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ABSTRACT OF THE DISSERTATION

Using experimental mathematics to conjecture and prove
theorems in the theory of partitions and commutative and

non-commutative recurrences

by Matthew Christopher Russell

Dissertation Director: Vladimir Retakh

This thesis deals with applications of experimental mathematics to a variety of fields.
The first is partition identities. These identities, such as the Rogers-Ramanujan iden-
tities, are typically (in generating function form) of the form “product side” equals
“sum side,” where the product side enumerates partitions obeying certain congruence
conditions, and the sum side counts partitions following certain initial conditions and
difference conditions (along with possibly other restrictions). We use symbolic compu-
tation to generate various such sum sides, and then use Euler’s algorithm to see which
of them actually do produce elegant product sides, rediscovering many known identities
and discovering new ones as conjectures. Furthermore, we examine how the judicious
use of computers can help provide new proofs of old identities, with the experimenta-
tion behind a “motivated proof” of the Andrews-Bressoud partition identities for even
moduli.

We also examine the usage of computers to study the Laurent phenomenon, an
outgrowth of the Somos sequences, first studied by Michael Somos. Originally, these
are recurrence relations that surprisingly produce only integers. The integrality of these

sequences turns out to be a special case of the Laurent phenomenon. We will discuss
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methods for searching for new sequences with the Laurent phenomenon — with the
conjecturing and proving both automated. Finally, we will exhibit a family of sequences
of noncommutative variables, recursively defined using monic palindromic polynomials
in Q [z], and show that each possesses the Laurent phenomenon, and will examine some
two-dimensional analogues. Once again, computer experimentation was key to these

discoveries.
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Chapter 1

Introduction

The underlying theme for this thesis is “experimental mathematics”. We use this
term to denote the use of computers in mathematical research. Over the past several
decades, experimental mathematics has been a burgeoning field. Computers were the
key to Appel and Haken’s proof of the four-color theorem, along with Thomas Hales’s
solution of the Kepler conjecture. In both works, the problem was reduced to checking
a very large number of cases.

Mathematics is one of the most interesting academic disciplines, as it lies at the
intersection of art and science. Most sciences have some experimental aspect to them,
and it is interesting to see in what ways this facet can be seen in mathematics. Much
of my work could be called carrying out “mathematical experiments” — trying a large
number of possibilities and examining the results. Other features of experimentation
sometimes arise in mathematics. For example, the integrality of the Dana Scott se-
quence was discovered “by accident” — Scott was attempting to program the Somos-4
sequence, a recursively defined sequence that surprisingly only contains integers, into a
computer to study it. However, he made a typing error while inputting the recurrence.
As a result, Scott serendipitiously made the discovery that the same phenomenon that
holds true for the Somos-4 sequence also occurs in this new sequence with the typo.

The practice of experimental mathematics can take many different forms. We now
highlight a few selected avenues, along with corresponding examples from this thesis.

In Chapters 2 and 3, I use Maple code to automatically search for and discover new
(conjectural) partition identities of Rogers-Ramanujan type.The main point of involving
the computer in this process is to speed up calculations that could otherwise be done

by hand. For example, when I use computers to search for new partition identities,



I am just determining the first 30 or so terms of the formal power series for a given
“sum side”, and then seeing if it can be factored as a “nice” infinite product. Now, I
could probably do the calculations for any given sum side using pen and paper, and
sometimes, it is important to do some work myself to better be able to spot patterns.
However, this undertaking would probably take me an entire afternoon. If I were to use
computers instead, I can do the calculations for, say, a million sum sides in the same
amount of time. One can only imagine what Ramanujan would have accomplished
had he had access to modern computers. Using computers also has the advantage of
being more accurate. Because I am doing exact calculations, miscounting by a single
partition would throw off my entire calculations. Others have used computers to search
for partition identities in the past, but our “sum-side” conditions are more apparently
more general than what have been used in the past.

We can do more than simply use computers to conjecture results and involve them
in the proof process as well. Examples of this fill the next several chapters.

In the late 1980s, Andrews and Baxter published what they called a “motivated
proof” of the Rogers-Ramanujan identities. The key observation is that a sequence of
power series is constructed, beginning with the two Rogers-Ramanujan product sides,
and each term in the sequence is noted to be of the form 1+ ¢’ + - - - for ever-increasing
values of j. They called this observation their “Empirical Hypothesis”.

Since this work, a program has been developed to apply this “motivated proof”
paradigm to other partition identities, including a project I worked on with Kanade,
Lepowsky, and Sills to provide a similar proof of the Andrews-Bressoud identities. Once
again, an “empirical hypothesis” was deduced. In our case, it truly was empirical —
Maple was used to calculate the first several dozen terms of the initial power series on
what we call the “zeroth shelf”, and then experimentation was used to find appropriate
linear combinations of these power series on the “zeroth shelf” to make up a “first shelf”,
and then a “second shelf”, and so on, always verifying that the elements of each “shelf”
are always power series of the form 14¢’+- - -. Once the correct linear combinations are
determined, it is then relatively straightforward to uncover the underlying interpretation

through partitions. This work appears in Chapter 4.



Even if we are unable to use computers to provide complete proofs, we can use
them to guide our efforts to provide “human” proofs. These efforts are evident in the
chapters of my work on demonstrating that certain noncommutative recursions possess
the Laurent phenomenon — that every term of the recursively-defined sequence is a
Laurent polynomial in the initial variables. The main theorem is shown to hold for
any noncommutative recursion of a certain form using monic palindromic polynomials
in Q[z], generalizing a conjecture by Kontsevich. One way to prove the theorem, in
the spirit of Berenstein and Retakh, is by explicitly calculating the first term in the
recursion that could possibly not be a Laurent polynomial, and by demonstrating,
through extensive algebraic manipulations, that it is, in fact, a Laurent polynomial.
The form of these long calculations, where it is easy for a human to err, make it
natural to turn to a computer for assistance. Accordingly, I wrote a Maple package that
allowed me to prove the theorem for any fixed set of monic palindromic polynomials.
The computer is taught a list of “simplifying” rules, which gradually transform the
expression in question into a particular form. At the end of all of the calculations, the
expression can be observed to be a Laurent polynomial, which verifies the theorem in
that case.

Of course, writing this computer code is not enough to prove the theorem. I then
used the output of the program for certain cases of the theorem to guide my proof, which
is contained in chapter 5. The proof is rather technical, consisting of a long series of
calculations, in the style of the computer. Watching the steps that my procedures take
to verify specific instances of the theorem allowed me to decide what intermediate steps
needed to be done.

In the rest of the chapter, I use what I have learned to extend this to a family of
two-dimensional recurrences. Again, having “practiced” by seeing the output of the
Maple procedures greatly facilitates the work by hand.

Perhaps the purest form of experimental mathematics is having the computer dis-
cover and then automatically prove new theorems. This paradigm is explored in Chap-
ter 6. In this chapter, Somos-like sequences are discussed. These are the commutative

versions of the recursions mentioned in the previous paragraph. Again, the goal is to



establish the Laurent phenomenon for specific sequences. If the initial variables of the
sequences are all specialized to 1, then the Laurent phenomenon becomes the statement
that every term in the sequences is an integer.

For a large number of recursions, chosen in a way that made them likely candi-
dates, I used Maple to first evaluate if the underlying sequence with the all-ones initial
conditions only contains integers for the first 15 terms or so. (Of course, we could do
this without specializing the variables to all be equal to 1, but using integers instead of
formal variables greatly speeds up the running time.)

This process indentified likely candidates for sequences with the Laurent phenomenon.
However, we can do even more. Fomin and Zelevinsky provided machinery to prove
the Laurent phenomenon for specific sequences that is very amenable to automation. I
implemented this machinery in Maple in such a way that the computer is able to nearly
simultaneously conjecture and prove new results.

Although the most important part of the work is, again, the computer code used to
discover the results, I spend part of the chapter proving the Laurent phenomenon for
certain infinite families of recursions, guided by the experimental data.

Although the mathematical fields I investigated in this thesis may be quite diverse,
the thread that ties this work together is more about the underlying methods used
in experimental mathematics. Note how in both some of my explorations in partition
theory and also in these Somos-like sequences, the approach is to calculate some number
of initial terms of a given sequence (in the case of partition identities, the sequence at
hand is the sequence of coefficient of the formal power series on the sum side), and then
check that all of the terms satisfy some condition.

Often, when people think of using computers in mathematics, “number-crunching”
is what comes to mind - long calculations in arithmetic designed to obtain approximate
answers. Instead, my work tends to be in areas where “symbol-crunching” is more
useful, involving long algebraic manipulations. Furthermore, I need exact answers in
my work — as noted earlier, being off by a single partition would throw off my entire
calculation.

It would be wonderful if more mathematics could be done by way of what Zeilberger



calls the Ny principle. This framework of proof is when one checks that a theorem holds
in a certain number of cases, and then argues that the truth of the theorem for these
cases suffices to prove that the truth of the general theorem. Going back to the partition
identity conjectures, it certainly seems that we have enough cases to believe in their
truth. Again, using Maple (along with a bit of human ingenuity), we were able to verify
our conjectures to hold for all n < 1500 (at the minimum). MacMahon famously was
convinced of the truth of the Rogers-Ramanujan identities after observing that they
held for about 90 terms. Unfortunately, right now, no such “meta-theorem” exists.
However, our new partition conjectures are leading to new research as others attempt

to understand them more deeply and prove them.



Chapter 2

Experimental mathematics and partition identities

2.1 Introduction

The work of this chapter is an attempt to construct a mechanism using computer
algebra systems to discover and conjecture new partition identities. Six new conjectured
partition identities are the major result of this chapter. The Maple code for the work
in this chapter and the following can be found in the package IdentityFinder, freely
available at http://math.rutgers.edu/ "russell2/papers/partitionsi4.html.

These identities are in the spirit of many other well-known identities, such as Euler’s
identity, the Rogers-Ramanujan identities, Schur’s identity, Gordon’s identities, the
Andrews-Bressoud identities, Capparelli’s identities, and the little Gollnitz identities.
Using a systematic mechanism based on symbolic computation, we present six new
conjectured identities using IdentityFinder.

The main idea behind IdentityFinderis to calculate out a very large number of
sum side generating functions, followed by the use of Euler’s algorithm to turn the
generating functions into products. At this point, we examine the products to see which
ones provide “periodic” factorizations. If this happens (with a small enough period), we
identify the pair of the sum side and product side as a potential new partition identity.

Each sum side incorporates various restrictions on partitions, such as difference-at-
a-distance conditions, congruence-at-a-distance conditions, initial conditions, etc., each
of which conditions are coded as separate procedures. We hope that the “modular”
nature of our work will allow us to extend our work to incorporate other possible sum
side structures, allowing for new advances. A few selected avenues of research are

highlighted at the end of this chapter.


http://math.rutgers.edu/~russell2/papers/partitions14.html

Using computer explorations to discover and prove partition identities is not new.
Similar methods to ours have been previously used effectively by Andrews (see [5] and
Chapter 10 of [7]). Computer searches have been used extensively in automatically
discovering finite Rogers-Ramanujan type identities (see [42] and [36]) and analytic
identities (see [36]). See the introduction of [36] for other references for computer
methods in partition identities.

Apart from their intrinsic interest, partition identities are fundamentally related in
deep ways to have connections to divers fields of mathematics. For example, Baxter [12]
demonstrated how the Rogers-Ramanujan identities are useful in statistical mechanics
in his solution of the hard-hexagon model. Also, Lepowsky and Wilson [30]-[33] found
connections between many partition identities (including the Rogers-Ramanujan iden-
tities) and affine Lie algebras in the realm of vertex operator algebras. Since then,
some new partition identities have been found through vertex-operator-theoretic ap-
proaches, such as Capparelli’s identities [16]. We believe that some of our conjectures
(I1 — I3) are connected with the level 3 standard modules of the affine Lie algebra Df’) .
(These feature symmetric congruence classes for the product sides; we should not expect
vertex-operator-theoretic connections when the congruence classes are asymmetric.)

While we do not have formal proofs of these conjectures, we strongly believe in their
truth. All six conjectures in this section have been verified up to at least partitions of

n = 1500 (through the polynomial recursions presented in section 2.6).

2.2 Preliminaries

Throughout this work, we will treat ¢ as a formal variable. Let n be a non-negative
integer. A partition of n is a list of integers (A1, Ao, ..., Ap) (which we will often write
as A1 + Ao+ -+ Ap) such that \y +---+ X\, =nand \y > Ay > - >\, > 1. We
refer to the individual A\;s as “parts”. We assume that n = 0 has exactly one partition,
which is the null partition.

