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ABSTRACT OF THE DISSERTATION

Some results on the representation theory of vertex

operator algebras and integer partition identities

by Shashank Kanade

Dissertation Director: James Lepowsky

Integer partition identities such as the Rogers-Ramanujan identities have deep relations
with the representation theory of vertex operator algebras, among many other fields of
mathematics and physics. Such identities, when written in generating function form
typically take the shape “product side” = “sum side.” In some vertex-operator-algebraic
settings, the product sides arise naturally, and the problem is to explain, interpret and
prove the sum sides, while some other settings pose an opposite problem. In this
thesis, we provide some results on both types of problems. In Part I of this thesis, we
interpret the sum sides of the Gollnitz-Gordon identities using Lepowsky-Wilson’s Z-
algebraic constructions applied to certain principally twisted level 2 standard modules
for A?). In Part II, we give, following Dong-Lepowsky, explicit constructions for certain
higher level twisted intertwining operators for g@; these constructions are inspired by a
desire to interpret Andrews-Baxter’s g-series theoretic “motivated proof” of the Rogers-
Ramanujan identities and more generally, motivated proofs of the Gordon-Andrews
and the Andrews-Bressoud identities given by Lepowsky-Zhu and Kanade-Lepowsky-
Russell-Sills, respectively. These motived proofs are about explaining the “sum sides”
starting with the “product sides.” In Part III, following an idea of J. Lepowsky, we

introduce and analyze a Koszul complex related to the principal subspace of the level 1
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vacuum module of g@; this construction is expected to yield a “character formula” for

the principal subspaces, thereby explaining the emergence of “product sides.”
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Chapter 1

Introduction

Given a positive integer n, by a partition m of n we mean a non-increasing sequence
of positive integers m = (A1, Aa, ..., A.) such that n = A\ + -+ + A\,. Each \; is called
a part of m. Identities involving integer partitions have a long-standing history and
arise in various branches of mathematics and physics; see for example [A3]. The pair

of Rogers-Ramanujan identities is a remarkable example. These identities state that:

1. The partitions of a positive integer n into parts congruent to 1,4 (mod 5) are

equinumerous with the partitions in which adjacent parts differ by at least 2.

2. The partitions of a positive integer n into parts congruent to 2,3 (mod 5) are
equinumerous with the partitions in which adjacent parts differ by at least 2 and

such that smallest part is at least 2.

With ¢ being a purely formal variable, in generating function form, the identities read

as:
! =S din)g (10.1)
_ 457+1 _ b7 +4 o
i (L= @)L —¢*h) - o
1
11 : —— = da(n)q" (1.0.2)
— 5i42)(1 — 543 Z 2 ’
g (L= (1 —g™%)

where d;(n) for i« = 1,2, is the number of partitions of n such that the adjacent parts
differ by at least 2 and such that the smallest part is at least . As a convention, n = 0
has exactly one partition — the null partition. The left-hand sides of these identities

are called the “product sides,”

while right-hand sides are referred to as the “sum sides.”
These identities and their analogues and generalizations arise in various fields of
mathematics and physics, such as representation theory, theory of vertex operator alge-

bras, number theory, knot theory, algebraic geometry, statistical mechanics, conformal



field theory, etc. This ubiquity is one of the prime reasons for their importance. The
depth of such identities could be gauged by the fact that the bijective proof of the
Rogers-Ramanujan identities given by A. Garsia and S. Milne in [GM] runs for about
50 pages!

In the vertex algebraic settings, such identities appear in many contexts. Sometimes,
the product sides arise very naturally and the task is to explain, interpret and/or prove
the sum sides using vertex operator theoretic mechanisms, and sometimes, the sum
sides or the natural recursions governing the sums arise very naturally, and the task is
to explain, interpret and/or prove the product sides.

In this thesis, we will present ideas and results based on both of these directions,
with the “product to sum” direction explored in Chapters 2 and 3 and the “sum to
product” direction explored in Chapter 4. With the introduction that follows, the

chapters could be read independently of one another.

1.1 Products to sums: Lepowsky-Wilson’s Z-algebras

J. Lepowsky and S. Milne observed in [LM] that the product sides of a certain class of
integer partition identities (including the Rogers-Ramanujan identities) arise naturally,
up to factors, known as “fudge factors,” as the principally specialized characters of stan-
dard modules for the affine Lie algebras Agl) and A§2). Now, the philosophical problem
was to “explain” the sum sides using the representation theory of affine Lie algebras.
Lepowsky and R. L. Wilson, in a series of papers [LW1]-[LW4] achieved this by in-
venting “principal Heisenberg subalgebras” (generalized in [KKLW]) and “Z-algebras”.
They proved that the vacuum spaces, with respect to the principal Heisenberg subalge-
bra, of the level 3 standard modules for the affine Lie algebra Agl) have bases formed by
certain monomials in the Z-operators applied to a highest weight vector. They showed
that these monomials are enumerated precisely by the partitions satisfying the differ-
ence 2 conditions, thereby giving a completely representation theoretic proof of the

Rogers-Ramanujan identities. They went on to interpret (by providing “small enough”

spanning sets for the vacuum spaces) the Andrews-Gordon and the Andrews-Bressoud



identities using the higher level standard modules for Agl). Building on these ideas, A.

Meurman and M. Primc in [MP1] proved all of these identities using the higher level
standard modules for Agl). The structure of certain standard modules for several affine
Lie algebras was analyzed by K. C. Misra in [Mil]-[Mi4] and by M. Mandia in [Ma].
For a review of these and related developments see for example [L2].

Using this program, S. Capparelli in [C1]-[C2] found remarkable partition identities
by investigating the level 3 standard modules for Ag). Recently, spectacular new iden-
tities have been conjectured by D. Nandi in [N] corresponding to the level 4 standard
modules for Ag2). In [KR], using “experimental mathematics,” we have conjectured
six new partition identities, three of which are related to the level 3 standard modules
for Df’)7 but we mention here that our identities are yet to be interpreted by vertex
algebraic methods.

Lepowsky-Wilson’s Z-algebras are universal, in the sense that they “work” for any
affine Lie algebra at any level; however, their implementation for interpreting (and
proving) the sum sides depends on the algebra and the level and can be quite subtle,
even in those cases where explicit sum sides have been constructed.

It is worth noting that the invention of Z-algebras was a very important milestone
in representation theory. This was the first time vertex operators were invented on
the mathematical side. Ideas stemming from Lepowsky-Wilson’s work led, along with
many other developments, to other fascinating discoveries, for instance, the Frenkel-
Lepowsky-Meurman’s construction [FLM] of the famous V? — the natural infinite di-
mensional space on which the Monster (the largest sporadic group) acts, etc. There is a
vast literature on the theory of vertex operator algebras; see for instance, [Bor], [FLM],
[FHL], [DL], [LL], [HL1]-[HL3], [H4] — works that we will be using in the present work.

In Chapter 2, we carry forward the program of vertex algebraic interpretation of the
combinatorial identities and explicit constructions of modules for affine Lie algebras.
We use the Z-algebra approach to give, for the first time, a vertex-operator-theoretic
interpretation of the pair of Gollnitz-Gordon identities; cf. Chapter 7 of [A3]. We
achieve this by analyzing the structure of certain principally twisted level 2 standard

modules for the affine Lie algebra A?). We focus on those modules that are contained



in the tensor product of the two inequivalent level 1 modules for A?).

We recall here that the pair of Gollnitz-Gordon identities states:

1. The partitions of a positive integer n into parts congruent to 1,4,7 (mod 8) are
equinumerous with the partitions in which adjacent parts differ by at least 2, with

adjacent even parts differing by at least 4.

2. The partitions of a positive integer n into parts congruent to 3,4,5 (mod 8) are
equinumerous with the partitions in which adjacent parts differ by at least 2 with
adjacent even parts differing by at least 4 such that all of the parts are greater

than 2.

Our main contribution in this direction is the following theorem, which interprets the

Gollnitz-Gordon identities Z-algebraically:

Theorem 1.1.1. Enumerate the nodes of affine Dynkin diagram of Ag) in the usual
way (cf. [K]). With L(Ao+ A1) and L(A3) being the indicated level 2 standard modules
for Ag) and with (+) denoting the vacuum space with respect to the principal Heisenberg
subalgebra, we have the following spanning sets constructed from Z-operators applied to

highest weight vector:

Q(L(Ao + A1) = Spand{ Zi, -+ Zi, - vpagran) | T €N, din <idg <00 <l < —1,
|ij — dj41] > 2 with |i; —ij41] >4 if ij,i541 are even},
UL(AS)) = Span{Z, -+~ Zi, -vpqag 7 €N iy < ip <+ < iy < 3,

i — 41| > 2 with |ij — ij41| >4 if 35,141 are even}.

Here, for odd i, Z; is the coefficient of ¢* in Z(aq,() and for even i, Z; is the coefficient

of ¢"in Z(a1 + g + ag + aq + s, ¢) where o for 1 < j <5 are simple roots of As.

For further g¢-series theoretic and number theoretic discussions of the Gollnitz-
Gordon-Andrews identities, and in particular the Gollnitz-Gordon identities, see [A3],
[Gdl], [G1]-[G2], [CKLMQRS]. For a short history of these identities, see for instance
[SW].



1.2 Products to sums: Motivated proofs and intertwining operators

On the purely combinatorial and/or g-series-theoretic sides, there are many known
proofs of the Rogers-Ramanujan identities. However, from the viewpoint of vertex
operator algebras, there is one that stands out, namely, the “motivated proof” given
by G. Andrews and R. Baxter in [AB], even though Andrews and Baxter were working
entirely g-series-theoretically.

Using the right-hand sides of (1.0.1) and (1.0.2), i.e., the sum sides, it is easy to see
that the number of partitions of n enumerated by the first Rogers-Ramanujan identity
is at least as great as the number of partitions enumerated by the second identity.
An explanation of this phenomenon using only the product sides was asked for by L.
Ehrenpreis. Motivated by this question, Andrews and Baxter were in fact led to a
proof of the Rogers-Ramanujan identities in [AB], and they remarked that this proof
was essentially the same as an earlier proof of Rogers-Ramanujan and of Baxter.

Let us write the products, i.e., the generating functions of the left-hand sides in the
Rogers-Ramanujan identities, as G1(q) and G2(q), respectively. Andrews and Baxter

consider the following recursively defined sequence of power series:
Gi=(Gi—1—Gia)/q™? fori=3.4,.... (1.2.1)
They observe empirically that
Gi=1+q¢+---.

Proving this observation (what they called the “Empirical Hypothesis”) not only led to
an answer of Ehrenpreis’s question, but also led to a proof of the Rogers-Ramanujan
identities themselves.

Gordon’s identities generalize the Rogers-Ramanujan identities to all odd moduli (cf.
Chapter 7, [A3]). Recently, Lepowsky and M. Zhu gave a motivated proof of Gordon’s
identities in [LZ]. This proof is a generalization of the Andrews-Baxter proof, with
some new structure; in particular, a certain “shelf picture,” which is now known to be
fundamental for such motivated proofs in our works in general, and which was implicit

in [AB], was made transparent in [LZ]. For a fixed modulus 2k+1, the given products in



Gordon’s identities constitute the zeroth shelf, and then successively higher shelves are
created recursively from each previous shelf by the use of appropriate subtractions and
divisions by pure powers of q (as in equation (1.2.1) for the case k = 2). This division by
pure powers of g is what will be important to us from vertex-algebraic considerations.
We remark here that an analogue of this motivated proof for the Gollnitz-Gordon-
Andrews identities is given in [CKLMQRS] and for the Andrews-Bressoud identities
in [KLRS]. Note that for a fixed odd modulus 2k + 1, the Gordon-Andrews identities
correspond to the level 2k — 1 standard modules for Agl) and that for a fixed even
modulus 2k, the Andrews-Bressoud identities correspond to the level 2k — 2 standard
modules for Agl).

There are important philosophical similarities and differences between Lepowsky-
Wilson’s Z-algebraic approach and the Andrews-Baxter’s motivated proof. For both of
these, the starting point is the pair of product sides, and the idea is to both motivate
and prove the corresponding sum sides. However, these approaches differ, in that, in
some sense, Lepowsky-Wilson’s approach treats one module at a time, in other words,
proves one identity at a time, while the motivated proof approach moves back and
forth between the identities (as is evident from (1.2.1)) and thus alternates between the
modules.

It was an idea of Lepowsky and A. Milas that the recursive definition of the G;’s
in the motivated proof could be “explained” by means of exact sequences among the
vacuum spaces, with respect to the principal Heisenberg subalgebra, of level 3 standard
modules for Agl), where the maps in these exact sequences should arise from what
are known as the relativized and twisted intertwining operators naturally arising in
the theory of vertex operator algebras, as developed in [DL] and other works. This
program of “categorification” of the motivated proof is ongoing. It is expected that this
program, once completed, will provide crucial insight into the representation theory of
vertex algebras and will also aid in the discovery and proof of new partition identities.

As a first step, in Chapter 3, we explicitly construct twisted intertwining operators
among certain mixed triples of untwisted and twisted modules for the vertex operator

algebra V' = L-(£,0) based on the “vacuum” standard sly-module of level ¢, a positive



integer. We refer the reader to [LL| for notation. Note that twisted intertwining
operators among twisted modules for colored vertex superalgebras have been previously
considered by X. Xu in [Xu]. We focus our attention to the twisted modules obtained
by a certain involution § of L-(¢,0). For £ =1, 6 is obtained from the —1 isometry
of the root lattice of sly. We start with the twisted intertwining operators for basic
modules as in [Abl] and[ADL], and we give exact analogues of constructions in [DL]

for our setting. Specifically, we prove that:

Theorem 1.2.1. There exist explicitly constructed twisted intertwining operators among
certain mized triples of untwisted and 0-twisted modules for the vertex operator algebra

V =L (¢,0), for a positive integer L.

We are currently investigating the properties of these intertwining operators.

In Chapter 3 we also give an abelian intertwining algebra structure that incorpo-
rates the untwisted and twisted intertwining operators mentioned above. We give two
methods — a direct approach, following a suggestion of C. Sadowski and an approach
as carried out in [H1] using Huang-Lepowsky’s tensor category theory [HL1]-[HL3],

[H4]. We prove that:

Theorem 1.2.2. Let V = Vy, be the rank 1 lattice vertex algebra such that (o, o) = 2.
Let 0 be a lift to V of the —1 automorphism of the lattice L = Zo, Let V1, VT2 be
the inequivalent irreducible O-twisted modules for V. There exists a natural abelian
intertwining algebra structure on the space V& Viz11/2)q @ VT g VT2 | such that the
grading group is G = Z/8 and such that the Y map for the abelian intertwining algebra

(see [DL]) is comprised of twisted intertwining operators.

An abelian intertwining algebra is one of the simplest structures that naturally
generalizes the notion of a vertex operator algebra and is essentially comprised of the
intertwining operators. Roughly speaking, an abelian intertwining algebra is formed
when the fusion is relatively simple, i.e., when the fusion algebra is the group algebra of
a finite abelian group. Each of the constituent intertwining operators could be scaled
independently of each other and thus normalized 3-cocycles for the fusion group G

enter the picture. An even more general structure is that of an intertwining algebra, as



defined by Y.-Z. Huang in [H2], which heavily rests on the tensor category structure of
the modules for the vertex operator algebra in question.

Whenever one wants to move between the modules, as is the case for the motivated
proofs, such intertwining algebras provide the natural setting to look for the maps
involved. In a similar setup, untwisted rather than twisted (recalled below), for the
principal subspaces, abelian intertwining algebras based on level 1 modules for the
affine Lie algebras Ag\}), D](\}) and E](\}) have been successfully employed by C. Calinescu,
S. Capparelli, J. Lepowsky, A. Milas and C. Sadowski; see [CLM1]- [CLM2], [CalLM1]-
[CalLM4], [Sal]-[Sa3]. See also [MilP], which generalizes the previous untwisted level

1 constructions.

1.3 Sums to products: Principal subspaces

Motivated by an earlier work of Lepowsky and Primc, [LP], B. Feigin and A. Stoy-
anovsky in [FS1]-[FS2] introduced and studied “principal subspaces” of standard mod-
ules for affine Lie algebras. Assuming a certain generators-and-relations result for the
principal subspaces, they demonstrated how principal subspaces of standard modules for
A(ll) at appropriate levels exhibit the difference-2 conditions in the Rogers-Ramanujan
identities and more generally, the Andrews-Gordon identities. Employing the geometry
of infinite dimensional flag manifolds, they showed how the product sides of these iden-
tities arise. In [FFJMM], Feigin et al. found a different way to calculate the “bosonic
formulas” (which in our case are infinite products) for the principal subspaces of stan-
dard modules for Agl). For other relevant works, we refer the reader to [FL] and
[FJLMM].

There are natural recursions that govern the sum sides in the Andrews-Gordon
identities, called the Rogers-Selberg recursions. For example, in the special case of
the Rogers-Ramanujan identities, these recursions specialize to the Rogers-Ramanujan

recursion:

F(z,q) = F(zq,q) + zqF (z¢*,q), (1.3.1)



where

F(a:,q) = Z dm,nl'mqna

m,n>0

with d,,, being the number of partitions of n into exactly m parts, such that the
parts satisfy the difference-2 condition. Note here that F'(1,q) is equal to the right-
hand side of (1.0.1) and F(q, q) is equal to the right-hand side of (1.0.2). Capparelli,
Lepowsky and Milas in [CLM1] gave an elegant way to interpret the recursion (1.3.1)
using exact sequences among the principal subspaces for the basic Agl) modules, where
the maps came from the intertwining operators among triples of these basic modules.
They generalized this interpretation to the Rogers-Selberg recursions using higher level
modules for Agl) in [CLM2]. However, these works also assumed the presentation result
that was assumed by [FS1]-[FS2].

Later, Calinescu, Lepowsky and Milas in [CalLM1]-[CalLM4] developed a system-
atic vertex-operator-theoretic mechanism to provide “a priori” proofs of these presen-
tation results. “A priori” means that the proofs did not rely on knowledge of bases of
the principal subspaces themselves.

Various authors have made remarkable progress in analyzing the structure of prin-
cipal subspaces, providing recursions for their characters and calculating corresponding
“sum side” representations. For a detailed history of the recent progress, we refer the
reader to the Introductions of [Sal]-[Sa2].

One is now naturally led to the question of exhibiting the “product sides” for the
characters of principal subspaces using purely vertex-operator-theoretic methods and
without invoking the underlying geometric structure. As yet, there is no known general
character formula for principal subspaces analogous to the Weyl-Kac character formula
for the standard modules; see however [FS1]-[FS2].

It was an idea of Lepowsky that such an “abstract” character formula could be
obtained by using a Koszul resolution for the principal subspaces. We note that a
precise description for the defining ideal of the principal subspaces is a crucial ingredient

for such a construction. Thereafter, one could perhaps use the Garland-Lepowsky

resolution of the ambient standard module in terms of the generalized Verma modules



10

to gain information about the homology of this Koszul complex.

Let us work with the algebra Agl), ie., 5/[\2, and let
n = Cxq,,

where x, is a root vector corresponding to the root «, and let f be its affinization. In
general, n will be the sum of the positive root spaces. Then, the principal subspace

associated to a standard sly-module L(A) is defined as:
Wa =U(R) - vy,

where vy is a highest weight vector and U(-) denotes the universal enveloping algebra.
One of the main theorems of [CalLM1] states that the kernel (called Zy,) of the natural
map

fao tUMZ) — Wh,, ar— a-wvp, (1.3.2)

is generated (in a natural vertex-algebraic sense) by the singular vector z,(—1)2 - 1.
This theorem has since been generalized, by various authors, to higher levels and ranks.

The case of EG is peculiar, in that U(f) is a commutative algebra. Let

A :Z/{(ﬁf) = (C[l‘,l,CE,Q,IE,g, .. ]

For n > 2, let
n—1
r—n = Z Toilopti = T-1Tntl T T2Tpni2+ -+ Topny1T-1.
i=1

From [CalLM1], we have the presentation
Wp, =2 AJA(r_p |n > 2).
Now consider the following complex consisting of free .A-modules:

B Oy P At =P A, B =AY Co=Wy, 0

11,0222 1122

where &... are formal symbols with

€y = &y
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and such that for k& > 1,

k

8k+1(§—i17_i27“‘7_ik~) = Z(_l)nil “T—ip '£,i17,i2,... .

7717747“‘ 77116
n=1

The problem now is to find a presentation and the graded dimension of the homology
(viewed as a differential-graded algebra) of this complex so that the graded dimension of
the bottom level — which is the principal subspace in question — could be obtained by
the use of the Euler-Poincaré principle. It should be noted that the sequence of elements
r_, for n = 2,3,... is a non-regular sequence and hence the problem of determining
the homology is quite non-trivial.

