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ABSTRACT OF THE DISSERTATION
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Dissertation Directors: Yi-Zhi Huang and James Lepowsky

We develop the theory of modular invariance for logarithmic intertwining operators.
We construct and study genus-one correlation functions for logarithmic intertwining
operators between generalized modules over a quasi-rational vertex operator algebra V.
We consider generalized V-modules which admit a right action of some associative al-
gebra P, and intertwining operators between modules in this class which commute with
the action of P (P-intertwining operators). We obtain duality properties, i.e., suitable
associativity and commutativity properties, for P-intertwining operators. Using the
concept of pseudotrace introduced by Miyamoto, we define formal g-traces of products
of P-intertwining operators, and obtain certain identities for these formal series. This
allows us to show that the formal ¢-traces satisfy a system of differential equations with
regular singular points, and therefore are absolutely convergent in a suitable region and
can be extended to yield multivalued analytic functions, called genus-one correlation
functions. Furthermore, we show that the space of solutions of these differential equa-
tions is invariant under the action of the modular group. We obtain a characterization of
symmetric functions on bimodules over associative algebras in terms of pseudotraces of
certain “bimodule actions”. We conclude by sketching the steps by which these results

can be used to obtain a full modular invariance theorem for the genus-one correlation
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functions at least when the central charge is not 0. This modular invariance generalizes
the full modular invariance theorem by Huang in the rational case. Miyamoto was the
first to obtain a partial result that does not involve logarithmic intertwining operators
or even intertwining operators. This modular invariance has been a conjecture for many

years.
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Chapter 1

Introduction

1.1 Background, motivations and description of results

The theory of vertex operator algebra arose independently in mathematics and physics
and has been providing deep and remarkable connections between different fields. In
mathematics, one of its most spectacular applications was the construction of the
“moonshine module”, a vertex operator algebra (usually denoted by Vu) whose group
of automorphisms is the Monster group M, the largest sporadic finite simple group.
Noticing patterns relating the dimensions of irreducible modules for the Monster and
the Fourier expansion of the modular function J(q), McKay and Thompson conjectured
the existence of a “natural” infinite dimensional graded module V = [[>2 |V, for M

whose graded dimension

Z dim(V,,)¢"

n=-—1

is given exactly by J(q). Additionally, Conway and Norton conjectured that for any
element g in the Monster, the series

> tr glvag”

nel

is the Fourier expansion of a generator of the field of modular functions for some genus
zero subgroup of SLy(R). Frenkel, Lepowsky and Meurman constructed a module V' for
the Monster group in [FLM], proving the McKay-Thompson conjecture and introducing
the notion of vertex operator algebra, a variant of Borcherds’ notion of vertex algebra
([B]). The full Conway-Norton conjecture for V¥ was later proved by Borcherds.

The connection between the theory of vertex operator algebras and the theory of
modular functions has deep roots and the solution of the Moonshine conjecture is just

a part of it. In his Ph.D. thesis [Z] Zhu obtained another general modular invariance



result. Considering a class of “rational” vertex operator algebras satisfying a certain
cofiniteness condition, Zhu studied traces of products of n vertex operators associated
to irreducible representations, and showed that these formal traces converge and the
functions thus obtained (called n-point genus-one correlation functions) form a space
invariant under the action of the modular group; as direct consequence, he established
the modular invariance for the spaces of functions spanned by the graded dimension of
the irreducible modules. Zhu’s results were later extended by Dong, Li and Mason in
[DLM2] to include twisted representations; and in [Miy1], Miyamoto considered traces
of products of module maps and at most one intertwining operator.

All these results rely heavily on the use of the commutator formula to obtain recur-
rence relations for the n-point genus-one correlation function in terms of the n — 1-point
functions. Since this formula is not available for general intertwining operators, the
methods do not generalize to product of more than one intertwining operator. In [H2],
Huang overcame this difficulty and proved a full modular invariance theorem; he used
commutativity and associativity for intertwining operators to obtain a system of “mod-
ular” differential equations, and to obtain genus-one commutativity and associativity
properties. This modular invariance result is a crucial ingredient in other important
works by Huang, including his proof of the Verlinde conjecture and the rigidity and
modularity of the vertex tensor category (see [H4], [H5]) for “rational” vertex operator
algebras.

In [M1] Milas considered a class of weak modules for non-rational vertex operator
algebras, called “logarithmic modules”. These are modules on which the operator L(0)
does not necessarily act semisimply, but can be expressed as direct sum of generalized
eigenspaces for L(0). Moreover, he introduced and studied “logarithmic intertwining
operators” between these modules, that is, intertwining operators which involve (in-
tegral) powers of logx in addition to powers of the formal variable 2. The theory of
these kinds of modules and intertwining operators has since been extended (see [HLZ1]-
[HLZ8]) and interesting classes of such modules have been constructed (see for instance
[M2], [AM1]-[AM3]).

Huang conjectured that a full modular invariance result should hold for such classes



of modules, and that it should play an important role in the study of the properties of
logarithmic modules. Before this conjecture was explicitly formulated, a partial result
generalizing Zhu’s result in the context of logarithmic modules was obtained first by
Miyamoto [Miy2], assuming only a cofiniteness condition for the vertex operator algebra
V and infinite dimensionality of all nonzero V-modules (an assumption which is used
but not explicitly mentioned in Miyamoto’s paper, as pointed out in [M2],]AN]). The
main new idea is the use of a generalization of ordinary matrix traces, called “pseu-
dotraces”, to construct additional genus-one correlation functions; pseudotraces were
successively studied by Arike in [Ar], who obtained a characterization in terms of pro-
jective bases (or coordinate systems) for projective modules over associative algebras.
In [AM4], Adamovi¢ and Milas considered the graded dimensions of modules of certain
non-rational vertex operator (super)algebras, and proved modularity of the differential
equations these graded dimensions satisfy.

In this thesis, we obtain results that will lead us to a full modular invariance result
for logarithmic intertwining operators in the sense of [H2]. We study pseudotraces of
products of intertwining operators and genus-one correlation functions in an attempt
to achieve such result. Our first concern is to construct genus-one correlation functions
from products of intertwining operators; to do so, we are naturally led to consider pseu-
dotraces of products of intertwining operators. In order for the pseudotrace to be well
defined, we consider logarithmic modules which admit a right action of some associa-
tive algebra, and logarithmic intertwining operators whose products commute with this
action. We then develop tools to study these “formal traces”; in particular, we formu-
late suitable associativity and commutativity statements for this kind of intertwining
operator in Theorem 3.5.3 and Theorem 3.5.4.

Using these properties, we can verify that many identities for the formal traces
in the semisimple case carry over to the logarithmic setting; however, we see that
these traces satisfy a more complicated system of differential equations than the one in
[H2] (Proposition 4.1.14). Nonetheless it is still possible to prove convergence of these
formal series to multivalued analytic functions (the “genus-one correlation functions”)

and modular invariance of the space of solutions of the system of differential equations,



in Proposition 4.2.5.

At this point the only step left to prove is modular invariance of the space spanned
by the genus-one correlation function. Using duality properties, we reduce this problem
to the case of the 1-point functions; we then study the “lower coefficients” of the formal
series expansion. These coefficients yield a symmetric function on a certain bimodule
over some associative algebra; therefore we need to obtain a characterization of such
symmetric functions which would allows us to “construct” appropriate intertwining
operators whose pseudotraces match the given coefficient.

We achieve this by considering pseudotraces of certain “bimodule actions” (Theorem
2.3.5) and using the results by Huang and Yang in [HY]. We conclude by outlining a
proof of a modular invariance theorem for logarithmic intertwining operators, leaving
details for a separate publication. The result applies to vertex algebras with nonzero
central charge satisfying the C>-cofiniteness condition, and in particular to the modules
for the triplet vertex algebra W(p), and the vertex algebra W, , with (p, q) # (2,3). We

believe this result could have impact in the study of these algebras and their modules.

1.2 Summary of results

We study genus-one correlation functions for logarithmic intertwining operators. In
Chapter 2 we introduce the pseudotraces, that is, symmetric functions on the ring
Endp(U) for a finitely generated projective right P-module U over some associative
algebra P. These are generalizations of ordinary matrix traces, and have similar prop-
erties, including invariance under cyclic permutations. Specifically, given a right pro-
jective P-module U, we know that there exists a projective basis for U, that is, a set
of elements {u;} ; in U and a set of P-linear homomorphisms {«;}? ; C Homp (U, P)
such that for any element u € U, u = )" ; ujo(u). If ¢ is a symmetric linear function

on P, for a € Endp(U) we define the pseudotrace associated with U and ¢ by

pu(a) =9 (Z ;0 a(“i)) :
i=1

Let A be an associative algebra; it has been shown ([Ar]) that any symmetric function

on A can be expressed as sum of pseudotraces for appropriate symmetric (or Frobenius)



algebras P; equipped with non-degenerate symmetric functions ¢;, and A-P;-bimodules
U;, projective as right P-modules. In order to obtain modular invariance of the genus-
one correlation functions, we need a similar characterization of symmetric functions on
bimodules over associative algebras. A symmetric function on an A-A-bimodule M is

a linear function L : M — C such that
L(am) = L(ma)

for all a € A and m € M. For any algebra A and any A-A-bimodule M, we use
pseudotraces to construct symmetric linear functions on the bimodule M as follows: we
consider an associative algebra P equipped with a symmetric linear function ¢, and an
A-P-bimodule U, projective as right module over P; then, given any homomorphism
f of A-P-bimodules from W ®4 U in U, we have an A-A-bimodule homomorphism
Tf: M — Endp(U). Then the map qbé : M — C defined by

o = ¢y oTy

is a symmetric linear function on the bimodule M. We show that any symmetric
linear map on a bimodule M can be expressed as sum of functions (ﬁ& for appropriate
symmetric algebras (P;, ¢;), A-P;-bimodules U;, and homomorphisms f;.

In Chapter 3 we recall concepts from the theory of vertex operator algebras and
their modules. We will deal with grading restricted generalized V-modules, that is,
weak modules W which are direct sum of the generalized eigenspaces for the operator
L(0),

W= [T W

neC

such that W, is finite dimensional for any n € C, and W, = 0 for R(n) sufficiently
negative. A crucial condition for obtaining differential equations for genus-one corre-
lation function is the Ch-cofiniteness condition, introduced first in [Z]: we shall say
that a V-module W satisfies the Cs-cofiniteness condition if the space Cy(WW') spanned
by the set {v_qw|v € V, w € W} has finite codimension in W. We will consider
vertex operator algebras whose grading restricted generalized modules all satisfy this

condition.



We then define the formal g-traces of products of logarithmic intertwining operators;
for a fixed vertex operator algebra V and some associative algebra P, we consider V-
modules W;, i = 1,...,n equipped with a right action of the algebra P such that

W,, is projective as right P-module; if )); are intertwining operators of type (II//VVZ‘}/I),
i=1,...,n, (where we take W, = Wn) such that for alli = 1,...,n, w; € W;, w; € W;
and p € P,

Vi(w, z)(wp) = (Vi(w, z)w)p,

(we will call intertwining operators which satisfy this property P- intertwining opera-

tors) then the product Vi (wi,z1) ... Yn(wny,zy) is an element of
Endp(Wn){xl, oy Tpylogay, ... logxy,}
and it is thus possible to evaluate the pseudotrace
tr%nyl (w1,21) ... Y(wp, xn)qL(O).

In particular we will consider a map U(1) : W — W{z| and study properties of formal ¢-
traces obtained by taking pseudotraces of products of geometrically modified logarithmic
intertwining operators ([H2])

YU (z)w, ),

the first goal is to prove absolute convergence of such g-traces.

In Section 3.3 we recall some notions from the theory of elliptic functions and mod-
ular forms: in particular, we recall the Taylor expansion of the Weierstrass elliptic
function p and its derivatives, and the Fourier (g-expansion) of the Eisenstein series.
These expansions, considered as formal power series, will appear as coeflicients in iden-
tities for the formal g-traces and in the system of differential equations for the genus-one
correlation function.

In Section 3.4 we derive identities for the formal g-traces; these identities have the
same shape as the ones found in [H2|, and the main tools used in this section are
associativity and commutativity of intertwining operators. It is therefore necessary

to obtain a formulation of these duality properties to use in the present context. In



Section 3.5, under the assumptions used in [HLZ7], we state and prove suitable commu-
tativity and associativity properties for P-intertwining operators; we recall the required
background from the theory of tensor product for modules of vertex operator algebras
([HLZ1]-[HLZ8]) in Section 3.2.

In Chapter 4 we use the identities obtained in Section 3.4 to obtain differential
equation for the formal g-traces. We obtain a system of differential equations for which

the series

(&

tr(éi/nyl U(qz) L0) w1, qzy) - - - - YuU(gz, ) L(O)rwy, gz, )g™ O~ 31,

ij € N, j = 1,...,n are solutions (here L(0), denotes the locally nilpotent part of
the operator L(0)). Due to the nonsemisimplicity of the operator L(0), the system is
not decoupled, but nonetheless the singular points in the variable ¢ are regular, and
thus one can prove absolute convergence of the formal g-traces in a suitable domain.
We then prove modular invariance for the solutions of the system of differential equa-
tions in Section 4.2. We consider a space of vector valued functions in the variables
z1,...,2n and 7 and we denote the components of these vector valued functions by
Gir,oyin (21, ..o, 203 T) for i; € N, j = 1,...,n. The solutions of the system of differential

equations are naturally elements of this space. Then, for g € SLs(Z),

a f
A

g =
we define the action of g on ¢;, . ;. by
(9¢H1rnin)(z17“'vzn;7)

1 a ©° 0 n, 1 %_5 i
:< )Z,”znkl(.ogw D )

77-+'5 ]1!"'jn!

Jji1=0 Jn=0

aT+
YT+6

z

s and 7/ =

with 2/ =

and where a is the (rational) number wt wi+...+wt w,.
We then prove that the space of solutions of our differential equations is invariant under

this action.



Chapter 2

Associative algebras and bimodules

2.1 Hattori-Stallings trace

In this section, we recall useful properties of projective modules over an associative
algebra A over C. For additional background, see [AF], [Br]. We introduce the Hattori-

Stallings trace, a function
tras : Endg(M) — A/[A, A]

defined on the ring of A endomorphisms of a right projective A-module M, with [A, A]
the linear span (over the complex field) of the set of commutators in A. The Hattori-
Stallings trace will serve as the basic building block to construct symmetric linear
functions on End4(M).

Fix a finite dimensional associative unital algebra A throughout this chapter.

Let M be a right A-module; we equip Hom 4 (M, A) with a left A-module structure
with

(ac)(m) = a(ma)

foralla € A, € Homy (M, A) and m € M. For a second right A-module N, we denote

by 7n,m the natural group homomorphism
T~M M ®4 Homyg (N, A) — Homy (N, M)

given by tna(m1 ® a) 1 n — mia(n), and let Ty = Tarn. Moreover we have a

“contraction” homomorphism

m: M ®sHoma(M,A) — A

m® a— a(m)



Definition 2.1.1. A right A-module M is called projective if every epimorphism of
right modules N % M — 0 splits, i.e., there exists a homomorphism i : M — N such

that o o4 = 1),.

