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ABSTRACT OF THE DISSERTATION

The number of lattice points in irrational polytopes

by Bence Borda

Dissertation Director: Jdézsef Beck

The discrepancy ‘tP N Zd‘ — AM(P)t? is studied as a function of the real variable t > 1,
where P is a polytope in R? with at least one vertex not in Z%. For a special class
of cross polytopes and orthogonal simplices defined in terms of algebraic numbers the
discrepancy is proved to be the sum of an explicit polynomial of ¢ and a randomly
fluctuating term of smaller order of magnitude. This phenomenon has not yet been
described in the literature for any convex body. A general discrepancy bound is proved
for polytopes the coordinates of the vertices of which all belong to a given real quadratic
field. As a corollary a new property of the regular dodecahedron is obtained. Finally,
answering a question of Beck, a formula is given for the variance of a random fluctuation
arising in a lattice point counting problem on the plane. The main methods used are

Fourier analysis and the theory of Diophantine approximation.
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Chapter 1

Introduction

1.1 Context

Counting the number of elements of a finite set has been a clearly motivated and
much studied problem since the beginnings of mathematics. In the present dissertation
the sets containing the elements to be counted are geometric objects. Being among
the simplest geometric shapes, convex polytopes have played an important role in the
history of mathematics. As a tribute to this rich history, a new property of a Platonic
solid, the regular dodecahedron is proved.

The objects to be counted, however, could rather be characterized as discrete, or
more specifically, number theoretic. Points with integral coordinates, called lattice
points, are important in a wide range of fields from algebra, number theory and com-
binatorics, all the way to operations research. The main method used comes from yet
another field. To count discrete objects in geometric sets, analytic methods are used,
thereby completing the whole spectrum of mathematics.

There are several classical lattice point counting problems, many of which fit into
the following framework. Given a compact convex set B C R%, and a magnifying factor

t > 1, we wish to estimate the number of lattice points in the set
tB:{t:reRd:xeB},

which we will denote by ‘tB N Zd’. It is not difficult to come up with the intuition that
the number of lattice points in ¢B is close to the Lebesgue measure A\(tB) = \(B)t?.
The difference

‘tB N Zd( —AB)



is called the discrepancy, or lattice rest of tB. In many applications one wishes to find
an upper bound to the discrepancy as a function of the real variable ¢ by finding an

exponent « > 0 such that

’tBﬂZd‘ “AB) =0 (). (1.1)

A considerable amount of attention has been given to the case when B is a compact
convex set containing the origin in its interior, such that the boundary of B is a smooth
d —1 dimensional submanifold of R? with a nonzero and finite Gaussian curvature. It is
easy to see that in this case (1.1) is true with & = d — 1. In [17] Miiller conjectures that
under these conditions (1.1) in fact holds with o = d —2+¢ for any € > 0 in dimensions
d =3 and d = 4, and with @« = d — 2 in dimensions d > 5. The quest for improving
the best exponent « for which (1.1) indeed holds for such general convex bodies is still
ongoing.

It should be mentioned, that there are special classes of convex bodies for which the

lattice point problem is completely solved. In the 1928 paper [15] Jarnik considers the

ellipsoid
2 2
B = {(l’l,...,l‘d) eRé: Iy 4 Td §1},
aq Qq
where aq,...,aq > 0. It is established that if the coefficients aq,...,aq > 0 are all

rational, and d > 5, then the discrepancy ‘tB ﬁZd‘ — A(B)t? is both O (td_Q) and
Q (td_Q), as t — oo. Note that this result applies to all spheres of dimension d > 5
centered at the origin. The discrepancy can be much smaller for irrational coefficients,
however. In the same paper [15] Jarnik proves that in dimension d > 4 the discrepancy
of tB is O (tg+€) for every € > 0, for almost every ai,...,aq > 0 in the sense of
the Lebesgue measure. To mention a more recent development, in the 1997 paper [3]
Bentkus and Gotze prove that in dimension d > 9 the discrepancy of tB, where B is an
ellipsoid of arbitrary center and orientation, is O (td_2), as t — oo. Thus the general
ellipsoid problem is basically solved in dimensions d > 9.

In the 1960s Ehrhart studied the general lattice point counting problem in the case

when B is the convex hull of finitely many lattice points in R?, in other words when



B is a lattice polytope. In a series of papers [8], [9] and [10] Ehrhart proves that for
every lattice polytope B there exists a polynomial p with rational coefficients such that
for any integer t > 1 we have ‘tB N Zd‘ = p(t). This polynomial is called the Ehrhart
polynomial of the lattice polytope B. Not surprisingly the highest degree term of p(t)
is always A(B)t?. The term of degree d — 1 is known to be one half of the normalized
surface area of tB. Here the normalized surface area of a hyperface of tB is defined
as the surface area of the hyperface divided by the covolume of the d — 1 dimensional
sublattice of Z? on the rational hyperplane containing the given hyperface.

Note that among compact convex sets the class of sets with a smooth boundary,
and the class of lattice polytopes are in a sense two extreme points of a spectrum. The
general lattice point counting problem in these two classes turned out to be disparate.
For a compact convex set B with a smooth boundary the discrepancy ‘tB N Zd‘ —\(B)t?
is considered a purely random fluctuation, from which we cannot extract any non-
oscillating main term. For a lattice polytope B, on the other hand, the discrepancy
|tB N Zd‘ — A(B)t? for integral values of ¢ is simply a polynomial of ¢, with no random
fluctuation present.

In this dissertation the general lattice point counting problem is studied in the case
when the compact convex set B is a polytope in R? the vertices of which are not all
lattice points. There are surprisingly few results in this area, all of which apply only
in dimension d = 2. The first problem of this type dates back almost a hundred years.
In [11] and [12] Hardy and Littlewood considered the closed right triangle B in the
plane with vertices (0,0), (a1,0), (0,az2), where a1, a2 > 0, such that the slope —%2 of
the hypotenuse is irrational. For a magnifying factor ¢ > 1, it was determined that the

number of lattice points in ¢B has a main term

a1a2 a1+ az
q(t) = = 2+ 5t

Notice that the highest degree term of the polynomial ¢(t) is the area of tB, while
the linear term is one half of the total length of the legs of the triangle. Thus ¢(t)
is the analogue of an Ehrhart polynomial, even though B is not a lattice polygon.

The difference ‘tB N Zd| — ¢q(t) is considered a purely random fluctuation. It is not



difficult to see that the order of magnitude of this fluctuation is closely related to the

classical Diophantine approximation problem of approximating the irrational number

Z—f by rational numbers of small denominators. Hardy and Littlewood showed that if

az
ai

Q of which is of degree 2, then the fluctuation ’tB N Zd‘ — ¢(t) is both O (logt) and

is a quadratic irrational, that is, an irrational number the minimal polynomial over

Q(logt). As a groundbreaking result, in the same papers they showed that if {2 is
algebraic, then the fluctuation [tBNZ%| — ¢(t) is O (t*) for some o < 1 depending on
a2

PR This is one of the first results related to the approximation of general algebraic

numbers by rationals.

1.2 The main results

1.2.1 The polyhedral sphere problem
Consider the polytope

P—{(xl,...,xd)eRd:|$1‘+~--+|$d|§1},
a1 aq

where aq,...,aq > 0, and let ¢ > 1 be real. We call the problem of estimating ‘tP N Zd‘
the polyhedral sphere problem. Notice that P is both a polyhedron, and the unit ball

with respect to the norm

(zl"_.vxd)}_)@+...+w
aj Qaq

on R?, justifying the terminology. We studied this problem in the case when all of the
coefficients a1, ..., aq are algebraic.
In this generality, the main term of ‘tP N Zd‘ was identified as a polynomial p(t) of

the variable t. The two highest degree terms of p(t) are

2da1~-add 2d_2a1---ad
t) = t
p(t) dl TR 2.

=1

-

=2 4

[\

~

It turns out, that in every term of p(t) the exponent of ¢ is congruent to d modulo 2, and
every coefficient is a symmetric rational function of a1, ..., aq with rational coefficients.

As expected, the leading coefficient is A\(P), but the other coefficients of p(¢) do not



seem to have a natural geometric interpretation in terms of the polytope P. For a
general formula of p(t) and its main properties see Definition 3.1 and Proposition 3.4
in subsection 3.2.1. While the general formula is somewhat complicated, we want to
emphasize that it is explicit.

The difference ’tP N Zd‘ — p(t) is considered a purely random fluctuation. We first

studied the expected value

1 /T2 (’tP N Zd’ — p(t)) dt,

Ty =Ty Jp,

where 1 < T7 < T5. As our first main result we prove that if i, ceey é are algebraic

and linearly independent over @, and the length of the interval satisfies To — T7 > 1,

then
1 2 d
e /Tl ()tpmz ( —p(t)) dt = O(1).
The implied constant depends only on aq,...,aq, but is ineffective. The significance of

this result is that it shows that p(¢) is indeed the main term. In other words, every
coefficient of the polynomial p(t), except for the constant term, has an actual meaning
related to the polyhedral sphere problem. It is possible to extend this result to intervals
[T1,T»] of arbitrary length. If a—ll, ce i are algebraic and linearly independent over Q,

then for any 1 <77 < Ts and any € > 0 we have

1T J 1\t
PNZ ’— o1
e /T (|tPnz| - b)) ar =0 +<T2_T1> ,

where the implied constant depends only on aq,...,aq and €. For a proof see Theorem

3.5 in subsection 3.2.2.
We were also able to find a uniform bound on the fluctuation. If i, cee é are

algebraic and linearly independent over Q, then for any € > 0 we have
(d—1)(d—2)
‘thZd) —p(t)=0 (t 2d-3 +5> ,

as t — oo. Note that the exponent % + ¢ is simply € in dimension d = 2, it is
% + ¢ in dimension d = 3, and roughly %l when d is large. For a proof see Theorem 3.7

in subsection 3.2.3.



Seeing these results the natural question arises whether we can relax the condition

on the linear independence of %, cee %, and still get nontrivial bounds. The answer
is yes. The relaxed condition we worked with, is that i, cen i are algebraic, and any
k of them are linearly independent over QQ for some 2 < k < d. Note that £ = d means
linear independence, while the weakest condition & = 2 simply means that the ratios
% are irrational for i # j. Under these conditions we were able to prove the uniform

J

bound

(@-1)(2d—k-3) |

‘tP N Zd‘ —p(t)=0 <t2d4 ) 7

as t — oo for any € > 0, in the case 2 < k < d — 1. Note that %<d—%.
This means that even under the weakest condition k& = 2 we were able to improve the
trivial discrepancy bound O (td_l).

The relevance of the relaxed condition comes from the fact that it can be difficult
to prove the linear independence of a large number of algebraic numbers over QQ, but
it can be much easier to prove that any k of them are independent. As an illustration
for the case k = 3, consider d elements of the field Q (\3@) Since 1, V/2, ¥/4 is a basis
of Q (\3@) over Q, every element can be written in the form a + by/2 + ¢/4 for some

a,b,c € Q. To prove that any 3 of the d elements are linearly independent over Q, it is

therefore enough to check that a given 3 x d matrix has full rank over Q.

1.2.2 The orthogonal simplex problem

Consider the orthogonal simplex

S:{(xl,...,xd)GRd:xl,...,deO,xl—1—'-‘—|—xdSl},
ai Qq

where aq,...,aq > 0, and let ¢t > 1 be real. We call the problem of estimating ‘tS N Zd‘
the orthogonal simplex problem. The orthogonal simplex problem can easily be reduced
to the polyhedral sphere problem using an inclusion-exclusion type argument. This
reduction yields that the main term of ‘tS N Zd‘ is a polynomial ¢(t) of the variable ¢
related to and derived from the polynomial p(¢) as in the polyhedral sphere problem.

The three highest degree terms of ¢(t) are



ai--raqg [ 1 1 1 1

— 92 4
d—2) |12 & & *

Note that the leading coefficient of g(t) is A(S), while the coefficient of ¢4~ is one half
of the surface area of the orthogonal hyperfaces of S. Thus ¢(t) is the analogue of an
Ehrhart polynomial, even though S is not a lattice polytope. In the case when aq, ..., aq
are positive integers, the same simplex S does have an actual Ehrhart polynomial, which
is a classical example studied in the literature. Let us now compare the coefficient of

2 of ¢(t) and the Ehrhart polynomial of S. It is known that if a1,...,aq > 0 are
pairwise relatively prime integers, then the coefficient of t~2 in the Ehrhart polynomial

of S is

ai - aq 1 1 1 1
(ESE SR A D I R
1<i<j<d

a;a
1<i<d Z <d "

(d—12)! <Z+12a1 ZD( >>

where D denotes the Dedekind sum defined as

ren =3 (5-3) ({3)-3)

for relatively prime positive integers a,b. This coefficient has been computed using

different methods: in [20] toric varieties, in [6] and [7] Fourier analysis, while in [2] the
residue theorem is used. The other coefficients of the Ehrhart polynomial of S are also
known. They involve higher dimensional and more complicated generalizations of the
Dedekind sum D. These complicated terms are completely absent from our polynomial
q(t) describing the case when ay, ..., a4 are allowed to be irrational.

The results on the polyhedral sphere problem carry over to the orthogonal simplex
problem via the reduction. If i, ey ai are algebraic and linearly independent over Q,

then



ts N2~ q(t) = 0 (t(dﬁ(—@z) +E> :

as t — oo for any € > 0. If we only assume that i, ceey é are algebraic, and any k of

them are linearly independent over QQ for some 2 < k < d — 1, then
(d—1)(2d—k—3)
‘tS mZd‘ —q(t)=0 <t2d4 “) ,

as t — oo for any € > 0. It would also be straightforward to carry over the results on
the expected value from the polyhedral sphere problem. See subsection 3.2.4 for the
precise reduction of the orthogonal simplex problem to the polyhedral sphere problem,
the general formula for ¢(¢) and the proofs.

Note that in dimension d = 2 the orthogonal simplex S is the closed right triangle
with vertices (0,0), (a1,0), (0,a2) studied by Hardy and Littlewood in [11] and [12].
Thus when 2 is an algebraic irrational we recover their result tS NZ4 —q(t) = O (t)
for some a < 1, and improve it to [tS N Z4| — ¢(t) = O (t°) for any & > 0.

Altogether we found that for the polytope P as in the polyhedral sphere problem
and for the simplex S as in the orthogonal simplex problem for any real ¢ > 1 the
discrepancies ’tPﬂZd’ — MP)t? and ‘tSﬁZd‘ — A(S)t? can be written as the sum
of a nontrivial, explicitly computable polynomial of the real variable ¢, and a purely
random fluctuation. To our knowledge this phenomenon has not yet been described in
the literature for any convex body.

The closest result of this type is about the torus in R3. For constants 0 < b < a

consider the torus

B= {(x,y,z) cR3: (\/$2+y2—a>2+22§b2}.

Nowak in [18] proves that for any real ¢ > 1 and any € > 0 we have

|tB N Z3| = A(B)t® + Fop(t)t2 + O (t%+€) , (1.2)

where Fy, () is a bounded, periodic function given by the absolutely convergent trigono-

metric series



= _3 . ™
Fop(t) = 4a\@;n 2 sin (27rnbt - Z) .

Thus for the torus B the discrepancy ’tB N Z3| — A(B)t3 can be written as the sum of
a computable quantity and a purely random fluctuation. The fact that B is not convex
is a technicality. The main difference between this and our result is the nature of the

computable quantity in the discrepancy.

1.2.3 Polytopes with coordinates in a quadratic field

Let D > 1 be a square-free integer, and consider the real quadratic field Q (\/5) We
studied the class of polytopes P with vertices in Q (@)d. From an algebraic point of
view, this is the second simplest class of polytopes, the simplest class being the lattice
polytopes. A polytope can either be given as the convex hull of finitely many points,
or given as finitely many linear inequalities defining a bounded set. It is easy to see

that we would get the same class of polytopes by stipulating that the linear inequalities

have coefficients in Q <\/5)

Consider a polytope P with vertices in Q (\/f))d which contains the origin in its
interior. It is easy to see that the discrepancy ‘tP N Zd‘ — M(P)t? of such a polytope
is both O (td_l) and € (td_2), as t — 00. Indeed, since the coordinates of the normal
vector of a hyperface span a vector space of dimension at most 2 over QQ, there exists
a d — 2 dimensional sublattice of Z? orthogonal to the normal vector, implying that
!tP N Zd’ as a function of the real variable ¢ has jumps of size constant times t4~2. Here
the term normal vector simply means a nonzero vector of arbitrary length orthogonal
to a hyperface.

If there exists a hyperface of P with a normal vector in Q¢, then !tP N Zd’ has jumps
of size constant times t?~!, implying that the discrepancy is (td_l), ast — oo. We
were able to prove a general discrepancy bound when this trivial reason for the number
of lattice points to have large jumps is not present. If P is a polytope with vertices in

d
Q (@) , and no hyperface of P has a normal vector in Q¢, then



10

’tP N Zd‘ — AP =0 (td’% log? t) :

as t — oo. The implied constant depends only on the polytope P, and is effective.
Thus the possible order of magnitude of the discrepancy of a polytope with vertices in
Q <\/B>d exhibits a ”gap”. Moreover, the discrepancy is as large as possible only when
a trivial condition is satisfied. See Theorem 3.8 in section 3.3 for a proof.

This result is far from being best possible in dimension d = 2. A general discrepancy
bound in [13] implies that if P is a polygon in R? with vertices in Q (\/ﬁ)g, such that

no side of P has a normal vector in Q?, then
tP N Z?| — A(P)t* = O (logt),

as t — 0o. Since every such polygon can be decomposed into right triangles with axis
parallel legs and a hypotenuse with slope in Q <\/5>, this basically follows from the
results of Hardy and Littlewood on the number of lattice points in a right triangle in
[11] and [12]. In higher dimensions, however, a polytope might not be decomposable
into orthogonal simplices. Therefore the proof of our result in arbitrary dimension is
not a simple reduction to the orthogonal simplex problem.

The case d = 3 already yields nontrivial results. As an illustration, the lattice point
counting problem for the regular dodecahedron is studied. First note that the regular
dodecahedron cannot be embedded into R?® in such a way that all of its vertices are
lattice points. Since the faces of the regular dodecahedron are regular pentagons, this
easily follows from the fact that there does not exist a regular pentagon in Z3. For a
detailed proof see [14]. This means that the regular dodecahedron does not have an
Ehrhart polynomial giving the precise number of lattice points in its integral dilates.

It is possible, however, to embed the regular dodecahedron into R? so that all of its
vertices are in Q (\/5)3 Indeed, the standard regular dodecahedron D as given in [5]

has the 20 vertices

(0,207 £p), (£0.0,£07Y), (L' £p,0), (£1,£1,+£1),
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where ¢ = 1+72\/5 is the golden ratio. The equations of the 12 faces of D are

prty=tp !, @ytz=t¢!, pzrz=d¢ ",

showing that no face of D has a normal vector in Q3. Therefore Theorem 3.8 applies

yielding
1D N Z] = A(D)E* = O (17 10g7 1),

as t — oo, with an effective implied constant.

1.2.4 The methods used

The main methods used in the proofs are Fourier analysis and the theory of Diophantine
approximation. For a polytope P in R? and a real number ¢ > 1 consider the Poisson

summation formula

‘tPﬂZd’ = Z xtp(n) ~ Z xtp(m), (1.3)

nezd meZd
where x:p is the characteristic function of tP, and f denotes the Fourier transform
of the function f, as in Definition 2.1 in section 2.1. The right hand side of (1.3) is
considered a formal series, and the symbol ~ means we might not have equality. For
any integer N > 0 consider the Nth Cesaro mean C(tP, N) of this formal series, defined

as

CHPN) =17 Y 3 Sup(m),
Me[0,N—1]d me[—M1,M1] X x[—Mg,M4)
where M = (M,..., My). In Theorem 2.5 in section 2.3 we prove that if the vertices
of P have algebraic coordinates, then C(tP, N) approximates the number of lattice
points in ¢tP with an explicit error term, up to an ineffective constant factor. The
main ingredients of the proof are the properties of the Fejér kernel, and Theorem 2.4

of Schmidt on simultaneous Diophantine approximation, which is used to bound the

number of lattice points close to the boundary of tP. For a special class of polytopes
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we were able to avoid using the theorem of Schmidt resulting in an effective error term:
see Theorem 2.7 in section 2.3.

Recall that if P is as in the polyhedral sphere problem, then the main term of
!tPﬂZd’ is a polynomial p(t) defined in Definition 3.1 in subsection 3.2.1. Let us
offer an intuitive understanding based on Fourier analysis of the curious fact, that in
every term of p(t) the exponent of ¢ is congruent to d modulo 2. Applying the integral
transformation x — tx in the definition of the Fourier transform, we get that for any
t>0

ti(m) = / 6_27ri<m7$> dxr = td/ e—?ﬂ'i<m,x>t de.
tP P

Note that this is not true for negative values of t. We also have

xtp(m) + xep(—m) = 2td/Pcos (2m(m, z)t) dz.

The right hand side is clearly an entire function of the variable ¢, depending on m, which
satisfies the functional equation f(—t) = (—1)?f(t). Since the Cesaro means C(tP, N)
are weighted sums of x:p(m) with equal weights given to x¢p(m) and x¢p(—m), for
any integer N > 0 the Cesaro mean C(tP, N) also has an analytic continuation as an
entire function satisfying the functional equation f(—t) = (=1)%f(t). It is therefore not
surprising, that the polynomial p(¢), which is the main term of C'(¢P, N), also satisfies
p(—t) = (=1)%p(t), resulting in a zero coefficient for every power of ¢ the exponent of
which is not congruent to d modulo 2.

