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Single file diffusion currently has a plethora of real life applications and has been projected
to have many more in the near future. In this thesis, particle transfer through single file
channels is studied using Monte Carlo simulation. Using a simple jump model particle
dynamics in a single file arrangement is studied. Many phenomena are examined like
transition of different dynamical regimes through study of the mean square displacement
of particles, counter-diffusion of different particles through a channel between two
reservoirs through the study of collective diffusion coefficient and effective flux under a
gradient. The simulation results are used to gain information into the particular
arrangements and limitations of particles undergoing single file diffusion.
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I. INTRODUCTION
Transport of molecules through narrow channels on the nano-scale is a welldocumented phenomenon. Single file channels are obtained when the dimensions of nano
pores allow only a single particle to enter at a single instance. The diffusion of particles in
such one dimensional channels is known as Single File Diffusion(SFD). A characteristic
property of such kind of motion is that particles cannot overlap each other nor can they
pass one another1, 4. Such motion can be compared to the situation of a traffic jam along a
road of only one lane, where a car can move only if a car in front or behind moves. The
motion of individual particles in such single file systems is considered as a random walk 4,
9, 11, 18

in one dimension. A randomly moving particle has equal probability to move left

and right. So the average displacement of a system of particles confined in a one
dimensional channel would be zero. So instead of displacement, randomly moving particles
are studied using the average mean square displacement (MSD) of the system of particles.
The evolution of this MSD in a one dimensional system was first shown by Einstein 7, 2021

as.
< ∆𝑥 2 >= 2𝐷𝑠 𝑡

(1)

With MSD < ∆𝑥 2 > being proportional to the observation time t. The slope of this
dependence gives the self-diffusion coefficient Ds. This relationship is valid for cases with
an absence of driving force.
During the start of the 1980s, SFD was experimentally observed in new zeolite
structures exhibiting one dimensional channel systems (e.g., ZSM-12, -22, -23, -48,
AIPO4-5, -8, -11, L, Omega, EU-I, and VPI-5)15-17 which was demonstrated through NMR
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studies14,

22, 24-25

. With these discoveries single file zeolite channels was used for

heterogeneous catalysis and mass separation. Later, from the start of 1996, single file
channels were shown in carbon nanotubes

35, 42, 47, 53, 55, 57

and ion transport through

biological membranes 23, 51, 53, 56. In CNT, single file transport of water was experimentally
realized by Wenseleers et.al.46. These experimental observations opened the application of
Single File Diffusion for potential topics like water desalination, proton transfer through
fuel cells, gas adsorption and reaction etc.
Lebowitz and Percus1-2 studied particles in one dimension through simulations in a lattice
framework. This lattice consisted of sites that could hold a single particle and particles
would move through these sites by virtues of a random walk. In their Molecular Dynamics
simulations they considered the velocity of each of these particles which was much higher
than its 3 dimensional counterpart and derived an expression that showed how the selfdiffusion coefficient of these particles are dependent on these velocities. Levitt4 along with
Bishop & Berne3, 5, 12 further simplified to show that for hard spheres the self-diffusion
coefficient is a function of the length of the jump l these particles take within a
characteristic time τ as
𝑙2

𝐷𝑠 = 2𝜏
Later it was found

1-2, 4, 6, 11, 18, 32

(2)

that Einstein’s relation doesn’t hold in single files for

infinitely long systems. Richards8-9 who was investigating the conduction of ions through
single file biological channels, saw that the MSD grew with the root of time for a system
of 4000 particles in a single file channel of 8000 sites with periodic boundary conditions.
Monte Carlo (MC) and analytical techniques within a lattice framework with equivalent
sites (all sites were considered equal and cannot be distinguished) were used. During these
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simulations it was noted that the relative order of the particles remained conserved
throughout the simulation and a long range correlation persisted. In this correlation the
movement of each individual particle represented the movement of the entire chain of
particles. This phenomenon was used to explain the evolution of MSD with the root of
time. Fedders11 investigated a system of distinguishable point particles in an infinite one
dimensional chain. He build on Richards conclusions to show a quantified relationship for
single file diffusion in infinitely long channels as,
< ∆𝑥 2 >= 𝐹 √𝑡

(3)

with F defined as the single file mobility, which is dimensionless and depends on the
particle density, or overall channel occupancy 𝜑, as 18:
2 0.5 1−𝜑

𝐹 = [𝜋 ]

𝜑

𝑙2

(𝜏0.5 )

(4)

The meaning of τ and l is in analogy to Eq. (2) and 𝜑 is the average occupancy of particles
in the entire channel. The average occupancy is the average of the ratio of number of
particles to the number of total sites a particle can occupy.
All the previous theoretical studies and simulations were conducted for the limiting
case of infinite length of single files but experimental systems demonstrated the need for
study of systems of finite length. Karger18-19 started studying adsorption of gas into single
file channels formed by zeolites and also reactions inside single file systems of finite
lengths. Lattice Monte Carlo with simple jump model was used to simulate the diffusion
of gas molecules within the channel. Thus the adsorption and desorption of gas molecules
was simulated through these zeolite channels. While simulating these finite length short
channels, it was shown that the SFD relationship shown in Eq. (3) existed only for an initial
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time period after which the system transitions at a characteristic time into a region
described by Eq.(1). This crossover time where the system transitions is given as
𝐹2

𝑡 ∗ (𝜑) = 𝐷2

(5)

𝑠

It was also shown that in a finite sized channel, at long times, the order of the particles is
not preserved and the consecutive movement of such particle chains are not correlated
(where movement of individual particles are independent and also do not represent the
movement of the whole body of particles). This causes the system to transition into a region
described by Eq. (1). Karger et.al.

