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ABSTRACT OF THE THESIS

BRANCH DEPENDENT SHEAR COEFFICIENTS AND
THEIR INFLUENCE ON THE FREE VIBRATION OF
MINDLIN PLATES

by JOSEPH M. LAKAWICZ

Thesis Director:

William J. Bottega

The effect of the shear correction coefficient on the branches of the frequency spectrum for
the free vibrations of plates using Mindlin plate theory is studied. Each of the three branches
of the frequency spectrum for the Mindlin plate is identified through comparison with the
frequency spectrum of the infinite elastodynamic plate. The use of branch dependent shear
correction coefficients is proposed, in order to bring each of the three branches of the Mindlin
plate into best agreement with their corresponding elastodynamic branches. The general
solution presented is applied to plates with simply-supported, simply-supported/clamped,
and simply-supported/free edges and representative results for the frequency spectrum and
modal plots for each of the boundary conditions is discussed. It is shown that the use
of branch dependent shear correction coefficients improves the frequency predictions for
the free vibrations of Mindlin plates when compared to other studies in the literature.
The branches of the frequency spectrum contribute differently to the calculation of the
natural frequencies of the vibration modes of the plate for the various boundary conditions
considered. The insight gained into the interactions of the frequency branches improves
upon the physical understanding and interpretation, as well as the analysis of the free
vibration of the Mindlin plate, even for the classical case when a single shear correction

coefficient is employed.
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Chapter 1

Introduction

An elastic plate is mathematically a two-dimensional continuum that represents a thin and
flat three-dimensional body. This type of structure resists bending and in-plane shear,
while also resisting in-plane tension and compression. This thesis studies the free vibration
of plates in accordance with the theories of Kirchhoff and Mindlin. The three-dimensional
theory of elasticity is also studied in order to better understand the vibration frequency
spectrum predicted by Mindlin plate theory.

The classical theory of the bending of plates is attributed to Kirchhoff [12], as he is cred-
ited with developing a theory which is mathematically well-posed with regard to boundary
conditions. The Kirchhoff theory, however, neglects the effects of transverse shear stress and
is known to lose accuracy for high frequency (short wave-length) flexural vibration modes.
To improve upon the classical theory, R.D. Mindlin [17] and E. Reissner [26] separately
introduced theories for the bending of plates that account for the effects of transverse shear
deformation. Mindlin’s theory also accounts for the rotatory inertia of the plate and will
be the focus of study in this thesis.

While the Kirchhoff theory is formulated with the transverse displacement as the sole
measure of motion of the plate, the motion predicted by Mindlin theory is determined
by the transverse displacement as well as the transverse shear angles (or equivalently the
rotations due to bending of a cross-section with normal in the x and y-directions for a
rectangular plate). Mindlin [17] proposes a solution to his plate theory by expressing the
transverse displacement and bending rotations in terms of potentials. Mindlin et al. [18]
use this proposed solution to investigate the free vibration of a rectangular plate with four
simply-supported edges as well as a plate with free edges in one direction. The authors

found three anti-symmetric branches of the frequency spectrum for the vibration of the



plate which they classified as flexural, thickness-shear, and thickness-twist. Many authors
proceeded to study the simply-supported Mindlin plate to address its accuracy or to attempt
to improve upon its results, some of which will be commented upon shortly. Hashemi and
Arsanjani [7] appear to be the first to consider a Mindlin plate simply-supported in one
direction with all other combinations of simply-supported, clamped, or free boundaries in
the opposite direction. The authors in that study applied the solution procedure of Mindlin
et al. [18]. Mindlin and Medick [19] later presented an alternate theory which included the
lowest symmetric thickness-stretch and thickness-shear frequency branches.

The most prominent method for analyzing the accuracy of a given plate theory in pre-
dicting the free vibration response of a plate, is to compare the results to that predicted by
the three-dimensional theory of elasticity. A general elastodynamic solution for a finite plate
of rectangular geometry is not known due to the difficulty of applying boundary conditions
at the edges around the periphery of the plate. Srinivas et al. [28] present an exact solution
satisfying the three-dimensional elastodynamic theory for the rectangular plate with all four
edges simply-supported, but the solution is not valid for other combinations of boundary
conditions. For finite plates of circular geometry, solutions have also been obtained for
specific boundary conditions, such as in Hutchinson [9] for stress free edges and in Lange
and Bottega [14] for rigid smooth boundaries. Due to the lack of a general elastodynamic
solution for all boundary conditions, it is common to compare the results found from plate
theory to that of the infinite plate.

The frequency spectrum, from elastodynamic theory, for wave propagation in an infinite
plate with traction free surfaces is attributed to Rayleigh [22] and Lamb [13]. They arrived
at the well known Rayleigh-Lamb frequency equations that govern the propagation of con-
tinuous straight crested waves in the infinite plate. The Rayleigh-Lamb frequency equations
cannot be solved analytically, which resulted in much research into the frequency spectrum
that they predict. Mindlin [20] summarized the contributions of various researchers in
studying the Rayleigh-Lamb frequency spectrum and presents the spectrum for both real
and imaginary wave numbers. Meeker and Meitzler [16] studied the general frequency spec-
trum for the inifinite elastodynamic plate by including the contributions of horizontal shear

waves with the vertical shear and longitudinal extensional waves of the Rayleigh-Lamb



spectrum. A thorough derivation and summary of the frequency spectrum for the infinite
elastodynamic plate appears in Graff [6]. A review of the study of elastodynamics up to
the year 1983, which covers many of these developments, is presented by Pao [21].

The frequency spectrum from the three-dimensional theory of elasticity is also promi-
nently employed in determining the shear correction coefficient for the Mindlin plate. The
shear correction coefficient is used in many plate theories that include transverse shear de-
formation to account for the non-uniform distribution of the transverse shear stress through
the thickness of the plate. A summary of the various shear correction coefficients found in
the literature appears within Chapter 2 of this thesis. In the previously mentioned study by
Srinivas et al. [28], the authors used their results from the three-dimensional elastodynamic
theory for the rectangular plate with all four edges simply-supported to determine the ac-
curacy of the natural frequencies predicted by Mindlin et al. [18]. The results of Srinivas et
al. have been subsequently used as accepted values by many studies, but again, can only
be applied when analyzing plates with simply-supported bounding edges.

Mindlin plate theory is considered a first-order shear deformation theory as it allows for
a constant shear stress distribution through the thickness of the plate, with only the shear
correction coefficient allowing for the non-uniform distribution of the shear stress. Higher-
order shear deformation theories allow for a more complex distribution of the shear stress
through the thickness of the plate. Reddy [23] proposed a higher-order shear deformation
theory that allows for a parabolic distribution of the shear stress and hence, did not require
a shear correction coefficient. Reddy and Phan [24] presented exact solutions to that higher-
order theory for rectangular plates with four simply-supported edges and showed that their
results compared better to the exact results of Srinivas et al. [28] than did those of Mindlin
et al. [18].

A brief history of some notable studies in the literature for plate theories including shear
deformation with exact analytical solutions has been given here. A more complete summary
of the work done on shear deformable plate theories up to the year 1993, including research
done with approximate and finite element solution procedures, can be found in Liew et al.
[15]. The focus of more recent research has been on developing a shear deformable plate

theory that uses the transverse displacement due to bending and the transverse displacement



due to shear as the two variables that define the motion of the plate rather than the total
transverse displacement and the rotations due to bending. Some examples of this research

can be found in Shimpi and Patel [27], Endo and Kimura [3], and Xiang and Xing [32].

1.1 Thesis Outline

There are seven chapters to this thesis. In the first chapter, an introduction to the history
of Mindlin plate theory is presented. Emphasis is placed upon research reported in the
literature using exact analytical solutions. The second chapter provides the kinematic, con-
stitutive, and kinetic relations for the Mindlin and Kirchhoff plate theories. A summary of
prominent values used for the shear correction coefficient used in the literature is included.
Chapter Three reviews the derivation of the frequency spectrum for the infinite elastody-
namic plate. In the fourth chapter, a general solution for the free vibration of the Mindlin
plate is presented, leading to the modal functions for the plate. A thorough analysis of
the frequency spectrum for the Mindlin plate is included, leading to the selection of branch
dependent shear correction coefficients-a major component of this thesis. Chapter Five
applies the derived general solution to the Mindlin plate for specific boundary conditions
to obtain the frequency equation and modal functions for each specific geometry. Square
plates with simply-supported boundaries in the z-direction and simply-supported, clamped,
or free boundaries in the y-direction are considered. In Chapter Six, the frequency equation
for each specific geometry of the plate is solved to obtain the natural frequencies for each
geometry. The natural frequencies obtained are used to plot the modal functions for sev-
eral of the vibration modes of the plate. Results are compared to those of relevant studies
published in the literature. The seventh chapter summarizes conclusions drawn from the

results of Chapter Six. The thesis concludes with a complete list of cited references.



Chapter 2

A Review of Plate Theory

In this chapter, the kinematic relations, constitutive relations, governing equations, and
requisite boundary conditions for the plate theories attributed to Mindlin and Kirchhoff are

presented.

2.1 Kinematic Relations

We begin by considering a thin flat uniform, isotropic structure that lies with its mid-plane
in the zy-cartersian coordinate plane when in the undeformed configuration, with the z-axis
perpendicular to this plane as shown in Figure 2.1. The structure has a uniform thickness,
h, in the z-direction that is small when compared to the characteristic length scale, L, in
either direction of the mid-plane (h/L < 1). The plate is hence defined in the zy-plane

with its faces located at z = £h/2.

Figure 2.1: Plate with coordinate system.

We assume a linear variation of the in-plane displacements through the thickness in

accordance with the Kirchhoff kinematic assumptions, with the deflections of the mid-plane



of the plate given by ug(go) (z,y,t), uéo) (z,y,t), and w(z,y,t) in the x, y, and z-directions

respectively. Hence,

Uy(l’,y,z,t) Z(/)(:U Y, )_ZSﬁy(xayat) (21)
uz(:v,y,z,t) (l’ Y, )

where u,(x,y, 2,t), uy(x,y, 2,t), and u,(z,y, 2, t) are the displacements at any point through
the thickness of the plate and ¢, and ¢, are the rotations due to bending of a cross section
of the plate whose normal is in the direction indicated by the subscript.

In both the classical Kirchhoff plate theory and Mindlin plate theory, we incorporate
linear strain-displacement relationships consistent with infinitesimal small strain, small ro-

tation deformation. Hence, the normal strains are given by

Oug
Exx =
dx (2.2)
_ Ouy
Cyy = By
and
ou, Ow
zz = —_-—— — 2'
¢ 0z 0z 0 (2:3)

Since the normal strain in the z-direction vanishes indentically, there is no change in thick-
ness of the plate as it deforms. The in-plane shear strain, also common to both theories, is

given by

Exy = Eyx = %%&y {%ny + aauyx} (2.4)

where 7, is the in-plane shear angle.
Under the classical Kirchhoff theory of plates, the influence of transverse shear stress
is neglected and hence both transverse shear strain components are taken to be zero. In
Mindlin plate theory, the effects of transverse shear are included and hence the transverse

shear strains are given by

1 1 (Ou, Ouy
Exz = &z = §’sz = 5 { Oz + 02 } (25)

and

1 1 [Ou, = Ouy
Eyz—c‘:zy—z’)/yz—Q{ 8y +az} (26)

where 7y,. and v, are the transverse shear angles.



Substitution of Egs. (2.1) into Egs. (2.2) and (2.4) yields the distibution of the in-
plane strains through the thickness of the plate in accordance with the Kirchhoff kinematic

assumptions. Hence,
0
Caa(@, Y, 2t) = 52 (2,,8) = 2Xaa (2,9, )

5yy($7yazvt) = gé%)(xayvt) - Zny(xay)t) (27)

0
Emy(x,y,z,t) = eyx(mvy’zat) = gi(ty)(mvyat) - mey(x’yvt)

where 5;(&), 575%), and s(x%) are the in-plane strains at the reference mid-plane of the plate and

are defined by

0 oul®
el = 5z
) _ oul”
€y = 5y (2.8)

0 _1 ouy” 4 oul?
Yy T 2 ox oy

and where
O
Xzx = 5@3
o]
Xyy = B (2.9)

Yoy = Xpe = 3 { 52 + 22}
are the changes of curvature of the reference surface in the direction indicated by the
subscript. The linear displacement distribution given by Egs. (2.1) results in a linear dis-
tribution of the in-plane strains through the thickness of the plate as given by Egs. (2.7).
The transverse shear strain distribution through the thickness of the Mindlin plate is

obtained from substitution of Eqs. (2.1) into Eqs. (2.5) and (2.6). Hence,

1 1 [ow(x,y,t
6x2($7y727t) = €:(Eg)($,y,t) = 5 :gg)(.f,y,t) = 5 {((f)xy) - pr(xvyat)] (210)
and
1 1 [ow(x,y,t
curlnnt) = et = 0G0 = 3 | 20D ]

where 53(602) and aéoz) are the transverse shear strains at the reference mid-plane and fyg(gg)

and %(,2) are the transverse shear angles at the reference mid-plane of the plate. For the
Mindlin plate, Egs. (2.10) and (2.11) show that the Kirchhoff kinematic assumptions for

displacements predict a uniform distribution of the transverse shear strain and shear angle

through the thickness of the plate.



2.2 Constitutive Relations and Stress Resultants

In our analysis of plates, we will consider plates that exhibit linearly elastic and isotropic
material behavior. The stress-strain relationships for such materials are governed by Hooke’s
Law. Plate theory also assumes that the out-of-plane normal stress is negligible when
compared with the in-plane normal stresses (0., < 04, and 0., < oyy). Hence, the in-
plane constitutive relations are reduced to the following form

Ozx = % (€za + vEyy)

Oyy = —15/2 (Eyy + VEgs) (2.12)
Oy = 2Gegy

The constitutive relations for the transverse shear stresses are

Opr = 2Gey,

(2.13)
Oy = 2Gey,
where in both sets of equations
E
G=—— 2.14
2(1+v) (2.14)

In the above equations, E is the Young’s modulus, v is the Poisson’s ratio, and G is the
shear modulus.

Substitution of Egs. (2.10) and (2.11) into Eqs. (2.13) when considering Mindlin plate
theory, results in a predicted transverse shear stress distribution that is uniform through
the thickness of the plate. Under general loading, the actual transverse shear stress acting
on the plate will not be uniformly distributed through the thickness. Mindlin introduced
a shear correction coefficient similar to the Timoshenko shear correction coefficient used in
beam theory to account for this discrepancy. The effective transverse shear angles found
in Egs. (2.10) and (2.11), which result from the Kirchhoff assumptions, are defined as the
weighted average of the actual transverse shear angle distribution. Hence,

0 LM
Y2z (T, y,t) = nh/ 27xz(at,y,z,t) dz

o s (2.15)
Yyz (x,y,t) = th/ QVyZ(IE,y,Z,t) dz

where k is the shear correction coefficient for the Mindlin plate. Evaluation of the shear

correction coefficient will be discussed in the next section.



The stress resultants are resultant forces and moments that are statically equivalent to
the distribution of stresses through the thickness of the plate and are found by integrating
the stresses and their moments through the thickness of the plate. The resultant membrane
forces per unit length are found by integrating the stresses through the thickness of the

plate, with the strain distributions given by Egs. (2.7). Hence,

h/2
Nyo(w,y,t) = / Opedz =C (53(&) + Vﬁé?)
—h/2

h/2
Nyy(x»%t) = /

—h/2

h)2

Nay(z,y,t) = / Opydz = (1— 1/)06%)
—h/2

oy dz = C () +veld) (2.16)

where the membrane stiffness, C, is given by

Eh
0_1—1/2

(2.17)

The resultant bending and twisting moments per unit length are found by integrating the
moments of the stresses through the thickness of the plate, with the strain distribution

again given by Egs. (2.7). Hence,

h/2
me(my Y, t) = / Ogzzdz = =D (XJ::L‘ + Vny)

—h/2
h/2
My, (z,y,t) = /h , oyzdz = =D (Xyy + VXaz) (2.18)
i
Mxy(qjvy)t) = / UzyZdZ: _(1_V)DXzy
—h/2

where the bending stiffness, D, is given by

Eh3 Ch?
b= 12(1—2v2) 12 (2:19)

The resultant transverse shear forces per unit length are found by integrating the transverse

shear stresses through the thickness of the plate.

h/2 h)2
an(ﬂ?,y,t) = / Op.dz = G/ 7$z(x7yazut) dz

s s (2.20)
Qy(z,y,t) = / oy.dz = G/ Yy (T,y, 2, t) dz
—h/2 —h/2

Substitution of Egs. (2.15) into Eqs. (2.20) gives the resultant transverse shear forces as

Qu(z,y, 1) = kv (2, y,1)

© (2.21)
Qy(a:,y,t) = k'sz (-Tayat)



10

where the shear stiffness, k, is given by

k = KGh (2.22)

Further, substitution of Egs. (2.10) and (2.11) into Egs. (2.21) gives the resultant transverse
shear force per unit length in terms of the transverse displacement and the rotations due

to bending as

0

In the next section we provide a discussion of the shear correction coefficient.

2.2.1 The Shear Correction Coefficient

The shear correction coefficient, x appearing in Egs. (2.15) and (2.22) is used in plate
theories that include the effects of transverse shear deformation to account for the non-
uniform distribution of transverse shear stress through the thickness of the structure. The
correction coeflicient appears in Mindlin’s mathematically two-dimensional plate theory, as
well as the mathematically one-dimensional analog—Timoshenko beam theory.