Proposition 2.1.2. Let M be a right A-module; the following conditions are equivalent:
(i) M is projective;
(ii) M is direct summand of a free A-module;

(iii) For any epimorphism of right A-modules Ny 9y Ny — 0 and module map v: M —

Ny, there exists a map v : M — Ny such that go&y =1y.

Proof. (i) = (ii): M is a quotient of a free module: since M is projective, the epimor-
phism splits.

(74) = (vit): Let M be direct summand of the free module F' and consider the projec-
tion p : F — M and the inclusion map ¢ : P — F'. Then there exists a map f : I’ — N;
such that go f =~y op. Now take y = foi

(7i1) = (i) Let g : N — M an epimorphism. Then taking v = 17, g o5 = 1, so the

sequence N — M — 0 splits. |

Let M be a finitely generated right module. A projective basis for M is a pair of

sets {m;}7_; C M, {a;}; € Homy (M, A) such that for all m € M,

n
m = Z mia(m).
i=1
Proposition 2.1.3. The module M has a projective basis if and only if it is projective.

Proof. (=) Let {m;}?_,, {a;}}_; be a projective basis for M. Consider the free module
F on the generators z1,...,z, and the surjective homomorphism 7 : F — M defined
by m(x;) = my, for i =1,...,n. Theni: M — F, i(m) =Y ", z;a;(m) is a section,
and therefore M is a direct summand of F.

(<) Let mq,...,my be a set of generators for M. Consider F' as defined above and

let i be a section from M to F'; we have maps g; € Homy (F, A) such that for f € F,

f=> zigi(f).
i=1
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Define o;(m) = g;(i(m)); then {m;}7_,, {cu}I" is a projective basis for M. |

Proposition 2.1.4. Let M be a finitely generated right A-module. The following are
equivalent:
(i) M is projective;
(11) For any right A-module N, the map Tn @ M ®4 Homa (N, A) — Homy (N, M)
is an isomorphism.

(i1i) The map Tar : M ® 4 Homa (M, A) — End4 (M) is an isomorphism.
Proof. (i) = (ii): Let {m;}", {ai}l"; be a projective basis for M. If f is an element
of Hom4 (N, M), then for all n € N,

™ <2m2®@zof> Zmzaz —f(’l”b)

=1
which shows that 7y s is onto.
Now suppose TM(Z§:1 xj® f;) =0, for x; € M and f; € Hom4 (N, M); rewriting x; in

terms of the basis elements, we obtain

k kK n
Yow@fi=)0) miaile) ® f;
j=1

j=1i=1
n k

=Y mi®Y aiz))f
i=1 j=1

Now for all elements n € N,

k
Zal xj f] Zaz xjf]
7j=1
k
> zifi(n)
j=1

= TN,M Z.%’j@fj (n) =0
j=1

which shows Z?:l z; ® f; = 0 and thus 7x /s is injective.

(i) = (di3): Just take N = M.
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(i4i) = (i): Comsider 31, m; ® a; = 75, (1ar); then for all m € M,
Zmiai(m) =m,
i=1

which shows that {m;}}" ;, {o;}I", is a projective basis for M, and so by Proposition

2.1.3, M is projective. |

Let [A, A] denote the subgroup of A generated by commutators. For a finitely
generated projective right module M, we will call the following the Hattori-Stallings

trace of an endomorphism « € End 4 (M) the element of A/[A, A]:
trar(a) = (75, (@) mod [A, A]

Proposition 2.1.5. Let M, N be two projective right A-modules, and consider homo-
morphisms f € Homa(M,N), g € Homa(N, M). Then

tI‘Mg ] f = tI‘Nf og.
Proof. By Proposition 2.1.4, TA}lN(f) = Zle x; @ f; for elements x; € N, f; €
Homa(M,A) i = 1,...,k, and 75,,(g9) = Zé‘:l yj ® g; for elements y; € M and
gj € Hom4(N, A). Then 75, (go f) = >3 Yi9i(xi) ® f; and
l k
trygof =t » Y ®g; ¥ T ® fi
j=1 i=1

=try Z vigi(xi) ® fi

.3

=" fiwy)g;(wi) mod [A, 4]

i?j

= gj(x:) fi(y;) mod [A, A

iJ
=tryfog.

which concludes the proof. |

2.2 Pseudotraces

In this section we recall the definition of pseudotraces for a right projective A-module

M; pseudotraces are symmetric linear functions on End4(U) which where introduced
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in [Miy2] and further studied in [Ar]; all symmetric linear functions on an algebra A
can be expressed as a sum of pseudotraces for suitable representations of A.

We will say that a linear function ¢ : A — C is symmetric if ¢(ab) = ¢(ba) for
all a,b € A, and denote by SLF(A) the vector space of all such functions; SLF(A) ~

(A/[A, A])*. Any symmetric linear function defines a symmetric bilinear form
(,):AxA—=C

by (a,b) = ¢(ab), and ¢ is said to be nondegenerate if the corresponding bilinear form

is nondegenerate. We denote by rad ¢ the two sided ideal of A
rad g ={a€ A | (a,b) =0 forallbe A}

(the radical of ¢); the symmetric function ¢ is nondegenerate if and only if rad ¢ = {0}.
Let M be a finite dimensional projective left A-module, {m;}? |, {c;}!" | a projective

basis.

Definition 2.2.1. Let ¢ € SLF(A). The pseudtrace map ¢pr on End 4(M) associated
to ¢ is the function ¢ = ¢ otrys; we can express the pseudotrace of an endomorphism

« in terms of the projective basis in the following way:
¢up - Enda(M) — C

a— ¢ <Z ai(a(mi))) :

i=1

Pseudotrace maps are an extension of regular trace functions, and share similar
properties; it is easy to see that the pseudotrace of a product is invariant under cyclic
permutation of the factors [AN]. Moreover, it is clear from the definition that the

pseudotrace map does not depend on the choice of projective basis for M.

Proposition 2.2.2. Let My, and My be two left projective A-modules, and consider

homomorphisms o € Homy(My, M) and 8 € Homy(Ms, My); then

d)Ml(Bo Oé) = ¢M2(aoﬂ)'
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Proof. Follows from symmetry property for the Hattori-Stallings trace (Proposition
2.1.5). |
Importantly, for a given associative algebra A, the pseudotraces of representations

of A span the space SLF(A) of symmetric linear functions on A.

Definition 2.2.3. Let A, B be associative algebras; an A-B-bimodule is a space M
that is simultaneously a left A-module and a right B-module, such that the left action

of A commutes with the right action of B; i.e., for alla € A, b€ B, m € M,
a(mb) = (am)b.

Definition 2.2.4. A symmetric algebra (also called Frobenius algebra) is an associative

algebra equipped with a nondegenerate symmetric function ¢.

Definition 2.2.5. A basic algebra is an algebra A such that A/J(A) is isomorphic to
C™ for some n € N (here J(A) is the Jacobson radical of A, that is, the intersection of

all maximal right ideals of A).

Proposition 2.2.6 ([Ar], [Miy2]). Let A be an associative algebra and ¢ € SLF(A).
Then there exist basic symmetric algebras P; with symmetric linear functions ¢;, and

A-P;-bimodules M;, projective as right P;-modules, such that
d(a) =) din,(a)
i=1

where we consider a as an element of Endp, (M;) by left action. Furthermore, if v is
an element in rad ¢, that is,
d(va) =0

for all a € A, then M; can be chosen to satisfy vM; = 0.

2.3 Symmetric functions on bimodules

Here we introduce symmetric functions over A-A-bimodules. Let A and P be associative
algebras; given an A-A-bimodule M, an A-P-bimodule U, and an A-P endomorphism
f:M®aU — U, we use pseudotraces to construct symmetric functions over M. We

prove that all symmetric functions on M can be expressed as sums of such functions.
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Definition 2.3.1. Let A be an associative algebra, M an A-A-bimodule. A linear
function ¢ : M — C is called symmetric if for all m € M and a € A,
o(am) = ¢(ma).
Let U be an A-P-bimodule, projective as a right P-module. Let ¢ € SLF(P). The
endomorphism ring End(Up) is an A-A-bimodule with actions given by
(a-7)(u) = a(r(u))
(1-a)(u) =7(au)
foralla € A, 7 € End(Up), u € U.

Proposition 2.3.2. The pseudotrace ¢y on Endp(U) is a symmetric linear function

of the A-A-bimodule Endp(U).

Proof. This is just a consequence of the fact that ¢y is a symmetric linear function under
composition. Note that for all 7 € Endp(U) and a € A, at = Loo7, Ta = 7o L.

(Here L, is the P-endomorphism of U given by the left action of the element a € A.)

Then
¢u(ar) = ¢u(LaoT)
= ¢u(7 o La)
= ¢y(Ta)
which proves our claim. |

Let M be an A-A-bimodule, and let Homy p(M ®4 U,U) be the set of all A-P-
bimodule homomorphisms from M ®4 U to U, and let f be an element in this space.

Then for any m € M, the map
U—-U
ur f(m®u)
is a P-endomorphism of U; we can then define
Ty : M — End(Up)

m— (u— f(m®u)). (2.3.1)
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Proposition 2.3.3. The map Ty is an A-A-bimodule homomorphism.
Proof. Let m € M, a € A; then for all u € U,
Ty (am)(w) = f(am @ u) = af(m @ u) = a(Ty(m)(w)) = (aTy(m))(x)
and thus Tt(am) = aT'y(m). Similarly,
Ty(ma)(u) = f(ma @ u) = f(m @ u) = Ty(m)(au) = (Ty(m)a)(w),
which proves Ty(ma) = T(m)a. n
We will consider linear maps qﬁé defined by

¢ M —C

m — ¢y (Tr(m)). (2.3.2)

Proposition 2.3.4. The linear map gbé s symmetric, i.e., for alla € A and m € M,

o1 (am) = o] (ma).

Proof. Using Propositions 2.3.2, 2.3.3,

o1 (am) = ¢y (Tr(am))
= ¢u(aTy(m))
= ¢u(Ty(m)a)
= ¢u(Ty(ma))

= ¢{](ma).

We have obtained a map SLF(P) ® Homy p(M ®4 U,U) — SLF(M). We now
need to show that any elements ¢ in SLF(M) can be obtained as a sum of functions

d)é. We have the following:
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Theorem 2.3.5. Let M be an A-A-bimodule, and let ¢ € SLF(M). Then for i =
1,...,n there exist basic symmetric algebras P; equipped with symmetric linear func-
tions ¢;, A-P;-bimodules U; (projective as right P;-modules) and maps f; in the space
Homy p(M ®4 U;,U;), such that for any m € M,

n

d(m) = _(¢0)fi (m).

=1

The proof of this Theorem is given in Section 2.4.

Remark 2.3.6. It is easy to see that it is enough to prove this for indecomposable
bimodules: in fact, suppose M = M; @ Ms and ¢ = 11 + g, where 1; = |y, .

Suppose there exist algebras P; with symmetric linear functions ¢;, A, P;-bimodules Uj,
and functions g; € Homy p,(M; ® U;,U;) such that 1;(m;) = gf)ﬁ (m;) for all m; € M,;.

Then we can define functions f; € Homy p, (M ®4 U;, U;) by

film®@u) = gilm;®@u)  i=1,2
for all m = mq + mo with m; € M;, i = 1,2. Then

£,(m) = 6f; (mq) = i(my) = di(m)
and

¥(m) = (m1) + (ms) = ¢f}, (m) + ¢ (m).

Remark 2.3.7. In [Ar], the algebra P is taken to be symmetric; although we will not
need to, one can safely relax this hypothesis. In fact, suppose U is a projective right
P-module, ¢ € SLF(P), and {u;,a;} is a coordinate system for Up.

Let I = rad¢; consider the algebra P/I and its symmetric linear function ¢ defined by

¢ on the quotient. Then U/UI is a projective P/I-module, and letting
5¢(u+ UI) = az(u) + UI,

{u; +UI, B;} is a coordinate system for U/UI as a P/I-module. Now if f is an element

of Homy p(M ®4 U,U), we can define g € Homy p/j(M @4 U/UI,U/UI) by
gm@(u+Ul))=f(mev)+UI

Then clearly (bzfj(m) = _gU/UI(m) for all m € M.
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2.4 A square zero extension

In this section we recall the construction of the split square zero extension of an associa-
tive algebra by a bimodule and use it to prove Theorem 2.3.5. Let A be an associative
algebra over the complex numbers and M an A-A-bimodule. We consider the following

product on the space A =A@ M:
(a1,m1) - (az,m2) = (airaz, ayms + myas),

which makes A into an algebra which contains a copy of A as a subalgebra and a copy
of W as a two sided ideal (this algebra is referred to as the trivial square zero extension
of A by M; see [W]).

Proof of Theorem 2.3.5. Let ¢ be a symmetric linear function on the bimodule M.
Then one can extend ¢ to a linear function ¢ on A by letting ¢(a,m) = ¢(m). The

function ¢ is a symmetric linear function on the algebra A: in fact,

¢((ar,m1) - (az, ma)) = ¢(army + miaz)

P((az, m2) - (a1,m1)) = dlagmi + maar)

which are equal since ¢ is symmetric on the bimodule M.
By Proposition 2.2.6, there exist basic symmetric algebras P; equipped with sym-

metric linear functions ¢;, and A-P;-bimodules M; such that on A,
gg = Zn: tr?fi.
i=1
In particular, for any m € M,
n
$(m) = $((0,m)) = > trf ((0,m)). (2.4.3)
i=1

where (0, m) on the right-hand side is seen as an element of Endp, (U;) by left action of
(0,m) on Uy, i.e., trq[Z((O, m)) is the pseudotrace of the P;-module endomorphism of U;
given by u — (0, m)u.

Consider U; as a left A-module by au = (a,0)u and for m € M, u € U; define
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film ® u) = (0, m)u. Since

filma ® u) = (0, ma)u
= ((0,m) - (a,0))u
= (0,m)au

= fi(m ® au),

fi € Homy p(M ®4 U;,U;). Then Ty, (m) is the P; endomorphism given by the left
action of (0,m) on U;; therefore, (2.4.3) can be rewritten as
n
d(m) =D _(¢:)f; (m),
i=1

which concludes the proof. |

Corollary 2.4.1. Suppose v is an element in A such that ¢(vm) =0 for all m € M.

Then the modules U; can be chosen in such a way that vU; =0 fori=1,...,n.

Proof. Let A, ¢ be defined as in the proof of Theorem 2.3.5. Since ¢(vm) = 0 for all
m € M, the element (v,0) belongs to rad ¢ by definition of ¢ and product on A. The

result then follows from Proposition 2.2.6. |
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Chapter 3

Logarithmic intertwining operators

3.1 Generalized modules and logarithmic intertwining operators

After recalling some notions from logarithmic formal calculus, we recall the definitions
of vertex operator algebras and classes of modules. In particular, we will deal with gen-
eralized modules (modules which decompose as direct sums of generalized eigenspaces
for the operator L(0)), and we will consider logarithmic intertwining operators for this
class of modules. For more details, see [FLM], [FHL|, [LL|, [HLZ1]-[HLZ7].

