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ABSTRACT OF THE DISSERTATION
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Dissertation Director:

Athina P. Petropulu

Multi-input and multi-output (MIMO) radars achieve high resolution of arrival direction
by transmitting orthogonal waveforms, performing matched filtering at the receiver end
and then jointly processing the measurements of all receive antennas. This dissertation
studies the use of compressive sensing (CS) and matrix completion (MC) techniques
as means of reducing the amount of data that need to be collected by a MIMO radar
system, without sacrificing the system’s good resolution properties. MIMO radars with
sparse sensing are useful in networked radar scenarios, in which the joint processing of
the measurements is done at a fusion center, which might be connected to the receive
antennas via a wireless link. In such scenarios, reduced amount of data translates into
bandwidth and power saving in the receiver-fusion center link.

First, we consider previously defined CS-based MIMO radar schemes, and propose
optimal transmit antenna power allocation and transmit waveform design schemes that
improve target localization performance. The optimization criterion is to minimize the
coherence between the columns of the sensing matrix. In addition, we propose a clutter
suppression scheme based on the Capon beamforming in the CS-based MIMO radars.

Second, we propose a novel MIMO radar approach based on matrix completion,

termed as MIMO-MC, in which each receive node either performs matched filtering

ii



with a small number of randomly selected dictionary waveforms, or obtains sub-Nyquist
samples of the received target echoes at randomly sampled instants, and forwards the
results to a fusion center. Based on the received samples, and with knowledge of the
sampling scheme, the fusion center partially fills a matrix, referred to as the data ma-
trix and subsequently applies matrix completion techniques to estimate the full matrix.
The completed data matrix is used for target estimation with standard array signal
processing methods. We show that MIMO-MC radars share the advantages of the CS-
based radars, i.e., high resolution with reduced amounts of data, but unlike CS-based
radars do not require grid discretization and thus are not sensitive to basis mismatch.
For MIMO radars with uniform linear arrays, we investigate the relationship between
the coherence of the data matrix and the transmit waveforms, and formulate an opti-
mal waveform design problem. This is an optimization problem on the complex Stiefel
manifold, which is then solved via the modified steepest descent and the modified New-
ton algorithms with nonmonotone line search methods. We also propose transmit and
receive beamforming schemes to significantly reduce the sampling rate at the receiver

end in MIMO-MC radars.
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Chapter 1

Introduction

In this chapter, we provide the necessary background on multi-input multi-output
(MIMO) radars, sparse sensing in MIMO radars based on compressed sensing and

matrix completion theory.

1.1 Radar Basics

A radar is a configuration of transmit and receive antennas, used for detecting targets
and estimating their parameters, namely, range, direction of arrival (DOA) and speed
[1]. It operates by transmitting a particular type of waveform and then processing the
target returns as received by its receive antennas.

A pulse radar sends out signals in short bursts or pulses [2]. At the receivers,
matched filters are applied to yield maximum signal-to-noise ratio (SNR) output, as-
suming that the received signal can be modeled as target returns in additive white
Gaussian noise (AWGN). Let us consider a radar system in which both transmit and
receive antennas are stationary and colocated. At the transmitter, the transmitted

waveform is typically modeled as [2]

Z(t)=a(t)sin(2nft+ (1)), (1.1)

where f is the carrier frequency in Hertz. The term a (t) represents amplitude modula-
tion of the carrier. In a pulsed radar, this is typically a rectangular function. The term
¢ (t) models any phase or frequency modulation of the carrier.

The real-valued waveform of (1.1) is more conveniently modeled by its complex



equivalent

T (t) = s (t)e 72/t (1.2)
where

s(t) =a(t)e 790 (1.3)

is the complex baseband signal. The baseband signal s (t) can be obtained by filtering

Z (t) with a baseband filter, which is referred to as demodulation process [3].

e Range estimation: Consider the simple case of a stationary target. The noise-free

target return at the receiver, r (t), can be written as [4]
(1) = s (1 — o) e 20 (1.4)

where 3 is the target scattering coefficient. The round trip delay is 7y, based on

which, the distance between the radar and the target, i.e., range, is
d=—, (1.5)
where ¢ is the speed of light.

e Doppler estimation: A moving target introduces Doppler shift in the carrier fre-
quency. Assume the target is moving with velocity v towards radar and ¢ < 1.

The received signal can be written as [4]
200N _jorf(t—rot22t)
r(t) = Bs t—T()—i-T e e ). (1.6)

Assume the transit signal does not change appreciably in a time equal to %, ie.,

20T 1
— < = 1.7
c << B ? ( )
or equivalently,
c
BT <« —. 1.8
<5 (1.8)

Then, we can ignore the time-scale change of the transmitted signal. And the

complex envelope of the receive signal can be simplified as [4]

r(t) & Bs (t — mp) e 2 I=Srotr) (1.9)



where v = % is the Doppler shift. To extract the Doppler information, pulse

radar needs to transmit multiple pulses.

DOA estimation: Multiple receive antennas are required to extract the DOA
information. Let us consider a uniform linear array (ULA) with the inter-spacing
between receive antenna is d,., shown in Fig. 1.1. Assume a stationary target is
located in the far field and its distance to the nearest receive antenna is d and
the round trip delay is 19 = %. The noise free receive signal at the m-th receive

antenna can be written as

(1.10)

—1)d,sin@\ —jorf(t—r_ (m=Ddrsino
Ti(t)zﬁs(t—q-o_u>632f(t 0 P )

C

Let T and B denote the duration and bandwidth of the transmit signal, respec-

tively. Assume that the transmitted signal is narrowband, i.e.,

1
= <[ (1.11)

For example, suppose d, = %, where X is the wavelength. Then, it holds that

(m—1)d,sinf®  (m—1)Asinf (m —1)sin@
c N 2c N 2f

<T. (1.12)

(m—1)d, sinf
c

Consequently, we can ignore the delay term and the receive signal at

the m-th receiver can be written as

(m—1)dy sin 6
c

T (t) 2 Bs (t — 7o) G (1.13)

Let o = £ d*sing = & f\ine, where A is the wavelength of the signal waveform; «

is referred to as the spatial frequency [3]. All the antennas in the receive array
perform sampling simultaneously following the Nyquist rule. The collection of
samples from all antennas in the receive array at a single time instant is referred
to as snapshot. At a given time instant, the snapshot can be viewed as a complex
sinusoid of frequency « (spatial frequency). If we apply the fast Fourier transform
(FFT) on a single snapshot, the peak locations in the FFT index will correspond
to the spatial frequency «, based on which the DOA 6 can be obtained as long as

6 € [-90°,90°]. More accurate DOA information can be extracted using subspace



Receivers

Figure 1.1: Radar with M, receive antennas.

methods which rely on the spatial covariance matrix, such as multiple signal
classification (MUSIC) algorithm [5]. The spatial covariance matrix is estimated

using multiple snapshots.

In the following, we present the radar ambiguity function and its properties. Let us
consider non-stationary targets. The equivalent complex baseband signal of (1.9) can

be written as
r(t) = Bs (t = o) e PTEIH on (1), (1.14)

where n (t) is the noise. The return r (¢) then goes through a matched filter, i.e., r (t)
is correlated with the transmitted signal s (¢). The output of the correlator is given by

“+00 “+00

s(t—m)s* (t—7)e 7*™dt + / n(t)s* (t —7)dt.

—0o0

T

—00
(1.15)

The constant 7y can be removed without affecting the analysis. Without loss of gener-

ality, we assume 79 = 0. Then, the matched filter output is

o0

m (r,v) :ﬁA(T,I/)—i—/ n(t)s* (t — 7) dt, (1.16)

—0o0
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Figure 1.2: The matched filter output for a rectangular pulse with duration 7.
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Figure 1.3: The matched filter output for two closely spaced targets.

where
o0
A(r,v) = / s(t)s* (t —T1)e 2™t (1.17)
—o0
is referred to as the ambiguity function of the radar waveform s (t) [6].

The ambiguity function is a major tool for radar signal analysis. The ambiguity
function evaluated at (7,v) = (0, 0) is equal to the matched filter output that is perfectly
matched to the signal reflected from the target. The ambiguity function along the zero-
Doppler axis (corresponding Doppler shift v = 0) is the autocorrelation function of the
waveform

o0
A(1,0) = / s(t)s* (t—71)dt = Rs (7). (1.18)
—o0
Consider a single rectangular pulse signal with duration 7. There would be a single
peak along the zero-Doppler axis as well as zero-delay axis.

Figure 1.2 shows the output of a perfect matched filter with the input as a rect-
angular pulse, which is a triangular envelope of width 27" with a central peak. If the
second target is located from the first one with a time delay of T" seconds. At a radar
receiver, the matched filter output of these two closely spaced targets is plotted in Fig.

1.3. It can be found that the two peaks are resolvable if the the range between two



targets, i.e., the range resolution, satisfies

AR > % (1.19)

Therefore, the range resolution is proportional to the width T. Shortening the width
of pulse would increase the range resolution. The ideal ambiguity function along the
zero-Doppler axis, i.e., the autocorrelation function, would be a delta function. On the
other hand, for the radar pulse with imperfect autocorrelation function, a weak target
located at the neighborhood of a strong target could be masked by the sidelobe of the
ambiguity function centered around the strong target. Therefore, radar pulses that
have good correlation properties not only help to improve the range accuracy but also
help to distinguish closely located multiple targets.

As discussed above, the range resolution can be improved by using short pulses [7].
However, by transmitting short pulses, the average transmitted power would be reduced
since the maximal transmit power of radar is limited and fixed. It is desirable to increase
the pulse width, i.e., to increase the average transmitted power, or equivalently increase
the average SNR, while maintaining good range resolution. This goal is achieved by
employing the pulse compression techniques. Pulse compression allows us to increase
the average transmitted power by transmitting a relative longer pulse, while obtain
range resolution corresponding to a short pulse [7]. The pulse compression can be
achieved either by linear frequency modulation (LFM) or phase coding [7], such as
Barker sequences [8].

In the additive white Gaussian noise, the output of the matched filter maximizes the
SNR. To improve the orthogonality of the signals at the receiver end, it is possible to
use mismatched filters [9]. Mismatched filters have been introduced in radars to reduce

the sidelobes at the cost of a reduce of the SNR at the filter output [9].

1.2 MIMO Radars

Inspired by the idea of MIMO communications, MIMO radar systems have received

significant attention during the past decade [10] [11]. In phased-array radar, multiple



transmit antennas emit a scaled version of a single waveform [12], i.e., coherent wave-
forms are transmitted to illuminate certain directions of interests with maximum target
illuminating power [13]. However, scanning a wide sector requires significant amount
of time, and during each scan cycle only a few pulses reach the targets. Unlike phased-
array radars, MIMO radars transmit independent waveforms through their transmit
antennas. Therefore, the beampattern of MIMO radars is omnidirectional, which in-
dicates that the whole search space would be illuminated simultaneously during the
search mode. At the receivers, these waveforms can be separated with the help of a
matched filter bank constructed based on the transmit waveforms. MIMO radars are
configured in two scenarios, i.e., widely separated MIMO radars [10] [14] [15] [16] [17]
and colocated MIMO radars [18] [19].

1.2.1 Widely Separated MIMO Radars

In widely separated MIMO radar systems, the transmit antennas are deployed far apart
from each other as compared with their distance to the target [10] [14] [15] [16] [17] . The
transmit antennas emit independent waveforms from decorrelated transmitters. Theses
waveforms are transmitted through independent paths to the target. As a result, each
target return contains independent information about the target. This configuration
enables the radar to view the target from different directions simultaneously. Diversity
gain could be achieved by combining these independent target returns and MIMO radar
systems could reduce the radar cross section (RCS) scintillation of the target.
Non-coherent and coherent methods can be applied to process the radar observa-
tions. Only the signal envelope information is utilized in non-coherent methods and
therefore only time synchronization between transmit and receive antennas is required.
On the other hand, coherent methods utilize both envelop and phase information, which

requires both time and phase synchronization.

1.2.2 Colocated MIMO Radars

In the colocated MIMO radar systems, the antennas are deployed close to each other

and thus the RCS corresponding to different paths could be viewed as the same [18] [19].
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Figure 1.4: The colocated MIMO radar system is equipped with M; transmit antennas

and M, receive antennas. Both transmit and receive arrays follow the ULA model.

Suppose the number of transmit and receive antennas are M; and M,.. By transmitting
independent waveforms at the transmit end and using matched filter bank to separate
them at each receiver, the MIMO radar system is equivalent to a long virtual array
with MM, elements [19]. This suggests that the colocated MIMO radars can provide
a much higher degree of freedom (DOF) with only a small number of transmit and
receive antennas. This enables the colocated MIMO radars to achieve superior spatial
resolution as compared with traditional radar systems.

Let us consider a stationary point target located in the far filer of the antennas;
the target’s direction of departure (DOD) and direction of arrival angles are the same,
denoted by #. The transmit and receive antennas are configured in a uniform linear
array (ULA), as shown in Fig. 1.4. Let d; and d, denote the inter-spacing between the
transmit and receive array, respectively. Let s1 (n) be the discrete time baseband signal
emitted from the m-th transmit antenna. Let 7 (n) denote the received signal at the

[-th receive antenna and let
r(n) = [r (). rag, (] n =1, N, (1.20)

where N denotes the number of samples during the transmit pulse. Let

a(0) = [e 2O, g nim0) . om0 a (1.21)
b (0) = [G*ﬂﬂfﬁ 0) g=d2mf28) ... =i ST (9>] T, (1.22)

)



where 7, (0) is the propagation time of the transmitted signal between the m-th trans-
mit antenna and the target located at 6, and 7 (6) is the time for the corresponding
reflected signal to reach the [-th receive antenna. Under the point target assumption,

the noise free received data vector can be written as [19]

K
r(n) =Y Bib(6r)a” (6x)s(n), (1.23)
k=1
where s (n) = [s1 (n),--- ,sa, (n)]7. If the transmitted waveforms from the M; anten-

nas are linearly independent of each other, i.e.,
rank {[s (1),--- ,s(N)]} = M, (1.24)

the identifiability equation

K K
>~ 6ib (i) a” (6:) s (n) = > B (61)a” (61)s () (1.25)
k=1 k=1
would be equivalent to [19]
K ~ ~ ~ K
> b (8)a” (8) = " Bb (6x) aT (04), (1.26)
k=1 k=1
or Aﬁ = AJ, where

A=a(01) @b (0), - a(0x)2b(0x)] (1.27)
A=Ja(f)@b(0), - ,a(0x) @b (0k)] (1.28)

and § = {Bl,"' ,BK}T,ﬁ = [B1,-+,Bx]". When g—ﬁ = M,, the vector a(0) ® b (0)

would contain M; M, distinct elements, i.e.,
. . T
a(®)@b(9) = [1,e—JW,--- ,e—ﬂMtMr—l)w] : (1.29)

where w = 27 f7(0) and 7 () is the inter-element delay difference in the receive ULA.
In other words, a virtual array of M;M, elements is achieved with only M; + M,
elements [19]. As a result, colocated MIMO radars is capable to achieve superior angular
resolution as compared to phased-array radars with the same number of antennas.
For the matched filter to work at the receive antennas, the transmit waveforms must
be orthogonal. However, due to the time delay and Doppler shift, the waveforms or-
thogonality might be lost at the receiver end. The mismatched filter has been proposed

to address this issue [20].
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1.2.3 MIMO Radar Ambiguity Function

The MIMO radar ambiguity function under the arbitrary array configurations are given
n [21]. Here, we state the ambiguity function of MIMO radars under ULA configura-
tions. We consider a MIMO radar system with ULA transmit/receive arrays of inter-
element spacing d; and d,., respectively. Let ~y a di/d,. For a single target at direction

0, we define the normalized spatial frequency as

a= %sin@. (1.30)

The demodulated receive signal in the I-th receive antenna is proportional to

M1
() ~ > s (b — 1) P2 CmAl), (1.31)

m=0
At the receiver, the target information is captured with a matched filter with the
parameters (7/,1/,a’). The matched filter output is [22]

M;—1

S e () o

=0 Y~

M,—1 Mi—1Mi—1 o
_ < Z ej27r(ao/)l> ( Z Z / Sm, (t . 7_) S:fn’ (t i 7_/) ej27r(l/fz/’)tdt . ej27r(ama’m’)'y>
1=0 >

m=0 m/=0""

(1.32)

The MIMO radar ambiguity function under ULA configurations is defined as [22]

Mi—1 M;—1 '
Alrvona) £ 37 D7 A (rv) 2remmemD, (1.33)
m=0 m/=0
where
o0
A (73 ) 2 / sm (1) 88y (£ 4 7) 927 (1.34)
—o0

is called the cross ambiguity function.
In the pulse MIMO radars, the transmitted signal is

Q-1
sm (1) = Z ¢m (t — qTPRr)- (1.35)

q=0
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The duration of pulse ¢y, (), i.e., Ty, satisfies Ty < Tppry. Assume that Tyv ~ 0. The

ambiguity function for the pulse MIMO radars is [22]

Mi—1 Mz—1 ‘ Q-1
A (T, v, a, o/) = Z Z Rﬁl oy (T) ei2m(am—a’m’)y Z eI2mvaTrRI (1.36)
m=0 m/=0 q=0

for |7| < Tprr —T},. Here, Rﬁl v (7) is the cross correlation between ¢y, (t) and ¢, (),

defined as

Ty
A *
Ry, . (1) = - Om () by (E 7). (1.37)
The pulse MIMO radar ambiguity function shown in (1.36) indicates that the Doppler
processing is separable from the correlation function under the assumption of slow mov-

ing targets and short pulses . Consequently, the choice of the waveforms {o,,
ing targ d short pulses [22]. Consequently, the choice of th f {om (1)}

does not affect the Doppler resolution.

1.3 Compressive Sensing (CS) Based MIMO Radars

Compressive sensing (CS) [23] [24] [25], is a relatively recent development for finding
sparse solutions to under-determined linear systems. CS theory states that a K-sparse
signal x of length N can be recovered exactly with high probability from O(K log N)
linearly compressed measurements. CS finds applications in MIMO radar systems [26]
[27] [28] [29] [30]. In CS based MIMO radars, the target parameters are estimated by
exploiting the sparsity of targets in the angle, Doppler and range space, referred to
as the target space. It is assumed that the targets are sparsely located in the target
space space. Each receive antenna performs a sub-Nyquist sampling and forwards the
samples to the fusion center, where the target is estimated via sparse signal recovery

techniques, such as the Dantzig selector [29], orthogonal matched pursuing (OMP) [31].

1.3.1 Compressive Sensing

A K-sparse signal x of length N can be represented as

x = Us, (1.38)
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where W is the N x N basis matrix spanning the space under which x is sparse; s is
the coefficient vector whose K elements have large magnitude and the magnitudes of
the remaining elements are negligible or zeros. If K <« N, the signal x is sparse and
compressible.

Suppose we collect linear measurements of x as
y = &x = Os, (1.39)

where ® is an M x N matrix, referred as the measurement matrix and @ = ®W,
referred as the sensing matrix in the CS society, respectively.

To recover the signal x with samples y of length M and M < N, it requires to solve
an under-determined linear system. To find the sparest solution of x, an optimization

problem is formulated as

min s,

s.t. y = Os, (1.40)
where ||-||, denotes the £y norm which is number of nonzero elements of the argument.
The ¢y norm optimization problem is not convex. A convex relaxation is to solve the
/1 norm optimization problem, defined as

min [s]|

s.t. y = Os, (1.41)
where ||-||; denotes the ¢; norm which is the sum of absolute value of all the elements
in the argument. Consequently, the optimization problem (1.41) a linear programming
(LP) optimization problem. Under noisy measurement cases, the recovery problem can
be formulated as a second-order cone programming (SOCP) problem. When the size

of the optimization is relatively large, greedy algorithms, such as orthogonal matched

pursuing [31], are also used to find the support of the sparse vector.

1.3.2 CS-Based Colocated MIMO Radars

Let us consider a MIMO radar system consisting of M; TX antennas and N, RX

antennas. In the far field of the antennas there are K targets that need to be estimated.
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For simplicity, we will assume that the targets are not moving, thus the only parameters
that needs to be estimated are the target azimuth angles 6, k= 1,..., K. The results
can be easily extended to the case of moving targets.

Let us assume that the transmit and receive antennas are closely spaced, with the
i-th trasnmit/receive antenna placed at location (rf,al)/(r!, af) (in polar coordinates).
Let L denote the number of Ts-spaced samples of the transmitted waveforms. The effect
of the compressive receiver in Fig. 1 of [29] is equivalent to pre-multiplying by matrix
® a Ts-sampled version of the received signal. The size of ® is M x L.

Under the narrowband transmitted signal assumption, the received baseband signal

at the [-th receive antenna can be approximated by
r = Z’Bke] i (Ox) PXv; (Hk) + ®n;, (1.42)

where X is an L x M; matrix that contains the transmit waveforms as its columns; (5

is the reflection coefficient of the k-th target;

27rf

vi(O)) = [ MO0 7, O0)T (1.43)

is the transmit steering vector associated with angle 0; and 77;/ "(0) = rf/ "

cos(fy —
af/ "); n; is the interference at the I-th receiver, arising due to the interference and
thermal noise.

Let us discretize the angle space into N discrete angles [a1,...,an]|. The discretiza-

tion step is small enough so that each target falls on some angle grid point. Then,

(1.42) can be rewritten as

r;=®dvY;s + Pn;, (1.44)
~—~—
S]]
where ¥; = ej@"lr(‘“)th (al),...,ej¥’7lr(“N)th (aN)]; s = [31,...,3N]T, with s,

being zero if there is no target at angle a,, otherwise being equal to the reflection
coeflicient of the target at that angle.

By stacking the received data from each antenna into a long vector, we form y, for
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which it holds

y =T 5]

[(«Ian)T, (aner)T]T s+ [(@nl)T, (@nNT)T]T . (1.45)

~~

(C] z

According to the CS formulation, ® is the sensing matrix and ¥; is the basis matrix
for the [-th antenna. If the number of targets is small as compared to N, then s is a
sparse vector, with the locations of its non-zero elements providing information on the
target angles. A variety of CS methods can be applied to the recovery of s, e.g., basis

pursuit [32], matching pursuit [31] and Lasso methods [33].

1.3.3 Basis Incoherence in CS-Based MIMO Radars

The widely used analysis tool for sparse signal processing is the uniform uncertainty
principle (UUP) defined in [34] [35] [36]. UUP states that the M N, x N sensing matrix
© satisfies the “restricted isometry properties (RIP)”. Let @7, T C {1,...,MN,} be
the matrix constructed from the columns of ® according to the indices T. The S-

restricted isometry constant dg of @ defined in [36] is the smallest number such that
(1=3s) llcllz < [©rc3 < (1 +3s) |c]3 (1.46)

for all subsets T" with [T'| < S and coefficient sequence (c;) 7. The restricted isometry
property requires that every set of columns with cardinality less than S is approximately
orthonormal. It is shown in [36] that if S satisfies dg+ d25+ 35 < 1, then solving (1.41)
could recover any sparse signal s with supporting size |Tp| < S.

Verifying that a given matrix meets the RIP condition is not computationally fea-
sible [31]. The other commonly used framework is the mutual incoherence properties

(MIP) [37]. The mutual incoherence is defined as
p=max|(©;, ©;)]. (1.47)
i#j

To satisfy the MIP, the parameter p needs to be small [31]. Suppose the vector s is

1

s7e—7 18 a sufficient

K-sparse, i.e., [supp (s)| < K. Then, it was shown in [38] that pu <

condition to recover K-sparse signal correctly using orthogonal matching pursuit (OMP)
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in the noiseless case. In the presence of noise, it was shown in [31] that under the MIP
u< ﬁ and a minimum magnitude condition on the nonzero element in the vector s,
the sparse signal can be recovered exactly using the OMP in bounded noise case, and
with a high probability in Gaussian noise case.

One can see that, to make p small, the columns of the sensing matrix © need to
be as orthogonal as possible. Based on this conclusion, in Chapter 2 we propose power
allocation and waveform design algorithms to improve the performance of CS-based
MIMO radars by minimizing the difference between the Gram of sensing matrix and

an identity matrix.

1.3.4 Basis Mismatch in CS-Based MIMO Radars

When applying CS in MIMO radars to do target estimation, the target space (DOA,
range and velocity) needs to be discretized into a fine grid, based on which the basis
matrix is constructed. Other information that is used to construct the basis matrix
includes transmit waveforms, radar antenna positions (see equation (1.44)). However,
the performance of CS-based MIMO radars degrades when there are errors in the con-
structed basis matrix, a case also known as basis mismatch [39] [40].

The first possible scenario resulting in basis mismatch can be due to the small
errors in the antenna positions. For example, consider the scenario of a radar formed
by antennas placed on the backpacks of soldiers. The measurement data from each
receive antenna is forwarded to a fusion center via a wireless link. The positioning of
each soldier may contain small errors, especially when the soldiers are moving. Figure
1.5 (a) shows the random positions of M; = 20 TX and N, = 6 RX antennas in
2D Cartesian coordinates. The carrier frequency is set to f = 0.1GHz, and thus the
wavelength equals A = 3m. In each dimension, the position error of each antenna
is set to a random number in A/5 = 0.6m with a random sign. There are K = 3
targets located in a far field of antennas with DOAs as [1.1°,3.4°,4.5°]. The target
reflection coefficients are all set to 1. Hadamard waveforms with M; = 20 and L = 32
are transmitted. To apply the CS theory to estimate the target DOAs, we discretize

the angle space [0°,5°] on a grid with spacing of 0.1°. At each receive antenna, a



16

100 T T T T T T T T T T T T
o x TXwith errors 12l —#— Recovered Angle] |
80+ O RXwith errors|{ ) O Truth
X x TXtruth
60 O RXtruth H
1r o o
a0t
o
201 x ° 0.8
= © x 3
E o “© x £
> x x % o6
L x =
-20 X0
x x
_a0k 1 0.4r 1
x
x
—60} ° 1 4 4
0.2
1l 7 /\
x
ol NI AW .S A W I VA »
-80 -60 -40 -20 0 20 40 60 80 100 0 1 2 3 4 5
x(m) Angle (degree)
(a) (b)

Figure 1.5: The basis mismatch due to antenna position errors: (a) The true and
estimated positions of M; = 20 TX and N, = 6 RX antennas; (b) The performance of

CS when there is basis mismatch due to antenna position errors within %

measurement matrix ® € CM*L with Gaussian elements is used to pre-multiply the
samples. Here, M = round(p * L) and p = 0.7 is the portion of selected samples. The
received data is corrupted with thermal noise and the signal-to-noise ratio (SNR) is set
to 0dB. Figure 1.5 (b) shows the CS recovery performance using the Dantzig selector.
One can see that the true target directions cannot be found via CS, i.e., a small basis
mismatch error could yield big recovery errors, as shown in [39]. The antenna position
errors would results in phase error in radar systems. Our simulations show that when
the antenna position errors are larger than A/10, there would be large target estimation
error with CS.

Another basis mismatch scenario is when the targets fall between grid points. Con-
tinuing on setting in Fig. 1.5, let us assume that the antenna positions are perfectly
known. There are K = 3 targets located in a far field of antennas with DOAs as
[1.15°,3.45°,4.55°]. Figure 1.6 (a) shows the CS performance using the OMP algo-
rithm with grid size 0.1°. It can be found that the recovered target angles are the grid
points which are the closest to the true angles. We next increase the grid density by
setting the grid size to 0.01°. Consequently, the targets are on the grid under the new
discretization. However, Figure 1.6 (b) shows that the recovered target angles do not

coincide with the truth as one would expect. This is because the grid density cannot be
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Figure 1.6: The CS recovery performance in the off-grid target scenario using orthogonal

matching pursuit: (a) gird size as 0.1°; (b) gird size as 0.01°.

increased without decreasing the incoherence of the basis matrix of CS, which results
in worse CS performance.

In this thesis, we propose a novel MIMO radar approach using matrix completion
(MC), termed as MIMO-MC, which exploits the low-rank structure of the data matrix
arising in MIMO radars. The new approach shares the same advantage of CS-based
MIMO radars, i.e., significant reduction of samples required for high resolution target
estimation, but does not require discretization of the target space. In the following, we

give a brief introduction of matrix completion theory.