18-19

demonstrated a relation between the mobility

constant F and the self-diffusion coefficient Ds (as defined in Eq. (1)) to be
𝐹 = 2𝑙

1−𝜑 𝐷𝑠 0.5
𝜑

(𝜋)

(6)

Hummer et.al.33, 35, 37-38, 55 were one of the first to simulate water transport through single
file channels that were formed by carbon nanotubes(CNT). These channels were placed
between two reservoirs of water. Molecular Dynamics was used to study the dynamics of
water movement through comparably shorter channels of length L=5 sites, where each site
can occupy a single molecule. It was observed that the channel was densely packed with a
chain of water molecules that are bonded together by strong hydrogen bonds under the
protective environment of the CNT pore. The motion of this chain was concerted and was
shown to follow the dynamics of normal diffusion as described by Eq. (1). The concerted
motion through these CNT channels was studied through a continuous-time random walk
model. In the model water molecules translocate through these channel, from one reservoir
to another, in the form of a unidirectional burst. This burst consisted of a cluster of water
molecules. The model was limited to channels of shorter lengths and was not valid for
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longer channels(as defects such as vacancies in the chain of molecules destroyed their
concerted motion). Further this chain of water molecule was termed as a ‘water wire’ to
study single proton transfer. The proton transfer through the chain takes place through a
proton hopping mechanism30. The transport of proton through these water wires was
analogous to the transport of a tracer molecule through a single file with dynamics defined
by Eq. (1)&(3). Schulten and Zhu39 used a similar model with charges distributed over the
CNT and thus imitate a biological channel. Chou40 further developed a proton transfer
model through water wire single files of 8-26 water molecules using Monte Carlo
techniques and the concepts of SFD. Multiple protons are considered on the water wire and
the flux of these protons under an equal electrochemical potential gradient was
investigated. Such motion of proton transfer is extensively studied due to its applicability
in fuel cells. Kofinger53 also developed such a model using MD simulations for ion
transport through Aquaporins and Nanotubes made of Boron-nitride.
To understand the diffusion dynamics of systems that comprise of random walking
particles, it is desired to study the system under isotropic conditions. To analyze the motion
of molecules inside these single file channels under equal concentration gradient or
equipotential gradient, the first passage properties are studied. The first passage time is
defined as the amount of time a random walking particle takes to traverse a distance ∆𝑥 in
any direction for the first time34. A schematic diagram is shown in Fig. 1. Sanders and
Ambjornsson

54

investigated the first passage properties of tracer particles in single file

diffusion in crowded environments. Fractional Brownian motion was considered in one
dimension to simulate single file diffusion. One of their primary reason for studying first
passage properties was the movement of protein through DNA strains which is visualized
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to be one dimensional. A one dimensional lattice of 10000 sites and 2500 particles based
on which a full functional form was proposed to describe the FPTD of the tracer particle
in single file. Later using their conjecture equation, Forsling et.al58 described First Passage
properties of tracer particles in single file channel with reactive sites. Ryabov59 showed
similar studies of First Passage properties of interacting particles in single file channels.

Figure 1: Description of First Passage time for a random walking particle. In the
schematic figure shown, a single particle travels through a distance ∆x via a random walk
in time t.
Flow through a one dimensional tube under a gradient has been postulated to be many
times faster than three dimensional flow45. Chou28, 52 was one of the first to investigate an
analytical solution for the one dimensional flow of particles under a gradient through a
channel separating two reservoirs. The analytical solution proposed was based on the
probabilities of the particles insertion, removal and movement within the channel. The
dependence of the flux through the channel on the bulk temperature was elucidated by him.
Nelson and Auerbach32 were investigating the long time behavior of transport of molecules
through single file channels and showed that the diffusion of these molecules at times much
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greater than the characteristic crossover time described in Eq. (5) is described by Fick’s
law as
∆𝐶

𝐽 = 𝐷𝑐 ( 𝐿 )

(7)

