©2014
August John Krueger
ALL RIGHTS RESERVED



STRUCTURE AND DYNAMICS OF NONCOMMUTATIVE SOLITONS:
SPECTRAL THEORY AND DISPERSIVE ESTIMATES
By
AUGUST JOHN KRUEGER
A dissertation submitted to the
Graduate School-New Brunswick
Rutgers, The State University of New Jersey
In partial fulfillment of the requirements
For the degree of
Doctor of Philosophy
Graduate Program in Physics
Written under the direction of
Avraham Soffer

And approved by

New Brunswick, New Jersey

October 2014



ABSTRACT OF THE DISSERTATION
Structure and Dynamics of Noncommutative Solitons:
Spectral Theory and Dispersive Estimates
By AUGUST JOHN KRUEGER

Dissertation Director:

Avraham Soffer

We consider the Schrodinger equation with a Hamiltonian given by a second order
difference operator with nonconstant growing coefficients, on the half one dimensional
lattice. This operator appeared first naturally in the construction and dynamics of
noncommutative solitons in the context of noncommutative field theory. We prove
pointwise in time decay estimates, with the optimal decay rate t~!log™2t generically.
We use a novel technique involving generating functions of orthogonal polynomials
to achieve these estimates. We construct a ground state soliton for this equation
and analyze its properties. In particular we arrive at ¢> and ¢! estimates as well
as a quasi-exponential spatial decay rate. We completely determine the spectrum of
the associated linearized Hamiltonian and prove the optimal decay rate of t~'log™ 2 ¢
for the associated time decay estimate. These results are to appear in forthcoming

papers.
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Part 1

Introduction and Background
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The notion of noncommutative soliton arises when one considers the nonlinear
Klein-Gordon equation (NLKG) for a field which is dependent on, for example, two
“noncommutative coordinates”, x1, x5, whose coordinate functions satisfy [X;, X;| =
1€. By going to a representation of the above canonical commutation relation, one can
reduce the dynamics of the problem to an equation for the coefficients of an expansion
in the Hilbert space representation of the above CCR, see e.g. [15]. By restricting
to rotationally symmetric functions the nocommutative deformation of the Laplacian
reduces to a second order finite difference operator, which is symmetric, and with
variable coefficient growing like n, the lattice coordinate, at infinity. Therefore, this
operator is unbounded, and in fact has continuous spectrum [0, 00). These preliminary
analytical results, as well as additional numerical results, were obtained by Chen,
Frohlich, and Walcher. [5]. The dynamics and scattering of the (perturbed) soliton
can then be inferred from the NLKG with such a discrete operator as the linear part.
We will be interested in studying the dynamics of discrete NLKG and discrete NLS
equations with these hamiltonians.

We follow the presentation of these methods in the manner of [5]. A soliton,
or solitary wave, is a localized stationary solution to a nonlinear PDE, an example
of which is the 2D real nonlinear Klein-Gordon equation: —92® = —A® + V(®),
where & : R; x R%xlm) — R, V : R — R. A noncommutative soliton is a solitary
wave solution to a PDE which has been deformed by enhancing the pointwise algebra
of functions to one with a nontrivial spatial commutation relation. Here this is to
say that [X;, X5] = 0 — [X;, X3| = i€, where X, Xy are the coordinate functions
respectively for the Cartesian spatial coordinates x, x. By demanding that 9,X =1
one may arrive at 9, + £[Xs,-] and 9,, — £[Xy,]. Finally, by considering formal
power series expansions of functions on space one may deform the pointwise product

&, Py (1, x2) to the Moyal star product

D)+ Dy, 1) = (/D010 =00290) 3, (a0, b)) Dy (ag, by) L(a;,b))=(e1,22)-



By analogy to [Q, P] = ie = [AT, A] = 1 it is typical to consider the associated

harmonic oscillator representation

A= (207X, +iXy), AT = (2¢)7V3 (X, —iXy),

—020 = —AD+ V(D) = =020 = (2/e)[A,[Al, ]| + V(D).

Let II,, be the projection onto the n-th excited state of the harmonic oscillator system:

II,,v = v(n)x,. One may observe that

(Xn> R2Xn) = (Xn» (X7 + X3)xn) = 2¢(n — 1/2),

—(n+ DI+ 2n+ DI, —nll,_1 , n>0
AL [AT 11, = (n+ DIpr + ( ) 1

—1II; + Il ., n=0.

so that spherically symmetric functions are deformed into operators which are di-
agonal in the harmonic oscillator basis. Therefore if one restricts the original PDE
to spherically symmetric solutions then the noncommutative PDE becomes a finite
difference equation on the half-lattice of excited state level indices of a harmonic
oscillator system: ®(t,7) — ®(t,n).

As an alternative to noncommutative deformation one may consider the following.
If one performs the change of variables r? = 2en,, then the radial 2D laplacian takes
the form r=19,70, = (2/€)0,,1n.0,,. Upon a careful choice of direct discretization
one finds (2/€)0,,n.0n, — (2/€)DinD_, which has the same action on the y,, as
—A s (2/€)[A, [AT,-]] has on the II,,, where D, , D_ are respectively the forward and
backward finite difference operators.

In this sense the resulting real radial 2D nonlinear Klein-Gordon equation can be
considered as either a noncommutative version or a discrete version of the original
commutative differential one. The result of the discretization procedure is perhaps
a bit unexpected as the harmonic oscillator representation needn’t look anything
like the the original commutative spatial representation. Nevertheless, the original

equation can be recovered with the limit € \, 0 as either the commutative limit



of a noncommutative system (like 7 N\, 0) or as the continuum limit of a lattice
system. We will work with the finite difference representation exclusively. Henceforth
n — x € Z,, since the lattice will be our space, and we set € = 2.

The principle of replacing the usual space with a so-called noncommutative space
(or space-time) has found extensive use for model building in physics and in particular
for allowing easier construction of localized solutions, see e.g. [2][22] for surveys. An
example of the usefulness of this approach is that it may provide a robust procedure
for circumventing classical nonexistence theorems for solitons, e.g. that of Derrick
[8]. The NLKG variant of the equation we study here first appeared in the context of
string theory and associated effective actions in the presence of background D-brane
configurations, see e.g. [15]. We have decided to look in a completely different direc-
tion. The NLS variant and its solitons can in principle be materialized experimentally
with optical devices, suitably etched, see e.g. [6]. Thus the dynamics of NLS with
such solitons may offer new and potentially useful coherent states for optical devices.
Furthermore, we believe the NLS solitons to have special properties, in particular
asymptotic stability as opposed to the conjectured asymptotic metastability of the
NLKG solitons conjectured in [5].

We will be following a procedure for the proof of asymptotic stability which has
become standard within the study of nonlinear PDE. Crucial aspects of the theory
and associated results were established by Buslaev and Perelman [3], Buslaev and
Sulem [4], and Gang and Sigal [14]. Important elements of these methods are the
dispersive estimates. Various such estimates have been found in the context of 1D
lattice systems, for example see the work of A.I. Komech, E.A. Kopylova, and M.
Kunze [20] and of I. Egorova, E. Kopylova, G. Teschl [12], as well as the continuum
2D problem to which our system bears many resemblances, see e.g. the work of E. A.
Kopylova and A.I. Komech [21]. Extensive results have been found on the asymptotic
stability on solitons of 1D nonlinear lattice Schrodinger equations by F. Palmero et al.

[24] and P.G. Kevrekidis, D.E. Pelinovsky, and A. Stefanov [18]. Important aspects



of the application of these models to optical nonlinear waveguide arrays has been
established by H.S. Eisenberg et al. [13].

This work is part of a series of forthcoming papers devoted to the construction,
scattering, and asymptotic stability of these noncommutative solitons. The first three
chapters are devoted to separate aspects of the problem in order of necessity. The
fourth chapter addresses further work on this subject matter that we would like to
pursue. The organization of this work is as follows.

In Chapter 1 we focus on a key estimate that is needed for scattering and stability,
namely the decay in time of the solution, at the optimal rate. Fortunately, in the
generic case, we find it is integrable, given by ¢t~!log™?¢. The proof of this result is
rather direct, and employs the generating functions of the corresponding generalized
eigenfunctions, to explicitly represent and estimate the resolvent of the hamiltonian
at all energies. We also conclude the absence of positive eigenvalues and singular
continuous spectrum.

Preliminary results for the scattering theory of the associated noncommutative
waves and solitons were found by Durhuus and Gayral [9]. In particular they find
local decay estimates for the associated noncommutative NLS. We utilize alternative
methods and find local decay for both the free Schrodinger operator as well as a class
of rank one perturbations thereof. An important element of this analysis is the study
of the spectral properties of the free and perturbed Schrodinger operator. We extend
the analysis of Chen, Frolich, and Walcher [5] and reproduce some of their results
with alternative techniques.

In Chapter 2 we address the construction and properties of a family of ground state
solitons. These stationary states satisfy a nonlinear eigenvalue equation, are positive,
monotonically decaying and sharply peaked for large spectral parameter. The proof of
this result follows directly from our spectral results in Chapter 1 by iteration for small
data and root finding for large data. The existence and many properties of solutions

for a similar nonlinear eigenvalue equation were found by Durhuus, Jonssen, and Nest



[10][11]. We utilize a simple power law nonlinearity for which their existence proofs
do not apply. We additionally find estimates for the peak height, spatial decay rate,
norm bounds, and parameter dependence.

In Chapter 3 we focus on deriving a decay rate estimate for the Hamiltonian which
results from linearizing the original NLS around the soliton constructed in Chapter 1.
We determine the full spectrum of this operator, which is the union of a multiplicity
2 null eigenvalue and a real absolutely continuous spectrum. This establishes a well-
defined set of modulation equations [31] and points toward the asymptotic stability
of the soliton.

In Chapter 4 we describe how the results from Chapter 3 can be applied to prove
stability of the soliton we constructed in Chapter 2. The issue of asymptotic stability
of NLS solitons has been sufficiently well-studied in such a broad context that the
proof thereof is often considered as following straightforwardly from the appropriate
spectral and decay estimates, of the kind found in Chapter 3. We sketch how the
theory of modulation equations established by Soffer and Weinstein [31] can be used
to prove asymptotic stability. Chen, Frohlich, and Walcher conjectured that in the
NLKG case the corresponding solitons are unstable but with exponential long decay:
the so-called metastability property, see e.g. [5]. There is a great deal of evidence to
suggest that this is in fact the case but a proof has yet to be provided. This will be

the subject of future work.
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Main



Notation

Let Z, and R, respectively be the nonnegative integers and nonnegative reals
and ¢ = (*(Z,,C) the Hilbert space of square integrable complex functions, e.g.
v:Zy > x— v(x) € C, on the 1D half-lattice with inner product (-,-), which is
conjugate-linear in the first argument and linear in the second argument, and the
associated norm || - ||, where ||v|| = (v,v)"/?, Vo € 2. Where the distinction is clear
from context || - || = || - ||op Will also represent the norm for operators on .7 given by
[|Allop = supyer |[v||H|Av]], for all bounded A on J#. Denote the lattice £! norm
by |[ - [l where [[o[ly = 3252 [o(x)], Vv € €1(Z4, C).

We denote by ® the tensor product and by z +— Z complex conjugation for all
z € C. We write s for the space of linear functionals on 7: the dual space of 7.
For every v € J one has that v* € J¢* is its dual satisfying v*(w) = (v, w) for all
v,w € A . For every operator A on J we take D(A) as standing for the domain
of A. For each operator A on s# define A* on J#* to be its dual and A" on J7Z its
adjoint such that v*(Aw) = A*v*(w) = (ATv,w) for all v € D(AT) and all w € D(A).
Let {x.}>, be the orthonormal set of vectors such that x,(z) = 1 and x, (z2) =0
for all xo # x1. We write II, = x, ® x for the orthogonal projection onto the space
spanned by Y.

We define .7 to be the topological vector space of all complex sequences on Z
endowed with topology of pointwise convergence, B(7#) to be the space of bounded
linear operators on ¢, and £(.7) to be the space of linear operators on .7, endowed
with the pointwise topology induced by that of .7. When an operator A on ¢ can be
given by an explicit formula through A(xy, z2) = (Xz,, AXe,) < 00 for all 21,29 € Z

one may make the natural inclusion of A into £(.7), the image of which will also be



denoted by A. We consider .7 to be endowed with pointwise multiplication, i.e. the
product ww is specified by (uwv)(z) = u(z)v(z) for all u,v € 7.

We represent the spectrum of each A on J# by o(A). We term each element \ €
o(A) a spectral value. We write o4(A) for the discrete spectrum, o.(A) for the essential
spectrum, o,(A) for the point spectrum, o,.(A) for the absolutely continuous spectrum,
and oy (A) for the singularly continuous spectrum. Should an operator satisfy the
spectral theorem one may implement spectral projections. For each operator A,
these will be written as IT{ and the like for each of the distinguished subsets of the
spectral decomposition of A. Define R? : p(A) — B(J7), the resolvent of A, to be
specified by R4 := (A — 2)71, where p(A) := C\ (A) is the resolvent set of A and
where by abuse of notation zI = z € B(.%) here.

Allow an eigenvector of A to be a vector v €  for which Av = Av for some
A € C. Should A admit inclusion into £(.7), we define a generalized eigenvector
of A be a vector ¢ € J \ S which satisfies Ap = ¢ for some A € C such that
¢(z) is polynomially bounded, which is to say that there exists a p > 0 such that
limg noo(x 4+ 1)7Pp(z) = 0. We define a spectral vector of A to be a vector which
is either an eigenvector or generalized eigenvector of A. We define the subspace of
spectral vectors associated to the set ¥ C o(A) to be the spectral space over X.

We write 0, = % and d, = % respectively for formal partial and total derivative

operators with respect to a parameter z € R, C.



