summands will be handled separately. First note that

vol(Mo X P,) _ vol(Mo)vol(P,)

voltM) = O~ B

(7.22)

Since T is affine, E(T| p,) = Vol(P,)er. At the same time, applying Corollary 7.1.3 to E(T| p,) yields

E(Tp,) =

3 f E(T o ywlio.con)h(w, v) dus+ap,
Ck-1 JS+op,

k L(w) )
=3 f [f T (W)l dt]h(W,y)dﬂwPr
Ck—1 JS+oP, 0

f COMIT-WI2hOw, ) duseop,
S*toP,

2¢k-

It follows that
k

= — LT . (w)|Ph(w,v) dus+ 7.23
T = e vol(P) seop, WIIT . W)II"A(w, v) dus+ap, (7.23)
Taken together, (7.22) and (7.23) imply that
vol(M)ey = tWIT «(W)I|"h(w,v) dus+ap, (7.24)
"7 Bk 201 Jsear, Hsror

For each 1 <i <k, let A; denote the parallelotope in R¥ determined by {vi,...,vi} \ {vi}, and let 4;
equal the (k — 1)-dimensional volume of A;. Since dP, consists, up to translations, of two copies of

each of rA; :={rv | v € A;}, one has that

vol(S*aP,) = %VOI(E)P,)

k

= Ck-1 Z vol(rA;)

i=1

It follows that
DI[TIIvol(Mo) kvol(S*aP,) _ DITvol(Mo) k Xk Ai
#Wo)#(x) Cr-1r* #Wo)#(x) r

as r — oo. The inequality E(f) > vol(M)er follows from (7.21), (7.24), and (7.25) by letting r — oo.

-0 (7.25)

The remaining inequalities are much simpler. The Cauchy-Schwarz inequality implies that
2

vol(M)er > %VOI(M)f%. The inequality #v()l( M2 > M)

T =72 2
ken_ ¢

VOl(M)f% follows from Corollary
2.7.5(a).
(a) Suppose that E(f) = vol(M)er. Fix r € N. For each R = (r,...,r¢) €{0,...,r— )%, let Pg :=

P+ Zf.‘zl r;v;. Note that any two parallelotopes in {Pg 'R €{0,...,r— 1}¥}, if they intersect at all, do
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so only along boundary faces, and that P, is the union of all such Pg. By Corollary 7.1.3, one has

that

f By () dutseap, = E(F o tlp,)
S*toP,

= > EFouyln)
Re{0,...,r—1}*

for each g € My. Since ¢ o my = 7y o Yy, there exist isometric deck transformations yg : Mg X RF >

My x RF of Yo such that yr(My X P1) = My X Pg. This implies that

f E(Sg.wlnmoxp,) ding, = f E(g,wlnoxpy) dpin,
My

My

Combining results, one has that

f f E(Ggu)h(w,v)dus+ap, = * f f E(sg.w)h(w,v)dus+op, dum, (7.26)
Mo Js+op, Mo Js+op,

for each r € N. Taken together, (7.15)-(7.26) show that
vol(M)er = E(f)

= —E F XPq
Gy k)
S 1 k
~ #HWHN) Imy 2¢k-1 Jsrap,
1

k
= liminf f f E(sz.w)h(w,v)dus+ap, duy
r=e #WOHOr Juy 20kt Jseap, " ’

> vol(M)er

E(¢gw)h(w,v) dus+op, dpim,

It follows that the above inequalities are all equalities. By the condition for equality in (7.18), F
must be constant along each My-fiber.