1.4 Matrix Completion Theory

Matrix completion is of interest in cases in which we are constrained to observe only a
subset of the entries of an ni X no matrix, because for example, the cost of collecting
all entries of a high dimensional matrix is high. If a matrix is low rank and satisfies
certain conditions [41], it can be recovered ezactly based on observations of a small
number of its randomly selected entries. In this section we provide a brief overview of
the problem of recovering a rank r matrix M € C™*"2 based on partial knowledge of

its entries using the method of [41] [42] [43].
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Let us define the observation operation Y = Pq (M) as

M].., (7,7) € Q
N s
0, otherwise

where () is the set of indices of observed entries with cardinality m. According to [42],
when M is low-rank and meets certain conditions (see (A0) and (A1), later in this

section), M can be estimated by solving a nuclear norm optimization problem

min_ | X[,

s.t. Pa (X) = Pq (M) (1.49)

where ||-||, denotes the nuclear norm, i.e., the sum of singular values of X.

In practice, the observations are typically corrupted by noise, i.e., [Y] i = (M, it
[E];;, (i,5) € Q, where, [E];; represents noise. In that case, it holds that Pq (Y) =
Pa (M)+Pq (E), and the completion of M is done by solving the following optimization

problem [43]

min_ X[,

st ||Po (X —Y)|p <0 (1.50)

Assuming that the noise is zero-mean, white, § > 0 is a parameter related to the noise
variance, 02, as 62 = (m + +/8m)o? [43].
The conditions for successful matrix completion involve the notion of coherence,

which is defined next [41].

Definition 1. Let U be a subspace of C™ of dimension r that is spanned by the set
of orthogonal vectors {u; € C"},_, . Py be the orthogonal projection onto U, i.e.,
Py = > uiuZ-H, and e; be the standard basis vector whose ith element is 1. The

1<i<r
coherence of U is defined as

™M 112 ni
p(U) = max |[Poeil € [1.77]. (151)

,
Let the compact singular value decomposition (SVD) of M be M = Y prugvy,
k=1

where pg, k = 1,...,r are the singular values, and u; and vj the corresponding left and
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right singular vectors, respectively. Let U,V be the subspaces spanned by u; and vy,

respectively. Matrix M has coherence with parameters pg and py if

(A0) max (u(U), 1 (V)) < po for some positive .

(A1) The maximum element of the 7y xng matrix - u; v is bounded by p1+/r/(n1n2)

in absolute value, for some positive p1. =

In fact, it was shown in [41] that if (A0O) holds, then (A1) also holds with py < pg/r.
Now, suppose that matrix M € C™*"2 satisfies (A0) and (A1l). The following

lemma gives a probabilistic bound for the number of entries, m, needed to estimate M.

Theorem 1. [}1] Suppose that we observe m entries of the rank—r matric M €
C™>m2 - with matriz coordinates sampled uniformly at random. Let n = max{ni,na}.

There exist constants C' and ¢ such that if

m > C'max {u?, /2, uon1/4} nrlogn

for some B > 2, the minimizer to the program of (1.49) is unique and equal to M with
probability at least 1 —en=P.

Forr < ,ualnl/‘r’ the bound can be improved to

6/5

m > Cuon”°rfBlogn,

without affecting the probability of success.

Theorem 1 implies that the lower the coherence parameter g, the fewer entries of
M are required to estimate M. The smallest possible value for pg is 1.
Further, [43] establishes that, when observations are corrupted with white zero-mean

Gaussian noise with variance o2, when solving (1.50), the recovery error is bounded as

[ x| §4\/%(2+p)min(n1,n2)5+25, (1.52)

where p = % is the fraction of observed entries, and 62 = (m + /8m)o2.
There are several MC techniques in the literature [41-46]. For example, in [41-43],
recovery can be performed by solving a nuclear norm optimization problem, which

basically finds the matrix with the smallest nuclear norm out of all possible matrices
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that fit the observed entries. Other matrix completion techniques are based on non-
convex optimization using matrix manifolds, such as Grassmann manifold [44,45], and

Riemann manifolds [46].

1.5 Contributions of the Dissertation

1.5.1 Performance Optimization and Clutter Suppression in CS-Based

MIMO Radars

By exploring sparsity in the target space, CS-based MIMO radar systems achieve ei-
ther the same localization performance as traditional methods but with significantly
fewer measurements, or significantly improved performance with the same number of
measurements. The recovery requires that the product of the measurement matrix and
the sparsifying basis matrix, referred to as the sensing matrix, satisfies the uniform un-
certainty principle (UUP); in other words, the sensing matrix exhibits low correlation
between its columns. To improve the CS-based MIMO radars performance, the columns
of the sensing matrix should be as orthogonal as possible. We propose algorithms on
power allocation among transmit antennas to improve the orthogonality of the columns
of the sensing matrix arising in both colocated and widely separated MIMO radars.
Furthermore, we propose waveform design algorithm to improve the performance CS-
based colocated MIMO radars by minimizing the coherence between the target returns
from different search cells, or equivalently, the coherence of the columns of the sensing
matrix.

In the presence of clutter, the sparsity assumption does not hold. Under the assump-
tion that the clutter covariance is known, we propose an approach to suppress clutter
in the context of CS-based MIMO by applying the Capon beamforming at the fusion
center on compressively obtained data, which are forwarded by the receive antennas.
Subsequently, the target is estimated using CS theory, by exploiting the sparsity of the
beamformed signals. Furthermore, we propose algorithm of power allocation among
transmit antennas to further improve the CS performance in the clutter scenario.

This work has been published in
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e Y. Yu, S. Sun, R. N. Madan, and A. P. Petropulu, “Power allocation and waveform
design for the compressive sensing based MIMO radars,” IFEE Trans. Aerosp.
Electron. Syst., vol. 50, no. 2, pp. 898-909, 2014.

e Y. Yu, S. Sun and A. P. Petropulu, “A Capon beamforming method for clutter
suppression in colocated compressive sensing based MIMO radars,” SPIE Defense,

Security, and Sensing, Baltimore, MD, April 29-May 3, 2013.

1.5.2 MIMO-MC Radar: A MIMO Radar Approach Based on Matrix

Completion

We show that in a typical MIMO radar scenario with large scale transmit and receive
arrays, the data matrix constructed at the fusion center based on the measurements
of all antennas, is low-rank, and thus can be recovered based on knowledge of a small
subset of its entries via matrix completion techniques. The recovered data matrix,
in conjunction with standard array processing schemes leads to target detection and
parameter estimation. Leveraging the low-rank property of that matrix, we propose
a new MIMO radar approach, termed, MIMO-MC radar, in which each receive node
either performs matched filtering with a small number of randomly selected dictionary
waveforms, or obtains sub-Nyquist samples of the target returns at random sampling
instants, and forwards the results to a fusion center. Based on the received samples,
and with knowledge of the sampling scheme, the fusion center partially fills the data
matrix and subsequently applies MC techniques to estimate the full matrix. MIMO-MC
radars share the advantages of the CS-based MIMO radars, i.e., high resolution with
reduced amounts of data, but do not require grid discretization. Thus, the proposed
approach does not suffer from the target off-grid issues of CS-based MIMO radars.

This work has been published in

e S. Sun, W. U. Bajwa, and A. P. Petropulu, “MIMO-MC radar: A MIMO radar
approach based on matrix completion,” IFEE Trans. Aerosp. FElectron. Syst.,
vol. 51, no. 3, pp. 1839-1852, 2015.

e S.Sun, A. P. Petropulu, and W. U. Bajwa, “Target estimation in colocated MIMO
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radar via matrix completion,” in Proc. of IEEE 38th International Conference
on Acoustics, Speech, and Signal Processing (ICASSP), Vancouver, Canada, May
2013.

e S. Sun, A. P. Petropulu, and W. U. Bajwa, “High-resolution networked MIMO
radar based on sub-Nyquist observations,” in Signal Processing with Adaptive
Sparse Structured Representations Workshop (SPARS), EPFL, Lausanne, Switzer-

land, July 8-11, 2013.

e D. S. Kalogerias, S. Sun, and A. P. Petropulu, “Sparse sensing in colocated MIMO
radar: A matrix completion approach,” in Proc. of IEEE 13th International
Symposium on Signal Processing and Information Technology (ISSPIT), Athens,
Greece, Dec. 12-15, 2013.

1.5.3 Coherence Analysis and Optimal Waveform Design in MIMO

Radars with Matrix Completion

We first study the applicability of matrix completion (MC) theory on the data matrix
arising in colocated MIMO radars using uniform linear arrays. We show that the data
matrix coherence, and consequently the performance of MC, is directly related to the
transmit waveforms. Among orthogonal waveforms, the optimum choices are those for
which, any snapshot across the transmit array has a flat spectrum.

We then propose waveform design methods for MIMO-MC radars. The problem
of waveform design is formulated as an optimization problem on the complex Stiefel
manifold, and is solved via the modified steepest descent method, or the modified
Newton algorithm with nonmonotone line search.

Although the optimal waveforms are designed for the case of targets falling in the
same range bin, we conduct the sensitivity analysis of the proposed optimal waveform
to assess the performance degradation when the targets fall in different range bins.
Specially, we show that when transmit waveforms have ideal correlation properties, the
coherence upper bound of the data matrix in MIMO-MC radar is minimal.

This work has been published in



23

S. Sun and A. P. Petropulu, “Waveform design for MIMO radars with matrix
completion,” IEEE Journal of Selected Topics in Signal Processing, to appear in

the December Issue, 2015.

e S. Sun and A. P. Petropulu, “On waveform conditions and range compression
in MIMO radars using matrix completion,” in Proc. of 49th Annual Asilomar
Conference on Signals, Systems, and Computers (Asilomar), Pacific Grove, CA,

Nov. 8-11, 2015.

e S. Sun and A. P. Petropulu, “On waveform design for MIMO radar with matrix

)

completion,” in Proc. of IEEE Global Conference on Signal and Information Pro-
cessing (GlobalSIP), Information Processing for Big Data Symposium, Atlanta,

GA, Dec. 3-5, 2014.

e S. Sun and A. P. Petropulu, “On the applicability of matrix completion on MIMO
radars,” in Proc. of 48th Annual Asilomar Conference on Signals, Systems, and

Computers (Asilomar), Pacific Grove, CA, Nov. 2-5, 2014.

1.5.4 Transmit and Receive Beamforming in MIMO Radars with Ma-

trix Completion

In the tracking mode of MIMO radars, the transmit antennas transmit correlated wave-
forms to illuminate certain directions. We propose a matrix completion based colocated
MIMO radar (MIMO-MC) approach that employs transmit beamforming. Each receive
antenna performs sub-Nyquist sampling of the target returns at uniformly random
times. Based on the forwarded samples, the fusion center partially fills a matrix, recov-
ers the Nyquist rate samples via matrix completion, and subsequently proceeds with
target estimation via standard techniques. The performance of matrix completion de-
pends on the matrix coherence. We derive the relations between transmit waveforms
and matrix coherence. Specifically, it is shown that, for a rank-1 beamformer, the
coherence is optimal, i.e., 1, if and only if the waveforms are unimodular. For a multi-
rank beamformer, the coherence of the row space of the data matrix is optimal if the

waveform power is constant across each snapshot.
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We propose a receive beamforming scheme using matrix completion in a radar array
with a relative large scale sensors. Beamforming methods rely on training data to
estimate the covariance matrix of the interference pulse noise, which requires a large
numbers of training snapshots to maintain good performance. In a distributed array, in
which the array nodes are connected to a fusion center via a wireless link, the estimation
of the covariance matrix would require the communication of large amounts of data, and
thus would consume significant power. We propose a matrix completion based approach
that enables good beamforming performance while requiring substantially fewer data
to be transmitted to the fusion center. The main idea is based on the fact that when
the number of signal and interference sources is much smaller than the number of
array sensors, the training data matrix is low rank. Thus, the training data matrix
can be recovered via matrix completion based on sub-Nyquist samples of the array
sensors. Following the recovery of the training data matrix, and to cope with the errors
introduced during the matrix completion process, we propose a robust optimization
approach, which obtains the beamforming weight vector by optimizing the worst-case
performance.

This work has been published in

e S. Sun and A. P. Petropulu, “On transmit beamforming in MIMO radar with ma-
trix completion,” in Proc. of IEEE J0th International Conference on Acoustics,

Speech, and Signal Processing (ICASSP), Brisbane, Australia, April 2015.

e S. Sun and A. P. Petropulu, “Robust beamforming via matrix completion,” in
Proc. of 47th Annual Conference on Information Sciences and Systems (CISS),

Baltimore, MD, March 20-22, 2013.

1.6 Outline of the Dissertation

The dissertation is organized as follows.
In Chapter 2, based on the UUP condition introduced in compressive sensing theory,
we propose power allocation and waveform design algorithms to minimize the coherence

of the sensing matrix arising in both colocated and widely separated MIMO radars to
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improve the target estimation performance of CS-based MIMO radars.

In Chapter 3, we propose a Capon beamforming approach to reject the clutter in
the compressive sensing based MIMO radars.

In Chapter 4, we propose a new radar approach based on matrix completion, termed
as MIMO-MC radar.

In Chapter 5, we conduct the coherence analysis of the data matrix arising in MIMO
radars and the condition of optimal waveform in term of matrix coherence minimization
is derived for MIMO radars using matrix completion.

In Chapter 6, we derive the optimal waveform conditions of the transmit beam-
forming in MIMO-MC radar, in terms of matrix coherence and subsequently matrix
completion performance, for both rank-1 and multi-rank beamformers.

In Chapter 7, to overcome the large amount data collection requirement for esti-
mation of the covariance matrix arising in the standard array beamforming processing,
we propose a robust receive beamforming scheme for large scale array with matrix
completion.

Finally, Chapter 8 contains conclusions and possible future research directions.

1.7 Notation

We use lower-case and upper-case letters in bold denote vectors and matrices, respec-

tively. See Table 1.1 for other notations used in the dissertation.
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Table 1.1: Notations

Jall;
A*:
AT
A
tr (A):

Amin (A):

Al
AL,
vec (A):
A ®B:
AoB:

IM:

the real part of {-}

the imaginary part of {-}

the vector of length L with each element as 1
the Euclidean norm of a vector a

the complex conjugate of a matrix A

the transpose of a matrix A

the conjugate transpose of a matrix A

the trace of a matrix A

the minimal singular value of a matrix A

the Frobenius norm of a matrix A

the nuclear norm of a matrix A, i.e., the sum of singular values
the vectorization of a matrix A

the Kronecker product of two matrices A and B
the Hadamard product of two matrices A and B

the identity matrix of dimension M x M
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Chapter 2

Power Allocation and Waveform Design in Compressive
Sensing Based MIMO Radars

Compressive sensing (CS) based multi-input multi-output (MIMO) radars systems, by
exploring sparsity in the target space achieve either the same localization performance
as traditional methods but with significantly fewer measurements, or significantly im-
proved performance with the same number of measurements. This chapter investigates
the performance gain of CS-MIMO radars, stemming from optimal power allocation
among the transmit antennas, or optimal waveform design. In both cases, the op-
timization criterion is the minimization of the coherence between the target returns
from different search cells, or equivalently, the coherence of the columns of the sensing

matrix.

2.1 Introduction

Due to their potential to improve target detection, multiple-input and multiple-output
(MIMO) radar systems have received considerable attention in recent years. Unlike
traditional phased-array radar, a MIMO radar transmits multiple independent wave-
forms from its antennas. Depending on the transmit (TX) and receive (RX) antenna
configuration, MIMO radar systems are classified as widely separated [17] and colo-
cated [18]. The former view the target from multiple uncorrelated directions and thus
achieve improved target detection performance benefiting from spatial diversity. The
latter exploit waveform diversity to form a long virtual array, much longer than tradi-
tional radar systems with the same number of TX and RX antennas, and as a result

enjoy superior spatial resolution.
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Compressive sensing (CS) is a relatively recent development for finding sparse solu-
tions to underdetermined linear systems [23] [24] [25]. CS theory states that a K-sparse
signal x of length N can be recovered exactly with high probability from O(K log N)
linearly compressed measurements. The recovery requires that the product of the mea-
surement matrix and the sparsifying basis matrix, referred to as the sensing matrix,
satisfies the uniform uncertainty principle (UUP) [25] [34] [35]; in other words, the
sensing matrix exhibits low correlation between its columns.

CS in the context of MIMO radars has been studied in [47] [26] [29] [48] [49] [50];
[47] [26] [29] considered the application of CS to colocated MIMO radars with point
targets, while [48] [49] [50] considered the application of CS to widely separated MIMO
radars with extended targets. Both cases of CS-MIMO radars exploit the sparsity of
targets in the target space and enable target estimation based on a small number of
samples obtained at the RX antennas.

There are several techniques to further improve the detection performance of CS-
MIMO radars. For example, significant gain in range resolution can be achieved by using
a step-frequency approach during transmission [51] [52] [53]. We can also improve the
detection performance by using a measurement matrix that minimizes the coherence
of the sensing matrix and/or the signal-to-inference ratio (SIR) [54]. In this paper, we
investigate power allocation and/or waveform optimization as means of improving the
detection performance. Previous works [55] and [56] have discussed power allocation
for traditional MIMO radars. In [55], the authors proposed to minimize the total
transmitted power such that a predefined Cramer-Rao bound (CRB) is met, or to
minimize the CRB by optimizing power allocation among the transmit radars for a
given total power budget. A power allocation scheme was proposed in [56] for correlated
MIMO radar systems in the presence of Rician scattering. Less power was allocated
to the antennas that are correlated, or that suffer low line-of-sight reflectivity, so that
the total available power was spread across uncorrelated branches and strong reflectors.
In [49], an energy allocation scheme for CS-based widely separated MIMO radars was
proposed that determines the transmit energies for the next set of transmit pulses

based on the estimates of targets obtained from the previously received signals. The
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goal of [49] is to maximize the minimum target returns so that the probability of missing
weak targets is reduced. In this paper, since UUP indicates that the sensing matrix
should be as orthogonal as possible in order to guarantee reliable performance, we
allocate the power among the transmit antennas so that we minimize the difference
between the Gram of the sensing matrix, i.e., 7@ and an identity matrix. This
improves the condition of the sensing matrix and enables performance enhancement.
Based on the same optimization criterion, we also propose waveform design, aiming at

improving the orthogonality of the sensing matrix.

2.2 Compressive Sensing (CS) Based MIMO Radars

Let us consider a MIMO radar system consisting of M; TX antennas and N, RX
antennas. In the far field of the antennas there are K targets that need to be estimated.
For simplicity, we will assume that the targets are not moving, thus the only parameters
that needs to be estimated are the target azimuth angles 0, k= 1,..., K. The results
can be easily extended to the case of moving targets. In the following, we will consider

separate the case of colocated and widely separated antennas.

2.2.1 CS-Based Colocated MIMO Radars

Let us assume that the transmit and receive antennas are closely spaced, with the i-th
trasnmit/receive antenna placed at location (rf,al)/(r!, al) (in polar coordinates). Let
L denote the number of T,-spaced samples of the transmitted waveforms. The effect
of the compressive receiver in Fig. 1 of [29] is equivalent to pre-multiplying by matrix
® a Ti-sampled version of the received signal. The size of ® is M x L. The details of
CS-based colocated MIMO radars formulation can be found in Section 1.3.2 of Chapter

1.

2.2.2 (CS-Based Widely Separated MIMO Radars

Let us assume a widely separated antenna scenario with K targets. Typically, in this

scenario each target is viewed as a collection of multiple independent and isotropic
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scatterers. However, if the TX waveforms are sufficiently narrowbanded, the target
scatterers are unresolvable, and thus each extended target can be modeled as a point
target located at the the target gravity center, denoted here by (xj,yx) (in cartesian
coordinates). Let (zf,y!) and (z],y]) denote the locations of the i-th TX and the [-th
RX antenna, respectively.

The i-th antenna transmits the signal z;(¢). Assuming that the antennas transmits
on different channels, the target returns due to each transmit antenna can be separated.
The baseband signal at the [-th receive antenna, arising due to the transmission of the
i-th antenna equals [17]

K

zi (8) =Y hjlw (t = Tip — ) + mar (¢) (2.1)
k=1

where 7, = df, / c is the propagation delay between the ¢-th transmit antenna and

the gravity center of the k-th target, with df, = \/(:cf - xk)Q + (y! — yk)z; Ti is the
propagation delay between the gravity center of the k-th target and the [-th receive
antenna; hil = qul hf]lk represents the channel gain associated with the k-th target
and the TX-RX antenna pair (7,1). n;(t) denotes interference and noise.

Let us discretize the target state space into N grid points, i.e., [(zn,yn)],n =
1,...,N and let s denote the coefficient associated with the n-th grid point for the
TX-RX antenna pair (7,1). By choosing the measurement matrix ® as an identity ma-
trix, the received signal z;(t) can be rewritten as a linear combination of target returns

reflected from all grid points, i.e.,

N
ra (t) =Y siva; (£ = Tin — Tor) + nt (¢)
n=1
T gy il
=Py ()s" +nq (), (2.2)

where py (t) = [#; (t — Ti1 — T11) » . - -, 2 (t — Tiv — 7a7)] " and s = [s2, ... ,si]T. If the

k-th target is located at (z,,yy), the coefficient sff equals hi: otherwise, it equals zero.
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On denoting by L the number of Ts-spaced samples, we stack L samples correspond-

ing to the TX-RX antenna pair (i,1) into a vector r; as

vy = [2a(0T%), ..., 2z (L — 1)T)]*

= ¥;s + ny, (2.3)

where ¥ = [pi(07%), ..., pa((L — 1)T%)]" and ny = [nq(0T), ..., na((L — 1)Ts)]".
We can stack the received samples from all the pairs of TX and RX antenna into a

vector y of length M;N, L, i.e.,

y — [I‘{l, e ,r,{NT,rTMtl,. .. ’rTMtNr]T
= diag{[\Iln,\Illg,...,\IlMtNT]}s—I—n, (24)
where s = [(SH)T, (sm)T, R (stNT)T]T

Note that for all pairs (i,1), the vector s

contains zeros everywhere except at
locations corresponding to the grid points occupied by targets. Thus, s is a sparse
vector. If there is a target at the n-th grid point, all n-th entries of s? corresponding to
il

vei=1,...,M;, l=1,...,N,, are non-zero. Therefore,

all TX-RX antenna pairs, i.e., s
by appropriately rearranging the columns of the basis matrix, the non-zero elements
of s corresponding to different pairs and the same target can be clustered together,
which makes s to appear as group sparse. On letting uf; denote the n-th column of

W;;, the columns of the basis matrix ¥, that induce group sparsity can be arranged as

follows [50], [49]:
v, = [\Izlqu] (2.5)

where ¥,, = diag { [u’fl, coufy L uhy, ,u’]}/[tNr] }
The sparse vector s associated with ¥, contains K groups of non-zeros entries and
each of group is of length M;N,.. The group sparsity of s can be exploited using a group

Lasso approach [57] [58], i.e.,

N

1
arg min 5\\‘1’5(}'—‘I’gS)!!%+>\Z:1\\sn!!2 (2.6)
n=
fi(s) v

fa(s)



32

11

o sMeNe] - fo(s) can be recast the £1 norm of vector A[||s1][2, - -, [lsn]l2]

where s, = [s
Minimization of f2(s) produces a group-sparse solution [57] [58]. Due to the nature of
{5 norm, all entries of the n-th group s,, will be zero if ||s,||2 is zero, and will be non-zero
otherwise. Since fa(s) is non-smooth, it is not trivial to directly solve (2.6). Instead
of minimizing fi(s) and fa2(s) simultaneously, the proximal gradient algorithm [59] [60]
proceeds by dealing with fi(s) and fs(s) individually in an iterative way. Let § denote

the solution to (2.6). We can formulate the target indicator vector, d, so that its n-th

entry equals ||8,]|3. The peaks of d will provide the target information.

2.3 Power Allocation and Waveform Design for Colocated CS-MIMO
Radars

2.3.1 Power Allocation

Suppose that the total power allocated to the transmit antennas is fixed, equal to P;.
We next determine how P; should be distributed among the transmit antennas so that
it helps the CS recovery.

UUP [25] [34] [35] indicates that for the recovery of the sparse vector with high
probability, the sensing matrix should be orthogonal. This is impossible for a fat mea-
surement matrix, however, we can force the sensing matrix ® to be as orthogonal as
possible, i.e., by minimizing the difference between @ ® and an identity matrix of size
N. Let p = [p1,....,pn,]" denote the transmit power allocated to M; TX antennas,

with Z?itl p; = P;. Then, the k-th column of the sensing matrix equals

i (a)f i e f 1T
w, = |2 ® (X V(ar)p) (2.7)

where V(ay) = diag{v;(ar)} and p = /p.
In particular, the power allocation problem can be formulated as the following op-
timization problem:
min Z lufug | + Z lufu;, — PN, |?
Pk %

st. PP =Py, P> O0n,x1, P< VPulyxi (2.8)

T
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where the objective function is the squared difference between ®# ® and P,N,Iy, with
the first term, denoted by SCSM, being the sum of the square magnitude of the cross-
correlation of column pairs ug, u of the sensing matrix. P, is the maximum transmit

power of each TX antenna. It holds that

lupug|? = upr [P Brw |

~H ~\2 ~Hp:  =\2
= uppy [(p" Briwp)® + (p" Bigwp)’] (2.9)
N g OF @)= )1 |2 " o
where Ukl = Zl:rl 6] 4 c s Bkk/ =V (ak/)X L] <I>XV(ak), Brkk/ =
B,/ +BH, . B, —Bf, . . .. . .
% and Biy, = % It is easy to see that By is not a positive semidefinite

(PSD) matrix unless k = k' and thus the objective function is nonconvex. However, we

can me the objective function convex via the following trick:

. . . b _. .
(" Briwp)? = (' (Bryw + —1)p — b)?

P,
N
Cr,./
N 2| d. .
= (P Criwp)? + pT (—2bCrpp + El)p +C, (2.10)

Dr,,
where b and d are nonnegative real scalars that let Crg, and Drg, be PSD matrices,
ie., P% + Amin(Brg) > 0 and % + Amin(—2bCryir) > 0. C is a constant that will not
affect the objective function.
(2.10) is convex since Crgy and Dryy are PSD matrices. By performing the same

trick on (p”BigiP)?, we can obtain
(p"Bipwp)? = (" Cixwp)” + " (Digw)p + Ci (2.11)
In the same way, the second term in the objective function (2.8) can be rewritten as
[wiiwe = PN |* = NZ (BT (Bix — T)B)?
= (p"CrP)” + P’ (Dir)D + C (2.12)
Then the objective function of (2.8) can be transformed into a convex function as follows

min > (d"Crpwp)® + (B CigwD)® + B (Draw + Dige)p + Y (B CriD)” + B (DD
k#k! k

S’t’ ISHf) = Pt’ f) Z OMle) f) S V PmlMtxl (213)
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Looking at the constraints of (2.13), we can see that the first constraint is nonconvex.

We can approximate that constraint by its local affine approximation, i.e.,

®)'p~ @) +206) (p-p) (2.14)

where (p’) is the estimate of p at the j-th iteration. The solution to (2.13) can be

obtained in an iterative fashion as follows.
1. Set p(@ = [1,1,...,1]7 at the initial iteration;

2. At the j-th iteration, pU) is obtained by solving
min Y [ufug? + Y [ufug — BN
Pk %
st (BY7) YD + 260" ) (b — 5V 7Y) = B,

ﬁZOMtxla f)g \/Pm]-Mtxl (215)

3. If the stop criterion is not satisfied, go to 2); otherwise, output p = pu).

In applications, the implementation of the measurement matrix may increase the
complexity of the analog circuit. Therefore, we can skip the step of linear compression
and directly collect a small number of samples at the RX antennas, i.e., L is small.

If the TX antennas transmit orthogonal waveforms, i.e., XX = I, then By is a
diagonal matrix. Then (2.8) can be reduced to a simple convex problem as follows:
mgn PT(l;/ Ukk’bZk/bgk/)P

st. 13,,p =P, p>0, p< Pyl (2.16)

where by is the diagonal vector of By .

