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Abstract

On Character Sums of Lee-Weintraub, Arakawa, and Ibukiyama, and
Related Sums
By Brad Isaacson

Dissertation Director: Professor Robert Sczech

In this dissertation, we prove a dual version of an identity first conjec-
tured by Lee and Weintraub and later proved by Arakawa and Ibukiyama.
Our method follows a similar line of investigation. As a corollary, we prove a

character sum identity conjectured by Ibukiyama.
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1 Introduction

1.1 History and Main Result

The beauty of character sums can be intoxicating, and their theory unquestionably
rich. Letting y be a Dirichlet character modulo k, one may think, for example, of the
Gaussian sum

k-1

() = Y x(n)e*™ /¥,

n=0
about which there exists a whole literature inaugurated by Gauss himself.

In this dissertation, we obtain formulas expressing various character sums in terms
of generalized Bernoulli numbers. We often encounter such formulas when we com-
pare the dimension formulas for the vector space of certain modular forms in two
different ways: by either the holomorphic Lefshetz fixed-point theorem or by the Sel-
berg trace formula. Often, the character sums appear in the first method and the
generalized Bernoulli numbers appear in the second. A famous instance of the these
types of formulas is the Lee-Weintraub conjecture[12] stated in 1982, and proved by
Ibukiyamal9] in 1994. To state it, we fix an odd prime p (the most interesting case
being p = 3(4)). We denote by 1 the Legendre symbol mod p: 1(a) = (%) We put

T ={(a,b,c) € (F¥)* | ab+ bc + ca = 0} and ¢ = exp(27i/p). Then, we have

Y (abe) B 1 3 pil
(a%):ET (¢ =1 -1)(¢c—1) Y(=1)p (EBLW - §Bz,¢ + 1 B1,¢> :

where the By, are generalized Bernoulli numbers defined by the generating function
(3.1.3). Several people considered the challenge of finding an elementary proof, but
no one succeeded as of yet. We briefly describe Ibukyama’s proof. Hashimotol§]
introduced an L-function Lj(s, ¥y ,) attached to the ternary zero form 4zy — z* (for
the precise definition, see page 117). Arakawa[l| proved that the Lee-Weintraub

conjecture is equivalent to the identity L3(0,vm,) = iBl,w- Ibukiyamal9] then
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proved the relation L3(s, ¥y ,) = —228_;#((28 — 1) with the Riemann zeta function
((s), which together with Arakawa’s result immediately implies the Lee-Weintraub
conjecture.

Not only is the work of Arakawa[l] an essential part of Ibukiyama’s proof of the
Lee-Weintraub conjecture, but it is also very interesting in its own right because of
the techniques used to express the special values of L}(s, ¥y ,) at non-positive integer
values of s by finite sums of products of periodic Bernoulli polynomials. We describe
how this was done. Shintani[19] established an ingenious method of evaluating the
special values at non-positive integers of partial zeta functions for totally real number
fields, giving remarkable expressions of partial zeta functions by integrals taken over
complex contour paths. Following Shintani’s method, Satake[16] introduced zeta
functions of self-dual homogeneous cones and studied a general method of obtaining
nice expressions of the zeta functions by integrals over contour paths. Kurihara[l1],
also following Shintani, evaluated the special values at non-positive integers of Siegel
zeta functions of Q-anisotropic quadratic forms (non-zero forms) with signature (1, n—
1) (n = 3,4). However, their methods are not applicable to the zeta functions of
cones having the property that some of the associated edge vectors are contained
in the boundary of the underlying self-dual homogeneous cone. We now turn our
attention to the Hashimoto L-function L3(s, 1 ,) attached to the ternary zero form
4y — 2*. Following the method of Satake-Kurihara, Arakawa expressed L3(s, ¢ ,)
as a finite linear combination of partial zeta functions of cones. However, since the

2 is a zero form (which represents zero non-trivially), one needs

quadratic form 4zy — z
to deal with partial zeta functions of cones whose edge vectors are not necessarily in
the interior of &5, the self-dual homogeneous cone of positive definite symmetric
matrices of size two. Because of this, Satake-Kurihara’s method cannot be applied to

this situation. New ideas were needed to obtain useful integral representations of these

partial zeta functions, and Tsuneo Arakawa did indeed overcome this obstruction. By



skillfully evaluating these integral representations via the residue theorem, Arakawa
was able to express the special values of L}(s, 1 ,) at non-positive integer values of
s by finite sums of products of periodic Bernoulli polynomials.

In our work (Chapter 5), we consider the dual Hashimoto L-function Ly(s,m,p)
attached to the ternary zero form xy — 2%, whose definition will be given now. Let
Ly denote the lattice formed by 2 x 2 integral symmetric matrices and let Ly be
the subset consisting of all positive definite matrices of Ly. We fix an odd prime
integer p. We denote by v the Legendre symbol mod p: 9(a) = (%) For each
T € Ly, we define ¢y ,(T) as follows: We put ¢y ,(T) = 0, if det(7))# 0 mod p.
When det(7)= 0(p), we have 'gTg = (¢ 9) mod p for some g € SLy(F,) and a € F,,

and we put ¢y ,(T) = ¥(a). Then Ly(s,p,) is defined by

Lo(s,¢m,) = Z % (Re(s) > 3/2),
TELs 1 /SL2(Z)
where Ly 4 /SLy(Z) denotes the representatives of SLy(Z)-equivalence classes in Ly
and €(T) = #{g € SL(Z) | 'gTg =T}.

Following Arakawa’s method, with the help of Carlitz’s reciprocity theorem for
generalized Dedekind-Rademacher sums|5] (needed to overcome additional difficulties
not occurring in Arakawa’s work), we express the special values of La(s, 1y ,) at non-
positive integer values of s by finite sums of products of periodic Bernoulli polynomials
(Theorem 5.2.36). Combining this result with Ibukiyama’s identity[9] La(s,¥n,) =
—%C(?s — 1), we obtain as a corollary, for each s = 0,—1,—2,---, formulas (to
be called Arakawa Identities) expressing finite sums of products of periodic Bernoulli
polynomials in terms of generalized Bernoulli numbers. These formulas are of great

importance, interest, and significance, since I strongly believe that they cannot be
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easily obtained by using elementary techniques from algebra and number theory.!
For this reason, I call these formulas Arakawa Identities (Theorem 5.5). This infinite
sequence of Arakawa Identities is the main theorem of this dissertation. From the
Arakawa Identity for s = 0, we obtain the dual version of the Lee-Weintraub identity,

Theorem 5:

PN 6ty = VIR (e~ 1B+ =281 )
where S = {(a,b,c) € (F))* | 4ab — (¢ — a — b)* = 0}.

As a corollary to the above identity, we prove the following conjecture of Ibukiyama
(see Example 8.19 and Remark 8.20 in [2]).

Corollary 5.4.1:

2 3 3 2 +1
Z abc 1 (abc) = —p—BM, — iBgﬂp + %

B
(a,b,c)eT 6 4 e

where T' = {(a,b,c) € Z3 |1 < a,b,c <p—1,ab+bc+ca=0(p)}.
The above results follow from the simplest case of an infinite sequence of Arakawa
Identities for each non-positive integer value of s, which we prove in Theorem 5.5. In

Section 5.5, we also explicitly state the Arakawa Identities for s = 0, —1, —2.

1.2 Further Results

We fix an odd prime p. We denote by v the Legendre symbol mod p: 1(a) = (9>

p

Let Pg(x) denote the kth periodic Bernoulli polynomial (see (3.1.4)). We define the

!The situation is reminiscent of the classical unsolved problem to give a proof of Dirichlet’s
class number formula by elementary means and methods; that is, to give an elementary proof that
—B1,y = # of reduced quadratic irrationalities in the complex upper half-plane of discriminant —p,
p=34),p>T1.



Mordell-Tornheim L-function of depth 2 by

Lyro(s1, 82, 83 X1, X2, X3)

30y almpbelmalabm £ms) o) 5y < <)
mitms?(my + mg)*3

for complex variables s1, s9, s3 and primitive Dirichlet characters xi, x2, x3. We also

put ¢ = exp(2mi/p).

In Section 3.3, we define the sum

) ()

k,t(p)

In a completely elementary manner, we prove

Theorem 3.3:

1 B dp — 7+ 3¢Y(2)

L,=——DByy—
T 16p

By .

In Section 3.4, we define the sum

Y (abe)
Jp, = Z _ b : |
(a,b,c)eS (C - 1)(€ - ]-)(C — 1)
where S = {(a,b,c) € (F;)3 | a+ b+ c=0}. For p=3(4), we prove
Theorem 3.4:
3

Jp = ) Lyrp(1, 1, 14p, 40, 9)).

As a corollary, for p = 3(4), we obtain the rationality statement
Corollary 3.4.3:

3
LMT,Z(L 17 17 7% 7% ¢) € % Qa

a result for which we are not able to find any reference in the literature.



In Section 3.5, we make our contribution towards an elementary proof of the
Lee-Weintraub identity. We prove, in a completely elementary manner,

Theorem 3.5: The Lee-Weintraub identity is equivalent to any of the following
three identities:

2 k? 4 2kt k% — 2kt
’ Pl— P |———— P | ——— ) =
M > A <2p) ' < 2p ) ' < 2p > b

k,t(2p)

o )R (C) () (£52).

k,t(p) k,t(p)
o T Y(o)
i) Jmo > ey =0
T,Y,2€L
zy—22=0(p)
=]yl |2 <t

Thus proving any one of these identities in an elementary manner would complete an
elementary proof of the Lee-Weintraub identity.

Let x be a primitive Dirichlet character with conductor f > 1. Let [ be any
positive integer which is prime to f. Let n € Z, n > 0. We also put ¢ = exp(27i/f).

In Chapter 4, we obtain a formula expressing the following character sum

Myl = S @)
NGV Gy

in terms of generalized Bernoulli numbers using only elementary methods from algebra
and number theory (see Theorem 4.2.6). In Section 4.1, we evaluate the following

very special character sum

B, = 7 50 P (M) a0,
a(f)

see Theorem 4.1. A special case of this theorem was established earlier by Ibukiyama[10].
In Section 4.2, we relate the sums M,,(l, x) and Zx(l, ¢, x), and in Section 4.3, we work

out some examples.



2 Notation

Let N, Z, Q, R, and C denote the set of natural numbers, the ring of rational integers,
the rational number field, the real number field, and the complex number field. For
any communitive ring S, let M,,(S), GL,(S), and SL,(S) denote the ring of matrices
of size n with entries in S, the group of invertible elements in M, (S), and the group
of elements in M, (S) whose determinants are one, respectively. For any element A
of M,(S), let ‘A, tr(A), and det(A) denote the transposed matrix of A, the trace of

A, and the determinant of A, respectively. Additionally, we have

Bki

the kth Bernoulli number

: the kth Bernoulli polynomial

: the kth periodic Bernoulli polynomial

: given by (3.1.5)

: the Kronecker delta function

: the indicator function 14(x)

: given by (3.1.8)

: given by (3.1.9)

: given by (3.1.10)

: the Carlitz Phi function given by (3.1.14)
: the Carlitz Psi function given by (3.1.14)
: the Gamma function

: the Riemann zeta function

: the abbreviation for exp(2mis)

: means the meaningless terms are to be excluded



3 Background and Elementary Results

3.1 Background Information

In this section, we discuss all of the relevant background information. We start by
introducing the Bernoulli polynomials. The Bernoulli polynomials {By(x)}32, are

defined recursively as follows:
BO('T) - 1a
(3.1.1) Bi(x) = kBi_1(z) (k>1),

/1 Bi(z)dx =0 (k>1).

Thus, from the penultimate equation, By (z) is obtained by integrating kBj_1(z), and
the constant of integration is determined from the last condition. From this, one can

easily prove the formula for the generating function of the Bernoulli polynomials:

(3.1.2) e _ i Bel®) e (141< 2m).

This is a particularly useful formula. For example, we have the multiplication formula,

Proposition 3.1.1 [2]. Forany k € Z, k >0, n € N, x € R, we have

Z B, (:1: + %) = nk11 By (nx).

Proof. From (3.1.2), we get

a

A B (r+ & X nl pet(e+n) tet® >, Bi(nz) [ t\"
S Bt 8) 3l (£

k! et—1  etln—1
a=0 k=0 a=0 k=0

from which the assertion follows from equating the coefficients. O]



Proposition 3.1.2 [2]. For k€ Z, k> 0, x € R, we have

By(1—2) = (—1)*By(x).

Proof. From (3.1.2), we get

= Bi(1 — 1) tetl=2)  (—t)el=07 X Bi(x)
> th=—0 ="~ = (—t)".
k! et —1 e(-t) — 1 k!
k=0 k=0
Thus the assertion follows from equating the coefficients. O

Proposition 3.1.3 [2]. Let k € Z, k > 0, x,y € R. Then, we have

k

B+ =3 (4) Byt

=0

Proof. Taking the Taylor series expansion of the kth Bernoulli polynomial centered

at x = y, we get

From (3.1.1), we see that B,(Cj)(y) =k(k—1)---(k—j+1)By_j(y) for 0 < j < k.
Thus the assertion follows. O
We now introduce the Bernoulli numbers. The sequence of Bernoulli numbers
{Bi}2, is defined by
By, = By(0) for k> 0.

The following proposition expresses Bernoulli polynomials in terms of Bernoulli
numbers.

Proposition 3.1.4 [2]. For k € Z, k > 0, we have

Bi(z) = Xk: (k> By_ja’.

=0 \J



Proof. This follows from letting y = 0 in Proposition 3.1.3.
Proposition 3.1.5 [2]. We have

ng+1 =0 fOT’ k Z 1.

Proof. From (3.1.2), we have

t ot t o tlet+1)
2 L=kl et—1 2 20t —1)

Since the right-hand side is an even function, we get By = 0 for k£ odd, k£ > 3.

We would be remiss if we did not include the following proposition.!

Proposition 3.1.6 [2]. Let k, N € N. Then, we have

i _ Bia(N +1) — By
— kE+1 '

Proof. From (3.1.2), we get

oo

Z Bk(n -+ 1)tk B tet(”H) .
k! et —1
k=0

- S B

10

Equating the coefficient for t*1) we obtain By 1(n+1) = (k+1)n*+ Bj11(n). Hence,

i i Biyi(n+1) = Bra(n)  Bea(N +1) — Bey
n=0

E+1 - E+1

n=0

]

We next introduce the generalized Bernoulli numbers. Given a Dirichlet character

x modulo f, the generalized Bernoulli numbers { By, }72, are defined by using the

!Jacob Bernoulli, who introduced the Bernoulli numbers, claims that he did not take “a half of a
quarter of an hour” to compute the sum of tenth powers of 1 to 1,000, which he computed correctly

as 91409924241424243424241924242500.
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generating function

a)te™ B
(3.1.3) ‘ Z =k

eft —1
a=1

We have seen that all the Bernoulli numbers By with k£ odd, £ > 3, are 0. For
generalized Bernoulli numbers, we have the following.

Proposition 3.1.7 [2]. Let x be a nontrivial Dirichlet character modulo f. Then,
for any k with x(—=1) # (—1)*, we have By, = 0. In other words, if x is an even
character, then By, with odd indices are 0; if x is an odd character, then By, with
even indices are 0.

Proof. We note that x(f) = 0 since x is nontrivial. Replacing a by f — a in the

generating function (3.1.3), we get

- x(a)te™ SX —ate(f)
a=1

t __
=1 ef 1
B o« x(a)te™
o S e e
- X(_ ) g ef(=t) — 1

Thus the generating function is an even function if y(—1) = 1 and an odd function if
xX(—1) = —1, from which the assertion follows. O
The following proposition expresses generalized Bernoulli numbers in terms of
Bernoulli polynomials.
Proposition 3.1.8 [2]. Let x be a Dirichlet character modulo f. Then for any
keZ, k>0, we have

f
By = ') x(a)Bi(a/f).
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Proof. Replacing a by a/f in (3.3.3), we get

Thus, we have

f at / Bia/f)

a= a=1 f k=0
SR >Bk<a/f>tk
B k!
k=0
Thus the assertion follows from equating the coefficients. m

Next we define the periodic Bernoulli polynomials. They are used everywhere in
this dissertation. Their usefulness goes well beyond providing the remainder term in
the Euler-Maclaurin summation formula (which relates sums to integrals). For any

keZ, k>0, we define

0, ifk=1,z€2Z,
(3.1.4) Py(z) =
Bi({x}), otherwise,

where {z} denotes the fractional part of 2. We remark that nearly all of the important
properties of the Bernoulli polynomials carry over to their periodic counterparts.

Proposition 3.1.9. Let k € Z, k > 0, n € N, z € R, and let x be a nontrivial

Dirichlet character modulo f. Then, we have

(4) Z Py (x + %) = nkl_lPk(nx).

a(n)
(it)  Pi(—2) = (=1)"Pi(2).

(ii)) Bux=f""Y P (%) x(a
a(l)
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Proof. The assertions (i), (ii), (iii) follow immediately from Proposition 3.1.1,
Proposition 3.1.2, Proposition 3.1.8, respectively. O

We will henceforth refer to (i) in Proposition 3.1.9 as “the multiplication formula”.
From the Fourier series expansions of the P.’s, we get the following proposition.

Proposition 3.1.10 [2]. Let k € N, z € R. We put e(z) = e*™*. Then,

k!

Pk(l') — (27”)k ZZ/ 6(77:;‘)’

where the prime on the summation sign means that the meaningless terms (i.e. when
n = 0) are to be excluded. If k = 1, then the infinite sum on the right-hand side is

understood to be N

_ 1 e(nx)
dm 2 T

n=-—

Proof. Let 0 < x < 1. Consider the function

62’3}

er —1°

f(z) =

Observe that f(z) has poles at z = 27min (n € Z) and all of them are of order 1. The

residue at z = 2min is given by

eZ"E

lim (z — 2min) = ™" — e(n).

z—2min er —1 B

Let N be a natural number and put R = 27(N + 1/2). Let Cy be a square path in
the complex plane with vertices at R+iR, —R+iR, —R—1R, R—1iR. If t is a point

inside C such that ¢ # 2min (n € Z), then it follows from the residue theorem that

(2) . Y e(na)
CNZ_tdz—27rz (f(t)+n;N—2mn_t>.



As N — oo, one can show that

al e(nx)
t) = — li
ft) == Jim, X_:N27rin—t
R
t Nooo &~ 2min —1
n#£0
N
1 : e(nx)
=-—1
s :Z_N 2min (1 - 27rtm)
n#0
N o'} k—1
1 e(nx) t
—Z_ |
t N Imin 2= (27m'n>
n=—N k=1
n#0
N 00
1 e(nz)
=-—1
t Nl_l,ﬂo Z Z (27Tin)k t
——N k=
n#0
Since the sum
SN
(2min)k+1
neZ k=2
n#0
converges absolutely, we get
1 : e(nx) = e(nx)
t)y=-—1 —
/) t NDee 2min ZZ (2min)k
n#0 n#0
From (3.1.2), we see that
> Bk(x) _
Fty=>" x =t (Jt|< 2m).
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Thus, comparing the coefficients, we obtain, for 0 < x < 1,

(Z) Pl(l‘) = —2Lm ]\}1_{{1)0 Z 6(237)7
"0
B k! . e(nx)
(“) Pk(x) - (27?2)k el nk (k > 2)
n#0

Since both sides of the above formulas are periodic with respect to  with period 1,
it suffices to show that both formulas hold for z = 0. The formula (i) clearly holds
for x = 0. Since the sum on the right-hand side of (ii) converges uniformly on [0, 1)
and Pg(z) (k > 2) is continuous in the same interval, the formula (ii) also holds for
x = 0. Thus the assertion follows. O

We remark in passing that from this proposition, we get the values of the Riemann
zeta function at positive even integers.

Proposition 3.1.11 [2]. Let k € N. Then, we have

C(2k’) = —(22;;2), Boy.

Proof. This follows from Proposition 3.1.10 where we let z = 0. O]

We now discuss finite Fourier series expansions. They can often be helpful in
evaluating finite sums.

Proposition 3.1.12 [3]. Let f(n) be a any k-periodic function on Z and put

¢ = e*>™/* Then we have the following finite Fourier series expansion:

T
L

f(n) =

ng

% f( )C™, where the Fourier coefficients are f(j) = ()¢

@
Il
=)
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Proof. By direct substitution, we see that

N
—_
N
—_

f(j)C"f =

S

F(n) = %

Mz

(n—i)j 1 = = (n—1)j
FaC =+ Z )Y = f(n
i=0 =0

<
Il
o
~
Il
o

]
Proposition 3.1.13. Let f(n) be a k-periodic function on the integers so that we
have f(n) = %Zf;é f(4)¢™ by Proposition 3.1.12. Then f(n) = kf(—n).

Proof. From Proposition 3.1.12, we get, by definition,

kol

-1

Fn) =3 FGIC = kf(—n).

J

Il
=)

[
Proposition 3.1.14 [3]. Let f(n) be a k-periodic function on the integers so that
we have f(n) = %Z;té F()C™ by Proposition 3.1.12. Then f(n) is odd if and only
if f(j) is odd, and f(n) is even if and only if f( ) is even.
Proof. f(—n) = X520 f()¢™ = £ 32520 f(=4)¢M. Thus, f(—n) = —f(n) if
and only if f(—j) = —f(4), and f(—n) = f(n) if and only if f(—j) = f(5). O
We next consider the sequence of functions {cy(x)}3, defined in Sczech[17]. They
are given as follows: ¢y(z) =1, and

(3.1.5) () = Z, (;k (k=1),

nel TL+ZE)

where x is a complex number and the prime on the summation sign indicates that
meaningless terms are to be excluded. If £ = 1, then the infinite sum on the right-

hand side is understood to be

/ 1
li E .
tiglo n—+x
EZ

n
[n+z|<t
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From Sczech[17], we see that ¢;(x) = wcot(mx) if x & Z and 0 otherwise, and that if
x & 7, then cx(z) = Vi(eq(x)) with a polynomial Vi (t) of degree k given recursively
by

Volt) =1, Vi(t)=t, kVia(t) = +73)VL(t) for k > 1.

From this, we get the following useful facts that will be used in Section 3.2.

c(x) + 72, if v € Z,

co(x) =

(3.1.6) 7?/3, if v € Z,

c3(w) = ¢} (x) + e (z) = ¢ (z)ca().

We now turn our attention to some of the various properties of the ¢;’s. From the
definition (3.1.5), it is clear that ¢,(x) is periodic with period 1. Moreover, it is clear
that c,(—x) = (—1)*cp(x). The ¢;’s also possess a multiplication formula.

Proposition 3.1.15. Let k,r € N. Then, we have

Proof. From (3.1.5), we get

Sal(rri) =23 —

a(r) a(r) neN (n o+ Q)k

='fzz

a(r) neN

:kz

s m+m:

((nr+a) +rm)k

= r¥ei(ra).

We have the following finite Fourier expansions of the P;’s and ¢;’s.
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Proposition 3.1.16. Let k, f € N, 2 € Z, and put ¢ = €*™//. Then, we have

0 7 (7))
()= ()

Proof. By Proposition 3.1.12, we have

(3.1.7) (f) Pk ( )Caz where P’“( ) ZP’“( )Cba

a(f) b(f)

Employing the Fourier series of the Py’s (Proposition 3.1.10), we get

A(3)-£a(l) el -ars e

b(f)

Thus the assertion (i) follows from (3.1.7). In view of the above, it follows from

Proposition 3.1.13 that

[z Qmif)k 2 (x (2mif)k -
wf7) = (5) =0 (7

&
~
|
o )

3
o~
=
Bl

-

VR

s
~~
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Hence, from Proposition 3.1.12, we get

(1) ()

m
Proposition 3.1.16 shows that the P,’s and ¢;’s are dual to each other. One
may wonder which is easier to work with, the P.’s or ¢;’s. The answer is: both
are easy to work with, but both have their advantages. Since the P,’s are rational
expressions, often times it is easier to deal with the P.’s rather than the ¢;’s, and is
why the majority of the sums in this dissertation are converted into sums involving
P.’s. However, the ¢;’s have their advantages as well. There is a wealth of well-
known trig identities that can be used when dealing with ¢;’s. In addition, a sum
involving ¢;’s can provide an alternative viewpoint to the equivalent sum involving
P.’s. In mathematics, it is always a good idea to look at a problem from different
angles/viewpoints, for perhaps some insight will reveal itself. This was certainly the
case with me and the ¢;’s in Section 4.2.
We now discuss the fundamental property of the P.’s, the addition formulas. We
first prove the “2-term addition formula”.

Proposition 3.1.17. Let vi,v, € R. Then, we have

Pl(’l}l)Pl(Ug) — Pl(’Ul)Pl(Ul + Ug) — Pl(Uz)Pl(Ul + Ug)

1 1
=3 (P2(v1) + Pa(v2) + Po(vy + v2)) + 15(01, Va),
where

1, ifUl,Ug €7,
(318) 5(1}1,?]2) =

0, otherwise.

Proof. The assertion is clear when vy,vy € Z. If exactly one of the arguments
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is an integer, say v,, then the assertion becomes —PE(v1) = —Pa(v1) — 15, which
is clearly true for v; & 7Z. Thus we assume that v,vy &€ Z. Since P, P, are 1-
periodic, we may assume without a loss of generality that 0 < vy,v; < 1. Then
0 <wvi+wvy <2 If vy +vy € Z, then v9 = —v;mod 1, and the assertion becomes
—P}(v1) = —Pa(v1) — 75, which again is clearly true for v; ¢ Z. Thus it remains
to verify the assertion for vy, v9,v1 + vo € Z with 0 < v; + v9 < 2. We have two

cases to consider, the case where 0 < v; + vy < 1, and where 1 < v; + vy < 2. If

0 < v; + vy < 1, the assertion becomes

(1=3) (5=2) = (n=3) (reme=3) = (5 =2) (e mes)
:%{ <v%—v1+%) + <v§—v2—|—%) + ((v1+v2)2—(v1+v2)+%>},

which is easily verified to be true. Similarly, if 1 < v; +v9 < 2, the assertion becomes

(0=3) (=3) = (0 =3) (e =3) = (o 3) (0 3)
:%{ (vf—v1+é)+<v§—vg+%)+((01—1—212—1)2—(1}1—1—1}2—1)—1—%)},

which is also easily verified to be true. O

We called the above addition formula the 2-term addition formula because it
contained products of two P;’s. One might wonder, is there an addition formula
containing products of three P;’s? Or even more generally, does there exist an addition
formula containing products of an arbitrary number of, say n, P;’s? Thanks to the
revolutionary work of Gunnells and Sczech[7], the answer is yes. We will now prove
a 3-term addition formula which will henceforth be referred to as the “Sczech 3-term

addition formula”.
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Proposition 3.1.18. Let vy, vs,v3 € R. Then, we have

— Pi(v1) Py(v2) Pr(v3)
+ Py(v1) Py (vs — v1) Py (vs — vy)
+ Py (vg — v2) Py (v2) Py (vs — o)
+ Pi(vy — v3) Pi(vs — v3) Py (v3)

1
- §{P1(U2 — v1)(Pa(v2 — vs) — Pa(v1 — v3))

+ Pi(vy — v1)(Pa(v2) — Pa(v1))
+ Pi(vs — v1)(Pa(v3) — Pa(v1))

T Pu(os — ) (Pafvs) — P2<v2>>}

_ %{pgm — wg) + Py(vs — v3) + 2Ps(v1) + 2P3(v3) + 2P3(U3)}

1 1
- 151 (v1, v2,v3) + 152 (v1,v2,v3),

where
Pi(vy), if v1 = v = w3 mod 1,
(319) 51(1)1,1)2,1)3) =
0, otherwise,
and
(
Pi(vy), if vy, vg are integers,
Pi(vy), if vy, v3 are integers,
(3110) 52(’01,’02,1)3) =

Py(vs), if vy, v9 are integers,

0, otherwise.
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Proof. We shall apply Theorem 3.3 in [7] with lattice L = Z3 and vectors

—1 1 0 0 U1
0o = -1, o1 = 01, 02 = 11, 03 = 0], v = V2
1 0 0 1 Vs

Let @ be a product of real-valued linear forms on Lg that do not vanish on Lg\{0}.
Let (x,v) be the inner product of x and v, and put e(z) = exp(2mwiz). Then, we get,
from Theorem 3.3 in [7],

where

S(L, 0,0)|q= Jim <<2m)3 3 e((z,v)) )

sl <:L’, 01><ZE, 0-2><I7 03)
Q(z)|<t

This limit always exists (see Sczech[18], Theorem 2), and the value depends on ) in
a rather simple way. Thus, by making transformations of x that change () into some
other product of real-valued linear forms on Ly that do not vanish on Lg\{0}, say ',
we can easily determine the difference S(L,0,v)|g—S(L, 0,v)|q. In essence, we can
rearrange the terms of a conditionally convergent series and keep track of the error
that any such rearrangement creates. What I have just described is what is called
the “@-limit process”. For the details, we refer the interested reader to Gunnells and
Sczech[7]. We first treat the case where at least two of the v,’s (j = 1,2,3) are not
integers and that it is not the case that v; = vo = v3 mod 1. Then, by the Q-limit
process, all of the rearrangements that we make below will be justified. Therefore, to

keep notation to a minimum, we assume that everything converges absolutely. That
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is,
(3.1.11) > S(L.o’v) =Y S(LNoj, o’ v),

where

)
)z, 03)

is assumed to converge absolutely. By Proposition 3.1.10, it follows that

S(L,o,v) = (2mi)~® Z/ (z Ul;gfi

zeL

R +yvs +
S(L.o%0) = (it 3o IR ) ) P o)

T,Y,2EL
Next, let (a,b,¢) = (x +y + 2,y, 2). Then, again by Proposition 3.1.10, we get

1 e(zvr + yvg + 2v3)

S(L, o' v) = (2mi)* )

o —(x4+y+2)yz
. 1 e(avy 4 b(vg — v1) + c(vg — vy)
= —(2mi)?
( WZ) a%;Z CLbC

= Py(v1)Pi(vy — v1) Py (v3 — vq).

Similar reasoning reveals that

S(L,O'Z,U> = Pl(Ul — 'UQ)P1<U2)P1(U3 — 1}1),

S(L,0?,v) = Py(v) — v3) Py (va — v3) Py (v3).

We now turn our attention to the right-hand side of (3.1.11). As o5 = {y € R? :
(y,0%) = =y —y2—ys = 0} = {(z,y, —z—y) € R*}, we have LNoy = {(¢,7,—¢—7) €
Z3}. Hence,

re(q(vy —v3) +1r(vg — Ug))‘

S(L oy, ) = (2mi)' Y ———— o=

q,r€Z
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By the partial fraction decomposition

1 1 1

(3.112) rig+r)  ar  qlg+r)

(¢;r,q+ 7 #0),
we get

S(LNog,o )

= —(2m‘)3{ Z/ e(q(vi —v3) +r(va —v3)) Z/ e(q(vy — v3) + 7(vg — v3)) }

4,r€Z ¢*r arel *(q+7)
r+¢#0 r#0

= —(2mi)® Z, e(g(v1 — vs) 2+ r(va —vs)) Z’ e(g(v1 — ?;3) +7(vy — v3))
q,m€Z T g€ q (q + T)

. [Z' clalvn — ) _ 5 elafv — v3>] }

e 3
qEZL q qEL q

Letting (a,b) = (¢,q + r), we get, by Proposition 3.1.10,

S(LNoy,ov)

= _(27”')3{ Z/ elglvr = vg) +r(vs = vy)) Z’ e(a(vy — vg) + b(vy — v3))

2 2
q,r€EZL ar a,beZ ab
_ Z’ e(q(vi —v2) Z' e(q(v — Us)] }
— a3 3
qEZ q qEZ q

= %Pl(vg — v3)<P2(U1 —v2) — Pa(v1 — Ua)) + é(P:a(Ul — v2) + P3(v1 — 7’3))-

Asof ={yeR3: (y,0!) =y, =0} = {(0,y, 2) € R*}, we have LNo{ = {(0,q,7) €

Z3}. Hence,

1 e(qug + 1v3)

S(LNot, o' v) = (2mi)* @i e

q,r€L



From the partial fraction decomposition (3.1.12), we get

S(LNoi, ot v)

— (9713 1 e(qug + 1v3) _ 1 e(qug + Tv3)
= (2 ){Z q2r Z qz(q+r) }

q,r€Z q,rEZL
r+q#0 r#£0
3 re(qug + Tv3) re(qug + 1v3)
= —(2mi) {Z 2 WEDR
q,7EZ q q,7EZ 4
re(q(ve — v3) 1 e(quy
SPECCETS SECEN
q€Z qEZ

Letting (a,b) = (¢,q + r), we get, by Proposition 3.1.10,

S(LNot,o',v)

— —(27Ti)3{ Z/ 6((]1}2 + TUB) _ Z/ 6(@(1}2 — 1)2) + bU3>

2 2
q,rEL ar a,beZ ab
re(q(va — v3) ' e(qug
3 el u) el
qE€Z q€L

(Pg(vg —v3) + P3(U2)>.

