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John Kolassa

The bivariate confidence region of two parameters of interest conditioning on one

nuisance parameter is evaluated to the error of Op(
1
n
) using Laplace’s

approximation. A joint matching prior in the Bayesian framework is developed

using Laplace’s approximation to establish a mathematical equivalence such that

the posterior quartiles coincide with the confidence region defined as in a frequency

approach. Quadratic saddlepoint approximation is developed to evaluate bivariate

conditional and unconditional tail probability to the error of Op(
1
n
) using

saddlepoint approximation. The quadratic saddlepoint approximation is extended

to three dimension to evaluate trivariate unconditional tail probability.

ii



CONTENTS

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

Part I Introduction of Higher Order Methods for Evaluating Tail Probability

and Bivariate Confidence Region 1

Part II Bivariate Confidence Region Using Laplace’s Approximation 4

1. Background on Laplace’s Approximation . . . . . . . . . . . . . . . . . . . 5

2. Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1 Matching Prior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Third Moment of a Truncated Multinormal Distribution . . . . . . . 9

2.3 Differential Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 Bivariate Confidence Region . . . . . . . . . . . . . . . . . . . . . . . 20

3. Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.1 Univariate Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2 Bivariate Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

Part III Quadratic Saddlepoint approximation of Tail Probability 29

4. Background on Saddlepoint Approximation Method . . . . . . . . . . . . . 30

4.1 Concept of Saddlepoint Approximation . . . . . . . . . . . . . . . . . 31



4.2 Existing Approximations . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.3 Proposed Approximation . . . . . . . . . . . . . . . . . . . . . . . . . 34

5. Approximation for the Unconditional Bivariate Tail Probability . . . . . . 39

5.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

5.2 Results and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.3 Comparison to Wang’s Approximation . . . . . . . . . . . . . . . . . 54

6. Approximation for the Conditional Bivariate Tail Probability . . . . . . . . 57

6.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

6.2 Results and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 58

7. Approximation for Trivariate Unconditional Tail Probability . . . . . . . . 61

Part IV Conclusion 82



1

Part I

INTRODUCTION OF HIGHER ORDER METHODS FOR

EVALUATING TAIL PROBABILITY AND BIVARIATE

CONFIDENCE REGION
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Higher-order statistical inference in terms of p-values, defined as the tail prob-

ability of a test statistic, and confidence regions for multi-parameters, are developed

using approximation methods, for cases in which tail probability and confidence region

do not have closed forms. Tail areas considered in the thesis are intersections of half-

spaces. We apply Laplace’s approximation method to evaluate bivariate confidence

region of two parameters of interest with one nuisance parameter as presented in Part

II, and saddlepoint approximation method to evaluate higher oder tail probability as

described in Part III.

Laplace’s method is a mathematical technique to evaluate integrals in the form

of
∫
e
Cf(x

˜
)
dx

˜
with C being a constant. By expanding f(x

˜
) at point x

˜
0 where f(x

˜
)

reaches its global maximum using Taylor’s Theorem, the integral can be approximated

by a Gaussian integral. In Part II, I use Laplace’s approximation method to develop a

prior distribution in the Bayesian framework to establish a mathematical equivalence

such that the posterior quartiles coincide with the confidence limit points defined as

in a frequency approach, i.e., Pr((θ1, θ2) < (h1(S, α), h2(S, α))|(θ1, θ2, θ3)) = α when

(h1(S, α), h2(S, α)) are the joint bivariate quantiles of the posterior distribution at

level of α. A prior distribution that satisfies this mathematical equivalence is called a

matching prior. More details regarding the concepts of matching prior are provided

in Chapter 2.1.

Saddlepoint approximations are derived by inverting the cumulant generat-

ing function KT (ξ
˜
) = log(E[exp(ξ

˜

′
T
˜
)]) giving the probability density in terms of the

cumulant generating function. More details are provided in Chapter 4.1 as a back-

ground introduction of various saddlepoint approximation methods. In Part III, we

develop an approach using saddlepoint approximation to express the higher order tail

probability approximation in the forms of normal density functions and normal dis-

tribution functions, based on a transformation of variables such that the integrand of

the saddlepoint approximation expression can be expressed as a exponential function
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of linear and quadratic terms of the integrated variables.
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Part II

BIVARIATE CONFIDENCE REGION USING LAPLACE’S

APPROXIMATION



1. BACKGROUND ON LAPLACE’S APPROXIMATION

One of the approaches to remove the effect of nuisance parameter is to perform

conditional inference using the adjusted profile likelihood (Kolassa, 2004), this method

and other approaches involved with direct derivation of the conditional probability

density function may be complicated in many circumstances. The approach presented

here involves a matching prior using Bayesian probability inference (Welch and Peers,

1963, and Peers, 1965) to obtain an equivalent conditional probability without direct

derivation of the conditional density. Laplace’s method is used when developing the

matching prior. The research is focused on the problem of two parameters of interest

with one nuisance parameter.

To evaluate an univariate integral in the form of
∫
eCf(x)dx, with C being

constant, one may expand f(x) using Taylor’s Theorem as f(x) = f(x0) + f(x0)
′
(x−

x0) + 1
2
f(x0)

′′
(x − x0)2 + O((x − x0)3), where f(x) has a global maximum at x0

and the second derivative f(x0)
′′
< 0. The first derivative of f(x) vanishes at x0,

and f(x) can be approximated to the quadratic order as f(x) ≈ f(x0) + 1
2
f(x0)

′′
(x−

x0)2. Therefore,
∫
eCf(x)dx can be approximated by eCf(x0)

∫
e

1
2
Cf(x0)

′′
(x−x0)2dx, where∫

e
1
2
Cf(x0)

′′
(x−x0)2dx with f(x0)

′′
< 0 is a simple Gaussian integral. Similarly, Laplace’s

approximation can be implemented to evaluate multivariate integral in the form of∫
e
Cf(x

˜
)
dx

˜
with x

˜
being a vector.



2. METHODOLOGY

2.1 Matching Prior

There exists a formal mathematical equivalence between Bayesian solutions

(posterior probability conditioning on the sample) and confidence theory solutions

(confidence point conditioning on the parameter) by finding a proper prior distribu-

tion in the framework of single parameter of interest and none or multiple nuisance

parameters. Welch and Peers (1963) developed the matching prior for a single param-

eter of interest with no nuisance parameters, and Peers (1965) extended the single

parameter problem to multiple parameter problem with one parameter of interest and

all others being nuisance parameters. We will use a similar approach to extend single

parameter of interest in presence of other parameters to two parameters of interest

in presence of one nuisance parameter. Peers (1965) provided a joint prior w(t) such

that the quantile h(S, α) of the posterior distribution satisfying

∫ h(S,α) ∫ ... ∫ p(S,t)w(t)dt∫ ∫
...

∫
p(S,t)w(t)dt

= α (2.1)

also satisfies Pr(θ1 < h(S, α))|θ
˜
) = α, where θ1 is the parameter of interest, and θ

˜

is the vector of all parameters. Write p(S, t) = exp(L(S, t)), w(t) = exp(ψ(t)), where

L(S, t) is the log likelihood function and ψ(t) is the log prior density function. Define

a monotonic function of θ1

r(S, θ1) = I(S,θ1)
I(S,θ

˜
)

=
∫ θ1 ∫

...
∫

exp(L(S,t)+ψ(t))dt∫ ∫
...

∫
exp(L(S,t)+ψ(t))dt

; (2.2)
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hence ∀S, Pr(θ1 < h(S, α))|θ
˜
) = Pr(r(S, θ1) < r(S, h(S, α))|θ

˜
), and note that

r(S, h(S, α)) = α implies Pr(r(S, θ1) < α|θ
˜
) = α. Write r(S, θ1) = N(z(S, θ1)), using

Laplace’s approximation, where N(x) is the standard normal integral

(2π)−
1
2

∫ x
exp(−1

2
u2)du. Then Pr(r(S, θ1) < α|θ

˜
) = α becomes

Pr(N(z(S, θ1)) < α|θ
˜
) = α.

Therefore the problem reduces to finding a function ψ(t) such that z(S, θ1) follows the

standard normal distribution in repeated sampling (Peers, 1965). Use the moment

generating function E(exp(tz)), and set the coefficient of the linear term of t equal

to 0 such that E(exp(tz)) is the moment generating function of a standard normal

distribution. The differential equation of ψ with respect to θ is therefore obtained,

and by solving the differential equation, we can find function of ψ and hence the

matching prior.

Addressing the problem of two parameters of interest (θ1, θ2) with one nui-

sance parameter θ3, we will extend the approach from single parameter of interest

to two parameters of interest by letting the two coefficients of the linear terms of

t
˜

= (t1, t2)
′

of the bivariate moment generating function E(exp(t
˜

′
z
˜
)) equal to 0 such

that E(exp(t
˜

′
z
˜
)) is the moment generating function of a bivariate normal distribution

of z
˜

= (z1, z2)
′
; therefore a system of two differential equations of ψ with respect to

θ will be obtained, and the joint matching prior can be found by solving the two

differential equations.

Extend formula (13) in Peers (1965) to obtain

I(S, θ1) =
∫ θ1 ∫ . . . ∫ exp

(
L(S, T ) + 1

2

∑
i,j(ti − Ti)(tj − Tj)

∂2L(S,T )
∂Ti∂Tj

+1
6

∑
i,j,k(ti − Ti)(tj − Tj)(tk − Tk)

∂3L(S,T )
∂Ti∂Tj∂Tk

+ Ψ(T )

+
∑

i(ti − Ti)
∂Ψ(T )
∂Ti

+ Op(n−1)
)
dt,

(2.3)
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where Ti is the unique maximum likelihood estimator of θi, and

I(S, θ1, θ2) =
∫ θ1 ∫ θ2 ∫ exp

(
L(S, T ) + 1

2

∑
i,j=1,2,3(ti − Ti)(tj − Tj)∂

2L(S,T )
∂Ti∂Tj

+1
6

∑
i,j,k=1,2,3(ti − Ti)(tj − Tj)(tk − Tk) ∂3L(S,T )

∂Ti∂Tj∂Tk
+ Ψ(T )

+
∑

i(ti − Ti)
∂Ψ(T )
∂Ti

+ Op(n−1)
)
dt1dt2dt3.

(2.4)

Following the notation used in Peers (1965), define

vij = −n−1 ∂2L
∂Ti∂Tj

,

vij = the (i, j) element of (vij)
−1,

vijk = n−
3
2

∂3L
∂Ti∂Tj∂Tk

,

ui = n
1
2 (ti − Ti)(vii)−

1
2 ,

xi = n
1
2 (θi − Ti)(vii)−

1
2 , for i = 1, 2,

wi = n−
1
2 (vii)

1
2
∂ψ
∂Ti
, wij = (viivjj)

1
2vij,

wijk = (viivjjvkk)
1
2vijk.

(2.5)

Define Q(u
˜
) to be the exponent in (2.3). Then

Q(u
˜
) = −1

2

∑
i,j

wijuiuj +
1

6

∑
i,j,k

wijkuiujuk +
∑
i

wiui + O(n−1).

Apply formula (19) in Peers (1965)

r(S, θ1) =
(2π)−

3
2 ||wij ||

1
2
∫ x ∫ ... ∫ eQ(u

˜
)
du

(2π)−
3
2 ||wij ||

1
2
∫ ∫

...
∫
e
Q(u

˜
)
du

(2.6)

to the problem of two parameters of interest with one nuisance parameter, to obtain

r(S, θ1, θ2) ∝ (2π)−
3
2 ||wij||

1
2

∫ ∫ x1 ∫ x2 exp
(
− 1

2

∑
i,j=1,2,3wijuiuj

+1
6

∑
i,j,k=1,2,3wijkuiujuk +

∑3
i=1wiui + Op(n−1)

)
du1du2du3.

(2.7)

To write (2.7) in terms of bivariate normal integrals, first expand the integrand using
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Taylor’s expansion except for the u2
i terms in the exponent(details are given in Section

2.3). The expansion of (2.7) can be expressed as the summation of the first three

moments of a truncated multinormal distribution truncated by the upper bounds

(x1, x2) < (∞,∞). Tallis (1961) provides explicit expressions for the first and second

moment, and no results for higher-order moments are available in the literature; In

the following section, we will derive an explicit expression for the third moment.

2.2 Third Moment of a Truncated Multinormal Distribution

An explicit formula for the third moment of a truncated multinormal distri-

bution is given in the following theorem.

Theorem 2.1. Suppose x
˜

follows a truncated multinormal distribution with the trun-

cation by the lower bounds −∞ ≤ as < ∞, then the third moment of truncated

multinormal distribution

αE(XiXjXk) = (ρij
∂Φd(R)
∂tk

+ ρik
∂Φd(R)
∂tj

+ ρkj
∂Φd(R)
∂ti

+ ∂3Φd(R)
∂tk∂tj∂ti

)

∣∣∣∣
t
˜
=0

˜

=
∑d

l=1(ρijρkl + ρikρjl + ρkjρil + (1 + a2
l )ρilρjlρkl)φ(al)Φd−1(Als;Rl)

+
∑d

l=1 ρil
∑

q 6=l
(
ρjl(ρkq − ρlqρlk)al + (ρjq − ρlqρlj)(ρlk(al + ρlqaq)+

ρqk(aq + ρlqal))
)
φ(al, aq; ρlq)Φd−2(Alqs;Rlq) +

∑d
l=1 ρil

∑
q 6=l(ρjq − ρlqρlj)

·
∑

r 6=l,q(ρrk − βrl.qρlk − βrq.lρqk)φ(al, aq, ar; ρlqr)Φd−3(Alqrs;Rlqr),

(2.8)

where α = Pr(W1 > a1,W2 > a2, · · · ,Wd > ad), Ws(s = 1, · · · , d) has the standard

normal distribution with correlation matrix R = (ρij),

Φd(R) = (2π)−
d
2 |R|− d2 (d)

∫∞
as
e
− 1

2
x
˜

′
R−1x

˜dxs,
(d)
∫

denotes the d-dimensional integral,

Als, A
l
qs, A

lq
rs, and β’s are defined in the proof.

Proof. Tallis (1961) showed that the moment generating function of a truncated multi-
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normal distribution can be written as

αm(t
˜
) = eTΦd(R),

where T = 1
2
t
˜

′
Rt

˜
, bs = as − ξs, ξ

˜
= Rt

˜
, α and Φd(R) are specified in the theorem.

Then the third moment is

αE(XiXjXk) = α
∂3m(t

˜
)

∂tk∂tj∂ti

∣∣
t
˜
=0

˜

,

and

α
∂3m(t

˜
)

∂tk∂tj∂ti
= ∂2

∂tk∂tj
(∂e

T

∂ti
Φd(R) + eT ∂Φd(R)

∂ti
)

= ∂
∂tk

( ∂2eT

∂tj∂ti
Φd(R) + ∂eT

∂ti

∂Φd(R)
∂tj

+ ∂eT

∂tj

∂Φd(R)
∂ti

+ eT ∂
2Φd(R)
∂tj∂ti

)

= ∂3eT

∂tk∂tj∂ti
Φd(R) + eT ∂3Φd(R)

∂tk∂tj∂ti

+ ∂2eT

∂tj∂ti

∂Φd(R)
∂tk

+ ∂2eT

∂tk∂ti

∂Φd(R)
∂tj

+ ∂2eT

∂ti∂tk

∂Φd(R)
∂tj

+∂eT

∂ti

∂2Φd(R)
∂tk∂tj

+ ∂eT

∂tj

∂2Φd(R)
∂tk∂ti

+ ∂eT

∂tk

∂2Φd(R)
∂tj∂ti

.

(2.9)

Since
∂eT

∂ti

∣∣
t
˜
=0

˜

= eT
∑d

l=1 ρiltl
∣∣
t
˜
=0

˜

= 0,

eT |t
˜
=0

˜
= 1,

∂2eT

∂tj∂ti

∣∣
t
˜
=0

˜

= ρij, and

∂3eT

∂tk∂tj∂ti
= ( ∂2eT

∂tk∂tj

∑
l ρiltl + ∂eT

∂tj
ρik + ∂eT

∂tk
ρij)|t

˜
=0

˜
= 0,

therefore, (2.9) can be simplified as

αE(XiXjXk) = (ρij
∂Φd(R)
∂tk

+ ρik
∂Φd(R)
∂tj

+ ρkj
∂Φd(R)
∂ti

+ ∂3Φd(R)
∂tk∂tj∂ti

)

∣∣∣∣
t
˜
=0

˜

. (2.10)

Denote φd(xs;R) as the probability density function of standard d-dimensional multi-
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normal distribution with correlation coefficient matrix R = (ρij), we have

φd(xs, xl = bl;R) = φ(bl)φd−1(ys;Rl), s 6= l,

φd(xs, xl = bl, xq = bq;R) = φ2(bl, bq; ρlq)φd−2(zs;Rlq), s 6= l, q,

where

ys = (xs − ρslbl)/
√

1− ρ2
sl,

zs = (xs − βsl.qbl − βsq.lbq)/(
√

1− ρ2
sl

√
1− ρ2

sq.l),

βsl.q and βsq.l are the partial regression coefficients of Xs on Xq and Xl respectively,

ρsq.l is the partial correlation coefficient between Xs and Xq for fixed Xl, and Rl, Rlq

are the correlation coefficient matrices without xl, xl and xq,respectively.

Write cumulative distribution function Φd(R) as the integral of probability

density function φd

Φd(R) =(d)
∫∞
bs
φd(xs;R)dxs,

and

(d−1)
∫∞
bs
φd(xs, bl;R)dxs = φ(bl)Φd−1(Bls;Rl), s 6= l,

(d−2)
∫∞
bs
φd(xs, bl, bq;R)dxs = φ2(bl, bq; ρlq)Φd−2(Bl

qs;Rlq), s 6= l, q,

(d−3)
∫∞
bs
φd(xs, bl, bq, br;R)dxs = φ3(bl, bq, br; ρlqr)Φd−3(Blq

rs;Rlqr), s 6= l, q, r,

where

Bls = (bs − ρlsbl)/
√

1− ρ2
sl and

Bl
qs = (bs − βsl.qbl − βsq.lbq)/(

√
1− ρ2

sl

√
1− ρ2

sq.l).
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Therefore

∂Φd(R)
∂ti

=
∑

l ρilφ(bl)Φd−1(Bls;Rl),

∂2Φd(R)
∂tj∂ti

=
∑

l ρil
(∂φ(bl)

∂tj
Φd−1(Bls;Rl)) + φ(bl)

∂Φd−1(Bls;Rl)

∂tj

)
=
∑

l ρilρjlblφ(bl)Φd−1(Bls;Rl)+∑
l ρil

∑
q 6=l(ρjq − ρlqρlj)φ2(bl, bq; ρlq)Φd−2(Bl

qs;Rlq))

∂3Φd(R)
∂tk∂tj∂ti

=
∑

l ρilρjl
∂blφ(bl)Φd−1(Bls;Rl)

∂tk
+∑

l ρil
∑

q 6=l(ρjq − ρlqρlj)
∂φ2(bl,bq ;ρlq)Φd−2(Blqs;Rlq)

∂tk
.

In the first term of the third differentiation of Φd(R),

∂blφ(bl)Φd−1(Bls;Rl)

∂tk
= ∂bl

∂tk
φ(bl)Φd−1(Bls;Rl) + bl

∂φ(bl)Φd−1(Bls;Rl)

∂tk

= ρlkφ(bl)Φd−1(Bls;Rl) + ρlkb
2
l φ(bl)Φd−1(Bls;Rl)

+
∑

q 6=l φ(bl, bq; ρlq)Φd−2(Bl
qs;Rlq)(ρkq − ρlqρlk).

In the second term of the third differentiation of Φd(R),

∂φ(bl,bq ;ρlq)

∂tk
= φ(bl, bq; ρlq)

∂− 1
2
b
˜

′R−1
2 b

˜

∂tk

since
∂− 1

2
b
˜

′R−1
2 b

˜

∂tk
= (ρlke1

˜

′ + ρqkeq
˜

′)R−1
2 b

˜
= ρlk(bl + ρlqbq) + ρqk(bq + ρlqbl)

and

φ2(bl, bq; ρlq)
∂Φd−2(Blqs;Rlq)

∂tk
=

∑
r 6=l,q(ρrk − βrl.qρlk − βrq.lρqk)φ3(bl, bq, br; ρlqr)

·Φd−3(Blq
rs;Rlqr);
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therefore,

∂3Φd(R)
∂tk∂tj∂ti

=
∑d

l=1(1 + b2
l )ρilρjlρklφ(bl)Φd−1(Bls;Rl)

+
∑d

l=1 ρil
∑

q 6=l
(
ρjl(ρkq − ρlqρlk)bl + (ρjq − ρlqρlj)(ρlk(bl + ρlqbq) + ρqk(bq + ρlqbl))

)
φ(bl, bq; ρlq)Φd−2(Bl

qs;Rlq)

+
∑d

l=1 ρil
∑

q 6=l(ρjq − ρlqρlj)

·
∑

r 6=l,q(ρrk − βrl.qρlk − βrq.lρqk)φ(bl, bq, br; ρlqr)Φd−3(Blq
rs;Rlqr).