We should note here that the power allocation vector obtained from (2.8) or (2.16)
will not affect the SIR since the total transmitted power is fixed. Therefore, the per-
formance gain stems from the improved sensing matrix only. If some TX antenna
contributes to the sensing matrix negatively, the power allocated to those TX antennas
will be very small. This indicates that the proposed scheme will reduce the number of

active TX antennas as compared to the uniform power allocation.
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2.3.2 Waveform Design

Along the lines of optimal power allocation, we can also optimize the transmit wave-
forms to further improve the performance of the CS-based MIMO radars. Let us again
consider as design criterion the minimization of the difference between the Gram of
the sensing matrix and an identity matrix for a fixed total transmit power. The k-th

column of the sensing matrix becomes

e MY (ap)f . nrr(ak)f T -

u, = |27 L eI B ® (®V (ar)x) (2.17)
where V(ay) = I ® v/ (ag) and x = vec(XT). Since the total power is set to P, it
holds that x”x = P,.

We can formulate the following optimization problem:
m)jn Z lullug|? + Z luflu;, — PN, |?
kAR k

st.xx =P (2.18)
It is worth noting that

e (2.18) is not convex and thus we can only find a local minimum that depends on

the initial waveforms.

e The method for waveform design is quite similar to that for power allocation
except that the formulation is a little different. However, the number of variables
for waveform design is much larger than that for power allocation, i.e., the former

is M;L while the latter is M;.

2.4 Power Allocation for Widely Separated CS-MIMO Radars

Suppose that the total power is set to P;. Let p denote the transmit power allocated
to M; TX antennas, and thus Zf‘i Y pi = P;. Again, we force @, to be as orthogonal as
possible by minimizing the difference between the Gram matrix of the sensing matrix,

ie., @f ®, and an identity matrix of size M;N,N. In particular, we formulate the
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following optimization problem:
. H 2
min | ®)/®, - 1}
sit. 1P = Py P > 0ax1, P < Plagxa (2.19)

where P, is the maximum transmitted power accepted by a TX antenna.

The Gram matrix q)f ®, can be rewritten as

H - ~ Hr. ~
oo, — [\Izlq:N} [\Izlq:N}

D,Dun -+ DyDin
= : . : (2.20)
D,Diy --- D,Dnn
where Dy = \ilkH \ilk/, k,k' =1,...,N are diagonal matrices due to the special sparse

structure of ¥y as shown in (2.5) and D, = diag{p ® 1n,x1}. Since the waveform of
each TX antenna is of unit power, Dy =1, k=1,..., N.
Let dfk/ denote the i-th group of the diagonal elements of Dy, whose length is N,

Then the optimization problem in (2.20) can be further written as
min p’Dp + N,p'p (2.21)
P
s.t. 1{4%11) =B, p>0nrx1, P< Pl

where D is a diagonal matrix whose i-th diagonal element equals |d¥*'|3. The
first term of the objective function sums up the squared correlation of cross column
pairs in the sensing matrix. The second term represents the squared error between
the column norm of the sensing matrix and 1, in which the constant terms have been
removed.

One may wonder whether minimizing (2.21) requires that the column norms of the
sensing matrix approache 1, or equivalently, p approaches a unit vector. For large
N, the second term in the objective function is small as compared to the first term,
so that the solution p = 1 can be avoided. From the perspective of the CS recovery
methods, the column norm of the sensing matrix for the group Lasso method is not as

important as in the Lasso method, since the group Lasso approach forces the coefficients
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within a group to be nonzero or zero simultaneously. This indicates that the sum of
the squared norm of the columns within a group (SSNCG), rather than of a single
column of the sensing matrix weighs in the group Lasso approach. Due to the special
structure of the sensing matrix, as seen in (2.5), the SSNCG of different groups is the
same, independent of the power vector p, and lies between Z\P% and CP2 + (P, —CPy)?,
where C = | P,/ P,,|. Therefore, the column norm of the sensing matrix does not have
to approach 1 when the group Lasso method is used. It is also reasonable to remove
p’'p from the objective function.

The power allocation vector obtained from (2.21) will not affect the SIR since the
total transmit power is fixed. Therefore, the performance gain stems from the improved
sensing matrix only. If some TX antenna contributed to the sensing matrix negatively,

the power allocated to those TX antennas would be reduced.

2.5 Simulations

2.5.1 Simulation Results for Colocated CS-MIMO Radars
Power Allocation

We consider a MIMO radar system with TX and RX antennas, uniformly located on
a disk of radius 10m. The carrier frequency is f = 5GHz. Each TX antenna uses
an orthogonal waveform sequence of length L = 32 and unit power. The received
signal is corrupted by zero-mean Gaussian noise of unit power. The SNR is set to 0dB.
Three targets are present on the angle grid [0°, 0.1°,...,4.9°,5°]. The total transmitted
power is set to M; and the maximum transmit power for each antenna is 9W. In the
simulations, the identity matrix is used as the measurement matrix ®. The power
allocation vector is obtained by solving the problem of (2.16).

Figure 2.1 demonstrates the average coherence of a column pair of the sensing ma-
trix, corresponding to the proposed power allocation (PPA) scheme, computed over
100 independent runs and for M; = 5,10, 15, 20, 25,30. For comparison purposes, the
corresponding results for uniform power allocation (UPA) and random power allocation

(RPA) are also shown in the same figure. It can be seen from Fig. 2.1 that the PPA
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Figure 2.1: SCSM versus M; under optimal (PPA), uniform (PPA) and random (RPA)
power allocation in CS-based colocated MIMO radars. Case (I) N, = 6; Case (II)
N, = 12; in both cases L = 32.

scheme can reduce the SCSM as compared to the UPA and RPA schemes. Figure 2.1
also shows that the SCSM can be reduced by increasing the number of RX antennas.
The performance gain with the increase of the number of TX/RX antennas is more
prominent at low SNR. This is because using more TX/RX antennas effectively in-
creases the array aperture. In addition, an increase in the number of TX antennas can
also improve the SNR of the received signal at the RX antennas, as in our simulations
the transmit power for each TX antenna is fixed.

Figure 2.2 shows the receiver operating characteristic (ROC) curves of the angle
estimates, obtained based on 500 independent runs. In each run, three targets are
randomly generated on the angle grid. Here, the probability of detection (PD) is the
percentage of cases in which all the targets are detected. The probability of false alarm
(PFA) is defined as the percentage of cases in which false targets are detected. The
cases of My = 12 and N, = 6,12 are shown in Fig. 2.2. One can see that the PPA
scheme can improve the ROC performance as compared to the UPA scheme. Again,
an increase in the number of RX antennas can improve the detection performance.

Increasing the number of RX antennas cannot boost SNR and thus the performance
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Figure 2.2: The ROCs of angle estimates under power allocation in CS-based colocated

MIMO radars with L = 32.

gain comes from the improvement of the sensing matrix as shown in Fig. 2.1.

In addition to performance improvement, the PPA scheme also reduces the number
of active TX antennas. For example, in the case of My = 30 and N, = 12, 11 TX
antennas are allocated power less than 0.0001W on an average of 500 runs. This
indicates that the PPA scheme only requires 19 TX antennas to be active while all
30 TX antennas are needed for the UPA scheme. Figure 2.3 (a) shows the distribution
of TX antennas which were assigned assigned power less than 0.0001W in one run; the
non-needed antennas are marked on the figure. Figure 2.3 (b) demonstrates the power

allocation results in this case.

Waveform Design

We consider a MIMO radar system with 10 TX and RX antennas uniformly located
on a disk of radius 10m. The carrier frequency is f = 5GHz. The received signal is
corrupted by zero-mean Gaussian noise of unit power. Three targets are present on
the angle grid [0°, 0.2°,...,2°]. The total transmitted power is set to M;. The initial
waveform x(©) uses an orthogonal Hadamard sequence of length L = 16 and unit power.

The measurement matrix ® is chosen as a random matrix with M = round (0.7L),



40

o
8l o o B
o
6l R 4
41 |
o o
— 2F o B
\E; ok NN Pis 28 A |
5 N
oL o o |
2 A o SN
4l o o
6 o A Non-needed TX antennas!
r o o O Nedded TX antennas b
-8 I I L0 ! \ I I !
-8 -6 -4 -2 0 2 4 6 8 10

power allocation

L
15 20
TX antenna index

(b)

Figure 2.3: The TX distribution in CS colocated MIMO radars with M; = 30, N,. = 12
and L = 32.

which means each RX antenna forwards M = 11 samples. The ROC curves of the
angle estimates produced by the proposed waveform-design method is shown in Fig.

2.4 which demonstrates the performance improvement due to the designed waveform.

2.5.2 Power Allocation for Widely Separated CS-MIMO Radars

In this section, we demonstrate the performance of the PPA and the UPA schemes
based on the group Lasso method in the context of widely separated MIMO radars.
We consider a MIMO radar system with TX and RX radars that are uniformly lo-
cated on a circle of radius 6000m and 3000m, respectively. The carrier frequency is

f = 5GHz. Each transmit radar uses orthogonal Hadamard waveform sequences of
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Figure 2.4: The ROCs of angle estimates under waveform design in CS-based colocated

MIMO radars with My = N, =10, L = 16 and M = 11.

length L = 20, and unit power. In the simulations, the measurement matrix ® is
chosen as an identity matrix. Three targets are assumed to be present in the search
space [1000, 1050, . .., 1200]m x [1000, 1050, . .., 1200]m, and in each run, the targets are
randomly located on grid points. The target reflectivity is a Gaussian random variable
with unit variance. The total power varies with the number of TX antennas and is set
to M;. The power threshold for each TX antenna is 2.

Figure 2.5 compares the PPA and the UPA schemes in terms of the squared dif-
ference between the Gramian of the sensing matrix and the identity matrix (SEGI),
averaged over the NM;N, elements of the Gramian matrix of the sensing matrix. It
can be seen from Fig. 2.5 that the PPA scheme reduces SEGI as compared to UPA,
and also that the SEGI decreases with the number of TX and RX antennas.

Figure 2.6 shows the ROC curves of the angle estimates, obtained based on 1000
independent runs. In each run, three targets are randomly generated on the angle grid
of interest. Four cases are shown, i.e., (M; = 10, N, = 1,SNR = 10dB), (M; =5, N, =
2,SNR = 10dB), (M; = 10, N, = 1,SNR = 20dB) and (M; = 5, N, = 2, SNR = 20dB).
One can see that the PPA scheme can improve the performance in terms of the ROCs

as compared to the UPA scheme. With the same number of TX and RX antennas,
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Figure 2.6: ROC of target location estimates under power allocation in CS-based widely

separated MIMO radar with four combinations of M; and N...
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Figure 2.7: The TX distribution in CS colocated MIMO radar with M; = 30, N, = 2
and L = 32.

the performance improvement of the PPA scheme diminishes at higher SNR scenarios.
Figure 2.7 shows the distribution of TX and RX antennas in one run where M; =
10, N,, = 1, and power allocation results based on the PPA scheme in this case. Unlike
in the colocated MIMO radars, all TX antennas are needed for widely separated MIMO
radars. This is because the antennas in this case see different aspects of the target and
so the received signals due to each TX-RX antenna pairs are separated and stacked

together at the fusion center.

2.6 Summary

We have proposed power allocation schemes for colocated and widely separated CS-

based MIMO radar systems. The proposed schemes aims at rendering the sensing
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matrix as orthogonal as possible. It has been shown that the estimation of DOA can
be improved by allocating power adaptively to TX antennas given a total transmit-
ted power. Furthermore, the proposed scheme can reduce the number of active TX
antennas as compared to the uniform power allocation scheme. This is because the
TX antennas that cause the sensing matrix to be more correlated are eliminated by
the proposed power allocation scheme. Along the lines of optimal power allocation,
we also developed a waveform design method that further improves the performance
of CS-MIMO radars in the colocated case. The method proceeds by minimizing the
difference between the Gram matrix of the sensing matrix and an identity matrix with
respect to the vector of the transmitted waveforms, while the total transmitted power is
fixed. Simulations showed substantial detection performance improvement when using
the optimally designed waveform as compared to the already good performance corre-
sponding to the Hadamard waveform. The improvement is clearly observed at the very
low probability of false alarm range, which is the only region in which the Hadamard

waveform did not yield good performance.
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Chapter 3

Clutter Suppression in Colocated Compressive Sensing
Based MIMO Radars

In this chapter, we proposed a Capon beamforming based clutter suppression scheme in
the context of compressive sensing based colocated MIMO radars. Capon beamforming
is applied at the fusion center on compressively obtained data, which are forwarded by
the receive antennas. Subsequently, the target is estimated using CS theory, by exploit-
ing the sparsity of the beamformed signals. The power allocation scheme is proposed
to further improve the target estimation performance by minimizing the coherence be-

tween the columns of the sensing matrix.

3.1 Introduction

CS-based colocated MIMO radars [47] [26] [29] exploit the sparsity of targets in the
target space and enable target estimation based on a small number of samples obtained
at the RX antennas. The assumed sparsity, however, diminishes in the presence of
clutter, and as result the performance of CS-based MIMO radars in the presence of
clutter degrades. In this chapter we proposed a scheme to suppress clutter in the
context of collocated MIMO radars. When clutter and signal of interest have different
Doppler shifts, clutter suppression can be relatively easily done, especially when the
source of clutter is static while the target is moving [61] [62] [63]. In this chapter,
we will consider the more challenging case, in which Doppler differences cannot be
exploited to separate clutter from signal of interest, e.g., when both the target and
the source of clutter are static. We will assume that the clutter covariance is known.

Typically, clutter has high space correlation to its neighboring range cells [64] [65].
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Therefore, the received signals at neighboring range cells can be used to estimate the
clutter covariance matrix of the current range cell. The proposed schemes consists of
first applying at the fusion center Capon beamforming on the received compressively
obtained data, which are forwarded by the receive antennas, and second, recovering the
target using CS theory, by exploiting the sparsity of the beamformed signals. Further,
based on the uniform uncertainty principle (UUP) [25] [34] [35], we propose a power
allocation scheme to improve the CS performance after beamforming.

The proposed scheme has been shown to significantly improve detection performance

in the presence of strong clutter.

3.2 Clutter Rejection in CS-Based MIMO Radars

Let us consider a MIMO radar system consisting of M; TX antennas and N, RX
antennas that are closely spaced in an arbitrary configuration. Let L denote the number
of Ty-spaced samples of the transmitted waveforms. The size of measurement matrix
is ® is M x L. The details of CS-based colocated MIMO radars have been introduced
in Section (1.3.2) of Chapter 2. Let us form the (M x N,) matrix Y = [r,....,rn,],
where r; defined in (1.44) is a vector containing the compressed samples forwarded to
the fusion center by the [-th receive antenna.

It holds that

K
YT =" Bove (O)v] (0)XT®T + Z (3.1)
k=1

where

e Y: the received signal at N, RX antennas, of which the i-th column contains the

received signal from the i-th RX antenna

v¢(0): the transmit steering vector at the direction of 6, defined in (1.43)

e v, (0;): the receive steering vector at the direction of 6, defined similarly to

Vt(ek)

Z: the clutter matrix, whose covariance R, is assumed to be known
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The SCNR of compressed receiving data without beamforming is

2

vec < f Bevy (01) v (0r) XT<I>T>
k=1

2
lvec (Z@T)]

SCNRcg =

(3.2)

The Capon beamformer, w, allows the signal from a particular direction 6 to pass
undistorted, while it minimizes the power coming from all other directions. The esti-

mation of w is formulated as
minwR,w s.t. wiv,(0) = 1. (3.3)
w

The solution of (3.3) is

~ Rlv,(9)
- vH(O)R1v,.(0)

w(0) (3.4)

Let w,, denote the Capon beamformer that focuses on the discrete angle a,, of the

N-point angle grid. Let us apply w,, on the received data matrix Y to produce y,,, i.e.,

¥n=(wWIY")T =Yw}

=0O,s+Z'wn=1,...,N (3.5)
where

0, = ®X [vi(ar)vi(a1)wh, ..., vi(an)vi (an)wh]

and s is a sparse vector, the non-zero elements of which indicate the target locations.
The vector y,, (M x 1) is the beamformer output corresponding to angle a,,, com-
puted based on M snapshots of the data received at the fusion center. If there is a

target at a, then all elements of y,, will have a large magnitude, otherwise, they will
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have low magnitudes. The SCNR of the signal y,, after beamforming is

H
w,' Rywy,

SCNR,, = 7
wHZeT(®T)" ZHw,

= WTIL{RYwn (Vf (0) R v, (Hn))

VT{{ (67”) Rfl H S —1
VL (6n) B, (67) X (v @ v 00)

=v(0,) R"'Ryw,

vl (0,) RT'RyR v, (6,) (3.6)
T VR () |

wmmRy:(fﬁwH@hfwwxﬁw><§ﬁﬁ§ﬂﬂxﬁHﬁww¢%@0.
k=1 k=1

Stacking y,,n = 1, ..., N into a vector, i.e., ¥, which has a block-sparse like appear-

ance (see Fig. 3.2), and which can be expressed as:

v = [0, ..5%]"

N

kgl sp®Xv; (0) vE (0)) wi 77w

Il
+

N
> s ®Xvy (0) v (0k) Wiy ZTw3,
=

M~ 1T

@?,...,@%} s+ [w{{Z,...,ng]
~—— M

=) Z

= 0Os +Z. (3.7)

Here, y provides a high resolution target picture. However, by exploiting the struc-
ture of (3.7), we can further improve resolution. This can be achieved by compressing
y through a matrix & and applying CS theory to recover the vector s. We should note
that the compression through & is not necessary but it reduces the dimensionality of

the problem and thus the complexity of the recovery. If the measurement matrix ® is
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Figure 3.1: The diagram for the proposed CS-Capon method

an identity matrix, then the SCNR of CS-Capon method can be written as

SCNRCS_Capon

N K K
5wl (z Biv: () vl <9k>xH<I>H) (z B ®Xv: ()T <9k>) ws
n=1 k=1

k=1

- N
S wlZ=®HPZTw
n=1
N K K H H
WTI;I (kzl Brvr (0k) VtT (Or) XT<I>T> <k21 B (<I>T) (XT) vy (0k) vf (Hk)) Wy,

n=1 —

N H
S whHZeT(®T)" ZHw,
n=1
N
> whHRyw,
= —n= : (3.8)
S wHZeT (7 ZHw,
n=1

It is easy to verify that

min {SCNRy, ..., SCNRy} < SCNR¢s.capon < max {SCNRy, ..., SCNRy}

3.3 Power Allocation in CS-based Clutter Suppression

The CS-based recovery requires that the product of the measurement matrix and the
sparsifying basis matrix, referred to as the sensing matrix, satisfies the uniform uncer-

tainty principle (UUP) [25] [34] [35]; in other words, the sensing matrix exhibits low
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correlation between its columns. Let p denote the the transmit power vector for M;
transmit antennas and suppose the total power is P;. Let u; denote the k-th column

of the sensing matrix © defined in (3.7) and it can be written as
u, = [Ck17 ey CkN] QR PXV, (ak) P, (3.9)
where Vi (ai) = diag (v¢ (ax)), D = /P, Ckn = VL (ag) W), forn=1,...,N.
The power allocation for CS-Capon can be formulated as the following optimization
problem
<~ 2
min HG) O - IH
B F
st. P = P, b > Oax1, B < VPnluxa (3.10)

The optimization problem (3.10) can be further formulated as

min Z luffug 2 + Z luflu, — 1
Pk %

st. PP =Py, P> O0un,x1, D< VPl (3.11)

The correlation of the k-th and &’-th column in the sensing matrix can be written and

simplified as

‘ukHuk/|2 = U/ ﬁHBkk/ﬁ|2 (3.12)

2
where ugy = Zfl\[:l ClnChin| » Brw = VH(a ) XHPTPXV (ay). It can be verified that

matrix By, is not positive semidefinite. To make sure the objective function in the
optimization problem is convex, we use the same trick as that in [30] to rewritten the
objective function. The first constraint in (3.11) is not convex. We use it local affine
function to approximate it. The optimization problem (3.11) is solved recursively.

In practice, we may skip the compression step and collect a few samples at each
RX antenna. If the transmit waveform is orthogonal, i.e., X#X = I, then By is a
diagonal matrix, then the problem (3.11) has a simplified convex version

min PT(l;/ ik bl DL )P

st. 10, p=P, p>0, p<Pulux (3.13)

where by is the diagonal vector of By .
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Discretized DOA angle index

Figure 3.2: Contour of the beamformed receive data matrix for N, = 20 and N, = 200,

respectively.
3.4 Simulations

We consider a MIMO radar system with TX and RX antennas uniformly located on
a disk of radius 10m. The carrier frequency is f = 5GHz. Each TX antenna uses
Hadamard orthogonal waveform sequence of length L = 128 and unit power. The
received signal is corrupted by zero-mean Gaussian noise of unit power. Three targets
are present on the angle grid [—30°,—29°,...,30°]. The signal-to-noise ratio (SNR)
is set as 0dB. The clutter signal is constructed as the sum of returns reflected by
3000 reflectors, located in the DOA angle space [—30°, —30° 4+ 60/1500°, .. .,30°]. The
reflection coefficient of each reflector is 0.15. Random matrix is used as the measurement
matrix ® € RM*L with M = 50.

Figure 3.2 shows the contour of the beamformed receive data matrix Y = [y1,...,YN]
for N, = 20 and N, = 200, respectively. In both cases, the number of TX antennas is
set as M; = 20. Assume there are K = 3 targets reflected from directions [—20°,0°, 15°]
and the target reflect coefficients are set as [1,1,1]. It can be found from Fig. 3.2 that,
as N, is large enough, there are K = 3 columns with large amplitude in matrix Y

whose column indexes are corresponding to the indexes of each target’s DOA in the
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Figure 3.3: SCNR comparisons with/without beamforming with Ny = 20.

discretized angle space. This indicates that the stacked receive data vector ¥ defined
in (3.7) is relatively block-sparse after applying the Capon-beamformer.

Figure 3.3 shows the averaged signal-to-clutter-plus-noise ratio (SCNR) versus the
number of RX antennas. The SCNR without beamforming is obtained according to
(3.2). The SCNR of CS-Capon is defined according to (3.8). Here, we also plot
the maximum and minimum of SCNR for all beamformed receive vector y,, n =
1,...,N. In simulations, K = 3 targets are generated randomly on the DOA grid
[—30°,—29°,...,30°] and the target reflect coefficients are set as [1,1,1]. The clutter
signal is constructed as the sum of returns reflected by 3000 reflectors, located in the
DOA angle space [—30°,—30° 4+ 60/1500°,...,30°]. The reflection coefficient of each
reflector is 0.15. The number of TX antennas is set as N; = 20. For each N,, 100
runs have been carried out and average SCNR is calculated. It can be found from Fig.
3.3 that, without beamforming, the SCNR of the received signal defined in (3.1) is
around —10dB and does not change much with the increase of N,. With beamforming,
the SCNR of the CS-Capon estimator defined in (3.8) is around 20dB when N, = 50

and would go up with the increase of N,.. This indicates that the proposed CS-Capon
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power allocation in CS-Capon method with N, = 20.

method could achieve a significant gain in SCNR performance, i.e., a strong clutter sup-
pression capability. We can also find from Fig. 3.3 that, the SCNR of the CS-Capon
estimator falls in the middle between the maximum and minimum SCNR of all beam-
formed vector y,, n = 1,...,N. This is because SCNR of the CS-Capon estimator
defined in (3.8) is a divisor of the averaged beamformed vector in the numerator and
denominator, respectively.

Figure 3.4 shows the distribution of the sum of the square magnitude (SCSM) of
the cross-correlation of column pairs in the sensing matrix of the CS-Capon estimator
versus M; for optimal (PPA), uniform (UPA) and random (RPA) power allocation
schemes, respectively. For simplicity, in the simulations, the identity matrix is used as
the measurement matrix and the optimal power allocation is done by solving the convex
optimization problem (3.13). The number of RX antennas is set as N, = 20. The total
power budget for all TX antennas equals M;. The DOA angle search space is discretized
into [—8°,—8° + 0.2°,...,8°]. The clutter signal is constructed as the sum of returns
reflected by 300 reflectors, located in the DOA angle space [—8°, —8°+16/300°, ... ,8°].

The reflection coefficient of each reflector is 0.15. It can be found from Fig. 3.4 that
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Figure 3.5: ROC performances under optimal (PPA), uniform (UPA) power allocation

in CS-Capon as well as Capon method with Ny = 50 and N, = 20.

the coherence under PPA is smaller than the UPA and RPA. With the increase of Mq,
the coherence under all power allocation schemes would decrease.

Figure 3.5 plots the ROC curves of the angle estimates that are obtained based on
50 random and independent runs. In each run, K = 3 targets are randomly generated
on the angle grid of interest [—8°,—8°+40.2°,...,8°] with random reflection coefficients
drawing from [0.4, 1], respectively. In the simulations, N; = 50, N, = 20, and SNR
is set to 0dB. Identity matrix is used as the measurement matrix. One can see that
the proposed CS-Capon method outperforms the CS method and Capon method. In
addition, the optimal power allocation could further improve the detection performance
in the CS-Capon estimator due to its capability to reduce the coherence of sensing
matrix.

Note: If the reflection coefficient of each target is identical, Capon performs as well
as the proposed CS-Capon method. While the reflection coefficients of three targets are

different, the ripples generated by Capon may mask the targets with smaller reflectivity.
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3.5 Summary

We have considered the scenario that strong clutter is present in the context of colocated
MIMO radars and thus sparsity condition might not hold for compressive sensing based
MIMO radars. By applying the Capon beamforming to the compressed received data,
we showed that the beamformed compressed data is block sparse and its signal-to-
clutter-noise ratio (SCNR) is improved greatly. Compressive sensing is subsequently
applied to the beamformed compressed data for target estimation. Based on the uniform
uncertainty principle, we further proposed a power allocation scheme to minimize the
coherence between the columns of the sensing matrix in CS, and thus to improve the CS
performance. Simulation results showed accurate target estimation could be achieved

using CS when there is strong clutter in the colocated MIMO radar scenarios.
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Chapter 4

A MIMO Radar Approach Based on Matrix Completion

In a typical MIMO radar scenario, the receive nodes transmit to a fusion center either
samples of the target returns, or the results of matched filtering with the transmit
waveforms. Based on the data it receives from multiple antennas, the fusion center
formulates a matrix, referred to as the data matrix, which, in conjunction with stan-
dard array processing schemes leads to target detection and parameter estimation. In
this chapter, it is shown that under certain conditions, the data matrix is low-rank,
and thus can be recovered based on knowledge of a small subset of its entries via ma-
trix completion (MC) techniques. Leveraging the low-rank property of that matrix, we
propose a new MIMO radar approach, termed, MIMO-MC radar, in which each re-
ceive node either performs matched filtering with a small number of randomly selected
dictionary waveforms or obtains sub-Nyquist samples of the target returns at random
sampling instants, and forwards the results to a fusion center. Based on the received
samples, and with knowledge of the sampling scheme, the fusion center partially fills
the data matrix and subsequently applies MC techniques to estimate the full matrix.
MIMO-MC radars share the advantages of the MIMO radars with compressive sensing,
(MIMO-CS), i.e., high resolution with reduced amounts of data, but unlike MIMO-CS
radars do not require grid discretization. The MIMO-MC radar concept is illustrated
through a linear uniform array configuration, and its target estimation performance is

demonstrated via simulations.
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4.1 Introduction

MIMO radar systems have received considerable attention in recent years due to their
superior resolution [17] [18] [66]. The MIMO radars using compressed sensing (MIMO-
CS) maintain the MIMO radars advantages, while significantly reducing the required
measurements per receive antenna [28] [29]. In MIMO-CS radars, the target parameters
are estimated by exploiting the sparsity of targets in the angle, Doppler and range space,
referred to as the target space; the target space is discretized into a fine grid, based on
which a compressive sensing matrix is constructed, and the target is estimated via sparse
signal recovery techniques, such as the Dantzig selector [29]. However, the performance
of CS-based MIMO radars degrades when targets fall between grid points, a case also
known as basis mismatch [39] [40].

