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ABSTRACT OF THE DISSERTATION

Static and dynamic analysis of periodic lattice structures

with applications to acoustic cloaks of the pentamode type

by Adam Julius Nagy

Dissertation Director: Dr. Andrew N. Norris

As a first step towards producing pentamode acoustic cloaks, so named for the type
of elasticity required, periodic lattice structured materials are designed that mimic the
acoustic properties of water. This material is termed Metal Water and is analyzed
in detail. The requirements considered are matching of density and wave speed, this
produces a type of metamaterial that couples acoustic wave energy from a background
fluid into an elastic medium without reflection. General elastodynamic, scattering, and
acoustic cloaking theories are reviewed. In application to scattering, a new method is
developed for cylindrically layered elastic media, which combines impedance and ma-
tricant propagator matrices in a stable integration scheme. A variety of techniques
are used to estimate and improve the homogenized material properties associated with
Metal Water. Dispersion curves are found by the application of Bloch-Floquet theory
where a new approach that utilizes Euler-Bernoulli beams is developed. Results are
compared against finite element methods capable of more accurately determining ho-
mogenized properties. Several designs are proposed in two and three dimensions with
detailed studies including dispersion curve analysis as well as statically determined

properties.
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Chapter 1

Introduction

Cloaking devices cause an object to be invisible to incoming waves, energy is diverted
and passes through the region without scattering. Interest in the subject started with
developments in the electromagnetic (EM) spectrum and have given life to the study of
acoustic cloaks. It was found in electromagnetism that strong anisotropic parameters
are required for EM cloaking [9, 10]. This is an obvious consequence as the device is
required to steer wave energy around an object in a rather short distance. Materials with
such characteristics do not occur naturally in nature and so metamaterials, meaning
man-made materials with extraordinary properties, must be created. Further studies in
EM metamaterials have shown unprecedented control of wave propagation for devices
such as: concentrators [11], beam splitters [12], and of course cloaks [13, 14]. By the
technique of transformation optics, material parameters can be derived to achieve the
desired effect. The method consists of applying a form-invariant coordinate transform
to the EM equations, which deforms space in a specified manner based on a mapping
function [12]. Similarly, transformation acoustics applies a form-invariant coordinate
transform to the Helmholtz equation.

The first theorized acoustic cloaks were of the inertial type where material properties
are described by an anisotropic density tensor and a scalar bulk modulus. In order to
achieve anisotropic mass properties, Milton et al. [15] conceptually described how
a system of spring-loaded masses could create the needed mass anisotropy, building
on the work of Willis [16] who demonstrated that, for a composite material in which
density varied, the effective density operator took the form of a second-order tensor.
One of the first proposed inertial cloaks came about by relating the electromagnetic

equation to the acoustic and matching associated parameters [13]. In order to produce



anisotropic inertia a simple layering of fluids is sufficient [17, 18, 19]. Norris [20] later
showed the effective material properties of an acoustic cloak are not uniquely defined
and have special relations to the transformation mapping. This result meant that an
infinite number of mappings which define the material properties of the cloak can be
used in designing the device. One issue with the mapping function, which transforms
a point into a finite region, are singularities in the required material properties [21].
In application to inertial cloaks the transformation requires a singularity in density
meaning infinite mass is required. One way of resolving this issue is by relaxing the
transformation and instead map a small area to a larger one, such that the cloak could
be considered near perfect. This would help remove singularities in density but still
require a device with large mass.

Another approach is to consider cloaks made from an elastic medium, this relieves
the requirement of large mass and instead large anisotropy in elasticity is required
[15]. In this case materials that are described by pentamode elasticity are needed.
Pentamode materials are special as compression and shear waves are not coupled, this
is a consequence of the ideally infinite ratio between the bulk and shear moduli. The
Poisson’s ratio in such a material is approximately one half [22]. Fluid like behavior
occurs as the eigenvalues of the elasticity tensor are all zero except for one, meaning that
only one mode of deformation opposes applied stress. Transformation mappings have
been studied for pentamode cloaks [23], where properties including constant density,
constant radial stiffness, constant tangential stiffness and others including a mapping
that considers minimizing elastic anisotropy have been studied. Other studies have
considered the producibility of such a material [24] and whether shear rigidity would
play an important role in the cloak [25].

In developing acoustic cloaks of the pentamode type an important first step is de-
veloping an elastic based material that has the same acoustic response as water. To do
this micro-structured materials termed Metal Water are proposed and analyzed. The
designed material will be impedance matched to the exterior fluid which will couple the
two mediums as to not produce reflections when an acoustic wave is incident upon the

device. Metal Water can be thought as being the very first layer, coupling wave energy



from an acoustic medium to an elastic. In order to develop Metal Water static homog-
enization theory and dispersion curve analysis is utilized. The results described here
are two and three dimensional structures capable of mimicking the acoustic properties

of water.

1.1 Outline of the Thesis

The thesis begins with a study of elastodynamics in chapter 2 where acoustic and elastic
waves are reviewed. Material symmetries are then discussed as it becomes important
to understand what components of the elasticity tensor should be considered when de-
signing structures with certain reflection planes. The chapter ends with a review of
the Christoffel equation which computes the group velocities for longitudinal and shear
waves in elastic media. In chapter 3 the global matrix method for scattering from a
layered elastic medium is developed, where the medium can be at most described by
elasticity with transverse isotropy. This method requires rather large matrices to be
inverted, especially in the application to acoustic cloaking theory where material prop-
erties of the cloak vary as a function of the radius. This is resolved by the integration
method reviewed and developed in chapter 4 where the Stroh formalism is used in con-
junction with the matricant and impedance matrices offering a stable solution scheme.
The method is able to quickly solve for a large number of layers with general anisotropy.
This is an important tool as it is used in chapter 5 where acoustic cloaking theory is
reviewed and examples are considered. It is shown that pentamode elasticity is required
for devices created using transformation acoustics theory. This special type of elasticity
only allows for longitudinal waves to propagate as shear wave speeds are zero in such
a medium. However, it is found that the cloaking medium can tolerate some level of
shear wave presence, shown by example. This is an important result as it means elastic
structures can be developed and used with this theory. Static homogenization methods
are reviewed in chapter 6 where elasticity components of periodic media can be found
by both analytical and finite element means. In chapter 7, Bloch-Floquet analysis is
extensively reviewed using several different methods with new results in the application

of Euler-Bernoulli beams. This offers dispersion curve analysis in which group velocities



can be found and static elastic moduli can be backed out and compared against other
methods. Lastly, in chapters 8 and 9 Metal Water designs are considered and analyzed
in two and three dimensions. The thesis ends with chapter 10 where the summary of

results, original contributions and future work to be considered are discussed.



Chapter 2

Brief review of elastodynamics

The method of producing metamaterial devices used in this thesis consists of creating
periodic lattice type structures with desired elastic and density properties. These struc-
tures are developed later in chapters 8 and 9 where the goal is to produce a material
with water like behavior, in an acoustic sense. In order to reach this goal we start with a
review of elastodynamics. Sections 2.1 and 2.2 go over the general equations of motion
for acoustic and elastic media. This will be helpful in chapters 3 and 4 where scattering
solutions of elastic cylindrical media are sought. Then in section 2.2.1 we review what
elements of the elasticity tensor must be considered due to material symmetries as well
as determining group velocities of longitudinal and shear waves from the density and
elastic moduli properties of the material. This is helpful in the understanding of how a
solid medium can be used to approximate an acoustic one by taking shear wave speeds
to zero. It can also be used to check the numeric results of homogenization methods,
reviewed in chapters 6 and 7, that seek to find elastic properties of lattice structures

based on the analysis of a unit cell.

2.1 Acoustic theory

Before entering the realm of elastic materials we briefly describe waves in acoustic

media. The pressure of an incident wave is defined by
Pipe = Poei(k-x—wt)’ (21)

where Py is the amplitude, k is the wave vector and w is the angular frequency. The

wave vector has the property

k= k| =\/kZ+k2+kZ=2m/) (2.2)



where A is the wavelength. Considering two dimensional problems in the  — z plane,

such that the y component of k - x vanishes, we have
Pinc — Poei(kxz+kzz_wt). (23)

Next we wish to convert to cylindrical coordinates, (7,0, z), and represent the incident
wave as a series involving Bessel functions for later use in a detailed solution with
acoustic-elastic structure interaction, discussed in chapters 3 and 4. In cylindrical
coordinates k, = kcosa and k, = ksina, where « is the angle between the wave

vector, k, and the z axis. Finally we will make use of the identity

0o oo
eizcoSO — Z 1an(z)€m0 — Z GnZan(z) CcoS TLH, (24)
n=——oo 7’L:0

where J,(z) is the Bessel function of the first kind, ¢, = 1 for n = 0 and €, = 2 for
n > 0 [26]. The incident pressure wave, equation (2.3), is rewritten using equation (2.4)
with
) o
Py = Pyetlkzz—wt) Z €nt" Jy (kyr) cosnb. (2.5)
n=0

The scattered field has a different form as the incident wave will not usually fit the
boundary conditions of the outer surface of a cylinder and therefore an additional
scattered wave must be present [27]. The scattered wave must radiate outward by the
Sommerfeld radiation condition, which states that the energy radiated from sources
must scatter to infinity and energy from infinity does not radiate back to the field.
Therefore the scattered field is represented by Hankel functions of the first kind as
compared with Hankel functions of the second kind which would represent a wave

traveling inward toward the field. The scattered pressure is then

oo
Py = Pyeltkzz—wt) Z eni”HT(Ll)(kwr) cosnf, r>a, (2.6)
n=0

where a is the outer radius of the cylinder. Understanding the incident and scattered
pressure fields in an acoustic medium will come into use later. Next elastodynamic

theory is reviewed.



2.2 Elastic theory

We begin discussion of elastodynamic theory with the conservation of linear momentum,
given by

Voo+pb=pL (2.7)

o =p— :
p p at )

where o is the symmetric Cauchy stress tensor, p is the density, b is the body force per
unit volume, v = du/dt is the velocity field and u is the displacement field in the body.
The constitutive relation between stress and strain is ¢ = C : €, or in component form
oij = Cijrier, where C is the fourth order elasticity tensor having 3% = 81 components.

The strain-displacement relation is given by & = 3(Vu+(Vu)?), or in component form

o 1 8ul 811,]'
8ij B 5(3.%] + 81‘1)

(2.8)

Later on it will be convenient to have the stain-displacement relation in cylindrical

coordinates for which

ou, 1,10u, Oug ug 1,0u, Ou,
=g bt ) Tl ),
e :l(%Jrla“»Z) 599:1(%“1) . Ous '
2V ron’’ r 00 T TEE 9y

Due to the symmetry of the Cauchy stress and strain tensors it is easily found that
Cijkt = Cjirt, Cijrr = Cijik, which are known as the minor symmetries, reducing the
number of independent components from 81 to 36. We may further reduce the number
of components of the elasticity tensor by defining the strain energy density function
written as w(e) = %5 :Ce= %C’ijklaijekl, which should remain invariant when com-
ponents ij are interchanged with kl [28]. This leads to the symmetry Cjji = Chiij, the
major symmetries, reducing the independent components to 21. All symmetries of the

elasticity tensor have been found so far without consideration of material symmetries,

equation (2.7) can then be rewritten as

2

(2.10)

The above equation can be taken from the time domain to the frequency domain using

the Fourier transform, defined as

fwzfmmz/ﬂmww (2.11)



Dropping the body force term and taking the Fourier transform of equation (2.10),
/ V.oedt=p / We“" dt. (2.12)
— 0o —0o0

Integrating the term on the right by parts twice gives

a 2 . . - .
ng;eWtdt = ((2—1: —dwu)e™t|  — / wue™tdt. (2.13)

— 00 —00

Inspection of the above reveals that if the imaginary part of the frequency is greater or
equal to zero, which we will assume, only the last term survives. We have now found the
wave equation for elastodynamics, for which we can drop the hats by taking the inverse

Fourier transform, with the convention f(t) = F~!(f(w)). Equation (2.10) becomes
V- (C:Vu)+w?pu=0. (2.14)

If the medium in question were a metamaterial with anisotropic density defined by the
density tensor p we find [29]
V.-o=—-wp-u, (2.15)

where such a medium may be developed by the simple layering of fluids [19]. In the
next section we further reduce the number of independent components of the elasticity

tensor by considering material symmetries.

2.2.1 Material symmetries

Classes of anisotropic materials and the associated elasticity components are reviewed
in this section through the use of material planes of symmetry. Orthogonal transforma-
tions of the stress, strain and elasticity tensors are accomplished by using the rotation
tensor, A, with the properties AT - A = I, where AT = A~!. The components of A

for an in plane rotation in matrix form are

1 0 0 cos@ 0 sinf cos) —sinf O
Az (0) =10 cosf —sinf|, Ay(e) = 0 1 0 , Az(0) = |sin® cos® O0f,
0 sinf cosf —sinf® 0 cosf 0 0 1

(2.16)



where Ag(6) describes the rotation 6 about the k axis, for k& € {z,y, z}. Multiplying
all three matrices, [A] = A, (¢)Ay(8)A-(¢)) the components are

cosfcos¢p sinysinfcosop —cosysinh cossin b cos ¢ + sin sin ¢
[A] = |cosfsing siniysinfsing + cosicosd costpsinbsing — sin) cosd| (2.17)
—siné sin) cos 0 cos 1 cos
where ¢, 0, and 1 are known as the Euler angles measured about the x, y, and z axes
respectively. Instead of using Fuler angles it is sometimes easier to write the rotation
matrix in terms of three orthogonal unit vectors, these will make the basis coordinates

in the rotated system for which
(Al = |a, o, w,|= [ﬁ v w} : (2.18)

This is referred to as the direction cosines matrix where @, v, w are orthogonal unit
vectors. Three laws regarding (2.18) are 1: the sum of the squares of the elements in
any row or column is one, 2: the sum of the products of corresponding elements in any
two rows or columns is zero, and 3: the determinant is one [30]. Next the rotation
matrices for the elasticity components utilizing Voigt notation are developed where due

to symmetry of the stress and strain tensors we define the components

iy =11 22 33 23,32 13,31 12,21

L S S (2.19)
a =1 2 3 4 5 6

such that the components of the stress and strain tensors may be rewritten in vector

form as L - ~ _ L
011 o1 €11 €1
092 09 €99 €9
033 o3 €33 €3
[U](le) - - ) [5](6)(1) - - ) (220)
0923 04 2e903 €4
031 o 2e31 €5
012 g 212 €6
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where the stress strain relationship is

o1 Cii Ci2 Ciz Cis Ci5 Cisl| |e1
lop} Cira Oy Coz Coy Co5 (O |e2
03 Ci3 Caz C33 (34 C35 Csp| |e3
- : (2.21)
o4 Ciy Coy C3q4 Cyy Cus Cus| |€a
o Ci5 Cyp C35 Cys Cs5 Cse| |e5

o6 Cie Co C36 Cus Cs6 Ces| |6

note that the elasticity matrix is fully anisotropic with 21 independent components as
explained in the beginning of section 2.2. The problem now becomes finding the six by
six rotation matrix. For a given rotation tensor A, the rotated stress tensor is given by
6 = AcAT or in component form 6;, = Aij0jmApm. Undergoing a similar derivation
as done in [31] we find the components of the six by six rotation matrix, [As]sxe), Such

that [6](ex1) = [Ac](6x6)[7](6x1)- To find the first column of components of [A,] we have

Ann Az Az o 0 0] |Ain A;r As;
[Olsxs = | A1 Agp Ass| | 0 0 0| |Az Ay As| (2.22)

Az1 Az Asz| | 0 0 0] |Az Az Ass
expressed in components d; = A;1Apo11. Utilizing (2.20), the first column of A,
is, [A,](5,1) = {A2), A%, A3, A9 A31, A1 Aq1, A11 A1}, we continue this process such

that,

[Ag](:,2) = {Aly, A%y, A3y, Ana As, Agp A1z, A1z Ao}, (2.23)

[A,](:,3) = {A2, A2, A3, Ag3Ass, Ag3Ars, A3 Aoz}t (2.24)

Now for the off diagonal components, consider g93 = 032 such that

Ann Az Az |0 O 0 A A Az
[Ol3x3 = | Ag1 Aga Agz| [0 0 o93| |A1a A Az (2.25)
Azr Azz Azz| |0 o032 0 A1z Az Ass
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in components d;, = Ao Ap3oas + AizApaose. Then the fourth and subsequent columns

of [A,] are found similarly

[As](:,4) = {2A12A13,2A25 As3, 2A39 Ass, Aaa Az + AagAsa, Asp A1z + AzzAia, A1aAss + A13A22}T,
(2.26)

[As](:,5) = {2A13A11,2A23 A21, 2453 A31, A3 As1 + Az1 Ass, AssAr1 + As1Ars, A1z Aoy + A1 Azs}’,
(2.27)

[Ac](:,6) = {2A11A12,2401 Ao, 2A31 Az, Ao1 Aso + AzaAsy, Az1 Ara + AzoAi1, A1 Ao + A12A21}T.
(2.28)

Finally the components of A, are

A% A3, A3, 2A12A13 2A13An 2A11A12
A3, A3, A3, 2432 Ao 2A23A2 2A21 A2
A3y A3, A3, 2A32As3 2A33A31 2A31A32

Ap1Az1 AxpAszz  Ax3Asz  AzaAss + AxzAsy  AzzAsy + A1 Ass AzpAo + AxaAs:
As1A1n AspArr AszAiz AzpAis + AszAie AzzAn + Aszi1Ais AziAie + Az An

_A11A21 A12A22  Ai13Azz  A1oAzz + A13Azs  A1z3Asr + A11 Az AnnAse + A12A21_
(2.29)

In the same fashion we find A, where, ¢ = AcA” and [¢] 6x1) = [Acl6x6)[€](6x1)

A A3, A, A12A13 Az A Ar1Ars
A3y A, A3, AazAss Aoz Ao Azi Ags
A3, A3, Al AszaAss AszAsi As1Asz

2A21A31 2A22A30 2A23A33 AzpAszz + AzzAzs  AxzAszi + A21Azz Az Az + A Az
2A31A11  2A32A12 2A33A13  As2Aiz + AzzAia AszAin + AziAiz Asi A + Az Ann

[2A11A421 2A12A22 2A13A23  Ai2A2z + AwzAze AizAor + AnnAzs AnAsz + Az Az |
(2.30)

Lastly a rotation matrix for the elasticity is found where the elastic equation in Voigt

notation is oy = Crje; where I, J take on values 1 through 6. In the rotated coordinates
61 = Criés = [Aslimon = [AglinCurer = [As i Crur[Adl e, (2.31)
which gives
0= ([AslrCur[AdR, — Crés — Cry = [AsliiCur Ay (2.32)

In a lengthy derivation it can be shown that [A,]x, = [A.];), meaning the rotated

elasticity components take on the form [31]

Cry = [As)iCuk[Aslix & € = A,CATL. (2.33)
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Material planes of symmetry

An orthotropic material has three orthogonal symmetry planes, starting with one plane
of symmetry we will show how the number of independent elements of the elasticity
matrix is reduced with each additional plane of symmetry. Starting by taking equation
(2.18) with the transformed system such that, 4, = u,, v, = v,, W, = —w,, or in

matrix form

1 0 O
[A]=10 1 0. (2.34)
00 -1
Inserting into equation (2.29) we have
_1 00 0 O 0_
010 0 0 O
AL = 001 0 0 O | (2.35)
000 -1 0 O
000 0O =120
000 0 0 1

plugging this into equation (2.33) and requiring that the transformed elasticity matrix
is equivalent to the original, such that a material plane of symmetry exists, we obtain,
Cry = —Cu, C15 = —Ci5, Coyy = —Coy, Co5 = —Co5, C34 = —C3y, C35 = —C3s,
Cyg = —Clyg, C56 = —Csg, which imply these terms must be zero, reducing the number
of independent terms from 21 to 13. This material is defined as monoclinic as there is

a single symmetry plane through the origin and it’s elasticity components are

Cii Ci2 Ci3 O 0 Cis
Cia Co Ca3 0 0 Cy
Ci3 Cy3 Css 0 0 Cs6
[ClMono = . (2.36)
0 0 0 Cu Cy5 O

0 0 0 Csi Css 0

Cig Cos Csp 0 0 Csg
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We add an additional plane of symmetry with 4, = u,, v, = —v,, W, = w_, or in

matrix form

1 0 0
[Al=10 -1 0], (2.37)
0 0 1

this means the components of the elasticity transformation matrix are

100 0 0 0
010 0 0 0
001 0 0 0
[A,] = (2.38)
000 -120 0
000 0 1 0
000 0 0 —1

Continuing in the same fashion yields: Cig = Cy = C36 = Cy5 = 0, reducing the
number of independent components to nine. By inspection if we were to consider a
rotation such that 4, = —u,, v, = vy, W, = w,, we would find no further elements
that vanish, this is due to the form of equation (2.29), which means reflections about
two orthogonal symmetry planes are not independent of the third plane. The elasticity

components of an orthotropic material are then

Cnn Ci2 Ciz3 O

Ciz Caz C33 0

(2.39)

0
Cia Cy Cy3 0 0
0

[C]Ortho:
0

0 0 0 Cu
0 0 0 0 Css

0 0 0 0 0 Ces

This is an important result as later on when developing materials with three orthogonal
planes of symmetry in three dimensions or two planes in two dimensions these will be
the elasticity components to consider. Transverse isotropy is considered next, which is
described as having a transverse plane in which material properties are the same in all

directions. Taking equation (2.16) where we wish to consider any rotation about the



T3 axis as invariant yields

cos? @ sin? @ 0
sin’ @ cos? 6 0
0 0 1
[As] =
0 0 0
0 0 0
| cos fsinf —cosfsinf 0

0
0
0

cos 0

—sinf

0

0 —2cosfsinf

0 2cosfsinf

0 0
sin 0 0
cosf 0
0 cos® @ — sin® 0]
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, (2.40)

where 6 is taken about the x3 axis. Using equation (2.33) we find the elasticity matrix

takes the form

Cu Ciz Cis

Ciz2 Cun Cis

Clyt = Ciz Ci3 Css
0 0 0
0 0 0
0 0 0

0 0
0 0
0 0
Cy O
0 Cu
0 0

0
0
0
0
0

(Ci1 — Cr2)/2

(2.41)

The components of the transformed elasticity matrix are computed using the software

package Maple. With a bit of algebra the above is attained where we have reduced the

number of independent components to five. Using equation (2.40) and asking Maple to

solve the system such that [C] = [C], for any 6 yields

Ca2 — 2C66
Ca3
0
0
0

Cao Cao — 2Ce6
Ca2
Ca3

Ca3
Coas
C33

0 0
0 0
0 0
Css5 O
0 Css
0 0

(2.42)

The above system has five independent components, this is seen if we introduce

Cly = Oy — 2Cg or Cgg = %, and we transform this into equation (2.41) by

redefining the names of the independent components. This review was done as it is

important to understand what elasticity components should be considered when devel-

oping structured materials with unique planes of symmetry. For more information on
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different types of symmetries such as: trigonal, tetragonal, cubic, isotropic and so on,

reference [31] is an excellent source.

2.2.2 Group velocities

Next we develop an understanding of how anisotropic material properties of the con-
stitutive elasticity tensor affect the group velocities of longitudinal and shear waves. A
plane harmonic wave traveling along the direction of the wave vector k with amplitude
vector ug takes the form

u = uge!kx—wh), (2.43)

where the wave vector can be expressed as k = “n, where c is the group velocity. It
is interesting to take a moment and describe how up and n are related. For instance if
ug X n = 0, the wave is a linearly polarized longitudinal wave. If ug - n = 0, the wave
is a linearly polarized transverse wave [32]. The first term of the equation of motion

in Cartesian coordinates is obtained by a substitution of equation (2.43) into equation

(2.14),
9 i(Lngrr—wt) w i(Zngzy—wt) w
Vu = ug, e ek e;e; = —nyug; e ¢k eje; = —nu,
ox; c c
0 w o
. _ w —wt
V- (C : Vll) = W . (?CijklnkuOlez(cnzzz v )eiej)
8’“ . (2.44)
1w (@ —wt
" Om; (?Cijkmkumel(cnzxz “D)e;
1
2 2
w Sow _ w
= —C—QCz'jkmkuolnieZ( enete e — —2znCnu,

where the last relation comes from the symmetries of the elasticity tensor. Plugging

the above into equation (2.14) we find
(n-C-n—pc’l)-u=0, (2.45)

where n - C - n is known as the acoustic tensor and I is the diagonal identity tensor.

The above equation has nontrivial solutions so long as
det(n-C-n — pc’I) =0, (2.46)

for which in three dimensions there will be three solutions for the group velocity, one

longitudinal and two transverse speeds. Following the steps of [32] we find relations for
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the group velocities for the most general anisotropic material. The acoustic tensor is
defined as I'(n) = n- C-n or in components I'j;, = Cjjiynyn;. Then for fully anisotropic
media
'y = C1inf + Cgenj + Cssnj + 2C16n1n2 + 2C15nang + 2Cs6nans,
T2 = Cieni + Cogni + Casn3 + nina(Cra + Cos) + nin3(Cra + Cse) + nang(Cae + Cas),
T3 = C15n3 + Ceani + Cs3n3 + n1na(Cry + Cos) + nin3(Crz + Css) + nanz(Ces + Csa),
Tay = C’gﬁnf + 022n§ + 04471% + 2C%n1ng + 2C4en1n3 + 2Co4naons,
T93 = Cgsni + Coqns + Csan3 + nina(Cug + Cas) + ninz(Cze + Cys) + nans(Coz + Cuy),

['33 = Cssni + Cuans + Cszn3 + 2C45m1n9 + 2C35n113 + 2C34n213,
(2.47)

note I' = T'". Solutions of equation (2.46) for general anisotropy are much too long to

reproduce here and so we leave with an equation to be solved

0= (T'11 — pc®)(Ta2 — pc®) (L33 — pc®) + T'12T23015 + Ti3liaT a3 (2.48)
+T53(pc +T11) + TTa(pc® + Tag) + TT5(pc® + Taz).
This equation can be used to check the results we find later on where material group

velocities are found from dispersion curves for various metamaterials with proposed

substructure.

Transverse isotropy

Plugging the constitutive relations of equation (2.41) into equation (2.47) the compo-

nents of the acoustic tensor are

Ci1—Cri2 o

' = Cnn% + 5 ny + C44n§,
C
o= (Ci1 + 712)n1n2,
I'i3 = (Ci3 + Caa)nins,
(2.49)
Ci1 —Ci2

2 2
['ap = ni + Ciing + Cung,

2
[a3 = (C13 + Caa)nana,
— 2 2 2
F33 = 044711 + 044712 + 033713.
Recalling our derivation of transversely isotropic media, we took rotations about the

r3 axis and let any rotation 6 about this axis to be symmetric such that material
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properties in the z; — x9 plane are isotropic. Following the reasoning in [31], we start
by considering propagation in the x1 — xo plane, such that ng = 0. Since this plane is

isotropic we consider propagation in any direction and to simplify the analysis we let

[n] = [1,0,0]7, inserting into equation (2.45) we have
Ci1 — pc? 0 0 Uy 0
0 0115012 _ ch 0 us| = 10 (2.50)
0 0 Cuq| |us 0

The longitudinal velocity also known as the P wave velocity is found by allowing [u] =

[1,0,0]7, plugging into equation (2.50) immediately yields C1; — pc% = 0, or

cp =ty /C;. (2.51)

Following the same procedure the in plane shear wave velocity is found by letting

B Cn —Cr2
csu =+ o (2.52)

[u] = [O’ 1’0]T7

Finally the out of plane shear wave velocity is then found by taking [u] = [0,0,1]7,
C
cgy = £y 222, (2.53)
p

Cubic material

By making use of the work in [33], the fourth order elasticity tensor for a cubic material
can be expressed in terms of three moduli. In terms of the compliance tensor, S, where

C = S, the elasticity of the material is defined by
SE = (3x)FLT + (2u1) T I = D) + (2u2) TH(D - J), (2.54)
where I is the fourth order identity tensor with components ;i = %(&kéjl + 0udjk),
Jijkl = %Sijékl, and
Dijrr = 031051061011 + 6i2020k2012 + 03303013013, (2.55)
where §;; is Kronecker’s delta [34]. The acoustic tensor in component form is then

1
ij =Kning + 21 [Q(nknj + nmiéjk) — (nféﬂékl + n§5j25k2 + n§5j35k3)
(2.56)

1
+ 2,u2 |:n%(5j1(5k1 + n%éjgém + n§5j35k3 - gnjnk s



where the individual components written out are

4
Ty = wnf + pa(n3 +n3) + 51“2”%7

4
Iy = nn% + ul(n% + n%) + —,ugn%,

3
2 9 o, 4 o
I3z = kn3 + p1(ny +n3) + 3H2n3;
2
I =ning(k + 1 — §“2)’
2
s =ning(k + 1 — guz),
2
I3 = nona(k + p1 — guz)-

18

(2.57)

Solving for the Christoffel equation, det(I'(n) — pc?), the eigenvalues of T' are equal

to pc? for which there will be two shear speeds and one longitudinal. Three unique

directions are chosen that will come into use later. We find

1
2 4
pc” 0| = KJ+§M2,/~L17M1 ;
0

1
pc? 1/v2 :{3(3/@—1—3;414—@),#1,#2},

3

1 1 1
pc? 1/V3 :{3(3m+4u1),3(u1+2u2),(,ul—i—Q,ug)},

(2.58)

where in brackets is the unit direction n in consideration. This analysis was completed

here as these directions have a specific meaning when it comes to dispersion curves

with cubic symmetries discussed towards the end of chapter 9. This review of material

symmetries and group velocities was done due to it’s importance when designing lattice

structured metamaterials which will be discussed later in the thesis. Next attention is

turned to acoustic scattering solutions from cylindrical elastic media.
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Chapter 3

Elastic scattering solutions

A goal of this thesis is to produce elastic based metamaterials with application to
acoustic cloaking. The problem is defined by reducing acoustic scattering of a cylin-
drical elastic scatterer to zero. To understand this phenomenon we start by deriving
scattering solutions of a general multi-layered elastic cylinder in an acoustic background
medium. Cloaking theory is reviewed in chapter 5 where the elastic moduli and density
properties are found to be functions of the radius of the cloak. We approximate con-
tinuous properties by the discrete layering of materials. The approximation is valid if
the layer thickness is small compared to the global dimensions of the cloak. Scattering
solutions are developed for isotropic cylinders and fluid filled cylinders in sections 3.1
and 3.2, respectively. Potential functions are used to solve for isotropic or at most
transversely isotropic cylinders. The problem, shown in figure 3.1, is of an incident
wave interacting with a cylindrical layering of fluids and solids in a background exter-
nal fluid. As similarly done in [35] and [36] we begin with scalar and vector potentials

External fluid

N Layers of fluids
and solids

Incident plane wave

Figure 3.1: Problem setup of an incident wave in an external fluid interacting with
cylindrical layers of fluids and solids.
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that solve the equilibrium equations in cylindrical coordinates and generalize the equa-
tions in matrix form to solve for the scattering coefficients. This leads to the global

matrix method solution, reviewed in section 3.3.

3.1 Isotropic cylinders

The displacement in the cylindrical solid is written in terms of the scalar potential, ¢,

and vector potential, 1e,, with
u=(Vp+V xe,)e “ (3.1)

where ¢ represents longitudinal motion and e, represents transverse, we omit the time

dependence e** henceforth. The potentials are
1 — 1 «—
w= . Z AORL 2L (kpr)cosnb, 1 = T Z nASTY 2L (kpr) sinnd, (3.2)
=0 n=0

where [ = 1, 3, and AY = ¢,i" [36]. For [ = 1: z}(krr) = Ju(krr), which is the
Bessel function of the first kind representing incident waves, and for | = 3: 23 (kpr) =
H,(krr), which is the Hankel function of the first kind representing scattered waves.
kr and kr are the longitudinal and transverse wave numbers, respectively. R!  are
the unknown longitudinal scattering coefficients and Tén are the unknown transverse

scattering coefficients. In cylindrical coordinates the gradient and curl operators take

the form 5 18
VQOZ ﬁer’—i_*ﬁ 05
87“ T 89 (3 3)
T T 9o

Using Equations (3.1) and (3.2) the displacement components are found with

o0 2

Uy = Z;]Ag cosnb [Rénz,l;(kLr) + %Ténzfl(k;pr)],

" (34)
LRénzfl(k:Lr) + nTénzf{(szT)].

ug = Z(n_lAO 92 cosnb) [

0 00 kLT

In order to simplify the solution equation (3.4) is rewritten in matrix form. We define

the vectors Py, and By, as

Py, = A?L cosnbe,, Bg, = nnAgaae cosnbey, (3.5)
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where 7, = n~!. The unknown scattering coefficients are written in vector form as

Ry
wh, = ", (3.6)
T
Defining the 2x2 matrix
14 2 -1,
2 (krr krr) rz) (kpr
g A Gk .

(nkrr) =tz (kpr) iy t2h (k)

the displacement is then written as

u=(Py, Bo) (UL U3 o (3.8)
On B0/ \Zn =)y y ’
4x1
T
where u = [Ur u@} . The strains are found by combining the displacement compo-

nents of equation (3.4) into the strain definition of equation (2.9), this yields

00 2 2
Epp = ZA% cosnf [Rf)nkLZZ/(kLT) + Tén(n?z,l;(kTr) - #z;(k@r))],

n=0
1< o . n2
€00 = ZA" cosnb | Ry, [ (k;Lr) — EZ (kLT)]
n=0
n2
Té”[k;pr L (kpr) —n?z (kTr)]] (3.9)
Ix, 1.0 2n o2n
= — A — E—
&0 =5 7;)( n5g cosnb) I:ROn[ 2L (kpr) — T2 Zy(kpr)]+

n3 n g
Ton [(;TT’Q — nkT) (k‘T’l“) — 27Zl (kT’I”)]:| .