Substitute the first and third derivatives of Φd(R) with respect to t into (2.9) and

take t
˜

= 0
˜
, we obtain (2.8).

Corollary 2.1. The third moment of truncated multinormal distribution truncated

by the upper bounds −∞ < xs ≤ ∞ is given by

αE(XiXjXk) = −1

×[
∑d

l=1(ρijρkl + ρikρjl + ρkjρil + (1 + x2
l )ρilρjlρkl)φ(xl)Nd−1(Als;Rl)

−
∑d

l=1 ρil
∑

q 6=l
(
ρjl(ρkq − ρlqρlk)xl + (ρjq − ρlqρlj)(ρlk(xl + ρlqxq)+

ρqk(xq + ρlqxl))
)
φ(xl, xq; ρlq)Nd−2(Alqs;Rlq) +

∑d
l=1 ρil

∑
q 6=l(ρjq − ρlqρlj)

·
∑

r 6=l,q(ρrk − βrl.qρlk − βrq.lρqk)φ(xl, xq, xr; ρlqr)Nd−3(Alqrs;Rlqr)]

(2.11)

where Nd(R) = (2π)−
d
2 |R|− d2 (d)

∫ xs
−∞ e

− 1
2
x
˜

′
R−1x

˜dxs,
(d)
∫

denotes the d-dimensional in-

tegral, R is the correlation matrix, ρij is the (i, j) elements of the correlation matrix,

Als, A
l
qs and Alqrs are defined in Theorem 2.1.
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Proof. Let as = −xs for Theorem 2.1, then (2.8) becomes

αEXiXjXk =∑d
l=1(ρijρkl + ρikρjl + ρkjρil + (1 + x2

l )ρilρjlρkl)φ(xl)Φd−1(−Als;Rl)

−
∑d

l=1 ρil
∑

q 6=l
(
ρjl(ρkq − ρlqρlk)xl + (ρjq − ρlqρlj)(ρlk(xl + ρlqxq) + ρqk(xq + ρlqxl))

)
φ(xl, xq; ρlq)Φd−2(−Alqs;Rlq)

+
∑d

l=1 ρil
∑

q 6=l(ρjq − ρlqρlj)

·
∑

r 6=l,q(ρrk − βrl.qρlk − βrq.lρqk)φ(xl, xq, xr; ρlqr)Φd−3(−Alqrs;Rlqr).

(2.12)

Note that the integrals (d)
∫∞
−xs =(d)

∫ xs
−∞ of the normal density with mean 0 by

symmetry, hence Φd−1(−Als;Rl) = Nd−1(Als;Rl), Φd−2(−Alqs;Rlq) = Nd−2(Alqs;Rlq),

Φd−3(−Alqrs;Rlqr) = Nd−3(Alqrs;Rlqr), where Nd(.) denotes the d-dimensional normal

integral (d)
∫ xs
−∞ φd(us)dus.

And since xixjxk is an odd function, the integral of xixjxk over the range of

−∞ to xs has the negative sign of the integral over −xs and∞, which gives (2.11).

2.3 Differential Equations

A system of differential equations will be derived in this section using the

approach described in section 2. We will assume the parameters of θ1, θ2, and θ3

are orthogonal to each other, and that the log likelihood function L is bounded in

probability by n. The orthogonality of two parameters is defined as

E(
∂2L

∂θi∂θj
) = 0, for i, j = 1, 2, 3 and i 6= j. (2.13)

And as pointed out by Cox (1987), we can write ∂2l
∂Ti∂Tj

= E[ ∂2l
∂θi∂θj

] +
Zij√
n

for i, j =

1, 2, 3,where l = 1
n
L (the log likelihood per observation), and Zij are random variables

of mean 0 and Op(1) as n→∞. Then by (2.13), ∂2l
∂Ti∂Tj

is Op(
1√
n
) for i 6= j and Op(1)

for i = j; hence wij is Op(n
− 1

2 ) for i 6= j and wii is Op(1). Also note that wi and wijk
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are Op(n
− 1

2 ).

To Op(n
− 1

2 ), we apply Taylor’s expansion for (2.7) for the linear, quadratic

(for i 6= j), and cubic terms. Hence (2.7) becomes the integral with respect to a

multi-normal distribution with independent random variables as follows:

r(S, θ1, θ2) ∝ (2π)−
3
2 ||wij||

1
2

∫ ∫ x1 ∫ x2 e− 1
2

∑3
i=1 wiiu

2
i(

1 + 1
6

∑
i,j,k=1,2,3wijkuiujuk −

∑
1≤i<j≤3wijuiuj +

∑3
i=1wiui

)
du1du2du3

= α
(
1 + 1

6

∑
i,j,k=1,2,3wijkE(XiXjXk)−

∑
1≤i<j≤3wijE(XiXj)

+
∑3

i=1wiE(Xi)
)
.

(2.14)

Tallis (1961) gives the first and second moment of the truncated multivariate normal

distribution truncated by lower bounds as

αE(Xi) =
∑d

l=1 ρilφ(al)Φd−1(Als;Rl)

αE(XiXj) = ρijα +
∑d

q=1 ρqiρqjaqφ(aq)Φd−1(Aqs;Rq)

+
∑d

q=1

(
ρqi
∑

r 6=q φ(aq, ar; ρqr)Φd−2(Aqrs;Rqr)(ρrj − ρqrρqj)
)
.

(2.15)

Since xi is an odd function, the first moment of truncated multinormal distribution

truncated by the upper bounds will take the negative sign; on the other hand, the

second moment will remain the same sign since xixj is a even function. Let d = 3,

x3 = ∞, ρij = 0 when i 6= j, and use Tallis’s expression and Corollary 2.1 to obtain

the first three moments of the truncated multi-normal distribution truncated by the

upper bounds x1 and x2 as

αE(Xi) = −ρiiφ(xi)N2(Ais;Ri), (2.16)

αE(XiX3) = 0, for i = 1, 2,

αE(X1X2) = ρ11ρ22φ(x1, x2)N1(A1
23;R12),

(2.17)
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and

E(X1X2X3) = 0,

E(X3
3 ) = 0,

E(X2
iX3) = 0, for i = 1, 2,

αE(X3
i ) = −(3ρ2

ii + ρ3
ii(1 + x2

i ))φ(xi)N2(Ais, Ri), i = 1, 2,

αE(X2
iXj) = −[ρiiρjjφ(xj)N2(Ajs, Rj)− φ(x1, x2)ρ2

iiρjjxiN1(Aij3;Rij)],

for i, j = 1, 2 and i 6= j.

(2.18)

Also by definition, Ais = (xj,∞) for i = 1, 2 and j 6= i, and Aij3 = ∞ for i, j = 1, 2

and i 6= j. Substitute (2.16), (2.17), (2.18), α = N2(x1, x2), N2(xi,∞) = N(xi) for

i = 1, 2 and N1(∞;Rij) = 1 into (2.14) to obtain

r(S, θ1, θ2) = N2(x1, x2)− 1
6

∑2
i=1wiii(3ρ

2
ii + ρ3

ii(1 + x2
i ))φ(xi)N(xj)

−1
2

∑2
i=1,j 6=iwiij

(
ρiiρjjφ(xj)N(xi)− φ(x1, x2)ρ2

iiρjjxi
)

−
∑2

i=1wiρiiφ(xi)N(xj)− w12ρ11ρ22φ(x1, x2).

(2.19)

Note that ∂N2(x1,x2)
∂xi

= φ(xi)N(xj) for i, j = 1, 2 and j 6= i, ∂2N2(x1,x2)
∂x2∂x1

= φ(x1, x2).

Then (2.19) becomes

r(S, θ1, θ2) = N2(x1, x2)− 1
6

∑2
i=1,j 6=iwiii(3ρ

2
ii + ρ3

ii(1 + x2
i ))

∂N2(x1,x2)
∂xi

−1
2

∑2
i=1,j 6=iwiij

(
ρiiρjj

∂N2(x1,x2)
∂xj

− ρ2
iiρjjxi

∂2N2(x1,x2)
∂x2∂x1

)
−
∑2

i=1wiρii
∂N2(x1,x2)

∂xi
− w12ρ11ρ22

∂2N2(x1,x2)
∂x2∂x1

= N2(x1 − 1
6
w111(3ρ2

11 + ρ3
11(1 + x2

1))− 1
2
w221ρ22ρ11 − w1ρ11,

x2 − 1
6
w222(3ρ2

22 + ρ3
22(1 + x2

2))− 1
2
w112ρ11ρ22 − w2ρ22)

= N2(z1, z2)

(2.20)
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where

(z1, z2) =
(
x1 − 1

6
w111(3ρ2

11 + ρ3
11(1 + x2

1))− 1
2
w221ρ22ρ11 − w1ρ11,

x2 − 1
6
w222(3ρ2

22 + ρ3
22(1 + x2

2))− 1
2
w112ρ11ρ22 − w2ρ22

)
.

(2.21)

Since ρii = w−1
ii , (2.21) becomes

(z1, z2) =
(
x1 − 1

6
w111(3w−2

11 + w−3
11 (1 + x2

1))− 1
2
w221w

−1
22 w

−1
11 − w1w

−1
11 ,

x2 − 1
6
w222(3w−2

22 + w−3
22 (1 + x2

2))− 1
2
w112w

−1
11 w

−1
22 − w2w

−1
22

)
.

(2.22)

Define quantities analogous to the v’s by (Peers, 1965)

yi = n−
1
2
∂L
∂θi
, for i = 1, 2, · · · , d,

yij = −n−1 ∂2L
∂θi∂θj

, for i, j = 1, 2, · · · , d,

yijk = n−
3
2

∂3L
∂θi∂θj∂θk

, for i, j, k = 1, 2, · · · , d.

(2.23)

As Peers (1965) pointed out the joint cumulant generating function of the y’s can be

written as

logE(etaya+tabyab+tabcyabc) =
κa|b
2!
tatb + κabtab + n−

1
2 (
κa|b|c

3!
tatbtc + κa|bctatbc + κabctabc),

(2.24)

where

κij = E(− ∂2l
∂θi∂θj

),

κijk = E( ∂3l
∂θi∂θj∂θk

),

κi|j = E( ∂l
∂θi

∂l
∂θj

),

κi|j|k = E( ∂l
∂θi

∂l
∂θj

∂l
∂θk

),

κi|jk = E(− ∂l
∂θi

∂2l
∂θj∂θk

),

(2.25)

and l denotes the log-likelihood function of a single observation. The κ’s are in fact

the cumulants of y’s.
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Hence the joint MGF of the y’s about their means (Peers, 1953) is

M(t1, t2, · · · , td, t11, t12, · · · , tdd) = e
κa|b
2!

tatb+κabtab+n
− 1

2 (
κa|b|c

3!
tatbtc+κa|bctatbc)+Op(n−1).

(2.26)

Also employ the following expansions:

0 = n−
1
2
∂L
∂Ti

= n−
1
2

(
∂L
∂θi

+
∑

j(Tj − θj)
∂2L
∂θi∂θj

+

1
2

∑
j,k(Tj − θj)(Tk − θk)

∂3L
∂θi∂θj∂θk

)
, for i = 1, 2, · · · , d,

−n−1 ∂2L
∂Ti∂Tj

= −n−1

(
∂2L
∂θi∂θj

+
∑

k(Tk − θk)
∂3L

∂θi∂θj∂θk

)
, for i, j = 1, 2, · · · , d,

n−
3
2

∂3L
∂Ti∂Tj∂Tk

= n−
3
2

∂3L
∂θi∂θj∂θk

, for i, j, k = 1, 2, · · · , d.
(2.27)

Then from (2.5) we find

xi = −yi(yii)
1
2 − 1

2
(yii)

1
2

∑
j,k=1,2,3 yjykyijky

jjykk + 1
2
yi(y

ii)
3
2

∑3
j=1 yjyiijy

jj

+Ai(y
ab; a 6= b), for i=1,2,

vii = yii + yii
∑

j,k=1,2,3 y
jjykkykyijk, for i = 1, 2, 3,

vijk = yijk, for i, j, k = 1, 2, 3,

(2.28)

where

Ai(y
ab; a 6= b) = −

∑
w 6=i y

iwyw(yii)−
1
2 −

∑
w 6=i,j 6=l,k 6=m

1
2
yiwywjky

jlyly
kmym(yii)−

1
2

+
∑

w,k,j 6=i,l 6=m
1
2
yiwywy

ijyikyjkly
lmym(yii)−

1
2

contains all the terms of yab for a 6= b. Note that yij is Op(n
0) but yi, yijk are Op(n

− 1
2 ),

and we will not consider terms beyond Op(n
− 1

2 ). Substitute (2.28), (2.5) into (2.22)
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to obtain

(z1, z2) =
(
− y1(y11)

1
2 − 1

2
(y11)

1
2

∑
j,k=1,2,3 yjyky1jky

jjykk

+1
2
y1(y11)

3
2

∑3
j=1 yjy11jy

jj + 2
3
y111(y11)

3
2 + 1

2
y221y

22(y11)
1
2

+n−
1
2 (y11)

1
2
∂ψ
∂θ1

+ A1(yab; a 6= b),

−y2(y22)
1
2 − 1

2
(y22)

1
2

∑
j,k=1,2,3 yjyky2jky

jjykk

+1
2
y2(y22)

3
2

∑3
j=1 yjy22jy

jj + 2
3
y222(y22)

3
2 + 1

2
y112y

11(y22)
1
2

+n−
1
2 (y22)

1
2
∂ψ
∂θ2

+ A2(yab; a 6= b)
)
.

(2.29)

The moment generating function of z
˜

′
= (z1, z2) is then given symbolically by

E(e
t
˜

′
z
˜) = M(D1, D2, . . . , D11, D12 . . . , D33)

·exp
[
t1

(
− η1(η11)

1
2 − 1

2
(η11)

1
2

∑
j,k=1,2,3 ηjηkη1jkη

jjηkk

+1
2
η1(η11)

3
2

∑3
j=1 ηjη11jη

jj + 2
3
η111(η11)

3
2 + 1

2
η221η

22(η11)
1
2 + n−

1
2 (η11)

1
2
∂ψ
∂θ1

+A1(ηab; a 6= b)

)
+

t2

(
− η2(η22)

1
2 − 1

2
(η22)

1
2

∑
j,k=1,2,3 ηjηkη2jkη

jjηkk + 1
2
η2(η22)

3
2

∑3
j=1 ηjη22jη

jj

+2
3
η222(η22)

3
2 + 1

2
η112η

11(η22)
1
2 + n−

1
2 (η22)

1
2
∂ψ
∂θ2

+ A2(ηab; a 6= b)

)]
,

(2.30)

where D’s denote differentiations with respect to corresponding η’s. After performing

all the differentiations we replace ηi by 0, ηij by κij and ηijk by n−
1
2κijk. Since by the

assumption of orthogonality κab = 0 for a 6= b, then Ai(κ
ab; a 6= b) = 0 for i = 1, 2.

Use the identities of Bartlett (1953) as follows:

κi|j − κij = 0,

κi|j|k − κi|jk − κj|ki − κk|ij + κijk = 0,

κi|jk − κijk − ∂κjk
∂θi

= 0, for i, j, k = 1, 2, . . . , d.

(2.31)
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And to Op(n
− 1

2 ), we have

E(e
t
˜

′
z
˜) = exp{

∑2
i=1,j 6=i

(
− tin−

1
2 (2

3
(κii)

3
2
∂κii
∂θi
− 1

2
κjj(κii)

1
2
∂κji
∂θj
− (κii)

1
2
∂ψ
∂θi

)

+1
2
t2i
)
}.

(2.32)

Therefore, in order to have z
˜

′
= (z1, z2) following a standard bivariate normal distri-

bution, ψ(θ
˜
) is chosen to satisfy the following two partial differential equations:


2
3
(κ11)

3
2
∂κ11
∂θ1
− 1

2
κ22(κ11)

1
2
∂κ21
∂θ2
− (κ11)

1
2
∂ψ
∂θ1

= 0

2
3
(κ22)

3
2
∂κ22
∂θ2
− 1

2
κ11(κ22)

1
2
∂κ12
∂θ1
− (κ22)

1
2
∂ψ
∂θ2

= 0
(2.33)

Note that κij = 0 if i 6= j by orthogonality and κii = κ−1
ii for i = 1, 2. After some

simplification, (2.33) becomes


2
3
κ−1

11
∂κ11
∂θ1
− ∂ψ

∂θ1
= 0

2
3
κ−1

22
∂κ22
∂θ2
− ∂ψ

∂θ2
= 0

(2.34)

Hence we have

ψ(θ1, θ2) =
2

3
(log(κ11) + log(κ22)). (2.35)

Therefore the bivariate matching prior is a power product of fisher information of θ1

and θ2:

w(θ1, θ2) = eψ(θ1,θ2)

= (κ11κ22)
2
3

=
(
E(− ∂2l

∂θ21
)E(− ∂2l

∂θ22
)
) 2

3

(2.36)

2.4 Bivariate Confidence Region

The quantity r(S, θ1, θ2) is now written as a bivariate normal integral N2(z
˜
)

where z
˜

′
= (z1, z2) follows a standard bivariate normal distribution; hence in or-

der to have Pr(r(S, θ1, θ2) < α|(θ1, θ2, θ3)) = α we need to make Pr((z1, z2) <
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(ξ1, ξ2)|(θ1, θ2, θ3)) = α where (ξ1, ξ2) satisfies N(ξ1)N(ξ2) = α. Substitute (2.35)

to (2.22) and use the definitions in (2.5) we have

(z1, z2) =
(
x1 − 1

6
(v11)

3
2v111(4 + x2

1)− 1
2
v22(v11)

1
2v221

−n− 1
2 (v11)

1
2

∂
∂T1

2
3
(log(κ11) + log(κ22)),

x2 − 1
6
(v22)

3
2v222(4 + x2

2)− 1
2
v11(v22)

1
2v112

−n− 1
2 (v22)

1
2

∂
∂T2

2
3
(log(κ11) + log(κ22))

)
(2.37)

We first solve (2.37) for xi and note that z2
i = x2

i by correcting to Op(n
− 1

2 ).

xi = zi + 1
6
(vii)

3
2viii(4 + z2

i ) + 1
2
vjj(vii)

1
2vjji + n−

1
2 (vii)

1
2×

∂
∂Ti

2
3
(log(κii) + log(κjj)), for i, j = 1, 2 and i 6= j.

(2.38)

Substitute xi = n
1
2 (hi(S, α)−Ti)(vii)−

1
2 and zi = ξi into (2.38), solve for hi(S, α), and

obtain the bivariate confidence region for the problem of two parameters of interest

and one nuisance parameter as the following:

(h1(S, α), h2(S, α)) = (T1 + (− ∂2L
∂T 2

1
)−

1
2 ξ1 + 1

6
(ξ2

1 + 4)(− ∂2L
∂T 2

1
)−2 ∂3L

∂T 3
1

+1
2
(− ∂2L

∂T 2
1

)−1(− ∂2L
∂T 2

2
)−1 ∂3L

∂T1∂T 2
2

+(− ∂2L
∂T 2

1
)−1 ∂

∂T1
2
3
(log(κ11) + log(κ22)),

T2 + (− ∂2L
∂T 2

2
)−

1
2 ξ2 + 1

6
(ξ2

2 + 4)(− ∂2L
∂T 2

2
)−2 ∂3L

∂T 3
2

+1
2
(− ∂2L

∂T 2
2

)−1(− ∂2L
∂T 2

1
)−1 ∂3L

∂T2∂T 2
1

+(− ∂2L
∂T 2

2
)−1 ∂

∂T2
2
3
(log(κ11) + log(κ22)))

(2.39)

such that

Pr(θ1 < h1(S, α), θ2 < h2(S, α)|(θ1, θ2, θ3)) = α. (2.40)



3. RESULTS AND DISCUSSION

3.1 Univariate Case

Welch and Peers (1963) provided expression of the confidence point h(S, α)

for the univariate case, which gives

h(S, α) = T + ξ(− ∂2L
∂T 2 )−

1
2 + 1

6
(ξ2 + 2)( ∂

3L
∂T 3 )(− ∂2L

∂T 2 )−2

+1
2
∂ log(κ2(T ))

∂T
(− ∂2L

∂T 2 )−1 +Op(n
− 3

2 ).
(3.1)

Welch and Peers did not conduct any simulation to verify their results. We conduct

the simulation for the univariate counterpart of Example 2 in Section 3.1.

Suppose we observe n independent univariate random variables yi following a

normal distribution of mean µ and variance σ2 for i = 1, . . . , n. The parameters of

interest is σ2, the nuisance parameter is µ. Therefore the bivariate confidence regions

h(S, α) at confidence level α for (σ2
1, σ

2
2) is given using (3.1):

h(S, α) = (1 + 5
3n

+
√

2
n
ξ + 4

3n
ξ2)S̄, (3.2)

where S̄ = 1
n

∑n
i=1(yi − µ̂)2 and µ̂ = 1

n

∑n
i=1 yi; S̄ and µ are the MLEs for σ2 and µ,

respectively. Here ξ satisfies N(ξ) = α.