In this chapter, a novel approach to lower-complexity, higher-resolution radar is
proposed, termed MIMO-MC radars, which stands for MIMO radars using matrix com-
pletion (MC). MIMO-MC radars achieve the advantages of MIMO-CS radars without
requiring grid discretization. Matrix completion is of interest in cases in which we are
constrained to observe only a subset of the entries of an n; X ny matrix, because the
cost of collecting all entries of a high dimensional matrix is high. If a matrix is low rank
and satisfies certain conditions [41], it can be recovered ezactly based on observations
of a small number of its randomly selected entries. There are several MC techniques in
the literature [41-46]. For example, in [41-43], recovery can be performed by solving a
nuclear norm optimization problem, which basically finds the matrix with the smallest
nuclear norm out of all possible matrices that fit the observed entries. Other matrix
completion techniques are based on non-convex optimization using matrix manifolds,
such as Grassmann manifold [44,45], and Riemann manifolds [46].

In a typical MIMO radar scenario [66], transmit nodes transmit orthogonal wave-
forms, while each receive node performs matched filtering with the known set of transmit
waveforms, and forwards the results to the fusion center. Based on the data it receives
from multiple antennas, the fusion center formulates a matrix, which, in conjunction

with standard array processing schemes, such as MUSIC [5], leads to target detection
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and estimation. In this paper, we show that under certain conditions, the data matrix
at the fusion center is low-rank, which means that it can be recovered based on knowl-
edge of a small subset of its entries via matrix completion (MC) techniques. Leveraging
the low-rank property of that matrix, we propose MIMO-MC radar, in which, each
receive antenna either performs matched filtering with a small number of dictionary
waveforms or obtains sub-Nyquist samples of the received signal and forwards the re-
sults to a fusion center. Based on the samples forwarded by all receive nodes, and with
knowledge of the sampling scheme, the fusion center applies MC to estimate the full
matrix. Although the proposed ideas apply to arbitrary transmit and receive array
configurations, in which the antennas are not physically connected, in this paper we
illustrate the idea through a linear uniform array configuration. The properties and
performance of the proposed scheme are demonstrated via simulations. Compared to
MIMO-CS radars, MIMO-MC radars have the same advantage in terms of reduction
of samples needed for accurate estimation, while they avoid the basis mismatch issue,

which is inherent in MIMO-CS radar systems.

4.2 Colocated MIMO Radar System Model

Let us consider a MIMO pulse radar system that employs colocated transmit and re-
ceive antennas, as shown in Fig. 1.4. We use M; and M, to denote the numbers of
transmit and receive antennas, respectively. Although our results can be extended to
an arbitrary antenna configuration, we illustrate the ideas for uniform linear arrays
(ULAs). The inter-element spacing in the transmit and receive arrays is denoted by d;
and d,., respectively. The pulse duration is 7},, and the pulse repetition interval is Tpg;.
The waveform of the ith transmit antenna is s; (1) = \/%gbi (1), where E is the total
energy for all the transmit antennas, and ¢; (1), i = 1,..., M; are orthonormal. The
waveforms are transmitted over a carrier with wavelength \. Let us consider a scenario
with K point targets in the far field at angles 0,k = 1,..., K, each moving with speed
D.

The following assumptions are made:
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e The transmit waveforms are narrowband, i.e., % < 5, where c is the speed of
r

light.

e The target reflection coefficients {f8;},k = 1,..., K are complex and remain
constant during a number of pulses, Q. Also, all parameters related to the array

configuration remain constant during the @) pulses.

e The delay spread in the receive signals is smaller than the temporal support of

pulse T,

e The Doppler spread of the receive signals is much smaller than the bandwidth of

the pulse, i.e., % < TLP

Under the narrowband transmit waveform assumption, the delay spread in the base-
band signals can be ignored. For slowly moving targets, the Doppler shift within a pulse
can be ignored, while the Doppler changes from pulse to pulse. Thus, if we express time
as t = ¢I'prr + 7, where ¢ is the pulse index (or slow time) and 7 € [0,7},] is the time
within a pulse (or fast time), the Doppler shift will depend on ¢ only, and the received

signal at the I-th receive antenna can be approximated as [66]
2d
7 (qTPRI +7+ ?>
& 24
~ Z ﬁkej27”(219k(f1*1)TPR1+(1*1)dr @D al (0,)s (1) 4+ w; (quR[ +74+ —) . (4.1)
c
k=1

where d is the distance of the range bin of interest; w; contains both interference and

noise;

a(dy) = |1, o B dr Sin(ek)7 o od 5 (My—1)dy sin(0y,) T7 (4.2)

and s (1) = [s1(7),...,sa, (1)]7. For convenience, the signal parameters are summa-
rized in Table 4.1.

At the I-th receive node, for (I = 1,...,M,), a matched filter bank [66] is used to
extract the returns due to each transmit antenna [66] (see Fig. 4.1 (a)). Consider a filter
bank composed of M, filters, corresponding to the M; orthogonal transmit waveforms.

The receive node performs M; correlation operations and the maximum of each matched
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Table 4.1: List of parameters used in the signal model

dy spacing between the transmit antennas

dy spacing between the receive antennas

M, number of transmit antennas

M, number of receive antennas

Q number of pulses in a coherent processing interval

Tprr | radar pulse repetition interval

q index of radar pulse (slow time)
T time in one pulse (fast time)

9 speed of target

Om baseband waveform

d distance of range bin of interest
c speed of light

0 direction of arrival of the target
B target reflect coefficient

A wavelength of carrier signal

wy interference and white noise in the [th antenna
T, duration of one pulse

T Nyquist sampling period

filter is forwarded to the fusion center. At the fusion center, the received signal due to
the i-th matched filter of the [-th receive node, during the g-th pulse, can be expressed
as
K
2q(l,i) = ZIBkejQT”(219k(q—1)TpR1+(l—1)d,~ sin(0x) +(i—1)de sin(6x)) wq(l, 1) (4.3)
k=1
fori=1,...,M,,i=1,..., M, and ¢ = 1,...,Q, where wy(l,%) is the corresponding
interference plus white noise.
Based on the data from all receive antennas, the fusion center can construct a matrix

Xf]w F of size M, x My, whose (I, i) element equals x4(l, 7). That matrix can be expressed
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as

X =BEDAT + W, (4.4)
—_———
ZMF
where Wé\/[F is the filtered noise; ¥ = diag ([51, ..., fk]); Dy = diag (d,), with d; =
om om T
[eﬂTwl(q_l)TPRI, . ,eJQTwK(q_l)TPRI} ; A is the M; x K transmit steering matrix,
defined as A = [a(6y),...,a(0k)]; B is the M, x K dimensional receive steering matrix,

defined in a similar fashion based on the receive steering vectors

b (0)) = [1, K drsin(0) g F M=y sin(0)] " (4.5)

4.2.1 MIMO Radars without Matched Filtering

In this scenario, each receive antenna performs Nyquist sampling to obtains [N samples
from the target returns and forwards them to the fusion center (see Fig. 4.1 (b)). If
the data forwarded by the [-th antenna (I = 1,..., M,) during pulse ¢ are inserted in
the [-th row of an M, x N matrix, X,, then, an equation similar to (4.4) holds, except
that now the transmit waveforms also appear in the expression, i.e., [67]
X, =BED,ATS +W,, (4.6)
T

where S = [s (0T%),...,s (N — 1) Ty)] € CMexN,

4.3 The proposed MIMO-MC radar approach

Looking at (4.4), if M; > K and M, > K, both matrices ¥ and D, are rank-K. Thus,
the rank of the noise free matrix Z(]]‘/f F e CMrxMt ig K which implies that matrix Zfl\/[ B
is low-rank if both M; and M, are much larger than K.

Similarly, looking at (4.6), both matrices ¥ and D, are rank-K. The rank of matrix
S is min {M;, N}. Let us assume that N > M;. For M; > K, the rank of the noise
free data matrix Z, € CMrxN ig K. In other words, for M, > K the data matrix Z, is
low-rank.

Therefore, in both sampling schemes, assuming that the conditions (A0) and (A1)

are satisfied, the fusion center matrix can be recovered from a small number of its
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Figure 4.1: Two sampling schemes in the colocated MIMO radars system: (a) Sampling

scheme I; (b) Sampling scheme II.

entries. The estimated matrices corresponding to several pulses can be used to estimate
the target parameters via MUSIC [5], for example.

In the following, we leverage the low-rank property of the data matrices at the
fusion center to propose a new MIMO radar approach. Since both Z, and ZqMF are
formulated based on different sampling schemes at the receive nodes, we will study two
cases, namely, sampling scheme I, which gives rise to ZqM F and sampling scheme II,

which gives rise to Z,.

4.3.1 MIMO-MC with Sampling Scheme I

Suppose that the [th receive node uses a random matched filter bank (RMFB), as shown
in Fig. 4.2, in which, a random switch unit is used to turn on and off each matched
filter. Suppose that L; matched filters are selected at random out of the M, available
filters, according to the output of a random number generator, returning L; integers in
[0, M; — 1] based on the seed s;. Let J' denote the set of indices of the selected filters.
The same random generator algorithm is also available to the fusion center. The [-th
receive antenna forwards the L; samples along with the seed s; to the fusion center.
Based on the seed s;, the fusion center generates the indices J*'. Then, it places the
j-th sample of the I-th antenna in the M, x M; matrix Z,”" at location (I, J'(5)).

In total, LiM; entries of the matrix are filled. The fusion center declares the rest of
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Figure 4.2: Structure of the random matched filter bank (RMFB).

the entries as “missing” and assuming that ZqMF meets (AO) and (A1), applies MC
techniques to estimate the full data matrix.

Since the samples forwarded by the receive nodes are obtained in a random sampling
fashion, the filled entries of Zf]‘/f F will correspond to a uniformly random sampling of
Zé\/[ F_ In order to show that Zé\/[ F indeed satisfies (A0), and as a result (A1), we need to
show that the maximum coherence of the spaces spanned by the left and right singular
vectors of Zfl\/[F is bounded by a number, pg. The smaller that number, the fewer
samples of Zé\/[F will be required for estimating the matrix. The theoretical analysis
is pursued separately in [68]. Here, we confirm the applicability of MC techniques via
simulations.

We consider a scenario with K = 2 point targets. The DOA of the first target, 61,
is taken to be uniformly distributed in [—90°,90°], while the DOA of the second target
is taken to be 65 = 01 + Af. The target speeds are taken to be uniformly distributed in
[0,500] m/s, and the target reflectivities, O are taken to be zero-mean Gaussian. Both
the transmit and receive arrays follow the ULA model with d; = d, = % The carrier
frequency is taken as f =1 x 10°Hz.

The left and right singular vectors of ZéVIF were computed for 500 independent
realizations of 6; and target speeds. The probability that max (u (U),u(V)) > wuo
among all the runs is shown in Fig. 4.3 (a) for A9 = 5° and different values of M,., M;.

One can see from the figure that in all cases, the probability that the coherence is
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Figure 4.3: Scheme I, K = 2 targets: (a) the probability of Pr (max (u (U), (V) > uo)
of Z)'F for A = 5°; (b) the average max (p (U) , 1 (V) of ZM*¥ as function of number
of transmit and receive antennas, and for Af = 5°; (c) the average max (u (U),p (V))

of Zé\/[ F as function of DOA separation.
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Figure 4.4: Scheme I, K = 2 targets: The max (u(U),pu(V)) in terms of M, for
AO = 0°, M, = M,.

bounded by a number less than 2 is very high, while the bound gets tighter as the
number of receive or transmit antennas increases. On the average, over all independent
realizations, the max (u (U),pu (V)) corresponding to different number of receive and
transmit antennas and fixed A#, appears to decrease as the number of transmit and
receive antennas increases (see Fig. 4.3 (b)). Also, the maximum appears to decrease
as A increases, reaching 1 for large Af (see Fig. 4.3 (c)). The rate at which the
maximum reaches 1 increases as the number of antennas increases.

It is interesting to see what happens at the limit A9 = 0, i.e., when the two targets
are on a line in the angle plane. Computing the coherence based on the assumption of
rank 2, i.e., using two eigenvectors, the coherence shown in Fig. 4.4 appears unbounded
as M, changes. However, in this case, the true rank of Zé‘/f Fis 1, and Zé‘/f F has the
best possible coherence. Indeed, as it is shown in the Appendix A, for a rank-1 Zfzw L
it holds that pug = 1 = 1. Consequently, according to Theorem 1, the required number

of entries to estimate Zé\/[ F

is minimal. This explains why in Fig. 4.8 (discussed further
in Section 4.4) the relative recovery error of Zéw F goes to the reciprocal of SNR faster
when the two targets have the same DOA. Of course, in this case, the two targets with

the same DOA appear as one, and cannot be separated in the angle space unless other

parameters, e.g., speed or range are used. For multiple targets, i.e., for K > 3, if there
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are n (n < K) targets with the same DOA, the rank of Zé\/[F is K — n, which yields a

low coherence condition since these K — n DOAs are separated.

4.3.2 MIMO-MC with Sampling Scheme II

Suppose that the Nyquist rate samples of signals at the receive nodes correspond to
sampling times t; = iTs, i = 0,..., N —1 with N = T,,/T;. Instead of the receive nodes
sampling at the Nyquist rate, let the [-th receive antenna sample at times T]l- =41, 7 €
J', where J* is the output of a random number generator, containing Lo integers in the
interval [0, N — 1] according to a unique seed s;. The [-th receive antenna forwards the
Ls samples along with the seed s; to the fusion center. Under the assumption that the
fusion center and the receive nodes use the same random number generator algorithm,
the fusion center places the j-th sample of the /-th antenna in the M, x N matrix Z, at
location (I, 7%(5)), and declares the rest of the samples as “missing”. Therefore, under
conditions (AO) and (A1), Z, can be estimated based on m = Ly M, elements, for m
sufficiently large.

The left singular vectors of Z, are the eigenvectors of ZqZCII{ = HSS”H, where
H = BEDqAT. The right singular vectors of Z, are the eigenvectors of SHHYHS.
Since the transmit waveforms are orthogonal, it holds that SS = I [20]. Thus, the
left singular vectors are only determined by matrix H, while the right singular vectors
are affected by both transmit waveforms and matrix H.

Again, to check whether Z, satisfies the conditions for MC, we resort to simulations.
In particular, we show that the maximum coherence of Z, is bounded by a small
positive number pg. Assume there are K = 2 targets. The DOA of the first target,
01, is uniformly distributed in [—90°,90°] and the DOA of the second target is set as
01 + Af. The corresponding speeds are uniformly distributed in [150,450] m/s. The
target reflectivities, B, are zero-mean, Gaussian distributed. The transmit waveforms
are taken to be complex Gaussian orthogonal (G-Orth). The carrier frequency is f =
10° Hz, resulting in A = ¢/f = 0.3 m. The inter-spacing between transmit and receive

antennas is set as d; = d,, = \/2, respectively.
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Figure 4.5: Scheme II, K = 2 targets, and G-Orth waveforms: (a) The probability
of Pr(max (u(U),pn(V)) > po) of Z; for AG = 5° and N = 256; (b) The average
max (pu (U), (V) of Z, as function of N, for Af = 5° and different values of My, M,;
(c) The average max (pu (U),pn(V)) of Z, as function of Af, for N = 128,256, and

different combinations of M,., M;.

The left and right singular vectors of Z, are computed for 500 independent re-
alizations of #; and target speeds. Among all the runs, the probability that the
max (pu (U), 1 (V)) > po is shown in Fig. 4.5, for different values of My, M,, A = 5°,
and N = 256. One can see from the figure that in all cases, the probability that the
coherence is bounded by a number less than 7 is very high, while the bound gets tighter
as the number of receive or transmit antennas increases. On average, over all indepen-
dent realizations, the max (u (U),u (V)) corresponding to different values of My, M,

and a fixed Af appears to increase with N, (see Fig. 4.5 (b)), while the increase is not
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affected by the number of transmit and receive antennas. The average maximum does
not appear to change as Af increases, and this holds for various values of M;, N (see
Fig. 4.5 (c)).

Based on our simulations, the MC reconstruction depends on the waveform. In
particular, the coherence bound is related to the power spectrum of each column of the
waveform matrix (each column can be viewed as a waveform snapshot across the trans-
mit antennas). Let S; (w) denote the power spectrum of the i-th column of S € CM:xN,
If S;(w) is similar for different i’s, the MC recovery performance improves with in-
creasing M, (or equivalently, the coherence bound decreases) and does not depend on
N; otherwise, the performance worsens with increasing N (i.e., the coherence bound
increases). When the S; (w) has peaks at certain w’s that occur close to targets, the
performance worsens. In Fig. 4.6, we show the maximum power spectra values corre-
sponding to Hadamard and G-Orth waveforms for M; = 10 and N = 32. It can be seen
in Fig. 4.6 that the maximum power spectrum values corresponding to the Hadamard
waveform have strong peaks at certain w’s, while those for the G-Orth waveforms fluc-

tuate around a low value. Suppose that there are two targets at angles #; = 20° and
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Figure 4.7: The comparison of matrix completion in terms of relative recovery errors
with M, = 128, My = 10, N = 32, SNR = 25dB. There are K = 2 targets located at
(a) 20° and 40°; (b) 0° and 80°.

02 = 40°, corresponding to wy = %sin (%) and wy = %sin (%’r), respectively. From Fig.
4.6 one can see that the targets fall under low power spectral values for both waveform
cases. The corresponding MC recovery error, computed based on 50 independent runs
is shown in Fig. 4.7 (a). One can see that the error is the same for both waveforms.
As another case, suppose that the two targets are at angles 0°,80°, corresponding to
w1 =0,wy = %sin (%r), respectively. Based on Fig. 4.6, one can see that wy and ws fall
under high spectral peaks in the case of Hadamard waveforms. The corresponding MC
recovery error is shown in Fig. 4.7(b), where one can see that Hadamard waveforms

yield higher error.

4.3.3 Discussion of MC in Sampling Schemes I and II

To apply the matrix completion techniques in colocated MIMO radars, the data matri-
ces Z, € CMr>*N and Zf]‘/IF € CMrxM: pneed to be low-rank, and satisfy the coherence
conditions with small p;,7 =0, 1.

We have already shown that the rank of the above two matrices equals the number
of targets. In sampling scheme I, to ensure that matrix Zfl\/[F is low-rank, both M;

and M, need to be much larger than K, in other words, a large transmit as well as a
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large receive array are required. This, along with the fact that each receiver needs a
filter bank, make scheme I more expensive in terms of hardware. However, the matched
filtering operation improves the SNR in the received signals. Although in this paper we
use the ULA model to illustrate the idea of MIMO-MC radar, the idea can be extended
to arbitrary antenna configurations. One possible scenario with a large number of
antennas is a networked radar system [69] [70], in which the antennas are placed on the
nodes of a network. In such scenarios, a large number of collocated or widely separated
sensors could be deployed to collaboratively perform target detection.

In sampling scheme II, assuming that more samples (N) are obtained than existing
targets (K'), Zy will be low-rank as long as there are more receive antennas than targets,
i.e., M, > K. For this scheme, there is no condition on the number of transmit antennas
M, if G-Orth waveform is applied.

Based on Figs. 4.3 and 4.5, it appears that the average coherence bound, uy,
corresponding to Z, is larger than that of Z(]]‘/f F_ This indicates that the coherence
under scheme II is larger than that under scheme I, which means that for scheme II,
more observations at the fusion center are required to recover the data matrix with

missing entries.

4.3.4 Target Parameters Estimation with Subspace Methods

In this section we describe the MUSIC-based method that will be applied to the esti-
mated data matrices at the fusion center to yield target information.
Let Zq denote the estimated data matrix for sampling scheme II, during pulse gq.

Let us perform matched filtering on Zq to obtain
Y, =-72,8" =BZD,AT + W,, (4.7)

where Wq is noise whose distribution is a function of the additive noise and the nuclear
norm minimization problem in (1.50). For sampling scheme I, a similar equation holds
for the recovered matrix without further matched filtering.

Then, let us stack the matrices into vector y, = vec(Y,), for sampling scheme II,
217

ory, = vec( ), for sampling scheme 1. Based on () pulses, the following matrix
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can be formed: Y = [y1,...,yq] € CMeMrxQ for which it holds that

Y=V(@X+W, (4.8)
where X = [X1,...,Xq] is a K x @ matrix containing target reflect coefficient and
Doppler shift information; X, = [Z1,4,. .. ,aEK,q]T and Zy , = ﬁkej%ww’“(q_l)TPRI; V(0) =
[v(01),...,v(0k)] is a MyM, x K matrix with columns

v(f)=a(d)@b(0) (4.9)

and W = [vec (W1> ye..,VEC (WQH
The sample covariance matrix can be obtained as

Q

L1 1
R==>yuyl ==YY" (4.10)
Q — Q

According to [5], the pseudo-spectrum of MUSIC estimator can be written as

1
vi (0)E,Efv (0)

P9 = (4.11)

where E,, is a matrix containing the eigenvectors of the noise subspace of R. The DOAs
of target can be obtained by finding the peak locations of the pseudo-spectrum (4.11).

For joint DOA and speed estimation, we reshape Y into Y € COMtxMr 4nq get

Y=FZb(®),...,blk)]+W, (4.12)

where

F

[d(h)@a(b),...,d(k)@a(lk)],

d(d) = [17 IEWTons ej%”w(czfl)Tpm] g

The sampled covariance matrix of the receive data signal can then be obtained as
ﬁf, = MLT??H , based on which DOA and speed joint estimation can be implemented
using 2D-MUSIC. The pseudo-spectrum of 2D-MUSIC estimator is

1

PO @) a0 BB @) 2 a0)

(4.13)

where E,, € COMix(QM:i—K) is the matrix constructed by the eigenvectors corresponding

to the noise-subspace of Rf,.



72

4.4 Numerical Results

In this section we demonstrate the performance of the proposed approaches in terms of
matrix recovery error and DOA resolution.

We use ULAs for both transmitters and receivers. The inter-node distance for the
transmit array is set to M, \/2, while for the receive antennas is set as A/2. Therefore,
the degrees of freedom of the MIMO radars is M, M; [19], i.e., a high resolution could be
achieved with a small number of transmit and receive antennas. The carrier frequency
is set to f = 1 x 10°Hz, which is a typical radar frequency. The noise introduced in both
sampling schemes is white Gaussian with zero mean and variance o2. The data matrix
recovery is done using the singular value thresholding (SVT) algorithm [71]. Nuclear
norm optimization is a convex optimization problem. There are several algorithms
available to solve this problem, such as TFOCS [72]. Here, we chose the SVT algorithm
because it is a simple first order method and is suitable for a large size problem with
a low-rank solution. During every iteration of SVT, the storage space is minimal and
computation cost is low.

We should note that in the SVT algorithm, the matrix rank, or equivalently, the
number of targets, is not required to be known a prior. The only requirement is that
the number of targets is much smaller than the number of TX/RX antennas, so that the
receive data matrix is low-rank. To make sure the iteration sequences of SVT algorithm
converge to the solution of the nuclear norm optimization problem, the thresholding
parameter 7 should be large enough. In the simulation, 7 is chosen empirically and set

to 7 = 5(, where ( is the dimension of the low-rank matrix that needs to be recovered.

4.4.1 Matrix Recovery Error under Noisy Observations

We consider a scenario with two targets. The first target DOA, 01 is generated at
random in [—90°,90°], and the second target DOA, is taken as 0o = 6; + Af. The
target reflection coefficients are set as complex random, and the corresponding speeds
are taken at random in [0,500] m/s. The SNR at each receive antenna is set to 25dB.

In the following, we compute the matrix recovery error as function of the number
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Figure 4.8: Scheme I, K = 2 targets: the relative recovery error for Zf]w F

values of DOA separation. M, = M; = 40.

of samples, m, per degrees of freedom, df, i.e., m/df, a quantity also used in [43]. A
matrix of size ny x ny with rank r, has r (ny + ng — r) degrees of freedom [41]. Let ¢,

denote the relative matrix recovery error, defined as:

o2 =|2-2| /125, (4.14)

where we use Z to denote the data matrix in both sampling schemes, and 7 to denote
the estimated data matrix.

Figure 4.8 shows ¢; under sampling scheme I, versus the number of samples per
degree of freedom for the same scenario as above. The number of transmit/receiver
antennas is set as M; = M, = 40. It can be seen from Fig. 4.8 that when m/df
increases from 2 to 4, or correspondingly, the matrix occupancy ratio increases from
p1 ~ 0.2 to ~ 0.4, the relative error ¢, drops sharply to the reciprocal of the matched
filter SNR level, i.e., a “phase transition” [44] occurs. It can be seen in Fig. 4.8 that,
when the two targets have the same DOA, the relative recovery error is the smallest.
This is because in that case the data matrix has the optimum coherence parameter,
ie., uo = 1. As the DOA separation between the two target increases, the relative

recovery error of the data matrix in the transition phase increases. In the subsequent

DOA resolution simulations, we set the matrix occupancy ratio as p; = ]{’jtj‘]\//[[ = 0.5,
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Figure 4.9: Scheme II, K = 2 targets: the relative recovery errors for Z, under
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which corresponds to m/df ~ 5, to ensure that the relative recovery error has dropped
to the reciprocal of SNR level.

Figure 4.9 shows the relative recovery errors, ¢, for data matrix Z, (sampling
scheme II), corresponding to Hadamard or Gaussian orthogonal (G-Orth) transmit
waveforms, and the number of Nyquist samples is taken to be N = 256. Different
values of DOA separation for the two targets are considered, i.e., A8 = 0°,1°,5°,
respectively.

The results are averaged over 100 independent angle and speed realizations; in each
realization the Lo samples are obtained at random among the N Nyquist samples at
each receive antenna. The results of Fig. 4.9 indicate that, for the same Af, as m/df
increases, the relative recovery error, ¢, under Gaussian orthogonal waveforms (dash
lines) reduces to the reciprocal of the SNR faster than under Hadamard waveforms
(solid lines). A plausible reason for this is that under G-Orth waveforms, the average
coherence parameter of Z, is smaller as compared with that under Hadamard wave-
forms. Under Gaussian orthogonal waveforms, the error ¢, decreases as Af increases.
On the other hand, for Hadamard waveforms the relative recovery error appears to

increase with an increasing A6, a behavior that diminishes in the region to the right of
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the point of “phase transition”. However, the behavior of the error at the left of the
“phase transition” point is not of interest as the matrix completion errors are pretty
high and DOA estimation is simply not possible. At the right of the “phase transition”
point, the observation noise dominates in the DOA estimation performance.

In both waveforms, the minimum error is achieved when Af = 0°, i.e., when the
two targets have the same DOA, in which case the rank of data matrix Z, is rank-1.
The above observations suggest that the waveforms do affect performance, and optimal
waveform design would be an interesting problem. The waveform selection problem
could be formulated as an optimization problem under the orthogonal and narrow-band
constraints. We plan to pursue this in our future work.

It can be seen from Fig. 4.8 and Fig. 4.9 that in the noisy cases, as the matrix
occupancy ratio increases, the relative recovery errors of the matrices decreases to the

reciprocal of SNR.

4.4.2 DOA Resolution with Matrix Completion

In this section we study the probability that two DOAs will be resolved based on the
proposed techniques. Two targets are generated at 10° and 10° + A#, where Af =
[0.05°,0.08°,0.1°,0.12°,0.15°,0.18°,0.2°,0.22°,0.25°,0.3°]. The corresponding target
speeds are set to 150 and 400 m/s. We set M; = M, = 20 and Q = 5. The DOA
information is obtained by finding the peak locations of the pseudo-spectrum (4.11). If

A~

the DOA estimates 6;, i = 1,2 satisfy |0; — 0;| < eAf,e = 0.1, we declare the estimation

a success. The probability of DOA resolution is then defined as the fraction of successful
events in 200 iterations. For comparison, we also plot the probability curves with full
data matrix observations.

First, for scheme I, L1 = 10 matched filers are independently selected at random at
each receive antenna, resulting matrix occupancy ratio of p; = 0.5. The corresponding
probability of DOA resolution is shown in Fig. 4.10. As expected, the probability of
DOA resolution increase as the SNR increases. The performance of DOA resolution
based on the full set of observations has similar behavior. When SNR = 25dB, the

performance of MC-based DOA estimation is close to that with the full data matrix.
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Interestingly, for SNR = 10dB, the MC-based result is better than that corresponding
to a full data matrix. Most likely, the MC acts like a low-rank approximation of Zf]‘/f L
and thus eliminates some of the noise.