The stress strain constitutive relations for an isotropic medium are

_arr_ _2,u +A A A 0 0 0_ | Erp ]

090 A 20+ A A 0 0 O €00

fo _ A A 2u4+X 0 0 0 €2z (3.10)
00 0 0 w0 0] |2,

Orz 0 0 0 0 u Of |2,

Oro 0 0 0 0 pl| |20

We can write the above relations using the longitudinal and transverse wavenumbers

where

kp = — = k= — = —— (3.11)
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and cp, cr are the transverse and longitudinal group velocities as found from the

Christoffel equation from the previous chapter. The stress strain relation is then

Opp (kT/kL)2 (k‘T/k‘L)2 -2 (/{ZT//CL)2 -2 0 0 0 Erp
T00 (kr/kp)?> —2  (kr/kp)*>  (kr/kp)> =2 0 0 0| | o
Oz (kT/k'L)z—Q (kT/kL)2—2 (kT/kL)2 000 Ezz
=y (3.12)
002 0 0 0 1 0 0f |2ep,
Orz 0 0 0 0 1 0| |2,
oro 0 0 0 0 0 1| |29

A substitution of the strain relations from equations (3.9) into the constitutive relations

of equation (3.12) yields the stresses o, and o9,

s " k2
Opr = “Z A® cosnf [Rén [QkinL (krr) + (2kr — i)zfl(k:Lr)]—k
n=0
n? 2n?
T (2 k) = g b))
r (3.13)
N 1,00 2n 2n
orp = “Z(n 1A2% cosnb) [R()n [7,251 (kpr) — szl(ku;r)]jt
n=0
2”2 1 n I
Ton [n[k'TrQ kr)z, (krr) — 2;2‘” (k:Tr)}] .
These equations are converted to the matrix form with
Won
t= (POn Bon) (T; T;’;) ; (3.14)
2x2 2x4 Wg
"/ 4x1
T
where t = |:0'7,,’,, 0'7,9:| and
T; = X
" kR oyl 2,.N—1(0' _ zh(kor)
k(22 (kpr) = (GF = 2)2n(ker)) 2(myr) ™ (zn (krr) — =277)
_ / zb (krr — 2k (kpr 4
2(mr) "Mzl (k) — 2EED) () TH(202 = (kpr)?) 22— 220 (k)
(3.15)

The global matrix method can be developed using this formulation of displacement and
stress vectors for cylindrical layers of isotropic materials. It will be continuity of radial
displacement u, and traction components ¢, and o, that will allow for this. Next

these vectors are found for layers of acoustic fluids.
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3.2 Acoustic fluids

We review section 2.1 from the previous chapter in order to solve for either fluid filled
cylindrical layers or the background fluid in matrix form. The pressure in an acoustic
fluid is given by

P = Z 0 cosnb)Rh, kkz! (kr), (3.16)

where k = pc?, is the bulk modulus, k = w/c, is the wave number, and in cylindrical co-
ordinates it is convenient to note o,,, = —P. Next we take advantage of the momentum
balance equation in order to find the displacement field in the fluid. The momentum

balance equation gives
ov

p— + VP = —pw’u+ VP =0, 3.17
ot

where the gradient of P in cylindrical coordinates is
VP =—e, + ———ep. (3.18)
r

Using equation (3.16) and looking at the radial component of the gradient we find

P o
(?97’ = ZA% cosnfRY, kk*2L (kr) = puw? ZAO cosndR,, 2- (kr), (3.19)
n=0 n=0

comparing with equation (3.17) the radial displacement is
0o
=" A} cosnfRb,, 2k (kr). (3.20)
n=0
Undergoing the same analysis the angular component of the displacement is found by

analyzing the second term of equation (3.18), where

o0

10P 1
;Z—H = Z(n_lAg% cosnb)RL, kkz! (kr), (3.21)
this implies
> —1 40 8 n -1
up = Z( An% cosnf) R, o 2L (kr). (3.22)
n=0

Comparing to the previous analysis for elastic cylinders there is no need to change
how the displacements are defined in equation (3.8). To change from solid to fluid

displacement or traction we take shear moduli terms as zero and replace kj, by k.
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3.3 Global matrix method

The previous sections worked to form the stress and displacements components of fluid
or elastic cylinders in matrix form. Next we construct these elements into a global
matrix system to solve for the scattering problem of a plane wave incident upon a

system of concentrically layered fluid or elastic cylinders.

3.3.1 Acoustic scattering from a solid elastic cylinder

Starting with the simplest case of a plane wave incident upon a single elastic cylinder
we use continuity of displacement and traction to create a global matrix to solve this

scattering problem. The system is defined by

SOlidv P1, )\17 M1, 0§T<a7
(3.23)

fluid, po, Ko = poc%, a<r <oo.

In the outer fluid the displacement is given by

ap(kor) aj(kor)\ (Rg
u(r) = (Py, Bon) " (3.24)
ey (kor) ey (kor) ) \Roy,

Boundary conditions for this problem require continuity of radial displacement, u,., and

traction components o,,, 0.9. Equation (3.24) has the radial displacement component

as
1,0
0 RO;’I
ur = A, cosnf (ak(kor) ai(kor)) , (3.25)
3,0
ROn
where
ak(kor) = J, (kor), a3 (kor) = HY (kor). (3.26)
The stresses o, and 0,4 in the outer fluid are
RL0
— A9 o (A1 _3 On —
Orr = Apcosnb | &, (r, ko, ko) @ (7, ko, ko) » org =0, (3.27)
R

where

ak (r, ko, ko) = —kokoJn(kor), @2 (kor) = —rokoHM (kor). (3.28)
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In this example the radius of the solid goes to zero, this means the scalar potentials
must take the form

1 o0
o= . Z A? cos n@Réan(kLT),
n=0

L& (3.29)
Y= o Z nAY sin ndTy,, J, (krr).

T n=0
The displacement in the solid is given by

Ry,
u, = A% cosnf (a}@(kyﬂ) b}b(kTT)> ’

, (3.30)
1,1
TOn
where
2
an(kpr) = Ju(ker), by(krr) = o Ju(krr). (3.31)
T
The stresses are then given by
Ry)
Opp = AQL cos nf (Oé,ll(kLT') 5%(]{!717")) 0 ) )
Ton
(3.32)
Ry)
org = —A% sinnd (7%(]%7«) 6111(]9117“)) ",
bl
On
where
1 k;%
ay(krr) = pkp (20, (kpr) = (75 = 2)Ju(kLr)),
o2 JL(k; ) (3.33)
1 n / n\RTT
krr) = p1—(J, (kpr) —
B (krr) = pu=—(Jn (krr) o ),
and ) 70 (k)
n ’ n r
lkrr) = == (T, (ker) = 5=,
r kpr
e (3.34)
(k) = i (202 — (b)) 20 9 (k).
r krr
The system that results when boundary conditions for displacements and stresses are
applied is given by
ai(koa)  ap(kra) by(kra) ) (~Rgy ap (ko)
a3(a ko, ko) ol(kpa) Bi(kra) || RLY | = Roy
0 Tu(kra)

al(a, ko, ko) (335)
oL (kra) | \ Ty 0

This is the global matrix to be solved for the simplest case of one elastic cylinder in an
acoustic background medium.
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3.3.2 Acoustic scattering from a fluid filled elastic cylinder

The system properties for this problem are

fluid, pin, Kin = pmc?n, 0<r<hb,
solid, p1, A1, p1, b<r<a, (3.36)
fluid, pg, ko = pocg, a <r<o0.

We must keep in mind that the solid layer does not contain » = 0 which means both
Bessel functions, J,(X) and Y;,(X), are present there. In the outer fluid the displace-

ment is given by

ah(kor) @l (kor)\ [ Ry
u(r) = (Po, Bon) e (3.37)
cn(kor) e (kor) ) \Rop,

We will only be interested in continuity of u, and tractions o, and o.9. Equation (3.37)

states that

1,0
0 ROn
u, = A,, cosnf (a}](kor) ai(k‘or)) , (3.38)
R3O
On
where
al (kor) = J;l(kor), al (kor) = HT(Zl)/(kor). (3.39)
Next the stresses, 0, and 0,9 are given by
RL0
o = A% cosnd (gl A on = 4
rr — Ay Oén(T‘, ko,Ko) Oén(T, k‘o,K,o) 30 ] Org = 07 (3 0)
Ry,
where
ak (r, ko, ko) = —kokodn(kor), @l (kor) = —kokoHY (kor). (3.41)

In the solid, so long as the radius does not go to zero, that is the solid is a shell, then
Bessel functions J,,(X) and Y;,(X) solutions are possible. For this situation the scalar

potentials are given by

1 oo
p=1 Z A% cosnB(R}, I (kpr) + R2, Y (krr)),
L
0 (3.42)
1
b= nAsinnb(Tg, Jn(krr) + Tg, Y (krr)).
kT n=0



27

The radial displacement in the solid is given by

1,1
ROn
7Ll

u, = A2 cosnf (a}L(kLr) bl (krr) a(kpr) bi(kTT)> 0;1 , (3.43)
Ray,

2,1
TOn

where
2

ap (ker) = Jy (ker), B (krr) = 2—
kTT

2

@t (kyr) = Y, (ker), B (ker) = Z—Ya(krr).

TTr

Jn(kTT)7
(3.44)

The stresses are then

n

1,1
TOn

o = A% cosnf (ad(kpr) BLkrr) a2(kir) B2(krr)) |
0

n
!
" (3.45)
Ry)

. To;)
o9 = — A, sinnf (fy}l(kLr) op(krr) ~A(krr) 52("3TT)> ’

mn

2,1
TOn

where iy
al(kpr) = ke (2J, (kpr) — (? —2)Jn(krr)),

2
A k) = i 22 ) — T

)s
(3.46)
2 1" kT (
an(kLT) = MlkL(zyn (kLT) - (? - 2)YnkLT>)7
2n? Y,

kr
z

B2 (kpr) = 1 2 (Y, (k) — TnlbrT)y
T Tr

2
T
2
i
(
kr
2
2
i
n
k

and
Jn(kLT’)

kLT )’
(
n JnkTr /
Sy (krr) = pa—((2n* — (kTT)Q)iT) — 2J,,(kr1)),
r krr
Yn(kLT))
kLT' ’
Yn(k‘Tr)
krr

2 /
ker) = == (T, (ker) -

. (3.47)

v (kpr) = M17(Y7;(/€L7") -

52 (ker) = = ((2n* = (krr)?) —2Y; (kpr)).



In the inner fluid the displacement is given by

u, = A% cosnf (a%(kmr)) (Ré,in> 7

where

al (kinr) = J, (kinr).

The stresses are

o = AY cosné (07711(7«’ Kin, szn)) (Ré;:n) , org =0,

where

di (ry kin, Kin) = —KinkinJn (ko).

There are six unknown coefficients in this problem, which are

3,0 1,1 1,1 2,1 2,1 1,in
]%On7 ]%On7 T()n ’ R0n7 TO ROn ’

n ?
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(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

note that we are taking R(l);? as a known amplitude of incoming waves. The six boundary

conditions needed to solve this system are continuity of traction components o9, oy,

and displacement u, at each boundary. At n = 0 the system has a singularity which

is resolved by multiplying the 0,9 equations by .. The final six by six system to be

solved is

a%(koa) a}hb(kLa) b}l(kTa) a%(kLa) b%(kTa)
ay(a ko, ko) agn(kra)  Bi(kra)  ap(kpa)  Bh(kra)
0 Aol (kpa) 26} (kra) &ri(kpa) 203 (kra)
ap(krb)  b(krb)  aZ(kpb) b2 (krb)
0 o (kpb)  BL(krb)  aZ(kpb)  B2(krb)
0 bym(krb)  Loh(krb)  2aZ(kpb) 262 (krb)

3,0

R()n

1,1

ROn

Tl
o I

Rg,,

2.1

TOn

1,

_ROn

0
0
0
ap, (KinD)
at (b, kin, Kin)
0
ay (koa)
al(a, ko, ko)

0

0
0
0

(3.53)
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Clearly as more layers are added to the system the matrix to be solved grows quickly,

which is a general pitfall of the global matrix method especially for larger systems.

3.3.3 Acoustic scattering from a cladded rod

In the example studied here we see how replacing the inner fluid of the previous problem
with an elastic medium grows the matrix to be solved. The system setup is
solid, pa2, Ao, uo, 0<r<hb,
solid, p1, A1, p1, b<r<a, (3.54)
fluid, pg, Ko = poc(z), a<r<oo.

Again in the background outer fluid the displacement is given by

al(kor) ad(kor)\ Ry
u() = (Py, Bo,) e (3.55)
ch(kor)  c3(kor) ) \ Ry,

For fluid-solid interfaces we are only interested in continuity of displacement u, and
traction components o, and o,.9. The radial displacement for the background medium

is

: Ry
ur = A% cosnd (ab (kor) ad(kor)) [ o0 ] (3.56)
Ry,
where
al(kor) = J, (kor), a2 (kor) = HY (kor). (3.57)
Next the stresses, o,.-, and o, are
1,0
0 ROn
Opp = An cos nf (@711(7', ko, Ho) 0_4%(7’, ko, /i())) 30 | org =0, (358)
Ry,
where
0_4711(7“, ko, Iﬁ?o) = —Hokojn(k‘or), O_é?l(k?m‘) = —HokoHT(ll)<k07“). (3.59)

Solid annulus (b < r < a)

Since we have two elastic media in contact, we will now be concerned about the conti-

nuity of ug displacements between solid-solid interfaces. As in the previous section for
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b < r < a where the radius of the solid doesn’t go to zero the scalar potentials must

take the form

1 o0
o= > " AD cosnl(Rg, Jn(kpar) + Ry Yu(kpar)),
n=0

1 o
) = o Z nAY sin nQ(T&T’llJn(ler) + T()%ZLlYn(ler)).

The displacement components in the solid are given by

R
1.1
0 Ty,
wr = A cosn (al (kpar) B (kpur) a2 (kpar) B3(kpar)) Iy
On
2,1
T()n
Ry,
1.1
0. Ty,
wg = — A sinnd (X (kpar) db(krir) A(koar) d2(krar)) iy
On
To!
where )
’ n
a}L(k‘Llr) = J,(kr1r), b}L(k:Tlr) = WJn(k‘Tlr),
2 4 2 n2
an(krar) = Y, (krir), by (kr17m) = WYn(kTﬂ"),

n ’
C;(kLﬂ“) = L Jn(kLﬂ“), d}l(leT’) = an(k’TlT),

r

n ’
7Yn(kL17"), di(leT’) = nYn(ler).

2
k p—
cp(krar) o

The stresses are then

1,1
ROn
7Ll
o = Ay cosnf (ai(km?“) Bulkrir)  ap(kpir) 5%(7@17“)) Ro;l
On
2,1
TOn

R
1,1
0 Top,
orp = —Ap sinnd (Wi(k‘m?”) On(kr1r)  ya(kpar) 5i(kT1T)> =y
On

2,1
TOn

(3.60)

Y

(3.61)

(3.62)

(3.63)




where
1 1 k%l
oy (kp1r) = pkpi(2J, (kpar) — (k:T —2)Jn(kr1r)),
L1
2 ' k%’ll
o, (krar) = pikr1(2Y, (kpir) — (k:T —2)Y(kr1r)),
L1
on? In(kp17)
L = Uy — k B
By (kr17m) = 111 " (Jy, (k1) — forr
2”2 / Yn kpir
B2 (krer) = iy 2 (V) (k) — 22F717)
T leT
and 9 To(krar)
ki) = g (T (kpr) — 220
Yolkr1m) = 1 . (Jy(kpar) T
2n Yo (kpar)
2(kpar) = o (Y, (kpar) — —2APEAT)
711( Llr) H1 r ( n( LlT) k‘L1T
n Jn(k1r /
5L (ki) = pn (202 — (b)) 280 o 7 (),
r krir
n YTL krir /
82 (brer) = (202 — (hrr)) 20T oy ().
T k‘TlT

Solid core (r < b)
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(3.64)

(3.65)

Since the radius of the solid is allowed to go to zero the scalar potentials must take the

form

1 o0
= E Z A?L COS neR(l);.LQJn(kLQT)ﬁ

1 o0
= Z nA?L sin nHTolr’L2 In(kpar).
The displacement components are
1,2
ROn

)
)

Uy = A?L cosnb (a,ll(km?" L (kror) (

Rl 2
Ug = —A?L sinnf (Crll(kL2r kT27" on
where )
al (kror) = J, (krar), bl (kpor) = —In(krar),
T2T
n ’
C}L(k:Lgr) —— Jn(kpar), d}L(kﬁTQT') = nJ,, (krar).

krar

(3.66)

(3.67)

(3.68)



The stresses are then

where

and

R.?
Orp = Ag cosnf (oz}t(k?[,zr) ﬁ%(/ﬂn?“)) (1)2 ’
Ty,
R.?
o0 = —Asinnd (ry}l(kmr) 5,11(7@27“)) (1)2 ’
Ty,
Oén(k‘LQT) _ MlkL2(2Jn (k’LT) _ (k:T — )Jn(k’L27°))a
L2
on? In(kror
Balkrar) = = (J, (krar) — ibre]
r k‘Tgr
m Jn(krar)
1 k — - k e —
n(krar) = == (n(krar) = =0
n In(kror '
1 krar) = (20 — (hror)) 2T o) (o),
r /{?TQT
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(3.69)

(3.70)

(3.71)

Here the system has seven unknown coefficients which are found by equating the dis-

placement and traction at the boundaries. For fluid-elastic boundaries we require con-

tinuity of displ

acement wu, and traction components o, and o,g.

For elastic-elastic

boundaries the additional continuity of angular displacement, uy, is needed. The sys-

tem to be solved is
a3 (koa) al(kpia)  by(kria) a2 (kpia) b2 (kria) 0 0
ad(a, ko, ko)  al(kpia)  Bi(kria) o2(kpia)  B2(kpia) 0 0
0 Yi(kpia)  6p(kria)  A2(kpia) 62 (kpia) 0 0
0 al(kp1b)  bL(krib) el (kpib) b2 (krid)  al(kpob) bl (krab)
0 ch(kpib)  dy(kpib)  c2(kpib)  dZ(krib)  cp(kpab)  dy (krab)
0 ot (kp1b)  BL(krib)  aZ(kpid)  BE(krib)  ap(kp2b) Bl (krab)
0 Yi(kp1b) R (krib)  y2(kpab)  62(kr1b)  vh(kpab) 6% (krab)
7R8’T? a,ll(kou,)
R(l)’n1 d,}z(a,ko,mo)
Ton' 0
| B l=mE L o
o' 0
e 0
7T1’2 0

(3.72)

The global matrix method for solving scattering from concentrically placed elastic or

fluid filled cylinders can be generalized to any finite number of cylinders. However, this

method can be numerically challenging depending on the number of cylinders to be

considered. This is the case when considering the efficiency of acoustic cloaks as many

layers are needed to approximate properties that continuously change as a function of
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the radius. The next section reviews changing the elastic material from isotropic to

transversely isotropic media.

3.4 Elastic scattering solutions for transversely isotropic cylinders

As done before we use potential functions to describe the displacement field however
here we require an additional function due to the added complexity of transversely
isotropic media. Using scalar potentials to describe the displacement as first used by

Buchwald [37] and later used by [38] and [39] we define
O 9y

The components of u are then
B 8£ 10x 10p Ox oY

w=o T e o T o (3.74)

For this problem the cylinder is located along the z axis. Oblique incidence is also
considered such that the incoming plane wave may have a wave vector component with

non-zero k,, the general solution of the equilibrium equations are then in the form

{907 X w} = {@7 Xa &}6i(n0+kzz*w}t) Where
1

1
p = R(in 727&(]/”.17”) + Soln Zé(k2r)7
kl kQ - _ _ml i l
X = Ton Zn(k;3r)a (375)
A Y 1 k2 g ks
Y= Ron Zn(klr) + Soni Zn(k?r)v
k‘l k2

l

l
Sonv n

and R!

ons T, are unknown coefficients. As before z

(z) are cylindrical functions
where z,!(z) = J,(x) for solutions that are regular at r = 0, z2(x) = Y, () for real
valued irregular solutions at r = 0, z2(x) = Hy(Ll)(x) for outgoing (radiating) solutions
and 2, (z) = o (x) for ingoing solutions. Again J,(z) is the Bessel function of the first
kind, Y;,(z) is the Bessel function of the second kind, H,sm)(a:) is the Hankel functions
of the first and second kind. The displacement field can be represented as a linear

combination of any two of the four types of cylindrical functions f,!(z), (I = 1,4). The

wavenumbers ki, k2, k3, and non-dimensional numbers k1, ko are given by [40]

w2 _oF Va2 —b kQpr2—044kf ":Cﬁﬁkg—Cuk? (i=1,2)
1,2 2c11cq4 ’ 3 C66 ’ ’ (613 + C44)k‘z ’ e

3.76
a = (c11 4 caa) pw® + (cf5 + 2c13¢40 — €11 €33) K2, (3.76)

b = 4611 Cyq4 (pw2 — C33 k?) (pw2 — C44 k’g)
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For isotropic materials the wavenumbers k; and &; reduce to k3 = w?p/(\ + 2u) — k2,
k3 = k3 =w?p/u—k2 k1 =1, and ky = —k3/k2. Using equations (3.73), (3.74), (3.75)
and the constitutive relation for transversely isotropic materials, equation (2.41), the

displacement and traction vectors are obtained in matrix form as

Uy Ory
u= |uy| = {ZXZ(T)W{l ei(n@—!—kzz—wt)’ = log| = |:ZYI :| i(nb+k,z— wt) (377)
1
Uy Orz

T
where w! = Rl Sl T! is the unknown coefficient vector, the summation on [
on on

is over any two of the possible [ = 1,4, and

) flkar) =2 f(ksr)

X(r) = | o flkr) 2 flar)  f kar) | (3.78)
k) 2 fl(kr) 0
Y!(r) = —iz' ()X (r), (3.79)

and z!, [ = 1,4, follows from [40]:

2066 in2066 ikZT'C44
zl(r) = —in2cgg 2c66 0
—ikJZTC44 0 Zz
(3.80)
&y —y2)  in(y —y2) 163(6 — &)
teo | —in(yr —y2) Sy — &y n(& —&2) |
—i3(61 — &) n(& — &) 0
7. = C44<n2(§1y1 — &oyp) — 515353@1 - y2)>, yi= ki (i=1,2),
§3(&ay1 — &1y2) — (Y1 — y2) (3.81)

coph3r? ¢ — fl’(k )
&by — Gyo) — (1 —y2)” ) ki fl( 7)
(

Note that z'(r) acts as an impedance relating the stresses and displacements via equa-

co = (1=123).

tions (3.79) and (3.77). An explicit derivation can be found in [40] where it should
be noted that z!(r) (I = 1) is the exact form of the conditional impedance of a solid
cylinder, that is a cylinder with material at » = 0. Lastly we can follow the steps of
section 3.3 in order to build a global matrix solution for cylinders involving transverse

isotropy. Although as noted before this method can become challenging for systems
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with large numbers of layers, for that reason an integration scheme using Stroh formal-

ism is reviewed in the next chapter which can quickly solve these larger systems.



36

Chapter 4

Stable solution method for layered structures

This chapter reviews the work in [41] which focuses on producing a stable method to
solve for elastic scattering using the matricant propagator approach. As compared to
the global matrix method of the previous chapter this method offers a less numerically
challenging solution for systems with large numbers of elastic layers, which also has
the advantage for solving for layers with complete general anisotropy. In section 4.1
we review the Stroh formalism which here focuses on transforming the equilibrium
equations in cylindrical coordinates to a linear system of ordinary differential equations
dependent on the radial coordinate. The outcome of this approach is a scattering
solution using the impedance matrix which satisfies the Ricatti differential equation,
however it is found to be inherently unstable. A stable solution method is found by
combining the impedance matrix and matricant for radially inhomogeneous cylindrically
anisotropic structures. The impedance and matricant matrices are defined in section
4.2. In section 4.3 the instability of the problem is shown and an approach for a stable
solution technique is found using several different expansions, which are compared in
section 4.3.6. Lastly a scattering example is done in section 4.4. It will be the method
developed here that is used in the next chapter which focuses on developing acoustic

cloaks of the pentamode type.

4.1 Stroh formalism for cylindrically anisotropic media

Here we review the Stroh formalism of the equations of elasticity in cylindrical co-

ordinates in order to develop the matricant. The equations of motion in cylindrical



37

coordinates are
— -1 -1
PUy = Oppyr + 1 "Orgpg+ 7T (UTT - 099) + Orzz,
.. -1 -1
plig = Oprgr + 17 0go9 + 21" 0pg + 09z 2, (4.1)
— -1 -1
PUy = Opzp +7 "00z0+7T Orz+ 0zz2,s
where the conventional notation is used with commas referring to partial derivative

with respect to the given coordinate. These three equations are rewritten in matrix

form using three traction vectors defined by

Orp 0rg Orz
t, = org | > ty = ogg | > t, = 09z | - (4-2)
Orz 00z 02z

Rewriting equation (4.1) in matrix form using equation (4.2) gives

(rty)r +tog + Ko+ 1t . = rpil, (4.3)
where
0 -1 0
K=1 0 0 (4.4)
0 0 0

Using the stress-strain relationship, o;; = Cjjricr, and considering a fully anisotropic
medium we wish to write the equations of motion, equation (4.3), in displacement form.
Using the strain-displacement equation (2.9) and Voigt notation of the constitutive

relations from equation (2.21) the three traction vectors in terms of displacement are
t, = Qu, + rilR(uﬂ + Ku) + Pu,
=RT -1 (4.5)
to=R'u, +r T(uy+Ku)+Su_,

t, = PTum + T_IST(Uﬁ +Ku) + Mu,

T
where the displacement vector has the form u = [ur ug uz} . In a more condensed

matrix form the traction vectors are [42, 43]

~

tr Q R P U

to|=|RT T S ||rug+Ku)|: (4.6)
t. PT ST M u.,

)
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where
Cii Cis Cis Cos Cos Cig Cs5 Cy5 Css
Q= Ci6 Ces Cse | » T = Co Coo Coy | > M = Cis Cu Czq|>
Ci5 Cse Css Cs6 Coa Cu Css O34 Cs3 wn
Cis Ci2 Cu Ci5 Cu Ci3 Cs6 Cu Csg

R=|Cs Co Cis|  P=|[Cs6 Cu6 Cs6|:S=1]Co5 Cou Co3

Cs6 Cos Cus Cs5 Cu5 Css Cis Cua Czy

We consider solutions in the form of time-harmonic cylindrical waves where the dis-

placement and radial traction vectors are

u= U(n)(r)ei(nOJrkzszt) irt, = V(n) (T,)ei(n9+kzszt), (48)

)

where w is the frequency, k. is the axial wave number, and n = 0, 1, 2, ... is the
circumferential number. Plugging equation (4.8) into equations (4.3) and (4.6) yields a
differential equation for the state vector, n(”), which is comprised of the displacement

and radial traction vectors.

%n(")(r):i(}(r)n(")(r) with 7™(r) = | (4.9)

r vV (r)
The six by six matrix that relates the derivative of the state vector to itself is known

as the system matrix, which has the form

S
ic—[® £ (4.10)
g gl

where all terms depend on the radial coordinate, r, and superscript  indicates Hermi-

tian transpose [42] . The three by three matrices in equation (4.10) are
g =-Q 'R -ikrQ'P, g =g =-Q7
e — gl _ T RFQR 4 ik [PTQ RS- (PTQ'R-§)]  (A11)
+7r2[k2(M - PTQ7'P) — pu’1],
where I is the three by three identity matrix and

R=Rk, S=kS, T=T'=k"Tk, with k=K + inl ( = —n+). (4.12)
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The system matrix, G, has the important symmetry which follows from the form of

equation (4.10),
01
G =TG'T, with T = : (4.13)
I 0
The problem is now reduced to finding a solution to equation (4.9) subject to appro-

priate boundary conditions. Next we introduce the matricant and impedance matrices

based on solutions of equation (4.9).

4.2 Impedance and matricant matrices

In this section we develop the conditional impedance matrix which relates U(r) and
V(r) from equation (4.8) associated with displacement and traction, respectively. The
dimension of each vector is taken as general m = 3, 2, 1, where m = 3 is the general
case, m = 2 if z—dependence is not considered, i.e. k, = 0 perpendicular incidence,
and m = 1 for pure out-of-plane shear horizontal (SH) motion. The m x m conditional

impedance matrix z is defined such that
V(r) = —iz(r)U(r). (4.14)

In section 4.1 we found the equations for linear elastodynamics can be cast as a system

of 2m linear ordinary differential equations via equation (4.9) with

U Q Q
W —qn withnr)= || em=[ " (4.15)
" \% Q3 Qq

where Q = LG(r) from equation (4.9) [40]. Using the conditional impedance rela-

tion, equation (4.14), in equation (4.15) we find that z(r) satisfies a differential Riccati

equation

dz

E + ZQ1 - Q4Z - iZQQZ - ng = 0, (4.16)
which can be solved for with an initial condition z(rp) at a specified r = rp. For

transverse isotropy, equation (3.80) gives an explicit form of the conditional impedance

matrix and can be used as the initial condition z(rp). Our approach for solving the
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conditional impedance matrix, z, is to first solve for the 2m x 2m matricant M(r, r)

which is defined as the solution of the initial value problem

dM M; M,
d—(r, o) = Q(r)M(r,70), M(ro,70) = L), M = ) (4.17)
" M; M,y

Using the matricant the state vector 1) can be propagated with
n(r) = M(r,ro)n(ro). (4.18)
Using equation (4.14) and the matricant relations, equations (4.17) and (4.18), we find
U (r) = (M; —iMaz(ro)) U (r9), V (r) = Mgz —iMuz(ro)) U (r9). (4.19)

Combining the above relations the conditional impedance can be expressed in terms of

the matricant as
2(r) = i (M3 — iMyz(ro)) (M1 — iMaz(ro)) . (4.20)

The propagator nature of the matricant is apparent from equation (4.18) and from
the property M(r,r1) M(rq,79) = M(r,70), and in particular M(r,ro) = M(rg, 7).
Also, the symmetry from equation (4.13) implies M(r,79) = TM™(rg,r)T. Hence,
M~Y(r,r9) = TM™(r,7)T, that is, M is T-unitary [44].

Another approach for finding the conditional impedance uses the two point

impedance matrix [41], which like the matricant relates vectors at two values of r

but by the following way [40]

—V(r) U(r) Zs L

The relations between the matricant of equation (4.17) and the impedance matrix of

equation (4.21) evaluated at cylindrical surfaces r, rq are easily deduced

~-7,'7 VA
M(r, ro) = 2 2.
iZ3 —iZ4Z5 % —Z4Z5"
(4.22)
—iM,'M M,
Z(r,rg) = 2 2

MM, My — M3 —iMyM; !
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Introducing equation (4.22) into equation (4.20), we can relate the conditional

impedance z(r) to the two point impedance matrix Z(r, rg) according to
-1
z(r) = Z3(Zy — z(ro))” Zy — Zy. (4.23)

We leave the development of the two point impedance matrix here however in [41]
a recursive algorithm for layered piecewise uniform transversely isotropic cylinders is
developed and a general global two point impedance is found relating surfaces rg to

some rp.

4.3 Stable solution technique for general anisotropy

In this section we develop a stable numerical scheme for solving the conditional
impedance matrix defined by equation (4.14). We consider fully anisotropic media
where the properties are radially dependent, i.e. density and elastic moduli are arbi-

trary functions of 7: p(r), Cijn(r).

4.3.1 Stability issues

Due to the stiff nature of equation (4.17) direct numerical integration for the matricant,
M(r,7), leads to exponentially growing instabilities, which become unavoidable at
large values of n and/or kr. Additionally singularities and numeric instabilities form
when equation (4.16) is integrated for the conditional impedance z(r), which is a well
known issue for Riccati equations [45]. These occur at finite values of r associated with
traction-free modes for a given frequency. We can avoid singularities caused by traction-
free modes by inverting the equation and using the admittance A = z~! [46]. The
admittance satisfies a similar Riccati differential equation, which follows from equation
(4.16)
dA

ar +iAQ3A + AQys — Q1A +1Qy = 0. (4.24)

Although singularities still occur except now corresponding to rigid modes. Switch-
ing back and forth between integrating the impedance and admittance seems to be a

solution however the locations of the singularities are not known in advance and can



42

be clustered together causing issues with a switching scheme. The curves shown in
Figure 4.1 exemplify the problem of singularities in the impedance where appearance
of peaks indicate values of r beyond which an accurate numerical solution can not be
obtained regardless of the step size in the integration scheme. The inability of such
standard methods to obtain correct results was the motivation behind the proposed

solution technique discussed next.

~
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c 10
=
=
—
[}
S
107
1 — ; . ]
107 n=1 : n=0
100 i i i i i i i i i
05 055 0.6 0.65 0.7 0.75 038 0.85 09 0.95 1
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Figure 4.1: Solid, aluminium cylinder integrated with 200 evenly spaced steps, using
the fourth order scheme of section 4.3.4, from r = 0.5 to r = 1.0, with k£, = 0 and
ka = 10. Plotted is the determinant of the upper left 2 x 2 sub-matrix of the the 3 x 3
conditional impedance matrix normalized by n® + 1 vs. r. Where equation (3.80) was
used for the initial impedance at r = 0.5 m.

4.3.2 Mobius scheme

In order to accurately calculate the conditional impedance and matricant we follow an
approach based on [45] which views the solution of the Riccati equation as a ” Grassma-
nian flow” of m-dimensional subspaces on a larger vector space of dimension 2m. The
idea is to recast the equation for z in the form of a forward marching scheme of step

size h based on equation (4.20)
z(r + h) = i(Ms — iMyz(r)) (M — iMaz(r)) (4.25)

where M = M(r + h,r). The key to the method is that M can always be calculated

in a stable manner for sufficiently small step size h. This approach is one of a class
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of methods called M&bius schemes, which by design are formulated on the natural
geometrical setting of the larger vector space. Accordingly Mobius schemes are able
to handle numerical instability and pass smoothly and accurately through singularities
[45]. The method therefore combines both the matricant and the impedance, each of

which is unstable when solved in a global sense separately.