CHAPTER 1

The linear scalar problem
1. Results
DEFINITION 1.1. Define Lg to be the operator on € with action

—(z+Dv(z+1)+ 2z + 1v(x) —zv(z—-1) , x>0
—v(1) +v(0) , x=0.

(1) Lov(z) =

and domain D(Ly) := {v € H | ||Mv|| < oo}, where M is the multiplication operator

with action Mv(x) = zv(x) Yv € T

Consider the linear Schrodinger equation
(2) i0u = Lou + Vu

where u : R; x Z, — C and V is a potential (energy) multiplication operator on J¢.
To find solutions to Equation (2) it is sufficient to analyze the spectral measure of

Lo+ V.

DEFINITION 1.2. For A an essentially self adjoint operator on ¢, such that each
A € o(A) has multiplicity 1, we denote the set of spectral vectors of A by {¢3 }reo(a)-
Let a choice of normalization vector for A be a fized vy € H such that (vx, ¢5) = 1
for all X € o(A). Furthermore let the spectral integral weight w{ be given by wy :=
(vx, 08ox) for all X € a(A). We define the resolvent vector 2 : p(A) — S by 2 =
RAvy and the auxilliary resolvent vector €4 : p(A) — 5 by €4 i= A — v (V) o2,
where ¢ € T is the analytic continuation o(A) 2 X — z € C of ¢3' € T . Let the

resolvent function f4 : p(A) — C be specified by (vx, R2vx).
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The above permits the useful representation 2 = fA¢24 + €4 ¢4 and 2 are
connected to the Stieltjes transform theory of orthogonal polynomials, in that ¢4 is

termed a primary polynomial and 2 the corresponding secondary polynomial [33).

ProOPOSITION 1. The operator Ly has the following properties.
(1) Lo is essentially self-adjoint.
(2) The spectral space over each X\ € o(Lg) has multiplicity 1.
(3) The spectrum of Ly is absolutely continuous, o(Lg) = 0a.(Lo) = [0,00), and
for choice of normalization qﬁfO(O) =1, its generalized eigenfunctions are the

Laguerre polynomials ¢§° => o —(_,;\!)k (i)

Chen, Frohlich, and Walcher determined the above properties for L in [5] via methods
which are different from ours with the apparent exception of a proof of essential self-

adjointness.

DEFINITION 1.3. Define L to be the operator on € with domain D(L) = D(Ly)

and specified by L := Ly — qlly where ¢ > 0 is a fived constant.

THEOREM 1. Let ¢%, X € o(L), denote spectral vectors of L chosen to satisfy
the normalization condition (xo, %) = ¢%(0) = 1, YA € o(L). L has the following
properties.

(1) 04(L) = op(L) = { Ao}, where Ao < 0 uniquely satisfies 1 = qwfg(O) and the
unique eigenfunction over X\g is wfo = qz/J)L\;’.

(2) 0e(L) = 04ac(L) = [0,00).

(3) dub(VITF = whot @ 65" dx Tk

e

where w¥ = {[1 — qe*PE(-=)\)]* +
[Trge=*]?}"te™, d\ is the Lebesque measure on [0,00), and PE;(=)\) =
—Ei(\) == — [Tdu ute™, X > 0, is the exponential integral. The gen-

eralized eigenfunctions of L are given by ¢% = fo + qffo, A € 0ac(L).

We are ultimately interested in studying the solutions of a nonlinear equation so

it is important to acquire decay estimates for dispersive “scattering states”.
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DEFINITION 1.4. Let W, ; be the multiplication operator weight specified by

Wy rv(zr) = (x + k) v(x), Vo € T, where 0 <k € R, 7 € R.

THEOREM 2. For all =3 > 7 € R, t > 0, v € (!, there exists a constant ¢ > 0

and a 1 < k € R such that
(3) [Weere W0l < ct™![[v]l

THEOREM 3. For all =3 > 7 € R, v € (1, there exists a 1 < k € R such that
(4) HW,Q,TG’“LHE%W,{,TUHOO =0t log~? t), t oo

Our proof of these estimates will rely heavily on the generating functions of the
generalized eigenvalues. This approach draws upon known properties of certain spe-
cial functions. Hereby the problem of sequences on a lattice will be transformed into

a problem of analytic functions in the complex plane.
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2. Spectral Properties of L

LEMMA 2.1. Any vector, v, the set of whose components, {v(z)}2,, have finitely
many nonzero elements is a semi-analytic vector for Lo, which is to say that ||LEv|| <

co(2k)! where ¢, depends on v alone.

PROOF. Define z, := sup,{x : v(x) # 0}.

(5) [1Zovll3 =Y | = (z+ Dv(z +1) + (22 + v(z) — zv(z — 1)

(6) < Z[(m + Doz + 1) + 2z + D|o()| + z|o(z — 1)]]?

(7) < Z{ — 1) + 1oz + )| + 22, + D|o(@)| + (2, + D|v(z — 1)|}?
(8) = Z{[W(x + D[ + 22, (22, 4+ D|o(z + 1)||v(z)]

(9) + 2z, (2, + D |v(@)|[v(z = 1]+ [(22, + 1)]o(2)[]”

(10) +2(2z, + 1) (2 + D|o(@)||v(z — 1)| + [(2y + Doz — 1)[]*}
(11) Z [o|v(@)[]? + 22, (22, + 1)|v(z + 1)|[v(z)]

(12) + 22, (2 + D|v(z + D||v(x)] + [(22, + 1)|v(z)])?

(13) + 222, + 1)(z, + Doz + Dfo(2)] + [(z, + D]o()[]*}
(14) < 16(xy + 1)%[|0]]?

(15) || Lov||1 = Z | —(x+ Dv(z+ 1)+ 2z + 1)v(z) — 2v(z — 1)|
(16) < Z\@:H) (z+1) + (22 + Do(z) 4+ zv(z — 1)

(17) Z [(z+ D]v(z+ 1)+ (22 + 1)|v(z)| + z|v(x — 1)]]
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WE

(18) < D Allwo = 1) +1]jo(z + )| + (22, + D]o(2)] + (v + Dfo(z — 1)[}
(19) <Y lwolole + 1)+ (22, + Do(@)] + (2, + Doz = 1)]]
(20) < 4(zy + 1)||v[}r-

Let a, := 4(x, + 1). We have then that ||Lov||?,||Lov||3 < a,||v]|;. One may observe

that xr,, = 2, + 1 = ar,w = a, +4. One then has that

@1 NZolle < age 1L 0l < agso,ages, |IZE0lh < ...
k k

(22) < L agssllell = 4 TTG + @ )llell = 45~ + @) lol 1.
j=1 j=1

Since 4*(z,!) " (k + x,)!||[v]|; is monotonically increasing in k € Z, we may, without
loss of generality, take that & > z, and & > 4 to bound this expression. One may show
through the monotonicity in & of () for 0 < k < [z/2] that (7) < ([z/2])*(al),

where |a] = sup,s,czn, for all @ € R, is the floor function. One then has

_ k+ x, 2k
(23)  4%(z,)) 1(k+xv)!\|v\|1:4kk!< . >\|v\|1§4kk!<k>||v||1

(24) = 4F (D) 12K |[v]]y < 4441 2R)[u]]y < (2K,

where ¢, = 11]|v]|;. O

PROOF OF PROPOSITION (1) PART (1). The set of vectors, v, with finitely many
nonzero components is dense in 7. This dense set is semi-analytic for Ly. By the
extension of Nelson’s analytic vector theorem to semi-analytic vectors, see e.g. [28],

it is therefore the case that L is essentially self-adjoint. OJ

PROOF OF PROPOSITION (1) PART (2). One has that Lov(z) = Mv(z), v € T,
specifies a countable family of coupled elementary algebraic equations. A unique

solution may be found for each A\ by specifying vy and solving inductively in increasing
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x € Zy. A choice of normalization will fix v(0). Therefore each solution is, up to

normalization, uniquely specified by . 0

PROOF OF PROPOSITION (1) PART (3). Ly is an essentially self-adjoint, second
order, finite difference operator or Jacobi operator. It is well known that the theory
of Jacobi operators is intimately connected with that of orthogonal polynomials. In
particular spectral equations for operators extended to formal sequence spaces may
be viewed as recursion formulas for families, indexed by lattice site, of orthogonal
polynomials defined on the spectrum of the operator in question, see e.g. [27]. For
Ly € L(7) it is the case that Lyv(xz) = Av(x) takes the form of the recursion formula
for the Laguerre polynomials. By part (2) of the proposition these solutions are

unique. O

The Laguerre polynomials, gbfo (x) = ¢r(x), have known completeness and orthog-

onality relations whose roles will be reversed here:

(25) Oy = /0 T e On(@1)da(m2), I\ — Ao) = e M2 N " ()6, (),

n=0

where here §(-) is Dirac’s delta distribution supported on o(Lg). The RHS of these

equations converge in the distributional sense respectively on ¢?(Z, ) and L*(R, ). The

former equation expresses components of the spectral measure of Ly and in particular
Lo

wy® = e~*. In what follows we will often suppress the dependence of a quantity on

Lo . . .
Ly, e.g. wy® =w,. We will use x( a normalization vector for L.
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3. Spectral Properties of L

Consider that Ay is an essentially self adjoint operator on . and has spectrum
0(Ap) = 0ac(Ap) = [0,00). Furthermore consider that A on H has domain D(A) =
D(Ap) and is specified by A := Ay — ¢II, where ¢ € C is a fixed constant and II is
a rank-1 orthogonal projection operator. There exists a vp € # of unit norm for
which IT = vp ® v5. Define f4 := (vp, R4vp). By Weyl’s theorem, the perturbation
—qlI cannot change the essential spectrum of Ay but it can introduce eigenvalues.

Let u € A satisfy vf(u) # 0, then
(26) Au=zu = 1=qf"

A will then have as many eigenvalues as ¢f~ — 1 has zeroes. The corresponding

eigenfunctions are then given by
(27) Au=Xu = u=qup(u)R{vp.

DEFINITION 3.1. Let T € L(.7) be the binomial transform, see e.g. [19], defined
by

k
x

(28) To(k) =Y T(kz)v(z) = Z(—nk( )v(m), Yo e T.

=0
T is involutive in the sense that 72 = I. One has that Tv(0) = v(0) and

the useful representation xo(z) = >;7,(=1)*(;). We take the conventions that

x!,(i),zlz:ov(as) =0fork,z <0and k <z forallve 7.

LEMMA 3.1. One may check by direct computation that
(29) TLov(k)=(k+1)Tvk+1), YveT

and may recover the usual definition of the Laguerre polynomaials hereby.
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Proor. Consider
(30) Lopr(z) = Apa(x) = (K + 1) T ox(k + 1) = AT o (k).

Choosing T ¢»(0) = ¢»(0) = 1 one has by induction that T¢,(k) = ’\k—',c One may

then apply the binomial transform again to arrive at

31 onn =S ().

LEMMA 3.2. One has the representation
e T
(52) i) = () Br-2)
where
(33) E,(z) = / dt e, peC,zeC\ (=o0,0]
1

are the generalized exponential integrals for which we take the principal branch with

standard branch cut ¥ = (—o0,0].

PROOF. Consider the (Ly — 2)¢, = xo, where ¢,,x0 € 7, Ly € L(T). By

binomial transform of this equation one finds

(34) (k+ DT (k+1)=2T¢,(k)+ 1.

T, (k) = e *Ej,1(—2) satisfies this recursion formula. O
DEFINITION 3.2. For any single-valued or multi-valued function f : C — C, an

element of a set of linear functionals on some suitable Banach space with norm given

through integration over A, and with poles, branch points, and branch cuts found in
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the subset > C R let Pf : X — C be the principal part of f defined by the weak limit

(35) PﬂM:%wﬁmUQ+uJ+ﬂA—ML Nes

e\0

which converges in the distributional sense. We analogously define the d-part of f to

be

(36) <v@y:£;%§?ug+w@—fu-¢m, Nes

We have kept vague the specification of the sense in which the above definitions
converge weakly for the purposes of generality. The details of such convergence in our
work will be clear from context. One may extend the domain of Pf to the complex

plane and produce a single valued function, which we will also denote f, through

f(z), zeC\x

(37) Pf(z) = :
Pf(z), z €N,

One may observe that the analogous extension of ¢ f(\) vanishes away from ¥ C R.
This prescription extends to weak limits in z € C of complex sequences v, € .7 whose
components depend upon z.

The generalized exponential integrals have the convergent series expansion [34]

(39) Br(2) = - g2 + S0 S - k)
’ T k=1
(39) RGO
n! —~ n! ’

where [ (z) := d, log'(x) is the digamma function. One may therefore observe that

(x)"

n!’

(40) W—{ign Eni(—x tie) = PE, 1 (—z) Fir x>0,
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where for the sake of generality the limit is weak with respect to L?([a, 00), C), a > 0.
In particular one often writes PFE,(—x) = —Ei(x) where

(41) Ei(z) := —/ du u~te ™, x>0

T

is the exponential integral.