Where J is the flux of particles through the channel, L is the channel length, ∆𝐶 is the
concentration difference of the particle across the channel and Dc is the collective diffusion
coefficient describing the diffusion through the channel. Short channels of length 6 sites
was studied using Kinetic Monte Carlo in open systems, where each site accommodates a
single particle. Diffusion properties of the particles was calculated by moving a single
vacancy through the channel. Their model is valid for arbitrary file lengths regardless of
whether the transport is sorption limited (small file lengths) or diffusion limited (large file
lengths). Similar work was done by MacElroy and Suh 13, 26-27 who used MD simulations
on periodically extended channels to show that particle mobility is a function of time and
channel length. Taloni43 studied single file diffusion in a periodic substrate in great detail
and showed how density, temperature, collision rate affect the motion of particles.
Vasenkov 36, 42, 44 who was studying tracer dynamics through single file channels through
zeolites showed how desorption and the mean occupancy of the channel is related. He
demonstrated that the potential barrier of particles associated with desorption/adsorption
through the sites located at the extreme ends of the channel was much higher than the
potential barrier associated with the movement of particles within the channel. Using
Monte Carlo method, it was shown that these exchange rates at the sites that are located at
either boundaries of the channel greatly influenced the mean occupancy of the channel.
Then using MD the transport of tracer molecule through these channels and the effect of
the exchange rates at these extreme sites on the permeation of tracer molecules was studied.
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Despite the extensive theoretical and simulation research of SFD described above, little
attention was paid to the single file transport through finite size channels under a
concentration gradient. Extensive study of the nature of particle translocation, bursts
through the channel under equal concentration gradient and First Passage properties in a
finite length single file is not available. Given the advent of Carbon Nanotubes of finite
lengths, these conditions are of great practical importance due to the potential use for water
purification. In this paper the motion of particles in a finite length channel is studied
extensively. This data is then supplemented with study of motion of particles in a finite
length channels under a concentration gradient. In this paper Section II describes the
simulation methods and models used. In Section III a single file channel is simulated with
periodic boundary conditions. The regime change from that described by Eq. (3) where
MSD evolves with t0.5 to the regime described by Eq. (1) where MSD evolves with t is
investigated. In Section IV a finite single file channel is placed between two infinite
reservoir of particles cis and trans. This channel is simulated under symmetric conditions.
Various properties related to flux and First Passage are reported. In Section V the finite
channel is placed between two infinite reservoirs and then simulated under a concentration
gradient.
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II. SIMULATION SET-UP
The Monte Carlo technique is used to simulate single file system. The channel is
divided into sections of unit length that can accommodate only one particle at a time.
Particles in the system cannot overlap each other and in the system individual particles
cannot overtake each other. There are four types of Monte Carlo moves, depending on the
position of the particle. Particles in the interior of the channel have only probabilities to
move left (q) or right (p) to adjoining sites within the channel, particles at the reservoir
boundary have additional probabilities of insertion (a,d) into the channel or removal (g,b)
from the channel, depending on the location of the particle. A schematic representation is
shown in Fig. 2.

A

B
Figure 2-A: Probability of insertion and removal of a particle into a channel at both the
boundaries and the probability of movement to left or right within the channel. 2-B
Schematic representation of periodic boundary conditions applied to a single file channel
of finite length. Here the total number of particles in the system remain constant.
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A site may be open (no particles occupying) or blocked (occupied by a particle). One type
of simulation employs whole setup to calculate the self-diffusion coefficient Ds as
described by Eq. (1) for a system of particles within a finite single file with periodic
boundary conditions in Section III. This setup is then used to calculate the collective
diffusion coefficient as given by Eq. (7) in an open system consisting of a finite channel
being placed between two infinite reservoirs in Sections IV & V. Sections III & IV are
simulated under symmetric conditions i.e. all the probabilities within the channel are kept
as 0.5 while in Section V a gradient is applied by altering the insertion and removal
probabilities of the channel. All the particles in the system are treated with identical
transport properties. In Section III the single file is simulated with periodic boundary
conditions as shown in Fig. 2B.
For Section IV & V a single file channel of finite length L is considered between two
infinite reservoirs cis & trans with particles tagged with the same annotation. A
schematic representation is shown in Fig. 3. The long time evaluation of flux through this
system under symmetric conditions can be described by Fick’s law. For cis particles it is
𝐽𝑐 = 𝐷𝑐𝑖𝑠 (

∆𝐶𝑐𝑖𝑠
𝐿

)

(8)

And a similar expression is used to describe trans particles
∆𝐶𝑡𝑟𝑎𝑛𝑠

𝐽𝑡 = 𝐷𝑡𝑟𝑎𝑛𝑠 (

𝐿

)

(9)
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In Eq. (8) & (9) 𝐽𝑐 & 𝐽𝑡 is the flux of cis & trans particles respectively. ∆𝐶𝑐𝑖𝑠 & ∆𝐶𝑡𝑟𝑎𝑛𝑠 is
the concentration difference of cis & trans particles across the channel respectively. 𝐷𝑐𝑖𝑠 &
𝐷𝑡𝑟𝑎𝑛𝑠 is the steady state collective diffusion coefficient of the cis and trans particles
respectively (the term collective is used because the whole system is assumed to move as
a single entity). For a system under a concentration gradient, an effective collective
diffusion coefficient can be defined for particle flux through the channel without
differentiating between cis and trans particles. The effective collective diffusion coefficient
Deff can be calculated as:

