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Abstract

On Blowup Techniques and the Pluricomplex Green’s Function
By Shuai Jiang

Dissertation Director: Professor Jacob Sturm

The pluricomplex Green’s functions on a compact Kéhler manifold
(M, w) have been extensively studied over the past decades. Following
and generalizing the blow up techniques in [PS12], we use pluripotential
theory to show the existence and uniqueness of pluricomplex Green’s
functions with two types of prescribed singularities at a finite number

of interior points.
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1 Introduction, Examples and Organization

1.1 Model Examples

Let (M, w) be a compact Kéahler manifold of dimension n with smooth bound-
ary 0M and p be an interior point of M. A lot of research work has been done
over the past decades regarding the existence and uniqueness of the solution

¢ € PSH(M,w) such that

=0 on OM,

(w+i00¢)" =0 on M\{p},

(w+1i0dg)" =V, at the point p.

\

Here V = [, w" = [}, (w+i00¢)" is the volume of M with respect to w and
d, is the Dirac measure centered at p, i.e. & [}, f (w+i09¢)" = f(p) for any
f € C®(M). For the case when the dimension n = 1, the answer is yes since
we can always find the Green’s function ¢, w + i90¢ = V' 6,, to the Laplace

equation for a compact Riemann surface M.
For general dimension n > 2, it is still an open question.

Fix a bounded domain D C C" and a fixed interior point p € D, and consider

the existence of a solution ¢ to the system of equations

(w+i00p)" = V6,

élop =0



In general we have the existence of ¢ but can not guarantee the uniqueness.

See the following example.

Example 1.1.

On the unit disk D in C", take ¢ = log(|21]* + |22|* + -+ + |2,|*) and p to
be the origin. Clearly ¢|sp = 0 and direct computation gives (i90log(|z1|* +
|29|? + -+ + |2n]?))" = 0 near p. Away from p, some z; # 0, without loss of

generality we may assume z, # 0 and thus

0 = ((901log(|zn|*) + 00 log(1 + |z_1|2 bt |ZZ_1 12) )

n

= z Zp— n
= (00log(1+ |+ + =)

n

Indeed, 30 log |z,|?> = 0 when z, # 0. Let fi(z) := Zfor 1 <i<n-—1. This

gives a biholomorphic map
mi=(f1, > fac1) © C"\{z, =0} — C"!

Let 7 := 390 log(1 + |w;|> + - - - + |w,_1]?) be a smooth positive (1,1) form on
(G

We have that ™ = 0 on C*! and thus

W aYA) Z Zn— n * \N
(100 1og(1+ | -* + - 4 [ = )" = ()" = 0

n



One can further get uniqueness of such a solution ¢ by adding the assumption

that ¢ has some prescribed logarithmic singularity near a single point p.

See the following example.

Example 1.2.
Suppose p is the only common zero of holomorphic functions {f;}i<, defined
in a bounded domain D C C", then there exists a unique ¢ € PSH (D) such

that

;

élop =0

(w + i00¢)" = V5,

¢ =log(|f1]*+ -+ |fu]*) +g for some g € O(1) near p,
\

More generally, for a compact Kéhler manifold (M, w) of dimension n > 2 with
smooth boundary 0M of real dimension 2n — 1, Phong and Sturm showed in
[PS12] that for sufficiently small €, there exists a unique ¢ € PSH (M, w) such

that

(

blomr =0

(w +i00p)"™ = 0 on M\{p}

¢ =celog(|fi*+ -+ |ful*) +g for some g € O(1) near p
\



1.2 Questions

We look at the existence and uniqueness of the solutions to the following

question.

Question 1.
For a compact Kdhler manifold (M,w) of dimension n = 2 with smooth bound-
ary OM of real dimension 2n — 1, and sufficiently small 0, does there exist a

unique ¢ € PSH(M,w), such that

(

élomr =0

(w +i00p)" = 0 on M\{p}

¢ =0dlog(|f1]* + -+ |fu]*") + g for some g € O(1) near p,
\

for any given constants 0 < 5; <1, 1 < i< n.

Remark 1.3.

For the case where all 3’s are positive rational numbers, we will give an affir-
mative answer and prove the existence and uniqueness of such a ¢ in Corollary
4.10. Moreover, we show that g € L>(M) is unique and Holder continuous

away from a neighborhood of p.
However, the question still remains open for general real positive constants

617"' 7ﬁn-

We now check a few examples for Question 1 with respect to two basic types

of manifolds: bounded domains in C™ and compact submanifolds of CP".



Example 1.4 (Bounded domain in C").
Fix any positive real constants (1, --- , 3, as above and pick p to be the origin.

We let ¢(2) == log(|z1]% + -+ + |2,]**) and look at (i09¢)™ on D, where
D={zcC": |z + - +|5]* <1}

To see that ¢ € PSH(D), it suffices to apply the following theorem.

Theorem 1.5 ( [Dem, Theorem 5.6] ).
Let uy,--- ,u, € PSH(Q) and x(t1,--- ,t,) : R? — R be a conver function
such that x is non decreasing in each t;. Then x(uq,--- ,up) is plurisubhar-

monic on SQ.

Indeed, we let x(t1,--- ,t,) = log(e" + --- 4+ e'*) and clearly x : R — R

is a convex function and non-decreasing in each t;. For each 1 < ¢ < n, let

u; = Bilog |z|* and thus u; is plurisubharmonic. It follows from the above

theorem that ¢ = x(uy, - ,u,) is plurisubharmonic.

We wish to show (i90¢)" = 0 on D away from the origin. For the part on D

where all z; # 0, differentiating twice gives

Bz 2z )
|22 + -+ 4 |2, [2n

_ 0uBiBilyPi T BiBilal* R

|Z1‘261+...+|Zn|25n (|Zl|251+...+|zn|26n)2

0;050 =0;(

J

In order to show (00¢)" = 0 there, it suffices to prove that det(8;0;¢) = 0.
Observe that as a matrix (9;0;¢) = diag(By,---,8,) - B - diag(fy, -+, Bn),



where B is the matrix

|21|2[3172
21214tz [P0

B =
2n[2n
\21|2B1+~~-+|2n\2'3n
|ZII2B1—221
|Z1‘2ﬁ1+...+‘zn|25n
_ . 21|21 221
211251+ en PP
|Zn|2ﬁn_22n
21214t 2 [P0
Multiplying B by the non-zero vector (zy,- -, 2,)T gives
z |21]?P1—2
! [21[PP1 o Fzn [P
B- =
|Zn|2/3n*2
Zn

|21‘2617221

|2 |26 22,

\z1|2f31+-~~+|zn|25n

g

‘Z1|2’81+"'+|2n|26”

|21]2P1 44| 2 | 280

‘z1|2ﬂ1_25

21 [P0t 2 [P

We see that detB = 0 and thus (99¢)" = 0.

|Zn‘25n*2%
Bl E==paeD

21
Z’I’L
21
|2n|?Pn 27 )
21 [P0t 2 [P
Zn

If some but not all z; = 0, we see that ¢(z) = log(|z1]*™ + -+ + [2,]*") is

locally bounded and thus (i0d¢)" is a positive closed current. Moreover, as a

measure (i00¢)" takes no mass at pluripolar sets. See [Bl1, Prop 2.1.3].

To show that ¢ lies in the domain of definition of Monge-Ampere operator
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MA(¢) = (i00¢)" for the entire domain D, it only remains to show that

(00¢)™ is well defined at the origin. We apply the following theorem.

Theorem 1.6 ( [Dem, Corollary 4.11] ).

Let uy, -+ ,uq be plurisubharmonic functions on X such that the unbounded
locus L(u;) is contained in an analytic set A; C X for every i. Then 00u; A
-+« A DOuy is well defined as long as Aj, N---N A;, has codimension at least

m for all choices of indices j1 < -++ < jm i {1, ,q}.

Notice that L(¢), the unbounded locus of ¢ = log( |21 +- - - +|2,[**), is just
the origin and thus has codimension n. So by the Theorem 1.7 above, we see
that (i00¢)P is a well defined positive closed (p, p) current for every 1 < p < n

near the origin.

We conclude that (00¢)" is well-defined on D C C" and that on D\{p},
(1004)™ = 0.

Example 1.7 ( Submanifolds of CP" ).
Suppose we have q + 1 holomorphic sections s, - - , s, € H’(CP", O(k)) and

let

1
¢ = z 1Og<|50|i';5 N |8‘1|i’}5)
it is easy to check that ¢ € PSH(CP", wgg).
In fact, we have a more general example below. Let sg,- -+ , s, € H*(CP", O(k))

be ¢ + 1 holomorphic sections and let

1 28 2
¢ = z log(|50]h,;s + -+ |sq]h,;s)



For any given constants 0 < 3; < 1, we claim that ¢ € PSH(CP", wrg).

Proof. We only need to prove the claim for k = 1, for otherwise it is easy to

prove through tensoring the power k.

i) First we observe that for any holomorphic function f on P™ and > 0,

Blog|f|? is plurisubharmonic.

To show wpg +i00¢ > 0 at any point p € P*, we choose t, a trivializing
section for O(1) in a neighborhood near p. So locally wrs = i00¢ps,
where 1pg is defined by [t|2 = e~¥Fs. Observe that if we let f; = %,

then {f;} are holomorphic functions near p.

ii) We have
wrs + i100¢ (1.1)
=i00(Yrs + ¢) (1.2)
=100{trs + 10;5-);(|?|25°|t|250 +ooe I%Fﬂﬂﬂ”ﬂ} (1.3)
=i00{log # + log(\?lmjltlm’ +eo ,%wquq)} (1.4)
=00 log(| =L [P |f20 72 4. 4 | L 2em2) (1.5)
—idd log(|fo|2ﬁoews(l—ﬁo) S |fq|2ﬂqewps(1—ﬁq)) (1.6)

iii) Let u; := B;log | fi]*>+ (1 — B;)vrs for each 0 < i < ¢, then v; is plurisub-
harmonic as a convex combination of two plurisubharmonic functions

and equation (1.6) is equal to i00 log(e0 + - - - + e%a).



By [Dem, Theorem 5.6], x(ug, - - - , u,) = log(e"+- - -4-€") is plurisubharmonic
and thus

wrs + 100¢ = i00x (ug, - -+ ,uy) = 0
Thus we conclude that ¢ is plurisubharmonic.

But does there exist such a unique pluricomplex Green’s function ¢ on pro-
jective manifolds with smooth boundary such that ¢ is locally given by ¢ as

above?

In general for any compact Kéhler manifold (M,w) with smooth boundary
OM and all g; = 1, the answer to both existence and uniqueness has been

given by Phong and Sturm in [PS12].

In this thesis, we give an affirmative answer to Question 1 for the case where
all the By, -+, [, are positive rational numbers. We also give the proof of

existence and uniqueness of solutions to the Question 2 and Question 3 below.

Question 2. Fix any constants 0 < B; < 1 and any sufficiently small 6 > 0.
Does there exist a unique pluricomplex Green’s function G € PSH(M,w),

which is zero on OM and locally near p,
G =0log{y L Q1AM P} +¢ (17)
j=1 i=1

where ¢ is a bounded function defined on M ?

The answer is yes, provided that the locally defined holomorphic functions

fi,--+, fn have p as their only common zero locus. Moreover we prove that ¢



10
is C'“ continuous away from any neighborhood of p, for any constant 0 < a <

min{/3; }.

Question 3. Fixz an integer N > n > 2, and n locally defined holomorphic
functions {fj}1<j<n with p as their only common zero locus and 0 < f;; < 2.
For any sufficiently small 6 > 0, does there exist a unique pluricomplex Green’s

function G € PSH(M,w) which vanishes on OM and locally near p,

G=dlog{)_[]IfI*}+¢ (1.8)

i=1 j=1
where ¢ is a bounded function defined on M ?

The answer is yes, provided that for each fixed 1 <7 < N,
B+ + Bin =2 (1.9)
and that the singularity term

N n
log Z H |£;1% has p as its only — oo pole. (1.10)

i=1 j=1

Under the above two conditions, we also prove that ¢ is C* continuous away

from any neighborhood of p, for any constant 0 < o < én%{ﬁ”}
i

Remark 1.8.
The homogeneity condition (1.9) is needed later when we apply blow-ups. The
single point singularity condition in (1.10) guarantees that G lies in the domain

of definition of the Monge-Ampere operator. See [Dem, Corollary 4.11].
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1.3 Organization

This thesis is organized as follows:

In Section 2, we cover some necessary background. In Section 2.1, we review
pluripotential theory on domains in C" and on compact complex manifolds,
including maximal function and Perron’s envelop method. In Section 2.2 and
2.3, we review general blow up procedures of a manifold with respect to a

compact submanifold and construct a metric on the blow-up space.

In Section 3, we prove some necessary lemmas, and construct Green’s functions

with the singularity prescribed by (1.7) to answer Question 2.
We give a similar proof in Section 4 for Question 3.

In section 4.6, we give some applications and answer Question 1 for positive

rational indices {8}, ;c,,-
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2 Definitions and Preliminaries

2.1 Pluripotential theory

We list here some useful and well known results from pluripotential theory for
domains in C" and complex manifolds M of dimension n, assuming n > 2.
The results come from [Bl1][BT1][BT2|[Dem|[Dw|[PSS12], where the reader

may find detailed proofs.

Definition 2.1 (Plurisubharmonic functions on domains in C").

Let 2 C C" be a domain. An upper semi continuous function u defined on
) is called plurisubharmonic or denoted as v € PSH (L) if, for any complex
line L such that L N Q is nonempty, the restriction of u onto any connected

component of L N} is either subharmonic or constantly —oco.

Note that if u is smooth, then the definition is equivalent to that the complex

0%u
8zi62j

Hessian (z) is nonnegative definite for any z € Q.

Theorem 2.2 (Operations on plurisubharmonic functions).
Convex combinations, finite maximums, decreasing limits and upper semicon-
tinuous reqularizations of supremums of plurisubharmonic functions are still

plurisubharmonic.

Theorem 2.3 (Standard regularization and holomorphic mapping).
Let n. = n(%) € C>®(B(0,€)) be the standard smoothing kernels in C" and

u € PSH(Q), then uc = uxn. € PSH(Q)NC>®(Qy) for any relatively compact
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subdomain 1 C Q2 in which u. is well-defined and u. decreases pointwise to u
as € — 0.
Let F : Q1 — Q be a holomorphic mapping between two domains and u €

PSH(Q). Then uo F is plurisubharmonic on €.

Definition 2.4 (Pluripolar sets).

A subset Z C  is called pluripolar if it is the —oo pole locus of some u €
PSH(Q), i.e. Z = {u = —oo}. Note that an analytic subset A C  is
locally pluripolar since it is locally given by the zero locus of some holomorphic

function f.

Note that any countable union of pluripolar sets is pluripolar and by a Theorem

of Josefson [Jos|, any locally pluripolar set is globally pluripolar.

Theorem 2.5 (Extension over analytic subsets).
Letw € PSH(Q\A) for some analytic subset A of codimension at least 2, then
u € PSH(QQ). If A is of codimension 1, then we need to assume that u is

locally bounded.

A proof can be done through first showing that u is locally bounded and then
applying the upper semicontinuous regularization of supremums of a family of

plurisubharmonic functions to extend the definition over A.

Theorem 2.6 (log r-convexity).
Let w € PSH(R) and fix a point z € Q. Define V(r) the average of u over a
sphere of radius r centered at z, then V(1) is a conver increasing function of

logr.
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Note that by Fubini’s Theorem it is easy to see that plurisubharmonic functions
are locally integrable, and the next theorem tells that many plurisubharmonic

functions are exponentially integrable.

Theorem 2.7 (Exponentially integrable psh functions).
Let w e PSH™(B(0,1)) be a negative plurisubharmonic function in a neigh-
borhood of the unit ball such that u(0) > —1, then there ezists a constant C

such that

Definition 2.8 (Differential forms with continuous coefficients).