Interestingly, a certain “finite version” of this very complex is also conjectured to
arise in connection with the stable Khovanov homology of the torus knots T'(m,n) in
the work [GOR] of Gorsky, Oblomkov and Rasmussen. Gorsky et al. also conjecture
a generators-and-relations type description of the homology (viewed as a differential-
graded algebra) of this “finite version” of the Koszul complex. Our results give evidence
for their description and provide hope that vertex-operator-algebraic techniques could
provide crucial insights for studying this homology.

The first kernel, Ker(9;), is precisely the kernel Z, (see above) from [CalLM1]. In
Chapter 4, using analogous techniques, we prove that the second homology is gener-
ated by the “next” singular vector in the Garland-Lepowsky resolution of the ambient

standard module. The precise statement of our theorem is:

Theorem 1.3.1. The Virasoro operator L_y acting on A and Wy, can be extended

naturally to each of the C;’s in such a way that
L_y(r-c¢)=L_1(r)-c+r-L_q1(c),
for allr € A and c € Cj. Moreover, L_1; commutes with 0. With this,
Ker(0y) = (L% - (2§—ax_9 — &_32_1) | s € N) + Im(0s3).

The vector 26_ox_9 —&_3x_1 is precisely the “next” singular vector in the Garland-

Lepowsky resolution of the standard module L(A).
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Among other things, this result and its “finite” analogue were conjectured in [GOR].
A similar complex and its homology have been analysed by Feigin in [Fe] in the con-
text of Bernstein-Gelfand-Gelfand-type resolutions of certain minimal models for the
Virasoro algebra.

The structure of higher kernels is under investigation. It is interesting to note
that in the works [MP2]-[MP3] and [P2], vertex operators parametrized by the natural
analogues, to higher ranks and levels, of the singular vector 26_sx_o — £_3x_1 play an
important role in the determination of generators of relations for the annihilating fields
of standard modules. We are currently investigating how these works could help us

generalize our result to higher kernels and to higher ranks and levels.
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Chapter 2

From products to sums: The Gollnitz-Gordon identities

As recalled in the Introduction, the pair of Gollnitz-Gordon identities says that:

1. The partitions of a positive integer n into parts congruent to 1,4,7 (mod 8) are
equinumerous with the partitions in which adjacent parts differ by at least 2, with

adjacent even parts differing by at least 4.

2. The partitions of a positive integer n into parts congruent to 3,4,5 (mod 8) are
equinumerous with the partitions in which adjacent parts differ by at least 2 with
adjacent even parts differing by at least 4 such that all of the parts are greater

than 2.

In this chapter, we give a vertex-operator-algebraic interpretation, using the tech-
niques of Z-algebras, of these identities using those level 2 modules for Ag) that are
contained in the tensor products of two inequivalent level 1 modules for AéQ). See [K]
for affine Lie algebras, but we shall need the vertex-operator-calculus constructions in
[L1].

Our vertex-algebraic interpretation clearly exhibits the “asymmetry” between the
even parts and the odd parts. For the vacuum spaces of the two level 2 modules in
question, we exhibit spanning sets enumerated by partitions counted in the sum sides
of the corresponding Gollnitz-Gordon identity. In our spanning sets, the even and the
odd parts arise from two distinct families of Z operators, corresponding to two distinct
nodes of the Dynkin diagram of AEQ). In other words, each of the Gollnitz-Gordon
identities is interpreted as a two-color identity that in fact “degenerates” to an honest
(single-color) partition identity since one of the colors exclusively appears as odd parts

and the other as even. Our methods are very similar to the ones used in [T1], [T2] for
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analyzing the structure of level 2 standard modules for Dl(i)l and Df), respectively.

There exists a natural generalization of the Gollnitz-Gordon identities to higher
moduli, namely, the Gollnitz-Gordon-Andrews identities. However, our interpretation
of the Gollnitz-Gordon identities points toward a yet another natural and genuinely
multi-color generalization of the Gollnitz-Gordon identities arising from the higher level
modules for AgQ).

We remark that a number of times we will need to find power series expansions of
certain rational functions. These computations can be done quickly using a computer
algebra system. Nonetheless, we shall provide all the details of these calculations for
the sake of completeness. For convenience of such calculations, we will need to fix a

primitive 10*" root of unity, which we take to be the one that has /5 as its argument.

2.1 The affine Lie algebra Af) in the principal picture

Closely following [LW3], [L1] and [F], we first construct the affine Lie algebra AéQ) in
the principal picture.

Let ® be the root system of type As, with the system of positive simple roots
A = {aq,...,a5}. Let L be the root lattice. Let (-,-) be the natural symmetric
positive-definite bilinear form on L such that (o, ;) = 2, (a;, ) = =1 if |i — j| =1
and (o, ;) = 0if [i — j| > 1. Let o be the automorphism of (L, (-, -)) induced by the

diagram automorphism of ®:

oap > as (2.1.1)
a9 < Oy (2.1.2)
a3 < 3. (2.1.3)

and let o; be the reflection about the positive simple root «y, i.e.,

(o, i)

oi(a) =a— 2<Oéz‘,04i>

(673 (2.1.4)

As in [F], the twisted Coxeter automorphism of @ is v = o102030.

th

Let m = 10 be the order of v and let w be a primitive root m*™ of unity. For

convenience, we may and do choose w = ¢271/10,
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Under v, the elements of ® fall into the following orbits:

] 2] 3]

1 a3 a1+ oo+ a3+ ag + as o1

v —aq — a2 —as a9+ ag+ oy + as s

v? —0y4 — Q5 a2 + a3 + Qg a2

V3 —ag — a3 as + ay a1+ ag+ as+ay
v —au —ay — ag s+ aq+ ag
V5 —Qs3 —(] — Qg — (X3 — g — Q5 —Q

V0 a1+ ag + a3 —Qp — Q3 — 04 — Q5 —Qs

V7 a4 + as —Qp — (X3 — Q4 —Q

V8 a9 + Qs —Qi3 — Q4 —Q] — Q2 — (3 — Qg
V9 (71 a1 + Qg —Q3 — Q4 — Q5
10 as a1 +ag+ as+ayg + as aq

Following [F], for a, 8 € L define

m—1

e(e, B) = [ (1 —w Py, (2.1.5)

p=1

Then, we have that for any «, 8,7 € L,

e(a+ B,7) = (o, 7)e(B,7), (2.1.6)
6(04, B+ 7) - 8(@, B)g(a/}/)? (217)
e B) _ (_qye)
“Ga) " (—1)\>P) (2.1.8)
e(va,vp) = e(a, B). (2.1.9)

As in [F], [FLM], using L, (-,-),v,£(+,+), one can construct a finite-dimensional sim-
ple Lie algebra g of type As, with an invariant symmetric bilinear form (-,-), and an
automorphism v that preserves this form as follows:

Let g be the vector space over C spanned by the symbols A U {z, |« € ®}. Let a
be the span of A. Define the bracket [-,-] on g by

[ai, 7a] = (i, @) Ta = —[Ta, i (2.1.10)
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e(—a,a)a if (a, B) = =2
[a, zg] = e(o, )rorp if (o, 8) = —1 (2.1.11)

0 otherwise.

The symmetric invariant bilinear form on a can be extended to g as:
(a,zg) =0 (2.1.12)
(Ta,xg) = e(a, B)0a+s,0- (2.1.13)
Extend the v acting on a to v : g — g by

VI = Tya- (2.1.14)

Proceeding as in Capter 6 of [F], we now construct the twisted affine Lie algebras

~

g(v), 8(v) of type Aéz). For p € Zn,, let

9p) = 17 € glve = wPr},

similarly define a(,). Let m, be the projection map g — g(,). We denote the map
"1 Z — L. For any x € g, let z(;) denote 7;(z).

Let

a(v) = (@ 96) ®ti> @ Ce® Cd, §(v) = (@gm @ti) @ Ce. (2.1.15)

i€Z i€z
such that
A A A |
[.TJ X 'L‘Z’ y X t]] = [3}‘7 y] X tl+] + Ei6i+j’0<x7 y>C7 (2116)
e, ()] =0, (2.1.17)
[dz@t] =izt (2.1.18)

for all z € gg), y € g with 4,5 € Z. We define a(v) and a(v) similarly. The Lie
algebra a(v) is a Heisenberg subalgebra of g(v).

From [F] we know that g(v) is isomorphic to the principal realization of the affine
Lie algebra A?). Let {hi,e;, fi|i = 0,...3} be the canonical generators of A?). We

know that

¢ = hg+ h1+ 2hy + 2hs. (2.1.19)



17

Let
t= Span{ho,hl,hg,hg}. (2.1.20)

For a dominant integral A € t*, i.e., A(h;) € N for ¢ = 0,...,3, let L(\) be the corre-
sponding standard module of g(v). For such a L()), A(c) is called the level. Let A;
(1t =0,...,3) be the fundamental weight such that A;(h;) = §;; for all j =0,...,3.

Invoking Theorem 4.6 of [BM2], we get that:

Theorem 2.1.1 ([BM2]). Up to a shift by the imaginary root, the level 2 standard
modules L(Ag + A1) and L(A3) for Ag) appear as direct summands of L(Ag) ® L(Ay).

Let the highest weight vector of L be vy. It is clear that g(v) acts on L by specifying
an arbitrary scalar action of d on vy,. We let d - vy, = 0. With this,
L=@L.,
n>0
where L_,, is the (finite dimensional) eigenspace for d with eigenvalue —n. We call
X(L)=> (dimL_,)q" (2.1.21)
n>0
the principally specialized character of L.

Given a standard module L for g(v), let Q(L), called the vacuum space, be the
space of highest-weight vectors for the Heisenberg algebra a(v). It is clear that Q(L)
also breaks up as a direct sum of finite dimensional eigen-spaces for d, with non-positive
integral eigenvalues, and hence, we define x(€(L)) analogously to (2.1.21).

Using the Weyl-Kac character formula and the Lepowsky-Milne numerator formula,

it can be easily deduced that:

Theorem 2.1.2. The principally specialized characters of Q(L(Ao+A1)) and Q(L(As3))

are:

1
X(QUL(Ag + A1) = | == (2.1.22)
1
(1= g¥+3) (1 — g% 1) (1 — ¢%F5)

<
Vv

X(Q2(L(A3)))

(2.1.23)

<
vV

i
Mem iy
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For a level k highest weight module V for g(v) and for each 8 € ® and a formal vari-

able ( define the following generating functions with coefficients in the endomorphism

ring of V.
X(8,¢) =Y ((xg)m) @ t")C", (2.1.24)
neL
E*(B,¢,r) = exp :I:mz @ tENCE Jonr | (2.1.25)
n>1
Z(B,¢,r) = E~(8,¢,r)X(B,Q)ET(B,¢,r) = > Z(B,1)nC™, (2.1.26)
neL
Z(8,¢) = Z(8,¢.k) =Y Z(B) (2.1.27)
neL

Note that in this notation, we suppress the underlying representation corresponding to
V since it will be easy to deduce from the context. Using Proposition 7.2 of [F] (cf.

Proposition 3.3 of [LW3]), we see that
Z(B,wP¢) = Z(V"B, (), (2.1.28)
for all 5 € ® and p € Z.

Remark 2.1.3. The parametrization of the generating functions above follows the
notation in [LW1]-[LW4]. This parametrization is no longer in use, for the “correct”
parametrization, please see [FLM]. We still use the “old” notation in this paper as we
want to directly invoke the generating function identities from [LW1]-[LW4], and since

entire structure of the ambient vertex operator algebra will not be needed.

2.2 Generating functions: Z and X operators

In view of Theorem 2.1.1, consider the Aé2)—module L(Ao) ® L(A1). We let

=" Z[1u¢" = Z(as, <) (22.1)
nez
ZZ Oél +a2+a3+a4—l—a5,C) (2.2.2)
ne’

=Y Z[3]n¢" = Z(a1,¢), (22.3)

ne’
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with the obvious meanings attached to the expressions Z(v"[4], ¢), X ([4],©), E*([5], ¢, r),

E*([5],0), ete.
For v € L(A;), i = 0,1, and for j = 1,2, 3, we have (cf. [F]):

X([j]aC)v:C[j],iE_(_[j]aC)E+(_[j]7C)v7
where
1 (i 11
E 1 (]al) #( ) )a
i =
\—% if (j,4) = (1,1).
Therefore, on L(Ag) ® L(A1),
Z([l]vg) = %0 Ei(_[1]7<’7 2)E+(_[1]7<7 2) ®E7([”7Ca2)E+([1]7C72)

_Ei([l]’€72)E+([1]v<7 2) ®E7(_[1]74—7 2)E+(_[1]7C> 2)}
=z0(11],0) - 2®(01], ¢

Z([Q],C) = %O E_(_[2]a<’ 2)E+(_[2]7C7 2) ®E_([2LC’2)E+([2L<:7 2)

+E—([2]7C72)E+([2]3C72) ®E_(_[2]aC72)E+(_[2]7C72)}

= zW([2),¢) + Z2#([2],¢)

Z([S]aC) = 1i0 {Ei(_[3]7<—7 2)E+(_[3]7C7 2) ®E7([3LC’ 2>E+([3]a<—72)
+E7([3]7§72)E+<[3]7C7 2) ® Ei(_[g]aC7 2)E+(_[3]7C7 2)}
= ZW(3],¢) + 22([3],0).

In each case,

and therefore,
2Z[1)  if i is odd

0 if 7 is even

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)



0 if 7 is odd
Z[2)i =
2Z[2]§1) if ¢ is even
;
0 if 7 is odd
Z[3]i =
27[3)")  if i is even.

For a level k standard module L, it is well known (cf. [LW3]) that

Q(L) :Span{Z(ﬁl)jl~~Z(Br)jr -’UL|7’€N; Tl -y Jr € Z; 51,...,,8r S @},

and hence, in view of (2.1.28), we get that

20

(2.2.8)

(2.2.9)

Q(L) = Span{Z[il]jl "‘Z[ir]jr- -UL"I’ eEN; j1,.. . dr €EZ501,... 10 € {1,2,3}}.

2.3 Monomial Ordering

(2.2.10)

Let n be any positive integer. Let <, denote the product ordering on Z". That is,

(i1, -yin) <p (J1,---sdn) <= 01 < J1,..,in < Jn.
Define a map
T4 — 7"
(G1yesin) —> (14 Fin, i+ Fin,. .. in)

Using 7 and <,,, define a partial order <7 on Z" by:

(01, ytn) <7 (J1s- -y dn) <= 7(01, -y in) <p T(J1, -1 Jn)-
It is clear that the intervals under <7 are finite, i.e., given (i1,...,i,) <7 (Jj1,. ..
the set
{(k1y. k) | (i1, e yin) <7 (K1, k) <7 (1,5 0n)}
is finite.

On jeN 77, there exists a monoidal product, o:

(il,...,’ir)o(jl,...,is) == (ila-'°7ir7jla”'7js)'

7jn)7
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It is clear that for (i1,...,%,) <7 (J1,---,Jn),

(i1, yin) o (k1y s k) <7 (1, -+ -5 0n) © (K1, - Kin)

(kl,...,]{?m)O(il,...,in) ST (kl,...,k’m)o(jl,...,jn).

For an integer 7, let ¢ = 1 if i is odd and i = 2 if i is even. Given a tuple (i1,...,i,) €

7", define the Z-monomial

Zi1 Zz :Z[Zl]“Z[Zn]l .

n

(2.3.1)
If n = 0, the corresponding null monomial is understood as the identity operator. Define

T(i1,...,in) = Span{Zj, ... Z;,, | either m < n or

m=mnand 7(i1,...,0n) <7 7(J1,---Jn)}-
We say that a monomial Z;, ... Z;, is reducible iff
ZZ‘1 .. ‘Zin S T(il,. . ,Zn)

It is clear from the properties of o mentioned above that Z;, - -- Z;, is reducible if any

in

of its contiguous sub-monomials is reducible.

2.4 Generating function identities and their consequences

Our plan is to eliminate the modes of Z[3] from the spanning set and to use enough
relations between the Z[1] and Z[2] modes in order to reduce the spanning set to exhibit
the sum-side conditions in the Go6llnitz-Gordon identities. Hence, we first concentrate
on the generating function identities involving the modes of Z[1] and Z[2]. Using
equation (8.21) of [LW3] (cf. Theorem 7.3 of [F]) we immediately deduce the required
generating function identities. We will always rely on (2.2.7) and (2.2.8) which state
that the even modes of Z[1] are zero and that the odd modes of Z[2] are zero. We
organize the generating function identities accordingly. We will let

5(¢)=>_¢"

ne”
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2.4.1 Odd-Even

Let
1 — wS2)1/2(1 — w—T)1/2
e = Lt i)
(1 —wbz)/2(1 — Wwz)1/?
Fy(z) = 0 wn) 21— 2) 2 (2.4.2)
Using Theorem 7.3 of [F] (cf. Theorem 3.10 of [LW3]), we get:
A () 200200 - Fr (£) - 202 0200.)
— o {0 D207 @8 (w1 ) e ) z0e 0 o (w2 ) .
(2.4.3)
Define the numbers by (n) and b} (n) via
Q n
Fi(z) = %bl(n) (@) ,
/ G "
Fy(z) = 7;251(”) <C )
Then,
b1(0) =7(0) =1 (2.4.4)
e R R e
bi(l) = 5+ 55—~ 5 #0 (2.4.5)
wh w? Wb W
W) =5+ 5~ 5 5 #0 (2.4.6)
Hence, the coefficient of ¢{¢Y from (2.4.3) gives:
S 00 Z 1y Z 2y (0) 212 Z Map = co(a, D) Z[1]ass, (2.4.7)

p=>0
where ¢q(a, b) is some constant depending on a, b.
For i odd, letting a — i+1 and b — ¢ in (2.4.7) and noting (2.2.7), (2.2.8), the term
corresponding to p = 0 drops out and we get that:
> 00 Z[is1-pZ[2ip — Vi) Z[2ipZ[Uit14p = b1(0) Z[1: Z[2)i41 + - -
p>1

= Co(i + 1, i)Z[1]2a+1. (248)
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Notation 2.4.1. Here, and below, such ellipses will refer to terms either higher in the

monomial ordering or shorter than the term immediately preceding the ellipses.

Similarly, for ¢ even, letting a — ¢ and b — ¢+1 in (2.4.7) and noting (2.2.7), (2.2.8),

the term corresponding to p = 0 drops out and we get that:

> 01 Z[ipZ[2)i14p=b1 () Z[2is1-pZ Wiy = =1 (0) Z[2)i Z [ Vi1 + - --
p>1

= Co(i, 1+ 1)Z[1]2i+1. (249)

Proposition 2.4.2. If i > j with i odd and j even, then, with a — i,b — 7, (2.4.7)

implies that
Z:7; € T(i, j). (2.4.10)
If j > i with j even and i odd, then, (2.4.7) implies that
Z:7; € T(i, §). (2.4.11)
If i is odd then (2.4.8) and (2.4.5) imply that
ZiZir € T(iyi +1). (2.4.12)
If a is even then (2.4.9) and (2.4.6) imply that

ZiZiy1 € T(’L,Z + 1) (2413)

2.4.2 0dd-Odd

Let

1—2)(1 —w22)Y2(1 —w2)V2(1 — w %2)Y/2(1 — w8z)/2
Fy(x) = El — w)(lx)l/g(l _) w(%)m(l +) :L«)E1 - w7x§1/2§1 — w%im. (2.4.14)

Define the numbers ba(n) as the power series coefficients of Fy(x):
Fy(z) = by(n)a". (2.4.15)
n>0
Lemma 2.4.3. The power series expansion of Fa(x) is:

1 1
Fy(x) = 1—%‘—{-5562—5:63-}-'-' . (2.4.16)
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Proof. Let
Fy(z) = mfz(x). (2.4.17)
Observe that
fa(x) = fa(w?x), (2.4.18)
and hence,
fa(z) = é(f(fv) + f(@?2) + +f(whe) + f(W02) + fw'e)). (2.4.19)
Since each of w’ for j = 2,4,6,8 is a primitive 5" root of unity, we see that the

coefficient of 2* where i # 0 (mod 5) in the power series expansion of fa(z) is 0. Hence,

F>(z) agrees with 8;31;2 upto the coefficient of z*. It is now easy to see that
(1—a)'? Lo 13
—=1- —x°— = 2.4.20
(1+ )72 T TR T (24.20)
O

From Theorem 7.3 of [F] (cf. Theorem 3.10 of [LW3]), we have:

R () 200200 - 7 (£) - 2011200 0)
— o {0 202 @5 (w1 ) + el 20212, 6 (5 )
+e0P L I Z6713 0 (w70 ) + 71 12043, o (07 ) |
_ S%(D(g) (_2> , (2.4.21)
Terms containing Z[3] in the coefficient of ¢¢¢J on the right-hand side are:
= (0210 [T 71, (1)) D) 23 (24.22)
= JGEOA L @ = ) 23], (2.4.23

where we have used

(1], [1]) = e([1), »"[1]) = e[, I (=) D = —e 7], (1)) (24.24)
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Coefficient of ¢{¢8 in (2.4.21) gives the following identity:

> b2(p) (Z[Ua-pZ Wiy — ZWb—pZ[Vasp)
p=>0

1

= Eg(uf’m, [1]) (W™ — W) Z[3] 4y + c1(a, b)) Z[2)arp + cala,b),  (2.4.25)

where ¢ (a,b) and ca(a,b) are some constants depending on a and b.