The probabilities of DOA resolution of DOA estimates under scheme II, with G-
Orth and Hadamard waveforms are plotted in Fig. 4.11 (a) and (b), respectively. The
parameters are set to N = 256 and py = 0.5, i.e., each receive antenna uniformly selects
Lo = 128 samples at random to forward. Similarly, the simulation results show that
under scheme II, the performance at SNR = 10dB is slightly better than that with full
data access. In addition, it can be seen that the performance with G-Orth waveforms
is better than with Hadamard waveforms. This is because the average coherence of
Z, under Hadamard waveforms is higher than that with G-Orth waveforms. As shown
in Fig. 4.11, increasing the SNR from 10dB to 25dB can greatly improve the DOA

estimation performance, as it benefits both the matrix completion and the performance

of subspace based DOA estimation method, i.e., MUSIC (see chapt. 9 in [5]).

4.4.3 Comparisons of Sampling Schemes I and II

Comparing the two sampling methods based on the above figures (see Figs. 4.10, and

4.11 (a),(b)) we see that although the performance is the same, sampling scheme I uses
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fewer samples, i.e., 10 x 20 samples, as compared to sampling scheme II, which uses
128 x 20 samples. To further elaborate on this observation, we compare the perfor-
mance of the two sampling schemes when they both forward to the fusion center the
same number of samples. The parameters are set to SNR = 25dB, p; = p» = 0.5 and
M; = N. Therefore, in both schemes, the number of samples forwarded by each receive
antenna was the same. The number of transmit antenna was set as M, = 40 and 80,
respectively. Gaussian orthogonal transmit waveforms are used. Two targets are gener-
ated at random in [—90°,90°] at two different DOA separations, i.e., A = 5°,30°. The
results are averaged over 100 independent realizations; in each realization, the targets
are independently generated at random and the sub-sampling at each receive antenna
is also independent between realizations. The relative recovery error comparison is
plotted in Fig.4.12.

It can be seen in Fig. 4.12 that as N (or equivalently M;) increases, the relative
recovery error corresponding to Z, and Zé\/f F decreases proportionally to the reciprocal
of the observed SNR. The relative recovery error under scheme I drops faster than under
scheme II for both M, = 40 and M, = 80 cases. This indicates that scheme I has a

better performance than scheme II for the same number of samples.
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4.5 Summary

We have proposed MIMO-MC radars, which is a novel MIMO radar approach for high
resolution target parameter estimation that involves small amounts of data. FEach
receive antenna either performs matched filtering with a small number of dictionary
waveforms (scheme I) or obtains sub-Nyquist samples of the received signal (scheme
IT) and forwards the results to a fusion center. Based on the samples forwarded by all
receive nodes, and with knowledge of the sampling scheme, the fusion center applies MC
techniques to estimate the full matrix, which is then used in the context of existing array
processing techniques, such as MUSIC, to obtain target information. Although ULAs
have been considered, the proposed ideas can be generalized to arbitrary configurations.
MIMO-MC radars are best suited for sensor networks with large numbers of nodes.
Unlike MIMO-CS radars, there is no need for target space discretization, which avoids
basis mismatch issues. It has been confirmed with simulations that the coherence of
the data matrix at the fusion center meets the conditions for MC techniques to be
applicable. The coherence of the matrix is always bounded by a small number. For

scheme I, that number approaches 1 as the number of transmit and receive antennas
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increases and as the targets separation increases. For scheme II, the coherence does
not depend as much on the number of transmit and receive antennas, or the target
separation, but it does depend on N, the number of Nyquist samples within one pulse,
which is related to the bandwidth of the signal; the coherence increases as IV increases.
Comparing the two sampling schemes, scheme I has better performance than scheme I1

for the same number of forwarded samples.
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Chapter 5

Waveform Design for MIMO Radars with Matrix

Completion

It was shown in Chapter 4 that MIMO radars with sparse sensing and matrix comple-
tion can significantly reduce the volume of data required for accurate target detection
and estimation. Based on sparsely sampled target returns, forwarded by the receive
antennas to a fusion center, a matrix, referred to as the data matrix, can be partially
filled, and subsequently completed via MC techniques. The completed data matrix
can then be used in standard array processing methods to estimate the target parame-
ters. This chapter studies the applicability of MC theory on the data matrix arising in
colocated MIMO radars using uniform linear arrays. It is shown that the data matrix
coherence, and consequently the performance of MC, is directly related to the transmit
waveforms. Among orthogonal waveforms, the optimum choices are those for which,
any snapshot across the transmit array has a flat spectrum. The problem of waveform
design is formulated as an optimization problem on the complex Stiefel manifold, and
is solved via the modified steepest descent method, or the modified Newton algorithm
with nonmonotone line search. Although the optimal waveforms are designed for the
case of targets falling in the same range bin, sensitivity analysis is conducted to assess

the performance degradation when the targets fall in different range bins.

5.1 Introduction

Unlike traditional phased-array radars which transmit fully correlated signals through
their transmit antennas, MIMO radars [18] transmit mutually orthogonal signals. The

orthogonality allows the receive antennas to separate the transmitted signals via matched
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filtering. The target parameters are obtained by processing the phase shifts of the re-
ceived signals. MIMO radars offer a high degree of freedom [19] and consequently,
enable improved resolution. Since the transmitted signals are orthogonal, the trans-
mit beam is not focused on a particular direction [73], thus resulting in decrease of
illumination power. Pulse compression techniques are typically used to improve the
range resolution as well as strengthen the receive signal power. The transmit pulse can
be coded or modulated, e.g., phase-coded pulse or linear frequency modulated (LFM)
pulse [74].

The idea of using low-rank matrix completion (MC) techniques in MIMO radars
(termed as MIMO-MC radars) was first proposed in [75], [76] as means of reducing the
volume of data required for accurate target detection and estimation. In particular, [76]
considers a colocated pulse MIMO radar scenario with uniform linear arrays (ULAs)
at the transmitter and the receiver. Each receive antenna samples the target returns
and forwards the obtained samples to a fusion center. Based on the data received, the
fusion center formulates a matrix, referred to as “data matrix”, which can then be used
in standard array processing methods for target detection and estimation. If the data
samples are obtained in a Nyquist fashion, and the number of targets is small relative
to the number of transmit and receive antennas, the data matrix is low-rank [75].
Thus, it can be recovered from a small subset of its uniformly spaced elements via
matrix completion (MC) techniques. By exploiting the latter fact, the MIMO-MC radar
receive antennas obtain a small number of samples at uniformly random sampling times.
Based on knowledge of the sampling instances, the fusion center populates the data
matrix in a uniformly sparse fashion, and subsequently recovers the full matrix via MC
techniques. This is referred to as Scheme II in [76]. Alternatively, the receive antennas
can perform matched filtering with a randomly selected set of transmit waveforms, and
forward the results to the fusion center, partially populating the data matrix. The
data matrix is subsequently completed via MC. This is referred to as Scheme I in [76].
Both Schemes I and II reduce the number of samples that need to be forwarded to
the fusion center. If the transmission occurs in a wireless fashion, this translates to

savings in power and bandwidth. As compared to MIMO radars based on sparse signal
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recovery [26], [27], [29], it has been shown in [76] that MIMO-MC radars achieve similar
performance but without requiring a target space grid. This is because MC techniques
do not require building a basis matrix based on the discretized target space. However,
this advantage is achieved at a cost of higher computation complexity arising from the
need of both matrix recovery and subspace estimation methods.

Details on the general topic of matrix completion and the conditions for matrix
recovery can be found in [41], [42], [43]. The conditions for the applicability of MC on
Scheme I of [76] ULA can be found in [68]. In that case, and under ideal conditions,
the transmit waveforms do not affect the MC performance. On the other hand, for
Scheme II of [76], it was shown in [76], [77] that the transmit waveforms affect the
matrix completion performance, as they directly affect the data matrix coherence [42];
a larger coherence implies that more samples need to be collected for reliable target
estimation. That observation motivates the work in this paper, where we explore the
relationship between matrix coherence and transmit waveforms for Scheme II of [76],
and design waveforms that result in the lowest possible coherence. Waveform design in
the context of MIMO radars has been extensively studied. For example, in [78], [79],
the waveforms are designed to maximize the mutual information between target im-
pulse response (which are assumed known) and reflected signals. In [80], waveforms
with good correlation properties are designed under the unimodular constraint. In [81],
clutter mitigation is considered in waveform design for ground moving-target indica-
tion (GMTI). Orthogonal phase-coded waveforms are designed in [82] via simulated
annealing. Frequency hopping waveforms are designed in [22] to reduce the sidelobe of
the radar ambiguity function [21]. For MIMO radars with sparse signal recovery, e.g.,
in [83], [30], the goal of waveform design is to reduce the coherence of sensing matrix.

In this chapter, we aim to design waveforms so that the coherence of the receive
data matrix attains its lowest possible value. Since the waveforms are constrained to
be orthogonal, we formulate the design problem as an optimization problem on the
complex Stiefel manifold [84], and for its solution employ the modified steepest descent
algorithm [85] and the modified Newton algorithm. The local gradient and Hessian

of the cost functions are derived in closed forms. We also provide sensitivity analysis
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of the optimized waveforms in the scenario of targets falling in different range bins.
In particular, we show that for relatively small delays, i.e., of the order of the radar
pulse duration, the matrix coherence increases only slightly as the maximal range delay
increases. Numerical results show that good angle and speed estimation performance

could be achieved under the optimized waveforms.

5.2 Background of MIMO-MC Radar

We consider the problem formulation proposed in [76] for scheme II. The scenario
involves narrowband orthogonal transmit waveforms, transmitted in pulses with pulse
repetition interval Tpr; and carrier wavelength A\, K far-filed targets at angles 0,
and ULAs for transmission and reception, equipped with M; transmit and M, receive
antennas, respectively, and inter-element spacing d; and d,, respectively (see Subsection
B of Section II in [76]).

During each pulse, the m-th, m € NX/[t antenna transmits a coded waveform con-
taining N symbols {s,, (n)},n = 1,--- , N of duration T} each, which can be written
in the baseband as

N
o (0= Y s ([ e oy 6.1)
n=1
where s, () = ap, (n)e??m) | with {p,, (n)} uniformly distributed in [—=, 7], and
{am (n)} taking arbitrary positive values; A (t) is a rectangular pulse and Ty, = NT
is the duration of the entire pulse. In this chapter, we relax the constant amplitude
requirement to exploit more degrees of freedom for waveform design. A similar relax-
ation was also exploited in [83] [30]. We admit that this relaxation would put some
difficulties in the radar transmitters. We will assume that the waveforms are sufficiently
narrowband, i.e., T%) < £ and targets are slow moving, i.e., % < T%), where c¢ is the
speed of light and J is target speed.

In the following, we do the analysis for a scenario in which all targets are in the
same range bin [18] [19]; in Section 5.5, we will study sensitivity issues arising from
targets appearing in different range bins. Suppose that the receive antennas sample the

target echoes with sampling interval T, and forward their samples to a fusion center.
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Let X be the matrix formulated at the fusion center based on receive antenna samples

data with each antenna contributing a row to X. It holds that
X=W+J, (5.2)
where J is an interference/noise matrix and
W = BDATST, (5.3)

where A € CMt*K ig the transmit steering matrix (respectively defined is B € CMr*K)
with [A], . = e~d2m(m=1)aj and ol 2 dtSi+(6’“), (m,k) € N}\t[t x N, where 6}, is the angle
of the k-th target, or equivalently, o is the spatial frequency corresponding to the k-th

target.

D2 diag (| Bicy Bl - B ) (5.4)

where (g = ed2me(a=DTPRI | with ¢ denoting the pulse index, v, = 21’% denoting the
Doppler shift of the k-th target, and {8y} kNt {V} keNt denoting contain target re-
flection coefficients and speeds, respectively. S = [s(1),...,s(N)]T € CV*Mt with
s(i) = [s1(i),...,sn (1)]7, is the sampled waveform matrix, with its vertical dimen-
sion corresponding to sampling along time and its horizontal dimension corresponding
to sampling across the array (sampling in space). The i-th row of S can be thought
of as the snapshot of the waveforms across the transmit antennas at sampling time .
Due to the assumed orthogonality of the waveforms, it holds that S#S = I,;, when
N > M, [67].

When both M,., M; as well as N are larger than K, the noise free data matrix W is
rank-K and can be recovered from a small number of its entries via matrix completion.
This fact motivated the approach of [75] [76], which calls for subsampling the target
echoes at the receive antennas in a uniformly pseudo-random fashion, partially filling
the data matrix at the fusion center, and then completing the data matrix via MC
techniques. This approach reduces the number of samples that need to be forwarded
to the fusion center. It turns out that the applicability of MC depends on the transmit

waveforms. In the next section, we derive the necessary and sufficient conditions the



85

transmit waveforms must satisfy so that the coherence of W is asymptotical optimal,

i.e., it approaches 1 as M, increases.

5.3 Data Matrix Coherence Analysis and Optimal Waveform Condi-

tions

In this section, we analyze the coherence of W, for the MIMO radar system defined in
the previous section. In particular, (1) we provide sufficient and necessary conditions
for the optimal transmit waveforms under which the coherence of W attains its low-
est possible value; (2) under those conditions, we show asymptotic optimality of the
coherence of W w.r.t. the number of transmit/receive antennas; (3) we show that the

coherence of W does not depend on the Doppler shift.

5.3.1 The Coherence of Data Matrix in MIMO-MC Radar

Let S;(ad,) denote the discrete-time Fourier transform (DTFT) of the i-th snapshot of
the transmit waveforms evaluated at spatial frequency of, i.e.,

My
Si(af) = Y s (i) e m=0k, (5.5)

m=1
where {{s, (i)}mQNLt} are the elements in the i-th row of S.
Before we proceed we provide a lemma that will be useful in the subsequent theo-

rems.

Lemma 1. For the MIMO radar system described in Section 5.2 with dy = \/2, and

K targets randomly located at angles {Hk € [—g, %] } kent s OF equivalently, at spatial
K
; t 11 -

frequencies {ak € [—5, 5] }ng;r(, 1t holds that
N K )
> Y 1S (0f)|” = KM, (5.6)
i=1 k=1

Proof of Lemma 1. See the Appendix B for the proof. O

The waveforms conditions under which the coherence of W attains its lowest value

are summarized in the following theorem.
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Theorem 2. (Optimal Waveform Conditions): Consider the MIMO radar systems as
defined in Section 5.2, with dy = %
The necessary condition under which the coherence of W attains its lowest possible

value 18

K
> 1S (ai)f:%, Vie Nj. (5.7)
k=1

A sufficient condition for the coherence of W to attain its lowest possible value, inde-

pendent of the target angles is

1S; (af) | = % Vie Ny and Vol € [—% %] . (5.8)
Proof of Theorem 2. To make the proof more tractable, we break it into two parts. In
the first part, we characterize the SVD of the matrix W in order to identify the actions
that are needed in order to bound its coherence. In the second part, we derive the
optimal conditions of the coded orthogonal waveforms.

1) Characterization of the SVD of W: The compact SVD of W can be expressed

as
W = UAVH, (5.9)

where U € CM*K v ¢ CV*K guch that UFU =Ig, VIV =1k, and A € REXK i
a diagonal matrix containing the singular values of W.

Consider the QR decomposition of B, i.e., B = Q,R,, with Q, € CM*K_guch
that Q7Q, = I and R, € CX¥*X an upper triangular matrix. Similarly, consider the
QR decomposition of SA, i.e., SA = Q,R,, with Q, € CV*X such that Q7 Q, = Ik
and R, € CKX*K an upper triangular matrix. The matrix R,DR! € CK*¥K is rank-K
and its SVD can be expressed as RTDRST = Q,AQY. Here, Q; € CKX*K is such that
Q:QY = QI'Q; = I (the same holds for Qz) and A € RX*K is non-zero diagonal,

containing the singular values of RTDRZ. Therefore, it holds that

W =Q,Q:AQ7Qf = Q,Q:A(Q;Q2)", (5.10)

which is a valid SVD of W since (Q,Q1)7Q,Q; = Ix and (Q*Q2)7Q*Q, = Ix. Via
the uniqueness of the singular values of a matrix, it holds that A = A, thus U = Q,.Q;
and V = QIQa.
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Let Qi denote the i-th row of of Q,. The coherence of the row space of W is

M, | M,
n(U) =4 sup HQ?«Qngz sup i, (5.11)

iENF, ieNy,

It can be seen from (5.11) that x4 (U) is determined by Q,, which is only related to the
receive steering matrix B and is independent of the transmit waveform S. In the MIMO

under the assumption that the

radar systems under ULA configuration with d, = %,

target angles set {0y} keny, are distinct with minimal spatial frequency separation &, it
was shown in [68] that

VM,
vV M, — (K - 1) 6Mr (57’)’
where By, (&) is the Fejér kernel (see (5.23)).

w(U) < (5.12)

Let Qz(i) and 8*() 4 e NE denote the i-th row of Qf and S*, respectively. For the
coherence of the row space of W we have

2

N .
p(V)=— sup |Q:® Q2H == sup Q¥
K ieNY; EN+ 2
N 4 2
= sup s 0A*R: —1H
K iENg (R:) 2
<N sup w (5.13)
K Z€N+ Umln (R*)

where

o (RD) = Amin (RDR?) = Auin (RIR,)
= Auin (REQIQR,) = hin ((SA)7SA)

= Amin (A7A) . (5.14)

Here, we use the symbol Ay, (1) to denote the minimal eigenvalue of a matrix. In
addition, we apply the fact that the eigenvalues of a Hermitian matrix are real, and
the eigenvalues of X* are the complex conjugate of the eigenvalues of X. Thus, if X is
Hermitian, its eigenvalues are equal to eigenvalues of X*.

In the MIMO radar systems under ULA configuration with d; = %, under the

assumption that the target angles are distinct with minimal spatial frequency separation
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&, it was shown in [68] that
Amin (ATA) > My — (K — 1) /MiBr, (&) (5.15)

where Sy, (&) is the kernel defined in (5.23). Therefore, regarding the coherence of the

column space of W, we have

w(V) < — sup | H2 . (5.16)
K jent, My — (K — 1)/ MiBu, (&)

; +
over i € Ny,

Next, we focus on finding the minimum of the supremum of HS* A*H 5

which results in the optimal waveform conditions.
2) Optimal Waveform Conditions: The transmit steering matrix A has the Vander-

monde form under ULA configuration. Consequently, it holds that

‘ g+ A %2
2
K Mt Mt
:Z 3 (z)e j2m(m—1)at Z s* ( )6]27r(m -1)
k=1m=1 m/=1
K | M; 2 K
=3I s (e i2mm ekl =578 (o) [ (5.17)
k=1 |m=1 k=1
Therefore, the coherence bound of the row space of W is
K 2
o 2 [sal)
1€ENR
p(V) < (5.18)

K M, — (K = 1) /MiBu, (&)
The lowest possible coherence bound of 1 (V) can be achieved by finding waveforms
that minimize sup Z !S ak) ‘2. This can be formulated as a min-max optimization

ieN, k=1
problem subject to the constraint given in Lemma 1, i.e.,

o o)

Z Z_: |S; (al)|? = KM, (5.19)
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K

Since kZ |SZ- (a’,;) |2 >0, for i € NE, the optimal solution of the min-max optimization
=1

problem is

SO1Si (af)]? = % ¥ i€ Nt (5.20)

The solution, as shown in (5.20) depends on the specific target spatial angles {a’,;} keNt -
K

Since these angles are not known, we need to consider every possible angle 6; in the angle

space [—%, %], or every af € [—%, %] Thus, the optimal waveforms should sufficiently

satisfy:

w2 _ M . + t 11
S (o) =N Vie Ny and Vo € [—5,5 . (5.21)
The condition of (5.21) indicates that the power spectrum of each snapshot should be
flat in the spatial frequency range af € [—%, %], and thus each waveform snapshot

must be white noise type sequence with variance M;/N. This completes the proof of

Theorem 2. O

Under the optimal waveforms conditions stated in the Theorem 2, the coherence of

matrix W is asymptotical optimal, as stated in the following theorem.

Theorem 3. (Coherence of W): Consider the MIMO radar system as presented in
Section 5.2 and K distinct targets. Let the minimum spatial frequency separation of the

targets be

x = min dn (sin@; —sind;), h € {t,r}. (5.22)
(4,5)EN x N it

and assume that |x| > &, #0,h € {t,r}. Let us also define

1 sin? (mMyx)
— - S ATRT) 5.23
Bun, (x) M, sin? (mz) ( )

For dy = d, = % and under the optimal waveform conditions stated in Theorem 2, as

. | M,
K< hgﬁg} { m} ) (5.24)

long as
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the matrix W obeys the conditions (A0) and (A1) with

0 ma VM,
0= et VM, — (K —1)\/Bu, (&)

and [ 2 VK g with probability 1.

(5.25)

Proof of Theorem 8. Following Theorem 2, for waveforms that satisfy the necessary

condition (5.20), it holds that

K 12
21 |5 ()|
V) <inf | ~ pe
/’L( ) S IISI K Zsellilg Mt (K — 1) MtﬁMt (é-t)

_ VI,
VM — (K = 1) /B, (&)

Consequently, under the optimal waveforms conditions, and via inequality (5.12), we

(5.26)

get (5.25). Tt was shown in [41] that in the general case, 3 = oV K always holds true.
Consequently, the conditions (A0) and (A1) hold. O

5.3.2 Remarks

1) Asymptotic Optimal Coherence of W

It should be noted that kernel By, (x),h € {t,r} is a periodic function of x.

For d; = d, = %, the spatial frequency separation corresponding to both transmit
and receive arrays, satisfy |z| € (0, %] If £ 2 max {&,&} # 0, we can find a small

m such that the Dirichlet kernel % =0(Q1)

_sin(mMp€) 1
and the kernel By, (§) satisfies /B, (€ = /) (=0 =0 (—\/W;) Consequently,
the values of [, (§) decrease as My, h € {t,r} increase. Then for any fixed K, if
VM, > K\/Bum, (§),h € {t,r}, or equivalently

sin (7w Mp€)
sin (7€)

both (5.12) and (5.26) hold. Consequently, under the optimal waveform conditions, it

constant £ and 0 < & <

M, > K = 0(K), (5.27)

holds that

v My
lim V)< lim =
Mt—>oou( ) Mi—oo /My — (K — 1) /B, (£)
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Since p (V) > 1, via the coherence definition, it must hold that under the optimal
waveform conditions p (V) = 1 in the limit w.r.t. M;. Similarly, it must hold that
w(U) =1 in the limit w.r.t. M,. As a result, the coherence of W is asymptotically
optimal.

It should be noted that the spatial frequency separation requirement is not restric-
tive. For example, in a ULA with M antennas, the spatial frequency separation of
targets should be larger than the resolution of the array, i.e., % As it can be seen in
the proof of Theorem 3, Theorem 3 holds even when the spatial frequency separation
of the targets is less than the resolution of the array.

2) Coherence and Doppler Shift

It can be easily seen from Theorem 3 that the coherence of W does not depend on

the Doppler shift {vy} kN, under the assumption that targets are slow moving.

5.3.3 Comparative Study of Two Orthogonal Waveforms

This section provides a comparative study of Hadamard and randomly generated Guas-
sian Orthogonal (G-Orth) waveforms.

Let us consider a ULA transmit array with carrier frequency f. = 1x 10°Hz, d; = %,
M; = 40 and N = 64. The corresponding waveform matrix S € CN*M¢ contains
Hadamard or G-Orth waveforms.

Two targets are considered at 6, = 0°,02 = 20°, or equivalently, o = 0,0} =

%sin (%) The target angle search space is [—90°,90°] and the corresponding spatial
frequency range is a}; € [—%, %] The power spectra of the waveform snapshots 7 € N}

corresponding to Hadamard and G-Orth waveforms are shown in Fig. 5.1.

It can be seen in Fig. 5.1 (a) that the power spectra of the snapshots corresponding
to the Hadamard case have high values at some specific snapshots and angles, while
those of G-Orth case are spread out across all snapshots and angles (see Fig. 5.1
(c)). In addition, the maximum power spectral value for the Hadamard case is much
higher than that of the G-Orth case. Thus, based on (5.18), the coherence bound
w1 (V) corresponding to the Hadamard waveforms is larger than that for the G-Orth

waveforms. The lower coherence bound result is better MC recovery performance for the
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Figure 5.2: Comparison of MC error w.r.t. Hadamard and G-Orth waveforms as func-

tion of the matrix occupancy ratio.
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G-orth waveforms; this can be seen in Fig. 5.2 where the horizontal axis is the portion
of entries of W that were available. In the simulations, the data matrix corresponding
the two targets are recovered via the SVT algorithm [71] for M, = 128, M; = 40, N = 64
and SNR = 25dB. The simulation results are averaged over 50 independent runs. In

each run, the G-Orth waveforms are randomly generated.

5.4 Waveform Design under Spatial Power Spectra Constraints

Theorem 2 states that, among the class of orthogonal waveforms, and for MIMO radars
using ULAs, the optimal waveform matrix should have rows that are white-noise type
functions, i.e., the waveform snapshots across the transmit antennas should be white. In
this section, we propose a scheme to optimally design the transmit waveform matrix for
MIMO-MC radars. In particular, the design problem is formulated as optimization on
matrix manifolds [86]. Due to the orthogonality constraint on the transmit waveforms,
i.e., the columns of matrix S, the matrix manifold is the complex Stiefel manifold,
which is non-convex. The solution can be obtained via the modified steepest descent
algorithm [85], or the modified Newton algorithm with a nonmonotone line search
method [87]. The derivative and Hessian of the objective function w.r.t. the waveform

matrix are obtained in a closed form.

5.4.1 Problem Formulation

Let us discretize the angle space [—g, %] into L phases {6;} lENT corresponding to the

spatial frequencies {af}l€N+. Let ¢ = S*WA*(6)) for i € N}. According to the
L

optimal condition (5.21), it holds that

leal* = |Si (o) |* = % i e Nk, e Nt (5.28)

Define A* = [A*(01),...,A*(0;)] and F = S*A*. Tt holds that [F ® F*];; = |eql.
Based on (5.21), let us define the objective function

2

M,
f(8) = HF@F*—WHM{ (5.29)

F
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The waveform design problem is formulated as

min f(S)

st. SHS =1y, (5.30)

Due to the orthogonal constraint, S belongs to the complex Stiefel manifold S (N, M;),
defined as

S(N, M) ={SecCcVM .85 =1,,}. (5.31)

The nonconvexity of the orthogonal constraint on the complex Stiefel manifold makes
the waveform design problem challenging. In the following we adopt the modified steep-
est descent algorithm [85], or the modified Newton algorithm on the Stiefel manifold to
solve the problem of (5.30).

5.4.2 Derivative and Hessian of Cost Function f (S)

In this subsection, we will address the derivative and Hessian of the cost function f (S)

defined in (5.29) w.r.t. the variables S. First, based on the second order Taylor series

approximation (see [85]), the cost function f: CV*Mt — R can be written as
f(S+062Z)=f(S)+ oR {tr (Z"Dg)}

2
+ %vec(Z)HHsvec (Z)

+ %23? {VGC(Z)TCSVGC (Z)} +0 (5%, (5.32)

where Dg € CV*M: i the derivative of f evaluated at S, and the matrix pair Hg, Cg €
CNMixNMe are the Hessian of f evaluated at S. To ensure uniqueness, we require
Hg = HY, Cg = CL.

The complex-valued derivative Dg is used in the modified steepest descent method.
To calculate the Newton direction with the standard Newton method [88], we will
use the second order Taylor series expansion of the function f : R2VM: — R in the

well-known vector form with real-valued elements as

f(s+0dz)=f(s)+dz’d+ (SQ—QZTHZ +0 (8%, (5.33)
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RQNMt

where the vector s € is defined as

N s’ N R {vec (S)} ' (5.34)
sim S {vec (S)}

In the above, d € R?VMt is the derivative of f (s) evaluated at s, similarly defined in

terms of its real and imaginary parts as s in equation (5.34), and H € R2VMex2NM: g

the Hessian of f (s) evaluated at s (for definitions, see Section 5.4.4). The derivatives

and Hessians developed in the above two Taylor series expansion forms of (5.32) and

(5.33) can be transformed into each other [89].

