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ABSTRACT OF THE DISSERTATION

Multi-Physics Modeling and Simulations of Thermally-Assisted

Compaction of Granular Materials

by Giilsad Kiiciik

Dissertation Director: Alberto M. Cuitino

Having characteristics that differ from those associated with solids, liquids, and gases, granu-
lar materials require miscellaneous multi-physics approaches that integrate theories at different
scales. The abstract behavior of granular material provides limitless arrangements in terms of
microscopic and macroscopic properties, specifically concerning the thermally-assisted com-
paction process. However the uniqueness of particulate systems reduces significantly the effec-
tiveness of conventional compaction models based on continuum mechanics description. Thus
the current study engages with the problem at both discrete and continuum levels, and bridges
the gap between particle-mechanics and macro-scale theories.

A mathematical formulation that integrates the thermal and mechanical behavior of discrete
system of particles is presented. It is worth noting that thermal expansion experienced by the
compacted particles increases the nonlinearity in the thermo-elastic contact problem, which
results in various interesting aspects unique to granular matter. Numerical analysis reveals the
role of thermal expansion, the role applied thermal and mechanical loads during thermally-
assisted compaction of spherical, perfectly conforming particles.

Modeling consolidated granular media by using continuum mechanics requires an addi-
tional concentration on defining the effective transport properties of the material. Taking ad-

vantage of the effective medium approximation, an equivalent continuum model for the state

il



of small-strain deformation under the applied thermal gradient is investigated. The discrepancy
between discrete and continuum analysis underlines the importance of describing an effective
thermal expansion parameter. Starting from the fundamental understanding of particle interac-
tions, an effective thermal expansion coefficient is derived for the current problem statement.
Unlike the continuum media, granular materials host inhomogeneous distribution of con-
tact networks, which results in uneven distribution of loads in the dense particulate assemblies.
Moreover these structural arrangements play critical role in forming preferred paths of heat
transport. In spite of the recent experimental and theoretical studies on the evolution of force
chains, the formation of heat chains and the correlation between the heat and force chains still
remain unclear. In this study two-dimensional numerical simulations are demonstrated to un-
derstand some of the fundamental concepts such as: (i) formation of force and heat chains (ii)
formation of localized hot zones, (iii) cross-property relations between contact force distribu-
tions and heat transported at the contact surfaces, (iv) influence of system characteristics such
as diverse size distribution of particles, binary material constituents and different boundary

conditions.
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Chapter 1

Introduction

1.1 Motivation

Designing materials based on the required properties of the end product, is a topic of great
current interest. Consolidation of granular materials is important to vast array of engineering
operations, some of which are construction, chemical, manufacturing, and mining. In addition
to these, confined products are daily life essentials through pharmaceuticals, household pow-
ders, and cosmetics. Producing these materials with desired functionalities while avoiding the
possible disadvantages of compaction processes is of interest to a large number of researchers
in the field. Specifically computational mechanics is served to predict the material proper-
ties of the confined end products. In the remainder of this section two of the edge-cutting
science-integrated technology applications of this crucial tool is explained through examples
from different fields.

Defense and space industry provides a vast medium of research to challenge and improve
computational mechanics applications. The leading edge of study is mainly focused to develop
advance materials and coatings with improved mechanical properties and performance required
for structural and functional forms, such as the energetic materials’ applications on personnel
or vehicular armor to sensor devises. Common ground is that the required mechanical, thermal,
and electrical properties of the materials can be engineered by applying different production
techniques starting from powder. There exists two main considerations in integration of ad-
vanced materials to military applications: (i) time needed at trial and error stage in develop-
ment processes, (ii) extreme costs of physical experimentations. These two factors enhance the
importance of numerical simulations done on modeling the consolidation process of powders
through various manufacturing techniques. The robust demand on constitutive mathematical

models that predict the macroscopic material properties in accordance with the microscopic



structural characteristics stems from the need to achieve accuracy in these numerical simula-
tions.

Pharmaceutical industry also takes advantage of computational mechanics at different stages
of drug development. Most of the pharmaceutical drugs are initially produced as powders and
consolidated to required dosages. This process is generally called as tableting. There exists
ubiquitous problems associated with tablet manufacturing, such as chipping, picking, binding,
punch sticking, mottling, capping, and laminating. The macroscopic failure in consolidation
can be explained through continuum constitutive theory. For instance, punch sticking is the
state of powders remaining on the punch surface after compaction. This is mostly due to exces-
sive adhesion to the tooling material, and is highly undesired, particularly for the cases where
the amount of active ingredient is crucial in dosage form. However it is well-known that this
problem lays down the roots in atomistic and/or molecular level interactions.

Loh et al.’s study is a relevant application of science to improve technology by integration
of materials’ modeling at different scales. They aim to predict the macroscopic properties
of the tablet starting from quantum mechanical methods to calculate the gas phase properties
of the single molecule of interest and guide the parameterization used in molecular models,
where the crystalline phase of the material is simulated and Young’s moduli, yield stress and
surface energies are predicted. This enabled them to model the tableting ability with excipient
microcrystalline cellulose (MCC) and active ingredient [41].

The above mentioned fields are some of the active areas of research where computational
mechanics plays critical role in modeling consolidated granular powders. During the process
of consolidation, particles come into contact to form numerous arrangements which ultimately
determine their macroscopic mechanical, thermal, and electrical properties. As a consequence
they exhibit a spectacular variety of characteristics and they behave differently from conven-
tional solid, liquid and gaseous matter [29]. Current study is aimed to investigate a subset of
this class, which is comparatively visited less. In thermally-assisted consolidation processes
elastic granular materials are driven to form contact with each other as a results of not only
compaction force but also thermal expansion. Bundling the coupled physical processes in sim-

ulations while maintaining accuracy and robustness is particularly challenging. Predicting the



micro structural arrangement of the granular bed and the macroscopic behavior of thermoelas-
tically bonded particles in such situations is of considerable importance. This study is intended
to bridge the gap between the fundamental understanding of particle-mechanics and the macro-

scale applications.

1.2 Literature Review

In recognition of the ubiquity of granular materials, there has been considerable research fo-
cused on understanding fundamental concepts related to various multi-physics problems of
contact mechanics. Since compaction of granular matter is of great importance for a wide array
of manufacturing processes, theoretical modeling and numerical simulations serve as an impor-
tant tool to forecast the mechanical, thermal and electrical behavior of materials , particularly
at extreme conditions, where conducting experiments are infeasible.

We classify four main categories that contribute to modeling and simulation of granular
media. These are: early analytical studies, experimental studies, continuum modeling of het-

erogeneous media, discrete modeling of heterogeneous media.
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Figure 1.1: Outline of the granular materials research.

It is intuitive that the macroscopic behavior of granular materials depends on the phe-
nomenological interactions that occur at the particle level. However the exact nature of this
dependence is yet not well understood [71]. At present, one of the mostly implemented method-
ology to simulate granular matter is based on continuum mechanics description, which requires
definitions of effective material properties of the overall granular assembly. Experimentation
techniques are generally insufficient to determine these properties under different boundary
conditions. Moreover homogenization methods that are introduced to estimate average of the
overall characteristics can become irrelevant to express the altering nature of the discrete parti-
cle systems. Although there exists considerable amount of computational challenges to model
a large number of particles system with discrete elements methods, improvements done in for-
malisms and new simulation techniques increase the achievability of calculations starting at

particle level.



1.2.1 Analytical Studies

Granular materials research differs from continuum solid research mainly due to the change in
the grounds for constitutive relations. Continuum mechanics approach is founded on molecular
interactions whereas granular mechanics bases on particle interactions. This distinction en-
forces the definition of a new length scale to understand granular structural systems. Unlike the
continuum solid, granular materials are explained through the perspective of contact mechanics
approach where particle interactions at the mutual surface of contact are considered.

The pioneer of contact mechanics is Heinrich Hertz who is also very well known for his
contributions to the field of electrodynamics. Analytical solutions of compaction of granular
materials are rooted on his immense important work (1882) that elucidates the deformation
mechanism taking place at the frictionless contact of two elastic bodies of ellipsoid profile
[27]. Based on elasticity and continuum mechanics, he put forward the fundamentals of contact
mechanics, which has inspired large number of researchers in the field of granular materials.
Since then numerous analytical solutions are proposed that cover a wide range of problems
regarding the variety of phenomenon involving granular materials.

Initial attempt to understand the macroscopic behavior of granular assemblies led researchers
to focus on determining the descriptions of effective elastic properties of the body under exter-
nal loads [65, 19, 47, 49]. Starting from the contact mechanics fundamental concepts, Walton
solves the equation of equilibrium for a single sphere, which is under the action of gravity, fluid

pressure and compressive forces of Fr and F'p for the appropriate boundary conditions [72].
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Figure 1.2: Single sphere under vertical compression sketch, adopted from Walton [1975].

Walton relates the incremental strain of single particle to an array of particles which are
named as chain of particles, and derived the incremental stress to compress this system of
particles incrementally. The correlation between incremental stress and incremental strain is

basically the definition of the principal elastic moduli of the granular assembly [72].



Figure 1.3: Cubic packing sketch, adopted from Walton [1975].

Later Walton derived the effective elastic moduli of a random packing under the particular
cases of hydrostatic compression and uniaxial compression [73].

There has been considerable research focused on understanding the multi-physics of thermo-
elastic deformation of spherical particles. This is the class of problems in which heat is trans-
ferred through the mutual surface of contact where elastic deformation develops the flat circle
of contact area. The coupled physics of this problem is generally associated with thermal con-
tact models which incorporate the Hertz law of deformation.

The major heat transfer mechanisms in compacted particle beds [68].

Conduction through solid particle

Conduction through the contact area between two touching particles

Conduction to/from interstitial fluid

Heat transfer via convection

Radiation between particle surfaces

Radiation between neighboring voids



For a system of granular media where the thermal conductivity of the solid particles is
much larger than the interstitial medium, the driving mechanisms for the heat transfer are the
first two. Concerning the problem of thermally-assisted compaction of spherical particles in
vacuum, we focus on the thermal contact models that consider the conduction through solid
particle and through the contact area between two touching particles.

In terms of contact surface geometry, the heat transfer phenomena at the mutual surface of
contacting particles can be treated with two perspectives, assumption of perfectly conforming
contacts of smooth particles, and conforming rough surface analysis based on generalization of
asperity and surface roughness. Although we focus on perfectly smooth particles of conforming
contacts, we give a brief definition and of the rough surface models.

The classical conforming rough contact models is developed for elastic, plastic, elasto-
plastic particles of spherical, and elliptical shapes. Among these there exists studies which
investigate the thermal conductance through the mutual surface of contacting particles, various
theoretical models have been proposed to explain this phenomena. Sridhar and Yovanovich fo-
cused on rough surface analysis for conforming and nonconforming contact surfaces [62, 63].
In this study thermal contact conductance model is incorporated with an elastoplastic deforma-
tion model. Bahrami et al. developed a compact analytical model for predicting thermal contact
resistance for different regimes of contact [2]. In this study they assumed a non-conforming
macro-contact area exists of conforming rough micro-contacts, sum them up along this appar-
ent radius of contact. The two limiting ends of the model is 1) two conforming rough surface
2) elasto-constriction limit (the Hertzian smooth contact with flat circular are of contact), and
iii) transition region or general contact in which both Ry, and Rg exist and have the same order

of magnitude [3]. This is illustrated in Figure 1.4.
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Figure 1.4: Thermal contact resistance for rough surface analysis, adopted from Bahrami
[2004].

Analytic solution of the heat conduction through the solid phase of ordered spherical parti-
cles have been proposed by Chan and Tien[10] and Kaganer [32]. Chan and Tien established
an explicit functional relationship between the thermal conductance of packed spheres and
fundamental system parameters such as imposed thermal and load conditions, the geometric
parameters (e.g., sphere thickness, shell thickness, packing configuration, etc), regarding ther-
mal and mechanical properties of the particulate material [10]. They classify the mechanisms
of heat conduction from one sphere to another: (i) Macroscopic constriction resistance due to
the contraction of conduction passages, (ii) microscopic constriction resistance due to surface
roughness at the contact area, film resistance due to surface contamination. Chan and Tien ar-
gued that macroscopic constriction resistance is dominant in the heat transfer and microscopic

mechanism is negligible.
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Figure 1.5: Single particle heat transfer model, adopted from Chan and Tien [1973].

The two main assumptions for the analytical model are the following:

e Radius of the circular contact is given by the Hertz relation for elastic contact of two

smooth spheres.

e Contact surface has a uniform heat flux and the rest of the surface is insulated.

0 ( ,0T 1 0 0T
Boundary conditions: for 0 < 6 < 4,
oT
el = q, 1.2
k ( 5 >T0 q (1.2)
for, <0< m—40,
orT
el — 1.
), -
form—0,<6<m
oT
il = —q, 1.4
@), - o
By the method of separation of variables
T(r,0) = C,+ Z Cir" Pycos(0) (1.5)

n=1
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P, Legendre Polynomials
C, arbitrary constant

C) constant determined by the outer BC’s and the orthogonal properties of Legendre polyno-

mials (non-zero only when n is odd)

2n+1 Qo 1
C, = - (kST2_1> /xo P, (z)dz (1.6)
T, = cosb, (1.7)

1 1
/xo = m (Pn—l(xo) - Pn-&-l(xO)) (1.8)

Definition of thermal resistance, TR, of the sphere with radius r,

T, - T}
TR = ¢ (1.9)
Q

T, and T/, are the respective mean temperatures of the diametrically opposing contact regions

where heat is supplied and removed across the contact areas.

_ T(ry, 0)dA
T fAc (10,0)

= = 1.10
T, dA (1.10)
Q is the total amount of heat passing through the sphere for r. < 7, Q = gomr2.
0o 2 .
7o Io T(Sro, 0)mrssin26do (111
Jo mrisin26d6

_ T T(r,,0)sin20dl

T = Jr—g, T(ro,0) (1.12)

f:—@o 5in20d0

They investigated the conductance of packed spheres of uniform size and the basic regular

arrangements, simple cubic, body-centered cubic and face-centered cubic.
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Figure 1.6: Thermal contact patterns of different regularly packed spheres, adopted from Chan
and Tien [1973].

In our study we also consider simple cubic packing of spherical particles, in spirit to Chan
and Tien’s study we elucidate the assumptions and the proposed solution in our thermal contact
model. Chan and Tien solves the constriction resistance of a solid sphere in simple cubic

arrangement, for which the contact radius is much smaller than the particle radius :

0.53
TR = —= (1.13)
ka

where a is the contact radius.

In an attempt to find the approximate effective thermal conductivity of randomly packed
granular beds, Batchelor and O’Brien focused on the heat flux across the flat circle of contact
between smooth, conforming, and elastic particles [7]. In this study we adopt Batchelor and
O’Brien’s model for predicting the heat conductance, which is the ability of two touching sur-
faces to transmit heat through their mutual interface. This analogy has been used by several
groups earlier [52], [58], [68], [71], [76].

In this aspect, theoretical studies on the formulation of thermo-elastic contacts of nearly
in contact, point contact ,and a flat circle of contact has gained significance. Batchelor and
O’Brien clearly discusses these three contact zones and provided the basis for many other

mathematical models [7]. In this study it is aimed to derive the effective conductivity of a
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stationary granular material through which there is a steady transport of heat or electricity.

e Granular material is assumed to in a statistically homogeneous medium consisting of a

uniform matrix and randomly arranged inclusions.

e Volume averaging formalism, which is prosed by Batchelor, is adopted to estimate the
effective thermal conductivity of granular bed [6]. In this method an average volume is
defined to be large compared to the small-scale deviations in volume fraction of each
component, but also small enough such that the variation of field variable is slightly

observed.

e Granular material is concerned to be in statistically isotropic structure in which case

second-rank tensor effective thermal conductivity k is assumed to be a scalar.

e Since the thermal conductivity of the particle is relatively large with respect to the matrix,
where the particle is embedded in, the temperature gradient within the particles are cal-
culated to be relatively small. Therefore temperature within the one particle is assumed

uniform and large temperature gradient between particles.