Denote DF

- q)(Q) as the set of differential forms 3 of bidegree (p,q) with C*

continuous coefficients in 2, i.e. locally in the form

B= Y Brrdundz,

1< <ip
J1<<Jq

where [ = {iy,--+ ,ip} and J = {j1,--- ,j,} and B; 7 are C* continuous in Q.

Definition 2.9 (Currents).
The currents of bidegree (p,q), denoted as T, 4)(€2) are the set of differential

forms « of bidegree (p, ¢) with distribution coefficients, i.e.

o= Z ar jdzr Ndz;

11 < <lp
J1<<Jq

where I = {i1,--- ,i,} and J = {j1,--- , j,} and the coefficients o 7 are locally

defined distributions. Alternatively one can define currents by their action on
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smooth (n—p, n—q) forms with test functions as coefficients. For example, a; 7
can be complex measures on ). One can also define the current of integration
over a complex submanifold V| i.e. a bidegree (n — p,n — p) current [V] that

acts on any smooth differential (p, p) form ¢ in the following way

V() = /V b

We are mostly interested in positive, closed (p,p) currents, which are defined

below.

Definition 2.10 (Positive closed currents ).

A (p,p) current T is called Hermitian(or real), if T = T. We call T to be of
order k if its local distributional coefficients are of order k, i.e. its action can
be extended to all test forms with coefficients in C* smooth but not all that
in C*¥~1. T is called a positive current if T'(3) > 0 for any simple positive test

form S, i.e.
B=iBi ABLA - NiBup A By
for any test (1,0) forms By, -+, Bn_p.

Note that any positive current is of order 0, i.e. its coefficients are complex

measures. From now on, we suppose 7' is a positive closed (p,p) current.

Theorem 2.11 (idJu as current).
For any u € PSH(Q), i00u is a closed positive (1,1) current. If we further

assume u = log | f| for some holomorphic function on ), then

i00u = 2m - [{f = 0}]
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which is the current of integration over the zero locus of f.

Theorem 2.12 (i00 A T).
For any u € PSH(Q) N L), i00u AT = i00(uT) is a positive closed

current of bidegree (p + 1,p+ 1). As a result, if uy,--- ,u are are bounded

plurisubharmonic functions, the i00ui A- - - Ni0Ouy, is a closed positive current.

We list a few properties of the Monge-Ampere operator M A(u) := (i00u)™ for

locally bounded, plurisubharmonic function w.

Definition 2.13 (||T]|x).

Fix any compact subset K in the domain of definition of T". With the positive

form f:=idz; Ndz + -+ - 4+ idz, AN dZ,, ||T||k is defined by

17l = [ Tnp
K

Theorem 2.14 (Chern-Levine-Nirenberg).
Let uy, -+ ,up € PSH(2) N L™ and K be a compact subset of an open set

U relatively compact in €2, then there exist a constant which depends only on

K,U,Q such that
Hiaéul/\--mAiﬁgukHK < Cxl(7U}Q)HU1HL“aU"'HukHLw(U)

Note that for £ = n, one can define the relative Monge-Ampere capacity with

respect to any Borel subset E C () as

c(E,Q):= sup {[ (i00u)"}
wePSH(Q) JE
—1<u<0



17

With this, one can show that locally bounded plurisubharmonic functions do

not carry Monge-Ampere mass on pluripolar sets. See [Bll, Prop 2.2.3].

Theorem 2.15 (Continuity property, [BT2]).

Suppose k+p < n, up, -+ ,ux € PSH(Q) N LY

0. Let {ugz)};’il be sequences

of psh functions decreasing to u;, for each 1 < j < k. Then i@éugi) A A

i@éu,(f) AT converges weakly to i00us A -+ - A i00up AT .

Definition 2.16 (Perron Envelope).

Let ©2 be a bounded domain in C" and f € L*>(0f2), the function
uyq = sup{v € PSH(Q) : v*),, < f}

is called a Perron-Bremermann envelope of f in 2.

It is important to notice that such us o need not be upper semicontinuous in
general. The following theorem applies to envelopes with continuous boundary

function f.

Theorem 2.17 (Walsh [Wal]).
Let f € C(0) and u = uyq be defined as above. Assume u*|,, = Uy, = f

on 0N), then u is continuous on the entire §2.

Definition 2.18 (Maximal functions).

A function u € PSH(S) is called maximal if, for every v € PSH () such that

v < u outside a compact subset K C €2, we have v < u on the entire €.

Note for example, log ||z|| is maximal in C"\{0} but not maximal in C". Let
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f be any holomorphic function on 2, then log|f| and |f|” with v > 0 are

maximal.

The following theorem states that maximal functions have zero Monge-Ampere

mass in §2. See [Bll, Theorem 2.3.1].

Theorem 2.19.
Let u be a locally bounded plurisubharmonic function in ), then u is maximal
in Q if and only if (i00u)” = 0 in Q. In particular, being a locally bounded

mazimal plurisubharmonic function is a local property.

Definition 2.20 (w-psh functions on manifolds).

Let (M, w) be a compact Kéhler manifold and w a Kéhler form on M. Then a
function ¥ is called quasi-plurisubharmonic, or w-plurisubharmonic, denoted
as 1 € PSH(M,w), if locally w +i00vy = id0(¢ + 1)) = 0, for a smooth local

potential function ¢ of w.

In general, if « is a closed (semi-)positive (1,1) current, we can still define
PSH(M,a) to be the set of functions 9 such that o+ iy > 0( > 0) in the

sense of currents.

Theorem 2.21 (The local 9d-lemma).
Let 8 be a smooth, closed, real (1,1) form on a compact Kdhler manifold

(M,w), then locally B = i00n for some smooth real function 1.

In particular, locally one can find a Kahler potential function f, such that

w = i00f.
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Theorem 2.22 (The global 99-lemma).
Let B be a smooth, d-ezxact, real (1,1) form on a compact Kdihler manifold

(M, w), then there exists a smooth real function 1 such that 3 = i00n.

Note that if we assume OM = (), by Stokes’ theorem it is impossible to find a

global Kahler potential function f for w.

Definition 2.23 (Singular metric on line bundles).
A singular Hermitian metric on a line bundle L is a metric which is given in

any trivialization 0 : L), — U x C by
1€l = 16(©) e, zeU, €L,

where ¢ € L}, (U) is an arbitrary function. Then there is a well-defined

curvature current ¢(L) := i0d¢. See [Dem?2).

Definition 2.24 (Lelong number).
The Lelong number with respect to a plurisubharmonic function ¢ and a point
x € M is defined as

v := liminf 6(2)

==z log|z — 7
Theorem 2.25 ([Dem2, lemma 2]).

If ¢ is plurisubharmonic on M, then e=2? is integrable in a neighborhood of x

if v(¢,x) < 1 and non integrable if v(p, x) = n.
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2.2 Blow up along a submanifold

Let M be complex manifold of dimension n and Z a closed submanifold of

dimension m < n.

Definition 2.26 (The (projectivised) normal bundle).

The normal bundle of Z in M is the vector bundle over Z defined as the
quotient N7 := (TM)‘Z/TZ. The fibers of NZ are given at each point p € Z
as NZ|, = T,M/T,Z. The projectivised normal bundle is defined as P(NZ) —

Z whose fibers are the projective spaces P(N Z),) associated to the fibers NZ| .

Now we construct M, the blow up of M with center Z.

The idea is to replace each point p € Z by the projective space of all vectors

at p that are normal to Z. Denote E =P(NZ) and let

M = (M\Z)UE, be the disjoint union of two sets. (2.1)

Define a map m : M — M that extends the projection map P(NZ) — Z.

Iz - M\Z — M\Z on M\Z

m =

the canonical projection : E —p onkFE

Now we define the manifold structure on M by giving explicitly an atlas. A
coordinate chart near a point p € M\Z is naturally taken to be the original
chart of M near p. Let the coordinates be (1, , Ty, Yms1, -+ » Yn). We then

fix a locally finite collection of small coordinates balls {U, }y,ca that covers
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Z such that
UsNZ ={(x7,y]) €Uy 1 yj =0 for all m+1 < j < n} (2.2)
It follows that (zf,--- ,x%,) are the local coordinates on Z N U,. The span of

normal vector fields {&J}x }m+1<j<n yields a holomorphic frame of NZ|, near
p. Let us denote by (t,,41,- -+ ,t,) the coordinates along the fibers of NZ.
Then

[(ZB?,-“ ,x%,(), e 70)7 [t;ln-i—l A tﬁ])} (2'3)

are the coordinates of P(NZ) To patch this with the coordinates of

|ZﬁUa'

Ua\Z, which are {(zf,y5) € Uy : y* # 0} and get a well defined local chart

for an neighborhood U, = n='(U,) C M, we first set

Uaj = {(x,y) € U\Z :y; # 0} U{((2,9), [t]) € P(NZ) 5, 11 # 0} (24)

covers of U,. Then for each «, define a complex

and clearly { U, }

m+1<j<n

manifold U,

Utll - = {((zf{?' o 723)7 [t?nﬂ o tm) e U, x pr—m-1 .

2ty = zity, forall jjk>m+1 }

Clearly U! is covered by its n —m open subsets U/, ., where for each m + 1 <

a7j’

J<N,

Us; = {((2%),[t°]) € U}, : 2§ # 0 or 1§ # 0} (2.5)
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For each pair U, — U!, we define a bijective holomorphic map f, : U, — U/,

=

\’W/WW?/&%"

Figure 1: Coordinate neighborhood U, ¢ M

as the following,

if y £ 0, (z,y) — (2, [t]) = ((z,9), [y])

ify =0, (2,0,[t]) — (2 [1]) == ((«,0), [t])

We see that f, factors through f,; : Us; — U’ ., which are defined as

a?]’

if y £ 0, (@, y) — (2, [t]) = ((z,9), [y])

Ym+1
:<(x7ym+17"'73/]'7"'7:[/”)7[ +7"'717"'
Yj

if y =0, (IE,O, [t]) — (Zv [t]) = ((I‘,O),[t])

Combine f, ; with the natural coordinates of 7, ; : U/, ; — C", which are given
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as

Ym+1 Yn Ym+1 Yn
TyYm+1, " Y5 s Yn)s 7.")17'”7_ L ’ y » Yjs y
(2, Yms+ j ) " yj]) ( " j "
((ana 707 70)7[ +1a 717 7_]) — (ZL’, +17 707 7_)

tj t J tj

We eventually get a holomorphic coordinate chart of M near E from Ta,j

ﬁad‘ — C", where 7, ; := 7/, ; 0 fo; are defined by the following,

for z € M\ Z, Taj(2) = (Wi, -+, wy)

':(I‘l... T ym+1 y.... y_n)
5 y Lmyy Y > » Y75 ’yj
for (z,[t]) € Eizav., Taj(2,[t]) = (w1, -, wy)
t tn
::(x17”'7xm7 m+17 707' J_)
L t;

The inverse map 7, ; : C* N {w; # 0} — U, ;\E is given as w; # 0 and
(Wi, wp) = (W1, Winy Win Wy, - -+, Wy, -, Wy W) (2.6)

We conclude that 7, ; are coordinate charts on M and that locally, E'N Ua,j
is defined by the equation w; = 0(See also [Dem]), therefore E is locally a

smooth hypersurface in M.

We wish to show that M is a complex manifold by showing that 7,; and 74,
glues well on their overlap, i.e. the coordinate change (~]a — Ug D (28)ign
(zf )j<n gives rise to a holomorphic coordinate change (wf*) — (wf ).

Away from Z, say near point p € (U, N Us)\Z, it is easy to see that (wf) —
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(wf ) is biholomorphic. Indeed, the map C" N {wg # 0} — C" N {wlﬁo # 0} is

the composition

(wft) = (25) = () = (wr)

where every intermediate map is holomorphic.

For any point p € (U, NUz) N Z, we can find some m + 1 < ig,ly < n such

that p € (Uai, N Usye) N Z. This means 8 # 0 and ti # 0. Then the map
(W) jwgyo — (wf )jur,=o0 is the following composition of the maps @, @

) = (o e s Bt
Z " L, tiy L,
(1)
b1 io—1 1 ligs1 tn
10— 7
((2?;"'72317yg1+17"'73/701[)7[7;77'”7;77 ) tO(?é 7"'7%])
e tozéo @ v e " e v e
=((28, ., 20 gL L ey pmdl o] . 4 )
1> »*m» Jig t% ) ) Zot% ) t% ) ) tiao [ t?o ) 7t%
1(2)
B B B
8 5 .8 8y (tm1 bo—1 | Tigr1 ty
((217"'7Zm7ym+17"'7yn)7[ B T B B 7a?])
tl tl tl tl
0 0 0 0
B B B B
=((2,--- 2" yﬂtmﬂ yﬁﬁ) [tmﬂ ot e ﬁ])
1> »“mo Jlg tlﬁ I I lotlﬂ I tlﬁ I I tlﬁ P t'lB I 7t28
0 0 0 0 0 0
1(s)
B B B
(’U)/B) - (ZI,B . B tm—i—l Zflo—l tlo—l-l ﬁ)
7 - I »~“m> B ) B B ' B
th tl() tlo tl()
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Since @ and @ are holomorphic, we only need to show that @ is

holomorphic. This follows from the fact that (t&) — (¢/) is holomorphic near
the point p. Indeed, they are the coordinates on the fibers of the normal
bundle NZ 5 5,7 and the rank of NZ is constant so the transition map
Tog : (1) — (1)), T € T(Z,GL(n — m,C)) has to be holomorphic. The

proof is complete.

]

We give two examples to illustrate the coordinates taken in equation (2.6).

Example 2.27 (Nodal in C?).
Let N = {y? = 23+2% } C C?. Blow up C? with respect to the origin by taking

z =7 and y = & - §J, thus the blow up space N = {2 =i+ 1} c C? x P

Figure 2: Blow up of y? = 23 + 22

The exceptional divisor E is given by # = 0. E C P! consists of two points

that represent the two tangent lines of N at the origin.
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Example 2.28 (Cusp in C?).
Let N := {y* =23} C C% Same as above, we take x = 7 and y = - J, thus
the blow up space

N={i =3} cC*xP!

The exceptional divisor E C P! is just a single point, given by {Z = 0}, which

stands for the tangent line of N at the origin.

Definition 2.29 (The blow up of M with center Z).
The map 7 : M — M is called the blow-up of M with center Z and E is called
the exceptional divisor of M. From the above constructions, we see E is locally

a smooth hypersurface of M and that = : M\E — M\Z is biholomorphic.
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2.3 Metric on general blow up spaces
We have constructed the blow up of Z C M and now wish to give a metric

on BlzM. The following lemma is a general standard fact that the blow up

space of M along a compact submanifold Z, admits a Kahler metric.

Lemma 2.30. (Kdhler metric on blow up space)
For any compact Kdhler manifold (M,w) and a connected compact submanifold
Z C M, we have a Kdhler metric on Blz M, the blow up of M with respect to

center Z.

Proof. A detailed proof can be found in [Dem][PS12]. For completeness, we

include a proof here to serve for our results.

i) The idea to cover Z with a family of small neighborhoods and locally

construct a Kahler metric on Bl M as
W — 6%85 loghg € [m*w] + ec1(O(—F))

for some Hermitian metric hg on the line bundle O(—FE),where E is the
exceptional divisor and 7 : BlzM — M is the canonical surjection. For

a small neighborhood near Z, we can find a small € > 0 such that
W — e%@é loghg >0 (2.7)

Then use the compactness of Z to claim that there exists a finite col-

lection of such neighborhoods that covers Z and choose an uniform e
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smaller than the minimum of the finitely many €’s to prove that (2.7) is

true for the entire Z.