The MC simulation is performed to confirm (3.2); 10,000 samples are generated

from a univariate random normal distribution N(8, 202), and each sample contains

100 data points. The simulation results presented in Table 3.1 shows that the approx-

imation obtained by Welch and Peers performs very well as the observed confidence
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levels are very close to the true values for n = 100.

Tab. 3.1: Simulation Result for Univariate Case for n = 100

True α Observed α
0.01 0.014
0.1 0.1094
0.5 0.5087

0.975 0.9706

MC simulations are also conducted for n = 30 and n = 10, the results are

presented in Table 3.2 and Table 3.3, respectively.

Tab. 3.2: Simulation Result for Univariate Case for n = 30

True α Observed α
0.01 0.0348
0.1 0.1159
0.5 0.4918

0.975 0.9636

Table 3.2 show that for a small sample size of 30 , Welch and Peers’s approx-

imation works very well as the observed confidence levels are very close to the true

confidence levels.

Tab. 3.3: Simulation Result for Univariate Case for n = 10

True α Observed α
0.01 0.1987
0.1 0.1762
0.5 0.4942

0.975 0.9472

Table 3.3 shows that the approximation obtained by Welch and Peers performs

well except for α = 0.01, the discrepancies are Op(
1
n
) with n = 10, i.e., bounded by

0.1 in probability.
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3.2 Bivariate Case

Two specific examples will be provided in this chapter to demonstrate the

application of (2.39) to obtain the bivariate confidence region at confidence level α.

Suppose that we observe n independent random samples y1i, i = 1, . . . , n fol-

lowing a normal distribution with mean µ and variance σ2
1. We would like to find a

confidence region for (µ, σ2
1) jointly. The traditional approach from a frequentist point

of view may involve working on the joint density function of the sample mean and

sample variance. Although sample mean and variance are independently distributed

it is not clear if the confidence region may be a function of sample or variance or not,

not to mention the computational difficulties. However, if associated with each y1i,

we also observe another random sample y2i which is independent of y1i and follows a

normal distribution of mean 0 and variance σ2
2, (2.40) can be directly implemented.

In fact, it will be shown that we do not even need the additional observed y2i since it

is completely ancillary to (µ, σ2
1).

Let θ1 = µ, θ2 = σ2
1, θ3 = σ2

2, and let (θ1, θ2) are the parameters of interest

and θ3 is the nuisance parameter. It’s easy to verify that (θ1, θ2, θ3) are orthogonal

parameters. The log of joint likelihood function of (θ1, θ2, θ3) based on the observed

(y1i, y2i) is given as

L(θ1, θ2, θ3) = −n
2

log(2π)− n

2
(log θ2 + log θ3)−

n∑
i=1

(y1i − θ1)2

2θ2

−
n∑
i=1

y2
2i

2θ3

(3.3)

and the maximum likelihood estimator T1, T2, and T3 for θ1, θ2 and θ3, respectively

are

T1 = 1
n

∑n
i=1 y1i = ȳ1,

T2 = 1
n

∑n
i=1(y1i − ȳ1)2 = S̄1,

T3 = 1
n

∑n
i=1 y

2
2i = S̄2.

(3.4)
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Substitute (3.3) and (3.4) to (2.39), we have

(h1(S, α), h2(S, α)) = (ȳ1 + ξ1

√
S̄1

n
, (1 + 8

3n
+
√

2
n
ξ2 + 4

3n
ξ2

2)S̄1), (3.5)

where ξ1, ξ2 satisfy N(ξ1)N(ξ2) = α and Pr(µ < h1(S, α), σ2
1 < h2(S, α)|(µ, σ2

1, σ
2
2)) =

α.

As shown in (3.5), the bivariate region does not involve y2i at all,i.e.,(3.5) holds

for all samples regardless of the nuisance parameter; hence

Pr(µ < h1(S, α), σ2
1 < h2(S, α)|(µ, σ2

1)) = α. (3.6)

Monto Carlo (MC) simulation is conducted to confirm (3.5); 10,000 samples are gen-

erated from a random normal distribution of mean µ = 4 and σ = 20, and each

sample contains 100 data points. Then calculate the bivariate confidence region

(h1(S, α), h2(S, α)) using (3.5) for each sample at confidence level α = 0.01, 0.1, 0.5, 0.975

(ξ1 and ξ2 are chosen to be equal); hence for each true confidence level α, 10,000 ob-

served bivariate confidence region are generated. And the observed confidence level

is calculated by counting the percentage of (h1(S, α), h2(S, α)) > (µ, σ2). The simula-

tion results show that the approximation obtained in Chapter 2 performs very well as

the observed confidence levels are very close to the true confidence levels for n = 100

as shown in Table 3.4.

Tab. 3.4: Simulation Result for Example One for n = 100

True α Observed α
0.01 0.0093
0.1 0.1063
0.5 0.5145

0.975 0.9718

MC simulations for n = 30 and n = 10 are also conducted for Example One

and the results are presented in Table 3.5 and Table 3.6, respectively.
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Tab. 3.5: Simulation Result for Example One for n = 30

True α Observed α
0.01 0.0103
0.1 0.1115
0.5 0.5118

0.975 0.9609

Tab. 3.6: Simulation Result for Example One for n = 10

True α Observed α
0.01 0.0176
0.1 0.1258
0.5 0.4970

0.975 0.9228

Table 3.5 and Table 3.6 show that even for a very small sample size of 30 or

10, the approximation works very well as the observed confidence levels are very close

to the true confidence levels.

Suppose we observe n independent bivariate random vectors (y1i, y2i) fol-

lowing a bivariate normal distribution of mean vector (µ, µ) and variance matrix

Σ =

σ2
1 0

0 σ2
2

 for i = 1, . . . , n. The parameters of interest are (σ2
1, σ

2
2), the nui-

sance parameter is µ. It is easy to verify that (µ, σ2
1, σ

2
2) are orthogonal parameters.

Therefore the bivariate confidence regions (h1(S, α), h2(S, α)) at confidence level α

for (σ2
1, σ

2
2) are given using (2.39):

(h1(S, α), h2(S, α)) = ((1 + 8
3n

+
√

2
n
ξ1 + 4

3n
ξ2

1)S̄1,

(1 + 8
3n

+
√

2
n
ξ2 + 4

3n
ξ2

2)S̄2),
(3.7)

where S̄k = 1
n

∑n
i=1(yki− µ̂)2 for k = 1, 2 and µ̂ = 1

2n

∑n
i=1

∑2
k=1 yki; S̄1, S̄2, and µ are

the MLEs for σ2
1, σ

2
2,and µ, respectively. ξ1 and ξ2 satisfy N(ξ1)N(ξ2) = α.

Similar MC simulation is performed to confirm (3.7);10,000 samples are gen-
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erated from a bivariate random normal distribution

N(

8

8

 ,

202 0

0 352

),

and each sample contains 100 data points. ξ1 and ξ2 are chosen to be the same. The

simulation results presented in Table 3.7 show that the approximation obtained in

Chapter 2 performs very well since the observed confidence levels are very close to

the true confidence levels for n = 100.

Tab. 3.7: Simulation Result for Example Two for n = 100

True α Observed α
0.01 0.0159
0.1 0.1317
0.5 0.5437

0.975 0.9765

MC simulations are also conducted for Example Two for n = 30 and n = 10,

the results are presented in Table 3.8 and Table 3.9.

Tab. 3.8: Simulation Result for Example Two for n = 30

True α Observed α
0.01 0.0370
0.1 0.1707
0.5 0.5713

0.975 0.9617

Table 3.8 show that for a small sample size of 30 , the approximation works

very well as the observed confidence levels are very close to the true confidence levels.
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Tab. 3.9: Simulation Result for Example Two for n = 10

True α Observed α
0.01 0.1178
0.1 0.2286
0.5 0.5695

0.975 0.9327

The observed confidence levels for n = 10 as shown in Table 3.9 are close to

the true values, but not as good as that for n = 100 or n = 30, the discrepancies are

Op(
1
n
) with n = 10, i.e., bounded by 0.1 in probability.

In addition, if the parameters of interest are (µ, σ2
i ) and the nuisance parameter

is σ2
j for i 6= j. At confidence level α, the bivariate region is given using (2.39):

(h1(S, α), h2(S, α)) = (µ̂+ ξ1

√
S̄1S̄2

n(S̄1+S̄2)
, (1− 8

3n
+
√

2
n
ξ2 − 4

3n
ξ2

2)S̄i)

for i=1,2.
(3.8)

The approximation method developed in Chapter 2 applies under the assump-

tion that the three parameters are pairwise orthogonal. As the number of param-

eters increase, the assumption of orthogonality become a lot more difficult to hold.

Therefore, to extend the approach of matching prior to obtain a higher dimensional

confidence region may not be helpful.
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Part III

QUADRATIC SADDLEPOINT APPROXIMATION OF

TAIL PROBABILITY



4. BACKGROUND ON SADDLEPOINT APPROXIMATION

METHOD

Consider the following data on 63 case-control pairs of women with endometrial

cancer presented by Stokes, Davis and Koch (1995). They evaluated the impact of

three risk factors, gall bladder disease, hypertension and nonestrogen drug use on the

occurrence of endometrial cancer. A logistic regression was used to model the proba-

bility of endometrial cancer πj: πj = exp(θ0 +
∑3

i=1 θiWij)/(1+exp(θ0 +
∑3

i=1 θiWij)),

where W1j, W2j, and W3j are indicators for gall bladder disease, hypertension and

nonestrogen drug use in individual j, respectively. The endometrial cancer data were

obtained from a case-control study, the predictor is the case-control status and the

responses are presence of the risk factors. The likelihood for these data is equivalent

to that of the logistic regression specified earlier, the response variable in the logistic

regression can be taken as unity and the predictor variables are the difference of the

risk factor between the case member and the control member of the matched pairs.

Table 4.1 presents the number of pairs with each configuration of differences of the

three risk factors. Let zj
˜

T be the row vector containing the top three entries in column

j of Table 4.1, and let Z be the matrix whose rows are zj
˜

T . Let T
˜

= ZT1
˜
, where 1

˜
is

a column vector with entries that are all 1.

Tab. 4.1: Differences between cases and controls for endometrial cancer data

Gall bladder disease 1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 1
Hypertension 1 0 1 1 1 0 0 1 1 1 1 0 0 0 1 1
Nonestrogen drug use 0 1 0 1 0 0 1 0 1 0 1 1 0 1 0 1
Number of pairs 1 1 1 2 6 14 10 12 4 3 1 1 4 1 1 1
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We test the null hypothesis that none of these potential risk factors increases

the risk of cancer (θ
˜

= 0
˜
) vs. the alternative hypothesis that at least one of these

potential risk factors actually increases the risk of cancer (θj ≥ 0 ∀ j and θj > 0

for some j). The test statistics is obtained by comparing the minimum p-value from

the three univariate one-sided conditional tests to its null distribution which is in the

form of the tail probability P (Tj ≥ tj). The endometrial cancer data is one of the

examples in practice that request the evaluation of conditional or unconditional tail

probability.

To derive an exact form of conditional or unconditional tail probability even

for a simple distribution often can be very difficult; hence many approximation tech-

niques are developed to evaluate the tail probability. Our research is based on one of

the approximation techniques, known as saddlepoint approximation, for evaluating

the multivariate tail probability for both conditional and unconditional case. The

advantage of the saddlepoint approximation technique is that, while the derivation is

often quite mathematically sophisticated, the calculation on the other hand requires

merely trivial manipulation of the output of a widely available model fitting algo-

rithm. We will provide some background of saddlepoint methods for tail probability

approximation in Section 1.1, discuss some existing approximations in Section 1.2,

and describe our proposed approximation and its difficulties in Section 1.3.

4.1 Concept of Saddlepoint Approximation

Mathematically, saddlepoint approximations are derived by inverting the cu-

mulant generating function KT (ξ
˜
) = log(E[exp(ξ

˜

′
T
˜
)]) giving the density of probabil-

ity in terms of the cumulant generating function. ξ
˜

denotes a column vector with

entries ξ1, · · · , ξd. When a d -dimensional random vector T
˜

has a density fT (t
˜
), then

fT (t
˜
) = (2πi)−d

∫ i∞
−i∞ · · ·

∫ i∞
−i∞ exp(KT (ξ

˜
)− ξ

˜

′
t
˜
)dξ

˜
. (4.1)



32

The saddlepoint approximation for the density is obtained by choosing the

path of the integration to run through ξ̂
˜
, for ξ̂

˜
satisfying the saddlepoint equation

K
′
T (ξ̂

˜
) = t

˜
. (4.2)

Let Eξ
˜

[T
˜
] represent the expectation taken with respect to fT

˜
(t
˜
, ξ

˜
). An approx-

imation to any member of the family fT
˜
(t
˜
, ξ

˜
) yields an approximation to fT

˜
(t
˜
). The

member of the family that might be approximated most accurately is the ξ
˜

such that

(4.2) holds.

In practice, we are usually interested in the statistical inference about the

mean of independent and identically distributed random vectors Y
˜

, when T
˜

arises as

the sum of n independent and identically distributed summands Y
˜

. Then let t̄
˜

= t
˜
/n.

Using the independence of the summands Y
˜

, KT (ξ
˜
) = nKY (ξ

˜
). The saddle-

points are obtained by solving K
′
Y (ξ̂

˜
) = t̄

˜
, giving the saddlepoint approximations for

the mean density

fT̄ (̄t
˜
) = ( n

2πi
)d
∫ ξ̂1+i∞
ξ̂1−i∞

· · ·
∫ ξ̂d+i∞
ξ̂d−i∞

exp[n(KY (ξ
˜
)− ξ

˜

′
t̄
˜
)]dξ

˜
. (4.3)

Similarly, integrating through the saddlepoints gives the saddlepoint approxi-

mation for the conditional tail probability of the mean variables

P (T̄1 ≥ t̄1, · · · , T̄m ≥ t̄m|T̄m+1 = t̄m+1, · · · , T̄d = t̄d) = (2πi)−d×∫ ξ̂1+i∞
ξ̂1−i∞

· · ·
∫ ξ̂d+i∞
ξ̂d−i∞

exp[n(KY (ξ
˜
)− ξ

˜

′
t̄
˜
)][
∏m

j=1 ξj]
−1dξ

˜
/fT̄m+1,··· ,T̄d(t̄m+1, · · · , t̄d).

(4.4)

The unconditional tail probability approximation is simply obtained by drop-

ping the denominator of (4.4) and increase the number of the product of ξj to d.

Saddlepoint methods can be widely implemented for different distributions to

obtain a good approximation for the tail probability of a mean random vectors; besides
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that, saddlepoint approximation can also be applied to evaluate p-value, conditional

or unconditional power in the framework of hypothesis testing provided the cumulant

generating function of the test statistics exists, and especially when the sample size

is small, normal approximation is no longer valid, or the closed forms of p-value or

power do not exist.

4.2 Existing Approximations

Robinson (1982) provided a saddlepoint approximation for the univariate case

in the form of

P (Tn ≥ xn) = Qn(u)
∫∞
xn
e−uydVn(y)

= (2πσ2
n)−1/2Qn(u)

∫∞
xn

exp(−uy − (y −mn)2/2σ2
n)dy

+Qn(u)
∫∞
xn
e−uyd(Vn(y)−Gn(y))

= A1 + A2,

(4.5)

where the leading term is Qn(u) =
∫∞
−∞ e

uydFn(y) with Fn being the distribution func-

tion of Tn, Vn(x) = Qn(u)−1 ∫ x
−∞ e

uydFn(y), A1 = Qn(u) exp(−µmn + µ2σ2
n/2)(1 −

Φ(µσn)), |A2| ≤ 2Qn(u) exp(−µmn)Op(
1√
n
), mn(u) and σ2

n(u) are the mean and vari-

ance of Vn. u is chosen such that mn(u) = xn.

It is worth noting that the above approximation (4.5) applies only under the

condition

xn > 0. (4.6)

Kolassa (2003) extended the saddlepoint approximation to the multivariate case in

form of

P (T
˜
≥ t

˜
) = Q(t

˜
) + exp(n[K(ξ̂

˜
)−

∑
j ξ̂jtj])E2(t

˜
)/n, (4.7)
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and the leading term Q(t
˜
) is defined as

exp(n[K(ξ̂
˜
)−

∑
j ξ̂jtj +

∑
jk ξ̂jK

jk(ξ̂
˜
)ξ̂k/2])

×
[
I (nK

′′
(ξ̂

˜
), s

˜
, 0

˜
, nK

′′
(ξ̂

˜
)ξ̂

˜
, ξ̂

˜
)

+1
6

∑
jklK

jkl(ξ̂
˜
)I (nK

′′
(ξ̂

˜
), s

˜
, ej

˜

+ ek
˜

+ el
˜
, nK

′′
(ξ̂

˜
)ξ̂

˜
, ξ̂

˜
)/
√
n
]
.

(4.8)

The quantities I are determined as the linear combinations of derivatives of

multivariate tail probability, and are given by Kolassa (2003), p278-279. The leading

terms for both (4.5) and (4.7) are such that the resulting approximation is not in

the form of a normal tail probability evaluated at some data-defined quantity, and

further more if we try to approximate P (X ≥ xn) with xn < 0 by doing P (X ≥ xn) =

1 − P (Y ≥ yn) for Y = −X and yn = −xn, the result is valid but not of form that

extends by naively applying (4.5) and (4.7) when constraint (4.6) is omitted.

Wang (1990) provided a saddlepoint approximation for the bivariate case in

the form of the univariate and bivariate normal distribution and density functions.

Wang’s approximation will be reviewed in Section 5.

4.3 Proposed Approximation

As shown in Section 1.2, to avoid the leading terms that arise in (4.5) and

(4.7), the numerator of (4.4) can be expressed by the change of variables {ξ
˜
→ ω

˜
}

suggested by Kolassa and Li (2010) as

(2πi)−d
∫ ω̂1+i∞
ω̂1−i∞ · · ·

∫ ω̂d+i∞
ω̂d−i∞

exp(n[ω
˜

′
ω
˜
/2− ω̂

˜

′
ω
˜
])

×
[

1∏m
k=1(ωj−ω̃j) +

∑m
j=1

G(j)(ω
˜
)∏

k 6=j(ωj−ω̃j)

]
dω

˜
,

(4.9)
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where ωj and ω̂j are defined as

(ωj − ω̂j)2/2 = min
γ
˜

(KY (γ
˜
)− γ

˜

′
t̄
˜
|γi = ξi,∀i ≤ j)

−min
γ
˜

(KY (ρ
˜
)− ρ

˜

′
t̄
˜
|ρi = ξi,∀i < j),

ω̂2
j/2 = min

γ
˜

(KY (γ
˜
)− γ

˜

′
t̄
˜
|γi = 0, ∀i ≤ j)

−min
γ
˜

(KY (ρ
˜
)− ρ

˜

′
t̄
˜
|ρi = 0,∀i < j),

(4.10)

so that the contribution of variables of integration corresponding to the unconditioned

components of T
˜

to the exponent in (4.4) is exactly quadratic, and ω̃j(ω1, · · · , ωj−1)

is defined to satisfy ξj(ω1, · · · , ωj−1, ω̃j) = 0 for j = 1, · · · ,m (Kolassa and Li (2010)).

Let G(ω
˜
) =

∏m
j=1(ωj − ω̃j(ω1, · · · , ωj−1))[

∏m
j=1 ξj]

−1 d
dω
˜

ξ
˜

′
; note that G(0) = 1.

For any index j ∈ 1, · · · ,m, define

G(j)(ω
˜
) =

(G(ω1, · · · , ωj, 0, · · · , 0)−G(ω1, · · · , ωj−1, ω̃j, 0, · · · , 0))/(ωj − ω̃j),
(4.11)

so that
G(j)(ω

˜
)∏

k 6=j(ωj−ω̃j)
is analytic.

The quantities G(j)(ω
˜
) are functions only of ω1,· · · ,ωj. When j = 1 the integral

factors into an integral involving the first component of ω
˜
, and an integral involving

all other components. The integral involving with G(1) can be evaluated using Wat-

son’s Lemma, since the integrands are analytic functions (Watson’s Lemma will be

described in Section 2.). The integrals of the other terms in the bracket of (4.9) are

very difficult to evaluate since the integrands are not analytic. We will develop a new

approximation technique for the first-term integral to the error of order Op(1/n) by

expanding the quantities in the numerator of the first term using

ω̃j(ωj) =
∑

k<j ωkâj
k +

∑
k,l<j ωk(ωl − ω̂l)a

k;l
j (ω∗

j ), (4.12)
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where

akj (ωj) = (ω̃j(ω1, · · · , ωk, 0, · · · )− ω̃j(ω1, · · · , ωk−1, 0, · · · ))/ωk,

ak;l
j (ωj) =

∂akj (ωj)

∂ωl

(4.13)

for k, l ≤ j, and therefore obtain an approximation for the conditional and uncondi-

tional tail probability to the error of order Op(1/n).