PrROOF OF THEOREM (1) PART (1). Eigenvalues are be given by zeros of
ge *Ei(—z) — 1. L is essentially self-adjoint so (L) C R. Analytic continuation of
Ei(—2) to z > 0 from above or below will result in the sum of a real function and an

imaginary constant
(42) 11\121(1] Ei(—x tie) = —Ei(z) Fim, x>0

so there can be no positive eigenvalues. ge *E(—z) diverges for z — 0 so z = 0
cannot be an eigenvalue. All eigenvalues must be negative. Let z = —a < 0. It is the

case that e*E)(a) is monotonically decreasing for increasing a € (0, oc]
(43) du[e?Er(a)] = —/ dr e *(x+a)"? <0,
0

where we have used manifest dominated convergence of the integral to pass the de-
rivative through the integral. Furthermore since
[e.e] o)

(44) lim dt e *(t+a)"' =00, lim dt e *(t +a)"' =0,
a\o 0 a,/'00 Jq

it follows that e®E(a) takes each on the interval [0, 00) exactly once, where we have
used manifest uniform convergence of the integrand to pass the limit through the

integral. Therefore ge *E;(—z) — 1 has exactly one root for each fixed ¢ > 0. O

PROOF OF THEOREM (1) PART (2). By the argument of the Proof of Theorem
(1) Part (1), there can be no embedded eigenvalues. By Weyl’s critereon the pertur-
bation of Ly — L leaves the essential spectrum unchanged. The argument for the

proof of o(Lgy) = 0a.(Lg) follows without change for the spectrum of L. O
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DEFINITION 3.3. Let A be an operator on € which is self-adjoint on its domain
D(A) and X\ an element of the discrete spectrum of A. Define Py = P(A — \)71,

A € a(A) to be the principal part of the resolvent of A given by the strong limit
4 ¢ =L stim [RY,, + R
(45) Py =g sum [Rieie + R3] -

Denote by 68 = 6(A—\) =I5, X € 0(A) the spectral projection defined by the strong
limat

1
A _ : A A
(46) 0y =5 s;l\%n [Riyic — Ri_id -

If X is instead an element of the essential spectrum of A one has that Py, 04 are de-
fined by weak limits. If and only if the essential spectrum of A is absolutely continuous
it is the case that du2(\) = 03 A\, where duZ () is the essential spectral measure of

A and d\ is the Lebesgue measure on o.(A).

The above definition permits the useful representation §% = w{¢{ ® (bf’*. One
may typically observe through the spectral representation of R? that Pyg = Piloy
and that P& = Py — vi(Py)od = & VA e o(A).

We recall the method of spectral shifts as applied to rank-1 perturbations, see e.g.
[29], for operators of the form specified by the Ay, II, A = Ay — ¢II considered above.

Through the resolvent formula it follows that

(47) RY = R% 4 RYMGIIRY = TIRA =TIRY 4 fAgIIRA

(48) = TRI=(1—qf) MR = RI=RP+(1—qf)  RIGIRY.

For A essentially self-adjoint one may apply the definitions of Py and §% and find

the corresponding shifts to P{ and §5°. For A € o(A) it follows that

(49) Pt =P+ gi°[(1 — qP f0) (P{oglIPLe — n265°q1154°)

(50) — 72q0 f0 (P gIIoso + 630 qTIPL0)]
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(51) 53 = 630 + g3 [(1 — qP £°) (P qlls + 550 ¢IIPy)
(52) + g0 f0 (PO qIIPy — m2670qT165°)],

where

(53) g0 = [(1 — qPf0)? + (gmd )"

If vp = vy is a normalizing vector for Ay one may greatly simplify the expression of
the shift of the spectral projection. Since one has f4 = (v, R2vy) it follows that
P =05 (Pyg) = Pog(vg) and §f{ = w{. One may find that

(54) Rl =y =(1—qff) Wl = f1 = (1 —af) 20,

(55)  PLI =g PR — (PP —almwy)’], Of0 = wil = gws®,

(56)  Pu = gy PG — aPLIGY +&° — a(PAY) 6 — a(mwy)63"],

(67)  Guf = wign = g1 wi* (6" +a€5") = 63 = 63" + 4"

(58) O =wiel @O0 = 0w (83 + a8) ® (6377 + 063°)

(59) 9" = [(1 = qP ) + (gmuwy)’] ™

If 54 is regular at the threshold of o(Ay) then an analysis of the threshold behavior
of 64 is strongly controlled by the threshold behavior of g’;o.

PROOF OF THEOREM (1) PART (3). One may straightforwardly take the pre-
sented techniques for rank-1 spectral shifts with the assignments Aqg = Lo, A = L,

UN = Up = X0- O

Of particular importance in our analysis will be the function
(60) gr = {1 = qe " PE(= V)] + [rge P},

which satisfies w} = gyw,. This function strongly controls the behavior of the spectral

measure near the threshold due to the logarithmic divergence of PE;(—\) there.
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4. Decay Estimates for Ly and L

The Mourre estimate, see e.g. [23], has been proven for Ly by Chen, Frohlich,
and Walcher [5], in order to prove its the spectrum is absolutely continuous and
equal to [0,00). We want to study pointwise decay estimates in time, which requires
knowledge of the aysmptotic properties of the resolvent at thresholds. The Mourre
estimates do not apply at thresholds so we will need to use alternative methods.

Local decay estimates for Ly have been found by Durhuus and Gayral [9] in the
context of more general noncommutative solitons (where Ly corresponds their “di-
agonal case with 2 noncommuting spatial coordinates”). They found an unweighted
estimate of the form ||e™ 0v||,, < c[t|7H(1 + log|t|)||v||; for |¢| > 1. We present an
alternative approach, in the context of Jacobi operators, which enhances the local
decay estimate for the free Schrodinger operator and provides integrable decay for

rank one boundary perturbations thereof. We find weighted estimates
[[Were oW, || < et Hvll1,  ||Were TEW, 0||0 = Ot Hlog ™ t)

for t 7 oo.

4.1. Weighted estimates for spectral vectors.

DEFINITION 4.1. Let S, D, C C be respectively the circle and the disc of radius
r > 0 centered at the origin and u € 7 a formal sequence for which there exist
constants r,c > 0 for which |u(x)|r= < ¢ for all x € Z,. The generating function
of w is the function {(u,-) : S, — C defined by ((u, s) ==Y .o u(z)s®, where r' <.
This permits the presentation of u via
(61) u(z) = ]{ds (2mis)~Ls~C(u, 5),
v

where 7 is any positively oriented simple closed curve in D, which encloses and does

not pass through the origin.
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The Laguerre polynomials have the well-known generating function [35]
(62) ) Zqﬁ)\ (1—s)texp[—(1—s)"'s), |[s| <1
We will also employ the notion of a reduced generating function.

DEFINITION 4.2. For a given generating function ((v,s) of a vector v let the

reduced generating function be the function Z(v, s):=(1—=9)((v,s).
For example we have that C(¢y, s) = exp[—(1 — s)~'sA.
DEFINITION 4.3. For s € C we let

(63) ro=|s|, 0:=arg(s), 5:=(1-s)"'s,

(64) e=1—1% €=-2"1416"
Should many variables s; be present we define €; := 1—|s;|* correspondingly for each.

LEMMA 4.1. One has the representation

(65) @) = [ ax 0= 2) a(o) - 6ufo)]
where

(66) K(n,z,s):= (= 2)7" [exp(—3n) — exp(—52)]
forneR,, z€C,s€S,.

PROOF. By the spectral representation of R0 it is the case that
Y(x) = [;7dX eM(A — 2) !¢ (z), where we have used the normalization condition

dr(0) =1, VA € o(Ly). O

We are primarily concerned with estimates of operators in generating function

presentation. In such forms one finds line integrations over dummy complex variables,
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s;j, with a priori separate sums for each x; € Z,. One is therefore permitted to make

the associated contours dependent on x;. We then will hereafter take

set

(67) ri=l5Z1—(z+r)<1

(68) = e=1-[1—(@+r)P=2a+r)"+0((z+r)2)

where dependence on z € Z, and 1 < k € R will always be suppressed. One may
observe that for sufficiently large x one may make € as small as one would like and

therefore will be treated as a small parameter. One may also observe that
(69) (1—-8) Y <az+kr [<z+tr—-1<z+sk

as well as the crucial estimate

(70) |s7* < e<3.

One is then permitted to work with polynomially weighted spaces instead of expo-

nentially weighted ones.
LEMMA 4.2. One has that | exp(—Ss\)| < exp(—€\) for sufficiently large k.

PROOF. We recall that we have universally chosen that |s| = 1 — (z 4+ x)~L. Let
[ :=%Rs, m:=1-—cosf, and n :=rcosf —r?. Let Hy, := {z € C: Rz < 0} be the
left half plane. With regard to s we need only consider [ := }s. By inspection of s
one can see that for s € S the supremum of | exp(—3\)| should be found in S, N H,.
Furthermore, although for unrestricted s one has 0 < m < 2 it is the case that for
restricted s one has 1 < m < 2 and thereby m = O(1). For s € S, N Hy, it follows
that
(71) r=(1-¢?=1- %e + O(e?)
(72) nzrcos&—rzz—m—%(l—m)e—i—(’)(eQ)
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(73) I =n(e—2n)""

-1

(74) Z—m—%(l—m)e—{—O(ez) 6—2—m—%(1—m)e+(9(62)
(75) =271+ (4m) T+ (o),

~

where [(¢) = O(¢?). One then has

(76) lexp(=3A)| < sup  exp[—I)]
oc(r/2,3m/2]

(77) = sup exp{—[-27"+ (4m) e —1—/1\(6)])\}
0€(r/2,3m/2]

(78) = sup exp{—[-27'+ 8 te+1(e)]A}.
oe(r/2,3m/2]

k is a free parameter and as it increases € will decrease monotonically. Therefore

o~

there must exist a large enough x so that |I(e)| < (16) !¢, VA. One then has that
(79) sup  exp{—[-27"+ 87 e +1(e)]A} < exp{—[-271 +8 e — 167 ¢]A}
01€[r/2,37/2]

(80) = exp[—(—2"' + 16" te) .

LEMMA 4.3. One has that (e + €)' < 47 (z1 + k) (72 + K).

PROOF.
(81) e=1—-r*=2—(z+r) Y (z+r)"
(82) (61 + 62)71 = (.1'1 + /'i)(l’g -+ H) [4 — (.%1 + H)il — (l'z + Ii)il]
(83) <47 (zy + K) (29 + K).
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LEMMA 4.4. One has the generating function representation
(84) E(x) = 7{ ds (2mis)ts"¢(£,,5), VzeC
Sr

where ((&.,8) := (1 —s)™! fooodn e "K(n,z,8).

PROOF. First, let z € C\R; =: ¥ and [ := RS. Since |s| < 1 there exists a ¢ > 0

such that |s| < c. It follows that

(85) K (1,2, 8)| < [(n—2)7"| [lexp(=5n)] + |exp(—52)]]

(86) < [dist(%, 2)] " [exp(—In) + exp(—c|z|)] < .

Second, let z = A € R,. By mean value theorem one has

(87) K(nA,s) = (n— A)~" [Rexp(=3n) — Rexp(—52)

(58) i = X) 7 [ exp(—3n) — Sexp(52)]
(59) — R exp(—30) [y +idy S exp(— ) [y
(90) = - [-®) exp(=u) + (-5 exp(~Fm)

(91) +(—5) exp(—5pa) — (—5) exp(—5p2) |,

where p; = p;(r,6,m,\) € [min(n, \), max(n, A)]. Then

(92) [K(n, A, 8)] < % [[5l exp(=5p1)| + [5]] exp(=5p1)|
(93) +[5]] exp(=5p2)| + [5] exp(—5p2)]
(94) = [s[ [exp(=lpm) + exp(=lp2)]

(95) < 2|5 exp[—€(n + \)] < oo.
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One may observe that

(96) / Tdn e MK (7 )| < / " dn e 1203] expl—2(n + )]
(97) = 2flexp(-e) [ dn expl=(1-+ i
(98) — 20 exp(—eN) (1 + )" < oo

The multi-integral of the generating function representation of £, (x) converges abso-

lutely and thereby Fubini’s theorom permits

(99) (o) = [ et =2 foyle) — 0.(2)]

(100) = /Ooodn el ]{rds (2mis) tsT(1 — s) 'K (n, 2, 5)

(101) - ngds (2mis)~Ls~7(1 — 5)! /0 Ty e K (n, 2, 9)

for all z € C. 0

LEMMA 4.5. It is the case that
(102) |d§5(¢>\7 S)| < /C\(gb)\a TL) exp(—/e\)\), n € Zy,

where ¢(px,n) := (x + k)" and

o~

(103) |d7)\l (5)\7 S)| < /C\(é.)\, n) eXp(—/G\/\), n = 07 17 27
where
(104) A&,0) ==4(x + k), c(&\,1):=6(x+r), T(&2):=8(z+ k)%

PRrROOF. For ¢y:

~

(105) |[dXC(¢a, 8)| = [dX exp(=5A)[ = [5" exp(—5A)]

(106) < 8] exp(—=3A)| < |5]" exp(—€N) < (z + k)" exp(—€N)
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For &,: One may observe that K(n, A, s) = K(\,n,s). Then, by integration by parts,

one has

107 a6 = [ dne KA = [ e, K
0 0

(108) == _K(Oa )\75) +Z(£)\7S)

and thereby

n—1

(109) diC(Ens) = — Y A (0, ) + ((En 5),

k=0

where the sum is defined to vanish when the upper bound is negative. It follows that
(110)  [K(n, )\ 5)] < 28l exp[=e(n+ V)], (&, 5)| < 205](1+2) " exp(—e).
Consider an arbitrary f € C*(R,R) and let f, be its Newton quotient so that

(111) filao, a) == (ao — a)~'[f(a0) — f(a)].

One has by mean value theorem

(112)  dafi(ao,a) = (a0 — a)*[f(a0) — f(a) — (ap — a)daf(a)]

(113) = (ag — a) Mdg, f(a1) — dof(a)], a; € [min(ag, a), max(ag, a)]

(114) = (ap — a) (a1 — a)d, f(a2), a2 € min(ar,a), max(as, a)]

(115) = |dafi(ao, )| < |(a0 — a)"M]ar — alldg, f(az)] < |d7, f(az)].

Let (R, )z be a presentation for the real and imaginary parts of z € C whose

ordering in compatible with the respective ordering of +. Let i, := 1, ¢_ := ¢ and
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p+ € [min(n, A), max(n, A)]. It follows that

(116) [dA(R, ) K (0, A, )| < AR, ) exp(—5A)|[rpe

(117) = |d5(2ix) " exp(—5N) % exp(—5N)]| hops
(118) < |51 exp[—€(n + N)]

(119) = |dAK (A, 5)| < 2[5] exp[—€(n + A)].