One obvious question related to partitions is to count the number of partitions of

a nonnegative integer n. We can also place restrictions on the partitions that we are



considering. For example, we may desire to only count partitions where the parts are
in some residue class modulo some N — for example, partitions into odd parts.

A partition A is said to contain a second partition u as a subpartition if (u1, a2, . . ., t¢)
is a subsequence of (A1, A2, ..., Ayy). In our work below, our initial conditions will typ-
ically be of the form of a small set of forbidden subpartitions.

To us, a “product side” is a generating function of the form [] i>1 (1 —q¢ )p 7. Usually,
each p; will be in {0, 1}, which means that this expression will be the generating function
for partitions, where the allowable parts are those j such that p; = —1. Furthermore,
if {p;} is a periodic sequence, then the product can be interpreted as the generating
function for partitions whose parts satisfy certain congruence conditions modulo the
period.

However, the “sum side” involves difference conditions between parts — how the
parts interact with each other — along with initial conditions .(forbidding a small
number of subpartitions). As an example, the sum side of Euler’s identity is that all
parts must be distinct: A; > A\; 1 for all 4.

A “partition identity” is a statement that, for all nonnegative integers n, the number
of partitions of n that satisfy the product side conditions equals the number of partitions
of n that satisfy the sum side conditions.

Euler’s algorithm allows us a way to obtain a product side from a sum side by

“factoring”:

Proposition 2.2.1. Let f(q) be a formal power series such that

fl@) =14 bag™ (2.1)

n>1
Then
flo)=T[a—=g™m, (2.2)

m>1

where the a,,s are defined recursively by:

n—1
nb, = na, + Z dag + Z Z dag | bp—;j. (2.3)

dn, d<n J=1 \ d|j



For a proof using logarithmic differentiation, see Theorem 10.3 of [7].

If we have a generating function f(¢) having constant term 1, we refer to the form
as the “sum side” and to as the “product side.”

Of course, our methods cannot actually produce genuinely infinite formal power
series. Rather, we end up with polynomials that approximate these infinite formal
power series. The following corollary implies that if we provide additional terms of
our generating function, obtaining a better approximation, the original factors in the

original product are unchanged. This will be used in our verification section.

Corollary 2.2.2. Let f(q) and g(q) be formal power series with constant term 1 such

that

£(a) — 9(q) € ¢*T'C[q]]

for some k£ > 1. If

flo=I[a—-qm (2.4)

m>1
and
_ (9
glg) = [ —gmr (2.5)
m>1
then a%) = %) forallm=1,...,k.
Proof. Equation ({2.3]) implies that a,, is dependent only on by, ..., by. O

2.3 History

The history of partition identities is a particularly fascinating one. We will give a brief
overview; for more information, see [7].

The oldest partition identity is due to Euler. It states that for any non-negative
integer n, the number of partitions of n only using odd parts is the same as the number
of partitions of n in which all parts are distinct. This identity was originally stated and

proved in its generating function form:
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This is the archetypal example of a partition identity. One of the restricted types is
into parts that fall into certain congruence classes (typically referred to as the “product
side”, as the generating function is most easily expressed as an infinite product), while
the other deals with how parts interact with each other (which we will call the “sum
side”, because its generating function is often written as an infinite sum — although
not in this case). Loosely speaking, a partition identity is a statement that, for all
non-negative integers n, the number of partitions of n into partitions of one restricted
type is the same as the number of partitions of n into partitions of a different restricted
type.

The proof of Euler’s identity is rather straightforward. One simply manipulates the

generating functions in the following way:

| - (1—q¥) (2.7)

1 (1—q%71) S (1—=¢¥ 1) (1—-q%)
o -¢)(1+¢)
-1 (2.8)
=[] +¢), (2.9)
i>1

where we make use of the identity (1 —2?) = (1 —z) (1 + z).

Fuler’s identity is the only one on this list that can be proven by using “manipu-
latorics” — all of the other identities presented in this chapter have very deep proofs
(and so we should expect any proof of the conjectures to be appropriately complicated).

The next most complicated identities are the Rogers-Ramanujan identities, origi-

nally discovered by L. J. Rogers in 1894, and rediscovered by Ramanujan in the 1910s:

e The number of partitions of a non-negative integer into parts congruent to +1

(mod 5) is the same as the number of partitions with difference at least 2.

e The number of partitions of a non-negative integer into parts congruent to +2
(mod 5) is the same as the number of partitions with difference at least 2, and 1

is not allowed as a part.
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In generating function form, these are:

1
H (1 — o7 t1) (1 — goitd) = Zdl(n)qn7 (2.10)

>0 n>0

1 n
1;[0 (1= +2) (1= i3) ;]dg(n)q ; (2.11)
> n>

where d;(n) is the number of partitions of n such that adjacent parts have difference at
least 2 and such that the smallest allowed part is ¢. Again, there are analytic forms for

the two identities, respectively:

2

1 B 4
jl;lo (1 — goi+1) (1 — gditd) nzz;) 1-q(1—¢2)---(1—q) (2.12)
1 qﬂ2+n
H (1 — ¢%+2) (1 — ¢%+3) - Z A (- (1—g) (2.13)

>0 n>0

It should be noted that, in the cases of both the Rogers-Ramanujan identities and
Euler’s identity, the algebraic statements were discovered and proved first, and only
later were the interpretations in terms of partitions provided.

Broad-sweeping generalizations of the Rogers-Ramanujan identities were provided
by Gordon [25], where the sum side conditions featured a new variant. Fix values of
k and d. If, for all j, \; — \j4x > d, we say that the partition has difference at least
d at distance k. Thus, the difference condition in the Rogers-Ramanujan identities is

a difference at least 2 at distance 1 condition. The innovation in the sum sides for

Gordon’s identities is considering sum side conditions where the distance is at least 2:

G : The number of partitions of a non-negative integer into parts not congruent to 0
or +(k—1i+1) (mod 2k + 1) is the same as the number of partitions of n with

difference at least 2 at distance k — 1 such that 1 appears at most & — 7 times.
Analogous identities with even moduli were provided by Andrews and Bressoud [15]:

G : The number of partitions of a non-negative integer into parts not congruent to 0 or
+(k—i+1) (mod 2k) is the same as the number of partitions 7 = (m,...,7s)
of n with difference at least 2 at distance k — 1 such that 1 appears at most k — ¢

times and, if my — mpyp_o < 1, then mp + w1 + - + Tpap—o =i+ k (mod 2).
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Our final example in this survey of partition identities was provided by Stefano

Capparelli. Through his study of the affine Lie algebra AgQ) in his doctoral thesis [16],

he discovered (at first conjecturally) a pair of partition identities. The first of these is:

Cy:

The number of partitions of a non-negative integer into parts congruent to +2 or
43 (mod 12) is the same as the number of partitions of n such that consecutive
parts must differ by at least 2, the difference is at least 4, unless consecutive parts

add up to a multiple of 3, and 1 is not allowed as a part.

This first of the two identities was initially proven by George Andrews in 1992 [5], and

eventually by Capparelli himself using vertex-operator-theoretic means [17]. (For the

fascinating story of Andrews’s original proof, see [I]).

2.4 Methods

In this section, we will discuss the methodology we used to discover our partition

conjectures.

First, we need to discuss the types of conditions that we used (with varying param-

eters) to generate our sum sides. The following list provides the conditions, together

with the corresponding procedures in IdentityFinder:

e Smallest part size (SmPartCheck): This is the smallest allowable part, along with

the maximum multiplicity with which it is allowed to appear. For example, in
Gordon’s identities, there is a restriction on the number of occurrences of 1 as a

part.

Difference-at-a-distance (DiffDistCheck): Fix values of k and d. If, for all j,
Aj — Ajyr = d, we say that the partition satisfies the difference d at distance k
condition. For example, the two Rogers-Ramanujan identities both feature the

difference 2 at distance 1 condition.

Congruence-at-a-distance (CapparelliCheck): If for all j, A\; < A\j 4+ B only
if Aj + Ajp1-- 4+ Ajpa is congruent to C' (mod D), we say that the partition

satisfies the (A, B,C, D)-congruence condition. Using A = 1 is an important
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specialization. In this case, the condition simplifies to: two consecutive parts differ
by at most B only if their sum is congruent to C' (mod D). For example, in our
notation, the key condition in Capparelli’s identities is the (1, 3,0, 3)-congruence
condition. The Andrews-Bressoud identities use a congruence condition with D =
2. It can be important to consider seemingly “wrong” or “unnatural” congruence
conditions (see the “ghost series” in the motivated proof of the Andrews-Bressoud

identities in [27]).

The previous three conditions give us eight possible parameters (two for SmPartCheck,
two for DiffDistCheck, and four for CapparelliCheck. In practice, we choose small
ranges (say, 1 to 5) for each of these parameters (although, in CapparelliCheck, C is
always chosen to be between 0 and D —1, to avoid redundancies). For each combination
of parameters, we examine all partitions of n from 0 to N (typically using N = 30),
using the preceding procedures, and deduce initial terms for the corresponding (infinite)
generating function.

We arrive at

N
1+ Z bnqna
n=1

and can use Euler’s algorithm to factor the expression just obtained as
fl=J[a—-qgm
m>1
In practice, we use the implementation of Euler’s algorithm in Frank Garvan’s gseries
package [25] as the procedure prodmake.

We now consider the sequence {am}%zl. If this sequence is periodic, with an ap-
propriately small period, then we have a candidate for a new partition identity.

The above process identifies potential candidates for new identities. After potential
candidate new identities were identified, we used the On-Line Encyclopedia of Integer
Sequences [38] to help determine which ones were already known (for example, in identi-
fying many cases of the Gollnitz-Gordon-Andrews theorem). If the conjectured identity
still appeared to be new at this point, we had two options to further verify candidates.

Experimentally, we can simply increase the value of N, calculating additional terms
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of the sum side, and verifying that this still matches the product side. Alternatively,

we can write down the recursions that govern the sum sides, along with their initial

conditions. Together, this can allow us to calculate hundreds or thousands of terms on

the sum side.

2.5 Results

Naturally, our methods rediscover many known identities. Our initial searches have

found six new (conjectured) identities, which were first published in [2§]. All six of

these conjectures have been verified for at least 1500 terms. Three of them form a

single family of mod 9 identities:

Ilt

Ig:

The number of partitions of a non-negative integer into parts congruent to +1 or
+3 (mod 9) is the same as the number of partitions with difference at least 3 at
distance 2 such that if two consecutive parts differ by at most 1, then their sum

is divisible by 3.

The number of partitions of a non-negative integer into parts congruent to +2 or
43 (mod 9) is the same as the number of partitions with smallest part at least 2
and difference at least 3 at distance 2 such that if two consecutive parts differ by

at most 1, then their sum is divisible by 3.

: The number of partitions of a non-negative integer into parts congruent to +3 or

+4 (mod 9) is the same as the number of partitions with smallest part at least 3
and difference at least 3 at distance 2 such that if two consecutive parts differ by

at most 1, then their sum is divisible by 3.

A fourth mod 9 identity appears to be related, but has asymmetric congruence condi-

tions:

1y :

The number of partitions of a non-negative integer into parts congruent to 2, 3, 5,
or 8 (mod 9) is the same as the number of partitions with smallest part at least
2 and difference at least 3 at distance 2 such that if two consecutive parts differ

by at most 1, then their sum is congruent to 2 (mod 3).
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We also found a pair of mod 12 identities, again with asymmetric congruence conditions:

I5 : The number of partitions of a non-negative integer into parts congruent to 1, 3,
4,6, 7,10, or 11 (mod 12) is the same as the number of partitions with at most
one appearance of the part 1 and difference at least 3 at distance 3 such that
if parts at distance two differ by at most 1, then their sum (together with the

intermediate part) is congruent to 1 (mod 3).

I : The number of partitions of a non-negative integer into parts congruent to 2, 3,
5,6,7, 8, or 11 (mod 12) is the same as the number of partitions with smallest
part at least 2, at most one appearance of the part 2, and difference at least 3 at
distance 3 such that if parts at distance two differ by at most 1, then their sum

(together with the intermediate part) is congruent to 2 (mod 3).

Let us illustrate I, Is, and I3 with an example. There are fourteen partitions of
n = 13 into parts congruent to +1 or +3 (mod 9):

13,10+3,10+1+1+1,84+3+1+1,84+1+1+1+1+1,64+6-+1,6+3+3+1,
6+3+1+1+14+1,64+1+14+1+1+14+1+1,3+34+3+3+1,3+34+3+1+14+1+1,
3+3+1+14+1+14+1+1+1,34+1+14+14+1+14+1+1+1+1+1, and
1+1+1414+14+14+1+14+14+14+14+1+1.