Values for the shear correction coefficient are often determined by theoretical or exper-
imental study of Timoshenko beams with transverse shear deformation. Timoshenko [30]
first determined a shear correction coefficient of x = 2/3 by taking the effect of shear on
a rectangular beam to be equal to the shear angle of the centroidal surface. In a later
paper, Timoshenko [31] used k = 8/9 to better bring his results into agreement with those
obtained using two-dimensional elasticity theory. Timoshenko used this value based on the
theoretical results of Filon [4]. Filon [5] later experimentally verified his own theoretical
results by studying the transmission of polarized light through a glass beam of rectangular
cross-section. Kaneko [11] states that although it is not explicitly presented, Timoshenko
[31] suggests the following relation for the shear correction coefficient for a beam under the
assumption of plane stress.

5(1+v)

= - 2.24
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where v is Poisson’s ratio for the material. Eq. (2.24) yields x = 0.870 for v = 1/3 and
a range of 0.833 < k < 0.882 for 0 < v < 1/2. Kaneko [11] also states that the study by
Higuchi et al. [8] on the flexural vibration of a thick beam leads to Eq. (2.24) through a two-
dimensional analysis of the equation of flexural motion for a beam. Cowper [2] integrates
the elasticity equations for a beam with the assumption of plane stress made to obtain

_10(1+v)
124 11w

(2.25)
for a rectangular cross-section. Based on his experimental results, Kaneko [11] determines
Eq. (2.24) to be the best theoretical expression for the shear correction coefficient for the
Timoshenko beam.

Alternate values are obtained for the shear coefficient when studying plates directly.
Reissner [25] assumes a linear distribution of bending stresses through the thickness of the
plate that results in x = 5/6. Mindlin [17] investigates flexural and thickness-shear waves
in a plate. He compares his results to that obtained from the three-dimensional equations
of elasticity for straight-crested flexural waves in an infinite plate. To bring his results into

agreement with Rayleigh surface waves at very short wavelengths he found the following

expression for x for flexural waves

4/ (1 —ar)(1—k) = (2— k) (2.26)

where

1-2v
a= m (2.27)

Equation (2.26) yields k = 0.870 for v = 1/3 and a range of 0.764 < x < 0.913 for
0 < v < 1/2. For thickness-shear waves a value of x = 72/12 is found.

In more recent work, Stephen [29] uses a second order truncation approximation to
match the lowest flexural mode of vibration of the Mindlin plate to the lowest flexural
branch of the Rayleigh-Lamb frequency spectrum for the infinite plate. He found the shear
coefficient that leads to the best matching of the flexural vibration frequencies to be

5
6 —v

K= (2.28)

Equation (2.28) yields k = 0.882 for v = 1/3 and a range of 0.833 < x < 0.909 for

0 < v < 1/2. Further inspection of Eq. (2.28) shows that it is the plane strain analog of
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the plane stress coefficient given in Eq. (2.24) if we replace v in that equation by v/(1 —v).
Stephen also comments that the value x = 72/12 from Mindlin [17], gives exact agreement
with the horizontal shear vibrational frequencies of the elastodynamic infinite plate. In
his study of thick circular plates, Hutchinson [10] also determined that Eq. (2.28) and
Kk = 72/12 are the best values of the shear coefficient for matching flexural and horizontal
shear vibrational frequencies in a plate, respectively.

Before proceeding, we note that the shear correction coefficient given in Eq. (2.24) for
the Timoshenko beam and Eq. (2.28) for the Mindlin plate both reduce to k = 5/6 for
v = 0, which is the value that results when making the assumptions in Reissner [25]. This
implies the results of Reissner would be most accurate when Poisson’s ratio is near zero and

would lose accuracy as Poisson’s ratio gets larger.

2.3 Mindlin Plate Theory

In this section, we present the force formulation for the equations of motion that govern the
isotropic, elastic Mindlin plate as derived in Bottega [1]. For this development, we consider
only geometrically linear plate theory, which results in the decoupling of the in-plane motion
and the out-of-plane transverse motion. As a result, the in-plane equations of motion will
not be presented.

We consider a plate subjected to a distributed transverse load, ¢(z,y,t), and distributed
body couples, b, (z,y,t) and by(x,y,t). Summing the forces acting on a differential plate
element in the transverse, z, direction, while only including geometrically linear terms, gives

the linear equation of transverse motion.

an aQy . 62’[1)
Or + (9y +Q($7yat) =m 8t2

(2.29)

Here, m is the mass per unit area of the plate.
We next consider the equations of rotational motion of the Mindlin plate. Taking the
moments about the y-axis and then the moments about the z-axis of the differential element

of the plate results in the equations that govern rotational motion of the plate. Hence,

8Mac:c 8Myr -7 8280x

T — — Ug\&Ly Y, 2
Q.- Bl - T 108 e (2:30)
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OMyy B oMy, 7 82<py
Ox oy P ot

Qy — — by(z,y,t) (2.31)

Here, I, is the rotatory inertia, or mass moment of inertia per unit area, of the plate. It is
the resistance to rotation of the plate due to its mass and is the same in both the z and
y-directions since we are considering isotropic plates. Eqgs. (2.29)-(2.31) represent the force
formulation for the out-of-plane motion of the Mindlin plate.

When solving the equations of motion in Chapter 4, it will be desirable to represent
Egs. (2.29)-(2.31) in terms of a displacement formulation. To convert to a displacement
formulation, we substitue Egs. (2.18), (2.23a), and (2.23b) into Egs. (2.29)-(2.31). The
equations of transverse and rotational motion are presented with the transverse displace-
ment, w, and the rotations due to bending, ¢, and ¢,, as the measures of the motion of

the plate. Hence,

0w 2w 9w 0oz Dy
o - = 2.32
mat2 k{3x2+8y2}+k8x +k(9y q(z,y,1) (2.32)
Py ) 0w e (1—v) P (1+v) &y
Iy~ = ko + ke — D - Th - L= by, y,t) (2.
p 8t2 &r + ¥y { 81'2 + 2 ayQ } 2 a$ay (337y, ) ( 33)

7 %oy 3 kaﬂ 3 D(l +v) P, Doy (1—v)0%p,

hioy = D = by(z,y,1) (2.34
7ot Jy 2 Ox0y +Rey { y? + 9 Or2 } y(@,y,1) (2.34)

Since Egs. (2.32)-(2.34) are coupled in terms of the variables w, ¢, and ¢y, we will write

the equations of motion in matrix operator form as developed in Bottega [1]. Hence,

mi{);tl;—i-ku:F (2.35)
where
m 0 0 1 0 0
m=|0 I, 0 |=m|0 72, O (2.36)
0 0 I, 0 0 72,

is the mass matrix and rg,, is the radius of gyration per unit width of a cross section of the

plate. In addition, the stiffness matrix is given by

92 9?2 o) o)
—k{ &+ &) k2 k2
— ) 22 (1-v) 52 (+v) 82
k= _k% {k_D <W + 3 6712)} —-D 2 Oxdy
9 (14) o2 0 | (1-v) o?
—k3y —D 5" geay {’f -D (aT,z + 3 a?)}

(2.37)
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the displacement matrix is
\

w(z, y,t)
u=9 @u(r,y,t) (2.38)

gpy(x7y7t) )

and the force matrix is .

q(z,y,1)
F=14 by(z,y,t) (2.39)

by(l‘a yvt) )

The stiffness matrix given in Eq. (2.37) appears to be non-symmetric because of the sign

convention and coordinate system chosen in the derivation. If the first row of the matrix
Eq. (2.35) is multiplied by a negative sign, the stiffness matrix would appear symmetric
as expected. Equations (2.35)-(2.38) will be used to find a solution to the free vibration
of Mindlin plates in Chapter 4 in conjunction with the appropriate boundary and initial

conditions.

2.3.1 Boundary and Initial Conditions

Since the Mindlin plate has three unknown variables, it will be necessary to specify three
boundary conditions on a given bounding edge, S, of the plate. To satisfy the three degrees
of freedom one term in each of the expressions for the work of the transverse load Q,w, the
bending moment My, ¢y, and the twisting moment M, s¢s must be specified on each edge

of the plate as stated in Bottega [1]. Hence, we have

Qnlg =k [&U — gpn} or  wlg prescribed (2.40)

on g
Ovn, 0ps .

Myp|g=—D [ +v ] or  ¢n|lg  prescribed (2.41)

on 0s |g
1-— Ops  Opn :
Myslg = —D( . v) [ a‘i + ({;‘2 } or  @slg  prescribed (2.42)
S

In the above relations, n represents the normal direction to the edge and s represents the
tangential direction to the edge.
Specification of the initial velocity and position of the plate is necessary to complete the

statement of the free vibration problem of the Mindlin plate. Hence,

w(z,y,0) =wo(z,y) and  — = vo(z,y) (2.43)
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Y

gpz(:c,y,()) = Pxo (x,y) and ot = @Io (may) (2'44)
t=0
Oy .
py(2,9,0) = py(2,y) and == = P (z,y) (2.45)
t=

Equation (2.35), along with the appropriate boundary and initial conditions, constitutes

the formulation of the problem for the vibration of the Mindlin plate.

2.4 Kirchhoff Plate Theory

In this section, we present the equations of motion that govern the isotropic, elastic Kirchhoff
plate. As stated previously, this theory neglects transverse shear deformation so Egs. (2.5)
and (2.6) are taken to be zero. When these transverse shear strains are taken to be zero in

Egs. (2.10) and (2.11) we find

ow
=2 2.4
Yo =5 (2.46)
and
ow
Py = Giy (2.47)

Summing the forces in the transverse, z, direction and the moments acting on a differential
plate element for the geometrically linear Kirchhoff plate gives the equations of transverse
and rotational motion identical to Egs. (2.29)-(2.31) with I, = 0 since rotatory inertia is
also neglected. Eliminating @, and @, from the equations gives a single equation for the

transverse motion of the plate. Hence,

PMyy | (O Myy | 0°My,

. ob, b1 0w
Ox2 Oxdy Oy

+Q(‘T7y7t)_ |: _mw

Further, substitution of Eqgs. (2.18) with Eqgs. (2.46) and (2.47) into Eq. (2.48) gives the

equation of motion as

9*w *w *w *w ob ob
D 2 = ) — | == 4+ = 2.4
"o T {8:174 * 0x20y? - oyt } 4(@y,1) [81‘ * Oy} (249)

which governs the transverse displacement, w, for the Kirchhoff plate.
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2.4.1 Boundary and Initial Conditions

Kirchhoff plate theory requires the specification of two boundary conditions on a given

bounding edge, S, of the plate. Hence, we have

Mns .
[Qn + aa } or  wlg prescribed (2.50)
S
Mg or gl: prescribed (2.51)
S

In the above relations, n represents the normal direction to the edge and s represents the
tangential direction to the edge. The term on the left side of Eq. (2.50) represents the
Kirchhoff effective transverse shear force.

Specification of the initial velocity and position of the plate is necessary to complete the

statement of the free vibration problem of the Kirchhoff plate. Hence,

ow

5| =) (252

’UJ(CU,y,O) = wo(x,y) and

Equation (2.49), along with the appropriate boundary and initial conditions, constitutes

the formulation of the problem for the vibration of the Kirchhoff plate.
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Chapter 3

The Infinite Elastodynamic Plate

Here we consider the frequency spectrum for the infinite elastodynamic plate under the
theory of elasticity. This will later be used to assess the accuracy of the frequency spectrum
for the Mindlin plate. We present a review of the work done by Meeker and Meitzler [16]
which was later expanded upon in Graff [6]. Navier’s equation is the vector equation of
motion for an isotropic elastic medium without consideration of body forces. It is given as

0%

pV2id+ (A4 p) V (V- @) v

(3.1)

where p is the density, and A and p are the Lamé constants of elasticity. The displacement

vector, 4, for the elastodynamic plate is given by
U= uz(z,y, 2, t)% + uy (2,9, 2, t)j + uy(z,y, 2, t)l% (3.2)

The Lamé constants are related to the Young’s modulus and Poisson’s ratio by

E

HCT a0

(3.3)

and

2Gv _ Ev (3.4)

AT T (1+v)(1—2v)

Before proceeding, we introduce a non-dimensionalization of the given parameters with

respect to the thickness of the plate, h. Hence,

1

=id/h, zT=uz/h, y=y/h, zZ=z/h, h=1 (3.5)
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where

_ D
t=wot and wo=1/ p—w (3.7)

The non-dimensional time has been scaled by wq to facilitate comparison with Mindlin plate
theory in the next chapter.

A solution to Eq. (3.6) for an infinite plate is formed by Helmholtz decomposition into
the combination of a vector potential function, J, and a scalar potential function, ¢, related
by
=Vé+V x 9 (3.8)

21

where 1; and ¢ are solutions to the equations

o2y L 0%
Vi = 2o (3.9)
and
2 g L0
Vip = 2 o (3.10)
with
V=0 (3.11)

In Egs. (3.9) and (3.10), ¢4 is the non-dimensional dilatational wave velocity and ¢ is the

non-dimensional shear wave velocity. They are, respectively, given by

_ cq 12(1 — v)?
= = 12
4= g 1— 20 (3.12)
and
Cs
Cs = = 1-— 1
¢ o 6(1—v) (3.13)
where their dimensional forms are
A+ 2
cq= |22 (3.14)
P
and
W
Cs = 4/ — 3.15
ﬁ (3.15)

We consider a plate bounded by traction free surfaces at z = 4+-h/2 and infinite in extent in

the & and g-directions. A solution to the wave equation in Eq. (3.9) follows as

¢ = (Acosaz + Bsinaz) ¢! (62—51) (3.16)
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where @ is the non-dimensional natural frequency, @ and £ are non-dimensional wave num-
bers, and A and B are integration constants. The non-dimensional wave numbers and
natural frequency are related by

a*+ & =a?/c (3.17)

The non-dimensional parameters @, @, and & are related to their dimensional counterparts
by

w=w/wy, a=ah, {=¢&h (3.18)

The vector components of Eq. (3.10) yield solutions of similar form for the components of

1;. Hence,
Yy = (C cos Bz + Dsin 32) ) (3.19)
hy = (E cos BZ + F'sin BZ) ei(§z—ot) (3.20)
Y, = (G cos BZ + H sin BZ) ei(§2—0%) (3.21)

where [ is a non-dimensional wave number and C-H are integration constants. The non-

dimensional wave numbers and natural frequency are related by
B+ € =a%/e (3.22)

The non-dimensional parameter j3 is related to its dimensional counterpart by

B = Bh (3.23)

The solutions given in Eq. (3.16) and Egs. (3.19)-(3.21) propagate independently of the
y-direction. This is because the infinite isotropic plate does not have a preferred direction
for the waves to travel, so we take the Z-direction as the direction of wave propagation for
mathematical simplicity. The general solution for propagation in any arbitrary in-plane
coordinate system rotated by an angle § about the Zz-axis is obtained by replacing £z with
5- Z, where 5: £(cos i +sin6)) and T = 71 + 7.

From Eq. (3.8), the components of @ are given by

o _ 99 0y. Ouy
Uy = 5o+ o o (3.24)
. :@_Wer@wx
Yooy oz 0z

(3.25)
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g, = 00, 0y O

=5t T 5 (3.26)
In addition, from Eq. (3.11), we have

We Oy L (3.27)

oz 0y 0z
Substitution of Eq. (3.16) and Egs. (3.19)-(3.21) into Egs. (3.24)-(3.26), gives the compo-

nents of @ in terms of the integration constants A-H as

iy = {i{ (Acosaz + Bsinaz) + 3 (Esin 8z — F cos 3z) } ¢i(E7-21) (3.28)
iy = {B(—Csin Bz + D cos Bz) — i (G cos Bz + H sin 8z) } ¢i(§z-at) (3.29)
i, = {a(—Asinaz + Bcosaz) + i (E cos Bz + Fsin 8z) } ¢i(Ea—5i) (3.30)

For the infinite elastic plate with traction free surfaces, the boundary conditions on the

planar faces of the plate are

B o 1 ou,, 0u,  Ouy B
Ozzlipy = +0)1—20) [(1 V) 9z +v ( 9% + a5 )}ihﬂ =0 (3.31)
1 Ou,  Ouy,
~ — f— S — p— . 2
ool = 307 |05 4 5 |y 552
_ 1 [0, , Ou. B
Toylinse = 2(1+v) [ 9 a5 L:h/Q =0 (3.33)
where
Ony = GZZ/E Oy = sz/E 6'zy = Uzy/E (334)

Imposing the boundary conditions given in Egs. (3.31)-(3.33) on the displacement field given
by Egs. (3.28)-(3.30) at z = +h/2 results in the following expressions
{(1 —v)a* +ve?} (Acosah/2 + Bsinah/2)
+{(1 —2v)iB¢} (Esin fh/2 — F cos Bh/2) =0

(3.35)

{(1 = v)a? + v€?} (Acosah/2 — Bsinah/2)
- {(1 - 2”%55} (ESiHBB/Q + FCOSBE/2) =0

2iaé (—Asinah/2 + Beosah/2) + {B* — £} (E cos Bh/2 + Fsin fh/2) = 0 (3.37)

(3.36)

2iaé (Asinah/2 + Beosah/2) + {3* — €} (E cos h/2 — Fsin h/2) = 0 (3.38)
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B% (C cos Bh/2 + Dsin h/2) +iBE (—G sin fh/2 + H cos fh/2) = 0 (3.39)
8% (C cos Bh/2 — Dsin Bh/2) +iBE (G'sin Bh/2 + H cos Bh/2) = 0 (3.40)

In addition, Eq. (3.27) must be satisfied at z = 4k /2, which results in
i (C cos Bh/2 + Dsin Bh/2) + B (—Gsin fh/2 + H cos fh/2) =0 (3.41)

i€ (CCOSBB/2 - DsinBﬁ/Q) + B (GsinBﬁ/Q + HcosBﬁ/Q) =0 (3.42)

Equations (3.35)-(3.42) can be written in the form of an eight by eight matrix. Hence, this

is done in Eq. (3.43), which appears on the next page, where

fi=01- 1/)072 + VEQ (3.44)
fo=(1-2v)iB¢ (3.45)
fa=p>-¢ (3.46)

In order to obtain non-trivial solutions the determinant of the matrix given in Eq. (3.43)
must vanish. In finding the determinant of the matrix, we first simplify the matrix by row
reduction to obtain Eq. (3.47), which also appears on the next page. The determinant of the
matrix can now be found from the product of four submatrices. We will now consider the
determinant of each of the submatrices in Eq. (3.47) separately to determine the frequency
response of the infinite elastodynamic plate.