It will next be shown that each ¢z, has constant speed. This will be done using the condition
for equality in (7.19), in an argument similar to the one just employed, but which requires another

inequality be inserted into those above. It will be shown that

L*(5g) 1 L2(g.0)
v hOw, V) dus-ap, 2 5 " h(w, v) dyss 7.27
fsw?, t(w) Ov-v)dps o, 2k fsw’z, L(w) (w.v)duis-ap,, (7.27)

for each g € My and r € N. Fix such ¢ and r. For each § = (s1,...,s%) € {0, 1}, let Qg := P, +

"Zfzo s;iv;. At the risk of overloading notation, let ys : SRX — {0, 1} denote the indicator function of
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SQys. That is,

1 if weSQg

xs(w):=

0 if W¢SQS
Define a continuous function €5 : SQs — [0,00) by setting {5 (w) equal to the length of the line
segment Qg Ny,,(R), and let Lg : SQg — [0, 00) be defined by Lg (w) := f_O;(XS oy;V)H(FoLgO)/W)'H dr.
In other words, Lg(w) is the length of the curve Fo tglosny, ). Note that Qg = P,, where 0 =
(0,...,0)€{0, 1}*, and that ¢, oy, (1) ={(w) and Looy,,(t) = L(sg,,) forall w e S*tOP,and t € [0, £(w)].

Since F is constant along each My-fiber, F is Z*-equivariant under the action of Z* on My x R that

translates the second component by elements of I'y. It follows from this symmetry that

L2(w) L (w)
—d = d
j; 5 20w Usp, j; Pzr)(S(W) 2w Usp,,

for each S € {0, 1}*, where the right-hand integrand is well-defined away from a set of measure zero

under the convention that it equals zero whenever ys does. Thus
1.2 {20
s I I YWmM@mwmmwg
stop, (W) s+oP, Vi
Lg(w)
-2 [ s,

Lg(w )
f Z Xs(w )52( ) dusp,,

Par Se{0,1}k

tow) L2 oy,
[0 Y aserap 2t aduonndusian,
SN Gz oy,

Se{0,1)

sW)
= f [ Z fs( )]h(W, v)d,us+5P2r
S e AN

(7.28)
where the second and fourth equalities are by Santald’s formula and the last is obtained by di-
viding [0, £(w)] into subintervals Is := {t € [0, {(w)] ’yw(t) € Qs}, each of length £5(w) # 0. Since
2itswyzo Us (W) = €(w) and L(w) = 34 ()20 Ls (W) for each w € S*9P;,, Lemma 2.3.5 implies that
L3 (w) L L)
ts(w) — L(w)

(7.29)
L5 (w)#0

The inequality (7.27) follows immediately from (7.28) and (7.29). Combining (7.27) with (7.15)-

(7.25), and taking into account the fact that F is constant along each My-fiber, one has for each
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q € My that

VOl(M)eT = E(f)
vol(My) k f
T B Efwh ,v)d +(1d ,
#(WWo)H(x) 2ck-1 S*oP, (gq' Yh(w,v)dus+ap, dum,
> M k f Lz(?ﬁ,w)
B #(‘pO)#(X) 2Ck_1 S+ap, K(W)

h(w,v)dus+ap, dun, (7.30)

1(M k L%(¢s
> liminf vol(Mo) — f (gq’W)h(w,v)duS+5P2, dyn,
r=oo #o)#)2K 2ck-1 Js+op, W)
ZVOI(M)eT

All of these inequalities must therefore be equalities, and by the condition for equality in (7.19)
each ¢z, must have constant speed.

It will next be shown that each ¢z, has speed IT .(w)|| and then, as a consequence, that each is
a geodesic. It follows from (7.20) that ||g%’w|| > ||T.(w)|| for each r > 1 and w € S*AP,, since, if one
had ||g%’wll = ||T*(w)|| — ¢ for some £ > 0, then by increasing r and applying a translation in I’y one

could without loss of generality suppose that £(w) > g. This would imply that

dig( S (E09)),53.0(0)) < Lisg)
= tw)ligs, |
= LWIIT- (W)l - €(w)e

< tWIT. W) -D

The above contradicts (7.20). On the other hand, assume that ||g%wl| > ||T+(w)|| for some r > 1 and

w € STOP,. Then

vol(M)er =

vol(My) Kk L2(s5.)
il % o, v)das- o, detn
SToP,

#WoH(Y) 2¢i-1 t((w)