There are seven partitions of n = 13 into parts congruent to £2 or £3 (mod 9):

1142, 746, 74+3+3, T+2+2+4+2, 64+34+2+2, 3+3+34+2+2, and 3+24+24+2+2+2.

There are five partitions of n = 13 into parts congruent to £3 or 4 (mod 9):

13,6 +4+3,5+5+3,5+4+4,and4+3+3+3.

There are fourteen partitions of n = 13 that satisfy the sum side conditions of I;:

13, 104+3,944, 845, 7+3+3,11+2, 7+4+2,12+1,10+2+1,9+3+1,
84+4+1,7+5+1,6+6+1,and 6 +4+2+ 1.

This confirms I; for n = 13. Our somewhat unorthodox ordering of these partitions
is to make it apparent that exactly seven of these partitions do not contain 1 as a
subpartition, and exactly five of these partitions do not contain 1 or 2 as subpartitions.

As the sum side conditions for Iy and I3 are exactly the same as for [, except that 1
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is forbidden as a subpartition and 1 and 2 are forbidden as subpartitions, respectively,
this takes care of verifying I» and I3.

Also, to illustrate I5, there are seventeen partitions of n = 11 into parts congruent
to 1, 3,4,6,7, 10, or 11 (mod 12):

11, 10+1, 7+4, 74+3+1, 7+1+1+1+1,6+4+1,64+3+14+1,6+1+1+1+1+1,
44+4+3,4+4+14+1+1,44+3+3+1,44+34+1+14+14+1,44+1+1+14+1+14+1+1,
3+3+3+1+1,3+34+1+1+14+1+1,3+14+1+1+14+1+1+4+1+1, and
1+14+141+1+1+14+14+1+1+1.

To check this, we list the seventeen partitions of n = 11 that satisfy the sum side
conditions of I5:

11,10+1,9+4+2,8+3,8+2+1,7+4,7+3+1,7+2+2,6+5,6+4+1,6+3+2,
5+54+1,5+4+254+3+3,5+3+2+1,44+4+2+1,and4+3+3+1.

2.6 Verification

Using the approaches detailed before, we can verify our conjectures for the first several
dozen terms. In order to increase this further, we have to use alternate methods for
calculating the sum sides, as detailed in this section. In order to do this, we use
generating functions for the sum sides, with added restrictions on the size of the largest
part (which means that these will be polynomials). In the limit as the allowable size
of the largest part goes to infinity, these polynomials converge to their respective sum
sides. This procedure allows us to quickly compute hundreds or thousands of terms for
the sum sides, and then verification with the product sides is routine. From , it is
clear that by,...,by uniquely determine ay,...,an.

This method is similar to one found in [8]. Analogous polynomials have been used
in motivated proofs of the Gordon, Gollnitz-Gordon-Andrews, and Andrews-Bressoud
identities, respectively (see [34], [19], and [27]).

First, we consider I;, I, and I3. Let fj(q) be the generating function for the
partitions counted in the sum side of the identity I; for j € {1,2,3}. Furthermore,

let Pj 1 (q) be the generating function for the partitions counted in the sum side of the
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identity I;, where j € {1,2,3}, but with the extra restriction that the largest part in
each partition is at most k. Then, the polynomials P;(q) satisfy the same recursion

irrespective of the value of j:

Pjsn = Pisn1+¢"Pjan—2+ ¢"¢"" Pjzn—3 (2.14)
Pjsni1 = Pisn+ ¢ Pjan_1 (2.15)
Pjsnio = Pigne1 + ¢ 2" T Py sn_1 + " 27 P g0 + ¢*" P51, (2.16)

Note that we have presented some exponents in an unsimplified form in our recursions
to better illustrate how the latter are produced. For example, we can demonstrate
how to obtain the recursion for Pj 3,12, where all parts are at most 3n + 2. Partitions

counted by P; 3,42 must fall into exactly one of the following categories:
e All parts of the partition are at most 3n + 1. Hence, it is counted by P} 3,41.

e The partition has exactly one copy of 3n + 2 and one copy of 3n + 1. Hence, it
cannot contain any copies of 3n, but the partition with 3n + 2 and 3n + 1 deleted
can be any partition satisfying the sum-side conditions with all parts at most

3n — 1. As a result, it will be counted by ¢*""2¢3" 1P, 5, 4.

e The partition has exactly one copy of 3n + 2 and one copy of 3n (but no copies of
3n + 1). Hence, it cannot contain any copies of 3n, but the partition with 3n + 2
and 3n deleted can be any partition satisfying the sum-side conditions with all

parts at most 3n — 2. As a result, it will be counted by q3”+2q3"Pj73n,2.

e The partition has exactly one copy of 3n+ 2, but no copies of 3n+1 or 3n. Hence,
the partition with 3n + 2 can be any partition satisfying the sum-side conditions

with all parts at most 3n — 1. As a result, it will be counted by q3”+2Pj,3n_1.

The initial conditions do depend on j:

Pli=1+q Pio=1+q+¢+¢* Piz=1+q+@+2¢+¢"+¢° (2.17)
Pyy=1 Pro=1+¢ Ps=1+¢+¢ +¢° (2.18)

P31 =1 P3o=1 Pyg=1+¢>+¢5 (2.19)
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For example, P13 =1+¢q+ q> +2¢> + ¢* + ¢° because the partitions that satisfy the I
sum sides, and have all parts at most 3, are 1, 2, 3, 2+ 1, 3+ 1, and 3 4 3, along with
the empty partition.

For the final mod 9 identity, Iy, we define Qx(q) to be the generating function for
the partitions counted in the sum side of the identity I4, with the added restriction

that the largest part is at most k. In a similar way, we find the recursions to be

Qsn = Q3n—1 + "> ' Q3n—3 + ¢*"¢*" 2 Q3n—1 + ¢*"Q3n—3 (2.20)
Q3n+1 - QSn + q3n+1q3n+1Q3n—2 + q3n+1Q3n—1 (2'21)
Qsnt2 = Qsnt1 + ¢ 2Qsn, (2.22)

with the initial conditions:
Q=101=1 Q=1+¢ Q=1+¢+¢+¢"

We now turn our attention to our mod 12 identities. For the first mod 12 identity,
I, we define R, ,(q) to be the generating function of partitions with largest part at
most n and at most a parts equal to n, in addition to the given constraints in the
sum-sides. We only need to consider a € {1,2}, as it is easy to see that any given part

can appear at most twice in any partition satisfying the sum-side conditions.

Roi=q"Ru_12—q"¢" " ¢" 2¢" *Ry_s1+ Ry_12 (2.23)
Rn2=q"q"Ry—21+ R 1 (2.24)
Rii=1+g¢ (2.25)
Ris=1+g¢ (2.26)
Roi=1+q+¢+¢° (2.27)
Rop=14+q+¢+¢ +q' (2.28)
Rsyi=1+q++2¢° +2¢" + ¢ +° + ¢ (2.29)
Rso=1+q+q*+2¢°+2¢" +¢° +2¢° + 2¢ (2.30)
Rii=1+q+¢ +2¢° +3¢* +2¢° +3¢° + 4¢" + 2¢° + ¢ + 240 + 1 (2.31)

Rio=1+q+ ¢ +2¢° +3¢" +2¢° +3¢° +4¢" +3¢° + 2¢° + 3¢'° +2¢'.  (2.32)
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To see how to obtain the recursion for R, 1, we realize that partitions counted by

Pj 3,42 must fall into exactly one of the following categories:
e All parts of the partition are at most n — 1. Hence, it is counted by R, _1 2.

e There is exactly one occurrence of n in the partition. In this case, the partition
with n deleted can be any partition satisfying the sum-side condititons with all
parts at most n—1 (and allowing two occurrences of n—1), with the sole exception
where the partition also contains one copy of n — 1 and two copies of n — 2 (this
violates the difference at least 3 at distance 3 condition). As a result, the partition

will be counted by ¢"R,_12 — q”q”_lq”_Qqn_2Rn_4,1.

As for the initial conditions, R31 = 1+ ¢ + ¢ + 2¢> + 2¢* + ¢® + ¢% + ¢7, as the
partitions that satisfy the I5 sum side restrictions, with the extra constraints that all
parts are at most 3, and there is at most one occurrence of 3 as a part are 1, 2, 3, 241,
3+1,2+2,34+2,3+241, and 3+ 2+ 2, along with the empty partition.

Finally, defining S), 4(¢) analogously for Is, we compute

Spa =q"Sn-11+ Sn-12 (2.33)
Sn2=q"q"¢""" Sn_s2+ ¢"¢"Sn—21 + Sn,1 (2.34)
S11=1 (2.35)
S12=1 (2.36)
Soq =1+ ¢ (2.37)
So2=14+¢" (2.38)
Ss1=1+¢+¢*+¢ (2.39)
Sso=14+¢+¢*+¢" +¢" + (2.40)

As noted earlier, these recursions allow us to quickly calculate many more terms of
the sum sides (in a much faster way than simply brute-force checking all partitions).
Practically speaking, if we only desire to verify the conjectures up to some n = N, we

1

can compute all of the polynomials above modulo ¢/V*!. This significantly speeds up

the calculations.
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2.7 Future work

The results of this chapter provide many ideas for future work. First, it is always
possible to expand the parameter-space search by incorporating more innovative con-
ditions on the sum sides (for instance, the Gollnitz-Gordon-Andrews identities [9], the
Andrews-Santos identities [I1], etc.) or by optimizing the currently existing code to
search for more possible combinations of parameter values. We hope that more iden-
tities could be found in this way. It would be interesting to examine the sum sides of
more recent partition identities to see if they can inspire additional checks to build in
to the package. For one intriguing example, see the new difference conditions on the
sum sides of the conjectures in Nandi [37].

Recent research (see, for instance, [18]) has focused on providing overpartition ana-
logues of many classical partition identities. Overpartitions are similar to partitions,
except that you are allowed to overline — that is, mark in some special way — the
final occurrence of any part in the partition. It would be interesting to extend our
methods to consider overpartitions and, more generally, multi-color partition identities.
However, one main challenge is that there are many more overpartitions than partitions
of a given integer. Using a naive approach, it may be difficult to calculate out enough
terms to form reasonable conjectures.

Obviously, it would be nice to be able to prove any or all of the above conjectured
identities, but this has proven to be difficult so far. We now discuss some possible
means of attack.

As observed by George Andrews [6], we can rewrite the generating function for the
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product side of 14 as

1
e e T
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which is the generating function for partitions into parts congruent to 0 or 2 (mod 3),
where each part is allowed to appear at most twice.

This sort of reformulation of the product side can be done in many cases, such as
Schur’s theorem and Capparelli’s theorems. The analogous process was a key step in
the first proof of Capparelli’s first identity in [8]. Andrews’s work in [9] was influenced
by a desire to explore this more closely. Unfortunately, no similar reformulations of the
generating functions for the product sides of Is—Ig, have been found.

It would also greatly assist in the proofs of any of these identities if an analytic sum
side could be discovered.

A different possible approach may be through a “motivated proof” framework (see
[10], [34], [19], [27], or the chapter dealing with motivated proofs). The first three
identities, 11, Is, and I3, all appear to be connected with the affine Lie algebra Df),
and preliminary investigations into a motivated proof using the Macdonald identity
corresponding to Df’) have begun. This would constitute a major breakthrough, as all
previous motivated proofs have used the Jacobi Triple Product identity. However, this
connection only exists if the product side is symmetric. Hence, we should not expect
vertex-operator-theoretic interpretations of the remaining conjectures.

Perhaps more in the spirit of this chapter is to consider other possible sum sides, es-
pecially by looking at other already established partition identities, such as the Gollnitz-
Gordon-Andrews identities (see chapter 7 of [7]). For any k > 2 and i € {1,...,k}, the

sum sides for these identities count the number of partitions (A1, g, ..., Ay,) such that:

1. No odd parts are repeated.
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2. Ap — Aptk—1 = 2 if ), is odd.
3. Ap — Apyr—1 > 2if ), is even.
4. At most k — i parts are equal to 1 or 2.

Note that here, for the first time, we specifically forbid certain congruence classes in
the sum side. (Alternatively, this can be viewed as a special case of congruence-at-a-
distance (CapparelliCheck) at distance 0.)