Then

(120) 1C(Ex )] < 2081(1+8) " exp(—eX) < 4(x + k) exp(—eN)

(121) I C(En, s)| < 218][(1+) 7" + 1] exp(—eN) < 6(z + k) exp(—e))

(122) A28 (6, )] < 208][(1 + )~ + 1 + [3]] exp(—€A) < 8(x + k)2 exp(—eN).

~

REMARK. [f estimates of d}C(€x, s) for 2 < n € Z were required the above method
would not follow so straightforwardly due to the inapplicability of the mean value

theorem for yet higher derivatives.

COROLLARY 4.1. One has that

(123)

dy [w;ﬂgb)\(a:)} ‘ < c(px,n)exp(—1671e)), n=0,1,2,
where ¢(py,n) = 3" (z + k)" and

(124)

dK |:w§\/2§)\<l’)i| ’ < C(S)u TL) exp(—16_16/\), n= O) 17 27
where

(125) (&, 0) = 12(z + k)%, (&, 1) :=24(x + k)%, c(&),2) := 36(z + k)®
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PRrOOF. For ¢y:

1260) |3 [wy/oa(x) (2mis) '™ (1 = 5) 7'} [w)*Clon, )] |.
(127) (2mis) tsT(1 —s) 7t

(128) X ;( )d” Fwy?d5C (. 5)|

(129) < fé [ds (2mis)™| [~ (1 — )]

(130) x i (Z) a5 )| |asCn,5)|.

(131) <O+ 3 ()2 o b e

(132) = 3(z + K) Y (Z 2= (=K)3( by, k) exp(—16"LeN).

For n = 0: _

(133)  |w%0s(z )‘ < 3(z + K)A(Dy, 0) exp(—16"1eA) = 3(z + k) exp(—16~1eN).
For n = 1:

(134) ’dA [w}\ﬂ@(x)] ‘ < 3(x + k) [2718(én, 0) + Eex, 1)] exp(—161eN)
(135) =3(z+k) 27"+ (24 k)] exp(—167"e))

(136) < 6(x + K)?exp(—161eN).
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For n =2:
(137) A 03 *0x(@)]| < 3@ + ) [2722(0n,0) + 27120, 1) + T, 2)]
(138) x exp(—16""e))
(139) =3(x+k)[2774+27 (2 + k) + (2 +K)’]
(140) x exp(—167"e))
(141) < 9(x + K)? exp(—16""eN).
For &y:
(142) wi/ng(a;)‘ < 3(x+ k) (Z) 2~ =RIB(E,, k) exp(—167TeN)
For n = 0:
(143) w/l\/Qfx(x)‘ < 3(z + k)€, 0) exp(—1671e)) = 12(z + K)? exp(—167"e).
For n = 1:
(144) [}/ (@)] | < 3z + 1) [2712(60,0) + E6x, 1)] exp(~167"eN)
(145) =3(x + k) 2(x + K) + 6(x + k)] exp(—16""eN)
(146) = 24(x + K)? exp(—16""eN).
For n = 2:
1) |8 [ @)] | < 8+ x) [272060,0) + 2786 D) + A6 2)]
(148) x exp(—167"e))
(149) =3(x+ k) [(z+ k) + 3(z + k) + 8(x + k)?]
(150) x exp(—167"e)

(151) < 36(z + k)% exp(—16""eN).
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4.2. Local time decay for L.

set

PROOF OF THEOREM (2). Let t > 0, |s;| =r; =1 — (z; + x)7', j = 1,2, for

1 < k € R. It is the case that

(152)
(153)
(154)
(155)
(156)

(157)

(158)
(159)
(160)

(161)
(162)

(163)

|e_itL0 (1’1,1‘2)‘ = / d\ e_it)‘wAgb)\(iL‘l)qb)\(l'Q)
0

= /OOO dX (—it) " 'dye [wiﬂﬁbx(m)} [wim%(@)]'

IA

(it - /OOO X (—it) e~ {d)\ [wimm(m)}
X [wi/%(xg)} + [wi/ 2(/»(951)} da [wiﬂ@(“)] H
<ot (10 [T an JJa [l onten]| [l 2onte)
o o]}

<t (1 d/\ {(6)(z1 + K)* exp(—16""e1A) (3) (22 + k) exp(— 162 \)
(

+ (wi/%(xl)

+(3) (21 + K) exp(—16~"€1A)(6)(z2 + k) exp(—16""e2A) })
<t {1 +18(z1 + £)* (2 + K)? /OO dA exp[—167"(e1 + GQW}
0
= ¢ [1 4+ 288(2 + £)*(w2 + £)*(e1 + €2) Y]
<t 14 72z + K)P (s + £)]

< 73(xy + k)P (w0 + R)3TL

O

4.3. Local time decay for L. We recall without proof Lemma 3.12 from [21]:

LEMMA. Let % be a Banach space and Ay > A_ be real constants. If F(\) has

the properties
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(1) FeEC(A_,\; B)
(2) F(A-) =F(A) =0, A>A,
(3) AF € LY\ + 8,73 B), Y5>0
(4) dAF()\) O(A =2 og A= A]), AN A
(5) AF(N) = O(A = A-] P log A = A]), AN A
then
(164) / T e MF(N\) =0t log %), t oo
Ao

in the norm of A.

PROOF OF THEOREM (3). Let B = {A € L(T) :||A]|z < oo} be the Banach

space complete in the norm

W AW, -v
(165) HAHg::supH : iy

velt vl

Let F'(\) = 6%, We will verify the appropriate properties of F(\) for A_ = 0 and
)\+ = 0
We recall that

(166) F(A z1,22) = wfaﬁf(xlwf(xz) = gwa[oa(z1) + géa(@1)][da(22 + gér(x2)].

One may observe that

(167) |3 w20k ()] < |d3[wy*oa(@)]] + qldi[wy %\ ()]
(168) < [e(pr, 1) + qc(éx,n)] exp(—16"1eN),

(169) < c(¢f,n)exp(—167re)), n=0,1,2
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where here we choose

(170) c(¢5,0) = 3(1 +4g)(z + K)?,
(171) c(¢X, 1) = 6(1 + 4g)(z + K)?,
(172) c(¢,2) == 9(1 + 4q)(z + K)”.

One may see by inspection that gy := {[1 — ge *PE(=\)]? + [rge=*]?} ! has the

properties:

(173) 9r = |gal < Golq) < oo, VA€ [0,00)
(174) [dxgal < 90(9)91(q,6) < o0, VA€ [0,00)
(175) 90 = oo = 0,

(176) dagr = O(X tlog™t ), AN, 0

(177) d3grn = O\ %log™®)), AN 0

(178) C O(A\ %log 2 \)

where 0 < Go(q), 91(q,0) < oo are constants whose other properties are not needed
here. g, is the only function of A involved in the definition of F'(A) whose derivatives
are unbounded in the neighborhood of the threshold A = 0 and thereby the derivatives
of g, are dominant in determining the properties of the derivatives of F'()).

Properties (1), (2): One may observe that the properties follow by inspection.
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Property (3): For A\ € [, 00) one has

(179) [dAF (A, 21,2)| = [da{galwy 6% (20)][wy* 85 (w2)]}]

(180) < |dagal|[wy &% ()| [wy 6% ()]

(181) + galldafeoy 265 ()] [wy 6% (x2))

(182) + gallfwy % ()] [da[wy 6% (z2)]

(183) < 90(¢)31(q,0)(3)(1 + 4q)(x1 + k)* exp(—16""e1 )
(184) X (3)(1 4 4q) (w2 + k)% exp(—16"1e1\)

(185) +90(q)(6)(1 + 4q)(z1 + K)* exp(—16""e1 \)
(186) x (3)(1 +4q) (w2 + r)? exp(—16"1e\)

(187) +G0(0)(3)(1 + 4q) (21 + £)* exp(—16""e1A)
(188) X (6)(1 4 4q)(zs + k)* exp(—16""€2))

(189) = co(q, 6)(z1 + k) (29 + k)2 exp[—16" (61 + )],

where cq(q, d) is a constant.
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Property (4): For A \, 0 one has

(190)
(191)
(192)
(193)
(194)
(195)
(196)
(197)
(198)
(199)
(200)
(201)

(202)

[dAF (A, 21,2)] = |da{ga[wy/*6% (20)][w)* ¢ (22)]}]
< [dagallfwy* 85 (@)l [w)* 65 (x2)]]
+ galldafoy 265 ()]l [wy* % (x2)]
+ gallfwy 6% ()] dawy* 6% (22)]
[dAF (A, 21,2)] = |da{ga[wy/*6% (20)][w)* 65 (22)]}]
< |daga|(3)(1 + 4q)(z1 + k)* exp(—16"1e1 \)
X (3)(1 + 4q) (2 + k)% exp(—16""e, \)
+G0(0)(6)(1 + 4q) (21 + £)* exp(—16""e1))
x (3)(1 +4q)(z2 + k)* exp(—16""e2\)
+ Go(q)(3)(1 + 4q) (21 + )? exp(—16 "¢ \)
x (6)(1 +4q) (w2 + K)* exp(—16""ex\)
< c1(q,0)(x1 + £)* (22 + £)% exp[=16" (61 + €2)N]|drga]

=0\ tlog™t \)

in the norm of %, where ¢(q, d) is a constant.

Property (5): For A N\ 0 one has

(203)
(204)

(205)

[BFON, 21, 22)] = [d3{ga[wy* ok (a0)][wy* ¢ ()]}
< ea(q,0) (w1 + k) (22 + k) exp[—167" (e1 + €2)A]|d39x|

= O\ 2log 2 \)

in the norm of A, where ¢3(q, d) is a constant. O
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CHAPTER 2

The nonlinear stationary problem

1. Results

Consider the discrete NLS
(206) i0yw = Low — |w|*w, 1<0€7Z

where w : Ry x Zy — C. The existence of a v : Z, — C which satisfies the nonlinear

finite difference equation
(207) Lou = Cu + |ul*"u,

furnishes a stationary state of the discrete NLS of the form w(t) = e ®'u. One
expects that, due to the attractive nature of the nonlinearity, a negative “nonlinear
eigenvalue”, ( = —a < 0, will allow the existence of a sharply peaked, monotonically

decaying “ground state soliton”. We will therefore exclusively look for solutions to
(208) Lou = —au + u*" 1,

where v : Z, — R, and a > 0. Solutions with these characteristics are self-focusing
and tend to be sharply localized. They are therefore termed solitary waves or solitons

generally.

THEOREM 4. There exists a p, > 0 such that for each p > . there exists a
solution to Equation (208) with ( = —p < 0 and u = «,, which is:
(1) positive: o, (x) > 0 for all x € Z
(2) monotonically decaying: o, (x +1) — a,(x) <0 for all x € Z4

(3) absolutely integrable: o, € ('
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DEFINITION 1.1. We define 11 := I — Iy and write v = v for all v € € and
write A = T1A for all A € B(#).

The proof of Theorem (4) will proceed as follows:

(1) Consider Equation (208) with ( = —a < 0, where a is a free parameter,
u:Zy — Ry, and p:= 20 + 1: Lou = —au + uP. Split this equation into a
boundary piece and a tail piece by applying II; and II respectively.

(2) We take b := u(0) to be a fixed constant and iterate the tail piece of Equation
(208) via

(209) Un1(a,b) = _ob? + RYuP (a,b),

un(a,b) € H for all n. We show that for large enough a this iteration
converges pointwise monotonically and that ||u,(a,b)||; < s,(a) is bounded
as n 0o, for a sequence of constants {s,(a)}>,. We define the limit of
this iteration to be u.(a,b) = lim, s un(a,b).

(3) The construction of u.(a,b) sets u(l) = u.(a,b;1) = g(a,b). We substitute

this into the boundary piece of Equation (208) which then takes the form
(210) 0="0"—(a+1)b+q(a,b).

We will now take b to be a variable. If the solution, wu, is positive and

monotonically decaying then one must have
(211) 0<u(l)<u0) = a® V' <b<(a+1) D

We show that for all a sufficiently large there is a unique b = b.(a) €

(a® V7" (a+ 1)@ D7) which solves the boundary equation.
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(4) We define the solution we desire, o, by

(212) a,(z) = .
w1, b (pt); ), >0

(5) The three properties (i.e. positivity, monotonicity, £!) of the solution will
then be verified in turn.
Typically one can arrive at the existence of a soliton with such properties via vari-
ational or rearrangement arguments. We will use much more elementary techniques
which yield yet other properties due to the dependence on explicit constructions. One

such result which will be of use later on is

PROPOSITION 2.

(213)
@l < s(p) = ™ (n4+ D)7 4 psP () = p= P07 4 O~ 7D,
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2. Existence of «,
2.1. Away from the boundary. Consider two forms of Equation (208):

(I) Loyu = —au+u?

(II) u= Rloup.

One may project the equation of form (II) to a “tail” piece by applying II:

~

(214) uw=R" () +Iu” = 0 =1_u’0)+ Row>.

We will fix 4(0) = b and iterate by substituting the LHS into the RHS. We will

show the conditions under which this converges and

DEFINITION 2.1. Let u(0) = b be a fized parameter which satisfies a® ™" < b <
(a+ 1)@ D7 Let {u,(a,b)}2, be a sequence of vectors in A defined by a fired

uo(a,b) and inductively by
(215) Un+1 (av b) = {Z)\—abp + fifoauﬁ(a, b)?

such that u,(a,b) = u,(a,b).

The requirement that a® ™" < b < (a+1)®D™" follows from 0 < u(1) < u(0) such

that w(0) = b and u(x) in monotonically decreasing for increasing .