Particularly, for the bivariate case, using the definition of (4.13) gives

a1
2(ω1) = ω̃2(ω1)/ω1,

a1;1
2 (ω1) = − ω̃2(ω1)

ω2
1

+ 1
ω1

∂ω̃2(ω1)
∂ω1

,
(4.14)

and using definition (4.10) gives

ω̃2(ω̂1) = ω̂2 − sgn(ξ̂2)
√

2
(
(KY (γ̂1, 0)− γ̂1t̄1)− (KY (ξ̂1, ξ̂2)− ξ̂1t̄1 − ξ̂2t̄2)

)
,

ω̂1 = sgn(γ̂1)
√

2
(
(KY (0, γ̂2)− γ̂2t̄2)− (KY (ξ̂1, ξ̂2)− ξ̂1t̄1 − ξ̂2t̄2)

)
,

ω̂2 = sgn(γ̂2)
√

2(γ̂2t̄2 −KY (0, γ̂2)),

(4.15)

where γ̂1 and γ̂2 are the saddlepoints when fixing ξ2 = 0 and ξ1 = 0, respectively.

The derivative of ω̃2(ω1) with respect to ω1 evaluated at ω̂1 is given in Lemma 4.1.

Lemma 4.1.

∂ω̃2

∂ω1
|ω̂1 =

K1
Y (ξ̂1,0)−t̄1
ω̃2(ω̂1)−ω̂2

√
1

K11
Y (ξ̂1,ξ̂2)−K12

Y (ξ̂1,ξ̂2)(K22
Y (ξ̂1,ξ̂2))−1K21

Y (ξ̂1,ξ̂2)
. (4.16)

Proof. Let subscript k represents component k of a vector, and superscript l represents

the first derivative with respect to argument l (for example, ξlk represents ∂ξk
∂ωl

); let

Ki
Y represents the first derivative of the cumulant function KY (ξ1, ξ2) with respect to

argument i (for example, K1
Y represents ∂KY (ξ1,ξ2)

∂ξ1
), and let Kij

Y represents the second

derivative with respect to argument i and j of the cumulant function KY (for example,
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K11
Y represents ∂2KY (ξ1,ξ2)

∂ξ21
). By definition, ω̃2(ω1) satisfies ξ2(ω1, ω̃2(ω1)) = 0, and

ξ1
2(ω1, ω̃2(ω1)) + ξ2

2(ω1, ω̃2(ω1))ω̃1
2(ω1) = 0. (4.17)

So

ω̃1
2(ω1) = −ξ1

2(ω1, ω̃2(ω1))/ξ2
2(ω1, ω̃2(ω1)). (4.18)

Differentiating

(ω
˜
− ω̂

˜
)T (ω

˜
− ω̂

˜
)/2 = KY (ξ

˜
)− ξ

˜

T t̄
˜
− (KY (ξ̂

˜
)− ξ̂

˜

T
t̄
˜
) (4.19)

with respect to ω2 on both sides gives (ω2 − ω̂2) = (K2
Y − t̄2)ξ2

2 ; hence

ξ2
2(ω̂1, ω̃2(ω̂1)) = ω̃2(ω̂1)−ω̂2

K2
Y (ξ̂1,0)−t̄2

. (4.20)

Differentiating (4.19) with respect to ω1 on both sides gives (ω1− ω̂1) = (K1
Y − t̄1)ξ1

1 +

(K2
Y − t̄2)ξ1

2 , and evaluating at ξ̃2(ξ1) (the value of ξ2 minimizing the saddlepoint

equation as a function of ξ1) sets K2
Y − t̄2 = 0 and gives (ω1− ω̂1) = (K1

Y (ξ1, ξ̃2(ξ1))−

t̄1)ξ1
1 . Differentiating again with respect to ω1 gives

(K11
Y (ξ1, ξ̃2(ξ1)) +K12

Y (ξ1, ξ̃2(ξ1))ξ̃1
2(ξ1))(ξ1

1)2 + (K1
Y (ξ1, ξ̃2(ξ1))− t̄1)

dξ1
1

dω1

= 1,

and evaluating at ω̂1 sets K1
Y (ξ̂1, ξ̃2(ξ̂1)) − t̄1 = 0, since ξ̃2(ξ̂1) = ξ̂2, then ξ1

1(ω̂1) =√
1

K11
Y (ξ̂1,ξ̂2)+K12

Y (ξ̂1,ξ̂2)ξ̃12(ξ̂1)
. The derivative ξ̃1

2(ξ̂1) can be obtained by differentiating

K2
Y − t̄2 = 0 with respect to ξ1 which gives K21

Y (ξ1, ξ̃2(ξ1)) +K22
Y (ξ1, ξ̃2(ξ1))ξ̃1

2(ξ1) = 0,
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then ξ̃1
2(ξ̂1) = −K21

Y (ξ̂1, ξ̂2)/K22
Y (ξ̂1, ξ̂2). Hence

ξ1
2(ω̂1, ω̃2(ω̂1)) =

(ω1−ω̂1)−(K1
Y −t̄1)ξ11

K2
Y −t̄2

|ω̂1

= − (K1
Y (ξ̂1,0)−t̄1)ξ11(ω̂1)

K2
Y (ξ̂1,0)−t̄2

= −K1
Y (ξ̂1,0)−t̄1

K2
Y (ξ̂1,0)−t̄2

√
1

K11
Y (ξ̂1,ξ̂2)−K12

Y (ξ̂1,ξ̂2)(K22
Y (ξ̂1,ξ̂2))−1K21

Y (ξ̂1,ξ̂2)
.

(4.21)



5. APPROXIMATION FOR THE UNCONDITIONAL BIVARIATE

TAIL PROBABILITY

5.1 Methodology

In this section, we will evaluate the tail probability (4.9) to the error of Op(
1
n
)

for the bivariate case term by term, and we will compare our approximation to Wang’s

approximation in Section 5. The integral of the first term in (4.9) for the bivariate

case can be expressed as

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[

ω2
1+ω2

2

2
− ω̂1ω1 − ω̂2ω2]) 1

(ω1−ω̃1)(ω2−ω̃2)
dω1dω2

(2πi)2

=
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[

ω2
1+ω2

2

2
− ω̂1ω1 − ω̂2ω2]) 1

ω1(ω2−a12ω1−a112 ω1(ω1−ω̂1))
dω1dω2

(2πi)2

+Op(
1
n
),

(5.1)

where a1
2 = a1

2(ω̂1) and a11
2 = a1;1

2 (ω̂1).

Split the fraction in RHS of (5.1) and cancel ω1 in the numerator and denom-

inator to obtain

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

exp(n[ω2
1/2+ω2

2/2−ω̂1ω1−ω̂2ω2])

ω1(ω2−a12ω1)
dω1dω2

(2πi)2

+
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

exp(n[ω2
1/2+ω2

2/2−ω̂1ω1−ω̂2ω2])a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω1(ω1−ω̂1))
dω1dω2

(2πi)2
.

(5.2)

The integrand of the second integral of (5.2) contains a nonlinear term of ω1 in its

denominator, a11
2 ω1(ω1 − ω̂1), which is the major obstacle for evaluating the integral

of (5.2). Our strategy is to replace the nonlinear term by a11
2 ω̂1(ω1 − ω̂1) and show

that the error induced by the linear replacement is Op(
1
n
). The results are presented
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through Theorem 5.1 to Theorem 5.3. We evaluate the remaining integral without

the nonlinearity of ω1 in the denominator. The results are presented in Lemma 5.1,

Lemma 5.2, and Theorem 5.4.

The denominator in the second integral, (ω2−a1
2ω1)(ω2−a1

2ω1−a11
2 ω1(ω1−ω̂1))

is a product of two factors. The second factor in the product equals to the first factor

plus a quadratic term of ω1. Expressing the denominator such that it is exactly equal

to a square requires finding a such that

(ω2 − a1
2ω1)(ω2 − a1

2ω1 − a11
2 ω1(ω1 − ω̂1)) = (ω2 − a1

2ω1 − aω1(ω1 − ω̂1))2, (5.3)

where a is the root of the quadratic equation A(ω1, ω̂1)a2 +B(ω1, ω2)a+C(ω1, ω2) = 0

for A(ω1, ω̂1) = ω1(ω1−ω̂1), B(ω1, ω2) = −(ω2−a1
2ω1), and C(ω1, ω2) = a11

2 (ω2−a1
2ω1),

so a = a(A,B,C) is a function of (A,B,C). Reparameterize the second integral with

z1 = ω1 and z2 = ω2 − a1
2ω1 − aω1(ω1 − ω̂1), to give

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

exp(n[ω2
1/2+ω2

2/2−ω̂1ω1−ω̂2ω2])

ω1(ω2−a12ω1)
dω1dω2

(2πi)2

+
∫ ẑ1+i∞
ẑ1−i∞

∫ ẑ2+i∞
ẑ2−i∞

exp(n[L(z1,z2)])a112 (z1−ẑ1)

z22

dz1dz2
(2πi)2

,
(5.4)

where L(z1, z2) = 1
2
(1 + (a1

2 + aẑ1)2)(z1 − ẑ1)2 + 1
2
(z2 − ẑ2)2 + (a1

2 + aẑ1)(z1 − ẑ1)(z2 −

ẑ2)− 1
2
(ω̂2

1 + ω̂2
2) +Qa(z1, z2),and Qa(z1, z2) = a(z1 − ẑ1)2(z2 − ẑ2) + a(a1

2 + aẑ1)(z1 −

ẑ1)3 + 1
2
a2(z1 − ẑ1)4 containing cubic and higher terms of z1 − ẑ1 and z2 − ẑ2 with a

in the coefficients. We will show that dropping Qa(z1, z2) will give an error of Op(
1
n
).

Observe that there is a z2
2 in the denominator of the second integral in (5.2), Kolassa

(2003) showed that |
∫ ẑ2+i∞
ẑ2−i∞

1
z2
dz2| is bounded by a finite constant independent of ẑ2;

we will show in Theorem 5.1 that |
∫ ẑ2+i∞
ẑ2−i∞

1
z22
dz2| is also bounded by a finite constant

independent of ẑ2, and this conclusion will be used in Theorem 5.2 to show the error

is Op(
1
n
) by dropping Qa(z1, z2).
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Theorem 5.1.

|
∫ ẑ2+i∞
ẑ2−i∞

1
z22
dz2| ≤ 2

√
n
∑∞

k=0
1
k2

(5.5)

Proof. Make the change of variable z2 = ẑ2 + i y√
n

to give

|
∫ ẑ2+i∞
ẑ2−i∞

1
z22
dz2| = |

∫∞
−∞

ẑ22−y2/n
(ẑ22+y2/n)2

dy√
n
|

≤
∫∞
−∞

ẑ22
(ẑ22+y2/n)2

dy√
n

+
∫∞
−∞

y2/n

(ẑ22+y2/n)2
dy√
n

=
∫∞
−∞

1
ẑ22+y2/n

dy√
n

=
√
n
∫∞
−∞

1
nẑ22+y2

dy.

(5.6)

Let a = (
√
n|ẑ2|√
n|ẑ2|+1

)2 to give

√
n
∫∞
−∞

1
nẑ22+y2

dy =
√
n
∫∞
−∞

1
y2+a(

√
n|ẑ2|+1)2

dy

≤
√
n
∫∞
−∞

√
n|ẑ2|+1

y2+a(
√
n|ẑ2|+1)2

dy

= 2
√
n
∫∞

0

√
n|ẑ2|+1

y2+a(
√
n|ẑ2|+1)2

dy;

(5.7)

the last equality in (5.7) is due to the symmetry of the integrand. Divide the range

of the integrand in (5.7) into intervals (k(
√
n|ẑ2| + 1), (k + 1)(

√
n|ẑ2| + 1)] of equal

length
√
n|ẑ2| + 1 for k = 0, 1, · · · , the maximum of the integrand in each interval

is
√
n|ẑ2|+1

(a+k2)(
√
n|ẑ2|+1)2

, hence the integral over each interval is bounded by the maximum

multiplied by the length of the interval
√
n|ẑ2|+ 1, i.e, 1

a+k2
≤ 1

k2
, therefore the entire

integral of (5.7) is bounded by
∑∞

k=0
1
k2

.

The contribution of Qa(z1, z2) which contains the cubic and higher order terms

of z1− ẑ1 and z2− ẑ2 to the integral (5.4) is Op(
1
n
). The proof is presented in Theorem

5.2.

Theorem 5.2. Dropping Qa(z1, z2) from L(z1, z2) in the second integral of (5.2) gives
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an error of Op(
1
n
),i.e.,

∫ ẑ1+i∞
ẑ1−i∞

∫ ẑ2+i∞
ẑ2−i∞

exp(n[L(z1,z2)])a112 (z1−ẑ1)

z22

dz1dz2
(2πi)2

=∫ ẑ1+i∞
ẑ1−i∞

∫ ẑ2+i∞
ẑ2−i∞

exp(n[L∗(z1,z2)])a112 (z1−ẑ1)

z22

dz1dz2
(2πi)2

(1 +Op(
1√
n
)),

(5.8)

where L∗(z1, z2) = 1
2
(1 + (a1

2 + aẑ1)2)(z1− ẑ1)2 + 1
2
(z2− ẑ2)2 + (a1

2 + aẑ1)(z1− ẑ1)(z2−

ẑ2)− 1
2
(ω̂2

1 + ω̂2
2).

Proof. Note that L(z1, z2) = L∗(z1, z2) + Qa(z1, z2) and use Taylor expansion for

Qa(z1, z2) about (ẑ1, ẑ2), since all the linear and quadratic terms vanished. The RHS

of (5.8) becomes

∫ ẑ1+i∞
ẑ1−i∞

∫ ẑ2+i∞
ẑ2−i∞

exp(n[L∗(z1,z2)])

z22
a11

2 (z1 − ẑ1)×

(1 + n
∑

l≥2,m≥1(z1 − ẑ1)l(z2 − ẑ2)mqlm(ẑ1, ẑ2))dz1dz2
(2πi)2

=
∫ ẑ1+i∞
ẑ1−i∞

∫ ẑ2+i∞
ẑ2−i∞

exp(n[L∗(z1,z2)])

z22
a11

2 (z1 − ẑ1)dz1dz2
(2πi)2

+

n
∫ ẑ1+i∞
ẑ1−i∞

∫ ẑ2+i∞
ẑ2−i∞

exp(n[L∗(z1,z2)])

z22
a11

2

∑
l≥2,m≥1(z1 − ẑ1)l(z2 − ẑ2)mqlm(ẑ1, ẑ2)

(z1 − ẑ1)dz1dz2
(2πi)2

.

(5.9)

Make the change of variables z1 = ẑ1 + i x√
n

and z2 = ẑ2 + i y√
n

in (5.9). Note

that exp(−n1
2
(ω̂2

1 + ω̂2
2)) ≤ 1, for the first term by Theorem 5.1 the L2 norm of

1
z2

,i.e.,|
∫ ẑ2+i∞
ẑ2−i∞

1
z22
dz2| is Op(

√
n) which cancels out the factor of 1√

n
contributed from

dz1, since z1 − ẑ1 contributes a factor of 1√
n
. Hence the first term is Op(

1√
n
); for the

second term, the factor of 1
n

contributed from (z1− ẑ1)dz1 cancels the leading n, and

(z1− ẑ1)l(z2− ẑ2)m for l ≥ 2,m ≥ 1 contributes a factor of 1
n
√
n
, and by Theorem 5.1

the second term is bounded by 1
n
.

By reparameterizing RHS of (5.8) to the variables of {ω1, ω2}, Theorem 5.3

will show that replacing the nonlinearity of ω1,a11
2 ω1(ω1 − ω̂1), in the denominator in

(5.2) by the linear term a11
2 ω̂1(ω1 − ω̂1) will induce an error in the order of Op(

1
n
).
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Theorem 5.3.

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

exp(n[ω2
1/2+ω2

2/2−ω̂1ω1−ω̂2ω2])

ω1(ω2−a12ω1)
dω1dω2

(2πi)2

+
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

exp(n[ω2
1/2+ω2

2/2−ω̂1ω1−ω̂2ω2])a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω1(ω1−ω̂1))
dω1dω2

(2πi)

=
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

exp(n[ω2
1/2+ω2

2/2−ω̂1ω1−ω̂2ω2])

ω1(ω2−a12ω1)
dω1dω2

(2πi)2

+
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

exp(n[ω2
1/2+ω2

2/2−ω̂1ω1−ω̂2ω2])a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))
dω1dω2

(2πi)2
(1 +Op(

1√
n
)).

(5.10)

Proof. Since by Theorem 5.2, the second integral of (5.2) can be written as

∫ ẑ1+i∞
ẑ1−i∞

∫ ẑ2+i∞
ẑ2−i∞

exp(n[ 1
2

(1+(a12+aẑ1)2)(z1−ẑ1)2+ 1
2

(z2−ẑ2)2+(a12+aẑ1)(z1−ẑ1)(z2−ẑ2)− 1
2

(ω̂2
1+ω̂2

2)])

z22

a11
2 (z1 − ẑ1)dz1dz2

(2πi)2
(1 +Op(

1√
n
)).

(5.11)

Reparameterize (5.11) by z1 = ω1 and z2 = ω2 − a1
2ω1 − aω̂1(ω1 − ω̂1) to give the

numerator of the integrand of (5.11) as exp(n[ω2
1/2+ω2

2/2− ω̂1ω1− ω̂2ω2])a11
2 (ω1− ω̂1)

and the denominator as (ω2 − a1
2ω1 − aω̂1(ω1 − ω̂1))2. Since a = a(A,B,C) satisfies

(5.3) where A(ω1, ω̂1) = ω̂1(ω1 − ω̂1) for this reparameterization, hence (ω2 − a1
2ω1 −

aω̂1(ω1 − ω̂1))2 = (ω2 − a1
2ω1)(ω2 − a1

2ω1 − a11
2 ω̂1(ω1 − ω̂1)).

We will now evaluate RHS of (5.10) through reparameterization of {ω1, ω2}

such that the integrals of RHS of (5.10) can be expressed as bivariate normal survival

function or the products of normal density function and normal survival function.

Lemma 5.1 gives the expression for the first integral of RHS of (5.10), and Lemma

5.2 gives the expression for the second integral.

Lemma 5.1. Let Φ̄2((t1, t2),Ω) denotes the bivariate normal survival function of

mean vector 0
˜

and variance-covariance matrix Ω beyond point (t1, t2), the first integral

of RHS of (5.10) can be expressed as

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

exp(n[ω2
1/2+ω2

2/2−ω̂1ω1−ω̂2ω2])

ω1(ω2−a12ω1)
dω1dω2

(2πi)2

= Φ̄2((ω̂1 + a1
2ω̂2, ω̂2),Σ/n),

(5.12)
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where Σ =

 ς2 a1
2

a1
2 1

 and ς =
√

1 + (a1
2)2.

Proof. Reparameterize the first integral of the RHS of (5.10) such that the denomi-

nator of the integrand is the product of two variables. Let {ω1 → u1, ω2−a1
2ω1 → u2}

and ς =
√

1 + (a1
2)2 to give

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

exp(n[ω2
1/2+ω2

2/2−ω̂1ω1−ω̂2ω2])

ω1(ω2−a12ω1)
dω1dω2

(2πi)2

=
∫ û1+i∞
û1−i∞

∫ û2+i∞
û2−i∞

exp(n[ς2u21/2+u22/2+a12u1u2−a12(û2+a12û1)u1−a12û1u2−û1u1−û2u2])

u1u2

du1du2
(2πi)2

.

(5.13)

Use the saddlepoint approximation of the normal tail probability of mean variables

(4.4) for d = 2, (5.13) is the bivariate normal survival function of mean (−a1
2(û2 +

a1
2û1),−a1

2û1), variance-covariance matrix Σ/n =

 ς2 a1
2

a1
2 1

 /n evaluated at (û1, û2).

Hence the first integral of the RHS of (5.10) is

Φ̄2((ς2û1 + a1
2û2, û2 + a1

2û1),Σ/n)

= Φ̄2((ω̂1 + a1
2ω̂2, ω̂2),Σ/n).

(5.14)

Lemma 5.2. The second integral of RHS of (5.10) can be expressed as

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

exp(n[ω2
1/2+ω2

2/2−ω̂1ω1−ω̂2ω2])a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))
dω1dω2

(2πi)2

= sgn(a11
2 ω̂1) 1√

na112 ω̂2
1
e−

n
2

(ω̂2
1+ω̂2

2−û22)[σ−1
1 φ( 1+ς1√

1+2ς1+ς22

√
nû2)Φ̄(

√
ς22−ς21

1+2ς1+ς22

√
nû2)−

σ−1
2 φ( ς1

ς2

√
nû2)Φ̄(

√
ς22−ς21
ς22

√
nû2)],

(5.15)

where σ2
1 = 1 + 2ς1 + ς2

2 , σ2
2 = ς2

2 , ς1 =
a12

a112 ω̂1
, ς2 = ς

a112 ω̂1
, û1 = ω̂1, and û2 = ω̂2− a1

2ω̂1.