Case 1:

Here, we take the integration constants C' and H to be non-zero while the other six inte-

gration constants are zero. This leaves the submatrix

B2 cos Bh/2 i€ cos h/2 C

o - o =0 (3.48)
i& cos Bh/2 [ cosPh/2 H
and the displacement field
Uy =0 (3.49a)
iy = — (CB +iHE) /(&%) gin Bz (3.49D)

i, =0 (3.49¢)
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The displacement field has been included to identify the motion of the wave resulting from
this solution type. The resulting motion is a wave propagating in the Z-direction causing
displacement solely in the y-direction. We also see from Eq. (3.49b), that the displacement is
anti-symmetric through the thickness of the plate. Hence, waves of this nature are classified
as anti-symmetric horizontal shear waves since they result in in-plane motion perpendicular
to the direction of propagation. The frequency equation for waves of this type is found when

the determinant of Eq. (3.48) vanishes. Hence,
B (B*+ &%) cos® Bh/2 = 0 (3.50)

The roots of Eq. (3.50) will be used to plot the frequency spectrum of the infinite plate.
Case 2:
When the constants D and G are non-zero and all other constants are zero, we get similar

results to the previous case. The reduced submatrix for this case is

—if&sin fh/2 (% sin Bh/2 G

o L =0 (3.51)
—BsinBh/2  i&sinBh/2 D
and the displacement field is
Uy =0 (3.52a)
u, = (DB —iG¢) et (E251) cog Bz (3.52b)
U, =0 (3.52¢)

Here, we have a wave propagating in the Z-direction causing displacement solely in the
y-direction that is symmetric through the thickness of the plate. Waves of this nature are
classified as symmetric horizontal shear waves. The frequency equation is found when the

determinant of Eq. (3.51) vanishes. Hence,
B (8% + &%) sin® Br/2 =0 (3.53)

The roots of Eq. (3.53) will also be used to plot the frequency spectrum of the infinite plate.

Case 3:
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We next consider the case when the constants A and F' are non-zero while the other con-
stants are zero. This leaves us with the submatrix

ficosah/2  —facosBh/2 A

~ ~ o =0 (3.54)
—2iaésinah/2  f3sin fh/2 F
and the displacement field
Uy = {iAfcosaz — Fcos Bz} ¢i(§7-5) (3.55a)
iy =0 (3.55b)
i, = {—Aasinaz + iF¢sin Bz} (&%) (3.55¢)

This wave propagating in the Z-direction creates motion in both the z and Zz-directions.
The in-plane motion in the z-direction and the out-of-plane motion in the z-direction are
the result of a dilatational wave coupled with a vertical shear wave. For this case, the
effects of the dilatational wave cannot be separated from the effects of the vertical shear
wave. The displacement field for this case is symmetric with respect to the mid-plane of the
plate. Solutions of this type result in motion classified as longitudinal waves. The frequency

equation is found when the determinant of Eq. (3.54) vanishes. Hence,
f1f3cosah/2sin fh/2 — 2ifoaf sin @h/2 cos fh/2 = 0 (3.56)

The frequency equation given above is then simplified to the following form

tan Bh/2 B 4aBE?
tanah/2 (& - 52)2 (3.57)

Equation (3.57) is well-known as the symmetric Rayleigh-Lamb frequency equation. The
equation does not yield analytical results and must be solved numerically to obtain a re-
lationship between the natural frequency and the wave number for propagation in the
Z-direction. The intricacies that must be considered when finding the roots of the equation
will be discussed when plotting the frequency spectrum.
Case 4:
The final case to consider is when the constants B and FE are non-zero while the other
constants are zero. This results in the submatrix

fisinah/2  fysinBh/2 B

- - o =0 (3.58)
2ia€ cosah/2  fscosSh/2 E
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and the displacement field

u, = {iBsinaz + Efsin Bz} ¢i(E-2i) (3.59a)
y =0 (3.59)
i, = { Bacosaz + iE¢ cos Bz} ¢i(Ee—wt) (3.59¢)

The wave motion for this case is similar to the motion found in Case 3. The in-plane motion
in the Z-direction and the out-of-plane motion in the z-direction are again the unseparable
result of a dilatational wave coupled with a vertical shear wave. The displacement field for
this case is, however, anti-symmetric with respect to the mid-plane of the plate. Solutions
of this type result in motion classified as flexural waves. The frequency equation is found

when the determinant of Eq. (3.58) vanishes. Hence,
f1fssinah/2cos fh/2 — 2ifoa€ cos ah/2sin fh/2 = 0 (3.60)

The frequency equation given above is then simplified to the following form

tan Bh/2 G 62)2
tanah/2 | 1ap@ (3.61)

Equation (3.61) is well-known as the anti-symmetric Rayleigh-Lamb frequency equation.
As with the symmetric equation, the anti-symmetric equation does not yield analytical
results and must be solved numerically, which will be discussed when plotting the frequency

spectrum.

3.1 The Frequency Spectrum

We now have all of the requisite frequency equations established in order to plot the fre-
quency spectrum for the infinite elastodynamic plate. The frequency spectrum is presented
as a plot of the non-dimensional natural frequency of the plate, w, against the wave number
governing propagation in the Z-direction, £. Each of the frequency equations described in
the previous section, Egs. (3.50), (3.53), (3.57), and (3.61), corresponds to a branch of the

frequency spectrum.
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We first consider the horizontal shear branches as governed by Egs. (3.50) and (3.53).
The roots of Eq. (3.53) are the symmetric horizontal shear branches of the frequency spec-
trum. Hence, the roots are found to be

Bh  nm

5 =5 forn=20,2,4... (3.62)

>

The roots of Eq. (3.50) are the anti-symmetric horizontal shear branches of the frequency

spectrum and are found to be

>

% = %T forn=1,3,5... (3.63)
For both branches, the natural frequency is related to the wave number through Eq. (3.22),

with the non-dimensional shear wave velocity given in Eq. (3.13). Hence,

- symmetric for n = 0,2, 4...
W= \/6(1 —v) (n?m? + £2) (3.64)
anti-symmetric for n = 1,3, 5...

The branches of the horizontal shear spectrum given in Eq. (3.64) are plotted in Figure 3.1.

In the figure, the lowest branches for both the symmetric and anti-symmetric branches are

Symmetric

______ Anti-symmetric

10 15

Re(€)

Figure 3.1: The horizontal shear frequency spectrum for the infinite elastodynamic plate with
v =0.3.

labeled. When proceeding with the remainder of this thesis, the horizontal shear branches

will be referenced solely as the symmetric shear and the anti-symmetric shear branches.
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We next consider the Rayleigh-Lamb branches of the frequency spectrum, which are
governed by Egs. (3.57) and (3.61). The frequency equations are solved numerically to
obtain the branches of the frequency spectrum. In doing so, Egs. (3.17) and (3.22) are used

to express @ and S in terms of £ and . Hence,
a=|w?/et - & (3.65)

and
B=yw?/e2 - &2 (3.66)
Using these relations, the roots of Eqgs. (3.57) and (3.61) are numerically found for a given
value of €. These roots comprise the branches of the freqency spectrum appearing in Figure
3.2.
When root solving, attention must be paid to the changing behavior of the branches
in relation to the dilatational wave frequency and the shear wave frequency which appear

as lines labeled in Figure 3.2. The relationships for @ and 3 appearing in Eqs. (3.65) and

40 T
------ A}
_ . = ]
w i
35+ H
1
1
)
30+ .
25+
20
15+
10+
Symmetric
5L
...... Anti-symmetric
L 1

0
-15 -10 -5

Im(§) Re(§)

Figure 3.2: The Rayleigh-Lamb frequency spectrum for the infinite elastodynamic plate with v =
0.3.

(3.66) respectively are in fact only valid when @ > ¢4€.
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When .6 < @ < ¢4€, the term within the square root of Eq. (3.65) becomes negative

and the relation that must be used for & when root solving is
a=iy/& — w2/ (3.67)

while the relation for 3 remains Eq. (3.66).
When @ < £, the term within the square root of both Egs. (3.65) and (3.66) becomes
negative and Eq. (3.67) for @ must again be used when root solving. In this case, the
(3.68)

relation for 3 in Eq. (3.66) must also be rewritten as
f=ie ot

The relations in Eqgs. (3.67) and (3.68) were used where appropriate in solving for both the
symmetric and the anti-symmetric branches of Figure 3.2.
In concluding this chapter, the four frequency branches found in Figures 3.1 and 3.2
have been combined in Figure 3.3 as the complete frequency spectrum for the infinite elas-

todynamic plate. The branches from Figure 3.1 have been identified as the symmetric shear

and anti-symmetric shear branches. The anti-symmetric branches of Figure 3.2 have been

30
-

________________

25y

€l
=
~
AY
AY
\
-
I
i
-
il
l(,\

....
-

20t

Flexural
Longitudinal
Anti-symmetric Shear

o Symmetric Shear

Figure 3.3: The complete frequency spectrum for the infinite elastodynamic plate with v = 0.3.

identified as the flezural branches while the symmetric branches have been identified as the
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longitudinal branches of the frequency spectrum. We have now reviewed the developments
of the frequency spectrum for the infinite elastodynamic plate that will be used to assess the
accuracy of the frequency spectrum for the Mindlin plate. In the next chapter, a solution

to the governing equations for the Mindlin plate presented in Section 2.3 is developed.
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Chapter 4

The General Free Vibration Response for the Mindlin Plate

Here, we present the general solution for the free vibration response of the Mindlin plate
theory presented in Section 2.3. The governing equation for the free vibration problem is
Eq. (2.35) with the forcing matrix, F, set equal to zero. We begin by non-dimensionalizing
the governing equations so that the resulting frequency spectrum for the Mindlin plate
can be directly compared to the frequency spectrum of the infinite elastodynamic plate as

presented in Chapter 3.

4.1 The Eigenvalue Problem and Non-Dimensionalization

To solve the free vibration problem given by Eq. (2.35), we first assume a solution by

separation of variables between the time and spatial variables of the plate which takes the

form
u(z,y,t) = Uz, y)e™! (4.1)
where
W(z,y)
U=14 9.(z,9) (4.2)
Oy(,y)

and W, ¥,, and 9, are the modal displacement and modal bending rotations in the directions
indicated by the subscripts, respectively. Substitution of Eq. (4.1) into Eq. (2.35), with the
external excitation given by the force matrix set equal to zero, results in an eigenvalue
problem of the form

[k — w?m] U(z,y) =0 (4.3)

We will non-dimensionalize the given parameters in order to facilitate comparison of the

results with those of the previous chapter. In doing so, we will non-dimensionalize length
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scales with respect to the thickness of the plate, h, which results in the non-dimensional

coordinates and modal displacement

z=z/h, y=y/h, h=1 W(z,g)=W(x,y)/h (4.4)

The modal bending rotations are non-dimensional in their current form. The remaining

non-dimensional parameters of the plate follow as

— kh?
k= -5 = 6(1—v)k (4.5)

and

N Tgyr 1
r —_ — —— 4.
Tgy A 9 (4.6)

The non-dimensional natural frequency and time scale are
w=w/wy and t=wyt (4.7)

where

D

s (4.8)

Wy =

Substitution of Egs. (4.4)-(4.8) into Eq. (4.3) results in the non-dimensional eigenvalue

problem

[k —«’m] U(z,5) =0 (4.9)

kg k=& — = 505 ~15 525
(4.10)
and the non-dimensional modal matrix is
W(z,9)
U(z,5) = 9.(z,79) (4.11)
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4.2 Solution Procedure

To solve the system of differential equations given by Eq. (4.9) we again assume a solution

by separation of variables, but now seek to separate the spatial coordinates, T and . Hence,

W(z,y) A
U(z,9) =1¢ 0,(z,5) (=3 B e (4.12)
ﬁy(jag) é

where the spatial exponents chosen represent the wave number of a vibrational wave trav-
eling in the direction indicated by the subscript. The method is similar to that found in
Bottega [1] with the exception that imaginary directional wave numbers have been chosen,
as they lead to propagating wave solutions. The non-dimensional directional wave numbers

are
Ne = Neh, My = 77yh (4-13)

When Eq. (4.12) is substituted into Eq. (4.9), the system of differential equations becomes

an algebraic system of equations. It is given by

k(72 +m2) —@* ik, ik, A 0
— ikl Fyy 200 B =40 (4.14)
—iki)y 00y Fye C 0
where
Fry =k — &%, + 15 + ! 5 - (4.15)
and
Fyo =k —@r2,, + LoV, iy (4.16)

2
To solve the system of equations given by Eq. (4.14) we multiply the second row of the

matrix by 7, and subtract the third row of the matrix multiplied by 7, from it. This gives

1+v_ ~ 1+v_
773} — Cilg [Fyx - 775] =0 (4.17)

Bﬁy |:ny -
Here, algebraic manipulation shows that

1+v_,

1+v_
5k .=

= Fyp — ——12 = Fy* (4.18)

Fyy — .
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where

. = _9_ 1—-v ,_ _
Fo* =k —&%2, + (1735+775) (4.19)

[Bijy — Cij.] Fo* =0 (4.20)

and one or both of the two terms in the above equation must be equal to zero. We first
consider the case when the term in brackets is taken to be zero.
Case 1:
From Eq. (4.20) we have
By —Cijy =0 (4.21)

Substitution of this relation between B and C back into the second and third row of

Eq. (4.14) yields expressions for B and C, respectively, in terms of A as

LY (4.22)
Fo
and
¢ = 4 (4.23)
=% '
where
1+v_ 1+v 5 = o o
FO - ny + Tnz = Fym + 2 ni =k— OJ2 gyr + 77% + 77?3 (424)
Substitution of Eqs. (4.22) and (4.23) into the first row of Eq. (4.14) results in
[{Em+ny) —@*} Fo—K* (72 +7)] A=0 (4.25)

For non-trivial solutions, A must be non-zero and the term in brackets must vanish. This

allows for Egs. (4.22) and (4.23) to be rewritten in the form

B = i3 9(Mz, Ty, @) A (4.26)
and
C = ity g (7, Ty, @) A (4.27)
where
E o kp?—a?
Moy My, W) = 7 = —5—— 4.28
9Ny Ty, @) T e (4.28)
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with
P =0+ 77; (4.29)
Further, substitution of the last form for Fy appearing in Eq. (4.24) into the square bracketed

term of Eq. (4.25) results in the frequency equation for the present case considered as

K()" =@ [k, +1] (7) + @° [@r5,, — K] =0 (4.30)

Eq. (4.30) is the characteristic frequency equation for the case when Eq. (4.21) holds. The
equation is quadratic and hence will lead to two roots for 772. Each root relates the directional
wave numbers to the natural frequencies of the plate and hence, acts as a branch of the
frequency spectrum for the Mindlin plate.

We will later find that the roots of Eq. (4.30) contribute to flezural motion of the plate
and hence, will refer to the resulting frequency branches as flezural branches. A detailed
explanation of the flexural frequency branches follows. The development improves upon the
solution found in Bottega [1] by identifying the physical interpretation of the wave numbers
for each branch of the spectrum separately. This leads to more clearly defined relationships

between the natural frequencies and wave numbers. The first flexural branch is given by
7 =0’ Fy (4.31)

where

Lot s 2 | 7o
Fi=gr [klrgw +1+ \/ (k172 —1)" + 4kjo2 (4.32)

Further advancing on Bottega [1], & has been given a subscript of one in Eq. (4.32) in this
study to indicate it is the non-dimensional shear stiffness associated with the first flexural
branch of the frequency spectrum. This will later be used when selecting the best value for
the shear correction coefficient.

Employing Eq. (4.31), we proceed to the determination of the form of 7, and 7, for
flezural branch one. Inspection of Eq. (4.32) shows that F} will be positive for all values
of @, while @ must aways be positive as well. As a result, 77 must be strictly positive,
which means it is propagating in form. In order for this requirement to be satisfied, the
wave number in one coordinate direction must be strictly propagating in form. Hence,

we assume the Z-direction will have a propagating wave number and take 7, to be real
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valued as we initially assumed propagating solutions. This sugguests the plate will then
have simply-supported boundary conditions at each edge of the plate in the Z-direction.
This leads to

Ne = & = +ah (4.33)

For this branch, we will also assume 7, to be real valued which leads to
Ty = 7 = £ (4.34)

For some boundary conditions, it is possible for 7j,, to be imaginary valued at low frequen-
cies. For this possibility, 7,,=+iy==xivh in Eq. (4.34), which must be considered when
applying boundary conditions but will not always lead to real valued solutions for the nat-
ural frequency. Hence, the real valued wave number represents the more robust form of the
solution.