Based on the above assumptions Batchelor and O’Brien formulated the heat flux for nearly
in contact, in contact cases which are shown in figures 1.7, 1.11 respectively. Once the particles
are in contact, they deform slightly and develop a flat circle of contact whose dimensions may

be related to the load by the Hertz Theory.

T=T, K
M \ \Wﬁ
* K7 a__,
T=T_ Oy ¥ *

Figure 1.7: Particles nearly in contact case, adopted from Batchelor and O’Brien [1977].
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Figure 1.8: Particles at conforming flat circle of contact case, adopted from Batchelor and
O’Brien [1977].

Since we have also adopted Batchelor and O’Brien’s thermal contact model in this study,
we elucidate their solution in detail in chapter 4. For the basic case of simple cubic packing of

spherical particles bed, the proposed solution in this study is:

- 2k a
kK = — 1.57 1.14
T (1.14)

1.2.2 Experimental Studies

The field of granular matter research is highly visited by researcher in terms of experimental
studies. However we focus our attention to studies that consider the effective material prop-
erties of the compacted particle systems and the force network generation within the granular
assembly under external load.

There has been experimental studies that verifies Batchelor and O’Brien’s study [26, 58].
Shonnard et al. aimed to check the inner expansion theory of Batchelor and O’Brien for a
point-contact porous medium [58]. The effective thermal conductivity of unit cell of spatially
periodic porous medium is measured. In this study two large metal hemispheres are kept under
temperature gradient and constraint within two parallel plexiglass walls. They compared the
test results with Batchelor and O’Brien’s theoretical results and experimental study of Nozad

et al. [52].
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Figure 1.9: Experimental set-up to estimate the effective thermal conductivity of spherical
particles, Shonnard and Whitaker [1989].
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Experimental results show that for a compacted granular system under a uniaxial load,
the distribution of contacts determine the distribution forces within the system of particles.
Surprisingly even for homogenous systems, these forces are unevenly distributed such that
particular structural paths supporting the most of the applied forces and the rest are lightly
compacted or even carry no load at all. These preferred arrangements to deliver force are named
as force chains or force networks in the literature [1, 23, 61, 8, 54]. We give two examples of
the techniques used in meaning force network distributions within the particle beds.

Mueth et al. measured the distribution of normal forces exerted by granular material under
uniaxial compression onto the interior surfaces of a confining vessel [50]. Randomly packed
mono dispersed glass beads are compacted by the moving upper piston and the lower piston
is fixed. Upon the application of external load on the system the beads press the carbon paper
into white paper, leaving marks which are used to determine the contact forces [50]. After a

systematic set of experiments, empirical functional form for the force distribution is proposed .
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Figure 1.10: Experimental set-up using carbon paper to trace force distributions of a compacted
granular bed, adopted from Mueth et al. [1998].
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Photoelasticity is also widely used in investigating force networks for systems of particles
(e.g: [43], [28], [23]). Taking advantage of birefringence property of some materials, light
propagation though the granular assembly can traced during compaction and the evaluation of

stress chains can be observed.

Figure 1.11: Dynamic stress chain formation in two dimensional polymethylmethacrylate
(PMMA) discs, adopted from Foster et al. [2002].

Foster et al. examined the polymethylmethacrylate (PMMA) discs under transient load to
trace the formation of stress chains by using photoelastic experiments [23]. The critical ques-
tion in PMMA consolidation is the reason of the unexpected crystal failure, which is suspected
to be caused by unevenly stress chain formations. The main advantage of this method is that
it provides information about the microstructure of the compacted granular assembly without
using destructive experimentation methods.

There has been two classes of approach proposed to undertake the heat transfer in granular
materials. First approach considers the particle bed as porous medium, a ‘smeared’ continuum

mechanics approach is adopted to unveil the effective properties and characteristics of particle
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bed which is assumed to be statistically homogeneous [22]. Second mostly known approach
treats the particles as individual bodies such that the coupled effects of various multi-physical
phenomena can be coupled for each particle. The integration of particle motion and energy
to the macroscopic behavior of the assembly, provides the required understanding of overall
behavior of the confined material. The common feature of these approaches is that the determi-
nation of the effective material and transport properties is based more on an ad hoc manner than
on a rigorous theoretical foundation, which may introduce modeling errors that are difficult to
quantify and control [22]. Thus the continuous research on improving the theoretical models
and numerical simulation schemes stays as an active area of research in the study of granular

matter,.

1.2.3 Continuum Modeling of Heterogenous Media

Continuum modeling of granular media is based on solving conservation equations of mass,
energy and momentum, coupled with constitutive laws describing state of bulk material, and its
interaction with the boundary conditions. Generally these models aim to determine the state of
granular assembly in terms of average contact coordination number, porosity, and bulk material
properties in relation with the applied loads on the system. Due to the ubiquitous fluctuation
in microstructure formation of granular materials under compaction, heterogeneities are ob-
served in various aspects such as formation of aggregates, force chains, hot zone localizations
of chemical reactions, etc.

There has been excessive amount of research on continuum modeling of heterogenous par-
ticulate matter. Specifically in the subject of compaction process of granular media, the initial
models known as Cam-Clay model and Drucker-Prager cap model are originated from soil
mechanics by and and gained popularity in implementation to various fields [17, 57, 18, 40].

Analyzing large systems with high order heterogenous material introduces the complex-
ity of establishing effective elastic, plastic and transport properties of the granular assembly
depending on the constitutive laws required. Conservative research approached the problem
by practicing homogenization techniques. Some of these are: statistical averaging, ensemble
averaging, volume averaging and effective medium approach. In order to apply the well es-

tablished continuum solid mechanics theorems, effective medium approach aims to replace the
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heterogenous with effective homogenous medium properties. In this method granular material
is assumed to be statistically homogenous [71]. This is achieved by treating the system as units
of ordered arrays, simulating disordered arrangements by statistical correlation functions or
using empirical correlations.

Regarding thermal conductivity through granular assembly, the concept of estimating the
overall transport property is based on Maxwell’s expression for the effective conductivity of
spherical inclusions [46]. Although a proper estimate of the effective properties is contingent
upon the knowledge of unit controlling processes at particle level, there is remarkable effort to
improve the averaging techniques that are used in homogenization. By using these techniques
Torquato stated the upper bound on the effective conductivity of a heterogenous granular sys-
tem by using Maxwell’s correlation functions [66]. However it is critical that the statistical
correlation functions and analytical solutions are constraint with the assumption done to evalu-
ate the solutions [71].

Recently quasi-continuum approach has been developed and the formulation is used for
simulation of inter-particle bonding in granular systems. Zheng and Cuitino implemented
quasi-continuum approach to bridge the micro and meso scale through discrete-continuum for-
mulation of elastic-inelastic deformations occurring in the post-rearrangement regime of con-
solidation of inhomogeneous granular beds [74]. Since this approach provides the flexibility
of storing individual particle interactions in a FEM scheme, it provides the overall behavior
of the entire body without loosing critical information specific to micro structure. Koynov et
al. presented a notable adoptation of this approach in the study of powder compactions for

pharmaceutical purposes [35].

1.2.4 Discrete Modeling of Heterogenous Media

Discrete modeling of granular materials is a particle scale research based on detailed micro level
information [75]. The state of art paper in this subject was published by Cundall and Strack
on method granular dynamics simulation technique soft-sphere [15]. The proposed approach
is based on an explicit numerical scheme, through which the particles interactions are calcu-
lated over the contact networks and particle motion is determined by the state of force balance

equilibrium [15]. The method is applicable for problems on particles of any shape without any
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limitations over size or distribution. Discrete element method (DEM) is mostly used to simulate
dynamic behavior of granular systems such as the trajectories of and transient forces acting on
individual particles, and deformations are used to calculate elastic, plastic and frictional forces
between particles. Also the integration of discrete element models with computational fluid
dynamics models enables the researchers to study the particle-fluid interactions which is im-
portant for the geometries where the granular bed is highly interacting with surrounding fluid
[75].

The conventional compaction of granular materials mostly accompanied with application
of a thermal gradient on the system during consolidation. Thermal contact models are inte-
grated in discrete and continuum modeling of granular media. Vargas et al. provides a detailed
background information on the evolution of discrete element methods which integrates thermal
contact formulation [68]. Regarding these studies Vargas et al. also investigates the effect of
thermal expansion on the stress and heat chain formations within the granular assembly, some
of which is revisited in chapter 6 of this study [69, 70].

Feng et al. extended the numerical methodology used in discrete element modeling in order
to account for the effective modeling of heat conduction in systems comprising a large number
of circular particles in 2D cases [22]. Starting from the well known analytical integral solu-
tion for the temperature distribution over a circular body, a linear algebraic system of thermal
conductivity equations for each particle is derived in terms of the average temperatures and the

resultant fluxes at the contact zones with its neighboring particles [22].
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Figure 1.12: Individual particle’s contribution to thermal conductivity network, adopted from
Feng et al. [2008].

In this method they cast the element thermal conductivity matrix which is dependent on the
characteristics of the contact zones, including the contact positions and contact angles. In the
illustrative following figure, enhanced discrete thermal element model accuracy in estimating

the average temperature variation determined by FEM is compared.

(a) Average particle temperature.

(b) Temperature contour.

Figure 1.13: Comparison of average particle temperature obtained by discrete thermal element
method,(a), and temperature variation in each particle obtained by conventional finite element
method, (b), adopted from Feng et al. [2008].

Thermal gradient has the effect of increasing the bonding between particles and enhances

localization of stress. Kaviany discusses the heat conduction through a granular medium. In his
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book it is claimed that the allocation of the contacts and contact stress plays an important role
in heat conduction [33]. This heterogeneity leads to ‘stress chains’ which is described as forces
that follow preferred paths in a granular material [33]. Kaviany illustrates this phenomena using

percolation of contacts shown in figure 1.14.

Figure 1.14: Stress chains in heat conduction of compacted granular particles, adopted from
Kaviany [1995].

On the other hand Johnson provided a broad overview of the contact mechanics [31], origi-
nating from particle interactions and the constitutive relations proposed by various groups (e.g:
[27],[15], [48]) and analogous thermal model which is derived in Carslaw and Jaeger [9]. John-

son classified the thermoelastic contact problem into three parts;

e The analysis of heat conduction to determine the temperature distribution in two contact-

ing bodies

e The analysis of thermal expansion of the bodies, to determine the thermal distortion of

their surface profiles

e The isothermal contact problem to find the contact stresses resulting from the deformed

profiles

Johnson studied the subject with the above three stages, for which he treats the problem as
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de-coupled [31]. Main assumption is that similar to elastic deformations, whatever the actual
profile of the material is, the contact is modeled as an elastic half-space bounded by a plane
surface. The temperature gradients that give rise to thermal stress and distortion are large
only in the vicinity of the contact region. Also distributed heat flow into a half-space through
a restricted area of the surface is solved as point sources in the same way as elastic stress
distributions due to surface traction. The linearity of the conduction equations provides the
superposition of the solutions. The analogy is constituted between deformation due to uniform
pressure applied to a circular area and temperature due to uniform supply of heat to a circular
contact area. Therefore the net pressure that obeys the elastic contact mechanics of Hertz Law
has two parts, isothermal pressure and thermal pressure that caused the distortion in the contact
area.

However the steady state solution of this problem brings discontinuity in temperature pro-
files of the contacting surfaces as a result of the transition from point contact case to circular
contact case. This is contracting with the real physical situations. In an attempt to overcome
this problem rough surface models are developed which are also based on statistical averaging
techniques [4], [20]. However Barber claimed that the steady state solution of thermo-elastic
contact models give negative thermal pressure at certain cases during transition from perfect
insulation condition to perfect contact (which is physically impossible) and states that it rises
from the thermal boundary conditions which assume perfect contact within the contact area, so
the discontinuity in temperature across the interface, and perfect insulation outside the contact
area [5]. This difficulty was treated as adding state of imperfect contact which the displace-
ments(elastic and thermal) are such that the surfaces just touch and conduct some heat but the
contact pressure is zero. In his one dimensional model, Barber divided the contact zone to three
different regimes, perfect contact, imperfect contact and non-contact zone. Perfect contact is
the circular contact that is formalized by Hertz theory, the imperfect zone is the annulus where
contact pressure drops to zero while passing to non-contact area and also where large thermal
resistance is experienced. Barber introduced a pressure dependent thermal contact resistance to
overcome the difficulties stemming from the discontinuity of temperature profile. Barber also

stated that the nonlinearity of the problem makes the calculations costly for 2D or 3D solutions

[5].
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1.3 Overview of the Dissertation

The field of granular media keeps attracting researchers in the light of understanding the cor-
relation between material properties of its constituents, geometry of the confinement, loading
conditions and anisotropic microstructure formation which determines the macroscopic mate-
rial behavior of the compacted bed. Specifically experimental results show that thermal gradient
applied on the granular assembly has significant effect on the rearrangement of the particles.

Recent studies revived some critical questions which are of great interest to researchers
and engineers: what is the role of thermo-mechanical coupling in formation of anisotropic mi-
crostructure, and heterogeneously distributed stress, heat chains? how does the cross-property
relation between heat and stress chains affect the contact networks, hot zone localization, and
how does these microscopic alterations determine the overall performance of the confined gran-
ular assembly? Lastly can we engineer/fabricate compacted materials with specific functional-
ities, by taking advantage of carefully investigating the inverse problem and providing accurate
numerical simulations based on inter particle relations.

We propose a mathematical model, namely particle mechanics approach, to investigate the
multi-body system behavior of granular materials. We have undertaken in an attempt to un-
derstand the thermo-mechanical coupling, taking place during thermally-assisted compaction
of packed bed of spherical particles. The set of governing equations, which define prescribed
state of the assembly under the thermal and mechanical loading conditions, are expressed in
terms of heat and force transfer between the mutual surface of particles that are in contact.
For the case the static mechanical equilibrium and steady state heat conduction the system of
equations are solved in an explicit numerical scheme.

In this study we are also inspired from the multi scale modeling approach that is intro-
duced by Cuitino et al. [14] and Stainer et al. [64], to model the characteristics of crystalline
solids. The main idea of this approach is to determine the controlling unit processes at micro
scale, thereby quantifying the energetics and dynamics of these mechanisms, lastly the effect of
macroscopic driving force on macroscopic response is understood via microscopic modeling.
The bridge between macroscopic driving force to unit-process driving force is constituted in

two steps: localization of macroscopic force, and averaging of the unit processes. Similar to
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this approach, we analyze the driving mechanisms of thermally-assisted compaction of spheri-
cal particles and correlate these coupled processes to macroscopic applied boundary conditions.
In terms of averaging the effect of thermal expansion at particle level to account for its contri-
bution to the overall stress evolution and heat transfer, we derive an effective thermal expansion
formalism.

In chapter 1 we briefly review the theoretical and numerical studies on the deformation
mechanism of granular media. Some the groundbreaking studies, which also inspired us along
this research, are explained in detailed and compared with similar studies in the literature.

In chapter 2 we explain the particle mechanics approach that we elaborate the exists mod-
els to understand the governing mechanisms during thermally-assisted compaction of granular
media. We mention the main assumptions used in this model, and provide information about
the characteristics of this approach.

Owing to the fact that the nature of the problem leads to highly non-linear coupled equa-
tions, regular packings simplifies the problem and makes it mathematically tractable. In chapter
3 we present results regarding one dimensional analysis of this approach in which we focus on
the role of thermal expansion, applied mechanical load and thermal gradient on the system.

In chapter 4, we consider the problem from a different perspective. We look for the descrip-
tion of the resembling system in continuum mechanics approach, where we integrate the recent
effective medium theories to improve the macroscopic analysis. We recognize that there exists
a remarkable discrepancy between conventional continuum solution and discrete particles so-
lution. This stems from the fact that effective thermal expansion of a packed granular bed has
not been proposed for the particular problem.