It might be worth mentioning, that for any lattice polytope P the polynomial
a1 d
£(t) = ’tPﬂZ ] = ’t(@P)mZ ]

is known to satisfy f(—t) = (—1)?f(t) for integral values of : this is one of the equivalent
forms of the famous Ehrhart—-Macdonald reciprocity first proved in [16]. For P as in the
polyhedral sphere problem the lattice points on the boundary are treated as an error
term. Therefore the fact that the main term p(t) satisfies p(—t) = (—1)?p(t) means that

p(t) is the analogue of an Ehrhart polynomial, even though P is not a lattice polytope.
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To study the Cesaro means C(tP, N) we needed to find the Fourier transform y;p
for an arbitrary polytope P. We found a representation of this Fourier transform in
the special case when P is a simplex, which to our knowledge has not yet appeared in
the literature. In Theorem 3.1 in section 3.1 we prove that

(_1)dd| 6—27rizt

Xts(m) = W/\(S) oer G lmon)) - — (o)) dz, (1.4)

where S is an arbitrary simplex in R? with vertices vy,...,v441, and R > 0 is large
enough so that all the singularities of the integrand are inside the circle |z| = R. Since
the variable ¢ appears only in the complex exponential function, (1.4) is some kind
of Fourier expansion of xis(m) in the variable t. The Fourier transform x;p(m) for
a general polytope P can be found by first decomposing P into simplices, then using
(1.4) on all the simplices in the triangulation of P. The complex line integral in (1.4)
is evaluated using the residue theorem.

In the special case, when P is as in the polyhedral sphere problem, we applied the
representation (1.4) on the orthogonal simplices used to triangulate P, to find x;p(m).
The Cesaro means C(tP, N) are certain weighted sums of x¢p(m). In subsection 3.2.1
we were able to find the contribution of all the residues at z = 0 in C(¢P,N) up to a
small error term: this became the polynomial p(t) playing the role of the main term
of !tP N Zd’. The contribution of all the other residues in C(tP, N) was treated as
a random fluctuation. It might be worth mentioning that the high degree terms of
p(t) come from high order poles of the integrand in (1.4). The proof thus offers an
intuitive understanding of the fact that the discrepancy |tP N Zd’ — A(P)t? is the sum
of a polynomial and a random fluctuation.

When we tried to bound the random fluctuation in the polyhedral sphere problem,
that is, the contribution of all residues in (1.4) other than the residue at z = 0, we
encountered a simultaneous Diophantine approximation problem. The solution of that
problem seems to be interesting in its own right. We proved that if a1,...,aq are
algebraic reals such that 1,a1,...,aq are linearly independent over Q, then for any

integer M > 0 and any real € > 0 we have
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M
> o = © (7%,
2 lman]| - [lma]]

where the implied constant is ineffective, and where ||z|| denotes the distance of a real
number x from the nearest integer. This result is well known for d = 1, moreover it is
known that the exponent 1 4 ¢ in the error term is best possible. We were unable to
find the case d > 2 in the literature, thus it seems to be a new result. Unfortunately
we do not know if the exponent 2 — é + ¢ is best possible in general. The proof is
the combination of Theorem 2.3 of Schmidt on simultaneous Diophantine approxima-
tion and the pigeonhole principle. For a slightly more general form and the proof see
Proposition 3.6 in subsection 3.2.2.

Finally, let us consider a polytope P with vertices in Q <\@)d, where D > 1 is a
square-free integer, such that no hyperface of P has a normal vector in Q¢. We were
able to show that every such polytope can be triangulated into simplices satisfying the
same conditions. Thus we can use the representation (1.4) to bound the discrepancy
of such simplices. We found a general way of bounding the contribution of all the
residues in (1.4) for every lattice point m # 0, which is related to a Diophantine
approximation problem. The reason we worked with the quadratic field Q (\/5), is
that this Diophantine approximation problem has an effective solution for quadratic

irrationals. See Theorem 3.8 in section 3.3 for a proof.

1.2.5 Lattice points in a right triangle

Consider the closed right triangle S with vertices (0,0),(1,0), (0, «), where o > 0 is
irrational. The problem of estimating ‘tS N ZQ‘ for real numbers ¢ > 0 has been studied
by Hardy and Littlewood in [11] and [12], and by Beck in section 4.5 of [1]. It is
not difficult to come up with the intuition that this problem is related to the problem
of approximating « by rationals of small denominators. Since the continued fraction
representation of « provides an effective solution to this Diophantine approximation
problem, instead of assuming that « is algebraic, we expressed our results in terms of

the partial quotients of a.



15

The main term of !tS N ZQ‘ was identified as

gty = Sppp oty e+ D= {t)

2 2 2

The difference ‘tS Vi ’ —g(t) is considered a random fluctuation. Consider the variance

T
;/0 (|65 N 22| — g(1)) dt (1.5)

of this fluctuation, where 7' > 1 is real. In [1] Beck evaluates (1.5) in the special case
when « is a quadratic irrational in terms of arithmetic quantities of the real quadratic
field Q («). In section 4.5 of [1] Beck raises the question whether given the continued
fraction representation a = [ag; a1, az,...] of an arbitrary irrational @ > 0, the variance
(1.5) can be evaluated in terms of the partial quotients a;. We were able to prove that
if the partial quotients satisfy ar = O (k:d) for some real number d > 0, then using the

notation z—: = [ap; a1, az, ...,ax_1] for the convergents to «, we have

1

17 2 2 _ 2 d+1 2d
T/O (‘tSﬂZ |—9(t)) dt = 360 Z ak+0<log T + log TloglogT), (1.6)

au<T

as T' — oo. The sum is over all positive integers k£ such that the kth convergent

denominator ¢y is less than 7. The implied constant depends only on « and is effective.
In the special case when « is a quadratic irrational, the partial quotients satisfy the

condition ax = O (kzd) with d = 0. In this case the order of magnitude of both the main

term and the error term of (1.6) is constant times log7’, which makes our result not

applicable. If, on the other hand « is Euler’s number e, then we have the continued

fraction representation

e=1[2:1,2,1,1,4,1,...,1,2n,1,.. ], (1.7)

which means that the condition a = O (k:d) is satisfied with d = 1. Note that there
is a whole class of irrational numbers related to Euler’s number e with a continued
fraction representation similar to (1.7), satisfying ax = O (k:d) with d = 1, including en

for any positive integer n. For this class of irrationals the order of magnitude of the
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logT
loglog T’

3
main term of (1.6) is constant times ( ) , which is larger than the error term
(@) (log2T log log T). Thus our result (1.6) complements, rather than generalizes the
results of Beck on the variance (1.5).

In section 4.1 we collected the facts about continued fractions and Diophantine

approximation used in the proofs. Section 4.2 is dedicated to the proof of (1.6).

1.3 Trivial discrepancy bound for polytopes

Consider an arbitrary polytope P in R%. We conclude chapter 1 by discussing a trivial
way to bound the discrepancy |P N Zd‘ — A(P). The idea we use is quite simple. For
every lattice point n € P N Z% consider the axis parallel cube of unit side length
[—%, %} +n centered at n. On the one hand, the total Lebesgue measure of these cubes
is {P N Zd‘. On the other hand, the total Lebesgue measure of these cubes is close to
A(P), the error being related to the number lattice points close to the boundary of P.

One could carelessly think that this simple idea shows

]szd( ~A(P) = O (Surf(P)), (1.8)

where Surf(P) denotes the surface area of P. The general discrepancy bound (1.8),

however, is false in dimensions d > 3. Perhaps the simplest counterexample is the

polytope
P =[1,N] x [-a,a] X --- x [—a,a],

where N > 1 is an integer and 0 < a < 1. For this particular polytope we have
!P ﬂZd‘ = N, but the Lebesgue measure and the surface area of P can be made
arbitrarily small by choosing a small enough. This shows that there does not exist a
universal implied constant for the class of all polytopes which would make (1.8) true.
Nevertheless it is possible to turn our simple idea into a precise proof, yielding a
universal trivial discrepancy bound for the class of all polytopes in terms of simple
geometric quantities. Moreover the trivial bound we prove below is invariant under

isometries.
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Proposition 1.1 (Trivial discrepancy bound for polytopes) Let d > 2 be an
integer, and let P be a polytope in R, Let R(P) > 0 be the radius of a closed ball which
covers P, and let H(P) denote the number of hyperfaces of P. Then
d—1
d
HP N Zd‘ - A(P)‘ < w(d — 1)VdH(P) (R(P) + ‘g) ,

where w(d — 1) denotes the Lebesgue measure of the d — 1 dimensional unit ball.
Proof: For a lattice point n € Z¢ let C,, = [—%, %]d + n denote the axis parallel cube

with unit side length centered at n. Let
d
A= {:1: € RY : dist(z,0P) < ‘Qf} ,

where dist(x, S) denotes the distance of the point = from the set S, and 9P denotes

the boundary of P. Then we have

PNAC | CncPuUA (1.9)
nePNZd
Indeed, let 2 € P\A be arbitrary. Let n € Z¢ be such that = € C,,. (Note that this n
Vd

might not be unique.) The distance of any point of C;, from n is at most 5%, therefore
|z —n| < @. Since z is in P, and its distance from JP is more than @, we have that

n € P. Therefore this particular C,, shows up in the union in (1.9), hence
T € U Ch.
nePNZa

To see the second containment in (1.9), let n € P N Z% be arbitrary, and let x € C,,.
Then |z —n| < @, therefore either x € P or dist(x,0P) < @7 showing x € P U A.

By taking the Lebesgue measures of the sets in (1.9) we obtain

AP\A) <A | G <AaruA).
nePNZd

Since the Lebesgue measure of the union is simply ’P N Zd}, it follows that

AP) — M(A) < ‘P N Zd‘ < A(P) + A(4),
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PNZ - \P)| < A(A). (1.10)
IPozt| - @)

It is therefore enough to find an upper bound to A(A).

For a hyperface H of P let

Vd
5 (-

Apg = {CL’ e R?: dist(z, H) < ~—
Since the hyperfaces cover P, we have that A = Uy Ay, where the union is taken over
all hyperfaces of P. Consider now a closed ball B of radius R(P) which covers P, and
an arbitrary hyperface H. The affine hyperplane containing H intersects B in a d — 1
dimensional closed ball By of radius at most R(P). We have H C By. It is now easy
to see, that Ay can be covered by a d dimensional cylinder the base of which isa d—1
dimensional ball of radius at most R(P)+ @, and the height of which is v/d. Therefore

A(Ag) is at most the Lebesgue measure of this cylinder:

d—1
MAp) <w(d—1) (R(P) + ?) V.

Using this estimate together with A = Uy Ay in (1.10) finishes the proof.

O

Corollary 1.2 Let d > 2 be an integer, and let P be a polytope in R®. Then for every

t > 1 we have
‘WmW%MHN:OW*)

The implied constant depends only on P, and is effective.

Proof: We can apply Proposition 1.1 on the polytope tP with \(tP) = A(P)t?,
H(tP) = H(P), and R(tP) = R(P)t. The upper bound to the discrepancy we ob-
tain is a polynomial of degree d — 1 in the variable ¢, the coefficients of which are

explicitly expressed in terms of d, H(P) and R(P).
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Chapter 2

Poisson summation formula for polytopes

2.1 The general approach

The main tool for estimating the number of lattice points in a given polytope will be
Fourier analysis, more specifically the Poisson summation formula. Let us fix some
terminology and notation first.

Definition 2.1 Let d > 1 be an integer, and f : R* — R be Lebesque integrable on R?.

The Fourier transform of f is the function f :R? — C defined as

fo) = [ f@eevd  (yer?),
R4

where (x,y) denotes the scalar product of the vectors x,y € RY, and the integral is a
Lebesgue integral.

The Poisson summation formula is a celebrated result in Fourier analysis which
connects a function f and its Fourier transform f by considering the sum of their values
over all lattice points. We shall say, that a Lebesgue integrable function f : R? — R

satisfies the Poisson summation formula, if

Yo f) =) fm). (2.1)

nezd meZd

Note that this is a somewhat vague definition, as we did not specify a mode of conver-
gence for the two series. There are several sufficient conditions known which imply that
a given function satisfies the Poisson summation formula. For example, if f : R* — R is
arbitrarily many times differentiable, and has a compact support, then it satisfies (2.1)
(see e.g. [19]).

Our main observation is that the number of lattice points in a given polytope can
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be expressed in the same form as the left hand side of (2.1). Indeed, by introducing the

characteristic function yp of a polytope P, we have that

‘P N Zd‘ =3 xe(). (2.2)

nezd

Note that since every polytope is bounded, the series on the right hand side of (2.2)
has finitely many nonzero terms, therefore we do not encounter any convergence issues.
The expression (2.2) gives the idea to try to use Poisson summation on the function y p
to study the number of lattice points in P. This, however, raises the following question.
Is it true that for any polytope P, the characteristic function yp satisfies the Poisson
summation formula?

The answer is unfortunately no. Even though the function yp has a compact sup-
port, it is not differentiable (not even continuous), which makes all the known theorems
on the Poisson summation formula not applicable. The real reason why the formula

does not hold in general, however, is that

Z Xp(m) (2.3)

meZd

is additive in P, while ‘P N Zd’ is not. Indeed, let P, and P» be the two polytopes
obtained by cutting a polytope P into two pieces with an affine hyperplane. Then we

have xp = Xp, + Xp,, and therefore

> xpm) =Y xp(m)+ Y xp,(m),

mezZa meza meZd

provided that both series on the right hand side converge. On the other hand }P N Zd‘

clearly does not enjoy such an additivity property:

‘PﬂZd’ #’PlﬂZd‘Jr‘Pngd’, (2.4)

since the lattice points in P lying on the affine hyperplane with which we cut P are

counted once on the left hand side, but twice on the right hand side of (2.4).
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The rest of the chapter is devoted to studying the relationship between the formal
series (2.3), and the number of lattice points in P. More specifically, we will be in-
terested in the following problem. Given a polytope P, which is defined in terms of
algebraic numbers, and a magnifying factor ¢ > 1, how can we use the formal series (2.3)
to estimate the number of lattice points in ¢ P? The observation above implies, that an
error term will inevitably appear. It is not difficult to come up with the intuition, that
this error term will be related to the lattice points on the boundary of ¢P, since those

points are the reason why the additivity breaks down.

2.2 Cesaro means and the Fejér kernel

We begin by defining the two main quantities associated with the formal series (2.3)
which will play a role in estimating the number of lattice points.

Definition 2.2 Let P be a polytope in R%, and let xp denote the Fourier transform of
its characteristic function, as defined in Definition 2.1. Let My, ..., Mg > 0 be integers,
and let M = (M, ..., My). We define S(P,M) as

My My

S(PM)= > - > xp(ma,...,mq).

m1:—M1 md:—Md
Definition 2.3 Let P be a polytope in R%, and let N > 0 be an integer. We define
C(P,N) as

1
C(P.N) =+ > S(PM).
Me[o,N—1]d

Notice that S(P, M) plays the role of the partial sums, while C(P, N) plays the role of
the Cesaro means of the formal series (2.3).

Let us now introduce the two most important kernels in the theory of Fourier series.
Definition 2.4 Let My, ..., My > 0 be integers, and let M = (M, ..., My). We define

the Dirichlet kernel Dy : R* — R as

My My
DM(xlaal‘d) e Z Z e27ri(m1:cl+.,-+mdmd) (ﬂfl,...,md c R)

m1:—M1 md:—Md

Definition 2.5 Let N > 0 be an integer. We define the Fejér kernel Fx : R — R as
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FN(x)zﬁ Y Dula) (xeRd).

Me[0,N-1]¢
These kernels are best known in the case d = 1. Although there might be several
natural ways to generalize them to higher dimensions, the definitions chosen above are
going to be very easy to work with. Notice for example, that both these kernels can

easily be factored into one dimensional kernels of the same type:

Dony,.pag) (@15, a) = Dary (21) - Dy (2a),

En(x1,.. . 2q) = Fy(x1) - - - Fn(2q). (2.5)

The most important properties of the kernels are listed in the following proposition.
Proposition 2.1 Let My, ..., Mg > 0 be integers, and M = (My,...,My). Let N >0

be an integer.

(i) Dar and Fn are periodic in each coordinate with period 1.

(ii) Dps and Fy are even functions.
Dy(z)dx =1 and/ Fy(z)dz =1.

(ﬁi) /[— ) [-33]"

(iv) Fy(z) >0 for every x € R,

SIS
SIS

)

Proof:
(i)-(iii) Trivial.
(iv) Using the observation (2.5), we can reduce the claim to the special case of d = 1.

The claim is well known in d = 1, see e.g. section 1.4.3 in [19].

O

It is a basic fact in the theory of Fourier series, that the Dirichlet kernel is associated
with the partial sums, while the Fejér kernel is associated with the Cesaro means of

a Fourier series. We shall use the kernels to study the partial sums S(P, M) and
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the Cesaro means C'(P, N). The relationship between them is stated in the following
proposition.

Proposition 2.2 Let P be a polytope in R%, let My,..., Mg > 0 be integers, and let
M = (My,...,My). Let N > 0 be an integer, and let L € R be arbitrary. Define the

function f:R* - R as

f(z) = ZXP(”+$) (xeRd>.

nezZd

(i) S(P.M)— L= / o 1) = D) Do)

(i) C(P,N)— L = / (f(z) — L) Fx(z) dz

[-3.3]°

The proof of Proposition 2.2 is trivial and can be found in any introductory textbook

|
N[
N[

on Fourier analysis, e.g. in [19], therefore will be omitted. Notice that in the definition
of f(x) in terms of an infinite series only finitely many terms are nonzero, hence we do
not encounter any convergence issues.

An important property of the Fejér kernel is that the main contribution of its integral
on [—%, %]d comes from a small neighborhood of the origin. We can turn this into a
quantitative statement as follows.
Proposition 2.3 Let d > 1 be an integer. For every integer N > 0 and every 0 < h < %

we have

OS/ FN(x)dxgad-miN.

(=53]l ™ hN

Even though this proposition is probably well-known, we shall give a proof for the sake
of completeness.

Proof: Using Proposition 2.1 (iii) and (iv), we know that the integral is in the interval

[0,1]. Therefore we may assume, that

2d 1+log N

1. 2.
T hN (2.6)

We will first focus on the case d = 1. Fix an integer M > 0, and consider
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h h M '
/ Dy(z)dx = / Z 2 g,
—h “hm——M

Since the contribution of the m = 0 term is 2h, we get

h M 627r7im:1: h M 627rimh _ e—27rimh
/hDM(x)dx:2h+ > [mm} =2h+ > i =
- m=—M —h m=—M
m#0 m#0
M M
sin(27wmh) sin(2wmh)
2h ————= =2h+2 _ 2.7
2 v (2.7

m#0

In the last step we used the fact, that the terms indexed by m and —m in the sum are

equal.

We can identify this last sum as the partial sum of a classical Fourier series. Recall

that the series

is convergent for any real number x, and its sum is % — {z} for every x € R\Z. Since

0 < h < i, we can rewrite (2.7) as

h 0o . - '
/ DM(ﬂc)dm:2h+QZM_2 Z M:

m m™m
m=1 m=M+1

mw™m mwm
m=M+1 m=M-+1

42 (; B {h}) Ly i sin(27rmh) 19 i Sin(27rmh)' (2.8)

We will apply summation by parts on the last series in (2.8). To this end, let

cos(mh) — cos((2n + 1)mh)

an = Z sin(2wkh) = 3 sin(nh)

k=1

Notice that we have

R
lonl < TR

2

for every m. Since sinz is concave on [0, g], we have that sinz > Zx on the same

interval, where %x is the chord connecting the endpoints of the graph of sinx. We have

wh € [0, %], therefore sin(mwh) > %Wh, which yields
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1
= 2h

lan| <

for every n. To apply summation by parts, fix an integer 7' > M + 1 and consider

T . T
sin(2wmh 1
§ ( ) = E (@m — am-1) =
™m m
N T-1 < 1 )+ 1 ;
—OM am — ar——=| <
(M +1) T ~ow(m+1) T
T-1
1 1 1
vl 2 (5~ ) * ol

1 1 = 1 1 1
e R Ml e P
2th(M +1)  2h a7 \mm m(m+1) 2nhT

1 1 1 1 1 1
orh(M +1) | 2h <7r(M +1) 7rT) T omhT T wR(M 1)
Taking the limit, as T' — oo, we get

1
~mh(M+1)

. sin(2rmh
3 ( )

m™m

m=M+1

Using this estimate in (2.8) we get

h
2
D >1l— —F 7.
/_h m(r)de 2 wh(M +1)

Let us now take the average of this inequality over all integral values of M in [0, N — 1]

to obtain

h N—-1
2 1 1 2(1 + log N)
Fy(r)de >1— = . — > 2Lt oelN) 2.
/h n(z)de h NMX_:OMJrl_ ThN (2:9)

Using the factorization (2.5) together with Fubini’s theorem, it is easy to express the

integral of the d dimensional Fejér kernel on the cube [—h, h]?
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/[_h,h]d Fy () dz = ( /_ ’; Fy(2) dx>d

The assumption (2.6) implies that the right hand side of (2.9) is positive, therefore we

can raise (2.9) to the dth power to get

2(1“0%]\7))(1. (2.10)

F de>(1-
/[—h,h]d N(:E) l‘_< 7ThN

Let us consider the general inequality (1 —z)¢ > 1 —dz, which holds for every x € [0, 1].
Indeed, the function (1 — 2)? is convex on [0, 1], and 1 — dz is its tangent line at the
point z = 0. The assumption (2.6) implies, that we can apply this general inequality

1+log N)

with & = 20HEN) iy (9.11) to get

2d 1+ logN
F dz>1— —  ————.
/[\—h,h]d N(x) r= m h,N

Finally, using Proposition 2.1 (iii):

/ FN(x)dxg%-M.
(=5 31\ TN

2.3 Poisson summation formula with explicit error term

Given a polytope P and a magnifying factor ¢ > 1, we want to use the Cesaro means
C(tP,N) defined in Definition 2.3 to approximate the number of lattice points in ¢P.
The main results of this chapter are explicit error bounds for this approximation, which
hold for different classes of polytopes: see Theorem 2.5 and Theorem 2.7. We will only
consider polytopes the vertices of which have algebraic coordinates.

A crucial step in the proofs will be to estimate the number of lattice points which
are close to the boundary of tP. The intuitive reason why this quantity is of interest
is quite simple. By changing the values of the function x:p in a small neighborhood
of the boundary, we can turn it into an arbitrarily many times differentiable function

with a compact support, which therefore will satisfy the Poisson summation formula.
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The error we make by replacing x;p by this new function on the left hand side of (2.1)
is at most the number of lattice points in a small neighborhood of the boundary. Even
though we will not formally introduce this new, arbitrarily many times differentiable
function in the proofs, the intuitive reasoning above clearly motivates the study of the
lattice points close to the boundary.

