SELECTED TOPICS IN STOCHASTIC
OPTIMIZATION

BY ANH TUAN NINH

A dissertation submitted to the
Graduate School—New Brunswick
Rutgers, The State University of New Jersey
in partial fulfillment of the requirements
for the degree of
Doctor of Philosophy

Graduate Program in Operations Research

Written under the direction of
Andras Prékopa - Yao Zhao

and approved by

New Brunswick, New Jersey

May, 2015



ABSTRACT OF THE DISSERTATION

Selected topics in stochastic optimization

by Anh Tuan Ninh

Dissertation Directors: Andras Prékopa - Yao Zhao

This report constitutes the Doctoral Dissertation for Anh Ninh and consists of three
topics: log-concavity of compound Poisson and general compound distributions, discrete
moment problems with fractional moments, and the recruitment stocking problems.

In the first topic, we find the conditions for the compound Poisson and general com-
pound distributions to be log-concave (log-convex). This problem is very important not
only from the stochastic optimization perspective but also from the theory of maximum
entropy in probability. Some interesting connection to Turdn-type inequality will also
be mentioned.

In the second topic, we formulate a linear programming problem to find the mini-
mum and/or maximum of the expectation of a function of a discrete random variable,
given the knowledge of fractional moments. Using a determinant theorem we fully
characterize the dual feasible basis for this discrete fractional moment problem. With
the dual feasible basis structure, Prékopa dual method can be applied for its solution.
Numerical examples show that by the use of fractional moments, we obtain tighter
bounds for the objective.

In the third topic, we introduce a new class of inventory control model - the recruit-
ment stocking problems. In particular, we analyze a general class of inventory control

problem, in which we need to recruit a target number of individuals through designated
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outlets. As soon as the recruits of all outlets add up to the target number, the recruit-
ment is done and no more individuals will be admitted. The arrivals of individuals at
each outlet are random. To recruit an individual upon its arrival, we must provide a
pack of materials. We order the packs of materials in advance and hold them in the out-
lets. Outlets can neither transfer recruits nor cross-ship materials among themselves.
If an outlet runs out of stock, any futher recruit at the outlet will be lost. We propose
both exact and approximation methods to measure key performance metrics for the
system: Type I and II service levels and recruitment time. Extensive numerical study

shows the effectiveness of our proposed framework.
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Chapter 1

Introduction

This work consists of three selected topics in probability and stochastic optimization:
log-concavity (log-convexity) of compound Poisson and general compound distributions,
the discrete moment problems with fractional moments at the right-hand-side, and the
recruitment stocking problems.

The notion of a log-concave sequence was initially introduced by Fekete (1912) un-
der the name of 2-times or twice positive sequence as a special case of an r-times
positive sequence. From his famous convolution theorem on r-times positive sequences,
an important result for log-concave sequences can be derived, i.e., the convolution of
two log-concave sequences is log-concave. The continuous log-concavity comes up in
connection with failure rate in reliability theory (see, e.g.,Barlow, Proschan, 1965).
Prékopa was the first to introduced multivariate log-concave measures to prove con-
vexity of probabilistic constrained problems. Following are two fundamental theorems
from Prékopa (1971, 1973a,b). For further references, we refer to the monograph by
Prékopa (1995).

Theorem 1. Let f(x), z € R™ be a log-concave probability density function and let P

be the probability measure generated by f. Then P is a logconcave measure.

Theorem 2. If f(x,y) is a logconcave function of the m + n variables contained in
x € R", and y € R™, then

f(z,y)dy (1.1)
R’"L

is a log-concave function of © € R™.

An important consequence for the above theorem is that the convolution of two

log-concave functions in R™ is also log-concave.



Compound Poisson distributions play important role in many applied areas: acturial
mathematics, physics, engineering, operations research. The log-concavity property, in
connection with a compound Poisson distribution, comes up primarily in stochastic
optimization, where frequently the convexity of the optimization problem depends on
it (see Prékopa, 1995). One example is the bond portfolio construction problem with
probabilistic constraints. The claims in subsequent periods enjoy independent com-
pound Poisson distributions. In addition, the log-concavity property for a compound
Poisson distribution (on nonnegative integers) is also very important from the point of
view of understanding compound Poisson limit theorems.

This dissertation is based on the papers from Anh Ninh, Prékopa (2013a,b). Chapter
2 is devoted to derive the conditions under which some compound Poisson distributions
and general compound distributions are log-concave (log-convex). In particular, we look
at the compound distributions with geometric, negative binomial, Poisson and gamma
distributed terms. Furthermore, we present an interesting connection of log-concavity
to various Turan type inequalities.

In Chapter 3 we review the fundamentals of discrete moment problems (DMP) and
introduce a variation of DMP when the right-hand-side contains fractional moments.
DMP came to prominence by the discovery (Samuels and Studden, 1989), Prékopa
(1988, 1990a,b) that the sharp Bonferroni bounds can be obtained as optimum valus
of discrete moment problems. The simplest discrete moment problem, where power
moments are used, is closefy connected with divided differences, and higher order convex
functions. We show that DMP with fractional moments can also be solved efficiently
using Prékopa dual algorithm.

In the last chapter we introduce a new class of inventory management, called recruit-
ment stocking problems. We need to recruit a target number of individuals through
designated outlets. As soon as the recruits of all outlets add up to the target number,
the recruitment is done and no more individuals will be admitted. The arrivals of indi-
viduals at each outlet are random. To recruit an individual upon its arrival, we must
provide a pack of materials. We order the packs of materials in advance and hold them

in the outlets. Outlets can neither transfer recruits nor cross-ship materials among



themselves. If an outlet runs out of stock, any futher recruit at the outlet will be lost.

The recruitment stocking problem differs from previous research conducted in the
existing inventory management literature due to the finite target number which connects
all outlets in such a way that the recruitment is done as soon as the recruits at all outlets
reach the target. In most existing inventory models, we should satisfy demand as much
as supply allows. In other words, demand should be satisfied as long as inventory is
available. This is not true in the recruitment stocking problem, where as soon as the
target is met. no more demand will be served even if we have stock in the system.
With this unique feature under consideration, performance evaluation and inventory
allocation for this system are not known in the literature. In Chapter 4, we propose
both exact and approximation methods to measure kep performance metrics for the
systems: Type I, and II service levels and recruitment time.

The three topics in this dissertation are well connected. Log-concavity is used in
probabilistic constrained stochastic programming problems as well as discrete moment
bounds. Since log-concavity implies unimodality, we can take advantage of the shape
of the distribution to improve the quality of the lower and upper bounds in moment
problems (see Subasi et. al, 2009). Both log-concavity and discrete moment bounds
are encounterd in the context of the inventory management problem discussed in the

last chapter.



Chapter 2

Logconcavity of compound distributions

2.1 Introduction

Compound Poisson distributions play important role in many applied areas: acturial
mathematics, physics, engineering, operations research, etc., see, e.g, Bowers et al.
(1986), Takacs (1967), Prékopa (1995), Withers and Nadarajah (2011). The log-
concavity property, in connection with a compound Poisson distribution, comes up
primarily in stochastic optimization, where frequently the convexity of the optimiza-
tion problem depends on it (see Prékopa, 1995). One example is the bond portfolio
construction problem with probabilistic constraints. The claims in subsequent periods
enjoy independent compound Poisson distributions (see Prékopa, 2003). For solutions
of problems with discrete random variables in probabilistic constraints see Prékopa
(1990), Prékopa, Vizvari, Badics (1997), Dentcheva, Prékopa, Rusczyniski (2000, 2002)
and Prékopa, Unuvar (2012), Yoda, Prékopa (2015). In addition, the log-concavity
property for a compound Poisson distribution (on nonnegative integers) is also very
important from the point of view of understanding compound Poisson limit theorems
via entropy, as initiated by Johnson et al. (2008) and Barbour et al. (2010) and further
studied in Yu (2009) and Johnson et al. (2011).

Let X1, X9, ..., be a sequence of nonnegative valued i.i.d random variables and con-
sider the sum

S=X1+Xo+ ...+ Xn, (2.1)

where N is a nonnegative random variable and N, X;, Xs..., are independent. The

distribution of S is called compound distribution. If N is a Poisson random variable,



with parameter A > 0 :
fa=P(N=n)=—e ",n=0,1,2., (2.2)

then we say that S has compound Poisson distribution. In the same way we define
compound negative binomial etc. distributions, depending on the type of the random
variable V.

The notion of a log-concave sequence was first introduced by Fekete (1912) under
the name of 2-times or twice positive sequence as a special case of an r-times positive
sequence, when r = 2. The sequence of nonnegative elements... a_o,a_1, ag,... is said

to be r-times positive if the matrix

ag al a9
A= a_q ao al )

a_s a_1 ag

has no negative minor of order smaller than or equal to r (a minor is the determinant of
a finite square part of the matrix traced out by the same number of rows as columns).

The twice-positive sequences are those for which we have

a; aj
= a;aj — aja;—¢ > 0,
Qi—t Aj—¢

for every i < jand t > 1. Fekete (1912) proved the following important theorem.

Theorem 3. The convolution of two r-times positive sequences is at least r-times pos-

itive.
Several authors define log-concavity of a sequence ag, a1, ... by requiring only
a?L > ap_1Gpy1,n =1,2,.... (2.3)

This property, alone, however, does not imply that the convolution of two log-concave



sequences are also log-concave. For example, if the two sequences are defined as follows:

ap=0,a1 =1/2,a =a3 =0,a4 =1/2,a5 =ag=---=0 (2.4)

bo=by =by=bs=1/4,by=bs=---=0, (2.5)

then their convolution {c,} is not log-concave since c3 < cocy. In view of this, log-
concavity should be defined in the same way as Fekete has defined the notion of twice
positive sequence, or, in addition to the requirement (2.3) we have to require that {a, }
does not have internal zero. In other words, there are no indices 0 <1 < j <k <n
such that a; # 0,a; = 0,a, # 0. Then, a special case of Theorem 1.1 states that the
convolution of two log-concave sequences that have no internal zeros is log-concave. If
the sequence ila; is log-concave, then a; is said to be ultra-log-concave. A sequence {a,}
is said to be unimodal if for some 0 < 5 <nwehaveag <a; <---<a; >a;+1>--- >
an. It is well-known that a log-concave sequence with no internal zeros is unimodal.
The sequence {a,} is called log-convex if a2 < a,,_1an+1 for alln = 1,2, .... For further
reading on log-concave and log-convex sequences in algebra and combinatorics, we refer
to the works of Stanley (1989) and Brenti (1989, 1994), Liu, Wang (2006).

A univariate discrete probability distribution, defined on the integers, is said to
be log-concave (log-convex) if the sequence of the corresponding probabilities is log-
concave (log-convex). A unimodal probability distribution is a probability distribution
which has a single mode. Since log-concavity implies unimodality, log-concavity pro-
vides us with the shape information of the probability distributions. This information
was proved to be very helpful to improve the quality of lower and upper bounds in mo-
ment problems (Subasi et. al, 2009). Some examples of discrete log-concave distribution
includes the Bernoulli distributions, binomial distributions, Poisson distributions, geo-
metric distributions, and negative binomial distributions. These distributions are also
unimodal.

Log-concavity for compound variables with nonnegative integer values of the form
S = X1+ -4+ Xy was first studied in Johnson (2008) in connection with maximum
entropy property of discrete compound Poisson measures. He gave a conjecture on

the conditions to ensure log-concavity of S, in terms of the log-concavity of X;,i =



1,...,N. In the following year, Yu (2009) pointed out that this conjecture can be
deduced from the following result on log-concavity of infinite divisible sequences. A
probability distribution p,,n = 0,1,2... with py > 0 is called infinitely divisible (see
Steutel, 1970) if and only if it satisfies
n
(n+ 1)ppt1 = Zrkpn,k, n=0,1,2..., (2.6)
k=0

with nonnegative r; and ZZO:O rkPn—k- The following theorem is due to Hansen (1988):

Theorem 4. Let p, and rn,, n =0,1,2,..., be related by (2.6) with r, > 0,pg > 0 and
let r, be a log-concave (log-convex) sequence. Then, py, is log-concave (log-convez) if

and only if T% —ry > 0.

In addition, it is well-known that (Panjer, 1981) if NV is a Poisson random variable

with rate A then the following relation holds:
n
(n+ Dpnt1 = Y A+ D)gir1, >0, (2.7)
i=0

where p, = P(S =n) and ¢, = P(X; =n),n=0,1,2,.... Theorem (4) and Panjer’s
recursion imply the necessary and sufficient conditions for a compound Poisson on
nonnegative integer to be log-concave (Yu, 2009): ¢, is log-concave and A\gf > 2go.
Similar conditions for the compound Poisson on nonnegative integer to be log-convex
can also be derived from Hansen’s theorem. Further results on infinite divisibility and
compound Poisson distributions can be found in Steutel, Van Harn (2003).

Various applications of log-concave sequences are known in probability theory, com-
binatorics, etc. Surprisingly, log-concavity property came up first in connection with
orthogonal polynomials. The first theorem in this respect was proved by Turan (1950).
It states that if P,(z) is the nth Legendre’s polynomial, —1 < z < 1, then we have the

inequality

Po(2)? > Poc1(2)Paya (). (2.8)

Inequalities of the type (2.8), valid for orthogonal polynomials, are called Turdn type

inequalities. In recent years, many Turan type inequalities have been established for



Laguerre polynomials, Hermite polynomials, Bessel functions, Tschebychef polynomials,
etc. Some of them will be derived in this paper in connection with the log-concavity
property of special compound Poisson distributions.

In Section 2, 3, 4 we are concerned with log-concavity property of some compound
distributions on non-negative integers. Let p, = P(S =n),n = 0,1,2.... We prove
that the sequence {p,} without pg is log-concave, when the terms in S have geometric,
negative binomial and Poisson distributions, respectively. In Section 5 we use the notion
of a log-concave function f(z),z € R, meaning that f(Az+(1—\)y) > (f(z) (f(y))'
for any z,y € R,0 < A < 1, and prove the log-concavity of the continuous part of the
compound distribution with gamma distributed terms. In Section 6 we show the con-
nection between the log-concavity property of some compound distributions to various
Turdn type inequalities. In Section 7 we briefly outline an application of log-concavity

in a bond portfolio construction problem.

2.2 Log-concavity of compound distributions with geometrically dis-

tributed terms

In this section we prove theorems for log-concavity and log-convexity of compound dis-
tributions with geometrically distributed terms. The log-concavity part in our theorem
can be deduced from Theorem 4.4 in Johnson et al. (2008). They proved that, for the
shifted geometrically distributed terms, if IV is log-concave and a certain condition holds
then the compound distribution is log-concave. The mentioned condition is to ensure
that the first three terms pg, p1, p2 satisfy the log-concave inequality. Then, the authors
showed the log-concavity of pi,pe,... using Theorem 7.3 in Karlin (1968) (under no
condition on the parameters). The claim can also be implied from a binomial convolu-
tion theorem from Walkup (1976). For more information on linear transformation that
preserves log-concavity, e.g., see Wang, Yeh (2006).

The log-convexity statement presented in our theorem is new and can be proved
by the same method used for proving the log-concavity property. Note that the com-

pound distributions with geometrically distributed terms is log-concave or log-convex



depending on the log-concavity or log-convexity of IV is somewhat expected since the
geometric distribution is both log-concave and log-convex.
If X1, Xo,... have geometric distribution with support {0, 1,2, ..}, i.e., P(X; =n) =

p(1—p)"(n=0,1,2,...), then, as one can easily verify,

po=rs=m =3 n(" T k- 29)
k=1
where P(N = k) = fy.

Lemma 1. Let Sy, = Y " ¢z, with x; > 0 and ¢ = >", ¢; < 0. Suppose that
the sequence x; s either non-decreasing or non-increasing and there exists an integer
k such that ¢; > 0 for i < k and ¢; < 0 fori > k. Then Sy, is non-negative if x,
is non-decreasing. If we further know that c is zero, then Sy, is non-positive if x; is

non-increasing.