Staring from the pair interactions between particles, we aim to derive an overall thermal
expansion expression that can enable the continuum solution to capture the physics of the dis-
crete particle system. In chapter 5 we explain the derivation of the effective thermal expansion
coefficient, and state an application of the proposed formula for the particular case. We con-
clude this chapter by comparing our continuum solution results with conventional continuum
solution and discrete solution results.

In chapter 6 another intriguing characteristic of compacted granular systems is investigated.

Given the fact that there are major loading paths that cause unevenly distribution of force within
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the granular material, we present numerical simulations to exploit the generation of heat and
force networks, their cross-property relations during coupled phenomena and the dependence

of the hot zone formation with regard to the evolution of the prescribed chains.
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Chapter 2

Particle Mechanics Approach

2.1 Introduction

Our point of departure for the discrete model is to integrate the well-known theory of Hertzian
deformation for quasi-static mechanics and conductive heat transfer for spherical conforming
contacts of granular media.

We present a multi-body system model of granular beds starting from the pair interactions of
particles defined by thermo-elastic contact models. This concept is similar to recent studies of
Vargas and McCarthy ([68], [70]), where they introduce a mathematical model as an extension
to the well known discrete element model of granular materials [15]. However, our approach
is based on defining particles’ final state, such as position and temperature, rather than tracking
the particles during the compaction process. Therefore we solve the system of equations for
static mechanical equilibrium and steady state heat conduction principles.

The following nomenclature is used in integration of thermal and mechanical deformation
models.

Table 2.1: Nomenclature

R™ Radius of the individual particle m

™ Temperature of the particle m

Thermal expansion coefficient of particle m

E™ Young Modulus of the particle m

Poisson’s ratio of the particle m

k™ Thermal conductivity of the solid particle m

H™"  Thermal contact conductance at that contact of particles m and n
a™  Radius of contact area at the mutual interface of particles m and n
ot Overlap at the contact of particles m and n

7w Temperature of the wall

Tws  Temperature at the wall surface, in contact with the boundary particle
h* Convective heat transfer coefficient of the wall
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2.2 Mathematical Model

The temperature and position of particles are obtained through the equilibrium for the system
particles. The total heat transferred to particle m from neighboring particles n and the total of

forces acting on particle m are equated to zero.

QU = ) QM=o @.1)
neNm

F" = Z Fn™m = () (2.2)
neNm

where n™" is the unit normal vector defined from centers of particle n to particle m.

m o n
o= S E 2.3)

[l — x|

Small-strain elasticity of granular media are determined from contact mechanics consider-
ations [31]. These relations define the deformation of locally spherical, elastic particles that are
subject to a compression load. Slight deformation of conforming surfaces results in a flat circle
of contact area whose dimensions are formulated through Hertz theory [37]. Collinear contact
force for elastic contact of two smooth spherical particles m-n is defined through Young’s mod-
ulus, £ and E™; Poisson’s ratio, v and v™; particle radii, R™ and R"; and overlap " that

occurs along the contact line.

4

Fn gEvmn(Rmn)1/2(,}/77171)3/2 (2.4)
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In this study we investigate the effect of thermal expansion on the steady state equilibrium of

thermal and mechanical loading conditions. While the temperature and position of each particle
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is being tracked for any particular loading condition, the particle radius, R™, is evaluated at the

specified temperature 77", thereby making the active radius R"" temperature dependent.

R™ = R [1+a™ (T - ;Qf)] (2.8)

m

where o is the thermal expansion coefficient, T}, is the reference temperature and R

7 is
the radius of particle at the reference temperature.

Due to the dependence of contact geometry on thermo-mechanical coupling imposed by the
defined problem, it is expected to capture a distribution of contact area formation throughout
the compacted medium.

There has been considerable research on thermal-contact models. The major heat trans-
fer mechanisms in compacted particle beds consist of conduction through solid, conduction
through the contact area between two touching particles, conduction to/from interstitial fluid,
heat transfer via convection, radiation between particle surfaces, radiation between neighbor-
ing voids [68]. Under present considerations of thermally-assisted compaction of spherical
particles in vacuum, the first two are the driving mechanisms in our work.

Analytical solution of the heat conduction through the solid phase of ordered spherical par-
ticles has been proposed by Chan and Tien[10] and Kaganer [32]. The problem of heat transfer
regarding the compaction of particles that are in or nearly in contact is deeply investigated by
Batchelor and O’Brien.[7]. In an attempt to find the approximate effective thermal conduc-
tivity of ordered and randomly packed granular beds, Batchelor and O’Brien states the heat
flux across the flat circle of contact between smooth, conforming, and elastic particles. In this
study we adopt Batchelor and O’Brien’s model for predicting the heat conductance, which is

the ability of two touching surfaces to transmit heat through their mutual interface.

an — Hmn(TmiTn) (2.9)

H™ = 24ME™ (2.10)

H™™ is contact conductance, which defines the ability of two conforming particles to trans-

mit heat across their mutual interface. k™" is the arithmetic mean of the thermal conductivities
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of two particles in contact, and a'™" is the Hertzian contact area.
11 17!
Emt o= - | — 4+ — 2.11
i e
a™ =y ymnRmn (2.12)
The total heat flow to an individual particle (eq: 2.1) is calculated by adding the heat flow
at each contact of the particle between its neighboring particles (eq: 2.9). Different than the
thermal contact models introduced in the literature ( [10], [7]), eq. 2.1 requires that at each
contact , the temperature is equal to the temperature calculated at the center of the particle. In
other words the temperature does not very significantly within the particle, which also imposes
that the contact conductance alone the mutual interface of conforming particles is relatively

smaller than the heat conductance within the particle.

1 2.1
i AJRm @13

where A is the cross sectional area, 7(R™)? and eq. 2.13 defines the state of Biot number
much less than 1. This assertion is applied by several authors in earlier studies ([68], [60]). The

condition of ™" << R™" is also required by the contact mechanics model.

2.3  Wall-Particle Interaction

Figure 2.1: Wall-particle interaction.
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External loads are exerted on the particles assembly through the circumventing rigid walls
at elevated temperatures. Analogous to ghost-cell method, boundary particle-adjacent wall in-
teraction is simulated as the deformed contact between a boundary particle and a ghost particle.
Based on the rigid wall assumption, ghost particle is defined to have the same material prop-
erties and radius with the boundary particle. The temperature difference between the ghost
particle and the wall surface is the same as the temperature difference between the wall sur-
face and the boundary particle. The boundary wall is assumed to be located in the midst of
these symmetrically deformed particles. The temperature difference, overlap and contact area
are formulated in (2.14), (2.15), (2.16) respectively, where T™"® refers to the temperature at the

wall surface, and subscript g is used to indicate the ghost particle.

AT™ = 2(T™ — T*) (2.14)
M9 = 2(R™ — ||a™ — z®s||) (2.15)
a9 — (ymg%)lﬂ (2.16)

At the boundary surfaces, heat transfer from granular bed to infinite wall, which is assumed
to be kept at constant temperature, can be formulated by two heat transfer mechanisms, (i)
heat is conducted over flat circle of contact between the particle and adjacent wall surface; (ii)
between wall surface to wall, convective heat transfer, which is dependent on walls’ convection

coefficient of h,,, i1s assumed to be the dominant mechanism.
QMY = EMa™IAT™ (2.17)

Qus—wall  —  _p r(qM9)2(Ts — Twell) (2.18)

The final set of equations which define the wall-particle interaction are the following:

4E™T™ + hyyma™IT™

— mg m
Q 4ka™ (T JT — ) (2.19)
Em
F = —— __R™y"™ 2.20
sa- 220

2.4 Assumption of Linear Thermal Expansion

Multi-physics of thermally-assisted compaction problem emphasizes the sensitivity of the thermal-

contact solution to the thermal expansion of the particles. Concerning the numerical studies on
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thermal-contact of granular materials, there exists two approaches of implementing thermal ex-
pansion in the coupled solution. Some authors ground their theoretical models by using linear
thermal expansion concept, whereas some others implement volumetric thermal expansion con-
cept. We address the question of how these two approaches affect the accuracy of the coupled
solution.

Thermal expansion is the tendency of the material to change in volume to a change in
temperature. Linear thermal expansion is the expression of the volume change in one major
direction, which can be formalized as change in length under the effect of unit increase in

temperature.

AL

L = oAT 2.21)
AT = Li—1L (2.22)
Ly = Li(1—aAT) (2.23)

where L; is the initial length of the material and L is the final length. Instantaneous radius of

particle m can be calculated as :

R™ = RI,(1-aAT) (2.24)
( R™ 1) 1
@ = \pm. ") m_pm.
Rref m — Tref

In volumetric thermal expansion, we consider a cube with initial volume of V; = Lg’

Vi = (L(14aAT)) (2.25)

Vi = L}(1+43aAT + 3(aAT)? + (aAT)?) (2.26)

The last two terms in equation 2.26 are negligible. Mostly volume change is expressed in terms

of x, which is the volumetric thermal expansion coefficient of a bulk material.

Vi = Vi(1+43aAT) (2.27)

Kk = 3a (2.28)
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In our numerical simulations we consider spherical particles, such that equation 2.27 can be

re-written as:

4 m 4 m
g7T(R ¥ = gw( n )P (1+ KAT) (2.29)
R™ = R 1+ (T —T2))"" (2.30)
ko= <(eref) 1) T (2.31)

From the numerics point of view, Taylor expansion of volume expansion proves that the

radius is indeed a function of linear expansion coefficient, c.

R™ = RI(1+r(T™ —To)"" (2.32)

~ RM, (1 +a(l + 3aAT) 23| ar_oAT + ) (2.33)

The dominant terms in equation 2.33 are the first two terms. It is concluded that linear ther-
mal expansion formulation provides significant accuracy when compared with volume thermal
expansion formulation. Therefore in our simulations we implemented linear thermal expansion

of particles in our coupled system of equations.

R™ = R";(1+aAT) (2.34)

2.5 Conclusions

We develop a particle mechanics approach that explains the thermo-mechanical coupling ob-
served during compaction processes. The proposed formulation states the governing equa-
tions for discrete system of particles, under static equilibrium and steady state heat conduction.
The integrated thermal and mechanical model takes into account the thermal expansion during
consolidation. The governing field equations are simultaneously solved for the case of static
mechanical equilibrium and steady state heat conduction. The wall-particle interaction is for-

malized in terms of the discussed parameters.
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Chapter 3

Chain of Particles’ Numerical Experiments

3.1 Introduction

It is the purpose of this chapter to suggest insight into the nature of thermomechanical inter-
action through numerical experiments. The simulations are evaluated to track the particles’
position and determine the temperature under different thermal and mechanical loads. The
non-linearity of the stated problem points out alternative aspects of the granular systems.

We focus on a one dimensional model to investigate the effects of thermal expansion, ap-
plied mechanical load and thermal gradient on the system of spherical particles. We explain
the simulation configuration and the assumptions, which provides the validity of the proposed
mathematical model. We mention the numerical methodology that we use to solve the systems
of highly non-linear equations. We conclude this chapter with numerical experiments that we

concentrate to unveil the characteristics of chain of particles.

3.2 Simulation Configuration

Referring to the previous experimental studies on regular and random packings of granular me-
dia, Walton points out that although the regular packing models are based on extreme assump-
tions, they are capable of capturing vast majority of the characteristics of the real granular beds
[72]. We consider a simple cubic packing of identical elastic spheres, where two directions are
assumed to be infinity and compression load, temperature gradient are applied along the major
direction. Stress and heat flux are defined to solely depend on externally applied thermal and
mechanical loads, and weight of the particles are neglected. For such regular packings each
layer of arrangement is isothermal normal to the direction of applied load. Also, since these

transversely oriented particles are, at most, point contact, for each individual particle there is
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only one pair of contact area aligned with the direction of applied thermal and mechanical load.
Due to the symmetry of the problem, it is sufficient to consider a single column of square cross-
section containing the longitudinally compressed spheres together. This concept is similar, in
spirit, to the work of Chan and Tien [10] on establishing the effective thermal resistance and to
the work of Walton [72] who presents a method to calculate the effective elastic moduli of such

packings.

T] R] ’ Tt Ri ' TN RN

Figure 3.1: Sketch of the initial configuration.

The above description for the specified granular media, which is under thermally-assisted
compaction, can be modeled as a chain of elastic particles. The main purpose of this study is to
discover the influence of thermal and mechanical coupling at the discrete level and implement
the required amendments to continuum level models.

In our numerical experiments, we considered various cases in relation with different mate-
rials, such as stainless steel(SS304), aluminum, teflon. The mechanical and thermal properties
of these materials are listed in table 6.1.

Table 3.1: Data used in Numerical Analysis

SS304 Aluminum Teflon
a 17.3%107% 1/K | 23.6%107° 1/K | 250*%10% 1/K
E 193 GPa 62 GPa 2.25 GPa
k 15 W/mK 243 W/mK 0.5 W/mK
v 0.29 0.33 0.33
v | 0.003175m 0.003175 m 0.003175 m
T, 293 K 293 K 293 K
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3.3 Methodology

In this section we present the method used for the solution of the non-linear system of equations
that we obtain through the thermo-mechanical coupling analysis of a chain of particles. Since
we consider the case of static mechanical equilibrium and steady state heat conduction, the sum
of forces and heat on each particle can be cast as a system of equations, where we also have the
unknowns of each particles’ position and temperature. In one dimensional analysis, assuming
that we have N number of particles, we have N number of components of force and N heat
equations in the system of equations.

Fl2 4 pl3 L pld .. 4 pIN
F2l 4y F23 L p24 4 ... 4 p2N

Q12+Q13+Q14+"'+Q1N

fix) =

QN1+QN2+QN3+"'+QN(N_1)

The corresponding array of unknowns are listed as:
Xl
X2

XN
Tl
T2

TN

We solve the system of equations by using Newton-Raphson method.

flz) =0 (3.1)

To briefly mention the logic of this method, we can consider the Taylor series expansion of
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the function f(x) around and initial guess of z,

#(20)
2!

fx) = flxo) + f'(zo)(x — x0) + (z —20)* + ... (3.2)

where f'(z)stands for the derivative of function f(x) with respect to x and evaluated at . By

using the first order approximation of this formula, we can find a solution for the first iteration

loop,
f(z) =0~ f(zo) + f'(z0)(z1 — 20) (3.3)
_ f(zo)
1 = Xo + f/(l‘o) (34)

y =1

X

Figure 3.2: Schematic sketch of Newton-Raphson method applied in iterative solution of sys-
tem of non-linear equations.

The iteration scheme can be generalized by the following equation, where i represents the

iteration number;
/ (93 z)
f(x:)

At the end of each iteration, convergence is checked by comparing the final solution with a

Ti+1 = Ti + (3.5)

prescribed tolerance. In our simulations we compare it with a relative tolerance value, which

we set individually for force and heat equations.
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3.4 Results

Thermo-mechanical coupling has a significant effect on stress and heat transferred during com-
paction. According to the Hertz theory [37], collinear force between the elastically compressed
particles is nonlinearly proportional to the overlap. This dependency is altered under different

thermal loading conditions, as seen in Figure 3.3 and 3.4.
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Figure 3.3: Stress vs compaction ratio, €, under different thermal gradient applied at the bound-
ary walls (AT = T3 — T1").
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The effect of wall-particle interaction is studied through the chain system by applying

global thermal gradient of 300 K for three different compaction ratios, % 2.5, %5, %10. For

each case, wall heat transfer coefficient (h,,) is ranged from 1 to 1O7W/m2K. Figure 3.5

indicates the two limiting cases of perfect insulating and perfect conducting walls. The heat

transferred increases and reaches a maximum where the walls act as perfect conductors, thereby

the particles touching the walls are almost at the prescribed applied temperature.
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Figure 3.5: Correlation between heat and wall conductance for different compaction strains.