Eliminating Z[1];Z[1]; for j <

Let 4,7 be odd integers such that ¢ > j. Due to (2.2.7), we don’t need to consider the
even modes of Z[1].

Note that the term containing Z[2] on the right-hand side and the constant term
ca(a, b) of (2.4.25) are shorter than any monomial appearing on the left-hand side and
are acceptable monomials our intended spanning set.

Therefore, with a — 4,b — j in (2.4.25) yields:

ZNLiZ[; 4 = W(&”” — W) Z(3]544- (2.4.26)

Letting a — i+ 1,b+— j — 1 and utilizing (2.2.7), the coefficient corresponding to p = 0
in (2.4.25) drops out, giving

Z ba(p) (Z[1)ig1-p Z[1]j—14p — Z[1]j—1—pZ[1]it14p)
p=>0

= b+ 1) (2 p 21y — 212 pZ[Uisary)
p>0

=bo(1)Z[1:iZ[1]; + -

= WAL @8 — T 2B a1 22Dy (2427)

This finally gives

3111. 11 o S
~Z 212+ = 6(”[10]’”)(&”]—3 — W)Y 70315 (2.4.28)
Now,
1 NI TG
Det

1 WMATI3 _ Tit443
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_ MHTIB TGS | AT Ti g
— AT (8 BB | B3
— I (1 4 ?) (B — W3,
but since ¢ — j is even, 3(i — j) # —3 (mod 10), and therefore,
(WhHTT G TiHAT) 4 (AFTI=8 | Titdi43) £ (2.4.29)
Combining (2.4.26), (2.4.28) and (2.4.29) we immediately arrive at the following
proposition.
Proposition 2.4.4. For,j odd integers with ¢ > j,
ZiZ; € T(4,7). (2.4.30)
From (2.2.10), (2.4.26), (2.4.28) and (2.4.29) we deduce the following.
Proposition 2.4.5. Modes of Z[1] and Z[2] suffice to span Q(L(Ao+A1)) and Q(L(A3g)),
1.€.,
QL) = Span{Z[ir];, - - Zlir);, - v |r € N; j1,...,Jr € L; 41, ..., 0 € {1,2}}
= Span{Z;, ---Z; -vr|r €N; ji,...,j4r € L} (2.4.31)
for L = L(Ao+ A1) or L = L(A3).
In fact, from (2.4.26) and (2.4.28) we can gather more information about the modes

of Z[3] that we shall use in order to get the “difference at least 4” condition on the even

parts.
Proposition 2.4.6. For an integer a
Z[3l4q € T(2a,2a). (2.4.32)

Proof. Using (2.2.7) we note that the smallest term higher than Z[1];Z[1]; in the left-
hand side of (2.4.26) and (2.4.28) is (strictly) higher than Z; _1Z; ;. Therefore, adding
(2.4.26) and (2.4.28) and noting (2.4.29), we obtain that for any odd integers ¢, j with
i>7,

Z[3ia; €T(i—1,5+1). (2.4.33)

Now let ¢ +— 2a + 1 and j — 2a — 1. O
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Eliminating Z[1];Z[1]; for i <0

Let 7 be an odd integer. Note that (2.4.28) holds even if i = j. Hence, letting a — i+ 1

and b+— i — 1 in (2.4.25) and proceeding as in (2.4.28), we arrive at:

~ZNZ[)i+ - = 8(”3[113’HD(M—*‘3 — W) Z[3]a;. (2.4.34)

Letting a +— i+ 2 and b +— i — 2 in (2.4.25), noting (2.2.7) and (2.4.15), we arrive at:

Z1i422[1]i—2 + %Z[l]iZ[l]i o= W(wi—ﬁ — W) Z[3]a;. (2.4.35)

Similarly, with a — i+ 3,b+ i — 3 in (2.4.25) we get

2o 2 s 20201 e =~ o 713, (2.436)

Adding (2.4.35) and (2.4.36) and noting that for any integer i

W6 O 1T i — it 8 1w — W9
= 2wt (W + w)
#£0, (2.4.37)

4

since the minimal polynomial for w over rationals is z* — 23 4+ 22 — x 4 1, we conclude

that

Z[3]2i € T(i,1), (2.4.38)
for any odd negative integer i. Now, (2.4.34) yields the following proposition.
Proposition 2.4.7. For any odd integer i,

ZiZ; € T(i,1). (2.4.39)

In fact, we can deduce more.
Proposition 2.4.8. For any odd integer i,
Z3la €T(i—1,i+1) (2.4.40)

Proof. Noting (2.2.7), each term appearing in the ellipses in the left-hand sides of
(2.4.35) and (2.4.36) is strictly higher than Z;_1Z;y;. Now, add (2.4.35) and (2.4.36)
and invoke (2.4.37). O
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2.4.3 Even-Even

Let

1—2)(1 —w la)/2(1 — w92)1/2
Fy(r) = El+mggl+w19:;1/221+w9m;1/2' (2.4.41)

Lemma 2.4.9. We have the following power series series expansion for Fi:

F3($)=1+%<—5—\/g)x+§<3+\/g>x2+ (—5—3\2/5> B (24.42)

Proof. Recall that we have fixed the primitive 10" root of unity, w = exp (%) It is

easy to deduce that

log(F3(z)) = (-2 —w — W)z + 1(—2 —wd—whad -

3
Now, note that
Re(w) = i (1 + \/5) (2.4.43)
Re(w?) = i (1-v5) (2.4.44)
and therefore
log(Fy(x)) = % (—5—\/5>33+% (V5-5)as+- - (2.4.45)

Hence,

F3(z) = exp(log(F3()))

:1+%<—5—\/5)a;+

N
N
WoN|
/T\
ot
|
=
~—
~~
N
S
o

=1+;(—5—\/5)x+i(3+\f5)a:2+(—5—3\2/5> 34 (2.4.46)
O

Define the numbers b3(n) by
Fy(z) = bs(n)a". (2.4.47)
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Employing Theorem 7.3 of [F] (cf. Theorem 3.10 of [LW3]), the generalized commu-
tation relation for Z([2], (1), Z([2], (2) is:
¢]

G2 G

— 5 {0 RLEDZ0, 6 (1) 4 0P ) 2013 6 () |

G G

_ L ps) <_<1> ' (2.4.49)

1

P () 202, ) Z((2), ) — Fy ( ) 22, ) 2(2), ) (2.4.48)

Noting that (v*[2],[2]) = —e(¥°[2],[2]), the coefficient of C{{g on the right-hand
side is:

e(v'2],2))

2 (w46 _ =61y 73], =

for any non-positive integers i, j.

Eliminating Z[2];Z[2]; for j < i

Let j < i be even integers. Due to (2.2.8) it is not necessary to consider the odd modes

of Z[2]. Then, coefficient of ¢i¢J in (2.4.49) gives

3 V4 . .
2zl + - = R iz, (2.451)

Let ¢ = (i+j)/2. If i+ j = 0 (mod 4) then ¢ is even. Since j < i, (i,5) <rp (¢,£).
Invoking Proposition 2.4.6, we get that Z[3];1; € T'(¢,¢), and therefore, Z; Z; € T'(¢, ) C
T(i,7). If i+ 7 =2 (mod 4) then ¢ is odd. It is clear that (i,j) <p (¢ — 1,¢+ 1).
Invoking Proposition 2.4.8, we get that Z[3];; € T(¢ —1,¢+ 1), and therefore, Z;Z; €
T —-1,0+1)CT(,j).

Proposition 2.4.10. For even integers i,j with i > j,

ZiZ; € T(i, j). (2.4.52)

Eliminating Z[2];Z[2);

Let i be an even integer. Coefficient of (:*1¢2™" in (2.4.49) and noting (2.2.8), we get:

b3(1)Z[2i Z[2)i + - = 6(”4[12(])’[2])@41'4 — W) Z[3] ;. (2.4.53)
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Note that b3(1) # 0 (Lemma 2.4.9) and that Proposition 2.4.6 implies that Z[3]q; €

T'(i,4) since i is even. Therefore we arrive at the following proposition.

Proposition 2.4.11. For an even integer i,

Z:Z; € T(i,i).

Eliminating Z[2];_2Z[2];
Again, let i be an even integer. Coefficient of ¢! 5_2 in (2.4.49) yields:

b3(0)Z[2]iZ[2]i_2 + (b3(2) — bg(O))Z[Q]i_QZ[2]Z‘ —+ -

- 6(1/4[12(17[2])@‘“‘8 — w')Z[3)9i 2.

Coefficient of GHC;*B gives

b3(1)Z[2]; Z[2];—2 + b3(3) Z[2]i—22[2]; + - --
e(v'[2], [2])

_ o (w4i—12 _ w4i+4)Z[3]2i_2.

A quick computation shows that

Det b3(0) b3(2) — b3(0) 543520,

bs(1) bs(3)

(2.4.54)

(2.4.55)

(2.4.56)

Also, Proposition 2.4.8 shows that Z[3]s;—» € T(i — 2,4). We conclude the following.

Proposition 2.4.12. For a non-positive even integer t,

Zi_ol; € T(’L — 2, Z)

(2.4.57)

Remark 2.4.13. The “asymmetry” between the odd and the even parts is also visible in

the fact that the strategy for proving that Z[1];Z[1]; € T'(i,4) for i odd (cf. Proposition

2.4.7) does not work for proving that Z[2];Z[2]; € T'(i,4) for i even (cf. Proposition

2.4.11). The corresponding matrices turn out to be singular!
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2.5 Small spanning sets for the vacuum spaces of L(Ag+ A;) and L(A3)

We have obtained enough relations in the previous section to now obtain small spanning
sets for the vaccum spaces of L(Ag+ A1) and L(A3z). The truth of the Gollnitz-Gordon

identities is now equivalent to the independence of these spanning sets.
Theorem 2.5.1. We have that:
Q(L(Ao + A1) = Spand{ Z;, - -+ Z;,. “UL(Ag+A1) |reNj i <ig <0 <ip < —1,
’ij — ij+1’ 2 2 with ’ij — ij+1’ 2 4 ’if ij,ij+1 are even},
Q(L(Ag)) = Span{Zil <. Zir " UL(As) ’7‘ eEN i1 <ig < <1 <=3,

’ij - i]'+1| > 2 with |’ij - ij+1| >4 if ij,ij+1 are even}.

Proof. From Propositions 2.4.5, and the highest weight property of vp(z,4a,) and
v (As) it is clear that for L = L(Ag + A1) or L = L(A3),

Q(L) =Span{Z;, --- Z;, - v |r € N, (i1,...,iy) <7 (0,...,0)}.

Now, Propositions 2.4.2, 2.4.4 and 2.4.10 along with the highest weight property of vy,

show that:
Q(L) :Span{Zil---Zir -UL‘TGN,il < ... Sir < —1}.

Combined with the product formulas for the characters, given in (2.1.23), we gather

that the weight 1 and 2 subspaces of Q(L(A3)) are 0, and hence,
Zo1-vpag) =0, Z_g-vpng) =0.

The required difference 2 and difference 4 conditions could easily be deduced from

Propositions 2.4.2, 2.4.7, 2.4.11 and 2.4.12. ]

Corollary 2.5.2. For each of the Gollnitz-Gordon identities, each coefficient on the

product side is at most as large as the corresponding coefficient on the sum side.

Corollary 2.5.3. The truth of the Géllnitz-Gordon identities is equivalent to the in-

dependence of the spanning sets given in Theorem 2.5.1.
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Chapter 3

From products, hopefully to sums: Motivated proofs and

twisted intertwining operators

As recalled in the Introduction, vertex-operator-algebraic interpretation of the steps in
the Andrews-Baxter’s “Motivated Proof” of the Rogers-Ramanujan identities ([AB])
is an important open problem. We shall recall this proof below. Our aim in this
chapter is to give an explicit construction of twisted intertwining operators among
certain triples of twisted and untwisted modules for g[\z at higher levels. We start with
level 1 intertwining operators as given in [Abl] and [ADL] and explicitly build higher
level intertwining operators by adapting the methods of [DL]. In this chapter, it will be
enough to restrict ourselves to irreducible modules and involutions of vertex operator

algebras, and hence we work under these restrictions throughout this chapter.

3.1 Andrews-Baxter’s “motivated proof” of the Rogers-Ramanujan

identities

Let g be a purely formal variable. Recall the Rogers-Ramanujan identities written in

the generating function form:

1
H (1= gith)(1 — g5itd) = Zdl(”)qn (3.1.1)

1 n
,1:[0 (1 — P2y (1 = i t3) §d2(n)q : (3.1.2)
> "

where d;(n) for i = 1,2, is the number of partitions of n such that the adjacent parts

differ by at least 2 and such that the smallest part is at least . Let’s let

1
Gilg) = H (1 — g7 ) (1 = goit1)’

Jj=0

(3.1.3)



33

1
Ga(q) =[] (1 — oit2)(1 — o +3)°

Jj=0

(3.1.4)

Looking at the sum sides, it is easy to see that G1(q) — G2(q) has non-negative co-
efficients. An explanation for this fact, using only the product sides, in other words,
without assuming the truth of the Rogers-Ramanujan identities, was asked for by L.
Ehrenpreis. Andrews and Baxter, while answering this question, were naturally led to
a proof of these identities themselves.

A rough outline of Andrews-Baxter’s “Motivated Proof” follows. First, expand the
infinite products.

Gi(q) =1+q+¢+¢* +2¢" +2¢° +3¢° +3¢" +4¢° +5¢° +6¢"° + -~ (3.1.5)

Galg)=1 +@+@+ ¢"+ ¢ +2¢°+2¢" +3¢° +4¢" + 4¢"° +--- . (3.1.6)
Observe (of course) that G; — G2 has non-negative coefficients:
Gi—Go=q+¢" ++¢"+¢" +2¢° +2¢° +--- . (3.1.7)
Observe that g divides G1 — G2. Let’s let
G3=(G1=Go)/a=1++q" + ¢+ " +2¢" +2¢° + -, (3.1.8)

Observe that Go — GG has non-negative coeflicients as well and that Go — G'3 is divisible

by q2:

Gi=(Ga—G3)/@ =1+¢"+"+ " +2¢" +2¢°+--- . (3.1.9)

Continuing, we let

Gi_o—Gi_
Gi= 2 (3.1.10)
q
and observe that
Gi=14+¢+ . (3.1.11)

The observation (3.1.11) is called the Empirical Hypothesis and it can be proved starting

with the products and using the Jacobi triple product identity. The point is, proving the
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Empirical Hypothesis starting from the product sides leads to a proof of the Rogers-
Ramanujan identities themselves! Note that the Empirical Hypothesis is trivial to
derive from the sum sides.

We mention that this proof has been generalized to the case of the Andrews-Gordon
identities in [LZ], to the Andrews-Bressoud identities in [KLRS] and to the Gollnitz-
Gordon-Andrews identities in [CKLMQRS].

We know, using the Weyl-Kac character formula and the Lepowsky-Milne numerator
formula that the vacuum spaces of principally twisted level 3 standard modules have

characters equalling the product sides:

X(QUL(BA))) = x(QL(3A1)))= Gila), (3.1.12)

X(QL(2A0 + A1))) =x(QUL(Ao + 2A1)))= G2(q). (3.1.13)

It was an idea of J. Lepowsky and A. Milas that the recursion (3.1.10) could be
explained by exact sequences among these vacuum spaces, where the maps would come
from the relativized and twisted intertwining operators.

The principally twisted modules for g[\g are obtained via an involution of sls, and
hence we restrict our attention to involutions. Moreover, we restrict our attention to
intertwining operators where the “source” and the “target” module are twisted. That is,
we focus on intertwining operators of type (WT/I%VQ)’ where Wy and W3 are (principally)
twisted. This naturally forces us impose that W is an untwisted module. We will also
assume a certain grading restriction on the modules. For precise formulations of these

restrictions, see Assumption 3.2.8.

3.2 Preliminary definitions

Notation 3.2.1. Fiz a vertex operator algebra (V,Y,1,w) in the sense of [FLM]. We

denote this by simply V.

Definition 3.2.2. (Cf. [LL]) An untwisted V —module is the data (W, Yy ) where W

is a C—graded vector space, W = H Wy and Yw (-, ) is a linear map
neC

Yiw(,z) : V — (EndW)([[z,z7!]]
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v— Yy (v,z) = Z vz
nez

such that the following conditions hold:

1. Grading restriction condition: For all n € C, dimW(,) < oo and W,_p) =0 for

all sufficiently large integers k.
2. Lower truncation condition: For allv eV and w € W, Yy (v, x)w € W((z)).
3. Vacuum property: Yy (1,x) = Idy.

4. Jacobi identity: For all u,v € V,

T2 — I

o

zo 10 (J:l — $2> Yiv (u, 1) Yy (v, 22) =201 ( f—

) Yw (v, x2) Y (u, x1)

) <$1x— a:()) Y (Y (u, zo)v, 22).
2

5. L(0)—grading condition: For n € Z, let L(n) = wpy1. Then, for all w € Wy,
L(0)w = nw.

6. L(—1)—derivative property: For allv €V, diYW(v,x) =Yw(L(-1)v, ).
x

Definition 3.2.3. An automorphism of a vertex operator algebra V is a linear ismor-
phism g : V — V such that g(w) = w and gY (v,x)g' =Y (g-v,z) for allv e V. As

an immediate consequence of this definition, g(1) = 1 holds.

Remark 3.2.4. Since g fixes w, g fixes the eigenspaces for the action of L(0), in other

words, g‘v( ) acts as a linear isomophism of each of the finite dimensional spaces V),

n € Z. Hence, if ¢ has a finite order, say m, then V = H V7 where VI = {v e
JEZ/MZ

Vlg-v =&}, with j € Z/mZ and € = ¢~

Definition 3.2.5. Let g be a finite order automorphism of V. Let the order of g be
m. A g—twisted V—module is the data (W, Yy ) where W is a C—graded vector space,

W = H Winy and Yy (-, ) is a linear map
neC

Yw(,z) V—)(EndW)[[a:l/m,xfl/m]]
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v— Y (v,z) = Z vpr L

such that the following conditions hold:

1. Grading restriction condition: For all n € C, dimW,y < oo and W,_yy = 0 for

all sufficiently large k € %Z.

2. Formal monodromy condition: For j € Z./mZ and v € V7,

Yw (v, x) = Z v "L (3.2.1)
nE%-&-Z

3. Lower truncation condition: For allv € V and w € W, Yy (v, z)w € W ((z*/™)).
4. Vacuum property: Y (1,x) = Idw .

5. Twisted Jacobi identity: Let € = e Wr\nﬁ For all u,v eV,

1’0_15 (CEl;}.’BQ) YW(U’le)YW(U,I'Q)—;EO_l(S <.CU2_—330$1> Yw(U,IEQ)YW(U, IL‘1)
1 _ zo) /™ ;
= Z x50 <§](1/0)> Y (Y (g’ - u, zo)v, x2).
JEL/MZ

6. L(0)—grading condition: For n € Z, let L(n) = wnt1. Then, for all w € W,
L(0)w = nw. Note that because w € VO, Yy (w,x) has only integral powers of x,

due to the formal monodromy condition.
S d
7. L(—1)—deriative property: For allv €'V, d—YW( x) =Yw(L(-1)v,x).
x

Remark 3.2.6. By a V—module we will mean either an untwisted V' —module or a

g—twisted V —module.

Definition 3.2.7. (Cf. [FHL]) Let (W1,Y1), (Wa,Y2), (W3, Y3) be untwisted V—modules.

An intertwining operator of type (WYV“"%) s a linear map

V(,x) : Wi — Hom(Wo, W3){x}

w— Y(w, x) Z wpx "1 (where w, € Hom(Wa, W3)).
neC

such that for all v € Vyw(y € Wi, wg) € Wa,
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1. Lower truncation condition: For all n € C, (w))nsrw) = 0 for all sufficiently

large integers k.

2. Jacobi identity:

T2 — I

:coflé <CL'1—$2) Yg(v,xl)y(w(l),xg)—xoflé <

Zo

> Y(w(y, 2)Y2(v, 21)

—X0

3. L(—1)—derivative property: Y(L(—1)w(),r) = %y(w(l),x).

We now make a very important assumption. Throughout this chapter, we will

always work under this assumption.

Assumption 3.2.8. We will assume that the automorphism g has order m = 2. We
will assume that all the modules considered henceforth are graded by a coset of %Z mn
C. In particular, for each i = 1,2,3, there exists a complex number c; such that the
module W s %Z—i— ¢; graded. Concrete examples of intertwining operators that we will
encounter in later sections will all deal with modules which satisfy this assumption. It

is not hard to see that any irreducible V-module satisfies this assumption.