vol(My) k _ )
> #Wo)WHON)T 2ci £+ap, EWIT (W) h(w,v) dus+ap,

=vol(M)er

where the final equality is (7.24). This is a contradiction. Thus each ¢, has speed ||7* (w)||. To see
that each ¢z, is a geodesic, it suffices by the density of rational vectors to prove it for all rational
w € STOP,, that is, those w such that, for some s > 0, ,,(s) —,,(0) € I'o. Assume that ¢;,, is not

a geodesic for some such w. As before, one may without loss of generality suppose that £(w) > s.
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Since F is constant along each Mo-fiber, mo ¢z, is a loop in N. Following the lines of (7.4), in

particular invoking Lemma 7.2.4, one has
ST )1l = L(sgwlo.s7)
> d(sg,0(5),55.1(0))
> sl|T.(w)ll
This is a contradiction. It follows that F o 17 1s totally geodesic for each g € My. An application of
Lemma 5.10(a) now shows that F is totally geodesic. Consequently, so is f.
(b) If E(f) = c%_lvol(M)f%, then, by the main inequalities, one also has that E(f) = vol(M)er. As

shown in the proof of (a), F must be constant along each M-fiber, and therefore f is as well. By

the condition for equality in (7.16), one has for each g € M that

1 —
E(f) = —E(Flyxr,)

#(x)
(M) . —
_ Yol O)E(F0L6|pl)
#(x)
vol(My) . ~
= E(fot,g)
#(X) f x(q)
where the domain of the map fo L) 18 T* with its given flat metric. At the same time, by assump-
tion,
1
—vol(M){3 =E L
Vol =B = 2 E()
Combining results shows that E(fou, ) = *42%0 39002 Note that vol(My X TX) = #(y1)vol(M)
and, at the same time, vol(M; x T¥) = #Cv) —Vvol(MyXx P;) = o - vol(My)vol(T%). It follows that vol(T¥) =
#)#(y) v"fll(%)) So E(foi,g) = V‘Z,lk(Tl )52 By Theorem 7.4.1, the intersection of the homotopy

class [ f oL@l is I([ f oL@l = 2 1Vol(T")f2 An application of Theorem 7.1.4(b) now shows that
fo Ly 1s @ homothety, which is equivalent to fo t7 being a homothety.

On the other hand, if f is constant along each My-fiber and each f o t7 is a homothety, then as

before one has that E(f) = #‘(’;ll()ﬁg& E(fou) = Xgll((%))E( fou) for any fixed § € M. Since f o is
a homothety, there exists a > 0 such that ||( f 013)«(V)|| = alv| for any Z € TKand v € TZT". Directly
computing the energy integral shows that E( f o) = VOl(Tk) so E(f) = Vol(M) At the same
time, since the image of each geodesic in 7% under fo tz is homotopy-minimizing in N, Lemma

7.3.2(b) implies that ||T.(¥)|| = a|¥| for each g € TF and ¥ € TZTk, and another direct computation

shows that {7 = a kck L. Thus —Vol(M)f2 Vol(M) This shows that E(f) = —yol(M)f%.
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©IfE(f) = e, nk-] Vol(M )¢2., then, by the main inequalities, it’s also the case that E(f) = —Vol(M )52

)11

By part (b), f is a homothety along each T*-fiber. If £7 = 0, then E(f) = 0, so f is constant and,

2 2
trivially, a homothety. If £7 > 0, then - ’2’ = L =1, and it follows from Corollary 2.7.5(b) that k = n.
n—1 k

This implies that M is a point and, consequently, that f is a homothety. This is equivalent to f
being a homothety.

Conversely, suppose f is a homothety. If f is constant, then E(f) = 0 and {7 = 0, so one has that

E(f) = nc”c" 1Vol(M)f2 If M, is a point, then k = n, so ZCZC‘ = = % It follows from part (b) that
n—1 l\ -

E(f) = e, ‘k : ol(M)é’z

When every geodesic in N is minimal, the converse to Theorem 7.4.4(a) also holds, and the equiva-

lence in Theorem 7.4.4(c) can be simplified.