We will denote by x, y, ¢, logz, logy, logq, x1, x2, z3..., logxi,logxs,... inde-
pendent commuting formal variables. For any set of commuting independent formal
variables X and for any vector space VW which does not involve any element of X, we
denote by W{X} the space of formal series in arbitrary complex powers of the for-
mal variables in X. In particular we will consider the space W{x,logz}: an arbitrary
element in this space can be written as

Z Wpmx" (logx)™, wpm € W. (3.1.1)

m,neC

The symbol % denotes the linear map (formal differentiation) defined on W{z,logz}

by

di:( Z wn,ma:”(log:v)m>

m,neC

= Z ((n+ Dwns1,m + (M + Dwnpi1,me1)2" (log z)™
m,neC

(: Z nwmmx”_l(logx)m—i— Z mwnvmmn_l(logx)mﬂ). (3.1.2)

m,neC m,neC
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We will make use of the notiation

log(1-T) = _ZW
n=1

oo
"
el = —
n:
n=0

for any T for which these expressions make sense. Also, for commuting independent

formal variables z, y, we let

log(z + y) = log x + log (1 + %) =logx — io: (=" (g>n

n xr
n=1

For any formal series in W{z,logz} the following result holds:

Theorem 3.1.1. For f(z) as in (3.1.1), we have

eVis f(z) = f(x +) (3.1.3)
(“Taylor’s theorem” for logarithmic formal series) and

Vs f(z) = f(xeY). (3.1.4)

Definition 3.1.2. A wvertex operator algebra is a Z-graded vector space

V=11V

ne”
satisfying the two grading restrictions conditions dim V{,) < oo for all n € Z and

Vin) = 0 for n sufficiently negative, equipped with a linear map

V — (End(V)[[z, 27 Y]]

v—=Y(v,z) = Zvnx_"_l (3.1.5)

and two distinguished vectors, 1 € V) (the vacuum vector) and w € V(o) (the conformal

vector) satisfying:
1. Lower truncation condition: for all u,v € V,

vpu = 0 for large enough n
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2. Vacuum property:
Y(17$) =1y

3. Creation property

Y(v,2)1 € V[[z]] and limY(v,z)1 =v

x—0

4. Jacobi identity: for all u,v € V,

Zo —Z0

x615<M>Y(v, x1)Y (u, x2) — xal(5<x2 — xl)Y(u, z9)Y (v, 1) =

o ( PRy ooy,

5. Virasoro algebra relations: Let
Y(w,z) = Z L(n)z™ "2,
nez
then

[L(m),L(n)] = (m —n)L(m+n)+ 1—12(m3 — M) 040,06

where ¢ € C is called the central charge of V;
6. L(0) grading: for v € V),
L(0)v = nv;
(here n is called the weight of v and it is denoted by wt v)

7. L(—1) derivative property

iY(v,:v).

Y(L(—1)v,z) = .

This concludes the definition.

In what follows, unless otherwise mentioned, we will fix a vertex operator algebra
V' such that V{,) = 0 whenever n < 0 and V) = C1. For a vertex operator algebra V/,
we set

Cn(V) =span{v_nu | v € H Viny,u € V}.
n>0
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Definition 3.1.3. We say that V is Cp-cofinite if
dimV/C, (V) < oc.

Definition 3.1.4 ([H2]). A weak V-module is a vector space W equipped with a linear

map

V — (End(W)[[a:,:n_l]]

v Yy (v,z) = Zvnxfnfl
nez

such that the following properties hold:

1. Lower truncation condition: for all u,v € V,

v = 0 for large enough n

2. Vacuum property:

Yw(1,z) = 1w

3. Jacobi identity: for all u,v € V,

T2 — I

%15(1’1 — xQ)YW(U, x1)Yw (u, x2) — :17015<

)Yw(u, x9)Yw (v, 1) =
Zo

:cl_lé <3;’2 + %o ) Yw (Y (v, xo)u, x2)

x7

Definition 3.1.5 ([Z]). An N-gradable weak module is a weak V-module equipped with

an N-grading W =[], . » W(n) such that for all homogeneous v € V, w € W and n € Z,
VpW € W(m+wt v—n—1)

if w belongs to the homogeneous subspace W,
Definition 3.1.6 ([M1], [HLZ1]). A C-graded vector space W = [[,,cc W, equipped
with a linear map

Yw: VoW — W((x))

vew — Yw(v,z)w
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is called a generalized V-module if for n € C, the homogeneous subspaces W[, are the
generalized eigenspaces of L(0) = Res,xYw (w, x) with eigenvalues n, that is, for n € C,
w € Wi, there exists K € Z,, depending on w, such that (L(0) — n)%w = 0. For
w € Wy, we denote the generalized eigenvalue n by wt w.

We define homomorphisms (or module maps) and isomorphisms between general-
ized V-modules, generalized V -submodules, and quotient generalized V -modules in the

obvious ways.

Definition 3.1.7. An irreducible generalized V -module is a generalized V-module W
such that there is no generalized V-submodule of W that is neither 0 nor W itself. A
lower bounded generalized V -module is a generalized V-module W such that W, = 0
when R(n) is sufficiently negative. We say that lower-bounded generalized V-module
W has a lowest conformal weight, or for simplicity, W has a lowest weight if there
exists ng € C such that W, ;1 # 0 but W) = 0 when $(n) < R(ng) or R(n) = R(no)
but $(n) # J(no). In this case, we call ng, Wy, and elements of W, the lowest
conformal weight or lowest weight of W, the lowest weight space or lowest weight space
of W and lowest conformal weight vectors or lowest weight vectors of W, respectively.
A grading restricted generalized V -module is a generalized V-module W such that W is
lower bounded and dim W, < oo for n € C. An (ordinary) V-module is a generalized
V-module W such that W is grading restricted and W,,) = W, for n € C, where for
n € C, W, are the eigenspaces of L(0) with eigenvalues n. An irreducible V-module s a
V-module such that it is irreducible as a generalized V-module. A generalized V -module
of length [ is a generalized V-module W such that there exist generalized V-submodules
W =W; D .-+ D W1 = 0 such that W;/W; 4y for i = 1,...,1 are irreducible V-
modules. A finite length generalized V -module is a generalized V-module of length [
for some | € Z,. Homomorphisms and isomorphisms between lower-bounded, grading-
restricted or finite length generalized V-modules are homomorphisms and isomorphisms
between the underlying generalized V-modules.

For a generalized module W, the formal completion of W is the space

W= T1 W,
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and for n € C we denote the projection from W to Wi by .

Definition 3.1.8. Let (W1,Y1), (Wa,Ys) and (W3, Ys) be generalized modules for a
vertex operator algebra V. A logarithmic intertwining operator of type (WZVSW) is a
linear map

V(,x): W1 @ Wy — Wsllog z]{z},

or equivalently,

wiy © w(z) = V(way, 2wy = Y > wa)) weya " (logz)* € Wllogz]{z}
neC keN

for all w(;) € W1 and w(y) € Wa, such that the following conditions are satisfied: the

lower truncation condition: for any w(y € Wi, w) € Wa and n € C,

w(l)gij;kw(Q) =0 for m € N sufficiently large, independently of k;

the Jacobi identity:

x615 <$1 _ $2)Y3(v, xl)y(w(l),xg)w(2)

Zo

_xalé <5L‘2 - ) y(w(l), xQ)YQ(U, xl)w@)

= x2_15<$1x_2x0>y(yl(%350)7«0(1),3?2)10(2) (3.1.6)

for v € V, wq) € W1 and w(y) € Wa (note that the first term on the left-hand side is
meaningful because of the lower truncation condition) and the L(—1)-derivative prop-

erty: for any w(y) € Wi,
d
y(L(_]')w(l)wT) = dimy(w(l)vx)

We will denote the space of all logarithmic intertwining operators of type (WVIV‘;”’Vz) by

W3
VW1 Wy

Note that if the three modules Wy, W, W3 are ordinary modules, then all logarith-
mic intertwining operators are in fact ordinary intertwining operator, i.e., there are no
logarithmic terms.

For a generalized V-module W, we consider the semisimple part of the operator

L(0), denoted by L(0)s; also denote by L(0),, the locally nilpotent part L(0) — L(0)s.
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Then L(0), is a module endomorphism of W (i.e., it commutes with the action of V'

on W):

Lemma 3.1.9. Let Y(z,w) be an intertwining operator; then
L(0),YV(z,w) — Y(x,w)L(0), =0

Definition 3.1.10. Let W be a generalized module for a vertex operator algebra. We
define
2O W Wz} logx] € Wlog x]{x}

by

LELO) — L EL(0)s o+ log a(L(0)—L(0),)

Lemma 3.1.11. Using the same notation as above, we have

d o) _ L(0)—1
= L(0)z .

Proposition 3.1.12. Let Y be a logarithmic intertwining operator of type (WKV%) and
let we Wi. Then

(a)
eyL(_l)y(w, x)e_yL(_l) = y(eyL(_l)w, z) =Y(w,z+y)
(b)
y" OY(w, z)y M0 = Y(y"Ow, zy)
(c)

DY (w, 2)e V) = Y(evI—v L) (1 — 47 72O (1 — ya) ™).

3.2 Tensor product of modules and associativity of intertwining op-

erators

In this section, we recall the notion of P(z)-tensor product for modules of vertex op-
erator algebras introduced in [HL1]-[HL3|, [H3] (and then generalized to the case of
logarithmic modules in [HLZ1]-[HLZ8]), and some related results that we will need

later; in particular, we will state associativity for intertwining operators.
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Related to the concept of intertwining operator is that of intertwining map: a P(z)-

W3

intertwining map of type (W1W2

) is a linear function

IZ:W1®W2—>W3

satisfying the following conditions: the lower truncation condition: for wy € Wy and

w(gy € Wa and any n € C,
Tn—m I (W(1) ® w(z)) = 0 for m € N sufficiently large;

and the Jacobi identity: for v € V, w(yy € W1 and w(y) € Wa,

_ Tr1 — Z
T 15( 11.0 )}g(v,xl)I(w(l)®w(2))

r1 — X
- 2_15( : 2 O>I(Y1(U»$o)w(1) ® w(z))

_ —z+x
+ 1 15<l‘01)I(w(1) & YQ(U, xl)w(g))

Let Y € (Wvlv‘j‘w), and let p € Z; then the map

Iy’p Wi @ Wy — W3

w1y @ wizy = Y(w(), T)w(a)

an=en(log z+2mip) (log(z))™=(log z+2mip)™

is a well defined P(z)-intertwining map of type (W?/SVQ); for any p € Z, the correspon-

dence Y — Iy ), is a bijection with inverse denoted by I — Yy, ([HLZ3]).

Definition 3.2.1 ([HLZ1]-[HLZ7]). Given two generalized V-modules Wj, Wy, their
P(z)-tensor product is a third module, denoted by W; K P(z) W2, equipped with an
intertwining map

@p(z) WL Wy, — W, gp(z) Wy

such that for any generalized V-module W3 and intertwining map I : Wi @ Wy — W,

there exists a unique V-module morphism n : W1 Xp,) W2 — W3 such that
I'=nolp,),

where 7 is the unique map 77 : W1 Mp(,) Wo — W3 extending 7.
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From the definition, one can see that given two V-modules, if their P(z)-tensor

product exists then it is unique; moreover we have the following:

Proposition 3.2.2. Let Wy, Wy, W3 and Wy be generalized V -modules and ¢ : W1 —
W3 and ¢ : Wy — Wy be V-module homomorphisms. Suppose that the P(z)-tensor
products W1 p(,) Wo and W3 Xp(,) Wy exist and denote their intertwining maps by I,

15 respectively. Then there exists a unique V. homomorphism
eRpy Y Wi KWy — W3 KW,
such that for all wiy € W1 and w(g) € Wa,
I (p(w()) ® Y(wz))) = ¢ Wpzy 1o N(way @ wy).

We recall some results from [HLZ5] concerning associativity of logarithmic inter-

twining operators.

Theorem 3.2.3 ([HLZ5]). Let V' be a vertex operator algebra whose category of gen-
eralized modules is closed under P(z)-tensor product, and such that every generalized
module satisfies the C-cofiniteness condition and the quasi-finite dimensionality con-

dition; let Wy, Wy, W3, Wy, M be generalized V -modules.

1. Consider intertwining operators Y1 € (WVY}I\/[)’ Yo € (Wiww3)' Then there exists a

Wy

WiRp (o) Wa Ws) such that

unique intertwining operator Y € (

<w24), Vi(way, 1) Vo (w(2), T2)w(s))

T1=Z21, T2=22

= (W(ays V' Wpgy 0 (W0(1), T0)W(2), 22)10(3))

To=z0, T2=2%22
whenever 2o = 21 — 22 and |z1| > [22] > |z0] > 0, for all wyy € Wi,wp €

Wg,w(3) € W3 and U)E4) € Wi

2. Let Y! € (MWV%), V? e (le\/[WZ). Then there exists a unique intertwining operator

w.
V1 of type (W1W2®13(Z2)W3) such that

<w£4), yl(yQ(wu) ) 300)10(2), $2)w(3)>

To=21—22, T2=22

= <wE4)a A% (w(l)a "El)y@p(@),g (w(2) ) CEQ)U)(3)>

T1=21, T2=22
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whenever |z1| > |z2| > |21 — 22| > 0 for all wy € Wi, wy € Wa,w) € W3 and

wE4) € Wj.