Proof. Reparameterize the second integral of the RHS of (5.10) such that the de-

nominator of the integrand is the product of two variables. Let {ω2 − a1
2ω1 −
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a11
2 ω̂1(ω1 − ω̂1) → u1, ω2 − a1

2ω1 → u2}, and let ς1 =
a12

a112 ω̂1
, ς2 = ς

a112 ω̂1
, L(u1, u2) =

ς2
2u

2
1/2 + (1 + 2ς1 + ς2

2 )u2
2/2− (ς1 + ς2

2 )u1u2 − (1 + ς1)û2u2 + ς1û2u1 to give

sgn(a11
2 ω̂1) 1

a112 ω̂2
1
e−

n
2

(ω̂2
1+ω̂2

2−û22)
∫ û1+i∞
û1−i∞

∫ û2+i∞
û2−i∞

exp(nL(u1,u2))(u2−u1)
u1u2

du1du2
(2πi)2

= sgn(a11
2 ω̂1) 1

a112 ω̂2
1
e−

n
2

(ω̂2
1+ω̂2

2−û22)
[ ∫ û1+i∞

û1−i∞

∫ û2+i∞
û2−i∞

exp(nL(u1,u2))
u1

du1du2
(2πi)2

−∫ û1+i∞
û1−i∞

∫ û2+i∞
û2−i∞

exp(nL(u1,u2))
u2

du1du2
(2πi)2

]
.

(5.16)

Reparameterize (5.16) such that 1) the term of product of u1 and u2 in L(u1, u2)

vanishes in the numerator and 2)ui for i = 1, 2 in the denominator is held unchanged,

so the bivariate integral can be expressed as the product of two univariate integrals.

Make change of variables for the first term in (5.16), let a = (ς1 + ς2
2 )/(1 + 2ς1 + ς2

2 )

and {u1 → v1, u2 − au1 → v2} to give

sgn(a11
2 ω̂1) 1

a112 ω̂2
1
e−

n
2

(ω̂2
1+ω̂2

2−û22)×∫ v̂1+i∞
v̂1−i∞

exp(n[ 1
2

(ς22−2a(ς1+ς22 )+a2(1+2ς1+ς22 ))v21−(a(1+ς1)−ς1)û2v1])

v1

dv1
2πi
×∫ v̂2+i∞

v̂2−i∞ exp(n[1
2
(1 + 2ς1 + ς2

2 )v2
2 − (1 + ς1)û2v2])dv2

2πi
.

(5.17)

Make change of variables for the second term in (5.16), let b = (ς1 + ς2
2 )/ς2

2 and

{u1 − bu2 → v1, u2 → v2} to give

sgn(a11
2 ω̂1) 1

a112 ω̂2
1
e−

n
2

(ω̂2
1+ω̂2

2−û22)×∫ v̂1+i∞
v̂1−i∞ exp(n[1

2
ς2
2v

2
1 + ς1û2v1])dv1

2πi
×∫ v̂2+i∞

v̂2−i∞
exp(n[ 1

2
(b2ς22−2b(ς1+ς22 )+1+2ς1+ς22 )v22−(1+ς1−bς1)û2v2])

v2

dv2
2πi
.

(5.18)
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Hence (5.16), the second integral of RHS of (5.10), can be expressed as

sgn(a11
2 ω̂1) 1

a112 ω̂2
1
e−

n
2

(ω̂2
1+ω̂2

2−û22)×[ ∫ v̂1+i∞
v̂1−i∞

exp(n[ 1
2

(ς22−2a(ς1+ς22 )+a2(1+2ς1+ς22 ))v21−(a(1+ς1)−ς1)û2v1])

v1

dv1
2πi
×∫ v̂2+i∞

v̂2−i∞ exp(n[1
2
(1 + 2ς1 + ς2

2 )v2
2 − (1 + ς1)û2v2])dv2

2πi

−∫ v̂1+i∞
v̂1−i∞ exp(n[1

2
ς2
2v

2
1 + ς1û2v1])dv1

2πi
×∫ v̂2+i∞

v̂2−i∞
exp(n[ 1

2
(b2ς22−2b(ς1+ς22 )+1+2ς1+ς22 )v22−(1+ς1−bς1)û2v2])

v2

dv2
2πi

]
.

(5.19)

The univariate integrals in (5.19) with a denominator of u1 or u2 can be expressed as a

standard normal survival function, and the univariate integrals without a denominator

can be expressed as the standard normal density function multiplied by a constant.

Write

∫ v̂1+i∞
v̂1−i∞

exp(n[ 1
2

(ς22−2a(ς1+ς22 )+a2(1+2ς1+ς22 ))v21−(a(1+ς1)−ς1)û2v1])

v1

dv1
2πi

=
∫ v̂1+i∞
v̂1−i∞

exp(n[ 1
2
σ2v21+µv1−v̂1v1])

v1

dv1
2πi
,

(5.20)

where σ2 = ς2
2 − 2a(ς1 + ς2

2 ) + a2(1 + 2ς1 + ς2
2 ) and µ = v̂1 − (a(1 + ς1)− ς1)û2.

Use the saddlepoint approximation of the tail probability of the mean variables

(4.4) for d = 1. Expression (5.20) is the normal survival function evaluated at v̂1 of

a normal distribution of mean µ and variance σ2/n. Substitute a and convert to the

standard normal survival function to give

∫ v̂1+i∞
v̂1−i∞

exp(n[ 1
2

(ς22−2a(ς1+ς22 )+a2(1+2ς1+ς22 ))v21−(a(1+ς1)−ς1)û2v1])

v1

dv1
2πi

= Φ̄(
√

ς22−ς21
1+2ς1+ς22

√
nû2).

(5.21)

Write

∫ v̂2+i∞
v̂2−i∞ exp(n[1

2
(1 + 2ς1 + ς2

2 )v2
2 − (1 + ς1)û2v2])dv2

2πi

=
∫ v̂2+i∞
v̂2−i∞ exp(n[1

2
(1 + 2ς1 + ς2

2 )v2
2 + (v̂2 − (1 + ς1)û2)v2 − v̂2v2])dv2

2πi
.
. (5.22)
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Use the saddlepoint approximation of the mean density (4.3) for d = 1, (5.22) is 1
n

times a density function evaluated at v̂2 of a normal distribution of mean v̂2−(1+ς1)û2

and variance (1 + 2ς1 + ς2
2 )/n, convert to the standard normal density to give

∫ v̂2+i∞
v̂2−i∞ exp(n[1

2
(1 + 2ς1 + ς2

2 )v2
2 − (1 + ς1)û2v2])dv2

2πi

= 1
n
σ−1

1 φ( 1+ς1√
1+2ς1+ς22

√
nû2),

(5.23)

where σ2
1 = (1 + 2ς1 + ς2

2 )/n.

Let σ2
2 = ς2

2/n and use same arguments for the remaining two univariate

integrals in (5.19) to express (5.19) in the form of normal functions as

sgn(a11
2 ω̂1) 1

na112 ω̂2
1
e−

n
2

(ω̂2
1+ω̂2

2−û22)[σ−1
1 φ( 1+ς1√

1+2ς1+ς22

√
nû2)Φ̄(

√
ς22−ς21

1+2ς1+ς22

√
nû2)−

σ−1
2 φ( ς1

ς2

√
nû2)Φ̄(

√
ς22−ς21
ς22

√
nû2)].

(5.24)

Factor out
√
n from σ−1

1 and σ−1
2 in the bracket in (5.24) and re-define σ2

1 = 1+2ς1+ς2
2

and σ2
2 = ς2

2 to give

sgn(a11
2 ω̂1) 1√

na112 ω̂2
1
e−

n
2

(ω̂2
1+ω̂2

2−û22)[σ−1
1 φ( 1+ς1√

1+2ς1+ς22

√
nû2)Φ̄(

√
ς22−ς21

1+2ς1+ς22

√
nû2)−

σ−1
2 φ( ς1

ς2

√
nû2)Φ̄(

√
ς22−ς21
ς22

√
nû2)].

(5.25)

Lemma 5.1 and Lemma 5.2 give the expressions of the first and second integral

of RHS of (5.10) in the form of normal functions, respectively. Therefore, by (5.12)

and (5.15) we have the following theorem.

Theorem 5.4. To the error of Op(
1
n
), the first term of the bivariate tail probability
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(5.1) can be approximated by

Φ̄2((ω̂1 + a1
2ω̂2, ω̂2),Σ/n) + sgn(a11

2 ω̂1) 1√
na112 ω̂2

1
e−

n
2

(ω̂2
1+ω̂2

2−û22)×

[σ−1
1 φ( 1+ς1√

1+2ς1+ς22

√
nû2)Φ̄(

√
ς22−ς21

1+2ς1+ς22

√
nû2)− σ−1

2 φ( ς1
ς2

√
nû2)Φ̄(

√
ς22−ς21
ς22

√
nû2)],

(5.26)

where the quantity ω̂1 and ω̂2 are the square root of twice the unconditional log like-

lihood ratio statistics for testing the corresponding ξj = 0, j = 1, 2, assuming that

ξl = 0 for l < j, but without restriction on ξl for l > j, and σ2
1 = 1+2ς1 + ς2

2 , σ2
2 = ς2

2 ,

ς1 =
a12

a112 ω̂1
, ς2 = ς

a112 ω̂1
, ς =

√
1 + (a1

2)2, û1 = ω̂1, û2 = ω̂2 − a1
2ω̂1, Σ =

 ς2 a1
2

a1
2 1

.

Proof. Since (5.12) equals to the first integral of RHS of (5.10) and (5.15) equals to

second integral of the RHS of (5.10), summing (5.12) and (5.15) gives (5.26).

Note that ω̂1 = 0 is a singularity point for (5.26). Lemma 5.3 will show that

the singularity point is removable.

Lemma 5.3. ω̂1 = 0 is a removable singularity point for

f(ω̂1) = 1
a112 ω̂2

1
×

[σ−1
1 φ( 1+ς1√

1+2ς1+ς22

√
nû2)Φ̄(

√
ς22−ς21

1+2ς1+ς22

√
nû2)− σ−1

2 φ( ς1
ς2

√
nû2)Φ̄(

√
ς22−ς21
ς22

√
nû2)].

(5.27)

Proof. Use Riemann’s theorem, it is to show limω̂1→0 ω̂1f(ω̂1) = 0. Since by mean

value theorem limω̂1→0 a
11
2 (εω̂1)ω̂1 = limω̂1→0(a1

2(ω̂1) − a1
2(0)) = 0, it is equivalent to

show that lima112 ω̂1→0 ω̂1f(ω̂1) = 0. Write

ω̂1f(ω̂1) = a11
2 ω̂1

f(ω̂1)

a112
= (a11

2 ω̂1σ1)−1φ( 1+ς1√
1+2ς1+ς22

√
nû2)Φ̄(

√
ς22−ς21

1+2ς1+ς22

√
nû2)

−(a11
2 ω̂1σ2)−1φ( ς1

ς2

√
nû2)Φ̄(

√
ς22−ς21
ς22

√
nû2),

(5.28)

since ς2
2 = (1+ 1

(a12)2
)ς2

1 . The product of the density function and the survival function
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in the second term of (5.28)

φ(
ς1
ς2

√
nû2)Φ̄(

√
ς2
2 − ς2

1

ς2
2

√
nû2) = φ(

√
(a1

2)2

1 + (a1
2)2

√
nû2)Φ̄(

√
1

1 + (a1
2)2

√
nû2),

and the limitation of the product of the density function and the survival function in

the first term

lima112 ω̂1→0 φ( 1+ς1√
1+2ς1+ς22

√
nû2)Φ̄(

√
ς22−ς21

1+2ς1+ς22

√
nû2) =

lima112 ω̂1→0 φ(
√

(a12)2

1+(a12)2

√
nû2)Φ̄(

√
1

1+(a12)2

√
nû2);

hence the products in the two terms of (5.28) are equal as ω̂1 → 0. And

lim
ω̂1→0

a11
2 ω̂1σ1 = lim

a112 ω̂1→0

√
a11

2 ω̂1 + 2a1
2a

11
2 ω̂1 + ς2 = lim

a112 ω̂1→0
ς = lim

a112 ω̂1→0
a11

2 ω̂1σ2,

the two constant multiplier of the two terms in (5.28) are also equal at the singularity

point. Hence (5.28) goes to 0 at the singularity point of ω̂1 = 0.

The integrals of the second and third term in (4.9) to the error of Op(
1
n
) are

much easier to perform using Watson’s Lemma and presented in Theorem 5.5 and

5.6, respectively.

Watson’s Lemma states that if g(ω) is analytic in a neighborhood of ω = ω̂

then i−1
√

n
2π

∫ ω̂+i∞
ω̂−i∞ exp(n(ω − ω̂)2/2)g(ω)dω =

∑∞
j=0

(−1)jg(2j)(ω̂)
(2n)jj!

. Hence to the error

of Op(
1
n
),
∫ ω̂+i∞
ω̂−i∞ exp(n(ω2/2− ω̂ω))g(ω) dω

2πi
= φ(

√
nω̂)√
n
g(ω̂).

Theorem 5.5. To the error of Op(
1
n
), the second term of the bivariate tail probability

(4.9) can be approximated by

1√
n
Φ̄(
√
n(ω̂2 − ω̃2(ω̂1)))φ(

√
nω̂1)( 1

ẑ1
− 1

ω̂1
)en(ω̃2(ω̂1)2/2−ω̂2ω̃2(ω̂1)), (5.29)

where ω̂1 and ω̂2 are the square roots of twice the unconditional log likelihood ratio

statistics defined as in Theorem 5.4, and
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ẑ1 = ξ̂1

√
K11
Y (ξ̂1,ξ̂2)K22

Y (ξ̂1,ξ̂2)−K12
Y (ξ̂1,ξ̂2)K21

Y (ξ̂1,ξ̂2)

K22
Y (ξ̂1,ξ̂2)

.

Proof. Since

G(1)(ω1,0)
ω2−ω̃2(ω1)

= 1
ω2−ω̃2(ω1)

( 1
ξ1

dξ1
dω1
− 1

ω1
) (5.30)

is an analytic function at ω̂1 and 0, by Watson’s Lemma

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[ω2

1/2 + ω2
2/2− ω̂1ω1 − ω̂2ω2]) G

(1)(ω1,0)
ω2−ω̃2(ω1)

dω1dω2

(2πi)2
=∫ ω̂1+i∞

ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[ω2

1/2 + ω2
2/2− ω̂1ω1 − ω̂2ω2]) 1

ω2−ω̃2(ω1)
( 1
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dξ1
dω1
− 1

ω1
)

×dω1dω2

(2πi)2
=∫ ω̂2+i∞

ω̂2−i∞ en(ω2
2/2−ω̂2ω2)

[ ∫ ω̂1+i∞
ω̂1−i∞ en(ω2

1/2−ω̂1ω1) 1
ω2−ω̃2(ω1)

( 1
ξ1

dξ1
dω1
− 1

ω1
)dω1

2πi

]
dω2

2πi

=
∫ ω̂2+i∞
ω̂2−i∞ en(ω2

2/2−ω̂2ω2) φ(
√
nω̂1)√
n

[
1

ω2−ω̃2(ω̂1)
( 1
ẑ1
− 1

ω̂1
) +Op(

1
n
)
]
dω2

2πi

=
∫ ω̂2+i∞
ω̂2−i∞ en(ω2

2/2−ω̂2ω2) 1
ω2−ω̃2(ω̂1)

dω2

2πi
φ(
√
nω̂1)√
n

( 1
ẑ1
− 1

ω̂1
) +Op(

1
n
),

(5.31)

where ẑ1 = ξ̂1( dξ1
dω1

(ω̂1))−1 = ξ̂1

√
K11
Y (ξ̂1,ξ̂2)K22

Y (ξ̂1,ξ̂2)−K12
Y (ξ̂1,ξ̂2)K21

Y (ξ̂1,ξ̂2)

K22
Y (ξ̂1,ξ̂2)

.

Make the change of variable u = ω2 − ω̃2(ω̂1) for (5.31) to give

en(ω̃2(ω̂1)2/2−ω̂2ω̃2(ω̂1))
∫ û+i∞
û−i∞ en(u2/2−ûu) 1

u
du
2πi

φ(
√
nω̂1)√
n

( 1
ẑ1
− 1

ω̂1
) +Op(

1
n
)

= 1√
n
Φ̄(
√
n(ω̂2 − ω̃2(ω̂1)))φ(

√
nω̂1)( 1

ẑ1
− 1

ω̂1
)en(ω̃2(ω̂1)2/2−ω̂2ω̃2(ω̂1)) +Op(

1
n
).

(5.32)

Theorem 5.6. To the error of Op(
1
n
), the third term of the bivariate tail probability

(4.9) can be approximated by

1√
n
Φ̄(
√
nω̂1)φ(

√
nω̂2)( 1

ẑ2
− 1

ω̂2
), (5.33)

where ω̂1 and ω̂2 are the square roots of twice the unconditional log likelihood ratio

statistics defined as in Theorem 5.4, ẑ2 = ξ̌2

√
K22
Y (0, ξ̌2) and ξ̌2 = ξ2(0, ω̂2).

Proof. WriteG(2)(ω1, ω2) = G(2)(0, ω2)+(G(2)(ω1, ω2)−G(2)(0, ω2)), whereG(2)(0, ω2) =
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1
ξ2(0,ω2)

dξ2
dω2

(0, ω2) − 1
ω2

. The second term will integrate to the order of Op(
1
n
), hence

to the error of Op(
1
n
) and use Watson’s Lemma since G(2)(0, ω2) is analytic at ω̂2 ,

integrating the first term G(2)(0, ω2) gives

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[ω2

1/2 + ω2
2/2− ω̂1ω1 − ω̂2ω2])G

(2)(0,ω2)
ω1

dω1dω2

(2πi)2
=[ ∫ ω̂2+i∞

ω̂2−i∞ en(ω2
2/2−ω̂2ω2)G(2)(0, ω2)dω2

2πi

][ ∫ ω̂1+i∞
ω̂1−i∞ en(ω2

1/2−ω̂1ω1) 1
ω1

dω1

2πi

]
= 1√

n
φ(
√
nω̂2)G(2)(0, ω̂2)Φ̄(

√
nω̂1),

(5.34)

where G(2)(0, ω̂2) = 1
ξ2(0,ω̂2)

dξ2
dω2

(0, ω̂2)− 1
ω̂2

= 1
ẑ2
− 1

ω̂2
, and ξ̌2 = ξ2(0, ω̂2) is the root of

equation KY (0, ξ̌2)− ξ̌2t̄2 − (KY (ξ̂1, ξ̂2)− ξ̂
˜

T
t̄
˜
)− ω̂2

1/2 = 0.

Combining Theorem 5.4, 5.5 and 5.6 gives the approximation to the tail prob-

ability of (4.9) to the error of Op(
1
n
), the result is presented in the Theorem 5.7.

Theorem 5.7. To the error of Op(
1
n
), the bivariate tail probability (4.9) can be ap-

proximated by

Φ̄2((ω̂1 + a1
2ω̂2, ω̂2),Σ/n) + sgn(a11

2 ω̂1) 1√
na112 ω̂2

1
e−

n
2

(ω̂2
1+ω̂2

2−û22)×

[σ−1
1 φ( 1+ς1√

1+2ς1+ς22

√
nû2)Φ̄(

√
ς22−ς21

1+2ς1+ς22

√
nû2)− σ−1

2 φ( ς1
ς2

√
nû2)Φ̄(

√
ς22−ς21
ς22

√
nû2)]

+ 1√
n
Φ̄(
√
n(ω̂2 − ω̃2(ω̂1)))φ(

√
nω̂1)( 1

ẑ1
− 1

ω̂1
)en(ω̃2(ω̂1)2/2−ω̂2ω̃2(ω̂1))

+ 1√
n
Φ̄(
√
nω̂1)φ(

√
nω̂2)( 1

ẑ2
− 1

ω̂2
),

(5.35)

where the quantity ω̂1 and ω̂2 are the square root of twice the unconditional log like-

lihood ratio statistics for testing the corresponding ξj = 0, j = 1, 2, assuming that

ξl = 0 for l < j, but without restriction on ξl for l > j, σ2
1 = 1 + 2ς1 + ς2

2 , σ2
2 = ς2

2 ,

ς1 =
a12

a112 ω̂1
, ς2 = ς

a112 ω̂1
, ς =

√
1 + (a1

2)2, û1 = ω̂1, û2 = ω̂2 − a1
2ω̂1, Σ =

 ς2 a1
2

a1
2 1

,

ẑ1 = ξ̂1

√
K11
Y (ξ̂1,ξ̂2)K22

Y (ξ̂1,ξ̂2)−K12
Y (ξ̂1,ξ̂2)K21

Y (ξ̂1,ξ̂2)

K22
Y (ξ̂1,ξ̂2)

, ẑ2 = ξ̌2

√
K22
Y (0, ξ̌2), and ξ̌2 = ξ2(0, ω̂2).