~ L) (PQ(U2 —ug) — Pz(vg)) + é

2

Similar reasoning reveals that

S(LNoy,o%v) = %Pl(vg) (PQ(Ul —v3) — Pz(vl)> + (P3(U1 —vg) + Ps(vl)),

<P3(U1 — vg) + Ps(U1)>-

DD~ O~

S(LNoy,o%v) = %H(W)(PQ(M —v2) — P2(U1)> +

25
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Summing up the results above, we have, by (3.1.11),

— Pi(v)) Py () Py(v3)
+ Pi(v)) Py (vg — v1) Py (vs — 1)
+ Pi(vy — v2) Py (v2) Py (v3 — o)
+ Pi(vy — v3) Py (03 — v3) Pi(v3)

= %{Pl(UQ — 1;3)<P2(111 —vg) — Pa(v1 — U3)>

+ Py (v3) (JDQ(U1 —03) + Py(vs — v3) — Pa(v1) — P2<Uz))

+ Pi(w) (Ba(or = ) = Po(on)) |

é{<2pg(2)1 — Ug) + 2P3(’Ul — Ug) + Pg(UQ — Ug) + 2P3(U1> + Pg(?)g)}.

Noting that the condition that {at least two of the v;’s (j = 1, 2, 3) are not integers }N{it
is not the case that v; = ve = w3 mod 1} is equivalent to the condition that {at
least two of {vy,v; — v3,v; — vo} are not integers}N{it is not the case that v; =
v —v3 = v; — vy mod 1}, we obtain the assertion by replacing (vq, vy, v3) with
(v1,v1 — v3,v; — V) and multiplying both sides by (—1). We now treat the remaining
cases where at least two of the v;’s (j = 1,2, 3) are integers, or, where it is the case
that v; = vy = v3 mod 1. Suppose at least two of the v;’s (j = 1,2, 3) are integers, say
Vg, v3 € Z. Then the assertion becomes P;(v;)? = %Pl (1) Py(v1) — %Pg(?]l) - %(5{1,162},
which clearly holds for all v; € R. Next, suppose that v; = vy = v3 mod 1. Then the
assertion becomes — P (vy)* = —P3(v1) — 2P (v1) + 30{v,ez}, which also clearly holds
for all v; € R. This completes the proof. ]
As we shall see, the Sczech 3-term addition formula is a very useful resource in
evaluating sums containing products of three P;’s. In general, when confronted with
a product of n P;’s, it is a good start to look at an n-term addition formula via the

work of Gunnells and Sczech[7]. We now introduce a less general family of addition

formulas which do not contain products of P;’s. These formulas are much easier to
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prove since we can avoid the complications of rearranging the terms of a conditionally

convergent series.

Proposition 3.1.19. Let n € N with n > 3, and let x,y € R. Then, we have

R)Peslo )+ A Paate +) - 2 3 (1) B@P

_ %(Pn(g;> +(n—=1)P,(z+y)+ Pn<y))

Proof. Let p,q,r € R such that + ~|—— =0,pgr #0,and p+q+1r = 0.
Moreover, we fix ¢ so that aq =0, g; = ap = —1. Then, it follows that
n—1
1 1 1 1 —-1)"
o2 [ — 4 — 4 — :( ) + = 0.
(n—2)!7 pg qr rp)  P*q qr” ! 3:1 pfr” g

Multiplying both sides by e(p(z +y) + qy) = e(—qz — r(z +y)) = e(pz — ry), and
summing symmetrically (so as to give meaning to the conditionally convergent series)

over all p,q,r € Z, we get

n—1

re(p(z +y) + qy) re(—qr —r(z +y)) 1 elpr —ry)
R D e D Ty
P.a€ prd qr€ a =1 rpen DT
r#0 p#0 q#0
= (=1)" Z/ e(p(r +y) +qy) 4 Z’ e(—gr —r(z +y) n nzjl yi- 12’ e(pr —ry)
n—1 n—1 n—
P,qEZL p q q,rEZ ar j=1 r,pEL 7’ 7
n—1
—{(—1)“ S ey A gy g AP ) }
PEZL p qEZ q j=1 peZ p
n—1
~p{ ), s ) st
n—1 n—1 i
p,QEZL p q q,r€L qr 7j=1 rp€eZ pJT !
e 3: e e T+
+Z p Z (E)Jr(n_l)z (p(ny))}zo.
PEZL reZ r PEL p

)" (n—1)!
2mi)™

Thus the assertion follows from multiplying both sides by and applying
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Proposition 3.1.10. [

We remark that the addition formulas of Proposition 3.1.19 with parameter n can
easily be obtained from n-term addition formulas of Gunnells and Sczech, which tell
the complete story. For example, the addition formula of Proposition 3.1.19 with
parameter n = 3 follows from the Sczech 3-term addition formula with (vq, v, v3) =
(x,y,z + y). Despite this, the addition formulas of Proposition 3.1.19 can still prove
useful (see Proposition 3.2.34).

We now state a powerful reciprocity theorem given by Carlitz. Let r, s € Z with
r,s >0, h,k € Z with k > 1, and x,y € R. Letting By(z) = By(z — [z]), Carlitz[5]

introduced the functions

brs(h ki y) = S B, (h—+ )B (“Zy),
a(k)

Grthkiea) = (-1 ()i,

7=0

and proved the following reciprocity formula,

(S + 1)k81/;r+1,8(h7 kv z, y) - (T + 1)hr'[;s+1,r<k7 h’: Y, I)

= (s + 1)kB,41(2)Bs(y) — (r + 1)hB,(z) Byy1(y)-

(3.1.13)

Since I prefer to work with the periodic Bernoulli polynomials P, rather than the

Bernoulli functions By, we consider the functions

brs(hy ks, y) = ZP (h—+ )P(%)

¢r,s(h7 ka X, y) - Z<_1)T_j (;) hr_jqzsj,r—l—s—j(ha kv x, y)

J=0

(3.1.14)

We note that ¢;1(h,k;0,0) are Dedekind sums and ¢q1(h, k;x,y) are Rademacher

sums. We now prove the following reciprocity theorem which will also be referred to
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as “Carlitz reciprocity”.
Proposition 3.1.20. Let r,s € Z with r,s > 0, h,k € N with (h,k) = 1, and

x,y € R. Then, we have

(S + 1)kswr+1,s(h7 k; T, y) - (T + 1>hrws+l,r(kv h; Y, 1’)

= (s + 1)kPry1(2)Ps(y) — (r + 1)RP.(2) Pe1(y) — 2(=1)"k*h" B} 6,1 51040040,

where 1 is given by (3.1.14).
Proof. In view of the reciprocity law given in (3.1.13), the assertion is equivalent

to

(s + 1)k (1;7"+1,s<h7 k;2,y) — e s (b by y))

= (r+ DR (Dol by, @) = s (ks sy, )
(3.115) = (s+ Dk(Bra(2)Bu(y) = Prn(@) ()
— (r+ D1 (By(2) Bysa(y) = Po() oy (y))

+2(=1)"k*h" B} 6, 4.5102.004.0-

Without a loss of generality, we may assume that 0 < x,y < 1. Since By(x) =

Py(x) + 05,10(zezy B1, we have, by definition,

er,s(ha kv z, y) - ¢r,s(h7 ky z, ?/)
a+y

= 5r,1 Z (5{ h(a]jy) +x€Z}BlPS ( L ) + 55,15y,OBlpr(x) + 57“,158,1590,051/,08%'
(k)
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Hence, we get
@Er-l—l,s(hv ka z, y) - 77Z)7"—|—1,s(h7 k) z, y)

r+1

T - r + 1 T

=> (™ ]( j )h i ]<¢] rst1-5 (0 K2, y) = @jrisii—j(h, k;%y))
=0

s r+1 a+y
— Z(—l)?ﬂrl]( j )hr+1 J{ajlZé{h“+y)+xez}BlpT+S+l —j (T)
j=0

+ Ortsr1-j10y0B81Pj(x) + 5j,15r+s+1j,1533,05y,0B%}

T r a'+y
:(—1) (T+1)h %6{W+er}BIPT+S< h >

—s(T +1 —s r r
+ (—1)1 (1 _ 5) hl 5{s§1}5y,OBlpr+s<x) -+ (—1) (7’ + 1)h B%5r+5’1(sx’05y70.

And similarly,

st—i—lm(k‘) ha Y, JZ) - ¢s+1,7"(ka h7 Y, ‘T)

< s b+ x
= (—1) (S + 1)]€ Zé{k(b:z)+y€Z}B1Pr+s <T)

b(k)
_r s + 1 _r s s
+ (_1)1 <1 N T’) kl 5{T§1}5x,OBlpr+s(y) + (_1> (S + 1)k BférJrs,l(sm,O(Sy,O-

We now show that

a+y s b+x
i1 D (52) 0 S ()

a(k)

Observe that the existence of an a € {0,---,k — 1} such that a+y) +z € Zis
equivalent to the existence of a b € {0, - - — 1} such that b+x) +y € Z. Thus, if
there is not an @ € {0,-- -,k — 1} such that (a+y) +2 € Z, then (3.1.16) clearly holds
since both sides vanish. Otherwise, there is an @ € {0,---, k — 1}, b€ {0,---, h — 1}

such that (‘”y) + x, k(bﬂ) +y € Z, or equivalently, ¥ + b” € {0,1}. Hence, we
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get

a+y a+y b+
%5{h(ak+y>+xez}Pr+s (T) = prJrs (T) = PT‘+S <_ h >

s bt s bt
= (—1) + Pr—i—s (T) = (—1) + %5{k<bf}+yez}PT+s ( h > .

Thus (3.1.16) is established. Computing the left-hand side of (3.1.15) where we take

(3.1.16) into account, we get

(S =+ 1)ks <@Er+1,s(h7 k; z, y) - errl,s(ha k; x, y))

=+ D (Do (b i, ) = i (b by, )

spT r a+y
= (S"— 1)(7"" l)l{? h B1{<—1) %6{h(a§-y)+xez}P¢+s ( A )

_(—DS§:5{WﬁﬂﬂmZ}R*S(bz$>}

b(k)

r+1

+ (=) (s + 1) <1

()Tt G“

(5 + D)+ DRH B s10m00y0 ((<1) = (<1)°)
_ (_1)175<S + 1) <71” +1
s+1

—(=D)""(r+1) <1 B 7’) Rk "0 r<11 02,0 B1 Pris (y)

> k’shlisd{sgl}(sy’oBlpTJrs(.ZE)

— S

> thl_r(S{rgl}(sx,oBIPr—o—s (y)

- T

— S

) kshlisé{sgl}(sy,OBlprJrs <x>

+ 4(=1)"k*h" B30,15102.00,0-
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Computing the right-hand side of (3.1.15), we get

(s + Dk(Bria(@)By) = Pr(@)Py) )
= (r+ D1 (By(2) Bysa(y) = P() oy (1))
+ 2(=1)"k*h" B26,15.102.004.0
= (s+ 1)k (58,15%03113%1(;5) 4 6,00,0B1 Py(y) + 57,055715%05%03%)
—(r+ 1)h(55,o5y,oBlpr(l') + 07,102,081 Psy1(y) + 5r,15s,05x,05y,oBf)

+2(=1)"k*h" B30,15102.00,0-
Thus (3.1.15) is equivalent to

r+1

I CR]
~ (=1

+ 2(=1)"k*h" B30,15102.004.0

) ksh1_86{5§1}5y20B1PT+5(I)

s+1
1—7r

) W k" 6p<1y00—0 B Prss(y)

(3.1.17)

=(s+ 1)/€<5s,15y,oB1Pr+1(I) + 07,002,081 Ps(y) + 5r,05s,15z,05y,0312)

—(r+ 1)h<5s,05y,031Pr($) + 6,105,081 Psy1(y) + 51”,1(55,053:,051/,03%)-

We shall establish (3.1.17) by verifying all of the various possibilities. If x,y # 0, then
(3.1.17) clearly holds since everything vanishes. Moreover, if r,s > 2, then (3.1.17)
also clearly holds since everything vanishes. Next, we assume that x = 0, y # 0.

From (3.1.17), we get

s+1

— (=) (r + 1)<1 )hT}fl_Tfs{rg}BleS(y)

- T

= (S + 1)k5r,OBlps<y) — (T’ + 1)h5r,lBlps+1<y)a

which is easily verified for r = 0, r = 1, and r > 2. Next, we assume that z £ 0, y = 0.
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From (3.1.17), we get

r+1

(—1)1_5(8 + 1) (1 )ksh1_35{3§1}31Pr+8(Z’)

— S

= (S + 1)]{35571B1PT+1(1’> - (7” + 1)h(557QBlpr(l’>,

which is also easily verified for s = 0, s = 1, and s > 2. Lastly, we assume that

x =1y =0. From (3.1.17), we get

r+1

(=)' (s+1) (1 >k$h1‘55{5<1}BlPr+s(0)

— S

s+1

0 (( RS B

— 7T
+2(=1) kA" B3, 61
= (s+ 1k (58,1313“(0) + 6,08, Py(0) + 5T,053,1Bf)

— (r+ D840 B1Po(0) + 8,1 Bi Posa (0) + 8,108,083 )

from which the cases (r,s) = (0,0), (0,1), (1,0), (1,1),(0,1), (1,1), (,0), (I,1) for
[ > 2 are all easily verified. This establishes (3.1.17), and consequently, completes

the proof. O
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3.2 Auxiliary Sums

In this section, we obtain formulas for all of the auxiliary sums needed in Chapters 4
and 5. In many cases, they are interesting in their own right. To fix our standpoint,
we assume here that we are satisfied if an exponential sum or a character sum can
be expressed in terms of generalized Bernoulli numbers. We remark that all of the
results in this section will be obtained using only elementary methods from algebra
and number theory.

We fix an odd prime p. We denote by 1 the Legendre symbol mod p: 1(a) = (%) )
We also put ( = exp(27i/p).

Proposition 3.2.1. Letn € Z, n > 0, and let | be any integer. Then, we have
lk 1k? [
Z Pon i1 (—) Y(k) = Z Ponia (_) - wgn)B
k) b k) prs ¥
P p

Proof. The assertion is clear when | = 0(p), so we assume [ # 0(p). Since P11

is an odd function, we have Zk(p) Py, i1 (%) = 0. Hence,

Z Po,iq (%) @D(k‘) = Z Popiq (%) ¢(k) + Z Popiq (%)
k) p k) p k) p
=2 Y Pun @)
®) P

P(k)=1

Z P2n+1 (E>
k(p

Thus we get the first equality. Replacing k by 7'k in the first sum where we note

that ¥(I71) = ¥(1), we get

ZPQn—H (%> l 1 ZP2n+1 (—) k) = %anﬂ,w-

k(p) k(p)

Thus we obtain the second equality. O]



Proposition 3.2.2. Let [ be any integer prime to p. Then, we have
. lk 1
" p Gp
p)

2
1

(1) Ifp=3(4), then ZPQ (&> =&
W N b

Proof. Replacing k by [71k in (i), we get

Ik
£ )-
k) p ko

(-2 (- (5)4)-w
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Thus the assertion (i) is proved. If p = 3(4), then since P, is even and ¢ odd, we get

2:%<@)¢@y_0

k) P

Hence,
Ik 1k 1k
> B (—) => P (—) +) P (—) ¥(k)
k) P/ P7 ) p
1k
—9 P (=
;3 2(p)
(p)

w(k)=1
1k

£e(t)
*(p) P

Thus the assertion (ii) follows from (i).

Proposition 3.2.3. Let | be any integer. We have

Sn(E)n(5) () 2) -

k(p)

Proof. This follows from replacing k& by —k in the two sums above and noting

that P; is odd.

]
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Proposition 3.2.4. We have

2 k2 —¢? 1 1
2 () (55) g g

3 6
k() p P D

Proof. 1f p = 1(4), replacing (k,t) by (kv/—1,tv/—1), noting that P, is odd and

P, is even, reveals that

Sn()n(5)-

k.t(p)

Since Bs, and By, also vanish (by Proposition 3.1.7), the assertion is clear in the

case p = 1(4). Thus we assume that p = 3(4). Applying the finite Fourier transform

(Proposition 3.1.16) to P (%) and P, (’“2_'52>, we find that

p

Z )z (ﬁ) P (kQ _t2> — Z 2 Z c (2) c (é) Z ¢ (a—b)i+bk>
\p/) P\ (2mip)® 4= \p) 7\ o0

k.t(p)

2 a b 2 2
_ = v (a—b)t*+bk
| 2t 2 T X |« (p) 2 (p) > ¢
a,b(p) a,b(p) a,b(p) k,t(p)

b=0(p) b0(p) b£0(p)
a—b=0(p) a—b#0(p)

Z%Lip)g{mw@(mzcl (&) v@+pr) X a(2)a(d)om

) i
a—b=0(p)
2w Y e (5) & (Z—’j) b(b)(a— b)}
- s {p Wi (%) v+ pro > (4)ex (%) vt
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Replacing (a,b) by (—a,—b) in the third sum, noting that ¢, 1) are odd and ¢ is

even, we see that the third sum vanishes. Hence, by (3.1.6), we get

= (5) 1 (550 B T (2o 0 ) o)

k,t(p) a(p)

From Proposition 3.1.16 and (iii) in Proposition 3.1.9, we get

a(p)

(3.2.1) :_<_1)k7(¢>(27m)kpk—1 P, é »(b)
! % (p)

_ et

Noting that c;(0) = 72/3 and applying (3.2.1), we obtain the assertion of the propo-
sition. O
Proposition 3.2.5. We have

, 2 k% + 2kt 1 1
0 YD) n(ER) - ls L,
k,t(p)

j% j% 3p 6p

. k4 t)? k2 4 2kt 1 1
(ZZ) Z Pl (( D ) )PQ( ) - __B37¢+ 6_pBl’¢'

k1(p) p

Proof. The assertion (i) follows from replacing (k,t) by (k F t,t) and applying
Proposition 3.2.4. The assertion (ii) follows from replacing (k,t) by (¢ F k, k), noting
that P, is even, and applying Proposition 3.2.4. O]

Proposition 3.2.6. We have

2kt k? + 2kt 1
= () n () g

k.1(p) p p

Proof. 1f p = 1(4), replacing (k,t) by (kv/—1,tv/—1), noting that P, is odd and
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P, is even, reveals that

2kt k% + 2kt
P P

k.t(p)

Since Bj, also vanishes (by Proposition 3.1.7), the assertion is clear in the case
p = 1(4). Thus we assume that p = 3(4). Replacing (k,t) by (k,(2k)~'t) where

k # 0(p), we get

xa(5)n(5)- 2 ()n(5)

k,t(p) k,t(p)
k#0(p)

Since

follows from replacing t by —t, we have

= ()1 (52 - 2 n ()0 (5)

k,t(p) kt(p)

Applying the finite Fourier transform (Proposition 3.1.16) to P; (%) and P (%),

we find that

205 ez ()G 5o
() <‘“>;<ak2
gz (5)e (5o

2mp



By (3.1.6), (3.2.1), we get

£ ()8 (5 G

k.t(p)

Proposition 3.2.7. We have

SHORCHES
) () (722)

) (452

S0 (a5

i) > P (<k ;;t>2> P, (2§t> P, ("’2 f;p%t)

p p

k,t(2p)
Proof. We first prove the assertion (i). We have

S (n(52) - En(n 5

k(2p)

+t)? 2 2+ 2kt
SCORCNE
p p D

) Y P <<k2+pt)2>p2 (2_"”5> 2y n ((k:+t)

)

k2i2kt L p k2 + 2kt
1 2p

+

k+ p) ) <(k—|—p :I:2/<:—|—pt>

0 (0
()RS (5)n (5
[

2

)
e

+ 2k:t

)

2kt
p

“3)
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Applying the multiplication formula (Proposition 3.1.8), we get
k2 k% & 2kt k2 k% 4 2kt
2a(5)n (5720 G)n (5F)
k(2p) b k(p) b b

Hence, we have

2 2 2:|:2
> a(g)n () (5")
- £0n) D P D
k2 2 k% + 2kt
=y P |— P|l— )P (——).
Z 1(p>z 1(229) 1( P )

(3.2.2)

o)
A~
SRR
N

o)
A~

o~
[N}
= | H
B
T

p—1 2 2
t k* £+ 2kt
) =sn () ()
t=0 p p
p—1 2
t
+ P (( —|—p) ) P
p—1 2 2 2
_ P, (t_) P, (k + 2kt N )P1 <k izkt)
— p p p 2 p
p—1 2 2 2
t t 1 k= + 2kt
— P 2p 2 p

Again applying the multiplication formula, we get

£ ()0 (452 - £n () (22)

t(2p) t(p)

N—
+
S
R
~
VR
| %
| —

Thus, from (3.2.2), we get the assertion (i). The other identities are similarly verified,

so the proofs are omitted. O
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Proposition 3.2.8. We have
W Y P t? P k* £2kt\ lp . 1p
1 2p 2 2p - 6p 3,9 12p 14

2kt k% 4 2kt 1
i) Y P |R(———)=+-B
(17) 1 ( ) ) 2( % ) 3p Y

1
3p
)%
o £ <—>
o B

(vii) Forn € Z,n >0, we get

k? k 1
Z P2n+1 <—> = Z P2n+1 (—) w(k) = —%B2n+1,¢.
k(2p) 2/ i 2 (2p)

Proof. We apply the same reasoning as in the proof of (i) in Proposition 3.2.7.
Then, the assertion (i) follows from Proposition 3.2.4, the assertion (ii) follows from
Proposition 3.2.6, and the assertions (iii)-(vii) follow from Proposition 3.2.1 and
Proposition 3.2.2. O

Proposition 3.2.9. We have

£ (5)n(55) - 2

k,t(2p)

Proof. Suppose p = 1(4). If v/—1 mod p is relatively prime to 2p, we replace (k,t)

by (kv/—1,tv/—1). Otherwise (v/—1 + p) is relatively prime to 2p and we replace
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(k,t) by (k(V—1+p),t(vV/—1+p)). Since P, is odd and P, is even, we find that
2 )2
Z P, ((k:;—t) )P2 ((k2 t) > _0
k4(20) P P

Since By, also vanishes (by Proposition 3.1.7), the assertion is clear in the case

p = 1(4). Thus we assume that p = 3(4). Replacing (k,t) by (k —t,t), we get
(k+1)? K — 2t)?

> () -Sap) e (t5T)

k,t(2p) k(2p)

We have two cases to consider. Suppose k is even. Then k = 2r for some r, and we

ma(t5) ()

t(2p)

get

Replacing t by ¢ + r and applying (ii) in Proposition 3.2.2, we get

(3.2.3) Z P, (_—%) _

If k£ is odd, then k = 2r + p for some r, and we get

T () g (52 )

t(2p)

By the multiplication formula, we have P, <M + —) = 1P2 ( (r— t)2> P, (M>

p p

Replacing t by t + r and applying (ii) in Proposition 3.2.2, we get

(3.2.4) ZPQ( —2) ):—Gip.

t(2p)
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From (3.2.3), (3.2.4), we have

1
—, if k is even,
> P (—(k S W) =3
1
12p) 2p —.  ifkisodd
D
Hence
\2p) 2p ~3p "\2p) 6p "\ 2p
k,t(2p) k(2p) k(2p)
k even k odd
1 2r)2 1 2r 4+ p)?
_ Z P, (2r) o Zpl ( p)
3p 2p Gp 2p
r(p) r(p)
1 212 1 212 1
— Pl 2= - — J 20
szl(p) 6pzl<p 2)
r(p) 7(p)

By the multiplication formula, we have P, (% + %) =P <£> - P (%) Then,

by Proposition 3.2.1, we obtain

) (%>P2(u):%

/\
v
=)
@|*‘
=
—
VR
@‘ﬁ
no
~_

Proposition 3.2.10. We have

0 Zn () B () ()

p
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Proof. The assertion (i) follows from replacing k& by —k in each of the sums and
noting that Pj, P3 are odd. The assertion (ii) follows from replacing k by k — ¢ and
applying Proposition 3.2.1. Applying the finite Fourier transform (Proposition 3.1.16)
to Py <k +t? ) we get

k? + t2) 3! a 242
E P3 < - E 3 (_) E Ca(kz +t<)
2 3
E,t(p) p (27ip) a(p) P

k.t(p)

EIT0)

a(p)

Since c3 is odd, the above sum vanishes. This completes the proof of the assertion
(i) 0
Proposition 3.2.11. We have

EIEZf%() B(i + )b+ 2)d(k + ) = ~Biy.

z(p) i,4,k=1

Proof. Clearly, we have

ZZP1<‘> (i + ) (j + 2)p(k + ) = ZZP1<E>¢Z+ZL’)¢(JZ2)

z(p) 4,5,k=1

Proposition 3.2.12. We have

(1)  For any integer k, we have
k
S P <x - ) — 0.
»(p) P

(i) g%ﬂ(ﬁf)wﬁwmz—&w
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Proof. The assertion (i) follows from replacing x by x — k and noting that P, is

odd. Next, we have

—1
p

%) P (k:; z) Y (i) (k) = %) P (’f ) (k) — %Pl (g) b(k).

Thus the assertion (ii) follows from (i) and Proposition 3.2.1. O

Proposition 3.2.13 [2]. Let x be a nontrivial primitive Dirichlet character mod-

ulo f, and let a be an integer. Then, we have

@ S xm) =0,

n(f)

(i) Y ¢"x(n) = x(a)T(x),
n(f)
[ ifa=0(f),
(i) Yo -

n(f) 0, otherwise.

Proof. Since y is nontrivial, there is a b such that (b, f) = 1 and x(b) # 1.
Replacing n by bn in (i), we obtain

> x(n) = x(0) > x(n).
)

Thus the assertion (i) follows. If @ = 0(f) in (ii), then the assertion (ii) follows from

(i). Thus we assume that a # 0(f). Replacing n by a~'n, we obtain

D ¢mx(n) = x(a™) > ¢x(n) = x(a )T ().

n(f) n(f)

Thus the assertion (ii) follows from the fact that y(a™') = x(a). The assertion (iii)
is clear. ]
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Proposition 3.2.14 [2]. For any a with (a,p) = 1, we have

1 1224
1S
¢—-1 pe

Proof. Observe that (x — 1)(1 +x + --- + aP~') = 2P — 1, which yields after

differentiation,
(-1 +2z2+ -+ p-D)2" )+ A +z+ - +2P") = paP ",

Multiplying by = and replacing x by (%, we get

p—1
(¢ =1)) n¢™+ ¢ =p.
n=1 n(p)

Thus the assertion follows from (iii) in Proposition 3.2.13. O

Lemma 3.2.15 [2]. We have

_]-7 Zfe?é()(p),

Proof. From (ii) in Proposition 3.2.13, for x = 1, we see that

1 anyy
@b(a):%%c v(n).



A7

Hence,
2 et =0 g 55 2 )
(p) n(p)
1 677/ TL.Z’2
=T > M) Y ¢
n(p) (p)
Z enw2
n(p)
Thus the assertion follows from (iii) in Propostion 3.2.13. O

Proposition 3.2.16 [2]. Let a,b,c € Z, a # 0(p). Then, we have
—(a), if b* — dac £ 0(p),
Zw(azg +br+c) =
=(p) (p—(a),  if b° —4dac=0(p).

Proof. Completing the square yields

Z@/} az® + br + c) 21/1 r+ (2a)7'0)? — (4a*) 71 (b* — 4dac)).
z(p) z(p)
Replacing x by = — (2a)~'b, we get
Z Y(ax® + bz + ¢) = ¥(a) Z Y(z® — (4a®) (b — 4ac)).

z(p) z(p)

Thus the assertion of the proposition follows from Lemma 3.2.15. O

Proposition 3.2.17 [4]. For any integer a prime to p, we have

D ¢mpn) =Y ¢ = v(a)(e).
n(p) n(p)
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Proof. From (ii), (iii) in Proposition 3.2.13, we get

Yla)r() =) ¢"Mp(n) =Y 1+ p(n) =Y ¢
n(p) n(p)

n(p)

Here, we state the following beautiful result of Gauss.

(3.2.5) () = Vi (=1)p.

While it is very easy to see that 72(3)) = (—1)p, it is considerably more difficult to
determine that the + sign of the square root in 7(¢)) is correct in all cases.> For the
proof, we refer the interested reader to Berndt, Evans, and Williams[4].

Proposition 3.2.18. Let a,b € Z. Then, we have

.

D, if a,b = 0(p),
>t =1, if a=0(p), b #0(p),
z(p)

T()Y(a)TUOTY L ifa # 0(p).

\

Proof. The case where a = 0(p) was already handled in (iii) of Proposition 3.2.13.

Thus we assume that a # 0(p). Completing the square and replacing = by = — (2a)~'b,

we obtain
Z cos b _ Z coa=(1a) 12
z(p) z(p)
from which the assertion follows from Proposition 3.2.17. O

Proposition 3.2.19. We have

p—1 2
3" kmip(k +m) = —%(Bg,w +2B1).

k,m=1

20n August 30, 1805, Gauss wrote in his diary that he devoted some time to this problem every
week for more than four years before he was able to prove his conjecture on the sign of these sums.
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Proof. Expressing everything in terms of periodic Bernoulli polynomials, we get

S msm=r £ (3(3)+3) ((5) ) s

k,m=1 k,m=1

AL AC)A()

k,m=1

SE () ()

k,m=1

From (i) in Proposition 3.2.13, we get

(32.6) Y kmy(k+m) =p2{

k,m=1

£ n()n(3) e om- )

k,m(p)

Replacing k by £k —m in the sum on the right side, we get

wn B ()vermn £ (50 ()

km(p) kam(p) p

Applying the two-term addition formula (Proposition 3.1.17) with the arguments

kom %, we get

(52 ()5 (52)n ) - (2) )
(a5 () b (55

Multiplying throughout by (k), carefully summing over k,m(p), applying (i) in

Proposition 3.2.12, (i) in Proposition 3.2.2, and (i) in Proposition 3.2.13, we obtain

(3.2.8) > A (]%Tm) P (@> b(k) = —%Bz,w-

kom(p) p
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Thus the assertion follows from (3.2.6), (3.2.7), and (3.2.8). O

Proposition 3.2.20. We have

5 () () - £ () ()

I,m(p) L,m(p) p

(a3 - tn.

Proof. Replacing (I, m) by (I, —m — 1) in the first sum and noting that P, is odd,
we get the first equality. Replacing (I,m) by (I?m~',mi™!) in the second sum and
by (m,m~11) in the third sum, where I,m # 0(p), we obtain the second equality.

Replacing (I,m) by (I, —ml~!) in the third sum where [ # 0(p), we get

E A () 0- Ea(5E)a ()0

Lm(p) Lm(p) p p

Thus the third equality follows from (3.2.8). O

Proposition 3.2.21. We have

0 A (%) sy =S (%) vl =0,

L,m(p) L, m(p)
@ 3 P <—m2l;ml> (l) = —Byy.
L;m(p)

Proof. We first prove the assertion (i). Replacing (I,m) by (I,m — 1) in the first
sum, we get the first equality. The second equality follows from replacing (I, m) by
(I, —m) in the second sum and noting that P; is odd. We now prove the assertion
(ii). Replacing (I,m) by (I*m~',mi™') where I,m # 0(p) and then applying (i) in

Proposition 3.2.12, we get

Y n (M) s =Y P (m—”) W(Bm) = — B .

Lm(p) P
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Proposition 3.2.22. We have

kt k? + kt 1
: P(Z)pP - B
02 1(19) 1( p ) 3p

k.t(p)
kt k* + th) 1 1—(2)
%) Pl—|PA|— ) =—B3y+———=By,.
(i7) k%) 1<p) 1< 5 op Doy oy D

Proof. The assertion (i) follows immediately from Proposition 3.2.6 by replacing ¢
by 2t. Following the same reasoning as in Proposition 3.2.6, we see that the assertion

(i) is clear for p = 1(4), and for p = 3(4), we have

Z kt k2 + 2kt Z t k2 + 2t
Pl( )PQ( >: P1<_>P2( )
ki) p p TN p
b 2

k.t(p ) a,b(p) )
) C 27 1ak?
(G

W(Z()(
Z

(20

2p7’

2
(2mip)? =

We define following trig function,

7 tan(mx), if v € Z,
ti(z) =
0, otherwise.