Let U, C M be a locally finite collection of coordinate neighborhoods

which covers Z, and let 2® = (2%, y*) be coordinates on U, such that
ZNUy ={(z"y*) €Us:ypmiy ==y, =0}

Choose a family of cut-off functions {¢,} with respect to Z and U,U,
such that ¢, € C*(U,), 0 < ¥, < 1 and > ¢, = 1 near Z.
Recall in equation (2.4) that the neighborhood U, = 7 (U,) C BizM

is covered by n open sets U, ; as,

Uaj = {(2,y) € U\Z - y; # 0y U{((,y), [t]) € P(NZ) 1 + 5 # O}

and that on each U, , we have a local coordinate chart 7, : Uy, — C"

as the following,

for z € Ua’j\E, Yj #£0,

%Oéyj(z> = (wlv T 7wn)

Yj ’ Yj

for (Z, [t]) S Ua,j N E, tj 7& O,

Tag (2, [t]) = (wr, -+ wn)
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iii) Now we give the metric hy on O(—E) over M. For any section f €

O(—E), define |f|}_ over Uy as,

2
7B, = s onla,  (28)
> taflwi- L+ > wil)}+1-9
a i#£j,i=m—+1
= |f|i - on [LJ NnE
Yadlyl?- 1+ X R +1-¢
« i#7,i=m—+1
(2.9)
= ‘f|i - on Ua,j\E
Yadly?- 1+ X Eoy+1-v
« i1#7,i=m—+1
(2.10)
7 on U,; (2.11)

X VadlYmaP o+ P+ 1=
where we have replaced 1, o 7 with 1,.

Notice that in (2.9), w; = y; on U,; N E by the choice of coordinate

charts 7, ; and there the denominator seems to be zero on
ENUy;={w; =y; =0} NUa,

But since f € O(—FE) is locally given as a holomorphic function that
vanishes on £ N U(m, by letting U, to be sufficiently small, we may

assume f = w; - g in U, j for some holomorphic function g,
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and we have

|f|2 -
f on U, 2.12
| |hE Zwa{|ym+l|2 R |yn|2}+1_w J ( )
2
g ~
Yt P ’ | [yn? onUsj — (213)
Z%{ ly; 12 '+|yj|2}+1_1/}
2 ~
|g| on U, (2.14)
Z%{1+ Z lwil?} +1 -9
i#£j,i=m—+1

Also we see that (2.12) is independent of o and 7, so | f|ZE defined above
glues well on the overlap of any pair of charts 7, ; : Uahj — C™ and

Task * Uy — C" for different oy, ag, j, k.

iv) We see that hg is a well defined smooth metric on O(—FE) and that near

E C M, v =1 and thus

—i001og hg = i10010g(|Yms1)* + - + |ynl?) (2.15)

= w (2.16)

FS |]P>n7mfl

Therefore we conclude that locally on U, equation (2.7) defines a Kéhler
metric as

W — e%@élogh}; >0, forany 0 <€ < e,

where €, is a small constant depending on U,. To see it is positive for
the entire F, notice that Z C M is compact and so {U,} is a finite cover.

It suffices to choose € < min{e, }.
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3 Casel

The singuarity in Question 2 gives rise to Theorem 3.1, which also applies to
finitely many interior points py,--- ,px in M. It is a generalization of [PS12,
Theorem 1] where all §; = 1. The proof that deals with a single point p is

given in Theorems 3.8.

3.1 Theorem 1

Theorem 3.1. Let w be a Kahler form on compact complex manifold M of
dimension n = 2 and assume OM # 0 is smooth. Fix N interior points
{p1, -+ ,pn}, N-n constants 0 < B,,; < 1 and N-n local holomorphic functions
{fm;} such that for each 1 < m < N, {fn;}1<j<n are defined in a neighborhood
of Pm, with p,, as their only common zero in this neighborhood.

Then there exists a constant €y such that for all 0 < ¢, < €y, 1 < m < N,
there exists a unique function G(z;p1,--- ,py) € PSH(M,w) satisfying that
(w+ £00G)™ =0 on M\{p1,--- ,p,} and that

G=0 on OM (3.1)

G = e log{>_ [ ful (3 | fuil) P} + O(1)  mear pu (3.2)
j=1 i=1

Moreover, G € C*(K) for any compact K C M\{p1,--- ,pn} and any positive

constant o < min  fB;.
m<N,j<n

With an iteration of N times, each of which deals with a singularity at an
isolated point p,, and yields an exceptional divisor E,,, we may reduce to the

case of N = 1 which will be shown in Theorem 3.8 in Section 3.5.
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Indeed, we can apply N steps of iterated blow up procedures. On the m-th
step, the blow up map is a biholomorphism away from the particular point
Pm- So the boundary points get mapped to the new boundary(which is the
biholomorphic image via the m-th blow up map) and the images of the isolated
points p,11,--- ,pn in the interior of the first m — 1 blow up spaces, stays
isolated in the interior of the m-th blow up space. Furthermore, they stay away
from the exceptional divisors E,, and Ei,---, F,,_1. Then one can continue
with the process for p,,.1,---,py and eventually apply Theorem 3.8 to the

single point py.

3.2 Singular (1,1) form on X(M,p, f1, -, fn)

Now we consider M near p with the given data (M, p, f;) and apply the general
blow up arguments to the special case of blowing up M near p, which is the
only common zero of the local holomorphic functions fi,---, f,. We first
construct a singular (1,1) form on the blow up space X = X (M, p, f;) in some
ambient space W, where the blow up spaces X and W were previously given

by [PS12].

Lemma 3.2 (Singular (1,1) form ws(M,p, fi, -, fo, B1sc -+ 5 Bn) ).

Given (M, p, f;) the data of the Kdihler manifold (M,w), an interior point p,
and local holomorphic functions f;, 1 < i < n with p as their only common
zero. Then there exists a complex analytic space X = X(M,p, fi,---, fn)
and a biholomorphism m : X\ Xo — M\{p}, mapping Xo — p for some X,

biholomorphically equivalent to P*"~1 with following property:
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The form ws defined on M\{p} as
w5 =w+3500(01og S IHEP Y ILER ™ +1-9)  (33)
j=1 i=1

has the pull back wiws on X\ Xy that extends to a closed strictly positive sin-
gular (1,1) form on X. Here v is some cul-off function supported in some

small neighborhood of p.

Proof. i) Fix ¢¢ > 0 and since p is the only common zero of the local
holomorphic functions fi,---, f,. We can find a small open neighbor-

hood U C M such that > |f;]> # 0 on U\{p}. Choose another open
=1

neighborhood Uy CC U and define

n 2
o ) 2 _ o
Uy =UgN{z: J§_1 |fi(2)]" < e

We blow up U, with center p and denote the blow up space V,,, as

Veo := BLcyy o 15 Uq

= {((Zlv e 7271)’ [tb e 7tn]) € er x Pt tifj(z) = t]ﬁ('z)}

Set theoretically gluing V;, with M\{p} on U, \{p} defines space X by

X = (VEO U M\{p})/ g eM\{p}~(q2,[t]) EVey =a1=02

Clearly U, \{p} is covered by n open subsets {z : f;(z) # 0} N U,, and
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V., is covered by n open subsets

{(z,[t]) : 15 # 0y N Ve

The surjection proj, : V, C U, x P" ! — U, defines X as the inverse

image of p, which is biholomorphic to P*~1.

Now construct a complex manifold W such that X is locally an an-
alytic subset of W. Perturb the holomorphic functions fi,---, f, by
§ € B« (0) C C". Let the graph of the map (f1,-- -, fa) over Uy, be

Z ={(2,§) € Uy x B : & = [i(2) for all 1 <1< n}

Note that Z C M x B, is a smooth compact submanifold of dimension n
and the image of Z under the projection map proj, : Z — Uy is a subset
of Uy and is thus compactly supported in U. Define local holomorphic

functions ¢1(z,€),- -+, gn(z,€) over Uy X By, as
gi(2) == filz) =& for 1 <i<n

By the triangle inequality, 3 |g;(2)|* < €” on Uy, x Be. Clearly in
i=1

Uy x B,,, we have

€0

Z={g1="=9g.,=0}NU, X B«

2
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and since Z is compact, Z has an neighborhood T, defined as

T:={(2,€) € Uyx B, : min {Zm )P +1E ¢ |2<—}}

(#'.€)ez
By letting € be sufficiently small, we have that T' CC Uyx B., C M x B,,

Let W%o be the blow up of U, x B 0 with center Z, denoted as

Weo : = BLeg, .. g> (Usy X Bea )

2

= { (Zaga [t]) € er X B%O X Pn_l tzg](275> = tj 92(275)}

Let W be the set theoretically union of We and (M x Be,)\Z glued via

the canonical surjection

As Z € M x B, is a smooth submanifold, we see that W is a smooth
manifold. The exceptional divisor Ey is locally the inverse image of Z

under the blow up map, which is denoted as

m W — M x B,

Ey— Z

On W, let W, := m 1 (Uy x B,) and we see that locally near E,,
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E, c m YT) cC W,, and clearly W, is covered by its n open subsets

WEo,j = {(Z’§7 [t]) € Uy x Beo x Pt tj 7é 0 or gj(Zag) 7é 0}

With the same construction as (2.4) in section 2.2, we see that W, ;
admits a local holomorphic chart 7; : W, ; — C" that glues biholo-
morphically on the overlap with one another. Away from E,, W\E, is
biholomorphic to (M x B, )\Z.

Since Z is a compact submanifold of M x B, blowing up Z in M x B,
and applying constructions similar to lemma 2.30, we get a singular

Hermitian metric hg, on O(—E,) over W as the following.

Suppose W,, is covered by a finite collection of neighborhoods {W,}, in
W. Choose a family of cut-off functions x,,. with respect to 7 *(T') and

We, such that x,, € C*(W,), 0 <x,, <1and

X i= ZX% =1 on 7; Y(T)

Let T, := n(W,) and thus T' CC U,T,. Moreover, each W, is covered

by n open subsets
Wag ={(2&[t]) € Ta x P" 7" 1 15 # 0 or g;(2,8) # 0} N W,

For a section f in O(—£E,), since f|Eg = 0, we may assume that locally

f=g9;- f in the neighborhood W, ; for some holomorphic function f.
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Define |f|i21Eg on W, as

W (3.4
ZXW“{k; nglwk(;1 gil?) P} +1—x,,
lg; - fI?

on Wy, \E, (3.5)

I} 41—

2w, gl 2 15 (2 15
« 1=

| 2

on Wy ,\E, (3.6)
ZXW&{Z 517

) ﬁk}+1_XW

[\

on W, ; (3.7)

“qu, &M: =

Exwa{Z \t’“|25’“(

) Bk}+1_XW

L
t;

We see from (3.4) that hp, defined in this way glues well for all a and
j. It is a smooth(resp. singular) Hermitian metric on O(—E,) if and
only if all 3; = 1(resp. some f3; < 1). With hg,, we can define a Kéhler

form(resp. positive closed singular (1,1) form) on W later in step vi).

v) Define X to be a subset of W by setting & = --- = &, = 0, and locally
X is defined by

Xey 1= {(2707 [t]) € U, X B% x Pt L fj('Z) =1, fZ(Z)}

which is an analytic subspace of the smooth manifold WW. Note that X
might not be smooth in general, for which we apply Hironaka’s theorem
with iterated blow ups later in next lemma. Now we see that this defines
a map m : X — M which is a biholomorphism between X\ X, and

M\{p}, where X, = 7~ !(p) is biholomorphically equivalent to P"~!.
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Moreover, near Xy, X is covered by its n open subsets

XEOJ = {(2707 [t]) S X€0 : tj 7é 0 or fj(z) 7é 0}

By letting U; := proj,(T"), we have a small open neighborhood U; near
p on M satisfying U; CC Uy. Choose any cut-off function i € C*°(U)
such that

Yo projyom =x, : W — R

then clearly

Q/J‘UT =l and ¢y, , =0

Indeed, consider the projection map proj; : Uy X B., = Uy and the blow

up map m : W, = Uy X B, the image of proj; o m lies in Uy. The

composition of proj; and v gives
X, = oproj, : m(W,) — Uy — R

This defines a cut-off function x,. in Uy X B, near T', such that y, =1

onT.

We wish to define a positive closed singular (1,1) form on X in the
sense of currents. We do so by first constructing a (1,1) form on W, the

ambient manifold where X lies in.

Given the Kahler metric w on M, we extend it naturally to a Kahler

metric on M X B, denoted as w’ := w + wy, where wy is the standard
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Euclidean metric on B,. Choose the cut-off functions x,,, x, defined in

step iv) and v), we define a closed singular (1,1) form wj on W\ E,,

" * ./ Z 3 - ; - —0B
Wf = m W +500{x, 10%.2; 1£5(2) = @-W; [fil2) = &P P +1-x, )
J= 1=

(3.8)
Thus on (M x Be,)\Z, which is biholomorphically equivalent to W\ £,

o =+ 62000 08 3 15(2) — G (D 1) — &) 41— x,)
j=1 i=1
(3.9)

On E,, we define the form wj as
"o o) L9 - |26 - |2)1-5;
wy = m"w' + 0500 10g2|t]| (Z; ;%) P (3.10)
j= i=

In step vii) we will show that the wj defined in (3.8)(3.10), is strictly
positive closed (1,1) form with bounded potential function in the sense

of currents.

But first we need to show that the two definitions are coherent on the
overlap of a neighborhood away from E, and some open set contained

in x,, = 1 near F,.

To see this, first notice that on W\Ey, g,;(z,&) = fj(z) — & # 0 for
some 1 < j < n. Without loss of generality, we may assume that
91(z,€) = fi(z) — & # 0. Then we must have ¢; # 0 and % = %,

for every 1 < i < n.
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Hence on the overlap we have,

/ * Z ) . ;
wy = mw' +5583{XW log > | f5(2) — & ( Z 1fi(z) = &) +1—x,}
j=1
= miw' +0500{log ) £;(2) = &P Zlfz — &)%)
j=1

ko o= - 2B; 12\1-8;
=mw + 5588{ log; ‘gj’ (Z ’gz| ) }

. n (285 .
= mw' + 5%85{ log ) :zjiw Z \|gz )Y+ 5%331% |91 /°
= bl

=mw +0= 88{10gz|g]|2@ Z||gl )18}

|91
45

. i = ti _
= e + 6500 logz |ti|25j Z ||t1|2 )-8
j=1

[t

i} i - B t; _ .
= 7T1(JJ/ + 5588{ logz ‘ti|25 Z ’|t1|’2 6]} + 5588 IOg |tl|2
j=1

. . . | _s,
= mw' + 0500 10g; [t (; [t:*)}

vii) To show w§ > 0 on W, first notice that 7w’ > 0 on W\E, >~ (Bx M)\Z
as it is the pull back of w’ by a biholomorphic map. So by compactness
of Z we can let § > 0 to be sufficiently small to make w§ > 0.
On E,, we only have mjw’ > 0 and in order to show w§ > 0 we need to

prove that the (1,1) form in (3.10) denoted as

Q(p,1) = —33{ logZIt el Z|ti|2)1_ﬁj}

=1

is strictly positive.
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If all 5; =1, Q(B,t) = w,, the Fubini-Study metric over the projective
space P"~! and hence is strictly positive. Since Z is compact, we can get
strict positivity of w§ for any arbitrary small constant J. In fact, wj is a

smooth Kéhler metric on W, see [PS12].
If all B; < 1, choose a constant C; = max ;< {5} <1,
ion - o~ s,
Q(B,t) = 535{ IOgZ |tj‘2ﬁg(z wz)l ﬁg}
j=1 i=1
/I: N n v n B .
= 538{10g2|tj\zﬁj(2|ti!2)1 =iy
j=1 i=1
/l: B n . n s 'l/ 3 n B
= 5001 log > ;74 (D [t i} + 50010g O )
j=1 i=1 i=1
i on . o~ _s,
= 500{108 3 It Q1) 4 (1= O wy
j=1 i=1

We show that the first term in the above line is semi-positive. Let

uy(t, ) = log{[t; [ (Y 1t:*) =71}
i=1

= Bilog |t;|* + (C1 — B;)log > _ |ti]

i=1

Then 9du;(t,3;) > 0 and wu; is plurisubharmonic. Now apply [Dem,

Theorem 5.6] to see that
log Y 1152 (Y [6)% ™% = log(e" +---+¢™)  (3.1)
j=1 i=1

is plurisubharmonic. Therefore Q(5,t) > (1 — Cy) w,4 > 0.
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For general [ values, where some but not all 5; = 1, we can still go

through the same steps as above by letting

n

w;(t, B;) = log{|t;/* (O [t:*)" %} (3.12)
=1
= Bilog t;* + (1 — B;)log Y _ |t/ (3.13)
=1

Clearly i&guj > 0 for each 1 < j < n and thus
-
Q(p,t) = 5aalog(eul +--4+e") >0
We have semi-positivity, and it still remains to show strict-positivity.