Proof. Clearly, ciz1+cozo+...+cprg < (c1+co+...+cp)rg and Cpp1Tkr1+ o+ CnTm <

(Ck+1 + - + cm)Tk41. Thus, we have

Sm < (aa+ca+ ... +cp)rr + (Cop1+ oo+ Cm)Tht
= (a14+co+...+cp)rr + [C — (1 + ...+ Ck)]xk-',-l

= (aa+eca+ ... +cp)(xr — Tpy1) + crppr < 0.
The proof of the second assertion is similar. ]

Theorem 5. If N has log-concave (log-convex) distribution (with no internal zeros) on
the set of nonnegative integers and the terms X;,1 = 1,2, .. are geometrically distributed,

then the sequence {pn}52 1, defined by (2.9), is log-concave (log-convez).
Proof. Let x = p, we have
O S Y G P (2.10)
Pn = p e k n . .

In order to prove the log-concavity of {p,}7>,, it suffices to show that {g,}7>; is

log-concave, where

gn:ka<k+Z_1>$k- (2.11)
k=1
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If we use the Cauchy product formula, we obtain

00 m—1
gnirgn-1—gp=>_ 2™ > Tififm—i (2.12)
m=2 i=1
where
T — itn)((m—i)+n—-2\ (i+tn—-1\/(m—i)+n-1 ' (2.13)
n—+1 n—1 n n
m—1
Notice that if fy = 1,k = 1,2, ..., then we have g, = (1 — z)~!=™. Thus, Z T; is the
i=1
coefficient at ™ in the power series expansion of
(1—z) "zl —2)2 "z —[1-2)"""2]? =0, (2.14)
m—1
and it follows that Z T;, = 0.
i=1
m—1
Case 1: m is odd. We can rewrite Z T fi fm—: as
i=1
m—1 [(m—1)/2]
i=1 i=1
m—1
Case 2: m is even. We can rewrite Z T; fifm—i as
i=1
m—1 [(m—1)/2]
S Tififmi= Y, (Ti+Tm-i)fifm—i+ Tmafo s (2.16)
i=1 i=1

Using (2.13), we can easily verify that T}, < 0. In either case, T; + T;,—; is equal to

<m—z’+n—2> <i+n—2> (2+4n)i% — 2m(1 + 2n)i + n(m® —m +2) + 2(m — 1)

n—1 n—1 n?(1+mn)

(2.17)
By (2.17), we have that T} +T};,—1 > 0 and Tj(,—1)/2] + Trn—[(m—1)/2] < 0. Furthermore,
since the numerator is a quadratic function of 4, there must exist an integer k such that
Ti+T—i >0, for i < kand T;+T,,—; <0, for i > k. If { fr,}32, is log-concave (without
internal zeros), then f;f,,—; is non-increasing, for i < [m/2]. The assertion follows from

Lemma 1. O]



11

2.3 Log-concavity of compound distributions with negative binomial

distributed terms

If X1, Xo,... are independent and have negative binomial distribution with support

{0,1,2,..} and
-1
P(X;=n) = <T+” >p"(1—p)7“, n=0,1,2,..., (2.18)
n
then, as one can easily verify, we have the equation:

P(s=n) =3 f (’“ e 1)p"<1 P, (2.19)
k=1

where P(N = k) = fi. Before stating the theorem, let us prove the following.

Lemma 2. We have the relation:

i <2k+:— 1>$k

k=1
_ T IO O el € B V2D L € B V2 Ml € S VA
= z(1—2)7! [ NG + 5
Proof. By the binomial theorem, we have
(1 + \/E)n = Z <Z> xk/z, (2'20)
k=0
(1=-va)" = (Z) 22 (—1)F, (2.21)

From (2.20) and (2.21), we derive:

(L+Va)' — (L= Vo) | A+ yO)" (= VD" 3N (8 P

2z 2 —\n— 2i
Since we have the equation
oo
k -1
3 < n >xk — (1 —a) (2.23)
n
k=1

it suffices to show that

o0 o0 [n/2]
2k +n—1\ 5 k+n—1\ . n+1Y\ ;
E < . >a: = E < . )x E (n B 21,)56 . (2.24)

k=1 k=1 1=0
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Using the Cauchy product formula, for the coefficient of 2* on the right-hand-side of

zk: (” +:L ) 1> <n _n2zrk1_ i))' (2.25)

i=1
It is well-known (see,e.g.,Riordan, 1968) that

(”:f) e <n:”bk> <n - ;n++11+ 2k> : (2.26)

2k<m—n+p

(2.24) we get

For the case of m = n and p = 2¢ — 1, it specializes to:
k .
2k+n—-1 n+i—1 n+1
= . 2.27
) Z( )G ) (2:27)
Equation (2.27) shows that the coefficient of 2% is the same on both sides of (2.24) and

the assertion follows. O

Note that the compound distributions with geometrically distributed terms is log-
concave or log-convex depending on the log-concavity or log-convexity of N since the
geometric distribution is both log-concave and log-convex. However, the negative bi-
nomial distribution is log-concave so in the statement of the following theorem, the
compound distribution with negative binomial distributed terms, in general, is not

log-convex even if N is log-convex.

Theorem 6. If N has log-concave distribution (with no internal zeros) on the set of
nonnegative integers and the terms X;,i = 1,2, .. are negative binomial distributed with

parameter r = 2, then the sequence {p,}5°, is log-concave.
Proof. Let x = (1 — p)2. Then we have

pa=0"Y_J <2k +nn B 1) k. (2.28)

k=1

In order to prove the log-concavity of {p,}7>,, it suffices to show that {g,}7>; is

log-concave, where
oo
2k+n—1
Gn = kzl fk( . >xk (2.29)

Using the Cauchy product formula, we obtain

o0

m—1
In+19n—-1 — 9121 = Z ™ Z Eflfm—la (230)
m=2 =1
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where

- (2;19 <2(m—nz')_—iin—2> B <2¢+g—1> <2(m—’i31+n—1>. .31

Notice that if fr =1,k =1,2,..., then we have

gn = i <2k +: - 1) k. (2.32)

k=1
Using Lemma 3.1, we can derive the formula:

1.2

m—1
We have the inequality Z T; < 0, since the sum on the left hand side is the coefficient
i=1
of ™ in the series expaflsion of
2 [ee] .
T n+i+1\ ;1o
- = — . 2.34
(EnCERpS (") =
m—1
Case 1: m is odd. We can rewrite Z T;fifm—: as
i=1
m—1 [(m—1)/2]
Y Tififm-i= Y (Ti+Toni)fifm-s. (2.35)
i=1 i=1
m—1
Case 2: m is even. We can rewrite Z T fi fm—: as
i=1
m—1 [(m—1)/2]
N Tififmi= Y, (Ti4Tmi)fifmi+ Tl (2.36)
i=1 i=1
Using (2.31), we can easily verify that T,,,, < 0. In either case, T; + Ty, is equal to
c (8 +16n)i% — 8m(1 + 2n)i + 2n(2m? — m + 1) + 2(2m — 1)7 (2.37)
n?(1+n)
where
2(m —1 —2\ [2i -2
o, = (Hm—i+n rhn=2) (2.38)
n—1 n—1

It follows from (2.37) that T1 + T, 1 > 0 and T(—1)/2] + Tin—[(m—1)/2) < 0. Further-
more, since the numerator in (2.37) is a quadratic function of 7 there must exist an
integer k such that T; 4+ T,,,—; > 0, for i < k and T; + T,—; < 0, for i > k. If {fi}32, is
log-concave (without internal zeros), then f;f,,—; is non-increasing, for i < [m/2]. The

assertion follows from Lemma 1. O
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2.4 Log-concavity of the compound Poisson distribution with Poisson

distributed terms

If X1, Xo, ... are i.i.d Poisson distributed random variables with parameter u > 0 and
N follows Poisson distribution with parameter A > 0, then we have the equation

2. (kp)re ke \ee=A

pn=P(S=n)= o o n=20,1,2,.... (2.39)
k=1
Let x = e #)\. Then we can write:
_»Mnefk 0 nxk
Pn=" ) K (2.40)
k=1

We have the following
Theorem 7. The sequence {pn}°,, defined in (2.39), is log-concave.

Remark 1. Fquation (2.40) can be rewritten as

B, (x)

n —Aew
n!

Pbn =€ ) n::152w“a

where the By, (k) are the Bell polynomials whose coefficients are the Stirling numbers of
the second kind S(n, k):
Bp(x) = Z S(n, k)", (2.41)
k=0

It suffices to show that the sequence { By, (x)/n!}5° , is log-concave. Thus, Theorem 4.1

follows from

Theorem 8. The sequence of Bell polynomials { By (z)/n!}22 is log-concave for any

z € R.

Proof. Tt is well-known [6] that if {1, Z1, Zs, ...} is a log-concave sequence of nonnegative

real numbers and the sequence {a(n)}>2 is defined by
> a(n) , 7 .
> ( )y =exp | Y Ly |, (2.42)

n!
n=0 J=1 J

then the sequence {a(n)/n!}5, is log-concave and the sequence {a(n)}22 is log-convex.

Note that

_ r 4
el =Dz — epp Zﬁy] . (2.43)
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In addition, we have

(o)
By ()
(eY—1z _ n n
e —Z Y (2.44)
n=0
thus,
o o)
f 7 _ Bn<$) n
exp Zj!y —Z TR (2.45)
j=1 n=0
Let Z; = ﬁ for j > 1. It is easy to check that the sequence 1,77, Zs... is
7—1)!

log-concave for x > 1 or x < 0. Thus, according to Bender-Canfield’s Theorem,
{Bpn(x)/n!}52; is a log-concave sequence for z > 1 or z < 0.
If 0 < z < 1, we can always find v > 1 and v < 0 such that x = u+v. Furthermore,

it is proved in [1] that we have the following identity:

n

Bulutv)=3 <Z> Bi(u)Byi(v), (2.46)

k=0
hence, equation (2.46) can be rewritten as

Bulu +v) _ 5~ Bylu) Bus(v)

n! _k:O kK (n—k)"

(2.47)

In other words, By, (z)/n! is the convolution of two log-concave sequences By, (u)/n! and

By, (v)/n!l. Thus, the sequence { B, (z)/n!}° is log-concave for any = € R. O

Remark 2. Theorem 8 is the generalization of Lemma 2 in Asai et. al (2000) since

the Bell numbers by(n) is the value of Bell polynomial at x = 1.

2.5 Log-concavity of the compound distribution with gamma distributed

terms

If the terms in a compound distribution are continuously distributed, then the proba-
bility distribution of S is of a mixed type. It has positive probability mass at 0 and has

a continous part with p.d.f. If the terms X; are gamma distributed with the p.d.f

w’ 0—1
—uz, -
T) [ A (2.48)

then the p.d.f of the continuous part of the probability distribution of S is

o0 if '
o) =3 figgy T a0 (2.49)
=1
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and P(S=0)=P(N =0).

The compound Poisson distribution with gamma distributed terms has a wide range
of applications. For example, it has been used to model rain fall (Fisher, Cornish, 1960,
Ozturk, 1981). However, many mathematical properties of this distribution have not
been known (Withers, Nadarajah. 2011). In their paper, the authors derived the
representations for the moment generating function as well as some expansions for the
probability density and cumulative distribution for this compound Poisson distribution.

The following theorem holds for 1 < 8 < 4 but detailed proof is presented only for

1 <6 <2, for simplicity. At the end the proof for the more general case is outlined.

Theorem 9. If N has ultra-log-concave distribution (with no internal zeros) on the
set of nonnegative integers and the terms X;, 1 = 1,2, ... are gamma distributed with

parameter 1 < 0 < 2, then the continuous part of the distribution of S is log-concave.

Proof. Simple calculation shows that

> rﬁ; (i~ 1a"?
(Ing(2))" = | —p+ =5%—— : (2.50)

0
7]
izlfir ;

The derivative of the right-hand-side, with respect to x, equals

6'
(In g( [Z fi it Z fI 29 — 2)(i — 1)zi0-3

—<;fi;;9><w ) (Sops

If we start the summation from ¢ = 0 and use the Cauchy product formula, then

- 1)2. (2.51)

the formula for the denominator of (Ing(x))” is the following

! [(i 4+ 1)8 — 2][(i + 1)8 — 1]2F+2)0—4,(+2)0
2 fisfi L@+ D[ — i+ 1)6)]

Mg

7=1 =0
[(j—i+1)0—1][(i + 1)0 — 1)z +2)0-4,(G+2)0
—Ji j+1—i ; — 2.52
Jirfin L[(i + 1)OIT[(j — i + 1)6] (2:52)
00 J
> IR0 G0N T (0) fig fia1—i, (2.53)
j=0 =0
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where
[(i +1)8 — 1][(2i — §)8 — 1]
L[+ 1O [(j —i+1)0]

For simplicity, we write 7; instead of T;(). Since x and p are positive, we only need to

T;(0) =

(2.54)

prove the non-positivity of the inner sum. First, we show that for 1 < 8 < 2 we have

the following inequality

J o
[(i+1)8—-1)[(2i —j)0—1] 1 1 .
<0 ,j=0,1,2,.... (2.55
; L+ 100G —i+1)0 (i+1)(—i+1)! J (2:55)
We can rewrite the left hand side of (2.55) as
ZJ: (i+1)0—1][(2i — )0 —1] (2i+D2j—2i4+1)! 1 1 (2.56)
2+ D)I2j -2+ ) TG+ DG —i+ D @+ DG —i+ ) T
Using the binomial theorem, we obtain the identity
zJ: 10— 1][(2i — )0 —1] (0 —2)(0f +6 —2)2% 1 (2.57)
(20 +1)1(2) — 20+ 1)]] B (25 +2)! ‘
which proves that
J o
Z (D6 —UI@i=0=1 _ 4o (2.58)
pars (20 +1)! 2j—21+1)]
Next, we show that the sequence
(2i4+1)! .
i= : i=1,2,3,... 2.59
G+ )T+ 00" (2.59)
is log-concave for 1.2 < 6 < 2, or, equivalently, verifying that
(20 + 1)I(2i + 1)! S (2e —1)! (20 +3)! (2.60)
(i+ D@+ D)IT2[(e+ 1)0] — ilT[0] (i +2)I0[(i +2)6] )
The above inequality can be further simplified to
i0]T[(7 + 2)0] < (i4+1)(2i +2)(2¢ + 3) (2.61)
i+ 10 — (1+2)(29)(2i+1) '
Boyd (1961) has shown that the following equation holds true:
L0 [(i + 2)0] : - (=0
= Fi(—0,-0,i0,1) = 1 . 2.62
v g 20001 +; 110) (262)

Using the first two terms in the expansion, we can easily verify the following inequality

O  0(1—0)% _ (i+1)(2+2)(2+3)
L3 2z’(1+0z‘)2 (i +2)(26)(2i + 1)

. 12<6<2. (2.63)
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Thus, the sequence {h;}°; is log-concave. Lemma 1 implies (2.55) for 1.2 < 6 < 2.
For the case of 1 < 6 < 1.2, the sequence {h;}°; might be log-convex and Lemma 1
cannot be used. However, h; can be modified slightly to be log-concave on the interval
of interest. Indeed, using expansion (2.62) with the first term corresponding to k = 1,
we can check that the new sequence

(2i +2)!
(i + DT + 1))’

i=1,2,3,... (2.64)

J
is log-concave. Therefore, if we rewrite the summation Z T;(0) fi+1fj—i+1 as following
=0

i [+ 1)0 —1][(20 — 5)0 — 1] (20 +2)1(2) — 2i + 2)!
(20 +2)1(2j —2i +2)! T[(i+1OT[(j —i+1)0

] fit1fj—i+1, (2.65)
i=0

and, use direct computation to verify that the sum

J . . .
1)0 —1][(2i — 5)0 — 1]
<0, 1<6<12 2.
; Qi) ity SO =it (2.66)

is nonpositive in the given interval of 6, and inequality (2.55) follows. Now, we can

J
rewrite Z T; fix1fj—it1 as

1=0
J T
: o+ D]l — i+ D). 2.67
> g =l D el = D (2.67)
The log-concavity of ¢! f; and Lemma 1 complete our proof. O

Remark 3. In what follows we outline the proof for the log-concavity of the compound
distribution when 2 < 0 < 4. On this interval, the coefficient in the linear term of the
polynomial in (2.53) (corresponding to j = 1) is positive. The coefficients corresponding
toj =2,3,... can be shown to be non-positive using similar argument as in the case
of 1 <0 < 2. Thus, the assertion of our theorem will follow from the non-positivity the
summation of the first three terms. This summation can be simplified to a quadratic

function of (xp)? and its sign can be determined from its discriminant:

- (0-1)(0—2)%+4(6 —1)(1 —20) 4(0 — 2)*

A= T[20]? 13+ T

f1f3. (2.68)

The following inequality for 2 < 0 < 4 can be verified using the expansion in (2.62)

4(0 — 2)? _ -0 - 2)2 +4(6 — 1)(20 — 1)
T[0|T[36] T[26]2 ‘

(2.69)
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Hence, we have

9\2
Aéﬁ%ﬁ%mﬁ—ﬁ%w- (2.70)

The latter inequality follows from the assumption on the log-concavity of f;, i =1,2,....