From the trig identity ¢;(2z) = 3(ci(x) — t1(2)) together with the fact that cy(z) =
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A(x) + n% for x € Z, we get

e (5)e ()
3G G ()

EONOMO R HOREE e

a(p) a(p) a(p)

Observe that t;(x) = —c;(z + 1/2). Therefore, by the multiplication formula for the

cx's (Proposition 3.1.15), we get

£ g (oo

a(p) a(p)

Hence, by (3.1.6), (3.2.1), we get

S (%) (%) vl =5 X (2) wta) - - w2 e (%) wla

a(p) a(p) a(p)
2m3ip (1
=——|-=-B 1—9(2))B .
T(w) (3 34 T ( w( )) 1#/))

Thus the assertion (ii) follows. O
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Proposition 3.2.23. We have

0 S () s (E) ()

k,t(p) kt(p)

2 4+ kt 12 + 2kt 1 1— (2
-5 () () -
_|_

prs ~ 6p 2p

- k? + kt 12+ kt k% + kt kt
i YR (5) =2 a () (5)
E,t(p) kt(p)
2 4+ kt kt
E AR (E) e
k1(p) p
2 1.2 249 2 2 249
(i) Zpl(t k)PZ(tJrkt) Zpl(t k)P(k+kt>
k,t(p) p p k,t(p p
ZP (k2+2k:t>P ( k2>
— 1 2 3
ki(0) P P
_ t2 4+ kt kt
(iv) ;P:%( » )—ZP3(5>—0,
t(p) k,t(p)
2 — k2 12 4+ 2kt k? + 2kt
o Xa(50)-Xa() - A () -
t(p) k,t(p) k,t(p)

Proof. We first prove (i). Replacing (k,t) by (k+1t, —t) in the first sum yields the
first equality. Replacing (k,t) by (¢, k) in the second sum gives the second equality.
Replacing (k,t) by (—k —t, k) in the third sum, noting that P; is odd and P, is even,

we get

t2 4 kt 2 4 2kt kt k? + 2kt
S a5 n() = sa () ()
P D D P

k,t(p) k,t(p)

Thus the third equality follows from (ii) in Proposition 3.2.22. We next prove (ii).
Replacing (k,t) by (k+t,—t) in the first sum yields the first equality. Replacing (k, )

by (t,k) in the second sum gives the second equality. Replacing (k,t) by (—k — ¢, k)



54

in the third sum, noting that P; is odd and P; is even, we get

£ (558 (5) - T (E)n("5)

k,t(p) kt(p)

Thus the third equality follows from (i) in Proposition 3.2.22. We next prove (iii).
Replacing (k,t) by (t, k) in the first sum yields the first equality. Replacing (k,t) by
(k—+t,—t) in the second sum gives the second equality. We next prove (iv). Replacing
(k,t) by (k—t,t) in the first sum yields the first equality. Replacing (k,t) by (—k,t) in
the second sum and noting that P; is odd, yields the second equality. Lastly we prove
(v). Replacing (k,t) by (k,t+ k) in the first sum yields the first equality. Replacing
(k,t) by (¢, k) in the second sum yields the second equality. The third equality follows
from replacing (k,t) by (¢, k) in the first sum and noting that Ps is odd. O

Proposition 3.2.24. We have

@ > P (ﬁ) U(x) = 2/)'(2)Bj:1/17

2 J—1
som N !
- x 1-— Qj_1¢(2)
(i) Y P (5) Y(z) = WBW-
2

Proof. 1f x is even, then x = 2k for some k. Hence,

> (5 ) vl = o) > (£) viw

2
z(2p) P

T even
Thus the assertion (i) follows from Proposition 3.2.1. Next, observe that

S P (%) W)=Y P, (%) v(z)= Y P (2%) ().

z(2p) z(2p) x(2p)
= odd T even

Thus the assertion (ii) follows from (vii) in Proposition 3.2.8 and the assertion (i). [J
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Proposition 3.2.25 [6]. Let n € Z, n > 0. Then, we have
n /n
Z<_1)]< ) = OUn,0-
=0 J
Proof. For n = 0, the assertion is clear. Thus we assume that n > 1. From the

Binomial Theorem, we have (z +y)" = Y7 (7)2" ¢/, Putting z =1, y = -1, we

J

get

I am particularly fond of this little, yet very important identity.
Proposition 3.2.26 [6]. Letn € N, and let k € Z with 0 < k < n—1. Then, we

have
R (5) = ()

Proof. We proceed by induction on k. If & = 0, the assertion is clear. Assume the

assertion holds for k = K < n — 2. Then,

- (_1)K+1{ (Ki 1) B (n[_( 1)} = (D% (2111)

Since n is arbitrary, the assertion follows. m
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Proposition 3.2.27. Letn € N, and let k € Z with 0 < k <n — 1. Then,
2&‘1 (T (o) 2 (-t
, j—1 2k )\ 2k )
j=2k+1
Proof. We have
iy on — 1 g - 1
DN G
j=2k+1 J
B 2”‘22‘2’“( (2n - 1) (j + 2k;)
par: J+ 2k 2k

: (2”‘1) (2"‘“”“)

Jj=
_ 2n —1 2"‘21‘2’“ 2= 1= 2K o (20— L= 2k
p= Jj 2n—1-2k) [’
Thus the assertion follows from Proposition 3.2.25. O]

Proposition 3.2.28. Let ¢ and v denote the Carlitz Phi and Psi functions given
by (3.1.14). Let N, M € N, h,k € N with (h,k) =1, and =,y € R. Then, we have

N 1>N ]( )hN i
Z N+M—j ¢j7N+M—j(h7k;x7y)
7=0
1 N+M
=0
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Proof. By definition of ¢, we get

N—I—M
Z( )hNJ@Z’JNJrM i(hs ks, y)
=0
N+M i
( ( )hN “ @i nym—i(hy ks, y)
N+M _;
< <)hN ¢i,N+M—i(h7k;ny)

(=1 (N - M) (] - Z) AN s navr—i(hy k3, y)

<
Il
=)
-
Il
=)

| Il
M= 1M
Jrit i

=0
N N
i—0 =0 Jr
N N—i .
N+ M INEM -\,
= Z ( _ ) Z(—1)7< . ) PN s nnr—i(hy ks 2, y).
i=0 ¢ =0 J

From Proposition 3.2.26, we get

Z (N+M)hN ]¢]N+M ](h k z y)

=0 J

N .
N+ MY (N+M i1,
Z ( ) ( N —i )hN i Ntr—i(h, ks x,y).

=0

Thus the assertion follows from the fact that

s () (V) =

]
Proposition 3.2.29. Let ¢ and v denote the Carlitz Phi and Psi functions given
by (3.1.14). Let N,M € N with M > 3 and odd. Let h,k € N with (h,k) =1, and
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x,y € R. Then, we have

Moy (" s i)

Jj=0
N+M

Z (N;_M>k1 j%NJrM ik, 1; 0, ),

j=M+
M

N+M .
Z( )hl ]¢j7N+M—j(h'> ka an)

j=0
B N+M <N+M
j=N+1

j )kl jij-l—M J(k h y,())

Proof. We have

N+ M _
Z ( j )hl ¢j,N+M—j(ha k;x,0)
§=0

(3.2.9)

N-1

N+ MY, _.
= hpoNtm(h, k2, 0) + Z ( )h i nem—1—j(h, k; 2, 0).
7=0
From Proposition 3.2.1, we have
1
Yon+m(h, ks 2,0) = gony (b, ks 2, 0) = WBsz

By Carlitz reciprocity (Proposition 3.1.20), we have

1
(N + M — )RV

ViriNem-1-j(h, k;z,0) = {(j + DI nsar—jj(k, h, 0, 2)

+ (N + M)kBj1(2) Byyn—1-; — (J + 1)th(fL’)BN+Mj}-
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Hence, plugging in the above results back into (3.2.9), we get

N
N+ M i
Z < . )hl J ¢j,N+M—j(ha k;x, 0)

=0~/

N—-1
1 N+ M\, 1 N+M
= VT 2 < ; )kj nen—g (ks 150, 2) + W( N )PN(SU)BM-

J=0

Since M > 3 is odd, By, = 0, and we get

N
N+ M .
Z ( . )hl J @/)j,N+M—j(ha k;x, 0)

=0 N/

N-1
1 N+ M\
= v D ( i >’fj Unar—,i (K, 10, ).

J=0

Thus the assertion (i) follows from replacing j by N + M — j. The assertion (ii) is
similarly verified, so the proof is omitted. O
Proposition 3.2.30. Let ¢ and i) denote the Carlitz Phi and Psi functions given

by (3.1.14). Let N € N, h,k € N with (h,k) =1, and z,y € Z. Then, we have

N
N\ s Ty By
Z (j)h Tabin—j (h, k; E E) = (N1~ Bion,-

j=0

Proof. From the definition of 1, we have
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By Proposition 3.2.25, we get

(N Ty o~ (N c oy
1=y : — 1—i .
(3.2.10) j=0 (j )h T YiN- <h7 k; T E> = ; (Z )h Gi,N—i <h,k, o E) Sn—io
= p=N ONp <h, k; %, %) )

From the definition of ¢, we have

0T () ) g (25)

a(k)

Replacing a by h™!(a — x — y) (which is permissible since (h,k) = 1 and z,y € Z),

we get

owo (ki 1 5) = 2P ()

a(k)

From the multiplication formula, we get

x 1
on0 <h> ki —, E) = WBN — Bion 1.

Thus the assertion follows from plugging back into (3.2.10). ]
Proposition 3.2.31. Let ¢ and i) denote the Carlitz Phi and Psi functions given
by (3.1.14). Let M € N with M >3, N € Z with0 < N < M —1, and x € Z. Then,

we have

x
Yyv-NN (27 D5 —, 0)
p

M_1_N N+1

(M — N)2 =N N1k (N A+ 1\ vk T

= g -1 2 1 2,2:—.,0
(N 1)pN ko( ) k' d)k,M k » D p’

By 2\  2(M — N)By. x
Pu~(Z) = P2

)
+%‘PM71 (E) — Mdno - Py (£>
p b
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Proof. From Carlitz reciprocity (Proposition 3.1.20), we get

x (M — N)2M-1=N x
_ 2.p;—,0) = . 1 2;:0,—
wM N,N ( 7p7p7 ) <N+1>pN wNJrl,M 1-N | D, 43 7p

By x 2(M — N)Byi1 T
- Py — ) = - P —

0
+%'PM—1 (£> — Monyg - Py <£)
p b

Thus the assertion follows from the definition of ¥n41 pm—1-n <p, 2;0, %)

O
Proposition 3.2.32. Let ¢ denote the Carlitz Phi function given by (3.1.14). Let

M eN, keZ with0< k<M. Then, we have

D (@) G (Z% 2;0, %)

z(p)

B — B(1/99M-1=ky(2) 4 B (1/2 2)6
= BB )()2p)M11f< )+ Bull/2) Bk + 1@;]\)4,21 Bu-1p-

Proof. From the definition of ¢, we have

x pla+2) =
¢k,Mfk (2%2;0»—):5 P (Tp> PMk( 2p)
p a(2)
T T rz+1 T 1
:P<—>P_— j2 Py Z+2).
“\2 Mk<2p)+ k( 2 ) Mk<2p+ )

s
+

Therefore,

x
Ok, M—k (P, 2;0, —>
p
5k1 xr xT
B — | Py_ Bi(1/2)Py_. | —
( kT 2) Mk(2p>+ k(1/2) Mk:(2p+

z Ok T
By (1/2) Prr—y, (2_p> + (Bk + 5 ) Py, (2]) +

) , if x is even,

N — N~

> , if x is odd.
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r=1 r= 2p 2
> x ) 1
Bi.(1/2 Py [ — By, + —L P
+k</>;m(2)w<>+(k+ )ZMk( +3) v
@ odd Fodd
S 2p—1 T 2p—1 T
= (B, + 2L Py [ — Bi(1/2 P
(k+2); Mk<2p)¢()+ k(1/ Zl Mk(2)¢(x)
xxe;en xx(;dd
Thus the assertion follows from Propostion 3.2.24. O]

Proposition 3.2.33. Let ¢ and i) denote the Carlitz Phi and Psi functions given
by (3.1.14). Let M € N with M > 3 and odd. Let h,k € N with (h,k) = 1, and

v € R. Let {b,})" be any set of numbers. Then, we have

M-1 M-1
Z bn QbM—n,n (h7 k?,[E,O) - Z Cp, wM—n,n (h,k,I,O),
n=1 n=1
where
n M—] .
(3.2.11) en = (n_j>h b, (n=1,---,M—1).

Proof. We note that ¢g y = kM—l_lBM = (0 since M > 3 and odd. With ¢, given
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by (3.2.11) together with the definition of ), we have

Cn 77Z)M—n,n(h7 ka z, 0)

M-1 n . Mo
M — . M—n '
=22 (n— j)h"_”bj > (=t ’“( y )hM‘J"“ brari(h, k, 7, 0)

k=1

- ;Z(_1)M—”—k(]‘j__;) <Mk ”)hM kb, b v b, 2, 0)

(—1)M-n-t <M - j) (Mk— n) hWM=I=* b vi—w(h, k, ., 0).

Replacing k by M — k and n by n + j, we get

Cp, wM—n,n<h7 ka €, 0)

M-1

k ) .
M—-—7—n
= h* (h, k,z,0) 1Y h b, :
(U a0 Z rM M
Evaluating the innermost sum, we get, by Proposition 3.2.25,

() () () B () o

n

i{ng

Thus the assertion of the proposition follows. n

Proposition 3.2.34. We put

- 5 (E52)n (55)

Then, we have

S,(1,4) = —S,(2,3).
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Proof. From Proposition 3.1.19, for n = 4, we get

P(a)Py(a +y) + Pi(y) Po(e + ) — Pu() Po(y) — 5 Po(x) Po(y)

~ Py()Pily) =  (Pi(a) + 3Ps(a +9) + Paly)

(3.2.12)

Noting that

1 1

Pi(y) = Pa(y) + 15 — 70twenn,
Piy)Paly) = Po(y) + =Pi(y),
Pi(y)Ps(y) = Paly) + iPz(y) - é,
Piy)Ply) = Poly) + 5P4(0) — 5 AA(0)

multiplying (3.2.12) throughout by P;(y) yields

PL(a)Pi(y) Po(e + ) + Pyl + 9)Paly) — Pi()Paly) — 3 Pa(a) Paly) — 5 Po() Pfy)

L R@PW) - PP+ Pyt y) - T R ) R
=1 (PP 43RG+ P+ P + 3 Pi0) = 5P 0)).

Letting (v,y,7 +y) = (’“2*1‘)2“7 tQ;"‘Q, t2*j’“>, carefully summing over k,t(p), and

simplifying, we get

1 3 1 1
(3.2.13) = 5,(1,4) = 755(1,2) = 55,(2.3) = 75,(2,1) = 5 5,(4,1).

Replacing (k,t) by (k +t,t) in the definition of S,, we find that

Sy(n,m) = (—=1)"""S,(m,n) (n,m € N).

Hence S,(4,1) = —95,(1,4) and S,(2,1) = —S,(1,2). Thus the proposition follows
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from (3.2.13). O
Lemma 3.2.35 [15]. Let f be multiplicative. Suppose that

is the unique factorization of n into powers of distinct primes. Then, we have

S fd) =T+ F) + F@*) + - + F().
dn p*ln
The notation p®||n means that p* is the exact power dividing n.
Proof. A typical divisor d of n is of the form d =[], p?®) | where 5(p) < o and
p®|In. Thus f(d) =L, f(p®®)), which is a typical term on the right-hand side. [
Proposition 3.2.36. Letl € N. Let x,d be Dirichlet characters and let i denote

the Mobius function. Then, we have

> pm)x(m)s(mym* = J] (1= ¢"x(2)d(q)).

ml q|l
q prime

Proof. This follows from letting f(m) = p(m)x(m)d(m)m* and applying Lemma
3.2.35. 0
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3.3 The Evaluation of the Sum L,

We fix an odd prime p. The following sums will play a major role througout this

2 2 2
ﬁ) P (k +2kt) n ((k+t) )
p p
k* + 2kt
)7 (5)m (557)
p
2 2
L)H<?m)}ﬁ<k+2m),
p p
2 2 2
t)Pl( kt) P1<(k+t) >’
p
t? k* + 2kt k* — 2kt
Rp: Z P1<2—)P1(T)P1<T)a
k,t(2p)

57 (55 (550

section:

k1(p) p
2kt k+1t)?
- g (3 (555)
k,t(p) p p
k+t)? 2t
w3 () (%)
kot(p) b p

Theorem 3.3. With notation and assumptions as above, we have

Before proving this theorem, we must first establish several results.

Proposition 3.3.1. With notation and assumptions as above, we have

1 6p — 5

Ly = =15, B80 = 1,

1
o By + -~ (b +cp).
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Proof. Applying the 2-term addition formula (Proposition 3.1.17) to the argu-

2
ments k—, 2—“, we get
p p

2 2 2 2 2 2 2 2
A(5)n(5) - () (57) - # (5) 7 (57)
p p p p p p
(3.3.1)
1 k> 2kt k? + 2kt 1_(k* 2kt
) ) () b
2 p p p 4 \p »p
where § is given by (3.1.8). Multiplying throughout by P, (%), carefully summing

over k,t(p), and applying Proposition 3.2.3, Proposition 3.2.2, Proposition 3.2.1, and

Proposition 3.2.4, yields

p—1

1
(3.3.2) Fyt Gy =~ Bow =

6p

By .

Multiplying (3.3.1) throughout by Py (@), carefully summing over k,t(p), and

applying Proposition 3.2.2, Proposition 3.2.1, and Proposition 3.2.5, yields

(3.3.3) Ly=T,+F,+=c, — —

Applying the two-term addition formula (Proposition 3.1.17) to the arguments —%,

@, we get

A ()0 (5) A (520 (452)
)R e (5) ()

Multiplying throughout by P; <2kt>, carefully summing over k,t(p), and applying

p

Proposition 3.2.3, Proposition 3.2.6, yields

1 1
(334) Lp — Gp — Tp + §bp + 6—pBg7¢.
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From (3.3.3) and (3.3.4), we get

1 3p — 2
2Ly = Fp + Gy + 2 (bp +¢cp) — TpBl,tba
and from (3.3.2), we obtain
1 6p — 5 1
L,=——Bs, — B — (b .
p 12p 3,9 24p 1y + 4 < p + Cp)
This completes the proof of the Proposition 3.3.1. O

To complete the proof of Theorem 3.3, we must evaluate b, and c,. To this
end, we will find three independent relations involving a,, b,, and c¢,. We note that
e(r) = exp(2mix).

Proposition 3.3.2. With notation and assumptions as above, we have

Proof. First we note that the assertion is obvious in the case of p = 1(4) (since
a, = ¢, = Byy = 0). Thus, we will assume that p = 3(4) for the remainder of the

proof. Replacing (k,t) by (k +t, —t) in the definition of a,, we get
k2 k+1t) 412
En ()
ki) ST b

Similarly, replacing (k,t) by (—k — ¢,¢) in the definition of ¢,, noting that P is an

even function, we get

k2 E+t)? 4+ t2 — k2
C, = E P1 — P2 ( + ) i .
P p p
k,t(p)

Y

Applying the finite Fourier transform (Proposition 3.1.16) to P, <W>
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P, ((k+t)2;-t2—k2

) and summing over ¢(p), we obtain

ZP2<(k+t)2+t2) :_(2:;]9)2202( (b((k+t)2+t2)>

)
)5S (57),
(
(

s

t(p)

)Ze (b((k+t)2+t2 —l#))

p

(2bt2 + Qbkt)
€ _— .
) P

By Proposition 3.2.18, it follows that

) (2bt2 + 2bkt) P b=0p),
AN e (S5). bz
Hence, we get
%% ((k+t}))2 +t2>
- —(2:—;]9)2{1762(0) FrOBE) o (2) Comome (5 }
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Replacing b by p — b in the sum above, noting that ¢ is odd and ¢, is even, we get

E+1t)2+ 12— k2
ZPZ(( +1)* + )
‘) p

_ _(QS_;P{WM e S e (2) (1) o()e (%) }

b=1
Therefore,

e o

t(p)

Multiplying the above equation by P, (%) and summing over k(p), we get

R (%) Z{Pz (W) + P <(k‘+t)2;t2—k:2>}

k(p) t(p)

1 k? 1
= 3— P]_ (-) — 3_B1’w.
P ) p D

Proposition 3.3.3. With notation and assumptions as above,

3p — 2
12p

1
Rp - —2Tp + —Bgﬂz, —+

By .
3p LY

Proof. Applying the two-term addition formula (Proposition 3.1.17) to the argu-

K242kt k2—2kt
2p 2p

2 2 2 /{32 ]{?2—2]€t k}2
P, (k +2kt) P, (k‘ 2kt> _p (k: +2kt) P, <_) _p ( )P1 (_)
2p 2p 2p P 2p P
1 k? + 2kt k? — 2kt k2
- (B (L) () e (S
2 2p 2p P

1 (k%> + 2kt k> — 2kt
+ =4 , .
4 2p 2p

ments , we get
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Multiplying throughout by Py <§—;), carefully summing over k,t(2p), and applying

Proposition 3.2.7, Proposition 3.2.8, and Proposition 3.2.1, yields

p—1

R, = 2F, + GipBg,w +E B
From (3.3.2), we see that
(3.3.5) R,=F,—G,,
and from (3.3.3), (3.3.4), we obtain
R, = —2T, + %pBw + 3112;231,¢

Proposition 3.3.4. With notation and assumptions as above,

1
Zy = =21, + 4—pBL¢.

Proof. Applying the two-term addition formula (Proposition 3.1.17) to the argu-

ments %, —%, we get

() (45) - (5 1 (2
(U5 () (457) n (457) o (2)

ﬁé((/@ﬂ)?’—(k—t)?)

2p 2p

Multiplying throughout by P; <%>, carefully summing over k,t(2p), and applying
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Proposition 3.2.7, Proposition 3.2.8, yields

1
Zy = 2T+ 7-Bi

Proposition 3.3.5. With notation and assumptions as above, we have

1 1—3(2)

bp —Cp = @Bgﬂp + 12]? Blﬂb'

Proof. Applying Sczech’s 3-term addition formula (Proposition 3.1.18) to the

arguments

12 k% + 2kt k% — 2kt
MN=———,U=—Fr—"" 3= —F—,
2p 2p 2p



we obtain
£2 2 2
P, < )P1 <kz -I—Zkt) P, <k; 2k:t>
2p 2p 2p
2 2 2
- P (—> P +) )P1 <(k )
2p
(k

&
(57} (32) 29
) (252 (49

1 2 2
() (2 (5) »(550))
2 2p 2p
1 +1) + 2kt t2
-p P h
+21( 2p )(2( ) 2<2p))
1 k* — th t2
-p P -
(50 (0 (57) -2 ()
1 k% — k% + 2kt
—sP(— (P )
2 p 2p 2p
1 (k —t)? 2kt
_~(_p P 222
6 ( ’ ( 2p ) i ( p )>
1 t? k? + 2kt k* — 2kt
— = 2P +2P; + + 2P (| ———
6 2p 2p p
Y PR 2kt K -2kt +1 R 2kt K -2kt
4\ 2 T 42\ 2 2 T ’
where
Pi(z), ifx=y=2zmod 1,
51 (.Z', Y, Z) =
0, otherwise,
and .
Pi(x), if y,z are integers,
Pi(y), if x,z are integers,
d(x,y,z) =

Pi(z), if x,y are integers,

0, otherwise.
\
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Carefully summing over k,¢(2p) and applying Proposition 3.2.7, Proposition 3.2.9,
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Proposition 3.2.5, Proposition 3.2.8, and Proposition 3.2.1, we get

5 —3p+1—3(2)
Rp — Zp + 2Lp = Cp —+ @Bgﬂp + 12p

B .

Applying Proposition 3.3.1, Proposition 3.3.3, and Proposition 3.3.4, we obtain

1 1 5 —3p+1—39(2)
—Bs3 ., — -8B b, = —B B
6p 39 4 19 + p Cp + 12p 3,9 + 12p L4
from which the assertion of the proposition immediately follows. O

Proposition 3.3.6. With notation and assumptions as above, we have

1
ap + bp — Cp = 3—pB3,¢.

Proof. Applying Proposition 3.1.19 with n = 3 and the arguments x = @,

Yy = —QT’ft, we obtain

() (50 () (£25) i (20 (2
(3 () () o (555 (5.

Carefully summing over k,t(p) and applying Proposition 3.2.10, we obtain

1
Clp + bp — Cp = 3_p33’¢7

which was to be demonstrated. O
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Theorem 3.3.7. With notation and assumptions as above, we have

1 1 — 30(2)
ap E 3 12p L
1 1—1(2)
b, = —B B
p 6p ) + 2p Ly
1 5 — 30(2)
——B B
Cp 12p 3% + 12p 14

Proof. This follows immediately from Propostion 3.3.2, Proposition 3.3.5, and

Proposition 3.3.6. O]

We are now in position to prove Theorem 3.3.

Proof of Theorem 3.3. This follows immediately from Proposition 3.3.1 and The-

orem 3.3.7. O
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3.4 The Sum J, and the Mordell-Tornheim L-Function

In this section, we discuss a very interesting exponential sum and its connection with
a particular Mordell-Tornheim L-function. Matsumoto et al.[14] define the Mordell-

Tornheim L-functions of depth k by

LMT,k(Sla Cy Sk+1y X1, 7Xk+1)

oo

- Z f: xa(ma) - e (me) X (ma + -+ my)
mil"'mzk(ml+"'+mk)sk+l

mi=1 mkzl

(Re(sj) >1,1<j<k+1)

for complex variables sy, -, sgy1 and primitive Dirichlet characters xi, -+, Xri1-

We fix an odd prime p = 3(4). We denote by % the Legendre symbol mod p:

P(a) = (%) We also put ¢ = exp(27i/p).

Theorem 3.4. With notation and assumptions being the same as above, put

_ labe)
he L e -1

(a,b,c)eS
where S = {(a,b,c) € (F)* | a+b+c=0}. Then, we get

3p’i
Jp = =y Lvrp(1, 1, 14p, 4, 9).

Incidentally, when p = 1(4), the sum J, is not so interesting since replacing (a, b, c)
by (—a,—b, —c) reveals that J, = 0. Before proving this theorem, we first establish
two propositions.

Proposition 3.4.1. With notation and assumptions being the same as above, we

have

Jp :p\/_pjp7
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where

(3.4.1) h= > P (j +73) P, (ﬂ) W(ijk).

Proof. We have

W (abe)
= 2 o= 1T
CLbC Cz(a+b+c)

1
2PN —1 (=D =1)

z(p) a,b,c= 1

Applying Proposition 3.2.14, we get

Z Z Z ZJkCer:Jc a+(j+z)b+( k+x)cw<abc)

z(p) a,b,c= 11]k 1

ijk(i + 2)(j + )k + ),

z(p) ,5,k=1

where 7(1)) is the Gaussian sum 7(¢)) = 3-2_1 9(a)¢*. We will now express everything
in terms of periodic Bernoulli polynomials and take full advantage of their periodicity.

Noting that P, and 1 are odd functions and applying Proposition 3.2.11, we obtain

S () ) (0 () ) (7 () )
X (i 4+ )P (j + x)(k + )

{Z Z ! (—) <p> Py (S) i+ )Y (G +2)P(k + )

z(p) 4,5,k=1

1 gzgl(pl(_)+pl( Jon(:

)
AR RICIUCONCS >}

i,3,k,z(p
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Applying the Sczech 3-term addition formula (Proposition 3.1.18) with the arguments

1+ J+x k+x
V1 = , U = , U3 = s

we obtain

Py

o
(5
()

1 i+z j+x k+zo 1 i+z j+x k+zo
__61 ) ) +_62 ) ) .
p P p 4 p P p

Multiplying throughout by v (ijk), carefully summing over i, j, k, z(p), and applying

Proposition 3.2.12, Proposition 3.2.2, we find that

i+x j+a k+ax\ . .3
Z Pl( » )Pl( p >P1( » )w(zjk):_p]p"i_lel,wa

/[/7.j7k7x(p)

where j, is given by (3.4.1). Hence, plugging this result back into the above expression
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for J,, we obtain

Jp = _T(w)gjp

As p=3(4), 7(¢v)) = \/—p, and the assertion of the proposition immediately follows.
]

Proposition 3.4.2. With notation and assumptions as above, we have

3p\/P
]p_ 4{LMT2(17L1’¢ ¢ ’QZ))
Proof. Employing the Fourier series for P; (%) and P, (%) (Proposition

3.1.10), we get

x(j+i)+y(j+k)> b(ijk)

Ip= 27?23 Z Z ( pxyz

1,J,k(p) ,yEZL

/77/; +
27”32 ry(z +y))

z,yEZ y

From the partial fraction expansion ziy = z(x = T (I et together with ¢(—x)

—1(x), it follows that

j = T(¥)? Z/ Y(zy(z +y))

(27ri)3 =, wyle+y)
r)(zy(z +vy))
2m 3 ;Z zy(x +y)
y>0
_27(¥)° | v v(ay(z +y))  Y(ayly — )  Y(ayly — )
- (2mi)? {x;z ity I;Z wly—z) xéz zy(y — x) }
x’y>0 y§x>0 z§y>0
r P wy z+y))
27m 3 ZGZ xy(z +vy)
xy>0
_ 67(y)°

= W LMT,2(17 17 1§¢7¢7¢)'
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As p=3(4), 7(v) = v/—p, and the assertion of the proposition immediately follows.
O
We are now in position to prove Theorem 3.4.
Proof of Theorem 3.4. This follows immediately from Proposition 3.4.1 and Propo-
sition 3.4.2. ]
We now obtain the following interesting corollary of Proposition 3.4.2, a result for
which we are not able to find any reference in the literature.
Corollary 3.4.3. With notation and assumptions being the same as above, we

have

3
Larra(1,1, 1590, 4, 0) € %@.

Proof. This follows immediately from Proposition 3.4.2 and the fact that j, € Q.

]
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3.5 A Contribution Towards an Elementary Proof of the Lee-

Weintraub Identity

In this section, we make our contribution towards an elementary proof of the Lee-
Weintraub identity. We prove, in a completely elementary manner, that the Lee-
Weintraub identity is equivalent to any of the three identities given in Theorem 3.5.
Thus proving any one of these identities in an elementary manner would complete an
elementary proof of the Lee-Weintraub identity.

We fix an odd prime p. We denote by 1 the Legendre symbol mod p: 1(a) = (9) .

p

We also put ¢ = exp(2mi/p). We recall the sums F),, G, R,, and introduce the sum

12 k2 k2 + 2kt
e g0 ()0 (1) (59
o P P P
12 2kt k? + 2kt
o= 2 (5)n () (5)
Py P P P
12 k? + 2kt k2 — 2kt
RP_ZH(?_p)H( 2p )H( 2p )
t2 k? (k+1)?
s=3n(5)n(5)n("")

k,t(p)
We also recall the Lee-Weintraub identity, proved by Ibukiyama.

Sp:

The Lee-Weintraub Identity [9]. With notation and assumptions being the

same as above, put

W= 2 T -1

(a,b,c)eT

where T = {(a,b,c) € (F)) | ab+ bc + ca = 0}. Then, we get

3 +1
LW, = /o (BM— By + Bw).
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Theorem 3.5 With notation and assumptions being the same as above, the Lee-

Weintraub identity is equivalent any of the following three identities:

(4) R, =0,
(i1)  Fp =Gy,
U r ()
(761)  lim Z ———=0.
tee x y 2€7Z <y2 - Z2>
xy—22=0(p)
||yl zI<t

Proof. By applying the same reasoning as in Section 5.1, in a completely elemen-

tary manner, one easily shows that

3 3
LW, =+\/¢ ( Bz »+ =D w)

4
Thus the Lee-Weintraub identity is equivalent to the identity

1 p—2
3.5.1 S,=——DBs, — B .
( ) p 6p 3% 4p 19

Applying the 2-term addition formula (Proposition 3.1.17) to the arguments

we obtain

_p (B p (D2 | p (£ p (R 2H k2 + 2kt
e et sty
2 p p D 4 P

1, if x,y are integers,

o(z,y) =
0, otherwise.
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Multiplying both sides of the above equation by P; <%2>, carefully summing over

k,t(p), and applying Proposition 3.2.1, Proposition 3.2.2, we get
1
Sp — 2Fp —I— 4—pBl7¢.

From (3.3.2), (3.3.5), we see that

1 p—2
Sp - Rp - 6—p337¢ - 4p

B]_ﬂl}

Thus the assertion (i) follows from (3.5.1). The assertion (ii) follows immediately
from (i) and (3.3.5). If p = 1(4), then the sum in the assertion (iii) vanishes by the
usual even/odd argument. Thus we assume that p = 3(4) in what follows. By the

multiplication formula, we find that

12 k? + 2kt k% — 2kt
= Pl— || ——— P | ———
Bo= D 1<2p) 1( 2p ) 1( 2p >

k,t(2p)
12 k% + 2kt k% — 2kt
PRELCSHES
o 1% 14 D
0<t<p—1
21 k% + 2kt k% — 2kt
Pl—+- )P ———— P [ ———
* Z 1(2p+2) 1( 2p )1( 2p )
k(2p)
0<t<p—1
12 k% + 2kt k% — 2kt
- ()R (252 n (52).
o P i% 1%

Applying the Fourier series for the P’s (Proposition 3.1.10), we get

12 k? + 2kt k2 — 2kt
RPZZH(E)R( 2p )Pl( 2p )

k(2p)
t(p)

2xt2 4y (k2 +2kt)+2(k2—2kt) )

B S —
o (2mi)3 Yz
k(2p) x,y,2€L

t(p)
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Recall that we are summing symmetrically with respect to x,y, z. Applying the Q-
limit formula (see Gunnells and Sczech[7]), we can replace (x,y, z) by (z,y + z,y —

z) while still summing symmetrically with respect to z,y,z. This together with

Proposition 3.2.18 yields

k2 + 22tk
By 3 - sze( ) e ()
k(2)

P t(p)
L2142
) ) s (Lo e
(@mi)? e 7 = 2) 1
__2p7(¥) Z’ _Yly)
orip 2, TP 2]
wy—z*=0(p)

Thus the assertion (iii) follows from (i).
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4 A Special Family of Character Sums
Let x be a primitive Dirichlet character with conductor f > 1. Let [ be any positive

integer which is prime to f. Let n € Z, n > 0. We also put ¢ = exp(27i/f).

Counsider the Dedekind sum

Observe that the mystery of the Dedekind sum s(I, f) lies in the exponential sum

f—1
)

Thus, the only natural (and responsible) thing to do is to twist this exponential sum
with an arbitrary primitive Dirichlet character with conductor f. This is precisely
what we did, and in fact, we generalized it even further.

The aim of this chapter is to obtain a formula expressing the following character

sum

RN x(a)
=2 (¢le=1)m(¢*—1)

in terms of generalized Bernoulli numbers using only elementary methods from algebra

and number theory. The following plays the starring role in accomplishing this.

4.1 The Star Character Sum Z;(l, ¢, x)

Fix a primitive Dirichlet character x with conductor f, > 1. We write f for f, when

there is no fear of confusion. For any natural number [ prime to f and any integer c,
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we define a character sum Z(l, ¢, x) by

(4.1.1) Ze(l, e, x) = f* lzp (laftc) x(la + ).