Define © as

O(uq, -+ ,uy) =log(e" + -+ +e")

=log Y [t;# (It
j=1 i=1

Clearly we have that D;0© > 0 for every 1 < j < n. As there exists some

Bi, < 1, we have

i00u;, > (1 - B;,)iddlog Y _ |t

i=1

= (1 - Bio)wFs\ﬂm_l

we have that wu;, is strictly plurisubharmonic.
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To show © is strictly plurisubharmonic, it suffices to show that locally
fpg(?pé%@ > )\ - &€ for some small positive constant A and any vector

& € C™. This can be seen from

EPE10,040 (ur, - -+, un)

=£€90,(> | D;Odu;)
j=1
=PE1( Y D;00,0qu;  + > (DiD;0)dyuidqu; )
j=1 i=1 j=1

= D;0(£810,00u;)  + > (DiD;O) (& dyu; )(E90qu;)
j=1

i=1 j=1

> D;0(&¢0,0qu;)
1

j=

>N - E€
where )\g is a local constant depending on the smallest eigenvalue of
(0xOyus, ). And \g > 0, as u;, is strictly plurisubharmonic.

viii) Now we have a singular (1,1) form on M\{p} as
i on - N 8,
wy = w+ 0500{wlog D |f;(=)PP Q1 fi(2)) P +1-w} (3.14)
j=1 i=1

On W, we have constructed a strictly positive singular (1,1) form
e shan - o~ _s,
wf = w45 500(x,, Tog D 15(2) — 6P (DD 1Aie) — &) 1oy, )

Jj=1 =1

We get a positive singular (1,1) form wj§ by restricting wj from W to X
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and letting & =--- =&, =0.
Wi = wg‘gzo (3.15)

= riw + 6 500{x 108 D 1P (Y G +1-x) (316
j=1 i=1

where y := x and notice that as a result of the restriction,

Wle=o
mw = m " (w+wp)

changed into 7 *w. Moreover, we have that wj is strictly positive on the

entire X. On X\ X, wj is the same as 7 *ws, the pull back of ws from

M\{p}.

To summarize, mjws, the pull back of ws from M\{p} to X\ Xy, extends
to X. This can be seen from that fact that ¢ om = x,, = 1 near Xj in

a neighborhood of the exceptional divisor F, in W and that

i i - & e s
Whly, =T1"w + 0500{x,, log > [t O [t + 1= x, )
j=1 i=1

. . < s,
=m"w +0500{x, log Y IH(PY Q1A% +1-x,}
j=1 i=1

The proof of lemma 3.2 is complete.
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3.3 Singular (1,1) form on iterated blow up space X'

The X constructed in a local way in lemma 3.2 is an analytic subspace of W
and X is in general not smooth. To get a smooth manifold, we apply the
iterated blow up technics[PS12] given by a deep theorem of Hironaka(See[H])
to resolve the singularities X;,, C X in the ambient space W. Their process
is to blow up W finite times and resolve the singularities of X. From there we
have an iterated blow up space W', a smooth manifold X’ which lies inside

the ambient space W’ and a positive closed (1,1) current Q' on X'.

Lemma 3.3 (Hironaka’s Theorem on iterated blow-ups, see [H][PS12]).
Let W be a complex manifold and X C W be a complex analytic space. Then
there exists an iterated blow up space wo : W' — W with the exceptional divisor
E C W' that resolves the singularities of X in the following way:
Let

X' =m  (X)\EcCW (3.17)

Then X' is a smooth manifold and 7o : X' — X, the restriction of the map o
on X', is surjective. Moreover, we have a divisor E' with normal crossings in
X" as

E'=EnNX =7 Xng) (3.18)

and an isomorphism on X'\ E’

Ty X'\E' = X, (3.19)



46
From lemma 3.3, the singularities in Xg,, C X, are resolved with the blow
up map 7 : W/ — W and the construction of £/ ¢ X' ¢ W'.
Now we wish to give a closed positive singular (1,1) form €' on X.

Lemma 3.4 (Existence of hg and Q' on X').

Same as in lemma 3.2, fix a singular (1,1) form wj on X,

;% (N - 28; - ) 2\1-8;
w5—7T1W+5§<9<9{Xlog;|fj(2)l (;\fz(Z)\) +1—x}

Then there ezists a closed strictly positive singular (1,1) form ' on X',
Q=7 (wh) — e%@é loghg >0 (3.20)

for some small constant € and some smooth metric hg: on O(—E'), where E'

is some effective divisor on X'.

Proof.

i) From lemma 3.2, on W we constructed a positive closed singular (1,1)
form wj, together with 7} (w;s) as its restriction to X. Apply lemma 3.3
to get B/ C X' C W’ and my : X' — X that resolves the singularities
Xging Which lies in Xy C B, C W. Here E, is the compact smooth

submanifold of W defined in lemma 3.2.
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Choose a finite collection of small neighborhoods {U,}, that covers E.

Since wy is strictly positive and locally in U, we have
wy = 100,

where ¢, is a strictly plurisubharmonic function in U,. This means that
locally in U,, there exists a small positive constant A\, such that for all
£eCn,

10k0; 00 €7 = Aa €I

Fix a smooth Kahler form w;,, on W as in (3.23). Then locally in UL,

W,y = gij(x) dzF A dzi. Let A(z) be the largest eigen value of (g;;(x))

and let
A = max{sup A(z)}
@ zeUy
. 1 min g
and fix any large positive constant A, such that 3 < —;—. We see that

wy > wi‘W in the neighborhood U,U, of E,.

Now apply [PS12, lemma 7] to the Kahler form wZW. It follows that

there exists an effective divisor E; on W’ supported on E(i.e. locally

Ey = > m,E, for some integers m,, and some divisors F, in E), together
14

with a smooth metric hg, on O(—E}) such that

(LW

o — e%@élog hg, >0

is a Kahler form on W’ for € sufficient small.
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Define

Q= o (wh) — eéaélog hg,

Then we claim that Q- is a strictly positive singular Hermitian (1,1)
form on W’'. Indeed, the strict positivity can be seen from that 73 (wy)
is semi-positive on W’ and strictly positive away from the exceptional

divisor E. And near E, in the neighborhood my~(U,U,), we have that

T (wy) = WQ(OX’W) and thus

5 (wg,w>

Ty (w§) — e%@@log hg, > — Yt e%@@log hg, >0

Since we have that X’ C W' is a resolution of singularity of X C W
with the exceptional divisor £ C X’. Restrict the divisor F; to X' and
get an effective divisor E, supported in E/ C X’. Restrict the smooth
metric hg, from the line bundle O(—E;) to O(—E,) and get a smooth
metric hg, on O(—FEsy) over X’. Then we have a strictly positive singular

(1,1) form Q" on X’ as
Q=7 (ws) — e%@g loghg, >0 (3.21)

Here the positivity can be seen from the fact that Q' is the restriction of
Qu from W to its submanifold X" and that €y defined in step iii) is

strictly positive.
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Remark 3.5.
Note that for the case where g = --- 3, = 1, Phong-Sturm showed in [PS12]

that the following Kéhler forms

* a5 -
Wy x =TW A+ 5568{X10gz ()P +1—-x} (3.22)

i=1

/l; _ n
Wy =W+ 0500{ Xy log» " [fi(2) = &P +1—x } (3.23)
=1

get pulled back to 73 (w; ) and 75 (w ,,, ), which are smooth semi-positive (1,1)

forms on X’ and W’. Thus by defining

Qo = m3 (w5 (@) + 5500{xlog Y_ |fil* +1 = x}) — €500 log hi, >0

i=1

we have a smooth Kéhler form ¢ on X’. So we can see that X’ is a smooth

Kéhler manifold with Qg, which happens to be same as € for this special case.

As a generalization (for 8; < 1,---, 3, < 1) to their result, ' defined in (3.21)

is a family of strictly positive closed (1,1) currents {€23}5,<1 on X'.

To summarize this section, we have the following lemma.

Lemma 3.6. Given (M,p, f;) the data of a compact Kdhler manifold (M, w)
with smooth boundary OM , an interior point p, and local holomorphic functions
fi, 1 <@ < n with p as their only common zero.

Then there exists a compact complex manifold X' = X'(M,p, f;) with Kdhler
form Qg and a holomorphic map © : X' — M, sending 0X' — OM with the

following properties:
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a) There is a closed, strictly positive singular (1,1) form Q' on X', an ef-

fective divisor E' and an € > 0 sufficiently small such that

Q=7 (ws) — e%@é log hgr > 0 for some smooth metric hg on O(—E")

b) The restriction W\X,\E, defines a surjective holomorphic map 7 : X'\ E' —

M\{p} and
7.0 =+ 6500w low 3 ) (D 1A ()
j=1 i=1
+1 -} — e%@(’) log(hg om™")

where (z) is some cut-off function which is 1 in a neighborhood of p

and compactly supported in a slightly larger neighborhood.

Proof. i) Fix a neighborhood U, and some Uy CC U, take the cut off
function 1 (z) supported in Uy same as in lemma 3.2. We have thus a

closed positive singular (1,1) form ws on M\{p} defined as
— PY% - (2)|%5 - ()25 —
ws =W+ 5233{¢10g; |13 (2)] (; [fi(2)) 7 +1 -9}
Apply lemma 3.2 and we have the analytic subspace

X =X(M,p, fr,- fn)

in the ambient space W and a biholomorphic map m : X\ Xo — M\{p}



ii)

iii)

iv)

o1

such that 7} (ws) extends to a singular (1,1) form wj on X.

Since X C W is only an analytic subspace with X, C E, C W, where £,
is the exceptional divisor in W = BLz(M x B,) over Z = {¢1(z,§) =
= gu(.6) = 0} € M x By, and

Xo=E,N{& =& =0}

We see that X, C Xo and X\ Xo C X,y

Then we apply lemma 3.3 (Hironaka’s theorem) to get an iterated blow
up space 7y : W’ — W, which is a smooth manifold with the exceptional
divisor £ C W' and a smooth submanifold X’ C W’ such that the
restricted map

X' = X

x/

is surjective and that

/ /!
ol X\E = X

is biholomorphic. Here B/ = EN X' = 1y~ H(Xing) N X'

Apply lemma 3.4 to pull back m*(ws) via the surjective blow up map

79 X = X
Ix/

which resolves the singularity Xj;,, with the exceptional divisor E'. We

get a smooth metric hg on the line bundle O(—E") over X', such that
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for sufficient small € > 0,
o™ (] (ws)) — e%@g loghg >0

Set €V = my* (7} (ws)) — €£00log hpy and this proves a).

Now we prove b). First notice that since X,.; = X\ Xsin, DO X\ Xo, so
the map m : X,y — M\{p} is surjective. Taking its composition with
the biholomorphism

Ty X'\E' = X,y

defines a surjective holomorphic map
T=mom: X'\E' — M\{p}

Clearly 7 sends 0X’ to OM and = is a biholomorphism between M\{p}

and its inverse image, which is
7 (M\{p}) = m ' (X\Xo) C X'\E'
So we can push forward €' to M\{p} and get

R 5%35@ log 3" 120 (3 1 (2) )
j=1 i=1

+1—9¢}— e%@é log(hg o)
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3.4 A solution ¢ € PSH(X', (V)

Through the iterated blow up procedures, we have £ C W’ and E' C X' with
2, a strictly positive singular Hermitian form on X’. And as shown in remark

3.5 (See also [PS12]), there is a Kéhler form on X', defined as

Qo = w5y (7 (w) + 5%85{X10gz Ifil* +1—x}) — e%@élog hg, >0 (3.24)
1=1

Note that on X'\ F’,

/ * * Z a - . & — B
QO = my(riw+6-00{xlog ¥ [fi()* (> |fi(2)])'"
- j=1 i=1
+1—x}) - e%é@loghm
. i n , n o
=T w+ 5533{Xw log; ’fj o 7T2\2’8](; |fio 772\2)1 B

+1—=xu1)— e%@élog hg
and that on F’,

ion - RS s ion
= W*w+7r2*(5§88{xw logz |tj|2ﬁ](z It:|%)?! Bf—l—l—xw})—ei@@log hg

j=1 i=1

where x := x,,, © T is a cut-off function in a neighborhood of £’ C X'. Then
locally, €' = 900 where 6 is a bounded continuous strictly plurisubharmonic

potential function.

We wish to construct a solution to the following degenerate Monge-Ampere
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equation with respect to €2’ on X'.

Lemma 3.7. Let (X’,$0) be the compact Kihler manifold with smooth bound-
ary and let the strictly positive singular Hermitian (1,1) form € on X' be
defined in lemma 3.6.

Then there ezists a unique ¢ € PSH(X', Q') N L>(X") such that

(@ + %&%)” —0 on X' (3.25)

¢ =0 ondX' (3.26)

Moreover, ¢ € C*(K') for any compact subset K' of X'\E' and any constant

0 < a < min{f5;}.
Proof. (Existence, a first proof using [PS09][PSS12].)
i) Let
0 = ﬂ*w+6%85{xlog2|fio7r2|2+l—X} >0 (3.27)
i=1

be a smooth semi-positive (1,1) form on X’. From the above, we see

that €2, satisfies the following condition

0 — %85105; h = Qo > 0
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By [PS09, Theorem 2](or [PSS12, Theorem 14]), there exists a unique
¢1 € PSH(X',Q) N L*(X’) to the following

(Q + %a(%l)n ~0 (3.28)
O+ %aécm >0 (3.29)
¢1‘6X’ = O (330)

Moreover, ¢; € C*(X'\E') for any 0 < ay < 1.

ii) On X', we see that

O =1t + 5%85{X logz |fJ o 7'r2|25j (Z ‘fz o 7T2|2)1fﬁj
j=1 i=1
+1—x})— e%@gloghE/

* o5 .
=7 w+6§88{xl0g;]ﬁom\2+ 1—x}

ioa ~ | fjom*
+5§88{X10g2 -

}— e%@glog hg
=t (22 | fiomal?)%
=1

=0 + %aéF
where we have let

Q) = 1w + 6%80{x10g; fromP+1—x}>0
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be a smooth semi-positive (1,1) form on X’ and

n ) 28,
Fo=oxlogy n|fg 0 Ty
=1 (X2 [ fiomal?)P
=1

— elog hE/

Clearly we see that F' = 0 on 0X’, as x and log hrs both vanish away
from a neighborhood of E’. Let ¢ := ¢; — F, then ¢ is a solution to the

degenerate Monge-Ampere equation (3.25). Indeed,

0=( + %a&bl)"

(1 + %aéF + %&%)”
(Y + 5000)"
Since ¢; and F' both vanish at 0X’, we have ¢| ., = 0 and this proves

(3.26).

To show that ¢ is bounded, it suffices to show that F' is bounded on X'.
Since hg > 0 is smooth on X', which is compact, it follows that log hg

is uniformly bounded. To see F' is bounded, we notice that
F = (SFl — elog hE/

where we let
- |fj o 7T2|2'Bj

F :leogz -

5=t (X i o maf?)