Also, Alladi, Andrews, and Gordon found two Gollnitz-Gordon-like analogues of
Capparelli’s identities [2]. The first of these states that the number of partitions of n
into distinct parts congruent to 3, 4, 5, or 8 (mod 8) is equal to the number of partitions
of n into distinct parts strictly greater than 1 which are Z 2 (mod 4) such that the
difference between consecutive parts is at least 4, unless they are both multiples of 4 or

they add up to a multiple of 8. Again, there are new possible procedures to be created.
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Chapter 3

More on partition identities

Following the success of the IdentityFinder project [28], as discussed in the previous
chapter, I turned my attention towards discovering additional (conjectured) identities.
One major issue with the preceding work is that it assumes a very specific type of initial
conditions. However, there is no reason that we should expect all partition identities
to have this form. At this point, we will discuss a few more previously discovered
identities, which will prove helpful in guiding our searches.

Capparelli actually conjectured two identities in his thesis [16]. The second, not as

widely known as his first, states:

C5 : The number of partitions of a non-negative integer into distinct parts congruent
to 0, 1, 3, or 5 (mod 12) is the same as the number of partitions of n such that
consecutive parts must differ by at least 2, the difference is at least 4, unless

consecutive parts add up to a multiple of 3, and 2 is not allowed as a part.

(Note that the product side is written in terms of partitions into distinct parts contained
in certain residue classes. It is quite easy to show that Capparelli’s first identity has a
similar formulation using partitions into distinct parts.)

Another pair to consider are Gollnitz’s (big) theorem [24], together with its dual
(found by Alladi and Andrews [3]):

G : The number of partitions of a non-negative integer into parts congruent to 2, 5, or
11 (mod 12) is the same as the number of partitions such that consecutive parts
must differ by at least 6, the difference is at least 7, unless the parts are congruent

to 2, 4, or 5 (mod 6), and 1 and 3 are not allowed to appear in the partition.

G’ : The number of partitions of a non-negative integer into parts congruent to 1, 7, or
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10 (mod 12) is the same as the number of partitions such that consecutive parts
must differ by at least 6, the difference is at least 7, unless the parts are congruent

to 1, 2, or 5 (mod 6), with the exception that 6 + 1 may appear in the partition.

These are dual identities: the allowable residue classes on the product side for
Gollnitz’s theorem, 2, 5, and 11 (mod 12), are exactly the negatives of the residue
classes for the dual (-2, —5, and —11 (mod 12)). A similar phenomenon happens
with the congruence classes in the sum sides. However, the initial conditions have
significantly changed.

Unfortunately, none of these identities are of the form required using the methods
of the previous chapter. In particular, our procedure for checking initial conditions,
SmPartCheck, did not permit the sort of initial conditions that appear in these three
identities. For example, using SmPartCheck, there is no way to forbid 1 and 3 from
appearing in our partitions, while simultaneously permitting 2. Moreover, in Alladi
and Andrews’s theorem, the initial condition is a subpartition that would otherwise be
forbidden, but is explicitly allowed.

In this vein, I reworked part of IdentityFinder to incorporate a more general set of
initial conditions. In particular, I created a list of partitions that were somewhat likely
to appear in initial conditions. The initial conditions I was considering then became
forbidding some small subset of these partitions from appearing in our partitions. This
improvement led to the discovery of three new conjectures, which are listed below as
Iyq, Isq, and Ig,. Additionally, I, I5, and Ig are repeated below, for purposes of

comparison.

14 : The number of partitions of a non-negative integer into parts congruent to 2, 3,
5, or 8 (mod 9) is the same as the number of partitions with difference at least
3 at distance 2 such that, if two consecutive parts differ by at most 1, then their

sum is congruent to 2 (mod 3), and 1 is not allowed to appear in the partition.

144 : The number of partitions of a non-negative integer into parts congruent to 1, 4, 6,
or 7 (mod 9) is the same as the number of partitions with difference at least 3 at

distance 2 such that, if two consecutive parts differ by at most 1, then their sum
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is congruent to 1 (mod 3), and 2 + 2 is not allowed to appear in the partition.

I5 : The number of partitions of a non-negative integer into parts congruent to 1, 3,
4,6, 7,10, or 11 (mod 12) is the same as the number of partitions with difference
at least 3 at distance 3 such that, if parts at distance two differ by at most 1,
then their sum (together with the intermediate part) is congruent to 1 (mod 3),

and 1+ 1 is not allowed to appear in the partition.

I5, : The number of partitions of a non-negative integer into parts congruent to 1, 2,
5,6, 8,9,or 11 (mod 12) is the same as the number of partitions with difference
at least 3 at distance 3 such that, if parts at distance two differ by at most 1,
then their sum (together with the intermediate part) is congruent to 2 (mod 3),

and 2 4 2 + 1 is not allowed to appear in the partition.

I : The number of partitions of a non-negative integer into parts congruent to 2, 3,
5,6, 7,8, or 11 (mod 12) is the same as the number of partitions with difference
at least 3 at distance 3 such that, if parts at distance two differ by at most 1,
then their sum (together with the intermediate part) is congruent to 2 (mod 3),
1 is not allowed to appear in the partition, and 2 + 2 is not allowed to appear in

the partition.

I, : The number of partitions of a non-negative integer into parts congruent to 1, 4,
5,6,7,9,or 10 (mod 12) is the same as the number of partitions with difference
at least 3 at distance 3 such that, if parts at distance two differ by at most 1,
then their sum (together with the intermediate part) is congruent to 1 (mod 3),

and 2 is not allowed to appear in the partition.

Note that 144, I5., and Ig, are the duals of Iy, I5, and Ig, respectively. For example,
if we negate the allowable residue classes for I5, we obtain —1, —3, —4, —6, —7, —10,
and —11 (mod 12), which we rewrite as 1, 2, 5, 6, 8, 9, and 11 (mod 12) — which are
exactly the congruence classes for Is,.

Additionally, the sum side conditions are also dual: the requirement that the sum

is congruent to 1 (mod 3) in I5 is now a requirement that the sum is congruent to 2
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(mod 3) in I5,.

Furthermore, note that the iteration of IdentityFinder used in the work done in
the previous chapter would not have been able to find I5,, as the initial condition states
only that 2 4+ 2 4+ 1 is not allowed to appear in the partition.

The above three comments hold true (with appropriate modifications) for each of
L4q, Isq, and Ig,. The hope is that finding these dual conjectures will help guide a proof
of them (and it is likely that each conjecture will be proved simultaneously with its
dual), but proofs have remained elusive. As with I, a similar calculation demonstrates
that the generating function for the product side of 14, equals the generating function for
partitions into parts congruent to 0 or 1 (mod 3), where each part is allowed to appear
at most twice. So far, experimentation with the type of initial conditions where certain
subpartitions are explicitly permitted (as in Alladi and Andrews’s dual of Gollnitz’s

theorem) have not produced any new conjectures.
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Chapter 4

Experimentation, motivated proofs, and ghost series

Another way that I have used experimental mathematics to study partition idenities
was in my project with Kanade, Lepowsky, and Sills to provide a “motivated proof” of
the Andrews-Bressoud identities. The full story is told in [27], in which all of the cal-
culations are rigorously proven. This chapter chronicles the computer experimentation
I contributed that aided the project.

The Andrews-Bressoud identities state that for any & > 2 and ¢ € {1,...,k},
the number of partitions of a non-negative integer n into parts not congruent to 0
or £(k—1i+1) (mod 2k) is the same as the number of partitions A of n such that
the partition has difference at least 2 at distance k — 1 (that is, Ay — Appgx—1 > 2),
At — Mak—2 < Lonly if Ay + My1 + -+ Mag—2 = i+ k (mod 2), and at most k — i
parts are equal to 1. (Note that we have replaced r by k —i+ 1 in the statement of the
main theorem of [15].)

The goal of the project was to provide a motivated proof of these identities. The
first motivated proof was provided by Andrews and Baxter, who proved the Rogers-
Ramanujan identities using this framework [I0]. The basic idea of motivated proofs
is as follows. Beginning with the product sides written as formal power series, one
constructs a sequence of new formal power series as linear combinations of the previous
terms in the sequence. These are all proven to be of the form 1 + ¢/ + --- for ever-
increasing values of j (this observation is called the Empirical Hypothesis). Then, this
fact is combined with the recursions that are used to generate the sequence of formal
power series, which are observed to be the same as the recursions for the sum sides
of the identities, completing the proof. As compared to traditional proofs of partition

identities, motivated proofs may provide some additional insight into the truth of the
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identities. Motivated proofs also fit in very nicely with the vertex-operator-theoretic
approach mentioned in the introduction to chapter 2.

Subsequently, Lepowsky and Zhu provided a motivated proof of the Gordon iden-
tities [34], and Coulson, Kanade, Lepowsky, McRae, Qi, Sadowski, and myself did the
same for the Gollnitz-Gordon-Andrews identities [I9]. Recently, Chris Sadowski, Collin
Takita, and I have completed a motivated proof of an overpartitition identity [41]. How-
ever, the work behind the motivated proof described in this section is different than
some of the others. In particular, our “Empirical Hypothesis” was truly empirical,
which separates it from [10], [34] and [19].

Here is where the experimental component of the project came into play. It is
easy to write down and calculate the generating functions for the product sides of the

Andrews-Bressoud identities:
[Ts1 (1= g?*m)(1 — g?hm=h=itL)(1 — g2km=h+i=1)
m_
Hle(l - qm)

Fixing some particular value of £k — say, kK = 5 — we calculated the initial terms of By,

BQ, B3, B4, and B5:

B =) bi(n)q",

n>0
where b;(n) is the number of partitions A = (A1, ..., As) of n (with Ay > Ary1) such that
the partition has difference at least 2 at distance 4 (that is, Ay —Apyq > 2), Ay — A3 < 1
only if Ay + M1+ -+ My3 =i+ 5 (mod 2), and at most 5 — i parts are equal to 1.
Initial explorations to create higher shelves merely using these series proved un-

fruitful. The idea I had was to consider the series with the “

wrong’ parity conditions,
which we called “ghost series”. Independently of this work, the ghost series (without
the name) from the zeroth shelf were discussed by K. Kursungéz in [29]. They can be
recovered by setting d =2, s =1 in 4By , (n) in [29].
Accordingly, we then introduced series B, By, Bs, By, and B5, where
B; = Z Ei(n)qn,
n>0

where b;(n) is the number of partitions AA = (A1, ..., As) of n (with A, > A\;11) such that

the partition has difference at least 2 at distance 4 (that is, A\t — Apyq4 > 2), Ay— A3 < 1
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only if Ay + A\py1 + -+ + A3 =1+ 6 (mod 2), and at most 5 — i parts are equal to 1.
Note that the definition here is nearly the same as the corresponding one for B,. The
only difference is that the parity condition has been changed.

Following the program developed in [34], it was quite clear that the most natural
way to construct the sum sides for the higher shelves was as follows: for r = (k—1)J+1,
with i € {1,...,k},

B, = Z bk,r(n)qna
n>0
where by, »(n) denotes the number of partitions A = (/\1, Ao, ... ,)\g()\)) of n such that:

® N\ — Aiyk-1 2> 2,

[} )\g()\) Z J + 1,

o my1(A) <k —i

o N —Mqpo<Tlonlyif i+XMy1+ - +MNigo=r+k=(k—1)J+i+k (mod 2).

Note that setting J = 0 in the above work allows us to recover the Andrews-Bressoud
sum sides.

Then, our ghost sum sides will be: for r = (k — 1)J + 4, with i € {2,...,k},

Br = ng,r(n)qna

n>0

where by (n) denotes the number of partitions A = (A, g, . . ., Ag(xy) of n such that:
LA — Agh—1 > 2,
2. Ay > J + 1,
3. myp1(A) <k —1,

4. N —Mag—o <lonlyif i +Nyp1+ -+ ANako=r+k+1=(k—-1)J+i+k+1
(mod 2).
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Using Maple, I then calculated out approximately the first 40 terms of each sum

side, and observed that the following relations held:

Furthermore, it was easy to observe the appropriate Empirical Hypotheses here:

Bs=1+4+¢+---
Be=1+¢"+---
Br=1+¢+---
Bg=1+4+¢+---

=
I
Edz

Z
I

&
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N /N /N /N /N /—~ —
03
w
|
EJ 2
~_ — — ~— " —
~
=)
o

Bo—1tqit-
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B9:1—|—q3—|—--- B9:1+q3+---
Bio=1+¢+-- Bio=1+¢+--
Bi=1+¢+-- Bi=14+¢+--
Bip=14¢+--- Bio=1+¢@+--
Biz=1+¢"+--- Bis=1+¢"+--
Buu=1+¢"+--- Biuu=1+¢"+--
Bis=1+¢"+--- Bis=1+¢"+--
Bis=1+¢"+-- Bie=1+q'+ -

At this point, the above evidence demonstrated that these “ghost series” were the

best way to attack the motivated proof, as shown in [27].
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Chapter 5

Experimental mathematics and the Laurent phenomenon

5.1 Introduction

Let K, (the Kontsevich map) be the automorphism of a noncommutative plane defined
by

K, (z,y) = (zyz~ L (L+y")at).
Maxim Kontsevich conjectured that, for any r1,79 € N, the iterates

K K K Ky (2,y)

are all given by noncommutative Laurent polynomials in z and y. This is known as the
Laurent phenomenon. The conjecture was proved in special cases for certain values of r{
and 7o (see [43], [44], [21], and [22]), sometimes also with the positivity conjecture (that
all of the Laurent polynomials have nonnegative integer coefficients), and sometimes
replacing 1 + y” with any monic palindromic polynomial. Eventually, Berenstein and
Retakh [I4] gave an elementary proof of the Kontsevich conjecture for general r; and
ro, while Rupel [39] subsequently proved it using the Lee-Schiffler Dyck path model
(see [35]) while also settling the positivity conjecture.