For any Dirichlet character 9, we denote by fs the conductor of . For any natural
number m, we denote by X (m) the set of primitive Dirichlet characters ¢ such that m
is divisible by f5, and by Y (m) the set of primitive Dirichlet characters with conductor
m. The following theorem is a generalization of Ibukiyama’s Theorem 2 in [10].
Theorem 4.1. Let | be a natural number prime to f and ¢ be a natural number
prime to l with 1 < ¢ <1—1. For any integer v with u | [, denote by l,, the u-primary

part of [, that is, the maximum integer which divides | and is prime to u. We get

Z(l, ¢, x) Zk ———— > Y | 0(cBrs [ - d"x(@)d(0)) |,

u|l d€Y (u) q|lu
q prime

where ¢ is the Fuler function.
To prove Theorem 4.1, we prepare several lemmas. In preparation for Lemma 1,

we recall the multiplication formula for periodic Bernoulli polynomials:

n—1
a=0

Lemma 4.1.1. For a natural number | prime to f, and any 6 € X(1), we get

-1

71 " 6(e) Zi(l ¢, x) = By

c=0
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Proof. Since §(c) = 6(In + ¢), we get

-1 -1 fx—1
1= 126 VZe(l e, x) = klZZP(ln+0) d(in+ c)x(In + ¢)
X

c=0 n=0

YR () dtm)xtm)

m=0

Since (I, f,) = 1, the Dirichlet character dx is primitive with conductor fs, = fsfy-

Hence, we get

-1 fxl=1
KIS s02 ) = (RS A (}”l) 5x(m)

k: 1f5X 1lf§ . f&xb+a
Z Z Py ox(fsxb+a)

(pp ~ (P V) e
= (Y ZPk(fxl+lf61) ix(a).

a=0 b=0

Applying the multiplication formula, we obtain

S seten = - (2) féxo B () ot

c=0 a

= By sy-

O

From this formula, we shall extract a kind of inversion formula. We fix a natural

number [ which is prime to f, and put L =[] a9 where ¢ runs over primes. For any
m | [, denote by [, the m-primary part of /.

Lemma 4.1.2. For any fized number d € (Z/IZ)*, we get

S 6 (m) () Zi(lseax) = S 6(d™)Brsy.

m|L deX(l)
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where e is the unique integer such that me = d mod [,,, with 0 <e <1, —

Proof. We shall show this lemma by taking the sum over § € X(I) of both sides
of the formula in Lemma 4.1.1. For an integer ¢ with 0 < ¢ <[ — 1, there exists a
unique m | L such that m | ¢ and (¢, L/m) = 1. Denote by A(m) the following set of
integers:

Am)={c€Z:0<c<l-1,m|¢, (¢,L/m)=1}.

Then for any ¢ € A(m), we have 3 ;v 0(c) = > 5cx (., 0(c), since 6(c) = 0 when-

ever (fs,m) > 1. Hence, applying Lemma 4.1.1, we get

Za YBgy = IF7 ZZM L) Zu(l, e, X)

deX(l deX(l

(4.1.2) =Yy Z 5(d=e) Z(l, ¢, X)

m|L ceA(m) 6eX (1

=y Y Z 5(de)Zu(l, e, x).

m|L ceA(m) §€X (Im)

We note that
d(ly), if d=cmodl,,

> d(de) =

SEX (Im) 0, otherwise,

and denote by C'(m) the following set of integers:
Cm)={ce€Z:0<c<l—1,m|e¢ (¢c,L/m)=1, and d = ¢ mod [,,,}.

Then, from (4.1.2), we get

Z(S Bk(gx—lklzz Zéd ') Ze(l, e, x)

seX(l) m|L c€A(m) §€X (Im)

:l’“lng(lm) Z Zie(l, ¢, x).

m|L ceC(m)

(4.1.3)
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If we take the unique integer e such that me = d mod [,, with 0 < e <[, — 1, then

(e,l,,) =1, since (d,l) = 1. Hence we get

C(m)={m(e+Ina):a€Z,0<a<l(l,m) -1},

and
I(lyym)~ 11
Z Zk(l,C, X) = Z Zk(lvm(€+lma)7X)
ceC(m) a=0
Hmm) =1 A In+m(e+ lna)
= fi Z ZP’“( o = )X(ln+m(e—|—lma))
X

I(lmm)™ —IfX 1 1
= x(m)fi Z Z P, ( m f)lmn1+ a) +e>

X X (lm (l(lmm)_ln + a) + e)

e
= x(m)fi Z Iy (m—l) X (b +€)

— frlm

Hr L lbmm)” 5 Im (fya+n)+e
fklz Z Pk( ;leq )X(lm(fxa+n)+e)

lan+e

fylm=t

=xm) > D

fX—l l(lmm) -1 (
n=0 a=0

+ l(lmm)l) X (lmn+e€).

Applying the multiplication formula, we get

S Zill,ex) = x(m)fH! (l’”lm)k fZP () w40

ceC(m)

l,,m

= x(m) <T>k_1 Zi(bms €, X)-

Thus, from (4.1.3), we obtain

> 0(d ) Broy =Y dln)x(m) lnm)" ™" Zi -

seX(l) m|L
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O
Lemma 4.1.3. We fiz natural numbers | prime to f, and c¢ prime to | with
1 <c<l-—1. We define L and l,, for m | | in the same way as in Lemma 4.1.2.

Then, we get

DI Zppe = > pu(m) Y 5(me)Bray,

m|L 0eX (Im)

where 1 1s the Mobius function.

Proof. For u |v | L and any d € (Z/IZ)*, we put

g<u7vvd) (l/l ) ( ) (u Ul/l ) k(l/lu>w7X)a

where w is defined as the unique integer such that (u~'v)w = d mod (I/I,) with

1 <w<I/l,—1. Also, we put
f.d)y= > 6(d")Brsy.
€X (/)

Next, we apply Lemma 4.1.2 for (v, 1/l,) instead of (L, ). Noting that (I/l,)m = l;m/ly

for any m | v, we get
D Sl /L)X (M) (L) Zi (L [l e, x) = Y 6(d7") Bray,
mlv SEX (1/Ly)

where e is determined by me = d mod (I,,/l,) with 1 <e <1,,/l,—1. For each m | v,

we define u by mu = v. Then [,,,/l, = l/l,, and we get

Zg(u, v,d) = f(v,d).

ulv

For any u | v | L, we put G(u) = g(u, L, ¢) and F(v) = (L/v)* " x(v" L) f (v, L~ ve).
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Observe that g(u, L, ¢) = (L/v)* " x(v="L)g(u, v, L v¢), where L™'ve is regarded as

an element of (Z/1,7)*. Hence, we get

ZG = (L/v)* ZguvL ve)

= (L/v)" ' X' L) f(v, L o)

= F(v).

Applying the Mobius inversion formula for v = L, we get

= %;u(m)F (%) :

Thus, we obtain

S Z(l e, x) =Y p(m) Y 6(me!) By

m|L 6EX(lm)

We are now in position to prove Theorem 4.1.
Proof of Theorem 4.1. We define L and [, for m | [ in the same way as in Lemma

4.1.2. From Lemma 4.1.3, we get

Z (l, 7X lk 1 Z Z m)mk_lé(mc_l)BMX

m|L §€X (Im)

lk DO )3(m)m* 18 (me™") By gy

mll 6€X (Im)

lk ST 2.2 2 km (m)m* =1 (me™") By sy

m|l ully, 6€Y (u)

Observe that u | I,, for m | [ is equivalent to m | [, for u | [. Thus, taking Proposition
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3.2.36 into account, we get

Zi(l, ¢, %) lk - ZZ Z (m)m*~18(me™") By,sy

u|ll mlly d€Y (u
ST 2 2 B St
lk ST 2 Z 6 HBrs [I (11— "x(@)d(0)).
ull $€Y (u qllu
q prime
Hence, we get Theorem 4.1. ]

As an immediate corollary, we get Ibukiyama’s Theorem 2 in [10].
Corollary 4.2.4 [10]. With notation and assumptions being the same as in

Theorem 4.1, we get

-1

x,,

(i + =¢LZ Z S B T] (- x@s) |

qllu
q prime

3
Il
o

Proof. As fZy(l,¢c,x) = Zz;é X(In + ¢)n, the assertion follows immediately from
Theorem 4.1. O

4.2 The Evaluation of M,(l, x)

Let us recall the definition of M, (l, x) introduced at the beginning of Chapter 4. Let
X be a primitive Dirichlet character with conductor f > 1. Let [ by any positive

integer which is prime to f. We also put ¢ = exp(27mi/f). Then,

f-1
; Cla_ n 1)

The aim of this section is to express M, ({, x) in terms of the character sums Z;(l, ¢, x)

given by (4.1.1). This is given in Theorem 4.2.6.
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We put
x(c), if 5 =0,
(4.2.1) Ti(l,e,x) = f-1 J ' j
3 {HH (ﬁ)}x (lZai—l—c) . ifj >0
ai,,a;=0 \ =1 p =1
Proposition 4.2.1. With notation and assumptions being the same as above, we
have
—1)Hr(y) <A 4T — _
M, (1, x) = <)211T()Z(_1)J2]( : ) > Tl ¢ x).
§=0 J =0
Proof. Since
-1
Cla 1 »
Ca _ 1 = Zg )
c=0
we get
-1
x(a)
My (1, x) =
0= 2 @ e
f-1 a
_ Z x(a)(¢"* = 1)
g (C‘la _ 1)n+1(<’a _ 1)
-1 f-1 ca
Re x(a)¢
g (Cla _ 1)n+1

M, (L, x) = fnl—H ay--- an+1Cla(a1+.'.+an+1)+ca x(a)
c=0 a1, ,an+1=1 a=1
| = F-1 f-1
— fn+1 Z ar- - Ang Z Ca{l(a1+-~.+an+1+c} X(a)
c=0 a1, ,an+1=1 a=1
) v _
= ot ay A X(Har + -+ any1) + o).

Next, we shall express everything in terms of periodic Bernoulli polynomials and take
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full advantage of their periodicity. Continuing along, taking (i) in Proposition 3.2.13

into account, we get

Mo(l,x) = 7(x) li fil{ ﬁ (Pl (%) + %) } X (ltz:ia,- + c)
g £ (SR TR} ()
oSS 8 TR (E

c=0 5=0 al,---,an+1,]~:1
-1 1

J
—1 n+ (_1)] (n+1
J

) Tn+1—j(l7 ¢, )_C)u

from which the assertion of the proposition immediately follows. O
Proposition 4.2.2. With notation and assumptions being the same as above, we

have
AR =AY
rite0 = (57) P (3) ¢ xtta+o)
where ¢1(x) is given by (3.1.5).
Proof. For j = 0, the assertion follows from (iii) in Proposition 3.2.13. We now

assume that j > 0. Replacing a; by a; — 25;2 a; in the definition of T};(l, ¢, x) given

by (4.2.1), we get
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Employing the finite Fourier transform to all of the P;’s (Proposition 3.1.16), we get

T.(1 _ —1 T by bj bl(al_zj_g ai)+bza2+~~+bjaj
i(le,x) = oif Z C1 7 0 7 ¢ = x(lay + ¢)
b 0

1y by b,
by,

-1\’ = (b b
(@) B o)

b1,a1=0

from which the assertion of the proposition immediately follows. O
Recall from Sczech[17], for x ¢ Z, we have cix(x) = Vi(c1(z)) with a polynomial

Vi(t) of degree k given recursively by
(4.2.2) Volt) =1, Vi(t)=t, kVia(t) = (#+72)V.(t) for k > 1.

Then, Va(t) = > +7% Va(t) = 3 4+7%, Vi(t) = '+ 4202 1 5 V(1) = 194+ 543 4 20,
and so on. Accordingly, co(z) = 1, ¢1(x) = c1(2), co(z) = E(x) + 7%, c3(x) =
3+ wley(z), ea() = cf(z) + %c%(x) + %4, cs(z) = 3 (z) + %c‘i’(:p) + %cl(x) etc.
From this, it easily follows that for ¢ Z, there is a polynomial U(t) of degree k such
that cf(x) = Ug(c(z)) where we use the symbolic power notation (c(x))’ to denote

c¢j(x). Consequently, the Uy (t)’s must satisfy the following condition:
(4.2.3) Ve U()=t* (k=0,1,---),

where we use the symbolic power notation (U(t))’ to denote U;(t). Thus the U(t)’s
can easily be determined recursively by (4.2.3) via (4.2.2). We find that Uy(t) = ¢,

Ui(t) = t, Us(t) = > — 720, Us(t) = 8 — 7, Uy(t) = t* — 242 4 740, Us(t) =

5 — 43 4 74, and so on. Accordingly, ¢)(z) = co(z), ei(x) = ai(z), AE(x) =

eo(x) — m2eo(x), E(x) = es(a) — (@), c(z) = ca(x) — Eoey(x) + mhoo(2), () =
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cs(x) — %03(95) + 7ley (), ete.

Proposition 4.2.3. With notation and assumptions being the same as above, we

. 7 f—1
e = (57) 720 (o(5)) et

k
where U;(t) denotes the polynomial of degree j determined by (4.2.83) and (c (%))

have

denotes ¢y, <%) )

Proof. We will show that this is the same expression for Tj(l, ¢, x) given in Propo-
sition 4.2.2. For 5 = 0, the assertion is clear. We now assume that j > 0. Since

c{ <?> = U (c (%)) forb=1,---, f — 1, we only need to verify the equality in the

case of b= 0. Since ¢;(0)? = 0, we must show that

T
L

U;(c(0)) x(la +¢) = 0.

e
Il
o

This follows immediately from (i) in Proposition 3.2.13, thus completing the proof.
O
In view of the finite Fourier transform of the P;’s ((i) in Proposition 3.1.16), we

see that

i b a
> u(e(7)) e -u (7 (5)),
— f f
k
where we use the symbolic power notation (P* (%)) to denote P} <%>,

£, ifk=0,a=0,
p;(ﬁ): 0, ifk=0,a+#0,

(2mif)* ( a ) _
— P (=], otherwise.
AV
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Letting
Qi (L) —%fz 7 (%) a0
(4.2.4) i
= o x(c) — %;{)Hf <%> x(la + ¢),
we get
(4.2.5) %:%Uj (c (;))cb (la+c)=U; (@ (I,¢,x)),

where we use the symbolic power notation (Q* (I, ¢, x))* to denote Q} (I, ¢, x). Hence
from Proposition 4.2.3 and (4.2.5), we have
1

(126) Biten) = (52 U (@ ().

For any natural number [ prime to f and any integer c¢, recall the character sum

Zi(l, ¢, x) given by (4.1.1),

Zi(l,e,x) = f* 1ZPk(la+c)X(la+c).

Lemma 4.2.4. With notation and assumptions being the same as above, we have

fiP ( ) (la+ ) zzk: ( ) (Jfl)kj fj11 -Zj(l,c,x)+%5k7lx(c).

a= :

Proof. From Proposition 3.1.2, we see that

5 (3) -2 () (5) 5 ()
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from which it follows that

S s, (%) Vlatc) = i(—nk-f (’;) (%)k 'S, (‘“ c) \la+ o).

a=0 a=0

Since By (0) = P,(0) — (1/2)d;1 and x(0) = 0, we have, for 0 <c¢ <1 —1,

Sin (- () () s oo

a=0 5=0
Since Zy(l, ¢, x) = 0, the assertion of the lemma immediately follows. O
We put
Zy (L, ¢, x)
{ > (-1 ( ) (7) Zj(l e, x) + (§5k,1 - 5k,o) X(C)}
7j=1

Proposition 4.2.5. With notation and assumptions being the same as above, we

have

Qi(ls e, x) = Zi(l, ¢, x)-
Proof. From (4.2.4) and Lemma 4.2.4, we have

Nk £k—1
Qilt.e.x) = depx(e) - ET

X{ zk;(_l)k_j (j) (%)M fjllzj(lv ¢ x) + %5,?71 x(c)}
{zk: ( > G)M Zj(l,e.x) + %5&1 X(c)}

Jj=1

= 01,0 X(C)

=7l ¢, x).

We are now in position to state the main theorem of this section.
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Theorem 4.2.6. Let x be a primitive Dirichlet character with conductor f > 1
and let | by any positive integer which is prime to f. Letn € Z, n > 0. Then, we

have

Mn(l,x)zwg(—nj(')”(”j%)l 1U] ).

j=0 c=0

where U;(t) denotes the polynomial of degree j determined by (4.2.3), (Z* (I, ¢, )Z))k

denotes Z; (1, ¢, x) gwen by (4.2.7), and Z;(l, ¢, X) is given by (4.1.1).
Proof. This follows immediately from Proposition 4.2.1, (4.2.6), and Proposition
4.2.5. O
By Theorem 4.2.6, it is clear that we can express the sum M, (I, y) in terms of

ntl. Since the Z;(l, ¢, x)’s can be expressed in terms

the character sums {Z;(l, ¢, x)};2
of generalized Bernoulli numbers by virtue of Theorem 4.1, so can the sum M, (I, x).

This is precisely what we were trying to show. Next we work out some examples.

4.3 Some Examples

Let x be a primitive Dirichlet character with conductor f > 1 and let [ by any positive
integer which is prime to f. Let n € Z, n > 0. We will also consider the following

character sum that is closely related to M, (l, x).

f-1
Sull)= S arednen x(Uay 44 0) + ).

a1, ant+1=1

Proposition 4.3.1. With notation and assumptions being the same as above, we

have

fn+1

V=%

M, (1, X)-
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Proof. By Proposition 3.2.14 and (ii) in Proposition 3.2.13, we have

1 f-1 f-1
Mn(l7 >_<) = — a--- an+1Cla(a1+~..+an)+aan+l)_((a)
f a’lv'“van+1:1 a=1
1 =1 /1
= f’rH—l ay - Qpi Z Ca{l(a1+...+an)+an+1}X(a)
ai,an1=1 a=1
IR
al’...,an+1:1

T(X) Su(lx).

- fn+1

m
Lemma 4.3.2. With notation and assumptions being the same as above, with

Zi(l, e, x) given by (4.1.1), we have

-1 1
Z Zk(l7 ¢, X) = lk_—lBk’X‘
c=0

Proof. This follows immediately from Lemma 4.1.1 where we let § € X({) be the
trivial character. O

Proposition 4.3.3. With notation and assumptions being the same as in Theo-
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rem 4.2.6, we have

. T 2 4 _
(Z) Ml(l7X> (X) —481’5( - 7B2,)’( + izczl<l7ca X)}?

.. 71X 6
(11) Myl x) = () { — 8B g — 732,;( — ﬁB?&X
-1

-1
12¢ 42 4 _
+Z(__l_2) Zl<l7c7X)+j CZZ(Z707X)}7
44 16 2
(le) Mg(l, X) = 1—{ — 1631,)2 — 532,2 — ﬁB&X — %le’)-(
-1
88¢  16¢*> 83
+ X (G- 455 ) At
p— 3l [2 303
-1 -1
16¢  4c?
+2(__l_2> Zs(l, e, x 3lZcZglcx)}

3l 972

-1
200c 140¢* 40 4ct

—— | Zi{ll.c, x
+Z< 3 32 3P 3z4> 1l ex)

. 7(x) 100 140 10 4
(ZU) M4<Z7X) = _ﬁ{ - 32B1,)_< - _BZ,)_C - _B3’>‘< - ﬁle’)—( — ﬁB5>—<

c=1
1

140¢ 202 83
e T A NV Z(le v
+C§1< 3 7 +3z3) 21, ¢, %)

1
40c 8¢
— — — | Zs( Zy(l
+cl< 3l2) 3ZZC4 CX}

3l

Proof. We get, by Theorem 4.2.6,

oo =05 () () S ey

\]

~
= o

_ ) {Uo(Z*(l,c,X)) - %Ul(Z*(l ¢X)) = %Uz@*(hc, X))}-

\]

4

(v}
=)
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From (4.2.3), we have Uy(t) = t°, Uy(t) = t, and Uy(t) = t* — 7*t°. Hence, we get

M0 ="0y {Zs<z,c,x>—;Zf<z,c,x> %(Z;a,c,x)—#zau,c,x))}

From (4.2.7), we have Z(l,c, X) = x(c), Z;(l,¢,x) = —2mi (Z1(l,¢, X) + 3x(c)), and
Z5(le,x) = 2w (=% Z1(1,¢, X) + Z2(l, ¢, X)) Hence, we get

Mi(l,y) = %i{( )Zl(l -)—222(z,c,>z)}.

Thus the assertion (i) follows from Lemma 4.3.2. The other identities are similarly
verified, so they are omitted. m
We shall now work out some examples.
Proposition 4.3.4 [2]. Let f > 1 be an odd number and let x be a primitive

Dirichlet character with conductor f. We also put ¢ = exp(2mi/f). Then, we get

(l

F-1
(1)  Ma(2,x) = ZCQa_ 2(¢o —1)
a=1

1 1+ x(2 34+ 5v(2
- T(X){—B&X—{— %BZX_}_ TX()BLx}v

24
f-1
(i1) Sa(2,x) = Y abex(2(a+Db)+c) =
a,b,c=1
1 1+ x(2) 3+ 5x(2)
—= fQ{ﬂB&X + TBQ’X + TBLX .

Proof. From (ii) in Proposition 4.3.3, we get

T 1
M2<2, X) = —%{ — 8BL>-< — ?)BQJ( — §B37>—< + 521(2, 1,)_() —+ 222(2, ]., }_()}



From Theorem 4.1, we have

Zj(2,1,%) = %{Bj,xa - 2j‘1x(2))}-

Thus the assertion (i) follows. From Proposition 4.3.1, we get

f2
7(X)

52(2aX) = M2(2a92)'

Thus the assertion (ii) follows from (i).
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]

Proposition 4.3.5. Let f > 1 be a natural number prime to 5 and let x be a

primitive Dirichlet character with conductor f. We denote by 1, o, 03, the primitive

Dirichlet characters modulo 5 characterized by 5,(2) = i, 62(2) = —1, §3(2) = —i. We

also put ¢ = exp(2mi/f). Then, we get

F-1
(1) Mi(5,x) = Z & _X1<)()ga —1)

a=1

1 14+ v(b 1 1
- T(x){ g, IO g BB

102X 2 4
f-1
(i) Si1(5,x) = Z abx(ba + b) =
a,b=1

102X 2 4

1 14+ v(d 1 1
- f2{ — —B,, - ﬁBLX + =By 5, Bisix + = Bus, Bisn

Proof. From (i) in Proposition 4.3.3, we get

5

4
T 2 4
(431) M1(5, X) = %{ - 4B17)*< - —Bzx + g E 021(57 ¢, X)}
c=1

From Theorem 4.1, for 1 < ¢ < 4, we have

21(5,0, )Z) - }l{BLX(l - X(5)) + Zgi(c_l)Blﬁix}'

i=1

b
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Hence,

4 _ 3
5(1 —x(5 )

E CZI(57 C, X) = <TX())BLX + Z 2 :Bl,SiBlv‘;i)z'

c=1 =1

From (4.3.1), we get

3
T 2
Ma(5.x) = (X){ 214 X(5)Buy — 2By + :BI,&BLM}-
=1

As 9 is an even character, we get, by Proposition 3.1.7, By, = 0. Since 51 = 03,
53 = 01, we obtain the assertion (i). From Proposition 4.3.1, we get

f2

51(57 X) = T()_O

Ml (57 X)

Thus the assertion (ii) follows from (i). O
Proposition 4.3.6. Let f > 1 be a natural number prime to 4 and let x be a

primitive Dirichlet character with conductor f. We denote by § the unique primitive
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Dirichlet character modulo 4. We also put ( = exp(2wi/f). Then, we get

-1
CL
( ; C4a _ 4 _ 1)
1 17 1 1903 — 12y(2)
— — B4 —Bye+ —— Buse :
( ){30720 sx T 7gg P T g T T T o916 B.X
1 271 — 6v(2) 173 2163 — 115¢(2)
 Basog o= AT p o4 Y _ _
a7 T T gy 2x T gprg e T 2048 Lx
15
+ 6—431,&(}7
f-1
(i1)  Si(4,x) = Z abcde x(4(a+b+c+d)+e)
a,b,c,d,e=1
1 17 1 1903 — 12x(2)
=f{——B —B —B B
/ {30720 sx T 7gg Pt T g P T T 9916 B
1 271 — 6y(2) 173 2163 — 115(2)
— B SO R, + 2R B
T 1o T T 3gy 2x T 379 T R0x 2048 Lx

15
+ aBL(;X } .

Proof. From (iv) in Proposition 4.3.3, we get

o 25 35 5 1
My(4,x) = —ﬁ{ = 32B1x — 5 Bax — 5gBax — ggBux — gggPox

50 35 5
C2 —C3

(4.3.2) ¢
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From Theorem 4.1, we find that

_ 1 1o
Zi(41,%) = 5= =2 'X(2))Bjx + Bisx),
Z;(4,2,%) = x(2) Z;(2 [ = X2 —2771%(2))Bj 5
]( ) 7X) _X( ) j( 7]-7 )_ 2]'_1 (1 X( )) el
1 _
Zj(4>3vX) = 41 ((1 -2 1X(2))Bj,5< - BJ 5)2) (] € N)
Hence,
. 1434 21g(2) s 13
(433) Y ' Zj(4,e,x) = s (=2 X(2)Bix + s Biox
c=1

Applying (4.3.3) to all of the sums in (4.3.2), we obtain the assertion (i). From

Proposition 4.3.1, we get
5

(%)

Thus the assertion (ii) follows from (i). O

54(47 X) =

M4<47 X)
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5 The Dual Lee-Weintraub Identity

We fix an odd prime p. We denote by v the Legendre symbol mod p: 1(a) = (9>

p

We put ¢ = exp(27i/p), and set

S ={(a,b,c) € (F})* | 4ab— (c — a — b)* = 0},

T ={(a,b,c) € (F)* | ab + bc + ca = 0}.

We consider the sets S and T to be dual to each other since the quadratic forms in

their respective congruence conditions are dual to each other. Indeed,

-1 1 1 a
(a b c) 1 -1 1 b :4615—(0—@—17)2,

1 1 -1 c

-1

-1 1 1 a
(a b c) 1 -1 1 b | = ab+ bc+ ca.
1 1 -1 c

In this chapter, we prove the dual version of the Lee-Weintraub identity, where the

summation set is S instead of T'.

Theorem 5 (The Dual Lee-Weintraub Identity). With notation and as-

sumptions being the same as above, put

(abe)

I B .
! (a,b%):es (€ =D(¢* = D(¢e = 1)
Then, we get
1 3
I, = /¢(=1)p <EB3,¢ — ZBQ’w +(p— Q)Bl,w) ‘

To prove Theorem 5, we must first establish several results.
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5.1 Rewriting the Sum I,

We shall rewrite the sum I, in the following way.

Theorem 5.1. With notation and assumptions being the same as in Theorem 5,

we get
1 3 3 9 — 3Y(2) — 2pd
]p = 1/)(_1>p —6]? Qp + _hp - _BB,w - _BZ,w - w( ) d pySBl,w 5
6 4 4 4
where
k2 + 2kt kt 12 — k2
(5.1.1) Q= N (—) P (—) P < ) :
- (p) p p p
and
k? + 2kt 12—k
(5.1.2) hy=Y_ P <+—) P, < ) .
i p p
t(p)

Proof of Theorem 5.1. We have

B b (abe)
b= e —ne =)

a,b,ceS

_ (abe)
o a _ b _ c _
D (S (s
a,b,c£0(p)
4ab—(c—a—b)2=0(p)

_ Ylabla+b+0)
D (e ()

a,b,c(p)
a,b,a+b+cZ0(p)
4ab—c?=0(p)

We notice that 4ab — ¢* = 0(p) with a,b # 0(p) implies that ab is a nonzero square

mod p. Therefore, b = at*(p), ¢ = +2at(p), and a + b + ¢ = a(t £ 1)*(p) for some
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t:1<t< ’%1. Hence, we get

P(adt2(t + 1)%)
I, =
'S A D - DT T

L<i<ty
a,t,t+1Z£0

Y@’ (t —1)%)
+ t2 a(t—1)2 ’
D e

1<1t<1921
a,t,t—1#£0

Substituting p — ¢ for ¢ in the second sum, we get

P(adt2(t +1)%)
I, =
'S A D - DT T

L<i<ty
a,t,t+12£0

P(adt?(t +1)%)
NP DI ey (e

Pt <t<p-1
att+1¢o
p—
S5 e
a=1 t=1 B 1 Cat2 )(Ca(tﬂ)z - 1).
As gal—l = %Z _,n¢® for any a with (a,p) = 1 (Proposition 3.2.14), we get
1 p—1 p—2 p—1
a a 2 ma 2
=— ¢(a) Z k‘lm{k +lat?+ma(t+1)
p a=1 t=1 k,l,m=1
1 p—1 p—2
a m 2 m m
== klmZZC {(+m)t2+2mt+(k+ )}¢(@)
p k,l,m=1 t=1 a(p)
) §~ N
=— kim Y "o ((L+m)t® + 2mt + (k + m))
p k,l,m=1 t=1
(¢) S
= Z Kim Y (L +m)t® +2mt + (k+m)) =2 Y klm(k+m) |,
ke l,m=1 t(p) ke lm=1

where 7(¢) is the Gaussian sum 7(¢)) = 37—l ¢(a)¢®. From Proposition 3.2.16, it
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follows that

I, = W(—1)p z:kmwwmg—giikm¢@+m),

(kI m)eT k,l,m=1

where T' = {(k,l,m) € Z* | 1 < k,I,m <p—1, kl + Im + mk = 0(p)}. Letting

(5.1.3) A=Y klmu(kim),

(k,l,m)eT

and applying (3.2.5), Proposition 3.2.19, we obtain

1 3(p—1
¢(])2 )Ap + (p4 )(Bw + 231,7,&)) :

514 =T

Next we shall evaluate A,. To this end, we will express everything in terms of periodic

Bernoulli polynomials and take full advantage of their periodicity.

X () ()2 (2 (2) 1) s



We observe the 1-to-1 correspondence between the sets
T={(k1m)eZ|1<klm<p—1,kl+Im+mk=0(p)}

and

{(mA+ml,l+ml,—ml) € (F)?|1<lIm<p—1,m#p—1}.

Hence, substituting m2l + ml,l + ml, —ml for k,l, m in the sums above, we get

YED, S5 (@) P, (l *pml) P (%l) w()

2
m l—l—ml) P (l—l—ml) o)
p p

111
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Simplifying where we note that S22~ (1) = 0, S0 P, (é) (1) = By, we obtain

L,m(p

By Proposition 3.2.20, Proposition 3.2.21, it follows that

S 2 (2 ()0 ()0

(5.1.5) Lm(p
3 3
—°Byy—°B

Observe that the sum above without the character,

2
Z P <ml—|—ml> P (H—ml) P (ﬁl>,
p p p

L,;m(p)
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is odd in [ and hence vanishes. Therefore,

= (L250) () ()

I,m(p)

B m2l 4+ ml [ +ml ml
_%;)Pl( p )P1< p )Pl(p>w>
) () m ()

p P

B m2l 4+ ml I+ ml ml
QZH( p )Pl( p )Pl(p)wl)
(=) (2

p p p

B m? +ml 12+ ml ﬂl
—Zpl( p >P1( p )Pl(p>’

where we replaced m by ml~! where [ # 0(p) in the last step. Let

(5.1.6) x,= 3 A (@) P (lz ;ml> P, (ﬁl) .

p

Then, we get, by (5.1.5),

(5.1.7) Ay = $(~1)(—p%) (Xp + ZBM, + ZBW) .

Let

kt k? + 2kt 2 4 2kt
n=Xn()n ()R ().
e P P P

Applying Sczech’s 3-term addition formula (Proposition 3.1.18) to the arguments

kt k2 + 2kt 2 + 2kt
vl = —, v2 = + , V3 = + ,
4 D
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we obtain

G ()R (5
()5S )
n(C)n () (50)
(t ) (5 (57
) (50) - (57)
(5572 ())
(= (7))
) (7)) R (5F))
=)n(50)
) () o (t 7))

kt k24 2kt 2+ 2kt 1 k:t k2 + 2kt 1% + 2kt

p. p ' p p D

3
)

e,
R
=~
[N}
3

o S
+

_l’_
G

o

[\&}

+ =

o

~
\/\/

_l’_
G

~
[\]
| =
Sy
no

N~ —

_l’_
G

A/—:/—\/_\
[\&]
+ =
7
~

S

2P;

/\/l\
7N ;;U

e @IH D= NI~ N~ N [\3 —_

where

P (z), ifz=y=z2modl,
0, otherwise,

and

Pi(x), if y,z are integers,

Pi(y), if x,z are integers,
d(x,y,z) =
Pi(z), if x,y are integers,

0, otherwise.
\

Carefully summing both sides over k,¢(p) and applying Proposition 3.2.23, Proposi-
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tion 3.2.1, we get

1 3p — 3+ 3¢(2) + pd
(5.1.8) Xp = 3%+l B + P V2 + sy

4 4p

Next, applying the 2-term addition formula (Proposition 3.1.17) to the arguments

k? + 2kt 2 4+ 2kt
V)= ————, Vg = — ;
P P
we obtain
2 2 _ 1.2 2 2 _ 1.2
Pl(k +2k;t>P1(t k;)_Pl<t+2k;t>Pl(t k;)
P D P D
2 2
_p <t +2kt> P, (k: +2kt>
P D
1 k? + 2kt 2 + 2kt 12 — k2
= () e () (551)
2 D D P
1 <k:2+2k;t t2+2k;t)
+_6 y )
D D
where

1, if x,y are integers,
dz,y) =
0, otherwise.