To study the lattice points close to the boundary of our polytope, we will need
certain facts from the theory of simultaneous Diophantine approximation. Let us recall
two important and deep theorems from that field. Here and from now on |[[z| will
denote the distance of the real number x from the nearest integer.

Theorem 2.3 (Schmidt, [21]) Let aq,...,aq be real algebraic numbers, such that

1, a1,...,aq are linearly independent over Q. Then for every € > 0, the inequality
< 1
Imaa] - mal < —

has finitely many integral solutions m € N.

Theorem 2.4 (Schmidt, [21]) Let aq,...,aq be real algebraic numbers, such that

1,a1,...,aq are linearly independent over Q. Then for every € > 0, the inequality
1
Hmlal + -+ mdadH S |’rn’7d+€
has finitely many integral solutions m = (my1,...,my) € Z°.

The proof of these theorems is quite long and complicated. It is possible, however, to
show their equivalence using a much simpler technique, called Khintchine’s transference
principle (section V.3 Theorem IV in [4]). Because of this reason Theorems 2.3 and 2.4
are sometimes called dual versions of each other. An important observation to make
about these results is that they provide no upper bound to the absolute value of the
solutions, which phenomenon is called ineffectiveness. Also note that Theorem 2.4 is
most commonly stated with the maximum norm of m on the right hand side, instead
of the Euclidean norm |m| used here. Since every two norms on R? are equivalent, it
does not matter which norm we use.

We are ready to formulate and prove the first Poisson summation formula with

explicit error term.
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Theorem 2.5 Let 2 < k < d be integers, and let P be a polytope in R®. Suppose that
every hyperface of P has a normal vector v = (v1,...,vq), such that vy,...,vq are all
algebraic and span a vector space of dimension at least k over Q. Then for everyt > 1,

every € > 0 and every integer N > 1 we have

log N
C(tP,N) — ’tP N Zd‘ —0 (td_k 4 gd-lte, ) Ozgv) ,

where C(tP,N) is as in Definition 2.3. The implied constant depends only on P and
g, and is ineffective.

Notice that an error term of t4~* is basically inevitable. Indeed, if the coordinates
of a normal vector v span a vector space of dimension k over QQ, then there exist d — k
linearly independent rational vectors orthogonal to v. Thus if ¢ > 1 is such that ¢P has
at least one lattice point on the given hyperface, then it also contains every lattice point
from a d — k dimensional sublattice within a d — 1 dimensional ball of radius constant
times t. In other words ‘tP N Zd‘ as a function of the real variable ¢ has jumps of size
constant times t?~%. If we are to approximate this with a continuous function of ¢, an
error of t¥* is inevitable.

Intuitively, k£ can be thought of as a measure of how irrational the polytope P is.
The case k = d means that the coordinates vy, ...,vq of the normal vector are linearly
independent over Q. In this case the first error term is simply O(1), as there can be at
most one lattice point on every hyperface.

Proof of Theorem 2.5: We start by proving a lemma which will help bound the
number of lattice points close to the boundary of the polytope tP.

Lemma 2.6 Let 2 < k < d be integers, R > 1 and a > 0. Consider a closed ball B
in R? of radius R, and two parallel affine hyperplanes at distance a from each other.
Suppose the normal vector of the affine hyperplanes has algebraic coordinates which span
a vector space of dimension k over Q. Then for every e > 0 the number of lattice points
in B which fall between the two affine hyperplanes is at most O (Rd_k + aRd_Ha). The
implied constant depends only on the normal vector and e, and is ineffective.

Proof of Lemma 2.6: Let v = (vy,...,v4) denote the common normal vector of the

affine hyperplanes. We may assume that vy = 1. Indeed, v has a nonzero coordinate, so
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we can first assume vg # 0. Multiplying by a nonzero real number is a linear bijection

from R to R as a vector space over Q, and linear bijections preserve the dimension of a

span. Therefore the numbers 71, ..., 2ot
dimension k over Q. From now on we assume vy = 1. Then the equations of the affine
hyperplanes are of the form <ﬁ, :U> b and <‘ ik > = b + a for some real number b,

and the region we are interested in is

a-{oepins(La)<ira).

Extend the linearly independent set {1} into a basis of the vector space spanned by
{vi,...,v4-1,1} over Q. Let {aq,...,ar_1,a} be the basis obtained, where oy = 1.
Since every element of the vector space is algebraic, so are ayq,...,ar_1. Therefore we
may apply Theorem 2.4 on the numbers ay,...,ar_1. Theorem 2.4 implies that there

exists a constant K > 0 depending only on € > 0 and aq,...,a,_1 such that

K

T (2.11)

lmicy + - +mp_10g_1]| >

for every m € Z¥~1\{0}. Note that the ineffectiveness of Theorem 2.4 means that we
cannot find an explicit value for K.

Since {aq,...,ar_1,a1} is a basis over QQ, we can express v1,...,vq in the form

k
vi =y Aijay
j=1

for some rational coefficients A; ; € Q. Let @) > 0 be an integer for which QA; ; € Z for
every 4,7. Consider the map g : ANZ? — R defined as g(n) = <ﬁ,n> We will first
bound the size of the range of g. To this end, let n,n’ € AN Z? be lattice points such
that g(n) # g(n’). Then we have

l9(n) — g()| = ‘<n - n||>‘ 1
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Using the facts that QA; ; € Z and that aj = 1, we have that the j = k term is an

integer. Therefore

k—1 d
}9(”) - 9(”’)‘ Z —ny)QA; ja
7=11i=1
By letting
d
mj = z(nz —n;) QA
i=1
we obtain an integral vector m = (mq,...,mg_1) € ZF=1. Suppose first that m # 0.

Then (2.11) implies that

, K
lg(n) —g(n)| > ol ;mj%‘ > Olol[m[F-17e"

Since m is a linear function of n — n/, we have |m| = O(|n — n/|). Since n,n’ are both

in the ball B of radius R, we have |n —n/| < 2R. Thus we got

9t0) ~ 900 = 2 (g ). (2.12)

if the vector m # 0. If m = 0 then |g(n) — g(n')| is the absolute value of an integer.
Since we assumed g(n) # g(n’), and since R > 1, we get (2.12) in the case m = 0 as
well. From the definitions of A and g we can see that the range ¢ (A N Zd) is a subset
of the interval [b,b + a], which has length a. On the other hand (2.12) shows that the
points of the range g (A N Zd) have a minimum distance of €2 (W) Therefore the

size of the range is at most

( g <A N Zd) ‘ ~0 ([aRk—Hﬂ) . (2.13)

The geometric meaning of (2.12) is the following. If we draw an affine hyperplane
through every lattice point in A parallel to the ones given in the statement of the lemma,
then these hyperplanes cannot be too close to each other. To bound the number of
lattice points in A, we now have to study how many lattice points there can be on a

particular member of this family of parallel hyperplanes.
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Consider an affine hyperplane H perpendicular to v, which contains a lattice point
n € ANZ?. Then for any other lattice point n’ € HNZ? on H we have (n —n’,v) = 0.
Thus the set H N Z? is contained in a rational affine subspace orthogonal to v. Since
the coordinates of v span a vector space of dimension k over @, this rational affine
subspace has dimension d — k. It is easy to see that the number of lattice points in
a given rational affine subspace of dimension d — k which lie in a closed ball of radius
R >1is O (R**). Therefore |[HNANZY = O (R¥7F).

In terms of the function g : ANZ¢ — R we have thus proved, that its range has size
O ([aRk*HED, and that every value in its range is attained at most O (Rd*k) times.

Therefore the size of its domain satisfies
‘A N Zd‘ 0 ([aR’f—Hﬂ - Rd"“> .

Using [aRF~17¢] < aR*~1%¢ 1 1 finishes the proof of Lemma 2.6.
We are now ready to prove the theorem. Let us fix real numbers ¢ > 0, ¢ > 1 and

0<h< %, and an integer N > 1. Let us introduce the function f : R? — R,

f@)=Y_ xip(n+x) (:z € Rd> :

n€ezd

Since tP is bounded, the series defining f has finitely many nonzero terms, therefore

we do not encounter any convergence issues. Note that f is periodic in each coordinate

with period one, and that f(x) is the number of lattice points in the translated polytope

tP — x. We can apply Proposition 2.2 (ii) on the polytope tP and L = ‘tP N Zd‘ to
obtain

C(tP,N) — ‘tPﬂZd’ :/[ '

—23

where C(tP, N) is as in Definition 2.3 and Fy(x) is as in Definition 2.5. Let us con-

) (f(x) - ‘tPﬂZdD Fy(z) da,

(NI

sider the integral on [—h, h]* and on -1, %]d\ [—h, h]? separately, and use the triangle

inequality together with the fact that Fiy(x) > 0 from Proposition 2.1 (iv) to obtain

‘C(tP, N) — ‘thZdH < /
[—h,h]*

Fla) - ‘tPﬂZdH Fy(z) dat
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Fla) — ‘tP N zd‘ ] Fy(z) da. (2.14)

/[—;7;]d\[—hvh1d

To get an upper bound for the first integral, rewrite the first factor as

@) = Pz = |32 (ar(n+2) = xap(n)]-

nezd

We are only interested in this quantity in the case z € [—h, h]?, which implies |z| < v/dh.
Note that if n € Z? is a lattice point such that its distance from the boundary of tP
satisfies dist(n, d(tP)) > v/dh, then x;p(n + x) — x;p(n) = 0. Indeed, since |z| < V/dh,
the distance of n and n+x is at most v/dh, therefore either both n and n+z, or neither

n nor n + x belong to tP. Hence

jf(x) - (tP N ZdH < ({n e 74 - dist(n, d(tP)) < ﬂh}‘ (2.15)

for every x € [—h,h]%. Consider a closed ball B of radius R(P) which covers P,
and a hyperface H of P. Let By denote the intersection of B and the affine hyper-
plane containing H. Since the hyperfaces cover the boundary of a polytope, we have
OP C |Jy Bp, where the union is taken over all hyperfaces H of P. Applying the

magnifying factor ¢ we get d(tP) C |J tBu, therefore

{y e RY : dist(y, J(tP)) < \/&h} < {y e RY : dist(y, tBy) < x/&h} . (2.16)
H

where the union is taken over all hyperfaces H of P. To cover a particular mem-
ber of this union, first increase the radius of tB by v/dh, then intersect the obtained
ball by two affine hyperplanes parallel to H, both at distance v/dh from H. Thus
({n e 7% : dist(n, tBy) < \/&h}
ball of radius R = tR(P) + v/dh = O(t) which lie between two parallel affine hyper-

is at most the number of lattice points in a closed

planes at distance a = 2v/dh = O(h) from each other. Moreover, the normal vector
of the affine hyperplanes can be chosen to be the same as the normal vector of the
hyperface H. Since the coordinates of the normal vector of H are algebraic and span a

vector space of dimension kg > k over Q, Lemma 2.6 implies that
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H” € 2% dist(n, tBy) < ﬁh}‘ =0 (Rd‘kH + aRd‘”a) = O(t47F 4 prd-1te).
Since there is a constant number of hyperfaces, we obtain
‘f(x) - ‘tP N ZdH < Hn e 24 : dist(n, (tP)) < \/&h}’ -0 (td—k + htd—1+e>

uniformly in x € [~h, h]?. Using Proposition 2.1 (iii)-(iv), the first integral in (2.14)

can be bounded by

fla) - ‘tP N de Fy(z)de <

~/[h,h}d

Fy(z)dz = O (td_k + htd—1+f) . @217

fla) — ‘tPﬂZdH /

[_%’%]d

sup
x€[—h,h]d

To bound the second integral in (2.14) rewrite the first factor as
‘f(x) - ‘tPﬂZdH - H(tP—a;) mzd) - ‘tPﬂZdH.
Since A(tP — x) = A(tP), we can use the triangle inequality to get
‘f(x) - ‘tPﬂZdH < H(tP ~ ) mzd‘ CA(tP - :p)‘ n HtPﬁZd‘ - )\(tP)‘ .

Now we apply the trivial discrepancy bound from Proposition 1.1 on the polytopes
tP — x and tP. The upper bound we get is a polynomial in ¢ of degree d — 1, therefore

we have
‘f(a:) - ‘tP mZdH =0 <td_1) .

Using the fact that Fy(x) > 0 from Proposition 2.1 (iv) and Proposition 2.3 we can

find an upper bound to the second integral in (2.14).

/[— ]“\[~h, ]

11
23
Using (2.17) and (2.18) in (2.14) we obtain

flz) - ‘tP N Zd‘ ) Fy(z)de =0 (td—lk’hgj\]fv) . (2.18)
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log N
C(tP,N) — ’tP N Zd‘ -0 (tdk + hedte tdfl%gN ) .

Since 0 < h < % was arbitrary, choosing h = % to make the second and the third

error term have similar orders of magnitude finishes the proof of Theorem 2.5.
O

We noted in Theorem 2.5 that the implied constant in the error term is ineffective.
This means that even though we were able to prove the existence of an implied constant
which depends only on P and ¢, the proof does not provide a way to actually find such a
constant. The reason for this is that we used Theorem 2.4 of Schmidt on simultaneous
Diophantine approximation, which is ineffective. Our last goal of the chapter is to find
an effective version of Theorem 2.5 for a special class of polytopes.

Notice that in the proof of Theorem 2.5 we encountered a simultaneous Diophantine
approximation problem with k — 1 irrational numbers, where k is as in the statement
of the theorem. Since the only effective methods of Diophantine approximation are
about the approximation of a single irrational number, the best we can hope for is to
find an effective version of Theorem 2.5 in the special case, when k = 2. In this case
every hyperface H of the polytope has a normal vector the coordinates of which are
linear combinations of 1 and a single irrational number ay with rational coefficients.
Unfortunately the only class of algebraic numbers for which simple effective methods
are known in the theory of Diophantine approximation is the quadratic irrationals.
Therefore we shall assume that the normal vectors of our polytope have coordinates in
a real quadratic field.

Since we are in the case k = 2 of Theorem 2.5, an error of O (td*2) will be inevitable.
This error is quite large, very close to the trivial discrepancy bound O (td_l) of Corollary
1.2. Nevertheless there might still be natural lattice point counting problems where an
error of O (td*Q) is acceptable. For example, we might want to see if a certain polytope
satisfies the conjecture of Miiller in [17] about the discrepancy of smooth convex bodies

being O (td_2+5) for d = 3,4, and O (td_2) for d > 5.
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The following theorem is thus an effective version of Theorem 2.5 for a special class
of polytopes.
Theorem 2.7 Let d > 2, and let P be a polytope in R®. Suppose that every hyperface
H of P has a normal vector of the form py + /Dyuqu, where Dy > 1 is a square-free
integer, and pg,quy € Z* are linearly independent over Q. Then for every t > 1 and

every integer N > 0 we have

cp.) - |rprzi]| < o 4 pri L Re N,

with

C =4"2H(P)R(P)*?,

D = d6%\/w(d — 1)H(P)R(P)d_1\/H(1P) > (lpm + \/EIqH\)2~

H

Here C(tP,N) is as in Definition 2.3, w(d — 1) is the Lebesque measure of the d — 1

dimensional unit ball, H(P) is the number of hyperfaces of P, R(P) > Vd is the radius

of a closed ball which covers P, and the summation is over all hyperfaces H of P.
The actual form of the constants C' and D is basically irrelevant. The only reason

formulas for them are provided is to emphasize that they are effectively computable.

Our goal was not to find the best possible constant factors, but rather to find easily

computable and simple looking ones. Note that using the well-known explicit formula

[NJisH

w(d) = (2.19)

T
r(1+4)’
we have that the factor d62 v/w(d — 1) has limit zero, as d — oo. The quantities H(P)
and R(P) are simple geometric quantities associated with P, which are invariant under
isometries. Note that the assumption R(P) > v/d is not very restrictive. The radius of
the circumscribed sphere of the unit cube [0, 1]d is as large as @, and most polytopes
of interest will probably have an R(P) value larger than that. Since the theorem does
not require us to choose the smallest possible covering ball, even in the case when P

could be covered by a smaller ball, we can choose an R(P) value larger than v/d.
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The quantity

\/H<1P>Z (1ps + VD lan)” (220)

H

is more complicated, however. It is the quadratic mean of values associated with the
hyperfaces, which intuitively measure how irrational the hyperfaces are. Clearly (2.20)
is not invariant under isometries. By rotating P we might even lose the property that
the hyperfaces have normal vectors with quadratic irrational coordinates.

Proof of Theorem 2.7: We start by formulating and proving an analogue of Lemma
2.6.

Lemma 2.8 Let d > 2 be an integer, R > 1 and a > 0. Consider a closed ball B in R?
of radius R, and two parallel affine hyperplanes at distance a from each other. Suppose
the normal vector of the affine hyperplanes is of the form p +/Dq, where D > 1 is a
square-free integer, and p,q € Z¢ are linearly independent over Q. Then the number of

lattice points in B which fall between the two affine hyperplanes is at most
2
(2R+1)2 + (!p| + \/5|qy> a(2R +1)%71

Proof of Lemma 2.8: The affine hyperplanes have equations of the form

<p+\/5q >
77"1: :b7
‘p+\/5q

D
<M,x>:b+a
‘p+@q‘

for some real number b. The region we are interested in is therefore

A= xEB:b§<p+\/5q,x>§b+a
‘]H-\/Eq

Consider the map g: ANZ% — R defined as

g(n) = <p—|—\/5q n>
‘p+\/5q ’
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We start by bounding the size of the range of g. To this end, let n,n’ € ANZ% be two

lattice points such that g(n) # g(n’). Then we have

lg(n) — g(n')| = n—n')+vD{gn—n") .

v ’<p
‘p + \/ﬁq‘
Here both (p,n —n') and (¢,n —n’) are integers. Estimating |g(n) — g(n’)| is thus
equivalent to the classical problem of approximating the quadratic irrational v/D by
rational numbers. We proceed with the standard trick of multiplying by the conjugate
to get

1 ‘pan_n _D<Q7n_n/>2

lg(n) — g(n')| =

‘p+\ﬁq‘ ‘p,n*n VD {q,n—n’)

Since we assumed g(n) # g(n'), the numerator of the second factor is the absolute value
of a nonzero integer, therefore it is at least 1. Using the triangle inequality and the

Cauchy—Schwarz inequality we obtain

lg(n) — g(n)| > ! .
(1ol + vDlal) I

Finally, since n,n’ are in a ball of radius R, we have |[n — n/| < 2R, and hence

lg(n) — g(n)]| > —
(Ipl + VDlal) 2R

We can see from the definition of A and g, that the range g (A N Zd) is a subset of

(2.21)

the interval [b,b + a] of length a. The inequality (2.21) provides a minimum distance

between the points of the range. Therefore the size of the range satisfies

)g (AmZd>’ < (yp| +\/5|q]>22Ra—|—1. (2.22)

Following the same steps as in the proof of Lemma 2.6, we now have to study how
many times g can attain a given value. Let ¢ € ¢ (A N Zd) be an arbitrary element
of the range, and consider its set of preimages g~1(c). For any n,n’ € g~!(c) we have

g(n) —g(n’) = 0 and therefore
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{(p,n—n') +VD{g,n—n") =0. (2.23)

Here (p,n —n') and (¢,n — n') are integers, and D > 1 is square-free. Therefore (2.23)
can only be satisfied, if both (p,n—n') = 0 and (¢,n —n') = 0. Thus n —n’ is
orthogonal to two integral vectors, which are linearly independent over Q. This means,
that there exists a rational affine subspace V of dimension d — 2 such that g='(¢) C V.
Let us identify V with R?~2 via an Euclidean isometry. Consider a d — 2 dimensional
open ball B,, within V around each point n € g~'(c) of radius % The set g~ (c) contains
only lattice points, therefore their distance from each other is at least 1, making the
balls B, disjoint. The set V N B is a d — 2 dimensional ball of radius at most R. By
increasing the radius of V' N B by %, we can ensure that it will cover B,, for every

n € g~!(c). Comparing the d — 2 dimensional Lebesgue measure of

U

neg=1(c)

and V N B with its radius increased, we obtain

elea-2(3) <wa-n(red)

lg7(c)| < 2R+ 1)"2. (2.24)

The estimates (2.22) and (2.24) together prove that the domain A N Z? of the map g

satisfies
2
‘A N Zd‘ < <<|p| + \/D|q|) 2Ra + 1> (2R +1)2,

We can simply use 2R < 2R + 1 to finish the proof of Lemma 2.8.
We are now ready to prove the theorem. Fix real numberst > 1, 0 < h < %, and

an integer N > 0. Let us introduce the function f : R? — R,

fl@)=> xer(n+uz) (ac € Rd> :

nezd
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We can apply Proposition 2.2 (ii) on the polytope tP and L = ‘tP N Zd}. Similarly to

the proof of Theorem 2.5, we have

‘C(tP, N) — ‘thZdH < /

[_h‘vh]d
/[;,5]d\[h,h1d

where C(tP, N) is as in Definition 2.3 and Fi(z) is as in Definition 2.5.

Fla) - ‘thZdH Fy(z) dat

fla) - ‘tP N zd\ ‘ Fy(z)d, (2.25)

We first find an upper bound for the first integral in (2.25). Consider a closed ball
B in R? of radius R(P) > v/d which covers P. For every hyperface H of P, let By
denote the intersection of B and the affine hyperplane containing H. Recall (2.15) and

(2.16) from the proof of Theorem 2.5. Thus we get
‘f(:v) - ‘tPﬂZdH <y Hn € 72 : dist (n, ¢By) < \/Eh}‘
H
for every x € [—h, h]?. Also recall, that the region

{y e RY: dist(y, tBy) < \/Zzh}

can be covered by the region within a ball of radius R = tR(P)++/dh which lies between
two affine hyperplanes parallel to H at distance a = 2v/dh from each other. For this R

value we have
2R +1=2R(P)t +2Vdh +1 < 4R(P)t,

where we used R(P) > V/d, t>1and 0 < h < % Lemma 2.8 thus implies, that

Hn e 74 : dist (n, tBy) < \/cjh}‘ <

2
492 R(P)d—24d-2 | (|pH| + \/DH|qH|) 2V dhAdL R(P)T1pdL,
Summing this inequality over every hyperface H of P we get

‘f(x) - ‘thZdH <
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42 H(P)R(P)* 2972 4 2V/d4? ' R(P)4! (Z (|pH| + \/Elqu) htd!
H

for every z € [—h, h]%. In order to make our formulas shorter and easier to read, let us

define the constants
C =492H(P)R(P)42

as in the statement of the theorem, and

A = 24t R(P)! (Z (1pul + @rqu) . (2.26)
H

With this notation we have
‘f(:z:) - ’tP N ZdH < Ct7? 4 An?!

for every @ € [—h, h]?. From this inequality we obtain that the first integral in (2.25)

satisfies

Fw) =[P 24| Ex(a)de < Crt2 4 A, (2.27)

/[_hvh]d

We can bound the second integral in (2.25) in exactly the same way as in the proof

of Theorem 2.5. We have

‘f(x)— )thZdH - H(tP—:c)ﬂZd‘ - ‘tPﬂZdH <

H(tP—:c)ﬂZd‘ —A(tPfa:)‘ + HtPﬂZd‘ —A(tP)‘.