Theorem 7.4.5. Let M, N, and [F] be as in the previous section, and denote by (T",||-||) and
T : T* — T™ the corresponding semi-Finsler torus and affine surjection. Suppose that k > 0 and

that every geodesic in N is minimal. Let f € [F] be any C' map. Then the following hold:

(a) If f is totally geodesic, then E(f) = vol(M)er; and

(b) If f is a homothety, then E(f) = e, Ckcl ol(M)f2

Proof. (a) By Lemma 5.10(b), f is constant along each M -fiber, and consequently F is constant
along each M,-fiber. Moreover, for each § € My, fo L7 s totally geodesic. Since N has no conjugate
points, for each w € ST, Szw : R = N must be a minimal geodesic; an application of Lemma
7.4.1(b) thus shows that ¢z, has speed T (w)||. A direct computation, which may be simplified by
invoking Lemma 7.4.63, now shows that E(f) = vol(M)er.

(b) Since every homothety is totally geodesic, Lemma 5.10(b) implies that F is constant along each
My-fiber. At the same time, there exists a > 0 such that IIF*(W)II = alw| for any w € T(Mj X R¥).

When f is non-constant, this is possible only if each M; is a point. Thus n = k and, by Corollary

2.7.5(b), ZCZCT % =2 1_ . The result now follows from Theorem 7.4.4(b). When f is constant, E(f) =0

and {7 = 0, which completes the proof.

O

3Should one choose not to use Lemma 7.4.6, one may still compute #(/1)#(y)E(f) by integrating over S(Mg X P1)
and using the coarea formula, as in the proof of Theorem 7.4.1, to reduce it to an integral over SP;.
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Lemma 7.4.6. Let M, N, and [F] be as in the previous section, and denote by (T™,||-||) and T : TF -
T™ the corresponding semi-Finsler torus and affine surjection. Suppose that k > 0 and that every
geodesic in N is minimal. If [F] contains a totally geodesic map, then ||| is a semi-Riemannian

norm.

Proof. Let f € [F] be totally geodesic. By Lemma 7.3.1, one may suppose without loss of general-
ity that fy = f. A consequence of Lemma 5.10(b) is that, for each g € My, F o 17 is totally geodesic,
which implies that P := F o Lg(Rk) is a totally geodesic and flat m-dimensional submanifold of N.
Since F is also constant along each My-fiber, both P and the lattice I'; := Fo t7(I'y) € P are inde-
pendent of the choice of g, and f is Z*-equivariant under the action that translates the R¥-fibers by
elements of I';. Recall that y = F(p,X). As in the construction of the loops s; in the previous section,
foreach u = F(ﬁ, v)elp, wherevel, themap t — F(T),E—i— tv)=y+tu, te[0,1], descends via x to
a closed geodesic in G. This identification defines a group isomorphism g : I, — G, which in turn
defines an isomorphism j:=10¢ : I’ — Z™. Since each ¢;,, extends for all time to a geodesic in N,
which by assumption is minimal, an application of Lemma 7.3.2(b) shows that || -||, := [|()|| agrees
on I', with the Euclidean semi-norm possessed by P. It is now an elementary exercise to show that
| -] is induced by a semi-definite bilinear form or, in other words, that || - || is a semi-Riemannian

norm.

Remark 7.4.77. Suppose the induced homomorphism of the homotopy class [F] in Theorem 7.4.4
is non-trivial, so that m > 0. If N is compact, then by modifying the proof of Theorem 8.3.19 in
[BBI] one may show that dg is bi-Lipschitz equivalent to a word metric and, as a consequence, that
(T™,]]-1I) is a Finsler torus. In particular, for compact N, (T™,||-||) is a Riemannian torus whenever

[F] contains a totally geodesic map.