4.3.3 Approximations for M(r + h, 1)

Using the Mdébius scheme shifts the problem to finding approximations for M(r + h, )

accurate to some given order in step size h. We develop approximations in the form

2 3
M@+hmﬁﬂ@m+hMm&y+%NWWﬁ+%AMWm+”W (4.26)

where the terms M®)(r) do not require explicit integration schemes for their evaluation.

Considering the first case of Q being sufficiently smooth, then the identity
h
M(r + h,7) = Iop) + / Q(r+ s)M(r +s,r)ds, (4.27)
0

may be written in the form of a series in powers of h by using equation (4.26) for the

left member and a Taylor series evaluated at r for Q in the integral,

h? h3 / s?
hMm+TM@+yM®+”=/QQHQ+w¢
’ ' 0 ’ (4.28)
5 (1) s? 2)
+57Q + ... ] X [Igm) +sM + oM +...] ) ds.
Comparing equal orders of h* in equation (4.28) yields
MY (r) = Q(r),
M (r) = Q'(r) + QMW (r),
(4.29)

M@ (r) = Q"(r) +2Q (MM (r) + Q(rM® (1),
MW (r) = Q"(r) +3Q"(rMW(r) +3Q (M (r) + Q(r)M®) (r),
and so on. Using equation (4.26) an approximation for the matricant can be found

however the series used in equation (4.29) is restricted to profiles that are analytically

smooth functions of r and is not suitable for piece-wise constant or piece-wise smooth
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profiles and therefore derivatives of the profile are to be avoided. The approximation
formed from equations (4.26) and (4.29) is only valid to O(h), and the iterative scheme
of equation (4.25) shares the same accuracy.

An expansion accurate to second order can be obtained by using a Taylor series

expansion evaluated at the midpoint [45]

Q(r+s)~Q(r+ g) + (s - g)Q/(r + g) + (s — g)QQ” +0(s%). (4.30)

Substitution into equation (4.27) using equation (4.26) then gives

h 1
MO =M =Q(r+3), MY = (I +5Q(r + 5))MY. (4.31)

This leads to an expansion up to O(h?) requiring only Q at a single position with no

derivatives

h,  h? h
TS 2nd: M(r+h,1) = Tom) +hQ(r + ) + ?Q% +35)+ O(h?). (4.32)

The form of equation (4.32) suggests an alternative expression that is accurate to the
same order

EXP 2nd(a):  M(r + h,r) = exp (hQ(r + g)) + O(h?). (4.33)

The approximations of equations (4.32) and (4.33), together with equation (4.25) each
yield a second order accurate Mobius scheme. Detailed comparisons are provided in

section 4.3.6.

4.3.4 Lagrange interpolation expansions

In order to obtain higher order expressions without using derivatives of Q(r) we consider
Lagrange polynomial expansions for Q in equation (4.27) . The Lagrange polynomial

of order n approximates Q(r + s) with [47]

Qr+9 =3 Qrrenn(). L= I (Z2%). s
=0

T
1=0,1£5 "7
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where z; € [0,1], and j = 0,1,...,n are chosen points. Substituting into equation

4.28) and using the notation Q.. = Q(r + x;h) implies the sequence
( : j

k) _ - (k) k—1 0) —
M()_{ZLj ij}w ) MO =T,
j=0 E=1,2,3.... (4.35)

1
L =k / Lj(z)a" da,
0

k)

Note that Z?:o Lg- = 1. In the following subsections we derive expansions based on

equation (4.34) for n =1 and n = 3.

Two point approximation: Halves

We approximate Q with two points using equation (4.34) for n = 1. In this case the
(k)

integrals L; can be simplified with the result that

1

k
ME) — E ' , Q,. s MG*—D (0) '

Taking equi-space points xg = i and x; = %, yields

h h? 3
LP 2nd:  M(r+h,7) = Loy + 27 (Q1 +5Qs)(Q1 +Qs) + O(hY).
(4.37)
This again gives a M&bius scheme of second order accuracy in h and it also suggests,
by analogy with equation (4.33),

h
EXP 2nd(b) :  M(r + h,r) = exp (5

| >

Qz)exp (5Qu) + O(h?). (4.38)

Note that the expansions given in equations (4.37) and (4.38) only agree with one

another to first order, O(h).
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Four point approximation: Fourths

Taking four evenly spaced points to approximate Q, x; = %4— %, 7=20,1,2,3, and using

the symbolic algebra program Maple, yields

MO = Q +4 Q3+ Q5+ Qz,

M® = Q1 + Q3 + Qs + 367Qz M(l),
LP 4th - (720 310 310 20Q1) (4.30)
M =(- Q1+ Q3+80Q5+;461(7)Q7) @,
4) _ 389 1427
M( _( 560Q1 + 1680 1680Q + 1680Q ) )

Substitution of these terms into equation (4.26) gives M(r + h,r) up to fourth order
accuracy. Interestingly, when more points were taken to evaluate Q the numerical
accuracy was not found to improve. This was tried with even spacings, using from five

up to ten points. Again, by analogy with equation (4.38),

EXP 2nd(c) : M(r+ h,r) = exp (%Q%) exp (%Q

which, like equations (4.37) and (4.38), is consistent with the four-term Lagrange in-

terpolation scheme.

4.3.5 Fourth order Magnus integrator scheme

The Magnus integrator, created by Wilhelm Magnus [48], and further developed in
[49] with a convergence proof and recurrence relations, is a method to approximate a

solution to equation (4.17) with
M(r + h,7) = eM(r,r — h). (4.41)

Here we consider a fourth order Magnus integrator scheme similarly done in [50] for the

Helmholtz equation. We use the following definitions to march a solution forward in 7,
M(r + h,r) = eM(r,r — h),

2
\[h (Q2)Qu) — Q1) Q2))s (4.42)

Q(1)=Q(r+h(2—?)), Qo = QU+ 13+ L),

MG 4th: Q= ;L(Q + Q) +
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As a fourth order scheme the numerical precision of this method is very similar to that
of the four point Lagrange polynomial approximation, equation (4.39), which is seen in

the examples of the following section.

4.3.6 Numerical examples and convergence

In order to illustrate the convergence property of the different expansions proposed
(exponential, Magnus, Taylor series, Lagrange polynomials), we consider a solid alu-
minium sample with properties p = 2700 kg/m?3, E = 70 GPa, G = 26 G Pa and radius
of r = 1 m and normalized these properties with respect to water for which p = 1000
kg/m? and speed of sound in water ¢ = 1.470 km/s. The numerical values reported
were computed by implementing the Mobius scheme, equation (4.25), and in the case
of the Magnus integrator implementing equation (4.20), starting at » = 0.5 with ini-
tial condition given by the explicit solution, equation (3.80) from [40] and discussed
in section 4.3. In all examples we take k, = 0. Figure 4.2 plots the difference of the
determinant of the upper left 2 x 2 sub-matrix of the exact conditional impedance from
equation (3.80), and that calculated by iterating equation (4.25) until » = 1 is reached.
The right hand side of Figure 4.2 refers to the type of approximation used: Taylor
Series (TS), Lagrange Polynomial (LP), Exponential (EXP), Magnus (MG), and to the
accuracy order. Thus, LP 1st was calculated using equation (4.29), TS 2nd by (4.31),
EXP (a) by (4.33), EXP (b) by (4.38), EXP (c) by (4.40), LP 2nd by (4.37), LP 4th
by (4.39), MG 4th by (4.42), and LP 3rd was calculated using a Lagrange Polynomial
with points {xg, z1, 22} = {%, %, %} Interestingly, the three EXP methods (equations
(4.33), (4.38) and (4.40)) gave similar results and were the best results for the fewest
number of approximation points. Figure 4.3 plots the difference of the upper 2 x 2
sub-matrices at r = 1.0 vs. the number of steps used in the iteration from r» = 0.5 to
r = 1.0. As expected, the higher order schemes are more accurate and require fewer

steps in the integration process to yield the same accuracy as a lower order scheme.
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Figure 4.2: Solid, aluminium cylinder integrated with 2000 evenly spaced steps from
r = 0.5 tor = 1.0, with k&, = 0, n = 0 and ka = 5. Plotted is the difference of
the determinants of the upper left 2 x 2 sub-matrices of equation (3.80) and those
calculated from section 4.3. As noted in section 4.3.6, the right hand side refers to the
type and order accuracy, they are listed top to bottom as worst to best at r =1

4.4 Scattering example

In this section we explore the use of the impedance matrix by considering acoustic
scattering from a solid aluminum cylinder immersed in water. Perpendicular plane

wave incidence, i.e. k, = 0, in a uniform exterior fluid is considered with time harmonic

dependence e, The total radial stress and displacement fields in the surrounding
fluid are
>0 .
orr = —Kk Z " (Jn(k:r) + Banll)(kr))el(”G_“’t),
o (4.43)
up = — Y " (T (kr) + B HY (kr)) et =t

where r is the radial coordinate, K is the bulk modulus, & is the wave number, Hél) is
the Hankel function of the first kind, and the coefficients B,, are to be determined [27].
Unlike Chapter 3, here we take the summation over positive and negative values of n
allowing for the use of the e’ term whereas before we dealt with summation over the
positive range of n giving cosnf and sinnf terms. We consider an initial impedance
z(r = b) = z; using equation (3.80) and then integrating via the proposed technique

we find the impedance of the outer surface z(r = a) = z3. Using the definition of the
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Figure 4.3: Solid, aluminium cylinder integrated from r = 0.5 to r = 1.0, with k, = 0,
n = 0 and ka = 25. Plotted is the difference of the determinants of the upper left 2
X 2 sub-matrices of equation (3.80) and those calculated from section 4.3 at r =1 vs.
number of steps.

conditional impedance matrix from equation (4.14) and writing this statement for r = b
and r = a gives

V(b) = —iz1U(b), V(a) = —izsU(a). (4.44)

The conditional impedance matrix, zo = z(a), is found from the integration technique
outlined in section 4.3 and can be checked directly for transversely isotropic materials
using equation (3.80). Considering acoustic fluid in the exterior we write equation

(4.44) for r = a in detail for which the shear stress, 0,9, must be zero with

io [O@ = —izy wi@) __(proar) [ul@)) (4.45)

0 up(a) P2 q2) \ue(a)

Eliminating ug using the second row of equation (4.45) implies

1a arr(a)
ur(a)

i ,
= q;(chpz — @2p1) = —izo. (4.46)

Using equation (4.43) and equating it with equation (4.46) we find the scattering coef-

ficient
 KkaJy(ka) + 2, (ka)
KkaHV (ka) + ony(Ll)/(ka) .

Numerical simulation for a solid aluminium cylinder was considered with properties

B, = (4.47)

normalized with respect to water and with the total pressure field illustrated in Figure



50

4.4. Figure 4.5 shows both the total scattering cross-section o4, and the back-scattering

amplitude f(7), where the far field form function, f(#) is

2

vk

where ¢g = 1 and ¢, = 2 for m > 0. The total scattering cross section is then

[o¢]
Z 2", B, cosné, (4.48)

n=0

f(0) =

Otot = i—Zlmag(f(O)). (4.49)

Figure 4.5 closely matches the behavior of a similar analysis conducted in [51].

Figure 4.4: Plotted pressure field described by equation (4.43) for an aluminium cylin-
der, integrated from r = 0.5 to r = 1.0 (area between the two red circles drawn) using
the fourth order scheme, equation (4.39), with 500 steps. The initial impedance at
r = 0.5 was found using equation (3.80). ka =5, k, = 0, and o4y = 2.468.

The Riccati equation for the impedance matrix was formulated by seeking solutions
of 3D elasticity in the form of time-harmonic cylindrical waves. As discussed in section
4.3.1 direct integration of the Riccati equation leads to exponentially growing insta-
bilities associated with traction-free modes for the impedance and rigid modes for the
admittance. We developed a new stable numerical scheme for cylindrically anisotropic
structures that passes through these singularities by combining the impedance and
matricant. This scheme evaluates the impedance matrix for continuous systems by
integrating the Riccati equation over the thickness of each layer. Different expan-

sion methods were considered and compared, it was noted that matrix exponential
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Figure 4.5: Total scattering cross section and backscattering amplitude plotted against
non-dimensional frequency, ka. Aluminum cylinder with the same properties as listed
in figure 4.4, integrated using the fourth order scheme from r = 0.5 to r = 1.0 using
500 steps. The initial impedance at » = 0.5 was found using equation (3.80).

approximations yielded the best results. An example of acoustic scattering from a solid
aluminum cylinder immersed in water was considered using the impedance matrix and
compared with the literature. Plots of the total pressure field, form function and total
scattering cross section agree with previously published results. It will be this method
that is used in the next chapter that focuses on scattering from different targets sur-
rounded in many layers of elastic media characterized by the pentamode type of acoustic

cloaks.
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Chapter 5

Pentamode materials for transformation acoustics

Interest in cloaking objects from incident waves first started in the electromagnetic
spectrum by using a transformation of coordinates in the wave equation called trans-
formation optics [52, 53, 54]. Similar transformations can be done to the acoustic wave
equation and devices such as cloaks and lenses can be developed with specific goals
using transformation acoustics [55, 56, 57]. We consider passive, directionally inde-
pendent, broadband cloaks. In chapters 8 and 9 the development of these devices is
made by designing materials with periodic substructure. In general, acoustic cloaks fall
into three categories inertial cloaks, pure pentamode cloaks, and a combination of the
two [20]. Inertial cloaks achieve the desired phenomenon by having material properties
described by an anisotropic density tensor and a scalar bulk modulus, which can be
achieved by the simple layering of fluids [19]. These types of cloaks have been largely
studied in the literature [58, 59, 60, 61]. Pentamode cloaks achieve the effect with an
anisotropic elasticity tensor and a scalar density. The name pentamode refers to the
five zero eigenvalues of the elasticity tensor, this means that there is only one mode
of deformation that induces stress. The types of cloaks that are of interest here are
the pure pentamode or the combination of the two where a material with pentamode

elasticity is considered with possible anisotropic density.

5.1 Pentamode materials as fluids

It can be easily seen that pentamode elasticity is required for acoustic transformations as
it means that shear waves will not be able to propagate. In this sense these materials
can be thought of as anisotropic fluids. Considering periodic microstructure design

which will have certain symmetries we look at two dimensional cylindrical elasticity
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with the following relations

Opr Cii Ci2 O Err
ogp | = | Ci2 Ca2 0O o0 | - (5.1)
Org 0 0 066 2er0

If we use the Christoffel equation, det(I'(n) — pc*I) = 0, from equation (2.46), to find

the group velocities we find

( T
{C11,Cg6} forn = [1 0} ,
9 T
pc” = § {Ca, Cgs} for n = |:Q 1:| , (5.2)
T
[y on= 1)
where
2204 =Cq1 + Cy = \/(011 — 022)2 + 40122. (5.3)

In order to find fluid like properties from the elastic medium we remove shear waves.
This means the lower values for the wave speed, ¢, found in equation (5.2) must be
zero as these represent the shear wave speeds. Setting these speeds to zero obtains the

relations

Ces =0, C11C9% = Cy. (5.4)

Another method to find this behavior is to simply take the eigenvalues of the elasticity
tensor and set all but one to zero. Looking at equation (5.1) the eigenvalues are A, A_,
and Cgg, taking all but one to zero gives the same result, equation (5.4). In this sense the
material will only propagate bulk waves and can be thought of as a type of anisotropic

fluid.

5.2 Cloaking theory

If one were to consider a pentamode cloak with transversely isotropic symmetry (see
[20]) having elastic components displayed in equation (2.41), then all shear moduli must
be set to zero, which implies that Cyy = 0 and C12 = C11. The result of setting all but

one eigenvalue to zero is C711C33 — 0123 = 0. The material then has two independent
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moduli for which we define C17 = K,.(r) and C33 = K (1), which are defined by a map-
ping function, f(r), which maps in two dimensions a larger annulus to a much smaller
one which ideally becomes a point, reference figure 5.1. Interestingly the mapping func-
tion has a large degree of freedom with boundary condition on the outer surface of the
cloak, f(b) = b, and that for the cloak to become effective we take at the inner surface
fla) =4

ping however as seen next this requires moduli to become singular. Instead by taking

~ 0. We note that setting § equal to zero results in a perfect cloak map-

0 small but non-zero we can attain near perfect cloaking and avoid the singularities

in the moduli. If we consider a pure pentamode cloak in two dimensions where the

r==>b f(b)=1»

Figure 5.1: Mapping diagram shown where f(r) maps the physical space (left) to the
virtual space (right). The cloaking material is between radii » = a (inner surface) and
r = b (outer surface).

density is isotropic we have

/f 1 f s
= — KT' = K 7 T K - K ) 55
p(r) =pof -, (r) 0 1(r)=Kof 7 (5.5)
then the elasticity components are
011 013 0 K,n \/KTKl 0
C= 013 033 0 = KTKJ_ KJ_ 0], (56)
0 0 Ces 0 0 0

where pg and Ky are the background fluids density and bulk modulus. For three dimen-
sional cylindrical structures the form for the elasticity components can be simplified.

Letting s have components

SZ[f/r f 100 0, (5.7)
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the elasticity components are then [20]

C =Ky f;/ sTs. (5.8)

The large degree of freedom in f is also seen in pure inertial cloaks and as shown in
[19] instead of choosing a mapping and then finding material properties to suit such
a transformation the inverse problem is possible where material characteristics can be
considered to put further constraints on f. Such transformations have been studied
for pentamode cloaks [23], where properties including constant density, constant radial
stiffness, constant tangential stiffness and others including a mapping that considers
minimizing elastic anisotropy have been studied.

Using the stable impedance Ricatti method of chapter 4 we can simulate a cloak
using the elastic properties in equation (5.6) and change the properties as a function of
r by discretizing between the radii » = a and 7 = b. Doing this resulted in the example
of figure 5.3. The total field without the cloak is in figure 5.2. The linear mapping

function was used,
f@r) = ((a—8)r—(b—d)a)/(a—b), (5.9)

where we took § = 0.01b. The solution was found using the second order Taylor series,

equation (4.32), with 2000 evenly spaced steps between r = a and r = b.

-3 -2

6 4

>
Y

o

N Pk, O BN W
o = N w &~ o

I
w

a s w N e

el

Figure 5.2: Total pressure field de- Figure 5.3: Total pressure field for alu-
scribed by equation (4.43) for an alu- minum cylinder surrounded by cloak-
minum cylinder of radius r = 1 m. ing medium for » = a = 1 m to
Impedance was found directly from r = b = 1.25 m. kb= 1, k,=0, and
(3.80). ka =5, k., =0, and ooy= 2.468. 040 = 0.0127.
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5.2.1 Effects of shear

Unfortunately the relation for the shear moduli, Cgg = 0, must be relaxed in order for
the material to maintain it’s structure. Effects of shear in cloaking mediums has been
studied [25]. Here we explore what adding a shear modulus to the elastic properties of
equation (5.8) does to the efficiency of the cloak for two dimensional structures. We

add a shear modulus p to the elasticity components in the following manner

. % 213 ®)
s — —=)s s+ , 5.10
ff 3ssT) : 0® 13 (5.10)

c=(K

where I3 is a 3x3 identity matrix and 00 is a 3x3 matrix of zeros. This essentially adds
an isotropic modulus where we have using lamé parameters the standard A = K —2u/3
relation. Additionally we consider a shear modulus that includes a small amount of
damping. This is done by giving the shear modulus a small imaginary part by taking
p = fie"™ where we take ¢ = 0.05. We start by considering a bubble of radius r = 1
m surrounded by water for which the total pressure field can be found in figure 5.6, for
ka=5. The scattering cross section at this frequency is oyt (ka = 5) = 6.57. We apply
several different cloaks between the radii 7 = a =1 m and r = b = 0.8 m while varying
the shear modulus. Examples of the total pressure field are given in the figures of 5.5,
for which the frequency was kept constant at ka = 5 and § = .01b for the transformation

function.

Figure 5.4: Total normalized pressure field for a traction free surface at r = 1 m.
Parameters are ka= 5, k,=0, and scattering cross section and backscatter are o4, = 6.57
and f(m) = 0.89.
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Varying the frequency and computing the back scatter and scattering cross section
was also done. Figure 5.6 computes this for the case of a traction free surface without

a cloaking medium.

Figure 5.6: Scattering cross section, equation (4.49), and back scatter, equation (4.48),
frequency behavior for a traction free surface at r = 1 m surrounded by water.

n Otot
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Figure 5.7: Scattering cross section oy, and back scatter frequency behavior, with
changing ¢ parameter between left and right. Cloak between radii a = 1 and b = 0.8.

In the figures of 5.7, two different levels of shear moduli as well as the parameter
0 were studied. It is seen that at a shear modulus of roughly five percent of the bulk
the 0 parameter has little affect. At smaller shear modulus, roughly one percent of
the bulk, the § parameter has much more influence and it seems that this level for
the shear modulus is tolerable. It is clear that when the ratio of x/u becomes large

enough the cloaking medium becomes more effective. This is because the theory used
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here requires pentamode elasticity and does not account for wave energy to be entered
into shearing modes. We leave cloaking theory here with the result that by adding in
some amount of shear modulus we can still have an effective device, especially when the
shear modulus is roughly one percent or less compared to the bulk modulus. Next our
attention is focused on producing periodic micro-structure designs that may be able to
produce cloaking devices. This is done by first reviewing static and dynamic methods
that account for a materials global elastic response based on the study of a repeating

unit cell.
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Chapter 6

Metallic foams and static homogenization

This chapter focuses on a static means of determining the effective elastic constants of
foam structures. In the review of acoustic cloaking theory from the previous chapter
it was found that pentamode elasticity is required for elastic based devices that are
created with transformation acoustics. This class of material also satisfies the problem
of relating the elastic equation of motion to the acoustic. In order to achieve penta-
mode elasticity we turn to metallic foams as they offer the ability to achieve the desired
macroscopic properties based on a unit cell design. Metallic foams have been largely
studied, most notably by Gibson and Ashby [62], and can offer exotic properties includ-
ing negative Poisson’s ratio [63]. More recently studies looking into the feasibility of
creating pentamode materials [24] has occurred with focus on the creation of metama-
terial devices. Foam structures are also known to have relatively small shear rigidity in
comparison to the compression stiffness which is essential for approximating pentamode
behavior. Furthermore, the regular structure of the foam allows the simultaneous vari-
ation of both the effective density and bulk modulus. We review static homogenization
theory of cellular materials by both analytical and numerical methods for consistency
and accuracy. Later on in chapter 8 these methods are used to design a material that

can mimic the acoustic properties of water.

6.1 Analytical

As a step towards creating cloaking devices the first problem considered is that of
mimicking the acoustic properties of water in two dimensions. This material falls into
the category of pentamode elasticity, requiring isotropic behavior, matching of the bulk

modulus, maintaining small shear modulus by comparison, and matching of the density
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of water. The material is called Metal Water and is developed later in chapter 8. In two
dimensions, foams that have the property of being isotropic fall under regular hexagonal
geometry (honeycomb lattice). In this case we review the results of Kim and Al-Hassani
[64] for which effective elastic constants can be determined based on strut geometry for
such a structure. In the three dimensional case tetrahedral geometry (diamond lattice)
is needed to achieve isotropy for which case we review the results of [65], which is done
later in the beginning of chapter 9.

Effective moduli for honeycomb structures was found by Kim and Al-Hassani [64]
by using figure 6.1 and applying loads on a rectangular boundary and then by strain
energy formulation a displacement can be calculated caused by the applied load giving
a constitutive relation between stress and strain, later on we do the same analysis on
the three-dimensional structure to calculate an effective bulk modulus. From [64], the

effective in-plane Young’s modulus, E;, Poisson’s ratio, v}

*
+;» and shear modulus, G7,

are given for plane strain as

Figure 6.1: General cellular structure.
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o [sinf
L7 2b(h + L cos 0)(N/ cos? 0 + M;sin*6)’
. h+lcosf

By = 2bl sin 0(N; sin? 6 + M; cos?  + 2M},)’
. Isin (N} — M;) cos@sin 6
2 = (h+ lcos0)(N] cos? 0 + M;sin? )’
«  (h+1lcosO)(N; — Mj)cosfsind
"2 = Tsin O(N] sin® @ + M cos? 0 + 2Mp,)’
(h+1lcosf)lsinf
2b((h2N/ + 212Nj ) sin? 0 + M;(L + hcos 6)?)’

* j—
C:12 -

where

N} = N, +2(1 4 v)kM,. (6.2)

M, and N, refer to axial and bending compliance where

a/2 a/2

dzx 22dz
Ma_/EA, Na_/ == (6.3)
0 0

Here h and [ are the strut lengths, b is the depth into the page such that A = bt with
member thickness ¢, I = bt3/12, and 6 describes the angle between vertical and the
strut as shown in figure 6.1. The relation to the Voigt moduli for two dimensional

elasticity are given by [66]:

E* vi B
(711 (712 (716 1"”?2”51 1_3%2;51
_ | uvnER B
¢= Ciz Cz Cos | = 1‘i%25§1 1‘¢€i”§1 0 ’ (6'4)
Cis C2 Ces 0 0 12
and hence
O = Isind <2Mh+M100829+Nl’sin29>
1 4bMy MyN| (h + lcos6) ﬁ + M% cos? 0 + N%, sin?6 )’
o (h+lcosb) ( M;sin® @ + Nj cos? 0 )
2= : 1 1 T 29
4bMy, My N/ I sin 0 or I cos? 0 + 7 sin 0 (6.5)
cos @sin 6 N} — M,
€12 = AN \ T+ T cos20+ Lsin?6)"
RN N oy T 3, N/
(h+1lcos@)lsing
Ceé6 =

 2b((h2N] + 212N]) sin® 0 + M;(l + hcos 0)2)

Using an alternative method similar to Wang and Cuitino [67] these constants were
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found as
O = Rysinf <2M1+M200529—|—Nsin29>
" UM MoN (Ry + Ra cos0) 2—1\141 + ﬁg cos?6 + % sin?9 )’
O (R1 + Ry cos®) ( My sin? 0 + N cos? 0 >
7 AM My N Rysin 0\ g1+ (1 cos? ¢ + L sin®6)’ 66)
cos @sin 6 N — My '
Ciz = AMIMoN \ L+ 1 o520+ Lsin20 )’
2M Mo N
(R + Racosf) Rysinf
Ces = 5 27’
2[(R%Ng + R%Nl) sin® 0 + My (Rg + R cos (9) ]
where
1 1
N7t=_—+ (6.7)

o
No Nyt 3N

These equations were derived using a unit cell as shown in figure 6.2, where it is

Figure 6.2: Structure and unit cell description.

easily seen that Ry = % and Ry = % Again M; is the axial compliance and N; the

bending compliance. We see similarity between equations (6.5) and (6.6) however all
of the moduli differ, for C71, C2 and Cio the difference arises because of the more
complicated form of N in equation (6.7) as compared with N}, which is equivalent to
Ns. The shear modulus Cgg is different because of the disparity between the terms
21N 5 and R%Nl. We will make use of the Kim and Al-Hassani results, equation (6.5),

for the remainder of the thesis.
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Limit of thin members

In the limit of very thin members N; and Nj become much larger than M; and My,

and taking the limit as the ratio M,/N, — 0,

a 1 0
cosfsind [sin? 6
Cof1 5 0 Co 2b[M; + 2Mj, cos? 6]’ “ (h+lcos@)cosb (6.8)
0 0 O

This is of pentamode form since C has only one non-zero eigenvalue. It is interesting
to note that the ratio C11/Ca2 depends on the geometrical parameter «, which will be

important in cloak design. For the regular hex we have « = 1. From this analysis we

90

10°
h/I
Figure 6.3: Values for 6 and h/l to attain a = 1 in equation (6.8).

see designs for which A = [ requires the angle §# = 7/3, meaning the structure has regular
hexagonal shape. Utilizing equation (6.5) Ashby charts can be created that show an
effective range of elastic properties as well as density properties based on parameters
defining the strut geometry. With that it is possible to find and create materials
that can accommodate acoustic cloaking depending on the versatility of the unit cell.
This analysis is continued later in chapter 8 where we consider regular hexagonal foam
structures, § = /3, and use equation (6.5) to find the effective moduli in order to design
the first Metal Water prototype. The next section reviews a finite element method that
allows for a more precise method of producing desired moduli from the study of a single

unit cell.
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6.2 Finite element homogenization
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Figure 6.4: Example of a periodic elastic material for which elastic moduli can be
calculated via static homogenization technique with finite elements.

The methods of section 6.1 rely on beam or foam mechanics theories to produce
the effective elasticity of structured foam like materials. We next want to compare the
results of the previous section to another approximation of the homogenized properties
to do this we turn to finite elements. With this method general periodic structures
can be analyzed such as the one shown in figure 6.4. Derivation of the macroscopic

elastic moduli for structures with periodic unit cells was done by [68] and was further
developed in [1] to include boundary conditions for unit cells with symmetric properties.

A complete review of the theory and it’s application is given in [69, 70, 71]. The

homogenized elasticity is found from
(6.9)

K3

1
Cli = %] / Cijrt — CijpgXpq Y,
%

where Y is an open rectangular parallel-piped describing the unit cell, |Y| denotes the

total area of the unit cell in two dimensions or the volume in three dimensions, and X];l

is a periodic displacement solution of the governing equation which is [1]

/Ui,jciquX];fqu = /Ui,jcijkldy-
Y

Y

(6.10)
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The governing equation (6.10) was derived in [68] and came about by performing a
double-scale asymptotic expansion on the virtual displacement equation where v; is an
arbitrary test function. Next we go through the derivation of applying the finite element
method as done in [1, 70]. We take equations (6.9) and (6.10) and go into further detail
by writing out in component form the various cases for three dimensional geometries.
In two dimensions, equation (6.10) would only need to be considered for the three cases
ofi a)k=1=1,b)k=101=2and ¢) k=1, = 2. In three dimensions we will have
to consider six cases which will include cases a) b) and ¢) as wellas d) k=1,1=3, e)
k=2,1=3,and f) k =1 = 3. Assuming orthotropic anisotropy, the elastic constants
to be concerned with include those listed in equation (2.39). For case a) k =1 =1

equation (6.10) yields
/ [(Cnnx%}l + Crizaxsly + Crissxss)vi1 + (Caz11x1 + Co2zaXaly + Co3sX3s) v,
Y

+(Cs311x1h + Css22x3% + Casszxais) vs,s + Casas(Xals + X32) (v2,3 + v32)

+Ca13(x1i3 + x31) (v1,3 +v3.1) + Cr212 (X1 + x21) (vi,2 + v2,1) [dY

= / [0111101,1 + Ca211v22 + C33111)3,3] dy,
Y

(6.11)
and the homogenized properties are
1
Chy = |Y|/ Ciii1 — [Crinxih + Crizaxazs + Ciissxsls]dY,
Y
1
Cihi1 = ’Y|/ Ca11 — [02211X%,11 + 02222)(%}2 + 02233Xi1),}3}dY, (6.12)
Y

1
Cigiy = |Y|/ Css11 — [Caszrixih + Caszaxal + Caszsxsls]dY-
Y
For case b) k =1 = 2 equation (6.10) yields
/ {(Cnnx%i + Cri2aX5% + Cr1ssx3 ) v1,1 + (Ca211xTa + Ca2zaXss + Co33X33) U,
Y

+(C3311x73 + Css22X3% + C333X33) v3,3 + Casas (X33 + X32) (v2,3 + v32)

+C1313(xT5 + x31) (v1,3 + v3.1) + Cr212 (X% + x33) (vi,2 + v2,1) [dY

= / [011221)171 + C2222v2 2 + C3322v3 3| dY,
Y
(6.13)
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and the homogenized properties are

1
Clig = |Y|/ Cri22 — [C1111x33 + Cri22X3% + Ciisx3]dY,
Y
1
Clhoo = iG] /Y Co22 — [Ca211X33 + Ca222X5% + Ca233X33]dY, (6.14)

1
Cion = ]Y!/ Css22 — [Cs311X17 + Ca322X3 + Ca333X33)dY.
Y
For case c¢) k=1, | = 2 equation (6.10) yields
/ [(C’uuxﬁ + Criz2xas + Crissxas) vt + (Caz11x1d + Cazzaxas + Coaszxss) v2,2
Y

+(Cs311x17 + Cs322X5 + Cs333x33) v3,3 + Cass (a3 + X52) (v2,3 + v32)

+C313(x13 + x37) (v1,3 + v3.1) + Cr212 (1% + x23) (vi,2 + v2,1) [dY

= / [01212 (vi2+ '02,1)] dy,
Y

(6.15)

and the homogenized properties are
1
Cihy = / Ciz2(1 — x1% — x53)dY, (6.16)
Y1 Jy
For case d) k =1, [ = 3 equation (6.10) yields
/ [(Clnlel + Crizaxsy + Crissxss) o1 + (Caz11 X1t + Co2zaXas + CoassX3s) v,
Y

+(C3311Xi31 + C3322X%?2 + C3333x33) v3,3 + Cas2s (X35 + X%?z) (v2,3 + v32)

+Cz13(x15 + x51) (v1,3 + v3.1) + Cr212 (1% + x271) (vi,2 + v2,1) [dY

—/ [01313(111,3-1-113,1)](13/,
Y

(6.17)

and the homogenized properties are

1
Cls1s = v /Y Ciziz(1 — xi% — x31)dY, (6.18)
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For case d) k =2, [ = 3 equation (6.10) yields

/ [(CllllX%i + Criz2xX35 + Crissxas) vt + (Caz11xTy + Cazzaxs s + CoassXas) v2,2
Y

+(Ca311x7% + Cs322X5% + Ca333X53) v3.3 + Cas23 (X33 + X3%) (v2,3 + v3.2)

+C1313 (X%‘?zs + X%i) (vi3 +v31) + Cra12 (X%?z + X%?l) (vi2 +v21) |[dY

= / [02323 (va,3 + U3,2)] dy,
1%

(6.19)

and the homogenized properties are
1
Cihas = / Cas2s (1 — X33 — X33)dY, (6.20)
Y1 Jy
For case f) k = [ = 3 equation (6.10) yields
/ [(01111)(??1 + CrizaXah + Crissxas)vig + (Caz11 X3 + CazzaxXas + CoaszXas) v2,2
Y