Applying the trivial discrepancy bound from Proposition 1.1 with H(tP—x) = H(tP) =
H(P) and R(tP — z) = R(tP) = tR(P) we get

‘f(a:) - ‘tP N ZdH < 2H(P)w(d — 1)Vd (tR(P) + ?)d_l

for every = € [—%, %]d. Using the fact that the main contribution of the integral of the

Fejér kernel Fiy(z) on [—%, %}d comes from a small neighborhood of the origin from

Proposition 2.3, we can bound the second integral in (2.25) as follows:
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‘tPﬂZdH Fy(z)dz <

f(x) -
/[;,;]d\[h,hld @
d—1
\/&> 2d 1+logN
5 . R

2H (P)w(d — 1)Vd (tR(P) + 5 - hN

Let us use the estimate tR(P) + @ < 3tR(P), which can easily be seen from ¢ > 1 and

R(P) > /d. By introducing the constant

B=tdbw—1) <3>d_1 H(P)R(P)*, (2.28)

the bound simplifies to

1+logN
/ fla) - ’tP n ZdH Fu(z)de < B 08 ya-1 (2.29)
IR hN
Using the estimates (2.27) and (2.29) in (2.25), we get
1+logN
}C(tp, N)— ‘tP N ZdH <Ot 4 Amt 4 B;Fh;g -1 (2.30)

The last step is to choose an optimal value for 0 < h < % To make the second and

third error terms equal, we have to choose

b /E 1+10gN
A

We have to check, however, that this choice for h is indeed less, than % We can prove
this fact as follows. First, elementary calculations give, that for every integer N > 0

we have %

< 1. Thus it is enough to see that % < i. From the definitions of the

constants A and B from (2.26) and (2.28) we can simplify their ratio as

2w(d — 1)d34" " 1
d—1
8 H(p EH (|pH| +vD |CIH‘)

5_
~ =

For every hyperface H we have |pg| > 1 and |qg| > 1, since py and gy are nonzero

integral vectors. Therefore
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2 2
(’pH|+\/DH|QH|) > <1+\/§> >4
Taking the average of this estimate over all hyperfaces H yields

1 1
: 3 <
iy on (Pel+ VDH lan)

Therefore it is enough to prove that

2w(d — 1)d3%1
r8d—1

aqg = <1

for every d > 2. We can see this fact in two steps. First, direct evaluation gives as < 1

and ag < 1. Second, consider the ratio

agra  w(d+1) d+2 (3)2

aq  wd—1) d 8
Using the explicit formula (2.19) and the functional equation of the Gamma function,

we can simplify this as

agr2  T(A+9%Y) d+2 3\ 1 d+2 (3\° 181 d+2
- ket At
aq I(1+ %)

8 *ﬂ1+@ d 8) ~ 64 d(d+1)

Since 18—” < 1 and d&fi) < 1 for every d > 2, we obtain ai—“ < 1. The facts az < 1,
az < 1 and agie < ag clearly imply that ag < 1 for every d > 2.
We thus proved that the choice

B 1+logN

"ENAETTN

indeed satisfies 0 < h < 3. This choice in (2.30) gives

1+ log Ntd—l

‘C(tP,N)—’tPﬁZdH < 142 4 VAB. N

Finally, use the definitions of A and B from (2.26) and (2.28) to simplify vV AB as

VAB = Sw(d - 1)6d1dH(P)R(P)d_1\/H(1P) ; (IpHI + @Iqu)z-

To get the constant D as in the statement of the theorem, simply use the estimate

(/2691 < 62.
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Chapter 3

Lattice point counting problems in high dimension

3.1 The Fourier transform of the characteristic function of a simplex

Let us return to the main problem we study. Given a polytope P in R? and a magnifying
factor t > 1, we want to estimate the number of lattice points in ¢tP. In chapter 2 we

saw that the Cesaro means of the formal series

> Xup(m)

mezZd

approximate ‘tP N Zd‘. To actually carry out this approximation, we need to compute
the Fourier transform x¢p.

As noted before, the Fourier transform is additive in the polytope P. Indeed, if we
cut a polytope P with an affine hyperplane into two polytopes P, and P», then we have
XP = Xp, +Xp, almost everywhere, and therefore xp = xp, +Xp,. Since every polytope
can be decomposed into simplices, it will be enough to compute the Fourier transform
of the characteristic function of a simplex. The result is stated in the following theorem.
Theorem 3.1 Let S be a simplex in R? with vertices vy, ...,v4.1, and let t > 0 and

y € R? be arbitrary. Then for any R > maxy |(y, v)| we have

) - (—17)dd‘ 6727rizt ;
Xes(y) = (2m-)d+1)‘(s) =g (2= (Y1) - (2 = (Y, vas1)) 4

In the theorem above the integral is a complex line integral. FEven though the
notation |z| = R is slightly ambiguous, it is often used in the literature. It means that
we integrate along the positively oriented circle centered at the origin, with radius R.
The condition R > maxy |(y, vx)| means that every singularity (y,vy) of the integrand

is inside the circle.
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Note that the magnifying factor ¢ shows up only in the exponential function. This
means that the theorem is basically some kind of Fourier expansion of x.s(y) in the
variable t. The ”frequencies” in this Fourier expansion are the points of the circle
|z| = R, while the ”coefficients” of the expansion are expressed in terms of the vertices
of S, and y.

Even though the Fourier transform of the characteristic function of a simplex is
probably well-known, the representation given in Theorem 3.1 seems to be a new re-
sult. The main advantage of this representation, as opposed to other representations
computed directly from the definition of the Fourier transform, is that it holds for any
y € R4 Why is that important? Eventually we will want to evaluate ¥ at lattice
points y = m € Z¢ to find the Cesaro means. This means that we have to be able to
handle cases when several (y, vg) coincide. It is not completely trivial, but any formula
computed directly from the definition of the Fourier transform only holds when the val-
ues of (y,vy) are all distinct. For a special case of this phenomenon see the conditions
of Lemma 3.2 below. Even if we found a formula from the definition which holds for
any y for which (y,v) are all distinct, it is not at all trivial to take the limit of the
formula as y approaches a special value for which several (y,v;) coincide. Again, for a
special case we refer to the formula stated in Lemma 3.2. The significance of Theorem
3.1 is that it provides a comprehensive way of handling these special values of y. It
should be mentioned that neither in the proof, nor in the application of Theorem 3.1 are
deep facts from complex analysis used. Complex analysis, more specifically the residue
theorem will only be used as a technical way of carrying out computations.

Proof of Theorem 3.1: We start by computing the Fourier transform directly from
the definition in a very special case.

Lemma 3.2 Let Sy denote the simplex
50:{{L‘ERd11’1,...,IL‘dZO,SL‘1+---—|—$d§1},

and let t > 0. If y € R? is such that y, # 0 for every k, and y;, # y; for every k # j,

then
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Xtso(y) = (D1 e .
’ 2mi)? = e T (e — vj)

Proof of Lemma 3.2: We prove the lemma by induction on d. When d = 1 the
simplex Sp is simply the interval [0, 1], thus ¢Sy = [0,¢]. The Fourier transform of the

characteristic function by definition is

e—27rzy1t -1

t
~ _ —2miT1Y1 _
XtSo(y1) = / € dz, = -
= | i

for every y; # 0, which matches the general formula for d = 1. Note that the empty
product is 1 by definition.
Suppose now that the lemma is true for d — 1, and let us prove it for d. We can use

Fubini’s theorem to integrate over the set
tSy = {1‘GRd::El,...,l'dZO,l‘l—l—-"—{—ZL‘dSt}.

The last variable x4 runs in the interval [0,¢]. For a fixed value of x4 € [0,¢] the cross

section of 5y is
(tSO)md = {(m,...,:z:d,l) e R! X1y, Tg1 20,1+ -y < t—:cd},

which is the d — 1 dimensional version of Sy magnified by a factor of ¢t — z4. Since the

integrand factors as

—2mi(x,y) _ ,—2miTqyq ,—27i(T1y1++Ta—1Yd—1)
e =e e ,

we can use the inductive hypothesis to get

t

. —om —2mi AT 1Y

Xtso (Y) :/ e mxdyd/( | e~ 2mi@yitATaaya-1) duy L degy dag =
0 tSo

Td

t d d-1 —2miy (t—
/ 672m'xdyd ( (_1) l1—e Tkt na) dxd =
0

2mi) " = e [ a (ke — 95)

(-1 & 1 (6‘2mydt —1  e2mivat _ e_wykt)

(2mi) =t =y [T ena(We — v5) —27iyq —2mi(Yd — Yk)
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d—1 o d—1
(_1).d+1 1—e 2miyt N (_1)d+1 -1 ' (1 B e—27m'ydt) '
@ri)? =yl —ys) — @ri)d \ = va (e — vj)
To finish the proof of the lemma, we need to show
d—1 1 B 1
iy Jd Hj;ék(yk —Yj)  Yd Hj;éd(yd —y;)

To see this, consider the partial fraction decomposition

- : (3.1)

where the constant Ay, is

A = .
Iienayr —v5)

Substituting = = y,4 into (3.1) we get the identity
d—1
Hj;éd( ) 1 Hj;ék Yk — Yj)
Thus the proof of Lemma 3.2 is complete.
Now we prove the theorem. Let Sy be as in Lemma 3.2, let t > 0 and y € R? be
such that y # 0 for every k, and y, # y; for every k # j. We can identify the formula
we found in Lemma 3.2 as the sum of residues of a meromorphic function, enabling us

to rewrite the formula as the following complex line integral:

(_1)d+1 d 1 — e—2miyxt _ (_1)d+1 / 1 — g 2mizt "
@ri)d e[y —y;)  @mi)™ i —r2(z =) (2 —va)

where R > maxy |yr| so that every singularity of the integrand is inside the circle.
Indeed, first note that the conditions on y imply that the integrand has d + 1 distinct
isolated singularities. The singularity at z = 0 is removable, since the numerator has a
zero at that point. The singularity at z = y; is a simple pole, the residue of which is
exactly the kth term of the left hand side.

We claim that
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. _ (_1)d+1 1— 6727rizt .
solv) = (ot /w e —T (3.2)

holds for any ¢ > 0 and any y € R%, as long as R > max, |yx|. To see this, fix the value of
t, and fix an arbitrary positive constant 7. It is enough to prove (3.2) for |y| < r, because
r was arbitrary. The left hand side by definition is the parametric integral of a bounded
function over the bounded set ¢Sy, therefore Lebesgue’s dominated convergence theorem
implies that it is a continuous function of y. By fixing R > r it is easy to see that the
right hand side of (3.2) is also a continuous function of y on the open ball |y| < 7.
Lemma 3.2 implies that these two continuous functions are equal on a dense subset of
the open ball |y| < r, therefore they are equal everywhere on |y| < r.

Note that the contribution of 1 in the numerator of (3.2) is zero, i.e.

1
/z|:R 2(z—y1) (2 — ya) dz=0

provided that R > maxy |yg|. Indeed, the residue theorem implies that the value of this
integral does not depend on R, as long as R is large enough so that all the singularities
are within the circle. On the other hand, the trivial estimate implies that the integral

is O (ﬁ), making its limit zero, as R — co. We have thus proved, that

z—y1) (2 = va)
holds for all ¢ > 0 and all y € R?, if R > maxy, |yx|.

—1)4 e—2mizt
e i 33)

Now we generalize (3.3) to an arbitrary simplex. Let S be an arbitrary simplex in
R? with vertices vy,...,v411 € R?, as in the theorem. It is easy to see that S is the
image of Sy under an affine transformation of R?. Indeed, let M be the n x n matrix
the columns of which are the vectors vy — vg41,v2 — Vgi1, ..., V4 — V441, and let the
affine transformation g : R — RY be defined as g(z) = Mx +vg,1, where M denotes
the product of the matrix M and the column vector x as in linear algebra. Since the
vertices of Sy are the zero vector and the standard basis vectors in R?, it is easy to check
that g maps the vertices of Sy to the vertices of S. Affine transformations map convex
sets to convex sets, therefore we have g(Sp) = S. Clearly ¢'(x) = M, so applying the

integral transformation formula with the transformation g we get
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XS(Z/) _ /56271'1'(:0,34) do = /S 6727ri<M:L‘+vd+1,y) \det M‘ do =
0

e_Qm<Ud+17y> |detM| e—27ri(x,MTy> de — e—27ri<fud+17y> |det M| )ACSO (MTy), (3_4)
So

where M7 denotes the transpose of the matrix M. To introduce the magnifying factor
t, we can use the integral transformation formula again with the simpler transformation

x + tz. The Jacobian of this transformation is t¢ which gives us

Xis(y) = / . e~ 2milay) 4y — /S e 2Tl 4y = t9%(ty). (3.5)
t
Using (3.4) and (3.5) we can express the quantity we are interested in as
Xes(y) = e 2™ v n ) |det M| 75, (tMTy).

By applying (3.5) on Sy instead of S and M7y instead of y, we have t9yg, (tMTy) =
s, (MTy), thus

Xes(y) = e 2 art) | det M| Xy, (M y).

The factor |det M| has a clear geometric meaning. To express it in terms of S, substitute

y = 0 in (3.4) to get A\(S) = |det M| A(Sp). It is well-known that A(Sp) = %, thus

|det M| = dIA(S), which yields

Xes(y) = e 20 gIN(S) Ry, (M Ty).

We now want to use (3.3) to replace Yus,(MZTy). To do so, we need to find the
coordinates of its argument M7Ty. Recall that the columns of M are the vectors

V1 — Vg1, ,Uq — Vgs1. Therefore the coordinates of M7y are

<U1 - 'l)d+1,y>, <U2 - Ud+17y>7 RN <Ud - 'l)d+1,y>-

Thus we obtain
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(—1)dd! e—2mi(z+(vat1,y))t

$as() = e ) | e o v g)) = (o= varng))

where R > maxy [(vk — vg+1,Yy)|.- To obtain the final form, let us use the translation

h(z) = z — (vg41,y) as an integral transformation. Then h/(z) = 1, hence we get

. —l)dd! e—27rizt
tsw) = o \S) [ dz,
(2mi)dH v (2= (yv1)) -+ (2 = (Y, vas1))
where the path 7 is the circle |z] = R translated by (v4i1,y). It is easy to see that
every singularity (vg,y) is inside . The residue theorem implies that we can replace ~

by a circle centered at the origin, with a radius large enough so that every singularity

is inside it.

3.2 The polyhedral sphere problem

3.2.1 The main term

Consider the polytope

P:{xERd:M—F---—FMSl},

aj Qaq
where ay,...,aq > 0 are algebraic numbers. Notice that the map
x x
TR
aj Qaq

is a norm in R¢. Thus P is the unit ball, while its boundary, P, is the unit sphere with
respect to this norm. Since P is also a polyhedron, we call the problem of estimating the
number of lattice points in tP, as a function of the magnifying factor ¢, the polyhedral
sphere problem. Section 3.2 is devoted to studying this problem. We start by identifying
the main term of ‘tP N Zd‘.

Theorem 2.5 applies directly to our polytope, thus we can use the Cesaro means

C(tP,N) defined in Definition 2.3 to estimate ‘tP N Zd}. To actually carry out this
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approximation, we need to find the Fourier transform x:;p, and then the partial sums
S(tP, M) defined in Definition 2.2. Since P can easily be cut into simplices using affine
hyperplanes, we can use Theorem 3.1 to compute S(tP, M) as follows.

Proposition 3.2 Let ay,...,aq > 0, and consider the polytope

P:{xERd:M—F---—FMSl}.
aj Qaq

Let My, ..., Mg > 0 be integers and M = (M, ..., My). For any t > 0 we have

(—1)d2da1 RN P / e—2mizt
tP, M) = d
S( ) ) (27”')d+1 Z Z 2|=R Z oz — mlal) %

m1=—DM mg=—My (Z —deLd)

where R > maxy, Myay and S(tP, M) is as in Definition 2.2.
Proof: Let us cut P using the hyperplanes 1 = 0,...,24 = 0. We obtain the 2¢

simplices

o1 gq%
SU:{I‘ERdidll’lzo,...,O’d$dZO, 11—1—-~'—|— ddgl},
ai ad

where o € {1,—1}%. Then ¢P is also decomposed into ¢S, for o € {1, —1}%, therefore

Xep= Y s, (3.6)

oe{1,-1}¢

Let us consider the particular simplex S = S(; ;. 1). Using an integral transformation
in the definition of the Fourier transform, it is easy to see that x¢s_(y) = Xts(ys), where
Yo = (0191, ...,04yq). By evaluating (3.6) at lattice points (m,...,my) and summing
it over the integral points of the rectangle [—Mj, M1] x - -+ x [-My, My] we get

My

My
S(tP,M) = Z Z Z Xt$, (M, ..., mg) =

mi=—Mi  mg=—Mg4se{1,—-1}¢

My

My
Z Z Z f(ts(olml,...,admd),

oce{l,—1}¢mi=—M1  mg=—Mgy

Here every o € {1, —1}d yields the same inner sum, as the effect of o is simply a

reordering of the terms of the inner sum. Therefore we get S(tP, M) = 2¢S(tS, M).
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Now we can use Theorem 3.1 to express 2¢S(tS, M) as a complex line integral. The
Lebesgue measure of S is A\(S) = “5%4, while the vertices of S are the zero vector, and
aj, times the kth standard basis vector in R? for k = 1, ..., d. Substituting these values

into the formula given in Theorem 3.1 finishes the proof.
O

The formula we found for S(¢P, M) in Proposition 3.2 involves a complex line in-
tegral, which can be evaluated using the residue theorem. We will consider the contri-
bution of the residue at zero, and the contribution of all the other residues separately.
Note that in case of the terms indexed by lattice points (mj,...,mg4) which have one
or more zero coordinates, the pole of the integrand at zero has an order higher than 1.
Nevertheless it is possible to compute the sum of the residues at zero over all lattice
points (m1,...,mg) in the rectangle [—Mj, My] X ... x [—= My, My] up to an effective er-
ror term. This sum will serve as the main term of S(¢P, M). The contribution of all the
other residues will be considered a randomly fluctuating term. The rest of subsection
3.2.1 is devoted to computing and analyzing the main term.

Proposition 3.3 Let aq,...,aq > 0 be reals, and M, ..., My > 0 be integers. For any

t > 1 we have

M, Mgy —2mizt

(—1)%2%a; - ag B
(2mi)d Z Z Reso z(z — m1a1) a

mi1=—M mg=—My (Z o mdad)

(=11<j1<..<je<d i1+-+ig=a—k  %j aj,

2d dz 24q; - aq o Z Z Z —2¢(i1) _QC(il)+
— (2mi)d—FkE! ’“kz‘ i1 if

td—? td 2
19) . ,
<M1 +1 teet Mg+ 1>
where ¢ is the Riemann zeta function. The implied constant depends only on a1, ..., aq,
and is effective.

Proof: Let L denote the left hand side of the formula we are trying to prove. Let us

first find the term my; = ... = mg = 0. Then the function the residue of which we are
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interested in is simply % Using the Taylor expansion of the exponential function

around zero, we get the Laurent series

e~ izt 14 (=2mit)z 4 - + (_26+it)dzd + -

LA+l T d+1
. —2mit)?
Sd+1 ~d > :
Therefore the mp = ... =mg = 0 term of L is
(—1)%2% - - aq Res e~ mizt _ 24qy - - - ad 4
(2mi)d 072+l d! )
Let us now consider a term indexed by a lattice point (mq, ..., mg) such that not

all of its coordinates are zero. Let the number of nonzero coordinates be 1 < ¢ < d.
Suppose for the sake of simplicity, that mq,...,my # 0 and myy1 = ... = mg = 0.

Then the function the residue of which we are interested in is

—2mizt
e p— 1 . _27riZt . Z “ .. Z
201 (2 —myay) -+ (2 — mygay) 24 Z—miay  Z— myay
Consider the Taylor expansions

—omizt _ (=2mit)"

‘ T4 o
k=0 )
(o] o
Z—mia; z_: (myay)? b "2 — myay z_: (myay)’

which hold in an open neighborhood of z = 0. These expansions imply that

6727rzzt

R
50 2= (2 —myay) -+ (2 — myay)

equals the coefficient of 2% in the power series
T (=2mit)" S )y
par i1 (ma)t i (meag)™
The largest k value which contributes to the coefficient of 24 is k = d — ¢ < d — 1.

Therefore to find this coefficient, we can first fix a value 0 < k < d — 1, then consider

all positive integers 41, ..., %, for which i¢; 4+ --- 4+ iy = d — k. This yields
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e—27rzzt

R =
50 2= (2 —myay) -+ (2 — myay)

S9

-1

—27i)* —1 _1
tk
e Z e Groeay
i1+ tip=d—k 141 47
i1seesip>1

i
o

Let us add up this equation for m; € [—My, M;|\{0},...,m; € [-My, My]\{0}. Notice,
that any term for which at least one out of i1, ..., %, is odd will cancel. This also implies

that the term k = d — 1 cancels. Thus we obtain

—2mizt
E E Resg ¢ =
Ld—lH1( 5 _ _ B
MMy mamt (z —mqay) - (2 — myay)
m1#0 mp#0

d—2 .
(—QWZ)ktk -1
Comfp S
k=0 kit i1+ tig=d—k my=—DM, my=—M, (miay)? (myay)
D] 5enes ip>2 m1#0 my#0
2[iq 0.0y ip

Let us use the general formula

2 200 ()

m#0

which holds for any positive even integer 7, to compute the inner sums to get

—2mizt
E E Resg ¢ =
d 441 _ _ -
mi=—M; my=—M, (Z mlal) (Z mfaﬂ)
m1#0 my#0

§= (2mi)* X)), ( 2, )
k=0 k i1+ Fip=d—k ail a% M]' + 1 Me + 1
i yeesip>2
2[i1,..0ip
_1)dodg, ... . o
Up to the factor (1)(21#, this is the contribution of the terms mq,...,m; # 0,
Mmer1 = ... = myg = 0 in the sum defining L. To find the contribution of all lattice
points (mq,...,mg) with exactly ¢ nonzero coordinates, simply replace ay,...,as by
@jy,- -, a5, and sum over 1 < j; < ... < j, < d. Finally, to find the contribution of all

lattice points with at least one nonzero coordinate, sum over 1 < £ < d.
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The formula found in Proposition 3.3 will serve as the main term of ’tP N Zd‘ in
the polyhedral sphere problem. Since it is quite long and complicated, we introduce a
notation for it as follows.