For the first flezural branch, Eq. (4.33) and the real or imaginary form of Eq. (4.34) are

the components of 7; which are related through Eq. (4.31) as

2

a* - 4% =a*F, for (d > ’72) , o a4+ =R (4.35)

For most geometries and magnitudes of the natural frequency, the expression on the right
in Eq. (4.35) will represent the relationship between the directional wave numbers and the
natural frequencies for this branch. When the expression on the left is a possible solution,

2 is no longer greater than 42. Here, iy — 7

the magnitude of w will reach a value where &
and the term on the right in Eq. (4.35) will govern the relationship between the directional
wave numbers and the natural frequencies for all subsequent values of @.

The second flexural branch is given by
s = 0 Fy (4.36)

where

1 7 -2 T 2 79— __
Fy = T [/@rgyr +1-— \/ (kor2,, —1)" + 4k30—2 (4.37)
This time, k& has been given a subscript of two in Eq. (4.37) to indicate it is the non-
dimensional shear stiffness associated with the second flexural branch of the frequency

spectrum. In order to relate this branch of the spectrum to the first flexural branch we take
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the directional wave number in the Zz-direction for this branch to be given by Eq. (4.33).
Now, we see that F5 < 0 for low values of w. As a result, we consider an imaginary wave
number in the g-direction

Tyy = Eifi = Liph (4.38)

where [ is real valued and a hat has been used to signify that the directional wave number
corresponds to a non-propagating wave solution. When @ > /ks/ fgyr, we see that F» > 0
and it is possible for +iji — +p in the above relation. For this branch, the magnitude of
w determines how the directional wave numbers given by Eqgs. (4.33) and (4.38) are related
to the natural frequencies through Eq. (4.36).

When & < y/ka/72,, — F» < 0:

a’ — (i? =@’ for (i° > a?) (4.39)

When w > /2‘2/7732,”, — Fy > 0:

a’— [ =w’F, for (a®>p?), o a*+pt=a’h (4.40)

As @ increases beyond \/Eg/fgyr, Eq. (4.39) will transition to the term on the left in
Eq. (4.40). Then, as @ continues to increase there will reach a point when @2 is no longer
greater than fi>. Here, ii — fi and the term on the right in Eq. (4.40) will govern the
relationship between the directional wave numbers and the natural frequencies for all sub-
sequent values of w. We now proceed back to Eq. (4.20) to determine the behavior of the
remaining frequency branch.

Case 2:

When considering the latter term of Eq. (4.20) we have
Fy* =0 (4.41)

Letting Fp* = 0 in Eq. (4.18) gives new relations for F,, and Fj, that can be substituted

into Eq. (4.14) to obtain the alternate form

kn? —o? ki, ik A 0
—ikie AR Sy | B (=1 0 (4.42)
—ikny T, P c 0
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The second and third row of the above matrix are now linearly dependent. Hence, we
multiply the first row of the matrix by k7, and add the second row of the matrix multiplied

by (7{172 — LDQ) to it. This results in the relation

C=-p (4.43)
Ty
Substitution of Eq. (4.43) into any row of Eq. (4.42) results in
A=0 (4.44)

Hence, the solutions corresponding to the present case (Case 2) will not appear in the modal
displacement function. The integration constants of the modal bending rotation functions
for Case 2 are related through Eq. (4.43).

We will find that motion associated with Case 2 will correspond to shear motion and
hence, we will call this the anti-symmetric shear branch of the frequency spectrum or the
shear branch for short. Now, Eq. (4.41) is the frequency equation for Case 2 and setting
Eq. (4.19) equal to zero results in

=S (4.45)

where

5= -5 2 5 [fa =2, (4.46)

Here, k has been given a subscript of s in Eq. (4.46) to indicate it is the non-dimensional
shear stiffness associated with the shear branch of the frequency spectrum. As with the
flezural branches, the directional wave number in the Z-direction is given by Eq. (4.33).
Similar to the second flezural branch, we see that S < 0 for low values of w and therefore

also consider an imaginary wave number in the g-direction for this branch. This gives
My, = +if = +ifh (4.47)

where § is real valued. When & > \/ ks /fgyr, we see that S > 0 and it is possible for
+i3 — 4 in the above relation. In the same manner as with flezural branch two, the
magnitude of w determines how the directional wave numbers given by Egs. (4.33) and
(4.47) are related to the natural frequencies through Eq. (4.45). Considering both real and

imaginary values for 7, in Eq. (4.47) results in the admissible relations between the natural
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frequencies and the directional wave numbers.

When @ < /ks/72,, — S < 0:

gyr
~2 22 22 —2
a— 2 =5 for (5 >a) (4.48)
When & > 4 /ks /72, — S > 0:
a2— =5 for (a2 > 32) . or a2+ P=5 (4.49)

As w increases, Egs. (4.48) and (4.49) will follow the same behavior as Egs. (4.39) and (4.40)
did for the second flexural branch. In general, the natural frequency for which i — B will
not be the same as the frequency for which i — f.

With the relations between the integration constants of the modal functions and the
natural frequency-wave number relations for all three branches of the frequency spectrum

established, we proceed to obtain the general expressions for the modal functions.

4.3 The Modal Functions

The general solution for the modal functions is found by taking the linear combination of all
possible solutions obtained when substituting the admissible wave numbers into Eq. (4.12).
For the first flexural branch, the admissible wave numbers given by Eqgs. (4.33) and (4.34),
which are related through Eq. (4.35), contribute to the modal displacement and bending

rotations as follows

Wi(Z,7) = A1e%e 4 Age 0% | A3e" 0%~ 4 A e "0% =00 (4.50)
Vzy (T, ) = B1€7e 4 Boe 0%V 4 B3e!®®e™Y 4 Bye 0% 1Y (4.51)
Dy (7, 7) = C1" 9% 4 Coe™ 0% | C3¢0% e~ 4 Cye 0%~ 170 (4.52)

When applying boundary conditions and interpreting results, it is advantageous to work
with the above equations in the form of trigonometric functions. The transverse modal

displacement for the first flevural branch, W1, given by Eq. (4.50) is rewritten as

W1(Z,9) = [A1 cosaz + Agsinaz] x [As cos ¥y + Ay sin ] (4.53)
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where
AjA3 = A1+ Ay + A3 + Ay Ay Ay =i {Ay + Ay — A3 — Ay}
A2A3:7:{A1—A2+A3—A_4} A2A4:—{A_1—A2—A3+A_4}

(4.54)

When rewriting the modal bending rotation ¥,, given by Eq. (4.51) in a form similar to
that of Eq. (4.53), we will also express the constants By-By in terms of the constants A;-Ay

as related by Eq. (4.26). Hence,

By =iagiA
By = —iag A
> e (4.55)
B3 =iagi Az
By = —iag1 Ay
where, from Egs. (4.28) and (4.35)
o kiFy —1
= S E— 4.56
g1 g(av 77(’0) lel ( )
Using Eqgs. (4.54) and (4.55), we rewrite ¥, as
Ve (Z,9) = —agy [A1 sinax — Ay cos az| x [Agcosyy + Agsinyy] (4.57)

When rewriting the modal bending rotation 9,, given by Eq. (4.52) in a form similar to
that of Eq. (4.53), we will also express the constants C1-Cj in terms of the constants A1-Ay

as related by Eq. (4.27). Hence,

C1 = 914
Cy =iy A
_2 91 2_ (4.58)
C3 = —i7g143
Ci = —iyg1 44
Using Eqgs. (4.54) and (4.58), we rewrite 9,, as
Uy, (Z,9) = =791 [A1 cos aZ + Ag sin az] x [Assinyy — Ay cos 7] (4.59)

The modal displacement and bending rotations for the first flexural branch are given by
Egs. (4.53), (4.57), and (4.59).
If for low values of @, there exists solutions such that 4 — %, the modal displacement

and bending rotations for the first flezural branch then take the form

Wi (z,y) = [Aj cosaz + Agsinaz] x [Agcosh4y + Ay sinh 47) (4.60)
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Uay (Z,9) = —agy [A1 sinaz — Ay cos az| x [As coshyy + Ay sinh 4y] (4.61)
Uy, (Z,79) = g1 [A1 cos aZ + Ay sinaz| x [Azsinh 4y + A4 cosh 4] (4.62)

The multiplicative combinations of the constants A; and A with A3 and A4 are then related
to the constants Ai-A4, Bi-By, and C1-Cy by relations similar to those that will be seen
for flexural branch two with the subscripts changed accordingly. The parameter g; remains
defined by Eq. (4.56).

The admissible wave numbers for the second flexural branch are given by Eqs. (4.33)
and (4.38) and are related through Eq. (4.39) or Eq. (4.40) depending on the magnitude of
@. In this development, we use Eq. (4.39) since it corresponds to lower values of @. The

modal displacement and bending rotations follow as

Wy (z,9) = AT 4 AgeTI0TeT 4 Anei 0Tl 4 AgeTIOT ol (4.63)
V2o (T,7) = Bse®e ™M 4 Bge 0% ™M | Brei@%ef¥ | Bge™ 0% (4.64)
Voo (Z,9) = Cre'@ ™M 4 Cue 0% 1 Crel@® el | Cige™ 0% Y (4.65)

Rewriting the modal functions of the second flezural branch in terms of trigonometric and
hyberbolic functions is done in a similar procedure to that of the first flexural branch. The
transverse modal displacement for the second flezural branch, Wa, given by Eq. (4.63) is

rewritten as
Wo(Z,9) = [A1 cosaz + Agsin az] x [As cosh fif + Ag sinh i3] (4.66)

where

A1As = A5 + Ag + A7 + As AlAGZ_{A5+A6—A7_A8} (4.67)
A2A5:’L'{A5—A6+A7—A8} AQAGZ—Z'{A5—A6—A7+A8}
When rewriting the bending rotation ¥,, given by Eq. (4.64), the constants Bs-Bg are

related to the constants As-Ag by Eq. (4.26). Hence,

Bs = iaiga As
BG = —’i@gzzzlf; (4 68)
Bq = iag. Az

Bg = —iag Ag
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where, from Egs. (4.28) and (4.39)

. keFr—1

— g(a,if,@) = 222 4.69
92 = 9(o 11, @) = = (4.69)

Using Eqs. (4.67) and (4.68), we rewrite ¥, as
Vo (Z,7) = —g2 [A1 sinax — Ag cos aZ| x [As cosh iy + Ag sinh 1] (4.70)

When rewriting the bending rotation ¥, given by Eq. (4.65), the constants C5-Cy are

related to the constants As-Ag by Eq. (4.27). Hence,

Cs = —figaAs
Co = —f1g2Ag
T (4.71)
Cr = [ig2 A7
Cs = figaAs
Using Eqgs. (4.67) and (4.71), we rewrite ¥y, as
Uy, (Z,9) = f1g2 [A1 cos aT + Az sinaz] x [Assinh iy + Ag cosh f1y] (4.72)

The modal displacement and bending rotations for the second flezural branch for low natural
frequencies are given by Egs. (4.66), (4.70), and (4.72).
If @ reaches sufficient magnitude such that it — [i, the modal displacement and bending

rotations for the second flexural branch then take the form

Wo(Z,9) = [A1 cosaZ + Agsinaz] x [As cos iy + Ag sin jiy] (4.73)
Vo (Z,7) = —age [A1 sin @ — Ag cos ax] x [As cos iy + Ag sin iy] (4.74)
Uy, (Z,Y) = —[ig2 [A1 cos @ + Ag sin az] x [As sin iy — Ag cos iy] (4.75)

The multiplicative combinations of the constants A; and As with As and Ag are then
related to the constants As-Ag, Bs-Bg, and C5-Cg by relations similar to those of flexural
branch one with the subscripts changed accordingly. The parameter g2 remains defined by
Eq. (4.69).

From Eq. (4.44), we see that the shear frequency branch will not contribute to the

transverse modal displacement function. It does however, contribute to the modal bending
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rotations. The admissible wave numbers for the shear branch are given by Egs. (4.33) and
(4.47) and are related through Eq. (4.48) or Eq. (4.49) depending on the magnitude of .
In this development we use Eq. (4.48) since it corresponds to lower values of @. The modal

bending rotations follow as
Ve, (Z,7) = Bgeidjefgg + Bloefm"fe*'ég + Bnemieﬁg + Blgefid"feﬁg (4.76)
Dy (Z,9) = C_'geidjefég + 6_'10671'6@6737; + C’lleia‘%eég + 012645@63@ (4.77)

In this case, we rewrite the modal bending rotation v,, in terms of trigonometric and

hyperbolic functions. Hence, Eq. (4.76) becomes
Uy, (Z,y) = [B7 cos T + Bgsin az] x |:Bg cosh 37 + By sinh ng] (4.78)

where

BBy = By + Big + B11 + Bi2 BBy = —{By + Big — B11 — Bia2} (4.79)
BsBg =i{By — Big + B11 — Bia} BsBig = —i{By — Bio — Bi1 + B2}
When rewriting the bending rotation 9, given by Eq. (4.77), the constants Cy-Cio are

related to the constants Bg-Bi2 by Eq. (4.43). Hence,

Cy =112 By
Cho = —i% Bio
] s (4.80)
Cn = —i%Bn
Cra = i%312
Using Egs. (4.79) and (4.80), we rewrite 9, as
Oy, (Z,7) = g [B7 sin @z — Bg cos az| X [Bg sinh 37 + Bjg cosh Bg} (4.81)

The modal bending rotations for the shear branch for low natural frequencies are given by
Egs. (4.78) and (4.81).
If @ reaches sufficient magnitude such that zB — B, the modal bending rotations for the

shear branch then take the form

U, (Z,7) = [Br cos T + Bgsinaz] x [By cos B + Bigsin 3] (4.82)
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¥y, (Z,§) = = [Brsinaz — Bgcos az| x [Bysin 3y — By cos 3] (4.83)

I Q1

In this development, Egs.

—

4.79) and (4.80) would have different definitions for the relation-
ships between the integration constants Br7-Big.

The total solution for the modal displacement and bending rotations for the free vibra-
tion of the Mindlin plate is obtained from the linear combination of the individual solutions
for each of the three branches of the frequency spectrum. The solution includes twelve in-
dependent integration constants as shown in Egs. (4.54), (4.67), and (4.79). It was seen in
Section 2.3 that Mindlin plate theory requires the specification of three independent bound-
ary conditions on a given edge of a structure and hence twelve independent conditions on
the boundaries of a square or rectangular plate to solve for the twelve integration constants.

The general form of the modal functions for a Mindlin plate are shown here

W(:i‘vg) = Wl + WZ
= [A; cos aT + Ay sin az] (4.84)

x [As cosyy + A4 sinyy + As cosh iy + Ag sinh f1y]

'19:1:('%7 g) = 19931 + 79962 + "9565

= —a[A;sinaz — Ay cos az]

(4.85)
x [g1 {As cosJy + Agsinyy} + g2 {As cosh i + Ag sinh [y }]
+ [Br cos T + Bg sin az] x [Bg cosh 37 + Big sinh By}
ﬁy(ja g) = 191/1 + ﬁyz + ,ﬁys
= [A; cos az + A sin az]
(4.86)

x =791 {Assinyy — A4 cos ¥y} + fig2 { A5 sinh i + Ag cosh iy }]

+ % [Br sin aZ — Bg cos @] X | By sinh Bg] + Big cosh By
where ¢; is given by Eq. (4.56) and gy is given by Eq. (4.69). As noted earlier, if the
frequency range of interest is of sufficient magnitude, Eqs. (4.73)-(4.75) must be used when
ifi — fi and Egs. (4.82)-(4.83) must be used when i3 — B in combining the individual
solutions to get Eqgs. (4.84)-(4.86). If for low frequencies there exists solutions such that
v — 9, Egs. (4.60)-(4.62) must be used when combining the individual solutions to get
Eqgs. (4.84)-(4.86).
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The solution for the modal functions of the Mindlin boundary value problem presented
in Eqgs. (4.84)-(4.86) will not yield non-trivial solutions for every possible combination of
boundary conditions in the Z and y-directions. If the plate has clamped or free edges in
the Z-direction, it is found when applying boundary conditions that all of the integration
constants must vanish, the trivial solution. Hence, the solution presented in Eqs. (4.84)-
(4.86) requires the plate to have simply-supported boundaries in the Zz-direction. The
solution then allows for any combination of boundaries in the y-direction.

A given structure will possess an infinite number of free vibration modes of the form
of Egs. (4.84)-(4.86), corresponding to a specific combination of wave numbers and natural
frequency. Upon determining the specific form of the modal functions by the application of
boundary conditions, the solution to the eigenvalue problem expressed in Eq. (4.3) results
in the general free vibration response of the form

00 oo
w(z, 7.0 =YY U9(z,5) A0 cos (@juf — d1n) (4.87)

j=1n=1
where TU™ (Z,7) is the matrix of modal functions, AU™) is the amplitude, and Gjn is
the phase angle. The amplitude and phase angle are determined by the initial conditions

imposed upon the plate.