In the following, we list the derivative and Hessian of the cost function f (S). The

derivation details are given in Appendix C.

Dg =2 {[(S*A*) ® (SA) - N] o Y’} A¥, (5.35)
Hg =4P 7, (Iy © A*) diag (Vec (2ﬁT - NT)> (In ® AT)Pyuns,,  (5.36)
Cs =4P s, xn (Iy ® A) diag (vec (Y* © Y")) (Iy ® AT) Py, (5.37)

where N = 21117 H = (S*A*) © (SA) € RV and Y = ATST € CH*V. In the

above, Pyxs, is a commutation matrix, such that
vec (Z) = Py, vec (Z), (5.38)

which can be expressed as [90]

N M

Py, = Y (Bmn ®EL,) (5.39)

m=1n=1

where E,,;, is a matrix of dimension N x M; with 1 at its mn-th position and zeros

elsewhere. It holds that Py, = Pﬂtx ~- 1t is easy to verify that Hg = Hg ,Cg = Cg.

5.4.3 Modified Steepest Descent on the Complex Stiefel Manifold

Here, we apply the modified steepest descent method of [85] to solve the optimization
problem of (5.30). Let 7g (NN, M;) denote the tangent space, i.e., the plane that is

tangent to the complex Stiefel manifold at point S € S (N, M;) [84]. The inner product
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in the tangent space is defined using the canonical metric [84] in the complex-value

case, i.e.,

(Z1,Z2) = R {tr [zgf <I - %SSH) zl] } , (5.40)

for Zy1,Z9 € Ts (N, My).
Let ZF € Ts (N, M;) be the steepest descent at point S¥ € S (N, M;) in the k-th
iteration. The steepest descent algorithm starts from S* and moves along Z* with a

step size 0, i.e.,
Skl — gk 4+ 57", (5.41)

To preserve the orthogonality during the update steps, the new point S¥*1! is projected
back to the complex Stiefel manifold, i.e., S¥*1 =TI (Sk + 6Zk), where II is the projec-
tion operator. For a matrix S € CV*Mt with N > M, and with SVD S = UESV# | the
point in the Stiefel manifold that is nearest to S in the Frobenius norm sense is given
by T1(S) = Uly p, V7 [85].

The modified steepest descent is defined as follows [85]. Let g (Z*) = f (IL (S* + Z*))
be the local cost function for S¥ € S (N, M;). The gradient of g (Z*) at Z* = 0 under

the canonical inner product (5.40) is
Vsf (S’“) = Vsf (sk) - sk(vsf (sk))Hs’f, (5.42)

where Vg f (S) = Dg denotes the derivative of f(S) (see (5.35)). Then, the modified
steepest descent is ZF = —Vgf (Sk)
The step size ¢ is chosen using a nonmonotone line search method based on [87],

i.e., so that

f (H (sk n 5z’~f)) < Cp+ 86 <@Sf (sk) ,z’€> , (5.43)
<@sf (H (s’f n 52’9)) ,z’ﬁ> > g <@sf (s’ﬂ) ,zk> . (5.44)
Here, C}, is taken to be a convex combination of function values f (SO) , f (Sl) yees f (Sk),

ie.,

Cri1 = [nQiCi+ £ (81)] /Quin, (5.45)
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where Qr+1 =nQr+1, Co = f (SO) and Qg = 1. In the above, the parameter n controls
the degree of nonmonotonicity. When 7 = 0, the line search is the usual monotone Wolfe
or Armijo line search [91]. When 7 = 1, then

k

Cr=-—=> f(8"). (5.46)

The modified steepest descent algorithm is summarized in Algorithm 1.

Algorithm 1 Modified steepest descent algorithm
1: Initialize: Choose S° € S (N, M;) and parameters a,n,¢ € (0,1),0< 3 <o < 1.

Set § =1,Co = f(SY),Qo =1,k =0.

2: Descent direction update: Compute the descent direction as ZF = —@sf (Sk)
via equation (5.42).

3: Convergence test: If <Zk, Zk> < ¢, then stop.

4: Line search update: Compute SF*! = TII(S* +§Z*) and Vsf (SFH). If
F(S5H1) = 86 (Vsf (S*),28) + Cp and (Vsf (SH11),2%) < o (Vs (S%),2*),
then set 6 = ad and repeat Step 4.

5. Cost update: Qi1 =nQk + 1, Criq = [ﬁQka + f (Skﬂ)]/QkH-

6: Perform update S¥t1 =11 (Sk + 5Zk), k=k+1. Go to Step 2.

5.4.4 Modified Newton Algorithm on the Complex Stiefel Manifold

With expressions for the derivative and Hessian of the cost function given in (5.35),
(5.36) and (5.37), we can now formulate the Newton method [88] to solve the waveform
design problem of (5.30).

First, the Newton search direction is calculated as follows. Let Z¥ € CV*M¢ denote
the Newton search direction in the k-th iteration. In a similar way as in [92], we arrange
the complex-valued elements of Z* into a real-valued vector z* of length 2N M, defined
as

K R {vec (Zk) }
zF R {Vec (Zk) }

B
1>
N
3
1>

(5.47)



98

Let us also define the real-valued vector

" R {vec (Dgr)} | (5.48)
S {vec (Dgr) }

B>

and the real-valued matrix

R{Hgt + C -GS {Hgr + C
gt A {Hgx sk} S {Hgx sk} . (5.49)

% {Hsk - Csk} % {Hsk - Csk}

Following the standard Newton method, the vector z* is computed as
k k Lok
2" = —[H —i—akl} d*, (5.50)

where o}, > 0 is chosen to make the matrix H* + oI positive definite. Consequently, the
complex-valued Newton search direction can be found as Z* = matyay, (25, + jzt,),
corresponding to the inverse vector operation defined in (5.47).

In the k-th iteration, the standard Newton method performs the update
Sh+l — sk 4 5ZF, (5.51)

where § is the step size. Since the waveforms are on the complex Stiefel manifold,
to preserve the orthogonality in the modified Newton method, the new point S¥*1 is

projected back to the complex Stiefel manifold, i.e.,
Skl — 11 (sk + 5z’f) . (5.52)

It should be pointed out that the Hessian matrix defined in (5.49) is not always
positive definite. In each step we choose oy such that Hy + o1 is positive definite. If
matrix Hy has nonpositive eigenvalues, oy should be larger than — M\, (Hg), where
Amin 18 the minimal eigenvalue of Hy. In the local area of the minimum, the modified
Newton update will approach the pure Newton step. However, if oy is chosen very large,
the modified Newton search direction will be close to the negative steepest descent.
Last, the step size § could be obtained using a similar nonmonotone line search method
[87]. Throughout the modified Newton method, the inner product of two matrices
Z1,Zy € CN*Mt ig defined as (Z1,Zs) = tr (Z{{Zg). The modified Newton algorithm

is summarized in Algorithm 2.
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Algorithm 2 Modified Newton algorithm
1: Initialize: Choose S° € S (N, M;) and parameters a,n,¢ € (0,1),0< 3 <o < 1.

Set 6 =1,C0 = f(S°),Qo =1,k =0.

2: Compute the derivative Dgr with equation (5.35) as well as Hessian Hgx, Cgr with
equations (5.36) and (5.37).

3: Convergence test: If (Dgr, Dgr) < ¢, then stop.

4: Newton search direction computation: Compute the real-valued vector
d* with (5.48), as well as the real-valued matrix H* with (5.49). Compute
the vector z* with (5.50). The Newton search direction is arranged as ZF =
matn x (zllfe + jzikm).

5. Line search update: Compute S¥+t1 =TI (Sk + (5Zk') and Dgry1. If f (Sk“) >
B6R{(Dgr+1,Z¥)} + Cy and R {(Dgr+1,ZF)} < oR {(Dgr,Z¥)}, then set § = ad
and repeat Step 5.

6: Cost update: Qi1 =nQk + 1, Cpiq = [anCk- +f (Skﬂ)]/QkH-

7. Perform update S*™1 =1I (S + 6Z*), k = k + 1. Go to Step 2.

5.5 Performance Analysis of the Proposed Waveform When Targets
Fall In Different Range Bins

In the above derivation of the optimum waveform we used the model of [18], which
is valid for targets falling in the same range bin. When the targets fall in different
range bins, the model has to be modified to account for different delays in the transmit
waveforms, corresponding to the different targets. In that case, the orthogonality of
the delayed waveforms cannot be guaranteed.

In this section, we consider the scenario of targets falling in different range bins, and
determine the effect on performance when using the waveforms designed in Section 5.4,
i.e., waveforms optimized under the simplified scenario of targets falling in the same
range bin. In the following we will assume that the orthogonal waveforms satisfy (5.21).

To model this case we will adopt the model of [51], modified for a ULA array con-
figuration and assuming that the Doppler shifts within a pulse can be ignored because

the targets are moving slowly. Let dyax (0) and dpiy (0) be the maximum and minimum
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ranges of the K far field targets at the initial sampling time. The maximum range delay

normalized by Ty is

]\[1 — \\2 (dmax (0) - dmin (0))J ) (5.53)

cT
Let us set the length of the sampling window at the receiver end to N = N + Ny,
where N1 < N and N < Tprr; we will assume that the target reflections fall within
this sampling window. During the ¢-th pulse, the k-th target echo received at the I-
th receive antenna and the corresponding demodulated baseband signal are given in
equations (3) and (4) of [51], respectively. For our scenario, the noise-free sampled

received data at the [-th receive antenna during the ¢-th pulse can be approximated as

K
—j2m2d,, (0) . .
rf =Y BiCue™ x e 92U DaaT (g STCT (5.54)

TE?
k=1

A d,sin(6;)
T = i k
where aj, = ———

, TE = {MMJ with dj (0) denoting the range of the k-th

target at the initial sampling time; (4 is the Doppler shift defined in (5.4); C;, =
T - , . T

[ ONX’Tk Iy ONX(leTk) ] € CNXN; a(@k) = |:1,6_J27r0t}£€’... ’e—JQF(Mt—l)a}i] is

the transmit steering vector. By collecting samples from all receive antennas at the

fusion center, the noise-free data matrix can be constructed as
W =[ry,--- ,rpy ] =BEI7, (5.55)
where

T =[C,Sa(6;), - ,C,.Sa(fx)] € CVK,

) —j2n2d; (0) —j2m2d e (0)
% =diag {[B1Gue ™ 3 B 2| b

We should note that although W and ¥ do depend on the pulse index, this dependance
will not be shown for notational convenience.

To analyze the coherence p (V') of W, we do a QR decomposition of T', along the
lines of Section 5.3, i.e., I' = QsR, with Q4 € CNXK guch that QlQ, =1x. Let Qz(i)

denote the i-th row of Q. It holds that

~ ~ 12
N HI2 - N Ll

p(V) == sup |Q:7| < — sup S5———, (5.56)
K ieNt ’ ieNt Janm (RY)
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where 02, (R}) = Amin (RYQYQR;) = Anin (®) and @ = THT with [®]y,k, =

min

all (0;,) SHCZ;Cl C:,,5a(0k,). It holds that SHCZ;Cl C,,S= SHJT,C2 S = RZ;€2 e
N
where R, is the waveform covariance matrix [80] with [Ry],,,,n, = 2. Smy (k) s, (K —n)
k=n+1
and J,, is a shifting matrix defined as [80]
- -
—~
0---01 0
J, = =JT (5.57)
1
0
L 4 NxN
for n =0,---, N;. Since the waveforms are orthogonal it holds that Ry = I, and ®
becomes
M, - afl (6) R, a(bk)
P — : ; . (5.58)
aH ((9]() RZKfna(Hl) Mt

In order to compute bounds for Apin(®), we need to compute tr(®) and tr(®2) (see

K K
[93]). It can be seen than tr (®) = KM; and tr (%) = KM?+2 > > (@] 1,1, >

ko=k1+1k1=1
with
[é]kle :aH (ekl) R;k'k27Tkla (9k2)
Mo M 2 Dat Dat
Sy Y el e e —n). (659

mao=1mi=1

The lower bound of Apin (®), can be found as (see Theorem 2.1 in [93])

tr (®) tr (®2)  [tr(®))?
ST S T )

K K

K K
:Mt_,/l—% 2 Y Y @k (5.60)

ko=ki1+1k1=1

Next, we find the minimum supremum of Hl"*(i)H2 over 1 € N;\ff. Without loss of
generality, we assume that the ranges of targets are ordered as d; (0) < --- < dg (0).

Thus, 7 = 0, 7 = Ni. To better understand the term HI‘*“” 2, in Fig. 5.3 we give an
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Figure 5.3: Tlustration of transmit waveform spectra in the order of the transmit

waveform arrival at the receiver end.

illustration of the power spectra of the transmitted waveforms corresponding to spatial
frequency ai;, in the order in which the waveforms arrive at the receiver end. It holds

that

*(1) 2 2 .
r = ;N1 <i<N (5.61)

Narg 1 <i<N+EN

|Si—N1 (o)

It is easy to verify that

9 N K )
:ZZ\SZ- (ah)|” =K M. (5.62)

I

It can be seen that the maximum value of HI‘*(Z') over i € NJrN is determined by the

spatial power spectra S; (ai;) 0 € N} as well as the delay corresponding to each target.

K
Based on the conditions of (5.21), it holds that sup |‘I‘*(i)H2 =3 [Si—r, (af) |2 = K
k=1

Nt
zENN
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Combining the above we get

1+% Mt

2
—y/1- —\/ |[‘I’]k1k2|
ka=k1+1k1=

p(V) <

(5.63)

One can see that as M; increases, the above bound tends to 1 + % < 2.

Corollary 1. If the orthogonal waveforms not only satisfied the sufficient condition
stated in (5.21) but were also designed to have zero auto and cross-correlations for
mazximal normalized delay range Ny, i.e., Ry, = 0p,, n = 1,...,Ny, then it would

hold that ® = M Xy, and thus Apin (®) = M. As a result,

(V) < <1 + %) <2. (5.64)

Proof. The conclusion is straightforward from the above analysis and the proof is omit-

ted here. O

The above analysis shows that, if the proposed waveforms were to be used in a
scenario in which the targets fall in different range bins, the coherence p (V') would
increase slightly as the maximum normalized range delay increases. Fortunately, the
coherence 1 (V') is bounded by 2 for most of the possible values of Ny < N (see Fig. 5.7
(b) for an example). Our analysis also indicates that if the proposed waveforms were
designed to additionally have good correlation properties, they would yield the lowest
upper bound of coherence p (V). One could design waveforms with good correlation
properties for the scenario in which targets fall into different range bins. The condition
of (5.21) can be combined with waveform correlation requirements in waveform design

in MIMO radars [80] [94]. This kind of design will be subject of future study.

5.6 Numerical Results

In this section, we provide numerical results to demonstrate the performance of the
proposed waveform matrix design schemes. Both transmit and receive antennas are
configured as ULAs with d; = \/2,d, = M;\/2 and carrier frequency f. =5 x 10°Hz.

The pulse repetition interval is Tprr = 1/4000s and pulse duration is Ty, = N x 8 X
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10~7s. The target reflection coefficients {3} pent remain constant during the coherent
K

processing interval [74].

5.6.1 Performance Comparison of Waveform Design Methods

We first design the waveform matrix by applying the modified steepest descent method.
We take N = 64,M; = 40 for DOA space [—10° : 1° : 10°]; correspondingly, af €
[—0.0868,0.0868]; the number of discretized angles is L = 21 and the steering matrix
A has a dimension 40 x 21. In the nonmonotone line search, we chose § = 0.01 and
o = 0.99. These values are selected by trial and error to satisfy the Wolfe conditions
(5.43) and (5.44). In addition, we set a = 0.5 to adjust the step size, and € = 1075
as the stopping check value. The initial step size is set to § = 0.1. The iteration is
initialized with a column-wise Hadamard matrix S° € & (64,40), i.e., a matrix that
has Hadamard sequences in its columns. The convergence of the proposed modified
steepest descent algorithm for n = 1,0.5,0 is shown in Fig. 5.4 (a). As it can be seen
from Fig. 5.4 (a), the objective value f under n = 0.5 decreases the fastest, while under
n = 1 decreases very slowly for number of iterations less than 2000. The simulation
results indicate that the performance of the line search method could be improved if
historical objective values in each iteration are partially utilized, as indicated in (5.45).
The simulation results also show that the value of the objective function, f, approaches
its global minimal, i.e., 0. The corresponding optimal solution, S, is not unique, and
depends on the initial point and the step size. Based on extensive simulations, not
shown here due to space constraints, all solutions result in very similar MC recovery
performance (see simulations in [95]).

Since the complex Stiefel manifold is not a convex set, there is no guarantee that the

algorithms will converge to the global minimum. In the problem of (5.30), the number of

Mt(Mt+1)

5 + N L, which should be less than the total available combinations,

equations is

2M;N. Consequently, to make the objective function zero, it must hold that L <

2M; — Mt;r\,Mt. Our simulations show that for the entire DOA space [—90° : 1° : 90°],

corresponding to L = 181, when the dimension of S is relatively small, e.g., N =

2
64, M; = 40 and therefore L > 2M; — Mt;]rVMt ~ 67, the objective value gets stuck to
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Figure 5.4: Objective function of (5.29) vs. iterations: (a) DOA space [—10° : 1° : 10°]
under modified steepest descent algorithm; (b) DOA space [—90° : A6 :90°], Af =
1°,5° under the modified steepest descent algorithm; (c¢) comparison of the modified

steepest descent algorithm and the modified Newton algorithm for M; = 20, N = 32

:1°:5°).
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local minima; however, if the spacing increases, for example to 5°, corresponding to
L = 37, the iteration converges to the global minimum. If the dimension is relatively
large, e.g., N = 512, M; = 500, even for small spacing, i.e., 1°, the objective value
converges to its global minimum (see Fig. 5.4 (b) for n = 0).

Next we provide a numerical example to compare the performance of the modified
steepest descent algorithm and the modified Newton algorithm. Since the complexity
of the Newton method increases with the size of the matrix, we do the comparison for
N = 32, M; = 20 and DOA space [-5° : 1°: 5°]. A column-wise Hadamard waveform
matrix S° € C32%20 is used as initial search point for both algorithms. The performance
comparison is illustrated in Fig. 5.4 (c), where it can be seen that the value of the
objective function, f (S), under the modified Newton algorithm decreases much faster

than that under the modified steepest descent algorithm.

5.6.2 Spatial Power Spectra of Optimized Waveform Snapshots

The power spectra of the optimized waveform snapshots, i.e., the rows of the optimized
waveform matrix S, are plotted in Fig. 5.5 (b) and (d) for the same parameters defined
in Section 5.6.1, i.e., My = 40, N = 64 and DOA space [—10° : 1° : 10°], corresponding
to al € [—0.0868,0.0868]. In the simulation, a waveform matrix that is either column-
wise Gaussian Orthogonal (G-Orth) or Hadamard, is used as the initial search point,
respectively. The power spectra of the rows of the initial waveform matrix fluctuate
over different DOAs (see Fig. 5.5 (a) and (c), respectively). As can be seen in Fig. 5.5
(b) and (d), the optimized waveform matrix yields almost flat row power spectra, with
M,

value 3t = 0.625, which, according to Theorem 2, corresponds to the lower possible

coherence value.
5.6.3 Coherence Properties Under Optimized Waveforms

Targets in the Same Range Bin

We first look at the coherence properties under the optimized waveforms for the sce-

nario that all targets fall in the same range bin. In Fig. 5.6, we plot the coherence p (V)
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Figure 5.5: Power spectra |S; (oﬁ,;)\2 for af € [~0.0868,0.0868] with M; = 40 and

N = 64 and DOA space [—10°:1°:10°]. (a) Hadamard waveforms; (b) Optimized

waveforms using Hadamard waveforms as initialization; (c) G-Orth waveforms; (d)

Optimized waveforms using G-Orth waveforms as initial.
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Figure 5.6: Coherence p (V) and its bound defined in (5.26) for targets in the same
range bin. The K = 4 targets are located at [—10°, —5°,0°,1°].

of matrix W and its bound, defined in (5.26), versus the number of transmit antennas,
for K = 4 targets located at angles [—10°,—5°0° 1°]. The optimized waveforms for
different values of M; are obtained by solving the problem of (5.30) via Algorithm 1
focusing on DOA space [—10° : 1°: 10°], i.e., L = 21. For comparison, the coherence
i (V) under the G-Orth waveform matrix is also plotted, where the results are averaged
over 100 independent implementations, and in each implementation the waveforms are
generated randomly. It can be found that the averaged coherence under G-Orth wave-
forms is higher than the coherence under optimized waveforms over the entire M; range.
On the other hand, under the optimized waveforms, our simulations show that for dif-
ferent number of targets, the coherence is always bounded by the bound of (5.26) and
approaches its smallest value (not necessarily in a monotone way) when M increases.
The simulation results in Fig. 5.6 confirm the conclusions in Theorem 3, i.e., when the
waveforms satisfy the optimal waveform conditions stated in Theorem 2, the matrix
coherence p (V') is asymptotically optimal w.r.t. M;. We should note, however, that
the rather big coherence difference between the optimized and the G-Orth waveforms,
does not translate in to substantial difference in terms of matrix recovery error. Indeed,

the G-Orth waveforms perform very closely with the optimized ones when M; becomes

larger.
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Figure 5.7: Coherence u (V') for K = 4 targets located at [-10°,—5°,0°,1°]. (a) pu (V)
versus Ny with M; = 40, N = 64 for targets in different range bins; (b) p (V') and it

bound defined in (5.63) with N; = N/2 for targets in different range bins.

Targets in Different Range Bins

Next, we conduct simulations considering the scenario of targets falling into different
range bins, and test the coherence p (V) for different maximum normalized delay Ny
and number of transmit antennas Mj.

In Fig. 5.7 (a), we plot the coherence p (V') versus N; for K = 4 targets located at
[—10°, —5°,0°,1°] for M; = 40, N = 64. The maximum range dyax (0) is set so that Ny
takes values from 0 to N — 1. The simulation results are averaged over 100 independent
implementations, and in each implementation the ranges of the middle two targets are
chosen randomly in [duyin (0), dmax (0)]. It can be seen from Fig. 5.7 (a) that u (V)
increases as N1 becomes larger. In addition, x (V') under the optimized waveforms is
the lowest as compared to Hadamard and G-Orth waveforms, which is slightly higher
than 1+N; /N and is less than 2 for most Ny values. In Fig. 5.7 (b), we plot u (V') versus
M, for K = 4 targets located at [—10°, —5°,0°,1°], where N1 = N/2. The results are
averaged over 100 independent implementations, and in each implementation the two
middle target ranges are chosen randomly in [dyin (0) , dmax (0)] and G-Orth waveforms
are randomly generated. It can be seen from Fig. 5.7 (b) that the averaged p (V') under

the optimized waveforms decreases slightly as M, increases and is bounded by (5.63).
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Our simulation results show that when targets are not all in the same range bin,
w (V), computed under the optimized waveforms, is close to 1+ Ny /N for a wide range

of My, Ny values.

5.6.4 Matrix Recovery Error Performance

Here, we look at the MC performance as function of the portion of observed en-
tries, p, corresponding to the optimized waveform matrix for K = 4 targets located
[—1°,0°,0.1°,0.5°], respectively. For each configuration, both M, = 20 and M, =
40 antennas are applied, respectively. The targets are moving slowly with speeds
[1,5,10,15]m/s. The signal-to-noise ratio (SNR), defined as the power of all receive
signals at the receiver end over the power of noise, is set to 25dB. The simulation
results are averaged over 50 independent runs, where in each run, the noise is randomly
generated. The optimized waveform matrices with M; = 20, N = 64 are obtained via
Algorithm 1, focusing on DOA space [—5°:0.1°: 5°]. In the simulations, the data

matrix is recovered via the SVT algorithm of [71].

Targets in the Same Range Bin

We take all targets to fall in the same range bin. Fig. 5.8 (a) shows the recovery
error, suggesting that the optimized waveform matrix results in significantly better
performance as compared to the column-wise Hadamard matrix, especially for small
values of p. One can see that in order to achieve an error around 5%, MC with the
optimized waveforms requires about 50% of the data matrix entries for M, = 20, and
30% for M, = 40. On the other hand, MC with a column-wise Hadamard matrix
requires more than 60% of the data matrix entries for both M, = 20 and M, = 40. In
the same figure, we also compare the optimized waveforms against column-wise G-Orth
waveforms. One can see that the former result in lower MC recover error for smaller
p’s, while their advantage diminishes for higher p’s. Based on our experience with
simulations, the range of p over which the optimized waveforms have an advantage over
the G-Orth waveforms shrinks as M; increases. This observation suggests that for large

number of transmit antennas, the G-Orth waveforms behave like optimal in the sense
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Figure 5.8: MC error vs. p for targets located at [—1°,0°,0.1°,0.5°]. (a) all targets fall

in the same range bin; (b) the ranges are [2020, 3820, 3820, 6220] m.

that they achieve a comparable MC performance as the optimized waveforms. Due to
the substantially lower computational cost involved, in such cases G-Orth waveforms
would be preferable in a practical scenario.

Although the waveform design requires angle space discretization, the sensitivity
due to targets falling off grids is rather low. Also, although the optimized waveforms
are not unique, all solutions result in almost identical MC performance (see simulations

in [95]).

Targets in Different Range Bins

Let us continue on the configuration in Fig. 5.8 (a) but set the K = 4 target ranges
to [2020, 3820, 3820, 220] m, corresponding to maximal normalized delay N; = 35. As
shown in Fig. 5.8 (b), the recovery error under the optimized waveform matrix has a
similar performance trend as the scenario considered in Fig. 5.8 (a), i.e., the optimized
waveform matrix results in significant performance improvement as compared to the
Hadamard matrix. As compared to Fig. 5.8 (a), a slightly larger portion of samples is
required for MC under optimized waveforms to achieve a recovery error less than the
inverse of SNR, i.e., the ratio of noise power over the targets’ power. This is because
the coherence in the scenario of targets falling in different range bins is slightly higher,

as indicated in (5.63).
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In both Fig. 5.8 (a) and (b), one can see that smaller p’s are required to achieve an

error around 5% for all waveforms by increasing M,..

5.6.5 Target Estimation Performance via MC

Continuing on the scenario in Fig. 5.8 (b), we look at the target estimation performance
after the data matrix is recovered via MC. Since the targets fall in different range
bins, the range compression (pulse compression) is first applied to the recovered data
matrix. Then, the DOA and speed estimation follow using the subspace methods, such
as MUSIC [5]. The details of DOA estimation using MUSIC method are addressed in
equation (17) of [76].

Fig. 5.9 shows the Angle-Range image of the target scene of Fig. 5.8 (b), using
the MUSIC method following MC recovery. Total @ = 40 pulses are transmitted and
p = 0.35 portion samples are collected from M, = 20 antennas. One can see that
the performance of optimized and G-Orth waveforms is better than that of Hadamard
waveform. False alarms at angles —1° and 0.5° in the wrong range bins are triggered
under the Hadamard waveform; this is due to the waveform poor correlation proper-
ties. Furthermore, the two middle targets at range 3820m, are unresolvable under the
Hadamard waveform. In this case, the performance under the optimized waveform is
slightly better than that under G-Orth waveform in terms of magnitude, which would
result in better DOA resolution. However, as p increases, the two waveforms perform
comparably (see Fig. 5.8 (b)).