Later, Berenstein and Retakh [13] extended their methods to consider a more general
class of recurrences given by Y,11Yi_1 = hy (ak—1,Yi0k k+1), where hy € Q[z] and
hi () = hp—o(x) for all k € Z, Yia1oYaazs = azpYoa21Y1, and a1 are defined
recursively by ap42 k1 = a,;_llvk and apy1 k42 = a,;}c 41 Proceeding in a similar fashion
to their previous paper, they prove the Laurent phenomenon for these recurrences where
hy =1+ ™.

In the following sections, we endeavor to expand the methods of Berenstein and

Retakh [13] to higher-order recurrences, and to using monic palindromic polynomials
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instead of 1 4+ 2". In addition to proving our results, we provide a computer program
that implements and verifies the formulas found in these sections.
Furthermore, Di Francesco [20] has recently considered the two-dimensional non-

commutative recursion defined by

Tiee1Tip—1 =1+ Tj1p L5y (5.1)
together with the relations
—1 . ° -1
T Tivik = Thae (Thr-1) (5.2)
-1 ° —1 e
TiawTi = (Tpe1)  Tioipe (53)

His work proved the positive Laurent phenomenon for this system: that all T’ and T'® are
noncommutative Laurent polynomials in the initial data with positive integral coeffi-
cients, and showed that this was an integrable system. In the second half of this chapter,
we then use the preceding methodology to expand this to more general recursions, fol-
lowing the methods first used in [I4] and later expanded on in [40]. Our methods will

only prove the Laurent phenomenon, not the positive Laurent phenomenon.

5.2 Preliminaries

Following section 4 of Berenstein and Retakh [I3], let K > 2. Let Fx denote the
Q-algebra generated by afl, aéﬂ, e ai@l, b{d, b;tl, e b[i{l, and let Fr (Y1,...,Yk)

denote the algebra generated by Fx and Y7, ..., Yk, subject to the relation
Yia1Yoao - - Yiag = b Yrbrg_1Yi_1---b1Y]. (5.4)
For n € Z, define a,, and b,, recursively by
I (5.5)
bk = ay". (5.6)

Suppose we have a sequence of monic palindromic polynomials h,, € Q [z] such that
hy = hy—g for all n € Z. Let us write hy, (z) = Z?ﬁo P, 1% s0 Py = P, 4, =1 for all

n. Recursively define Y,, € Fx (Y1,...,Yx) forn € Z\ {1,...,K} by

YntkYn = I, (anYn+1an+1Yn+2 te Yn—l—K—lan—l—K—l) . (57)
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Define
Yni,m = an-1YnanYnt1 - am-1Ymanm n<m
YnJ,rm = b, Ypbn Y1 - b Yib—1 n>m,
while also defining Y, |, ; = an—1 and Yn'fn 41 = bp. Then, (5.7) becomes

YoirxYn = hn (Yn_+1,n+K71> : (5.8)

Proposition 5.2.1. For all n € Z, we also have

YonYnik = hy <Yn++K—1,n+1> (5.9)
VoY k1 = Yoik—1ms1 Y- (5.10)

Proof. We proceed by induction on n. (We will only prove these for n > 1; the proof
for n < 1 is similar.) Note that (5.4]) gives us the base case of (5.10]) for n = 1. Now,
suppose that ([5.10)) holds for some n > 1. Conjugating (5.8)) on the left by Y, gives

YnYn"‘K = Ynh” (Ynil-l,n+K—1> Yn_17
but, since

- N ¢ -1
Yo (Yn+1,n+K—1) Y, = (Yn—:—K—Ln—i-l) V.Y, = (Y+

i
n—i—K—l,n—i—l)

for all ¢ > 0 (by the inductive hypothesis), we conclude that
YoYonik = hn (Yrj:i-K—l,n—i-l) )

which is (5.9).
Now, we desire to prove (5.10) for the case n + 1. This is equivalent to proving

Y~ Yn+K = Yn+Ky+

b K1 KLl (multiply each side by agl = bpt+x on the left

and a,,x = b, ! on the right to recover the original expression). We calculate

_ o—lut
Yn+1,n+K71Y"+K =Y, Yn+K71,n+1YnYn+K
_y-ly+ -
- Yn Yn+K71,n+1hn (Yn+K71,n+1>

_yv—1 + +
- Yn hn (Yn—l-K—l,n—l-l) Yn+K—1,n+1

-1 +
=Y, VYo kY g 1np

_ +
- n+KYn+K—1,n+1’
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using (5.10)) for n (the inductive hypothesis) in the first equality and (5.9) in the second

and fourth equalities. O

S S
Lemma 5.2.2. For s > 0, we have <YfK_1> Yk =Yk (Y;g_l 1) .

Proof. Using (5.4) and ([5.5]), we note that
Y| k 1Yk = aoYra1 -+ Y 1ax 1Yk
=ag (Va1 Yi_1ax-1Yiax) ag
= b (b Yibr_1Yk_1-+-b1Y1) by
=Yrbrx_1YK_1---01Y1bg

— =+
=YrYyg 41

The general claim follows by induction. O

5.3 Results

Let A,, be the subalgebra of Fg (Y1,...,Yx) generated by Fx and Yy, ..., Yoiox—1.

We now state our main result.

Theorem 5.3.1. For all n € Z, A, = Ay.

Proof. Tt is enough to show that 4,11 = A,. Without loss of generality, we let n = 0.
So, we try to show that Yox € Ag. By (5.9) and the definition of hx (z), we find

Yo = Vi thie (YQJE(—LKH)
drg—1 ; »
Ve + -1 +
=Yg Z Pk <Y2K—1,K+1> + Y (YQK—LK_H) ) (5.11)
=0

as hx is a monic palindromic polynomial.

d
We would like to find an expression for Y- ! (Y;k_l % +1) K. Using ((5.7)), we calcu-

late
do "
Yo=Yl (1 + > Pom (Yika) )
m=1

do m
Vil = Yo=Y S Rom (Vi)
m=1
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di
1 +
Yy <Y2K—1,K+1)

dK 1 m dx
di
= Y0 (Y1 41
—1 0 _ m + m + dK,m
- Y Z Pom <Y1,K—1> (Y2K_1,K+1) (YQK_LKH) . (5.13)
m=1

At this point, we would like a formula for (Y;KA)m <Y241_(71,K+1>m- Define h}l () =
S Pyat = hy (2) — 1 and bl (2) = Y4 P, jai=t = In@ZL

x

Lemma 5.3.2. For m > 0, we have
_ m + m
(k)" (Vokoin)

m—1 K—
_ - Bl + + y
=1+ Z <Y1,K—1) Z 1j—1h ( Ktj— 1j+1) Y i1k (YQK—l,K-H) .
s=0

Proof. We proceed by induction on m. The case m = 0 is trivial. For the case m =1,

- +
we calculate Yl,K—1Y2K—1,K+1'

Lemma 5.3.3. For 0 </,

Y.

Ly + +
11YK+1 K41 = 1+Z = (YK-H 1]+1> YR o1, k41

Proof. The base case [ = 0 simply reduces to apbg = 1, which checks. Now, assuming

the inductive hypothesis,

- v+
Vi Yk = Yoy Yl+1al+1bK+l+1YK+l+1YK+l K+1

=Y Vi Yy Y gon
_l’_
=Yy lhl+1 (YK+1 l+2> YK+l,K+1
=Y, it

v+ +
I+1 < K+l l+2> Vi Y Yeaka

L (y+ +
=Y b ( K+l z+2> Y T1

- hi(y+ +
+ZY1] 1 ( Ktj— 1]+1> Y i1+

I+1
_ - iyt +
=1 +ZY1J 1 ( K+j— 1g+1> Yifio1k+10
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and we have proved Lemma [5.3.3] O

By this preceding lemma with [ = K — 1, we see

— + Ly + +
Yik1Yog 1 g1 =1+ E, = (YK-i-j 1g+1> YR fjo1 k41

which takes care of our base case. Proceeding to the inductive step, we calculate

_ m+1 4 m+1
(le,K—1> (YQK—l,K+1>

- R + +
= <Y1,K71) Y1,K71Y2K71,K+1 (Y2K71,K+1)

m

m

_ ! m
L+ Z Yi,o1h; ( Ktj— 1g+1) Y§+j—1,K+1 <Y2J§<—1,K+1>

(Vi)
= (i) ( k- 1K+1)m
)

YI,K 1

yo. ) nt (v Y Y5t "
+(Yi,r1 Y4 K4j—1,j+1) YR+j—1,K+1 29K —1,K+1
m—1 s
— Byt + +
=1+ ( 1LK— 1) Zy,j 1 ( Kij— 1g+1> Yiij1k41 <Y2K—1,K+1>
s=0

J, m
+< K- 1) Zy,j 1h ( K+j— 1]+1> YIJ(r—t—j—l,K—s-l (Y2JE<—1,K+1)

Ms

_ L(y+ - + 3
=1+ ( 1,K— 1) Z 1j—1h; (YK-‘r] 1]+1> Yi i1,k <Y2K 1K+1) )

Il
o

S

which completes our proof. O

Lemma 5.3.4. For 0</< K andl+1<¢q< K+ 1, we have
YlTIYIJngl,q K 1,q H ha ( -1 t+1YIJ(r+t—1,q) (5'14)
Proof. 1f I = 0, then the product in ([5.14]) is empty, and so we are left with

-v+ _ +
Y1,0YK,q =YYy q

+ _ -1y +
aoYqu = bK Yqu
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which is true by (5.5)), and so ([5.14]) holds. Otherwise, note that

vty +
Y Y, =Y iabk i YeaY q,

= Yu YZYKHYKH 1,q
+
Yu YKH 1l+1) YK+171,q

i
_ +
=Y, K+l 1 l+1) ) YK+Z—1,q

:Yl_l ( Yi&z lqb(; 1Y 1l+1) YIJfr+l—1,q>

i
_ - +
*Yu K+l lq b 1Y 1l+1YK+l 1,q)>
= Y1,z—1YK+l 1,q Z (b 1l+1YK+l—1,q>
i=0
_v— + - +
= Y1,171YK+171,th (b -1 l+1YK+lfl,q> :

Repeating this, we find

+ +
YI,ZYK+Z q Y1 OYK Hht ( Yq—l,t—&—lYKthfl,q)

1
= aObKYKY;(r_Lq H hy (bq713@t1,t+1yﬁ+t—1,q>
=1

l
_ + ~1 y+ +
= ViVi g T e (0 Y Vit 1) -
t=1

Lemma 5.3.5. For m > 0,

K-1

m m
<Y1,K—1> <Y2§(—1,K+1) = Yi ( K— 11) IJ(F 1,]+1A(-]7S)
i=1

3

©
Il

o
<.

where

.
_ -1 I s
5) = (H hy ( Y]t-‘rlYK—i-t 1;+1)> h (YIZFJ 1]+1) Y§+j—1,K+1 (YZ}—I,K+1) :

(5.15)
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Proof. From Lemma 5.3 4 with =7 —1and ¢=j+1,

- L (y+
Yy jah; (YKﬂel,jH)