+(Ca311x3 + Ca322X5% + Cassaxys)vs,s + Casas (X33 + X52) (v2,3 + v32)

+C1313(x3%5 + x30) (v, + v3.1) + Cra12 (X% + x5 (vi,2 + v2,1) [dY

= / [01133111,1 + Ca233v2 2 + C'3:«;331)3,3] dy,
y

(6.21)
and the homogenized properties are
1
Chas = |Y|/ Criss — [Ciixiy + Cri22x3% + CiizsxisdY,
Y
1
Ciss = ]Y]/ U233 — [szlx‘;’i + 02222)(%’?’2 + C’2233><§?3]dY, (6.22)
Y

1
Chias = v /Y Css33 — [Caz11x) + Caszaxas + Caszaxis|dY-
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6.2.1 Vectorization of the equations

Case a) k = | = 1. Using Voigt notation and letting xi! = ®;, yi! = ®,, and

Xél = ®3, we find
/ [(Cllq’l,l + C12®P22 + C13P33)v1,1 + (Co1P11 + Coa®o 2 + CozPs3)v20
Y

+(C51®1,1 + C32P2,2 + C33P3.3)v3 3 + Caa (o3 + P32) (va,3 + v3,2)

(6.23)
+Cs5 (P13 + P31) (v1,3 +v31) + Co6 (P12 + P21) (vi,2 + v2,1) |AY
= / [011111,1 + Co1v22 + 031113,3] dy,
Y
and the homogenized properties are
1
ol = |Y|/ Ci1 — [C11®1,1 4 C1oPa2 + Ci3P33]dY,
Y
1
Cyi = |Y|/ Co1 — [Co1®11 + Coa®ap + Co3®P33]dY, (6.24)
Y
1
Cq = |Y\/ Ca1 — [C31P1,1 + C50Pa0 + Cs3P33]dY.
Y
Equation (6.23) is rewritten in the form
/Y{ {01,1 Vg2 V33 U23+vU32 V13+U31 V12 +’U2,1}
Cii Ci2 Ci3 0 0 0 Py
Cia Co Ca3 0 0 0 D)
C C: C 0 0 0 d
L |18 G G 3,3 }dY
0 0 0 Cyu O 0 Dy 3+ P39
0 0 0 0 055 0 (1)1,3 + ‘1)3,1
0 0 0 0 0 Cel| |®ro+Pos (6.25)
C11
C12

Ci3
= . [111,1 V22 V33 V23+U32 v13+U31 U1,2+U2,1} dy.
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Next we define
T
€(v) = {vm V22 V33 V23+v32 v13+v31 vVi2+ 112,1} )
T (6.26)
€(®) = [‘191,1 Qoo P33 Po3+ Pz P13+ P31 P1o+ ‘1)2,1} )

and again using orthotropic elasticity,

Ci1 Ci2 Ciz3 O

0
Cig Cy2 Co3 0 0
Cig Co3 C33 0 0

0

=|d1 d2 d3 d4 ds d6] (6.27)

0
0
0
0 0 0 Cu 0
0

0 0 0 0 Css

0 0 0 0 0 Ces

Then equation (6.25) may be written as

/E(U)TCE(@)dY:/ ! (v)d,dyY, (6.28)
Y Y

and the homogenized elastic properties are

1
Cﬁ = |Y'|/Y <011 — lee(fl)))d
1

ot = 1/ C31 — die(®) |dY.
Y| Jy

Case b) k =1 = 2. Letting X%Z ="y, X%2 = Uy, and X§2 = W3. Doing as done in the

=

(6.29)

previous section for case a) we find

/ ()T Ce(W)dY = / e (v)dydY, (6.30)
Y Y

and the homogenized properties

1
Cfy = / Cio — d{ €(0) ) aY,
Y1)y

chH = L / Cao — dl e(W) ) ay, (6.31)
Y1 Jy

1
C:g = / C32 - dge(\ll) dy.
Y1)y

Case c) k =1,/ = 2. Letting x12 = ©1, x3? = O2, and x}? = O3, we find

/E(U)TCG(@)dY:/ el (v)dgdY, (6.32)
Y Y
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and the homogenized properties
1
ch = — / ((166 - dge(@)>dy (6.33)
Y1)y
Case d) k=1, = 3. Letting x1* = Q1, x3* = Qo, and x3* = Q3, we find
/ e(0)TCe(Q)dY = / ! (v)dsdY, (6.34)
Y Y
and the homogenized properties
1
ot = — / <C55 — d§6(9)>dy. (6.35)
Y1 Jy
Case e) k=2 ,l = 3. Letting x¥ =T'1, x3° = I'y, and X:%?’ = I's, we find
/ e(v)TCe(I)dY = / ! (v)d,dy, (6.36)
Y Y
and the homogenized properties
1
ol = — / (044 - d4Te(F)>dY. (6.37)
Y1)y
Case f) k =1 = 3. Letting x33 = T1, x3° = T2, and x33 = T3, we find
/ e(v)TCe(T)dY = / ! (v)dzdy, (6.38)
Y Y

and the homogenized properties

1
Ci3 = / Ciz — d{ e(T) )dy,
Y1 Jy

1
chH = — / Caz — dle(T) )ay, (6.39)
Y1 Jy

cH = L / C33 —die(1) )dy.
Y1 Jy

There is some overlap in the cases, for instance we expect the moduli C’g = Cﬁ, which
can be compared by using cases a and f. This can provide as a first check on correct
implementation of the theory. Next finite elements are reviewed and used in this theory

and a comparison study is done.
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6.2.2 FEM application

Consider case a) (k=1=1) which yields the governing equation (6.28). We took the
T
displacements X}l = &, and let ® = [q)l o, (I):,J , using the finite element method

displacements take the form [72]

Oi(y) =) Nik(y)®%, (6.40)

where summation is taken over all elements, NV;x are interpolation functions known as
the shape functions and depend on the type of element used and ‘iﬁ{ are the nodal

displacements of element e. The strains are then

6(‘1’)@' - ZAin(i)e - ZB‘i’e, (641)

where B is known as the strain-displacement matrix and

1,0N;x  ONjg

K= = . 6.42
K 2( 6yj ayl ) ( )
Applying equation (6.41) to (6.28) we find [1, 70]
/ B'CBdY® = / BTd,dyv, (6.43)
Y Y

where all of the element nodal displacements, @6, have been assembled into a global

displacement vector, ®. Equation (6.43) is rewritten as
K® =f, (6.44)
where
K= / BTCBdY, and f= / BTd, dv, (6.45)
Y Y
which is the global set of equations used in the finite element analysis. As noted by [70]

if we consider just a single element the force vector has the form

(3

fe = / B¢ d,dY, (6.46)

where i denotes the node of element e and BfT is the strain-displacement matrix for
node ¢ of element e. When the force vector in equation (6.46) is compared to an initial
strain loading defined as [73]

{fre = / B CedY, (6.47)

Ye
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we find
Cii Ci2 Ci3 0 0 0 94 Ci
Cia Co Caz3 0 0 0 €95 Ci2
Ci3 Cy C 0O 0 0 o C
C'—d, - 13 C23 (33 33 _ O3 7 (6.48)
0 0 0 Cu 0 0 29, 0
0 0 0 0 Css O 2¢9, 0
0 0 0 0 0 GCg| [2€ 0
which implies
)y =1, else E?j =0, (6.49)

note that this was case a) for k = [ = 1. Similarly if we continue the analysis on the

other cases we find for each case

ggl =1, else 5% =0, for casek,l. (6.50)

That is for case b) k =1 =2 — &, = 1, forc) k = 1,1 = 2 — &% = 1, and so
on. Unfortunately many FEM packages do not come with an initial strain loading
option but recent versions of COMSOL have added this capability. Lastly it should
be noted that the boundary conditions for this analysis are periodic conditions on the
displacements such that for a cubic unit cell the left and right sides have the same

displacement, the top and bottom, and the front and back pairs.

Triangular elements

We first used MATLAB to implement the finite element homogenization technique
and benchmarked our results with [1]. Using the PDE toolbox in MATLAB a mesh
containing two dimensional triangular elements can be made. The periodic structure
consists of a unit square cell containing a 0.4 x 0.6 void. This example was studied by
both [1] and [2]. Figure 6.5 contains the geometry and was created and meshed using
the PDE toolbox in MATLAB. Next we must review triangular finite elements to form
the matrix equations and to apply the unit initial strains for the various cases. It should

be noted that in two dimensions only the cases k =1l=1,k=1l=2and k=1,l =2
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0.6

04r

0.2

Figure 6.5: Unit cell studied in [1] consists of a unit square containing a 0.4 x 0.6 void,
figure was created and meshed using the PDE toolbox in MATLAB

need to be studied. As a reference on finite elements [3] was used for theory as well as

codes which were adapted for the homogenization problem. Consider the triangular

YA

r
Figure 6.6: Triangular element with nodes i, j, and m, reference [3] used here.

element of figure 6.6 for which node i has coordinates (z;,v;). The strain-displacement
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matrix for this element is

Yi — Ym 0 Ym = Yi 0 yi—y; 0
B¢ =~ 0 T — Tj 0 LTy —Tm  Tj — Ly ) (6.51)
T — T Yj—Ym Ti—Tm Ym —Yi Tj—Ti Yi—Yj
Next we apply equation (6.46) to find the forces needed on each element to produce a

unit initial strain which is then

fe = A°B¢ d;, (6.52)

where A€ is the area of the element and d; is the vector of elastic constants corresponding
to the case being evaluated. For instance in two dimensions and considering plane
strain problems, that is that the depth of the geometry into the page is relatively large

compared to other dimensions, we have

L v 0 Cu Ciz 0
E
C= —2lv 1 0]=|C Co 0= {dl do d3:| ) (6.53)
00 ¥ 0 0 Ce

where F is the material’s Young’s modulus and v the Poisson ratio. The element

stiffness is found by

k¢ = A°B¢’ CB°. (6.54)

Then the global matrix equation (6.44) can be formed by assembling the forces from
equation (6.52) and stiffnesses from equation (6.54). The boundary conditions on the
unit cell are periodic and as derived in [1] they can be broken down into two cases. As
noted before for the two dimensional problem only cases (k =1=1), (k=1=2), and
(k =1,1=2) need to be solved, for (k =1 = 1) and (k = | = 2) the boundary conditions
are rollers on the outer edge of the unit cell, that is the displacement normal to the
edges is zero. For the case (k = 1,1 = 2) the condition is perpendicular rollers, meaning
on the boundary displacement parallel to the edge is zero. These conditions can be
easily applied to the global equation by setting the corresponding nodal displacements
to zero which has the effect of removing rows and columns corresponding to that degree

of freedom. After the nodal displacements are found the homogenized properties given
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in equation (6.29) are found by summing, for example
1
ol = ¥ > ¢y —d{Be®”, (6.55)

where the summation is taken over all the elements.
For the example given by [2, 1] the elastic properties of the material used were
C11 = Cy = 30 and Ci1o = Cgg = 10, with these properties the homogenization

technique produced the results of table 6.1. Implementing the homogenization theory

Elements clt cit cl CIL | Reference
20x20 4-node | 13.015 | 3.241 | 17.552 | 2.785 2]

3rd adapt. | 12.844 | 3.131 | 17.421 | 2.668 2]

436 8-node | 12.839 | 3.139 | 17.422 | 2.648 1]

Table 6.1: Table is directly from [1] for which the unit cell of figure 6.5 was used and
compared against the results of [2].

using MATLAB with 3-node triangular elements resulted in table 6.2 for which we see
agreement. Note that using lower order elements such as the linear triangular element
used here requires more elements than those reported by [1] or [2] as they used higher
order quadrilateral elements. Lastly using MATLAB for finite element analysis is quite
tedious as FEM packages such as ANSYS and COMSOL have efficient solvers capable
of inverting equation (6.44) quickly and have the added benefit of a graphics user
interface. Our last example using 16,256 elements required approximately 268 minutes

to compute.

Elements | CH ch c clt
242 13.385 | 3.404 | 17.810 | 3.065
1,016 13.035 | 3.250 | 17.562 | 2.794
4,064 12.903 | 3.177 | 17.469 | 2.695
16,256 12.844 | 3.140 | 17.425 | 2.652

Table 6.2: Results based on a MATLAB code using linear triangular elements. Nodal
displacement solutions located in figures 6.7, 6.8 and 6.9.

Quadrilateral elements

The limitations of MATLAB previously described are eliminated through the use of

ANSYS Mechanical APDL FEM package, which features an optimized solver that can
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Figure 6.7: Displacement solution for Figure 6.8: Displacement solution for
(k =1 =1) corresponding to £{; = 1. (k =1 = 2) corresponding to €9, = 1.

061
04f

02t

—02F

—04l

Figure 6.9: Displacement solution for
(k = 1,1 = 2) corresponding to £y = 1.

implement more complex elements. Unfortunately the version of ANSYS available did
not have a built in method of implementing a unit initial strain. The strategy devised
was to use ANSYS to construct the geometry and mesh then export the mesh data
into a MATLAB code which would compute the nodal forces necessary to implement a
unit initial strain found from equation (6.46). The nodal forces are then inserted back
into ANSYS in a quick manner by using batch mode. Then solving the system the
strains and areas necessary to compute the homogenized properties are exported back
into MATLAB following equation (6.55).

In order to find the nodal forces we detail the derivation here using 4-node quadri-

lateral elements. In the previous section we used triangular elements for which the
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(554, y4)

(w3,y3)

(xl’ yl) (x% y2) g _ _T\/\/WW\/WC .
n=-—1

X n=-1

Figure 6.10: Quadrilateral element in  Figure 6.11: Quadrilateral element in
terms of the global coordinates (z;,v;). terms of the natural coordinates (¢, 7).

strain-displacement matrix can be obtained easily due to the simplicity of the element,
here we will have to use the shape functions and natural coordinates. The natural coor-
dinates are used to map an irregular element in global coordinates (z;,y;), figure 6.10,
to a unit square in ({,n) coordinates, figure 6.11, which helps simplify the analysis.

The shape functions in natural coordinates are [3]

1 1
N1:Z(1_C)(1_77)7 N2=1(1+C)(1_77),
1 1 (6.56)
N3=1(1+C)(1+77)a N4=1(1—C)(1+77)'
We can find the nodal forces necessary to implement a unit strain by defining
B=|B, B, B; Byl (6.57)
where
AN; AN;
ape — b o 0
B; = 0 O — d9e (6.58)
¢on —dac @ — b,
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, and

yi(C— 1) +ya(=1=¢) +ys(1+ )+ ya(1 = Q)),

1
a=1(n(
b= (101 = 1)+ (1 =) + ys(1+ ) +ya(~1 — ),
1
021( (n
1
d=7(x(¢

(6.59)
w1(n—1) +2(1 —n) + 23(1 +n) +24(=1 1)),
21(¢ = 1) +a2(=1 =) + 31+ ¢) + za(1 - ().
Following equation (6.47), let
d; = CeY, (6.60)
where for the given case € takes on the values
1 0 0
0l 1fs |0f- (6.61)
0 0 1
Lastly the integral of equation (6.47) is done in the natural coordinates as
11
e = //BTdidgdn. (6.62)
-1-1

Following this procedure the nodal force vector required to implement an initial strain

for the 4-node quadrilateral element is

_(yz —ya)d1 + (24 — $2)d3- -flx-
(24 — 22)da + (Y2 — ya)d3 fiy
(y3 —y1)dy + (x1 — x3)d3 Jox
po_ % (z1 — w3)d2 + (y3 — y1)d3 _ | | (6.:63)
(4 — y2)dy + (w2 — @4)ds f3z
(z2 — w4)d2 + (Y4 — y2)d3 fay
(y1 — y3)dy + (x3 — x1)d3 faz
(w3 —a1)do + (yr —y3)ds| | fay ]

where d; is the 4§ element of d; from equation (6.60) corresponding to the particular
case of initial strain and f,,, is the nodal force at node m in the x direction and f,,
the nodal force at node m in the y direction. It should be noted that equation (6.63)

is in terms of the global coordinates.
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Elements | C{f clt ch cl
304 12.941 | 3.201 | 17.496 | 2.732
1,282 12.857 | 3.149 | 17.436 | 2.664
11,889 12.814 | 3.118 | 17.402 | 2.630
107,001 | 12.801 | 3.107 | 17.392 | 2.620

Table 6.3: Results from ANSYS using the 4-node quadrilateral element.

Hassani example using COMSOL

The last FEM package we turned to was COMSOL which has a built in method of
adding desired initial strains. Using the same example as before, figure 6.5, we bench-
mark our application of the static homogenization for which table 6.4 shows convergence
based on the number of elements used. Here we see quicker convergence since we are

using 6-node quadratic triangular elements. It should be noted that this method is eas-

Elements | CH ch c clt
70 13.083 | 3.292 | 17.603 | 2.801
500 12.887 | 3.173 | 17.459 | 2.680
4,940 12.819 | 3.123 | 17.407 | 2.633
19,330 12.807 | 3.112 | 17.397 | 2.624
77,328 | 12.801 | 3.107 | 17.392 | 2.620

Table 6.4: Results from COMSOL using triangular elements.

ily implemented in COMSOL where the homogenization integral, for example equation
(6.29), is done within COMSOL and as compared with the MATLAB implementation
the longest solution time was on the order of half a minute. This ends the review of
static methods that produce the effective elastic moduli of periodic structures. The
next chapter focuses on reviewing methods that can perform this homogenization task

in a dynamic sense by considering Bloch-Floquet conditions on a unit cell.
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Chapter 7

Dynamic homogenization

This chapter focuses on the problem of solving dispersion relations which characterizes
the relation between the wave vector and frequency dependence, w(k), for periodic
structures. First the concept of the Brillouin zone is discussed in section 7.1. It is
used to describe the range of wave vectors that should be considered when analyzing
a medium with periodic structure. In section 7.2 the plane wave expansion method
is reviewed for structures made from fluids only. In looking for solid structures that
can accommodate Pentamode behavior elastic models are studied. The first being a
lattice constructed of masses and springs, where the work in [74] is reviewed in section
7.3. In section 7.4 we review beam theories including Euler-Bernoulli, Rayleigh and
Timoshenko. This is done as beams are used as the building blocks of the theories used
in sections 7.5, 7.6, and 7.7. The work in section 7.5 uses Euler-Bernoulli beams and has
not been seen in the literature. For comparison to more standard procedures, section
7.6 deals with Timoshenko beams and the development of reflection and transmission
matrices, here the work of [6] is reviewed. Lastly, section 7.7 reviews the implementation
of Bloch-Floquet problems using finite elements, where the work of [75] is reviewed. The
motivation of this chapter is to understand the derivation of theories used to create
dispersion curves. This will give us a tool to further investigate material properties of
periodic media as well as a check on the static properties that the theories of chapter

6 produce.

7.1 The Brillouin zone and k space

In Bloch-Floquet problems we seek dispersion curves which define at what frequencies

a medium will allow for wave propagation as a function of the wave vector. As written
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by Léon Brillouin in [4] the wave vector, k, can be confined to a k-space defined by
the irreducible Brillouin zone such that any solution involving k outside this zone is
repeated via a reflection based on the symmetry of the structure. These zones are
found by considering a structure’s direct and reciprocal lattice vectors. The direct
lattice vectors, defined by d; Vi € {1,2,3} in three dimensions, define a structure’s
geometry and class such as cubic or hexagonal. For example the direct lattice vectors
of a two dimensional hexagonal lattice are shown in Figure 7.1. The vectors are such
that any point defined by n1d; + nods for n; being an integer is another lattice point.
The structure is then found by connecting the lattice points and drawing perpendicular

bisecting lines, as done in Figure 7.1. The Brillouin zone is then defined by the

Figure 7.1: Direct lattice space with direct lattice vectors d; and ds. The connection
between the lattice points and the structure they define is made by connecting lattice
points, shown here with dashed lines, and drawing perpendicular bisecting lines between
two lattice points. Also defined here in red dashed lines is a possible choice of a primitive
cell to be considered.

reciprocal lattice vectors, b;, ¢ € {1,2,3}, which have the property b; - d; = d;; (or
b;-d; = 2md;; depending on the formulation), where d;; is the Kronecker delta function.

In two dimensions we can define the matrices

dlx dly blz b2x

then

B-D=1-B=D""' (7.2)



83

Alternatively if we consider three dimensional problems then the relation between the

direct and reciprocal lattice vectors is written as [76]

ds x ds ds x dq d; xdy
b — , b — —, b = = 73
! d1 . (dg X d3) 2 d1 . (dg X d3) 3 d1 . (dg X dg) ( )

A plane wave traveling through the medium will have the form
)= Aei(wt727ra-x)’ (74)

where x is a position vector and a defines the direction and wavelength of the propa-

gating wave, such that
1

1 (7.5)

al? =+ =

where A is the wavelength. Since the medium may be discontinuous we let the position
vector be defined only at lattice points x = n1d; + nods. We then simplify equation
(7.4) by taking

2ra-X = 27a - (n1d1 + nod2) = niky + noke, (7.6)

where k1 = 27a - d; and k9 = 27a - da. Equation (7.4) may then be rewritten as
w —_ Aei(Wt_klnl_kQNQ). (77)

The importance of Brillouin zones comes into play since we can replace the components

T
of the wave vector, k = [kl ]{;j} , by
k; =k; +2mm;, V m; = integers, (7.8)

without changing the plane wave in equation (7.7). This is because
ei(fklnlfkgnz) — ei(f(k1+27rm1)n17(k2+2ﬂ'm2)n2) — ei(fklnlfkgng)ei(f%rmlnl)ei(f2wm2n2)

_ el(*k1n1*k2n2)

)

(7.9)
since m; and n; are both integers. The change to k; corresponds to the wave vector
changing to

a/ =a+ miby + msobo, (710)

which is seen from equation (7.6) and the property d; - b; = ¢;;. Looking back at

equation (7.4) we see that the direction of the wave and magnitude of the wave length,
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equation (7.5), now depends on the integers m; and mgy that define a’. Any wave vector
of the form a’' = a+ m1bg+msbs corresponds to the same plane wave traveling through

the medium, figure 7.2 details this ambiguity pictorially. Brillouin then constructed

; a_b, by

Figure 7.2: As stated by Brillouin, [4], this example shows the ambiguity of the wave
vector, a, in reciprocal lattice space created due to the integers m; and ms in equation
(7.9). Any choice of the wave vector a =a+ m1b1 + mebs corresponds to the same
plane wave traveling through the medium.

rules for choosing the area for which the wave vector must be confined, they include
that the area be independent of the basis coordinates, allow for wave propagation in
all directions, and requires that the longest wave length must be accommodated for
[4]. This means that a complete period for every possible direction of propagation is
contained within the zone. To construct a zone that accomplishes these requirements
Brillouin placed the origin in the center of the zone and confined the space by drawing
perpendicular bisectors of the lines joining each point in the reciprocal lattice space,
as shown in figure 7.3. If the lattice structure contains symmetries the zones can be
further restricted to an irreducible Brillouin zone, this lets us consider a smaller k-space
that contains all solutions of the wave and whose perimeter is known as the k-path. In
two dimensions there are several examples including those in figure 7.4. It is important
to note that in figure 7.4 the definition of the reciprocal lattice vectors is d;-b; = 274,
this eliminates having to multiply the reciprocal space by a factor of 27 as Brillouin

did [5].
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Figure 7.3: Like constructing a structure in direct lattice space as done in figure 7.1.
The Brillouin zones are constructed much the same way only now done in reciprocal
lattice space where perpendicular bisecting lines are drawn to construct the zones.
Brillouin zones shown by enclosed regions of solid lines.

7.2 Plane wave expansion for acoustic media

Here we use the plane wave expansion method to formulate the Bloch Floquet prob-
lem using acoustic media. Although we do not use this method later in the thesis for
development of metamaterial devices it is an important first step in learning how to
implement Bloch-Floquet conditions. We start with a simple analysis of one dimen-
sional structures in section 7.2.1 and then continue on to structures with two or more
dimensions in section 7.2.2. As expected the problem boils down to solving a general-
ized eigenvalue problem. Simple examples are considered however numerical solutions

are left to be conducted by the reader.

7.2.1 One dimension

We start with the simplest example of Bloch-Floquet problems in in one dimension using
the plane wave expansion method. The goal of this section is to understand the dynamic
properties of one dimensional metamaterials made from at least two differing fluids,
characterized by a density and bulk modulus, with periodic structure. In using the
plane wave expansion method geometric details are dealt with by a Fourier expansion.

Consider figure 7.5 and let o be the material properties, either the bulk modulus K;
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’L‘.y !“J
A M
I =(0,0)
L }-{)--J';“.t X:%(I,O)
M= %(1, 1)
ky
‘ 4
5 M K= %(g, 0)
M= Z(1, L)

Figure 7.4: Irreducible Brillouin zones for square and hexagonal lattice structures,
additional zones can be found in [5]. Here the definition of the reciprocal lattice vectors
is d; - b; = 27d;;, this eliminates having to multiply the reciprocal space by a factor of
27 as Brillouin did.

or the density p;. Due to the periodic nature of the system, a(x) = a(z + L), where L
is the period of the structure. We can then write the bulk modulus and density as a

Fourier series for which

L

oo
. 1 4
K(@)= Y Ko K= / K(z)e 9" da,
n=—oo 0
I (7.11)
oo
, 1 A
p(x) = Z e, pp = 7 /,O(l‘)e_zg"x dz,
n=—oo 0
where
2nm
In the example for figure 7.5 we find
1 Ty p T2 p
K, = f[/Kle lg"g”dﬂc—i—/ng “””’dx]

0 T1

1. K . K ) )
=7 [271(1 — ety 4 Z.J(e—zgnm _ e—zgnwz)L

o o (7.13)

1 ) )
Pn = Z[/ple_“’”wdx + /pge_“’"””dx]
0 1

1 ) ) )
= Z [%(1 _ eﬂgnwl) + ipg%(eﬂgnzl _ efzynzz)]_
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IO L1 Wi,

p1 | p2

L

Figure 7.5: Example of one dimensional, periodic structure to be considered.

Next the acoustic equation is reduced to an eigenvalue problem through the application
of Bloch-Floquet conditions. The acoustic equation in one dimension is

d du

E(K(f")@) + p(z)w?u = 0, (7.14)

V.o=pu, —

instead of writing it in one line we can split it up into two equations where

du d
o= K(az)a, 27= —p(z)w?u. (7.15)

Then we write the displacement, u(x), and the stress, o(z), as
u(x) = U(x)e®, o(z) = S(z)e*®, (7.16)
where U(x) and S(x) are periodic functions with the form

U@)= D U™ S(a)= Y Spe". (7.17)

n=—oo n=—oo

Combining equations (7.11), (7.15)1, (7.16), and (7.17) we find

D 5ne T =" Kpe ™ ik + k)Uie' . (7.18)

l

Comparing coefficients in the exponential terms we find n = [ + m, which means

Sp = Zz(k + k) KU (7.19)
l

Then by combining equations (7.11), (7.15)2, (7.16), and (7.17) we find

Z i(gn + k)Spetn® = —? Z PmeIm? Z Ue9®, (7.20)
m l

n
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which leads to

i(gn + k)Sn = _WQ Z ,On—lUl' (721)
l

Combining equations (7.19) and (7.21) yields

> [(k + 91)Kn—i(k + gn) — PnIWQ] Ui =0, (7.22)
l

which is a general eigenvalue problem and can be solved for the example shown in figure

7.5 by using equations (7.13); and (7.13)3. Next we reformulate equation (7.22) into

a matrix equation by taking a discrete summation in equation (7.22) for the indices [

and n over {—N,—N +1,..., N — 1, N}. The matrix equation is then
[DAD — w?B]U = 0, (7.23)

where D is a diagonal matrix with entries {D1, Da, ..., Dany1}, and A, D, B are all
of size (2N + 1) by (2N + 1). We then arrange U as follows

U_n
U_Nnt1
u=| : |, (7.24)
Un-1

Un

the structure of the first term of equation (7.23) is then

DAD — DQA'QIDI D2A2(2N'+1)D2N+1 (7.25)
| Dani1A@n+in co - DeninAentyen+)Dane
Comparison of equations (7.25) and (7.22) gives
D =diag{Dy =k+g-n, D2=k+g9-n41, ..., Don =k+gn-1, Doni1=k+gn},

(7.26)
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and the form of A is then

Ky K 4 Ko ... Koy Kooy
K, Ky K. ... Kony2 Konyg
K K K ... K_9on K oy
A= '2 .1 '0 . 2 +3 2 2| r27)
Kony-1 Kon-2 Kon-3 ... Ky K
Koy Kon-1 Kon—2 ... K, Ky

Since we are using complex Fourier expansions we see that A is Hermitian from equation
(7.27), because of this we can make use of the toeplitz MATLAB command. We can
then solve equation (7.23) for k and w pairs yielding the dispersion relations of the
metamaterial, from there important characteristics can be found such as band gaps and
material group velocities. We leave the discussion there and continue the development

further.

7.2.2 Two or more dimensions

Again we must expand the material parameters by a Fourier series, for which we have
the periodicity
f(x) = flx+X), (7.28)

where x is a vector describing a spatial coordinate and X is a vector describing the
dimensions of a single periodic cell. The Fourier series expansion in multiple dimensions

is written as

f(x) = zk:fkeik'xv Jx = é/f(X)eik'de, (7.29)
v

where V is either the volume of the unit cell in three dimensions or the area of the unit
cell in two dimensions [77]. Also note that this definition requires that k - X = 2mn
for integer n, this is from the periodicity condition (7.28). In multiple dimensions the

displacement is written in the form

u="U(x)e™™, Ux)=> Uge®X, (7.30)
g
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where as an example in two dimensions, g may be written as

2nm 2mm
g = gi1€e1 + g2e2 = — © +

€. (731)

where o is the dimension of the unit cell in the 1 direction and b is the dimension of
the unit cell in the 2 direction. This means the summation in equation (7.30) is really
a double summation over m and n. The strain, ¢ = Vu < ¢; = %, is then

€= Z i(g + k)Uge!8xtHkx), (7.32)
g

The relation for the stress is 0 = p - € <+ 0; = p;;¢5, where
p= pge®X, (7.33)
g/

the stress is then

o= Uy il K 8 8 x e (7.3
g

We rewrite the stress in order to simplify the summation where we let
. . ik-
o = Z O-g” elg xe’b X7 0— 7 Z /,Lg//_ g =+ k)U (735)

Next we use the equilibrium equation, V - o = pii, which gives

Y ikt g) - ogel®HOx = 222%,6@ U,,e(g i (7.36)

g

analysis of the exponential factors of (7.36) has g = g/ +g”, which allows us to write
ik+g)- Og = —w? Z Pg_g" Ug”‘ (7.37)

Combining equations (7.35) and (7.37) we find the generalized eigenvalue problem for
which

Z [(k +8) pg_ o - (k+ g)— prg_g/} Uy =0. (7.38)

Again solving equation (7.38) yields the dispersion relations for w(k). We consider the

two dimensional example shown in figure 7.6. First we analyze the terms of u, and
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consider an acoustic medium by allowing the shear modulus to go to zero. The normal

stresses in the medium are o; = p;;¢; which can be written in matrix notation with

o1 1 0 €1
= K(z,y) . (7.39)
0’2 0 ]. 82

Analyzing equation (7.38) we will take the following definitions

2mm 2nm / 2rm 2sm
e + —eo, g = Tel + Tez, (740)

k:k1e1+k2e2, g = b

and rewrite it as

> [Km_m_s [(kl + g5 (k1 + 957) + (ke + g2 (k2 + ¢1¥))

(7.41)
- w2pm—r,n—s:| Ur,s =0,
with
. 27r . 2mm 2ms 2mn
a a b b

We then find K;; and p;; for equation (7.41) by considering the example shown in

figure 7.6. The Fourier coefficients of the bulk modulus are

A

Figure 7.6: Example of two dimensional, unit cell for a periodic structure consisting of
centered inclusion of material with constant bulk modulus, K 4+ Ky, and density, p+ po,
surrounded by material with bulk modulus, Ky, and density, po.

/2 1/2 /2 o2

K’i,_j = / / Koe—i(gi$+gjy) dl‘dy + / / Ke—i(gilH—gjy) dﬂjdy, (743)
—-1/2-1/2 —c/2 —c/2
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we then find
K070 = Ky+ C2K,
sin 24 .
Kio = M#, for {i} #0
in 94¢
Koj= 25200 for {j}#£0
Kij= "SI for (i j} £ 0.
Similarly
o0 = po + p,
2cpsin % .
Pip =~ for {i} #0
QCpsing .
poj == for {j}#0
4psin <L 'nﬂ ..
pig =gy for {i,j} #0.

This approach allows for the study of metamaterials created by fluids only. We leave
the discussion there with numerical examples being left for the reader to solve. In the

next section we consider materials described by networks of masses and springs.

7.3 Mass spring model

Here we consider an analysis which only uses masses and the longitudinal stiffness of
the elements of the primitive cell similar to the study conducted in [74]. We consider
structures that have only three associated struts connected to a center junction. This is
the property of hexagonal foam structures, studied in section 6.1. We will later consider
adding more complexity to the problem but here this is done as a learning experience
of developing models and applying Bloch-Floquet conditions. The equation of motion
of a spring is

d%x
M = M (7.44)

where x is the amount of stretch in the spring and m is an attached mass. Applying
this equilibrium equation to the reference configuration of the unit cell in figure 7.7 we

find the wave equation at the point ag will be
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Figure 7.7: Periodic cell geometry to be considered.