When the terms follow exponential distributions or Erlang-2 distributions, we have
a stronger statement as follows. Note that f(z) is called log-convex with x € R, if

fOz 4+ (1= Ny) < (f(@)Mf(y)' = for any 2,y € R,0 < A < 1.

Theorem 10. If N has log-concave (log-convex) distribution (with no internal zeros)
on the set of nonnegative integers and the terms X;, i = 1,2, ... are gamma distributed
with parameter 8 = 1 or 0 = 2, then the continuous part of the distribution of S is

log-concave (log-convez).

Proof. The idea of the proof is similar to that of Theorem 9. We need to show the

non-positivity of the inner sum in equation (2.53). If j is even, we have

J i/j2—1 J
Y Tifinifi-inn = Y, Tifirfimonn+Tipaflnn+ Y Tifivifj-it]
i=0 i=0 i=j/2+1
jj2-1 jj2-1
— 2
= > Tifirfiin+Tiplipn + >, Timifjivifir]
=0 =0
[(5—-1)/2]
= Z (T; + Tj—i) firr fi—iv1 + Tj/2fj2/2+1- (2.71)
=0

Similarly, if j is odd, then we have

J [(G—-1)/2]
Z Tifis1fj—ig1 = Z (T + Tj—i) fis1 fi—it1, (2.72)
=0 =0

and for either case, we have

(5 —20)%0% — (j +2)0 +2
L[+ D)OIT[(j — i+ 1)0]

Case 1: 6§ = 1. Then

N
3

|
-

2i-j—1 _L(i-1)-(-i)
— (i = 1)I(j —9)! _; il(j —1)!

=0 7

1 < 1
G GG

I
-M“'

Il
)

(2
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Case 2: 6§ = 2. Then

4i—2j -1
(20)!(25 — 26 + 1)!

2i— (25 —2i+1)
N(2j —i+1)!

M“

=0

(20)!
1 2”: 1
(22—1) (25 —2i+1)! P (20)1(25 — 24)!

(—=1)0+D) (2*7> = 0. (2.75)

1

Il |
1 10+ 1

[e=]

7=
The numerator of T; 4+ T;_; is a quadratic function of i. Furthermore, using (2.73),
we can verify that Tj;_1y/9) + Tj_[(j_1)/2) is negative. Thus, T; + T)j_; has exactly one
change of sign (some number of initial terms are positive while all further terms are

negative). The assertion follows from Lemma 1. O]

2.6 Connection to Turan-type inequalities

In this section we show an interesting connection between the log-concavity of com-
pound Poisson with some well-known Turan type inequalities. These inequalities are
named after Paul Turdn in a 1946 letter to Szego (see Szegd, 1948) showed the inequality
for Legendre polynomials. Many inequalities in relation to classical orthogonal poly-
nomials have been proved: ultraspherical, Laguerre and Hermite polynomials, Jacobi
polynomials, Bessel functions of the first kind. We refer to Skovgaard (1954), Baricz
(2008) and the references therein. Recently, some Turdn inequalities have been derived
from the log-convexity and log-concavity of more general functions. For example, Bar-
icz studied the log-convexity of the Kummer function (or the confluent hypergeometric

function):

RACTEIESY) Ez)kf (2.76)
k=0

\_/

where (a); = a(a+1)...(a+k—1) is the Pochhammer’s symbol and showed the following

reverse Turdn type inequality:
1Fi(a;e+1;2)% <y Fi(a;c; o)1 Fi(a;c+ 2;z). (2.77)
Carey and Gordy (2007) conjectured the following Turdn type inequality:

1Fi(a;c;x)? >1 Fi(a+ 1;¢2) 1 Fi(a — 1;¢2), (2.78)
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for a > 0,c > a + 2,2 > 0. A more general inequality was proved later in Barnard et.

al (2009) under some condition for the parameters:
1F1(a;¢; x)2 > Fi(a+v;cx) Fi(a—v;c ). (2.79)
For more references on Turan type inequality on hypergeometric functions, see Karp,
Sitnik (2010). The authors studied the log-convexity and log-concavity of hypergeometric-
like functions and prove some beautiful results on hypergeometric functions.
Based on the log-concavity of the compound Poisson distribution with shifted geo-
metrically distributed terms, we can derive a corollary for Laguerre polynomials:

Ln(z) = 2": (n . k) (_ij)k'

k=0

It is a special case of Proposition 2.8 in Simic (2006) when he studied Turdn type

inequality for Appell polynomials.

Ly (=)

Corollary 1. The sequence is log-concave for n =1,2,.. and x > 0.

Proof. If X1, Xo, ... have the same geometric distribution with support {1,2,3..} and

P(X;=n)=pq" '(n=1,2,.), then, we have

P(S = n) —Zn: Bk - )"*WQ (2.80)
I AV VA K '
Simple calculation shows that, for {p,}°; in the above expression, we have the equa-
tions
" /n—1 e e
e =) <k: B 1>pk(1 - p) k@\)k?
k=1 )
" /n—1 PA K e
= —_— 1—p)"—ro. 2.81
N e e
k=1
PA
Let 1 ;=% Then (2.81) takes the form:
Y (i P (282)
=2 \p—1)" 0 '

k=1
If we use the relations p,? > pn_1pns1, n = 2,3, ..., then, by (2.82), we obtain:

(i) = (B0 50 )
n+1 k
(Z (k . 1) %(1 - p)"“ek> (2.83)

k=1
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which reduces to

(S0 = (B0 EC)a) ew

after cancelling by (1 — p)"e

" /n—1\zF , .
Let B, = ; <k: B 1) o for n = 1,2, ... If we use Pascal’s identity

n n—1 n—1
= 2.
(n—k) <k—1>+<n—k—1>’ (2:85)
then for B,, we get:

no= 2[00 ()]

k=1 k=1
B zn: gk n B ol ai“ n—1
- kKl'\n—k K\n—k—-1
k=0 k=0
= Ly(—z)— Lyp_1(—x). (2.86)

It is well-known (see,e.g.,Riordan, 1968) that the Laguerre polynomials satisfy the fol-

lowing recurrence equation:

d
md—Ln(x) =nLy(z) — nly,_1(z). (2.87)
x
o L (—x) )
This implies that B,, = —x————= and the assertion follows.
n

O]

Based on Theorem 5, an interesting inequality on the confluent hypergeometric
function can be derived. This inequality is a special case of Theorem 1 in Barnard et.

al (2009).

Corollary 2. For k > 0,2 > 0: 1 Fy(1 +k;2;2)% > 1 F1(k; 2;2)1 F1(2 + k; 2; ).

Proof. Let X1, Xo, ..., be i.i.d. random variables with P(X; = n) = p¢"(n =10,1,2,...).
Then the following formula holds for the probability mass function of the compound

Poisson distributions:

> (n+k—1 g€
k=1 )
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Let x = pA. Then we have

= /n - e A
pn=§:< +s 1>ﬁG—pwkﬂ. (2.88)

k=1

This distribution has connection with the confluent hypergeometric function:

—~

CL

o0
1F1ac:c:§
(¢)k

k=0

?7 (2.89)

\_/

where (a)r = a(a+1)...(a+k —1) is the Pochhammer’s symbol. It can easily be shown

that
n+k—1
2:( . )H 1Fr(1+ k325 2). (2.90)
k=1
Theorem 5 and equation (2.90) imply the statement. O

The following corollary establishes a Turan type inequality for the hypergeometric
function o F5. It is a consequence of the log-concavity property of the compound Poisson

with negative binomial distributed terms.

Corollary 3. The hypergeometric function oFy satisfies the following inequality

n/2+1,n/2+3/2 n/2+3/2,n/2+2
(TL+ 1)2F2 x > (TL-|- 2)2F2 x
3/2 2 3/2 2
n/24+1/2, n/2+1
3/2 2

Proof. Let X1, Xs,..., be i.i.d. random variables with P(X; = n) = p"(1 — p)?(n =
0,1,2,...). Then the following formula holds for the probability mass function of the
compound Poisson distributions:

oo

Let 2 = (1 — p)®\. Then we have

o0

. 2k +n — 1\ 2*
pn—peA§:< . )m' (2.92)

k=1
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Since the compound Poisson distribution with negative binomial distributed terms is
log-concave, we know that p? > p,1p,_1. Using (2.92), for p,,pns1 and p,_1, we get
o 2 e} o)
2k +n — 1\ 2F 2k +n — 1\ 2F 2k +n — 1\ 2F
Z +n " ZZ +n JLZ +n L (2.93)
n k! n k! n k!
Simple calculation shows that

2k +n—1 (2k+n+1) zF
. 2.94
;( n ) ”“’Z(:) a2k + 1) (k+1)! (2:94)

We can rewrite the right-hand-side of (2.94) as

o0

(2k+n+1)! 2k
xz nl(2k + 1) (k + 1)

(n+2)(n+3)...(n+ 2k + 1):):7’“

=0

= x(n+1)kz:0 2k + 1) il
B 2 (n+2)(n+4)...(n+2k)(n+3)(n+5)...(n+ 2k + 1) 2"
- x(”ﬂ)kz_o 3.5...(2k + 1).4.6...(2k + 2) &
B 2 (n/2+1)..(n/24+ k) (n/2 +3/2)...(n/2 + k + 1/2) 2*
= ‘”(”“)kzzo 3/2)5/2) 2k + 1)/2)23..(k+1) K
> n n Ik
_ x(n—i—l)z( /2+12,)’“( /2+3/2)’“k'. (2.95)
k=0 ()62 '
Hence, we have showed that
o~ (2k+n—1\zF n/2+1,n/2+3/2
; ( n ),{;, =a(n+1)2F 32 5 x| . (2.96)
The assertion follows from (2.93) and (2.96). O

2.7 Applications

To illustrate the role of log-concavity in probabilistic constrained stochastic program-
ming we present the bond portfolio construction model. Let us introduce the notations:

If the liabilities were deterministic values then our optimal bond portfolio model



ik
Pk
&i
zi

T

Pi

number of bond types which are candidates for inclusion into the
portfolio

number of periods

cash flow of a bond of type k in period i,k = 1,...,n and ¢ =
1,...,m

unit price of bond of type &

random liability value in period 7, 2 =1,...,m

cash carried forward from period ¢ to period 1 +1,¢=1,...,m,
where z7 is an initial cash amount that we include into the portfolio
and zp,4+1 =0; 25, ¢ = 1,...,m are decision variables

decision variable, number of bonds of type k to include into the
portfolio

rate of interest in period 7,1 =1,...,m.

(Hodges and Schaefer, 1977) would be the following

n
min {Zpkxk + zl}
k=1

subject to

n

Zaikxk+(1_l)i)zi_zi+12£ia i=1,...,m
k=1

x>0, k=1,....n
zi2>0,1=1,...,m,2my1 =0,

where the positivity of the variables means no short-selling allowed.

The probabilistic constrained variant of it can be formulated as

n
min {Zpka:k + zl}
k=1

subject to

m n
P (Z airxr + (1 — pi)zi — zig1 > &l& > 0) >p
=1 \k=1

7

z, >0, k=1,...,n

ZiZO; izl,...,m,zm+1:0,

25

(2.97)

(2.98)

where p is a safety (reliability) level chosen by ourselves, e.g., p = 0.8,0.9,0.95 etc.

Compound distributions such as the compound Poisson and the compound negative
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binomial are used extensively in the theory of risk to model the distribution of total
claims incurred in the subsequent periods. The exponential or gamma distribution can
be used to fit the individual claim severities (Branda, 2012). Theorem 9 implies the
convexity of the set determined by the constraint (2.98) and solution methods of the
model can be found in Prékopa (2003). In the case of discrete insurance claim sizes and
strictly log-concave aggregate loss distribution, we make use of disjuctive reformulation
by p-efficient points and the solution of a multiple choice knapsack problem is used to
generate new p-efficient points (Prékopa, Unuvar 2012). Problem (2.98) can also be

used in a rolling horizon manner for rebalancing the portfolio.
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Chapter 3

Discrete Moment Problems

3.1 Introduction

Discrete moment problems (DMP) came to prominence by the discovery of Prékopa
(1988, 1990a,b) that sharp probability bounds (e.g. Dawson, Sakoff, 1967) can be
obtained as optimal values of linear programming problems involving binomial bounds
of the number of occurences of events. Moment problems where the random variable
has discrete support are already mentioned in Karlin, Studden (1966), but Prékopa
gave a full characterization of the dual feasible bases and gave tractable algorithmic
solution.

Let X be a discrete random variable, the possible values of which are known to be

the numbers zp < z1 < -+ < z, and

pi=P(X =2z),i=01,...,n. (3.1)
Given the knowledge of some power moments py = E(Xk), k=1,...,m, or the bino-
mial moments S;, = E[()k()], k=1,...,m, where m < n, the discrete moment bounding

problem provides us with the sharp lower and upper bounds on a linear functional,
defined on the unknown probability distribution {p;}. They can be formulated as the
following LPs:
n
min(max) Z fipi

i=0
subject to

Ap=1» (3.2)

p=>0,



28

where
1 1 1 o
20 z1 z M1
Ao n b= : (3.3)
200 2 &y tm

min(max) Z fipi

i=0
subject to
ip=1b (3.4)
p=0,
where
1 1 ... 1 So
- n - S

i-| S IS e (3.5)

G G o G Sm

and f; = f(z),7i=0,...,n. Problems (3.2) and (3.4) are called the power and binomial
moment problems, respectively. They can be transformed into each other by the use of
Stirling numbers of the first and second kind (Prékopa, 1995).

DMP were introduced and studied by Prékopa (see, e.g. Prékopa, 1988, 1990a,b,
1992, 1999, 2001). In those papers, the author used linear programming techniques
to develop theory and numerical solution of the optimization problems. Since its in-
troduction, DMPs have been used extensively in various application areas. Some of
such applications include the reliability evaluations of networks such as commnication
systems, power generation or transmission systems, e.g, Prékopa and Boros presented
sharp lower and upper bounds for the probability that a feasible flow exists in a stochas-
tic transportation network. Another application is due to Prékopa where the author
introduced moment bounding methods to value of financial derivatives (2001). DMP
can also be used to provide lower and upper bounds for the probability distribution

when the analytical form cannot be obtained otherwise. For example, Prékopa, Long,
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Szantai (2004) gave bounds on the length of the critical path in PERT. In Chapter 4
of this thesis, we demonstrate how to evaluate the recruitment time in clinical trials by
the use of DMP.