4.4 The Frequency Spectrum and Selection of the Shear Correction Co-

efficient

In this section, we further examine the frequency equations of the Mindlin plate, Eqgs. (4.31),
(4.36), and (4.45), to determine the optimal value of the shear correction coefficient to
use in applications. The best shear coefficient is determined here by comparison to the
elastodynamic frequency spectrum for the infinite plate as presented in Chapter 3. One
value considered here is Eq. (2.28), K = 5/(6 — v), which Hutchinson [10] and Stephen [29]
determined best approximates the lowest flexural frequencies of the plate. The other value
is k = m2/12 from Mindlin [17], which gives exact replication of the lowest anti-symmetric
shear branch of the elastodynamic spectrum (see Figure 3.1). In Figure 4.1, the frequency
spectrum for each of these values of the shear correction coefficient is plotted against the

anti-symmetric branches of the elastodynamic spectrum, which is shown in Figure 3.3 for
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a Poisson’s ratio of v = 0.3. Poisson’s ratio is the only parameter that must be given a

numerical value in plotting the frequency spectrum in those figures.

=

Tm(n) Re(7

Figure 4.1: Comparison of the Mindlin plate frequency spectrum to that of the infinite elastody-
namic plate for two values of the shear coefficient with v = 0.3, where F; and F» indicate the flezural
branches and S indicates the shear branch.

Here, we see that k = 5/(6 — v) provides a very good approximation of the frequencies
associated with the lowest flezural branch (Fy) over the entire range of wavelengths and
frequencies considered. It does not provide very good agreement with either of the other
two elastodynamic branches in Figure 4.1, except for the second flexural branch (F») at very
low frequencies. As mentioned previously, x = 72/12 provides exact agreement with the
frequencies of the lowest anti-symmetric shear branch. It also gives better approximation
of the second flexural branch to a much higher frequency, while accurately predicting the
cut-off frequency for this branch of the elastodynamic spectrum.

Egs. (4.31), (4.36), and (4.45) each represent a solution to the eigenvalue problem of the
Mindlin plate, Eq. (4.9), for a given value of the shear stiffness, k. In Section 4.2, the shear
stiffnesses corresponding to the solution for each branch were given a subscript to identify
which branch they were associated with. The total solution for the Mindlin plate was then

taken to be the linear combination of the contributions from each of the three frequency
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branches. From Figure 4.1, we see that the most accurate results for the frequency spectrum
of the Mindlin plate can be obtained by choosing different values of the shear correction

coefficient for the different branches of the spectrum. Hence, the shear stiffness for branch
one in Eq. (4.31), is calculated using

5
4.
- (4.88)

R1

The shear stiffnesses for the second flezural branch and the shear branch in Eqgs. (4.36) and
(4.45) respectively, are calculated using

7T2

K2 = ks = 15 (4.89)

These values will result in the most accurate approximation of the frequency spectrum for
a plate using Mindlin theory.

The Mindlin frequency spectrum found using the shear correction coefficients as defined
in Eqgs. (4.88) and (4.89) is superimposed over the elastodynamic frequency spectrum in

Figure 4.2, again for a Poisson’s ratio of ¥ = 0.3. The use of multiple shear correction
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Figure 4.2: Comparison of the frequency spectrum for Kirchhoff plate theory, Mindlin plate theory,
and the infinite elastodynamic plate for k1 = 5/(6 — v) and kg = ks = m2/12.

coefficients results in good approximation of the lowest flexural branch and exact values for
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the lowest anti-symmetric shear branch. The remaining Mindlin branch given by Eq. (4.36),
matches closely with the second flexural branch up to approximately a frequency of w = 8
before deviating from that branch. It then later matches closely with a higher longitudinal
branch of the elastodynamic spectrum for a range of frequencies beginning at approximately
@ = 12. Stephen [29] argues that due to the “schizonphrenic nature” of this Mindlin branch
with respect to the elastodynamic spectrum, it should be disregarded. We argue here
that this Mindlin branch corresponds to the second flexural branch, with the theory losing
accuracy once the Mindlin branch deviates from the elastodynamic branch. In this light,
the use of multiple shear correction coefficients as presented herein results in highly accurate
frequency predictions up to approximately w = 8 for Mindlin plate theory.

The frequency spectrum predicted by Kirchhoff plate theory has also been included in
Figure 4.2. Assuming a solution to Eq. (2.49) by separation of variables similar to Egs. (4.1)

and (4.12), results in the frequency equation for the Kirchhoff plate. Hence,

7P =w (4.90)

where @ is the same as that given for the non-dimensionalization for the natural frequencies
of the Mindlin plate in Eq. (4.7). The frequency branch for Eq. (4.90) in Figure 4.2 shows the
well known result that Kirchhoff theory is only accurate for low frequency flexural vibrations.
When compared to the elastodynamic theory in the figure, Kirchhoff theory results in
significant error beyond approximately w = 0.5 when predicting vibrational frequencies.
The frequency branches for the Mindlin plate in Figure 4.2 are plotted as continuous
paths which represent all of the possible vibration modes for a plate. The vibration modes
for a specific geometry correspond to a set of discrete points along the branch paths de-
termined when the boundary conditions are applied for a particular geometry and support
conditions. In the next chapter, we proceed to apply the general solution for the free

vibration modes of the Mindlin plate for specific combinations of boundary conditions.
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Chapter 5

Mindlin Theory Applied for Specific Boundary Conditions

In applying boundary conditions to the general solution for the Mindlin plate boundary
value problem as derived in Chapter 4, we consider a plate defined over the non-dimensional
domain from Z = 0 to Z = @ and from 4 = 0 to § = b as shown in Figure 5.1 with thickness,

h. In accordance with the derived solution procedure, the plate must have simply-supported

z

Figure 5.1: Plate with coordinate system and dimensions.

edges in the Z-direction. We will first apply the boundary conditions for simply-supported
edges in the Z-direction and then proceed to consider simply-supported, clamped, and free

boundaries in the g-direction. Mixed boundaries in the g-direction will not be considered.

5.1 Simply-Supported Boundary Conditions in the z-direction

Along simply-supported edges, the structure is free to rotate in the direction perpendicular
to the edge but cannot displace or rotate in the direction tangential to the edge. Therefore,

in accordance with the possible boundary conditions specified in Section 2.3, the transverse
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displacement, the normal bending moment, and the tangential rotation along the edges in

the Z-direction must vanish. Hence, the non-dimensional boundary conditions for the modal

functions along z = 0 follow as

W(0,y) =0 (5.1a)
09, 0V, _
9,(0,5) = 0 (5.1c)
and along T = a
W(a,y) =0 (5.2a)
09, 0v,
-7y = 2
[83; —i—uayLza 0 (5.2b)
Uy(a,y) =0 (5.2¢)

Since the tangential rotations of Eqs. (5.1c) and (5.2¢) vanish along the edges in the Z-
direction, the following relations will also hold on those edges

09,
dy

— 8191/

= 57| =0 (5.3)

=0 T=a

Incorporation of Egs. (5.3) into Egs. (5.1b) and (5.2b) simplifies those boundary conditions

to
09,
= 4
97 |, 0 (5.4a)
oV,
pu— .4
9z |._. 0 (5.4b)

Imposing the boundary conditions given by Egs. (5.1a), (5.1¢), and (5.4a) upon the modal

functions given by Egs. (4.84)-(4.86) results in the following respective relations

Ay [Ascosyy + Aysinyy + As cosh 1y + Agsinh 1] = 0 (5.5)

A1 [=7991 {Assinyy — Agcos ¥y} + fige { A5 sinh i + Ag cosh iy }] (5.6)
- <d/B> Bg {Bg sinh Bg + Bigcosh Bg} =0

—aA [g1 {Ascos Y + Agsinyy} + g2 {As cosh iy + Ag sinh i }] (5.7)

+Bs |:Bg cosh Bﬂ + Bjgsinh Bg] =0

In order for the relations given in Eqs. (5.5)-(5.7) to vanish identically, we require

A =Bs=0 (5.8)
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Next, imposing the boundary conditions along the edge = a given by Egs. (5.2a), (5.2c),

and (5.4b) with Eq. (5.8) results in the following respective relations

Ag sin @a [Ag cos ¥y + Agsinyy + As cosh iy + Ag sinh ig] = 0 (5.9)

Agsinaa [—yg1 {Azsinyy — Ay cos Yy} + fig2 { A5 sinh 1y + Ag cosh iy }] (5.10)
n (a /B) Brsinaa [Bg sinh 37 + Bio cosh Bg} —0

—aAysinaa g1 {Ag cosJy + Agsinyy} + g2 {As cosh i + Ag sinh i7}] (5.11)

—Brsinaa |:B9 cosh Bﬂ + Bjgsinh Bg] =0
The relations given by Egs. (5.9)-(5.11) will vanish identically if the constants As and By

vanish or if

sinaa =0 (5.12)

If the constants vanish, we will be left with the trivial solution of zero displacement. Hence,

for non-trivial modal displacements, Eq. (5.12) is satisfied for
a=a;=jr/a (j=1,2,..) (5.13)

where j is any integer value and the integration constants Ao and B7 remain undetermined.
The boundary conditions in the Z-direction have been fully implemented and incorpo-

ration of Eq. (5.8) reduces the modal functions to the following form
W(Z,y) = Ay sinaz [A3 cos ¥y + Aysin7g + As cosh i + Ag sinh jig] (5.14)

V(Z,y) = aAacosax [g1 {Ag cos Yy + Agsinyy} + g2 { As cosh iy + Ag sinh iy }] (5.15)
+ B7cosazx [Bg cosh B@ + Bjgsinh ﬁAgj}
0y (Z,7) = Azsinaz [—7g1 {Assin 7§ — Ay cos ¥y} + figa { As sinh i + Ag cosh ij}]
+ d/ﬁ) By sinaz |:Bg sinh ,5’@ + Big cosh Bg]
(5.16)
with & given by Eq. (5.13). The reduced modal functions above will hold for a plate with

any combination of boundary conditions in the g-direction.
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5.2 Simply-Supported Boundary Conditions in the y-direction

For simply-supported edges in the y-direction, the transverse displacement, the normal
bending moment, and the tangential rotation must vanish as they did along the edges in
the Z-direction. Hence, the non-dimensional boundary conditions for the modal functions

along ¢ = 0 follow as

W(z,0) = (5.17a)
oy 0T 7=0
9.(Z,0) =0 (5.17¢)
and along § = b
W(z,b) =0 (5.18a)
v, 09, B
[ay w2 Lb _o (5.18b)
9.(Z,0) =0 (5.18¢)

Since the tangential rotations of Eqs. (5.17c) and (5.18c) vanish along the edges in the

y-direction, the following relations will also hold on those edges

oY,
0z

90,
Oz

=0 (5.19)

y=b

9=0

Incorporation of Eqgs. (5.19) into Eqgs. (5.17b) and (5.18b) simplifies those boundary condi-

tions to
9y _, (5.20a)
o7
% =0 (5.20b)
8y g:B

Imposing the boundary conditions given by Egs. (5.17a), (5.17¢), and (5.20a) upon the
reduced modal functions given by Egs. (5.14)-(5.16) results in the following respective re-
lations

As sin ax [Ag + A5] =0 (5.21)
@Ay cosaz [g1As + gaAs] + BrBgcosaz =0 (5.22)

Ay sinaz [~32g1As + g2 As] + aBrBysinaz = 0 (5.23)



52

In order for the relations given in Eqs. (5.21)-(5.23) to vanish identically, we require
A3 = A5 =By =0 (5.24)

Next, imposing the boundary conditions along the edge Z = a given by Egs. (5.18a), (5.18¢),

and (5.20b) with Eq. (5.24) results in the following respective relations
Assinaz [Aysinyb + Agsinh ib] =0 (5.25)
aAs cos T [gl Aysinyb + ga Ag sinh ﬂl_)] + By cos T [Blo sinh Bl_)} =0 (5.26)
Ay sin ax [—7291A4 sin b + ji2g2 Ag sinh ﬂl_)] + aB7 sin ax [Blo sinh BB} =0 (5.27)

The relations given in Eqs. (5.25)-(5.27) will vanish simultaneously if the following condi-

tions are satisfied

Aysinyb =0 (5.28)
Agsinh fib = 0 (5.29)
Bjgsinh b = 0 (5.30)
Equation (5.28) is satisfied for
¥ =4, =nm/b (n=1.2,..) (5.31)

where n is any integer value and the integration constant A4 remains undetermined. The
other conditions given in Eqgs. (5.29) and (5.30) only have roots for imaginary values of the
spatial wave numbers, so we take the constants associated with those equations to vanish.
Hence,

Ag=Big=0 (5.32)

The wave numbers for the rectangular plate with all four edges simply-supported are given
by Egs. (5.13) and (5.31). The natural frequencies for the free vibration modes are then
determined from the term on the right in Eq. (4.35). The natural frequency will be indexed
on both j and n and hence, given as @jy,.

The natural frequencies and spatial wave numbers are then substituted into the modal

functions to obtain the shape for each vibration mode. Substitution of Egs. (5.24) and



93

(5.32) into Egs. (5.14)-(5.16) yields the modal functions for the Mindlin plate with simply-

supported edges in the y-direction as

W™ (z,5) = AU sin @, T sin 3,7 (5.33)
19;]1”) (j7 g) = ajg%jn)A(jn) COS @jf sin YnY (5'34)
1975{”) (j;, g) = f’ynggjn)A(jn) sin QX COS Yp Yy (5‘35)
where

The modal functions above have been given a subscript of one since only terms from the first
flexural solution branch, given in Egs. (4.53), (4.57), and (4.59), remain in the total solution.
From Eq. (5.31), we also found that the spatial wave number 4, for the first flexural branch
was the only wave number to yield a natural frequency. Hence, in Egs. (5.33)-(5.35) only
the first flexural frequency branch is active, while the other two branches do not effect the
vibrational motion for these modes. The modal functions are evaluated using the values of
@, Yn, and @j, for a given mode.

Consideration is now given to the remaining frequency branches for the simply-supported
Mindlin plate. If we allow 4fij,, — [ijn for the second flexural branch, then this branch will

also yield propagating solutions of the form

f=fin=nn/b (n=12,.) (5.37)

This relation allows us to solve for the natural frequencies corresponding to the second
flezural branch through the term on the right of Eq. (4.40). We also see that the general
solution for propagating solutions of the second flezural branch, given in Eqs. (4.73)-(4.75),
takes a similar form to those of the first branch. As a result, they will satisfy the boundary
conditions for a rectangular plate with four simply-supported edges. Imposition of the
requisite boundary conditions yields the modal functions associated with the vibration

modes of the second flexural branch as
W™ (z,5) = AU sin 6,7 sin fin g (5.38)
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195/2”) (Z,7) = ﬂngéj")A(j") sin ;T cos finj/ (5.40)
where
AU = Ay Ag (5.41)

The modal functions for this branch are evaluated using the values of &;, iy, and @, for
a given mode.
Similarly, if we allow iBjn — /Bjn, then the solutions of the shear branch will yield

propagating results of the form
B=pn=nr/b (n=12,..) (5.42)

which allows us to solve for the natural frequencies corresponding to the shear branch
through the term on the right of Eq. (4.49). In this case, the general solution for propagating
solutions of the shear branch, given in Eqgs. (4.82) and (4.83), will also satisfy the boundary
conditions for a rectangular plate with four simply-supported edges. Imposition of the
requisite boundary conditions yields the modal functions associated with the vibration

modes of the shear branch as

WO (z,9) =0 (5.43)
79;]'5") (z,7) = AU™ cos a;7 sin 3,7 (5.44)
99" (z,5) = — (aj/Bn) AY™ sin &; 2 cos By (5.45)
where
AU™ = B-By, (5.46)

The modal functions for this branch are evaluated using the values of &;, B, and wjp for a
given mode.

The solution for which 4 — % at low frequencies will not yield solutions for simply-
supported boundaries. For the case of the simply-supported Mindlin plate, we have found
that only one of the three frequency branches is active for a given vibration mode. Since
the frequency branches do not interact, we are able to solve for a natural frequency along
each of the three branches for a given real valued 7 obtained from the modal indices j and

n. When considering other combinations of boundary conditions in the g-direction we will
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find that all three frequency branches must remain active in order for a given vibration

mode to satisfy the requisite boundary conditions.

5.3 Clamped Boundary Conditions in the y-direction

Along clamped edges, the structure cannot displace or rotate in either direction. Therefore,
along the edges in the y-direction the displacement, the normal rotation, and the tangential

rotation must vanish. Hence, along y =0

W(z,0) =0 (5.47a)

9 (%,0) =0 (5.47b)

9,(z,0) = 0 (5.47¢)
and along the edge 7 = b

W(z,b) =0 (5.48a)

92(Z,0) =0 (5.48Db)

Vy(Z,b) =0 (5.48¢)

We continue by imposing the boundary conditions along the edge y = 0 given by Eqs. (5.47)
upon the reduced modal functions given by Egs. (5.14)-(5.16), which results in the following

respective relations

As sin ax [Ag + A5] =0 (549)
COsS QT [dAQ {g1A3 + 92A5} + B7Bg] =0 (550)
sinaz | Az {79144 + fig2 A} + (a/B)B7Bio| =0 (5.51)

Since the trigonometric functions of Z in the above relations do not vanish identically,
Eq. (5.49) yields
As = —Aj3 (5.52)

When Eq. (5.52) is substituted into Eq. (5.50) and the resulting expression is simplified, we
obtain the relation

B7Bg = @Ay Az (gg — 91) (553)
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We also simplify Eq. (5.51) to the following form

BrBio = —(6/a) Az {791 A4 + jigaAc} (5.54)

which will be used along with Egs. (5.52) and (5.53) to simplify the relations obtained when
imposing the boundary conditions on the final edge of the plate.

