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ABSTRACT OF THE THESIS

From Coordinate Descent to Social Sampling:

Coordinate Sampling for Large Scale Optimization

by Mohsen Ghassemi

Thesis Director: Prof. Anand Sarwate

The unprecedented rate at which data is being created and stored calls for scalable optimiza-
tion techniques that allow efficient “Big Data” analysis. In this work where there is only one
computing node, that modifies the coordinate-sampling distribution for stochastic coordinate
descent: we call this proportional stochastic coordinate descent (PSCD). This method treats
the gradient of the function as a probability distribution to sample the coordinates, and may be
useful in so-called lock-free decentralized optimization schemes. Although stochastic coordinate
descent methods seem attractive due to their small per-iteration complexity, they show high
variance in performance compared to full gradient descent algorithms. In order to address this
issue we propose stochastic variance reduced coordinate descent that takes information from
the previous gradient estimates into account. Lastly, we consider stochastic message passing
algorithms that limit the communication required for decentralized and distributed convex op-
timization and provide convergence guarantees on the objective value. For general distributed
optimization in which agents jointly minimize the sum of local objectives we propose treating
the iterates as gradients and propose a stochastic coordinate-wise primal averaging algorithm

for optimization.
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Chapter 1

Introduction

In the recent years, with emergence of many problems dealing with large scale data sets or
very high dimensional data, large scale convex optimization has received a great amount of
attention. Large scale machine learning, which has applications in bioinformatics, computer
vision, text processing, product recommendation systems, and many other areas where “Big
Data” is available, uses convex optimization as a powerful tool for empirical risk minimization.
Applications of large scale convex optimization, however, are not limited to machine learning
problems. For instance, resource allocation in large wireless networks can be modeled as a
convex optimization problem.

In general, such problems can be formulated as

weR

min, f(w) 2 -3 fiw), (1.1)

where {f?(w)} are convex functions and n or d (or both) are very large. Traditional methods
such as gradient descent have very high complexity when applied to large scale problems. A
plethora of different methods try to tackle this issue. Some of these methods use stochastic
optimization algorithms that have low computational cost and are scalable enough to process
large data sets. Another approach is distributing of the computation task among many com-
puting agents in a network. Models such as MapReduce [1] have been proposed for distributed
processing of large data sets. In this work, we employ numerical methods and network message
passing protocols to efficiently solve large scale convex optimization problems. Here, we mainly
focus on methods that perform coordinate-wise operations in order to reduce complexity.

We first propose a method for the simpler case of centralized optimization that uses a novel
non-uniform sampling of the coordinates. In this scheme, the chance of a coordinate j being se-
lected is proportional to partial gradients %Luf;’). We name this method Proportional Stochastic
Coordinate Descent (PSCD). We show that for convex smooth objective functions our algo-
rithm, with constant step size, achieves O (%) convergence rate in expectation. Our centralized

analysis is based on the analysis of the uniform scheme by Sahlev-Shwartz and Tewari [2]. The



recent survey of Wright [3] summarizes much of the early work on coordinate descent meth-
ods. Many other authors have studied non-uniform sampling algorithms that differ from ours
in the coordinate selection method [4-7]. Of particular note is the seminal work of Nesterov,
who proves linear convergence rate for his non-uniform method for strongly convex objective
functions [4]. Our centralized setup is different in that we consider optimization of convex and
smooth objectives rather than strongly convex objectives. Our method, like other first-order
gradient methods, has sublinear convergence rate for non-strongly convex objective functions
which is not surprising since strongly convex functions (unlike convex functions) cannot be arbi-
trarily “flat”, which means that the algorithm takes sufficiently “steep” steps at every iteration.

Our proportional method can also be adopted for shared memory systems where the nodes
(computational agents) are arranged in a star network. For this setup, our algorithm is based
on the framework used by Recht et al. [8] where a central node (memory node) keeps the current
global decision vector and the rest of nodes (computing nodes) access to this value and update
it in an asynchronous manner. In this framework, it is assumed that while each working node
is computing its update based on its local objective function value and transmitting it to the
central node, other working nodes can also access or update the decision vector. This means
that the estimates of the gradient vector that are transmitted to the central node could be
obsolete. We propose that each node evaluate its estimate of the gradient according to the
PSCD update rule.

Although stochastic optimization methods seem attractive due to their small per-iteration
complexity, they show high variance in performance which rises from the high variance in
estimates of the gradient vectors. In order to address this issue we propose that we can make
use of the previous gradient estimates. The idea is that if the objective function is smooth
enough so that gradient values do not change drastically from one point to another in its
vicinity, the last gradient estimate is still a good estimate of the current gradient vector. This
idea stems from stochastic variance reduced optimization methods proposed in the machine
learning literature [9, 10], especially the SAG method presented in [9]. The coordinate-wise
method that we propose based on this idea updates a random coordinate of the gradient vector
at every iteration while keeping the old values for the other coordinates. We call our method
Stochastic Variance Reduced Coordinate descent (SVRC).

One drawback of the SAG algorithm is that it requires a large amount of memory to keep
the values of sub-gradients at all data points. The coordinate-wise method we present here
addresses the memory requirement issue of SAG. In SVRC, the memory required to save the

gradient vector is proportional to the dimension of the data d (and not the size the data set n,



which is the case in SAG). However, this is achieved at the cost of improvement in the run-time
(time to achieve a certain subopyimality gap). In SAG, the per-iteration complexity is improved
by a factor of n, while the improvement in SVRC is relative to d.

Large-network paradigms for communication and distributed computation have driven re-
newed interest in opinion and belief formation models from mathematical sociology and psy-
chology. One such recent work is the novel message passing protocol called social sampling [11]
that uses limited communication to perform distributed estimation. This protocol is similar to
consensus-based multi-agent optimization models — the goal of this work is to investigate the
connection between the two. The idea is that every agent performs local processing based on
its local objective function, then samples its belief or state of the global at random to send to
its neighbors. Subsequently, agents update their belief based on the messages they receive from
their neighbors. Transmitting samples of the belief instead of the complete information makes
this method suitable for distributed settings with limited communication resources. We note
that for centralized optimization, coordinate descent methods can be considered as centralized
variants of the social sampling method where social samples are the partial derivatives.

Despite the popularity and success of stochastic and semi-stochastic gradient methods in
centralized settings, when it comes to distributed optimization over general connected networks,
from the perspective of one node the gradient information from other nodes is useful only if their
current states are not very different from its own. For a strongly convex objective function, this
is the case if the estimates are close to the optimum. However, we are interested in methods
that guarantee convergence (at least in expectation) to the optimal point regardless of the initial
estimate given to the algorithm.

For distributed settings we propose social sampling [11]. We treat the primal iterate as a
probability distribution and exchange coordinate samples in the network. This solution may be
useful for networks with limited computation and communication resources. Our methods build
on the framework developed by Nedié¢ and Ozdaglar [12]. We assume that the nodes broad-
cast information about their current local decision vectors to their neighbors to cooperatively
optimize the global objective function which is the average of the local objective functions.
However, in contrast to the mentioned works, our methods rely on sharing partial information
with the neighbors, namely information about a small subset of the coordinates.

Our distributed optimization method is related to many existing works in the literature,
especially consensus-based algorithms under various assumptions and constraints [13-20]. An

over view is provided in chapter 2.



1.1 Notations and Definitions

Throughout this report, superscript ¢ indicates node i of a network, except for e’ that denotes
the j-th standard coordinate vector. Furthermore, the discrete time (iteration index) is either
represented by subscript ¢ or as the argument of a time-variant function. All element indexes in
matrices and vectors are also indicated by subscripts. We denote the set {1,...,k} by [k]. The
vector 14 for A C [d] is a d-dimensional vector with 1’s for indices i € A and 0 elsewhere. We
denote by V, f(z) = %(f) the partial derivative of f(x) w.r.t. its jth coordinate. Assume V is
a d x d matrix. We denote by diag(V') € R? a vector with elements being diagonal elements of
V. Also, Diag(V) is a d x d diagonal matrix with the same diagonal elements as V.

Let D = {z1, xa,..., Ty} be a data set whose elements, the data points, are i.i.d samples
drawn from P, a distribution on R

Let G = (V, E) represent a graph with vertex set V= {1,...,n} and edge set E C V x V.
Let N© C V be the set of the neighbors of node (vertex) i and N = N U .

We define projection of a vector w to a convex set B as Pg(w) = argmin |w — w'||.
w’'€B

Definition 1. A function f : R* — R is convex if for all vectors u and v,
fu) = f) =2 Vi) (u—0). (1.2)
Definition 2. A function f : R* — R is A\-strongly convex if for all vectors u and v,
T A 2
flw) = flv) 2 VF(v) " (u—=2v)+ Sllu—vll. (1.3)
Definition 3. A function f: R? — R is L-Lipschitz continuous if for all vectors u and v,
1 () = F(0)lly < Lilu—wvll,. (1.4)

Definition 4. A function f : RY — R is L-smooth if it is twice differentiable and has L-

Lipschitz continuous gradients. Equivalently, R — R is L-smooth if [21]
T L
F) = f(0) < VI (= 0)+ 5 Ju—ol,. (15)

Definition 5. A function f : R — R is B-coordinate-wise smooth w.r.t. coordinate j if it is



twice differentiable and for all vectors u and basis vectors €/ and any scalar 1,

flu+ne’) — fu) >0V, f(u) +

Bn?
- (1.6)

1.1.1 Convergence Notations

The optimal solution to an optimization problem is denoted by w*. In this work, we use iterative
optimization methods that generate a random sequence of iterates {w;};_, (also referred to in
this work as estimates, beliefs, or decision vectors) and a sequence of corresponding function
values {f(ws)} -

We study the convergence of our algorithms in terms of guaranteed expected error bounds
as functions of the number of iterations 7'. Error bounds provided for stochastic algorithms are

in some cases in terms of
E [[lwn - w'*] < et (1.7)
and in most cases in terms of the suboptimality gap f(w;) — f(w*)

E[f(w) = fw)] <€), (1.8)

where €(t) and £(t) are decreasing function of ¢. If the objective function f(w) is L-smooth
(1.5), then we can relate these two notions: £(t) = Ze(t).

We define convergence rate of a method as the rate at which these error bounds converge
to zero. We say a sequence {z;} converges linearly to its limit * if tlggo % = C where
C' is a constant. Moreover, a sequence {x;} converges sublinearly to z* if tlg& % = c(t),
where ¢(t) = 1 as t — o0.

We also use the big (O) notation [22] in describing the asymptotic behavior of some of the

algorithms in this work. For functions f : R? — R and g : R — R, we have
f(w) =0 (g(w)) as t— 00

if and only if there is a positive real number K and a real number w' such that | f(w)| < M|g(w)]

for all w > w.



1.2 Model and Problem Setup

We will consider three types of problems in this work: centralized, shared memory and dis-
tributed. For the distributed setting, we make the following assumptions on the network.

In the distributed setup, the optimization task is jointly accomplished by the n processing
units that are arranged in a network represented by a graph G = (V, E') which we assume to be
connected; we further assume (7,7) € F for all i. An n X n matrix @ is called graph-conformant
if Qi = 0 for (i,k) ¢ E. We consider matrix-valued processes Q(t) where Q(t) is doubly
stochastic. We use the notation Q;x(t) = ¢}.(t). We think of ¢} (¢) as the weight that node
1 assigns to the information from node k at time ¢. Throughout the paper we assume that
the expectation of each stochastic graph-conformant matrix corresponds to a connected graph.

Deterministic matrices correspond to connected graphs as well.

1.2.1 Centralized System

First, we consider an optimization problem in a centralized setup. Then, we study the case of
optimizing the sum of functions f; for i € [n| where each function is associated with one node
of a network.

In the centralized problem, we aim to minimize the following objective function:

min f(w), (1.9)

where f(w) is a convex smooth function.