(3.31)
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F71 is uniformly bounded on X', as can be seen from that

n
Z |fi omo)® < m-max{|fiom|’} and that
(2
i=1

n ) 2B;
_Ol . IOgTL < 10g m_alx n|fj o 7T2|
(X | fiomf?)%
i=1

. | fj o ma|*Pi

<logz -

j=1 (; | fi 0 ma|?)P

< logn

where the uniform constant Cy = lrgaix{ﬁz} > 0. Thus we get that
<i<n

F e LX) and that ¢ = ¢ — F € L®(X').

iv) Fix any compact subset K’ in X'\ E’ and any constant 0 < o < 1r<r;i£1n{ B}
We have that F; € C*(K’) and thus F' € C*(K"). Since ¢; € C“ (X'\E')
for any 0 < ay < 1, it follows that ¢ = ¢1 — F € C*(K).

This completes the first proof of the existence part.

(Ezistence, a second proof using Perron’s envelope method. )

We give a slightly more general proof, where essentially the boundary function
is given by ¢, € PSH (X', <)), which is continuous near the boundary. We are
allowed to apply the Perron envelope method with respect to €2’ and boundary
condition ¢;. We see that ¢ = ¢; away from a neighborhood of E’ in X'.
Locally in this neighborhood, fix a bounded plurisubharmonic function € such
that %859 = . Then by [Wal], ¢ + 0 is upper semi-continuous and indeed ¢

lies in PSH (X', ).
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I) Define w; = and

1)

I11)

V)

E(wy, ) = {¢ w1 +i00¢ > 0,9, < fi, .}

to be the Perron’s envelope of subsolutions with respect to w; and any
continuous function f defined near 0X’. It is easy to see that E(ws, f)
is not empty. Indeed, it contains constant functions ¢» = —C' for any
sufficiently large C' > 0. Then consider the envelope with the boundary

condition
E(wy, ¢1) = {¢ : wy + 00y > O’w*bx/ < o1}
Take the point-wise supreme for all ¢ € E(ws, ¢1) and define

¢ = Sip{w € E(w, ¢1)} = sup{t) 1 wy +i00¢ > 0,9" | < ¢1} (3.32)
Now ¢ € PSH(X',w;) is a globally defined function on X’ and ¢, ., =
(bl\axf =0.

To show that the ¢ defined above is a solution to the degenerate Monge-
Ampere equation

(w1 +1i00¢)" =0 on X'

It suffices to show ¢ is maximal with respect to all subsolutions on any

small neighborhood U.

Pick any point p; and any small neighborhood U that contains p;, then
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locally in U, w; = i000 where 6 is a bounded strictly plurisubharmonic
function. We wish to show that (w; + i09¢)" = i09(0 + ¢)* = 0 on
U, so it suffices to show that ¢ + 6 € PSH(U) is maximal. Recall that
u is maximal on U iff for any v € PSH(U) satisfying v < u outside a

compact subset K of U, we have v < u in U. See in Blocki’s book [BI1].

V) Fix any function v € PSH(U) and compact subset K of U such that

v < 0+ ¢ on U\K. Define

0 = max(v, 0 + ¢)

be a plurisubharmonic function on U. Clearly we have v = 6 + ¢ on
U\K. Let
b=0—0onU (3.33)

and extend ¢ to the manifold X’ by letting ¢ = ¢ on X’ \U. Observe
that outside U,

w1 + z@ggg = ws +185¢ = 0

and in U,

wi + 10Dp = 100 + 100 (v — 0) = 10D

WV

0
We obtain that ¢ € PSH(X',w,).

VI) From the above, we see that ¢ is in the envelope E(wy, ¢1). And since ¢
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is defined in step II) to be the supremum of E(wy, ¢1),

d< o everywhere in X’
= 0v—0<9¢ inU

— v<ov<0l+¢ inU

This proves that 6 + ¢ is maximal and therefore (w; +i00¢)™ = i00(0 +
¢)" = 0in U. Since U is any arbitrary small neighborhood on X', we

conclude that (w; +i09¢)" = 0 on X'

This completes the second proof of existence.

(Uniqueness. )
Fix any solution ¢ € PSH (X', ) N L>(X’) that satisfies (3.25) and (3.26)
and let €, and F be as in (3.27) and (3.31). Notice that on X,

O+ %85F + %a% — O+ %&% >0

() + %85F + %a&b)n — (2 + %a&b)n —0

By letting ¢ := ¢+ F, we have ¢; € PSH(X',€);). Besides, since F' € L>*(X’)
and F vanishes on the boundary 0X’, we have that ¢; = ¢+ F € L>*°(X’) and

that

¢1|3X’ - gb‘ax’ - O

So ¢, is a bounded solution to the following Dirichlet problem for the totally
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degenerate Monge-Ampere equation on X'

() + %85@51)” =0 (3.34)
O+ %a%l >0 (3.35)
61, =0 (3.36)

Moreover, since €2, satisfies the following condition

QO —eloghg = Q9 >0o0n X’

By uniqueness part of [PS09, Theorem 2] (or [PSS12, Theorem 14]), ¢; €
PSH(X', Q)N L>*(X') is unique. We get the uniqueness of ¢, up to the

choice of ¢ and elog hp:.

3.5 Proof of Theorem 1

We rephrase Theorem 3.1 and reduce it to the singularities near a single interior

point p € M. We fix any positive real numbers £y,--- , 5, < 1.

Theorem 3.8. Let w be a Kdhler metric on compact complex manifold M of
dimension n > 2 and assume OM # () is smooth. Fiz n holomorphic functions
{f;} such that {f;}1<j<n are locally defined in a neighborhood of p, with p as
their only common zero in this neighborhood.

Then there exists a small constant g > 0 such that for all 0 < § < 0y, there
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exists a unique solution G(z;p, f1,-+- , fn) € PSH(M,w) to the following

(G =0 on OM (3.37)

(w+ %aac:)" —0 on M\[p}  (3.38)

G =0log) IO LD Y+ ¢ nearp (3.39)

i=1

\

for some unique ¢ € L*®°(M) that vanishes on the boundary. Moreover, G

and ¢ lies in C*(K) for any compact subset K C M\{p} and any constant

0 < a < min{f;}. The uniqueness is with respect to a given constant § and a
J

choice of cut-off function in a small neighborhood near p.

Proof. (Existence)

Fix any constant 0 < a < min{f;}.
j

i) In lemma 3.3 we applied the iterated blow up map
7: W' — M\{p}

with the exceptional divisor F and an n dimensional smooth submanifold
X' € W’ and an effective divisor E’' supported in F and away from

T (OM) = 9X".

ii) From lemma 3.6, we have a strictly positive closed singular (1,1) form
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) defined on X’ as

QO =7 (ws) — e%@élog hg >0

= 3 (1 (ws)) — e%@glog hi > 0
for some smooth metric hg on O(—E"). Here
_ P% (P (S A 11—
ws =W+ 5233{%02;; 175(2)] (; [fi(2)) 7 +1 -4}

is the same as that in lemma 3.2.

iii) Now apply lemma 3.7, which showed that there exists a unique solution

® € PSH(X', Q)N L>®(X’) to the degenerate Monge-Ampere equation

(@ + %85@)” —0on X’ (3.40)

o, =0 (3.41)

and ® € C*(K') for any compact subset K’ in X'\ E’. Then we see that

on X',

(7 (ws) — 6%35 log hy + %aécp ) =0 (3.42)

7 (ws) — e%aé log hyr + %aécp >0 (3.43)

iv) Take the composition of ® — eloghg with 771, which maps biholomor-
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phically from M\{p} to (7~ 1)(M\{p}) C X'\E’ and define
¢ = (® —eloghg)ont: M\{p} — X\E' — R (3.44)

We get that ¢ € PSH(M,ws)NL>®(M) and ¢ € C*(K) for any compact
subset of K C M\{p}. Push (3.42) forward from X'\E’ to M\{p} via

7, which is a surjective holomorphic map. We have on M\{p},

{ma (7 (w5) + %aa( (@ — cloghp)on )" =0  (3.45)

(w5 + %a&b)“ =0 (3.46)
and thus

0={w+200{0 log 1P (3 1))
j=1 i=1

+1—¢}+%60¢}”

Note that it might seem in the definition of (3.44) that ¢ depends on the
constant €, which is given by the —elog hg term in €2'. However, we can
see from the proof of lemma 3.7 that ® contains a copy of eloghg/, we
conclude that ¢ = (® — eloghp/) o 7! is independent of the choice of

ElOg hE"

v) From (3.46), we extract and define G and normalize by adding a constant
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—0 to ensure the boundary conditions,
G = o{y logi !fj(Z)lwf(i i)™ +1 -} + 6 -5 (347)
=1 i=1
— (o YL AR — 0} + 6 (3.15)
=1 i=1
Clearly G € PSH(M\{p},w) N C*(K) and on M\{p} we have
(w+ %aaa)" —0
On OM, as the cut-off function %,,, = 0 and

Glony = (© — €00 log hp) o 7T_1‘

oM

= (® — eddloghg), ., =0

lox’

we see that G|,,, = 0. Moreover, we have that ¢» = 1 in a neighborhood

of p and there
G = 510g{z |fj(Z)|2Bj(Z fil) 5+ -0
j=1 i=1

On M, ¢ — 0 is bounded and lies in C*(K) and this proves the log

singularity at p formulated by (3.39).

In order to show that G € PSH(M,w), it suffices to show that G extends
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over p as a plurisubharmonic function. We can see this by letting

G = G(2) +elog|z — p) on M\{p} (3.49)

Ge=—o0 on p (3.50)

For fixed € > 0, G, is w-plurisubharmonic over M as near p,

limsup G (z) = limsup( G(2) + elog|z — p|) = —o0 < G.(p)

zZ—p zZ—p

Then denote u(z) = (sup,.oGe)* and we have u(z) € PSH(M,w) due
to the general fact that upper semicontinuous regularizations of supre-
mums of plurisubharmonic functions are still plurisubharmonic. See [Dw,

Corollary 5.3]. Moreover, we see that

u(z) = G(2) on M\{p} (3.51)
u(z) = 1iI§l_il}J_p G(z) at p (3.52)

By redefining G as u, we have completed the proof of existence part of

the theorem.

(Uniqueness, we prove it by contradiction.)

viii) Fix G, a solution defined in the existence part. Suppose that there

exists another G1(z;p, f1,--+ , fn) € PSH(M,w) that vanishes on 0M
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and satisfies the following

0= (w+t %aéal)" on M\{p} (3.53)

G1 = {1y logz |fj|2ﬂj(z |fiI?)"™% =41} + ¢1 near p (3.54)

j=1 i=1

where ¢; € L>°(M) and vanishes on 0M. Here the 0 in GGy is the same
as that in G and v is some other cut-off function supported in another
neighborhood U; of p. Without loss of generality we can replace both
U, and U by a smaller neighborhood and assume the cut-off function v,
is the same as ¥. Then we show G; = G by showing that ¢; = ¢ on the

entire M.
On M\p, we have that

o1 =G —o{plog Y PP QAP — v} (3.55)
j=1 i=1
=G — G+ ¢9(z) (3.56)
Let the smooth metric hg over O(—E'), and ® := ¢p o7 + eloghp €

PSH(X',CY), together with the eloghg and ¢ taken as the same as

those defined in the existence part.

Composing ¢ : M — R with the the iterated blow up map 7 : X' — M

which has been constructed together with £/ ¢ X' C W’, we define a
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®, € PSH(X'\E', () as
b :=¢pom+eloghp

Clearly ®; € L>(X"), for that by assumption we have ¢; € L>(M).

ix) We wish to show ¢; = ¢ on M by showing ®; = ® on X’. Since P
is bounded and E’ is a subset of a pluripolar set in X', we see that
®; extends over E’ by applying an extension theorem of Demailly. See

([Dem, Theorem 5.24]. Therefore, we have
o, € PSH(X',Q)

And the boundary condition @HSX, = 0 can be seen from that ¢1|8M =0
and that log hp|, , =0, as log hg is supported in a neighborhood of E'.

Now we claim that
(@ + %85@1)” —0on X’ (3.57)

This is true on X'\ E’, as can be seen from the fact the the restricted
map
X\E"— M\{p}

7T|X’\E’ :

is a holomorphic surjective map. Indeed, since by assumption that on
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M\{p},

0=(w+ %aéal)“ (3.58)

—(w + 00{w log 223 PSR + 1= 0} + 50061)"

i=1

(3.59)

By pulling back with the map 7, we have on X'\ F’,

(¥ Py - ) 28; - . 2\1-p;
0 =(x W+5§8@{xlog;|fgo7rl (;moﬂ )
—+ 1— X} + %86@ ) 7T)n
— (% Py - 28; - ] 2\1-8;
=( w+5§88{xlogjzl|fj o7l (;m o7|?)

+1—x}— e200log hyy + e50010g h + 20061 0 )"

—( + %aécpl)”

x) We show that (€' + £90®;)" = 0 on E’ as well. Locally we can define a
potential function 6; such that, ' + %5’5@1 = Qo+ %(95]?1 + %85@1 =
1006, where Qg and F; are defined as in (3.24)(3.31). Since () is smooth
Kéhler form on X’ and the functions F; and ®; are bounded on X', we
see that # is a locally bounded plurisubharmonic function on X’. Now
consider the general fact that for any locally bounded plurisubharmonic

function the Monge-Ampere measure takes no mass at pluripolar sets
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and their subsets. See [Bl1, Prop 2.2.3, Theorem 3.1].

So we get that (996;)" = 0 on E’ and therefore (€' + £99®;)" = 0 on
entire X’. We now apply the uniqueness part of lemma 3.7 and consider
® and ®; are two functions both satisfying (3.25)(3.26), so we must have
® = ®,. This shows that ¢ = (P—eloghp/)or ! = (P)—€loghp )on ! =

¢1 on M. Thus G = G; and the uniqueness part is proved.
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4 Case I1

In this section we give an answer to Question 3 in Theorem 4.8, and as a
corollary we give an immediate answer to Question 1. The same proof as that
of case I applies to this setting, with slight modifications that deals with the
singularities in the (1,1) forms. For completeness, we give a proof that starts
from scratch and include all intermediate steps. Most lemmas from section 3

still hold true here.

4.1 Theorem II1

Now fix any positive integer I' and we have our theorem 4.1, which prescribes
a second type of singularity at isolated interior points. Note that the following
theorem is a generalization of [PS12, Theorem 1|, where N, = n and (3,11 =

Byo2 =+ = Bynn = 2 for every v <T.

Theorem 4.1. Let w be a Kdhler form on compact complex manifold M of
dimension n > 2 and assume OM # 0 is smooth. Fix T’ interior points
{p1, -+ Dy, -+ ,pr} in M. Given any I'-n holomorphic functions { f, ; }<r j<n,
any I' positive integers {N, > n : 1 < v < I'} and any finite set of constants

{0<5,;; <2:1<y<T, 1 <i<N, and 1 < j < n} that satisfies

a) For each vy fized, fi1, -, fyn are locally defined in a neighborhood of p.,

Br,ij

Ny n

such that p,, is their only common zero and that the function . 11 |f,.,
i=1j=1

has p as its only zero locus in this neighborhood.

b) For each v fized and every 1 <i < Ny, By + -+ Byin =2
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Then there exists a constant &g such that for any I' positive numbers smaller

than dy, i.e. any I'-tuple (01, ,0r) in

{(01,-++,0r) : 0 <6, < g for every 1 <y <TI'}

there exists a unique function

G(z;p1,-++ ,pr) € PSH(M,w)NCYK)

for any compact subset K of M\{p1,---,pn} and any constant 0 < a <

min{ S, ;; : 5.; > 0} with the following properties

(G =0 on OM (41)

(w+ %aga)n —0 on M\{p1,---,pr} (42
Ny, n

G=0,l0gY []I1fl"7+0Q1)  nearp, (4.3)
\ i=1 j=1

With an iteration of I' times, each of which deals with the singularity at an
isolated point, say p,, and yields an exceptional divisor £, we may reduce to
the case of I' = 1 which will be shown in theorem 4.8 in Section 4.5. Indeed,
we can start the iteration by defining My = M and wg = w. Suppose that
right before the -th step, we have E,,--- , E,_; C M,_; and wy_; on M,_;.
On the ~-th step, we can construct the v-th blow up space M, and a singular
(1,1) form w, on M, with respect to w,_; on M,_1, p, € M, and E, C M,,.
And since the y-th blow up map 7, : (M, E,,w,) — (M,y_1,py,wy—1) is &

biholomorphism away from the particular point p,, the boundary gets mapped
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to the new boundary (which is the biholomorphic image under the 4-th blow
up map) in the 7-th blow up space M, and the isolated points pyi1,--- ,pr,
which were in the interior of the first v — 1 blow up spaces, stay isolated in
the interior of the «-th blow up space. Moreover, they stay away from the

exceptional divisors E, and Ey,--- , E,_;.