Proof. Omitted.
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5.2 Results and Conclusion

In the first example, we consider the bivariate random vector (Y1, Y2) = (X1 +

X2, X1 + X3), where (X1, X2, X3) are identically independent distributed random

variables following exponential distribution with rate equal to 1 of density function

f(x) = e−x. A Monto Carlo (MC) simulation of sample size 100000 was conducted

using R to evaluate the saddlepoint approximation (5.35) given in Section 2 for the

bivariate tail probability P (Ȳ1 ≥ t1, Ȳ2 ≥ t2) when n = 5. The relative errors of the

approximation compared to the exact values for different values of (t1, t2) are plotted

as the contour lines in the following contour plot (Figure 5.1). Figure 5.1 shows

that in general the saddlepoint approximation given in (5.35) performs very well as

the relative errors are very small and stable, and the approximation is remarkably

good when (t1, t2) is in the rectangle of ((0, 1.5), (0, 1.5)) as the relative errors are

consistently near 0.
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Figure 5.1: Relative errors of the bivariate saddlepoint approximation (5.35) compared to
the exact value in the continuous case.
(a) The maximum relative error is 0.31.

In the second example, we consider a discrete case that (X1, X2, X3) are iden-

tically independent distributed unit lattice random variables following binomial dis-

tribution of the probability function P (X = x) =

(
x

N

)
px(1 − p)N−x with N = 10

and p = 0.2 . Similarly, a Monto Carlo (MC) simulation of sample size 100000 was

conducted to evaluate the saddlepoint approximation for the bivariate tail proba-

bility P (Ȳ1 ≥ t1, Ȳ2 ≥ t2) for n = 5 where the bivariate random vector (Y1, Y2) =

(X1 + X2, X1 + X3). The relative errors of the approximation compared to the ex-

act values are plotted for different values of (t1, t2) as contour lines in Figure 5.2.

Figure 5.2 shows that in general the approximation performs very well and the best

performance of the approximation is observed for smaller (t1, t2) similarly to the con-
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tinuous case in the first example.

Figure 5.2: Relative errors of the bivariate saddlepoint approximation (5.35) compared to
the exact value in the unit lattice case.
(a) The maximum relative error is 0.22.

5.3 Comparison to Wang’s Approximation

Wang (1990) gave a saddlepoint approximation for the cumulative distribu-

tion function of the sample mean of n independent bivariate random vectors using

Lugannani and Rice’s saddlepoint formula and the standard bivariate normal distri-

bution function. Using our notation to express Wang’s approximation for the general

continuous case gives

P (T̄1 ≤ t̄1, T̄2 ≤ t̄2) = Φ(
√
nx1,
√
ny1, ρ1)

+ 1√
n
Φ(
√
nω̂2)φ(

√
nẑ)(1

ẑ
− 1

ξ̂2G
)

+ 1√
n
Φ(
√
nẑ)φ(

√
nx1)( 1

ω̂2
− 1

ξ̂1
√
K22
Y (ξ̂1,ξ̂2)

)

+ 1√
2πn

exp{n[KY (ξ̂1, ξ̂2)− ξ̂1t̄1 − ξ̂2t̄2]}( 1
ω̂2
− 1

ξ̂1
√
K22
Y (ξ̂1,ξ̂2)

)(1
ẑ
− 1

ξ̂2G
),

(5.36)
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where

w(ξ2) = sgn(ξ̃1)
√

2[hξ2(0)− hξ2(ξ̃1)],

hξ2(ξ1) = KY (ξ1, ξ2)− ξ1t̄1 for each fixed ξ2,

ξ̃1 is the minimizer of hξ2(ξ1),

ẑ2 = −2(KY (0, ξ̂2)− ξ̂2t̄2)

x1 = w(0),

b = ω̂2−w(0)
ẑ

,

y1 = (ẑ − bx1)/(1 + b2)1/2,

ρ1 = −b/(1 + b2)1/2,

and G =

√
K22(ξ̂1, ξ̂2)− (K12(ξ̂1, ξ̂2))2/K11(ξ̂1, ξ̂2).

(5.37)

Use the same bivariate random vector (Y1, Y2) = (X1 + X2, X1 + X3) as in Section

3 (example one), where (X1, X2, X3) are identically independent distributed random

variables following exponential distribution with rate equal to 1 of density function

f(x) = e−x. Conduct the same Monto Carlo (MC) simulation of sample size 100000

to evaluate Wang’s approximation (5.36) for tail probability P (Ȳ1 ≥ t1, Ȳ2 ≥ t2) when

n = 5 by doing 1− (5.36). The relative errors of Wang’s approximation compared to

the exact values are plotted in Figure 5.3). Figure 5.3 shows that Wang’s approxi-

mation (5.36) results in much bigger relative errors compared to our approximation

(5.35) as shown in Figure 5.1 (Section 3).
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Figure 5.3: Relative errors of Wang’s bivariate approximation (5.35) compared to the exact
value in the continuous case.
(a) The maximum relative error is 2.18.



6. APPROXIMATION FOR THE CONDITIONAL BIVARIATE

TAIL PROBABILITY

6.1 Methodology

In this section, we will consider the approximation for the conditional bivariate

tail probability, defined as

P (T̄1 > t̄1, T̄2 > t̄2|T̄3 = t̄3) (6.1)

Kolassa and Li (2010) pointed out the multivariate conditional probability approxi-

mation is simply equal to the multivariate unconditional tail probability multiplied

by 1 +Op(
1
n
) and summarized in Theorem 6.1.

Theorem 6.1. To the error of Op(
1
n
), the conditional bivariate tail probability P (T̄1 >

t̄1, T̄2 > t̄2|T̄3 = t̄3) can be approximated by

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[

ω2
1+ω2

2

2
− ω̂1ω1 − ω̂2ω2]) G(ω1,ω2)

(ω1−ω̃1)(ω2−ω̃2)
dω1dω2

(2πi)2
, (6.2)

where the quantity ω̂1 and ω̂2 are the square roots of twice the conditional log likelihood

ratio statistics for testing the corresponding ξj = 0, j = 1, 2, assuming that ξl = 0 for

l < j, but without restriction on ξl for l > j, and conditioning on T̄3 = t̄3.

Proof. Similarly as Kolassa and Li (2010) showed for the multivariate conditional
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case, the numerator of the conditional bivariate tail probability

n
(2πi)3

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× G(ω1,ω2)
(ω1−ω̃1)(ω2−ω̃2)

dξ3(ω1,ω2,ω3)
dω3

|(ω1=0,ω2=0,ω3=ω̂3)dω1dω2dω3

=
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[

ω2
1+ω2

2

2
− ω̂1ω1 − ω̂2ω2]) G(ω1,ω2)

(ω1−ω̃1)(ω2−ω̃2)
dω1dω2

(2πi)2

×J3,

(6.3)

where J3 = n
2πi

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
3

2
− ω̂3ω3])dω3 = fT3(t3)(1 + Op(

1
n
)). Hence by the

definition of the conditional probability J3 is canceled out from the numerator and

denominator, (6.2) is achieved.

By Theorem 6.1, we can directly use Theorem 5.7 to approximate the condi-

tional bivariate tail probability except the only difference is that ω̂1 and ω̂2 are the

square root of twice the conditional log likelihood ratio statistics.

6.2 Results and Conclusion

In the first example, we consider the same bivariate continuous random vector

(Y1, Y2) as in Section 3 (example one), and let Y3 = X1 be the third variable that

(Y1, Y2) is conditioned on. A Monto Carlo (MC) simulation was conducted to evaluate

the saddlepoint approximation for the conditional bivariate tail probability P (Ȳ1 ≥

t1, Ȳ2 ≥ t2|Ȳ3 = t3) for n = 5. The relative errors for different values of t3 are plotted

as the contour lines in Figure 6.1. Figure 6.1 shows that in general the approximation

performs well for different values of t3, and better performance is observed when t3 is

smaller.
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Figure 6.1: Relative errors of the bivariate saddlepoint approximation (5.35) of the condi-
tional tail probability compared to the exact value for the continuous case.

In the second example, we consider the same bivariate lattice random vector

(Y1, Y2) as in Section 3 (example two), and let Y3 = X1 be the third variable that

(Y1, Y2) is conditioning on. A Monto Carlo (MC) simulation was conducted to evaluate

the saddlepoint approximation for the conditional bivariate tail probability P (Ȳ1 ≥

t1, Ȳ2 ≥ t2|Ȳ3 = t3) for n = 5. The relative errors for different values of t3 are plotted

as the contour lines in Figure 6.2. Figure 6.2 shows that the approximation performs

well for different values of t3.
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Figure 6.2: Relative errors of the bivariate saddlepoint approximation (5.35) of the condi-
tional tail probability compared to the exact value for the discrete case.



7. APPROXIMATION FOR TRIVARIATE UNCONDITIONAL

TAIL PROBABILITY

In this chapter, we will extend the bivariate unconditional tail probability

approximation to three dimension with error of Op(
1
n
). The integral of the first term

in (4.9) for the trivariate case can be expressed as

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× 1
(ω1−ω̃1)(ω2−ω̃2(ω1))(ω3−ω̃3(ω1,ω2))

dω1dω2dω3

(2πi)3

=
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× 1

ω1[ω2−a12ω1−a112 ω1(ω1−ω̂1)][ω3−a23ω2−a13ω1−
∑
i,j=1,2 a

ij
3 ωi(ωj−ω̂j)]

dω1dω2dω3

(2πi)3

+Op(
1
n
),

(7.1)

where aik = aik(ω̂
˜
k−1) for 1 ≤ i < k ≤ 3, aijk = ai;jk (ω̂

˜
k−1) for 1 ≤ i, j < k ≤ 3, and

ω̂
˜
k−1 = (ω̂1, · · · , ω̂k−1)T .

As in the bivariate case, the nonlinear terms appear in the denominators of

the integrand of (7.1) are the major obstacle for evaluating the integral. Theorem 7.1

will show that replacing a11
2 ω1 by a11

2 ω̂1 in the second denominator of the integrand

of (7.1), and replacing
∑

i,j=1,2 a
ij
3 ωi(ωj − ω̂j) by

∑
i,j=1,2 a

ij
3 ω̂i(ωj − ω̂j) in the third

denominator will induce an error of Op(
1
n
).
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Theorem 7.1.

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× 1

ω1[ω2−a12ω1−a112 ω1(ω1−ω̂1)][ω3−a23ω2−a13ω1−
∑
i,j=1,2 a

ij
3 ωi(ωj−ω̂j)]

dω1dω2dω3

(2πi)3

=
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

×
(

1
ω1(ω2−a12ω1)

+
a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))

)
1

ω3−a23ω2−a13ω1−
∑
i,j=1,2 a

ij
3 ω̂i(ωj−ω̂j)

×dω1dω2dω3

(2πi)3
+Op(

1
n
).

(7.2)

Proof. We will prove the theorem by two steps. To save some notation, letB(ω1, ω2) =

1
ω1(ω2−a12ω1)

+
a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))
. Step 1: To show replacing

1

ω1[ω2 − a1
2ω1 − a11

2 ω1(ω1 − ω̂1)]

by B(ω1, ω2), with the third denominator held unchanged, will induce an error of

Op(
1
n
). Step 2: Based on the result of step 1, to show replacing

∑
i,j=1,2 a

ij
3 ωi(ωj− ω̂j)

by
∑

i,j=1,2 a
ij
3 ω̂i(ωj−ω̂j) in the third denominator of the integral with the replacement

of B(ω1, ω2) will induce an error of Op(
1
n
).

Write (7.1) as

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[

ω2
1+ω2

2

2
− ω̂1ω1 − ω̂2ω2]) 1

(ω1−ω̃1)(ω2−ω̃2(ω1))

×
[ ∫ ω̂3+i∞

ω̂3−i∞
exp(n[ω2

3/2−ω̂3ω3])

ω3−ω̃3(ω1,ω2)
dω3

2πi

]
dω1dω2

(2πi)2
.

(7.3)

The inner integral with respect to ω3 is a function of (ω1, ω2). Let h(ω1, ω2) =∫ ω̂3+i∞
ω̂3−i∞

exp(n[ω2
3/2−ω̂3ω3])

ω3−ω̃3(ω1,ω2)
dω3

2πi
, and for each fixed (ω1, ω2), reparameterize the inner inte-

gral with {ω3 − ω̃3(ω1, ω2)→ ω∗3} to give

h(ω1, ω2)

= eω̃3(ω1,ω2)2/2−ω̂3ω̃3(ω1,ω2)
∫ ω̂∗3+i∞
ω̂∗3−i∞

exp(n[ω̃3(ω1,ω2)2/2−(ω̂3−ω̃3(ω1,ω2))ω∗3 ])

ω∗3

dω∗3
2πi

= eω̃3(ω1,ω2)2/2−ω̂3ω̃3(ω1,ω2)Φ̄(ω̂3 − ω̃3(ω1, ω2)).

(7.4)
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Note that Φ̄(ω̂3 − ω̃3(ω1, ω2)) = Op(1) and substituting h(ω1, ω2) to (7.3) gives

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[

ω2
1+ω2

2+ω̃2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω̃3]) 1

(ω1−ω̃1)(ω2−ω̃2(ω1))

×Op(1)dω1dω2

(2πi)2
.

(7.5)

Since ω̃3(ω1, ω2) satisfies ξ3(ω1, ω2, ω̃3) = 0, and by definitions of (ωi − ω̂i)
2/2 and

ω̂2
i /2 for i = 1, 2, 3

ω2
1+ω2

2+ω̃2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω̃3

= (ω1 − ω̂1)2/2− ω̂2
1/2 + (ω2 − ω̂2)2/2− ω̂2

2/2 + (ω̃3 − ω̂3)2/2− ω̂2
3/2

= KY (ξ1, ξ2, 0)− ξ1t̄1 − ξ2t̄2,

(7.6)

therefore (7.5) is equivalent to the bivariate case for which we have proved in Theorem

5.3 in Section 2 that replacing 1
ω1[ω2−a12ω1−a112 ω1(ω1−ω̂1)]

by B(ω1, ω2) induces an error

of Op(
1
n
). Hence Step 1 is proved. To prove Step 2, let r(ω1, ω2, ω3) = ω3 − a2

3ω2 −

a1
3ω1 −

∑
i,j a

ij
3 ω̂i(ωj − ω̂j), and write the third denominator as

1

ω3−a23ω2−a13ω1−
∑
i,j=1,2 a

ij
3 ωi(ωj−ω̂j)

= 1

ω3−a23ω2−a13ω1−
∑
i,j a

ij
3 ω̂i(ωj−ω̂j)−

∑
i,j a

ij
3 (ωi−ω̂i)(ωj−ω̂j)

= 1

ω3−a23ω2−a13ω1−
∑
i,j a

ij
3 ω̂i(ωj−ω̂j)

+
∑
i,j a

ij
3 (ωi−ω̂i)(ωj−ω̂j)

r(r−
∑
i,j a

ij
3 (ωi−ω̂i)(ωj−ω̂j))

.

(7.7)
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Substituting (7.7) to (7.1), with the replacement of a11
2 ω̂1 gives

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

×
(

1
ω1(ω2−a12ω1)

+
a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))

)
1

ω3−a23ω2−a13ω1−
∑
i,j=1,2 a

ij
3 ω̂i(ωj−ω̂j)

×dω1dω2dω3

(2πi)3

+∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

×
(

1
ω1(ω2−a12ω1)

+
a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))

)
1

r(r−
∑
i,j a

ij
3 (ωi−ω̂i)(ωj−ω̂j))

×
∑

i,j a
ij
3 (ωi − ω̂i)(ωj − ω̂j)dω1dω2dω3

(2πi)3
.

(7.8)

To show the second integral of (7.8) is Op(
1
n
), we use the same arguments as in Section

2 by letting (r∗)2 = r(r −
∑

i,j a
ij
3 (ωi − ω̂i)(ωj − ω̂j)), Theorem 5.1 shows that for all

fixed (ω1, ω2), the univariate integral of 1
(r∗)2

as a function of ω3 is bounded by
√
n.

And since

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

×
(

1
ω1(ω2−a12ω1)

+
a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))

)∑
i,j=1,2 a

ij
3 (ωi − ω̂i)(ωj − ω̂j)

×dω1dω2dω3

(2πi)3

=
[ ∫ ω̂3+i∞

ω̂3−i∞ exp(n[ω2
3/2− ω̂3ω3])dω3

2πi

][ ∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[

ω2
1+ω2

2

2
− ω̂1ω1 − ω̂2ω2])

×B(ω1, ω2)
∑

i,j=1,2 a
ij
3 (ωi − ω̂i)(ωj − ω̂j)dω1dω2

(2πi)2

]
= 1√

n
e−

1
2
nω̂2

3

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[

ω2
1+ω2

2

2
− ω̂1ω1 − ω̂2ω2])B(ω1, ω2)

×
∑

i,j=1,2 a
ij
3 (ωi − ω̂i)(ωj − ω̂j)dω1dω2

(2πi)2
,

(7.9)

the leading factor of 1√
n

from (7.9) cancels out
√
n contributed by the integral of

1
(r∗)2

. Note that
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[

ω2
1+ω2

2

2
− ω̂1ω1 − ω̂2ω2])B(ω1, ω2)dω1dω2

(2πi)2
is Op(1)

as shown in Section 2. Make the change of variables ωj = ω̂j + i
zj√
n

for j = 1, 2. The

two terms of ω1 − ω̂1, ω2 − ω̂2 contribute a factor of 1
n
, hence the second integral of

(7.8) is bounded by 1
n
. Step 2 is proved.
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We will now evaluate the integral of the RHS of (7.2). Splitting the third

denominator to two terms with the first term containing only linearity of ω’s in the

denominator gives

1

ω3−a23ω2−a13ω1−
∑
i,j=1,2 a

ij
3 ω̂i(ωj−ω̂j)

= 1
ω3−a23ω2−a13ω1

+
∑
i,j=1,2 a

ij
3 ω̂i(ωj−ω̂j)

(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−
∑
i,j=1,2 a

ij
3 ω̂i(ωj−ω̂j))

.
(7.10)

To save some notation, let ω†3(ω1, ω2) =
∑

i,j=1,2 a
ij
3 ω̂i(ωj − ω̂j), and substitute

(7.10) to the RHS of (7.2) to give

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

×
(

1
ω1(ω2−a12ω1)

+
a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))

)
1

ω3−a23ω2−a13ω1−ω†3(ω1,ω2)

×dω1dω2dω3

(2πi)3

=
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× 1
ω1(ω2−a12ω1)(ω3−a23ω2−a13ω1)

dω1dω2dω3

(2πi)3

+
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× ω†3(ω1,ω2)

ω1(ω2−a12ω1)(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

dω1dω2dω3

(2πi)3

+
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))(ω3−a23ω2−a13ω1)
dω1dω2dω3

(2πi)3

+
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× a112 (ω1−ω̂1)ω†3(ω1,ω2)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

×dω1dω2dω3

(2πi)3
.

(7.11)

We will evaluate the RHS of (7.11) term by term and the results are presented in

Lemma 7.1 to 7.4, respectively.
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Lemma 7.1.

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× 1
ω1(ω2−a12ω1)(ω3−a23ω2−a13ω1)

dω1dω2dω3

(2πi)3

= Φ̄3((A−T1 ω̂
˜
)T ,Σ1),

(7.12)

where Φ̄3((A−T ω̂
˜
)T ,Σ) is the trivariate normal survival function beyond point (A−T ω̂

˜
)T

of a trivariate normal distribution of mean 0
˜

and variance Σ = (ATA)−1, and

A =


1 0 0

−a1
2 1 0

−a1
3 −a2

3 1

 . (7.13)

Proof. Reparameterize the integral of LHS of (7.12) such that the denominator of the

integrand is the product of three variables. Let z
˜

= (z1, z2, z3)T , ω
˜

= (ω1, ω2, ω3)T .

Make the change of variables by letting {ω1 → z1, ω2−a1
2ω1 → z2, ω3−a2

3ω2−a1
3ω1 →

z3}, or, in matrix form of z
˜

= Aω
˜

to give

∫ ẑ1+i∞
ẑ1−i∞

∫ ẑ2+i∞
ẑ2−i∞

∫ ẑ3+i∞
ẑ3−i∞ exp(n[1

2
z
˜

T (ATA)−1z
˜
− (A−T ω̂

˜
)T z

˜
])

× 1
z1z2z3

dz1dz2dz3
(2πi)3

= Φ̄3((A−T ω̂
˜
)T ,Σ),

(7.14)

where Σ = (ATA)−1, A−T = (A−1)T , and Φ̄3((A−T ω̂
˜
)T ,Σ) is the trivariate normal

survival function beyond point (A−T ω̂
˜
)T of a trivariate normal distribution of mean

0
˜

and variance Σ.
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Lemma 7.2.