Definition 3.1 Let aq,...,aq > 0 be real numbers, and let { denote the Riemann zeta

function. The function p = p(a,....a,) 0f the real variable t is defined as

P(t) = D(ay,...a0) (t) =

2%a, - - ag d 2%a, - - ag i Z —2¢(i1) —2( (ie)
t _j’_ - o .. - .
Z (2mi)d=FE! kkz' Z Z ail al
(=1 1<j1<...<jp<d i1+ +ip=d—k J1 Je
8] 5enes ip>2

2[iq,eeny ip
The main properties of p(t) are the following.

Proposition 3.4 Let ay,...,aq > 0 be real numbers, and let the function p(t) be as in

Definition 3.1.
(i) p(t) is a polynomial of degree d.
(ii) In every term of p(t) the exponent of t is congruent to d modulo 2.

(iii) The coefficients of p(t) are symmetric rational functions of ay, ..., aq with rational

coefficients.

(iv) The coefficient of t2=2 in p(t) is

2d*2a1 RN ¥ 1
—2) a2
3(d—2)! S
(v) If d > 4, the coefficient of t4=* in p(t) is
274y - ay 11 1
— A\ 2.2 F v
9d —4)! 1<i<j<d Y% o 1<i<d i

Proof:

(i): Trivial from the definition of p(t).

(ii): If k is incongruent to d modulo 2, then it is impossible to write d — k as a sum
of positive even integers. This results in an empty sum in the coefficient of ¢* in the

definition of p(t).
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(iii): The coefficients of p(t) are clearly symmetric rational functions of aj,...,aq. In
any term indexed by 0 < k < d — 2 which is congruent to d modulo 2, we raise ¢
to an even power. Also note that for any positive even integers i1, --,4p such that

i1+---+1i=d—k, we have

C(iy) - Cig) € - 7Q = 7%7FQ

resulting in rational coefficients.

(iv): To find the coefficient of t4~2 consider the k = d — 2 term in the sum defining p(t).
Since the only way to write d — k = 2 as the sum of positive even integers is 2 = 2, in
the inner sum we have £ =1, i1 = 2, and 1 < j; < d. Thus the coefficient is

2%ay - ay Z —2¢(2)

(2mi)2(d — 2)! 2

1<G<d Y0

Substituting ((2) = %2 finishes the proof.

(v): To find the coefficient of 4~* consider the k = d — 4 term in the sum defining p(t).
The only two ways of writing d — k = 4 as the sum of positive even integers are 4 = 4
and 4 = 2 + 2. Therefore in the £ = 1 term of the inner sum we have i; = 4, while in

the £ = 2 term we have iy = io = 2. The coefficient is altogether

dat---a —92¢(4 — _
2%y d Z QC()+ Z 24(2)' 22(2)

(2mi)4(d — 4)! 4 2 a

as a? .
1<51<d J1 1<j1<j2<d J1 Jo

Substituting ((2) = %2 and ((4) = g—é finishes the proof.

O

We conclude the analysis of the main term p(t) with two remarks. First note that
the highest degree term of p(t) is of course equal to the Lebesgue measure of ¢t P, where
P is the polytope in the polyhedral sphere problem. The other terms of p(t), however,
do not seem to have a natural geometric interpretation.

The relationship between the terms of the formal series

> xup(m)

meZd
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and the terms of the polynomial p(¢) might also be worth mentioning. Clearly x;p(0) is
precisely the highest degree term of p(t). A careful analysis of the proof of Proposition
3.3 shows that x;p(m), where m € Z% has ¢ nonzero coordinates, contributes to the
coefficient of t* only for k < d — 2¢. This is simply because in the definition of p(t) the
smallest possible values iy = ... =iy = 2 give i1 + --- + iy = 20 = d — k. Note that
Xxtp(m), where m # 0, also contributes to the randomly fluctuating term as well, since
in this case the function

6—27rzzt

z(z —miay) - (2 — mgaq)

has a singularity other than z = 0.

3.2.2 The expected value of the fluctuating term

Let ay,...,aq > 0 and consider the polytope P as in the polyhedral sphere problem.
In subsection 3.2.1 we identified the main term p(t), as in Definition 3.1. The error
|tP N Zd‘ — p(t) will be considered a random fluctuation. This subsection is devoted to

studying the expected value of this fluctuation. In other words, we will be interested in

1 2
thZd’ —p(t)) dt
T —T, /Tl (’ P )) ’

where 1 < T} < T5 are fixed constants. We will only consider the case, when ay,...,aq

are algebraic numbers. The most general result is stated in the following theorem.
Theorem 3.5 Let 2 < k < d be integers, and let ay,...,aq > 0 be algebraic. Suppose

that any k numbers out of é, cee é are linearly independent over Q. Consider the
polytope
P:{xeRd:WJr---Jr'xd'sl},
aj Qaq

and the polynomial p(t) as in Definition 3.1. Let 1 < Ty < T and € > 0.

(i) If k =d, then

TQiTI /TT2 (‘tPﬂZd’ —p(t)) dt =0 <1+ <T21T1>3_§+6> |
1
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(ii) If2 <k <d-—1, then

1 2
tP Zd‘— t)) dt =
T — Ty /T1 (‘ a P ))

k—1 d—2
2(d=1)(d—k-1) , _ 1 353 1 Rm1te
O Td*k T 2d—k—3 .
( 2 o <T2—T1> +<T2—T1> )

The implied constants in (i) and (ii) depend only on ay, ... ,aq and e, and are ineffective.

In the conditions of the theorem the numbers i, e é

have a clear geometric
meaning: they are the coordinates of the normal vector of a hyperface of P. The
significance of their linear independence over Q has already been seen in Theorem 2.5.
Now we need a stronger assumption, however. The value of k still intuitively measures
how irrational the polytope P is. The case k = 2 simply means that the ratio Z—; is
irrational for any ¢ # j. The strongest case k = d means that i, ey a—ld are linearly
independent over Q.

Note that in the special case £k = d and 75 —T1 > 1, the error term becomes simply
O(1). The most important message of this result is that we correctly identified the
polynomial p(¢) as the main term. In other words every coefficient of p(t), except for
the constant term, has an actual meaning related to the polyhedral sphere problem.
This fact was not at all obvious from the way we defined p(t).

In the case 2 < k < d —1 we have three different error terms. The dominating term
depends on the length and the location of the interval [T, T5] over which we take the
average. Note that the theorem may be applied to very short intervals. The reason why
the result is stated and proved in such generality is that, surprisingly, averaging over
very short intervals will play a crucial role in finding a uniform bound for the random
fluctuation }tP N Zd| — p(t) in the following subsection.

In the proof of Theorem 3.5 we are going to encounter a simultaneous Diophantine
approximation problem. To solve it, we will need to use Theorem 2.3 of Schmidt. Note

that in the proof of Theorem 2.5 we have already used the dual version of Schimdt’s the-

orem, Theorem 2.4. Even though the simultaneous Diophantine approximation problem
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we need to solve is somewhat technical, it might be of interest on its own. Therefore
we state it as a separate proposition as follows.
Proposition 3.6 Let 1 < k < d be integers, and let aq, . . ., ag be real algebraic numbers.

Suppose that for any 1 < i1 < ... < i < d the numbers 1,a4,,...,q;, are linearly

k

independent over Q. Then for any M > 0 and € > 0 we have

5 =o ().
 maal]-- HmadH

The implied constant depends only on «aq,...,aq and €, and is ineffective.

Let us analyze this proposition in the special case k = d. In this case Schmidt’s

theorem implies that the terms satisfy

=0 (m'te). 3.7
Tl o = C (7 (3.7

If we applied this estimate term by term in the sum, we would get

1
O M2+5
Z o]~ © )

Compared to this, our proposition gives an exponent of % +e=2- é +¢. How is
this possible, since we know that the exponent in Schmidt’s theorem is best possible?
The reason is that even though (3.7) is best possible, there cannot be many values of m
in the interval [1, M| for which it is tight. In the proof of Proposition 3.6 we shall use
the pigeonhole principle to exploit this fact, the result of which will be the appearance
of —é in the exponent. In the case d = 1 this method is well known, moreover it is
known that the exponent 2 — é + & = 1 + € obtained is best possible. The case d > 2
seems to be a new result. Unfortunately the question whether the exponent 2 — = + €
is best possible is left open even for d = 2.

Generalizing the result to smaller values of k is simple, it does not require any new
ideas. It might be worth mentioning that in the proof of Theorem 3.5 we are going
to use Proposition 3.6 on the numbers o = g—;, ce, Qg1 = Z—(li, and on other similar
(d — 1)-tuples of pairwise ratios. Therefore if d and k are as in Theorem 3.5, we shall

apply Proposition 3.6 with parameters d — 1 and k& — 1.
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Proof of Proposition 3.6: Let [d] denote the set {1,2,...,d}, and let ([Z]) denote the
family of subsets of [d] of size k. Fix an index set I € ([z]). The numbers {a; : i € I}
satisfy the conditions of Theorem 2.3 of Schmidt, therefore there exists a constant

0 < K7 < 1 such that

K
H HmaZH = mlte
el

for every integer m > 0. Note that the ineffectiveness of Schmidt’s theorem means that

we cannot find an explicit value for K. In particular we have

[ limail = f(a) (3.8)
el
for every 1 < m < M, where
Ky
f(M) = i (3.9)

Our goal is to show that there cannot be many values of 1 < m < M, for which 3.8 is
close to being tight. In other words, we want to find an upper bound to the cardinality
of the set
Ary = {1 <m<M: H [lma;|| < tf(M)} ,
el
where ¢t > 1 is a constant.

Consider the map g : A;; — [—%, %)k defined as
g(m) = (ma;:ie€l) (mod1).

For every 0 < ¢ < 2% also consider the set

k
11
Scz{xé [—2,2) :|x1-~~xk<c}.

We start by showing that \(S.) = O (c logh—! l), where the implied constant depends

[

only on k. We can prove this claim by induction on k. The case k = 1 is trivial, since

in this case S, is simply an interval of length 2c. Suppose the claim is true for k — 1
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and let us prove it for k. By fixing the value of the last variable xj, € [—%, %), we can

consider the section of the set S.:

(5., =14 ye [LL VT < ©
C Ik - $1"’ . 7$k}—1 27 2 . ’1"1 xk—l |xk| .

If the last variable lies in the interval —2*~1c < z, < 2¥~!¢, then the section is (Sc)z, =

(-3 1)k_17 thus A ((Sc)xk) = 1. If 2*= !¢ < |ag| < 3, then by the inductive hypothesis

202
c r c 51
— 1 k=2 12k} ] k-2 ~ )
A((80,,) OQmog c> O(mﬁg c

Therefore by Fubini’s theorem

1 1 1
2kc + O [ clogh2 / —dxi | =0 (c logh1 ) .
¢ J(=L —2—1c)u(2k-1c,1) [Tk c

-

Consider a partition of [—%, %)k into axis parallel cubes with side lengths between
Sf(M )% and f(M )% It is easy to see that such a partition exists. Indeed, from
0 < K7 <1 and from (3.9) we see that 0 < f(M) < 1, thus 0 < f(M)% < 1. Then we
can find the reciprocal of a positive integer between % f(M )% and f(M )%, which can be
chosen to be the side lengths of the axis parallel cubes in our partition. Let C denote
the family of cubes in the partition.

Note that for every m € Ay, we have g(m) € S;¢(ar). Also note, that every cube in
C contains at most one g(m) with 1 <m < M. Indeed, if 1 <m <m' < M and g(m)

and g(m’) belong to the same cube in C, then
|(m” = m)a]| < f(a1)%

for every i € I, therefore
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H H(m’ —m)aiH < f(M).

el
This is a contradiction, since 1 < m’ — m < M. By the pigeonhole principle, we
have that the cardinality of Ar; is at most as big, as the number of cubes in C which
intersect the set Sirpr). We will show that the cubes in C which intersect S;r(nr) are
all contained in a similar set S¢, with ¢ not too big. Indeed, let @ € S;f(pr), or in other

words |z -+ x| < tf(M). Consider

(\1’1! +f(M)%> (I:ckl +f(M)%) .

When expanding the product, every term we get will be the product of certain |x;|’s
and f(M)% raised to a certain power. Let us use the bound |z; --- x| < tf(M) on the
first term, and let us simply use the bound |z;| < % on all the other terms. This way

we get

==
BN

(loa] + rQD) - (Janl + FADE) = O (L£(M) + FADE + FNE + -+ £(21)).

Since 0 < f(M) < 1, we have

(loa] + FODE) - (Janl + FDE) = O (¢£(M) + F(M)F).

This estimate shows that if # € S;¢(s), then the cube in C containing z lies completely

)
within S, with ¢ = O (tf(M) + f(M)%> In other words, the cubes in C which intersect
Sit(m), are all contained in S. with ¢ = O (tf(M) + f(M)%) The Lebesgue measure

of the cubes in C is at least Qik f(M). The Lebesgue measure of S, is

0 (clogk”_1 i) =0 <(tf(M) + f(M)%) logh 1 0D i f(M)i> .

Using (3.9) we can simplify the logarithmic factor as

1 1
logh—! < logh! =0 (logF~t M),
tf(M)+ f(M) f(M) ( )

il
Ealle

thus
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A(S.) =0 ((tf(M) + f(M)%) logh~1 M) .

Comparing the Lebesgue measure of the cubes and that of S., we obtain that the

number of cubes in C which intersect Syf(ar) is

© (;((5463) =0 ((t T f(M)%_1> log" ™! M) =0 <(t+M(1—%)(1+6)) logh~1 M) '

This means that

1Az =0 ((t + M(l—%)<1+€>) logh 1 M) (3.10)

holds for any I € ([Z]) and ¢t > 1.
We are now ready to prove the proposition. We will decompose the original sum

into terms of the same order of magnitude. Let

Kminfic1e (1)),

Then from (3.8) and (3.9) we have

K
H Hmal” Z M1lt+e
iel

for every I € ([i]) and 1 <m < M. Let us multiply this inequality together for every

index set I to obtain

[T TTlimed > <Ajf+€)®.

1e (1) i€l
When switching the order of the two products, notice that every factor ||ma;|| appears
(zj) times, thus

K )(Z).

d—1
(e lmagl) =) = <W

() _d

Finally, using @ Tk we get that

k-1
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K \#
el el > (5715 )

holds for every 1 < m < M. For every integer ¢ > 0 let

d d
K \# [ K \F
BZ:{1<77’L<]\42Z <M1+5> SHmOﬁl”HmadH<2+1 <J\4_1+€) }

d
Then By, By, ... is a partition of [1, M]. First of all note, that if 2¢ (#) k > 1, then

By = (). Therefore it will be enough to consider 0 < ¢ < L, where L = O (log M). Also

note, that for every £ we have

By, C U Ary
1e(%)

with t = 24 (¢+1) Indeed, for any m € By we have

d
Ep K k
Ima] - lImaall < <2d< “>MH5> ,

e @
<||ma1u---rmadu><k1><(2d<f+1> K ) ,

1

® K
ke
[T TTlmaal | <265
re(4y i€l
Since the left hand side is a geometric mean, we get that there exists an index set

Ie ([Z]) such that

] Eqyny IS ko41) K
gHmazH <2d e <22
2

This means that m € Ar; for t = 25(“1), as claimed. Using (3.10) this implies, that

k _1 _
Bl < > ‘Amg(m) =O<(2d(”1)+M(1 k)(”a))logk 1M).
1e(1d

W)

Finally, decomposing our original sum using the sets By, B1,..., B;, we get
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L a
Z ZZ <y 1 (M*TENE
T ERET T el < 2Py (g

{=0 meBy

o<§(<z<s—w w4 Ly z><1+e>>10gmM))
£=0

0 ((LMg(Ha) +Md+7]z_l(1+a)> logh = M) -0 (Md-Hc (1+2) gk M)

This is true for any € > 0. By switching to a different ¢ > 0, we get that the same sum

isO(M

d+k—1
k

+€> for any € > 0.

0

Proof of Theorem 3.5: The polytope P has 2¢ hyperfaces, the normal vectors of

’ad

which are of the form (%11’ .. Q) Thus P satisfies the conditions of Theorem 2.5

with the same k value as in the theorem. Hence for any integer N > 1 we have

‘tp n Zd‘ —p(t) = C(tP,N) —p(t) + O (tdk + td1+€W> ,

where C(tP, N) is as in Definition 2.3. By taking the average over the interval [T, T5]

we get

TQiTl/ (‘tpmzd‘ <)> di =

1 = d—k d-1+e [log N
T /Tl (C(tP,N) —p(t)) dt + O <T2 + T ”T . (3.11)

Let us fix integers My, ..., Mg > 0. Let M = (M, ..., M), and consider the partial

sums S(tP, M) as in Definition 2.2. According to Proposition 3.2 we have

(_1)d2da1 cag / 6727rizt
S(tP,M) = d
( ’ ) (Qﬂi)zﬂ—l Z Z |2|=R z Z — mlal) (z - mdad) -

mlf—Ml mq=— —M

where R > maxy Myay. For any given term indexed by (mq,...,mg) the function
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6—27rzzt

z(z —miay) -+ (2 — mgaq)
has a singularity at zero, and singularities at mja; for every j such that m; # 0.

a; - . .
—L is irrational for any
aj/

Notice that the conditions of the theorem imply that the ratio
J # j', therefore the singularity at mja; is a simple pole. The order of the pole at
zero depends on how many zero coordinates (mq,...,mg) has. Let us use the residue
theorem to evaluate the complex line integral, and consider the residues at zero, and
the residues at mja; with m; # 0 separately. In Proposition 3.3 we computed the

contribution of the residues at zero. If m; # 0 then

6—27rizt e—27rimjajt

2(z —mar)--- (2 —maaa) — mja; [1;(mja; —myag)

Resm;a;

Therefore we get

My My —2mimjajt
(—1)d2da1 ceeag e~ 2mimjay
S(tP, M) = : . N
(2mi)d 2 2 Z;d mja; [[.;(mja; —mjaz)
#0

mi1=—M; mg=—Myg 17
g

td*? td72
£)+0 .
p()+ <M1—|-1+ +Md+1>

By subtracting the main term p(t¢), and taking the average over [T1, 1], we get

= " (S(PM) — pl(t)) dt =

T2 - Tl Ty
%1: % Z 1 T> e—QTrimjajt
m1=—M1 mg=—Mg 1§J§’1 -1 7 M%) Hj’#j (mjaj o mjlaj/)
m; 0
Td—2 Td—2
O 2 e 2 : 3.12
(Ml +1 + * Md +1 ( )

We want to show that the first error term is small. It is more convenient to switch

the order of summation by replacing
My My

m1=—M mg=—My 1<i<d
mj#O



66

by
d M1 Mj Md
]:1 mlszl m,j:—]\/fj mdszd
Mj7£0

For the sake of simplicity, we will work with the 7 = 1 term, the others being similar.

Note that the integral satisfies

L /T2 e~ 2mimiart dt' < min (1 L > .
T, —T1 Jp - "(Ty — Ty)mlma|a

Thus it is enough to find an upper bound to

M, 1 My 1 My 1
S —y [ma| I —S miay — maaz — miay — mqaq
mq#0
i (1 ! ) (3.13)
mn|(l,———F—]. .
(T2 = T)|m|

For the sake of simplicity, we will work with the sum over ms, the others being similar.

First separate the mo = 0 term, then combine the ms and —mo terms to get

e g, 101 = M2az |~ fmiar| | o= (m1a1)? — (moag)?|’

Let a = %. Then

az

o 1 1 2myar| <2 1
Z mia; — maa S|ma|+ a? Z{(ma)z—mz"
S VAL 202 101 R —— 1 5
Let b = b(mj«) be the integer for which
b<|mal <b+1.
The mo = b term satisfies
1 B 1 _ 1
|(m1)® =% (jmaal =b) - (jmial +b) = [lmial - fmial

The same bound holds for the mgo = b+1 term. The sum of all the other terms is small.

To see this, first consider
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b—1 1 b—1 1
) ey st R <
o [ma)? —m3| L= (Imaa] —ma) (jmial +mo)

b—1
1 1 lo
3 =0<g|m1’>.
Imial “~ [miaf —my ||
-

We also have

Mo 1 o 1
] | X =

1 o0 1
_l’_ —
(b+2)% — (m1)? /b+2 22 — (ma)?

1 1
1 I /OO 2lmia| _ 2]maa] de —
2mial  Jys \7—Jmial o+ fmial
1 1 b+ 2+ |miq] <log ]m1]>
+ =0(——
2lmial  2lmial T b+2— |miq |ma]
Altogether we got, that
Mz
1 1 1 log |m
>t 20| o e ol | =0 |
mo=—M> mid1 — Madz mi Hm1% Hml%
Similar bounds hold for the sums over ms,...,mq. Applying these bounds, we find
that (3.13) is at most constant times
%1: logd_1 my ) (1 1 >
‘min (1, ———— | .
This is exactly the setup of Proposition 3.6 with a; = Z—;, e, Qg1 = Z—Cll. The

conditions of the theorem imply, that for any 1 <4; < ... <ix_1 < d— 1 the numbers

ai, 1 .., —L1— are linearly independent over Q. Multiplying these numbers by a;
1 a21+1 azk71+1
preserves the linear independence, therefore 1, ;,,...,q;, , are also linearly indepen-

dent.
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We will consider the terms 1 < my < T;TI and T;Tl < my < M separately. The

factor min (1, m) equals 1 in the first case, while 0 in the second case.