_ v + H +
_Yl,j 1YK+J 1J+1h (YK+J 1,J+1>

_ - . I
— YKYE—17j+1 (H ht < Yv]t—&—lyli'r-i—t 1]—‘,—1)) h <YI;'F+] 1j+1>
=1

and so, by Lemma
(Vi) Vi) (Vsoam)
1E-1) T15-1% (T K4j-1,5+1
s I 1
- -1
= (YI,K—I) Y Yi-15+1 (H ht( th+1YfJ<r+t 1]+1>> h (YIJ&; 1,g+1)
t=1

j—1
-1 1
=Yk (YK 11) Yie—1,+1 (H ht( Vi Vi 1;+1)> h; ( K+j— 1,J+1)
=1

Recalling Lemma [5.3.2] regrouping, and substituting the above expression gives

_ m + m
(¥ixa) (YQK,LKH)

m—1
=1+ (Yi K_ 1) Z Y 15— 1 ( }J(F_H 1]_:,_1) Y]J(r+j_1,K+1 (YQE—LK-H)
s=0
m—1K-—1 s . s
s=0 j=1
m—1K-1 s Jj—1
_ -1 1
= (YK (YIJ(F—171> Yi-1,j+1 (H ha ( Vit Yicye 1J+1)> hj (Ygﬂ—lﬂ'“))
s=0 j=1 t=1
S
+ +
Y1k (YzK—l,K+1> +1
m—1K-—1 s
=1+Yg Z (YEAJ) Yi-1,+14(5,9),
s=0 j=1
as desired. =

m m
We now have our final expression for (Yl_K_1> <Y2}'{_1 % +1> . So, by (5.13)) and
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Lemma [5.3.5] we find
dx di . dg—m
Y (Y;I_( 1K+1) =Y (Y;f( 1K+1> ZP0m< 2K — 1K+1>
m—1K-—1 5
_v: 1Zp0m Vie ) 3 (Vian) Vi iy AG i + 5 —m)
s=0 j=1
+ dK—m
=Y (Y2K—1,K+1> Z Pom ( 2K—1 K+1)

S

Now, by (5.11]),

dig—1

dr
_ -1 +
Yok =Yg ZPKZ(YQK 1K+1> +Y0(Y2K 1K+1)
i=0
do d
-1 K—m
- YK Z PO,m (YQK 1,K+1>
m=1
dy m—1K-1

+ Tyt ;
- PO,m <YK7171> YK717]+1A (J, dK + S — m) .

Using the facts that hg = hi (so dy = di and Py ; = Pk ; for all i) and hg is palindromic,

we find

dK—m
ZP0m<2K 1K+1> _ZPUdom(ZK 1K+1>
do—1 ;
= ZPOZ< 2K— 1K+1>

dKl

i
Z PKZ( 2K — 1K+1) :

We then get the desired cancellation of terms, and can write

do m—1K-1

Yok = Yo (Y2K 1K+1> Z Z Z POm( K— 11) YI—{tl,jJrlA(ﬂdK‘i‘s_m)-

m=1 s=0 j=1
(5.16)
We have finally shown that Yo € Ap, which proves our main theorem. O

As a corollary, we see that these recursions have the Laurent phenomenon: each Y,

is a noncommutative Laurent polynomial in Y7,..., Yk.
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5.4 Maple programs

The Maple package NonComChecker was written to accompany this work. It is freely
available at math.rutgers.edu/ russell2/papers/recursions13.html.
The main function, VerifyPaper (H,x), inputs a H, a list of K polynomials in a

variable z, which are taken to be hy (z),ha (x),...,hx () = ho(z). It then simpli-

fies Yo using a list of equations that it generates, including (5.4), (5.5), (5.6), ,
and (5.9), and verifies that the result equals ((5.16]).

5.5 The Laurent phenomenon in two-dimensional non-commutative

recurremnces

We now turn our attention to two-dimensional analogues of the preceding work.

Let hy (z) and hg () be two monic palindromic polynomials. Then, we define

Tjp1 Ty = hi (Tj_1 4151 y) i kis odd (5.17)

Tjp1T gy = ho (Tj_14T5y 1) i k is even, (5.18)

together with the same relations in ((5.2)—(5.3). By applying the anti-automorphism e

to the above equations, we also have

Tje1T5 1 = hi (T4 415 1 y)  if kis odd (5.19)

Tje1T5 1 = ho (Tj14T5 1 y)  if k is even. (5.20)

Finally, we also find that, through use of (5.2)) and (5.3) (for a € {1,2}),

gt = ha (-1 Thers) (Thiea) (5.21)

= ( j.,kfl)il ha (7}’—1,k7}+1,k) (5.22)
T3y 1 Tjner = ha (T 5 Tii1 k) (5.23)
Pt = (Tin-1) " ha (Tyr1aT5o ) (5.24)

= ha (T01 4 Tj-1k) (Tjp—1) ™ (5.25)

T Tjr—1 = ha (T 5 Ti-1n) - (5.26)
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We assume (without loss of generality) that k is even. We find

-1

Tjk+1 =M ( i1k Ty, k) ( j.,k—l) (5.27)

di—1
= (Ti1 T3 ) (Tj.,kfl)il + (7}71,1@7}’“,;@)6[1 (Tj"k,l)fl (5.28)

=0

But furthermore,
Tjn-3Trp—1 = h (Tjr1e—2T 1 4—2) (5.29)
Tin s = (1 + b (1 po T 2)) (T3) ™" (5.30)
(T3h1) " = Tiks — bt (TginaTirpma) (Thor) (5.31)
. ° dy ° -1

(TJ—Lk j+1,k) ( j,k—l) (5.32)

= (Tj-1x j.+1,k)d1 Tjg—3— (Tj-1k j.+1,k)d1 Iy (Tah—2T5 1 ms) ( y’,k—l)_lv (5.33)

80, substituting into our previous expression, we find

di-1 ‘
Tiarr = 3 (Tm1a L) (Teen) 4 (GoraTha w) ™ Thams (5.34)
1=0
- (7}—1,k7}’+1,k) h1 ( k2T g 2) (Tj.,kfl)_l- (5.35)
Now,
(14T y10) ™ 1t (a2 Ty ges) (Thy) (5.36)
d1
= (T 6T}, k) Z (Tys1h—2T) 1 0)" (Tj.,k—l)_l (5.37)
m=1
dy
=3 (T k)™ " (T kT )™ (Tin2Ti )™ (D) - (5.38)
m=1

Lemma 5.5.1. For m > 0,

(T, kT;H )" (Tirrp—2T] 1 o)™

m—
Z -1k L1 k) (TJ 2h-1hs' (T3 1 Tj—2,k-1)
i=0

+ Tj1 kT30 k- 1h2 ( Gk—1T5 2 g 1)ijl,k72)Tj.,k—1 (TjH,k*?TJ’—Lk—?)l'



Proof. In case m = 0, this is just 1. If m = 1, then

° °

i1 kT kTt k2151 g2

—T. (T-’ T. )T-'
j—Lk\Ljt1,ktj+1,k—-2) 151 k-2

J— i bd
=Tj_11ho (Tj+2,k71T',k—1) ijl,k*?

. 1
=Tj 1415 1 o + Tj—1,kh3 (7}’+27k—17}7k—1) 7 1k

= ha (Tj-201T5k1) + Ti-a i (Thea i1 Tip—1) Tiot s

= 1+ by (Tjon 1 Thr) + Toawhs (Theap1 Tin—1) Tio1 ks

Now,

(Tj_luk j.+17k‘)m+1 (z}+17k_21“’7‘.—17k_2)m+1

= (T kT3 )" (T Tk Tysrh—2T5 1 ko) (Tjr1e—2T5 1 4 o)

= (T L) " (L By (T2 Thin)

+ Ty ks (Thop—1Tik—1) T —2) (
= (T o1 )" (T 2T 1 p0)™
+ (T L) ™ (s (T2 Ths)

+ Ty 1 1hi (TPio 1 Thk-1) Ty p—2) (

T;

T

m

° m
t1k—2T 1 o)

° m
+1,k72Tj—1,k72) :
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(5.39)
(5.40)
(5.41)
(5.42)
(5.43)

(5.44)

(5.45)
(5.46)
(5.47)
(5.48)
(5.49)
(5.50)

(5.51)



Thus, by an inductive argument, we conclude that

m

(e kT3 )" (Tjgrk—2T) 1 o)

m—1
=1+ (Tj-1 4T3, k) (3 (Tj—2k-1T51 1)
i=0
-1 kh ( J+2,k— 1T - 1) Tj.—l,k—Q) (7}'+1,k—2Tj.—1,k—2)i
m—1
=1+ (qukTﬂk) (Tj—2p— 1h2 (Jk 1Tj—2 k- l)Tj.k—l
i=0
+ Tj1 6T 0 1h2 (Tj k1 T} J+2,k— 1) Tjr1Tj- 1 —2) (TjH,kﬂTyszﬂ)i
m—1
=1+ Z (Tj—lkT—Hk) (Tj-2,6— lh ( gk—1T-2k— I)T k—1
i=0

+ T k15 1h (Tin- 1150 1)1}—1%—21}.716—1) (1}'+17k—2:[}.—17"7—2>z
m—1

=14+ (T‘j,lkTJrlk) (T‘j 2,k— 1h2 ( Jk— IT 27k*1)
=0

+T;- T+2k 1h2 ( Jk— 1T+2k 1) Tj—l,k—2)Tj.,kfl (7}+1,k—27}"*17k*2)1‘

Using (5.3) and (5.2)), we calculate

° . __ e . ) .
T 1T k2171 jo = Tig o Tjk—1T5 1 o = Tig g2 Tj-1 k2T 1

Hence,

Tt (TrerpmaTi 1)’ = (Chae-aTimrics) T

i e
(T +1,k— 27}'—1,143—2) TjJﬂ—l’
and so

m

(Tj—1xT5 1, B (Tjprh—2T5 1 o)
m—

Z J=Lk +1k) (Tj—2,k— 1h2 (]k‘ 11 2,k—1)
i=0

+Tj- T+2k 1h2 ( Jik— 1T+2k 1) Tj—Lk—2) (T]+1k o1 1,k—2)lTj.,k71'
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(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)
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Now,
(T Then) ™ B (T 2T o) () ™ (5.67)
dy 4 m—1 )
= (Ta T )™ " U+ D (T Thng) Timap—1hst (ThoiTj-2p-1)
m=1 1=0

(5.68)

+ 11 kT3 g 1h2 (Tjp—1 J+2,k—1)1}—1,k—2) (@’+1,k—21}—1,k—2)i1}:k—1)( j.,k—l)_l

(5.69)
di m—1 4
=3 Tk ) T (T kT p) (TS (T Ty2k1)  (5.70)
m=1 =0
+Tj 1kT+2k 1h2 ( Jik— 1T+2k 1)ijl,k72) (1}‘;1,1@—27}‘*1,#2)[' (5-71)
dy
+D (ijLij'H,k)drm (Te1) (5.72)
m=1
Putting it all together, we see that
« : 1 d
Tier = O (ToiaTine) (Theer) ™ + (TaTis) ™ Tin-s (5.73)
i=0
di m—1 4 )
> > Tk T ) " (Toaa TP n) (Tapahst (Th 1 Tj2k1)
m=1 i=0

(5.74)

+ Ty kT ol (TraThapr) Tioip2) (TipeeTi1h2)’  (5.75)

dy
- Z (Eilvkji‘]..+1,k)dlim (Tj.,kfl)il' (5.76)
m=1
But,
& d 1 bl -1
Z (T Tpia )" (The1)” = Z (Tj—1xT5 1, k) (T5r1) (5.77)
m=1 =0

so T} +1 simplifies to

Tjk+1 = (Tj—1,ka+1,k)d1 Tj k-3 (5.78)
di m—1
_ZZ jo1 kT ) dl m(ijlkTﬂk) (Tj—2,6— 1h2 (T3 1 Tj—2,6-1)
m=1 =0
(5.79)

+ T kT o g 1h ( ik 150 1) Tj-1k-2) (Tj.+17k—2Tj—11k—2)l' (5.80)
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As no negative powers appear, we see that the Laurent phenomenon is present.

Two- and three-dimensional commutative analogues have already been considered
(see, for instance, [23]). It would be interesting to try to expand this work to more gen-
eral two-dimensional recurrences of greater order. Alternatively, it would be interesting

to consider three- or higher-dimensional recurrences.
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Chapter 6

Experimental mathematics and integer sequences

The Somos sequences, first studied by Michael Somos, are recurrence relations that
surprisingly produce only integers. Their integrality turns out to be a special case of
the Laurent phenomenon. Since their initial discovery, additional families of sequences
with this property have been discovered. We will discuss methods for searching for
new sequences with the Laurent phenomenon - with the conjecturing and proving both
automated. Careful examination of the computer-generated proofs in individual cases

can then lead to human proofs for new infinite families.