Next, we access the capability of the MC based method to resolve two closely located
targets in the same range bin. We change the scenario in Fig. 5.9 by setting 63 = 02+ A0
and keep the rest parameters unchanged, where 0, denotes the angle of the k-th target.
Two targets are considered to be resolved if ‘ék - Hk‘ < A6/2,k = 2,3, where ék
denotes the estimation of the k-th target [5]. Figure 5.10 shows the probability of
resolution comparison between the optimized and G-Orth waveforms for p = 0.35.
The results are obtained based on 50 independent runs, and in each run, the noise is
randomly generated. The probability of resolution is calculated by counting the number

of successful resolvable events over the total number of runs. It can be seen that the
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Figure 5.9: Angle-Range images using MIMO-MC radars for K = 4 targets located
at [—1°,0°,0.1°,0.5°] with ranges as [2020, 3820, 3820, 6220| m: (a) Hadamard; (b) G-
Orth; (c) Optimized waveforms. The other parameters are My = 20, N = 64, M, =

20,Q = 40, p = 0.35.
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Figure 5.11: Pseudo-spectra of speed estimation using MUSIC with @@ = 40 pulses. The

left and right side of the figure correspond to p = 0.3 and p = 0.5, respectively.
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optimized waveform results in a better probability of resolution as compared to the
G-Orth waveform. High resolution could be achieved using MC under both optimized
and G-Orth waveforms.

Figure 5.11 shows the pseudo-spectra of speed estimation using MUSIC for the
scenario of Fig. 5.8 (b) for M, = 40 and @@ = 40. Range compression corresponding
to range 3820m is applied first, and MUSIC is subsequently used to extract the speed
information of the middle two targets, i.e, ¥ = bm/s and ¥3 = 10m/s, where ¥}, denotes
the speed of the k-th target. It can seen that the Hadamard waveform with both p = 0.3
and p = 0.5 yields the worst performance, exhibiting a false peak corresponding to
speed of 15m/s at range 6220m. Under the G-Orth waveform, a false peak is found
at p = 0.3, corresponding to speed of 1m/s at range 2020m. The optimized waveform
results in the best performance at p = 0.3. The performance under the optimized and
G-Orth waveforms is comparable at p = 0.5, in which case the recovery error under

both waveforms drops below the noise level (see Fig. Fig. 5.8 (b)).

5.7 Summary

In this chapter, we have presented an analysis of the coherence of the data matrix arising
in MIMO-MC radar with ULA configurations and transmitting orthogonal waveforms.
We have shown that, the data matrix attains its lowest possible coherence if the wave-
form snapshots across the transmit array have flat power spectra for all time instances.
The waveform design problem has been approached as an optimization problem on the
complex Stiefel manifold and has been solved via the modified steepest descent algo-
rithm and the modified Newton algorithm. The numerical results have shown that as
the number of antennas increases, the optimized waveforms result in optimal data ma-
trix coherence, i.e., 1, and thus, only a small portion of samples are needed for the data
matrix recovery. For a particular array, the optimal waveforms depend on the target
space to be investigated; for different regions of the target space, the corresponding
optimal waveforms can be constructed a priori. Since their construction involves high

computational complexity, the optimal waveforms can be used as benchmark against
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easily constructed waveforms. For example, our simulations revealed that as the num-
ber of transmit antennas increases, simply transmitting G-Orth waveforms results in
comparable matrix recovery performance as transmitting optimized waveforms. Thus,
given the cost of computing the optimized waveforms, certain applications and under
certain conditions may treat G-Orth waveforms as optimal. Although the optimal wave-
forms are designed based on the assumption that the targets fall in the same range bin,
our analysis and simulations showed that they cause only small amount of performance
degradation for relatively small delays, i.e., of the order of the symbol interval when

used in a scenario in which the targets appear in different range bins.
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Chapter 6

On Transmit Beamforming in MIMO Radars with Matrix

Completion

This chapter proposes a matrix completion based colocated MIMO radars (MIMO-
MC) approach that employs transmit beamforming. The transmit antennas transmit
correlated waveforms to illuminate certain directions. Each receive antenna performs
sub-Nyquist sampling of the target returns at uniformly random times, and forwards
the samples to a fusion center along with information on the sampling times. Based on
the forwarded samples, the fusion center partially fills a matrix, recovers the Nyquist
rate samples via matrix completion, and subsequently proceeds with target estimation
via standard techniques. The performance of matrix completion depends on the matrix
coherence. This chapter derives the relations between transmit waveforms and matrix
coherence. Specifically, it is shown that, for a rank-1 beamformer, the coherence is opti-
mal, i.e., 1, if and only if the waveforms are unimodular. For a multi-rank beamformer,
the coherence of the row space of the data matrix is optimal if the waveform power
is constant across each snapshot. Simulation results show that the proposed scheme

achieves high resolution with a significantly reduced number of samples.

6.1 Introduction

A colocated MIMO radar approach based on matrix completion (MC) [41] [42] [43]
(MIMO-MC radar) has been recently proposed in [76] [75] to achieve the high reso-
lution of MIMO radars while requiring significantly fewer samples to be collected and

forwarded to a fusion center. Based In MIMO-MC radars, each receive antenna obtains
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samples at uniformly random times and forwards them to a fusion center, which par-
tially fills a matrix, referred to as the data matrix. The matrix can be subsequently
recovered via matrix completion techniques. As shown in [76] [77], [68] and [96], [97] the
transmit/receive array configuration as well as transmit waveforms affect the matrix
coherence and thus the MC performance.

Most of the work on MIMO radars assumes the transmission of uncorrelated wave-
forms from the transmit antennas. However, for MIMO radars operating in tracking
mode, that considers correlated transmit waveforms [98] [99]. For example, in [98], the
transmit waveforms correlation is designed so that a desired transmit beampattern is
achieved. In [99], the authors proposed a phased-MIMO radar approach by dividing the
transmit array into multiple sub-arrays, with each sub-array coherently transmitting a
waveform which is orthogonal to waveforms transmitted by other sub-arrays. Thus, in
each sub-array, beamforming is achieved. A multi-rank beamformer for MIMO radars
has been recently proposed in [100], which, unlike [98] does not require solving a compli-
cated optimization problem. The multi-rank beamformer is taken as the combination
of rank-1 beamformers with the corresponding multiple waveforms chosen to be orthog-
onal.

In this chapter we consider the same MIMO radars transmit beamforming framework
as in [100]. When the number of illuminated targets is much smaller than the size
of receive array, the data matrix formulated by the fusion center based on Nyquist-
rate samples at the receive antennas is low-rank. Therefore, Nyquist sampling is not
required at each receive antenna. Instead, the antenna can uniformly at random select
samples and forward them to the fusion center, thus partially filling the data matrix. By
applying MC, the fusion center can recover the full matrix. Based on the recovered data
matrix, various methods, e.g., MUSIC [5], can be employed for target estimation. The
advantages of sending fewer samples to the fusion center include power and bandwidth
savings. The focus of this chapter is to determine the suitability of MC in this scenario.
For this purpose, we conduct matrix coherence analysis and derive the optimal waveform

conditions for both rank-1 and multi-rank beamformers.
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6.2 On the Rank-1 beamforming

Let s € CV*! be the waveform sequence transmitted by each of the M; antennas over
one pulse. Let w € C***! denote the transmit beamformer. Then, according to [73],
the rank-1 beamformer equals w = a(#)/||a(6)||, where a(f) denotes the transmit
steering vector corresponding to direction 6. High angle resolution can be achieved
under the rank-1 beamformer [100] by doing joint transmit and receive beamforming,
which shows great advantage of MIMO radars over phased-array radar for single target
tracking.

Under the narrow-band assumption, the noise free receive data matrix collected at
the fusion center containing the samples of target reflections equals X = b () S¢a(0)”'S,
where b (0) is the receive steering vector w.r.t. direction 8. The transmit signal matrix
equals S = ws”. In addition, 3 and ¢ are the target reflection coefficient and Doppler
shift, respectively.

The matrix X is low rank, and as long as its left and right subspaces coherence
is low, it can be recovered from a small number of its entries, selected uniformly at
random.

In the following theorem we state the conditions so that the coherence of X achieves

it smallest possible value of 1.

Theorem 4. Under a ULA configuration, when the MIMO radar antennas transmit the
same waveform and a rank-1 beamformer is used, i.e., w = a(0)/||a(0)||, the coherence
of the matriz X achieves its lowest value, i.e., u(U) = p (V) = 1 if and only if the

waveform sequence is unimodular.

Proof. The data matrix X € CM~*N a5 defined above is rank-1. Let its compact
singular value decomposition (SVD) be X = uov!, where u € CMx1 v ¢ CNx!
with uu = 1,v#v = 1 and o the corresponding singular value. Consider the QR
decomposition of b () given by b (6) = q,r,, where

1 T

RV

[1 pi%desing | 2 (My—1)dy sind
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such that q’q, = 1 and r, = /M, where \ denotes the wavelength. Similarly, we
consider the QR decomposition of S”a () given by STa (§) = %Z)a”@ = qsT's, Where
qs € CV*! such that q’qs = 1, and 7, is a real number. Then, X = q,7,.6¢(rsq.. The
SVD of the complex number r,3(rs can be written as r,8(rs = q1pg3, where |q1| =

¥, which is a

lg2| = 1 and p is a real number. Therefore, X = q,q1p¢3q! = a,q1p(q’q2
valid SVD of X since (qrql)quql =1, (q:QQ)Hq:QQ = 1. By the uniqueness of singular
values of a matrix, it holds that o = p. Therefore, we can set u = q,q1,v = q}go.

Let q,@ denote the i-th element of q,. The coherence of the column space of X is

. 2
() =1. (6.1)

2
q Q1‘

= M, sup qg,i)
ieNT,

M,
n(U) = TT sup
ieNT,

Let q:(i), s; denote the i-th element of q; and s, respectively. The coherence of the row

space of X is

N
p(V) = 7 Sup
iENG

A NP
(@) = N sup qg’)

Nt
1€ENy,

q;

2
QQ‘

lla (0)[| 7s
~ N sup a(6)"a(6)"|s*a(6)"a (6)

2
e @)

= N sup
ieNG;

Here, it holds that

T? = ququ'rs = (qus)Hqus

_a(0)"a(0)"s" szz(G)Ta @) (6.3)
la (0)]]

Consequently,
|si|”
(V)= N sup —. (6.4)
ieNf, 578

Since sz: |si|> = sfs and |s;]* > 0, the minimum possible value of x (V') could achieve
the mizrzlilmum value, i.e., 1, if and only if |sl-|2 = %SH s for any i € NE. This condition
suggests that the transmit power in each snapshot, i.e., \si\Q, should equal the total
transmit power sfs divided by N. In other words, the transmit waveform should be

unimodular. Consequently, it holds that p(U) = p(V) = 1, which completes the

proof. O



121

It is interesting to note that the coherence is optimal independent of the the beam-

forming vector.

6.3 On the Multi-Rank Beamforming

According to [100], to track multiple targets at directions {Hk}keN; , a rank-K beam-
former W = [wy---wg] € CM>*K can be used, where w;, = % is the beam-
former focussing on direction 0. The sampled transmitted signal matrix equals S =

%WST, where % is a factor to satisfy that the total transmit energy is Mj;

S € CV*K contains sampled orthogonal waveforms so that S”S = Ix. The transmit

beampattern in direction ¢ is the sum of K rank-1 beampatterns, i.e.,

K
=2 a0 wiwla(e). (6.5)
Under the narrow-band assumption, the noise free receive data matrix is [76]
X = BDATS, (6.6)

where A € CM*K is the transmit steering matrix defined as A = [a(61)---a (0k)];

B € CM-*K js the receive steering matrix, and D € CK*K

is a diagonal matrix
containing target reflection coefficients and Doppler shifts. It can be shown that X
is a low-rank matrix. Thus, depending on how low its coherence is, it can be recovered

based on a small, uniformly sampled subset of its elements. On the coherence of X, we

have the following theorem.

Theorem 5. Consider an ULA configuration and a MIMO radar applying the rank-K
beamformer W = [wy ---wg] € CM*K 1o K orthogonal waveforms S € CV*K,

The coherence of the row space of X is optimal, i.e., u (V) =1, if and only if
S >(S( >) =S VieNf, (6.7)

where SO € CY*K denotes the i-th row of S.
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Proof. The compact SVD of X can be expressed as X = UAVH, where U € CMrxK,
V € CV*K guch that UUH = I, VVH = Iy, and A € REXK ig a diagonal ma-
trix containing the singular values of X. Consider the QR decomposition of B, i.e.,
B = Q,R,, where Q, € CM*K guch that Q7Q, = Ix, and R, € CE*K is an up-
per triangular matrix. Similarly, we consider the QR decomposition of STA given by
STA = Q,R,, where Q, € CN*K guch that Q7 Qs = Ix and Ry € CE*K is an upper
triangular matrix. Then, X = Q,R,DRI' Q! and the matrix R, DRI ¢ CK*K ig
rank-K whose SVD is given as R,«DRST = Q;AQL. Here, Q; € CK*K is such that
Q:1QY = QI'Q; = I (the same holds for Qz) and A € REXK is non-zero diagonal,

containing the singular values of RTDRZ. Therefore,

X = Q,Q:AQYQT = Q,Qi1A(Q:Q2)", (6.8)

which is a valid SVD of X since (Q,Q1)7Q,Q; = Ix and (Q*Q2)"Q*Q, = Ix. By
the uniqueness of the singular values of a matrix, it holds that A = A. Therefore, we
can set U =Q,Q; and V = Q:Qa.

Let Qz(i), S e C'*K denote the i-th row of Q? and S, respectively. Regarding the

coherence of the row space of X, we have

N ) 2 N NP
(V) =2 suwp [QOQs| = T sup Q)
iENY, iENY,
2
N M, .,
== sup ||/ =—=SOWTAR;"

K SV K

1€Ny

=N p YisowT AR (RS AT W (S(i))H
K ieNG;

Here, since the waveforms are orthogonal, i.e., S#S = I, it holds that
—1(p-1\H H -1 HAH -1
R, (Rs ) = (Rs RS) = (Rs Qs QSRS)
K

= M(AHW*SHSWTA)‘1

(6.9)

Consequently, 1 (V) = 2 sup $O(S@)". In addition, it holds that Y- 8O (S@)" =
ieNY, i=1
K for orthogonal waveforms. Therefore, to find the lowest possible value of p (V), we
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solve the following optimization problem

min [ max S S()
ieNY, \ieNg
s.t. ZS (S@) - K. (6.10)

Since S® (S(i))H > (), the solutions of the above problem are S (S(i))H = %, Vi € Nj(,.
Consequently, the lowest possible value of row space of X is achieved as p (V') = 1, which

completes the proof. O

Theorem 5 indicates that the energy of the K orthogonal waveforms should be
constant during each snapshot. It is interesting to note that the coherence of the row
space of X is independent of the multi-rank beamformer. Therefore, the analysis results
hold for all kinds of multi-rank beamformers obtained via different methods, e.g., multi-
rank beamformer for the approximation of a desired beampattern, proposed in [101].
It should be noted that the coherence of the column space of X, i.e., u(U) coincides
with the results in MIMO-MC radar and interested readers can refer to [68] for detail

discussions.

6.4 DOA Estimation based on Matrix Completion

At the fusion center, for each pulse, the data matrix X is recovered via MC using a
small portion of samples collected uniformly at random. Let X denote the recovered

data matrix. Subsequently, matched filtering is applied on X to obtain

. [ M,
Y, = XS* = #BDATW +Z, (6.11)

where ¢ is the pulse index and Z, represents noise. Stacking the matrix (6.11) into a

KM, x 1 vector, we get

K
vq =vec(Y,) = \/%Z dy, (WTa (0x)) @b (0r) + 2,
k=1

where dp denotes the reflection coefficient and Doppler shift w.r.t. the k-th target;

z, = vec (Z,). With @ pulses data, the sample covariance matrix is obtained as R =
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Figure 6.1: Transmit beampattern under rank-2 beamformer with M; = 30 for direc-

tions [—11°,2°];

Q
% > yqyf . The pseudo-spectrum of MUSIC estimator is [5]
q=1
P(6) = ! (6.12)
- cH(O)E,ElHc ()’ ’

where ¢ (0) = (W'a(0)) ® b(0) and E,, € CHM-x(KMr=K) j5 a matrix containing the
eigenvectors of the noise subspace of R. The angle of the targets can be obtained by

the finding the peak locations of the pseudo-spectrum (6.12).

6.5 Simulations

In the following, we use simulation to test the performance of the proposed approach.
Throughout the simulations, the transmit/receive arrays are configured as ULA with
dy = \/2 and d, = M\/2. The first K waveforms of the Hadamard sequences are
used for transmit beamforming. The number of pulses is set to ) = 3. The number of
Nyquist samples in one pulse is N = 128. The data matrix X is recovered via the SVT
algorithm [71] using only p = 50% of its entries. The obtained results are averaged
over 100 independent runs. First, a rank-2 beamformer with M; = 30 is applied to

illuminate K = 2 targets at angles 8 = —11° and 0y = 2°. The transmit beampattern



125

-3
10 T T T T T 12 T T T
—©— Transmit beamforming: matrix completion —6— Transmit beamforming: matrix completion|
—8— Transmit beamforming: Nyquist sampling —+8— Transmit beamforming: Nyquist sampling
1k
<
S o8t
g L
L =
<10 [ g 0.6
m
g B B %
® ; & 2 g
& 04r
0.2r
10°L4 P i i P i ole—d i i i
10 15 20 25 30 35 40 0 0.01 0.02 0.03 0.04 0.05
SNR (dB) B [degree]
(a) (b)

Figure 6.2: Simulations: (a) RMSE versus SNR with M, = 60, M; = 30; (b) Probability
of target resolution with M, = 60, M; = 20 and SNR = 25dB. The proposed approach

is based on subsampling by 50%.

of the beamformer is shown in Fig. 6.1. The root mean square error (RMSE) of
the direction of arrival (DOA) estimation for these two targets is plotted in Fig. 6.2
(a) for M, = 60. It can be found that the RMSE of DOA estimation using MC or
Nyquist sampling decreases as the signal-to-noise ratio (SNR) becomes larger (the SNR
is defined at the fusion center before the matched filtering operation). Interestingly, as
SNR > 25dB, these two RMSE curves become almost identical. This is because the
recovery error of X introduced by MC is quite small when the SNR is high [43]. Next,
we access the capability of the proposed scheme to resolve two closely located targets.
We take the first target to be in direction #; = 10° and the second in 5 = 61 + Af. The
targets are considered to be resolved if ‘ék — Hk‘ < A0/2,k =1,2, where 0. denotes the
estimation of the k-th target [5]. The probability of resolution under M, = 60, M; = 20
and SNR = 25dB is plotted in Fig. 6.2 (b). It can be found that the proposed MC based
scheme has the same resolution of Af = 0.02° as the method with Nyquist sampling.
Therefore, a comparable DOA estimation performance is achieved under the proposed

scheme as the method that uses Nyquist sampling.
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6.6 Summary

In this chapter, we have proposed a MIMO-MC radar approach with transmit beam-
forming. Each receive antenna performs sub-Nyquist sampling and the full data matrix
is recovered at the fusion center via MC. Analysis results have shown that the matrix
coherence is independent of the beamformer. The row space coherence of data matrix
is optimal if and only if the transmit orthogonal waveforms have constant power during
all snapshots. The simulation results show that the proposed scheme could achieve

super resolution at a low sub-Nyquist sampling rate.
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Chapter 7

On Receive Beamforming via Matrix Completion

Beamforming methods rely on training data to estimate the covariance matrix of the
interference pulse noise. Their convergence slows down if the signal of interest is present
in the training data, thus requiring a large numbers of training snapshots to maintain
good performance. In a distributed array, in which the array nodes are connected to a
fusion center via a wireless link, the estimation of the covariance matrix would require
the communication of large amounts of data, and thus would consume significant power.
We propose an approach that enables good beamforming performance while requiring
substantially fewer data to be transmitted to the fusion center. The main idea is based
on the fact that when the number of signal and interference sources is much smaller
than the number of array sensors, the training data matrix is low rank. Thus, based
on matrix completion theory, under certain conditions, the training data matrix can be
recovered from a subset of its elements, i.e., based on sub-Nyquist samples of the array
sensors. Following the recovery of the training data matrix, and to cope with the errors
introduced during the matrix completion process, we propose a robust optimization
approach, which obtains the beamforming weight vector by optimizing the worst-case
performance. Numerical results show that combination of matrix completion and robust
optimization is very successful in suppressing interference and achieving a near-optimal

beamforming performance with only partial training data.

7.1 Introduction

Adaptive beamforming has been widely used in wireless communications, radar and

sonar for signal estimation. The adaptive beamforming method relies on the covariance
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matrix of the interference-plus noise, which needs to be estimated based on training
data, prior to applying the method for signal estimation. However, in a practical setting,
such as passive source localization applications, the training data always contain the
signal of interest. In that case, the convergence rates of the adaptive beamforming
algorithm are significantly reduced, and can be improved only by considering very long
training data [102]. If those data were collected by distributed nodes and they need to
be forwarded to a fusion enter for the computation of the covariance matrix, a lot of
communication power would be required.

When the number of signals and interference sources is much smaller than the
number of sensors in the array, the training data matrix is low rank. This means that,
under certain conditions, even if some entries of the training data matrix are missing,
the full matrix can be recovered via matrix completion techniques [41] [43]. Based on
the the above observation, we propose a scheme that significantly reduces the number
training data needed for estimating the the sample covariance matrix. The idea is that
during the training phase, each sensor carries out a uniformly random sub-Nyquist
sampling, and forwards the samples to a fusion center. The full training data matrix
can then be recovered using matrix completion.

The matrix completion step introduces errors when noisy observation is consid-
ered. Assuming that the training data matrix satisfies the restricted isometry prop-
erty [36] [103], the relative matrix recovery error is bounded by a number of the order
of the observed inverse signal-and-interference-to-noise ratio. Based on that bound, we
propose a robust adaptive beamforming method with robust optimization [104], which
obtains the beamforming weight vector by optimizing the worst-case performance. Nu-
merical results show that combination of matrix completion and adaptive beamforming
is very successful in suppressing interference and achieving a near-optimal signal-to-

interference-plus-noise ratio (SINR) output with only partial training data.



129

7.2 Fundamentals of Classical Beamforming

In array signal processing, it is often desired to estimate the signal s (k) under the
presence of interference and noise with the help of an array of M sensors. The array

observations x (k) € CM*! can be written as [105]
x(k)=s(k)a+i(k)+n(k), (7.1)

where i(k), n (k) are the interference and noise, respectively. Here, k is the time index

and a is the signal steering vector. The output of a narrow-band beamformer is

y (k) = whx (k) (7.2)

(CM><1

where w € is the complex vector containing the beamforming weights. The SINR

is written as [105]

J2|wHa|2
SINR = m (7.3)
where
Rin = E {[i (k) + 0 ()] [i (k) +n (k)] | (7.4)

is the interference-plus-noise covariance matrix and o2 is the signal power. In the
minimum variance distortionless response (MVDR) beamformer, the weight vector is
obtained by minimizing the output interference-plus-noise power while keeping the sig-

nal from a desirable direction distortionless [105]. This leads to the solution

R;rlna
Wopt = W:—i}na (75)
and optimal SINR
SINRop = o2a’’ R a. (7.6)

In practice, the exact interference-plus-noise covariance matrix R, is not available.

Instead, the sample covariance matrix is used, i.e.,

L1
R = EXXH (7.7)
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where X = [x(1),...,x(L)] € CM*L and L is the number of snapshots. Thus, the
optimization problem of MVDR beamformer and the corresponding solution can be
is rewritten by replacing R with R which is known as Capon method [106], and the
solution, referred to as the sample matrix inversion (SMI) beamformer, is

R 'a

_—. 7.8
allR-1la (78)

WSMI =

When there is no signal in the training samples, as L increases the SINR under the
weight vector (7.8) converges very fast to the optimal value defined in (7.6). If L > 2M,
the average performance losses are less than 3dB. However, when the signals are present
in the training samples, the convergence rate to (7.6) is much slower. Usually, in the

later case, L > M is required [102].

7.3 Covariance Matrix Estimation with Matrix Completion

Let us assume the the number of targets and interference sources is K, and the number
of sensors in the array is much larger than K, i.e., M > K. To achieve high output
SINR, the Capon beamformer requires accurate estimation of the sample covariance
matrix, which in turn requires a number of snapshots much larger than the number of
sensors, i.e., L > M. Thus, for a large array, a large number of training data need to

be collected.

The training data matrix in the L snapshots can be rewritten as
X=S+17, (7.9)

where S = [s(1)a+1i(1),...,s(L)a+1i(L)] is rank K and contains both signal and
interference components. Here, Z = [n(L),...,n(L)] is the noise matrix. Under the
above assumption, matrix S is low rank. When the noise level is low, matrix X and the
corresponding covariance matrix, R, are approximately low rank. Matrix completion

techniques can thus be applied to recover the training data matrix S based on partial

observations by exploiting its low rank structure.
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7.3.1 Training Data Matrix Estimation via Matrix Completion

In [107], the authors applied matrix completion techniques to estimate the sample
covariance matrix R in a distributed way. However, the estimation of sample covariance
matrix directly based on partial observations of covariance matrix entries does not
reduce the number of samples at each sensor and the amount of local message passing
is also large. This can be seen as follows. In order to recover a matrix, at least one
observation per row and one observation per column are required [41]. Therefore, to
recover R directly, each row and each column of R need to have at least one non-zero
element; corresponding to element (4, j), nodes i and j in the array need to do Nyquist
sampling to obtain L samples and then share those samples. Since R needs to be
uniformly populated, may nodes need to do Nyquist sampling and then share data.

Instead of estimating R directly, in this paper, we recover the training data matrix
S with only partial samples from each sensor. The recovered S is then used to construct
the sample covariance matrix.

It is difficult to show analytically that the singular vectors of the training matrix
meet the conditions (A0), and (A1). However, for the case of a linear uniform array
and uncorrelated signal and interference, extensive simulation results indicate that the
maximal element values in both left and right singular vectors of matrix S is bounded
by a small number with high probability as M and L are large, i.e., the conditions (A0),
and (A1) hold (see also [75]). Therefore, matrix S satisfies the incoherence properties.

To recover the data matrix S in (7.9) with matrix completion, during the L snap-
shots, each sensor carries out uniformly random sampling and then forwardd the sub-
Nyquist samples to a fusion center. At the fusion center, the observation can be written

in the vector form
b=A(S)+z, (7.10)

where A is a linear transformation mapping M x L matrices into R™, i.e., A(S) =
[S];;, (,) € Q. The adjoint of A is denoted as A" and Pq (X) = A" (b). Here, z is a
noise vector and its distribution has been described in (7.9).

Considering the corrupted observation case, the matrix recovery is done by solving
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the following nuclear norm optimization problem with quadratic constraint
min [|[W], st |[b—A(W)| <o. (7.11)

The objective in problem (7.11) can be replaced by the approximate function a||W||, +
LW, where 1[|[W/| - is a smooth part and the parameter a controls the trade off
between the accuracy of approximation and the performance of the algorithm [72].

Then, the problem of (7.11) is casted as a conic programming problem [71]
1
min «|W||, + §||W||F st. |[b—AW)| <. (7.12)

The problem of (7.12) can be solved with the singular value thresholding (SVT) algo-
rithm in an iterative fashion (see [71]); the iteration converges to that of the original
matrix completion problem as o — oo [71].

The recovered training data matrix S is the optimal solution W of problem (7.12).
Then, the sample covariance matrix is obtained as

~

Ry = =SS, (7.13)

7.3.2 Training Data Matrix Estimation Error Analysis

Define the signal-plus-interference-to-noise ratio over the observed data matrix as

n =P (S)llp/l1Pa(Z)]l g

Define the relative recovery error of the sample data matrix S as bg = HS - SHF/HSHF

Then, we have the following lemmas.

Lemma 2. The relative recovery error bound of the training data matriz is on the order

of bound of %, i.e., bound (gf)s) = (1% ¢) bound (%), where € 1s a small number.

The proof is given in Appendix D.

Lemma 3. The error bound of the recovered data matriz S to the original noisy training

data matriz X is on the order of noise level, i.e.,

S —XHF < (Cop+1)VMLo with a

numerical constant Cy, where o is the standard deviation of the white noise sequence.

The proof is given in Appendix E.
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7.4 Robust Low Rank Beamforming

The recovered training data matrix S contains errors which result in degradation of the
performance of the traditional beamforming methods. Therefore, robust beamforming
methods are required. In this paper, with the robust optimization techniques [104], we
develop a beamformer that is robust against training data matrix mismatch, and it is
based on worst-case performance optimization, along the lines of [108].