3.3 Elliptic functions and Eisenstein series

In this section we recall some basic properties of the Weierstrass g function and Eisen-
stein series; in particular, we will be using the Taylor and Fourier g-expansions of such
functions. For additional background, see [L, Z]. For z € C, we will use the notation
q. = €™, We first introduce a formal power series related to the expansion of the
Weierstrass g function: for m > 0,

m ml —1)mym qla:_l
Pyyr(w;q) = (2mi) ™) <m, T 1) )

] _
= m! 1 q

where (1 — ¢!)™!

is the power series >, ¢"* in the formal variable q. For 7,z € C
satisfying |q¢-| < |g.| < 1, the series Py,11(qz;qr) is absolutely convergent, and for

lgz] < 1 the g-coefficients of P,,+1(qz;q) are absolutely convergent. Let

or(2:7) = 1 + ( 1 N 1 n z )
- _ 2
k00 N (kt+1)  kr+1 (kT+1)
1 1 1
oz =5+ Y (e - G
2 hz00) (z — (kT +1)) (kT +1)

and for m > 2, let

10
@m+1(z;7—) = —E&@m(zﬂ')-

These functions have Laurent expansion

1 2k +1 —m
pm(Z;T) = me + (_1)mz < >G2k+2(7')22k+2

m—1
E>1

in the region 0 < |z| < min(1, |7|), where Gai2(7) are the Eisenstein series defined by

1
Gosa(T) = Y,
miez00) T+

for k > 1. Moreover, let

=5+ ¥ Yot

meZ\{0} leZ
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It is known that the Eisenstein series have g-expansion
2(27”:)2k’+2 o l2k+1q£

Gk (T) = 202k +2) + =5 > Ty

We use the following notation to denote these as formal power series in the variable g:

2(27[.Z')2k+2 & l2k+1ql

keN
(2k+1)! = 1—gq"’ <

Gopr2(q) = 2((2k +2) +

and similarly for the expansion of the elliptic functions

- 1 o (2k + 1\ ~ -
Pm(z;q) = om T (‘Umz (m _ 1>G2k+2(Q)~’U2k+2 ", m=1,2,...
k=1

For z € C such that 0 < |z] < 1,

m—1

n(zi6) = (=1)" (Palai) = oy (Cala)z = 7))

and O, (2;¢r) = pm(z; 7). The following is well known:

a p
Proposition 3.3.1. For any element g = € SLy(Z), and m =1,2,...
v 4
_ z at+ B
ifm>1,
om(z+T77) = pm(z+ 1;7) = pm(2;7)
and

p1(z+ 1;7) = p1(2;7) + Ga2(q)

p1(z+71;7) = p1(2;7) + Ga(T)T — 2700

Proposition 3.3.2. Let f(q) be a modular form of weight k. Then the function Vy(f)
defined by

@mfgiﬂ®+%Gﬂ®ﬂ®

is a modular form of weight k + 2.
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3.4 Formal g-traces of logarithmic intertwining operators

In this section we consider modules for a vertex operator algebra which admit a right
action (by module endomorphisms) of an associative algebra P. We then consider
products of intertwining operators which commute with this action; in particular, we
are able to define the formal g-trace of such products by using pseudotraces on the
P-endomorphism ring of the L(0) generalized eigenspaces in the V-modules. We use
properties of pseudotraces and intertwining operators to derive identities for the formal
g-traces.

Let P be an associative algebra equipped with a symmetric linear function ¢, and fix
a vertex operator algebra V. We say that a generalized V-module W is a V -P-bimodule
if W is a right P module and P acts on W by V-module endomorphisms, that is, for

anyv eV, weW,and p e P,
Y (v,2)(wp) = (Y (v, 2)w)p.

Proposition 3.4.1. Let W, be an L(0)-generalized eigenspace of W for the eigenvalue

n. Then Wi, is a P-submodule of W; if W is a projective right P-module, so is Wiy,

Proof. This is clear since the action of P commutes with L(0): let p € P and w € W,;

then there exists k € N such that (L(0) — n)*w = 0. Then

(L(0) =n)*(wp) = ((L(0) —n)*w)p =0

which proves the first part of the claim; the second part follows since Wy, is a direct

summand of W. ]

As a consequence, the action of P commutes with L(0)s and L(0),,. Suppose now W is
a grading restricted generalized V-module, projective as right P-module. Then for any

generalized eigenspace W[}, we can define the pseudotrace
gbw[n] : Endp(W[n]) — C;

and for a given element a(xy,...,zx) € Endp(W){x1,...,xk,logz,... logx,}, we
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define

o0 i
tr(é)va(ajl, ... ,xn)qL(O) = Z ng[n] <7Tna Ti1y...,T Z (log q)" ) ‘ q"
= Win

neC

where 7, : W — W[, is the projection on the generalized eigenspace W,. Note that
since L(0),, is locally nilpotent, the summation over i is finite for any value of n € C.

If W has finite length [, then the powers of log ¢ are globally bounded by .

Remark 3.4.2. Suppose T € Endp (W[n}), and let {w;}? ;, {ai};_; be a projective
basis for W,). Let w; € W[’n ; be the linear function defined by (w], w) = ¢(a;(w)) for
all w € Wy,). Then one can express the pseudotrace of T" as

s

¢W[n] (T) = Z<w£7 Twi>'

i=1

In particular, for any n € C let {wn;};";, {ani};", be a projective basis of W, and

let a(xy,...,xx) as above, one can express the g-trace of a(xy,...,z,) as
(L(0)n)’ :
tra,a(:cb R Z Z Z < wy, 5 (T, .. an)anm- (loggq)’ | ¢"
neC i=1 =

where w;, ; is defined as above and extended to an element of W’ by letting it map to

0 the generalized subspaces for eigenvalues different from n.

Now let W;, Wi, i =1,...,n, be grading restricted generalized modules for V', and
suppose Wy is a V-P-bimodules, projective as right P-module. Moreover, consider log-
(W

W W) i=1,...,n, where we use the convention

arithmic intertwining operators ); €
Wy = W,. If the action of P commutes with the product of the intertwining operators,

i.e., for all w; € W;, @, € Wy, and p in P,
Vi(wi, 1) -+ Yo (wn, ) (Wnp) = (V1(wr, 21) - - - Y (Wn, Tn)Wn )p,
then one can define the formal q-trace
tr%nyl (w1, 21) -+ - Yolwy, 2n)g™ 0.

Remark 3.4.3. Using the same notation as above, suppose the modules W; for i =

1,...,n are V-P-bimodules, with W} projective as right P-module, and the action of
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P commutes with all the intertwining operators, i.e., for all: = 1,...,n for all w; € W,
w; € WZ’, and p in P,
Y(wi, z)(wip) = (Y(wi, )w;)p.

Then the product of the intertwining operators commute with the action of P and
tl"%/nyl(wl, 1) -+ Vo(wn, 1) g4

is well defined.

Definition 3.4.4. Let W, be a V-module and W7, Ws be V-P-bimodules; we will say

Wa

WWl) is a P-intertwining operator

that a logarithmic intertwining operator ) of type (
if

Y(w,z)(wip) = (V(w, z)w:)p
forallpe P, we W, Wi € Wj.

Remark 3.4.5. Note that for any set of intertwining operators )i, ..., YV, of the above
types, one can always consider W; as a projective right P-module with P = C and
¢ = 1c. In this case, tr® corresponds to the ordinary matrix trace of the action of the

intertwining operators on the vector space Wn.

Remark 3.4.6. Using the same notation as in Remark 3.4.2, we can express the formal

g-trace as

tr%/n%(wl, z1) - Y(wn, $n)qL(O)

S (o) ;
- L(0),)? -
BN <w;,i,y1<wl,xl> o Vlm, ><<>>w> (log g’ | "
neCi=1 \j=1 J:
In particular, as a formal series in the variables g, log g, its coefficients are finite sums
of genus-one correlation functions; one will be able to use properties of these correlation

functions to obtain properties for formal ¢ traces.

Following [H2], we use the concept of geometrically modified intertwining operator.

Let Aj, j € Z4 be the numbers defined by the formal relation

9

1 .
— log(1 + 2miy) = | exp Z Ayttt 9y

271 ;
JEL+
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and let Ly (A) =) A;L(j); then the operator U(1) is defined by

JEZy
U1 = (2mi) O L+ (),

Also let U(z) = 2“OU(1), for any element x for which the expression makes sense: it
follows that
y"OU() = U(ya).
Definition 3.4.7 ([H2]). Let Wy, Wa, W3 be V-modules, and Y a logarithmic inter-
W3

twining operator of type (W1W2)' The operator Y(U(x)w,x) is called a geometrically

modified intertwining operator.

Here we recall some of the properties of the operator (1) and of the geometrically

modified intertwining operators; see [H2] for these results.

Lemma 3.4.8. Let Y be an intertwining operator of type (nga,z) for grading restricted

generalized V -modules Wy, Wo, W3. Then foru € V and w € W1,

Y (U(z1)u, 1), Y(U(22)w, 22)]

T1

= 2miResy0 e
e2miy x,

> YU(x2)Y (u, y)w, x2) (3.4.7)

Lemma 3.4.9. Let Wi, Wy, W3 be grading restricted generalized V -modules, and Y

and logarithmic intertwining operator of type (WKVSVQ) Then for any wy € W1,
d
YU(x)L(—wy,z) = QWix@y(U(x)wl,:n). (3.4.8)

Lemma 3.4.10. For any generalized V-module W and u € V, we have the U(z)

conjugation property
U@)Y (u,y) =Y (U (ze*¥)u, 2™ — 1))U(x). (3.4.9)

We will consider formal ¢-traces of products of geometrically modified intertwining
operators

tr%/n%(U(%)wh z1) - Vn(U(zn)wn, xn)qL(O)

for intertwining operators whose product commutes with the action of P. Many of the
properties of regular traces which hold in the completely reducible case carry over to

the logarithmic setting.
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In the following, for any v € V', we denote by o(v) the constant term of the operator

Y (2", z) acting on a generalized V-module; that is,
o(v) = Resxx_lY(:UL(o)v,x) = Vst p—1-

Lemma 3.4.11. Consider grading restricted generalized V-modules Wi, W; for i =
1,...,n, with Wy = W, and logarithmic intertwining operators Y; of type (:f;;i) for
i=1,...,n. Moreover, suppose Wy is a V-P-bimodule projective as a right P-module
for some algebra P equipped with a symmetric linear function ¢, and that the product

of the intertwining operators Y1,...,Y, commutes with the action of P. Then for any

veV, w; € W;, we have
tr%ﬂY(L{(a:)u, )V (U(x1)wr, 1) - Yo (U (20w, a:n)qL(O)

= Z Z Pt <%;q) trf}vnyl(U(xl)wl,xl)'

i=1 m>0
o Vit (U (i1 )wi—1, 2i—1) ViU (2 ) umw;, ;)
Vi1 Ui ) wigs, Ti1) - Vo (U (@)wn, 20) 2O
+ tr% oUM)u) V1 U (1 )wi, 21) - - Vo U(20)wn, 2)g" (3.4.10)
and

St M@ )wr, o) - Vi Ui wir, w1
=1

ViU (i )uows, 23) Vigr U (@51 Wi 1, Tig1) - YU (@) wn, 2) g™

=0 (3.4.11)

Proof. By the commutator formula,

Y (U (z)u, 2) V1 (U(z1)wr, 21) -+ - V(U (20w, Tp)

= Z ViU(z)wi, 1) - Vit U(@i—1)wi—1, 2i-1)-
i—1

Y (U@ u, ), ViU (20)wi, )| Viga (U (Tip1)wigt, Tig1):

+V1(U(z1)wr, 21) - V(U (20)wn, 2,)Y (U(2)u, )
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n
= Z; 27miRes,d (62my ) ViU (zy)wy, 1) - Vier (U (i) wiy, zi-1)-
ViU(21)Y (w, y)wi, 26) Vigr U(@ip1)wigr, Tig1):
+ Yn(U(2p)wn, Tn)
+ V1 (U(x1)wr, 1) - Y (U (xp)wn, )Y (U (2)u, x).
Since P acts on W, as V-module endomorphisms, and the product of the intertwining
operators ) ...V, commutes with P, the pseudotrace of each term in this expression

is well defined. Therefore, by linearity of pseudotraces, ¢“(%) conjugation property and

cyclic property of pseudotraces,

Y (U (@)u, 2) V1 (U(z1)wr, 21) - Yo (U (@n)wn, 70) g
- Z 2miResyd ( o >y1( (z1)wy,x1) - Vo1 Uz 1) w1, x5 1)-
ViU(21)Y (u, y)wi, ) Yigr (U (Tip1)wig1, Tig1)-

V(U (xn)wn, l’n)qL(o)

+ trf}vnyl U(x1)wr, 31) - - Yol () wp, 20)Y U(2)u, z)g™ O
= Ztr%n%riReSy& ( T, ) ViU (z)wr, 1) - Vet U(i—1)wi—1, 25-1)-
i—1
- Vi(U(21)Y (u, y)w, wi)yi—&-l(u(xi—l-l)wi—o—la Tit1):
: 'yn(lx{(:z:n)wn,xn)qL(o)
+ 118, VU )wr, 1) - Vo U(@n)wn, 2)g"OY (u (z) “ z)
= ;tr%ﬂ2ﬂ'iReSy5 (eQny%> Vi (U(z)wr, z1) - Vi U@ wi1, Ti1)-
ViU(x1)Y (u, y)wi, 4) Vig1 (U(Ti41)Wi1, Tig1)-
) -yn(U(xn)wn,g;n)qL(O)

bl y (u (Z) “ z) VU@ )wn,21) - - Vo U)o, )g"O



= Ztr%ﬂQwiResﬁ <$) yl(U(iﬂl)wl, x1) e yi_l(U(l‘i_ﬂwi_l, xi—l)'

627m'yxi
i=1
: yi(u(atl)Y(u, y)wi, in)yi+1(u($i+1)wi+17 xz‘+1)'
VU (@) wn, 20) O

1%}

N (q_x%> tr% Y(Z/{(a:)u, x)yl (U(xl)wl, xl) ... yn(u(xn)wn, xn)qL(O)

n

and thus
(1= 0773 ) by, Y U(@)u, o)1 @anywn,a1) - YU (@n)wn, 2a)g"

= Z tr%ﬂZWiResyé <3§‘> yl(U(:El)wl, 551) s yi,l(U(xi,l)wi,l, $i,1)-

271 .
i=1 e,
ViU (21)Y (u, y)wi, i) Vigr U(Ti41)Wit1, Tig1):

te yn(u(xn)wna xn)qL(O)

=1 Li
ViU(x1)Y (u, y)wi, 4) Vigr (U (@41 Wi 1, Tig1)-
e yn(u(mn)wna xn)qL(O)

L3S B (0 (1),

Ly

V(U (x)wr, z1) - Vi1 (U(xi—1)wi—1, 1)
ViU (1) umwi; ) Vier U (i) wigr, Tig1)-
< VU (@n)wp, ) g™
LSS = (2™ ON™ [tz
Sy ) ()

i=1 m=0 =1 Ly oz

6, ViU )wr, 1) - Vi (U (i) wior, wioa)-
- ViU (1) umwi, i) Vi1 (U@ 1) Wit 1, Tigr)-

. yn(u(xn)wny xn)qL(O)

+ 2mi ZM(U(m)wh x1) - Vicr(U(xi—1)wi—1, xi—1)-
i1

V(U () )uows, 1) Vig 1t U(@i1) Wi 1, Zig1) - YU (@) wn, 2) g™ O

. a 1) . 27riy3:i% x
= Z tI‘WHQﬂ"LReSye id | — yl(LI(:rl)wl, 1‘1) ce yi,l(Z/{(xi,l)wi,l, xifl)'

36

Since the operator (1 — q_xa%) kills constant expressions in the variable z, the left hand
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side has no constant term as a series in x. This implies

Ztr~ ViU (xr)wr,z1) - Vie1 (U (zi—1)wi—1, Ti—1)-

ViU (i Yuows, 23) Vigr U (@51 Wi 1, Tig1) - - YU (@) wn, 2) g

(1 — q_za%> tr® YU (x)u,2) V1 (U (x1)wr, 21) - Yo (U (20w, xn)qL(O)