Definition 3.2.9. Let g be an involution of V.. Let (W1,Y1), (Wa,Ya), (W3,Y3) be
V —modules, such that Wy is untwisted and Wa, W3 are g-twisted. A twisted intertwining

operator of type (WYV€V2) s a linear map
Vi(-, x) :Wy — Hom(Wo, W3){z}
w— Y (w,z) = Z w1 where w, € Hom(Wa, W3).
such that for all v € V,w(yy € Wi, w(g) € Wa,

1. Lower truncation condition: For all n € C, (w(1))n+xwe2) = 0 for all sufficiently

large k € %Z.

2. Jacobi identity:

T2 — I

3}0_15 <:131 — $2> E(v,xl)yt(w(l),mg)—xo_lé <

o

> Y wy, x2)Ya(v, x1)
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1 . — 0)1/2 .
DI, ((—1)]“155)) VYA (e? - v, 30wy, 72).
Loy

JE€Z/2Z.

8. L(—1)—derivative property: Y*(L(—1)wq),z) = diyt(w(l),x).
x

Remark 3.2.10. Note that our definition is a special case of the definition of twisted
intertwining operators given in [Xu|. In [Xu], twisted intertwining operators based on

twisted modules for colored vertex superalgebras have been considered.

Definition 3.2.11. The space of twisted intertwining operators of a given type (WYVIiVQ)
forms a vector space. The twisted fusion rule, denoted by N' (WII/V?,VQ), 1s defined to be

the dimension of this vector space.

3.3 Duality properties

In this section, following the methods of [FLM] and [DL], we record some duality
properties for twisted intertwining operators. For the rest of this section, we fix a vertex
operator algebra (V,Y,1,w) (which we denote by V for brevity) with an automorphism

g of finite order m.

3.3.1 Properties of the module map

Let (W, Yw) be a g-twisted V-module. Here we record some properties of the module

map Yy that will be used later. These properties could be found in, for instance, [Li].

Lemma 3.3.1. Let £ = exp (27wi/m), where m is the order of g. Let u € V¥ = {a €
Vlig-a=¢&*a} and v € V. Then,

T2 — 21

zo 10 <M> Vi (u, 1) Yiy (v, 22) =20~ '8 (

Lo

) Yw('l), {L'Q)Yw(u, xl)

—xp

_ o\ k/m
=510 <$1 xo) (xl x0> Yiw (Y (u, 20)v, 22). (3.3.1)
T2 X9

By definition of automorphism of a vertex operator algebra, w € V°, hence, taking

a = w in lemma 3.3.1, we get the usual Jacobi Identity:
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Corollary 3.3.2. Forv eV,

T2 — X1

) <x1 — xQ) Yiy (w, 1) Yiw (v, 22) =20~ '8 (

> Yw (v, x2) Y (w, x1)
xo

—x0

Y (xlx— xo) Yiw (Y (w, 20)0, 22).
2

Multiplying equation (3.3.1) by :(:If/ " manipulating the delta function on the right

hand side and then extracting Res,;, gives

Resy, <x01(5 <m1—x2) Yw(u,:zl)YW(v,:cg)CI:]f/m

Zo

(0 sy

. . —k/m
= Resy, 2o 10 <$1 xO) (xl mO) YW(Y(u,xo)v,xQ)xlf/m
T2 X9

) Y (Y (u, xo)v, z2) 2y

_ Reszlxl_lé (.TQ + LU()) (1?2 + 29

I I
W) (332 + :L'O)k/mYW(Y(ua :L‘O)Ua :EZ)
T

= (2 + z0)* ™Yy (Y (u, 20)v, 29). (3.3.2)

= Resxlml_l(S <

Since the powers of zg appearing on the right hand side are truncated from below, the

same holds for the left hand side, and thus we can multiply throughout by (x5 +l‘0)_k/ m

to obtain
Lemma 3.3.3. Foruc V¥ ={acVl]g-a=¢*a} andv €V,
Yw (Y (u, zo)v, 22)
= (29 + 20) ¥/ ™Resy, (xo_lé (W) YW(u,xl)YW(v,xg)x’f/m

—x0*15 <M> YW(v,xz)Yw(u,xl)xlf/m> . (333)

3.3.2 Properties of twisted intertwining operators

Let g be an involution of V' and let (W7,Y7), (Ws,Ys), (W3,Y3) be V—modules such

that W; is untwisted and Wy, W3 are g-twisted. Let J! be a twisted intertwining

operator of type (WZV;I/VJ)
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Lemma 3.3.4. Let v € V¥ ={a € V]g-a=(-1)*a} and wy € Wi. Then,

I (W) Va(ws 1) (), 03) 015 (M

o

) V' (wqy, 22)Ya (v, 21)

_ _ —k/2
=ax57 10 (xl :ro) (1’1 x()) yt(Yl(v,a:o)w(l),xg).(3.3.4)

xI9 T2

By definition of automorphism of a vertex operator algebra, w € V°, hence, taking

v = w in lemma 3.3.4, we get the usual form of Jacobi identity:
Corollary 3.3.5. For w() € Wy,
_> V! (wy, 22)Ya(w, 1)
— (T) VH(Yi(w, z0)w(), o2).

Hence, following the usual procedure, we can conclude that:

Corollary 3.3.6. For a L(0)—homogeneous vector w(;y € W1 and n € C,
wtw), = wtwgy —n—1,
Remark 3.3.7. If w) € Wi, w(g) € W are L(0)—homogeneous vectors, then,
Wt (w(1),nW2)) = Whw(y) + Wtwegy —n — 1. (3.3.5)

Hence, under assumption 3.2.8, we conclude that

. 1
w(1)7n201fn¢§Z+01+02—03.

With
A=c+co—cs, (3.3.6)
22V (way, 2wz € Wal(()), (3.3.7)
moreover,
yt(w(l),x2)w(2) =0iff yt(w(l),x)w@) = 0. (338)

Under the restriction of assumption 3.2.8, we work out the commutativity, asso-
ciativity and the rationality properties for Y*. For this, let us assume v € V¥ and

way € Wi,we) € W in (3.3.4). We assume v, w(y), w(z) to be L(0)—homogeneous.
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Keeping in mind the formal monodromy condition (3.2.1), remark 3.3.7, specifically,
equations (3.3.6) and (3.3.7), we multiply both sides of (3.3.4) by :Elf/z@A and make
the substitution x5 — x%, in order to obtain operators whose expansions in powers of

T, T1, Ty involve only integral powers of these variables.

] — T2
$0_15< - 2) Ys(vwl)yt(wu),ﬂ«“%)ﬂﬁlf/ x5t
2
) (as_xo> yt( 1),x§)Y2(v,x1)xlf/2x§A

_ . —k/m
= (:E%)_15 (wl 2x0> <$1 23:0) yt(Yl(v,azo)w() m2)x§/2 QA.

)

Taking Resg,,
k
¥ (0, 1), ' (wq, a3l *a3

- B B —k/2
= Resy, (23) 's (3}1 2$0> <$1 2:50) V(Y3 (v, To)w(), xQ)x’f/zx%A.

T )

Using the properties of delta function obtained in [FLM], we manipulate the right hand

side, thus:

_ _ —k/2
Res:po(x%)_ld <1'1 2$0> (ml 2$0> yt(Yl(v,:vo)w() $2)1‘11€/2 24

) Ty

_ 2 2 _
= Res,, V' ((xolé <M> —x0 18 (x2 x1>) Yl(v,a:o)w(l),a:%> .
o —X0
w1 — o\ /2 k/2 oA
_ p2 2 _
= Res;, V' <<$0_15 (W) Yi(v, 21 — x%)—xo_ld <332_xo$1> Yi(v, —x% + x1)> w(l),$%> .

z1 — o\ /2 k/2
- 2
T2

But, if n € N (depending on v, w(y)) is sufficiently large, say, n > N(> 0),

(}/1 (U, x| — x%)(wl — .I2) Y1( .73% + xl)(—l’% + $1)n) w() = 0, (339)
so that we have the commutator formula:

Proposition 3.3.8. (commutator formula) Under assumption 3.2.8, for any v €
vk, w1y € W1 that are L(0)-homogeneous, there exists an N € N depending only on v

and w(yy such that

¥ (0, 21), Y (wqr), 23)]2y a3 (21 — 23)" = 0, (3:3.10)



42

where the left hand side has only integral powers of the variables x1 and xs.

To derive the associator formula, we again multiply equation (3.3.4) by ac]f/ QmQA and

then make the substitution xy — z3. Then we use the properties of the delta function.

.2
) (xlm x2> Yg(v,:rl)yt(w x%)xlfﬂx%A
0
2 —x
—M)W<le>y%wmw£ﬂ%%xﬁﬁ$¥

_ _ —k/2
— (@) 7's (xl 2x0> (xl 2m0> yt(YI('Ua$O)w(1)7x%)x]1€/2x%A

)

_ 2+ x 2+ k/2
=1 15( 2 O)( 23:1 0> yt(Yl(vao)wu)aﬂC%)xk/ z3™

L1, (54 a0 2 k)2t 2\ 2A
=x1 0 ——— ) (23 +20)" "V (Y1(v, 20)w(1), T3) T3 (3.3.11)

r1

The first term on the left can be written as:

2
) <x1x x2> Yg(v,xl)yt(w x%)xlfﬂ 24
0

_ + 2
—mlécm%>%@wﬁy(uw%W7

I

_.’1:715 CL’O—'—I’% Y- t 2 k’/2 QA 3312
=11 =2 ) Y3(v, 0 + 23) V" (w1, 23) (x0 + 23) (3.3.12)

z1
Using (3.3.11) and (3.3.12), taking Res,,, and using properties of delta function, we
get:
(23 + 20)* V! (V1 (v, 2o )w (1), 23)x3>
— Y3(v, 0 + 23) V" (w(r), 23) (w0 + 25)*/ 23>
= Resy, (—mo_lé <x2_$0> YV (wqy, 73)Ya (v, 21)z ]f/QHC%A>

— Resy, V! (wiyy, 43) {(a;g)‘lcs <"”1 _29”°> Y, 21)

)

2
—1 Tl — Iy k/2 A
—xzp 0 (w) 331/ Yo(v, 1) p x5
0

= Resxlyt(w(l),azg) {$1_15 <l’2 + $0>

2
k/2
/szl“l

2

_ To+x k/2

-1 15<$2> /ngxl xA
1

132—|—CL‘0

= Resxlyt(w(l),x%) {JJ115 < (22 + 20)"/2 Yy (v, 22 4 x0)
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A [ Tot 3 2\k/2 2 2A
x1 0 — (xo + 25)" Yo (v, 20 + x5) p 5 (3.3.13)
1

But, for v € V and w(y) € Wa, if n € N is large enough, say n > N(> 0), we have
(YQ(U, 23 + 20) (23 + 20) M — Vo (v, 20 + 23) (20 + 963)(k/2)+n) we) =0 (3.3.14)
Hence, from (3.3.13) and (3.3.14), we get the associator formula:

Proposition 3.3.9. (associator formula) Under assumption 3.2.8, for any L(0)-
homogeneous elements v € V¥, wy) € Wi, wy € Wa, there exists an N € N depending

only on v and w(y such that

x%A(xg + xo)(k/2)+"yt(Y1(v, To)w(), x%)w(g)

= x%A(aﬁo + w%)(k/ZH”Yg(v, o + x%)yt(w(l),xg)w@). (3.3.15)

Now we derive and record the rationality properties. First, we discuss expansions
of certain rational functions (cf. [FLM], [FHL]).

Consider the ring C[z1, xl_l, T2, Ty 1] of Laurent polynomials in two variables x; and
x9, and its field of fractions C(z1, z2).

Let Si; (where (4, j) is either (1,2) or (2,1)) denote the following set:

Sij - {axi + 5353 ’ Ck,ﬂ € (Ca (aaﬁ) 7é (070)} U {$17$2}7

and let C[z1,2]s,; be the subring of C(x1,z2) obtained by inverting the products of
(zero or more) elements of S;;. Let (i1,i2) be either (1,2) or (2,1). Define the linear

and multiplicative map

ij
1112

Liliy * Clr, w2]s,, — Cllz1, xt ze, 25 Y] (3.3.16)

so that (%

i1i, 18 the identity on Clxy, :cfl, Zo, x;l] and so that ¢

M-Q((ozaci + Bm?)_l) is the
expansion of (ax; + 6:6?)*1 in non-negative integral powers of x;,.

Next, we define the restricted dual of a module. For an untwisted or a g—twisted
V —module W, set

w' =[] ws. (3.3.17)
neC
W' is called the restricted dual of W.
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Proposition 3.3.10. (a) (rationality of products) Under assumption 3.2.8, for
L(0)-homogeneous elements v € V¥, wy € Wi, wp) € Wa, wE3) € Wj, the formal
series

k
<w23) , Ys(v, $1)yt(w(1), x%)w(2)>x1/2m§A, (3.3.18)
which is well defined and which involves only integral powers of x1, xo lies in the image
of the map 113 :

<wE3), Y3 (v, xl)yt(w(l), x%)w(2)>xlf/2x%A = Li% (1, x2), (3.3.19)

where the (unique) element f € Clz1,x2]s,, is of the form

g(xlv xQ)
ahag(z1 — 23)7

f($1,$2) -

(3.3.20)

for some g € Clxy1,z2) and p,o, 7 € Z. The integer T depends only on v and w(y)-

(b) (commutativity) We also have

(wlg), V! (wiry, 23)Ya (v, 21 )wie) )y 223D = 33 f (a1, 22), (3.3.21)

wn particular, the left-hand side is well defined.

Proof. By (3.3.10), if n is large enough, we have,

Y3(v, 1)V (wy, 2d)ay 23 (a1 — 23)"

k/2_2A
/332(

= yt(w(l)ax%)n(vaxl)wl L1 _x%)n

and

k n
(wig), Ya(v, x1) V' (w (), 3 w(a))zy*a3A (21 — 23)

= <wE3),yt(w(1), z2)Ys (v, $1)w(2)>xlf/2x%A(:L‘1 — )" (3.3.22)

involves only integral powers of x1 and zo. But the left-hand side of (3.3.22) involves
only finitely many negative powers of xo due to the lower truncation condition for )¢,
and the right-hand side involves only finitely many positive powers of z9 because of

corollary 3.3.6. Thus, each side of (3.3.22) involves only finitely many powers of z5.
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Similarly, each side of (3.3.22) involves only finitely many powers of z;. Hence, each
side of of (3.3.22) is equal to some h(zy,x9) € Clzy, 2", x2, 5 ']. Then,

h(z1, x2)
f(x1,22) = W
satisfies the desired conditions. In fact, the left-hand side of (3.3.19) involves only
finitely many negative powers of z3 and so can be multiplied by (z; — x5')™"™ and

similarly, the left-hand side of (3.3.21) involves only finitely many negative powers of

71 and hence can be multiplied by (—x3 + z1)™". O

An analogous argument using the associator formula, (3.3.15) gives:

Proposition 3.3.11. (a) (rationality of iterates) Under assumption 3.2.8, for L(0)-

homogeneous elements v € V¥, w(ry € Wi, wig) € W, wEB) € Ws, the formal series
<w23),yt(Y1 (v, z0)wry, x%)w(2)>x§A(:c§ + xo)k/Z (3.3.23)
which is well defined and which involves only integral powers of xg, xs, lies in the image
of the map L% :
<w23),yt(Y1(v, To)w(1), x%)w(2)>az§A($% + a:o)k/m = L%h(mo, x2) (3.3.24)

where the (unique) element h € Clzg, x2]s,, is of the form

k’(fvo, $2)

zdah (xo + )V

h(ﬂjo,l’g) = (3325)

for some k(xg,x2) € Clxg,x2] and r,s,t € Z. The integer v depends only on v and
’U)(Q)
(b) We also have

(Ws), Ya(v, 20 + 5) V" (w1, 23)wz) )23 (w0 + 3)*/ = 13 h(wo, z2). (3.3.26)

For the rational function f(x1,x2) of (3.3.19),

W3 f(zo + 23, 19) = (&%f(m, 562)) ’x1=mo+x§ ; (3.3.27)
so that from (3.3.19) and (3.3.26),
h(l’o, .%'2) = f(.’L‘() + l’%, .%'2). (3.3.28)

Thus we conclude:
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Proposition 3.3.12. (associativity) We have:

(137" ((wa), Y(v,20) V" (wir), 33w a3 )

= (837" (o), Y V10, m0)wisy, a3)wo)) (2 + 20) 232 ) |, Ly _p (3:3:29)

As an application of the above results, we prove a proposition which will be used
later to assert uniqueness of twisted intertwining operators (upto multiplication by a

scalar). (cf. [DL], Proposition 11.9.)

Proposition 3.3.13. Let Wy, Ws, W3 be irreducible V—modules such that Wy is un-
tuisted while W1 and Wy are g-twisted. Further assume that each of them satisfies
the conditions in assumption 3.2.8. Fix nonzero L(0)—homogeneous vectors wy) € Wh,
wg) € Wa. Let V! be a twisted intertwining operator of type (W?/I%Vg) Ifyt(w(l), T)w(g) =
0, then Y'(-,x)- = 0. More generally, a twisted intertwining operator X' of the same
type as V' is uniquely determined by the knowledge of Xt(w(l),:v)w(g) or in particular,

by the knowledge of Xt(w(l), x)- or Xt(~,a;)w(2).

Proof. We proceed exactly as in the proof of [DL], Proposition 11.9. It is sufficient to

prove the first assertion. We first show that
yt(w(l), x)- = 0. (3.3.30)
Observe that for any (ordinary or g—twisted) irreducible V' —module W,
W = span {uvy,, ---vj, w | v7 € Vi, where hy € Z,nq € %Z}, (3.3.31)

where w is an arbitrary nonzero element of W. Here, we assume that v,, is defined to
be 0 for those values of n € %Z for which it was previously undefined, for example, if
W is an ordinary module, then v, is defined to be 0 for all n € 1Z\ Z.

By Proposition 3.3.10, we have, for wZS) € W3 and L(0)—homogeneous v € V*,

(wls), Y3 (v, 21) V! (wiy, a3)wie) )2y 223D = 3 f (a1, 22)
<w23)7yt(w(1)a $%)Y2(U, $1)w(2)>xlf/2x§A = L%% (z1,22).
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By (3.3.8) and the assumption that yt(w(l), T2)w(z) = 0, we conclude that A2 f(x1,20) =

0, and since 12 is injective, f(z1,z2) = 0. Thus, (22 (21, z2) = 0, which implies that

<w23),yt(w(l),x%)Yg(v,ml)w(2)> =0.
Since w’(3) € Ws is arbitrary, we get that
yt(w(l),xg)Yg(v,xl)w(z) =0.
By (3.3.8) we conclude that
yt(w(l),xg)Yg(v,xl)w(g) =0.

By (3.3.31) and induction on j, we get (3.3.30).

Analogously, using Proposition 3.3.11, we have:

(Wg), V' (Y1(0, 20)w(1), 23)w(z)) a5 (w5 + 20)"> = 155w, 2)

<wE3)a }/3('07 o + l’%)yt(UJ(l), x%)w(2)>$%A (1‘0 + x%)k/2 = ngh(.%o, $2)-

By (3.3.8) and the assumption that V' (w ), 22)w(9) = 0, we conclude that 1J3h(xo, z2) =

0, and since 133 is injective, h(xg,z2) = 0. Thus 193h(xo, z2) = 0, which implies that:

<w23),yt(Y1 (v, z0)wry, x%)w(2)>x§A(a§§ + xo)k/z = 0. (3.3.32)

Now, the equation above has only finitely many negative powers of xy, and moreover,

—k/2

all the powers of zg appearing are integral. So, we can multiply by (23 + o) and

we get:
<w23)ayt(Y1(U, $0)w(1), x%)w(2)> = 0.

Since w23) € Ws is arbitrary, we get that

V' (Yi(v, ﬂﬁo)w(l),l‘%)’w(z) =0.
(3.3.31) induction on j and (3.3.8) gives:
V(- m)wgy = 0. (3.3.33)

It is now clear that Y!(-,z)- = 0. O
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3.4 Examples

3.4.1 The vertex operator algebra V» and the untwisted module Vp:

In this section, we recall from [FLM] some constructions of vertex operator algebras
based on lattices.

Let P = %Za and @) = Za« be respectively the (one dimensional) weight and root
lattices of s[(2,C). Let (-,-) be the unique symmetric, Z—bilinear, nondegenerate,
positive definite form on P (and on Q) such that (o, a) = 2.

For a positive integer k, let

P* = PePg---aP
k times

Q* = QaQae---3Q.

k times

For 8 € P, we denote (0,---,0,3,0,---,0) (an element of P¥), where the non-trivial
component is in i place, by B;. Extend the form (-,-) to P* and Q* such that various
summands are orthogonal to each other. With this, @* becomes an even lattice and
(P* Q%) C Z. Let C[P*] and C[Q*] be the group algebras of P* and Q* respectively,
with corresponding bases {e*|A € P¥} and {e*|u € Q*}.