1.2.2 Shared Memory System

Our proportional sampling scheme extends naturally to shared-memory models for distributed
optimization. In these models, a common memory element holding the current iterate wy is
accessed by a collection of n processors, each with its own local objective function f¢(w). The

goal of such a system is to minimize the average of the local objectives:
1 n
min w) = — H(w , 1.10
i, fsw) =2 37 w) (1.10)

where {f!(w)}?_, are strongly convex functions with Lipschitz continuous gradients. In this
setup, a central node has a memory that keeps a shared estimate vector and all other nodes

have access to this node to read or update the estimate. In this work, we assume that each



node reads the shared vector at arbitrary times and updates the estimate using its local gradient

information.

1.2.3 Distributed System

Similar to shared memory model, in a general connected network, we aim to minimize the

average of the local objective functions associated with the nodes of the network:

weR

min fo(w) =+ 3 fi(w), (1.11)

where {f(w)} are strongly convex functions.



Chapter 2

Literature Review

2.1 Social Sampling

An important issue in any large-scale distributed optimization setup, like any other large net-
work, is implementing an efficient communication method its nodes. Many such ”message
passing protocols” have suggested, choosing the right protocol requires taking into account the
topology and information flow in the network. One of the rather recent protocols is social sam-
pling [11]. This method can be considered as a randomized version of the consensus method.
In a consensus-based setup, every node shares its entire information (belief, state or estimate)
of some phenomenon with its neighbors iteratively, until they all converge to the true belief.
In social sampling, however, instead of sharing complete information, only partial information
(sampled belief) is shared with the neighbors.

Sarwate and Javidi [11] use this idea in a distributed learning problem were nodes of a

network locally estimate global empirical distribution (histogram) of opinions in a network:
N Ny ,
I(j) = EZI(Xi:])eJ vj € [d], (2.1)
i=1

where X; is a random variable representing node i’s opinion which takes value in a known
discrete set of values.

In this setup, at each iteration every node sends an unbiased sample drawn according to
its current estimate of the true distribution. Formally, at each time ¢, each node ¢ maintains
an estimate II;(¢) of the true distribution IT and sends its neighbors a random message Y;(t) €
{0, €', €2,..., e?} drawn according to II;(t). Each node i assigns a weight Q;x(t) to its neighbor

k. Then, nodes update their estimates using the following rule:

I(t+ 1) = (1 — e Au ()L (8) — e Ba(t) i)+ > mQan(t)Ya(t), (2.2)
keN;(t)



where 7; is a step size and A;; and B;; are problem-specific. The authors show that under

certain assumptions, the estimates converge to a common value almost surely.

2.2 Stochastic Optimization Methods

There is a considerable body of work on stochastic optimization methods in general and stochas-
tic coordinate descent methods in particular. These methods are especially popular for large
scale machine learning problems where conventional deterministic methods are too slow or seem

impractical. In this section some well-known algorithms in the literature are discussed.

2.2.1 Stochastic Gradient Descent for SVM

In the paper “Pegasos: Primal Estimated sub-GrAdient SOlver for SVM”, the basic stochastic
gradient descent method is applied for optimizing objective functions of support vector machines

(SVM) learning problems [23]. The SVM problem with hinge loss function has the following

form:
A
min () = Sl + = 3 dwi ), (23)
(z,y)ES
where
Uw; (x,y)) = max{0,1 — y{w,z)} (2.4)

and S is a data set with m data points.

Algorithm

At every iteration, k samples out of m data points are chosen uniformly at random in order to
find an unbiased estimate of the subgradient of the objective function f(w). In other words, at

each iteration the gradient of the following approximate objective function is computed:

A 1
flw) = 5||wt||2 + - ( %D max{0,1 — y{ws, )}, (2.5)
I,y t

where D; C D with |D;| = k. The computed gradient is the following;:

gAt = Vft(wt

~
—
g
D
~

= Aw; — Z 1yw! =z < 1]yz. (2.7)

(z,y)€D:
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Finally, a projection step is adopted to keep w; inside the feasible domain W during the algo-

rithm.

Convergence Analysis

Let f1,..., fr be a sequence of A-strongly convex functions, and ws, ..., wpr41 be a sequence of
vectors in W. Assume w;1 = Pyy(wy — n:g¢) where g; is a subgradient of f; at w; and n, = %
Assume that for all t, ||g:]| < L and for all data points (z,y) € D we have ||z|| < R. Suppose

that D; is sampled i.i.d from data set D for all n. Let r be a number chosen uniformly at

random from [T]. Then:

clogT
T

Ep,,...orEr[f(wr)] < f(w”) + : (2.8)

where ¢ is a constant. Also, for the same conditions, with probability at least 1 — § we have

clogT
INT

flwr) = f(w*) < (2.9)

2.2.2 Stochastic Gradient Descent with Suffix Averaging

Authors of “Making Gradient Descent Optimal for Strongly Convex Stochastic Optimization”
[24] try to improve the well-known O( l"%T) convergence guarantee for SGD with averaging to

achieve the optimal rate of O(£).

Algorithm

The general SGD algorithm is described in the following pseudo-code:

Algorithm 1 Stochastic Gradient Descent
Require: S,n;, T
arbitrarily select w; € W
fort=1,2,...,T do
calculate g; s.t. E[g:] € 0f (wy)
set wiy1 = Py (wy — meGy)
end for
return wr4;

Note that this is a very general scheme and the results obtained in this paper are valid for
different variants of SGD and SCD (or any other stochastic method) as long as they satisfy

E[g:] = Vf(w:) and some assumptions that we will see in the sequel. The algorithm returns a
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sequence of points wy, ..., wr. To obtain in a final estimate, common methods in the literature
are interested in the last point wr or the average point wr = % ZiT:1 W;.

However, the authors claim that by averaging just over a portion of the points instead of all
points a convergence rate of O(%) is achievable even for non-smooth objective functions. This

method, called a-suffiz averaging, for a € (0,1) returns the following point:

Wr(1—a)+1 + ... +wWr
oT '

w§ = (2.10)

Convergence Analysis

First, we consider smooth functions and show that if we return the last point, we achieve an
O(%) convergence guarantee.
Suppose f is L-smooth and A-strongly convex over a convex set W and E[[|g:]|?] < M?2.

Then, if we set step size 1, = ¢/t for some constant ¢, for any 7" we have

. C1LM?
Elf(wr) = f(w)] < —55— (2.11)
T
Also, for the average point wr = % > w; we have:
i=1
_ o CoLM?
E[f(@r) - f(w)] € = (2.12)

For non-smooth loss functions such as the hinge loss, however, the analyses above do not
hold. for some problems it can be proved that the error gap between f(wr) and f(w*) is lower
bounded by Q(%) The authors of this paper show that by the use of a-suffix averaging, the

O(&) convergence rate can be recovered:
T

(Cg +Cy log(ﬁ)) %2

E[f(w7) — f(w")] < - T (2.13)
Moreover, if ||g;|?] < M? with probability 1, we have with probability at least 1 — d:
M? M?log(log(T) /8
||wT . w*H2 < 05 + CG Og( Og( )/ ) (214)

AT AT

In these inequalities, C1,..., Cg are constants.
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2.2.3 Reducing Computational Cost Using Stale Gradients

Our work in Chapter 4 is based on the algorithm suggested in “Minimizing Finite Sums with
the Stochastic Average Gradient” by Schmidt, Le Roux, and Bach [9]. The authors present
a variance reduced variant of SGD for optimizing strongly convex cost functions that can be
written as sum of a finite set of smooth functions. The so-called ” Stochastic Average Gradient”
(SAG) method achieves an exponential convergence rate by keeping the the previous gradient

value in memory.

Stochastic Average Algorithm

Objective functions in machine learning problems can usually be written as a sample average

(or sum) over a finite data set:
fw) = 23 riw). (2.15)

Therefore, the full gradient method for computing the gradient of f(w) needs to find the gradient
of all f; functions. On the other hand, stochastic gradient descent (SGD) randomly selects
one ¢ (or a small number of them in case of minibatching) and takes the gradient at that
(those) point(s) to find the approximate gradient. The SAG method combines these methods

by updating the solution w according to the following rule:
i Em gi(t) (2.16)
W1 = Wi — ‘ .
t+1 = W — Mt m '7191 )

where

. Vfi(w) if i€ Dy,
9i(t) = (2.17)
gi(t — 1) otherwise.

The set D; is a subset of data set D which is randomly selected so that, similar to SGD, the
gradient at a few data points is calculated. For the rest of data points, however, we use the
gradient value from the previous steps, as opposed to setting it to zero which is the case in SGD.
As we will soon see in the analysis, this methods achieves a linear convergence rate similar to
that of standard gradient descent, while enjoying low per-iteration computational complexity
of SGD. However, it requires a huge amount of memory for large scale problems to keep track

of the gradient values.
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Convergence Rate

Assume that in 2.15 f is A-strongly convex and f* is L-smooth for all i. Let the step size be

Zm%. Then, for any T it holds that

T n Lw*) |2
Bt - ) < (1- 7] 5 [ - w22 EEOR ] g

Variance Reduction

In order to show how SAG can improve the variance of the results, we write its update rule in

the following from:

(wi) = Vf(®0)

m

+ %ivfk(q)t) : (2.19)

k=1

\i
W41 = W — Nt

The idea behind variance reduction methods is as follows [10]. Say we have random variable
X and we are interested in estimating E[X]. Moreover, we have random variable Y which is
highly correlated with X and we can easily compute E [Y]. Now, define 8, = o (X —Y)+E[Y]
as an estimator of E[X]. We observe that E[f,] = aE[X] + (1 —a)E[Y] and Var (6,) =
a? [Var(X) +Var(Y) — 2 Cov(X,Y)]. We observe that for large enough covariance, Var (6,)
can be smaller than Var(X). Also, note that parameter o can be used to further control the
variance while taking into consideration that smaller variance (smaller «) is achieved at the cost
of more bias in the estimate.

In (2.15), X = V fi(w;) and Y = V f#(®;) and a = L, so we have considerable improvement

in variance while enduring some bias.

2.2.4 Unbiased SAG

Defazio, Bach, and Lacoste-Julien [10] present another variance-reduced stochastic gradient
algorithm. However, unlike the SAG method, the estimates of the gradient vector are unbiased.

The update rule in this method is as follows:
, . 1 &
Wiy = W — Nt Vfl(wt) — sz(q)t) + E I;ka(q)t) . (220)

where Vf;(®;) is the current stored gradient estimate and the index i is selected uniformly

at random from [m]. Let gy = Vfi{(w;) — Vf{(®;) + = > Vf*(®,). Note that E;[g] =
k=1

1 ];_:1 VfF(w) — = kz_:l V@) + =+ kzl V f¥(®;) = Vf(w;) which shows that g; is an unbiased
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estimate of the true gradient vector. The unbiasedness of the estimate makes it easier to analyze
the convergence of the algorithm, however, this comes at the cost of having higher variance (for

SAGA, a is n times that of SAG).

Convergence Results

Consider optimization problem with objective function in form of (2.15). For A-strongly convex

L-smooth f;(w), using SAGA algorithm with step size n = 4 after T iterations we have:

1
2(Am+L)>

IN

E[f(wr) = f(w")]

AoNTL m [ £(wo) = f(w") = (wo —w") " Vf(w)]
(12()\m+L)> 2

Also, if we relax the strong convexity condition and use step size n = we get

L
3L

L/ (@)~ fwn)] < () |2 o = P+ ) = S0) = (o = ) VS (222

. T
where wr = £ >, wy.

2.2.5 Stochastic Coordinate Descent

Authors of “Stochastic Methods for ¢;-Regularized Loss Minimization” [2] suggest another

stochastic method for efficiently solving ¢;-regularized loss minimization problems, that is:

=\ O(w; (4, v 2.23
min f(w) = Alfwll + Z (i, yi) (2:23)

In order to get rid of the absolute value terms which are non-differentiable, the method

presented here solves the following equivalent problem:

wrél;{réd flw) = )\Zw] + — ZZ (Zi,v:)) (2.24)

such that w > 0, where #; = [z;; —2;]. The authors claim that if v* € R?? is the minimizer of
the problem 2.24, then w* € R? defined by w} = vy, ; —v; minimizes the original problem 2.23.
Initializing w to be zero, at each iteration ¢ a coordinate j is picked uniformly at random from

[2d]. Then the derivative of f(w) w.r.t. (w;(t), g;(t) = V, f(w(t)), is calculated. We assume
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that f(w) is L-coordinate-wise smooth. Then, the update rule is the following:
w(t +1) = w(t) —n(t)e, (2.25)

where e/ is the jth unit vector and 1, = max{w;,, 977"} The step size is trimmed to ensure
that the condition w > 0 is always satisfied. The pseudo-code of Stochastic Coordinate Descent

(SCD) is given in Algorithm 2.