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× ω†3(ω1,ω2)

ω1(ω2−a12ω1)(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

dω1dω2dω3

(2πi)3

=

−
∑

j=1,2(a1j
3 + a1

2a
2j
3 )e

− 1
2
n(c

˜

TΣ1c
˜
+ω̂

˜

TA−1
1 c

˜
)
|A1|×[

(e
˜

T
j A
−1
1 c

˜
)ω̂jΦ̄3(c

˜

TΣ1 + ω̂
˜

TA−1
1 ,Σ1) + 1

n
∂
∂tj

Φ̄3(c
˜

TΣ1 + t
˜

TA−1
1 ,Σ1)|ω̂

˜

]
−
∑

j=1,2 a
2j
3 e
− 1

2
n(c

˜

TΣ2c
˜
+ω̂

˜

TA−1
2 c

˜
)
|A2|×[

(e
˜

T
j A
−1
2 c

˜
)ω̂jΦ̄3(c

˜

TΣ2 + ω̂
˜

TA−1
2 ,Σ2) + 1

n
∂
∂tj

Φ̄3(c
˜

TΣ2 + t
˜

TA−1
2 ,Σ2)|ω̂

˜

]
+Op(

1
n
),

(7.15)

where e
˜
j is the unit vector of the jth element being 1 and all others being 0, c

˜
=

(0, 0,
∑

i,j=1,2 a
ij
3 ω̂iω̂j)

T ,

A1 =


−a1

2 1 0

−a1
3 −a2

3 1

−a1
3 − a11

3 ω̂1 − a12
3 ω̂2 −a2

3 − a12
3 ω̂1 − a22

3 ω̂2 1

 , (7.16)

A2 =


1 0 0

−a1
3 −a2

3 1

−a1
3 − a11

3 ω̂1 − a12
3 ω̂2 −a2

3 − a12
3 ω̂1 − a22

3 ω̂2 1

 (7.17)

and Σi = (ATi Ai)
−1 for i = 1, 2.

Proof. We will first show that replacing a1j
3 ω̂1 by a1j

3 ωj in the numerator of the inte-

grand will induce an error of Op(
1
n
). The error after replacing a1j

3 ω̂1 by a1j
3 ωj is

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

×
∑
j a

1j
3 (ω1−ω̂1)(ωj−ω̂j)

ω1(ω2−a12ω1)(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−
∑
i,j=1,2 a

ij
3 ω̂i(ωj−ω̂j))

dω1dω2dω3

(2πi)3
.

(7.18)
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Using the same arguments as in Theorem 7.1, let (r∗)2 = r(r−
∑

i,j a
ij
3 (ωi− ω̂i)(ωj −

ω̂j)). By Theorem 5.1, for all fixed (ω1, ω2), the univariate integral of 1
(r∗)2

as a

function of ω3 is bounded by
√
n, which cancels out the factor 1√

n
contributed by

the integral
∫ ω̂3+i∞
ω̂3−i∞ exp(n[ω2

3/2− ω̂3ω3])dω3

2πi
. Note that

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n[

ω2
1+ω2

2

2
−

ω̂1ω1−ω̂2ω2]) 1
ω1(ω2−a12ω1)

dω1dω2

(2πi)2
= Op(1), and make the change of variables ωj = ω̂j+i

zj√
n

for j = 1, 2, the two terms of ω1− ω̂1, ωj − ω̂j contribute a factor of 1
n
, hence (7.18) is

bounded by 1
n
. Similarly the error of replacing a2j

3 ω̂2 by a2j
3 ω2 in the numerator of the

integrand will also induce an error of Op(
1
n
). We can then cancel out ω1 or ω2− a1

2ω1

(by letting ω2 = ω2 − a1
2ω1 + a1

2ω1 in the numerator) from the denominator; hence to

the order of Op(
1
n
), the RHS of (7.15) becomes

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

×
∑
j=1,2(a1j3 +a12a

2j
3 )(ωj−ω̂j)

(ω2−a12ω1)(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

dω1dω2dω3

(2πi)3

+
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

×
∑
j=1,2 a

2j
3 (ωj−ω̂j)

ω1(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

dω1dω2dω3

(2πi)3

+Op(
1
n
).

(7.19)

In order to express (7.19) in terms of normal functions, we need to further remove

ωj − ω̂j from the numerators. This can be done by defining a function Sj(t1, t2, t3)

for j = 1, 2 as

Sj(t1, t2, t3) = − 1
n
(a1j

3 + a1
2a

2j
3 )e−

1
2
n
∑3
i=1 ω̂

2
i

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞

× exp(n[(ω1−t1)2+(ω2−t2)2+(ω3−t3)2]/2)

(ω2−a12ω1)(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

dω1dω2dω3

(2πi)3

= − 1
n
(a1j

3 + a1
2a

2j
3 )e−

1
2
n
∑3
i=1(ω̂2

i−t2i )
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞

× exp(n[
ω21+ω

2
2+ω

2
3

2
−t1ω1−t2ω2−t3ω3])

(ω2−a12ω1)(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

dω1dω2dω3

(2πi)3
.

(7.20)

The first term of (7.19) is
∑

j=1,2
∂
∂tj
Sj(t1, t2, t3)|(t1,t2,t3)=(ω̂1,ω̂2,ω̂3).
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Reparameterize (7.20) by letting z
˜

= A1w
˜

+ c
˜

for j = 1, 2 to give

Sj(t1, t2, t3) = − 1
n
(a1j

3 + a1
2a

2j
3 )e

− 1
2
n(ω̂

˜

T ω̂
˜
−t

˜

T t
˜
+c

˜

TΣ1c
˜
+t

˜

TA−1
1 c

˜
)
|A1|

×Φ̄3(c
˜

TΣ1 + t
˜

TA−1
1 ,Σ1),

(7.21)

where Σ1 = (AT1A1)−1. Let e
˜
j denotes the unit vector with the jth element being 1

and all others being 0, the first term of (7.19) is

−
∑

j=1,2(a1j
3 + a1

2a
2j
3 )e

− 1
2
n(c

˜

TΣ1c
˜
+ω̂

˜

TA−1
1 c

˜
)
|A1|×[

(e
˜

T
j A
−1
1 c

˜
)ω̂jΦ̄3(c

˜

TΣ1 + ω̂
˜

TA−1
1 ,Σ1) + 1

n
∂
∂tj

Φ̄3(c
˜

TΣ1 + t
˜

TA−1
1 ,Σ1)|ω̂

˜

]
.

(7.22)

Similarly, the second term of (7.23) is

−
∑

j=1,2 a
2j
3 e
− 1

2
n(c

˜

TΣ2c
˜
+ω̂

˜

TA−1
2 c

˜
)
|A2|×[

(e
˜

T
j A
−1
2 c

˜
)ω̂jΦ̄3(c

˜

TΣ2 + ω̂
˜

TA−1
2 ,Σ2) + 1

n
∂
∂tj

Φ̄3(c
˜

TΣ2 + t
˜

TA−1
2 ,Σ2)|ω̂

˜

]
.

(7.23)

Lemma 7.3.

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))(ω3−a23ω2−a13ω1)
dω1dω2dω3

(2πi)3

= −a11
2 e
− 1

2
n(c

˜

TΣc
˜
+ω̂

˜

TA−1c
˜
)
×[

(e
˜

T
1A
−1c

˜
)ω̂1Φ̄3(c

˜

TΣ + ω̂
˜

TA−1,Σ) + 1
n

∂
∂t1

Φ̄3(c
˜

TΣ + t
˜

TA−1,Σ)|ω̂
˜

]
,

(7.24)

where

A =


1 0 0

−(a1
2 + a11

2 ω̂1) 1 0

−a1
3 −a2

3 1

 , (7.25)

and c
˜

= (0, a11
2 ω̂

2
1, 0)T .
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Proof. Let

S(t1, t2, t3) = − 1
n
a11

2 e
− 1

2
n
∑3
i=1 ω̂

2
i

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞

× exp(n[(ω1−t1)2+(ω2−t2)2+(ω3−t3)2]/2)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))(ω3−a23ω2−a13ω1)
dω1dω2dω3

(2πi)3

= − 1
n
a11

2 e
− 1

2
n
∑3
i=1(ω̂2

i−t2i )
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞

× exp(n[
ω21+ω

2
2+ω

2
3

2
−t1ω1−t2ω2−t3ω3])

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))(ω3−a23ω2−a13ω1)
dω1dω2dω3

(2πi)3

(7.26)

such that the RHS of (7.24) is ∂
∂t1
S(t1, t2, t3)|(t1,t2,t3)=(ω̂1,ω̂2,ω̂3).

Reparameterize (7.26) by letting z
˜

= Aw
˜

+ c
˜

for

A =


1 0 0

−(a1
2 + a11

2 ω̂1) 1 0

−a1
3 −a2

3 1

 , (7.27)

and c
˜

= (0, a11
2 ω̂

2
1, 0)T to give

S(t1, t2, t3) = − 1
n
a11

2 e
− 1

2
n(ω̂

˜

T ω̂
˜
−t

˜

T t
˜
+c

˜

TΣc
˜
+t

˜

TA−1c
˜
)
Φ̄3(c

˜

TΣ + t
˜

TA−1,Σ), (7.28)

where Σ = (ATA)−1. Let e
˜

1 = (1, 0, 0)T , the RHS of (7.24) is

−a11
2 e
− 1

2
n(c

˜

TΣc
˜
+ω̂

˜

TA−1c
˜
)
×[

(e
˜

T
1A
−1c

˜
)ω̂1Φ̄3(c

˜

TΣ + ω̂
˜

TA−1,Σ) + 1
n

∂
∂t1

Φ̄3(c
˜

TΣ + t
˜

TA−1,Σ)|ω̂
˜

]
.

(7.29)
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Lemma 7.4.

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× a112 (ω1−ω̂1)ω†3(ω1,ω2)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

×dω1dω2dω3

(2πi)3

=
∑

j=1,2(a1j
3 ω̂1 + a2j

3 ω̂2)e
− 1

2
n(c1

˜

TΣ1c1
˜

+ω̂
˜

TA−1
1 c1

˜
)
|A1|×[

(e
˜

T
j A
−1
1 c1

˜
)ω̂jΦ̄3(c1

˜

TΣ1 + ω̂
˜

TA−1
1 ,Σ1) + 1

n
∂
∂tj

Φ̄3(c1
˜

TΣ1 + t
˜

TA−1
1 ,Σ1)|ω̂

˜

]
−
∑

j=1,2(a1j
3 ω̂1 + a2j

3 ω̂2)e
− 1

2
n(c2

˜

TΣ2c2
˜

+ω̂
˜

TA−1
2 c2

˜
)
|A2|×[

(e
˜

T
j A
−1
2 c2

˜
)ω̂jΦ̄3(c2

˜

TΣ2 + ω̂
˜

TA−1
2 ,Σ2) + 1

n
∂
∂tj

Φ̄3(c2
˜

TΣ2 + t
˜

TA−1
2 ,Σ2)|ω̂

˜

]
,

(7.30)

where e
˜
i is the unit vector of the ith element being 1 and all others being 0, c1

˜
=

(0, 0,
∑

i,j=1,2 a
ij
3 ω̂iω̂j)

T , c2
˜

= (0, a11
2 ω̂

2
1,
∑

i,j=1,2 a
ij
3 ω̂iω̂j)

T ,

A1 =


−a1

2 1 0

−a1
3 −a2

3 1

−a1
3 − a11

3 ω̂1 − a12
3 ω̂2 −a2

3 − a12
3 ω̂1 − a22

3 ω̂2 1

 , (7.31)

A2 =


−(a1

2 + a11
2 ω̂1) 1 0

−a1
3 −a2

3 1

−a1
3 − a11

3 ω̂1 − a12
3 ω̂2 −a2

3 − a12
3 ω̂1 − a22

3 ω̂2 1

 , (7.32)

and Σi = (ATi Ai)
−1 for i = 1, 2.
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Proof. Substitute
a112 (ω1−ω̂1)

(ω2−a12ω1)(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))
= 1

ω2−a12ω1−a112 ω̂1(ω1−ω̂1)
− 1
ω2−a12ω1

to give

−
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

×
∑
j=1,2(a1j3 ω̂1+a2j3 ω̂2)(ωj−ω̂j)

(ω2−a12ω1)(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

dω1dω2dω3

(2πi)3

+∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

×
∑
j=1,2(a1j3 ω̂1+a2j3 ω̂2)(ωj−ω̂j)

(ω2−a12ω1−a112 ω̂1(ω1−ω̂1))(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

dω1dω2dω3

(2πi)3
.

(7.33)

Let

Sj(t1, t2, t3) = 1
n
(a1j

3 ω̂1 + a2j
3 ω̂2)e−

1
2
n
∑3
i=1 ω̂

2
i

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞

× exp(n[(ω1−t1)2+(ω2−t2)2+(ω3−t3)2]/2)

(ω2−a12ω1)(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

dω1dω2dω3

(2πi)3

= 1
n
(a1j

3 ω̂1 + a2j
3 ω̂2)e−

1
2
n
∑3
i=1(ω̂2

i−t2i )
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞

× exp(n[
ω21+ω

2
2+ω

2
3

2
−t1ω1−t2ω2−t3ω3])

(ω2−a12ω1)(ω3−a23ω2−a13ω1)(ω3−a23ω2−a13ω1−ω†3(ω1,ω2))

dω1dω2dω3

(2πi)3

(7.34)

such that the first term of (7.33) is
∑

j=1,2
∂
∂tj
S(t1, t2, t3)|(t1,t2,t3)=(ω̂1,ω̂2,ω̂3).

Reparameterize (7.34) by letting z
˜

= A1w
˜

+ c1
˜

for

A1 =


−a1

2 1 0

−a1
3 −a2

3 1

−a1
3 − a11

3 ω̂1 − a12
3 ω̂2 −a2

3 − a12
3 ω̂1 − a22

3 ω̂2 1

 , (7.35)

and c1
˜

= (0, 0,
∑

i,j=1,2 a
ij
3 ω̂iω̂j)

T to give

Sj(t1, t2, t3) = 1
n
(a1j

3 ω̂1 + a2j
3 ω̂2)e

− 1
2
n(ω̂

˜

T ω̂
˜
−t

˜

T t
˜
+c1

˜

TΣ1c1
˜

+t
˜

TA−1
1 c1

˜
)
|A1|

×Φ̄3(c1
˜

TΣ1 + t
˜

TA−1
1 ,Σ1),

(7.36)

where Σ1 = (AT1A1)−1. Let e
˜
j denotes the unit vector with the jth element being 1
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and all others being 0, the first term of (7.33) is

∑
j=1,2(a1j

3 ω̂1 + a2j
3 ω̂2)e

− 1
2
n(c1

˜

TΣ1c1
˜

+ω̂
˜

TA−1
1 c1

˜
)
|A1|×[

(e
˜

T
j A
−1
1 c1

˜
)ω̂jΦ̄3(c1

˜

TΣ1 + ω̂
˜

TA−1
1 ,Σ1) + 1

n
∂
∂tj

Φ̄3(c1
˜

TΣ1 + t
˜

TA−1
1 ,Σ1)|ω̂

˜

]
.

(7.37)

Similarly, the second term of (7.33) is

−
∑

j=1,2(a1j
3 ω̂1 + a2j

3 ω̂2)e
− 1

2
n(c2

˜

TΣ2c2
˜

+ω̂
˜

TA−1
2 c2

˜
)
|A2|×[

(e
˜

T
j A
−1
2 c2

˜
)ω̂jΦ̄3(c2

˜

TΣ2 + ω̂
˜

TA−1
2 ,Σ2) + 1

n
∂
∂tj

Φ̄3(c2
˜

TΣ2 + t
˜

TA−1
2 ,Σ2)|ω̂

˜

]
,

(7.38)

where

A2 =


−(a1

2 + a11
2 ω̂1) 1 0

−a1
3 −a2

3 1

−a1
3 − a11

3 ω̂1 − a12
3 ω̂2 −a2

3 − a12
3 ω̂1 − a22

3 ω̂2 1

 , (7.39)

c2
˜

= (0, a11
2 ω̂

2
1,
∑

i,j=1,2 a
ij
3 ω̂iω̂j)

T and Σ2 = (AT2A2)−1.

Sum up the results of Lemma 7.1 to Lemma 7.4 to give Theorem 7.2.

Theorem 7.2. To the error of Op(
1
n
), the integral of the first term in (4.9) of the

saddlepoint approximation for the trivariate unconditional tail probability is

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n[

ω2
1+ω2

2+ω2
3

2
− ω̂1ω1 − ω̂2ω2 − ω̂3ω3])

× 1

ω1[ω2−a12ω1−a112 ω1(ω1−ω̂1)][ω3−a23ω2−a13ω1−
∑
i,j=1,2 a

ij
3 ωi(ωj−ω̂j)]

dω1dω2dω3

(2πi)3

=

Φ̄3((A−T0 ω̂
˜
)T ,Σ0)

+∑4
k=1

∑2
j=1 bkje

− 1
2
n(ck

˜

TΣkck
˜

+ω̂
˜

TA−1
k ck

˜
)
|Ak|×[

(e
˜

T
j A
−1
k ck

˜
)ω̂jΦ̄3(ck

˜

TΣk + ω̂
˜

TA−1
k ,Σk) + 1

n
∂
∂tj

Φ̄3(ck
˜

TΣk + t
˜

TA−1
k ,Σk)|ω̂

˜

]
+Op(

1
n
),

(7.40)
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where b11 = −a11
2 , b12 = 0, b2j = a1j

3 ω̂1 + a2j
3 ω̂2 − a1j

3 − a1
2a

2j
3 , b3j = −a2j

3 , b4j =∑2
j=1(a1j

3 ω̂1 + a2j
3 ω̂2) for j = 1, 2, e

˜
j is the unit vector of the jth element being 1 and

all others being 0, c1
˜

= (0, a11
2 ω̂

2
1, 0)T , c2

˜
= c3

˜
= (0, 0,

∑
i,j=1,2 a

ij
3 ω̂iω̂j)

T ,

c4
˜

= (0, a11
2 ω̂

2
1,
∑

i,j=1,2 a
ij
3 ω̂iω̂j)

T , ω̂
˜

= (ω̂1, ω̂2, ω̂3)T ,

A0 =


1 0 0

−a1
2 1 0

−a1
3 −a2

3 1

 (7.41)

A1 =


1 0 0

−(a1
2 + a11

2 ω̂1) 1 0

−a1
3 −a2

3 1

 , (7.42)

A2 =


−a1

2 1 0

−a1
3 −a2

3 1

−a1
3 − a11

3 ω̂1 − a12
3 ω̂2 −a2

3 − a12
3 ω̂1 − a22

3 ω̂2 1

 , (7.43)

A3 =


1 0 0

−a1
3 −a2

3 1

−a1
3 − a11

3 ω̂1 − a12
3 ω̂2 −a2

3 − a12
3 ω̂1 − a22

3 ω̂2 1

 , (7.44)

A4 =


−(a1

2 + a11
2 ω̂1) 1 0

−a1
3 −a2

3 1

−a1
3 − a11

3 ω̂1 − a12
3 ω̂2 −a2

3 − a12
3 ω̂1 − a22

3 ω̂2 1

 , (7.45)

and Σk = (ATkAk)
−1 for k = 0, · · · , 4.

Proof. Omitted.

Note that (ω̂1, ω̂2) = (0, 0) are the singularity points for (7.40) since |Ak|(ω̂1, ω̂2)

= 0 at (ω̂1, ω̂2) = (0, 0) for k ≥ 2 such that the inverse of Ak doesn’t exist. However,
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Lemma 7.5 will show that the singularity points are removable.

Lemma 7.5. The singularity points of (ω̂1, ω̂2) = (0, 0) are removable for

f(ω̂1, ω̂2) = e
− 1

2
n(ck

˜

TΣkck
˜

+ω̂
˜

TA−1
k ck

˜
)

|Ak|
[
(e
˜

T
j A
−1
k ck

˜
)ω̂jΦ̄3(ck

˜

TΣk + ω̂
˜

TA−1
k ,Σk) + 1

n
∂
∂tj

Φ̄3(ck
˜

TΣk + t
˜

TA−1
k ,Σk)|ω̂

˜

]
,

(7.46)

for k ≥ 2.

Proof. Use Riemann’s theorem, it is to show lim|Ak|→0 |Ak|f(ω̂1, ω̂2) = 0. Substitute

A−1
k = adjAk

|Ak|
, where adjAk denotes the adjoint of Ak, to give

|Ak|f(ω̂1, ω̂2) = |Ak|e
− 1

2
n(ck

˜

TΣkck
˜

+ω̂
˜

TA−1
k ck

˜
)

|
[
(e

˜

T
j (adjAk)ck

˜
)ω̂jΦ̄3(ck

˜

TΣk + ω̂
˜

TA−1
k ,Σk) + 1

n
|Ak| ∂∂tj Φ̄3(ck

˜

TΣk + t
˜

TA−1
k ,Σk)|ω̂

˜

]
.