Trans
Cis
Reservoir
Reservoir
Figure 3 : A schematic representation of movement of cis and trans particles through a
single file channel of finite length and open boundaries.
∆𝐶

𝐽 = 𝐷𝑒𝑓𝑓 ( 𝐿 )

(10)

So for there is self-diffusion coefficient 𝐷𝑠 for periodic systems and then there is
collective diffusion coefficient 𝐷𝑐𝑖𝑠 , 𝐷𝑡𝑟𝑎𝑛𝑠 & 𝐷𝑒𝑓𝑓 for open systems. The goal of this
article is to thoroughly investigate single file diffusion and demonstrate the nature of
particle transport through single file channels.
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III. ANALYSIS USING PERIODIC BOUNDARY CONDITIONS
In this section periodic boundary conditions are applied to a finite length single file
channel as shown in Fig. 3. Using this setup the motion of particles in single file channel
is studied i.e. the transition from a motion characterized by Eq. (3) (single file diffusion)
to a motion characterized by Eq. (1) (Einstein’s Equation of motion in one dimension) is
demonstrated. The number of particles in the system or the particle occupancy 𝜑 of the
system is kept constant. The conservation of the number of particles in the system enables
the calculation of the MSD of the entire system with each MC time steps. This feature
makes possible to study the evolution of MSD and the transient behavior from single file
diffusion to normal diffusion of a system of particles confined in a single file arrangement.
This transition from single file diffusion to normal diffusion occurs at a characteristic
crossover time defined in Eq. (5). This equation (Eq. (5)) mentioned above is valid only
for either small MC time steps (for times less than characteristic transition time) or very
large channel lengths10, 18, 29 (channel lengths so large that any single particle doesn’t travel
the entire length of the channel during the course of the simulation). Another aspect
considered in this section is the limit of applicability of the single file diffusion equation
Eq. (3). For the above described equation the limit of applicability of Eq. (3) is t<<t*( 𝜑 ),
where t*( 𝜑 ) is the crossover time from Eq. (3) to Eq. (1).
Fig. 4 illustrates how the transition from single file to normal diffusion occurs in terms of
the evolution of MSD with time t. Fig. 5A & 5B demonstrates how MSD, at initial times,
evolves with the square root of time. In Fig. 4, Fig. 5A & 5B the self-diffusion coefficients
are calculated for simulations consisting of channels of length L = 100 sites, overall channel
occupancy 𝜑 = 0.5 and periodic boundary conditions. In Fig. 5 the data points in orange
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represent the period prior to the cross over time. These points are used to calculate the
mobility constant F. The points in gray are the data points after the system has crossed over
into normal diffusion as described by Eq. (1). Fig. 5A & 5B demonstrates the dependence
of MSD on t0.5 for times before the characteristic crossover time. Fig. 4 & 5 signifies the
nature of the transition from single file diffusion to normal diffusion. The transition is not
instantaneous but rather gradual and the crossover time isn’t directly evident in Fig. 5. The
MSD evolution with MC time step is plotted in the natural logarithm scale in Fig. 4 and the
intersection of the trend lines of the two motions is denoted as the crossover time t*( 𝜑 ).
Due to the gradual nature of the crossover, only the initial points that fall on a linear profile
are used to calculate the mobility constant F.

Figure 4 : MSD as a function of the MC time steps in the natural logarithm scale for L=100
sites and total simulation time of t=10^8 time steps.
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A

B

Figure 5-A: MSD as a function of the square root of MC time steps for L=100 sites and
total simulation time of t=108 time steps. 5-B: MSD as a function of the Monte Carlo time
steps, this plot demonstrates the system is undergoing single file diffusion
Fig. 6 elucidates normal diffusion by demonstrating the evolution of MSD with time
after the system has exceeded the characteristic crossover time t*( 𝜑 ). The self-diffusion
coefficient Ds is calculated using Eq. (1) on the data obtained from Fig. 6. The very long
sampling time and the linear nature of the MSD with the evolution of time by Eq. (1)
indicates that normal diffusion persists in single file and it is the ultimate stage of its motion
in the system described
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Figure 6: MSD as a function of the MC time step after the system has crossed over to
collective diffusion from single file diffusion for L=100 sites and total simulation time of
t=10^8 time steps. Here, Ds = 0.0047.
To understand the relation between self-diffusion coefficient Ds with the channel
occupancy 𝜑, a parameter K is defined, where K is the ratio of the void space to the filled
space in the channel.
𝐾=

1−𝜑
𝜑

(11)

K is used to elucidate the relation of the self-diffusion coefficient Ds to the overall channel
occupancy 𝜑. Fig. 7 shows the relationship obtained between the parameter K and the selfdiffusion coefficient Ds for MC simulations of constant channel length of L = 100 sites and
the occupancy of particles in the channel 𝜑 is varied. In all these simulations 𝜑 is varied
(and thus K is varied) and the subsequent self-diffusion coefficient is obtained from
simulations
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Thus K varies with the self-diffusion coefficient as
𝐾 = 205𝐷𝑠

(12)