Multiplying both sides of the above equation by P, (%), carefully summing over

k,t(p), and applying Proposition 3.2.22, (i) in Proposition 3.2.10, Proposition 3.2.1,

we get
1 2 — 24(2) — pops
Y, =2Q, + 6_pB3’w + o P2 By
Plugging Y, back into (5.1.8), we get
3 3p+ 3 —3¢Y(2) — 2po,
X, = 6Q, + hy, + et b ;ig ) = 2P0y Biy,
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and plugging X, back into (5.1.7), we get

3 3 6p + 3 — 3U(2) — 2pd
A, =¢(=1)(-p°) <6Qp + hy + 4—pB3,¢ + B2t P ;ig ) = 2P0 Bl,w) :

Upon plugging A, back into (5.1.4), we finally obtain

1 3 3 9 — 3y(2) — 2pd
I, = V=p (—61? (Qp + ghp) - Z—lBB,w - ZBZw - i i = Blﬂb) )

and the proof of Theorem 5.1 is now complete. O]
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5.2 Special Values of Ly(s, ¥y ,)

Next, we evaluate special values at non-positive integers of a particular Hashimoto
L-function. We now fix the notation. Take an odd prime p and fix it. Let L, (resp.
L}) denote the lattice formed by integral symmetric (resp. half-integral symmetric)
matrices of size n, and let L, 1, Ly | be the subsets consisting of all positive definite
matrices of L,,, Ly, respectively. Denote by Ly, , /SLn(Z) (vesp. L;, , /SLn(Z)) the set
of SL,(Z)-equivalence classes in L, i (resp. L; ,). In the case of n = 2, Hashimoto
introduced the following L-functions Lo(s,¥n,), L(s,¢¥m,). Let 1 be the unique
non-trivial quadratic character mod p, and let v, be a mapping from Lj to R given

as follows: We put ¢y ,(T) = 0, if det(7")# 0 mod p. When det(7)= 0(p), we have

tgTg = (&9) mod p for some g € SLy(F,) and a € F,, and we put ¢y ,(T) = ¢(a).

Set
wp(T
Ly (s, Yup) = TEL2§L2(Z) #ei(%))s (Re(s) > 3/2),
wH,p(T)

Liy(s,¥mp) = > (T)(det (1)) (Re(s) > 3/2),

TeL; , /SL2(Z) ¢
where €(T) = #{g € SLy(Z) | '¢T9g =T'}.

Arakawa|[l] worked primarily with the L-function Lj(s,¢n,). He showed that
L3(s,vu,) can be continued analytically to a meromorphic function of s in the whole
complex plane which is holomorphic at non-positive integers. Moreover, he established
the rationality of the special values of L3(s, 1y ,) at non-positive integers and gave
a complicated explicit formula for L3(0,vp,). We will now do the the same for
Ly(s,vu,). Additionally, a formula for all of the special values of Ly(s,m,) and
L3(s,vu,) at non-positive integers will be given. While we follow Arakawa’s method
for the most part, we also have to overcome additional difficulties not occurring in
Arakawa’s work. These difficulties are resolved using Carlitz’s reciprocity theorem

for generalized Dedekind-Rademacher sums (see Lemma 5.2.27).
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Theorem 5.2. Let p be an odd prime.

(¢)  The special values Ly(1 —m,vy,) (m =1,2,--) are rational numbers.
(i) Ifp=1(4), then Ly(l —m,v¢py,) =0(m=1,2,--).

(1i1) If p=3(4), then, in particular,

1 11 6p+ 1 — 30(2) — 20,
L = —h —B
2(07 ¢H,p) Qp + 6 P + 72p 3,9 + 24p

3
Bl,1/)7

where Q,, hy, are the constants given by (5.1.1), (5.1.2) in Theorem 5.1.

We must establish several results before proving Theorem 5.2.

5.2.1 Expressing Ls(s, ¢y ,) in Terms of Partial Zeta Functions

The aim of this section is to represent the L-function Ls(s, ¢y ) as a finite linear com-
bination of partial zeta functions. We need more notation. Let V]én) be the R-vector
space of real symmetric matrices of size n, &, C Vﬂén) be the set of positive definite
symmetric matrices of size n, and let 042, denote the boundary of the domain &, in
VR@, that is, 022, is the set of positive semi-definite symmetric matrices of size n. Let
{Wy, Wy, -+, W,} be an r-tuple of elements in FoUd P, such that Wy, Wy, - - W, are
linearly independent over R. Then, necessarily r < 3. For any r-tuple £ = (&1, -+, &)

of positive numbers, we define a partial zeta function ((s; {Wi,---, W, }, &) as follows:

(521) ((s;{WI,"-,Wr},f) = Z det <Z(§j —i—mj)Wj) .

mi,-,mpr=0 7j=1

Let C' = C(Wy,---,W,) be a simplicial cone spanned by Wy, .-+ W,.:

J=1

We assume that the cone C' = C(Wy,---,W,) is contained in #5. Then it is easily
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shown that the zeta function (s; {W7y,- -+, W, }, &) is absolutely convergent for Re(s)>
r/2. For any subset M of VR@, the zeta function ((s; C, M), if it converges absolutely,
is defined by

(5.2.2) (;C, M) =Y det(T

TeCNM

It is well-known that, as a fundamental domain of &, under the usual action of
GL,(Z), one can take the so-called Minkowski domain %, of reduced matrices (see

Maass[13]). In the case of n = 2, the domain %, has a simple form:

Y1 Y12
Ry = 0< 2y <y <1, 0 <y
Y12 Y2

We fix three very special elements Vi, V5, V3 in &2y U 0S25; put

Remark. It is this choice of Vi, V5, V3 that will eventually lead us back to our
sum /.
For simplicity, we set

"

C(123 = O(‘/la ‘/Qa ‘/3)a

(5.2.3) Cij=C(V;,V;) (1<i<j<3),

iy Vj

(Ci=cv) (=12

which are simplicial cones contained in &,. Then the domain %, has the decompo-
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sition

(5.2.4) Ry = Clo3 U C1o U C13U Cys U Cy U Oy (disjoint union).

For each cone C'in (5.2.3) and any Y € C, observe that the order €*(Y) of the group

{U € GLy(Z) | 'UYU = Y} takes the same value independent of ¥ belonging to C,
and one can put

€(C) =€(Y) (Y e0).
It is easily verified that

(5.25) (Cia) =2, ¢ (Cyj)=4 (1<i<j<3), (C)=8, &(Cy)=12.

For any = € R, we denote by (x) the unique real number which satisfies 0 < (z) <1

and x — (x) € Z. Let p be an odd prime. Let

(5.2.6) M (p) = {(a,7) € Z/pZ X Z/pZ | (a,y) # (0,0) mod p}.

For any integer p prime to p, let L(u) be the set consisting of all elements T € Ly

satisfying ¥y ,(T) = ¥(p). Then it immediately follows that

o ay
Lip)=<XTe€Lly | T=p mod p for some (a,7y) € 4 (p)

ay

and that L(ul?) = L(u) for any integer [ prime to p. For each (,7) € .# (p) and for

each integer p prime to p, we put

(5.2.7) Earru = ((1(a® = 20)/p), (pary/p), (n(y* — a®)/p)).

Let =g, be the set of all triples &n 0 0 Sy = {€apu | (a,y) € A (p)}. Observe that
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A (p)/{£1} corresponds to =g, bijectively by £(c,7) = £aryu(= E—a,—v,u). For any

integers 7,7 with 1 <17 < 7 < 3, we set

51(;,? ={{=(61,6:8) € Sy | & =1},

where k is the unique integer of 1,2, 3 satisfying {7, j, k} = {1,2,3}. We notice that

HHH = {&aru | (,7) € A (p), o = ’72(19)}7
(5.2.8) ESY =Ll | (a,7) € A (p), ay = 0(p)},

\HHM = {&ayu | (a,7) € A (p), o? = 2a(p)}.

For each cone C of the form (5.2.3), the zeta function ((s;C, L(u)) given by (5.2.2)

is absolutely convergent at least for Re(s)> 3/2.

Proposition 5.2.1. The following expressions for the zeta functions ((s;C, L(1))
hold:

C(s; Cras, L(p)) = p2 > (51 {Vh, Va, V31, 9),

£€Ey

C(s:Cig, L) =p~ > si{Vi,Vih (6,€)) (1 <i<j<3),
56:0,;}

C(S 017 0

(s C. 0, if p > 3,

S 27

p~#¢(s;:{Va}, (2u/p)), if p= 3.

Proof. Take T' € Clo3 N L(p) and write T' = Z?Zl m;V; with all m; € N. Then
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for any pair (a, ) € .#(p) such that

(5.2.9) T=u mod p,
2

the m;’s must necessarily satisfy the following congruences:

(

my = p(a® = 20) (p),

my = pary (p),

ms = p(7? — a?) (p).

\

Therefore, there exists a triple I = (l4, l2,l3), [; being non-negative integers, such that
(m1,ma, m3) = p(€anypu +1). As each T € Cio3 N L(p1) determines a triple { uniquely
and also (a,7) € .#(p) uniquely up to (£1)-multiplication, the first identity in
Proposition 5.2.1 follows. Next, let T € Cj5 N L(p) and write T = 23:1 m;V; (m; €
N). Taking a pair (o,7) € . (p) as in (5.2.9), the congruences m; = p(a? —2ay) (p),
my = pary (p) follow, and necessarily, the relation o = v2 (p) has to hold. Hence the
identity for ((s; Ch2, L(p)) immediately follows. The identities for ((s; Cas, L(1)) and
C(s; Ch3, L(p)) are similarly verified, so the proofs are omitted. Next, let T' € C1NL(1)
and write T = mV; for some m € N. Then there is no pair («,v) € .#(p) as in
(5.2.9) and the identity for ((s; Cy, L(p)) is vacuously true. Lastly, let '€ Cy N L(p)
and write 7' = mVj for some m € N. Taking a pair («,7) € #(p) as in (5.2.9),
then necessarily, the relations @ = 27y (p) and v = 2a (p) have to hold. This can
only happen if p = 3, in which case &, = (1, (uay/p),1) = (1, (2ua?/p),1) =
(1, (2p/p), 1). Thus the identity for ((s; Cy, L(p)) follows, and the proof of Proposition

5.2.1 is now complete. ]

Let k be a non-quadratic residue mode p so that we can write Ly = L(1) U L(k)

(disjoint union).
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Proposition 5.2.2. Let i be the unique non-trivial quadratic character mod p.

Then we have

La(s,¢m,) = Y () {C(s; Chas, L(p)) + % > ((s: Cij, L)

H i<j

+ é(sp,?)g(s; OQa L(/”’))} 3

where  1s taken over 1 and k, and the summation ZKJ. indicates that 1,7 run over

all integers with 1 < i < j < 3.

Proof. Only in this proof do we introduce the L-function Ms(s, 1y ,) which is

very similar to Lo(s, g ,). We set

B 77Z}H,p(T)
Ma(s ) = DL o ot (T

T€Ls, 1 /GLy(Z)

where T' is taken over G Lo(Z)-equivalence classes of positive definite integral sym-
metric matrices of size two, and €*(7") is the order of the unit group {U € GLy(Z) |
'UTU =T} of T. Then an elementary observation shows that Ly(s, ¢g,) =

2Ms(s, ¥ ). In view of the decomposition (5.2.4) of %5, we may take a disjoint union
Uc(C N Ly) with C varying over all the simplicial cones in (5.2.3), as a complete set
of GLy(Z)-equivalence classes of all elements in Ly . Thus we get, with the help of

the decomposition Ly = L(1) U L(k) (disjoint union),

Lo(s,¥mp) =23 €(C)HY h(p)¢(s;C, L(p)),

C

where C runs over all the simplicial cones in (5.2.3) and p is taken over 1 and . This
together with (5.2.5) and Proposition 5.2.1, completes the proof of Proposition 5.2.2.
O
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5.2.2 Integral Representations of Partial Zeta Functions I

The aim of this section is to obtain convenient expressions of partial zeta functions
as integrals over contour paths, and then to evaluate special values of them at non-
positive integers. Several results in this section immediately follow from Arakawa’s
work on L3(s, vy ,). All of the details will be included here for completeness.

Let ((s;{Wh,---,W,},€) be a partial zeta function as defined in (5.2.1). We
assume that the cone C'(W7y,---,W,) is contained in &5. The following formula is

well-known (see Maass[13] and Satake[16]):
1
(5.2.10)  det(T)™* = 50 /] det(Y) " ™ du(Y) (T € Py, Re(s) > 1/2),
P2
where we put

Iy(s) =7'I(s)I(s—1/2) and do(Y)=det(Y)™** [ davi.

1<i<j<2

We set, fort € C,z € R,

etw

et — 1’

Pt z) =

which is the generating function of Bernoulli polynomials By(z). Recall that the

Laurent expansion at t = 0 of ¢(¢;x) is given by

(5.2.11) o(t; x) = Z B’;C(!x)tk—l (Jt|< 2m).

By a usual argument which uses the formula (5.2.10), we get an expression of

C(s; {Wh, -+, W, },€) for Re(s) > r/2 by the integral taken over Hs:

1

C(S; {Wlu Ty WT}?&) = FQ(S)

/y det(Y)* H P(tr(W,;Y); 1 — &)do(Y).
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cosf sind
We set, for 0 € R, ky =

—sinf cos@

Following Satake[16], we make a change of variables Y — (t,u,0) with ¥ =

u 0
tko 'k (0<t,0<u<1,0<6<m). Then using the relation dv(Y) =

01
tu™32(1 — ) dt dudf, we get

( {Wh' W}£

(5.2.12) / dt/ du/ df -t 1732 (1 — )

x O((t,u, 0); {Wy, -+, W, },€),

where we put

T

O((t,u, 0); {Wh, -+, W}, €) = [ o(tA((w, 0), W;); 1 = &),

Jj=1
and

u 0
A((u,0), W) =tr | Wky ‘Ko for any W e %2, U 0%,.
0 1

If all the W;’s (1 < j < r) are contained in &, then the integral in (5.2.12) has
been studied in full generality by Satake[16] and Kurihara[l11]. Unfortunately, we
have to deal with the case where one of the edge vectors coincides with the special
vector V3 in 0%2,. Because of this complication, Satake-Kurihara’s method cannot be
applied directly to our situation, and as a result, new ideas are needed. Arakawa[l] has
developed these new ideas in his evaluation of Lj(s, ¢y ). In view of Proposition 5.2.1,
we only have to consider the cases in which, with respect to an r-tuple {W7y,---, W,.},

the vectors Wy, ---,W,_; are all in &, and W, coincides with the special vector V3

in &@2
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Now we set

Yt ) = ot z) — o

which is a holomorphic function of ¢ in the region |t|< 2m. Let {Wy,---,W,_1,V3}
(r =2 or 3) be an r-tuple of vectors in &, U dZ; such that Wy, --- W, _; are all in

P,. We set, for an r-tuple € = (&1, -+, &) of positive numbers,
B ({1, 0,0); (W, W, 1, Vi) €) = ﬁ¢<m<<u,0>, W) 1-6) 0(EA(0,0),V3); 1-65),
and, for an (r — 1)-tuple & = (&, -+, &1),

(1.0, 0): (W, Wi Vi €) = s TT 000000011 = &),

Next we define the principal and singular parts of {(s;{Wi, -+, W,_1,V3},€).

C (S'{le : Wr 17‘/3}

£)
/ 46 - 1052 (1 — u)

(5.2.13) / /
X Dp((t,u,0); {Wh, -, Wy, V5},6),
Cs(s; {Wh - Wi 1,V3} £
(5.2.14) "t du "2 32(1 — u)

X @S((t7u76)7 {W17 ) WT*U ‘/3}75/)

The integrals in (5.2.13) and (5.2.14) are absolutely convergent for Re(s) > 3/2, and

obviously,

C(Sa {Wla o 7%}75) = CP(S; {Wb o 7‘/:3}75) + CS(S; {Wb o '7‘/3}75/)'
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We now prepare more notation. For a positive number €, let I.(co) (resp. I.(1))
be the contour path consisting of the oriented half line (4o00,¢€) (resp. (400,1)),
a counterclockwise circle of radius e around the origin, and the oriented half line
(€,4+00) (resp. (e,1)). We will express the integral in (5.2.12) as the integral taken
over contour paths /.(co) and /(1) (for a small €) with respect to ¢ and u, respectively.
However, the function ¢(tA((u,d),V3);1 — £3) has serious singularities as a function
of t and w on the paths I.(co) and I.(1), because of the form of A((u,0),V3) =
usin?(0) + cos?*(0), and therefore such an integral representation cannot be easily
obtained. To avoid the difficulties derived from such singularities, we divide the zeta
function ((s; {W1y,---,V3}, &) into two parts as above. In the rest of this section, we
shall mainly discuss the function (p(s;{Wi,--, W,_1,V3},€) and its expression by
an integral over contour paths. The singular part (g(s; {W1, -+, W,_1,V3}, &) will be
dealt with in the next section.

For a positive number §, we denote by Ds(oo) and Ds(1) the regions given as

follows:

Ds(o0) ={2 € C||z|]< d} U{z € C|Re(z) >0 and |Im(z)|< ¢},

D5(1) = D(;(OO) N {Z eC ‘ |Z|§ 1}.

If W is in &, we can take positive constants a, b satisfying

(5.2.15) aly < W < bl,.

We may write A((u,0), W) = aqu + ag with a < oy, s < b. It then follows that

[A((u, 0), W)[< b(L + [ul),
(5.2.16)

Re(A((u,0),W)) > a— b5 if Re(u) > —8 (5> 0).
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We need some analytic properties of the functions ¢(tA((u,0), W);1 — &) and

Lemma 5.2.3 [1]. Suppose that W € 2, satisfies the condition (5.2.15). Let
£€>0and0<6 <alb.

(i) If |[t|< 7/2b, and u € Ds(1), then, top(tA((u, ), W); 1 —=&), which is a holomor-
phic function of (t,u) for each 0 in that region of (t,wu), has the power series expansion

with respect to t:

o0

HON(.0). W)i1 = €) = S Z “ (w0, Wy

(i) If t > 0 and 0 < u < 1, then,

te—téa

1 —eta’

t(ﬁ(t)‘((uv 6)7 W)3 - 5) <

Proof. 1f [t|< 7/2b,u € Ds(1), then, we get, by (5.2.16),
[tA((u, 8), W)|< w(1 + |ul)/2 < 27.

Thus, the Laurent expansion in (5.2.11) implies the assertion (i). The assertion (ii)

follows immediately from the inequality A((u,8), W) >a (0 <u < 1). O

Lemma 5.2.4 [1]. Let £ > 0 and 0 < 6 < 1. Then ¥(t\((u,0),V3);1 — &) is a
holomorphic function of t,u for each 0 in the region {(t,u) | [t|< 2m,u € Ds(1)}, and

has a Taylor expansion with respect to t:

= By(
WN(u, 0), W =y d usin20+C0829)k_1tk_1.

k=1

Proof. Recalling that \((u, 8), V3) = usin®§ + cos® §, we see that [tA((u,0), V3)|<

27 if |t|< 2m,u € Ds(1). The assertion of Lemma 5.2.4 then immediately follows. [
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The function ¥ (t; 1 — £) has the following preferable property which will be used

in the proof of Proposition 5.2.6.

Lemma 5.2.5 [1]. Let & > 0. There exist positive constants My (k = 1,2,---)

independent of t such that, if 0 <t < +o0,
WP (t;1 = &)< My,

where Y®F) (t; 1 — €) denotes the k-th derivative of ¥(t;1 — €) as a function of t.
We omit the proof of Lemma 5.2.5, which is an easy exercise of differential calculus.
From (5.2.16) and Lemma 5.2.5, we easily see that if § is taken sufficiently small,
then, top(tA((u,t), W);1 = &) (W € P5,& > 0) is holomorphic as a function of ¢, u for
each 6 € R in the region Ds(co) x Ds(1). Moreover, taking (5.2.16), Lemma 5.2.3,

and Lemma 5.2.4 into account, we see that the integral

t2/ QSP((tauae);{Wla"'7Wr—1avé}a§)d0
0

is a holomorphic function of ¢, u in the region Ds(1) x Ds(1). We notice here that the
range of ¢ is the region Ds(1) (not Ds(o0)).

To define the function ¢* = e*!°9t, we take the branch of log t with 0 < argt < 2.

Proposition 5.2.6 [1]. The function Cp(s;{Wh, -+, W,_1,V3},€) is analytically
continued to a meromorphic function in the whole complex plane which is holomorphic

ats=1—m(m=1,2,---). Moreover, the special value at s =1 —m is given by

Cp(1 —m;{Wh, -+, W,1,V3}, )

=C(m /dt/ du/det”m—ml/?a )
€ IE

X @P<<t7u79)’ {W17 e 7W7"—17‘/3}7£)7
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where C(m) = (2m — 1)! /(22""272;) and I, denotes a circle of radius € around the

origin oriented counterclockwise, € being taken sufficiently small.

Proof. We set, only in the proof of this proposition,

.f(t7ua9) = Q)P((t?uve), {Wb Ty Wr—la VE’)}?&)

We divide the integral in (5.2.13) into two parts by the range of the variable t. We

set

Cp(s;{Wa, -+, Wy, V3},§) = (11(s) + Iz(s)),

FQ(S)

where

1 1 T
= / dt/ du/ do - 127232 (1 — u) f(t,u, 0),
0 0 0
o0 1 i
:/ dt/ du/ df -t s 32(1 — u) f(t, u, 6).
1 0 0

We put e(w) (w € C) to denote exp(2miw). From the remarks made just before the
statement of Proposition 5.2.6, it is easy to see that I;(s) has the following expression

by an integral over contour paths:

1 ™
(5.2.17) hle) (e(2s) — D)(e(s — 3/2) — 1) /141) o /141) du/o @
X 27t T2 (1 — ) f(t, u, 6),

where € is taken sufficiently small. Since the integral in (5.2.17) is an entire function
of s, the function I;(s) can be continued analytically to a meromorphic function in

the whole complex plane. Thus we easily obtain

lim 00 / dt/ du/ d - t172my = m=12(1 ) £(t u, 6)
s—1—m FQ S 3 Ig(l)

m=1,2,-

(5.2.18)
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From Lemma 5.2.5, we see that f(t,u,0) is a C*°-function of (¢,u,6) in the region
(0, +00) %[0, 1]x [0, 7], and especially that the partial derivatives (0% f /Ou®)(t, u, 0)(k =

0,1,---) are bounded in the region [1, +o00] x [0, 1] x [0, 7]. We set, for Re(s) > 0,

F(s;(t,0)) :/0 u* L (t,u, 0)du.

Then we have

(5.2.19) L(s) = /loo dt /07r do -t HF(s—1/2;(t,0)) — F(s+1/2;(t,0))}.

By repeatedly integrating by parts, we obtain

[y

SIS S

=0
(_1)m /1 s—l—m—lﬁ
GrD - rmon ), ggmbwldu

<

(5.2.20)

+

(Re(s) > —m).

Since any m € N can be taken, it follows from (5.2.19), (5.2.20) that I5(s) can be

continued to an entire function of s. Thus we get

(5.2.21) [I2<S)L:1m — 0.

The analytic continuation of (p(s;{Wi, -+, W,_1,V3},£) immediately follows those
of I1(s), I5(s). The last assertion of Proposition 5.2.6 is derived from (5.2.18) and
(5.2.21). O

We also need the following proposition obtained by Satake which deals with partial

zeta functions whose edge vectors are all in &,.

Proposition 5.2.7 [16]. Let all vectors W;(1 < j <), which are linearly inde-
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pendent over R, be in &Py. Then the zeta function ((s; {Wy,---, W, },£€) is analytically
continued to a meromorphic function in the whole complex plane which is holomorphic
ats=1—m(m=1,2,---). Moreover, the special value at s =1 —m is given by

L= ms (Waeoo Wk ) =Clm) [t [ du [“a 221 )
. I.(1) 0

X @((t7 u, 6)7 {Wl7 Ty WT? }7 5)
Proof. Lemma 5.2.3 implies that the integral

2 /W B((t,u,0): (W, -, W}, €)do
0

is a holomorphic function of (¢,u) in the region Ds(c0) x Ds(1). Thus one obtains,

for a sufficiently small e,

1 U
e ek e R A A

X (L — ) (8w, 0); {Wh, -+, WL, €).

Since the integral on the right side of the equality is absolutely convergent, this
identity gives the analytic continuation of ((s;{Wi,---,W,},£) to a meromorphic
function of s in the whole complex plane. Passing to the limit as s — 1 — m, we get

the identity in Proposition 5.2.7. [

In view of Proposition 5.2.1 and Proposition 5.2.2, we need only partial zeta

functions of the form

C(S;{‘/la%a%}a (§17€27§3))7
C(S; {V;’ VJ}7 (51751)) (1 <1 <j < 3)7

¢(s; {V2},€).
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Now we discuss the evaluation of

Cp(L = m; {V1, V2, Va}, (&1, &2, 63)),
Cp(1 —m; {V;, Va}, (§5,68)) (1 =1,2),
C(1=m;{V1,Va}, (&1, &2)),
C(1—m;{Va},§),

as a continuation of Proposition 5.2.6, Proposition 5.2.7. For each triple (ky, k2, k3) of
integers such that ky, ko > 0,k3 > 1, and ky + ko + k3 = 2m + 1, we define a number

Ay ko ks) Dy putting
1 ul 3

622 ey =g [ e [ a8 M0 1P
T JI() 0 i

where the integral in the right side is independent of the choice of a small positive

number e.

Proposition 5.2.8. Let & = (&1, &2, &3) be a triple of positive numbers, and m € N.

Then we have

' £ B, (&
Cp(1 —m; {Vi, V3, V5},€) = —4n*iC(m) Z { (%) } Ak s k)

k!
k1,ko,ks \j=1 J

where k1, ko, k3 run over all integers satisfying the conditions ki, ke > 0,ks > 1, and

k:1+k2+k3:2m—|—1

Proof. We take ¢ sufficiently small so that Lemma 5.2.3 for V;, V5, and Lemma 5.2.4

for V3 hold. Then we get the following power series expansion, if |t|< §,u € Ds(1),

Dp((tu,0): Vi, Vo, Vb ) = 3 H{MA((U,QW)@-I} T

A
k1,k2,ks j=1 7

where k1, ko, ks run over all integers satisfying ki, ks > 0, k3 > 1. Applying Proposi-
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tion 5.2.6, the residue theorem, and noting that By(1 — &) = (=1)¥B(&) (k > 0), we

obtain the expression for (p(1 —m; {Vi, Vs, V3},€) in Proposition 5.2.8. H

In exactly the same manner as in the proof of Proposition 5.2.8, one can evaluate

the special values

CP(l —m; {‘/]7 ‘/3}7 (fj?éiﬂ)) (] = 17 2)7
C(1 = m;{Vi, Va}, (&1, &),
C(l - m; {‘/2}7 f))

so we omit the proof of the following proposition.

Proposition 5.2.9. Let £,¢;(j = 1,2,3) be positive numbers and m € N. Then

the following expressions hold.

! Bkl (fl)Bks (53)
k1! k5!

(@) Cp(1—m; {1, Va}, (&1,&s)) = 4n*iC(m) )

k1,k3

A(kz,O,kg)v

where ky, ks run over all integers with ki > 0,ks > 1,k + k3 = 2m + 1.

/Bk2(§1)3k3(€3)/1
kQ! ]{?3‘ (0:k2,ks)

(0) Cp(1—m;{Va,Vi}, (&,&)) = 4n%iC(m) )

ka,k3
where ko, ks Tun over all integers with ke > 0,k > 1,ky + k3 = 2m + 1.

(© - (Vi) (6,6)) = antic(m) 3 BBl

k1,k2

where ki, ko Tun over all integers with ki, ke > 0, k1 + ko = 2m + 1.

(@) G0 mi {12}, = ~4xCom) 2 A1

To complete the evaluation of the special values of zeta functions above, we have
to study some properties of the numbers A, iy ks)-

Proposition 5.2.10. Let ky, ko, k3 be integers with ki, ko > 0,k3 > 1, and ki +

ko + ks = 2m+ 1(m € N). If ki, ko, ks satisfy one of the following two conditions,



then A, k, k) 15 @ rational number.

(1) ki, ko, ks are positive integers,

(17) ko =0 and k1, ks are positive integers.

Proof. A straightforward calculation shows that

(

AM(u,0), V1) =1+ u,

(5.2.23) N AM(u,0), V) =2{1 +u+ (1 —u)sinfcos b},

A(u, 0),V3) = usin® + cos? 6.

\

Changing the variable by cot # = x in (21), we obtain

(5.2.24) A ez ) = / uim71/2<1 — 1) Pry oo ks (0)
Ie(1)
where € is taken to be sufficiently small and

i(1 4 )R gkl

P’ﬂ,kz,ks(u) = o

(5.2.25)

If ky, ko, k3 satisfy condition (i), then from the binomial formula, we get

Icfl

k3 1
1 ko — 1\ (ks — 1
Pkl,k‘z,k3< ) o <1 +u kl 12k2 1 Z Z ( 2 )( 3j )

(5.2.26) = =

X (1+w)? 1721 — w)* - Lygi i,

where

xTL
Iym = —dx.
: /R(sz)m o
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></ L tut( ) x Rl re2 b\ dn
u —u .
R 1+ 2?2 1+ 22 1+ 22
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By the following recursive relations,
In,m - ]n—27m—1 - ]n—Q,ma

_2m—3
9m—2

(5.2.27)

Iom Iom—1 (n,m >2),

and noting that lo; = m, we easily see that if ky, ko, k3 satisfy condition (i), then

Py, ko ks (1) is & polynomial of w with rational coefficients. Noting that

4
5.2.28 w2 du = — for any k € Z,
( ) /16(1) 2k +1 Y

it follows from (5.2.24) that the value of A, k,k,) is a rational number whenever
k1, ko, ks satisfy condition (i).

Suppose ks = 0 and k1, k3 > 1. Set
Q(u) = 3u® + 10u + 3,

and
2(14+u)

(0<u<1l).

Observe that w(u),w(u) are the distinct roots of the quadratic equation: (14 u)z? +
(1—u)x+1+u = 0. We write w for w(u). Applying the residue theorem in computing

the integral in (5.2.25), we get

(5.2.29) Proks =

i (14wt (1_ 1—u

k3—1
. R
2 1+u)(w—w) 1—|—w2> * R pa (1),

where we put

7
Ry s (1) = 5(1 + )
(5.2.30)

1—u\™!
2 —1
xgigsi{(1+u)x +(1—-uwzx+(1+u)} (1_1+x2> :
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Since the residue at x = 7 of the function

1—u
1+ 22

{14+ w2+ (1 —w)a+ (1 +u)} ( ) (leZ,1>0),

is a polynomial of u with coeflicients in the Gaussian field Q(7), so is Ry, k().
Therefore, the real part of Ry, x,(u) is a polynomial of u with rational coefficients.
An elementary calculation shows us that

1—u
1+u

(1+u)(w—-0)=ivQ(u), 1+w?=— w, ww=1,and

L—u  14u—iy/Qu)

C14w? 2

Then, we get, by (5.2.29),
k3—1
(5:231) Pk =271+ 0" {14u—ivQW} Q)™+ Ry (),

Observe that the function v (1 + u)*™272Q(u)’ (0 < j < m — 1) is invariant
under the transformation u — 1/u, and is therefore a polynomial of (u + 1/u) of

degree m — 1. Thus we can write

3

(5.2.32) w4 u)? 2 Q(u) = bime(u" +u™) (0<j<m—1)
0

e
Il

with some b; ,, , € Q. We set, for a sufficiently small € > 0,

_ s—1/2 ~1/2
4(s) /w“ Qu) 2,

where we take the branch of Q(u)'/? so that Q(u)/? > 0, if u € R. The integral in

the right side is independent of the choice of ¢ and converges for arbitrary s € C.
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Consequently, g(s) is an entire function of s. We define a sequence {«,} by putting
a, =g(n) —g(—n) (n=0,1,--+).

Lemma 5.2.11 [1]. The sequence {a,,} satisfies the following recursive formula
3(n—1/2)a, +10(n — Day,—1 +3(n — 3/2)ay—2 = —16  (n > 2)

with ag = 0,00 = —16/3. Consequently, all o, are rational numbers.

Proof. If Re(s) > —1/2, we get

3g(s 4+ 1)+ 5g(s) = / w2 (3u + 5)Q(u) M 2du

1e(1)

— (e(s—1/2) — 1) /0 usl/%@(u)uzdu_

Then integration by parts implies that, if Re(s) > 1/2,

3905+ 1) + 59(s) = —4(1 + e(s)) — (s — 1/2) / w=H20(u) Y 2du,

I(1)

As Q(u)Y? = Q(u) - Q(u)~'/?, we get the following functional equation:
(5.2.33) 3(s+1/2)g(s+ 1)+ 10sg(s) +3(s — 1/2)g(s — 1) = —4(1 + e(s)),

which is valid for all s € C by analytic continuation. Putting s = 0, we get o =
g(1) — g(—1) = —16/3. Moreover, if we substitute s = m — 1 and s = 1 —m,
respectively in (5.2.33), and add both of the equalities obtained, we get the recursive

formula in Lemma 5.2.11. O

We continue the proof of Proposition 5.2.10. From (5.2.25), we see that Py, ¢ x, ()

is real-valued, if 0 < uw < 1. Hence, it follows from (5.2.31) that Py, o, (u) is a
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polynomial of u with rational coefficients plus a Q-linear sum of the functions (1 +

u)?>™121Q(u)? =2 (0 < j < m — 1). Moreover, from (5.2.32), it follows that

[ ) Q)
I.(1)

m—1

= —2bjmo0 + Z bjmu(ar—1 —agy1) (0<j<m—1),
=1

which is a rational number by virtue of Lemma 5.2.11. Thus, by (5.2.24), (5.2.31),

we have

Lk32—1J | kg_l
Aok =275 ) <_1)]( 2j )

Jj=0

m—1
5.2.34
( ) X (_2bj,m,0051 + Z bjmk(Q—1 — Oék;+1))

k=1

+/ w21 — u) Re(Ryy 1y (u))du.