LEMMA 2.1. One has that ||Y_4||1 = a™! for all a > 0.
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PROOF. ¢_,(x) > 0 for all @ € Ry and = € Z, . Therefore

(216) ||¢—a||1 = Z¢—a<x)

(217) =) et (—1)k(””) Eppi(a) =) e / dte=t (1 —¢1)®
k |
=0 k=0 =0
(218) = ea/ dte~ ¢! Z(l —t ) = / dte ™ =a "

LEMMA 2.2. Let {s,(a)}?2, be a sequence of nonnegative real numbers defined by

a fized so(a) and inductively by

(219) sny1(a) = a 'r(a) +a 'sE(a),
where
(220) r(a) == (a+1)P V7",

If llu;(a,b)||, < sj(a) for some j then ||u(a,b)||, < si(a) for all j < k.

ProOF. Consider the known bound [1]
(221) (z4+n) ' <efB,(2)<(z+n—-1)"" 0<zcR

Since ¥_,(0) = e*E;(a), one then has that

(222) 9|, = 119-ally = ¥-a(0) < ™M@+ )7
Then, since b < (a + 1)~ one has

(223) H@//)\_abp) ‘1 <a 'r(a).
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One may then observe that

(224) ujiall, < a'rla) +a Huﬂ |1 <a'r(a) +a 'st(a) = s;11(a).

LEMMA 2.3. Let g : R — R be specified by
(225) g(a,s) :=a'r(a) +a's” — s.

and Spin(a) 1= (a/p)(p_l)fl. For sufficiently large a > 0 it is the case that g(a,s) has
exactly two roots in s: s_(a) which satisfies 0 < s_(a) < Smm(a) and si(a) which

satisfies Smin(a) < sy(a).

PROOF. One may observe that g(a, s) has a global minimum at s = Sy, (a). It is
the case that
(226) g(a, smin(a)) = a~'r(a) +a H(a/p)P®~D " — @Dy~ -1
(227) =aa+ 1)(‘”_1)_1 — a(p_l)_lp_(p_l)_l(l —p 1

(228) dug(a, smin(@)) = —a (e + )" a7 = (a+ 1) (p - 1)7]

(229) —q PN =D )1 — pY) <0, Va >0
since
(230) al—(a+1)p—-1)"">0, Va>0.

One has that

(231) li/m g(a, smin(a)) = —oo
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and
(232) g(a,0) = a 'r(a) >0, VYa>0
(233) lim g(a,0) = 00
a/foo
(234) li/m gla,s) =00, Ya>0

By intermediate value theorem there must be at least one root. By Descartes rule
of signs, g(a, s) has either 0 or 2 positive roots in s. Therefore g(a, s) has exactly 2

roots for all sufficiently large a > 0. O

DEFINITION 2.2. Let ag > 0 be the unique value of a such that g(a,s) has two

distinct roots in s for all a > ay.

ap > 0 is the unique value of a for which that g(a, s) has one root in s of multiplicity

2.

LEMMA 2.4. Let h: R2 — Ry be defined by
(235) h(a,s) :=a 'r(a) +a 's".

The map h(a,-) : s — h(a,s) is contractive on the domain 0 < s < Syin(a) for all

a > aop.
PROOF.
(236) 0ig(a, s)|s=0 = — 1
(237) 059(a; 5)|s=synin(a) = 0
(238) 0:9(a,s) > 0, Vs >0

(239) = 0<0h(a,s) <1, Vs:0<s<smm(a)
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By mean value theorem, for any s,s; € [0, Syin) there exists an s, < |s — s1| such

that
h —h
(240) (a’ 8) <a/’ Sl) - 85h(a/; 8)|S:82 < ]J
S — 851
which completes the proof. 0

LEMMA 2.5. For all a > ay and for sufficiently small ||ug(a, b)||s > 0 one has that

lim,, 7eo ||n(a, b)||; < 0.

PROOF. Let a > ay. Given the iteration s,1(a) = h(a, s,(a)), the choice of any
so(a) which satisfies 0 < so(a) < s_(a) gives a sequence {s,(a)}>, which converges
to lim,, 5o 55 (a) = s_(a) < oo monotonically from below as n * oo for all a > a.
For 0 < ||ug(a,b)||1 < so(a) it is the case that lim, s ||un(a, b)||; < limy, 1 5,(a) =

s_(a) < 0. O

LEMMA 2.6. Let s.(a) = limy, 5 5,(a) = s_(a) for all a > ag. One has that

s«(a) \ 0 monotonically as a /* oo for all a > ay.

PROOF. Let a > ay. Consider the graph of the map s +— h(a,s) = a 'r(a)+a tsP.
It is the case that d,h(a,s) < 0 and h(a,s) > s for 0 < s < s,(a), with equality for

h(a, s«(a)) = s.(a), which completes the proof. O

LEMMA 2.7. We define

-~

(241) 01(a,b) := 1p_,bP,

p mj;—1
(242)  Gp(a,b) = R Y (7’ )ef;—ml(a, D) (m31>¢9;njmj1(a,b)---
mq m;

m;=1

my_3
(243) X Z (:Zz) 05" (a, 0)0, % (a,b).
mk,2:1 -



If ug(a,b) =0 then one has

(244) un(a,b) =Y Oi(a,b).

PROOF. One may verify by induction:

(245) ui(a,b) = 01(a,b)
(246)
Uni1(a,b) = 0;(a,b) + R u? (a,b)
(247) = 6,(a,b) + R™ Zek a b]
k=1
(248) = 91(0,, b) + ﬁfz {9’1)(@, b) + - ( p 017 m1 a b [Z ek a, b ] }

p
(249) =01(a,b) + R™ 10%(a,b) + < P )ef—ml(a, )05 (a,b) +
1

(250) + Z (ml)ep ™ b)-.-mﬂ (m%;)e;”f‘mf-l(a, b)- -

mi1=1 m;=1

= mr—3 m m mp_
251 X B a, 0)0, 2 (a, b
51 T (e
252 + 0" (a, b (m“)ef”imfl a,b)---
(252) n;(ml)()n;mj]m
(253) X Z <m" 2) 01" a, b)0y " (a, b)]

M _1=1 mMp—1
(254) =01(a,b) +62(a,b) +---+0;(a,b) + -+ 0,11(a,b)

n+1

(255) = Oi(a,b).
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LEMMA 2.8. For ug(a,b) = 0 one has that u,1(a,b;x) > up(a,b;x) for all n >

0,z > 0 (strict pointwise increase in n for all x > 0) for all a > ay.

PRrROOF. Since 6,(a,b;x) > 0, Vo > 0, and up41(a,b) — up(a,b) = 6,41(a,b) it
must be the case that the sequence {u,(a,b; )} is strictly increasing in n for all

x > 0 and for all a > ag. O

LEMMA 2.9. For ug(a,b) = 0 and all a > ag one has that lim, »e uy(a,b) =

S On(a,b) € 0L,

n=1

PROOF. Let a > ag. One may observe that that lim, » ||un(a, b)|]; < si(a) <
00 = limy, ro Up(a,b;z) < s.(a) < oo for all z € Z;. Then by monotonic increase
of uy,(a,b;z) in n for all x > 0, it follows that u,(a,b;x) = > ,_, O(a, b; z) exists for

each n,z and uniquely determines lim,, 5o (@, b). O

LEMMA 2.10. Let u.(a,b) == ", 0,(a,b) = lim, »e uy(a,b) for all a > ay. One
has that u.(a,b; x) is a monotonically increasing function in b > 0 for all x > 0 and

for all a > ay.

PROOF. wu.(a,b;x) := Y > 0,(a,b;x) can be represented as a power series in b

for all x > 0 with only positive powers and positive coefficients. 0

2.2. At the boundary. We now consider the equation of form (I). We can

project it onto a “boundary” piece by applying Ilj:
(256) 0=y +I)(—Lou —au+uP) = 0=u"(0)— (a+ 1)u(0)+ u(l)

Given u,(a,b) =3 ro, Ox(a,b) we will substitute b = «(0) and ¢(a,b) = u.(a,b;1) =

u(1) in the boundary equation and thereby consider

(257) 0="0"—(a+1)b+q(a,b)



FIGURE 1. The dashed line is the graph of f,(a,b), the solid is of
f(a,b), and the dotted is of f_(a,b).

DEFINITION 2.3.

(258) b_(a):=a®? V" by(a) = (a+1)@ V"

(259) Yo:={beR:b (a) <b<bi(a)}

(260) q-(a,0):=0, q(a,b) == u.(a,b;1), qy(a,b):=0b
(261) fla,b,q) =0 — (a+1)b+q

(262) f-(a,b) := f(a,b,q-(a,b)), f(a,;b) := f(a,b,q(a,b)),
(263) f+(a,b) := f(a,b,q+(a,b))

LEMMA 2.11. q(a,b) > q_(a,b) for allb € ¥, and for all a > ay.

PROOF. Let a > ayg.

(261) 00,8 = 3 Bula,b51) > 10, 1) = (1)
(265 — e [Fu(a) ~ Ba )] > 0 = g_(a.D

since Fs(a) < Ey(a), Ya > 0 [1].

46
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LEMMA 2.12. There exists an a; > ag such that q(a,b) < q(a,b) for all b € 3,

and for all a > a.

PROOF. Let a > ag. It is the case that lim, » s.(a) = 0 monotonically and
lim, 00 b—(a) = oo monotonically so there exists an a; > ay such that s.(a) <
b_(0), Ya > ay. Clearly q(a,b) < s.(a). Then ¢(a,b) < s.(a) < b_(a) < b =
q+(a,b), Ya > a; and Vb € %,,. d

LEMMA 2.13. Let a; > 0 be the smallest value for which a1 > ag and for which
q(a,b) < qi(a,b) for allb € ¥, and for all a > ay. Define as := (p — 1)7}, a3 :=
max{ay,as}. One has that:

e f_(a,b) is negative and monotonically increasing for all b € ¥, \ by(a) and
for all a > as.
o f.(a,b) is positive and monotonically increasing in b for all b € 3, \ b_(a)

and for all a > as.

PROOF. One may observe that f_(a,b) < f.(a,b) < fi(a,b) for all a > a; and all
beX,. f-(a,bi(a))=0and fi(a,b_(a)) =0 for all @ > 0.
For f_(a,b): Let a > as. It follows that

(266) Of_(a,b) =pPt —(a+1)>pb” (a) — (a+1)=alp—1) — 1.

Then O, f_(a,b) >0, Vb € ¥, and for all a > a3. Since f_(a,b;(a)) = 0 one has that
f-(a,b) <0 for all b e X, \ by(a).

For f,(a,b): Let a > as.
(267) Ofr(a,b) =pbP~t —a>pb” (a) —a=a(p—1) >0, Ya > 0.
Then since f(a,b_(a)) = 0 one finds that f,(a,b) >0Vbe X, \ b_(a). O

LEMMA 2.14. f.(a,b) is monotonically increasing in b and has exactly one root in

b for all b € X, and for all a > as.
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PROOF. Let a > as. f-(a,b) is monotonically increasing in b for all b € 3,. ¢(a,b)
is monotonically increasing in b for all b > 0. f.(a,b) = f_(a,b) + q(a,b) so f.(a,b)
must be monotonically increasing in b for all b € ¥,.

Since fi(a,b_(a)) <0 = fi(b_(a)) = f-(a,by(a)) < fi(a,by(a)), by intermediate
value theorem there must be at least one b = b,(a) for which f.(a,b) = 0 and since

f«(a,b) is monotonically increasing on this interval, there must be exactly one such

b=b.(a). O
DEFINITION 2.4. Let b,(a) be the unique value of b € %, for which f.(a,b) =0

for all a > a3 and define o, € F€ via

(268) ag(x) == ;
us(a,by(a)) , >0

for all a > as.
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3. Properties of o,

3.1. Monotonicity. Consider
(269) —Lou =V (u),

where V() : R — R satisfies V(r) = 0, V(r9) = 0, and V(r) > 0 for all r € (0,7g)
where 19 > 0. It was shown in [10] that for any solution of this equation for which
limg 7o u(x) = 0, there exists an x, such that u(z) is a monotonically decaying for
increasing x > x,. We will apply their argument, section 3 of [10], to show that for
sufficiently large a one must have that «,(x) is monotonically decaying in = for all
x € Z,. For our case we have that V(r) = ar — r?, r € R, which satisfies the desired
criteria.

Equation (269) may be summed to give an alternative finite difference equation.

One has the two forms:
(270) (x + Dfu(z + 1) —u(z)] — zfu(x) —u(x — 1)] = V(u(z)),
(271) u(z +1) —u(z) = (x+1)7" ) V(uy).
The argument proceeds as follows.
LEMMA 3.1. There exists an ay > az such that s.(a) < b_(a) for all a > ay.

PROOF. Let a > asz. It is the case that s.(a) “\, 0 monotonically as a / co. It is

clear that b_(a) /* oo monotonically as a /* co. O

LEMMA 3.2. Let u € S solve Equation (269). Let c_ and ¢y be constants which
satisfy 0 < c— < u(0) and 0 < ||Hu|| < e < oo. If additionally ¢4 < c_ then u(x) is

monotonically decreasing in x for all x € 7, .