Figure 7 : K as a function of the self-diffusion coefficient Ds. Here each of the self-diffusion
coefficient is calculated on a channel of L=100 sites and the overall channel occupancy is
varied. Each of the simulation are run for t=10^8 time steps.
As seen from Eq. (12) and Fig. 7, the self-diffusion coefficient Ds of a system of particles
decreases with the number of particles in the system indicating that the rate of MSD
evolution of a system decreases with the more number of particles in the system. This result
is further elucidated in Fig. 8A & 8B. Keeping the overall channel occupancy constant at
𝜑 = 0.5 𝑎𝑛𝑑 𝜑 = 0.99 , Fig. 8A & 8B were obtained. 𝜑 = 0.99 is considered because a
theoretical value for self-diffusion coefficient at this value was calculated by tracking the
movement of one vacancy through the channel. The self-diffusion coefficient for the
system of particles as a function of channel length is calculated as
1

𝐷𝑠 = 2𝐿

(13)
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Here it is observed through simulation that the self-diffusion coefficient Ds varies inversely
with the channel length L. The dependence of self-diffusion coefficient Ds on parameters
like channel length L and channel occupancy 𝜑 has importance in designing and optimizing
mass transfer and separation processes. The relations described in Eq. (11),(12) & (13) as
well as the transition from single file diffusion to normal diffusion at the crossover time
shown in Fig. 5,6 &7 offer a comprehensive overview of the movement of particles inside
a single file channel with no applied gradient.

A

B

Figure 8 : Self-diffusion coefficient as a function of channel length on the natural log scale.
8-A: 𝜑 = 0.5 & 8-B 𝜑 = 0.99.
Karger and Hahn29 showed an analytical relation similar to the one shown in Eq. (11)-(13).
The obtained MC results is compared to the results of Nelson and Auerbach 32. They show
a similar transition from single file diffusion to normal diffusion identical for a channel of
length L=60 sites using Kinetic Monte Carlo simulations. A comparative plot is shown in
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Fig. 9. The agreement of MSD values shown in Fig. 9 helps enforce the validity of the
Monte Carlo algorithm used in this paper.

Figure 9: Comparison of the transition of the MSD from the regime defined by Eq. (1) to
that defined by Eq. (3) by MC simulations used in this paper to that described in ref. 31.
The simulation is carried out for L=60 sites and t=10^5 time steps.
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IV.

COLLECTIVE

DIFFUSION

IN

TUBE

WITH

NO

CONCENTRATION GRADIENT.
A finite channel is placed between two infinite reservoirs and particles in both reservoirs
are tagged as cis and trans particles respectively. Both particles have identical properties
and diffuse at the same rate and escape with fluxes Jc & Jt respectively. Fig. 11 shows the
progression of these particles with time in the channel. These particles escape in the form
of bursts as discussed by
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. In Fig. 10 black represents trans and white represents cis

particles and gray represents vacancies. Each peak (denoted by white) and each trough
(denoted by black) on the figure indicates escape of particles. In this section, the particles
are not subjected to any form of gradient across the channel.

Figure 10: Progression of particles through a single file channel of length L=100 sites as
time increases. The black region progressing from the top represents the movement of trans
particles and similarly the white region represents the cis particles and gray represents
vacancies.
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The bursts shown in Fig. 10 are plotted as number of particles escaped np as a function of
MC time steps in Fig. 11 and the cis escape flux is the slope of the line.
𝜕𝑛𝑝

𝐽𝑐 = ( 𝜕𝑡 )

𝑐𝑖𝑠

(14)

As both types of particles are identical in properties, the value of this flux will be the same
for both cis and trans particles. The probability of occupancy Pocc of each site S by either
cis or trans particles is calculated and shown in Fig. 12. The cis and trans occupancies can
be combined to produce the overall site occupancy of the channel by particles represented
by the gray points in Fig. 12. These probabilities give the average concentration of a
respective particle at a specific site and hence these probabilities are analogous to
concentration. Using this plot, the concentration difference ∆𝐶𝑐𝑖𝑠 and ∆𝐶𝑡𝑟𝑎𝑛𝑠 of each kind
of particle is calculated by simply taking the difference between the site occupancies at the
two extreme sites of the channel.
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Figure 11: Number of particles that translocate through the channel and escape np as a
function of the MC time steps channel of L=100 sites and total simulation time of t=10^8
time steps.