1\ o= (2mi)mH z! !
55 (cory )

1 )

trf}v ViU(z)wr, z1) - Vier U (zi—1)wi1, Ti—1)-

n

ViU (1) umwi, ) Vi1t (U (@41 )Wig1, Tig1)-

T yn(u(a;n)wrw xn)qL(O) .

o)
Then invert the operator (1 — ¢ *2= ), with the appropriate constant term:

ey, Y (U(@)u, ) U(e)wr, @) - VaU(@n)wn, a)g

n

= tr%ﬂo(U(l)u)yl(U(xl)wl, 1) -+ Vo (U(x0)wn, 20) g~
s 2\ o 271'2 m+1 T
+(1—q a) ZZZ ( () 41 l)
i=1 m=0 I=1 i T

twf, ViU(a)wr,a1) - Vi (Ui )wioy, wion)-
ViU (z1)umwi, ©5) Vi U (@i )witt, Tigr)-
(U (n)wn, wn)g"”
& oUMuViU(x1)wr, 1) - Yol (@n)wn, a)g

n.o %o > 27.” m+1 qla?l Pl
- —l m m
+ZZZ ( ) (1_ql)$é+ (l—q) —1

tr% V(U (z1)wr, 1) -+ Vie1n (U(i—1)wi—1, Ti—1)-

n

ViU (w1 ) umwi, ) Vipr U(2i41)Wig 1, Tig1):

e yn(u(xn)wnv xn)qL(O)
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= tl"fi/no(U(Uu)yl(u(xl)wl, 21) - V(U (2n)Wn, xn)qL(O)
n oo 00 2i m-+1 l(Zi =l ﬂ ¢
SR (rtty o )
tr? V(U () w, 1) - Vie (U@ w1, 2i1)-
: yz(u(xl)umwza xz)szrl( (xi+1)wi+1, xi+1)‘
e yn(u($n)wn7xn)qL(0)

= e, U U )wr, 1) - VU () n, )gHO

n

+> ) Pt <%;Q> oy, ViU(n)wr,z1):

Vicr(U(@i—1)wi—1, Ti—1) ViU (i) umw;, ;)

Vit Ui ) wigt, Ti1) - - Vo (U@ wn, 20) 2O

We will now consider finite length module whose weights are real. We choose the
branch of log z such that 0 < I(z) < 2m, and for any z,n € C, we define 2" = ™18,

Moreover, we will make the following assumptions:

e (Convergence of genus zero correlation functions) For any generalized V-modules
Wi, Wi, i = 0...n with W,, = Wy, for any elements w; € W;, w,, € W,,, 0!, € W/,
and for logarithmic intertwining operators ); € (VV;’ ;/Vlz)’ 1 =0...n, the genus zero

correlation function

<u~14m yl(wla Zl) te yn(wn7 Zn)wn>
is absolutely convergent in the region |z1| > |z2| > ... > |z,] > 0.

e (Associativity for P-intertwining operators) For any generalized V-modules Wi,
WQ, V-P-bimodules Wy, Wy, W3, logarithmic P-intertwining operators ); €
(Wz Ws) Y € ( ) there exists a V-P-bimodule M, a logarithmic intertwin-
ing operator Y3 € (WIJV[VT/Q) and a P-intertwining operator ), € ( MWI/%) such that

for any complex numbers z1, zo with |z1] > |22 > |21 — 22| > 0 and w; € WA,
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we € Wy, wy € Wy, w’l EW{

(wl, V1 (01, 21) Vo (12, 22)ws)

= (w), Va(V3(1, 21 — 22)12, 22)w3)

e (Commutativity for P-intertwining operators) For any generalized V-modules

Wl, WQ, W1, Wy, W3, logarithmic P-intertwining operators ), € (Wzvévg)’ Vo €

(0

W W2)there exists a V-P-bimodule M and logarithmic P-intertwining operators

W - S
Y; € (W;M) and YV, € (Wf\’/[W3) such that for any W € Wi, wy € Wo, ws € W3,

w) € W], the multivalued analytic function
(wy, Vi (w1, 21) Vo (2, 22)ws)

in the region |z1| > |z2| > 0 is an analytic continuation of the multivalued analytic

function
<w/17 yg(’dlg, 2’2)3}4(11)1, Zl)w3>
in the region |z9| > |21] > 0.

Our goal is to obtain differential equations for the genus-one correlation functions.

In order to do that, we need to derive formulae for
tr%nyl(u(l'l)wl, 1) - ViU () L(=1)wi, x7) - - - Yo (U (20 )wp, ) g4,

which is related to the derivative of the formal ¢-trace with respect to the variable x;;

hence, we consider the expression
by, ViU (zn)wr,an) - ViU(@)Y (u,y)wi, i) - - Vo U (2n)wn, 20) g
Using the U(x) conjugation property, one can rewrite this as
¢ .
tl"Wnyl (L{(xl)wl, .1‘1)
VY Uz Y, (2™ — DU (z)w;, ;)

e yn(u(xn)wna xn)qL(O)

then, in order to use formula 3.4.10, one rewrites the iterate as a product using asso-

ciativity for intertwining operators.
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Lemma 3.4.12. Let Y be a logarithmic intertwining operator of type (WWV“J,I) for grading
restricted generalized V -modules W, Wy, Wi. Then for any wj € Wj,w; € Wi,w € W,

and for any complex number z satisfying |q| > 1> |q. — 1| > 0,

(wo, V(Y (U(2qz)u, 2(q- — D)U(x)w, z)ws)

= (wp, Y (U(zq)u, 2q.) YU (x)w, 2)w:) (3.4.12)
Proof. Using associativity for intertwining operators, we see that

(why, V(Y (U(21q2)u, 21 (g2 — 1))U(21)w, 21)wy)

= (wp, Y (U(21¢:)u, 214:) Y (U(z1)w, 21 )wr) (3.4.13)

holds for any complex numbers z,2; in the region |z1q.| > |21| > |21(q. — 1)| > 0,
or whenever z; # 0 and |¢,] > 1 > |¢g. — 1| > 0. Then for a fixed z in the above
region, we have two series in powers of z; (not necessarily integral), and log z1; by our
assumption on the modules, these powers must form a unique expansion set, and thus
the coefficients of the two series must be equal. Then, we can replace the complex

variable z; in (3.4.13) with the formal variable x, which concludes the proof. n

Proposition 3.4.13. Consider grading restricted generalized V -modules W; and V -P-
bimodules W; fori=1,...,n, with Wo = W, and P-intertwining operators Y; of type
(VV%I%) fori=1,...,n. Moreover, suppose Wy is projective as right P-module. Then
for anyv e V, w; € Wi, and any integer j, 1 < j <mn,

by, ViU(@r)w, o) - Vi U g1 w1, 2-0) Yy (U(2;)Y (v, y)w;, ;)
Vit (U(@j1)wir1, 1) - V(U (Tn)wn, xN)qL(O)

m

= n%:o(_l)m—i_l <@m+1(_y§ q) + (}gfm(ég(q)y + 7TZ)> .
tr?}ynyl U(z1)wr,21) - Vi1 (U(zj—1)wj—1,Tj-1)

ViU(zg)vmws, ©5) Vi1 (U(Tj41)wj41, Tjr1):

te yn(u(mn)wny mn)qL(O)

23 Pus (i)

1#j m>0
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: tr%nyl(u(xl)wla x1) - Vict(U(xi—1)wi—1, xi—1)-
’ %(U(azi)vmwi, xi)yi+1(u(xi+1)wi+1’ :L'i+1) e yn(z,{(;pn)wn’ g;n)qL(O)

+tr, o(U(L)0) V(U (1w, 21) - Vo U (), 70)g" ). (3.4.14)
Proof. By induction on j; when j = 1, by Lemma 3.4.9,

tr?}vnyl U(z1)Y (v, y)wr, 1) Vo (U(z2) w2, 22) + - - Yo (U (23 )W, xn)qL(O)
= tr V(Y U(@1¥™ o, 21 (2™ — 1))U(1)wn, 71)-

: yQ(Z/{(wg)w27 1’2) te yn(u(xn)wna wn)qL(O)
and using (3.4.12), for any complex number z such that |g.| > 1 > |¢, — 1| > 0,

trgvnyl U(x1)Y (v, 2)w1, 21) Vo (U (x2)wa, 2) - - - Yo U (20w, ) g~
= tr‘%/nyl(Y(M(xlqz)v, 21(qz — 1)U (z1)wy, 21)-
V(U (w2)wz, w2) -+ V(U (@) wn, ) g O
=t Y (U(@10:)v, 210:) V1 (U (21)wn, 21)-

: y2(u(l'2)w2a .562) tee yn(u(xn)wna xn)qL(O)
Now by 3.4.10 with © = x1q., we get

o, ViU(@n)Y (v, 2)wi, 20) Vo U (w2)wa, 22) - - Vo U (@n)wn, 20 )g" O

1
=Y Pun (qz;q> o, ViU(@1)vmwr, 21)-

m>0

Vo (U(xo)wa, 3) - - - Vo (U () wn, ) g~

+ Z Z P <:,;f;z7 Q> tré,ﬂ% U(z1)wr, z1) - Vier (U(xi—1)wi—1, Ti—1)-

=2 m>0
V(U ) vmwi, ) - Vied U (@1 wis 1, Tig1) - YU (@) wn, ) g O

+ trf oU(L)0) V1 U(@1)wn, 1) -+ Yo U(@n)wn, 2a)g"

= Z (—1)m*! <@m+1(—z; q) + aZim(éz(q)z + m)) tr%nyl(l/{(xl)vmwl,xl).

m>0

Vo (U(x2)wa, 22) - - - Yo (U (0 )y, ) X

+> > Pun < . ;q> tl"f}vnyl (U(z1)wr, 1) -+ Viea (U (Tim1)wi—1, Tio1)-

X
i=2 m>0 14z
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’ yi(L{(xl)vmwi, ;) - yi+1(u(3€z‘+1)wz'+1, Tig1)  VouU(Tn)Wn, xn)qL(O)

+ ey UL U @ )wr, 1) -+ Vo (U ()10, 70)g O

which proves the base case. Now suppose the result holds for j > 1, and use commuta-

tivity for intertwining operators. |

Proposition 3.4.14. Using the same notation as in the previous Proposition, for all

veV andl > 1, we have

trf/ivnyl (u(qzl)wl, qz1) T yjfl(u(qzjfl)wjfl, qufl)yj (u(qzj)v—le7 qzj)'

‘ y’i"r]. (u(q,zzurl )wi+1) quJrl) Tt yn (U(QZn)wna QZn)qL(O)

- 2k +1
=S () Gl 1 @l o)
=1

U yjfl(u(qzjf1)wj*17 qufl)yj (u(qzj )U2k+2—le7 qu)'

Vit (u(qzi+1 )wi+17 qz¢+1) T yn(lxl(qzn)wn, qzn)qL(O)

> [ —m — 1Y\ _
+ Z Z (_1) +l< l -1 >@m+l(zz - Z], q)tr%nyl(u(qzl)wla Qzl)'
i#j m=0
e yi—]. (u(qzi,1 )wi—].) QZi,l)yi(u(QZi)Umwia QZZ)

Vit U@ )Wig 15 Gosyy) - VUG5, )0, g2, ) g

+011G2(q) Z trf,},nyl U(qz)w1,qz) - Vi1 (U(Qz;_y JWi-1, Gz, )
i=1

: y'l (u(qzz)(vl + 'UOZZ')’U),L', QZi)yi+1(u(QZi+1)wi+1a qzzqu)'
- VuU(az,)wn, gz, )"

+ 51,1“%"0(“(1)@)3’1 (U(gz)w1,¢z) - Vo (U(@2)) Wiy ¢2,)g" O (3.4.15)

Proof. Notice that the coefficients of (3.4.14) as a series in the formal variables ¢, log ¢
are absolutely convergent in the region |g.,| > ... > |g,,| > 0. Since the g coefficients
of Pom(z,q) are absolutely convergent when |z| < 1, we can substitute y = z, x; = ¢,,

fori=1,...,nin (3.4.14),

trf%/nyl (U(Qzl)wla (]zl) e yjfl(u(szq)wjfla quq)yj (u(qu)Y(v7 Z)U]j, qu)

* yj+1 (u(q2j+1)wj+la szH) e yn(u(q,zn)wnv q,zn)qL(O)
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= Z(‘UmH (@mﬂ(—z; q) + %(éQ(Q)Z + m’)> :

tr‘gvnyl (U(gz)w1,qz) - Vi1 (U(gz; Jwj-1,0z; )
. y] (Z/{(qzj )Umwja qu )yj+1(u(QZj+1 )wj+17 sz+1)‘
-+ Vn (U(QZn>wm an)qL(O)

+y > (—ymt (@m—H(Zi — 2 = %4)

i#j m>0

) T Golg) (- 25— 2) - m))-

8, VUG w0, 42) - Vi U Jwio, g )

ViU (g5, omwiy 42) Vgt U(Gagy ) Wig 15 Qi) -+ - Yo U(Gs, )W, €, ) g2
+ tr%no(l/{(l)v)yl (U(gz)w1, ¢z - - YuU (g, )wn, qzn)qL(O).

The result follows by taking the coefficient of =1 and using the ¢ expansion of §(z;q)

and (3.4.11). .

Taking v = w and [ = 1 in (3.4.15), one obtains

tré/nyl (u(qz1)w17 qzl) T yjfl(u(qzjfﬂwj*l’ qzjfl)yj (u(qzj )w,le, qzj)'

: yi+l(u(q,zi+1 )wi+17 qzi+1) e yn(u(qzn)wn’ qzn)qL(O)

Zé k+2 tr~ yl( (q21)w17q,21).
k=1

Vi1 Uz )wji—1, @z ) Vi (U2 )war+1w5, Gz;)

’ yi+1(u(qzi+1 )wi+17 qz¢+1) T yn(u(qzn)wm qzn)qL(O)

+ZZ(— )" G (2 Zj;Q)tr%nyl(u(q,zl)wlaqm)'

i#j m=0
Vi1 (u(qzi71 )wiflv Az )yl (u(qzi)wmwh qzi)'

° yi"rl (u(q,zwl )wi+17 q2i+1) T yn(u((hn)wm QZn)qL(O)

+ Galq Ztl”~ V(U@ )wi, gz,) - Viea UGz, Jwio1, G2,y )

: yl (u(qzz)(wl + wozi)w’ia q,Zi)yi+l(u(qZ¢+1 )wi+17 qzi+1)'

“+Vn (U(an)wna QZn)qL(O)
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T trf/i[/no(u(l)w)yl (u(qzl)w1? q21) e yn(u(qzn)wm qzn)qL(O)
now since wy, = L(k — 1), and since U(1)w = (27i)? (w — £51), we obtain

tr%nyl (U(QZ1 )’U)l, QZl) T yj—l(u(qzj_1)wj—17 qu_l)yj (u(qZ])L<_2)w]7 qZ])

’ yi+1(u(qzi+1)wi+1a qu+1) T yn(lzl(qzn)wn, qzn)qL(O)

Zé k+2 tl"~ yl( (qz1>w1ﬂq2’1)'
k=1

o yj_l(Z/l(qzj—l )wj—17 Qz;_1 )yJ (U(QZJ- )L(Qk)wj7 QZJ-)'

) yi+1(u(QZi+1)wi+1a QZi+1) o Yn(U(qz, )wn, QZn)qL(O)

+ Z Z (1) G (21 — 253 q)tr(gvnyl (U(qz1)w1, gz )
i#j m=0
Vit (U(qz )wit, @z ) ViU (qz) L(m — Dw;, gz, )-

: yz’-&-l(u(inH)wi—i—l, QZi+1) Tt yn(u(q,zn)wnv q,zn)qL(O)

+ Ga(q) Ztr?nﬂ(u(qm)wl, Qz) - Vic1(U(Gz, )wiz1, ¢z 1)

’ yi(u(qzi)(L(O) + L(_l)zi)wiv qzi)yi+1(u(qzi+1)wi+1) q,z¢+1)'
- Vo U(gz, ) wn, ¢2,) M)

+ (2mi)*, (L(O) - i) :

: yl(u(qu)wlv qZ1) o 'yn(u(QZn)wna QZn)qL(O)- (3-4-16)

3.5 Duality properties for P-intertwining operators

In this section we derive associativity and commutativity properties for P-intertwining
operators, under the same assumptions as Proposition 3.2.3: we show that in the state-
ment of these two properties, all the modules can be taken to be V-P-bimodules and
all intertwining operators to be P-intertwining operators. In particular, under those
assumptions all identities in the previous sections hold.