(1)

Taking (5.2.28) into account, it follows that Ay, ox,) (K1, ks > 1) is a rational number.
O]

Remark. For triples (ky, ko, k3) not satisfying the conditions of Proposition
5.2.10, it will be hard to compute Ay, g, k) in an elementary manner. However,

as we shall see in Section 5.2.4, we do not need the explicit values of them.

To evaluate the special value at s = 0 of La(s,vpn,), we only need the following

explicit values of Ak, ks ks)-

Proposition 5.2.12. We have
Aqay =4, Apoyy =8/3, Apoz =4/3.

Proof. The first identity is straightforward. Then, by (5.2.34), we obtain A1) =
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24102 = —bo1 001 = 8/3. .

5.2.3 Integral Representations of Partial Zeta Functions 11

We keep the notation used in 5.2.2. We shall study the analytic continuations of the
functions (s(s, {Vi, V2, V3}, (&1,€2)), Cs(s,{V;,V3},€) (j = 1,2), and determine the
first and second terms of the Laurant expansions at s = 1 —m (m € Z) of them.

For simplicity, we write A\; for A((u,0),V;)(j = 1,2,3), if there is no fear of
confusion. We easily see from (5.2.14) that, for positive numbers &, &, &, and for
Re(s) > 3/2,

1
Iy(s)(e(2s) = 1)

QS(S7{VI7V27V3}>(§17§2)) = I(S; (§1a§2))

(5.2.35)

CS(S7 {V77 ‘/3}7 f) =

where we put

2

1 T
I(s: (1,6)) :/I( )dt/o du/o dg.tmus3/2(1_@%1—“(%;1_&)7

3300

3

1 s
I(s;¢) = / dt/ du/ df - 1> 2032 (1 — u)i¢(t)\j; 1-¢) (j=12),
L) Jo 0 A

where ¢ is taken sufficiently small. The absolute convergence for Re(s) > 3/2 of the
integrals above is easily verified by Lemma 5.2.3. We shall first integrate with respect

to #. Changing the variable by cot § = z (—oco < x < ), we get, by (5.2.23),

x u + 22
5.2.36 =1 A =2¢1 1-— A3 = .
( ) 1 +u, 2 { +u+( u>1+x2}7 3 1+I2

As is easily seen, for each positive number § < 1, there exists a positive number
d = §(B) such that ¢(t(1 + 2);1 —&) (£ > 0), as a function of ¢, z, is holomorphic in
the region {(t,2) € C? | t € Ds(c0), t # 0, |2|< B}. Then, ¢(t(1 + 2);1 —¢), as a
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function of z, has the power series expansion

e k) (4.1 _ k
(5237) (1 +201-6=3 T ELZO0 ket z0,|2l< B).

It follows from (5.2.37) that, if t € Ds(00),t # 0, and 0 < u < 1,

. k
5238 oou Z o8 (24(1 + u); 1k—' 21 —u <1 fxz) 7
> .

where ¢ is taken sufficiently small. We then define a function % (u) for each non-

negative integer k:

(5.2.39) %(u):(l—u)k/ ! (x )kdx (> 0).

r T2+ u \ 1+ 2?2

Obviously, we have J#,(u) = 0 for any odd k. Applying the residue theorem in

calculating the integral in (2.3.5), we can divide % (u) (k € Z, k > 0) into two parts

as follows:
(5.2.40) Hop(u) = mu(—u)* + motoy(u),
where
1 . 2%
2.41 = 2i(1 — u)** .
(5.2.41) o (u) = 2i(1 = u)™ Res (IQM <1+x2) )

An elementary calculation shows that o (u) = 0, 9% (u) = (1 + u)/2. Moreover, we

observe that each %y (u) is a polynomial with rational coefficients. We set, for £ > 0,

0 5(2k) W)l —
Fl(t, u; 1— 5) _ Z ¢ <2t<12—{k:)' )7 1 f) . (2t)2k(—u)k7
° 5(2k) Wl —
Rt - = 3 SIS ),
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We shall discuss the convergence and regularity of Fj(t,u;1—¢) (j = 1,2) as functions
of t,u. For that purpose, some preparations will be needed. We put, for a € R, and

JEN,

em

¢;(t;a) = (G

Lemma 5.2.13 [1]. Let n € N and a < 1. If we write, in a unique way,

(5.2.42) o™ (t;a) = Z Ajn(@)pir1(t;a) with some \; ,(a) € R,
=0

then, we have (—1)"\; ,,(a) > 0 for each j (0 < j <mn).

Proof. Differentiating the both sides of (5.2.42) with respect to t, and using the

identity ¢%,,(t;a) = (a — j — 1)gja(t;a) — (§ + 1)@ji2(t;a), we get the recursive

relations:
Xo.nt1(a) = (a — 1) n(a),

(5.2.43) Njont1(a) = (a —j — 1) Ajn(a) = jAji1,n(a),
Atn1(0) = — (0 + 1)y n(a).

\

In the case of n = 1, we have, trivially, (—=1)A; 1(a) > 0(j = 0,1). Thus the assertion

follows by induction on n from (5.2.43). O

Taking the k-th derivative of (5.2.11), one gets, if |t|< 27,

k! n!
n=k+1

For z € R, [z] denotes the largest integer less than or equal to x.
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Lemma 5.2.14 [1]. Let 0 < f < 1 and a € R. If [t|< 7/2, |w|< B, then,

tQk

2k o] a Kn n —
o2 SR e L S AR (S () ) e

where we put K, = [(n—1)/2], and the infinite series of both sides are absolutely con-
vergent. Moreover, the function defined by the infinite series (5.2.45) is a holomorphic

function of t,w in the region {(t,w) | [t|< 7/2, |w|< 5}.

Proof. By virtue of the fact that t¢(t;a) = Y oo (Bi(a)/k!)t* is absolutely con-

vergent for |t|< 2m, there exists a positive constant C independent of k£ which satisfies

|Br(a)/k!|< C1(3m/2)%  (k=1,2,--").

Then, from (5.2.44), we get

== gere g 3 () ()
: ﬁz (E0a)7) G

1 4\t|
< +C
<oy ()
where the last infinite series is convergent for |¢t|< m/2. Thus, the infinite series in

both sides of (5.2.45) are absolutely and uniformly convergent for [t|< 7/2, |w|< .

In a similar manner, the identity (5.2.45) is easily shown to hold. O

Proposition 5.2.15. If we take § sufficiently small, then, the infinite series
2tF(t,u;1-€) (€ > 0, j = 1,2) are absolutely and uniformly convergent in the region
Ds(00) x Ds(1). Consequently, 2tF;(t,u,1—&) (j = 1,2) are holomorphic in the same

region. Moreover, 2tF;(t,u,1 — &), as functions of t, have the following power series
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expansions; if [t|< 0,u € Dg(1), then, we have

o0

1+u
2.4 2UF (t,u; 1 — § j w)2"",
. S %n S Bn(l _g) nyn
(5.2.47) 20F5(tus 1 =€) = n§=0:W + ; 1: — T va(w)2"",

where we put

o) =3 (" ) w0
(5.2.48) k=0

V(1) = :no (” Z_k 1) (14 u)" 12 oty (Fén = {” ; 1D .

Proof. First we consider the infinite series 2¢tFy(t,u;1 — £). We put ¢/ = 2¢(1 +

u), w = —u/(1+u)?. Then, we get

t 1 (2k) t’; 1 — )2k
20F (t,u; 1 — &) = 1+uz¢ ( (2]{:)'5)( ) k.
k=0 ’

Let §; be a small positive constant such that |—u/(1 + u)?/< 1/2 for u € D;,(1).
If [t|< 7/8,u € Ds (1), then we get |t'|< 7/2,|w|< 1/2. It follows easily from
Lemma 5.2.14 that 2tF;(t,u; 1 — £) converges absolutely and is holomorphic in the
region {(t,u) | |t|< 7/8, u € Ds, }, and moreover that the power series expansion
(5.2.46) holds in the same region. We take § sufficiently small with § < d;. Let
t|> 7/8, t € Ds(00), and u € Ds. Set 7" = Re(t'). Then we may have 7/ > [t'|/v/2,

0 being taken sufficiently small. An elementary observation shows that

|6;(t5 a)|< ¢5(m5a) (e €R,j=01,--),
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from which, in addition to Lemma 5.2.13, we get

0@ 1= OIS (D16 (€>0.k=0.1,).

Hence, from Lemma 5.2.13 and the expansion (5.2.37), we see that

PR m—f)(')% = g0 (¢ 1 - &))"
kz Lok Sg o 'wk/2

XL pW (71— €)(r) (—|t'|)’“
< .

)

Thus, Fi(t,u;1 — &) is absolutely convergent in the region {(t,u) | |¢t|> 7/8,t €
Ds(00),u € Ds(1)}. Moreover, we see from the above calculations that F (¢, u;1 —¢)
is uniformly convergent in some small neighborhood of (¢,u) contained in the region
above. Consequently, F(t,u;1 — &) is holomorphic in that region.

Next we consider the series 2¢F;(t,u;1 — &). We have to estimate % (u) from

above. The definition of % (u) implies that

00 [ () (i) oo

Letting s(z) = (z/1 + 2?)? for simplicity, we get the expression

(5.2.49) oy (1) = / uo” + 1 Z{s W)Y (—u)de,

which holds for any u € C. We take a positive number 9, in such a manner that, if

lu|< 0y, then, |—u/(1 — u)?|< 1/16. Accordingly, d < 9 — 4v/5 = 0.0557 - - -. Using
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the inequality s(z) < 1/4, we see easily from (5.2.49) that, if |u|< s,

_ k—1
' %k<u> < (1/4)k—1 ’1 B u’Q(k Y —4du
(1 +u)? T+ ufF 2 |(T—u)
| 148, 4
k—1 Lo
RN (I AE (1 —52) 3

Observe that we have the inequality (1 + d5)/(2(1 — d5)) < 3/5. Thus it follows that

there exists a constant Cs independent of k such that

oy (u)

(5.2.50) ‘m

< Cy(3/5)% if lul< 0y (=0,1,2,---).

We put 03 = d5/2. On the other hand, if |u|> d and u € Dy, (1), then,
14+ u/>14+Re(u) >1+3d3, |[1—ul<1, and |u|<1.
Thus the inequalities above and (5.2.49) imply that, for any non-negative integer k,

(5.2.51) ‘ o (u)

4 1 \*
(1|~ (—) if [u|> 0, and u € Dy, (1).

3\ 1+ 45

Putting ¢’ = 2t(1 + u) as before, we get

t 0 (2k) Zf/; 1 — t 2k o
(5:252) 2Bt el =8 =1y 2 - (2k)!£)( . (1 +2£)zk-
k=0

With the help of (5.2.50), (5.2.51), we can prove that the right side of (5.2.52) is
absolutely convergent if |t|< 7/8, u € Ds,(1), and we obtain, similarly as in the
proof of (5.2.46), the identity (5.2.47). Since .y, is a polynomial of u, we easily
see from the expression (5.2.47) that 2tF5(t,u; 1 — &) is holomorphic in the region
{(t,u) | |t|< /8, u € Ds,}. The rest of the assertions for 2tFy(t,u;1 — &) can be

verified in the same manner as in the case of 2tF (¢, u; 1 — &) by using the inequalities
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(5.2.50), (5.2.51). O

We are now in position to integrate with respect to 6. We take ¢ sufficiently small
so that the identity (5.2.38) and Proposition 5.2.15 simultaneously hold. Then, taking
the identities (5.2.38), (5.2.39), and (5.2.40) into account, noting that |z/(1 + z?)|<

1/2, we obtain

(5.2.53) /ﬁ%¢@&ﬂ—gmezwwﬂﬁﬂaw1—£%+ﬂ%@uﬂ—f)
5.2.53 0

(t € Ds(00), 0 < u<1).
We set, for positive numbers &7, &9, &,

(

POt u;&1,&) = (L +u); 1 — &) Fitus 1 — &),

(5.2.54) PV (tu; &) = o(t(1 +u);1 — &),

PO (tu; &) = Fi(t,u; 1 — &),

\

(

Ot u;&1,86) = ¢(t(1+u); 1 — &) Fo(t,us 1 — &),

(5.2.55) T (t,u;€) =0,

O (tu; ) = Fy(t,u; 1 — &).

\

Let @(t,u) (resp. ¥(t,u)) be one of the three functions in (5.2.54) (resp. in (5.2.55)).

We set

J(s; @) = / dt/ du - t* 7202 (1 — u) D(t, ),

(5.2.56) foloe) ()

K(s; V) = / dt/ du - t2 72032 (1 — w) W (t,u),
Ic(o0) I.(1)

where € is taken sufficiently small with € < 0, 0 being the same as in (5.2.53). Then,

by virtue of Proposition 5.2.15 and its proof, the integrals J(s; @), K(s; @) are inde-
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pendent of the choice of € and absolutely convergent for arbitrary s € C. Moreover,

they are entire functions of s. For convenience, we write

/

J(5; (&1, &) = J(s; Ot u; 61, 62)),
Ji(55(€) = J (55 D(t, u; €)) (J=12),
K<87 (517£2> = K(87 q5(0)(t,u;§1,§2)),

K;(s;(€) = K(s; @U) (¢, u; €)) (J=12).

(5.2.57)

Trivially, K;(s;€) = 0. Then, using (5.2.53), we obtain the following convenient
expressions for I(s; (&1,€2)), 1;(s;€) (j = 1,2) by the integrals (5.2.57) over contour
paths I.(00), Ic(1).

Proposition 5.2.16. Let &1,&, & be positive numbers. We have

= e(s)L—lJ(S; (€1,62)) + -

™ ™

o) 1O

I(s; (&1, 62))

(s — ;/2) _ 1K(3§ (&1,&)),

I(5:€) = K56 (=12)

which give the analytic continuation to meromorphic functions of s in the whole com-

plex plane.

The following corollary is an immediate consequence of Proposition 5.2.16 and

(5.2.35).

Corollary to Proposition 5.2.16. The functions

Cs(s; {V1, Vo, V51, (&1, &2)),

<S(3; {V}’ ‘/3}’5) (] = 17 2)

can be continued analytically to meromorphic functions of s in the whole complex

plane.



149
From Proposition 5.2.16, the Laurent expansions at s = 1 — m(m € N) of

I(s;(&1,€2)), 1;(s;€) (j = 1,2) are given as follows:

I(s: (61, 8)) = 202 ﬂ”;si(&,&»

(5.2.58) —miJ (1 —m; (&,&)) — miK (1 —m; (&,6))}

(s+m—1)"1+ 2i@.{J’(l —m; (&,&))

+ higher terms of (s +m — 1),

Ij(S;f) _ ’]j(l ;maf)
(5.2.59) t

—miK;(1 —m;&)} + higher terms of (s +m — 1) (1=1,2).

(s+m—1)""+ %{J]’(l —m; &) — miJ;j(1 —m;¢§)

Let C(m) (m € N) be the constant given in Proposition 5.2.6. Then, as a Taylor

expansion at s = 1 —m (m € N), we have

1

I's(s)(e(2s) — 1) = —2C(m) + Bp(s +m — 1) + higher terms of (s +m — 1)

with some constant (,, € C. Thus, by (5.2.35), (5.2.58), (5.2.59), we get the Laurent

expansions at s = 1 —m of (s(s; {V1, V2, V3}, (&1,&2)), Cs(s:{V;, V3},§) (U = 1,2):

Cs(s;{Vi, Vo, V5}, (&4, &2))
=iC(m)J(1 —m; (£,&))(s+m — 1)1

(5.2.60) .
+ 5 A (B £ 2miC(m)) I (1 = m; (&1, &) = 2C(m)J'(1 —m; (&, &)
+2miC(m)K (1 —m; (&1,&)) } + higher terms of (s +m — 1),
CS(S; {V}’Vi"}vf)
=iC(m)J;(1 —m; &) (s +m —1)"" + %{(@n +2miC(m))J; (1 — m; )
(5.2.61) i

—2C(m)JH(1 — m; €) + 2miC (m) K, (1 — m; )}

+ higher terms of (s +m — 1) (1 =1,2).
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We shall now evaluate J(1 —m; (&1,£2)), J'(1 —m; (&1,&2)), K(1 —m; (&1, &)), and so
on.

We consider the integral J(s, @) in (5.2.56). Putting s = 1 — m, we get

J1—m; @)= [ dt | du-t"2"u""" (1 —u)d(t,u)
(5.2.62) / /

(for the path I, see Proposition 5.2.6).

Furthermore, differentiating the integrand of J(s, @) with respect to s, we obtain

J'(1—m;P)

(5.2.63)
= / dt/ du -t~ 2"y~ (1 — u)(2log t + log u) (¢, u),
Ic(o0) I.(1)

where the integral is absolutely convergent again by Proposition 5.2.15. For non-

negative integers n, we define the functions @,(t), according to the choice of @(t,u),

as follows:
(2n)!
Do(t) = d(t; 1= &), @u(t) =0 (n>1) it @(t,u) = &W(t,u;6),
e it B(t,u) = 6 (1, 0; ).

Moreover, we see from Proposition 5.2.15 that @(t,u) has a Laurent expansion with

respect to ¢:

(5.2.64) O(t,u) = > bulu; O)"  if [t|< 5, u € Dy(1).

n=-—2
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Proposition 5.2.17. Letm € N. For a sufficiently small €, we have the following:

(1) J(1—m; )= 2m'/ ?,,(t)dt,

€

(2m —2j — 1
(ir) J'(1—m;d)= 47rz'/ log t- &, — 4mi E {m ] )
Ie(c0) j=

></ tQU—m)@j(t)dtJrzﬂ/ w1 — w)log - by 1 (u; §)du.
: L(1)

Proof. The function @(t,u) is holomorphic if ¢t € Ds(00), t # 0, and |u|< d, and

therefore be expanded in a power series of u as follows:

(5.2.65)

n=0

On the other hand, it is easy to see from the definition of &,(t) that
(5.2.66) 2 (t,u) = t?Z P, (1 +u))t?u” (L € Dg(0), u € Dg(1)).

Since the infinite series in the right side of (5.2.66) is uniformly convergent in Ds(00) x
Ds(1) by Proposition 5.2.15, and each term #*@,(¢(1 + u))t*™u™ is a holomorphic
function of ¢, u, we can differentiate it termwise. Thus, taking the k-th derivative of

5.2.66) with respect to u, we get

( p g
akgp FL
b =3

() (n—1) - (n— j+ 1) O (1 + ) 720"
Jj=0 n=j

Therefore,

kP k . .
(5.2.67) Z?(t, 0)=>" (?) Gl @B=D) ()t
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It follows from (5.2.65), (5.2.67) that

{
(5.2.68) (

=2mi| &, (t)t*"
m—1 ;
tm+J (m— tm—l-i—j 1
103 m—j) t) — @(m +7) t
*;{m—n' R v s AL
By integrating by parts, the identity
s— m—1—j s m—j
(5.2.69) —s/ 1o (1)t z/ 5" (1)t
Ic(00) Ic(00)

holds for each j (0 < j <m —1). Putting s = j — m, we get

(5.2.70) (m — j) /I ( )tjM1d5](-M1j)(t)dt: / #7m " (1) dt.

Ic(00)

Therefore, the identities (5.2.62), (5.2.68), and (5.2.70) imply assertion (i). Differ-

entiating both sides of (5.2.69) with respect to s and then, putting s = j — m, we

get

(m—j)/ logt~tﬂ'm1@§m‘1‘”(t)dt—/ 7= (1)
Ic(00)

Ic(c0)

(5.2.71) |
:/ log t- "¢ D (Bydt  (0<j <m—1).
Ic(00)

By repeatedly integrating by parts, we see that

| e 2m — 2j — 1) .
(5.2.72) / $=m=Lm I () dt = ( ”E j,)' ) / £20-m) g (t)dt.
Ie(c0) m—=7) .
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Thus, from (5.2.68), (5.2.71), and (5.2.72), we get
/ dt/ du - 1211 — w)log ¢ - B(t, )
Ie(co (1

(5.2.73) (2m — 2 — 1)
= 4mi / log t - @, (t)dt — 4mi = / U= @ (£)dt.
I (o) Z {(m =)} ](

Moreover, we get, using the expansion (5.2.64),

/ dt/ du -t~ 1 — u)log u - (L, u)
Ie I.(1)
= 27Ti/ w1 — u)log u - byp—y (u; ®)du,
I (1)
which, in addition to (5.2.63), (5.2.73), completes the proof.
]

Let m € N. For integers k,n with k,n > 0, k+n = 2m+1, we define the numbers

M (k—1,n—1) by putting

1
(5.2.74) M-10-1) = — log w-u™ ™ (1 — ) (1 +u)" 2", (u)du,
1.(1)

where p,(u) (n > 1) is a polynomial of u given by (5.2.48), and

1+u

The numbers .#(j,_ ,—1) are independent of the choice of small e.

Lemma 5.2.18. If k,n > 1 with k +n = 2m + 1, then M1 -1y are rational

numbers.

Proof. 1t follows from (5.2.48) that

(1= u)(1+u)* " (w)

Il
=
3
VRS
3
|
—_
~__
—
|
B
N
3
s}
_
|
IS
=
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By the conditions & > 1 and k +n = 2m + 1, we have m > j for each j (0 < j <
kn = [(n—1)/2]). As is easily shown, the coefficient of the term u™ of the polynomial
(1—)(1+u)?m=9)~1(—y)’ vanishes. Therefore, the assertion of Lemma 5.2.18 follows

from the formula

1 2
5.2.75 — log u - uPdu = —— forpe Z,p # —1).
(52.75) =" — )

In the case of ®(t,u) = ¢O(t,u; (&,&,)), Proposition 5.2.17 yields
Proposition 5.2.19. Let &,& be positive numbers and m € N. Then,

2m2(—1)m
(2m +1)!
22m+27m( 1)m

(i) J'(1—=m;(61,&)) = (2m)! /( )log too(t;1— &)™ (241 — &)dt

_ y (2m — 2j — 1)12%(—1)) 2j-m) g1 @) (op. 1
47”;0 (v ARG AL
2m—+1

BQm—&-l—n(gl)Bn(SQ)
2 2 ' m—n,n—1)-
+er ; 2m+1—n)!n! A am—nn-1)

(1)  J(1—m;(&,&)) = {Bami1(&1) + 2" By (£2)},

Proof. In the proof, we have ®(t,u) = ¢ (t,u; (&, &)) and

(1) - L= @021 — &)

2] (n=0,1,2,-).

The expansions (5.2.11), (5.2.44) show that the coefficient of the term ¢! in the

Laurent expansion at ¢t = 0 of @,,(t) is given by

(=D"

2m g oy et = 8 4 27 B (1= &)}

Thus, by (i) of Proposition 5.2.17, the assertion (i) follows. In view of the expansions
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(5.2.11), (5.2.46) of Proposition 5.2.15, the coefficient by, (u; @) in (5.2.64) is given

as follows:
. BQm+1(1 - 61)(1 + u)2m+1 gl BZm—i—l—n(l - gl)Bn(l - 52)
b2m—1(u7 ¢> - 2 Z

22m+ (14 3u+w?) (2m+1—n)!n!

X (1 4 u)?mfnun(u)znfl'
Therefore, we see from (5.2.74) that

/ w1 — u)log u - by (u; )du
1e(1)
2m+1
Bom+y1-n(&1) By
R 2m1-n (1) Bn(&2) M.

(2m +1—n)!n!

Hence, by (ii) of Proposition 5.2.17 together with the above result, we obtain the

assertion (ii). O
In the other two cases of @(¢,u), we obtain the following.

Proposition 5.2.20. Let m € N and £ > 0. Then,

(1) J(l-ml-€=0 (j=12)

. / 4% By, Bom
(i) Ji(1—m;l—¢)= ;<T2v)(§) _ o2 (;m()ﬁ) e M om—1.0),
/ : _ 222 (—1)™ B (€)
Tl —mil —¢) = m(2m)!
92mH1n2p, (€ m—1 (—1)d
mo 2 {m- P!

Proof. 1f ®(t,u) = oW (t,u;€) = ¢(t(1 + u);1 — £), then, we have ®y(t) =
A(t;1 =€), P,(t) = 0(n > 1), and bop,—1(u; @) = Bop(1 — E)(1 + u)*™ 1 /{(2m)! }.
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Hence, we immediately see from Proposition 5.2.17 that J;(1 —m;&) = 0, and that

1 _ |
J0—mi€) = — % /P (L — )dt
QWiB(zzn;S!— 3, /IC(OO) log u-u™ ™ 11 —u)(1 +u)* du,

from which we get the expression for Ji(1 — m;¢&) in the assertion (i) (note that

p1(u) = 1). In the case of @(t,u) = & (t,u; &) = Fi(t,u; 1 — ), we have

BQm(l — 6)
—(Qm)! " Ham

9261 - E)(—4)"

o)) (u)2*™ 1,

D, (t) and by, 1(u; @) =

The expansion (5.2.44) shows that the coefficient of the term ¢! in the Laurent
expansion at t = 0 of @,,(t) is equal to 0. Hence, we see from Proposition 5.2.17 that

Jo(1 —m; &) = 0. Since integration by parts implies that

/ 5™ (2t 1 — €)dt = —f/ 571D (241 — €)dt,
I(0) 2 J1(e0)

differentiating both sides with respect to s and setting s = 0, we obtain

1
/ log t - ¢®™(2t;1 — €)dt = ——/ t1ePm=D(2t: 1 — €)dt
(5.2.76) Le(00) 2 Jic(oo)
N 2m '
Thus,

22m+1,ﬂ_2(_1)m32m(1 _ 5)
m(2m)! '

47m'/ log t- @,(t)dt =
Ic(00)

Moreover, we have, by a usual argument,

; 227 Boy (1 — &) (2m —1
£20=m) @ (#)dt = 2m - .
/ps i) (2m)! %

Hence, by (ii) of Proposition 5.2.17 together with the results above, we obtain the
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expression for Ji(1—m;¢) in the assertion (ii). By assertion (ii) together with Lemma

5.2.18, we obtain assertion (iii). O

Finally, we evaluate the special values at s = 1 —m of K (s;(&1,&2)), Ka(s;€) (for
the definition, see (5.2.57)).
Let v, (u) (n > 1) be the polynomials defined by (5.2.48). Then, we have v (u) =
vo(u) = 0,v3(u) = (1 +u)/2, and so on. For convenience, we put
vo(u) = S M- for |u| sufficiently small.

L (T u)

For any pairs (k,n) of non-negative integers with k£ +mn = 2m + 1 (m € N), we define

the numbers .A4(;_1 ,—1) by putting
(5.2.77) Mk—1n-1) = / w2 (1L = w) (14 w) 2  y, (u) du,
(1)

where € is taken sufficiently small. Observe that the integral on the right side of
(5.2.77) is independent of the choice of small e. Then the identity (5.2.28) implies

that

(5278) e/V(k,Lnfl) S Q for k,n Z 1.

Proposition 5.2.21. Let &,&,& > 0 and m € N. Then,

. .2m+1 B . Bn
0 KOl 6) = ri > R

(@)  Ki(l—m;§) =0,
27TZB2m(€)

(@ii)  Ka(l—m;€) = “am)t Mo,2m-1)-

Proof. Let ¥(t,u) be one of the functions given in (5.2.55). Recalling the definition
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(5.2.56) of K(s; ¥), we have by the Fubini theorem,

K(1-m;V¥) = / w2 (1 — u)du/ dt - t72™ W (t, u).
I.(1) e

If W(t,u) = ¥O(t u;&, &), then, by the expansions (5.2.11), (5.2.48), we get

2m+1
—om . B m —n(l _5 )Bn(]' _§ ) m—n m—
/ Wt u)dt = 2mi E 2 +22m 1 i )l 2) (14 u)?™ vy (1) 221

€ n=0

Thus we obtain the assertion (i). The assertion (ii) is clear. If ¥ (t,u) = ¥ (t,u;¢),

then, by the expansion (5.2.48), we get

Bon (1 —
/6 t2m W (t u)dt = Zﬁi% - Vg (1) 2771
from which the assertion (iii) immediately follows. O

5.2.4 Determination of Special Values of Ly(s, )

The aim of this next section is to obtain a formula for all of the special values at
non-positive integers of Lo(s,n ), and in particular, to obtain an explicit formula
for the special value Ly(0, 15 ,). We keep the notation used in the previous sections.

Suppose that p is an odd prime. For any integer 1 prime to p, let L(u) be the same
as in 5.2.1. Corresponding to L(u), we shall define the principal part (p(s;C, L(p))
and the singular part (s(s;C, L(p)) of the zeta function ((s;C, L(u)), C being the



159

simplicial cones Cio3, Cj3 (j = 1,2). In view of Proposition 5.2.1, we set

Cp(s;Cras, L() = p~> Y Cp(si{VA, Vo, Va}, ),

fGEH’H

Cs(s1Chas, L(p)) = p~ > Cs(s:{V2, Ve, 5}, (€1, &)),

geEH,u

(5.2.79) Cp(s: Cs, L(p)) = Z Cr(s:{V;, Va}, (&, 6)),

Cs(s1Cys, L)) = Z Cs(si Vi Vel &) (1=1,2),

¢esy 3’

(€ being denoted by (€1, &, &)).

Proposition 5.2.2 then makes it possible to define the principal and singular parts of

the L-function Lo(s, v ,). We set

Lo p(s,¢uy) = Z?/f {CP s;Cha3, L(p)) + = ZCP s; Cjz, L))
(5.2.80) - 54(5;012,L(u)) + L’sé(s; CQ,L(M))} :

Lo s(s,¥ny) = Zw {CS §; Chas, L ZCS 53 Cjs, L(p ))}

where p runs over 1 and &, (k being a non-quadratic residue mod p). Thus we have

the obvious identity

(5.2.81) L2<S7 '(ﬁH,p) = Lg’p(s, ¢H,p) + ngs(s, 'LﬁH,p).

We see from Proposition 5.2.6, Proposition 5.2.7, and Corollary to Proposition 5.2.16
that Lo p(S,Ymyp), L2s(s,¥u,) can be continued analytically to meromorphic func-
tions of s in the whole complex plane.

In the rest of this section, we shall discuss the evaluation of special values at
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s=1—m(m € N) of Ly(s,v¥py,). We note that

Bi(1), ifj=1,acZ
(5.2.82) B;((a)) =
P;(a), otherwise.

We will need two lemmas related to the Bernoulli polynomials.

Lemma 5.2.22. Let m € N. Then,

Z B2m+1(€j) =0 (j = 172a3)7

EEEH,H

where & = fé])wu is the j-component of &y € S p.

Proof. From (5.2.82) and the fact that P,,11(0) = 0, we have

0 X Bl = X P (M2,

(am)et ®) b
.. (0
@ 5 Bl - z Pane (222,
(a,y)e(p a,y(p)
—a?
(1i1) Z BQmH( avu Z Pomia <7—)) .
(ayy)e (p p

AS P2m+1(_x) = _P2m+1($) for any xr € R? replaCing (CY,’)/) by (O{ + 77’}/)7 (_Oéa’)/)a

(v, @) in (i), (ii), (iii) respectively yields the desired result. O

Lemma 5.2.23. Let m € N and let ks, k3 be positive integers with ko+ks = 2m+-1.
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Then,

(Z) ]f k?g, k?g 2 2, then,

S Bu(&)Bu(&) =0

§€5H7p

(13) If ko =1, then,

Y. Bil&)Bom(&) =0

£EE,6#1
(ii1) If k3 =1, then,

Y Bon(&)Bi(és) =0

6657 63751

where & = @WL is the j-component of &y € Erp.