Figure 12: Site occupancy of cis(blue), trans(orange) and overall site occupancy by
particles(gray) for channel of length L=100 sites and symmetric conditions with
probability of insertion kept at 0.5 at both ends and total simulation time of t=10^8 time
steps.
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Using the data obtained from Fig. 11 & 12 i.e. J and ∆𝐶 values, the collective diffusion
coefficient 𝐷𝑐𝑖𝑠 and 𝐷𝑡𝑟𝑎𝑛𝑠 can be calculated using Eq. (8) & (9). Fig. 13 shows the
collective diffusion coefficient for both cis and trans particles for different channel lengths
L. A total of t=108 MC time steps were taken for each simulation. The probability of
insertion at both boundaries for any kind of particle was maintained at 0.5 for each point
in Fig. 13. As a result of the symmetric condition and insertion rates of 0.5, the average
particle occupancy in the channel was 𝜑 = 0.5. In Fig. 13 the collective diffusion
coefficient for both cis and trans particles varies with length as
𝐷 = 𝐴𝐿𝐵

(15)

Where A=1±0.05 and B=-1.0±0.06. Eq.(15) is in agreement the theoretical equation given
by 32

Figure 13: Variation of the collective diffusion coefficient of cis (Dcis) and trans(Dtrans)
particles as a function of channel length L. Each of the simulations were run for t=10^8.
When counter diffusion is considered, the flux obtained from Fig. 11 signifies the amount
of either cis or trans particles that diffuses through the entire channel without the
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application of a concentration gradient and Fig. 13 gives an overview of finding a specific
particle in a specific site. The particle occupancy represented by gray demonstrates that if
only single type of particle diffusion were considered, the probability of occupancy of each
site would be equal. The significance of the insertion probability is also evident. The
insertion probability directly influences the overall particle occupancy of the channel. In
this case for insertion probability of a=d=0.5, it is shown in Fig. 13 that overall particle
occupancy also was 0.5. Eq. (15) and Fig. 13 demonstrate how the collective diffusion
coefficient of cis and trans particles varies with the length of the channel, where diffusion
coefficient decreases with an increase of the length of the channel. To elucidate a physical
implication of the above result, Karger 19 used a similar system on zeolites of finite single
file channel length . He varied the reciprocal of particle occupancy of the channel 1/𝜑 by
varying the reciprocal of probabilities of insertion 1/a or 1/d (defined as ‘q’ in 19 which is
analogous to gas phase pressure). By fixing the particle removal probability b & g (defined
as ‘P’ in 19) he gets a Langmuir type of curve which is shown in Fig. 14.
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Figure 14: Relation of reciprocal of overall occupancy as a function of insertion
probabilities for a symmetric system for different particle removal probabilities. Each line
represents a certain removal propability and is compared to the values obtained from ref.
19.
Earlier in Fig. 10 very discrete events are seen where particles translocate through the
channel and escape on only one side (either cis or trans) which is labeled as a burst event.
If consecutive particles escape on the cis side then the event is labeled as a Cis-Burst Nc
(where Nc refers to the number of Cis-Burst events over the entire simulation) and similarly
for the trans side it is labeled as Trans-Burst Nt (where Nt refers to the number of TransBurst events over the entire simulation). The time period of particle escape in these bursts
on cis or trans side are designated as tcb & ttb respectively. In this case, where symmetric
conditions are maintained, Nc and Nt are identical because both cis and trans particles have
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identical diffusion properties. The corresponding particle escape times i.e. tcb & ttb are also
same by the same analogy. Immediately after a Burst event ends the particles native to the
adjoining reservoir invades inside the channel and translocates through the pore to escape
out on the other end in the form of the next Burst event. This invasion time is designated
as cis invasion time tci for when cis particles invade the channel and similarly trans invasion
time is designated as tti. For ease of calculation only Cis-Burst and related variables are
used for calculations.
Running simulations with 10 trajectories (through several iterations it is found that the
properties reproduced by 10 trajectories is satisfactory) and for different channel lengths,
the Number of Cis-Burst Nc and the corresponding time period of Cis-burst tcb are recorded.
Given the random nature of the bursts occurring on each side of the channel, each burst
event occurs for different time periods. So an average value of the time period for Cis-burst
̅̅̅̅
𝑡𝑐𝑏 is calculated for each of the channel lengths simulated. The average number of particles
escaping per Cis-Burst is calculated as Ntot. This data is shown in Fig. 15 A, B, C, D and
table I.
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Figure 15: Variation of parameters with channel length. Exact relations shown in Table I.

𝑁𝑐 = exp(−0.0257𝐿 + 0.12)

(16)

̅̅̅̅
𝑡𝑐𝑏 = exp(0.0251𝐿 + 7.09)

(17)

𝑁𝑡𝑜𝑡 = exp(−0.0203𝐿 + 0.14)

(18)

̅̅̅
𝑡𝑐𝑖 = exp(0.025𝐿 + 6.72)

(19)

Table 1: Equations describing the relations in Fig. 15 (A, B, C, D)
Fig. 15 and Table I is used to describe the nature of burst events as well as predict is
properties in terms of the parameters Nc,𝑡̅̅̅̅
𝑡𝑐𝑖 . Each of these parameters are
𝑐𝑏 , Ntot and ̅̅̅
associated with the length of the single file channel which is indicative of the number of
particles the channel can hold. It should be noted that these parameters and relationships
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are only valid for single file channels under symmetric conditions and no external
gradients.
Moving away from bursts at the boundary of the channel and focusing on the inside of the
channel, a characteristic interface is defined at the cis and trans particle meeting point
within the channel as shown in Fig. 16. The interface of cis and trans particle is followed
by tracking the movement of the cis particle closest to a trans particle. In case of no trans
particle in the channel the cis particle closest to the trans reservoir is followed. The
progression of this interface is shown in Fig. 17 in terms of the site number S.
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Figure 16: Schematic representation of the interface formed between cis and trans particle.
Method of tracing the interface by following the cis particle closest to a trans particle or
trans reservoir is shown. All the particles perform random walk with blue indicating cis
particles and red indicating trans particles.