Algorithm 2 Stochastic Coordinate Descent
Require: S,T,L
set wy =0
fort=1,2,...,7 do
sample j uniformly at random from [2d]
set g;(t) =V, f(w(t))
set n(t) = min{w’ (), gjL(t }
set w(t+ 1) =w(t) —n(t)
end for
return w(T + 1)

N

Convergence Rate of SCD

Let f(w) be a convex and L-coordinate-wise smooth function. Then, it holds for every output

of the SCD algorithm, wy, that [2]

d (Ll [P +2f(0)

Elf (wr) — f(w")] < T (2.26)

Proof Sketch. Define the “double potential” function ¢ (w) = £|jw—w*|?*+ f(w). Using smooth-
ness of f, we can prove that 1 (w) —(w—nel) > (w; — wy)g;j. Taking expectation of both sides
w.r.t. the choice of the coordinate j, we get E [t(w;) — ¢(wit1)] = FE [V f(wy)? (wy — w*)].
But by convexity of f, we have JE [V f(w;)T(w; —w*)] > YE[f(w;) — f(w*)]. Considering
the fact that E[f(w;) — f(w*)] is monotonically non-increasing, by summing over ¢ we obtain
E[f(wrs1) - fh)] <E| 2 5 f(we) - fw*)] < £ (un) — (wrs1)]. By doing some alge-
braic manipulation we get thzzrtesult in 2.26.

We use the idea of this proof in Chapter 3 to prove the convergence of our proportional

coordinate descent method.
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2.3 Optimization in Shared Memory Systems

In this section we discuss some of the existing works on shared memory models introduced in

Chapter 1.

2.3.1 Asynchronous Parallel SCD

Liu and Wright [25] propose an asynchronous parallel stochastic coordinate descent method for

optimizing a cost function in the following form:
f(w) = g(w) + h(w), (2.27)

where g(w) is smooth and convex and h(w) is convex and ”separable” in the sense that it can
d
be written as h(w) = ) g;(w;) where j is the coordinate index.

Jj=1
Algorithm

In this method, each processor updates a random coordinate of the vector w independent of the
other processors, so many coordinates might be updated simultaneously and the vector that is
read by processor ¢ can be different from the vector that it is writing the update to, since some
of the coordinates might be updated by other processors during the update process by i. The
pseudo-code for the algorithm is described below. Note that this describes the procedure in a

single processor, and the same procedure is done in every processor at the same time.

Algorithm 3 Asynchronous SCD
Require: S,T,L, \
set w(l) =0
set n = %
fort=1,2,...,7 do
sample j uniformly at random from [d]
et (1) =V, fwlt)
set w(t +1) =w(t) — L9’ (t)e’
end for
return w(T + 1)
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Convergence Analysis

Assume that f(w) is convex and L-smooth. Then, for certain choices of the step size 7, for

convex f(w) we have

d (Lllwo — w2 4 F(wo) — f(w))
T+d

Elf (wr) = f(w*)] < (2.28)

and for A-strongly convex function f(w) it holds that

T
A )) d(Lilwo — 0| + flwo) — fw®).  (2:29)

Blf(wr) - f0)] < (1- 7rosn

d
We can see that the reduction factor after d iterations of this algorithm is (1 — m) ~

1-— ﬁ, while for the standard gradient descent method the rate constant is 1 — % if we
apply the algorithm to L-smooth A-strongly convex functions. Thus, for some values of the
smoothness parameter L, the asynchronous SCD method may need less computation than the
standard GD.

Finally, under the same conditions and parameter values as before, with probability higher

than 1 — ¢, it holds that

flwr) — f(w™) <, (2.30)

if we run the algorithm at least 7" times, where for convex functions

_ d(Llwo — w2 + f(wo) — f(w)
€p

T

—d (2.31)

and for A-strongly convex functions

A0 +20) ) Lljwo = w*+ Flwo) = )|

T:
A €p

(2.32)

2.3.2 A Lock-Free Method

The HOGWILD! method [8] is another parallel stochastic optimization method for shared mem-
ory systems. This algorithm, like the algorithm in previous section, is also lock-free, in the sense

that the nodes can access and write on the decision vector at any time and the memory is not
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locked when the vector is being updated by any node. Here, the objective function is separable:
d

Fw) =" fiwy), (2.33)
j=1

and each node updates a random component ¢ at arbitrary times:

9f;(w(t))

w(t+1) = w(t) —n d ag&%” j (2.35)

Convergence Results

Consider using HOGWILD! to solve the optimization problem (2.33) with f being S-smooth
and A-strongly convex with ||W57u()w)|| < M for all w € R?. Assume that the number of updates
written to w by other nodes while a certain node is updating it is bounded by 7. Define P5(z)

to be a second order polynomial in z. With step size

Cl€

= 2.36
K LM2Py(T)’ ( )
and for large enough number of iterations, i.e.
LM?P. log(L —w*|?
T 5(7) log(L[wo — w]| /6)7 (2.37)

Co€

for any € > 0 and some constants ¢; and cg, we have E [f(w(T)) — f(w*)] < e. Note that this
is an expectation guarantee and not a w.h.p. guarantee as in the previous work mentioned in

Subsection 2.3.1.

2.4 Distributed Optimization

There is a plethora of works on distributed optimization. A few related works are discussed

here.
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2.4.1 Distributed Asynchronous Gradient Optimization

In this seminal work by Tsitsiklis et al., a model for distributed asynchronous optimization is
proposed [18]. In this model, n nodes compute and communicate their estimates of components
of a decision vector w = (wl, ceey wd). Nodes have access to a global objective function and
computation of components of the decision vector is distributed among them. Each node, at
each step, performs some computations to update its belief on some components of the decision
vector and also combines its own estimate with the last estimates it has received from other

nodes (either directly or through some intermediate nodes). Let tzk be the time the last message

containing w’ sent from node k to node i is computed.

Communication assumptions

In this work the following assumption on network communications hold:

A directed link from node k to node i exists for component w’ if and only if k sends

infinite number of messages with a value of w’ to node 1.

The lag between any two consecutive such messages is bounded.

There are constants a and b such that at least one message is sent during interval [at®, a(t+

1)’] and number of the messages during this interval is bounded.

The communication delays, t — tgk, are bounded.

Update rule

Each node updates the value of component j of its estimate according to the following rule:
1) = 3 @l () + m(0)st 1), (2.38)
k=1

where Q7 is the weight assigned by node i to opinions from node k, and 7;(t) is a step size used
by node i. sf (t) is some computation locally performed by node i, e.g. in distributed stochastic
approximation it is defined as 7 (t) = aggﬁ' + &;(t), a noisy unbiased estimate of the partial

gradient w.r.t. the jth component.

Convergence results

Consider solving distributed problem (1.11) with a smooth objective function. Under assump-

tions mentioned above and some further assumptions on the noise term, the algorithm presented
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in this section converges almost surely for both constant and decaying step size.

2.4.2 Consensus-Based Distributed Subgradient Optimization

Unlike the work mentioned above [18], in the seminal work by Nedi¢ and Ozdaglar [12] each node
(agent) has access to a local function and the goal of the optimization problem is to minimize
the sum (or average) of this local objectives. In this model, nodes share their current estimates
with their neighbors. Each node performs a local gradient step on its local objective function

at its current estimate (f;(w;(t))) and combines its own belief with those of its neighbors.

Update rule

Each node updates its estimate according to the following update rule:
wi(t+1) = Z Qir(D)wi(t) — ni(t)gi(t), (2.39)
k=1

where g¢;(t) is a subgradient of f;(w;).

Communication assumptions
It is assumed here that:
e A directed link exists from k to ¢ if and only if j communicates directly with i.

e The weight coefficients are time dependent which means that some existing links may be
inactive (zero weight) in some iterations. Therefore, the network connectivity graph is

also time dependent.

e Every agent’s information at any time will reach each and every other node directly or

indirectly.
e The interval between two consecutive messages from each node to its neighbors is bounded.
e The links are bidirectional with the same weight in both directions.

e The weight matrix Q(t) is doubly stochastic.

Convergence results

Consider solving distributed problem (1.11) with convex objective function. Assume that the
subgradients of the local functions are bounded by L. Under these assumptions and the above-

mentioned communication assumptions, with constant step size n;(t) = n for all i € [n] and ¢,
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we have

nllwy — w|?

L? 2.4
20T +nCL?, (2.40)

fwp) = f(w*) <
T . n .
where wr = £ > wi and Wy = + 3 wj.
i=1 i=1

2.4.3 Consensus-based optimization Over Random Networks

This work builds on the works by Nedi¢ and Ozdaglar [12] and Tsitsiklis et al. [18] mentioned
in this section. The main difference here is that the availability of a link between any two nodes
is a random process. Therefore, at any time, link availability between among nodes is a random
event.

Update rule

Each node updates its estimate in in this way:
n
wit+1) =Y Qun(tywi(t) —n(t)gi(t), (2.41)
k=1
where g¢;(t) is a subgradient of f;(w;(¢)). Note that all nodes use the same step size 7(t).

Communication assumptions
The main assumptions here are:
e A directed link exists from k to i if and only if j communicates directly with i.

e The link availability is random at any time, therefore the the weight matrix is a random

matrix and the connectivity graph is a random graph.
e The average connectivity graph is strongly connected.

e The weight matrices Q(¢) are doubly stochastic with probability 1.

Convergence results:

Consider solving distributed problem (1.11) with convex objective function. Assume that the

subgradients of the local functions are bounded by L. Under these assumptions and the
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above-mentioned communication, with diminishing step sizes satisfying Y .-, n(f) = oo and
o2 n*(t) < oo, we have:

lim w;(t) = w* w.p. 1 (2.42)

t—o0

and for constant step size we have the following result:

limsup | f(@;(T)) — f(w*)| < nCL? w.p. 1, (2.43)

T—o0

T
where 0;(T) = <=2 > n(t)w;(t) and C is a constant.
2 =1 () =1

2.4.4 Asynchronous Broadcast-Based Distributed Optimization

This asynchronous method [13] also builds on the works by Nedi¢ and Ozdaglar [12] and Tsit-
siklis et al. [18], as well as the paper by Aysal et al. [26]. In this paper, a broadcast-based
asynchronous distributed optimization algorithm is proposed and its convergence behavior is
studied. The model used here takes into account two types of uncertainty: i) link availability
is random due to possible link failures and i) agents use noisy estimates of their local gradient
vectors to update their beliefs. In this setup, all nodes are by default in sleep mode. At random
times, a node ¢ (only one node at a time) sends its current estimate of the decision vector to its
neighbors. Only a random subset of its neighbors receive the message because of link failures.
These nodes wake up and combine their current estimate with that of node ¢ and perform a
noisy local gradient step. Then, they go back to sleep mode until they receive another message.

The distributed optimization problem solved in this paper is the following constrained problem:

fw) = 23" filw)
=1
s.t. weW, (2.44)

where W C R% is a convex set.
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Update rule
If node ¢ broadcasts at time ¢ and a subset J; of its neighbors receive its message, for node @
and nodes k ¢ J; we have

wi(t 4+ 1) = wi(t) (2.45)

and for k € J; we have the following two-step update rule:

ur(t) = Pwi(t) + (1 = Bwx(?)

wy(t +1) = Py (ve(t)) — me(t)ge (), (2.46)

where Py is the projection on the feasible set W and gy (t) = V fr(vi(t)) + Ex(t). Note that

Ei(t) is zero mean noise.

Communication assumptions

Here the following assumptions hold:
e A directed link exists from k to ¢ if and only if j communicates directly with i.
e The underlying network is connected.

e The link failures process is i.i.d, that is the probability of failure of each link is constant

over time and failure of a link is independent of other links in the network.