3.4.1 Role of Thermal Expansion

Systems of granular materials with different thermal expansion properties responds in various
re-arrangements to a particular thermal and mechanical load. The following experiments com-
piles the results of three different single particle systems, SS304, Aluminum, and Teflon with
different thermal expansion values, 17.3 1076 1/K, 23.6 107¢ 1/K, 250 1076 1/ K, respec-
tively. Alterations due to increase of thermal stress can be traced by plotting the displacement
experienced by each particle within the chain system. In Figure 3.6 the relative change in
position is divided by the total mechanical deformation, and listed with respect to the non-
dimensional position of particle, O being the particle at the non-moving boundary and 1 is in
contact with the moving boundary. For all these three cases of comparison the chain is system
is compacted to the 2.5% of the initial length and a total thermal gradient of 300K is applied.
The equilibrium of thermal and mechanical stresses can induce a non-linear distribution of dis-
placements, that can be significant for systems with high thermal expansion property. Moreover
as seen in Figure 3.7 steep variation in contact areas appearing at consecutive pairs is another
consequence of these systems which also leads to non-uniform thermal contact conductance

and non-uniform temperature gradient within the system.
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Figure 3.6: Relative displacement of each particle within the chain at ¢ = 0.025 & AT =
300K.
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Figure 3.7: Contact radius variation within the chain of particles at e = 0.025 & AT = 300K.
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Figure 3.8: Temperature difference at consecutive contacts at ¢ = 0.025 & AT = 300K.

Since heat transfer through chain remains the same, the larger contact area the smaller will
be temperature difference between the consecutive pairs of particles. Variation from linear
distribution of temperature within the chains system is a characteristic of granular systems and

enhanced by thermal expansion of individual particles.

3.4.2 Role of Applied Mechanical Load

Under thermal gradient of 300 K, three different mechanical loading conditions are compared
in Figure 3.9 when global deformation applied on the system varies from 1%, 2,5% to 10%.
In order to compare the coupling effect of thermal gradient and mechanical deformation, 2 ex-
treme cases for wall-particle interactions are considered. In case of perfect insulating walls,
hy, is assumed to be 1W/m2K. This particular condition is a simulation of pure mechani-
cal loading where we expect to have linear distribution of non-dimensionalized positions’ of
particles within the chain system.On the other hand h,, = 10"W/m?K simulates the condi-
tion of perfectly conducting walls. As it is seen in Figure 3.9, non-linearity in distribution of
displacements is more dominant for low mechanical loading cases such as of 1% compaction

ratio.
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Figure 3.9: Non-dimensional displacement vs initial position of the particles under different
mechanical loads, with varying heat convection coefficients of the boundary walls.

3.4.3 Role of Thermal Gradient

Chen et al. [11] proved that temperature changes affect the packing fractions of granular mate-
rials in the absence of mechanical compaction in their recent study on grain dynamics induced
by thermal cycling. The significant effect of thermal gradient on re-arrangement of particles
can be also depicted in one dimensional numerical experiment: A chain of spherical particles
is compacted up to 2.5% of their initial length while thermal gradient is varied from 300 K, 600
K and 900 K. Figure 3.10 shows the non-uniform distribution of change in position of particles
within the chain. Specifically at high thermal gradient cases this change differs around 30%

between the two boundary particles at each end.
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Figure 3.10: Under various imposed thermal gradients between the boundaries, change in par-
ticles’ position are compared for a fixed compaction ratio of ¢ = 0.025.

3.5 Conclusions

The developed model describes the thermo-mechanical behavior of a confined granular system
by adopting a detailed description at the particle level. In order to unveil the physics behind the
coupled phenomena, we have restricted attention to one dimensional granular systems.

Thermal contact and Hertzian deformation models are integrated to simulate the tempera-
ture and displacement fields of consolidated granular medium. In order to capture the actual
physical conditions wall-particle interactions are considered, ranging from perfect insulating to
perfect conducting walls. In order to understand the characteristics of thermally-assisted com-
paction of granular assembly, the effects of thermal expansion, thermal and mechanical loads
applied are investigated.

The numerical results shows that integration of thermal deformation with the elastic con-
tact models induces the incongruity seen in mechanical deformation based compaction models.
The coupled phenomena introduces highly nonlinear system of equations, and it imposes vari-
ation in contact areas and nonlinear temperature distribution within the particulate material.

This effect is enhanced for particles with larger thermal expansion coefficient. It appears that
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the critical regime, where the nonlinearity due to thermo-mechanical coupling becomes more

dominant, is low mechanical and high thermal gradient conditions.
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Chapter 4

Continuum Mechanics Approach

4.1 Introduction

While the particle mechanics approach elucidates the formation and evolution of microstruc-
ture within particle packings, there has been considerable research directed towards describing
macroscopic behavior of compacted materials. Some of the early work on theoretical modeling
of transport properties are devoted to estimate the thermal, and electrical conductivity, elastic
mechanical properties of ordered and disordered arrangements. Starting from the pair interac-
tions between particles, the macroscopic properties are obtained using various homogenization
techniques and postulating continuum constitutive laws [34].

In this study we also consider the problem from the point of continuum mechanics ap-
proach. For the case of small strain thermoelasticity, governing field equations of motion and

energy are the following:

V.o =0 4.1

V- (kVT) = 0 (4.2)

where the Cauchy’s stress, o, is formulated as combination of classical linear elasticity theory

and simple linear thermal expansion.
o = —Mr(e)l —2ue+ 3N+ 2p)a(T — Thep)I 4.3)

where A and 4 are Lame constants.
After a detailed numerical analysis we observe that conventional continuum approach, to
which we also integrate the proposed effective mechanical and thermal properties, is insufficient

to explain the physics of thermally-assisted compaction. Therefore we focus on derivation
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of an effective thermal expansion formalism that can account for the thermal expansion at

macroscopic level.

4.2 Analytical Solution for 1D Linear Thermoelasticity Continuum Model

We confine our attention to a homogenous and isotropic rod, which is constrained by a pair
of vertical walls at points x = 0, x = Lg. We suppose that the rod is initially stress-free
at reference temperature 7;..¢, and upon the applied mechanical load and thermal gradient,
the displacement vector measured from the reference state, remains parallel to x-axis. These
assumptions ensure the fact in the analysis of an equivalent system similar to discrete solution,
we are focused on thermal and mechanical deformations along the primary axis, such that
the material is assumed to have v ~ 0. This concept is similar in spirit to the assumptions
considered in William Alan Day’s work [16]. One dimensional linear thermoelasticity can be
formulated as:

Equation of energy:

0T oT 0%u

where T' is the absolute temperature, 7.5 is the reference temperature of the bed, % is the
thermal conductivity, c is the specific heat, and « is the thermal expansion coefficient of the
rod.

Equation of motion:

0%u oT 0%u

Since we aim to solve for steady state heat conduction, temperature dependent terms are
eliminated from the above equations. We consider a simulation where Dirichlet boundary con-

ditions are applied at two boundaries, 7(0) = Ty and T'(Lg) = Tn. The coupled system of

equations are solved for the displacement and temperature fields.
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a 3N+ 2u, Ty —Ti a 3N+ 2u

u(z) = 5(A+2u)( NLO 0)22 — [e 5(m)(TN—TO)]I (4.4)
Ty — T

T(z) = (%)QH—TO 4.5)

The stress field in thermally assisted compaction of a continuum body is a linear function
of elastic moduli and thermal expansion coefficient of the material. It is obvious from equa-
tion (4.6) is that the nonlinearity seen in discrete solution can not be expressed through linear
thermoelasticity continuum model. As a result, there has been considerable research in the lit-
erature that attempt to understand the relationship between the macroscopic physical properties
and the physical and geometrical properties of its constituents. Consideration of the thermally-
assisted compaction problem requires the definition of effective thermal conductivity, effective

elastic moduli, and effective thermal expansion coefficient of the confined body.

4.3 Effective Continuum Approach

Effective mechanical properties of granular beds have been of great interest to large number
of researchers and engineers. Some of the groundbreaking studies on determining the elastic
moduli of random and ordered packing of spherical particles relies on the early work of Mindlin
[47] , Mindlin and Deresiewicz [49], Duffy and Mindlin[19] on describing the particle to par-
ticle contact force and work done upon infinitesimal deformation. In this study we are mostly
concerned and inspired by the well known studies of Walton (1975, 1987) [72, 73], Norris and
Johnson (1997) [51], and Makse et al. (1999, 2001)[44, 45].

Walton proposed the principal elastic modulus, namely the one governing for vertical com-
pression without any lateral extension, for a regular packing model [72]. Regarding on the
previous experimental studies, he claimed that although the model is extremely idealized, it is
capable of capturing characteristics of granular structure. In this theoretical model he assumes
the geometry of interest is infinite in two directions and is compressed along the finite direc-
tions under an applied vertical force. The particles are also under the weight of particles that

are above them and surrounded by fluid. Neglecting the elastic anisotropic, Walton solved for
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the equation of equilibrium for a chain of particles, where the appropriate boundary conditions
are applied.

In 1987 Walton derived the incremental elastic moduli of a random packing of identical
elastic spheres [73]. Randomly distributed spheres are assumed to be subjected to an initially
statistically homogenous strain, such that resulted stress is sufficiently small enough to maintain
the equations of linear elasticity valid for each sphere. Walton solves the system of equations for
a further incremental stress applied on each particle. The effective elastic moduli is determined
through the relationship between average incremental stress and average incremental strain.
For averaging method, he applied the concept of assuming the packing as statistically isotropic
geometrically and the contacts are distributed with uniform distribution over the surface of a
spherical particle. This methodology is proposed by Batchelor and O’Brien [7] and applied by
many researchers in the field of granular materials.

Norris and Johnson investigated the problem of finite and incremental elasticity of ran-
dom packing of identical particles using energy methods [51]. They explored the concept of
a strain energy function for the granular medium, which is under finite deformation and per-
form incremental motion. The main principal in effective medium approach is that the global
deformation done on the system of particles is equal to the sum of the particle to particle defor-
mation occurring due to infinitesimal work. Starting from single contact models, they extended
the derivation to a randomly packed bed of particles, by using ensemble averaging technique.
Main assumptions in effective medium theory are:

1) It is based on affine approximation, namely the motion of each grain follows the applied
strain.

2) The grains are well-bonded,such that contact number and positioning do not change under
the applied load. Norris and Johnson successfully derived the elastic moduli tensor up to second
order expansion.

Effective medium theory provides well-rounded derivations in estimating the effective elas-
tic moduli of packed bed of spherical particles to a large extend. Makse et al. searched for the
underlying reason of discrepancy observed between the numerical results of effective medium
approach and the experimental studies [45]. They point out that this approach is not as suc-

cessful in estimating shear modulus as in describing bulk modulus [44]. In this regard authors
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questioned the relevance of force laws defined at single contact level, and the validity of ef-
fective medium approach, where they proved that the simplification done in effective medium
approach is the misleading element in formulation [44]. Affine motion assumption demolishes
the ability of the approach to account for the relaxation and rearrangement of particles that are
under shear deformation.

In this study we extend the effective medium approach with the thermal contact model
principles by incorporating the particle interactions to account for the local field effects. We re-
formulated the effective elastic properties and effective thermal conductivity accordingly, and
implemented these parameters in continuum mechanics model. We evaluated the effectiveness
of continuum model in resembling the system described by the discrete model.

Th effective mechanical properties of granular matter, which is under the effect of a confin-

ing stress of o is listed as

E 1 o8
gt

Cn 1—v  20+v)l—v 1-172 @7
5 3 2/3,6m0\1/3
A2 = 5-Cn(6s2) (an) (4.8)
~ - 1 6mo\1/3
A+2 = —Ch(psZ 23~ 4.
BN+20 = —Cn(6:2)7(5-) (4.9)

n

where C), is actual stiffness that depends on the bulk mechanical properties, ¢ is the pack-
ing fraction,and Z is the coordination number. Effective mechanical properties and effective
thermal conductivity are implemented in continuum mechanics model and listed as continuum

solution 1.

4.4 Comparison of Effective Continuum Approach with Particle Mechanics Ap-

proach

Taking into account the effective medium approach, we generate the conventional continuum
solution, namely conventional continuum solution, and compared these results with a similar

discrete solution. Equation (4.6) is now expressed as:

3/2

3 3 Ty+T,
)2 (=S — (0 (4.10)

— sZ n -
7 :2Cn(352 A —

Tref)D
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It is worth noting that effective medium approach is describing the elastic moduli of a randomly
and/ or ordered system of particles which are deformed in isothermal conditions. Thus the
proposed description of elastic moduli are function of bulk material properties and applied
mechanical load. Under thermally-assisted compaction conditions we focus on the accuracy of
conventional continuum solution in describing the stress evaluation within a chain of particles

system.
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Figure 4.1: Stress vs compaction ratio, €, evaluated for discrete and continuum solutions, at
TN — TO = 40K and TN - TO = 1200K.

Effective continuum approach renders significant description of granular material regard-
ing the applied stress, however numerical experiments show that the model drastically fails to
achieve this for cases of high thermal gradient applied between the two boundary walls (figure

4.1).

4.4.1 Dependence on Definition of Packing Fraction

There exists two definitions that can be used to define the packing fraction of a granular as-
sembly. Among the previous studies it has been a controversial topic whether this has an effect

on numerical results of effective medium approach. Thus in this subsection we define the two
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possible expression of packing fraction and show a numerical example to compare their effect

on the final continuum soltuion.

nwd/3R3
o = ‘20 (4.11)
N74/3R3

N8R}

SE

g2 = Po° 4.12)

_ 4.13)

We simulate a case of compaction ratio increasing up to10% under a constant thermal gradient
of 600 K. Makse et al. claimed that assuming ¢, as a constant for the defined closed packing
or modifying it with respect to applied loading has a minor effect in calculation of force in the

continuum solution [45]. This is also shown in figure 4.2.
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Figure 4.2: Effect of packing fraction definition on stress evaluation is compared for discrete
and continuum solution, evaluated at Ty = 893 K.

4.5 Comparison of Thermal Contact Models

The problem of determining an effective thermal conductivity expression of granular system
is mathematically identical with that of finding the effective dielectric constant or the effective
magnetic permeability of a disperse system in which the particle have electrical and magnetic
properties different from the matrix [7]. The early works in this field roots in Maxwell’s ex-

pression for the effective conductivity of spherical inclusions [46].

7. S(k/kmatrix - 1)
k= knatrie | 1 s 4.14
! ( * k/kmatrix + 2 ¢ ( )

Jeffrey extended the concept of thermal dipole strength, which is a weighted some of heat
fluxes across the areas near contact points [30]. In this study he improved the effective con-
ductivity expression for a dilute dispersion of spherical particles with a correction made on ¢,
term, changed to ¢2. However these models lacks accuracy significantly, as the packing frac-
tion is above 0.5. Also for the concerned cases, the particles have much larger conductivity

than the surrounding matrix. These two factors urge researches to investigate new approaches
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for particles systems with high volume fraction and large thermal conductivity.

Thermal contact models aim to propose a description of thermal conductivity through a sta-
tionary, ordered and/or random close packing of granular materials. The particles are generally
modeled as smooth, perfectly conforming uniform spheres with either point contacts, or small
contact spots. Under an externally applied mechanical load and thermal gradient, small contact
deformations are calculated as a perturbation from the Hertz theory. Mechanical balance of
normal contact reactions on the microscale render the required information of contact network
generation within the granular bed. Temperature field within the particle is calculated based
on the heat flux through the relevant contact areas. In the case of ordered packings of infinite
geometry this calculation is carried out for an limited portion of the granular system such as
chain of particles, whereas for random packings different formalisms (i.e: statistical averag-
ing, volume averaging, ensemble averaging) are used to link single contact conductance to the
macroscopic heat transport property of the granular bed.

Some of the well known thermal contact models, which have been implemented by recent
studies, are proposed by Chan and Tien (1973) [10], Batchelor and O’Brien (1977) [7], Siu
and Lee (2000) [59], Kaganer (1966) [32], Zinchenko (1998) [76]. We explain the general
methodology used in thermal contact models in section 1.2. In this section we focus on the first
three methods, and discuss the effective heat transport formalism proposed in these studies.