Let h* = C ®z Q. Extend the form (-,-) to h*. We consider h* as an abelian Lie

algebra. Consider the following Lie algebras:

b* = p*eC[tt e Ce

b = p*@C[t,t )@ Ced Cd
such that
6%, c] = [b*,d] = {0}
[zt yt"] = (x,y)méminoc Wwhere z,y € b m,n ez,
[d,z@t"®CcdCd] = nzx®@t" where z € h* n € Z,
and

b [—1] = b @t2Cltt ! @ Ce
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b [—1] = b*®t2Clt,t '@ Ceam Cd

such that

[Gk[_1]7 C] = [Gk[_lL C]

[r@t" yt"

{0}
(,y)mOpm4noc where z,y € b m,neZ+1/2,

[d,z®t" & Cce Cd] nx®t" where z € b¥ n e Z+1/2.

The algebras h*, h¥[—1] are respectively Z- and Z + 1/2- graded by eigenvalues of ad d.

This grading is referred to as the grading by degree.

Let
s = J[ vetmece
meZ\{0}
(h5)" = b Clt]® Ce
(05)” = bt 'Cl]
6%+1/2 = H hk®tm@cc
meZ+1/2
(0,1)" = BretCH®Ce
(0,1 = preeCE).

For a Lie algebra g let U(g) denote its universal enveloping algebra and for a vector
space V let S(V') denote the symmetric algebra on V.

Consider the following induced ﬁg—module:
Mz (1) = UBE) @ ey € = S((B5)7) (tincary),

where h* ® C[t] acts trivially on the one-dimensional module C and c acts as 1, and the

induced 6% I /Q—module:

MZ+1/2(1) = U(6§+1/2) ®( )+ C= S((6§+1/2)_) (linearly),

b 11/
where b* ® t2C [t] acts trivially on the one-dimensional module C and ¢ acts as 1.

The spaces S ((6%)_) and S ((6% 4 /2)_) inherit tensor product gradings, which we
shift according to equations (1.9.51) — (1.9.53) of [FLM] as follows

1 .
degl=_ dim hr = o L€ S((h5)™) (3.4.1)
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1 . k k K _

Define the following vector spaces:

Vpr = Myz(1) @ C[P¥] (3.4.3)
Vor = Mz(1) ® C[Q"] (3.4.4)
Vo =Mzi1p(1)®T, (3.4.5)

where T' is any vector space, in particular, a C[Qk]—module. We denote an element
1®e* € P* by simply e*. The degree grading is extended uniquely to the above spaces

by defining

1
dege? = —5A), Ae C[P¥] (3.4.6)

degT = 0. (3.4.7)

The degree operator on the above spaces is still denoted by d.

We define an h*—module structure on Vpr (we denote the action of h @ " by h(n))
by making 6% act as 6% ® 1 and by making h* = h* @t act as 1 ® b* with h(0) defined
by:

h(0)er = (h, A)e

for h € b¥ and \ € P,
Following [FLM], we define a vertex operator algebra structure on Vg, and an

untwisted Vr—module structure on Vpr. We consider Ve as a subset of Vpr. For

h € h¥, define:
h(z) = h(n)z~""" € (End Vpr)([z, 27 ]).
nez

For A € P¥, let e* also denote the left multiplication operator acting on C[P¥] cor-

responding to e* € C[P*] and let 2} be the unique operator on C[P*] defined by

et = A e,

Let

1 d

1=1@¢, w=33 h(-1)’",
=1

where {hy,--- ,hq} is an orthonormal basis of hF.
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Yz(e}, z) = exp (Z )\(;n)ﬂL) exp (— Z )\nn):z”> et

n=1
For a more general v = hy(—ny)---h;j(—n;) ® e*, where hy,--- ,hj € b* ny,--- ,n; €

7y, A € P* we define

Yz(v,z) = ° (mll_l), (;;)m_l hl(:c)) ((n]l_l), (;i)nj_l hj(:c)> Yz (et @)3

We uniquely extend this definition of Y7 to whole of Vpir by linearity, and we get a

linear map:

1 1
YZ(',.:U)' : VPk [ Vpk — Vpk[[xg,x_g]].
Then,

Yz(-, ) - |VQk®VQk : Vr @ Vi —> VQk[[l‘,x_lﬂ

and

Yz ( : Vor @ Vpr — Vo [z, 271]].

) ‘Vle@VPk
We denote the above restrictions of Yz by Yz again.

The space Vpr is spanned by eigenvectors of the operator L(0)(= wi), and hence
can be graded by L(0) eigenvalues. This is the grading by weight. With this grading,

(Vgr, Yz,1,w) becomes a vertex operator algebra, and (Vpk,Yz) becomes an ordinary

VQk —module.

3.4.2 Some twisted modules for Vior

Define a map

0:Vor = S((b5)7) ® CIQY — Vi
hi(=m1)---hj(=nj) @ e — (=1} h1(=n1) -+ hyj(—ny) @ e (3.4.8)

where hy,---,hj € b%, ny, - - N € Ly, N € QF. Tt is easy to see that # defines an
automorphism of the vertex operator algebra Vi« of order 2.

Let T be a one-dimensional Q¥—module, on which each element of Q acts as a
scalar with values in {1, —1}. We consider T as a C[Q*]—module. From (3.4.5), recall

the space ng = 3((6§+1/g)_) ®T.
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Following Chapter 9 of [FLM], we define a §—twisted Vr—module structure on
ng. For et = 1® et € Vi, define Yo(e#, z) € (End ng)[[ml/g,x_lﬂ]] by:

_ -n n) .\ _
Yo(et,x) =2 2 exp Z ’u(n )x” exp | — Z ME} )x g ()2
neN+1/2 neN+1/2
(3.4.9)
where the factor e acts on the tensorand T". More generally, for v = hi(—n1) - hj(—n;)®
e#, where hy,--- ,h; € b ny, - N; €Ly, € Q" we define
1 d\" ! 1 d\"?
Y =l —(— h o —— [ — h; Yo(e*, x)g
(o) = (W S () 1<x>> (w 5 () J<x>) (et )8
(3.4.10)
We extend the map Yy to Vi linearly.
Now let ¢, be a family of constants defined by:
1 1/2 1 1/2
Z Cmnxmyn = —log <( +$) ;—( +y) )
m,neN
Cop — 0. (3411)
Let {h1,---,hq} be an orthonormal basis of h*, and let
d
Ae= > cmnhi(m)hi(n)z™™ " € (End Vi) [z '] (3.4.12)
m,neN =1
Finally, for v € Viyr, we define
Yz11/2(v,2) = Yo(exp(Ay)v, ) € (End V)[[2"/2, 27/)). (3.4.13)

The space ng can be graded by eigenvalues of the operator L(0), and from chapter

9 of [FLM], we see that (ng,

grading. This grading is referred to as the grading by weight.

Yz41/2) becomes a f—twisted Vir—module with this

3.4.3 Intertwining operators

Following the method of [Abl] and [ADL], we give some twisted intertwining operators
among untwisted and 6—twisted Vor —modules. We use special notation for the modules

involved as we are dealing with explicit examples. First we recall the following notation:

/Bi = (07 707/8707"' 70) erv WhereﬁeQa
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and where the non-trivial component is in the i*" position.

Turn C into a one-dimensional Q¥ —module such that each a; acts as either 1 or —1
on C. To record the action of each «;, we denote this module by C "+ where each
a; acts on C by the scalar ¢; € {1,—1}. We similarly denote 1 € C> > by 1%,
Fix a sequence €1, - - - €, such that each ¢; € {1, —1}. For the sake of brevity, we denote
the module C»% by T, and the module CEDP R e (1) ke by T for \ € Pk,

Fix a system A of representatives for the cosets P¥/QF. We assume that the coset

QF is represented by 0. Fix a A € A. Consider the following linear map:

fr T — T (3.4.14)

1 — 1€ 1(_1)<A7a1>€17...7(_1)<A,ak>ek -1

Then we have

(_1)(&#)]? oet =et o f where pu € Qk (3.4.15)

For v € P*, v = X\ + p1 where A € A, € Q¥ define a linear map:
Ny =€e"o [y,
that is,

My T — T

161 o€k s el 1(—1)<’\’0‘1>617"'7(—1)“’0"061@_

Lemma 3.4.1. [ADL] For any v € A + Q* and i € QF,
efon, = (71)([@%% o el
fon = Myt =h—p
Proof. First part is clear from the basic property (3.4.15) of fy, and the second eqality

in the second part is clear from the fact that square of each element of Q* acts trivially

on each of the modules C»"»“¢ that we are considering. O

Now we present the construction of a twisted intertwining operator )! of type

A
(v T . r), given in [ADL], which is based on the twisted vertex operator construction
A+Q

of Chapter 9 of [FLM].
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For ¢” = 1® €Y € Vpi (later, we will restrict ourselves to v € A + QF), define

Xg(e?,2) : Vpr — (End Mz /5(1)){z}

(3.4.16)
by:
to vy _ *(’Y,’Y> 7(_n) n _ ’Y(n) —-n 7<’Y?’Y>/2
Xy(e7,x) =2 exp Z —a” | exp Z — x .
neN+1/2 neN+1/2
(3.4.17)
Note how X differs from Y; of (3.4.9). More generally, for v = hi(—nq) - - - h;j(—n;)®e€7,
where hy,--- ,h; € e, ny, -

-,nj €L,y € Pk we define

Xio,) = ((ml_l), () mm) ((nl_l), () hj<x>> X2

(o]

(3.4.18)
We extend the map X} to Vpx linearly. Recall the constants c¢,n(m,n € N) from

(3.4.11) and the operator A, of (3.4.12). Finally, for v € Vpi, we define

X'(v,2) = Xf (exp(Ag)v, x) € (End Mz q/5(1)){a}. (3.4.19)

Modifying the arguments from Chapter 9 of [FLM], we get that,

) (331;()982) Xt(a, xl)Xt(u, x2)

1)y (S ) X 0, m)
0

. _ 1/2 )
= % Z 3;-615 <(—1>] W) Xt(YZ<9] . a,l'o)u, x2)7 (3.4.20)
j=0,1 Ty

and that

XY L(—1)u,z) = %Xt(u,x), (3.4.21)

for a € S((h5)") @ e C Vor and u € S((h5)") ® € C Vpi. These are essentially
equations 5.10 and 5.11 of [ADL].

Finally, in order to correct for the factor (—1)%*) and to introduce the one-dimensional

Q*—module T in the picture, we make the following definitions:

V' Vyygr — Hom (V3 VI {a}, (3.4.22)
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such that for u € S((h%)™) @ M C Viigr v € QF,
Viu,z) = X'(u,z) @ nrgp- (3.4.23)

Note that as of now, the above definition depends on the choice of coset representatives
of P*/QF.

Now, as in [ADL], we remark that for a € S((G%)*) ®el C Vo gk, since 0 represents

QF in A,
fo : T—T°=T (3.4.24)
fo = Idr (3.4.25)
Ny : T—T°=T (3.4.26)
Ny = e (3.4.27)

and so V! (a, ) is exactly the Yz, /2 operator which defines the twisted module structure
of ng.

Using (3.4.22), Lemma 3.4.1, (3.4.20), (3.4.24)—(3.4.27) we see that (cf. Proposition
5.10 of [ADL]):

Proposition 3.4.2. For A\ € A, V! is a (non-zero) twisted intertwining operator of type

v
v kaT ) That s, the following identities hold for any v € Ve and wyy € Vygk :
MQE Yok

Tr1 —
(170716 ( ! 2> YZ+1/2(U7xl)yt(w(l)7aj2)

Zo

_ —To + X
~070 <2xol) Vi (wiy, ©1)Yz41/2(0, 22)

1 . — x0)1/2 4
=2 > %' ((—1)3(“””15;)) V(Y07 - v, mp)wy,a2)  (3.4.28)
Lo

§=0,1

and
¢ d
V(L(=1)v,z) = %y (v, z). (3.4.29)

Now we see what happens if we change the set of coset representatives from A to
some new set A. We continue to assume that 0 € A, that is, the coset QF is still

represented by 0. We denote the changes at each step by a tilde. So, A — XA € Q*
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for A € A and A € A. Due to the very specific inner product that we are dealing
with, f5; = fn (cf. (3.4.14)). For v € Pk if v = A+ pwhere A € A, € QF and
v =X+ i where A € A, i € QF, then,

Ty = el o 5= efofy = A M, Hh= 6/\7;\777- (3.4.30)

Hence, we formulate:

Proposition 3.4.3. If the choice of A is changed to A, where 0 € A, then the new

~ ‘/'TA
twisted intertwining operator Yt is of the type (V kaT ), which is the same as the type
AQF Yok
of the previous twisted intertwining operator Y. Moreover, Yt(-,x)- = e V(- x)-,

that is, V' and Yt are (non-zero) scalar multiples of each other.

3.4.4 Some level 1 twisted fusion rules

We work in the setting of the previoius subsection. Our methods are the same as the

ones used in [DLJ].

Proposition 3.4.4. We have the following twisted fusion rules:

tN( ng ) 1 ifS =1

)=
V/\+Q’“ Vor 0 otherwise.

We break the proof in several steps. First, without loss of generality, let us assume
that X is chosen so that for each i =1,--- |k,

(A i) €{0,1}, (3.4.31)

that is, choose X in the “fundamental domain” of the lattice P¥. We observe that
1®T is the lowest L(0)-weight space of the module ng, with weight %6dim ht = 1%, a
number which is independent of T". We see that V) g« is (2(\,\) + Z)-graded and ng

and ng are both (% + %Z)-graded. For the sake of brevity, we let

1 = space of twisted intertwining operators of type

Varar Vi
VS
Nt<S> — dim[t<5>_Nt< QF >
AT AT Viigr v
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For any V! € I' ( )\ST), it is clear from remark 3.3.7 that the powers of x appearing

in Y'(e}, ) belong to —3(\, A) + 3Z = —wt e* + 1Z. For the sake of conceptual ease,

we define
Vit o) = D (M, (3.4.32)
nei’
so that
wt (M) = n. (3.4.33)

Conforming to the notation in the previous section, we also let

T = C 0k (3.4.34)
17 = 1 TeerT (3.4.35)
S = Covok (3.4.36)
1° = 1907 % ¢ § (3.4.37)
where 71, g, 01, o € {—1,1}. Fori=1,--- |k, let
El =% 4% ¢ VQ,?. (3.4.38)

For Yt e I* (/\ST) and i = 1,--- , k, extracting Res,,Res;, of (3.3.1), we obtain - if
(A, ;) = 0, then
[Eg, V' (e, 2)] = V' (Eje, x) = 0, (3.4.39)

and if (\, a;) = 1 then
[Eé,yt(eA,x)] = yt(Eée)‘,a;) = yt(e/\*ai,x). (3.4.40)
Bracketing once more, we get that if (A, ;) = 1 then
[Eé, [Eé, yt(e)‘, x)]] = yt(EéEée)‘, x) = yt(e)‘, x). (3.4.41)

Extracting relevant coefficients, if (X, a;) = 0, then

t

[E6, ()] =0, (3.4.42)

and if (\, ;) = 1 then
(B4, [Eb (D)) = (M.

y (3.4.43)
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Since wt E' =1, E{(1®T) C (1®T) and similarly for S. In fact, Ej acts by the scalar
37, on (1®7T) and by the scalar $0; on (1® S). By definition, (e} )[0] (1®T)C (1®29).
Clearly, (e )[ ](1 ®17) is a scalar multiple of 1 ® 1°. Assume that (e )[O}t(l @17 £o.
Now we apply (3.4.42) and (3.4.43) to 1®17. Fori = 1,--- ,k, (A, a;) = 0, (3.4.42)
implies that

1 1

50'7; — 57'1' = 0,

or

and for (A, o) =1, (3.4.43) implies that

1 1 1 1
101'2 — 01T = 70T — 171'2 =1,
or
—— (3.4.45)

We record this as a lemma.

Lemma 3.4.5. With A chosen as in (3.4.31), S and T as in (3.4.34), (3.4.36) respec-
tively, let Y' € I (/\ST), satisfying (e )[0} (1®17) #£0. Then, 0; = 7; if (\, ;) = 0 and
o; # 7; if (\, o) = 1. In other words, S = T>.

Lemma 3.4.6. In the setting of previous lemma, (eA)%]t(l ®@1T) = 0 implies Y!(-,z)- =
0.

Proof. Since VT,C and ng are both graded by the same coset of %Z, namely, (ﬁ + lZ)
(e )[n]( @17y =0 for all n ¢ %Z. Clearly, for any n < 0 also, (e} )[ ]( ®17) = 0.
Now let n >0, n € lZ- We prove (6’)\)?”](1 ® 17) = 0 by induction on n. Assume that
(e )[q]( ®1T) =0forall 0 < g <n,q € 1Z By the Jacobi identity (3.3.1) we have

the commutation relation

[YZ+1/2(04(_1)17 .%'1), yt(e)\7 1'2)] =

_ _ -1/2
= Resg, w2 10 <x1x :1;0) (xl x0> Vi(Yz(a(=1)1, z0)e, x2)
2

Z2

) (2) (2)1/2 (@, WV (A 1),
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for all o € h*. Extracting coefficients, we get

[a(m), (M) = (A @)},

=

for all m € Z + 1/2. Therefore,

a(m)(eM2 (1@ 1")

t t
= el ©17) + ), (1 @17) =0,
foralla € h* and m € Z + 1 /2 such that m > 0, by induction assumption. Hence,
(Mpy(1e1h) ec1e1?),
which can not happen unless

(M2 e1T) =0,

[n

because

wt (2 (1@17) > wt 117,

This proves that Y*(e*, z)(1®17) = 0. Now the lemma follows by invoking proposition
3.3.13. 0

Lemma 3.4.7. (Cf. Proposition 12.8, [DL]) N* (/\ST) <1

Proof. The proof is exactly as in [DL]. Assume that N* ( )\ST) > 1. We reproduce it
here for the sake of completeness. Let Y, Xt € It (/\ST) with Y # 0. By lemma 3.4.6,
(e/\)[)(;}t(l ® 17) is a non-zero scalar multiple of 1 ® 1%, and there exists a scalar ¢ such
that
Xt yt
(Mg 1@ 17) = c () (1@ 17).
That is,
t_ ot
(M > w1 =o.
Since X! — Yt € I ()\ST), lemma 3.4.6 implies that

Xt— eyt =0.
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Proof of lemma 3.4.4: From lemmas 3.4.5 and 3.4.6 we conclude that N* (/\ST) =0 if
S # T*. From lemma 3.4.2 we obtain N* (EAT) > 1 and then lemma 3.4.7 implies that

NI~ 1. =
3.5 Example - the vertex operator algebra L_(k,0)

3.5.1 The setting

Let g = sl(2,C) be the 3-dimensional complex simple Lie algebra with a standard basis

{a,zq,7_o} and a symmetric invariant bilinear form (-, -) such that

[, xo] = 220, [0,2_o] = —20_4, [Ta,ZTool =«

(,a) =2, (za,2-a) =1, (a,2q) = (0, 2_q) = (Tiq,T+q) = 0. (3.5.1)

Take the Cartan subalgebra h = Ca. We identify § with its dual b* via the form (-, ).
Under this identification, a gets identified with the root corresponding to a root vector
Zo. The affine Lie algebra § = sl(2,C) is an infinite dimensional Lie algebra whose
underlying vector space is

a=goC[t,t7 '] ®Cc,
with
[g,¢] =0 (3.5.2)
[z @™,y @1"] = [,y @™ + (2, y)MImsn,0c, (3.5.3)
where x,y € g and m,n € Z. Also define
g=g®C[t,t7]®Cca Cd,

with an extra relation

[d,z2 @t & Cca Cd] = mz®t™ (3.5.4)

where x € g and m € Z. For a € g, let

a(x) = Z(a @tM)z "L

neL
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Let 6 be the unique involution of g defined by
0: 20— T o, 0:T7_ o+ 2o, 0:a+— —a. (3.5.5)

Then 6 preserves the inner product (-,-) on g. As of now, this notation conflicts with

the previously defined 6, but remark 3.5.7 clears this confusion. For i € Z/27Z, set
gy ={r€g|br= (—=1)%z}. (3.5.6)

Define

al0] = g0) @ Clt,t 7] @ gy @ t/2Clt,t7'] @ Cc, (3.5.7)

a Lie subalgebra of the Lie algebra g ® (C[tl/Q,t_l/Q] @ Cc, in which the brackets are
given by (3.5.2) and (3.5.3) with m, n taken in $Z. Also define

80 = g(0) ® C[t,t 7] ® gy ® tY/*C[t,t 7] ® Cc® Cd, (3.5.8)

in which the brackets for d are given by the formula (3.5.4) with m € Z if x € g(g) and
meZ+1/2if x € ggy.
The Lie algebras g and g[f] are isomorphic (but not graded-isomorphic) via the

following map

7§ — gl0]
Tic—>c
1 0
T:d»—)d—1($a+x,a)®t
1
T:a®t”»—>($a+x,a)®t”+§5n,gc (neZ)
1
Til‘a®tni—>5(0&—({[}&—7;7&))@15”4—1/2 (neZ)
1
T:x,a®t”»—>§(a+(xa—x,a))®t”_1/2 (nez). (3.5.9)

Keeping this in mind, we make the following definition.