(7.47)

Note that |Ak|(ω̂1, ω̂2) = ckω̂1 + dkω̂2 for some constants ck and dk, then write A−1
k =

1
|Ak|

(r1
˜
, r2

˜
, r3

˜
)T = 1

ckω̂1+dkω̂2
(rk1

˜
, rk2

˜
, rk3

˜
)T where rki

˜
denotes the ith row vector corre-

sponding toA−1
k . Hence for k = 2, lim(ω̂1,ω̂2)→(0,0) ω̂

˜

TA−1
2 c2

˜
= lim(ω̂1,ω̂2)→(0,0) ω̂3r23

˜

T c2
˜

=

ω̂3 lim(ω̂1,ω̂2)→(0,0)
(a12a

2
3+a12+a112 ω̂1)

∑
aij3 ω̂iω̂j

c2ω̂1+d2ω̂2
= 0. Similarly, lim(ω̂1,ω̂2)→(0,0) ω̂

˜

TA−1
k ck

˜
= 0

for k > 2. Also, because

lim(ω̂1,ω̂2)→(0,0) e
− 1

2
nck

˜

TΣkck
˜ = 1 and both Φ̄3(ck

˜

TΣk + ω̂
˜

TA−1
k ,Σk) and

∂
∂tj

Φ̄3(ck
˜

TΣk + t
˜

TA−1
k ,Σk)|ω̂

˜

are bounded, hence (7.47) → 0 as |Ak| → 0.

As in Section 2, the integrals of the rest terms in (4.9) for the trivariate case

involving with G(j)(ω1, ω2, ω3) can be evaluated using Watson’s Lemma, since the

integrands are analytic functions. Theorem 7.3 to 7.5 present the results of integrals

involving with G(j) for j = 1, 2, and 3, respectively. Let ω̌2 = ω̃2(ω̂1) and ω̌3 =

ω̃3(ω̂1, ω̂2).

Theorem 7.3. To the error of Op(
1
n
), the integral of the trivariate tail probability of
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(4.9) involving with G(1)

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n

∑3
j=1(ω2

j/2− ω̂jωj))
G(1)(ω1,0,0)

(ω2−ω̃2(ω1))(ω3−ω̃3(ω1,ω2))

×dω1dω2dω3

(2πi)3

(7.48)

can be approximated by

1√
n
φ(
√
nω̂1)Φ̄2(

√
n(ω̂2 − ω̌2),

√
n(ω̂3 − ω̌3))( 1

ẑ1
− 1

ω̂1
)en

∑3
j=2(ω̌2

j /2−ω̂j ω̌j), (7.49)

where ẑ1 = ξ̂1

√
K11
Y (ξ̂1, ξ̂2, ξ̂3)−K12

Y (ξ̂1, ξ̂2, ξ̂3)(K22
Y (ξ̂1, ξ̂2, ξ̂3))−1K21

Y (ξ̂1, ξ̂2, ξ̂3).

Proof. We will first show that replacing ω2 of ω̃3(ω1, ω2) by ω̂2 in the numerator of

the integrand in the denominator of the integrand of (7.48) will induce an error of

Op(
1
n
). The error after replacing ω2 by ω̂2 is

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n

∑3
j=1(ω2

j/2− ω̂jωj))

× ω̃3(ω1,ω2)−ω̃3(ω1,ω̂2)
(ω2−ω̃2(ω1))(ω3−ω̃3(ω1,ω2))(ω3−ω̃3(ω1,ω̂2))

G(1)(ω1, 0, 0)dω1dω2dω3

(2πi)3
.

(7.50)

Use the same arguments as in Theorem 7.1. Let (r∗)2 = (ω3 − ω̃3(ω1, ω2))(ω3 −

ω̃3(ω1, ω̂2)). By Theorem 5.1, for all fixed (ω1, ω2), the univariate integral of 1
(r∗)2

as

a function of ω3 is bounded by
√
n, which cancels out the factor 1√

n
contributed by

the integral
∫ ω̂3+i∞
ω̂3−i∞ exp(n[ω2

3/2− ω̂3ω3])dω3

2πi
. Note that for all fixed ω1,

∫ ω̂2+i∞

ω̂2−i∞

exp(n[ω2
2/2− ω̂2ω2])

ω2 − ω̃2(ω1)

dω2

2πi
= Op(1),

and by Watson’s lemma,

∫ ω̂1+i∞

ω̂1−i∞
exp(n[ω2

1/2− ω̂1ω1])G(1)(ω1,0,0)dω1

2πi
=

1√
n
φ(
√
nω̂1)G(1)(ω̂1, 0, 0)

contributing a factor of 1√
n
. Make the change of variables ω2 = ω̂2 + i z√

n
. The term
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ω̃3(ω1, ω2)− ω̃3(ω1, ω̂2) = −(a2
3 + a12

3 + a22
3 )(ω2 − ω̂2) contribute another factor of 1√

n
,

hence (7.50) is bounded by 1
n
. Since

G(1)(ω1,0,0)
(ω2−ω̃2(ω1))(ω3−ω̃3(ω1,ω̂2))

= 1
(ω2−ω̃2(ω1))(ω3−ω̃3(ω1,ω̂2))

( 1
ξ1

dξ1
dω1
− 1

ω1
) (7.51)

is an analytic function at ω̂1. Hence by Watson’s Lemma

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n

∑3
j=1(ω2

j/2− ω̂jωj))
G(1)(ω1,0,0)

(ω2−ω̃2(ω1))(ω3−ω̃3(ω1,ω̂2))

×dω1dω2dω3

(2πi)3
=∫ ω̂1+i∞

ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n

∑3
j=1(ω2

j/2− ω̂jωj)) 1
(ω2−ω̃2(ω1))(ω3−ω̃3(ω1,ω̂2))

×( 1
ξ1

dξ1
dω1
− 1

ω1
)dω1dω2dω3

(2πi)3
=∫ ω̂2+i∞

ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ en

∑3
j=2(ω2

j /2−ω̂jωj)[
∫ ω̂1+i∞
ω̂1−i∞ en(ω2

1/2−ω̂1ω1) 1
(ω2−ω̃2(ω̂1))(ω3−ω̃3(ω1,ω̂2))

×( 1
ξ1

dξ1
dω1
− 1

ω1
)dω1

2πi
]dω2dω3

(2πi)2
=∫ ω̂2+i∞

ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ en

∑3
j=2(ω2

j /2−ω̂jωj) φ(
√
nω̂1)√
n

1
(ω2−ω̃2(ω̂1))(ω3−ω̃3(ω̂1,ω̂2))

( 1
ẑ1
− 1

ω̂1
)dω2dω3

(2πi)2

+Op(
1
n
),

(7.52)

where ẑ1 = ξ̂1( dξ1
dω1

(ω̂1))−1 =

ξ̂1

√
K11
Y (ξ̂1, ξ̂2, ξ̂3)−K12

Y (ξ̂1, ξ̂2, ξ̂3)(K22
Y (ξ̂1, ξ̂2, ξ̂3))−1K21

Y (ξ̂1, ξ̂2, ξ̂3).

Make the change of variable {ω2− ω̃2(ω̂1), ω3− ω̃3(ω̂1, ω̂2)} → {u, v} for (7.52) to give

en
∑3
j=2(ω̌2

j /2−ω̂j ω̌j)
∫ û+i∞
û−i∞

∫ v̂+i∞
v̂−i∞ en(u2/2+v2/2−ûu−v̂v) 1

uv
dudv

(2πi)2
φ(
√
nω̂1)√
n

( 1
ẑ1
− 1

ω̂1
)

+Op(
1
n
)

= 1√
n
φ(
√
nω̂1)Φ̄2(

√
n(ω̂2 − ω̌2),

√
n(ω̂3 − ω̌3))( 1

ẑ1
− 1

ω̂1
)en

∑3
j=2(ω̌2

j /2−ω̂j ω̌j)

+Op(
1
n
).

(7.53)

Theorem 7.4. To the error of Op(
1
n
), the integral of the trivariate tail probability
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(4.9) involving with G(2)

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n

∑3
j=1(ω2

j/2− ω̂jωj))
G(2)(ω1,ω2,0)

ω1(ω3−ω̃3(ω1,ω2))
dω1dω2dω3

(2πi)3
(7.54)

can be approximated by

1√
n
φ(
√
nω̂2)Φ̄2(

√
nω̂1,

√
n(ω̂3 − ω̌3))( 1

ẑ2
− 1

ω̂2
)en(ω̌2

3−ω̂2ω̌3), (7.55)

where ẑ2 = ξ̌2

√
K22
Y (0, ξ̌2, 0) and ξ̌2 = ξ2(0, ω̂2).

Proof. Write G(2)(ω1, ω2, 0) = G(2)(0, ω2, 0) + (G(2)(ω1, ω2, 0) − G(2)(0, ω2, 0)), where

G(2)(0, ω2, 0) = 1
ξ2(0,ω2)

dξ2
dω2

(0, ω2)− 1
ω2

. The second term will integrate to the order of

Op(
1
n
), further more replacing G(2)(0,ω2,0)

ω3−ω̃3(ω1,ω2)
by G(2)(0,ω2,0)

ω3−ω̃3(ω̂1,ω2)
will also induce an error of

Op(
1
n
) since the error after the replacement is

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n

∑3
j=1(ω2

j/2− ω̂jωj))
ω̃3(ω1,ω2)−ω̃3(ω̂1,ω2)

ω1(ω3−ω̃3(ω1,ω2))(ω3−ω̃3(ω̂1,ω2))

×G(2)(0, ω2, 0)dω1dω2dω3

(2πi)3
.

(7.56)

Use the same arguments as in Theorem 7.3. Let (r∗)2 = (ω3 − ω̃3(ω1, ω2))(ω3 −

ω̃3(ω̂1, ω2)). By Theorem 5.1, for all fixed (ω1, ω2), the univariate integral of 1
(r∗)2

as a

function of ω3 is bounded by
√
n which cancels out the factor 1√

n
contributed by the

integral
∫ ω̂3+i∞
ω̂3−i∞ exp(n[ω2

3/2−ω̂3ω3])dω3

2πi
. Note that

∫ ω̂1+i∞
ω̂1−i∞

exp(n[ω2
1/2−ω̂1ω1])

ω1

dω1

2πi
= Op(1),

and by Watson’s lemma,

∫ ω̂2+i∞

ω̂2−i∞
exp(n[ω2

2/2− ω̂2ω2])G(2)(0,ω2,0)dω2

2πi
=

1√
n
φ(
√
nω̂2)G(2)(0, ω̂2, 0)

contributing a factor of 1√
n
. Make the change of variables ω1 = ω̂1 + i z√

n
. The term

ω̃3(ω1, ω2)− ω̃3(ω̂1, ω2) = −(a1
3 + a11

3 + a21
3 )(ω1 − ω̂1) contribute another factor of 1√

n
,

hence (7.56) is bounded by 1
n
. Hence, to error Op(

1
n
), use Watson’s Lemma, since
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G(2)(0,ω2,0)
ω3−ω̃3(ω̂1,ω2)

is analytic at ω̂2. Integrating the first term G(2)(0, ω2, 0) gives

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n

∑3
j=1(ω2

j/2− ω̂jωj))
G(2)(0,ω2,0)

ω1(ω3−ω̃3(ω̂1,ω2))
dω1dω2dω3

(2πi)3
=[ ∫ ω̂3+i∞

ω̂3−i∞ en(ω2
3/2−ω̂3ω3)

( ∫ ω̂2+i∞
ω̂2−i∞ en(ω2

2/2−ω̂2ω2) G(2)(0,ω2,0)
ω3−ω̃3(ω̂1,ω2)

dω2

2πi

)
dω3

2πi

]
×
[ ∫ ω̂1+i∞

ω̂1−i∞ en(ω2
1/2−ω̂1ω1) 1

ω1

dω1

2πi

]
= 1√

n
φ(
√
nω̂2)G(2)(0, ω̂2)Φ̄(

√
nω̂1)

∫ ω̂3+i∞
ω̂3−i∞ en(ω2

3/2−ω̂3ω3) 1
ω3−ω̃3(ω̂1,ω̂2)

dω3

2πi

= 1√
n
φ(
√
nω̂2)G(2)(0, ω̂2)Φ̄2(

√
nω̂1,

√
n(ω̂3 − ω̌3))en(ω̌2

3−ω̂2ω̌3),

(7.57)

where G(2)(0, ω̂2, 0) = 1
ξ2(0,ω̂2)

dξ2
dω2

(0, ω̂2)− 1
ω̂2

= 1
ẑ2
− 1

ω̂2
, and ξ̌2 = ξ2(0, ω̂2) is the root

of equation KY (0, ξ̌2, 0)− ξ̌2t̄2 − (KY (ξ̂1, ξ̂2, ξ̂3)− ξ̂
˜

T
t̄
˜
)− ω̂2

1/2− ω̂2
3/2 = 0.

Theorem 7.5. To the error of Op(
1
n
), the integral of the trivariate tail probability

(4.9) involving with G(3)

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n

∑3
j=1(ω2

j/2− ω̂jωj))
G(3)(ω1,ω2,ω3)
ω1(ω2−ω̃2(ω1))

dω1dω2dω3

(2πi)3
(7.58)

can be approximated by

1√
n
φ(
√
nω̂3)( 1

ẑ3
− 1

ω̂3
)Ψ(ω̂1, ω̂2), (7.59)

where ẑ3 = ξ̌3

√
K33
Y (0, 0, ξ̌3), ξ̌3 = ξ3(0, 0, ω̂3), and

Ψ(ω̂1, ω̂2) = Φ̄2((ω̂1 + a1
2ω̂2, ω̂2),Σ/n) + sgn(a11

2 ω̂1) 1√
na112 ω̂2

1
e−

n
2

(ω̂2
1+ω̂2

2−û22)×

[σ−1
1 φ( 1+ς1√

1+2ς1+ς22

√
nû2)Φ̄(

√
ς22−ς21

1+2ς1+ς22

√
nû2)− σ−1

2 φ( ς1
ς2

√
nû2)Φ̄(

√
ς22−ς21
ς22

√
nû2)]

(7.60)

defined as in Theorem 5.4.

Proof. Write

G(3)(ω1, ω2, ω3) = G(3)(0, 0, ω3) + (G(3)(0, ω2, ω3)−G(2)(0, 0, ω3))

+(G(3)(ω1, ω2, ω3)−G(2)(0, ω2, ω3)),
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where G(3)(0, 0, ω3) = 1
ξ3(0,0,ω3)

dξ3
dω3

(0, 0, ω3) − 1
ω3

. The second and the third term will

integrate to the order of Op(
1
n
). Since G(3)(0, 0, ω3) is analytic at ω̂3. Hence by

Watson’s Lemma since , integrating the first term G(3)(0, 0, ω3) gives

∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

∫ ω̂3+i∞
ω̂3−i∞ exp(n

∑3
j=1(ω2

j/2− ω̂jωj))
G(3)(0,0,ω3)

ω1(ω2−ω̃2(ω1))
dω1dω2dω3

(2πi)3

=[ ∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞ exp(n

∑2
j=1(ω2

j/2− ω̂jωj)) 1
ω1(ω2−ω̃2(ω1))

dω1dω2

(2πi)2

]
×
[ ∫ ω̂3+i∞

ω̂3−i∞ en(ω2
3/2−ω̂3ω3)G(3)(0, 0, ω3)dω3

2πi

]
= 1√

n
φ(
√
nω̂3)G(3)(0, 0, ω̂3)Ψ(ω̂1, ω̂2),

(7.61)

where Ψ(ω̂1, ω̂2) =
∫ ω̂1+i∞
ω̂1−i∞

∫ ω̂2+i∞
ω̂2−i∞

exp(n
∑2
j=1(ω2

j /2−ω̂jωj))
ω1(ω2−ω̃2(ω1))

dω1dω2

(2πi)2
is the first term of the

bivariate tail probability which is given by Theorem 5.4,

G(3)(0, 0, ω̂3) =
1

ξ3(0, 0, ω̂3)

dξ3

dω3

(0, 0, ω̂3)− 1

ω̂3

=
1

ẑ3

− 1

ω̂3

,

and ξ̌3 = ξ3(0, 0, ω̂3) is the root of equation KY (0, 0, ξ̌3)− ξ̌3t̄3−(KY (ξ̂1, ξ̂2, ξ̂3)− ξ̂
˜

T
t̄
˜
)−

ω̂2
1/2− ω̂2

2/2 = 0.

Combining Theorem 7.2, 7.3, 7.4 and 7.5 gives the approximation to the trivari-

ate tail probability of (7.1) to the error of Op(
1
n
), which is presented in the Theorem

7.6.

Theorem 7.6. To the error of Op(
1
n
), the unconditional trivariate tail probability
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(7.1) can be approximated by

Φ̄3((A−T0 ω̂
˜
)T ,Σ0)

+∑4
k=1

∑2
j=1 bkje

− 1
2
n(ck

˜

TΣkck
˜

+ω̂
˜

TA−1
k ck

˜
)
|Ak|×[

(e
˜

T
j A
−1
k ck

˜
)ω̂jΦ̄3(ck

˜

TΣk + ω̂
˜

TA−1
k ,Σk) + 1

n
∂
∂tj

Φ̄3(ck
˜

TΣk + t
˜

TA−1
k ,Σk)|ω̂

˜

]
+ 1√

n
φ(
√
nω̂1)Φ̄2(

√
n(ω̂2 − ω̌2),

√
n(ω̂3 − ω̌3))( 1

ẑ1
− 1

ω̂1
)en

∑3
j=2(ω̌2

j /2−ω̂j ω̌j)

+ 1√
n
φ(
√
nω̂2)Φ̄2(

√
nω̂1,

√
n(ω̂3 − ω̌3))( 1

ẑ2
− 1

ω̂2
)en(ω̌2

3−ω̂2ω̌3)

+ 1√
n
φ(
√
nω̂3)( 1

ẑ3
− 1

ω̂3
)Ψ(ω̂1, ω̂2),

(7.62)

where the quantity ω̂1, ω̂2, and ω̂3 are the square roots of twice the unconditional log

likelihood ratio statistics for testing the corresponding ξj = 0, j = 1, 2, 3, assuming

that ξl = 0 for l < j, but without restriction on ξl for l > j. The matrices Ak for

k = 0, · · · , 4 are defined as in Theorem 7.2,

ẑ1 = ξ̂1

√
K11
Y (ξ̂1, ξ̂2, ξ̂3)−K12

Y (ξ̂1, ξ̂2, ξ̂3)(K22
Y (ξ̂1, ξ̂2, ξ̂3))−1K21

Y (ξ̂1, ξ̂2, ξ̂3),

ẑ2 = ξ̌2

√
K22
Y (0, ξ̌2, 0), ẑ3 = ξ̌3

√
K33
Y (0, 0, ξ̌3), ξ̌2 = ξ2(0, ω̂2), ξ̌3 = ξ2(0, 0, ω̂3), and

Ψ(ω̂1, ω̂2) is defined as in Theorem 5.1.

Proof. Applying Theorem 7.2, 7.3, 7.4 and 7.5 to each integral of (4.9) for the trivari-

ate case gives the approximation to the trivariate tail probability to the error of Op(
1
n
)

as (7.62).

As shown in this chapter, one may use mathematical induction to extend the

quadratic saddlepoint approximation to any dimension.
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Part IV

CONCLUSION
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Approximation methods play a critical role for obtaining higher order mul-

tivariate inference in terms of confidence region and tail probability. Statistical in-

ference based on confidence regions and tail probabilities are most frequently used

for statistical hypothesis testing and for estimation of sample size, power, or other

statistical quantities. Hence one would like to have the error of the approximation

bounded by a small constant, and the constant boundary of the error is expected

to have an inverse relationship with sample size; i.e., the error becomes smaller as

the number of subjects in the observed sample increases. The method of Laplace for

evaluating bivariate confidence regions, as described in Part II, and the method of

quadratic saddlepoint approximation for evaluating conditional or unconditional tail

probability, as described in Part III, both result in an error to the order of Op(
1
n
),

with n being the sample size. The precision of our approximations is significantly im-

proved compared to other approximations available in the literature of error Op(
1√
n
).

When the sample size is small, applying our approximations will result in drawing a

more accurate conclusion for hypothesis testing and obtaining less biased estimation

of power determination or other statistical problems for higher order multivariate

inference.

The limitation of Laplace’s approximation to determine a matching prior for

obtaining the bivariate confidence region in Part II may begin with the assumption

of orthogonality of the parameters. The approach requires that all parameters, in-

cluding parameters of interest and nuisance parameters, are pairwisely orthogonal.

The orthogonality assumption may be held up to three parameters; however, become

extremely difficult to meet as the number of parameters exceeding three. Therefore,

it is not meaningful to extend this approach to dimensions of more than three.

In Part III, we expressed higher order conditional or unconditional tail proba-

bility in the forms of normal density functions and normal distribution functions us-

ing the quadratic saddlepoint approximation method. The approach can be extended
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to any dimension as shown in Chapter 4.4. However, the approximation results in

more complexity of involving substantially more terms to calculate as the dimen-

sion increases, which may be a limitation of the quadratic saddlepoint approximation

method for high dimension.

These theoretical limitations for both approximation methods have minimal

impact on the applications of these approximation methods. As described in the

beginning of this chapter, our approximations are developed to have smaller error and

in expression of only normal functions. These characteristics give the approximations

as presented in Part II and Part III the benefit for obtaining higher order multivariate

inference assessed by confidence region and tail probability in terms of higher precision

and easier implementation.
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