Our main objective is to find the effective thermal conductivity coefficient, &, that can
enhance the continuum solution to achieve the nonlinearity seen in discrete solution. Since the
heat flux in continuum solution is a linear function of the thermal conductivity, we look for a
formalism that is dependent on the particle size, particle distribution, and boundary conditions

of compaction process.

- oT
¢ = ko (4.15)

In the following subsections we briefly mention the difference between the three mostly
visited thermal contact models in the literature. We re-formulated the effective thermal con-
ductivity formalisms, which are proposed in these studies, in coherence with our continuum

solution parameters.
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4.5.1 Chan & Tien’s Thermal Contact Model

Chan and Tien presents the analytical solution of the steady state heat conduction through a
packed bed of solid spheres bounded by two infinite plane surfaces of different temperatures
[10]. The overall heat conductance of the ordered system of particles, which is named as
regular packing patterns, is predicted in terms of constriction resistance of spheres in contact.
Constriction resistance is the resistance to heat flow through a passage, which is a reverse
definition of heat conductance concept. In this study they consider thermal contact patterns for
different regularly packed spheres, such as simple cubic, body centered cubic and face centered
cubic. Moreover they present both exact and approximate solutions for solid, hollow and coated
spheres.

Since the packing geometry is finite in only one direction, along which applied mechanical
load and thermal gradient are imposed, each layer of arrangement normal to the heat flow has
identical point contact and remains isothermal. Thus in calculation of thermal conductance,
constriction resistance within each normal direction is neglected, rather the parallel oriented
arrangements of spheres are assumed to compose a series of resistance which dominate the

overall thermal conductance of the packed spheres.

~ N, 1
k = — 4.16
Ny Res™n ( )

where N; and N, are the number of particles permit length and unit area, and Res™" is the
constriction resistance between particles m and n [10].

Multiple contact areas of a single particle is divided by pair interactions of geometrically
opposing contacts with neighboring particles. The overall resistance within a particle is calcu-
lated by liner superposition of the resistances due to the contact pairs. And finally the resistance
due to each pair is obtained through the solution of steady state heat conduction problem [10].
For simple cubic packing of solid spherical particles the thermal conductivity of the packed bed

is calculated as the following:

R .2
jiChan  _ Spk(l v P)l/3 .17)
Nq
p_ e 4.1
- (4.18)
5, = 1.56 Na(§SFRref)1/3 (4.19)

SrS; N; ‘4" N,
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where for the particular packing pattern, Sg is 0.825, and Sg and Sg are 1. Ny = 1/(2R,.5),
N, =1/ (4Rf . f). P is the externally applied pressure and F' is the contact force alone the

normal of contact surface.

9
ROhan 09454k (DI V0)B

4 ER.;

(4.20)

4.5.2 Siu & Lee’s Thermal Contact Model

Similar to Chan and Tien’s approach, Siu and Lee presents the effective thermal conductivity
of ordered packed beds pf spherical particles using constriction resistance and contact angle
effects [59]. In this study they claim that the resistance to heat flow has two constituents, (i)
bulk resistance that accounts for the distance (i.e.: angle) separating the two areas across the
spherical particles, (ii) local resistance that accounts for the presence of constriction at the
contact area. The former is dependent on the packing patterns of the spheres, and is specific
to simple cubic, body center cubic and face centered cubic. The latter is similar to the contact
resistance concept defined in Chan and Tien’s model.

Through a series of calculations and proposed correlations Siu and Lee finalize their model
by stating that the effective thermal conductivity is a linear function of mean contact radius over
particle radius ratio. For simple cubic packing effective thermal conductivity is formulated as:

a

];/,Siu
Rref

= 0.8278k

4.21)

where ratio of contact radius to particle radius can be found through Hertz law of deformation.

4

Fmt= S ETT(RT () (4.22)
g™ = ( mn,ymn)l/Q (423)
mn)2
e — gEmn(Rmn)lﬂ((‘;%mz)?*/Q (4.24)

For the case of identical spherical particles, which are also initially at same temperature and

same size, R,.y, the contact radius a can be re-written as:

R™ — % (4.25)
E

g o= 2 42

51— 172) (4.26)

3 1— D) 1/3
a = <4Fm" E“ RTef) (4.27)
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Since we focus our attention on the compaction of a simple cubic structure that is under a
uniaxially applied load of F', and the system is infinite in the other two directions, F"™" is

equal to F'. Equation 4.21 can be expressed in terms of these variables.

9
LoV (4.28)

o 3
ESm o = 0.8278k (S F ———
(4 ER%,,

4.5.3 Batchelor & O’Brien’s Thermal Contact Model

Batchelor and O’Brien investigates the thermal and electrical conductivity through a granular
material embedded in a matrix [7]. Packed bed of particles are either in contact or nearly
in contact. A formalism is introduced by Batchelor and O’Brien that connects the overall
thermal conductivity of the granular bed to a weighted sum of the thermal fluxes across the
surface of contact areas. Starting with evaluation of an integral equation which accounts for the
temperature field over the contact, they calculated the average thermal dipole strength of the
randomly arrangements packed bed of particles. Assumption of statically isotropic structure
cancels the dependence of the thermal conductivity as a second rank tensor, such that it is
treated as a unit tensor [6].

Batchelor and O’Brien investigates the problem from a broader perspective. Initially they
consider a packed bed of spherical particles embedded in a matrix, which has a comparable
thermal conductivity. Later they elaborate their derivation by solving for the asymptotic case of
particles having much larger thermal conductivity than the matrix, such that the matrix can be
neglected. The particles are initially separated by a small distance &, where this gap is closed
upon the application of external load. Lastly the particles are modeled with a flat circle of
contact, which is the case of Hertz theory of two touching elastic particles convey a thermal
flux along their mutual surface of contact [6].

Although the problem of interest is randomly packed bed of spherical particles, Batchelor
and O’Brien provide the solution for ordered systems as well. In general the effective thermal

conductivity of a simple cubic arrangement of spherical particles is given as:
fBatehelor — — p  otrinH1.57 (4.29)

where the nondimensional total heat flux across a particle surface in the neighborhood of the
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contact, H, consists of the following terms:

H = H.+ AHp, + log.( )2+ K —3.9 (4.30)

matrix

H_. = Nondimensional heat flux at the circle of contact
AH,, = The difference between the flux across the matrix layer and the total flux between
the particles in point contact

ks

kmatriz

loge( )2 + K — 3.9 =Asymptotic solution for the non-dimensional heat flux between

the particles separated by h, where h < R,..f

We focus our attention to the first term in equation 4.30 since we consider the case of particles
at vacuum and initially at point contact. Batchelor and O’Brien’s solution for the particular

case becomes as the following:

2%(T™ — T™)a
H, = 4.31
kaatrix (Tm - Tn)Rref ( )
~ 2k
k;BatchelO’r‘ ? Ra’ ; 1.57 (432)
. 2k 3 _1—1v%1
Batchelor /3
k = — (ZFER2 f) 1.57 (4.33)
re

Finally we re-formulate equations 4.20, 4.28, and 4.33 in terms of the parameters that we

work with in section 4.3.

B 6£ 1/3

= k() (4.34)
K= 0.9454/.3(%0)1/3 (4.35)
Po= 0satsk(27)8 (4.36)
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Figure 4.3: Comparison of continuum solutions adopting three different thermal contact models
with discrete solution. Heat vs compaction ratio, ¢, is evaluated at AT = 600K .

It is known that for ordered granular packings thermal contact models provide accurate
results in estimating steady and average temperature profiles [36]. Since, among the discussed
thermal contact models, Batchelor and O’Brien’s solution stays in remarkable agreement with
the discrete case in terms of heat transferred through the chain (as seen in Figure 4.3), this
solution is adopted for calculation of effective thermal conductivity in this study.

As a multi-physics problem, thermally-assisted compaction shows a significant dependence
on the thermal expansion of the particles. Discrete solution based on the particle mechan-
ics approach that also adopts the thermal contact model, carries out this dependence and the
nonlinearity enhanced by thermal strains, successively. Despite the fact that effective medium
approach improves the continuum solution to a large extend, it fails to capture the characteris-
tics of the coupled physical phenomena unless the integration of thermal expansion is resolved.
For this purpose we aimed to present an effective thermal expansion coefficient that depends on

the applied loading conditions and particles’ material properties (both thermal and mechanical).
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4.6 Optimum Thermal Expansion Coefficient

Discrepancy between discrete solution and continuum solution indicates that the thermal ex-
pansion of a confined granular bed is different than the bulk thermal expansion property of its
constituents. We focus our attention to the characteristics of this difference. We address the
question whether there exists a certain pattern that continuum solution deviate from discrete
solution, if so which material properties are dominant, and to which extend the particle size
and applied mechanical load, thermal gradient play a role in the final solution.

The treatment of this problem is based on numerical simulation of two similar cases gen-
erated for discrete and continuum solution. Under particular mechanical compression load and
thermal gradient, we estimate the displacement of each node in continuum analysis that corre-
sponds to a particle center in discrete analysis. Displacement of each node under the particular
thermal and mechanical loading is given by the following equation:

3\ + 2
A+ 2/

Tn —To

YT — [+ 5

3\ + 2/
A+ 2/

u(@) = 5

J(In —To)]z  (4.37)

We look for the optimum thermal expansion coefficient, cv, that diminishes the residual be-

tween discrete and continuum solutions.

Res = uUgisc — Ucont (4.38)
N

F = ) Res’ (4.39)
=1

In these analysis we use MATLAB curve fitting toolbox to find the optimum thermal ex-
pansion coefficient for different loading conditions, particle sizes, and materials.

Case 1: We simulate a case where thermal gradient applied on the system and mechanical
load is increased incrementally. Wall 1 is kept at reference temperature 1.y = 293K, and
wall 2 is heated to a higher temperature incrementally, 73#** = 1493K. Also the maximum
compaction ratio is 6%, €"** = 0.06. For the discrete analysis we consider stainless steel
particles which have thermal expansion coefficient of 17.3 * 10761 /K. (Ryer = 0.003175 m
). Below is shown the deformation steps, on the left, and the results of the optimum thermal

expansion coefficient calculated,on the right, respectively.



Deformation: Ty — Ty & ¢

400& 0.02  400&0.04
800&0.02  800&0.04

1200&0.02 1200&0.04 1200&0.06

400&0.06
800&0.06
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Qopt x¥1076

11.2489 11.3102 11.3668
10.5720 10.6396 10.7115
10.5059 10.5724 10.6466

Case 2: In order to understand the effect of particle size, we compare there different cases

under the same applied mechanical load and thermal gradient. Below the deformation steps

applied in numerical analysis are listed, which are followed by the ratio of optimum thermal

expansion coefficient to bulk thermal expansion coefficient.

Deformation: Ty — Ty & €

240&0.02
480&0.02
720&0.02
960&0.02

1200&0.02

240&0.04
480&0.04
720&0.04
960&0.04
1200&0.04

240&0.06
480&0.06
720&0.06
960&0.06

1200&0.06 1200&0.08 1200&0.1

240&0.08  240&0.1
480&0.08  480&0.1
720&0.08  720&0.1
960&0.08  960&0.1

Simualtion 1: R,..; = 0.003175 m. T** = 1493 K. ¢™** = 0.1.

Qopt/ v

0.6340 0.6370
0.6135 0.6173
0.6086 0.6125
0.6072 0.6113

0.7472 0.7514 0.7579

0.6414
0.6213
0.6164
0.6150

0.7635 0.7580
0.6449 0.6477
0.6251 0.6294
0.6206 0.6242

0.6190 0.6229

Simulation 2: R,.; = 0.0015875 m. T\/** = 1493 K. €™** = 0.1.



Qopt/ v

0.6764
0.6150
0.6078
0.6067
0.6063

0.6764
0.6188
0.6118
0.6105
0.6103

0.6801
0.6231
0.6157
0.6144
0.6143

0.6839
0.6269
0.6196
0.6183
0.6183

0.6864
0.6305
0.6237
0.6224
0.6223

63
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Simulation 3: R,y = 0.00635 m. T** = 1493 K. ¢™** = 0.1.
Qopt/ v
0.8741 0.8719 0.8755 0.8767 0.8800
0.6739 0.6785 0.6789 0.6828 0.6862
0.6289 0.6323 0.6361 0.6393 0.6443
0.6147 0.6188 0.6225 0.6262 0.6304

0.6098 0.6136 0.6176 0.6214 0.6253

Case 3: We investigate the effect of thermal expansion coefficient of the bulk material in deter-
mining the overall thermal expansion property of the granular system of particles. We consider
simulations with two different materials of same initial radius, R,.; = 0.003175 m: (i) stain-
less steel particles (SS304) of @ = 17.3 % 107° 1/K; (ii) teflon particles of o = 250 1076
1/K. The analysis are held for gradually increasing mechanical load and thermal gradient,

€% = 0.1 and T{}** = 1493 K, respectively.

Figure 4.4: Change in optimum thermal expansion coefficient for a system of steel, SS304,
particles, under various loading conditions.
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Figure 4.5: Change in optimum thermal expansion coefficient for a system of teflon particles,
under various loading condition.

Simulation results show that the optimum thermal expansion coefficient of a granular sys-
tem varies between 0.60 to 0.85 of the thermal expansion coefficient of the bulk material. More-
over the optimum thermal expansion expression is a function of the particle size and the applied
boundary conditions. Thus as stated in effective mechanical properties, the effective thermal

expansion can be expressed in terms of R,..r, o, Ty.

4.7 Conculision

In chapter 4 we focus on the basic problem of one dimensional steady state thermoelasticity
of continuum media, where the body forces are neglected. The solution depends linearly on
elastic constants (A, u), thermal expansion, «, and conduction coefficient,k, compaction ratio
and thermal gradient. Effective elastic moduli and thermal conductivity that are proposed in
earlier studies are adopted in the continuum solution. However it is observed that the continuum
solution deviates from the discrete solution particularly for cases of low mechanical load and
high thermal gradient.

Taking advantage of the optimization techniques we look for the optimum value of thermal
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expansion that minimizes the difference between the discrete solution. For a range of deforma-
tion conditions, it is concluded that effective thermal expansion of a granular assembly varies
between 0.60-0.80 of the bulk material property. Moreover it is shown that effective thermal
expansion formalism is a function of applied boundary conditions, similar to effective elastic

moduli.
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Chapter 5

Derivation of Effective Thermal Expansion Coefficient

5.1 Introduction

Regarding the subject of one dimensional thermoelasticity of continuum media, we formulate
the Cauchy’s stress as combination of classical linear elasticity theory and simple linear thermal
expansion. In chapter 4 we improved the continuum solution by incorporating the effective
medium theory, which aims to express the elastic contacts, A, i , and thermal conductivity,
k, in terms of bulk properties of the individual particles and loading conditions. Although the
improved continuum solution achieves to explains the non-linearity seen in discrete solution,
we notice that the lack of effective thermal expansion plays a significant role in the diverging
result.

The treatment of this problem is based upon derivation of an effective thermal expansion
formalism that can account for the physics of particle rearrangement and temperature variation

within the granular assembly.

o = —(\+)e+alBN+20)(T — Trey) (5.1)

We define the contact force that is needed to compress two identical and elastic particles
undergoes thermal expansion due to temperature increase. Starting from single contact level
analysis, we derive an overall thermal expansion formalism that can replace & in equation
5.1, thereby providing a continuum solution that can explain discrete particles system under

thermally-assisted compaction.

5.2 Formulation

In this section we use upper letters of mn to refer for the particle interactions at the contact

of individual particles m and n, as previously used in chapters 2 and 3. Similarly superscript
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notation of m/n stands for the nodal interactions between the center of particle m, X" and the

center of particle n, X".