Definition 3.5.1. A weight vector in a g[f]-module is defined to be any vector which is
a simultaneous eigenvector for the operators c, d and (vq+2_o) ®t°. A highest weight
vector in a §[0]-module is a weight vector that is annihilated by (o — (za —2_a)) ®Qtl/2

and L (a+ (za —2-4)) ® t1/2. A §[A]-module is called a weight module if it is spanned
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by its weight vectors. A g[f]-module is a highest weight module if it is a weight module

generated by a highest weight vector.

Remark 3.5.2. It follows that a highest weight vector in a g[f]-module is annihilated

by (To + ZT_a) @7, a @t" /2 and (24 — 2_o) @ t" /2, whenever n € Z and n > 0.

Remark 3.5.3. The Lie algebras g and g[f] are respectively the “homogeneous real-
(1)

ization” and the “principal realization” of the affine Lie algebra A;".

Fix a positive integer k. Recall the space Vpir from previous section. Consider a

linear injection ¢ from g to Vi, defined uniquely by
z(a) = 041(—1) + - Oék(—l) (3510)

i(Tra) = €50 4. 4 T, (3.5.11)

Proposition 3.5.4. (/DL], Proposition 13.1) The linear map w : § — End Vpr given

by

m(c) = k (3.5.12)

w(a(z)) = Yz(i(a),z) where a€g (3.5.13)

defines a g—module structure of level k on the space Vpr.

Set
L (k,0) =U(§) -1 (C Voe € V) (3.5.14)
and let
W, = 2(kl+2) (xa(—l)x_a(—l) L4 aa(—Daa(—1)-14 %a(—l)a(—l) . 1) ,
wgu € L (k0). (3.5.15)

Proposition 3.5.5. (/DL], Proposition 13.8, Theorem 13.12) The structure

L+ (kv 0) = (L;[; (kv 0)> Yz, 17wgk)

slo

(contained inside Vpr ) with its grading inherited from that of Vpk, is a vertex operator
3k

algebra of rank ——.

kE+2
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Recall the automorphism 6 of the vertex operator algebra (Vir, Yz, 1,w) defined in
(3.4.8).

Proposition 3.5.6. 0 induces an automorphism (also denoted by 0) of order 2 of the

vertex operator algebra L-(k,0).

Proof. Using the properties of the maps ¢ and 6, it is easy to see that

0i(r1a) = O(eTM 4. 4 eFom) =T g eFo% = j(z,) (3.5.16)

Oi(a) = Olar(—=1)+ -+ ag(—1)) = —(aa(—=1) + - + ar(—1)) = —i(B)5.17)

which implies that

0L (k,0) = L (K, 0). (3.5.18)
We already know that
il =1 (3.5.19)
0Yz(v,2)0~t = Yyz(Ov,z) for v € Vigr (3.5.20)
6> = Id. (3.5.21)

It remains to prove that 6 fixes wy,. wy, can be written as
1 1 . .
Wy, = ReswlResmm(mm) Yz2(i(za), 21)Yz(i(2—a),z2) - 1

+Yz(i(x—0), 21)Yz(i(20), z2) - 1 + Yz(i(a), 21) Yz (i( ), z2) - 1). (3.5.22)
So we get that
Owg, = ResleesmM(mlxg)l <0Yz(i(xa),xl)YZ(i(m_a),xg) -1
+0Y7(i(x_q), 21)Yz(i(2a), x2) - 1+ 0Yz(i(a), 21)Y7(i(a), x2) - 1)
= ResmlRest(klmmlxg)l <YZ(9i(wa), 21)Y7(0i(2_q), x2) - 01

+Y7(0i(x_0), 21)Yz(0i(24), 22) - 01 + Yz (0i(a), z1)Yz(0i(r), z2) - 01)
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= Resleesmz(k:_Z)(xlxg)l (Yz(i(:c_a), 21)Yz(i(2q), 22) - 1

—i—Yz(@i(.CCa), xl)Yz(i(Jf_a), xg) -1+ Yz(—i(a), xl)YZ(—i(a), :ZJQ) . 1) ,(3.5.23)

where the last equality follows from the definition of the maps ¢ and 6. Hence we

conclude that Owg, = wy, . O
Remark 3.5.7. A look at (3.5.16) and (3.5.17) shows that
i(fa) = Bi(a) (3.5.24)

for all @ € g, where the 6 on the left hand side is the involution of g and the one on the

right acts on the space Vpx.

Notation 3.5.8. Recall that L(n) = wp41. Let us denote the component operators

corresponding to wg, as Lg, (n) = (wg, Jn+1-

Lemma 3.5.9. (cf. [DL], Proposition 13.5) Let (W,Yw) be a 0—twisted Vgr-module.

Foraeg, let
aw (z) = Y (i(a),z) = Y aw(n)z """ (3.5.25)
nelz
Then
[Lg.(m),aw(n)] = —naw(m+n), (3.5.26)
[L(m),aw(n)] = —naw(m+n), (3.5.27)

form e Z and n € %Z. In other words,
Y (wg,, —w, 1), Yw(i(a),z2)] =0 (3.5.28)
(cf. [DL], (13.40)).

Proof. First, let a € g(g). The proof in this case is essentially the proof of Proposition
13.5 in [DL]. From (3.5.17) and (3.5.16), #i(a) = i(a) and so i(a) € L;[;(k,O)O in the
notation of lemma 3.3.1. Taking v = i(a),v = wy, in (3.3.1) and taking Res,,, we get:

1 — Zo

Z2

[Yw(i(a), 1‘1), Yw(wgk, Ig)] = ResxO:cflé < ) Yw(Yz(i(a), xo)wgk, $2)(3.5.29)
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Equation (13.37) of [DL] gives
Yz(i(a), xo)wy, = i(a)zg? + a nonsingular series in xo. (3.5.30)
Hence, (3.5.29) gives (cf. [DL] (13.38))

Yo (i(a), z1), Yiv (wg, , 2)] = —zglyw(@)a‘;a @;) , (3.5.31)

or equivalently,
[Lg, (M), aw (n)] = —naw (m + n) (3.5.32)

for m,n € Z. Keeping in mind the formal monodromy condition, we see that ay (n) = 0

ianZ—i—%, we get
[Lg, (M), aw (n)] = —naw (m + n) (3.5.33)

formeZ,n € %Z.
Now let a € g(;). From (3.5.17) and (3.5.16), #i(a) = —i(a) and so i(a) € L;[;(k,O)l
in the notation of lemma 3.3.1. Taking u = i(a),v = wy, in (3.3.1), taking Res,, and

then using formal Taylor theorem, we get:

Yw (i(a), 21), Yiv (wg,., 22)]

~1/2

1 — & 1 — I .

—ResmOmld( ! 0) < ! 0> Y (Yz(i(a), zo)wg, , v2)
o Z2

) 5 ~1/2
= Resy, 25 <e_$°<‘9x16 <2)> <e_w°8x1 (2) ) Yw (Yz(i(a), zo)wg,,, T2)

Again, using (3.5.30) we get

Y (i(a), 21), Yw (wg,, 22)]

~oea(2) (s () )i
(s () (2) et
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Extracting appropriate coefficients, we get that
[Lg (m), aw (n)] = —naw (m + n) (3.5.34)

form e Z,n € Z + % Keeping in mind the formal monodromy condition, we see that

aw(n) =0if n € Z, we get
[Lg, (m), aw (n)] = —naw (m +n) (3.5.35)

form € Z,n € %Z.
Taking u = w € L (k, 0)°,v =i(a) in (3.3.1) and taking Res,,, we get

xr1 — Xo

[Yiv (w, z1), Vi (i(a), z2)] = Resgozo 16 < ) Yw (Yz(w, xg)i(a), z2). (3.5.36)

T2
It is well known that i(a) € Vpr is a “lowest weight vector” of weight 1. So, the above

equation simplifies as

Yw (w, z1), Yw (i(a), z2)]
x 0 x1

= 25 Yy (L(=1)i(a), 22)8 <$;> - x;lYW(i(a),xg)a—xlé <> . (3.5.37)

T2
However, L(m) = Lg,(m) on L-(k,0) for any integer m with m > —1, as given in

Proposition 13.8, [DL]. So,

[YW(w7x1)7YW(i(a)¢$2)]
= 25 Yw(Lg, (—1)i(a), 22) @;) - wlew(i(a),xz)ié <xl) . (3.5.38)

@.7}1 X9

Since Yy satisfies the Lg, (—1)—derivative property,

Yw(w,z1), Y (i(a), z2)]

o <dYW(i(a),:p2)> 5 (2) _ leyw(z'(a),@);;a (“) - (3.5.39)

d$2 i)
Extracting appropriate coefficients and again taking a note of formal monodromy con-

dition,

[L(m),aw(n)] = —naw (m + n) (3.5.40)
formeZ,n e %Z. Now

Yw (wg, — w, 1), Yw (i(a), 22)] = 0

follows. O
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3.5.2 Intertwining operators

Now, exactly as in Chapter 13, [DL], we modify the twisted intertwining operators
in the previous section to get twisted intertwining operators for the vertex operator
algebra L;[;(kz, 0). We work in the setting and notation of Proposition 3.4.2. We begin

by investigating the action of g[f] on the spaces ng.

Lemma 3.5.10. The spaces VQTk for various one-dimensional Q¥ —modules T on which
each element of QF acts a scalar belonging to {—1,1} are modules for the algebra g[f]

via the action 7y : gl#] — End ng as follows:

mr:cr— k1d

mp :d+—>d (the degree operator)

T Z(a @tz " Yo(i(a), ) = Yz,1/0(i(a),z) a € g
nez

mre Y (@@tMr " e Yo(i(a), ) = Y 0(i(a),2) a€ga).  (3.5.41)
nezZ+1/2

In fact, these spaces are k—fold tensor products of basic modules for g[f]. In other

words, we can decompose ng as
Ve =Vite e Vik, (3.5.42)

where each Q; is a copy of the lattice QQ and each T; is a one-dimensional module for
Q; on which each element of Q; acts by a scalar belonging to {—1,1}. Also, ng breaks

up as a direct sum of standard modules for the algebra g[d].

Proof. That Yy(i(a),x) = Yz41/2(i(a),z) for a € g follows from the definition of A,.
(cf. (9.2.20), (9.2.43), (9.2.44), [FLM]). For k = 1 the lemma follows from theorem
7.4.10 and remark 7.4.14 of [FLM]. For k > 1, it is clear that the space ng breaks
up as a tensor product of aforementioned spaces, and then it is easy to see that we get
the required representation of g[f] by using the definition of the map i. The complete
reducibility as a of ng as a g[f] module follows by observing that g[f] is isomorphic to
the Kac-Moody algebra Agl) (cf. remark 3.5.3) and then applying theorem 10.7 and its

corollary from [K]. O
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Lemma 3.5.11. Ifw € ng is a highest weight vector for the action of g[f] then w is

L(0)-homogeneous.

Proof. From the definition of a highest weight vector (definition 3.5.1), we see that w is
an eigenvector for d € g[f]. Using (3.5.41), w is homogeneous with respect to the degree
operator d acting on ng. The lemma follows by observing that L(0) and the degree
operator d differ only by a global constant, as could be seen from equation (9.4.5) of
[FLM]:

1 .. & k
L(0) = ~d + g ydimb® = —d + . (3.5.43)

O

Lemma 3.5.12. Ifw € VQTk is a highest weight vector for the action of glf] then w is

Lg, (0)-homogeneous.

Proof. We can write wg, as

1 1

oo = gy (300 + 7-) (D0t 2-)(-1) 1

—%(ma ) (D) (e — ) (1) 1+ %a(—l)a(—l) . 1) . (3.5.44)

Let u = i(zo +_o). Then, using fu = u in (3.3.1) and taking Res,, Res,,z, * gives

YZ+1/2(U—1U7IL’2) = Resg, (21 — 332)71Y2+1/2(U, xl)YZJrl/Z(uaxQ)
+Rese, (w2 — 1) Vi1 )0(u, 22) Yz 41 /2 (u, 1)

= Z um:r;mleZHﬂ(u,:r:g)—|—YZ+1/2(u,x2) Z umx;m71(3.5.45)
meZ,m<0 meZ,m>0

Applying to the highest weight vector w, which is an eigenvector for ug, and which is

annihilated by u,, for m € Z, m > 0, we get

Yz41/2(u—1u, z0)w = (3.5.46)

—m—1 —m—1
= E U Ty Yz41/2(u, 22)w + Y741 /2(u, 2) E UmWTs
meZ,m<0 meZ,m>0

= Z umxgmfl Z umwxgmfl—i— Z umx;mfluowx;(?)é.él?)

meZ,m<0 meZ,m<0 meZ,m<0



Extracting the coefficient of x5 2 we get

(u—1u)1w = upupw = a scalar multiple of w.
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(3.5.48)

Now let v = i(xq — z_4) or u = i(cr). In both cases, fu = —u. Multiplying (3.3.1)

by :vi/2

o

in order to get integral powers of x1, we get

_ xr1 — X
o 15( : 2) Yo y1/0(u, 21) Yz o (u, 22)y"?

— T2 — 21
—X0 15 < .
0

Yz 12(u, 22)Yz11/2(u, T1) 24

—1/2
$1—£L'0> /

= xlflé

s (5=
)

(xg + X9

_ o+ T
=271 <20) (2 + z0)"/? Yz11/2(Yz(u, 2o)u, 2)

T

l‘g—l—ﬂ?o) /2

Yz1/2(Yz(u, zo)u, 2)7]

Yz1172(Yz(u, T0)u, T2)Ty

1/2

1/2

1/2

(3.5.49)

Equations (13.29) and (13.30) and the proof of Proposition 13.4 of [DL] say that

uou

ULU

Up U

0
k(i b, i tu)l

0 if n>1.

(3.5.50)
(3.5.51)

(3.5.52)

Also,
2 _ 12 zo @} 2 112 15 _3p
(x4 m0) /" =1 1+2T?2_87x%+ Ty +§l‘ 9 —§$02 +
(3.5.53)
Using this information in (3.5.49) and then taking Res,, Res;, " gives
12 k i_lu, il —3/2
YZH/Q(u,lu,xg)xz/ — <8>x2 /
= Resy, (z1 — xz)leZJrl/g(u, 71)Yz41/2(u, xg)x}/Q
+Resy, (z2 — a;l)*lYZH/Q(u, 12)Y711/2(u, a:l)a:}/z (3.5.54)

or equivalently,

Yz41/2(u—1u, z2) —

_ 12 —1/2
= Resy, (v1 — z2) 1YZ+1/2(U,xl)YZ_i_l/Q(u,l'Q)fL‘l/ Zq /



70

+Resq, (22 — 1) g2, 22) Yz jo(u, 212y ay

—m—3/2
= Z Um+1/2T2 YZ+1/2(U, 2)
meZ,m<0

—m—3/2
+YZ+1/2(U,$2) Z ’U/m+1/2(L'2m / (3555)
meZ,m>0

Applying to the highest weight vector w which is annihilated by w,, for m > 0, m €

7 + %, yields

Yz 1/2(u—1u, 2)w

k(i u, i tu)

—m—3/2
=g Wy + Z um+1/2:1:2m / Yz 41/2(u, 2)w
meZ,m<0
—m—3/2
+ Vg, ma) | Y Upmgrpry 2w
meZ,m>0
M
8
—m—3/2 —m—3/2
+ Z Um+1/2$2 m / Z Um+1/2.’132 m / w. (3556)
meZ,m<0 meZ,m<0

Extracting the coefficient of x5,

k(i u, i~ )

5 w = a scalar multiple of w.  (3.5.57)

(uflu)lw = (uflu,ll)l =

Using (3.5.48), (3.5.57) and (3.5.1) in (3.5.44) and applying to the highest weight

vector w, we finally conclude

Ly, (0O)w = 2(k1+2) <; (i(Za + 2—a)o)” + > w. (3.5.58)

O]

Lemma 3.5.13. Ewvery g[f]-irreducible subspace M of ng is spanned by eigenvectors of

Ly, (0), and is thus graded by Lg, (0)-eigenvalues. With this grading, (M, YZ+1/2|LT (k,0))
sl

becomes a O-twisted L@(k,())-module. Equipped with the grading defined by Lg, (0)-

eigenvalues, (VQTk, YZ“/Q’L@(’“O)) is a direct sum of 0-twisted L;g(kv 0)-modules.

Proof. Lemma 3.5.41 implies that the space VQTk is a direct sum of highest weight

modules for g[f]. From lemma 3.5.12 we conclude that any highest weight vector is
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Ly, (0)-homogenous. (3.5.41) and (3.5.26) imply that M is spanned by eigenvectors of
Lg, (0). Formal monodromy condition, lower truncation condition, the vacuum property
and the Jacobi identity for Yz, /2\ L (k0) (acting on the whole space VQTk) are inherited
from Yz /9. The Lg, (—1)-derivative property follows from proposition 13.8 of [DL] and

the L(—1)-derivative property of Yz /5. Specifically, if v € Ls@(k’ 0) then
Ly (—1)v = L(—1)v (3.5.59)
and hence

Yoi1y2le o 00 (L (=1)0,2) = Va1 (Lo (1)v, 2) = Yz 10 5(L(=1)v, 2) = %Y(Uaff)-
(3.5.60)
It remains to prove that components of Y7 ;/s(v,z) for v € La;(k:, 0) preserve
M. For this we observe that any v could be written as a finite linear combination of
terms of the form i(a1)n, - --i(a;j)n,1 where a; € g and n; € Z for i = 1,2,--- ,j. We
proceed by induction on j. Vacuum property implies that components of Y7, /5(1, 7)
preserve M. From (3.5.41) it is clear that components of Y7 /5(i(a), ) preserve M
for a € gy or a € g(;). Assume that components of Y (b, z) preserve M, for some b in
L-(k,0). Let a € g for s € {0,1}. Then i(a) € Lz (k,0)°. Equation (3.3.3) with
u=1i(a) € L (k,0)* gives

YZ+1/2(Y(i(a)7 l’o)b, $2)

Ir] — T . S
= (z9 + 900)_“(”/21168951 <$0_15 ( 1z0 2) Yz.41/2(i(a), xl)YZ+1/2(b,x2)xl/2
Tr9 — T . S
—xo 10 < 2_350 1) YZ+1/2(ba$2)YZ+1/2(Z(G)7~’131)951/2> : (3.5.61)

By assumption on b, coefficient of any monomial in g and x5 on the right-hand side

preserves M, and so the same holds for the left-hand side. O
Lemma 3.5.14. ng is spanned by eigenvectors of Lg, (0) — L(0).

Proof. Lemma 3.5.41 implies that the space ng is a direct sum of highest weight
modules for g[f]. From lemmas 3.5.11 and 3.5.12 we conclude that any highest weight
vector is (Lg, (0)—L(0))-homogenous. Now the lemma follows from (3.5.41) and (3.5.28).

]
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With the help of the lemma above, the operator 2Lor (0—=LO) defined so that
gl (O=LO)y, — ghy (3.5.62)

if
(Lg, (0) — L(0))v = hv (3.5.63)
where h € C, v € ng could be extended uniquely and in a well-defined manner to the

whole space v € VQTk. The operator zLex (=) ¢ould similarly be defined on Vpx, see

(13.78) of [DL.

Lemma 3.5.15. Ifv € LsTQ(k’O) then as operators on ng,

L —L L —L

or equivalently,

L, (0) = L(0), Yy (v, )] = 0. (3.5.65)

Proof. Again, any such v could be written as a finite linear combination of terms of the
form i(a1)n, - - -i(a;)n;1 where a; € g(0) or a; € gy and n; € Z for i = 1,2,--- ,j. We
proceed by induction on j. (3.5.65) clearly holds for v = 1. From (3.5.28) it is clear
that (3.5.65) holds for v =i(a) for all a € g.