3
2

> piAj(ug — ;) = w?mouy,

=1

where

A =(agp—aj)(ap — aj)T vV j=1,2,3,
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(7.45)

(7.46)

and p; is the stiffness of segment [ag,a;]. The Floquet periodic conditions are

u] = eik.gj]_]_l?
where g; = a; — a;. Using equation (7.47) in (7.45) leads to
3
D piAjug —
j=1

. . .
The wave equation at point a; = a; is

3
E elk'gfujAjul = w2m0u0.
J=1

3
’ ’ !/ 2 /
E 1;Bj(uo —u;) = w myuy,
j=1

where B; = (a

that p; = M;w Comparing elements of B; and A; we write the positions

0

/
= a17

a1:L

cosf , —cosf
- 307 as =
sin 6 sin 0 |
2cosf , cos
5 a3 = L
0 1 +sin6

(7.47)

(7.48)

(7.49)

- a;-)(az) — a;)T and u;- is the stiffness of segment [ay, a;-]. It is clear

(7.50)
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Figure 7.8: Periodic cell geometry to be considered.

and find

We can then rewrite equation (7.49) as

3

/
2
g piAj(ur —u;) = wmiuy,
j=1

Floquet periodic conditions are now

’

/
o ik.g ! o i
u; =¢€ Jug, g] _aj_a07

comparing g;- and g; we find
g = _gj7
equation (7.53) can then be written as

’ —ik-g;
u; =e "“®u,

then the wave equation at point a; is

3 3
—ikg; 2
— E e’ g],U,jAjllo + E ,U,jAjlll = w miuy.

j=1 j=1
Combining equations (7.48) and (7.56) we find

3 3
zk g
p A 7 A
3 3 =w
— > e kB Z u; miug
j:l :

94

(7.51)

(7.52)

(7.53)

(7.54)

(7.55)

(7.56)

(7.57)
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Which can be simplified into a more standard form with

u
(K—w?™) | | =0, M =diag(mo,ma), (7.58)
up
where
3 1
K= ZKJ', K]’ = ujvjv;fdiag(Aj,Aj), V= ) . (759)
j=1 —exp(—ik - g;)

Note that K; = K;r = K = K™, where superscript ™ denotes Hermitian transpose.
Again numeric examples are left for the reader and we wish to add the physics of

bending into the system and to do so we start by reviewing beam theories next.

7.4 Review of beam theories

In this section we review the derivation for several different types of beam theories using
[78] as reference. Longitudinal motion is reviewed in section 7.4.1 and transverse bend-
ing is covered in section 7.4.2. Beam theories covered include Euler-Bernoulli, Rayleigh
and Timoshenko. The Euler-Bernoulli model is used in section 7.5, while Timoshenko

theory is used later in section 7.6 in application to transmission and reflection matrices.

7.4.1 Longitudinal motion

We consider elastic rods with cross-sectional area A(x), density p(z), Young’s modulus
E(x), and applied distributed axial forces p(z,t). An equilibrium of the axial forces on

a differential beam element is shown in figure 7.9. In this theory we neglect Poisson’s

Oul(w,t)

plz, t)dx ON (x,t
(@ +¢d.z: = — m(I)Tfﬁr

N(z,t) <— ——> —> N(z.1) oz

dx

Sy
A
SN

l

Figure 7.9: Equilibrium of the balance of axial forces on a differential beam element.
N(z,t) is an axial force and p(z,t) is a distributed axial load.

effect and understand the beam as a one-dimensional continuous medium where the
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axial stress is written as

ou(x,t)

o(xz,t) = E(x)e(z,t) = E(x) e (7.60)
such that the axial force is
t
N(z,t) = A(z)o(x,t) = E(a:)A(x)auéz’ ). (7.61)
Force balance on a differential element as depicted in figure 7.9 yields
ON(z,t) , 0?u(x,t)
rearranging terms and using equation (7.61) we find
O*u(x,t) 0 ou(z,t)
m(a) =5 = = (B(@) Alw) =52 = pla, ) (7.63)

This is the full equation of longitudinal motion in a beam.

7.4.2 Transverse motion in beams

We start with Kirchhoff’s assumptions which are: 1) normals remain straight, 2) nor-

mals remain unstretched, and 3) normals remain normal. ~Under these assumptions

Figure 7.10: Motion of a beam under Kirchoff’s three assumptions, where u(zx,t) is
the axial displacement and w(x,t) is the transverse displacement as measured from the
neutral (z = 0) surface.
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the displacements are taken as

Ug(x, 2,t) = u(z,t) — 2é(z, t),
(7.64)

uy(x, z,t) = w(x,t),

where ¢(x,t) is the rotation of the cross section of the beam, u(x,t) and w(x,t) are

the axial and transverse displacements respectively as measured from the neutral axis,

z = 0 surface. The strain ¢, = %1;1 is then
oozt = 20D ), () = 2200, (7.65)

where k(z,t) is the curvature of the neutral axis of the beam. Also note that the shear

strain is

(2 ) = ;(Gux(g;z,t) n 8uz(;;z,t)) _ ;(awéi,t) o). (7.66)

Then to find the axial force in the beam, N (x,t) we have

ou(x,t)
(x)

Nz, ) = /A B(2)es(z, 2 t)dA = E(z) Aw) — E(2)r(z, 1) / 2dA, (T67)

A
since z is measured from the z-axis which is located at the neutral axis or area centroid

of the beam we find fA zd A = 0. We then have

Nz, 1) = B(z) Adz) 245

(7.68)

ox

The resultant moment in the beam is

Figure 7.11: Axial stress distribution within the beam.

M(z,t) = /Aaa;(a;,z,t)sz, ox(x,2,t) = E(x)ey(z, 2, t), (7.69)
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inserting the result of equation (7.65) we have

M(x,t)—E(x)aug;’t)Asz—E(m)8¢éa;’t)Azsz,

= B 28D ) - /A 2dA.

where [ is the moment of inertia. Lastly the resultant shear force on a section of the

(7.70)

beam is
Qla 1) = / ool 1) d A, (7.71)
A
We next consider the equilibrium of the moments and transverse forces on a differential

element of the beam, as shown in figure 7.12, which yields

Pw(x, t)
gz, t)dx m(z) ()fz da
) aQ(x, 1)
ewn b een+ 20y, !
( o(xz,t)dz > . V/\
M(xz,t) M(x,t) + {)“gl’t)( x 2ot
e ’ p(:r')!(.z.}( oz, 1) dx

dx a2

Figure 7.12: Equilibrium balance of transverse forces and moments on a differential
beam element. o(x,t) is an applied moment, ¢(x,t) is an applied transverse force.

2
o)+ 22U ) PPulot)
) | o 00w, pemy T
x x x
’ = I .
o, 1) = B 1 Q)+ 5 S0 e = () 1) 0
The first equation of (7.72) is the balance of transverse forces the second is the balance

of moments. Considering linear theory the term é aQ(m Ydzis dropped from the balance

of moments. We then have as our equilibrium equations

X 2w xr
a@,t) + aQegm’t) = miz)” afﬂ’t)’ (7.73)
X 2 xr '
Qe.t) = D 1) TOBD ),

Combining the two balances and using M (z,t) = —E(x)[(x)%, we find

T 2
o)~ 2280 T (a1 220

0%w(z,t 0 0%¢(x,t
= (@) T80 D ()1 () PO

which is the full equation of bending motion for a beam.

(7.74)
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Euler-Bernoulli theory

In this theory small angle approximation is used such that

ow(z,t)

o(z,t) =~ I (7.75)

note that this approximation causes the shear strain ¢, as defined in (7.66) to be zero,
which means shear deformation is neglected. Additionally the effect of rotary inertia
is ignored, i.e. I, = p(x)I(z) is assumed to be zero. Applying these approximations to
equation (7.74) yields

?w(z,t)  0? 0?w(w,t) Oo(x,t)

m(m)T + @(E(a:)f(a:)TQ’) = q(z,t) — e (7.76)
Rayleigh theory
Similar to the Euler theory the small angle approximation is used, ¢(x,t) = w,

and we keep the effects of rotary inertia. Applying this to equation (7.74) gives

O*w(z,t) 0 03w (z,t)
m(az)T - %(P(Jf)—r(m)m) (7.77)
0? 0%w(x,t) do(x,t) '

+ @(E(iﬂ)f(ff)w) =q(z,t) - or
7.4.3 Timoshenko theory

Unlike Euler and Rayleigh theories the effect of shear deformation is included in Tim-

oshenko beam theory. We start with the stress strain relation for the shear
Ozz(T,2,t) = 20(2)eg (2, 2, 1), (7.78)

where p(z) is the shear modulus. In order to reduce the theory to one dimension we

consider the shear angle v(z,t) such that

1

) = 7 /A %ena(m,2,1) d A, (7.79)

where /C is a shape factor, dependent on the geometry of the cross-section. The resultant

shear force can then be found as

Q(z,t) = /Aamz(x, z,t)d A = pu(x)A(x)Ky(z,t). (7.80)
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Now we have two angles one caused by the bending stress, ¢(x,t) and one caused by

the shear stress v(x,t), let the total angle be defined by

ow(z,t)

.81

7#(95» t) = ¢($7 t) + ’7(337 t) ~
where again we have used the small angle approximation for the total angle, ¥ (x,t).

Combining equations (7.70) and (7.81) we find the resultant moment,

0 ,0w(x,t)
M(z,t) = —E(x)[(x)a—:E(aT —7(z,1)). (7.82)
Lastly, we combine equations (7.80) and (7.82) and use equation (7.73) to find
Pw(x,t) 0 ow(x,t) B
m(x)T 9 ’CA(J/‘)H@)(T — ¢(z,t))| = q(=, 1),
0o (x,t ow(x,t
o)1) 20D e a@yu(e) (P8 o) - (7.53)
x
9 O¢(z,t) _
%(E(z:)l(x)T = o(w,t).
Reference [79] derives the shape factor K for various cross-sections and for a rectangular
section
~10(1+v)
Krect = EEERIT (7.84)

where v is Poisson’s ratio. With the beam theories reviewed we can now use these

models in the application of two dimensional periodic media.

7.5 An Euler-Bernoulli model with inertial mass junctions

The method considered here involves a Bloch-Floquet formulation using Euler-Bernoulli
beams that has not been seen in the literature. We consider elements as depicted in
figure 7.13 where we denote connecting rods of points a; and a; by [a;, a;] with length,
l;j = |a; — a;| and direction e;; = l;jl(ai — a;) where the density, stiffness and beam
coefficients are p;j, p;j, l;j. We have also added a beam moment, I;, at point a;. Each
node has a displacement vector defined by
U1l
W= |uy| (7.85)
0|
i
describing the displacement in the 1 and 2 directions as well as the rotation about the

3 direction.
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Figure 7.13: Periodic cell geometry to be considered.

7.5.1 Longitudinal motion

Displacement of rod [a;,a;] is taken as a function of z, which is the one dimensional
linear parameter that takes values of 0 to [;; such that u;; = u;;(«,t). The longitudinal

wave motion of the rod, first derived in equation (7.63), is described by

82Uij (l‘, t) 0 1 auij (l‘, t) o
Pij (@T - %Mz‘j(x)T = pij(z,1), (7.86)

where p;;(z,t) is a distributed axial load, with units force per unit length, and ,uéj(:c)
is the axial stiffness usually taken as uﬁj () = E(x)A(x), where E(z) is the Young’s
Modulus and A(z) is the cross-sectional area. Taking time dependence e, such that
uij(z,t) = uij(r)e™? keeping the stiffness constant along each rod, ,ui-j(:v) = ,uﬁj, and

taking p;j(x,t) = 0 we have

0?u;;(z)
g = W’ piu (), (7.87)
with boundary conditions
uij(0) = e - u,  ug(liy) = e - uy. (7.88)

The solution of equation (7.87) is then

€;j - uj — €;; - u; cos(s;;wli;)

uij(z) = e - u; cos(sjjwe) + sin(s;jwz), (7.89)

sin(sijwlij)
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where s;; = Z .. The force due to longitudinal motion at point a; is found from
ij

equation (7.61) with

0u;;(0) Ajjuj — Ajju; cos(sijwlij)
! !
£ij tong = 15 gx eij = — sin(Z;ijZJlij) i (7.90)

where A;; = eijeg;.

7.5.2 Transverse motion

The equation describing the transverse displacement of Euler-Bernoulli beams was de-

rived in equation (7.76). Here the transverse displacement equation is

02wij (ZE, t) 82 b 82 652J
i y - a —a . —— l y 3 == 7, y 5 - 5 . ].
pii (€)= + 5zl (@) 5 g wig(@, 1) = gij(@,1) = (7.91)

where w;;(z) is the transverse displacement of rod [a;, a;], ¢;j(x,t) are the distributed
transverse forces, 3;; are the body couples and ,ui?j(a:) is the bending stiffness usually
taken as ,u?j(x) = E(z)I(z). Simplifying (7.91) by taking zero loading conditions,
taking material properties as uniform in the rod and using time dependence e™“! we
attain

H?jw = pijwwi; (), (7.92)

with boundary conditions

wii(0) = e5; - wy, wig(lyy) = e - vy,

(7.93)
w;;(0) =e3-w; =0;, w;;(lij) =e3-u; =0,
where efj = e3 x e;;. The force at point a; due to bending is then
O3wi;(z) 0w (z)
b 1L b
£ij bena = —Nij#eij‘ Mij#e& (7.94)

where the first term arises from the transverse shear force and the second from the
bending moment generated in the beam. The solution of equation (7.92), describing
flexural motion, is found by writing it in the form

0" wij(x)

e %@.wij(:c) =0, x€l0,l;l, (7.95)

where we set 7% = 'y;-lj = Z #w? for simplicity. The general solution to equation (7.95) is

)

wij(x) = c1e” 7" + cpe™® + cgsinyxr + ¢4 cosyx. (7.96)
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Applying boundary conditions from equation (7.93) we find the transverse displacement
and subsequent derivatives used to be

wi;(x) = ¥{ [(c — cn)(cosya — coshyx) + (s + sp)(sinyaz — sinh yx)]wi; (Li;)
2(1 — ccn)
+ 1 [(sn — s)(cosyz — coshyx) + (¢ — cp)(sinyax — sinh ’yx)]w;j(l)
g (7.97)
+ [(1 = cen + ssn) cosya + (1 — cen — ssn) coshyz + (csn + scp ) (sinh vz — sin ya) | wi; (0)
+ %[(sch — csp)(cosyx — coshyx) + (1 — ccn — ssp) sinyaz + (1 — ccn + ssp) sinh vz w;j(O)},
/ v . .
w;;(z) = m{ [(c = cn)(—sinyx — sinhyz) + (s + sn)(cos vz — coshyz)|wi; (lij)
+ 1 [(sh — s)(—sinyz — sinhyx) + (c — cn)(cos yx — cosh fyx)}w;j )
5
+ [ = (1 = ccn + ssn) sinya + (1 — ccn — ssn) sinhya + (csn + scn)(cosh ya — cosya)|wi; (0)
+ 1 [(sch — csn)(—sinyaz — sinhyx) + (1 — cen — ssn) cosya + (1 — cep + ssn) coshya] w;j(O)}7
~
(7.98)
" 2
w;;(z) = ﬁ{ [(c — cn)(— cosyx — coshyz) + (s + sp)(— sinyx — sinhyz) | wi; (Li;)
— CCh
+

% [(sh — 8)(—cosyz — coshvyz) + (¢ — cp)(—sinyz — sinh 'yx)]w;]- )
[

+ [ = (1 = ccn + ssn) cosyx + (1 — ccn — ssn) coshyx + (csn + scn)(sinh ya + sinya) | wi; (0)

+ %[(sch — ¢sp)(—cosyx — coshyx) — (1 — cep — ssp) sinyx + (1 — cep + ssh) sinh’yx] w;j(O)}7
(7.99)

w;;/(x) = 2(11736%){ [(c — cn)(sinyx — sinhyz) + (s + sp)(— cos yx — coshyz) | wi; (li;)

+ % [(sh — 8)(sinyx — sinhyx) + (¢ — ¢p)(— cosyx — cosh 'yx)]w;j(l)

+ [(1 = cen + ssn) sinyz + (1 — cen — ssn) sinhyz + (csn + scn)(cosh vz 4 cos yx) | wij (0)

+ %[(sch — ¢sp)(sinyz — sinhyz) — (1 — cep, — ssp) cosyx + (1 — cen + ssn) coshq/x] w;j(O)},

(7.100)
where ¢ = cosl, s = sinvl, ¢, = cosh~l, s, = sinh~l. The forces in equation (7.94)
can be found by simplifying the above into matrix form with

1"

w (0 v3(csn + scn) V255, —v3(s + s3) ¥ (cn —¢) w(0)

—w (0) 1 v2ssp, Y(sen —esn) (e —cn)
—’(s+sn)  Ye—en)  P(esn+ sen)
w (1) 72(011 —c) v(sn — )

~

’y(sh - S) w (O)
*"}/255h w(l)
—~3ssp, v(scn, — csn) w (1)

1
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which is simplified further by

" (0) ei; w;
—w" (0 K; K es - u;
,,,( K K| fesu) (7.102)
—w (1) K; Ks ef-j u;
w” (1) e3 - uj
Note that K3 has the property
1 0 1 0
Ks = K; , (7.103)
0 -1 0 -1

where the relation is that K; and K3 are the same except for a minus sign in the off
diagonal terms.
7.5.3 Application of Bloch-Floquet periodic conditions

As we have found repeatedly in previous sections the usual form of Bloch Floquet

problems is solved by an eigenvalue problem in the form
Hu=w’Mu — det(H—w?M) = 0. (7.104)
This is derived by noting the equilibrium equation of point a; is

Z fij = —wQMiui, (7105)
JEN:

where N are the points connected with a; and the mass matrix has the form

m; 0 0
Mi=|0 m o0f. (7.106)
0 0 I

where m; is the mass located at point a; and I; is the beam moment remembering the
T

displacement has the form u; = [Uh ug, 0} . The force at point a; is found from
i

summing equations (7.90) and (7.94) for which we have

0u;;(0) w;;(0) 0w;;(0)
£ 1 Yty g b ij 1 b ij
ij = Hij 9r 9 Hij— 5 3 O3 €ij THij— 5 5 D2

€es3. (7107)
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In terms of u; and u; we find

f,Lj _ A.z] Az]uz COS(S”le])‘LLi SZJ(JJ
sm(s”wl”) J

b

ﬂ. .
ﬁ [ (csn + scp)e;; 5w+ sspes - V(s + sn)ej; 5w+ (en — c)es - llj]efj

b

/J/. .
ﬁ [ - 'yzsshej‘j ~u; — y(scp — csp)es - u; — ’yz(c — ch)ef‘j -u; —y(sp — s)es - uj]eg

(7.108)

Grouping terms involving u; and u; and taking

T 1 1L 1T 13 LT 3L 1T T
Ajj = ejje;;, A =eje;; A" =eje;, Aji=eze; , Az =ese;, (7.109)

the force is then
sin(sijwlij)

— L (V3 (s+ sn) AL+ (e — en) (A — AEL) — y(sp — S)A:%)} u

l
fij = f1ij8ijW+

1 —cep,

(
_ [A Cos((s”wlw)u S5+ (7.110)

sin(s;;wl;;)
Mij

1—cop <’Y3(csh + sch)Al + ssh(AiLj?» + A%L) + y(scp — csh)A3>] w,

2 1
= Pz('j)uj — ng)ui,

where PE?) Vn=1,23as

)~ . . T
Pl(j) = [1;§8;5 cot(8;5)Ayj + ,ui-’j (eilj, e3) Ky (ef;, e3)
2) - . . T
ng) = [1358;5 csc(8i5) Aqj — ,u,i-’j (efj,eg)Kg (efj, e3) (7.111)

3 ~ . T
Pl(j) = [1;58:5 cot(8:5) Asj + ,u?j (efj, e3)K3 (efj, e3) .
We defined Pg’) for simplification later and take

8ij = sijlijw, and  fig; = pi;/lij. (7.112)

7.5.4 Hexagonal lattice

Next we apply the Floquet periodic conditions on the displacements by considering the
unit cell located in figure 7.14. As seen there are two points in the unit cell, a; and as

each having three connecting links. The Floquet periodic conditions are then



Figure 7.14: Periodic cell

ikg; .
u; =e“%uy, gj=a;—a;, jeENMN,

ik-g; .
u; =¢ gJUQ, g; = a; —ay, ]GNl,

106

(7.113)

where N7 = {2,3,4} and N2 = {1,5,6}. Applying equations (7.110) and (7.113) to the

equilibrium equation, (7.105), we find

S (e e, - Pl = oMo
j=2,34

S PP P) = M,
j=1,5,6

Written into matrix form this becomes
[P + P+ P(D)] -[Ppencn  pPen pers]| 11 iy,
= w
,[Péf)e’ik‘gl + PP eikes 4 Pz(g)eik'gﬁ} [Pﬁ) + Py + Péé)] uz 0
which is rewritten into the familiar general eigenvalue problem with
H(w,k)u = w’Mu,

where (w, k) pairs must satisfy

det (H(w, k) — w2M> =0.

(7.114)

(7.115)

(7.116)

(7.117)

Note that this is a more difficult problem than the standard forms found in earlier

sections due to the dependence of H(w,k) on w, however solution pairs can still be
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found by numerical means. Alternatively we may take the summation strictly over N

since
1 3
S =S PP, (7.118)
JEN> JEN
and
@) kg, @ g |

Equation (7.114) is rewritten to attain

1 2) kg 3
H, =Y P, Hy=-Y PPe*s, Hy= Y P, (7.120)
JEM JEM JENT
where
H, H,
H(w, k) = , (7.121)
H H;3

where superscript T denotes the Hermitian transpose. Next we consider a simpler

structure using a rectangular lattice and later show numerical examples with comparison
to COMSOL results.

7.5.5 Rectangular lattice

Here we consider the rectangular lattice structure shown in figure 7.15. The equations

a;
®

as ap a

a,
0]

Figure 7.15: Unit Cell for the rectangular lattice.

of motion for this structure are

S (Pl - Pg?eik'gj> wy = w?Mpu, (7.122)
j=1,2,3,4



where

P(()ll) = [1,01§01 COt(g()l)

P((Jl2) = ﬂ02§02 COt(§02)

P(()13) = [i3503 cot(503)

Pg? = ﬂ04§04 COt(§04)

2)

Pél = ﬂ01§01 CSC(§01)

P(()QQ) = [1,02<§02 CSC(§02)

P((J? = ﬂ03§03 CSC(§03)

P(()i) = ﬂ04§04 CSC(§04)

b
— Mot

b
— Ho2

b
— Mo3

b
— Hog

0 0
0 Kn

Ky 0
0 0
Ko O

0 0
0 Ky
10 Ko

Kiin O
0 0

Ky
Koo
Ko
0 |,
Koo

0
K12 y

Ko |

—Ki2
0
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(7.123)

(7.124)
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Taking all members to be of the same properties such that f;; = fi, 3;; = § and ué’j =pub

we find the summations used in equation (7.122) are

2 00 2K11 0 0
> (Py)) =qscot(3) [0 2 ol +u"| 0 2Ky 0 |,
j=1,2,3,4
0 0 0 0 0 4K59
cos(ky) 0 0
(P(()?)eik»gj) = 28 csc(3) 0 cos(k,) 0 (7.125)
§=1,2,3,4
0 0 0
K13 cos(ky) 0 iK 14 sin(k,)
—2p 0 Kis cos(l%z) —iKq4 sin(AI)

iKggsin(I%y) —iKogsin(ky) K24(cos(fcx)+cos(fcy))
Simplifying the problem further we take the lattice to be square such that joining

points have distance [ between them. The non-dimensional wave vector components

are then
ky = lky,  ky = lky. (7.126)
From equation (7.122) we find
cot(8) — cse(8) cos(ky) 0 0
<2ﬂ§ 0 cot(8) — csc(8) cos(ky) 0
0 0 0
K11 + K3 cos(k,) 0 iK14sin(k,)
+ 2ub 0 K1+ Ki3 cos(l% ) —iK14 sm(l;: ) )uo
i Koz sin(k,) —i Ky sin(ky) 2Ky + Kay(cos(k,) + cos(ky))

= w2M0u0,
(7.127)

We know for a square lattice the irreducible Brillouin zone is triangular, as shown in

figure 7.4, if we consider the case along I' — X for which l;:y = 0 we find

cot(8) — ese(8) cos(ky ) 0 0
<2ﬂ§ 0 cot(8) —csc(8) 0
0 0 0
(7.128)
K1 + K3 0 0

+2u 0 K+ K3 cos(ff ) —iK4 sin(/%w) )110 = w?Mjuy,
x)

O 7’L'K23 sin( 2K22 + K24(COS(]%JC) + 1)
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Then the solution is found from

B, 0 0
Det | 0 By, B3| =0, (7.129)
0 Bs Bs
where
A 1
By = fi8[cot(3) — csc(8) cos(kz)] + pl[K11 + K13) — §m0w2,
A 1
By = jid[cot(8) — csc(8)] + ul[K11 + Kz cos(ky)] — —mow?,
2 (7.130)
Bg = —iubK14 sin(l%x), B4 = iubK14 sin(l%x),
- 1
B5 = /,Lb[QKQQ + K24(COS(]<:J;) + 1)] — 5]0(,«}2,
and the simplification K93 = — K74 was used. Taking the determinant, the equation to

be solved is

[ﬂé[cot(é) — csc(8) cos(ky)] 4+ pb[Ki1 + Ki3) — ;m0w2] X
[(ﬂé[cot(é) — csc(8)] + pb K11 + Kz cos(kz)] — %mouﬂ) (uP[2K 2 (7.131)
+ Koyy(cos(ky) +1)] — %Iowz) — (WP K14 sin(l%ac))ﬂ =0.

This equation has the form a * (bd — ¢?) = 0, where solutions are a = 0 and or bd = c*.

We start with a, which is
~ 1
fis[cot(8) — csc(8) cos(ky)] + uP[K11 + Ki3] — §m0w2 =0. (7.132)

Since 5§ and Kj;; are rather complicated functions of w we solve for l%x instead of w, for

which we find

- . pbsin(8)

cos(k;) = cos(8) + ————=[K11 + Ki3] — ———sin(3), (7.133)
noting that k, must be real for real w we have the constraint
eos(d) + 2 1, 4 i) — O ins) < 1 (7.134)
cos(§) + ———= — sin : .
5 [ 11 13 2718 hS
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As a check the units of the variables have proportionality v oc 1/m, jioc N/m, pb o

Nm?. Working on the second part of equation (7.131), the bd = ¢2, we find

cos(l;:x) [ﬂ@ubKM [cot(8) — csc(8)] + (ub)2[2K22K13 + Koa K11 + Koy K3]

b
— %wQ[Klglo + K24m0]:| + COSQ(]{I)(,UI))QK24K13 — Sing(k‘x)(,ub)2K124 =

— 8P [cot(8) — csc(8)] (2K + Kog) + %[cot(é) — cse(8)|Tow? — (u)?[2K9n K1y

b b
1
+ K24K11] + %Kufowz + ,unggmowZ + %KQ4WLQUJ2 — 17710]0(,04.

The above equation is in the form
acos(z) + beos?(z) + esin?(z) = d, (7.136)

the solution for x is then

—a a?—4(b—c)(c—
x=cos ! < £V 2(b4—(bc) I d)> (7.137)

7.5.6 Examples

Examples using this theory are shown in figures 7.16 and 7.17. The numeric computa-
tions are based on the properties in table 7.1 for the square lattice and table 7.2 for the
hexagonal lattice. For the square lattice we plot the solutions for equations (7.133) and
(7.135) which were found using k, = 0, that is solutions along I' — X of the Brillouin
zone located in figure 7.4. For the hexagonal lattice the path of the wave vector taken

is along the perimeter of the Brillouin zone from figure 7.4.

| E(GPa) | v | p" (kg/m?) [ L (m) |t (m) ]
| 210 [25] 25-10° | .25 |.0125 |

Table 7.1: Parameters of the square lattice for the example shown in figure 7.16.

’ E (GPa) ‘ v ‘ pV (kg/m3) ‘ [ (mm) ‘ t (mm) ‘
| 69 [.33] 27-10° | 439 | 035 |

Table 7.2: Hexagonal lattice parameters for the example shown in figure 7.17.

The dispersion curves in figure 7.17 (top) were obtained using a combination of

minimum value threshold and minimum peak finding methods for the 6 x 6 determinant
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Figure 7.16: Dispersion curves of the square lattice for k, = 0. Properties located in
table 7.1. In the top figure the black curves correspond to quasi-longitudinal motion
described by equation (7.133); the blue and red curves correspond to the pair of quasi-
transverse solutions described by equation (7.135). The bottom dispersion curves were
calculated using COMSOL.

evaluated on a discretized grid of wave vector and frequency parameters. This provides
a fast solution technique, which can be refined by taking smaller grid steps. Figure 7.17
(bottom) shows that the dispersion curves computed by the present simplified theory
agree well with those found using FEM. A close comparison shows some small deviations
from the FEM results (which can safely be considered as an accurate benchmark) but
the overall agreement is remarkable considering the simplicity of the present approach.
We next review a more standard approach seen in the literature that uses reflection

and transmission matrices with Timoshenko beam elements.
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Figure 7.17: Dispersion curves of the regular hexagonal lattice with properties located in
table 7.2. Shown are the first six Floquet branches for wave-vector along the perimeter
of the Brillouin zone. Top figure is found using the theory of this section while the
bottom curves were calculated using COMSOL.

7.6 Reflection/transmission matrices of Timoshenko beams

In this section the work of [6] is heavily reviewed. This is for accuracy but more
importantly for the understanding and derivation of another method used in solving for
dispersion behavior. The method of producing reflection and transmission matrices for
beam structures is more standardly found in the literature [80, 81, 82]. It comes down
to considering incoming and exiting waves at an intersection. We review this method
here as a comparison to the previous one of section 7.5. The equations of free vibration
for a Timoshenko beam were derived in section 7.4 and are located in equations (7.83)

and (7.63). Uniform beams are considered here, where F(z) = E, I(z) = I, A(x) =
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A, p(z) = p, and p(zx) = p, this gives

2 2
MA,C(%(;&; t) 0 tgiwz,t)) L pa? ggﬂf) — 0, (7.138)
2 (x,t ow(x,t) P p(x,)
EI ag; ) + AK(a( - ¢(x,1)) — Pfa(t:; =0, (7.139)
0?u(z,t) Pu(x,t)
LAt EAW —0 (7.140)

The general solutions which satisfy these equilibrium equations for the axial displace-

ment, u(x,t), the transverse displacement, w(zx, t), and the angle due to bending, ¢(z,1),

are
w(z,t) = (air mihie g femher e g k”) et (7.141)

o(z,t) = (— iPafe” % — Nafe %% 4 iPa; ™ 4 Naye k”)e’“t, (7.142)
u(z,t) = (C+e_ik3w + c_eik”) et (7.143)

where the coeflicients a , P, N, and ¢+ will be solved for later. The derivatives of these

solutions that are needed are

ow(x,t _ G _ ;
g - zk:la e~k _ kza;e ko 4 ikiay ek 4 kaas, k2t ) gt

K2afe *1® 4 p2afe R — k2o e® 4 kgag_ek”)e“”t,

8q§:ct

— ky Pafe ™ 4 gy Nafe 2% — ky Paye™® + k‘gNaQek”) e,

022
8u (z,t)

—Zk‘gC e Zkgx—i—@k‘ c ezk’ga:)ezwt’

2 ) '
0 ¢ > < k2Pafe ™ — kZNafe %2 — ik? Paye™® + k%Naz_ek”>e’“t,

2 + —iksx 2 — iksx | jiwt
—kscTe 3—k3063>e ,

(7.144)
applying these to the equations of motion, equations (7.138)-(7.140), we find
[afe*iklx + al_e““m] [ulC(k:f — ki P)— pr}
+ [ag e 7% + a5 €] [uK (ke N — k3) — pw?] =0,
[afe™™1® — ar ™| [iPEIK} + nAKi(—ki + P) — iPplw?®]+ (7.145)

[a;e_k” a, ek”] [- NEIkE3 + pAK(—ky + N) — Nplwz] =0,

[cTe ™7 e e*s?| [EAK] — pAw?] = 0.



115

The first equation of (7.145) implies

2 2

w w
- T%CZ)’ N:k2(1+—k302),

S

Cs = 4 /“;C. (7.147)

Plugging equations (7.146) and (7.147) into the second and third equations of (7.145)

P=k(1 (7.146)

where

yields
2 4
2_ Wil Cro Wag, Wil (Crig
k=51 “cb”i\/(cJ G-
2.1 C w w1 Cr 12 7.148
B2 — 2 22 (2 Y2 Sy (7.148)
§= ) + (G \/<Cb> G-
2
C,
o P (Cra o
3 E (Cb) )
where
ET I

Now the solutions, equations (7.141), (7.142) and (7.143), can be written in terms of
known material properties, the circular frequency w and six unknown coefficients. The
coefficients can be found from a given set of boundary conditions which define resultant

shear, moment and axial forces at a given location. As found in section 7.4 they are

Q(a,t) = NA;C(&U({E?U —p(z,t)), M(x,t) = _E'I&béi’t),
ou(z,t) (7.150)
F(x,t)=FEA 83:7 )

7.6.1 Joint continuity and the propagation matrix

As done in the work of [6], the square lattice is considered for which there are four cases
of transmission and reflection waves at the joint intersection, as depicted in figure 7.18.
Each wave represented is traveling in one direction having only three associated coef-

ficients, this is seen from equations (7.141)-(7.143). Vectors of coefficients to describe
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Figure 7.18: As done by [6] the four cases of reflection and transmission of waves
entering the joint section from the right, bottom, left, or top are shown. The variables
at, a”, and so on are vectors of coefficients as described by equation (7.151)

transmission and reflection waves are defined by

bt =

f+_

b

[y

by
P
fr
fa
.

(7.151)

Labeling the four cases, Case 1: wave a™ causing reflection and transmission waves

a~, b, e", fT. Case 2: wave b™ causing reflection and transmission waves a—, b™,

et, f*. Case 3: wave e~ causing reflection and transmission waves a—, b, e*, fT.