Convergence results

Consider solving distributed problem (2.44) with convex objective function and closed convex
constraint set. Assume that the subgradients of the local functions are bounded by L. Also,
assume that the error in computing the gradient is bounded: E [Eg(t)\ft,l,i,ﬂ] < v? and
zero mean: E[E(t)|Fi—1,i,J;] = 0 with probability 1 for £ € J; . Under these assumptions
and the above-mentioned communication assumptions, with diminishing step sizes satisfying
Yo n(t) = oo and Yo, n?(t) < oo, we have that the sequence of the estimates of the nodes
converge to the same random point in the optimal set.

T
Moreover, with constant step size 7;(t) = 7; for averaged iterates w;(T) = 7 > w;(t), we



get

limsup | f(@;(T)) — f(w*)| < nCy(L + v)* + Cany/n + C3v/n

T—o0

where C7, Cs, and C3 are constants.

w.p. 1,

24

(2.47)
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Chapter 3

Proportional Stochastic Coordinate Descent

In this chapter we propose and analyze a non-uniform variant of stochastic coordinate descent
which we call Proportional Stochastic Coordinate Descent (PSCD). In this method, unlike con-
ventional Stochastic coordinate descent, a random coordinate is selected at each step according
to a non-uniform probability distribution. Here, we treat the gradient vector as a probability
distribution, i.e. the probability of selecting the jth coordinate is proportional to the jth coordi-
nate of the gradient vectors, V; f(w). The idea behind this method is that this biased sampling
method selects the “most important” coordinate, the coordinate along which the function has
the largest reduction, at each step. This intuitively results in reduced variance of results across
the sample paths, since in this method only a limited number of ”important” paths have high
probability of being selected.

We first study this method for centralized problems. Then, we discuss its application to

shared memory systems and to complete networks where all the nodes are connected.

3.1 Centralized Proportional Stochastic Gradient descent

In order solve the centralized minimization problem in form of

min f(w), (3.1)

where f(w) is a convex smooth function, we use a variant of the stochastic coordinate de-
scent method, which we call centralized Proportional Stochastic Gradient Descent (centralized
PSCD). At every iteration ¢, a coordinate j is randomly selected and the j-th coordinate of
w(t) is updated:

w(t+1) =w(t) —ng(t), (3.2)
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where g(t) = C(t)e? is an unbiased estimate of the gradient vector on a single coordinate:
E[9(t)] = g(t). In this algorithm the coordinates are selected according to the following distri-

bution:

T o)
PO = Towle (5:)

where g(t) € 0f(w(t)) is a sub-gradient of f(w(t)) and g;(¢) is a sub-derivative of f(w(t))
w.r.t. the j-th coordinate. Considering that E[g(t)] = E [C(t)e’] = C(t) 3, ngét()tl)lllej while

E[sgn(g;(t)) - lg(t)|]1 - 7] = g(t), we need to set C(t) = ||g(t)||, sgn(g;(t)). In this setup, we use

constant step size n = ﬁ where L is the maximum component-wise Lipschitz constant of f(w)
and « is a constant.

The pseudo-code for the centralized setup is given in Algorithm 4.

Algorithm 4 Centralized PSCD
Require: A\, L, T
set wg = 0

setn:a%

fort=1,2,...,7 do
calculate g(t) € 0f(w(t))
select j according to P(j) = ”‘;’Et()t‘)l‘l for j € [d]
set w(t + 1) = w(t) —n(t) 9@, sen(g;(¢))e’
end for
return w(T + 1)

3.1.1 Convergence Analysis

Theorem 1. Consider Algorithm 4 for solving problem (3.1) when f is convex with L-Lipschitz

continuous component-wise gradients. With constant step size n = ﬁ we have:

a (V(wo) — ¥(w"))
T ;

E[f(w(®) = f(w*)] < (3.4)

where

W(w) = Flw) + 5w — | (35)

Proof. To prove this theorem we need the following Lemma, which is a corollary of Theorem

2.1.5 in the book of Nesterov [21].

Lemma 1. Suppose that function f(w) has component-wise Lipschitz continuous gradient:

IV f(w+ he’) = V; f(w)| < L],
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Then we have

fw+he?) — f(w) <(Vf(w eﬂ>+—|h|2 (3.6)

To find an upper bound on the optimality gap in the centralized setup, we will use the
preceding Lemma. Following the approach taken by Shalev-Shwartz and Tewari [2], define the
potential function ¥(w) in (3.5), where w* = argmin,, f(w) is the minimizer of the objective
function f(w) and L is the maximum component-wise Lipschitz constant of f(w). Using this
potential function we will prove that under some condition for A our suggested method for
updating w(t) will converge to the optimal solution. Define v(t) = nC(t) = n||g(t)]|, sgn(g;(t))

so that the update is ng(t) = v(t)e’. Consider the difference of the potential across one iteration:

U(w(t)) = ¥(w(t+1)) =f(w(t) — fw(t+1)) + %(Ilw(t) —w'|* = [lw(t +1) — w*||*)

(2) —g(t)" (w(t+1) —w(t) — LVSF
5 @lt) — e+ 1) () +w(t +1) - 20°)
2
=—g®)" (=v()e’) - LVS) +§(v<t>ej> (2w(t) = 20" = (t)e’)

=1(0)g5(t) - 5 +

=(t)g;(t) — Ly(8)* + Ly(t) (w; (t) — wj) , (3.7)

where (a) follows from Lemma 1.
Let F(t) be the o-algebra generated by the random coordinate choices up to time ¢. If we
take the conditional expectation of both sides, we will have the following inequality, which is

averaged over the choice J(t) at time ¢:

 (b)lg; (1)l () |91 w;(t) ~ wj)
E[®(w(t) = ¥(w(t+1))|F(t) Z ||9J ||1] - +LZ )||1 J
i OF _ st ||2+Zgj j>
j=1
2
g (it)u IO 4 L) ey - ). (38)

We can see that if Hgé%\li — L (t)lll has a non-negative value, then we will have the following
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inequality:

1 .
E [ (w(t)) — ¥(w(t+1))|F ()] > ag(t)T(W(t) —w’), (3.9)
meaning that o must satisfy the following condition:
lg@®l3  llg@®)I? lg(®)II3
— >0=a> . 3.10
oL L 207 ) 310

2
Since we have the bound HZS;H; < d, it suffices to set a > d.
2

By taking the expectation with respect to the entire history up to time ¢, we have

1

E[¥(w(t)) - P(w(t+1))] 2 ~E [9(t) " (w(t) —w")] - (3.11)
The convexity of f implies
Ef(w(t)) = f(w)] < aE[¥(w(t)) — ¥(w(t +1))]. (3.12)

Considering the fact that f(w(t)) — f(w*) is a monotonically non-increasing sequence with

respect to ¢, summing over ¢ gives us

< a (¥ (wo) — ¥(w(T))). (3.13)

Therefore:

a (¥(wo) — ¥(w(T)))

@ (W (wn) — Blws))

IN

(3.14)
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3.2 Distributed Proportional Stochastic Gradient descent

We propose that the proportional gradient sampling method can be adopted in some distributed
setups, namely shared memory systems and complete networks where all of the nodes directly

communicate with each other.

3.2.1 DPSCD for Shared Memory System

Our proportional sampling scheme extends naturally to shared-memory models for distributed
optimization. In these models, a common memory element holding the current iterate w(t) is
accessed by a collection of p processors. The goal of such a system is to minimize a function

which can be written as sum of n functions:

H

]
.
B

min fg(w) = - (3.15)

weR?
where {f(w)}™, are strongly convex functions with Lipschitz continuous gradients. In this
setup, a central node has a memory that keeps a shared estimate vector and all other nodes have
access to this node to read or update the estimate. The nodes also have access to functions {f}
and choose one of these functions uniformly at random when they update decision vector. If
the nodes operate synchronously, the algorithm will be essentially performing the conventional
unbiased stochastic gradient descent on fg(w).
Here, we focus on the more challenging asynchronous setup, which can be considered as a
modified version of HOGWILD! [8]. Our proposed method for this setting, called asynchronous
distributed PSCD, assumes that each node reads the shared vector at arbitrary times and

updates the estimate using its local gradient information.The update rule in this method is
w(t) =w(t) —ng'(0), (3.16)

where 7 is a constant step size and §'(f) = Hgi(Q)H1 - sgn (g; (0)) - €7 is computed at the value
of the decision vector at time 6 and is used at time t. The delay t — # < 7 is sum of two
delays, namely, the computation time of §*(f) and communication delay between node i and
the central node. During this period, the estimate vector may be updated by other nodes.
In fact, we assume that ¢t keeps track of the number of updates to the shared vector by any
node. Therefore, 7 is essentially an upper bound on the number of updates by the other nodes

while a certain node is computing and transmitting its update to the central node. Since in
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our algorithm only one random coordinate is updated by each node per iteration, the updates
do not get overwritten by the other nodes too often. The pseudo-code for this algorithm is

demonstrated in Algorithm 5.

Algorithm 5 DPSCD for Shared Memory Systems (at an individual node)

Require: 7
set wg = 0
loop

select ¢ uniformly at random from [n]

read w(f) from the shared memory

calculate ¢*(0) € df*(w(0)) v

select j according to P(j) = ”Lgﬂ((;))”‘l for j € [d]
calculate g*(6) = Hgl(e)Hl sgn(g}(0))e’

read w(t)

write w(t) = w(t) — ng(0) to the shared memory
end loop

Convergence Analysis

The analysis of this method follows a similar procedure to that of HOGWILD! [8]. Theorem

(2) presents the asymptotic analysis of this algorithm.

Theorem 2. Suppose that we want to solve the optimization problem (3.15) when {f*}*_, and

fp are A-strongly convex and have L-Lipschitz continuous gradients. Moreover, ||V]”(w)||2 <
M?2. In the algorithm, suppose that t — 0 < 7 and we use constant step size n(t) = n. Then, we
have

nLKM?

E [fs(w(T)) = fs(w")] < (1= nA)" L g — w*[|* + P (3.17)

V/ 2
where A= VHRVAZL) < 1 gq ¢ = (T+ d+67+272\/3) ,

14+2Vd+1 n
Proof. The proof of this theorem follows a similar method as that of the HOGWILD! method.

First, we expand the distance between the iterate and the optimum:

= 21 (w(0) —w*) " §'(0). (3.18)

In the next step, we take expectation of both sides to find the expected error. Note that
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E[g'(t)] = E[E[g®)F®)]] and E[g°®)|F(®)] = EE; [§°1)F ()] = VSs(w(t)), where j

represents a random coordinate of

the local gradient vector gi(t) and i is a function index

selected uniformly at random from [n] and F(¢) is the o-algebra generated by the random

coordinate and node choices up to time ¢. Therefore, taking expectation of both sides with

respect to all choices of coordinates local gradient vectors and choices of functions {f?} at each

step results in

E [ lw(t +1) = w**] ~E[llw(t)
= E [[|§

—-2nE

— 2 E

<n’d M?