1
To—T2)m1
To estimate the sum of the terms over 1 < my < ﬁ, let us fix an integer £ > 0 first,

and consider

Z log

a
20 <mq <26+1 mq Hml é

d— logd—1t ot+1 1

2

<

17n1
a
B e

a1 . ay
20 <mq <26+1 mla ce Hmlad

Proposition 3.6 with M = 2+ and parameters d — 1, k — 1 implies, that this sum is

o5 () 7) =0 ()7
2t '

Summing this error term over all integers ¢ > 0 such that 2¢ < T iT yields
2 1

Z logd_1 mi _0 Z (2Z)Zj+2e

al al
1 mlel— Hmlf Y 1
1§m1§T2,T1 a2 aq 2 STz*T1

o((55) ) o

T;Tl < my < M. For any fixed integer ¢ > 0 we have

Consider now the sum over

Z logtmy 1 <
a a T —Ty)m1 —
2¢<my <20+ mleli Hmli (T2 = T1)m
logd—12f+1 1
_ 2/
(T =T0)2% = [l Hmli

Proposition 3.6 with M = 2+ and parameters d — 1, k — 1 implies that this sum is

’ <(T2fi_T11)22£ <2£> dﬁﬁ“) =0 (Tz i Ty (24) d2511+26> :

Summing this error term over all integers £ > 0 such that m <20 < My yields

Z log@ 1 my 1 B
(Tr — Tv)m

ai|l... ai
Ty < <M m Hmlﬂ? Hml‘ld
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This is the point, where the case k = d and the case 2 < k < d — 1 are qualitatively

different. If £ = d, the exponent d;ffl + 2e = =7 + 2¢ is negative, if we choose ¢ to

be small enough. Thus if k = d, we have

log?~! 1 1\ TitE
3 %8 M : —o((——)"" ). @)
(Tp = Th)my 1o — 1T

ai|l... ai
<mi1<M; mi HmlaQ Hmlad

1
To—=T7

On the other hand if 2 < k < d — 1, then the exponent d;le + 2¢ > 0, therefore

Z log® ' my ) 1 =0 (1 ) Mdﬁ?“r?@)
Hmli (Ty — T1)ma -1y !

ai
my||\mq-—
TQiTl <mi<M; M1 H Lag

(3.16)

Adding (3.14), and (3.15) or (3.16) we get that (3.13) is

o((55)" ) a7

if k = d, and

d—2
1 m+25 1 d—k71+28
M T 1

To prove (i), let k = d and let us use (3.17) in (3.12) to get

f2<k<d-1.

1 T2
Ty — T /T1 (S(tP,M) —p(t)) dt =

d—2
1 ﬂ‘i’QS Td72 Td*2
0] + = 2 :
T — 1Ty M; +1 M;+1

Taking the average of this over (M, ..., My) € [0, N — 1]¢ yields

1 T 1 =it J_olog N
T /T (C(tP,N) - p(t)) dt = O (TQ_T1> s

Applying this bound in (3.11) in the special case k = d gives us
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TQiTl/ (‘tpmzd‘ <)> dt =

log N 1 it J_olog N
O1+T1d 14,/ T2 .
( + N T T —Ty +4 N

Taking the limit, as N — oo finishes the proof of (i).

To prove (ii) consider the special case 2 < k < d — 1. Let us use (3.18) in (3.12) to

get
1 T2
S(tP,M) —p(t)) dt =
Fre , (SUPM) — plo)
1 %Jrzs zd: . zd:TQdQ
Ty — T TQ—Tl ~ =M+

Taking the average of this over (M, ..., My) € [0, N — 1]¢ yields

1
Ty —T

1 Kot 1 d—k—1_ J_olog N
N k-1 T2 4 a2 .
O<<T2_Tl> "nom T Ty )

Applying this bound in (3.11), and noticing TQd_QIOJgVN < Tgle % gives us

T21T1/ (‘thZd‘ <)> di =

log N 1 =it 1 d—k=1_ o
O | Td=F 4 Td=1%=y] N EeT T2
(2 1 N T T, —T) +T2—T1

We want to choose N to be the integer closest to the solution of

/ PPN - p(t)) di =
T

1 1 d—k—1
Tl — = SN *T 3.19
2 \/N T2 _ T1 ( )

Since it is easy to see, that for this choice of N we have both /log N = O (T5) and

N%* =0 (T;) for some & = O (¢), in this case the error term we get will be exactly
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the same as in the theorem. The only case when this choice of N is not admissible,

is when TgiTl > T2d*1, in which case the solution of (3.19) possibly has limit zero as

> T 2‘1_1, then the third error term in the theorem satisfies

1 \doite 0 (Td*)
Ty — Ty 2 ’

which means that the bound we are trying to prove is weaker than the trivial discrepancy

Ty — oo. But if T;Tl

bound in Corollary 1.2.

3.2.3 Uniform bound on the fluctuating term

Let a1,...,aq > 0 be algebraic, and let P be as in the polyhedral sphere problem. In
subsection 3.2.1 we found that the main term of ‘tP N Zd‘ is the polynomial p(¢) defined

in Definition 3.1. We now want to study how large the random fluctuation
‘tP N Zd‘ —p(t)

can be as a function of t. The most general result is stated as follows.

Theorem 3.7 Let 2 < k < d be integers, and let ay,...,aq > 0 be algebraic. Suppose

1

that any k numbers out of ar

.,é are linearly independent over Q. Consider the

polytope

P:{$€Rdi|xl‘+"'+|$d|§1},
aj Qq

and the polynomial p(t) as in Definition 3.1. Let € > 0 and t > 1.

(i) If k =d, then
(d=1)(d—2)
‘tPﬂZd‘ —p(t)=0 <t d-1(d-2 +a> .
(i) If2<k<d-—1, then

(d—1)(2d—k—3)
‘tP N Zd‘ —p(t)=0 <t2d4 +E> .
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The implied constants in (i) and (ii) depend only on ay, ..., aq and €, and are ineffective.

Note that the conditions of the theorem are the same as those of Theorem 3.5. Under

1

s g are linearly independent

the strongest condition k = d, in other words when %, .

over Q, the exponent % + ¢ of the error term is roughly % for large values of

d. Even under the weakest assumption £ = 2, in other words when all we assume is

. . ) . . . . (d—1)(2d—5)
that the pairwise ratios 3¢ are irrational for every i # j, the error term ¢ 2d—4 te
J

t4=1 of Corollary 1.2. To get a better

is smaller than the trivial discrepancy bound
intuition of the behavior of the exponent for intermediate values of k, note that for all

2<k<d-—1 we have

The proof of Theorem 3.7 relies on the simple observation, that ‘tP ﬂZd} is a
monotone increasing function of ¢. This will allow us to use a "mean to maximum?”
type estimate. The basic idea is that if the fluctuation ‘tP N Zd‘ — p(t) has a large
positive value at some ¢, then it has a large positive value on a short interval [¢, ¢ + 0],
where 0 = o(t). But applying Theorem 3.5 on the short interval [t,t + J] shows that
the average fluctuation cannot be large, which is a contradiction.

The idea of using a mean to maximum type estimate is from Lemma 6.3.2 in [13].
The method is used there to study the L? discrepancy of a planar region. Our proof
of Theorem 3.7 will be a modified version of the proof of Lemma 6.3.2 in [13] to study
the maximal fluctuation instead.

Proof of Theorem 3.7: First note, that since the origin belongs to P, we have that
tP C t'P for 0 < t < t/. Therefore ‘tP N Zd} is a monotone increasing function of ¢.
Fix ¢ > 1. Since p is a polynomial of degree d, there exists a constant K > 1 such that

for any u € [t — 1,t + 1] we have

Ip(t) — p(u)| < Kt~ |t —ul. (3.20)

Fix a real number 0 < a < %!, and let § = Clearly 0 < § < 1.

_a
2Ktd—1"

Suppose first, that
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(tP N Zd‘ —p(t) > a.

Then using the monotonicity of the number of lattice points as a function and (3.20),

we get that for any u € [¢,t + 6] we have
‘uP N Zd’ —plu) > ’tP N Zd’ —p(t) +p(t) — p(u) > a— Kt15 = g

Taking the average of this inequality over u € [t,t + 0] we get

(15/1&+5 (’uPﬂZd’ —p(u)) du > %.
t

Now we want to apply Theorem 3.5 on the interval [T, T3] = [t,t+0]. Using § = 55—t

we get the error bound E(a,t) in terms of a and ¢

pd—1 e
E(avt) = <> s

a

if Kk =d, and

Ik 2(d-1)(d=k=1) | -1 pr td—=1 ioite
E(U,,t) =t +t 2d—k—3 € <a> + <a> ’

if2<k<d-1.

With this notation Theorem 3.5 says, that

;/tt” (JuP 2]~ p(u)) du=0(B(a,1)).

Thus we showed that if 0 < a < ¢! is such that ’tPﬂZd’ —p(t) > a, then a =
O (E(a,t)).
A similar argument shows the same is true, when [tP N Z% — p(t) < —a. Indeed, in

this case for every u € [t — §,t] we have
’uP N Zd) —plu) < ‘tP N Zd‘ —p(t) + plt) — p(u) < —a + Kt915 = —g.

Taking the average of this inequality over u € [t — 0, t] we get

1 t
0 Jis

(‘uPﬂZd’ —p(u)) du < —g.
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Applying Theorem 3.5 on the interval [T7,T5] = [t — 6,t] we get the same error bound
as before, therefore a = O (E(a,t)).

Altogether we showed, that if 0 < a < t4~! is such that HtP N Zd‘ — p(t)‘ > a, then
a = O (E(a,t)). The trivial discrepancy bound in Corollary 1.2 implies, that we can

choose 0 < a < t*~! with a = © (|[tP N Z?| — p(t)|). Therefore

HtPﬁZd‘ —p(t)‘ —0 (E (HtPﬂZd’ —p(t)

).

Now we claim, for the sake of simplicity, that

HtPﬂZd’ —p(t)‘ = 0 (a+ BE(a,t)) (3.21)

for any real number 0 < a < t4~!. This is easy to see by observing, that E(-,t) is
monotone decreasing. Therefore for any choice of 0 < a < t?~1, either a or E(a,t) will
have a larger order of magnitude, than HtP N Zd‘ — p(t)‘.
If k =d, (3.21) becomes
4d—2+(d—1)e
HthZd‘ —p(t)‘ =0 <a+ ) .

d—2
ad71+€

. . . d-1@d-2) | .
The optimal choice for a is @ = ¢t 2¢=3 | in which case the two error terms have a

similar order of magnitude.

If 2 <k <d-—1, then (3.21) becomes

d dek 2(d—1)(d=k=1) _ =1 Sy pd—1 Eie
HtPﬂZ‘—p(t)‘:O a+t" N+t 2d-k-3 €<a> +<a>

Note that the third error term simplifies, thus we have

. ik pd—1+e =1\ k=1 1€
HtPﬂZ‘—p(t)’:O attihy T +< )

a2d—k—3 a

The optimal choice of a is when the first and third error terms are equal. Indeed, if we

choose a to be

(d—1)(2d—k—3)

a=t1t 2d—4 ,
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then we have

-1 (d—1)(2d—k—3)
a=——=t 2d—1 )
Q2d—k—3

Elementary calculation shows that both

(d—1)(2d—k—3)
ti=k < ¢ 21

and

ta—1\ ®=1 (d—1)(2d—k—3)
z <t 241
a

hold for any 2 < k <d—1.

3.2.4 The orthogonal simplex problem

Given algebraic numbers ay, ...,aq > 0, consider the orthogonal simplex

Sz{weRdixl,...,l'dZO,xl—|—--~—|—xdSl}.
aq Qq

The simplex ¢S, where ¢t > 1, is a direct generalization of the right triangle studied
by Hardy and Littlewood in [11] and [12]. As a tribute, we will reduce the problem of
estimating the number of lattice points in ¢S to the polyhedral sphere problem.

Recall that in the polyhedral sphere problem we considered the polytope

P:{xeRd:w—i—-'-—FwSl}.

a ad

For any o € {1, —1}" let

o1% 04T
SU:{xERd:alml,...,ad:ﬁdZO, ;1+~--—|— ngl}.
1 d

Then the polytope ¢tP decomposes into the simplices tS,, for o € {1, —1}d. For any

index set I C [d], where [d] = {1,2,...,d}, also consider the polytope

)

PI:{xERd:Z‘ZH§1,Vj€[d]\]:xj:0}.

i€l
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Then we have
)tS mzd‘ = Z ’tmeZd)
oe{l,—1}¢
Indeed, a lattice point n € tPNZ% with k zero coordinates is counted 2* times on both

sides. Since the terms of the sum on the left hand side are all equal, we get

‘tSﬂZd) - ‘tPI mzd‘ (3.22)
IC )

This reduces the problem of estimating ‘tS N Zd‘ to the polyhedral sphere problem. Let
us introduce the main term of the estimate as follows.
Definition 3.2: Let ay,...,aq > 0 be real numbers. The function q = qq, ... a,) of the

real variable t is defined as
Q(t) = 4(ay,...,.a Z P(a;: 26[
1C]d)
where p(q,.icr)(t) is as in Definition 8.1 for I # (), and py(t) = 1.

The main term ¢(t) is a polynomial of degree d, and the three highest degree terms are

d
_al"'add ai---aq ld—l
aot) = ="+ 5= ;ait *

aj---aq 1 1

42 4.
d—2) | 12 o N

Indeed, since p(q,.icr)(t) is a polynomial of degree |I| for I # {, the only contribution
to the three highest degree terms of ¢(t) come from index sets I of size d — 2,d — 1 and
d. Note that the degree d term of ¢(t) is the Lebesgue measure of ¢S, while the degree
d — 1 term is one half of the surface area of the orthogonal hyperfaces of tS. The lower
degree terms of ¢(t) do not seem to have a natural geometric interpretation.

Using the reduction (3.22), the following result is a direct corollary of Theorem 3.7.
Corollary 3.8 Let 2 < k < d be integers, and let a1, ...,aq > 0 be algebraic. Suppose

that any k numbers out of = .,é are linearly independent over Q. Consider the

al,..

polytope
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Sz{CL‘ERd:xl,...,deO,xl—i—"-—i—xdSl},
a ad

and the polynomial q(t) as in Definition 3.2. Let ¢ >0 and t > 1.

(i) If k =d, then
‘tS N Zd‘ —q(t)=0 <t(d21d)(—%2)+6> .
(ii) If2 <k <d-—1, then
‘tS N Zd‘ ) =0 (tW+E> :

The implied constants in (i) and (ii) depend only on ay, ..., aq and e, and are ineffective.

Proof: Using the reduction (3.22) and Definition 3.2 we have, that
1
HtSmZd‘ — q(t)‘ < 54 Z HthZd‘ —p(ai:id)‘.
1C]d]

We can apply Theorem 3.7 to get an upper bound on the terms of the right hand side.
If k = d, then for any I # () the numbers {al iel } are linearly independent over

Q, therefore we can apply Theorem 3.7 (i) in dimension |I|. We get an error bound of

Ar=0{r1-=2)
‘tP] N Zd‘ — P(agsier) = O <t 2[11-3 +8> .

(z—1)(z—2)

Since the function "5

is increasing on [2, 00), we have that every exponent sat-

isfies

(=D =2) _ (d-1)(d-2)
2I|—3 = 2d-3

If 2 < k <d-—1, then we can still apply Theorem 3.7 on ‘tPI ﬁZd‘ — D(agiien)- 1f

[I| > k+ 1 we get

(I11=1)(2[I|—k—3)
jtPI N Zd‘ — Plaviery = O (t A +8> .

Since the function % is increasing on [k + 1,00), we get
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(I - 1)(2|I] — k —3) < (d—1)(2d — k —3)
21| — 4 = 2d — 4 :

therefore
(d—1)(2d—k—3)
’tP[ N Zd’ _p(aiZiEI) =0 <t 2d—4 +€> .

If 0 < |I| < k, then Theorem 3.7 (i) says, that

=1 {11-=2)
‘tPI N Zd‘ — Paziicr) = O <t 21713 +€> :
It is easy to see that the exponent satisfies

(=D =2) _(d-1)(d=2) _(d-1)2d—-k—3)
21| -3  —  2d-3 2d — 4 ‘

Thus for any I C [d] we have

(d—1)(2d—k—3)
‘tPI N Zd‘ - p(ai:iEI) =0 <t 2 +E) :

3.3 Effective bound on the discrepancy

In this section we try to find an effective error bound on the discrepancy
‘tP N Zd‘ — A(P)t¢

for a special class of polytopes. As observed in section 2.3, we have an effective error
term for the Poisson summation formula only in case every hyperface of the polytope

has a normal vector with coordinates from a real quadratic field, as in Theorem 2.7.

In the special case

P:{xeRd:W+---+|xd|§1},
aj Qaq

which was studied in section 3.2, this means we have to assume aq,...,aq € Q (\/ D)

for some square-free integer D > 1 to obtain an effective bound on the discrepancy.
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(d—1)(2d—5)

Theorem 3.7 in the case k = 2 gives an error bound of O <t2d4+5> . It would not
be difficult to rewrite the proof of Theorem 3.7 in this special case to prove the same
error bound with an effective implied constant; the factor ¢ might even be replaced by
a polylogharithmic factor of t. Note, however, that the exponent % for large
values of d is roughly d — %, which is only a modest improvement to the trivial error
bound O (td_l) of Corollary 1.2. To avoid repetitions, we will prove a slightly weaker
result under much more general conditions.

Theorem 3.8 Let P be a polytope in R% and let D > 1 be a square-free integer.
Suppose that every coordinate of every vertex of P is in Q (\/5) Suppose also, that
every hyperface of P has a normal vector of the form p + /Dq, where p,q € Z% are

linearly independent. For any t > 1 we have
’tP N Zd’ AP =0 (td—? log? (£ + 1)) .

The implied constant depends only on P, and is effective.

By the normal vector of a hyperface we simply mean a nonzero vector of arbitrary
length orthogonal to the hyperface. The exponent d — % of ¢ in the error bound makes
the result only a slight improvement to the trivial error bound O (td_l) of Corollary
1.2. The reason why Theorem 3.8 is still relevant is that the implied constant is effec-
tive. In particular this means that we cannot use Schmidt’s theorem on simultaneous
Diophantine approximation, or any other ineffective method in the proof.

In a sense the class of polytopes the vertices of which have coordinates in a given
real quadratic field is the simplest class of non lattice polytopes. The significance of
Theorem 3.8 is that it shows that the order of magnitude of the discrepancy of polytopes
in this class exhibits a ?gap”. Indeed, consider a polytope P in R? the vertices of which
lie in Q <\/5>d, and suppose that the origin is in the interior of P. Since the normal
vectors of the hyperfaces of P can be expressed in terms of the vertices using linear
algebra, the normal vectors also lie in Q (@)d. After scaling, the normal vectors can
be written in the form p++/Dgq for some p, ¢ € Z®. If p, q are linearly dependent for some
hyperface, then the magnified polytope tP contains a d — 1 dimensional sublattice of Z¢

for special values of . This means that the discrepancy ‘tP N Zd} —A(P)t? has jumps of
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size constant times ¢4~ 1, therefore the trivial discrepancy bound O (td_l) of Corollary
1.2 is best possible. If, on the other hand, p,q are linearly independent for every
hyperface of P, then Theorem 3.8 applies and the discrepancy is O <td_§ log% (t+ 1))
Thus the order of magnitude of the discrepancy exhibits a gap between O (td_l) and
0 (td—? log? (¢ + 1)).

Proof of Theorem 3.8: The proof consists of two steps. In the first step we show
that it is enough to prove the theorem for simplices. The second step is to prove the
theorem in the special case when P is a simplex.

We first prove, that any polytope P satisfying the conditions of the theorem can
be decomposed into simplices satisfying the same conditions. To see this fact, let us
first consider a triangulation of the hyperfaces of P, in which every coordinate of every
vertex is in QQ (\/E) Next, choose a point ¢ € Q (\/B)d in the interior of P, and let
r > 0 such that the open ball centered at ¢ of radius r is a subset of P. Let z,y € Q%
such that ):1: + @y’ < r, and add the vertex vg = ¢ + 2 + v/ Dy. The convex hulls of
vo and the d — 1 dimensional simplices triangulating the hyperfaces triangulate P. Our
goal is to show that x and y can be chosen in such a way, that the simplices in this
triangulation satisfy the conditions of the theorem.

Consider thus a d—1 dimensional simplex with vertices vy, ..., v4 in the triangulation
of one of the hyperfaces of P, and the convex hull S of vy, v1,...,vq. The hyperface of S
with vertices v1,...,vq automatically satisfies the conditions of the theorem. Consider
now a hyperface H of S which contains vg. For the sake of simplicity we will work with
the hyperface containing vg, v1,...,v4_1, the others being similar. It will be enough to
show that z and y can be chosen in such a way, that there does not exist a nonzero
rational vector orthogonal to H. Indeed, since H clearly has a normal vector with
coordinates in Q (\@), after rescaling, it can be written in the form p + v/Dg with
p,q € Z%. If p, q were linearly dependent, then p + v/ Dgq could be rescaled again to a
nonzero rational vector orthogonal to H. Let (C) denote the condition that there does
not exist a nonzero rational vector orthogonal to H.

Let the rational linear subspace V' C Q¢ be defined as
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V= {uEQd v uy =0 = (vd_l,u>}.

Note that any u € V such that (v —vg, u) = 0, is orthogonal to a hyperface of P. Since
the normal vectors of the hyperfaces of P are not in Q¢, this implies that every such u
has to be the zero vector. But v; — vy is of the form a + /Db for some a,b € Q, hence
the equation (v; — vg,u) = 0 can be written as a system of two linear equations with
rational coefficients. Since a system of two linear equations in V has only the trivial
solution u = 0, the dimension of V' over Q is at most 2.

Note that (C) is equivalent to the fact that the only u € V for which

(vo —v1,u) = (c+x +VDy — v1,u) =0,

is u = 0. We claim that there exists a polynomial p(z,y) = py(z,y) of the 2d variables
z,y € Q% depending on the subspace V, which is not the constant zero polynomial,
such that (C) is satisfied if and only if p(z,y) # 0. If V. = {0}, then we can choose
p(z,y) =1, as (C) is automatically satisfied.