Case 4: wave f~ causing reflection and transmission waves a—, b™, e™, f*. Next
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we consider the forces and moments acting at an orthogonal joint, as shown in figure

7.19, where for simplicity we take thicknesses h1 = hg and hg = hy. The equilibrium

E ¥ M, "f My : ¥
~ | ) )
" / | - —F \r/-}:*s""" x; Fy =

o] ! [

Figure 7.19: Free body diagram of orthogonal joint intersection.

conditions are
Q1 — Q3 + Fy — Fy = maiy,
Q4 — Q2 + F3 — Fy = miiy, (7.152)
Mz + My — My — My — %(Ch +Q3) — %(QQ +Qu) = plo;,

where m, I, and p are the mass, moment of inertia, and density of the joint. Evaluating

the shear, moment and axial forces at time ¢ = 0 and position = 0 or y = 0 yields

Qi(z =0,t =0) = (LAK)1 [(=ik1, +iP1)(af —ay) + (—k2, + N1)(ad —a3)],
Qa(y = 0,t = 0) = (RAK)2 [(=ik1, +iP)(b) —by) + (=k2, + N2)(b3 — by )],
(7.153)
Qs(z =0,t =0) = (LAK)3[(—ik1, + iP3)(ef — ey ) + (—ka, + N3)(e3 —e5)],
Qa(y = 0,t = 0) = (pAK)a[(=ikr, +iPy)(fi7 = f1) + (=k2, + No)(f7 = f5)],
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1
Ms(xz =0,t =0) = —(EI)s[ — ki, Psef + ko, N3e3 — k1, Psel + ko, Nses |, .
My(y = 0,t = 0) = —(ED)s[ — ki, Pufi + ko, Nafs” — ki Pafy + ko, Nafy |,
Fi(x =0,t =0) = (EA)1(c™ — c)iks,,
Fy(y=0,t=0) = (EA)(d” — d")iks,,
(7.155)

Fy(z =0,t=0) = (EA)3(g™ — g")iks,,

Fy(y=0,t =0) = (EA)4(h™ — h")iks,,
where (LAK); = 1 A;KCi, (FA); = E;A;, and k| is the wave number where [ represents
the direction, 1 or 2, and m is to identify for which beam the wave number is associated.

We also have continuity of the displacements at the joint such that

up = uj, U2 =wWj, U3=1uUj, Ug= Wy,
ha h1¢
2 277

h h
w3y = wj + géf)j, wy = —uj + ?1%',

w1 = wj — gf)j, w9 = —u]' —

(7.156)
1= P2 = ¢3 = 1 = ¢;.
Using the equilibrium equations at the joint, equation (7.152), and the continuity con-

ditions, equation (7.156), we find the matrix form of the equations of motion at the

joint to be

Q;bt+ Qb  +Qiet +Qze” +QifT +Q, f =Qfat +Qra, (7.157)
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where
0 0 (EA)aiks,
Qj = ~(LAK)2i(~k1, + P2) —(RAK)2(—kzy + N2) 0 :
—(ED)2kiy Py — L (uAK)2i(~k1y + P2)  (BI)2ka, N2 — L (WAK)2(~kay + N2) 0
0 0 —(EA)2iks,
Q = (BAK)2i(—k1, + P2) (LAK)2(—k2, + N2) 0
—(BDzkiy Po 4+ B (nAK)2i(~k1y + P2)  (EDzkzy No + "L (WAK)2 (—ka, + Na2) 0
—(LAK)zi(—k14 + P3) —(rAK)3(—k2g + N3) 0
Qf = 0 0 —(BA)giksg
(EI)3k1, Ps — "2 (WAK)3i(—k1y + P3) —(ED)3kayN3 — "2 (uAK)3(~kay + N3) 0 158)
(HAK)3i(—k14 + P3) (HAK)3(—k2g + N3) 0
Q; = 0 0 (EA)giks,
(BED)sk1g Py + "2 (WAK)3i(—k1y + P3)  —(ED)skay N3 + "2 (wAK)3(—kag + N3) 0
0 0 —(EA)yiks,
Qf = (WAK)4i(—k1, + Py) (BAK)4(—k2, + Na) 0
(ET)aky1y Py — %(HA’C)M'(—kM +Ps)  —(El)akay Ny — %(HA’CM(—’C% + Nyg) 0
0 0 (EA)yiks,
Q= —(pAK)qi(—k1, + Pa) —(nAK)a(—k2, + Na) 0
(EDsk1, Py + "L (WAK)4i(—k1, + Pa)  —(EDaka, Ns + " (uAK)4(~k2, + Na) 0
and -~ _
+ +
11 12 0
e +
Qfy Qi O
- : (7.159)
Ry Qp 0
_le Ry 0 |
where "
+ 2 2. .
11 = —wm = Py — (pAK)i( =k, + P1),
+ 2 ha
12 = —w'm — N = (pAK)1(~kz, + N1),
2+3 = —w2m - (EA)lik‘gl, (7'160)

Qa1
Q3

w?pIN, — (EI)

. h .
prIzPl + (El)lkillpl + g(ﬂA’C)ll(—kh + Pl),

h
1ko, N1 + g(MA/Ch(*kQI + Nyp),



h
Q= —wm+ gz‘Pl + (LAK)1i(—k1, + Py),

_ h
Q= —w?m + ?QN1 + (LAK)1(—ko, + N1),

Q2_3 = —wzm + (EA)l’ikgl,

_ . h .
Qs = ~WPpliPy + (BD)1k1, Py — 2 (pAK)vi(—ky, + P,

_ h
Q32 = —w2pIN1 — (EI)lk‘glNl — ?Q(MAIC)l(—k‘Ql + Nl)

Eliminating w;, ¢; and u; from the continuity conditions at the joint gives

U,

0

=10 1

-1 -
1 2

which is rewritten as

N

1 —he
0 1
0 0

0

h
0
0 1
_1%

U; =R11Uz = R12U3 = R13Uy4,

0 U47
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(7.161)

(7.162)

(7.163)

T
where U; = [wi bi Uz] , Vi =1{1,2,3,4,7}. With this we are in a position to

develop transmission and reflection matrices.

Case 1: Wave a™ causes reflection and transmission waves a—, b—, e™, fT.

displacement vectors for each beam are

where

»
3+
I

e—iklm T
P kim®
0
e~ ki y
—iP, e~ kimy

0

U, = Xfa+ +Xja,

U, =Y;b,

e—kgma:

— N, e k2m®
0
e—kzmy
7N7n€*k2my

0

U3 = X?{e*,

U, =Y/,

eiklmw
iPetFim®

0

e/’:kl’ﬂl y
iPetkimy

0

ekQ,mw
N ekem®
0
eF2my
Nmebmy

0

The

(7.164)

0
eik3m Yy

(7.165)
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Applying continuity of displacements, equation (7.162), gives

1-1

b” = [RiY,| |Xfam+Xja |,
- D :

et = |[RpX7 Xfat +Xj7a |, (7.166)
- S '

ft= R13Y2— XfaJr + Xl_a* .

Lastly the equilibrium equations at the joint, equation (7.157), where for this case we

only consider a™, a=, b, e™, and f, gives
Q;b +Qiet +Qfft =Qfa" +Qra . (7.167)
Using equations (7.166) and (7.167) we can reduce everything to one vector of coeffi-
cients such that we can find the transmission t;; and reflection matrices r;; where
a =rpa’, b =tpat, e =tjza", fT=tyua’, (7.168)
where

-1
a — [<Q2 [RiY; ] +Qf [RiXd] '+ Qf [R13Y4+]‘1>X1 — Ql] X
(7.169)

Q7 - (@ RaY;] "+ Qf R+ QF RiY ] ) X7 o,

then
—1 1 1 -1
ry = [(QQ_ Ri1Y5] 4+ Qf [Ri2X]]| ™ +Qf [RisYS] >X1_ - Ql—] %
(7.170)
[QT - (QE [RuY;] ' +Qf [RX{] ' +Qf [R13YI]1)XT} ,
and ) L ]
tio= |RnYy X1+ X,
- T :
t13 = |[Ri2X3 X{+Xirn |, (7.171)

tia = |[Ri3Y,

Xii_ + Xl_ ri1|.
Case 2: Following the same procedure from above, we consider the case of wave b™

causing reflection and transmission waves a—, b~, e™, f*. The displacements of each

beam are
U, =Y ;b"+Y,b,
(7.172)
U, =Xja, U;=Xiet, U,=Y/f".
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Applying continuity of displacements, equation (7.162), is rewritten in terms of Uy,

with
0 -4 -1 0 - —1 1 —hy O
U=0 1 o|U=j0 1 0|Us=1(0 1 0fUsg (7.173)
1 koo 1 -2 o0 0 0 1
which we take equivalent to
U, = R21U1 = R22U3 = R23U4. (7.174)
The coefficients are ) . )
a~ = |RuX;| |YsbT+Y,b |,
- T ;
e" = |[RpX3$| |YsbT+Y,b |, (7.175)
- T ;
ft = |RasYS| |YsbT+Y,b|.

Lastly we use the equilibrium equations at the joint, equation (7.157), where for this
case we only consider b™, a=, b™, e", and fT, this gives
Q;b"+ Qb  +Qie" +QifT =Qra . (7.176)

Using equations (7.175) and (7.176) we can reduce everything in terms of one vector of

coefficients
a = t21b+, b~ = I'22b+, e+ = t23b+, f+ = t24b+, (7.177)
where the transmission t;; and reflection matrices r;; are

-1
= @ + (- Qi [RaX;] 4 QF [RaaY]) 4 Qf [RaX]) ) Y5 |

1

@+ (- QiRaX)] T - Qi ReYi) T+ 0 RaXi] )y

and
- 4 -1

t21 = R21X1_ Y; + Y2_r22

- S 3
t23 = RQQX; Y; + Y2_r22

(7.179)

- L. )
t24 = R23Y2_ Y;_ +Y2_I'22 .
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Case 3: Wave e~ causes reflection and transmission waves a—, b=, e, fT. The

displacements of each beam are

U; = X;,re“‘ +X5e,
(7.180)
U, =X;a, Uy=Y,b", Uy=Y/f".

Applying continuity of displacements, equation (7.162) is rewritten in terms of Usg,

1 hy 0 0 2z 1 0 21
Us=10 1 0o|Ui=]0 1 o0{Uz=|0 1 0|Us (7.181)
0 0 1 -1 =Moo -1 &0
which is taken as
U3 = R31U1 = R32U2 = R33U4, (7.182)
with ) L )
a” = Ry X | |Xje' +Xje |,
- NP 5
b~ = |Rs2Y, Xiet+Xje |, (7.183)
- . :
ft = |RssY, | |Xiet+Xje|.

The equilibrium equations at the joint, equation (7.157), where for this case we only

consider e=, a=, b~, e, and fT, become
Q,b  +Qje"+ Qe +Qff =Qra . (7.184)

Then using equations (7.183) and (7.184) we can reduce everything in terms of one

vector of coeflicients
a = t31e_, b™ = tgge_, e+ = 1'336_, f+ = t34e_, (7185)
where the transmission t;; and reflection matrices r;; are

-1
s = [(Q RexY5] ™"+ Qf Ry Y]] ™' - Q7 [Rai X7 )X t ] "
(7.186)

[(Ql RauX;] ™ - Q; RY;] ' —Qf [RsSYI]‘l)Xg - Qg} 7
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and
- _1 - -

t31 = [Ra1 Xy Xirss + X5

- T :
tz2 = [R32Y, Xirss + X5

(7.187)

tss = |RasY)

Xyr3z+ X3 |
Case 4: Wave f~ causes reflection and transmission waves a=, b™, e™, f*. The

displacements of each beam are

U, =Y, fr+Y,f,

(7.188)
U;=Xja, U;=Y,b, U;=Xie".
Applying continuity of displacements, we rewrite (7.162) in terms of Uy,
0 b1 1 b 0 0o &
U=10 1 o|Ui={0o 1 o/Uz=]0 1 o0 |Us, (7.189)
1 2 9 0 0 1 1 -2 0
which we rewrite as
U4 = R41U1 = R42U2 = R43U3, (7.190)
_ 4—1r -
a” = |RuX;| |Y/[fT+Y/ f |,
- . B
b~ = [RpY,| |Y/fr+Y, |, (7.191)

- 11, :
e" = |RpXJ| |YIfF+Y, |

Lastly the equilibrium equations at the joint, equation (7.157), where for this case we

only consider f~, a=, b™, e™ and fT, are

Qb +Qie"+Qif +Qf =Qja . (7.192)

Using equations (7.191) and (7.192) we can reduce everything to one vector of

coefficients such that we can find the transmission t;; and reflection matrices r;; where

a  =tuf", b =tpf, e =tyuf, T =ruf", (7.193)
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where
-1
ryy = [(Qz_ RiY;] "+ Qf [RusX{] ™ - Qp [R41X1_}_1>YI + Qi] X

(7.194)
[(Qf [R41X1_]71 -Qy [R42Y2_]71 - QF [R43X§]1>Y4_ - QZ} ;
and i L )
ty = |RuXy Y ru+Y,|,
- L. -
tao = [Ry2Y5 Yiru+Y,|, (7.195)

tys = R43X§_ YZ_I'44 + Y4_ .

Total reflection and transmission relations

Having gone through all four cases the total orthogonal joint relations are the sum of

the four cases such that we sum equations (7.168) (7.177) (7.185) (7.193) to find

a~ =rpat +taybt +t3e” +tuf,

b~ = t128+ + I‘22b+ + tgoe” + tyof

(7.196)
et = t13a+ + t23b+ + rgze” + tysf ™,
ft= t14£lJr + 132412)Jr + tgge” +rypaf .
Next we apply the Bloch-Floquet conditions.
7.6.2 Bloch-Floquet conditions
Referring to figure 7.20 we have the following relationships
l l
At =X} (z = El)aﬂ a~ =X (z= %)A*,
l l
Ef=Xf(z=2)et, e =Xj(a=—)E",
z2 % (7.197)
b* =Y (y=7)B" B =Y,(y=)b
l l
Fr=Yl=t" =Y (y=3)F,

where Xt and Y are defined in equation (7.165). The Bloch conditions are

Fr=Bte 2 F =B ¢ ™2 Ef=AfTec ™ E =A¢ ", (7.198)
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F+T lF_

o e E
ke e
"l e
mi -

Figure 7.20: Waves to be considered of the square periodic cell.

The last step is to combine equations (7.197), (7.196), and (7.198) into the eigenvalue
problem

A(w,K)Z = 0, (7.199)
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where we can find the elements

ll _ ll
A1 =1, Ajp= —Xf(§)7 A2z = —X| (5), A4 =1,
A n
Azg =1, Azi0=—-Xj (5)7 Ay = —X5 (5), Ag12 =1,
A b
As5 ==Y, (5), Ase =1, Agr=1, Aggs=-Y, (5),
yr i
Ar13 =1, A7uu=-Y] (5)7 Ag15 =Y (5), Ag 16 =1,
Agp =r11, Agys o Aos =t Agz=tar, Age =tar, (7.200)
A2 = t12, A =122, Aios=-1I, A2 =13, A= ts,
A2 =t13, Aie =t23, Aiio=-I, A2 =r33, Ai116 = tus,
A2 =tu, Az =tu, Aini2="1txu, Ainiuu=-1, A2 =ru,
Aigs=—Te7™®2 Az13=1, Aur=-Te*2  Ajy5=1,
Ais1 = -Te7™ Ajs9=1 Az =-Te ™ A =1
otherwise A; ; = 0, and the coefficient matrix is
_A+_ T
at
A
.
bt
o
-
Z = ot | (7.201)
et
o
o
£t
o
_f7

We note that each block of A;; is a 3 x 3. This method can be extended to other
lattice types such as the hexagonal lattice done in [6]. We have reviewed this method as
a comparison tool against that of section 7.5. Here Timoshenko beams were used which
adds more complexity to the problem as the effect of shear deformation is included into
the theory. It is also apparent that the reflection transmission method produces much
larger matrices that must be solved for, this is seen in the square lattice example of

section 7.5.5, where only a 3 x 3 matrix system needs to be solved.
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7.7 Finite element approach

Using the standard stiffness and mass matrices of finite elements we can formulate
the Bloch-Floquet problem by establishing constraints on the boundary nodal degrees
of freedom of a unit cell. We review the work of Phani et al. [75] where hexagonal
honeycomb structures made from Timoshenko beam elements is studied. The nodal

displacements of point j on the lattice are defined by

Uj
q= v (7.202)

P;
where u;, v; represent displacement along the x and y directions and ¢; represents a
rotation about the z axis, which would disappear when working with solid elements.

The periodic condition on the boundary nodes of the unit cell is
q; = que’ T, (7.203)

where r;; = r; — r;, is the vector between the two lattice points ¢ and j. The standard

equation of motion in finite elements is
Mg +Kq =T, (7.204)

where M, K and f are the standard mass, stiffness and forcing matrices of the finite
element method. For free wave motion we set f to zero and taking e = time dependence
we have

[—w?M + K]q =0, (7.205)

which is the standard eigenfrequency analysis. In order to produce the Bloch-Floquet
analysis equation (7.205) is manipulated using a transformation matrix, T, which is
easiest to describe by an example. Consider the primitive cell given in figure 7.21 with

nodal points a; for ¢ = 1..6. By the Bloch-Floquet conditions

Q2 = q5e™T5, o5 = ay — aj,
(7.206)

ik-r
qe = qi1e""!,  rg = ag —ay.



qi1
q2
a3
a4
a5

g6

I
0
0
0

0

Ieik~r61

0

Ieik-r25

0

0
0
0

0
0
0
I

0
0

We apply the conditions via a matrix in the following manner

q1

a5

q3

q4

129

(7.207)

Then in order to change the eigenfrequency analysis from a single unit to a periodic
structure with Bloch-Floquet conditions we transform equation (7.205) using the T
matrix by taking

TH[-w?M + K|Tq = 0, (7.208)

which is the general eigenvalue problem, where superscript 7 is the Hermitian transpose
[75]. Solving the eigenvalue problem of equation (7.208) yields the dispersion behavior
of the periodic structure. Next we write out a few stiffness and mass matrices for

different types of beam elements. For the plane truss (PT) element

62 CS —02 —CS

2 2

AE | cs S —cSs —8§
—02 —CS 02 CcS

—CS —82 CS 82

where A is the cross-sectional area, ¥ the Young’s modulus, L the length, s = sin#,

c = cosf, and 6 is the angle measured from the horizontal. The mass matrix is

2¢2 2cs 2 cs
AL |2¢cs 2s* s s?

Mpr = pT : (7.210)
2 s 2% 2cs

cs  s2 2cs 282

where p is the density of the element[3]. Lastly the elements must be assembled into
a global matrix system and Bloch-Floquet conditions can be implemented. For plane
frame (PF) elements the stiffness matrix is given as follows



$
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s ag

/:\.

a - S an

Figure 7.21: Elements of the primitive cell.

2 4 127 g2
AC* + ﬁs

E
KPF*Z

1271 61 2 1271 g2 121 61
(a-ieos -8s —ac*+23Ls?  —a-1ies  -Ys
As?+12[c? Slo —-(a-hes —as?+3{c?)  SYo
61 61
41 SLs -SLc 21 (7.211)
SY M AC? + %52 (A — %I)cs 8lg
2 1271 ~2 61
As? + 3¢ -SLc
41

where Kpp is written in global coordinates with C' = cosf and S = sinf. The mass

matrix for this element is

/

PF —

pAL
420

140
0
0

70

0 0 70 0 0
156  22L 0 54 —13L
22L 4I? 0 13L —3I2
, (7.212)
0 0 140 0 0
54 13L 0 156 —22L
—13L —-3L%? 0 —22L 4I?
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Uy

Figure 7.22: Plane frame element where prime denotes local coordinates.

which is written in local coordinates and can be transformed to the global coordinates

using the transformation matrix

i c S 0 0 0 O_

-5 C 0 0 0O
R = o000l , (7.213)

0o 00 C S 0

0O 0 0 -5 C 0

0O 0 0 0 o0 1

such that

M = R"M'R. (7.214)

Next we derive the finite element matrices for Timoshenko beams.

7.7.1 Timoshenko beam element

The one dimensional finite element matrices for the Timoshenko beam are give in [83]

as K = K + K where

0 0 0 0 4 20 —4 2
EIl0 1 0 -1 GA |20 1 -—21 ?
Ky = — , K, = HT (7.215)
0 0 0 0 —4 =20 4 =2
0 -1 0 1 20 12 =21 [P
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with u being a correction shear factor usually taken as 5/6 for rectangular sections and
with Poisson’s ratio close to one third.

In two dimensions we go through the derivation of the finite element matrices as
done in [75] and seek to explicitly write out the terms. We define q,(¢) as having the

six nodal degrees of freedom at the two nodes of each element with

T
ar(t) = [ur(t), vi(), 040, ualt), valt), O.a(t)] - (7.216)

The displacements at a position x and time t are given by

6

6 6
u(z,t) = ZaT(x)qT(t), v(x,t) = ZbT(m)qr(t), 0.(x,t) = Zcr(x)qr(t), (7.217)
r=1 r=1

r=1

where the shape functions a,, b, ¢ for r = 1..6 are given by

alzé(l—ﬁ’), azg =0, az=0, a4:%(1+c), as =0, ag=0,
by =0, @:M[2+65—3(1+25)c+§3],
b3:m[1+35—g—(1+3ﬁ)c2+<3], by =0,
bs = Mp + 66+ 3(1+28)¢ — 7, ot
bo = gy 30— (1439 + ¢,
c1=0, cQ:ZL(lisﬁ)(M:ag?),
03_M[—1+65—(2+6ﬂ)c+3c2], c1 =0,
C5:4(1i3ﬁ)(3—3§2), c6:m[—1+6ﬁ+(2+66)§+3c2],
with
g:%, and ﬁ:%, (7.219)

again k is the shear correction factor in Timoshenko beam theory. The kinetic and

potential energies per unit thickness are

L/2 L/2 L/2
1 1 1 .
T:5 / pdu2dz+§ / pdi)zd:c—ki / plzﬂzzd:s,
—L/2 —L/2 —L/2
L/2 L/2
1 L2 du,2 1 do, .2 1 dov 2
U72/ L/2 2 Ba($h) de + / L () et / wdG (T2 ~0.) da.
—L/2 —L/2

(7.220)
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Applying equation (7.217) to equation (7.220) we have

) 6 6 L/2
T = 5 Zl Zl Grqs / p(daras + db.bs + Icrcs)dz,
b (7.221)
) 6 6 L/2
U=3 >3 args / [Eda,a, + ELb,b, + kGd(b, — ¢, )(b, — c,)]dx
r=1 s=1 —L)2
Then by using the Euler-Lagrangian equations of motion
d oL oL
— (=) — — = f», 7.222
TR P, (7.222)
where L =T — U, or
d oT oU
= fr, (7.223)

ai'55) " 9
we can generate the mass and stiffness matrices. These matrices are left to be assembled

however the terms ST.T and gTU have been found where

oU  Ed(q1 — q4)

dq1 4L
ou 1

gy 1280L3(1 + 38)2
q2(240E1, + nGdL?(—1218L + 609(1 + L?) + 26408 + 28808 — 2640LB3))+
q3(240B1, + nGdL?(—338L + 169(1 + L?) 4 3608 — 1320L>3 + 960L3 + 2880LA%)) +

a5 ( — 240FT1, + rGdL?(—28808% — 609(1 + L?) + 1218L — 26408 + 2640Lj))+

a6 (240E1, + rGdL?(960LB + 2880L A% + 169(1 + L?) — 338L + 3608 — 1320L>B))|,

ou 1

8g3  3840L3(1 +36)2
a2 (720E1, + nGdL?(—1014L + 507(1 4+ L?) — 3960L>3 + 8640LB% + 10808 + 2880LA3))+
a3 (EI. (1680 + 57608 + 86408%) + kGdL?(—454L + 227(1 + L?) + 7208%+
9360L2 3% + 4808 — 1680L2 3 + 120013 — 1440L%)) +

a5( — 720E1; + kGdL?(1014L — 507(1 + L) + 3960L° 8 — 8640L3% — 10808 — 2880Lf3))+
46 (T20E1, + kGdL? (2640L8 + T20LB% + 147 + 67L% — 214L + 7920L%8% — 2640L28)) |, (7.224)

oU _ Ed(qs —q1)

dqq 4L
oUu -1

aqs 1280L3(1 + 38)2
a2 (240E1, + nGdL?(—1218L + 609(1 + L?) + 26408 + 28808 — 2640LB3))+
43 (240B1, + nGdL*(—338L + 169(1 + L?) 4 3608 — 1320L%3 + 960L3 + 2880LA%)) +

a5 ( — 240E1, + nGdL?(—28808% — 609(1 + L?) + 1218L — 26408 + 2640LJ3))+

46 (240ET, + nGdL*(960LS + 2880L A% + 169(1 + L?) — 338L + 3608 — 1320L°B))|,

ou 1

8qs  3840L3(1 + 3B)2
a2 (7201, + kGdL?(—1014L + 507(1 4+ L?) — 3960L>%8 + 8640LB% + 10808 + 2880LA3))+
a3 (720E1, + kGdL?(—214L + 67L? + 7920L%8% + 147 — 2640L>B + 2640L8 + 720L %))

as(— 7T20EI, + kGdL?(1014L — 507(1 4+ L?) + 3960L%3 — 8640L 3% — 10808 — 2880L3))+

a6 (720B1, + nGdL?(2160L8 + 147 — 294L + 227L% + 9360L>8% — 1680L%3)) |,
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OT  pdL(1341 + 1144)

41 48
orT pL

542 ~ 10753001 397
G2 (511561, + d(31431 + 1804328 + 26208082))+
43 (I> (14196 — 1108803) + d(13679 + 767768 + 1108808%))+
5 ( — 511561, + d(22329 + 1421288 + 2217608%)) +
6 (I (14196 — 1108808) + d(—12081 — 777848 — 10752082 + 806408° + 120960B4))],

oT pL

943 107520(1 + 38)2
2 (I>(14196 — 1108808) + d(13679 + 767768 + 1108808%))+
3 (I (6356 — 470408 + 26208082) + d(6091 + 341048 + 5115687)) +

5 (I>(—14196 + 11088083) + d(10961 + 7106483 + 1108808%))+

d6 (I (1876 — 739208 + 22176087 + d(—5753 — 369608 — 492808~ + 369608° + 554408%)) |,

T _ pdL(1141 + 13da) (7.225)
EXR 48 ’
orT pL

dqs 107520(1 + 383)2
G2 (— 511561, + d(22329 + 1421288 + 2217608%))+
3 (I, (—14196 + 1108808) + d(10961 + 710648 + 1108808%))+

5 (511561, + d(31431 + 1804328 + 2620805%))+

6 (I>(—14196 + 11088083) + d(—14799 — 834968 — 10752087 + 806408> + 1209608)) |,

oT pL

B4 107520(1 + 36)%
G2 (I (14196 — 1108808) + d(—12081 — 777848 — 10752082 + 806408° + 1209608%)) +
43 (I (1876 — 739208 + 2217608%) + d(—5753 — 369608 — 4928082 + 369608° + 554408%))+
45 (I=(—14196 + 1108808) + d(—14799 — 834968 — 10752082 + 806405°% + 1209608%)) +

6 (I (6356 — 470408 + 26208082) + d(7127 + 403208 + 470408% — 806408°

— 1142408% + 403208° + 60480[36))]‘

Again by plugging these terms into equation (7.223) the mass and stiffness matrices
can be found. This is reviewed here to give another method to compare to. It also
gives the reader some insight into what is occurring in finite element packages and can
be implemented in MATLAB for relatively simple structures. Also noted here is that
the spacing of nodes when discretizing structures with finite elements should be one
sixth of the wavelength or smaller. That is for a wave to be accurately registered by
the method in the structure there should be at least six nodes per wavelength. We
leave this section as a review which can be used in future investigation. Lastly further
research of Bloch-Floquet problems using finite elements, in this thesis, is used with
COMSOL using solid elements. We use the results of section 7.5 later as a comparison
tool for when the geometry becomes more complicated as is the case when developing

Metal Water which is described in the next chapter.
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Chapter 8

Designing Metal Water 1

Having reviewed static homogenization methods in chapter 6 and dynamic methods in
chapter 7 we are equipped with the tools necessary to design and evaluate metamaterial
devices. As a first step we focus the objective to finding a metallic foam that has the
same acoustic properties of water. We call this material Metal Water. Since water is
isotropic and inviscid the first requirement is that the material also be isotropic and have
very small shear modulus compared with it’s bulk modulus. Small shear modulus is
a defining characteristic of pentamode materials required for transformation acoustics
as discussed in section 5.1. The other requirement is that the solid have the same
overall density as the fluid. The design process for creating a structured material
that can mimic the acoustic properties of water consists of utilizing the analytic static
homogenization theory of section 6.1 until a design that can closely match the elastic
and density properties of water comes about. This is done in section 8.1. To finalize the
design an iterative process is done using the finite element homogenization technique
of Hinton and Hassani [69, 70, 71] which was heavily reviewed in section 6.2. Results of
the static finite element method are shown in section 8.2. Once the design is finalized
we further investigate dynamic properties of the prototype by generating dispersion
curves using the Bloch-Floquet theories discussed in chapter 7, however COMSOL is
used primarily for this process, results are shown in section 8.3. Additional designs that

are easier to produce are considered in section 8.4.

8.1 Analytical static homogenization

Designs for Metal Water are first proposed and evaluated using the static homogeniza-

tion technique of section 6.1. This first step in prototyping gives a quick estimation on



136

the elastic properties of proposed structures. Density properties can quickly be deter-
mined from the ratio of solid to void filling space in a unit cell design. Furthermore we
are considering water as an isotropic material with zero shear modulus, as it is a type
of pentamode material as discussed in section 5.1. Designs that have regular hexagonal
structure are considered as analysis of equation (6.5) with associated figure 8.1 and

subsequent analysis from figure 6.3 displays this result. The regular hexagon has h = [

Figure 8.1: General cellular structure.

and 6 = 7/3 with parameters shown in figure 8.1. Using equations (6.1), (6.2) and (6.3)

we have isotropy, with Ef = E = E*, v, = v3, = v* and E* = 2G*(1 + v*), where

, =+ 8.1
V3b(N' +3M) N’ +3M (8.1)
and N' = N/ = Nj, M = M; = Mj;,. These moduli are for plane strain which is a good
approximation as we expect to create materials that have relatively large thickness

compared to other cell dimensions. Using equation (6.4), the effective elasticity of a

regular hexagonal foam is therefore

N +3M N -M 0
V3

C =
12M(N" + M)b

N-M N+3M 0 |, (8.2)
0 0 oM

which is the same result reported by [84] but with N replaced by N’. The effective

elasticity is isotropic since C11 = Cao = A + 2, and Cgg = %(CH — C12) = G* = py,
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where Ay, ., are the effective Lamé moduli. Hence,

V3B (1—5) _20)
T LMb\ i+ T 1S

" ,  Where § =

= (8.3)

Note that the effective Poisson’s ratio, defined by \./u. = 2v,/(1—2v,), is related to the
plane strain one by v, = v*/(1 + v*). So, vy = %, indicating the near-incompressibility
of the foam relative to the ease of shearing. In order to mimic the acoustic properties
of water we first match the group velocity as studied previously in section 2.2.2. Using
equation (2.51) the group velocity for longitudinal wave motion in elastic media is
cp = /C11/p where for a fluid the speed is given by \/K/p, where K is the fluid’s
bulk modulus. In matching the density we must also equate C1; = K in order to get

the same wave speed behavior. Using equation (8.2) the effective bulk modulus is

V3(N' +3M)

K = .
12M (N" + M)b

(8.4)

A simple geometry with uniform thickness function, ¢(x) = ¢, using figure 8.2 as refer-

ence, means the axial and bending compliance are

l I3

N=——. .
20tE 2013 (8:5)

For this case using equation (6.2) we see N’ & N and we can take the parameter 6 = 'lf—;,

which is expected to be small in order for the theories of section 6.1 to be valid. The
area fraction of solid is ¢ = A,,/A, where A,, and A are the area of material and the

total area of the fundamental unit cell respectively. Using figure 8.2 the area fraction

]
=

Figure 8.2: Quarter unit cell configuration. Thickness is symmetric about the center
line of each member.
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can be found where

_ 2t _ 34
=7l = 5_4¢>. (8.6)

The acoustic fluid has density py and elasticity defined by

¢

K K 0
C=|K K o, (8.7)
0 0 0

where K is the fluid bulk modulus. Fluid-like behavior therefore requires
Peff = Pf, Cii~Cp~K, Cg<Ci, (8.8)

where we have taken Cgg to be small compared to other elasticity components in order to
have pentamode like behavior while finding structures that can maintain shape. Using
Peff = @ps, Where p, is the density of solid material, the three conditions of equation

(8.8) are satisfied if

Py K_1
rr_ =z 1. 8.9
= FTih o< (8.9)
Hence, we must have
E K
ps > py and — =4—. (8.10)
Ps Pf

The first condition is satisfied if the foam is made of a much heavier material than
the fluid. The second condition will not in general be satisfied, since it requires a
very special relation between the solid and the fluid properties. Additionally trying to
equate, C1; = Cog = C19 = K, is not possible as setting C1; = C1a from (8.2) yields
4M = 0. This means for hexagonal foams it is impossible to have C'1; = Cio exactly,

so instead we minimize the function

1 1 8V3K 4
F= — K)? —K)*] = —[48K*+ — — . (811
In order to minimize F we take 0F/OM = 0 and OF /ON' = 0 resulting in
al_i[g\/gKM—Q_ 8 10
oM 24 M3 (M + N3 7 (8.12)
OF 1 0 '

ON' ~ 3M+N)p
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the second relation gives M + N’ >> 1 the first yields

oM \?
KM-2=(—"7=). 1
8V/3 <M+N,> (8.13)

Trying a perturbation based on a small parameter ¢ where N ">> M in general, we

take N o O(1) and M «x O(1). We see 6?15’ x O(e%). Setting N' = ¢ n we rewrite

equation (8.13) as
83 M?