Pm=F(E, v, k, a, R, ymn, Tmn)

Particle Mechanics Approach —)
pp Qmﬂ:Q(E, v, k, a, Rmn, ymn, T'mz)

—> Fr=F(, u, k, a, x™*, T"")

Continuum Mechanics Approach
pp Qm/n:Q(A, #, k, o, xm/n, Tm/n)

Figure 5.1: Effective thermal expansion derivation sketch.

We consider two identical spheres each of radius R,.; and at temperature of 7.y ini-
tially. Upon the applied thermal gradient, the particles experiences thermal expansion, which
increases the stress at the contact. Temperature variation between the two particles is assumed
to smooth such that we assume equilibrium is maintained at an average temperature which we

can evaluate as:

™ 4 Tn
T — 7; (5.2)

Since the particles are assumed to be identical and the difference between 7" and T™ is negli-

gible, the contact is positioned at the middle of the contact line of these particles.

2" = —— (5.3)
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Radii of particles and contact can be formulated in terms of the average temperature.

R™ = R"=Rf(1+a(T™ —Tyer)) (5.4)
Rre 1 " — Tre
g Brer (L a(2 1)) 5.5)

The overlap between two adjacent particles positioned in a chain of particles can be expressed

as the following equations.

™ = R™+4+ R" —\/(x™m — x")? (5.6)
™ = (2m—1)Rpep(1+€™) (5.7)
" = (2(m+1) —1)Ryef(1+€™) (5.8)
2™ — 2" = 2Ryef(1+€™) (5.9
Equation 5.6 becomes:
Y = 2Rpep(a(T™" — Thep) — €™) (5.10)

where a convergent solution can be reached under the following valid constraint:
a(T™ —T.ep) > €™ (5.11)

As a results the contact for between identical particles of same elastic constants, & and v

can be expressed as the parameters that we also use in effective medium approach.

4

Fmn = gEm“(Rm’”L)1/2(7’”")3/2 (5.12)
E™ = <1_£§fnm)2+1_E(Zn)2>_l (5.13)
B = 2(1]fy2) (5.14)
Cn = 47— (5.15)
. 2(1E_U) (5.16)
B = % (5.17)

The local force at the contact of particles m and n and the average stress are formulated as:

4 n re 1 ™mn — Tre 3/2
J - g% <R f( +a<2 f)))1/2(2Rref(—€mn+a(Tmn_Tref)))S-lg)
o = @(1 +a(T™ = Trep)) V2 (=™ + (T™ — Trep))/? (5.19)

6
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In equation 5.19, €™ and T™" is dependent on position of the contact, ™™".

Similar methodology can be traced to obtain a consistent solution from the perspective of
continuum mechanics approach. The stress at a nodal point which stays in the mid-way of ="
and z", is a function of the effective properties and compaction ratio at 2™/™ and temperature

increase, /",

o™n = gm/n(em/m T X [ &) (5.20)

where
™" = w (5.21)
g™/ = # (5.22)

As also shown in chapter 4, the stress at continuum solution can be expressed as:

o™ = —(A 4 D)™ + a(BA 4 20) (T™" = Trep) (5.23)
m/mn 3 mn3 ~ Tm/n+Tre
oM = o ZCh ()P (| = = —a(ff ~Tep))*? (524

3272

We are looking for a definition for stress in continuum solution which is equal to the expression
derived in discrete solution. Therefore equations 5.19 and 5.24 are equal where ™", €™ and
T™" corresponds to ™™, €™/™ and T™/™, respectively. By using this equality we can express

& in terms of stress o™, T™", bulk properties of the particles, and packing fraction.

- _ 3 47 0 \2/3 1 2/3
¢ = 5T pem_1, Cn) ¢SZ(67T)1/2)
3 6 2/3
_2 5.25
307 (T a(@n Do) | 629

Numerical analysis on investigation of the asymptotic limits of this formalism, provides an

accurate approximation, which is dependent on the applied load ¢ and temperature 7.

— § 47 o 2/3r, 1
“ = 5a+T—Tref(quﬁsZ(67r)1/2) [t (l—a(T—Tref

))1/ 1 (5.26)

The overall effect of the two terms contributing eq. 5.26 is summarized in figure 5.2. Contin-
uum solution is generated for the following two cases: (i) with the first order approximation
of eq. 5.26, (ii) the full proposed formula. It is concluded that the first order approximation is

significantly dominant in the continuum solution.
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Figure 5.2: Two cases of continuum solution are simulated with: (i) first order approxima-
tion, and (ii) full version of the proposed thermal expansion coefficient. Relative difference
between these two solutions are shown in terms of stress and heat (results are evaluated at low
compaction ratio, ¢ = 0.005).

5.3 An Application Of The Proposed Effective Thermal Expansion Formula

Similar to the system discussed in discrete analysis, a one dimensional continuum system is
modeled which is under uniaxial compressive stress of o and thermal gradient of T — Tp.
In addition to the effective material properties developed in effective medium approach, the
proposed effective thermal expansion formalism is implemented in solution of the coupled
system of equations.

The effective properties are listed as :

3

A2 = an(qﬁsZ)Q/?’((Z:)l/B (5.27)
3N+20 = 417r0n(¢sz)2/3(6(7727)1/3 (5.28)
ko= 2:(2‘2)1/31.57 (5.29)

& = gaty —4 ;ref (qubsza(ﬁﬂ)lm)z/g[l ~ (1= a(Tl— Tre f))l/g](5 30)
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g

Ou

or d(Z\+2~u)(T_TT€f)_Z\+2L (5.31)
gz - a(T_TTefH—2(?))7T(C’n¢sZi67T)l/2)2/3(l—oz(Tl—Tref))l/S (5:32)
u@w) = [ya

a = -[[9,,

eLy = | %L:L{"Cl

In this regard analytical solution for the system of equations given in 4.1, and 4.2 are the

following :
T(x) = (TN;TO)OC + (To — Trey) (5.33)
0
B (I'ny —To)x B _ 10mLg 2/3
u(z) = oz <2L() + (To Tref)> (T — To) <Cn¢5Z(67T)1/2>

T 2/3
lﬂ—am_nﬁwﬂ+@—wawgm+%—nm>]

oo (T = Tp)? = 2¢ (Ty — To) + 20 (T — To) (Tp — Tmf))>3/2

o = ChopsZ(6m)'/?
(6m) 207 (1 — (T — Tyes))™® = 20m(1 — & (Tp — Trey))?/3

(5.34)
As expected in the limit of zero thermal gradient, the derived solution for stress, eq. 5.34,
approaches to the solution offered by conventional continuum mechanics where also no thermal

gradient is considered.

limo = oguT

a—0

lim o = oguT
TN—’T()—)O

5.4 Comparison of Improved Continuum Solution with Discrete Solution

Based upon the highlighted characteristics of discrete particulate system analysis, our aim is to

compare the accuracy of continuum scale models from the point of convergency to the discrete
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solution. In this regard the required stress to compact the linear system of particles and heat to
be transferred through the chain are evaluated for various compaction ratios and thermal loading
conditions. Conventional continuum solution refers to the traditional thermo-mechanical model
which integrates effective mechanical properties obtained from Effective Medium Approach
and effective thermal conductivity as derived in Batchelor and O’Brien’s study [7] (i, 7, k).
Improved continuum solution is the proposed solution in this paper through sections 5.2, and
5.3 (ji, 0, k, &).

At constant thermal loads Hertzian stress is plotted with respect to the compaction ratio in
figures 5.3 and 5.4. As it is seen even for small thermal loads, continuum models lacks pre-
dicting the required values for stress. Furthermore as applied thermal gradient is increased, this
discrepancy between discrete and continuum models ascends. However integration of effective

thermal expansion coefficient clearly improves the continuum system analysis.
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Figure 5.3: Comparison of continuum and particle mechanics models in terms of stress vs
compaction ratio, €, under the particular thermal gradient imposed between the boundary walls,
AT = 40K.
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Figure 5.4: Comparison of continuum and particle mechanics models in terms of stress vs
compaction ratio, €, under the particular thermal gradient imposed between the boundary walls,
AT = 1200K.

Previously shown in discrete system analysis that nonlinearity plays a significant role,
specifically in low mechanical and high thermal load condition. In the case of compacting
the system of particles by 0.5% of the total length, conventional continuum solution overes-
timates the required stress to 1.5 times larger than the discrete solution (figure 5.5) . This
difference is significantly decreased by improved continuum solution. On the other hand un-
der larger compressive load both continuum solutions shows 10% deviation from the discrete
model when there is no thermal gradient applied on the system. This is due to the fact that the
present effective mechanical properties and thermal conductivity brings particular limitation to

the problem.
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Figure 5.5: Comparison of continuum and particle mechanics models in terms of stress vs
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Heat transferred within the particle chain is dependent on the current radius and the tem-
perature of particles that are coming into contact. In general the continuum solutions that are
addressed in this study provide decent accuracy with the discrete system analysis under con-

stant compaction ratios (figs. 5.8).
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Figure 5.7: Comparison of continuum and particle mechanics models in terms of heat vs ther-
mal gradient, AT, evaluated at the compaction ratios of € = 0.005.
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However, once heat transferred with respect to compaction ratio at constant thermal loads

is traced, the deviation from the discrete solution is noticed. The thermo-mechancially coupled

system imposes a dependency such that the overestimation and/or underestimation of stress

results in diversification in calculated temperature profiles and contact radii. Figures 5.9 and

5.10 reflect this correlation for two limiting cases.
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In order to test the overall performance of the continuum solutions, we plotted the displace-
ment of particular points with respect to their initial position. In the following figures 5.11 and
5.12, the node in contact with the non-moving boundary is positioned at * = 0. It is worth
stating that the equilibrium of thermal expansion due to thermal gradient applied on the system
and the change in position due to compaction results in nonlinear distribution of displacements
at each individual node. In addition to effective medium approach, taking into consideration
the effective thermal expansion of particulate bed introduces a significant improvement in con-

tinuum analysis in terms of accuracy.
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Figure 5.11: Tracking each particles displacement under the boundary conditions of Ty — 1y =
1200K and € = 0.005.
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The discrepancy between the continuum and the discrete system analysis also points out the
importance of the effective thermal expansion coefficient in the thermo-mechanically coupled
systems. In this regard relative difference between the above mentioned solutions for a range of
loading conditions are evaluated. Relative difference is basically the ratio of average difference

between discrete and continuum solutions over discrete solution.
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Figure 5.13: Relative difference between discrete solution and conventional continuum solution
in terms of stress evaluation under various loading conditions.
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Figure 5.14: Relative difference between discrete solution and improved continuum solution in
terms of stress evaluation under various loading conditions.
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Figure 5.13 shows that conventional continuum solution differs up to 80% with respect to
discrete solution in terms of stress, whereas this is only up to 15% for the improved continuum

solution in this study as seen the figure 5.14 .
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Figure 5.15: Relative difference between discrete solution and conventional continuum solution
in terms of heat flux evaluation under various loading conditions.
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Figure 5.16: Relative difference between discrete solution and improved continuum solution in
terms of heat flux evaluation under various loading conditions.

Similarly there is remarkable accuracy achieved in improved continuum solution in terms
of heat transferred. As shown in figures 5.15 and 5.16 the maximum deviation from the discrete
solution is minimized four times less in improved continuum solution.

To sum up, it is proved that the proposed continuum model predicts the required stress
and heat transferred within 10% and 5% accuracy, respectively. This derivation enhances the
conventional use of continuum-scale analysis to simulate the discrete particulate systems that
are under thermally-assisted compaction. The implementation of the newly proposed formula
for determining the effective thermal expansion of granular beds is crucial in acquiring more

realistic results.

5.5 Conclusions

In this section we consider a simple thermally-assisted compaction setup, where the system is
under the effect of uniaxial stress of o, and a thermal load of Ty — 7. We investigate the
prescribed coupled system in terms of particle mechanics approach that we elucidate in chapter

2, and conventional continuum mechanics approach for a incremental temperature increase at
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the neighborhood of two adjacent particles.

From theoretical point of view, we claim that the stress evaluation obtained in both solutions
remain equal. This allows us to express the effective thermal expansion formalism in terms of
bulk properties of the particles, and loading conditions.

We implement the proposed formalism to account for the thermal expansion effect on the
overall solution of stress and heat flux generated in continuum solution. The results show that
significant improved is achieved in expressing the discrete system characteristics in continuum
approach by our proposed expression.

It is also clear that the dominant term in effective thermal expansion expression, (3c)/5,
provides a good approximation that can be easily implemented in numerical analysis based on
conventional continuum approach.

Similar to the well-established paradigm of micromechanical modeling, meticulous im-
plementation of the proposed effective thermal expansion formalism renders truly predictive

models of the mechanical and thermal behavior of the granular assembly.
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Chapter 6

2D Numerical Experiments

6.1 Introduction

Understanding the fundamental multi-physics behind the thermo-mechanically coupled defor-
mation of granular systems and its projections in macroscopic scale, provide the essentials to
fabricate particulate assemblies with specific functionalities. The long-standing problem of re-
markable reduction in raw material resources and the increasing costs empower the prevalence
of particulate materials in vast array of industrial applications. As a consequence the course of
manufacturing changed from materials for design to design for materials.

It is worth noting that the rapid progress being made in atomic force microscopy and particle
characterization techniques provides the opportunity of monitoring inter-particle connections
experimentally. Recent improvements in additive manufacturing enhanced the wide range of
particulate materials applications. It is no longer a dream to seek for science integrated technol-
ogy applications where particle interactions are engineered to fabricate consolidated assemblies
with desired macroscopic mechanical, thermal, and electrical properties. Concerning a vast ma-
jority of materials and manufacturing techniques, however it remains inefficient and impractical
to test experimentally for individual design, with the aim of describing the bulk characteristics
of the the compacted product.

A proper estimate of the mechanical strength, thermal and electrical conductivity of a com-
pacted solid is contingent upon the knowledge of the amount of inter-particle contact area cre-
ated during the deformation stage of the compression. In this regard discrete thermal element
methods has been used by different groups to understand the influence of thermo-mechanical
coupling. Majority of the papers, estimating the overall characteristics of there confined gran-
ular beds, relies on statistical mechanics approaches where mainly mean field theory and en-

semble averaging techniques are widely used.
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It is the purpose of this chapter to suggest that insight into the nature of thermo-mechanical
interaction which determines the microstructure of the confined granular materials. Particle
mechanics approach, which is introduced in Chapter 2, is extended to investigate the two di-
mensional particle arrangement of packed beds compressed by heated boundary walls. We trace
the evaluation of contact networks at each quasi-static equilibrium state and address the intrigu-
ing question of how the force chains are related to heat chains. We also consider the effect of

loading conditions, and the role of particle size and distributions on the final microstructure.

6.2 A Survey of Related Literature

Recent experimental studies elucidate the long-standing problems in collective behavior of
granular assemblies and become an inspiration to the areas of theoretical physics, applied math-
ematics, and engineering fields. One of these ground breaking studies is conducted by Chen
and his co-workers on packing particulate assemblies by thermal cycling that unwinds the na-
ture of grain packing under the sole effect of thermal loading without any mechanical energy
input [11]. They investigated the influence of thermal cycling on packing fraction. As a results
they managed to explain a well known phenomena of packing re-arrangement due to tempera-
ture changes and the changes in stress state of a granular pile through a serious of temperature

increase and decrease applied on a pile of glass beads in a plastic container.
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Figure 6.1: Change in packing fraction with thermal cycling for glass spheres in a plastic
cylinder, adopted from Chen et al. [2006]. Change in packing fraction as, (a) a function of
cycle temperature from room temperature for a single cycle, (b) a function of cylinder diameter
for a single cycle . (¢) Change in packing fraction after multiple thermal cycles.

Chen et al. showed that the difference between the thermal expansion of the glass beads

and of the container, induces thermal stress, which can be characterized as an alternative to
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mechanical agitation for altering grain packing [11].