With its increasing practial importance, intensive research has been developed both
in theory and computational methods in recent years. From the theory perspective,
DMP has been extended to its multivariate counterpart, namely, the multivariate dis-
crete moment problem (MDMP). It has been initiated by Prékopa (1992, 1998, 2000)
and later further developed in M&di-Nagy, Prékopa (2004, 2011), M&di-Nagy (2009).
Another direction of extension is to incorporate the shape of the distribution in the
optimization, Subasi et al. (2008, 2009). Along with the advancement of DMP theory,
efficient solution methods have been proposed to overcome the instability of the moment
matrix. The first algorithm for DMP was introduced by Prékopa (1990). His optimiza-
tion methods are of dual type and are in close relationship with the dual method of
Lemke [4] for the solution of the general linear programming problem. They are sta-
ble and fast thanks to the discovery of the structures of dual feasible bases. Recently,
M4&di-Nagy (2012) proposed a different approach to treat the numerical difficulties using
multivariate polynomial bases.

Another special property of DMP is that closed-form formula for lower and upper
bounds can be derived (see, Prékopa 1995) from the dual feasible basis structures. In
case of power discrete moment problem, when one or two moments are used at the
right-hand-side, some classical inequalities are recovered, for example, the Jensen and
the EdmundsonMadansky inequalities.

Fractional moments have been used within the context of the (discrete) maximum
entropy problems to find probabilities in a distribution, where some of the fractional
moments are given (see, e.g. Novi Inverardi and Tagliani, 2006). The authors reported
signicant improvement when using the information of fractional moments for recovering
a probability distribution via maximum entropy setup. In this chapter, we present the
theory and a solution method for the bounding problems with fractional moments in

the spirit of the discrete moment problem proposed by Prékopa. The discrete fractional
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moment problem can be defined as:

min(max) Z fi(zi)pi

=0
subject to
n
Zz?kpi =pu, k=0,...,m (3.6)
i=0
pi >0 i1=0,..,n,
where ay, k = 0,1,2,... are positive numbers. We consider three objective functions:

(1) The function f(z) is absolutely monotonic. The optimum values of problems

(3.6) give sharp lower and upper bounds for E(f(X)).
)

(
(3.6

6)
2) fr=1,f=0,if i # r, for some 0 < r < n. The optimum values of problems

.6) give sharp lower and upper bounds for P(X = z;).

3 fo=-=fic1=0,f =+ = fr, =1, for some 1 < r <n. The optimum

values of problems (3.6) give sharp lower and upper bounds for P(X > z,).

The chapter is organized as follows. Section 2 presents some basic notions and
theorems for the discrete moment problems with fractional moments. In Section 3
basis structure theorems are presented for the above mentioned objective functions. In
Section 4 we provide a detailed description of the dual method that solves the problem

and a procedure to estimate fractional moments. Numerical results are reported in

Section 5.

3.2 Basic notions and theorems

A function f(z) is said to be absolutely monotonic on (0, 00) if it has derivatives of all
orders and

F®(2) >0, z€(0,00), k=0,1,2,.... (3.7)

Theorem 11. Assume that f(z) is an absolutely monotonic function on (0,00), 0 <

ap < a1 < <oy <land0<zy<z < -+ < zp. Then the following inequality
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holds:
P
D(z, f) = |zgm= 2m 2t >0 (3.8)
-
f(z0)  f(z1) f(zm)

Proof. Tt it well-known (Bernstein, 1914) that any absolutely monotonic function can be
expressed as a series of polynomial with nonnegative coefficient. Thus, we can rewrite

f(2) as follows:

[e.9]
flz) =) ar (3.9)
i=0
Then the original determinant D(z, f) can be represented as:
e .
D(z,f) =Y D(zc2') (3.10)
i=0
The ith term (i > 1) in the series (3.10) is ¢; times the determinant:
20" 270 200
Zam—l Za'm—l Za'm—l (311)
0 1 m
g™ 2 20m
%A Zn

This is a generalized Vandermonde determinant which is known to be positive (Karlin

and Studden, 1966, pp.9) and the assertion follows. O

Theorem 12. Assume that ag < a1 < -+ < ayp and 0 < 29 < 21 < -+ < 2z, then we

have the following inequality

0 0 . 0 1 e 1
ap [e ) ap ap Qg
<0 “1 “t Zi+1 “m
(—1)* >0 (3.12)
Om—2 Am—2 Qm—2 Am—2 Am—2
) 21 2 Zt+1 Zm
Am —1 AOm—1 Am—1 Am—1 Qm—1
20 2 Zt Zt+1 Zm
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Proof. It can be easily verified that the above determinant can be simplified as follows:

25° 270 — 2°
Xm—2  Xm—2 AU, —2

20 21 ) t+1
Am—1 _Xm—1 AOm—1

Z z — 2z i

We rewrite it as follows:

=0 apg—1 =1 apg—1
07 dry x50 " daa
0 Z0

m—1

I1 o

Jj=0

which can be reduced to:

Am—2

Am—1

20 z1
Qpp—o—1 Qpp—o—1
/ z, ™ 2 dacl/ zy™ 27 . ..
2 !
0 1
Qpp—1—1 Qpp—1—1
/ z, ™ 1 da:l/ zy™ R
0 20

g Qg
241 T Rt

_ Z;lmfz.
Qm—1

«Q @0
Zm T Zm—1
QX —2 Am —2
Zm T Am—2
QXm—1 AXm —1
. Zm — Zp]

m—1 20 o Zm—1
I e / / / Ddzydzs
j=0 0 20 Zm—2

where

]l

ag—1

Zm )
Qpp—2—1
da;t' / m+1
;m_l
1 m Uy —1—1
dxy / il
Zm—1—1

(3.13)

Am—2—1
m+1
Am—1—1
m+1

It is well known (Karlin and Studden, 1966, pp.9) that D is positive since it is the

determinant of a generalized Vandermonde matrix and the assertion of the theorem

follows.
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3.3 DMP with fractional moments

A generalization of the discrete moment problem, called totally positive linear program-

ming problem, was introduced in Prékopa [13]. It is the LP:

min(max)  fopo + fip1 + - + fubn
st. agopo+ ...+ apnpn =1
aip po+ ...+ aippn = b1

ago po+  + agppn = b

amoPo + ... AmpPn = bma
pi=0,i=1,2,....n,
where all (m + 1)x(m + 1) submatrices of A and all (m + 2)x(m + 2) submatrices of

T

have positive determinants, where A = (a;;). By the theorems established in
A

the previous section the discrete fractional moment problem belongs to this class and
we can apply the dual feasible basis structure theorem in Prékopa (1990d).

The following theorem is due to Prékopa (1990a,d).

Theorem 13. The dual feasible bases have the following structures:

minimization problem, m + 1 even
o {jj+1, ..., kk+1}
minimization problem, m + 1 odd
e {04j+1,... kk+1}
mazximization problem, m + 1 even
e {04j+1, ..., kk+1,n}
mazximaization problem, m + 1 even

o {jj+1,...,kk+1,n}
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The positivity of all minors of order m + 1 from A follows from the fact that the
generalized Vandermonde matrix is totally positive. We obtain the following dual fea-
sible bases structure for the case of f. = 1, f; = 0, if ¢ # r, for some 0 < r < n based

on Prékopa’s theorem (1990a).

Theorem 14. The dual feasible bases have the following structures:

minimization problem, m + 1 even

o ré¢
o {0, 1, i+1, ..., 75, j+1, -1, r, r+1, k, k+1, ..., t ,t +1}, if2<r<n-—1,
o {4, i+1,...,74, j+1, -1, r, r+1, k, k+1, ..., t ,t +1,n}, if 1 <r<n-—2,

e {0, 1,14, i+1, ..., J, j+1}, if r =0, and

{1, i+1, ..., j, j+1, n-1, n}, if r = n;

minimization problem, m + 1 odd

o rd I
o {0, 1, i+1, ..., 7, j+1, -1, r, r+1, k, k+1, ..., t ,t +1, n}, if 2<r<n-—2,
o {i,i+1,...,7, j+1, r-1, r, r+1, k, k+1, ..., t t +1}, if 1 <r<n-1,

e {0, 1,14, i+1, ..., J, j+1, n}, ifr =0, and

{0, i, i+1, ..., j, j+1, n-1, n}, if r =n;

maximization problem, m + 1 even

o {i,i+1,...,7, j+1, r, k, k+1, ...,t t +1,n}, if0<r<n-—1,
o {0, 1, i+1, ..., 5, j+1, r, k k+1, ...,t ,;t +1}, if 1 <r <n;
mazimization problem, m + 1 odd

o {i,i+1,...,75, j+1, r, k, k+1, ...t ,t +1}, if 0 <r <n,

o {0,4,i+1, ...,7, j+1, r, k, k+1, ..., t t +1, n}, if 1 <r<n-—1.



35

where in all parentheses the numbers are arranged in increasing order. If n > m + 2,
then all bases for which r ¢ I, are dual degenerate. The bases in all other cases are

dual nondegenerate.

We designate A the matrix of the equality constraint and by ag, ..., a, its columns.
We say that A has the alternating sign property if for every 1 <i; < -+ <y < -+ <

im+2 < n, we have the inequality

0o ... 0 1 ... 1
(—1) >0 (3.14)

Qi1 e Qi Gy e Qi
From Theorem 12, we know that A has alternating sign property. All minors of order
m + 1 from A are positive. The following theorem of Prékopa (1990a) gives the dual
feasible bases structure for the case that fo =--- = f,_1 =0,f, =--- = f, =1, for

some 1 <r <n.

Theorem 15. The dual feasible bases have the following structures:

minimization problem, m 4+ 1 even

e IC{0, ..., -1}, ifr>m+1,

o {0,4,i+1,...,7, j+1, r-1, k, k+1, ..., t ,t +1}, if2<r <n-—1,
o {i, i+1,...,75, j+1, r-1, k, k+1, ..., t ,t +1,n};

minimization problem, m + 1 odd

o 1C{0, ..., r-1},if r>m+1,

e {0,4,i+1,...,7, j+1, r-1, k, k+1, ..., t ,t +1,n}, if2<r <mn,
o {i, i+1, ..., 5 j+1, -1, k k+1, ..., t t+1}, if 1<r<n-—1;
maximization problem, m + 1 even

o IC{r,...,n}, ifn—r>m,

o {i,i+1,...,7, j+1, r, k, k+1, ...t t +1,n}, if 1 <r<n-—1,
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b {07 /I;} 7’+'Z7 "'7j7 ]+‘Z? T} k} k+17 "'7t7t —/_1}7 Zflgrgn;

maximization problem, m + 1 odd

e IC{r,...,n}, ifn—r>m,
o {i,i+1,...,7, j+1, r, k, k+1, ...t t +1}, if 1 <r <n,
o {0, i, i+1, ..., 5 j+1, 1, k k+1, ...t t +1}, if L <r<n-— 1.

where in all parentheses the numbers are arranged in increasing order. Those bases for
which I C{0, ..., r-1} (I C{r, ..., n}) are dual nondegenerate in the minimization
(mazimization) problem, if r > m+1 (n—r+1>m+1). The bases in all other cases

are dual nondegenerate.

3.4 The dual algorithm and selection of fractional moments

Given a set of m fractional moments (ap, ..., @n—1), the moment bounding problems
with fractional moments can be solved by Prékopa’s dual method. For DMPs, since
the Vandermonde systems are ill-conditioned (Prékopa (1990a,d), Prékopa, Szedmék
(2003)), the solutions of problem (3.2), using a primal approach, is computationally
difficult. Prékopa’s idea (1988) was to use a specialized form of the dual algorithm of
Lemke. This approach is extremely efficient when the dual feasible bases are known.
Given the dual feasible bases for the discrete moment problems with fractional moments
in Section 2 and 3, the dual algorithm can be applied for the discrete fractional moments
as well. In order to avoid the instability coming from generalized Vandermonde matrix,
we can employ LDU decomposition for generalized Vandermonde matrices (Demmel,
Koev, 2005) in the course of the algorithm. The dual method for the solution of problem
(3.6) can be described in the following steps:

Prékopa’s dual algorithm

Step 1. Pick any dual feasible basis in agreement with the above result; let I =

{i0,...,im} be the set of basic subscripts.
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Step 2. Determine the corresponding primal feasible solution p; = (B~'b);, for i € I,

and p; =0 for i € {0,...,n} — I.

o If p;, > 0, for every i, € I, then B is a primal-dual feasible basis, and

therefore the current basic solution is optimal. Otherwise, go to Step 4.

o If p;, <0, for some i then the i}éh vector of B is a candidate for outgoing.

Go to Step 3.

Step 3. Include that vector into the basis that restores the dual feasible basis structure

and go to Step 2.

Step 4. Stop. The optimum value fZB~!b is a lower (upper) bound for E[f(X)],

depending on the type of the optimization problem.

Computation of fractional moments Fractional moments can be computed based
on the moment generating function (Novi Inverardi, Tagliani, 2005). In what follows, we
propose a bounding method based on the discrete moment problem (with consecutive

integere moments) to estimate fractional moments F(X®). It can be easily seen that

T
for any «, all minors of order m+1 from A and all minors of order m+2 from or
A
_¢T
are positive, where f has the form X“. Hence, the bounding problems can be
A

solved efficiently by Prékopa’s dual method (Prékopa [13]). It is interesting to remark
the optimal basis is the same for all functions f having the form of ®. Thus, the lower
bound (LB,) and upper bounds (UB,) can be computed explicitly by the use of the

available optimal basis.

3.5 Applications

We present an application of discrete moment bounding with fractional moments in the
context of degradation process of long chain molecules. This application was taken from
Prékopa (1953). Initially, the long chain molecule has n units and n —1 bonds. Assume

that bonds split independently with the same probability p. After degradation process,
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we have polymers of different length. Let us denote a; as the number of monomers, ...,

an, n-mers and £1n), e ,5&”) as the corresponding random variables. The probability
mass function (p.m.f) of the distribution of the number of mers P(ay,as,...,ay,) can

be represented as follows:

(1=p)" (a1 +ag+---Fay)! [ p \"Fer o
D ail...ap! 1—p

(3.15)

We are interested the p.m.f of the number of k-mers P(¢ ,g")) We propose to estimate
those probabilitities using moments. The mean E(f,gn)) and Var(flg,")) are computed
in the paper by Prékopa (1953). Method to compute higher moments is also presented
in that paper. Fractional moments are estimated by the bounding procedure described
in the previous section. The following table shows the lower and upper bound for the
probability that the number of 2-mers is more than 9. The result shows significant

improvement of both lower and upper bounds when using fractional moments.

Integer vs Fractional moments
# of Mo. LBint UBint LBfrac UBfrac

2 0 0.14754 0 0.11312
4 0 0.06222 0 0.05507
6 0.000028 0.05436 0.00169 0.05436
8 0.004787 0.04961 0.00527 0.03894

Table 3.1: Integer and fractional moment bounds for P(f,(gn) > 10)

Moment problems with high-order integer moments are known to be unstable. Frac-
tional moments offer some alleviation for stability issue and provide better accuracy for

both lower and upper bounds, however, estimation of fractional moment can be difficult.
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Chapter 4

Recruitment stocking problems

4.1 Introduction

There are four primary phases in clinical trials. They are used to ensure the safety
and efficacy of a proposed treatment. Phase I tests safety and dosage ranges in a small
group of people. Phase II further tests safety and also tests for efficacy in a larger
group. Phase III, assuming success in Phase I and II, confirms the safety and efficacy
results in a much larger group of patients, on the orders of hundreds or thousands, and
monitors for adverse effects of the treatment. Assuming success in Phase III, a drug is
then approved for commercialization and further Phase IV studies assess the treatment
over the long-term. Time is very critical in clinical trials since the patent lifetime is
limited. However, the recruitment of patient is extremely slow. Moreover, it has to
follow strict FDA regulations.