6.1 Introduction and background

In his study of elliptic curves, Michael Somos came across the following intriguing

sequences:

Definition 6.1.1. The Somos-4 sequence. Define a sequence a (n) by a (1) = a(2) =

a(3)=a(4) =1, and, for n >4, a(n) = a(”_l)“(ﬁgfga("_z)rz.

Definition 6.1.2. The Somos-5 sequence. Define a sequence a (n) by a (1) = a(2) =

a(3)=a(4)=a(5) =1, and, forn > 5, a(n) = a("_l)a("_azl(zltaé;l_ma("_?’).

Clearly, both Somos sequences will generate rational numbers. Surprisingly, they
both appeared to generate only integers: The Somos-4 sequence begins 1, 1, 1, 1, 2,
3, 7, 23, 59, 314, 1529, 8209, 83313,..., and the Somos-5 sequence begins 1, 1, 1, 1,
1, 2, 3, 5, 11, 37, 83, 274, 1217, 6161,... (A006720 and A006721 in the OEIS [3§]).
The Somos-4 sequence was proven to be integral in []; the proof examined a series of

congruences.



48

Later, while researching the Somos-4 sequence, Dana Scott discovered the sequence

that bears his name.

Definition 6.1.3. Dana Scott’s sequence. Define a sequence a (n) by a (1) = a(2) =

a(3)=a(4) =1, and, forn >4, a(n) = a(n_l)a&?fi;ra("_m.

This sequence is defined the same as the Somos-4 sequence, except that the power
of the a(n —2) is now 1 instead of 2. (This was supposedly due to a typo by Scott.)
Once again, an integral sequence is generated: 1, 1, 1, 1, 2, 3, 5, 13, 22, 41, 111, 191,
361,... (A048736 in the OEIS [38]). An interesting aspect of Dana Scott’s sequence is
the fact that it was not purely quadratic - it contained both linear and quadratic terms,
unlike the Somos sequences.

Then, Fomin and Zelevinsky [23] made a major breakthrough in understanding
sequences of this type. If, instead of using beginning our sequences with 1,...,1, we use
formal variables a(1) = a1,a(2) = ag,...,a(K) = ak, then we say that a sequence has
the Laurent phenomenon if each of its terms is a Laurent polynomial in ay, ..., ax (that
is, each term is a rational function of aq,...,ax whose denominator is a monomial).
They then provided some quite powerful algebraic machinery for proving Laurentness
of sequences, which can be used to prove integrality of all of the above sequences (a
proof for Somos-4 is a special case of Example 3.3 in [23]). Of course, Laurentness of
a sequence immediately implies integrality of the corresponding sequence with all ones
at the beginning (as the numerator will always be an integer, and the denominator will
always equal 1).

Let F be a polynomial in x1,...,2x_1, and consider the recurrence defined by
a(n)a(n — K) = F(a(n —1),...,a(n — K +1)). (6.1)

If we are discussing integrality of the sequence, we use initial conditions a(1) = a(2) =

- = a(K) = 1. On the other hand, if we are discussing Laurentness, we use formal
variables a(1) = a1,a(2) = ag,...,a(K) = ax. Laurentness of a sequence implies
integrality in the corresponding case, and thus is more general, but in a certain sense,
integrality results are more interesting, as we can form lots of explicit sequences and

see if they are in the OEIS [3§] or not.
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Fomin and Zelevinsky [23] give sufficient conditions for the resulting recurrence to

satisfy the Laurent phenomenon. They define

Qm:F($m+1,..‘,$K,1,0,CL‘1,...,CL‘mfl) (62)

In other words, z; is replaced by Z(;,4.4) mod K> With 2k, being replaced by 0. Then,
they define a sequence of polynomials Gx_1,...,Gg by Gx_1 = F, and then, each

Gyn—1 is obtained from G, by

Gm-1=Gm |, _am (6.3)

~ 5m

Gm-1= T (6-4)
ém—l

Gy = or (6.5)

where L is a Laurent monomial that makes ém_l be a polynomial not divisible by
any x; or non-invertible scalar, and b is the highest power of @, that divides ém,l.
Their theorem 3.1 essentially says that a sequence of the form (/6.1) has the Laurent

phenomenon if the following three conditions for F' hold:

1. F is not divisible by any z;.

2. Each @), is an irreducible element of Z [zf, xii(_l].

3. Gop=F.

In this work, we only consider quadratic recurrences: those where F' is a polynomial
of degree at most 2. Furthermore, we consider only the case where each possible term
of F' appears with a coefficient of either 0 or 1. The theorems and conjectures that now
follow were inspired by a computer search of all possible polynomials F' of this form for
small values of K.

This paper is accompanied by the Maple package SOMOS. It is available at the
website for this paper, math.rutgers.edu/ russell2/papers/somos. The package
contains procedures that, for given d and K, finds all recurrences of order K in the
form with initial conditions a (1) = -+ = a (K) = 1, where F is a polynomial of

degree at most d, and where the coefficient of each term in F is either O or 1. Then,
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for each sequence, the procedure conjectures whether or not it is integral by calculating
out a number of terms (obviously, if at any point it calculates a non-integral term, the
sequence is not integral). If the sequence is conjectured to be integral, then it then
automatically attempts to prove integrality using the Fomin-Zelevinsky criteria, and, if
successful, can output a proof. (Of course, a failed test does not indicate non-integrality
or non-Laurentness.) All of the theorems were first conjectured by looking at the output
of the program, and all of the proofs were guided by looking at the computer-generated

proofs. Many of these theorems also appear in [4].

6.2 Infinite families of sequences with the Laurent Phenomenon

Throughout this section, we assume that the sequences begin with formal variables

a(l) = ai,a(2) = ag,...,a(K) = ag, unless otherwise noted.

Theorem 6.2.1. Consider the recurrence

k—1
a(n)a(n — K) =Y a(n—j)*. (6.6)
j=1
This sequence has the Laurent phenomenon.
Proof. The corresponding polynomial is
K—1
F(z1,...,2x-1) = Zx? (6.7)
j=1

From (6.2)), we have
Qm= Y, 2. (6.8)
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We have Gx_1 = F, and, for all 7 from 1 to K — 1, we have

K-1 (ZK_ll;éK 332>2
~ J=1j#K—i"]
Gr—i-1 = Z xs + 2 (6.9)
j=LjAK—i K—i
Gr—i1 =GK—i—1 T%_; (6.10)
K-1 K—1
= > @ |kt D 4 (6.11)
j=1,j#K—i J=1j#K—i
K—1
— Qi Y (6.12)
j=1
Gr_i1 = GK‘ifl (6.13)
QK—z
K—1
=Y ai=F (6.14)
j=1

which is easily verified by induction. Thus, we have Gy = F', so the sequence is integral,

by the Fomin-Zelevinsky criteria. O

Remark 6.2.2. The corresponding sequences for K = 3,4,5 appear in OEIS [38] as
A064098, A072878, and A072879, but the sequences for K > 6 do not appear to be

included.

Theorem 6.2.3. Consider the recurrence

N

-1
a(njaln —K)=14+» a(n—j)+an—1)a(n - K+1). (6.15)
1

<.
I

This sequence has the Laurent phenomenon.

Proof. Our polynomial is

K-1

F(xl,...,$K,1):1—|— Zajj—i—xlx;{,l. (6.16)
j=1

Then, from (6.2), we have

1+ K aiifm=1lorm=K—1
Om = e (6.17)
1+ Zgl(zzlgim Zj + Tmy1Tm—1 otherwise.

Now, Gx_1 = F, and



Claim 6.2.4. For 2 < j < K —1, we have Gg_j =1+ 21 + xx_1.

Proof. Proceeding by backwards induction,

Gx—2 = Gk_ 1!

T (—
K—-1""%,

+Z] 1 Tj

GrK-—2=TK_1 GK—1

= 1+Za:j (1421 +2x-1)

=14z +2x-1)Qr-1

Q

Gg_2 =

=14+z1+2K1.
Qr-1

Suppose inductive hypothesis.

Gr—j-1=Gk_j| QK—j
L

=1+4a1 +2x_1 =Gk
éK—j—l =GK-j-1
Gr—j1 =Gr—j1=1+z1 + 2K 1

This completes the proof.

So, we are left with G1 =1+ 21 + xx_1. Then,

Go=G1l, o
zy
1+ Z x5
=l+ag 1+ #1
Go = =1 Go
K-1
=x1(1+axx_1)+1+ Zﬂcj
j=2
K—1
=14+ Z TjT1TK -1
j=1
K—1

G() :CNTYO: 1 + Z {L'jl'l.’L'K_l = GK—l-
7j=1
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(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)
(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)
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Thus, we have the Laurent phenomenon. O

Remark 6.2.5. For K = 3, we get the sequence 1, 1, 1, 4, 10, 55, 154, 868, 2449,
13825, 39025, ..., for K =4, we find 1,1, 1, 1, 5, 13, 33, 217, 617, 1633, 10813, ..., and
for K =5, we have 1, 1, 1, 1, 1, 6, 16, 41, 106, 806, 2311, .... None of these sequences

appear to be in the OEIS [3§].

Theorem 6.2.6. Let K be odd. Consider the recurrence

=

—1

a(n)a(n — K) = a(n—2j+1)a(n—2j). (6.34)
1

® ‘

<.
Il

This sequence has the Laurent phenomenon.

Proof. We find that Gg_1 = F = 22[:(1_1)/2 Toj—1T25.

m—1 K=3
o _ 21 T2j-1%2j + E:j:(m+1)/2 Z22+1 for m odd (6.35)

m_q K-3
2 2
> 1 T2Toip + Zj:m/Q Z2j4+1225+2 for m even.

Claim 6.2.7. For [ odd, we have

G = 11Q141 + 21 1Q- (6.36)

Proof. We use backwards induction, beginning with Gx_o. Here, we have Qx_1 =

(K—3)/2
Zj:l L2jT2j+1-

Gk—2=Gr-1| _ax. (6.37)
TR-1"%%
(K-3)/2 o
= Z Toj—1%25 + —QK_1 (6.38)
- TR_1
j=1
Gr-2=2k-1 GK—2 (6.39)
(K-3)/2
=TK_1 Z Toj_1T2j + T _2Q K1 (6.40)
j=1
=rg 1QKk 2+ Tk 2QK 1 (6.41)
Gr—2 =Gr-2= Kk 2QK 1+ Tk 1QK 2. (6.42)

This takes care of the base case.



1=G
Gi-1 l|xl<—%l

=3 K3
2 2
Q T 1
= > " wojwaj41 + QT > maiam2i42 | + 2 Q)
L \j= l j=(+1)/2

Y~
Gi—1 =z Gi1—1

-3 K-3
2 2
2 2
=x11Q] +1Q; X2jT2j11 + Z Toj1T2j42 | + 2721410
Jj=1 j=(+1)/2
=3 K-3
2 2
P
=111Q; + 1Q; TojT2j41 + XTi41 + Z L2j 417242
J=1 J=0+1)/2
=3 K—3
2 2
2
=x1Q] +1Q Z$2ja?2j+1 + Z L9 41L2542
j=1 J=(-1)/2
=Qr (z1—1Q1 + 11Q1—1)
Gi1
G = =211Q1 + 11Q1—1
Qi
Gi—2 = Gj_1 | Qs
Ti—1% T
=3 K-3
Qi1 [ < T_9 >
= g T2j-1T25 + TQZ—I + Z T2jx2j41 | + 11Qi-1
1\ 4 1 A
= : j=(r1)/2
~ . 9 ~
Gi2=x7_1 G2
P
= xl—2Q1_1
=3 K-3
2 2
2
+21-1Q1—1 g Toj_1%2j + g XojT2j41 | + 2 171Q1—1
Jj=1 Jj=(+1)/2
=3 K-3
2 2
P
=212Q_1 + 1—1Q1—1 Toj_1T2j + X127 + Z T2jT2j41
Jj=1 j=(+1)/2
1—3 K-3

2
Toj—1%25 + § T2 T25+1
j=0-1)/2

INg

2
=21 2Q7 1 +11-1Q1—1

<
I
—

= Q-1 (11—2Q1—1 + 1-1Q1—2)

_ Gl
Qi1

= T1-2Q1—1 + 1—1Q—2.