Let W be a generalized V-module and W5 be a V-P-bimodule. We can define a
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right action of P on Wj Xp(,) Wa the following way: for any p € P, consider the map

Idwl®p:W1®W2—>W1®W2
w1 ® wy — wi @ (wap);

then, by Proposition 3.2.2, there exists a unique V-homomorphism Idw, Xp(.) p of

Wi &p(z) Ws such that
Np(z © (Idw, © p) = (Idw, Bp() p) © Kp(z)- (3.5.17)

so we let p act on Wi Kp(,y Wa by

wp = (Idw, Mp(;) p)(w)

for any w € Wy Wp(,) W2, and extend it to the formal completion W1 Mp(,) Wa; thus
(3.5.17) becomes

Rp(z) (w1 ® (w2p)) = Bp(z) (w1 @ wa)p (3.5.18)

for all wqy € Wy and wy € W5, Thus, W K P(z) W2 can be seen naturally as a V-P-
bimodule; moreover, the intertwining map Xp(,) commutes with the action of P. In

particular, P commutes with the intertwining operator Vg (20"

Proposition 3.5.1. Let ) € (WI/Y%) and Vs € (WQ/IW:’)) be two logarithmic intertwining
operators, where Wi, Wo, W3 are V -P-bimodules, M is a generalized V -module, and P
commutes with Y1 and Yo. Let Y € (WWV%) be the logarithmic intertwining operator as

in Proposition 3.2.3 (1.) (here W = W1 Rp(,) Wa). Then P commutes with Y*.

Proof. Let p be any element in P; for any two V-P-bimodules W2, W3, generalized
V-module W', and intertwining operator ) € (WVY;/Q), consider the logarithmic inter-

twining operators ),, VP € (W‘QVVBVQ) defined by

Vp(w, 2)w® = (), ) (w®p)

for all w) e W', w® e W2, It is clear that Y, (resp. YP) is an intertwining operator

since p acts on W? (resp. W?3) as a V-module homomorphism. Then P commutes
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with ) if and only if )}, = )P for all p € P. Consider ()Jl)p and (Y)P: then for
w(y) € Wi, weg) € Wa, wgy € W, w24) € Wy, and for all zo, 21, 22 such that zo = 21 — 29,

|z1] > |22| > [20] > 0,

(W{gys VNV Vip.y) 0 (w1 20)w(2), 22)w(3))
= (w(y, (yl(yxp(zo),o(wu), 20)W(2), 22)W(3))P)
= (pwigy: V' (Vi) 0(W(1), 20)W0(2), 22)w(3))
= (pw(g), YV1(wqy, 21) V2 (w(z), 22)w(z))
= (w(gy: V1 (w(r), 21) 2 (wiz), 22)w3))p)
= (w(gy V1(w(y, 21) (Va(wiz), 22)w3))p)
= (Wig), 1wy, 21) (Vo) (wiz), 22)wz))-

Similarly,

/

(w{gys V)p(Vp (. 0 (W) 20)w(2), 22)w(3))

= (W(g), V' VMp(g 0 (W (1) 20)w(2) 22) (w(3)D))
= (w(gy: V1(w(y, 21) V2 (w(2), 22) (wz)p))

= (wig): V1(w(ay, 21) (V2)p(w(2), 22)w(3))

= (wigy, V1(wa), 21) (Vo) (wea), 22)wz))-

Thus, by uniqueness in Proposition 3.2.3 (2.) applied to the intertwining operators )

and ())P we see that (Y!)? = (Y!), and therefore P commutes with Y!. |

Proposition 3.5.2. Using the notation of Proposition 3.2.3 (2.), suppose the modules
Wy and Wy are V-P-bimodules, and the intertwining operator Y' commutes with P.

Then the logarithmic intertwining operator Y1 also commutes with P.

Proof. Note that since W3 is a V-P-module, the right action of P on W3 defines a
right action of P on Wy X W3, and y@P(Q),O commutes with P. Now for w(;) € Wi,
/

weg) € Wa, wizy € W3 and Wiy € Wy, and for complex numbers zg, 21, 22 such that

|z1] > |22] > |z0| > 0, 20 = 21 — 22, for any p € P

(wigys V)P (wiays 21) Vitp.,,0(W(2), 22)w(3))
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= (wigy: V1(w(1), 21) Vip.,, 0 (W2); 22)w(3))P)
= (pwig), Y1(w(), 21)Vitp., 0(W(2), 22)w(3))
= <Pw24) , yl(yQ(w(l)v 20)W(2), 22)W(3))

= (w€4), (V' (Y (w(), 20)w(a), 22)w(3))p)

= (wigy, VPV (w(), 20)w(2), 22)w(3))-

Similarly, since Vg P(ag)0 commutes with P,

(wigys V)p(w(ays 21) Vitp. ) ,0(W(2), 22)w(3))
= (w(gy: V1(w(ry, 21) (Vip.,, 0 (W2); 22)w3))P)
= (W), V1 (w(1); 20) Vrp(y 0(W(2), 22) (W(3)P))
= (w(y), V' (V*(wqy, 20)w(2), 22) (w(s)p))
= (wigy, P)p(V*(wqr), 20)wi), 2)w(s)
= (W), PPV (w), 20)w(z), z2)ws)).

The conclusion thus follows from uniqueness in Proposition 3.2.3 part (2.) applied to

the intertwining operators (Y!)? and Y2. |

We summarize these results in the following.

Theorem 3.5.3 (Associativity for P-intertwining operators). Let Wy, Wy, W3 be V-P-

bimodules.

(i) Let M be a V-P-bimodule and Y1, Vo be two P-logarithmic intertwining operators

of types (WVY?W)’ (WQJW3), respectively. Then there exist a generalized module W, a P-

intertwining operator Y* of type (WI;VWz) and a logarithmic intertwining operator Y? of

type (WWV%,?)) such that for all wiy € Wi, wy € Wa, w(g) € Ws, wyy € Wy,

<w’(4), Vi(w(y, 21) Vo (w(2), 22)w(z))

= (w£4),y2(y1 (w(1)7 21 — 22)1‘0(2)7 zQ)w(3)>

for all z1, zo such that |z1] > |2z2] > |21 — 22].

(ii) Let W be a generalized V -module, Y a logarithmic intertwining operator of type
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(v

ng)f and Y? a P-intertwining operator of type (WYVW2)' Then there exists a V-P-

bimodule M and P-intertwining operators Y1, Vo of types (Wml/%), (WiWWS), respectively

such that the same conclusion as in (i) holds.
We now state the commutativity property.

Theorem 3.5.4 (Commutativity for P-intertwining operators). Let Vi, Yo be P-

logarithmic intertwining operators of types (WVY?VI), (Wéng,)’ respectively, for generalized

V-modules W1, Wy and V-P-bimodules W3, W4, M. Then there exist a V-P-module

Wy )’(Ml

My and logarithmic intertwining operators Vs, V4 of type (W2 7 W1W3> respectively,

commuting with the action of P, such that for any wqy € Wi, we) € Wa, wz) € Ws,

w24) € Wy, the multivalued analytic function
(wE4), Vi(wy, 21)V2(w(g), 22)w(s))

on the region |z1| > |z2] > 0 and the multivalued analytic function
<w24)ayB(w(z),Zz)y4(w(1),zl)w(3)>

on the region |za| > |z1] > 0 are analytic extensions of each other.

Proof. Using associativity twice, by the previous propositions one sees that all the outer
intertwining operators commute with P. Recall ([HLZ2]) the operator €2, : V“//I[//fwg —
VWVZSWI defined by

Q,«(y)(w@),l‘)w“) _ €wL(_1)y(’w(1),6(2T+1)7ril‘)w(2)
for any r € Z; then Q_,_1(Q2,())) = Q. (Q_,_1(Y)) =Y for any Y € VgVVfWQ.

We know by Theorem 3.5.3 that there exist a module M, an intertwining operator
V! and a P-intertwining operator }? such that
(wigys V1(wiry, 21) Vo (w), 22)w(z))
= (w(y), Y (V! (wqry, 20)w(2), 22)w(s));

now substituting

Y (wy, zo)wiz) = Qo(Q-1 (V) (w(r), zo)w(z)

= emOL(_I)Q,l (yl) (w(2) , emxo)w(l)
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we obtain (in the region |z1| > |22| > |21 — 22])

<w24) s V1(wy, 21) Va(wiay, 22)w(s))

= (w{y), V(0 (V') (wa), €™ 20)wy, 22 + 20)ws));

which is an extension of <wE4),y2(Ql(J}1)(w(2),zg — z1)w(1), 21)w(z)) defined on the
region |z1| > |z2 — 21| > 0. Now by Theorem 3.5.3 (ii), we know that there exist a V-P-

Wy )’( My

bimodule M; and P intertwining operators )3, V4 of type (W2 M,y W1W3) respectively,

such that

(w{gy, V2 (V) (wa)s 22 — 21)wqry, 21)w(s))

= (W), V3(wa), 22)Va(w(ry, 21)w(z))

This concludes the proof. |
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Chapter 4

Genus one correlation functions

4.1 Differential Equations

In this section we derive a system of differential equations satisfied by the formal ¢-
traces, using the identities obtained in the previous chapter. The main technical as-
sumption used in this chapter is the Ca-cofiniteness of the generalized V-modules, which
is used to prove that a particular module over a ring of functions is finitely generated.

We denote by G the space of all multivalued analytic functions defined on the region
|z1] > |z2] > ... > |z,| > 0 with preferred branches on |z1| > |z2| > ... > |z,| > 0,
0 < argz; < 2w for i = 1...n. For any such function f(z1,...,z,), the function
f(@z,---,qz,) is a multivalued analytic function defined when |g.,| > ... > |¢.,|. We

denote by G the space of such functions. Let

R = C[G4(q), Ge(q), 92(2i — 2j;:q), 93(2i — 253 9)]

let V' be a vertex operator algebra with central charge ¢, and assume all lower bounded
generalized V- modules are R-graded and satisfy the Cy cofiniteness condition. For

V-modules W1, Wy, ..., W,, we denote by T' the graded R-module
RIWI®...0 W,,

with grading induced by the grading by generalized eigenvalues on W7y, ..., W,,. Denote

by T, the homogeneous subspace of degree r € R; moreover, define a filtration on 7" by
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F(T); = [1s<, Ts- Let J be the R-submodule of 1" generated by the elements

Aj(v;w, ..., wp)

:1®w1®...®wj,1®v,2wj®wj+1®...®wn

00
+ Z(Zk + 1)G2k+2(q) QW R ... QWj—1 @VgpgW; @Wjt+1 Q... 0 wp
k=1

+ Z Z (=D)"™(m + 1)Pm2(zi — 2;)®

i#j m=0
W Q... QWj—1 QUpW; QWjt1 Q... Wn

forveV,w, e W;,i=1...,n,and 1 < j < n. The filtration on T induces one on J,

and we will denote by F(J), the r-th subspace in the filtration.

Proposition 4.1.1. There exists N € R such that for any r € R, F(T), = F(T)n +
F(J),.

Proof. Let N such that

HTTgZR@Wl®...Wif1®02(Wi)®Wi+1®...Wn;
1

r>N 1=
then clearly if r < N, F(T), C F(T)ny = F(T)n + F(J),. We now prove on induction

on k € N that if r = N + k, then F(T), = F(T), + F(J),. Let r =N + k+ 1 and let

t € F(T),. By definition of N, we can assume
t=10w ® - Qwi—] QV_2w; Q Wit Q... R Wy

for some v € V and w; € Wj, j =1...,n. Observe that the element A(v;wi,...,wy,)

belongs to F(J), and

00
S :Z(Zk + 1)ng+2(q) RW R ... Wj—1 (9 Vg Wj X W41 XR...Qwy

—_

+ 0> (DM m A Dfmga(zi — 2)®

i#j m=0
w1®...®wj,1®vmwj®wj+1®...®wn
belongs to F(T),—1. By induction hypothesis, S € F(T)y + F(J)r—1. Then t =
A(v,wi,...,wp) —s € F(J)r + F(T)N + F(J)r—1 = F(T)n + F(J),. This concludes

the proof. B
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Corollary 4.1.2. We have T = F(T)n + J and T/J is a finitely generated R-module.

Proof. The first assertion follows immediately from Proposition 4.1.1; the second follows

since F'(T)y is finitely generated. |

In the following we will fix an associative algebra P and a symmetric linear function

¢ on P. For V-P-bimodules Wy ... W, with Wy = W,, and P-intertwining operators );

of type (mvg;i), t=1...n,and for w; € W;, i =1,...,n, we consider the map

Fy, . .y, (Wi, wps 21, .., 203 Q)

[

- tr%’nyl(u(qzl)wlv qz1) o 'yn(u(qzn)wnv QZn)qL(O)iﬂ
and we extend it to an R-module map vy, .y, : T — G4((¢))[log q] defined by
fRu1®...Q0wy,+— f-F(wy,...,wi;21,...,2n;q).

We will also use the notation Ffjl ..y, and @Dg}l ...y, When we need to specify the de-

pendence on the symmetric function ¢.

Proposition 4.1.3. The submodule J is contained in the kernel of 1y, . y,; hence

Yy,,...y, induces a map, also denoted by ¢y, . y,, from T/J to G4((q))[logq].