We next impose the boundary conditions along the edge i = b given by Egs. (5.48) upon
the reduced modal functions given by Eqgs. (5.14)-(5.16) while also substituting Eq. (5.52)

into these expressions, which results in the following respective relations

Agsinaz [As (cosyb — cosh ib) + Ay sin b + Ag sinh 4b] = 0 (5.55)
a Ay cos AT [Ag (91 cos b — gy cosh [Ll_)) + Ayg1 sin b + Aggo sinh [Ll_)] (5.56)
+ By cosazx [Bg cosh BE + Bjgsinh Bl;} =0
Ao sin & [—Ag (f‘ygl sin b + figo sinh ,&5) + A47g1 cos b + Agjigs cosh /ll_)] (5.57)

+ (&/3) B sin az [Bg sinh 8b + By cosh BE} =0
In order for Eq. (5.55) to be satisfied, the bracketed terms must vanish since the trigono-
metric function of £ does not. Solving that expression for the constant Ag, results in the

following relation

1 - - —
Ag = Sinh b [As (cosh fib — cosyb) — Ay sinyb| (5.58)

Substitution of Egs. (5.53), (5.54), and (5.58) into both Egs. (5.56) and (5.57) allows us to

rewrite Eqgs. (5.56) and (5.57) in matrix form as follows

Hy Hio AxAs 0
- (5.59)
Hayy Hoy Ag Ay 0

where
Hyy = a*sinh ib (g1 — g2) (cos Ab — cosh [%) + Bfigs sinh b (cosyb — coshib)  (5.60)

Hys = a* (g1 — go) sinh ibsin 7b + Bsinh b (,&gg sin b — 4g; sinh [J)) (5.61)

Hy, = sinh jib {dQ (92 — g1) sinh b — B7g1 sinyb — Bjigs sinh ﬂg}

. - . ~ - (5.62)
+ Bgo (cosh b — cosh Bb) (cosh b — cos f’yb)
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Hoyy = Biigs sinyb (cosh b — cosh ,&5) + g1 sinh jib (cos b — cosh BE) (5.63)
To achieve non-trivial solutions for the modal displacements, the determinant of the square
matrix appearing in Eq. (5.59) must vanish. The equation that results upon taking the

determinant of the matrix is the frequency equation for the simply-supported/clamped

Mindlin plate. Hence, the determinant of the square matrix in Eq. (5.59) is
Fo = Hi1Hyy — Hi2H21 =0 (5.64)

When Egs. (5.60)-(5.63) are substituted into Eq. (5.64), the final form of the frequency

equation for the Mindlin plate with clamped edges in the g-direction is obtained as
. 2 . 2 _ _ i
Fo = [(5!192) — (/8791) +at (g2 — 91)2} sin b sinh fibsinh b
+ 2@2,3/192 (g2 — g1) sinyb (1 — cosh fib cosh BE)
+ 232/1'79192 sinh BE (1 — cosh fib cos '71_7)

—2a%37¢1 (g2 — g1) sinh fib (1 — cosh b cos ’75) =0

(5.65)

The roots of Eq. (5.65) represent the vibration modes of the plate and can be obtained
through numerical root solving. There will be an infinite number of modes corresponding
to unique combinations of the natural frequencies and spatial wave numbers. In accordance
with the solution derived in this chapter there will be a single spatial wave number in the

Z-direction, which is given by Eq. (5.13) and repeated here as
a; = jr/a (5.66)

where in physical interpretation, the index j represents the number of half sine waves
occurring in the modal displacement of the plate in the Z-direction. For a given index j in
the Z-direction, there will be an infinite number of combinations of the wave numbers in
the g-direction, which will be given the index n. Each of the spatial wave numbers in the
g-direction will be indexed on both j and n (¥jn, fijn, and Bm) The normalized natural
frequencies will also be determined for a given &; and hence will also be indexed on both
j and n (Wjy,). In this sense, there will be a single natural frequency for a given pair of &;
and the combination of ¥y, fijn, and Bjn that satisfy the roots of Eq. (5.65).

The natural frequencies and spatial wave numbers in the y-direction are related by

Eqgs. (4.35), (4.39) or (4.40), and (4.48) or (4.49) through the wave number &;. Hence, from
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Eq. (4.35)

Ajn = \/w2 P —as = \/wQ - j7T/C_L)2 (5.67)

from Eq. (4.39)

fin = 03 — 02, = VUm/a)? - @2, F (5.68)

Bin = /a2 — S =/ (jn/a)’ - § (5.69)

where Fy, Fh, and S are given by Eqgs. (4.32), (4.37), and (4.46), respectively. For each

and from Eq. (4.48)

value of j, Eq. (5.65) can be numerically solved to obtain values for W)y, Jjn, fljn, and Bjn
using the relations presented in Eqs. (5.67)-(5.69).
When @, has reached sufficient magnitude and ifij, — fijn in Eq. (5.65), then Eq. (5.68)

is replaced by the following when root solving

fojn = \/w]an - a = \/w2 Fy — (jm/a)? (5.70)

When @j, has reached sufficient magnitude and iﬁjn — Bjn in Eq. (5.65), then Eq. (5.69)

is replaced by the following when root solving

Bin = /S — a2 =/S — (jn/a)? (5.71)

If both situations occur simultaneously, then both substitutions must be made when root
solving.
If solutions exist such that, ¥ — % in Eq. (5.65), then Eq. (5.67) is replaced by the

following when root solving

Yin = \/a —w \/(]ﬂ'/a) —wjanl (5.72)

Solutions incorporating Eq. (5.72) will not exist for every combination of boundary condi-
tions.

The natural frequencies and spatial wave numbers are then substituted into the modal
functions to obtain the shape for each vibration mode. The first line of Eq. (5.59) yields

the relation between the undetermined constants As Az and Ay Ay of Eq. (5.59). Hence,

HIY (

ArAy =~ A in) (5.73)
H12
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with
AUM = Ay As (5.74)
where j and n are the modal indices.

Substitution of Eqs. (5.52)-(5.54), (5.58), and (5.73) into Eqs. (5.14)-(5.16) yields the

modal functions for the Mindlin plate with clamped edges in the g-direction
L . (7m) L
WU (z,5) = AU sin @, | cos Yjnj — ﬁ Sin jn g — cosh fij,7 + HY™ sinh fij,7
12
(5.75)
. . . (Gn)
19&]”) (z,9) = de(]") COS ;T [ggjn) {cos Yin¥ — —gén) sin ﬁjng}
12
_ g {Cosh fiind — HU™ sinh ﬂjng} (5.76)

+ (géjn) — ggjn)> cosh Bjnﬂ + %f[(j”) sinh Bjny}
J

. o ) o B . L _ H(J") _ _
1915]”) (z,7) = AU™ sin ;T [angijn) {sm YinY + ﬁ cos ’Yj”y}
12

a? in in . A = 7 (4 2. =
+ 55 (géj )oY )) sinh 3,5 + HU™ cosh 5jny}
where .
Hgn) sinh /i, b sinh fi,b
and
(3n)
Al _ in H N in) 1r(in
19 = 5 0 70
12

The modal functions are evaluated using the values for Wy, ¥jn, ftjn, and Bjn obtained from
Eq. (5.65) for a given mode. When wj, has reached sufficient magnitude, ifi;, — fij, and
iBjn — Bjn in the above set of equations. If such solutions exist, 4 — % in the above set of
modal equations. In the modal functions for the Mindlin plate with clamped edges in the
y-direction, the solutions corresponding to each of the three frequency branches are active
in comprising a given vibration mode. The implications of this in solving for the natural

frequencies will be discussed further when presenting numerical results in the next chapter.

5.4 Free Boundary Conditions in the y-direction

Along free edges, the structure is free to displace and rotate in either direction. Therefore,

along the edges in the gy-direction the resultant normal bending moment, twisting moment,
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and transverse shear force must vanish. Hence, along y = 0

[‘?Zy n ”%ﬂ =0 (5.802)
[%iy . a@%]yo —0 (5.80b)
{kl (aayl - qayl) s (‘9;;2 - 19y2> - mys} =0 (5.800)
and along the edge § = b
[%@y V%?Lb ~0 (5.81a)
[5;24 n %ix]yzg _0 (5.81b)
[/%1 <8(9VT;1 — %) + ko <86)VZQ — ﬁy2> — %gﬁys]y:b =0 (5.81c)

where in Egs. (5.80c) and (5.81c) the resultant transverse shear force is taken to be the linear
combination of the three solution branches substituted into the non-dimensional form of the
transverse shear force given by Eq. (2.23b). In those equations, the shear stiffness for the
shear branch, ks, has been set equal to ke in accordance with Eq. (4.89).

We continue by imposing the boundary conditions along the edge y = 0 given by
Eqs. (5.80) upon the reduced modal functions given by Egs. (5.14)-(5.16), which results

in the following respective relations

sinax [As{—q1 2143 + g2Z2 A5} + a(l —v)B7By] =0 (5.82)
oS AT [CEAQ {2791 A4 + 20192 46} + (O; + 6 B7B10} =0 (5.83)
sin G [Az (k17 (1 = g1) Ag + Fofi (1 — go) Ag} — Fo (-/,é) 37310} =0 (5.84)
where
Z1 =7 4+ va? (5.85)
Zy = [i* — va? (5.86)

Since the trigonometric function of Z in Eq. (5.82) does not vanish identically, the bracketed

term in that equation yields

B7Bg = —

1
———— (121 A2 A3 — goZs As A 5.87
a(l_y)[gl 14243 — g2 Z5 A A (5.87)
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Similarly, Eqgs. (5.83) and (5.84) yield

Y24

AsAg = — A A .
246 iz 2A4 (5.88)
and
ola%)
BBy = 2pay (9224 — 1Z5) A2 Ay (5.89)
AYA
where
Zs = a? + 32 (5.90)
Zy = 2koa?g1 + k1 (1 — q1) Z3 (5.91)
Zs = 2]520_(292 + ]_-6‘2 (1 — gg) Z3 (592)

We next impose the boundary conditions along the edge 3 = b given by Egs. (5.81) upon
the reduced modal functions given by Egs. (5.14)-(5.16) while also substituting Egs. (5.87)-

(5.89) into these expressions. This results in the following system of equations

A Az Ags Az A3 0
Aor Axp Aas AAy =4 0 (5.93)
Azi Agz Asg Az As 0
where
A = g1 2172575 [cosh 679 — CoS 75] (5.94)

Ao = 2(1 — I/)O_ZZB’S/,& (ggZ4 — 9125) sinh Bl_) — g1 21 Z3 25 sin ’_yl_) —~NgoZoZsZy sinh /jI,B (595)

A1z = figaZa 7375 [cosh b — cosh BE} (5.96)

Aot = 9175 [leg sinh 3b — 2(1 — v)a237 sin @B} (5.97)

Ago =2(1 — u)d%"y [91Z5 cos b — gaZy4 cosh fib + (g2 Z4 — g1 Z5) cosh Bl_)] (5.98)
Ao = 9275 [2(1 — v)a?Bisinh ib — ZsZs sinh BE} (5.99)

A3t = Z37s [—12:1(1 — )35 (1 — g1) sin3b — kagy Z1 sinh BB} (5.100)

Asp = (1 —v)B7 [k (1 — g1) Z3Z5 cos 7b — ka (1 — g2) Z3Z4 cosh jib (5.101)
— 2kpa* (9224 — g175) cosh 55}

A33 = E‘QZng) |:92Z2 sinh BE + (1 - I/)Bﬂ (1 - gg) sinh [Ll_)} (5102)
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To achieve non-trivial solutions for the modal displacements, the determinant of the square
matrix appearing in Eq. (5.93) must vanish. The equation that results from this is the
frequency equation for the simply-supported/free Mindlin plate. Hence, the determinant of

the square matrix in Eq. (5.93) is
Fr = Aj1 (AoaAs3 — AgaMo3) —Aja (Aa1Asz — AazAsy)+ A3 (A2iAszg — AgaAsy) =0 (5.103)

When Egs. (5.94)-(5.102) are substituted into Eq. (5.103), the final form of the frequency

equation for the Mindlin plate with free edges in the g-direction is obtained as

Fr = {ZS {(91ﬂZ1Z5)2 - (92’72224)2}
4G4 Z6 (9270 — 91 Z5) {Bw(l - u)}Q] sin b sinh ibsinh 3b
— 2623211 — v) g2 Zo Z4 { Z3Zs — g2 Zs + g1 Zs } sin 4b (cosh fib cosh 3b — 1)
+2a212B5(1 — V)g1 Z1 25 { Z3 76 — 9274 + g1 75} sinh jib (Cosh Abcos b — 1)

+ 2(79192Z1 ZoZ3 24 Zs5 sinh Bb (cosh jibcos 7b — 1) = 0
(5.104)

where
Zs = kagr — k192 + 9192 (k1 — k2) (5.105)

The roots of Eq. (5.104) represent the vibration modes of the plate and can be obtained
through numerical root solving. There will be an infinite number of modes corresponding
to unique combinations of the natural frequencies and spatial wave numbers. The method
of solving for pairs of Wjn, Vjn, fijn, and Bjn for a given @; is the same as described in the
previous section for plates with clamped edges in the g-direction.

The natural frequencies and spatial wave numbers for the simply-supported/free plate
are then substituted into the modal functions to obtain the shape for each vibration mode.

The undetermined coefficients from Eq. (5.93) are related as follows

(m) A (Gm) _ A Gm) 5 ()
ArAy = A?? )Ay — Af? )Ay? FAGM = A AU (5.106)
Azy Ay — AggU ALy
nd (jn) (jn)
Jn) jn ) . ‘
Aoy = — [ B2 pGm AT | yim — _pGm) 46 (5.107)
A(J") A(J”)
13 13
with

AU = Ay Aq (5.108)
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where j and n are the modal indices.
Substitution of Egs. (5.87)-(5.89), (5.106), and (5.107) into Eqs. (5.14)-(5.16) yields the

modal functions for the Mindlin plate with free edges in the y-direction

WO (z,4) = AU™ sin a;@ {cos%ny—i-/\( )Siﬂ’_anZ?

(in (5.109)
A(j ) cosh HjnY — A(Jn) ;J_nz Gn) Smhﬂany]
jn
99" (2, 5) = a;AUM cos a3 [g%j”) {cos Find + A9 sin ﬁjng}
in . n nZ( n)
- géj ) {A( g cosh i Mjny + A(] )ﬁ sinh /i N]ny (5.110)
Jn
+ %[\(jn) cosh Bjng + Bjn 1) sinh Bjng
ﬂ?(Jjn) (fv @) = AUM sin ;T [_'_yjnggjn) {Sin Vin¥ — A(jn) Cos ﬁjng}
. (gn)
— ,u]nggjn) {A( ") sinh fijny + A(]n) ;J'"Z(Jn) cosh ,ujny} (5.111)
jn
(m) + a2AUn T
+ B]n( )A sinh Bjny a; A" coshﬁjny]
where
A(]n) _ ggjn)zyn) + Ag]”)géjn)zéﬂl) (5112)
and
AGn) — AUm)__2n ( () im) _ g (im) )
=g 92 [} 5 ) (5.113)

Zéjn) Zé n)
The modal functions are evaluated using the values for @y, ¥jn, fijn, and ﬁjn obtained
from Eq. (5.104) for a given mode. When wj,, has reached sufficient magnitude, i/, — fijn
and iBjn — Bjn in the above set of equations. If such solutions exist, 4 — % in the
above set of modal equations. As for the case of clamped edges in the y-direction, all three
frequency branches remain active in calculating a given natural frequency for free edges in
the y-direction. In the next chapter, numerical results are presented for each of the three

combinations of boundary conditions considered in this chapter.
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Chapter 6

Results and Discussion

This chapter presents numerical simulations for the Mindlin plate with the various boundary
conditions covered in the previous chapter. Analysis of both the modal frequency spectrum
and the modal displacement functions is performed for representative values of Poisson’s

ratio and the thickness to length ratio of the plate.

6.1 Simply-Supported Boundary Conditions in the y-direction

We begin by solving for the natural frequencies of the simply-supported Mindlin plate.
For the first flezural branch, the frequencies are obtained from the term on the right in

Eq. (4.35), with &; and %, given by Egs. (5.13) and (5.31), respectively. Hence,

(2) (5 =)' o1

where j and n are integers identifying the vibration modes and F} is given in Eq. (4.32).
In the above equation w;, has been given a superscript of (1) to identify it with the first
flexural branch.

The calculated values for the natural frequencies of this branch appear in Table 6.1 in
the rows labeled as Present. Since the frequencies are symmetric with respect to the indices
j and n, only half of the figure has been populated with values. In Table 6.1, the results from
several other studies found in the literature have also been included, the most important
of which being the work of Srinivas et al. [28]. Srinivas et al. presented a solution for the
simply-supported plate that satisfies the three-dimensional elastodynamic equations. The
resulting natural frequencies computed from their solution are therefore taken to be the

exact values. The non-dimensional natural frequencies used in the present study are related
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to the non-dimensional values used in Srinivas et al. by

- _ 1 P
— _ = — 2
w=w (1 U) Wh G (6 )

where @ is the non-dimensionalization appearing in Srinivas et al..

The results found in the literature from three additional studies have been included in
Table 6.1. The results of Mindlin et al. [18] and Hashemi and Arsanjani [7] are, like the
present study, calculated using the first-order shear deformation theory of Mindlin [17].