—2nE

—nAE

]

O] =20 B [(w(t) = w(o) Vs (w(v)]
(w(t) = w(0)T (Vs (w(8) — Vs (w(t)))]
(w(8) = w")T Vfs (w(0))]
=2 B [fs (w(t)) — fs (w(O)] = A E |fw(t) - w(o)|]
(w(t) = w(8)" (Vs (w(0)) = Vs (w(®))]
[llw(®) - | (3.19)

The inequality above results from A-strong convexity of fg and the fact that fg(w(0)) —

fs (w*) > 0. Now, for the second term in the r.h.s of (3.19) we have:

—2n E[fs (w(t)) = fs (w

2”ZZIW ~F e + 1))
SQTZ;E“ (1)~ w(t+1))]
<2y e )

2 S g, 00 ]
i=1
:%?immwm

< 2n*rM?. (3.20)
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Similarly, we also get that

2 E [(w(t) — w(®) T (Vfs (w(6)) ~ Vs (w(t))]
= S SR [w) —wl + 1) (VS () = T (w(e)]

< dnPrM?. (3.21)
Plugging the this bounds in inequality (3.19) and rearranging the terms results in the following:

E [Juw(t +1) —w|] B [Jw(®) —w*|?]
<n?d M? + 20>t M? + 4n*r M?

o (E [lo(8) = w1 +E [Jt) —w@)])
=n>M? (d + 67)

=) (B [l = w*’] = 28 [(w(t) - w(8) " (w(8) - ")), (3.22)

where the equality results from the fact that for any two (random) vectors u and v in R¢, we
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have that ||ul|> + [[v]|* = ||u + v||* = 2uTv. Therefore:

E [t +1) = w'*] = (1 = ) E [llw(t) - w*|]]

< 7EM? (d+67) + 20AE [(w(t) = w(8)) " (w(6) - w")]

= 2 M2 (d + 67) + zmgﬁ {(w(t’ +1) —w) " (w(®) - w*)}

= 0> M? (d + 67) + 2772A§E (@) (w(®) —w")]

= M2 (d + 67) + 2n2A:i€E :E {(@”’(t’))

= ?M? (d + 67) + 2i°\ ti E [E[3'()1F(t)
)

=" M? (d + 67) + 21° A § E[Vfs(w(t) (w(d) —w")]

t'=0

T

(w(®) - w*) |F(t)]]

]T

(w(®) —w")]

(a) =

< P M? (d+67) +20°A Y B[V fs(w(t)] - [[w(8) — w*|]
t'=0
t—1

< M2 (d+ 67) + 2n° X Z M E[||lw(8) — w*|]
=0

(b)

M2 (d 4+ 67) + 20 MiPA B (Jule) — w(6) ]| + uot) — ]

(©
< 2M2 (d + 67) + 2r M\ E {mx/EM + JJw(t) — w*H]

D M2 (d+ 67) + 20 My <m\/éM + \/IE [||w(t) - w*||2]) , (3.23)

where (a) follows from Cauchy-Schwarz inequality, (b) follows from the triangle inequality,
(c) follows from the triangle inequality and the fact that Hgi(t’)H1 < \/gHgi(t’)H2 < VdM
and inequality (d) is an application of Jensen’s inequality. For a more compact proof, define

y(t) =E [Hw(t) — w*HQ] Then, we have:

y(t+1) < (1 —nA)y(t) + 27 Mn°X /y(t)

+n?M? (d + 67 + 27'2\/;177/\) . (3.24)

To find the fixed point of this recursion, we study the asymptotic behavior of the algorithm.
Define a = (1 — 1)), B =27Mn?\, and v = n?M?> (d + 67 + 27'2\/&]/\). As t — oo, we have

Yoo = @ Yoo + B /Yoo + 7. (3.25)
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Therefore,

o =

(—ﬁ—m>2
2(a—1)
2

\/72M2772)\2 + nAM? (d + 67 + 27'2\/%7/\)

=|TMn+ \ (3.26)
Now, assuming that nA < 1, we have
2

2 \/7'2772)\2 + n2A2 (d + 67 + 27’2\/%7)\)

<

Yoo > ) TN+ b\

nM? i

<5 r+\/72+(d+6r+272\/8m>
nM? i

<+ \/d+67+72 (1+mva) (3.27)

Also, from 3.26 we have that

2
\/72M2n2A2 + nAM?2 (27’2\/%))\)

2
Yoo > | TMn + 5 =2 M?n? <1+\/1+2\/&) . (3.28)

Taking into account that y., < y(t) for any t, from (3.24) we have

yt+1) < ayt)+p 7+7
— o (y(t) — o) + \/’% (4(t) = Yoe) + o + Bow +7
I B
- ( n m> (U(8) = oo) + oo (3.29)
Yt 4+ 1)~ yoo < (a+ \/%) () — o). (3.30)

Expanding the recursion and plugging in the results of (3.27) and (3.28) gives us the following
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closed-form formulas:

5 T
y(t) < <a+ @) (%0 = Yoo) + Yoo
27'M7]2/\)T
=(1—-—npA\+ — — Yoo ) + Yoo
( n NS (Yo — Yoo) + ¥
(a) oMy \" KM?
< |(1-= — Yoo
_< nA+\/yTon/\> (Yo — Yoo) + 7
T
(b) 27 Mn KM?
< 1-(1- A | (Yo — Yoo) + U
( ( TMn(1+\/1+2x/&)) ) A
2 ' KM?
<|1—-(1-——F——=|n\| wo+——n
( ( 1+\/1+2\/Zi> ) A
T
14+2vVd—1 KM?
= 1—Lm Yo + ——1, (3.31)
1+2Vd+1 A

2
where K = (7’ +Vd+671+ 272\/@ and (a) is a result of (3.27) and (b) is a result of (3.28).

Hence,

E [llw(t + 1) - w|?]

V1+2Vd—1 ’ K M?
< (1= Y2 o — )P+ 2, (3.32)
V14+2Vd+1 A

Due to the Lipschitz continuity of the gradients (1.5) and considering that V fg(w*) = 0,

we have
lw(t) — w*||*. (3.33)

Therefore,

V14+2Vd—1

L LEKM?2
E[fs(w(T)) = fs(w*)] < 3 (1 — mn n.

A

T
)\> [wo — w*||> + (3.34)
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3.2.2 DPSCD for Complete networks

Consider the setup where all nodes are directly connected to each other and cooperate to solve
the following problem:
min fp(w) = 1 > Fw) (3.35)
weR n 4 ’
where {f(w)}™ ; are convex functions with Lipschitz continuous gradients. If all nodes are
connected to each other, every node has the gradient information of all nodes. However, since
the nodes are not sharing their estimate values {w(t)}, the gradient information is not useful
unless all the nodes have the same iterate value at every iteration. In order to satisfy this

requirement without synchronizing the iterate values at every iteration, nodes can start the

optimization algorithm with the same initial value. The update rule in this model is

i i — g*(t)
wt+1) =w'(t)—n) , (3.36)
k=1

Q)

n

where n(t) = 55 and g*(t) = ||gk(t)||1 - sgn (955) el = 'yk(t)e']f. In the end, the algorithm

outputs the time average w'(T) = +

M=

p wi(t).

1

Algorithm 6 DPSCD for Complete Networks
Require: n, T, A
set wg = 0
fort=1,2,...,7 do
for all i € [n] do
calculate g'(t) € Of (w(t))
lg; ()]

select J; according to P(j) = To DT rom j € [d]

calculate g'(t) = Hgl(t)Hl Sgn(g,i];')ej

send g'(t) to all other nodes in the network

end for
for all i € [n] do
set ny = %
set wi(t+ 1) = wi(t) —n(t) 3 LW
k=1
end for
end for

return W (T + 1)

Convergence Analysis

If all nodes start from the same initial point, the problem basically reduces to the central case

with the slight difference that the objective function is in the form of f(w) = L3>" | fi(w)

T n
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and we estimate the gradient by g(¢t) = > | Z(M)  where §(t) is an unbiased estimate of

g'(t) = Vfi{(w(t)) computed using PSCD.

Theorem 3. Consider Algorithm (3.35) for solving problem (1.11) where every f! is convex
with L-Lipschitz continuous gradients. If every node uses step size n = =1, where L = max; L,

we have

(3.37)

where

U(w) = f(w) + §||w —w* |2 (3.38)

Proof. Here, we assume that all nodes start with the same starting point w(0). Since they all
use the same gradient estimate g; at each step, the iterates w® are the same among all nodes

at each iteration. We denote the common iterate by w(t) = w'(t) for all i € [n]. Following the

proof for centralized PSCD, if we substitute g(t) = >\, 7'M we get

(w(t)) = (w(t +1)) =f(w®) — f(w(t+1))
(llw(t) = w*[* = flw(t + 1) — w*|?)

()T (w(t+1) —w(t) ~ & In G0

w\h

2_

Q

(w(t) —w(t+1)) " (wt) +w(t+1) — 2w*)
o730 — % In 3(0)

1 gt (2w(t) - 2w 1 g(t))

+

L
2
L
2
1<~ & L
—EZ’Y (t)ng—§
k=1
1 n
oD

k=1

Z ng -
[y
n

1 *
+ L= A ) (warg - we). (3.39)
k=1

n

22 (rwet)

k=1

k * -~
() (Qw gk () — Qthk)—2

N |~

ity (%(t)e’f)‘

k=1

3

Then, taking conditional expectation of both sides w.r.t to the entire history up to time ¢ results
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Epwww)—ww@+1mf@ﬂzi;:EbWﬂ%Hf®]—L i:;@ﬂwaﬂ 2
+ L% ;E [0 (wsny = wyy ) 1F ()]
=3 B[l Ol s () -0l
S o)

F LS B [l 0], s (o5 ) - (wor — wy ) 17
k=1

nllg*®)], - sen (9§5> ST

1 d
“n Z: [FROIR

2

nllg* O], sen () 5y (e —wiy)

1 d
REPIDY I

2

GO ——— kz (" @), -sem () - ) 2
g0 () — w)

Lol 1 ,; ol + (0T (w(®) — ")

D g1+ o) ) - )
o0l JOL Loty gy - ) (3.40)

The first inequality above follows from L-smoothness of the objective function and the second in-
i 2

equality results from repeatedly applying the triangle inequality. Therefore, if & > max; HZ 8”;
2
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we will have the following inequality:

E[W(w(t)) - W(w(t+1)F@)] = ég(t)T(w(t) —w’), (3.41)

Again, since we have < d for any vector u, it suffices to set o > d. Following the same

arguments as in the centralized method, we get

o ((w(0) — U(ws)

E[f(w(T)) = f(w)] < (3.42)

3.3 Discussion

In this chapter the proportional stochastic coordinate descent algorithm was discussed for three
different setups: centralized, shared memory system, and complete network. This method
requires computation of the entire gradient vector at each step which seems wasteful since
optimization algorithms have faster convergence if they use the true gradient vector instead of
an estimate of it. However, in distributed setups, computing the true gradient of each local
function is cheaper, so for this setups this method seems more promising. Also, under some
conditions, such as smoothness, etc., the algorithm might still achieve comparable convergence
rates with less frequent computation of the true gradient. A future direction of this work can
be the study of these conditions and the relationship between the frequency of the true gradient
computations and the convergence rate.

Moreover, for the complete network setup we observe that DPSCD algorithm has the same
convergence rate as its centralized counterpart. Because in this model the gradient computation
task is distributed among n nodes, we can achieve linear speedup (in n) in runtime (measured
in number of CPU ycles) compared to the centralized setup. For the shared memory system,

however, the speedup depends on the relation between the delay 7 and number of processors

p-
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Chapter 4
A Semi-Stochastic Method

4.1 Stochastic Variance Reduced Coordinate Descent

Although stochastic optimization methods seem attractive due to their small per-iteration com-
plexity, they show high variance in performance which arises from the high variance in the
estimates of the gradient vectors. In order to address this issue we propose that one can make
use of the previous gradient estimates. The idea is that if the objective function is smooth
enough so that gradient values do not change drastically between two nearby iterates, the pre-
vious gradient estimate is still a good estimate of the current gradient vector. In this section,

we consider the centralized minimization problem
i f(w) = filw) (41)
min f(w) = — (W), .
weERE n 4

where f : R? = R is a A-strongly convex objective function with L-Lipschitz continuous gra-
dients. For this family of problems, first-order methods such as gradient descent (GD) achieve
linear convergence rates (if adopting a fixed step-size). however, their fast convergence is only
practical for problems with moderate size because their per-iteration cost increases linearly
with the size of the data set [21]. In the recent years, with the rise of large scale problems, the
focus has been on stochastic methods that use some inexpensive approximation of the gradient
instead of taking a full gradient at each iteration in order to reduce the complexity. However,
these methods achieve slower convergence rates and show much higher variance in performance
compared to their more complex deterministic counterparts. In order to fill in this gap, Le
Roux, et al. in [9] have suggested the stochastic average gradient (SAG) method that achieves
linear convergence rate of GD while enjoying little iteration cost of stochastic gradient descent.
This algorithm, at each iteration, computes the value of the subgradients at only a random
subset of data points and updates those values, while the subgradient values for other data
points are the same as those at time ¢ — 1. The major drawback of this algorithm is that it

requires a large amount of memory to keep the values of subgradients at all data points.
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The coordinate-wise method we present here addresses the memory requirement issue of
SAG while maintaining both fast convergence rate and little per-iteration complexity. This
method updates a random coordinate of the gradient vector (as opposed to the subgradient at
a data point) at every iteration while keeping the old values for the other coordinates. We call
our method Stochastic Variance Reduced Coordinate descent (SVRC). In SVRC, the memory
required to save the gradient vector is proportional to the dimension of the data d (and not
the size the data set nd, which is the case in SAG). Also, as we will see, the convergence
rate is improved compared to SAG. However, this is achieved at the cost of improvement in
the run-time as in SAG, the complexity per-iteration is improved by a factor of n, while the
improvement in SVRC is relative to d.