8V3KM —2 — Olcinp = 0. (8.14)

If we take the perturbation expansion of M as M =~ My+eM; +e>My+O(e). Equation
(8.14) becomes

2(My + €M, + 2My) >3 (8.15)

8V3K (M + eM; + €M) — 2 =
( ) My + eMy + €My + N’
which yields the following equations in orders of €
O(e) 8VBKMy — 2N’ 4 2MoN'2 (=3 + 4VBKN') + 6AI§N/(71 +4v3BEN) + 2M3 (=5 + 12V3KN) =0,
O(e) 2M1(4VBK (Mo + N )2(4My + N') — 3(5 M + 2MoN +N'2)) =0, 5.16)
’ ’ ’ ’ ’ 8.16
O(e?) 6MI(—5Mo — N 4 4V3K (Mo + N )(2Mo + N )) + 2M2(4V3K (Mg + N )?>(4Mo + N )
—3(5MZ + aMoN' + N'2)) —o.

Solving the equations of (8.16) gives M} = My = 0, such that we can take M ~ M,

and find equation (8.14) becomes

oM \?
8V3KM — 2= —=_ . 8.17
V3 <M+N’> ( )

This relation between M and N’ minimizes equation (8.11) which allows for the C1y

and C1o moduli to be closely valued.

8.1.1 Hexagonal foams with varying thickness

The analysis of the previous section suggests that a hex-metal foam with uniformly
thick struts will not work unless the metal happens to satisfy equation (8.10), which is
unlikely. Considering beams with thickness, t(x), that varies along the length the axial

and bending compliances are

M=— N =
E 0 A(.’E)7 E

1 /2 1 /2 .2
dx / zedx (8.18)
0

N I(x)’
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where A(z) = bt(z) and I(z) = 5bt3(z). The area of the unit cell is unchanged since it
only depends on [, which is seen from figure 8.2. The area of the unit cell is A = #
and the area the material occupies within the unit cell is approximately
12 4 1/2 12 4 1/2
Amz/ (g)da:—i—/ t(x)da:—i—/ (';)da::S/ t(r)dex, (8.19)
0 0 0

—1/2

where we have ignored the junction. The area fraction of solid, ¢ = A4,,/A, is

4 /2
o=~ l2\/§/o t(z)dex. (8.20)

The main conditions are matching the density, equation (8.9);, K ~ A, equation (8.3),

and that the shear modulus is small, which requires

!
2 [ltdz K 1
pr_ 2 o v K_ V3 s« (8.21)
ps 3 12 E 12 fol +1dr

For a given fluid (water) and metal, these define constraints on the tapering of the
beams. Considering the joints are not accounted for in the stiffness analysis Kim and
Al-Hassani [85] introduced an effective half length L; to attain more accurate results.
Close inspection of the area integrals or for the equations that calculate M and N we
see some parts of the geometry are integrated twice while others are left out. The

proposed effective half wall length is

l t
Li——e— i .22
) 2008(9)‘7’ (822)

where j, the joint stiffening factor, can be obtained from comparison with results of

finite element analysis and ¢, here, is the thickness at the cell wall joint.

8.1.2 Hex foam with circular holes

Looking for simple geometry that is easily machinable we consider a thickness function
that comes about from drilling holes into a plate. The geometry is represented in figure
8.2, with examples located in figures 8.5 and 8.6. The holes are of radius r and the
minimum thickness is %g, located at the center of a strut member. The area fraction of

solid is then

b=1-

T to)_gz 27 r

ﬁ(l + > - 37\/5(7)27 (8.23)
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which must satisfy the condition ¢ > ¢g, where ¢g would represent the area fraction

when ty goes to zero. The minimum is ¢g =1 — = 0.0931, for ty = 0. Thus,

2\/

1 — ¢o
p=1-— 2 with o = 1—1—2—r. (8.24)

The normalized bulk modulus from equation (8.21) is

v = % = \1/2?:(;//2;(13) _1, (8.25)

where the thickness function for the circular hole pattern is
t(x) = 2r(a— /1 — (z/r)?). (8.26)
Applying equation (8.26) to (8.25) the normalized bulk modulus is

-1

. Lj
where, siny; = %,

Evaluation of M and N for the circular hole model

We note that

2 to
l=—(r+—2). 8.28
S+ ) (8.28)
The expression for M follows from equations (8.18) and (8.26), using the substitution
T = rsiny,
1 (L da / i dx 1 Li dz
" E A(z) ) (z) ~ 2bEr a—4/1—(%)?
d’] d
_ / cospdy (8.29)
20F Jy o —cosy
where ¢, is defined in equation (8.27). Similarly, the expression for N is
/ i x dx 12 d /wﬂ sin 1) cos 1 L dy (8.30)
= x = . .
" E I(x) t(x 20E (o — cosp)3

The basic integral identity used is

dp 2 [a+1 4
/ Ty an”! ( 7@_1tan§), (8.31)
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which immediately gives

M = % [\/057_1 tan™! [\/ftan(g])} — 15] Zinil(LTj) (8.32)
To simplify the integral for N note that
_ 31 d? /sin2¢cos¢d¢ (8.33)
2bFE 2d a? a — cos ’
which can be rewritten using the identity
m :az—l—acosw—sinzw—m, (8.34)
as ,
N= -t (5.35)
where

1 [a(e®-1) N a+l, ¥
1 2/04—0051# Y =ava an ( a—ltaHQ (8.36)

Explicit differentiation yields

dI sin 1) sin 1) cos 1) (2% —1)
da 2 2(cost) —a)  ala?—-1)

I, (8.37)

and
an sin v cos v (20t —a? +1) (202 —1)d

da? ~ 2(cost —a)?  a2(a?—1)2 1+a(a2—1)ﬁ
sin ) cos 1) +(26«2—1)sin¢ iy cos 1

- 2(cosp — )2 ala?-1) 2 cost — «

+ [(20% = 1)? — (22 — & + 1)] M

B sin ¢ [2042 -1 cos ] (202 — 3)1
T 20costp—a) aZ—1 ' cosp—a’  (a2—12 "
Finally, N follows from equations (8.35), (8.36) and (8.38) as
3 sin 1 202 — 1 cos a(2a2 —3) 1 a+1 P sin’l(%)
N:QbiE wiQ(COSi/)—Q)[QQ—l cosw—a]i (a2 —1)3/2 tan ™" [ a—ltan<5)1]0 (8:38)

For small thickness, a = o — 1 < 1, we have

¢»=¢o+0(a), 7= 7:{/564—0(60 = 2"7:3//; + O(to/r). (8.39)

This will work if the metal has relative density (specific gravity) greater than 1/¢¢. If

it is larger than 1/¢y then additional holes can be made into the junction area of the



143

solid part to reduce the density without changing the v parameter much. If the specific
gravity is less than 1/¢¢ then mass has to be somehow added. Either way, the idea is
to select a to give the right value of v for the metal. Since we are trying to match the
bulk modulus of water where K =~ 2.25 GPa, and metals have E in the many GPa, it
means that ¢ must be small. Very small a could be a problem in machining, so that
suggests we want large specific gravity, and relatively small F.

An example for an aluminum plate where the density of aluminum is roughly 2700
kg/m?® and the Young’s modulus is 69 GPa gives ¢4 = 1/2.7 = 0.37 and v4 =
2.25/69 = 0.0326. Equation (8.24) gives ¢ = 1/2.7 if a = 0.2 (t9 = 0.4r), and this value
of a gives v = 0.058, using equation (8.39). This is too big, but could be reduced by

additional thinning of the strut thickness without reducing ¢ much.

Numerical analysis

We analyze equations (8.24) and (8.27) in order to determine what density of solid
material, ps, and what Young’s modulus, F, could be used to build a foam with the
smallest possible unit cell size. First we find a useful range for «, defined in equation

(8.24)2, which implies, using equations (8.23) and (8.27)2, that

l 2a l «
r =7 and  sin); 3 (8.40)

In order for v; to remain real we must impose o < V/3, also in order for the design to

remain physically consistent we must have a > 1, so we allow
1<a<V3 & ¢p~0.0931 < ¢ <0.6977. (8.41)

Applying equations (8.24) and (8.27), figures 8.3 and 8.4 were created by considering
to = Imm. To gain a physical understanding of the structure at these extremes, for
a = 1.01 and o = /3, figures 8.5 and 8.6 were created.

In order to have smaller unit cell sizes we wish « to be close to v/3 however such
structures with relatively high thickness compared to strut length ratios may not be
characterized by this analysis, since we are assuming that the thickness is much smaller

compared to the strut length. This result is seen when the equations for M and N,
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Figure 8.3: Plot of the estimated Young’s modulus, E, and expected dimension size, [.
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Figure 8.4: Plot of the estimated density, ps, and expected dimension size, I.

equations (8.32) and (8.38), are used in (6.5), the shear correction term, k, in equation
(6.2) has a very strong influence on the strength for such structures. Possibly an FEM
analysis may gain further insight into how well the foam mechanics theory captures the

behavior for relatively high thickness.

8.1.3 Modified triangular penetration pattern

Here we consider the geometry of figure 8.7 for which we have a triangular penetration
pattern with straight thin sections notched into the middle of the members, this will

have the impact of decreasing bending capacity. The thickness function is
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Figure 8.5: Structure for a = 1.01 Figure 8.6: Structure for o = v/3

t1, 0 < |z| < rsinmn,
tn(@) = (8.42)

t(z), rsing < |z| <L,
where t; = 9—ts is the thickness of the notched section, the angular extent is0 <n < &
and t(x) is the undeformed thickness function of (8.26). The amount of area being

subtracted is then
rsinn t
/ (t(z) — t1)dx = r’as, where as= (= +2— cosn)siny — 7. (8.43)
0 T

The relative (area) density ¢ is now given by

T+ 6ag

¢=1- 2302

(8.44)



146

Figure 8.7: A single member of the modified triangular penetration pattern in discus-
sion, described by 6, r and t;, where equation (8.26) describes the thickness of the
circular cut-out region.

The axial and bending compliances of the cell wall are then, respectively,

rsinn L;
Mol [ [ ! dx]
bE 0 tl rsinn 27‘(0( - 1- (£)2)

T

rsinn 1 2a 1 a+1 ) 1 a+1 n
= o |1 Vi L)) -t tan(~
bEL | 20E [77 Uit g Lt (oo tan(5) — tan ™ (L ()]

12 rsinn .2 4. L; z?dx
N =— — * 3 />
bE 0 tl rsinn (27”(@ - 1- (%)2))

3 sin v, 202 — 1 cos 1 a(3 —2a?) -1 a+1 Yj
[% 2(cos¢j—a)[a2—l +coswj—oz]+(012—1)3/2 an™ ( a_1" 2)

3 sinn 202 — 1 cos aB-2a%) ., |Ja+1 n
- —n- [ ] tan~' (y/ —— tan =)
20F 2(cosn—a)ta?—1  cosp—a’ (a2—1)3/2 a—1 2
i(rsinn)g

(8.45)
We want the area fraction, ¢, of equation (8.44) to equal ¢, = py/p, the value that

gives the density of water. Putting ¢ = ¢,, implies that

to \/3 ™ ts . 1/2
0 T (=2 - _9. 4
. 2[1_@” <6 +(r +2 — cosn)sinn n)} 2 (8.46)

Note that the function [(2 — cosn) sinn — 7] has maximum value of 0.0434 at n = 7/6.

If % is small then the numerator is essentially 7/3, and therefore,

~

to 2w 1/2
2 () 0

to

In other words, if tf is small, the ratio ** is insensitive to ¢5; and 7, and is essentially

determined by the density of the metal. We want 2 not to be too small. For ¢ ~ ¢g =
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1-— 2% = 0.0931 we can use the slope of the function to get

~
~

r

1/2
o (2‘/§> (¢ — ¢0) = 1.0501 (¢ — o). (8.48)

™

This is a good approximation for brass but doesn’t do as well for aluminum. The idea
with aluminum is that we can get a relatively large %0, which is very good. The C1; = K
condition is then met by choosing t5 and 7. Unfortunately under closer inspection of
the moduli produced using equations (8.45) for M and N, defined in equation (6.5),
and the density found using this geometry we are not able to simultaneously match the
bulk modulus and density properties required. We further tweak the design in the next

section.

8.1.4 Straight-edged design

Figure 8.8: Straight-edged design unit cell configuration. Thickness is symmetric about
the center line of each member.

The geometry of figure 8.8 is considered here. This unit cell is defined by the six
parameters [, 75, q, tg, , t1 and ts, of which only four are independent since they satisfy

the two relations:

to = t1 + ts,
1 (8.49)
l=1rs+—=(to +4q).

V3
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The length [ alone defines the unit cell size, while the fine details of unit cell depend on
the relative sizes of tg > 0, ¢ > 0, r¢ > 0 and ¢t; > 0. The limit ¢ = 0, or equivalently,
V3(l—7s) = tg is seemingly equivalent to = 7/6 in the previous design. The fractional

area of solid is

1 V3
¢ = ?(q + 2qto + 5 1 + 7ws)
1 8
=12 ((l —75)? — 3+ 2V3(L — rs)to + \/§t17‘5> . (8.50)
The thickness function is
tlv 0 S ’.T’ < %S,
ti(z) = (8.51)

to+ H(@—%), % <lol<s,

using this function the compliances are found as

1 3 dx Li dx 1 [rs Mndy
M= — - )= (= 3 -7
bE</0 0 */ tt< )) bE(t +a >
12/ [ a2 y+’yg
== ~-d 9 d
E</0 & o f ) 2bE< rovs [0 v)

(8.52)
where
(2Lj — 7’5)
nm=1+ R (8.53)
V3to V3to
Simplifying equation (8.52) gives
1 [rs
= (= 1
%E <t1 V3 “71>’
L (8. 43 =13, 1, 4 (554
=—(=4+9v3|1 =1+ —+—) |-
2bE<t:1)’ " [nyﬁ— 2m ( +’71+’YQ)]>

In order to organize and solve the system we define the nondimensional parameters

Ts to t1
_ s . = = 8.55
X1 R X2 R X3 s ( )
Then the area fraction is
1 2 2 8 o
o= (1=x1)" =33 +2v3(1 —x)xa + NIk (8.56)

The parameter ys should be very small to ensure that N > M, in which case C1;
depends on M, essentially, and they are all basically a function of xs:

1, 1_3

M ~ N~
WEXB WEX

(8.57)
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1

A solution can be found to closely match the properties of water by using % =

X1x3’
we have for aluminum
l
Aluminum :  y7 &~ 0.4095, x2 ~ 1.023, x3~0.11 = o 22. (8.58)
1
Using these parameters figure 8.9 was created. The effective elasticity is
2.12 2.02 0
Crym =202 212 0 | GPa, (8.59)
0 0 0.05

where subscript gjps stands for the foam mechanics theory result, equation (8.2).

Figure 8.9: Straight edge design using the parameters in equation (8.58).

A more precise evaluation can be made using the full relations for M and N. Fixing
X2, the two identities ¢ = ¢, and C1; = K can be simultaneously solved numerically
to give x1 and x3. Then varying x2 one finds a unique value that gives a minimum

for - = —L—. The values of the latter for aluminum and brass were found to be 21.4

t1 X1X3

and 19.8, respectively. In each case the optimal design has ¢ very close to zero, which

means the junction region is essentially an equilateral triangle of side 3ag where
| —rs = 3ao, (8.60)

this is seen in figure 8.9. Noting that ¢ is close to zero in the solutions for brass and
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aluminum we tweak the design again to utilize more of the space in the cell to acquire

a greater density in a smaller unit cell size.

8.1.5 Metal Water 1

b =~

Figure 8.10: Metal Water I design.

The results for the straight edged design show that for aluminum in particular that
the mass is concentrated in the equilateral triangles at the junctions. This is not an
optimal junction shape for space filling. Here we explore a variation on the previous
design that starts with the equilateral triangle junction but modifies it to reduce the unit
cell size, that is, to reduce % This model has the same axial and bending compliance
as the previous one described by equation (8.54) but here the idea is to insert a 2q by
a3 rectangular region into the hexagonal joint as shown in figure 8.10. By inspection

a3 < rs and

4 2 3
¢ = 353 (2ato + ¢+ ZO + =5rst + 2v/3qa3)

1 8 8
= — l—r52—t2—|—2\/§t l—rs)+ —=rst1 +8az(l —ry) — —=tpa
4[2(( ) 0 0( ) \/g 1 3( ) \/50 3)

1 8 8
= Z((l —x1)% = X3 +2V3x2(1 — x1) + %X%Xza +8xa(l—x1) — ﬁXZXﬁl)y

with x4 = %* and x1, x2 and x3 defined in equation (8.55). Also required is that % <1



151

in order for ag < r,. For ag = 2q, x4 = %(\/3(1 -X1) — Xg) and

4 1 t3 3
= ?(ag(\/ﬁ + ) +asto+ ) + \grstl)

4
1 1 V3
(VB + ) +xaxa + 3 + 5 xixa). (8.61)

¢

Wl W

Completing the square, we can write equation (8.61) as

t a t 3
35 e+ p) = (5 —a+ Vi)' = S0P —Vann — 2, (8.62)

or equivalently,

(1520 +(2—=V3)q + a3> (t; +(24+V3)q — a3> = %qﬁlz — \ggrstl — a3 (8.63)
With this model we are able to make better use in the filling space of a unit cell
while matching the density and elastic properties required to mimic water. The elastic
properties are very much based on the uniform strut thickness while the junction is
used to match density properties while adding some additional strength. Ideally if we
could machine petals at the junction that only minimally contact the struts we could
further decouple the mass and elasticity problem. However we do not further tweak
this design as machinability is also a concern.

A MATLAB code was written using equations (8.61), (8.54) and (6.6) in order to
simultaneously match the bulk modulus and density using aluminum. The parameter
t1 = 1 mm was chosen in order to shrink the unit cell size while maintaining a dimension
that could still be machined. It was found that when this analysis is compared with
FEM results the foam mechanics theory generally underestimates the results by 5—10%.
We then chose to lower the required bulk modulus to K ~ 2.0 GPa in searching for
solution parameters. The set of dimensions found are located in table 8.1, where the

density is perfectly matched. The effective elasticity was found to be

t1 =100 to=142 [=12.89 a3=6.05
ty =042 ry=858 g¢=151

Table 8.1: Optimized parameters for the Metal Water I design of figure 8.10, using
E =69 GPa and v = 1/3. All dimensions given in millimeters.
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1.98 1.87 0
Crv = [187 198 0 |[GPa, (8.64)
0 0 0.051

where subscript gj; denotes the result using the foam mechanics theory used here and
first reviewed in section 6.1. Figure 8.11 shows what this material looks like. Colored
in blue is the added section for mass between the previous design of section 8.1.4 and

the current.

Figure 8.11: Metal Water I design based on MATLAB solution, parameters located in
table 8.1.

8.2 Static finite element homogenization

In this section we iterate the designs using the static homogenization technique of
section 6.2 until we can more perfectly match the elasticity and density requirements.
From the discussion in the previous section we choose to search for structures made

from aluminum as it seems to be better suited for achieving our goals.

8.2.1 The straight-edged design

Here the straight edged-design of section 8.1.4 is used with the finite element homog-

enization technique. We start with the parameters found in equation (8.58) for this
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design and iterate using the finite element homogenization method. The optimized

parameters are reported in table 8.2, where density is perfectly matched. Using these

t1 =100 tH=21.00 [=21.42
ts =20.00 ry;=877 ¢=0.23

Table 8.2: Optimized parameters for the design of figure 8.10, using £ = 69 GPa and
v =1/3. All dimensions given in millimeters.

parameters the expected elasticity found by finite element homogenization is

220 2.089 0
Crem = 2089 220 0 |GPa. (8.65)
0 0  0.056

We also used slightly different elastic properties for aluminum with Young’s modulus
given by £ = 75.5 GPa and Poisson’s ratio as v = 0.35. This is done to determine
the sensitivity of the geometry to the elasticity of the aluminum slab being machined.
The optimized parameters are reported in table 8.3. We see some difference between
the parameters located in tables 8.2 and 8.3 however they’re not too far off, each time

the density of aluminum is taken as p4; = 2700 kg/m?. Using the parameters of table

t1=1.00 to=23.00 [=23.56
ty=22.09 rs=0960 q=0.27

Table 8.3: Optimized parameters for the design of figure 8.10, using £ = 75.5 GPa and
v = 0.35. All dimensions given in millimeters.

8.3, the expected elasticity was found to be

220 211 0
Crem = |2.11 220 0 |- (8.66)
0 0 0.047

8.2.2 Metal Water 1

Here the Metal Water I design of section 8.1.5 is used. We note this design is capable
of more optimally filling space reducing the cell size needed. Using F = 69 GPa and

v = 1/3 the optimized parameters are located in table 8.1. The expected elasticity is
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then
222 211 0
Crem = [211 222 0 |GPa, (8.67)
0 0 0.053

where we see about a 10% underestimation from the foam mechanics theory result in
equation (8.64). The figures in 8.12 show the displacement solutions and stresses using
the finite element homogenization theory with the parameters of table 8.1 used. A
quarter cell was used as we have symmetry about the x and y axes. The simulation

was also done using the full cell yielding the same elastic moduli as shown in equation

(8.67).

Burlmie: it M st was (N

0 _
gig = 1.

Figure 8.12: Static homogenization implementation using COMSOL, as described in
section 6.2, using the parameters of table 8.1 with aluminum.

These are quite spectacular results as the elasticity matrix for aluminum, using
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Young’s modulus, F = 69 GPa and Poisson’s ratio of ¥ = 1/3 has the components

102.09 5028 0
Cuum = | 50.28 102.09 0 | GPa, (8.68)
0 0 2590

using plane strain. This means we are able to take a solid slab of aluminum and ma-
chine it in a particular fashion in order to mimic the elastic and density properties of
water. Processes investigated for the physical machining included: Wire EDM (electri-
cal discharge machining), CNC milling, and Waterjet. While Wire EDM has the best
precision by far it comes with the steepest cost. In the end the Metal Water I prototype
was fabricated by waterjet machining by the WhitCraft Group, shown in figure 8.13. It

has since been sent to the Naval Research Laboratory in Washington D.C. for testing.
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Figure 8.13: Manufactured Metal Water I prototype produced by waterjet machining
by the WhitCraft Group.

8.3 Dynamic study of Metal Water 1

The finalized version of Metal Water I, with dimensional parameters located in table 8.1,
is used with Bloch-Floquet theory in COMSOL. We have a hexagonal lattice structure
such that the wave vector, k, is taken along the perimeter of figure 7.4;. Additionally as
we are considering two dimensional geometry the lowest branch emerging from the origin
of the wave vector represents shear waves and the second lowest represents longitudinal

waves. The tangent to the dispersion curve at any point gives the group velocity, such
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that
. dw(k)
Todlk|

(8.69)

where j depends on the branch under investigation [75]. The dispersion behavior for

Figure 8.14: Dispersion curves found by COMSOL using Bloch-Floquet analysis.

Metal Water I is shown in figure 8.14, the group velocity for shear waves was found to be
¢s = 230 m/s along both I' — K and I' — M. The longitudinal wave speed was found to
be ¢, = 1491 m/s along both directions. This shows the material behaves isotropically
at low frequency however we do see some anisotropy in these speeds when considering
all directions of the wave vector. As a check we use the discussion of material group
velocities from section 2.2.2 which allows two independent checks on the results from
the static finite element homogenization theory and Bloch Floquet when applied in
COMSOL. Using the previous results, equation (8.67), and taking cj = \/m and
Ccs = \/m we attain exactly the same results using p = 1000 kg/m?> which is the
density of water which we matched the structure to. We also see that the structure
has a frequency homogenization limit for the pure longitudinal mode around 25,000 Hz.
Between roughly 25,000 to 35,000 Hz and along the I' — M path we have a partial band
gap and do not expect any propagation of waves. This is a consequence of the unit cell
size, using figure 8.1 where we are using regular hexagons with [ = 12.89 mm the vertical
height of one entire cell is around 61 mm. Using the wave speed of water as 1500 m/s

and the unit cell size as the wavelength the expected homogenization frequency limit is
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roughly 24,500 Hz, which is similar to the behavior seen in the dispersion curves. The
dispersion curves were also found using the method of section 7.5, as shown in figure
8.15. Here Euler-Bernoulli beams are used as the building blocks of the structure. The
junctions in Metal Water I are then turned into point masses with associated moment

of inertia.  As expected there is better agreement between figures 8.14 and 8.15 at

x 10

4 —_

Frequency (Hz)

K r M

Figure 8.15: Dispersion curves found by method of section 7.5.

lower frequencies. The branches of figure 8.15 are shifted upward compared to the

FEM results.

8.3.1 Negative index lens

An interesting phenomenon of the dispersion curves of figure 8.14 is that the longitu-
dinal branch intersects branches with a negative group velocity, shown more clearly in
figure 8.16. As the wave vector increases from I' outward there are modes that have
negative slope and by equation (8.69) they also have negative group velocity. This
was investigated by a group at Institut d’lectronique de microlectronique et de nan-
otechnologie (IEMN) [86, 87], where numerical as well as physical testing on the Metal
Water I design was conducted. There is difficulty, however, in coupling modes at these
frequencies as the slab is intended for wavelengths on the order of the unit cell size.

Here we mention the wave vector location of the intersection between the longitudinal
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Frequency (Hz)

Figure 8.16: Intersections of longitudinal branch to branches with negative wave speed.

branch and the first branch with negative velocity. We vary the wave vector by angle

1 as shown in figure 8.17 and note the location, results shown in table 8.4. It should

M

r K

Figure 8.17: Varying wave vector along the irreducible Brillouin zone to find the
longitudinal-negative branch intersections.

be noted that the study done in [87] considered the second intersection.

8.4 Metal Water II: A corrugated design

Having designed and fabricated Metal Water I we next look for structures that are more
readily producible. This design considers the folding and bonding of metallic sheets
inspired by the production capability of Cellular Materials Inc. (CMI). A quarter cell
is shown in figure 8.18, note that when the cell is mirrored we have vertical struts of
thickness 2¢ while struts along the angle keep thickness ¢ only. Mass is then added by
adhering lead wire in various locations. Several designs were found using a variety of

materials including: aluminum, brass, and lead for the extra mass needed to match
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¥ (rad) |k (m™")
07/60 | [48.99,0.00]
17/60 | [50.25,2.63]
27/60 | [49.90,5.24]
37/60 | [49.56,7.85]
47/60 | [49.24,10.47]
57/60 | [47.35,12.69]
67/60 | [47.06,15.29]
77/60 | [46.77,17.95]
87/60 | [44.94,20.01]
97/60 | [44.67,22.76]
107/60 | [42.87,24.75]

Table 8.4: Wave vector value at the intersect of the longitudinal branch and the first
negative branch.

density. The properties used in calculations for these materials are
Aluminum {E =69 GPa, v=0.33, p=2700kg/m?
Brass {E =100 GPa, v=0.40, p=38,400 kg/m?>, (8.70)

Lead {E =16 GPa, v=0.44, p=11,340kg/m>.

Three unique designs were studied where each has the dimension | = 4.387 mm and
then the thickness was found by trying to match the bulk modulus. For aluminum the
thickness must be ¢ = 0.35 mm and for brass it must be ¢ = 0.23 mm, found using the
foam mechanics theory of section 6.1. Lead was used to add mass and was attached in
the COMSOL model by taking a 10 % overlay into the strut thickness. Figures 8.19,
8.20, and 8.21 show the COMSOL dispersion curves and geometry of where lead mass
was added for each design. Longitudinal and shear wave speeds are also found
in the figures. We note that a more perfect matching for the longitudinal speed could
be found by iterating the design further in COMSOL. Interestingly, Design 1, figure
8.19 using aluminum seems to be the best design. This is because the third branch is
higher and the frequency range for which there is only the longitudinal mode present
is the greatest. Lastly physical production of this material by CMI is an issue due to

the required bonding of corrugated sheets.
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Figure 8.18: Quarter cell design to be considered for CMI production. Thickness in the
quarter cell is constant described by dimension ¢. Missing is added masses that can be
tacked on in a variety of locations.

8.5 Application to cloaking

All of the methods used to create Metal Water 1 worked in the Cartesian coordinate
system and produced a unit cell with rectangular shape. In application to cloaking
theory the unit cell will need to be slightly deformed in order for a circular section to
come about. This can be done by a mapping of the r direction to y and 6 direction to
x. This approximation is made as the unit cell size is expected to be small compared
to the global scale of the cloak. The next step is to remove the constraints h = [ and
0 = m/3 in reference to figure 8.1. This has the consequence of creating anisotropic
structures while maintaining small shear modulus. This is needed as the cloaking theory
reviewed in section 5.2 requires anisotropic pentamode behavior defined by equations
(5.5) and (5.6). The procedure then comes down to finding a suitable structure with
parameters that can accommodate the transformation function, f(r), that is used to

define the elastic and density properties of the cloak as a function of the radius, 7. Then
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Figure 8.19: Design 1 using (top) aluminum and (bottom) brass. Each design has added
lead masses located at the center of the struts.

by taking a discrete number of layers and following the steps of figure 8.22 a cloaking
medium can come about [88]. Such an example was done for two unique layers in figure
8.23 using the foam mechanics model.

In relation to inertial cloaks the inverse problem was found in which using a structure
which layers three unique fluids a mapping function f(r) could be found [19]. Finding
the inverse problem for the pentamode cloak, that is finding a mapping function which
depends on the designed microstructure of the material would be extremely useful for
future development of cloaks and other devices that utilize transformation acoustics.
Instead of finding designs that suit the mapping function f(r), we find relations based
on the cell geometry that define the mapping function. This type of analysis is left for
future work but would be of great use in determining the proficiency of a proposed cell
design in application to producing an acoustic cloaking device. The development of
two dimensional structures is left here, the next chapter will focus on producing three

dimensional structures that again mimic the acoustic properties of water.
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Figure 8.20: Design 2 using (top) aluminum and (bottom) brass. Each design has added
lead masses located at the center of the struts as well as the junction.
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Figure 8.21: Design 3 using (top) aluminum and (bottom) brass. Each design has added
lead masses located one third the distance plus and minus of the center of each strut.
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Desired PM
m Properties
FEM Foam
Homogenization Mechanics
Model

Optimize Small
Cell Size

Figure 8.22: Process for creating additional metamaterials.

outer layer approx mid-layer approx

0 0 010

1.66 219 0 4 0.99 200 0
Cry= (219 320 0 |GPa Cry = |200 514 0 [GPa
0 0 020

p = 1533kg/m? p = 1180kg/m*

Figure 8.23: Example of achieving a cloaking medium. Here the foam mechanics theory
was used to develop two unique layers based on a mapping function f(r) that defines
the elastic and density properties required, equation (5.5).
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Chapter 9

Designing three dimensional Metal Water

Having developed two dimensional structures that mimic the acoustic properties of wa-
ter in the previous chapter we investigate further by doing the same in three dimensions.
The diamond lattice structure is chosen here as it only has four struts intersecting at a
joint. This is a minimum requirement for three dimensional structures and it should be
able to produce a smaller shear modulus as compared to other structures, it should also
be able to offer better isotropy in its effective moduli. Section 9.1 begins with a brief
derivation of the effective bulk modulus for cubic lattice structures, after which the
work of Warren and Kraynik [65], which undergoes a strength of materials approach to
deriving the effective moduli of the diamond lattice is reviewed. The section is ended by
listing the results of Norris [7], which aims to more accurately find the effective moduli.
The Warren and Kraynik results are used thereafter as they estimate both the bulk
and shear modulus. In section 9.2 the effective elasticity equations are parameterized
in terms of strut geometry and several different lattice materials are studied in order
to reduce the shear modulus while maintaining a match in the bulk modulus with wa-
ter. Bloch-Floquet analysis is accomplished in COMSOL and group velocities in the
quasi-static limit are calculated for several different designs. Analysis of changing the
strut geometry is completed in sections 9.2.3 through 9.2.6. Lastly section 9.3 considers
matching the acoustic properties of water using the cubic lattice in one direction, where
the wave speed and density are matched. It is done only in one direction as the cubic
lattice has rather large anisotropy. Application to cloaking theory is left out however
the analysis used here for producing materials with desired macroscopic elastic and

density properties can easily be applied to such a theory.
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9.1 Analytical static homogenization

We first investigate the cubic lattice using the strain energy method to find the effective

bulk modulus.  The strain energy in a strut of length L due to bending moment M (x),

e

Figure 9.1: Cubic lattice unit cell geometry, each strut has length L.

o1 a1
—— .
P =470, P =4L%0,

Figure 9.2: Applying o to the cubic lattice. Each face has area 4L2.

axial load R and shear load V is [89]

L./\/lz(l‘) L R2 L kv2
U= ; 2EI(:E)dx+/0 2EA(x)d$+/0 QGA(x)dSU, (9.1)

where k is a shear correction factor. When load o is applied to the unit cell, as shown

in figure 9.2, we find the strain energy to be

Uy = P2M/2, where M = /L do (9.2)
o ’ ~Jo BA@) |
The displacement and strain in the 1 direction is then
oUy 261
=—=PM = —=PM/L. :
1= 9P HERY) / (5:3)
The effective Young’s modulus can be found using
1
=2t = (9.4)

eq  ALM’
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In order to find the effective bulk modulus we can load the unit cell with a hydrostatic
pressure, o, and then do the same analysis. This means there are three directions
in which the strain written in equation (9.3) occurs. The change in volume due to
hydrostatic loading is then

A=¢; =3PM/L. (9.5)

Finally using the definition of the bulk modulus, K = o/e;,

oL 1

K=3pn = 121

(9.6)

We leave the cubic case for now and return to it later using COMSOL simulation.
Furthermore isotropic elasticity is not expected and higher shear moduli as compared

to the diamond lattice will occur.

Figure 9.3: Geometry associated with the Warren and Kraynik model. The unit cell
consists of four half-struts of equal length, L.