G2
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(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)

(6.51)

(6.52)

(6.53)

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)

(6.60)
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O
. (K—3)/2
Thus, we end up with Gy = z1Q2 + z2Q1. We have @1 = ijl TojT2j+1, and
can then find
Go =G |y (6.61)
z1
= D0, 400 (6.62)
Tl
Go = 1 Go (6.63)
= Q1 (7172 + Q2) (6.64)
Go
Gy = — 6.65
"= Q (6.65)
(K=3)
2
=x129 + Z T2j+1%25+2 (666)
j=1
(K-1)
2
= Z .ng_lxgj = GKfl. (667)
j=1
OJ

Remark 6.2.8. For K = 5, this is simply the Somos-5 sequence. For K = 7,
we have 1, 1, 1, 1, 1, 1, 1, 3, 5, 17, 89, 1529, 136169,..., and for K = 9, we get
1,...,1,4,7,31,223,6943, . ... Neither of these are in the OEIS [38].

Theorem 6.2.9. Let K be odd, and consider the recurrence
a(n)a(n - K) =1+ Y a(n—i)a(n—i—1). (6.68)
This sequence has the Laurent phenomenon.

Proof. The corresponding polynomial is

K-2

F(a:l,...,xK_l) =14 inxi+1. (669)
=1
From (6.2)), we have
m—2 K-2
Qm=1+ Z TiTit1 + Z TiTit1- (6.70)
=1 i=m-+1

The first two criteria easily check, so we are left with checking the third criterion.
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Claim 6.2.10. For j € {1, ceey %}, we have GK,QJ‘ =TK-2j + TK-2j+1-

Proof. We will proceed by induction. We find

Gr—2 = Gk_1| QK1 (6.71)
TR 50
K-3 T K-3
=1+ Z TiTiy1 + K2 1+ Z TiTit1 (672)
i=1 Tr-1 i=1
Gr—2=Gr—2 Tx1 (6.73)
K-3
= (1 + Z l’ixi+1> (rr—2+TK_1) (6.74)
=1
=Qk-1(Tx_2+TK_1) (6.75)
G-
GK_2 = K—2 =TK_9+TK_1. (6.76)

Qr-1



This establishes the base case, j = 1. Now,

G- 2j—1 = GK_ 23|m QK3
K—2j< TR 25
K—-2j—
1+ Z xzxz+1 + Zz K 2j+1 TiLit1
+ TKr-2j+1
TK—2j
Gr—2j-1 =GK-2j-1 TK-2j
K—-2j-2
=1+ g Ti%it1 + g Ti%it1 + TK—2jTK 2541
i=K— 2]+1
K—-2j-2
=1+ g TiTiy1 + g TiTi41
i=K—2j
(N; K—2j-2
K—2j—1
Gr2j1=—(5—— =1+ E TiTiv1 + E TiTiy1
K 2j 1=K—-2j
GK-2j—2 = GKr_2j_1] QK—2j-1
’ ’ mK*Qj*lHIK—2;—1
K—2j-3
=1+ E TiTit1
K—-2j-3
TK—2j—2
+ . ! + g TiTit1 + g TiTiy1 | + g TiTi4-1
K=2j—-1 i=K—2j i=K—-2j
Gr-2j—2 =GK-2j—2 TK—2j—1
K—-2j-3
=1+ g TiTig1 + g TiTip1 | (Tr—2j—2 + TK—2j-1)
i=K—2j

=Qr—2j-1(TKx—2j—2 + TKx_2j-1)

GKr—2

=TK-2j—2+ Tr—2j-1.
Qr—2j-1

Gr—2j—2 =

This completes the inductive step.
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(6.77)

(6.78)
(6.79)

(6.80)

(6.81)

(6.82)

(6.83)

(6.84)

(6.85)

(6.86)

(6.87)

(6.88)

(6.89)
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Consequently, in the case j = %, we find G _,x-1 = G1 = x1 + x2. Then,
2

50 = G1| Q1

T1eo

K-2
I+ i
X1

+ i)
Go =Go 11

K-2

=1+ Z TiTiy1 + T1T2
i=2

K—2
=1+ E TiTit1
i=1

5 K-2

0

G0:70:1+inxi+1:F-
Q3 i=1

Thus, we conclude that this sequence has the Laurent phenomenon.

(6.90)

(6.91)

(6.92)

(6.93)

(6.94)

(6.95)

O

Remark 6.2.11. The sequence for K = 3, 1, 1, 1, 2, 3, 7, 11, 26, 41, 97, 153, 362,

571,..., is A005246 in the OEIS [38]. None of the sequences for K = 5: 1, 1, 1, 1, 1,

4,7, 34, 271, 9481, 644701,..., for K = 7: 1,1, 1,1, 1, 1, 1, 6, 11, 76, 911, 70146,

63973151, ..., and, finally, for K =9: 1,1, 1,1, 1, 1,1, 1, 1, 8, 15, 134, 2143, 289304,

620267775, ..., are in the OEIS.

Theorem 6.2.12. Let K be even and ¢ be such that 0 < 7 < %

recurrence

a(n)a(n—K):a<n—K> tan—i)a(n—K+1i).

2

This sequence has the Laurent phenomenon.

Proof. The corresponding polynomial is

F(r1,...,051) = Tgjp + TiTK i

Consider the

(6.96)

(6.97)
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From (6.2)), we have

Tt K/2 T TmtiTmt K —is m <1
LK /241 m=1
: K
T+ K/2 T Tm4iTm—is i<m< 5
= _ K
Qm TK/2—iV K /2+i> m= 4 (6.98)
) . K K —i
Tm—K/2 + Tim+iTm—i, 5 <m< ?
TK/2—i m=K—1
Tm—K/2 t Tmti—KTm—i, K—i<m.
\

The first two criteria easily check, so we are left with checking the third criterion.

Claim 6.2.13. For 1 < j <1, we have Gx—j = Tg /3 + TiTK—i.

Proof. We will proceed by induction. By definition, Gx—1 = F' = /o +xiTk i, Which

shows that our base case is satisfied. Assuming the inductive hypothesis, we have

G5 =Gril, ons (6.99)
TR —j
=Tg/o + TiTK (6.100)
51{—1—]‘ ZéK—l—j (6.101)
Gr-1-j :EK—l—j:K/z +XiTR—i- (6.102)
This proves the inductive step, and hence the claim. ]

Claim 6.2.14. Fori < j < %, we have Gx—j = T /o_iTi + T /2T K —i-

Proof. From the previous claim, we have Gk —; = g/ + ¥k ;. Thus,

GKr-i-1= GK—i‘mK Qe (6.103)
R
TiT /o
=22+ @:7/2 (6.104)
—1i
Gr—i-1 = TK—i GK—j1 (6.105)
= TR/2TK—i + TiTK/2—i (6.106)

Gr_io1 =GK—i—1= Tx/aTK—i + TiTx /2 i- (6.107)
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This takes care of the base case. Then, assuming the inductive hypothesis, we have

Gr-1-5 = Gr—jl, ey (6.108)
T
=TR/2TK—i T TiTK /2 (6.109)
Z*kaj =GK_i1 (6.110)
Gr-1-j :51{—1—]': TR/2TK—i t+ Tl /2 (6.111)
which finishes the proof. O

Claim 6.2.15. For % <J< K —i,wehave Gk_j = Tg/o%Ti + TK—iT[c /244

Proof. From our previous claim, we have G /o = Tx 2Tk —i + TiT 2. Then,

Gr2—1=Grpl — oxp (6.112)
TK/2 m
TK—iX _.T 1
= BiTK I K—ilK/2—iVK /244 (6113)
TK/2
Gk/2-1 = L GK/2-1 (6.114)
TK/2—i
=TiTR /2 + TK—iTK/2+i (6.115)
Gra1 :CN?K/QAZ TiTg /2 + TK—iTK /2405 (6.116)

which takes care of the base case. For the inductive step:

CN¥K—1—j =GK—j \IK_J%_QK_J- (6.117)
TK—j
=TTy + TK—iT /24 (6.118)
EK—I—j :CN?K—j—lz TiTr/2 + TK—iTK/24i (6.119)
Gr-1-j :g'K—j—lz TiTf /2 + TK—iTK 2445 (6.120)
which completes the proof of the claim. O

Claim 6.2.16. For K —i <j < K — 1, we have Gx_j = T3 + Tk -

Proof. Base case: from before, G; = G _ (ki) = Tx/2%Ti + Tk —iTf /44 Lhus,



~

Gi-1=G; |mﬁ%

LTK/2+i

= TK/2 T TK—iTK/2+i

7
Ty ~

Gi—1 = Gi-1

TK/24i
=Tg/2 + TK-iTi

Gi1 =Gi-1= T2 + TK—i%i.

This finishes the base case. We move on to the inductive step:

Gr—j-1=Gr_j| Qr_j
CEK_%—W_J_

=TK/2 + TK—iTi

GK—j—1 =GK—j—1= Tx/2 T TK—iTi

Gr-j-1 =GK—j-1= T2 + TK—iT;.

This completes the proof of the claim.

61

(6.121)
(6.122)

(6.123)

(6.124)

(6.125)

(6.126)

(6.127)
(6.128)

(6.129)

O]

Thus, by using j = K —1 in the last claim, we find Go = zg /s +ox—ivi = Gx-1. [

Theorem 6.2.17. Consider the recurrence
a(n)a(n — K)=1+a(n—jla(n — K + j)
for1 <j < % This sequence has the Laurent phenomenon.
Proof. The corresponding polynomial is
F(xi,...,2x—1) =14+ 22K
From , we have

lifm=jorm=K-—j
Qm:

L+ Tyt j(mod K) T K +m—j(modk) Otherwise.

(6.130)

(6.131)

(6.132)
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The first two conditions trivially check. For the third, we have Gx_1 = 1 + zj2K_j,
and then Gx_;—1 = Gx_1 for i < j (because x; does not appear, see ((6.2)). Then, for

the j case, we have

Lj

Gr_j1=1+ (6.133)
xK—j

CNJK—j—l =TK—j T Tj (6.134)

GK—j—l =TK—j T ;. (6.135)

After that, we will have Gx_;—1 = Gg_j_1 for j <i < K — j, and in the K — j case,

we have
~ 1
Ty
éj_l = TK—jTj + 1 (6.137)
ijl =1+ TjTR—j- (6.138)
Finally, we will have Gg_;_1 =Gj_1 fori > K —j,s0 Go =1+ zjx_; = F. O

Remark 6.2.18. This construction seems to give lots of fairly simple sequences, just
about all of which do not appear in OEIS [3§8]. For example, the case where K = 4,
F =14 x123 produces the sequence 1, 1, 1, 1, 2, 3, 4, 9, 14, 19, 43, ..., which is not in

the OEIS. However, these sequences are probably C-finite, and thus not as interesting.

6.3 General thoughts, conjectures, and directions for further work

We now present a couple of more general conjectures about the structure of polynomials

F that give rise to the Laurent phenomenon.

Conjecture 6.3.1. (Symmetry Conjecture) If F' is a polynomial of degree at most
two and every coefficient zero or one that satisfies the three conditions of Fomin and

Zelevinsky’s Theorem 3.1, then we have F (x1,x9,...,2x-1) = F (Tx_1,...,22,21) .

Conjecture 6.3.2. (Squared terms in odd recurrences conjecture) If F' is a polynomial
of degree at most two and every coefficient zero or one that satisfies the three conditions

of Fomin and Zelevinsky’s Theorem 3.1, and K is odd (so that F' has an even number
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of variables), then either every possible squared term (z%,3,...,2% ) appears in F,

or none of them do.

There are also many other cases where the sequences appear to be integral (after
calculating out the first 60 terms or so, at which point it becomes computationally
intensive), and the F' polynomial satisfies the first two Fomin-Zelevinsky criteria, but
fails the third. For example, the sequence with K = 4, F = 1 + x1x2 4+ zox3 appears
to be integral (and, in fact, appears in OEIS [38] - but without a reference to a proof
of integrality.

In her thesis [26], Emilie Hogan used three different methods to prove that nonlinear
recurrences gave integral solutions: a direct argument using elementary number theory,
demonstratring that the recurrence in question actually satisfied a linear recurrence,
and Fomin and Zelevinsky’s Laurent phenomenon techniques [23]. Other papers use
techniques from the theory of elliptic curves.

It is unclear what methods could be used to show that sequences actually fail to
be integral, other than simply calculating out terms until a non-integral term is found.
However, this could be difficult, as there is no known bound for how far you would have
to go (at least, I don’t know one). For example, the recurrence of the form with
K =4 and F = x123 + x2 (x1 + x2 + x3) is integral through the first 27 terms, but the
28" term fails to be integral (and is roughly 10'2%%). On the other hand, its Laurentness
does fail at the ninth term - which is actually the first place that it could fail. I do not
know if this always happens - if Laurentness always fails immediately. Furthermore, we
know that Laurentness implies integrality. I wonder if the two conditions can be shown

to be equivalent.
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