In this section, we define g; = V f(w¢) the true gradient of function f at iteration ¢ and

~

~ . . . t .
g; the approximate of the gradient vector at time ¢. Further, let 6, = be the vertical
Wy

concatenation of the approximate gradient vector and the iterate (decision vector) at time ¢

g 0 . L : .
and 0* = = where w* is the minimizer of f(w) and g* is the gradient vector at

w* w*

minimum which equals the zero vector since f(w) is convex.
The Stochastic Variance Reduced Coordinate descent (SVRC) method we present here up-
dates a random coordinate of the gradient vector at every iteration while keeping the old values

for the other coordinates. Thus, the update rule is the following:

U}t+1 = Wt — ’I’]./g\t, (42)

where 7 is the fixed step-size which depends on the dimension of the data and the Lipschitz
constant. The approximate gradient vector g; is computed at each iteration according to the

following rule:
g =) _G;(t)e, (4.3)
where e/ is the jth standard coordinate vector and

. V,f(wy) if j is selected,
g;(t —1) otherwise.

is the jth coordinate of g; and j is the randomly selected coordinate to be updated with
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probability p = é .

In order to write equation (4.4) in a more compact form, we introduce a random vector z;.
The elements of this vector are zero-mean random variables z;, which take the value (1 — %)
with probability é and fé with probability (1 — %) Now, the equation (4.4) can be re-written

in the following compact form:

B0 =(1-3) a0+ (1- ) at-D4ae-D-g0-1). @)

or

—~ 1\ . 1 N
gy = (1 — d) gt—1+ (1 — d> Gt—1+ Zi (Gr—1 — Gi—1) » (4.6)

4.2 Convergence Analysis

The following theorem provides the convergence result for SVRC method proposed in this

section.

Theorem 4. Consider using SVRC for solving optimization problem 4.1 with L-smooth \-

strongly convex objective function. With constant step-size n = 2c+L we have

T
Bl (wr) - )] < Ll (1- 57 ) (4.7

Proof. In order to find the convergence rate of the Stochastic Variance Reduced Coordinate
descent (SVRC), we first define a quadratic function Q(6;) = (6; — 6*)" P (6, — 6*) for some
value of P to be specified later and prove the convergence of this function to zero. Then, we

show that @ is a Lyapunov function for ||w; — w*||?>. In other words, it always upper-bounds

[[we — w*||?.
T . g g
Lemma 2. Assume that Q(6;) = (6; — 0*)" P (0, — 6*) with 6, = and 0% = =
[ w*
A B N
and P = with A, B and C being symmetric. Note that wy, g,z € R? and

w* BT C
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A, B,C € R4 gnd . Then, we have

~ 1 .
d) S] gt—1 + dg?—l [Diag(S)] g¢—1

E(Q(0)|Fi 1] =37, le Diag(S) + (1 _2

2_, . 1Y « «
+ 200415 = Ding(S) 911 +2 (1= 1) 37418~ 1Cl (wir — )
2 " * *
+E9£1 [B=nC] (w1 — w*) + (w1 —w*)" C (w1 —w), (4.8)
where S = A —2nB + nC.
Proof.
*\T A B *
E[Q(0:)|F¢—1] =E | (6 — 07) (0 — 07)| Fi
BT C©
=FE [fq\fA’g\t + 267 B (wy — w*) + (w; — w)" C (w, — w*) |.7-'t_1} . (4.9)
Plugging in the values of w; and g; from (4.2) and (4.6) gives us
AT g N L 7
g Agr =(1— a 9i—1AGt—1 + ﬁgt—lAgtfl
1 ~ T [~ 1 ~
+ p (9t-1— Ge-1) {Dlag(A) - dA} (gt—1—Gt-1)
2 1Y\ .
+3 <1 - d> Gi-19t-1, (4.10)
~ * 1 ~ * 1 *
38 (o~ w) = (1= ) 8B e — 0 + 00 B (s — )
N 2 1\ .
- (1 - d) 914G — 777 (1 - d) 9. 1Bgi1
- %9£1Bgt—1
~ . 1 ~
- (911 — Ge—1)" [Dlag(B) - dB] (9t-1 — Gt—1) (4.11)
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and

N% ..
(w; — w*)T C (wy — w*) = (we—y — w*)" C (w1 — w*) + n? (1 - d) G 1 CGi

2
n LY .
+ dQQtT,ngt,l — 2 (1 — d) gl C (w1 —w™)

2n o 20? 1\
- 793:10 (w1 —w*) + a4 (1 - d) 9i-1Cg11

+”<%1—@1f[m%am—lcywl—@1» (4.12)

d d
Therefore,
1\ 2 1\2 1\ 2
E[Q(0:)|Fi-1] =9i—1 [<1 - d> A—2n (1 - d) B+7? <1 - d> C} Gi—1
[1 2n n?
+9i4 aA-pbt d20:| g1

+(g-1 — Ge-1)" U (ge—1 — Ge1)

o [2 1 4 1 21 1
w5 g) a3 () e () e

e 1 1 *
+39/ 4 2(1—d>B—2n(1—d>C} (wy—1 —w*)

+47 B JC} (wi—q —w")
+ (weey —w*)" C (wp—q —w*). (4.13)

2

where U = B Diag(A) — 3 A — 2! Diag(B) + 2B + % Diag(C) — Z—QC’]

If we rearrange the terms, we will have

IN? .. 1
E[Q(0:)|Fi—1] = <1 - d> gtT_1Sgt71 + ﬁgtT—lsgtfl
1 N 1 .
43 et = Ge)” [ Diag(S) = 18] (01 - i)

2 1\ . 1)\ .~ N
+ pl (1 - d) gtT—1SQt—1 +2 (1 - d) 9?-1 [B —nC] (w1 —w")

2
+ 5081 [B = nC) (e = w*) + (wpmy — w)T C(weey —w*).  (4.14)
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Finally, by expanding the third term above we have

E[Q(0)17i1] =37 | Diew($) + (1= 35 )] Gios + o7, | 3 Dine(5)] 14

d d
2/\T : 1 ~T *
+ 29i-1[5 — Diag($)] ge-1 +2 {1 = = ) i1 [B = 1C] (w1 — w")
2
+ 297 [B = nC) (wi—y — w*) + (we—y —w*)" C (wi—y — w*). (4.15)

d

O

Now, we use Lemma 2 with A = {3dn2 + % - 2772} I, B=—-n (1 - %) I,and C = %I for

the case of n = ﬁ. We note that in this case

B—nC=—-nl

and

2 2 2 2
S = {3dn2 + % - 2772] I+ 221 — (Z) I+ (Z) I = 3dn?lI.

Therefore, we have

1 T~ 1Y . *
B1QIF] = (13 ) 5T s+ 30°6F -1 20 (1= 1) G oy — )
2 * 1 * *
—antT_l (wi—q —w )+g(wt—1 —w )T (wi—g —w™). (4.16)

Nesterov in [21] proves the following lemma that we will use in the sequel.

Lemma 3. Let h : RY — R be a function with L-Lipschitz continuous gradients. Then, for

any vectors u and v we have
[Vh(u) — Vh(v)||*> < L{Vh(u) — Vh(v),u — ). (4.17)
Applying Lemma 3 to the second term in equation (4.16) results in

37791901 < 3n°Lgi_y (w1 —w"). (4.18)
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Thus, we get

1 PETN 1\ . .
E[Q(0:)|Ft-1] < (1 - d) 3dn*g_1Gi—1 — 2n (1 - d> 9 (w1 —w*)

2 1
+ (3n2L - ;) g7 | (we_y — w*) + o (wir — W) (g —w*).  (4.19)

On the other hand, from the definition of Q(#) we have

Q(0r-1) =9{_1 AGe—1 + 25/, B (w1 — ") + (wy—y = w*)" C (wpr — w)

e
=3¢ 1 {3d772 + = - 2772] Igi—

d
99T, [n (1 - Cll) I} (w1 — w")
42 oy =0T (i —w). (4.20)

Therefore,

E[Q(6:)Fi—1] — (1 —6) Q(0:—1)
7> n*d
< [3dn2 —3n? — 3dn? — i 2n? + 3don? + = 200 | 95 191

1 A~ *
—2no (1 - d) Gi—1 (w1 —w)

2 0
+ (37)2L — g) gﬁl (wp—1 —w*) + p (wp—q — w*)T (weeq —w™).  (4.21)

For some value of § that we specify later Rearranging the terms inside the first bracket on the

right-hand side results in

EQU)IF ] - (1-8) Q) < 302 (5- 1) + 0= a? (2 1) o aaics

Q| =

o ( - ) 57 1 (i — w")

2
+(wPr =2 ol i - )
1)

+ E (wt_l — w*)T (wt_l — w*) . (422)

Let M = [3dn* (6 — 5) + (1= 8)n* (2— 3)] I = cI. We know that if c is negative, for any
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vector v € R%, vT Mwv < 0. Therefore:

1 T 1
</g\t1 + 2M_1t> M </g\t1 + 2M_1t> <0
AT g A 15,
= 9 MG+ 9t + ZtTM t<0
AT g ~ g, _
= Gt Mgy + 34t < —ZtTM 1, (4.23)

where t = —2nd (1 — é) (w—1 —w*). This gives an upper bound on the first two terms in (4.22).

Therefore, we have

E[QU)IF 1) — (1 -9) QO 1) < UL a—
) —1] — (1 = -1) = — -1
3dnp? (6 — )+ (1 =86)n*(2—1)
2
+ (3772L — d”) Gi_1 (w1 — w™)
] T
+E(wt_1 —w ) (wt—l —w )
52 (1 - )2
— ( 5_?) ||wt—1 o w*”Q
3do — 1+ = =26
2
+ <3772L — ;) gl | (w1 —w*)
s\ T *
+g(’wt_1 —w ) (wt_l —w )
5 52 (1-1)? .
=|-- ( 5,‘f) w1 = w*|?
d 3dd -1+ -26
2
+ <3772L - J) gl 1 (wi—1 —w*) (4.24)
In order for M to be negative definite, we need the following condition:
3dn? 6—1 + (1= 8)n? 2—1 1 =<0
d d
= ga?(6- 1 + (1 —8)n? 2- 1) <o
n d n d
= 3dd —3+2 261+6<0
d d
1 1
= 5<3d—2+d><1+d
1+
= <= 4.25
(3¢ —2+13) (4.25)
Therefore it suffices that
1
0 < —. (4.26)



Following from A-strong convexity of f, we have

2
2n 9 5% (1- 1)
3L — = + — — d W
(n d A A(3d5 — 1+ 551 —25) [wi—1 — w*||

If we set 6 = 8(% and n = ﬁ, assuming A < L, we have
3172L—2—77+i— 52(1_%)2 - 3 _L_FL
d A ) (3d5 -1+ % — 25) 4d2L  d?L  8d?L
ey
A(3d6 — 14 221 —20)
_ 1 02 (1-3)°
T TsEL T A(1—3d6 + 26 — =1
L1 62
—  8d2L A (1—3dd)
1 A
TSP e (1o B
- 1 . A
= 8d?L  64d?L? (1 - 3)
PR U
~  8d?L  40d?L
<0.