This research is motivated from the recruitment process in Phase III of clinical
trials. Patients arrive randomly to multiple locations or sites. Upon arrival, a medical
package will be provided if avaiable, otherwise, the patient is rejected. The clinical trial
is closed once the target number of patients is recruited. To measure the performance
of a clinical trial, we can look at some of key metrics: time to recruit the target number
of subjects, inventory overage of medical packages and the number of patients rejected
at the end of the trial.

The recruitment process in clinical trial is just an example of recruiment process.
In this chapter, we introduce a more general class of inventory control problem - the re-
cruitment stocking problem. We need to recruit a target number of individuals through

designated outlets. As soon as the recruits of all outlets add up to the target number,
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the recruitment is done and no more individuals will be admitted. The arrivals of indi-
viduals at each outlet are random. To recruit an individual upon its arrival, we must
provide a pack of materials. We order the packs of materials in advance and hold them
in the outlets. Outlets can neither transfer recruits nor cross-ship materials among
themselves. If an outlet runs out of stock, any futher recruit at the outlet will be lost.

This chapter answers the following questions: given the inital inventory levels at

each locations in the system, how to measure the performance metrics efficiently?

1. What is the chance that we will reject some patients before the recruitment target

is reached? (type I service level)

2. How many patients we will reject before the target is reached? (type II service

level)

3. How long does it take to recruit the target number of patients? (recruitment

time)

The recruitment stocking problem widely exists in practice. For instance, in market-
ing research, we have to recruit testers to try new products in a short time. In fashion
industry, when an item is at the end of its life cycle, we want to allocate its inventory
in such a way that we will sell out the inventory as soon as possible.

The recruitment stocking problem differs from existing inventory management lit-
erature by the finite recruitment target which connects all outlets in a such way that
the recruitment is done as soon as the recruits at all outlets sum up to the target. In
most existing inventory models, we should satisfy demand as much as supply allows. In
other words, demand will be satisfied if inventory is available. This is not true in the
recruitment stocking problem, where, as soon as the target is met, no more demand will
be satisfied even if we have stock available. Due to this distinctive feature, performance
metrics must be evaluated differently in recruitment stocking problem. In standard
inventory control literature, performance metrics are estimated using steady-state ap-
proximation, however, for recruitment stocking problems, the performance metrics are

transient since the system will eventually terminates.
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Recruitment stocking problems are closely related to some of classical problems in
probability theory. In occupancy problems, r balls are thrown randomly in n urns with
each ball independently assigned to a given urn at some probability. There is a rich
literature on the topic, e.g, see Johnson, Kotz (1977), Holst (1986), and the references
therein. Another variation to the problem is the overflow problem, in which the urns
have finite capacity. Thus, once full, the balls can fall outside of urns, and the number
of balls that overflow is the random variable of interest (Ramakrishna, Mukhopadhyay,
1988). This setting is indeed very similar to the recruitment stocking problems since
the overflow balls can be considered as the number of rejected subjects. However, the
key difference between classical occupancy problems and our problem is that occupancy
problems assume homegeneous arrivals and capacities across urns. But in recruitment
stocking settings, the arrival of subjects are inherently different from each other and,
thus, so do the amount of inventory allocated to the locations.

A related problem was studied by Fleishacker et. al (2014) in the context of in-
ventory management for clinical trials, however, in the paper, the authors assume that
there is enough inventory so that no patient will be rejected from the trial. In a recent
paper, Fok et. al (2014) considered rejections during recruitment and proposed some
allocation rule for inventory. They focused on a special case of recruitment stocking
problem when the total initial inventory is the same as recruitment target.

The rest of the chapter is organized as follows. In Section 2, we define and charac-
terize the recruitment stocking process. The exact analysis for type II service level is
presented in Section 3. Section 4 is devoted to asymptotic approximations and bound-
ing schemes for recruitment time. Numerical examples are demonstrated in Section

5.

4.2 Recruitment stocking processes

In this section, we state the assumptions of the recruitment stocking problems and

present the mathematical framework for RSPs.
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4.2.1 Modeling Assumptions

e Demand Process: Demand occurs only at the lowest echelon (at sites) and the de-
mand processes are mutually independent Poisson processes with known demand

rates.

o Fized recruitment target, H: The system has a predefined recruitment target,
H | which is the necessary sample size for the study. Once the target is reached,

recruitment is closed and no more customers will be needed.

o Inflexible Supply: Products are assumed to be made before the recruitment (for
example, in clinical trials, this constraint is due to statistical consistency con-
siderations and/or the significant fixed costs associated with the production and

quality control).
e Inability of Cross-Shipping: We also assume that cross-shipping and back-shipping
is not allowed.
4.2.2 Some notations
e T,,(n): the time to recruit n subjects at location m.
e T'(H): the recruitment time to recruit the target H at all locations.

e R,,: the number of rejected arrivals at location m at the end of recruitment

period.

e R: the total number of rejected arrivals across all locations at the end of recruit-

ment period.
e s;,i=1,...,M: inventory levels at locations 1,..., M.
e S: the total inventory in the system, S = s1 +--- + su.
e )\, i=1,..., M: arrival rates at locations 1, ..., M, correspondingly.

e Suppose that the random vector X = (X1, Xo, ..., Xys) follows a multinomial dis-

tribution with the mass parameter H and the probability vector p = (p1,p2, ..., pPMm),
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where H, M are positive integers, and p;,7 = 1,..., M are real non-negative with
p1L+p2+ - +py = 1. Let a1,...,ap and by,...,by be sets of integers so
that 0 < a; < b, < H fori=1,...,M. We call the following expression as the

rectangular probability of the multinomial distribution X:

Pr{ar < X1 <by,...,an < Xy < by, (4.1)
where the lower script H refers to the summation of all the components of the
vector X.

4.2.3 Characterizations
In this section we define and characterize the recruitment stocking process.

Definition 1. Let X,,(t) be the number of arrivals at location m during (0,t]. Due to
the possibility of having stockout, the number of subjects recruited X,,(t) at location m

up to time t and the number of arrivals Np,(t) are related by the simple relation:
N (t) = min( X, (1), sm), (4.2)

and the stochastic process N (t) that counts the total number of recruited subjects in the

system is the summation of recruits over all the locations:

M
N(t) =Y Nu(t). (4.3)
m=1
We call N(t) the recruitment stocking process.

ey A A A A A
Locations . . . . .
[ I I

Arrivals

Some preliminary properties of {N(¢),t > 0} are discussed below. It can be easily
seen that the probability of having n th or more recruits in the system during the

interval (0,¢] is equal to the probability that the n th recruit occurs at or before t:

P{N(t)>n} = P{T(n)<t}, n=0,...,H. (4.4)
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Type II service level and expected recruitment time The mean number of
rejected subjected is the difference between the mean arrivals of subjects in the system
and the target H.

R=Xi[T(H)+---+ Xu[T(H)] - H, (4.5)

and since the expectation is additive, we obtain:
E[R] = E[X1(T(H))| + -+ + E[Xu(T(H))] — H, (4.6)
Each of the term is the expected number of arrivals at sites:
EX;(T(H))|=NETH)],i=1,..., M. (4.7)
Thus, the expected value of R is
E[R] = E[T(H)] Z \i—H. (4.8)

Probability mass function of N(¢) The recruitment stocking process, {N(t);¢ > 0}
counts the number of recruits upto time ¢. It consists of a discrete random variable
N(t) for each t > 0. We present the closed-form formula for the pmf for this random
variable in this section. The following lemma is straightforward, but since it is needed

in the main proof for the formula, we state it here without proof.

Lemma 3. The probability

> P{X\(t) =z1}... P{Xp(t) = zps}, (4.9)

T1tTat T =S8
21<81,22<582,..., A <Snm

is the product of a rectangle multinomial probability and a Poisson cdf:
PS{Xl(t) < S1,... ,XM(t) < SM}P{X1(t) +---+ XM(t) = 8}. (4.10)
The pmf for N(t) is presented in the following theorem.

Theorem 16. The pmf for N(t) (i.e., the number of recruits in (0,t]) is given by the
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eTPTession:

M M
P{N(t) = s} = P{X1(t) < s1,..., Xns(t) < sm}P(D Xon(t) < D 5m)
m=1

m=1

M

k=11<i1 << <M
k k
P si o {X;(t) < 5555 # v, i} PO X (1) =D siy}, (411)
j=1 j=1
where the rectangle multinomial probability P, s~ s {X;(t) <sj5j#i1,...,9} =0,
j=1°%5
if s < Z§:1 Si, .

Proof. Let z,, be the particular value of the random variable N,,(t), then we have the

following expression for P{N(t) = s}:

P{N(t) = s} = 3y P{N\(t) = 21} ... P{INy(t) = 20}, (4.12)

T1t+x2+tT A =S8
21<81,22<82,...,T M S M1

where the pmf for N,,(t) is given as follows:

-2 T
e~ "m \Em
—™  for x,, < Sm
T,
P{Nm(t) = xm} = LoNm e
Ty =0

The main idea of the proof is to relax those constraints on x;,7 = 1,..., M to strict
inequalities z; < s; and divide the set z1 < s1,...,23 < sps into the following disjoint
sets:

1 <81y, < SM (4.13)

xil:sil;mj<sj,j7éi1,z'1:1,...,M (4.14)

Tiy = Sipsee ey Tip, = 84305 < 85, J F 1y enyip, 1 <ip <-ve iy, <M, (4.15)
then carry out the summation in equation (4.12) over these sets above. Let’s start with
the simplest set; 1 < s1,...,2p < sps. This set depicts the scenarios that the number
of arrivals to all locations is strictly less than their inventory levels. The probability
corresponding to this set is the following;:

> P{Xi(t) =x1}... P{Xpn(t) = zpr}. (4.16)

T1+T2++x =S
21 <51,22<82,...,& M <SM
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Notice that the above type of summation can be simplied into the following expression

by Lemma 3:
P{Xa(t) <s1,..., Xu(t) <sm}P{Xa(t) + -+ Xu(t) = s} (4.17)
The more general set z;, = s;,,...,Ti, = S50 < 85,5 #F 1,...,0, 1 <ip <+ <
i, shows the scenarios that we has depleted inventory at locations i1, ...,%;. Under this

scenarios, the corresponding probability is:

> P{Ni(t) = x1}... P{Ny(t) = zps}. (4.18)
TitTatotTy=s ,
Tiy =85y ey Tigy =80y 1T5 <85, JF0 o0k, 1 K01 <o S,

The above probability can be rewritten as:
P{X;,(t) > si,}... P{X; (t) > si, } > [1P{x;0) <3 (419)

Do Tj=s—siy —~--—slk J
Tj<8j,JFU e slk

Notice that the summation can be rewriten as the product of a rectangle multinomial
probability and a Poisson cdf by Lemma 3. The proof is complete.
Moments of N(t) The first three moments can be found explicitly by the following

formula on the mean, variance and skewness of a sum of independent variables.

M M

E(ZXi) = ZE(Xi)
1541 2541

Var(d X;) = Y Var(X;) (4.20)
=1 =1

M M 3/2
S Var(X;)3/2Skew(X;)
Sew(2 XD = e

The closed-form formula for the mean of N(¢) is presented below:

M
D1+ s, Amt
NOI=t> A M+Z +S DO+ 5y Amt) (4.21)
m=1
where I'(a, z) is the Gamma function:
I(a,z) = / t*le~tat (4.22)

Shape of the distribution N(¢) is the sum of many integer-valued random variables,
and in general, its pmf can have more than one mode. The following theorem shows

that N(t) is unimodal in two cases.
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Theorem 17. (a) Fort < then N (t) has log-concave pmf:

maX/\ ’

P{N(t) = s}> > P{N(t) = s+ 1}P{N(t) = s — 1} (4.23)

(b) Furthermore, there exists a positive number T such that for t > 7, N(t) has mono-

tone increasing probability mass function.
P{N(t) =s+1} > P{N(t) = s} (4.24)

Proof.

(a). Consider the arrival process at location m:
Ny (t) = min( X, (t), $m)- (4.25)

The support for this random variable Ny, (t) is the discrete set {0,...,s;,}. It can be
easily seen that for P{N,,(t) = n}, n =0,...,s, — 1 is a log-concave sequence since
the Poisson random variable is log-concave. Thus, the log-concavity property of the

pmf of N(t) will follow if we can show that
P{Np,(t) = 5 — 1}*> > P{Nyu(t) = 8,0} P{Npn(t) = 5 — 2}. (4.26)
Using the pmf for N(m)(t) and further simplify the above inequality, we obtain:

i ’\ mt) 7 (4.27)

Rewriting the infinite summation, the inequality becomes:

P > A A t) "5y (S, Amt), (4.28)

where 7(a, z) is the lower imcomplete gamma function:

’y(a,z):/ trte~tat (4.29)
0

Let x = Aj,t. To prove the inequality (4.28), we need to show the positivity of the

following function for 0 < < 1:

— Y(Sm, ) (4.30)
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It can be easily veried that the first derivative of f(x) is:

e—xsmx—sm—l 4 e TypTSm

fl(z) = z*m e 4 (4.31)

Sm — 1
Since z is a positive number and s, > 1, thus, f/(z) is strictly positive. In other words,
f(x) is strictly increasing. Now, we will show that f(1) <0.

We have the following recurrence for the incomplete gamma function:
Y(sm + 1,2) = sy (Sm, x) — xme ™. (4.32)

At z = 1, we obtain:

YS$m + 1,1 = spy(Sm, 1) — e L. (4.33)
Furthermore, for 0 < ¢t < 1, the following inequality holds true:
tim L=t > psme=t, (4.34)
Now, integrating from 0 to 1 for both sides, we obtain:
Y(Sm — 1,1) > v(spm, 1). (4.35)

The negativity of f(1) follows directly from (4.33) and (4.35). This shows that N, () is
log-concave if A\t < 1. Since the convolution of log-concave sequence are log-concave,
the proof for the first part of our theorem is complete.

(b). The key idea of the proof is to show that, when ¢ is large enough, the following

expression in the formula for the pmf of N(¢) in Theorem 16 is increasing in s:
P{X“ > Sil} ... P{sz > Sik}Psfzé? 1siv{Xj(t) < Sj;j 75 il, .. ,’ik}
= J

P{X; () 4+ Xi (1) =5, + - +55, . (4.36)

Note that k is the number of locations that reject subjects. Without loss of generality,
we will prove the statement for the case that £k = 1. After simplying those terms that

are independent of s, we have to show:

Psfsz'1 {Xj(t) < 853 ) F i1} < Ps+1fsil{Xj(t) < sj3J F i1} (4.37)
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It is well-known (Levin, 1981) that the rectangle multinomial probability can be

expressed in terms of Poisson and truncated Poisson random variables as follows:

M
. . s — 85 !
Poos (X5(0) <sjid #a} = Y | . 1)—tZM — [I PxG® <s3}
D e (e D PR
P{W =s—s;}, (4.38)

where W is the sum of independent truncated Poisson random variables, namely W =
Zj]\il,j#il Y; and Y; ~ TP(X;(t)) with range 0,1,...,s; — 1.
The inequality (4.37) simplifies to the following:

P{W=s+1-s;}

P{W =5—-s4}<
{ s =8} s s+1—s;

(4.39)

It can be easily seen that the truncated Poisson distribution is log-concave, so the
distribution for W is also log-concave since log-concavity is closed under convolution.