If V has dimension 1 over Q, then (C) holds if and only if the vector ¢+ x4+ Dy —wv1
is not orthogonal to the basis vector of V. Therefore we can choose p(x,y) to be the
scalar product of ¢ 4+ & + v/ Dy — v; and the basis vector of V.

If V has dimension 2 over Q, then let ni,ns € Q% be a basis of V. Let us write
the vector ¢ — vy in the form ¢ — v; = a + /Db, where a,b € Q%. Then the equation

(c+ x4+ vDy — vi,u) = 0 is equivalent to the system

(a+z,u) =0,

(b+y,u) =0.

Expressing everything in the basis n1, ns of V', we get that (C) is equivalent to the fact,

that

a+x,n a+t+x,n
det < 1A 2) #0.

(b+y,n) (b+yn)
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This means that we can choose p(z,y) to be this determinant. We have to check,
however, that this determinant, as a function of x and y, is not the constant zero
polynomial. To see this, it is enough to find a particular value for x and y which result
in a nonzero value for the determinant. Substituting x = n; —a and y = no — b, we get

that the determinant is
1l Ingl® — |(n1, o) .

If this determinant were zero, we would get equality in the Cauchy—Schwarz inequality
applied on n1,ns. This is impossible, since equality in the Cauchy—Schwarz inequality

holds only for parallel vectors, but ni,ns is a basis of V. Therefore the polynomial

a+zx,n a+x,mn
plavy) = det | (1T o)
(b+y,n1) (b+y,n2)

is not constant zero.

This way we obtain finitely many polynomials of degree 1 or 2 of the variables x,y,
such that by adding the vertex vy = ¢+ + v/Dy, every simplex in the triangulation of
P satisfies the conditions of the theorem if and only if none of the polynomials evaluated
at x,y are zero. Finding rational values for x,y in a small neighborhood of the origin
to ensure ‘x + \/T?y) < r, where a finite family of polynomials all take nonzero values
is easy. For example, the product of all the polynomials has to take a nonzero value on
a large rectangular grid within a small neighborhood of the origin.

We now claim that it is enough to prove the theorem in the special case when P is a
simplex. Indeed, suppose the theorem is true for simplices, and consider a polytope P
satisfying the conditions of the theorem. Consider a triangulation of P into simplices
S1, ...,k satisfying the conditions of the theorem. Since the normal vectors of the
hyperfaces of P and Si,...,S) are not in Q%, the hyperfaces of tP and ¢Si,...,tS;
cannot contain a d — 1 dimensional sublattice of Z¢ for any ¢ > 1. Thus the hyperfaces

of tP and tS1,...,tS, contain O (td_Q) lattice points, hence

dl _ d _ , dl \ad d-2\
‘tPﬁZ‘ A(P)t ;(‘tsmz‘ /\(Sz)t>+0<t 2)
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Applying the theorem on the simplices Sy, ..., S shows that the theorem holds for P.
Finally note that the triangulation of P, including finding the extra vertex vg, was done
using an effective algorithm, hence the implied constant in the theorem is effective.
Let us now prove the theorem in the special case, when P = §' is a simplex with
vertices vy, ...,v441. Fix an arbitrary ¢t > 1 and an arbitrary integer N > 1. Applying

Theorem 2.7 we get

‘tS N Zd‘ = C(tS,N) + O (td_2 + td—lw/bifN> , (3.23)

where C(tS, N) is as in Definition 2.3. We will use the representation in Theorem 3.1
to estimate the Fourier coefficients, and thus C(¢S, N). According to Theorem 3.1, for

any lattice point m € [0, N — 1]% we have

) - (—17)dd‘ 6—27rizt ;
Xes(m) = (2mi)a+1 A(S) lzj=r (2 = (v1,m)) - (2 = (vat1,M)) 4

where R > 0 is a fixed constant such that R > [(v;,m)| for any 1 < j < d+ 1 and any
m € [0, N —1]%. The only main term we will isolate is Y;5(0) = A(S)t?. We will use the
residue theorem to evaluate the complex line integral. The problem is that for a given
lattice point m several singularities (vj, m) might coincide resulting in a high order
pole. To handle such cases, for any lattice point m # 0 let us define the equivalence

relation ~ on the index set [d + 1] as
i~ j <= (v;,m) = (vj,m).

Let P(m) denote the partition of [d + 1] defined by this equivalence relation. For the
sake of simplicity let us introduce the notation

e—27rzzt

(z = (vi,m)) -~ (2 = (var1,m))

R(J,m) = Res(y; m)

for any lattice point m # 0 and j € J € P(m). Then the residue theorem can be

written in the form

th(m):W)\(S) > R(J,m). (3.24)
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Note that for any m # 0 and J € P(m) we have |J| < d — 1. Indeed, the nonzero
rational vector m is orthogonal to the face of S containing {v; : j € J}, which therefore
cannot be a hyperface of S, or S itself. We now find an upper bound to |R(.J, m)| for
any m # 0 and J € P(m).

To find an upper bound to |R(J, m)|, note that we may assume that .J is of the form
J =1kl ={1,2,...,k} for some 1 < k < d— 1, the other index sets resulting in similar
residues. In other words, we will assume for the sake of simplicity that the lattice point

m # 0 satisfies

(v,m) = -+ = (vg, m),

but (vj, m) # (v, m) for every k +1 < j < d+ 1. We want to estimate the residue

e—27rizt
R([k]vm) = Res@lﬂ”) (Z _ <,U1’m>)k (z — <’Uk+1,m>> v (Z - <'Ud+17m>> -

6727rizt€727ri(v1 ,m)t

Res —
U2k (2 — (vgr1 — v1,m)) - (2 — (vat1 — v1,m))

e—27rizte—27ri<vl,m>t ? Z

zd+1 Z— (Upp1 —v1,m) 2z — (vgp1 — v, m)

Resg

Let us use the Taylor expansions

[e.9] .
e 2mizt _ Z (_271-'“5)” 2",
~ n
z = -1 i
DR L
z— (v —v,m) = (v — v, m)"
=

for k+1 < j < d+ 1, which hold in an open neighborhood of z = 0. We get, that

R([k],m) equals the coefficient of 2% in the power series

o . o
o= 2mi{vr,m)t Z (—27TZt)"Zn Z 1
n! (Vg+1 — V1, M)W+

n=0 ipp1=1

oo

§ —1 _ Lldt
(Vg1 — v1, m)ta+1

ig+1=1
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The only terms of the first power series which contribute to the coefficient of z% are
indexed by 0 < n < k — 1. Therefore to find the coefficient of 24 we can first fix
an integer 0 < n < k — 1, then consider all integers ¢gy1,...,%4+1 > 1, such that

iga1+ - +ig11 = d —n. Altogether we get, that

k—1
R, m =0 % !
n=0

g 1oerigy1 =1 (V41 — o1, M) - [(vg g — v1, my |
i1+ tigg1=d—n
(3.25)
For any k +1 < j < d+ 1 we can write v; — vy in the form v; —v; = %+\/D% for

some aj,b; € Z% and @ € N. Therefore we have

(v — v1,m)| =§2 (aj,m) + VD{bj,m)] .

Here both (aj,m) and (bj,m) are integers. Estimating this factor is thus equivalent
to the classical problem of approximating v/ D with rational numbers. We can use the

standard trick of multiplying by the conjugate to obtain

|<aj’m>2 - D<bj’m>2| .
Q|(aj,m) = VDibs,m)|

|(vj —v1,m)| =

The numerator is the absolute value of a nonzero integer. Applying the triangle in-

equality and the Cauchy—Schwarz inequality on the denominator, we get that

Kw—vhmH:Q<]>. (3.26)

m|

On the other hand, we also have

Kw—vhmH:Q(W@JmVBW. (3.27)

Unfortunately (3.27) is useless if (b;, m) = 0. But if (b;, m) = 0 then

[(vj —v1,m)| > =5 =Q(1). (3.28)

1
Q
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Since we are trying to prove an effective bound, we cannot use simultaneous Diophantine
approximation. Therefore let us apply (3.26) on all but one factor of (3.25), and use

(3.27) or (3.28) on one factor. Since we have ig11 + -+ + g1 = d —n we get

|m|d—n—1

k—1
= T;)tn](mﬂ,m@” |

if (bgy+1,m) # 0, and

k—1
|R([K], m)| = O (Z t”!m\d_”_1> ;
n=0

if (bgt1,m) = 0. Clearly the same bounds hold for any other index set J C [d + 1] of
size k. Altogether we found, that for any index set J C [d + 1] of size k there exists an

integral vector by € Z% depending only on the simplex S such that

, (3.29)

if (by, m) # 0, and

k—1
|R(J,m)| =0 (Z t"|md_"_l> , (3.30)

if <bJ, m> =0.
Fix integers 0 < Mj,..., My < N — 1 and let M = (My,..., My). Summing (3.24)
over lattice points m in the rectangle [—My, Mi] X - -+ x [—=My, My|, and isolating the

main term X:5(0) = A(S)t? we get

S(tS, M) = \(S)t? (_1)dd!>\5 R(J.
(,)—()+(2m.)d() > > R(J,m),

mE[—Ml,Ml} X X [—Md,Md]\{O} JEP(m)

where S(tS, M) is as in Definition 2.2. To bound the double sum, it will be more

convenient to switch the order of summation to obtain

a, (=1)%d!
S(tS, M) = A(S)t? + NEIY > R(J,m). (3.31)

(2mi)d
JC[d+1] mE[~My,My] % x[~Mg, Mg\ {0}

JeEP(m)
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Let us thus fix an index set J C [d 4 1] of size k. Recall that 1 < k < d — 1. Consider
the inner sum indexed by J. From the definition of P(m) we see that every lattice

point m which shows up in the inner sum is contained in the linear subspace
Vy = {w eRe:Vi,jed (v,z)= <vj,ac>}.

Note that Vj can be described by k — 1 linearly independent linear equations, therefore

it has dimension d — k + 1. Therefore the inner sum in (3.31) satisfies

S RUm|< Y R m). (3.32)
WLE[*]\/Il,Ml]X-'-X[fl\/fd,l\fd]\{o} mEVJﬁZd
JEP(m) 0<|m|<VdN

We thus have to sum the bounds (3.29) or (3.30) over the integral points in a ball
of radius v/dN in a linear subspace of dimension d — k + 1. We have to distinguish
between two cases: either by is orthogonal to the linear subspace Vj, or it is not. If by
is orthogonal to V, then (by, m) = 0 for every m € V;NZ4, therefore we can use (3.30)

on every term to get

k—1 k—1
Z ’R(J, m)‘ -0 <Z tnNdnlNdk+1> -0 (Z tnNden> )
meVynzd n=0 n=0

0<|m|<VdN
Suppose now, that by is not orthogonal to V. The scalar product (bs, m) takes integral
values in an interval of length cN centered at zero, where ¢ = |bs|v/d = O(1). Moreover
every value is attained at most O (N d_k) times. Indeed, the set of m € V;NZ? for

which (by,m) = a for a fixed integer a is contained in an affine hyperplane of V.

Therefore (3.29) and (3.30) imply that

> |R(Jm) =0 Zt"NdnlNdk 1+ZH

mev;nzd
0<|m|<VdN

/D

The sum over a is a well-known Diophantine sum. Using an argument based on the

pigeonhole principle it is easy to see that
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For a proof of this fact see Proposition 4.2 (i) in chapter 4. Thus if b; is not orthogonal

to Vj, we have

k—1
> |R(Jm) =0 <Z PNk g N) .

meVynzd n=0
0<|m|<VdN

Applying this bound in (3.32) for every index set J C [d+ 1] of size 1 < k < d — 1,
(3.31) yields

d—1 k-1
S(tS, M) = X(S)t? + O <Z > N og N) :

k=1n=0

By taking the average over integral points M € [0, N — 1]¢ we obtain

d—1 k-1
C(tS,N) = AS)t?+ 0 (Z D Nk og N) , (3.33)
k=1 0

=1 n=

where C(tS, N) is as in Definition 2.3.
Finally (3.23) and (3.33) yield

d d d—2 d110gN dlkandkn
’tSﬂZ’ A +0 (192 4 +3°3 N log N

k=1n=0

The optimal choice for the integer N > 1 is the integer closest to t7 log_% (t+1). Note

that for this choice we have & = Q(1), therefore the largest error term in

k—1
j{:tnAﬂd—k—nlogPJ
n=0

is when n = k — 1. Thus the last error term simplifies to

d—1
Z tk}—lNQd—Qk—‘rl log N.
k=1

We also have N2 = Q(1), hence the largest error term is simply t%2N3log N. For our
choice of N the second and third error terms t?—14/ % and t“"2N3log N have the

same order of magnitude =7 log% (t+1).
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Chapter 4

Lattice point counting problems on the plane

4.1 Continued fractions

This section is devoted to recalling some basic facts from the theory of continued frac-
tions. We follow the notation of the book [4] by Cassels. There are no new results
proved.

Let us fix the terminology and the notation first. The continued fraction represen-

tation of an irrational real number « is denoted by
a = [ag;ay,a,...],

where ag is an integer, and aq, a9, ... are positive integers, called the partial quotients

of a.. For integers k& > 1 the fractions

Pk 1
— = [ag; a1, a2, . ..,ax-1] = ag + I
dk ai

are called the convergents to . The distance of a real number z from the nearest
integer is denoted by ||z]|.

The properties of continued fractions we shall use later are listed in the following
proposition. Since these properties can be found in any introductory textbook on
continued fractions, e.g. in Chapter I of [4], the proof will be omitted.

Proposition 4.1 With the notation above, for any irrational real o:

(i) For any k >1 and 0 < m < gry1 we have ||gra| < [[me]|.

1
Qk+11+3k

(ii) For any k > 2 we have < |lgre| < If a1 > 1, the same is true for

1
Qe+1

k=1.
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(iii) The convergent denominators satisfy the recurrence qx+1 = axqr~+qr—1 with initial

conditions ¢ = 1 and g2 = a;.

(iv) For any k > 1 the numbers px and qx are relatively prime.

(v) For any k > 2 we have prpqr—1 — qupr—1 = (—1)*.

(vi) For any k > 1 we have sign(gra — p) = (—1)F*1,

Properties (i) and (ii) describe the connection between continued fractions and Dio-
phantine approximation. Consider the sequence ||mal|. Property (i) says that the terms
of this sequence which are as small as possible in terms of m are precisely the terms
for which the index m equals a convergent denominator of «. In addition, property
(ii) quantifies how small those terms are. In the lattice point counting problem to be
studied in the following section, we shall need to know more about the distribution of

the values of ||ma/||. In particular, we will be interested in sums of the form

i 1
b
22 i fmal

for some exponents a,b. As noted before, the main contribution of these sums come
from the terms where m equals a convergent denominator ¢; of a. A simple application
of the pigeonhole principle allows us to bound the contribution of the terms as m runs
between two consecutive convergent denominators. Even though this method is well-
known, for the sake of completeness we shall formulate it as a proposition and include
a proof as follows.

Proposition 4.2 Let o = [ag; a1, az,...] be the continued fraction representation of an

wrrational real number o, and let 2—: = lag; a1, ag,...,ax_1] denote its convergents.

(i) For any k > 2 we have

2.

0<m<qx

< 8qx logs (2qk) -
[mal

(ii) For any k > 2 and b > 2 we have

2.

0<m<qi

b — 8 (QQk)b :
[[mal
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Proof: From Proposition 4.1 (i) and (ii) we know that for every 0 < m < ¢; we have

[mall 2 [lgg0f > ——— >
dk
For any integer ¢ > 0 consider the set

1 1
Apy = {0 <m < qp:2— < |mal <26 — }
24k 24k

First note, that if 2Zﬁ > %, in other words if ¢ > log, qi, then Ay ¢ = (). Therefore
U Ak
0<t<logy qr

is a partition of the interval of integers (0, gx).

Now we find an upper bound for the cardinality of Ay, . For every m € Ay, ¢ consider

the point in [—%, 5) equivalent to ma modulo 1. These points all lie in the open interval
( 2+l 2;1@ Pl ; ) On the other hand, the distance of any two points is larger, than

ﬁ. Indeed, if 0 < m <m' < g then 0 < m' — m < ¢ and thus
H(m -m aH > —

2qx

Therefore, by the pigeonhole principle we have |Aj | < 2042,

To see (i) consider

T DRI

0<m<qg 0<t<logy qi, MEAL ¢

2
> 2% 272 < 8qy (logp g + 1) -

HmaH 0<tl<log
= 2 9k

To see (ii) consider

X e XX

0<m<qy Hma” 0<t<logy qx MEA} ¢

i <2Qk> . ot+2 <

IhnaH =0
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4.2 Lattice points in a right triangle

We have seen in chapter 3 that the lattice point counting problem for polytopes in R? is
related to certain simultaneous Diophantine approximation problems for d—1 irrational
reals. To study the lattice point counting problem for polygons in the Euclidean plane,
we therefore only need to consider the classical Diophantine approximation problem for
a single irrational number. It is not difficult to come up with the intuition, that the
irrational numbers we have to consider are the slopes of the sides of our polygon. Since
every polygon in the plane can be decomposed into right triangles with axis parallel
legs, the lattice point counting problem for an arbitrary polygon can be reduced to
estimating the number of lattice points in such triangles.

For the sake of simplicity we will consider the closed right triangle
S ={(z,y) eR?:z,y>0,az+y < o}

with vertices (0,0),(1,0),(0,«), where o > 0 is irrational. We want to estimate

|ts nz?

, where ¢ > 0 is real. The same exact problem has been studied by Hardy
and Littlewood in [11] and [12], and more recently by Beck in [1].

We identify the main term of ‘tS N Z2’ as

g(t):%t2+a;1t+ (O‘{t}+12)(1—{t})_

The first term is the area, while the second term is one half of the total length of the legs
of tS. Note that the last term, which is a bounded and periodic function of ¢, makes
g(t) different from the main term ¢(t) we used in subsection 3.2.4 in the orthogonal
simplex problem.

The difference |tS N Z2| — g(t) is considered a random fluctuation. We studied the
expected value and the standard deviation of this random fluctuation on the interval

[0,T], where T' > 1 is a real number. In other words, we consider

T
;/O (|tSnzZ?| —g(t)) dt (4.1)

and
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T
\/;/O (165 N 22| — g(t))* dt. (4.2)

The main difference between this problem and the high dimensional lattice point
counting problems studied in chapter 3, is that the continued fraction representation
of a provides an effective solution of the related Diophantine approximation problem.
Therefore instead of assuming that « is algebraic, we will express our results in terms
of the partial quotients of a.. As a result we will be able to find the standard deviation
(4.2) up to an explicit error term. Note that we do not have a similar formula for higher
dimensional lattice point counting problems.

This shows a sharp contrast between lattice point counting problems in polytopes
and smooth convex bodies. Let us illustrate the difference by recalling that the sphere
problem is completely solved in high dimensions, whereas the centuries-old Gauss circle
problem is wide open to this date.

In section 4.5 of [1] Beck states without a proof that for an arbitrary irrational «
the expected value (4.1) is negligible compared to the standard deviation (4.2), and

that the standard deviation (4.2) is the sum of

LT}

> ! (4.3)

212 ain2
4= Am*m? sin®(mar)

and a negligible error term. Since the order of magnitude of these negligible error terms
is not specified, and no proof is given in [1], for the sake of completeness we formulate
and prove these claims as a proposition for a wide range of irrationals as follows.
Proposition 4.3 Let a > 0 be irrational, and let S be the closed right triangle with
vertices (0,0), (1,0), (0, ). Let

0, 0t e+ D 0= ()

(i) For any real T > 1 we have

T
7] Gsnzl-gw) o < 2.
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(ii) Suppose that the continued fraction representation o = [ag;ay,aq,...| satisfies

ap = O(k?) for some real number d > 0. Then for any real T > 3 we have

e ? O 1
T/ (‘tS N ZQ‘ —g(t))” dt = Z _ +0 <log2dTloglogT> :
0 m

22 sin2
— 4m?m?sin”(mam)

The implied constant depends only on o and is effective.

Proof: Suppose that the magnifying factor 0 < ¢ < T has integer part [t| = n. The

number of lattice points in ¢S on the line x = k is

|t —k)a|+1=|(n+{t} —k)a] +1,

where 0 < k < n. Therefore

n n

|tSﬂZ2:Z (n+{t} —k)a| +1)=> ([(k+{tHa| +1).

=0 k=

o

By writing |(k + {t})a] = (k + {t})a — {(k + {t})a} we obtain
tS N Z?| :kz_o <(k:—|—{t} o+ ) +Z <; —{( k+{t})a}>
Substituting n = ¢t — {t}, the first sum evaluates to g(¢), as in the statement of the

proposition. Thus

n

tS N Z?| — => ( —{(k+ {t})a}) (4.4)

k=0

where n = [t].
To find the expected value, it is natural to first integrate (4.4) on the interval [n, n+1]

for some integer n > 0 to get

/nn+1 (}tSﬂZQ‘ —g(t)) dt = kznjo/ol <; B {(k+x)a}) dx

By applying the change of variables y = (k + x)a we obtain

/nH (|tSNZ?| —g(t)) dt = Zn: /}:kﬂ)a <; — {y}> édy =
n = ka
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/O(nﬂ)a <1 - {y}> —dy = /O{(nﬂ)a} ( - {y}>

{(n+Da} (1 —{(n+1)a}) c <O 1 )

2a " 8o

Summing this over integers 0 <n < |T'| — 1 we get

al T
Og/ (|tsnz?| — gt )dt<L | (4.5)
0 80[
Finally we can estimate the integral of (4.4) on [|T'],T] as
LT
(\tSmZZ\—g ) dt| = Z/ <—{k+x)a}) dz| <
T fe{THa 7]
+1
Z/ (—{y}>y<z H : (4.6)
k=0 |k
Combining (4.5) and (4.6) concludes the proof of (i):
1/T(\tSmZ2}— f) at < 2L 3
T 8aT ~ 8a’

Now we prove (ii) under the assumption that the partial quotients ay of o are O (kzd).