Proof. From (5.2.82) and the fact that P»;_1(0) = 0(j € N), we have

> Bu(€3,) Bl Zsz <w) (W>

(a,y)e (p)
o 2 _a?
S Bi€? B, = P (’“‘p”) Pom, (%) ,
(a,y)eM (p), ay#0 a,y(p)
o R—
> Bi(EX ) Ban(€2,) = Y Pom (“pV) P, (%) .
(a,y)e (p),v?#a? a,v(p)

As Pyj_1(—z) = —Pj_1(x) for any x € R, j € N, replacing (o, ) by (—7, ) in the

three sums above yields the desired result. O

Let m € N. In the below, let kq, ko, k3 be integers satisfying ki, ke > 0, k3 > 1
and ky + ko + k3 = 2m + 1. For any triple £ = (&, &2, &) of positive numbers, we

write, for convenience,

w

P(k17 k27 k37 £) =

(5.2.83) B(k1, ko, k3;€) = el
;!
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Let p be any integer prime to p. Viewing Proposition 5.2.8, Proposition 5.2.9, and
taking (5.2.82), P»;_1(0) = 0(j € N), and Proposition 3.2.1 into account, we define

the numbers o7y, g, ky) (1) as follows:

(Z) If kl, kg,kg 7£ 1, we set

’Q{(klakmks)(ﬂ) = _47T2ic<m>/l(k1,k2,k3) Z B(kla ks, k3§§)

EE€EEH

= —27%C(m M) A(ky oo os) Z (K1, ko, k33 €).

a,y(p)

(i) Let r be an integer with 1 <r < 3. If k, =1 and the other k;’s # 1, we set

52{(161#2,163) (1) = _47T2ic<m>/l(k17k2,k3) Z B(k1, ko, ks3; €)

§€EH,p75T7£1
= —27%C(m M) Ay g s) Z (k1 ko, ks £).
a,Y(p)

(131) Let r,n be integers with 1 <r <n < 3. If k, = k, = 1, and the remaining
k; # 1 (then, necessarily, m > 1), we set

JZf(kl,kz,ks) (:u) = _47T2ic<m)/l(k17k2,k3)

X{ Z B(k17k27k3;£)_S<k17k27k3;:u)}7

§€5H,p7 57‘)5717&1

= —21%C (M) Ay oo g)

X{ Z P(ky, ko, k3 €) —23(]51,]@2,]{3;#)},

a,7(p)
where
(1
§92m71<,u> (kl,kg,kg) = (1, 1,2m — 1)7
1
s(k1, ko, ka; p) = 4 210n02m-1(241) (ki, ko, ks) = (1,2m — 1, 1),
0 (kl,kg,kg) = (Zm— 1,1,1),

\

_1 ! Z By, 1 PJOéQ/p» ( ¢§/;!)p2m2 -Bzm—mp.

a?-fO(p)

g2m—1(M) (2m
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(7v) In the case of (ki, ks, k3) = (1,1,1), we set

~Q7(1,1,1) (M) = —47r2’iC(1)/1(1,171)

X { Z B(17 17 17 5) o 1gl(M) 214677,391(2“)}

£€EH,p’ 6]751 (]:17273)

= —21%C(1) Aq 1)
1
X { Z P(1,1,1;8) — ~g1(p) — 125p391(2ﬂ)}
a,y(p)

We note that @y, k, kq) (d*11) = Dy ko k) (1) for any d prime to p. We put
Ak ko k)
ey, kg, bog) = —Cskesks)
(5.2.84) R

2. 2 _2a o 2 _o?
Sp(k, ko, ks) = > Py, (—7) Py, ( ”) Py, (7 ) :
a,y(p) b b b

The special values at s =1 —m (m € N) of Ly p(s,%n,) can now be evaluated with

the use of the numbers defined above.

Proposition 5.2.24. Let m € N. Then,

, 2m — 1)1 p2m=1)
(1)  Lop(l—m,vm,) = - 22)mp Z ki, ko, k) Sp(ki, ka2, k3)
k1,k2,k3
(2m — D!{3¢(1,1,2m — 1) — ¢(1,2m — 1,1)6,3}
+ 3. 92m+2 * Bom—1,0,

where (ki, ko, k3) runs over all triples of integers with ko > 0, ki, ks > 1, and
Ky + ko + ks = 2m + 1.
(it)  Accordingly, Ly p(1 —m,¥pu,) € Q.
(i13) Ifp=1(4), then Ly p(1 —m,Yp,) =
If p=3(4), then, in particular,

Lo p(0,95,) = Qp+ h +

where Q,, h, are the constants given by (5.1.1), (5.1.2) in Theorem 5.1.
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Proof. Let &, -, be the triple of Zp ,, given by (5.2.7). We notice that B; (1) = 1/2,

and moreover that

(
—(2,3
‘:‘S{,,u)m“Hu {§a7ﬂ|a_0( ) ’Y?éo(p)}v
¢ (p>3),
—(2,3) ~ —(1,2
(5.2.85) :g{,#) N :SLL,M) =
{aru |7 =—alp), a Z0(p)} (p=3),
—(1,3) ~ —(1,2
\‘_‘g{p) N ‘—‘S'-I”u) = (b

Taking very carefully (5.2.79), (5.2.80), Proposition 5.2.8, Proposition 5.2.9 and

(5.2.85) into account, we get

Lop(1=m, p,) =p*m D> Z (1) ko ) ().

w k1,k2,ks

where g is over 1 and k, and (kq, ko, k3) runs over all triples of integers with kq, ko >
0, k3 > 1, and k1 + ks + k3 = 2m + 1. By Lemma 5.2.22 and Lemma 5.2.23, we see

that 2 g, k) (1) = 0 for ky > 0,k3 > 1 with ks + ks = 2m + 1. Hence, we have

"
(5.2.86) Ly P( :pr (=) Z Z kl sz%)(ﬂ)a

Hok1,ko,ks

where p is over 1 and k, and (ky, ks, k3) runs over all triples of integers with ky >
0, k1, k3 > 1, and ki + kg + k3 = 2m + 1. Noting that P.(—z) = (=1)*Py(z) for any
x € R, k > 0, we easily see that, for any triple (ki, ks, k3) with ko > 0, ki, k3 > 1,

and ki + ko + k3 = 2m + 1,

(5.2.87) ey oo k) (1) = =D 1oy Jog o) (1)

Suppose p = 1(4). Then —1 is a quadratic residue mod p, say, d* = —1(p). Hence,
'ﬂ(kl,kmks)(_u) = ”Q{(k1,k2,k3)(d2p“) = ”Q{(k1,k2,k3)(u)7 which implies that 'd(kl,/@,ks) (:u) = 0.
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Thus the first assertion of (iii) follows. Moreover, replacing («, ) by (da, d7) in the
sum S, we get S, (ki, ko, kz) = (—1)k1+ketks S (k) ko kg). If ky+ko+ks = 2m—+1, then
Sp(k1, ko, k3) = 0, and as Bo,,—1,4 = 0, we obtain the expression (i) for Ly(1—m, 5 ,)
in the case of p = 1(4).

Suppose p = 3(4). Then we may take —1 as k. By (5.2.86), together with (5.2.87)

and the property ¥ (—1) = —1, we get

Lop(1—m,p,) = 2p*m Y Z” 1y e k) (1),
k1 ka2, ks
where (ki, ks, k3) runs over all triples of integers with ko > 0, ky, k3 > 1, and k; +
ko + ks = 2m + 1. Thus we obtain the expression (i) for Lo(1 — m, g ) in the case
of p = 3(4).

If a triple (K1, ko, k3) satisfies either of the conditions (i), (ii) in Proposition 5.2.10,
then Ak, ky k), and consequently, 7y, k, k) (1), is a rational number. Therefore, the
assertion (ii) follows from (i).

It remains to prove the second assertion of (iii). Suppose p = 3(4). By assertion

(i) and Proposition 5.2.12, we get

L pl0,s5) = ~£5,(1,0,2) = 5,(1,1,1) = 5,(2,0,1) + >4 B,
where
5p(1,0,2) = Z() Pi((a® = 2a) /p) Po((v* — *) /p),
Sp(1,1,1) = i;) Pi((o” = 2a) /p) Pi(a/p) Pi((v* = @®) /p),
5p(2,0,1) = i(:) Py((a® = 2a7)/p)Pi((v* — @) /p).

Replacing (o, ) by (—a, ) in the first two sums and by (« ++,~) in the third sum,
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noting that P.(—x) = (—=1)*P.(z), we get

Sp(1,0,2) = Y Pi((a® +207)/p)Pa((* = a®) [p) = Iy

a,y(p)
Sp(L1,1) = = Y Pi((® +2a7) /p) Pi(a/p) Pi((7* = &®) /p) = —Qp,
a,y(p)
Sp(2,0,1) = Y Pa((0® = 7*)/p) Pi((—a® — 2a7) /p) = —hy.
ay(p)
Thus the second assertion of (iii) follows. O

Now we study the singular part Lo s(s, ¢¥m,).

Proposition 5.2.25. Letm € N and let i1 be an integer prime to p. The functions
Cs(s;Chas, L(p)), Cs(s;C5s, L(p)) (j = 1,2) are holomorphic at s = 1 —m, and the

special values at s =1 —m are given by

(i)  Cs(1 —m;Chas, L(p))
_ 2D N (= m (61,6)) — K (1 —m; (61, 6))},

EEEH,,
(i1)  Cs(1—m;Cys, L))
_ (m—1) Z {J5(1 = m; (&,&)) — miK;(1 —m; (&,&))}
se=fy)
(] = 172)

Proof. Proposition 5.2.19, Lemma 5.2.22, and Proposition 5.2.20, show that

Z J(1—m; (&, &) = Z Ji(1—=m;(&,&)) = (1=12).

£€_Hp Ee:[(j;’)

Thus we immediately see from (5.2.79) and the expansions (5.2.60), (5.2.61) that
Cs(s;Crag, L)), Cs(s;Chs, L(p)) (7 = 1,2) are holomorphic at s = 1 — m, and that
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the special values at s = 1 — m are expressed as in the proposition. O]
It follows from Proposition 5.2.25 and (5.2.80) that Lo (s, %¥n,) is holomorphic
at s =1—m(m € N).

Proposition 5.2.26. Let m € N. Set (n,m2) = (((x — 2u)/p), (u/p)). Then,

Zw )Cs(1 —m; Chas, L)) = iC’(m)pQ(mfl)

Z Z{J’ (1 —=m; (n1,m2)) — miK (1 —m; (n1,m2))},
x(p) u(p)
zZ0(p)

Z?/J )¢s(1 —m; Cug, L(p)) = iC (m)p*™ Y

< 7 @) {0 —m; (o/p)) — wif(1— ms {x/p))},
z(p)
z£0(p)

(112) Z Y(p)Cs(1 —m; Cog, L)) = Z’C(m)p2(m*1)

x> @)1= m; (27 a/p)) — wik;(1—m; (272 /p))},

z(p)
x70(p)

where p runs over 1 and K (k being a non-quadratic residue mod p).

Proof. Let §a7u(j = 1,2,3) be the j-component of =y, (see (5.2.7)). We set
pa? = x, pay = u. If (o, 7y) runs over all elements of .# (p) with « # 0(p), and p is
over 1 and k, then, (z,u) = (ua?, pary) just doubly covers all elements of .Z (p) with

x Z 0(p). If a = 0(p), then, fawﬁ = faﬂw = 1, and all of the sums over p would
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Z¢ )¢s(1 —m; Chag, Lp)) = iC(m)p*m—Y

168

XY () > AT (= mi (€, 6) — miK (1 —m; (&,%))},
Iz EEEH
= iC(m)p*m=1
S0 Y T s (€ €8,0) — miE (L= s (€, €800},
K (a,y) € (p)

= iC’(m)p2(m_1)

X Z Z{J, L —m;(n,ne)) — miK (1 —

z(p) u(p)

which proves the assertion (i). Similarly, we get

Z@/’ )Cs(1 — m; Cig, Lp)) = iC(m)p*™ =Y

m; ((m,m2)))}

x Y () Y (1 —mi&) —miK(1—m; &)},

cezly :’)

= iC(m)p*m=Y

X%Zw) ST —mied) ) — wiK (1 —ms D) )},

(a,y)€A (p)
av =0(p)

= iC(m)p*m=Y

x > (@) Y {1 = mim) = miK (1 —m;m)},

z(p) u(p)
z#£0(p) u=0(p)
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from which the assertion (ii) follows, and

Z w(N)CS(l — m; 023, L(M)) = @'C(m)pQ(m—l)

X Zl/)(/i) Z {7 (1 =m; &) —miK (1 —m; &)},

cesiry)

= iC’(m)pQ(m’l)

1 .

x5 ) D O —mgd) ) - mik (1= migl )},
Iz (ayy)e (p)
a?=2a(p)

= iC’(m)p2(m’1)

X Z () Z {J'(1 = m;ng) — milK (1 —m;na},
z(p)

u(p)
zZ0(p) u=2"tz(p)
from which the assertion (iii) follows. O

The following lemma plays a key role in evaluating the special values of La (s, V)
at s =1—m(m €N).

Lemma 5.2.27. Let m € N, j € Z with j > 0, and x be any integer prime to p.
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Then,

(@) Dot 1= ((x—2u)/p))¢™ (261 — (u/p))

u(p)
241
_ L ae® (201 ZEY a2 (e® (901 - E
= Z Vi (@) 575 + Ve (@) ; 5
om0 P p
with

§
(_1)1@(23‘;1) Bojt1-k if x is odd,

1 _ ) \ k J |
’Yk,j(l’) = 0,005,081 + (2] + 1)p2—+

KBg]~+1_k(1/2) if  is even,
(
(_1)k(2j+1) B2j+1—k<1/2> if z is Odd,

2 _ ) ~ Nk
Vk,j(l‘) = 0r,00j0B81 + (2] + 1)p2—+

\ngﬂfk if x is even,
(0<k<2j+1).

(i) /I( )10?; t-y ot 1= ((x —2u)/p))d*™ (2651 — (u/p))dt

u(p)

_ 2m2+1 (—;)k <%1,m($>Bk (2% + %) + Ve () Bi (2%)) .

k=1

(i7i) For0<j<m—1, we have

/F 2N 611 — (2 — 2u) /p)) 6 (261 — (u/p))dt

u(p)
, QJZ-I-I (_1)k(k+2mk—2j—l)k! 22m—2j—1
- em ar (k + 2m — 2)!

x 1 T
X {’Y/i,j(ZU)Bk+2m—2j (% + 5) + ’YIz,j(x)Bka—zj (2_p> } .

Proof. We may take = so that 1 < x < p — 1. Noting the obvious identity

o(t;1—a)=¢(2t;1/2 —a/2) + ¢ (2t;1 —a/2),



171

we get, with the help of Lemma 5.2.13,

D 6t 1 — (& —2u)/p))6™ (2t 1 — (u/p))

u(p)
2 o2t (3—(u/p) =5 ((z—2u)/p))
- Z Z Ak2i(1 = (u/p)) 2 2
k=0 u(p) (e* —1)
2j 2t(2—(u/p)— 3 ((w—2u) /p))
e 2
+ Z Z Ari2i(1 = (u/p)) (e2F — 1)k+2
k=0 u(p)
2j 1 [z/2]—1 \
at(3-z
- ZW{ > Mwai(1—ufp)e i)
k=0 u=1
[(z+p)/2]-1 ) p o
+ Z )\k,Qj(l — U/p)€2t(17%) + Z )\k,2j(1 — u/p)e2t(22p)}
u=[z/2] u=[(z+p)/2]
2j 1 [x/2]-1
2(2— &
> (2 —1)k+2 > Myl —u/p) )
k=0 u=1
[(z+p)/2]-1 . . p )
+ Z Aky2i (1 — U/p)GQt(T@) + Z Akj(1— U/p)ezt(l%)}
u=[z/2] u=[(e+p)/2]

1
Z Ak2j (1 = u/p)Press (275; 5~ 2%)

u=1

2j { [(z+p)/2]-1

p

+ Z Ak2j (1 —u/p)dria (275; % - 2%) }

u=[(z+p)/2]

2j ( [2/2]-1 .
+ Z{ D Mol —u/p)dri (215; 1 - 2_p>
u=1

k=0

+ Z Ak2i (1 — u/p)dria (215; 1I- %) }

u=[xz/2]

Then, repeatedly using the formula

Pr1(2t;0) = —(1/(2k)) (2t; ) + ((a — k) /K)o (2t;0) (K = 1),
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we obtain the expression
Dot 1 = (@ = 2u)/p))6* (261 — (u/p))
u(p)
2j+1
N (a e® (oL TN e ve® (o -
- Z Vk,](x)(ﬁ ) 92 92 + ,)/k,j(I)Qﬁ ) 9 )
k=0 p p

where v, (), () (0 < k < 2j 4 1) are certain rational numbers depending on .

(5.2.88)

Recalling the Laurent expansion (5.2.44) of ¢¥)(¢; a), we shall compare the coefficients

in the Laurent expansions at ¢ = 0 of both sides of (5.2.88). For |t|< 7, we have

o(t; 1 — ((z — 2u) /p)) o™ (2t;1 — (u/p))

2] ‘2 25— 12 x_2u)/p>) .tn—2j—2

L1
2j + 1

+ i{ (24)! 2777 Bryajya(l = (& — 2u)/p)) -

(r 425 +2)! (r+1)!

{2‘2j—1sz+1(1 —((z = 2u)/p)) + Bajri(1 — <U/p>)}t_l

r=0
r+1 (r+1) or+l1—k

% ; r +k2j o5 Bel— (@ —20)/p) Briajroi(l - <U/p>)}tr-
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By (5.2.82) and Proposition 3.2.1, it follows that

D ot 1 — (& —2u)/p))o™ (2t 1 = (u/p))

u(p)

R -

n=0
¥+ 1)Byj 1
7+ Dy

i i (2))! 2777 B, 491
— (7" + 2] + 2)!pr+2j+1

(—1)T+12TBl X T (—1>r+1315j0 T
- . P — 4 — -t . P —
T2y T\ M) T ) A\ p

r+1 71 r+l1—k (r+1\or+1—k
(=D = (D)2 r

’ r+2j+2— 27 7_70 tr;
+(T+1)!kzg 2 +2—k Phr+2j+2-k pp

(5.2.89)

where ¢, s(h, k; x,y) denotes the Carlitz Phi function given by (3.1.14). Similarly, for

|t|< 7, we have

27+1 1 T T
1 (k) .o 2 (k) 1
; (vk,jcv)cb (%, . 2p) + i (2)¢ (2t, 1 2p)>
=) (—1)PTT(2j 4+ 1= )12
n=0

(5.2.90) X (Vaje1-n () + Vajp1 0 (@) "7
o (24! (—1)r+ht
* Tz; ; rli(r+k+1)

T 1 T
X (ﬁ,j(I)PrJrkH (Q_p + 5) + % (@) Py (2_p)) 27’}157".
2

Suppose ;. ;(x), 74 ;() are given as in the assertion (i). We will show that all of the
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coefficients in the Laurent expansions (5.2.89), (5.2.90) are the same; that is,

(1) (_1)2j+1_n(2j +1—n)! n—2 (721j+1—n,j (z) + 7§j+1—n,j (x))
B,

n!pn—1

= (25127 %! (0 <n <2j),

1 (27271 4 1) By 1y
) = (v, 2 (1)) = -
(IT) 5 (7073 (x) + Y0, (x)) (2] + 1)p¥ ’
- 2j+1 (_1)7’+k+1 (’Y;i,j(x)PrJr’fH (2% + %) + %3,]- () Prika (2%)) or
(I1I) kZ:O rl(r+k+1)
)Y By

(r+2j + 2)lprt2itl
(—1)r+12TBl i i (—1)T+IB1(SJ'0 X

. Pr . — — A Pr —

Ty v\ T2 T ) A\ p
r+1 r — T r —

(r+1)! f~  r+2j+2-k

+

T
’ ¢k,r+2j+27k (2,29; E, 0)

(r=0,1,2,---).

(I) follows immediately from the fact that B,(0)+ B,(1/2) = B, /2"V (0 < n < 2j),

and (II) is obvious. We observe that the left side of (III) is equal to

(—1)T+12TB1 X T (—1)”1315]0 i
~ 2 2 P =4 A EANY = S (e
rlr+2j+1) " 2p - 2 * (r+1)! HA\p

(_1)T2r 2j+1 (_1)2j+17k (2j;1)p2j+17k

+p2jr!(2j+1) — r+2j+2—k

T
“ Qhrt2j4+2—k (]%2;0, 2_7) .

Thus, (IIT) reduces to

T
’ r+2j+2— 27 ;_70
r+1 or r+2j+2—k qj’“”ﬁ“( Py )

(r + 25+ 2) {Qj +1 § (—1)r+1-k (rzl)yﬂ_k

k=0

2j+1 2j+1—k (25+1\, 2j+1—k

r+1 —1)% j .

+—; Z = ( : )p *Qhri2j12—k (p,Q;O, _)
pH r+2j+2—k »

Br+2j+2
S -0z
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Applying Proposition 3.2.28 to both of the sums above, we get

r—+1 .
r+25+2\ . _ T
> ( I )21 "krroj ok (2,]?; . 0)

k=0

2j+1 ,
r+25+2\ _ x
+ Z ( I >p1 "Vkrroj ok (p, 2;0, ;9)

k=0

Br+2j+2
= =012

where v, s(h, k;x,y) denotes the Carlitz Psi function given by (3.1.14). Applying

Proposition 3.2.29 to the first sum, we get

r+2j+2 .
ZJ r+2j+2 1k ' 2.0. %) = By iajto
k p kr+2j+2—k | Py 45U, D - (2p)T+2j+1

k=0

(7’:0,1,2,"'),

which follows immediately from Proposition 3.2.30, and hence establishes (III). The
proof of the assertion (i) is now complete.

Similarly as in (5.2.76), we have

(=1)*By (a)

? (keN,ag?7).

/ log t- o™ (2t:1 — a) dt = —mi
Ic(00)

This together with (i), noting that +j,,(z) = 7§,,(z) = 0 for m € N, completes the

proof of the assertion (ii).
From (5.2.44), the coefficient of the term ¢*™~9)~1(0 < j < m — 1) in the Laurent
expansion at t = 0 of ¢®)(2t;1 — a) for t < |r|, is

()R (" TR 22 By g 95(a)

(k +2m — 2j)!

(k>0,a€R).

Thus the assertion (iii) readily follows from (i). O
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Proposition 5.2.28. Let m € N. Then,

2m+<§;(>71)m > () / log - ¢(t; 1 — (@ — 2u) /p))o*™ (2t 1 — (u/p))dt

z(p) Ie(o0) u(p)
x#0(p)
_2rmERp( {By, — Bi(1/2)}22m % 4)(2) + By(1/2)
— Z : BZm+1—k (L)
PP 1 (2m+1—k)k! (2m+ 1 — k)!22m—k ’
where € is taken sufficiently small.
Proof. By Lemma 5.2.27 and Proposition 3.2.24, we get
p—1
Soute) [ togt Y o(t1 - (o - 20)/p)o 261~ (u/p)i
z=1 Te(eo) u(p)
2m+1 ;
N (=)
Sy =
=/
. x 1 > |
1 = 4= () 24z
{w )35 (55 5) ¥ #0035 (5 5) v
a:xidd a:xe;en
p—1 p—1 T
20 Y By () vl) +92,0 3 5 (£ wm}
=1 =1
z odd T even

(1) = () 2D 1 B”}

pi-1

ol 2m+1 { Bomi1-5 — Bami1-5 (1/2)) 2779(2) + Bamy1—5 (1/2)} By

X Z 211

Thus the assertion of Proposition 5.2.28 immediately follows. m
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Proposition 5.2.29. Let m € N. Then,

. T2 (2m— 25 — 1)12%(—1)
S0 Vi (N

< 3 w(a) / 2O S (151 — {(a - 20)/p)d™) (2651 — (u/p))dt

z() u(p)
zZ0(p)
2541
S Z ) fj {Bi = Bu(1/2)}22"*0(2) + Bu(1/2)
p2m—1 {(m (2m+ 1 — k)kl (2j + 1 — k)l 22m—F 2mt1—k,¢
27r2
~om(ml)2p2m1 Bamy,

where € is taken sufficiently small.
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Proof. By Lemma 5.2.27 and Proposition 3.2.24, we get

p—1
S wte) [ £ ST o(t1 (o - 2)/p)o 2651~ (ufp))d
r=1 ¢ u(p)
2j+1 k (k4+2m—2j—1 2m—2j—1
—1 k!'2 J
= 211 Z ( ) ( k ) nY
po (k +2m — 2j)!
) p—1 T 1 1
X yk’j(l) Zl Bk+2m—2j 2_p + 5 +’Yk] Z Biyom- 2j _p § ¢(x)
xx;dd meven
p—1 x
+7]3,j(1) Z Bitom—2j <2—p) +%ga Z Biyam—2; ( p) ¢(x)}
wﬁjdld weven
241 S i
o §R O e
e (k + 2m — 2j)!
2p—1 T 2p—-1 T
8 {wz,ju) > Buiancss (55) 900 24,0 X Broanss (5 wm}
xxt;elzn :L‘mjdld
2j+1 m—2j— m—2j—
R e g
= (k + 2m — 2j)!

0
! ! V(2) Bryom—2jp | 1 B om—2j4
X {(716,1'(1) - Vlw'(o)) pht2m—2j-1 + ka,j(O)W

_ 2mi 22“ ({(Be — Bi (1/2)) 22" 4p(2) + By (1/2)} Bom1-k0
(2 et & 2m 41— k)(2m — 25 — 1) 2%+1-k
27?'2'31(5]‘70
(2m)! p2m—1

Bom -

Thus the assertion of Proposition 5.2.29 immediately follows. O]
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Proposition 5.2.30. Let m € N. Then,

Z¢ )Cs(1 — m; Chag, L(p)) = Z’C(m)pQ(m—l)

y 22m+2ﬂ_2 m (_1)]
P 2 =P

3 " {Br — Br(1/2)}2°™ M (2) + By(1/2)
(2m + 1 — k)k! (2] + 1 — k)l 22m—k

X : BZm+17k,¢

k=0

+ 27T Zw Z c%n,m : ¢2m+1fn,n (2717; %7 O) }

z(p) n=1
iC'(m) 4 21% M (2m—1,0)
- 5 BQmﬂ,/)
2p m(m!) (2m)!
_iC(m) =272 M (0 2m—1) + 27 N o.2m—1)
2p (2m)!

i

where  1s over 1 and k, and

%(2m—n,n—1) - </V(2m—n,n—1)
(2m+1—n)!n! '

(5.2.91) B = (—1)" -

Proof. By assertion (i) of Proposition 5.2.26, Proposition 5.2.19, Proposition

5.2.21, Proposition 5.2.28, Proposition 5.2.29, and Lemma 5.2.22, it remains to show

that
20 Z V' B 3 0(@) Y Buniroal{(e — 20)/5) Bl (u/p)
o o
2m
(5-2.92) = 272 Z () Z Brm * Pom+1-nn (2717; %7 0)
z(p) n=1
+ 27T2Bl(1) {_f;;;n—j_ %2m7m¢(2>} : BZmﬂlJ?

where we note that A{2,,—1,0) = 0 (m € N) by virtue of v;(u) = 0. Taking Proposition
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3.2.1 into account, we get

2r? Z )" B ¥, (@)Y Bamsr-n({(x — 2u)/p)) Ba((u/p))
(p) u(p)

z#0(p)
2m
=21° ) (2) Y (=1)"Bum Y Pomsral(z = 2u)/p) P(u/p)
(p) n=1 u(p)
2—1
+ 27T Zw { 1)=%1,mp2m <£) + <%Zm,mp%n ( x) }
) p p
z(p
:27TQZ¢ Z%nm ¢2m+1 nn<2 p;— >O>
z(p) n=1
212 By (1) { =B 1 + Borymt)(2
L2 (DA ;;n,j 2mm¥(2)}  Boms.
p
Thus (5.2.92) is established, and consequently, completes the proof. O
Proposition 5.2.31. Let m € N. Then,
ZC (m) 47r2 27T M (2m—1,0)
@C (m) | 22m+1x2 m (—1)
w CS 1 —m; C ) . .
Z v ( —J)HA(2))!
—272 A (0,2m—1) + 272 Mo,2m—1)
(2)B
(Qm) 77D 2m,»y

where p is over 1 and k.
Proof. By Proposition 5.2.26, Proposition 5.2.20, and Proposition 5.2.21, both

assertions follow from Proposition 3.2.1. m
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Proposition 5.2.32. Let m € N. Then,

LQ,S(]- —m, 77Z)H,p) =

(2m — 1)! & )J‘
22m ) {Qm +1 Z < {(m 1225 + 1)! }Bzm““/’

Jj=

(2m — 1)! 1 (~1)
L Z(2m+1—2k)2klz{ THNR2) 1 2k)!
o 1Box = Bok(1/2)312°"M(2) + By (1/2)

22m 2k . BQm—‘,—l—Qk,w
2m — 1)1 p2(m=1) 2 x
+ ( 227))1_’_1 Ziﬁ(l') Z %n,m : ¢2m+1fn,n 2,]9; ]_97 0 3
z(p) n=1

where By,m s given by (5.2.91) and ¢, s(h, k;x,y) is given by (3.1.14).
Proof. By (5.2.80), Proposition 5.2.30, and Proposition 5.2.31, we have

Los(1—m,Yuy) =

(2m —1)! _
P jgo {(m
2j+§j7m {By, — Bp(1/2)}22m % (2) + B(1/2)
(2m + 1 — k)k! (2] + 1 — k)l 22mF

2m — 1)! p2(m=1) o x
-+ ( 2231—}—1 Z 1/)(1’) Z f%n,m : ¢2m+1—n,n 27p; ];7 0

X

“ Bomt1—k.y

n=1
(2m -1 & '
+ 9 — w(2)32m,'¢)-
m ;0 {(m '}2 2j)!
As Byji1 = Byj11(1/2) = 0(j € N), the assertion of the proposition follows. O

In fact, much more can be said. We first prove a proposition, then a lemma.
Proposition 5.2.33. Let m € N. Let ¢, s(h,k;z,y), ¥rs(h,k;x,y) denote the

Carlitz Phi and Psi functions given by (3.1.14), respectively. Let %, be the numbers
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giwen in (5.2.91). Set

1
(5.2.93) G =

Then, we have

2m
x
E :77/)(:E) E '%n,m : ¢2m+1—n,n (27]7? ]_)7 0)
z(p)

n=1
2m
1 (=)™ 2m + 1 —n)Gpm
- 2m—1 Z ) ( n ) 7 B2m+1,w
p — (n+1)2
+ aal Xm: i (—1)"+1 (n;l_cl) (Zm +1- n)(gn,m
Al Wl (n+1)2"
{Box = Bax(1/2)}2°"29(2) + Bai(1/2)
X o2m—ok " DP2m41-2k4
2m
1 B, {nCpm —22m+2 —n)Cp_1.m}
n=2

Proof. By Proposition 3.2.33, we have

2m 2m

X X
E '%n,m . ¢2m+1—n,n (27297 ) 0) = E %n,m : ¢2m+1—n,n <2apa — O) 5
n=1 p n=1 p

where the numbers %, ,, are given by (5.2.93). Applying Proposition 3.2.31, Propo-



sition 3.2.32, and Propositon 3.2.1, we get

2m
x
§ :77/)(1‘) E ‘%n,m : ¢2m+1—n,n (2719? 2_97 0)
z(p)

n=1
1 {§(2m+1—n)22m—n<5 ”i e(n+1
- oS4
2m—1
P ~ n+1 par k
{Br — Bi(1/2)}2°™ *p(2) + Bi(1/2)
X S2m—F * Bomt1-k,p
2m
H D (=DM Em A+ 1= )2 G, 4 | (2) Bamy
n=1
2m
B, {nC,m —22m +2 —n)Cp_1.m
+; { ( " JOn-1m} 'B2m+1—n7w}-

As Byji1 = Byj11(1/2) = 0(j € N), the assertion of the proposition follows.
Lemma 5.2.34. Let %, (1 <n < 2m) be given by (5.2.93). Then,

2 2-2
Conm = mrsmen Com-1m (1 <n<m).
n

Proof. By the definition of €, ,,, we must show

2n—1 .
1 2 1-— .
(5.2.94) Bopm = —— j( me ‘7)22"‘3 - Bim  (L<n<m).
=1

2n—j

We first show

(5.2.95)
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By (5.2

.48) and Proposition 3.2.27, we get
2n—1
1 - (2n .
S D] o [FRAnE
n = J
g m—1\[(j—1
= 1)1 N - 1 2n—1-2k(__ \k
) i | G R e
K2n 2n—1 .
(2n—1\ (5 —1
:Z(l_i_u)anlka(_u)k Z (_1)] 1( : )( )
k=0 j=2k-+1 j—1 2k
< 2n——1>
_ Z (1 + U)Qn—l—%(_u)k
> ("
= pan(u).
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Similar reasoning can be applied to vy, (u), thus establishing (5.2.95). From (5.2.95),

it follows that

(

\

14 u)2m2ry, (u 12 om =\ (L4 w2 (u
1% - = Z(_1>]j o
(2m +1—2n)! (2n)! 2n 2n —j 2m+1—= )j!"’

)!
(1 +u)2m—2ny2n U) -
(2m +1—2n)! (2n)! 2n 4

1 %i(_l)j .(zm +1- j) (1 4 u)?™=iy; (u)

m—j ) @m+1—j)lj"

Therefore, from (5.2.74), (5.2.77), we see that

(

\

%(2m72n,2n71) _ _i %Z_l (2m+1— 92n—j (_1)j//{(2mfjvjfl)
(2m +1—2n)!(2n)! 2n 2n —j 2m+1-= )"’

Nom—2n2n-1) _ _i 2&:1 (2m+1—7 92n—j (—1)j«/V(2m—j,j—1)
(2m +1—2n)!(2n)! 2n 2n —j 2m+1—=) "

Jj=1

This implies (5.2.94), and consequently, completes the proof.
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Proposition 5.2.35. Let m € N. Then,

(1) Los(l—m,Yuy) =
(2m —1)!

)J
22mp {Qm—i-lz{ m— )1 }2(25 + 1)!

2m
(=)™ 2m+1—n)Cnm
) B m

2m —1)! & 1 (—1)!
L ;{(2m+1—2k)2k'z{m D225+ 1 — 2k)!

1

. Zm (—1)n+ (";;{1)(2m+1—n)<€n7m}

eyl (n+ 1)2n+1
{B% — Boi(1/2)}22m=%4(2) 4 Boy(1/2) B
P, - Boy1-2k 1)

where G, m is given by (5.2.93).
(it)  Accordingly, Ly s(1 —m,p,) € Q.
(iii) If p=1(4), then Lys(1 —m,p,) =

If p=3(4), then, in particular,

11 1— 3y(2)

Lz,s(O, wH,p) = 77})33,1/; + 2p

By .