Mindlin et al. [18] were the first to present frequency results and has been included as a

il ey &y &y o'y o'y
Present 0.1909 0.4562 0.8546  1.3458  1.8975
Srinivas et al. [28] 0.1909 0.4562 0.8549 1.3466* 1.8993
Mindlin et al. [18] 1] 0.1906 0.4545 0.8493 1.3337* 1.8756
Reddy and Phan [24] 0.1908 0.4554 0.8521 1.3413  1.8916
Hashemi and Arsanjani [7] 0.1908 0.4558 0.8537  1.3436  1.8934*
Present 0.7009 1.0733 1.5382  2.0662
Srinivas et al. [28] 0.7010 1.0737  1.5393  2.0685*
Mindlin et al. [18] 2 - 0.6972 1.0652  1.5229  2.0410*
Reddy and Phan [24] 0.6990 1.0700 1.5331  2.0603
Hashemi and Arsanjani [7] 0.7002 1.0718 1.5354* 2.0616*
Present 1.4110  1.8397  2.3339
Srinivas et al. [28] 1.4119  1.8414* 2.3370*
Mindlin et al. [18] 3 - - 1.3978  1.8189* 2.3030*
Reddy and Phan [24] 1.4063  1.8340  2.3283
Hashemi and Arsanjani [7] 1.4086* 1.8359* 2.3282%*
Present 22287  2.6843
Srinivas et al. [28] 2.2315  2.6885*
Mindlin et al. [18] 4 - - - 2.2001  2.6454*
Reddy and Phan [24] 2.2230 -
Hashemi and Arsanjani [7] 2.2234*  2.6771*
Present 3.1005
Srinivas et al. [28] 3.1064
Mindlin et al. [18] 5 - - - - 3.0515
Reddy and Phan [24] -
Hashemi and Arsanjani [7] 3.0914*

Table 6.1: Natural frequencies for the first flezural branch of the simply-supported Mindlin plate
with sides @ = b = 10 and v = 0.3 (*values did not appear in publication and have been calculated).
historical benchmark. A shear correction coefficient of k = 72/12, was used in Mindlin et
al. to obtain the tabulated natural frequencies. The results of Hashemi and Arsanjani [7]

have been included as it is the only study found that considers all other combinations of
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boundary conditions in addition to the plate that is simply-supported on all four of its edges.
Hashemi and Arsanjani used a shear correction coefficient of k = 0.86667 in calculating the
tabulated natural frequencies. Reddy and Phan [24] used a higher-order shear deformation
theory that allows for a parabolic distribution of the shear stress through the thickness of
the plate and hence, does not require a shear correction coefficient.

In analyzing Table 6.1, we see that the results of the present study best match with the
exact results of Srinivas et al. [28]. While the higher-order shear theory of Reddy and Phan
[24] did improve upon the results of Mindlin et al. [18], it falls behind the results of the
present study and Hashemi and Arsanjani [7]. Hence, use of a first-order shear theory with
the proper selection of the shear correction coeflicient can lead to more accurate frequency
results than those of a higher-order theory. As the natural frequency increases in magnitude,
each of the approximate studies deviate further from the exact value. However, this still

(1)

only results in a maximum percentage difference of 0.18% for 525},) of the present study for
the first flexural branch.
For the second flexural branch, the frequencies are obtained from the term on the right

in Eq. (4.40), with &; and fi,, given by Eqgs. (5.13) and (5.37), respectively. Hence,

(5) ()= ) 63

where j and n are integers identifying the vibration modes and F; is given in Eq. (4.36).
In the above equation @j, has been given a superscript of (2) to identify it with the second
flexural branch.

The calculated values for the natural frequencies of this branch appear in Table 6.2 in
the rows labeled as Present. Since the frequencies are again symmetric with respect to the
indices j and n, only half of the figure has been populated with values. The results from
Srinivas et al. [28] are again taken to be the exact values for the natural frequencies of this
branch. The results from Mindlin et al. [18] do not appear in Table 6.2 because the shear
correction coefficient selected in Section 4.4 for the second flezural branch was k = 72/12,
which is the same value used by Mindlin et al.. With the same value used for the shear
correction coefficient, the same value is calculated for the natural frequencies of this branch.

Table 6.2 does not provide results from Reddy and Phan [24] either, since values were not
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a0 o8 9 &) o

Present 6.6683 6.9909 7.4822 8.0996  8.8086
Srinivas et al. [28] | 1 | 6.6533 6.9542 7.4106 7.9801* 8.6277
k = 0.86667** 6.8360 7.1547 7.6412 8.2533  8.9571
Present 7.2917 7.7554 8.3450  9.0288
Srinivas et al. [28] | 2 - 7.2339 7.6632 8.2051 8.8272*
k = 0.86667** 7.4524 7.9119 8.4968  9.1758
Present 8.1825 8.7336  9.3813
Srinivas et al. [28] | 3 - - 8.0562 8.5596* 9.1448*
Kk = 0.86667** 8.3355 8.8826  9.5259
Present 9.2423  9.8484
Srinivas et al. [28] | 4 - - - 9.0199  9.5622*
Kk = 0.86667** 9.3879  9.9901
Present 10.4118
Srinivas et al. [28] | 5 - - - - 10.0596
Kk = 0.86667** 10.5501

Table 6.2: Natural frequencies for the second flezural branch of the simply-supported Mindlin plate
with sides @ = b = 10 and v = 0.3 (*values did not appear in publication and have been calculated,
**shear coefficient used in Hashemi and Arsanjani [7]).

provided for the natural frequencies of the second flexural branch in that study.

The final set of data included in Table 6.2 is labeled as k = 0.86667, corresponding to
the shear correction coefficient used in Hashemi and Arsanjani [7]. The authors of that
study did not discuss the second flexural branch for the simply-supported plate, but those
are the natural frequencies they would have obtained. The values have been included to
further illustrute numerically the improved accuracy of the frequency predictions when
using branch dependent shear correction coefficients. By employing k1 and ko as defined in
Eqs. (4.88) and (4.89), respectively, the present study has led to the results that best match
the exact values for both flexural branches. The calculated values again lose accuracy as
the magnitude of the natural frequency increases with a maximum percentage difference of
3.5% for (DE()? of the present study for the second flexural branch.

For the shear branch, the frequencies are obtained from the term on the right in

Eq. (4.49), with &; and 3, given by Egs. (5.13) and (5.42), respectively. Hence,

() +(5) = 64

where j and n are integers identifying the vibration modes and S is given in Eq. (4.46). In

S, Wjn is given a superscript of (s) to identify it with the shear branch.
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The calculated values for the natural frequencies of this branch appear in Table 6.3 in
the rows labeled as Present. With this branch again using a shear correction coefficient of
k = m2/12 for the present study, it gives identical values to the results of Mindlin et al.

[18]. When employing this value of the shear correction coefficient for the shear branch, the

ey ey @) ey a9

Present 6.5024 6.5973 6.7526 6.9641  7.2270
Srinivas et al. [28] | 1 | 6.5024 6.5973 6.7526 6.9641*  7.2270
Kk = 0.86667** 6.6715 6.7641 6.9156 7.1223  7.3796
Present 6.6909 6.8441 7.0529  7.3126
Srinivas et al. [28] | 2 - 6.6909 6.8441 7.0529  7.3126*
Kk = 0.86667** 6.8554 7.0049 7.2091 @ 7.4633
Present 6.9938 7.1983  7.4529
Srinivas et al. [28] | 3 - - 6.9938 7.1983* 7.4529*
Kk = 0.86667** 7.1513 7.3514  7.6009
Present 7.3971  7.6451
Srinivas et al. [28] | 4 - - - 7.3971  7.6451%
Kk = 0.86667** 7.5462  7.7895
Present 7.8853
Srinivas et al. [28] | 5 - - - - 7.8853
Kk = 0.86667** 8.0254

Table 6.3: Natural frequencies for the anti-symmetric shear branch of the simply-supported Mindlin
plate with sides @ = b = 10 and v = 0.3 (*values did not appear in publication and have been
calculated, **shear coefficient used in Hashemi and Arsanjani [7]).

calculated values for the natural frequencies also match identically with the exact values
of Srinivas et al. [28]. As with the second flezural branch, Reddy and Phan [24] does
not provide frequency values for the shear branch and Hashemi and Arsanjani [7] does not
discuss this frequency branch. The rows labeled k = 0.86667 are the frequencies Hashemi
and Arsanjani would have obtained if the authors had considered the frequencies for this
branch and have been included to again emphasize the improved accuracy of employing
branch dependent shear correction coefficients.

The natural frequencies for the present study tabulated in Tables 6.1-6.3 correspond to
the vibration modes for the Mindlin plate. The vibration modes are plotted superimposed
upon the frequency branches from Eqs. (4.31), (4.36), and (4.45) in Figure 6.1. This illus-
trates how the frequency branches correspond to an infinite number of possible vibration

modes, with the active vibration modes labeled as discrete points along the path determined
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through imposition of the boundary conditions for the plate.

Figure 6.1: The vibration modes for the simply-supported Mindlin plate with sides @ = b = 10 and
v =10.3.

Figure 6.1 also illustrates how the vibration modes for a given real valued 7 will align
vertically along each of the three branches for the simply-supported plate. This is shown
in the figure by a dashed vertical line for mode j = 1 and n = 1, which corresponds to
7 = (v/2m)/10. The line passes through the modes corresponding to the natural frequencies
Jjﬁ), @ﬁ), and (Izﬁ) as it intersects with each respective frequency branch. For each of the
vibration modes, only the branch which the mode lies upon is active and the mode does not
interact with the other two branches. This behavior is unique to the plate simply-supported
on all four of its edges. For other combinations of boundary conditions, all three branches of

the frequency spectrum are active for a given mode and the interpretation of the vibration

modes changes significantly.

6.1.1 Modal Plots

We now proceed to an analysis of the modal plots corresponding to the vibration modes of

the simply-supported Mindlin plate tabulated in Tables 6.1-6.3. The modal functions for
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the first flezural branch are given in Egs. (5.33)-(5.35) and are plotted for the first mode,
j =1and n =1, in Figure 6.2. The modal functions for the second flexural branch are
given in Eqs. (5.38)-(5.40) and are plotted for the first mode in Figure 6.3. The modal
functions for the shear branch are given in Eqgs. (5.43)-(5.45) and are plotted for the first
mode in Figure 6.4. All of the modal plots presented are scaled by their maximum value
in order to compare the distribution of the functions over the span of the plate for a given

mode.

Figure 6.2: The modal functions for the first vibration mode of the first flerural branch for the
simply-supported Mindlin plate with sides @ = b = 10 and v = 0.3.

. 8 8 8 8 8
10 10 10 10 10 10

Figure 6.3: The modal functions for the first vibration mode of the second flexural branch for the
simply-supported Mindlin plate with sides a = b = 10 and v = 0.3.

Figure 6.4: The modal functions for the first vibration mode of the anti-symmetric shear branch
for the simply-supported Mindlin plate with sides @ = b = 10 and v = 0.3.

The modal displacements for the first and second flezural branches are seen to be of

the same shape, since they are given by the same function for a given modal index. The
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differences in behavior between the branches is identified through the modal bending rota-
tion. From Figures 6.2 and 6.3, we find that the bending rotations for these branches have
opposite sign and vastly differ in magnitude. To better understand this discrepancy, it is
also instructive to examine the distribution of the shear angle over the span of the Mindlin
plate. To do this, we first define the modal shear angles in the z and y-directions as ng n)

and Fz(,j n), respectively. In accordance with Egs. (2.10) and (2.11) for the transverse shear

angle we obtain the modal shear angles as

4 y/(in) )
rgm = M0 g (65)
and
) 1 (in) .
P — ‘9Vgg — 9 (6.6)

Substitution of the modal functions into Egs. (6.5) and (6.6) for a given mode yields the
function for the shear angle of that mode.

The modal shear angles for the first and second flexural branches are plotted in Figures
6.5 and 6.6, respectively. Comparison of the modal shear angles with the modal bending
rotations shows the full picture of how the deformation mechanisms for the first and sec-
ond flexural branches manifest themselves and yet result in the same shape for the modal
displacement. For the first branch, the shear angle and bending rotation act in the same
direction and combine together to form the total angle change of the plate. For the second
branch, the shear angle and bending rotation act in opposite directions and compete with
each other. The shear angle has a larger magnitude and hence determines the direction of
the overall angle change.

iy gty

0.0157

- "8 8 - 8
10 10 10 10

Figure 6.5: The modal shear angles for the first vibration mode of the first flexural branch for the
simply-supported Mindlin plate with sides a = b = 10 and v = 0.3.
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Figure 6.6: The modal shear angles for the first vibration mode of the second flezural branch for
the simply-supported Mindlin plate with sides @ = b= 10 and v = 0.3.

For the shear branch in Figure 6.4, the distribution for the modal bending rotations is
given, although for this branch the modal displacement vanishes. In taking into account the
modal shear angles given in Eqgs. (6.5) and (6.6), we see that for this branch the bending
rotation must act in the opposite direction of the shear angle with equal magnitude. As a
result the bending rotation will cancel out the effects of the shear angle deformation and
the displacement of the plate is zero.

In concluding the discussion of the modal plots for the simply-supported Mindlin plate,
the modal displacements for several other vibration modes are displayed in Figure 6.7.
All of the displacement modes shown are for the first flexural branch, although we have
previously established these will also be the shapes for the second flexural branch as well.
It is evident from the figure, as well as from inspection of the modal functions, that the
indices of the vibration mode determine the number of half-sine waves appearing in the
modal displacement distribution. For example, vibration mode 7 = 2 and n = 3 has two
half-sine waves in the Z-direction and three half sine waves in the y-direction.

The modal bending rotations in the Z and g-directions of the first flexural branch are
displayed in Figures 6.8 and 6.9, respectively. The modal bending rotations for the other
two branches have been omitted for brevity. The physical interpretation of the relationship
between the modal displacements, bending rotations, and shear angles is the same for these
vibration modes as it was for the lowest vibration mode discussed in detail earlier. In the
next section, we proceed to an analysis of the numerical simulations for the Mindlin plate

with clamped edges in the gy-direction.
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Figure 6.7: The modal displacements for several representative vibration modes of the first flezural
branch for the simply-supported Mindlin plate with sides @ = b = 10 and v = 0.3.
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Figure 6.8: The modal bending rotations in the z-direction for several representative vibration
modes of the first flexural branch for the simply-supported Mindlin plate with sides @ = b = 10 and
v=0.3.
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o

Figure 6.9: The modal bending rotations in the g-direction for several representative vibration
modes of the first flexural branch for the simply-supported Mindlin plate with sides @ = b = 10 and
v=0.3.
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6.2 Clamped Boundary Conditions in the y-direction

We begin with a detailed explanation of the process of solving for the natural frequencies for
the simply-supported/clamped Mindlin plate. The process is different when compared to the
plate that is simply-supported on all four of its edges, as all three branches of the frequency
spectrum governing the free vibration of the plate must be active for a given vibration mode
when considering mixed boundary conditions. In order to obtain the natural frequencies,
we must numerically solve for the roots of the frequency equation given by Eq. (5.65). For
a given natural frequency there will be a unique combination of three wave numbers in the
y-direction to pair with &; in the Z-direction. We seek solutions where the wave numbers

associated with the g-direction are given by Eqs. (5.67)-(5.69).
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Figure 6.10: Modal wave number combinations for the simply-supported/clamped Mindlin plate
with sides a = b =10 and v = 0.3.

The process of solving for the natural frequencies and modal wave number pairings is
further explained graphically by Figure 6.10. A natural frequency that satisfies Eq. (5.65) is
found when a specific combination of the wave numbers ¥;,, fi;,, and Bjn form horizontally

aligned intersection points on each of the three branches. The intersection point with one of
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the branches represents its contribution to that vibration mode. The solution combination
for the lowest mode is labeled in Figure 6.10. Each of the wave numbers in the g-direction
interact with &; = 7/a to calculate real or imaginary values of 77, such that a point intersects
with each of the three branches in horizontal alignment. The dashed line through the points
for mode j = 1 and n = 1 corresponds to the magnitude of wq1.

Figure 6.10 also includes the wave number combinations for mode j = 9 and n = 9,
used to determine the magnitude of dwgg. This is the lowest natural frequency for which the
frequency value surpasses the “cut-off” frequency (the frequency at which 7 transitions from
imaginary to real valued) for the shear and second flezural branches. In this case, the wave
numbers associated with these branches are still related to &; by Egs. (5.68) and (5.69).
They are however, now governed by the term on the left in Eqgs. (4.40) and (4.49) rather
than by Eqgs. (4.39) and (4.48).

If we continued to solve for increasing values of w;,, there will reach a magnitude of
Wjn for which ifij, — fij, and also a magnitude for which iBjn — Bjn. When this occurs,
Eq. (5.70) replaces Eq. (5.68) and/or Eq. (5.71) replaces Eq. (5.69), respectively as the wave
number combinations used for solving the frequency equation. The geometry and material
properties considered herein for the simply-supported/clamped Mindlin plate will not result
in solutions for which ¥, — iy, and Eq. (5.72) is not needed. For other geometries and
material properties the solution may exist, so it should be considered when solving for the
natural frequencies in those cases.

The calculated values for the natural frequencies of the simply-supported/clamped
Mindlin plate are tabulated in Table 6.4. Unlike for simply-supported boundary conditions,
the frequencies are no longer symmetric with respect to the indices j and n so the entire
figure has been populated with frequency values. The frequencies calculated by Hashemi
and Arsanjani [7], using a shear correction coefficient of k = 0.86667 are tabulated in Table
6.5. An exact analysis for the simply-supported/clamped Mindlin plate does not exist in
the literature for comparison. It is believed that Hashemi and Arsanjani was the first to
consider all possible boundary conditions for the Mindlin plate in closed analytical form.