Assume that (3.5.65) holds for Y (b, z), for some b in L;[;(k,O). Let a € gy for
s € {0,1}. Then, (3.5.61) gives

[Lg),(0) — L(0), Yz41/2(Yz(i(a), 20)b, 2)]

B [Lgk(o) — L(0), (w2 + x0)~*/*Resy, <£Co_15 (xl o

0 )YZ+1/2(i(a)axl)YZ-l—l/Q(b:xQ)xi/Q

_ —r2+x ; s
) (23301) Yz+1/2(b,m2)YZ+1/2(z(a),x1)$1/2>}

Ty — X2

Lo

= (22 4 20) "*/*Resg, <x015 < ) [Lg, (0) — L(0), Y741 /2(i(a), 1) Yz11/2(b, 2)]

e (‘“”““) [Lg, (0) — L(0), Yiar a(0, x2>YZ+1/2<i<a>,x1>])

0
—s — 1 — T . s
= oz 0)* 2Ry, (20710 (P2 ) [, (0) = 0) Voo i) ) Va1 o 0
_ Iy — . s
#2078 (T ) Yy i), 00 L 0) — L0, Vi o)
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— —T +.iU . S
= a1 (T2 124, 0) - LO) Vorn sl Vg alita), o)t

Lo

_ —X9+ T . s
— @ '8 (21> Yz11/2(b; 22)[Lg, (0) — L(O)vYZ+1/2(1(G)7$1)]$1/2>
=0, (3.5.66)
by (3.5.28) and the assumption on Y (b, z). The lemma follows. O

Proposition 3.5.16. (Cf. Proposition 13.18, [DL]) In the setting and notation of

proposition 3.4.2, for a X € A, let Y be a twisted intertwining operator for the vertex

v
operator algebra Vi of type ( @t ) Then Y'(-, )., defined as
VA+Qk VQk
Yi(, z) = Lo O-LO) b (3= Lop O)FLO) .y 5= Loy (0)FL(0) (3.5.67)
v
gives an intertwining operator for vertexr operator algebra L;[;(k:, 0) of type (V kaT ),
MQE Yok

where V VQ,Q,VAH?;C, are considered as L;[\Q(k:, 0)-modules with possibly infinite di-
mensional homogeneous components. In particular, for any g-irreducible component
(which is also an untwisted irreducible Lg-(k,0)-module, due to lemma 15.14, [DL])
Wiior C Vyygr and for any g[ﬂ—im‘educible components (which are §-twisted L (k,0)-
modules due to lemma 3.5.13) W ng, WTA ng , the projection of Yt(wy, x)w’
to WT* for wy € Wy and w” € WT is an intertwining operator of type (WIT?;T)

Proof. The proof is the same as the proof of proposition 13.18 in [DL] which we rework
here for the sake of completeness.

The lower truncation condition for Y is easily deduced from that of the operator ).
Let wy, gr be a highest weight vector for the action of g on Wy o« Then just as in the
discussion surrounding equation (13.84) of [DL], if (Lg, (0) — L(0))wygr = h1wy gk
for some hy € C then the g-irreducibility of Wy, or and equation (13.40) of [DL] imply
that

(Lgi.(0) = LO)) |y, . = (3.5.68)

Q

Similarly, if wgk and wgz are highest weight vectors for the action of g[f] on ng

and Wg;,j respectively, then lemmas 3.5.11 and 3.5.12 imply that w(QT?

eigenvectors for L, (0) and L(0). Letting (Lg, (0) — L(O))wgk = h2wgk and (Lg, (0) —

T)\
. and Wey are
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L(0))why = hgwly, using §[6)-irreducibility of W2, and W2, and then using (3.5.28)

we can conclude that

(Lgk(o)—L(O))‘ng = hy (3.5.69)

(Lgk(O)—L(O))]WgI? = hs3. (3.5.70)

We prove the Jacobi identity for v € L-(k,0) such that fv = dv. Let v € L (k, 0)7
where j € {0,1}. Letting w(;) € W),or and multiplying (3.3.4) on the left by
mng’“(O)fL(O))ihl and on the right by a;;Lg’“(OHL(O) and keeping (3.5.64) in mind, we

conclude that

_ r—x _ T9 — T
zo 10 < lxo 2>YZ+1/2(07331)Yt(w(1)a$2)_~’UO '5 <2_$01> Y (wiry, #2)Yz41/2(0, 1)
_1 1 — %o I — Xo i/ t
=2 ) Y (Yz(’l},lto)w(l),xg). (3.5.71)
xI9 i)

This proves the Jacobi identity.

Since wg, —w € VQkO, we get

[Lg,(0) = L(0), Y (wr), 22)] = Y'((Lg, (0) — L(0)w(r), 22)

+29V" ((Lg, (1) — L(=1)wgyy, x2) (3.5.72)
or equivalently, using L(—1)-derivative property of )¢,

V' (Lg, (—Dwqy, 22) = =V'((Lg, (0) — L(0))w(yy, w2)ay "

d _
+d7x2yt(’w(1), $2) + [Lgk (0) — L(O), yt(w(l), @)]@ L (3.5.73)
Again, multiplying on the left by xéLgk (0)=L(0)) =1 and on the right by ar;Lg’“(OHL(O),

we get

Y (L, (—1)wqy, x2) = [Lg, (0) — L(0), Y (wry, x2)]z5

(Lo (0)=L(0)) < ddm yt(xé—ngowL(o»w(l)’m2)> xQ—Lgk(OHL(O)

= —Yt(w(l), x2). (3.5.74)

O]
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3.6 An abelian intertwining algebra structure

In this section, we provide an abelian intertwining algebra structure that incorporates
twisted and untwisted modules for the vertex operator algebra V7., such that the “Y™”

map is comprised of the various untwisted and twisted intertwining operators.

3.6.1 A direct approach

Following a suggestion of C. Sadowski, we give an abelian intertwining algebra that
incorporates untwisted and the 6;-twisted modules (see the definition below). This is
sufficient, since 6 and 0, are conjugate as automorphisms of Vi, see Chapter 3 of [FLM]
for details. For the purposes of partition identities, one can work with either of these
automorphisms.

Consider the lattice L = Za/4, where as usual (o, ) = 2. Exactly as in Section
3.4, construct the structure V. Clearly, Vi, = Vo @ Vgia/2 ® Vgiasa ® Vg_a/a-

Let 6; be the unique linear map with:

91 :VQ — VQ
hi(—n1) - hj(—n;) @ e — (~1)VIN2hy(—ny) o hj(—ny) @ et (3.6.1)
It is easy to see that 67 is an involution of the vertex operator algebra V.

Let u = u* @ e*, v = v* @ e, w =w* e be in V. Then, from Theorem 5.1 of

[DL], we know that

— — 7<a7ﬁ>
zo 16 (xl x2> <x1 $2> Y(u,z1)Y (v, z2)w
Zo

zo
XTo — I XTo — I —(e) .
—:Uo_15< ) ( - ) e MRy (v, 29)Y (u, 31w
—Z elmxg
(@1 — m z1 — 20\ @
= x2 (5( > < > Y (Y (u,z0)v, x2)w. (3.6.2)
T2 T2

From this identity, or otherwise, it is easy to see that the spaces V+q, are 0;-twisted
modules for V. Now, our aim is to modify the Y operator on Vi, so that we get an
abelian intertwining algebra that comprises of twisted intertwining operators amongst

untwisted and twisted modules for Vg.
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Let G = (Za/4)/(2Za) = Zg. We denote the images of integers in Zg by an over-
g g y
line. G is identified with Zg via a/4 + 2Za +— 1. Grade Vi by G accordingly. For
g € G, we let VLg be the corresponding piece. For all 0 < g1,92,93 < 7,91,92,93, € Z,
define:
F:GxGxG— Cx,
(91,92, 93) — 1,
B:GxGxG— C*,
(1, G2, g3) — e NP8,
Q:GxG—C*
(g1’§2) — €—i7r§1§2/8’
b:GxG— C/Z
(91,92) — —51G2/8.

With w € V', v e V?, w € V® (3.6.2) could be re-written as:

_ _ b(g1,92)
x0_15<x1 3:2) <$1 332) Y (u,z1)Y (v, x2)w

Zo )
b(glf.QQ)
-1 T2 — 21 To — X1
—To 5< —x0 )( eiﬂ'mo > B(gl,gg,g?,)Y(U,fL’g)Y(u’gjl)w
_ _ —b(g1,93)
= 25716 <$1m2x0> <$1x2$0> F(g1,92,93)Y (Y (u,z0)v, z2)w. (3.6.3)

Along with the other minor axioms that could be easily verified, the structure
(V,Y,1,w,T = 8,G = (Za/4)/(2Za), F, Q)

becomes an abelian intertwining algebra in the sense of [DL]. For the precise definition
and some examples of abelian intertwining algebras, we refer the reader to Chapter 12
of [DL].

For gy such that u € Vg = V2@ V! and go with v € Vp = VIG V2@ VE@ VY, we wish
to remove the factors B(g1, g2, g3) and F(g1,92,93) from (3.6.2), so that we can get a
structure that incorporates the twisted intertwining operators. In order to achieve this,
we will suitably scale the “Y” map thereby changing the normalized abelian 3-cocycle

(F, Q) to a cohomologous one.
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With a,b,c,d € Z such that 0 < a,c<1and 0 <b,d <3, let

flo,w): G xG— G,

flaa + ba /4 + 2Za, ca + do/4 + 27Z.0) = i (3.6.4)
Clearly, for all g1, g2 € G,

f(91,0) = f(0,92) = 1. (3.6.5)
For v € V{, w € V}, define
Y (v,2)w = f(g,h)Y (v, z)w. (3.6.6)

We know from Remark 12.23 of [DL] that this new structure is also an abelian

intertwining algebra. With this modification, what we have is the following;:

F'(91,92,93) = £(92,93) f(91 + 92, 93) " F (91,92 + g3) (g1, 92) "
Q(g1,92) = f(91,92) f (g2, 91) "' g1, g2)

B/(91,92793) = F/(92791793>719/(91792>F’(91,92,93)- (3~6-7)

This new normalized 3-cocycle of course satisfies:

F'(0,92,93) = F'(91,0,93) = F'(91,92,0) = 1,

Q/(ngQ) = Q(0792) =L

But moreover, letting g1 = a + 2Za, g2 = aa + ba/4 + 2Za, g5 = ca + da /4 + 27,

where a,b,c,d € Z, with 0 < a,c <1 and 0 < b,d < 3,

F'(g1,92,93) = f(92,93) f (91 + 92, 93) " f (g1, 92 + 93) f (91, 92) "

=i".i. 1.1

=1, (3.6.8)
B'(g1,92,93) = f(91.93) " f(g1, 92 + 93) (92, 91 + 93) " f(92. 93) B(g1, 92, 93)

= f(92,91+ 93) " g2, 93) - e~/

= fg2, 91+ g3) "1 (3.6.9)
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Now, if ¢ = 1, then f(g2,91 + g3) = 1 and if ¢ = 0 then f(g2, 91 + g3) = i’. Hence,

/ 1-i-i7%  ife=1,
B (91792793) = (3610)
it.1-i70 ife=0.

Therefore,

B'(g1,92,93) = 1 for b € 2Z. (3.6.11)

In effect, if u € Vg and if v € Vp, we get that g1 = a+2Za and that go = aa+bo/4+2Zo
with b € 2Z. In this scenario, for Y, we precisely get the Jacobi identity for the
untwisted intertwining operators if w € Vp, and the Jacobi identity for the twisted

intertwining operators if w € Vp,, /4-

3.6.2 An approach using the tensor category theory

Now we provide an alternate route, this time directly using the automorphism 6. This
is exactly the approach of Theorem 3.8 of [H1].

Let us gather relevant facts about the vertex operator algebra Vg formed by the
fixed points of 0. See the Introduction of [DJL] for more details and for corresponding

results for higher rank even lattices in place of Q.

1. Clearly, Vg is N-gradable and its zeroth weight space is spanned by the vacuum

vector.

2. From [DN] we know the complete list of irreducible modules of Vg. Each irre-
ducible untwisted or 6-twisted module W for Vg breaks as W = W@ W, where
W are irreducible (untwisted) modules for VQa. The complete set of irreducible

modules for Vg is S = {Vét,Vét+a/2, (Vgl)i, (ng)i}

3. The fusion rules for V(S are computed in [Abl] and [ADL]. It can be verified that
the fusion algebra is isomorphic to the group algebra of the abelian group Zs, i.e.,
there exists a bijection ¢ : S — Zg such that for irreducible modules Wy, Wo, Wi,
the fusion rule (WYVI%VQ) is 1 if o(W1) 4+ ¢(W2) = ¢(W3) and 0 otherwise.

4. From [Y] and [ABD], the vertex operator algebra Vg is Co-cofinite.
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5. From [Ab2], we know that VQ9 is rational, i.e., every N-graded weak module of Vg

is completely reducible.

Now, using properties 1, 4 and 5 above and Remark 3.8 of [H3], we deduce that the
category of VQe—modules has a natural structure of vertex tensor category, in the sense
of [HL1]-[HL3], [H4]. Therefore, the direct sum of irreducible modules has a natural
intertwining algebra structure, in the sense of [H2]. Now, using the fact that the fusion
algebra is isomorphic to the group algebra of the abelian group Zs and arguing exactly
as in the proof of Theorem 3.8 of [H1|, we know that we have obtained an abelian
intertwining algebra structure on the direct sum of irreducible modules for Vg.

Each of the untwisted or #-twisted intertwining operator for Vg when restricted to
irreducible modules for Vg gives an (untwisted) intertwining operator for Vg. Now,
exactly as in the previous subsection, one can scale the relevant “finer” intertwining
operators individually to get “coarser” untwisted or f-twisted intertwining operators
for V. We obtain an abelian intertwining algebra structure incorporating untwisted

and 0-twisted intertwining operators for V.
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Chapter 4

From sums, hopefully to products: Principal subspaces

In this chapter, following an idea of J. Lepowsky, we analyse a natural Koszul complex
associated to the principal subspace of the basic module L(Ag) of ;[\2 We determine
the second homology of this complex and explain its relations to the Garland-Lepowsky
resolution of the ambient standard module. It is expected that this Koszul complex
would ultimately yield a “character formula” for the principal subspaces.

Our main theorem could be stated and proved in a completely commutative-algebraic
setting without needing any material from the representation theory of affine Lie al-
gebras or vertex operator algebras. Therefore, we organize this chapter in a slightly
unusual way: we dive straight into the heart of the matter and once our main result is
established, we put our results in perspective by referring to the theory of principal sub-
spaces — especially the presentation results of Calinescu-Lepowsky-Milas ([CalLM1]),
some results of Primc ([P2]) regarding relations among the annihilating fields for stan-
dard modules — and also some recent conjectures of Gorsky-Oblomkov-Rasmussen
([GOR]) on the Khovanov homology of torus knots.

The computer algebra system SINGULAR [DGPS] was used for explorations regarding

this project.

4.1 The setup
Consider the commutative associative algebra
A=Clz_1,2_9,...]. (4.1.1)

Through the next few sections, we will consider modules over the algebra A.
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Consider a sequence of (non-regular) elements

n—1
T—p = Z T i®ppi = T AT—pp1 +T2T i+ + T _pp12_1 (4.1.2)
i=1
for n = 2,3,.... Let Ip, be the ideal generated by the elements r_, for n = 2,3,....

The reason for the notation “;,” will become clear in Section 4.4. Let

Wa, = A/Iy,. (4.1.3)

Remark 4.1.1. As we shall see below in Section 4.4, the algebra A is actually the
universal enveloping algebra of a certain abelian Lie algebra, and that the space Wy,
is a certain subspace, called “principal subspace” of the standard module L(Ag) of the

affine Lie algebra Agl) .

Remark 4.1.2. We caution the reader that as a principal subspace, Wj,, is not a priori
defined as the quotient space as in (4.1.3). That Wy, can be presented as in (4.1.3) is a
non-trivial fact stated in [FS1, FS2], invoked in [CLM1] and finally proved in [CalLM1].

We wish to analyze the Koszul complex determined by the sequence of elements

r_n,n=2,3,.... To this end, consider the following complex of A-modules:
BTG M T M. N M. N N |} (4.1.4)
with
Co = Wy, (4.1.5)
C1=A, (4.1.6)
€2 = A, @17)
i>2
C] = @ Ag—il,—iz,...,—ik fOI‘j > 37 (418)

11,82,000y85 22

where the symbols &... satisfy the relation:

i = &> (4.1.9)

and where the differential d, is given by:

0j11(6—iy,...,—i;) = Z(_l)t+1r—it5_i1 i (4.1.10)

77777
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for j+1,41,...,4; > 2 with the hat denoting an omitted subscript. It is straight-forward
to varify that O respects (4.1.9) and that 9% = 0.

Define
H, = Ker 0,,/Im 0y, 41. (4.1.11)

Remark 4.1.3. Ideally, the Koszul complex should be defined using the language of
exterior products, which is equivalent to (4.1.9). However, since our aim is to analyse

H>, we choose to keep our notation simple.

Remark 4.1.4. Typically, the Koszul complex determined by the sequence of elements

r_p for n =2,... would be
Oy 03 02
e —> Cg — Cg — C1 — 0, (4.1.12)

with Cy omitted. However, we have chosen to write it as in (4.1.4) with an eye to-
ward the Garland-Lepowsky resolution of standard modules, which is recalled below in

Section 4.4.

The algebra A and each of the modules is bi-graded. Consider unique derivations

Ly, g of A satisfying:

Lo(z_;) = ix_, (4.1.13)
%(x_i) —z (4.1.14)

for i > 1, that can be extended uniquely to each of the C;s such that

Loty i) = (i1 4+ i8)Eiy e i, (4.1.15)
Lo(a-¢) = Lo(a) - ¢ + a - Lo(e), (4.1.16)
and
%(f—il,m,—ik) = 2k, i, (4.1.17)
%(G.C) = ap(a) - ¢+ a- aglc), (4.1.18)

for all a € A and ¢ € C,.
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Definition 4.1.5. [t is clear that the ring A and each of the modules C, is bi-graded

o
by weight and charge; Lg-eigenvalue is called weight and E-eigenvalue is called charge.

The weights for each of the Cjs are positive integers, and each of the weight spaces
is finite dimensional. Typically, while considering the graded dimensions of various

spaces, the formal variable ¢ denotes the weight and x denotes the charge grading.

Definition 4.1.6. For any vector space M homogeneous with respect to the double

grading with finite dimensional graded components, define the character to be:
X(M;x,q) =) dim(Mj,)z"q (4.1.19)
h,l
where My, ; is the homogeneous component of charge h and weight 1.

The following theorem was noted by [FS1]-[FS2] and proved by [CLM1] using the

theory of intertwining operators.
Theorem 4.1.7. The character of Wy, is given by:

(4.1.20)

‘ _ ann2
Kot ) = 2 (=) (=

One immediately concludes (cf. [A3]) that

Corollary 4.1.8. For h,l € N,

dim((Wag)n,1) = Number of partitions of | with exactly h parts

such that any two adjacent parts have difference at least 2. (4.1.21)

A space defined by a similar, yet different, ideal arose in [BMS] in the context of
the geometry of arc spaces. In [BMS], authors use the theory of Grébner bases in order
to find the required graded dimension.

Since the differential 9, preserves both weight and charge, we have that:

Proposition 4.1.9 (Euler-Poincaré principle). The character of Wy, is given by:
X(Wagiz,q) = Y (=1 (X(Cn; 2, 9) — x(Hns 2, 9)) (4.1.22)
n>1
Now, the problem is to find a description of the homology of the complex (4.1.4).

In the following two sections, we will determine the kernal of the map 0s.
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4.2 The second kernel

In this section, we gather preliminary lemmas required in Section 4.3, in the proof of
our main theorem.

Consider the unique homomorphism
c:A—A
such that

o(x_1) =0,

o(x_i) =x_j41 fori>2,
extended uniquely to each of the C;s such that

U(é—il,m ,—ik) = f—i1+2,“~ ,— i +2 for ily i2a o )ik > 2’

ola-c)=oc(a)o(c).
Also consider the unique derivation L_; of A satisfying:
L_l(l‘_i) = ilf_i_l, (421)

for i > 1, extended uniquely to each of the Cjs such that

Loy(§miyy—i) =
(11 = D)&iy 1,z —ig, T (b2 = 1&g mip =1, miy -+ (I — 1)y —ipr —ip—1
(4.2.2)
L_y(a-c)=L_1(a)c+aLl_1(c). (4.2.3)

Remark 4.2.1. In the course of the main proof, we won’t need the derivation L_1.
However, this derivation has a natural vertex operator theoretic interpretation as a
certain mode of the Virasoro algebra as we shall see in Section 4.4 and moreover,

Ker(9;) can be naturally described by employing L_.

Remark 4.2.2. The derivations L_1 and L can be extended so that the entire Virasoro
algebra acts on A and each of the modules Co. We will not need this action in the proof

of the main theorem.
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It will be convenient to use generating functions, so we introduce the following

notation:

Notation 4.2.3. Let x be a formal variable, let o' denote the formal derivative with

respect to x and let

X(x) = Z r_gxt! (4.2.4)

t>1

R(z)=X(z)* =) ra'? (4.2.5)
t>2

Elx) =) &' (4.2.6)

t>2
M(x) = 2X'(2)B(x) — X (2)Z () = Y pa'™™. (4.2.7)

t>4
Notation 4.2.4. Let

1= ./4<,LL71' |Z > 4> + Im(ag), (4.2.8)

where A(-) denotes the sub-module generated by the list of elements enclosed in (-).
In our main theorem, we will show that
Ker(02) =T.
With this set-up, now we give a sequence of lemmas, each of which is easy to verify.