Proof. This follows from applying vy, .y, to (3.4.15) with [ = 2; the resulting equation

implies ¢y, .y, (Aj(v;wi,...,wy)) =0forallve V, w € Wi,...,w, € W,. |

Proposition 4.1.4. For any w; € Wi,...w, € W,, we have the L(—1)-derivative

property
0
T%Fyh_._7yn(w1, ey W 2Ly ey 203 Q)
= Fyh__’yn(wl, N ,wj_l, L(—l)wj, wj+1, ey Wni 21y .y Zny q) (411)
Proof. This is an immediate consequence of Lemma 3.4.8. |

Proposition 4.1.5. Consider grading restricted generalized V -modules W;, W; for i =
1,...,n, with Wy = W,,, and intertwining operators Y; of type (VM[?;T/I) fori=1,...,n.

Moreover, suppose Wy is a V -P-bimodule projective as right P-module for some algebra



53

P equipped with a symmetric linear function ¢. Then for any homogeneous elements

wy € Wi, ..., w, € Wy, and any j = 1,...,n, we have

I SN~ 0 0
N2 ~ .
(2mi) 15 + Ga(q) ;Wt w; + Ga(q) Z%@ =) Gilzi— Zj’Q)ETzi

i=1 Y iy

cFy oy (Wi, w21, 205 Q)

n
+Ga(0) Y Fyy oy, (Wi, wisg, L)W, Wigt, . W 215+, 203 )
i=1

= Fy27._.7yn (wl, N ,wj_l, L(—2)wj, wj+1, ey WniZ1yee .y Zn; q)

- Z é2k+2(Q)'
k=1

Py, oy (wr, . wim, L2E)wj, wig, ..., wpi 21, - -5 203 Q)
o
+3 D () (zi — 7)1 0):
1#j m=1

“Fy, oy, (wr, . wimn, Lim — Dwi, wiga, .., wps 21, -2, 205q) (4.1.2)

Proof. This follows from (3.4.16) and the definition of vy, y,, using Lemma 3.1.11
and (4.1.1). |

Remark 4.1.6. This formula differs from the one obtained in [H2], by the presence of

the additional term
n
Ga(q) Yy, y, (wi, . wis1, L), wig1, -, Wes 21, - -+, Zn3 Q)
=1

due to the non-semisimplicity of the operator L(0).

We will now consider a second grading on the space T by “modular weights”: define
the modular weight on the ring R by assigning weight 2k to the function Gay(q) and
weight m to ©,(2;¢), and denote by R, the homogeneous subspace of degree p.

Now ift = f@uw1 ®...®w, € T, with homogeneous f € R, and w; € W;, i =1,...,n,
we assign ¢ modular degree p + > ; wt w;. Clearly from this definition, if v € V' and
w; € Wi, i = 1,...,n are homogeneous, then the element A(v;wi,...,w,) € J has

modular weight wt v+ >~ | wt w; + 1. As a consequence, we have
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Proposition 4.1.7. The ideal J is graded by modular weights; in particular, this grad-

ing induces a grading on the quotient module T'/J.

Proposition 4.1.8. Let Wy, ... W, be generalized modules for the vertex operator al-
gebra V| and consider homogeneous w; € Wy fori=1,...n. Then there exist elements

api € Ry forp=1,...,m such that for any V-P-bimodules Wj and P-intertwining op-
Wj—l
1%

erators YV; of type ( »W-)’ 7=1,....n, with Wo =W, projective as a right P-module,
77"

the series

(&

tra/nyl(u(qzl)wla qu) et yn(u(qzn)wn, qzn)qL(O)—ﬂ

satisfies the differential equations

gmp

m—p
0z;

am "
azm@_‘_ § :apvl'(zla"wzn;Q) @ =0. (413)
1 p:l

fori=1,...,n, in the region 1 > |q,| > ... > |qz| > |q| > 0.
Proof. Consider the submodule M; of T'/J generated by the elements
1w ... 0 wi—1 ® L(—1)*w; @ wiy1 @ ... wp + J

for k € N. Since R is Noetherian and 7'/J is finitely generated, M; is also finitely

generated. Therefore there exists an integer m and elements a,; € R such that

1®w1®...®wi_1®L(—1)mwi®wi+1®...wn+J
m
= api(z1,..., 203 q)-
=1
IR ... w1 ® L(—l)mfpwi RWip1 ® ... wy + J. (4.1.4)

Note that since the modular weight of 1 @w; ®...Q@w;_1 ® L(—1)*w; @wi11®. .. w,+J
is Y, wt w; + k, we can choose the element a,; to have degree p. The conclusion
follows by applying the map )y, .y, to both sides and using the L(—1) derivative

property. |

Given a logarithmic intertwining operator ) of type (Wvlv‘i”%), for generalized modules
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W1, Wo, W3, we will consider the map

YE Wy @ Wy — Wa{x}[logz]
w1 Q@ wy — y(L(O)flwl, x)we

for k € N. Since L(0), acts on Wj as a V-module endomorphism, Y*) is itself an

intertwining operator of the same type. Also, for j = 1,...,n define

RQiluw ®...0 w,) =

w1®...®wj_1®L(—2)wj®wj+1®...®wn
o0 ~
=) Gortalq)
k=1
-w1®...®wj,1®L(2k:)wj®wj+1®...®wn

+ Z Z " om1(zi — 2559)

i#j m=1

-w1®...®wi—1®L(m—1)wi®wi+1®...®wn.
Then, according to (4.1.2), we have

Yy, 0, ( Q1w ®...Qw,)) =

O ~ " 8
(2772)2ng + Ga(q) Z wt w; + Gg Z zZ Z 01(zi — zj5q 82
i=1 1#j '

“Fy, oy (Wi, w21, 205 q)

Zf yh Vi1 ,yi+1,...yn(w1"'"w”;zl""’z";q)' (4.1.5)

For a« € C and j =1,...,n, we define the differential operator

d a
O;(a) = | (2mi)? I5g T Ga(q)a + Ga(q Z zz =Y 61z — ziq )5 | (41.6)
i#£] !

and introduce the notation

Dj(a)Fy, .. v, (W1, .., W 21, .., 205 Q)

= Oj()Fy,,. .y, (wi,..., w21, 20;q)
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n
+Ga(0) Y Py, (Wi, wist, LO)nwi, Wit o W3 21, 203 )
=1

and inductively

k
(H DﬂOﬂ)) Fy, oy, (Wi, .. w215 .05 203 Q)
=1

k
= Oj(n) ((Hpj(al)> Fy,,. v, (w1, ... wn; 21, . .. ,zn;Q))

=2
~ n k
+Galg) > ( D](al)>
=1 \[=2
. F)’L..-,yn(wlv ey, Wi—1, L(O)nwi, Wi41yeeoyWni L1y .-y 2n; q).

Remark 4.1.9. Using this notation, (4.1.5) can be written as
n
U1, (i1 Qw1 ® ... @ wn)) = D; (Z wt wz’) Yy, (1@ w1 .. @ wy).
i=1
We now want to extend Q); to a map Q; : T' — T such that, for any ¢ € T' of modular

weight a,

U, (Q5(1) = Dj(@)y,, 3, (1)

This is necessary since we will need to apply ¥y, ..y, to repeated iterations of the map
Q; on the element 1 ® w1 ® ... ® w, for homogeneous elements wi, ..., wy,; and while
the elements of T obtained this way are not homogeneous in the conformal grading,

they have a well defined modular weight.

Definition 4.1.10. We define functions 9, : R — R for j = 1,...,n in the following

way: let

Ny O ~ ~ ~
9;(Gr(q)) = (2W@)2q5qu(q) + kGa(q)Gr(q),
and for the formal series O, (2 — 2s;¢7) with 1 < r # s < n and any m > 2, and
j=1,...,n, we define ¥;(©,,) by
ﬂj(@m(fzr - Zs?Q))
Ny O _ ~ -
= (2772)261871%(% — 25;q) + mGa(qQ)Pm (2 — 255 q)

- mé?(‘])(zr - ZS)@m-i—l (Zr — Zs; Q)
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+mOm+1(2r — 2519) (91(2r — 2539) — H1(25 — 253 9))
if j ¢ {r,s}; and by
Vj(Om(zj — 25:9))
= (200l 20) + mCa(a)n (s ~ 2250)
—mGa(q)(2j — 2s)Pm+1(2j — 251 9)
— mPm+1(2j — 253 0)91(2s — 253 q)
if j = r, and we extend ¥; as a derivation on the ring R.

Proposition 4.1.11. Let p(z1,...,2n;q) = U(Pm(2r — 25;q)); then @(z1,...,2n;¢r)
converges uniformly to an elliptic function in the variables z1, . .., z, with possible poles

at zr = zg+mT+n,n,meZ, r,s=1,...,n. Moreover, for any g € SLa(Z), if

a B
g:
v 4
we have
o Z1 Zn . O”’“’B _ (’}/T+5)m+2 (,O(Z p _7_)
,y7_+67"'?’y7_+57/y7_+6 1)"'7 3] .

Proof. Easy computation using transformation properties of g, and Gy under the

action of SLy(Z). |

In particular, ¥; is indeed a map from R to R and if f € R has modular weight p, then
¥;(f) has modular weight p 4+ 2. We then consider the C-linear maps Q; : 7' — T for
j=1,...,n defined by

Qi(fle)@w1 ® ... wy)

=f(¢) - Qilow ®...0w,) +7;(f(q) ®w1 & ... R wp;

note that if the modular weight of ¢t € T"is «, then the modular weight of Q;(¢) is a+2.

Proposition 4.1.12. Let t € T be an element of modular weight a: then

Yy, 2. (Q5(t) = Dj() -y, 3, (1)
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Proof. 1t is enough to prove this for elements ¢ of the form ék(q) QW ®...R w, or
Om(zi — 2j;9) QW1 ® ... ® wy. Suppose t is of the first form with Y ;" | wt w; = s with

k + s = a. Then

Yy, 0. (Q5(1))

=9y, (Gr(@Qj(1 @ w1 ® ... @ w,) + 0(Gx(q) w1 @ ... @ wy)

ék(Q)Dj(S)Fyl,...,yn (Wi, .y Wi 21,5 203 Q)

N L
+ <(27”)2qaqu(Q) + sz(Q)Gk(Q)) Fy, vy, (Wi,...,Wn;21,...,%0;q)

=Dj(s+ k)ék(q)FyLm’yn (Wi, ..oy Wp; 21, vy 205 Q)

Dj(@)¥yy,... v, (1)-

The proof of the other case is a similar computation. |

Proposition 4.1.13. Let o =Y | wt w;; then for any s € N, we have

1/}))1’“_,3;” (Q;(l QW ®...& wn))

S
= HDj(oz +2(s—1))  Fy, .y, (wi,...,wn;21,...,20;q). (4.1.7)
i=1

Proof. We proceed by induction on s; the base case s = 0 follows by definition of
¥y,....y,- Now suppose the claim holds for s —1; then by (4.1.2), and since QFlow ®

... ® wy) has modular weight equal to a + 2(k — 1),
Yy, (LR W ® ... @ wy))
= Oj(a+2(s = 1))y, 2 (Q T (1@ w1 ® ... © wy))

n
+Gg(q)z¢yh_“7yiihy’_<1) o Q1w ®...0w,))
i—1 i Yitlyeedn

s—1
=0jla+2(s—1)) (HDJ(OHF 2(s—1- l))> '

=1

. Fyl,...,yn(wla <., Wni 21, - - azn7Q)

n s—1
+ o) (H Djla+2(s— 1~ m) ~
i=1 \il=1

: Fy1,...,yn(wla vy Wi—1, L(O)nwi7wi+la sy Why Ry ey 20y Q)
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=0j(a+2(s—1)) (HDj(a +2(s — l))) .

=2
cFy, oy (Wi, We 21, 205 Q)
+Galg) ) (H Dj(a+2(s — l))) '
i=1 \i=2

: Fyl,...,yn(wla .. 'awi*].vL(O)nwhwi#’la s awTL;Z].?’ . "Z’n;Q)

s

= HDJ(Q+2(S_Z)) 'Fyl ----- yn(wb'"7wn;zl>"'7zn;Q)7
=1

which concludes the proof. |

Proposition 4.1.14. Let Wy,...W,, be generalized modules for the vertex operator
algebra V, and consider homogeneous w; € Wi for i =1,...n; let o = Y " | wt wj.
Then there exist elements b, ; € Rop for p=1,...,m such that for any V-P-bimodules

Wj and P-intertwining operators Y; of type (JVV]T ), 7 =1,...,n, with Wy = W,
J

projective as Tight P-module, the series

Y = Fy17--~7yn(w17 ey Wy 21, .- Znaq)

satisfies the differential equations

[[Pi(a+2(m 1))
=1
+D bpi(z1, s 20i4) 1:[ Dj(a+2(m—p—1))p =0 (4.1.8)
p=1 =1

forj=1,...,n, in the region 1 > |q,,| > ... > |qz| > |g| > 0.

Moreover, for any k =1,...,n, the series

or(215- -+ 203 q)

= F:)(é)hm’yn(/l,l)I, e 7wk717 L(O)nwkv wk+17 s 7wn; Zl; s Z7L7 q)
also satisfies (4.1.8), for the same choice of elements by, ;.

Proof. Consider the R-submodule M of T'/J generated by the elements

AAow ®...0w,) +J
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for k € N. Since T/J is finitely generated and R is noetherian, M is also finitely
generated; therefore, there exists m and elements b, ;(21,...,2n;9) € R, p=1,...,m

such that
Q;‘n(1®w1®...®wn)

m
+pr,j(zl,...,zn;q)Q;n_p(1®w1 ®...Qw,) € J.
p=1

Since the modular weight of Q;(l QW ®...Qwy,) is a+ 2i, we can choose by, ; in Rop;
then applying ¢y, .y, to both sides of the equation and applying (4.1.7), we obtain
(4.1.8).