Moreover regarding the study of static granular systems, a very common geometry, namely
silo, is an unique example where small thermal perturbations can lead to giant stress fluctu-
ations. Experiments on the weight carrying elements in a system of large number of loosely
packed particles contained in a box, shows that the apparent weight on the bottom and side walls
can change drastically under a variation of temperature of a few degrees [39]. These giant stress
fluctuations is associated with the extreme sensitivity of stress paths to small perturbations, and
recalled as the result of arch formations in silos [12].

One of the fascinating properties of granular materials is the organization of contact net-
works, thereby formation of highly heterogeneous distribution of force network that determine
the macroscopic strength characteristics [43, 61]. Upon the application of compaction forces,
special structural arrangements arose to serve the purpose of supporting most of the external
load, leaving the other particles unloaded or less loaded. These force chains can be treated
as the load bridges, which usually stand several times larger forces than the rest of the sys-
tem. Surprisingly these structural elements constitute only a limited portion of all contacts [1].
Antony names these chains as ‘granular brains’, and memory networks, which are influenced
by the loading conditions and the initial packing arrangement of the structure [1].

In various studies it has been postulated that stress chains are responsible for localized
fracture and hot spot formations, which causes unexpected failure of the confined material [23].
For the cases of compaction where the process may trigger chemical wave front propagation
or phase transition due to the instant change of temperature or surplus pressure, it is important
to control the process to prevent the undesired formations. Widely used traditional material
examination methods, such as destructive testing and post process characterization, provide
very poor or inaccurate information in the prospect of revealing the mechanisms of failure.
For instance, stress bridges occurred at the early stage of loading event increase the stress
concentrations leading to crystal fracture, whereas a later formation of stress chains can only
be responsible for viscoelastic shear deformation [23].

After clarifying the critical issues of experimentation, it is useful to mention some of the
mostly used techniques that are widely accepted in the study of force measurements in granular

systems. One of the mostly used technique is stress-induced birefringence experiments that
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takes advantage of the photo elasticity property of some materials. A plane stress is induced
to deform a set of thin discs of particles, where some of them cause light to propagate through
them at different speeds along two perpendicular axes. Using different polarization techniques
and comparing the birefringence patterns, statistical information on particle’s characterization
and measurements on contact forces are obtained.

Majmudar and Behringer conducted a high-impact study on contact force measurements, in
which they pointed out the stress-induced anisotropy in granular materials [43]. Their uniaxial
and biaxial compaction experiments reveals that sheared systems have long-range correlations
in the direction of force chains, whereas isotropically compressed systems have short-range cor-
relations. Uniaxialy compressed systems, which are highly under the effect of sheared forces,
show two distinct aspects of anisotropy: (i) solely a geometric effect, that is the loading con-
ditions induce anisotropy in the contact network, (ii) mechanical effect, that is they develop
uneven distribution of force chain networks and alter stress distribution in the system [43].

Figure 6.2 briefly describes their experiment set-up and results of the experiment [43].

Text

Figure 6.2: Contact force measurements using photoelastic techniques, adopted from Majmu-
dar and Behringer [2005]. (a) Schematic diagram of the biaxial test cell, (b) Typical system size
images for an isotropically compressed state (top) and a sheared state (bottom), (¢) Observed
stress pattern for a single disk.
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The second mostly used experimentation technique is carbon paper method, which is based
on the direct measurement of the contact area traces left on special paper placed at the bottom
of a uniaxialy compacted particles’ assembly. By using this method, Mueth et al. proposes an
empirical functional form that estimates the probability of force distributions at bottom, top and
side walls [50]. Lovoll et al. extended this method to discover the relationship between particle
bed height and weight distribution [42]. They placed a probe in the assembly to detect the effect
of perturbation on distribution of forces. Tsoungui et al. uses a similar method to determine the
interparticle contact forces [67]. In this study they analyze the two dimensional compacted bed
with a limited number of particles. The basic idea in this study is that they color the compacted
thin disks by red crushed chalk, and when the particles are separated smoothly, the white areas
designates the contact areas. By using calibration tests, they provide an estimate of the contact
force, thereby contact force distribution.

There exists significant number of studies that aims to understand the force distributions,
and probability of arch formations, based on the tools provided by statistical mechanics. The
well-known paper in this approach is by Liu et al. who propose a model to explain the force
fluctuations in bead packs, and name it as ‘q-model’ [38]. In this model, they assume that the
dominant physical mechanism that leads to inhomogeous force chains is the unequal distribu-
tion of weights on the beads supporting a given grain. They generate a stochastic equation to
estimate the force carried by each bead which is at a particular depth and in contact with neigh-
boring beads. The key concept in their model is the ‘q’ fraction, which is a random variable and
accounts for the generic randomness of the disordered granular system. Liu et al. verifies the
accuracy of their model by comparing experimental observations and numerical results [38].
Coppersmith and her colleagues explain the methodology used developing g-model in details
[13]. They solve the system of equations for a countable infinitely number set of ¢ distributions
and present mean field results compares their g-model estimation for force distribution with
molecular dynamics simulations generated for a set of 1024 particles, where they observe quite
good agreement [13]. Both studies agrees on the fact that very strong contact forces within a
granular assembly are exponentially rare.

For the purpose of defining the global description of a granular system, Radjai and Roux

focus on the frictional motion of a linear array of parallel identical cylinders on a plane where
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all interparticle and particle-plane contacts are described by a Coulomb friction law [55]. Based
on this model Radjai et al. develop contact dynamics simulations to study the statistical distri-
bution of contact forces inside a confined packing of circular rigid disks with solid friction [54].
In this study they compared the effect of different particle size beds with varying number of
particles. The normal force distributions at the particle contacts agrees well with the g-model
results. Concerning the statistical homogeneity of the sample bed, they conclude that despite
local force fluctuations, the linear scale of homogeneity is reached when conduction computa-
tional studies at a sample size of a few tens of particle diameters [54]. This hypothesis is also
proved in earlier studies which take account for the effect of spatial patterns of motion during
compaction of spherical particles [56, 21].

Beside these mathematical models which relies on fundamentals of statistical mechanics,
there is a well-known methodology to estimate the macroscopic characteristics of compacted
granular materials by the knowledge obtained through understanding the particle interactions.
Starting from the early work of Cundall and Strack [15], significant number of studies are in-
tended to provide a discrete thermal element formulation of the coupled problem. Vargas and
McCarthy approached this problem to solve for the heat conduction through the confined gran-
ular system [68]. By their thermal particle dynamics model, they are capable of tracking the
formation of stress and heat front during thermally-assisted compaction of binary size particles.
They showed that similar to stress chains, theres exists preferable paths to conduct heat within
the granular bed, which are recalled as heat chains. Surprisingly stress chains and heat chains
are not identical, however they share the same characteristic of being unevenly distributed and
being dependent on the loading conditions [68]. Vargas and McCarthy compared the solution
with the improved continuum solution in which effective medium approach is integrated, and
physical experiments [36]. In this study they show that stress chains serve to augment the heat
flow along their axis and they effectively hamper the perpendicular heat flow, thereby inducing
hot spots and well-bonded areas within the particulate bed. In a more recent study Vargas and
McCarthy considered the effects of thermal expansion on heat condition in granular materials
[70]. The striking conclusion in this research states that thermal expansion not only enhances
the compaction, but also reforms the stress and heat chains. The nonlinearity induced by ther-

mal expansion is mostly important for ‘unconsolidated or mildly consolidated” packings. They
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mapped the stress field for a particle bed under external loading. In figure 6.3 the lines joining
the centers of particles in contact represent the force network and have thickness proportional

to the contact force [70].

Figure 6.3: Stress chains in an athermal particle bed under external loading, adopted from
Vargas and McCarthy [2007]. (a) Experimental set-up with moving top wall, (b) Rescaled
region close to top wall.

Figure 6.4 is the evaluation of temperature and stress field at steady state solution [70].
The black lines represent particle contacts, which experience forces above the average with
thickness proportional to the contact force, while colors represent dimensionless temperatures

(red corresponds to hot).
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Figure 6.4: Thermal particle dynamics model estimating temperature and stress fields at steady
state solution for thermally-assisted compaction of particle bed, adopted from Vargas and Mc-
Carthy [2007]. (a) Particle bed with a fixed top wall, (b) Particle bed with a top freely moving
wall.
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6.3 Simulation Configuration

We extend our mathematical model that is based on particle mechanics approach to study the
two dimensional system of particles. The spherical particles are shown as circles, and the
boundary walls are presented with solid lines. Initially the particles are assumed to be at point
contact, upon the application of thermal and mechanical loads the particles change place and
settle down while reaching a steady state temperature to adjust with the overall temperature
gradient of the system. Initial configuration of two-dimensinal granular is assembly is obtained
through the numerical simulations developed by Gioia et al. [24] by using ballistic deposition
technique.

We investigate different configurations under different boundary conditions. In order to
avoid the dominant influence of boundaries and minimize the local fluctuations of spatially
dependent properties, we study two dimensional assemblies of sample size which is a few tens
of particles diameters. This approach is similar in spirit to the statistical mechanics perspective
improved on the subject of granular media. Radjai et al. explains the validity of this approach
in search of statistical homogeneity and verifies his solution with experimental studies [54].

Initial sample configuration that we focus is a randomly arranged bed of 2077 stainless steel
particles, as shown in figure 6.5. The particles are 4mm in radius and contained in a bed of 0.4m

in height and width. The packing density of the undeformed system of particles is 0.72.
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Figure 6.5: Initial configuration used in two dimensional analysis.
6.4 Methodology

Initial random distribution of particles within the compacted sample is generated by using bal-
listic deposition technique. The boundary conditions are imposed on the system of equations
that defines the sum of the forces and heat transferred to each particle to be zero. The particle-
particle and wall-particles interactions are classified according to the instantaneous position of
the particles. Similar to chain of particles numerical experiments, rigid wall assumptions are
used in two dimensional analysis. Newton-Raphson method is implemented as a direct itera-
tive method to solve nonlinear system of coupled equations. Although the interdependence of
mechanical and thermal properties introduces highly intricate system of equations while cal-
culating the jacobian of the system of equations, the computational challenge is carried out
carefully. Convergent solutions are achieved at a relative tolerance check of 1072, which ba-
sically continues the iteration till the next solution differs less than 1 percent of the solution
in the previous iteration step. Finally in the post processing part, we study the generation of
contact networks, the interrelation between force chains and heat chains within the confined
assembly, the indicators of hot zone localizations and arching, the force and heat distributions

in the overall solution.
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The following flowchart explains the main steps completed in numerical experiments.

-

Initial System Arrangement :
Ballistic Deposition Technique

.

Applying Incremental
Thermal & Mechanical
Boundary Conditions

Estimation of
IP—inter-particle connections
| WP—wall-particle interactions )

l

Discrete System Analysis :
Nonlinear System of
governing field eq.s

solved simultaneously

Direct Iterative Solving

Coupled system
of field equations
(through temperature
and position of particles)

Deformation Model:

Hertz’s Law of Con-
tact Mechanics

Heat transfer:
Thermal-contact Model

Y

Tolerance Check

Post Processing :
1) Contact network
2) Force & heat chains
3) Localized hot-zone
formation
4) Contact force & heat
transferred distribution
analysis
5) Estimation of required

punch force and heat

Figure 6.6: Flow chart of two dimensional numerical experiments.

6.5 Fundamental Concepts in 2D Discrete Modeling of Granular Materials

In this section we present the fundamental concepts that are introduced by previous experimen-

tal and numerical studies in the literature. Based on the proposed particle mechanics approach

in this study, we conduct numerical analysis to exploit the dependence of the contact network
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with regard to the formation of force and heat chains within the confined granular bed. We
simulate the force and heat distributions along the normal of the particle-particle contacts and
wall-particle interactions. Lastly we investigate the cross-property relation between force and
heat distributions.

The primary compaction configuration is the case where the initial system of 2077 parti-
cles are compressed by the top horizontal boundary. This top wall is heated, thereby thermal
gradient is imposed on the system of particles. As expected the thermal force contribute to
the rearrangement of the particle bed. It is worth noting here that similar to chain of particles’

experiments, the weight of there particles are neglected in two dimensional analysis.

6.5.1 Contact Network

During the process of consolidation, particles come into contact in newly arranged configura-
tions under compressive loading. Contact network generation is highly dependent on the initial
positioning of the particulate matter within the confinement, applied boundary conditions and
the material properties of the individual particles that support the external load. Since the con-
tact network determines the preferred paths of force transfer within the compacted granular
media, it indicates the unevenly distributed force distributions. These are the highways, that
contribute to the percolation of the system concerning not only force transfer, but also heat
and electrical conductivity. Moreover they serve as significant tools that indicate hot zones
localizations, and propagation of chemical wave fronts during the compaction process.

In figure 6.7 we trace the contact network generation of our 2077 particles system that is

compacted by a ratio of, €, 8%.
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Figure 6.7: Contact network generation.

6.5.2 Force Chains

Force chains form the skeleton of compacted granular materials [53]. Visualization of force
chains can be achieved by representation of forces at contacts as bonds between the conforming
particles. The thickness of line connecting the particles is proportional to the magnitude of the
contact force. In force and heat chain representations, we plot the particles as circles filled with
black color, and surrounded by a red line. The force chains are shown as blue lines. For the
case of pure mechanical compaction, the force chain formation of the particular configuration

is seen in figure 6.8
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Figure 6.8: Force chains developed in athermally compaction of 2077 stainless steel particles’
system. The total granular assembly is compacted by 8% in height, and constrained by the side
vertical walls.

6.5.3 Heat Chains

Concerning the process of thermally-assisted compaction, the confined granular bed is imposed
to a thermal gradient, which triggers the formation of preferred paths of heat transport within
the assembly. In order to visualize the heat transport chains, we use a similar algorithm that we
study in force chains. The heat transferred at each contact is mapped into the contact network,
shown in lines whose thickness is proportional to the heat flux. In figure 6.9, we represent the
heat chains developed in a system of 2077 randomly packed particles that are compacted by a

ratio of 8% and heated through the top horizontal wall, which is kept at 493 K.
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Figure 6.9: Heat chains developed in thermally-assisted compaction of 2077 stainless steel
particles system. The granular assembly is heated through the top horizontal wall which is kept
at 493 K, and moved down by % 8 of the initial height of the system.

Despite the unevenly distributed force chains, the map of heat chains displays that the heat
distribution within the particulate bed is more uniform. It is worth noting that the heat flux
illustration as solid lines at the particle contacts is more convenient for small systems with
relatively less particles. To provide o more trackable visualization we prefer to show the heat
gradient within the particulate bed, by altering the color filling of each particle. In the following
figures the filling color of circles is changed to brighter red, as the temperature of particles

increases.

6.5.4 Contact Force Distribution

The simplest characterization of force chains is probability distribution of individual contact
forces. There exists a broad spectrum of statistical mechanics approaches developed to estimate
the probability of very large and very small force loads within the particle-particle contacts. As
mentioned in section 6.2 there also exists significant experimental studies that validate these
mathematical models, specifically for the case of thermal compaction of spherical particles.

The force distributions are expressed in terms of a non-dimensional variable, f, that defines the
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normal force at the contact divided by the average of these contact forces. In typical granular
packings, the probability distribution, P(f), has an exponential tail at large f, and a plateau at
small f.

In our numerical analysis, we are capable of tracing normal contact forces at each contact.
In figure 6.10 we plot distribution of non-dimensionalized contact forces f for the system of
2077 particles, which are compacted by 8% in one direction in the absence of any thermal load.
We estimate the normalized force distribution, which are above the average force, by a power
law decay. As seen in the semilogaritmic plot of the normalized distributions, D(f) decays by
exp(—1.3413f). For the case of pure mechanical compaction, our simulations agree quite well
with both the experimental [67] and the numerical studies [38, 54], in which this power law is

given as D(f) ~ exp((—1.4£0.1)f).
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Figure 6.10: Normalized contact force distribution of athermally compacted 2077 stainless
steel, SS304, particles system.