PROOF. Let u solve Equation (269). Let c_ and ¢y be constants which satisfy

0 <c. <u0)and 0 < [|[Tu|| < ¢y < oco. Furthermore let ¢, < ¢_. One has that
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u(z) < u(0) for all z > 0 and in particular u(1) < u(0). Assume that there exists an
0 < zg € Z,4 such that u(xo+1)—u(z) = 0 for u(x), u(zo+1) € (0,c_). One then has
u(zo+2)—u(zro+1) > 0since (xo+2)[u(zo+2) —u(zo+1)] = V(u(xo+1)) > 0. Then
assume generally that there exists an 0 < xy € Z, such that u(z1+1)—u(z1) > 0. This
gives that Y"1 V(u(y)) > 0 since u(wy + 1) —u(z1) = (21 + 1)~ 350 V(u(y)) > 0.
One then has that

(272) u(wy +2) —ulzr +1) = (21 +2)7" Y V(u(y))
(273) = (v1 +2)" W (u(zy + 1)) + (2, +2)7F i: V(u(y)) >0

y=0
since V(u(z1 + 1)) and > 'L, V(u(y)) are both positive. If u(x; 4 2) > c_ then one
has a contradiction. On the other hand if u(x; + 2) < c_ then one may repeat the
above process with x; replaced with x; + 1. Therefore if there exists an x; > 0 such
that u(zy + 1) — u(zy) > 0, the u(x) for the subsequent x > x; + 1 will continue to
rise at least until u(x3) > c_, which is the point greater than which V' (z) remains
negative, for some x3 > x5 + 1. One therefore has a contradiction if u(z) fails to be

monotonically decreasing as x " oo for all z € Z. O

LEMMA 3.3. Let p, > 0 be the smallest value such that . > az and such that
Se(p) < b_(p) for all > p.. One has that o, (x) decreases monotonically as x /7 oo
for all x € Z, and for all > p,

PrOOF. Consider Lemma 4.1 and let v = a,, c— = b_(u), and ¢y = s,(p) for all

> [ U

3.2. Asymptotic behavior. In [5] the asymptotic behavior of solutions of the
finite difference nonsingular Sturm-Liouville problem II(Ly — A)Ilu = 0 were studied

with various boundary conditions. One solution, ¢,, has the well-known asymptotic
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behavior
(274) or(z) ~ M2 T2V Az) as x oo,

where Jy(z) is the Bessel function of the first kind of degree 0. They studied a
particular solution, which they call ¥y, which is a linear combination of ¢, and .
It satisfies the boundary conditions W, (0) = 0 and ¥, (1) = 1. ¥, was shown to have

the asymptotic behavior
(275) Uy (z) ~ e MY (2VAz) + eM*PE (=N Jo(2VAx) as x 2 oo,

where Yj(2) is the Bessel function of the second kind of degree 0. One can deter-
mine the asymptotic behavior of 1_,(x) as © oo by finding the appropriate linear
combination of Bessel functions such that upon analytic continuation, the real part
is of the appropriate linear combination of the asymptotic forms of ¢y (z) and ¥, (z)
is monotonically decreasing as x " co. This combination must be monotonically
decaying for A = —a < 0 one can straightforwardly determine that the asymptotic

behavior must be of the form
(276) Vo) ~ 202 Ko (2v/ax) ~ e ?n 2 (az) Ve 2V as x oo,
where Ky(z) is the modified Bessel function of the second kind of degree 0.

LEMMA 3.4. ¢_,(z),¢_o(x) > 0 for all x € Z; and a > 0. ¢_,(x) is mono-
tonically increasing and ¥_,(x) is monotonically decreasing in increasing x for all

a> 0.

PROOF. One can see that ¢_,(z) is positive and monotonically increasing by
inspection of ¢_,(z) = > 7 _, ‘;C—If(z) One can observe that 1_,(z) is positive for all

T,a

(277) V_o(z) = € i(—m (i) Epy1(a) = e /100 dte ' (1—-t")" >0
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as well as monotonically decreasing

(278) V_o(r+1) —Y_y(x) = —€* /100 dt et (1—-t")" <0.

LEMMA 3.5. The resolvent RE° has the Sturm-Liouville (SL) representation

G2 (x1)(22), 21 < 29

(279) REo (21, 1y) = .
G2 (@)1 (1), 21 > 29

PROOF. The operator Ly on ¢ is a singular, second order, finite difference Sturm-
Liouville operator. This is made manifest when put into SL form, Ly = D, MD_,

where D, D_ are the respectively the usual forward and backward finite difference

operators
(280) Dyv(z) =v(x+1) —v(x)
(281) D_v(z) = v(x) —vx—-1) , x>0

v(x) , x=0,

and Mis lattice index multiplication operator Mv(x) = zv(z) for all v € 7.

Lg is singular at the boundary point x = 0. When its domain and range are
restricted to functions only on lattice points for z > 0 it is the case that L, is a non-
singular operator. This restricted operator, IILylI, is second order and nonsingular
therefore I1LoIllu = zu, u € 7, admits two linearly independent solutions which
satisfy linearly independent boundary conditions.

The finite difference Wronskian, also known as the Cassoratian, of two vectors

u,v € 7 is given by (see e.g. [17])

(282) Wu,v](x) = u(x)v(x + 1) —u(z + 1)v(zx).
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A Jacobi operator A € L(.7) can be brought into the form
(283)  Au(e) = n(e)olz + 1) +w@(e) + @ — Dol — 1), 7(z),w(z) € R

As is specified by the finite difference Sturm-Liouville theory, if A is a Sturm-Liouville
operator, u,, v, are linearly independent solutions of Au = zu, and n(z)W{u., v,](x) =

1 Vx then

(284) RMwy, m9) =
uy(x2)v, (1), X1 > X9

This construction follows for A = IILyII, u, = Il¢,, v, = [l),. Since Ly is singular
at x = 0 one cannot adjust boundary conditions any further than fixing a scale
factor for spectral solutions. One can simulate a second boundary condition with the
introduction of either a linear perturbation or of an inhomogenous source supported

at the singular point. This is to say that one can respectively consider the equations
(285) (Lo — qllp)u=zu or Lou = zu+ qxo

where ¢ € C is a parameter, the tuning of which simulates the tuning of a second
boundary condition. By taking the latter form with ¢ = 1 one may arrive at v, for
the second solution. It therefore must be the case that TIRLTT = TTRIMUT] with the
above prescription and RE0 = RIoI may he checked for z = 0 directly at boundary

values. O

One may observe that one has Rf%(xl,xz) >0foralla>0and 0 < xq,25 € Z.

LEMMA 3.6. Consider the equation
(286) (Lo + a)u = V(u)u,

where V(-) : R — R is continuous, locally bounded, and satisfies lim,~ oV (r)r = 0. If

u 1s a solution of this equation which is positive for all x and for which lim, o u(x) =
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0 then u(x) ~ coz™2e=V® as x 7 oo for some 0 < ¢y, ¢; < oo and for each fized

a > 0.

ProOOF. Consider a > 0 a fixed constant. Let II<,, := Zi*:o IT, and Il.,, :=
I — 1., for some x, € Z;. Let ¢ := ||[IIs,,V(u)||op = |2,V (¢)]|eo. Furthermore

let x, satisfy 0 < ¢ < a for all @ > 0. One may find

(287) (Lo + a)u =V (u)u

(258) = Lo TV (0] T

(250) ~RE[L IV (W RE) e

(200) BB S I V) RE ey
n=0

where the sum converges absolutely. One has from the Sturm-Liouville form of the

resolvent

(291) RE%X]} < ¢—a($)RE%XO = ¢—a(:p)¢—a7

for all @ > 0 and all x € Z,. One then has, for all a > 0 and all z € Z,

(292) u(x) < RE, i [q(u, z.(a)) RES] " Ty (oyu(x)
=0
(209) < |mm., Z U(y)xy] (@)
p
(294) < : w(Y)P—atq(y)V—atq()
One may therefore conclude
(295) w(@) < eapq(2),

where ¢ = Y0 ju(y)d-atq(y) < co. One has that ¢_g4q(x) ~ dz'/2e 2V (a=q)z

as r ' oo with a fixed, where ¢ is a constant that depends on —a + ¢ alone. By
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inspection the appropriate constants 0 < ¢p,c; < oo may be found for each fixed

a > 0. 0
LEMMA 3.7. a,(z) ~ coz™/2e™V® as 2 S oo for all z € Z, and for all ju > fu..

PrOOF. For p > p, it must be the case that o, () exists as defined, be monoton-
ically decreasing in x, and since it solves Equation (208), which is of the form given

by Equation (269) it must have the desired asymptotic behavior. O

PROOF OF THEOREM (4). Existence and Property (1) are given by Definition
(2.4) and arguments on which the definition depends. Property (2) is given by Lemma
(3.3). Property (3) is given by Lemma (3.7). O

Since we now have existence and the desired properties, we can estimate an upper
bound on norms of the tail of o,. We may use the convergence for the iteration of

the s, () functions for large values of p to verify Proposition (2) directly.
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CHAPTER 3

The linearized matrix problem

1. Results

We would like to study the evolution of solutions which, at least at an initial time
t =0, are close to the stationary soliton solution (t) = e~“-#+")q, where v € R is

an arbitrary phase factor. We then consider the ansatz u = e~*(a,,, + 3) where

(296) 0(t) == — /Ot pa(s)ds + (1),

(20) ) =p+ilt), mO0) =p nl) =v+o), no)=r,

and 8 : R, x Z, — C has the property that it and d;5 are small in norm at ¢t = 0.
If one finds that u(t) — e *(“r=t*v=)q , in norm as t , oo for some fiq,, Voo, for all
i, v and all sufficiently small 5 then one calls u(t) asymptotically stable. The most
important element of the proof of this analysis is the study of the spectral measure of
the operator one obtains by linearizing around «,. One then considers the associated
linearized NLS.

If u=e""(a,, + f3) satisfies the NLS then §3 satisfies the linearized NLS (LNLS)

(208) idf = HF +7,
where

(299) H:=(Ly+pu)D — (0 +1)a* D — 0a® J,

(300) D:= . J = . Bi= . 7= :
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(301) Gy = o + aa oy =0, 7 =7 =+ Y1, Yo = _dtyla,ul + iap1au1dtul7

20

(302)  mi=GB—[lc+1)8+0B > (zj,”) 31021 — dun 3
j=1

I

(4.k)
where zl(j’k) sums over all (j,k) € Zx Z for 0 < j <o and 0 < k < o+ 1 with the
exclusion of (0,0), (0,1) and (1,0).

We will arrive at the properties of H by studying a sequence of simpler operators.

DEFINITION 1.1.

(304) Hy:= (Lo +p)D, Hy:=Hy—qllyD, Hy:=H — qllyJ,
(305) p=a(0), q:=(+1)p7, g:=07p”,
(306) L= LO - qlﬂo, U.=H- Hz.

Although H, is self-adjoint, it is the case that H, and H are not. This property of
H is typical of linearized operators and makes the analysis very difficult for most

systems.
THEOREM 5. The spectrum of Hy has the following properties.

(1) 0a(Hy) = 0p(Ha) = {(=1)%i(20)" 2~ [1 + O]}

0c(Hz) = 0ac(H2) = (—00, —p] U [, 00).

—
[\
SN—
Q
[e]
—
=
SN—
Il

>
Q
o
=
I
Q
SR
=
I
Q
g
=
Il
|
3
|
=
-
=
2

THEOREM 7. For all =3 > 7 € R, v € (%, there exists a constant 1 < k € R such

that

(307) [|[W, e 20T, 0| = Ot og™2t), t oo
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THEOREM 8. For all —3 > 17 € R, W,;Tlv € (', there exists a constant 1 < Kk € R

such that
(308) |[Wiere HITHEW, (0]|0 = Ot log™%t), t oo

One may extract from Fy(z) := floo dt e=#'t~! the well-known asymptotic expan-

sion

(309) Ei(z) =e 72!

(310) ¥.(0) =z

which will be a crucial tool in our analysis.
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2. Spectral Properties of H,

Consider that A is an essentially self-adjoint operator on s and B € B(J¢). If A
and B commute strongly on their common domain then R4 commutes strongly with

B on S for all z € p(A). Furthermore consider H = AD where D is the diagonal

RA 0
matrix defined above, it is the cas that RY = since
| 0 —R4,
—A —z 0 ] A—=z 0
(311) H—2z= =
0 —A-z 0 —(A+2)
) (A—2)7t 0
(312) = (H-—-2)"" =
0 —(A+2)7t
RE 0

Z1

One may write Rt = , where here L = Ly—q,I1y and where ¢, 21, 25 are

0 —RL
defined as given above. Since Hz and H? are self-adjoint, it follows that o(H,),o(H) C

R UIR, see e.g. [25].
The first part of our analysis will be dedicated to proving that the point spectrum
of Hy consists of a conjugate pair of complex eigenvalues which are very close to the

origin for large .

LEMMA 2.1. The eigenvalues of Hy are given by the roots of h(z) := q3 le ZLQ -1,

where z1 := 2z — | and zo == —z — L.

v
PROOF. Let 7= | | and take v1(0) # 0.

V2
(313) Hyti = 200
(314) (Hy — oIy J)0 =
(315) = U= RNl Ju

(316) = (x0,0) = (x0, RI" @110 J7)
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(317) 7(0) = go f 1 J5(0)
L
o w@] _ o sz] [uo
’UQ(O) ZI; 0 UQ(O)
(319) = v(0) = qg ZLI ZLQ?Jl(O)
(320) = l=qgfL/k

Next we find some preliminary estimates which are asymptotic in u 7 co.

LEMMA 2.2. Let € := (¥_,, (I — y)a®*h). It is the case that p~'€ = p~(o+2) +
O(a=@o+3) for all 0 € 7.

PROOF. One has that (Lg+ p)a = a* ! = a = RE‘LQZ"“ = 1=p*f_,+p'e

Let €, := a(z)/a(zx — 1), for all 0 < x € Z. One may observe that

(321) —pa+ o?7 T = Lya
(322) =  —pa(z) + o (z) = — (v + Da(r + 1)
(323) + 2z + 1)a(z) — za(z — 1)

(324) = e ...+ (per.. €)= —(z+ Dpey .. epn

(325) + 24+ 14 p)per ... e
(326) = o+ (per... 6o 1) = — (24 1)egepyr + 20+ 1+ p)e,
(327) = G=[pt+1+20— (+ e [z + (per ... om1) €]

The analogous equation for x = 0 is

(328) P =p+1— e
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We recall that "> ¢_,(x) = p~'. Therefore

(329) S (@) = (@) =, (0)=p = [ =+ O

(330) =1+ O(u™?),

(331) pfl/e\: ,071 Z 1/}_#(x)a2cr+1 < o Z 1/] 2U+1 )

(332) = p2o€%a+1 Z W, (u+ 1)[# +O(u >]2a+1[,u72 + O(Mfg)]
(333) < ) L Oyt

Since the lowest order of this bound has a power which depends explicitly on o and
should hold for all 0 < ¢ € Z it follows that the full asymptotic expansion, as well as
the error term, must consist of orders which are powers of ;! that depend explicitly

on o.