Following the work of Warren and Kraynik [65], the effective elastic properties of a
tetrahedral structure are reviewed. This structure is the building block of the diamond
lattice and it can be used to find its effective elastic properties. As shown in figure 9.3
the geometry consists of a tetrahedral unit cell with four half struts of equal length L.
The forces acting on the midpoints of each strut are considered in components parallel

and normal to each strut,

Fi=(Fi-e)e;+ (e, xF;) xe;, i=1---4, (9.7)
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where the unit vector e; is taken parallel to the 3" strut. Displacements of the midpoints

are taken as

A, = M(FZ . ei)ei + N(ez X Fz) X e; + Ly X e, (98)

where M is the axial compliance, IV is the bending compliance and % is a rigid body
rotation of the entire cell. The strut midpoints are defined by the undeformed position,

b?, plus a deformation §; = A; — Ay, such that
b; = bY + §;. (9.9)

Lastly equilibrium of forces and moments require

4

4
> Fi=0, ) e xF;=0. (9.10)
=1

=1

Cutting the volume element in figure 9.4 along x = 0 and finding a force balance on

Az

Figure 9.4: Figure to relate forces, F;, to stresses o;;.

the remaining volume yields the relation
12V2L2(0 i + Ouyj + 02.k) = Fo — F3. (9.11)
Cutting along y = 0 gives
12V6L2 (0, + 0yyj + 0y.k) = —3(F2 + F3) — 2Fy, (9.12)
lastly along z = —L gives

6V3L (0421 + 02yj + 0..k) = —Fy. (9.13)
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These relations can be plugged into the equilibrium equation, (9.10), to find further
relations. Taking a case of pure shear where 6; = v(bY - k)j, where v is the magnitude

of the shearing strain. The relation

0y = T BUTIN 4 TM) + (N — M)(fu + o)) (9.14)

can be found where f; are functions that deal with the three dimensional orientation of
the structure, found in equation (9.17). Similarly taking a case of uniaxial extension,
§; = (b - k)k, the normal stress is

e(N—M)

o) [(16N + 11M) + M(f1 — f2)], (9.15)

Ogx =

where

D = 288v3LMN(2M + N). (9.16)

Unlike the motivation behind [65], where the lattice was unstructured and took ran-
dom orientations, which is common in production metallic foams, we do not wish to
average over all possible orientation angles. The functions f;(6,¢,) and f(0, ¢,v)
are evaluated at f;(0,0,0) and f(0,0,0) where
f1(6, ¢) = 4v/2(25in 20 — sin 46) cos 3¢ — (4 cos 20 + 7 cos 46),
f2(0,6,1) = (34 4cos 20 — 7 cos48) cos 2t + 4v/2(3 sin 30 — sin 6) sin 3¢ sin 20
— 44/2(25sin 26 + sin 46) cos 3¢ cos 21,
f3(0, ¢, 1) = (2sin 26 + 7sin 46) sin 1) 4+ 4v/2(cos 26 — cos 46) cos 3¢ sin 1) (9.17)
+ 6v/2(cos O — cos 36) sin 3¢ cos 1,
fa(0, ¢, %) = 7(25sin 20 — sin 46) sin 3¢) + 4v/2(7 cos 20 + cos 40) cos 3¢ sin 31
+ 2v/2(7 cos O + 9 cos 30) sin 3¢ cos 3¢,
and f is found from f; by replacing (sinpi, cos py) by (cos pi, —sinpy). Evaluating
£i(0,0,0) and f7(0,0,0) yields
fi=-11, f2=0, f3=0, f4=0,

fi=-11, f3=0, f;=0, fi=32V2

(9.18)

Then for the case of pure shear

M
Oy = VY, — UWE = 5(40]\[ + 32M), (9.19)
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and for the case of uniaxial extension

N-M

Oy = /\E, — /\WK = 16.N. (9.20)

where subscript 1y denotes the result of Warren and Kraynik.

Figure 9.5: Regular tetrahedral unit cell for determining the bulk modulus using strain
energy formulation. Note for a regular tetrahedral structure, i.e. diamond lattice,
the edge length of the unit tetrahedron, a, to the half-strut length, L, are related by
4L = am, then the area of each face, Ay, in terms of L is Ay = 6v/3L%. The volume
of the tetrahedron is V = 8v/3L3.

Using figure 9.5 the results of [65], equations (9.19) and (9.20), can be independently
checked by finding the bulk modulus using a strain energy formulation. Consider the
origin, which is the junction point between all struts, as fixed. The strain energy of one
of the struts is

U, = P?M)2. (9.21)

The displacement of the strut in the direction of P, which is axial deformation, is

b1=5p =FPM. (9.22)

The total strut length after stress o is applied is then L' = L — PM. Considering load

P is applied to all struts the deformed volume, using the equation for the volume of a

tetrahedron, V = 8v/3L3, is
V' =8V3(L - PM)® = 8V3[L? - 3L2PM + 3LP*M? — P> M?] 023
~ 8V/3[L* — 3L*PM]|, |
where the approximation is used assuming infinitesimal deformation. The change in

volume of the unit cell is then

AV = 8v3L? — 8V3[L? — 3L°PM| = 24V3L*PM. (9.24)
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The bulk modulus can be easily determined by

Vo 8v3L3¢c

K= = ) 9.25
AV 24.\/312PM (9:25)

This can be simplified by using P = 60+/3L?, which is found by taking the stress,
o, applied to one of the faces on the unit cell having area 6v/3L%. The effective bulk

modulus is then
1

T 18VBLM'
which is the result that Warren and Kraynik [65] found for a randomly oriented configu-

(9.26)

ration of unit cells. It should be noted that by taking the Lamé parameters of equations
(9.19) and (9.20) and assuming N > M an approximate bulk modulus can be found,

where
40M 1

2 S Kwk~————, 9.27
N WK = 8V3LM (9:27)

AW K UWEK X

1
08 DN~
18v3LM
which agrees with the result of the strain energy method as shear is not accounted for.
A problem with these results is that the volume used for the tetrahedron should not be

used since tetrahedrons are not capable of filling three dimensional space. Instead the

volume for the diamond lattice should be used where for the regular diamond structure

44/3L3
V= 6 \f ) (9.28)

This changes the results and was compensated for by the work of Norris [7]. In that

work the effective elasticity was found to be

Ci1 Ci2 O w 1 0
Cia Cyp 0 |=Co|1 w! 0], (9.29)
0 0 Ces 0 0 0
with
d cs®Ry(Ry + cR3) (d —1)e(Ry + cRy)
Co= d—1V(My+dc2My)’ w = 2R, ; (9.30)

where d = 2,3 corresponding to two and three dimensions, ¢ = cosf, s = sinf, V is
the volume, and the parameters Ry, Rs, 6 are shown in figure 9.6. The volume, for the

diamond lattice used here, is

V = 6\/§($R2)d_1(R1 + CRQ). (9.31)
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R | R
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Figure 9.6: Unit cell used in the work of Norris [7], where there are three identical
struts with length Ro all oriented an angle # away from the opposite direction of the
fourth strut with length R;.

For the case of the regular tetrahedral structure, Ry = Ry = L, § = cos™! % This

gives isotropic behavior as w = 1 in equation (9.29). The volume is then the same as

equation (9.28). Looking for materials with small shear modulus the approximation

A = (11 is used, giving
B 1
16v/3LM’

where subscript n denotes the result of Norris. This is similar to the Warren and

AN (9.32)

Kraynik result shown in equation (9.27).

Using equation (9.30) the equations can be reformulated using an elastic filling
fraction, ¢, which will refer to the volume fraction of material necessary to achieve
the desired bulk modulus. The axial compliances are M; = My = ﬁ, where A is the

rod cross-sectional area. Cj of equation (9.30) gives

el
— %@ = ¢ E_ (9.33)

Cn =
79 v 9

In order to match the bulk modulus of water we take Cy = K = 2.2G Pa then for steel,
for which Young’s modulus is F =~ 193G Pa, we find (b:ffeel ~ 1/10. This result means

that in order to match just the strength of water we must fill approximately 10% of the

volume of the unit cell assuming uniform circular cross-section struts.
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9.2 Parameterization

Here the results of Warren and Kraynik, which gave an approximation on both the
effective bulk and shear moduli, are parameterized into a simpler form. Assuming rods

of constant circular cross-section the axial compliance, M, and bending compliance, NV,

L L 2
dz r“dx
M= &2 N= [ ZE&T 34
/0 EA’ /0 El (9-34)

where for a rod I = 7r/4, this results in

are given by

L 4L (9.35)
- Enr?’ - 3Emrt '
Simplifying the first lamé parameter, found in equation (9.20), gives
N — M)16N 2a?-1
AWk = ( ) =En 3 —, (9.36)
288v/3LM N(2M + N) 18v3a2(2 + 302)
where a = L/r and r is the rod radius. The shear modulus is taken as
M (40N + 32M 502 +3
KW K ( ) _ (9.37)

T .
36v/3at(2 + 302)

The approximation, A\wx ~ Kp,0, could be used since relatively long thin rods are

~ 288V/3LMN(2M + N)

expected which will mean pw g < A\w k. However, if the small amount of shear modulus
is taken into account then the bulk modulus is

40 + 202 + 3

" VI 73] (9.38)

2
Ky,0 = A\wk + SHWK =

The density can be found by using the volume and number of elements, rods and masses
in the unit cell. Referring to figure 9.7, the unit cell consists of 16 full length rods, that
is each rod has a full length of 2L, and 8 masses, points that we may add a specified
amount of mass to and the volume these components occupy is Vit = &9\/51/3‘ The

density is then
_ 9prodT 9m
P20 = 16Ba2 " 64v/3L3

where m is the mass located at each vertex. Parameters created are a non-dimensional

(9.39)

a = L/r and a dimensional 8 = m/L? having units of density. The ratio between A
and p is computed for comparison in terms of o where

pwr 3+ 5a?

= . 9.40
AWK 2042(%042 -1) (9.40)
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Figure 9.7: Full unit cell of the diamond lattice. It consists of 16 rods and 8 masses.

Clearly as a = L/r becomes greater the shear modulus must become smaller. Solving
equation (9.38) for the bulk modulus of water and equation (9.39) for the density
examples were considered for a variety of materials. Using steel where Young’s modulus

is Fsteer = 193 GPa and pgieer = 8000 k:g/m3 a solution is found with
Qsteel = 2.828, Bsteel = —255.2 kg/m?>, (9.41)

where pr,0 = 1000 k:g/m3 and the bulk modulus of water as Kg,0 = 2.2 GPa was
used. Since f is negative we must find materials that are lighter but keep relatively
large stiffness. The contribution of just the steel rods to the density, i.e. the first term
in equation (9.39), is 1020.7 kg/m?, so if we took 3 to be zero we would not be too far
off. The effective Lamé parameters using steel are Agee; &= 1.86 GPa and pigee; =~ 0.51

G'Pa. For aluminum the results are
Qalum = 1.616, Batum = —670.25 kg/m3, (9.42)

where Egjum = 69 GPa and pgpym = 2700 kg/m3. This results in a high shear stiffness
material, where the lamé parameters are \yym ~ 1.21 GPa and pgpum ~ 1.49 GPa.
This is due to the relatively small o which means the rods are rather short compared

to the radius. In order to increase « higher stiffness materials are required, for ceramic
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Figure 9.8: Predicted bulk modulus using equation (9.38), for steel, aluminum, ceramic
alumina, and silicon carbide (SiC) rods where Egeep = 193 GPa, Equm = 69 GPa,
Eeeram = 370 GPa and Eg;c = 450 GPa. Red dashed line represents the bulk modulus
of water, Kg,0 =~ 2.2 GPa.

alumina a solution is found with
Aeceram = 4007 5ceram =9242.9 kg/m37 (943)

where Feergm = 370 GPa and peeram = 3920 k:g/m3. Figure 9.8 was generated using
equation (9.38) and plots the effective bulk modulus as a function of « using several
different materials. Clearly a three dimensional material will be very difficult to produce
as high stiffness but lighter materials are required by the theory. These results are valid
for larger a corresponding to longer and thinner rods. Lastly it should be noted that
the filling factor, which is the proportional amount of space that could be occupied
by spheres in point contact with each sphere centered at the vertices of the lattice, is
”1—\? ~ 0.34 for the diamond lattice [90]. This result means that the lattice geometry has
difficulty in filling space and is the reason that very stiff materials are needed. In two
dimensions we only needed a material that was on the order of ten times the stiffness of
water, here in three dimensions we need something on the order of one hundred times

the stiffness.
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Figure 9.9: Using equation (9.38) for steel, « = 2.828, which creates the geometry shown
to the left. Dispersion curves found from Bloch-Floquet analysis using COMSOL are
on the right. Shown are various wave speeds for longitudinal and transverse motion
along paths of the Brillouin zone that have the point T'.

Figure 9.10: Brillouin zone for the diamond lattice [8]. The irreducible region is enclosed
by the points I', X, L, W, K, and U listed in equation (9.44).

9.2.1 Comparison using FEM

Next the results of Warren and Kraynik are compared using COMSOL. Instead of
using the static homogenization technique, reviewed in section 6.2, we go straight to
Bloch-Floquet analysis. Looking for quasi-static wave speeds by taking the derivative
of the frequency with respect to the wave vector, as shown in equation (8.69), we take

small steps away from I in the irreducible Brillouin zone, shown in figure 9.10 for the
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diamond lattice. The points are defined by [8]

0 1 1

r=lof, X=clo|. L=% 1],
0 0 1

- - (9.44)
1 1 1
3¢
W =¢ 1/2|, K:TO 1], U=¢p 1/41

0 0 1/4

where cg = /37/(4L). Using the steel result of equation (9.41), where the density is
not too far off, figure 9.9 was generated. Longitudinal and transverse wave speeds are
shown in the dispersion curve figures along various directions. The longitudinal wave
speed is about 2000 m/s and for water we desire 1500 m/s. Iterating the Bloch-Floquet
analysis just for the desired wave speed and neglecting the density requirement we find

Qsteel = 22.4. However this does not solve the problem since we are only finding

r Xr KT L

Figure 9.11: Right side shows the geometry for o = 22.4. Dispersion curves shown on
left using steel.

solutions for which ¢ = \/% ~ 1500 m/s. In order to be water like we require both the
density and the bulk modulus be equivalent to water, this ensures that the medium is
matched both in impedance and speed. For a = 22.4, figure 9.11 was generated. The
bulk modulus is found by noting the filling fraction for this example is ¢ = 0.00203,
which for steel gives an effective density of 16 kg/m?>. The bulk modulus as calculated
by Bloch-Floquet analysis via COMSOL is then; K*#M = 44.83 M Pa, whereas the

Warren and Kraynik result, equation (9.38), gives K?"*? = 38.68 M Pa, which is close
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to the FEM result. Likewise for o = 2.83, shown in figure 9.9, we found ¢ = 0.128,
which means the effective density is 1024 kg/m? and the bulk modulus calculated by
FEM is KFFM = 449 GPa and that calculated by (9.38) gives KP™? = 2.2 GPa.
This puts light to the fact that the theory is valid for thin members, in the example
of a = 22.4 we were to able to find closer agreement of the calculated bulk modulus

between the analytical and FEM results however for o« = 2.8 the results are quite off.

9.2.2 Examples using tetrahedral and spherical shaped masses

In order to match the density masses are added to the strut intersections. Using an
all steel design where the rod is simulated as being in full contact with the tetrahedral
shaped mass figures 9.12, 9.13, and 9.14 were generated. So far the dispersion curves in
this chapter have been taken with an unrealistic rod radius of 1 m, which explains the
rather low frequencies seen in the dispersion curves. The cell size can be scaled down
which has the effect of raising the frequencies in the band diagrams without changing
the wave speeds shown in the figures. This is seen between figures 9.13 and 9.14, where
the geometry is exactly the same except in figure 9.14 the rod radius was scaled down
to 1 em. After enough iterations figure 9.15 was created which matches the density
and wave speed very closely. Unfortunately the shear wave speed is high meaning there
is not much of a frequency range where only the purely longitudinal mode is present,
which is the desired goal of producing a material that mimics water-like behavior.

The next design considers using spherical masses where, in order to reduce the
materials effective shear modulus, rods are not in full contact with the sphere. The
geometry is shown in figure 9.16. The rod material was changed to silicon carbide
which is much stiffer than steel. This has the effect of increasing o which lowers the
expected shear modulus of the material. The spherical masses are taken as steel. Doing
this resulted in figure 9.17, which is matched to water in speed and density. The shear
speed is still rather high with an effective shear moduli of G =~ 0.25 GPa. Using a
stiffer material such as tungsten carbide, where the material properties are E = 550
GPa and p = 15,630 kg/m?, figure 9.18 was created. We investigate further by looking

into changing the rod geometry.
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Figure 9.12: Dispersion curves found from Bloch-Floquet analysis using COMSOL.
Using all steel design with a = 4.2, this gives an effective density of p = 1126 kg/m?>.
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Figure 9.13: Dispersion curves for a = 4.4 using tetrahedral masses, geometry shape
similar to figure 9.12 left. Using all steel design the effective density is 996 kg/m?.

9.2.3 Hollow Rods

Here rods consisting of inner radius r; and outer radius r are considered. Again the
axial compliance, M, and bending compliance, N, are given by
L L .2
dx z*dx
M= —~ N= - 9.45
/0 e e (9.45)
where I is the moment of inertia, for a beam I = bt3/12 and for a rod I = 7r*/4. For

a hollow rod I = 5(r* — r}) then

L N
En(r? —r?)’ ~ 3Em(ri—rd)

%

(9.46)
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Figure 9.15: Finalized version of the all steel design with tetrahedral masses in full
contact. Parameters are a = 4.32, L = 13 em, p = 1000 kg/m?3.

The effective moduli are

o (N-MI6N
WK T 988BLMN(2M + N)
M(40N + 32M)
P = =
288v/3LMN(2M + N)

and the bulk modulus is

(r? —r})(4L? = 3(r? +r}))

36V3L2(2L2 +3(r2 +17))’

(rt —rH(BL? + 3(r* +12))

24/3LA(2L% + 3(r2 +12))

r? — 7‘12)(4L4 + 2L2(7°2 + r?) + 3(7‘2 + 7'12)2)

KHQO ZEW(

36V/3L4(2L2 + 3(r2 +12))

)

(9.47)

(9.48)

(9.49)

because the term (r? —72) shows in the numerator taking hollow cylinders is of no help.

The density is

gprodﬂ-(r2 — ng) 9m

PH,0 =

164/3L2

+ )
64+/3L3

(9.50)
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No contact

Contact at base

Figure 9.16: Geometry using spherical masses with limited contact region. Used to
create figure 9.17.
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Figure 9.17: Silicon carbide rods with steel masses. Rod radius is » = 1.16 mm.
Effective properties are p = 1000 kg/m3, G ~ 0.25 G Pa, and v = 0.45.

9.2.4 Double coned rods

Trying the coned shape geometry, as seen in [24], in order to investigate if a reduction in
shear modulus occurs. The rod geometry is shown in figure 9.19, the axial and bending

compliances are

M= / FA ™ Em“R (9:51)

L 2 d T L3
N= / " 3ExRr® (9:52)

Using equations (9.19) and (9.20) the effective moduli are

(N — M)16N 412 — 3r?
= FEnmrR )
288v/3LM N (2M + N) 36v/3L2(2L2 + 3r2)

AWk = (9.53)
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Figure 9.18: Tungsten carbide rods with steel masses. Parameters: L = 13 mm,

a = 5.6, effective density, p = 1000 kg/m?3.

Figure 9.19: Double coned shape geometry of rod.

M (40N + 32M) 3 5L2 + 3r?
MWK = = Lmr . (954)
288v/3LM N (2M + N) 24+/3L4(2L2 + 3r2)
The bulk modulus is
4L + 2022 + 34
Ko = ExRr—r 221497 (9.55)

36v/3L4(2L2 + 3r2)
An example using this geometry was found using steel double coned shaped rods with
tetrahedral aluminum masses, shown in figure 9.20. Here we see a rather large range in
frequency where only the purely longitudinal mode occurs in the band diagram. This
design is capable of filling more space due to the rod geometry and exotic materials with

extreme stiffness such as silicon carbide are not needed, making it easier to manufacture.
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Figure 9.20: Double coned shaped example using steel rods and aluminum tetrahedral
masses. Parameters are L = 13 mm, L/r = 1.8, R = r/2.5, where R is the radius of
the rod measured at the contact region with the tetrahedral mass.

2L

Figure 9.21: Two radii and length model, for possible reduction in shear modulus.

9.2.5 Two length and radii model

The geometry shown in figure 9.21 is considered here where there are two radii and

lengths used to define the rod. The axial and bending compliances are

l1 dZE ll+l2 d.ZU ll l2
M= = 7 9.56
/0 EWT% +/l1 EWT% ET&'T‘% + Em«% ( )
1 l‘2 dz I+l 332 dz 413 4[2
N = oA g = L 312 + 31115 + 12]. 9.57
/0 Exri/a J’/l1 Enrijd  3Emd T 3EW§[ 24130y + 03], (9.57)
Simplifying further gives
[
M = Mo[L+ ()],
ro’ l
r l l ! (9.58)
Lydrqt2 2,2 2.3
N =No|l+(—)*3=+3(~ el
0[ +(r2) [ l1+ (l1) —I—(ll)] ,
where
h 413
M » and No = : 9.59
*T By T 3Emd (9-59)
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The lamé moduli are rather complicated functions and are not reproduced here. What

10° < < :

0 2 4 6 8 10 12 14 16 18 20
7"1/’/"2

Figure 9.22: The effect on the axial and bending compliance by reducing the radius of
a small piece of the midsection of the length is shown, using equation (9.58).
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Figure 9.23: The effect on bending and axial compliance for reducing the radius of a
small section near the junction, using equation (9.58).

is important are the studies shown in figures 9.22 and 9.23, where the parameters of
figure 9.21 are used to change the bending and axial compliances of equation (9.58). It’s
seen that this model can affect the bending compliance much more than the axial by
reducing a small length of the midsection of the rod. This will have the intended affect
of lowering the effective shear modulus while maintaining most of the bulk modulus.
Models using tungsten carbide rods with steel masses were constructed and studied
using COMSOL located in figures 9.25 and 9.26. Again the rods are only in contact

with the spherical mass at the rod base.
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Figure 9.24: Geometry used for the two length and radii model, L = l; 4+ l2 + I3, where
I3 begins at the junction center.

The approximate density in terms of design parameters is

~ gﬂprod(’r%ll + T‘%lz) 9m

16V3(Il + 12 64V3(lL +12)* (5:60)

9.2.6 Tapered ends

The design considered here, shown in figure 9.27, consists of tapering the rod ends, this

should have the effect of lowering the shear stiffness of the material. The radius is

r(z) = (9.61)
T2, x Z ll.

The axial and bending compliance are then

h bt dg 1 L1
M = / ro—r + / = [ : + _2]’
En(2 " x +r1)? I E7r1"2 T Enrytri r

l1 l1+l2
N / x2dzx +/ x2dzx (9.62)
En(Prte+r)t/4 0y Enri/4
_ 4 [£+(l1+l2) —lzl)’]
3E7T7‘§' T1 T2

Using this design, COMSOL models were produced in figures 9.29 and 9.30 with design
parameters located in figure 9.28. The best designs are those located in figures 9.20
and 9.30, both of which use machinable materials such as steel and aluminum. Further

work must be done but clearly tapering the rod ends seems to be the most effective
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Figure 9.25: Two length and radii model with spherical masses. Tungsten carbide
rods with steel spheres, effective density is 1000 kg/m3. Parameters: L = 13 mm,
L/ry =493, 13 =L/6.1, ro = r1/2, lo = L/20, where [y, l2, and I3 are shown in figure
9.24.

way of lowering the shear wave speed as compared to the other designs studied. In
summary producing three dimensional metamaterials capable of mimicking the acoustic
properties of water is a difficult task. A problematic hurdle here is that as we look
into designs that seek to minimize shear stiffness we find the parameter a« = L/r
decreases which has the opposite effect. One solution could be a type of ball joint
at the mass junctions, which would be able to sustain a hydrostatic loading but would
deform rapidly due to a shear loading. Further work on producibility must be conducted
however it is clear that designing a material capable of mimicking the acoustic properties
of water is feasible. Next the cubic lattice is studied where matching to water is found

along one direction.

9.3 Cubic example

Here the cubic lattice geometry shown in figure 9.31 is studied, it is noted that
anisotropic behavior in the effective elasticity is to be expected. The goal here is
to match the wave speed only in one direction while simultaneously matching density.
This device will be water-like along three directions parallel to the rods in the unit cell.

The Brillouin zone for the cubic lattice is shown in figure 9.32, where the points in the
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Figure 9.26: Two length and radii model with spherical masses. Tungsten carbide
rods with steel spheres, effective density is 1000 kg/m3. Parameters: L = 13 mm,
L/ri1 =5.34,13=1L/6.3, 0 =1r1/1.5, lo = L/40, where [, l2, and I3 are shown in figure
9.24.

2L

Figure 9.27: Rod geometry for tapered end design.

irreducible zone are defined by

0 0 1 1
™ s T s
I‘:— = —_— M:— = — . .
7 0] X AL AUE R 7|1 (9.63)
0 0 0 1

An example using steel was created where the wave speed is matched to water along
I' — X, located in figure 9.33. Here there is full contact with the mass and the rods.
Additionally the dispersion curves were generated at higher frequencies, shown in figure
9.34, where significant band gaps are present. This type of material could be used to
filter undesired frequencies. The wave speeds calculated by COMSOL are checked using

the Christoffel equation. The elasticity components of cubic materials are defined
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Figure 9.28: Geometry used for the tapered end model, L = [1 + 14 + I3, where [3 begins
at the junction center. Radius r; is the larger radius of the rod which tapers to radius
r4 located at the contact zone of the rod with the mass junction.

by three parameters, k, u1 and ps [33]. This was derived earlier in equation (2.58),
where the wave speeds were found using the wave vector directions used here. Equating
the speeds this material has elastic properties kK = 0.77 GPa, p; = 0.026 GPa, and
p2 = 1.11 G Pa, which can be checked using (2.58) using p = 1000 kg/m3. In figure 9.33
water like behavior is seen in the I' — X branch. This is similar to what was seen in the
previous section using the diamond lattice, however here this can only be accomplished
in this one direction of the k path defined by the irreducible Brillouin zone. Since the
I' — X direction in k space is equivalent to directions parallel to the rods the structure
has water like response along three directions normal to the faces. This concludes the
study of periodic lattice structures and the designing process of metamaterials here.
The next chapter concludes the thesis where original contributions, current work and

future work are discussed.
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Figure 9.29: Tapered end geometry. Tungsten carbide rods with steel masses. Pa-
rameters: L = 13 mm, L/r1 = 4.62, r4 = r1 /1.5, I3 = L/5.8, 4 = L/3. Dimension
definitions shown in figure 9.28.

AR A S-S

RN
[¢)]

e
&)}

Frequency (Hz)

. see
slde .
. .0
(L

. gast
e a60m/s
0 oot I

r XT

Figure 9.30: Tapered end geometry. All steel design. Parameters: L = 13 mm, L/r =
2.80, 74y =r1/2,l3 = L/3.5, 14 = L/5. Dimensions definitions shown in figure 9.28.
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A

Figure 9.31: Cubic lattice design. Parameters are: L, the total length of the unit cell,
a the length of one side of the cubic mass located at the joint, and r, the rod radius.

Figure 9.32: Brillouin zone of the cubic lattice [8]. Irreducible zone is enclosed by the
points ', M, X and R, defined in equation (9.63).
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Figure 9.33: All steel design. Parameters: L = 85.8 mm, a = 42 mm, and r = 4 mm.
Dimension definitions shown in figure 9.31.
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Figure 9.34: All steel design. Parameters: L = 85.8 mm, a = 42 mm, and r = 4 mm.
Effective density, p = 1000 kg/m3. Dimension definitions shown in figure 9.31.
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Chapter 10

Conclusions and future work

The main objective of this thesis was to produce materials that mimic the acoustic
properties of water. This was done by designing lattice type materials where elastic
and density properties are found from analysis of a unit cell. A robust study was ac-
complished in which macroscopic material properties were found by static and dynamic
methods and several designs were proposed and studied in both two and three dimen-
sions. Before beginning such an analysis an exhaustive review was completed starting
with general elastodynamic theory where acoustic and elastic waves were studied in
chapter 2. Designed materials with periodic structure containing reflection planes were
considered to achieve the desired goal, elastic material symmetries were reviewed as
it becomes important to understand what components of the elasticity tensor should
be considered when designing a new material. Chapter 2 ended with a review of the
Christoffel equation which computes the group velocities for longitudinal and shear
waves in elastic media. Understanding how to find wave speed behavior from a mate-
rial’s elastic and density properties became valuable as a check on the homogenization
methods reviewed in chapters 6 and 7, where by using the static methods elastic moduli
can be found and by the dynamic methods group velocities can be found.

In chapter 3 the standard global matrix method for scattering from a cylindrically
layered elastic medium was developed. The medium could have at most elasticity de-
scribed by transverse isotropy and the method was found to require the inversion of
rather large matrices dependent on the number of layers considered. This is problem-
atic, especially in the application of acoustic cloaking theory where material properties
of the cloak are required to vary as a function of the radius. This problem was re-

solved by the integration method reviewed and developed in chapter 4, where the Stroh
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formalism was used in conjunction with the matricant and impedance matrices offer-
ing a stable solution scheme. It was found that the method is able to quickly solve
for a large number of layers with general anisotropy and was used in chapter 5 where
acoustic cloaking theory was reviewed and examples were considered. It was shown
that pentamode elasticity is required for devices that are created using transformation
acoustics theory. This type of elasticity is so named due to the five zero valued eigen-
values of it’s elasticity tensor. Additionally it was shown this special type of elasticity
only allows for longitudinal waves to propagate as shear wave speeds are zero in such
a medium. Examples of acoustic cloaks using pentamode elasticity were considered
where some amount of shear modulus was added to the medium, this was done as any
elastic material able to keep structure will require a certain amount of shear rigidity.
The cloaking medium is able to tolerate some level of shear wave to be present and
still be effective. This result makes it possible to consider designed elastic structures to
serve as the cloaking medium.

As a first step towards producing pentamode type cloaks, the goal of acoustically
simulating water was chosen. In order to do this periodic structures were considered
and homogenization theories were reviewed to accurately design the material. Static
homogenization methods are reviewed in chapter 6 where elasticity components of pe-
riodic media can be found by both analytical and finite element means. In chapter
7, Bloch-Floquet analysis is extensively reviewed using several different methods with
new results in the application of Euler-Bernoulli beams. This offers dispersion curve
analysis in which group velocities can be found and static elastic moduli can be backed
out and compared against the results of the previous chapter.

Lastly, in chapters 8 and 9 Metal Water designs were considered and analyzed in
two and three dimensions. In two dimensions it was found that by using the regular
hexagonal lattice, simulating water like behavior is very possible and does not require
the use of exotic materials. In three dimensions the diamond lattice was required for
isotropic behavior, this is somewhat problematic as it is difficult to fill space in such
a lattice and as a result much stiffer materials were found to be required. However,

by analyzing several different types of strut geometries and mass junctions an example
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was found where double coned steel rods with tetrahedral aluminum mass junctions was
able to solve the problem offering a range of frequencies where only the longitudinal
mode exists, refer to figure 9.20. The cubic lattice was studied last where matching to
water occurs in three orthogonal directions. It was noticed that such a material has

fairly large band gaps, noted in figure 9.34, and could be used as a filtering device.

10.1 Original contributions

The original work completed in this thesis is largely in chapters 8 and 9, where unit cell
designs for Metal Water were found for two and three dimensional structures. In two
dimensions, Metal Water I was developed and produced, a three dimensional version has
not yet been produced. A cubic structure was also found in which acoustic matching to
water occurs along three orthogonal directions. The application of static and dynamic
homogenization theories has been used for other types of devices, especially in the
use of Bloch-Floquet theory in developing dispersion curves. The analytical static
homogenization theory of Kim and Al-Hassani [64] for which an estimate on elastic
moduli was reviewed. It was further developed in section 8.1 where several different
unit cells with various types of struts were considered. Other contributions include the
stable integration method which combines the matricant and impedance matrices to
solve for acoustic scattering from layered media, located in chapter 4 and first published
in [41]. Also new is the development of Bloch-Floquet solutions for elastic honeycomb

structures using Euler-Bernoulli beams, done in section 7.5.

10.2 Current and future work

Many methods were reviewed especially under the application of Bloch-Floquet theory
in chapter 7. Only the new method of using Euler-Bernoulli beams was compared to
finite element results. Comparison of the other methods where a study of how adding
physics to the problem changes the dispersion curves can be done. For instance, in the
mass spring model only longitudinal modes are captured, for the Euler-Bernoulli and

Timoshenko beams both longitudinal and bending modes are captured. Current work,
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in the process of being published, extends the use of Euler-Bernoulli beams into three
dimensions where comparison to finite element results shows that torsional modes are
not accounted for in the theory.

Other work currently being done is the design of a micro-structured elastic slab
device which takes an incoming acoustic wave and speeds it up in a given direction
without reflection. This type of device is being designed with the methods studied here
and time domain simulations done in COMSOL show the effectiveness of the device.
Another point not discussed in detail is the water-device boundary, in two dimensions
it has been seen that by water filling the bordering edges of the device better acoustic
conduction is seen in simulation. In the proposed three dimensional structures this type
of boundary does not exist and the question of how to best couple the two mediums,
fluid and elastic lattice, arises.

Currently two dimensional analysis can be done in COMSOL at Rutgers where
things such as reflection transmission spectrum analysis and full scale simulations can
be considered. In three dimensions there is a lack of computing power for full scale
simulation, where the micro-structure lattice design cannot be present in the model.
Instead by utilizing the static homogenization method, reviewed in chapter 6 for three
dimensions, a solid medium with effective elastic and density properties can replace the
lattice. This type of analysis works so long as the wavelengths considered are at least
on the order of the unit cell size, the analysis would be limited as the homogenization
limit of the structure would not be seen.

Possibly the greatest area for future work is in the general production of meta-
material devices. In two dimensions the Metal Water I design was produced with
waterjet machining, which has thickness limitations and can be costly. The proposed
CMI designs, which are constructed by bonding corrugated sheets, has had problems
in the bonding process but may have recently been resolved. Further development on
anisotropic two dimensional designs for acoustic cloaks is currently in the process of
being published. Three dimensional anisotropic designs has yet to be considered in the
application of cloaking theory. The ultimate goal for future investigation is the creation

of a multi-layered cloaking device and physical testing.
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