Note that § = g3 satisfies (4.26). Inequality (4.29) implies

E[Q(0:)|Fr—1] = (1 = 6) Q(0:-1) <O

or

E[Q(0)|Fi-1] < (1—0)Q(:—1).

48

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

Taking expectation on both sides with respect to 6y, 01, ...,60;_1 and substituting the value for
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0, we get
E[Q0)] < (1- - ) E[Q0:-1)] (4.32)
t 8dL t—1 . .
Therefore,
)\ t
BlQ)] < (1- g7 ) Q6o (4.33)
Initializing go = 0 and wg = 0 results in
~ ~ ~ * * * 1 *
Q(00) = Go" Ado + 20" B (wo — w*) + (wo — w*)" C (w — w*) = EHW 2. (4.34)
Hence,
£Q0)] < (1- ) L (4.35)
t gar) 4" '

We now need to prove that Q(6;) (the Lyapunov function) dominates ||w; — w*||?. If P’ =
0 0 A B\ , 0 0
P — = is positive definite, then 7 Pz = xT x for any
0 I BT C- LI 0 o1
z € RY. Therefore, we have Q(6;) > 55| lwy — w*||?>. We know that P’ is positive definite if and
only if both A and the Schur complement of P’, i.e. S’ = (C — 551) — BT A1 B, are positive
definite [27]. A = [3dn? + % - 2772} 1 is obviously positive definite for all acceptable values of

d. We now check S’ to determine if it is positive definite.
11 2(1-1)?
S = (I— I> — MI
d 3dn? + - — 21?2

nu_i ],

1
2d 3dp? + T — 22
1

(4.36)

for d > 2. Therefore, P’ is positive definite for d > 2. Then,

Jallwe = wl? < Q(6) (137
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Therefore,
E [[lw; — w*[|*] < 2dE[Q(6,)]. (4.38)

From this and (4.35) we get

. . A\
B [lor - o) < 2hul? (1- 537 ) - (1.39)

Finally, from smoothness of f(w) we have

EUWﬂ—ﬂwﬂ<LMﬂFO—§;>- (4.40)

which shows an exponential rate of convergence for this method.

4.2.1 Discussion

The SVRC method presented here provides linear convergence rate for strongly convex smooth
functions. Instead of computing the true gradient vector at every iteration, our method only
updates one element of the coordinate vector. It also addresses the memory issue of the SAG
method and improves its convergence rate (compare (1 — ﬁ)T of SVRC to (1 — ﬁ)T of
SAG), at the cost of higher per-iteration complexity. A future direction of research in this area
can be using second order (Hessian) information to achieve faster convergence rates.

As the name of this method suggests, SVRC has reduced variance in results compared to
the standard stochastic coordinate descent (SCD) method. The variance reduction analysis
for SVRC falls within the framework for variance reduction presented in [10] and mentioned
in Section 2.2.3 of Chapter 2. The idea behind the methods following this framework is that
if X is a random variable and we are interested in estimating E [X], we can introduce have
random variable Y which is highly correlated with X for which we can easily compute its
expectation. Now, define 0, = o (X —Y) + E[Y] as an estimator of E[X]. We observe that
E[fs] = aE[X]+ (1 —a)E[Y] and Var (0,) = o? [Var(X) + Var(Y) — 2 Cov(X,Y)]. If the
covariance is large enough, Var (6,) can be smaller than Var(X).

If we rewrite the update rule of SVRC as:

wypr = wy — e [V fwe) — g5t = 1) +g(t = 1)], (4.41)
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we can see that here X = dV; f(w;) and Y = dg;(t — 1), 6§ = g(t), o = %, and the expectation

of Y is taken over the choice of j.
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Chapter 5

Distributed Optimization in Networks with Limited
Communication Resources

In a general connected network, we aim to minimize the average of the local objective functions

associated with the nodes of the network:
min fpw) = 3 fiw), (51)
where {f!(w)} are strongly convex functions.

It is tempting to directly apply proportional gradient sampling to the general network set-
ting for distributed optimization. A naive adoption of our centralized method for distributed
problems would involve communicating proportionally sampled estimates of the local gradients
with the neighbors in order to converge to a common optimal point of the global objective func-
tion. In Chapter 3 we showed that this method actually works if the nodes are fully connected
where all of the nodes start with the same initial value. However, sending gradient information
to neighbors in the network does not necessarily help them reach the global minimizer because
at any instant ¢, various nodes have different values of estimates w¢, so the gradient values from
the neighbors might be totally irrelevant. Hence, for general connected networks we suggest

that the nodes exchange partial information about their current local estimates {w?}? ; instead

of communicating gradient information.

5.1 Distributed Coordinate-wise Primal Averaging

The method in this section is motivated by the problem of limiting communication during
the iterations. Based on two existing works, [12] and [28], on consensus-based distributed
optimization and the social sampling protocol suggested by Sarwate and Javidi [29], we consider
a communication scheme based on sending partial information about the current iterate wi:
each node only sends an estimate (sample) w! of their current belief w!. In particular, @! only

contains information about a single (random) coordinate of wj.
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5.1.1 Synchronous Coordinate-wise Primal Averaging

A simple model is for an oracle to select a coordinate of {wi} and have all nodes synchronized
to transmit information about that same coordinate. This method can be seen as a coordinate-
wise variant of the distributed primal averaging algorithm of Nedi¢ and Ozdaglar [12]. In this
algorithm, at every iteration some oracle selects a random coordinate j from {1,---,n} and
orders all nodes to send the j-th coordinate of w! to their neighbors. Each node i updates its
j-th coordinate with a weighted average of their neighbor’s coordinates. Subsequently, node i
updates all coordinates of w! using its full local gradient gi = V f¢(w?). Therefore, the update

rule can be written as

d
wip =YY QL ()DIwf —nigi  for j € [d], (5.2)
=1 pen

where D7 is a diagonal matrix with 1 on its jth diagonal element and zero otherwise and

_ Q if j is selected at time ¢,
Q) = (5.3)

I otherwise.

5.1.2 Asynchronous Coordinate-wise Primal Averaging

The synchronous algorithm requires an oracle to select a common coordinate j so that all
nodes average on the same coordinate at each time. In a more realistic scenario, however,
we would like to allow each node 4 to select its own coordinate j* at random. It can then
send the pair (ji7 (w%)j) to its neighbors. Then, node ¢ will receive a collection of requests
{(jk, (wi)jk) ke ./\/"} For each k € N, it will send (jk, (w%)]k) to node k. This preserves
the bidirectionality of the links. Each node, for every coordinate, computes a convex combi-
nation of its own belief and those of the neighbors who have sent their information about the
same coordinate. For different coordinates, the assigned weights to the neighbors need not be
the same.

For this algorithm the update rule is the same as (5.2), except that for every coordinate j,
matrix Q7 (t) is chosen i.i.d across time according to Pjg, which is a probability distribution over
Q?, a set of doubly stochastic matrices comfortant to subgraphs of G each of which include all

of the self-loops.



Algorithm 7 Asynchronous Coordinate-wise Primal Averaging

Require: N, T, graph G, step size sequence {1}, matrix Q
arbitrarily select wi € R? for all i € [n].
fort=1,2,...7T do

for all i € [n] do
compute gi € dft(w?)
select j¢ uniformly in [d]
send (ji7 (wg)]) to all nodes in N
end for
for all i € [n] do
send (jk, (wz)]k) to each node k € N
end for
for all i € [n] do
for all j € [d] do
if je{j*:keNi} then
(vi41)i = Lren Qin(O)(wE);
else‘ ‘
(vi41); = (wi);
end if
end for '
Wiyy = Vipy — MYt
end for
end for
return for each i € [n] the average

for each i € [n]
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5.1.3 Convergence Rate

Theorem 5 provides the convergence analysis for the case with deterministic Q7 across time for
every coordinate. This provides the basis for analyzing both synchronous and asynchronous
methods where the weight matrices are random. Our analysis relates several average quantities

such as the time average

. 1 i
W = T Zwtv (5.4)

the network average

and the time-and-network average

azz%:z%. (5.6)

i=1 t=1

Theorem 5. Consider solving problem (5.1). Suppose that every node uses update rule (5.2)

with the same step size Ny = )\i across the network and Q7 (t) = Q7 for all j € [d]. Furthermore,

t
assume that our objective functions are \-strongly convex and have bounded gradients, that
is for any vector w € R* we have |Vfi(w)|| < M and |V;fi(w)| < M;. Then, for T >

ma>]({—2e log(v/A2(Q7))},

JjE[d
~- X log(T
E [fo() ~ fo(w)] < (G + Calog(T)) &), (57)
where
M2
=5
c, - 18MZ)\\4 vn

d

N My
M= S

Proof. We take an approach similar to Nedi¢ and Ozdaglar [12]. We first find a bound on the

expected distance of the network average (5.5) from the optimal point w*. Note that since Q7
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is doubly stochastic for all j € [d], we have the following recursive relation:
W1 = Wt — Nt Z gi (5.8)
=1 "
This implies the following recursion:

2

@i — w*||* =

n 7
— * gt
Wy —wW — M —
. n

=1

2 ~ g; : TR~ 9
_ TR * JT _ TV * JT
= [Joy — w*[|" + Titz n 2ny(wy — w") 2.
=1 i=1
(a) ~ M?2 n Wy — w* T i
< w4 e 2 g, Y )G (59)

i=1

where in (a) we made use of the finite form of Jensen’s inequality. For the the summands of

the third term above we have

(@ — w*) " gt = (@, — w*) TV fi(w))
= (0 — w}) TV (w)) + (w) — w*) TV (w])
(a) . . )
> — ||V (wp) | l@r = w*[| + £/ (w}) = f(w")
>\ 7 * 2
+ 5 [Jwi =

VS| @ — w*|| + fi(wh) — fi(w,)
L i) — fi(w)

*

5 -
2 t

Q i, - i P NT (0
> - ||Vf (wt)H Hwt —th + Vi (wy)  (wi —wy)

2w — | + ) - Fiw)
© o 4 ,
2~ (Iv i) + V5 @) o il

4 2 = | F) - o) (510)

where (a) follows from Cauchy-Shwartz inequality and strong convexity of f?, (b) is a result of

convexity of f* and (c) also results from Cauchy-Shwartz inequality. Using inequality (5.10) we



57

can upper-bound the third term in the r.h.s of (5.9):

n

oy Mg X:Wmewwwﬂwmmwrwm

i=1
n

o MLJHL 53;;4442

=1
@ oS v/ th+HV£ thHwt—wJ
=1
— g 1@ — w2 = 200 (f () — fo(w"). (5.11)

where (a) results from finite form Jensen’s Inequality as well as the definition of f. Substituting

this result in (5.9) and taking expectation w.r.t. the entire history up to time ¢t we get

M?2
E [ @e1 — w*|?] <E [[loy — w*||*] + 77?

oy 3 BP0 D+ 7)) o~ ]

n

—mm@m—wwﬂ—MEww»—hwm
< (1= M) E [l 7] +

+ 4 ME [[|@; — wi|] — 2mE [fp (@) — fp(w")]. (5.12)

By rearranging the terms we get

- A
E[fp (@) — fo(w")] <> o E | u]—imeH—wWﬂ
+;7—;LM2+2MIE[H1Dt—w§H]. (5.13)

The following Lemma provides us with a bound on E [Hwt — w%H]

Lemma 4. Suppose all the assumptions in Theorem 5 hold. For any node ¢ at any time t the

network average wy in (5.5) satisfies

d
log(2bje t>
E [||@rs1 — wiy, ||] Siz Ogbi:)’ (5.14)

where by = —log(\/A2(Q7)).