(334) Yop(1) = (1 + p)-pu(0) =1

(335) =+t —p 2+ 207+ O ] = 1=p2+ 07,
(336) 6 =p Z ¢ 20+1 )

(337) = (VP 4 Z vop(@)a® @)

(338) = [+ O [+ 1+ O ™" + O

(339) +pt Z Yo u(2)a®+ (z)

(340) =1 —(20+42) + O( 20’+3) + p—l Z¢ 20+1($)



(341)

(342)

Now we show that there are no real eigenvalues through a series of lemmas.

S oY v () @) = O(u o)

=2

= ,0_1€: M_(20+2) +O(M—(2a+3))

LEMMA 2.3. It is the case that h(0) = 20~ =742 4 O(u=27+3) > 0.

PROOF. One may observe that

(343)
(344)
(345)
(346)
(347)

(348)

(349)
(350)
(351)
(352)
(353)

(354)

P =1 = 7 O Br9)
foo=p+1—p " 432 =160+ O(u™?)
P =+l — 3 = 16p7 O
o) i 202) O<M—(2a+3))
P =27 1427 = P+ O]

Gfou—1=2"Yo—1)+4 o+ =4 o+ D>+ O0u™?)

h0) = [(q1fop — 1) g fu]® — 1
—{o ' 1=+ Y ® L O(u CTI)op* f 1 — 1
={[14+ 1+t 4 O(u G+
X [1—=p ) 4 O]} —1
=140 '@ L O N2 — 1

_ 20_—1,u—(2<7+2) + O(M_(2U+3)) > 0.

62
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LEMMA 2.4. For z = a € [—pu, u|, we define ay; :=a — p, as := —a — p. One has
foro=1
(355) li}n h(a)=2"'p—4"1+0(Ww*) >0
a/

and for 1 < o € Z,

(356) limh(a) = (0" = 1)~ + (0 + 17 (o = 1) ot

(357) +4 o+ 1) Yo —1)3(30% + 100 — 2 + O(u~?) > 0.

PROOF. Let s; := —ay/a, s; € [0,2]. For a; > 1 one has

(358) (c+1) 'silqifa, —1)=[1—(c+ 1) "sy]+ (1 —s7 )"
(359) — (T4 syt = 25722 + (16 + 357t + 2572 + 6572 — 2457 )™

(360) +O(u™0) — pm @7 — (1 — 571 @) 4 O~ @),

We recall that the generalized exponential integrals have the representation

—z)" e — _
(361) Eo(z) = ! n!) log z + o Z(—z)k Y(n —k)!
k=1
72 n o0 Z
362 —F(k+1).
(362) kZ S F e+

This permits one to write
a a . ak
(363) fea=e€"Ei(a) = —€"loga+ » h (k1)
k=0

and hereby one may observe that near a = 0 the above expression for f_, is dominated

by logarithmic behavior. Therefore lim, ~,(—f%) = lim, ~,(q1 fo, — 1) fay = a1 "



(364)  limh(a) = lm(a1fe = 1) aafa(@rfe =17 0l — 1

(365) =q ' G fou—1)" frou—1

(366) = (0 +1)70?(0 + 1)p* fogy — 171 p* gy — 1

(367) =2 o+ 1) 2o - 1) +4 o+t

(368) —4 o+ D+ O )T L+ 27T = P+ O ()]
For g =1

(369)

lim h(a) = 47270 = 270 O ) T L+ 27 = O )] -
(370) =27l = O )T N+ 27 T = P O )] - 1
(371) =27l + T O L+ 27 P+ O )] - 1

(372) =2'u—4"+ 0" >0

64
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For o > 1:

(373) limh(a) = (> = D) 'o* {1 -2 o - 1) Yo+ D]—pt +u2+0@) !

a/ '\
(374) x[L+27 't —p 24+ 0™ -1
(375) =@ -1+ 2 o - ) o+ D[—p +p O
(376) +27 o =) o+ DP [t + O™ + O(u™7)}
(377) x[L+27 ' —p 2+ 0] -1
(378) =@ =)o -2 o - 1) o+ 1)pt
(379) +4 Yo =10+ 1)Bo — D) 24+ O(u™®)]
(380) x[14+27 ' —p 2+ 0W?)] -1
(381) =@ =11l —(c—1)"tut
(382) +47 o —1)*(30*100 — Nu >+ O(u?)] — 1
(383) =@ -1)"—(c+1)o—-1)2u""
(384) +47 o+ 1) o —1)*(30% 4+ 100 — Nu~> + O(p™?) > 0

LEMMA 2.5. Let ho(2) == (qi.f-, — 1) Hqufo, — 1)1 (20 +1)p%. It is the case that

ho(z) > 0 for all z = a € [—p, u.

PROOF. Let ¢g := (20 + 1) 'p7™ ¢; :== 20+ 1) Mo+ 1)p™, ¢y :== ¢ — ¢y =
(20 + 1)72p~%902  One then has h(z) = ho(2)[c2 — (fo, — c1)(f2, — c1)]- For all
o € Z; and a € [—pu, p] it is the case that ¢1f,, = ¢1fa—p and g1 fa, = 1f—a—p vary

monotonically between

(385) Gfou=2"c+1)+4 o+ =4 o+ D2+ 0 ?) >1
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and
(386) (lll;I(l) G fa=00>1.
Therefore (q1 f,, —1)~' > 0 which concludes the proof. O

LEMMA 2.6. For 1 < (20 +1)"'u = O(u) it is the case that (f.. —c1), j = 1,2,

J

have unique roots, a =r; = (=1)(c + 1) (n+ o) + O(p™).

Proor. Consider ¢; = f,;. Let a1 = —sip, s1 € [0,2], and assume that 1 <

s = O(p) so that the asymptotic expansion of f,, is valid.

(387) 1= fa, = (1) = (51p) 7 + O(p?)

(383) = (s1) 7 L = (1) 7" + O]

(389) = si=p 1= (si) T+ O

(390) =0+ D) 20+ D14 pt+ 0]

(391) X 1= (s1)™ + O(u™?)]

(392) =+ 1) 2o+ D1+ (1—-sHut+0(u?)]
(393) = s=(c+1)"(20+1)

(394) x{14+[1—=Q2o+1) Yo+ +0u?))}
(395) =@+ 1) 20+1) +(c+ 1) opt + O ).

This result satisfies the assumptions and the root must be unique, therefore the above
value of s; specifies the unique root. In terms of a one has

(396) ay =a— j = —S1jt

(397) = a=(0—-s)u={1-[(c+1)'20+1)+(c+1)ou +0(u )]}

(398) =—(c+1) " (u+to)+0u™).
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Due to symmetry between the a; there are two roots a = r; = (=1)/(c + 1) *(pu +

o)+ O(u™). O
LEMMA 2.7. For 1 < r; = O(u) one has that h(z) > 0 for all z = a € [—p, p].

PRrROOF. Let hy(z) := (f., — c1)(fs, — c1). One can observe that hy(0) = (f-, —
c1)? > 0 and lim, ~,(f,, — ¢1) = oo. Then since (fa, — ¢1) are monotonic in a and
have unique roots 7;, it is the case that h(a) > 0 for a € (r1,72) and h(a) < 0 for
a € [—p,p) \ (r1,72). We have shown that h(0) > 0 and h(u) = h(—p) > 0. Since
h(a) > 0 for a € (r1,73) and h(a) < 0 for a € [—p, |\ (1, 72) it must be the case that
h(a) > 0 for a € [—p, u] \ (r1,72). It remains to consider a € (r1,ry). By assumption

1 < a = O(p) and therefore the asymptotic expansion of the fq; is valid.

(399) hl(a) = (fal - Cl)(faz - Cl) = falfaz - Cl(fal + faz) + C%

(400) =[(p—a) +O(u)[(u+a)™ +O(u™?)]

(401) —e{[(p =) + O] + [(n+a) ™ + O™} +
(402) = (12 =) = (42— a?) 20+ 1) (o + 1)

(403) X [L+ O 2+ 0w )]+ +O0(u™)

(404) =—(p—a®) 2o+ 1)+ i+ 0.

Therefore —h(a) decays monotonically as |a| ,* 7o for sufficiently large p. This

guarantees that h(a) > 0 for all a € (ry,r2). O
LEMMA 2.8. It is the case that h(z) has no roots for z € (—oo, —u] U [, 00).

Proor. This follows by the same principle which permits L from having embed-

ded eigenvalues. O

Now we prove the existence and location (asymptotically) of the imaginary roots.

LEMMA 2.9. h(z) has exactly two roots, Ay = 2o 1= +i(20) 2~ [1 + O(u™Y)],

for z € iR.
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PROOF. One may observe that

(405)  fo=(=2)"" = (=2) P4+ 2(=2) —6(—2) "+ O(z7"),

(406) ff = (1 - Q1fz)_1fz> asz = (1 - q1fz)_2azfz

(407) azfz = (_1)(fz + 271)7 33fz = ZQ1(1 - Q1fz)73<azfz)2 + (1 - Q1fz)7283fz7
(408)  fl=p =2+ 067+ OW), f =20 +6u7 +O(u?)

and that for z € 7R one has that h(z) = |¢2fL .|*—1 € R. Furthermore, for all z € iR

the asymptotic expansion of f, is valid since z; = a > 1.

First consider |z| < 1. One finds

(409)

O2h(2) = 43 (02 f4 [, + 20.f50.f2 + [LO2fL)
(410) = q3(02 L 1l = 20., fL0., 5 + £LO% fL)
(411) = G201 = @1 fo)) (0. £2)? + (U= fo) 202 fu YU = an o) o
(412) —2(1 = 1 f2)) 20 f (1 = @1f2) 202, [
(413) + (1= afa) 20— 1 fo) (02 f2)% + (L= a1 f,) 202, foa]}
(414) 1"(0) = ¢ {[20:(1 — quf) *(fL)° + (= @ fop) 22 = fo) ™ fon
(415) — 20— quf-) 2 A= fo0) 2,

(416) + A =af) 2o = f) ()7 + (U= af) 220
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W7 = @RS - D 0 = 1) — 20— 1)L
(418) = g3 (2{o[1 + (1 + 07 )p @) 4 O(u~ 7))}

(419) X [u7? = 2u7 + 6~ + O(u™ )]

(420) % (200 +1) = (0 + Do+ 4 O(u~Co+9)] — 1)

(21) — 2oL+ (1407 D) + O(p BN}

(422) X [2p7° = 6p~ + O(u™)]

(423) X[ =P 2pT = 6+ O 7))

(424) =20 2u" %1 - 2ut + O(p?)].

Assume that h(z) = h(0) +27'2"(0)2? + € where |¢| < O(u~*). One finds

(425) h(z) =0

(426)
= 2% = —2[h(0) + €] [n"(0)] "
(427) = —(2)207 ' L O P) ] (27 o)1 — 2p7 + O )]
(428) = 200> [1+O0(ut) + €.
This result is compatible with the assumptions, thus there are at least the two imag-
inary roots given by z. = £i(20)Y2u~[1 + O(u™1)].
It remains to be shown that there are no other imaginary roots. It is sufficient

to prove that h(z) has nonpositive curvature for all z € iR. Let z; = (—1)7*ib — p,

where b € R.
(429) h(z) = (g — [ )@ — 1) -1
(430) = ¢3[(0 + D — (= ib) + O] (0 + D — (e +13b) + O(1)] 7' — 1

(431) = qa(0”u* +0°) 1+ O )] - 1.
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Therefore h(ib) decays monotonically as |b| oo and there are only two imaginary

roots. [l

PROOF OF THEOREM (5) PART (1). We have exhaustively shown that
(432) At o= +i(20) 21 + O(u™ )]

are the only roots of h(z) for z € R UiR. The absence of embedded eigenvalues

follows from arguments similar to those for o(L). O

PROOF OF THEOREM (5) PART (2). By Weyl’s critereon it is the case that o.(Hy) =
0e(Hp) = (—00, —p| U [, 00). It is clear that there exists a well-defined absolutely
continuous spectral measure on o.(Hz). The representation of Hyv = zv as a cou-
pled series of algebraic equations guarantees that each A € o.(Hz) has multiplicity 1.

Therefore one must have that o.(Hs) = 0..(Hp). O
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3. Spectral Properties of H

We recall Proposition (2) from Chapter 2:

(433) 1(1 = o)ay |l < p~ G o= o Oy~ @) (o),
This gives

(434) U] < 2(20 + D|(1 = To)a* ||y < 2(20 + 1)[|(I — y)alh
(435) < 2(20 + 1)@= L Oy~ )T DY = ().

We recall without proof a statement of Kato [16] regarding norm resolvent conver-

gence.

PROPOSITION. For A a closed operator and {A,}32, a sequence of closed opera-
tors, if R2" converges in norm to R2 for some z € p(A) then the convergence holds

for every z € p(A).

PrROOF OF THEOREM (6) PART (1). The discrete spectrum of H can be at most
|U|| < m(p) away from that of Hy. We therefore only need to consider the shift of
the eigenvalues of Hs and possible production of eigenvalues from the thresholds of
H,.

Consider the eigenvalues near the origin. By standard arguments, see e.g. [25],
the kernel of H is spanned by linear combinations of matrix vectors composed the set
{Tja}s_, where {T;}}_, is the set of generators of symmetries of the soliton manifold,
in which « lies. In our case there are only two symmetries: phase rotation and
energy translation. The kernel is then spanned by matrix linear combinations of «
and 0, and thereby there exists an eigenvalue of multiplicity 2 at the origin. These
eigenvalues must be result of the shift of the eigenvalues of Hy to the origin.