Then continue with the process for pyi1,---,p.. Eventually, we solve for a
bounded and continuous solution to the Monge-Ampere equation in the I'-
th blow up space Mr with respect to Er and the singular (1,1) form wr.
Then pull the solution back by 71 ' o---o7p~! from Mt to Mr_\{pr} , to

MF*Q\{prhpF}’ ) and eVentuaHY to M\{pla e 7p1"_17p1"}'

From now on, we reduce to the case of I' = 1 and consider M near p with
the given data of (M, p, fi), the constants {0 < 5;; <2:1<i< Nand 1<

Jj < n} satisfying that 5, + -+ + 5, = 2 for each fixed 1 < ¢ < N and that

N
> 111/
i=17=1

B has p as its only zero point.

4.2 Singular (1,1) form on X (M,p, fi, -, fn)

Now we consider M near p with the given data (M, p, f;). Same as in lemma
3.2, we first construct a singular (1,1) form on the blow up space X =

X(M,p, fi), which might not be smooth, in some ambient space W.

Lemma 4.2 (Singular Hermitian (1,1) form on X(M,p, fi,---, fa) )-
Given (M,p, f;) the data of a compact Kahler manifold (M,w), an interior

point p, n local holomorphic functions f;, 1 < i < n with p as their only
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common zero. Fiz any constants {0 < f;; <2:1<i< Nandl < j < n}

N n
satisfying that By +- -+ Bin = 2 for each fized 1 < i < N and that Y, [T | f;]%

i=1j=1

has p as its only zero point.

Then there ezists a complex analytic space X = X (M, p, f;) and a biholomor-
phism m : X\Xo — M\{p}, sending Xo — p for some Xy biholomorphically
equivalent to P*~1 with following property:

The form ws defined on M\{p} as

. N n
ws = w + 5%05@ log Y [[1A1% +1-4} (4.4)

i=1 j=1

has the pull back wiws on X\ Xy that extends to a closed strictly positive sin-

gular (1,1) form on X.

Proof. i) Fix ¢y > 0 and since p is the only common zero of the local holo-
morphic functions fi,- - , f,, for some small open neighborhood U C M,

ie. Y |fil? #0on U\{p}. Fix U and choose another open neighborhood
j=1

Uy CC U and define

n 2
o ) 2 _ o
Uy =UgN{z: ;_1 |fi(2)]" < e

We blow up U, with center p and denote as V,,,

Veo := Bl 5 Uq

= {((217 e 7271)’ [tb e 7tn]) € Uﬁo x Pt tifj(z) = t]ﬁ('z)}
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Set theoretically gluing V;, with M\{p} on V. \{p} defines space X by

X = (Vg UM\{p})/ ~:qeM\{p}~(q2,[t]) Ve =aq1=02

Ue, \{p} is covered by n open subsets {z : f;(z) # 0} N U, and V, is

covered by n open subsets

{(z,[t]) : 45 # 0y N Ve

The surjection proj; : V., C U, x P"~1 — U, defines Xy as the inverse

image of p, thus Xj is biholomorphic to P*~.

Now construct a complex manifold W such that X is locally an an-
alytic subset of W. Perturb the holomorphic functions fi,---, f, by

§ € Ba (0) € C" in the following way. Let the graph of the map
(fi, -+, fn) over U, be

Z ={(2,§) € Uy X B : & = [i(2) for all 1 <i < n}

Note that Z C M x B,, is a smooth compact submanifold of dimension n
and the image of Z under the projection map proj, : Z — Uy is a subset
of Uy and is thus compactly supported in U. Define local holomorphic

functions ¢1(z,€),- -+, gn(2,€) over Uy X B, as

gi(2) = fi(z) =& for 1 <i<n
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By the triangle inequality, Z |9;(2)> < € on Ug, x Beg. Clearly in
j_
Uy x B, we have

Z={g="=9.=0}NUq, x B
and there, Z has an neighborhood 7", defined as

2
T:={(2.€) € Uyx B, : min {Zm P HE -5 < 1

(#'.¢)ez
we have that T'CC Uy x B, C M x B,
Let W%o be the blow up of U,, x B = with center Z, denoted as

We 1 = BL<91 (UEO X B‘O )

= { (2757 [t]) € U€0 X B% X Pn_l i gj(27§> - tj gz(z,é)}

Let W be the set theoretically union of We and (M x Be,)\Z, glued

via the canonical surjection

proj; : Weo — U, X Ba«

(2,6, [t]) — (2,€)

2

As Z C M x B, is a smooth submanifold, we see that W is a smooth

manifold by lemma 2.30. The exceptional divisor Ey is locally the inverse
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image of Z under the blow up map, which is denoted as

m W =BL_g,.. s (M x By, ) — M x By,

Eyr— 2

On W, let W, := m Uy X Be,) and we see that locally near E,, E, C

m YT) cC W,,. Clearly W, is covered by n open subsets

Weo,j = {(2757 [ﬂ) S W€0 : tj 7£ 0 or gj(z>£) 7£ 0} N W€0

With the same construction as in (2.4) in section 2.2, we see that W, ;
admits a local holomorphic chart 7; : W, ; — C" that glues biholo-
morphically on the overlap with one another. Away from E,, W\E, is
biholomorphic to (M x B,)\Z.

Since Z is a compact submanifold of M x B, blowing up Z in M x B,,
and applying constructions similar to lemma 2.30, we get a singular

metric hg, on O(—E,) over W as the following.

Suppose W, is covered by a finite collection of neighborhoods {W,}, in

W. Choose a family of cut-off functions x,, with respect to 7 Y(T) and

We, such that x,, € C*(W,), 0 <x,, <1 and

Xy i= waa =1 on 7, YT)

Let T, := m(W,) and thus T" CC U,T,. Moreover, each W, is covered
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by n open subsets

Way = {(2.&,[t]) € W £ # 0 or g;(2,€) # 0}

For a section f in O(—E,), since f|, = 0, we may assume that locally

f=g9;- f in the neighborhood W, ; for some holomorphic function f
Define |f|iEg on W, ; as

/P2

- — (4.5)
2w A2 kf_ll |9k1%5} +1 = Xy
lg; - fI?
= - ; on Wo , \E;  (4.6)
2~ Xowa g5 ;;}1 2%} + 1= X
_ 12
= N on W, ;\E, (4.7)
Zxw AL T 15 Py 1= Xy
ik
ZXWQ{ZMT_[1 [ 1= X

We see from (4.5) that hp, defined in this way glues well for all a and
j. It is a globally well defined smooth(resp. singular) Hermitian metric
on O(—Ey) if N =n, and all 5; =2 or 0 (resp. N > n and some 0 <
Bi; < 2). See [Dem2]. With hg,, we can define a Kahler form(resp.

singular Hermitian form) on W later in step vii).

v) Define X to be the subset of W where & = -+ = ¢, = 0, and locally
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near Xy, X is given by
Xeo ={(2,0,[t]) € Ugy x Bea ¥ Pt fi(2) =t fi(2)}

which is an analytic subspace of the smooth manifold W. Note that
X might not be smooth in general, for which case we apply Hironaka’s
theorem with iterated blow ups later in next lemma. Now we see that
this defines a map m : X — M which is a biholomorphism between X\ X
and M\{p}, where X, = 7~!(p) is biholomorphically equivalent to P"~!.

And near Xy, X is covered by its n open subsets
Xeoj = {(2,0,[t]) € X 1t # 0 or fi(2) # 0}

By letting Uy := proj,(T"), we have a small open neighborhoods U; near
p on M satisfying U; CC Uy. Choose any cut-off function i € C*°(U)
such that

Yo projyom =x, : W — R

then clearly

Q/J‘UT =1 and w‘U\UO =0

Indeed, consider the projection map proj; : Uy x B., = Uy and the blow
up map m : W, = Uy X B, the image of proj; o m lies in Uy. The

composition of proj; and 1) gives

X, = oproj, : m(W,) — Uy — R
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which is a cut-off function x, in Uy x B, near T', such that y, =1 on

T.

We wish to define a positive closed singular (1,1) form on X in the sense
of currents. We do so by first constructing a singular (1,1) form on W,
the ambient manifold where X lies in. Given w the Kéahler metric on

M, we extend it naturally to a Kahler metric on M x B, denoted as

€0
W' := w + wp, where wy is the standard Euclidean metric on B,,. Choose
the cut-off functions y,,, x, given in step iv) and vi), we define a singular
(1,1) form w§ on W\ E,,

. N n
wf =i +6500(x, log Y [[Ifi -Gl +1-x,}  (49)

i=1 k=1

Thus on (M x B.,)\Z, which is biholomorphically equivalent to W\ E,

. N n
ws = w + 5%85{)@ logz H | — &IP* + 1= xp )} (4.10)

i=1 k=1

In a small neighborhood near £, in W, we have x,, = 1 and define the

singular (1,1) form wj as

R N n
. % oy Bi
wi = Tiw +5§88{10gZH|tk| k) (4.11)

1=1 k=1

In step viii) we will show that wj defined in (4.9)(4.11), is strictly positive
closed (1,1) current with locally bounded potential function on W, in the

sense of currents. But first we need to show that the two definitions are
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coherent on the overlap of a neighborhood away from £, and the open
set {x,, = 1}°, which is near E,. To see this, first notice that away
from E,, g;(2,€) = fij(z) — & # 0 for some 1 < j < n. Without loss of
generality, we may assume that g1(z,&) = fi(z) — & # 0. Then we must

have t; # 0 and % =+ forall 1 <7< n and hence

. N n
" * t o)
Wy = mw + 5588{XW logz H | fr — &k

i=1 k=1

5¢k}

. N n
= mio! +6500{10g y_ [ 1£e = &

i=1 k=1

Bik }

. N n
= mw + 5%85{105; Z H g

i=1 k=1

= mjw + 6 aa{logZH| I

=1 k=1

=mw + = 88{10{.};221_[|g]C o

=1 k=1

=mw + 0= 88{logZH|

i=1 k=1

=i + 6= 88{10gZH|—| }+5 8810g|t1|2

=1 k=1

=mw + 4= 88{10,52;21_[\15

=1 k=1

Bi -
k} + (%aalog 91/

/Blk}

viii) To show wj > 0 on W, first notice that mjw’ is strictly positive on
WA\E, ~ (B x M)\Z as it is the pull back of w’ by a biholomorphic map.

On E,, we have mjw’ > 0 and in order to show w§ > 0 and it only
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remains to prove that the (1,1) form in (4.11) denoted as

5ik}

Q@J%_%ﬁU%E:IUQ

i=1 k=1

is strictly positive.

If N=nandall 8;; == B, =2, QP,t) = w,g, is the Fubini-Study

FS)
metric on the projective space P! and hence is strictly positive. Since
Z is compact, we can get strict positivity of wj for any sufficiently small
constant . In fact, wf is a smooth Kéhler form on W in this case. See

[PS12].

N n
For general (3;; and N > n, we claim that for the function > [T |f;|%
i=1j=1
which has p as its unique zero point in the neighborhood U on M, there

exists n indices 1 <11 <19 < -+ < 1, < N such that

ﬁi11:Bi22:"':Binn:2

We prove the claim by contradiction. Suppose that the claim is false for
some k, say k = 1, i.e. 87 < 2 for all 1 < ¢ < N, which is equivalent

to say m%f{ﬁﬂ} < 2. By assumption of the lemma, for each fixed 1,
n N
> Bij = 2. Thus we must have > f;; >0 for all 1 < i < N. Pick a
j=1 j=2
sufficiently small coordinate ball Uy C U on M that contains p. Clearly



on U\{f1 = 0},

Y I

i=1 j=1

:|f1|,311”'|fn|ﬁ1n 4ot |f1|5m,,,|fn|ﬁzvn

N n
:|f1|2 ’ ‘f1|_2 ’ ZH |fj Pis
i=1 j=1
N n f
SN R

i=1 j=1

= 2, 2512.“&51n éﬂm
AP (R 2 e

ﬁﬁz\m
)
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(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

The above term (4.16) vanishes on the uncountable subset Uy N {f; =

-+« = f, = 0} of U. This contradicts the fact that p is the only zero

point of (4.12) in U.

Now that the claim is true, we may assume without loss of generality

that

ilzl,i2:2,---,in:n

and therefore f1; = -+ = f,,, = 2. So we have on W\ E,,

. N n
%05 log > ] lgxl*

i=1 k=1

. N n
1= .
=500log{ |g:" + |gol” + - + lgul” + > I ol }

i=n+1 k=1
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and near F,,

P (4.17)

. N n
Q(B,1) :%85 log Z H |tk

=1 k=1

. n n N n
:%85 log{z H It + Z H |tk

i=1 k=1 i=n+1 k=1

. N n
PSS 2 2 2
—s00log{[t]* + |taf + - + [t + D [t

i=n+1 k=1

Piry (4.18)

Biry(4.19)

Define u,, {u; :i > n+1} and © as

wy, = log([t: [ + [t + -+ + [ta]?),

o [ 1n
k=
5_

Bik

g [tkl”,

k=
@<una Un41, " ;UN) = log(e“" 4+ etntl oo N )

N n
=log{ [ta]* + [t + -+ |ta* + D ] Its

i=n+1 k=1

Bik} _

Clearly we have D;© > 0, and that wu; is plurisubharmonic for all ¢ >
n + 1 and since i00u,, = i00log(|t1]? + [t2|® + -+ + [tn]?), uy is strictly
plurisubharmonic. Therefore ©(u,(t), - ,un(t)) is plurisubharmonic

by [Dem, Theorem 5.6], and Q(3,t) = i000 > 0

To show that (3, t) is strictly positive, it suffices to show that £7£90,0,0 >

\ - &€ for some positive constant A and any vector £ € C*. This can be
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seen from

gpf_qap&q@<un7 Tt 7UN)

N
=£7€99,(> _ D;© - Oqu;)

]\}]:n N N
=8y " D;0-0,00u; + Y Y (DiD;O) - dyu;dqu;)
. j=n - z]:Vn j;n -
:ZDj@(fpgqapaguj) + ZZ (DiD;©)(EPOyu; )(§905u; )
];n i=n j=n
> " D;0(£7¢90,07u;)
>N - &€

where )\ is a local constant depending on the smallest eigenvalue of

(OxOyuy, ). And Ao > 0, as u,, is strictly plurisubharmonic.

ix) Now we have a singular (1,1) form on M\{p} as

i 41 —qp} (4.20)

. N n
ws 1= w+0500{wlog > [ 1£:(2)

i=1 j=1

where 1) is the cut-off function given in step vi). On W, we have con-

structed a strictly positive singular (1,1) form

. N n
14 * ./ ? a ..
wy = mw + 5588{XW logZH 1£i(2) = &1 +1—x,, }

i=1 j=1

On X, we get a positive closed singular (1,1) form wj by restricting wj
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from W to X and letting &, =--- =&, =0,
ws = wgkzo (4.21)

. N n
N 1 .= g
= mjw +0500{xlog Y TP +1-x3 (4.22)

i=1 j=1

X 3= Xw|._,- As a result of the restriction, m*w' = m*(w +wp ) changed

into m*w and x,, into .