Remark 7.4.8. If the induced homomorphism of [F] is non-trivial and N is compact, then er > 0
and, consequently, every map in [F] has energy bounded below by a positive constant. There are
apparently no known examples of bubbles forming in the heat flow between compact manifolds
when the initial map lies in a homotopy class with that property. When N has no conjugate points,
or more generally is aspherical, such an example of blow-up would be fantastically interesting. On

the other hand, it would also be interesting, albeit somewhat less so, if one could show that the heat
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flow exists for all time and uniformly subconverges when the target is compact and has no conjugate

points. Whether this is true is apparently, and rather surprisingly, an open question.

Remark 7.4.9. The energy of a totally geodesic map T : T"" — T* between flat Riemannian toruses
can be computed using the Gram-Schmidt procedure. The answer is a bit messy and involves a

number of determinants of matrices containing the coefficients of the metrics on 7" and T*.

Remark 7.4.10. As discussed in Chapter 2, Corollary 2.7.3 may be deduced from other results in this
chapter. Suppose that n > k > 0, so that [ > 0. Let T" have any flat metric, and letp : 7" = T*x T —
T* denote projection. Then p is constant along each T'-fiber and a homothety along each T*-fiber, so

by Theorem 7.4.4(b), E(p) = C%_]VOI(T”)K2 , where T : TX — T in this case is the identity map. Since

p is not a homothety, Theorem 7.1.4 and Theorem 7.4.1 imply that E(p) > "C%C"‘; vol(T”)é’%. Thus

2
kC’F 1€k

nc,%c,%_l < kcﬁ_lci, which, as shown in the proof of Corollary 2.7.5, is equivalent to the inequality

in Corollary 2.7.3. Note that, since Corollary 2.7.3 was only used to prove Corollary 2.7.5, which
in turn was used in the proof of Theorem 7.4.4 only to obtain part (c) and the final inequality, the

potential for circular reasoning has been avoided.

Corollary 7.4.11. Let M and N be Riemannian manifolds, where M is compact with non-negative
Ricci curvature and every geodesic in N is minimal. Let [F] be a homotopy class of maps from M

to N. Then the following hold:
(a) There exists C > 0 such that, for each C' map f € [F], B(f) > C, with equality if and only if f is
totally geodesic; and

(b) If [F] contains a totally geodesic map, then each C' map in [F] is energy-minimizing if and only

if it is totally geodesic.

Proof. (a) This follows immediately from the first inequality in Theorem 7.4.4, Theorem 7.4.4(a),
and Theorem 7.4.5(a) by setting C := vol(M)er.

(b) Let f € [F] be totally geodesic. By Lemma 2.6.2, f is smooth. Part (a) now implies that
E(f) = C. Since any other C' map g € [F] satisfies E(g) > C, it follows that g is energy-minimizing

if and only if g is totally geodesic.
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Corollary 7.4.11 immediately implies Theorem 1.4(b). It’s important to keep in mind that the con-
stant in Corollary 7.4.11 is merely a lower bound for the energy of maps in [F], not necessarily
the infimum. Moreover, not every homotopy class of maps between compact manifolds contains
an energy-minimizing representative. For example, as shown by White [Wh], any compact and
connected manifold M with dim(M) > 2 and trivial first and second fundamental groups has the
property that inf sc(jq) E(f) = 0, where id : M — M is the identity map. In that case, [id] cannot
contain an energy-minimizing representative. On the other hand, Croke—Fathi [CF] showed that the
identity map is energy-minimizing for any compact manifold with no conjugate points and that any
energy-minimizing map in [id] is an isometry. When N has no conjugate points, Corollary 7.4.11
shows that this lower bound C is realized exactly when [F] contains a totally geodesic representa-
tive. Theorem 4.1.15 shows that [F] may not have that property. However, by Theorem 1.4(c), it

does whenever N has no focal points.
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Chapter 8

Further questions

There are a number of interesting questions related to this work that I’'ve been unable to resolve.
Note that Theorem 1.4 is a result about energy-minimizing maps M — N, rather than all harmonic
maps. It’s unknown whether every such harmonic map must be totally geodesic. By contrast, when
N has non-positive curvature, all harmonic maps are energy-minimizing and totally geodesic by
Theorem 1.2 and Theorem 1.3(c). Moreover, by Theorem 4.1.15, there exist compact manifolds N

with no conjugate points that admit energy-minimizing maps 7> — N which aren’t totally geodesic.