Now consider the possibility of eigenvalues near the threshold. Consider that by
the resolvent identity, one has R — RH2 = RI2URI Without loss of generality,

let z be chosen so that |[|[R72|| < |z + e(u)|™' and |z + €(u)|7'||U|] < 1 for some
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e(pn) = O(n=7), i.e. €(n) is due to the presence of the eigenvalues of Hy. Then

(436) T [[RE| < lim |2+ e(n)| 7! = ||

and

(437) 1R[] =111 = RIPU) 'R < (1= ||RZ2|] U~ RE™]
(438) <[ =le+ (™ m(u)] ™z +e(p) ™

(139) T IRYI|< Hm [~ Jz ()| mGa)) e+ (ol = 217

One may then find

(440) lim ||[RY — RI?|| = lim |[RIZURL|| < lim [|RI2]| [|U]] [|RY]|
p,/"00 p,/"00 p,/"00

(441) < lim |z|2m(u) = 0.

/100

It is the case that A is closed if R4 exists and is bounded for at least one z € C.
This is clearly the case for both Hy, H. Therefore by the principle of norm resolvent

convergence it is the case that (—u,0) U (0, 1) C p(H). O

PrROOF OF THEOREM (6) PART (2). By Weyl’s critereon o.(H) = 0.(H3). One
may explicitly construct an absolutely continuous spectral measure by expanding
RE = (1 — RF2U)"'RH2 as a convergent series in U, taking a limit 2 — \ € 0.(Ha),
and collecting the imaginary terms. The representation of Hv = zv as a coupled series
of algebraic equations guarantees that each A € o.(H) has multiplicity 1. Therefore

one must have that o.(H) = 0..(H2). O



73

4. Decay Estimates for H, and H

We recall without proof Lemma 3.12 from [21]:

LEMMA. Let # be a Banach space and Ay > A_ be real constants. If F(\) has

the properties

1) Fe C(\_,\y; B)

(1)
(2) F(A-) =F(A) =0, A>A,
(3) dyF € L'(A_ + 6, A\ B), Y6>0
(4) dAF()\) O(A = A_]Mlog A = A_]), AN A
(5) XF(N) = O(A = A ]2 log A = A]), AN A
then
(442) /A " e E(N) = Ot log?t), t oo

in the norm of A.

We will verify that F'(\) = 852 satisfies the desired properties for both A\ > y and

A < p.

PROOF OF THEOREM (7). Let # = {A e L(T): ||A||l» < oo} be the Banach

space complete in the norm

A
(443) ||A||%’ = su HWK’T WK,Tle

velt vl

Y

where 7 is the natural extension of .7 to the matrix system. Let F(\) = 672, We

will verify the appropriate properties of F'(A) for A_ =0 and A\, = c©

10 0 0 9 oq—1
Let X; := , Xo = con = [(1=@aPf)" + (@mwy)’] , and
0 0 01
-~ 2 pL L2 L o2,0\2] "
(444) g1y = [(1 - QQPfxlfM) + (Ww,\l%f,\g) } )

(445) Gori= [(1 = GBrEPIE) + (ruk i fh)’]
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Since ¢£ = (1 - qlfz)ilwza sz = (1 - qlfz)ilfza and 'QZ)Z = fz¢z +€za for A Z 0

one has

(446)
(447)

(448)

Py =gy [PhOr— aPHE+E — a1 (PH) 0 — 1(mwy) ],
Pr=a [PH—a (PH) = a(rwy)?],

Y = dr + @y, Wi = gwy,

and for A < 0 one has

(449)

V=0 —qf) ", ff=0—-ah) A

By the method of spectral shifts one has

(450) R = Rfv R gyITyJ R

(451)
(452)
(453)
(454)

(455)

— Rfl + REIQZHUJ (1 . fZHlC_IQJ)_l Rﬁh

= RI"+ RN gpIloJ (1 — g3 1L sz)_l (1+ fIhgJ) R

= R g 1= GfEf5 7 (1= T4 T RE (T + @ 20 ) ToRED
= (BL X0 — REX) + |1 - G752 (1- GT4TE)

X (R Xy = R Xo) [ = g (£ X2 = f,X0)] o (R X0 — R, XG)

from which one finds for A > u:

(456)
(457)
(458)
(459)

(460)

i B, = [(Ph X0 — B, ) im0, X,
+ @i [(1— GPILfS,) £ irwy, g3 /]
x [(PL Xy — RL X5) +iméy X
x [(J - @P [ X, + QQf,\LQXl) + iﬂw,%l(hxz]

x o [(Px X1 — R, X2) & imdy X
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(461) = |(Ph X1 — Y, XG)  imwt, of, @ 65 X |

(462) + g0 [(1 = @GP £ imwy ¢ f,]

(463) x [(Puy, X1 — ¥5, Xo) +imwy ¢% X

(464) [(J = @Pf{Xo + o f . X1) Fimwy, ¢2Xo]
(465) ® [(Pol X, — 9l X,) +imuk o X

and for A < pu:

(466) lim A3, = [(BX, X1 = PJ,Xp) F imdy, X

(467) + oG [(1 = G PIY,) Fimws, a5 fy ]
(468) x [(RY, X1 — Py, X2) F imdy, Xo)

(469) [(J = o f X Xo 4+ P X1) £ imw}, g2 X1 |
(470) x Iy [(RY, X1 — Py, X2) Fimdy, Xo)

(471) = (RS, X0 = PLXG) F imwl, ok, @ 65 X
(472) + @000 [(1— G2 Pfy,) T imws, g3 f,]
(473) x [(Vx, X1 — PYy, Xo) Fimwy, ¢x, Xo]
(474) [(J = @of v Xo + P fr, X1) £ imwy, go2X1 ]
(475) ® | (V4 X1 - Puk,X) F imwk ol X

One may expand the above expressions and look for the resulting imaginary piece to
find (552 for A > por A < u. We will not do so and will analyze its properties from
the unexpanded forms for simplicity instead.

We will once again use the definitions for Wy, ;, €, and the like from Chapter 1.
Furthermore we will employ the spectral decay estimates of Corollary (4.1) as well as

the quasi-exponential decay estimates of Theorem (4) of Chapter 02. From the latter
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one can see that for A > p it is the case that d} [wiftﬁh (x)] € (!, as a function of
(z,N), is £1(Zy X [, 00),R).

By considering the many definitions, there is one crucial function which strongly
determines our estimates: Pf, = e*Ej(a) ~ —log(a) as 0 < a \, 0. Only powers of
P fa can be nonanalytic or unbounded. We will therefore proceed to prove the desired
properties of F'(\) by addressing the powers of P f, alone.

We recall that by inspection one may observe that gy := {[1 — qe *PE(—=\)]* +

[Tgre=*]?} 7! has the properties:

(476) 9r = lgal £ Go(q1) < o0, VA€ [0,00)
(477) |dxga] < Go(q1)Gi(q1,6) < 00, VA € [6,00)
(478) 90 = goo = 0,

(479) dagr = O(Atlog™t ), AN 0

(480) gy =0\ 2log™3X), AN\0

(481) C O(A2log 2 \)

where 0 < go(q1), 91(q1,0) < oo are constants whose other properties are not needed
here. g, is the only function of A involved in the definition of F'(A) whose derivatives
are unbounded in the neighborhood of the threshold A = 0 and thereby the derivatives
of g, and positive powers of P f, and its derivatives are dominant in determining the
properties of the derivatives of F'(\). We will therefore only consider the dominant
factors with respect to these quantities.

Consider the contributions to the imaginary part of lime\ g Rfik for either A >
or A < p. Due to the symmetry between these two ranges of A it is sufficient to
analyze the case of A > p alone and we will do so exclusively in the following.

Properties (1), (2): By considering the control that the factors of w§ = gx wy, im-

pose, one may see that all possible contributions are bounded in A\; and z.
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Property (3): The bounds for the derivatives of ¢y,, £\,, and 1, cannot present a
problem with the chosen norm on %. Exponential decay as \; ' oo ensures that the
upper bound of integration cannot be a problem. The only remaining potential issue
comes from the behavior at the threshold, which is not relevant.

Property (4): The bounds for the derivatives of ¢,,, £\,, and 1, cannot present a
problem with the chosen norm on %.There will be two dominant factors. One of
is daga, = O(A{'log ™' A;) as A \, 0. The other dominant factor is of the form
93 Ay, (Pfr)? = O\ log ™" Ap) as A N\, 0.

Property (5): The bounds for the derivatives of ¢,,, &,, and 1, cannot present a
problem with the chosen norm on 4. There will be one dominant factor, which is

I [d>\1 (,Pf)\l)QP = O(A72 log_2 )‘)

U
PROOF OF THEOREM (8). By the Duhamel formula it is the case that
(482) —idyu = Hu = Hou+ Uu
t
(483) = u(t) = ey, — 2/ dty e” =ty (t)
0
(484) = W, u(t) = W, e Hyy —i / dty Wy et 2y (1))
0
t
(485)  [[Weeru()|ls < |[Wire™ " uolly +/ dty ||Wiere™ 0 u(ty)]|,
0

(486) < COHWW«E’“HQ WK,TW,;Tlu0| oo

t
(487) +c / dty |[Wi e R W AUW, W, cuth)||o

0
(488) < CO|’WR,T€_“H2WK,T|| ||Wn_,rlu0||1

t
(489) +01/ dty ||Wiere™ CORW | WU IWieru(t)]]

0
(490) < a[(t + ¢5) log?(t + ¢3)] !

t
(491) + C4/ dtl [(t — tl + 03) 10g2(t — tl + Cg)]ilHWH,TU(tl)Hl
0
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Let f(t) := ||[W.,u(t)|1 and g(t) := [(t + ¢3) log*(t + ¢3)] L. By Gronwall’s Lemma

one has

(192) 0) < caglt) +eo [ dty glt— 1) ()

(493) = f(t) < eag(t) + a4 /0 "ty g(t)glt — 1) exp [04 / at, g(t—tg)}

t1

Furthermore
t t—t1
(494) exp [04/ dty g(t — tQ)} = exp [04/ dty g(tg)l
t1 0
(495) < exp [04/ dt, g(tg)} < cs,
0
and

" t/2 t/2
(496) /0 dt; g(t1)g(t —t1) = 2/0 dty g(t1)g(t —t1) < 2/0 dty g(t1)g(t/2)

(497) < c[(t + c7) log?(t + c7)] .

One therefore has

(498) f(t) < caglt) + eacacscs[(t + cr) log?(t + 7))
(499) < cg[(t + co) log?(t + o))t = O(t ' log 1),
as t /' oo. In the above ¢;, j = 0,...,9, are constants, the properties of which are

not important. [l
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CHAPTER 4

Conclusions and Conjectures

The goal for the work at this stage has been ultimately to arrive at the proof of
Theorem (8). This is the most important element of the proof of asymptotic stability.
One can see from the proof itself that as long as the decay estimates are integrable,
and the perturbation decays faster than the square of the inverse of the weights, one
can control the evolution rather easily. This will also be the case in the context of

the LNLS (298) where one employs a Duhamel formula of the form
(500 Bty =5y~ [ dt e i)
0

where EO = 5 (t = 0), to specify the evolution of §. This alone, however, is not enough
to determine the evolution of £ as the parameters 1 and 4 are time dependent. One
must include separate evolution equations for these as well.

First one assumes that (a, /67(0))7@ = (a, dtﬁﬁ(O))e;@ = 0, where (-,-) 7 is natural

e
the extension of the inner product of S to the matrix system and a = . This
—«

condition ensures that 5 remains in the span of the generalized eigenvectors of H.

Then one takes the inner product of @ with both sides of the LNLS (298) to arrive at
(501) 0= (av '7) = dun = (O./, am)_l(a’ %’71)7 dipy = i(a’ amam)_l(a) S’}/l)'

Equations (500) and (501) together constitute the modulation equations for the

NLS (206), where u; and vy are the modulation parameters [31].

CONJECTURE 1. The soliton manifold specified by the coordinates (u,v) with re-
spect to u(t) = e_i(_”t“)&u 15 asymptotically stable under perturbed evolution via the

discrete NLS (206).
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It is reasonable to assume that such a claim is true and it should be the case that
one can prove it with an application of bootstrapping estimates. The case of the real
Nonlinear Klein-Gordon equation is likely to be much harder to address.

Consider the discrete real Nonlinear Klein-Gordon equation (rNLKG) specified by
(502) —O}u=Lou—u’, 1<p€Z.

It was this equation that was first studied in the context of noncommutative field
theory, see e.g. [15], and the mathematical analysis of [5], [10], and [11]. There is an
approach to the rINLKG which is similar to that of the methods of linearization taken
with the method of modulation equations, but it is of a different character. There,
the analogue of the stationary solution will be of the form u(t) = cos(ut + v)a,.
Due to the presence of nonlinearity this will not be a stationary solution in general.
For the NLS one could interpret the stationary state as a nonlinear variant of the
evolution of an eigenfunction with an associated isolated eigenvalue. For the INLKG
one is typically lead to interpret the “quasi-stationary state” as the nonlinear variant
of the evolution of a resonance function with an associated embedded eigenvalue. The
coupling of the “radiation” [ to the soliton will introduce an instability and lead to a
resonance with a decay time. This picture was introduced and elaborated upon in the
work of Soffer and Weinstein on nonlinear resonances and the nonlinear Fermi-Golden
Rule [32].

Chen, Frolich, and Walcher in [5] conjecture that Equation (502) has localized

metastable solutions. This leads us to the following conjecture.

CONJECTURE 2. Solutions of the discrete rNLKG (502) which begin close to

u(t) = cos(put + v)oy, are metastable resonance functions.

We seek to address compare and contrast the proofs of these conjectures in future

work.
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