Proof. We first prove the assertion (i). From Proposition 5.2.32 and Proposition

5.2.33, it remains to show

2m
(2m — 1)! Z B {n€,m —22m +2 —n)6h—1.m}
22m+1y) n " Bomi1-ny = 0.
n=2

This follows immediately from Lemma 5.2.34 and the fact that Bs,;1 = 0(n € N).
Thus we obtain the expression (i) for Ly g(1—m,¢p,). By (5.2.93), (5.2.91), Lemma
5.2.18, and (5.2.78), we see that 6., € Q (1 < n < 2m). Therefore, the assertion (ii)

follows from (i). If p = 1(4), then By, = 0 for any odd k. Thus the first assertion of
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(iii) follows from (i). By (5.2.74), (5.2.48), and (5.2.75), we have

1 1
Mooy = Moy = — log u - u (1 — u?)du = —4,
2 ™ I.(1)

and by (5.2.77), (5.2.48) (where we see that vi(u) = vo(u) = 0), we have A{ o) =
Aoy = 0. Hence, by (5.2.91), %11 = 2, %1 = —4, and by (5.2.93), €11 = 2,
¢, = 4. Thus the second assertion of (iii) follows from (i). O

We are now in position to prove Theorem 5.2 introduced at the beginning of

Section 5.2.

Proof of Theorem 5.2. This follows immediately from Proposition 5.2.24, Propo-
sition 5.2.35, and (5.2.81). O
We now give a formula for all of the special values of L(s,m,) at non-positive

integer values of s.

Theorem 5.2.36. Let m € N. With the numbers c(ki, k2, ks), Sp(k1, ko, k3), Grm
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given by (5.2.84), (5.2.93), we have

2m — 1) p?m=1)
Ly(1 —m,vy,) = —( 22)mp Z c(kr, ko, k3)Sy(k1, k2, k3)

k1,k2,k3

(2m — 1)! & )J‘
T {Qm—l—lz{ 12(2j + 1)

J

D" 2m+1—n)6m
- Z (n+1)2n+! }B2m+1v¢
(2m —1)! . (=1’
+
3-22mt2p | | 2m — 1;{m g2 (25 — 1)!
2m o q\ntl _
3D (2m+1 n %nm] (- 20=2(2) 1)
n=1

+p(3c(1,1,2m—1)—c(1 om —1,1)6, )}Bgm Lo

(2m —1)! 1 = (—1)7
R Z{(2m+1—2k) Qk'z{m D) 11— 2k

J=

. Z —1)" (YD @m A 1= 1) G }

n=2k—1 (TL+ 1)2n+1
o 1Bk = Boy(1/2)32°7 284 (2) + By (1/2)
22m 2%k : B2m+172k,1/1;

where (ky, ko, k3) runs over all triples of integers with ko > 0, ki, k3 > 1, and

k:1+k2+k‘3:2m+1.

Proof. This follows immediately from Proposition 5.2.24, Proposition 5.2.35, and
(5.2.81). O

While Arakawa[l] gave an explicit formula for the special value of Li(s, ¥ ,) at
s = 0, he only proved the rationality of the other special values of L3(s,1p,) at
negative integer values of s. Therefore, we will give a formula for all of the special
values of L3(s,vpn,) at non-positive integer values of s. The process of finding the
special values of Lj(s,vp,) is similar to that of Ls(s,1m,), so we omit the proof of

the following theorem.
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We put

o? — 2« 200 2
(5.2.96)  Si(kikaks) =Y Py (—7> Py, (—7) Py, (7 ) -
a,y(p) p b b

Theorem 5.2.37. Let m € N. With the numbers c(ky, ky, k3), Sy(k1, k2, k3), Cpm
given by (5.2.84), (5.2.96), (5.2.93), we have

(2m — 1)1 p?m—1)
22m

Z// C(lﬁ, kg, kg)s*(kh k‘g, k‘g)

2ka—1
k1 ka2, ks

(2m — 1)! — —1)7
* 22m—1y) 2m+1z{ —j'}22j+1)

J=

D" 2m+1—n)Cpm
+ Z ) }B2m+1,¢

L;(l - m7¢H7p) = =

TL + 1)2n+1

(2m — 1)! - :
+
3 - 22m+2p 2m—1]z;{ —j'}22j—1)

2m
(=)™ n@2m+1—n)Cm

1,2m — 1,1
+p (30(1> 1,2m —1) + “ szr:n_z )517,3) }Bzml,w,

(2m — 1)! 1 (=1)
T e, ;{(2m+1—2kz) 2k'z{m Y202) + 1= 2k)!

D (U (2m + 1 - n),
2k =2 3 Boj, - Bopy1—
+ Z (n+1)27+ 2k * Boam41-2k,1>

n=2k—1

where (ky, ko, k3) runs over all triples of integers with ko > 0, ki, k3 > 1, and

k:1+k2+k3:2m+1
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5.3 Ibukiyama’s Evaluation of Ls(s, ¢ )

First, we review the definition of Lo(s,vpy,). Let Lo (resp Lj) denote the lattice
formed by 2 x 2 integral symmetric (resp. half-integral symmetric) matrices, and
let Ly, L; . be the subsets consisting of all positive definite matrices of Lo, L3,
respectively. We fix an odd prime integer p. We denote by 1 the Legendre symbol
mod p: ¢¥(a) = (%) For each T' € L3, we define ¢y ,(T") as follows: We put
Yu(T) =0, if det(T)# 0 mod p. When det(T)= 0(p), we have 'gTg = (&) mod p
for some g € SLy(F,) and a € F,, and we put g ,(T") = ¢(a). Then Lo(s, ) is
defined by
Lo(s,¥u,) = Z _ Ynp(T)

TELs +/SLa(Z)
where Ly /SLy(Z) denotes the representatives of S Ly(Z)-equivalence classes in Ly
and (T) = #{g € SLo(Z) | "4Tg = T}.

The following result was proved by Ibukiyama.

Theorem 5.3 [9]. With notation and assumptions being the same as above, we

get

S

Lo(s, ¥up) = —Bp“"g(zs —1).

Before proving this, we first prove a lemma. If T' € Lj ,, then 4det(T) = —dg f*
for some positive integer f and the fundamental discriminant dx of some imaginary
quadratic field K. For any such d = dx f?, we denote by Z(d) the set of primitive

matrices of Ly , with 4det(T) = —d:

a b/2
P(d) = €Ly, : dac—b"=—d, (a,b,c) =1
b/2 ¢
Denote by .7 (d) = £(d)/~ the set of SLy(Z)-equivalence classes in Z(d).
Remark. If T = (b;g ”{f) € 2(d), then vy, (T) = ¥(a) if pta and Py, (T) =
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Y(c) if p | a. Indeed, if p | a, then since rank(7 mod p) = 1, we have p | b and ¢ € F,

and if p 1 a, then we have
0
= = mod p.

This shows that for each equivalence class in .(d), we can choose a representative
T = (b% bé 2) € #(d) such that ¢y ,(T) = 1(a). This will prove useful in the lemma
below.

We state without proof the following Proposition.

Proposition 5.3.1 [2]. Let K be a quadratic number field, and let di denote its
fundamental discriminant. Let x be a primitive Dirichlet character with conductor
|dk|, and let xx be the primitive Dirichlet character with conductor |dk| associated
to the quadratic number field K: xx(n) = (dTK) Let Ok s = Z + fOg denote the

order of K with conductor f. Then,
X =Xk < xX(N()) =1 for any ideal I of Ok s with (N(I),dk) = 1.

Lemma 5.3.2 [9]. With notation and assumptions being the same as above, we

get

(i) I Q(WA) #Q(E(=1)p), then > tuy(T) =0,
)

Tes(d
(i1)  If Q(Vd) = Q(+/4(=1)p) (which can only occur if p = 3(4)), then ¢y (T) =1

for any T € Z(d).

Proof. This can be proved by using the well-known relation between .#(d) and
proper ideal classes of the order Ok ¢ of K with conductor f. We review this shortly.

For any T = (b72 bf) € 2(d), put I(T) = Za + Z(b + +/d)/2. Then, I(T) is the
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proper primitive Ok s ideal and Norm(/(T)) = #(Ok,¢/I(T)) = a. Through this
mapping, we get a bijection .(d) = Cl(Of ), where Cl(Og ) is the class group
of the proper Ok s ideals prime to f. If p { d, then by definition ¢y, = 0 for any
T € .#(d), and the above assertion is trivial. Next we assume that p | d. From the
remark made before Proposition 5.3.1, we see that for each equivalence class in . (d),
we can choose a representative T' € Z(d) such that ¢y ,(T) = ¥(Norm(I(7"))) with
(Norm(I(T)), p) = 1. If Q(+v/d) = Q(1/¥(—1)p), then ¢ = X /sy and it follows
by Proposition 5.3.1 that ¢y ,(T) = 1 for any 7' € .(d). If on the other hand,
Q(Vd) # Q(\/1(—1)p), then ¢ # X (/o0 and it follows again by Proposition
5.3.1 that 1 induces a nontrivial character on Cl(Of ). Since Cl(Og ) is a group,
we get the assertion (i). O

Proof of Theorem 5.3. First, it is obvious that ¢y ,(e1) = ¥(e)u,(T) for any
integer e prime to p and any T' € L5 . Moreover, we see that e(eT’) = ¢(T) for any
T e Lj . Noting that Ly = {T" € L3, | 4det(T") = 0(2)}, we can reduce Ly (s, Vm,,)

to a sum over primitive matrices of L3 _ :

pr(T)
L = (T)(det(T))*
2 (5, V1n) TGL;%;W (T)(det(T))"

4 det(T)— (2)

:Z 625 Z Z prd/gl

leeY

d even

= 2% L(2s, 1) Z Z ‘DHP

d=1 Tes(—
d even

Since €(T') has a common value for all elements in Z?(—d), we denote this by €(—d).

Applying Lemma 5.3.2, we see that only the part for T with 4det(T) = d = pf>
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(f € N) remains alive. Hence, we get

2% — L (=pf)
L = —L 2
2(8, Ymp) s, ) fZ: e pf2 f2s”
By virtue of the relation between . (dg f?) and proper ideal classes of the order O ;
of K with conductor f, |.#(—pf?)| is the class number h(—pf?) = #Cl(Ok ;) of the
order O y of the imaginary quadratic number field K = Q(y/—p). If p = 3(4) and

K = Q(y/=p), it is well known that the class number h(—pf?) of O s is given by

ooty DI (18,

[Ok: OIX{,f] pr q

q prime

where Og denotes the maximal order of K. Since ¢(T) = #(Ox ;) for T € 2(—pf?),
and By = —2h(—p)/#(0F), we have

2271 — 1 ¥(q
L2(87 wH,p) = _—SWL<287 ¢) Z stfl (1 - (_)
p =1 alf 4
f even q prime
2%-1B = 1
- D 171/)[’(23’@&) Z f2s—1 (1+ )
=1 alf
f even q prime
225 lBl W
= ————L(2s¢) Z f25 1 Z
m\f
f even
Letting f = 2mn in the sum above, we get
La(s,¢myp) = —BWL(QS V) i ;@b(m) (m)
2 )} H,p ps ? ) n2871m25 M
B
— ];wL(Qs,w)C(Zs -1 II (1 — %)
q prime
B
= (25 — 1),
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We give two corollaries to Theorem 5.3.

Corollary 5.3.3. Let m € N. Then,

pm_lemb

L2(1 _mawH,p) = om

In particular, we get Ly(0, v ,) = %Bl,w.
Proof. This follows immediately from the fact that (1 — 2m) = —22= (m € N).

2m

O
Corollary 5.3.4. Ly(s,¥u,) is absolutely convergent for Re(s)> % and can be
continued analytically to a meromorphic function in the whole complex plane which

is holomorphic everywhere except at s = 1, where La(s,vu,) has a simple pole with

By .y

residue — 5
p

Proof. This follows immediately from the properties of the Riemann zeta function
and the fact that lim,_;(s — 1)((s) = 1. O

Since the evaluation of L3(s, vy ,) is similar to that of Lo(s,m,), we omit the
proof of the following theorem.

Theorem 5.3.5 [9]. With notation and assumptions being the same as above, we
get

B 225—133171/)(

Li(s, Yuyp) = (2s —1).

We give two corollaries to Theorem 5.3.5.

Corollary 5.3.6 [9]. Let m € N. Then,

m—1
« p BZmBl,
L2(1_ma¢H,p) = 22m . w

Proof. This follows immediately from the fact that (1 — 2m) = —22m (m € N).

2m

]
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Corollary 5.3.7 [1]. L3(s,vn,) is absolutely convergent for Re(s)> 3 and can
be continued analytically to a meromorphic function in the whole complex plane which

is holomorphic everywhere except at s = 1, where L3(s,vu,) has a simple pole with

. B
residue — ;‘” )

Proof. This follows immediately from the properties of the Riemann zeta function

and the fact that lim, (s — 1){(s) = 1. O
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5.4 Proof of Theorem 5 and its Corollaries

We shall now prove Theorem 5 introduced at the beginning of Chapter 5. We fix an
odd prime p. We denote by 1 the Legendre symbol mod p: ¢(a) = <%>
Proof of Theorem 5 (The Dual Lee-Weintraub Identity). By Theorem

5.1, Theorem 5.2, and Theorem 5.3, we get

1 3 3 9 — 3¥(2) — 2pd
Iy =Vo(=Dp| =6p | Qp+ =hy | = B3y — Bay — W) = 2p p’3Bl,¢
6 4 4 4
1 3 3p—14
=V(=1)p <—6p Ly(0,¢mp) + éBs,w - Z_LBM + p2 Bl,w)
1 3
= (=1)p gD — Bt (p—2)Biy |-

O
As an immediate corollary to Theorem 5, we prove the following conjecture of
Ibukiyama (see Example 8.19 and Remark 8.20 in [2]).
Corollary 5.4.1 We put T = {(a,b,c) € Z3 | 1 < a,b,c < p—1, ab+ bc+ ca =
O(p)} and
A, = Z abc ) (abe).

(a,b,c)eT
Then, we get
2 3 2
p 3p prp+1
Ap=—"FBsy ——Bay + %Blw-

Proof. Observe that this is the same A, given by (5.1.3). By (5.1.4) and Theorem

5, we get

2 1 3(p—1
A, = P ( 7 I, — @T)(Bgﬂﬁ + QBLw))

P(=1) (=1)p
2 3 2
p 3p p*(p+1)
= —EBB,w - Bsy 5 By
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We put

S={(a,b,c)€Z*|1<a,b,c<p—1,4ab— (c—a—b)*=0(p)},

T ={(a,b,c) €Z*|1<a,b,c<p—1,ab+bc+ca=0(p)},

and consider the following four character sums

Proposition 5.4.2. With notation and assumptions being the same as above, we

have

w 5 Gy

Proof. All of the assertions are clear in the case of p = 1(4) since everything
vanishes. (The left sides vanish by the usual even/odd argument and the right sides

vanish by replacing (k,t) by (kv/—1,t4/—1)). Thus we assume that p = 3(4). We
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observe the 1-to-1 correspondence between the sets
S={(a,bc)eZ®|1<a,bc<p—1,4ab—(c—a—b)?=0(p)}
and
{(k.kt? k(t+1)*) e (F)°[1<kt<p—1t#p—1}.

Substituting (k, kt?, k(t + 1)?) for (a,b,c) in S,, we get

e S () () (45 o

k,t(p)

Observe that, without the character, the sum on the right would vanish due to the

usual even/odd argument. Hence, adding this vanishing sum to both sides yields
k? k2t K2 (t +1)?
53 (5)n(5)n (557)
ki) P P b

Thus the assertion (i) follows from replacing ¢ by k~'t where k # 0. The asser-
tion (iii) is similarly verified, so the proof is omitted. Next, we observe the 1-to-1

correspondence between the sets
T={(kIlm)eZ|1<klm<p—1,kl+Im+mk=0(p)}

and

{(—kt, k(t+ 1), kt(t+1)) € (F)* |1<kt<p—1t#p—1}.

Substituting (—kt, k(t + 1), kt(t + 1)) for (a,b,c) in T, we get

e (2 () (4:2)

k1(p) p

As before, observe that without the character, the sum on the right would vanish
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due to the usual even/odd argument. Hence, adding this vanishing sum to both sides

yields

e (S (£ (120

k.t(p)

Thus the assertion (ii) follows from replacing ¢ by k't where k& # 0. The assertion
(iv) is similarly verified, so the proof is omittted. O
Recall that the sets S and T are dual to each other since the quadratic forms
in their respective congruence conditions are dual to each other. This implies the
following proposition,
Proposition 5.4.3. Let fi, fo, f3 be periodic functions with period p, and let

fl, fQ, fg be their respective finite Fourier transforms. Then, we have

20 G) s G) s ()

)il: :
)i (2L 3 4 ()4 ()5 (o

a(p) ]_) a,b,c(p)
P’ f5(0) “\ v “\ i
- (o (p)wmwm%fl (%) v }

Proof. Recall the 1-to-1 correspondence between the sets T and {(—kt, k(t +

1), kt(t+1)) € (F)* | 1 < k,t < p—1, t # p—1}. Substituting (—kt, k(t+1), kt(t+1))
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for (a,b,c), we get

Z Q)

(A (4 ()

(5.4.1) _1){1; : (_Tkt) / (k(t; 1)) 5 (kt(tp+ 1)) w(k)
g o)
Let

e () () ()

k.t(p)

Applying the finite Fourier transform to fi, fo, f3 (Proposition 3.1.12), we get

R ) g

kt(p)

_ _3 Z I3 (_) £ (_) 7 <%) Z CRldire( )T ) )

k,t(p)

k; fl(—) <—) ()Zwmﬁ +(L+m—k)t+1).

Let A = (k— 1 —m)* — 4ml. By Proposition 3.2.16, we see that

(s (k). if m = 0(p), 1 = k(p),
ST w(mt? + (1+m— k)t +1) = b tfm =0p), I # ko)
Hp) —1h(m), if m # 0(p), A # 0(p)
((p—D¥(m), ifm#0(p), A=0(p).
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Hence, we get

)
1 ~ (kN 2 (LN 2 [m
(5.42) RN ()2 ()5 (5) v
~ (kN 2~ (LN +» (M
= X s ()R () W’”}'
A=0(p)

Observe that

PCHON
- B

+f1<0>n%fg(%>f3<%) m+ B0 5 () £ () v

Since (m) = ¥ (klm) for any (k,l,m) € S, the assertion of the proposition follows

\/\_/
=
g

from plugging back into (5.4.2) and (5.4.1). O

Thus, the sum of products of f’s taken over T is “roughly” equal to the sum
of products of f ’s taken over S. When f1, fo, f3 are all odd p-periodic functions (and
therefore so are f1, f2, f3 by Proposition 3.1.14), then f1(0) = f2(0) = f3(0) = f1(0) =

fg(O) = fg(O) = 0, and Proposition 5.4.3 reveals that

2 GGG v

S 5 (0)4(()(5)

From the work of Ibukiyamal9], we get

(5.4.3)

Proposition 5.4.4. With notation and assumptions being the same as above, we
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have
1 p—2
— — By, — B
(i) Sp op D = gy D
1 p—2
(it) T, =8n’p*? (6—B3¢+ I Blw)

Proof. The assertion is clear for p = 1(4) since everything vanishes by the usual

even/odd argument. Thus we assume that p = 3(4). We put

D, = Z abc ) (abe).

(a,b,c)esS

From Corollary 1.3 of Ibukiyamal9], we have, for p = 3(4),

2 2
p p°(3p—1)(p —2)
(5.4.4) Dy=—"Bsu+ .

By .

Expressing everything in terms of periodic Bernoulli polynomials, we get
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By the usual even/odd argument, the second and fourth sums vanish, leaving us with

1 1 a b c
—D,=S,+ - P(=)+P(=-)+P |- be).
T p+4(a%65( 1<p>+ l(p) l(p)) e

Recall the 1-to-1 correspondence between the sets S and {(k, kt*, k(t +1)*) € (F))* |

1<k,t<p-—1,t+#p—1}. Substituting (k, kt* k(t + 1)?) for (a,b,c), we get
1 1 k kt? k(t+ 1) ) )
s (1 (5o () (K2 s
Hp

Then by Proposition 3.2.1, we obtain

1 3(p—2
S, =—D, — (p4 )Bw.

Thus the assertion (i) of the proposition follows from (5.4.4). From (5.4.3), when

fi=fo=fa=c, fi=fo=fs= (2mi) P1, we get

pv/=p (2mip)®
4% = —Tsp
Thus the assertion (ii) follows from (i). O
As another corollary to Theorem 5, we have

Corollary 5.4.5. With notation and assumptions being the same as above, we

have
1 p—2
Ty = —— Byy— B
(1) T, op D3 = gy D
1 p—2
(i1) .7, = 8n°p’/? (G_pB?W + ” B, ¢)

Proof. The assertion is clear when p = 1(4) since both sides vanish by the usual
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even/odd argument. Thus we assume that p = 3(4). From Proposition 5.4.2, we have

kt k? + kt 2 4+ kt
TPZZH(?)H( p )Pl( p )

k.t(p)

Observe that the sum on the right-hand side is precisely the sum X, given by (5.1.6).

Therefore, by (5.1.7) and Corollary 5.4.1, we get

1 3 3
T, = EAP + ZBM, — ZBl’w
1 p—2
=——DB3, — By y.
6p ERY 1 13

Thus the assertion (i) is established. From (5.4.3), when f; = fo = fs = Py, fi =

:
=f3=—5c,w
fao=1f3 —c1, we get

_
P (2mip)3
Thus the assertion (ii) follows from (i). O
We now prove the following conjecture that I made several years ago. It was this
conjecture, dubbed “The S = T Conjecture”, that led me down the path of Chapter
D.
The S =T Theorem. With notation and assumptions being the same as above,

we have

Sy =1, and S, = F,.

Proof. This follows immediately from Proposition 4.5.4 and Corollary 4.5.5. [
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5.5 Arakawa Identities

From Theorem 5.2.36 and Corollary 5.3.3, and from Theorem 5.2.37 and Corol-
lary 5.3.6, we see that the special values of Ly(1 — m,¢g,) (m € N) and Li(1 —
m,Yu,) (m € N) give rise to formulas expressing sums of products of periodic
Bernoulli polynomials in terms of generalized Bernoulli numbers. These formulas
are of great importance, interest, and significance, since I strongly believe that they
cannot be easily obtained by using elementary techniques from algebra and num-
ber theory. For this reason, I call these formulas Arakawa Identities. This infinite
sequence of Arakawa Identities is the main theorem of this dissertation.

Theorem 5.5 (Arakawa Identities). We fiz an odd prime p. We denote by ¢

the Legendre symbol mod p: ¥ (a) = (%) Let m € N. We put

a? — 2 o} 2 _o?
Ap(kl,kg,kg) - Z Pkl (T/y) sz (%) Pkg (ry » ) )

a,y(p)
a? — 2 200 2
A* ]{31,]{}2,]{33 Z P]ﬁ (T’y) Pkg ( pf)/) Pks (7 p ) )

T(m) = {(ky, ko, ks) € Z% | kg >0, ki, ks > 1, ky + ko + k3 = 2m + 1}.
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Then, we have

(7) > ek ko ks) Ak, Ky, ks)
(k1,k2,k3)ET(m)

m 1)
2m 1{2771-'-12{ |}2 ]+1)

J=0 @
R >}
+12pim1{[ 1;{ j2j_1)
G LTS n>‘fn,m] (3- 22202~ 1)
n=1

n p(3c(1, 1,2m —1) — e(1,2m — 1, 1)5,,,3) }Bgm_w

22m 1 (—1)
+p2m—1kz{(2m+1—2k)(2k 'Z{ (m— ) }2(25 + 1 —2k)!
1)t ("H) 2m+1—n)C,m
- n%; 1 (n+ D)2nt! }

o 1B — Bor(1/2)}2°7 250 (2) + Bo(1/2)
S2m 2k * Dom41-2k,4

22m

+ —{(—1>m({32m ~ Ban(1/2)}(2) + Ban(1/2) ) (1 = b)

(2m)! p?m—1
- me2m }Bl,wu

where c(ky, ka, k3), €.m are given by (5.2.84), (5.2.93).
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(i) > MA%, ko, k3)

oo
(kl ,kg ,kg)GT(m)

_ 2 S (-1
S opnel) 2m 41 Z {(m — 225+ 1)!

J

(=)™ 2m A+ 1 — n)Com B
Z (n + 1)2n+1 2m+19

J

1 (—1)
+1227%1{277@—12{ IR 1)

)" n@2m+1—n)Cpm

c(l,2m—1,1
+p (3c(1, L,2m —1)+ ( S2m 3 >6p73> }Bgml’w

2 = 1 (1)
+W;{(2m+1—2k) 2k'z{ — )25 + 1 — 2k)!

2m n+1
(=) (U @m+ 1 —n)Em
+ Z (n D)2 Boy, - Bomt1—2k0

+W{<_l>m<l_%> —pm}BQm-Bw,

where c(ky, ka, k3), Cnm are given by (5.2.84), (5.2.93).

\)

Proof. Noting that m%s,,m — 262m-1.m = 0 by Lemma 5.2.34, the assertion (i)
follows immediately from Theorem 5.2.36 and Corollary 5.3.3, and the assertion (ii)
follows immediately from Theorem 5.2.37 and Corollary 5.3.6. O

The only obstruction to explicitly determining Arakawa Identities is determining
the numbers c(ky, ks, k3), €pm given by (5.2.84), (5.2.93). While these numbers may
seem complicated, all of our hard work in Section 5.2 has allowed us to find these
numbers in a rather simple and systematic manner.

Recipe for explicitly determining Arakawa Identities. Let m € N. We first

determine c(ky, ko, k3) for (ki, ko, k3) € T'(m). If ko > 1, then c(ky, ko, k3) is easily
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determined by (5.2.84), (5.2.24), (5.2.26), (5.2.27), and (5.2.28). If ky = 0, then
c(ky,0, k3) is easily determined by (5.2.84), (5.2.34), (5.2.32), Lemma 5.2.11, (5.2.30),
and (5.2.28). The numbers %, ,, (1 < n < 2m) are also easily determined by (5.2.93),
(5.2.91), (5.2.74), (5.2.77), (5.2.48), (5.2.41), (5.2.75), and (5.2.28). O

We give three corollaries corresponding to the Arakawa Identities for m = 1,2, 3,
respectively. We first prepare a lemma.

Lemma 5.5.1. With notation and assumptions being the same as above, we have

Ap(iv O, j) = <_1)i+jAP(j7 07 Z)7

Ap(i,0,7) = (1) A}(5,0,9) (1,5 € N).

Proof. This follows by replacing (a,v) by (a +1,7) in the definitions of A,, Ay
[
Corollary 5.5.2. With notation and assumptions being the same as above, we

get

2 11 dp+1—3(2) — 2
(Z) 4AP(17 17 1> B §AP(17 07 2) = _B3,1/1 + P + 32( ) p5p73
p

18p
- 4 11 op — 1+ 2pd, 3
4A7(1,1,1) — =A%(1,0,2) = —B b
(”) p( » 4 ) 3 p( » Y ) 9p 3t 6p

Bi .

By
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Proof. Computing the Arakawa Identities for m = 1, we obtain

c(1,0,2)A4,(1,0,2) +¢(1,1,1)A,(1,1,1) +¢(2,0,1)A,(2,0, 1)

_1 5) 65171 %2,1 1 (521
_]_3{1_8+T 24}Bw+12p{(2+<@1 2 o) - 1)

+pC<1, 1, 1)(3 — 5p,3) - 4p}B1ﬂ/”

2¢(1,0,2)A%(1,0,2) + e(1,1,1)A%(1,1,1) + 2¢(2,0,1) A%(2,0,1)
215 % -
_2lE  ta Calg
p|18 4 24

1 &
+ Ep{ -2+ — % +pc(1,1,1)(3 4 6,3) — Qp}Bw.

We see from (5.2.84) and Proposition 5.2.12 that ¢(1,0,2) = 2/3, ¢(1,1,1) = 4,
¢(2,0,1) = 4/3, and from the proof of the assertion (iii) in Proposition 5.2.35, that

€11 =2, 621 = 4. Hence, we get

2 4 11 2p+1—3¢(2) — pd,s
-A,(1,0,2) +4A,(1,1,1 -A,(2,0,1) = —Ds, :
3 p( » >+ p( r )+ 3 p( » ) ]_8 + 6p

4 8 11 5p— 1+ 2pd, 3
-A%(1,0,2 4Ar(1,1,1 -A%(2,0,1) = —B P
3 p( Y Y )+ p( ) Y )+3 p( Y ) ) 9p 371/1_‘_ 6p

By .

By Lemma 5.5.1, we have A4,(2,0,1) = —A,(1,0,2) and A}(2,0,1) = —A5(1,0,2).
Thus the assertions of the corollary immediately follow. O]
Corollary 5.5.3. With notation and assumptions being the same as above, we

get

4 8 2 8 8
(1) gAp(l, 2,2) + gAp(l, 3,1)+ §AP(2’ 1,2) + gAp(Q, 2,1)+ §Ap(3, 1,1)

1 (203 1 —124(2) — 8pd, 3 8p + 7 — 15¢(2)
——B “B By | .
<1800 st 36 A 360 Y

2 2 2 4 8
i) ZA%(1,2,2) 4+ ZA%(1,3,1) + ZA%(2,1,2) + —A%(2,2,1) + ~A%(3, 1
(@) 345(1,2,2)+ A (1,3,1) + 2AN(2,1,2) + 2 A45(2,2,1) + g A3, L, 1)
1 (203 —1+2pd, P21

Bs,+ ——23p B
<900 w36 360 MY
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Proof. We first prove the assertion (i). Following the recipe for explicitly deter-
mining Arakawa Identities (where the details are left to the interested reader), we find
that ¢(1,1,3) =0, ¢(1,2,2) = 4/3, ¢(1,3,1) = 8/3, ¢(2,1,2) = 2/3, ¢(2,2,1) = 8/3,
c(3,1,1) = 8/9, ¢(1,0,4) = —4/81, ¢(2,0,3) = —4/81, ¢(3,0,2) = 4/81, ¢(4,0,1) =
4/81, and €12 = 5/12, €22 = 5/3, €32 = 34/9, €42 = 34/9. Hence, we obtain the

following Arakawa Identity for m = 2:

4 8 2 8 8
g An(1,2.2) + 5 A4,(13.1) + SA4,(2,1,2) + 5 4,(2.2,1) + $ 4,(3.1.1)

4 4 4 4
—A,(1,0,4) — —A,(2,0,3) + —A,(3,0,2) + —A,(4,0,1
8]. ( ) 81 ( ) )+ 81 p( A )+ 8]. p( s Yy )
1 /203 1 —124(2) — 8pd, 3 8p* + 7 — 15¢(2)
ey “B By |-
(1800 v ¥ 36 3y T 360 b

By Lemma 5.5.1, we get A,(4,0,1) = —A,(1,0,4) and A,(3,0,2) = —A4,(2,0,3).

Moreover, from Proposition 3.2.34, we see that A4,(1,0,4) = —A,(2,0,3). Thus the

assertion (i) follows. The assertion (ii) is similarly verified, so the proof is omitted.
[

Corollary 5.5.4. With notation and assumptions being the same as above, we

get
() 2 A(1,8,8) + 5 Ap(1,4,2) + S AL(15,1) + = 4,(2.2.3) + 12 4,(2,,2)
+ %4,,(2,4,1) + 1§5A (3,1,3) + 85A (3,2,2) + ggA (3,3,1)
4 %Ap(él, 1,2) + 1—5Ap(4, 2.1) + %Ap(z), 1) - 1;2§5A (1,0,6)
_ %AP(Q, 0,5) — %Ap(g, 0,4)

—32p® + 31 — 63¢(2)
15120 By 0
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8 3
) —— A1 A*(1,4,2 A*(1.5.1 A%(2,2 A*(2.3.2
(47) 35 p(33)+0 A )+50 (5)+5 A 3)+5 +(2,3,2)
+—A( 41)+1—35Ap(313)+ A(322)+EAP(331)
4 > 2 AN 1,2) AN 4,2,1) £ S A5, 1,1) — 2L 4 (1,0,6)
1577 1577 75 182257
152
— 2 A2 05——A*304
6075 p(2,0.5) 3645 ! )
1| 1759 —1 4 2pd,s 7 PP +1
—_ 7 —’B _ B =
{882()0 w400 PV 39400 Y 15120 Y

Proof. Taking into account A,(i,0,7) = —A,(5,0,7), A%(i,0,7) = —A5(4,0,1)
(1 + 7 = 2m + 1) which follows from Lemma 5.5.1, these are precisely the Arakawa
Identities for m = 3. Following the recipe for explicitly determining Arakawa Identi-
ties (where the details are left to the enthusiastic reader), we find that ¢(1,1,5) =0,
c(1,2,4) = 0, c(1,3,3) = 32/135, c(1,4,2) = 4/5, c(1,5,1) = 24/25, ¢(2,1,4) = 0,
c(2,2,3) = 8/45, ¢(2,3,2) = 44/45, ¢(2,4,1) = 8/5, ¢(3,1,3) = 8/135, ¢(3,2,2) =

c(1,0,6) = 32/18225, ¢(2,0,5) = 16/6075, ¢(3,0,4) = 14/3645, c(4,0,3) = 8/729,

) =
) =
8/15, ¢(3,3,1) = 176/135, c(4,1,2) = 2/15, ¢(4,2,1) = 8/15, ¢(5,1,1) = 8/75,
)
¢(5,0,2) =

92/6075, ¢(6,0,1) = 184/18225, and €3 = 11/270, €5 = 11/45,
%373 = 241/270, %473 = 241/135, %573 = 446/225, %6,3 = 892/675 Whence the

Arakawa Identities for m = 3 yield the desired results. m
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