The training data matrix X can be modeled as
X=S+A. (7.14)

Based on Lemma 3, the error matrix A is bounded, i.e., |Al|p < (Co+1)VMLo £ 8.

In the Capon beamformer, the objective is to minimize

N 1
wiRw = EWHXXHW
1

L

_ %HwaH?. (7.15)

(XHw) " (X7 w)

Therefore, minimizing w Rw is equivalent to minimizing HXH WH We want to obtain

the weight vector by solving the following optimization problem

min max || X7w]|| st. |w'a|>1. (7.16)
v Allp<B

As in [108], we want to minimize the worst-case output power corresponding to the
worst-case error matrix A subject to the distortionless response for the desired signal.

The problem (7.16) can be equivalently written as

min  max HgHw+AHwH s.t. |wHa|21. (7.17)
v Allp<p

Let f(w) = max)a|,<g HSHW—i—AHWH, then, it was shown in [108] that f(w) =
81w + 51wl

Thus, we can rewrite the problem of (7.17) as

ngnHSHwHJrﬁHwH st [wial > 1. (7.18)
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The absolute operation in the constraint of problem (7.18) makes it nonconvex. Fortu-
nately, when the the weight vector w undergoes any phase rotation, the cost function

in (7.18) is unchanged. Therefore, the weight vector w can be chosen to satisfy
Re {WHa} >0, Sm {wHa} = 0. (7.19)
Thus, the problem of (7.18) can be equivalently written as
min HSHWH +alwl st wHa> 1. (7.20)

If the constraint of problem (7.20) is true, then the conditions in (7.19) would be
satisfied. Also, the inequality constraint in (7.20) can be replaced by the equality
wta=1.

Alternative robust beamforming methods are the diagonal loading (DL) [109] and
the eigenspace-based beamformer [102]. The idea of DL is to replace the sample co-
variance matrix Rme with Rpr, = Rme 4+ €I, The main difficulty in the DL method
is in choosing the parameter &; if £ is too large, the beamformer fails to suppress the
interference since most of the effort is used for white noise suppression. In practice, &
is usually chosen as 1002 [105].

In the eigenspace-based beamformer, the basic idea is to use a projection of the
steering vector a onto the sample signal-plus-interference subspace. The eigenspace

beamformer is known to be powerful but its performance degrades a lot at low SNR

[105).

7.5 Numerical Results

In the simulations, we use a ULA with M = 40 sensors. The interspace distance
between each sensor is set to A/2. Assume there is one signal source and its direction of
arrival (DOA) is —20° and supposed to be known. Two interference sources are in the
plane space with DOA as —15° and —10°, respectively. Thus, K = 3. The frequencies
of both signal and interference sources are set to f = 1 x 10°Hz. The observation noise
sequence is assumed to be white Guassian with zero mean and standard deviation as o.

The sample data matrix recovery is done using the SVT algorithm [71]. The parameter
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Figure 7.2: The relative errors of S and f{mc versus INR.

o is set to o = 20v/ML. Each sensor carries out a uniformly random sampling and
forwards the sub-Nyquist samples to the fusion center. The DL and and eigenspace
beamformers were also implemented. In DL, the diagonal loading factor is chosen as
¢ = 1002. Define the interference-to-noise ratio (INR) as INR = ||Sint || /|| Z|| -, where
Sint is the sampled interference data matrix.

Fig. 7.1 shows the relative recovery error ¢g of the training data matrix versus
the number of samples per degree of freedom. The simulation parameters are set as
SNR = 10dB, INR = 30dB and L = 2000. The degree of freedom of training data
matrix S is df = (M + L — K) K = 6111. In total, 100 iterations are run and the

relative errors are averaged. It can be seen that when m/df increases from 2 to 4, the
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Figure 7.3: The output SINR versus the number of snapshots.

relative error ¢g drops sharply to the reciprocal of the observed signal-plus-interference-
to-noise ratio level, i.e., the “phase transition” happens. In our following simulations,
we set sampling ratio as p = 75 = 0.5, i.e., m/df ~ 6.

Fig. 7.2 compares the the reciprocal of the observed signal-plus-interference-to-
noise ratio n and the relative error ¢g in S as well as the relative error in f{mc. Set
SNR = 10dB and L = 2000. 100 iterations are run and relative errors are averaged. It
can be seen that in the entire INR range, the ¢g are much smaller than the reciprocal
of n, which confirms the conclusion in Lemma 2. In addition, the relative error in R
is even smaller.

Fig. 7.3 compares the performances of several beamformers in terms of the number
of snapshot L, i.e., the robust optimization, DL as well as eigenspace-based beamform-
ers, applied on the covariance matrix estimate obtained via matrix completion (MC).
The SNR and INR are set as 10dB and 30dB, respectively. 100 iterations have been
run to calculate the average output SINR. The optimal SINR (7.6) is also plotted for
reference. It can be seen from Fig. 7.3 that as L increases, the SINR output under
both robust optimization and eigenspace-based low rank beamformers approaches the
optimal SINR within about 3dB. The results also confirms that to achieve a high SINR
output, large snapshots are required. Therefore, our matrix completion based low rank
beamforming method is important.

The SINR performance of these beamformers versus the SNR is shown in Fig. 7.4
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Figure 7.4: The output SINR versus SNR.

for INR = 30dB and L = 2000. 100 iterations were run and the relative errors were
averaged. It should be noted that at low SNR, the signal of interest is buried in the
background noise and the training data matrix X is approximately of rank 2, which is
the number of interference sources. Via matrix completion, the recovered training data
matrix S is of rank 2, and contains the interference signal information, based on which,
the suppression of interference can be achieved with the beamformers. It can be seen
in Fig. 7.4 that among all matrix completion based robust beamformers, the robust
optimization low rank adaptive beamformer has the best SINR output in the entire
SNR range, and its SINR is identical to that of the robust optimization beamformer
with full data. The DL beamformer loses some performance in the high SNR region,
while the eigenspace-based beamformer does not work well at low SNR.

Last, the beampattern comparison is displayed in Fig. 7.5. The parameters are set
as L = 2000, SNR = 10dB and INR = 30dB. Compared with the DL beamformer, the
proposed robust optimization low rank adaptive beamformer gives the best suppression
to the interference sources at DOA —15° and —10° while keeping the signal source at

DOA —20° distortionless.

7.6 Summary

In this chapter, beamforming problem in the large size sensor array with signal of

interest present has been studied, in which huge training data needs to be collected to
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Figure 7.5: Beampatterns comparison.

generate a comparable SINR output. When the training data matrix is low rank, each
sensor only needs to carries out a uniformly random sampling and forwards the sub-
Nyquist samples to the fusion center. The full training data matrix is reconstructed
by matrix completion. In the noisy observation case, the recovery is not exact. To
deal with the errors in the reconstructed training data matrix introduced by the matrix
completion, robust beamforming method was then proposed based on the worst-case
performance optimization. Numerical results show that the prosed beamformer achieves

near-optimal performance with half observations.
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Chapter 8

Conclusions and Future Research Directions

8.1 Conclusions

The dissertation has exploited the sparsity in the context of MIMO radars.

First, we have proposed power allocation and waveform design algorithms to improve
the target estimation performance in CS-based colocated and widely separated MIMO
radars. In the context of compressive sensing, the uniform uncertain principle (UUP)
states that the columns of the sensing matrix should be as orthogonal as possible.
Based on the UUP, the power allocation and waveform design objective is to minimize
the coherence among the columns of the sensing matrix arising in the CS-based MIMO
radars. However, the design problem is not convex and we have proposed a semidefinite
relaxation approach. The target estimation performance under the proposed algorithms
has been improved greatly compared to the CS-based MIMO radars without power
allocation or waveform design. However, the sparsity assumption of target space does
not hold if there is clutter. In the context of CS-based MIMO radars, we have proposed
a clutter suppression approach based on Capon beamforming. In the proposal, the
Capon beamformer has been applied to the compressed receive data and consequently
the block sparsity of the beamformed data has been exploited for target estimation
using CS. The power allocation scheme based on the UUP has been proposed to further
improve the target estimation performance in the CS-based MIMO radars with clutter
suppression.

In the second part of the dissertation, we have proposed a colocated MIMO radars
approach based on matrix completion, termed as MIMO-MC radar. It has been shown

that the data matrix arising in the fusion center of the colocated MIMO radars with
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large scale antennas is low-rank. Additionally, we have shown that the data matrices
under both sampling schemes, i.e., with and without matched filtering satisfy the coher-
ence conditions required by the matrix completion theory. Consequently, the data ma-
trix can be completed with a small portion of samples collected in a uniformly random
fashion from each receive antenna. The target estimation follows the recovered matrix
using standard array signal processing. The proposed MIMO-MC radar approach does
not require discretization of target space and thus avoids the basis mismatch issues
inherent in CS. High resolution target estimation can be achieved by the proposed
MIMO-MC approach with significantly reduced samples as compared to MIMO radars
with the same number of elements.

We have further conducted an analysis of the coherence of the data matrix arising
in MIMO-MC radars with ULA configurations and transmitting orthogonal waveforms.
We have shown that, the data matrix attains its lowest possible coherence if the wave-
form snapshots across the transmit array have flat power spectra for all time instances.
The waveform design problem has been approached as an optimization problem on the
complex Stiefel manifold and has been solved via the modified steepest descent algo-
rithm and the modified Newton algorithm. The numerical results have shown that
as the number of antennas increases, the optimized waveforms result in optimal data
matrix coherence, i.e., 1, and thus, only a small portion of samples are needed for
the data matrix recovery. Although the optimal waveforms are designed based on the
assumption that the targets fall in the same range bin, our analysis and simulations
showed that they cause only small amount of performance degradation for relatively
small delays, i.e., of the order of the symbol interval when used in a scenario in which
the targets appear in different range bins.

Finally, we have investigated the transmit and receive beamforming problems in
MIMO-MC radar, respectively. In the tracking mode, we have proposed a transmit
beamforming scheme in MIMO-MC radars using sub-Nyquist sampling at the receiver
end while achieving comparable target estimation performance to Nyquist sampling.
The optimal waveform conditions has been derived for both the rank-1 and multi-rank

transmit beamforming in MIMO-MC radars by conducting the coherence analysis of
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the data matrix. A robust receive beamforming scheme based on matrix completion has
been proposed for a large scale sensor array. The performance of receive beamforming
techniques are based on the accurate estimation of the covariance matrix, which requires
a large amount samples, especially when the targets of interest are in the presence of
receive data. Our proposed robust beamforming scheme based on the matrix completion
techniques at the receiver end could yield significantly improved performance with only

a small portion of receive samples.

8.2 Future Research Directions

8.2.1 Waveform Design for Range Compression in MIMO-MC Radars

In Chapter 5, we have conducted coherence analysis of data matrix arising in the
scenario of targets falling into different range bins, and shown in Corollary 1 that the
matrix coherence achieves its lowest upper bound if the proposed waveforms additionally
have good correlation properties. It is worth investigating of joint waveform design
to meet both spatial spectra and correlation properties. It should be noted that it
is impossible to achieve orthogonal waveforms with exactly zero correlations for the
whole delay range [80] due to the lack of degree of freedom. Instead, we could design
waveforms satisfying both spectra conditions and correlation properties only for a small

portion delay or apply weights to correlation conditions.

8.2.2 Waveform Design for Transmit Beamforming in MIMO-MC Radars

In Chapter 6, we have derived optimal waveform conditions for multi-rank transmit
beamforming (see Theorem 5). Additionally, it is shown that the waveform condition is
independent of the multi-rank beamformer. Therefore, the results hold for all kinds of
multi-rank beamformers obtained via different methods, e.g., multi-rank beamformer
for the approximation of a desired beampattern, proposed in [101]. It is worth in-
vestigating of joint waveform design to meet both the waveform conditions stated in
Theorem 5 for matrix completion as well as other design objectives, such as a desired

beampattern. In the joint waveform design problem, the waveform conditions stated in
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Theorem 5 can be formulated as a constraint in the new optimization problem.

8.2.3 Clutter Suppression in MIMO-MC Radars

When there is clutter, the sparsity assumption of CS-based MIMO radars about the
target space does not hold. Similarly, clutter would invalidate the low-rank structure of
the data matrix arising in MIMO-MC radars. In Chapter 3, we proposed a Capon beam-
forming method to suppress the clutter in CS-based MIMO radars assuming knowledge
of the clutter covariance. The key step is applying the Capon beamformer to the com-
pressed receive data and observing that the beamformer output is block sparse.
Clutter suppression in MIMO-MC radars is worth investigating. Under the station-
ary clutter assumption, we can optimally design the transmit waveforms to suppress the
clutter. The objective of the optimization problem would be to minimize the effective
clutter power, which can be calculated assuming that the random matrix completion
sampling pattern as well as the clutter covariance matrix are known prior, subject to the
total transmit power constraint as well as the optimal transmit waveforms conditions

stated in Chapter 5.
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Appendix A

Proof of jp = 1 = 1 for rank-1 matrix Zé”F

Proof. Suppose that there are K, K > 2 targets in the search space, all with the same
DOA, say 0. The transmit and receive steering matrices are given by
A=[a(0),....a(0)], (A1)
B=[b(0),....b(0), (A.2)
where the transmit and receive steering vectors a (61) and b (6;) are defined in equations
(4.2) and (4.5), respectively. The noise-free receive data matrix Zé‘/f F can be written as
z)'" =BXD,A”
b
:[b(Hl),...,b(Hl)] X
B
dy
[a(61),...,a(6:)]"
dg

K
= (Z 5kdk> b (61)a” (6;), (A.3)
k=1
where dj, is the Doppler shift of the k-th target. Its compact SVD is
MF H
Z," =uov’, (A.4)

Hy =1,vHv =1, and o is the singular value.

where u
By applying the QR decomposition to the receive steering vector b (6;), we have

b (61) = q,7,, where g/ q, = 1 and 7, = v/M,.. The expression of q, is given by

q = 1 1’6j27”drsin(6’1)’.”’ejQT"(MT—l)drsin(Gl)]T. (A5)

E
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Similarly, applying the QR decomposition to the transmit steering vector a (67), we

have a (01) = q;r¢, where qffq; = 1 and r; = \/M;. The expression of q; is given by

gy

1 [1 o 2 dysin(01)

q: =
v My

Therefore, it holds that

K
ZéWF =qrTr (Z /Bkdk> Tt q?v (A7)

k=1

ejQTW(Mt—l)dt sin(91)]T. (A6)

7
where 7 is a complex number. Its SVD can be written as n = q1pq5, where |q1| = |q2| =
1, and p is a real number. Thus,

MF H
z, )

= q,q1p¢34; = q-q1p(q; g (A.8)

)

H 2 w NH % 2
where (q,q1)"arq1 = |g1/°af’qr = 1 and (qjq2)"afq2 = lg2/*(af’a:)” = 1. By the
uniqueness of the singular value, it holds that p = o. Therefore, we can set u = q,q;
and v = q;qa.

Let q,(ni) denote the i-th element of vector q,. The coherence u (U) is given by

M L2
p(U) === sup Q$Z)Q1H
ieNY, 2
12
= Mr sup qg’l)
ieNY, 2
~1 (A.9)

Let q; @ denote the i-th element of vector q;. The coherence u (V') is given by

M,
p(V) === sup

«(4) H2
1 ’qt 2 2

ieNy,
_ (i) ||?
= M, sup ||q;
ieNy, 2
= 1. (A.10)

Consequently, we have pg = max (u(U),n(V)) = 1. In addition, we have p; <

poVK =1 [41]. It always holds that py > 1. Thus, gy = 1. Therefore, we have

/L():,U,lzl. ]
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Appendix B

Proof of Lemma 1

Proof. Assume the MIMO radars systems are configured with ULA transmit array of
size M; and inter-element spacing as d;. There are K targets in the far-field at DOAs
{Hk € [—%, %} }ng;r(, corresponding to spatial frequencies {of,‘/§ € [ 55 2] }keN+ Then
the transmit steering matrix A has the Vandermonde form. As a result, it holds that
tr (AAH) = KM,.

Suppose that orthogonal waveforms are transmitted so that S € CVN*Mt, Since

SHS =1,y,, it holds that

* . . 1’m =m’ / +
D s (1) s (1) = , m,m' €N}, (B.1)
i—1 0,m #m/

Consequently,

N
3 ( ) — T, (B.2)

=1

where S( denotes the i-th row of S. Following the equation (5.17), it holds that
N K N N u
IMICACH DN = o (AT(S*@) s*mA*)
i=1 k=1 ; ,
= Ztr (( s ) §*( >A*AT> Ztr (( ) <>AAH>
N o NH
= tr ((Z (s9) s<l>> AAH>

i=1

= tr (AA")

= KM,. (B.3)

Thus the statements in Lemma 1 follow. O
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Appendix C

Derivative and Hessian of f (S)

First, we give the following two Lemmas, which will be applied in finding the the

derivation.

Lemma 4. Let A € CMxL 7 ¢ CN*Me Yy ¢ CILXN H € RV*L be arbitrary matrices.

It can be shown that
tr {H[(A"Z") o Y]} =u{Z" [HoY")A"]}. (C.1)
Proof. See the Appendix F. O

Lemma 5. Let H € CV*L and G,M € CL*N be general matrices with arbitrary

elements. It holds that
fr ((G © M) ﬁ) — [vec (G)]Tvec (M ® ﬁT) . (C.2)
Proof. See the Appendix G. O

Since F ® F* and N are real-valued matrices, the objective function f (S) defined

in (5.29) can be written as
f(S)ztr{(F@F*—N) (F@F*—N)T}. (C.3)
In order to find the derivative and Hessian of f (S), we do the following expansion:

7 (8 +0Z) =tr {[((S + 07)"A") © (S +0Z) A) — NJ[(S + 62)"A") © (S + 2) A) - N| |

=f(8) + 6tr {T} + 6%tr {T'} + O (5%). (C4)
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Here,

T ={[(8"A") © (SA)] - N} {[(5"A") & (ZA)]" + [(5"A") & (zA)]" }
+{l(5"A") © (ZA)] + [(S"A") @ (ZA)'} {[(S"A") © (SA)" = NT},  (C5)
T/ = [(8*A%) © (SA)][(Z°A") © (ZA)]" + {[(8"A") © (SA)] [(Z'A") & (ZA)]"}
H((8°A) © (ZA)] [(Z°A%) © (SA))T + {[(8°A%) @ (ZA)] [(Z°A%) © (SA))"}
+[(87A% © (ZA)][(S°A") @ (ZA)]" + {[(8"A") © (ZA)][(S'A") @ (ZA)"}

— [(Z°A*) © (ZA)]NT — {[(Z*A") © (ZA)|NT}". (C.6)
Thus, it holds that

tr (T) =tr (2{[(S"A") © (SA)] - N}{[(S'A") © (ZA)]" + [(S"A%) © (zA)]"})
=% {tr (H[(A"Z") o (ATST)])}, (C7)

where H = 2[(S*A*) ® (SA) — N] € RV*E, Let Y = ATST. Following Lemma 4, it
holds that

tr (T) =R {tr (Z" [HoYT) A"T])}. (C.8)
In addition, it holds that
tr (T') =2tr ([(S*A*) ® (SA)] [(Z*A%) © (ZA)]T>
+ otr ([(SA) ® (Z* A" [(S*A*) © (ZA)]T)
+oR {tr ([(S*A*) ® (ZA)] [(S*'A%) & (ZA)]T> }

—2tr (N [(ATZ") o (ATZT)]). (C.9)

Now, we focus on the first term on the right side of equation (C.9). Following
Lemma 5, it holds that
tr ([(S"A%) © (SA)] [(Z°A") © (ZA)]")
—tr ([(A7Z") © (AT27)] 0)

= [vec (AHZH)]Tvec ((ATZT) © I:IT) ) (C.10)
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where H = (S*A*) ® (SA) € RN*L. Further, via equations (5.38) and (H.9), it holds

that
[Vec (AHZH)] [(IN®AH) vec (ZH)]
AT
:{ (In ® A™) [vec (27)] }
:{(IN ® A ) [P N x a1, veC (Z)]*}T
=[vec (Z)]"Pasxv (In ® A¥), (C.11)
as well as

vec ((ATZ") @ AT ) ~diag (vec (A7) ) vec (ATZ)
—diag (vec (AT)) (Iy ® AT) vec (27)
—diag (PNvaec (ﬂ)) (Iy ® AT) Py,agvec (Z).  (C.12)
Consequently, it holds that
tr ([(A727) & (AT2ZT)) )

—[vec (Z)] P s, v (I © A¥) diag (PNvaec (f{)) (Iy © AT) Py s, vec (Z) .

(C.13)

Let us focus on the second term on the right side of equation (C.9). It holds that

r ([(SA) © (2 A")][(8"A") © (ZA)]")
i ([(AHSH) ® (ATZT)}H [(AHSH) ® (ATZT)D
—tr ([Y* ® (ATZT)]H [Y*o (ATZT)])

=[vec (Y* © (ATZ7))]"vec (Y* © (AT2Z7)), (C.14)
as well as

vec (Y* © (ATZ")) =diag (vec (Y*)) vec (ATZT)
=diag (vec (Y*)) (Iy ® AT) vec (Z")

=diag (vec (Y*)) (In ® AT) Py, vec (Z). (C.15)
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Consequently, it holds that

tr ([Y* o (A727)]" [y* o (A727)])
=[vec (Z)]TP s« v (Iy ® A*) [diag (vec (Y*))]X
x diag (vec (Y*)) (Iy ® AT) Py s, vec (Z)

=[vec (Z)]TP s« v (Iy ® A*) diag (vec (Y ©@ Y*)) (In® AT) Py, vee (Z). (C.16)

Next, let us focus on the third term on the right side of equation (C.9). With

equations (H.9) and (C.15), it holds that

tr ([(S*A") @ (ZA)] [(S"A") © (ZA)]")
= [vee (1(8*A%) @ (2A))")] vee ([(8°A% © (zA)]")
=[vec (Y* © (ATZ7))] vec (Y* © (ATZ7))
=[vec (Z)]"Par,xn (In @ A) [diag (vec (Y*))]"
x diag (vec (Y*)) (In @ AT) Py, vec (Z)
=[vec (Z)]"Par,xn (In ® A) diag (vec (Y* © Y")) (In @ AT) Pyyar,vec (Z). (C.17)

Finally, let us focus on the forth term on the right side of equation (C.9). Via
equations (H.2) (C.11) (C.12) and Lemma 5, it holds that

tr (N [(A"Z") © (ATZ")]) =t ([(A"Z") © (ATZ7)] N)

=[vec (AFZ)] vec (ATZ7) @ NT)

=[vec (Z)]" P, xn (In ® A¥) diag (Pnxzvec (N)) (Iy @ AT) Pyyag,vec (Z). (C.18)
Therefore, it holds that

F(S+0Z)=f(S)+ R {tr (2" [HoY")A"])}

+282[vec (Z)] P xw (Iy ® A¥) diag (vec (ﬁT FYOY - NT)>

X (IN ® AT) P, vec (Z)

+262R {[vec (Z)] P s, n (Iy ® A) diag (vec (Y* © Y)) (Iy @ AT) Py, vec (Z)}

+0(6°). (C.19)
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By coefficient comparison between (C.19) and the matrix form of the second-order

Taylor series (5.32), we finally obtain
Ds=HoY")A",
Hs =4P v (Iy ® A*) diag (Vec (2ﬁT - NT)> (In © AT) Py,
Cs =4P s, xn (Iy ® A) diag (vec (Y* © Y")) (Iy ® AT) Py,

where H = 2[(S*A*) ® (SA) — N],Y = ATST and the fact HY = YO Y* = (ATST)®

(AHSH) is applied. It is easy to verify that Hg = Hg, Cg = Cg.
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Appendix D

Proof of Lemma 2

Proof. The proof of Lemma 2 is based on the assumption that matrix S satisfies the
restricted isometry property (RIP) [36]. The RIP asserts that the sampling operator

obeys
(1=aplSIE < IPa(S)lF < 1 +a)plSlE, (D.1)

provided that S is low rank. Here, € is a smaller constant. Since the training data
matrix S satisfies the incoherence properties defined in Section 1.4 of Chapter 1, then
with high probability, on the observation set €2 whose elements are uniformly random
sampled entries, the restricted isometry property holds [71]. The RIP property means
that the ‘energy’ of S on the observation set €2 is about proportional to the size of €.

Based on RIP, the results in [103] would yield that the recovered matrix S by solving

the convex optimization problem (7.11) satisfies
Coo
VP

where Cj is a numerical constant [43]. This means that the right hand of (D.2) is on

5, < =

the order of ij ie., ‘S — SHF <0 (i) Thus, we have

/D
S-S oL
s | HSHFHF < Hgﬁ)‘ (B:3)

From the RIP (D.1), we have ||Pq (S)||z < +/p|/S||z, where < means there is a smaller
number € in (D.1). Since ||Pq (Z)||; < J, we have

1 _ [Pa (Z)| ¢ < g (D.4)

n APa®)r ~ voISIE
By comparing the right hands of inequalities (D.3) and (D.4), the conclusion in Lemma

2 is proved. U
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Proof of Lemma 3

Proof. We have

F F
< S_SH +||S—-X
< H . [ 72

SC—OC;-I-VMLU
VP

< Co\lim—'— 8m0+\/MLa
p

= (Co+1)VMLo.
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(E.1)
(E.2)
(E.3)
(E.4)

(E.5)

Here, in (E.2) the triangle inequality of matrix norm is applied. In (E.3), the bound

(D.2) is applied.

O
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Appendix F

Proof of Lemma 4

Proof. We use a;j, 2ij, Yij, hij to denote the ij-th element of the corresponding matrices

A € CMexL 7 ¢ CN*Me 'y ¢ CI*N H € RVXE respectively. It holds that

e {H[(A727) 0 Y]} = 3 3 A (Zm) Y

m=1n=1
My N L

= Z 2 (Z hmnynmafn> ) (F.1)
i=1 m=1 n=1

Let Dg € CN*Mt guch that tr {H [(AHZH) @Y]} = tr{ZHDs}. We use d;; to

denote the ij-th element of Dg and it holds that

My N
tr{Z"Ds} =D zridmi. (F.2)

i=1 m=1

By comparing equations (F.1) and (F.2), we have
L
dmi = Z hmnynma:n- (F3)
n=1
As a result, the matrix Dg has the form as
Ds=(HoY") A", (F.4)

Consequently, it holds that tr {H [(AHZH) ® Y] } = tr {ZH [(H ® YT) AH] }, which

completes the proof. O
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Appendix G

Proof of Lemma 5

Proof. We use g;;, m;j;, hi; to denote the ij-th element of the corresponding matrices

G,M e CL*N and H € CVN*L. Then, it holds that

L N
U‘{(GQM) I:I} :Zzgﬂmﬂhw (Gl)

j=1i=1

On the other hand, it holds that

- 3 B . AT
vec (MGHT) = [mnhn,”- smpihip, - ,minhyt, - ,mLNhNL] ; (G.2)

vec (G) =911, »GL1s- -+ 91N, - > 9LN] " - (G.3)

Consequently, it holds that

I
M=
M=

-
I
N
<.
I
—

vee(G) vec (M © I:IT> gjimiilij

I
M=
M=

gjimijil;. (G.4)

<
I
—
-
I
N

By comparing equations (G.1) and (G.4), we have
tr {(G © M) H} = vec(G)Tvec (M ® ﬁT) , (G.5)

which completes the proof. ]
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Useful Equations
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Here, we list some useful equations for deriving the derivative and Hessian of a matrix-

valued cost function with Z € CN*M¢_ They are

|Al7 = tr (AAT),

tr (ZH) = tr (HZ) ,

tr (AT) =tr(A),

tr (A") = tr (A*) = (tr (A))",
Hez)' =HT @2z,
HoZ)" =H"o2z",

tr (HZ) = [vec (HT)]Tvec (Z),
tr (H7Z) = [vec (H)]"vec (Z),

vec (HZG) = (G ® H) vec (Z) .

(H.1)
(H.2)
(H.3)
(H.4)
(H.5)
(H.6)
(H.7)
(H.8)

(H.9)
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