Moreover, we have that wj is strictly positive and that on X\ Xy, wj is

the same as 7 *ws, the pull back of ws from M\{p}.

To summarize, miws, the pull back of ws from M\{p} to X\ Xy, extends
to entire X, as can bee seen from that fact that pom = x,, = 1 near

Xy in a neighborhood of the exceptional divisor E, in W and that

5ij+1_XW}

. N n
* (Y=
w(’s‘xo = miw+ (5588{XW logz H It;

i=1 j=1

. N n
1 .= g
= mw+0500{x, log Y [ [ £ +1-x,}

i=1 j=1
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4.3 Singular (1,1) form on iterated blow up space X'

The X given in a local way in section 4.2 is an analytic subspace of W and
X is in general not smooth. To get a smooth manifold X', we can apply the
iterated blow up technics[PS12] by applying a deep theorem of Hironaka to
revolve the singularities X;,, within the ambient space W. Their idea is to
blow up W finite times and resolve the singularities of X. From there we get
an iterated blow up space W', a smooth manifold X’ which lies inside W' and

a strictly-positive closed (1,1) current " on X'

Lemma 4.3 (Hironaka’s Theorem on iterated blow-ups, see [H][PS12]).
Let W be a complex manifold and X C W be a complex analytic space. Then
there exists an iterated blow up my : W' — W with the exceptional divisor

E C W’ that resolves the singularities of X in the following way: let
X' =m, Y {X)\E cCcW (4.23)

Then X' is a smooth manifold and 75 : X' — X, the restriction of the map

to X', is surjective. Moreover, we have a divisor in X'
E'=EnX =7"Xsng) (4.24)
which is a divisor with normal crossings and an isomorphism on X'\ E’

T X\E — X, (4.25)
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From lemma 4.3, the singularities in X, C X are resolved by the blow up
map 7 : W' — W and the construction of £/ C X’ C W’'. Now we wish to

give a closed, strictly-positive (1,1) form €' on X".

Lemma 4.4 (Existence of hp and " on X’).

o N n
Let ws = miw + 6500{x log > 1 [/;(2)

i=1j=1

Bii 41 —x} as in lemma 4.2, E C W'

and E' C X' as above.

There exists a closed, singular strictly positive (1,1) form € on X', defined as

Q =75 (ws) — 6%85 loghp >0 (4.26)
for some smooth metric hg on O(—FE'), where E' is some effective divisor on
X'

Proof.

i) Recall that in lemma 4.2, we constructed a strictly positive singular
Hermitian (1, 1) form w§ on W, together with 7*(ws) as its restriction
to X. Apply lemma 4.3 and get £/ C X’ C W’/ and 7 : X’ — X that
resolves the singularities Xj;,, which lies in Xy C E, C W. Here £, is

the compact smooth submanifold of W defined in lemma 4.2.

ii) Choose a finite collection of small neighborhoods {U, }, that covers E,,.

Since wj is strictly positive and locally in U, we have

Wi = i00¢,
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where ¢, is a strictly plurisubharmonic function in U,. This means that
locally in U,, there exists a small positive constant A\, such that for all
§eCr,

10,0500 €'€7 2 Ao €[

Fix a smooth Kéhler form w;,, on W as in (4.29). Then locally in U,,

W,y = g5(x)dz' AdzI. Let A(z) be the largest eigen value of (g;;(x))

and
A = max{sup \(z)}
@ zeU,
min Ay
Choose any large positive constant A, such that % < —*5—. We see that

wi > W‘ZW in the neighborhood U,U, of E,,.

Now apply [PS12, lemma 7] to the Kéhler form W‘ZW. It follows that

there exists an effective divisor E; on W’ supported on E(i.e. locally
E, = > m,E, for some integers m,, and some divisors F, in E), together

v

with a smooth metric hg, on O(—E;) such that

w;(“’éT;W) - e%@élog hp, >0

is a Kahler form on W’ for € sufficient small.
Define

Qur = s (wf) — e%@é log hp,

Then we claim that Q- is a strictly positive singular Hermitian (1,1)

form on W".
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Indeed, the strict positivity can be seen from that 7 (wj) is semi-positive

on W' and strictly positive away from the exceptional divisor £. And

5 (w&w)
A

near E, in the neighborhood my~ (U, U, ), we have that m}(wj) >
and thus

(W) — e%@élog hg, > W

- e%&élog hg, >0

iv) Since we have that X’ C W’ is a resolution of singularity of X C W
with the exceptional divisor £/ C X’. Then we restrict the divisor F;
to X’ to get an effective divisor Es supported in £ C X’ and restrict
the metric hg, on the line bundle O(—E;) over W’ to a smooth metric
hg, on O(—Es,) over X'. Then we define a strictly positive singular (1,1)

form € on X’ as
O = (W) — e%aé log hy, > 0 (4.27)

Here the positivity can be seen from the fact that ' is the restriction of
Qu- from W’ to its submanifold X’ and that Q- defined in step iii) is

strictly positive.

Remark 4.5.

Notice that for the special case where N = n and 11 = -+ = Bun = 2,
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Phong-Sturm showed in [PS12] that the smooth Kéhler forms

* P -
Ws x =W+ 5538{Xlogizl 1fi(2))P+1—x} (4.28)

P n
Wsw ::ﬂ-ikw + 6588{XW logz ’fl(z) - 51’2 +1- XW} (4'29>

i=1

pull back to 73 (w; ) and 73 (w; ,, ), which are smooth semi-positive (1,1) forms

on X" and W’. Thus we see that by defining
* (% (N - 2 oz
Qo = (m) (w) + (5538{X10gz Ifilf+1—=x}) — e§8alog hg, >0
i=1

we have a smooth Kéahler form €2y on X’. So one can see that X’ is a smooth
Kéhler manifold with gy, which happens to be same as € for the case where
N = nand all ;3 = -+ = By = 2. As a generalization (N > n and
0 < fi; <2, foralli <N,j < n) to their result, the ' defined in (4.27) is a

family of positive closed (1,1) currents {25} on X'.

As a summary to this section, we have the following lemma

Lemma 4.6. Given (M,p, f;) the data of a compact Kahler manifold (M, w)
with smooth boundary OM , an interior point p, and local holomorphic functions

fi, 1 < i < n with p as their only common zero. Same as in lemma 4.2, fix

the singular (1,1) form on M

11—y}

. N n
1 -
W5:w+5§88{wlog E Hlfj

i=1 j=1
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Then there exists a compact complex manifold X' = X'(M,p, f;) with Kdhler

form Qq and a holomorphic map w : X' — M, sending 0X' — OM with the

following properties:

a) There is a closed, strictly positive singular (1,1) form ' on X', given as
=1 (ws) — e%@élog hg >0

for some effective divisor E' in X', some smooth metric hg on O(—E")

and any € > 0 sufficiently small.

b) The restriction 7T|X,\E, defines a surjective holomorphic map
7: X'\E' — M\{p}

and

. N n .
/ 1 a .. 7 =~ _
T = w + 5568{@0 log E H £ ()% +1 =} — eéﬁé(loghg or 1)

i=1 j=1

Proof. 1) We have a closed positive singular (1,1) form ws on M\{p}, where

. N n
ws = w+3500{wlog Y [I£()1 +1 -}

i=1 j=1

Apply lemma 4.2 and we have the analytic subspace X = X (M, p, f1,---, fn)
in the ambient space W together with a biholomorphic map m : X'\ Xy —

M\{p} such that 7} (ws) extends to a singular (1,1) form wj on X.
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Since X C W is only an analytic subspace with Xy C £, C W, where £,
is the exceptional divisor in W = BLz(M x B,,) over Z = {g1(#,§) =
= gul(2,€) = 0} € M x B, and

Xo= By {& =& =0}

We see that X, C Xo and X\ Xy C X,.

Then apply lemma 4.3(Hironaka’s theorem, [PS12]) to get an iterated
blow up space my : W' — W, which is a smooth manifold with the
exceptional divisor £ C W’ and a smooth submanifold X’ C W’ such
that the restricted map

Moy, X " X

is surjective and that

N
7r2|X’\E’ X \E — Xreg

is biholomorphic. Here ' = EN X' = my H(Xging) N X',

Given 7 *(ws), which extends to the positive closed singular (1,1) form wj
on X and the blow up map my, : X’ = X that resolves the singularity
Xsing With exceptional divisor E’, we apply lemma 4.5 to get a smooth
metric hg on the line bundle O(—FE’) over X', such that my* (7] (ws)) —
€200log hg: > 0 for sufficiently small € > 0. Set Q' = m* (7} (ws)) —

e£001og hg and this proves a).
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v) Now we prove b). First notice that since X,.; = X\ Xging, DO X\ Xo, so
the map
Tt Xpeg = M\{p}

is surjective. Taking its composition with the biholomorphism
Ty X'\E = X,
defines a surjective holomorphic map
T=mom: X'\E — M\{p}

Clearly 7 sends 0X’ to OM and = is a biholomorphism between M\{p}

and its inverse image, which is
T (M\{p}) = m ' (X\Xo) C X'\E'

So we can push forward Q' to M\{p} and get

!
Tl )

—w + 6%65{1p log Z H | fi(2)

i=1 j=1

Bi 41—y} — e%aé(log hp o))

Here 9(z) is the cut off function supported in the neighborhood Uy CC
U, where 1, Uy and U defined in lemma 4.2.
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4.4 A solution ¢ € PSH(X',(Y)

Through the iterated blow up procedures, we constructed £ C W' with Q-
and E' C X' with €', a strictly positive singular Hermitian form on X’. And
as shown in remark 4.5 (See [PS12]), there is a Kéhler metric on X', defined

as

Qp ==l (mh(w) + 6%85{X10g2 Ifil2+1—x}) - e%aélog hp, >0 (4.30)
i=1

Note that on X'\ E’ we have

. N n .
/ * (% Y i Y
O = m3(miw +0500{xy log D [ ()1 +1 = xy,}) — 500 log hpy

i=1 j=1

. N n .
0= 3 0=
=m"w+ 6588{X10g E H |fjoml? +1—x})— eéé)ﬁlog hg

i=1 j=1

and that on F’,

. N n .
/% * [P /Bij . . 1 A
' =7"w+m (5588{X10g E H lt;jI”7 +1—x}) 628810ghE/

i=1 j=1

where x = x,, 072 is a cut-off function in a neighborhood of ' C X’. Then lo-
cally €' = i000, where 6 is some continuous bounded strictly plurisubharmonic

potential function.

We wish to construct a solution to the following degenerate Monge-Ampeére

equation with respect to ' on X'.
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Lemma 4.7. Let (X', ) be the compact Kihler manifold with smooth bound-

ary and the strictly positive singular Hermitian (1,1) form € on X' be defined

as above.

Then there ezists a unique ¢ € PSH(X', Q)N L>®(X") such that

(Y +5006)" = 0 on X' (4.31)
¢ =0 ondX' (4.32)
Moreover, ¢ € C*(K') for any compact subset K' of X'\E' and any constant
0<ac< g}%{ﬂm}
Proof. (Existence, a first proof using [PS09][PSS12].)
i) Let
Q= ﬂ*w+5%85{xlog2|fio7r2|2+l—)(} >0 (4.33)
i=1

be a smooth semi-positive (1,1) form on X’. From the above, it satisfies

the condition

0 — %8510ghg = Qo >0

By [PS09, Theorem 2](or [PSS12, Theorem 14]), there exists a unique

¢ € PSH(X', Q) N L=(X")
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such that

() + %a&zsl)” ~0 (4.34)
O+ %aém >0 (4.35)
b1, =0 (4.36)

Moreover, ¢; € C*(X'\E') for any 0 < a; < 1.
ii) On X7,

A =r'w+o= 08{XlogZH|f NP +1 =)} —e= 8810ghE/

i=1 j=1

Bik }

. N n
VA —
:ﬂ*w+5§88(xlog{|f1o7r2|2+'--—i—\fno7r2|2+ Z H’kaﬂ'Q

i=n+1 k=1

+1—x) —e%@gloghEl

Z. _ n
='W+ (5588{X10gz |fiom|*+1—x}

i=1

! 8
N I |feoma|™

+(5%85{X10g Z e
Z | fi 0 ma?

)} — e%@é log hp
=0+ %851?
Here we have let

Q, = 7r*w+5%85{xlogizl|f,;07r2|2 +1—x}>0
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be a smooth semi-positive (1,1) form on X’ and

3

sz

N H ’fkoﬂ'Q

F :=0xlog(1l Z =

k

[y

) — ElOg hE" (437)

M:

|fi 0 o
1

We see that FF = 0 on dX', as x = 0 and loghg = 0 away from a
neighborhood of E’. Let ¢ := ¢y — F, then on X’

(Y + S000)" = (@ + S00F + L00(6, — F))"
=0

thus ¢ is a solution to the degenerate Monge-Ampere equation (4.31).
Since ¢; and F' both vanishes at X', we have ¢, ., = 0 and this proves

(4.32).

iii) To show that ¢ is bounded, it suffices to show F' is bounded on X'.
Since hp > 0 is smooth on X', which is compact, we have that log h g

is bounded on X’. It only remains to show that

| fi 0 o]

N
Fy := xlog(1 Z

=————) is uniformly bounded on X'

M= 1=-

| f 0 o)

b
Il

1
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This can be seen from that

0 <1_[|fko7T |7 < maX{|ka7T2! } and that
k1

|ﬁzk

B uee—

|ka7T2

N
0 <log(1 Z

M: ﬂ:h

|fk:07T2|

b
Il

1

maxy{|fr o 7r2|2})

i=nt1 Y |fro 7r2\2
k=1

<log(1 +

<log(1+ N —n)

Thus F' is bounded on X" and ¢ = ¢1 — F € L>®(X').

iv) For any compact subset K’ of X'\ E’ and any fixed constant 0 < o <
gjun{ﬁw} We have that F} € C*(K') and hence F € C*(K’). Since
¢1 € C(X'\FE') for any 0 < «a; < 1, it follows that ¢ = ¢1 — F €
C*(K").

This completes the first proof of the existence part.

(Existence, a second proof using Perron’s envelope method )

We give a slightly more general proof, where essentially the boundary function
is given by ¢ € PSH(X',€)), which is continuous near the boundary. And
we see that ¢ = ¢ away from a neighborhood of E’ in X’. Locally in this
neighborhood, fix potential function # such that %859 = V. Then by [Wal],

¢ + 0 is upper semi-continuous and ¢ lies in PSH (X', ).
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Define w; = 2 and

E(wy, ) = {¢ w1 +i00¢ > 0,9, < fi, o}

to be the Perron’s envelope of subsolutions with respect to w; and any
continuous function f defined near 0X’. It is easy to see that E(ws, f)
is not empty. Indeed, it contains constant functions v = —C' for any
sufficiently large C' > 0. Then consider the envelope with zero boundary

condition
E(wy, ¢1) = {¢ : wy + 00y > O’w*bx/ < o1}
Take the point-wise supreme for all ¢ € E(ws, ¢1) and define

¢ = Sip{w € E(w, ¢1)} = sup{t) 1wy +i00¢ > 0,9" < ¢1} (4.38)

Now ¢ € PSH(X',w;) is a globally defined function on X’ and ¢, ,, =

P1]axr = 0.

To show that the ¢ defined above is a solution to the degenerate Monge-
Ampere equation

(wy +i904)™ =0 on X’

It suffices to show that ¢ is maximal with respect to all subsolutions on

any small neighborhood U.
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Pick any point p; and any small neighborhood U that contains p;, then
locally in U we have w; = 1006, where 6 is a bounded strictly plurisub-
harmonic function. We wish to show that (w; +i00¢)" = id0(0+¢)" = 0
on U, so it suffices to show that ¢ +60 € PSH(U) is maximal. Recall
that v is maximal on U iff for any v € PSH (U) satisfying v < u outside
a compact subset K of U, we have v < u in U. See in Blocki’s book

B11].