We investigate the dependence of packing fraction on the contact force distribution. The
system of 2077 particles is gradually compressed by lowering the top wall, which is kept at 493
K. The normalized force distributions at the contacts are evaluated at compaction rates, 2%,

4%, 6% and 8%.
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Figure 6.11: Comparison of force distributions for a gradually compacted SS304 particles’
system which is under the particular thermal gradient, 200 K, imposed between the top and

bottom boundary walls.

Figure 6.11 indicates that force distribution in a thermally-assisted compaction is correlated

with the packing fraction and re-arrangement of particles determined by the coupled thermal

and mechanical stresses.

6.5.5 Heat Distribution

Similar to force distribution analysis, we investigate the heat distribution within the contact

network. The numerical simulations point out that the normalized heat distribution can be

distinctly expressed in log-log plots. In figure 6.12 the heat distribution of 2077 particles system

is shown for the particular loading of compaction ratio, €, 8% and the top wall kept at 493 K.
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Figure 6.12: Normalized heat distribution of 2077 stainless steel particles’ system which is
under the imposed thermal gradient of 200 K. The total granular assembly is compacted by 8%
in height.

In order to understand the effect of boundary wall temperature, the same system is inves-
tigated in a gradually heated numerical experiment. The particle assembly is compacted by a
ratio of 8%, and the temperature of the top horizontal wall is increased from 293 K to 493 K,

by increments of 40 K.
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Figure 6.13: Comparison of heat distributions for a gradually heated system of 2077 particles,
under effect of the thermal gradient of 200K and compacted by % 8 in height.

6.5.6 Cross-Property Relation Between Force and Heat Distributions

In their recent study Vargas et al. argued that force chains serve to augment the heat flow
along their axis and they effectively hamper the perpendicular heat flow [70]. They traced
the evolution of force chains and propagation of temperature gradient for a two dimensional
system of particles. In this study we aim to explain quantitatively the influence of heat transfer
to contact force distribution and the compaction ratio to heat transfer distribution within the

particulate bed.
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Figure 6.14: Evolution of force distribution under different thermal boundary conditions. Sys-
tem of 2077 stainless steel particles is compacted by a ratio of % 8, while the thermal gradient
imposed between the top and bottom boundary walls is increased from 40 K to 200 K, gradu-
ally.

Figure 6.14 points out one of the unique characteristic of thermally-assisted compaction.

The exponential power decreases for the cases of higher thermal load on the system.
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Figure 6.15: Evolution of heat distribution under different mechanical loading conditions. Sys-
tem of 2077 stainless steel particles is under the effect of a thermal gradient, 200 K, imposed
between the top and bottom boundary walls, while it is compacted up to % 10, gradually.

The correlation between heat distribution and compaction ratio reveals that throughout the
process of compaction when the densely packed bed of particles reaches a certain limit, the

heat distribution mechanism is dominantly controlled by contact network evolution.

6.6 Simulation Results

6.6.1 Role of Particle Size

In an attempt to understand the effect of particle size on the microstructure of the compacted
granular matter, two different cases are compared. Under the same thermal and mechanical
loading conditions, a square container of 0.4m edge is compacting a bed of spherical particles
by the downward movement of the top horizontal boundary wall. Case 1 is a system of 1486
particles, 1195 of them has a radius of 4mm and the rest of 8mm. The total area of the small
particles are equal to the total area of the large particles. With the same concern we also
generate, case 2, a system of 1760 particles, where 1225 of them are 4mm in radius and rest is

6mm.



106

0.4 T T T T

Figure 6.16: Force chains in a system of 1486 particles, under e = 0.10 and Ty = 493 K. 1195
of the total number of particles are 4mm in radius, rest is 8mm in radius.

Figure 6.17: Force chains in a system of 1760 particles, under ¢ = 0.10 and Ty = 493K. 1225
of the toal number of particles are 4mm in radius and rest is 6mm in radius.
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Force chain maps given in figures 6.16 and 6.17 shows that systems which have particles
that are similar in size, have more uniform distribution of contact forces. Under modest thermal
gradients applied on the system, this statement remains valid. In figure 6.18 normalized force

distributions of the considered cases are compared for three different compaction ratios.
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Figure 6.18: Comparison of normalized contact force distribution is evaluated for two binary
size systems. As the packing density of granular assembly increases, the characteristic expo-
nential tail of force distribution decays faster. Moreover the system with particles similar in
size, develop more uniform distribution of contact forces.

6.6.2 Role of Thermal and Mechanical Material Properties

In most of the engineering practices, different material powders are consolidated through thermally-
assisted compaction. Particularly for the cases where the thermal and mechanical properties of
the binary particles system vary significantly, the estimation of microstructure characteristics
become more robust.

In this study we consider a binary assembly that consists of teflon and stainless steel
(8S304) particles. The system is compacted by a ratio of 8% and the top horizontal wall is
kept at 393 K. We compare the force chains developed in the binary system with the ones de-

veloped in primary system of 2077 single type particles of SS304 compacted under the same



loading conditions.

Table 6.1: Thermal and mechanical properties of teflon and stainless steel

SS304 Teflon
o 17.3%107% 1/K | 250%107° 1/K
E 193 GPa 2.25 GPa
k 15 W/mK 0.5 W/mK
v 0.29 0.33
R, 0.004m 0.004 m
17, 293 K 293 K

0.4
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Figure 6.19: Force chains for a system SS304 particles, developed under ¢ = 0.08 and Ty =

393K.
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Figure 6.20: Force chains for a binary system of Teflon and SS304 particles, developed under
e =0.08and Ty = 393K.
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Figure 6.21: Comparison of normalized contact force distributions for binary, %50 Teflon and
%50 SS304, and single, SS304, particle systems, developed under € = 0.08, and Ty = 493 K.
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Compared to the single particle system, binary system has a more evenly distributed contact

force distribution. This is quantitatively shown in figure 6.21.
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Figure 6.22: Comparison of heat distributions for binary, %50 Teflon and %50 SS304, and
single, SS304, particle systems, developed under ¢ = 0.08, and Ty = 493 K.

Although thermal properties of the binary system particles vary significantly, comparison
of the heat distribution in these two systems do not reflect a characteristic variation in terms of

heat transfer.

6.6.3 Role of External Applied Thermal and Mechanical Boundary Conditions

Another controversial topic in thermally- assisted compaction is the effect of consolidation
conditions on the microstructure. We consider four different boundary conditions (BC): (i) BC.
1: the system is compacted by the downward movement of the top horizontal wall which is kept
at an elevated temperature, (ii) BC. 2: the system is compressed by the top horizontal wall, and
heated from the side walls, (iii) BC. 3: the system is compressed by the top wall and the top and
bottom horizontal walls are heated, (iv) BC. 4 the system is compacted by the top horizontal
and right vertical walls, which are also heated. A schematic sketch of the described boundary

conditions is illustrated for a small size system in figure 6.23.
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Figure 6.23: Schematic sketch of different boundary conditions.
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Boundary conditions 1,2, and 3 are similar to uniaxial compaction and boundary condition
4 is names as isotropic compaction in the literature. We consider the case when the heated
wall temperature is set to be 393 K, and compaction ratio is 8%. For the case of isotropic

compression €, = €, = 0.04.
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Figure 6.24: Force chains developed under boundary condition 1.
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Figure 6.25: Force chains developed under boundary condition 2.
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Figure 6.26: Force chains developed under boundary condition 3.
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Figure 6.27: Force chains developed under boundary condition 4.
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Figure 6.28: Comparison of normalized contact force distributions for different boundary con-
ditions.

In figure 6.28 we compare the force distributions for these four boundary conditions. It is
concluded that boundary condition 4 provides the most uniform distribution of contact forces.
The difference between the force distributions of boundary condition 1 and 3 are relatively
small, which demonstrates that the direction of applied heat transfer and external force plays

an important role in microstructural rearrangement of particles.
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Figure 6.29: Comparison of heat distributions for different boundary conditions.

Figure 6.29 compares the heat distributions of the particulate assemblies under the four
different boundary conditions. Under the thermal and mechanical boundary conditions, the

distribution of heat at the contacts do not vary significantly for the current system of particles.

6.7 Conclusions

Particle mechanics approach is implemented to unveil the key characteristics of the thermally-
assisted compaction in two dimensional numerical experiments. Our methodology is capable
of capturing the contact networks, force and heat chains within the granular bed. Despite the
fact that these chains visually reveal the hot zone localizations and the potential arching spots,
it is not feasible to trace the evolutions of them on microstructural scale, particularly for the
case of large system. However the force and heat distributions provide significant insight about
understanding the mechanisms which determine the microstructure of compacted granular beds
quantitatively.

Our numerical simulations show that force distribution of a densely packed spherical par-
ticles system is cumulated around an average normal contact force value, which is determined

by the loading conditions, and material properties of the compacted sample. This distribution
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tends to decay out obeying an exponential power law. The extremely large values of normal
contact force can be used in estimation of potential of micro-crack in further analysis. We show
this distribution in terms of a normalized contact force in semilogaritmic plots.

Similar to contact force distribution analysis, we investigate the heat distributions and their
correlation with the heat chains formations. We trace the normalized heat transferred at each
contact. The distribution of them obeys a general power law, therefore the log-log plot is
chosen for illustration purposes. As expected the normalized heat distribution is independent
of the thermal gradient applied on the system.

In recognition of the ubiquity of thermally-assisted compaction problem, there is an in-
evitable need for granular material simulations to search for the cross property relation of the
force and heat chain formation with respect to thermal gradient imposed on the system and
compaction ratio. Our numerical results show that the thermo-mechanical coupling enhances
the uneven distributions of force chains. The exponential decay seen in force distribution anal-
ysis is extended, revealing the fact that thermally-assisted compaction not only induces larger
contact forces, but also the frequency to experience forces larger than average is increased.
The correlation between heat distribution and compaction ratio reveals that the contact network
formation becomes dominant in determining the heat distribution after a certain compaction is
reached.

We focus our attention to consider the effects of particle size, material properties and bound-
ary conditions on the microstructural arrangement of the particulate system. Concerning com-
pacted granular assemblies of varying particle size, it is concluded that system which have
particles similar in size, experience more uniform heat and force distributions. In order to un-
derstand the effect of thermal expansion particularly for the cases of binary particles systems,
we consider a packed of particles which constitutes 60% teflon particles and 40% stainless steel
particles, approximately. Under the same thermal and mechanical loading conditions force dis-
tribution of the binary system shows more uniformity. This indicates that thermal loading
enhances the particles rearrangement such that the system has a tendency to develop a more
evenly distributed contact network relatively. Regarding the effect of loading conditions in de-
termining the microstructural evolution of force and heat chains, we compare four boundary

conditions which are in practice similar to the conventional compaction methods. The three
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uniaxial compaction case which alter by the application of thermal load reveals that the coin-
cided loading of thermal and mechanical deformation provides to most uniform distribution of
contact forces. Whereas the transversely applied thermal load enhances larger heat flux and

normal force at the contacts.
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Chapter 7

Concluding Remarks

7.1 Overview

In this study we developed a model to describe the thermo-mechanical behavior of confined
granular systems. Thermal contact and Hertzian deformation models are integrated to simu-
late the temperature and displacement fields of consolidated granular medium. We name this
method as particle mechanics approach, since it adopts a detailed description at that particle
level.

We focused on one dimensional numerical experiments to understand the effects of thermal
expansion, thermal and mechanical loading conditions. The coupled phenomena introduces
highly nonlinear system of equations, and it imposes variation in contact areas and nonlinear
temperature distribution within the particulate material. This effect is enhanced for particles
with larger thermal expansion coefficient. It appears that the critical regime, where the non-
linearity due to thermo-mechanical coupling becomes more dominant, is low mechanical and
high thermal gradient conditions.

We studied the conventional continuum mechanics approach to understand the problem,
and we integrated the effective medium theories to account for the overall properties of the
compacted granular assembly. We adopted the effective elastic moduli and thermal conductivity
that are proposed in earlier studies. The continuum solution deviates from the discrete solution
particularly for cases of low mechanical load and high thermal gradient. Taking advantage
of the optimization techniques we looked for the optimum value of thermal expansion that
minimizes the difference between the discrete solution. For a range of deformation conditions,
itis concluded that effective thermal expansion of a granular assembly varies between 0.60-0.80

of the bulk material property.
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Starting from the particle-particle interactions, we proposed an effective thermal expansion
coefficient for the particular case of thermally-assisted compaction. It is shown that meticulous
implementation of the effective thermal expansion formalism renders truly predictive models
of the mechanical and thermal behavior of the granular assembly.

We extended the numerical simulations to account for the two dimensional analysis of
thermally-assisted compaction of densely packed granular beds. We implemented the proposed
particle mechanics approach in this study to unveil the key characteristics of the thermally-
assisted compaction in two dimensional numerical experiments. Our methodology is capable
of capturing the contact networks, force and heat chains within the granular bed. Understand-
ing such chains, and their correlation, we represent the key characteristics of granular media by
using contact force and heat distribution. We quantitatively prove that contact force distribution
within the densely packed particle bed becomes more uniform as the system is heated. Refer-
ring also the related literature we conclude that applied thermal gradient is effective on particle
rearrangement, thereby formation of force chains. In loosely packed particle systems, heat dis-
tributions are mainly controlled by the thermal load and orientation of boundary conditions,
however in densely packed systems contact networks plays a dominant role in heat distribution
within the particulate bed.

Two dimensional numerical experiments show that particulate systems, which are of similar
size particles, experience a more evenly distributed system of contact forces. Binary systems
that constitute of particles with higher thermal expansion coefficient perform more uniform
force and heat distributions. Concerning different boundary conditions, imposed thermal gra-
dient aligned with the externally applied force induces a more uniform distribution of contact
forces. Isotropic compaction provides the most uniformly distributed contact forces and heat

transport within the granular system.

7.2 Future Work

In recognition of the ubiquity of thermally-assisted compaction of granular materials and the
importance to a wide variety of technological processes, we focus our interest on how the

forces supporting the microstructure is distributed, and how the preferred paths of heat transfer
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is oriented. Visualizations of two-dimensional granular systems demonstrate the influence of
thermo-mechanical coupling. Heat and force distribution plots indicate this alterations quanti-
tatively. It is natural to expect that similar concentrations of forces and heat will occur in three
dimensions. The distinctive contact network formations in particulate systems give rise to dis-
tinctive macroscopic material properties in the confined bed. Extension of this model to three
dimensions will serve as an optimum platform to analyze cases where the third dimensionality
of the consolidated sample is comparable with the first two considered.

The basic idea to explain the giant stress fluctuations induced by temperature changes is
that the network of stress paths is extremely sensitive to small perturbations. In this study the
potential of extreme normal forces at contacts are correlated to imposed temperature gradient on
the system. It is also known that a proper estimate of the mechanical strength of a compacted
solid is contingent upon the knowledge of the amount of inter-particle contact area created
during the plastic deformation stage of the compression. In this sense a further study, which
also considers the plastic deformation of particles upon the coupled loading conditions, can be
rewarding.

In order to study system with significantly larger number of particles, an adaptive meshing
method can be developed to an integrated multi-scale model. In this study it is observed that
not all particles undergo a rapid change at each deformation step. Depending on the boundary
condition a portion of the particles, which are close to the moving boundary or heated bound-
ary, experience larger changes in terms of position an temperature. For larger systems it can be
critical to increase the computational efficiency by location these active zones, and analyzing
with micro-scale models such particle mechanics approach introduced in this study, while ana-
lyzing the rest in a macro-scale model such as an finite element modeling tool. Similar concepts
has recently acquired attention, particularly by the implementation of adaptive meshing in the
subject of granular matter.

Current thermal contact models assume that neighboring particles of a particle sees the
same temperature for the particle, such that multiple contacts on a single particle are at the same
temperature. A model similar in spirit to the mathematical formulation developed by Gonzalez
and Cuitino on nonlocal contact formulation for confined granular systems, can be developed

to release the restriction of independents contacts [25]. Regarding the case of multiple contacts,
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the contribution of thermal load from different contacts of a single body will have an additional

nonlocal effect beside the current thermal models for contacting bodies.
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