Question 8.1. Is every harmonic map from a compact Riemannian manifold with non-negative
Ricci curvature into a compact Riemannian manifold with no focal points energy-minimizing? By
Theorem 1.4(b)-(c), this is equivalent to asking whether every such map is totally geodesic. The

essential case is when the domain is a flat torus T* for k > 2.

Question 8.2. Does there exist an energy-minimizing map from a compact Riemannian manifold
with non-negative Ricci curvature into a complete but non-compact Riemannian manifold with no
focal points that’s not totally geodesic? Again, the important case is when the domain is a flat
torus. By the flat strip theorem, this is equivalent to asking whether, whenever min(g) = 0 for some

g € f.(m1(T*, p)), it’s possible for [ f] to contain an energy-minimizing representative.

It’s surprising to note that the existence of energy-minimizing, or more generally harmonic, maps
into compact manifolds with no conjugate points is an open question, except in the case of surfaces,
where it follows by combining the work of Eells [Ee], Gordon [Gor], and Schoen—Uhlenbeck [ScU]
with the result of Burns [Burn2] that the universal cover of every complete surface with no conjugate

points is convex-supporting.

Question 8.3. Does every homotopy class of maps from a compact Riemannian manifold with non-
negative Ricci curvature into a compact Riemannian manifold with no conjugate points contain an

energy-minimizing representative?
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It’s also not known whether the heat flow from compact domains exists for all time and uniformly
subconverges into compact manifolds with no conjugate points, except in the case of maps between
surfaces, where the affirmative answer follows from the work of Struwe [St1], Gordon [Gor], and
Burns [Burn2]. As discussed in Remark 7.4.8, a negative answer would be fabulously interesting.

By Theorem 4.2.2, it does when the target has no focal points.

Question 8.4. Does the heat flow from a compact Riemannian manifold exist for all time and uni-

formly subconverge when the target is a compact Riemannian manifold with no conjugate points?

In light of Lemma 7.4.6, one might ask whether, for compact N, the Finsler torus in the statement
of Theorem 7.4.4 must always be Riemannian. By Theorem 1.4(c), it is whenever N has no focal
points. It needn’t be in general, as Bangert [Ba] showed that there exist Riemannian metrics on 72
whose asymptotic norms in the sense of [Bura] are not Riemannian. If g is such a metric and &
is a flat metric on 72, then id : (T2,h) — (T?,g) is a map whose corresponding Finsler torus is not
Riemannian. For each k < co, examples of C¥ metrics on high-dimensional toruses 7" whose asymp-
totic norms are non-differentiable at almost every irrational vector in S"~! C R” were constructed
by Burago-Ivanov—Kleiner [BIK]. However, if one restricts to target manifolds with no conjugate
points, the solution to the Hopf conjecture by Burago—Ivanov [Burl] precludes counterexamples on
toruses. It would be surprising if the Finsler torus in the case of no conjugate points were always

Riemannian, but to my knowledge there are no known counterexamples.

Question 8.5. If N is compact and has no conjugate points, must the Finsler torus in Theorem 7.4.4

be Riemannian?

Finally, one might note that the results of Chapter 6 nowhere assume that the manifold M in the

diagram (6.1) is compact, unlike the results of Chapter 7.

Question 8.6. To what extent do the conclusions of Theorem 7.4.4 and Theorem 7.4.5 hold when

M is only assumed to be complete and have finite volume?
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