IV) Fix any function v € PSH(U) and compact subset K of U such that
v <0+ ¢on U\K. Define

be a plurisubharmonic function on U. Clearly © = 0 4+ ¢ on U\ K. Let

p:=0—0onU (4.39)

and extend ¢ to the manifold X’ by letting ¢ = ¢ on X’ \U. Observe
that outside U,

wy + Z&éﬂg = w1 +285¢ = 0

and in U,

wi +i00¢ = i000 + i0d(v — ) = 100

WV

0

We obtain that ¢ € PSH (X', w,).

V) From the above, ¢ is in the envelope E(wi, ¢1). And since ¢ is defined
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in step II) to be the supremum of E(wy, ¢1), we have
b < everywhere in X’

= 0v—0<¢ in U

— v<i9<0+¢ U

This proves that 6 + ¢ is maximal and therefore (w; +i00¢)™ = i00(0 +

¢)" = 0in U. Since U is any arbitrary small neighborhood on X', we

conclude that (w; +i09¢)" = 0 on X'

(Uniqueness. )
Fix any solution ¢ € PSH(X',Q)) that satisfies (4.31) and (4.32) and let 4

and F be as in (4.33) and (4.37). Notice that we have on X,

O+ %65}7 n %a&b o Ut %85¢ >0

() + %8517 + %&%)n — (Y + %&%)n )

By letting ¢y := ¢+ F, we have ¢; € PSH(X’, ;). Besides, since F' € L*(X’)

and vanishes on the boundary 0X’, we have ¢; = ¢ + F' € L>(X’) and that

¢1|8X’ - ¢‘axl = O

So ¢, is a bounded solution to the following Dirichlet problem for the totally
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degenerate Monge-Ampere equation on X'

() + %85@51)” ~0 (4.40)
O + %aéqsl >0 (4.41)
b1, =0 (4.42)

Moreover, since €2, satisfies the following condition

QO —eloghg = Q9 >0o0n X’

By uniqueness part of [PS09, Theorem 2] (or [PSS12, Theorem 14]), we see
that ¢; is unique. The uniqueness of ¢ € PSH (X', Q') N L>*(X") is up to the

choice of ¢ and elog hp:.
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4.5 Proof of Theorem 11

We rephrase Theorem 4.1 and reduce it to the case when I', the number of

isolated points {p,}, equals 1.

Theorem 4.8. Let w be a Kdhler metric on compact complex manifold M of
dimension n > 2 and assume OM # () is smooth. Fix n local holomorphic
functions {f;}1<j<n that are defined in a neighborhood of p, with p as their
only common zero in this neighborhood and constants {0 < Bi; <2:1<4<
N and 1 < j < n} satisfying that 51 + -+ - + Bin = 2 for each fized 1 <i < N
and that % ﬁ |f;

i=1j=1
Then there exists a small constant g > 0 such that for all 0 < § < dg, there

Bii has p as its only zero point.

exists a unique solution G(z;p, fi++-, fu) € PSH(M,w) to the following

(G =0 on OM (4.43)

(w+ %88G)” =0 on M\{p} (4.44)

P 1 nearp (4.45)

G(zp f) =0log{> ] I£(2)

L i=1 j=1

for some unique ¢ € L*®(M) that vanishes on the boundary. Moreover, G

and ¢ lies in C*(K) for any compact subset K C M\{p} and any constant

0<ac< én;%{ﬁu} The uniqueness is up to the constant 6 and a choice of
ij

cut-off function in a small neighborhood near p.

Proof. (Existence)

Fix any constant 0 < a < éni;%){ﬁjj}.
i
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105

In lemma 4.4, we constructed the iterated blow up map
7. W — M\{p}

with the exceptional divisor £ and an n dimensional smooth submanifold
X' C W' and an effective divisor £’ supported in £ N X and away from
71 (OM) = 0X".

From lemma 4.6, we have a strictly positive closed singular (1,1) form

Q) defined on X’ as

Q=7 (ws) — egaélog hg >0

= w3 (m (ws)) — 6%85 log hy > 0
for some smooth metric hg on O(—E"). Here

. N n
ws :zoj—i—d%@é{wlogzn‘fj B 41 — )

i=1 j=1

is the same as that in lemma 4.2.
Now apply lemma 4.7, which showed that there exists a unique solution

® € PSH(X', Q)N L>®(X’) to the degenerate Monge-Ampere equation

(@ + %85@)” —0on X’ (4.46)

o, =0 (4.47)
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Moreover, & € C*(K’) for any compact subset K’ in X'\ E’. Then we

see that on X',

(7 (w5) — e%aé log hy + %85(1) =0 (4.48)

™ (ws) — e%f)g log hgr + %35@ >0 (4.49)

Take the composition of ® — elog hp with 7!, which maps biholomor-

phically from M\{p} to (771)(M\{p}) C X'\ E’ and define
6= (P —cloghp)on ' : M\{p} — X'\E' — R (4.50)

We get that ¢ € PSH(M,ws)NL®(M) and ¢ € C*(K) for any compact
subset K in M\{p}. Push (4.48) forward with 7 from X'\ E’ to M\{p}

and since 7 is a surjective holomorphic map, we have that on M\{p}

[ (7 (ws)) + %aeﬂ (@ — cloghp)or )" =0 (451)

(ws + %aw)” =0 (4.52)

. N n .
{wt 5%35{1/} log YT 1£)1% +1 -} + %aéqs =0 (4.53)

i=1 j=1

Note that it might seem in the definition of ¢ in (4.50) that ¢ depends on
the constant €, which is determined by the —elog hg term in €. But we
can see from the proof of lemma 4.7 that ® contains a copy of elog hg,

thus ¢ = (® — elog hg/) o w1 is independent of the choice of €log hg:.
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v) From the (4.53), we extract and define G and normalize by adding a
constant —¢ to ensure the boundary conditions,

N n
G(z,p, i ) = 0{wlog > 1) + 1 =9} +6 -0 (4.54)

i=1 j=1

=o{vlogy ]Ifi(2)

i=1 j=1

=)+ o (4.55)

Clearly G € PSH(M\{p},w) N CY(K).

vi) From (4.53), we have that (w 4+ £00G)" = 0 on M\{p}. To see that G
vanishes on dM, it suffices to check that the cut-off function vy,,, = 0
and that

Glons = (D — eloghg) o7~

|81\/I

:<q)—610ghE/) =0

lox
we see that G|,,, = 0. Moreover, we have that ¢ = 1 in a neighborhood

of p,
B} o6

G = o{1os 3 15

i=1 j=1

and ¢ —d € L>°(M). This proves the log singularity at p formulated by
(4.45).

vii) In order to show that G € PSH(M,w), it suffices to show that G extends

over p as a plurisubharmonic function.
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We can see this by letting

G = G(2) + elog|z — p| on M\{p} (4.56)

Ge=—o0 onp (4.57)

For fixed € > 0, G, is w-plurisubharmonic over M as near p,

limsup G (z) = limsup( G(2) + elog|z — p|) = —o0 < G.(p)

zZ—p zZ—p

Then denote u(z) = (sup,.oGe)* and we have u(z) € PSH(M,w)
because of the general fact that upper semicontinuous regularizations
of supremums of plurisubharmonic functions are still plurisubharmonic.

See [Dw, Corollary 5.3]. Moreover, we see that

u(z) = G(2) on M\{p} (4.58)
u(z) = 1iI§l_il}J_p G(z) at p (4.59)

By redefining G' as u, we have completed the proof of existence part.
(Uniqueness ) We prove it by contradiction.

viii) Let G be a solution defined in the existence part. Suppose that there
exists another

Gi(zip, fi--+ fn) € PSH(M,w)
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such that

(G1 =0 on M (4.60)
< (w+i00G,)" = 0 on M\{p} (4.61)

Gy =06{tnlog > []1£i(2)

i=1 j=1

P — 4y} + ¢y mear p (4.62)

where ¢y € L°>°(M) and vanishes on M. Here the ¢ in G, is the same
as that in G' and 1, is some other cut-off function supported in another
neighborhood U; of p. Without loss of generality we can replace both U
and U by a smaller neighborhood, and assume the cut-off function 1 is

the same as 1. Then we show G; = G by showing that ¢, = ¢.

On M, we have that

¢1=G1 —5{wlog Y []Ifi(2)I% =} (4.63)

i=1 j=1

=G — G+ ¢(2) (4.64)

Let the smooth metric hg over O(—E"), and & € PSH (X', () as before,
ie. & := ¢ om+ eloghg where the eloghg and ¢ are taken to be the

same as that defined in the existence part.

Compose ¢ : M — R with the iterated blow up map = : X’ — M which

has been constructed together with £ C X’ C W’. Define

b :=¢pom+eloghp
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Then &, € PSH(X'\E',€). And since by assumption ¢; € L>®(M), we
have

&, € Lo(X)

We wish to show ¢; = ¢ on M by showing &; = ® on X’. Since ®,
is bounded and E’ is a subset of a pluripolar set in X', we see that
®, extends uniquely over £’ by applying an extension theorem of De-
mailly(See [Dem, Theorem 5.24]). Therefore, ®; € PSH(X’,{)) and the
boundary condition |, , = 0 can be seen from that ¢;,,, = 0 and that

log hE’Iax/ =0, as log hg is supported in a neighborhood of E’.

Now we claim that
(@ + %85@1)" —=0on X' (4.65)

This is true on X'\ E’, as can be seen from the fact the the restricted
map
X\E"— M\{p}

7T|x'\E’ :

is holomorphic and surjective. Since by assumption that on M\{p}

0= (w+ %65(}1)” (4.66)

. N n .
= (w+d500{0log Y [T 15 +1— v} +50001)"  (4.67)

i=1 j=1
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By pulling back with the map 7, we have that on X'\ F’,

. N n .
0 =(m"w + 5%35{x10g2 IT1foml +1-x}+ %a&z&l o7)"

i=1 j=1

(4.68)

. N n .
_(x (Y Bij _ _ <t
=(1"w + 5508{X10gZH |fjom|” +1—x} 628810ghE/

i=1 j=1

(4.69)
+ e%(‘)é log hpr + %8(%51 om)" (4.70)
() + %aécpl)" (4.71)

x) We show that (€' + £00®;)" = 0 on E’ as well. Locally we can define a
potential function #; such that, ' + %85@1 =+ %851’1 + %85@1 =
1006, where Q and F; are defined as in (4.30)(4.37). Since ) is smooth
Kéhler form on X’ and the functions F; and ®; are bounded on X', we
see that # is a locally bounded plurisubharmonic function on X’. Now
apply the general fact that for any locally bounded plurisubharmonic
function the Monge-Ampere measure takes no mass at pluripolar sets
and their subsets. See [Bl1, Prop 2.2.3, Theorem 3.1]. So we see that
(006:)" = 0 on E’ and therefore (€' + £00®1)" = 0 on entire X'.

We now apply the uniqueness part of lemma 4.7 and consider ¢ and &,
are two functions both satisfying (4.31)(4.32), so we must have & = &;.

This proves the uniqueness part of the theorem.
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4.6 Applications

As a direct application of Theorem 4.8, we give an answer to Question 1 in
the case where 3y, .-, 3, are all positive rational numbers. We first assume
that all §’s are equivalent, i.e. 31 =--- =3, =3 =1 >0, where r and k are

relatively prime positive integers.

Corollary 4.9. Let w be a Kdahler metric on compact complex manifold M of
dimension n > 2 and assume OM # 0 is smooth. Fix any positive rational

number f = £ > 0 and any local holomorphic functions {f;}i1<j<n that are

ol b

defined in a neighborhood of p, with p as their only common zero in this neigh-
borhood.
Then there exists a small constant 6y > 0 such that for all 0 < § < 0y, there

exists a unique solution G(z;p, f1--+ , fn) € PSH(M,w) to the following
G=0 on OM (4.72)
(w+i00G)" =0 on M\{p} (4.73)
G(zip, f)=06-¢log(|AP+---+fl")} +¢  nearp (4.74)

where G € C*(K) and ¢ € L*(M) N C*K) for any compact subset K C

M\{p} and any constant 0 < «a < The uniqueness is with respect to a

=

given choice of 6 and a choice of a cut-off function 1 supported in a small

neighborhood near p.

Proof. i) Fix any positive integer k, a neighborhood U sufficiently small
such that p is the only common zero of fi, fo, -, f, and some local

coordinate system (21, 29, -+, 2,) on U.
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We look at the following function

go = 2k log(|fil* + -+ |ful¥)

=log(|fil> + L2+ + L+ D Ll % Ll )

i1+io++in=2k
11<2k, - in<2k

Clearly g, satisfies the homogeneity condition and the single point van-
ishing condition that are required by theorem 4.8, and therefore there
exists a small dp > 0 such that for all § < Jy, there exists a unique

pluricomplex Green’s function Gy € PSH(M,w), such that

Go =109+ do (4.75)

=1 52Kk log(|filF + - + [ fulF) + o (4.76)

in a neighborhood Uj of p. Here v is some cut-off function supported
in the neighborhood U, and without loss of generality, we still denote it
as U. Moreover, ¢q is unique in L*(M) and Gy, ¢y are in C*(K) for

compact subset K of M\{p} and any constant 0 < a < %

By taking 6; = 2k - 9 and letting g; = log(|f1]% + -+ \fnﬁ), we see
that for all 6 < 47, there exists a unique pluricomplex Green’s function

G, € PSH(M,w), such that

G =1 091+ d1 (4.77)

= Slog([fi]t + -+ |ful?) + o1 (4.78)
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in the neighborhood U of p and G, vanishes at the boundary 0M. Here

¢1 has the same properties of ¢q.

iii) Observe that we have such existence and uniqueness of G; for any
choices of {fi, -+, f.}, provided that p is the only common zero of
fi, fo, -+, fu. Now pick any other positive integer r > 0, clearly p is the
only common zero of the holomorphic functions fi", f",--- , f,.". Replace
{fi, fo, - [} DY LA 27+, [} and we conclude that for all § < 4y,
there exists a unique pluricomplex Greens function G € PSH(M,w),

such that
G =1 Slog(|fulk + -+ | falF) + ¢ (4.79)

in the neighborhood U of the p and G vanishes at the boundary. Here ¢
has the same properties of ¢;. This proves the corollary.
O
The same argument in the corollary 4.9 works for all positive rational numbers
B1, -+, Bn, not necessarily equivalent. Now fix positive rational numbers §; =

%, o+, Bn = 7+ We will have a-Hdélder continuity, for any 0 < a < m

Corollary 4.10.
Let M,w,p, fi, -, fn be the same as Corollary 4.9 and By, - - -, B, ben positive
rational numbers as above.

Then there exists a small constant 61 > 0 such that for all 0 < § < 61, there
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exists a unique solution G(z;p, f1,-+- , fn) € PSH(M,w) to the following

G=0 on OM  (4.80)
(w +i00G)" =0 on M\{p} (4.81)

G(zip, f) =0 - ¢ log(| A" + -+ [ful ™)} +¢  nearp — (4.82)

where G € C*(K) and ¢ € L>*(M) N C*K) for any compact subset K C

M\{p} and any constant 0 < a < The uniqueness is with respect to

1
k1 -kakn
a given choice of § and a choice of a cut-off function 1 supported in a small

neighborhood near p.

Proof. Fix D := ky-ky- -+ k,, any constant 0 < a < % and any compact subset
K in M\{p}. For each 1 < i < n, let R; := ;- £. Define n holomorphic
functions

Fl ::f1R17"' 7Fn ::fan

which clearly have p as the only vanishing locus. Then apply Corollary 4.9
to Fy,---, F, and we see that there exists a d; such that for all § < d;, there
exists a unique pluricomplex Green’s function G € PSH (M,w) N C*(K) such

that

G = polog(|F[P + -+ + |Fo|) + ¢ (4.83)

— S log(|ful P + -+ + | ful ) + & (4.84)

in a neighborhood U of p. Here 1 is some cut-off function supported in the

neighborhood U and ¢ is a unique function in L*(M) N C*(K).
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