Lemma 4.2.5. The differential 0 is homogeneous with respect to both weight and

charge. Hence, so are Ker(Qs) and Im(0,).

Lemma 4.2.6. With 0 and L_; defined as above, we have:
1. o(r—;) =04fi=1,2.
2. o(r_;) =r_iz2 if i > 2.
3. Loq(r—;)=(i—1)r_j_q.

Lemma 4.2.7. Let f(x) be a formal power series with coefficients in a module C,. If

of(z) = 27 f(z) for some j €N then of'(z) = (27 f) (x) = ja? = f(x) + 27 f'(2).
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Proof. If j = 0, the statement is easy to prove. In fact, it is easy to see that there does
not exist any f with coefficients in Cq or A such that o f(z) = f(z). Now let j > 1. Let
f(@) =20 fiz®. Then, of(z) = 2/ f(x) implies that ofy, = 0 for all k =0,...,5 — 1
and that o f; = f;—; for i > j. Therefore,
O'f,(l‘) = Z iafi:zi_l = Z ifi_jxi_l = Z(z + j)fﬁ:iﬂ_l
i>1 i>j i>0

= jal ! Zfixi +at Zifixi_l

i>0 i>0

= jal " f(2) + 27 f'(x) = (o f) ().

O
Lemma 4.2.8. We have that
oX(x) =zX(x), (4.2.9)
0Z(x) = 2%Z(x), (4.2.10)
oM (z) = 2> M (x). (4.2.11)

Proof. The first two are obvious from the definitions. For the last one, use Lemma

4.2.7:

=2(X(2) + 2X'(2))(2*E(x)) — 2 X (2)(22Z(z) + 2°Z/ ()

= 23 M(z)
O
Corollary 4.2.9. For eacht >4, p_y = opi—y_3.
Lemma 4.2.10. We have that
L 1X(z)=X'(x), (4.2.12)

L15(z) = = (x), (4.2.13)



L_yM(z) = M'(z).
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(4.2.14)

Lemma 4.2.11. The homomorphism o and the map L_1 commute with the differential:

00 = Oo0

L_10¢ = 0oL _1.
Lemma 4.2.12.

oKer(0s) C Ker(e)
L_1Ker(0s) C Ker(0a)
oIm(9s) C Im(Ds)

L_1Im(0s) C Im(0d),
Hence, o and L_y act naturally on the homology groups H,.
Lemma 4.2.13. For eacht >4, u_y € Ker(0s).
Proof. We have that

OM (z) = 0(2X'(2)Z(z) — X (2)='(x))

Therefore, for all t > 4,

Lemma 4.2.14. Im(0s) = A(r_ié_; —r_;é_i|i,5 > 2).

Lemma 4.2.15. We have that T = o7.

(4.2.15)

(4.2.16)

(4.2.17)

(4.2.18)

Proof. Recall that T = A(u_¢|t > 4) + Im(03). First, Lemmas 4.2.11 and 4.2.8

guarantee that of C I. For the reverse inclusion, note that 0 A = A and that



88

r_i§—j —r_j€_i = o(r—ji—2f—j—o — r_j_2f_i—2). (Actually, a similar proof works for
all Im(0,).) Morever, due to Corollary 4.2.9 and the fact that 0.4 = A, we have that
Alp—i |t > 4) = o Alu—t |t > 7). O

Lemma 4.2.16. We have that

Ker(o|a) = 21 A. (4.2.19)
Moreover,
Ker(o|c,) = Ao @ A3 ® A(x_1&—; |1 > 4).which (4.2.20)
and that
Ker(o?|c,) = 2_1Co + x_9Cy + (Af_o @ A _3® AE_4 ® AE_5). (4.2.21)

Lemma 4.2.17. Let v € Co be a weight homogeneous element. If olv € T\{0} for
some positive integer j, then there exists an i € T such that weight of © is the same as

that of v and olv = o73.

Proof. Let the weight of v be w. We prove the proposition for j = 1, for higher j,
similar strategy works. Since Z = ¢Z (Lemma 4.2.15) and since ov € Z, there exists an
i € T such that ov = oi. We can write Cy = S @ Ker(o), where S is the space spanned
by monomials that are neither divisible by x_; nor are contained in A& o & A& 3.
Accordingly, let i = s + ¢, where s € S and t € Ker(o). Now, it is clear that os = ov
and hence, s must be weight homogeneous with weight w. Now let ¢ be the weight w
component of . Hence, s + t is the weight w component of 7 and belongs to Z since Z

is homogeneous. Moreover, ov = 0s = o(s +t). We can now let i = s+ ¢. O

4.3 Proof of the main theorem
Now we restrict our attention to Cs.
Theorem 4.3.1. We have Ker(02) =Z = A{pu—¢ |t > 4) + Im(03).

Proof. From the definition of Z and Lemma 4.2.13 it is clear that Z C Ker(d2). We just

have to prove the reverse inclusion. Assume, towards a contradiction that Ker(d2)\Z is
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non-empty. Since both Z and Ker(92) are doubly homogeneous, so is Ker(d2)\Z. Select
a vector vg of smallest possible weight from Ker(d2)\Z. We will construct a sequence
of non-zero vectors each belonging to Ker(d2)\Z and having the same weight as that
of vg. However, the last member of the sequence will end up being in Z, providing us
with the required contradiction.

Clearly, vy is non-zero.

From Lemma 4.2.12, ovg € Ker(d2) and has lower weight than vg. Therefore,
ovg € . If ovg = 0, let i9g = 0. If ovg # 0, Lemma 4.2.15 implies that ovy € oZ.
Hence,

ovy = Ol

for some ig € Z. Note that by Lemma 4.2.17, iy can be chosen to be weight-homogeneous
with the same weight as that of vy, so that vy — ig has the same weight as that of vg.
Now, vg—ig € Ker(o)NKer(9d2). Since vy € Z but iy € Z, vg—ig & Z as well. Therefore,
instead of our original vy, let us shift attention to vg — g and we call it v;. Since

v1 € Ker(o), by Lemma 4.2.16, we have that
v1 =g —io = p_o€o +p-3€—3 + T_1(p—a€-a+ -+ p_j€j), (4.3.1)
for some doubly homogeneous polynomials p_s,...,p_; € A. Now,
D(v1) = p_or® | +2p 3z 12 9+ x_1(p_ar—a+---p_jr_;) = 0.
Therefore, cancelling a factor of z_1,
P21+ 2p 3T 2+ p_yr—ga+---p_jr—; =0,

and hence,
o (p-ar—a + - -p_jr—j) = 0.

Therefore,
o?(p—sb—s+ -+ p_j&_;) € Ker(dy).

But now, o?(p_4&—4 + - -p—j€—;) has lower weight than that of vy, and hence,

o*(p—sb—s+ -+ p_jé_;) €T
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Again, noting that Z = 07 = ¢°Z,
2 e 2
o°(p-a€-a+---p_j§—j) € "L

Using Lemma 4.2.16, we deduce that there must exist i1 € Z, ¢1,co € Co and polyno-

mials ¢_o,...,q_5 € A such that
Pabat+-pj§j=i1+x_101 +T 200 +q 2§ 2+ q-3§_3+q-4& 4+ q_5{_5.

Note again that 7; can be chosen to have the same weight as that of p_4§_4+---+p_;&_;,
which in turn has the same weight as that of vg.

Substituting in the definition of v; (4.3.1),

vy =pofo+p_séstr_1(i1+z_1c1 +x_9c0+q2f-2+q-3§-3+q_ab_4+ q_58_5)
=pob o+pi3ésta_i(it+qgobo+q3i-3+qaéa+q-55s)

1
+r_gci + 57"7362-

Now, adding to v appropriate multiples of r_2{_; —r_;{_2 and r_3{_; —r_;{_3 where

j > 3, which are all in Im(93) C Z, and then collecting terms, we arrive at a vector

vo =p_2é o+ p 363+ r_1(q-4€-4 + q-5-5),

which has the same weight as vy and is in Ker(d2)\Z. Now, note that

p—s =4w_38 o+ w28 3—20_1§ 4

p—g = 6x_4& o + 3x_38_3 — 3x_1&_5.

Observe that there is no £_4 term in pu_g. Therefore, we can add appropriate multiples

of p_5 and pu_g to ve to get that
v3 =p—2§-2+ P33

has the same weight as vy and is in Ker(d2)\Z. Now, since 0s2(v3) = 0, we get that
x_lﬁ + 2m_2]§:\j3 = 0. Hence, there must exist a polynomial f such that 1;/1\:2 =2x_of
and ﬁ = z_1f, implying that vs = fu_3 € Z. This is a contradiction, and we are

done. O
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4.4 Affine Lie algebras, Garland-Lepowsky resolution and principal

subspaces

In this section, we recall the theory of principal subspaces as developed in the works
of [FS1]-[FS2], [CLM1]-[CLM2], [CalLM1]-[CalLM4], [MilP] and [Sal]-[Sa3]. We also
recall the fundamental vertex-algebraic constructions of the relevant spaces.

4.4.1 Preliminaries

Consider the complex simple Lie algebra
g =sly

along with its root space decomposition g = Cx, ® Ch @& Cx_,, with the usual brackets
given by:

[h,Zo) = 224, [hy2_o]l = —22_4, [Ta,Z_a]=h.
We work with the standard invariant bilinear form (-,-) on g given by:
<h, :Ea> =0, <h,x,a> =0, <h’ h) =1

The form (-,-) is non-degenerate on the Cartan subalgebra h = Ch of g and hence
allows us to identify h with its dual h*. Under this identification, h is identified with

a, the positive root corresponding to a root vector z,. Consider the untwisted (in the

vertex-operator-algebraic sense) realization of the affine Lie algebra Agl) given by:

§=g®C[t,t 7] @ Cc,
with brackets given by:
[a @ t™ +re,b@t" + sc] = [a,b] @ """ + m(a, b)Sm1n.0C,
where a,b € g, m,n € Z and r,s € C. We will need the algebras:

<0 =g C[t )@ Cc (4.4.1)
geo=g@t C[t™) (4.4.2)

950 = g ® C[t] ® Cc (4.4.3)
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9-0 = g @ tC[t] ® Ce. (4.4.4)

We let U(-) denote the universal enveloping algebra.
Given any finite dimensional g-module U and a scalar k, one can construct an

induced g-module, say N (U, k), called generalized Verma module, as:
N(U, k) =U(9) ®ugsy) U,

where g~o acts on U trivially and c acts by the scalar k. If A € (h & Cc)* such that
A(h) € N and A(c) = k and if U is the unique finite dimensional irreducible g-module
with highest weight Aly, we denote N (U, A(c)) by simply N(A).

Let ho = c—h®t" and h; = h®t°. Given a dominant integral weight A € (h@®Cc)*,
ie., A(h;) € N for i = 0,1, we let L(A) denote the unique (irreducible) standard g-
module with highest weight A. The level of L(A) is defined to be A(c). Let Ag, A; be
the fundamental weights, which are defined by A;(h;) = 6; ;.

We will let W (g) denote the Weyl group of g generated by the reflections 7,71 that

act as:

ro(Ag) = —Ag + 2A4, ro(A1)= Ay,

r1(A1) = —Aq + 2Ao, r1(Ao)= Ao.

Let p € (h & Cc)* such that p(h;) = 1 for i = 0,1. For w € W(g) and a weight
A € (h @ Cc)* we denote

w-A=wA+p)—p.

4.4.2 The Garland-Lepowsky resolution

Just as before, we restrict our attention exclusively to the affine Lie algebra g = Agl) =
sl

Henceforth, for a € g and m € Z, we denote the action of a ® " on any g-module
by a(m).

Let A be a dominant integral weight and let L(A) be the corresponding standard

module. Following Garland-Lepowsky, there exists a natural resolution of L(A) in terms
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of generalized Verma modules as follows:
«vv— FEy — FEy — Ey — L(A) — 0.

We denote the highest weight vector of L(A) and E; by vy and vg, respectively.

Let A = kA for some positive integer k. Garland-Lepowsky’s theorem asserts that
EO = E(kAo), E1 = E(To . k‘Ao), E2 = E(To?"l . kA()),

It is easily checked that vg, maps to x4 (—1)"1

VE,. We wish to determine where vg,
maps inside E7. We adopt the method of Malikov-Feigin-Fuchs [MFF] to first calculate
the required singular vectors inside the Verma module M (rq - kAg) and then take their
projection to Fj. This explicit calculation was carried out for level 1 in [P2] and for

higher levels an alternate route using Sugawara vectors was used.

Using [MFF], the required singular vector inside M (ro-kAg) is given by the formula:

k+3 —k—1
f0+ flfo VE,,

where fo = 2, ®t" ! and f; = v_,®1t° are the standard Kac-Moody generators. For any

non-negative integer j, the following facts, which can be checked easily by induction,

hold:
Al =17+ D57 o Al (4.4.5)
a=1
os Alf57 = £ 1fon A1) + 5657 o, [fos o] (4.4.6)

For the second relation, note that fo and hence f; ', commute with [fo, [fo, f1]], due to

the Chevalley relation (ad f5)3(f1) = 0. Hence, we conclude that:

(k+1)(k+2)

M fy g, = <f§f1+(k‘+1)f0[f07f1]+ 5

o Lo ) o
= (za(-1)%2_4(0) + (k + D)za(—1)h(-1) — (k + 1)(k + 2)za(—2)) vE,
— ra(-1) <xa(—1)x_a(0) + 5h(~1)h(0) + x_a(—l)xa(O)) v,

S (k4 D)k 2)za(—2or, (4.4.7)

Referring to [MP2] and [LL], we know that for each k, E(kAo) has a natural structure

of a vertex operator algebra, and that each generalized Verma module of level k is a
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module for this vertex operator algebra. There exists a natural action of the Virasoro

algebra on each generalized Verma module of level k, with L(n) acting as:
L(n)v

_ <2(kl+2) 3 (ga:a(m)a:_a(n )2+ S alm)ga(n — m)2 -+ 2ph(m)h(n - m)s)) v,

meZ
where

a(m)b(n) ifm <0

b(n)a(m) if m > 0.
(see [LL] (3.8.4)). This is the well-known Segal-Sugawara construction of the Virasoro

algebra action.

We deduce immediately that
ke 1
M o g, = 2a(—1) (:ca(—l)a:_a(O) + ih(—l)h(O) + m_a(—l)xa(O)) VE,

—(k+1)(k+2)xa(—2)vE,

=(k+2) (za(-1)L(-1) — (k+ 1)za(—2)) vEg,. (4.4.8)

4.4.3 Principal subspaces

In this subsection we recall the definition of principal subspaces of standard g-modules,
and we review the main theorems of [CalLM1] and [CalLM2].
In order to define the principal subspaces, we will need the nilpotent subalgebra

generated by the positive root spaces, i.e., n = Cx,, of g. Note that n is an abelian Lie

algebra, and that this is special to Agl). Consider also its affinization:

i=n®C[tt "

contained inside g. Note that o is closed under brackets since (x4, zq) = 0. We will

consider the following subalgebra of n:
o =n®t 'C[tt .
The universal enveloping algebra of n_,

A=Um")
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is a commutative associative algebra. For a standard module L(A) of g generated by

vA, define the principal subspace Wy as:
Wa =UM)vy = U0 )vy,

where the second equality follows by using the Poincaré-Birkhoff-Witt theorem and by

noting that vp is a highest weight vector. As in [CalLM1], we define the surjective

maps:
Fp :U(g) — L(A) (4.4.9)
ar—a-vp (4.4.10)
and

fA = FA’u(ﬁ_) :U(ﬁ_) — Wi (4.4.11)
a— a-vp. (4.4.12)

Now we take A = Ay.
Recall the generalized Verma modules Ey, F1, ... from the Garland-Lepowsky res-

olution of L(Ag). For the generalized Verma module Ejy, define the principal subspace
similarly, i.e.,

Wio =U(R)vg, = UH-)vEg,.
Note that Wfoo is a free module over U(n_) generated by vg,. Consider the natural

surjective maps

IIa, : Eo — L(Ao) (4.4.13)
a-Vg, — a-vp, (4.4.14)
TAy = HA|WfOO . (4415)

Determining the kernel of fj, is equivalent to determining the kernel of my, (see
Theorem 2.2 of [CalLM1]). It is well known that Ey has a natural vertex operator
algebra structure and that I/Vf\EO0 has a vertex sub-algebra structure. Note that Wfoo
does not contain the conformal vector, but admits the natural action of the Virasoro
algebra.

The main theorem of [CalLM1] could be reformulated as follows:
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Theorem 4.4.1. The kernel of mp, is generated over U(n_) by the L(—1)-descendants
of the singular vector x,(—1)?vg,. That s,
Kermo =Y U[_)L(-1)" (za(~1)*vEg,) -
t>0

This theorem could be further reformulated as:

Theorem 4.4.2. The kernel of ma, is the ideal of the vertex algebra VVAEOO generated by

the singular vector xo(—1)%vg,.

In the proofs of the theorems above, analogue of the map o enters. This map occurs
as the inverse of a certain constant factor (e“) of a vertex operator.

The singular vector z,(—1)?vg, is precisely the generator of the kernel of the map
ITp,. So, essentially, the theorems above assert that the kernel of my, is generated by
the “obvious” elements.

In exactly the same spirit, our main theorem asserts that the second homology (as
opposed to the second kernel) is generated by the L(—1)-descendants of the “next”

singular vector in the Garland-Lepowsky resolution, namely,
3(@a(-1)L(-1) — 22a(-2)) vE,. (4.4.16)

The symbol £_s corresponds to vg, and L(—1)vg, corresponds to 2§_3. Hence, the
singular vector (xo(—1)L(—1) — 2x,(—2)) vg, corresponds precisely to p_sz. It is seen
easily that L_; introduced before mimics the action of L(—1). For ¢ > 4, pu_;s could
be obtained upto a non-zero scalar multiple from p_3 by repeatedly applying L_;.

It should be noted that in the works [MP1], [MP2], [P1], [P2], [Si] this “next”
singular vector, and its analogues for higher ranks and levels, play a crucial role in

determination of generators of relations for the annihilating fields of standard modules.

Question 4.4.3. It is now natural to ask how far the vertex-operator-algebraic methods
can be pushed to give insights about the higher homology groups and analogues of the

Koszul complex related to higher levels and ranks.
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4.5 Relations to the stable Khovanov homology of the torus knots

For the purposes of this section, consider the (equivalent) Koszul model written in
the language of exterior products of modules. That is, the z;s are the commutating

variables, but £_;s anti-commute, and
Eiryonsir = &in N N,

In [GORJ, the authors consider a conjectural description of a certain well-defined
limit (cf. [St]) of the homology groups Kh(7'(n,m)) as m tends to infinity; this limit is
denoted as Kh(T'(n, o0)).

In our notation, Conjecture 1.1 of [GOR] reads as follows:

Conjecture 4.5.1 ([GOR)). Consider the polynomial ring in variables x_1,...,x_y.
The unreduced stable Khovanov homology KhT (n,o0)) is dual to the homology of the
Koszul complex determined by the (non-regular) sequence of elements r_; for j =
2,...,n+1 where the r_; are defined as in (4.1.2) The homology of this Koszul complex

is denoted by Khgg(n,o0).

Remark 4.5.2. Note that we have left the base field unspecified. It is natural to
consider F; and Q from the viewpoint of Khovanov homology. For vertex-operator-

algebraic contexts, it is best to work with C.

It was noted in [GOR] that this Koszul complex is related to the principal subspaces
and using the ideas of [FS1]-[FS2] and [LP], a conjectural description of the Poincaré
series of the homology (over rationals) of the Koszul complex above was also derived.
We remark that the double-grading used in [GOR] is different than the one used in this
paper and that the gradings are not compatible.

The homology Kh4(n,00) has a natural structure of a graded algebra. Conjec-
ture 1.6 of [GOR]| describes a presentation of this algebra. In particular it states the

following:

Conjecture 4.5.3 ([GOR]). As an algebra over Q, Khyg(n,o00) is generated by the

elements x_1,..., Ty and fi—4, ..., l—n—2, where pi_; are defined as in (4.2.7).
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The homomorphism ¢ that we have used also finds an analogue in [GOR]: namely,
it lets one pass from the unreduced to the reduced stable Khovanov homology; see
Section 5 of [GOR].

For principal subspaces associated to the higher level vacuum modules of g@, it is
conjectured in [GorL] that the corresponding Koszul models capture the sl y-Khovanov-
Rozansky homology of T'(co, 00).

We are currently working towards adapting our methods to the “finite” and the

higher level settings.

Remark 4.5.4. Rogers-Ramanujan-type identities have several connections to knot
theory. As another example, we mention [AD], where it is explained how the second
Rogers-Ramanujan identity and more generally, some Andrews-Gordon identities arise
by considering the “tail” of the colored Jones polynomial of the (negative) (2, 2k + 1)-

torus knot.
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