Figure 17: Progression of the interface of cis and trans particle as a function of MC time
steps through a channel of length L=100 sites. Here S is site number within the channel
and the site 0 is the boundary site adjacent to the cis reservoir and 100 is the boundary site
adjacent to the trans reservoir.
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The First Passage Time (FPT) of this interface is defined as the time it takes for the
interface to move from the center of the channel to either boundary ends of the channel for
the first time. FPT information of the channel is obtained from the trajectory the interface
takes as shown in Fig. 18. A FPT event ends when the interface reaches the channel
boundary for the first time. The next event starts when the interface reaches the center of
the channel. The system consists of random walking particles which take different amounts
of time to cover the distance from the center to the boundary on each trial. Thus the FPT
values vary over a range of time step values of τ. These values are studied by plotting a
First Passage Time Distribution (FPTD) f (τ) as shown in Fig. 18 and the corresponding
cumulative distribution is shown in Fig. 19.

Figure 18: First Passage Time Distribution f(τ) of the interface for a channel of L=100
sites and for 100000 first passage events for a distance of ∆x=50. Each simulation consists
of starting the interface at the center and recording the time it takes to reach either
boundary for the first time.
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Figure 19: Cumulative First Passage Time Distribution of the interface for a channel of
L=100 sites.
Fig. 18 and Fig. 19 are for the case of L=100 and ∆𝑥 = 50. The probability distribution
shown in Fig. 18 is characterized by a peak time τpe of most probable FPT. Times
considerably larger than τpe is considered as long time and similarly times considerable
smaller than τpe is considered as short time.
The long time variation of first passage time f(τ*) of a tracer particle with the time τ is
described by molchan31 for fractional Brownian motion as
𝑓(𝜏 ∗ ) ∝ (𝜏 ∗ )𝑚𝑙

for τ*>> 1

(20)

For the particular case of single file diffusion of a tracer particle 31 showed that ml=-1.75.
Long time simulations on channels of various length showed that calculated value of ml is
within ±5% of the theoretical value.
For shorter times i.e. for the time before the peak of maximum probability a functional
form of the first passage time is proposed as

31
𝑓(𝜏 ∗ ) = 𝑚𝑠 ∗ ln(𝜏 ∗ ) for τ*< 1

(21)

Where ms is a fitting parameter. In Eq. (21) the average value of ms is 0.05 with an error
bar of ±5%. Eq. (20) and (21) is used to completely describe the first passage time
distribution for single file diffusion in channels of various lengths.
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V. COLLECTIVE DIFFUSION IN TUBE WITH CONCENTRATION
GRADIENT.
In this section a concentration gradient is applied to the finite channel by setting the
probability of insertion on the cis side higher than the trans side. The gradient is applied
by setting a=0.75, d=0.5 and setting rest of the probabilities to be the same as Section IV.
With the application of the smallest gradient, it is observed that the flow of particles is
unidirectional from high concentration reservoir to the low concentration reservoir. The
collective diffusion coefficient is calculated using Eq. (8-10).

Figure 20: Site occupancy of cis(blue), trans(orange) and- overall site occupancy by
particles(gray) for channel of length L=100 sites under concentration gradient with
probability of insertion for Cis particles a=0.75 and probability of insertion for Trans
particles d=0.5 and total simulation time of t=10^8 time steps.
In Fig. 21 the number of cis particles escaping on the trans side is shown. The trans particle
line is absent as no trans particles escape and thus demonstrating the unidirectional flow
of particles through the channel. The flux is obtained from Fig. 21 by using Eq. (14). Using
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overall site occupancy of particles (represented by gray) in Fig. 20, the concentration
gradient across the channel ∆𝐶𝑒𝑓𝑓 is calculated which is used to calculate the effective
collective diffusion coefficient 𝐷𝑒𝑓𝑓 of the system. The effective diffusion coefficient is a
unified measurement that is constant with variation in length and if both the boundaries of
the channel are surrounded by particles of the same physical properties. The effective
diffusion coefficient Deff can be calculated from the collective diffusion coefficient for cis
particles
∆𝐶

𝐷𝑒𝑓𝑓 = 𝐷𝑐𝑖𝑠 ∗ ∆𝐶 𝑐𝑖𝑠

𝑒𝑓𝑓

(22)

It can be seen in Fig. 22 that the effective diffusion coefficient is constant with respect to
channel length for the these insertion probabilities (for a=0.75, d=0.5). Particularly the
effective collective diffusion coefficient Deff always results as 0.5 for all cases of
concentration gradients

Figure 21: Escape flux through a finite channel (channel length L=100 sites) with a
gradient in favor of cis particle(blue) with probability of insertion for cis particles a=0.75
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and probability of insertion for trans particles d=0.5. The trans is not shown on account
of no trans particle escape.