Thus, we obtain:

P{W =s—si,} P{W = Wiax — 1}
< 5
P{W :S+1_3i1}_ P{” :”max}

(4.40)

where Wiax = s1 —1+4---+spr — 1. Substitute W = Y7 + - - - + Y} and the pmf for Y}

to yield:
M
P{W =s—s;} sj—1
< 4.41
P{W:erlsil}_lej;, At (441)
=4 11

and take limit when ¢ goes to co. Since the limit for the right hand side goes to 0, it

follows that the fraction on the left also goes to 0 when ¢ is large enough.

4.2.4 Recruitment time

In general, the distribution for recruitment time 7'(H) is unknown except for two special
cases. The first case corresponds to the scenarios when we do not want to have any
inventory overage at the end of recruitment. In other words, the total inventory in the
system S is the same as the target H. Thus, the recruitment time 7'(H) is the time for

the last location to delete its inventory:

T(H)= max Tp(sm), (4.42)

m=1,...,
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where T}, (s;,) is the time for location m to deplete its inventory s,,. Under Poisson
arrivals assumption, it can be easily seen that T, (s,,) follows an Erlang distributions
with shape parameter s, and scale parameter \,,,. Thus, T'(H) is the maximum ordered
statistics for M Erlang random variables. The second case looks at the other extreme
when inventory is not expensive. Hence, we can choose to carry a lot of inventory in
the system, S > H. In this case, the distribution of T(H) can be well approximated
by a single Erlang distribution with shape parameter H and scale parameter ) \,.
Detailed discussions on the computation of the mean recruitment time will be presented

in Section 4.

4.2.5 Type I Service level

We are interested in the probability that no subject is rejected at the end of recruitment.

Since there is no rejections, the total number of subjects arriving in the system is H:
X1+X2++XM:H,

and the number of subjects X, arriving at location m, m = 1,..., M have to be less

than or equal to the inventory level s,,. Hence, Type I service level can be written as:

PH{Xl SSl,XQSSQ,...,XMSSM} (443)
Under Poisson arrivals assumption, (X1, Xo, ..., Xjs) has a multinomial distribution
with parameter H and p = (p1,...,pan), where p; is defined as follows:
s
i : (4.44)

T M A At A
thus Type I service level is the rectangle probability of the multinomial distribution.
Levin (1981) used approximate algorithm to compute the c.d.f. More efficient methods
are developed recently by Frey (2009) and Lebrun (2012). We refer to their papers for

a more detailed discussion.

4.3 Exact analysis

In this section we provide the exact analysis for Type II service level or the mean

number of subjects rejected at the end of recruitment.
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4.3.1 Type II service levels
Key ideas and challenges Type II service level E[R] can be written explicitly as:
0o
E[R] =) Ix P{R=r}. (4.45)
I=1
Hence, to find Type II service level, we need to compute the probability that we are
rejecting r subjects in the system P{R = r}. This probability can be found by two-
step conditioning procedure. The first step conditions on where stock out happens.
This step can be explained with a simplest case when rejection happens at only one
location. In other words, r subjects can only be rejected at location 1, or location 2,
..., or location M. They are nonoverlapping events, thus the probability of rejecting r
subjects at exactly one location can be computed as:
M
> P{Ri, =7 Ry = 0,m # i1}, (4.46)
i1=1
where each summand is the probability that r subjects are rejected at location 4.
Now, what happens if two locations reject r subject? First, we have to determine
where we reject r subjects, location ¢; and io, for example. Then, we have to understand
how r rejections happen. Specifically, if r;, and 7;, are denoted as the number of rejected
subjects at location i1 and location 75, correspondingly, we have to impose the following
constraint:

Tiy + iy =T, (4.47)

and compute the probabilities of rejecting r;, subjects at location ¢; and r;, subjects at
location i3 and sum them up to obtain the probability of rejecting r subjects at exactly
two locations:
> P{Ri, =7i; Riy = Tig; R = 0,m # i, i}, (4.48)
1<i,ia<M
In general, the probability of rejecting r subjects in the system can be computed as

follows:

min(r,M—1)
Z Z Z P{Ril:Thv'--’RiK:TiK§Rm=0,7TL75i1,...,ik},
k=1 1<i1<<Ki KM rig et =r

(4.49)
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where the summand is called the k-location r-rejected probability, i.e., the probability
of rejecting r subjects at a given set of k locations: r;, at location i1, r;, at location 4,
and so on. The first two summations enumerate over all possible combinations of the
locations that reject r subjects. The inner-most summation splits r rejections among
the set of K locations.

Some notes on the complexity of this procedure are in order. First, we observe
that: (1) k cannot exceed M — 1 since otherwise, the system does not carry enough
inventory to serve the target (2) k cannot exceed r since otherwise, there will be more
than r rejected patients. Therefore, given the total rejected customers r, the number of
sites that have stock out k can take value between 1,2,..., min(M — 1,1). In the worst
case, we have exponential number of combinations in terms of the number of locations
2M  The second level of complexity comes from the large number of scenarios of how r
rejections happen at k location. Specificaly, given the set of k£ locations iy, ..., i, the

number of rejected customers at those sites must satisfy the linear equation:

Tip + o T, =T (4.50)
The number of k-tuples 74, ..., 7, is well-known (see Murty, 1981). It is (Zj) Thus,
in the worst case (when k ranges from 1,..., M — 1), we have:
Mz‘:l M\ (r—1\ M (M+r\ [(M-1 (451)
—~ \kJ\k-1 M+ r r—1)° '

It is computationally expensive to evaluate P{R = r} with this brute-force approach:
there are two many k-location r-rejected probabilities, and at the moment, we do not
know how to evaluate them. Note that a k-location r-rejected probability is not simply
the probability that out of H + r arrivals, r;; are rejected at location i, j = 1,...,k
since we need to make sure that the last arrival will be recruited (otherwise, the trial

would already finish).

4.3.2 Relaxation theorem

The relaxation theorem shows how to compute a single k-location r-rejected probability,

i.e., the summand in the equation (4.49), in an efficient manner.
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Simple case For clarity of the presentation, we first focus on the derivation for the
probability of rejecting exactly one patient P{R = 1}. Intuitively, the system rejects 1
customer if and only if there is only one site that runs out of stock. Let i1 be the index
of this site. Clearly, i; can take value from 1 to M. Thus, two equations (4.48) and

(4.49) become very simple and P{R = 1} can be written as follows:

M
P{R=1} =) P{Ri, =1;Rpn =0,m # i1}, (4.52)

i1=1
where P{R;, = 1; R,, = 0,,m # i1} is the probability that we reject 1 customer at site
i1. Note that, this rejected patient cannot be the last arrival (since the last arrival must
be recruited). Therefore, the main idea here is to assume that no rejection happens and
exclude the unneccesary event. In particular, the probability P{R;, = 1; R, = 0, m #

i1} can be computed by:

P{Ril =1;R,=0m 75 il} = PH+1{Xi1 =8 + 1; X, < sm,m ?é il}

pilPH{XZ{1 =si; X < sm,m #i1}, (4.53)

where the first term denotes the probability that, among H + 1 arriving patients to
the system, there are exactly s;, + 1 patients at site 7; and there is no stock out at
other sites (as if there is no stock out). This probability is called the relaxed k-location
r-rejected probability since it contains the event that the H + 1 patient is rejected at
site 71 and thus, has to be excluded by the use of the second term. It is the probability
that, among the first H patients, there are exactly s;, patients arriving at site ¢; and
there is no stock out at other sites, and the H + 1 customer is rejected at site ;.
Equation (4.53) can be further simplified in a few steps. First, because order arriv-
ing at sites are filled on a first-come-first-served basis, and because the arrival process to
sites is a Poisson process with arrival rate A;, the vector (X1, ..., Xjs) follows the multi-
nomial distribution with mass parameter H + 1 and probability vector p = (p1,...,pum)
as defined in (4.44). Thus, the probability Pri1{Xi, = si; + 1; X < s, m # 41} can

be rewritten as follows:

PH+1{Xm < Sp,m 7& ’L'1|X,L'1 = Si; + 1}PH+1{Xi1 = S;; + 1} (454)
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It is well-known that the distribution of the conditional probability in the above equa-
tion is a multinomial distribution with parameters H — s;, with adjusted probabilities
p; = Ai/ Z%:l,m;éh Ai

Pr_s; {Xm < sm,m # i1}, (4.55)

and Prg1{X;, = s;;, + 1} is the marginal distribution of the multinomial distribution,
thus, follows binomial distribution with parameters H + 1 and p;, = A,/ Zf\n/[:l Am.
That is,

(1—piy) 750, (4.56)

H"‘l i +1
Py {Xi, = s +1} = ( ) .

Si; + 1)«
In a similar way, we can also rewrite the second term PH{X{1 =8i; X)y < Sm,m £ ir}
as

Pu{X), < smym # i1| X[, = 5, }Pu{ X} = si, ), (4.57)

where the distribution of the conditional probability is the same multinomial distribu-
tion defined in (4.55) and Pg{X; = s;} is the binomial distribution with parameters
H and p;,. Using equations (4.54) and (4.57) yields:

PH{Xil = 5i1§Xm S Sm, M 7& il} _ PH(Xil = 51‘1)
PH+1{XZ(1 = Sj; —l—l;Xjngsm,m;éil} PH+1(XZ{1 = S4; —l—l)

(4.58)

It can be easily verified that:

Pp{Xi, =su} sy +1
Py{X] =5y +1}  py(H+1)

(4.59)

The above formula is then used to obtain a much simpler equation in place of (4.53) to

compute the probability of rejecting exactly 1 patient in the system at location i1:

L. H—s; )
P{R;, =1;R;=0,j #i1} = o f Pryi{Xi, = si, + 1; Xop, < Sy m # 41, b (4.60)

The analysis for the general case is more involved and is presented below.
General case Let K be the number of sites that have stock out and denote the
subscripts of those sites that run out of stock as {i1,...,ix}. Then, if the number

of rejected patients at locations iy,...,i, are r;,...,7;, correspondingly, then the
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k-location r-rejected probability is:

PH+T{Xij :Sij +Tij7j:17"'7k;X’mSSm7 m7é1177zk}
k

= PiPrar XY, = si, iy A 6 XD, = i+ — LX), S sy mA£ i, ik
t=1

(4.61)
The first summand in equation (4.61) denotes the probability that, among H+r arriving
patients, sites i; serves exactly s;; and reject r;; patients (j = 1,...,k) due to stock
out, and there is no stock out at other locations. This probability is called the relaxed
k-location r-rejected probability since it does not capture the condition that the last
recruited patient cannot be rejected. Thus, the inner summation of probabilities is
introduced to address this issue. It is the probability that among the first H +r — 1
arriving patients to the system: (1) there are exactly si; + 1i; patients arriving at site
ij, j € {1,...,k} \'t (2) site t serves s;, patients, rejects r;, patients and the H + r
customer is rejected at site ¢ (3) there is no stock out at other sites. A simpler expression
for P{R = r} can also be found. The main idea is to find out the ratio between the
first summand and each of the term in the inner summation. The simplication process
is based on the observation that the arrival process at site t is independent from other
sites. Thus, we can use conditional probability to separate site ¢t from others. The step-
by-step derivation is straight forward, hence, omitted (see Appendix for more details).
Equation (4.61) now becomes:

k
H = 15

H+r PH+T{Xij:Sij +ri]'7j:17"'7k;Xm§5ma m#Zh)Zk} (462)

Now we are ready to state the relaxation theorem for the k-location r-rejected
probability, i.e., the probability of rejecting r subjects at a given set of k locations: r;,

subjects are rejected at location i1, ..., 7;, subjects are rejected at location iy.

Theorem 18. The k-location r-rejected probability is linearly related to its relaxed

version, in particular, it is equal to the following expression:

H—Z’?_ S
#PH-&-T{X@- =si;, +riJ =1,k Xm < Sy, mF i1, dg). (4.63)
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4.3.3 Decomposition theorem

At the end of the relaxation step, we obtain the following formula to compute the
inner-most summation in equation (4.49):

Z H - Z?:l i

Hair Py Xi; = si; +rij,j =1, ks Xo < Sy m# 01, ik

Z?:l Ti; =T
(4.64)

Since rejections can happen in various ways at those locations, thus, in the equation
(4.49), the inner summation adds up all these k-location r-rejected probabilities to
account for all the possible scenarios. A better approach is to rewrite the above equation
as follows:

k
H =35 18

k k
H+r PH-H‘{XZ']' Zsij+1ainj :7"+ZSij;Xm§8m, m#zlvazk‘}

j=1 Jj=1
In the following theorem, we show how to evaluate the above expression. First, we
introduce Binopdf(x,n,p) as the value of pmf of a binomial distribution at x, with N

as the number of trials and the probability of success for each trial is p.

Theorem 19. Assume that the vector X = (Xi,...,Xn) follows multinomial distri-
bution (H +r,p1,...,pan). Furthermore, the summation of the last k components of X

s r, then we have:

Pr o AX1 <siyoo o, Xp—i < Sp—iy XM—kt1 = SM—k41,-- -, XM > SMr}
=Pu{X1 <si,.. s Xk <sui) Pr(Xnr—pg1 > SM—kt1s - X > Su}
M
x Binopdf{r, H +r, Z pi}
i=M—k+1
where (X1,..., X, ) follows the multinomial distribution with mass parameter H and
probabilities
7 = e i= 1, M~k (4.65)
Zi:l bi
and (Xpr—g+1, - - -, Xar) follows the multinomial distribution with mass parameter r and
probabilities.
pi) = pi i=M—Fk+1,... M. (4.66)

M
Zz‘:M—k—H pi
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Proof. The rectangle probability Prgi,{X1 < Siy.. ., Xv—k < Sv—k, Xp—kt1 >
SM—k+1s---, XM > Sy} given that the summation of the last k terms of the vector X

is r can be expressed explicitly as follows:

(H+nr)!
: 1 T M
E 4 qP1 ---Par- (4.67)
Ti1:...Tpf-
T1<81,0 M-k SSM—k
TN —k+1ZSM—k+1y--»TMZSM

ZgM—kH Ti=T
Since X1+ -+ Xy =H +r and Xy g1+ -+ Xy = r, we have:

and we can rewrite equation (4.67) as:

(H + T)! Z H! T TN —Fk >
Hrl I Y L SRR VA
158150 T Mk SSM—k
S ei=H
T! TN —k+1 XN
> Pl
:UM—k—i-l!----TM! +

TM—k+1ZSM—k+1s--sEMZSM
M _
Zi:]w—kJrl Ti=T

The assertion of the lemma follows directly after applying formula (4.65) and (4.66) in

the above equation. O

Applying the Decomposition Theorem 19 to Equation (4.64), we obtain a much

simpler formula to compute the probability of rejecting r patients at sites i1, ..., ix:
H — Zk':zl Si. k k ) )
WPH-H‘{X” > Si; + I’ZXij = T"—Zsi]’;Xm < Sm, 7é 115 aZkJ}
j=1 j=1
H— Zkf 5: . k k
= H—fq}”Binopdf{r—l—Zsz-j,H—l—r,Zpij} (4.69)
j=1 J=1

X Pr{Xm < Sm, m#il""’ik}Pr—&-Z? 181'-{Xij > Si; +1,7=1,...,k}
=171

Remarks. This two-step procedure reduces the effort to evaluate the inner-most sum-
mation in equation (4.49) significantly since it is shown to be a product of three simple
probabilities which can be computed by known methods. Consequently, for a system
with less than 15 locations, evaluation of Type II service level is quite fast. Notice that
we still have the exponential number of scenarios arise from the first two summations in
(4.49), thus, in practice when the number of locations is much larger, another method

is needed. This topic will be discussed in the following section.
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4.4 Approximate analysis of recruitment time

Being able to evaluate recruitment time efficiently is very important for many reasons.
First, it is a proxy for the expected number of rejected customers. Moreover, recruit-
ment time plays an important role for the recruitment process, e.g., in clinical trials,
time can be quite costly due to limited patent lifetime. Thus, supply chain managers
need to know how to compute the expected recruitment time for a given initial inven-
tory position. In this section we show how to evaluate time by the use of asymptotic

approximation and bouding methods.