The last part of the proposition follows by applying the first part to the intertwining

1
Operators yl?"'ayk—lay]g )>yk‘+1>"'7Yn- n

Remark 4.1.15. Note that the coefficients b, ; only depend on the elements wy, ..., wp;
in particular, they do not depend on the choice of algebra P and symmetric function ¢

in the definition of the pseudotrace.
Remark 4.1.16. For i; € N, and i =1,...,n, let

Piq,...in (Zla <y 2n; Q)
= Fy, .y, (L(0)2wr, ..., L(0)irwn; 21, - . ., 203 @),

The differential equation (4.1.8) depends on all the functions ¢;, . ;,.; therefore, we

obtain a system of differential equations of which {y;, ;.|i; € N,j = 1,...,n} is
a solution. Since L(0),, is locally nilpotent, this system of equations is finite; if the
modules Wy, ..., W, all have length smaller than [, then we obtain a system for the

I(n + 1) functions {y;,, i,l5; = 0,...,1,7 = 1,...,n}. If the modules are ordinary

modules the system decouples and we obtain the equations in [H2].
Proposition 4.1.17. The series

Fy17-~~7yn(w17'"7wn;21""7Z’n;QT) (419)

is absolutely convergent in the region 1 > |q,| > ... > |¢z.| > |¢-| > 0| and can be
extended to a multivalued analytic function in the region (1) > 0, z; # z; + 1+ m7 for

1#£ 74, 1,méE€ 7.
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Proof. For fixed zi,...,2, such that |gs,| > ... > |g.,| > 0, the coefficients in the

variable ¢, log q of the series

Fy, v, (Wi,...,wn;21,...,20;Q)

are absolutely convergent, and the series satisfies a system of differential equations with
a regular singular point at ¢ = 0 and analytic coefficients. Since the coefficients of the
differential equations are analytic functions in z1, ..., z,, ¢-, with possible singularities
in the region (1) > 0, z; # 2z; + 1+ m7 for i # j and [,m € Z, the solutions of
the system (4.1.8) can be extended to an analytic (multivalued) function in the same

region. |

We will call genus-one correlation functions the analytic extensions of (4.1.9) to the

region (1) > 0, z; # z; + 1+ m7 for i # j, [,m € Z, and we will denote them by

=6
Fyl,.‘.,yn(wl» e Wi 21y e ey 20 )

Proposition 4.1.18 (Genus-one commutativity). Let W; be V-modules, W; be V-
P bimodules and Y; intertwining operators of type (WW;T;ll) fori = 1,....n, with
Wo = W, projective as right P-module. Then for any k < n — 1, there exists a V-P-

bimodules Wi, and intertwining operators Ve, JA)k_H of type ( Wi ), ( Wi—1 ) such

Wi Wi i1 W1 Wi
that
Jd ) )
Vo (WL Wn5 21, 203 T)
—F° S (W1, e ey W1y Wit 1y Wiy WEt 2 -+« , W
Vi, Ve—1,Ve+1:YE,Vie42,-Yn ’ ’ ’ N L
Rly ey Ri—1yRi41yRiy Zi42y + + + 5y Rny 7’)

as multivalued analytic functions.
Proof. Follows from commutativity for P intertwining operators. |

Proposition 4.1.19 (Genus-one associativity). Let W; be V-modules, W; be V-P-

bimodules and Y; intertwining operators of type (WWI;l 1) fori=1,...,n, with Wy =

W, projective as right P-module. Then for any k < n—1, there exists a V-P-bimodules
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Wk, and intertwining operators JA/k, JA/kH of type (WkWV(/IZJrl)’ ( Wi ) such that the

Wi Wit1
series
F¢ j} _
V1o V- 1,Vk4 1, Vbt 2500 Vn (wl’ e Wh—1, (wk’ k Zk+1)wk+1’
Wkt 2y v ey Wiy 21y e vy 20 T)

7¢ A
- Z Fyl;~~~7yk71»3>k+1’yk+27~-~,yn (Wi, -y w1, Pr(Y(wk, 2 = 2041)Wiet1),
reR

Wkt 2y« v ey Wiy 21y e vy 20 T)
1s absolutely convergent in the region

1> gz | > ""qzk—1| > ‘qzk+1“" > |z, > [gr| >0

and 1 > |q > 0 and converges to 7 Wi, ..., Wy 21y, 2n;T) when 1 >
( yl?"'yyn

zk—zk+1)|

gz > ... > gz, | > |g-] > 0 and ’q(zk_zk-i»l)‘ >1> ’q(zk_zk+1) —1]>0.

Proof. By associativity for P intertwining operators, there exist a V-P-bimodule W,
. .. % < Wk Wk—l

and intertwining operators Y, Vit1 of type (Wka+1)’ (Wka+1) such that for any

21,...,2n € C satisfying 1 > [g,[ > ... > |qz,| > 0 and [qz, | > [gz, — @z,.,| > 0, and

for any element @/, € W/, 1w, € W,

<w;17 yl (U(QZ1)wla (Izl) c e yk—l(u(qzkfl)wk—la QZkfl)'
Vi1 U@ ) Vi (Why 25 — 251 W1, Qzpsr )
. yk+2 (U(sz+2)wk+27 sz+2> L yn(u(an>wn7 q,zn)wn

= <wfm yl (U(QZ1)w17 q21) e yn(u(an)wn, qzn)wn>

and therefore as series in ¢ and log g,

tr%/nyl (u(qZI)w17 QZ1) cee yk_1(u(qzk71)wk_1, qzk71)~

: 3>k+1(u(qzk+1)3>k(wk, 2k = 2kt 1) Wit 1 Qo )’

LO0)-5

. yk+2(u(qzk+2)wk+27 sz+2) .. yn(u((hn)wm QZn)q

c

- tr%nyl UGz w1,z - - Vo (U(qs, ) wn, gz, ) g~ O30

The right hand side is absolutely convergent when ¢ = ¢ and 1 > |q,,| > ... > |qy ]| >

lgr| > 0, the right hand side is also absolutely convergent if |q., | > [q., — ¢z, | > 0,
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and satisfies the same system of differential equations as

c

tl“f%/nyl (U(qzy )W1,Gz,) - - - V(U (g, )W, QZn)qL(O)_ﬁ.

So in this region the left hand side converges absolutely to a function that can be

extended to the multivalued analytic function

=9
Fyl,...,yn(wh ceey Whs 21, .- 7Zn)7-)’

which concludes the proof. |

4.2 Modular invariance of the space of solutions

In this section we consider a space of functions which contains the solutions of the
system of differential equations (4.1.8), and we define an action of the group SLs(Z) on
the elements of this space. We prove that the space of solutions of (4.1.8) is invariant
under this action.

We will introduce the following notations: let x be the space of sequences (indexed
by n indices) of analytic multivalued functions in the variables zi,...,z2,,7, on the

region (1) >0, z; # z; +nT +m for n,m € N, i # j
o = (I>(zl, . ,Zn;T) = ((Z)h,.u,in(zlv . azn;T))il,...,ineN

with preferred branches on the region 1 > |g,,| > ... > |¢..] > |¢r| > 0, such that
bir,...in, = 0 whenever max{iy,...,i,} is sufficiently large. We will also denote an
element ® of x by (¢;,,..4,) or using a multi-index notation (¢,) for y ranging over N".
The sum of sequences of this kind is defined component by component, so that if ®!,
2 are two elements of y, the pu-th component of ®! + ®? is (qﬁllt + qf)i) and similarly we
can define the product by another analytic function. Moreover, we extend differential

operators to xy component-wise:

0 09y .
<aZi<I>>M— B2 1=1,...,n.

For j =1,...,n,let dj : x — x be the shift operator on the j-th coordinate defined by

(djq))il,m,in = gbil7---7Z'j717ij+1,ij+1,~~-in‘
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Note that for any ® € ¥, d;‘?(I) = 0 if k£ is large enough; therefore for any function

f(z1,...,2n;7T), the operator

is well defined.

Now, for « € C and j = 1,...n, we define Dj(a) : x — x by

n

Dj(a) = Oj(a) + Ga(7) Y d;

i=1
where Oj(«) is defined as in (4.1.6) (with (27Ti)2q§—q = 2m’%) and extended component-

wise to x.

Remark 4.2.1. Using the notation as in remark (4.1.16), for fixed elements w; € Wj,

i=1,...,n, and intertwining operators )i, ...Y,, one can consider the element of y

¢ = (¢i1,---,in)i1,--~7in€N-

Then if by j(#21,...,2n;7) 7 =1,...,n are defined as in Proposition 4.1.14, by the same

proposition we have

(H Dj(a+2(m — 1))
=1

m

m—p
+pr] Zly.ey 2034 HDjaJer p—1) | ®=0. (4.2.10)
p=1 =1

Definition 4.2.2 (SLy(Z) action). Let a € C, and consider an element g in SLy(Z),

a B
g:
vy 9
For & € x, we define
Dlya(21,. .., 2057)
1 \"¢
- | Al Y - o+ p (4.2.11)
YT+ 6 YT + 6 YT+ T+ 6

=1
Proposition 4.2.3. For any a € C, (4.2.11) defines an action of the group SLs(7Z) on

the space x.
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aT+

YT+

We will also use the notation 2/, 7/ to denote and respectlvely Note that

T+6

for any function f(z1,...,2n;q), g € SL2(Z), and any ® € ¥,

(f®)

ga=f(21, 20, T)®lga;
in particular, if f € Ry, then f(2],...,2);7") = (y7 +)* f(21,...,2n;7) and thus
(f®)lga=f(21,- 120, T)®P|g.a—p-
Proposition 4.2.4. Let ® € x, a € C and g € G. Then
Dj(a)(®lg.a) = (Dj(a)®)]g,ate2- (4.2.12)

Proof. This is just a straightforward computation, using the transformation properties

of the functions Ga(7) and @i (z;7): for simplicity we use the notation

e — H eflog('yTJré)di

D=0 () atetinnan)

n

= (27m);_+G2( <a+Zd>+G2()Zzifii—Zpl(zi—zj;T)fi

i=1 i=1 1#]

(< ié)“l—[e_log(vﬂré)d@(z;...,z,'I;T')>
T :

=1

Dj(a)(
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1 ¢ d . ,6(1) / / /
<,y7_+5> (& ;ZiaZi(Zl,...,Zn,T)

1\, o

/ / / / / /

_ <’yT+5> e Zpl(zi—zj;T)g(zl,...,zn,T)
(]

i#
2
= 1 “ ed.
YT+ 6
P
<(27T2)g7_( D ;”L’ )+G2 (a/_'_zd) Zl""? 7/7,77—/)
09 a@
+ Go(7") zl{g(z’l,..., T Zpl 82‘(%"“’2;”7/))
1=1 ! i#£] v
which is equal to (Dj(a)®)|g,qa+2, concluding the proof. |

We can then prove the following

Proposition 4.2.5. Let ® be a solution of the system of differential equations (4.2.10).

Then for any g € SLa(Z), ®|g.o is also a solution of the same system.

Proof. Just apply |g.a+2m to both sides of (4.2.10); since by, ; belongs to Ra,, we find

m—p
(bpaj<zla'“7zna HDJa+2m p—l))>

g,a+2m

=bp (21, -, 2n3Q) (H Dj(a+2(m —p— l))@)

=1

g,a+2(m—p)

Now applying (4.2.12) several consecutive times, we obtain

(H Dj(a+2(m —1))
=1

m m—p
+pr,j(zl,...,zn, HDJoz—}—Qm p—1)) | Plga=0
p=1 =1
which concludes the proof. |

4.3 Towards modular invariance for intertwining operators

In this section we will sketch the roadmap to prove modular invariance for intertwining

operators using the results from the previous sections. We recall properties of the N-th
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Zhu’s algebra An (V) (see [DLM1], [HY]) and of the Ay (V')-bimodule A(W') associated
with a grading restricted generalized V-module W ([HY]). Fix a positive integer N and

a vertex operator algebra V. We can define a product x5 on V by

N
N
UXN V= Z (=)™ <m]—i\—7 >Resz:n_N_m_1y((l + 2)HOFNy 2y
m=0

for u,v € V; let On(V) be the subspace of V' spanned by the elements of the form
(L(—=1) 4+ L(0))u for u € V and

Res,z 2V 177y (1 + 2)LOF Ny 2y

Then On (V) is a two sided ideal of V' under *y, and the product *x defines a structure
of an associative algebra on Ay (V) = V/On(V) with identity element 1 + On(V);
moreover, the element w + On (V') belongs to the center of Ay (V).

For any left Ax(V)-module U, we can construct a lower bounded generalized V-
module Sy (U) such that the N — th graded piece of Sy (U) is equal to U and for any
v € V, o(v) acts on this piece by the action given by Ax(V) on U (for details, see
[DLM1], [HY]).

We still need to prove that given an n-point genus-one function

Ff,l’._’yn(wl, e Wi 2Ly e ey 20Ty
and any element g € SLy(Z),
a f

9= )
A

the function
— _ _
Fy17~“7yn ((’77’ + 6) L(O)wla AR (’77_ + 6) L(O)wn; Z&v ) Z':z; T/)
can be expressed as linear combination of n-point functions
Fd%‘ . .
yi717...’yi,n(w1, e Wi 2Ly e ey 2Ty

for certain intertwining operator );, and symmetric functions ¢;. Using genus-one

associativity, we can reduce this problem to the case of 1-point functions

F(w; z;7)
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for intertwining operator ) of type ( WW) For these 1-point functions we have

0

aZFy(w z;7) = 0.

Then by Proposition 4.2.4, the function

F((yr +6) M Ohw; 25 7)

1 >Wtw§: —log 77—1—5)) ;

= 7 (L(0)yw; z;T)

y n ’
<v7'+5 —

satisfies the system (4.1.8) with o = wt w. Therefore,
F((yr +6)HOhw; 2 7) ZZ Y Crim(w)rie ™
k=0 1=0 meN

for some numbers 7, € R such that r;—r; ¢ Z if i # j. Let Si i m(w) = C’kl,m(L{(l)_lw).

Lemma 4.3.1. We have U(1)On(W) C On(W); moreover, the map Sy n(w) defines

a symmetric function on the An(V)-bimodule A(W') such that

S()JJV ((w—N—rl — i) *w) = 0.

Let s € {0,...,L}: by Theorem 2.3.5, there exist basic symmetric algebras P; with

symmetric functions ¢;, Ay (V')-P;-bimodules U; and functions f; € Hom 4, (v) p,(A(W)® 4, v)
U;,U;), i =1,...,n such that (w— N —ry — 55) U; = 0 and

So,s,N (w Z¢

for all w € W.

For any i =1,...,n, let Sy(U;) be the V-module generated by the Ax(V)-module
U;: from the construction of Sy (U;), it is easy to see that the action of P; on U; extends
to a right action of P; on Sy (U;) which commutes with the action of V. Then by the

results in [Miy2] and [Ar], we have

Proposition 4.3.2. Suppose all the irreducible V-modules are infinite dimensional;

then if N is large enough, then the V-module Sy (U;) is projective as right P;-module.

Although the infinite dimensionality condition on the irreducible modules is not a

natural one, it holds in particular for all vertex operator algebras of central charge zero.
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Using the results in [HY], we can construct logarithmic intertwining operators Y/

of type (Vlfgzng)z)) for i =1,...,n such that for all w € W and u € U,

Res, 2" Y1V (w, z)u = fi(w @ u)

(here Res denotes the coefficient of the monomial in 2! log(x)?). Then

Fo((y7 +6) " Ow;z7) = Y Fi(ws 23 7)
=1

K L
Z Z Z Crpm (w)TF g™

- k=0 =0 meN
with C~’078,N(w) = 0 for all w € W. Repeating this argument several times and using
the fact that vertex algebras satisfying the Cy-cofiniteness condition have finitely many
irreducible modules, we find that there exist symmetric basic algebras P;, equipped
with symmetric linear functions ¢;, V-P-bimodules W;, projective as right P-modules,
and intertwining operators ); of type (WV’V‘}VZ), fori=1,...,t, such that

t

FY((y7 +6) HOw; 27) = Y Fyi (ws 23 7).

2
1=1
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