In comparing Tables 6.4 and 6.5, it is evident that the calculated natural frequencies

in the present study are very close to the values found by Hashemi and Arsanjani. The
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wj1 Wj2 W3 W4 Wjs
0.2673 0.5947 1.0203 1.5126 2.0501
0.4928 0.7923 1.1977 1.6727 2.1950
0.8730 1.1279 1.4953 1.9386 2.4342

1.3558 1.5707 1.8944 2.2979 2.7585
1.9032 2.0860 2.3693 2.7316 3.1541

T W N = .

Table 6.4: Natural frequencies for the present study of the simply-supported/clamped Mindlin plate
with sides a = b = 10 and v = 0.3.

Wi Wj2 wj3 W4 Wjs
0.2674  0.5948  1.0202 1.5118* 2.0482*
0.4926  0.7920  1.1970 1.6713* 2.1923*
0.8721  1.1268 1.4935* 1.9359* 2.4301*
1.3536  1.5681* 1.8912% 2.2935% 2.7527*
1.8992%  2.0815% 2.3640* 2.7252% 3.1461*

U W N | .

Table 6.5: Natural frequencies from Hashemi and Arsanjani [7] for the simply-supported/clamped
Mindlin plate with sides @ = b = 10 and v = 0.3 (*values did not appear in publication and have
been calculated).

results between these studies match much more closely than did the frequencies for the
shear and second flexural branches of the simply-supported plate. Hence, even when all
three branches of the frequency spectrum are required to be active simultaneously, the
accuracy of the frequency prediction is largely determined for these cases by the accuracy
of the first flezural branch of the spectrum. As the frequency increases in magnitude, there
is an increase in the difference between the calculated frequency between the two studies,
but even up to the mode j = 10 and n = 10 the percentage difference is under 0.5%.
Though an exact study is not available in the literature for comparison for these boundary
conditions, it is assumed that the present study results in slightly more accurate frequency
results due to its increased accuracy for the simply-supported plate.

Since all frequency branches for these boundary conditions must be active for a given
mode, the frequency spectrum cannot be plotted as a function of 77 as it was for the simply-
supported case. Hence, we postulate plotting the frequency spectrum as a function of the
wave number in the Z-direction, @;. The suggested frequency spectrum is displayed in
Figure 6.11 using the values tabulated in Table 6.4. Here we are able to clearly identify the

natural frequencies in a way that cannot be represented on a plot of the branches of the
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frequency spectrum due to the interaction of the branches in forming a vibration mode.
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F igure 6.11: Frequency spectrum for the simply-supported/clamped Mindlin plate with sides a =
b=10 and v = 0.3.

6.2.1 Modal Plots

We proceed to an analysis of the modal functions for the simply-supported /clamped Mindlin
plate. To obtain the modal functions for a given mode, the natural frequency and the
corresponding wave number pairs found from the roots of Eq. (5.65) are substituted into
Egs. (5.75)-(5.77).

The modal displacement and bending rotations corresponding to the mode j = 1 and
n = 1 appear in Figure 6.12. For this mode, we note that a single half-sine wave is formed
in the Z-direction of the modal displacement plot, since this is specified by the parameter j
in a;. The displacement in the g-direction also retains the appearance of a single half-sine
wave but it is not a true half-sine wave due to the interaction of the three wave numbers in
this direction.

Even though Egs. (5.75) and (5.76) for the modal displacement and the modal bending
rotation in the Z-direction, respectively, are more complex for the clamped case as compared
to those for the simply-supported case, their plots in Figure 6.12 appear very similar to

the corresponding plots in Figure 6.2. This is due to the fact that the boundary conditions
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Figure 6.12: The modal functions for the first vibration mode of the simply-supported/clamped
Mindlin plate with sides @ = b = 10 and v = 0.3.

imposed on those two functions specifically have not changed as the simply-supported edges
were replaced with clamped edges. The distribution of the modal bending rotation in the
y-direction has changed shape, since with clamped edges the function must now vanish on
all four edges.

The modal shear angles for clamped boundaries in the g-direction are obtained through
substitution of the modal displacement and bending rotation functions given in Eqs. (5.75)-
(5.77) into Egs. (6.5) and (6.6). Figure 6.13 gives the distribution of the modal shear angles
for mode j = 1 and n = 1. The modal shear angle in the Z-direction, F(xn), exhibits a more
complex distribution than it did for the case of the fully simply-supported plate. We now
see increased shear behavior near the boundaries §j = 0 and § = b where the clamped edges
have replaced the simply-supported edges.

We also compare the modal bending rotation in the g-direction, 195,11), and the modal

shear angle in that direction, Fén). The bending rotation is seen to be zero on all edges
of the plate as simply-supported edges do not allow for tangential bending rotation and
clamped edges do not allow for normal bending rotation. The shear angle is also zero over
the edges £ = 0 and & = a as there cannot be an angle change due to shear in the tangential
direction of a simply-supported edge. Along the edges § = 0 and § = b we see that the
shear angle remains non-zero on these edges. While clamped boundaries resist normal
bending rotations, they do not provide resistance to normal shear rotation. Hence, a plate
theory that does not account for the effects of transverse shear deformation would yield

different results near an edge of this type. In general, the effects of including transverse

shear deformation will have the most influence near the boundaries of the plate.
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Figure 6.13: The modal shear angles for the first vibration mode of the simply-supported/clamped
Mindlin plate with sides a = b = 10 and v = 0.3.

The modal plots for various other vibration modes given in Figure 6.4 for the simply-
supported/clamped Mindlin plate follow, with the modal displacements in Figure 6.14,
the modal bending rotations in the Z-direction in Figure 6.15, and the modal bending
rotations in the y-direction in Figure 6.16. The modal displacements and the modal bending
rotations in the Z-direction again show similar behavior to their counterparts for the fully
simply-supported case. The distribution of the modal bending rotations in the g-direction
is different in order to satisfy the new condition of zero normal rotation on the clamped
edges in the y-direction.

Substitution of any of the natural frequency and wave number pairs found from the
roots of Eq. (5.65) into the modal functions given in Eqgs. (5.75)-(5.77) will give the modal
plots for that vibration mode of the simply-supported/clamped Mindlin plate. However,
additional plots have been omitted for brevity. In the next section, we consider the Mindlin

plate with free boundaries in the g-direction.

6.3 Free Boundary Conditions in the y-direction

For the simply-supported/free Mindlin plate, all three of the frequency branches must be
active for a given vibration mode when solving for the natural frequencies. The natural
frequencies are calculated by numerically solving for the roots of Eq. (5.104) in the same
manner as was described for the plate with clamped edges in the g-direction. As for those

boundary conditions, for a given natural frequency there is a unique combination of the
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Figure 6.14: The modal displacements for several representative vibration modes of the simply-
supported/clamped Mindlin plate with sides @ = b = 10 and v = 0.3.
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Figure 6.15: The modal bending rotations in the Z-direction for several representative vibration
modes of the simply-supported/clamped Mindlin plate with sides @ = b = 10 and v = 0.3.
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Figure 6.16: The modal bending rotations in the g-direction for several representative vibration
modes of the simply-supported/clamped Mindlin plate with sides @ = b = 10 and v = 0.3.



85

three wave numbers in the gy-direction to pair with &; in the Z-direction.

A graphical depiction of the wave number combination for the lowest vibration mode,
Wijn, is shown in Figure 6.17 superimposed upon the frequency branches for the Mindlin
plate. For free boundary conditions, a solution exists such that 7;, — i9;, for low values
of the modal index n. Hence, in solving for w1, Eq. (5.72) is used to relate 411 to @; and

w11. The combination of wave numbers leading to the next highest natural frequency, o,
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Figure 6.17: Modal wave number combinations for the simply-supported/free Mindlin plate with
sides a = b =10 and v = 0.3.

is also shown in Figure 6.17. This is the lowest frequency for j = 1 in which the solution
moves to 7, and the natural frequency-wave number relation is again given by Eq. (5.67).
For a given modal index j, we must check for solutions for which %;,, — %, for the lowest
modal indices of n when considering this combination of boundary conditions.

As for the case of clamped edges, if we continued to solve for increasing values of w;y,
there will reach a magnitude of &;,, for which ifi;, — ji, and also a magnitude for which
iBjn — Bjn- When this occurs, Eq. (5.70) replaces Eq. (5.68) and/or Eq. (5.71) replaces
Eq. (5.69), respectively as the wave number combinations used for solving the frequency
equation.

The calculated values for the natural frequencies of the simply-supported/free Mindlin

plate are tabulated in Table 6.6. In a manner similar to that for the simply-supported/
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clamped boundary conditions, the frequencies are no longer symmetric with respect to
the indices j and n so the entire figure has been populated with frequency values. The
frequencies calculated from the solutions for which %;, — #%;, have been denoted in Table
6.6 by an asterisk.

The frequencies calculated by Hashemi and Arsanjani [7], using a shear correction co-
efficient of xk = 0.86667 are tabulated in Table 6.7. As with clamped boundaries, an exact
analysis for the simply-supported/free Mindlin plate does not exist in the literature for com-
parison. In comparing Tables 6.6 and 6.7, it is again evident that the calculated natural
frequencies in the present study are very close to the values found by Hashemi and Arsan-
jani for free boundaries. It is seen that, as the frequency increases in magnitude, there is
an increase in the difference between the calculated frequency between the two studies, but
now the percentage difference is under 0.4% up to the mode 7 = 10 and n = 10. Though an
exact study is not available in the literature for comparison for these boundary conditions,
it is again assumed that the present study results in slightly more accurate frequency values

due to its increased accuracy for the simply-supported plate.

wWj1 Wjo wj3 Wij4 Wjs
0.0945* 0.1540 0.3392 0.6643 1.1064
0.3644* 0.4289 0.6234 0.9304 1.3394
0.7697* 0.8277 1.0154 1.3048 1.6824

1.2679* 1.3171 1.4898 1.7568 2.1042
1.8256* 1.8666 2.0227 2.2654 2.5831

T W N | .

Table 6.6: Natural frequencies for the present study of the simply-supported/free Mindlin plate
with sides @ = b =10 and v = 0.3 (*correspond to solutions for which ¥;, — i¥;x).

Wij1 Wj2 W3 Wi4 w5
0.0945 0.1541 0.3392  0.6637 1.1047*
0.3642  0.4289  0.6233  0.9297* 1.3374*
0.7690  0.8272  1.0147* 1.3035* 1.6799*
1.2662* 1.3157* 1.4880* 1.7543* 2.1005*
1.8224* 1.8638* 2.0194* 2.2613* 2.5778*

T W N | .

Table 6.7: Natural frequencies from Hashemi and Arsanjani [7] for the simply-supported/free
Mindlin plate with sides @ = b = 10 and v = 0.3 (*values did not appear in publication and
have been calculated).
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As for the case of clamped boundaries, the frequency spectrum cannot be plotted as a
function of % due to the interaction of the frequency branches in forming a vibration mode
for these boundary conditions. The frequency spectrum is plotted as a function of the wave
number in the Z-direction, &;, in Figure 6.18 using the values tabulated in Table 6.6. Here
we are able to clearly identify the natural frequencies that cannot be represented on a plot of
the branches of the frequency spectrum due to the requirement that all branches are active
for a given vibration mode. For a given value of &;, the two lowest natural frequencies are

very close in value as the solution changes from employing %;, to employing %;y,.
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Figure 6.18: Frequency spectrum for the simply-supported/free Mindlin plate with sides @ = b = 10
and v = 0.3.

6.3.1 Modal Plots

We proceed to an analysis of the modal functions for the simply-supported/free Mindlin
plate. To obtain the modal functions for a given mode, the natural frequency and the
corresponding wave number pairs found from the roots of Eq. (5.104) are substituted into
Eqgs. (5.109)-(5.111).

The modal displacement and bending rotations corresponding to the mode j = 1 and
n = 1 appear in Figure 6.19. For this mode, we note that a single half-sine wave is formed
in the Z-direction of the modal displacement plot, since this is specified by the parameter

J in @;. This has not changed for any of the cases considered, as the boundaries in the
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Z-direction are simply-supported for all three cases. The displacement in the gy-direction
no longer retains the appearance of a single half-sine wave for the mode j =1 and n =1

with free boundaries. The modal displacement has a slight bend in the g-direction, but
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Figure 6.19: The modal functions for the first vibration mode of the simply-supported/free Mindlin
plate with sides a = b = 10 and v = 0.3.

more closely resembles a zeroth mode in this direction. For consistency with the other
boundary conditions considered, we shall leave the mode indexed as j = 1 and n = 1 but it
would more appropriately be labeled as mode j = 1 and n = 0 corresponding to a natural
frequency labeled wig.

As with the other boundary conditions, the modal bending rotations are better under-
stood in conjunction with the modal shear angles which are obtained through substitution of
the modal displacement and bending rotation functions for free boundaries in the g-direction
given in Egs. (5.109)-(5.111) into Egs. (6.5) and (6.6). Figure 6.20 gives the distribution of

the modal shear angles for mode j = 1 and n = 1. Here, we again see the most significant
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Figure 6.20: The modal shear angles for the first vibration mode of the simply-supported/free
Mindlin plate with sides @ = b = 10 and v = 0.3.

contributions of the shear angle in the vicinity of the bounding edges. The modal shear

angle in the Z-direction, F(xn), is zero over most of the span and then takes on a non-zero
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value near the free edges at j = 0 and §j = b. The modal shear angle in both directions has a
small magnitude when compared to the modal bending rotations in Figure 6.19, signifying
the contribution of the shear angle is small for the plate with free edges in the y-direction.

The modal plots for various other vibration modes given in Table 6.6 for the simply-
supported /free Mindlin plate follow, with the modal displacements in Figure 6.21, the modal
bending rotations in the Z-direction in Figure 6.22, and the modal bending rotations in the -
direction in Figure 6.23. Substitution of any of the natural frequency and wave number pairs
found from the roots of Eq. (5.104) into the modal functions given in Egs. (5.109)-(5.111)
will give the modal plots for that vibration mode of the simply-supported/free Mindlin
plate. Additional plots have been omitted for brevity. Conclusions from the numerical

simulations presented herein follow in the final chapter of this thesis.
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Figure 6.21: The modal displacements for several representative vibration modes of the simply-
supported /free Mindlin plate with sides @ = b =10 and v = 0.3.
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Figure 6.22: The modal bending rotations in the Z-direction for several representative vibration
modes of the simply-supported/free Mindlin plate with sides @ = b = 10 and v = 0.3.
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Figure 6.23: The modal bending rotations in the g-direction for several representative
modes of the simply-supported/free Mindlin plate with sides @ = b = 10 and v = 0.3.
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vibration
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Chapter 7

Conclusions

The free vibration of a plate using Mindlin plate theory has been studied. The kinematic,
constitutive, and kinetic relations for Mindlin plate theory are presented, with a summary
of prominent values for the shear correction coefficient used in the literature included. A
review of the frequency spectrum for the elastodynamic plate is presented in order to analyze
the accuracy of the frequency spectrum for the Mindlin plate.

A general analytical solution is presented for the equations of motion governing the
free vibration of the Mindlin plate. The three branches of the frequency spectrum for
this plate theory are identified through comparison with the frequency spectrum of the
infinite elastodynamic plate. Based on physical interpretation and correspondence with
the elastodynamic branches, the use of branch dependent shear correction coefficients is
proposed. The branch dependent coefficients bring each of the three branches of the Mindlin
plate into best agreement with the elastodynamic branches.

The general solution is applied to plates with simply-supported, simply-supported/
clamped, and simply-supported/free edges. Upon imposition of the boundary conditions for
the simply-supported plate, it is found that only one of the three branches of the frequency
spectrum is active for a given vibration mode. Since the frequency branches do not interact
for a given vibration mode, natural frequencies for each of the branches are calculated for
a given propagating value of the wave number 7. The modal behavior corresponding to
each of the branches is analyzed and distinctions in the mechanisms of deformation for each
branch are drawn. When compared to other studies in the literature, the predicted natural
frequencies calculated using branch dependent shear correction coefficients best matched

those assessed through the exact elastodynamic analysis for all three branches.
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For both the cases of the plate with simply-supported/clamped and with simply-sup-
ported/free edges, all three branches of the frequency spectrum are active for a given vi-
bration mode. That is, each mode is seen to be comprised of a contribution from each of
the three wave numbers in the g-direction of the plate. Hence, a point is found on each
of the branches that aligned horizontally upon the branches of the frequency spectrum,
which corresponds to the natural frequencies for these boundary conditions. The natural
frequency spectrum is presented as a functional component of the wave number & in the
Z-direction, and modal plots are also presented for both cases. An elastodynamic analysis
is not available in the literature for comparison for these cases but, based on the results
from the simply-supported plate, it is assumed that branch dependent shear correction
coefficients slightly improved the frequency results.

In conclusion, the use of branch dependent shear correction coefficients has improved
the frequency predictions for the free vibrations of Mindlin plates. The thesis has also
provided insight into the nuances that must be considered when solving for the natural
frequencies of the Mindlin plate for various boundary conditions. The insight provided into
the interactions of the frequency branches improves upon the physical understanding and
interpretation, as well as the analysis of the free vibration of the Mindlin plate even for the
classical case when a single shear correction coefficient is employed. The most important
of which is the recognization that when considering simply-supported boundaries a single
branch of the frequency spectrum is active for a given vibration mode while for mixed
boundaries all three branches of the frequency spectrum must be active to form a given

vibration mode.
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