4.4.1 Asymptotic results

When the total inventory in the system S = Zf\i 1 8i exceeds the target H, as dis-
cussed in Section 4.2.4, the recruitment time T" can be well approximated by an Erlang
distribution Er(H, \).

Let E[R;] be the expected number of rejected arrivals at location ¢ by the recruitment

time T'. The total number of rejected arrival in the system is:
M
E[R] =) E[R;]. (4.70)
i=1

In order to compute the expected number of rejected arrivals E[R;] at location i, we
need to be able to compute the probability of rejecting r arrivals there. This probability

can be approximated as follows:
P{Ri=r) = / P{R: = r|T = t} fp (1), (4.71)
0

where fg,(t) is the pdf of the Erlang approximation Er(H, \) for the recruitment time
T.

Replacing P{R; = r|T = t} by the probability that a Poisson process with rate \;
has exactly s; +r arrivals and carrying out the above integration, we obtain the explicit

formula for the probability of rejecting r arriavls at location i:

MNSHYHH A1) (H+s;+7r—1)

P{R; =1} =
(B =r} (5 + 1)+ Ng)sitr

(4.72)
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4.4.2 Discrete moment bounds

The asymptotic approximation presented in the previous section works very well when
we carry excessive amount of inventory in the system. However, inventory is often
expensive and we need to make sure that total inventory S is as close to the target H
as possible. In this case, we propose a different method to give lower and upper bounds
on the expected reruitment time.

Since the first few moments of N(¢) can be computed easily, we propose to obtain
the lower and upper bounds on P(N(t) < H) through the moment problems by the use
of linear programming. Let ps = P(N(t) = s) and S = Z%zl Sm, then N(t) can take
values from the set 0,...,S. For now, assume that some of the moments of N(t) are
available g1, ..., fim, then the lower bound and upper bound on P(N(t) < H) is the

optimal values of the LPs:

H-1
min(max) Ds
5=0
subject to
S
Z s*ps = k=0,...m (4.73)
s=0

ps >0 s=0,..,585,

The above problems have been studied extensively by Prékopa (1990) under the name of
discrete moment problem. He also developed a special dual algorithm based on explicit
dual basis structure for the solution of the bounding problem. For a more detailed
description, we refer to Prékopa (1989,1990). Furthermore, the optimal solutions of
problem (4.73) can be expressed in closed form by Lagrangian polynomials lx(2), Li(z),

where k is the number of used moments:
Elly(2)] < P(N(t) < H) < E[Ly(2)] (4.74)

The expected time to recruit the rest of the patients to meet with the patient target
is:

B(Ty) = /0 T (T, > bt (4.75)



60

and equations (4.4), (4.75) give:
E(Tg) = / h P(N(t) < H)dt. (4.76)
0

Now, integrating the polynomial Lg(z)(or lx(z)) (obtained by the two LPs) over the

interval (0, c0) should provide us with lower and upper bounds for E(Tg).

/OO l(t)dt < E(TI:I) < /oo L (t)dt (4.77)
0 0

Two integrals in (4.77) are improper, thus, we will first compute the following finite
integral:

/ PN () < [, (4.78)
0

where a is a sufficiently large number and give an upper bound estimate on the tail
faoo P(N(t) < H)dt. If we denote this upper bound as ¢, then the lower and upper
bound on E(Tg) is:

/a lp(t)dt < /a P(Ny < H)dt < E(Tg) < e+ /a P(Ny < H)dt < e + /a Ly (t)dt

’ ’ ’ ’ (4.79)
Intuitively, this approach should work well since P(N(t) < H) becomes very small as
t approaches infinity, i.e., the upper tail of the integral (4.76) should decay fast. The
following lemma establishes an exponential upper bound for the tail of the integral in

(4.76).
Lemma 4. / P(N(t) < H)dt < Ce **(Aa)**t, where C is a constant:

czélf[(ﬁj”_j)_(ms_f)]. (4.80)

s=0
Proof. Let ¢ be the number of nonnegative integers solutions (z1,...,zys) to the
equation:

$1+"'+xM:3> (4.81)

and satisfying additional constraints:

I gsl,:c2§32,...,xM§sM. (4.82)
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Explicit expression of ¢ can be found using inclusion-exclusion formula (e.g, Rosen
et. al, 2000) and the well-known result on the number of integer solutions of a linear
equation (Murty, 1981). However, the formula is rather complicated, we instead use

the following upper bound on c:
s+M—-1 s—8—-1
< L >_<M_1>, (4.83)

M
where S = Z Sm (change this to st). The first term in equation (4.83) is the number of
nonnegativzzn i:nlteger solutions to equation (4.81), relaxing the constraints on x1,...,x/.
The second term counts the number of nonnegative interger solutions to equation (4.81)
under the condition that =1 > s1,...,2xp > sy and 1 + -+ - + 2 = s. We can give

the following upper bound on each of the term P(Ni(t) = x1)... P(Npy(t) = zps) in

equation (4.12):
P(Nl(t) = 331) - P(NM(t) = QZM) < P(st (t) = xjs). (4.84)

Site 7° is selected based on the condition that the number of recruits there x; is strictly
less than its inventory level s;. The existence of such a site is due to the fact that we
carry enough inventory at M sites to serve s patients (s = 0,..., H—1). Then, a simple

bound on P(N(t) = s) is the following

PIN(t) = s) < [(S M- 1) _ <5 N 1)] et QW gy

M-1 M—-1 xj!
Taking the summation over s = 0,1,..., H — 1 gives the following upper bound on
P(N(t) < H):
PIN() < ) < N A Hi [<3+M— 1> - <3—S— 1)} (1.56)
- al — M -1 M -1 ’

where x, A are the inventory level and the recruitment at the site that achieves the
maximum among all the sites js5, s =0,..., H — 1. Integrating both sides of the above

gives the inequality:

/aoo P(N(t) < H)dt < Hzl K i 1) B ( MS_11>} /aoo W ar as)
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The integral on the right hand side can be rewritten as:

1

where I'(x — 1, Aa) is the upper incomplete gamma function:
(o)

Iz -1, )= / e “z%dz. (4.89)
A

It is well-known (see, e.g. Natalini, Palumbo, 2000) that I'(z — 1, Aa) is bounded above
by:
D(z — 1, a) < B(ha)* le 9, (4.90)

where B is a constant such that Aa > %(m —1). Since a is assumed to be a large
number, it is safe to select B = 2, for example. The assertion follows directly from
(4.87) and(4.90). O

In what follows, we obtain a tighter lower and upper bound for P(N(t) < H) by
imposing a lower bound on p; in the linear programming formulation. Equation (4.12)
can be rewritten as:

P(N(t) = s) = > P(min(X(t),s1) = x1) ... P(min(X(t), sp7) = ),

T1tz2+-F+T =S
1<81,22<82,..,T M SS M1

(4.91)
and notice that if we relax the constraints on x;, ¢ = 1,..., M to strict inequalties
x; < 8;, we obtain the lower bound on P(N(t) = s):

P(N(t) = s) > > P(min(Xy(t), s1) = x1) ... P(min(X(t), sar) = xar).
T1tx2+-txp=s
r1<51,22<82,..., TN\ <SM
(4.92)

Under this new information, the problem can still be solved efficiently by dual method
by Prekopa due to the explicit structure of dual feasible bases. In particular, when the
first two or three moments are used, closed form formulas are available.

There are two ways to improve on the quality of the lower and upper bounds on
E(T). We can either use higher order moments (third, fourth moments) or find a
better lower bound on the probability P(N(t) = s). The former approach requires

the knowledge of moments of the summation of many random variables. This can be
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quite expensive and hence, we propose to relax the inequality and give a lower bound
on higher moments instead. The latter approach to improve on P(N(t) = s) is very

promising since we can add arbitrary number of terms to the right-hand-site of (4.92).

4.5 Numerical results

In this section we want to test the effectiveness of the approximations and bounds
for key performance metrics: Type I, Type II service levels and recruitment time. In
particular, we compare the values obtained by approximations and bounds to those from
exact analysis (small number of locations) and simulation (medium and large number
of locations). In the small example, we want to recruit 30 subjects at 5 locations and
we have 50 packages in the system. In the medium example, the number of subjects to
be recruited is 70 over 10 locations with 200 packages. The large example requires 600
subjects at 32 locations and we have 1200 packages in the system. Lastly, we carry out

a randomized study by varying the number of subjects, locations and packages.

4.5.1 Small example

Assume that the arrival rate is 0.2 subjects per day and the stock levels are set to
be 10 at each location. Type I service level is a multinomial probability and can be
evaluated exactly to be 89.2%. Type II service level can also be evaluated exactly
since the number of locations is small enough. On average, we reject 0.248 subjects
throughout recruitment. This number is very close to the result obtained by simulation

0.249. The accuracy for recruitment time is summarized in the following table:

Exact LB UB SIM
30.25 30.21 32.31 30.25

Table 4.1: Expected recruitment time E[T]: small case

The expected recruitment time computed by exact approach in the first column is
verified by the simulation result in the last column. It takes 30.25 days with the current
inventory positions to recruit 30 subjects. The values in the table also confirms that

the lower and upper bounds are quite accurate.
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4.5.2 Medium case

We repeat the same exercise in the previous section, however, the number of locations
is 10 and each has the arrival rate of 0.1 subjects per day. The initial inventory level is
10 for every location. We want to recruit 70 subjects. Type I service level is computed
exactly to be 32.3%. As expected, when type I service level decreases, Type II service
level increases. On average, the system rejects 2.09 subjects throughout recruitment
process. This is the exact value computed by our relaxation-decomposition scheme. A
value of 2.08 rejected subjects is obtained by simulation.

The expected recruitment time is reported in the following table. Now, it takes
about 72 days to finish recruitment of 70 subjects. This number is very close to the

lower and upper bounds.

Exact LB UB SIM
72.09 71.18 74.93 72.08

Table 4.2: Expected recruitment time E[T]: medium case

4.5.3 Large case

In this large example, we test our methods on the data of a clinical trial (Fleishhacker
et. al, 2014). The trial tested the efficacy of an antibiotic in treating a specific type
of infection and is a typical example of Phase III biologic drug trial. The trial’s pa-
tient horizon (i.e. the target number of patients to be recruited) was 600, and the
patient recruitment was accomplished in nine months. During the trial, each patient
received and needed only one clinical trial package (i.e. drug supply, packaging, and
labeling), and all treatments were administered intravenously in a hospital or doctor’s
office. Previously collected drug stability data supported a 24-month shelf life for the
investigational drug, and thus drug expiration was not a concern for this trial. Assume
that we are given 1200 medical packages to distribute over these 30 clinical trial sites.
For now, the intial stock levels are set in such a way that they are in proportion with
the corresponding recruitment rate.

Type I service level is evaluated to be 89.2%. Type II service level and expected
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# of Sites Enrollment Rate by Site (patients per day - sites separated by commas)
Latvia 4 0.02, 0.04, 0.05, 0.08
Russia 4 0.03, 0.06, 0.06, 0.28
Ukraine 4 0.02, 0.04, 0.05, 0.06
United States 12 0.03, 0.04, 0.05, 0.06, 0.08, 0.08, 0.11, 0.11, 0.14, 0.14, 0.16, 0.18
Poland 6 0.01, 0.02, 0.04, 0.04, 0.04, 0.06

Table 4.3: Enrollment Data for 30 Site Trial conducted in Five Countries.

recruitment time cannot be evaluated exactly due to a large number of locations. Thus,
in the following, we only present bounds obtained by discrete moment method and
simulation. On average, it takes 275 days (simulated result) to recruit 600 patients at
30 clinical trial sites with the given inventory levels. This number is very close to the

lower bound obtained by the moment method.

Exact LB UB SIM
NA  275.24 277.28 275.31

Table 4.4: Expected recruitment time E[T]: large case

4.5.4 Randomized study

In this section we want to compare the accuracy of moment bound methods and the
asymptotic approximations. We generate 1000 scenarios of recruitment by varying
the recruitment target, inventory, number of locations and recruitment rates. The
recruitment rates are generated by a uniform distribution and the initial stockings are
allocated according to arrival rates. Other parameter values are chosen based on the
following table. The first row shows if we have excessive inventory in the system or
not. For example, if the ratio between S and H is 1, it means that we carry the same
amount of inventory as the target. However, if this ratio is 2, we overstock inventory:

carry twice as much inventory as the target.

Values
S/H 100 % , 150 %, 200 % (S — H is inventory overage)
M 5, 10, 15, 20, 25, 30 (number of locations)
S 500, 1000, 1500 (total number of inventory)

Table 4.5: Parameters for the randomized study
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We consider two cases: overstock and understock. Overstock case corresponds to
those scenarios that the total of inventory in the system is either 1.5 or 2 times higher
than the target. If the total inventory is the same as the target, we call it understock.
At heavy overstock, asymptotic approximation on recruitment performs very well com-
pared to simulation. This is expected since if we carry a lot of inventory in the system,
we rarely reject subjects and the total arrival process to the system behaves similar to

a single Poisson process with the rate equals to the summation of rates at all locations.

% Error  Min  Average Max
Approx. 01 % 13% 24 %

Table 4.6: Expected recruitment time FE[T] when overstock (S/H > 1): asymptotic
approx.

At understock, i.e., S/H = 1, the asymptotic approximation can be very poor but
the moment bounds are much better.

% Error  Min  Average Max

Approx. 51 % 245% 441 %
LB 2.6 % 6.9 % 14.4 %
UB 4.0 % 8.4 % 159 %

Table 4.7: Expected recruitment time E[T] when understock (S/H = 1): asymptotic
approx. vs. moment bounds

4.6 Conclusion

We define and characterize a new class of inventory control problem - the recruitment
stocking problem, which can be found in clinical trials, marketing research/new product
launch, as well as inventory management for end-of-life-cycle products. The recruitment
stocking problem differs from previous research conducted in the classical inventory
management literature. With this unique feature under consideration, performance
evaluation and inventory allocation for this system are not known. In this chapter, we
are limited to discussion on performance evaluation, i.e., we propose both exact and

approximation methods to measure key performance metrics for the system: Type I
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and II service levels and recruitment time. The question of how to allocate inventory for
this system is for our future research. We can also generalize the recruitment stocking
problems in multiple directions when the system is multi-echelon and adapt different
type of inventory policies at each level, or the arrival process is more general than

Poisson type. The results in this thesis will serve as a foundation for further extension.

4.7 Appendix

In Section 4.3.2, we omit the details of how to obtain the formula (4.64) for the relax-
ation theorem in the general case when rejections happen at more than one location.
For the sake of completeness, the step-by-step derivation is presented below. The key
idea to rewrite the expression (4.61) is to relate the first term in that expression with
every summand within the summation. In particular, we are interested in the following

ratio:
PH+T_1{X{j =si; +1i;, JAGXG, =50+ — L X0 < Smy mA 0, ik}
PH+T{X¢J. = Si; + Tis) 7 # t;Xit = 8i + Tit;Xm < Sm, M ;é 21, .. .,ik}
The meaning of the probabilities in the numerator and denominator is explained in

(4.93)

Section 4.3.2. In the next step, we condition on the location ¢ that recruits the last
subject and simplify the above ratio in a few steps.