Proof. we define the n x d matrices Wy, Gy, and W; whose i-th rows are w!, gi, and w;. We

further define n x 1 vectors W/ = (W;).j, G = (G4).;, and W/ = (W;).;. Recall that Q’
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is n X n. Using this notation, we have the following update rule for the network for every

coordinate:

Wi, = QW —n,G, (5.15)
Therefore,
77 j Lo j
Wi = Wi = 511 —I) Wi,
1 o .
- (11T - I) (@/w7 —nai)
n
1o i (0 j
= Ell -1 Q (Q Wt—l — nt—th—1>
Lo T j
— (=117 - 1) nGY
n
1 . .
~(au7 1) @y,
n
1o j j [ j
— 511 -1 | Q1G4 — 511 — I ) nGy. (5.16)
Assuming Wi = 0, if we continue the process we get
t 1 .
. , T i—s
Wi, = Wi, = _2778 (nll - I) @) &

(@) o1

where the last line results from the fact that for any doubly stochastic matrix A, we have that
117TA=11"T.
Let 7, = 5;. Taking the absolute value of the i-th elements of both sides of (5.17) and using

Jensen’s inequality results in

’<wt+1)j - (w§+1)j! =

s=1
(7o) @
S;)\s ( 1 (Q )1> €
t
M1, AN
Sg)\s ST (@), R (5.18)



59

Now, we get the following bound for the summation in the right-hand side of (5.18) [30]:

t
M
Z QJ) —s \fz ( /Ao QJ))
=1

2M;\/n log(2bje t2

S Jf Og( b.]et )7 (519)
A b t

where A\2(Q7) < 1 is the second eigenvalue of matrix @’ and b; = —log(1/A2(Q7)). Summing

over all j € [d] and taking expectation of both sides of (5.20) with respect to the entire history

results in

E [[|@e+1 — wipall] <E [[|@er - wi|],]

d
:ZIE [|(We41); — (w§+1)jH

2f log(2bje t2)
ZM T' (5.20)

Substituting the result of Lemma 4 and n; = 5; in (5.13):

E o) — ()] VR [, - w[2] - 2B [, - )
M? 4Mf log(2bje %)
S mvies Z 7{7 —. (5.21)

This provides a bound on E [fp(w;) — fp(w*)]. However, in order to analyze the asymptotic
behavior of our algorithms, we are interested in E [ fp (") — fp(w*)]. Consider the time-and-

network average (5.6). From convexity of fp and Jensen’s inequality we have

T
Elfp(wr) = fpo(w")] S% Y Elfp(@) — fp(w")]

At = DE [[|w; — w*||?] = ME [||0i41 — w*||?]

T
<2 o7

d
M+/n Z log( 2b e t2)
M; . (5.22)
j=1

(7=

Y J
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Using convexity, Jensen’s inequality, and some algebra we can establish that for T' > m?j]c{ije},
j€

1o () ~Jow) < 1 305 B [l — ]

T
1 M?  12MM'\/n 1
- T VN (T ) 2
+th_;(2m+ N Lol )>t
T
or E1
ST 2y
t=1
log(T
< Cr OT( ), (5.23)

d , .
where M' = }° % and Cr = % + w log(T). This lets us relate the time average w?
]:1 J
at a node to the network time average:

E [fo(@h) — fo(w*)] < E [fo(@r) — fo(w*) + Vip(w;) " (@ — @)

(a)
< E[fp(@r) — fo(w*) + ||V fo(@h)|| |@i - @]
(b) wt wt
E[fp(wr) — fo(w*)] +E |||V fp(wh ||Z H
M & :
E(fp(wr) = fo(w)] + 7 D E [Juj — @] (524)
t=1

where in the inequality (a) we used Cauchy-Shwartz and the (b) results from Jensen’s inequality
and the definition of w?. and wr.
Combining the results from (5.24), (5.23), and Lemma 4 gives us the desired upper bound

on the loss:

E [fp(@%) — fo(w")]
1ogT 2M\fZZMlog2bet)

t=1 j=1

@ _ log(T) 6MM'/nlog(T) o= 1
< Z
< Cr T + T Zl ;
M? 12MM'\/n log(T')
6MM'\/nlog(T) log(T)
+
A T
M?%  18MM'\/n log(T)

<Cr
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where (a) results from the assumption 7' > m?ﬁ{%je}, the fact ¢ < T and the definition
j€
d
Z . O

Now that we have established the results for the case with time-invariant weight matrices,
we go on to study the case where Q7(t) is selected i.i.d. from distribution 739. Note that for
every coordinate j, the quantity Pg is a function of {PC}, that are probability distributions
over coordinate indexes at each node. The following lemma is used in the sequel to analyze the

behavior of our methods.

Lemma 5. Suppose the same assumptions as Theorem (5) hold except that in (5.2), Q’(t) is
an i.1.d sequence of doubly stochastic matrices drawn from distribution Pjg. Then, for wi and

wy we have that

d
2M;+/n log(2bje t2
E [||@¢1 — wt+lH SZ fog e ) (5.26)
j=1

bt’

where b; = —log (E [02 (Q7(t))]) and o2 (Q7) is the second largest singular value of Q’(t).

Proof. Define Q7 (s,t) = Q7(t)Q7(t —1)---Q7(s+ 1). Following the procedure in Lemma 4, we

get
, oMLl A
[(@W11); — (wiyq);] < 2—21 Tsj - Q(s,1) )
t—1 .
M (|1 X . 2M7
< 7| 2T Toi
f;Asn @@ 0|+
t—1 .
M;n |1 R 2M7
< J -1 HTQ? . 2
<T@ e 5 (5.27)
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For the summand of the first term here we have

2 T
- @) - (5 - @6+ 1006+ )
]
(5 - 7@+ 1006+ )

= % +(e) Qs+ 1L,HQ ()Q (s + 1) Q' (s + 1,1) e’

2 ) ) .
— 1T+ 1)TQ (s +1,1) e
n

C1TQI(s+1)QI(s+ 1)1
— -

+ ()T Qs+ 1,)Q (s +1)Q (s +1) QI (s +1,1) "€

S 2T Qs+ Qs+ )W+ 1,1) T
n

— (ﬂ — () Q (s + Lt)) Q’(s+1)

@17 (X @)

. _ 1 . _ 2
<A (Q(s+1)Q(s+1)7) ﬁlT —(e)TQ/(s+1,1) (5.28)
2
Continuing this recursive procedure results in
1 2 ' 1 » 4 2
ﬁlT — (ei)TQj(s,t) < 0% (Qj(s)) ElT — (e’)TQJ (s+1,¢)
1 2t 4
<[ IT 2 @w) (5.29)
l=s+1

Taking expectation of both sides w.r.t. the entire history and keeping in mind that {Q’ (l)}f:s-s-l

are 1.i.d. over time results in

et -]

<E[os (Q/(7))]". (5.30)
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Therefore,

E [[[@rs1 = wina[[] S E @0 = wisall,] = 3B [[(@e41); = (wip)s]

j=1
t—1
M, —s  2M
<3 |3 Y g o, (4] " 4 2
j=1 Ls=1
d .
2M7\/n log(2b;et?)
<2 bt (5.31)
j=1
O

Now, we are ready to find the upper bound on E [fD(iuviT) - fD(w*)} in the setup with

random weight matrices.

Theorem 6. Assume that all conditions in Lemma 5 hold. We have the following upper bound
on the loss of coordinate-wise primal averaging algorithm with update rule (5.2) for the opti-

mization problem (5.1) if T > —2 elog (E [o2 (Q7(1))]):

E [fp (@) — fo(w")] < (%A + ngm) %7 (5.32)

where ¢ = Z?Zl m and M and M; are as defined in Theorem (5).

Proof. By applying Lemma 5 to (5.13) and following the same procedure as that of the proof

of Theorem 5, we get the stated result. O

We remark that for both synchronous and asynchronous distributed algorithms proposed in
this chapter, the analysis in Theorem 6 holds. The synchronous algorithm is a special case where
@’ is a random matrix which takes value from the set {Q, I}. In the asynchronous method the

sample space is larger, i.e. the entire Q]g which is defined in Subsection 5.1.2.

5.2 Distributed Coordinate-wise Primal Averaging with Stochastic

Local Gradients

We claim that our coordinate-wise primal averaging method also works for a setup in which the
nodes use unbiased estimates of their gradient vectors instead of the true gradient. The update

rule here is

d
wiy =YY QL)DIwf —nigi  for j € [d], (5.33)
=1 el
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or

- — i
Wi41 = W — N Z z (534)
i=1

where g} is an unbiased estimate of the true local gradient vector: E [g;| ;] = gi = V f(w}).

5.2.1 Convergence Analysis

Theorem 7 provides the convergence result in case of using approximate gradients. The re-
sult stated in this theorem uses the following lemma which provides us with a bound on

E [[Jw: —wil]
Lemma 6. Suppose all the assumptions in Theorem 7 hold. For any node ¢ at any time t the
network average wy in (5.5) satisfies

— log(2b;e t2)

_ 9 d
E [||[ @1 — wi4]|]] < TﬁZMJ (b‘ — (5.35)
j=1 !

where E [| @), | |]-”t] < M; and b = —log(1/22(Q7)).
Proof. Following the same procedure as the proof in Lemma 4 we get the result stated here. [

Now, we are ready to state the main result of the coordinate-wise primal averaging with

approximate local gradient.

Theorem 7. Consider solving problem (5.1). Suppose that every node uses update rule (5.33)

with the same step size n, = 3 across the network and Q7 (t) = Q? for all j € [d]. Furthermore,

I
assume that our objective functions are A-strongly convex and have bounded gradients, that is

for any vector w € RY we have |V fi(w)|| < M, E [|gi]? |F] < M? and E [| (ﬁ)] | |.7-'t} < M.
Then, for T > ma[xé]({—Ze log(1/A2(Q7))},
JE

log(T)
T b

E [fp(@r) = fp(w”)] < (C + Cylog(T)) (5.36)
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where

—

M2
C)=— 5.37
1 27”&/\’ ( )
18M M’
cl = J, (5.38)
A
M = _ (5.39)
Z 7 — log( \/A2 @)
Proof. Here, we follow a procedure similar to the previous proofs in this section.
2
_ %112 _ * (12 . /g\tt gt
[ @41 — w*||” = [lwy —w"|" + nt;g — 2ne(wy — Z : (5.40)
Therefore,
noo~ 2 %
E | |@es1 —w*[|* 1] = & — w2 + E nzi — 2 =)y %
M2 n (w _w*)Tgi
< @y — w*||? 22 ~t —J gt 5.41
< [lwe — w*||* + n; " ﬁt; " (5.41)
Therefore,
_ . /\77t 1 _ .
E[fp(w¢) — fp(w")] < E [[lw; — w*[?] - 27%11*3 (@41 —w|?]
+;7—:LM2+2MIE[Hwt—w§||]. (5.42)

Following similar steps as in the proof of Theorem 5 we get the result stated in this theorem.

O
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Chapter 6

Conclusion

In this work, we used social sampling to limit the communication in cooperative multi-agent
optimization settings. For centralized and shared memory systems, we proposed a new nonuni-
form variant of stochastic coordinate descent and provided upper bounds on the expected sub-
optimality gap. This method requires full knowledge of local gradient vectors, which seems
computationally wasteful. However, this method may be useful for shared memory systems
with limited communication resources where computing local gradient vectors by each node
is inexpensive and we are more concerned about the amount of communication or contention
among nodes rather than the computation cost.

We also proposed a semi stochastic method with reduced variance compared to stochastic
coordinate descent. This algorithm makes use of old gradient values as well as random updates
on components of the gradient vector. We showed that this method has linear convergence in
a setup where stochastic coordinate descent methods show sublinear convergence, while having
lower variance.

In distributed models, we argued that sharing gradient information is not necessarily ben-
eficial; which suggested that nodes should share samples of their current estimates {wi} . We
proposed a stochastic coordinate-wise consensus-based optimization method that requires nodes
to share random coordinates of their estimates with their neighbors. We provided convergence
analysis and explicit error bounds in expectation for this method.

An interesting question raised in the centralized model is using that how using “stale”
gradient values from previous iterations would affect the convergence rate of the algorithm. Less
frequent full gradient evaluation drastically reduces the computational cost of the algorithm,
therefore a delayed PSCD method might solve the intrinsic issue of PSCD that it requires
evaluation of the full gradient at every iteration. Analyzing such a scheme would build on
recent results of [9] and also the SVRC method presented here. Finally, an empirical evaluation
of our methods on typical objective functions, especially in machine learning, may shed more

light on when nonuniform sampling can help in practice.
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