Figure 22: Effective collective diffusion coefficient & collective diffusion coefficient as a
function of the channel length. It can be seen that both the diffusion coefficients remain
constant with channel length. Each simulation is run for t=108 MC time steps and the
concentration gradient is applied in favor of cis particles.
Chou28 obtained an analytical solution for the flux through a single file channel under a
pressure gradient at steady state
𝑝(𝑎𝑏−𝑔𝑑)

𝐽(𝐿) = (𝐿−1)(𝑎+𝑔)(𝑏+𝑑)+𝑝(𝑎+𝑏+𝑔+𝑑)

(23)

Fig. 23 shows a comparison of the flux obtained in this section with a concentration
gradient to that described in Eq. (23) with the particular case of a=0.75 and the remaining
probabilities maintained as 0.5.
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Figure 23: Escape flux of particles through a channel as a function of the length of channel
L. A comparison is made between the Monte Carlo simulations conducted and Eq. (22).
The escape flux is calculated using Eq. (14) for channels with probabilities set as a=0.75
and d=0.5 i.e. gradient in favor of cis particles and t=10^8 MC time steps.
The concentration gradient applied in this Section using Monte Carlo simulation can be
translated to physical systems by applying a pressure gradient or an electric gradient across
a membrane of single file channels as described in 28, 50. The agreement in Fig. 23 validates
the stochastic process used in this paper to that defined by the analytical equation shown
in Eq. (23). A concentration gradient on a membrane is one of the most common physical
systems found for separation of materials. One of the applications which involve single file
channels is desalination of water in which water flows through a membrane of CNTs which
are of single file dimensions. The above study effectively shows how the self-diffusion
coefficient Ds which is shown in Eq. (2) is 0.5 for the above model of jump distance l=1
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and characteristic hopping time 𝜏=1 and this correlates perfectly with the effective
collective diffusion Deff given above.
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VI. CONCLUSION.
In this paper, SFD is described in finite channels 1) for system with periodic boundary
conditions and constant particle occupancy and 2)for systems with infinite reservoirs on
both ends and varying particle occupancy. Monte Carlo simulations is used to simulate all
systems.
Using Monte Carlo simulation on a finite channel with periodic boundary
conditions imposed, a characteristic transition is shown from single file diffusion as
described by Eq. (3) to normal diffusion as described by Einsteins equation in Eq. (1). This
transition occurs over a crossover time. Further it is shown how the diffusion coefficient
varies with length of channel L and the particle occupancy of the channel 𝜑 in Eq. (12) and
Eq. (13). Using the same MC algorithm, the analytical equation of mobility constant F as
a function of the channel occupancy 𝜑 as described in Eq. (4) is confirmed. It is concluded
that in a single file arrangement a system of particles initially exhibit single file diffusion
with a characteristic mobility constant F followed by which it gradually crosses over into
normal diffusion in the simulation and is described by a characteristic transition time in
Eq. (5). The normal diffusion is the final stage of motion of the particles in single file as
described above.
A finite channel is then placed between two infinite reservoirs labeled cis and trans.
Both the probability of insertion and removal for both kinds of particle are kept equal at
0.5 and as a result the average occupancy of the channel is around 0.5. The probability of
insertion physically translates into the concentration of particles and adsorption rate at the
boundary and the probability of removal translates into the desorption rate from the
channel. These definitions apply to both Section IV and Section V. Through MC
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simulations it is observed that the collective diffusion coefficient (Dcis or Dtrans) varies with
the channel length as given in Eq. (15). The particles translocate through the channel and
escape in the form of a burst (Cis-Burst Nc or Trans-Burst NT) and these bursts are
characterized by the invasion time (tci or tti), the period of cis or trans burst (tcb or ttb) and
the average number of particles escaping per burst. An interface is defined between the
meeting point of cis and trans particles. The first passage time of this interface is examined
by measuring the various FPTs and constructing the distribution as shown in Fig. 19 and a
full functional form of first passage time for long and short times as compared to τpe is
proposed. The first passage times are essentially examined to better understand the
dynamics of the counter-diffusion of particles. Section IV underscores the dynamics of a
system particles that are free of any gradient.
The insertion rates of particles from the reservoir into the finite channel is then
altered so as to facilitate the flow of only cis particles in one direction. This is done by
changing ‘a’ to 0.75 and leaving ‘d’ as 0.5. Thus an effective flux through the channel is
obtained which is characterized by an effective collective diffusion coefficient (Deff). It is
observed in Fig. 26 that the effective diffusion coefficient remains constant at 0.5 for all
channel lengths and all concentration gradients. The importance of stochastic prediction of
such processes are underlined in 37-38, 41, 45, 48-49. Application of any kind of gradient can be
simplified into insertion and removal rates. The model also gives an describes how fast a
particles diffuses through the system under a gradient through the description of the
effective flux and effective collective diffusion coefficient Deff.
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