PH+7‘—1{XZ{J, =si;+rip, JAGX], =80+ — L X0 < Sm, mA i, ik}
PH+T{X¢J. =i, +1i;, §F X = 8i, T i Xm < Smy, mF Tlyeveyin}
B Prir—i{Xi, = si; + iy, §# 6 X < Smy mF b1, 6] X, = 80, + 7, — 13 Pryr—1 (X, = si, + 73, — 1))
- PridXi; = si; +1iy, §F 6 Xm < sm, m# i, ..., 06| X, = sy, + 74, J P { Xy, = 80, + 740, }
PH“F"‘*Sit*"‘it{X{j =8y, +ri;, §FE Xy < Sm, mFEdy, .. ik} Pae 1 {X], = si, + 15, — 1)}
Prir—s;, —r,, {Xi; =54, +riy5 §F X < smy m A, iy Prer{ X, = 85, + 74, }
_ Py X, =si, i, — 1}
Pryr{X:, = 85, + 74, }
_ Siy Ty
~ pi(H+7)

Note that Pgy,—1{X], = si + ri, — 1} and Pg.{X;, = s;, + r;,} are binomial
probabilities with parameters H + r — 1 and H + r, respectively, and probability
Di, = Ni,/ Z%:l Am- Equation (4.64) is easily obtained after taking the summation

over t (the location that recruits the last subject) in the expression (4.61).



[1]

[12]

[13]

[14]

[15]

68

References

M. Abbas and S. Bouroubi. On new identities for bell’s polynomials. Discrete
Mathematics, 293(1):5-10, 2005.

N.I. Akhiezer. The classical problem of moments. Fizmatgiz, Moscow, 11, 1961.

N. Asai, I. Kubo, and H.H. Kuo. Bell numbers, log-concavity, and log-convexity.
Acta Applicandae Mathematicae, 63(1):79-87, 2000.

A. Baricz. Turan type inequalities for hypergeometric functions. Proceedings of
the American Mathematical Society, 136(9):3223-3229, 2008.

R.W. Barnard, M.B. Gordy, and K.C. Richards. A note on turan type and mean
inequalities for the Kummer function. Journal of Mathematical Analysis and Ap-
plications, 349(1):259-263, 20009.

E.A. Bender and E.R. Canfield. Log-concavity and related properties of the cycle
index polynomials. Journal of Combinatorial Theory, Series A, 74(1):57-70, 1996.

S. Bernstein. Sur la définition et les propriétés des fonctions analytiques d’une
variable réelle. Mathematische Annalen, 75(4):449-468, 1914.

D. Bertsimas and I. Popescu. Optimal inequalities in probability theory: A convex
optimization approach. SIAM Journal on Optimization, 15(3):780-804, 2005.

N.L. Bowers, H.U. Gerber, J.C. Hickman, D.A. Jones, and C.J. Nesbitt. Actuarial
mathematics, volume 2. Society of Actuaries Chicago, 1986.

AV Boyd. Gurland’s inequality for the gamma function. Scandinavian Actuarial
Journal, 1960(3-4):134-135, 1960.

M. Branda. Underwriting risk control in non-life insurance via generalized linear
models and stochastic programming. Proceedings of the 30th International Con-
ference on Mathematical Methods in Economics, 2012.

F. Brenti. Unimodal, log-concave and Pdlya frequency sequences in combinatorics,
volume 413. American Mathematical Soc., 1989.

F. Brenti. Log-concave and unimodal sequences in algebra, combinatorics, and
geometry: an update. Contemp. Math, 178:71-89, 1994.

D.A. Dawson and D. Sankoff. An inequality for probabilities. Proceedings of the
American Mathematical Society, pages 504-507, 1967.

J. Demmel and P. Koev. The accurate and efficient solution of a totally positive
generalized Vandermonde linear system. SIAM Journal on Matriz Analysis and
Applications, 27(1):142-152, 2005.



[16]

32]

[33]

69

D. Dentcheva, A. Prékopa, and A. Ruszczynski. Concavity and efficient points of
discrete distributions in probabilistic programming. Mathematical Programming,
89(1):55-77, 2000.

D. Dentcheva, A. Prékopa, and A. Ruszczynski. Bounds for probabilistic integer
programming problems. Discrete Applied Mathematics, 124(1):55-65, 2002.

M. Fekete and G. Pélya. Uber ein problem von laguerre. Rendiconti del Clircolo
Matematico di Palermo (1884-1940), 34(1):89-120, 1912.

R.A. Fisher and E.A. Cornish. The percentile points of distributions having known
cumulants. Technometrics, 2(2):209-225, 1960.

A. Fleischhacker, A. Ninh, and Y. Zhao. Positioning inventory in clinical trial
supply chains. Production and Operations Management, 2014.

J. Frey. An algorithm for computing rectangular multinomial probabilities. Jour-
nal of Statistical Computation and Simulation, 79(12):1483-1489, 2009.

M.A. Goberna and M.A. Lopez. Linear semi-infinite optimization, volume 2. John
Wiley & Son Ltd, 1998.

A. Haar. Uber lineare ungleichungen. Acta Math. Szeged, 2:1-14, 1924.

H. Hamburger. Beitrage zur konvergenztheorie der Stieltjesschen kettenbriiche.
Mathematische Zeitschrift, 4(3):186-222, 1919.

H. Hamburger. Uber eine erweiterung des stieltjesschen momentenproblems.
Mathematische Annalen, 81(2):235-319, 1920.

B.G. Hansen. On log-concave and log-convex infinitely divisible sequences and
densities. The Annals of Probability, pages 18321839, 1988.

F. Hausdorff. Summationsmethoden und momentfolgen. Mathematische
Zeitschrift, 9(1):74-109, 1921.

F. Hausdorff. Momentprobleme fiir ein endliches intervall. Mathematische
Zeitschrift, 16(1):220-248, 1923.

R. Hettich and K.O. Kortanek. Semi-infinite programming: theory, methods, and
applications. SIAM review, pages 380-429, 1993.

S.D. Hodges and S.M. Schaefer. A model for bond portfolio improvement. Journal
of Financial and Quantitative Analysis, 12(02):243-260, 1977.

L. Holst. On birthday, collectors, occupancy and other classical urn problems.
International Statistical Review/Revue Internationale de Statistique, pages 15-27,
1986.

K. Isii. The extrema of probability determined by generalized moments. Annals
of the Institute of Statistical Mathematics, 12(2):119-134, 1960.

K. Isii. On sharpness of Tchebycheff-type inequalities. Annals of the Institute of
Statistical Mathematics, 14(1):185-197, 1962.



[34]

[35]

[36]

[37]

[38]

[39]
[40]

[41]

[46]

[47]

[48]

[50]

70

M.A. Johnson and M.R. Taaffe. Tchebycheff systems: A review and interpretation
for probabilistic analysis. Research Memorandum, 21:129-248, 1988.

N.L. Johnson and S. Kotz. Urn models and their application, volume 8. Wiley
New York, 1977.

0. Johnson, I. Kontoyiannis, and M. Madiman. On the entropy and log-concavity
of compound poisson measures. arXiv preprint arXiw:0805.4112, 2008.

O. Johnson, I. Kontoyiannis, and M. Madiman. Log-concavity, ultra-log-concavity,
and a maximum entropy property of discrete compound poisson measures. Discrete
Applied Mathematics, 2011.

C. Jordan. Calculus of finite differences. Chelsea Pub Co, 1965.
S. Karlin. Total positivity, volume 1. Stanford University Press, 1968.

S. Karlin and W.J. Studden. Tchebycheff systems: with applications in analysis
and statistics, volume 376. Interscience Publishers New York, 1966.

J.H.B. Kemperman. The general moment problem, a geometric approach. The
Annals of Mathematical Statistics, 39(1):93-122, 1968.

T.H. Kjeldsen. The early history of the moment problem. Historia mathematica,
20(1):19-44, 1993.

M.G. Krein and A.A. Nudelman. The markov moment problem and extremal prob-
lems. Translations of mathematical monographs. American Mathematical Society,
Providence, Rhode Island, 50, 1977.

R. Lebrun. Efficient time/space algorithm to compute rectangular probabilities
of multinomial, multivariate hypergeometric and multivariate Pélya distributions.
Statistics and Computing, 23(5):615-623, 2013.

Bruce Levin et al. A representation for multinomial cumulative distribution func-
tions. The Annals of Statistics, 9(5):1123-1126, 1981.

L.L. Liu and Y. Wang. On the log-convexity of combinatorial sequences. Advances
in Applied Mathematics, 39(4):453-476, 2007.

G. Madi-Nagy. Polynomial bases on the numerical solution of the multivariate
discrete moment problem. Annals of Operations Research, 200(1):75-92, 2012.

G. M4di-Nagy and A. Prékopa. On multivariate discrete moment problems and
their applications to bounding expectations and probabilities. Mathematics of
Operations Research, 29(2):229-258, 2004.

G. M4di-Nagy and A. Prékopa. Bounding expectations of functions of random
vectors with given marginals and some moments: Applications of the multivariate
discrete moment problem. Mathematical Inequalities and Applications, 14(1):101—
122, 2011.

A. Markov. On certain applications of algebraic continued fractions. PhD thesis,
PhD thesis, St. Petersburg, 1884. in Russian, 1884.



[51]

[52]

[62]

[63]

[64]

[65]
[66]

[67]

71

P. Novi Inverardi, A. Petri, G. Pontuale, and A. Tagliani. Stieltjes moment problem
via fractional moments. Applied mathematics and computation, 166(3):664-677,
2005.

P. Novi Inverardi, G. Pontuale, A. Petri, and A. Tagliani. Hausdorff moment prob-
lem via fractional moments. Applied mathematics and computation, 144(1):61-74,
2003.

A. Oztiirk. On the study of a probability distribution for precipitation totals.
Journal of Applied Meteorology, 20(12):1499-1505, 1981.

I. Popescu. A semidefinite programming approach to optimal-moment bounds for
convex classes of distributions. Mathematics of Operations Research, 30(3):632—
657, 2005.

A. Prékopa. Mathematical treatment of the degradation process of long chain
molecules. Mathematical Institute of the H.A.S, 2:102-123, 1953.

A. Prékopa. On probabilistic constrained programming. In Proceedings of the
Princeton symposium on mathematical programming, pages 113-138. Princeton,
New Jersey: Princeton University Press, 1970.

A. Prékopa. Contributions to the theory of stochastic programming. Mathematical
Programming, 4(1):202-221, 1973.

A. Prékopa. Logarithmic concave measures and functions. Acta Scientiarum Math-
ematicarum, 34(1):334-343, 1973.

A. Prékopa. Boole-bonferroni inequalities and linear programming. Operations
Research, 36(1):145-162, 1988.

A. Prékopa. The discrete moment problem and linear programming. Discrete
Applied Mathematics, 27(3):235-254, 1990a.

A. Prekopa. Dual method for the solution of a one-stage stochastic programming
problem with random RHS obeying a discrete probability distribution. Zeitschrift
fiir Operations Research, 34(6):441-461, 1990b.

A. Prékopa. Sharp bounds on probabilities using linear programming. Operations
Research, 38(2):227-239, 1990c.

A. Prékopa. Totally positive linear programming problems. LV Kantorovich
Memorial Volume, pages 197-207, 1990d.

A. Prékopa. Inequalities on expectations based on the knowledge of multivariate
moments. Lecture Notes-Monograph Series, pages 309-331, 1992.

A. Prékopa. Stochastic programming. Kluwer Academic Publishers, 1995.

A. Prékopa. The use of discrete moment bounds in probabilisticconstrained
stochastic programming models. Annals of Operations Research, 85:21-38, 1999.

A. Prékopa. Discrete higher order convex functions and their applications. In
Generalized Convezity and Generalized Monotonicity, pages 21-47. Springer, 2001.



[68]

72

A. Prékopa. Probabilistic programming. In A. Ruszczynski and A. Shapiro, edi-
tors, Handbooks in operations research and management science, volume 10, pages
267-351. North-Holland Publishing Company, Amsterdam, 2003.

A. Prékopa and E. Boros. On the existence of a feasible flow in a stochastic
transportation network. Operations research, 39(1):119-129, 1991.

A. Prékopa, J. Long, and T. Szantai. New bounds and approximations for the
probability distribution of the length of the critical path. Dynamic Stochastic
Optimization, 532:293, 2004.

A. Prékopa and M. Unuvar. Single commodity stochastic network design under
probabilistic constraint with discrete random variables. RUTCOR Research Re-
port, 2012.

A. Prékopa, B. Vizvari, and T. Badics. Programming under probabilistic con-
straint with discrete random variable. In L. Grandinetti et al., editor, New trends in
mathematical programming, pages 235-255. Kluwer Academic Publishers, Boston,
1998.

M.V. Ramakrishna and P. Mukhopadhyay. Analysis of bounded disorder file or-
ganization. In Proceedings of the seventh ACM SIGACT-SIGMOD-SIGART sym-
posium on Principles of database systems, pages 117-125. ACM, 1988.

F. Riesz. Sur les opérations fonctionnelles linéaires. Comptes Rendus Acad. Sci.
Paris, 149:974-977, 1909.

M. Riesz. Sur le probleme des moments. Troisieme note. Ark. Mat. Fys, 16:1-52,
1923.

J. Riordan. Combinatorial identities. Wiley (New York), 1968.

W.W. Rogosinsky. Non-negative linear functionals, moment problems, and ex-
tremum problems in polynomial spaces. Studies in mathematical analysis and
related topics, 316(324):121-125, 1962.

S.M. Samuels and W.J. Studden. Bonferroni-type probability bounds as an appli-
cation of the theory of T'chebycheff system. Probability, statistics and mathematics,
papers in honor of Samuel Karlin. Academic Press, San Diego, CA, 271:289, 1989.

A. Shapiro. On duality theory of conic linear problems. In in M. A. Goberna and
M.A. Lopez, Eds., Semi-Infinite Programming: Recent Advances. Kluwer Academic
Publishers, 2001.

J.A. Shohat and J.D. Tamarkin. The problem of moments. Number 1. Amer
Mathematical Society, 1943.

S. Simic. Turan’s inequality for Appell polynomials. Journal of Inequalities and
Applications, 2006, 2006.

H. Skovgaard. On inequalities of the Turan type. Math. Scand, 2:65-73, 1954.

R.P. Stanley. Log-concave and unimodal sequences in algebra, combinatorics, and
geometrya. Annals of the New York Academy of Sciences, 576(1):500-535, 1989.



[84]

[85]

[36]

[87]

[88]

[89]

[95]

73

F.W. Steutel. Preservation of infinite divisibility under mixing and related topics.
Math. Centre Tracts, 33, 1970.

F.W. Steutel and K. Van Harn. Infinite divisibility of probability distributions on
the real line. CRC Press, 2003.

T.J. Stieltjes. Recherches sur quelques séries semi-convergentes. PhD thesis,
Gauthier-Villars, 1886.

T.J. Stieltjes. Recherches sur les fractions continues [suite et fin]. Ann. Fac. Sci.
Toulouse Sci. Math. Sci. Phys, 9(1):A5-A47, 1895.

E. Subasi, M. Subasi, and A. Prékopa. Discrete moment problems with dis-
tributions known to be unimodal. Mathematical Inequalities and Applications,
12(3):587-610, 2009.

G. Szegé. On an inequality of p. turan concerning legendre polynomials. Bull.
Amer. Math. Soc., 54:401-405, 1948.

L. Takacs. Combinatorial Methods in the Theory of Stochastic Process. Wiley,
1967.

D.W. Walkup. Pdlya sequences, binomial convolution and the union of random
sets. Journal of Applied Probability, pages 7685, 1976.

Y. Wang and Y.N. Yeh. Log-concavity and lc-positivity. Journal of Combinatorial
Theory, Series A, 114(2):195-210, 2007.

C. Withers and S. Nadarajah. On the compound poisson-gamma distribution.
Kybernetika, 47(1):15-37, 2011.

K. Yoda and A. Prékopa. Convexity and solutions of stochastic multidimensional
knapsack problems with probabilistic constraints. Mathematics of Operations Re-
search, 2015. To appear.

Y. Yu. On the entropy of compound distributions on nonnegative integers. Infor-
mation Theory, IEEE Transactions on, 55(8):3645-3650, 20009.