Using the notation |[t| = n and {t} = = we get from (4.4) that

/:+ (|5 2% - g(t)" dt = /01 (i(;{(k‘wLx)a}))de (4.7)

k=0

for any integer n > 0. We will use Fourier analysis to find the right hand side. Consider
"1
F =3 (5 thatn).
k=0
It is easy to see that its Fourier coefficients are

1 e2mim(nt+l)a _ 1

LS [1 1
Z_{k —2mimy dy = 2mimka _ . i
/0 (Z (2 {ha + y})> ° Y kzo omim omim  e2mima _ |

k=0

for m # 0. Let
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L .
1 eQmm(nJrl)a -1 o
fL(y) = Z 2mim ' e2mima _ 1 -etmm

m=—L
m#0

denote the partial sums of the Fourier series of f(y). Since f(y) belongs to L? ([0, 1]),
we have that f;, — f in L?, as L — oo.
In (4.7) we actually have f(ax), therefore we need to prove that fr(az) — f(ax)

in L? as well. To see this, consider

! 2 “ 2 1
[ (frtaa) = flaa))* do = [ (ful) ~ F0))* S dy <
0 0

[ ) - 10 au o,
as L — oo, showing that indeed fr(ax) — f(ax) in L? as L — oco. This implies
that the L? norm square of f (ax) converges to that of f(ax). This gives us the
representation of the right hand side of (4.7)

/01 (Z @—{(k+x>a}))2dx:nggo/ojfL(m”z dp —

k=0

L 2mimi(n+1)a —2mima(n+1)a 1
; 1 € ( -1 e ( Jr —1 2mi(mi—me)ox
lim 3 . 5 . 5 e dz.
L—s00 4 mime esmimia e—smmaa ] 0
my,mog=—L
my,mo#0

(4.8)
We will separate the terms for which m; = ms and the terms for which my # ms.

Let us thus consider the sums

L ; 2 L .
S — Z I e2mim(ntlo _ g _ Z I sin?(m(n + 1)ar)
= Arim? e2mima _ 1 — 2m2m? sin?(mar)
m#Q0
1 627rim1(n+1)oz -1 e—27rim2(n+1)oz -1 e27ri(m1—m2)oc -1
So = . . . , N )
E[Z; Lo 4Am2mime e2mmia _ ] e~ 2mimae ] 2mi(my — ma)a
mi1,ma&|—L,
mi1#mo

Now we show that Sy = O(1). To see this let us use the triangle inequality on S

together with the estimates
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e2mimi(n+l)a _ 1

627m'm1a -1

(i)

[maall

(i)
lmac|

‘e2m‘(m1—m2)a _ 1‘ = O (||mia] + [maal))

e—2mima (n+)a _ 1

e—?wimga —1

to obtain
1 1 1 1
Sy =0 Z . . ( + )
i ooy M2l [ma —ma| \lmial Imaall
mpF#ma

By symmetry the terms —— and —— have the same contribution. It is also easy to
[mia]] lmzodl

see that it is enough to keep the terms for which m1 and mo have the same sign. Thus

we get
> 1 = 1
Sy =0 _ _
mz_:l my ||micl| Zzl ma [my — ma]
1= mo
moF#my
Since
i 1 _0 <log my + 1>
= ma|my —myl my ’
moF#my

this simplifies to

2 logm; +1
So =0 g — . 4.9
2 ( m? Hmmz]) (4.9)

mi1=1

Consider the convergents

Pk

w lag; a1, a2, ..., ak_1]

of a. Using Proposition 4.2 (i) we can estimate the terms as m; runs between two

consecutive convergent denominators as
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logmi +1  logqiyr +1 1
2 mal ST g 2 Tl ~
qr<mi1<qr+1 1 k 0<m1<qr41
log qx41
@) <q+ * Qk+1108 g1 (4.10)
k

The recurrence qr11 = agqr + qx—1 from Proposition 4.1 (iii), together with the as-
sumption a; = O (k%) shows that (4.10) is O <klo%>. Therefore (4.9) and (4.10)
yield
ss-o (5 ee)
el dk
Since g, is at least as big as the kth Fibonacci number, we get that indeed Sy = O(1)
with an effective implied constant depending only on «. Altogether, from (4.7) , (4.8)

and the definition of the sums S; and Sy we obtain

o0

[ sz =gy ae = 3 g SO Do) o)y

« 2mPm? sin? (marr)

for any integer n > 0.

We proceed by estimating the tail of this series using summation by parts. First

note that
sin” ( (n + 1 2mikma 27ri(k —ko)ma
5 Z =n+1+ Z 12
sin® (mar) o<k Te<n
oy #ko

For the partial sums b; of this sequence we have

J si J
Z n + 1) ) _ ](n 4 1) i Z Z e27ri(k1—k2)ma _

m=1 SlIl maﬂ-) 0<ky,kp<n m=1
k1#ko

2mi(k1—k2)jo _ 1
. e
j(n + 1) + Z 1— 6—27T’i(k1—k2)a ’

0<kq,ko<n
k17

Here the terms of the sum satisfy
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e2mi(ki—k2)jo _ 1 0 1
1 — e—2mi(ki—k2)a <|(k1 — k‘z)aH) ’
thus

. 1
B=0lint > wal

0<kj,kg<n
k17#k2

Consider the two consecutive convergent denominators of « for which ¢ < n < gx11.
In the sum above |k; — k| takes integral values between 1 and n < gi41, and each value
is attained at most 2n times, therefore

1

0<l<qr+1

Proposition 4.2 (i) implies that

bj = O (jn + ngry110g gev1) -

Using the recurrence g1 = arqx + qx—1 and the assumption a = O (k:d) we get
Qx+1logqrr1 = O (kqu log qk). Since gy, is at least as big as the kth Fibonacci number,

qr < n also implies k = O (logn). Altogether
bj =0 (jn + n?logdt! n) .

Applying summation by parts on the series in (4.11) starting at m = |ny/logn| we get

i 1 sin? (m(n + 1)ar)
2712m2 2 -
e T™2m sin® (marr)
1 - 1 1
—b _ + g b < = ) =
[nvIogn|—19 2 2 m 22 2 2
272 | ny/logn | iy 2m2m?  2m?(m+1)
o0 214pd+1
mn + n-log" " n
O | log* -
og'nt ), o

m=|n+/logn|
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o0 oo

1 1
d 2 d+1 _ d
O |log“n+n g m2+nlog n E 3 fO<log n>
m=|n+/logn] m=|n+/logn]

From (4.11) we therefore get that

nt1 1 in2 +1
/ (\tS : Z2‘ B g(t))2 dt = Z omm? - S(izz((nmmr))aﬁ) +0 <10gd M)
" 1<m<M+/Tog M

for any integers M > 2 and 0 < n < M. By taking the average over the integers

0 <n < M, we can express the variance on the interval [0, M] as

M
]\14/0 (|tS N 72| - g(t))* dt =

1 1 sin? (m(n + 1)an)
M 2m2m? sin? (ma)

+0 <logd M) .
Let us now switch the order of summation, and use the identity

. 1 1 sin(mam) —sin(m(2M + 1)amr)
2

n? (m(n + Dorw) = = + .

sin” (m(n + Lar) 2 4M sin(mar)

to get

M
]\14/0 (jtsnz?| —g)* at= > ! +

472m2 sin? (marr
1<m<M+/log M ( )

1 ; — si 2M +1
Z 51n(m0é;1’)2 2111(7731( + 1)ar) +0 <10gd M) . (4.12)
rem T T m2m? sin® (mar)

We now focus on the terms 1 < m < log?’LdM of the second sum in (4.12). Using

Proposition 4.2 (ii) we can estimate the terms as m runs between two consecutive
convergent denominators of « as

LS

G <m<qr+1

sin(mam) — sin(m(2M + 1)an)
872m?2 sin®(mar)

1 1
:Oﬁzi:

2 3
G <m<qr+1 m HmaH

1 1 q;2’+1> <k3qu)
o -—= - =02t ) =0 .
Mg} OQ;M |mal® (Mq,% M
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Let us sum this estimate over every positive integer k such that ¢, < deM. For every
such k we have k = O (log M), therefore we obtain
1 Z sin(marm) — sin(m(2M + 1)ar)| 0 log3d M
M o 8m2m? sin®(mar) B M « U
1§m§m Qkﬁm
(4.13)

We can estimate the sum of the convergent denominators as follows. By summing the

recurrence relation in Proposition 4.1 (iii) we get

2G> qk+ Q-1 = Qk—1qk—1 +0k—2qr—2+ - +a2q2+q@+q > -1+ qp—2+ -+ q@+q,

and thus we obtain the general inequality

g1 +q2+ -+ qr < 3q.

Hence (4.13) simplifies as

1 sin(mam) — sin(m(2M + 1)am)
>

M
1<m<—25—
=" =log3d M

8m2m2 sin® (mar) =0(1). (4.14)

M_ < m < M+/Tog M. Using the estimate

Now we consider the terms o 1 =

|sin(mam) — sin(m(2M + 1)an)| < (2M + 2) |sin(ma)|

we get,

sin(mam) — sin(m(2M + 1)ar)
8m2m? sin® (mar)

LS

M
Tog3d 21 <m<M~+/log M

o) > B (4.15)

m2 [|ma?
log% v <m<M~+/log M H ||

Thus using (4.14) and (4.15), (4.12) simplifies to

M

M
]\14/0 (Jts Nz —g(t)* dt =" ! +

212 sin2
4= Am*m?sin®(mar)
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1
o) > ———— +log? M |. (4.16)

M
ngSM\/log M

Using Proposition 4.2 (ii) we can estimate the terms of the error in (4.16) as m runs

between two consecutive convergent denominators as

S L <y L o<q§;1>_o(k2d)_o(1og2dM>.
k

2 35S 3 5 =
Gk <m<qiir Ima] U o<m<gpia [[ma]

The general inequality

Qk+2  Ok+1Gk+1 + Gk > 9

qk gk

shows that the number of convergent denominators which fall into [logSLdM, M~+/log M

is O (loglog M). Therefore

Z v 0] <log2dMloglog M) .

m2 [|mal>
tog8dap <M< My/log M Imal

Thus (4.16) simplifies as

1 M

M
M/o (Jts Nz —g()* at =" y

1

72m?2 sin?(maur)

) <log2d M log log M)
- (4.17)
for any integer M > 3. Finally, for an arbitrary real T' > 3, we can apply (4.17) with

M = |T| and M = [T'] to conclude the proof of (ii).
U

Proposition 4.3 (i) gives a satisfactory result on the expected value (4.1) for an
arbitrary irrational real a.. Proposition 4.3 (ii) only holds, however, for irrational reals
the partial quotients of which grow at most polynomially fast. There are two classes of
irrational numbers which satisfy this condition. According to the theorem of Lagrange,
the sequence of partial quotients of a quadratic irrational is eventually periodic, which

implies that every quadratic irrational real « satisfies the conditions of Proposition 4.3
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(ii) with d = 0. There is also a class of irrational reals related to Euler’s number e
which is known to satisfy the same conditions with d = 1.

In order to use Proposition 4.3 (ii) to find the standard deviation (4.2), we need to
evaluate (4.3). In [1] (4.3) is evaluated for quadratic irrationals in terms of arithmetic
quantities of the real quadratic field Q (). The question is raised by Beck whether it is
possible to evaluate (4.3) for an arbitrary irrational « in terms of its partial quotients.

Since

LT}

472m? sin? (marr)
=1 m=1

+0(1
dmm? HW%H2 =

the following proposition provides such an evaluation up to an explicit error term.
Proposition 4.4 Let o = [ag; a1, az,...| be the continued fraction representation of an
wrrational real number o, and let z—: = [agp; a1, az, . ..,ax_1] denote its convergents. For

any integer k > 2 we have

Y. i Z a2 +0 (Vk).
0<m<qy " ”mo‘” 0<Z<k

The implied constant is absolute and less than 150.

For the class of quadratic irrationals, and more generally for irrationals the partial
quotients of which are bounded, the error term has the same order of magnitude as the

main term. If, on the other hand the quadratic means of the partial quotients satisfy

as k — oo, in particular if a belongs to the class related to Euler’s number e, Proposition
4.4 evaluates (4.3). Note that here we do not have to assume that the partial quotients
grow at most polynomially fast.

Proposition 4.3 (ii) and Proposition 4.4 make it possible to express the variance in
terms of the partial quotients of a as follows.
Corollary 4.5 Let a > 0 be irrational, and let S be the closed right triangle with
vertices (0,0), (1,0), (0, ). Let

_ a—|—1t+ (a{t}—}—l)(l—{t})'
2 2 2
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Suppose the continued fraction representation o = [ag; a1, as,...] satisfies ar = O(k?)
for some real number d > 0. Let % = [ag; a1, a2, ...,a_1] denote the convergents to a.

Then for any real T > 3 we have

e 1

/ (|tSﬂ ZQ‘ — g(t))2 dt = — Z a? +0 <logd+1 T+ lodeTloglogT> .

T Jo 360

qe<T
The sum is over all positive integers £ such that qp < T. The implied constant depends
only on a and is effective.
We conclude chapter 4 with the proofs of Proposition 4.4 and Corollary 4.5.

Proof of Proposition 4.4: Let ¢ > 2 be such that ¢, > 2, let ¢y = gy — pg, and

consider the sum

Z 1

m? [mal*
qe<m<gqgi1
We have
mpy  MEey
lma|| = ‘ —_— 4 — (4.18)
qe qe

Let us decompose the sum using the index sets

A={qg <m<qu1:mp;=0 (mod q)},

B = {qg <m < qpi1:mpg = (—1)6 (mod qz)} ,

C= {Qe <m <qepr:impe£0,(—=1)° (mod qg)} :

We first show that the contribution of the terms m € C' is negligible. According to

Proposition 4.1 (ii) for any ¢; < m < gs4+1 we have

mey
Qe

1
_mllgeal 1
a a

Using sign(ey) = (—1)*! from Proposition 4.1 (vi), we therefore get that for any m € C

we have
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>1'mw

2 q

q qe

Hence for any integer 1 < a < ay we have the estimate

> % < > %. (4.19)

2
agg<m<(a+1)qy m Hma” aqe<m<(a+1)qe CLQ(]E ‘ mpe
meC qe

From Proposition 4.1 (iv) we know that p, and ¢, are relatively prime. Hence as m
runs in the interval ag, < m < (a+ 1)gqy, the integers mpy fall into each nonzero residue

class modulo gy exactly once, yielding

4 (Ié 1 2 > 1 4 2
age<m<(a+1)qe CLQQE ) qfl Jj= 1 CL2 H H 1§j§%€ j=1
Thus (4.19) gives
1 4m?
—= < —. 4.20
Z m2 HmaH2 — 3CL2 ( )

agg<m<(a+1)qy
meC

Since (ag+1)qr > agqe+qe—1 = qo+1, it is enough to sum (4.20) over integers 1 < a < ay

to conclude

1 4r? ogt
- < — < 4.21
Z 2 — ; 3(12 - 9 ( )

e M2 |[ma
Now we estimate the contribution of the terms m € B. From Proposition 4.1 (v) we
know that pyqe—1 — qpr—1 = (—1)°. By taking this equation modulo ¢, we learn that
the multiplicative inverse of py in the ring Z,, is (—1)qu,1. This means that the set B

consists of integers gy < m < gp4+1 which are congruent to g,—1 modulo gg. Therefore
B={ag+q-1:1<a<a—1},

since the choice a = ay would result in agqe + q¢o—1 = qe+1 Which is outside our interval

qr < m < qpy1. For an arbitrary element m = aqy + qv—1 € B we get from (4.18) that

(=1)¢  (aqe + qo—1)ee
Imal] = H ;
qe qv

_ 1 (agrtqer)led  1—qeled
qe qe ae

—a|€g|.
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Proposition 4.1 (ii) implies that

el = llgeal] < — !
€r| = [|qex = .
Qe+1 QeQe + qe—1
Rearranging this inequality yields
aeqelee] <1 —quqled,

which shows that for every element m = aqy + q/—1 € B we have

Imall = (ae — a) led] -

Thus we get
1 ply 1 2 4 e
— 5 < < =
mze;s’ m2 Hma||2 ; a2q?(ag - a)25§ q%g? 15%“21’ a2ae 3aeqe€€
From Proposition 4.1 (ii) we learn that
el = llaea] > >
€l = [|qex = )
Qe+1+qe — 3aeq
hence
1 2
> ——— <12r’ (4.22)
m? [[mal|?
meB

Finally let us consider the contribution of the terms m € A, which is the main term.

We have
A={agqr:1<a<a}.

Indeed, the choice a = ay+ 1 would result in (ag+1)qs = qor1+qe — qe—1 > qe+1, which

is outside our interval ¢y < m < gpy1. For every m = aqy € A we have
[mall = allga| = aled,

and hence
(o)

ORI 1
2_2 2 22: 22 PV 22 Z
aqea v Ez R Ay A",

mea M2 [[ma]

%‘ —
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Here ) 2, a—14 = g—é, and
1 1 1 /°° 1 11
Y < | de= —_<3
2.2 4 — 2.2 4 2.2 3 —
BWel oZap, @ Lo Jar T qey  3ay

To estimate the main term we can use Proposition 4.1 (ii) and (iii) to obtain

1 1 1 1
< < lgee]| = leg| < < ,
(ap+2)qe — (ag+1)qe + qo—1 lgeadl = led agqe + qoe—1 ~ Qeqe
and hence
ag < <ag+2,
qe leel
2 1 2
(Ie S ) §a€ +4CL£—|—4
q4y&y
Thus we get
1 mt m
—— — —aj| < —(4ap+4) + 3. 4.23
2 5 Imal® 90| <0 ¢ ) (4.23)

meA
Using (4.21), (4.22) and (4.23) we obtain

1 rd 2t d
qQe<m<qg41 m HmOzH
Since
27t d
t12n 4+ —(4+4)+3< 152
9 + 127° + 90 (4+4)+ ,
we conclude that
1 4,
—_— — —aj| <152a 4.24
Z m2 HmaHQ 00 ¢ = ¢ ( )

qe<m<qe+1

for any £ > 2 such that gy > 2.

We claim that (4.24) holds for every integer ¢ > 1. If a; > 1 we have

l=q1 <<,



108

thus we only have to prove (4.24) in the special case £ = 1. If on the other hand a; = 1

we have
l=g=@p<g<---,

thus we have to prove (4.24) in the cases £ = 1 and ¢ = 2.

Suppose first that a; > 1. Since ¢ = 1 and ¢2 = a1 we have
a1—1

Y =Y

—_ =
q1<m<q2 m? Hma” m=1

1

m? [|lmal|*’
According to the rules of the continued fraction process we have |«a] = ag and

1 < < 1
o — Q —.
a;+1 0 al

Hence for any 1 <m < “2—1 we have

T < lmal = <
mal|| = |ma — ma —
a;+1 0 CL17
1 a? 2a1 + 2
m? |mal®  m* T omt
and thus
1 mt 2a1 + 2 a? mt a2
y L T« T S SV I S
2 2 1= Z 4 4 = 1\3 =
Lme m? ||ma|| 90 I m ey m 90 3(&12 )

If‘“THSmgal—lthen

_ 1—
o < |lmal| = |ma — may — 1] < u,
a; +1
1 4 a? 272
< —_— < —. 4.26
Z m? [[ma|* ~ (a1 +1)2 Z (a1 —m)? = 3 (4.26)

Gt <m<ar—1 Gt <m<ar -1

Since % + 34 % < 152, (4.25) and (4.26) imply that (4.24) holds for any ¢ > 1 if

ar > 1.
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Finally suppose that a; = 1. Then ¢ = g2 = 1 and ¢3 = ag + 1, therefore (4.24)

trivially holds for £ = 1. Let us thus consider

D R G

7 = —
g2<m<g3 m? ||ma|| el m? ||mall

According to the rules of the continued fraction process we have |a] = ap and

1 1 1
< —1<—,
az +1 a — ag as
-1 . P
o —ag — .
as + 1 0 as + 2

Hence for any 1 <m < “QTH we have

m
< all = lma —mag — m| <
5 < lmall = o—ml < g,
1 a3 |  dag+4
m? |mal®  m* T mt

and thus

1<m<o2tl
=M="3

1 mt das + 4 a3
— —a5| < + — <
Z m2 ||m04|]2 90 2 Z Z
Sms m

If%“gmgagthen

1-— 2 -
az + 1 as + 2

1 4 1)2 272
O T TP M e e
st o, T PO I D T

5— <m<az

(4.27)

(4.28)

Since % +8+ % < 152, (4.27) and (4.28) shows that (4.24) holds for £ = 2 if a; = 1.

This concludes the proof of the fact that (4.24) holds for every integer ¢ > 1.



Applying (4.24) on the integers 0 < ¢ < k we get

1 ml 9
Y. gy Do % <152 ) ar

2
0<m<q, " [[mal 0<t<k 0<t<k

Let us now use the general inequality

A-B| _|A-B]
VA-VB|- A5 s

to get

7L4 Z 2| < 152 ZO<£<I~: ay
2 12 b= '
e HmaH = ERVES S

Finally, the inequality between the arithmetic and quadratic means implies

4
=
\ 5% ZO<£<k az \/

concluding the proof.

Proof of Corollary 4.5: According to Proposition 4.3 (ii) we have

LT)

I 2 1
T/ (|tS N ZQ‘ —g(t))” dt = Z _ +0 <log2dT10glog T) .
0

22 sin2
2= Am*m? sin®(mar)

<z <3,z #0 we have

It is easy to see that for any — %,
1 1

sin?(nx) w22

= O(1),

therefore for any x € R\Z we also have

1 1

sin?(rz) 72 ||z

—0(1).

Hence our formula for the variance simplifies as

1 LT]

- Aim? ||ma|

T
T/ (‘tSﬂZQI—g )dt Z%%—O(ledeTloglogT)

110
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Consider the two consecutive convergent denominators of « for which ¢ < [T'| < gx+1-
Since ¢, is at least as big as the kth Fibonacci number, we have k = O (logT"). We can

apply Proposition 4.4 to obtain

1 _ 1 2 2 —
Z 47T4m2 HmaHZ - 36002 7] + O \/% Z aZ —

0<m<qy <l<k 0<t<k

% Z a? + 0 (kd+1> = % Z a% + O <10gd+1 T) .
0<t<k 0<t<k

Finally note that the terms of the sum ) a% are O (lode T ), therefore

1 1
Z _ Z a; 4+ O (longrl T + log?? T) .

2 = 260
] Amim? ||mal| 360 =
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